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Geometric rigidity of quasi-isometries in horospherical products

ToM FERRAGUT

We prove that quasi-isometries of horospherical products of hyperbolic spaces are geometrically rigid in the
sense that they are uniformly close to product maps. This is a generalisation of a result obtained by Eskin,
Fisher and Whyte (2012). Our work covers the case of solvable Lie groups of the form R x (N} x N,),
where N; and N, are nilpotent Lie groups, and where the action on R contracts the metric on N; while
extending it on N,. We obtain new quasi-isometric invariants and classifications for these spaces.
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864 Tom Ferragut
Introduction

Let (X, dy) and (Y, dy) be two Gromov hyperbolic spaces. Their horospherical product, denoted by
X ><aY, is constructed by combining X and Y, and lies in the direct product X x Y. It no longer has
negative curvature, however its geometry is still very rigid (see Section 1.2 for the definition). This way of
combining two hyperbolic spaces appears to unify the construction of metric spaces such as Diestel-Leader
graphs, treebolic spaces and Sol geometries, which are the horospherical products constructed out of a
regular infinite tree or the hyperbolic plane H,.

Quasi-isometric classification and existing rigidity results

In [14], a mainstay of geometric group theory, Gromov points out the importance of quasi-isometric
invariants in groups. The quasi-isometric classification of groups, or metric spaces, has since been a wide
and prolific research domain (see [17] for a nice survey on this topic). For the family of solvable groups,
there are still a lot of open cases.

The first result was obtained in [10] where Farb and Mosher provided a quasi-isometric classification of
solvable Baumslag—Solitar groups BS(1, n). Then Eskin, Fisher and Whyte obtained the quasi-isometric
classification of lamplighter groups and Sol geometries in [8; 9]. In [8; 10], the horospherical product
construction of their respective groups is crucial in their proofs.

Eskin, Fisher and Whyte [8] also answered a question asked by Woess in [23] about the existence of
vertex-transitive graphs not quasi-isometric to any Cayley graph: when m and n are coprime integers, the
Diestel-Leader graphs T;, > T}, are such graphs.

Peng [21; 22] and Dymarz [7], using similar methods as in [8; 9], generalised the description of the
quasi-isometries for Lie groups of the form R x R?. Peng [21; 22] proved that a subgroup of finite index
of the quasi-isometry group of Lie groups of the form R” x R” is a product of groups of bilipschitz maps.

Statement of results

The main goal of our work is to generalise the methods and techniques developed by Eskin, Fisher and
Whyte to a wider set of horospherical products X <1 Y. In order to do that, the spaces X and Y are
endowed with appropriate measures (see Definition 3.1). Once endowed with suitable measures, X and
Y are called horopointed admissible spaces.

To be more precise let X (respectively X', Y, Y”) be a horopointed admissible space with exponential
growth parameter m (respectively m’, n, n’). When X is a regular tree, the parameter m is related to the
degree of X. When X is a negatively curved Lie group R x4 N, the parameter m is tr(A), the trace of A.

Let ®: X <Y — X'>aY’ be a quasi-isometry. The map @ is called a product map if and only if
there exist two maps OX: X > X (or®¥: X > Y)and ®Y : Y — Y (or Y : Y — X) such that for all
(x,y) € XY we have either

B(x,y) = (@¥(x), @V () or P(x,y) = (@Y (), P¥ (x)).
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Our main theorem states that, when m > n and m’ > n’, any quasi-isometry ® : X <Y — X' > Y’ is

close to a product map.

Theorem A (geometric rigidity) Let X, X', Y and Y’ be horopointed admissible measured metric spaces
withm >n and m’ > n’ andlet ® : X <Y — X' <Y’ be a quasi-isometry. Then there exist two
quasi-isometries ®X : X — X’ and ®Y : Y — Y’ such that

dpa(®, (@X, DY) < +00.

This is a generalisation of Theorems 2.1 and 2.3 of [8]. While completing the proof of this result, we
obtained a first quasi-isometry invariant in horospherical products.

Theorem B When m > n, the parameter 7! is a quasi-isometry invariant.

Let R x4, N1 and R x4, N> be two simply connected, negatively curved, solvable Lie groups (also
called Heintze groups). In Section 5 we show that this couple of Heintze groups is admissible, and that
the condition m > n is equivalent to tr(A41) > tr(A,). We obtain a necessary condition for the existence
of a quasi-isometry on solvable Lie groups. The horospherical product of these two Heintze groups is
isomorphic to

G := R Xpjag(4,,—4,) (N1 X N2),

defined by the diagonal action of R, ¢ — (exp(tA1), exp(—tA2)) on N1 X N».

We say that G is Carnot-Sol type if N1 and N, are Carnot groups and if A; and A, are multiples of
Carnot derivations of Ny and N, respectively. In the literature (see [19] for example), Carnot type stands
for Lie groups with N, = {1}. Here we extend the denominations to nonhyperbolic Lie groups.

Using the previous quasi-isometry invariants we obtain the following quasi-isometry classification.

Theorem C Let G = R Xpjye(4,,—4,) (N1 X N2) and G’ =R X Diag(4}—Ab) (N{ x N3) be Carnot-Sol
type, nonunimodular Lie groups. Then

(1) G and G’ are quasi-isometric <= G and G’ are isomorphic.

The case where N, = {1} is treated in Corollary 12.4 of [19].

Recall that a group G is called metabelian if [G, G] is abelian (when both Nj and N, are euclidean
spaces). In this case, a similar quasi-isometry classification is deduced from [21; 22]. Both the quasi-
isometry classification for the metabelian groups and for Carnot-Sol type groups are special cases of
Conjecture 19.113 of [5] that we recall.

Conjecture 0.1 Let S and S’ be completely solvable Lie groups. Then S and S’ are quasi-isometric if
and only if they are isomorphic.

Classifying completely solvable Lie groups up to quasi-isometry would yield the quasi-isometry
classification of all connected Lie groups; see [4].

For i € {1,2}, let N; and N/ be two simply connected, nilpotent groups and let A; € Lie(N;) and
A} € Lie(N/) be derivations. Let G := R Xpjye4,,—4,) (N1 X N2) and G" :=R X Diag(A/ ,—Ab) (N{x N3).
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In this general setting of horospherical products of Heintze groups we have the following necessary
conditions for being quasi-isometric.
Proposition D Let us assume that tr(A1) > tr(Az) and tr(A}) > tr(A5). If G and G’ are quasi-isometric,
then we have that, fori € {1,2},
(1) N; and N/ are bilipschitz;
(2) A; and :rgj})A/ share the same characteristic polynomial.
With the same setting, using the geometric rigidity on self quasi-isometries of this family of solvable

Lie groups, we provide a characterisation of their quasi-isometry group.

Recall that for F' a metric space, QI(F)/~ is the group of self quasi-isometries of F, up to finite
distance. (This equivalence relation is required since a quasi-isometry only has a coarse inverse.) Recall
also that Bilip(F') stands for the group of self bi-Lipschitz maps of F. Then we have:

Theorem E If tr(A1) # tr(A3),

2 QI(R Xpiag(4,,—d5) (N1 X N2))/~ = Bilip(N1) x Bilip(N2).

Here we choose the horospherical product metric on R Xpiae(4,,—4,) (N1 X N2).

In the course of this proof we also obtain that any self quasi-isometry of R Xpjag(4;,—4,) (N1 X N2)
is a rough isometry. Le Donne, Pallier and Xie [18] proved that when you change the left-invariant
Riemannian metric of one of these solvable Lie groups, the identity map is a rough similarity. Hence self
quasi-isometries are rough isometries with respect to any left-invariant distances.

Outline of the proof

Let X and Y be two Gromov hyperbolic spaces, and let 8x : X — R and By : ¥ — R be two Busemann
functions. We call height functions 4y and hy the opposite of the Busemann functions. The horospherical
product of X and Y, denoted by X p<1Y, is defined as the set of points in X x ¥ such that the two
Busemann functions (or the height functions) add up to zero:

XY :={(x,y) € X xY | Bx(x) + By (y) = 0}.

A Busemann function is associated with a unique point on the boundary. We call any geodesic ray in the
equivalence class of this point a vertical geodesic ray.

In order to generalise the proof of Eskin, Fisher and Whyte developed in [8; 9], the horospherical
products have to be equipped with appropriate measures presented in Definition 3.1.

Briefly speaking, for the measured space (X, 1%), the measure u* must verify three assumptions.
Assumption (E1) allows us to disintegrate X on its horospheres, assumption (E2) provides us with a
bounded geometry on horospheres and (E3) ensures an exponential contraction (of exponent m) of the
horospheres’ measures in the upward vertical direction.

Let X (respectively X', Y, Y') be a horopointed admissible space with exponential growth parameter m
(respectively m’, n, n’).
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Most of this paper focuses on proving Theorem A. To do so we will use three major tools:

e We use coarse vertical quadrilaterals, which are realised by four points (the vertices) whose neighbour-
hoods are linked by vertical geodesics (the edges). In Proposition 2.11, we show that coarse vertical
quadrilaterals are rigid: two of the four points almost share the same X-coordinate and the two other
almost share the same Y -coordinate.

e We use box tilings of different scales for X >« Y, suitable for the vertical flow. The boxes correspond
to euclidean rectangular cuboids in the Sol geometry.

o We use coarse differentiation: given a quasi-isometry ® : X >xY — X’ >qY’, there exists a suitable
scale R for the box tiling of X >< Y. Suitable here means that the image by ® of most vertical geodesic
segments of length R are close to a vertical geodesic segment.

With these tools, the proof can be summarised as follows. Let @ : X><1Y — X'<Y” be a quasi-isometry.

Step 1 By the coarse differentiation, there exists a scale R such that in the box tiling at scale R of X <Y,
the quasi-isometry ® mostly preserves the vertical direction on most of the boxes at scale R. This means
that on most of the boxes, most vertical geodesic segments are sent close to a vertical geodesic segment
by ®.

Step 2 Then in most of the boxes at scale R, most of the vertical quadrilaterals are sent close to vertical
quadrilaterals by ®. Therefore, by the rigidity property of these configurations, on most of the boxes B
the quasi-isometry & is close to a product map 5| B= (5X , EDY) or (6Y , X ).

Step 3 If m > n and m’ > n’ then all product maps have the form 63 = (®X, ®Y). Therefore by gluing
them together, we show that there exists L 3> R such that on all boxes at scale L, the map P is close to a
product map o= (OX, Y).

Step 4 We show that ® quasi-respects the height, and then we use this last result on ®~! to show that ®
sends all vertical geodesics close to vertical geodesics. Therefore all vertical quadrilateral configurations
are preserved by ®, and hence ® itself is close to a product map on all X < Y.

A major technical issue in this proof is to manage the notion of “almost all” vertical geodesic segments
having a certain property. The disintegrable measure p of assumption (E1) is not suited for this role since
it concentrates the measure of a box on its bottom part. Therefore we introduce another disintegrable
measure A, constructed from u, which (almost) equally weights the level-sets of the height function 4 in
boxes.

Such a measure AX on X , together with a similar measure AY on Y, allows us to define a suitable
measure (later denoted by 1) on the family of vertical geodesics contained in abox B C X <Y

The geometric rigidity has useful consequences when we understand the boundaries of X and Y.
In this case, Theorem A leads to a description of the quasi-isometry-group of X t<1Y. In the last section
of this paper, we detail such a description for the horospherical product of two Heintze groups.
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Organisation of the paper

This work, about the geometric rigidity of quasi-isometries between two horospherical products, is
organised as follows.

e In Section 2 we display the coarse differentiation in our context, and we discuss particular quadrilateral
configurations of X <t Y.

¢ Section 3 focuses on developing all the measure-theoretical tools required to achieve the rigidity
results.

¢ Then, in Section 4, we follow the structure of the proof proposed by Eskin, Fisher and Whyte [8],
invoking technical tools of previous chapters when required.

¢ In the last section we present an application of our theorem by providing new quasi-isometric
classifications for some families of solvable Lie groups. We also provide a description of the
quasi-isometry group of a wider family of solvable Lie groups.

1 Context
1.1 Gromov hyperbolic, Busemann spaces

Let § > 0, and let (X, dx) and (Y, dy) be two §-hyperbolic spaces (see [1, Part III, H, p.399; 12] for
more details on Gromov hyperbolic spaces). We present here the context in which we will construct
our horospherical product. We require that X and Y are both proper, geodesically complete, Busemann

spaces.
¢ A metric space is called proper if all closed metric balls are compact.

o A geodesic line, respectively ray, segment, of X is the isometric image of a Euclidean line, respectively
half Euclidean line, interval, in X. We denote by [x1, x»] a geodesic segment linking x; € X to
X2 € X.

¢ A metric space X is called geodesically complete if all geodesics are infinitely extendable.

¢ A metric space is called Busemann if the distance between any couple of geodesics parametrised by
arclength is a convex function. (See [20, Chapters 8 and 12] for more details on Busemann spaces.)

An important property of Gromov hyperbolic spaces is that they admit a nice compactification thanks to
their Gromov boundary. We call two geodesic rays of X equivalent if their images are at finite Hausdorff
distance. Let w € X be a base point. We define d,, X, the Gromov boundary of X, as the set of equivalence
classes of geodesic rays starting from w. While d,, X as a set depends on the choice of the base point w,
it is topologically independent of w under the cone topology. We denote the Gromov boundary simply
by dX when the choice of w does not matter topologically. The cone topology on X U dX restricts to the
natural topology on X, and with this topology, X U dX is compact (see [1] for further details on the cone
topology). In this context, the Gromov boundary coincides with the visual boundary.
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Let us fix a point @ € X on the boundary. We call vertical geodesic ray, respectively vertical geodesic
line, any geodesic ray in the equivalence class a, respectively any geodesic line with one of its half-lines
in a. The study of these specific geodesic rays is central in this work.

The Busemann assumption removes some technical difficulties in a significant number of proofs in this
work. If X is a Busemann space in addition to being Gromov hyperbolic, for all x € X there exists a unique
vertical geodesic ray, denoted by V, starting at x. In fact the distance between two vertical geodesics
starting at x is a convex and bounded function, hence decreasing and therefore constant equal to O.

The construction of the horospherical product of two Gromov hyperbolic space X and Y requires
the so called Busemann functions. Their definition is simplified by the Busemann assumption. Let us
consider 0X, the Gromov boundary of X (which, in this setting, is the same as the visual boundary). Both
the boundary dX and X U 0X, endowed with the natural Hausdorff topology, are compact. Then, given
a € X a point on the boundary, and w € X a base point, we define a Busemann function B, ,,) with
respect to a and w by

Ba,w)(x) :=lim sup(d(x, Vi ()) — t) forall x € X,
t——+00
where V, is the unique vertical geodesic ray starting from w. In all our results, X and Y will be proper,
geodesically complete, Gromov hyperbolic, Busemann spaces, with some additional assumptions from
time to time.

1.2 Horospherical products

LetaX € X, a¥ € dY be points on the boundaries and let wX € X, wY € ¥ be base points. Let us denote
by hX = —B(ax wx) and hY = —B(a¥ .w) the two corresponding height functions. The horospherical
product of X and Y, relative to (X, wX) and (a¥,wY), denoted by X >tV is defined by

XY :={(x,y) € X xY | hX(x)+h¥ (y) = 0.

The set X <Y can be seen as a diagonal in X x Y. It is constructed by gluing X with an upside down
copy of Y along their respective horospheres. This construction, illustrated in Figure 1, can also be seen
as the union of the direct products between opposite horospheres in X and Y,
XoaY = | | X%V
zeR

From now on, with a slight abuse, we omit the reference to the base points and points on the boundaries
in the construction of the horospherical product.

To study the geometry of a horospherical product X ><Y, we make additional assumptions on X and Y.
We require them to be Gromov hyperbolic, Busemann, geodesically complete and proper metric spaces.

(1) X is geodesically complete if and only if all geodesic segments of X can be extended into a geodesic
bi-infinite line.

(2) X is proper if and only if all closed metric balls of X are compact.
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XY
h
z} Y
X/ ix xy.,

\

Figure 1: Horospherical product X > Y.

If X and Y satisfy these two additional conditions, the horospherical product X > Y is connected (see
[11, Property 3.11]).

Example 1.1 Let X be a Gromov hyperbolic, Busemann, geodesically complete and proper metric space.
Then X <R is isometric to X. In particular, if V'Y is a vertical geodesic line of Y, the product X »< V¥
is an isometric embedding of X in X >« Y.

The three (nontrivial) first examples of horospherical products appeared independently in the literature.
They correspond to the case where X and Y are either a regular infinite tree 7,, of degree m or the
hyperbolic plane H?2. We list them here:

(1) Ty < Ty is the Diestel-Leader graph DL(m, n). When m = n, this horospherical product is a Cayley
graph of the lamplighter group Z? Z,. See Figure 2 for a subset of 73 ><i T5.

(2) H?™ >qa H2" is the Lie group R X (m.n) R? = Sol(m, n), one of the eight Thurston geometries
when m = n. By H?™ we mean the manifold R? endowed with the infinitesimal Riemannian metric
ds? = e72M2dx2 + dz2. The action associated to the aforementioned semidirect product is described by
)

(3) Ty < H, is a Cayley 2-complex of the Baumslag—Solitar group BS(1, m).

(z,(x,y)) > (e™*x,e "%

Figure 2: Small neighbourhood in 73 < T5.
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The awareness of them being identically constructed from Gromov hyperbolic spaces came later, and a
survey on these three examples is provided by Wolfgang Woess [24].

Another approach is to consider the hyperbolic plane H?"™ as the affine Lie group R ix,,, R with action
by multiplication (z, x) > e x, and the Sol geometry Sol(m,n) as the Lie group R X, ) R2. In this
context we have that (R x;,;, R) < (R x5 R) = R X, ») R2. The natural next step is to consider which
Lie group can be taken as a component in a horospherical product.

A Heintze group is a Lie group of the form R x4 N with N a nilpotent Lie group, with A the derivation
of the Lie algebra and where all eigenvalues of A have positive real part. Heintze [16] proved that any
simply connected, negatively curved solvable Lie group is isomorphic to a Heintze group.

Moreover, a Busemann metric space is simply connected, hence any Gromov hyperbolic, Busemann
Lie group is isomorphic to a Heintze group. Consequently, Heintze groups are natural candidates for the
two components from which a horospherical product is constructed. Let R x4, N1 and R x4, N> be two
Heintze groups. We have

(Rxgq, N1) <t (R xq, N1) = R Xpjag(a,,—a,) (N1 X N2),

where Diag(A1, —A») is the block diagonal matrix containing A; and —A» on its diagonal.

Xie [25] classified the subfamily of all negatively curved Lie groups R x R” up to quasi-isometry.
In Section 5, we provide a description of the quasi-isometry group of the horospherical product of two
Heintze groups, namely the solvable Lie groups R Xpjag(4;,—4,) (N1 X N2).

1.3 Settings

In this chapter we recall some material about horospherical products.
In order to lighten the notation, we will not fully describe the multiplicative and additive constants
involved in inequalities. We will use the following notation instead.

Notation 1.2 Let A, B € R and e a parameter (set, real numbers, ...). Let us write:

(1) A <. B if and only if there exists a constant M (e) depending only on e such that A < M(e)B.
(2) A <, Bifandonlyif B <, A <. B.

If the constant M is a specific integer such as 2, we will simply write A < B, and similarly A > B,
A =< B. The notation <, might also appear for parameters in several results of this paper. In this context
it means that there exists a constant depending only on e such that the implied result holds.

A metric space is called geodesically complete if all its geodesic segments can be extended into
geodesic lines, therefore when the space is also Gromov hyperbolic and Busemann space, with respect to
a € 0X, any point is included in a vertical geodesic line (not necessarily unique).

We define the relative distance between two points x; and x, of X as

dr(x1,x2) =d(x1, x2) — Ah(x1, x2).
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haiv(V1, V2)

Figure 3: Figure of Corollary 1.4.

It can be understood as the distance along a level-set of the Busemann function. Let us recall Lemma 4.7
of [11].

Lemma 1.3 Let X be a proper, 6-hyperbolic, Busemann space. Let V, and V5 be two vertical geodesics
of H. Letty,t; € R and let us define D := %d,(Vl (t1), Va(t2)). Then, for all t € [0, D],

3) |dr(Vi(t1 + D —1t),Va(t1 + D —1t)) — 2¢| < 28836.

Corollary 1.4 Let Vy, V5 be two vertical geodesics of X. Then there exists a height hqiy(V1, V2) € R
from which V1 and V, diverge from each other:

(1) VYt > hgiv(V1.V2), we have d (Vi (1), Va(t)) <5 1;
(2) VYt < hgiv(V1, V2), we have |[d(V1(2), Va(t)) — 2(haiv(V1, V2) —1)]| <5 1.

This corollary is illustrated in Figure 3. We also have a more quantitative version.

Lemma 1.5 [11, Lemma 4.3] Let H be a §-hyperbolic and Busemann metric space, let x and y be
two elements of H such that h(x) < h(y), and let o be a geodesic linking x to y. Let us define
z= a(Ah(x, y)+ %dr(x, y)), x1:=Vx (h(y) + %dr(x, y)) the point of Vy at height h(y) + %d,(x, y)
and yy := Vy(h(y) 4+ 3dr(x.y)) the point of Vy, at the same height h(y) + %d,(x, y). Then

(1) suppeq (h(p)) = h(y) + zdr(x, y) = 965;

(2) d(z,x1) < 1444;

(3) d(z,y1) < 1444;

(4) d(x1,y1) = 2888,

‘We list here some notation we will use in later sections.
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h“

7z (4)

Figure 4: Projection of 4 on X.

Notation 1.6 Let X be a proper, geodesically complete, §-hyperbolic, Busemann space.

(1) Let us denote the r-neighbourhood of U for all U C X and for all r > 0 by
() N(U):={xeX |dx,U)<r}.

(2) For all x € X let us denote by V, the unique vertical geodesic ray such that Vi (0) = x.
(3) For a subset A C X, let us define

®) h™(4) := inf (h(x)); h*(A) := sup (h(x)).

xX€A

(4) For a subset A C X and a height z € R, we denote the slice of A at the height z by 4, := ANA~1(2).
Therefore the horospheres of X are denoted by X, for z € R.

(5) Given a point p € X and a radius r € R, let us denote the ball of radius r included in the
horosphere Xp,(p) by Dr(p) :={x € X | h(x) =h(p) and d(x, p) <r} = B(p,r) N Xp(p)-

6) VzeR, VU C Xz, Vr > 0, the r-interior of U in X is defined by
Int,(U):={peU|d(p,q) >r, Vg€ X \U}.
Vertical geodesics of X can be understood as being normal to horospheres of X .

Definition 1.7 (projection on horospheres) Let X be a Gromov hyperbolic, Busemann, proper, geodesically
complete metric space. Then, for all A C X and all z < A~ (A),

(6) m(A):={x € X, | Ve N A # B}

The definition of this projection along the vertical flow is illustrated in Figure 4. The following lemma
shows that the projection of a disk on a horosphere is almost a disk, It will be used in further subsequent
sections.
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7. (p)

2(z—zg)+M
Figure 5: Proof of Lemma 1.8.

Lemma 1.8 Let X be a Gromov hyperbolic, Busemann, proper, geodesically complete metric space. Let
zop € R and p € X;,. Then for M > 2885 we have that, for all z < z¢ and for all p; € 7w, ({p}),
D3 (z9—z)-M (pz) C7z(Dm(p)) C Da(zo—z)+m (P2).

Proof This lemma is a corollary of Lemma 1.3 and is illustrated in Figure 5. Let M = 2886 be the
constant involved in Lemma 1.3.

Let us prove the first inclusion. Let x € D(z,—z)—pm (pz). Then d(x, p;) <2(zo —z) — M. Let us
denote by Vy a vertical geodesic containing x and V), a vertical geodesic containing p and p,. We apply
Lemma 1.3 withty =t =z, V3 = Vy and Vo = V), then D = M. Moreover

d )
s+ D=z (xzpz)

M
52—{—(20—2)—7520.

Therefore, by the Busemann convexity of X, the distance between vertical geodesic ray is convex and
bounded, hence decreasing. Therefore

d(Vx(z0). p) = d(Vx(20), Vp(20)) =d(Vx(z + D), Vp(z + D)),
<M (by Lemma 1.3 used with t = 0),

which means that x € 7wz (Dpr(p)).
Let us now prove the second inclusion, which is

(7) 7z(Dpm(p)) C Dazo—z)+m (Pz).
Let x € w,(Dp(p)). Then d(Vx(20), Vp(20)) < M. Therefore by the triangle inequality
d(x, pz) = d(Vx(2). Vp(2)) < d(Vi(2). Vi (20)) + d (Vi (20). Vp(z0)) + d(Vp(20). V()
<@Zo—z)+ M+ (zo—2)=2(z0—2z)+ M.
Hence x € Dy (;y—z)+m (Pz)- a
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Notation 1.6 can be extended to horospherical products.
Notation 1.9 Let X and Y be two proper, hyperbolic, geodesically complete, Busemann spaces.

(1) We denote the r-neighbourhood of U, for all U C X <Y and for all r > 0, by
(8) Ny(U):={pe XY |duw(p,U) <r}.
(2) The difference of height between two points a, b € X <Y is still denoted by Ah(a, b) := |h(a)—h(b)|.
(3) We still denote, forallze Rand A C X <Y, by A, := AN h=1(z) the “slice” of A4 at the height z.
(4) We still denote, forall r >0 and p € X <Y, by

Dy(p) :=1{x € X | h(p) = h(x) and dwa(p, x) <1} = B(p,r) N (X Y )p(p)
the ball of radius r in the height level set containing p.

We recall other useful results of [11] that we will use later. First the fact that the height function is
Lipschitz.

Lemma 1.10 [11, Lemma 3.6] Let N be an admissible norm, and let d» the distance on X <Y induced
by N. Then the height function is 1-Lipschitz with respect to the distance dy«, i.€.,

©) Vp.qe XY, du(p.q) = Ah(p.q).
Here is a description of the distance in Horospherical products.

Theorem 1.11 [11, Corollary 4.13] Forall p,g € X <Y,

dsa(p, @) — @y (Y . q¥) +dx (p*.q%) — Ah(p. q))] <sa 1.

Here is one central result of [1]. Let us denote by /(c) the length of a path c.

Proposition 1.12 [1, Proposition 1.6, p.400] Let X be a §-hyperbolic geodesic space. Let ¢ be a
continuous path in X. If [p,q] is a geodesic segment connecting the endpoints of c, then, for every

x €[p.q],
d(x,im(c)) < §|log, I(c)] + 1.

We also provide two more definitions that will be used in future sections. First a projection on level-sets
of the height function.

Definition 1.13 Let zg,z € R and let U C (X >Y);,. Then we define the projection of U on (X >1Y),
by

7%(U) :={p € (X >xaY), |3V avertical geodesic such that p € V and V N U # @}.

Then we define X -horospheres and Y -horospheres as horospheres of hyperbolic spaces embedded in
X >a'Y, illustrated in Figure 6.

Algebraic € Geometric Topology, Volume 26 (2026)



876 Tom Ferragut

X_h(y)

Figure 6: X-horosphere in X < Y.

Definition 1.14 The set H C X 0«7V is called
(1) an X-horosphere if there exists y € Y such that H = X p<i{y} = X_p(y) X {y},
(2) a Y-horosphere if there exists x € X such that H = {x} Y = {x} X Y_p(x).

From now on, we will work in a horospherical product X >< Y of two proper, geodesically complete,
8-hyperbolic and Busemann spaces.

2 Metric aspects and metric tools in horospherical products

Throughout this section we fix two constants k > 1 and ¢ > 0. We recall the notions of quasi-isometry
and quasi-geodesic.

Definition 2.1 ((k, ¢)-quasi-isometry) Let (E,dg) and (F, dF) be two metric spaces. Amap ®: £ — F
is called a (k, ¢)-quasi-isometry if and only if

(1) for all x,x’ € E, we have k'dg (x,x") —c <dp(®(x), P(x)) <kdg(x,x") +c;

(2) for all y € F, there exists x € E such that d(P(x), y) <c.
A map satisfying Definition 2.1(1) is called a quasi-isometric embedding of E.

Definition 2.2 ((k, c)-quasigeodesic) Let £ be a metric space. A (k, ¢)-quasigeodesic segment, respec-
tively ray, line, of E is a (k, ¢)-quasi-isometric embedding of a segment, respectively [0; +00), R,
into E.

Gougézel and Shchur [13, Lemma 2.1] proved that any (k, ¢)-quasigeodesic segment is included in the
2c-neighbourhood of a continuous (k, 4c¢)-quasigeodesic segment sharing the same endpoints. Therefore,
without loss of generality, we may consider that all quasi-geodesic segments are continuous.

This section gathers several geometric results on horospherical products, including the generalisation
in our context of Lemmas 4.6, 3.1 and the coarse differentiation previously obtained by Eskin, Fisher
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and Whyte in [8]. Propositions 2.6, 2.11 and Corollary 2.7 of this section will be especially useful in the
following proofs.

At first, a reader who is more interested in the rigidity result on horospherical product can take these
propositions for granted and jump to the next sections.

When A <, B, and e = (X <Y, d) is a horospherical product, we shall write 4 <4 B as a short-cut,
and similarly <pq, >pq and M (<) for a constant depending only on the metric horospherical product
(X <Y, dp).

2.1 e-monotonicity

We introduce e-monotone quasigeodesics, which happen to remain close to vertical geodesics. This fact
plays a key role in our argument and will be proved later.

Definition 2.3 (¢-monotone quasigeodesic) Let ¢ > 0 and let o : [0, R] — X < Y be a quasigeodesic
segment. Then « is called e-monotone if and only if

(10) Vi, 12 €[0,R],  (h(a(t1)) = h(a(r2))) = (It1 —12] <¢€R).

Since « is assumed to be continuous, a 0-monotone quasigeodesic has monotone height, / o « is either
decreasing or increasing. We first show that in X >< Y, the projections on X and Y of an e-monotone
quasigeodesic are also quasigeodesics.

Theorem 2.4 Lete>0, R > % anda = (aX,a¥):[0, R] = XY be an e-monotone (k, c¢)-quasigeodesic
segment. Then there exists a constant M (i<, k, ¢) (depending only on <, k and ¢) such that X and oY
are (4k, M eR)-quasigeodesics.

A portion of the proof of Theorem 2.4 is illustrated in Figure 7.

Proof We know that Vp; = (pf(, pf), P2 = (pé’(, p{) € X > Y we have (this is the admissible
assumption we made on the norm underneath the distance dy)

dx (pX. pX) +dy (pY, pY)

(11) dw(p1. p2) = 5

Therefore we have that «X satisfies the upper-bound assumption of quasigeodesics
Vs1.s2 € [0, R, dx (@ (s1), ¥ (52)) < 2dsa(t(s1), (s2)) < 2Kk|s1 — 52| + 2c.

We want to find an appropriate ¢/ > ¢ such that oX satisfies the lower-bound condition of a (4k, ¢’)-
quasigeodesic. Let ¢/ > ¢ and let us assume that oX does not satisfy the lower-bound condition of a
(4k, ¢")-quasigeodesic, we will show that this provides us with an upper-bound on ¢’. Indeed, consider
51,52 € [0, R] such that

1
(12) 0 < dx(aX(s1),aX (52)) < Es —sal=c
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Figure 7: Proof of Theorem 2.4.

Therefore, by the Lipschitz property of £,

1
Ah(e® (s1), ¥ (52)) < dx (@ (s1), ¥ (52)) < ls1 = 52| = ¢’
(13) < %dw((x(sl), a(s2)) + % —¢’ (since « is a (k, ¢)-quasigeodesic).

Theorem 1.11 gives us the existence of a constant M (><1) depending only on X, Y and the underlying
norm of dyq such that

(14) dy (@” (s1).e” (s2))

> dia(@(51), @(52)) — dx (@¥ (s1), ¥ (52)) + Ah(a(s1), (52)) — M

> doa(@(51), a(52)) — dx (¥ (s1). ¥ (s2) = M

> dpa(a(s1), a(s2)) — %m — 53| +¢'—M  (by assumption (12))

> dya(et(s1), 2(52)) — Fdsalee(s1), 2(52)) — % +¢'—M (since « is a (k, ¢)-quasigeodesic)
(15) > Lda(a(sy). a(s2)) — % Y —M (sincek > 1),
Without loss of generality, we may assume that

max(h(@" (s1)), h(@" (52))) = h(a” (s2)).
Applying Lemma 1.5 on the geodesic [ (s1), @Y (s2)] of ¥ gives us
Rt (¥ (s1), @ (s2)]) = h(a¥ (s2)) + 3 (dy (@” (1), @ (52)) — Ah(a” (s1). @¥ (52))) — M ().
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Y

However oY is a continuous path between ¥ (s1) and a¥ (s2), then by Proposition 1.12, there exists

S0 € [s1, 2] such that

h(@Y (s0)) > h(e (s2)) + L (dy (@¥ (s1)., & (52)) — Ah(@ (s1), ¥ (52)))
—§logy (dy (@ (s1), @Y (52))) — M ().

Therefore, by inequalities (13) and (15),

M@ (50)) = h(@” (52)) + §doa(@(s1). a(s52)) — §da(@(s1).a(52)) = 5 +¢ = 5 + 3¢

1oz (dy @ (1), (52))) ~ )
> h(a¥ (52)) + §dsa(@(s1), ¢(52)) — 8 log, (dy (@” (s1). @ (52))) + 3¢" — M(b<, ).
However
2dyq > dy + dy > dy,
hence

(16)  h(a¥ (s0) = h(@? (52)) + gdoa(@t(51). 2(s52)) — 8 log, (da(er(s1). 2(52))) + 3¢' — M(><, €).

Furthermore, there exists r9 € R depending only on § such that Vr > rg, %r — & log,(r) > 1—10;’ holds.
Therefore, one of the two following statements holds:

(@) doa(e(s1), a(s2)) <ro.
(b) gdsala(s1). a(s2)) — 8 log, (dsa(a(s1). a(52))) = Fgdoal(s1), a(s2)).

We will deal with the first case (a) at the end of the proof. Let us assume that
da(0(s1), a(s2)) = 1o

hence (b), then, by inequality (16),

(17 hia” (50)) = h(e” (s2)) + fodsa(@(s1). @(52) + 3¢’ = M (>, ¢).

Then we either have dpq(at(s1),®(s2)) < M(><,c¢) (up to multiplying by 10 the constant M), or
h(aY (s9)) = h(aY (s2)). In the case dug(a(s1), 2(s2)) < M (<, ), we have

|s1—s2] ke, 1

since « is a quasigeodesic, and therefore ¢’ < . ¢ 1 following assumption (12). In the other case we
have

h(@¥ (s0)) = h(a¥ (s2)),
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therefore there exists | € [s1, so] such that h(aY (s1) = h(a¥ (s2)), since o is continuous. Hence
dsa(0t(s7), 2(s52))

1 1
> EM —s2|—c > %(|s'1 —so| + [so —s2]) — M(c) (since « is a quasigeodesic)

> iz(dpq (a(s]), (s0)) + dpa(a(s0), oz(sz))) — M(k,c) (since « is a quasigeodesic)

b

kl—z(Ah(a(sl) a(s0)) + Ah(a(so), «e(s2))) —M(k,c) (by Lemma 1.10)
2

5 Ah(a(so), a(s2)) — M(k,c) (since h(a(sy)) = h(a(s2)))

?\N

(18) i doa(@(s1),2(52)) + T3¢~ Mk, .0 (by (17).

- Sk2
Moreover assumption (12) implies |s1 — s2| > 4kc’. Then
1

dya(a(s1), a(s2)) > %|s1 — s3] —c >4 —c.

Combined with inequality (18) it gives us
19
dl><l(a(sll)9 a(SZ)) = Sk_ZC/ - M(ka c, l><])

Since « is e-monotone and because h(aY(s/l)) = h(a¥ (s2)), we have

19
eR > |5 — 52| = dia((s]), a(s52)) > 52¢ "— Mk, c ).

Hence
¢ < M(k)eR + M(k,c,1<).

We proved that if «X does not satisfy the lower bound inequality for being a (4k, ¢’)-quasigeodesic, then
¢’ <Mk)eR + M(k,c,1=).

Thus, when R > 1, there exists a constant M (k, ¢, <) such that oX is a (4k, M eR)-quasigeodesic in
both subcases of case (b) under consideration. Similarly we show that aY is a (4k, M eR)-quasigeodesic
segment of Y.

For case (a), let us assume that each couple of times (s1, s2) € [0, R]? that contradicts the lower-bound
hypothesis of a (4k, M eR)-quasigeodesic verifies that dyq(a(s1), a(s2)) < ro. Then « is a (4k, ro)-
quasigeodesic, with ro depending only on §. Therefore « is in both cases a (4k, M eR)-quasigeodesic,
with M depending only on k, ¢ and X < Y. |

In the sequel we denote by dygr the Hausdorff distance induced by diq. In the proof of Proposition 2.6
we use a quantitative version of the quasigeodesic rigidity in a Gromov hyperbolic space, provided by the
main theorem of [13].
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Figure 8: Proof of Proposition 2.6.

Theorem 2.5 [13] Consider a (k, C)-quasigeodesic segment « in a -hyperbolic space X, and y a
geodesic segment between its endpoints. Then the Hausdorff distance dyg(«, y) between o and y satisfies

duge(a, y) < 92k2(C + §).

This quantitative version allows us to have a linear control with respect to C on the Hausdorff distance,
which is mandatory in our cases since C =< eR. Combining this rigidity with the fact that projections o

and oY are also e-monotone provides us with the existence of vertical geodesic segments close to a.

Proposition 2.6 Lete > 0, R > %, and @ : [0, R] > X > Y be an e-monotone (k, c)-quasigeodesic
segment. Then there exists a vertical geodesic segment V : [0, R] — X b« Y such that

(19) dugr(im(ar), im(V)) <k .5 €R.

This proposition corresponds to [8, Lemma 4.6].
Figure 8 is an illustration of the proof.

Proof By Theorem 2.4, aX is a (4k, MeR)-quasi-geodesic in X which is §-hyperbolic, hence by
Theorem 2.5 there exists a geodesic y* with the same endpoints as «X such that

dug(im(a®), im(yX)) <x c.s €R.

X is also e-monotone. Furthermore

Let us define x; := %X (0) and x5 := «® (R). The quasigeodesic
[3, Proposition 2.2, page 19] gives us that yX, which links x; to x5, is included in the 248-neighbourhood
of two vertical geodesic rays V; and V5 such that V;(0) = x; and V5(0) = x». Let us define v := ht (yX),
and let us recall that V¢1, 1, € R™ and fori € {1,2} we have Ah(V;(t1), Vi(t2)) = |t1—t2|. Let us also define
by slight abuse y¥X := im(yX), X := im(a¥), V; := im(Vy|[0,z=h(x)p) and Va2 :=im(Vy|[0,r=h(x2)])-
Since t = ht(yX) = ht (V1) = hH(V2) we have

due (X, Vi U Va) <5 1.
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Hence by the triangle inequality
(20) duge(@®, V1 UV2) Zg o5 €R.

Without loss of generality we can assume that 4(x;) < /(x,). Furthermore ¥ is continuous, therefore
there exists a point of yX close to both vertical geodesics (less than 248 apart). Furthermore X is
Busemann convex, hence the distance between the two vertical geodesics is decreasing. Therefore
dX(V1 (t—h(x1)), Va(z — h(xz))) <5 1. We will use the e-monotonicity of aX to prove that 7 ~ h(x»).

Let us denote by x/ a point of o such that 2(x}) = h(x2) and such that dx (x}, V1) <g.c.5 ¢€R. Since

aX is e-monotone and a (4k, M eR)-quasigeodesic we have that dy (x].x2) <k.c €R, hence using the

triangle inequality we have
dx (Vi(h(x2) —h(x1)), x2) < dx (Vi(h(x2) —h(x1)), x]) + dx (x]. x2)
21 Zk.c.8 ER.
Let g1 € im(yX) be the closest point to x; at height /1(x2). Then
(1) dx(g1. Vi(h(x2) —h(x1))) <5 1;
(2) dx(g1.7%2) = 2(h* (y¥) = h(x2)).
We recall that = h+ (yX). Then dy (g1. x2) > 27 — 2h(x2) > 0. Hence
|t —h(x2)| < 2dx(g1.x2) < Ldx (g1, Vi(h(x2) —h(x1))) + 3dx (V1 (h(x2) —h(x1)), x2)
=k,c.s ER (by definition of g1 and inequality (21)).
Hence V|[0,:—h(x,)] 18 @ vertical geodesic segment of length <4 . s ¢R. Furthermore,
dx (Vi(t —h(x1)), Va(t = h(x2))) <s .

Therefore by the triangle inequality, any point of V5[o,z—x(x,)] 1$ (up to a multiplicative constant) eR-close
to V1 (t — h(x1)). Therefore dus(V1 U V2, V1) Zk.c.s €R. Therefore, by the triangle inequality we can
improve inequality (20) as follows:

durr(@®, Vi) < dug(@® , Vi U Va) + dug(V1 U Va, V1)
=k.c,s €R (by inequality (20)).

We deduce similarly that oY is included in the M ¢R-neighbourhood of a vertical geodesic segment Vy.
Therefore, « is included in the M eR-neighbourhood of the vertical geodesic segment (V7, V). O

As a corollary, we show that the height function along an e-monotone quasigeodesic is a quasi-isometry
embedding of a segment into R.

Corollary 2.7 Leto : [0, R]— X <Y be an e-monotone (k, ¢)-quasigeodesic segment. Then there exists
a constant M (k, c, §) such that the height function satisfies, for all t1, t; € [0, R],

1
(22) %|t1 —t| —MeR < Ah(a(ty),a(ty)) <k|t1 —t2| + MsR.
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Proof Let 1,1, € [0, R]. The quasigeodesic upper-bound inequality
Ah(a(ty), a(t2)) < dw(a(tr), a(t2)) < k|t —t2| +¢

is straightforward since 4 is 1-Lipschitz and « is a (k, ¢)-quasigeodesic. To achieve the lower-bound
inequality we use Proposition 2.6, hence there exists a vertical geodesic segment V : [0, R] - X <Y
and a constant M(k, ¢, §) such that

(23) duge(im(e), im(V)) < MeR.
For i € {1,2}, let s; € [0, R] be such that dpq((2;), V(s;)) < MeR. Then by the triangle inequality

Ah(a(ty), a(r2)) = Ah(V(s1), V(s2)) —2MeR

= |s;1 —s2| —2M¢eR (since V is vertical).
However we can achieve, on |s; — 52|, the lower-bound inequality
|s1— 82| = dsa(V(s1), V(52)) > dpa(a(t1), 2 (t2)) —2MeR  (by the triangle inequality)
> %|t1 —tr|—c—2MeR (since « is a quasigeodesic),
which provides us with

1
Ah(a(ty), a(t2)) > |s1 —s2| —2MeR > %|Z1 —tr|—5M¢eR. O

2.2 Coarse differentiation of a quasigeodesic segment

The coarse differentiation of a quasigeodesic « consists in finding a scale r > 0 such that a subdivision
by pieces of length r of o contains almost only e-monotone components (which are therefore close to
vertical geodesic segments). See Figure 9.

Proposition 2.9 provides us with the existence of such an appropriate scale.

Lemma 2.8 Letk > 1, ¢ >0 and ¢ > 0. There exists M(k, c,<, €) such that forallr > M, N > M and
for all non e-monotone, (k, c)-quasigeodesic segment « : [0,r] — X ><1Y we have

Nl ir (j+Dr
(24) Z Ah (a(]ﬁ),a(]T)) — Ah(a(0),a(r)) =k coa €T
j=0

This proposition corresponds to [8, Lemma 4.7].

Proof Since « is non e-monotone, there exist 71, #3 € [0, r] such that
(25) h(a(t1)) = h(a(t3)) and |t1 —t3] > er.

We can assume without loss of generality that 4 («(0)) < h(a(f1)) < h(a(r)) with t; < 3. Since « is a
(k, ¢)-quasigeodesic we have dpq((t1), @ (3)) > Sk—r —c. By Theorem 1.11, there exists M (><1) such that
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d(a(t)), a(ty)) = % -c

Figure 9: Subdivision of a quasi-geodesic.

dsq < dx + dy + M. Then at least one of the two following inequalities holds:
(1) dx (X (t1).a* (t3)) = sl — M(><, ¢);
) dy (¥ (1), &¥ (t3)) =pa 5z7 — M(><, ).
Let us assume the first inequality is true. By Lemma 1.5 applied to the geodesic segment [oX (¢1), @ ¥ (3)],
W (jeX (1), ¥ (13)))
> max(h(@® (1)) h(@* (3))) + 3 (dx (@* (t1). @™ (13)) = Ah(a™ (11). @™ (13))) — 968
= h(a™ (1) + zdx (@* (1), ¥ (13)) - 965.

Hence, there exists #, € [t1, t3] such that the assumed inequality provides us with
Ah(@(t).a(t2)) zse dx @ (12). [ (1), @ (1)) + == = M. )
.y % — 8 logy (dsa(a® (1), 0¥ (13))) — M(b<1,¢)  (by Proposition 1.12)
e % — §log,(r) — M(<, ¢).

Similarly, assuming the second inequality provides us with the same lower-bound on Ah(x(t1), (t2)).
Furthermore there exists M (g, <, ¢) such that for r > M we have %er > §log,(r) + M(e,<, c), hence

er
(26) Ah(a(tr), a(t2)) > %
Furthermore Vi € {1, 2, 3} there exists n; € {0, ..., N — 1} such that

M<ti<(ni+1)r.
N — T N
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Computing the sum of the successive differences of heights provides us with
N-1 . .
1
X () ()
‘ N N
Jj=0
> Ah| a(0), o mr + Ahl|l o mr , o fial + Ahl o fi2l ,a fs7
N N N N N
niar
Ah — |,
+ (cx( N ) oc(r))

> Ah(@(0), a(1)) + Ah(a(n), a(t2) + Ah(a(t2), a(13)) + Ah(a(t3), a(r) — 6(% * C)

(because £ is Lipschitz, « is a quasigeodesic and by the triangle inequality)
kr
> Ah(a(0), a(r)) +2Ah(a(t1), a(t2)) — 6(W + c) (since h(a(t1)) = h(a(t3))).

Using inequality (26) we have

N-1 _ '
Jr (J+Dr or 6kr
;} Ah (a (ﬁ),a(T — Ah(@(0),a(r)) Zoe S == —6c
zk’cqu er,
where the last line is since we assumed N > M (k, ¢, <, €). D

The next lemma asserts that, at some scale, most segments of a quasigeodesic are e-monotone.

Proposition 2.9 Letk > 1,¢ >0, e > 0 and let S be an integer. There exists M (k, c¢,<, &) such that
forrg > M and N > M the following occurs. Let us define L = NSrg. Leta : [0, L] — X Y be a
(k, c)-quasigeodesic segment. For all s € {0, ..., S} we cut [0, L] into segments of length N°r¢, and we
denote by Ay the set of these segments, that is,

As :={a([kN®ro, (k + 1)N*ro]) | k €{0,..., NS5 — 13},

and let 65 () be the proportion of segments in Ag which are not e-monotone

#{B € A | B is not e-monotone}

27) 8s(a) := vy
Then
o) 1
(28) les(a) S
=

Proof The idea is to cut [0, L] into N segments of equal length, then to apply Lemma 2.8 to the
elements of this decomposition which are not e-monotone. Afterwards we decompose every piece of this
decomposition into N segments of equal length to which we apply Lemma 2.8 if they are not e-monotone.
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The result follows by doing this subdecomposition S times in a row. To begin with, we need to deal with
a being e-monotone or not. Hence §s(a) = 0 or 1 and in either case thanks to Lemma 2.8 we have
N-1
(29) > Ah(a(INS o). a((j + DN®71r0)) 2 pa Ah(e(0). (L)) + 85 ()eL.
j=0

Then for all j € {0,..., N —1} such that a([fjNS1rg, (j + 1)NS~1rg]) is not e&-monotone

N-1
> Ah(akNS2rg + jNS " ro) a((k + DNS2ro + jN5"rg))
k=0
a7 S—1 : S—1
>kepa A (a(GN° " ro),a((j + DN 'ro)) + N

which happens Nés_1(«) times. Therefore we have that

N2-1

A7 S—2 ; S—2 eL
Z Ah(a(iN°"?ro), a((i + DN®72r0)) Zk.c.q AR((0), a(r)) + 85 ()eL + N8s_1(oz)ﬁ
i=0

Zk,c,pa AR((0). a(r)) + (85 (a) +8s5-1(a))eL.

By doing this another S — 2 times we obtain

Z h(ae(iro). (i + 1)) Zg.c.0a Ah(c(0). (r)) + L Z 8s ().

i=0 s=1
Furthermore we have, using the Lipschitz property of #,

NS—1 NS—1

> Ah(a(ire).a((i+1)ro)) < D dua(a(ire).a(i + 1)ro)) <N (kro+c) <2kL (with r()z%).
i=0 i=0

Hence

S
1 1
(30) D 85(e) Zheie 2L Sk pa O
s=1

2.3 Height respecting tetrahedric quadrilaterals

In this subsection we show that a coarse tetrahedric quadrilateral whose sides are vertical geodesics has
two vertices on the same X -horosphere, and the other two on the same Y -horosphere (see Definition 1.14
for the definition of such horospheres). We call such a configuration a vertical quadrilateral.

Definition 2.10 (orientation) We define the orientation function on the paths of X >< Y as follows. For
allT >0and y:[0,T] - X <Y we have

T if h(y(0)) <h(y(T)), upward,

31) orientation(y) = I if h(y(0)) > h(y(T)), downward.
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hA

bX D Y -horosphere

Figure 10: A coarse vertical quadrilateral of Proposition 2.11.

This lemma is strongly inspired by [8, Lemma 3.1], which establishes a similar result in the context of
Diestel-Leader graphs and Sol geometries.

Proposition 2.11 (vertical quadrilateral lemma) Let ay, as, by, bp € X ><Y. Let D > 1 and for
i,j€{1,2}, letV;; :[0,1;;] = X <Y be vertical geodesic segments linking the D -neighbourhood of a;
to the D -neighbourhood of b;, and diverging quickly from each other. More specifically, we assume, for
alli, j €{1,2},

(@ d(Vi(0),a;) < D;

(b) d(Vij(lij),bj) < D;

(©) d(Vir(1),im(V;2)) = {5 — D, Vt € [0, 1i1];

(d) d(V1j(lyj —1).im(Vz))) = {5 — D. Vi €[0,145].

Ifforalli, j € {1,2},[;; > 2D and the vertical geodesic segments V;; share the same orientation, then
there exists a constant M (><1) such that one of the two following statements holds:

(1) The four vertical geodesics V;; are upward oriented and a; is in the (M D)-neighbourhood of the X -
horosphere containing ay, and b, is in the (M D)-neighbourhood of the Y -horosphere containing b1 .
Otherwise stated, we have dy (af, ag) <MD and dy (bf(, bg) <MD.

(2) The four vertical geodesics V;; are downward oriented and a» is in the (M D)-neighbourhood
of the Y -horosphere containing ay, and b, is in the (M D)-neighbourhood of the X -horosphere
containing by. Otherwise stated, we have dx (a¥ ,aX) < MD and dy (bY ,b)) < MD.

Proposition 2.11 is illustrated in Figure 10.
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Proof Foralli, j € {1,2} let us define

(32) ai = (aX.a)); by =0 b)) V=W V.
The hypothesis (a) gives us

(33) d(Vi1(0), Vi2(0)) = d(Vi1(0), a;) + d(a;, Vi2(0)) =2D.

By hypothesis (b)
d(Vij(l1j). V2j(l25)) <2D.

Without loss of generality we can assume that for all i, j € {1, 2}, we have orientation(V;;) = 1, which
means that 1(a;) < h(b;). Then Vi, j € {1,2} and ¢ € [0, [;;] we have h(V;;(t)) =t + h(V;;(0)), hence

h(VE @) =t +h(Vij (0));
h(VY (1)) = —t — h(V;j(0)).
Since X and Y are Busemann convex spaces, Vi, j € {1,2},
t— dy(ViIl/ (1), VZ)ZI (#)) is convex on [0, min(/;1, [;2)];
t > dy (VX (lij —1). V3% (laj — 1)) is convex on [0, min(l1;. [2))].

Moreover, by the Busemann assumption, these maps remain convex up to a linear reparametrisation.
The chosen pair of vertical geodesics, whether in X or Y, have endpoints separated by at most 2D.
Consequently, these vertical geodesics remain at a distance of at most 2D throughout the entire interval.
Therefore

(34) Vi € [0.min(i1.1i2)].  dy (VY (0). V5 () <2D:
Vi € [0, min(ly;,l2/)], dX(VI)J{(llj —1), Vz)f-(lzj —1)) =2D.

We can assume without loss of generality that /11 < /1 and that /15 < [55. Then

(35) dx (V5 (0), V& (la1 —111)) < 2D;
(36) dx (V5 (0), V55 (Iza — 112)) < 2D.

Let us define Al; = lp1 — 11 and Aly =[5 —I15. Our goal is to show that these two real numbers are
sufficiently close. We have, Vi, j € {1,2},

Ah(a,',bj) —2D < ll'j < Ah(a;, bj) +2D.
By subtracting these inequalities we get

—h(az) +h(a1) —4D <l —I11 < —h(az) + h(a1) +4D;
—h(az) +h(a1) —4D <ly — 112 < —h(az) + h(a1) +4D.

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 889

Then |Aly — Alz| < 8D. However

dx (V55 (Al), VS (AD)) < dx (V5 (Al Vi (0) + dx (Vi (0), VE(0))
+dx (VE(0), V55 (AL)) + dx (V5 (AL), V55 (ALY).

By the inequalities (35) and (36) we obtain

dx (VX (AL, VS (Al) <2D + dx (ViE(0), Vi5(0)) + 2D + |Al — AL
(37) <4D +2D +8D < 14D.

By using assumption (c) and the characterisation of the distance on horospherical products we have

Al
D+ 1_01 <dwa(Va1(ALl1), Va2 (ALY))

<dx (V3§ (A1), V35 (AlD)) + dy (V31 (AL). Vi (AlL))

— Ah(V21(Aly), Vaa(Aly)) + M(><)  (by Theorem 1.11)
<dx (VS5 (Aly), VS (AL)) 42D + M (by inequality (34))
<16D + M (by inequality (37)),

which provides us with Al/; <10(16D + M + D) = 170D + 10M . We have

dx (@ .a¥) < dx (@®. vE©0) + dx (VX (0). VX (0) + dx (VX (0). af)
<dx (V% (0), VX (AL)) + dx (V5 (AL), VX (0) + 2D
<2D 4+ 170D + 10M +2D < 174D + 10M  (by inequality (35)).

From this inequality we deduce that |h(a1) —h(az)| < 174D + 10M =<, D. Similarly we deduce
dy (by by ) <sa D:
|h(b1) — h(b2)| Zsa D. O

Four points which satisfies the assumption of Proposition 2.11 are called a coarse vertical quadrilateral
with nodes of scale D.

2.4 Orientation and tetrahedric quadrilaterals

From now on we fix a (k, ¢)-quasi-isometry & : X Y — X Y. Let us consider a tetrahedric
configuration consisting of two points on an X -horosphere, each connected by vertical geodesic segments
to two points on a Y -horosphere, forming a total of four points and segments.

The following Proposition 2.13 states that if two points on an X -horosphere are sufficiently far from
each other, if two points on an Y -horosphere are sufficiently far from each other and if the vertical
geodesic segments have e-monotone images under a (k, ¢)-quasi-isometry @, then all the images of the
vertical geodesic segments by ® share the same orientation.
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We first show that their exists a constant M (k, ¢, <1) such that the concatenation of two consecutive
g-monotone quasigeodesic segments sharing the same orientation is an M e-monotone quasigeodesic
segment. This result will only be used in the proof of Proposition 2.13.

Lemma2.12 Letk>1,c>0,D>0,6>0,T > 22¢ and ety : [0, T]> XY and y’: [0, T]+—> X ><1Y
be two g-monotone, (k, ¢)-quasigeodesic segments such that

(1) orientation(y) = orientation(y’);
(2) doa(y(T).y'(0)) = D.
Lety :[0,2T] — X <Y be the concatenation of y and y’, that is,

y(t) ift €10, T1],

38 9 1) =
(38) YO=V0—1) if1eT.2T].
Then there exists M (k, c, D, =) such that ¥ is an M e-monotone, (k, M T )-quasigeodesic segment.

Proof We can assume without loss of generality that y and y’ are upward oriented, we first show that
there exists M (k, ¢, ><) such that J is M e-monotone. Let 71, 1, € [0,27T] such that h(}(t1)) = h(Y (£2)).
If both #; and ¢, are in [0, T'] or both are in ]T, 2T, there is nothing to do since y and y’ are e-monotone.
Then we can assume without loss of generality that ¢; € [0, T] and #, € |T,2T]. Since y is upward
oriented we have h(y(0)) < h(y(T)), therefore, because y is e-monotone and continuous, we have

(39) h(y(t1)) <h(y(T)) +keT +c < h(y(T)) + 2keT,

otherwise, by continuity there exists #; in [0, ;] such that h(y(t])) = h(y(T)) contradicting the &-
monotonicity. Two cases arise:

(@) Ah(y'(t2—T).y'(0)) < 2keT;
(b) ALY (t2—T),y'(0)) > 2keT.

Let us consider the first case (a). We know that 2(y(¢1)) = h(¥(¢t1)) = h(¥(t2)) = h(y’(t2 — T)) and that
Ah(y(T),y’(0)) < D. Then by the triangle inequality we have

Ah(y(t1), y(T)) = Ah(y'(t2 = T), y(T)) < Ah(y'(t2 —T). y'(0)) + Ah(y'(0), y(T)) < 2keT + D.

According to Corollary 2.7, h is a (k, M eT)-quasi-isometry along e-monotone quasigeodesics. Hence

|ty — T| < kAh(y(t1), y(T)) + MeT < (2k? + M)eT + kD < (4k* + M)eT (by assumption on T);
|t —T| <kAh(Y' (t2—T),y'(0)) + MeT < (2k*> + M)eT.

Therefore by the triangle inequality we obtain |t; —t5| < (3k% + M)e(2T).
We consider now the second case (b). By Corollary 2.7, & is a (k, M eT')-quasi-isometry, therefore

1
Ah(y'(t2=T).y'(0)) = |2 =T|—MeT.
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Furthermore, y’ is upward oriented, hence we have that 4(y’(0)) < h(y’(t; — T')), otherwise, as for y, by
continuity one can construct t5 € [t2, T + T'] contradicting the e-monotonicity of y’. Hence we have

MO 1= T) 2 b/ O) + 12— T| ~ MeT.
In combination with inequality (39) it provides us with
h(y(t1)) < h(y(T)) +eT < h(y'(0)) + D +¢T
<h@'(ta-T))— %|t2 —T|+ D+ (14 M)eT.

However h(y(t1)) = h(y’(to — T)) by definition of #; and 7,, therefore 0 < —% lta—=T|4+ D+ (14+M)eT,
which gives
(40) ltr —T| < (1 +M)keT +kD <3MkeT.
Hence

Ah(y'(12=T),y'(0)) < dwa(y'(t2 = T),y'(0) <klta = T| + ¢ < BMk? + 1)eT.
Since h(y'(t; — T)) = h(y(t1)), thanks to the triangle inequality we obtain

Ah(y(t1), y(T)) < Ah(y(t1), y'(0)) + Ah(y'(0), y(T))

41) <(BMk?>+1)eT + D < BMk? +2)¢T.

Both inequalities (40) and (41) in combination with the fact that 4 is a (k, M eT)-quasigeodesic segment
provide us with

lti—ta| = |t1 = T|+|T —t2] <k(3MK? +2)eT + MeT +3MkeT
3

9k3M
<9k3MeT < e2T) (sincek >1, M >1).

. ~ . 3
In the view of cases (a) and (b) we conclude that y is 9k2M g-monotone.

To prove that ¥ is a (k, 3M eT')-quasigeodesic segment, we must check the upper-bound and lower
bound required. Let t1,1, € [0,2T], as for the e-monotonicity property, since y and y’ are (k,c)-
quasigeodesics, we can assume that #; € [0, T] and t, €7, 2T]. By the triangle inequality, the upper-bound
is straightforward:

doa(V(11), P(12)) = doa(y (t1), ¥ (t2 = T))
< dua(y(11), 7(T)) + doa(y(T), ¥ (0)) + doa(y'(0), y' (12 = T))
<k(T-t1)+c+D+k(t2—T)+c
=kl|tp—t1|4+2c+ D
<k|to —t1|+3eT (by the assumed lower bound on T).
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The last inequality holds because y and y’ are (k, ¢)-quasigeodesics. To prove the lower-bound we will
proceed similarly as for the e-monotonicity. We have
doa(7(11), Y (t2)) = doa(y (1), ¥/ (12 = T))
> Ah(y(t1),y'(t2 —T)) (since h is Lipschitz).

Similarly to inequality (39) we have
(42) h(y'(t2 = T)) = h(y'(0)) — 2keT.
Therefore
Ah(y(t1),y'(t2—=T)) = h(y'(t2 = T)) = h(y(t1))

= (h(y'(ta=T)) +T) = h(y'(0)) + h(y'(0)) = h(y(T)) + h(y(T)) — (h(y(t1)) — €T ) — 4keT

= |[(h(y (2 =T)) +€T) = h(y" ()| + |h(y(T)) — (h(y (1)) = €T) | + h(y'(0)) — h(y(T)) — 4keT

(by inequalities (39) and (42))
> Vl(j//(lz -T))— h(y’(O))} + ‘h(y(T)) — h()/(tl))} — D —8keT (by the triangle inequality)
1 1

> E|t2 —T|—MeT + %|T —t1|—MeT — D —8keT (because h is a (k, M T )-quasigeodesic).

Hence
doa(7(11), 7(t2)) = AR(y(t1), Y (t2 = T))
1 1
> E(tz —11)— D —(2M +8k)eT > E(tz —11)—M'eT,

for M’ a constant depending on k, ¢, D and ><. This is the lower-bound we expected and proves that y
is a (k, M’eT)-quasigeodesic. O

Proposition 2.13 Leth € R andletk > 1,¢c>0ande > 0. Let ®: X <Y — X' <Y’ be a (k,c)-
quasi-isometry. Let D > 1 and R > %. Fori,j € {1,2} let a;, b; be four points of X > Y
satisfying d(ay,as) > 10kMeR + 2kc and d(by,bz) > 10kMeR + 2kc, where M is the constant
involved in Lemma 2.12, and let V; ; : [0, R] = X <Y be four vertical geodesic segments linking the
D -neighbourhood of a; to the D -neighbourhood of b;, such that

* h(V11(0)) = h(V22(0)) = h(a1) = h(az) = h;

e h(V1i1(R)) = h(V22(R)) = h(b1) = h(b2) =h+ R;
e h(V12(0)) = h(V21(0)) = h;

* h(V1i2(R)) = h(V21(R)) = h + R;

e ®olj; ; is e-monotone.

Then
orientation(® o V71) = orientation(® o V55).

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 893

Figure 11: Case (a) in the proof of Proposition 2.13.

Proof Up to the additive constant D, one can consider V; 1 UV, 1 UV, 2 UV 5 as a coarse quadrilateral
composed with a; and b; as its vertices, and with V; ; as its edges. To make the proof easier to follow,
we shall use a vector of arrows to describe the orientations of the edges of the quadrilateral in play as

orientation(Vl,l, V2’1, V2’2, Vl,z) = (T, \L, T, \L)

Similarly, we consider orientations of the image of V1,1 U V5 1 U V32 U V5 by @ as the successive
orientations of the paths ® o V; ;. We will proceed by contradiction to prove the lemma. Let us
assume that orientation(® o V7,1) # orientation(® o V>, ). We can assume without loss of generality that
orientation(®(V7,1)) = 1, therefore orientation(®(V2,2)) = | . Hence there are four possible orientations
for CD(Vl,l U Vz’l U szz U Vl,z)i

@ (LD, B (LD, © (WD, @ (LD
Let us consider the case (a) (illustrated in Figure 11). We have

orientation(®(V2,1)) =1 and orientation(®(V1,2)) = 1.

Hence we have
orientation(®(V;,2)) = orientation(P(V7,1)) = orientation(P(12,1)).
Furthermore & is a (k, ¢)-quasi-isometry and both V; »(R) and V1,1(0) are close to a;, hence

dN/(QD(VLz(R)), (D(Vl,l(O))) <k2D +c.
Similarly we have
dor (P(V1,1(R)), ®(V2,1(0))) <k2D +ec.
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Then by Lemma 2.12, there exists M (k, c,>) such that the concatenation of ®(V;2), ®(V;,1) and
®(V2,1) is an Me-monotone (k, M eT)-quasigeodesic. Therefore by Proposition 2.6, there exists a
constant M (k, c,><) and a vertical geodesic segment V such that

43) dut(V, ®(V12) U (V1 1) UD(Va,1)) < MeR.

Furthermore, applying Proposition 2.6 on ® (V> ) provides us with the existence of a vertical geodesic
segment ¥ such that

(44) duge(V', ®(V2.2)) < MeR.

Moreover dpq(V2,2(0), V2,1(R)) < 2D (the two points are close to az) and dsq(V22(R), V1,2(0)) <2D
(the two points are close to b;), and therefore V and V' are two vertical geodesics with endpoints
(k2D +c¢) +2M¢eR close to ®(ay) and ®(b;). Thereby, these two vertical geodesic segments stay close
to each other, we have

dus(V, V') < (k2D +¢) + 2MeR <3Me (by assumption on R).
Then, we show by the triangle inequality that ®(a) is close to ®(V> 2):
45)  dowr(P(a1). ©(V2,2)) < doar (P(a1). V) + dpase(V. V') + duaie(V', @(V2.2)) < SMeR.
However, the assumption d(a1,az) > 10kMeR + 2kc gives us that a; is sufficiently far from V5 »:
dyg(ar, Vap(t)) = Ah(ar, Va2(1)) =t,
dug(ar, Va,2(t)) = dwa(ar,az) —dw(az, V2 2(t)) > 10k MeR + 2kc —t
for all ¢ € [0, R]. Therefore
Aoy (P(a1), @(V2,2(1))) = k' dsa(ar, Voo (t)) — ¢
- t +10kMeR + 2kc —t
2k
for all ¢ € [0, R], which contradicts inequality (45). Thereby, in case (a), @ o V1 and ® o V5 , share the
same orientation.

The other three cases (b), (c) and (d) are treated similarly. We first show ®(V7,1UV, 1UV2 2UV] 5)isin
the M eR-neighbourhood of two vertical geodesic segments which, depending on the case, have endpoints

(b) close to ®(a;) and P(as);
(c) close to ©(by) and O(by);
(d) close to ®(a;) and P(by).

—c=5MeR

Which, depending on the case, contradicts the fact that
(b) dsa(b1, V2,2(1)) > SMeR;
(¢) dia(ar, V2,2(t)) > SMeR;
(d) dua(b2, V1,1(t)) > 5MeR. m|
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3 Measure and box-tiling
3.1 Appropriate measure and horopointed admissible space

In the setting of horospherical products, an important characteristic is that they are a union of products of
horospheres.

As such, if one wants to endow them with a measure, it makes sense that the measure should disintegrate
along these horospherical products, and should be related somehow to the measures and the geometries
of the initial spaces and its horospheres.

The properties we present are satisfied when our initial spaces are Riemannian manifolds for instance,
or graphs of bounded geometry. We will also see in Section 5 that Heintze groups are another set of
spaces which satisfies them, making our requirements sound.

Definition 3.1 (admissible horopointed measured metric spaces) Let (X, d) be a §-hyperbolic, Busemann,
proper, geodesically complete, metric space, and let a € 0X be a point on the Gromov boundary of X.
A Borel measure ,uX on X will be said (X, a) horo-admissible if and only if (E1), (E2) and (E3) are
satisfied:

(E1) (There exists a direction a € X such that) ,uX is disintegrable along the height function %, that is,
for all z € R, there exists a Borel measure uf on X, = h~!(z) such that, for any measurable set A C X,

W= [ sz,
zeR
(E2) Controllable geometry for the measures ;L;Y on horospheres, there exists Mo > 288§ such that
Vx1,x2 € X, ey (Day(X1)) <x fjy(y) (Do (x2)).
(E3) There exists m > 0 such that for all zo € R, and for all measurable sets U C X,
Vz<zo, "IN (U) =x i (n:(U)).

The space (X, a, d, 1) will be called a horopointed admissible metric measured space, or just admissible.

The assumption (E2), in combination with Lemma 1.8, provides us with a uniform control on the

measure of disks of any radius.

Lemma 3.2 Letr > M. Then for all x € X we have

Py (Dr (x)) =x €.

Proof The proof is illustrated in Figure 12. Let Vy be a vertical geodesic line containing x and let
My > 2888 be the constant involved in assumption (E2). Let x; be the point of Vy at the height
h(x)+ % and let x5 be the point of Vy at the height i (x) + % Applying Lemma 1.8 with p = x1,
zo =h(x)+ % and z = h(x) provides us with

Dy (x) = DZ(Z()—Z)—M()(-X) C ”h(x)(DMo(xl))-
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h(x)

Figure 12: Proof of Lemma 3.2.

rMo

Similarly, applying Lemma 1.8 with p = x5, zg = h(x) + and z = h(x) provides us with

Th(x)(Dmy(x2)) C Dy (x). Furthermore by assumption (E3) then assumption (E2) we have

r+M, mL
I’Lh(x) (ﬂh(x)(DMo(xl))) =X e ( 2 /’Lh(xl)(DM()(xl)) =x € 2’

since M depends only on X. Similarly we have pX h(x) (nh(x)(D M, (xz))) =x ™3, therefore by the two
previously obtained inclusions we have wp(x)(Dr(x)) Xx ema, |

Heuristically, the next lemma asserts that the measure of the boundary of a disk is small in comparison
to the measure of the disk.

Lemma 3.3 Let My be the constant involved in assumption (E;) and let M be the constant involved in
Corollary 1.4. Let zg € R, xo € X, and C C X, be a set containing D s, (x0) and contained in D pr,,(Xo).
Then for all z1 < zg, and for all r < 2|z1 —z9| —2Mo — M, we have

uE (Inty (7X(C))) = 15 (222 (0)).

This lemma might seem to contradict Lemma 3.2, however the r-interior of a disk of radius R is very
different from a disk of radius R — r on horospheres, for R sufficiently greater than r.

Proof Let us define J := Int, (7‘[ (C)). By definition we have
(46) ng(C) \J:={xen; (C) | dx (x, 73 (C) ) <r}.

At the height z; + 5, let x1 € nz +1 ©)\ JTZ +r (J), then, at the height zy, there exists x| € 7} (C) \J
such that x; € V, - Furthermore by the characterlsatlon (46), there exists x), € JTX ©)¢ such that
d(x],x5) <r. Then by Corollary 1.4, there exists M(§) such that

r r r
@7 dx Vxé 21+§ ,Vx/l Zl+§ =dx Vxé Z1—|—2 X1 ) <M,
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with Vxé (21 + %) € nz)f 1 (C)€. Therefore by the triangle inequality and Lemma 1.8

r r
d(xl,nz}f+%(xo)) > —d (x1, Ve, (21 + 5)) +d(Vx/2 (21 + 5), nz)er;(xO))
>2|zp—z1|—r—Mo— M.

Since last inequality holds for all x; € ng 4 ©)\ nZXI i (J), we have
2 2

Dajzg-z|-r—Mo—M (3, 4 1 (X0) C 31 1 ().
Therefore by Lemma 1.8
Dajzg—zy |- Mo—M (T2 (x0)) C J.
Moreover, J C ng (C) C Dajzg—z, 1+ M, (nz)ﬁ (x0)), hence by Lemma 3.2
nE () =x e <y )X (X (). =
In order to achieve a rigidity result on horospherical products, we will need another measure AX in the
same measure class as ¥ .

Definition 3.4 (measure AX of X) Let X be an admissible horopointed space. The measure AX on X is
defined from a set of weighted measures AX on the level set X as

(1) forall z e R, AX := ™ X,
(2) for all measurable sets A C X, A% (4) := [, g AX(4;)dz,
where m is the constant involved in (E3).

For the log model of the hyperbolic plane, this measure AX turns out to be the Lebesgue measure
on R2, and the measure 4% is the Riemannian area. Up to a multiplicative constant, the measure A ¥ is

constant along the projections. By assumption (E3), the following property is immediate:

Property 3.5 For all measurable set U C X we have

(48) Vzi,z2 <h~(U), AL (72, (U)) xx AL (72, (U)).

Otherwise stated we have the following relation between two push-forwards of the measure (JrZZ),,JL;X2 =y
(”21)*/\2)(1- They are push-forwards from a subset U of X to horospheres below U'.

Following the fact that height level sets of X p<Y are direct products of horospheres, we define
disintegrable measures on the horospherical products from the disintegrable measures on X and Y. We
recall that

VzeR, (X<Y),=X,xY_,.

Definition 3.6 (measure ;1 on X 1Y) Let (X, u¥%) and (Y, u¥) be two admissible spaces. Then for all
measurable sets U C X >< Y, we define the measure i on X <Y by

MX><1Y(U)I=/Ruf @ u, (Uy)dz.
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For all measurable sets U C X <Y we have
U)= Xwdu¥ d
MX[X]Y( ) /’Lz( z) M—z(y) Z,
R yeY_;

where U} :={x € X | (x, y) € U;}. (This measure might be not well defined.)

Remark 3.7 A couple (X, Y) of horopointed admissible spaces is called admissible if the measure Uy pqy
of Definition 3.6 is well defined.

From now on we fix four horopointed metric spaces X, X', Y and Y’, with m > 0 (respectively m’, n, n’)
the constant of assumption (E3) for X (respectively X', Y, Y’). We will assume in Section 4.3 and
afterwards that (X, Y) and (X', Y’) are two admissible couples with m > n and m’ > n’.

We define similarly a measure Ay,qy on X <t Y.

Definition 3.8 (measure A on X < Y) Let (X, u%) and (Y, 1Y) be two admissible spaces. Then, for all
measurable subsets U C X <Y,

Mooy V)= [ AX 027 Unydz = [ 7X@l (U

For all measurable subsets U C X <Y we have

/\XMy(U)=[R(/ . Af(UZy)d/\ZZ) dz.
pAS 1

From now on, we will simply denote by x the measure iy sqy and by A the measure Aypqy .

3.2 Box-tiling of X

In this subsection we tile a proper, geodesically complete, Gromov hyperbolic and Busemann space X
with pieces called boxes. This is inspired from [8, Lemma 3.4], which constructs these tilings for trees
and the hyperbolic space.

Definition 3.9 (box at scale R) Let X be admissible horopointed space. Let My be the constant of (E2),
let R > 0, let x be a point of X and let C(x) be a subset of X} () containing Dpy,(x) and contained
in Do, (x). Then, the box B(x,C(x), R) is defined by

B(x,C(x), R) := g 72 (C(x)).
ze[h(x)—R,h(x)[

We will often omit the parameter C(x) in the notation of a box. Later we depict an appropriate choice
for these spaces C(x). The idea of the tiling is first to distinguish layers of thickness R, then to decompose
each of these layers into disjoint boxes using a tiling of disjoint cells C(x) as the top of these boxes. In the
log model of the hyperbolic plane, when the cell C(x) is a segment of an horosphere, the associated box
is a rectangle of RZ. Eskin, Fisher and Whyte [8] tiled the hyperbolic plane with translates of such a
rectangle. However the space we consider might not be homogeneous, therefore we will tile Gromov
hyperbolic spaces with boxes which are generically not the translate of one another. We recall that N,
refers to the r-neighbourhood of a subspace.
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Figure 13: Box-tiling.

A subset of a metric space X is k-separated if and only if any two of its elements are at least at
distance k. A maximal such set for the inclusion is called maximal separating set. We shall denote
by D(X) such a set. The dependence of D(X) on k should be indicated; however, for simplicity and by
slight abuse of notation, we will omit this dependence.

One casily sees that a maximal separated set is then a k-covering. That is the union of the metric ball
of radius k centred at the points of D(X) cover the whole space.

To construct a box tiling, see Figure 13, of X we first fix a scale R > 0. Let My be the constant involved
in assumption (E2), then we chose a 2Mp-maximal separating set D(X,g) of the horospheres X, g, with
n € Z. Such maximal separating sets exist since X is proper and so are X,g. Let us call nuclei
the points in these maximal separating sets. For every nucleus x € D(X,g), we fix a cell C(x) such
that Dz, (x) C C(x) C Doy, (x). Therefore, given two different nuclei x,x” € D(X,r), we have
D, (x) N Dy, (x") = @. We choose these cells such that they are 1, g measurable and such that they
tile their respective horospheres:

Vn ez, | ] ¢ =xur.
XED(XHR)

As an example, one can take Voronoi cells
VC(x):=1{p € Xur|d(p,x) <d(p,x') forall x' € D(X,Rr)}.

These cells might not be disjoint, but a point p € X, is contained in a finite number of Voronoi cells
since X is proper. Therefore, by choosing (for example thanks to an arbitrary order on D(X,r)) a unique
cell containing p, and removing p from the others, there exists a tiling of X, g by cells C(x).

Now, for all n € Z and for all x € D(X,g) we define the box B(x, R) at scale R of nucleus x by

B(x,R) := U 72(C(x)).
ze[(n—1)R;nR[
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A C(Xo)
h(xo)

h(x)

Figure 14: Proof of Lemma 3.10.

In this definition, we chose [(n — 1) R; nR][ for the boxes’ heights. It is an arbitrary choice, one could
prefer to use |(n — 1) R; nR] as these heights intervals. Moreover, to construct the horospherical product
of X and Y, we will use intervals of the form [...;...[for X and]...;...] for Y.

We recall that the cells C(x) tile the horospheres X, g. Furthermore there exists a unique vertical
geodesic ray leaving each point of X. Consequently we have a box tiling of X, at scale R,

(49) x=|] || BGB.

neZ xeD(X,R)

The next lemma explains that any box contains and is contained in metric balls of similar scales.

Lemma 3.10 There exists a constant M (X) such that for all x € X and r > M there exist two boxes
B(%) and B(3r) satisfying

B(g) C B(x,r) C BGr).
The proof is illustrated in Figure 14.

Proof Let C(x) be a subset of X}y containing D(x, Mp) and contained in D(x,2My). Let us denote by
B(%) the box at scale % constructed from the cell C(x). For all x” € B(%) let us denote by x” := Vy/(h(x))
the point of V, at the height i (x), we have

dy (x', x) <dx (x',x") + dx(x", x) < g +2Mo <r for r = 4M,

which gives us that x” € B(x, ). To prove the second inclusion, let us denote by Vy the unique (since
X is Busemann convex) vertical geodesic ray leaving x. Let xo € im(Vy) such that h(xg) = h(x) + 2r
and C(xo) be a subset of X} (y,) containing D(xo, M) and contained in D(xo,2M). Then we claim that
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B(x,r) is included in the box at scale 3r constructed from the cell C(x¢). Let x’ € B(x,r), we recall
that d,(x, x) := dx (x’, x) — Ah(x’, x). By Lemma 1.5 we have that

d(Ve(h(x) +2r), Vir (h(x) +2r)) < 968 = M

since r > dx (x', x) > %d, (x’, x) and since the distance between two vertical geodesics is decreasing in
the upward direction. Therefore Vy/(h(x) 4+ 2r) € C(x¢). Furthermore

Ah(xo,x") < Ah(xg, x) + Ah(x,x") <3r,
hence x’ € B(3r). d

3.3 Tiling a big box by small boxes
Let R > 0 and N € N. Our next result shows that a box at scale NR can be tiled with boxes at scale R.

Proposition 3.11 Let My be the constant of assumption (E2). Let R > 0 and N € N. Let BX be a box at
scale NR, and let us denote by h™ := h~(BX) the lowest height of BX . Then there exists a box tiling at
scale R of BX . Otherwise stated for all k € {1, ..., N} there exists D (BX) C B,)f_JrkR such that

(1) for all x € Dy (BX), there exists a cell C(x) such that Dy (x) CC(x) C Dapgy(x);
(2) we have |_|,1cV:1 e, 5%) BX(x,C(x). R) = BX.

Proof To tile the box BX we first tile by cells all of its level sets at height 7~ + kR. Letk € {1,..., N},
and let Dy (BX) be an 2M(-maximal separating set of Intpy, (B})f_ +xgr)- Then

(1) for all x, x" € Dy (BX) with x # x’ we have Dy, (x) N Dy, (x') = @
(2) Intasy (B 1 g) € Urep, (%) D2mto ().

Furthermore ANy, (Intpg, (B})f_ +kr) C B});(— +kr> and for all x € Intpyg, (B})f_ +xr) We have the inclusion
Dy, (x) C B;z(_ +kgr- Therefore

(50) | ] Pme@cBXrc | Damp).
x€Dk (BX) x €Dk (BX)

For all x € Dy (B%), we define
C(x):={p € B xr | d(p.x) <d(p,x’) for all x’ € D (B)}.

As discussed at the beginning of Section 3.2, these cells might intersect each other on their boundaries.
However, a point contained in different cells can be removed in all of them except one, making them
disjoint. The choice of cells on which we remove boundary points can be made thanks to an arbitrary
order on the finite set Dy (B%).

By the inclusions (50), for all x € Dy (BX) we have Dy, (x) C C(x) C D3pg,(x) and

|_| Clx) = Bl)z(ﬂrkR-
x€Dk (BX)
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Furthermore, since vertical geodesic rays are uniquely determined by their starting point (because X is
Busemann), a tiling with cells provides us with a box tiling

|| B*&x.cx).R) = g BX.
x €D (BX) ze[h—+(k—1)R;h—+kR[
Taking the union on k € {1, ..., N} provides us with the conclusion. O

3.4 Box-tiling of X <Y

The boxes B of a horospherical product X < Y are constructed as the horospherical products of boxes
BX > BY . Therefore they induce a tiling of X <1 Y. Such boxes are illustrated by Figure 15.

Definition 3.12 (box of X b« Y at scale R) Let X and Y be two admissible spaces. A set BC X <Y is
called a box at scale R of X <Y if there exists BX a box at scale R of X and BY a box at scale R of Y
such that

(1) h=(BX) = —h*(BY):
(2) B:=BY B ={(x.y) € BY x B | hx (x) = —hy ()}
Let us point out that in the last definition, the box of Y is in fact defined by
(51) B'o.p= | o).
z€]—-nR;(1—n)R]

This choice on the boundaries of the height intervals allows a precise match for the height inside the
two boxes. Furthermore, one can see that given a box-tiling of X and a box-tiling of Y, the natural
subsequent tiling on X x Y provides the box tiling of X <Y by restriction.

Proposition 3.13 (box-tiling of X Y atscale R) Let X and Y be two admissible spaces. Let R be a
positive number and let us consider the two box tilings, of X and Y,

x=] || B*«.r: v=|] || B"O.R.
neZ xeD(XuR) n€Z yeD(Y,R)

Then the boxes of X <1Y constructed from boxes at opposite height in X and Y are a box tiling of X <Y .
We have

XeaY = | | ] BX (x, R)=<1BY (y, R).
n€Z (x,y)eD(XnR)XDXY (1—n)R)
Proof Let us consider the box tilings, of X and Y,
x=] || B*«.nr: v=|]| || B'0.».
neZ xeD(X,R) neZ yeD(Yur)
We first show that the intersection of two distinct boxes is empty. Let n1,n2 € R, x1 € D(Xy,Rr),

X2 € D(XnyR)s Y1 € D(Y(1—pn,)R) and y2 € D(X(1—pn,)R) such that (x1, y1) # (x2, y2). Then we have
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A

Figure 15: Boxin X Y.

either x; % x5 or y; # y». Let us consider the case x; # x5, then BX (x1, R) # BX (x», R), and since
they are two tiles of the box tiling of X, we have BX(x1, R) N BX (x2, R) = @. Therefore

V(pX, p¥) e BX(x1, Ry BY (y1, R), V(p¥. pY) e BX(x2, Ry BY (y2. R), pi¥ # pX.
Hence (pf(, p{) #* (pgf, p%’), which gives us
(BX (x1, R > BY (y1, R)) N (BX (x2, R) < BY (y2, R)) = @.

The case when y1 # y, provide us with the same conclusion. Then we prove that the whole space X <Y
is covered by the horospherical product of boxes. Let p = (pX, p¥) € X < Y. There exists n € Z such
that (n —1)R < h(p) < nR, hence there exist x € D(X,g) and y € D(Y(;_p)R) such that pX eBX(x,R)
and p¥ € BY (y, R). Therefore p € BX(x, R) > BY (y, R). o

3.5 Measure of balls, boxes and neighbourhoods

The results of this section focus on estimates on the measure u of balls and boxes.

Lemma 3.14 There exists M (<) such that for all r > M and all box B at scale r of X >1Y we have
(52) w(B) <pqe™’.

Proof Without loss of generality we can assume that () = [0; r[. Let us denote by CX the cell of BX
and CY the cell of BY. Then

r r
w(B) = [ w2 (B;)dz = / nXBHuY,(BY,)dz (since B, = BX xBY))
0 0
r
=g /0 M=z )uff CX)e"* ul (€Y)dz  (by assumption (E3) and definition of boxes)

,
=pq ™’ / en=mz 4z (by Lemma 3.2)
0
Ml _ ohr

= §|><1 emr.
m-—n
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1

However m > n, hence for r > r—

we have %e"” > """ Therefore

emr_enr emr

> >pq ™. ]
m—n ~ 2(m—n) =P

Combining Lemmas 3.10 and 3.14 we get the next corollary.

Corollary 3.15 There exists M (><1) such that for any r > M and any p € X ><1Y we have
(53) ¢2" Zoa (B(p. 1)) Zpa ™.
Therefore we have the following estimate between ball measures, which corresponds to [8, Lemma 5.2].

Corollary 3.16 There exists M (<) such that, for any r» > 2ry > M and for all p1, pp € X <Y,

exp(glra —rilm)w(B(p1, 1)) < j(B(pa, r2)) < exp(6|ra —ri|m)u(B(p1,11)).
Corollary 3.17 There exists M (><) such that, for any rp >r;y > M and forall A C X <Y,
W7 (4)) <oa €271 (NG (A4)).
Furthermore, if there exists z € R such that A C X, we have

1N (A)) <pa oz (Nag (A) N X).

In particular, forall p € (X ><Y),,

w(B(p, M)) <pq puz(Dp(p)).

Proof Since X >V is a proper metric space. By a covering lemma of [15], there exists a set Z C A
such that

(1) the balls B(p, 1) for p € Z are pairwise disjoint;
(2) we have the inclusions
| | Bp.r1) c N () € | B(p.5r).
pEZ peEZ
Therefore Ny, (4) CU,ez B(p,5r1 + (r2 —r1)).
Moreover, if A C X, for r;y = M we have
|| Pm(p) c N0 Xz € | Dsm(p),
PEZ PEZ
and forall pe Z, u,(B(p,5M)) =pq 1 <pq uz(Dspr(p)). Hence
1N (A) <oa D u(B(p.5M))

pPeEZ

=pq Z Wz (Dsp(p)) <pa bz Ny (A) N X7). o
PEZ
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A (k, ¢)-quasi-isometry ® : X <Y — X' > Y’ “quasi”-preserves the measure ji.

Lemma 3.18 For all (k, ¢)-quasi-isometry ® : X <Y — X’ > Y’ and for all measurable subsets
U C XY we have

1WNk(e+1)(U)) ke HN1(R(D))).

Proof Since X 0«7 is a proper metric space, by a classical covering lemma of [15] there exists a set
Z C U such that

(1) the balls B(p,k(c + 1)) for p € Z are pairwise disjoint;

(2) we have the inclusions

L] Br-k(c+ 1) Ny (U) € () B(p. 5k(c +1)).
PEZ PEZ

Since @ is a (k, ¢)-quasi-isometry,
(1) the balls B(g, 1) for g € ®(Z) are pairwise disjoint;
(2) we have the inclusions
| | B@.nhcm@Uyc () Bg.5k*c+1)+o).
qe®(Z) ge@(2)

Furthermore, for all p € Z we have
1(B(p, 1) =oq 1 <o (B((p), 1)) Xp e (B(P(p), 5k (c +1) +¢)),
hence jt(Nie+1)(U)) Xkepa #Z Sk e HN1(P(U))). O

3.6 Set of vertical geodesics

Since X is a Gromov hyperbolic, Busemann space, for any x € X, there exists a unique vertical geodesic
ray starting from x in X, therefore, there is a one-to-one correspondence between portions of vertical
geodesic rays in a box B, and the points at the bottom of B%. A vertical geodesic segment of BX is
defined as the intersection of a vertical geodesic and BX . We recall that vertical geodesics are parametrised
by arclength by their height.

Let BX be a box at scale R of X. Let us denote by VB the set of vertical geodesic segments of B. A
geodesic segment v € VBX intersects only in one point x the bottom of BX, and v is the only vertical
geodesic segment of V' BX intersecting x by the Busemann assumption on X.

Definition 3.19 (measure 7 on VBX) Let BX be a box at scale R of X. The measure nf/(B » on VBX is
defined on all measurable subset U C VBX by

(54) N sx (U) = A5 sy (y (R~ (BX)) |y € U}).
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In particular, we say that U is measurable if {y(h~(BX)) | y € U} is measurable. Since the measure A
is almost constant along projections, the measure on the set of vertical geodesic segment is related to the
height of the boxes. Specifically we show that up to a multiplicative constant, the measure of a box is
equal to the measure of its set of vertical geodesic segments multiplied by its height, as for rectangles
in R2. In the sequel we might omit the index of the measure ¥

Property 3.20 Let BX be a box at scale R of X and let us define 4~ := h~(BX) and ht := h T (BX).
We have, forall z € [h~, h ™[,

(1) X (VBX) <x AX(BX) =<y emh™
2) AX(BX) =x RAX(BX) =<x Ry¥ (VBY) =<x Re™"".

Proof Let x € X be such that C(x) is the cell of BX. We know that Dy (x) CC(x) C Doy (x), hence
by Lemma 3.2 we have

(55) i €()) =x 1.
Then
X (VBX) =4 BXnh™ (k7)) (by definition)
J'_
=x AX(BX) =x A, €(x)) =x ™" ¥, (€(x)) (by Property 3.5)
=y emh"" ;
which proves the first point. The second point follows from the fact that the measures A, are constant by
projections on height level sets, up to the multiplicative constant M (X):
ht ht
AX(BX) = f AXBXnh(2)dz = / A (rz(C(x))) dz
h— h—
ht
=x | A (C(x))dz  (by Property 3.5)
=x R/\})I(Jr (C(x)) xx Re™h™ |

A vertical geodesic V = (VX,VY) c XY is a couple of vertical geodesics of X and Y. Therefore,
there is a bijection between the set of vertical geodesic segments VB of a box B := BX »a BY and
VBX xVBY.

Definition 3.21 Let B be a box at scale R of X < Y. We define the measure ny 5 on VB as
(56) VB =T ex ® Mgy -

In the notation of measures on sets of vertical geodesic segments, we might omit the reference to
the corresponding sets. The measures ny g, respectively 77)155)(’ ngsy, will simply be denoted by 7,
respectively n%, n¥.
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Proposition 3.22 For each box B at scale R of X >1Y we have, for all zy,z, € [h~, h],
(1) N(VB) =pq ™" e=h™ <, AKX (BX)AY, (BY,):;

—Z2 —Zz2

(2) A(B) =<pa RN(VB) =<pq RAE (BE)AY_ (BY ).

—Z) —Z)
Proof The first point follows from Definition 3.21 and Property 3.20 applied on BX and BY . The proof
of the second point is similar to the proof of Property 3.20:

"X oY (X x gY WYX X g Y (¥
AB) = [ X @A (BY xBY)dz = [T 2X BN BY)d:
h h
WX X \pY Y
b /h— A= (Bj-)AZ,+ (B, +)dz  (by Property 3.5)
ht
=pa /h* X (VBX)nY (VBY)dz (by definition of n)

ht
=va N(VB) /h_ 1dz = Ry(V B).
Then applying twice Property 3.20 provides us with the result. O

Let B be a box at scale R. Let z € [h~(B); AT (B)[ and let U C B,. Then we denote by Vz(U) the set
of vertical geodesic segments of V B intersecting U. It is in bijection with

{(x.y) € B xBY g | (nf (x). n¥,(»)) e U}.

We need the following property stating that the measure of a given subfamily of vertical geodesics can
be computed on any level of our box.

Property 3.23 Let B be a box at scale R of X >< Y. Then, for all z € [h~(B); h™(B)[ and for all
measurable subsets U, C B,

n(Vs(Uz)) <pa Az (Uz).

Proof Without loss of generality we can assume that [~ (B); k™t (B)[ = [0 : R[. By definition we have

n(Vs(Uz))

= Y 11X
- /xoeB{{ /yoengl{(x,y)eBé‘XBZRl(an @)X (y)ev=} (X0, Yo)dAZ pd Ay
= Ly, (wX (xo), ¥, (v0))dAY gd A
[ B TAC DR UNIEAAYEY
= xoesg(/yeslel]z (5 (x0), )’)d((ﬂzz)*lzR))dké( (with a pushforward of AY 5 by 7¥,)
= X X Y Y .
- (/ 1y, (75 (x0), y)dAj )d((ﬂ_z)*l_R) (by Fubini’s theorem)
yeBY \JxpeB¥
= (/ 1y. (x, y)d((nf)*/\éf))d((nfz)*AZR) (with a pushforward of )L()f by nZX)
yeBY \JxeBX

= / o7 / BX]'UZ (x, y)d)\fd/\)_’Z (by using Property 3.5 twice)
yeBL_JxeB;
=pq Az (Uz). O
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3.7 Projections of set of almost full measure

Let us denote by pX : X 0¥ — X, (x,y) — x,and by p¥ : X ¥ — X, (x, y) — y, the projections
on the two coordinates of X > Y. We also denote by slight abuse the projection on a set of vertical
geodesic segments pX : VB — VBX, (vX, v¥) > vX,and pX : VB— VBY, vX,v¥) > vY. Givena
subset U C B, we might simply denote by U¥, respectively U? , its projection on X, respectively on Y,
and similarly for subsets of V B.

In this section, we show that if a subset of a box has almost full measure, then most of the fibres with
respect to these projections also have almost full measure.

Let 0 <a <1, let V7 C VB be a measurable subset (it will be chosen later as a subset of small measure,
containing “bad” vertical geodesics). Let us define, for all vX € V BX,

GY ¥y =Y eVBY | X, vY) e Vo) = pY (P ) N (VB\ 1)),
GX =X evBX |7 (GY (%)) = (1 - Va )" (VD))

The set GX is the set of vertical geodesics in V BX whose fibres have almost full intersection with V 5\ V7.
The following lemma asserts that almost all fibres have almost full intersection with V B\ V.

Lemma 3.24 Let0 <o <1 and let V1 C V B be a measurable subset such that n(Vy) < an(VB). Then
1¥(GY) = (1= Va)n* (VBY).
Proof By construction we have

U ¢'eMH=ws\m?.

vXeVBX

To prove the lemma we proceed by contradiction. Let us assume that % (GX) < (1 —Ja )r]X (VBX).
Then

X (VBX\ G¥) > Jan® (v BX).

Therefore
100 = [ 1@ ane)

VB

= / / 1y, (vX, vY) dnY(vY) an(vX) (by definition of 7)
VvBX JVBY

= / / 1VBY\GY(UX)(UY) dr)Y(vY) an(vX) (by definition of GY(UX))
vBX JvpY

= [ BT ) art o)
VBX

=[N ENGT e ant o),
VBX\GX
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Furthermore, when vX € VBX \ GX we have that n¥ (GY (v¥)) < (1 — ﬁ)nY(VBY), and hence
Y (VBY \ GY vX)) > Jan¥ (VBY). Therefore
000z [ el v e %)
VBX\GX

> Ve (VB n* (VBY\ G¥)

> JaJa nY(VBY)nX (vB%X) (by the contradiction assumption)

>an(VB) (since VB is a product),
which contradicts (V1) < an(VB). |

In the previous lemma we only used the fact that the set of vertical geodesic segments V' B was the
product of its projections endowed with a product measure . We will use it once again on the product of
two measured spaces endowed with a product measure in the proof of Proposition 4.7.

We recall that for any U C X ><1Y we define VB(U) :={v € VB |im(v) NU # @}. Similarly for all
Vi C VB we define V1(U) :={v eV |im(v) NU # &}.

The next lemma is a local version of Lemma 3.24. Let V1 C VB. Let M > 0 be a constant, leta € B
and let us define VD := VB(Dy(a)) and Vi D := Vi (D (a)). For all v = (vX, v¥) € V3, let us define

EY(0¥):= ¥ e VDY | 0¥, 0¥) e ViDy = (") (p¥ @¥) n1iD);
FX =X e vDX | pY (EY v¥)) = Van¥ (VvDY)}.
Lemma 3.25 Let0 <o < 1. If n(V1 D) <an(VD) then
(57) ¥ (F¥) < Van* (vD¥).
Proof Let us proceed by contradiction. We assume that
(58) X (F¥) > Van* (vD}¥).
Then we have

101D) = |

vXeVDX

=/ / 1EY(vX)(UY)d7]Y dnX
vXeVDX JyYeVvDY

= f nY(EY(vX)) dnX (by the definition of EY %))
vXeVDX

/ 1y, o X, 0¥y dyY dn¥
vYeVDY

>/ Y (EY wX))dnX  (since FX c vDX)
vXeFX
> VX (VDX)Jem® (VDY) > an(VD).
which contradicts assumption on VD. Hence % (FX) < JanX (VDX). m|
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The following lemma asserts that for almost all points of the box, almost all vertical geodesics passing
through the disc Dy, (x) do not belong to V7.

Lemma 3.26 There exists a constant 0 < «(><t) < 1 such that for all 0 < o < o (<) the following statement
holds. Let My be the constant involved in assumption (E2) and let B be a box at scale R. If Vi C VB
satisfies n(V1) < an(V B), then

(59) A({xelﬂ 1(V1 (Do (1)) >o¢411}) < a3 A(B).
n(VB(DMo(x)))
Proof Without loss of generality we may assume that 2(B) = [0; R[. Let us define
(60) U= {xeBl (Vi (Dato (X)) >ai}.
n(VB(Day (%))

We proceed by contradiction, let us assume that A(U) > a%A(B). In this case there exists z € [0; R[
such that A, (U;) > aikz (Bz). Let U, C U, be a 2M, maximal separating set of U,. We have that
|_|er2/ D, (x) is a disjoint union and that U, C UerZ/ D, (x). Then we have

AZ (DM() (X))

)kz( |_| DMO(X)) — Z /\Z(DMO(X))= Z AZ(DZMO(X))Az(DZMo(x))

xeU} xeU)} xeU}

=pa Y Az(Dape(x))  (by Lemma 3.2)

xeU}
> /\z( U DZMO(X)) > Az (Uy)
xeU)}
(61) > b aikz(lgi) (by assumption on U,).

However Vx € U] we have (V1 (D, (x))) > oc%n(VB(DM0 (x))), therefore

n(Vl( U DMO(x))) >ain(VB( U DMO(X)))

xeU} xeU}’

=g ozéllkz( U DMO(x)) (by Property 3.23)

xeU}
1 1
>aiai);(B) = Var(B) (by inequality (61))

=5q Van(VB) (by Property 3.23).

Since n(V1) = n(Vi(Uyrep: Dmo(x))) and since /a > M (<)o for o < 515, it contradicts the assump-

tions of the lemma. O

Let us point out that in this lemma, we first showed that on a fixed level-set, most of its point were
surrounded by almost only of vertical geodesic not in V. This remark will be relevant in the proof of
Proposition 4.7.
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The next three lemmas are estimates on the quantity of Y -horospheres satisfying specific properties.
They are used in Section 4.4. Let B be a box, x € BX, let U C B and let us denote by

Hy = {x}pa B ={(x.y) |y € BY. h(y) = =h(x)} = (p*)7'(x)
a Y -horosphere of B. Let us define

EY(x):={yeBY | (x,y) eU} = pY ¥ '(x)NU®) = (H: nU*)Y;
R

EX = x e BX |2, (EY (x)) > VaAY (HY) and h(x) = h=(B¥) + (-

The set EX is in bijection with the “bad” Y -horospheres H above the middle of B, the ones which
have more than /a fraction of their measure A in U°€.

The following lemma asserts that almost all ¥ -horospheres in the upper half of the box are good
Y -horospheres.

Lemma 3.27 IfA(U) > (1 —a)A(B) with0 < o < 1, then we have
AX(EX) < JarX (B%).

Proof Without loss of generality we can assume that #(B) = [0; R[. We proceed by contradiction, let us
assume that AX (EX) > /aAX (BX). Then we compute the measure of U°:

R R
AU :/0 WX @AY (US)dz =/0 /BX)LZZ({y €Yo, | (x,y) € USHdAX (x)dz  (by definition)

R
= [ [ v ek e a:
0 JBX

R
. / A (HenUY ) aAX () dz - (since EX € BY)
o JE:
R
> (x/ |:/ X)‘Zz(Hf) dkf(x)] dz (by the definition of EX)
0 E:
R
= \/E/ WY (BY )AX(EX)]dz (by the definition of H,)
0

> J&J&/(;RAZZ (BZZ))@((B?,) dz > «A(B) (by assumption on EX),
which contradicts the assumption on U'. a
For all U C B we define the shadow of U, denoted by Sh(U), as
Sh(U) := {p € B| 3V € VB containing p and intersecting U on a point p’ such that 1(p’) > h(p)}.
For S a subset of X, we shall call the large Y -horosphere (see Figure 16) the subset Hg defined by
Hg:=S>Y = (pX)~1(S).
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Y_n(x)

O B(x, )Y

4

Figure 16: Large X-horosphere in X 0< Y.

Let My be the constant involved in assumption (E2). Let us denote by FX c BX the subset
FX:=1xeBX | A(Sh(H YN U) > o A(Sh(H )) and A (x) >h—(BX)+§
T DMo(x) DM()(x) — 2 :

The set FX is in bijection with the “bad” Y -horospheres H that are above the middle of the box B.
By “bad” we mean the ones which have more than a# fraction of the measure A of their shadow in U°.

In the following lemma, we show that the shadow of almost all the ¥ -horospheres in the upper half of
the box have almost full measure.

Lemma 3.28 There exists a constant 0 < «(><t) < 1 such that for all 0 < « < (<) the following statement
holds. If A\(U) > (1 —a)A(B), then we have

AX(FX) < q1 )X (BX).
Proof Without loss of generality we can assume that #(B) = [0; R[. We proceed by contradiction, let us
assume that AX (FX) > a%)tX(BX). Therefore, there exists zg € [%, R[ such that
AX(FX) = aiaX (8Y).
Let Z be a 2Mjp-maximal separating subset of F Z)g . Then we have
AU)

> A (Sh( || Hp,, (x)) N UC) = Y A(Sh(Hp,, (x)) NU€) (since this is a disjoint union)

xX€Z xX€Z

> ai Z A(Sh(Hp, (x))) < @l Z 20Azo(Hp,y, (x))  (by definition of Fz)g and Property 3.5).

xeZ xeZ
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However A, (HDM x) = (DM0 (x))/\_z0 (B_ZO) since HDMO(x) Dy (x) x B_ZO, hence
AUC) =pq a2 > AL Dy ()AL, (BY )
x€Z
= ZOA_ZO BY,)) Y A% (Dopy(x)) (by Lemma 3.2)
xeZ
>« @iz OA_ZO(B_ZO ( U DzMO(X)) > a4ZOA_ZO(B_ZO))LX (FX) (by definition of Z)
x€Z
> a%a% _ZO(B_ZO))& (B ,) (by assumption on Z}g)

R
> f )L_ZO _ZO)A ) =pa 5 L JaA(B) (since zo > 3 and by Proposition 3.22),

which contradicts the assumptions on U for o < |

1
M(<)2"

The following lemma asserts that the projection on a level-set of almost all the Y -horospheres have
almost full measure.

Lemma 3.29 If A(U) > (1 — a)A(B), then there exists a constant M (><) such that for any large Y -
horosphere HDMO (x) With x € Bg \ Fx as in Lemma 3.28, and for 1 > Mp > M2t > 0, there exists P a
level set of the height function in B, such that

1
Anpy(P NSh(Hp,, (x) NU€) Zoa ¥ dppy(P N Sh(Hp,, (x))-
Furthermore, P can be chosen such that pR < dwq(P, H) < 2pR.
Proof We proceed by contradiction. Let us assume that such a plane P does not exist. Computing the
measure A of Sh(HDM0 ) NUC N Bin(H)—20R;h(H)—pR] contradicts the fact that
1
A(Sh(HDMO(x)) N Uc) < O(4X(Sh(HDMO(x))).

Indeed, we show the contradiction using Property 3.5 and because we integrate on a sufficiently large
portion of [0, R] (p > Ma%). |

In the following lemma we show that almost all level-sets admit a point with large X -horospheres and
Y -horospheres.

Lemma 3.30 There exists a constant 0 < «(><t) < 1 such that for all 0 <« < o (><) the following statement
holds. Let U C B be such that A(U) > (1 — «)A(B). Then there exists U' C U such that

(1) A(U') = (1 —a#)A(B);

(2) forall z € h(U’) there exists (xo,z, yo,z) € U} such that for all (x1, y1) € U}, we have (x1, yo,7) € U}
and (xo,z, y1) € U}.

Proof We may assume without loss of generality that 2(5) = [0, R[. Let us define
1
Hy :={z€[0,R[|Az(U;) = (1 —a#)A;(B;)}.
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Then we claim that Leb(Hy ) > (1 — a%)R. To prove this claim we proceed by contradiction. Let us
assume that Leb(Hy ) < (1 —a%)R. Then Leb([0, R[\ Hy ) > aR. Furthermore, for all z € [0, R[\ Hy
we have A, (U;) < (1 —a%)AZ(BZ), hence

1
(62) Az(Bz \Uz) > a4A(B;).
Therefore, by computing the measure of B\ U we have

)L(B\U):/Z R[)LZ(BZ\UZ)dZE/Z Az(B; \ Uy)dz

€([0,R[\Hv)
D) 2(Bz)dz (by inequality (62))

€[o,

>

/ZG([O,R[\HU)
>x a%A(B) (by the contradiction assumption and Property 3.5),

which contradicts the assumption on U for o small enough. Hence Leb(Hy) > (1 — a%)R.
Let us define, for z € [0; R,

UY :={xeBX |(x.y)eU} H:={ze[0.R[|3y eBY,. AX(U?)> (1—a®)AX (B}

—Z

In particular, for all y € BZZ we have UV C UZX , and, by the definition of A,

A(U) = XU,
) /ze[o,R[/yeBZZ : U7)

We claim that Leb(H) > (1 — a%)R. To prove this claim, we also proceed by contradiction. Let us
assume that Leb(H) < (1 —ai)R. Then Leb([0, R[\ H) > a* R. Furthermore for all z € [0, R[\ H we
have that

vyeBY,, AXU?) < (1-a®)AXBX).
Therefore, by the definition of U, we have that, Vy € BZZ,
(63) A ((x e B | (x.y) ¢ U 2 a2 X (BY).

Hence, by computing the measure of B\ U we have

— X X Y
as\= [ oy M x e UX [ g Up AL oz

= M xeUX |(x.y)¢UhdAY,d
- ze([o,R[\H)/yeBzZ zx el [(xy)gUpdrZ, dz
1
> ZAX X d)kY d by i lity (63
= ze([o,R[\H)/yGBZZOl z (Bz) —_,4az (by inequality (63))
1

=4 AY BY )\,X BX d

Ol /;E([O’R[\H) —Z( —Z) z( Z) A

>x a%a%A(B) = a%A(B) (by the contradiction assumption and Property 3.5),
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which contradicts the assumption A(B\ U) < aA(B), for a < Let us define, for all x € B;X ,

1
M(<)2
U*:={yeBY_ |(x.y)eU: H':={ze[0.R[|IxeBX, AY_(U")=1-a®)r¥ B ).

We show similarly that Leb(H’) > (1 —a%)R. Therefore Leb(H N H' N Hy) > (1 — 3oe%)R.
For all z € H N H' there exists (Xo,z, yo,z) € Bz such that

(64) 2XU0) > (1 —at)A X (BY);

(65) A (U%) = (1 —a)AY_(BY).

Let us define for all z € Hy N H N H', U} := (U*%-z x U”0-z). Then we have

(h) U'cU;

(2) A (U)) = A, (U= xUY=)NU;) > (1 —Ba%)AZ(B) by inequalities (64), (65) and by the definition
of Hy;

(3) for all (x1, y1) € U] we have (x1, yo,z) € U} and (x¢,z, y1) € U,.

Let (x1,y1) € U,. Then (x1,y0,.) € U’, and hence (xo,z, yo,z) € U’. Furthermore we have that
Leb(Hy N H N H') > (1 —3a#)R, and hence Leb([0, R[\ (Hy N H N H')) < 3a* R. Therefore
AB\UY = [ 2:(B\U):)dz
z€[0,R[

- A B UxO’Z UyO,Z d
Ze([O’R[\(HUﬂHﬂH’)) Z( Z\( X )) z

< Ba ¥ YAz(Bz)dz (by construction of U))

/26([0,R[\(HU0H0H’))
<x 9a%k(8) (by the measure of [0, R[\ (Hy N H N H') and by Property 3.5).

Hence A(U’) > (1 — a%)A(B), since ¥ > OM (X )oz% (o small enough in comparison to a constant

depending only on X). a

These points (xo,z, yo,z) Will play a key role in the definition of the product map close to a given
quasi-isometry in Theorem 4.5.

3.8 Divergence

Two distinct vertical geodesics in a 6-hyperbolic and Busemann space diverge quickly from each other. The
next lemma aims at making this more precise for X an admissible horopointed space. More specifically
we are going to look at a point x and at all the vertical geodesics passing by a point of the disc centred at
x of radius My (the (E2) constant) along the horosphere at height i (x), that is, VD, (x). Let Vp be a
geodesic containing x. We want to quantify the vertical geodesics in VD, (x) which start diverging
from the vertical geodesic Vy between the heights i(x) — [ and h(x) + [. We denote this set by

Div(Vp) :={V € VDp,o (x) | |hpiv(Vo, V) —h(x)| <1}.
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Lemma 3.31 With the above notation we have
¥ (VDo (x)\Div(Vo)) =x e ™ % (VDpgy ().

Proof By slight abuse of notation, we may intersect a set of vertical geodesic segments £ C VB with
a subset F' C B. By this, we mean the intersection of F' with the union of the images of the vertical
geodesics of E, where each image is a vertical geodesic in B. For example,

VDo (x) N Bpx) = Dy (x).

Any vertical geodesic segment V' € VD, (x) did not start to diverge from the vertical geodesic Vp at the
height /(x), we have hpi, (V, Vo) < h(x). Therefore, all the vertical geodesic segments which did not
start to diverge at the height 2(x) —/, denoted by VD py,(x)\Div(Vp), are still Mo-close to mp(x)—7 (x):

(66) (VDo (x)\Div(Vo)) N Bhxy—1 C Dy (whx)—1(x)).

We use Lemma 1.8 with zg = h(x) and z = h(x) — [, which gives

(67) D1 Mo (Thx)—-1(X)) C Thx)—1 (Do (x)) = VD gy (x) N By
Therefore
0% (VD CO\Div(V0)) iyt (VDo (X)\DIV(Vo) N Bh(x)—1)
nX (VD (x)) X A})zf(x)—l(VDMo(x) N Bhey—1)
Moyt (Dbo (Tnry—1(x)))
Aoyt (VDo (x) N Br(xy—1)
Aoyt (P Mo (Th(xy—1(x)))
- Al)z((x)—l (D21—mo (Th(x)—1(x)))

(by Property 3.23)

(by inequality (66))

(by inequality (67)).

Moreover by the definition of AX and Lemma 3.2

68) M),((x)_, (Do (Th(x)—1(x))) M;},((x)_l (Do (Th(x)—1(x))) o ml
= x € .
Aoyt (Pt (T o-1(¥))) 1y (a1 (T ()—1 (%))

Therefore
n* (VDuty 0\DW(VD) _
% =x € .
n*% (VDpm,y (X))

Heuristically, the previous lemma asserts that most of the vertical geodesics segments passing close to

O

a point x, start diverging from each other close to the height /(x).
We now provide an estimate on the exponential contraction of the measure p along the vertical direction.

Lemma 3.32 There exists M (><) such that the following holds. Let hg € R and let U C (X <Y )y, be a
measurable subset. Let A > M and let A C (X >1Y)p,—a be a measurable subset. Suppose also that all
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vertical rays V intersecting U intersect A. Then

Pho— (A4) Z5a €8 g (U).
Proof Since JTZ?)_A(U) C A we have

ho—A T A (U)) < ppg—a(A),

where 7™ is defined in Definition 1.13. We recall that for all x € X, UXY ={yeY|(x,y)eU}. By
definition

69) o (U) = i ® ¥, (U) = fX i (UT)dpiX ().

ho

For all x € UX let us define Uy := {(x,y) € U | y € UY}. Then
Ux)' =Uy :={yeY|(x.y)eU}
Furthermore Ug’ C nfho [ng_ho(Uf )]- Hence
1o U) < 1 D o (DD =oa €™k [TX o (UF)] - (by assumption (E3)),
which gives us
A0 @) S [k (U1 (6) by defnition of ).
However we have
Y Y\ _ > Y _ > Y
(71) ”A—ho(Ux )= (”ho—A(UX)) = (nhO_A(U))”;fO—A(x)

={y € (mpa AU | (i _a(x),y) €mpa A (U)}.

Hence

pa(0) e e [ [ sODYy ) (by (70)and (71)
UX —A

ho

i T O IR LRV ACY
ho—A

g €MBeTmA /X (Ux)ui_ho[(n;;_A(U))z,] duffo_A(x’) (by assumption (E3))
Tho—A

=T A(rhe_A(U)).

Furthermore, as said at the beginning we have uho_A(nZ;_A(U)) < fho—nA(A). Therefore
Pho—(A) Zoa €78 1y, (U). 0
In the next lemma we transfer a control on the measure p to a control on the measure 7.
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Lemma 3.33 Let My be the constant involved in assumption (E2), B be a box and z € h(B). Let
A C (B); and let E C B such that ht (E) < h(A). Then, if there exists Q > 1 such that u(Na, (E)) <
O~ ! (N, (A)), we have that

N(VNMo(E)) <oa O™ '0(V N, (A)).

Proof Let Z C E be a 2Mp-maximal separating set.

(1) The balls B(p, My) for p € Z are pairwise disjoint.

(2) We have the inclusions
LI B(p. Mo) € Nago (E) € | ) B(p.3Mo).
PEZ peZ

The radius 3M is required since we cover all Nz, (E) and not only E. Furthermore, all balls and disks
of radius My have comparable measure p by assumption (E2) and Corollary 3.17. Therefore

(72) 1Nty (E)) <o #Z <pq Y pu(B(p. Mo)) <pa Y ti(p) (Dt (P)).-
pEZ peEZ

Moreover, for all v € VE, there exists p € Z such that v N D3, (p) # @. Consequently we have
VNMo(E) CUpez VD3m,(p), hence

N(VNuo(E) < D> n(VD3ay(p) <x Y An(p)(Dapto(p))  (by Property 3.23)

pEZ PEZ
< Z Al)z((p) (Dem, (PX))AZh(p) (Dem, (pY))-
peZ

Furthermore, disks of radius r are included in rectangles of width 2r, hence

NV Nuo(E)) Zoa D " P 14 (Dety (p))  (by the definition of Ap(p))
pPEZ

<@ ) (Do (p)  (because b (E) < h(A))
PEZ

<pa eh(“)(m_")u(NMo(E)) (by inequalities (72)).
Using similar arguments we obtain
1V Nito (4)) =oa Aniay(VNaty (A)) <o OV Nig (4)).
Combined with the assumption (Naz, (E)) < Q! iw(Nag, (A)) we have
1V Nito (4)) 2 O™ Q (Nt (E)) 250 Q11(V Nty (E). O

Heuristically, if a set E is sufficiently small and below a set A, then the set of vertical geodesic segments
intersecting E will also be small.
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4 Proof of the geometric rigidity

The aim of this chapter is to present a proof of our key result. Let (X, Y) and (X', Y’) be two horopointed
admissible couples of parameter respectively (m,n) and (m’, n’). Let us assume that m > n and m’ > n’.

Theorem 4.1 Let ®: X <Y — X'><Y’ be a (k, ¢) quasi-isometry. Then there exist two quasi-isometries
®X : X — X' and ®Y : Y — Y’ such that

Ao (@, (DX, ®Y)) <4 e 1.

Although this statement is similar to the statement in the case of Sol and Diestel-Leader, our broader
setting of admissible spaces requires additional key arguments, such as Lemma 3.3, and therefore relies
heavily on the previous sections.

To make the exposition of the various statements in this chapter smoother, we made the following
abuse of notation. In a statement, when a parameter, say 6, needs to be sufficiently small, we will write it
by “For 6 <yq 1 we have ...” instead of “There exists a constant M (<) such that if 6 < l, then...”.

From now until the end of this chapter we consider ® : X <Y — X' Y’ a (k, ¢)-quasi-isometry
with fixed constants k > 1 and ¢ > 0.

4.1 Vertical geodesics with e-monotone image

In order to construct a product map, the key idea is to use the quadrilateral lemmas of Section 2.4 on the
image by the quasi-isometry @ of a quadrilateral in X >< Y. To do so we need to locate which vertical
geodesic segments are sent close to vertical geodesic segments. Thanks to Proposition 2.6 it is sufficient
to look for vertical geodesic segments with an e-monotone image under ®, where 0 < & < 1 is a parameter
to be determined later (depending on <, k and c¢). We call good these vertical geodesic segments.

Notation 4.2 We recall that we denote by V B the set of vertical geodesic segments of the box B. Let
us denote by V8B the set of good vertical geodesic segments and V21 the set of bad vertical geodesic
segments, that is,

VE&B:={y €e VB| ®oy is e-monotone};

VB .= {y e VB| ®oy is not e-monotone} = VB\ V&B.
In the following proposition, we prove the existence of an appropriate scale on which almost all boxes
X .= n{,‘BX and n¥ := nggy.
Proposition 4.3 For 0 < 6 <4 1, there exist two positive constants M (k, c,=<, ) and M’ (k, ¢, <) such

that forallro > M, N > MT/ and S > (% and boxes B at scale L := NSr, there exist ko € {1,...,8},a
box tiling | |;<; Bi = B at scale R = N¥0ry and I, C I such that

(1) MUjer, Bi) = (1—0)A(B) (boxes indexed by Ig cover almost all B);

possess almost only good vertical geodesics. We define  := ny s, n

(2) Vielg, ";i(g,hg ’5) < 6 (almost all vertical geodesic segments in I3; have e-monotone image);

where n; :=nyp,.
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Proof We recall from Proposition 2.9 the definition of §;(c) for a quasi-geodesic segment o:
Ag := {a(kN®ro, (k + )N*ro]) | k € {0,..., NS5 —1}}.

Then §; (@) is the proportion of segments in Ay which are not e-monotone:

#{B € As | B is not e-monotone}

(73) 8s(r) := A

Using Proposition 2.9 on every vertical geodesic segment in B we have that, Vo € V5,

S
1
(74) 2} 85(@) Zokec —
S=

We now integrate the inequality (74) with respect to 1 over V' BB to get

S S

1 1 / ( 1

T 5(a))dn= (—/ s@n).

e T (VB) Jaevs ; ’ ; n(VB) Jaevs
Consequently there exists ko € {1, ..., S} such that
(75) ! S (@)dn < L. 6% (b ti S)

(0% —_— assumption on .
NVB) Jaeyy 0 ek g e YR

From now on we fix R := N*0r. There are % layers of boxes at scale R in B. We average J, () along
ale e VB:

L_1
1 1 R R
J =T - ) kR; (k d
n(VB) /aeVB R ) /O,GVBL kg ko (@ ([kR: (k + 1)R))) dy
L1
1 RZX
(76) = VB L k;) /aevsak(’(a([kR’ (k + 1)R])) dn.

Let us denote by B := BN h=Y([kR; (k 4+ 1)R[) the k-th layer of B. Since vertical geodesic segments
of X >aY are couples of vertical geodesic segments, V B is in bijection with VB[),(C] X VB[I;C] which is
itself in bijection with BlfR X Bz(k +1)R 38 explained in Section 3.6. Let us denote by f this bijection:

[ 1By = B x B g yre @ (X (kR), a” (—(k + DR)).
Foralla € VBand forall k € {0,..., % — 1} we have 8, (c([kR; (k + 1)R])) = 0 or 1, hence

Sko (@(kR: (k + DRD) = 1yng, (a(kR: (k + DR]))
= 1f(V”B[k])(aX(kR)’ ay (—(k + l)R)).
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Therefore
/ 8k0 (a([kR; (k + I)R])) dn
aeVB

= Ly vopy,) (@x (kR), ay (—(k + D R)) dp* dn”

(X, aY)eVBXxVBY

:/ . lf(VbB[k])(n,‘fR(x),nf(kH)R(y)) d)LO deL (by definition 17 and n )
(x,y)eBy xBZ ;.
(77) = / 1f(VbB[k])(x,’ ") d)t,}c(R d)t{(k_H)R (by Property 3.5).

(/Y VEBE R XBL 14 1y

Let |_|i€1 B; be the box tiling at scale R as in Proposition 3.11, and for all k£ € {O, el % — 1} let us
denote by I} C I the indices of the boxes B; which tile Bg}. Then we have

VBuy=| | vBi and VPByy= || V5.

iely i€l

Therefore, for all (x, y) € Bk x BY —(k+DR’

L wosgn (X 9) = Ly, vosy@.9) = D Lposy(x. ).

iely

Hence from inequality (77) we have

/ VB5k0(06([kR§ (k + DR]))dn XN/ Z Loy (6, ) AR dAY 4 1)k
oe

BBy 1)k el

X 43Y
Lrwop)y(x. ¥) dAg dAZ 41y R

/ X Y
iel) (x,y)eBkaB_(k_H)R

= Z / 1VbB (o) dn; = Z nz(V B;).
ielg iely

In combination with equality (76) we have

n(VB)/eVB ko) 1 = MWL Z 2 (Vo)

k=0i€ly

Ry (VBi) ni(V2B;)
ENZ Ly(VB) 1. (VB,)

A(B;) m(V B;)
= Z AB) ni(VB;)

(by Proposition 3.22).

Let us denote by [ the set of indices i of boxes B; such that ’Z;i((VTbg)) >0, and Ig := I\ Ip. By definition,

I satisfies the second part of our proposition, we are left with proving that it also satisfies the first part.
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To do so we assume by contradiction that )L(Uie I, Bi) > GA(B). Then

1 A(Bi) n; VbBl' .
W/EVBSkO(a)dn > Z ( )M (since I C 1)

b AB) i (VB;)
> ABi)

iely

A(B)
>q 02 (by the contradiction assumption),

> O (by the definition of I5)

which contradicts inequality (75) for 6 <4 1. Therefore /\(Uie I, Bi) < 6A(B), hence
A( U Bi) > (1—60)A(B). O
i€elg
Let B be a box at scale R. Let us denote the upward and downward oriented vertical geodesic segments

by
VIB:={V e VEB|h(®oV(0)) < h(®oV(R)));

VIB:={V e VEB | h(®oV(0)) > h(®o V(R))}.

We are now going to show that in a given box B; with i € I, almost all vertical geodesic segments
share the same orientation.

Lemma 4.4 For 0 < &2 Sk.e< 0 Sk epa 1, and for R = ¢ g % we have that if B is a box at scale R such
that (V?B) < 6n(V B), then one of the two following statements holds:

(1) n(v1BNVEB) > (1-3V8)n(VB);
() U(ViB NVERB) > (1 _3\/5)7](1/3)_

In the proof, we first characterise a set of vertical geodesic segment whose images share the same
orientation, and then we show that this set has almost full measure.

Proof Without loss of generality we can assume that 2(B) = [0, R[. Let us define
GY ¥y := Y evBY | (wX, oY) e VEBY);
GX = X e VBY Y (GY %)) > (1-VO)n¥ (vBY)).
By construction we have
) 6" =wsn".
vXeVpX

Applying Lemma 3.24 with V; := V& (B) and o := 6 we get
(78) X (GX) > (1-v0) X (vBX).
Let vf( 1[0, R] > X and vgf : [0, R] — X be two vertical geodesic segments of GX . Then

" (GY () = (1-VE))" (VB " (GT ) = (1-v8)n" (vBY).
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Hence
(79) n? (GY )N GY () > (1-2v0)n¥ (VBY).

Let vf, v%’ € GY(vf() N GY(Ué() and let us define V; ; := (vl.X, v}’) with i, j =1, 2. By definition of vf
and v%/ , the quasigeodesic segments ®(V; ;) are e-monotone.
Two cases occur. As a first case let us assume that

dx (v¥(0), vX (0)) > VOR;
dy (v} (0),v3 (0) > VOR.

Let M be the constant involved in Proposition 2.13. For R > 4k¢ and ¢ < % we have that vOR >
10kM &R + 2kc, hence we can apply Proposition 2.13 on Vj,; and V3 2, which gives us that they share
the same orientation.

The second case, that is, when either dy (v (0),vX(0)) < VAR or dy (vY (0),vY(0)) < VOR,
is treated thanks to an auxiliary geodesic segment. Hence without loss of generality we focus on the case
dx (vf((O), v%‘ (0)) < v/ R and consider a geodesic segment vg’( € GX satisfying dy (vf((O), vgf(O)) >
VOR and dX(vgf (0), vSX (0)) > vOR. To prove its existence, we consider the measure of

(80) G¥\ Vix (D sgp(0F (0) UD s 3 (0))).
Let My be the constant of assunllptiorll (E2). By Lemma 3.2 we have for all r; > r, > My and for all
ry—rp

X € Xo that o(Dr, (x)) <pq €™ 2 po(Dr,(x)). Therefore

VOR—R

B Ao(D s5r(0F (0) =™ 2 o(Dr(v{ (0))) 5e—m§AO(DR(v{‘(0))) (since 0 < 1).

Furthermore, by Lemma 1.8 the bottom of B contains a disk of radius 2R — M, hence by Lemma 3.2 we
have nX (VBX) <x do(D2r(v{ (0))). Combined with inequality (81) we have

20(D /g (0)) <oa e 4 ¥ (VBY).

The same formula holds for véX instead of vf( . By inequality (78) we have that

n*(G*) = (1=0)n* (vB¥) = 1n¥ (vBY).
hence there exists M (<) such that
1% (GX\ Vix (D /g 0¥ (0) U D /g 0F (0))) = (& —2Me™™ %)X (v BX)
>0 (for R > %ln(4M + 1)).
Therefore there exists vg’( € GX such that

dx (v (0), v (0)) >VOR;
dx (v3 (0),v3 (0) >VOR.
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Applying twice Proposition 2.13, first on V;,; and V3 3, then on V5 > and V3 3, we get that the & (V7 1)
has the same orientation as ®(1’3,3) which has the same orientation as ®(V> ). Therefore ®(V;,1) and
®(V3,2) share the same orientation.

Let us fix vg( € G¥X and vg € GY(vg( ). Then the image of every vertical geodesic segment V €
Upxegx X% (GY (vg() NGY (vX)) shares the same orientation as the image of (vgf, vg). Furthermore

n( U %1% @7 o) nGY(vX)))

vXeGX

=[G efna o park
Z/ (1-270)nY (vBY)dn®  (by inequality (79))
vXeGX

(1=2v0)n" (VB ¥ (G¥)
> (1-2v0)nY (vBY)(1-VO)nX (VBX)  (by inequality (78))
(

which proves the lemma. |

4.2 Factorisation of a quasi-isometry in small boxes

Proposition 4.3 gives us two scales R and L such that all boxes at scale L can be tiled with boxes at
scale R. Moreover, almost all of them, that is, the 5; for i € I, contained almost only vertical geodesic
segments with e-monotone image under ®.
Amap f: XY — X' <Y/ is called a product map if there exist two maps f% and fY such that
one of the two following holds:
(1) Wehave fX: X > X', fY:Y > Y and Vp = (pX, p¥) e XY, f(p) = (fX(p%), f¥ (pY)).
(2) Wehave fX: X > Y/, fY:v > X andVp = (pX, pY) e XY, f(p)= (Y (pY), fX(p¥)).
In particular, when we denote by (%, £¥) a product map on a horospherical product, it implies that when
h(x)+h(y) =0, we have h( f X (x)) + h(fY (y)) = 0. Therefore a product map is height respecting.
Theorem 4.5 For0 < 6 S/E\qu 1, ro >« %ﬁ, N >pq 1 and for S >4 80%2, we have that for any i € Ig,
there exists a product map ®;, and U/ C B; such that
(1) AU = (1= 69)2(B));
(2) forall (x, ) € U/, dot(D(x, ). B; (x, ¥)) <k, £R.
In particular we have Ah(®(x, y), P, (x,¥)) Sk, ER.
This proposition corresponds to [8, Proposition 4.14].
Since almost all the points in a good box are surrounded by almost only good vertical geodesic segment

(Lemma 3.26), we show that given two points sharing the same X coordinates, we can almost always
construct a quadrilateral satisfying the hypotheses of Proposition 2.11.
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Lemma 4.6 Let My be the constant of assumption (E2). For 0 < 6 <y 1 and for R >pq %, Iet B be a box
at scale R of X ><1Y . Let us assume the existence of a subset U of B such that

@ A(U) = (1-0)A(B);
(b) forall x € U, n(V2(Duy(x))) < VOn(Vs(Dy(x))).
Then we have:

(1) Forallay,a, € U such thataf( = aé" , there exist by, by € B and four vertical geodesic segments y;,
linking a; to b; such that ay, az, by and by form a coarse vertical quadrilateral with nodes of scale
D = 6R, meaning that the configuration satisfies the assumptions of Proposition 2.11.

(2) Fori, j €{1,2}, ®(y;,;) has e-monotone image under ®.

By Lemma 3.26, the boxes B;, with i € I, satisfy the assumptions of this lemma. Moreover, we recall
that a vertical quadrilateral satisfies the assumptions of Proposition 2.11.

Proof of Lemma 4.6 Let My be the constant of assumption (E2). Let ay,a; € U. Fori € {1,2} let us
define VD; := V(D pm,(a;)) and VbD; = Vé’(DMO(ai)). For all v = (vX,vY) e Vg and all i €{1,2}
let us define

(1 El.Y(vX) ={vY e VDZ.Y | WX, vY)eVPD;};

@) FX =X e VDX |V (E}Y X)) z 639" (vD)}.

Thanks to Lemma 3.25, applied with V] := yb B, o:= V0 and a = a;, we have that

(82) T (FY) < 030X (VD).

Let us take a1 and a3 in U such that af = aX. Then VDX = VDX, that is,

(1) pX (VDX \(FX U F)) = (1 -204)9X (VDY ):;

(2) for all v¥ € VDX\(F¥ U Ff) and i € {1,2} we have n¥ (EY (vX)) < 63n¥ (VDY).

The sets VDl.X \(FlX U F2X ) enclose the vertical geodesic segments in BX passing close to a{( = aé‘/

such that almost all the induced vertical geodesic segments around a; and a; in B are good (i.e., have
e-monotone images under the quasi-isometry ®).

Since we have a sufficient proportion of good vertical geodesic segments, we will be able to find several
of them that intersect the same neighbourhood in two different points sufficiently far from each other.
If h(af( ) < 6R, the construction of the quadrilateral of Proposition 2.11 with D = R is straightforward
since the four points a1, ap, b1 and b, would be OR close, hence without loss of generality we may
assume that h(a{( ) > OR. Moreover, as we did before we can also suppose that #(B) = [0, R].

We apply Lemma 1.8 with zg = h(a;) and z = h(ay) — OR to get the inclusions

(83) D3 g1y Thian-6r(@7)) C Thiay)-6r(Dao (@) € D3y ago Than)-6r@r)).
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We now suppose by contradiction that any couple of good vertical geodesic segments does not diverge
quickly. This means that they stay Mo-close until they attain a height lower than h(aiY ) — OR. Therefore

Tha)-or(VDI\(F{ U FS)) C Dy (thayy-or@f).

Thanks to the inclusions (83) we have VD;% R—Mo (TTh(a;)—6R (af( ) C VDf( , hence, combined with
Property 3.23 we obtain

X (VDINFEUFY)) . Ahayy-or (PMo(Thian-er(ai)))

<
T’IX(VD{() Al)z((al)—OR (D29R(7Th(a1)—9R (a{()))
m(Mg—20R)
<€ 2 (byLemma3.2),

which, for R large enough in comparison to é, contradicts the fact that
1
¥ (VDINFF U F) = (1-209)n* (VD).

the first conclusion of the previously used Lemma 3.25. Hence there exists a couple of vertical geodesic
segments VlX and V2X of VDI.X \(F IX u FZX ) diverging quickly from each other. Furthermore we have
nY(El.Y (X)) < H%UY(VDI.Y), hence there are segments VIY and V2Y such that (VX VIY) € Vég(DM (ar))
and (VX,V)) e VE(Du(az)).

Let us define bl.X = VIX (h (a1)— %d(a{(, af)), so that bf( and bg are at the height where VIX and VZX
diverge. Similarly, let us define bY = bY = V¥ (=h(a1) + 3d(af,a¥)) such that V}¥ and V/ diverge,
and y;; = (ViX , VjY) to ensure that the vertical geodesic segments of the quadrilateral y11 Uy12Uy22Uy21
have close endpoints. Furthermore by construction, they diverge from each other and have e-monotone
image under ©. O

In the next proofs, we will be using Proposition 2.6 on each of the four images ®(y;;), which will
provide us with a new quadrilateral (¢ + ) R close to ®(y11 U y12 U y22 U ¥21) on which the assumptions
of Proposition 2.11 are satisfied.

Finally we deduce that on a good box, the quasi-isometry & is close to a product map.

Proof of Theorem 4.5 Leti € I, and B; a good box (defined in Proposition 4.3). Then following
Proposition 4.3, we have 1; (V?B;) < 0n; (VB;). Therefore by Lemma 4.4, one of the two following
statements hold:

() n(v'BNVEB) > (1-3/0)n(VB);
2) n(V¥BNVEB) > (1-3v0)n(VB).
Let us first assume that the dominant orientation is upward. Let us choose V; = VB\ (VBN VEB), the

vertical geodesics which have neither dominant orientation nor e-monotone image by ®. By Lemma 3.26,
used with « := 02, we have that there exists U; C B; such that

(1) A(Ui) = (1= VOA(B);
(2) for p € U; we have n(Vl(DMO(x))) < U(VB(DMO(X))) V.
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Let us apply Lemma 3.30, with U := U; and « := /6, then there exists U’ C U; of almost full
measure such that Vz € h(U’), 3(xo,z, yo,z) € U, such that V(x1, y1) € U, we have (x1, yo,z) € U’
and (xo,z, y1) € U’. Leta,ag € U’ such that aX = a(})(. By Lemma 4.6 applied on a¢ and a, there exist
b1, bz € B; and four vertical geodesics V;; in V1B N V&B such that by and b, form a coarse vertical
quadrilateral T with ag and a, where V;; are the edges of T'. Proposition 2.6 gives a constant M (k, c, <)
and four vertical geodesic segments M eR-close to the four sides of ®(7T'). Furthermore we assumed that
the dominant orientation is upward, hence the images of the four sides are all upward oriented. Hence
thanks to Proposition 2.11 we get

dx (®(ag)', ®(@)X") Zp cpq £R.
Then, for all @ € U’ such that aX = a()f,

(84) dx (©(ag)X’, @(@)*") < c.oa R.

We show similarly that for all @ € U’ such that a¥ = ag we have

(85) dy (®(ao)Y", ®(@)¥") <k.c.0a €R.

Let us define the product map ®; := (51}( alY) : XY — X'><Y’. Forall z € h(U’), let (xo,z, yo,z) € U},
be the points involved in Lemma 3.30, and for all z € [0, R[ \ £(U’), let us fix an arbitrary point
(x0,z, Yo,z) € (Bi)z. We can therefore define, for all x € X,

DX (x) 1= Vi yo .y (0 P(x0,2, y0,2)).
Then for all (x, y) € U’ the triangle inequality gives
dy: (D (x), ©(x, »)*)
= dx' (Vg (x,yo..)(h 0 ®(x0.2. y0.2)). (x. )X

(86) < dx/ (Ve yoy (o @(x0,2. 0,2)), @(x, y0,2) ) + dx (@(x, yo, ) ¥, @(x, )X,

Furthermore, as the distance between two points of the same vertical geodesics is equal to their difference
of height, we can write

dx' (Vae.yo ) 010 @(Xo,2. ¥0.2)), D(x, y0,2)X) = AR(@(x, yo,)¥ ', ®(x0,2, y0,2)%)
= AR(@(x. yo.2)", @(x0.2. y0.2)")-
We combine it with inequality (86), and then use the Lipschitz property of / to get

dy (BF (x), D(x, y)X') < AR(P(x, yo.2)Y ', @(x0.2, yo.2)¥ ) + dx (D(x, yo )X, ®(x, »)X)
<dy/(®(x,y0,2)Y ", @(x0.2, 0,2)¥ ) 4+ dx (D(x, yo,2)X ", @(x, )X')
=k,c.0a 26R  (by inequalities (84) and (85)).
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Similarly, we define 6ZY (y) by
D7 (1) = Va(xg. (10 P(x0.2, 0,2)),

and we show that dy/ (?(BIY (y), ®(x, y)Y/) =k,c.»« €R. Furthermore for all (x, y) € U; we have the equality
h@lX (X)) = —h@f (7)), hence P, = (q?,X, $IY) :X<Y - X' >aY’ is a well-defined product map.
Then we chose U/ := U’ to conclude the proof.

The downward orientation case is dealt in the same way by switching the definitions of 65( and 5IY . O

4.3 Shadows and orientation

We use the fact that m > n to prove that @ is orientation preserving, hence the upward orientation is
dominant on each good box at scale R.

Proposition 4.7 Assume that m > n and that m’ > n’. For R > ¢ % the product map ®; of Theorem 4.5
is orientation preserving for eachi € Ig.

We recall that given a box B, the shadow of a subset U C B, denoted by Sh(U), is the set of points
of B below U in the sense

Sh(U) := {p € B| 3V € VB containing p and intersecting U on a point p’ such that 2(p’) > h(p)}.

And we remind the reader that given a subset S C X, the large Y -horosphere given by S and denoted by
Hg C X <Y is the set

Hg :=S1«Y.

Let us define B = B; fori € I,. Thanks to Theorem 4.5, there exist U = U; with A(U) > (1—-604 i )A(B) such
that @ is close to a product map on U. We consider two parameters p; and pp with 1 >4 o >,><1 01 >pq 016 16
The relations between them will be specified later. Hence Lemma 3.28 applies with o = 6 4, and it gives
us a Y -horosphere Hy,, such that

1
A(Sh(HDMO(xo)) N Uc) < 076 A(Sh(HDMO(xO)))'

Then we apply twice Lemma 3.29 with o = 9%, and p = p; for i € {1,2} to get two level sets of 4 in B,
Py and P, (see Figure 17), such that, for i € {1, 2},

1
Ancpy)(Pi NSh(Hp,, (x0)) NU) Zpa 076 Ap(p,) (Pi N Sh(Hp,, (x0))-

and such that p; R < Ah(P;, Hy,) <2p; R

The next lemma will gives us the existence of two subsets below a Y -horosphere H, which are
sufficiently big (for the measure p in comparison to the horosphere) and sufficiently apart from each
other so that any path linking them must get close to H.

This lemma is strongly inspired from [8, Lemma 5.9].

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 929

ha

o P
. .
e <
A < Z
<

Figure 17: Configuration of Lemma 4.8.

Lemma 4.8 There exists a constant M1 (k, c,><) depending on k, ¢ and on the metric measured spaces
X <Y with the following property. In the settings above, for R >4 0—12, there exist S1 and S», two subsets
of P, N B such that for j € {1,2} we have

(1) Vs1 € S1,52 € Sp, dx (s{¥.55) = p2R;

(2) Ap(py)(Sj NUC) =g 93*12)%@2)(5,/);

(3) (P2 (S)) =i exp(252 02 R) o rry Nty (H));

(4) any path y joining S1 and Sy of length [(y) < M1p2 R intersects Ngp, r(H).

Proof For j €{1,2}, let us define Q; := P; N Sh(HDMO(xO)). We tile Qf( with the top of boxes as in a
box tiling. More precisely, let My be the constant involved in assumption (E2), and let Z C Q{( be an
2 My-maximal separating set of Q{f . Then there exists a set of disjoint cells {C(x) | x € Z} such that

(1) Vx e Z, D(x, Mp) CC(x) C D(x,2My);
@) 0F =Uyez C).
Thanks to this tessellation, we tile Q1 with the large horosphere He(y) := C(x) x B)_’h P = C(x) x Qf.
Furthermore, for any two points x1,x, € Z,
X Y Y
Ah(Pl)(HC(xl)) = Ah(pl)(C(xl))/\_h(Pl)(B_h(Pl))
=oa Aypyy CO2DAY py (BYp,))  (by Lemma 3.2)
= An(p)(He(x,))-
Therefore Ap(p,)(Q1) <« /\Zh ( Pl)(Qf)#Z . We tile O, by projections of the tessellation of Q7. These

projections look like stripes on Q»:

(87) 02 = || 7 p,) €))% BYpoy-

x€Z
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Figure 18: Construction of S(x)X in Lemma 4.8.

Let us denote these stripes by S(x) := n}ﬁpz)(C(x)) X BZh(Pz) for all x € Z (see Figure 18). For
all x1,x € Z, dx(x1,x2) > My, hence by Lemma 1.3, for all (sf(,sf) € Intpz,(S(x1)) and for all
(sg‘/, sg) € Intps, (S(x2)), we have

(88) dx (s¥.sX) > 2Ah(Py, P2) — Mo =2p2R —2p R — Mo — M
2(M M
(89) > 2(02 —2p1)R (for R= (++))
1

Furthermore we have by construction that
X X _ 21X X
M) (Tin(py) (C(X1))) =i Mgy (i 2y (C(x2))).
Hence, combined with Lemma 3.3, we get
An(py) (Intazy (S(x1))) Xpa An(py) (S(X1)) o An(py) (S(x2)) <pa An(py) (Intar, (S(x2))).

Therefore, by the tessellation (88), Ay (p,)(Q2) <« AZh(Pz) (Qg)#Z. By Lemma 3.29, used with o := 6 i,
we get

1
An(py)(Q2 NUC) <pq 076 Ay (p,)(Q2).

Moreover, for all x1, x € Z we have A,(p,)(S(xX1)) <pa An(p,) (S(x2)) andlthe set of stripes S(x) for
x € Z tile the set Q5. Therefore there exists Z' C Z such that #Z’ > (1 — 032)#Z and such that for all
x € Z' we have Ap(p,)(S(X) NUC) < 632 4 py) (S(x)).

We are now able to define S1 and S,. Let x1, x5 € Z be distinct and, for j € {1, 2}, let us denote
by S; the following subset of S(x;):

. X Y
By Lemma 3.3, applied with r = Mpy R, zg = —h™ (B) and z; = —h(P>), we have

Y Y Y Y
Py Bn(py)) =oa Ky py) (Intapy R(BZpypy))-
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Therefore

91) Hh(P) (S)) <o (P, (S(x))).

The first point of the lemma holds by inequality (89), and the second point holds because we choose x;
and x5 in Z’.

Let us now prove the third point. Let yg € Y be the nucleus of the cell of BY. We have that
BZZ = JTZZ (C(»0)). Let us define A~ := h™ (B). By Lemma 1.8 applied with p = yg, zo = —h~ and
z=—(h(H)— paR) = —h(P,) we have

Dajh——h(Py)l-Mo (T (pyy (30)) € BYypyy C Dajh—i(pa) 4o (T pyy (¥0)).-

It follows that, for x € Z,

X Y Y
() (€)X D= (#)) 493 R)— Mo T (Py) (V0))
X Y Y
C S(x) C7py) (CO)) X Dy in=—n(E)) 492 R)+ Mo T=n(Py) (V0))-

By Lemma 1.8, n;z((Pz)(C(x)) resembles a disk of radius 2|A(P1) — h(P2)| £ Mo = 2(p2 — p1) R = M.
Lemma 3.2 gives /,L,)f(Pz) (n;ﬁpz)(C(x))) = emP2=PDR  Again by Lemma 3.2 applied on

Y Y
D (lh=—h(H) 402 R+ Mo T (py) (V0))
we have
Kh(Py) (S(x)) =pa em(Pz—pl)Ren(|h_—h(H)|+p2R)‘
Similarly Q» resembles a product Dp, r+M, X B ¥ h(Py)* hence

1h(Py)(Q2) g eMP2R (N U +p2R)

Therefore we obtain an estimate, of #Z7,

Kh(Py)(Q2) LR
Kh(Ps)(S(x))

Applying Lemma 3.32 with A = Q», U = Ny, (H) and A = po R gives

92)

(P (Q2) b exp((m —n)p2 R) p )Nty (H)).
In combination with inequalities (91) and (92) we have, for j € {1, 2},
Kh(Py)(S)) Zpaexp((m —n)p2 R —mp1 R) wp ey (Num, (H))

n
P2 R ) iy Nmo (H)),

m
i|><1 exp(

where the last inequality holds since (m —n)py —mp1 > #5% p2 when p; < "% p5. Therefore the third

conclusion of this lemma holds.
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Let us prove the fourth conclusion. Let y be a path joining 51 € S7 and s, € S» such that /(y) < Mpa R.
By inequality (89), dx (sf(, sgf) > 202 R —4p1R. By Lemma 1.5 there exists a constant M’ (§) such that
the geodesic segment [sf(, siX] contains a point s§( within 4p1 R — M’(8) < 5p1 R of HX = {x¢}, for
R > %. Therefore by Proposition 1.12

1y ¥) =z 280,

However, every §-hyperbolic space with § < 1 is also 1-hyperbolic. Therefore we can assume without
loss of generality that 6 > 1. Then we have

1(yX) > 20x r¥os3) 5 pdx P HY)=501R

Hence log,(MpyR) > d(yX, HX)—5p; R. Furthermore, there exists M’ (k, ¢, <) such that for R > ];[—2/
we have log, (Mp2R) < p1 R. In this case

d(yX,HX) <6p1R.

Therefore there exists 7 € R such that Ah(y(t), H) < 6p1 R. Let us now look at y¥ . Two cases arise, we
have either yY (¢) € Sh(BZh(PZ)) or yY (1) ¢ Sh(BZh(PZ)).

In the first case, there exists y € HY such that y¥ (¢) € Vy. Furthermore Ah(y(t), H) < 6p1 R, hence
dy (yY (1), HY) = Ah(yY (t), HY) < 6p1 R and consequently dy (y¥, HY) < 6p; R. Which proves
d(y,H) <6p1R.

In the second case, when yY (¢) ¢ th( Py) by our claim (90) we have that the vertical geodesic
ray Vv () starting at yY (¢) intersect Y_j(p,) ina point y such that dy (y, S 1Y U SZY ) > Mp; R. Therefore

MpaR = 1(y) = 31(y") = 3(d(s1.y(1)) + d(y(1). 52))

2Mps R
> P2

> Mp2 R,

which is absurd, hence the second case when y¥ (¢) ¢ B’_’h (Py) does not occur. Therefore we always have
that y intersect the 6p; R-neighbourhood of H. O

Proof of Proposition 4.7 Let us be in the settings above. Let us assume by contradiction that D is
orientation reversing, which means that there exist ®X : X > Y’ and ®* : Y — X’ such that for all
(x,y) € B we have ®(x, y) = (®Y (), DX (x)).

For all p € X’ <Y’ such that duy (p, 5(H NU)) < p1 R there exists an element ¢ € H N U such that
da (p, ﬁ\)(q)) < p1 R. Therefore by the triangle inequality

de (p, ®(q)) < dwr (p, 6(q)) + dM/(a(q), ®(q)) Zk,c0a P1R+eR (by Theorem 4.5 since g € U)
Zk.c,< P1R (since € < p1).
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Hence there exists M (k, ¢, >) such that Nle(?(;(H NU)) CNup, r(®(H NU)). We show similarly
that, for j € {1, 2},

(93) Ny R(D(S; NU)) C Nigp, r(D(S; NT)).
Let M’ (><)) be the constant involved in Corollary 3.17. Then
W(Nkp ROP(H))) Sk e,a €0 R™ 1 (Nige 4o (B(H)))  (by Corollary 3.16)
<k c.a €SKPIRM (NG (H))  (by Lemma 3.18)
< PRI L (N (H)
=g 48kP1 Rm/uh(H)(/\/'M/(H)) (by the second part of Corollary 3.17)
<pa e48kp1Rm/uh(H)(NM0 (H)) (by the first part of Corollary 3.17).

Combined with point 3 of Lemma 4.8 we have

(—n\ P2 /
1L (N py R(P(H))) <pq e MM T RA8kPIRM ), 1 (S5

<pa e_(m_”)%zRe“SkplRm,uh(pz)(Sj NU) (thanks to Lemma 4.8(2))

< e—(m—n)%zRMh(Pz)(Nl (S;NU)) (since o1 < ;716;:, pz)
- e_(m_")%RpL(NM/(Sj NU)) (by Corollary 3.17)
< e ER Y (N jere (S NU)).

Hence, using Lemma 3.18 on N/ (S; N U),

1 (Nskp, R(P(H)))
<epa € T IR (N 11 (0(S; N DY)

P1
< e—(m—n)%RM(NMmR(aS(Sj N U))) (by inequality (93))
<k e—(m—n)%zReéMpl Rm/M(NM,(ﬁS(Sj N U))) (by Corollary 3.17)

< e_(m_")%RM(NmR(@(Sj nu)) (for R= ﬂ)

—m—-m?2 ~ ) m—n
<k.ca € (m—n)= R,u(NM/(q)(Sj N U))) (smce p1 =< Wﬁz)
=k c.pa e_(m_")%zR,uzAO (/\/M/(a(Sj NnU))N X;AO) (by the second part of Corollary 3.17),

where Zg := 5(P2). Since @ is orientation reversing, we can now apply Lemma 3.33 with 4; = 6(5 iNU),
0
E = Ngkp,r(®(H)) and Q = e(m=mF R \we have that

(V Nty (B(S; NU))) =.coa €™ FRy(V Ny (E)).
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Then, as pointed out below Lemma 3.26, we can apply it on a A; with V1 = VE. Hence let us take
U4; C Aj maximal for the inclusion such that

© Az (Uay) = (1= FRYL 2 (4));
e for all p € Uy;, most of the vertical geodesic in Dz, (p) do not intersect E.

By Property 3.23 we have
-~ _n)P2
Az (Nto (R(Sj NU))) =k e pa €T R (72 (Nt (E))).

Hence, by the definition of A7,
~ _e2
(94) 1z (Nato (D(Sj N U))) =g €70 Rz (n 2 (Wit (E))).

Let us define £’ := NM0($(Sj NU)\ Uya,). By the construction of Uyg;, E' N X}  is of almost full
measure in n;: (MM, (E)). Furthermore, by Theorem 4.5 6, is M eR-close to ® on U, hence we have
(similarly as in inequality (93)) that
Ny R(®THE") C Nty r(PT(E)).
Therefore
1,/ -1,/
(N ROPTHE))) 2k ea 1(Nbpy RIPT(E)))
<k cwa MPIRM L (N et (@T1(E")))  (by the first part of Corollary 3.17)
ke €MPIRM L (N(E))  (by Lemma 3.18)
=k .04 e6Mp1Rm;LZAO (Mumo(E"))  (by the second part of Corollary 3.17)
=k,eoa €M o (12 (Nago (E)))

<hea @ T ERSMoIRm - (\f (B(S; N U))) (b the definition of Uy,)

—(m—n)P2 . P2
<kewa € PTTER L by (Nag (S; N U)) (Slnce p1 < ﬂ)

< e TR by Wiy (5))-
Following the second conclusion of Lemma 4.8, there exists a constant M () such that A5 (p,)(S; NU€) <
MO32 X40p)(S)).
Next, we apply twice Lemma 3.24 for j = 1,2 with (Vq,n) = (NMO(SJ.X) X NMO(SJY),/,Lh(PZ)),
Vo =U¢ ﬂNle(a_l(E/)) and o := e(m_”)ll%R/Lh(pZ) + M63. Let us define
GV (p*) =" eV 1 (¥, p") e Vol
We have that

_m-n)2
W py (X € VE | 1Y py (GY (p%)))) = (1 — e~ MBR) LY (v,

Since e~("MFBR 1 Mo < %, there exists s1 € (S NU)\ ®1(E’) and 55 € (S, N U) \ d~1(E)
such that s}’ = s{ .
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Let us define §; := 5(3"]) for j € {1,2}. By construction we have §; € A;. Then VDyy,(5;)

. . . . . . AX/ AX/
contains almost only vertical geodesic segments which do not intersect E. Since §¥ = sgf , and

by Lemma 3.25, we can find two vertical geodesics vy € VD, (51) and v € VD, (52) which do
not intersect £ = Ngg,, p(®(H)), and such that vf( = vg. Since vf and vg meet (up to an additive
constant) at the height —Z¢ + %dy/(§ f/, §§ "), there exist M (8) such that the concatenation of v; and v,
is (1, M(8))-quasigeodesic linking §1 to §5.

Let us define y := ®~1(vy Uwvy). Then y is a (k, ¢ + M)-quasigeodesic. By [13, Lemma 2.1], there
exists a 2k-Lipschitz, (k,4(M + c))-quasi-geodesic y’ in the 2(M + ¢)-neighbourhood of y, linking
@ 1(31) to @7 1(52). Let us define 57 = ®1(31) and 55, = ®~1(3,). Because y’ is 2k-Lipschitz, and
since @1 is a (k, ¢)-quasi-isometry we have

(95) 1(y') < 2kdpe (51, 52) < k*dpa(s], s5) +c.

Furthermore, y’ does not intersect the %(71{,01 R — 2¢) — c-neighbourhood of H since ®~! is a quasi-
isometry. Moreover sJ/. and s; are ¢R close to each other, that is,

doa(s}.57) = doa(@71(D(57)). 57)
(96) < kd,xy(5(sj~), ®(s7)) Zk,ca R (since s; € U).
Consequently by the triangle inequality we get

doa(57.55) < dpa(57,51) + doa(51.52) + dia(52, 55)
97) =k,c,0a ER + dsq(s1,52)  (since 6_1(5]) el).

Furthermore sf = s%/ . Therefore by Theorem 1.11, with M = 15Cy we obtain
dpg(s1,52) <dx (le, sg() 4+ M <2p,R+ M (by the first point of Lemma 4.8).

Combined with inequalities (95) and (97) we get

M
1Y) Zk.e 2k%(2paR + M +2¢R) + ¢ Zk,epa P2R (for R > + C).
P2

For j €{1,2},lety; :=[s;. s}], by inequality (96) we have [ (y;) =0« €R. Hence the path y", constructed
as the concatenation of y1, y’ and y», is a path linking s1 € S to 53 € S7, of length /(y) <k .0« P2 R since
& < pa. Furthermore, by construction, y” does not intersect the 701 R—3c—2M &R > 6p1 R-neighbourhood
of H. This contradicts the fourth point of Lemma 4.8, therefore ® is orientation preserving. |

4.4 Factorisation of a quasi-isometry in big boxes

In Section 4.2 we proved that for all i € I, @, is close to a quasi-isometry product O, = (@X , ?(SIY) on
a set of almost full measure U; C B;. In this section we prove that @ is close to @ on all boxes at scale L
on a set of almost full measure. This is a step forward since this is true on all boxes at scale L and not
only a significant number of them.
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Theorem 4.9 For 0 < 0 =g . | there exists Lo(k,c,><,0) > 0 such that for all L > Lo and for
all box B at scale L, there exists M (k,c,><), U C B and a (k, M\/gL)—quasi-isometry product map
® = (OX, DY), with®X : X — X' and ®Y : Y — Y’, such that
(D) AU) = (1-6)A(B);
(2) doer (P17, D7) <o OL.

Let B be a box at scale L, leti € Ig and for all i € I let U; C B; be as in Theorem 4.5, where Uj is
the subset of 5; on which ® is close to a product map 51-. Let us denote by W C B the “good” set of B,

W .= I_I Ul' ,
i€lg
where “good” means the set on which @ is close to a product map on boxes at scale R. We introduce the

function P which quantifies the portion of a geodesic segment which is not in W.

Definition 4.10 Let y : [0, L] — X >« Y be a vertical geodesic segment of B. We denote the measure of
points in y N W€ by

(98) P(y) :=Leb(y ' (W°)).

The value of P(y) is related to y being e-monotone. The following lemma is mostly inspired from
Lemma 5.10 of [8].

Lemma 4.11 For0 < & < . 1q Vo =k,c.0a 1, there exists M (><, k, ¢) such that for all vertical geodesic
segments y : [0, L] — X <Y we have

P(y) < VOL = ®oy is M ~/6-monotone.

Proof Let %, €[0, L] such that h(cb()/(tl))) = h(CD()/(tz))) and such that t, > t;. Let us decompose
11, 2] into segments of length /6 R. Without loss of generality we can assume that t, —#; > /6 L. Let
us define N := |_(12 —tl)/\/gRJ, I; = [tl +ivOR, 11 + (i + 1)\/§R[ foranyi €{0,..., N —1} and
Iy = [tl + (N — 1)«/§R,tz]. We have

[f1.22] := || I;.

iC=

i
Then for all i € {0, ..., N} let us choose s; € I; such that y(s;) € W if possible, and any s; € I; otherwise.
Let us denote by J the set of odd indexes in {0, ..., N}. We split J into the sets

Jo:={j €J|y(s;j) and y(s;42) are both in the same box and in W };

Ji:={j €J|y(s;) and y(s;4+1) are in different boxes};

Ji:={j €J|y(sj+1) and y(sj42) are in different boxes};

J={jeJ|;cWY

J3i={j € | 112 C WE.
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‘We claim that
J =J0|_|(J1UJ1/UJQU12/).

To prove it, one can see that two cases arise when an odd index j is not in Jo. The first case is when
y(s;) and y(s; + 2) are not in the same box, which leads to the fact that either j € J; or j € J{. The
second case happens when y(s;) or y(s; +2) are not in W, which leads to either I; C W€ or I o C W€.
Therefore, we proved that an odd index is either in Jg orin J; U J 1’ UuJo U J2’.

We have that P(y) < +/0L, hence #J, < % = % and similarly #J5 < %. Furthermore there are

less than % boxes intersecting y, therefore #J; < % < % and #Jl’ < %, hence

Ip—1 _4 £

2VOR R

We see that the “good” indexes are in majority compared to the “bad” indexes. We now use that fact to
prove that |, — 11| is smaller than /0 L. Let us define ¢ (1) := ho ® o y(¢) for all 7 € [0, L]. We assume
that N is odd, the case where N is even is treated identically. By assumption g (¢1) = ¢(¢») therefore

0=q(t2) —q(11) = q(t2) —q(sn) + > _(q(si+2) —q(s1) +q(s1) — q(11)
ieJ

99) =g —qln)+ Y (qsit2) —q@))+ Y (qsiva) —q(si) +q(s1) —q(n1).

ieJy ieJ\Jo

#JLUJ{UJLUJ, L. = / /
1UJUJ; 2)§4§, #Jo=#J —#(J1UJ,UJLUJy) >

However we proved that #Jy is much bigger than #(J \ Jo), and for any i € Jo, q(si+2) —q(s;) is a
positive number by the upward orientation of the quasi-isometry on W. Therefore we will show that
|t1 — 22| must be small for this equality to hold. First, we have to consider that, Vi € {0, ..., N},

I(Ii41) < Isi = Siv2l SIUD) +1UTi41) +1UTi42) = VOR < |si —si42| <3VOR
= 1q(s1) —q(si+2)| Sk VOR.

Hence for all i € J \ Jo we have ¢(s;+2) —q(8i) Zk,c,« —+/0R. Furthermore for all i € Jo, s; and ;42
are in the same box and in W, therefore by Corollary 2.7, there exists M (k, ¢, ><) such that

4(5i+2) —4(s0) = lsi —5i42] ~ MoR = e VER (since VB = 2Mc).
Combined with equality (99)
0> k.cpa VOREIg— VORI, UJ] U UJS) = |t —11] — VOL.
Hence [t2 —11] 2k ¢« V0L, which proves that there exists M (k, ¢, ><) such that y is M +/6-monotone. O

Let M be the constant involved in Lemma 4.11, let 6’ = 676 and let & := 2M /0. We now show
that almost all vertical geodesic segments of boxes at scale L have &’-monotone images under ®.

Let us denote by VEB C V15 the set of vertical geodesic segments of V' B whose image by & are
¢’-monotone.
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Lemma 4.12 For L > . 4 % and for any box B at scale L we have that
(100) n(VEB) = (1—032)(V B).

Proof Lemma 4.11 tells us that P(y) > +/0L for all y € V?B. Computing the measure A of W¢,
L L
AWE) = [ Az(WF)dz =xpq / n(Ve(Wf))dz (by Property 3.23)
0 0

L L
(101)  =pq / /V Ly, owey(y)dn(y) dz <pq /V / ly,wey(y)dzdn(y) (by Fubini’s theorem).
o Jvs BJo

However we have
0 ifzey L(W),

102 1y ey (y) =
(102) Vs ) (v) {1 ifz eyl (WO).

Therefore 1y, wey(y) = 1,-1(we)(2). With inequality (101) it gives us

L L
AWE) =xpq /VB/O 1y—1(Wc)(Z)dZdn(y)Z/Vbe0 1,1 (wey(z)dzdn(y) (since VB C VB)
a0 = [ Lo am = [ perao.
VbR VbR

Let us assume by contradiction that n(V&B) < (1 — \/@)U(VB), hence we have n(V2B) > v0'n(V B).
Therefore by inequality (103)

AWE) = n(VEB)VO'L > VOn(VB)VE'L
=5q 0'A(B),

which contradicts the first conclusion of Theorem 4.9 for 6 < . q 1. O

As in Section 4.2, we deduce that, in boxes which have almost only vertical geodesic segment with
2M +/6’-monotone image, ® is close to a product map. Let us define &’ := 2M 076 and 0/ :=2M 675,
Then for 0 < 6" <j ¢ 5 1 we have that 8’ < &’ < /0.

Proof of Theorem 4.9 The proof is similar to Theorem 4.5. Lemma 4.12 plays the role of the second
conclusion of Proposition 4.3, with ¢ instead of ¢. In a box at scale L, almost all vertical geodesic
segment have &¢’-monotone image by ®.

Then, because &' =g ¢ < V6, Lemma 4.4 provides us with a dominant orientation. In combination
with Lemma 3.26, we get Lemma 4.6, which provides us with the vertical quadrilateral.

Afterwards, we make use of them, as in the proof of Theorem 4.5, to construct the quasi-isometry
product ®. In a box at scale R, the upper-bound ¢R on the distance between ® and ® is achieved since
6’ < ¢, and in our box at scale L, it is achieved since 8’ < ¢’.

Finally, the exponents on 6 of Theorem 4.9 can be removed since we can fix 6, then do the proof with
a parameter 6 = 63, then replace 0 by 63. a
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This is a step forward since now, Theorem 4.9 holds for all boxes at scale L, and not only a significant
proportion of boxes at scale R.

4.5 A quasi-isometry quasi-respects the height

Let p,q € X <Y be such that h(p) = h(g). In this section we aim to prove the following theorem,
which estimates the difference of height between the images of p and ¢ under .

Theorem 4.13 For 0 < 6 =<y . 1, there exists M (k, c,><, ) (here M depends also on 0) such that for
all p and g in X ><Y with h(p) = h(q) we have

(104) AR(P(p), P(q)) < 0dwa(p.q) + M.

By the previous section, we know that in a box of a sufficiently large scale, the quasi-isometry @ is
(on a set of almost full measure) close to a product map. We first show that this product map is coarsely
an homothety along the height function.

Let Lo be the constant of Theorem 4.9, let L > L and let B be a box at scale L. Let us define
ht :=sup{h(p) | p € B} and h™ :=inf{h(p) | p € B}. Let & := (X, dY): X Y — X' Y’ be the
corresponding product map of Theorem 4.9.

Lemma 4.14 Leta € B+ and b € By~ be two points of B, one on its top part and one on its bottom part.
Then we have both

‘Ah@(ax b))~ L| <pepm O3 L:

‘Ah@(a), (b)) - nﬁL' <icpa O3 L.

Proof Let U C B be the set involved in Theorem 4.9. We recall that A(U) > (1 — 6)A(B) and that for
all p € U, we have dpy (D(p), 5( D)) Zpak,c OL. Since the measure A identically weights the level sets
of B, by a Markov inequality there exists zt € [hT — Q%L, htlandz~ e[h™,h~ + Q%L] such that

Aot (Upt) = (1= 02)A,4 (B,1);
1
A= (U;=) > (1—602)A,—(B;-).
By the definition of A,+ we have that

%/’Lz‘f‘ (Bz+) = /'Lz+(Uz+) = :u“z"'(Bz‘f‘)-

nLe(m—n)IhJr

ot . .
Furthermore p,+(B,+) <pa € 2"l since we went down by a height |h+ — zF| in the box.

Therefore

1
enLe(m—n)Q 2L fk,c,lx] M+ (Nkc‘-l-c (Uz+))

Furthermore, B, + resembles a rectangle of width 2|4 —z | in X and 2(L — | —z*"|) in Y, hence

1 1
nL ,(m-m62 L 1 nL ,2(m-n)62 L

Y Y
1 +(Nkc+c(U +) Zkea € Zkea €
z z Mf-i- (Bf-i-)
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By Lemma 3.18, and since @ is close to ® on U, we deduce
1 -
(105) Mt 2nTmOTL < e 1 (NH(@U]))).

Let A>0be |h(6(UZ+))—h(a(Uz—))|. Forall p € U, + there exists a vertical geodesic V), of #-monotone
image under ® passing close to p. Furthermore, dy(VpY (z7), UZY_) < 207 L since Bf_ has a relatively
small diameter. Therefore, all vertical geodesics starting at A/ (6Y (UZY+)) intersect NM@ J L@Y U ZY_)).
Hence we have that

/\/1 (aSY(UZY+)) C nh(@(Uz.;.)) (NMQ%L(?(SY(UZY—)))-

Therefore
Y’ Y Y Y’ ~y .y
Skepa A0V Ny (@Y (UD))
’ 7 l / ~
<kepae” Agn MGZL/LY (Nl (@Y(UZ}:))) (by Corollary 3.16)
en’Aen/Me%Lee%L

=k, (because Bf_has small ;& measure)

1
7 /7 5
= " Aen (M+1)02L.

Combined with inequality (105) we obtain

1 1
_ 5 ’ ’ 5
enLeZ(m n)62 L <k o Aen (M+1)02L’

— R0,

1
. . . / 972 . .
which provides us with e Sk e” AeM'02L \where M’ is a constant depending on k, ¢, < and ><'.

Then there exists M” (k, ¢, <, ><") such that by taking the logarithm we get
nL<n'A+M"93L.

Similarly, we do the same proof on ®~1, on the box of height A containing 5(UZ+ UU;-) which provides
us with

WA<nL+M"03L,

1 . .
Therefore |A — §L| <k.c.0a 02 L. To obtain the same results with the constants m and m’, we focus on
the sets U X; and U;X instead of U Y+ and UYL O
z z

As a corollary we obtain a first quasi-isometry invariant for horospherical products.

Proposition 4.15 If X >aY and X' >< Y’ are quasi-isometric, then * = 'ZZ—//
Proof By Lemma 4.14, and by the triangle inequality we have that ‘% — | Dkoepa % for all L > Ly.
Therefore, 7 = >, hence 7t = 7. O
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Lemma4.16 Let0 <6 <x g 1. Let p:= (pX. pY).q = (q%:q¥) € X >xY such that duy(p.q) > L2
and such that p¥ = ¢Y¥ (hence h(p) = h(q)). Then we have

AR(D(p), D)) Zk.c.o0 0 2dsa(p. q).

Proof Let B be a box of scale L = dyq(p, q), such that p and g are contained in its bottom part. Let
VPX € VBX be the vertical geodesic segment of X of length L starting at p. We apply Proposition 4.3
on VpX <1 BY (as a box of an embedded copy of Re<Y inside X t<Y) with rg = Lo and L > L%. We
obtain that there exists R > Lo, a box tiling BU | J;<; B; of boxes at scale R and /g C I such that

(1) /\(Uielg Bi) > (1 —-0)A(B) (boxes indexed by I cover almost all B);

(2) Vi elg, "J;F(‘;,blf ")) < 0 (almost all vertical geodesic segments in 53; have e-monotone image),

where 1; := nyp;. In this setting, we have that V3; := {(VPX, VY| vY e VBI.Y}, hence most vertical
geodesics in Bl.Y are a good vertical geodesic of B; when coupled with a portion of VPX .
Let us define J := {0, ceey % — 1} and for all j € J let us define p]X = VPX (jR). Then we have

X .
Vp (]R): U[p] ’p]-}-l]
jeJ

Since the measure of the good boxes cover almost all B, and because the measure A equally weights
the level sets, by a Markov inequality argument there exists Jg C J such that for all j € Jg, B[ ;r;(j+1)R]
is almost entirely covered by boxes of /. Therefore, again by Markov inequality argument, there exists
W, C VY B such that

(1) n(Wp) = (1= 02)(VY B);
(2) VVY € Wp and Vj € Jg we have VY ([—(j + DR; —jR]) € U s, VEBY .

Let VY € W), forall j € J let us define p; := (V¥ (jR). V¥ (—jR)). By Lemma 4.14, for all j € J,
~ ~ m 1
(106) AR(®(pj), @(pj+1)) — R S 02 R.

For all j € Jg, let us denote by B; the box at scale R containing [p;; p;+1]. By the choice of R, we have
that most vertical geodesic segments of B}/ have 6-monotone image when coupled with [p¥; pJXH].

Furthermore B; contains almost only good vertical geodesic segments, therefore, there exists v € V& 3;
such that ([p] ,p]H] oY) e V&B; and such that (v¥, [pJ p]H]) € VgB, Therefore there exists a
good coarse vertical quadrllateral containing p; and p; 41, hence d(®(p;), dD( Pi)) =k,c.0a OR. Similarly
we have d(®(pj+1), <I>(pj+1)) =k,c,~ UR. Hence combined with inequality (106) we get

m 1
AR(@(p)). ®(pj41) = - R| Zpcpa O R.
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Therefore by the triangle inequality, there exists M (k, ¢, 1) and M’ (k, ¢, ><) such that

L
AR(®(po). D(pr_) < D Ah(®(p)), D(pj+1))
j=0
< Y AR@(p). P(pi+ 1))+ Y. AR(®(p)). D(pj+1))
J€Jg JE€I\Jg

<#Jg( R +M92R) +#(J \Jg)(kR +c¢)
L(m 1 L
<—|—R+M0H2R 60— (kR
_R(m’ + )+ R( +¢)
<2 L+MeiL.
m
Similarly we have Ah(P(po), <I>(p1Le_1)) > NL—M 93 L. By doing the same reasoning on ¢ we have
that for all V¥ e Wy, {Ah(@(qo) dD(qL 1)) — L‘ =k,c,p< 92L where g; = (VX(]R) VY (—jR)).
Furthermore W, N W, is nonempty for 9 > < =k.c, 1, then let VY e Wy N W,. Without loss of generality
we can assume that ®(p) > ®(¢). We have

AR(®(p), ®(q)) = h((p))=h(P(po)) +h(P(po)) =1 (P(pL_,)) +h(P(pL_;))
—h(®(gL_)+h(P(gL_))=1(P(qo)) +h(D(q0))—h(P(q))
=k (P o) = L+ MO2 Ltdo(pyy 1 )+ L+ MO L+dsa(q.0)

1
5k,c,l><1 dbd(p,pO)+dl><1(p%_1»(]%_1)+d|><1(q,CI0)+292L

However dis(p, po) < My since they share the same X coordinate and because the top part of BY as a
diameter of at most My, similarly dw(g. o) < M. By construction p¥ L= =q¥ L_p furthermore the top
part of BX has a diameter of at most My, hence

dN(p%_la q%—l) S MO-
Finally we obtain
1 1
AR(®(p), ®(q)) Zk,ea 2L = 02d5a(p. q). O

Corollary 4.17 Any vertical geodesic ray V of X 1Y satisfies, for allty,t; € R,
]’l(q) o V([l)) = h(q) o V(lz)) i |l‘1 —Zz| fk,c,lxl 1.

Proof Suppose V is a vertical geodesic segment parametrised by arclength. Suppose 0 < ¢ < ¢, are such
that h(®(V(t1))) = h(P(V(12))). We apply Theorem 4.13 on ®~! with p = ®(V(11)), ¢ = ®(V(12)),
where 6 is here fixed and depends only on k, ¢ and the metric measured space (X <Y, dq). Hence there
exists M(k, ¢,><) > 0 such that

(107) ARV (1), V(1)) Zg.ea 02|11 — 12| + M.
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However Ah(V(t1), V(t2)) = |t1 —t2|, hence
1
(1=02)[t1 —12] g e 1.

. 1
Therefore [f1 — 12| g ¢, 1 since 02 < 3. m|

=

This is stronger than being e-monotone since it holds for all ¢, t, € R.

4.6 Factorisation of a quasi-isometry on the whole space

Finally, we provide the proof of Theorem 4.1, which states that ® is close to a product map ® on the
whole space X >< Y.

Proof of Theorem 4.1 We first pick an arbitrary vertical geodesic VOX of X and an arbitrary vertical
geodesic VOY of Y. Then we work with the two embedded copies Xo := X < VOY and Yp := VOX >y

of Xand Y in X > Y. Let p € X <Y, there exist a unique a € Xo and a unique b € Yy such that

pX =aX and p¥ = bY. We can construct a coarse vertical quadrilateral Q containing p and a as in

Lemma 4.6. Thanks to Corollary 4.17, we know that ®(Q) is in the M (k, ¢, ><1)-neighbourhood of a
coarse vertical quadrilateral Q’ on which we use Proposition 2.11. This gives us

(108) dx (@(p)X, (@) X) < e 1
(109) AR(@(p)X', D(@)X) <p e 1.

Similarly we have dy/(®(p)Y", ®(b)Y') < c.0« 1. Let us define
B x> X, xe d(x VT (—h(x) ¥
By rewriting inequality (108) we have
;7 ~ ;o 4 X/
dx (®(p)*', @* (p¥)) = dx (®(p)*", ¥ (a¥)) = dy (P(p)X, @(a™, V) (=h(@¥)))™)
= dy (@)X 2@)F) =g e 1.
.. .2y . X Y’
Similarly by defining ®* := CD(VO (—h(y)), y) forall y € Y, we have
(110) dy (@(p)". & (p")) Zkepa 1.

The last problem is that given a point p, the heights of X (pX) and 6}’( pY) may differ. As in the proof
of Theorem 4.5, inequality (109) guarantees that they are sufficiently close, which allows us to chose X
and ®Y such that ® := (6X , 6Y) is a well-defined product map on X >< Y. Then we have

Aot (O(P), D(P)) =k I
AR(D(p), D(p)) <k e 1.

Algebraic € Geometric Topology, Volume 26 (2026)



944 Tom Ferragut

We now prove that X and ®X are quasi-isometries. Let x, x” € X, then
dy (DX (x), X (x'))
<tea A (@(x, Vi (=) @ VY (=h () ™)
< doer (O(x, Vg (—=h(x))), D(x", V¥ (—h(x))))
< kdoa((x, Vg (=h(x))). (x". Vo' (=h(x'))) +¢
<kdy (x,x") +kdy (V§ (=h(x)), V& (=h(x))) + ¢ + M(k,c,><t) (by Theorem 1.11)
<kdx(x,x")+ Ah(x,x"Y+c+ M < (k+ 1)dx(x,x")+c+ M.

Similarly, and because dp > M,

dy (DX (x), ¥ (')
= dy (®(x. V¥ (—h(x) " o V¥ (~h(x')) )
> 2o (O(x. VY (=h(x))). D(x'. VE (—h(x')))) = dy(®(x. VT (=h () (" V¥ (=h(x'))")
> %dx (x,x") —c —dy (DY (V¥ (=h(x))), ®¥ (V¥ (=h(x)))) —2M  (by the triangle inequality)
> %dx(x, x')—c—2M.

The proof that Y isa quasi-isometry is similar. O

5 Some solvable Lie groups as horospherical products

In this chapter, we provide a characterisation of the quasi-isometry group of the horospherical product of
two Heintze groups. See Theorem 5.13 for the precise description.

5.1 Admissibility of Heintze groups

In this section we show that a Heintze group satisfies the conditions required to apply our main rigidity
result Theorem 4.1.

Definition 5.1 (Heintze group) A Heintze group is a solvable Lie group S = N x4 R where N is a
connected, simply connected, nilpotent Lie group, and A is a derivation of Lie(/N) whose eigenvalues all
have positive real parts.

Heintze [16] obtained that any negatively curved homogeneous manifold is isometric to a Heintze
group.

Remark 5.2 A Heintze group admits a left-invariant metric with strictly negative sectional curvature;
see [16] for further details. From now on we fix g a left-invariant metric on N x4 R with maximal
sectional curvature —1. Since N x4 R is simply connected, it is a CAT(—1)-space.
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From now on we fix the metric g such that § = N x4 R is a CAT(—1) space. Therefore S is
a 8-hyperbolic, Busemann, proper, geodesically complete metric space. Moreover, we show that S
satisfies all three assumptions of Definition 3.1. The assumption (E1) holds thanks to the decomposition
S = N x4 R. We have for all (n,z) € N x4 R, g(».z) = exp(—zA)(gn)n exp(—zA)' & dz2, where gy
is the restriction of g to the Lie algebra of N. Let us denote by g, := exp(—zA)gn exp(—zA)" a left
invariant metric on N, then let us denote by u := j1, the measure on S induced by g and by p, := g,
the measure on N induced by g,. Then for all measurable subset U C S we have

p)i= 1002 dugnn = [ [ 10602 du 0 a:
= /Mz(Uz)dZ,
R

where U, :={n e N | (n,z) € U}. Assumption (E2) holds with constant My = 1 since g, . is left-invariant,
and assumption (E3) arises from the fact that det(g;) = exp(—2z - tr(A)) det(g). Therefore, any Heintze
group is an admissible horopointed space. Let us define S1 := Nj x4, R and S3 := N; x4, R, then

Sl l><152 = (N1 X Nz) Xy R,
with A the matrix diag(41, —A>2). Similarly let us denote by S| := N{ x4, R and S, =N, x4, R two
Heintze groups, with N{, N, being two simply connected nilpotent Lie groups and A}, A’, being two
derivations.
5.2 Precision on the components of the product map
We first refine Theorem 4.1 for Heintze groups.

Remark 5.3 For any vertical geodesics V of (N1 x N3) x4 R there exist n; € Ny, ny € N, and an
arclength parametrisation of V' such that V(¢) = (ny,nz,t).

Let @: (N1 xN2)xgR — (N{xNj)xaRbea (k, c)-quasi-isometry. Let us assume that tr(A) > tr(A45)
and that tr(A4}) > tr(A}). By Theorem 4.1 there exist d,: 5 — S1 and Dy: S, —> S such that

doa(®, (D1, B2)) <k c5a .

Lemma 5.4 Leti € {1,2}. Then for any vertical geodesic V € S;, there exists a vertical geodesic V' € S j/
such that

duie(Di (V), V') <o 1.

This lemma also holds for any horospherical product where our main result, the geometric rigidity,
applies.

Proof Since S; = N; x4, R is a Gromov hyperbolic space, there exists M (k, ¢, ><) such that the image
of a vertical geodesic by 5,- is in a M -neighbourhood of a geodesic y of S. By Corollary 4.17 y is a
vertical geodesic, hence for V' := y we have dug(®; (V), V) <k.epa 1. |
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Let n € N; and let us denote by V;, the vertical geodesic V;, : R — S;; ¢t +— (n,¢). By Lemma 5.4 there
exists a vertical geodesic V,, such that

(111) dri(Bi (V). Vi) Sk 1.
Furthermore V) is unique since it is an infinite geodesic of the Heintze group S;. We define a map
;i N; = N/ as
(112) W;(n) = P(V,(0)) forall neN;,
where P : N/ x4; R — N/ is the natural projection on N;.
The goal of this subsection is to prove the following theorem.

Theorem 5.5 There exists tyg € R such that for the aforementioned V; we have
tr(Al) .
dea| @, | 1, ¥, ——=id /1 < 1.
><1( ( b2 tr(A/l)1 R O)) e

w(A1) o t(Ao)
tr(A’i) by tr(Ai)

Lemma 5.6 Leti € {1,2}. There exists f; : R — R such that, for all (n,t) € S;,
ds, (i (n.1), (Vi (n). fi (1)) Sk 1.

Proof Let /i :R—>R;t+— h(ﬁsi (en;,1)). Then by Theorem 4.1 we have that h(@i (n,1)) = fi(t) for
all n € N;. Therefore by the definition of ¥; we have (¥; (n), f;(t)) =V, (fi(¢)). Hence

(113) ds/(®i(n,1), (Wi (n), £i(1))) = dg(®i(n,1), Vi (fi (1))

However by inequality (111), there exists s; € R such that

We can replace thanks to Proposition 4.15. We first show @ and ; are related.

(114) ds/(®;(n,1), Vy(50)) Zkcs 1.
Furthermore we know that
(115) 1= g epa A (Ri(n,1), Vi (50)) = AR(®i (1, 1), Viy(s2)) = | fi (1) = s¢].
Therefore
ds/ (i (n,1), Vi (fi(1)))
<dg/(Di(n,1), Vy(s0) +dsr(Va(s0), Vi (fi (1)) (by the triangle inequality)
= dS[((ai (n,1),V,(s¢)) + | fi(t) = s¢] <kena ] (by inequalities (114) and (115)).
Combined with equality (113) it provides us with dSlg (61 (n,t), (V;(n), fi(t))) =k,epa L. m]

Corollary 5.7 (quasi-isometries quasi-preserve the horosphere volume) Lett € R, r > 0 andn € N;.
Then the map ;= (Y;, fi) quasi-preserves the volume of any disk D := D,(n,t):

1 (D) =kea 117y (N1 (D1 (D))
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Proof By Lemma 5.6, there exists M (k, ¢, <) such that CTDi is M -close to @. Therefore, there exist k/, ¢’
depending only on k, ¢ and S7 <S5 such that d; isa (k’, ¢")-quasi-isometry.
We first pick a 2k’(c’ + 1)-maximal separating set Z of D. Then ®;(Z) is such that

(1) the disks D;(p) with p € ®, (Z) are pairwise disjoint;
2 Upes, z) P1(p) CNUPi (D)) C U, e, (z) Dakrk/ (e +1)+e4+1(P)-
Furthermore by Lemma 3.2, we have, V(n,t) € Z,

17 (Drrer 1) (1,1)) =k 0 1=k e o 117 (Dakrierr1y (1),

Hence p;’ (D) < ¢ #Z. Furthermore, by Lemma 3.2 we also have, V(n,1) € Z,

S/ S’/
1 0y (D1(®i (1,1))) <o pa 1 =k pa K7 () (D2kr ke e+ 1) +e41(Pi (1))
Therefore

S; S; =
My (D) =k,c,> #Z =k,c, > /foi ) (Nl (CI),-(D))). o

Lemma 5.8 (quasi-isometries quasi-translate the height) Let f; : R — R be the function involved in
Lemma 5.6. Then, forallt € R,

tr(A41)
tr(A))

t=(fi(@) = fi(0)| Zkepa 1.

Proof We recall that for all # € R, we have f;(¢) := h(ﬁsi (en;.t)). Letn € N;, r > 0,1 € R, and let us
define U C N; such that D, (n,0) = (U, 0). Then we have

(116) uS (U, 0) = 2 A5, p),
However @; (U, 0) = (¥; (U), £;(0)) and ®; (U, 1) = (¥;(U), f;(t)). Therefore

13 0y N (@1 (U, 0))) = 113! ) (N1 (W1 (D), £5(0))

(ADF (D) — F: S;
— 2u(Ap(fi () f[(O))/Lfi(t)(Nl (Y, (U), fz(f)))

NCF () — £ A =~
(117) — 2u(Ap(fi () f,(O))Mfi o (N1(®; (U, 1))).
Furthermore by Corollary 5.7 we have
S; S; F
Mo (U.0) =k,c,pa Mfi (0) (Nl (®; (U, 0)))§

S; S; &
My (U, l) =k, e, /J«fl(t) (Nl (q>l (U’ t)))
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In combination with equalities (116) and (117), it provides us with

SHU.0) = 24D 1 (U, 1) e A T (N (B3 (U.1)))
o2 tr(Ait ;2 (A7) (fi (0)— fz(l)) S (Nl (q; (U, 0)))
2tr(A )t 2tr(A )(fi (0)— f,(t)) Sz (U 0)

=k,cp< €
Hence we have e2(4i)? = ke 2 AN i =1 () | which, composed with the logarithm, gives us
tr(A1)
118 —(fi®)— fi(0)| = 1. d
(118) wt)! ~ 0= i) Skeom

Corollary 5.9 There exists to € R such that, fori € {1,2} and for all (n,t) € N; xR,

dSl- (61 (n,t), (‘-I’i (n), tll:Ej};[ + IO)) =k,c,> 1.
1

Proof The proof is a direct application of Lemmas 5.6 and 5.8 by taking o := f; (0). |
In this corollary 7y depends on ®.

Proof of Theorem 5.5 Using Corollary 5.9 on N; and N, provides us with Theorem 5.5. a

5.3 Hamenstiadt distance and product maps of bilipschitz maps

As presented in [6, Section 5.3], the parabolic visual boundary of N; xR may be identified with the Lie
group N; endowed with the following A;-homogeneous Hamenstidt distance.

Definition 5.10 (Hamenstidt distance) For any n, m € N;, we define their Hamenstédt distance as
. _1 g _ _ _
dn; a;, 5 (n,m) ;= exp( 2S_l)uJPoo(Zs ANy, R((, —5), (m, 5))))-

We might omit A; and N; in the notation. We denote by Bilip(/V) the group of bilipschitz maps of N
for the Hamenstédt distance. It is defined as

Bilip(N;) :={W¥: (N;,dg) — (N;,dg) | 3k > 1, W is a (k, 0)-quasi-isometry}.

This is indeed a distance when the left invariant metric g is normalised so that R x4, N; is a CAT(—1)
space.

Two quasi-isometries ® and @’ are said to be equivalent when they are at finite distance from each
other:

O~ D = supdu(P(x),d'(x)) < +o00.
X

In this section we prove the following characterisation of the quasi-isometry group of the product
S1a8, = (N1 XN2) x4 R.
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Theorem 5.11 Let N; x4, R and N> x4, R be two Heintze group such that tr(A1) # tr(Ay), let
® € QI((N1 X N2) x4 R) and let V1, V5 be as in Theorem 5.5. Then we have the isomorphism

f :QI((N1 x Np) xy R)/~ — Bilip(N) x Bilip(N3), P+ (Vq, Vs).
This distance is related to the height divergence of vertical geodesics in the following way.
Lemma 5.12 (extended backward lemma) Letn,m € N;,letV :t+> (n,t) andlet W : t — (m,t). Then
dp (1,m) = c o €xp(hpis (V. W)).
See Corollary 1.4 for the definition of Apiy, (V, W).

Proof By Corollary 1.4 there exists a height Ap;y(V, W) € R such that V and W diverge from each
other at the height Ap;, (V, W). Hence there exists M (k, ¢, <) such that, for all s; < sy < hpy(V, W),

d(V(s2), W(s2)) =M <ds,(V(s1), W(s1)) + 2|52 — 51| < ds; (V(s2), W(s2)) + M.
Therefore
(119) exp(ds, (V(s1), W(s1)) + 2|52 — s1]) Xk.c.0« exp(ds; (V(s2). W(s2))).
Let us define kg := hpiy(V, W). Then we can compute the Hamenstédt distance dg (n, m):
— N O H _ — —
dig(n.m) = exp(~4 lim (25 —ds, (V(=s). W(=s)))
=k.c.0a €Xp(—32 S_l)il}rloo(2s —ds; (V(ho), W(ho)) — (2ho +2s)))  (by inequality (119))
=k €Xp(—2 s_ljflloo(—dsi (V(ho). W(ho)) — 2ho))
ds.(V(ho), W(h ds. (V(h h
_ exp( s; (V(ho), W(ho)) L ho) _ exp( s; (V(ho), W( 0))) exp(io)

2 2
=k,c.0a €Xp(ho)  (by definition of Apiy (V, W)). O

We show that the aforementioned maps ¥; are bilipschitz.

Theorem 5.13 Let W; be the map of Theorem 5.5. Then V; is a bilipschitz homeomorphism either from
(N;. dp) to (N, (dgr) "0/ AD) or from (N;. (dpr)"™D/“AD) to (N/. dr).

Proof Letn,me N;andletV :¢t+ (n,t) and W : ¢ — (m,t) be two vertical geodesics of N; x4, R.

Let us define Ag := ggﬁ};
1

. By Lemma 5.12 we have
dH (fl, m) =k,c,> exp(hDiV(Vv W))
Since ®; := (¥;, Aoidg + #9) is a (k/, ¢’)-quasi-isometry, we have

(1) ds, (Wi (n), Aohpiv (V. W) + to), (¥; (m), ohpiy (V. W) +10)) Xk ,c.0a 1
(2) Vs > hpiy(V, W), ds; (i (n), Aos + t0), (¥; (m), Aos + 10)) <k,c.0a 1.
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Furthermore, for all n € N;, &Di(Vn) = Vg, (n) hence &)i(Vn) is a vertical geodesics of S;. Then there
exists M(k, ¢, <) such that

(Rohpiv(V. W) +10) = M < hpiy(®; (V), &:(W)) = (Aohpiv(V. W) +10) + M.
Consequently Lemma 5.12 provides us with

dig (Vi (n), W; (M) <k .00 €Xphoie(Va, (n)s W, (m))) = exp(hpin(D; (V), D; (W)
Xk,c,a €Xp(to) exp(Aohpiv(V, W))
=k, e« €Xpllo)(dy (n, m))**  (by Lemma 5.12).
Here 7o depends only on ®. Furthermore, if A9 < 1, (dg)?° is still a distance by concavity. Hence,

depending on the value of A, either W; : (N;,dp) — (N, (di)*0) or U; : (N, (d)0) — (N/.dm) is
a bilipschitz map. a

We now focuses on self quasi-isometries of (N1 x Np) x4 R.

Proof of Theorem 5.11: Let W, W, be as in Theorem 5.5, and let f be the map
f 1 QI((Ny x N3) x4 R)/~ — Bilip(Ny) x Bilip(N32), P+ (¥, Vs).

We first show that this application is well defined. Let ®, ®" € QI((N; x N2) x4 R) be such that & ~ @/,
which means that dpq(®, ) =g ¢ 0a 1.
By Theorems 5.5 and 5.13, there exist V;, \Ill/ € Bilip(¥;) such that

(1) d(®v (\I]19 \IJZ, ldR)) 5k,C,[>< 17
(2) f(P) = (Y1, ¥2);
(3) d(P', (¥}, V), idR)) =<k.c.0q I
@) f(@) = (V].¥3).
By the definition of W; and ¥/, for all n € N we have
Wi(n) = P(V(0)):
Wi(n) = P(V,/(0)).
where V) is the unique vertical geodesic close to @(Vn) and V,/ the unique vertical geodesic close
to 35; (V). However ® ~ @', then ®; (V;,) and 5;(1/,1) are M -close to each other for some M (k, ¢, ),
therefore dus(V,,, V,') =<k.c.« 1. However these vertical geodesics are unique, then V,, = V. Conse-
quently, W; (n) = W/ (n), hence W; = W/, therefore f is well defined.

Let us now prove that f is injective. Let ® and @’ be two quasi-isometries of (N7 x N3) x4 R such
that f(®) = f(®’). Then by Theorem 5.5 and by the triangle inequality

doa(®, V') < doa( @, (¥1, W2,1dR)) + doa((¥1, W2,1dR). D) =g e 00,0, 1.
Hence ® ~ @', which proves that f is injective.

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 951

Let W; € Bilip(N;, dg ), our goal is to show that (¥;,idR) is a quasi-isometry of (N; x4 R, ds;). Let
(n,ty),(m,ty) € S;. By Lemma 5.12 applied on n and m, there exists a constant M (k, ¢, ><) such that
(120) In(dp (n,m)) =M < hpiy(Vn, Vi) < In(dg (n,m)) + M.

Similarly, by Lemma 5.12 applied on W; (rn) and ¥; (m),
(121) In(dp (Vi (n), V;(m))) — M < hoiy(Va, (), Vo, (my) < In(da (Y (n), ¥ (m))) + M.
We know that W; € Bilip(N;, dg) hence dg (n, m) < dg (V; (n), ¥; (m)). Therefore by inequalities (120)
and (121) we have
(122) |hpiv (Vi Vin) = hoiv(V, () Ve m))| 2 1.
Moreover by Lemma 1.3 we can characterise the distance between two points thanks to the height of
divergence of their associated vertical geodesics. Let us denote /1o = hpiy(Vy, Vin). By inequality (122)
and by Lemma 1.3, if &9 > max(¢,, t,,) we have both
s, (1. 1a)., (m. 1)) = (Jtm = hol + ltn = ho])| = 1:
|ds; (Vi (1), 1n), (Wi (m), 1)) = (|tm — ho| + |tn — ho])| <5 1.

Consequently by the triangle inequality there exists M(8) such that

ds; ((n,t), (m,tm)) = M < ds, (Wi (n), tu), (¥; (M), tm)) < ds, (1, tn), (M, tm)) + M.
Similarly, if Ao < max(t,, t,,) we have both
|ds; (1, 1), (m, tm)) = (|tm — ta])| <5 15
|ds; (i (1), tw), (B; (M), tm)) = ({tm — tu)| =5 1.

Hence again

dS[ ((nv tn)’ (m, tm)) -M < dS,' ((\Ijl (n)v tn)’ (‘Ill (I’H), tm)) = dS,‘ ((l’l, [n)v (m’ tm)) + M.

Therefore (¥;,idRr) is a (1, M)-quasi-isometry of N; xR, hence (¥, W5, idR) is also a (1, M)-quasi-
isometry, which provides us with (W1, W5, idg) = (W1, ¥2). Hence f is surjective, and finally bijective.

Let us now prove that f is a morphism. Let ®,®" € QI((N; x N;) x4 R). Furthermore, we have
doa (D, (W], W), idR)) < 1, hence dpq(P o @', D o (V], ¥},idr)) =< 1 since @ is a quasi-isometry.
Moreover, dpq(P, (¥, ¥5,idr)) < 1, therefore by the triangle inequality

dpq(® o P, (W1, ¥y, idR) o (\IJ' , llf/z idr)) < 1.
However
(Vy,Vy,idR) o (\IJ/ , \IJ/2 idr) = (Y0 \Il/l, P50 \IJ/2 idg),

which provides us with
doq(® o @ (Y0¥, Wso \I’/z, idr)) < 1.

Consequently f(®Po @) = (V; oW, WpoW)). |
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In this proof we showed that ® ~ (¥, W;, idR), therefore any quasi-isometry is in the equivalence

class of an (1, M)-quasi-isometry.

5.4 Quasi-isometric classification and necessary conditions to being quasi-isometric

Thanks to Proposition 4.15 and Theorem 5.13 we are able to provide necessary conditions and quasi-
isometric classifications for families of solvable Lie groups of the form R Xpjae(4,,4,) (N1 X N2).

Let us recall two consequences implied by being quasi-isometric in the Lie group setting. For
i €{1,2},let N;, N/ be two simply connected, nilpotent Lie groups and let A;, A’ be two matrices whom
eigenvalues have positive real parts, acting by derivation on the corresponding Lie algebra. Let us assume
that tr(A1) > tr(A42) and tr(A)) > tr(A4}). If R Xpigg(4,,4,) (N1 X N2) and R X Diag(4],A}) (N{ x N) are
quasi-isometric then

r(4;) _ w(4))
(1) tr(A;) - tr(Aé)

(2) fori € {1,2}, N; and N/ are bilipschitz. (Theorem 5.13).

(Proposition 4.15);

Let us define
SN1,N> i= R Xpiag(4,,—45) (N1 X N2).
Combining [2, Lemma 4.1] and Theorem 5.13 we obtain the following statement.
Proposition 5.14 Let us assume that tr(Ay) > tr(42) and tr(A}) > tr(43). If Sy, N, and Sy; n; are

tr(A1
tr(A4]

quasi-isometric, then we have that fori € {1,2}, A; and ;A; share the same characteristic polynomial.

A Carnot group N is a simply connected, nilpotent Lie group with a Lie algebra Lie(N ) which admits a
grading: there exists a family of subspaces V; withi € {1, ..., r} for some r > 1 such that V; | =[V1, V}]
for i < r and such that .

Lie(N) = P .
i=1
A Carnot group is equipped with a 1-parameter family of automorphisms called dilations on N and
defined for # € R by §; := exp(tD), with D a Lie derivation on Lie(N) satisfying that Dv = iv for
veViandi € {l,...,r}. Such a derivation is called a Carnot derivation. A Lie group S(N1, N3) is
Carnot-Sol type if N1 and N, are Carnot groups and if their respective derivations A; and A, are Carnot
derivations. Combining Theorem 5.13 and [19, Theorem 2], we get the following necessary condition.

Proposition 5.15 Let S(Ni, N2) and S(N{, N5) be two Carnot-Sol type Lie groups and assume that
tr(A1) > tr(A2) and that tr(A’)) > tr(A%). Then

Sn,,N, and SN{sNz’ are quasi-isometric = fori € {1,2}, N; and N/ are isomorphic.

Furthermore, for a given Carnot derivation A on a Carnot group N, there exists a positive real o > 0
such that R x4 N = Sy where Sy := R X4 N is the group defined by the action of R via the dilation
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(bar)ter on N. Let Ny and N, be two Carnot groups and for any two positive reals «, § > 0, let
Go,p =R xy g (N1 x N2) be the group defined by the action of R on Ny X N3,

R — Aut(N xN), t+> (8az,8-ps).

Note that Gy g = S¢ > Sg. Thanks to the quasi-isometry invariant of Proposition 4.15, we obtain the
quasi-isometry classification for Carnot-Sol type Lie groups.

Proposition 5.16 Let (o, B) and (o, T) be two pairs of positive reals with« > B and o > t. Then
.. . 104 o . .
Gq,p quasi-isometric to Gg,; <= B = — <= Ggy g isomorphic to Gg 7.
T
Proof If % = 7, then G, g and G, ; are isomorphic and thus in particular quasi-isometric (or even
bilipschitz) with respect to any left-invariant Riemannian metrics on the groups. Indeed, the map

Ga,ﬂ_>G0,r’ (x,3,0) = (x,y, A1),
is an isomorphism. For (x;, y;.%;) € G g fori € {1, 2}, we have, in Go,¢,

(x1, y1, A1) - (x2, y2, At2) = (X1 - 8gpr, X2, V1 - 6—zas, Y2, A(t1 + 12))
= (-xl '8(xt1x2’ Y1 'S—ﬂllyz’k(tl +t2))v

which is the image of (x1, y1,21) - (x2, y2,12). Proposition 4.15 conclude the proof since the ratios of
traces of the respective derivations are % and %. O

Otherwise stated, two nonunimodular Carnot-Sol type solvable Lie groups are quasi-isometric if and
only if they are isomorphic.
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