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Goussarov–Habiro’s theory of clasper surgeries defines a filtration of the monoid of string links L.m/

on m strands, in a way that geometrically realises the Feynman diagrams appearing in low-dimensional
and quantum topology. Concretely, L.m/ is filtered by Cn-equivalence, for n � 1, which is defined
via local moves that can be seen as higher-order crossing changes. The graded object associated to
the Goussarov–Habiro filtration is the Goussarov–Habiro Lie algebra of string links LL.m/. We give
a concrete presentation, in terms of primitive Feynman (tree) diagrams and relations (1T, AS, IHX,
STU2), of the rational Goussarov–Habiro Lie algebra LL.m/Q and of the primitive Lie algebra of
the Hopf algebra of Feynman diagrams. To that end, we investigate cycles in graphs of forests: flip
graphs associated to forest diagrams and their STU relations. As an application, we give an alternative
diagrammatic proof of Massuyeau’s rational version of the Goussarov–Habiro conjecture for string links,
which relates indistinguishability under finite type invariants of degree < n and Cn-equivalence.

1 Introduction
1.1 Background

A string link on m strands in the cylinder is a smooth embedding of a disjoint union of m intervals into
the cylinder


 W f1; : : : ;mg � Œ0; 1� ,�!D2
� Œ0; 1�

such that 
 .i; e/D .xi ; e/ for all i 2 f1; : : : ;mg and e 2 f0; 1g, where x1; : : : ;xm 2D2 are fixed points
(usually ordered along the x-axis), and 
 is perpendicular to the boundary near those points. String links
on m strands are considered up to smooth isotopy, and L.m/ denotes the corresponding set of isotopy
classes, also called string links when there is no ambiguity.

The set L.m/ is a monoid with multiplication given by vertical concatenation (Figure 1(b)), with the
trivial string link as unit (Figure 1(c)).

When mD 1, elements of L.1/ are called long knots and closing a long knot yields an isomorphism
between L.1/ and the monoid of knots under connected sum (Figure 1(a)). Thus, the study and classifica-
tion of string links naturally belong to knot theory, and one of the main tools for probing them is the use
of invariants.

A string link invariant V WL.m/!A valued in an abelian group A is a Vassiliev invariant or finite
type invariant of degree n if it satisfies specific skein relations (see Vassiliev [43], Birman and Lin [3]
and Bar-Natan [1]), which can be read as the condition that V vanishes on the .nC1/-st power of the
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(a) A knot and a long knot

· =

(b) Two string links and their concatenation in L.3/

(c) Trivial string
link in L.3/

Figure 1: Long knots and string links.

augmentation ideal in the monoid ring ZL.m/. Vassiliev invariants dominate (dominate means that the
collection of all Vassiliev invariants determines the mentioned known invariants) polynomial invariants
(Conway, HOMFLY, etc.), quantum invariants (see Turaev [42]), Milnor invariants (see the survey by
Meilhan [33]), etc. but it is an open question whether they separate string links (or even knots, in the case
mD 1). One of the main results in that theory, due to Bar-Natan [1] and Kontsevich [25], is that any
Q-valued Vassiliev invariant factors through the Kontsevich integral

(1-1) Z WL.m/!dAFI.m/Q;

which is valued in the graded completion of the Hopf algebra AFI.m/Q of Feynman diagrams on m

strands, generated by uni-trivalent diagrams (with cyclic orientation at the trivalent vertices (the cyclic
orientation is usually omitted, in which case it is assumed to be counterclockwise), and univalent vertices
attached to m vertical strands; see Figure 4), modulo 1T and STU relations (which imply the relations
4T, AS, IHX; see Figure 2). The presence of the 1T relation translates the fact that we are working with
unframed string links. This justifies the notation FI for framing independence, used throughout this paper.

For the above reason, the Kontsevich integral is called a universal Vassiliev invariant over Q. The
theory is much less understood over the integers.

A natural question about Vassiliev invariants is: what do they detect? In the case of knots (mD 1),
Goussarov [17] and Habiro [22] independently answered this question by introducing Cn-moves, defined

− −=

−=

−= = 0

= 0+ +=

(a) A 4T; four-terms; relation (b) STU relations (c) A 1T; one-term;
relation

(d) An AS relation (e) An IHX relation in the Kirchhoff form [8, Section 5.2.7]

Figure 2: The 4T, STU, 1T, AS and IHX relations.
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C1

��

C2

��

(a) A C1-move (b) A C2-move

Figure 3: Diagrams, claspers realising them and Cn-moves.

using clasper surgeries. Those are local moves on string links that are modelled on tree claspers, ribbon
trees with leaves attached to the strands, that geometrically realise the Feynman diagrams from above.
See Figure 3 for examples of C1- and C2-moves. More precisely, Cn-moves generate the Cn-equivalence
relation on L.m/, and they show that any two Cn-equivalent string links are Vn-equivalent, i.e., they
cannot be distinguished by Vassiliev invariants of degree < n. Goussarov and Habiro conjecture that the
converse holds as well: this is the Goussarov–Habiro conjecture for string links in the cylinder (which
they prove for knots, i.e., the case m D 1). This is still wide open, with only progress made in small
degrees by Meilhan and Yasuhara [34].

For each n � 1, the monoid LnL.m/ WD Ln.m/=CnC1 of CnC1-equivalence classes of Cn-trivial
string links turns out to be a finitely generated abelian group. See the works of Goussarov, Polyak and
Viro [18] and of Habiro [22]. Those combine into a graded Lie Z-algebra LL.m/ WD

L
n�1 LnL.m/,

the Goussarov–Habiro Lie algebra of string links on m strands. From their work, it follows that there is
a surjective Z-linear graded realisation map R W ZDT .m/� LL.m/ that sends a tree diagram to the
result of surgery along a tree clasper realising it. Thus there is a presentation of the Goussarov–Habiro
Lie algebra by tree diagrams on m strands modulo specific relations

LL.m/Š ZDT .m/=ker.R/;

whose understanding would be a significant step towards the Goussarov–Habiro conjecture, while also
being of its own interest. For example, it would provide a “universal Goussarov–Habiro invariant”, valued
in a Lie algebra of tree diagrams. This is related to the study of �0 of the embedding calculus tower, as
appearing in the works of Conant [9], Budney, Conant, Koytcheff and Sinha [5], and Kosanović [26]. The
concordance analogue of this question, where Cn-equivalence is replaced by Cn-concordance, appears in
works of Conant, Schneiderman and Teichner [11; 12], while the homotopy analogue has been settled by
Habegger, Lin and Masbaum [20; 21]. Habiro and Massuyeau studied a similar question in the context of
homology cylinders in [23]. Nozaki, Sato and Suzuki also studied ker.R/ in [37].

(a) Chord diagram (b) Forest diagram (c) Feynman diagram

Figure 4: Examples of diagrams.
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1040 Bruno Dular

1.2 Results and strategy

The main contribution of the present paper is an explicit presentation of the rational Goussarov–Habiro
Lie algebra LL.m/Q WD LL.m/˝Q, and of the primitive Lie algebra of the Hopf algebra of Feynman
diagrams AFI.m/Q. In other words, we identify ker.R/Q as the subgroup generated by specific relations
in QDT .m/ (where DT .m/ is the set of tree diagrams on m strands): the usual 1T;AS; IHX relations,
completed with Conant’s STU2 relation; see (1-2).

Theorem 1 The three following graded Lie Q-algebras are isomorphic to each other:

(i) the Goussarov–Habiro Lie algebra of string links LL.m/Q;

(ii) the primitive Lie algebra Prim.AFI.m//Q of the Hopf algebra of Feynman diagrams;

(iii) the Lie algebra of tree diagrams LFI.m/Q defined as QDT .m/=h1T;AS; IHX;STU2
i.

The isomorphism Prim.AFI.m//Q Š LFI.m/Q is Theorem 2.4.5.1 in the text and is the focus of
Section 2, which we outline now. It will be more convenient to see the algebra AFI.m/Q as being
generated by forest diagrams, i.e., Feynman diagrams without cycles, modulo 1T and STU. First, we
prove that Prim.AFI.m//Q is generated by tree diagrams. To that end, we filter AFI.m/Q by the size of
forests, and we show that this size filtration coincides with the primitive filtration (Theorem 2.2.2.3). This
requires averaging over permutations and is one of the main reasons why we cannot extend Theorem 1
over Z with the current methods.

However, AFI.m/Q is defined using the STU relation, which is not size homogeneous: it relates three
forest diagrams, two of which with one more tree than the other. Here lies the main difficulty in finding a
concrete presentation of Prim.AFI.m/Q/. This is resolved by introducing graph of forests, which are flip
graphs with forest diagrams as vertices and with an edge for each slide move

F D
slide move
 ����! F 0 D ;

where it is understood that F and F 0 are identical outside of the shown part. Identifying relations in
Prim.AFI.m/Q/ becomes a matter of finding cycles in such graphs of forests, and the STU relation
becomes a way of assigning forests of smaller size to those cycles, via the assignment

������!

WD :

We show that the first homology groups of graphs of forests with rational coefficients are generated by
cycles of length 4 and cycles of length 6, respectively responsible for STU2-relations

(1-2) =− − ;

where the four terms represent forest diagrams that are identical outside of the shown parts, and -relations

(1-3) = 0− − ++ −
:
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In particular, the legs involved in each term of a -relation must belong to two distinct trees, for
otherwise another term would contain a cycle. Thus, the -relations do not appear in the presentation
of Prim.AFI.m/Q/, but they do appear in the presentation of the intermediate steps of the size filtration
(more precisely, in size n� 1 and degree n); see Section 2.4.

The isomorphism LFI.m/Q Š LL.m/Q follows from Theorems 3.1.3.2 and 3.2.2.1 in the text and
is the focus of Section 3. In Theorem 3.1.3.2, we define a realisation map ZDT .m/! LL.m/, which
sends a tree diagram to the result of clasper surgery along a tree clasper realising it. This map is
surjective and indeed satisfies the 1T, AS, IHX and STU2 relations, by an application of clasper calculus.
Similar realisation maps and clasper calculus computations appear in works of Ohtsuki, Conant, Teichner,
Schneiderman and Kosanović [10; 13; 16; 26; 38], and hence we omit most details here.

By the above, there is a surjective realisation map R W LFI.m/Q � LL.m/Q. To show that it is
injective, we use the Kontsevich integral (1-1) [1; 25]. The Kontsevich integral indeed detects tree clasper
surgeries, and hence it provides an inverse ZGH to R, as follows from the following result.

Theorem 2 (tree preservation theorem (Theorem 3.2.2.1)) Let n � 1 and T 2 DT
n .m/ a degree-n tree

diagram on m strands. Then

(1-4) Z.�.CT //D 1CT CO.nC 1/;

where �.CT / denotes the string link obtained from the trivial one by surgery along a tree clasper CT

realising T , and O.nC 1/ means that the equality holds modulo terms of degree � nC 1.

A proof of this result is sketched by Ohtsuki in [38, Proposition E.24] but we provide a different detailed
proof. The use of the Kontsevich integral is another main reason why we cannot extend Theorem 1 over Z.

In Section 4, we apply Theorem 1 to give an alternative proof of Massuyeau’s rational version of the
Goussarov–Habiro conjecture for string links.

1.3 Further directions

We restricted our attention to unframed string links in order to make the presentation clearer. However,
the identification of the primitive Lie algebra of A.m/Q holds with and without the 1T relation. By
considering the Kontsevich integral for framed string links, as described by Le and Murakami [30], one
should obtain a presentation of the framed version of the Goussarov–Habiro Lie algebra.

Conant’s work [9] on the STU2 relation was an important ingredient for identifying modules in the
second page of the spectral sequence arising in the study of the Goodwillie–Weiss embedding calculus
tower, as in the works of Budney, Conant, Koytcheff and Sinha [5], Kosanović [26] and Shi [41]. The
present work motivates the investigation of the string link analogue of the embedding calculus tower.

Moreover, the Goodwillie–Weiss embedding calculus tower is known to be a universal Vassiliev
invariant over Z.p/ in degree � pC 1, by a theorem of Boavida de Brito and Horel [4, Theorem A].
Combining a string link version of this result with the present work could lead to a proof of the Goussarov–
Habiro conjecture over Z.p/ in degree n< p.

Algebraic & Geometric Topology, Volume 26 (2026)



1042 Bruno Dular

1.4 Notation

Lower indices usually refer to degrees of diagrams and claspers, and upper indices usually refer to filtrations
of diagrams by size (number of connected components). The notation FI, for framing independence,
refers to the presence of the relation 1T. Sets of diagrams are denoted by D ornamented with various
indices, Hopf algebras by A and Lie algebras by L.

2 Primitive Lie algebra of Feynman diagrams
The goal of this section is to identify the primitive Lie algebra Prim.AFI.m/Q/ of the Hopf algebra
AFI.m/Q of Feynman diagrams on m strands.

In the case of knots, i.e., m D 1, tree diagrams generate the primitive Lie algebra Prim.AFI.1/Q/

of AFI.1/Q [1], which, by [9], is isomorphic to the space of trees

QDT .1/=h1T;AS; IHX;STU2
i:

See also [26, Theorem G3] for a concise presentation of these results. Commutativity of AFI.1/Q implies,
by the Milnor–Moore theorem, that there is an isomorphism between the primitive part Prim.AFI.1/Q/

and the inseparable quotient .AFI.1/Q/
I (where any diagram which is a product of nontrivial diagrams is

set to zero). This fact is essential in Conant’s result [9], which actually holds over Z.
In the case of string links, tree diagrams also generate the primitive part Prim.AFI.m/Q/. However,

AFI.m/Q is not commutative when m > 1 and the argument of Conant does not translate a priori.
In this section, we prove that the conclusion still holds: Prim.AFI.m/Q/ is isomorphic to the Lie algebra
LFI.m/Q WDQDT .m/=h1T;AS; IHX;STU2

i.

2.1 Algebras of diagrams

This section recalls the definition of chord and Feynman diagrams [1] on tangle skeletons, as well as their
bialgebra structure.

2.1.1 Uni-trivalent graphs A uni-trivalent graph, also called Feynman or Jacobi graph, is an undirected
graph G D .V D U t T;E/ consisting of univalent and trivalent vertices (forming the sets U and T ,
respectively). The edges are defined as pairs of distinct vertices.1 The trivalent vertices are endowed
with a cyclic orientation of their three adjacent edges. When a uni-trivalent graph is drawn, the cyclic
orientations are the counterclockwise ones unless indicated otherwise. Also, four-valent vertices in
drawings are not part of the graph, they are only artefacts of their planar representations.

The univalent and trivalent vertices are often called leaves and nodes, respectively. An edge adjacent
to a leaf is called a leg.

The degree of a uni-trivalent graph G is deg.G/ WD jV j
2

.
A uni-trivalent graph G is a forest if it has no cycles and a tree if in addition it has a single component.

If G is a tree, then deg.G/D jU j � 1D jT jC 1.

1We could allow diagrams with edges attached to a single vertex, i.e., tadpoles, but those will vanish by AS.
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2.1.2 Uni-trivalent forest and chord diagrams Let S be an oriented 1-manifold with boundary.
In Section 3.2.1, S will be the underlying manifold of what will be referred to as a tangle skeleton. Since
this work focuses on string links, S will usually be a disjoint union of intervals f1; : : : ;mg � Œ0; 1�.

A uni-trivalent or Feynman or Jacobi diagram on S is a pair D D .G; Œu�/ where G D .U tT;E/ is a
uni-trivalent graph and Œu� is the isotopy class of an embedding u WU ,�! S �@S of the univalent vertices
into the interior of S . The set of Feynman diagrams on S is denoted DF .S/.

The degree of a Feynman diagram is the degree of its underlying graph. Denote by DF
n .S/� DF .S/

the subset of degree-n Feynman diagrams. This endows DF .S/ with a graded set structure.
A Feynman diagram is a forest, resp. tree, diagram if its underlying graph is a forest, resp. a tree.

A forest diagram is a chord diagram if it has no nodes. Denote by D.S/, DT .S/, Dc.S/ the corresponding
graded subsets of DF .S/. The size of a forest diagram is its number of trees, i.e., the number of connected
components of the underlying uni-trivalent graph. For example, the forest diagram on Figure 4(b) has
size 3. For s � 0, the set of forest diagrams of size s is denoted Ds.S/. Note that Dn

n.S/D Dc
n.S/ and

DT .S/D D1.S/.
By [1], the inclusions Dc.S/� D.S/� DF .S/ induce isomorphisms2 of graded Z-modules

(2-1) A.S/ WD
ZDc.S/

h4Ti
Š

ZD.S/
hSTUi

Š
ZDF .S/

hSTUi

and the relations AS, IHX are consequences of STU (see Figure 2). Unless stated otherwise, we use the
presentation of A.S/ using forest diagrams. The degree-n part of A.S/ is denoted An.S/. The only
degree-0 diagram is the empty one, and hence A0.S/ Š Z. In the present paper, we mostly consider
those graded modules with rational coefficients, namely A.S/Q WDA.S/˝Q, whose degree-n part is
An.S/Q DAn.S/˝Q.

2.1.3 Framed versus unframed There is an unframed or framing independent (FI) version of the
module of Feynman diagrams

(2-2) AFI.S/ WDA.S/=h1Ti;

where 1T is the graded submodule generated by all diagrams containing an isolated chord, i.e., a chord
whose endpoints lie on the same strand with no other endpoint in between them.

Writing A.FI/.S/ indicates that the statement holds for both A.S/ and AFI.S/.

2.1.4 Coalgebra structure The graded Z-module A.FI/.S/ has a structure of coalgebra, with comulti-
plication [1, Definition 3.7]

�.D/ WD
X

J��0.D/

DJ ˝D�0.D/�J ;

2In [1], it is shown that Dc.S/ ,�! DF .S/ induces an isomorphism ZDc.S/=h4Ti Š ZDF .S/=hSTUi. Thus, we get
ZDc.S/=h4Ti ,�!ZD.S/=hSTUi�ZDF .S/=hSTUi and the first map is surjective since any forest can be written as a sum of
chord diagrams by applying STU until it has no node left. Hence the first map is an isomorphism, so is the second since their
composition is an isomorphism. The same holds with FI added everywhere.
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where the sum runs over all the subsets J of the set �0.D/ of connected components of D and DJ

denotes the subdiagram of D consisting of those components contained in J . The counit � is given by
�.D/D 1 if D is the empty diagram, and it is zero otherwise.

For example, with S D f1; 2; 3g � Œ0; 1�, one has

�

� �
D ˝ C ˝ C ˝ C ˝

C ˝ C ˝ C ˝ C ˝ :

The comultiplication is coassociative and cocommutative.

2.1.5 Hopf algebra of diagrams on string links When S D f1; : : : ;mg � Œ0; 1� is a disjoint union of
intervals, we write D.m/ for D.S/, A.m/ for A.S/, A.m/Q for A.S/Q and so on. In that case, vertical
stacking of diagrams endows A.m/ and AFI.m/ with a multiplication. More precisely, D �D0 denotes the
vertical concatenation of D and D0, with D above D0. The unit 1 is the empty diagram.

Proposition 2.1.5.1 (Bar-Natan [1, Proposition 3.9]) The comultiplication and multiplication defined
above endow A.FI/.m/ with the structure of a connected cocommutative Hopf algebra. It is commutative
when mD 1.

2.2 Primitive filtration of forest diagrams

2.2.1 Primitive filtration of a Hopf algebra Let us recall some basic notions about primitive elements
in Hopf algebras. See [6; 35; 36, Chapter 5; 40] for more details.

Fix a Hopf algebra A over Q with multiplication � or �, unit 1, comultiplication � and counit �.
An element x 2A is primitive if �.x/D x˝ 1C 1˝x. A direct calculation shows that the commutator
of two primitive elements is primitive as well. In particular, the set Prim.A/ of primitive elements in
A is a Lie algebra, called the primitive Lie algebra of A. Conversely, to any Lie algebra L one can
associate its universal enveloping algebra U.L/, which is a Hopf algebra. The Milnor–Moore theorem
states conditions under which the functors Prim and U are inverses of each other.

Theorem 2.2.1.1 (Milnor–Moore theorem [36, Theorem 5.6.5]) Let A be a connected3 and cocommutative
Hopf algebra over a characteristic zero field. Then the inclusion Prim.A/ ,�!A induces an isomorphism
of Hopf algebras U.Prim.A//ŠA.

Let us assume that A is a connected and cocommutative Hopf algebra over Q, so that U.Prim.A//ŠA.
The primitive filtration of A is the filtration

Q � 1D P0A ,�! P1A ,�! P2A ,�! � � � ;

where PkA is the Q-submodule of A additively generated by Q �1 and all products of � k-many primitive
elements. In particular P1ADQ˚Prim.A/ and any element x 2A is in some PkA, for some k, since

3A Hopf algebra A is connected if A0 WDQ � 1 is its unique simple subcoalgebra.
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A is primitively generated. Under the isomorphism U.Prim.A//ŠA, the primitive filtration coincides
with the Lie filtration of U.Prim.A// [35, Proposition 5.17].

For all k � 0, we have PkADQ˚PkA�1 where A�1 WDAC is the kernel of the counit. The filtration

0D P0A�1 ,�! P1A�1 ,�! P2A�1 ,�! � � �

is called the reduced primitive filtration of A�1.

2.2.2 Primitive filtration of forests The focus returns to the Hopf algebra of forest diagrams on m

strands, A.FI/.m/Q, which is indeed connected and cocommutative, and hence the Milnor–Moore theorem
applies, i.e., U.Prim.A.FI/.m/Q//ŠA.FI/.m/Q. It is also filtered by the primitive filtration.

In the case m D 1, Bar-Natan showed that Prim.A.1/Q/ is (additively) generated by all connected
diagrams [1] and his argument translates well for m� 1. Actually, this statement is also true over Z, as
shown by Lando in [28] via a beautiful counting argument. Unfortunately, the argument uses commutativity
in A.1/, and hence it does not translate directly to the general case m� 1. Instead, we give an argument
that compares the primitive filtration to the size filtration defined below, in a way parallel to the ideas of
the subsequent subsections in this section. First, let us introduce some notation.

Definition 2.2.2.1 The size filtration of A.m/ is the filtration fFkA.m/gk�0 where FkA.m/ is the
Z-submodule generated by forest diagrams of size � k. In degree n� 0, it induces a filtration4

F0An.m/ ,�! F1An.m/ ,�! � � � ,�! Fn�1An.m/ ,�! FnAn.m/DAn.m/

of An.m/. The size filtration of AFI.m/ is defined in the same way, with FI added everywhere. Tensoring
everything with Q yields the size filtration of A.m/Q.

For F 2 D.m/ a forest diagram, define the reduced comultiplication x�.F / as

x�.F / WD
X

¿¤J ¨�0.F /

.FJ /˝ .F�0.F /�J /;

where FJ denotes the subdiagram of F that consists of the components contained in J . In other words,
x�.F /D�.F /�F˝1�1˝F . Thus, x� satisfies AS, IHX, STU (and 1T) and descends to a well-defined
map

x� WA�1.m/!A�1.m/˝A�1.m/:

Define recursively x�k WD .x�k�1˝ id/ı x� WA�1.m/! .A�1.m//
˝kC1, for k > 1. Concretely, we have

(2-3) x�k.F /D
X

J0t���tJkD�0.F /
Ji¤¿

.FJ0
/˝ � � �˝ .FJk

/;

where the sum is over all possible partitions of the components of F into kC 1 nonempty subforests.

4The only forest diagram of size 0 is the empty diagram 1, and hence F0A.m/D Z � 1.
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For example, we have

x�

� �
D ˝ C ˝ C ˝

C ˝ C ˝ C ˝

and

x�2

� �
D ˝ ˝ C ˝ ˝ C ˝ ˝

C ˝ ˝ C ˝ ˝ C ˝ ˝ :

Note also that the reduced primitive filtration of A�1.m/Q can already be defined over Z: for k � 0,
PkA�1.m/ is generated by all products of � k-many primitive elements.

Lemma 2.2.2.2 We have the following properties:

(i) for all x;y 2A�1.m/,

(2-4) x�.x �y/D x�.x/ � x�.y/C x�.x/ � .1˝yCy˝ 1/C .1˝xCx˝ 1/ � x�.y/Cx˝yCy˝xI

(ii) Prim.A.m//D ker.x�/;

(iii) x�.PkA�1.m//�
Pk�1

iD1 P iA�1.m/˝Pk�iA�1.m/;

(iv) PkA�1
.m/� ker.x�k/;

(v) FkA�1
.m/� ker.x�k/, i.e., x�k vanishes on forests of size � k.

All of the above properties remain true over Q, and with FI.

Proof Part (i) follows from the definition of x� and compatibility �.x � y/D�.x/ ��.y/. Part (ii) is
immediate. Part (v) follows from the description (2-3), since for a forest F of size k the sum is empty.
It remains to show (iii) and (iv).

We prove (iii) by induction on k. To lighten notation, we write P i for P iA�1.m/. The base case,
k D 1, is settled by (ii). Let 1 � k < n and assume that x�.Pk/ �

Pk�1
iD1 P i ˝ Pk�i . The filtration

stage PkC1 is generated by Pk together with all products of exactly kC 1 primitive elements. Consider
an element z 2 PkC1 of the latter sort, i.e., z D xy for x 2 Pk and y 2 P1 D Prim.A.m//. Using
x�.y/D 0 (by (ii)), (2-4) becomes

x�.z/D x�.x/ � .1˝yCy˝ 1/Cx˝yCy˝x:

Now, by induction hypothesis, we have x�.x/2
Pk�1

iD1 P i˝Pk�i . Using P i �y �P iC1, we finally obtain

x�.z/ 2

k�1X
iD1

P i
˝PkC1�i

C

k�1X
iD1

P iC1
˝Pk�i

CPk
˝P1

CP1
˝Pk

D

kX
iD1

P i
˝PkC1�i ;

which proves (iii).
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The proof of (iv) also proceeds by induction on k, with the base case being (ii) again. Assume that
Pk�1 � ker.x�k�1/. Let z 2 Pk . By (iii) we can write x�.z/D

Pk�1
iD1

P
j xij ˝yij where xij 2 P i and

yij 2 Pk�i . Then

x�k.z/ WD .x�k�1
˝ id/ ı x�.z/D

k�1P
iD1

P
j

x�k�1.xij /˝yij D 0

since all x�k�1.xij /D 0 by induction hypothesis. This concludes the proof of (iv).

Theorem 2.2.2.3 Over Q, the reduced primitive filtration and the size filtration of A.FI/.m/Q coincide.
In particular , Prim.A.FI/.m/Q/ is the submodule of A.FI/.m/Q generated by tree diagrams.

When mD 1, this already holds over Z.

Proof We omit FI in the notation since the proof for that case is the same. We write P i for P iA�1.m/

and F i for F iA�1.m/ to lighten notation.
In degree nD 0, there is nothing to prove. Fix a degree n> 0. First, any forest diagram of size 1 is

primitive by definition of the comultiplication, i.e., F1An.m/Q � P1An.m/Q.
In fact, F1An.m/Q � P1An.m/Q implies that FkAn.m/Q � PkAn.m/Q for each k � 1. We show

this by induction.5 The base case is the above paragraph. Assume that Fk � Pk and consider a forest
diagram F of size kC1. Pick any tree T in F and apply a sequence F DF0 � � � Fr of STU-relations
to slide the legs of T above the rest of the trees. Thus,

Fr D T � .F nT /� P1
�Fk
� P1

�Pk
� PkC1:

For each i , Fi �FiC1 is a forest of size k by STU, i.e., Fi �FiC1 2 Fk � Pk . Therefore,

F D
r�1P
iD0

.Fi �FiC1/CFr � PkC1:

Consequently, the size filtration injects into the primitive filtration:

F1An.m/Q F2An.m/Q � � � Fn�1An.m/Q FnAn.m/Q

P1An.m/Q P2An.m/Q � � � Pn�1An.m/Q PnAn.m/Q

We show that the vertical arrows are all equalities, inductively from right to left. Let 1 � k < n and
assume that FkC1 D PkC1. We seek for a section to the inclusion ik

n as in the diagram

(2-5)

FkAn.m/Q FkC1An.m/Q

PkAn.m/Q PkC1An.m/Q

ik
n

s
kC1
n

5This argument is similar to the proof of Proposition 6.10 in [22], which deals with forest claspers instead of forest diagrams.
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Consider the linear map

(2-6) skC1
n W FkC1An.m/Q!An.m/Q; F 7! F �

1

.kC 1/!
�k
ı x�k.F /;

where �k WA.m/˝kC1!A.m/ is the m-fold multiplication. We have:

� The image of skC1
n lies in F kAn.m/Q Indeed, for a forest diagram F of size kC1, say FD

SkC1
iD1 Ti ,

we have6

(2-7) skC1
n .F /D

1

.kC 1/!

X
�2SkC1

.F � .F /� /;

where .F /� WDT�.1/ : : :T�.kC1/ is obtained by stacking the trees of F in the order prescribed by � . Each
difference .F � .F /� / can be obtained by a sequence of leg exchanges (seen later as a path in F.F /; see
Definition 2.3.3.1) from .F /� to F , and hence we obtain F � .F /� as a sum of forests of size k (each leg
exchange yields a term where the two legs are attached together, by STU). Thus skC1

n .F / 2 FkAn.m/Q.
For example,

s2
3

 !
D

1
2

 
�

!
C

1
2

 
�

!
D

1
2

 !
C

1
2

 
� �

!
:

� The map skC1
n is a section to the inclusion i k

n Indeed, for F 2 FkAn.m/Q, we have x�k.F /D 0 by
Lemma 2.2.2.2(vi). Thus skC1

n restricts to the identity on FkAn.m/Q.

By Lemma 2.2.2.2(v), skC1
n restricts to the identity on PkAn.m/Q. Thus, starting with x 2 PkAn.m/Q

and going around the diagram (2-5) in the counterclockwise direction, we end up with skC1
n .x/ D x,

which shows that the vertical inclusion Fk ,�! Pk is also surjective. This concludes the proof that the
two filtrations coincide.

It follows that

Prim.A.m/Q/D P1A�1.m/Q D F1A�1.m/Q;

i.e., the primitive part of A.m/Q is additively generated by forests of size 1, that is, trees.
When mD 1, the bialgebra A.m/ is commutative. Thus, if F is a forest of size kC 1, then all .F /� ,

� 2SkC1, are equal and averaging is not needed. In particular, the section skC1
n defined in (2-6) is already

defined over Z. This yields an alternative proof of the fact that tree diagrams generate the primitive Lie
algebra of A.1/ over Z. See [28] for a different argument.

In order to better understand that filtration, and, in particular, the primitive Lie algebra Prim.A.FI/.m/Q/,
a concrete description of the filtration steps, i.e., by generators and relations, is required. This is the topic
of the next two sections.

6The choice of numbering of the trees in F is irrelevant, since the sum (2-7) is over all permutations.
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1123

1213 1132

1312

1321 3112

12312113

2131

2311 3121

3211

1 21 3

(a) The permutograph P.2;1;1/ (b) Graph of labelled legs on one strand

Figure 5: One slice of a graph of labelled forests.

2.3 Permutographs and graphs of forests

2.3.1 Permutographs For a tuple of nonnegative integers n WD .n1; : : : ; ns/ 2Ns , consider the set Vn

of all possible words made of ni-many i , for each i D 1; : : : ; s. In particular, we write

wn WD 1 : : : 1„ƒ‚…
n1

: : : s : : : s„ƒ‚…
ns

and wn WD s : : : s„ƒ‚…
ns

: : : 1 : : : 1„ƒ‚…
n1

:

The symmetric group Sn, where n WD
P

i ni , acts on Vn by permutation, denoted by � �w for � 2Sn,
w 2 Vn. The action is transitive but has many fixed points, unless all ni D 1.

Definition 2.3.1.1 The n-permutograph is the undirected graph Pn WD .Vn;En/, whose set of vertices is
Vn and two distinct vertices v;w 2Vn are connected by an undirected edge if there is a basic transposition
�i D .i; i C 1/ 2Sn such that w D � � v (hence also v D � �w), i.e., v D : : : j k : : : and w D : : : kj : : :

where 1� j ¤ k � s are the i -th and .iC1/-st entries of v, w.

There is at most one edge joining any pair of vertices and at most n� 1 edges adjacent to a given
vertex, since there are only n� 1 basic transpositions �1; : : : ; �n�1. Permutographs are connected, since
the Sn-action on Vn is transitive.

Remark 2.3.1.2 Permutographs are actually the 1-skeletons of permutohedra, which are rich combinatorial
objects [27; 39; 44]. 4
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Proposition 2.3.1.3 The first homology group of the permutograph Pn is generated by length 4 and 6

cycles. In other words , any 1-cycle in Pn is the boundary of a union of squares and hexagons.

Proof To prove this, we scan Pn using the height function

h W Vn!N W v 7!
nX

iD1

#fj > i j vj < vig;

which assigns to a word v the number h.v/ of pairs of letters : : : vi : : : vj : : : where vj <vi appearing in it,
i.e., the number of inversions in v. For example, h.wn/D 0 is minimal and h.wn/ is maximal in Pn. The
function h is a Morse function in the sense that, for any edge fv;wg, we have h.w/D h.v/˙1. Pictorially,
when drawing Pn with all vertices of height i at height i , no edge is horizontal (see Figure 5(a)).

We show that any 1-cycle C in Pn is a sum of length 4 and 6 cycles, by induction on maxv2C h.v/.
Up to decomposing C into smaller subcycles and removing paths going back and forth, we can assume that

C D
���!
v0v1C � � �C

����!
vl�1vl where .v0; : : : ; vl D v0/ is a sequence of adjacent vertices without repetitions

(except vl D v0). If maxv2C h.v/D 0 then there is nothing to prove since C D 0. This proves the base
case.

Consider a 1-cycle C with M WDmaxv2C h.v/ > 0 and assume the statement to be true for all cycles
of maximal height < M . Pick any vertex vM 2 C that reaches the maximum M , then we must have
h.vM˙1/D h.vM /� 1. By definition of the permutograph, vM�1 D �i � v

M and vMC1 D �j � v
M for

some i , j such that i ¤ j . We assume i < j to simplify notation. There are two cases to consider:

(1) If jj�i j>1, then �i and �j have disjoint support and the vertex zvM WD�i�j �v
M D�i �v

MC1D�j �v
M�1

forms a square together with vM , vMC1, vM�1 (we use the relation �i�j D �j�i in Sn). In particular,

C D
���!

v0v1
C � � �C

�������!

vM�1vM
C

�������!

vM vMC1
C � � �C

����!

vl�1vl

D .
���!

v0v1
C � � �C

�������!

vM�1
zvM
C

�������!

zvM vMC1
C � � �C

����!

vl�1vl/„ ƒ‚ …
DWC 0

Cc D C 0C c;

where c WD
�������!
vM�1vM C

�������!
vM vMC1�

�������!
vM�1zvM �

�������!
zvM vMC1 is a length 4 cycle. Moreover, zvM has height

M � 2 since it has exactly two inversions less than vM .

(2) If jj � i j D 1, and hence j D i C 1, then the above does not work since the vertices �i�iC1 � v
M and

�iC1�i � v
M are distinct. In this case we need to dive one step lower in the permutograph and use instead

the relation �i�iC1�i D �iC1�i�iC1 in Sn.
Denote the i-th, .iC1/-st and .iC2/-nd entries of vM by c, b, a, respectively. These are the entries

that are permuted by �i and �iC1. Given a permutation .x1;x2;x3/ of .c; b; a/, denote by vM
x1x2x3

the
word obtained from vM by replacing the i -th, .iC1/-st and .iC2/-nd entries by x1, x2, x3, respectively.
In particular, vM�1 D vM

bca
, vM D vM

cba
and vMC1 D vM

cab
.

Define C 0 from C by replacing the vertex vM with the vertices vM
bac

, vM
abc

, vM
acb

, in this order. Those
new vertices have height <M .
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Then C D C 0C c where c is a length 6 cycle going through the vertices vM
bca

, vM
cba

, vM
cab

, vM
acb

, vM
abc

,
vM

bac
, vM

bca
, in this order.

See the hexagon at the bottom of Figure 5(a) for an example with .c; b; a/D .3; 2; 1/.

In both cases, C DC 0Cc for a length 4 or 6 cycle c, and C 0 is a 1-cycle with one less vertex of height M .
Repeating this process for each vertex of height M in C , we obtain C D C 00 C c1 C � � � C ck where
c1; : : : ; ck are length 4 or 6 cycles, and where C 00 has no more vertex of height M . That is, C 00 has
maximal height <M , hence C 00 is a sum of length 4 and 6 cycles by the induction hypothesis, so is C .

Definition 2.3.1.4 For two graphs G1, G2, their cartesian or box product, denoted by G1�G2, is the
1-skeleton of G1 �G2. The box product of graphs is associative.

Corollary 2.3.1.5 The first homology of a box product of permutographs �m
jD1

Pnj is generated by
length 4 and 6 cycles.

Proof The exact same proof as Proposition 2.3.1.3 works, where now the two transpositions in case 1
can happen in different factors. Consequently, there are two types of length 4 cycles: product of edges
from different factors and squares contained in one factor.

2.3.2 Graph of labelled forests A labelled forest diagram is simply a forest diagram F in D.m/
together with a labelling of its trees by 1; : : : ; s, where s is the size of the forest, i.e., a choice of
identification �0.F /Š f1; : : : ; sg. We say that two labelled forests F , F 0 are related by a slide move if
F 0 is obtained from F by permuting adjacent legs belonging to distinct trees, that is,

F D
slide move
 ����! F 0 D ;

where it is understood, as usual, that F and F 0 are identical outside of the part shown.

Definition 2.3.2.1 Given s-many tree diagrams T1; : : : ;Ts 2 DT .m/ on m strands (s > 0), the graph of
labelled forests on T1; : : : ;Ts is the undirected graph whose set of vertices is the set

eF.T1; : : : ;Ts/

of all labelled forests on m strands, whose i-th tree is Ti , and where two labelled forests are connected
by an edge if they are related by a slide move.

A part of a graph of labelled forests, corresponding to what happens on one strand, is shown on
Figure 5(b). On this figure, the two leftmost legs (e.g., in the bottom diagram) belong to T1, while the next
ones belong to T2 and T3, respectively.7 The legs from T1 are not allowed to slide across one another,
but they can slide across the two other legs. Note that any two vertices in eF.T1; : : : ;Ts/ are connected
by at most one edge. There are no edges when s D 1.

7For simplicity, we have labelled only the forest at the bottom, but all forests on the figure should be labelled accordingly.
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Proposition 2.3.2.2 Suppose that the tree Ti has n
j
i legs on the j -th strand , for 1� i � s and 1� j �m.

Then there is a graph isomorphism defined on vertices as8

(2-8) W W eF.T1; : : : ;Ts/
Š�!�m

jD1Pnj ;

where nj D .n
j
1
; : : : ; n

j
s /, sending a labelled forest to .wj /j where wj encodes the ordering of the legs

on the j -strand , from top to bottom.

Proof This is immediate, since a labelled forest is entirely determined by its trees T1; : : : ;Ts and the
relative positions of their legs on the strands.

Corollary 2.3.2.3 The first homology of the graph of labelled forests eF.T1; : : : ;Ts/ is generated by
length 4 and 6 cycles. In other words , any 1-cycle in it is the boundary of a union of squares and hexagons.

Proof This follows immediately from Proposition 2.3.2.2 and Corollary 2.3.1.5.

Definition 2.3.2.4 To a directed edge
��!
FF 0 in eF.T1; : : : ;Ts/, s�2, one can assign the third term appearing

in the STU relation, which we denote by
��!
FF 0 2 Ds�1.m/:

If F D and F 0 D , then
��!
FF 0 D

�����!

WD :

In particular,
��!
FF 0 D F 0�F in A.m/.

The fact that the legs involved in a slide move belong to distinct trees is important here, otherwise
��!
FF 0 would have a cycle and would not be a forest diagram.

There are many paths joining forests F;F 0 2 eF.T1; : : : ;Ts/. Hence,
��!
FF 0 is not well defined for

nonadjacent forests. However, any two paths differ by a cycle in eF.T1; : : : ;Ts/, which by Corollary 2.3.2.3
can be written as a sum of back-and-forth paths, length 4 and 6 cycles. Thus, modding out the target
ZDs�1.m/ by those cycles will give us a well-defined map �!� .

Definition 2.3.2.5 A � relation in ZDs�1.m/ is a relation of the form

(2-9)
���!
F1F2C

���!
F2F3C

���!
F3F4C

���!
F4F1;

where .F1;F2;F3;F4/ is a length 4 cycle in eF.T1; : : : ;Ts/ for some trees Ti . See Figure 6(a).
Similarly, a relation in ZDs�1.m/ is a relation of the form

(2-10)
���!
F1F2C

���!
F2F3C

���!
F3F4C

���!
F4F5C

���!
F5F6C

���!
F6F1;

where .F1; : : : ;F6/ is a length 6 cycle in eF.T1; : : : ;Ts/ for some trees Ti . See Figure 6(b).
Let �R, resp. R, denote the submodule of ZD.m/ generated by all �, resp. , relations.

Remark 2.3.2.6 A relation can be obtained in the following way: start with an IHX relation that
involves a leg, and break apart that leg in the three terms. The resulting signed sum of six terms is a

relation, and all relations can be obtained in this way. 4
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−−−→
F1F2 =

F1 =

F3 =

F2 = F4 =

−−−→
F2F3 =

−−−→
F4F1 = −

−−−→
F3F4 = −

−

−

−+

+

+

(a) A� relation (b) A relation

Figure 6: Relations obtained from cycles of length 4 and 6.

By the above definition and Corollary 2.3.2.3, the following definition is well defined (AS takes care
of the back-and-forth paths).

Definition 2.3.2.7 For two labelled forests F;F 0 2 eF.T1; : : : ;Ts/, s � 2, define

(2-11)
��!
FF 0 WD

��!
FF1C � � �C

�����!
Fl�1F 0 2 ZDs�1.m/=hAS;STU2; Ri;

where F  F1 � � � Fl�1 F 0 is a path from F to F 0 in eF.T1; : : : ;Ts/.

Proposition 2.3.2.8 Square relations and STU2 relations coincide , i.e., �R D STU2 as submodules
of ZDs.m/.

Proof Recall [9, Definition 3.1] that STU2 relations among size s forests are defined starting with a
template, i.e., a size s� 1 forest diagram or a size s Feynman diagram with a single cycle, then choosing
two legs (which must be adjacent to the cycle in the latter case) and breaking one or the other apart using
STU. Breaking apart both legs yields four possible size sC 1 forest diagrams, which form the corners of
a square in a graph of labelled forests and the corresponding � relation coincides with the STU2 relation.

Conversely, consider a square as on Figure 6(a) and the associated� relation. Then the template
yields a STU2 relation which coincides with that � relation.

2.3.3 Graph of forests In the previous section we investigated the graph of labelled forests and the
relations that are required to define differences between labelled forests that are joined by a path. However,
forests diagrams in the bialgebra A.m/ are not labelled. The true graph of forests is a quotient of the
graph of labelled forests, where the quotient map forgets the labelling.

8Since there is at most one edge connecting two vertices, this determines the morphism on edges as well.
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+

+

Figure 7: Two different leg moves joining two forests.

Definition 2.3.3.1 The graph of forests on trees T1; : : : ;Ts is the graph F.T1; : : : ;Ts/ whose vertices
are all forest diagrams in Ds.m/ consisting of those trees, and to each slide move relating two forests
there is an associated edge joining the corresponding vertices.

Note that F.T1; : : : ;Ts/ does not depend on the ordering of the trees Ti . If F D
Ss

iD1 Ti is a forest
diagram consisting of trees T1; : : : ;Ts , we write F.F / WD F.T1; : : : ;Ts/.

There is a natural map

(2-12) eF.T1; : : : ;Ts/� F.T1; : : : ;Ts/

that forgets the labelling of forests. It is surjective but not injective if there are identical trees among
T1; : : : ;Ts .

Remark 2.3.3.2 In F.T1; : : : ;Ts/, it can happen that two vertices are joined by multiple edges. See
Figure 7 for an example: the top, resp. bottom, edge corresponds to exchanging the legs on the right, resp.
left, strand.

Thus, the notation
��!
FF 0 is ambiguous. Given a directed edge F

e F 0 we write �!e to denote the third
term of the corresponding STU relation, i.e., �!e D F 0�F in A.m/. Similarly, if P is a path consisting
of directed edges e1; : : : ; el , then define

�!
P WD

Pl
iD1
�!ei . 4

Lemma 2.3.3.3 For any labelled forest diagram F , the forgetful map eF.F /� F.F / satisfies the
following path-lifting property: For any path P D F0

e0 F1

e1 � � �
el�1 Fl in F.F / and any choice of

labelled forest �F0 lifting F0, there exists a unique path �P D �F0

ze0 �F1

ze1 � � �
zel�1 �Fl in eF.F / that lifts P .

In other words , the surjection eF.F /� F.F / is a finite covering.
Moreover ,

�!
zei D

�!ei for each i D 0; : : : ; l � 1.

Proof Starting with �F0 and applying the sequence of slide moves prescribed by P yields such a lift �P ,
which is uniquely determined by this process.

Proposition 2.3.3.4 Any cycle in F.T1; : : : ;Ts/ has a multiple that lifts along the covering

eF.T1; : : : ;Ts/� F.T1; : : : ;Ts/:

In particular , over Q, for any C , the element
�!
C belongs to the submodule hAS;�R; Ri �QDs�1.m/.
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Proof Let G be the group of deck transformations of the finite covering p W eF.T1; : : : ;Ts/�F.T1; : : : ;Ts/,
and jGj its size. Consider the transfer homomorphism � W H1.F.T1; : : : ;Ts//! H1.eF.T1; : : : ;Ts//.
Then p� ı � equals multiplication by jGj. In particular, the cokernel of p� is jGj-torsion and p� becomes
surjective when passing to coefficients in Q. This concludes.

The second statement then follows from the first and Corollary 2.3.2.3.

With the above result in hands, we can adapt Definition 2.3.2.7 to the graph of forests, but with rational
coefficients. See Remark 2.3.3.2 for the notation �!e and

�!
P .

Definition 2.3.3.5 For two forests F;F 0 2 F.T1; : : : ;Ts/, define

(2-13)
��!
FF 0 WD

�!
P 2QDs�1.m/=hAS;STU2; Ri;

where P is a path from F to F 0 in F.T1; : : : ;Ts/.

2.4 Presentation of the primitive filtration of A.m/Q

2.4.1 Splitting trees

Definition 2.4.1.1 For 1� s � n� 1, the Q-module of size s forest diagrams Fs.m/Q is defined by

Fs.m/Q WDQDs.m/=hAS; IHX;STU2; Ri:

It is graded by the degree of diagrams, with degree-n graded part denoted by Fs
n.m/Q. The framing

independent version is defined as FFI;s.m/Q WD Fs.m/Q=h1Ti. We use the notation .FI/ as explained in
Section 2.1.3.

Remark 2.4.1.2 When s D 1, the submodule R is actually trivial, since a relation requires at least
two trees. Thus, F1.m/Q D L.m/Q as Q-modules (see Theorem 2.4.5.1 for the definition of L.m/Q).

In degree n and with sDn, STU2 becomes 4T while R is trivial; hence we have Fn
n .m/QŠAn.m/Q.

If s < n� 1, the relations are actually implied by STU2 and IHX. Indeed, by Remark 2.3.2.6 any
relation can be obtained by breaking apart a leg in an IHX relation. Since s < n� 1, the terms of the
relation must contain a node not involved in the relation. Apply STU2 to break that additional node

and rebuild a sum of two IHX relations. Thus R � hSTU2; IHXi as submodules of QDs
n.m/ when

s < n� 1. 4

For each 1� s < n, there is a linear map

(2-14) Q�sn WQDs
n.m/! FsC1

n .m/Q

defined as follows: given a size s forest diagram F 2 Ds
n.m/, pick a trivalent vertex (which must exist

since s < n) adjacent to a strand and break it apart according to STU, i.e.,

Q�sn

� �
WD � :(2-15)

By STU2, this does not depend on the choice of trivalent vertex to break apart.
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Proposition 2.4.1.3 The linear map Q�sn WD QDs
n.m/! F .FI/;sC1

n .m/Q factors through the linear map
�sn W F

.FI/;s
n .m/Q! F .FI/;sC1

n .m/Q.

Proof This proof is very similar to the proof of Claim 3.4 in [9].
We need to show that Q�sn vanishes on AS, IHX, STU2, R. If s < n�2, then forest diagrams in Ds

n.m/

have at least three nodes, while the relations AS, IHX, STU2, R involve at most 2 nodes. Hence it
suffices to pick another node to break apart and the image under Q�sn is a difference of sums that belong to
the respective submodules.

For s < n� 1, the above argument also applies to STU2, R, AS. For s D n� 2 and IHX, observe
that an IHX relation is sent to a relation.

For s D n�1, there are no IHX relations, while a direct calculation shows that STU2 and AS relations
are sent to zero.

This concludes the proof that Q�sn factors through Fs
n.m/Q. The FI case holds as well: if D has an

isolated chord, then so do the two terms in Q�sn.D/.

Remark 2.4.1.4 In [9, Claim 3.4], the proof restricts to the case s ¤ n� 1 because the relation is not
taken into account there. 4

The linear maps �sn, s D 1; : : : ; n� 1, provide a factorisation of the map �n W F1
n .m/Q!An.m/Q,

F1
n .m/Q F2

n .m/Q � � � Fn
n .m/Q DAn.m/Q;

�1n �2n �n�1
s

�n

where nodes are broken apart one after the other, instead of all at once

2.4.2 Barycenters of forests Let T1; : : : ;Ts 2 DT .m/ be tree diagrams. Definition 2.3.3.5 defines a
map

(2-16) �!� W F.T1; : : : ;Ts/�F.T1; : : : ;Ts/! F .FI/;s�1.m/Q W .F;F
0/ 7!

��!
FF 0:

The vector notation is justified by the fact that F.T1; : : : ;Ts/ inherits some properties of affine spaces.
In particular, we can still talk about barycenters of vertices of F.T1; : : : ;Ts/.

Definition 2.4.2.1 The barycenter of forests F1; : : : ;Fk 2F.T1; : : : ;Ts/with coefficients �1; : : : ; �k 2Q

summing to
P

i �i D 1 is the formal sum
P

i �iFi .
Denote by Bar.F.T1; : : : ;Ts// the set of all barycenters of forests in F.T1; : : : ;Ts/. There is a natural

inclusion F.T1; : : : ;Ts/ ,�! Bar.F.T1; : : : ;Ts// sending a forest F to 1 �F .

Lemma 2.4.2.2 We have the following properties:

(i) If F0;F1;F2 2 F.T1; : : : ;Ts/, then
���!
F0F2 D

���!
F0F1C

���!
F1F2 (Chasles relation).

(ii) Let F0;F
0
0;F1; : : : ;Fk 2F.T1; : : : ;Ts/ and �1; : : : ; �k 2Q such that

P
i �iD0. Then

P
i �i
���!
F0FiDP

i �i

���!
F 00Fi in F .FI/;s�1.m/Q.
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(iii) The map

�!� W Bar.F.T1; : : : ;Ts//�Bar.F.T1; : : : ;Ts//! F .FI/;s�1.m/Q;�
B D

X
i

�iFi ;B
0
D

X
j

�0j F 0j

�
7!

X
j

�0j
���!
F0F 0j �

X
i

�i
���!
F0Fi ;

(2-17)

where F0 2 F.T1; : : : ;Ts/ is any forest , does not depend on the choice of F0, extends the map (2-16)
and satisfies the Chasles relation.

Proof Part (i) follows by choosing a path from F0 to F2 passing through F1. Part (ii) follows directly
from (i) and implies that (2-17) does not depend on the choice of F0. The rest is direct.

By Lemma 2.4.2.2, any choice of barycenter B0 2 Bar.F.T1; : : : ;Ts// defines a map

F.T1; : : : ;Ts/! F .FI/;s�1.m/Q W F 7!
���!
B0F ;

which sends a forest of size s to a linear combination of forests of size s� 1. In order to obtain sections
to the maps �sn, we need to consistently pick barycenters in each graph of forest.

Definition 2.4.2.3 For F a forest of size s consisting of trees T1; : : : ;Ts , define the average barycenter,
or average basepoint, associated to F as

(2-18) .F /avg WD
1

s!

X
�2Ss

T�.1/ : : :T�.s/;

i.e., the average of all possible ways of stacking the trees of F one above the other.

Note that .F /avgD .F
0/avg whenever F and F 0 consist of the same trees, i.e., they belong to a common

graph of forests.

2.4.3 Merging trees Consider the linear map

(2-19) z�s
n WQDs

n.m/! F .FI/;s�1
n .m/Q W F 7!

�����!
.F /avgF ;

which is well defined by Lemma 2.4.2.2.

Lemma 2.4.3.1 (diagrammatic STU) For any adjacent forests FD D and F� D in a graph of
forests , we have

z�s
n

�
�

�
D ;

where � C is an STU relation.

Proof Since FD and F� belong to the same graph of forests, we have .FD/avg D .F
�/avg and

z�s
n.F
D
�F�/D z�s

n.F
D/� z�s

n.F
�/D

��������!
.FD/avgFD�

��������!
.F�/avgF� D

����!
F�FD D FY

by the Chasles relation.
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Proposition 2.4.3.2 The map z�s
n W QDs

n.m/ ! F .FI/;s�1
n .m/Q factors through �s

n W F
.FI/;s
n .m/Q !

F .FI/;s�1
n .m/Q.

Proof We need to show that z�s
n vanishes on .1T/, AS, IHX, STU2 and R. The argument is similar to

[9, Claim 3.6].
Start with an AS relation F CF 0 in Ds

n.m/. We can write .F .
0//avg D

P
� ��F

.0/
� where F� CF 0� are

AS relations (the notation .0/ indicates that we can read it with or without 0). Pick a path F�
e0 � � �

el�1 F

of leg slides in F.F /. Then we can follow the parallel path

F 0�
e0

0 � � �
e0

l�1 F 0

in F.F 0/, obtained by performing the exact same leg slides. Notice that for each j , the origin and
extremities of ej and e0j only differ by the cyclic ordering of a node, in the same trees as for F and F 0.
Consequently, �!ej C

�!
e0j is an AS relation for each j and

���!
F�F C

���!
F 0�F 0 is a sum of those. In particular,

�����!
.F /avgF C

������!
.F 0/avgF 0 D

X
�

�� .
���!
F�F C

���!
F 0�F 0/D 0:

For an IHX relation FI CFH CFX , the argument is the same. As above, picking parallel paths
from F �� to F �, for � 2 fI;H;X g, we obtain

�������!

.FI /avgFI
C

���������!

.FH /avgFH
C

��������!

.FX /avgFX
D 0

since it is a sum of IHX relations.
Unlike AS and IHX which happen far from the strands, STU2 happens close to the strands and we need

to distinguish two cases. If the STU2 relation FYD�FY ��FDY CF�Y involves two or three trees,
then the legs forming D or � must belong to distinct trees.9 Then, two applications of the diagrammatic
STU (Lemma 2.4.3.1) yield

z�s
n.F

YD
�FY �/D FY Y

D z�s
n.F
DY
�F�Y /;

and hence the STU2 relation is satisfied by z�s
n in this case. Let us turn to the second case, where the STU2

relation involves a single tree, i.e., all the legs involved belong to the same tree. We argue as for the AS and
IHX relations, by picking four parallel paths of slide moves from F �� to F �, for � 2 fY D;Y�;DY;�Y g.
More precisely, call the places involved in the STU2 relation ˛ and ˇ,

„ƒ‚…
˛

„ƒ‚…
ˇ

� � C :

A leg sliding across site ˛ induces one or two edges in the four parallel paths, depending on whether
site ˇ contains a “Y ”, “D” or “�” configuration. The corresponding terms in

P
�

���!
F ��F � add up to zero

9Otherwise, joining them in the term with Y would form a cycle.
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by STU2 and R:

C � � � C„ ƒ‚ …
STU2

D � C

R
D 0:

When a leg slides across site ˇ, the argument is the same. Thus z�s
n satisfies STU2.

It remains to show that -relations are satisfied. This immediately follows from three applications of
the diagrammatic STU lemma (Lemma 2.4.3.1) and the IHX relation.

This concludes the proof that z�s
n factors through Fs

n.m/Q.
In the FI case, we need to check that z�s

n vanishes on 1T. Let F 2 Ds
n.m/ be a forest diagram with

an isolated chord. For � 2 Ss , the element
����!
.F /�F is a sum of diagrams in which this isolated chord

remains, together with diagrams coming from sliding that isolated chord across another leg. Those terms
of the latter type vanish in pairs by AS. This also follows from the commutativity property, shown in the
proof of [1, Lemma 3.1].

Proposition 2.4.3.3 For each 1� s < n, the map �sC1
n is a section of �sn, i.e., �sC1

n ı �sn D idF.FI/;s
n .m/Q

.
In particular , �sn is injective.

Proof Given a size s and degree-n forest diagram F D (represented by one of its nodes adjacent to
a strand, which exists since s < n), we have

�sC1
n ı �sn.F /D �

sC1
n ı �sn

� �
D �sC1

n

�
�

�
D D F

by the diagrammatic STU (Lemma 2.4.3.1).

2.4.4 From Fk.m/Q to F kA.m/Q Combining the results of Sections 2.2 and 2.4.3, we obtain the
following theorem.

Theorem 2.4.4.1 For each 1� k � n, there is a natural linear isomorphism

F .FI/;k
n .m/Q

Š�! FkA.FI/
n .m/Q:

More precisely, we have the isomorphism of filtrations (with FI as well )

F1
n .m/Q F2

n .m/Q � � � Fn�1
n .m/Q Fn

n .m/Q DAn.m/Q

F1An.m/Q F2An.m/Q � � � Fn�1An.m/Q FnAn.m/Q DAn.m/Q
i1
n i2

n

�1n �2n

Š Š

�n�2
n �n�2

n

in�2
n in�1

n

Š

under which the sections sk
n and �k

n coincide.
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Proof We omit FI. By definition, FkAn.m/Q is generated by size k forests in An.m/Q, i.e., there is
a linear surjection QDk.m/� FkAn.m/Q. The relations AS, IHX, STU2, R in QDk.m/ all hold
in An.m/Q, and hence this surjection descends to a surjection

Fk
n .m/Q� FkAn.m/Q:

Those surjections, for 1 � k � n, combine into the vertical maps in the commutative diagram of the
statement and commute with the maps ik

n and �kn . By Proposition 2.4.3.3, the maps � are injective, and
hence so are the vertical maps.

To see that the sections sk
n and �k

n coincide, compare (2-7) with (2-19).

2.4.5 The Lie algebra of trees We directly obtain, from the presentation of the primitive filtration
of An.m/Q in Theorem 2.4.4.1, a concrete presentation of the primitive Lie algebra Prim.A.m/Q/.

Theorem 2.4.5.1 The primitive Lie algebra Prim.A.FI/.m/Q/ is naturally isomorphic to the Lie algebra
of trees

L.FI/.m/Q WD F .FI/;1.m/Q DQDT .m/=h.1T/;AS; IHX;STU2
i

endowed with the bracket

Œ � ; � � W L.FI/.m/Q �L.FI/.m/Q! L.FI/.m/Q; .T;T 0/ 7! ŒT;T 0� WD
�����������!
.T 0 �T /.T �T 0/;

for any T;T 0 2 DT .m/ and extended linearly.

Proof Under the isomorphism of filtrations from Theorem 2.4.4.1 and by Theorem 2.2.2.3, we have an
isomorphism of Q-modules (we omit .FI/)

L.m/Q Š F1A�1.m/Q Š Prim.A.m/Q/

and
�����������!
.T 0 �T /.T �T 0/ in L.m/Q corresponds to T �T 0�T 0 �T in Prim.A.m/Q/ by definition of

�!
. � /. Hence

L.m/Q Š Prim.A.m/Q/ as Lie algebras as well.

3 The rational Goussarov–Habiro Lie algebra of string links

3.1 Clasper calculus and realisation of diagrams

In this section, we describe the realisation map R W LFI.m/Q! LL.m/Q which sends a tree diagram T

to the string link obtained by clasper surgery along a tree clasper realising T . First, we need to make
precise what is meant by a tree clasper realising a tree diagram. Then, we need to show that the relations
1T, AS, IHX and STU2 are satisfied. Most are known and recalled in Proposition 3.1.3.1.

For complete definitions of claspers and clasper surgeries, we refer the reader to the original papers of
Habiro [22] and Goussarov [17; 18].
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C3

�

Figure 8: A degree-3 simple tree clasper and the resulting clasper surgery.

3.1.1 Clasper calculus A simple tree clasper C on a string link 
 is a ribbon uni-trivalent tree diagram
embedded in the complement of 
 , with leaves attached to the strands. See Figure 8, on the left, where 

is the trivial string link on three strands. We use Habiro’s drawing convention [22, Figure 7]: nodes
(trivalent vertices) are dots, leaves (univalent vertices) are boundaries of disks, each meeting 
 transversely
exactly once. Ribbon edges have the blackboard framing with half-twists represented by small barred
disks, where the bar indicates whether the half-twist is positive or negative (e.g., the clasper in Figure 8
has a negative half-twist).

A tree clasper C has a degree deg.C /D #leaves� 1, defined as for uni-trivalent tree diagrams. For
example, the tree claspers in Figure 3 have degree 1 and 2, respectively, while the one in Figure 8 has
degree 3.

Habiro actually defines more general claspers than just simple tree claspers, with boxes and more
general leaves. Those appear when manipulating tree claspers. A clasper C determines a framed link LC .
Dehn surgery along LC is called clasper surgery along C . A clasper surgery (along a simple clasper)
does not modify the ambient manifold (here, the cylinder), but does modify the string link. The result of
clasper surgery along a clasper C on 
 is denoted 
C . When 
 is the trivial string link 
0 D 1, we write
�.C / WD 
C

0
D 1C . See Figures 3 and 8 for examples of clasper surgeries.

Clasper calculus consists in a collection of moves, i.e., modifications on claspers that do not alter the
resulting surgery 
C . Those moves are pictured in [22, Proposition 2.7].

Clasper surgeries are entirely supported in a regular neighbourhood of the clasper; hence they define
local operations on the set of string links and naturally lead to the study of equivalence classes of string
links under those moves.

3.1.2 The Goussarov–Habiro Lie algebra of string links Let 
 be a string link. A Cn-move on 
 is a
surgery along a degree-n tree clasper on 
 . Two string links 
 , 
 0 are said to be Cn-equivalent, denoted by



Cn
� 
 0, if one can be obtained from the other by applying a sequence of Cn-moves. The Cn-equivalence

relation is symmetric by [22, Proposition 3.23]. This defines the Goussarov–Habiro filtration, of the
monoid of string links L.m/,

(3-1) L.m/DL1.m/�L2.m/�L3.m/� � � � ;

where Ln.m/ WD f
 2 L.m/ j 

Cn
� 1g is the submonoid of Cn-trivial string links, i.e., string links that

are Cn-equivalent to the trivial string link 1. The quotient monoids Lk.m/=CnC1 are finitely generated
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nilpotent groups [22, Theorem 5.4]. They are abelian groups when kDn, in which case they are denoted by

(3-2) LnL.m/ WDLn.m/ WDLn.m/=CnC1;

and more generally, for any 1� k; k 0 � n, one has

(3-3) ŒLk.m/=CnC1;Lk0.m/=CnC1��LkCk0.m/=CnC1:

Thus the abelian groups (3-2) combine into a graded Lie algebra, called the Goussarov–Habiro Lie
algebra of string links on m strands

LL.m/ WD
M
n�1

LnL.m/ WD
M
n�1

Ln.m/;

whose Lie bracket is induced from (3-3). Alternatively, the truncation L�nL.m/ is the graded Lie algebra
associated to the N -series fLk.m/=CnC1g1�k�n of the group L.m/=CnC1. See [29, Theorem 2.1; 31].

3.1.3 Realising tree diagrams in the Goussarov–Habiro Lie algebra The following proposition
gathers known relations between string links obtained from clasper surgeries along tree claspers “realising”
the relations AS, IHX, STU2 and STU between diagrams.

Proposition 3.1.3.1 Let n � 1. The following relations , involving claspers on the trivial string link 1,
hold in Ln.m/, where the additive notation is used and the CnC1-equivalence class of a string link 1C is
denoted by Œ1C �:

(i) If C and C 0 are simple tree claspers of degree n that are homotopic with respect to the trivial string
link (see [22, §4.1]), then Œ1C �D Œ1C 0 �.

(ii) If C and C 0 are simple tree claspers of degree n, that only differ at one place as in Figure 9(b ), then
Œ1C �C Œ1C 0 �D 0 (AS relation). The same holds if C 0 is obtained from C by adding a half-twist to an edge.

(iii) If I , H and X are three simple tree claspers of degree n, that only differ at one place as in Figure 9(c),
then Œ1I �� Œ1H �C Œ1X �D 0 (IHX relation).

(iv) If Y D, Y�,D Y andD� are four simple tree claspers of degree n, that only differ at the two places
shown in Figure 9(a), then Œ1YD�� Œ1Y ��D Œ1DY �� Œ1Y �� (STU2 relation).

We also have:

(v) Let F� D T1[T2, FD D T1[T 0
2
, where T1, T2, T 0

2
are three simple tree claspers of degree n1 (T1)

and n2 (T2;T
0
2
), be such that F� and FD are identical outside of the part shown in Figure 9(d ), which

involves one leg of T1 and another of T2, respectively T 0
2

(i.e., T2 and T 0
2

only differ by the position of
one leg with respect to the shown leg of T1). Then 1F�

CnC1
� 1FD � 1T where T is the simple tree clasper

(in red ) of degree n WD n1C n2 obtained by joining T1 and T2. We say that FD and F� are related by a
slide move.

Algebraic & Geometric Topology, Volume 26 (2026)



Primitive Feynman diagrams and the rational Goussarov–Habiro Lie algebra of string links 1063

(a) From left to right, the claspers YD, Y�,DY and �Y (b) C and C 0

T

T1

T2

T1

T
′

2

(c) I , H and X (d) F�, FD and T

Figure 9: Illustration of claspers mentioned in Proposition 3.1.3.1.

Proof See [22, Theorem 4.3] for (i), and [22, Theorem 4.7; 38, E.9] for (ii). Proofs and sketches
of (iii) can be found in [10; 16, Proposition 3.4.4.1; 19, Theorem 6.6; 32, Lemma 2.9; 38, E.11]. In
[26, Section 10.3], (iv) is proved for knots, but the argument applies for string links. For (v), follow the
proof of [22, Proposition 4.4] then “separate” T from FD using a homotopy [22, Theorem 4.3] and then
remove the two half-twists, which does not change the CnC1-equivalence class of the result.

We are now able to describe the realisation map from tree diagrams to string links. Similar realisation
maps are mentioned by Habiro [22, §8.2] and described by Ohtsuki [38], Conant–Teichner [13; 14] and
Kosanovic [26].

Theorem 3.1.3.2 For each n� 1, there is a surjective Q-linear morphism

Rn W LFI
n .m/Q DQDT

n .m/=h1T;AS; IHX;STU2
i ! LnL.m/Q

that sends a tree diagram T to the class of the string link obtained by performing a clasper surgery along
a clasper C whose underlying diagram is T (defined in the proof ). Those morphisms combine into a
surjective morphism of Lie algebras , over Q,

R W LFI.m/Q� LL.m/Q

from the primitive Lie algebra of trees (Theorem 2.4.5.1) onto the rational Goussarov–Habiro Lie algebra.

Proof First, we define the realisation map

zR W DT
n .m/!Ln.m/

as follows: Start with a tree diagram T 2DT
n .m/ as on Figure 10(a). Since T is a tree, its underlying graph

is planar and we can pick a planar projection where the cyclic orderings of the nodes are counterclockise.
Place that planar projection of the tree to the left of the m vertical strands, with the univalent vertices lying
on a vertical line parallel to the strands, as on Figure 10(b). Attach the leaves of the tree to their respective
positions on the strand, as given by the diagram T , with an additional (negative or positive) half-twist
added to a single chosen leaf10 (see Figure 10(c)). Outside of that additional half-twist, the attachment

10The addition of that additional half-twist is related to the footnote on page 68 in [22]. Although it is not crucial in the case
of realising trees, it will be when realising forests later on, in order for the STU relation to hold with the usual signs.
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(a) Diagram T

1

2

3

4

1

2

3

4

(b) Planar tree

CT

(c) Clasper CT

1

2

3

4

2

3

4

1

∼

(d) Changing the order

Figure 10: Realising a tree diagram.

must be made without introducing half-twists, always going from left to right, and the disk-leaves must
clasp to the tangle strands as on Figure 10(c). This yields a simple tree clasper CT on m strands.

The choices made in the above construction do not alter the result, modulo CnC1-equivalence:

(1) Changing the choice of ordering of the univalent vertices on the vertical line in Figure 10(b) introduces
full twists, which do not matter modulo CnC1-moves by (6) in the proof of [22, Theorem 4.3]. See
Figure 10(d).

(2) Any two choices of embeddings of the edges joining the planar graph to the disk-leaves are related by
a homotopy, which does not change the CnC1-equivalence class of the result by Proposition 3.1.3.1(i).

(3) Adding the half-twist to a different leaf can be obtained by introducing two new half-twists: one to
cancel out with the former one, and a new one. Since adding a half-twist corresponds to inversing modulo
CnC1-equivalence (Proposition 3.1.3.1(ii)) this choice does not matter modulo CnC1-equivalence. For
the same reason, it does not matter whether we chose a positive or negative half-twist.

For a tree clasper CT in such a position, we say that its underlying diagram is D.CT / WD T .
Define zR.T / WD 


CT

0
D �.CT /. Since CT is a degree-n tree clasper, the CnC1-equivalence class

of zR.T / is indeed an element of Ln.m/.
Since Ln.m/ is an abelian group, the map zR induces a morphism of abelian groups

(3-4) zR W ZDT
n .m/!Ln.m/:

This morphism sends AS, IHX and STU2 to zero by Proposition 3.1.3.1(ii), (iii) and (iv), respectively. It
also sends 1T to zero; see Figure 11. Thus zR factors through the quotient ZDT

n .m/=h1T;AS; IHX;STU2
i.

Moreover, this map is surjective, since Ln.m/ is generated by string links of the form 1T where T is a
simple tree clasper of degree n [22, Lemma 5.5], and any such clasper can be homotoped [22, Theorem 4.3]
to a clasper in the position described in the construction of zR (up to adding and removing half-twists,
that is, up to a sign).

After passing to rational coefficients, we obtain the map Rn as in the statement. Those combine into a
surjective Q-linear morphism R W LFI.m/Q! LL.m/Q. It remains to show that R is compatible with
the Lie brackets.

Pick two tree diagrams T , T 0 of respective degrees k, l , and let n WD kC l . Denote by the same letters
tree claspers realising them.
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� ≃

Figure 11: The morphism induced by zR sends 1T to zero.

The commutator ŒR.T /;R.T 0/� is equal to the CnC1-equivalence class of �.T T 0T T 0/ where T

represents the inverse of T modulo CnC1-equivalence, idem for T 0, the product is vertical concatenation
and � denotes surgery modulo CnC1-equivalence. The strategy is to go from the clasper T T 0T T 0 to
the clasper T T 0T 0T by a sequence �0; : : : ; �r�1 of slide moves; see Figure 12 (top). On one hand,
T T 0T 0T

CnC1
� 1. On the other hand, each slide move creates a red tree clasper �!�i (Proposition 3.1.3.1(v)).

All in all, we obtain

(3-5) ŒR.T /;R.T 0/�D �.T T 0T T 0/D

r�1X
iD1

�.�!�i /:

Let us compare (3-5) with the commutator of the original tree diagrams T , T 0. We can follow the
exact same path of slide moves on the diagrammatic level to get

(3-6) ŒT 0;T �D
���������!
.T T 0/.T 0T /D

r�1X
iD1

�!ei

by Definition 2.3.2.7.
In (3-5) and (3-6) the roles of T and T 0 are reversed. This justifies the additional half-twist in the

definition of the realisation map. More precisely, the tree claspers realising T , T 0 both have an additional

. . . . . .

T

T
′

T

T
′

T

T
′

T
′

T

T

T
′

T

T
′

ǫ0
� · · · � � . . .

ǫl

�

� . . .
el

�

e0
� · · · �

ǫi

�

ei

�

Cn+1
∼ ·

︸︷︷︸

=:−→ǫi

−→
ei =

Fi Fi+1

Figure 12: Commutator of string links (top) versus tree diagrams (bottom).
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half-twist introduced somewhere. Thus, the red tree clasper �!�i has two half-twists, or zero, modulo CnC1.
This means that R.�!ei /D��.

�!�i / and therefore

R.ŒT;T 0�/D�R.ŒT 0;T �/D�
X

i

R.�!ei /D
X

i

�.�!�i /D ŒR.T /;R.T
0/�;

which concludes the proof that R is a surjective morphism of Lie algebras over Q.

3.2 The Kontsevich integral and the tree preservation theorem

The Kontsevich integral is the last ingredient of our identification of the rational Goussarov–Habiro Lie
algebra. Discovered by Kontsevich [25] as a universal Vassiliev invariant over Q, it is a morphism

Z WL.m/!dAFI.m/Q;

which to a string link 
 2 L.m/ associates an element Z.
 / in the graded completion dAFI.m/Q

of AFI.m/Q. The Kontsevich integral of a string link Z.
 / can be thought of as a series expansion of 
 ,
such that degree � n Vassiliev invariants only depend on the degree � n part Z�n.
 /. However, it is an
open question whether Z is injective on L.m/, i.e., whether the Kontsevich integral classifies string links.

Since the Kontsevich integral turns string links into diagrams, it is a good candidate for inducing an
inverse to the realisation map R. This is indeed the case, as we will see in this section.

3.2.1 The combinatorial Kontsevich integral The combinatorial version of the Kontsevich integral [2]
is easier to work with. The combinatorial Kontsevich integral is understood as a functor whose domain is
the category PTangles of parenthesized tangles up to isotopy (denoted by PT in [2]), i.e., whose objects
are parenthesized l-words (i.e., finite words in the alphabet f";#g, together with a parenthesizing of their
letters [2, §2.1]) and whose morphisms are isotopy classes of unframed tangles with the adequate l-words
as boundaries, also referred to as q-tangles [30]. Its target is the category

^

DiagQ of uni-trivalent diagrams
[2, Definition 3.1] on tangle skeletons, whose objects are (nonparenthesized) l-words and morphisms are
formal series in dAFI.S/Q for tangle skeleta S with the adequate l-words as boundaries. Composition
in PTangles is simply vertical concatenation. Composition in

^

DiagQ is given by concatenation of the
tangle skeleta and concatenation of the diagrams (extended linearly).

Theorem 3.2.1.1 [2; 7; 15; 38] The Kontsevich integral of unframed parenthesized tangles

Z W PTangles!
^

DiagQ

has the following properties:

(i) It is a functor: If 
 D idw for some parenthesized l-wordw, i.e., it consists of parallel vertical strands ,
then Z.
 /D 1 2dAFI.m/ is the empty diagram. If 
1, 
2 are two concatenable tangles (i.e., composable
in PTangles), then Z.
1 ı 
2/DZ.
1/ ıZ.
2/.

(ii) It is a monoidal functor , where the monoidal structure on both sides is given by juxtaposition , i.e.,
horizontal concatenation:11 Z.
1˝ 
2/DZ.
1/˝Z.
2/.

11In PTangles, the parenthesizing of the tensor product is given by u˝ v WD ..u/.v//.
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(iii) It takes , on the standard braiding tangles (which are elements of PTangles."";""/), the values

Z
7�! C

1
2

C
1
8

C � � � D ı exp
�

1
2

�
;

Z
7�! ı exp

�
�1
2

�
:

(iv) On the standard associator , cap and cup parenthesized tangles ,

2 PTangles..""/ ";" .""//; 2 PTangles."#;¿/; 2 PTangles.¿;#"/;

it is trivial modulo terms of degree � 2:

Z
� �

D CO.2/; Z
� �

D CO.2/; Z
� �

D CO.2/:

(v) It is compatible with the operation of reversing a strand. If RC 
 is obtained from 
 by reversing the
orientation of the component C , then

Z.RC 
 /D .RC /�Z.
 /;

where .RC /� W
dAFI.S/Q!

dAFI.RC S/Q is defined as follows. For a diagram D on the tangle skeleton
S D S.
 /,

.RC /�.D/D .�1/#fendpoints on C gD0 2dAFI.RC S/Q;

where D0 is the same diagram as D on the tangle skeleton RC S D S.RC 
 /.

(vi) It is compatible with the operation of doubling a strand. If DC 
 is obtained from 
 by doubling12

the strand C , then

Z.DC 
 /D .DC /�Z.
 /;

where .DC /� W
dAFI.S/Q!

dAFI.DC S/Q is defined as follows. For a diagram D on the tangle skeleton
S D S.
 /,

.DC /�.D/D
X

D0 lifts D

D0 2dAFI.RC S/

is the sum of all the 2#fendpoints on C g ways of “lifting” D to a diagram on DC 
 . For example ,

.D3/�

 !
D C C C ;

where D3 is the operation of doubling the third strand.

As explained in [8, Section 10.3.2], any parenthesized tangle can be decomposed into a product of
tensor products of basic tangles: braidings, cups, caps, associators, or images of those under reversing

12If " is an endpoint of C one of the end l-words, then it is replaced by .""/ in DC 
 , and similarly for #.
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and doubling operations. Knowing the value of Z on each of those standard tangles suffices to deduce
the value of Z on any tangle.

It should be mentioned that different choices of value of Z on the associator tangle lead to different
combinatorial Kontsevich integrals. The possible choices are called Drinfeld’s associators, of which there
is a deep theory (see [8] for more details). For our purpose, it only suffices to know that they are all trivial
modulo terms of degree � 2. This also allows us to ignore the parenthesizing of the extremities of the
string links considered in the theorem below.

Denote by Z�n, Zn and Z�n the compositions proj ı Z, where proj is the projection onto the
corresponding direct summands.

3.2.2 Tree preservation theorem

Theorem 3.2.2.1 Let n� 1 and let T 2 DT
n .m/ be a degree-n tree diagram on m strands. Then

(3-7) Z.R.T //D 1CT CO.nC 1/;

where R.T /D �.CT / is the result of surgery along a tree clasper CT realising T (see Theorem 3.1.3.2),
and the notation O.nC 1/ means that the equality holds modulo terms of degree � nC 1. In particular ,
the Kontsevich integral induces an inverse to R, which then provides an isomorphism of graded Lie
Q-algebras LFI.m/Q Š LL.m/Q.

Proof We proceed by induction on n. Moreover, at each step we first make the simplifying assumption (A):
mD nC 1, T has one leg on each strand and (if n> 1) the legs attached to the rightmost two strands are
adjacent to a common node. Then we show the result for the general case.

For nD 1 and assuming (A), there is only one possible diagram T 2 DT
1
.2/ with a leg on each strand.

Its realisation is a full positive braiding between the two strands, and hence we obtain the desired result
by Theorem 3.2.1.1(iii):

R
7�! �

0B@
1CAD

Z
7�!

0@ C
1
2

CO.2/

1A ı
0@ C

1
2

CO.2/

1AD C CO.2/:

Now we remove the assumption (A), and hence the single chord of T can have its legs attached
anywhere on the m strands. Consider a clasper CT realising T , as in the construction of the realising
map R; see Figure 10. By an isotopy, we can pull the clasper out and bring it into a small box, such that
the box contains 2 parallel vertical strands and the clasper CT is attached to them satisfying (A):

(3-8) T  
CT

'
ξ

:
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The grey box consists of a string link � with a degree-1 tree clasper CT on it, satisfying (A). Thus we
compute

Z

0B@R

0B@ T

1CA
1CA

DZ

�
�

� ��
ıZ

0B@
1CA

.A/
D

�
Z

� �
C CO.2/

�
ıZ

0B@
1CA

DZ

� �
ıZ

0B@
1CAC ı CO.2/

DZ

0B@
1CAC CO.2/

D 1C CO.2/;

where the first equality uses (3-8) and multiplicativity. Then the left factor can be computed by the above
since (A) is satisfied in the small grey box. Then we distribute the product over the sum on the left to
obtain the second line, where everything that has degree � 2 is contained in O.2/. Use multiplicativity
again to reconstruct the first term as the Kontsevich integral of a string link isotopic to the unlink, which
becomes 1, while the second term gives the diagram T when attached to the outside. This concludes the
proof of the case nD 1.

Now we show the induction step. Let n� 2 and assume that the statement holds in degree n� 1.
First, consider a degree-n tree diagram T 2 DT

n .nC 1/ on nC 1 strands and satisfying (A). It looks
like the diagram on the left of

. . .

T  
. . .

CT ;

where the black dashed rectangle contains the n� 1 other legs. Realise it as a tree clasper CT , assuming
that the additional half-twist is in the blue blob. The core of the induction step is to apply Habiro’s move 2
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and 10 [22, pages 14, 15] to the visible tripod:

� ' :

The right-hand side is obtained by isotopy. The new tree clasper C 0 (CT minus the tripod) realises a
degree-.n�1/ tree diagram T 0.

Thus, to compute R.T / we can first apply moves 2 and 10 as above, then perform surgery on C 0. This
surgery is entirely contained in the grey rectangle shown in the first line below:

Z.R.T //

DZ

 
. . .

!
ıZ

0BBBB@
. . .

1CCCCA

D

 
1C .RnC1/�.Dn/�

 
. . .

T’

n

!
CO.n/

!
ı

0BBBB@1CZ1

0BBBB@
. . .

1CCCCACO.2/

1CCCCA

D

 
.RnC1/�.Dn/�

 
. . .

T’

n

!!
ıZ1

0BBBB@
. . .

1CCCCA
„ ƒ‚ …

.1/

C . . . ıZ

0BBBB@
. . .

1CCCCA
„ ƒ‚ …

.2/

CZ�1

 
. . .

!
ı

. . .

„ ƒ‚ …
.3/

CO.nC 1/:

We obtain the first equality by multiplicativity of Z. From the second to the third line, the induction
hypothesis

Z.R.T 0//D 1CT 0CO.n/
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is used, with additional strand doubling and reversing. Then the fourth line is obtained by distributing
this product (Recall that 1 stands for the empty diagram on the adequate tangle skeleton), and putting all
the terms of degree � nC 1 inside O.nC 1/. Let us compute the resulting three terms, denoted (1), (2)
and (3), respectively:

(1) The first term is a product of degree-.n�1/ terms with degree-1 terms. First, we compute those two
factors individually. Since we are only computing the degree-1 part of Z, only the braidings matter. The
first factor is obtained by doubling the n-th strand and reversing the new .nC1/-st strand

.RnC1/�.Dn/�

 
. . .

T’

n

!
D .RnC1/�

 
. . .

C

. . .

!

D

. . .

�

. . .

and the second factor is a sum of Kontsevich integrals of braidings

Z1

0BBBBB@
. . .

1CCCCCAD
. . .

�

. . .

C
1
2

. . .

�
1
2

. . .

:

Combining them yields

.1/D

. . .

�

. . .

C
1
2

. . .

�
1
2

. . .

�

. . .

C

. . .

�
1
2

. . .

C
1
2

. . .

D

. . .

�

. . .

STU
D

. . .

T ;

where the last three columns vanish, since the leg attached to the blob is free to slide across the maximum.
In the first column, the additional chord prevents that leg from sliding. This column gives the tree
diagram T by STU.
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(2) The left factor is Z applied to a trivial string link, with reversed rightmost strand. By multiplicativity
of Z, we can combine the two factors into

Z

0BBBB@
. . .

1CCCCADZ

0BBBB@
. . .

1CCCCAD 1:

(3) Since terms (1) and (2) equal T and 1, respectively, we expect (3) to vanish. Although the first factor
might be very complicated, all we know is that it is obtained from a sum of diagrams by doubling the last
strand, then reversing the new last strand. This fact alone actually suffices to show that (3) vanishes.

Indeed, suppose that D is any nonempty diagram on n strands, with k � 1 legs attached to the last
strand. Doubling the last strand turns that diagram into a sum of all its 2k lifts. Such a lift is indexed by
a word e1 : : : ek 2 f0; 1g

k where an ei D 0, resp. ei D 1, means that the i-th leg is attached to the n-th,
resp. .nC1/-st strand. Reversing the last strand has the effect of multiplying by ˙1, depending on the
number of legs attached to the last strand. The resulting sum

.RnC1/�.Dn/�

0B@ . . .

.

.

.

n

D

1CAD X
e2;:::;ek2f0;1g

.�1/
P

j�2 ej

0B@ . . .

.

.

.

n

�

. . .

.

.

.

n

1CA
is a sum of differences of the form “e1 D 0” minus “e1 D 1”. Multiplying each such difference with the
second factor of (3) gives 0 since the first leg is now free to go from one position to the other:

0B@ . . .

.

.

.

n

�

. . .

.

.

.

n

1CA ı
. . .

D 0:

The above shows that all terms in Z.R.T 0// that have at least one leg on the last strand vanish once
we apply .RnC1/�.Dn/� and multiply the result with the second factor.

In fact, all the terms in Z.R.T 0// must have at least 1 leg on the last strand. Indeed, by definition of
the Kontsevich integral, the sum of all terms with no leg on the last strand is equal to the Kontsevich
integral of R.T 0/ minus the last strand. If the last strand is removed, then T 0 gets a trivial leaf and the
surgery is trivial. In other words, this comes from the fact that a string link obtained by surgery along a
tree clasper with exactly one leg on each strand is a Brunnian string link [24].

This concludes the proof that (3) vanishes.

By the above computations of (1), (2) and (3), we obtain

Z.R.T //D 1CT CO.nC 1/

as desired. This concludes the case (A) in degree n.
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The general case is shown exactly as in degree 1, by pulling the clasper out to extract a box containing
the clasper (as in (3-8)), in which assumption (A) is satisfied. This concludes the induction step, and the
proof of (3-7).

It remains to show that Z induces an inverse to R.
By (3-7), the degree-n part of Z induces a map Zn W Ln.m/ ! AFI

n .m/Q; which is constant on
CnC1-equivalence classes. Thus it factors through

ZGH
n W LnL.m/!AFI

n .m/Q;

whose image lies in Prim.AFI.m/Q/n. Identifying the latter space with LFI
n .m/Q by Theorem 2.4.5.1,

direct summing all the degrees at once and tensoring with Q, we finally obtain

ZGH
W LL.m/Q! LFI

n .m/Q;

which is an inverse to R by (3-7).

4 Application to the rational Goussarov–Habiro conjecture
4.1 The rational Goussarov–Habiro conjecture

4.1.1 Vassiliev filtration and associated graded algebra The monoid ring ZL.m/ of string links is
filtered by the Vassiliev filtration (4-1), with associated graded algebra AL.m/ (4-2):

ZL.m/� @1.ZS1L.m//� @2.ZS2L.m//� � � � ;(4-1)

AL.m/ WD
M
n�0

AnL.m/ WD
M
n�0

@n.ZSnL.m//

@nC1.ZSnC1L.m//
;(4-2)

where S�L.m/ denotes the graded monoid of (isotopy classes of) singular string links (where the only
allowed singularities are transversal double points), graded by the number of double points. The Z-linear
maps @n W ZSnL.m/! ZL.m/ are defined by applying the Skein relation [3]

(4-3) 7! �

to each double point, where it is understood that the terms are identical outside of the part shown. Thus,
for 
 2 SnL.m/ a singular string link with n double points, its image @n.
 / 2 ZL.m/ is an alternating
sum of all possible resolutions of the n double points.

A string link invariant V WL.m/!A valued in an abelian group A naturally extends to a Z-linear map
V W ZL.m/!A. We say that V is a Vassiliev invariant or finite type invariant of degree n if it vanishes
on @nC1.ZSnC1L.m//. In particular, a Vassiliev invariant of degree n induces a functional on AnL.m/.
Two string links 
; 
 0 2L.m/ are Vn-equivalent if they cannot be distinguished by Vassiliev invariants of
degree < n or, equivalently, if 
 � 
 0 belongs to @n.ZSnL.m//.

There is a realisation map Rv W AFI.m/� AL.m/ (v refers to Vassiliev), which is a morphism of
Z-algebras. Originally, Rv was defined on the presentation of AFI.m/ by chord diagrams, by sending
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a chord diagram to a singular string link realising it [1]. However, one can define this realisation map
on forest diagrams using claspers [13, Theorem 1.1; 22, Section 6], in order to construct a surjective
morphism of graded Z-algebras

(4-4) Rv
WAFI.m/�AL.m/;

which in degree n sends a forest diagram F 2 Dn.m/ to

Œ
0IT1; : : : ;Ts � WD
X

S0�fT1;:::;Tsg

.�1/s�jS
0j.
 S0

0 / 2AnL.m/;

where T1[ � � � [Ts is a forest clasper realising F , 
0 denotes the trivial string link on m strands and 
 S0
0

denotes the result of clasper surgery on 
0 along the trees contained in S 0.

Remark 4.1.1.1 A forest clasper that realises a forest diagram F is constructed as in the proof of
Theorem 3.1.3.2, but with multiple trees at the same time and with an additional positive half-twist near a
chosen leaf of each tree. Those half-twists are important in order for STU relations to be realised with
correct signs. This explains the footnote on page 68 in [22]. 4

Over Q, the realisation map Rv WAFI.m/Q
Š�!AL.m/Q is an isomorphism, with inverse induced by

the Kontsevich integral [1; 25].

4.1.2 The Goussarov–Habiro conjecture From the definition of the Vassiliev filtration using claspers,
it follows that Cn-equivalence implies Vn-equivalence for string links in L.m/. Goussarov and Habiro
independently conjectured the converse:

Conjecture (Goussarov–Habiro conjecture for string links in the cylinder) For all m� 1 and n� 1, any
Vn-equivalent string links on m strands are Cn-equivalent.

Since Cn-equivalence implies Vn-equivalence, any Cn-trivial string link 
 2Ln.m/ is automatically
Vn-equivalent to the trivial string link 1, and hence 
 � 1 belongs to @n.ZSnL.m//. This yields the
comparison map [22, Section 8.2]

� W LL.m/!AL.m/ W Œ
 � 7! Œ
 � 1�;

which is injective if and only if the Goussarov–Habiro conjecture is true. In particular, it is injective when
mD 1 by the Goussarov–Habiro theorem for knots [22, Theorem 6.18].

Exploiting the dimension subgroup property in characteristic zero, Massuyeau showed the following
rational version of the Goussarov–Habiro conjecture:

Theorem 4.1.2.1 (Massuyeau [31]) Over Q, the map � W LL.m/Q!AL.m/Q is injective.

Let us now give an alternative proof of Massuyeau’s theorem, following from the main result of this
paper. Once we pass to rational coefficients, the realisation maps R, Rv and the comparison map �
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combine into the commutative square of graded (Lie or Hopf) algebras

LFI.m/Q Prim.AFI.m/Q/ AFI.m/Q

LL.m/Q AL.m/Q
�

R Š Rv Š

Š

�

ZGH
Zv

where Zv is the inverse to Rv by Kontsevich’s theorem, � is an isomorphism by Theorem 2.4.5.1, the left
triangle commutes and R becomes an isomorphism by Theorem 3.2.2.1. Therefore, � is injective, which
concludes the alternative proof of the rational Goussarov–Habiro conjecture.
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