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Finiteness conjecture for 3-manifolds obtained from handlebodies
by attaching 2-handles

HIROAKI KARUO AND ZHIHAO WANG

We study a generalized Witten’s finiteness conjecture for the skein modules of oriented compact 3-
manifolds with boundary. We formulate an equivalent version of the generalized finiteness conjecture
using handlebodies and 2-handles, and prove the conjecture for some classes with the handlebodies of
genus 2 and 3 using the equivalent version.

1 Introduction

Let R be a commutative unital ring with a distinguished invertible element ¢ and M be an oriented 3-
manifold with (possibly empty) boundary dM . The skein module of M , denoted by ./, (M ), is introduced
as the R-module generated by isotopy classes of framed links (including the empty set) in M subject to

X=q><+q”x, O =(—¢*—q7?) ,

where, in each relation, the local pictures are the intersection of framed links and an open 3-ball in M

the relations

and the framed links are the same except where shown.

For an oriented surface X, when we replace M with X x [0, 1], it allows multiplication on the skein
module by stacking with respect to [0, 1]. With this multiplication, the skein module of X x [0, 1] is called
the skein algebra of X, denoted by .7, ().

When we substitute +1 to ¢, we have

XXX

This implies skein algebras are commutative at ¢ = 1. In addition, skein modules are commutative
algebras by taking the product of two framed links as a disjoint union of them. In particular, in the case
when R = C, we have .%41(M)/+/0 is isomorphic to the coordinate ring of the SL,C-character variety
of w1 (M), where V0 is the nilradical [3; 4; 19].

For any 3-manifold M, the skein algebra .7, (dM ) has an obvious action on .4 (M ). We will use “”
to denote this action. More precisely, we identify a small closed regular neighborhood U of dM with
dM x [0, 1] such that IM x {1} is identified with dM . Then for any skeins & in M x [0, 1] and B in M,
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we first push B away from U, then define « - B = o U B. With this action, .#; (M) can be regarded as a
4 (0M )-module.

Skein modules have various features according to the ground ring R. For instance, when R = Q(gq)
the field of rational functions in ¢ over Q, it was conjectured that skein modules of closed 3-manifolds
are finite dimensional; this was known as Witten’s finiteness conjecture. After some partial results
[6; 7; 8; 10; 11; 16], the conjecture was solved affirmatively in [9].

Theorem 1.1 (Witten’s finiteness conjecture [9]) For any oriented closed 3-manifold M , the skein module
of M has finite rank over Q(q).

As a generalization of this conjecture, the following conjecture was formulated by Detcherry [7].

Conjecture 1.2 (finiteness conjecture for 3-manifolds with boundaries) For any oriented compact 3-
manifold M with (possibly empty) boundary dM , the skein module .#; (M) has a finite subset which
spans /4 (M) over the Q(g)-algebra 7, (0M'), where if IM = & then we regard ./, (M) = Q(q).

There is a stronger version of Conjecture 1.2 proposed by Detcherry [7].
Except for closed 3-manifolds, it is known that Conjecture 1.2 holds for

e F x [0, 1] with a compact oriented surface F' (by definition),
¢ Seifert fibered manifolds with orientable base and nonempty boundary [2],

¢ the complement of a torus knot, a 2-bridge link or a (—2, 3, 2n+1)-pretzel knot in S3[12; 13; 14; 15],

and their proofs are based on diagrammatic techniques.

For a general 3-manifold M with nonempty boundary, Conjecture 1.2 is more complicated than
Witten’s finiteness conjecture since we have to treat infinitely many skeins near the boundary. While
there are some techniques to understand which skeins are near the boundary, the techniques do not apply
to general cases, especially 3-manifolds having higher genus surfaces as their boundaries. This paper
aims to solve an equivalent and tractable version of Conjecture 1.2 with a handlebody and 2-handles
(Theorem 2.3). The idea comes from the fact that any oriented connected compact 3-manifolds are obtained
from handlebodies by gluing 2-handles up to 3-balls; see Section 2.1. With the equivalent version and
diagrammatic techniques, we show Conjecture 1.2 affirmatively for some 3-manifolds with boundary and
with Heegaard genus 2 or 3 (Theorem 2.13). In particular, the boundary of each 3-manifold in the case of
genus 3 is the closed surface of genus 2. This is the first nontrivial example for Conjecture 1.2 with higher
genus boundary surfaces. This implies that the examples are not covered by the listed previous results.

2 Finiteness conjecture
2.1 Equivalent versions for the finiteness conjecture

In the following, we use N to denote the set of nonnegative integers and work on R = Q(g) unless
otherwise specified, where Q(gq) is the field of rational functions in g over Q.
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Let M be an oriented connected compact 3-manifold, and let C be a collection of disjoint embedded
closed curves in dM . We use M€ to denote the 3-manifold obtained from M by attaching 2-handles
along all the closed curves in C, and call the pair (M, C) an attaching system. Let 1 : M — M denote
the natural embedding and ¢4 : 4 (M) — 4 (M €) denote the induced homomorphism. Let Fq(OM )¢
be the Q(g)-subvector space of .74 (M) linearly spanned by all diagrams in dM having no intersection
with C. Clearly ./, (0M )¢ is a subalgebra of .7, (M ).

For any Q(g)-subalgebra A of ./, (dM ) and any nonempty subset X of ./, (M), define

A-X:{al-x1+'-'+an'xn|”EN» aiEA, x,-eX, lfifi’l},

which is a Q(g)-subvector space of .74 (M) (when n = 0, we define a; - x; + -+ + a, - x, to be 0).
For any nonnegative integer g, let Hg denote the handlebody of genus g.

Conjecture 2.1 For any attaching system (M, C), there exists a finite subset Y of ., (M) such that
L (Fg(OM ) - Y) = Sy (MC).

Let us focus on a special case with handlebodies.

Conjecture 2.2 For any attaching system (Hy, C), there exists a finite subset X" of .7, (Hy) such that
Let rank 3 ., (M) denote the minimum number of generators of .7, (M) as an ./, (dM )-module if

the minimum number exists and oo otherwise. Note that if /(M) is a free .4 (0M )-module then
rank 5 .74 (M) is equal to the usual rank over ., (0M).

Theorem 2.3 (1) Ifthe attaching system (Hyg, C) satisfies Conjecture 2.2 then Hg satisfies Conjecture 1.2
and
rank y 74 (HS) < | X|.

(2) For any attaching system (M, C), if M € satisfies Conjecture 1.2, then (M, C) satisfies Conjecture 2.1.

(3) Conjectures 1.2, 2.1 and 2.2 are equivalent to each other.

Proof (1) It suffices to show .7;(0Hyg)¢ is generated by t4(X) over .7 (8H§). For any diagram L
in 0H, having no intersection with C, and any element x € X, t4x(L - x) = t4(L UX) = ((L) U t4(x),
where ((L) C 8H§. Thus 1« (L -x) € 7 (8ch) -1x(X'). Then the definition of ., (0Hg )¢ and the fact
(S (0Hg)c - X) = (Hg) imply .7, (8ch) (X)) = (ch). The required inequality follows from
the argument.

(2) From Conjecture 1.2, we know there is a finite subset Z of .7, (M ) such that Sg(OM )Z= Fg(M ).
Since tx : S(M) — 4, (MF) is surjective [18], there exists a finite subset ¥ of .#;(M) such that
1x(Y) = Z. Note that M€ is obtained from dM in the following way. For a small open neighborhood
N(C) of C, M \ N(C) is a surface with 2|C| circle boundary components. Then, dM € is obtained from
dM \ N(C) by gluing 2|C| disks along all these circle boundary components. Thus any diagrams in dM ¢
can be pushed into dM \ N(C). Then we have .7, (M) = .7, (AMC) - Z C 1x(S3(0M )¢ - Y).

Algebraic & Geometric Topology, Volume 26 (2026)



1098 Hiroaki Karuo and Zhihao Wang

(3) From (2), we know Conjecture 1.2 implies Conjecture 2.1. Obviously, Conjecture 2.1 implies
Conjecture 2.2. Note that for any oriented connected compact 3-manifold M, there exists an attaching
system (Hyg,C) such that M (maybe after cutting out some open 3-balls) is isomorphic to H, C: see, e.g.,
[20, Theorem 3.1.10]. Then from (1), Conjecture 2.2 implies Conjecture 1.2. |

Proposition 2.4 Suppose Conjecture 2.1 holds for an attaching system (M, C), and ¢ is any ditfeomor-
phism from M to itself. Then Conjecture 2.1 also holds for (M, ¢(C)).

Proof For any subset Y of .7, (M), we have ¢« (4 (IM)c-Y) = 4 (0M ) y(cy - 05 (Y). |

Proposition 2.5 If C consists of closed curves such that all the curves bound embedded disks in H,, then
Conjecture 2.2 holds.

Proof Any skein in ch is a linear sum of skeins in Hg having no intersection with the embedded disks
bounded by closed curves in C; see [18, Theorem 6.3]. Then we can set X = {@}, where & represents
the empty skein. a

Let o be an embedded closed curve in a surface . We say « is trivial if it bounds an embedded disk,
and say « is separating if ¥ \ @ has one more component than X.

Define n(C) to be the maximum number of nontrivial and nonseparating closed curves which are
mutually not isotopic in C.

For any connected surface ¥, let g(X) denote the sum of genera of all the connected components of X.

Corollary 2.6 Conjecture 2.2 holds when g(0Hg) = n(C) and C generates H,(Hyg).

Proof We know Hg has the same skein module as a closed 3-manifold, where Hg is a closed 3-manifold
minus 3-balls. Then Theorems 1.1 and 2.3 complete the proof. O

Let (M1, Cy), (M>,C;) be two attaching systems. For each i = 1, 2, suppose D; is an embedded disk
in dM; such that D; has no intersection with C;. We use an orientation reversing diffeomorphism to
glue Dy and D,. For the pair D = (D, D,), denote the resulting 3-manifold as M, #p M>, and the
gluing disk, denoted as D, is a properly embedded disk in M #p M,. For each i = 1,2, suppose D;
is contained in the boundary component U;. Consider (M #p M,,C) with C = C{ UC; if Ml.ci has a
sphere boundary component containing D; fori =1 or 2, or C = C; U C, U {dD} otherwise.

Proposition 2.7 If Conjecture 2.1 holds for both (M1, C;) and (M3, C;), then it holds for (M #p M,,C).

Proof Suppose Ml.ci has a sphere boundary component containing D; for i = 1 or 2. Without loss of
generality, we assume that D; lies in a sphere boundary component S2 of M IC '. By applying the sphere
sliding, explained in the Appendix, to any skein « in (M #p M>)C, we get, in .7, (M, #p M>)°), o is
a linear sum of skeins having no intersection with D. Then the assumption implies Conjecture 2.2 holds
for (M #p M>,C).

Suppose C = Cy UC, U{dD}. For this case, dD € C. The same argument, as above, works by doing
handle sliding along the 2-handle attached to dD; see also [18]. |
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Figure 1: Left: a pair of pants with a part of the dual graph (the blue graph). Middle and right: each
bold arc is an embedded arc in a pair of pants whose endpoints avoid the part of the dual graph.

2.2 Dehn-Thurston coordinates

In this subsection, we recall the definition of Dehn—Thurston coordinates; see, e.g., [17] for more details.
A multicurve on a surface is a disjoint union of simple closed curves on the surface. A multicurve is

essential if it has no null-homotopic component.

3g-3
i=1
closed curves on X, such that any two of them are not homotopic, known as a pants decomposition
of Xg. Take a small closed neighborhood N(C;) of C; in Xy (i =1,...3g — 3). After we remove

|_|l3i T3 Int N(C;) from Xg, the resulting surface is a disjoint union of pairs of pants, where a pair of

pants is a surface homeomorphic to S? minus 3 open disks. A dual graph is a trivalent graph " on X g

Let X denote the orientable closed surface of genus g and {C;} be the set of nontrivial simple

such that C; (i = 1,...,3g — 3) intersects with I" just once and the intersection of I" and each pair of
pants has just 1 trivalent vertex.

For a multicurve y on Xg, letn;(y) (i =1,2,...,3g —3) be the geometric intersection number of C;
and vy, i.e., the minimum of the intersection number of C; and ' among )’ homotopic to y.

For an essential multicurve of X, it is in general position if each component of the intersection of the
3g-3
i=1

Here, any simple closed curve parallel to C; is in N(C;). We also impose that it intersects with C; and I’

multicurve and the pairs of pants of X\ (|_| Int N (C,-)) is one of the curves depicted in Figure 1.
transversely. It is known that one can isotope any essential multicurve to be in general position and an
essential multicurve y in general position realizes the geometric intersections, i.e., n;(y) = #{y N C;}.
We isotope an essential multicurve y to be in general position, denoted by y’. Let#;(y) (i =1,...,3g—3)
be the geometric intersection number of Y’ N N(C;) and I’ N N(C;) if ¥’ N N(C;) consists of only loops,
and be the oriented intersection number of ¥’ N N (C;) and I' N N(C;) defined by summing +1 (resp. —1)
for >< (resp. >< ) over all crossings, where the blue curve is I' N N (C;) and the red curve is a part
of ¥ N N(C;) and the orientations of I' N N(C;) and all the arcs of ' N N(C;) are assigned to be
inward/outward on the same boundary component of N (C;). It is known that #;(y) is well defined. The
Dehn—Thurston coordinate of an essential multicurve y with respect to {C;} and I' is the coordinate

(nl ()/)’ -5 N3g-3 (y)a 151 ()/), R t3g—3(y)) € NBg_S X Z3g_3'

In the following, we abbreviate it to the DT coordinate and let DT(y) denote the coordinate of y. It is
known that there is a one-to-one correspondence between the set of the DT coordinates of essential
multicurves on X, and the set of isotopy classes of essential multicurves on Xg.
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Figure 2: The bold curves on dH; are Cy, C3, C, from left to right and the blue graph is a dual graph.

We will use the pants decompositions depicted in Figures 2 and 5 for dH, and dH3, respectively.

2.3 Generating sets and bases for H; and H;

For any nonnegative integer m, let 7' denote the surface obtained from S 2 by removing m open disks.
Then Hg can be regarded as Eﬁ“ x [0, 1].

Let x, y, z be the peripheral loops of 2(3) depicted as in Figure 3. We also use x, y, z to denote diagrams
on 2(3) x {1} C 8(2(3) x [0, 1]) = dH;. So we can also regard x, y, z as elements in .74 (0H>).

The ground ring R equals Z[qil] (the Laurent polynomial ring in ¢ with integer coefficients) in
Lemmas 2.8-2.10. The following result is well known.

Lemma 2.8 The skein algebra .7 (28) is isomorphic to R[x, y, z].

For a polynomial P(x, z, y) = Zi,j,k c(i, j k)xz/ yk e Q(q)[x, z, y]. ¢, j. k) €Q(q),its (x, z; y)-
degree is the maximum number among i + j + 2k with ¢(i7, j, k) # 0.

Let 51, 52, 53,512,513, 523, 5123 be the simple closed curves in Eg as depicted in Figure 4.

For later convenience, for any k= (kv.ka, k3, k12, k13, ka3, k123) € N7, put

o 0 € 58,
2-1) s(k) :=3(ky + ko + k3 +ki23) +4(ki2 + ki3 + ka3),
S'(K) = 2(ky + ka) + k3 + 2k 12 + 3(ky13 + ka3 + k123).
Let A denote the subset of N7 defined by

A = {(ky1,ka, k3, k2, k13, ka3, ki123) € N7 | kyaky3kas = 0}

Figure 3: X3 and algebraic generators x, y, z in £3.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 4: The algebraic generators sy, 52, 53, S12, $13, 523, S123 Of yq(Zg).

Lemma 2.9 [5] As a free module over R, the skein algebra fq(Zg) has the basis {sié | ke A}.

Lemma 2.10 [5] When g = 1, the skein algebra .1 (Eg) is a commutative algebra over Z generated by
S1, 82, 53, S12, 13, 523, S123 subject to

2 2 2
$12513523 = 875 + 873 + 853 +512(5152 +535123) + 513(5153 + 525123) + 523(5253 + 515123)

2, 2,2, 2
+ 5152838123 + 87 + 85 + 855 + 57,3 — 4.

For an essential multicurve y in Eg, let m;(y) denote the geometric intersection number of y and the

i-th edge in Figure 5. Put

(2-2) m(y) = (my(y),ma(y), ms(y). ma(y).ms(y), me(y)) € N,
(2-3) sum(y) :=my(y) +ma(y) +m3(y) +ma(y) +ms(y) + me(y).

Then we have

n_;l(Sl) =(1,1,0,0,0,1), I’?l(sz)=(0,1,1,0,1,0), I’?l(S3)=(0,0,1,1,0, 1),
n_;l(Slz) =(1,0,1,0,1,1), 1’71(S13) =(1,1,1,1,0,0), r71(s23) =(0,1,0,1,1,1),
m(s123) = (1,0,0,1,1,0).

For any ke N7, it is easy to show that s(lz) is the sum of all the entries of
2-4)  kim(sy) +kam(sy) + ksm(s3) + ki12m(s12) + k13m(sy3) + kaani(s23) + k1237 (s123).

Lemma 2.11 For any distinct u, v € A, the values (2-4) for i and v are also distinct.

5
1~ 2 3 ~ 4
7
6

Figure 5: Left: Eg with edges giving a triangulation of IntEg. The edges are numbered as in the
picture. Right: a pants decomposition {C; l.6=1 for Eg and a dual graph (the blue graph). Each C;
corresponds with the i -th curve.
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Proof One can show that, by regarding

m(sy), m(sz), m(s3), m(si2), m(sy3), m(s3), m(s123)
as vectors and removing one of 71(s13), m(s13), M (s23) from them, the remaining vectors are linearly
independent, and

(2-5) m(sy) +m(s2) +m(s3) —m(si2) —m(s13) —m(s23) +m(s123) = 0.
Suppose
kim(sy) + kam(s2) + k3m(s3) + ki12m(s12) + k13m(s13) + kaami(s23) + ki23m(s123) =0
for (kyi,ka.k3,k12.k13,k23,k123) € Q7. The above shows the solution space of (2-5) is 1-dimensional, i.e.,
(k1,ka, k3, k12, k13, ko3, k123) = c(1,1,1, -1, =1, -1, 1),
where ¢ € Q. Thus
(2-6) kiz,k13,kz3 <0orkip, ki3,k3 = 0.
Assume there exist distinct #, U € A such that the values (2-4) of # and v are the same. Then we have
(2-7)  (uy —v))m(sy) + (ua —v2)m(sz) + (uz —v3)m(s3) + (12 — vi2)ki12m(s12)

+ (u13 —ky3)m(s13) + (23 — v23)m(s23) + (U123 — v123)11(s123) = 0.
If (u12 —v12)(u13 —v13) (123 — v23) = 0, then linear independence discussed above shows # = v. This
contradicts with the assumption that # # v. Suppose (#12 — v12)(u13 — k13) (123 — v23) < 0. Since
u€A,ie., upui3zurz =0, we suppose u1, = 0 without loss of generality. Since 11y —vip # 0, we
have vi; # 0 and u1, — vy < 0. Then vy3 = 0 or vy3 = 0 from v € A. We suppose v3 = 0. Since
u13—v13 # 0, we have 113 # 0 and 13 —v13 > 0. By combining (2-7), 1, —v12 <0 and 13 —vy3 >0,
the assumption contradicts with (2-6). O

Remark 2.12 Lemma 2.11 implies the independence of the basis elements in Lemma 2.9.

2.4 Proof of the finiteness conjecture for a family of 3-manifolds
In this subsection, the goal is to prove the following theorem.

Theorem 2.13 Let y C dH, be a simple closed curve and Hg denote the resulting 3-manifold obtained
from Hg by attaching a 2-handle along y. If y satisfies one of the following conditions, the finiteness
conjecture holds for HY , where the DT coordinates are with respect to the pants decompositions and the
dual graphs defined in Figures 2 and 5.

Case 1 g = 2 with one of the following:
e DT(y) = (n,n,2n,t,t1,t) where t1t, > 0 and n = |2t, + 1| (symmetric),
e DT(y) =(m+m,n,2n,t,0,0) or(n,n+m,2n,t,0,0) where t € {n, —n},
e DT(y) = (ny1,n3,2,£1,+£1,0),

wheren € Z>1, m,ny,n; € N.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 6: Each circle with nonnegative integer k represents k parallel copies of the corresponding
arcs. Each coupon in the picture represents certain number of horizontal lines connecting the
endpoints on the left side of the coupon and those on the right side of the coupon. Left: the red
curve is the gluing curve y whose DT coordinate is (#, n, 2n, t1, t1, t). Right: the red curve is the
gluing curve y whose DT coordinate is (n 4+ m, n,2n,n, 0, 0).

Case 2 g = 3 with one of the following:
e DT(y)=(1,n,n+m,m+1,n+1,m,0,0,0,1,1,0) or (1,n,n+m,m+1,n+1,m,0,0,0,—1,—1,0),
e DT(y)=m+m,m,0,n,n,m+2n,t,0,0,0,0,0),

where n,m € Z>1. In particular, ranka(sz ) =1 in the second case of Case 1 and ranka(H; ) =1 for
both two cases in Case 2.

For convenience, we will use two different framings for curves on dHy in the proof. The framings of
all gluing curves (drawn in red) on the boundary in Theorem 2.13 are the usual blackboard framings. On
the other hand, other boundary curves in Theorem 2.13 are equipped with the blackboard framings with
respect to the projection H, = Eg“ x[0,1] — E‘gH.

Proof The first case in Case 1: We can assume both #; and 7, are nonnegative integers since the proof
in the case that they are both nonpositive integers is similar. The red curve in the left of Figure 6 is
the gluing curve y. Note that the green curve oy and the blue curve «,, respectively, correspond to
x and z in Yq(Ef’))(: “4(H3)) depicted in the left of Figure 6. Since the green curve and the blue
curve do not intersect with the red curve, x, z € .74 (dHy),. Obviously we have y € .74 (0H,),. Set
X ={l,y,--,y" 1} C 7 (H,). Then it suffices to show .7, (0H>), - X = Yq(Eg)(: Sq(Hy)) as
Q(g)-vector spaces. As we mentioned, oy = x, ay =z, y € %4 (0H3)y - X. Fix2 <k <2n—1 and
assume that x*1 Zkzyk3 € .%4(0H3), - X for any solutions of ky + k, +2k3 <k (ky, k2, k3 € N). For
ki,ky, k3 € N satisfying k = ki + ko + 2k3, consider allﬂaécz . yk3. From the geometric intersection
numbers in the DT coordinates of o1, & and y,

ki ks

(2-8) o) a, yk3 = Z c(kl,kz,k3;i,j,l)xizjyl + (lower (x, z; y)-degree terms),

k=i+j+21
where c(ky. ko, k3:i,j,1) € Z[g*'] € Q(g). When we substitute 1 to ¢, .% (H>) is a commutative
algebra and we have ozlflozlz€2 . yks = xkizk2 ks ¢ 7, (H,). With the lexicographic order on (k1. k2, k3),

the coefficient matrix (c(k1, ko, k3;1i, j,[)) obtained from the highest terms in (2-8) is full rank since it
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Figure 7: The red curve is the gluing curve y with DT(y) = (4,3,2,1,1,0).

will be the identity matrix by substituting 1 to ¢, where (c(k1, k3, k3;1, j, 1)) is a square matrix whose
rows and columns run over all solutions of k = k1 + k; 4+ 2k3 and k =i + j + 2/, respectively. This
implies that xk1z%2 ks ¢ Fq(0H,)y - X.

Fix k > 2n. Assume that x¥1 22 yks ¢ Sq(0H3),,- X forany ky, ko, k3 € N satisfying ky +k,+2k3 <k.
Consider afl alzcz . yk3 for ki, ky, ks € N satisfying k = k; + ky + 2k3 and k3 < n. Also consider
ym(x’flalzcz-ykrm” for ki, ko, k3, me N satisfying k =k +k,+2k3, k3 >nand 0 <kz—mn <n. When
we substitute 1 to g then we take the absolute value of coefficients, we have the (absolute valued) coefficient
matrix (i ?), where [ is the identity matrix and 7 is obtained from a triangular matrix whose diagonal

entries are 1 by interchanging some rows. Since the matrix is full rank, x¥1 k2 yks ¢ Fq(0H,), - X.

The second case in Case 1: The red curve in the right of Figure 6 is the gluing curve with the DT
coordinate (n + m, n,2n,n,0,0). We only prove this case since a similar discussion works for other
parallel cases. The green curve « in the right of Figure 6 shows x € ., (0H3),,. The blue curve 8 in the
right of Figure 6 shows y € .#;(0H;),. Obviously we also have z € .7, (0H,),. We set X = {&}. For
any kq,k;, k3 € N, we have

Zkzﬂk3akl g = xkl Zkzyk3 S yq(aHZ)J/ X

In particular, ranka(sz ) = 1 in this case.

The third case in Case 1: We only prove DT(y) = (n1, 15,2, 1, 1,0) since a similar argument works
for other parallel cases. For the reader’s convenience, the red curve in Figure 7 is the gluing curve with
ny=4,n,=3.Ifny =0o0rn, =0, it is covered by Corollary 2.6. Suppose ni1, # 0. Let a1, @5 and a3
denote simple closed curves on dH, whose DT coordinates are (11,0,0,1,0,0), (0,7,,0,0,1,0), and
(1,1,2,0,0,1), respectively. Note that or; does not intersect with y, i.e., a; € .74 (0H,), fori =1,2,3.
In .7, (H,), we have

o =g, X"+ uix fug, oy =02 vz 40, a3 =gqy +q " xz,
where u,, and vy, are nonzero elements in Q(g). Set
(2-9) X ={xkzk | k; eN, ki <nj—1fori =1,2}.
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Figure 8: The red curve is the gluing curve y. The green curve in the left picture is «; and the

green curves in the right picture are o, and 3.

To show
(2-10) (x*12K2 | ke ky € N} € .7, (0H,), - X,

assume that, for k > 1, xk12k2 ¢ Sq(0H,), - X forany ky,ky € N with ky +k, <k. For ky,k, € N with
ki1 +ky =k, consider aTla;"Zxkl —miny ka—manz where m; € N satisfies 0 < k; —mjin; < n; i=12).

Then, we have

Motz . xkimmim kammany — gexkizke 4 (lower (x, z; y)-degree terms),

where ¢ € Z and y does not appear on the right-hand side. Hence, x¥1z%2 ¢ Sq(0H3),- X, i.e., (2-10) holds.
Fix k > 1 and suppose that x¥1 k2 yk3 ¢ S4(0H3)y - X for any ky,k, € N, k3 <k. Then, we have

k

ak xRk = ek

k2 yk + (lower y-degree terms),

where ¢ € Z. This implies that x%1 252 yk ¢ Fq(0H,), - X.

The first case in Case 2: We only prove the case when DT(y) = (1,n,n+m,m+1,n+1,m,0,0,0,1,1,0).
We will use the elements o, oz, 03, @12, 013, 0023, @123 € -#4(0H3),, which are shown in Figures 8, 9, 10.
We set qu {@}. For any k1, k,, k3 € N, we have a]flalzcza];“ @ = slflslzczsg€3 € 4 (0H3), - X.
For any k € A, we define )
deg(s*) := /()

-

k

where s’ (12) was defined in (2-1). We will use mathematical induction on deg(s¥) to show s is an element

of 74 (0H3), - X for any k e A.

Figure 9: The green curve in the left (resp. right) picture is o1, (resp. @23).
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Figure 10: The green curve in the left (resp. right) picture is a23 (resp. «123).

We will use Lemmas 2.14 and 2.15 in the rest of the proof, and will prove them in Section 3.

Lemma 2.14 For any k= (k1.ka, ks, k12, k13, ka3, k123) € N7, suppose there exists a finite subset A
of A such that

kiaz kix kiz koz o ki ko K3y _ Lol
(2-11) o3 Oy 0y ag3° - (57755755 )—ﬁ% Cas™
ueilg

where 0 # C; € Z[q*!] for any ii € Ag. Then, we have deg(sﬁ) < s/(lg) forany u € Ayg.

Lemma 2.15 Suppose ¢ = 1. For any positive integers k15, k13, k23, we have

sgzsﬁ%;‘? = > C;,sr’ + (terms with degrees less than 2k, + 3(k13 + k23)),

ﬁEI\Q
where A is a finite subset of A such that, for any it = (uy,u,, U3, U2, U13,U23,U123) € Ag, we have
deg(ii) =2k + 3(k13 + ko3) and uj3uz3 < kiskss.

Assume that s¥ € Sq(0H3), - X for any k € A with deg(s¥) < k. For any
U = (v, 02,3, V12,013,023, V123) € A

with deg(sﬁ) = k, Lemma 2.14 implies that

(2-12) a e PalPer® (5152537 ) = Y Cyas" + (lower degree terms).
ueA
deg(s")=k

We consider a total order on N7 defined by the lexicographic order with respect to

(v13V23, V123, V23, V13, V12, V3, V2, V1),

where (v, V2, V3, V12, V13, V23, U123) € N7, Then this order induces the total order on {s’2 lueA, deg(sﬁ) =k}.
When g = 1, note that the left-hand side of (2-12) is equal to

v v v v v
(2-13) (5123 +51253) 1235757575 (523 + 5253) V235 15,7557

V123 V23 (

V123 (V23 wvio3—i vi2+i vi3 V23—j 01 va+j v3+i+j
2. i j )y S Sia Sy S S ’
i=0j=0

where the coefficients denote binomial coefficients.

Algebraic & Geometric Topology, Volume 26 (2026)



Finiteness conjecture for 3-manifolds obtained from handlebodies by attaching 2-handles 1107

In the case when vy, = 0 and v13v,3 # 0, we have
HE&E U123 U23
v123—i i2+i v13 v23—J v1 v2t+j v3tit+j
ZZ( ; )(] )S123 S127 0 S137 %23 TSy Sy T 83
i=0 ;=0
V23 v23
_ v123 V13 V23— v1 v2+j v3ti+)
_Z(j )S123 S137 8230 TSy Sy T 83
j=0

EHE&E V123 U23
vi23—i i 13 v23—j v1 U2+ v3ti+j
+ZZ( ; )(] )S123 S128137 8237 7 Sy Sy 7 S .
i=1j=0

The highest term of

v23
V23 \ via3 013 23—j U1 v2+)j v3+it)
Z(j )5123 S137 8230 T8 Sy T 83
Jj=0

. . v v v v v v . : .
with respect to the total order is 5,53’ 535,35 5,°5;°. Lemma 2.15 implies the highest term of

B & V123 ) (V23
vi23—i i V13 V23—j v1 v2+j v3ztitj

ZZ( ; )(] )S123 S125137 5237 7 S Sy TS

i=1j=0
with respect to the total order is lower than 5133*s73°553°s]"s,%55°. Thus the highest term of (2-13) with
V123 V13 V23 VU1 V2 U3
123 513 523751 S27537-
In the case when vy3v,3 = 0, it is easy to see that the highest term of (2-13) with respect to the total
V123 V12 V13 V23 V1 V2 U3
123 512 513752351 527537
The above two cases imply the matrix (C5 ;)

respect to the total order is s

order is s

B.ie A deg(s?)=dea(s?)=k is a lower triangular matrix whose

diagonal entries are 1 when ¢ = 1. Then, using the same technique as in the proof of the first case of
Case 1, one can show s7 € Sq(0H3), - X for any v € A. Thus 1+ (74 (0H3), - X) = Yq(H;).

The second case in Case 2. In the remainder of the proof, we will use 12 € N7 to denote the vector
(k1,ko, k3, k12, ky3,k13,k123) and use the diagrams in Figures 11, 12, and 13.
We set X = {&}. First,

(2-14) {16k 85 ) ey ks € NY € 4 (0Hy), - X
follows from
ko pk3 pk k> pk k ki ky k
BB By - @ =By B 51 =5y 557857 € A (0H3)y - X.
Next, we will show
2-15 ki gka ks gkis | k) ky ks k3 € N} C .7, (0H3)y - X
( ) {Sl §y"83753 | 1,K2,K3,K13 € }C q( 3))/ .
When k3 =0, si“slzczsg”sf? € #4(0H3),, - X follows from (2-14). Suppose k13 > 0 and
sf‘s§2s§3si3 € %4 (0H3), - X
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holds for 0 </ < k5. We have

A =+ X bbb, < Aot X
0<l<ki3

. ki ko k3 1
From the assumption, we have } o/ g, 51'5,%53° 515 € 4 (3H3)y - X. Thus we have

sf1s§2s§3slf;3 € 4 (0H3), - X.
Next, we will show
(2-16) (5K | K €A, kiy =0} C.7,(0H3)y - X.
When k{53 = 0, we have
,3%3 ~(sf1s§2s§3sf§3) = sfls];zs§3sf;3s§§3 € Sy (0H3), - X.
Suppose k123 > 0 and slflslzczs?sf?slz{?s{% € #4(0H3), - X holds for any 0 </ < kj,3. We have
By P2 (B12) 12 - 51551

_ k1 ko k3 k13 k23 k123 ki ko k3 ki3 k23 1
= 8] 8y78378137 853 855 T Z 51185°537813°8,3 8123 € Sq(0H3)y - X.

0<l<kq3

. ki Kz k3 ki3 ka3 [
From the assumption, we have » -/ x ,, 87 85753°5]35,3° 81,5 € F(IH3)y - X. Thus we have

ki ka k3 ki3 ka3 ki23
5115,253°813°553°815,5 € S4(0H3)y - X.

By replacing the role of 813, 513, ,3’123 with 812, 512, B123, similar to the above, one can show
2-17) (5 |k e, kyz=0}C .7 (3H;)y - X.

We will use the following lemma for the rest of proof and will prove it in Section 3.

Lemma 2.16 Let 8 be a diagram in Zg such that it intersects each C; (see Figure 5), 1 <i <6, at m;
points. Suppose there exists a finite subset Ao of A such that

(2-18) p= ) Cas".

ﬁEAO
where 0 # C; € Z[q*!] forany ii € Ao. Then, we have s(ii) < my +---+mg for any ii € Ay.

Consider A" := {lg € A | ka3 = 0}. In this paragraph, we will show
(2-19) 5K 1K e Ny C 7,(0Hs), - X
using induction on s(lz), defined in (2-1). Trivially si" =g e ¥4 (0H3), - X when s(lz) = 0. Suppose
(2-20) s € 7,(0H;), - X when s(k) <s(ii) =1 and k € A/,
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Figure 11: The red curve is the gluing curve y. The blue curve is f, the green curve is 83, and
the purple curve is B,3. Here, 8,3 is on the back side.

where © = (u1,us,us, u12,u13,0,u123) € A’. We have

B1y2 - (si's52s3s133810%) € 4 (0H3)y - X

We can regard Bi3% - (57 5525375133 s133%) as a diagram in ©Y with crossings such that it intersects with
C1 U---UCg at s(u) points. Then Lemma 2.16 implies
(2-21) Bl (s s iisiE) = Y Capst+ Z Cias+ Y. Cyij
veEA’ ’
s(i))is(a) (@ beA\A

The previous argument implies Zbe A\A/ CQ s € #4(0H3), - X. The assumption (2-20) implies
Y aen s@<siy Cias® € Zq(0H3)y - X . Thus we have

Z Ci35° € S(3H3)y - X

s(v)—s(u)

By substituting ¢ = 1, equation (2-21) will turn into 132 - (s} 532535733 5s733°) = s“. Then the square

matrix (Cj 3)iieA’ sGiy=I: veA’s()=! 1S the identity matrix by substituting ¢ = 1. This implies that
(Cii3)iie A’ siy=1: seA’.s(m)=1 1 an invertible matrix in Q(g). Thus we have s* € -/, (0H3), - X for
uelN s@u)=1.

From the previous argument, sV e Fq(0H3), - X forany v € A, ie., 1x(S4(0H3), - X) = .7 (H3y). |

Figure 12: The red curve is the gluing curve y. The blue curve is 81, the green curve is 815, and
the purple curve is B;3.
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Figure 13: The red curve is the gluing curve y. The blue curve is 8123 and the green curve is 8 ,,.

Remark 2.17 When m and n are coprime, using Seifert—van Kampen theorem, we have
m(HY) = (a,b,c|a™T"b")

for DT(y) = (n+m,m,0,n,n,m + 2n,t,0,0,0,0,0) in the second case in Case 2 of Theorem 2.13.
This implies that Hy % H, for any g and HJ is a nontrivial example with a boundary component of
genus 2. Hence the higher genus case is not covered by [2; 12; 13; 14; 15].

3 Proofs of lemmas

For any ke A, recall that deg(s’; ) is defined to be s’ (12); see (2-1).

Proof of Lemma 2.14 Fix k = (ky, k2. k3, k12, k13, k23, k123) € N7. From Lemma 2.9, there is Ao C A
satisfying the assumption. Put k = max{deg(s%) | ii € Ag}. We will show k < s/(lg). Assume k > s/(lg)
on the contrary. There is @y € Ao such that deg(s°) = k and s(ip) = max{s(ii) | deg(s*) = k. @i € Ao},
where s(u) was defined in (2-1).

For any u = (uy,us, u3,u12,u13, U23,U123) € Ao, we have
u__
5= Z CyaVs
y €EMulti (i)

where Multi() is a finite subset of the set of isotopy classes of essential multicurves in Zg and
Ciy € Z[q*]\ {0}. The following statement comes from, e.g., [1, Theorem 3.2]. Using the symbols (2-2)
and (2-3), there is y; € Multi(u) such that m(y;) is equal to

(B-1)  uym(sy) +uzm(sy) + uzm(ss) + uy2m(s12) + u13m(s13) + u23m(s23) + u1237(5123)

and, if y; # y € Multi(z) then sum(y) < sum(y;). Note that s(2Z) = sum(y;).
Suppose u € Ag such that deg(sf’) < k. For any y € Multi(u), m;(y) <m;(y;) (i =1,...,6). We
also have

my(yg) +ma(vy) +ma(yy) +ms(yy) < deg(s”) <k =my(yg,) +ma(yg) +ma(yg) +ms(yv).

Hence y # y;;;, for any y € Multi(u1).
Suppose ii € A such that deg(s¥) = k and s(ii) < s(ilp). Trivially, y # Vi, for any y € Multi(it).
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Suppose @i € Ag such that deg(s¥) = k, s(ii) = s(ilp), and ii # iy. Lemma 2.11 implies y; # Vi, For
any y; # y € Multi(#), we have sum(y) < sum(y;) = s(i) = s(up) = sum(y,; ), which shows y # ;..
Now we expand (2-11) as

k123 kiz ki3 koz . ki k» k3zy _ u__
Upp3 0y 03 03" - (577 85°857) = Z Cas™ = Z CIE,yV’

iieho yeMulti(k)

where Multl(k) is a finite subset of the set of isotopy classes of essential multicurves on 24 and C 7é 0
for any y € Multl(k) Then the above argument implies that the most right-hand side contains y 7 and
its coefficient is nonzero. Since the geometric intersection number does not increase when we resolve
crossings, we have

mi(y) +ma(y) +ma(y) +ms(y) <s'(k)

for any y € Multi(lg). This contradicts the assumption
deg(s"0) = my (v, + ma(vg,) + ma(yg) +ms(yg) > s' (k). O

Lemma 3.1 Suppose ¢ = 1. For any twou,v € A, s* U5V is a linear sum of basis elements in {sk | ke A}
with degree less than or equal to deg(s”) + deg(s“).

Before we prove Lemma 3.1, we show the following lemma.

Lemma 3.2 Suppose ¢ = 1. For any k1,, k13,k>3 € N, we have

kiz k13 k23 _
(3-2) sia2s 13507 Z Cys”

MEAO
where Ay is a finite subset of A such that deg(sﬁ) <2kiy + 3(k13 + ky3) forany u € Ag.

Proof If ki,kq3ko3 = 0, then since s%%f?sé‘? is a basis element, sgzslf§3s§§3 satisfies the claim.

If k1k13ko3 # 0 then we apply Lemma 2.10 for sk12 1s{‘§3 1s§§3 S12813823. Since each term on

the right-hand side of the equation in Lemma 2.10 has the degree no greater than deg(s12513523). By
applying Lemma 2.10 repeatedly until we have (3-2), we can conclude that s%%f?sf? is a linear sum
of basis elements whose degrees are not greater than 2k, + 3(k13 + k»3). O

Proof of Lemma 3.1 If 5“5 does not contain S12513523, the claim is trivial. If s% iV contains 512513523,
the claim follows from Lemma 3.2. O

Proof of Lemma 2.15 To prove the claim, we use mathematical induction on kq,. By applying
Lemmas 2.10 and 3.1 to slzsi(3 s§3 , it is equal to

(513525123 + 523515123 + terms with degrees less than 8)sle 1s§§3 !

ki k 1 —1 k»3
=5.3°553 S28123 + s1 553 515123 + (terms with degrees less than 2 + 3(ky3 + k23)).

3 k23

Thus the claim holds for S12Sf3 Sy30-

Algebraic & Geometric Topology, Volume 26 (2026)



1112 Hiroaki Karuo and Zhihao Wang

Fix k > 2 and suppose the claim holds for any k1, < k. Then

s{‘zs{‘?sf? = s12( Z Cﬁsﬁ + (terms with degrees less than 2(k — 1) + 3(k13 + k23)))
ueN’
= Z CﬁSleﬁ + (terms with degrees less than 2k + 3(k13 + k23)),
uen’
where A’ is a finite subset of A such that, for any & = (uy,uy, u3,u12,u13,U23,u123) € A’, we have
deg(sﬁ) =2(k —1) 4+ 3(k13 + k23) and uj3us3 < ky3ky3. Foru € A’, if uj3u,3 = 0 then s125% is a
basis element and u3uy3 = 0 < k13ky3. If ugsus3 # 0, we have

U __ U1 M2 U3 U123 U3 U23
S1285° =81 8,7837 5153 5125137553

= si“sgzs?sﬁ? ( Z C,—;s’j + (terms with degrees less than 2 4+ 3(u13 + u23))),

ueA”

where A” is a finite subset of A such that, for any v = (vq, v3, v3, V12, V13, V23, V123) € A”, we have

deg(sﬁ) =24 3(1/!13 + u23) and V13VU23 < U13U23 < k13k23.

Then
18" = Z Cﬁsflsgzsg”s;’i?sﬁ + (terms with degrees less than 2 + deg(s%)).
UeN”
Hence the claim holds for k1, = k. O

Proof of Lemma 2.16 Assume that s(iZ) > m + -+ mg for some u € Ag on the contrary. Then
m = max{s(i) | i € Ao} >my + -+ mg.

As in the proof of Lemma 2.14, for any # = (41, us, u3, U1, U13,Us3,4123) € Ag, we have

st = Z Cyav-

y €Multi (i)

There is y; € Multi(2) such that 71(y;) is equal to the formula in (3-1). Take il € A such that s(iig) = m.

For any v € Ag such that s(v) < m, we have s(y) < s(y;,) for y € Multi(v). Thus y # y;,. For
any U € Ag such that s(v) = m, we have s(y) < s(y;,) for y € Multi() \ {y3}. Thus y # y;, for
y € Multi(v) \ {y5}. Lemma 2.11 implies y; # Vi, for v € Ag )\ {iig}. Thus if we present ijer C;s"
as a linear sum of essential multicurves, it contains y; .

For a diagram «, by resolving its crossings, o can be presented as a linear sum of essential multicurves.
This implies that this linear sum does not contain y;, since the intersection number between y;  and
Cy U---U (g is strictly greater than m1 + - - - + mg. Then we have a contradiction. |
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Appendix: Sphere sliding

We recall the sphere sliding given in [11]. The degree of a skein in M #p M, is the geometric intersection
number with the skein and Dy (equivalently that of the skein and D), illustrated here:

(A-1) + lower degree terms,

(A-2) + lower degree terms,

where the shaded part outside of the sphere is the inside of M IC ! and the shaded part on the sphere is the
attaching region D;. We also have

where the last equality follows from 9\ =—q3

. Note that a similar idea is originally given
in [11], where we call the technique the sphere sliding.

From (A-3) with (A-1) and (A-2),

1
= —————(lower degree terms).

(A-4) -
q"—q

Note that (A-4) implies the degree of a framed link in M #p M, can decrease, where the degree of
a framed link in M #p M, is the geometric intersection number of the framed link and the properly
embedded disk D. Since the degree is even, one can apply similar way repeatedly until all the degrees are 0.
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