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Relative bounded cohomology on groups with contracting elements

ZHENGUO HUANGFU AND RENXING WAN

Let G be a countable group acting properly on a metric space with contracting elements and fHi W1� i�ng

be a finite collection of Morse subgroups in G. We prove that each Hi has infinite index in G if and only
if the relative second bounded cohomology H 2

b
.G; fHig

n
iD1
IR/ is infinite-dimensional. In addition, we

also prove that for any contracting element g, there exists k > 0 such that H 2
b
.G; hhgkiiIR/ is infinite-

dimensional. Our results generalize a theorem of Pagliantini–Rolli for finite-rank free groups and yield
new results on the (relative) second bounded cohomology of groups.

1 Introduction
1.1 (Relative) bounded cohomology

Bounded cohomology was introduced by Johnson and Trauber in the context of Banach algebra and
developed into a comprehensive and rich theory by Gromov in his seminal paper “Volume and bounded
cohomology” [28]. Since then, it has become a fundamental tool in several fields, most notably in the
study of the geometry of manifolds. Many properties, in particular geometric ones, of a group can be
characterized by its bounded cohomology. In particular, the notion of bounded cohomology allows us to
retrieve certain negatively curved features of the group.

The theory of quasimorphisms has been extensively exploited to study the second bounded cohomology
of a group. To be precise, a quasimorphism on a group G is a map � WG!R such that

sup
g;h2G

j�.gh/��.g/��.h/j<1:

That is to say, a quasimorphism is locally close to a genuine homomorphism from the group to R.
We denote by QM.G/ the R-vector space of quasimorphisms. It follows from the definitions that the
coboundary of a quasimorphism is a bounded 2-cocycle and therefore there is a linear map

QM.G/!H 2
b .GIR/:

Moreover, the image of this map is the kernel of the comparison map H 2
b
.GIR/!H 2.GIR/ induced

by the inclusion of bounded cochains into ordinary cochains [12, Theorem 2.50].
The first example of this approach is using Brooks’ counting quasimorphism [9] to show that the rank-2

free group F2 has infinite-dimensional second bounded cohomology.
More generally, D. Epstein and K. Fujiwara [18] showed that a nonelementary hyperbolic group has

infinite-dimensional second bounded cohomology. This was proved by using a modified version of Brooks
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counting quasimorphism. Later, Fujiwara used this generalization to obtain the same conclusion regarding
the dimension of the second bounded cohomology of a group acting properly on a hyperbolic space [24].

When dealing with manifolds with boundary we naturally consider the relative homology and cohomology.
Similarly, in group theory, we often investigate the subgroups in order to explore properties of the ambient
group. M. Gromov provided a definition of relative bounded cohomology between pairs of topological
spaces and also pairs of groups in [28]. This leads to applications in geometry, topology and other fields.

In retrospect, absolute bounded cohomology of many classes of groups are already known to be
infinite-dimensional, as demonstrated in

(1) nonelementary Gromov hyperbolic groups [18];

(2) groups with infinitely many ends [25];

(3) groups admitting a nonelementary proper discontinuous action on a Gromov hyperbolic space [24];

(4) groups admitting a nonelementary weakly proper discontinuous action on a Gromov hyperbolic
space [5] (see also [30]);

(5) groups admitting a nonelementary weakly proper discontinuous action on a CAT(0) space which
contains a rank-one isometry [6];

(6) acylindrically hyperbolic groups [33].

Gromov developed the theory of bounded cohomology in order to compute simplicial volume of
manifolds. In particular, the understanding of simplicial volume of manifolds with nonempty boundary
could be increased by studying bounded cohomology of pairs of space and pairs of groups, which is the
so-called relative bounded cohomology. However, very few results on relative bounded cohomology are
known. The first computation of the relative bounded cohomology of a specific class of groups was given
by C. Pagliantini and P. Rolli [42]. Besides, it was proved independently by Bucher–Burger–Frigerio–
Iozzi–Pagliantini–Pozzetti [11] and Kim–Kuessner [35] that the bounded cohomology of a CW-complex X

relative to an amenable subcomplex Y is isometrically isomorphic to the absolute bounded cohomology
of X ; in particular, in this situation, H�

b
.X;Y IR/ is infinite-dimensional whenever X fits into the list

given in the previous paragraph. Another relevant result was given by Franceschini [21], who proved
that if .G;H / is a relatively hyperbolic pair, then the comparison map H k

b
.G;H IV /!H k.G;H IV /

is surjective for every k � 2 and any bounded G-module V .

1.2 Contracting element

The purpose of this paper is to generalize the existing results on the second bounded cohomology
mentioned above to the relative version. Note that the examples of groups described above all satisfy the
contracting properties outlined below.

Let X be a geodesic metric space and A be a closed subset of X . For a constant C � 0, we denote by
NC .A/ the open C -neighborhood of A in X . Let

�A WX ! 2A; x 7! �A.x/D fy 2A W d.x;y/D d.x;A/g;
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Relative bounded cohomology on groups with contracting elements 1197

be the map given by the closest point projection. We say that A is C -contracting for C � 0 if
diam.�A.
 //�C for any geodesic (segment) 
 with 
\NC .A/D¿. In fact, this notion of contracting is
equivalent to the usual one: diam.�A.B//�C 0 for any metric ball B disjoint from A; see [6, Corollary 3.4]
for a proof. For an isometric group action of a group G on X , an element g 2 G is called contracting
if some (or equivalently, any) orbit of hgi is a contracting quasigeodesic.

The prototype of a contracting element is a loxodromic isometry on a Gromov hyperbolic space, but
many more examples are known to be contracting:

� rank-1 elements in CAT(0) groups acting on a CAT(0) space, see [2; 6];

� hyperbolic elements in groups with nontrivial Floyd boundary (e.g., relatively hyperbolic groups)
acting on their Cayley graph with respect to a generating set, see [17; 40; 47];

� certain infinite-order elements in graphical small cancellation groups acting on their Cayley graph
with respect to a generating set, see [1];

� pseudo-Anosov elements in mapping class groups acting on the Teichmüller space equipped with
Teichmüller metric, or on the curve complex, see [20; 19; 44].

In this paper, a group is called nonelementary if it is not virtually cyclic. Given an isometric group
action on a metric space, a subgroup is called Morse if some (or equivalently, any) orbit of this subgroup
is weakly quasiconvex (see Definition 3.1). Now, we state our main result.

Theorem 1.1 Let G be a nonelementary countable group acting properly on a geodesic metric space with
contracting elements. Consider a finite collection of Morse subgroups H1; : : : ;Hn with infinite index.
Then there is an injective R-linear map ! W `1!H 2

b
.GIR/ such that each coclass in the image !.`1/ has

a representative vanishing on Hi for each i .1� i � n/.
Moreover , the dimension of H 2

b
.G; fHig

n
iD1
IR/ as a vector space over R has the cardinality of the

continuum.

Here we denote by `1 the Banach space of summable sequences of real numbers with the norm
k.xi/k D

P1
iD1 jxi j.

Remark 1.2 (1) If one of the Hi’s is of finite index in G, then Corollary 2.24 below implies that
H 2

b
.G; fHig

n
iD1
IR/D 0. Based on this fact, we only consider the second relative bounded cohomology

of G with respect to subgroups with infinite index. Since any finitely generated subgroup of a free group
is Morse, Theorem 1.1 generalizes the result of Pagliantini–Rolli [42] which states that for a free group Fn

(n�2) and a finitely generated subgroup H �Fn, the subgroup H has infinite index in Fn if and only if the
dimension of the second relative bounded cohomology H 2

b
.Fn;H IR/ as a vector space over R is infinite.

(2) In [23; 33], the authors extend a nontrivial quasimorphism on a subgroup to the ambient group. Here
we take the opposite approach, by constructing a quasimorphism on the ambient group whose restriction
to the subgroup is trivial.

To prove Theorem 1.1, we need the following result.

Algebraic & Geometric Topology, Volume 26 (2026)
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Proposition 1.3 (Proposition 3.3) Let G be a nonelementary countable group acting properly on a geodesic
metric space with contracting elements. Consider a finite collection of Morse subgroups H1; : : : ;Hn with
infinite index. Then there is a quasitree on which G acts and each Hi acts elliptically on it for 1� i � n.

An interesting corollary of Theorem 1.1 is as follows. This generalizes a result of Kotschick
[36, Corollary 11]. See Definition 5.5 for the definition of bounded generation.

Corollary 1.4 (Corollary 5.6) Under the assumption of Theorem 1.1, G is not boundedly generated by
fHi W 1� i � ng.

When a subgroup is a Morse subgroup of infinite index, its limit set is always a proper subset of the limit
set of the ambient group, which provides evidence for the existence of enough relative quasimorphisms.
(See [31; 49] for more details about convergence boundary.) Thus, we can ask the following question.

Question 1.5 Let G be a nonelementary countable group acting properly on a geodesic metric space X

with convergence boundary. Let fH1; : : : ;Hng be a finite collection of subgroups with proper limit sets.
Then is the dimension of H 2

b
.G; fHig

n
iD1
IR/ as a vector space over R infinite?

Another natural question is that when the subgroup is taken to be a normal subgroup of infinite index,
does the conclusion of Theorem 1.1 still hold? If the normal subgroup has an amenable quotient, then
Proposition 2.25 gives a negative answer. If the normal subgroup is normally generated by a higher power
of a contracting element, then we have the following result.

Proposition 1.6 (Proposition 6.1) Let G be a nonelementary countable group acting properly on a
geodesic metric space with contracting elements. Then for any contracting element g 2G, there exists
k D k.g/ > 0 such that the dimension of H 2

b
.G; hhgkiiIR/ as a vector space over R has the cardinality of

the continuum.

Remark 1.7 Proposition 1.6 is already known for nonelementary hyperbolic groups. In [15], Delzant
showed that for any hyperbolic element g in a nonelementary hyperbolic group G, there exists k 2N

such that G=hhgkii is still hyperbolic. Together with [18, Theorem 1.1] and Proposition 2.22 below, one
gets the result.

In general, we raise the following question.

Question 1.8 Let G be a nonelementary countable group acting properly on a geodesic metric space X

with contracting elements. Let H be a normal subgroup of G with nonamenable quotient. Is the dimension
of H 2

b
.G;H IR/ as a vector space over R infinite?

1.3 Sketch of proof

There are two main ingredients in the proof of Theorem 1.1. The first is Proposition 1.3, namely the
construction of an appropriate projection complex on which each Hi acts elliptically. This notion was
introduced by Bestvina–Bromberg–Fujiwara [3]. In Section 3, we are going to make use of the Morse
property of fHig (see Lemma 3.9) to show that there exists a contracting element g such that every h2Hi
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has a uniformly bounded projection to the geodesic segment Œo;go�. To achieve this goal, we use some
techniques developed by Han–Yang–Zou [31]. Then we construct the projection complex PK .F/ whose
vertices are the G-translates of the axis Ax.g/ of g and show that each Hi acts elliptically on PK .F/
(see Lemma 3.10). The projection complex is shown to be a quasitree on which G acts acylindrically
(see Section 5).

The second ingredient is Proposition 4.1, which states that if G acts WPD (a weaker notion than
acylindrical action) on a ı-hyperbolic space X and each Hi acts elliptically on X , then the dimension
of H 2

b
.G; fHig

n
iD1
IR/ as a vector space over R has the cardinality of the continuum. To prove this

proposition, we need a result of Bestvina–Fujiwara [5, Proposition 2] which constructs an infinite collection
of words ffig in a rank-two free subgroup of G. As in [24], we can produce a corresponding collection
of quasimorphisms fhig on G, which satisfy some special properties stated in Proposition 4.13. Then
Proposition 4.1 follows from Proposition 4.13. The bridge connecting two ingredients is a result of
Bestvina–Bromberg–Fujiwara–Sisto [4, Theorem 5.6]. As a result, we get Theorem 1.1.

As for Proposition 1.6, where H is assumed to be a normal subgroup generated by a higher power of a
contracting element, we first construct a quasitree of spaces C.F/ for every contracting element which
is a blow-up of the projection complex. The space C.F/ turns out to be a quasitree on which G acts
acylindrically (see Lemma 6.4). Later, we construct a hyperbolic cone-off over a scaled C.F/ along F
and obtain a very rotating family (see Lemma 6.5). With the help of the theory of rotating families
developed by Dahmani–Guirardel–Osin [14], we can reduce the proof of Proposition 1.6 to the proof of
Proposition 4.14, which is completed at the end of Section 4.

Structure of the paper The paper is organized as follows. Section 2 is devoted to recalling some
preliminary material about Gromov-hyperbolic spaces, contracting subsets, projection complexes, (relative)
bounded cohomology, and quasimorphisms. In Section 3, we prove Proposition 1.3. Specifically, we make
use of the recent work of Han–Yang–Zou [31] to construct a projection complex and show that each Hi acts
elliptically on it. In Section 4, we review the previous work on Epstein–Fujiwara quasimorphisms in [24]
and prove Proposition 4.1. Then we complete the proof of Theorem 1.1 in Section 5. In Section 6, we
first recall some facts about hyperbolic cone-offs and rotation families, and then we prove Proposition 1.6.

2 Preliminaries

We first introduce some fundamental notation and definitions that will be used throughout this paper.

2.1 Gromov-hyperbolic spaces

We only introduce some necessary knowledge about Gromov-hyperbolic spaces here. For a more detailed
introduction, we refer the readers to [8, Part III. H; 16, Chapter 11]. Let .X; d/ be a geodesic metric
space. For S � X and r > 0, we denote by Nr .S/ the open r -neighborhood of S . For two subsets
S;T � X , we denoted by dH .S;T / the Hausdorff distance between A and B, which is defined by
dH .S;T / WD inffr > 0 W S �Nr .T /;T �Nr .S/g.
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x

y z

Figure 1: Œx;y��Nı.Œx; z�[ Œy; z�/.

For any two points x;y 2 X , denote by Œx;y� a choice of a geodesic segment between x and y.
A geodesic triangle in X consists of three points x;y; z 2X and three geodesic segments Œx;y�, Œy; z�,
and Œz;x�.

A geodesic metric space .X; d/ is called (Gromov) ı-hyperbolic for a constant ı � 0 if every geodesic
triangle in X is ı-thin: each of its sides is contained in the ı-neighborhood of the union of the other two
sides. See Figure 1 for an illustration.

A finitely generated group is called Gromov-hyperbolic if its Cayley graph with respect to some finite
generating set is a ı-hyperbolic metric space for some ı � 0.

Let .X1; d1/ and .X2; d2/ be two metric spaces. A (not necessarily continuous) map f W X1! X2

is called a .�; �/-quasi-isometric embedding if there exist constants � � 1 and � � 0 such that for all
x;y 2X1 we have

1

�
d1.x;y/� � � d2.f .x/; f .y//� �d1.x;y/C �:

If, in addition, every point of X2 lies in the �-neighborhood of the image of f , then f is called a
.�; �/-quasi-isometry. When such a map exists, the two spaces X1 and X2 are said to be quasi-isometric.

A .�; �/-quasigeodesic in a metric space X is the image of a .�; �/-quasi-isometric embedding
c W I!X , where I is an interval (possibly bounded or unbounded). For simplicity, a .�; �/-quasigeodesic
will be referred to as a �-quasigeodesic.

The following result is the well-known Morse lemma in geometric group theory. We refer the readers
to [8, Chapter III.H, Theorem 1.7; 16, Theorem 11.72] for a proof.

Lemma 2.1 (Morse lemma) For all ı � 0, � � 1, � � 0, there exists a constant L D L.�; �; ı/ such
that any two .�; �/-quasigeodesics in a ı-hyperbolic space with the same endpoints are contained in an
L-neighborhood of each other.

Algebraic & Geometric Topology, Volume 26 (2026)
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Isometries on Gromov-hyperbolic spaces Let .X; d/ be a Gromov-hyperbolic space. Two geodesic
rays in X are said to be asymptotic if the Hausdorff distance between them is finite. Being asymptotic
is an equivalence relation on geodesic rays. The Gromov boundary of X , denoted by @X , is defined to
be the set of equivalence classes of geodesic rays in X . We refer the readers to [8; 16] for a detailed
discussion about Gromov boundary. By Gromov [29], the isometries of a hyperbolic space X can be
subdivided into three classes. A nontrivial element g 2 Isom.X / is called elliptic if some hgi-orbit is
bounded. Otherwise, it is called loxodromic (resp. parabolic) if it has exactly two fixed points (resp. one
fixed point) in the Gromov boundary of X . If g is a loxodromic element, any hgi-invariant quasigeodesic
between the two fixed points will be referred to as a quasiaxis for g, denoted by Lg.

For an isometry g on a hyperbolic space .X; d/, we define the stable translation length kgk of g as

kgk WD lim
n!1

d.x;gnx/

n

for some (or any) x 2X . A well-known fact is that an isometry g is loxodromic if and only if kgk> 0

[13, Chapter 10, Proposition 6.3].

Lemma 2.2 Let g be an isometry on a metric space .X; d/. Then for any n > 0 and x 2 X , one has
d.x;gnx/� nkgk.

Proof For any m; n> 0, it follows from d.x;gmnx/�m � d.x;gnx/ that

d.x;gmnx/

mn
�

d.x;gnx/

n
:

By letting m!1, one gets that

kgk �
d.x;gnx/

n
:

2.2 Contracting subsets

Let .X; d/ be a geodesic metric space. For any two A;B � X , define d.A;B/ WD infx2A;y2B d.x;y/.
For a given closed subset A�X , define the closest point projection �A WX ! 2A as follows:

� For any x 2X , �A.x/ WD fy 2A W d.x;y/D d.x;A/g.

� For any subset B �X , �A.B/ WD
S

x2B �A.x/.

We use the notation diam.A/ to denote the diameter of a subset A in X .

Definition 2.3 (contracting subset) Let .X; d/ be a geodesic metric space. A subset Y �X is called C -
contracting for C � 0 if for any geodesic (segment) ˛ in X with d.˛;Y /�C , we have diam.�Y .˛//�C .
The subset Y is called a contracting subset if there exists C � 0 such that Y is C -contracting, and C is
called a contraction constant of Y . See Figure 2 for an illustration.

Let G be a finitely generated group. A subgroup H � G is called contracting if it is a contracting
subset in the Cayley graph G.G;S/ of G with respect to some finite generating set S .

Algebraic & Geometric Topology, Volume 26 (2026)
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� C Y

˛

NC .Y /

Figure 2: Y is C -contracting.

Example 2.4 The following are well-known examples of contracting subsets and contracting subgroups:

(1) bounded sets in a metric space;

(2) quasigeodesics and quasiconvex subsets in Gromov-hyperbolic spaces [27];

(3) fully quasiconvex subgroups, and maximal parabolic subgroups in particular, in relatively hyperbolic
groups [26, Proposition 8.2.4];

(4) the subgroup generated by a hyperbolic element in groups whose Floyd boundary is nontrivial
[47, Section 7];

(5) contracting segments and axes of rank-1 elements in CAT.0/-spaces in the sense of Bestvina and
Fujiwara [6, Corollary 3.4];

(6) the axis of any pseudo-Anosov element in the Teichmüller space equipped with Teichmüller distance
by a theorem of Minsky [37].

It has been proven in [6, Corollary 3.4] that the definition of a contracting subset is equivalent to the
following one considered by Minsky [37]. A subset Y � X is contracting if and only if there exists
C 0 � 0 such that any open metric ball B with B \Y D¿ satisfies diam.�Y .B//� C 0.

Despite this equivalence, we will always rely on Definition 2.3 for a contracting subset.

Definition 2.5 (contracting system) Let .X; d/ be a geodesic metric space. A set XD fXi WXi �X gi2N

is called a contracting system with a contraction constant C if each Xi is a C -contracting subset in X .

Definition 2.6 (bounded intersection) Two subsets Y;Z �X have R-bounded intersection for a function
R W Œ0;C1/! Œ0;C1/ if diam.Nr .Y /\Nr .Z// � R.r/, for all r � 0. A contracting system X has
R-bounded intersection if any two elements in X have R-bounded intersection.

Admissible paths For a finite rectifiable path p in a metric space X , we denote by jpj the length of p

and by p�, pC the initial and terminal points of p respectively.

Definition 2.7 (admissible path) Let .X; d/ be a geodesic metric space and X be a contracting system in X .
Let D; � � 0 and R W Œ0;C1/! Œ0;C1/ be a function, which is called the bounded intersection gauge.

Algebraic & Geometric Topology, Volume 26 (2026)
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X1

X2

X3

q1

p1

q2
p2

q3

p3

q4

>D

>D

>D




Figure 3: 
 D q1p1q2p2q3p3q4 is a .D; �/-admissible path.

A path 
 is called a .D; �/-admissible path with respect to X if the path 
 consists of a (finite, infinite,
or bi-infinite) concatenation of consecutive geodesic segments 
 D � � � qipiqiC1piC1 � � � , satisfying the
following “long local” and “bounded projection” properties:

(LL1) For each pi there exists Xi 2X such that the two endpoints of pi lie in Xi , and jpi j>D unless
pi is the first or last geodesic segment in 
 .

(BP) For each Xi we have diam.�Xi
f.pi/C; .piC1/�g/ � � , and diam.�Xi

f.pi�1/C; .pi/�g/ � � .
Here .piC1/� D 
C if piC1 does not exist, and .pi�1/C D 
� if pi�1 does not exist.

(LL2) Either Xi ¤XiC1 and Xi and XiC1 have R-bounded intersection, or jqi j>D.

Remark 2.8 See Figure 3 for an illustration of an admissible path. The collection of Xi 2X indexed as
in (LL1), denoted by X.
 /, will be referred to as contracting subsets for 
 . The union of all Xi 2X.
 /

is called the saturation of 
 .

In the following definitions, a sequence of points xi in a path ˛ is called linearly ordered if xiC1 lies
in the subpath of ˛ from xi to ˛C for each i .

Definition 2.9 (fellow travel) Let 
 D p0q1p1 � � � qnpn be a .D; �/-admissible path, and ˛ be a path such
that ˛� D 
�, ˛C D 
C. Given � > 0, the path ˛ �-fellow travels 
 if there exists a sequence of linearly
ordered points z0; w0; z1; w1; : : : ; zn; wn on ˛ such that d.zi ; .pi/�/� �, d.wi ; .pi/C/� �.

See Figure 4 for an illustration of �-fellow travel property.

z0

z1w0

w1
z2

w2

p0

q1
p1 q2

p2




� �
� � � � � �

˛

Figure 4: 
 D p0q1p1q2p2 is a .D; �/-admissible path and ˛ �-fellow travels 
 .
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Proposition 2.10 [48, Proposition 2.7] For any � > 0, and any function R W Œ0;C1/! Œ0;C1/, there
exist D; �; � > 0 depending on � , R such that any .D; �/-admissible path is a �-quasigeodesic which is
�-fellow traveled by any geodesic with the same endpoints.

Group actions with contracting elements Let G be a group acting isometrically on a geodesic metric
space .X; d/ with a base point o 2X .

Definition 2.11 (contracting element) An element h 2 G is called a contracting element if hhi � o is a
contracting subset in X and the map Z!X , n 7! hno, is a quasi-isometric embedding.

A group action G Õ X is called (metrically) proper if for any D > 0, the set fg 2G W d.o;go/�Dg

is finite. From now on, we assume that G acts properly on .X; d/ with a contracting element.

Definition 2.12 (weakly independent) Suppose g; h 2G are two contracting elements. They are called
weakly independent if hgi � o and hhi � o have R-bounded intersection for some R W Œ0;C1/! Œ0;C1/.

By [48, Lemma 2.11], each contracting element g is contained in a maximal elementary subgroup E.g/

defined as
E.g/D fh 2G W 9r > 0; hhgio�Nr .hgio/ and hgio�Nr .hhgio/g;

and the index ŒE.g/ W hgi� is finite. Roughly speaking, the subgroup E.g/ is the set of elements that do
not move the orbit of g too much. Hence, if G is not virtually cyclic, then there are at least two weakly
independent contracting elements in G. For example, let g 2G be a contracting element by assumption.
Since G is not virtually cyclic, E.g/ is a proper subgroup of G. By selecting an element f 2G nE.g/,
one has that g and fgf �1 are weakly independent [46, Lemma 7.13]. Actually, by [46, Lemma 2.30],
there exist infinitely many pairwise weakly independent elements in G.

For a contracting element g, the subset defined by Ax.g/ WD E.g/o is called an extended-defined
quasigeodesic, which is also called the axis of g (depending on o). Compared with the quasiaxis Lg

of a loxodromic element g which can be an arbitrary hgi-invariant quasigeodesic, we use the term
“extended-defined” here to emphasize their difference.

The following result, proved in [48, Proposition 2.9 and Lemma 2.14], gives a procedure to construct
infinitely many contracting elements.

Lemma 2.13 (extension lemma) Suppose that a nonelementary group G acts properly on .X; d/ with
a contracting element. Then there exist a set F �G of three contracting elements and D; �; � > 0 with
the following property. For any g 2 G, there exists f 2 F such that the bi-infinite concatenated path

 D

S
n2Z.gf /

nŒo;gfo� is a .D; �/-admissible path with contracting subsets f.gf /ng Ax.f / W n 2 Zg.
In particular , 
 is a C -contracting �-quasigeodesic , where C depends on d.o;go/. Hence gf is a
contracting element.

2.3 Projection complexes

In the assumption of our main result, i.e., Theorem 1.1, the geodesic metric space X on which the group G

acts with contracting elements is not hyperbolic. To apply the method proposed by Bestvina–Fujiwara [5],
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we need to construct a suitable hyperbolic space on which G acts. This construction makes use of the
projection complex techniques developed by Bestvina–Bromberg–Fujiwara [3], which will be introduced
in this subsection.

Definition 2.14 (projection axioms) Let F be a collection of metric spaces equipped with (set-valued)
projection maps

f�U W F n fU g ! 2U
gU2F :

Define dU .V;W / WD diam.�U .V /[�U .W // for V ¤ U ¤W 2 F . The pair .F ; fU gU2F / satisfies
projection axioms for a constant � > 0 if

(1) diam.�U .V //� � when U ¤ V ;

(2) if U , V , W are distinct and dV .U;W / > � then dU .V;W /� �;

(3) the set fU 2 F W dU .V;W / > �g is finite for V ¤W .

We caution the readers that the projection maps in the above definition are just abstract maps, which
may not be the closest point projections defined previously. By definition, the triangle inequality

(2-1) dY .V;W /� dY .V;U /C dY .U;W /

holds for any U;V;Y;W 2 F . It is well known that the projection axioms hold for a contracting system
with bounded intersection (see [47, Appendix]). From now on, we assume that G acts properly on X

with contracting elements. Fix a base point o 2X .

Lemma 2.15 [49, Lemma 2.18] Let g 2G be a contracting element. Then the set F Dff Ax.g/ W f 2Gg

with closest point projections �U .V / satisfies the projection axioms with a constant � D �.F/ > 0.

In [3, Definition 3.1], a modified version of dU is introduced such that it is symmetric and agrees
with the original dU up to an additive amount 2�. Thus, the axioms (1)–(3) still hold for 3�, and the
triangle inequality in (2-1) holds up to a uniform error. In what follows, we actually need to work with
this modified dU to define the projection complex, but for the sake of simplicity, we stick to the above
definition of dU .

We consider the interval-like set, for K > 0 and V;W 2 F ,

FK .V;W / WD fU 2 F W dU .V;W / >Kg:

Define FK ŒV;W � WD FK .V;W /[fV;W g. It possesses a total order described in the next lemma. Let F
and � be given by Lemma 2.15.

Lemma 2.16 [3, Theorem 3.3.G] There exist constants D D D.�/;K D K.�/ > 0 such that the set
FK ŒV;W � admits a total order “<” with least element V and greatest element W , such that given
U0;U1;U2 2 FK ŒV;W �, if U0 < U1 < U2, then

dU1
.V;W /�D � dU1

.U0;U2/� dU1
.V;W / and dU0

.U1;U2/�D and dU2
.U0;U1/�D:
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u

vU

U1

U2

V

X

>K

>K

Figure 5: Each blue line is a translate of Ax.g/; FK ŒU;V �[ fU;V g D fU < U1 < U2 < V g

is a standard path in PK .F/; the yellow line represents the closest point projection between U

and U1; the red line is a lifted standard path from u 2 U to v 2 V in X .

We now give the definition of a projection complex.

Definition 2.17 The projection complex PK .F/ for K satisfying Lemma 2.16 is a graph with the vertex
set consisting of the elements in F . Two vertices U and V are connected if FK .U;V /D¿. We equip
PK .F/ with a length metric dP induced by assigning unit length to each edge.

The projection complex PK .F/ is connected, since by [3, Proposition 3.7], the interval set FK ŒU;V �

gives a connected path between U and V in PK .F/: the consecutive elements directed by the total order
are adjacent in PK .F/. The path FK ŒU;V �[fU;V g D fU <U1 < � � �< Uk < V g is called the standard
path from U to V . See Figure 5 for an illustration of a standard path. By [4, Corollary 3.7], standard
paths are (2, 1)-quasigeodesics in PK .F/. A quasitree is a geodesic metric space quasi-isometric to a
tree. The structural result about the projection complex is the following.

Lemma 2.18 [3, Corollary 3.25] For K � 0 as in Lemma 2.16, the projection complex PK .F/ is a
quasitree , on which G acts nonelementarily and coboundedly.

For any two points u 2 U and v 2 V , we often need to lift a standard path FK ŒU;V � [ fU;V g

D fU < U1 < � � � < Uk < V g in PK .F/ to a path from u to v in X . The lifted standard path in X is a
piecewise geodesic path (admissible path) from u to v as concatenation of the normal paths between
two consecutive vertices which are G-translates of Ax.g/ in X and geodesics contained in vertices. See
Figure 5 for an illustration of a lifted standard path. This is explained by the following lemma proved in
[32, Lemma 4.5].
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Lemma 2.19 For any K > 0, there exist a constant D DD.K; �/ � 0 with D!1 as K!1 and a
uniform constant B DB.�/ > 0 with the following property. For any two points u 2U , v 2 V there exists
an .D;B/-admissible path 
 in X from u to v with saturation FK ŒU;V �.

In practice, we always assume that K is sufficiently large such that by taking � D B and R as the
bounded intersection gauge of F , the constant D in the above lemma satisfies Proposition 2.10, and then
the path 
 shall be a quasigeodesic.

2.4 (Relative) bounded cohomology

This subsection is devoted to the basic definitions and results on the bounded cohomology of a group
and the relative bounded cohomology of a pair of groups. We refer the reader to [10] for full details on
ordinary group cohomology theory, to [22; 28; 34] on bounded cohomology of groups, and to [28; 43]
for the relative case.

Let G be a group. For a coefficient ring R, the bar complex C�.GIR/ is the complex generated in
dimension n by n-tuples .g1; : : : ;gn/ with gi 2G and with boundary map @ defined by the formula

@.g1; : : : ;gn/D .g2; : : : ;gn/C

n�1X
iD1

.�1/i.g1; : : : ;gigiC1; : : : ;gn/C .�1/n.g1; : : : ;gn�1/:

We let C �.GIR/ denote the dual cochain complex Hom.C�.G/;R/, and let d denote the adjoint of @.
The homology groups of C �.GIR/ are called the group cohomology of G with coefficients in R, and are
denoted by H�.GIR/.

In this paper, we take RDR. A cochain ˛ 2 C n.GIR/ is bounded if

sup j˛.g1; : : : ;gn/j<1;

where the supremum is taken over all n-tuples .g1; : : : ;gn/ with gi 2 G. The set of all bounded
cochains forms a subcomplex C �

b
.GIR/ of C �.GIR/, and its homology is the so-called bounded

cohomology H�
b
.GIR/.

Amenable groups Recall that a mean on G is a linear functional on C 1
b
.GIR/ which maps the constant

function �.g/D 1 to 1, and maps nonnegative functions to nonnegative numbers.

Definition 2.20 A group G is amenable if there is a G-invariant mean � W C 1
b
.GIR/!R where G acts

on C 1
b
.GIR/ by

g ��.h/D �.g�1h/

for all g; h 2G and � 2 C 1
b
.GIR/.

Examples of amenable groups are finite groups, solvable groups, and Grigorchuk’s groups of interme-
diate growth.

We list three important facts here for future use. Some of them are mentioned in the introduction. See
[7; 12, §2.4.2] for details.
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Lemma 2.21 (1) H 1
b
.GIR/D 0 for any group G.

(2) H�
b
.GIR/ vanishes identically when G is an amenable group.

(3) Let H !G!K! 1 be a (right) exact sequence of groups. Then the induced sequence on second
bounded cohomology

0!H 2
b .KIR/!H 2

b .GIR/!H 2
b .H IR/

is (left) exact.

Unless otherwise stated, a pair of groups .G;H / in this paper means that G is a group and H is a
subgroup of G. Now we come to the definition of relative bounded cohomology of the pair .G;H /. The
kernel of the obvious restriction map C �

b
.G;R/! C �

b
.H;R/ is denoted by C �

b
.G;H IR/, and we have

the short exact sequence of complexes

0! C �b .G;H IR/! C �b .GIR/! C �b .H IR/! 0;

which induces a long exact sequence in cohomology

(2-2) � � � !H n�1
b .H IR/!H n.C �b .G;H IR//!H n

b .GIR/!H n
b .H IR/! � � � :

The module H n.C �
b
.G;H IR// is the n-th bounded cohomology of the pair .G;H /. We denote it as

H n
b
.G;H IR/. Let fHig

m
iD1

be a finite collection of subgroups in G. We denote by C �
b
.G; fHig

m
iD1
IR/

the kernel of the multiple restriction map C �
b
.G;R/!

Lm
iD1 C �

b
.Hi ;R/. In the same way as above,

we define H n
b
.G; fHig

m
iD1
IR/ as the n-th bounded cohomology H n.C �

b
.G; fHig

m
iD1
IR//. There are no

substantial differences from the relative cohomology in ordinary cohomology group theory.

Proposition 2.22 Let .G;H / be a pair of groups with H C G. Then H 2
b
.G=H IR/ŠH 2

b
.G;H IR/.

Proof Recall that Lemma 2.21(3) gives us a left-exact sequence

0!H 2
b .G=H IR/!H 2

b .GIR/!H 2
b .H IR/:

From the definition of relative bounded cohomology (2-2), we also have the exact sequence

H 1
b .H IR/!H 2

b .G;H IR/!H 2
b .GIR/!H 2

b .H IR/:

As any group has a trivial first bounded cohomology, we can conclude that

(2-3) H 2
b .G=H IR/Š ker.H 2

b .GIR/!H 2
b .H IR//ŠH 2

b .G;H IR/:

We remark that the second isomorphism in (2-3) always holds as long as .G;H / is a pair of groups.

Finite-index subgroups Let .G;H / be a pair of groups. The inclusion map from H to G induces
the restriction map which is denoted by res WH n.G;R/!H n.H;R/. A subgroup H of a topological
group G is called cocompact (or uniform) if the quotient space G=H is compact, where H denotes the
closure of H in G. For cocompact subgroups such that the quotient admits a finite invariant measure,
the restriction map from the cohomology group of the ambient group to the cohomology group of the
subgroup is injective. This notably encompasses the case of uniform lattices (of Lie groups) and finite
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index subgroups (of any group). The standard argument uses the existence of a transfer map which is the
left inverse to the restriction map (or up to a constant multiple depending on different definitions of the
transfer map). The transfer map is obtained by integration (or finite sum for finite index subgroups), so it
is crucial for the subgroup to be cocompact. See [38, §8.6] for a detailed discussion of the transfer map.

Lemma 2.23 [38, Propositon 8.6.2] Let .G;H / be a pair of groups. If H has finite index in G, then the
natural restriction map H 2

b
.GIR/!H 2

b
.H IR/ is isometrically injective.

Combining with the remark following Proposition 2.22, we have immediately that:

Corollary 2.24 Let .G;H / be a pair of groups. If H has finite index in G, then H 2
b
.G;H IR/D 0.

The corollary above gives us a better understanding of the relations between the index of a subgroup
and the relative bounded cohomology group. In fact, Corollary 2.24 is the main motivation for the authors
of [42] and us to consider the relative bounded cohomology of infinite index subgroups, aiming to find
some nontrivial results. By combining Lemma 2.21(2) and Proposition 2.22, one gets another simple
example as follows.

Proposition 2.25 Let .G;H / be a pair of groups. If H is a normal subgroup with amenable quotient ,
then H 2

b
.G;H IR/D 0.

2.5 Quasimorphisms

In this subsection, we recall the notion of quasimorphism on a group G. Typically, one proves that
H 2

b
.GIR/ is infinite-dimensional by demonstrating the existence of infinitely many linearly independent

quasimorphisms on G.

Definition 2.26 A map � WG!R is called a quasimorphism if there exists a constant C > 0 such that

j�.gh/��.g/��.h/j< C for all g; h 2G:

The defect of a quasimorphism � is defined to be

�.�/ WD sup
g;h2G

j�.gh/��.g/��.h/j:

The defect of a quasimorphism measures how far it is from a genuine homomorphism from the group to R.
A quasimorphism � is called trivial if there exists a bounded map b WG!R and a group homomorphism
� WG!R such that � D bC �.

We denote by QM.G/ the R-vector space of quasimorphisms on G and by QM0.G/ the subspace of
QM.G/ consisting of all trivial quasimorphisms on G, which is exactly C 1

b
.GIR/˚Hom.G;R/.

For a quasimorphism � on G, define the 1-coboundary of � by d1�.g; h/D �.g/C �.h/� �.gh/.
Thus, d1� is a bounded 2-cocycle. We denote by !� WD Œd1��b the corresponding bounded cohomology
class. Then we have a linear map

QM.G/!H 2
b .GIR/; � 7! !� ;
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such that the sequence
QM.G/!H 2

b .GIR/!H 2.GIR/

is exact [12, Theorem 2.50].
There is another important special kind of quasimorphism called a homogeneous quasimorphism.

Definition 2.27 A quasimorphism � WG!R is homogeneous if �.gn/D n ��.g/ for every g 2G and
every n 2 Z.

A class function on G is a function that takes the same value on each conjugacy class.

Lemma 2.28 A homogeneous quasimorphism is a class function.

Proof Let � be a homogeneous quasimorphism on G. For any two group elements f;g 2G, it follows
from the definition of homogeneous quasimorphisms that

j�.g/��.fgf �1/j D j�.g/C�.fg�1f �1/j D
j�.gn/C�.fg�nf �1/j

n

�
j�.gn/C�.g�n/jC j�.f /jC j�.f �1/jC 2�.�/

n
D

2j�.f /jC 2�.�/

n
:

By letting n!1, one has that �.g/D �.fgf �1/. Since f , g are arbitrary, we complete the proof.

Remark 2.29 [12, Lemma 2.21, Corollary 2.59] Let � be a quasimorphism on G. Then there exists a
unique homogeneous quasimorphism � which stays at finite distance from �. In fact, the corresponding
homogeneous quasimorphism to � is given by

�.g/ WD lim
n!1

�.gn/

n
for all g 2G:

This limit exists because the coarse subadditive inequality �.gnCm/ � �.gn/C �.gm/C�.�/ holds.
Moreover, the defect �.�/ is related to �.�/ by �.�/� 2�.�/.

We denote the subspace of QM.G/ consisting of all homogeneous quasimorphisms on G as QMh.G/.

3 Morse subgroups of infinite index

In this section, we assume that G is a nonelementary group acting properly on a geodesic metric space
.X; d/ with contracting elements. Fix a base point o 2X . We first define what is a Morse subgroup.

Definition 3.1 (Morse property) A subset A � X is �-Morse for a function � W R ! R if every �-
quasigeodesic with endpoints in A is contained in the �.�/-neighborhood of A. The function � is called
a Morse gauge of A. A subgroup H � G is Morse if the subset H � o is �-Morse for some function
� WR!R.

Remark 3.2 A C -contracting set is �0-Morse for some function �0 WR�0!R�0 depending only on C

[45, Lemma 2.8(1)].
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to tfo

� � � �

˛

Figure 6: ˛ contains an .�; f /-barrier.

From now on, we assume that fHig1�i�n is a finite collection of Morse subgroups with infinite index
in G. The purpose of this section is to prove Proposition 1.3, which is restated as:

Proposition 3.3 There exists a quasitree on which G acts coboundedly and each Hi acts elliptically for
1� i � n.

Proof ideas of Proposition 3.3 For a contracting element g 2 G, Section 2.3 shows that there exists a
projection complex PK .F/ where F D ff Ax.g/ W f 2Gg such that PK .F/ is a quasitree on which G

acts coboundedly. Hence, we only need to find an appropriate contracting element g 2G such that each
Hi acts elliptically on PK .F/ for 1 � i � n. By analyzing the algebraic and geometric properties of
fHi W 1 � i � ng, we can obtain a contracting element g such that the projection of Œo; ho� onto Ax.g/
is uniformly bounded for any h 2

S
1�i�n Hi . Finally, we will show that such a contracting element g

meets the requirements.
In order to characterize the magnitude of the (closest point) projection to an axis of a contracting

element, we introduce a definition of barriers.

Definition 3.4 [48, Definition 4.1] Let � � 0 and f 2 G. We say a geodesic ˛ � X contains an
.�; f /-barrier if there exists an element t 2G such that

d.to; ˛/� �; d.tfo; ˛/� �:

Otherwise, ˛ is called .�; f /-barrier-free. An element g 2G is called .�; f /-barrier-free if some choice
of geodesic from o to go is .�; f /-barrier-free. See Figure 6 for an illustration.

Recall that the extension lemma, i.e., Lemma 2.13, gives a set F �G consisting of three contracting
elements. The following result of Han–Yang–Zou shows that for any contracting element g D g0f

obtained by the extension lemma, any geodesic segment with a large projection to Ax.g/ contains an
.�;g0/-barrier where � depends only on F .

Lemma 3.5 [31, Lemma 2.9] For any g0 2 G, let g D g0f be the contracting element given by
Lemma 2.13. Then there exist � D �.F / and � D �.F;g/ such that a geodesic segment ˛ with
diam.�Ax.g/.˛// > � contains an .�;g0/-barrier.

Remark 3.6 Actually, one can strengthen the conclusion of Lemma 3.5 as follows: if a geodesic segment ˛
satisfies diam.�b Ax.g/.˛//> � for some b 2G, then ˛ contains an .�;g0/-barrier. The reason is that from
the definition of barriers (see Definition 3.4), it is equivalent to say that ˛ or b�1˛ contains an .�;g0/-
barrier. Thus, by substituting ˛ with b�1˛, one can apply Lemma 3.5 to obtain the stronger conclusion.
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bo bg0o

hoo yx
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Figure 7: Œo; ho� contains an .�;g0/-barrier.

To get a contracting element such that the projection of each Œo; ho� to Ax.g/ is uniformly bounded,
we need to find an element g0 such that h is .�;g0/-barrier-free for h 2

S
1�i�n Hi .

Lemma 3.7 [39, Lemma 4.1] Let the group G be the union of finitely many cosets of subgroups
C1; : : : ;Cn. Then the index of (at least) one of these subgroups in G does not exceed n.

Lemma 3.8 For any � � 0, there exists an element g0 2 G such that any h 2 Hi with 1 � i � n is
.�;g0/-barrier-free.

Proof At first, we claim that the set GnS
�S

1�i�n Hi

�
S is infinite for any finite subset S �G. Suppose

not, by enlarging S by a finite set, we can assume that

G D S

� [
1�i�n

Hi

�
S D

[
1�i�n

.SHiS/D
[
s2S

[
1�i�n

.sHis
�1/.s �S/;

where each s �S is a finite set. As each conjugate of Hi is still an infinite-index subgroup of G, the above
decomposition implies that G can be written as a finite union of cosets of infinite-index subgroups. This
contradicts Lemma 3.7. The claim thus follows.

Since each Hi is Morse for 1� i �n, it follows from Definition 3.1 that there exists a function � WR!R

such that all orbits Hi �o.1� i � n/ are �-Morse. Let M D �.1/. Define S WD fg 2G W d.o;go/� �CM g.
As G acts properly on X , the set S is finite.

According to the above claim, the set G nS
�S

1�i�n Hi

�
S is infinite. We are going to show that every

element g0 2 G nS
�S

1�i�n Hi

�
S satisfies the requirement. Suppose to the contrary that there exist

some i 2 f1; : : : ; ng and some element h 2 Hi such that h is not .�;g0/-barrier-free. By definition of
barriers, for any geodesic segment Œo; ho�, there exist an element b 2G and two points x;y 2 Œo; ho� such
that d.bo;x/; d.bg0o;y/� �. See Figure 7 for an illustration.

Since the orbit Hi � o is �-Morse in X , by definition of Morse property, the geodesic segment Œo; ho� is
contained in NM .Hio/. Since x;y 2 Œo; ho�, there exist h1; h2 2Hi such that d.x; h1o/; d.y; h2o/�M .
Combining two inequalities together, one gets that d.bo; h1o/; d.bg0o; h2o/� �CM . By construction
of S , we have b�1h1; h

�1
2

bg0 2 S . Therefore,

g0 2 b�1h2S D b�1h1 � h
�1
1 h2S � SHiS;

which contradicts with the choice of g0.

By combining Remark 3.6 and Lemma 3.8, we obtain that:
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Lemma 3.9 There exist a contracting element g 2G and � > 0 such that for any b 2G and h 2Hi with
1� i � n,

diam.�b Ax.g/.Œo; ho�//� �:

Proof We caution the readers that the constant � WD �.F / given by Lemma 3.5 only depends on a prefixed
set F . Then we choose g0 by Lemma 3.8 such that each h 2Hi with 1� i � n is .�;g0/-barrier-free. Set
gD g0f given by Lemma 2.13 for some f 2 F . Then � D �.F;g/ in Lemma 3.5 is the desired uniform
projection constant. Otherwise, one gets a contradiction to Remark 3.6.

For the contracting element given by Lemma 3.9, we next follow the process in Section 2.3 to construct
a projection complex. Finally, we show that the projection complex is the quasitree which satisfies all
requirements of Proposition 3.3.

Group actions on projection complex Let g be a fixed contracting element given by Lemma 3.9.
Lemma 2.15 shows that F D ff Ax.g/ W f 2Gg with shortest projection maps satisfies the projection
axioms with constants � D �.F/ > 0. Hence, one can construct a projection complex PK .F/ (see
Definition 2.17) for K � 0. As a result of Lemma 2.18, PK .F/ is a quasitree, on which G acts
nonelementarily and coboundedly. Set K � � C 2�C 2� where � is given by Lemma 3.9, � is given by
Lemma 2.15, and � is the fellow travel constant (see Proposition 2.10) with respect to a .D;B/-admissible
path given by Lemma 2.19.

Lemma 3.10 For each i 2 f1; : : : ; ng, Hi acts elliptically on PK .F/.

Proof Recall that the vertex set of PK .F/ is F D ff Ax.g/ W f 2 Gg, and two vertices U , V are
connected by an edge if the set FK ŒU;V � D fZ 2 F W dZ .U;V / > Kg is empty. Let U 2 PK .F/ be
the point representing Ax.g/ which by definition is the orbit E.g/ � o. It suffices for us to show that
dP.U; hU /� 1 for any h 2Hi with 1� i � n.

Suppose not; then there exists at least one element in FK ŒU; hU �. Let V 2 FK ŒU; hU �. It follows
from the definition of FK ŒU; hU � that diam.�V .U /[�V .hU // >K. Note that o 2U and thus ho 2 hU .
Lemma 2.19 shows that there exists a .D;B/-admissible path in X from o to ho with saturation FK ŒU; hU �.
It follows from the �-fellow travel property of an admissible path that

diam.�V .Œo; ho�//� diam.�V .U /[�V .hU //� 2� � 2� >K� 2� � 2� � �:

As V represents a G-translate of Ax.g/, one gets a contradiction to Lemma 3.9.

As a corollary of Lemma 3.10, we get Proposition 3.3.

Remark 3.11 With Lemma 3.10, we know that the quasitree in Proposition 3.3 is actually a projection
complex PK .F/. Since each vertex in PK .F/ represents a translate of Ax.g/, any conjugate of E.g/

fixes a point in PK .F/. Hence, the action G Õ PK .F/ is not proper. Furthermore, it is generally difficult
to obtain subgroups acting elliptically on PK .F/ other than the vertex stabilizer. However, Proposition 3.3
provides such a family of subgroups, i.e., Morse subgroups of infinite index.

Algebraic & Geometric Topology, Volume 26 (2026)



1214 Zhenguo Huangfu and Renxing Wan

4 Constructing quasimorphisms

In this section, we assume that a nonelementary countable group G acts WPD (see Definition 4.2) on a
ı-hyperbolic space X and a finite collection of subgroups fHi W 1� i � ng of G acts elliptically on X .
Our goal is the following result.

Proposition 4.1 There is an injective R-linear map ! W `1! H 2
b
.GIR/ such that each coclass in the

image !.`1/ has a representative vanishing on Hi for each 1� i � n.
Moreover , the dimension of H 2

b
.G; fHig

n
iD1
IR/ as a vector space over R has the cardinality of the

continuum.

Definition 4.2 [5] We say that the action of G on a hyperbolic space X satisfies WPD if

� G is not virtually cyclic,

� G contains at least one element that acts on X as a loxodromic isometry, and

� for every loxodromic element g 2G, every x 2X , and every C > 0, there exists N > 0 such that

fh 2G W d.x; hx/� C; d.gN x; hgN x/� C g

is finite.

In [5], Bestvina–Fujiwara showed that the dimension of QM.G/=.H 1.GIR/˚C 1
b
.GIR// as a R-

vector space has the cardinality of the continuum under the assumption of WPD actions. This implies the
absolute version of Proposition 4.1. However, the relative version of second bounded cohomology of a
group acting WPD on a hyperbolic space has never been studied before, which is where the value of our
Proposition 4.1 lies. Regarding the proof of Proposition 4.1, we generally follow the proof idea in [5],
but we will utilize some new techniques (e.g., barriers) developed in this paper.

4.1 Epstein–Fujiwara quasimorphisms on groups acting on hyperbolic spaces

At first, let us recall some basic material about Epstein–Fujiwara quasimorphisms introduced in [24].
Let ˛ be a finite path in X . We denote the length of ˛ by j˛j. We use the action of g 2 G on X to

define a path g �˛ which is the g-translation of the path ˛. We say that g �˛ is a copy of ˛. Let w be a
finite oriented path, and let w�1 be the inverse path. We assume that jwj � 2 and define

j˛jw WD fthe maximal number of copies of w in ˛ without overlapping (except at the vertices)g:

Suppose that x;y 2 X and that W is a number with 0 <W < jwj. Recall that Œx;y� denotes some
choice of a geodesic from x to y. We define

(4-1) cw;W .Œx;y�/D d.x;y/� inf
˛
fj˛j �W j˛jwg;

where ˛ ranges over all the paths from x to y. It follows from the definition that cw;W .Œx;y�/ does not
depend on the choice of a geodesic Œx;y�.
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Remark 4.3 By choosing ˛ to be a choice of geodesic Œx;y�, one gets that

cw;W .Œx;y�/� d.x;y/� .jŒx;y�j �W jŒx;y�jw/DW jŒx;y�jw � 0:

Moreover, if cw;W .Œx;y�/D 0, then the above inequality implies that jŒx;y�jw D 0 and the geodesic Œx;y�
realizes the infimum in (4-1). However, if cw;W .Œx;y�/ > 0, then the realizing path (i.e., a path realizing
the infimum in (4-1)) may not exist.

Lemma 4.4 [24, Lemma 3.3] Suppose that a path ˛ realizes the infimum above. Then the path ˛ is a�
jwj
jwj�W

; 2W jwj
jwj�W

�
-quasigeodesic.

Since a realizing path does not always exist, we need another notion which is close to realizing paths in
practice. A path ˇ between x and y is called an almost realizing path of cw;W .Œx;y�/ if it satisfies that

(4-2) jˇj �W jˇjw �min
˚
inf
˛
fj˛j �W j˛jwgCW;

�
d.x;y/C inf

˛
fj˛j �W j˛jwg

�
=2
	
;

where ˛ ranges over all the paths from x to y. In other words, an almost realizing path ˇ of cw;W .Œx;y�/

satisfies that

d.x;y/� .jˇj �W jˇjw/�max
˚
cw;W .Œx;y�/�W; cw;W .Œx;y�/=2

	
:

We remark that the requirement d.x;y/� .jˇj �W jˇjw/� cw;W .Œx;y�/�W guarantees ˇ is a uniform
quasigeodesic (see Lemma 4.5 below) and the other requirement d.x;y/�.jˇj�W jˇjw/�cw;W .Œx;y�/=2

is used to obtain jˇjw > 0 when cw;W .Œx;y�/ > 0. By definition and Remark 4.3, an almost realizing
path of cw;W .Œx;y�/ always exists. Analogous to Lemma 4.4, we have that:

Lemma 4.5 Let ˇ be an almost realizing path of cw;W .Œx;y�/. Then the path ˇ is a
�
jwj
jwj�W

; 3W jwj
jwj�W

�
-

quasigeodesic.

Proof Let ˇ W Œ0; jˇj�!X be an arc-length parametrization of ˇ. Let 0� t < s � jˇj and set ˇ0D ˇjŒt;s�.
Note that jˇ0j D s� t . Let 
 be a geodesic from ˇ.t/ to ˇ.s/.

Claim jˇ0j �W .jˇ0jwC 3/� j
 j �W j
 jw.

Proof of claim Suppose to the contrary that jˇ0j �W .jˇ0jwC 3/ > j
 j �W j
 jw . Since ˇ is an almost
realizing path, jˇj�W jˇjw � inf˛fj˛j�W j˛jwgCW . By setting 
 0DˇjŒ0;t �[
 [ˇjŒs;jˇj�, one has that

j
 0j �W j
 0jw � .t Cj
 jC jˇj � s/�W
�ˇ̌
ˇjŒ0;t �

ˇ̌
w
Cj
 jwC

ˇ̌
ˇjŒs;jˇj�

ˇ̌
w

�
< jˇj �W

�ˇ̌
ˇjŒ0;t �

ˇ̌
w
Cjˇ0jwC

ˇ̌
ˇjŒs;jˇj�

ˇ̌
w
C 3

�
� jˇj �W .jˇjwC 1/� inf

˛
fj˛j �W j˛jwg:

This is impossible since 
 0 is also a path from x to y.

Clearly jˇ0jw � jˇ0j=jwj. Therefore,

d.ˇ.t/; ˇ.s//D j
 j � j
 j �W j
 jw � jˇ
0
j �W jˇ0jw � 3W

� jˇ0j �
W

jwj
jˇ0j � 3W D

jwj �W

jwj
jˇ0j � 3W:
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It is clear from the definition that cw;W .Œx;y�/D cw�1;W .Œy;x�/. We then define

hw;W .Œx;y�/D cw;W .Œx;y�/� cw�1;W .Œx;y�/:

Take o 2X as a base point. We define functions cw;W and hw;W WG!R by

cw;W .g/ WD cw;W .Œo;g � o�/ and hw;W .g/ WD hw;W .Œo;g � o�/:

Lemma 4.6 [24, Proposition 3.10] The map hw;W WG!R is a quasimorphism. Moreover , the defect
�.hw;W / � 12L0 C 6W C 48ı is uniformly bounded where L0 D L

�
jwj
jwj�W

; 2W jwj
jwj�W

; ı
�

is given by
Lemma 2.1.

4.2 Constructing infinitely many words

From now on, we borrow some definitions and terminologies from [5]. For a base point o 2 X and a
loxodromic element g, we denote by Lg D

S
i2Z gi Œo;go� a quasiaxis of g. Define Ax.g/ WD

S
k�1 Lgk .

By the Morse lemma, Ax.g/ is still a quasiaxis of g. The quasiaxis Ax.g/ of g is oriented by the
requirement that g acts as a positive translation. We call this orientation the g-orientation of the quasiaxis.
Of course, the g�1-orientation is the opposite of the g-orientation. Let Ax.g/ be a .�; �/-quasiaxis. By
the Morse lemma, any two .�; �/-quasiaxes of g are within L.�; �; ı/ of each other. More generally,
any sufficiently long path J inside the L.�; �; ı/-neighborhood of Ax.g/ of g has a natural orientation
given by g: a point of Ax.g/ within L.�; �; ı/ of the terminal endpoint of J is ahead (with respect to the
g-orientation of Ax.g/) of a point of Ax.g/ within L.�; �; ı/ of the initial endpoint of J . We call this
orientation of J the g-orientation.

Definition 4.7 Let g1 and g2 be two loxodromic elements of G. We will write

g1 � g2

if there exists a constant L0 > 0 such that an arbitrarily long segment J in Ax.g1/ is contained in an
L0-neighborhood of t Ax.g2/ for some t 2 G and the map t W J ! t.J / is orientation-preserving with
respect to the g1-orientation on J and the g2-orientation on t.J /.

Note that � is an equivalence relation. The following lemma gives a relation between the above
definition and the definition (see Definition 3.4) of barriers which has nothing to do with the orientation.

Lemma 4.8 If g1 œ g˙1
2

, then for any �0 > 0, there exists r > 0 such that gm
2

is .�0;gs
1
/-barrier-free for

any m 2 Z and s � r .

Proof Suppose to the contrary that there exists �0 > 0 such that for every r 2N, there exist m 2 Z and
s � r such that gm

2
is not .�0;gs

1
/-barrier-free. According to the definition of barriers, there exists t 2G

such that d.to; Œo;gm
2

o�/� �0 and d.tgs
1
o; Œo;gm

2
o�/� �0. See Figure 8 for an illustration.

Let x;y 2 Œo;gm
2

o� such that d.to;x/Dd.to; Œo;gm
2

o�/ and d.tgs
1
o;y/Dd.tgs

1
o; Œo;gm

2
o�/. Hence, the

path 
 D Œx; to�[Œto; tgs
1
o�[Œtgs

1
o;y� is a .1; 4�0/-quasigeodesic. By Lemma 2.1, t Œo;gs

1
o��NL0.Œo;g

m
2

o�/
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to tgs
1
o

gm
2

oo yx

� �0 � �0



NL0.Œo;g
m
2

o�/

Figure 8: Œo;gm
2

o� contains an .�0;gs
1
/-barrier. The blue path represents 
 . The gray area

represents NL0.Œo;g
m
2 o�/.

where L0 D L.1; 4�0; ı/. Up to exchanging g2 to g�1
2

, we can assume that the map t is orientation-
preserving. Note that s � r . By Lemma 2.2, one has d.o;gs

1
o/ � skg1k � rkg1k, which implies that

the length of Œo;gs
1
o�� Ax.g1/ goes to infinity as r !1. According to Definition 4.7, this shows that

g1 � g2 or g1 � g�1
2

which is impossible.

Proposition 6 in [5] shows that for every WPD action G Õ X , there exist two loxodromic elements g1

and g2 such that g1 œ g2. In [5, Proposition 2, Claim 1], Bestvina–Fujiwara proved that two elements
f1, f2 are nonequivalent if they satisfy

f1 D g
n1

1
g

m1

2
g

k1

1
g
�l1

2
; f2 D g

n2

1
g

m2

2
g

k2

1
g
�l2

2
;

where 0 � n1 � m1 � k1 � l1 � n2 � m2 � k2 � l2. But in fact, their proof only requires
0 � n1;m1; jk1j; l1 � n2;m2; jk2j; l2, and does not require k1, k2 to be positive. So we can take
k1, l1, k2, l2 to be �n1, m1, �n2, m2 respectively. In this case, we have f1 D g

n1

1
g

m1

2
g
�n1

1
g
�m1

2
;

f2 D g
n2

1
g

m2

2
g
�n2

1
g
�m2

2
2 ŒG;G� and the remaining proof of [5, Proposition 2, Claim 1] shows that:

Lemma 4.9 There exist two loxodromic elements g1 and g2 in ŒG;G� on X such that g1 œ g2.

Since g1 and g2 are independent, we may replace g1, g2 by high positive powers of conjugates to ensure
that the subgroup F of G generated by g1, g2 is free with basis S D fg1;g2g, each nontrivial element
of F is loxodromic, and F is quasiconvex with respect to the action on X (see [24, Proposition 4.3]).
We will call such free subgroups Schottky groups. Let G.F;S/ be the Cayley graph of F with respect to
the generating set S D fg1;g2g. Then G.F;S/ is a tree and each oriented edge has a label g˙1

i . Choose
a base point o 2 X and construct an F -equivariant map ˆ W G.F;S/! X that sends 1 to o and sends
each edge to a geodesic arc. Quasiconvexity implies that ˆ is a .�0; �0/-quasi-isometric embedding for
some �0 � 1; �0 � 0 and in particular for every 1¤ f 2 F the ˆ-image of the axis of f in G.F;S/ is a
.�0; �0/-quasiaxis of f in X .

Choose positive constants

0� n1�m1� k1� l1� n2�m2� � � �
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and define
fi D g

ni

1
g

mi

2
g

ki

1
g
�li

2

for i D 1; 2; 3; : : : .

Proposition 4.10 [5, Proposition 2] ffi W i � 1g is an infinite sequence of loxodromic elements in G such
that

(1) fi œ f �1
i for i � 1, and

(2) fi œ f ˙1
j for j < i .

If f 2F is cyclically reduced as a word in g1, g2 (equivalently, if its axis passes through 1 2 G.F;S/)
then by the quasiconvexity of F in G we have

(4-3) d.o; f m.o//�m
�
d.o; f .o//� 2L1

�
;

where L1 DL.�0; �0; ı/ > 0 is given by Lemma 2.1 and is a constant independent of f and m.

4.3 Constructing infinitely many quasimorphisms

From now on, we fix an integer W � 3L1 and will only consider a path w with jwj > W . Thus, an
almost realizing path ˛ as in Lemma 4.5 will be a quasigeodesic with constants independent of w and the
endpoints. Moreover, ˛ is contained in a uniform neighborhood, say, L2-neighborhood, of any geodesic
joining the endpoints of ˛. We will also omit W from the notation and write cw and hw for simplicity.

The next lemma is crucial for our discussion, not only in absolute bounded cohomology but also in the
relative case. Recall the definition of barriers from Definition 3.4.

Lemma 4.11 Let w D Œo; fo� and g 2 G be an .L2; f /-barrier-free element. Then we have cw.g/D 0

and cw�1.g/D 0.

Proof Assume that cw.g/ > 0 and that ˛ is an almost realizing path of cw.g/. From Lemma 4.5
we know that ˛ is a

�
jwj
jwj�W

; 3W jwj
jwj�W

�
-quasigeodesic. Thus, ˛ � NL2

.Œo;go�/. Additionally, we have
d.o;go/�.j˛j�W j˛jw/� cw.g/=2> 0. Therefore, j˛jw >.j˛j�d.o;go//=W > 0. From the definition
of j˛jw , there exists some element t 2G such that t �w � ˛ �NL2

.Œo;go�/. This leads to a contradiction,
as g is .L2; f /-barrier-free. Therefore, cw.g/ D 0. We note that as long as there is no t 2 G such
that t �w � NL2

.Œo;go�/, there is also no t 2 G such that t �w�1 � NL2
.Œo;go�/. The conclusion that

cw�1.g/D 0 then follows.

For simplicity, for any f 2G, we set cf WD cŒo;fo� and hf WD hŒo;fo�. Let ffi W i � 1g be the sequence
from Proposition 4.10. As the relation � is invariant under conjugation, we assume in addition that each
fi is cyclically reduced.

Lemma 4.12 For all i � 1, there exists ri > 0 such that for all j < i , we have

(1) h
f

ri
i

.f
ri m

i /�L1m for any m� 0,

(2) h
f

ri
i

is 0 on hfj i.
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Proof We first prove item (2). Fix i � 1. As each element in the finite set A WD ff ˙1
1
; : : : ; f ˙1

i�1
g is not

equivalent to fi , for any sufficiently large �0 > 0, Lemma 4.8 gives a constant ri > 0 such that each a 2A

satisfies that am is .�0; f ri

i /-barrier-free for all m 2 Z.
Let �0 �L2. As a result of Lemma 4.11, we obtain

c
f

ri
i

.am/D c
f
�ri

i

.am/D 0

for any a 2A and n 2 Z.
Hence, h

f
ri

i

.f m
j /D c

f
ri

i

.f m
j /� c

f
�ri

i

.f m
j /D 0 for all m 2 Z.

Now, we turn to proving item (1).

Claim For each i � 1, there exists r 0i > 0 such that cf r
i
.f �rm

i /D 0 for any m� 0 and r � r 0i .

Proof of claim Suppose not. Then there exists i � 1 such that for every sufficiently large r 0i > 0, there
exists m�0 and r � r 0i such that cf r

i
.f �rm

i />0. DefinewD Œo; f r
i o�. Let ˛ be an almost realizing path of

cw.f
�rm

i / in (4-2) with f �1
i -orientation. Then we have d.o; f �rm

i o/�.j˛j�W j˛jw/�cw.f
�rm

i /=2>0.
Thus, j˛jw > .j˛j � d.o; f �rm

i o//=W > 0. From the definition of j˛jw there exists some element t 2G

such that t �w � ˛ � NL2
.Œo; f �rm

i o�/ and the map t respects the orientation. As r 0i can be arbitrarily
large, this implies that fi � f

�1
i , which is a contradiction.

Now we return to the proof of item (1). For each i � 1, Lemma 4.8 allows us to require ri � r 0i
where ri is the constant appearing in the proof of item (2). Define w D Œo; f ri

i o�. For n� 1, let 
 be the
concatenated path

S
0�k�m�1 f

ri k
i w. According to (4-3), we have

j
 j Dmd.o; f
ri

i o/� d.o; f
ri m

i o/C 2L1m:

Obviously, j
 jw Dm. Recall that W � 3L1. Then (4-1) gives that

c
f

ri
i

.f
ri m

i /� d.o; f
ri m

i o/� .j
 j �W j
 jw/� d.o; f
ri m

i o/� .j
 j � 3L1m/�L1m:

Therefore,

h
f

ri
i

.f
ri m

i /D c
f

ri
i

.f
ri m

i /� c
f
�ri

i

.f
ri m

i /D c
f

ri
i

.f
ri m

i /� c
f

ri
i

.f
�ri m

i /�L1m:

Define hi WG!R as hiDh
f

ri
i

, where ri >0 is chosen as in Lemma 4.12. Then we obtain the following.

Proposition 4.13 fhi W i � 1g is an infinite sequence of quasimorphisms on G such that

(1) hi.f
m

j /D 0 for all i ¤ j and for all m� 0;

(2) hi.f
ri m

i /�L1m for all i � 1 and for all m� 0;

(3)  .fi/D 0 for all homomorphisms  WG!R;

(4) the distance d.o; fio/ tends to infinity as i tends to infinity;

(5) hi.h/D 0 for all h 2Hj with 1� j � n.
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Proof The first two items follow directly from Lemma 4.12. Recall from Lemma 4.9 that g1;g2 2 ŒG;G�.
Hence, each fi 2F D hg1;g2i is a product of finitely many commutators, which implies item (3). Recall
from the paragraph following Lemma 4.9 that F D hg1;g2i is a Schottky group which means that the
orbital map ˆ W G.F; fg1;g2g/!X is a .�0; �0/-quasi-isometric embedding. Since fi D g

ni

1
g

mi

2
g

ki

1
g
�li

2

for 0� n1;m1; k1; l1;� n2;m2; k2; l2� � � � , one gets that d.o; fio/ � �
�1
0
.ni Cmi C ki C li/� �0

which implies item (4). It suffices for us to verify item (5).
As each Hj .1 � j � n/ acts elliptically on X , there is a D > 0 such that d.o; ho/ � D for all

h 2
S

1�j�n Hj . Since 0� n1;m1; k1; l1� ni ;mi ; ki ; li for each i � 2, we can require n1� 0 such
that d.o; f

ri

i o/ � ��1
0

ri.ni Cmi C ki C li/� �0 > 2L2 CD. Then it follows from the definition of
barriers (see Definition 3.4) that each h is .L2; f

ri

i /-barrier-free. Hence, as a result of Lemma 4.11,
c
f

ri
i

.h/D cfi
�ri .h/D 0. This shows that hi.h/D 0 for all h 2

S
1�j�n Hj .

At the end of this section, we prove Proposition 4.1.

Proof of Proposition 4.1 At first, we claim that for each g 2G and i� 0, one has hi.g/D 0. Indeed, as
Proposition 4.13(4) shows, d.o; fio/ tends to infinity as i!1. Hence, for i� 0, g is .L2; f

ri

i /-barrier-
free since the diameter of NL2

.Œo;go�/ is finite. Thus one gets that hi.g/D 0 by Lemma 4.11. Therefore,
if .ai/

1
iD1
2 `1, then

P1
iD1 aihi is well defined as an element of C 1.GIR/ since

P1
iD1 aihi.g/ is in fact a

finite sum for each g 2G. For the same reason,
P1

iD1 aid
1hi is a well-defined 2-cocycle. By Lemma 4.6,

all the 2-cocycles d1hi have a common bound, which means that there exists a constant M > 0 such
that supg;g02G jd

1hi.g;g
0/j � �.hi/ �M for i � 1. It follows that if a sequence .ai/

1
iD1
2 `1 thenP1

iD1 aid
1hi is a bounded 2-cocycle. Therefore,

1X
iD1

aid
1hi D d1

� 1X
iD1

aihi

�
:

We get a real linear map ! W `1!H 2
b
.GIR/ which sends the sequence .ai/

1
iD1

to the cohomology class
represented by

P1
iD1 aid

1hi . From Proposition 4.13(5), we know each d1hi lies in H 2
b
.G; fHig

n
iD1
IR/.

So the real linear map is actually ! W `1!H 2
b
.G; fHig

n
iD1
IR/. In order to see that ! is injective, suppose

!..ai//D 0. Then

d1

� 1X
iD1

aihi

�
D d1b

for some bounded real-valued map b 2 C 1
b
.GIR/. This means the function

� WD

1X
iD1

aihi � b

is a homomorphism from G to R. Applying this equality of 1-cochains to fi
ri m
2G, we find

aihi.f
ri m

i /� b.fi
ri m/D �.fi

ri m/D 0 for all m� 0:
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Since hi.f
ri m

i /�L1m and b is a bounded map, this forces ai to be 0. As i is arbitrary, .ai/ must be
the zero vector. This shows the injectivity of ! W `1!H 2

b
.G; fHig

n
iD1
IR/.

Finally, as `1 has the dimension equal to the cardinality of the continuum and the space of bounded
cochains has cardinality jRN j D jRj, we complete the proof.

As a consequence of Proposition 4.1, we have:

Proposition 4.14 Let G be a countable group and H a normal subgroup of G. Suppose that G=H acts
WPD on a hyperbolic space. Then the dimension of H 2

b
.G;H IR/ as a vector space over R has the

cardinality of the continuum.

Proof Proposition 4.1 shows that the dimension of H 2
b
.G=H IR/ as a vector space over R has the

cardinality of the continuum. Since Proposition 2.22 shows that H 2
b
.G=H IR/ Š H 2

b
.G;H IR/, the

conclusion follows.

5 The proof of Theorem 1.1
Let us recall the conditions of Theorem 1.1: G acts properly on X with contracting elements and fHig

(1� i � n) is a finite collection of Morse subgroups with infinite index in G.

Definition 5.1 The action of a group G on a metric space X is acylindrical if for all L> 0 there exist
D > 0 and B > 0 such that if x;y 2X and d.x;y/ >D, then there are at most B elements g 2G with
d.x;gx/�L and d.y;gy/�L.

An acylindrical action G Õ X is called nonelementary if the action is unbounded and G is not virtually
cyclic.

Lemma 5.2 A nonelementary acylindrical action on a hyperbolic space must be WPD.

Proof Let G be a group which admits a nonelementary acylindrical action on a hyperbolic space X .
Since G Õ X is acylindrical, for all L > 0, there exists D > 0 such that if x;y 2 X and d.x;y/ >D,
then the set fg 2G W d.x;gx/�L; d.y;gy/�Lg is finite.

Now we verify that G Õ X is also a WPD action according to Definition 4.2. By [41, Theorem 1.1],
G contains infinitely many independent loxodromic elements. Thus, it remains to verify the third
item in Definition 4.2. For every loxodromic element g 2 G, every x 2 X , and every L > 0, let
D > 0 be the constant given by the above acylindrical action and N > 0 be an integer depending
only on g such that d.x;gN x/ � N kgk > D. Then the above acylindrical action implies that the set
fh 2G W d.x; hx/�L; d.gN x; hgN x/�Lg is finite.

Fix a contracting element g given by Lemma 3.9 and K � 0. Section 3 produces a projection
complex PK .F/.

As shown in [45, Theorem 1.5], E.g/ is a hyperbolically embedded subgroup of G. Therefore, as a
result of [4, Theorem 5.6], G acts acylindrically on PK .F/. In particular, as a result of Lemma 5.2:

Lemma 5.3 The action G Õ PK .F/ satisfies WPD.
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Proof of Theorem 1.1 Recall that Lemma 3.10 shows that each Hi (1� i �n) acts elliptically on PK .F/.
Hence, the action G Õ PK .F/ satisfies the setup of Section 4. Therefore, Theorem 1.1 follows from
Proposition 4.1.

A natural research direction to generalize our Theorem 1.1 is to assume instead that each subgroup Hi

is a subgroup with proper limit sets on a convergence boundary of X . See [31; 49] for more details about
convergence boundary. A Morse subgroup with infinite index satisfies this property. Hence, one may
wonder whether the following proposition is always true:

Question 5.4 Let G be a nonelementary countable group acting properly on a geodesic metric space X

with convergence boundary. Let H be a subgroup of G with proper limit sets. Is the dimension of
H 2

b
.G;H IR/ as a vector space over R infinite?

At the end of this section, we provide an application of Theorem 1.1.

Definition 5.5 A group G is boundedly generated by a finite collection of subgroups H1; : : : ;Hk if for
every g 2G there is a number N such that all powers gn can be written in the form

gn
D

NY
iD1

hi.n/;

where each hi.n/ is conjugate to some element in
S

1�j�k Hj .

This definition is a variation of [36, Definition 4]. There Kotschick required each subgroup to be cyclic.

Corollary 5.6 Under the assumption of Theorem 1.1, G is not boundedly generated by fHi W 1� i � ng.

Proof Suppose to the contrary that G is boundedly generated by fHi W 1 � i � ng. Then for every
g 2 G, there exists an N 2N such that every power gm can be written as a product of N elements in
conjugations of

S
1�i�n Hi .

As Proposition 4.13 shows, there is at least one unbounded quasimorphism � on G such that �.h/D 0

for each h2Hi with 1� i � n. Let � be the homogenization of � given by Remark 2.29. Proposition 4.13
also gives an element g 2G such that �.g/> 0. Then there exists N 2N such that gmDh0

1
� � � h0

N
for any

m> 0 and each h0i D gihig
�1
i with gi 2G; hi 2

S
1�j�n Hj . Note that homogeneous quasimorphisms

take constant values on conjugacy classes. Hence, �.h0i/D �.hi/D 0 for each i . Then one has that

mj�.g/j D j�.gm/j D j�.h01 � � � h
0
N /j � j�.h

0
1 � � � h

0
N�1/jC�.�/� � � � �N�.�/;

where �.�/ is the defect of �. By letting m!1, we reach a contradiction.

6 Rotation family and relative bounded cohomology
In a group G, the normal closure of an element g is denoted as hhgii. The goal of this section is as follows:

Proposition 6.1 Let G be a nonelementary countable group acting properly on a geodesic metric space X

with contracting elements. Then for any contracting element g 2G, there exists k D k.g/ > 0 such that
the dimension of H 2

b
.G; hhgkiiIR/ as a vector space over R has the cardinality of the continuum.
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Proof ideas of Proposition 6.1 Since hhgkii is a normal subgroup of G, by Proposition 4.14, we only need
to find a hyperbolic space such that the quotient group G=hhgkii acts acylindrically on it. According to the
theory of rotating family developed by Dahmani–Guirardel–Osin [14], we need to find a hyperbolic space
such that G acts acylindrically on it and .F Dff Ax.g/ W f 2Gg; ff hgkif �1 W f 2Gg/ forms a rotating
family. To obtain such a hyperbolic space, we need a construction of quasitrees of spaces C.F/, which
can be seen as a blow-up of the projection complex PK .F/. Theorem 6.9 of [4] shows that C.F/ is a
quasitree on which G acts acylindrically and g is a loxodromic element. In order to get a suitable rotating
family, we will consider a cone-off space PZr .F/ with apexes F over a scaled metric space .C.F/; l � dC/.
For r � 0, PZr .F/ is also hyperbolic [14, Corollary 5.39]. Moreover, [32, Lemma 5.3] shows that
.F ; ff hgkif �1 W f 2Gg/ is a suitable rotating family on PZr .F/. As a result of [14, Proposition 5.28],
we get that PZr .F/=hhgkii is still hyperbolic. Finally, we verify that both the extended action G Õ PZr .F/
and the quotient action G=hhgkiiÕ PZr .F/=hhgkii are acylindrical.

6.1 Quasitrees of spaces

Fix a contracting element g 2 G. We define F D ff Ax.g/ W f 2 Gg. Section 2.3 gives a projection
complex PK .F/ whose vertex set is F and two vertices U;V 2F are connected by an edge if and only if
FK .U;V / WD fW 2 F W dW .U;V / >Kg D¿. Fix a positive number L such that 1=2K �L� 2K. We
now define a blowup version, C.F/, of the projection complex PK .F/ by preserving the geometry of each
U 2 F . Namely, we replace each U 2 F , a vertex in PK .F/, with the corresponding subspace U �X ,
while maintaining the adjacency relation in PK .F/: if U and V are adjacent in PK .F/ (i.e., dP.U;V /D1),
then we attach an edge of length L from every point u 2 �U .V / to v 2 �V .U /. This choice of L, as
stated in [3, Lemma 4.2], ensures that U � X is geodesically embedded in C.F/ (so the index L is
omitted here).

For any contracting element g 2 G, the infinite cyclic subgroup hgi is of finite index in E.g/ by
[48, Lemma 2.11], so Ax.g/ D E.g/o is quasi-isometric to a line R. Thus, the set F (derived from
Lemma 2.15) consists of uniform quasilines. By [3, Theorem B], we have the following:

Theorem 6.2 [3] The quasitree of spaces C.F/ is a quasitree of infinite diameter , with each U 2F totally
geodesically embedded into C.F/. Moreover , the shortest projection from U to V in C.F/ agrees with
the projection �U .V / up to a uniform finite Hausdorff distance.

Any two points u 2U and v 2 V in C.F/ are connected via a standard path obtained from the standard
path ˛ between U and V in PK .F/, which passes through each vertex space U on ˛ via a geodesic in U

(see [3, Definition 4.3] for more details). Hence, standard paths in C.F/ are also uniform quasigeodesics.

6.2 Hyperbolic cone-off and rotation family

We first introduce a construction of a hyperbolic metric space by conning off a collection of Morse subsets
from a given hyperbolic space.
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Let Z be a hyperbolic space with a collection F of uniformly Morse subsets, which means that these
Morse subsets have a uniform Morse gauge (see Definition 3.1). Assume that F has bounded intersection
(see Definition 2.6). For r � 0, we first define the hyperbolic cone-off PZr .F/ of Z along F .

For each U 2F , the hyperbolic cone Cr .U / is the quotient space of the product U � Œ0; r � by collapsing
U � 0. The collapsed point denoted by a.U / is called the apex of the cone, and U � 1 the base of the
cone. The cone is equipped with a geodesic metric such that it is the metric completion of the universal
covering of a closed hyperbolic disk punctured at the origin.

The hyperbolic cone-off PZr .F/ is the quotient space of the disjoint union

Zq
a

U2F

Cr .U /

by gluing U with the base of the cone Cr .U /, equipped with the length metric. Since F has bounded
intersection, for r � 0, PZr .F/ is also hyperbolic [14, Corollary 5.39].

Assume that G acts isometrically on Z and leaves F invariant. The action naturally extends by isometry
to the hyperbolic cone Cr .U / by the rule g.x; t/D .gx; t/ for any g 2 G, x 2 U , 0 � t � r . This is a
prototype of the notion of a rotating family introduced in [14].

Definition 6.3 Assume G acts isometrically on a metric space PZ. Let A be a G-invariant set in PZ and a
collection of subgroups fGa W a 2Ag of G such that Ga.a/D a;gGag�1 DGga for any a 2A, g 2G.
We call such a pair .A; fGa W a 2Ag/ a rotating family.

Returning to the above cone-off construction, the apexes A.F/Dfa.U / WU 2Fg and the stabilizers Ga

for a 2 A.F/ together consist of a rotating family. Moreover, we say that A is �-separated if any two
distinct apexes are at distance at least �.

Roughly speaking, a rotating family .A; fGa W a2Ag/ is called very rotating if every nontrivial element
in Ga rotates around a with a very large angle. This big angle is usually achieved by taking a sufficiently
deep subgroup (which is generated by a higher power of some element) of Ga.

6.3 Proof of Proposition 6.1

From now on, we suppose that G is a nonelementary countable group acting properly on a geodesic metric
space X with contracting elements. Fix a base point o 2 X and a contracting element g 2 G. Define
F D ff Ax.g/ W f 2Gg. Theorem 6.2 produces a quasitree of space C.F/ in which each G-translate of
Ax.g/ is totally geodesically embedded.

Lemma 6.4 [4, Theorem 6.9] For K� 0, C.F/ is a quasitree on which G acts acylindrically and g is a
loxodromic element on C.F/.

Denote by dC the metric on C.F/. The following result gives a way to produce a very rotating family
on some cone-off of a “scaled” quasitree of spaces. Here, a scaled metric means a constant multiple of the
original metric. By scaling the metric of a hyperbolic space, one can require the hyperbolicity constant to
be uniform.
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Lemma 6.5 [32, Lemma 5.3] There exist universal constants ıU >0, r >20ıU and kDk.g/; lD l.g/>0

with the following property. Consider the cone-off space PZr .F/ with apexes A.F/ over the scaled metric
space Zl D .C.F/; l � dC/. For every n� 1, set

En D ff hg
nk
if �1

W f 2Gg:

Then .A.F/;En/ is a 2r -separated very rotating family on the ıU -hyperbolic space PZr .F/.

As G acts acylindrically on .C.F/; dC/, it is straightforward to verify that G also acts acylindrically on
.C.F/; l � dC/. Moreover, [14, Proposition 5.40] shows that acylindricity is preserved by taking (suitable)
cone-off, thus one has:

Lemma 6.6 The extended action G Õ PZr .F/ is acylindrical.

Fix r > 1010ıU . As [14, Proposition 5.33] also shows that acylindricity is preserved by taking quotient
of a normal subgroup generated by a 2r -separated very rotating family, one has:

Lemma 6.7 The quotient action G=hhgkiiÕ PZr .F/=hhgkii is acylindrical.

Proof In order to apply [14, Proposition 5.33] to get the conclusion, we need to verify that there exists
K > 0 such that for all a 2A.F/ and for all x with jx� aj D 50ıU ,

#fh 2G W h.a/D a; jx� h.x/j � 10ıU g �K:

From the construction of A.F/ above, the stabilizer of each apex in A.F/ is exactly a conjugate of E.g/.
As ŒE.g/ W hgi� is finite, there exists K DK.g/ with the desired property.

Moreover, the quotient space PZr .F/=hhgkii is 60000ıU -hyperbolic by [14, Proposition 5.28].

Proof of Proposition 6.1 As Lemma 6.7 implies that the quotient group acts WPD on a hyperbolic
space, the conclusion follows from Proposition 4.14.

We conclude this section by posing the following question:

Question 6.8 Let G be a nonelementary countable group acting properly on a geodesic metric space X

with contracting elements. Let H be a normal subgroup of G with a nonamenable quotient. Is the
dimension of H 2

b
.G;H IR/ as a vector space over R infinite?

Acknowledgements

We are grateful to Prof. Wenyuan Yang and Prof. Shi Wang for many helpful suggestions on the first
draft. Many thanks to Bingxue Tao for pointing out Proposition 1.6 for us. We also thank the anonymous
referees for numerous and useful comments. Wan is supported by NSFC 12471065 & 12326601 and in
part by Science and Technology Commission of Shanghai Municipality (22DZ2229014). Both authors
are supported by National Key R&D Program of China (SQ2020YFA070059) and NSFC (12131009).

Algebraic & Geometric Topology, Volume 26 (2026)



1226 Zhenguo Huangfu and Renxing Wan

References
[1] G N Arzhantseva, C H Cashen, D Gruber, D Hume, Negative curvature in graphical small cancellation groups, Groups

Geom. Dyn. 13:2 (2019) 579–632 MR

[2] W Ballmann, Lectures on spaces of nonpositive curvature, DMV Seminar 25, Birkhäuser, Basel (1995) MR

[3] M Bestvina, K Bromberg, K Fujiwara, Constructing group actions on quasi-trees and applications to mapping class
groups, Publ. Math. Inst. Hautes Études Sci. 122 (2015) 1–64 MR

[4] M Bestvina, K Bromberg, K Fujiwara, A Sisto, Acylindrical actions on projection complexes, Enseign. Math. 65:1-2
(2019) 1–32 MR

[5] M Bestvina, K Fujiwara, Bounded cohomology of subgroups of mapping class groups, Geom. Topol. 6 (2002) 69–89 MR

[6] M Bestvina, K Fujiwara, A characterization of higher rank symmetric spaces via bounded cohomology, Geom. Funct.
Anal. 19:1 (2009) 11–40 MR

[7] A Bouarich, Suites exactes en cohomologie bornée réelle des groupes discrets, C. R. Acad. Sci. Paris Sér. I Math. 320:11
(1995) 1355–1359 MR

[8] M R Bridson, A Haefliger, Metric spaces of non-positive curvature, Grundl. Math. Wissen. 319, Springer (1999) MR

[9] R Brooks, Some remarks on bounded cohomology, from “Riemann surfaces and related topics” (Stony Brook, NY, 1978) (I
Kra, B Maskit, editors), Ann. of Math. Stud. 97, Princeton Univ. Press (1981) 53–63 MR

[10] K S Brown, Cohomology of groups, Graduate Texts in Mathematics 87, Springer (1994) MR

[11] M Bucher, M Burger, R Frigerio, A Iozzi, C Pagliantini, M B Pozzetti, Isometric embeddings in bounded cohomology,
J. Topol. Anal. 6:1 (2014) 1–25 MR

[12] D Calegari, scl, MSJ Memoirs 20, Mathematical Society of Japan, Tokyo (2009) MR

[13] M Coornaert, T Delzant, A Papadopoulos, Géométrie et théorie des groupes: les groupes hyperboliques de Gromov,
Lecture Notes in Math. 1441, Springer (1990) MR

[14] F Dahmani, V Guirardel, D Osin, Hyperbolically embedded subgroups and rotating families in groups acting on
hyperbolic spaces, Mem. Amer. Math. Soc. 1156, Amer. Math. Soc. (2017) MR

[15] T Delzant, Sous-groupes distingués et quotients des groupes hyperboliques, Duke Math. J. 83:3 (1996) 661–682 MR

[16] C Drut,u, M Kapovich, Geometric group theory, American Mathematical Society Colloquium Publications 63, Amer.
Math. Soc., Providence, RI (2018) MR

[17] C Drut,u, M Sapir, Tree-graded spaces and asymptotic cones of groups, Topology 44:5 (2005) 959–1058 MR

[18] D B A Epstein, K Fujiwara, The second bounded cohomology of word-hyperbolic groups, Topology 36:6 (1997) 1275–
1289 MR

[19] B Farb, D Margalit, A primer on mapping class groups, Princeton Mathematical Series 49, Princeton Univ. Press (2012)
MR

[20] A Fathi, F Laudenbach, V Poenaru, Travaux de Thurston sur les surfaces: Séminaire Orsay, Astérisque 66-67, Soc.
Math. France, Paris (1979) MR

[21] F Franceschini, A characterization of relatively hyperbolic groups via bounded cohomology, Groups Geom. Dyn. 12:3
(2018) 919–960 MR

[22] R Frigerio, Bounded cohomology of discrete groups, Mathematical Surveys and Monographs 227, Amer. Math. Soc.,
Providence, RI (2017) MR

[23] R Frigerio, M B Pozzetti, A Sisto, Extending higher-dimensional quasi-cocycles, J. Topol. 8:4 (2015) 1123–1155 MR

[24] K Fujiwara, The second bounded cohomology of a group acting on a Gromov-hyperbolic space, Proc. London Math. Soc.
.3/ 76:1 (1998) 70–94 MR

[25] K Fujiwara, The second bounded cohomology of an amalgamated free product of groups, Trans. Amer. Math. Soc. 352:3
(2000) 1113–1129 MR

[26] V Gerasimov, L Potyagailo, Quasiconvexity in relatively hyperbolic groups, J. Reine Angew. Math. 710 (2016) 95–135
MR

Algebraic & Geometric Topology, Volume 26 (2026)

https://doi.org/10.4171/GGD/498
http://msp.org/idx/mr/3950644
https://doi.org/10.1007/978-3-0348-9240-7
http://msp.org/idx/mr/1377265
https://doi.org/10.1007/s10240-014-0067-4
https://doi.org/10.1007/s10240-014-0067-4
http://msp.org/idx/mr/3415065
https://doi.org/10.4171/lem/65-1/2-1
http://msp.org/idx/mr/4057354
https://doi.org/10.2140/gt.2002.6.69
http://msp.org/idx/mr/1914565
https://doi.org/10.1007/s00039-009-0717-8
http://msp.org/idx/mr/2507218
http://msp.org/idx/mr/1338286
https://doi.org/10.1007/978-3-662-12494-9
http://msp.org/idx/mr/1744486
https://doi.org/10.1515/9781400881550-006
http://msp.org/idx/mr/624804
https://doi.org/10.1007/978-1-4684-9327-6
http://msp.org/idx/mr/1324339
https://doi.org/10.1142/S1793525314500058
http://msp.org/idx/mr/3190136
https://doi.org/10.1142/e018
http://msp.org/idx/mr/2527432
https://doi.org/10.1007/BFb0084913
http://msp.org/idx/mr/1075994
https://doi.org/10.1090/memo/1156
https://doi.org/10.1090/memo/1156
http://msp.org/idx/mr/3589159
https://doi.org/10.1215/S0012-7094-96-08321-0
http://msp.org/idx/mr/1390660
https://doi.org/10.1090/coll/063
http://msp.org/idx/mr/3753580
https://doi.org/10.1016/j.top.2005.03.003
http://msp.org/idx/mr/2153979
https://doi.org/10.1016/S0040-9383(96)00046-8
http://msp.org/idx/mr/1452851
http://msp.org/idx/mr/2850125
http://numdam.org/item/AST_1979__66-67_/
http://msp.org/idx/mr/568308
https://doi.org/10.4171/GGD/463
http://msp.org/idx/mr/3845713
https://doi.org/10.1090/surv/227
http://msp.org/idx/mr/3726870
https://doi.org/10.1112/jtopol/jtv017
http://msp.org/idx/mr/3431671
https://doi.org/10.1112/S0024611598000033
http://msp.org/idx/mr/1476898
https://doi.org/10.1090/S0002-9947-99-02282-5
http://msp.org/idx/mr/1491864
https://doi.org/10.1515/crelle-2015-0029
http://msp.org/idx/mr/3437561


Relative bounded cohomology on groups with contracting elements 1227

[27] É Ghys, P de la Harpe (editors), Sur les groupes hyperboliques d’après Mikhael Gromov, Progr. Math. 83, Birkhäuser,
Boston, MA (1990) MR

[28] M Gromov, Volume and bounded cohomology, Inst. Hautes Études Sci. Publ. Math. 56 (1982) 5–99 MR
[29] M Gromov, Hyperbolic groups, from “Essays in group theory” (S M Gersten, editor), Math. Sci. Res. Inst. Publ. 8, Springer

(1987) 75–263 MR
[30] U Hamenstädt, Bounded cohomology and isometry groups of hyperbolic spaces, J. Eur. Math. Soc. 10:2 (2008) 315–349

MR
[31] S Han, W Yang, Y Zou, Counting double cosets with application to generic 3-manifolds, preprint (2023) arXiv 2307.06169
[32] Z He, J Liu, W Yang, Large quotients of group actions with a contracting element, from “Proceedings of the International

Consortium of Chinese Mathematicians 2017” (S Y Cheng, S-T Yau, L Ji, X-P Zhu, editors), Int. Press, Boston, MA (2020)
319–338 MR

[33] M Hull, D Osin, Induced quasicocycles on groups with hyperbolically embedded subgroups, Algebr. Geom. Topol. 13:5
(2013) 2635–2665 MR

[34] N V Ivanov, Foundations of the theory of bounded cohomology, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov.
.LOMI/ 143 (1985) 69–109 MR In Russian; translated in J. Soviet Math. 37 (1987) 1090–1115

[35] S Kim, T Kuessner, Simplicial volume of compact manifolds with amenable boundary, J. Topol. Anal. 7:1 (2015) 23–46
MR

[36] D Kotschick, Quasi-homomorphisms and stable lengths in mapping class groups, Proc. Amer. Math. Soc. 132:11 (2004)
3167–3175 MR

[37] Y N Minsky, Quasi-projections in Teichmüller space, J. Reine Angew. Math. 473 (1996) 121–136 MR
[38] N Monod, Continuous bounded cohomology of locally compact groups, Lecture Notes in Mathematics 1758, Springer

(2001) MR
[39] B H Neumann, Groups covered by permutable subsets, J. London Math. Soc. 29 (1954) 236–248 MR
[40] D V Osin, Relatively hyperbolic groups: intrinsic geometry, algebraic properties, and algorithmic problems, Mem. Amer.

Math. Soc. 843, Amer. Math. Soc. (2006) MR
[41] D Osin, Acylindrically hyperbolic groups, Trans. Amer. Math. Soc. 368:2 (2016) 851–888 MR
[42] C Pagliantini, P Rolli, Relative second bounded cohomology of free groups, Geom. Dedicata 175 (2015) 267–280 MR
[43] H Park, Relative bounded cohomology, Topology Appl. 131:3 (2003) 203–234 MR
[44] P Przytycki, A Sisto, A note on acylindrical hyperbolicity of mapping class groups, from “Hyperbolic geometry and

geometric group theory” (K Fujiwara, S Kojima, K Ohshika, editors), Adv. Stud. Pure Math. 73, Math. Soc. Japan, Tokyo
(2017) 255–264 MR

[45] A Sisto, Contracting elements and random walks, J. Reine Angew. Math. 742 (2018) 79–114 MR
[46] R Wan, X Xu, W Yang, Marked length spectrum rigidity in groups with contracting elements, preprint (2024) arXiv

2402.10165
[47] W-y Yang, Growth tightness for groups with contracting elements, Math. Proc. Cambridge Philos. Soc. 157:2 (2014)

297–319 MR
[48] W-y Yang, Statistically convex-cocompact actions of groups with contracting elements, Int. Math. Res. Not. 2019:23 (2019)

7259–7323 MR
[49] W Yang, Conformal dynamics at infinity for groups with contracting elements, preprint (2022) arXiv 2208.04861

ZHENGUO HUANGFU huangfuzhg@shanghaitech.edu.cn
Institute of Mathematical Sciences, ShanghaiTech University, Shanghai, China

RENXING WAN rxwan@math.ecnu.edu.cn
School of Mathematical Sciences, East China Normal University, Shanghai, China

Received: October 13, 2024 Revised: March 6, 2025

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1007/978-1-4684-9167-8
http://msp.org/idx/mr/1086648
http://www.numdam.org/item?id=PMIHES_1982__56__5_0
http://msp.org/idx/mr/686042
https://doi.org/10.1007/978-1-4613-9586-7_3
http://msp.org/idx/mr/919829
https://doi.org/10.4171/JEMS/112
http://msp.org/idx/mr/2390326
http://msp.org/idx/arx/2307.06169
http://msp.org/idx/mr/4251117
https://doi.org/10.2140/agt.2013.13.2635
http://msp.org/idx/mr/3116299
http://msp.org/idx/mr/87b:53070
https://doi.org/10.1007/BF01086634
https://doi.org/10.1142/S1793525315500028
http://msp.org/idx/mr/3284388
https://doi.org/10.1090/S0002-9939-04-07508-2
http://msp.org/idx/mr/2073290
https://doi.org/10.1515/crll.1995.473.121
http://msp.org/idx/mr/1390685
https://doi.org/10.1007/b80626
http://msp.org/idx/mr/1840942
https://doi.org/10.1112/jlms/s1-29.2.236
http://msp.org/idx/mr/62122
https://doi.org/10.1090/memo/0843
http://msp.org/idx/mr/2182268
https://doi.org/10.1090/tran/6343
http://msp.org/idx/mr/3430352
https://doi.org/10.1007/s10711-014-0040-x
http://msp.org/idx/mr/3323641
https://doi.org/10.1016/S0166-8641(02)00339-5
http://msp.org/idx/mr/1983079
https://doi.org/10.2969/aspm/07310255
http://msp.org/idx/mr/3728501
https://doi.org/10.1515/crelle-2015-0093
http://msp.org/idx/mr/3849623
http://msp.org/idx/arx/2402.10165
http://msp.org/idx/arx/2402.10165
https://doi.org/10.1017/S0305004114000322
http://msp.org/idx/mr/3254594
https://doi.org/10.1093/imrn/rny001
http://msp.org/idx/mr/4039013
http://msp.org/idx/arx/2208.04861
mailto:huangfuzhg@shanghaitech.edu.cn
mailto:rxwan@math.ecnu.edu.cn
http://msp.org
http://msp.org




ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Vesna Stojanoska
vesna@illinois.edu

University of Illinois at Urbana-Champaign

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Octav Cornea Université’ de Montreal
cornea@dms.umontreal.ca

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Kristen Hendricks Rutgers University
kristen.hendricks@rutgers.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Kathryn Hess École Polytechnique Féd. de Lausanne
kathryn.hess@epfl.ch

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Markus Land LMU München
markus.land@math.lmu.de

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Norihiko Minami Yamato University
minami.norihiko@yamato-u.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

Lior Yanovski Hebrew University of Jerusalem
lior.yanovski@gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2026 is US $795/year for the electronic version, and $1170/year (C$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:vesna@illinois.edu
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:kathryn.hess@epfl.ch
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 26 Issue 3 (pages 825–1227) 2026

825Standard position for surfaces in link complements in arbitrary 3-manifolds
JESSICA S. PURCELL and ANASTASIIA TSVIETKOVA

863Geometric rigidity of quasi-isometries in horospherical products
TOM FERRAGUT

955Large volume fibered knots in 3-manifolds
J ROBERT OAKLEY

973The primitive curve complex for a handlebody
SANGBUM CHO and JUNG HOON LEE

989Extensions of finitely generated Veech groups
ELIOT BONGIOVANNI

1037Primitive Feynman diagrams and the rational Goussarov–Habiro Lie algebra
of string links

BRUNO DULAR

1077Cusp-transitive 4-manifolds with every cusp section
JACOPO GUOYI CHEN and EDOARDO RIZZI

1095Finiteness conjecture for 3-manifolds obtained from handlebodies by
attaching 2-handles

HIROAKI KARUO and ZHIHAO WANG

1115L-spaces, taut foliations and fibred hyperbolic two-bridge links
DIEGO SANTORO

1155New results on tilings via cup products and Chern characters on tiling spaces
JIANLONG LIU, JONATHAN ROSENBERG and RODRIGO TREVIÑO

1195Relative bounded cohomology on groups with contracting elements
ZHENGUO HUANGFU and RENXING WAN

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2026

Vol.26,
Issue

3
(pages

825–1227)


	1. Introduction
	1.1. (Relative) bounded cohomology
	1.2. Contracting element
	1.3. Sketch of proof

	2. Preliminaries
	2.1. Gromov-hyperbolic spaces
	2.2. Contracting subsets
	2.3. Projection complexes
	2.4. (Relative) bounded cohomology
	2.5. Quasimorphisms

	3. Morse subgroups of infinite index
	4. Constructing quasimorphisms
	4.1. Epstein–Fujiwara quasimorphisms on groups acting on hyperbolic spaces
	4.2. Constructing infinitely many words
	4.3. Constructing infinitely many quasimorphisms

	5. The proof of 0=theorem.101=Theorem 1.1
	6. Rotation family and relative bounded cohomology
	6.1. Quasitrees of spaces
	6.2. Hyperbolic cone-off and rotation family
	6.3. Proof of 0=theorem.1361=Proposition 6.1

	Acknowledgements
	References

