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Standard position for surfaces in link complements in arbitrary 3-manifolds
JESSICA S. PURCELL AND ANASTASIIA TSVIETKOVA

Since the 1980s, it has been known that essential surfaces in alternating link complements can be isotoped
to be transverse to the link diagram almost everywhere, with the exception of some well-understood
intersections, and described combinatorially as a result. This was called standard position for surfaces and
has had numerous applications. However, the original techniques only apply to classical alternating links
projected onto the 2-sphere inside the 3-sphere. In this paper, we prove that standard position for surfaces
can be extended to a broader class, namely weakly generalized alternating links. Such links include all
classical prime nonsplit alternating links in the 3-sphere, and also many links that are alternating on
higher-genus surfaces, or lie in manifolds besides the 3-sphere. As an application, we show that all such
links are prime, and that under mild restrictions, essential Conway spheres for such links interact with the
diagram exactly as in the classical alternating setting.

1 Introduction

Essential embedded surfaces in a 3-manifold can provide useful information about the topology of that
manifold. For example, Haken manifolds, which contain an orientable closed essential surface, have
been an object of significant research since they were introduced in the 1960s and have many important
properties [6; 29]. To work with essential embedded surfaces, it is often useful to put them in a certain
topological form that relates to properties of the ambient 3-manifold. When the ambient 3-manifold is an
alternating link complement, Menasco [20] and Menasco and Thistlethwaite [22] showed that an essential
surface could be isotoped into standard position with respect to the link projection surface.

For more general 3-manifolds, an essential surface may be isotoped into normal form with respect
to a triangulation of a 3-manifold [6], or similarly normal form with respect to polyhedral or other
decompositions [5; 16]. In [14], Howie and Purcell extended normal form to broad generalizations
of alternating links, called weakly generalized alternating links, and used this to determine geometric
information, generalizing several of the above results.

In this paper, we take this further, generalizing various results on standard position in [20; 22] to
weakly generalized alternating links.

As a corollary, we show that all weakly generalized alternating links are prime, extending a result of
Howie and Purcell [14, Corollary 4.7], who showed primeness of such links with some restrictions.

We also classify essential Conway spheres for weakly generalized alternating links satisfying mild
restrictions, showing that they either intersect the diagram in a single curve meeting four punctures
(a “visible” sphere), or intersect it in two well-behaved curves (a “hidden” sphere). The visible-hidden
dichotomy is analogous to a similar result for classical alternating links, discovered by Menasco [20],
MSC2020: 57K10, 57K12, 57K30.
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826 Jessica S. Purcell and Anastasiia Tsvietkova

named and refined by Thistlethwaite [27], and used to study alternating tangles by, for example, Hass,
Thompson, and Tsvietkova [9], and Champanerkar, Kofman, and Purcell [4].

1.1 Alternating links in the 3-sphere and beyond

Normal and standard form for surfaces in the complements of alternating links in the 3-sphere have
had many applications. Historically, Menasco used it to prove a number of results for alternating link
complements in the 3-sphere, such as classifying when the link is prime, split and hyperbolic [20], and
determining when a surface is incompressible [21]. Menasco and Thistlethwaite used it to show that
the only reducible Dehn fillings are the expected ones on (2, g)-torus knots [22], and thus to prove the
cabling conjecture for all alternating knots. Lackenby used normal form to describe exceptional Dehn
fillings [16]. Howie used it to show that essential embedded surfaces with boundary can be used to detect
classical alternating links [13]. Hass, Thompson and Tsvietkova used it to give universal polynomial
bounds for the number of embedded surfaces in alternating link complements [7; 8]. These are just some
examples of numerous applications to alternating links in the 3-sphere.

In recent years, there has been significant interest in the study of alternating projections onto surfaces
besides the 2-sphere, for example due to Adams [1], Hayashi [11], Ozawa [23], Howie [12], and others.
There has also been interest in alternating knots within manifolds besides the 3-sphere, such as virtual
knots, for example by Adams [2], Champanerkar, Kofman, and Purcell [3], and Howie and Purcell [14].
The weakly generalized alternating links of this paper match those of Howie and Purcell. They include
classical alternating knots on a 2-sphere in the 3-sphere, and also include many of the other generalizations
above, including families of toroidally alternating knots and alternating knots on other Heegaard surfaces,
alternating knots in thickened surfaces, i.e., virtual alternating knots, and further examples still. The full
definition of such links is given in Section 2.

1.2 Surfaces containing meridians

A key result in this paper is to show that an essential surface meeting a knot in meridians can be isotoped
into normal form without distorting the boundary curves. We call this meridianal form, defined in Section 5.

Menasco showed that any closed essential surface embedded in a nonsplit prime alternating link
complement in S3 contains a closed curve isotopic to the link meridian [20]. This sometimes is referred to
as the meridian lemma. A meridian lemma holds for other knots, such as algebraic knots [24]. A meridian
lemma also holds for certain weakly generalized alternating links [14, Lemma 4.9], and has been announced
for weakly generalized alternating links that are also virtual alternating links by Wei Lin [17].

By compressing along a meridianal annulus, one can reduce the study of closed essential surfaces to the
study of essential surfaces with meridianal boundary within the complement of a regular neighborhood
of the link, i.e., the link exterior. For such surfaces, it is important that isotopies retain the meridianal
form of the boundary. This has been used, for example, in the proof of a polynomial upper bound on the
number of closed surfaces in alternating links by Hass, Thompson and Tsvietkova [7], and in Lozano and
Przytycki’s work on 3-braid links [18].

Algebraic € Geometric Topology, Volume 26 (2026)
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Studying surfaces that contain meridians has also led to results on prime diagrams. For example, a
classical alternating link is prime if and only if its diagram is prime, due to Menasco [20].

In this paper, using normal and meridianal form of surfaces containing meridians, we show that all
weakly generalized alternating links must be prime.

Theorem 10.3 A weakly generalized alternating link is prime.

Theorem 10.3 is analogous to Menasco’s result, since weakly generalized alternating links have a
diagrammatic primeness condition built into the definition. Howie and Purcell proved a similar result
for weakly generalized alternating links with an additional condition (namely 7 > 4; see Section 2)
[14, Corollary 4.7]. Howie and Purcell’s result already implies that all virtual alternating links that
are checkerboard colorable and have a weakly prime diagram must also be prime. For example this is
true for virtual alternating links whose diagrams have all complementary regions disks, as studied by
Adams et al. [2]. However, the results in this paper extend primeness to broader families of weakly
generalized alternating links, for example on projection surfaces that are compressible, which do not
satisfy Howie and Purcell’s stronger requirement.

Note that in the virtual setting, other notions of primeness also appear in the literature, for example
recent work of Kindred [15].

Finally, surfaces in a knot exterior meeting the boundary in meridians include 4-punctured spheres,
which separate a knot into tangles. Examining such surfaces has allowed the detection and study of prime
tangles, for example by Menasco and Thistlethwaite [20; 27], and more recently by Hass, Thompson and
Tsvietkova [9], and Champanerkar, Kofman, and Purcell [4]. The tools of this paper also allow us to extend
such results to larger families of links. We consider essential 4-punctured spheres in the complements
of weakly generalized alternating links satisfying an extra condition (namely 7 (7 (L), IT) > 4), and we
show that they satisfy the same constraints as in the classical alternating case.

Theorem 12.1 Let L be a weakly generalized alternating link on a connected projection surface I1 with a
cellular diagram and hat-representativity 7 (st (L), IT) > 4. Then any essential Conway sphere has one of
two forms: visible or hidden.

A “visible” tangle has one PPPP curve in standard position in Menasco’s language; a “hidden” tangle
has two PSPS curves. See Section 12 for definitions. We expect this to lead to further study of tangles for
knots projected onto surfaces beyond the 2-sphere.

1.3 Cyclic words associated to a surface

We extend standard position to closed surfaces and meridianal surfaces, but also to surfaces with non-
meridianal boundary.

One of the benefits of standard position for classical alternating links is that it allows us to translate
topological properties of surfaces into combinatorial properties of their curves of intersection with the
(slightly modified) projection surface for a link. Such intersections were encoded in [20] by letters P
(for link intesections) and S (for crossing ball intersections). Every curve of intersection was put in

Algebraic € Geometric Topology, Volume 26 (2026)



828 Jessica S. Purcell and Anastasiia Tsvietkova

correspondence with a cyclic word in such letters. Then possible words were investigated. In [7], this
was extended further to surfaces with boundary, now with letters B (standing for arriving at the boundary
of the surface) and S'.

This combinatorial approach played an important role in several results for alternating links in the
3-sphere, including many noted above. In addition, it has been used to classify genus-two surfaces [27]
and to find incompressible surfaces in alternating link complements in [21].

We generalize this to weakly generalized alternating links in this paper. The following theorem
summarizes some of the main results.

Theorem 1.1 Let L be a weakly generalized alternating link on a projection surface I1 in a 3-manifold Y,
and (Z, dZ) an essential surface embedded in (Y — N(L),dN(L)). (In particular, this means L, Y, T1,
and Z satisty Assumption 6.1, and Y — N (L) decomposes into two chunks as in Section 3.1.) Then the
following hold.

(1) The surface Z can be isotoped into normal form with respect to the chunk decomposition of Y — N (L),
with any meridianal boundary components of 0Z put into meridianal form (Theorem 6.2). The normal
components of Z are denoted by Z;, where 0Z; give words in the letters S (saddle intersections),
B (boundary intersections), and P (meridianal form, where applicable).

(2) For Z meridianally incompressible, any SSSS disk is an essential compression disk for I1 meeting the
diagram of L exactly four times. Thus if the representativity satisfies r (7 (L), I1) > 4, there are no SSSS
disks (Theorem 9.1).

(3) No Z; is a disk with boundary one of SS, PP, or PS (Theorem 10.1). No Z; has a boundary component
meeting an odd number of letters S and P (Theorem 10.2).

(4) If the hat-representativity satisfies 7 (7 (L), I1) > 4, and the diagram of L is not a string of bigons
on I1, then a connected collection of BBBB disks is a disk, as is a connected collection of BBSS disks
(Lemma 11.2). In particular, all subsurfaces Z; that are neither BBBB disks nor BBSS disks, together
with L, determine the surface Z up to isotopy (Theorem 11.4).

The lemmas in Section 12 give additional restrictions on possible words when Z is an essential Conway
sphere, when the link satisfies the hypotheses of Theorem 12.1.

In a subsequent paper, we apply this work to the problem of bounding the total number of embedded
essential surfaces in these link complements [26]. We apply these results together with combinatorial and
geometric arguments to give a polynomial upper bound on the number of embedded surfaces in a wide
class of cusped 3-manifolds, namely weakly generalized alternating link complements and their Dehn
fillings. Our upper bound only depends on the crossing number of the diagram, and is independent of the
3-manifold otherwise. These are the first bounds that explicitly capture the dependence on the 3-manifold
besides those for classical alternating links in S3 in [7; 8]; in other existing work, the way in which the
bounds depend on the 3-manifold is not clear.

Algebraic € Geometric Topology, Volume 26 (2026)
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1.4 Organization

In Section 2 we recall the definition of weakly generalized alternating links. Their primary feature is
recalled in Section 3, namely, they have a decomposition into checkerboard chunks that extend much of
the useful decomposition of alternating links into topological polyhedra via checkerboard decomposition,
which Thurston likened to gears of a machine [28]. We recall the definition of normal surfaces in chunks
in Section 4. In Section 5 we describe the labeling of intersections of such surfaces with the chunk
boundary by letters P, B, and S.

Our first main result, on meridianal form for normal surfaces, is proved in Section 6. In Section 7,
we compile a few results on surfaces in standard form, including a result that shows that such a surface
cannot meet the same saddle twice in a simple way.

In Section 8, we recall the notion of combinatorial area, introduced in this setting by Howie and
Purcell [14]. Combining combinatorial area results with the labeling of boundary curves by letters P, B,
and S, we find that the only zero area surfaces in a weakly generalized alternating link complement (with
some restrictions) are disks with certain words on their boundaries. Sections 9, 10, and 11 are devoted
to ruling out instances of zero area disks, or controlling when they occur. As a corollary of the work of
Section 10, we prove the result on prime links.

In Section 12, we apply our results to essential Conway spheres to reproduce a result of Menasco [20],
that such spheres are either “visible” or “hidden”, with terminology due to Thistlethwaite [27].

2 Weakly generalized alternating link complements

In this section, we follow Howie and Purcell [14] to introduce a broad class of links that each have a
diagram that is alternating on a closed surface IT embedded in a 3-manifold Y, possibly with boundary.
As noted in the introduction, this is a very broad class that includes classical alternating knots, but also
alternating knots on a Heegaard torus or more general Heegaard surface, originally studied by Adams [1]
and Hayashi [11], virtual alternating knots [2; 3], and knots with alternating diagrams on any embedded
surface in any compact orientable 3-manifold.

Assumption 2.1 Throughout this paper, we will always require the 3-manifold Y to be compact, orientable,
and irreducible. The projection surface II is required to be a closed, orientable surface. If ¥ has boundary,
we will require Y to be incompressible in Y — N (IT), where N (-) always denotes a regular neighborhood.
We further require Y — N (I1) to be irreducible.

Givenalink L in Y, the link complement is the manifold Y — L. The link exterior is the compact manifold
Y — N(L). If Y is closed, then the link complement is homeomorphic to the interior of the link exterior.

2.1 Generalized projection

A generalized projection surface 11 is a (possibly disconnected) oriented surface embedded in Y so that
Y —II is irreducible. The connected components of I1, denoted by I1y, ..., I, are closed two-sided
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(orientable) surfaces. Let N(IT) = IT x (—1, 1) denote a regular neighborhood. For each component IT;
of IT, define Hl?t to be IT; x {1} C N(IT). Denote | J H;r by IT* and similarly for IT~.

Since Y — II is irreducible, if some IT; is a 2-sphere, then IT is homeomorphic to S2, and Y is
homeomorphic to S3. Let L be a link that can be projected onto IT in general position. That is, L can be
isotoped through Y to lie in N (IT) so that the image of the projection (L) consists of crossings and
arcs between them on the surface I1. We call = (L) a generalized diagram, or simply a diagram.

Whenever in the paper we mention I or 7 (L), we mean a generalized projection surface and the
generalized diagram of L on I1. We will also use the following terms.

e An arc of 7(L) (on IT) between two crossings is called an edge of the diagram.

o A crossing arc is a simple arc in the complement of L running from an overpass to an underpass of
a crossing.

* A region of the diagram is a complementary region of the projection of 7 (L) to II. It is bounded by
edges of the diagram.

Every knot has a very simple generalized diagram on the torus boundary of a regular neighborhood of
the knot. To ensure our diagrams are sufficiently complicated, in a way that depends on Y and II, we
introduce the notion of representativity. Define ¥ (;(L), II;) to be the minimum number of intersections
between the projection of 7 (L) onto Hl?t and the boundary of any essential compressing disk for Hl?‘:
in Y —I1. If there are no essential compressing disks for l'[l.jE in Y —TII, then set r = (77 (L), I1;) = co. The
representativity r ((L), IT) is the minimum of all values of (7 (L), I1;) and r T (s (L), I1;), over all ;.
By definition, a sphere S? embedded in S admits no essential compressing disk, so a usual alternating
diagram has representativity co.

Example 2.2 Figure 1, left, which is modified from a figure in [14], shows a diagram 7 (L) on a torus IT.
The representativity of the diagram depends on the manifold ¥ and the embedding of IT into Y. For
example, first let Y = S*, and embed the torus IT as the standard Heegaard torus for S3, with the
vertical red curve shown mapping to a meridian of one solid torus in the Heegaard splitting of S* and
the horizontal red curve mapping to a meridian of the other solid torus. Then T (7 (L), IT) = 3 and
r—(w(L),I1)=0,s0r(w(L),I1)=0.

If instead we let Y = T2 x[—1, 1], the thickened torus, and we embed the torus IT as the surface 7% x {0},
then IT admits no essential compressing disk, so r ¥ (7 (L), IT) = r~ (7 (L), IT) = occ.

Finally, define the hat-representativity, 7 (7 (L), IT), to be the minimum of

| Jmax{r~(x(L). T), r (x(L), 1)}

Thus for example a connected surface I1 with no compressing disks on one side will give infinite
hat-representativity.

A generalized diagram (L) is said to be alternating if for each region of IT — (L), each boundary
component of the region is alternating, i.e., it can be given an orientation such that crossings run from
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Figure 1: Left: an example of an alternating diagram on a torus. The representativity will depend
on the embedding of the torus into Y. In any case, the diagram is not checkerboard colorable.
Right: a checkerboard colorable diagram.

under to over in the direction of orientation. An alternating generalized diagram (L) is said to be
checkerboard colorable if each region of IT — w (L) can be oriented so that the induced orientation on
each region’s boundary is alternating: crossings run from under to over in the direction of orientation.
Given a checkerboard colorable diagram, regions on opposite sides of an edge of 7 (L) will have opposite
orientations. We can color all regions with one orientation white, and all regions with the opposite
orientation shaded.

Example 2.3 Figure 1, left, shows a diagram that is alternating on a torus. For the outer annular region 4
of the diagram, the figure shows an orientation assigned to its boundary. The crossings run from under to
over with this orientation. Hence the region is alternating. However, this orientation is not induced by an
orientation on A. If we choose an orientation on A4, and then take the induced orientation on dA4, one
boundary component will be oriented so that crossings run under to over, and the other will be oriented
so that crossings run over to under. Hence this example is not checkerboard colorable. Note it will not be
checkerboard colorable regardless of the manifold Y it is embedded within.

However, Figure 1, right, shows another diagram of an alternating link on a torus, embedded in
Y = T? x I. This link diagram is checkerboard colorable.

Many results in the literature on alternating links require a reduced or simplified diagram; for example
[7; 8; 20]. For a classical alternating link on S? C S3, the condition we need is diagrammatic primeness:
if an essential curve intersects the diagram exactly twice, then it bounds a region of the diagram containing
a single embedded arc. Diagrammatic primeness rules out connected sums of knots and nugatory crossings.
Analogously, a generalized diagram 7 (L) on generalized projection surface IT = | J I1; is weakly prime
if whenever D C I1; is a disk with dD intersecting (L) transversely exactly twice, either the disk D
contains a single embedded arc, or I; is a 2-sphere, 7w (L) has at least two crossings on I1;, and there is
a single embedded arc of (L) on I1; — D.

2.2 Weakly generalized alternating link

The diagram 7 (L) on IT is said to be a weakly generalized alternating link diagram if
(1) (L) is alternating on IT,
(2) w(L) is weakly prime,
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(3) #(L)NTII; # @ for each component IT; of T1,

(4) each component of L projects to at least one crossing in 7 (L),
(5) m(L) is checkerboard colorable, and

(6) the representativity r (7 (L), IT) is at least 4.

We say that a link L is weakly generalized alternating if it has a weakly generalized alternating diagram.

Note these conditions were originally enumerated by Howie [12], and in some sense are as general as
possible to obtain prime alternating diagrams on embedded surfaces in S in Howie’s setting. Perhaps the
most mysterious condition is item (6), the representativity condition. The restriction on representativity
means that small surfaces such as compressing disks and meridianal annuli must be split by the projection
surface IT into disks parallel to T, and thus they can be isotoped to lie entirely in N (IT). The represen-
tativity condition is used throughout Howie—Purcell [14], and consequently used throughout this paper.
Recall as well that classical alternating knots and virtual alternating knots have infinite representativity;
the representativity condition only needs to be checked when IT is compressible, for example if it is a
Heegaard surface.

From now on, every link we consider will be weakly generalized alternating. Note that a classical
reduced, prime, alternating diagram of a link L on IT = S2 in S is an example of a weakly generalized
alternating link diagram. The example of Figure 1, right, is also a weakly generalized alternating link
diagramon IT = T? x {0} in Y = T? x[—1, 1].

These conditions are enough to guarantee that the link exteriors are irreducible and boundary irreducible
[14, Corollary 3.16], which we will use below.

3 Decomposition of a link complement into chunks

Knot and link complements alternating on the projection sphere in S3 have a well-known decompo-
sition into topological polyhedra, suggested by W. Thurston and described by Menasco [19]; see also
[16; 25, Section 11.1.1]. A more general decomposition into angled blocks was defined by Futer and
Guéritaud [5]. This was generalized further by Howie and Purcell in [14] for weakly generalized alternating
links. We review this generalization in this section.

3.1 A decomposition of weakly generalized alternating link complements

A checkerboard colorable diagram admits two checkerboard surfaces, one white and one shaded. After
choosing a checkerboard coloring of the diagram, the white checkerboard colored surface is obtained
by taking a surface corresponding to each white region of the diagram, and connecting these surfaces
by twisted bands at crossings. Thus it embeds in the (open) link complement. Its intersection with the
(compact) link exterior is a properly embedded surface with boundary on dN (L). Similarly for the shaded
surface. The decomposition of weakly generalized alternating link complements is obtained by cutting
along the white and shaded checkerboard surfaces. Precisely, remove an open regular neighborhood
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Figure 2: An example of a chunk decomposition. On the left is a manifold homeomorphic to
T? x [—1, —€] with faces, edges, and ideal vertices marked on T2 x {—e}. On the right is a
manifold homeomorphic to 72 x [e, 1] with faces, edges, and ideal vertices marked on T2 x {+¢}.

of the checkerboard surfaces from the link exterior. Since the regions of these surfaces tile I, this
cuts Y — N(L) into components corresponding to ¥ — N (IT), with dN (IT) decorated with portions of
checkerboard surfaces and remnants of N (L). The checkerboard surfaces intersect exactly at crossing
arcs. After cutting, each crossing arc gives rise to four ideal edges lying on d(N (IT)), two in each of IT*.
Strands of the knot corresponding to overcrossings (resp. undercrossings) become ideal vertices in TTT
(resp. in I17); we contract each of these to lie at a crossing of the diagram. More details are in [14].
We record here the results of Propositions 3.1 and 3.3 of [14], which prove that the decomposition has the
following properties. The components of the decomposition, which are called chunks, are homeomorphic
to connected components of ¥ — N(IT). These are 3-manifolds with boundary, where the boundary
components are components of dY, along with IT;” and Hl.+. Note that each I1; lies on the boundary
of one or two chunks, appearing as H;L and IT;". When IT is connected, we have one or two chunks in
total, depending on whether IT is separating or not. For example if IT is the usual projection sphere S?2
for a classical alternating link diagram, there are two chunks, each a ball component of S3 — N(S?).
Decorate the surfaces IT;" and H;r with:

(1) A copy of the edges of the link diagram on II;. These will be called interior edges of a chunk, and
correspond to crossing arcs in Y — N (L). There will be four such ideal edges in 0N (I1) per crossing
arc, two in each of [T+,

(2) Interior edges meet at crossings of the diagram, which become ideal vertices. That is, crossings
become vertices, which are removed (ideal).

(3) Regions bounded by edges and vertices will be called faces of the chunk. They are not necessarily
simply connected. The faces correspond to regions of the diagram, and will be checkerboard colored.
For example, the outer region of Figure 1 is an annulus, so gives rise to a face that is an annulus.

An example of the chunk decomposition for the link from Figure 1, right, is shown in Figure 2. The two
chunks are the components of the complement of 72 x (—e, €) in T? x [—1, 1] for some € > 0. Hence
they are homeomorphic to 7% x [—1, —e] and T2 x [e, 1]. Edges, faces, and ideal vertices are marked on
T2 x {—e} and T2 x {e}, respectively, with faces shown checkerboard colored.

Associated to a weakly generalized alternating link is a chunk decomposition corresponding to a
weakly generalized alternating diagram constructed as above. We will assume throughout that this is the
chunk decomposition used in this paper.
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Figure 3: Four edges are identified to a crossing arc, with two on each of IT™ and IT™. The edges
meet as opposite edges at a vertex.

3.2 Gluing

To obtain ¥ — L from the chunks, each face of IT;" should be glued to the corresponding face of H;r.
A face F~ of IT; corresponds to a face F * of l'[l.Jr if the same region of (L) gave rise to F~ and FT.
The gluing is by the identity away from boundary components of the faces, i.e., away from the edges of
the chunk(s). In a neighborhood of a boundary component of the face, the gluing rotates the ideal edges
by one notch either clockwise or counterclockwise, depending on whether the face is white or shaded.
Namely, when viewing H;JE from Y — N(I1) near H;r, an ideal edge in a white face will rotate to the
next ideal edge of the same face in the clockwise direction for the gluing, and similarly for shaded faces
in the counterclockwise direction. The arrows on the faces of the chunk in Figure 2 indicate the gluing.

Under the gluing, four interior edges glue to a single crossing arc in Y — L. The crossing arc is
identified to two edges each on IT1™ and IT™, with the edges meeting as opposite edges at a vertex. This
is illustrated in Figure 3.

Now truncate the ideal vertices of chunks: this replaces an ideal vertex with a quadrilateral fruncation
face. We call an edge bordering a truncation face a truncation edge. The truncation faces correspond to
crossings of the link diagram, and tile the boundary torus dN (L) with a harlequin tiling. See Figure 4. Note
the slightly different terminology here: such faces and edges are called boundary faces and edges in [14].

Figure 4: On the left is shown a single truncation face (shaded) as it appears embedded in the
link complement. On the right, the boundary torus of the link has been unrolled into an annulus;
truncation faces are shown.
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A chunk with truncated ideal vertices is called a truncated chunk. Below, if we refer to faces of a
chunk, we mean both truncation faces and other faces. Similarly, if we refer to an edge of a chunk,
we mean either a truncation edge or an interior edge. We note that under the gluing described above,
the truncation faces that are adjacent to an interior face I are also rotated one notch around I, either
clockwise or counterclockwise, together with the boundary of d/.

4 Normal surfaces

Both normal and standard position begin with a surface being transverse: normal surfaces are transverse to
faces, edges, and vertices of tetrahedra in a triangulation of a 3-manifold, and surfaces in standard position
are transverse to a projection surface of a link away from crossings. Here we review surfaces that are
normal with respect to a chunk decomposition, introduced in [14], which generalizes both of the above.

Assumption 4.1 We use the topological definitions of incompressible, boundary incompressible, and
essential surfaces:

e A surface Z that is neither a disk nor a 2-sphere is incompressible in a 3-manifold M if, for any
embedded disk D C M with DN Z = dD, dD bounds a disk in Z. A surface that is not incompressible
admits an essential compression disk, namely an essential disk D C M with DN Z = 0Z, for which 0D
is an essential simple closed curve on Z.

¢ A boundary compression disk for a properly embedded nondisk surface Z in M is an embedded disk
D C M with 0D consisting of two arcs: « = DN Z and B = DNaM, witha N B = da = dB. The
boundary compression disk is essential if & does not cobound a disk in Z with another arc in dZ. If there
exists an essential boundary compression disk for Z, then Z is boundary compressible. Otherwise, it is
boundary incompressible.

¢ A 2-sphere is incompressible if and only if it does not bound a 3-ball.

¢ By convention, disks will be neither incompressible nor compressible, and neither boundary incom-
pressible nor boundary compressible in this paper.

¢ A surface is essential if it is incompressible, boundary incompressible, and not boundary parallel.

¢ Note we allow Z to be orientable or nonorientable, with or without boundary.

4.1 Normal surface in a chunk

Consider a surface Z’, possibly with boundary, properly embedded in a truncated chunk C, with 02" C 9C.
Definition 4.2 The surface Z’ is normal with respect to the chunk C if it satisfies the following.

(0) Each nondisk component of Z’ is incompressible in C.

(1) Z’ and 0Z’ are transverse to all faces, edges, and vertices of C.

(2) If a component of dZ’ lies entirely in a face of C, then it does not bound a disk in that face.
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Figure 5: Shown are arcs of 3Z’ N dC that make the surface Z' fail to be normal. On the left, the
surface fails (2), in the middle it fails (3), on the right it fails (4).

(3) If an arc y of dZ’ in a face of C has both endpoints on the same edge, then the arc y along with an
arc of the edge cannot bound a disk in that face.

(4) If an arc y of dZ’ in an interior face of C has one endpoint on a truncation edge and the other on an
adjacent interior edge, then the union of y as well as adjacent arcs of the two edges cannot bound a disk
in the interior face.

Example of arcs that make a surface fail to be normal are shown in Figure 5.

4.2 Normal surface with respect to a chunk decomposition

Given a chunk decomposition of Y — L, a surface Z embedded in Y — L is normal with respect to the
chunk decomposition if for every chunk C, the intersection Z N C is a (possibly disconnected) normal
surface in C.

Here and further we subdivide a surface Z in subsurfaces Z; cut out by faces of the chunks. We assume
that each Z; is connected, closed or with boundary, and possibly with multiple boundary components.
All our surfaces and subsurfaces from now on will be embedded. Moreover, we will assume that if
the surface Z has boundary and Y has boundary, then the boundary of Z lies on N (L) and is disjoint
from dY . This includes surfaces of any slope on L, as well as closed surfaces.

It was shown in [14, Theorem 3.8] that any essential surface in a 3-manifold with a chunk decomposition
can be put into normal form with respect to the chunk decomposition; see also [5, Theorem 2.8]. We will
revisit this proof below in Theorem 6.2 to show that the process of putting surfaces into normal form
preserves other desirable features of the surface.

We note that item (0) of Definition 4.2 is slightly stronger than the definition in [14, Definition 3.7],
in that we require all nondisk components Z;, and not just closed components, to be incompressible.
However, we will see in Theorem 6.2 below that any surface that is normal with respect to the definition
of [14] can be isotoped to be normal with respect to Definition 4.2.

5 Saddles, meridian punctures, and boundary of the surface

For normal subsurfaces Z; of the surface Z, each boundary component of Z; runs over truncation edges
and interior edges of the respective chunk. In this section we will describe a labeling of the components
of 0Z; by letters P, S, and B, analogous to similar labelings in [7; 8; 20].
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I+

Figure 6: Left: a saddle runs between arcs of the diagram at a crossing. Right: this leads to Z
intersecting interior edges of the chunk diagram. Shown are intersections of interior edges on IT
and IT™.

In these other papers, an essential surface Z in an alternating link complement in S3 is studied by
considering its curves of intersection with the projection sphere and with small balls around crossings called
crossing balls. The surface in standard position from [7; 8; 20] intersects the projection sphere where Z
has saddles inside crossing balls. See Figure 6, left. In [7; 8; 20], each saddle is labeled with the letter S

For a weakly generalized alternating link, if a surface Z has a saddle, that saddle intersects a crossing
arc exactly once. Recall from Section 3.2 that each interior edge of the chunk decomposition is identified
to exactly one crossing arc, with four interior edges in total identified to a single crossing arc. Thus
saddles meet interior edges as in Figure 6, right. Shown in that figure are the four edges that glue up to the
crossing arc (red), and the way the saddle surface meets them. For a surface in normal form, we consider
how the surface intersects interior edges and truncation edges. Because interior edges are identified to
crossing arcs, and a surface meeting a crossing arc runs through a saddle there, analogous to the notation
of [20], we label each intersection of 0Z; and an interior edge with an S.

For a surface Z in a link exterior Y — N (L), a meridianal compression disk for Z is a disk D embedded
in Y such that D N Z = 9D, and the interior of D intersects L exactly once transversely. The meridianal
compression disk is essential if dD is not parallel through (an annulus in) Z to a meridian of dN(L);
otherwise it is inessential. The surface Z is meridianally compressible if it admits an essential meridianal
compression disk. For such a surface, performing surgery along D — N (L) yields a new surface whose
boundary is the union of dZ and two meridians on d/N (L); this is called a meridianal compression of Z.

Both for classical alternating links in S [20] and for weakly generalized alternating links under certain
conditions [14, Lemma 4.9], every closed surface Z’ is meridianally compressible. After meridianal
compressions the resulting surface Z meets the diagram in meridians. In [7; 20] for links in S3, each
meridian on dZ is labeled with a P, which stands for a meridianal puncture. For weakly generalized
alternating links, when dZ again consists only of meridians, each meridian will intersect two truncation
faces. We also wish to label intersections with a P, but the setup will be slightly different. To describe
our labeling, we first need the following definition.

Definition 5.1 Isotope Z to meet the diagram (L) transversely away from crossings. After this isotopy,
in the chunk decomposition each meridianal curve of dZ meets exactly two truncation faces, which are
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Figure 7: Left: isotope Z with meridianal boundary to meet N (L) transversely away from
crossings. Right: in the chunk decomposition, such a curve meets exactly two truncation faces,
and cuts off a single corner of each truncation face. Note that the corner cut off by a meridian is
not one of the corners that are identified.

quadrilaterals. It runs through adjacent truncation edges on each face, cutting off a single corner of each
of two quads in the harlequin tiling of the boundary; see Figure 7. Moreover, note that two opposite
vertices of a truncation face are always identified (they lie on the same endpoint of a crossing arc). The
meridian does not cut off such a vertex, but rather cuts off one of the other two vertices of a truncation

face. We say that a meridianal component of 0Z is in meridianal form if it
(1) meets exactly two truncation faces, one on each side of the projection surface;

(2) runs between adjacent edges in each such truncation face, cutting off a vertex that is not identified to
another corner on the same truncation face.

See Figure 7. We say that Z is in meridianal form if each meridianal component of dZ is in meridianal
form.

Suppose Z is a surface in meridianal form and all components of dZ are meridians. Assign a label P
to each intersection of 3Z with a truncation face. Note just as for a classical alternating link in S3, a
meridianal puncture in Z corresponds to a single P above the diagram on ITT, and a single P below
on I1™.

For a spanning surface Z of an alternating link in S3, Hass, Thompson, and Tsvietkova [8] introduce
the letters B. A letter B indicates where Z intersects the link transversally on the projection sphere. In the
case of weakly generalized alternating links, a surface Z with boundary will have normal subsurfaces Z;
with 0Z; meeting truncation faces. When the corresponding curve on 0Z is not necessarily a meridianal
curve in meridianal form, we label each intersection of 0Z; with a truncation edge by B. Note that above,
we labeled intersections of 0Z; and truncation faces by P. For surfaces with nonmeridianal boundary, we
consider intersections with truncation edges rather than faces. The letter B is a reminder that the surface
might have boundary components that are not meridianal.

The labeling of components of dZ; (which are curves) by letters S, B, or P associates a cyclic word
to every such curve. An example is shown in Figure 8.

Remark 5.2 The arguments below for surfaces with labels B on truncation edges work equally well
when we replace an instance of P with two instances of B, and so we allow curves with B labels also
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Figure 8: On the left is shown an example of a BBSSS curve from [8]. On the right is shown the
corresponding BBSSS curve in a chunk of the decomposition of the same link. The curve on the
right meets the same saddles (interior edges) and link overcrossings (truncation faces) as the curve
on the left.

to be in meridianal form. This will be useful for links, for example, when some components of 0Z are
meridians and some are not. In this mixed case, with some meridian boundary components and some
nonmeridians, we will label all intersections with truncation edges by B. However, when a surface has
strictly meridianal boundary, we obtain more information using only labels P. We do not allow words in
both P and B.

For classical alternating links, the curves of intersection subdivide the surface into disks lying in
topological 3-balls above and below the link. The curves of intersection and the position of the disks are
uniquely determined by the associated words in S, P, and B and by the position of each letter on the
link diagram. The disks are then glued along their boundaries, and the gluing pattern is also uniquely
determined by the words in S, P, and B and by the position of each letter on the link diagram. For
weakly generalized alternating links, there are also words associated to boundary components of Z;,
and the position of each letter on the knot projection. But the boundary curves subdivide the surface Z
into subsurfaces Z; that might have positive genus, and multiple boundary components. Moreover,
the subsurfaces are not in topological 3-balls anymore: rather, they are in chunks which might have
complicated topology themselves.

6 Normal form, saddles, and meridians

For a surface Z, associate a pair of natural numbers (s(Z), #(Z)) where s(Z) is the number of inter-
sections of Z with interior edges, and ¢(Z) is the number of intersections with truncation edges. Call
the pair (s(Z),1(Z)) the weight of the embedding with respect to a chunk decomposition, and order
lexicographically. In this section, we ensure that a surface can be isotoped into normal form while
preserving meridianal form for the surface, by an isotopy that does not increase weight. Note that there
are many (isotopic) ways to put a surface in normal form or standard position, and in applications, often
the one that minimizes weight is chosen.

For convenience, we collect assumptions here. They will be used throughout the rest of the paper, and
will be part of the hypothesis in each lemma, proposition and theorem we prove.
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Assumption 6.1 ¢ Let Y and IT satisfy Assumption 2.1. We assume that (L) is a weakly generalized
alternating projection of a link L onto ITin Y.

e We consider (Z,0Z) to be an essential surface (either orientable or nonorientable) embedded in
(Y = N(L),dN(L)), where the boundary of Z is possibly empty. Note the boundary of Z (if any) is
disjoint from dY .

e We also assume that there is a chunk decomposition of ¥ — N (L) arising from a weakly generalized
alternating diagram as in Section 3.1. The Z; are the connected subsurfaces of Z cut out by chunks, each
closed or with boundary, and possibly with multiple boundary components.

Theorem 6.2 A surface Z in Y — N(L) can be isotoped into normal form such that:

(a) The full isotopy consists of a sequence of subisotopies given by discrete steps, and no step of the
isotopy increases the weight.

(b) If all meridian components of dZ begin in meridianal form, then after the isotopy, meridianal
components of dZ remain in meridianal form.

Proof The proof that an isotopy exists putting the surface into normal form is a standard innermost
disk / outermost arc argument that is similar to arguments in [5; 14], but we provide it to verify (a) and (b).

We need to check the requirements of Definition 4.2. A small isotopy of Z ensures transversality
conditions (1). We may ensure this isotopy does not increase the number of intersections with any edge,
for (a), and does not affect meridianal form for (b).

Since Z is essential, condition (0) automatically holds for closed surfaces in any chunk, without
any isotopy. If D is an essential compressing disk for Z N C within a chunk C, then because Z is
incompressible, dD bounds a disk E in Z, and by irreducibility of Y, D U E bounds a ball. Hence E
can be isotoped through the ball and past E to remove the compressing disk. For (a), we say that this
full isotopy through the ball is one step. Note the weight may increase temporarily during the isotopy
through the ball, but when this step of the isotopy is completed, the number of intersections of Z with
interior edges has not increased. The isotopy does not affect the boundary of Z at all, completing (a) and
giving (b).

For condition (2) of Definition 4.2, suppose some Zj has boundary dZ lying in a face of C and
bounding a disk in that face. Take an innermost such disk D. It is not an essential compressing disk
for Z in Y because Z is incompressible. Because Y is irreducible, there is a ball B with D C dB and
dB — D C Z. Isotope Z through B and slightly further, removing all intersections of Z with faces and
interior edges that lie within the ball B, and removing the intersection of dZ; on a face of C, all without
changing Z outside a small neighborhood of B. Again the full isotopy through B is considered to be one
step, for (a). Note this move cannot increase the number of intersections of Z with interior edges, and
avoids the boundary of Z entirely, so it cannot increase the weight for (a), and does not affect meridianal
form for (b).
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Figure 9: A curve of 0Z forming a meridian on the harlequin tiling of the boundary is shown on
the left. If we isotope across a disk that violates condition (4), the curve is changed as shown on
the right. Note further isotopy is required to put it into normal form, meridianal form.

For condition (3) of Definition 4.2, suppose for some Zj, an arc of dZ lies in a single face with
endpoints on the same edge, and together with a part of the edge cuts off a disk D in that face. Assume
D is innermost with this property in that face, meaning its interior does not intersect Z.

There are three cases depending on the type of edge and the type of face.

Suppose first that the arc of dZ; has endpoints on the same interior edge. Then use a regular
neighborhood of the disk D to isotope Z past that edge (a step of the isotopy), strictly reducing the
number of intersections with the interior edge, and not affecting 0Z, giving (a) and (b).

Next suppose that the arc of dZ}, lies in a truncation face, with both endpoints on the same truncation
edge. Then again use a regular neighborhood of D in Y — N (L) to isotope dZ along this truncation
face and past the edge, removing two intersections with truncation edges. This move is a step of the
full isotopy. It does not affect intersections with interior edges, and strictly decreases intersections with
truncation edges, giving (a). Such an arc is not in meridianal form, so does not arise for (b).

Finally suppose the arc o of dZ; has both endpoints on the same truncation edge but lies in an
interior face. Then the disk D has the form of a boundary compression disk for Z. Since Z is boundary
incompressible, there must be an arc 8 C dZ whose endpoints agree with those of «, and such that o« U
bounds a disk D’ in Z. Then D U D’ forms a disk with boundary on dN(L). Because Y — N(L) is
boundary irreducible, by [14, Corollary 3.16], the disk D U D’ must cobound a ball with a disk of dN(L).
Use this ball to isotope D’ in Z past D to remove the two intersections with the truncation face, as well
as any other intersections of Z with edges and faces within the ball. For (a), the isotopy through this ball
is a step, and when complete, the number of intersections with interior and truncation edges does not
increase. As for (b), the arc 8 of dZ cannot be in meridianal form, since both its endpoints are on the
same truncation edge, so this situation does not arise for (b).

Condition (4) of Definition 4.2 requires the most care, since it could arise for surfaces in meridianal
form. Nevertheless, we show that an isotopy also addresses this case while preserving meridianal form
and without increasing weight. The argument requires careful consideration of the combinatorics of the
chunk decomposition around a truncation face and an adjacent interior edge. We step through it below,
using a number of figures.

Suppose an arc y of 0Z}, in an interior face of a chunk C has an endpoint on a truncation edge and an
endpoint on an adjacent interior edge, cutting off a disk D with these two edges. We may take y to be
outermost with this property, so that the interior of D is disjoint from Z. Isotope Z through a regular
neighborhood of D, by sliding (a neighborhood of an arc of) dZ along the adjacent truncation faces and
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Figure 10: When Z is in meridianal form, and an arc runs from a truncation edge to an adjacent
interior edge, Z must intersect II™ and IT~ as shown on the left (possibly with roles of IT*, TI™
switched). The right shows the saddle and the adjacent meridian in Y — N (L).

past the interior edge, then sliding the rest of a neighborhood of y in Z through a neighborhood of D
to follow. The effect of this move on the harlequin tiling of the boundary is shown in Figure 9. This
removes an intersection of Z with an interior edge, giving (a). This will introduce an arc in a truncation
face with both endpoints on the same truncation edge, as in Figure 9. Such an arc can be eliminated as
above, reducing weight. Thus if the surface does not begin in meridianal form, we are done at this point.

To complete the proof of (b), we need to analyse the isotopy of Z through N (D) more carefully,
ensuring that if D is adjacent to a truncation face that Z meets in meridianal form, then after the isotopy
the result is still in meridianal form.

Suppose Z is in meridianal form. We set up some notation. Assume that D C I1". The arc y of 0Z,
that cuts off D continues through the truncation face in meridianal form. Further, because the interior face
containing D is glued to another interior face on IT~, there is another such arc cutting off a disk D’ C I,
and that arc extends to run through another truncation face in meridianal form. Indeed, these two arcs in
meridianal form together form a meridian boundary component of 3Z. Finally, on each of IT™ and IT~
there is another interior edge identified to the one meeting D or D’. The surface Z must also run through
that interior edge. The setup must therefore appear as in Figure 10.

That is, there are arcs ab and cd of Z; N TIt meeting interior edges identified to the same crossing
arc of a saddle, and a subarc of ab is an arc of the boundary of the disk D. There are additional arcs
a'd’ and b'¢’ in TI™, also meeting interior edges identified to the same crossing arc, with an arc of a’d’
forming an arc of the boundary of disk D’. Moreover, a is glued to a’, b to b’, ¢ to ¢’ and d to d’.

For the leftmost and middle pictures in Figure 10, note that the endpoints of arcs labeled by a, b, ¢, d
are in the same quadrants as a’, b’, ¢/, d’ respectively. This is because two interior faces that are identified
correspond to the same region of the link diagram. Also note that the arcs ab, c¢d, a’d’, b’¢’ and their

Figure 11: The isotopy through D and D’ has the effect shown.
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Figure 12: Isotoping further into normal form yields surface in meridianal form.

intersection pattern with interior edges and truncation edges of the chunks correspond to rotating the
boundary of every interior face under the gluing one notch, as described in Section 3.2.

From the middle picture in Figure 10, rotate quadrant I one notch counterclockwise and identify it
with quadrant I in the leftmost picture. Similarly, rotate quadrant III one notch counterclockwise and
identify it with quadrant III in the leftmost picture. Here interior edges are rotating to the next interior
edges in the counterclockwise direction, and truncation edges are rotating to the next truncation edge in
the counterclockwise direction. Rotate quadrants II and IV one notch clockwise to the leftmost picture.

Now we isotope Z across the disk D, to remove intersections with the interior edge identified to the
crossing arc. Note this simultaneously isotopes across D’ in the other chunk. This isotopes arcs c¢d
and b’c’ to run through the adjacent truncation faces; this is shown in Figure 11. Away from these arcs,
the intersection of the surface Z with I1™ and IT~ is unchanged.

Note that the surface is not in normal form; on the left of Figure 11, an arc of 0Z’ in the truncation
face meets the same truncation edge twice. We perform an isotopy to slide this arc off this truncation face
and onto the truncation face on IT™, shown in the center on the right of Figure 11. The final result of this
isotopy, in [T, IT™ and in Y — N (L), is shown in Figure 12.

The surface is now again in meridianal form, for (b). In the link complement, the entire procedure
swept a meridian past a crossing arc, removing the intersection with the corresponding interior edge
without introducing new intersections with interior edges, therefore decreasing weight. We call this a step
of the isotopy, and note (a) also holds for this step. a

Assumption 6.3 From now on, we assume the essential surface (Z, d2) is in normal form. Moreover,
when we put it into normal form,

(1) we do it so that the surface is in meridianal form;

(2) out of all ways to do it so that the surface is in meridianal form, we choose one with least weight.

7 Generalizing standard position

In this section we generalize properties of standard position for closed surfaces from [20], and for surfaces
with nonmeridianal boundary from Propositions 2.1-2.2 of [22].

Proposition 7.1 The following holds for a surface Z in Y — N (L), and any connected subsurface Z; of
Z in a chunk C:
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(1) Let R be a component of IN(L). If dZ N R is nonempty and nonmeridianal, then there are no

meridianal compressions of Z to R.
(2) Z; cannot be a sphere or projective plane.

(3) If Z is in normal position, each curve of 0Z; meets truncation edges in pairs. Thus labels B occur
in pairs.

Proof For (1), suppose Z is a surface with nonmeridianal boundary on a component R of dN (L),
and suppose that Z admits a meridianal compression to R. Such a compression defines an embedded
annulus 4 with one boundary component on Z and one on R, with interior disjoint from Z. But a
meridian intersects any essential nonmeridianal closed curve on the link boundary torus. If Z meets this
component R of dN (L) and is nonmeridianal, 0Z must intersect the annulus A, and hence Z meets the
interior of A. (Here we are using incompressibility and boundary incompressibility of (Z, dZ) to ensure
intersections of dZ with A cannot be removed.) This contradicts the definition of A.

For (2), recall that IT was chosen such that Y —IT is irreducible, thus any chunk is irreducible. Therefore
a spherical component cannot bound anything but a ball. But a 2-sphere is incompressible if it does not
bound a ball. Hence item (0) of Definition 4.2 implies that the intersection of a normal surface with a
chunk has no spherical components. Similarly, because Y — I1 is orientable, the boundary of a regular
neighborhood of any embedded incompressible projection sphere would be an essential 2-sphere, which
cannot exist in the irreducible ¥ — IT.

For (3), every time dZ; meets a truncation edge, it runs into a truncation face and then must meet
another truncation edge as it runs out of that truncation face. |

The next result is analogous to Menasco’s result [20, Lemma 1] that no subsurface in standard
position meets the same crossing bubble in more than one arc. See also Menasco and Thistlethwaite
[22, Proposition 2.2(ii)].

Fix a truncation face on a chunk. The face is adjacent to exactly two interior edges, say e; and e,
that are identified together. Denote by y the arc formed from the union of ey, ¢; and (a choice of) two
truncation edges connecting e with e,. See Figure 13(a). We call the connected simplex consisting of
these four edges a saddle complex.

Proposition 7.2 Suppose Z is meridianally incompressible. Suppose an arc o« of Z N dC intersects a
saddle complex y in exactly two points. Then o cannot cobound a disk with a subarc B of .

Proof Suppose the arcs cobound a disk. There are six ways that an arc o« might cobound a disk with a
subarc of y, shown in Figure 13. Take D to be an innermost disk with the property that dD consists of an
arc « on Z N dC and a subarc B of y. Thatis, DN Z = «.

Suppose that for D innermost, & has both endpoints on the same interior edge e, as in (a) of Figure 13.
If « happens to lie in only one face, then o gives a contradiction to our assumption that Z be in normal
form, Assumption 6.3. So « lies in more than one face. Then D intersects multiple faces and edges.
In this case, we will isotope Z to remove two intersections of Z with e, illustrated in Figure 14.
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Figure 13: Shown are the ways that an arc & of Z N dC can cobound a disk D with a subarc
of y, where y is a saddle simplex.

Carefully, push the disk D slightly into the interior of the chunk, obtaining a new disk D’, shown in
darker gray on the left of Figure 14. Then isotope Z in a small regular neighborhood of D’, removing
two intersections with e, as shown on the right of the figure. Note that within Y — N (L), the edge ¢
is identified to other edges to obtain a crossing arc that contains 8, and B runs between two saddles
of Z intersecting the crossing arc. This move eliminates the intersections of Z at endpoints of . Note
Figure 14 does not show what happens in Y — N (L), only the chunk decomposition, prior to the edge
identifications. We call the move of Figure 14 a band move, as in [22, Figure 2.3(iii)].

Alternatively, the isotopy of a band move is equivalent to the following move. Take a small product
neighborhood of D’. This is a ball B = D’ x (—¢, €), for some sufficiently small € > 0. The boundary 0B
consists of a disk £ on Z of the form E = o’ x (—¢, €), and a second disk F = 0B — E. Replace the
surface Z by removing the disk £ from Z and replacing it with the disk F. Push slightly through the
boundary of the chunk. The resulting surface is isotopic to F', but meets the edge e two fewer times.

The resulting surface is still essential and meridianally incompressible, and any of its meridian boundary
curves are still in meridianal form, so it can be isotoped further into normal form without increasing
intersections with interior edges as in Theorem 6.2. This is a contradiction, since Z was assumed to have
minimal weight.

Next suppose that for D innermost, o has endpoints on distinct interior edges of y, as in (b) of Figure 13.
Then glue interior edges to obtain a crossing arc. Because the disk D is innermost, the two endpoints
of & on interior edges are then identified. The arc of 8 on the truncation faces forms a meridian. Thus

Z z

ED’-»
D B

A

Figure 14: Shows how we isotope Z through the disk D’ to remove intersections with e, in
3-dimensions and a 2-dimensional cross section. In the leftmost and rightmost figures, e is the
edge in red, with B slightly darker red on e. In the center, a cross-section is depicted, and e
becomes a single point.

Algebraic € Geometric Topology, Volume 26 (2026)



846 Jessica S. Purcell and Anastasiia Tsvietkova

after gluing, @ C Z bounds a meridianal compression disk. Because Z is meridianally incompressible,
the meridianal compression disk must be inessential, and « is parallel through an annulus A C Z to a
meridian component of 0Z, and together D — N (L) and this annulus A cobound a thickened annulus.
Isotope Z through this thickened annulus, past D, removing all intersections of Z with faces, edges, and
truncation edges within the thickened annulus. The number of intersections of Z with interior edges
strictly decreases, and the meridian component of dZ slides into meridianal form on this truncation face
and an adjacent one. The resulting surface is still essential and meridianally incompressible, and still
in meridianal form, so it can be isotoped further into normal form in a manner that does not increase
intersections with interior edges, using Theorem 6.2. This contradicts the minimum weight assumption.

Next suppose « has both endpoints on truncation edges, as in (e) or (f) of Figure 13. (Note that in the
classical setting, this case is automatically excluded by the definition of standard position [22].) Away
from B, push D slightly into the interior of the chunk C, similar to the move on the left of Figure 14. Then
the newly isotoped disk has the form of a boundary compression disk D’ for Z. Since Z is boundary
incompressible, we may push off this disk using a standard argument (see for example [10, Figure 1.9]),
as follows. By boundary incompressibility of Z, dD’ N Z must cobound a disk £ C Z with an arc §
of ZNAN(L). Because Y — N (L) is boundary irreducible by [14, Corollary 3.16], D’ U E must be
parallel to a disk F C dN(L). Then D’ U E U F is a sphere in Y — N (L) bounding a ball; use the ball to
isotope Z, moving the disk E through the ball and slightly past D’. After this isotopy, Z has at least two
fewer intersections with truncation edges, and no aditional intersections with other interior edges, so the
weight has strictly decreased. Observe also that the arc § C dZ could not have been in meridianal form,
so this case will not affect meridianal boundary components of Z, and hence Z remains in meridianal
form after isotopy. Then further isotopy as in Theorem 6.2 puts Z back into normal form but with strictly
reduced weight, contradicting our assumption that Z had minimal weight. Hence we may assume that an
innermost instance of D does not appear as in (e) or (f) of Figure 13.

Finally suppose an innermost D has the form of either (c¢) or (d) in Figure 13, with one endpoint of «
on an interior edge and one on a truncation edge. We will isotope Z to remove the intersection with the
interior edge in two steps. The first step is to slide 0Z through dN(L) in Y — N(L). For (c), we slide
through a neighborhood of § N AN (L) as shown on the left of Figure 15. For (d), note that because D is
innermost, the arc of Z N dC that meets the truncation face cannot exit the truncation face at the edge
vertically adjacent (so the arc cannot be in meridianal form, meaning the corresponding component of
dZ is not a meridian). So the arc on the truncation face continues to exit through one of the two other
edges on the truncation face. One of these is shown in Figure 15(d). In both cases, we slide dZ through
the truncation face, past the point where it meets the interior edge, as shown on the far right in the figure.
The effect of these moves on the component of Z N dC, on the disk D, and on dZ in dN (L) is shown.
Observe that this first step of the isotopy temporarily increases weight by one.

The next step is identical to the process in case (a) in Figure 13: there is now a disk D” in dC with
boundary consisting of an arc on an interior edge and an arc of ZNdC. Away from the interior edge, push
this disk into C. Use it to isotope Z via a band move as in Figure 14. This will remove all intersections
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|
%

Figure 15: Isotope Z by sliding dZ in a neighborhood of 8 N dN(L). Effect is shown on the
component in the chunk on top, and on dN (L) on bottom.

of Z with interior edges meeting D”. Thus it removes two intersections, and the weight strictly decreases
from its initial value. If the corresponding component of 0Z was not a meridian in meridianal form, this
gives a contradiction to the fact that it was least weight: further isotopy as in Theorem 6.2 will put Z
back into normal form without increasing weight.

If the corresponding component of dZ is a meridian, and so it began in meridianal form, we may need
to isotope further to put it back into meridianal form to apply Theorem 6.2. As noted when we introduced
case (d), if this component of dZ is a meridian then a disk as in case (d) in Figure 13 cannot be innermost.
Thus we are in case (c). Then we follow the proof of Theorem 6.2: the initial isotopy of dZ will adjust a
curve in meridianal form exactly as in Figure 9, yielding an arc on a truncation face with both endpoints
on the same truncation edge. Just as in the proof of Theorem 6.2, further isotopy will put the surface Z
back into meridianal form exactly as shown in Figures 11 and 12. This gives a surface that is essential
and in meridianal form with smaller weight, and so further isotopy using Theorem 6.2 will give a normal
surface with smaller weight; a contradiction. O

8 Angled chunks and combinatorial area

So far, we have isotoped essential surfaces into normal form, and have considered some of the resulting
subsurfaces in chunks and their boundary curves. In this section, we recall an important tool to reduce
the options for such subsurfaces, namely combinatorial area.

In its most general form, combinatorial area can be defined for surfaces in any chunk with dihedral angles
assigned to interior edges that satisfy certain conditions; this is called an angled chunk decomposition,
and it is described in full generality in [14]. In our setting, label each interior edge with angle /2. By
[14, Proposition 3.15], the decomposition satisfies the requirements to be an angled chunk decomposition.

We now review a few consequences.

8.1 Combinatorial area

Let Z be in normal form with respect to the chunk decomposition of ¥ — N(L). Write Z = U;'n=1 Zj,
where each Z; is a connected normal surface embedded in a chunk. Consider 0Z;. Each component of
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0Z; meets interior edges a total of ng = ng(Z;) times; this is the number of instances of S on the words
decorating 0Z;. It meets truncation edges a total of ny = n(Zj) times, where n must be even, since
Z; enters and exits each truncation face by meeting a truncation edge. In case Z is meridianal, nr /2 is
the total number of instances of P in the words decorating dZ;. Otherwise, nr is the total number of
instances of B.

The combinatorial area of Zj is defined to be

8.1 a(Zj) = %nns + %nnT —2mx(Zj).

Denote the number of S’s in Z; by #S, and the number of P’s by #P. If Z is meridianal, we rewrite
(8.1) as

(8.2) a(Zj) = tn(#S) + n(#P) — 2 x(Z;).

The combinatorial area of Z is defined to be

m

(8.3) a(Z)=Y_a(Z)).

j=1

The combinatorial area satisfies a Gauss—Bonnet formula [14, Proposition 3.12]:
(8.4) a(Z) =2 x(2).
We also have the following results that follow from [14].

Lemma 8.5 Let Z; be a subsurface of a connected normal surface Z. The combinatorial area of Z;
satisfies the following.

(1) If x(Zj) <0, thena(Z;) > 2x.

(2) If x(Zj) > 0, then eithera(Zj) > /2, ora(Zj) = 0.

(3) Additionally, in the case when a(Z;) =0, Z; is either

(a) an essential torus or Klein bottle embedded in a chunk, hence Z = Z; is a torus or Klein bottle,
(b) an annulus or Mobius band with boundary meeting no edges, or

(c) adisk such that 0Z; meets exactly four edges of the chunk decomposition.

Proof Equation (8.1) in the definition of combinatorial area implies the first item.

Note that since Z; is a connected surface, with or without boundary, and Z; is never a sphere or
projective plane by Proposition 7.1 (2), we have x(Z;) < 1.

If x(Zj) =0, then Z; is either an annulus, Mobius band, torus, or Klein bottle. If Z; is an annulus or
Mbébius band and 0Z; meets an edge, then a(Z;) > 7 /2 by (8.1). If Z; is a torus or Klein bottle, it lies
in the interior of the chunk, so meets no edges, and a(Z;) = 0. Similarly if it is an annulus or Mobius
band such that 9Z; meets no edges, then a(Z;) = 0.
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If x(Zj) =1, then Z; is a disk. Then a(Z;) = kn/2 —2x by formula (8.1), where k is the number
of edges (interior or truncation) met by Z;. Thus if k > 4, then a(Z;) > 7 /2. If k =4, then a(Z;) =0
and (3)(c) holds. Finally, the cases k =0, 1, 2, 3 are ruled out by [14, Proposition 3.11]. O

The Gauss—Bonnet formula, (8.4), implies that there are no normal spheres or normal disks embedded in
a weakly generalized alternating link complement, for such a surface must have negative combinatorial area,
and hence it must have a subsurface of negative combinatorial area, which is impossible by Lemma 8.5.

Howie and Purcell observe that if a weakly generalized alternating link is reducible, it must contain
a normal sphere, and if it is boundary reducible, it must contain a normal disk [14, Theorem 3.8].!
Additionally, that paper studies surfaces with combinatorial area zero, namely annuli and tori, to analyze
when weakly generalized alternating knots are hyperbolic [14, Section 4]. By contrast, the work in this
paper allows us to study more surfaces: higher-genus surfaces, punctured spheres, etc. For a surface
with fixed Euler characteristic, the Gauss—Bonnet formula (8.4) restricts potential normal subsurfaces to
those with combinatorial area no more than the original. This paper helps us analyze the structure of
potential normal subsurfaces, and how they interact with the diagram. We will see that of key importance
are subsurfaces with zero combinatorial area.

Lemma 8.6 In a weakly generalized alternating link complement, the only normal subsurfaces that are
disks with zero combinatorial area have boundaries labeled PP, PSS, SSSS, BBBB, and BBSS.

Recall that we do not allow both P and B labels in the same word. Thus we will regard PBB disks as
instances of BBBB disks, as in Remark 5.2.

Proof of Lemma 8.6 By Lemma 8.5, a zero area disk meets four edges. If these are all interior edges,
the disk is labeled SSSS. If it meets truncation edges, it must do so in pairs, thus either two adjacent
instances of B or a single P (encoding two truncation edges for a curve in meridianal form). Thus the
possibilities are as claimed. O

9 Eliminating SSSS disks

In this section, we restrict disks of the form SSSS.

Theorem 9.1 Suppose Z is meridianally incompressible surface in normal form with respect to the chunk
decomposition of Y — N(L). Then any SSSS disk is an essential compression disk for I1 meeting the
diagram 7 (L) exactly four times. Thus if the representativity satisfies r (w (L), I1) > 4, there are no
SSSS disks.

Proof Suppose Z; is a normal disk meeting exactly four interior edges and suppose Z; is not a
compressing disk for I1. Then Z; is parallel into the boundary surface II* or I1~ of a chunk, without loss
of generality say I1T, so the curve 3Z; bounds a disk on TI1 (meeting edges, faces, etc. in its interior).

IThis does not follow from our proof of Theorem 6.2, because we assumed this result to prove Theorem 6.2. However, the

proof is similar, using surgery on disks rather than isotopy as in [5]. Hence a corollary is that weakly generalized alternating link
complements are irreducible and boundary irreducible [14, Corollary 3.16].
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Figure 16: Left: disk with boundary SSSSin Y — N(L). Middle: form in chunk decomposition
with boundary ITT. Right: glued to TI™ as shown.

The form of Z; in the diagram 7 (L) is shown on the left of Figure 16, where the curve dZ; N I1
is shown in blue along with four saddles. In particular, if one follows the component of 0Z; N I, the
overpasses of 7 (L) alternate between being on the right and on the left due to the diagram 7 (L) being
alternating. The form of dZ; in one chunk is shown in the middle, where dZ; lies on some component H;.r
of IT". Denote the four arcs of dZ; between the intersection points with edges by 4, B, C, D as on the
middle figure. The surface HJJ.r is glued to HJ._ via a gluing that rotates the boundary of each face as in
Section 3.2. Thus the arcs A, B, C, D are glued to four arcs A’, B/, C’, D’ as shown on the right. The
blue arcs in the right figure are arcs of boundary curves of other normal subsurfaces Zj in the chunk
decomposition; thus they are portions of simultaneously embedded closed curves.

First, observe that while A’, B/, C’, and D’ no longer necessarily connect to bound a disk in IT~, the
union of the arcs A’, B/, C’, and D’ along with meridianal arcs through the four truncation faces shown
on the right of Figure 16, and pieces of interior edges between them, all bound a disk on I

Label the blue arcs that run into this disk in IT™ by 1, 2, 3, 4 as in Figure 16, right. Because the
arcs are subsets of a disjoint union of embedded closed curves (the boundaries of normal surfaces in the
chunk), the arcs 1, 2, 3, and 4 must exit the disk region shown. They might exit either by connecting to
each other, for example 1 might connect to 2, or they might exit by running through the region between 1
and 2, between arcs B” and C’, between 3 and 4, or between arcs D" and A’. We call these regions zones
a, b, ¢, and d, and they are shown in Figure 16, right, as well.
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The arcs labeled 1 and 2 cannot connect to each other or exit through zone a by Proposition 7.2, since
they each meet the interior edge in that region once already. Similarly, the arcs 3 and 4 cannot connect
with each other or exit through zone ¢. Note also that arcs 1 and 4 cannot run to zone d by the same
result, since arc A’ already meets the edge of this region, and similarly for D’. Similarly arcs 2 and 3
cannot run through zone b.

It follows that the arc labeled 1 runs into zone b or c. If b, then the arc labeled 2 must run into zone a or
b in order to remain disjoint from the arc labeled 1. But this is impossible: these are exactly the zones that
2 is not allowed to enter. Hence the arc labeled 1 runs to zone c¢. But then the arc labeled 4 must run into
zone ¢ or d in order to remain disjoint from 1. Again this is impossible: these are exactly the zones that 4
is not allowed to enter. It follows that there can be no SSSS disk that is not a compressing disk for 1. O

10 Eliminating disks with words in the letter P

In this section, we prove that if Z has meridianal boundary, there are no disks whose boundaries are
curves of intersection labeled with two or three letters in P and S. That is, there are no words of type
SS, PP, PS, PPP, PSS, SSS, or PPS. The proof for SS and SSS holds in more generality, and does not
require meridianal boundary. We also prove that for any subsurface Z; of Z, there are no boundary
components 0Z; labeled with an odd number of instances of P and S. Finally, we use this to show all
weakly generalized alternating links are prime.

Theorem 10.1 Suppose Z is in normal form with respect to the chunk decomposition of Y — N(L).
Then no normal subsurface of Z is a disk whose boundary is labelled SS, nor a disk in meridianal form
whose boundary is labelled PP or PS.

Proof Recall that the boundary of a chunk is decorated by the diagram graph, where interior edges
corresond to diagram edges, and truncation faces correspond to neighborhoods of crossings. Therefore
the boundary of a disk labeled by two letters PP, PS, or SS gives a curve on I1 meeting the diagram (L)
at edges or at crossings.

In the case of a label P, there is a corresponding arc through a truncation face in meridianal form. We
isotope this curve very slightly off the crossing in a direction determined by the side of the truncation face
that is met by the curve. See Figure 17, where an example is shown of a boundary PP. The isotopy moves
dZ; slightly to the curve y, which we think of as lying on IT and meeting two edges of the diagram
graph (L).

0Z;

Figure 17: If 0Z; is labeled PP, it determines a curve y meeting the diagram exactly twice.
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Then in all cases, the disk Z; determines a curve y on IT meeting the diagram exactly twice transversely
in diagram edges. Because Z; is a disk, y must also bound a disk. Because the diagram has representativity
at least 4, by definition of weakly generalized alternating, the disk must be parallel to IT. Then the fact
that the diagram is weakly prime implies that  bounds a disk that does not meet any crossings.

In the case that the curve is of the form SS or PS, this gives an immediate contradiction: the curve 0Z;
is not in normal form, violating condition (3) or (4) of Definition 4.2, respectively.

In the case the curve is of the form PP, then it has the form shown in Figure 17. Both arcs are in
meridianal form, thus they cut off a corner that is not identified to another corner of the truncation face.
However, consider the interior edge encircled by the curve dZ;. Because this is an interior edge of a chunk
decomposition of a weakly generalized alternating link, at one of its endpoints, this edge is identified
to another edge across the corresponding truncation face, as described in Section 3.2; see also Figure 3.
Thus one of its endpoints meets a corner of a truncation face that is identified to another corner of the
same truncation face. This is a contradiction: because 0Z; is in meridianal form, neither endpoint can
have this property. |

Note that the previous proof relies heavily on the alternating condition, when using the chunk decom-
position of Section 3.2.

Theorem 10.2 Suppose Z is in normal form with respect to the chunk decomposition of Y — N(L).
Then no normal subsurface of Z is a disk whose boundary is labelled SSS, nor a disk in meridianal form
whose boundary is labelled PPP, PPS, or PSS.

More generally, no normal subsurface Z; of Z has a boundary component meeting an odd number of
letters S and P.

Proof As in the proof of Theorem 10.1, a curve dZ; determines an embedded curve y on the diagram
graph (L) C I, with letters S running transversely through diagram edges, and letters P running
through a diagram edge immediately to the left or right of a crossing, determined by the position of the
arc on the truncation face in meridianal form as in Figure 17.

In each case, consider the checkerboard coloring of the diagram. Passing through a letter P or S
changes the color of the face meeting 0Z;. If the word labeling dZ; is made up of exactly three letters,
then the color must change exactly three times. But this is impossible: if we start in a white face and
traverse dZ;, it changes to shaded when it meets the first letter, to white when it meets the second letter,
to shaded when it meets the third, and then it must close up, implying that the starting and ending face is
both shaded and white. This contradiction is illustrated in the case PSS in Figure 18.

More generally, it is impossible for a curve of dZ; to meet an odd number of letters S and P, since
again the existence of such a curve would contradict the checkerboard coloring of the diagram. |

The above theorem gives us a quick way to prove the fact that a weakly generalized alternating link
with a cellular diagram is prime. When the hat-representativity satisfies 7 (7 (L), IT) > 4, this result was
originally proved in Howie—Purcell [14, Corollary 4.7]. We can extend now to all weakly generalized
alternating links without the additional hat-representativity condition.
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S

S

Figure 18: A PSS disk should have three arcs in three faces of distinct colors, but this is impossible
for a checkerboard colored diagram.

Theorem 10.3 A weakly generalized alternating link is prime.

Proof Suppose not. Then there exists an essential meridianal annulus Z. Put it into normal form
with respect to the chunk decomposition. We may assume it decomposes into normal subsurfaces that
are meridianal by Theorem 6.2, and have zero combinatorial area by the Gauss—Bonnet formula, (8.4).
Because it meets two meridians of the link, at least one of the subsurfaces Z; must have a boundary
curve 0Z; whose labeling includes at least one instance of P. Because both boundary components are
meridianal, there will be no instances of B. By Lemma 8.5, Z; must be a disk meeting exactly four edges
of the chunk decomposition. By Lemma 8.6, the possibilities are disks with boundaries labeled PP or PSS.
Disks labeled PP are ruled out by Theorem 10.1. Disks labeled PSS are ruled out by Theorem 10.2. This
gives a contradiction. |

11 Disks with BBBB and BBSS words

This section concerns disks whose boundaries are BBBB or BBSS words. As mentioned in Remark 5.2,
an instance of P may be replaced with two instances of B, and the results for BB go through. Hence the
results for BBBB disks immediately apply to PBB disks, and we will use this in the sequel.

For a surface Z with nonmeridianal boundary, consider a normal disk Z; that meets exactly four
truncation edges, and no interior edges. Such a subsurface is a disk that corresponds to a BBBB word.
For an example, see Figure 19, left. Similarly, a normal disk that meets exactly two truncation edges and
exactly two interior edges corresponds to a BBSS word. An example is shown in Figure 19, right.

As described in [8], topologically the label B means that 0.Z; meets dN (L). An arc BB can be a part
of 0Z, where 0Z is on dN(L). In a chunk decomposition, such an arc travels between two truncation
edges in a truncation face. An arc BB can also connect two BB arcs of the previous type, and then it lies in
an interior face of a chunk. Each BBBB disk is hence a quadrilateral with two opposite sides on truncation
faces and the other pair of opposite sides on interior faces. Since a BB-arc that lies in a truncation face

LN

N——

Figure 19: Left: an example of a normal disk of type BBBB. Right: an example of type BBSS.
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Figure 20: Left: 3D is shown in red in TI*. Arcs of subsurfaces meeting I1™ that are glued to 9D
are superimposed on T, and shown in light blue. Right: if the blue SS arc connects to form the
boundary of a BBSS disk, it cannot meet thick or dashed red arcs.

is a part of dZ, it is not glued to any other arc of 0Z;, for any j. On the other hand, a BB-arc that lies
inside an interior face, as well as a BS-arc, is not a part of dZ, and is rather in the interior of Z. Such an
arc therefore must be glued to a similar arc of some Zj.

We say that two BBBB disks are connected if they share a common arc on an interior face. A collection
of such disks is connected if the union of disks is connected in Y. A collection of connected disks is
maximal if it is not a strict subset of a connected collection. We define connected and maximal collections
of BBSS disks similarly.

Lemma 11.1 Suppose D is a BBSS disk that is parallel to the surface I1. Then D is not connected to
another BBSS disk along its SS arc.

Proof A BBSS disk meets a truncation face along the arc BB, two opposite faces adjacent to that truncation
face of the same color — say white — along the two arcs BS, and a face containing the SS arc that is shaded.
Without loss of generality, say the BBSS disk parallel to IT lies on ITT. Then the three arcs of the disk that
lie in interior faces are glued to arcs in IT™. As in Section 3.2, the gluing of chunks in the neighborhood
of edges is via a rotation of the respective faces: in the clockwise direction for the two arcs BS, and in
a counterclockwise direction for the arc SS. Superimpose all these arcs on IT as in Figure 20, left. The
boundary of the disk BBSS is shown in red, and the arcs in 1™ that it is glued to are shown in light blue.

By way of contradiction, suppose the S arc glues to an SS arc contained in another BBSS disk E, with
boundary on I1™. By hypothesis, dE is labelled with only two instances of S, hence JE cannot contain
either of the two blue arcs B.S in white faces obtained by rotations of arcs of D. Thus the disk £ must
be disjoint from these arcs. Also note that (the superimposed copy of) dF intersects dD. Because D is a
disk parallel into IT, dE must meet dD one additional time.

Note that the arc of dE labelled 1 cannot run immediately into the dark orange truncation face; this
would contradict the fact that E is normal. Similarly the arc labelled 2 cannot run immediately into the
light orange truncation face, or E is not normal. This means d£ does not meet dD on the dashed arcs
shown on the right of Figure 20.

Suppose the arc labelled 1 runs to meet one of the thicker red arcs shown. Then there are two cases to
consider.
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Case 1. Suppose arc 1 intersects the upper left red arc. Then arc 1 cannot intersect the blue arc, so it must
run into a truncation face or interior edge after intersecting the thick red arc. Because arc 1 has already
met two instances of S, it cannot meet an interior edge and remain the boundary of a BBSS disk. Since
meeting the truncation face uses up all the letters BBSS in its boundary, this means that the arc labelled 1
meets no edges between 1 and the thick red arc. It follows that the two white faces on opposite sides of
the dark orange truncation face are the same, since one white face contains arc 1 and the other white face
contains the thick red arc. But this would contradict the link being weakly prime.

Case 2. Suppose arc 1 meets the thick red arc in the lower left part of the figure. Similarly to case 1, arc 1
then must enter the region between that arc and the blue arc through a truncation face, using up all the
letters BBSS. But then arc 1 must connect immediately to the arc labelled 2, without meeting additional
interior or truncation edges. This means that the white face containing the arc labelled 2 and the white
face containing the thick red arc in the lower left part of the figure are the same. But these are the two
white faces adjacent to the light orange truncation face, contradicting the link being weakly prime.
Therefore, arc 1 does not meet any of the two thicker red arcs. The only remaining place that the arc
labelled 1 could meet the boundary of the red disk would be on the truncation face between instances of B,
and it must do so by entering and exiting opposite sides of that truncation face, not the sides meeting the red
arc. But those opposite sides lie in shaded faces, whereas arc 1 is in a white face. This is also impossible. O

Lemma 11.2 Assume that the hat-representativity 7 (7 (L), IT1) > 4, and that (L) is not a string of bigons
on I1. Let Z be in normal position, with a nonmeridianal boundary component. Then the following form
disks:

(1) a maximal connected collection of BBBB disks for Z or

(2) a maximal connected collection of BBSS disks for Z.

Proof As explained above, the BBBB or BBSS disks are connected only along arcs on interior faces,
since the arcs on truncation faces are a part of the surface boundary.

For (1), a maximal connected collection is therefore glued end to end along opposite interior faces.
The only way it could not form a disk is if it forms an essential annulus or M&bius band, made entirely of
BBBB disks. In the case of an annulus, it was shown in [14, Theorem 4.6] that 7 (L) is a string of bigons
on IT (here we use the hypothesis 7 (rr (L), IT) > 4). In fact the proof also implies the same result for
the case of the Mobius band, because it shows that a string of BBBB disks connect to bound a chain of
bigons in the diagram graph.

For (2), arcs in the interior faces have the form BS or SS. By Lemma 11.1, SS arcs cannot glue to
other SS arcs in the maximal collection. All BBSS disks in the collection must be glued along arcs of
the form BS. If the connected collection of BBSS disks is not a disk, it will form a normal annulus
made up of BBSS disks, at least one of which is parallel into IT because 7 (7 (L), IT) > 4. But then by
[14, Lemma 4.5], the diagram st (L) is a string of bigons on I1, contradicting our hypotheses. a

Proposition 11.3 For a surface Z in normal position, no BBBB region is connected to a BBSS region.
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Proof Two normal subsurfaces Z;, Z; in a chunk can only be connected across arcs in interior faces,
not across arcs in truncation faces, which are left unglued and become the boundary of the normal surface.
The arcs in the interior faces for a BBBB region have both endpoints on a truncation edge. The arcs in
the interior faces for a BBSS region have one end on a truncation edge and one end on an interior edge,
or both ends on interior edges. Because interior edges glue to interior edges, each arc of a BBSS region
must glue to an arc with an endpoint on an interior edge. Thus it cannot glue to a BBBB region. O

Theorem 11.4 Assume that the hat-representativity 7 (7 (L), IT) > 4, and 7t (L) is not a string of bigons
on I1. Let Z be in normal form. Then all subsurfaces Z; that are neither BBBB disks nor BBSS disks,
together with the link L, determine the surface Z up to isotopy.

Proof By Lemma 11.2 (1), maximal connected collections of BBBB disks form disjoint disks. Similarly
for BBSS disks by Lemma 11.2 (2). By Proposition 11.3, no such disks are connected. Therefore, if we
remove maximal connected collections of BBBB and BBSS regions, we are left with a surface with a
number of disjoint disks removed.

Suppose Z’ is another surface in normal form, whose normal subsurfaces agree with those of Z
away from BBBB and BBSS disks. Then Z and Z’ are both obtained by adding disks to the same
surface with boundary, along the same boundary components. The link L has irreducible complement by
[14, Theorem 3.14]. Therefore, the two surfaces disagree except in disks that can be isotoped to bound
balls. Thus the surfaces are isotopic. |

12 Essential Conway spheres

In this section, we apply our results above to generalize the work of Menasco [20] that allows the
characterization of essential 4-punctured spheres, or essential Conway spheres, for alternating links as
“visible” and “hidden”, with terminology due to Thistlethwaite [27]. We call an essential Conway sphere
visible if its intersection with ITF consists of only one PPPP curve, and hidden if it consists of exactly
two PSPS curves. See Figure 21 and compare to [27, Figure 3(1)—(ii)].

Note that if curves as in Figure 21 appear in the classical alternating case, the region exterior to any
dashed line will also be a disk, hence will contain an alternating tangle. In the weakly generalized
alternating setting, this region may have higher genus.

In this section, we will restrict to diagrams that are cellular, meaning all regions of the diagram are
disks. This is the only place in the paper where we use cellular.

Theorem 12.1 Let L be a weakly generalized alternating link on a connected projection surface I1 with a
cellular diagram and hat-representativity 7 (st (L), IT) > 4. Then any essential Conway sphere has one of
two forms: visible or hidden.

We will prove the theorem by considering how essential Conway spheres decompose in a chunk
decomposition, ruling out certain subsurfaces and labels on their boundaries. The proof will follow from
a few lemmas.
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Figure 21: Left: a visible essential Conway sphere is made up of two disks labeled PPPP, one on
either side of the projection surface. Right: a hidden Conway sphere is made up of four disks labeled
PSPS, two on either side of the projection surface. Here we show how they meet one side of the
diagram. The gray disk denotes a portion of the diagram contained in a disk in the projection surface.

Remark 12.2 We use the hypothesis that the diagram is cellular in Theorem 12.1 to simplify the
enumeration of potential essential Conway spheres. It is required in the proof we give below. However,
we have no counterexamples to the theorem when this hypothesis is dropped. It is an interesting open
question as to whether a cellular diagram is necessary for Theorem 12.1 to hold.

Lemma 12.3 Under the hypotheses of Theorem 12.1, suppose Z = | J Z; is an essential Conway sphere
in normal form with respect to the chunk decomposition. Then all the subsurfaces Z; must be disks.

Proof An essential Conway sphere is an essential 4-punctured sphere, hence it will have combinatorial
area a(Z) = —2mw x(S) = 4x. Because it meets the knot in meridianal punctures, by Assumption 6.3 we
assume it is in normal form with all components of dZ in meridianal form. It decomposes into normal
subsurfaces within chunks that are genus-zero surfaces. Thus the only subsurfaces that may arise are
disks, annuli, and 3-holed spheres. Also, on each of IT* it must meet four instances of the letter P, so
eight instances of P total.

In a cellular link diagram, no boundary component of a genus-zero subsurface in normal position can
lie entirely in a face of the diagram. This means that each boundary component of an annulus or 3-holed
sphere must meet instances of S or P, and by Theorem 10.2, it must meet at least two such instances.
We will prove any annulus or 3-holed sphere subsurface contributes too much area, to rule these out.

By (8.2), the smallest possible area contribution from an annulus has area 27, meeting two instances
of S on each boundary component. But we still need eight instances of the letter P, and the total area of
all subsurfaces must add up to 4. By Lemma 8.5, all additional contributions to area are nonnegative.
Since each P contributes area & by (8.2), annuli have too much area. Similarly for 3-holed spheres. Thus
all subsurfaces must be disks. m|

Lemma 12.4 Under the hypotheses of Theorem 12.1, suppose Z = | ) Z; is an essential Conway sphere
in normal form with respect to the chunk decomposition. Then each of the disks Z; must be labeled SSSS,
PSSS, PPSS, PSPS, PPPS, or PPPP.

Proof When Z is an essential Conway sphere, by Lemma 12.3, all Z; are disks. Also, Z must meet
eight instances of P, with four instances each on TT*. The total area is a(Z) = 4. Thus there is some Z;
with positive area at most 2.
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Consider the possible boundary words for disks with area at most 2. Lemma 8.6, along with the
results of Section 10, rules out all zero area disks PP and PSS. Any odd number of letters is ruled out by
Theorem 10.2. If the representativity of the diagram is 4, then 0-area SSSS disks are possible, not ruled
out by Theorem 9.1, although they will be ruled out for higher representativity. The only disk contributing
area 77/2 has boundary PSSS. The possibilities contributing area 7 are PPSS, PSPS, and SSSSSS. Those
contributing area 377/2 are PPPS and PSSSSS. Those contributing area 27 include PPPP, as well as
other words with at most three instances of P and some instances of S

Each instance of P in the disks enumerated above contributes at least /2 to the sum. Returning to the
case of an essential Conway sphere, using the fact that there must be eight instances of P in total, in fact
each of the disks with positive area must contain a letter P, and the area of the disk will be 7/2 times the
number of instances of P. Because there must be four instances of P on each side of IT, the only possibili-
ties for disks overall are O-area SSSS disks, and positive area PSSS, PPSS, PSPS, PPPS, and PPPP disks. O

By the assumption that 7 (7 (L), IT) > 4 and the assumption that IT is connected, the boundaries of
essential compression disks on one side of IT meet the diagram in more than four points. So on this side
of I1, any PSSS, PPSS, or SSSS curve bounds a disk parallel to the projection surface. Without loss of
generality, say this side is TIT. We note that unlike in the classical case of alternating links in S3, here
the proofs for ITT and IT~ from this moment are not analogous.

We say that a PPSS or PSSS disk is innermost on I17 if the boundary curve bounds a disk on the
surface ITT that contains no other intersections with Z. We say it is outermost if it bounds a disk D on
[T such that II™ — D is a surface with boundary containing no intersections with Z.

Lemma 12.5 Under the hypotheses of Theorem 12.1, if there exists a PPSS disk or a PSSS disk with
boundary on TI", then there exists one that is innermost or one that is outermost with boundary on IT™.

Proof Suppose first that there is a PPSS disk with boundary on ITT. Because any disk with boundary
meeting I1T at most four times is parallel to ITT (by the assumption on 7), we may assume the PPSS
curve bounds a disk in TIT. Since there are four instances of P on each side of TT, there will either be
another PPSS disk, or a PSPS disk, or two PSSS disks with boundary on 1™ by Lemma 12.4. In the first
two cases, the second disk lies on one side of the PPSS disk and so there are no curves 0Z; on the other
side. In the last case, there may be a PSSS disk on both sides, but then such a PSSS disk is innermost.
This proves the lemma when there is a PPSS disk.

So now suppose there is a PSSS disk with boundary on TTT. Again, its boundary curve encloses a disk
on ITT. Then within the same chunk there could be a single PPPS disk, which means the PSSS disk is
innermost or outermost. There could be another PSSS disk and a disk with two instances of P (namely
PSPS or PPSS), in which case one of the two PSSS disks will be innermost or outermost. Or there could
be three additional PSSS disks, in which case one is innermost or outermost. O

The next lemma can be viewed as an extension of a lemma of Menasco [20, Lemma 2] in our setting.

Lemma 12.6 Under the hypotheses of Theorem 12.1, suppose Z = | J Z; is an essential Conway sphere in
normal form with respect to the chunk decomposition. Then there are no PSSS, PPSS, PPPS, or SSSS disks.
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Figure 22: The SS portion of a PSSS or PPSS disk, shown in (a) with saddles in the link comple-
ment, and in (b) on the chunk decomposition. In (c) and (d), in fact, it must be a PSSS disk, either
with P away from the arc between identified edges as in (c), or with P meeting this arc as in (d).

Proof We will first rule out PPSS and PSSS disks with their boundaries in TIT. Suppose there is such a
disk. Then Lemma 12.5 implies that there is either an innermost or outermost such disk.

The portion of the boundary in the PPSS or PSSS disk that runs between two instances of S must lie
in a single region of the link diagram; here we are using the fact that the edges and ideal vertices on ITT
come from 7 (L) as in Section 3.1. Because the diagram is alternating, it must meet the first instance of
S in a saddle with the link on one side, and in the second instance the link lies on the other side; see
Figure 22(a) and (b).

Each instance of S lies on an interior edge of a chunk that is glued to another interior edge. Hence
there must be at least one other curve of dZ; running through that glued edge, as shown in Figure 22(b).
But this gives two curves lying on opposite sides of the PSSS or PPSS curve that we consider. Because
our disk is innermost or outermost, this is possible only if one of these two curves is actually still part
of our original PPSS or PSSS boundary. If the arc of the PSSS disk between the two identified interior
edges cuts off a disk on the projection surface I1 with those edges, then we have a contradiction to
Proposition 7.2. This was Menasco’s argument in [20]. In our setting, it may not be the case that this arc
cuts of a disk with the edge, and so Proposition 7.2 may not apply.

So assume that the arc does not cut off a disk on IT. So far we have found three instances of S. It
follows that the original disk is a PSSS disk rather than a PPSS disk.

Suppose first that the instance of P does not lie between the two instances of .S on identified edges.
Hence there is an arc, say R, on the boundary of the PSSS disk meeting a single (disk) face of the chunk
decomposition, with endpoints on interior edges that are identified to a crossing arc under the gluing.
Denote the crossing of (L) that correpsonds to this crossing arc by O. By assumption, the disk on IT
bounded by the PSSS curve does not contain the crossing O, or else the arc R would cut off a disk on IT
that contradicts Proposition 7.2. Because of checkerboard coloring, the endpoints of the arc R must lie on
opposite sides of the crossing O, as shown in Figure 22(c). Then the union of this arc R and another arc
running between the endpoints of R through the crossing O forms a closed curve on the surface IT that
meets the arc R only once (after slight isotopy). This curve is shown by the thin green line in Figure 22(c).
This is impossible: either this curve meets the boundary of the PSSS disk only once on II, which is
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Figure 23: In case (d) of Figure 22, the arcs of the PSSS disk in IT™ shown on the left must glue
to the arcs in TI™ shown on the right.

impossible for a disk boundary, or it meets it again as the PSSS disk boundary exits through one of the
identified edges at the crossing O. But in the latter case, the disk bounded by the PSSS curve in IT would
then again give a contradiction to Proposition 7.2.

So the instance of P lies between these two instances of S; see Figure 22(d). This figure shows IT+.
We now consider how these arcs are glued to I1™. Arcs in I1™ and in IT™ in this case are shown in
Figure 23. Because the surface Z is in meridianal form, the instance of P on IT™T is glued across
truncation edges to an instance of P in I1™; see Figure 7. In particular, the arc in IT™ shown in dashed
lines in Figure 22(d), running from S to P and back to an identified S, is mapped to a single arc in I1™
running from some S to P and back to some S. However, on 1™, the two endpoints of that arc must be
identified together; this is due to the fact that the gluing of chunks rotates the boundary of each face in
the clockwise direction in white faces, and the counterclockwise direction in shaded faces. Thus this arc
in T is identified to a closed curve in IT~. It must be the boundary of a disk Z; by Lemma 12.3. Then
this is a PS disk meeting I1~. But by Theorem 10.1, there are no PS disks, and we have a contradiction.
It follows that there are no PPSS or PSSS disks with boundaries in TTT.

Now consider SSSS disks. There is no such disk on IT*, by Theorem 9.1 and the fact that any
compressing disk meets TT* more than four times. Observe that we have now ruled out SSSS, PPSS, and
PSSS disks on ITT. By Lemma 12.4, there are no further options for disks with two adjacent instances of S.

Since the portion of dZ; running between two instances of S must be glued to another boundary curve
running between two instances of S, there cannot be a disk with two adjacent instances of .S on the other
side of IT as well. This rules out SSSS, PSSS, and PPSS disks on I1™.

Finally, since there are no PSSS disks, there can be no PPPS disks, because there must be exactly four
instances of P on each side of the projection surface, and there are no options for disks meeting only one
instance of P to pair with PPPS. |

Proof of Theorem 12.1 Suppose Z is an essential Conway sphere. By Lemma 12.3, it meets the diagram
in normal disks. By Lemmas 12.4 and 12.6, the only possible disks are labeled PPPP or PSPS.

In the case of a PPPP disk, the fact that there must be four instances of P on each side of IT implies
that there are exactly two PPPP disks, lying on opposite sides of the projection surface. They cut off a
visible essential Conway sphere.
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In the case of a PSPS disk, there must be four such disks, with one PSPS disk meeting another across
each saddle S on the same side of the projection surface. It must additionally meet another two disks at
the saddle .S on the opposite side of the projection surface. The only possibility is that the four disks fit
together with two on one side as in Figure 21, right. This is a hidden essential Conway sphere. |

Acknowledgements

We thank the anonymous referees whose suggestions have greatly improved the paper. Purcell was partially
supported by the Australian Research Council, grants DP160103085 and DP210103136. Tsvietkova was
partially supported by the National Science Foundation (NSF) of the United States, grants DMS-2142487
(CAREER), DMS-1664425 (previously 1406588) and DMS-2005496, the Institute of Advanced Study
under NSF grant DMS-1926686, and the Okinawa Institute of Science and Technology.

References

[1] CC Adams, Toroidally alternating knots and links, Topology 33:2 (1994) 353-369 MR

[2] C Adams, C Albors-Riera, B Haddock, Z Li, D Nishida, B Reinoso, L. Wang, Hyperbolicity of links in thickened
surfaces, Topology Appl. 256 (2019) 262-278 MR

[3] A Champanerkar, I Kofman, J S Purcell, Geometry of biperiodic alternating links, J. Lond. Math. Soc. (2) 99:3 (2019)
807-830 MR

[4] A Champanerkar, I Kofman, JS Purcell, Right-angled polyhedra and alternating links, Algebr. Geom. Topol. 22:2
(2022) 739-784 MR

[5]1 D Futer, F Guéritaud, Angled decompositions of arborescent link complements, Proc. Lond. Math. Soc. (3) 98:2 (2009)
325-364 MR

[6] W Haken, Theorie der Normalfliichen, Acta Math. 105 (1961) 245-375 MR

[7] J Hass, A Thompson, A Tsvietkova, The number of surfaces of fixed genus in an alternating link complement, Int. Math.
Res. Not. 2017:6 (2017) 1611-1622 MR

[8] J Hass, A Thompson, A Tsvietkova, Alternating links have at most polynomially many Seifert surfaces of fixed genus,
Indiana Univ. Math. J. 70:2 (2021) 525-534 MR

[9] J Hass, A Thompson, A Tsvietkova, Tangle decompositions of alternating link complements, Illinois J. Math. 65:3 (2021)
533-545 MR

[10] A Hatcher, Notes on basic 3-manifold topology, notes (2023) https://pi.math.cornell.edu/~hatcher/3M/3Mdownloads.html

[11] C Hayashi, Links with alternating diagrams on closed surfaces of positive genus, Math. Proc. Cambridge Philos. Soc.
117:1 (1995) 113-128 MR

[12] J A Howie, Surface-alternating knots and links, PhD thesis, University of Melbourne (2015) http://hdl.handle.net/11343/
58991

[13] J A Howie, A characterisation of alternating knot exteriors, Geom. Topol. 21:4 (2017) 2353-2371 MR

[14] J A Howie, J S Purcell, Geometry of alternating links on surfaces, Trans. Amer. Math. Soc. 373:4 (2020) 2349-2397 MR
[15] T Kindred, Primeness of alternating virtual links (2022) arXiv 2210.03225

[16] M Lackenby, Word hyperbolic Dehn surgery, Invent. Math. 140:2 (2000) 243-282 MR

[17] W Lin, A meridian lemma for fully alternating links in thickened surfaces (2022) arXiv 2203.06858

[18] MT Lozano, JH Przytycki, Incompressible surfaces in the exterior of a closed 3-braid, I: Surfaces with horizontal
boundary components, Math. Proc. Cambridge Philos. Soc. 98:2 (1985) 275-299 MR

[19] W W Menasco, Polyhedra representation of link complements, from “Low-dimensional topology” (San Francisco, CA,
1981) (J Lomonaco, Samuel J, editor), Contemp. Math. 20, Amer. Math. Soc., Providence, RI (1983) 305-325 MR

Algebraic € Geometric Topology, Volume 26 (2026)


https://doi.org/10.1016/0040-9383(94)90017-5
http://msp.org/idx/mr/1273788
https://doi.org/10.1016/j.topol.2019.01.022
https://doi.org/10.1016/j.topol.2019.01.022
http://msp.org/idx/mr/3916014
https://doi.org/10.1112/jlms.12195
http://msp.org/idx/mr/3977891
https://doi.org/10.2140/agt.2022.22.739
http://msp.org/idx/mr/4464464
https://doi.org/10.1112/plms/pdn033
http://msp.org/idx/mr/2481951
https://doi.org/10.1007/BF02559591
http://msp.org/idx/mr/141106
https://doi.org/10.1093/imrn/rnw075
http://msp.org/idx/mr/3658176
https://doi.org/10.1512/iumj.2021.70.8350
http://msp.org/idx/mr/4257618
https://doi.org/10.1215/00192082-9291846
http://msp.org/idx/mr/4312193
https://pi.math.cornell.edu/~hatcher/3M/3Mdownloads.html
https://doi.org/10.1017/S0305004100072947
http://msp.org/idx/mr/1297898
http://hdl.handle.net/11343/58991
https://doi.org/10.2140/gt.2017.21.2353
http://msp.org/idx/mr/3654110
https://doi.org/10.1090/tran/7929
http://msp.org/idx/mr/4069222
http://msp.org/idx/arx/2210.03225
https://doi.org/10.1007/s002220000047
http://msp.org/idx/mr/1756996
http://msp.org/idx/arx/2203.06858
https://doi.org/10.1017/S0305004100063465
https://doi.org/10.1017/S0305004100063465
http://msp.org/idx/mr/795894
https://doi.org/10.1090/conm/020/718149
http://msp.org/idx/mr/718149

862

[20]
[21]

[22]

[23]
[24]

[25]
[26]
[27]
[28]

[29]

Jessica S. Purcell and Anastasiia Tsvietkova

W Menasco, Closed incompressible surfaces in alternating knot and link complements, Topology 23:1 (1984) 37-44 MR

W Menasco, Determining incompressibility of surfaces in alternating knot and link complements, Pacific J. Math. 117:2
(1985) 353-370 MR

W W Menasco, M B Thistlethwaite, Surfaces with boundary in alternating knot exteriors, J. Reine Angew. Math. 426
(1992) 47-65 MR

M Ozawa, Non-triviality of generalized alternating knots, J. Knot Theory Ramifications 15:3 (2006) 351-360 MR

M Ozawa, Rational structure on algebraic tangles and closed incompressible surfaces in the complements of algebraically
alternating knots and links, Topology Appl. 157:12 (2010) 1937-1948 MR

J S Purcell, Hyperbolic knot theory, Graduate Studies in Mathematics 209, Amer. Math. Soc., Providence, RI (2020) MR
J S Purcell, A Tsvietkova, Polynomial bounds for surfaces in cusped 3-manifolds (2023) arXiv 2311.08567
M B Thistlethwaite, On the algebraic part of an alternating link, Pacific J. Math. 151:2 (1991) 317-333 MR

WP Thurston, The geometry and topology of three-manifolds, lecture notes, Princeton University (1979) https://
url.msp.org/gt3m

F Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of Math. (2) 87 (1968) 56-88 MR

JESSICA S. PURCELL jessica.purcell@monash.edu
School of Mathematics, Monash University, Clayton, VIC, Australia

ANASTASITIA TSVIETKOVA n.tsvet@gmail.com
Department of Mathematics and Computer Science, Rutgers University, Newark, Newark, NJ, United States

Received: May 26, 2022 Revised: November 8, 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


https://doi.org/10.1016/0040-9383(84)90023-5
http://msp.org/idx/mr/721450
https://doi.org/10.2140/pjm.1985.117.353
http://msp.org/idx/mr/779925
https://doi.org/10.1515/crll.1992.426.47
http://msp.org/idx/mr/1155746
https://doi.org/10.1142/S0218216506004506
http://msp.org/idx/mr/2217501
https://doi.org/10.1016/j.topol.2010.04.007
https://doi.org/10.1016/j.topol.2010.04.007
http://msp.org/idx/mr/2646426
https://doi.org/10.1090/gsm/209
http://msp.org/idx/mr/4249621
http://msp.org/idx/arx/2311.08567
https://doi.org/10.2140/pjm.1991.151.317
http://msp.org/idx/mr/1132393
https://url.msp.org/gt3m
https://doi.org/10.2307/1970594
http://msp.org/idx/mr/224099
mailto:jessica.purcell@monash.edu
mailto:n.tsvet@gmail.com
http://msp.org
http://msp.org

:. Algebraic € Geometric Topology 26:3 (2026) 863-954
msp DOI: 10.2140/agt.2026.26.863
Published: April 1, 2026

Geometric rigidity of quasi-isometries in horospherical products

ToM FERRAGUT

We prove that quasi-isometries of horospherical products of hyperbolic spaces are geometrically rigid in the
sense that they are uniformly close to product maps. This is a generalisation of a result obtained by Eskin,
Fisher and Whyte (2012). Our work covers the case of solvable Lie groups of the form R x (N} x N,),
where N; and N, are nilpotent Lie groups, and where the action on R contracts the metric on N; while
extending it on N,. We obtain new quasi-isometric invariants and classifications for these spaces.
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864 Tom Ferragut
Introduction

Let (X, dy) and (Y, dy) be two Gromov hyperbolic spaces. Their horospherical product, denoted by
X ><aY, is constructed by combining X and Y, and lies in the direct product X x Y. It no longer has
negative curvature, however its geometry is still very rigid (see Section 1.2 for the definition). This way of
combining two hyperbolic spaces appears to unify the construction of metric spaces such as Diestel-Leader
graphs, treebolic spaces and Sol geometries, which are the horospherical products constructed out of a
regular infinite tree or the hyperbolic plane H,.

Quasi-isometric classification and existing rigidity results

In [14], a mainstay of geometric group theory, Gromov points out the importance of quasi-isometric
invariants in groups. The quasi-isometric classification of groups, or metric spaces, has since been a wide
and prolific research domain (see [17] for a nice survey on this topic). For the family of solvable groups,
there are still a lot of open cases.

The first result was obtained in [10] where Farb and Mosher provided a quasi-isometric classification of
solvable Baumslag—Solitar groups BS(1, n). Then Eskin, Fisher and Whyte obtained the quasi-isometric
classification of lamplighter groups and Sol geometries in [8; 9]. In [8; 10], the horospherical product
construction of their respective groups is crucial in their proofs.

Eskin, Fisher and Whyte [8] also answered a question asked by Woess in [23] about the existence of
vertex-transitive graphs not quasi-isometric to any Cayley graph: when m and n are coprime integers, the
Diestel-Leader graphs T;, > T}, are such graphs.

Peng [21; 22] and Dymarz [7], using similar methods as in [8; 9], generalised the description of the
quasi-isometries for Lie groups of the form R x R?. Peng [21; 22] proved that a subgroup of finite index
of the quasi-isometry group of Lie groups of the form R” x R” is a product of groups of bilipschitz maps.

Statement of results

The main goal of our work is to generalise the methods and techniques developed by Eskin, Fisher and
Whyte to a wider set of horospherical products X <1 Y. In order to do that, the spaces X and Y are
endowed with appropriate measures (see Definition 3.1). Once endowed with suitable measures, X and
Y are called horopointed admissible spaces.

To be more precise let X (respectively X', Y, Y”) be a horopointed admissible space with exponential
growth parameter m (respectively m’, n, n’). When X is a regular tree, the parameter m is related to the
degree of X. When X is a negatively curved Lie group R x4 N, the parameter m is tr(A), the trace of A.

Let ®: X <Y — X'>aY’ be a quasi-isometry. The map @ is called a product map if and only if
there exist two maps OX: X > X (or®¥: X > Y)and ®Y : Y — Y (or Y : Y — X) such that for all
(x,y) € XY we have either

B(x,y) = (@¥(x), @V () or P(x,y) = (@Y (), P¥ (x)).
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Our main theorem states that, when m > n and m’ > n’, any quasi-isometry ® : X <Y — X' > Y’ is

close to a product map.

Theorem A (geometric rigidity) Let X, X', Y and Y’ be horopointed admissible measured metric spaces
withm >n and m’ > n’ andlet ® : X <Y — X' <Y’ be a quasi-isometry. Then there exist two
quasi-isometries ®X : X — X’ and ®Y : Y — Y’ such that

dpa(®, (@X, DY) < +00.

This is a generalisation of Theorems 2.1 and 2.3 of [8]. While completing the proof of this result, we
obtained a first quasi-isometry invariant in horospherical products.

Theorem B When m > n, the parameter 7! is a quasi-isometry invariant.

Let R x4, N1 and R x4, N> be two simply connected, negatively curved, solvable Lie groups (also
called Heintze groups). In Section 5 we show that this couple of Heintze groups is admissible, and that
the condition m > n is equivalent to tr(A41) > tr(A,). We obtain a necessary condition for the existence
of a quasi-isometry on solvable Lie groups. The horospherical product of these two Heintze groups is
isomorphic to

G := R Xpjag(4,,—4,) (N1 X N2),

defined by the diagonal action of R, ¢ — (exp(tA1), exp(—tA2)) on N1 X N».

We say that G is Carnot-Sol type if N1 and N, are Carnot groups and if A; and A, are multiples of
Carnot derivations of Ny and N, respectively. In the literature (see [19] for example), Carnot type stands
for Lie groups with N, = {1}. Here we extend the denominations to nonhyperbolic Lie groups.

Using the previous quasi-isometry invariants we obtain the following quasi-isometry classification.

Theorem C Let G = R Xpjye(4,,—4,) (N1 X N2) and G’ =R X Diag(4}—Ab) (N{ x N3) be Carnot-Sol
type, nonunimodular Lie groups. Then

(1) G and G’ are quasi-isometric <= G and G’ are isomorphic.

The case where N, = {1} is treated in Corollary 12.4 of [19].

Recall that a group G is called metabelian if [G, G] is abelian (when both Nj and N, are euclidean
spaces). In this case, a similar quasi-isometry classification is deduced from [21; 22]. Both the quasi-
isometry classification for the metabelian groups and for Carnot-Sol type groups are special cases of
Conjecture 19.113 of [5] that we recall.

Conjecture 0.1 Let S and S’ be completely solvable Lie groups. Then S and S’ are quasi-isometric if
and only if they are isomorphic.

Classifying completely solvable Lie groups up to quasi-isometry would yield the quasi-isometry
classification of all connected Lie groups; see [4].

For i € {1,2}, let N; and N/ be two simply connected, nilpotent groups and let A; € Lie(N;) and
A} € Lie(N/) be derivations. Let G := R Xpjye4,,—4,) (N1 X N2) and G" :=R X Diag(A/ ,—Ab) (N{x N3).

Algebraic € Geometric Topology, Volume 26 (2026)



866 Tom Ferragut

In this general setting of horospherical products of Heintze groups we have the following necessary
conditions for being quasi-isometric.
Proposition D Let us assume that tr(A1) > tr(Az) and tr(A}) > tr(A5). If G and G’ are quasi-isometric,
then we have that, fori € {1,2},
(1) N; and N/ are bilipschitz;
(2) A; and :rgj})A/ share the same characteristic polynomial.
With the same setting, using the geometric rigidity on self quasi-isometries of this family of solvable

Lie groups, we provide a characterisation of their quasi-isometry group.

Recall that for F' a metric space, QI(F)/~ is the group of self quasi-isometries of F, up to finite
distance. (This equivalence relation is required since a quasi-isometry only has a coarse inverse.) Recall
also that Bilip(F') stands for the group of self bi-Lipschitz maps of F. Then we have:

Theorem E If tr(A1) # tr(A3),

2 QI(R Xpiag(4,,—d5) (N1 X N2))/~ = Bilip(N1) x Bilip(N2).

Here we choose the horospherical product metric on R Xpiae(4,,—4,) (N1 X N2).

In the course of this proof we also obtain that any self quasi-isometry of R Xpjag(4;,—4,) (N1 X N2)
is a rough isometry. Le Donne, Pallier and Xie [18] proved that when you change the left-invariant
Riemannian metric of one of these solvable Lie groups, the identity map is a rough similarity. Hence self
quasi-isometries are rough isometries with respect to any left-invariant distances.

Outline of the proof

Let X and Y be two Gromov hyperbolic spaces, and let 8x : X — R and By : ¥ — R be two Busemann
functions. We call height functions 4y and hy the opposite of the Busemann functions. The horospherical
product of X and Y, denoted by X p<1Y, is defined as the set of points in X x ¥ such that the two
Busemann functions (or the height functions) add up to zero:

XY :={(x,y) € X xY | Bx(x) + By (y) = 0}.

A Busemann function is associated with a unique point on the boundary. We call any geodesic ray in the
equivalence class of this point a vertical geodesic ray.

In order to generalise the proof of Eskin, Fisher and Whyte developed in [8; 9], the horospherical
products have to be equipped with appropriate measures presented in Definition 3.1.

Briefly speaking, for the measured space (X, 1%), the measure u* must verify three assumptions.
Assumption (E1) allows us to disintegrate X on its horospheres, assumption (E2) provides us with a
bounded geometry on horospheres and (E3) ensures an exponential contraction (of exponent m) of the
horospheres’ measures in the upward vertical direction.

Let X (respectively X', Y, Y') be a horopointed admissible space with exponential growth parameter m
(respectively m’, n, n’).
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Most of this paper focuses on proving Theorem A. To do so we will use three major tools:

e We use coarse vertical quadrilaterals, which are realised by four points (the vertices) whose neighbour-
hoods are linked by vertical geodesics (the edges). In Proposition 2.11, we show that coarse vertical
quadrilaterals are rigid: two of the four points almost share the same X-coordinate and the two other
almost share the same Y -coordinate.

e We use box tilings of different scales for X >« Y, suitable for the vertical flow. The boxes correspond
to euclidean rectangular cuboids in the Sol geometry.

o We use coarse differentiation: given a quasi-isometry ® : X >xY — X’ >qY’, there exists a suitable
scale R for the box tiling of X >< Y. Suitable here means that the image by ® of most vertical geodesic
segments of length R are close to a vertical geodesic segment.

With these tools, the proof can be summarised as follows. Let @ : X><1Y — X'<Y” be a quasi-isometry.

Step 1 By the coarse differentiation, there exists a scale R such that in the box tiling at scale R of X <Y,
the quasi-isometry ® mostly preserves the vertical direction on most of the boxes at scale R. This means
that on most of the boxes, most vertical geodesic segments are sent close to a vertical geodesic segment
by ®.

Step 2 Then in most of the boxes at scale R, most of the vertical quadrilaterals are sent close to vertical
quadrilaterals by ®. Therefore, by the rigidity property of these configurations, on most of the boxes B
the quasi-isometry & is close to a product map 5| B= (5X , EDY) or (6Y , X ).

Step 3 If m > n and m’ > n’ then all product maps have the form 63 = (®X, ®Y). Therefore by gluing
them together, we show that there exists L 3> R such that on all boxes at scale L, the map P is close to a
product map o= (OX, Y).

Step 4 We show that ® quasi-respects the height, and then we use this last result on ®~! to show that ®
sends all vertical geodesics close to vertical geodesics. Therefore all vertical quadrilateral configurations
are preserved by ®, and hence ® itself is close to a product map on all X < Y.

A major technical issue in this proof is to manage the notion of “almost all” vertical geodesic segments
having a certain property. The disintegrable measure p of assumption (E1) is not suited for this role since
it concentrates the measure of a box on its bottom part. Therefore we introduce another disintegrable
measure A, constructed from u, which (almost) equally weights the level-sets of the height function 4 in
boxes.

Such a measure AX on X , together with a similar measure AY on Y, allows us to define a suitable
measure (later denoted by 1) on the family of vertical geodesics contained in abox B C X <Y

The geometric rigidity has useful consequences when we understand the boundaries of X and Y.
In this case, Theorem A leads to a description of the quasi-isometry-group of X t<1Y. In the last section
of this paper, we detail such a description for the horospherical product of two Heintze groups.
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Organisation of the paper

This work, about the geometric rigidity of quasi-isometries between two horospherical products, is
organised as follows.

e In Section 2 we display the coarse differentiation in our context, and we discuss particular quadrilateral
configurations of X <t Y.

¢ Section 3 focuses on developing all the measure-theoretical tools required to achieve the rigidity
results.

¢ Then, in Section 4, we follow the structure of the proof proposed by Eskin, Fisher and Whyte [8],
invoking technical tools of previous chapters when required.

¢ In the last section we present an application of our theorem by providing new quasi-isometric
classifications for some families of solvable Lie groups. We also provide a description of the
quasi-isometry group of a wider family of solvable Lie groups.

1 Context
1.1 Gromov hyperbolic, Busemann spaces

Let § > 0, and let (X, dx) and (Y, dy) be two §-hyperbolic spaces (see [1, Part III, H, p.399; 12] for
more details on Gromov hyperbolic spaces). We present here the context in which we will construct
our horospherical product. We require that X and Y are both proper, geodesically complete, Busemann

spaces.
¢ A metric space is called proper if all closed metric balls are compact.

o A geodesic line, respectively ray, segment, of X is the isometric image of a Euclidean line, respectively
half Euclidean line, interval, in X. We denote by [x1, x»] a geodesic segment linking x; € X to
X2 € X.

¢ A metric space X is called geodesically complete if all geodesics are infinitely extendable.

¢ A metric space is called Busemann if the distance between any couple of geodesics parametrised by
arclength is a convex function. (See [20, Chapters 8 and 12] for more details on Busemann spaces.)

An important property of Gromov hyperbolic spaces is that they admit a nice compactification thanks to
their Gromov boundary. We call two geodesic rays of X equivalent if their images are at finite Hausdorff
distance. Let w € X be a base point. We define d,, X, the Gromov boundary of X, as the set of equivalence
classes of geodesic rays starting from w. While d,, X as a set depends on the choice of the base point w,
it is topologically independent of w under the cone topology. We denote the Gromov boundary simply
by dX when the choice of w does not matter topologically. The cone topology on X U dX restricts to the
natural topology on X, and with this topology, X U dX is compact (see [1] for further details on the cone
topology). In this context, the Gromov boundary coincides with the visual boundary.
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Let us fix a point @ € X on the boundary. We call vertical geodesic ray, respectively vertical geodesic
line, any geodesic ray in the equivalence class a, respectively any geodesic line with one of its half-lines
in a. The study of these specific geodesic rays is central in this work.

The Busemann assumption removes some technical difficulties in a significant number of proofs in this
work. If X is a Busemann space in addition to being Gromov hyperbolic, for all x € X there exists a unique
vertical geodesic ray, denoted by V, starting at x. In fact the distance between two vertical geodesics
starting at x is a convex and bounded function, hence decreasing and therefore constant equal to O.

The construction of the horospherical product of two Gromov hyperbolic space X and Y requires
the so called Busemann functions. Their definition is simplified by the Busemann assumption. Let us
consider 0X, the Gromov boundary of X (which, in this setting, is the same as the visual boundary). Both
the boundary dX and X U 0X, endowed with the natural Hausdorff topology, are compact. Then, given
a € X a point on the boundary, and w € X a base point, we define a Busemann function B, ,,) with
respect to a and w by

Ba,w)(x) :=lim sup(d(x, Vi ()) — t) forall x € X,
t——+00
where V, is the unique vertical geodesic ray starting from w. In all our results, X and Y will be proper,
geodesically complete, Gromov hyperbolic, Busemann spaces, with some additional assumptions from
time to time.

1.2 Horospherical products

LetaX € X, a¥ € dY be points on the boundaries and let wX € X, wY € ¥ be base points. Let us denote
by hX = —B(ax wx) and hY = —B(a¥ .w) the two corresponding height functions. The horospherical
product of X and Y, relative to (X, wX) and (a¥,wY), denoted by X >tV is defined by

XY :={(x,y) € X xY | hX(x)+h¥ (y) = 0.

The set X <Y can be seen as a diagonal in X x Y. It is constructed by gluing X with an upside down
copy of Y along their respective horospheres. This construction, illustrated in Figure 1, can also be seen
as the union of the direct products between opposite horospheres in X and Y,
XoaY = | | X%V
zeR

From now on, with a slight abuse, we omit the reference to the base points and points on the boundaries
in the construction of the horospherical product.

To study the geometry of a horospherical product X ><Y, we make additional assumptions on X and Y.
We require them to be Gromov hyperbolic, Busemann, geodesically complete and proper metric spaces.

(1) X is geodesically complete if and only if all geodesic segments of X can be extended into a geodesic
bi-infinite line.

(2) X is proper if and only if all closed metric balls of X are compact.

Algebraic € Geometric Topology, Volume 26 (2026)



870 Tom Ferragut

XY
h
z} Y
X/ ix xy.,

\

Figure 1: Horospherical product X > Y.

If X and Y satisfy these two additional conditions, the horospherical product X > Y is connected (see
[11, Property 3.11]).

Example 1.1 Let X be a Gromov hyperbolic, Busemann, geodesically complete and proper metric space.
Then X <R is isometric to X. In particular, if V'Y is a vertical geodesic line of Y, the product X »< V¥
is an isometric embedding of X in X >« Y.

The three (nontrivial) first examples of horospherical products appeared independently in the literature.
They correspond to the case where X and Y are either a regular infinite tree 7,, of degree m or the
hyperbolic plane H?2. We list them here:

(1) Ty < Ty is the Diestel-Leader graph DL(m, n). When m = n, this horospherical product is a Cayley
graph of the lamplighter group Z? Z,. See Figure 2 for a subset of 73 ><i T5.

(2) H?™ >qa H2" is the Lie group R X (m.n) R? = Sol(m, n), one of the eight Thurston geometries
when m = n. By H?™ we mean the manifold R? endowed with the infinitesimal Riemannian metric
ds? = e72M2dx2 + dz2. The action associated to the aforementioned semidirect product is described by
)

(3) Ty < H, is a Cayley 2-complex of the Baumslag—Solitar group BS(1, m).

(z,(x,y)) > (e™*x,e "%

Figure 2: Small neighbourhood in 73 < T5.
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The awareness of them being identically constructed from Gromov hyperbolic spaces came later, and a
survey on these three examples is provided by Wolfgang Woess [24].

Another approach is to consider the hyperbolic plane H?"™ as the affine Lie group R ix,,, R with action
by multiplication (z, x) > e x, and the Sol geometry Sol(m,n) as the Lie group R X, ) R2. In this
context we have that (R x;,;, R) < (R x5 R) = R X, ») R2. The natural next step is to consider which
Lie group can be taken as a component in a horospherical product.

A Heintze group is a Lie group of the form R x4 N with N a nilpotent Lie group, with A the derivation
of the Lie algebra and where all eigenvalues of A have positive real part. Heintze [16] proved that any
simply connected, negatively curved solvable Lie group is isomorphic to a Heintze group.

Moreover, a Busemann metric space is simply connected, hence any Gromov hyperbolic, Busemann
Lie group is isomorphic to a Heintze group. Consequently, Heintze groups are natural candidates for the
two components from which a horospherical product is constructed. Let R x4, N1 and R x4, N> be two
Heintze groups. We have

(Rxgq, N1) <t (R xq, N1) = R Xpjag(a,,—a,) (N1 X N2),

where Diag(A1, —A») is the block diagonal matrix containing A; and —A» on its diagonal.

Xie [25] classified the subfamily of all negatively curved Lie groups R x R” up to quasi-isometry.
In Section 5, we provide a description of the quasi-isometry group of the horospherical product of two
Heintze groups, namely the solvable Lie groups R Xpjag(4;,—4,) (N1 X N2).

1.3 Settings

In this chapter we recall some material about horospherical products.
In order to lighten the notation, we will not fully describe the multiplicative and additive constants
involved in inequalities. We will use the following notation instead.

Notation 1.2 Let A, B € R and e a parameter (set, real numbers, ...). Let us write:

(1) A <. B if and only if there exists a constant M (e) depending only on e such that A < M(e)B.
(2) A <, Bifandonlyif B <, A <. B.

If the constant M is a specific integer such as 2, we will simply write A < B, and similarly A > B,
A =< B. The notation <, might also appear for parameters in several results of this paper. In this context
it means that there exists a constant depending only on e such that the implied result holds.

A metric space is called geodesically complete if all its geodesic segments can be extended into
geodesic lines, therefore when the space is also Gromov hyperbolic and Busemann space, with respect to
a € 0X, any point is included in a vertical geodesic line (not necessarily unique).

We define the relative distance between two points x; and x, of X as

dr(x1,x2) =d(x1, x2) — Ah(x1, x2).
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haiv(V1, V2)

Figure 3: Figure of Corollary 1.4.

It can be understood as the distance along a level-set of the Busemann function. Let us recall Lemma 4.7
of [11].

Lemma 1.3 Let X be a proper, 6-hyperbolic, Busemann space. Let V, and V5 be two vertical geodesics
of H. Letty,t; € R and let us define D := %d,(Vl (t1), Va(t2)). Then, for all t € [0, D],

3) |dr(Vi(t1 + D —1t),Va(t1 + D —1t)) — 2¢| < 28836.

Corollary 1.4 Let Vy, V5 be two vertical geodesics of X. Then there exists a height hqiy(V1, V2) € R
from which V1 and V, diverge from each other:

(1) VYt > hgiv(V1.V2), we have d (Vi (1), Va(t)) <5 1;
(2) VYt < hgiv(V1, V2), we have |[d(V1(2), Va(t)) — 2(haiv(V1, V2) —1)]| <5 1.

This corollary is illustrated in Figure 3. We also have a more quantitative version.

Lemma 1.5 [11, Lemma 4.3] Let H be a §-hyperbolic and Busemann metric space, let x and y be
two elements of H such that h(x) < h(y), and let o be a geodesic linking x to y. Let us define
z= a(Ah(x, y)+ %dr(x, y)), x1:=Vx (h(y) + %dr(x, y)) the point of Vy at height h(y) + %d,(x, y)
and yy := Vy(h(y) 4+ 3dr(x.y)) the point of Vy, at the same height h(y) + %d,(x, y). Then

(1) suppeq (h(p)) = h(y) + zdr(x, y) = 965;

(2) d(z,x1) < 1444;

(3) d(z,y1) < 1444;

(4) d(x1,y1) = 2888,

‘We list here some notation we will use in later sections.
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h“

7z (4)

Figure 4: Projection of 4 on X.

Notation 1.6 Let X be a proper, geodesically complete, §-hyperbolic, Busemann space.

(1) Let us denote the r-neighbourhood of U for all U C X and for all r > 0 by
() N(U):={xeX |dx,U)<r}.

(2) For all x € X let us denote by V, the unique vertical geodesic ray such that Vi (0) = x.
(3) For a subset A C X, let us define

®) h™(4) := inf (h(x)); h*(A) := sup (h(x)).

xX€A

(4) For a subset A C X and a height z € R, we denote the slice of A at the height z by 4, := ANA~1(2).
Therefore the horospheres of X are denoted by X, for z € R.

(5) Given a point p € X and a radius r € R, let us denote the ball of radius r included in the
horosphere Xp,(p) by Dr(p) :={x € X | h(x) =h(p) and d(x, p) <r} = B(p,r) N Xp(p)-

6) VzeR, VU C Xz, Vr > 0, the r-interior of U in X is defined by
Int,(U):={peU|d(p,q) >r, Vg€ X \U}.
Vertical geodesics of X can be understood as being normal to horospheres of X .

Definition 1.7 (projection on horospheres) Let X be a Gromov hyperbolic, Busemann, proper, geodesically
complete metric space. Then, for all A C X and all z < A~ (A),

(6) m(A):={x € X, | Ve N A # B}

The definition of this projection along the vertical flow is illustrated in Figure 4. The following lemma
shows that the projection of a disk on a horosphere is almost a disk, It will be used in further subsequent
sections.
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7. (p)

2(z—zg)+M
Figure 5: Proof of Lemma 1.8.

Lemma 1.8 Let X be a Gromov hyperbolic, Busemann, proper, geodesically complete metric space. Let
zop € R and p € X;,. Then for M > 2885 we have that, for all z < z¢ and for all p; € 7w, ({p}),
D3 (z9—z)-M (pz) C7z(Dm(p)) C Da(zo—z)+m (P2).

Proof This lemma is a corollary of Lemma 1.3 and is illustrated in Figure 5. Let M = 2886 be the
constant involved in Lemma 1.3.

Let us prove the first inclusion. Let x € D(z,—z)—pm (pz). Then d(x, p;) <2(zo —z) — M. Let us
denote by Vy a vertical geodesic containing x and V), a vertical geodesic containing p and p,. We apply
Lemma 1.3 withty =t =z, V3 = Vy and Vo = V), then D = M. Moreover

d )
s+ D=z (xzpz)

M
52—{—(20—2)—7520.

Therefore, by the Busemann convexity of X, the distance between vertical geodesic ray is convex and
bounded, hence decreasing. Therefore

d(Vx(z0). p) = d(Vx(20), Vp(20)) =d(Vx(z + D), Vp(z + D)),
<M (by Lemma 1.3 used with t = 0),

which means that x € 7wz (Dpr(p)).
Let us now prove the second inclusion, which is

(7) 7z(Dpm(p)) C Dazo—z)+m (Pz).
Let x € w,(Dp(p)). Then d(Vx(20), Vp(20)) < M. Therefore by the triangle inequality
d(x, pz) = d(Vx(2). Vp(2)) < d(Vi(2). Vi (20)) + d (Vi (20). Vp(z0)) + d(Vp(20). V()
<@Zo—z)+ M+ (zo—2)=2(z0—2z)+ M.
Hence x € Dy (;y—z)+m (Pz)- a

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 875

Notation 1.6 can be extended to horospherical products.
Notation 1.9 Let X and Y be two proper, hyperbolic, geodesically complete, Busemann spaces.

(1) We denote the r-neighbourhood of U, for all U C X <Y and for all r > 0, by
(8) Ny(U):={pe XY |duw(p,U) <r}.
(2) The difference of height between two points a, b € X <Y is still denoted by Ah(a, b) := |h(a)—h(b)|.
(3) We still denote, forallze Rand A C X <Y, by A, := AN h=1(z) the “slice” of A4 at the height z.
(4) We still denote, forall r >0 and p € X <Y, by

Dy(p) :=1{x € X | h(p) = h(x) and dwa(p, x) <1} = B(p,r) N (X Y )p(p)
the ball of radius r in the height level set containing p.

We recall other useful results of [11] that we will use later. First the fact that the height function is
Lipschitz.

Lemma 1.10 [11, Lemma 3.6] Let N be an admissible norm, and let d» the distance on X <Y induced
by N. Then the height function is 1-Lipschitz with respect to the distance dy«, i.€.,

©) Vp.qe XY, du(p.q) = Ah(p.q).
Here is a description of the distance in Horospherical products.

Theorem 1.11 [11, Corollary 4.13] Forall p,g € X <Y,

dsa(p, @) — @y (Y . q¥) +dx (p*.q%) — Ah(p. q))] <sa 1.

Here is one central result of [1]. Let us denote by /(c) the length of a path c.

Proposition 1.12 [1, Proposition 1.6, p.400] Let X be a §-hyperbolic geodesic space. Let ¢ be a
continuous path in X. If [p,q] is a geodesic segment connecting the endpoints of c, then, for every

x €[p.q],
d(x,im(c)) < §|log, I(c)] + 1.

We also provide two more definitions that will be used in future sections. First a projection on level-sets
of the height function.

Definition 1.13 Let zg,z € R and let U C (X >Y);,. Then we define the projection of U on (X >1Y),
by

7%(U) :={p € (X >xaY), |3V avertical geodesic such that p € V and V N U # @}.

Then we define X -horospheres and Y -horospheres as horospheres of hyperbolic spaces embedded in
X >a'Y, illustrated in Figure 6.
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X_h(y)

Figure 6: X-horosphere in X < Y.

Definition 1.14 The set H C X 0«7V is called
(1) an X-horosphere if there exists y € Y such that H = X p<i{y} = X_p(y) X {y},
(2) a Y-horosphere if there exists x € X such that H = {x} Y = {x} X Y_p(x).

From now on, we will work in a horospherical product X >< Y of two proper, geodesically complete,
8-hyperbolic and Busemann spaces.

2 Metric aspects and metric tools in horospherical products

Throughout this section we fix two constants k > 1 and ¢ > 0. We recall the notions of quasi-isometry
and quasi-geodesic.

Definition 2.1 ((k, ¢)-quasi-isometry) Let (E,dg) and (F, dF) be two metric spaces. Amap ®: £ — F
is called a (k, ¢)-quasi-isometry if and only if

(1) for all x,x’ € E, we have k'dg (x,x") —c <dp(®(x), P(x)) <kdg(x,x") +c;

(2) for all y € F, there exists x € E such that d(P(x), y) <c.
A map satisfying Definition 2.1(1) is called a quasi-isometric embedding of E.

Definition 2.2 ((k, c)-quasigeodesic) Let £ be a metric space. A (k, ¢)-quasigeodesic segment, respec-
tively ray, line, of E is a (k, ¢)-quasi-isometric embedding of a segment, respectively [0; +00), R,
into E.

Gougézel and Shchur [13, Lemma 2.1] proved that any (k, ¢)-quasigeodesic segment is included in the
2c-neighbourhood of a continuous (k, 4c¢)-quasigeodesic segment sharing the same endpoints. Therefore,
without loss of generality, we may consider that all quasi-geodesic segments are continuous.

This section gathers several geometric results on horospherical products, including the generalisation
in our context of Lemmas 4.6, 3.1 and the coarse differentiation previously obtained by Eskin, Fisher
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and Whyte in [8]. Propositions 2.6, 2.11 and Corollary 2.7 of this section will be especially useful in the
following proofs.

At first, a reader who is more interested in the rigidity result on horospherical product can take these
propositions for granted and jump to the next sections.

When A <, B, and e = (X <Y, d) is a horospherical product, we shall write 4 <4 B as a short-cut,
and similarly <pq, >pq and M (<) for a constant depending only on the metric horospherical product
(X <Y, dp).

2.1 e-monotonicity

We introduce e-monotone quasigeodesics, which happen to remain close to vertical geodesics. This fact
plays a key role in our argument and will be proved later.

Definition 2.3 (¢-monotone quasigeodesic) Let ¢ > 0 and let o : [0, R] — X < Y be a quasigeodesic
segment. Then « is called e-monotone if and only if

(10) Vi, 12 €[0,R],  (h(a(t1)) = h(a(r2))) = (It1 —12] <¢€R).

Since « is assumed to be continuous, a 0-monotone quasigeodesic has monotone height, / o « is either
decreasing or increasing. We first show that in X >< Y, the projections on X and Y of an e-monotone
quasigeodesic are also quasigeodesics.

Theorem 2.4 Lete>0, R > % anda = (aX,a¥):[0, R] = XY be an e-monotone (k, c¢)-quasigeodesic
segment. Then there exists a constant M (i<, k, ¢) (depending only on <, k and ¢) such that X and oY
are (4k, M eR)-quasigeodesics.

A portion of the proof of Theorem 2.4 is illustrated in Figure 7.

Proof We know that Vp; = (pf(, pf), P2 = (pé’(, p{) € X > Y we have (this is the admissible
assumption we made on the norm underneath the distance dy)

dx (pX. pX) +dy (pY, pY)

(11) dw(p1. p2) = 5

Therefore we have that «X satisfies the upper-bound assumption of quasigeodesics
Vs1.s2 € [0, R, dx (@ (s1), ¥ (52)) < 2dsa(t(s1), (s2)) < 2Kk|s1 — 52| + 2c.

We want to find an appropriate ¢/ > ¢ such that oX satisfies the lower-bound condition of a (4k, ¢’)-
quasigeodesic. Let ¢/ > ¢ and let us assume that oX does not satisfy the lower-bound condition of a
(4k, ¢")-quasigeodesic, we will show that this provides us with an upper-bound on ¢’. Indeed, consider
51,52 € [0, R] such that

1
(12) 0 < dx(aX(s1),aX (52)) < Es —sal=c
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Figure 7: Proof of Theorem 2.4.

Therefore, by the Lipschitz property of £,

1
Ah(e® (s1), ¥ (52)) < dx (@ (s1), ¥ (52)) < ls1 = 52| = ¢’
(13) < %dw((x(sl), a(s2)) + % —¢’ (since « is a (k, ¢)-quasigeodesic).

Theorem 1.11 gives us the existence of a constant M (><1) depending only on X, Y and the underlying
norm of dyq such that

(14) dy (@” (s1).e” (s2))

> dia(@(51), @(52)) — dx (@¥ (s1), ¥ (52)) + Ah(a(s1), (52)) — M

> doa(@(51), a(52)) — dx (¥ (s1). ¥ (s2) = M

> dpa(a(s1), a(s2)) — %m — 53| +¢'—M  (by assumption (12))

> dya(et(s1), 2(52)) — Fdsalee(s1), 2(52)) — % +¢'—M (since « is a (k, ¢)-quasigeodesic)
(15) > Lda(a(sy). a(s2)) — % Y —M (sincek > 1),
Without loss of generality, we may assume that

max(h(@" (s1)), h(@" (52))) = h(a” (s2)).
Applying Lemma 1.5 on the geodesic [ (s1), @Y (s2)] of ¥ gives us
Rt (¥ (s1), @ (s2)]) = h(a¥ (s2)) + 3 (dy (@” (1), @ (52)) — Ah(a” (s1). @¥ (52))) — M ().
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Y

However oY is a continuous path between ¥ (s1) and a¥ (s2), then by Proposition 1.12, there exists

S0 € [s1, 2] such that

h(@Y (s0)) > h(e (s2)) + L (dy (@¥ (s1)., & (52)) — Ah(@ (s1), ¥ (52)))
—§logy (dy (@ (s1), @Y (52))) — M ().

Therefore, by inequalities (13) and (15),

M@ (50)) = h(@” (52)) + §doa(@(s1). a(s52)) — §da(@(s1).a(52)) = 5 +¢ = 5 + 3¢

1oz (dy @ (1), (52))) ~ )
> h(a¥ (52)) + §dsa(@(s1), ¢(52)) — 8 log, (dy (@” (s1). @ (52))) + 3¢" — M(b<, ).
However
2dyq > dy + dy > dy,
hence

(16)  h(a¥ (s0) = h(@? (52)) + gdoa(@t(51). 2(s52)) — 8 log, (da(er(s1). 2(52))) + 3¢' — M(><, €).

Furthermore, there exists r9 € R depending only on § such that Vr > rg, %r — & log,(r) > 1—10;’ holds.
Therefore, one of the two following statements holds:

(@) doa(e(s1), a(s2)) <ro.
(b) gdsala(s1). a(s2)) — 8 log, (dsa(a(s1). a(52))) = Fgdoal(s1), a(s2)).

We will deal with the first case (a) at the end of the proof. Let us assume that
da(0(s1), a(s2)) = 1o

hence (b), then, by inequality (16),

(17 hia” (50)) = h(e” (s2)) + fodsa(@(s1). @(52) + 3¢’ = M (>, ¢).

Then we either have dpq(at(s1),®(s2)) < M(><,c¢) (up to multiplying by 10 the constant M), or
h(aY (s9)) = h(aY (s2)). In the case dug(a(s1), 2(s2)) < M (<, ), we have

|s1—s2] ke, 1

since « is a quasigeodesic, and therefore ¢’ < . ¢ 1 following assumption (12). In the other case we
have

h(@¥ (s0)) = h(a¥ (s2)),
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therefore there exists | € [s1, so] such that h(aY (s1) = h(a¥ (s2)), since o is continuous. Hence
dsa(0t(s7), 2(s52))

1 1
> EM —s2|—c > %(|s'1 —so| + [so —s2]) — M(c) (since « is a quasigeodesic)

> iz(dpq (a(s]), (s0)) + dpa(a(s0), oz(sz))) — M(k,c) (since « is a quasigeodesic)

b

kl—z(Ah(a(sl) a(s0)) + Ah(a(so), «e(s2))) —M(k,c) (by Lemma 1.10)
2

5 Ah(a(so), a(s2)) — M(k,c) (since h(a(sy)) = h(a(s2)))

?\N

(18) i doa(@(s1),2(52)) + T3¢~ Mk, .0 (by (17).

- Sk2
Moreover assumption (12) implies |s1 — s2| > 4kc’. Then
1

dya(a(s1), a(s2)) > %|s1 — s3] —c >4 —c.

Combined with inequality (18) it gives us
19
dl><l(a(sll)9 a(SZ)) = Sk_ZC/ - M(ka c, l><])

Since « is e-monotone and because h(aY(s/l)) = h(a¥ (s2)), we have

19
eR > |5 — 52| = dia((s]), a(s52)) > 52¢ "— Mk, c ).

Hence
¢ < M(k)eR + M(k,c,1<).

We proved that if «X does not satisfy the lower bound inequality for being a (4k, ¢’)-quasigeodesic, then
¢’ <Mk)eR + M(k,c,1=).

Thus, when R > 1, there exists a constant M (k, ¢, <) such that oX is a (4k, M eR)-quasigeodesic in
both subcases of case (b) under consideration. Similarly we show that aY is a (4k, M eR)-quasigeodesic
segment of Y.

For case (a), let us assume that each couple of times (s1, s2) € [0, R]? that contradicts the lower-bound
hypothesis of a (4k, M eR)-quasigeodesic verifies that dyq(a(s1), a(s2)) < ro. Then « is a (4k, ro)-
quasigeodesic, with ro depending only on §. Therefore « is in both cases a (4k, M eR)-quasigeodesic,
with M depending only on k, ¢ and X < Y. |

In the sequel we denote by dygr the Hausdorff distance induced by diq. In the proof of Proposition 2.6
we use a quantitative version of the quasigeodesic rigidity in a Gromov hyperbolic space, provided by the
main theorem of [13].
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n A

<s 1

WXy
<s €R I

b,

Figure 8: Proof of Proposition 2.6.

Theorem 2.5 [13] Consider a (k, C)-quasigeodesic segment « in a -hyperbolic space X, and y a
geodesic segment between its endpoints. Then the Hausdorff distance dyg(«, y) between o and y satisfies

duge(a, y) < 92k2(C + §).

This quantitative version allows us to have a linear control with respect to C on the Hausdorff distance,
which is mandatory in our cases since C =< eR. Combining this rigidity with the fact that projections o

and oY are also e-monotone provides us with the existence of vertical geodesic segments close to a.

Proposition 2.6 Lete > 0, R > %, and @ : [0, R] > X > Y be an e-monotone (k, c)-quasigeodesic
segment. Then there exists a vertical geodesic segment V : [0, R] — X b« Y such that

(19) dugr(im(ar), im(V)) <k .5 €R.

This proposition corresponds to [8, Lemma 4.6].
Figure 8 is an illustration of the proof.

Proof By Theorem 2.4, aX is a (4k, MeR)-quasi-geodesic in X which is §-hyperbolic, hence by
Theorem 2.5 there exists a geodesic y* with the same endpoints as «X such that

dug(im(a®), im(yX)) <x c.s €R.

X is also e-monotone. Furthermore

Let us define x; := %X (0) and x5 := «® (R). The quasigeodesic
[3, Proposition 2.2, page 19] gives us that yX, which links x; to x5, is included in the 248-neighbourhood
of two vertical geodesic rays V; and V5 such that V;(0) = x; and V5(0) = x». Let us define v := ht (yX),
and let us recall that V¢1, 1, € R™ and fori € {1,2} we have Ah(V;(t1), Vi(t2)) = |t1—t2|. Let us also define
by slight abuse y¥X := im(yX), X := im(a¥), V; := im(Vy|[0,z=h(x)p) and Va2 :=im(Vy|[0,r=h(x2)])-
Since t = ht(yX) = ht (V1) = hH(V2) we have

due (X, Vi U Va) <5 1.
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Hence by the triangle inequality
(20) duge(@®, V1 UV2) Zg o5 €R.

Without loss of generality we can assume that 4(x;) < /(x,). Furthermore ¥ is continuous, therefore
there exists a point of yX close to both vertical geodesics (less than 248 apart). Furthermore X is
Busemann convex, hence the distance between the two vertical geodesics is decreasing. Therefore
dX(V1 (t—h(x1)), Va(z — h(xz))) <5 1. We will use the e-monotonicity of aX to prove that 7 ~ h(x»).

Let us denote by x/ a point of o such that 2(x}) = h(x2) and such that dx (x}, V1) <g.c.5 ¢€R. Since

aX is e-monotone and a (4k, M eR)-quasigeodesic we have that dy (x].x2) <k.c €R, hence using the

triangle inequality we have
dx (Vi(h(x2) —h(x1)), x2) < dx (Vi(h(x2) —h(x1)), x]) + dx (x]. x2)
21 Zk.c.8 ER.
Let g1 € im(yX) be the closest point to x; at height /1(x2). Then
(1) dx(g1. Vi(h(x2) —h(x1))) <5 1;
(2) dx(g1.7%2) = 2(h* (y¥) = h(x2)).
We recall that = h+ (yX). Then dy (g1. x2) > 27 — 2h(x2) > 0. Hence
|t —h(x2)| < 2dx(g1.x2) < Ldx (g1, Vi(h(x2) —h(x1))) + 3dx (V1 (h(x2) —h(x1)), x2)
=k,c.s ER (by definition of g1 and inequality (21)).
Hence V|[0,:—h(x,)] 18 @ vertical geodesic segment of length <4 . s ¢R. Furthermore,
dx (Vi(t —h(x1)), Va(t = h(x2))) <s .

Therefore by the triangle inequality, any point of V5[o,z—x(x,)] 1$ (up to a multiplicative constant) eR-close
to V1 (t — h(x1)). Therefore dus(V1 U V2, V1) Zk.c.s €R. Therefore, by the triangle inequality we can
improve inequality (20) as follows:

durr(@®, Vi) < dug(@® , Vi U Va) + dug(V1 U Va, V1)
=k.c,s €R (by inequality (20)).

We deduce similarly that oY is included in the M ¢R-neighbourhood of a vertical geodesic segment Vy.
Therefore, « is included in the M eR-neighbourhood of the vertical geodesic segment (V7, V). O

As a corollary, we show that the height function along an e-monotone quasigeodesic is a quasi-isometry
embedding of a segment into R.

Corollary 2.7 Leto : [0, R]— X <Y be an e-monotone (k, ¢)-quasigeodesic segment. Then there exists
a constant M (k, c, §) such that the height function satisfies, for all t1, t; € [0, R],

1
(22) %|t1 —t| —MeR < Ah(a(ty),a(ty)) <k|t1 —t2| + MsR.
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Proof Let 1,1, € [0, R]. The quasigeodesic upper-bound inequality
Ah(a(ty), a(t2)) < dw(a(tr), a(t2)) < k|t —t2| +¢

is straightforward since 4 is 1-Lipschitz and « is a (k, ¢)-quasigeodesic. To achieve the lower-bound
inequality we use Proposition 2.6, hence there exists a vertical geodesic segment V : [0, R] - X <Y
and a constant M(k, ¢, §) such that

(23) duge(im(e), im(V)) < MeR.
For i € {1,2}, let s; € [0, R] be such that dpq((2;), V(s;)) < MeR. Then by the triangle inequality

Ah(a(ty), a(r2)) = Ah(V(s1), V(s2)) —2MeR

= |s;1 —s2| —2M¢eR (since V is vertical).
However we can achieve, on |s; — 52|, the lower-bound inequality
|s1— 82| = dsa(V(s1), V(52)) > dpa(a(t1), 2 (t2)) —2MeR  (by the triangle inequality)
> %|t1 —tr|—c—2MeR (since « is a quasigeodesic),
which provides us with

1
Ah(a(ty), a(t2)) > |s1 —s2| —2MeR > %|Z1 —tr|—5M¢eR. O

2.2 Coarse differentiation of a quasigeodesic segment

The coarse differentiation of a quasigeodesic « consists in finding a scale r > 0 such that a subdivision
by pieces of length r of o contains almost only e-monotone components (which are therefore close to
vertical geodesic segments). See Figure 9.

Proposition 2.9 provides us with the existence of such an appropriate scale.

Lemma 2.8 Letk > 1, ¢ >0 and ¢ > 0. There exists M(k, c,<, €) such that forallr > M, N > M and
for all non e-monotone, (k, c)-quasigeodesic segment « : [0,r] — X ><1Y we have

Nl ir (j+Dr
(24) Z Ah (a(]ﬁ),a(]T)) — Ah(a(0),a(r)) =k coa €T
j=0

This proposition corresponds to [8, Lemma 4.7].

Proof Since « is non e-monotone, there exist 71, #3 € [0, r] such that
(25) h(a(t1)) = h(a(t3)) and |t1 —t3] > er.

We can assume without loss of generality that 4 («(0)) < h(a(f1)) < h(a(r)) with t; < 3. Since « is a
(k, ¢)-quasigeodesic we have dpq((t1), @ (3)) > Sk—r —c. By Theorem 1.11, there exists M (><1) such that

Algebraic € Geometric Topology, Volume 26 (2026)



884 Tom Ferragut

d(a(t)), a(ty)) = % -c

Figure 9: Subdivision of a quasi-geodesic.

dsq < dx + dy + M. Then at least one of the two following inequalities holds:
(1) dx (X (t1).a* (t3)) = sl — M(><, ¢);
) dy (¥ (1), &¥ (t3)) =pa 5z7 — M(><, ).
Let us assume the first inequality is true. By Lemma 1.5 applied to the geodesic segment [oX (¢1), @ ¥ (3)],
W (jeX (1), ¥ (13)))
> max(h(@® (1)) h(@* (3))) + 3 (dx (@* (t1). @™ (13)) = Ah(a™ (11). @™ (13))) — 968
= h(a™ (1) + zdx (@* (1), ¥ (13)) - 965.

Hence, there exists #, € [t1, t3] such that the assumed inequality provides us with
Ah(@(t).a(t2)) zse dx @ (12). [ (1), @ (1)) + == = M. )
.y % — 8 logy (dsa(a® (1), 0¥ (13))) — M(b<1,¢)  (by Proposition 1.12)
e % — §log,(r) — M(<, ¢).

Similarly, assuming the second inequality provides us with the same lower-bound on Ah(x(t1), (t2)).
Furthermore there exists M (g, <, ¢) such that for r > M we have %er > §log,(r) + M(e,<, c), hence

er
(26) Ah(a(tr), a(t2)) > %
Furthermore Vi € {1, 2, 3} there exists n; € {0, ..., N — 1} such that

M<ti<(ni+1)r.
N — T N
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Computing the sum of the successive differences of heights provides us with
N-1 . .
1
X () ()
‘ N N
Jj=0
> Ah| a(0), o mr + Ahl|l o mr , o fial + Ahl o fi2l ,a fs7
N N N N N
niar
Ah — |,
+ (cx( N ) oc(r))

> Ah(@(0), a(1)) + Ah(a(n), a(t2) + Ah(a(t2), a(13)) + Ah(a(t3), a(r) — 6(% * C)

(because £ is Lipschitz, « is a quasigeodesic and by the triangle inequality)
kr
> Ah(a(0), a(r)) +2Ah(a(t1), a(t2)) — 6(W + c) (since h(a(t1)) = h(a(t3))).

Using inequality (26) we have

N-1 _ '
Jr (J+Dr or 6kr
;} Ah (a (ﬁ),a(T — Ah(@(0),a(r)) Zoe S == —6c
zk’cqu er,
where the last line is since we assumed N > M (k, ¢, <, €). D

The next lemma asserts that, at some scale, most segments of a quasigeodesic are e-monotone.

Proposition 2.9 Letk > 1,¢ >0, e > 0 and let S be an integer. There exists M (k, c¢,<, &) such that
forrg > M and N > M the following occurs. Let us define L = NSrg. Leta : [0, L] — X Y be a
(k, c)-quasigeodesic segment. For all s € {0, ..., S} we cut [0, L] into segments of length N°r¢, and we
denote by Ay the set of these segments, that is,

As :={a([kN®ro, (k + 1)N*ro]) | k €{0,..., NS5 — 13},

and let 65 () be the proportion of segments in Ag which are not e-monotone

#{B € A | B is not e-monotone}

27) 8s(a) := vy
Then
o) 1
(28) les(a) S
=

Proof The idea is to cut [0, L] into N segments of equal length, then to apply Lemma 2.8 to the
elements of this decomposition which are not e-monotone. Afterwards we decompose every piece of this
decomposition into N segments of equal length to which we apply Lemma 2.8 if they are not e-monotone.
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The result follows by doing this subdecomposition S times in a row. To begin with, we need to deal with
a being e-monotone or not. Hence §s(a) = 0 or 1 and in either case thanks to Lemma 2.8 we have
N-1
(29) > Ah(a(INS o). a((j + DN®71r0)) 2 pa Ah(e(0). (L)) + 85 ()eL.
j=0

Then for all j € {0,..., N —1} such that a([fjNS1rg, (j + 1)NS~1rg]) is not e&-monotone

N-1
> Ah(akNS2rg + jNS " ro) a((k + DNS2ro + jN5"rg))
k=0
a7 S—1 : S—1
>kepa A (a(GN° " ro),a((j + DN 'ro)) + N

which happens Nés_1(«) times. Therefore we have that

N2-1

A7 S—2 ; S—2 eL
Z Ah(a(iN°"?ro), a((i + DN®72r0)) Zk.c.q AR((0), a(r)) + 85 ()eL + N8s_1(oz)ﬁ
i=0

Zk,c,pa AR((0). a(r)) + (85 (a) +8s5-1(a))eL.

By doing this another S — 2 times we obtain

Z h(ae(iro). (i + 1)) Zg.c.0a Ah(c(0). (r)) + L Z 8s ().

i=0 s=1
Furthermore we have, using the Lipschitz property of #,

NS—1 NS—1

> Ah(a(ire).a((i+1)ro)) < D dua(a(ire).a(i + 1)ro)) <N (kro+c) <2kL (with r()z%).
i=0 i=0

Hence

S
1 1
(30) D 85(e) Zheie 2L Sk pa O
s=1

2.3 Height respecting tetrahedric quadrilaterals

In this subsection we show that a coarse tetrahedric quadrilateral whose sides are vertical geodesics has
two vertices on the same X -horosphere, and the other two on the same Y -horosphere (see Definition 1.14
for the definition of such horospheres). We call such a configuration a vertical quadrilateral.

Definition 2.10 (orientation) We define the orientation function on the paths of X >< Y as follows. For
allT >0and y:[0,T] - X <Y we have

T if h(y(0)) <h(y(T)), upward,

31) orientation(y) = I if h(y(0)) > h(y(T)), downward.
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hA

bX D Y -horosphere

Figure 10: A coarse vertical quadrilateral of Proposition 2.11.

This lemma is strongly inspired by [8, Lemma 3.1], which establishes a similar result in the context of
Diestel-Leader graphs and Sol geometries.

Proposition 2.11 (vertical quadrilateral lemma) Let ay, as, by, bp € X ><Y. Let D > 1 and for
i,j€{1,2}, letV;; :[0,1;;] = X <Y be vertical geodesic segments linking the D -neighbourhood of a;
to the D -neighbourhood of b;, and diverging quickly from each other. More specifically, we assume, for
alli, j €{1,2},

(@ d(Vi(0),a;) < D;

(b) d(Vij(lij),bj) < D;

(©) d(Vir(1),im(V;2)) = {5 — D, Vt € [0, 1i1];

(d) d(V1j(lyj —1).im(Vz))) = {5 — D. Vi €[0,145].

Ifforalli, j € {1,2},[;; > 2D and the vertical geodesic segments V;; share the same orientation, then
there exists a constant M (><1) such that one of the two following statements holds:

(1) The four vertical geodesics V;; are upward oriented and a; is in the (M D)-neighbourhood of the X -
horosphere containing ay, and b, is in the (M D)-neighbourhood of the Y -horosphere containing b1 .
Otherwise stated, we have dy (af, ag) <MD and dy (bf(, bg) <MD.

(2) The four vertical geodesics V;; are downward oriented and a» is in the (M D)-neighbourhood
of the Y -horosphere containing ay, and b, is in the (M D)-neighbourhood of the X -horosphere
containing by. Otherwise stated, we have dx (a¥ ,aX) < MD and dy (bY ,b)) < MD.

Proposition 2.11 is illustrated in Figure 10.
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Proof Foralli, j € {1,2} let us define

(32) ai = (aX.a)); by =0 b)) V=W V.
The hypothesis (a) gives us

(33) d(Vi1(0), Vi2(0)) = d(Vi1(0), a;) + d(a;, Vi2(0)) =2D.

By hypothesis (b)
d(Vij(l1j). V2j(l25)) <2D.

Without loss of generality we can assume that for all i, j € {1, 2}, we have orientation(V;;) = 1, which
means that 1(a;) < h(b;). Then Vi, j € {1,2} and ¢ € [0, [;;] we have h(V;;(t)) =t + h(V;;(0)), hence

h(VE @) =t +h(Vij (0));
h(VY (1)) = —t — h(V;j(0)).
Since X and Y are Busemann convex spaces, Vi, j € {1,2},
t— dy(ViIl/ (1), VZ)ZI (#)) is convex on [0, min(/;1, [;2)];
t > dy (VX (lij —1). V3% (laj — 1)) is convex on [0, min(l1;. [2))].

Moreover, by the Busemann assumption, these maps remain convex up to a linear reparametrisation.
The chosen pair of vertical geodesics, whether in X or Y, have endpoints separated by at most 2D.
Consequently, these vertical geodesics remain at a distance of at most 2D throughout the entire interval.
Therefore

(34) Vi € [0.min(i1.1i2)].  dy (VY (0). V5 () <2D:
Vi € [0, min(ly;,l2/)], dX(VI)J{(llj —1), Vz)f-(lzj —1)) =2D.

We can assume without loss of generality that /11 < /1 and that /15 < [55. Then

(35) dx (V5 (0), V& (la1 —111)) < 2D;
(36) dx (V5 (0), V55 (Iza — 112)) < 2D.

Let us define Al; = lp1 — 11 and Aly =[5 —I15. Our goal is to show that these two real numbers are
sufficiently close. We have, Vi, j € {1,2},

Ah(a,',bj) —2D < ll'j < Ah(a;, bj) +2D.
By subtracting these inequalities we get

—h(az) +h(a1) —4D <l —I11 < —h(az) + h(a1) +4D;
—h(az) +h(a1) —4D <ly — 112 < —h(az) + h(a1) +4D.
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Then |Aly — Alz| < 8D. However

dx (V55 (Al), VS (AD)) < dx (V5 (Al Vi (0) + dx (Vi (0), VE(0))
+dx (VE(0), V55 (AL)) + dx (V5 (AL), V55 (ALY).

By the inequalities (35) and (36) we obtain

dx (VX (AL, VS (Al) <2D + dx (ViE(0), Vi5(0)) + 2D + |Al — AL
(37) <4D +2D +8D < 14D.

By using assumption (c) and the characterisation of the distance on horospherical products we have

Al
D+ 1_01 <dwa(Va1(ALl1), Va2 (ALY))

<dx (V3§ (A1), V35 (AlD)) + dy (V31 (AL). Vi (AlL))

— Ah(V21(Aly), Vaa(Aly)) + M(><)  (by Theorem 1.11)
<dx (VS5 (Aly), VS (AL)) 42D + M (by inequality (34))
<16D + M (by inequality (37)),

which provides us with Al/; <10(16D + M + D) = 170D + 10M . We have

dx (@ .a¥) < dx (@®. vE©0) + dx (VX (0). VX (0) + dx (VX (0). af)
<dx (V% (0), VX (AL)) + dx (V5 (AL), VX (0) + 2D
<2D 4+ 170D + 10M +2D < 174D + 10M  (by inequality (35)).

From this inequality we deduce that |h(a1) —h(az)| < 174D + 10M =<, D. Similarly we deduce
dy (by by ) <sa D:
|h(b1) — h(b2)| Zsa D. O

Four points which satisfies the assumption of Proposition 2.11 are called a coarse vertical quadrilateral
with nodes of scale D.

2.4 Orientation and tetrahedric quadrilaterals

From now on we fix a (k, ¢)-quasi-isometry & : X Y — X Y. Let us consider a tetrahedric
configuration consisting of two points on an X -horosphere, each connected by vertical geodesic segments
to two points on a Y -horosphere, forming a total of four points and segments.

The following Proposition 2.13 states that if two points on an X -horosphere are sufficiently far from
each other, if two points on an Y -horosphere are sufficiently far from each other and if the vertical
geodesic segments have e-monotone images under a (k, ¢)-quasi-isometry @, then all the images of the
vertical geodesic segments by ® share the same orientation.
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We first show that their exists a constant M (k, ¢, <1) such that the concatenation of two consecutive
g-monotone quasigeodesic segments sharing the same orientation is an M e-monotone quasigeodesic
segment. This result will only be used in the proof of Proposition 2.13.

Lemma2.12 Letk>1,c>0,D>0,6>0,T > 22¢ and ety : [0, T]> XY and y’: [0, T]+—> X ><1Y
be two g-monotone, (k, ¢)-quasigeodesic segments such that

(1) orientation(y) = orientation(y’);
(2) doa(y(T).y'(0)) = D.
Lety :[0,2T] — X <Y be the concatenation of y and y’, that is,

y(t) ift €10, T1],

38 9 1) =
(38) YO=V0—1) if1eT.2T].
Then there exists M (k, c, D, =) such that ¥ is an M e-monotone, (k, M T )-quasigeodesic segment.

Proof We can assume without loss of generality that y and y’ are upward oriented, we first show that
there exists M (k, ¢, ><) such that J is M e-monotone. Let 71, 1, € [0,27T] such that h(}(t1)) = h(Y (£2)).
If both #; and ¢, are in [0, T'] or both are in ]T, 2T, there is nothing to do since y and y’ are e-monotone.
Then we can assume without loss of generality that ¢; € [0, T] and #, € |T,2T]. Since y is upward
oriented we have h(y(0)) < h(y(T)), therefore, because y is e-monotone and continuous, we have

(39) h(y(t1)) <h(y(T)) +keT +c < h(y(T)) + 2keT,

otherwise, by continuity there exists #; in [0, ;] such that h(y(t])) = h(y(T)) contradicting the &-
monotonicity. Two cases arise:

(@) Ah(y'(t2—T).y'(0)) < 2keT;
(b) ALY (t2—T),y'(0)) > 2keT.

Let us consider the first case (a). We know that 2(y(¢1)) = h(¥(¢t1)) = h(¥(t2)) = h(y’(t2 — T)) and that
Ah(y(T),y’(0)) < D. Then by the triangle inequality we have

Ah(y(t1), y(T)) = Ah(y'(t2 = T), y(T)) < Ah(y'(t2 —T). y'(0)) + Ah(y'(0), y(T)) < 2keT + D.

According to Corollary 2.7, h is a (k, M eT)-quasi-isometry along e-monotone quasigeodesics. Hence

|ty — T| < kAh(y(t1), y(T)) + MeT < (2k? + M)eT + kD < (4k* + M)eT (by assumption on T);
|t —T| <kAh(Y' (t2—T),y'(0)) + MeT < (2k*> + M)eT.

Therefore by the triangle inequality we obtain |t; —t5| < (3k% + M)e(2T).
We consider now the second case (b). By Corollary 2.7, & is a (k, M eT')-quasi-isometry, therefore

1
Ah(y'(t2=T).y'(0)) = |2 =T|—MeT.
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Furthermore, y’ is upward oriented, hence we have that 4(y’(0)) < h(y’(t; — T')), otherwise, as for y, by
continuity one can construct t5 € [t2, T + T'] contradicting the e-monotonicity of y’. Hence we have

MO 1= T) 2 b/ O) + 12— T| ~ MeT.
In combination with inequality (39) it provides us with
h(y(t1)) < h(y(T)) +eT < h(y'(0)) + D +¢T
<h@'(ta-T))— %|t2 —T|+ D+ (14 M)eT.

However h(y(t1)) = h(y’(to — T)) by definition of #; and 7,, therefore 0 < —% lta—=T|4+ D+ (14+M)eT,
which gives
(40) ltr —T| < (1 +M)keT +kD <3MkeT.
Hence

Ah(y'(12=T),y'(0)) < dwa(y'(t2 = T),y'(0) <klta = T| + ¢ < BMk? + 1)eT.
Since h(y'(t; — T)) = h(y(t1)), thanks to the triangle inequality we obtain

Ah(y(t1), y(T)) < Ah(y(t1), y'(0)) + Ah(y'(0), y(T))

41) <(BMk?>+1)eT + D < BMk? +2)¢T.

Both inequalities (40) and (41) in combination with the fact that 4 is a (k, M eT)-quasigeodesic segment
provide us with

lti—ta| = |t1 = T|+|T —t2] <k(3MK? +2)eT + MeT +3MkeT
3

9k3M
<9k3MeT < e2T) (sincek >1, M >1).

. ~ . 3
In the view of cases (a) and (b) we conclude that y is 9k2M g-monotone.

To prove that ¥ is a (k, 3M eT')-quasigeodesic segment, we must check the upper-bound and lower
bound required. Let t1,1, € [0,2T], as for the e-monotonicity property, since y and y’ are (k,c)-
quasigeodesics, we can assume that #; € [0, T] and t, €7, 2T]. By the triangle inequality, the upper-bound
is straightforward:

doa(V(11), P(12)) = doa(y (t1), ¥ (t2 = T))
< dua(y(11), 7(T)) + doa(y(T), ¥ (0)) + doa(y'(0), y' (12 = T))
<k(T-t1)+c+D+k(t2—T)+c
=kl|tp—t1|4+2c+ D
<k|to —t1|+3eT (by the assumed lower bound on T).
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The last inequality holds because y and y’ are (k, ¢)-quasigeodesics. To prove the lower-bound we will
proceed similarly as for the e-monotonicity. We have
doa(7(11), Y (t2)) = doa(y (1), ¥/ (12 = T))
> Ah(y(t1),y'(t2 —T)) (since h is Lipschitz).

Similarly to inequality (39) we have
(42) h(y'(t2 = T)) = h(y'(0)) — 2keT.
Therefore
Ah(y(t1),y'(t2—=T)) = h(y'(t2 = T)) = h(y(t1))

= (h(y'(ta=T)) +T) = h(y'(0)) + h(y'(0)) = h(y(T)) + h(y(T)) — (h(y(t1)) — €T ) — 4keT

= |[(h(y (2 =T)) +€T) = h(y" ()| + |h(y(T)) — (h(y (1)) = €T) | + h(y'(0)) — h(y(T)) — 4keT

(by inequalities (39) and (42))
> Vl(j//(lz -T))— h(y’(O))} + ‘h(y(T)) — h()/(tl))} — D —8keT (by the triangle inequality)
1 1

> E|t2 —T|—MeT + %|T —t1|—MeT — D —8keT (because h is a (k, M T )-quasigeodesic).

Hence
doa(7(11), 7(t2)) = AR(y(t1), Y (t2 = T))
1 1
> E(tz —11)— D —(2M +8k)eT > E(tz —11)—M'eT,

for M’ a constant depending on k, ¢, D and ><. This is the lower-bound we expected and proves that y
is a (k, M’eT)-quasigeodesic. O

Proposition 2.13 Leth € R andletk > 1,¢c>0ande > 0. Let ®: X <Y — X' <Y’ be a (k,c)-
quasi-isometry. Let D > 1 and R > %. Fori,j € {1,2} let a;, b; be four points of X > Y
satisfying d(ay,as) > 10kMeR + 2kc and d(by,bz) > 10kMeR + 2kc, where M is the constant
involved in Lemma 2.12, and let V; ; : [0, R] = X <Y be four vertical geodesic segments linking the
D -neighbourhood of a; to the D -neighbourhood of b;, such that

* h(V11(0)) = h(V22(0)) = h(a1) = h(az) = h;

e h(V1i1(R)) = h(V22(R)) = h(b1) = h(b2) =h+ R;
e h(V12(0)) = h(V21(0)) = h;

* h(V1i2(R)) = h(V21(R)) = h + R;

e ®olj; ; is e-monotone.

Then
orientation(® o V71) = orientation(® o V55).
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Figure 11: Case (a) in the proof of Proposition 2.13.

Proof Up to the additive constant D, one can consider V; 1 UV, 1 UV, 2 UV 5 as a coarse quadrilateral
composed with a; and b; as its vertices, and with V; ; as its edges. To make the proof easier to follow,
we shall use a vector of arrows to describe the orientations of the edges of the quadrilateral in play as

orientation(Vl,l, V2’1, V2’2, Vl,z) = (T, \L, T, \L)

Similarly, we consider orientations of the image of V1,1 U V5 1 U V32 U V5 by @ as the successive
orientations of the paths ® o V; ;. We will proceed by contradiction to prove the lemma. Let us
assume that orientation(® o V7,1) # orientation(® o V>, ). We can assume without loss of generality that
orientation(®(V7,1)) = 1, therefore orientation(®(V2,2)) = | . Hence there are four possible orientations
for CD(Vl,l U Vz’l U szz U Vl,z)i

@ (LD, B (LD, © (WD, @ (LD
Let us consider the case (a) (illustrated in Figure 11). We have

orientation(®(V2,1)) =1 and orientation(®(V1,2)) = 1.

Hence we have
orientation(®(V;,2)) = orientation(P(V7,1)) = orientation(P(12,1)).
Furthermore & is a (k, ¢)-quasi-isometry and both V; »(R) and V1,1(0) are close to a;, hence

dN/(QD(VLz(R)), (D(Vl,l(O))) <k2D +c.
Similarly we have
dor (P(V1,1(R)), ®(V2,1(0))) <k2D +ec.
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Then by Lemma 2.12, there exists M (k, c,>) such that the concatenation of ®(V;2), ®(V;,1) and
®(V2,1) is an Me-monotone (k, M eT)-quasigeodesic. Therefore by Proposition 2.6, there exists a
constant M (k, c,><) and a vertical geodesic segment V such that

43) dut(V, ®(V12) U (V1 1) UD(Va,1)) < MeR.

Furthermore, applying Proposition 2.6 on ® (V> ) provides us with the existence of a vertical geodesic
segment ¥ such that

(44) duge(V', ®(V2.2)) < MeR.

Moreover dpq(V2,2(0), V2,1(R)) < 2D (the two points are close to az) and dsq(V22(R), V1,2(0)) <2D
(the two points are close to b;), and therefore V and V' are two vertical geodesics with endpoints
(k2D +c¢) +2M¢eR close to ®(ay) and ®(b;). Thereby, these two vertical geodesic segments stay close
to each other, we have

dus(V, V') < (k2D +¢) + 2MeR <3Me (by assumption on R).
Then, we show by the triangle inequality that ®(a) is close to ®(V> 2):
45)  dowr(P(a1). ©(V2,2)) < doar (P(a1). V) + dpase(V. V') + duaie(V', @(V2.2)) < SMeR.
However, the assumption d(a1,az) > 10kMeR + 2kc gives us that a; is sufficiently far from V5 »:
dyg(ar, Vap(t)) = Ah(ar, Va2(1)) =t,
dug(ar, Va,2(t)) = dwa(ar,az) —dw(az, V2 2(t)) > 10k MeR + 2kc —t
for all ¢ € [0, R]. Therefore
Aoy (P(a1), @(V2,2(1))) = k' dsa(ar, Voo (t)) — ¢
- t +10kMeR + 2kc —t
2k
for all ¢ € [0, R], which contradicts inequality (45). Thereby, in case (a), @ o V1 and ® o V5 , share the
same orientation.

The other three cases (b), (c) and (d) are treated similarly. We first show ®(V7,1UV, 1UV2 2UV] 5)isin
the M eR-neighbourhood of two vertical geodesic segments which, depending on the case, have endpoints

(b) close to ®(a;) and P(as);
(c) close to ©(by) and O(by);
(d) close to ®(a;) and P(by).

—c=5MeR

Which, depending on the case, contradicts the fact that
(b) dsa(b1, V2,2(1)) > SMeR;
(¢) dia(ar, V2,2(t)) > SMeR;
(d) dua(b2, V1,1(t)) > 5MeR. m|
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3 Measure and box-tiling
3.1 Appropriate measure and horopointed admissible space

In the setting of horospherical products, an important characteristic is that they are a union of products of
horospheres.

As such, if one wants to endow them with a measure, it makes sense that the measure should disintegrate
along these horospherical products, and should be related somehow to the measures and the geometries
of the initial spaces and its horospheres.

The properties we present are satisfied when our initial spaces are Riemannian manifolds for instance,
or graphs of bounded geometry. We will also see in Section 5 that Heintze groups are another set of
spaces which satisfies them, making our requirements sound.

Definition 3.1 (admissible horopointed measured metric spaces) Let (X, d) be a §-hyperbolic, Busemann,
proper, geodesically complete, metric space, and let a € 0X be a point on the Gromov boundary of X.
A Borel measure ,uX on X will be said (X, a) horo-admissible if and only if (E1), (E2) and (E3) are
satisfied:

(E1) (There exists a direction a € X such that) ,uX is disintegrable along the height function %, that is,
for all z € R, there exists a Borel measure uf on X, = h~!(z) such that, for any measurable set A C X,

W= [ sz,
zeR
(E2) Controllable geometry for the measures ;L;Y on horospheres, there exists Mo > 288§ such that
Vx1,x2 € X, ey (Day(X1)) <x fjy(y) (Do (x2)).
(E3) There exists m > 0 such that for all zo € R, and for all measurable sets U C X,
Vz<zo, "IN (U) =x i (n:(U)).

The space (X, a, d, 1) will be called a horopointed admissible metric measured space, or just admissible.

The assumption (E2), in combination with Lemma 1.8, provides us with a uniform control on the

measure of disks of any radius.

Lemma 3.2 Letr > M. Then for all x € X we have

Py (Dr (x)) =x €.

Proof The proof is illustrated in Figure 12. Let Vy be a vertical geodesic line containing x and let
My > 2888 be the constant involved in assumption (E2). Let x; be the point of Vy at the height
h(x)+ % and let x5 be the point of Vy at the height i (x) + % Applying Lemma 1.8 with p = x1,
zo =h(x)+ % and z = h(x) provides us with

Dy (x) = DZ(Z()—Z)—M()(-X) C ”h(x)(DMo(xl))-
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h(x)

Figure 12: Proof of Lemma 3.2.

rMo

Similarly, applying Lemma 1.8 with p = x5, zg = h(x) + and z = h(x) provides us with

Th(x)(Dmy(x2)) C Dy (x). Furthermore by assumption (E3) then assumption (E2) we have

r+M, mL
I’Lh(x) (ﬂh(x)(DMo(xl))) =X e ( 2 /’Lh(xl)(DM()(xl)) =x € 2’

since M depends only on X. Similarly we have pX h(x) (nh(x)(D M, (xz))) =x ™3, therefore by the two
previously obtained inclusions we have wp(x)(Dr(x)) Xx ema, |

Heuristically, the next lemma asserts that the measure of the boundary of a disk is small in comparison
to the measure of the disk.

Lemma 3.3 Let My be the constant involved in assumption (E;) and let M be the constant involved in
Corollary 1.4. Let zg € R, xo € X, and C C X, be a set containing D s, (x0) and contained in D pr,,(Xo).
Then for all z1 < zg, and for all r < 2|z1 —z9| —2Mo — M, we have

uE (Inty (7X(C))) = 15 (222 (0)).

This lemma might seem to contradict Lemma 3.2, however the r-interior of a disk of radius R is very
different from a disk of radius R — r on horospheres, for R sufficiently greater than r.

Proof Let us define J := Int, (7‘[ (C)). By definition we have
(46) ng(C) \J:={xen; (C) | dx (x, 73 (C) ) <r}.

At the height z; + 5, let x1 € nz +1 ©)\ JTZ +r (J), then, at the height zy, there exists x| € 7} (C) \J
such that x; € V, - Furthermore by the characterlsatlon (46), there exists x), € JTX ©)¢ such that
d(x],x5) <r. Then by Corollary 1.4, there exists M(§) such that

r r r
@7 dx Vxé 21+§ ,Vx/l Zl+§ =dx Vxé Z1—|—2 X1 ) <M,
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with Vxé (21 + %) € nz)f 1 (C)€. Therefore by the triangle inequality and Lemma 1.8

r r
d(xl,nz}f+%(xo)) > —d (x1, Ve, (21 + 5)) +d(Vx/2 (21 + 5), nz)er;(xO))
>2|zp—z1|—r—Mo— M.

Since last inequality holds for all x; € ng 4 ©)\ nZXI i (J), we have
2 2

Dajzg-z|-r—Mo—M (3, 4 1 (X0) C 31 1 ().
Therefore by Lemma 1.8
Dajzg—zy |- Mo—M (T2 (x0)) C J.
Moreover, J C ng (C) C Dajzg—z, 1+ M, (nz)ﬁ (x0)), hence by Lemma 3.2
nE () =x e <y )X (X (). =
In order to achieve a rigidity result on horospherical products, we will need another measure AX in the
same measure class as ¥ .

Definition 3.4 (measure AX of X) Let X be an admissible horopointed space. The measure AX on X is
defined from a set of weighted measures AX on the level set X as

(1) forall z e R, AX := ™ X,
(2) for all measurable sets A C X, A% (4) := [, g AX(4;)dz,
where m is the constant involved in (E3).

For the log model of the hyperbolic plane, this measure AX turns out to be the Lebesgue measure
on R2, and the measure 4% is the Riemannian area. Up to a multiplicative constant, the measure A ¥ is

constant along the projections. By assumption (E3), the following property is immediate:

Property 3.5 For all measurable set U C X we have

(48) Vzi,z2 <h~(U), AL (72, (U)) xx AL (72, (U)).

Otherwise stated we have the following relation between two push-forwards of the measure (JrZZ),,JL;X2 =y
(”21)*/\2)(1- They are push-forwards from a subset U of X to horospheres below U'.

Following the fact that height level sets of X p<Y are direct products of horospheres, we define
disintegrable measures on the horospherical products from the disintegrable measures on X and Y. We
recall that

VzeR, (X<Y),=X,xY_,.

Definition 3.6 (measure ;1 on X 1Y) Let (X, u¥%) and (Y, u¥) be two admissible spaces. Then for all
measurable sets U C X >< Y, we define the measure i on X <Y by

MX><1Y(U)I=/Ruf @ u, (Uy)dz.
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For all measurable sets U C X <Y we have
U)= Xwdu¥ d
MX[X]Y( ) /’Lz( z) M—z(y) Z,
R yeY_;

where U} :={x € X | (x, y) € U;}. (This measure might be not well defined.)

Remark 3.7 A couple (X, Y) of horopointed admissible spaces is called admissible if the measure Uy pqy
of Definition 3.6 is well defined.

From now on we fix four horopointed metric spaces X, X', Y and Y’, with m > 0 (respectively m’, n, n’)
the constant of assumption (E3) for X (respectively X', Y, Y’). We will assume in Section 4.3 and
afterwards that (X, Y) and (X', Y’) are two admissible couples with m > n and m’ > n’.

We define similarly a measure Ay,qy on X <t Y.

Definition 3.8 (measure A on X < Y) Let (X, u%) and (Y, 1Y) be two admissible spaces. Then, for all
measurable subsets U C X <Y,

Mooy V)= [ AX 027 Unydz = [ 7X@l (U

For all measurable subsets U C X <Y we have

/\XMy(U)=[R(/ . Af(UZy)d/\ZZ) dz.
pAS 1

From now on, we will simply denote by x the measure iy sqy and by A the measure Aypqy .

3.2 Box-tiling of X

In this subsection we tile a proper, geodesically complete, Gromov hyperbolic and Busemann space X
with pieces called boxes. This is inspired from [8, Lemma 3.4], which constructs these tilings for trees
and the hyperbolic space.

Definition 3.9 (box at scale R) Let X be admissible horopointed space. Let My be the constant of (E2),
let R > 0, let x be a point of X and let C(x) be a subset of X} () containing Dpy,(x) and contained
in Do, (x). Then, the box B(x,C(x), R) is defined by

B(x,C(x), R) := g 72 (C(x)).
ze[h(x)—R,h(x)[

We will often omit the parameter C(x) in the notation of a box. Later we depict an appropriate choice
for these spaces C(x). The idea of the tiling is first to distinguish layers of thickness R, then to decompose
each of these layers into disjoint boxes using a tiling of disjoint cells C(x) as the top of these boxes. In the
log model of the hyperbolic plane, when the cell C(x) is a segment of an horosphere, the associated box
is a rectangle of RZ. Eskin, Fisher and Whyte [8] tiled the hyperbolic plane with translates of such a
rectangle. However the space we consider might not be homogeneous, therefore we will tile Gromov
hyperbolic spaces with boxes which are generically not the translate of one another. We recall that N,
refers to the r-neighbourhood of a subspace.
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Figure 13: Box-tiling.

A subset of a metric space X is k-separated if and only if any two of its elements are at least at
distance k. A maximal such set for the inclusion is called maximal separating set. We shall denote
by D(X) such a set. The dependence of D(X) on k should be indicated; however, for simplicity and by
slight abuse of notation, we will omit this dependence.

One casily sees that a maximal separated set is then a k-covering. That is the union of the metric ball
of radius k centred at the points of D(X) cover the whole space.

To construct a box tiling, see Figure 13, of X we first fix a scale R > 0. Let My be the constant involved
in assumption (E2), then we chose a 2Mp-maximal separating set D(X,g) of the horospheres X, g, with
n € Z. Such maximal separating sets exist since X is proper and so are X,g. Let us call nuclei
the points in these maximal separating sets. For every nucleus x € D(X,g), we fix a cell C(x) such
that Dz, (x) C C(x) C Doy, (x). Therefore, given two different nuclei x,x” € D(X,r), we have
D, (x) N Dy, (x") = @. We choose these cells such that they are 1, g measurable and such that they
tile their respective horospheres:

Vn ez, | ] ¢ =xur.
XED(XHR)

As an example, one can take Voronoi cells
VC(x):=1{p € Xur|d(p,x) <d(p,x') forall x' € D(X,Rr)}.

These cells might not be disjoint, but a point p € X, is contained in a finite number of Voronoi cells
since X is proper. Therefore, by choosing (for example thanks to an arbitrary order on D(X,r)) a unique
cell containing p, and removing p from the others, there exists a tiling of X, g by cells C(x).

Now, for all n € Z and for all x € D(X,g) we define the box B(x, R) at scale R of nucleus x by

B(x,R) := U 72(C(x)).
ze[(n—1)R;nR[
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A C(Xo)
h(xo)

h(x)

Figure 14: Proof of Lemma 3.10.

In this definition, we chose [(n — 1) R; nR][ for the boxes’ heights. It is an arbitrary choice, one could
prefer to use |(n — 1) R; nR] as these heights intervals. Moreover, to construct the horospherical product
of X and Y, we will use intervals of the form [...;...[for X and]...;...] for Y.

We recall that the cells C(x) tile the horospheres X, g. Furthermore there exists a unique vertical
geodesic ray leaving each point of X. Consequently we have a box tiling of X, at scale R,

(49) x=|] || BGB.

neZ xeD(X,R)

The next lemma explains that any box contains and is contained in metric balls of similar scales.

Lemma 3.10 There exists a constant M (X) such that for all x € X and r > M there exist two boxes
B(%) and B(3r) satisfying

B(g) C B(x,r) C BGr).
The proof is illustrated in Figure 14.

Proof Let C(x) be a subset of X}y containing D(x, Mp) and contained in D(x,2My). Let us denote by
B(%) the box at scale % constructed from the cell C(x). For all x” € B(%) let us denote by x” := Vy/(h(x))
the point of V, at the height i (x), we have

dy (x', x) <dx (x',x") + dx(x", x) < g +2Mo <r for r = 4M,

which gives us that x” € B(x, ). To prove the second inclusion, let us denote by Vy the unique (since
X is Busemann convex) vertical geodesic ray leaving x. Let xo € im(Vy) such that h(xg) = h(x) + 2r
and C(xo) be a subset of X} (y,) containing D(xo, M) and contained in D(xo,2M). Then we claim that

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 901

B(x,r) is included in the box at scale 3r constructed from the cell C(x¢). Let x’ € B(x,r), we recall
that d,(x, x) := dx (x’, x) — Ah(x’, x). By Lemma 1.5 we have that

d(Ve(h(x) +2r), Vir (h(x) +2r)) < 968 = M

since r > dx (x', x) > %d, (x’, x) and since the distance between two vertical geodesics is decreasing in
the upward direction. Therefore Vy/(h(x) 4+ 2r) € C(x¢). Furthermore

Ah(xo,x") < Ah(xg, x) + Ah(x,x") <3r,
hence x’ € B(3r). d

3.3 Tiling a big box by small boxes
Let R > 0 and N € N. Our next result shows that a box at scale NR can be tiled with boxes at scale R.

Proposition 3.11 Let My be the constant of assumption (E2). Let R > 0 and N € N. Let BX be a box at
scale NR, and let us denote by h™ := h~(BX) the lowest height of BX . Then there exists a box tiling at
scale R of BX . Otherwise stated for all k € {1, ..., N} there exists D (BX) C B,)f_JrkR such that

(1) for all x € Dy (BX), there exists a cell C(x) such that Dy (x) CC(x) C Dapgy(x);
(2) we have |_|,1cV:1 e, 5%) BX(x,C(x). R) = BX.

Proof To tile the box BX we first tile by cells all of its level sets at height 7~ + kR. Letk € {1,..., N},
and let Dy (BX) be an 2M(-maximal separating set of Intpy, (B})f_ +xgr)- Then

(1) for all x, x" € Dy (BX) with x # x’ we have Dy, (x) N Dy, (x') = @
(2) Intasy (B 1 g) € Urep, (%) D2mto ().

Furthermore ANy, (Intpg, (B})f_ +kr) C B});(— +kr> and for all x € Intpyg, (B})f_ +xr) We have the inclusion
Dy, (x) C B;z(_ +kgr- Therefore

(50) | ] Pme@cBXrc | Damp).
x€Dk (BX) x €Dk (BX)

For all x € Dy (B%), we define
C(x):={p € B xr | d(p.x) <d(p,x’) for all x’ € D (B)}.

As discussed at the beginning of Section 3.2, these cells might intersect each other on their boundaries.
However, a point contained in different cells can be removed in all of them except one, making them
disjoint. The choice of cells on which we remove boundary points can be made thanks to an arbitrary
order on the finite set Dy (B%).

By the inclusions (50), for all x € Dy (BX) we have Dy, (x) C C(x) C D3pg,(x) and

|_| Clx) = Bl)z(ﬂrkR-
x€Dk (BX)
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Furthermore, since vertical geodesic rays are uniquely determined by their starting point (because X is
Busemann), a tiling with cells provides us with a box tiling

|| B*&x.cx).R) = g BX.
x €D (BX) ze[h—+(k—1)R;h—+kR[
Taking the union on k € {1, ..., N} provides us with the conclusion. O

3.4 Box-tiling of X <Y

The boxes B of a horospherical product X < Y are constructed as the horospherical products of boxes
BX > BY . Therefore they induce a tiling of X <1 Y. Such boxes are illustrated by Figure 15.

Definition 3.12 (box of X b« Y at scale R) Let X and Y be two admissible spaces. A set BC X <Y is
called a box at scale R of X <Y if there exists BX a box at scale R of X and BY a box at scale R of Y
such that

(1) h=(BX) = —h*(BY):
(2) B:=BY B ={(x.y) € BY x B | hx (x) = —hy ()}
Let us point out that in the last definition, the box of Y is in fact defined by
(51) B'o.p= | o).
z€]—-nR;(1—n)R]

This choice on the boundaries of the height intervals allows a precise match for the height inside the
two boxes. Furthermore, one can see that given a box-tiling of X and a box-tiling of Y, the natural
subsequent tiling on X x Y provides the box tiling of X <Y by restriction.

Proposition 3.13 (box-tiling of X Y atscale R) Let X and Y be two admissible spaces. Let R be a
positive number and let us consider the two box tilings, of X and Y,

x=] || B*«.r: v=|] || B"O.R.
neZ xeD(XuR) n€Z yeD(Y,R)

Then the boxes of X <1Y constructed from boxes at opposite height in X and Y are a box tiling of X <Y .
We have

XeaY = | | ] BX (x, R)=<1BY (y, R).
n€Z (x,y)eD(XnR)XDXY (1—n)R)
Proof Let us consider the box tilings, of X and Y,
x=] || B*«.nr: v=|]| || B'0.».
neZ xeD(X,R) neZ yeD(Yur)
We first show that the intersection of two distinct boxes is empty. Let n1,n2 € R, x1 € D(Xy,Rr),

X2 € D(XnyR)s Y1 € D(Y(1—pn,)R) and y2 € D(X(1—pn,)R) such that (x1, y1) # (x2, y2). Then we have
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A

Figure 15: Boxin X Y.

either x; % x5 or y; # y». Let us consider the case x; # x5, then BX (x1, R) # BX (x», R), and since
they are two tiles of the box tiling of X, we have BX(x1, R) N BX (x2, R) = @. Therefore

V(pX, p¥) e BX(x1, Ry BY (y1, R), V(p¥. pY) e BX(x2, Ry BY (y2. R), pi¥ # pX.
Hence (pf(, p{) #* (pgf, p%’), which gives us
(BX (x1, R > BY (y1, R)) N (BX (x2, R) < BY (y2, R)) = @.

The case when y1 # y, provide us with the same conclusion. Then we prove that the whole space X <Y
is covered by the horospherical product of boxes. Let p = (pX, p¥) € X < Y. There exists n € Z such
that (n —1)R < h(p) < nR, hence there exist x € D(X,g) and y € D(Y(;_p)R) such that pX eBX(x,R)
and p¥ € BY (y, R). Therefore p € BX(x, R) > BY (y, R). o

3.5 Measure of balls, boxes and neighbourhoods

The results of this section focus on estimates on the measure u of balls and boxes.

Lemma 3.14 There exists M (<) such that for all r > M and all box B at scale r of X >1Y we have
(52) w(B) <pqe™’.

Proof Without loss of generality we can assume that () = [0; r[. Let us denote by CX the cell of BX
and CY the cell of BY. Then

r r
w(B) = [ w2 (B;)dz = / nXBHuY,(BY,)dz (since B, = BX xBY))
0 0
r
=g /0 M=z )uff CX)e"* ul (€Y)dz  (by assumption (E3) and definition of boxes)

,
=pq ™’ / en=mz 4z (by Lemma 3.2)
0
Ml _ ohr

= §|><1 emr.
m-—n
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1

However m > n, hence for r > r—

we have %e"” > """ Therefore

emr_enr emr

> >pq ™. ]
m—n ~ 2(m—n) =P

Combining Lemmas 3.10 and 3.14 we get the next corollary.

Corollary 3.15 There exists M (><1) such that for any r > M and any p € X ><1Y we have
(53) ¢2" Zoa (B(p. 1)) Zpa ™.
Therefore we have the following estimate between ball measures, which corresponds to [8, Lemma 5.2].

Corollary 3.16 There exists M (<) such that, for any r» > 2ry > M and for all p1, pp € X <Y,

exp(glra —rilm)w(B(p1, 1)) < j(B(pa, r2)) < exp(6|ra —ri|m)u(B(p1,11)).
Corollary 3.17 There exists M (><) such that, for any rp >r;y > M and forall A C X <Y,
W7 (4)) <oa €271 (NG (A4)).
Furthermore, if there exists z € R such that A C X, we have

1N (A)) <pa oz (Nag (A) N X).

In particular, forall p € (X ><Y),,

w(B(p, M)) <pq puz(Dp(p)).

Proof Since X >V is a proper metric space. By a covering lemma of [15], there exists a set Z C A
such that

(1) the balls B(p, 1) for p € Z are pairwise disjoint;
(2) we have the inclusions
| | Bp.r1) c N () € | B(p.5r).
pEZ peEZ
Therefore Ny, (4) CU,ez B(p,5r1 + (r2 —r1)).
Moreover, if A C X, for r;y = M we have
|| Pm(p) c N0 Xz € | Dsm(p),
PEZ PEZ
and forall pe Z, u,(B(p,5M)) =pq 1 <pq uz(Dspr(p)). Hence
1N (A) <oa D u(B(p.5M))

pPeEZ

=pq Z Wz (Dsp(p)) <pa bz Ny (A) N X7). o
PEZ

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 905

A (k, ¢)-quasi-isometry ® : X <Y — X' > Y’ “quasi”-preserves the measure ji.

Lemma 3.18 For all (k, ¢)-quasi-isometry ® : X <Y — X’ > Y’ and for all measurable subsets
U C XY we have

1WNk(e+1)(U)) ke HN1(R(D))).

Proof Since X 0«7 is a proper metric space, by a classical covering lemma of [15] there exists a set
Z C U such that

(1) the balls B(p,k(c + 1)) for p € Z are pairwise disjoint;

(2) we have the inclusions

L] Br-k(c+ 1) Ny (U) € () B(p. 5k(c +1)).
PEZ PEZ

Since @ is a (k, ¢)-quasi-isometry,
(1) the balls B(g, 1) for g € ®(Z) are pairwise disjoint;
(2) we have the inclusions
| | B@.nhcm@Uyc () Bg.5k*c+1)+o).
qe®(Z) ge@(2)

Furthermore, for all p € Z we have
1(B(p, 1) =oq 1 <o (B((p), 1)) Xp e (B(P(p), 5k (c +1) +¢)),
hence jt(Nie+1)(U)) Xkepa #Z Sk e HN1(P(U))). O

3.6 Set of vertical geodesics

Since X is a Gromov hyperbolic, Busemann space, for any x € X, there exists a unique vertical geodesic
ray starting from x in X, therefore, there is a one-to-one correspondence between portions of vertical
geodesic rays in a box B, and the points at the bottom of B%. A vertical geodesic segment of BX is
defined as the intersection of a vertical geodesic and BX . We recall that vertical geodesics are parametrised
by arclength by their height.

Let BX be a box at scale R of X. Let us denote by VB the set of vertical geodesic segments of B. A
geodesic segment v € VBX intersects only in one point x the bottom of BX, and v is the only vertical
geodesic segment of V' BX intersecting x by the Busemann assumption on X.

Definition 3.19 (measure 7 on VBX) Let BX be a box at scale R of X. The measure nf/(B » on VBX is
defined on all measurable subset U C VBX by

(54) N sx (U) = A5 sy (y (R~ (BX)) |y € U}).
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In particular, we say that U is measurable if {y(h~(BX)) | y € U} is measurable. Since the measure A
is almost constant along projections, the measure on the set of vertical geodesic segment is related to the
height of the boxes. Specifically we show that up to a multiplicative constant, the measure of a box is
equal to the measure of its set of vertical geodesic segments multiplied by its height, as for rectangles
in R2. In the sequel we might omit the index of the measure ¥

Property 3.20 Let BX be a box at scale R of X and let us define 4~ := h~(BX) and ht := h T (BX).
We have, forall z € [h~, h ™[,

(1) X (VBX) <x AX(BX) =<y emh™
2) AX(BX) =x RAX(BX) =<x Ry¥ (VBY) =<x Re™"".

Proof Let x € X be such that C(x) is the cell of BX. We know that Dy (x) CC(x) C Doy (x), hence
by Lemma 3.2 we have

(55) i €()) =x 1.
Then
X (VBX) =4 BXnh™ (k7)) (by definition)
J'_
=x AX(BX) =x A, €(x)) =x ™" ¥, (€(x)) (by Property 3.5)
=y emh"" ;
which proves the first point. The second point follows from the fact that the measures A, are constant by
projections on height level sets, up to the multiplicative constant M (X):
ht ht
AX(BX) = f AXBXnh(2)dz = / A (rz(C(x))) dz
h— h—
ht
=x | A (C(x))dz  (by Property 3.5)
=x R/\})I(Jr (C(x)) xx Re™h™ |

A vertical geodesic V = (VX,VY) c XY is a couple of vertical geodesics of X and Y. Therefore,
there is a bijection between the set of vertical geodesic segments VB of a box B := BX »a BY and
VBX xVBY.

Definition 3.21 Let B be a box at scale R of X < Y. We define the measure ny 5 on VB as
(56) VB =T ex ® Mgy -

In the notation of measures on sets of vertical geodesic segments, we might omit the reference to
the corresponding sets. The measures ny g, respectively 77)155)(’ ngsy, will simply be denoted by 7,
respectively n%, n¥.
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Proposition 3.22 For each box B at scale R of X >1Y we have, for all zy,z, € [h~, h],
(1) N(VB) =pq ™" e=h™ <, AKX (BX)AY, (BY,):;

—Z2 —Zz2

(2) A(B) =<pa RN(VB) =<pq RAE (BE)AY_ (BY ).

—Z) —Z)
Proof The first point follows from Definition 3.21 and Property 3.20 applied on BX and BY . The proof
of the second point is similar to the proof of Property 3.20:

"X oY (X x gY WYX X g Y (¥
AB) = [ X @A (BY xBY)dz = [T 2X BN BY)d:
h h
WX X \pY Y
b /h— A= (Bj-)AZ,+ (B, +)dz  (by Property 3.5)
ht
=pa /h* X (VBX)nY (VBY)dz (by definition of n)

ht
=va N(VB) /h_ 1dz = Ry(V B).
Then applying twice Property 3.20 provides us with the result. O

Let B be a box at scale R. Let z € [h~(B); AT (B)[ and let U C B,. Then we denote by Vz(U) the set
of vertical geodesic segments of V B intersecting U. It is in bijection with

{(x.y) € B xBY g | (nf (x). n¥,(»)) e U}.

We need the following property stating that the measure of a given subfamily of vertical geodesics can
be computed on any level of our box.

Property 3.23 Let B be a box at scale R of X >< Y. Then, for all z € [h~(B); h™(B)[ and for all
measurable subsets U, C B,

n(Vs(Uz)) <pa Az (Uz).

Proof Without loss of generality we can assume that [~ (B); k™t (B)[ = [0 : R[. By definition we have

n(Vs(Uz))

= Y 11X
- /xoeB{{ /yoengl{(x,y)eBé‘XBZRl(an @)X (y)ev=} (X0, Yo)dAZ pd Ay
= Ly, (wX (xo), ¥, (v0))dAY gd A
[ B TAC DR UNIEAAYEY
= xoesg(/yeslel]z (5 (x0), )’)d((ﬂzz)*lzR))dké( (with a pushforward of AY 5 by 7¥,)
= X X Y Y .
- (/ 1y, (75 (x0), y)dAj )d((ﬂ_z)*l_R) (by Fubini’s theorem)
yeBY \JxpeB¥
= (/ 1y. (x, y)d((nf)*/\éf))d((nfz)*AZR) (with a pushforward of )L()f by nZX)
yeBY \JxeBX

= / o7 / BX]'UZ (x, y)d)\fd/\)_’Z (by using Property 3.5 twice)
yeBL_JxeB;
=pq Az (Uz). O
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3.7 Projections of set of almost full measure

Let us denote by pX : X 0¥ — X, (x,y) — x,and by p¥ : X ¥ — X, (x, y) — y, the projections
on the two coordinates of X > Y. We also denote by slight abuse the projection on a set of vertical
geodesic segments pX : VB — VBX, (vX, v¥) > vX,and pX : VB— VBY, vX,v¥) > vY. Givena
subset U C B, we might simply denote by U¥, respectively U? , its projection on X, respectively on Y,
and similarly for subsets of V B.

In this section, we show that if a subset of a box has almost full measure, then most of the fibres with
respect to these projections also have almost full measure.

Let 0 <a <1, let V7 C VB be a measurable subset (it will be chosen later as a subset of small measure,
containing “bad” vertical geodesics). Let us define, for all vX € V BX,

GY ¥y =Y eVBY | X, vY) e Vo) = pY (P ) N (VB\ 1)),
GX =X evBX |7 (GY (%)) = (1 - Va )" (VD))

The set GX is the set of vertical geodesics in V BX whose fibres have almost full intersection with V 5\ V7.
The following lemma asserts that almost all fibres have almost full intersection with V B\ V.

Lemma 3.24 Let0 <o <1 and let V1 C V B be a measurable subset such that n(Vy) < an(VB). Then
1¥(GY) = (1= Va)n* (VBY).
Proof By construction we have

U ¢'eMH=ws\m?.

vXeVBX

To prove the lemma we proceed by contradiction. Let us assume that % (GX) < (1 —Ja )r]X (VBX).
Then

X (VBX\ G¥) > Jan® (v BX).

Therefore
100 = [ 1@ ane)

VB

= / / 1y, (vX, vY) dnY(vY) an(vX) (by definition of 7)
VvBX JVBY

= / / 1VBY\GY(UX)(UY) dr)Y(vY) an(vX) (by definition of GY(UX))
vBX JvpY

= [ BT ) art o)
VBX

=[N ENGT e ant o),
VBX\GX
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Furthermore, when vX € VBX \ GX we have that n¥ (GY (v¥)) < (1 — ﬁ)nY(VBY), and hence
Y (VBY \ GY vX)) > Jan¥ (VBY). Therefore
000z [ el v e %)
VBX\GX

> Ve (VB n* (VBY\ G¥)

> JaJa nY(VBY)nX (vB%X) (by the contradiction assumption)

>an(VB) (since VB is a product),
which contradicts (V1) < an(VB). |

In the previous lemma we only used the fact that the set of vertical geodesic segments V' B was the
product of its projections endowed with a product measure . We will use it once again on the product of
two measured spaces endowed with a product measure in the proof of Proposition 4.7.

We recall that for any U C X ><1Y we define VB(U) :={v € VB |im(v) NU # @}. Similarly for all
Vi C VB we define V1(U) :={v eV |im(v) NU # &}.

The next lemma is a local version of Lemma 3.24. Let V1 C VB. Let M > 0 be a constant, leta € B
and let us define VD := VB(Dy(a)) and Vi D := Vi (D (a)). For all v = (vX, v¥) € V3, let us define

EY(0¥):= ¥ e VDY | 0¥, 0¥) e ViDy = (") (p¥ @¥) n1iD);
FX =X e vDX | pY (EY v¥)) = Van¥ (VvDY)}.
Lemma 3.25 Let0 <o < 1. If n(V1 D) <an(VD) then
(57) ¥ (F¥) < Van* (vD¥).
Proof Let us proceed by contradiction. We assume that
(58) X (F¥) > Van* (vD}¥).
Then we have

101D) = |

vXeVDX

=/ / 1EY(vX)(UY)d7]Y dnX
vXeVDX JyYeVvDY

= f nY(EY(vX)) dnX (by the definition of EY %))
vXeVDX

/ 1y, o X, 0¥y dyY dn¥
vYeVDY

>/ Y (EY wX))dnX  (since FX c vDX)
vXeFX
> VX (VDX)Jem® (VDY) > an(VD).
which contradicts assumption on VD. Hence % (FX) < JanX (VDX). m|
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The following lemma asserts that for almost all points of the box, almost all vertical geodesics passing
through the disc Dy, (x) do not belong to V7.

Lemma 3.26 There exists a constant 0 < «(><t) < 1 such that for all 0 < o < o (<) the following statement
holds. Let My be the constant involved in assumption (E2) and let B be a box at scale R. If Vi C VB
satisfies n(V1) < an(V B), then

(59) A({xelﬂ 1(V1 (Do (1)) >o¢411}) < a3 A(B).
n(VB(DMo(x)))
Proof Without loss of generality we may assume that 2(B) = [0; R[. Let us define
(60) U= {xeBl (Vi (Dato (X)) >ai}.
n(VB(Day (%))

We proceed by contradiction, let us assume that A(U) > a%A(B). In this case there exists z € [0; R[
such that A, (U;) > aikz (Bz). Let U, C U, be a 2M, maximal separating set of U,. We have that
|_|er2/ D, (x) is a disjoint union and that U, C UerZ/ D, (x). Then we have

AZ (DM() (X))

)kz( |_| DMO(X)) — Z /\Z(DMO(X))= Z AZ(DZMO(X))Az(DZMo(x))

xeU} xeU)} xeU}

=pa Y Az(Dape(x))  (by Lemma 3.2)

xeU}
> /\z( U DZMO(X)) > Az (Uy)
xeU)}
(61) > b aikz(lgi) (by assumption on U,).

However Vx € U] we have (V1 (D, (x))) > oc%n(VB(DM0 (x))), therefore

n(Vl( U DMO(x))) >ain(VB( U DMO(X)))

xeU} xeU}’

=g ozéllkz( U DMO(x)) (by Property 3.23)

xeU}
1 1
>aiai);(B) = Var(B) (by inequality (61))

=5q Van(VB) (by Property 3.23).

Since n(V1) = n(Vi(Uyrep: Dmo(x))) and since /a > M (<)o for o < 515, it contradicts the assump-

tions of the lemma. O

Let us point out that in this lemma, we first showed that on a fixed level-set, most of its point were
surrounded by almost only of vertical geodesic not in V. This remark will be relevant in the proof of
Proposition 4.7.
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The next three lemmas are estimates on the quantity of Y -horospheres satisfying specific properties.
They are used in Section 4.4. Let B be a box, x € BX, let U C B and let us denote by

Hy = {x}pa B ={(x.y) |y € BY. h(y) = =h(x)} = (p*)7'(x)
a Y -horosphere of B. Let us define

EY(x):={yeBY | (x,y) eU} = pY ¥ '(x)NU®) = (H: nU*)Y;
R

EX = x e BX |2, (EY (x)) > VaAY (HY) and h(x) = h=(B¥) + (-

The set EX is in bijection with the “bad” Y -horospheres H above the middle of B, the ones which
have more than /a fraction of their measure A in U°€.

The following lemma asserts that almost all ¥ -horospheres in the upper half of the box are good
Y -horospheres.

Lemma 3.27 IfA(U) > (1 —a)A(B) with0 < o < 1, then we have
AX(EX) < JarX (B%).

Proof Without loss of generality we can assume that #(B) = [0; R[. We proceed by contradiction, let us
assume that AX (EX) > /aAX (BX). Then we compute the measure of U°:

R R
AU :/0 WX @AY (US)dz =/0 /BX)LZZ({y €Yo, | (x,y) € USHdAX (x)dz  (by definition)

R
= [ [ v ek e a:
0 JBX

R
. / A (HenUY ) aAX () dz - (since EX € BY)
o JE:
R
> (x/ |:/ X)‘Zz(Hf) dkf(x)] dz (by the definition of EX)
0 E:
R
= \/E/ WY (BY )AX(EX)]dz (by the definition of H,)
0

> J&J&/(;RAZZ (BZZ))@((B?,) dz > «A(B) (by assumption on EX),
which contradicts the assumption on U'. a
For all U C B we define the shadow of U, denoted by Sh(U), as
Sh(U) := {p € B| 3V € VB containing p and intersecting U on a point p’ such that 1(p’) > h(p)}.
For S a subset of X, we shall call the large Y -horosphere (see Figure 16) the subset Hg defined by
Hg:=S>Y = (pX)~1(S).
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Y_n(x)

O B(x, )Y

4

Figure 16: Large X-horosphere in X 0< Y.

Let My be the constant involved in assumption (E2). Let us denote by FX c BX the subset
FX:=1xeBX | A(Sh(H YN U) > o A(Sh(H )) and A (x) >h—(BX)+§
T DMo(x) DM()(x) — 2 :

The set FX is in bijection with the “bad” Y -horospheres H that are above the middle of the box B.
By “bad” we mean the ones which have more than a# fraction of the measure A of their shadow in U°.

In the following lemma, we show that the shadow of almost all the ¥ -horospheres in the upper half of
the box have almost full measure.

Lemma 3.28 There exists a constant 0 < «(><t) < 1 such that for all 0 < « < (<) the following statement
holds. If A\(U) > (1 —a)A(B), then we have

AX(FX) < q1 )X (BX).
Proof Without loss of generality we can assume that #(B) = [0; R[. We proceed by contradiction, let us
assume that AX (FX) > a%)tX(BX). Therefore, there exists zg € [%, R[ such that
AX(FX) = aiaX (8Y).
Let Z be a 2Mjp-maximal separating subset of F Z)g . Then we have
AU)

> A (Sh( || Hp,, (x)) N UC) = Y A(Sh(Hp,, (x)) NU€) (since this is a disjoint union)

xX€Z xX€Z

> ai Z A(Sh(Hp, (x))) < @l Z 20Azo(Hp,y, (x))  (by definition of Fz)g and Property 3.5).

xeZ xeZ
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However A, (HDM x) = (DM0 (x))/\_z0 (B_ZO) since HDMO(x) Dy (x) x B_ZO, hence
AUC) =pq a2 > AL Dy ()AL, (BY )
x€Z
= ZOA_ZO BY,)) Y A% (Dopy(x)) (by Lemma 3.2)
xeZ
>« @iz OA_ZO(B_ZO ( U DzMO(X)) > a4ZOA_ZO(B_ZO))LX (FX) (by definition of Z)
x€Z
> a%a% _ZO(B_ZO))& (B ,) (by assumption on Z}g)

R
> f )L_ZO _ZO)A ) =pa 5 L JaA(B) (since zo > 3 and by Proposition 3.22),

which contradicts the assumptions on U for o < |

1
M(<)2"

The following lemma asserts that the projection on a level-set of almost all the Y -horospheres have
almost full measure.

Lemma 3.29 If A(U) > (1 — a)A(B), then there exists a constant M (><) such that for any large Y -
horosphere HDMO (x) With x € Bg \ Fx as in Lemma 3.28, and for 1 > Mp > M2t > 0, there exists P a
level set of the height function in B, such that

1
Anpy(P NSh(Hp,, (x) NU€) Zoa ¥ dppy(P N Sh(Hp,, (x))-
Furthermore, P can be chosen such that pR < dwq(P, H) < 2pR.
Proof We proceed by contradiction. Let us assume that such a plane P does not exist. Computing the
measure A of Sh(HDM0 ) NUC N Bin(H)—20R;h(H)—pR] contradicts the fact that
1
A(Sh(HDMO(x)) N Uc) < O(4X(Sh(HDMO(x))).

Indeed, we show the contradiction using Property 3.5 and because we integrate on a sufficiently large
portion of [0, R] (p > Ma%). |

In the following lemma we show that almost all level-sets admit a point with large X -horospheres and
Y -horospheres.

Lemma 3.30 There exists a constant 0 < «(><t) < 1 such that for all 0 <« < o (><) the following statement
holds. Let U C B be such that A(U) > (1 — «)A(B). Then there exists U' C U such that

(1) A(U') = (1 —a#)A(B);

(2) forall z € h(U’) there exists (xo,z, yo,z) € U} such that for all (x1, y1) € U}, we have (x1, yo,7) € U}
and (xo,z, y1) € U}.

Proof We may assume without loss of generality that 2(5) = [0, R[. Let us define
1
Hy :={z€[0,R[|Az(U;) = (1 —a#)A;(B;)}.
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Then we claim that Leb(Hy ) > (1 — a%)R. To prove this claim we proceed by contradiction. Let us
assume that Leb(Hy ) < (1 —a%)R. Then Leb([0, R[\ Hy ) > aR. Furthermore, for all z € [0, R[\ Hy
we have A, (U;) < (1 —a%)AZ(BZ), hence

1
(62) Az(Bz \Uz) > a4A(B;).
Therefore, by computing the measure of B\ U we have

)L(B\U):/Z R[)LZ(BZ\UZ)dZE/Z Az(B; \ Uy)dz

€([0,R[\Hv)
D) 2(Bz)dz (by inequality (62))

€[o,

>

/ZG([O,R[\HU)
>x a%A(B) (by the contradiction assumption and Property 3.5),

which contradicts the assumption on U for o small enough. Hence Leb(Hy) > (1 — a%)R.
Let us define, for z € [0; R,

UY :={xeBX |(x.y)eU} H:={ze[0.R[|3y eBY,. AX(U?)> (1—a®)AX (B}

—Z

In particular, for all y € BZZ we have UV C UZX , and, by the definition of A,

A(U) = XU,
) /ze[o,R[/yeBZZ : U7)

We claim that Leb(H) > (1 — a%)R. To prove this claim, we also proceed by contradiction. Let us
assume that Leb(H) < (1 —ai)R. Then Leb([0, R[\ H) > a* R. Furthermore for all z € [0, R[\ H we
have that

vyeBY,, AXU?) < (1-a®)AXBX).
Therefore, by the definition of U, we have that, Vy € BZZ,
(63) A ((x e B | (x.y) ¢ U 2 a2 X (BY).

Hence, by computing the measure of B\ U we have

— X X Y
as\= [ oy M x e UX [ g Up AL oz

= M xeUX |(x.y)¢UhdAY,d
- ze([o,R[\H)/yeBzZ zx el [(xy)gUpdrZ, dz
1
> ZAX X d)kY d by i lity (63
= ze([o,R[\H)/yGBZZOl z (Bz) —_,4az (by inequality (63))
1

=4 AY BY )\,X BX d

Ol /;E([O’R[\H) —Z( —Z) z( Z) A

>x a%a%A(B) = a%A(B) (by the contradiction assumption and Property 3.5),
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which contradicts the assumption A(B\ U) < aA(B), for a < Let us define, for all x € B;X ,

1
M(<)2
U*:={yeBY_ |(x.y)eU: H':={ze[0.R[|IxeBX, AY_(U")=1-a®)r¥ B ).

We show similarly that Leb(H’) > (1 —a%)R. Therefore Leb(H N H' N Hy) > (1 — 3oe%)R.
For all z € H N H' there exists (Xo,z, yo,z) € Bz such that

(64) 2XU0) > (1 —at)A X (BY);

(65) A (U%) = (1 —a)AY_(BY).

Let us define for all z € Hy N H N H', U} := (U*%-z x U”0-z). Then we have

(h) U'cU;

(2) A (U)) = A, (U= xUY=)NU;) > (1 —Ba%)AZ(B) by inequalities (64), (65) and by the definition
of Hy;

(3) for all (x1, y1) € U] we have (x1, yo,z) € U} and (x¢,z, y1) € U,.

Let (x1,y1) € U,. Then (x1,y0,.) € U’, and hence (xo,z, yo,z) € U’. Furthermore we have that
Leb(Hy N H N H') > (1 —3a#)R, and hence Leb([0, R[\ (Hy N H N H')) < 3a* R. Therefore
AB\UY = [ 2:(B\U):)dz
z€[0,R[

- A B UxO’Z UyO,Z d
Ze([O’R[\(HUﬂHﬂH’)) Z( Z\( X )) z

< Ba ¥ YAz(Bz)dz (by construction of U))

/26([0,R[\(HU0H0H’))
<x 9a%k(8) (by the measure of [0, R[\ (Hy N H N H') and by Property 3.5).

Hence A(U’) > (1 — a%)A(B), since ¥ > OM (X )oz% (o small enough in comparison to a constant

depending only on X). a

These points (xo,z, yo,z) Will play a key role in the definition of the product map close to a given
quasi-isometry in Theorem 4.5.

3.8 Divergence

Two distinct vertical geodesics in a 6-hyperbolic and Busemann space diverge quickly from each other. The
next lemma aims at making this more precise for X an admissible horopointed space. More specifically
we are going to look at a point x and at all the vertical geodesics passing by a point of the disc centred at
x of radius My (the (E2) constant) along the horosphere at height i (x), that is, VD, (x). Let Vp be a
geodesic containing x. We want to quantify the vertical geodesics in VD, (x) which start diverging
from the vertical geodesic Vy between the heights i(x) — [ and h(x) + [. We denote this set by

Div(Vp) :={V € VDp,o (x) | |hpiv(Vo, V) —h(x)| <1}.
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Lemma 3.31 With the above notation we have
¥ (VDo (x)\Div(Vo)) =x e ™ % (VDpgy ().

Proof By slight abuse of notation, we may intersect a set of vertical geodesic segments £ C VB with
a subset F' C B. By this, we mean the intersection of F' with the union of the images of the vertical
geodesics of E, where each image is a vertical geodesic in B. For example,

VDo (x) N Bpx) = Dy (x).

Any vertical geodesic segment V' € VD, (x) did not start to diverge from the vertical geodesic Vp at the
height /(x), we have hpi, (V, Vo) < h(x). Therefore, all the vertical geodesic segments which did not
start to diverge at the height 2(x) —/, denoted by VD py,(x)\Div(Vp), are still Mo-close to mp(x)—7 (x):

(66) (VDo (x)\Div(Vo)) N Bhxy—1 C Dy (whx)—1(x)).

We use Lemma 1.8 with zg = h(x) and z = h(x) — [, which gives

(67) D1 Mo (Thx)—-1(X)) C Thx)—1 (Do (x)) = VD gy (x) N By
Therefore
0% (VD CO\Div(V0)) iyt (VDo (X)\DIV(Vo) N Bh(x)—1)
nX (VD (x)) X A})zf(x)—l(VDMo(x) N Bhey—1)
Moyt (Dbo (Tnry—1(x)))
Aoyt (VDo (x) N Br(xy—1)
Aoyt (P Mo (Th(xy—1(x)))
- Al)z((x)—l (D21—mo (Th(x)—1(x)))

(by Property 3.23)

(by inequality (66))

(by inequality (67)).

Moreover by the definition of AX and Lemma 3.2

68) M),((x)_, (Do (Th(x)—1(x))) M;},((x)_l (Do (Th(x)—1(x))) o ml
= x € .
Aoyt (Pt (T o-1(¥))) 1y (a1 (T ()—1 (%))

Therefore
n* (VDuty 0\DW(VD) _
% =x € .
n*% (VDpm,y (X))

Heuristically, the previous lemma asserts that most of the vertical geodesics segments passing close to

O

a point x, start diverging from each other close to the height /(x).
We now provide an estimate on the exponential contraction of the measure p along the vertical direction.

Lemma 3.32 There exists M (><) such that the following holds. Let hg € R and let U C (X <Y )y, be a
measurable subset. Let A > M and let A C (X >1Y)p,—a be a measurable subset. Suppose also that all
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vertical rays V intersecting U intersect A. Then

Pho— (A4) Z5a €8 g (U).
Proof Since JTZ?)_A(U) C A we have

ho—A T A (U)) < ppg—a(A),

where 7™ is defined in Definition 1.13. We recall that for all x € X, UXY ={yeY|(x,y)eU}. By
definition

69) o (U) = i ® ¥, (U) = fX i (UT)dpiX ().

ho

For all x € UX let us define Uy := {(x,y) € U | y € UY}. Then
Ux)' =Uy :={yeY|(x.y)eU}
Furthermore Ug’ C nfho [ng_ho(Uf )]- Hence
1o U) < 1 D o (DD =oa €™k [TX o (UF)] - (by assumption (E3)),
which gives us
A0 @) S [k (U1 (6) by defnition of ).
However we have
Y Y\ _ > Y _ > Y
(71) ”A—ho(Ux )= (”ho—A(UX)) = (nhO_A(U))”;fO—A(x)

={y € (mpa AU | (i _a(x),y) €mpa A (U)}.

Hence

pa(0) e e [ [ sODYy ) (by (70)and (71)
UX —A

ho

i T O IR LRV ACY
ho—A

g €MBeTmA /X (Ux)ui_ho[(n;;_A(U))z,] duffo_A(x’) (by assumption (E3))
Tho—A

=T A(rhe_A(U)).

Furthermore, as said at the beginning we have uho_A(nZ;_A(U)) < fho—nA(A). Therefore
Pho—(A) Zoa €78 1y, (U). 0
In the next lemma we transfer a control on the measure p to a control on the measure 7.
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Lemma 3.33 Let My be the constant involved in assumption (E2), B be a box and z € h(B). Let
A C (B); and let E C B such that ht (E) < h(A). Then, if there exists Q > 1 such that u(Na, (E)) <
O~ ! (N, (A)), we have that

N(VNMo(E)) <oa O™ '0(V N, (A)).

Proof Let Z C E be a 2Mp-maximal separating set.

(1) The balls B(p, My) for p € Z are pairwise disjoint.

(2) We have the inclusions
LI B(p. Mo) € Nago (E) € | ) B(p.3Mo).
PEZ peZ

The radius 3M is required since we cover all Nz, (E) and not only E. Furthermore, all balls and disks
of radius My have comparable measure p by assumption (E2) and Corollary 3.17. Therefore

(72) 1Nty (E)) <o #Z <pq Y pu(B(p. Mo)) <pa Y ti(p) (Dt (P)).-
pEZ peEZ

Moreover, for all v € VE, there exists p € Z such that v N D3, (p) # @. Consequently we have
VNMo(E) CUpez VD3m,(p), hence

N(VNuo(E) < D> n(VD3ay(p) <x Y An(p)(Dapto(p))  (by Property 3.23)

pEZ PEZ
< Z Al)z((p) (Dem, (PX))AZh(p) (Dem, (pY))-
peZ

Furthermore, disks of radius r are included in rectangles of width 2r, hence

NV Nuo(E)) Zoa D " P 14 (Dety (p))  (by the definition of Ap(p))
pPEZ

<@ ) (Do (p)  (because b (E) < h(A))
PEZ

<pa eh(“)(m_")u(NMo(E)) (by inequalities (72)).
Using similar arguments we obtain
1V Nito (4)) =oa Aniay(VNaty (A)) <o OV Nig (4)).
Combined with the assumption (Naz, (E)) < Q! iw(Nag, (A)) we have
1V Nito (4)) 2 O™ Q (Nt (E)) 250 Q11(V Nty (E). O

Heuristically, if a set E is sufficiently small and below a set A, then the set of vertical geodesic segments
intersecting E will also be small.
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4 Proof of the geometric rigidity

The aim of this chapter is to present a proof of our key result. Let (X, Y) and (X', Y’) be two horopointed
admissible couples of parameter respectively (m,n) and (m’, n’). Let us assume that m > n and m’ > n’.

Theorem 4.1 Let ®: X <Y — X'><Y’ be a (k, ¢) quasi-isometry. Then there exist two quasi-isometries
®X : X — X' and ®Y : Y — Y’ such that

Ao (@, (DX, ®Y)) <4 e 1.

Although this statement is similar to the statement in the case of Sol and Diestel-Leader, our broader
setting of admissible spaces requires additional key arguments, such as Lemma 3.3, and therefore relies
heavily on the previous sections.

To make the exposition of the various statements in this chapter smoother, we made the following
abuse of notation. In a statement, when a parameter, say 6, needs to be sufficiently small, we will write it
by “For 6 <yq 1 we have ...” instead of “There exists a constant M (<) such that if 6 < l, then...”.

From now until the end of this chapter we consider ® : X <Y — X' Y’ a (k, ¢)-quasi-isometry
with fixed constants k > 1 and ¢ > 0.

4.1 Vertical geodesics with e-monotone image

In order to construct a product map, the key idea is to use the quadrilateral lemmas of Section 2.4 on the
image by the quasi-isometry @ of a quadrilateral in X >< Y. To do so we need to locate which vertical
geodesic segments are sent close to vertical geodesic segments. Thanks to Proposition 2.6 it is sufficient
to look for vertical geodesic segments with an e-monotone image under ®, where 0 < & < 1 is a parameter
to be determined later (depending on <, k and c¢). We call good these vertical geodesic segments.

Notation 4.2 We recall that we denote by V B the set of vertical geodesic segments of the box B. Let
us denote by V8B the set of good vertical geodesic segments and V21 the set of bad vertical geodesic
segments, that is,

VE&B:={y €e VB| ®oy is e-monotone};

VB .= {y e VB| ®oy is not e-monotone} = VB\ V&B.
In the following proposition, we prove the existence of an appropriate scale on which almost all boxes
X .= n{,‘BX and n¥ := nggy.
Proposition 4.3 For 0 < 6 <4 1, there exist two positive constants M (k, c,=<, ) and M’ (k, ¢, <) such

that forallro > M, N > MT/ and S > (% and boxes B at scale L := NSr, there exist ko € {1,...,8},a
box tiling | |;<; Bi = B at scale R = N¥0ry and I, C I such that

(1) MUjer, Bi) = (1—0)A(B) (boxes indexed by Ig cover almost all B);

possess almost only good vertical geodesics. We define  := ny s, n

(2) Vielg, ";i(g,hg ’5) < 6 (almost all vertical geodesic segments in I3; have e-monotone image);

where n; :=nyp,.
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Proof We recall from Proposition 2.9 the definition of §;(c) for a quasi-geodesic segment o:
Ag := {a(kN®ro, (k + )N*ro]) | k € {0,..., NS5 —1}}.

Then §; (@) is the proportion of segments in Ay which are not e-monotone:

#{B € As | B is not e-monotone}

(73) 8s(r) := A

Using Proposition 2.9 on every vertical geodesic segment in B we have that, Vo € V5,

S
1
(74) 2} 85(@) Zokec —
S=

We now integrate the inequality (74) with respect to 1 over V' BB to get

S S

1 1 / ( 1

T 5(a))dn= (—/ s@n).

e T (VB) Jaevs ; ’ ; n(VB) Jaevs
Consequently there exists ko € {1, ..., S} such that
(75) ! S (@)dn < L. 6% (b ti S)

(0% —_— assumption on .
NVB) Jaeyy 0 ek g e YR

From now on we fix R := N*0r. There are % layers of boxes at scale R in B. We average J, () along
ale e VB:

L_1
1 1 R R
J =T - ) kR; (k d
n(VB) /aeVB R ) /O,GVBL kg ko (@ ([kR: (k + 1)R))) dy
L1
1 RZX
(76) = VB L k;) /aevsak(’(a([kR’ (k + 1)R])) dn.

Let us denote by B := BN h=Y([kR; (k 4+ 1)R[) the k-th layer of B. Since vertical geodesic segments
of X >aY are couples of vertical geodesic segments, V B is in bijection with VB[),(C] X VB[I;C] which is
itself in bijection with BlfR X Bz(k +1)R 38 explained in Section 3.6. Let us denote by f this bijection:

[ 1By = B x B g yre @ (X (kR), a” (—(k + DR)).
Foralla € VBand forall k € {0,..., % — 1} we have 8, (c([kR; (k + 1)R])) = 0 or 1, hence

Sko (@(kR: (k + DRD) = 1yng, (a(kR: (k + DR]))
= 1f(V”B[k])(aX(kR)’ ay (—(k + l)R)).
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Therefore
/ 8k0 (a([kR; (k + I)R])) dn
aeVB

= Ly vopy,) (@x (kR), ay (—(k + D R)) dp* dn”

(X, aY)eVBXxVBY

:/ . lf(VbB[k])(n,‘fR(x),nf(kH)R(y)) d)LO deL (by definition 17 and n )
(x,y)eBy xBZ ;.
(77) = / 1f(VbB[k])(x,’ ") d)t,}c(R d)t{(k_H)R (by Property 3.5).

(/Y VEBE R XBL 14 1y

Let |_|i€1 B; be the box tiling at scale R as in Proposition 3.11, and for all k£ € {O, el % — 1} let us
denote by I} C I the indices of the boxes B; which tile Bg}. Then we have

VBuy=| | vBi and VPByy= || V5.

iely i€l

Therefore, for all (x, y) € Bk x BY —(k+DR’

L wosgn (X 9) = Ly, vosy@.9) = D Lposy(x. ).

iely

Hence from inequality (77) we have

/ VB5k0(06([kR§ (k + DR]))dn XN/ Z Loy (6, ) AR dAY 4 1)k
oe

BBy 1)k el

X 43Y
Lrwop)y(x. ¥) dAg dAZ 41y R

/ X Y
iel) (x,y)eBkaB_(k_H)R

= Z / 1VbB (o) dn; = Z nz(V B;).
ielg iely

In combination with equality (76) we have

n(VB)/eVB ko) 1 = MWL Z 2 (Vo)

k=0i€ly

Ry (VBi) ni(V2B;)
ENZ Ly(VB) 1. (VB,)

A(B;) m(V B;)
= Z AB) ni(VB;)

(by Proposition 3.22).

Let us denote by [ the set of indices i of boxes B; such that ’Z;i((VTbg)) >0, and Ig := I\ Ip. By definition,

I satisfies the second part of our proposition, we are left with proving that it also satisfies the first part.
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To do so we assume by contradiction that )L(Uie I, Bi) > GA(B). Then

1 A(Bi) n; VbBl' .
W/EVBSkO(a)dn > Z ( )M (since I C 1)

b AB) i (VB;)
> ABi)

iely

A(B)
>q 02 (by the contradiction assumption),

> O (by the definition of I5)

which contradicts inequality (75) for 6 <4 1. Therefore /\(Uie I, Bi) < 6A(B), hence
A( U Bi) > (1—60)A(B). O
i€elg
Let B be a box at scale R. Let us denote the upward and downward oriented vertical geodesic segments

by
VIB:={V e VEB|h(®oV(0)) < h(®oV(R)));

VIB:={V e VEB | h(®oV(0)) > h(®o V(R))}.

We are now going to show that in a given box B; with i € I, almost all vertical geodesic segments
share the same orientation.

Lemma 4.4 For 0 < &2 Sk.e< 0 Sk epa 1, and for R = ¢ g % we have that if B is a box at scale R such
that (V?B) < 6n(V B), then one of the two following statements holds:

(1) n(v1BNVEB) > (1-3V8)n(VB);
() U(ViB NVERB) > (1 _3\/5)7](1/3)_

In the proof, we first characterise a set of vertical geodesic segment whose images share the same
orientation, and then we show that this set has almost full measure.

Proof Without loss of generality we can assume that 2(B) = [0, R[. Let us define
GY ¥y := Y evBY | (wX, oY) e VEBY);
GX = X e VBY Y (GY %)) > (1-VO)n¥ (vBY)).
By construction we have
) 6" =wsn".
vXeVpX

Applying Lemma 3.24 with V; := V& (B) and o := 6 we get
(78) X (GX) > (1-v0) X (vBX).
Let vf( 1[0, R] > X and vgf : [0, R] — X be two vertical geodesic segments of GX . Then

" (GY () = (1-VE))" (VB " (GT ) = (1-v8)n" (vBY).
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Hence
(79) n? (GY )N GY () > (1-2v0)n¥ (VBY).

Let vf, v%’ € GY(vf() N GY(Ué() and let us define V; ; := (vl.X, v}’) with i, j =1, 2. By definition of vf
and v%/ , the quasigeodesic segments ®(V; ;) are e-monotone.
Two cases occur. As a first case let us assume that

dx (v¥(0), vX (0)) > VOR;
dy (v} (0),v3 (0) > VOR.

Let M be the constant involved in Proposition 2.13. For R > 4k¢ and ¢ < % we have that vOR >
10kM &R + 2kc, hence we can apply Proposition 2.13 on Vj,; and V3 2, which gives us that they share
the same orientation.

The second case, that is, when either dy (v (0),vX(0)) < VAR or dy (vY (0),vY(0)) < VOR,
is treated thanks to an auxiliary geodesic segment. Hence without loss of generality we focus on the case
dx (vf((O), v%‘ (0)) < v/ R and consider a geodesic segment vg’( € GX satisfying dy (vf((O), vgf(O)) >
VOR and dX(vgf (0), vSX (0)) > vOR. To prove its existence, we consider the measure of

(80) G¥\ Vix (D sgp(0F (0) UD s 3 (0))).
Let My be the constant of assunllptiorll (E2). By Lemma 3.2 we have for all r; > r, > My and for all
ry—rp

X € Xo that o(Dr, (x)) <pq €™ 2 po(Dr,(x)). Therefore

VOR—R

B Ao(D s5r(0F (0) =™ 2 o(Dr(v{ (0))) 5e—m§AO(DR(v{‘(0))) (since 0 < 1).

Furthermore, by Lemma 1.8 the bottom of B contains a disk of radius 2R — M, hence by Lemma 3.2 we
have nX (VBX) <x do(D2r(v{ (0))). Combined with inequality (81) we have

20(D /g (0)) <oa e 4 ¥ (VBY).

The same formula holds for véX instead of vf( . By inequality (78) we have that

n*(G*) = (1=0)n* (vB¥) = 1n¥ (vBY).
hence there exists M (<) such that
1% (GX\ Vix (D /g 0¥ (0) U D /g 0F (0))) = (& —2Me™™ %)X (v BX)
>0 (for R > %ln(4M + 1)).
Therefore there exists vg’( € GX such that

dx (v (0), v (0)) >VOR;
dx (v3 (0),v3 (0) >VOR.
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Applying twice Proposition 2.13, first on V;,; and V3 3, then on V5 > and V3 3, we get that the & (V7 1)
has the same orientation as ®(1’3,3) which has the same orientation as ®(V> ). Therefore ®(V;,1) and
®(V3,2) share the same orientation.

Let us fix vg( € G¥X and vg € GY(vg( ). Then the image of every vertical geodesic segment V €
Upxegx X% (GY (vg() NGY (vX)) shares the same orientation as the image of (vgf, vg). Furthermore

n( U %1% @7 o) nGY(vX)))

vXeGX

=[G efna o park
Z/ (1-270)nY (vBY)dn®  (by inequality (79))
vXeGX

(1=2v0)n" (VB ¥ (G¥)
> (1-2v0)nY (vBY)(1-VO)nX (VBX)  (by inequality (78))
(

which proves the lemma. |

4.2 Factorisation of a quasi-isometry in small boxes

Proposition 4.3 gives us two scales R and L such that all boxes at scale L can be tiled with boxes at
scale R. Moreover, almost all of them, that is, the 5; for i € I, contained almost only vertical geodesic
segments with e-monotone image under ®.
Amap f: XY — X' <Y/ is called a product map if there exist two maps f% and fY such that
one of the two following holds:
(1) Wehave fX: X > X', fY:Y > Y and Vp = (pX, p¥) e XY, f(p) = (fX(p%), f¥ (pY)).
(2) Wehave fX: X > Y/, fY:v > X andVp = (pX, pY) e XY, f(p)= (Y (pY), fX(p¥)).
In particular, when we denote by (%, £¥) a product map on a horospherical product, it implies that when
h(x)+h(y) =0, we have h( f X (x)) + h(fY (y)) = 0. Therefore a product map is height respecting.
Theorem 4.5 For0 < 6 S/E\qu 1, ro >« %ﬁ, N >pq 1 and for S >4 80%2, we have that for any i € Ig,
there exists a product map ®;, and U/ C B; such that
(1) AU = (1= 69)2(B));
(2) forall (x, ) € U/, dot(D(x, ). B; (x, ¥)) <k, £R.
In particular we have Ah(®(x, y), P, (x,¥)) Sk, ER.
This proposition corresponds to [8, Proposition 4.14].
Since almost all the points in a good box are surrounded by almost only good vertical geodesic segment

(Lemma 3.26), we show that given two points sharing the same X coordinates, we can almost always
construct a quadrilateral satisfying the hypotheses of Proposition 2.11.
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Lemma 4.6 Let My be the constant of assumption (E2). For 0 < 6 <y 1 and for R >pq %, Iet B be a box
at scale R of X ><1Y . Let us assume the existence of a subset U of B such that

@ A(U) = (1-0)A(B);
(b) forall x € U, n(V2(Duy(x))) < VOn(Vs(Dy(x))).
Then we have:

(1) Forallay,a, € U such thataf( = aé" , there exist by, by € B and four vertical geodesic segments y;,
linking a; to b; such that ay, az, by and by form a coarse vertical quadrilateral with nodes of scale
D = 6R, meaning that the configuration satisfies the assumptions of Proposition 2.11.

(2) Fori, j €{1,2}, ®(y;,;) has e-monotone image under ®.

By Lemma 3.26, the boxes B;, with i € I, satisfy the assumptions of this lemma. Moreover, we recall
that a vertical quadrilateral satisfies the assumptions of Proposition 2.11.

Proof of Lemma 4.6 Let My be the constant of assumption (E2). Let ay,a; € U. Fori € {1,2} let us
define VD; := V(D pm,(a;)) and VbD; = Vé’(DMO(ai)). For all v = (vX,vY) e Vg and all i €{1,2}
let us define

(1 El.Y(vX) ={vY e VDZ.Y | WX, vY)eVPD;};

@) FX =X e VDX |V (E}Y X)) z 639" (vD)}.

Thanks to Lemma 3.25, applied with V] := yb B, o:= V0 and a = a;, we have that

(82) T (FY) < 030X (VD).

Let us take a1 and a3 in U such that af = aX. Then VDX = VDX, that is,

(1) pX (VDX \(FX U F)) = (1 -204)9X (VDY ):;

(2) for all v¥ € VDX\(F¥ U Ff) and i € {1,2} we have n¥ (EY (vX)) < 63n¥ (VDY).

The sets VDl.X \(FlX U F2X ) enclose the vertical geodesic segments in BX passing close to a{( = aé‘/

such that almost all the induced vertical geodesic segments around a; and a; in B are good (i.e., have
e-monotone images under the quasi-isometry ®).

Since we have a sufficient proportion of good vertical geodesic segments, we will be able to find several
of them that intersect the same neighbourhood in two different points sufficiently far from each other.
If h(af( ) < 6R, the construction of the quadrilateral of Proposition 2.11 with D = R is straightforward
since the four points a1, ap, b1 and b, would be OR close, hence without loss of generality we may
assume that h(a{( ) > OR. Moreover, as we did before we can also suppose that #(B) = [0, R].

We apply Lemma 1.8 with zg = h(a;) and z = h(ay) — OR to get the inclusions

(83) D3 g1y Thian-6r(@7)) C Thiay)-6r(Dao (@) € D3y ago Than)-6r@r)).
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We now suppose by contradiction that any couple of good vertical geodesic segments does not diverge
quickly. This means that they stay Mo-close until they attain a height lower than h(aiY ) — OR. Therefore

Tha)-or(VDI\(F{ U FS)) C Dy (thayy-or@f).

Thanks to the inclusions (83) we have VD;% R—Mo (TTh(a;)—6R (af( ) C VDf( , hence, combined with
Property 3.23 we obtain

X (VDINFEUFY)) . Ahayy-or (PMo(Thian-er(ai)))

<
T’IX(VD{() Al)z((al)—OR (D29R(7Th(a1)—9R (a{()))
m(Mg—20R)
<€ 2 (byLemma3.2),

which, for R large enough in comparison to é, contradicts the fact that
1
¥ (VDINFF U F) = (1-209)n* (VD).

the first conclusion of the previously used Lemma 3.25. Hence there exists a couple of vertical geodesic
segments VlX and V2X of VDI.X \(F IX u FZX ) diverging quickly from each other. Furthermore we have
nY(El.Y (X)) < H%UY(VDI.Y), hence there are segments VIY and V2Y such that (VX VIY) € Vég(DM (ar))
and (VX,V)) e VE(Du(az)).

Let us define bl.X = VIX (h (a1)— %d(a{(, af)), so that bf( and bg are at the height where VIX and VZX
diverge. Similarly, let us define bY = bY = V¥ (=h(a1) + 3d(af,a¥)) such that V}¥ and V/ diverge,
and y;; = (ViX , VjY) to ensure that the vertical geodesic segments of the quadrilateral y11 Uy12Uy22Uy21
have close endpoints. Furthermore by construction, they diverge from each other and have e-monotone
image under ©. O

In the next proofs, we will be using Proposition 2.6 on each of the four images ®(y;;), which will
provide us with a new quadrilateral (¢ + ) R close to ®(y11 U y12 U y22 U ¥21) on which the assumptions
of Proposition 2.11 are satisfied.

Finally we deduce that on a good box, the quasi-isometry & is close to a product map.

Proof of Theorem 4.5 Leti € I, and B; a good box (defined in Proposition 4.3). Then following
Proposition 4.3, we have 1; (V?B;) < 0n; (VB;). Therefore by Lemma 4.4, one of the two following
statements hold:

() n(v'BNVEB) > (1-3/0)n(VB);
2) n(V¥BNVEB) > (1-3v0)n(VB).
Let us first assume that the dominant orientation is upward. Let us choose V; = VB\ (VBN VEB), the

vertical geodesics which have neither dominant orientation nor e-monotone image by ®. By Lemma 3.26,
used with « := 02, we have that there exists U; C B; such that

(1) A(Ui) = (1= VOA(B);
(2) for p € U; we have n(Vl(DMO(x))) < U(VB(DMO(X))) V.
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Let us apply Lemma 3.30, with U := U; and « := /6, then there exists U’ C U; of almost full
measure such that Vz € h(U’), 3(xo,z, yo,z) € U, such that V(x1, y1) € U, we have (x1, yo,z) € U’
and (xo,z, y1) € U’. Leta,ag € U’ such that aX = a(})(. By Lemma 4.6 applied on a¢ and a, there exist
b1, bz € B; and four vertical geodesics V;; in V1B N V&B such that by and b, form a coarse vertical
quadrilateral T with ag and a, where V;; are the edges of T'. Proposition 2.6 gives a constant M (k, c, <)
and four vertical geodesic segments M eR-close to the four sides of ®(7T'). Furthermore we assumed that
the dominant orientation is upward, hence the images of the four sides are all upward oriented. Hence
thanks to Proposition 2.11 we get

dx (®(ag)', ®(@)X") Zp cpq £R.
Then, for all @ € U’ such that aX = a()f,

(84) dx (©(ag)X’, @(@)*") < c.oa R.

We show similarly that for all @ € U’ such that a¥ = ag we have

(85) dy (®(ao)Y", ®(@)¥") <k.c.0a €R.

Let us define the product map ®; := (51}( alY) : XY — X'><Y’. Forall z € h(U’), let (xo,z, yo,z) € U},
be the points involved in Lemma 3.30, and for all z € [0, R[ \ £(U’), let us fix an arbitrary point
(x0,z, Yo,z) € (Bi)z. We can therefore define, for all x € X,

DX (x) 1= Vi yo .y (0 P(x0,2, y0,2)).
Then for all (x, y) € U’ the triangle inequality gives
dy: (D (x), ©(x, »)*)
= dx' (Vg (x,yo..)(h 0 ®(x0.2. y0.2)). (x. )X

(86) < dx/ (Ve yoy (o @(x0,2. 0,2)), @(x, y0,2) ) + dx (@(x, yo, ) ¥, @(x, )X,

Furthermore, as the distance between two points of the same vertical geodesics is equal to their difference
of height, we can write

dx' (Vae.yo ) 010 @(Xo,2. ¥0.2)), D(x, y0,2)X) = AR(@(x, yo,)¥ ', ®(x0,2, y0,2)%)
= AR(@(x. yo.2)", @(x0.2. y0.2)")-
We combine it with inequality (86), and then use the Lipschitz property of / to get

dy (BF (x), D(x, y)X') < AR(P(x, yo.2)Y ', @(x0.2, yo.2)¥ ) + dx (D(x, yo )X, ®(x, »)X)
<dy/(®(x,y0,2)Y ", @(x0.2, 0,2)¥ ) 4+ dx (D(x, yo,2)X ", @(x, )X')
=k,c.0a 26R  (by inequalities (84) and (85)).
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Similarly, we define 6ZY (y) by
D7 (1) = Va(xg. (10 P(x0.2, 0,2)),

and we show that dy/ (?(BIY (y), ®(x, y)Y/) =k,c.»« €R. Furthermore for all (x, y) € U; we have the equality
h@lX (X)) = —h@f (7)), hence P, = (q?,X, $IY) :X<Y - X' >aY’ is a well-defined product map.
Then we chose U/ := U’ to conclude the proof.

The downward orientation case is dealt in the same way by switching the definitions of 65( and 5IY . O

4.3 Shadows and orientation

We use the fact that m > n to prove that @ is orientation preserving, hence the upward orientation is
dominant on each good box at scale R.

Proposition 4.7 Assume that m > n and that m’ > n’. For R > ¢ % the product map ®; of Theorem 4.5
is orientation preserving for eachi € Ig.

We recall that given a box B, the shadow of a subset U C B, denoted by Sh(U), is the set of points
of B below U in the sense

Sh(U) := {p € B| 3V € VB containing p and intersecting U on a point p’ such that 2(p’) > h(p)}.

And we remind the reader that given a subset S C X, the large Y -horosphere given by S and denoted by
Hg C X <Y is the set

Hg :=S1«Y.

Let us define B = B; fori € I,. Thanks to Theorem 4.5, there exist U = U; with A(U) > (1—-604 i )A(B) such
that @ is close to a product map on U. We consider two parameters p; and pp with 1 >4 o >,><1 01 >pq 016 16
The relations between them will be specified later. Hence Lemma 3.28 applies with o = 6 4, and it gives
us a Y -horosphere Hy,, such that

1
A(Sh(HDMO(xo)) N Uc) < 076 A(Sh(HDMO(xO)))'

Then we apply twice Lemma 3.29 with o = 9%, and p = p; for i € {1,2} to get two level sets of 4 in B,
Py and P, (see Figure 17), such that, for i € {1, 2},

1
Ancpy)(Pi NSh(Hp,, (x0)) NU) Zpa 076 Ap(p,) (Pi N Sh(Hp,, (x0))-

and such that p; R < Ah(P;, Hy,) <2p; R

The next lemma will gives us the existence of two subsets below a Y -horosphere H, which are
sufficiently big (for the measure p in comparison to the horosphere) and sufficiently apart from each
other so that any path linking them must get close to H.

This lemma is strongly inspired from [8, Lemma 5.9].
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Figure 17: Configuration of Lemma 4.8.

Lemma 4.8 There exists a constant M1 (k, c,><) depending on k, ¢ and on the metric measured spaces
X <Y with the following property. In the settings above, for R >4 0—12, there exist S1 and S», two subsets
of P, N B such that for j € {1,2} we have

(1) Vs1 € S1,52 € Sp, dx (s{¥.55) = p2R;

(2) Ap(py)(Sj NUC) =g 93*12)%@2)(5,/);

(3) (P2 (S)) =i exp(252 02 R) o rry Nty (H));

(4) any path y joining S1 and Sy of length [(y) < M1p2 R intersects Ngp, r(H).

Proof For j €{1,2}, let us define Q; := P; N Sh(HDMO(xO)). We tile Qf( with the top of boxes as in a
box tiling. More precisely, let My be the constant involved in assumption (E2), and let Z C Q{( be an
2 My-maximal separating set of Q{f . Then there exists a set of disjoint cells {C(x) | x € Z} such that

(1) Vx e Z, D(x, Mp) CC(x) C D(x,2My);
@) 0F =Uyez C).
Thanks to this tessellation, we tile Q1 with the large horosphere He(y) := C(x) x B)_’h P = C(x) x Qf.
Furthermore, for any two points x1,x, € Z,
X Y Y
Ah(Pl)(HC(xl)) = Ah(pl)(C(xl))/\_h(Pl)(B_h(Pl))
=oa Aypyy CO2DAY py (BYp,))  (by Lemma 3.2)
= An(p)(He(x,))-
Therefore Ap(p,)(Q1) <« /\Zh ( Pl)(Qf)#Z . We tile O, by projections of the tessellation of Q7. These

projections look like stripes on Q»:

(87) 02 = || 7 p,) €))% BYpoy-

x€Z
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Figure 18: Construction of S(x)X in Lemma 4.8.

Let us denote these stripes by S(x) := n}ﬁpz)(C(x)) X BZh(Pz) for all x € Z (see Figure 18). For
all x1,x € Z, dx(x1,x2) > My, hence by Lemma 1.3, for all (sf(,sf) € Intpz,(S(x1)) and for all
(sg‘/, sg) € Intps, (S(x2)), we have

(88) dx (s¥.sX) > 2Ah(Py, P2) — Mo =2p2R —2p R — Mo — M
2(M M
(89) > 2(02 —2p1)R (for R= (++))
1

Furthermore we have by construction that
X X _ 21X X
M) (Tin(py) (C(X1))) =i Mgy (i 2y (C(x2))).
Hence, combined with Lemma 3.3, we get
An(py) (Intazy (S(x1))) Xpa An(py) (S(X1)) o An(py) (S(x2)) <pa An(py) (Intar, (S(x2))).

Therefore, by the tessellation (88), Ay (p,)(Q2) <« AZh(Pz) (Qg)#Z. By Lemma 3.29, used with o := 6 i,
we get

1
An(py)(Q2 NUC) <pq 076 Ay (p,)(Q2).

Moreover, for all x1, x € Z we have A,(p,)(S(xX1)) <pa An(p,) (S(x2)) andlthe set of stripes S(x) for
x € Z tile the set Q5. Therefore there exists Z' C Z such that #Z’ > (1 — 032)#Z and such that for all
x € Z' we have Ap(p,)(S(X) NUC) < 632 4 py) (S(x)).

We are now able to define S1 and S,. Let x1, x5 € Z be distinct and, for j € {1, 2}, let us denote
by S; the following subset of S(x;):

. X Y
By Lemma 3.3, applied with r = Mpy R, zg = —h™ (B) and z; = —h(P>), we have

Y Y Y Y
Py Bn(py)) =oa Ky py) (Intapy R(BZpypy))-
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Therefore

91) Hh(P) (S)) <o (P, (S(x))).

The first point of the lemma holds by inequality (89), and the second point holds because we choose x;
and x5 in Z’.

Let us now prove the third point. Let yg € Y be the nucleus of the cell of BY. We have that
BZZ = JTZZ (C(»0)). Let us define A~ := h™ (B). By Lemma 1.8 applied with p = yg, zo = —h~ and
z=—(h(H)— paR) = —h(P,) we have

Dajh——h(Py)l-Mo (T (pyy (30)) € BYypyy C Dajh—i(pa) 4o (T pyy (¥0)).-

It follows that, for x € Z,

X Y Y
() (€)X D= (#)) 493 R)— Mo T (Py) (V0))
X Y Y
C S(x) C7py) (CO)) X Dy in=—n(E)) 492 R)+ Mo T=n(Py) (V0))-

By Lemma 1.8, n;z((Pz)(C(x)) resembles a disk of radius 2|A(P1) — h(P2)| £ Mo = 2(p2 — p1) R = M.
Lemma 3.2 gives /,L,)f(Pz) (n;ﬁpz)(C(x))) = emP2=PDR  Again by Lemma 3.2 applied on

Y Y
D (lh=—h(H) 402 R+ Mo T (py) (V0))
we have
Kh(Py) (S(x)) =pa em(Pz—pl)Ren(|h_—h(H)|+p2R)‘
Similarly Q» resembles a product Dp, r+M, X B ¥ h(Py)* hence

1h(Py)(Q2) g eMP2R (N U +p2R)

Therefore we obtain an estimate, of #Z7,

Kh(Py)(Q2) LR
Kh(Ps)(S(x))

Applying Lemma 3.32 with A = Q», U = Ny, (H) and A = po R gives

92)

(P (Q2) b exp((m —n)p2 R) p )Nty (H)).
In combination with inequalities (91) and (92) we have, for j € {1, 2},
Kh(Py)(S)) Zpaexp((m —n)p2 R —mp1 R) wp ey (Num, (H))

n
P2 R ) iy Nmo (H)),

m
i|><1 exp(

where the last inequality holds since (m —n)py —mp1 > #5% p2 when p; < "% p5. Therefore the third

conclusion of this lemma holds.
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Let us prove the fourth conclusion. Let y be a path joining 51 € S7 and s, € S» such that /(y) < Mpa R.
By inequality (89), dx (sf(, sgf) > 202 R —4p1R. By Lemma 1.5 there exists a constant M’ (§) such that
the geodesic segment [sf(, siX] contains a point s§( within 4p1 R — M’(8) < 5p1 R of HX = {x¢}, for
R > %. Therefore by Proposition 1.12

1y ¥) =z 280,

However, every §-hyperbolic space with § < 1 is also 1-hyperbolic. Therefore we can assume without
loss of generality that 6 > 1. Then we have

1(yX) > 20x r¥os3) 5 pdx P HY)=501R

Hence log,(MpyR) > d(yX, HX)—5p; R. Furthermore, there exists M’ (k, ¢, <) such that for R > ];[—2/
we have log, (Mp2R) < p1 R. In this case

d(yX,HX) <6p1R.

Therefore there exists 7 € R such that Ah(y(t), H) < 6p1 R. Let us now look at y¥ . Two cases arise, we
have either yY (¢) € Sh(BZh(PZ)) or yY (1) ¢ Sh(BZh(PZ)).

In the first case, there exists y € HY such that y¥ (¢) € Vy. Furthermore Ah(y(t), H) < 6p1 R, hence
dy (yY (1), HY) = Ah(yY (t), HY) < 6p1 R and consequently dy (y¥, HY) < 6p; R. Which proves
d(y,H) <6p1R.

In the second case, when yY (¢) ¢ th( Py) by our claim (90) we have that the vertical geodesic
ray Vv () starting at yY (¢) intersect Y_j(p,) ina point y such that dy (y, S 1Y U SZY ) > Mp; R. Therefore

MpaR = 1(y) = 31(y") = 3(d(s1.y(1)) + d(y(1). 52))

2Mps R
> P2

> Mp2 R,

which is absurd, hence the second case when y¥ (¢) ¢ B’_’h (Py) does not occur. Therefore we always have
that y intersect the 6p; R-neighbourhood of H. O

Proof of Proposition 4.7 Let us be in the settings above. Let us assume by contradiction that D is
orientation reversing, which means that there exist ®X : X > Y’ and ®* : Y — X’ such that for all
(x,y) € B we have ®(x, y) = (®Y (), DX (x)).

For all p € X’ <Y’ such that duy (p, 5(H NU)) < p1 R there exists an element ¢ € H N U such that
da (p, ﬁ\)(q)) < p1 R. Therefore by the triangle inequality

de (p, ®(q)) < dwr (p, 6(q)) + dM/(a(q), ®(q)) Zk,c0a P1R+eR (by Theorem 4.5 since g € U)
Zk.c,< P1R (since € < p1).
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Hence there exists M (k, ¢, >) such that Nle(?(;(H NU)) CNup, r(®(H NU)). We show similarly
that, for j € {1, 2},

(93) Ny R(D(S; NU)) C Nigp, r(D(S; NT)).
Let M’ (><)) be the constant involved in Corollary 3.17. Then
W(Nkp ROP(H))) Sk e,a €0 R™ 1 (Nige 4o (B(H)))  (by Corollary 3.16)
<k c.a €SKPIRM (NG (H))  (by Lemma 3.18)
< PRI L (N (H)
=g 48kP1 Rm/uh(H)(/\/'M/(H)) (by the second part of Corollary 3.17)
<pa e48kp1Rm/uh(H)(NM0 (H)) (by the first part of Corollary 3.17).

Combined with point 3 of Lemma 4.8 we have

(—n\ P2 /
1L (N py R(P(H))) <pq e MM T RA8kPIRM ), 1 (S5

<pa e_(m_”)%zRe“SkplRm,uh(pz)(Sj NU) (thanks to Lemma 4.8(2))

< e—(m—n)%zRMh(Pz)(Nl (S;NU)) (since o1 < ;716;:, pz)
- e_(m_")%RpL(NM/(Sj NU)) (by Corollary 3.17)
< e ER Y (N jere (S NU)).

Hence, using Lemma 3.18 on N/ (S; N U),

1 (Nskp, R(P(H)))
<epa € T IR (N 11 (0(S; N DY)

P1
< e—(m—n)%RM(NMmR(aS(Sj N U))) (by inequality (93))
<k e—(m—n)%zReéMpl Rm/M(NM,(ﬁS(Sj N U))) (by Corollary 3.17)

< e_(m_")%RM(NmR(@(Sj nu)) (for R= ﬂ)

—m—-m?2 ~ ) m—n
<k.ca € (m—n)= R,u(NM/(q)(Sj N U))) (smce p1 =< Wﬁz)
=k c.pa e_(m_")%zR,uzAO (/\/M/(a(Sj NnU))N X;AO) (by the second part of Corollary 3.17),

where Zg := 5(P2). Since @ is orientation reversing, we can now apply Lemma 3.33 with 4; = 6(5 iNU),
0
E = Ngkp,r(®(H)) and Q = e(m=mF R \we have that

(V Nty (B(S; NU))) =.coa €™ FRy(V Ny (E)).
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Then, as pointed out below Lemma 3.26, we can apply it on a A; with V1 = VE. Hence let us take
U4; C Aj maximal for the inclusion such that

© Az (Uay) = (1= FRYL 2 (4));
e for all p € Uy;, most of the vertical geodesic in Dz, (p) do not intersect E.

By Property 3.23 we have
-~ _n)P2
Az (Nto (R(Sj NU))) =k e pa €T R (72 (Nt (E))).

Hence, by the definition of A7,
~ _e2
(94) 1z (Nato (D(Sj N U))) =g €70 Rz (n 2 (Wit (E))).

Let us define £’ := NM0($(Sj NU)\ Uya,). By the construction of Uyg;, E' N X}  is of almost full
measure in n;: (MM, (E)). Furthermore, by Theorem 4.5 6, is M eR-close to ® on U, hence we have
(similarly as in inequality (93)) that
Ny R(®THE") C Nty r(PT(E)).
Therefore
1,/ -1,/
(N ROPTHE))) 2k ea 1(Nbpy RIPT(E)))
<k cwa MPIRM L (N et (@T1(E")))  (by the first part of Corollary 3.17)
ke €MPIRM L (N(E))  (by Lemma 3.18)
=k .04 e6Mp1Rm;LZAO (Mumo(E"))  (by the second part of Corollary 3.17)
=k,eoa €M o (12 (Nago (E)))

<hea @ T ERSMoIRm - (\f (B(S; N U))) (b the definition of Uy,)

—(m—n)P2 . P2
<kewa € PTTER L by (Nag (S; N U)) (Slnce p1 < ﬂ)

< e TR by Wiy (5))-
Following the second conclusion of Lemma 4.8, there exists a constant M () such that A5 (p,)(S; NU€) <
MO32 X40p)(S)).
Next, we apply twice Lemma 3.24 for j = 1,2 with (Vq,n) = (NMO(SJ.X) X NMO(SJY),/,Lh(PZ)),
Vo =U¢ ﬂNle(a_l(E/)) and o := e(m_”)ll%R/Lh(pZ) + M63. Let us define
GV (p*) =" eV 1 (¥, p") e Vol
We have that

_m-n)2
W py (X € VE | 1Y py (GY (p%)))) = (1 — e~ MBR) LY (v,

Since e~("MFBR 1 Mo < %, there exists s1 € (S NU)\ ®1(E’) and 55 € (S, N U) \ d~1(E)
such that s}’ = s{ .
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Let us define §; := 5(3"]) for j € {1,2}. By construction we have §; € A;. Then VDyy,(5;)

. . . . . . AX/ AX/
contains almost only vertical geodesic segments which do not intersect E. Since §¥ = sgf , and

by Lemma 3.25, we can find two vertical geodesics vy € VD, (51) and v € VD, (52) which do
not intersect £ = Ngg,, p(®(H)), and such that vf( = vg. Since vf and vg meet (up to an additive
constant) at the height —Z¢ + %dy/(§ f/, §§ "), there exist M (8) such that the concatenation of v; and v,
is (1, M(8))-quasigeodesic linking §1 to §5.

Let us define y := ®~1(vy Uwvy). Then y is a (k, ¢ + M)-quasigeodesic. By [13, Lemma 2.1], there
exists a 2k-Lipschitz, (k,4(M + c))-quasi-geodesic y’ in the 2(M + ¢)-neighbourhood of y, linking
@ 1(31) to @7 1(52). Let us define 57 = ®1(31) and 55, = ®~1(3,). Because y’ is 2k-Lipschitz, and
since @1 is a (k, ¢)-quasi-isometry we have

(95) 1(y') < 2kdpe (51, 52) < k*dpa(s], s5) +c.

Furthermore, y’ does not intersect the %(71{,01 R — 2¢) — c-neighbourhood of H since ®~! is a quasi-
isometry. Moreover sJ/. and s; are ¢R close to each other, that is,

doa(s}.57) = doa(@71(D(57)). 57)
(96) < kd,xy(5(sj~), ®(s7)) Zk,ca R (since s; € U).
Consequently by the triangle inequality we get

doa(57.55) < dpa(57,51) + doa(51.52) + dia(52, 55)
97) =k,c,0a ER + dsq(s1,52)  (since 6_1(5]) el).

Furthermore sf = s%/ . Therefore by Theorem 1.11, with M = 15Cy we obtain
dpg(s1,52) <dx (le, sg() 4+ M <2p,R+ M (by the first point of Lemma 4.8).

Combined with inequalities (95) and (97) we get

M
1Y) Zk.e 2k%(2paR + M +2¢R) + ¢ Zk,epa P2R (for R > + C).
P2

For j €{1,2},lety; :=[s;. s}], by inequality (96) we have [ (y;) =0« €R. Hence the path y", constructed
as the concatenation of y1, y’ and y», is a path linking s1 € S to 53 € S7, of length /(y) <k .0« P2 R since
& < pa. Furthermore, by construction, y” does not intersect the 701 R—3c—2M &R > 6p1 R-neighbourhood
of H. This contradicts the fourth point of Lemma 4.8, therefore ® is orientation preserving. |

4.4 Factorisation of a quasi-isometry in big boxes

In Section 4.2 we proved that for all i € I, @, is close to a quasi-isometry product O, = (@X , ?(SIY) on
a set of almost full measure U; C B;. In this section we prove that @ is close to @ on all boxes at scale L
on a set of almost full measure. This is a step forward since this is true on all boxes at scale L and not
only a significant number of them.
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Theorem 4.9 For 0 < 0 =g . | there exists Lo(k,c,><,0) > 0 such that for all L > Lo and for
all box B at scale L, there exists M (k,c,><), U C B and a (k, M\/gL)—quasi-isometry product map
® = (OX, DY), with®X : X — X' and ®Y : Y — Y’, such that
(D) AU) = (1-6)A(B);
(2) doer (P17, D7) <o OL.

Let B be a box at scale L, leti € Ig and for all i € I let U; C B; be as in Theorem 4.5, where Uj is
the subset of 5; on which ® is close to a product map 51-. Let us denote by W C B the “good” set of B,

W .= I_I Ul' ,
i€lg
where “good” means the set on which @ is close to a product map on boxes at scale R. We introduce the

function P which quantifies the portion of a geodesic segment which is not in W.

Definition 4.10 Let y : [0, L] — X >« Y be a vertical geodesic segment of B. We denote the measure of
points in y N W€ by

(98) P(y) :=Leb(y ' (W°)).

The value of P(y) is related to y being e-monotone. The following lemma is mostly inspired from
Lemma 5.10 of [8].

Lemma 4.11 For0 < & < . 1q Vo =k,c.0a 1, there exists M (><, k, ¢) such that for all vertical geodesic
segments y : [0, L] — X <Y we have

P(y) < VOL = ®oy is M ~/6-monotone.

Proof Let %, €[0, L] such that h(cb()/(tl))) = h(CD()/(tz))) and such that t, > t;. Let us decompose
11, 2] into segments of length /6 R. Without loss of generality we can assume that t, —#; > /6 L. Let
us define N := |_(12 —tl)/\/gRJ, I; = [tl +ivOR, 11 + (i + 1)\/§R[ foranyi €{0,..., N —1} and
Iy = [tl + (N — 1)«/§R,tz]. We have

[f1.22] := || I;.

iC=

i
Then for all i € {0, ..., N} let us choose s; € I; such that y(s;) € W if possible, and any s; € I; otherwise.
Let us denote by J the set of odd indexes in {0, ..., N}. We split J into the sets

Jo:={j €J|y(s;j) and y(s;42) are both in the same box and in W };

Ji:={j €J|y(s;) and y(s;4+1) are in different boxes};

Ji:={j €J|y(sj+1) and y(sj42) are in different boxes};

J={jeJ|;cWY

J3i={j € | 112 C WE.
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‘We claim that
J =J0|_|(J1UJ1/UJQU12/).

To prove it, one can see that two cases arise when an odd index j is not in Jo. The first case is when
y(s;) and y(s; + 2) are not in the same box, which leads to the fact that either j € J; or j € J{. The
second case happens when y(s;) or y(s; +2) are not in W, which leads to either I; C W€ or I o C W€.
Therefore, we proved that an odd index is either in Jg orin J; U J 1’ UuJo U J2’.

We have that P(y) < +/0L, hence #J, < % = % and similarly #J5 < %. Furthermore there are

less than % boxes intersecting y, therefore #J; < % < % and #Jl’ < %, hence

Ip—1 _4 £

2VOR R

We see that the “good” indexes are in majority compared to the “bad” indexes. We now use that fact to
prove that |, — 11| is smaller than /0 L. Let us define ¢ (1) := ho ® o y(¢) for all 7 € [0, L]. We assume
that N is odd, the case where N is even is treated identically. By assumption g (¢1) = ¢(¢») therefore

0=q(t2) —q(11) = q(t2) —q(sn) + > _(q(si+2) —q(s1) +q(s1) — q(11)
ieJ

99) =g —qln)+ Y (qsit2) —q@))+ Y (qsiva) —q(si) +q(s1) —q(n1).

ieJy ieJ\Jo

#JLUJ{UJLUJ, L. = / /
1UJUJ; 2)§4§, #Jo=#J —#(J1UJ,UJLUJy) >

However we proved that #Jy is much bigger than #(J \ Jo), and for any i € Jo, q(si+2) —q(s;) is a
positive number by the upward orientation of the quasi-isometry on W. Therefore we will show that
|t1 — 22| must be small for this equality to hold. First, we have to consider that, Vi € {0, ..., N},

I(Ii41) < Isi = Siv2l SIUD) +1UTi41) +1UTi42) = VOR < |si —si42| <3VOR
= 1q(s1) —q(si+2)| Sk VOR.

Hence for all i € J \ Jo we have ¢(s;+2) —q(8i) Zk,c,« —+/0R. Furthermore for all i € Jo, s; and ;42
are in the same box and in W, therefore by Corollary 2.7, there exists M (k, ¢, ><) such that

4(5i+2) —4(s0) = lsi —5i42] ~ MoR = e VER (since VB = 2Mc).
Combined with equality (99)
0> k.cpa VOREIg— VORI, UJ] U UJS) = |t —11] — VOL.
Hence [t2 —11] 2k ¢« V0L, which proves that there exists M (k, ¢, ><) such that y is M +/6-monotone. O

Let M be the constant involved in Lemma 4.11, let 6’ = 676 and let & := 2M /0. We now show
that almost all vertical geodesic segments of boxes at scale L have &’-monotone images under ®.

Let us denote by VEB C V15 the set of vertical geodesic segments of V' B whose image by & are
¢’-monotone.
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Lemma 4.12 For L > . 4 % and for any box B at scale L we have that
(100) n(VEB) = (1—032)(V B).

Proof Lemma 4.11 tells us that P(y) > +/0L for all y € V?B. Computing the measure A of W¢,
L L
AWE) = [ Az(WF)dz =xpq / n(Ve(Wf))dz (by Property 3.23)
0 0

L L
(101)  =pq / /V Ly, owey(y)dn(y) dz <pq /V / ly,wey(y)dzdn(y) (by Fubini’s theorem).
o Jvs BJo

However we have
0 ifzey L(W),

102 1y ey (y) =
(102) Vs ) (v) {1 ifz eyl (WO).

Therefore 1y, wey(y) = 1,-1(we)(2). With inequality (101) it gives us

L L
AWE) =xpq /VB/O 1y—1(Wc)(Z)dZdn(y)Z/Vbe0 1,1 (wey(z)dzdn(y) (since VB C VB)
a0 = [ Lo am = [ perao.
VbR VbR

Let us assume by contradiction that n(V&B) < (1 — \/@)U(VB), hence we have n(V2B) > v0'n(V B).
Therefore by inequality (103)

AWE) = n(VEB)VO'L > VOn(VB)VE'L
=5q 0'A(B),

which contradicts the first conclusion of Theorem 4.9 for 6 < . q 1. O

As in Section 4.2, we deduce that, in boxes which have almost only vertical geodesic segment with
2M +/6’-monotone image, ® is close to a product map. Let us define &’ := 2M 076 and 0/ :=2M 675,
Then for 0 < 6" <j ¢ 5 1 we have that 8’ < &’ < /0.

Proof of Theorem 4.9 The proof is similar to Theorem 4.5. Lemma 4.12 plays the role of the second
conclusion of Proposition 4.3, with ¢ instead of ¢. In a box at scale L, almost all vertical geodesic
segment have &¢’-monotone image by ®.

Then, because &' =g ¢ < V6, Lemma 4.4 provides us with a dominant orientation. In combination
with Lemma 3.26, we get Lemma 4.6, which provides us with the vertical quadrilateral.

Afterwards, we make use of them, as in the proof of Theorem 4.5, to construct the quasi-isometry
product ®. In a box at scale R, the upper-bound ¢R on the distance between ® and ® is achieved since
6’ < ¢, and in our box at scale L, it is achieved since 8’ < ¢’.

Finally, the exponents on 6 of Theorem 4.9 can be removed since we can fix 6, then do the proof with
a parameter 6 = 63, then replace 0 by 63. a
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This is a step forward since now, Theorem 4.9 holds for all boxes at scale L, and not only a significant
proportion of boxes at scale R.

4.5 A quasi-isometry quasi-respects the height

Let p,q € X <Y be such that h(p) = h(g). In this section we aim to prove the following theorem,
which estimates the difference of height between the images of p and ¢ under .

Theorem 4.13 For 0 < 6 =<y . 1, there exists M (k, c,><, ) (here M depends also on 0) such that for
all p and g in X ><Y with h(p) = h(q) we have

(104) AR(P(p), P(q)) < 0dwa(p.q) + M.

By the previous section, we know that in a box of a sufficiently large scale, the quasi-isometry @ is
(on a set of almost full measure) close to a product map. We first show that this product map is coarsely
an homothety along the height function.

Let Lo be the constant of Theorem 4.9, let L > L and let B be a box at scale L. Let us define
ht :=sup{h(p) | p € B} and h™ :=inf{h(p) | p € B}. Let & := (X, dY): X Y — X' Y’ be the
corresponding product map of Theorem 4.9.

Lemma 4.14 Leta € B+ and b € By~ be two points of B, one on its top part and one on its bottom part.
Then we have both

‘Ah@(ax b))~ L| <pepm O3 L:

‘Ah@(a), (b)) - nﬁL' <icpa O3 L.

Proof Let U C B be the set involved in Theorem 4.9. We recall that A(U) > (1 — 6)A(B) and that for
all p € U, we have dpy (D(p), 5( D)) Zpak,c OL. Since the measure A identically weights the level sets
of B, by a Markov inequality there exists zt € [hT — Q%L, htlandz~ e[h™,h~ + Q%L] such that

Aot (Upt) = (1= 02)A,4 (B,1);
1
A= (U;=) > (1—602)A,—(B;-).
By the definition of A,+ we have that

%/’Lz‘f‘ (Bz+) = /'Lz+(Uz+) = :u“z"'(Bz‘f‘)-

nLe(m—n)IhJr

ot . .
Furthermore p,+(B,+) <pa € 2"l since we went down by a height |h+ — zF| in the box.

Therefore

1
enLe(m—n)Q 2L fk,c,lx] M+ (Nkc‘-l-c (Uz+))

Furthermore, B, + resembles a rectangle of width 2|4 —z | in X and 2(L — | —z*"|) in Y, hence

1 1
nL ,(m-m62 L 1 nL ,2(m-n)62 L

Y Y
1 +(Nkc+c(U +) Zkea € Zkea €
z z Mf-i- (Bf-i-)
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By Lemma 3.18, and since @ is close to ® on U, we deduce
1 -
(105) Mt 2nTmOTL < e 1 (NH(@U]))).

Let A>0be |h(6(UZ+))—h(a(Uz—))|. Forall p € U, + there exists a vertical geodesic V), of #-monotone
image under ® passing close to p. Furthermore, dy(VpY (z7), UZY_) < 207 L since Bf_ has a relatively
small diameter. Therefore, all vertical geodesics starting at A/ (6Y (UZY+)) intersect NM@ J L@Y U ZY_)).
Hence we have that

/\/1 (aSY(UZY+)) C nh(@(Uz.;.)) (NMQ%L(?(SY(UZY—)))-

Therefore
Y’ Y Y Y’ ~y .y
Skepa A0V Ny (@Y (UD))
’ 7 l / ~
<kepae” Agn MGZL/LY (Nl (@Y(UZ}:))) (by Corollary 3.16)
en’Aen/Me%Lee%L

=k, (because Bf_has small ;& measure)

1
7 /7 5
= " Aen (M+1)02L.

Combined with inequality (105) we obtain

1 1
_ 5 ’ ’ 5
enLeZ(m n)62 L <k o Aen (M+1)02L’

— R0,

1
. . . / 972 . .
which provides us with e Sk e” AeM'02L \where M’ is a constant depending on k, ¢, < and ><'.

Then there exists M” (k, ¢, <, ><") such that by taking the logarithm we get
nL<n'A+M"93L.

Similarly, we do the same proof on ®~1, on the box of height A containing 5(UZ+ UU;-) which provides
us with

WA<nL+M"03L,

1 . .
Therefore |A — §L| <k.c.0a 02 L. To obtain the same results with the constants m and m’, we focus on
the sets U X; and U;X instead of U Y+ and UYL O
z z

As a corollary we obtain a first quasi-isometry invariant for horospherical products.

Proposition 4.15 If X >aY and X' >< Y’ are quasi-isometric, then * = 'ZZ—//
Proof By Lemma 4.14, and by the triangle inequality we have that ‘% — | Dkoepa % for all L > Ly.
Therefore, 7 = >, hence 7t = 7. O
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Lemma4.16 Let0 <6 <x g 1. Let p:= (pX. pY).q = (q%:q¥) € X >xY such that duy(p.q) > L2
and such that p¥ = ¢Y¥ (hence h(p) = h(q)). Then we have

AR(D(p), D)) Zk.c.o0 0 2dsa(p. q).

Proof Let B be a box of scale L = dyq(p, q), such that p and g are contained in its bottom part. Let
VPX € VBX be the vertical geodesic segment of X of length L starting at p. We apply Proposition 4.3
on VpX <1 BY (as a box of an embedded copy of Re<Y inside X t<Y) with rg = Lo and L > L%. We
obtain that there exists R > Lo, a box tiling BU | J;<; B; of boxes at scale R and /g C I such that

(1) /\(Uielg Bi) > (1 —-0)A(B) (boxes indexed by I cover almost all B);

(2) Vi elg, "J;F(‘;,blf ")) < 0 (almost all vertical geodesic segments in 53; have e-monotone image),

where 1; := nyp;. In this setting, we have that V3; := {(VPX, VY| vY e VBI.Y}, hence most vertical
geodesics in Bl.Y are a good vertical geodesic of B; when coupled with a portion of VPX .
Let us define J := {0, ceey % — 1} and for all j € J let us define p]X = VPX (jR). Then we have

X .
Vp (]R): U[p] ’p]-}-l]
jeJ

Since the measure of the good boxes cover almost all B, and because the measure A equally weights
the level sets, by a Markov inequality argument there exists Jg C J such that for all j € Jg, B[ ;r;(j+1)R]
is almost entirely covered by boxes of /. Therefore, again by Markov inequality argument, there exists
W, C VY B such that

(1) n(Wp) = (1= 02)(VY B);
(2) VVY € Wp and Vj € Jg we have VY ([—(j + DR; —jR]) € U s, VEBY .

Let VY € W), forall j € J let us define p; := (V¥ (jR). V¥ (—jR)). By Lemma 4.14, for all j € J,
~ ~ m 1
(106) AR(®(pj), @(pj+1)) — R S 02 R.

For all j € Jg, let us denote by B; the box at scale R containing [p;; p;+1]. By the choice of R, we have
that most vertical geodesic segments of B}/ have 6-monotone image when coupled with [p¥; pJXH].

Furthermore B; contains almost only good vertical geodesic segments, therefore, there exists v € V& 3;
such that ([p] ,p]H] oY) e V&B; and such that (v¥, [pJ p]H]) € VgB, Therefore there exists a
good coarse vertical quadrllateral containing p; and p; 41, hence d(®(p;), dD( Pi)) =k,c.0a OR. Similarly
we have d(®(pj+1), <I>(pj+1)) =k,c,~ UR. Hence combined with inequality (106) we get

m 1
AR(@(p)). ®(pj41) = - R| Zpcpa O R.
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Therefore by the triangle inequality, there exists M (k, ¢, 1) and M’ (k, ¢, ><) such that

L
AR(®(po). D(pr_) < D Ah(®(p)), D(pj+1))
j=0
< Y AR@(p). P(pi+ 1))+ Y. AR(®(p)). D(pj+1))
J€Jg JE€I\Jg

<#Jg( R +M92R) +#(J \Jg)(kR +c¢)
L(m 1 L
<—|—R+M0H2R 60— (kR
_R(m’ + )+ R( +¢)
<2 L+MeiL.
m
Similarly we have Ah(P(po), <I>(p1Le_1)) > NL—M 93 L. By doing the same reasoning on ¢ we have
that for all V¥ e Wy, {Ah(@(qo) dD(qL 1)) — L‘ =k,c,p< 92L where g; = (VX(]R) VY (—jR)).
Furthermore W, N W, is nonempty for 9 > < =k.c, 1, then let VY e Wy N W,. Without loss of generality
we can assume that ®(p) > ®(¢). We have

AR(®(p), ®(q)) = h((p))=h(P(po)) +h(P(po)) =1 (P(pL_,)) +h(P(pL_;))
—h(®(gL_)+h(P(gL_))=1(P(qo)) +h(D(q0))—h(P(q))
=k (P o) = L+ MO2 Ltdo(pyy 1 )+ L+ MO L+dsa(q.0)

1
5k,c,l><1 dbd(p,pO)+dl><1(p%_1»(]%_1)+d|><1(q,CI0)+292L

However dis(p, po) < My since they share the same X coordinate and because the top part of BY as a
diameter of at most My, similarly dw(g. o) < M. By construction p¥ L= =q¥ L_p furthermore the top
part of BX has a diameter of at most My, hence

dN(p%_la q%—l) S MO-
Finally we obtain
1 1
AR(®(p), ®(q)) Zk,ea 2L = 02d5a(p. q). O

Corollary 4.17 Any vertical geodesic ray V of X 1Y satisfies, for allty,t; € R,
]’l(q) o V([l)) = h(q) o V(lz)) i |l‘1 —Zz| fk,c,lxl 1.

Proof Suppose V is a vertical geodesic segment parametrised by arclength. Suppose 0 < ¢ < ¢, are such
that h(®(V(t1))) = h(P(V(12))). We apply Theorem 4.13 on ®~! with p = ®(V(11)), ¢ = ®(V(12)),
where 6 is here fixed and depends only on k, ¢ and the metric measured space (X <Y, dq). Hence there
exists M(k, ¢,><) > 0 such that

(107) ARV (1), V(1)) Zg.ea 02|11 — 12| + M.
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However Ah(V(t1), V(t2)) = |t1 —t2|, hence
1
(1=02)[t1 —12] g e 1.

. 1
Therefore [f1 — 12| g ¢, 1 since 02 < 3. m|

=

This is stronger than being e-monotone since it holds for all ¢, t, € R.

4.6 Factorisation of a quasi-isometry on the whole space

Finally, we provide the proof of Theorem 4.1, which states that ® is close to a product map ® on the
whole space X >< Y.

Proof of Theorem 4.1 We first pick an arbitrary vertical geodesic VOX of X and an arbitrary vertical
geodesic VOY of Y. Then we work with the two embedded copies Xo := X < VOY and Yp := VOX >y

of Xand Y in X > Y. Let p € X <Y, there exist a unique a € Xo and a unique b € Yy such that

pX =aX and p¥ = bY. We can construct a coarse vertical quadrilateral Q containing p and a as in

Lemma 4.6. Thanks to Corollary 4.17, we know that ®(Q) is in the M (k, ¢, ><1)-neighbourhood of a
coarse vertical quadrilateral Q’ on which we use Proposition 2.11. This gives us

(108) dx (@(p)X, (@) X) < e 1
(109) AR(@(p)X', D(@)X) <p e 1.

Similarly we have dy/(®(p)Y", ®(b)Y') < c.0« 1. Let us define
B x> X, xe d(x VT (—h(x) ¥
By rewriting inequality (108) we have
;7 ~ ;o 4 X/
dx (®(p)*', @* (p¥)) = dx (®(p)*", ¥ (a¥)) = dy (P(p)X, @(a™, V) (=h(@¥)))™)
= dy (@)X 2@)F) =g e 1.
.. .2y . X Y’
Similarly by defining ®* := CD(VO (—h(y)), y) forall y € Y, we have
(110) dy (@(p)". & (p")) Zkepa 1.

The last problem is that given a point p, the heights of X (pX) and 6}’( pY) may differ. As in the proof
of Theorem 4.5, inequality (109) guarantees that they are sufficiently close, which allows us to chose X
and ®Y such that ® := (6X , 6Y) is a well-defined product map on X >< Y. Then we have

Aot (O(P), D(P)) =k I
AR(D(p), D(p)) <k e 1.
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We now prove that X and ®X are quasi-isometries. Let x, x” € X, then
dy (DX (x), X (x'))
<tea A (@(x, Vi (=) @ VY (=h () ™)
< doer (O(x, Vg (—=h(x))), D(x", V¥ (—h(x))))
< kdoa((x, Vg (=h(x))). (x". Vo' (=h(x'))) +¢
<kdy (x,x") +kdy (V§ (=h(x)), V& (=h(x))) + ¢ + M(k,c,><t) (by Theorem 1.11)
<kdx(x,x")+ Ah(x,x"Y+c+ M < (k+ 1)dx(x,x")+c+ M.

Similarly, and because dp > M,

dy (DX (x), ¥ (')
= dy (®(x. V¥ (—h(x) " o V¥ (~h(x')) )
> 2o (O(x. VY (=h(x))). D(x'. VE (—h(x')))) = dy(®(x. VT (=h () (" V¥ (=h(x'))")
> %dx (x,x") —c —dy (DY (V¥ (=h(x))), ®¥ (V¥ (=h(x)))) —2M  (by the triangle inequality)
> %dx(x, x')—c—2M.

The proof that Y isa quasi-isometry is similar. O

5 Some solvable Lie groups as horospherical products

In this chapter, we provide a characterisation of the quasi-isometry group of the horospherical product of
two Heintze groups. See Theorem 5.13 for the precise description.

5.1 Admissibility of Heintze groups

In this section we show that a Heintze group satisfies the conditions required to apply our main rigidity
result Theorem 4.1.

Definition 5.1 (Heintze group) A Heintze group is a solvable Lie group S = N x4 R where N is a
connected, simply connected, nilpotent Lie group, and A is a derivation of Lie(/N) whose eigenvalues all
have positive real parts.

Heintze [16] obtained that any negatively curved homogeneous manifold is isometric to a Heintze
group.

Remark 5.2 A Heintze group admits a left-invariant metric with strictly negative sectional curvature;
see [16] for further details. From now on we fix g a left-invariant metric on N x4 R with maximal
sectional curvature —1. Since N x4 R is simply connected, it is a CAT(—1)-space.
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From now on we fix the metric g such that § = N x4 R is a CAT(—1) space. Therefore S is
a 8-hyperbolic, Busemann, proper, geodesically complete metric space. Moreover, we show that S
satisfies all three assumptions of Definition 3.1. The assumption (E1) holds thanks to the decomposition
S = N x4 R. We have for all (n,z) € N x4 R, g(».z) = exp(—zA)(gn)n exp(—zA)' & dz2, where gy
is the restriction of g to the Lie algebra of N. Let us denote by g, := exp(—zA)gn exp(—zA)" a left
invariant metric on N, then let us denote by u := j1, the measure on S induced by g and by p, := g,
the measure on N induced by g,. Then for all measurable subset U C S we have

p)i= 1002 dugnn = [ [ 10602 du 0 a:
= /Mz(Uz)dZ,
R

where U, :={n e N | (n,z) € U}. Assumption (E2) holds with constant My = 1 since g, . is left-invariant,
and assumption (E3) arises from the fact that det(g;) = exp(—2z - tr(A)) det(g). Therefore, any Heintze
group is an admissible horopointed space. Let us define S1 := Nj x4, R and S3 := N; x4, R, then

Sl l><152 = (N1 X Nz) Xy R,
with A the matrix diag(41, —A>2). Similarly let us denote by S| := N{ x4, R and S, =N, x4, R two
Heintze groups, with N{, N, being two simply connected nilpotent Lie groups and A}, A’, being two
derivations.
5.2 Precision on the components of the product map
We first refine Theorem 4.1 for Heintze groups.

Remark 5.3 For any vertical geodesics V of (N1 x N3) x4 R there exist n; € Ny, ny € N, and an
arclength parametrisation of V' such that V(¢) = (ny,nz,t).

Let @: (N1 xN2)xgR — (N{xNj)xaRbea (k, c)-quasi-isometry. Let us assume that tr(A) > tr(A45)
and that tr(A4}) > tr(A}). By Theorem 4.1 there exist d,: 5 — S1 and Dy: S, —> S such that

doa(®, (D1, B2)) <k c5a .

Lemma 5.4 Leti € {1,2}. Then for any vertical geodesic V € S;, there exists a vertical geodesic V' € S j/
such that

duie(Di (V), V') <o 1.

This lemma also holds for any horospherical product where our main result, the geometric rigidity,
applies.

Proof Since S; = N; x4, R is a Gromov hyperbolic space, there exists M (k, ¢, ><) such that the image
of a vertical geodesic by 5,- is in a M -neighbourhood of a geodesic y of S. By Corollary 4.17 y is a
vertical geodesic, hence for V' := y we have dug(®; (V), V) <k.epa 1. |
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Let n € N; and let us denote by V;, the vertical geodesic V;, : R — S;; ¢t +— (n,¢). By Lemma 5.4 there
exists a vertical geodesic V,, such that

(111) dri(Bi (V). Vi) Sk 1.
Furthermore V) is unique since it is an infinite geodesic of the Heintze group S;. We define a map
;i N; = N/ as
(112) W;(n) = P(V,(0)) forall neN;,
where P : N/ x4; R — N/ is the natural projection on N;.
The goal of this subsection is to prove the following theorem.

Theorem 5.5 There exists tyg € R such that for the aforementioned V; we have
tr(Al) .
dea| @, | 1, ¥, ——=id /1 < 1.
><1( ( b2 tr(A/l)1 R O)) e

w(A1) o t(Ao)
tr(A’i) by tr(Ai)

Lemma 5.6 Leti € {1,2}. There exists f; : R — R such that, for all (n,t) € S;,
ds, (i (n.1), (Vi (n). fi (1)) Sk 1.

Proof Let /i :R—>R;t+— h(ﬁsi (en;,1)). Then by Theorem 4.1 we have that h(@i (n,1)) = fi(t) for
all n € N;. Therefore by the definition of ¥; we have (¥; (n), f;(t)) =V, (fi(¢)). Hence

(113) ds/(®i(n,1), (Wi (n), £i(1))) = dg(®i(n,1), Vi (fi (1))

However by inequality (111), there exists s; € R such that

We can replace thanks to Proposition 4.15. We first show @ and ; are related.

(114) ds/(®;(n,1), Vy(50)) Zkcs 1.
Furthermore we know that
(115) 1= g epa A (Ri(n,1), Vi (50)) = AR(®i (1, 1), Viy(s2)) = | fi (1) = s¢].
Therefore
ds/ (i (n,1), Vi (fi(1)))
<dg/(Di(n,1), Vy(s0) +dsr(Va(s0), Vi (fi (1)) (by the triangle inequality)
= dS[((ai (n,1),V,(s¢)) + | fi(t) = s¢] <kena ] (by inequalities (114) and (115)).
Combined with equality (113) it provides us with dSlg (61 (n,t), (V;(n), fi(t))) =k,epa L. m]

Corollary 5.7 (quasi-isometries quasi-preserve the horosphere volume) Lett € R, r > 0 andn € N;.
Then the map ;= (Y;, fi) quasi-preserves the volume of any disk D := D,(n,t):

1 (D) =kea 117y (N1 (D1 (D))
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Proof By Lemma 5.6, there exists M (k, ¢, <) such that CTDi is M -close to @. Therefore, there exist k/, ¢’
depending only on k, ¢ and S7 <S5 such that d; isa (k’, ¢")-quasi-isometry.
We first pick a 2k’(c’ + 1)-maximal separating set Z of D. Then ®;(Z) is such that

(1) the disks D;(p) with p € ®, (Z) are pairwise disjoint;
2 Upes, z) P1(p) CNUPi (D)) C U, e, (z) Dakrk/ (e +1)+e4+1(P)-
Furthermore by Lemma 3.2, we have, V(n,t) € Z,

17 (Drrer 1) (1,1)) =k 0 1=k e o 117 (Dakrierr1y (1),

Hence p;’ (D) < ¢ #Z. Furthermore, by Lemma 3.2 we also have, V(n,1) € Z,

S/ S’/
1 0y (D1(®i (1,1))) <o pa 1 =k pa K7 () (D2kr ke e+ 1) +e41(Pi (1))
Therefore

S; S; =
My (D) =k,c,> #Z =k,c, > /foi ) (Nl (CI),-(D))). o

Lemma 5.8 (quasi-isometries quasi-translate the height) Let f; : R — R be the function involved in
Lemma 5.6. Then, forallt € R,

tr(A41)
tr(A))

t=(fi(@) = fi(0)| Zkepa 1.

Proof We recall that for all # € R, we have f;(¢) := h(ﬁsi (en;.t)). Letn € N;, r > 0,1 € R, and let us
define U C N; such that D, (n,0) = (U, 0). Then we have

(116) uS (U, 0) = 2 A5, p),
However @; (U, 0) = (¥; (U), £;(0)) and ®; (U, 1) = (¥;(U), f;(t)). Therefore

13 0y N (@1 (U, 0))) = 113! ) (N1 (W1 (D), £5(0))

(ADF (D) — F: S;
— 2u(Ap(fi () f[(O))/Lfi(t)(Nl (Y, (U), fz(f)))

NCF () — £ A =~
(117) — 2u(Ap(fi () f,(O))Mfi o (N1(®; (U, 1))).
Furthermore by Corollary 5.7 we have
S; S; F
Mo (U.0) =k,c,pa Mfi (0) (Nl (®; (U, 0)))§

S; S; &
My (U, l) =k, e, /J«fl(t) (Nl (q>l (U’ t)))
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In combination with equalities (116) and (117), it provides us with

SHU.0) = 24D 1 (U, 1) e A T (N (B3 (U.1)))
o2 tr(Ait ;2 (A7) (fi (0)— fz(l)) S (Nl (q; (U, 0)))
2tr(A )t 2tr(A )(fi (0)— f,(t)) Sz (U 0)

=k,cp< €
Hence we have e2(4i)? = ke 2 AN i =1 () | which, composed with the logarithm, gives us
tr(A1)
118 —(fi®)— fi(0)| = 1. d
(118) wt)! ~ 0= i) Skeom

Corollary 5.9 There exists to € R such that, fori € {1,2} and for all (n,t) € N; xR,

dSl- (61 (n,t), (‘-I’i (n), tll:Ej};[ + IO)) =k,c,> 1.
1

Proof The proof is a direct application of Lemmas 5.6 and 5.8 by taking o := f; (0). |
In this corollary 7y depends on ®.

Proof of Theorem 5.5 Using Corollary 5.9 on N; and N, provides us with Theorem 5.5. a

5.3 Hamenstiadt distance and product maps of bilipschitz maps

As presented in [6, Section 5.3], the parabolic visual boundary of N; xR may be identified with the Lie
group N; endowed with the following A;-homogeneous Hamenstidt distance.

Definition 5.10 (Hamenstidt distance) For any n, m € N;, we define their Hamenstédt distance as
. _1 g _ _ _
dn; a;, 5 (n,m) ;= exp( 2S_l)uJPoo(Zs ANy, R((, —5), (m, 5))))-

We might omit A; and N; in the notation. We denote by Bilip(/V) the group of bilipschitz maps of N
for the Hamenstédt distance. It is defined as

Bilip(N;) :={W¥: (N;,dg) — (N;,dg) | 3k > 1, W is a (k, 0)-quasi-isometry}.

This is indeed a distance when the left invariant metric g is normalised so that R x4, N; is a CAT(—1)
space.

Two quasi-isometries ® and @’ are said to be equivalent when they are at finite distance from each
other:

O~ D = supdu(P(x),d'(x)) < +o00.
X

In this section we prove the following characterisation of the quasi-isometry group of the product
S1a8, = (N1 XN2) x4 R.
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Theorem 5.11 Let N; x4, R and N> x4, R be two Heintze group such that tr(A1) # tr(Ay), let
® € QI((N1 X N2) x4 R) and let V1, V5 be as in Theorem 5.5. Then we have the isomorphism

f :QI((N1 x Np) xy R)/~ — Bilip(N) x Bilip(N3), P+ (Vq, Vs).
This distance is related to the height divergence of vertical geodesics in the following way.
Lemma 5.12 (extended backward lemma) Letn,m € N;,letV :t+> (n,t) andlet W : t — (m,t). Then
dp (1,m) = c o €xp(hpis (V. W)).
See Corollary 1.4 for the definition of Apiy, (V, W).

Proof By Corollary 1.4 there exists a height Ap;y(V, W) € R such that V and W diverge from each
other at the height Ap;, (V, W). Hence there exists M (k, ¢, <) such that, for all s; < sy < hpy(V, W),

d(V(s2), W(s2)) =M <ds,(V(s1), W(s1)) + 2|52 — 51| < ds; (V(s2), W(s2)) + M.
Therefore
(119) exp(ds, (V(s1), W(s1)) + 2|52 — s1]) Xk.c.0« exp(ds; (V(s2). W(s2))).
Let us define kg := hpiy(V, W). Then we can compute the Hamenstédt distance dg (n, m):
— N O H _ — —
dig(n.m) = exp(~4 lim (25 —ds, (V(=s). W(=s)))
=k.c.0a €Xp(—32 S_l)il}rloo(2s —ds; (V(ho), W(ho)) — (2ho +2s)))  (by inequality (119))
=k €Xp(—2 s_ljflloo(—dsi (V(ho). W(ho)) — 2ho))
ds.(V(ho), W(h ds. (V(h h
_ exp( s; (V(ho), W(ho)) L ho) _ exp( s; (V(ho), W( 0))) exp(io)

2 2
=k,c.0a €Xp(ho)  (by definition of Apiy (V, W)). O

We show that the aforementioned maps ¥; are bilipschitz.

Theorem 5.13 Let W; be the map of Theorem 5.5. Then V; is a bilipschitz homeomorphism either from
(N;. dp) to (N, (dgr) "0/ AD) or from (N;. (dpr)"™D/“AD) to (N/. dr).

Proof Letn,me N;andletV :¢t+ (n,t) and W : ¢ — (m,t) be two vertical geodesics of N; x4, R.

Let us define Ag := ggﬁ};
1

. By Lemma 5.12 we have
dH (fl, m) =k,c,> exp(hDiV(Vv W))
Since ®; := (¥;, Aoidg + #9) is a (k/, ¢’)-quasi-isometry, we have

(1) ds, (Wi (n), Aohpiv (V. W) + to), (¥; (m), ohpiy (V. W) +10)) Xk ,c.0a 1
(2) Vs > hpiy(V, W), ds; (i (n), Aos + t0), (¥; (m), Aos + 10)) <k,c.0a 1.
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Furthermore, for all n € N;, &Di(Vn) = Vg, (n) hence &)i(Vn) is a vertical geodesics of S;. Then there
exists M(k, ¢, <) such that

(Rohpiv(V. W) +10) = M < hpiy(®; (V), &:(W)) = (Aohpiv(V. W) +10) + M.
Consequently Lemma 5.12 provides us with

dig (Vi (n), W; (M) <k .00 €Xphoie(Va, (n)s W, (m))) = exp(hpin(D; (V), D; (W)
Xk,c,a €Xp(to) exp(Aohpiv(V, W))
=k, e« €Xpllo)(dy (n, m))**  (by Lemma 5.12).
Here 7o depends only on ®. Furthermore, if A9 < 1, (dg)?° is still a distance by concavity. Hence,

depending on the value of A, either W; : (N;,dp) — (N, (di)*0) or U; : (N, (d)0) — (N/.dm) is
a bilipschitz map. a

We now focuses on self quasi-isometries of (N1 x Np) x4 R.

Proof of Theorem 5.11: Let W, W, be as in Theorem 5.5, and let f be the map
f 1 QI((Ny x N3) x4 R)/~ — Bilip(Ny) x Bilip(N32), P+ (¥, Vs).

We first show that this application is well defined. Let ®, ®" € QI((N; x N2) x4 R) be such that & ~ @/,
which means that dpq(®, ) =g ¢ 0a 1.
By Theorems 5.5 and 5.13, there exist V;, \Ill/ € Bilip(¥;) such that

(1) d(®v (\I]19 \IJZ, ldR)) 5k,C,[>< 17
(2) f(P) = (Y1, ¥2);
(3) d(P', (¥}, V), idR)) =<k.c.0q I
@) f(@) = (V].¥3).
By the definition of W; and ¥/, for all n € N we have
Wi(n) = P(V(0)):
Wi(n) = P(V,/(0)).
where V) is the unique vertical geodesic close to @(Vn) and V,/ the unique vertical geodesic close
to 35; (V). However ® ~ @', then ®; (V;,) and 5;(1/,1) are M -close to each other for some M (k, ¢, ),
therefore dus(V,,, V,') =<k.c.« 1. However these vertical geodesics are unique, then V,, = V. Conse-
quently, W; (n) = W/ (n), hence W; = W/, therefore f is well defined.

Let us now prove that f is injective. Let ® and @’ be two quasi-isometries of (N7 x N3) x4 R such
that f(®) = f(®’). Then by Theorem 5.5 and by the triangle inequality

doa(®, V') < doa( @, (¥1, W2,1dR)) + doa((¥1, W2,1dR). D) =g e 00,0, 1.
Hence ® ~ @', which proves that f is injective.

Algebraic € Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 951

Let W; € Bilip(N;, dg ), our goal is to show that (¥;,idR) is a quasi-isometry of (N; x4 R, ds;). Let
(n,ty),(m,ty) € S;. By Lemma 5.12 applied on n and m, there exists a constant M (k, ¢, ><) such that
(120) In(dp (n,m)) =M < hpiy(Vn, Vi) < In(dg (n,m)) + M.

Similarly, by Lemma 5.12 applied on W; (rn) and ¥; (m),
(121) In(dp (Vi (n), V;(m))) — M < hoiy(Va, (), Vo, (my) < In(da (Y (n), ¥ (m))) + M.
We know that W; € Bilip(N;, dg) hence dg (n, m) < dg (V; (n), ¥; (m)). Therefore by inequalities (120)
and (121) we have
(122) |hpiv (Vi Vin) = hoiv(V, () Ve m))| 2 1.
Moreover by Lemma 1.3 we can characterise the distance between two points thanks to the height of
divergence of their associated vertical geodesics. Let us denote /1o = hpiy(Vy, Vin). By inequality (122)
and by Lemma 1.3, if &9 > max(¢,, t,,) we have both
s, (1. 1a)., (m. 1)) = (Jtm = hol + ltn = ho])| = 1:
|ds; (Vi (1), 1n), (Wi (m), 1)) = (|tm — ho| + |tn — ho])| <5 1.

Consequently by the triangle inequality there exists M(8) such that

ds; ((n,t), (m,tm)) = M < ds, (Wi (n), tu), (¥; (M), tm)) < ds, (1, tn), (M, tm)) + M.
Similarly, if Ao < max(t,, t,,) we have both
|ds; (1, 1), (m, tm)) = (|tm — ta])| <5 15
|ds; (i (1), tw), (B; (M), tm)) = ({tm — tu)| =5 1.

Hence again

dS[ ((nv tn)’ (m, tm)) -M < dS,' ((\Ijl (n)v tn)’ (‘Ill (I’H), tm)) = dS,‘ ((l’l, [n)v (m’ tm)) + M.

Therefore (¥;,idRr) is a (1, M)-quasi-isometry of N; xR, hence (¥, W5, idR) is also a (1, M)-quasi-
isometry, which provides us with (W1, W5, idg) = (W1, ¥2). Hence f is surjective, and finally bijective.

Let us now prove that f is a morphism. Let ®,®" € QI((N; x N;) x4 R). Furthermore, we have
doa (D, (W], W), idR)) < 1, hence dpq(P o @', D o (V], ¥},idr)) =< 1 since @ is a quasi-isometry.
Moreover, dpq(P, (¥, ¥5,idr)) < 1, therefore by the triangle inequality

dpq(® o P, (W1, ¥y, idR) o (\IJ' , llf/z idr)) < 1.
However
(Vy,Vy,idR) o (\IJ/ , \IJ/2 idr) = (Y0 \Il/l, P50 \IJ/2 idg),

which provides us with
doq(® o @ (Y0¥, Wso \I’/z, idr)) < 1.

Consequently f(®Po @) = (V; oW, WpoW)). |
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In this proof we showed that ® ~ (¥, W;, idR), therefore any quasi-isometry is in the equivalence

class of an (1, M)-quasi-isometry.

5.4 Quasi-isometric classification and necessary conditions to being quasi-isometric

Thanks to Proposition 4.15 and Theorem 5.13 we are able to provide necessary conditions and quasi-
isometric classifications for families of solvable Lie groups of the form R Xpjae(4,,4,) (N1 X N2).

Let us recall two consequences implied by being quasi-isometric in the Lie group setting. For
i €{1,2},let N;, N/ be two simply connected, nilpotent Lie groups and let A;, A’ be two matrices whom
eigenvalues have positive real parts, acting by derivation on the corresponding Lie algebra. Let us assume
that tr(A1) > tr(A42) and tr(A)) > tr(A4}). If R Xpigg(4,,4,) (N1 X N2) and R X Diag(4],A}) (N{ x N) are
quasi-isometric then

r(4;) _ w(4))
(1) tr(A;) - tr(Aé)

(2) fori € {1,2}, N; and N/ are bilipschitz. (Theorem 5.13).

(Proposition 4.15);

Let us define
SN1,N> i= R Xpiag(4,,—45) (N1 X N2).
Combining [2, Lemma 4.1] and Theorem 5.13 we obtain the following statement.
Proposition 5.14 Let us assume that tr(Ay) > tr(42) and tr(A}) > tr(43). If Sy, N, and Sy; n; are

tr(A1
tr(A4]

quasi-isometric, then we have that fori € {1,2}, A; and ;A; share the same characteristic polynomial.

A Carnot group N is a simply connected, nilpotent Lie group with a Lie algebra Lie(N ) which admits a
grading: there exists a family of subspaces V; withi € {1, ..., r} for some r > 1 such that V; | =[V1, V}]
for i < r and such that .

Lie(N) = P .
i=1
A Carnot group is equipped with a 1-parameter family of automorphisms called dilations on N and
defined for # € R by §; := exp(tD), with D a Lie derivation on Lie(N) satisfying that Dv = iv for
veViandi € {l,...,r}. Such a derivation is called a Carnot derivation. A Lie group S(N1, N3) is
Carnot-Sol type if N1 and N, are Carnot groups and if their respective derivations A; and A, are Carnot
derivations. Combining Theorem 5.13 and [19, Theorem 2], we get the following necessary condition.

Proposition 5.15 Let S(Ni, N2) and S(N{, N5) be two Carnot-Sol type Lie groups and assume that
tr(A1) > tr(A2) and that tr(A’)) > tr(A%). Then

Sn,,N, and SN{sNz’ are quasi-isometric = fori € {1,2}, N; and N/ are isomorphic.

Furthermore, for a given Carnot derivation A on a Carnot group N, there exists a positive real o > 0
such that R x4 N = Sy where Sy := R X4 N is the group defined by the action of R via the dilation
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(bar)ter on N. Let Ny and N, be two Carnot groups and for any two positive reals «, § > 0, let
Go,p =R xy g (N1 x N2) be the group defined by the action of R on Ny X N3,

R — Aut(N xN), t+> (8az,8-ps).

Note that Gy g = S¢ > Sg. Thanks to the quasi-isometry invariant of Proposition 4.15, we obtain the
quasi-isometry classification for Carnot-Sol type Lie groups.

Proposition 5.16 Let (o, B) and (o, T) be two pairs of positive reals with« > B and o > t. Then
.. . 104 o . .
Gq,p quasi-isometric to Gg,; <= B = — <= Ggy g isomorphic to Gg 7.
T
Proof If % = 7, then G, g and G, ; are isomorphic and thus in particular quasi-isometric (or even
bilipschitz) with respect to any left-invariant Riemannian metrics on the groups. Indeed, the map

Ga,ﬂ_>G0,r’ (x,3,0) = (x,y, A1),
is an isomorphism. For (x;, y;.%;) € G g fori € {1, 2}, we have, in Go,¢,

(x1, y1, A1) - (x2, y2, At2) = (X1 - 8gpr, X2, V1 - 6—zas, Y2, A(t1 + 12))
= (-xl '8(xt1x2’ Y1 'S—ﬂllyz’k(tl +t2))v

which is the image of (x1, y1,21) - (x2, y2,12). Proposition 4.15 conclude the proof since the ratios of
traces of the respective derivations are % and %. O

Otherwise stated, two nonunimodular Carnot-Sol type solvable Lie groups are quasi-isometric if and
only if they are isomorphic.
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Large volume fibered knots in 3-manifolds

J ROBERT OAKLEY

We prove that for hyperbolic fibered knots in any closed, connected, oriented 3-manifold the volume
and genus are unrelated. As an application we answer a question of Hirose, Kalfagianni, and Kin about
volumes of mapping tori that are double branched covers.

1 Introduction

Let M denote a closed, connected, oriented 3-manifold. Alexander in [1] proved that every such M
contains a fibered link. This result has been strengthened in many ways such as the link being a knot [21]
and the monodromy being right-veering and pseudo-Anosov [8]. More recently, this construction has been
used in [2] to show that for hyperbolic fibered knots in the 3-sphere, volume and genus are unrelated. In
this paper we generalize the approach in [2] to show that for hyperbolic, fibered knots in closed, connected,
oriented 3-manifolds the volume and genus are unrelated. In particular we prove the following theorem.

Theorem 1.1 Let M be a closed, connected, oriented 3-manifold. There exists some g > 1 such that for
allg > go and V > 0 there exists a knot K C M such that M — K is fibered over the circle with genus g
and M — K is hyperbolic with vol(M — K) > V.

Let ®g(M) € Mod(Sg) be the subset of the mapping class group of a closed surface of genus g
consisting of elements whose mapping tori are 2-fold branched covers of M branched along a link. As an
application of Theorem 1.1 we answer the following question asked by Hirose, Kalfagianni, and Kin in [15].

Question 1 For g sufficiently large, does ® g (M) contain an infinite family of pseudo-Anosov mapping
classes whose mapping tori have arbitrarily large volume?

Combining Theorem 1.1 and Theorem 10 of [15] yields the following affirmative answer to Question 1.

Corollary 1.2 For any closed, connected, oriented 3-manifold M there exists some go > 1 such that for
any g > g the set ©,4(M) contains an infinite family of pseudo-Anosov elements whose mapping tori
have arbitrarily large volume.

1.1 Outline of the proof

The strategy of the proof is to construct for every closed, connected, oriented 3-manifold M and for
every sufficiently large genus g of the fiber, a family of fibered hyperbolic knots of genus g with linearly
growing volume. We use three main tools to construct these families. The first is the theory of branched
covers in dimensions 2 and 3. Using branched covers of the 3-sphere branched over a knot or link in braid
MSC2020: 57K10, 57K20, 57K32, 57TM12.
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position to obtain a fibered link in a 3-manifold goes back to Alexander. Here we use an improvement on
Alexander’s theorem due to Hilden and Montesinos [14; 20]. This refinement allows us to consider simple
3-fold branched covers. That the branched covers are degree 3 is crucial for control of the number of
preimages of the braid axis which will become the fibered link. This control over the degree of the cover
comes at the expense of the covers considered by Hilden and Montesinos being irregular. Fortunately
these irregular covers have the property of being simple (see Definition 3.1). Simple branched covers are
well studied in dimension 2 (see, for example, [11; 12; 23]). This allows us to control the monodromy of
the fibered link.

In Section 4 we use this control of the monodromy and the second tool, open book decompositions and
stabilization, to ensure that our fibered link becomes a fibered knot with pseudo-Anosov monodromy (see
Section 4 for a brief discussion of open book decompositions). To that end we use the equivalence between
open book decompositions and fibered links as well as the technique introduced by Colin and Honda
in [8] to transform our fibered 2-component link with possibly reducible monodromy, obtained from the
branched cover construction described above, into a fibered knot with pseudo-Anosov monodromy.

Crucially, even after this transformation we maintain the control over the monodromy. This allows
us to use our third tool, subsurface projections and Brock’s work in [5] relating translation distance of
a pseudo-Anosov in the pants graph and the volume of the associated mapping torus. The control over
the monodromy that we have maintained throughout the construction of these fibered hyperbolic knots
ensures that in addition to the monodromies being pseudo-Anosov, they factor as (4)(S~! F"S)(F~")
where A is constant as 7 varies and F*" are pseudo-Anosov on essential subsurfaces. Then we apply the
work of Clay, Leininger, and Mangahas [7] to see that the monodromy has linearly growing subsurface
projections to the supports of F~" and S~! F”S. The Masur-Minsky distance formula for the pants
graph [19] then implies that the monodromies have linearly growing translation distance in the pants
graph. Finally, the work of Brock [5] implies that this linearly growing translation distance corresponds
to linearly growing volume of the associated mapping tori.

2 Background

Throughout the paper S = S, denotes an orientable surface of genus g and n boundary components.
We will now introduce some conventions and aspects of the study of surfaces and their symmetries that
will be useful. The starting point of our construction will use the theory of braids in the 3-sphere. We
leverage the group-theoretic structure of braids.

Definition 2.1 The braid group on n strands, B, is the group of isotopy classes of n braids. If n, ¥ € B,
then we multiply n and i by scaling each of their heights by % and stack the braid corresponding to 7 on
top of the braid corresponding to . The resulting braid is - ¥ € B,,.

The braid group ‘B, is generated by the braids o; for 1 <i < n — 1 where the only crossing is the
(i +1)-st strand passing over the i-th strand (see Figure 1).
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Figure 1: The generator o; of the braid group on » strands.

2.1 Mapping class group basics

Definition 2.2 The mapping class group of a surface, Mod(Sg ), is Homeo™ (S, 3S)/isotopy. This is
the group of orientation preserving homeomorphisms of the surface Sg , that restrict to the identity on
the boundary, up to isotopy.

For composing elements of Mod(Sy ), called mapping classes, we use functional notation. That is,
for ¢, ¥ € Mod(Sg,,) the composition ¢ o ¥ refers to applying v and then applying ¢.

Remark 2.3 We will occasionally take the perspective that 95, is Mod(D;) the mapping class group of
the disk with n punctures. See Chapter 9 of [9].

A simple example of a nontrivial element of the mapping class group is a Dehn twist. Let o« € .S be an
essential simple closed curve on a surface S. The Dehn twist about o, denoted by 7y, is the mapping
class obtained by cutting S along «, twisting a neighborhood of one boundary component by an angle
of 2, and then regluing the surface. See Figure 2 for an illustration. Dehn twists are an important
aspect of the theory of mapping class groups that we will use extensively. In fact, Mod(S) is generated
by a finite collection of Dehn twists about simple closed curves. See Chapter 3 of [9] for an extensive
discussion of Dehn twists.

In studying the mapping class group we consider different classes of mapping classes depending
on their action on the surface. We say that a mapping class f € Mod(Sg ) is reducible if there is
a nonempty set of isotopy classes of mutually disjoint, simple closed curves, {aq,...,a,} such that

o

Figure 2: The action of the Dehn twist 7, on the curve f.
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{ai,...,an} ={f(ay),..., f(an)}. We say that a mapping class is periodic if it is finite order. We say
that a mapping class f € Mod(Sg ») is pseudo-Anosov if there exists a pair of transverse measured
foliations (F“, uy) and (F*, us) on Sg ,, a number A > 1, and a representative homeomorphism ¢
such that

(P(]:”, I'Lu) = (]:ua)"/“LM) and (p(]:s’ /’LS) = (]:sv)"_lﬂs)'

See Chapter 13 of [9] for more discussion of the three types of mapping classes. The following theorem
says that these three classes characterize all elements of the mapping class group.

Theorem 2.4 (Nielsen—Thurston classification) Every mapping class in Mod(Sg,,) is either periodic,
reducible, or pseudo-Anosov. Moreover, pseudo-Anosov mapping classes are neither periodic nor
reducible.

An interesting subclass of reducible mapping classes are partial pseudo-Anosovs. A mapping class
J € Mod(S) is called a partial pseudo-Anosov if it satisfies the following conditions.

(1) There exists a subsurface S’ C S such that f|g is a pseudo-Anosov.
(2) fls—s- is isotopic to the identity.

In this case, we call S’ the support of f.

2.2 The curve graph

Given two isotopy classes of arcs or curves a, b C S, the geometric intersection number of a and b is
defined to be the minimal number of intersections between any pair of curves or arcs representing each
isotopy class. That is,
i(a,b) =min|a N B|.
it

Definition 2.5 Let 3g +n > 5. Then the curve graph of a surface S = Sg », denoted by C(S), is the
simplicial graph with vertices corresponding to isotopy classes of essential simple closed curves and
whose edges represent pairs of curves that can be realized disjointly on S. Note that there is an adaption
of the definition for surfaces of lower complexity by modifying the edge condition, but all of the surfaces
we discuss here satisfy the complexity condition (see [9, Chapter 4]).

We will use C(9(S) to denote the 0-skeleton of C(S). We endow C(S) with a metric by assigning
each edge length 1. With this metric, dg, the curve graph is a geodesic metric space. There is a natural
action of Mod(S), by isometries, on C(S). Given f € Mod(S) we define the translation distance of f,
denoted by tc(f), as

wc(f)= inf {ds(n, f(n)}
nec®(s)

We now state the following lemma originally due to Hempel in [13].
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Lemma 2.6 Leta, B € S be simple closed curves representing vertices a and b of C(.S), respectively.
Then

ds(a.b) < 2log, (i (. p)) + 2.

The theory of subsurface projections plays a central role in the theory of mapping class groups, and we
introduce the basics of this here. For more discussion of subsurface projections, see Section 2 of [19]. An
essential subsurface Y C S is a subsurface such that the interior of ¥ embeds in .S so that each component
of Y maps to either an essential simple closed curve in S or a component of dS. A nonannular
subsurface is a subsurface that is not homeomorphic to an annulus. An essential simple closed arc or
curve, 1, is in minimal position with Y € § when 7 is in minimal position with all of the components
of dY. That is, i (1, C) is minimal for all components C of 3Y.

Given Y C S a nonannular essential subsurface, the subsurface projection

7y 1C(S) = C(Y)

takes a vertex a € C(9(S) to a subset of C(Y) as follows. First, put @ and ¥ in minimal position. If ¢ C Y
then 7wy (a) = a € C(Y). If a intersects Y in a collection of arcs we associate to the collection of arcs a
collection of essential simple closed curves as described below. Suppose « is an arc in Y. We associate to
« a collection of pairwise disjoint simple closed curves in Y, denoted by &. Concretely, let N («) denote
a thickening of the union of « with the (at most two) components of 0Y that it meets. We then define o
to be the essential components of dN («). See Figure 6 on page 967 for an example where the arc meets
two boundary components. Thus, if ¢ intersects Y in a collection of arcs, we define 7wy (a) to be the
collection of essential simple closed curves @ obtained as described above. Now, given a, b € C(?(S) we
define dy (a, b) by

dy (a,b) = diame(y) (7y (a), wy (b)).
Finally, we note that wy is coarsely Lipschitz (Lemma 2.3 of [19]):
dy(a,b) <2-dg(a,b)+2.

The following is known as the bounded geodesic image theorem. It is due to Masur and Minsky in [19]
and appears as Theorem 3.1 there.

Theorem 2.7 (bounded geodesic image theorem) There exists a constant M depending only on x(.S)
such that the following holds. Let Y € S be an essential subsurface. If & is a geodesic in C(S) all of
whose vertices represent curves which intersect Y nontrivially, then diam(wy (§)) < M .

Remark 2.8 We will use the contrapositive of the above: If the projected image of & to C(Y') is larger
than M, then there is a vertex on the geodesic, &, that represents a curve disjoint from Y. In particular,
said vertex has distance 1 to dY.

Algebraic € Geometric Topology, Volume 26 (2026)



960 J Robert Oakley

2.3 The pants graph

We will use another graph associated to the curves on a surface called the pants graph. Before we define
the graph we need the following definitions.

A pair of pants is a compact surface of genus 0 with three boundary components. Let S be a surface
with x(S) < 0. A pants decomposition of S is a collection of disjoint simple closed curves on S such
that the result of cutting S along these curves results in a disjoint union of pairs of pants. Two pants
decompositions P, P’ C S are related by an elementary move if P’ can be obtained from P by replacing
acurve o € P with a curve § # « such that i (o, 8) is minimal over all choices of 8 (i.e., over all 8 such
that replacing o with § results in a pants decomposition). We are now equipped to define the pants graph.

Definition 2.9 The pants graph of S, denoted by P(S), is the graph with vertices corresponding to
isotopy classes of pants decompositions of S and whose edges connect pants decompositions which differ
by an elementary move.

The graph, P(S), also carries a natural metric, dp, by assigning each edge length 1. Again, the mapping
class groups naturally acts by isometries on the pants graph. Using this metric structure we can define the
translation distance of a mapping class on the pants graph, tp( /'), in the same way as in the curve graph.

The following is an important theorem which relates the distance between pants decompositions in the
curve graph of a subsurface to distance in the pants graph. It is commonly referred to as the Masur—Minsky
distance formula for the pants graph, and appears originally as Theorem 6.12 of [19]. It appears, as
written, as Theorem 4.4 of [4].

Theorem 2.10 There is a constant My = My(S) > 0 such that, given M > M, there are constants e,
ey, for which, if P, P’ C S are any two pants decompositions of S, then

ey 'dp(P, P))—e; <Y dy(P, P') < eqdp(P, P') + ey,
where the sum is taken over all nonannular subsurfaces, Y € S, such that dy (P, P') > M.

The primary use we have for the pants graph is the close relation between the geometry of a mapping
torus and the action of the monodromy on the pants graph. In particular, we make use of the following
theorem of Brock (see [5]).

Theorem 2.11 Given § there is a constant K > 1 so that if My is the mapping torus of a pseudo-Anosov,
f € Mod(S), then

K~ 'tp(f) < vol(My) < Kzp(f).
2.4 Geodesic laminations

We now introduce some of the theory of geodesic laminations that we will use later. For a thorough
exposition of the theory, the reader should see [3; 6; 10].
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Definition 2.12 Fix a surface, .S, with x(S) < 0 and fix a hyperbolic metric on S. A geodesic measured
lamination, L, on S is a nonempty collection of disjoint simple geodesics whose union is closed, along
with a transverse measure that is invariant as you flow along the geodesics.

We denote the space of geodesic measured laminations on S by ML(SS). We now also define the space
of projective measured laminations, PML(S), as the space ML(S) modulo the scaling of measures. We
now require the following definitions.

Definition 2.13 A geodesic lamination L is minimal if L does not contain any proper sublaminations.
A lamination, L, is filling if every component of S — L is either an ideal polygon or a once punctured
ideal polygon.

We now give a second, equivalent, definition of what it means for a homeomorphism to be pseudo-
Anosov.

Definition 2.14 A homeomorphism, f', of S is pseudo-Anosov if it preserves a pair of transverse measured
laminations on S, one expanding and one contracting. We call these laminations the unstable and stable
laminations of f respectively.

Recall that, at the beginning of this section, a pseudo-Anosov homeomorphism was defined in terms
of stable and unstable foliations rather than the stable and unstable laminations as above. In fact, there
is an exact correspondence between measured laminations and measured foliations. Further, the stable
lamination of a pseudo-Anosov, f, corresponds to the stable foliation of f under this correspondence.
For a precise treatment of the correspondence, see [17].

Masur and Minsky showed in [18] that the curve graph is Gromov hyperbolic. Hence, we may
consider the boundary at infinity, dooC(.S). Klarreich showed in [16] that dooC(S) is the space of minimal
filling laminations, ££(S) € ML(S). Moreover, a sequence of curves «; € C(S) converges to a point
o € 050C(S) if and only if the sequence converges to « € EL(S) equipped with the subspace topology
inherited from PML(S).

The geometric intersection number as defined above for arcs and curves extends uniquely to a continuous,
homogeneous function i : ML(S) x ML(S) — R that we also call the geometric intersection number
(see [22, Chapter 9]).

3 Branched cover construction

Let M be a closed, connected, oriented 3-manifold. In this section we begin our construction of the
desired knots in M. We start by constructing a fibered 2-component link in M using branched covers.
We need the following definition.

Definition 3.1 A branched covering p : M — N of degree d is called simple if each point in N has at
least d — 1 preimages in M . In particular, points away from the branch locus in N will have d preimages
while points on the branch locus in N will have d — 1 preimages in M.
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Figure 3: The braid whose closure will be the branching locus of our branched cover. The braid IT
is the braid word representing the knot K which we branch over. The braid ® is a pseudo-Anosov
on its support. The word ¥ totally consists of stabilizations. Note that y,, and 8, and the disks
they bound do not change as n increases.

Due to a theorem of Hilden and Montesinos [14; 20] there is a 3-fold simple branched covering p: M — S3
branched along a knot K. Since the branched covers constructed are simple, points on the branch locus
K C S? have two preimages in M . One preimage has branching index 1 while the other has branching
index 2. By a theorem of Alexander [1] we can represent K as the closure of a braid IT € 25, for some k.

Fix g > 1 such that 2g + 1 > k. Let 0; denote the positive half-twist between the i-th and (7 +1)-st
strands. We will consider IT € By under the natural inclusion into 8,441 where IT is on the last k
strands (see Figure 3). In a variation on the construction of [2] we now define the following braids:

D = (02g1+2-k) (O2g+3-k) (O2g+a—k) " (O2g+5—k).
Y = (02g4+1-k)(02g—k) "+ (02)F(o1) T,
Bn=TP"TO™",
Let ﬁ:, be the braid closure of 8. Let w, be its braid axis encircling the braid after the ®” factor and

before the X factor of 8,. Let A, = B;, U w,. Note that w,, bounds a disk €2, in S3 meeting ,é;, in2g+1
points. Hence, S® — A, is a punctured disk bundle over the circle with monodromy .

Lemma 3.2 The braid closure B;, is the knot K.

Proof Note that II is K, and that ,3/;, is stabilized along the first 2g + 1 — k strands. Destabilizing
smooths the crossings coming from X and deletes the first 2g + 1 — k strands. Now the ®" and "
factors cancel. We are left with the k-strand braid closure IT which by definition is XK. O
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We will now introduce some notation. Let y;, and §, be the simple closed curves encircling the 2g 42—k,
2¢+3—k,2¢g4+4—k,2g+5—k,and 2g + 6 — k strands of B, taken immediately before and after the
¥ factor of B, (see Figure 3). Let I', and A, denote the disks bounded by y;, and §, respectively. Note
that I', and A, each intersect B, in 5 points. Let w, and W, denote p~!(w,) and p~1(2,) respectively.

Lemma 3.3 The manifold N, = M — wy is an Sg_1 >-bundle over the circle.

Proof That N, is fibered over the circle follows from the fact that S3— A, is a punctured disk bundle over
the circle. Since p is a simple, 3-fold cover and €2, intersects 8, in 2g + 1 points, an Euler characteristic
calculation shows that W}, is homeomorphic to Sg_1 >. Indeed, p restricts to a simple 3-fold branched
cover of the disk, €2,, branched over the 2g + 1 points of intersection with 8,. By the definition of a
3-fold simple branched cover, each of the 2g + 1 branch points in £2, have two preimages. One of the
preimages has branching index one while the other has branching index two. This is sufficient to compute
the Euler characteristic of the fiber surface of V,. First, we apply the Riemann—-Hurwitz formula

XWa) =3 x(Qu)— > (ep— 1),
PEW,
where e;, denotes the branching index at p. As discussed above, we know the branching indices of all
points in W}, so
Xx(Wp)=3-1—Q2g+1).

Hence, x(W,) = 2 —2g. The boundary of €2, is triply covered by the boundary of W,,. Therefore, dW,
has 1, 2, or 3 components. By the above calculation x(Wj) is even. Thus, dW;, has 2 components. We
also note here that by the definition a simple branched cover, W, is connected. Indeed, if W, were not
connected, then it must be the disjoint union of two or three homeomorphic surfaces. By the above, W,
has two boundary components, so W, must be the disjoint union of two surfaces, W; and W,, each with
one boundary component. However, the branched covering map, p : W, — €2, restricts to a branched
cover of Q5 on each of Wj and Wj. In particular, we may assume without loss of generality that p|y,
is a one-sheeted cover and p|y, is a two-sheeted cover. In this case, p|w, is a homeomorphism, and
thus 2, =~ W; = W,. This contradicts the above Euler characteristic calculation for W,, since g > 1.
Combining the above, we see that W), is homeomorphic to, Sg_1 5, a surface with genus g — 1 and 2
boundary components. |

4 Hyperbolicity and volume

To prove the main theorem we need to construct from N, the desired knot complements, verify their
hyperbolicity, and show that their volumes grow linearly with n. In service of this we will change our
perspective to a 2-dimensional perspective. We will focus on the fiber surface W,, € N, which is fixed as
the monodromy of the fibration varies with 7.

In particular we specify a marking of the disk Q = 2, € S3. Here, by a marking we mean an isotopy
class of a diffeomorphism from the disk Q, € S3 to a fixed disk with 2g + 1 marked points. We let

Algebraic € Geometric Topology, Volume 26 (2026)



964 J Robert Oakley

D Wy
p @)

Wy

Figure 4: The unique simple cover from S3 > to a disk. The gray curves divide the covering
surface into three “fundamental domains” for the cover. See the papers by Winarski and Fuller
([23, Section 3.2] and [11]) for more on a similar simple branched cover.

S3 =R3 Uoo. Let @ € R? x 0 be the unit disk in the plane with marked points {1,...,2g + 1} where
the marked point i is at coordinate (5 + ', 0, 0). Using this marking, we identify I, and A, with
subsurfaces of €2, by flowing them along the braid until they meet 2,,. Moreover, by fixing a simple
3-fold branched covering of the disk, we fix a marking of the fiber surface, W = W, as shown in Figure 4,
by composing the marking of the disk with the branched covering. Again, by working in the marked
surface we view the subsurfaces p~!(I';) and p~1(A,) as subsurfaces of W = p~1(Q).

From our 2-dimensional perspective we observe that yy,, 8,, [y, and A, do not depend on n, so from
now on we will set y =y, 8 =6, [ =Ty, and A = A,. Let b, = Po F" 0o S o F~" be the monodromy
of Ny, where P, F, and S are the lifts of I1, ®, and ¥ respectively.

Let ¢, d, and w, denote p~'(y), p~1(8), and p~!(w,) respectively. Also, let CT and D denote

p~ (") and p~!(A) respectively.

Lemma 4.1 C* and DY are each homeomorphic to the disjoint union of a disk and S, ;. Furthermore,
C* N DT is the disjoint union of a S1,2 and a disk.

Proof If we restrict p to a single fiber of N, we get a simple 3-fold branched cover p’: Sg_1 2 — D?
branched over 2g 4 1 points. It follows from the work of Gabai and Kazez in [12] that 3-fold simple
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Figure 5: After cutting the disk Q = €2, along « and the covering surface along p~! () we obtain
two components of the covering surface. One component covers the cut disk trivially. The other
component covers the cut disk by an order 2 involution that identifies the two boundary components.

branched covers of the disk are unique up to equivalence. By uniqueness of the cover we may assume
it takes on the configuration shown in Figure 4 in the disk fiber of S3 immediately following IT. That
is, the distinguished branch point labeled » may be taken to lie on the (2g+1)-st strand of the braid in
the fiber 2. In particular, every simple closed curve that bounds a disk containing any 5 of the branch
points that also does not intersect the arc o can be taken by a homeomorphism of the disk to the simple
closed curve n as shown in Figure 4. Observe that ¢ and d will consist of two simple closed curves
since ¥ and § each bound a disk with an odd number of branch points. By construction, y and é do not
intersect the arc «, and hence one of the two preimages of y and of § is completely contained in the upper
fundamental domain of the cover and bounds a disk as in the left panel of Figure 5. For example, every
simple closed curve that bounds a disk containing five branch points other than the distinguished branch
point, b, in Figure 4 is homeomorphic to the curve 1 by the change of coordinates principle. Again by an
Euler characteristic calculation we conclude that the other component is homeomorphic to S5 1, a surface
of genus two with one boundary component. Note that I' N A may be taken to be a disk that intersects
in 4 points. Thus, C™ N DT consists of 2 disconnected components. One is the intersection of two disks
in the upper fundamental domain that must be connected by the properties of the cover and hence is a
disk. The other component is the double branched cover of a disk, branched over 4 points all of which
have branching index 2. By another Euler characteristic calculation this is a surface of genus 1 with 2
boundary components. O

Observe that b, factors as (P o S)o (S~ o F"0S)o F~". Let C and D denote the S>,1 component
of CT and DT respectively. To improve readability, we will frequently omit the o symbol. We however
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maintain the same convention that mapping classes are multiplied according to functional notation. That is,
PS refers to applying first S then P.

Lemma 4.2 F is a partial pseudo-Anosov with supp(F) = D and supp(S~!FS) = C.

Proof Recall that p~!(supp(®)) = p~'(I') = C*. By Lemma 4.1 C is the disjoint union of C and a
disk. Moreover, the component of C* that contains branching index one points is the disk component
again by Lemma 4.1 (see also Figure 5). We observe that C* —C and DT — D are both disks and hence
any mapping class restricted to either one is trivial. Note that p restricted to the subsurface C that contains
only index two points is a double branched cover of I'. Since ® is a pseudo-Anosov on I' it preserves
two transverse singular foliations on I'. The foliations lift through the branched cover to give singular
transverse foliations on the surface C. Any possible 1-prong singularities at punctures of €2, are double
covered in C and D and hence become 2-prong singularities. Therefore, F' is a partial pseudo-Anosov
with supp(F) = D and supp(S~' FS) = C. See [9, Section 14.1] for more on pseudo-Anosov mapping
classes arising from branched covers. O

Lemma 4.3 b, has linearly growing translation distance in the curve complexes of C and D. In particular
there exists some ny > 0 such that b, is not periodic for all n > ny.

Proof By Lemma 4.2, S™!F"S and F~" are each pseudo-Anosov on their support, namely C and D.
By Lemma 4.1 C N D is homeomorphic to a surface with genus 1 and 2 boundary components. Hence,
Theorem 5.2 of [7] implies that (S™! F”S)- F~" has linearly growing translation distance in the curve
complexes of each of C and D. Therefore, there exists some 7nq such that for all n > nq, b, has large
translation distance in each of C and D, and hence is infinite order. |

While we have shown that our monodromies are eventually not periodic, we need monodromies that
are eventually pseudo-Anosov. Since, this may not be true for b,, we need to modify our manifolds N,
slightly. To that end we introduce a more 2-dimensional way of discussing fibered links in closed oriented
3-manifolds. We will use the equivalent notion of an open book decomposition of our closed, oriented
3-manifold M. An open book decomposition of M is a pair (S, ¢) where S is the fiber surface (3.5 # @)
and ¢ is the monodromy. The mapping torus M, of ¢ is homeomorphic to a link complement in M .
Then M is homeomorphic to the quotient of M, under the identification (x,?) ~ (x,¢") where x € 9§
and ¢,1" € [0, 1]. The quotient of dM, under the above identification is the fibered link in M which is
called the binding of (S, ¢). We now describe an operation on an open book decomposition (S, ¢) of M
called a stabilization.

Definition 4.4 Let (S, ¢) be an open book decomposition of M, and let (y, dy) C (S, dS) be a properly
embedded arc. A stabilization along y of the open book decomposition (S, ¢) is the open book decom-
position (S, ¢’) of M. where S’ is obtained by attaching a 1-handle to S that connects the endpoints of
y on S and ¢’ = T, o @ where y’ is the curve that agrees with y in .S and intersects the cocore of the
1-handle once (see Figure 6) and T, denotes the Dehn twist along y’.
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Figure 6: The surface obtained by stabilizing S ». The curve y’ is the curve we twist along while
stabilizing. The curve ¥ is the result of the “closing up” of the arc y which agrees with ¥’ on S 5.

The following proposition is essentially Theorem 1.1 of [8]. In the same way as described in Section 2.2,
we associate to any arc, Y, a collection of mutually disjoint simple closed curves, y.

Proposition 4.5 Let (Sg_1,2, ¢) be an open book decomposition of a closed, oriented 3-manifold M
such that ¢ is not periodic. Let y be an arc connecting the two boundary components of Sg_1 5.
Ifds, , ,(v,¢(¥)) = N > 16 then stabilization along the arc y yields an open book decomposition
(Sg.1, Tyyr 0 @) such that T o ¢ is pseudo-Anosov. Recall that y' is the extension of y to the stabilized
surface.

Proof While Theorem 1.1 of [8] contains the hypothesis that the monodromy ¢ is right-veering this is
not needed to show that 7, o ¢ is pseudo-Anosov. All that is required is that ¢ is not periodic. While the
lemma is essentially Theorem 1.1 of [8], the required distance between y and its image under ¢ is not
made explicit there. For the sake of completeness, we sketch their proof and make the distance explicit.
Throughout this proof, d(-,-) will refer to dg,_, ,(-,-).

Let ¢’ = T;» 0. We argue that ¢’ is pseudo-Anosov by showing that it is neither reducible nor periodic.
We will first argue that ¢’(8) # 6 for any multicurve § € S, ;. First suppose that § € Sg_; 2 € S, 1.
If i (¢(8), y’) = n then there is a representative, g of ¢’(§) that intersects the cocore of the 1-handle, a,
n times. If i (¢’(8), @) < n then there is a bigon consisting of a subarc of @ and an arc of g. Then one
checks that this implies there is a bigon consisting of an arc of y and an arc of ¢(§). See the third
paragraph of the proof of case 1 of Theorem 1.1 of [8] for this argument. This is a contradiction if
n>0.If n =0 then i (¢(B),y) = 0 for any component 8 of §. Hence, d(¢(B),y) =1 for all such B.
However, d (¥, ¢(¥)) = N and therefore, d(¢(y), ¢(8)) = N — 1 for every B. Since n = 0, we see that
i(¢'(8),7) = 0. However, d(7, 8) = d(¢(¥), 9(8)) > N — 1, and hence i (¥, ) > 2(N=1=2)/2 Thjs
yields contradiction so long as N > 2.

Now suppose that § Z Sg_1 5. Leti(d,a) =k > 0. Let B = Sg,1 — Sg_1,2 denote the stabilization
band. Normalize § so that it intersects y” and a transversely and efficiently. We then subdivide § into arcs
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T 2 AR ,5;{ so that §; € Sg_; 5 and §; C B. The §; are all linear arcs in B. If i (8}, ') = 0 we
call such an arc vertical. If i (8, y") > 0 we say it has positive slope or negative slope. See Figure 7. We
normalize and subdivide ¢(§) in the same way. Up to isotopy we may assume that there is no triangle
contained in Sg_ > with boundary an arc of y’, an arc of 8, and an arc of S ¢—1,2.- Now let m denote
the number of arcs of ¢(6) N B that are not vertical. Let n denote the number of intersections between
@(8) and y’ that are outside of B so that i (¢(8), ") = m + n. Note that this definition of 7 agrees with
the definition of 7 as i (¢(§), ') in the above paragraph when ¢(§) does not intersect the band B. Colin
and Honda show that i (¢’(§), a) = k & m + n where the sign depends on whether the nonvertical arcs
have positive or negative slope. If m # n then i (¢’(8),a) # i (8,a) = k, so ¢’(§) # §. It remains to deal
with the case that m = n.

Suppose that m = n. Then i (¢’(8), y") = m +n = 2m < 2k by the definitions of m and k. Suppose
for the sake of contradiction that ¢’(8) = 8. Then i (8,y’) = i(¢’(8),y’). Therefore i (§,y’) < 2k, and
hence there is some 1 <i < k such that i (§;, y) <2k/k = 2. Now we note that

(%) i(8;,7)<2+4=6.
By Lemma 2.6
d(8;,7) < [21ogy(6) +2] = 7.
Observe that §; and (S cannot jointly fill the surface, so
d(;,8;) <2 forall i,j.

Therefore,
d@;,v)<2+7=9 forall j.

Applying ¢ yields
d(@@j).¢(y)) =9 forall ;.
Thus,
d(@@j).y) = N 9.
Applying Hempel’s lemma again,
i(p(@)).7) = 2V
Passing from arcs to the corresponding closed curves we may increase intersection number by at most 4

(as noted in (), for example). Hence, when passing from closed curves back to arcs we may decrease
intersection number by at most 4. Therefore,

i(p(8;),y) = 2N=9/271 g,

Multiplying by k, we get
i(p(8).y") = Q=271 _ayk > 2k;

this is a contradiction so long as N > 16 which proves that ¢’ is not reducible.
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Figure 7: On the left is the case that § has negative slope, and on the right is the case that § has
positive slope. In both cases k = 5, m = 3, and n = 4.

It just remains to show that ¢’ is not periodic. Colin and Honda show that ¢’ is not periodic by
considering one of the connected components, 7, of Sg_1, as a curve in Sg ;. They argue that
i((¢")"(n),a) — oo as n — oo. O

We now apply the above lemma to M — w,, to obtain the following:

Proposition 4.6 Let (Sg_1 2, by) be the open book decomposition of M corresponding to the fibered
link w, € M, and let ny be the constant from Lemma 4.3. There exists an arc of stabilization y and
ny = no > 0 such that T o by, is pseudo-Anosov for all n > ny, and hence M — wy is hyperbolic, where
wy, is the image of w,, after stabilization.

Proof First, note that by Lemma 4.3, for all n > n( the mapping class b, is not periodic. We now
explain how to choose an arc of stabilization y such that ds,_, , (¥, bn,(¥)) > 16 following [8]. First
let yp be any properly embedded arc connecting the two boundary components of Sg_; . In the case
that by, is pseudo-Anosov, fix a pseudo-Anosov, [ € Mod(Sg_1,2), that does not share a stable or
unstable lamination with b,,,. In the case that by, is reducible, any pseudo-Anosov, f, will suffice.
Let v be the stable lamination of f. Note that this implies that b,,(v) # v. The sequence f*(¥) — v
as i — oo. We claim that ds,_, , (/" (7). buo(/* (%)) = o0. If ds,_, , (/" (¥0). bno (/' (7%))) does
not approach oo, then up to passing to a subsequence dg,_, , (fi(%),bno (fi(%))) = N for some
constant N. Let /' (39) = vi0,Vi,1,..., Vi N—1, Vi,N = bny(f*(¥0)) be a geodesic in the curve graph.
Note that v; o and v; ; are disjoint. Up to passing to a subsequence, v; ; converges to a lamination v’
such that i (v,v") = 0. Similarly, v; ;y—; converges to a lamination A such that i (A, b,,(v)) = 0. Since v
is minimal and filling and 7 (v, v") = 0, we have that v = v and similarly b,,(v) = A. Hence, we have
vi,1 = v and v; N—1 = by, (v) as i — oo, but ds, , ,(vi,1,vi,N—1) < N. After repeating this process
finitely many times, we conclude that b,,(v) = v. This contradicts the choice of f. Therefore, there
exists some m > 0 such that dg,_, , (/™(30), bny(f™(¥0))) > 16. Moreover, f is pseudo-Anosov and
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hence the action of f on C(Sg_1,2) has positive translation distance. In particular, the forward translates
of a vertex in C(Sg_1,2) are eventually arbitrarily far from any fixed vertex of C(Sg_1,2). Therefore,
there exists some /o > 0 so that for all / > [, dsg_lgz(fl(%), dC) > 18. Let k = max{m,[}. Let y be
the arc such that /% (%) = 7.

Note that although the above only shows how to choose an arc of stabilization for b,, we may choose
such an arc of stabilization uniformly for all open book decompositions (Sg_1,2,b,) where n is large
enough. To see why this is true consider the subsurface C. Observe that there exist constants K, L > 0
such that K~ 'dc (37, ST F"SF™"(¥)) — L <dc(¥,b,(¥)) < Kdc (¥, ST F"SF~"(¥)) + L for all n.
This is due to the factorization of b, as (PS)(S~' F"SF~™ where the (PS) factor is fixed as n — oc.
By Lemma 4.3 there exists n; > no > 0 such that dc (¥, S™'F*SF~(¥)) > 0 for all n > n,. Hence,
by Theorem 2.7 (see also Remark 2.8) the geodesic in C(Sg_1,2), between y and b, (y) must pass within
distance 1 of dC for all n > n;. Therefore

ngfl,z ()7’ ac) —-1= ngfl,z ()7» bn(?))

Now note that, ds,_, ,(¥,dC) is unchanged as n — oo, and hence ds,_, ,(¥,bn(y)) > 16 for all
n > ny. Thus, by Proposition 4.5 the family of open book decompositions (S 1, Ty’ o b,) have pseudo-
Anosov monodromies for all n > ny. O

Remark 4.7 Stabilization does not affect the conclusions of Lemmas 4.2 and 4.3. We consider the
subsurfaces C and D included into the stabilized surface and the mapping class F as a mapping class on
the stabilized surface. Then, T, o b, has linearly growing translation distance in the curve graphs of C
and D, and F is a partial pseudo-Anosov on Sy 1, the stabilized surface.

Proposition 4.8 In fixed genus g, as n tends to infinity, the knot complements M, = M — w,, are

eventually hyperbolic, with volumes tending to infinity.

Proof As is shown in Proposition 4.6 b;, = T} ob,, are pseudo-Anosov for n > ny. Hence, their mapping
tori, M,, are hyperbolic for n > n;. As is noted in Remark 4.7 and Lemma 4.3, b;, has linearly growing
subsurface projections to C, and D,,. Now, by applying Theorem 2.10 we see that b}, has linearly growing
translation distance in the pants graph of Sg ;. By Theorem 2.11, the mapping tori of b}, have linearly
growing volume. These mapping tori are precisely the fibered knot complements M,,. O

For fixed g the family w, are the promised family of fibered knots in M satisfying the conclusion of
Theorem 1.1.
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The primitive curve complex for a handlebody

SANGBUM CHO AND JUNG HOON LEE

A simple closed curve in the boundary surface of a handlebody is called primitive if there exists an
essential disk in the handlebody whose boundary circle intersects the curve transversely in a single
point. The primitive curve complex is then defined to be the full subcomplex of the curve complex for
the boundary surface, spanned by the vertices of primitive curves. Given any two primitive curves, we
construct a sequence of primitive curves from one to the other one satisfying a certain property. As a
consequence, we prove that the primitive curve complex for the handlebody is connected.

1 Introduction

Let V be a genus-g handlebody for g > 2, and let ¥ be the boundary of V', a closed orientable surface of
the same genus. A simple closed curve C in ¥ = 9V is called a primitive curve if there exists an essential
disk D in V such that C intersects dD transversely in a single point. Such a disk D is called a dual disk
of C. Of course any primitive curve in X admits infinitely many nonisotopic dual disks, and conversely
any nonseparating essential disk in V' can be a dual disk of infinitely many nonisotopic primitive curves.

Two primitive curves C and C’ are said to be separated if there exist dual disks D and D’ of C and C’,
respectively, such that C U D and C’ U D’ are disjoint. If two primitive curves C and C’ are separated
with their dual disks D and D’, then one can find quickly their common dual disk by taking a “band sum”
of D and D’. On the other hand, there are infinitely many disjoint primitive curves C and C’ that are not
separated although they have a common dual disk (even though C U C’ is nonseparating in X). The main

result of this work is stated as follows.

Theorem 1.1 Let C and C’ be primitive curves in 3, the boundary of a genus-g handlebody V for g > 2.
Then there exists a sequence C = Cy,C,, ..., Cy, = C' of primitive curves in X such that C; and C;
are separated for eachi € {1,2,...,n—1}.

We first prove a weaker version of Theorem 1.1, in which C; and C; 4 are only required to be disjoint
and to have a common dual disk for each i € {1,2,...,n— 1} (Theorem 2.4), and then Theorem 1.1 will
be proved for the case of g = 2 (Theorem 3.1) and for the case of g > 3 (Theorem 4.4). In any case, the
dual disks of C and C’ can be chosen arbitrarily in the first line of the proof.

The curve complex C(X) for a closed orientable surface ¥ of genus g with g > 2 is a simplicial
complex defined as follows. The vertices of C(X) are the isotopy classes of essential simple closed
curves in X, and a collection of k£ + 1 distinct vertices of C(X) spans a k-simplex if it admits a collection
of representatives, all of which are pairwise disjoint. The combinatorial structure of C(X) has been
MSC2020: 57K30.
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widely studied for the past decades. In particular, it is well known that C(X) is a (3g—4)-dimensional
connected complex, and in fact it is homotopy equivalent to a wedge sum of spheres [1]. In this work,
we are interested in a special subcomplex of C(X) when X bounds a handlebody V, called the primitive
curve complex.

The primitive curve complex PC(V') for V is the full subcomplex of C(X) spanned by vertices whose
representatives are primitive curves in X. The following is a direct consequence of Theorem 1.1 (it is
enough to see that C; and C; 4 are disjoint in the theorem).

Corollary 1.2 The primitive curve complex PC(V') for a genus-g handlebody V is connected for every
g=2.

Understanding the combinatorial structure of a simplicial complex like PC (V') is not only an interesting
problem itself, but it also has many useful applications. For example, Wajnryb [2] showed that “the cut-
system complex” for a handlebody is simply connected, and found a finite presentation of the handlebody
group by investigating the action of the group on the complex. The handlebody group also acts on the
primitive curve complex PC(V) in a natural way, and so PC(V') could be an alternate to find a (simpler)
presentation of the group.

We are also interested in a subcomplex of PC(V), called the primitive disk complex, when the
handlebody V is standardly embedded in the 3-sphere. That is, the closure W of the complement of V' in
the 3-sphere is also a handlebody, which forms a Heegaard splitting of the 3-sphere together with the
handlebody V. The primitive disk complex P(W) is then defined to be the full subcomplex of PC(V')
spanned by the vertices of PC(V') whose representatives bound disks in the handlebody W. The vertices
of P(W) can be considered as the isotopy classes of the disks themselves, which we call primitive disks
in W. If P(W) is a connected complex and moreover if Theorem 1.1 is true for primitive disks in W,
i.e., if any two primitive disks in W can be joined by a sequence of primitive disks in W in which any
two consecutive disks in the sequence are separated, then one can show quickly that the reducing sphere
complex for the splitting is also connected, which implies that the Powell conjecture is true [3].

Throughout the paper, X’ will denote the closure of X and N (X) a regular neighborhood of X for a
subspace X of a space, where the ambient space will always be clear from the context.

2 Primitive curves having a common dual disk

The goal of this section is to prove Theorem 2.4, a weaker version of our main theorem. To avoid repeating
the expression of “sequence of curves” in the arguments, we simply say that two primitive curves C
and C’ are c-connected if there exists a sequence C = Cq,C,,...,Cy = C’ of primitive curves for
some k such that C; and C; 4 are disjoint and have a common dual disk for each i € {1,2, ...,k —1}.
We define the distance d(C, C’) between C and C’, concerning the c-connectedness, to be the minimum
number k — 1 over all such sequences C = C1,C,,...,Cpy =C’. Ifallof C = Cy,C,,...,C,, =C’
admit a single common dual disk D, then we say that C and C’ are c-connected with the common dual
disk D.

Algebraic € Geometric Topology, Volume 26 (2026)
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Figure 1: () Ay NA_=pand(b) Ay CA_.

Lemma 2.1 (intersecting in a single point) Let C and C’ be primitive curves in X, the boundary of
a genus-g handlebody V for g > 2. Suppose that C and C' have a common dual disk D and that
|C NC'| = 1. Then C and C’ are c-connected with the common dual disk D, and d(C,C’) < 5.

Proof Cutting V along D, we have a genus-(g—1) handlebody V' with two copies D+ and D_ of D
on ¥ = dV’. The primitive curve C is then cut into an arc & with one of its endpoints ¢4 in 0Dy and
the other endpoint ¢ in dD_. The primitive curve C’ is also cut into an arc 8 with its endpoints ¢, and
¢/ in dD4 and dD_, respectively. Let p = o N B. Let a4 and a— be the subarcs of « with endpoints
{c4+. p}and {p, c_}, respectively. Let 84 and B be the subarcs of § with endpoints {c/,, p} and {p,c},
respectively. First we consider the following special case.

Case 1 (both oy UpB4 and o— U B_ cut off disks Ay and A_ from ¥’ — D4 and ¥’ — D_, respectively)
There are two subcases (see Figure 1(a) and (b)).

(a) The two disks A4 and A_ intersect only in the point p.
(b) One of A4 and A_, say A_, contains A .

(a) Take a point d in 0D+ N A4 between c4 and ¢/,. Let d— be the point in dD— that is identified
with d4. Then d_ is not in A_. Take a point ¢ in a4 between ¢4 and p. Let 64+ be an arc in Ay
connecting d and ¢. Since D4 U D_ U A4 U A_ is homotopy equivalent to a point, we can take a

nonseparating arc §— in ¥’ — (D4 U D_U A4 U A_) connecting ¢ and d_ (see Figure 2).
Let 6 = 84 Ud_. If we identify Dy and D—_, then § becomes a primitive curve with a dual disk D
and it is disjoint from C’. The arc § intersects « in a single point ¢. Let A be the triangular disk

determined by {q, ¢+, d+}. Since _ is nonseparating in ¥’ — (D4 U AU N (¢) U D_), we can take an
arc e in X’ — (D4 UA U N () U D_) with endpoints e+ and e— in 0D+ and dD_, respectively, with the
following properties (see Figure 3).

e The arc € is disjoint from « and §.

e The two points e+ and e— become the same point if we identify Dy and D_.

Algebraic € Geometric Topology, Volume 26 (2026)
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Figure 2: The arc § =64 Ué_.

If we identify D4 and D_, then the arc € becomes a primitive curve with the dual disk D, and it is
disjoint from C and §. Hence we see that C and C’ are c-connected with the common dual disk D via
the curves € and 8, and d(C, C’) < 3 in this case.

(b) We push B4 along A4 to the opposite side of 4. Then cﬁ,_ is moved to the opposite side of c.
Of course, ¢’ is also moved to the opposite side of c—. The point p and the disk A 4 disappear, but instead
anew intersection point p’ of « N B near c— and a small triangular disk A’ determined by {p’, c—, ¢’ } are
created. The disk A_ disappears, but instead a disk A’, determined by {p’, ¢+, ¢/, } intersecting A_ only
in p’ is created. Now the situation is like the case (a) in the above, and hence C and C’ are c-connected
with a common dual disk D, and we have d(C,C’) < 3.

Case 2 (at least one of o4 U 4 and o— U S_, say a4+ U B4, does not cut off a disk from X’ — D)
Without loss of generality, assume that 8 is incident to p in the right side of «, and then take a point d+
in D4 near c4 and in the right side of ¢t as in Figure 4. Take a point ¢ in a4 near c4. Let 4 be
a short arc connecting d4 and ¢ such that the interior of §4 is disjoint from D4 U D_ U« U . Let
d_ = (the subarc of a4 from ¢g to p) U B_. Slide the endpoint of 5_ in dD_ to the point d_ that is

Figure 3: The arc €.
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Figure 4: The arc § =64 Ué_.

identified with d4+ in X. Then isotope §_ slightly so that § = §4+ U §_ intersects « in a single point ¢, and
d is disjoint from B (see Figure 4).

Let O‘/+ be the subarc of a4 from ¢4 to ¢, and @’ be the subarc of « from ¢ to ¢c—. The union a; Uds+
cuts off a small disk A from X’ — D. If ' U§_ also cuts off a disk from X’ — D_, then we apply
case 1 to o and §. Since the distance between curves « and § in V is less than or equal to 3, and §
is disjoint from B, the curves C and C’ are c-connected with a common dual disk D, and we have
d(C,C’) < 4 in this case. If «’_ U §_ does not cut off a disk from X’ — D_, then we apply case 2 again
to o and § with respect to o’ U §_. More precisely, we take an arc € such that € is disjoint from §, and «
and € give rise to two disks intersecting in a single point as in case 1(a) (see Figure 5). Since the distance
between curves « and € in V is less than or equal to 3, and since § is disjoint from € and S, the curves C
and C’ are c-connected with a common dual disk D, and we have d(C, C’) <5 in this case. |

Lemma 2.2 (a stronger version of Lemma 2.1) Let C and C’ be primitive curves in X, the boundary of a
genus-g handlebody V for g > 2. Suppose that C and C’ have a common dual disk D. Then C and C’
are c-connected with the common dual disk D, and d(C,C") <5|CNC’'|ifCNC’ # @.

Figure 5: The arcs « and €.
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[ =

CI

Figure 6: The primitive curve C, in case 1.

Proof If C N C’ = @, then we are done. If |C N C’| = 1, then the result holds by Lemma 2.1. So
suppose that |C N C’| > 2. Let p=C NdD and p’' = C'NID.

Consider a subarc « of C’ cut off by C such that the interior of « is disjoint from C. Let a and b be
the two endpoints of . The two points @ and b cut C into two arcs y; and y,. If @ contains p’, then let
y1 be the arc that does not contain p. If o does not contain p’, then let y; be the arc that contains p. So
in any case, y; U « intersects dD in a single point. There are two cases according to the sides that « is
incident to C at a and b.

Case 1 (« isincident to C in the same side of C at ¢ and b) By a surgery of C along «, we obtain a
new primitive curve Cp = y; U with a dual disk D. After a slight isotopy, C; is disjoint from Cy (= C),
and |C, N C’| <|Cy N C’| —2 (see Figure 6).

Case 2 (o is incident to C in the opposite sides of C at a and b) By a surgery of C along o, we
obtain a new primitive curve I' = y; U o with a dual disk D. After a slight isotopy, [’ N C| =1, and
ITNC’| <|CNC’|—1 (see Figure 7). By Lemma 2.1, C and T" are c-connected via primitive curves
with a common dual disk D, and d(C,T") <5.

By an inductive argument, we get a sequence of primitive curves with a common dual disk D, from C
to C’. An upper bound of d(C, C’) in worst case occurs if every step of the surgery is case 2. Since the
intersection number of curves decreases by only one in worst case, we have d(C,C') <5|CNC’|. O

" a 7,

CI
Figure 7: The primitive curve I' in case 2.
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C2
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L ) \b

oD’

Figure 8: The primitive curve C, in case 1.

A key idea in the next lemma is that we do arc surgery with respect to a pair of a primitive curve and
the boundary curve of an essential disk.

Lemma 2.3 (arc surgery) Let C be a primitive curve in X, the boundary of a genus-g handlebody V for
g > 2 with a dual disk D. Let D’ be an essential disk in V disjoint from D. Then there exists a primitive
curve C” in X such that |C” N dD’| < 1, and C and C" are c-connected with the common dual disk D,
andd(C,C") <5(]CnaD'|—=1)if |[CNID'| > 1.

Proof If |[C NdD’| <1, then we are done by taking C” = C. So suppose that |C N dD’| > 2. Let
p = C NaD. Consider a subarc o of D’ cut off by C such that the interior of « is disjoint from C. Let
a and b be the two endpoints of «. The two points @ and b cut C into two arcs y; and ), and let y; be
the arc that contains p. There are two cases according to the sides that « is incident to C at a and b.

Case 1 (« isincident to C in the same side of C at ¢ and b) By a surgery of C along «, we obtain a
new primitive curve Cp = y; U with a dual disk D. After a slight isotopy, C; is disjoint from Cy (= C),
and |C, N aD’| <|Cy NaD’| —2 (see Figure 8).

Case 2 (« is incident to C in the opposite sides of C at @ and b) By a surgery of C along «, we
obtain a new primitive curve I' = y; U« with a dual disk D. After a slight isotopy, [’ N C| =1, and
IT NaD’| <|CNaD’'|—1 (see Figure 9). By Lemma 2.1, C and I" are c-connected via primitive curves
with a common dual disk D.

Figure 9: The primitive curve I in case 2.
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CH 1" CIII

Figure 10: (T UD)N(C"” U D) <1.

By an inductive argument, we get a primitive curve C” with a dual disk D and |[C” N dD’| < 1.
An upper bound of d(C, C") in worst case is 5(|C N dD’| — 1) because the surgery process finishes if
|IC"NaD'| = 1. |

Now we are ready to prove the following theorem, a weaker version of Theorem 1.1.

Theorem 2.4 Let C and C’ be primitive curves in 3, the boundary of a genus-g handlebody V for g > 2.
Then C and C’ are c-connected.

Proof Take any dual disks D and D’ of C and C’, respectively. By the standard disk surgery argument,
there exists a sequence D = Dy, D5, ..., D, = D’ of nonseparating disks in V' such that D; and Dj 4
are disjoint for each j € {1,2,...,n—1}. Let C; = C and C, = C’. Take a primitive curve C; for each
Jj €1{2,...,n—1} such that D; is a dual disk of C;.

To show the statement of Theorem 2.4 for C and C’, it is enough to show the same statement for C;
and Cj 41, and each j € {1,2,...,n—1}. So without loss of generality, we assume that C and C” admit
dual disks D and D’, respectively, such that D and D’ are disjoint.

By Lemma 2.3, there exists a primitive curve C” such that C and C"” are c-connected with a common
dual disk D and |C” NadD’| < 1. Similarly, there exists a primitive curve C”” such that C’ and C"” are
c-connected with a common dual disk D’ and |C”" N dD| < 1. It remains to show that C” and C"” are
c-connected.

Suppose that one of |[C” N dD’| or |C"" NAD]|, say |C” NaD’|, is 1. Then D’ is a common dual disk
of C” and C"”. By Lemma 2.2, C"” and C"” are c-connected.

Now suppose that both |[C” N dD’| and |C"" NdD| are 0. We do an arc surgery for the pair C” and C"”
to reduce |C” N C"|. More precisely, we do a surgery of C” along an arc component « of C””” cut off
by C” such that the interior of « is disjoint from C” and that & does not contain the point C"” N dD’.
Then we obtain a primitive curve 'y satisfying [T’y N C”’| < |C” N C"’| with a common dual disk D, and
with an additional property that |[I'; N dD’| = 0 since |T'; NdD’| < |C” NadD’| = 0 by the choice of a.
We iterate such an arc surgery to obtain a primitive curve I" from C” with a common dual disk D, and
ITNC"”| <1, and | NdD’| =0. The two primitive curves C” and I" are c-connected (using Lemma 2.1
if necessary). See Figure 10. In Figure 10, the dotted lines mean that |[C” NdD| = [T NdD| =1 and
|C”” N aD’| = 1, and the solid lines mean that DN D' = @ and (C"UT)N D' =g and C""'ND = @.
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D D or D D
) E—
D’ D D’

Figure 11: A band sum of D and D’ is a common dual disk of I" and C"”.

Since [(TUD)N(C"UD")|=|T'NC"| <1, we can take a band sum of D and D’ that is a common
dual disk of T and C"”. See Figure 11.

If T NC"”| =0, then I" and C"” are c-connected obviously. If [’ N C”’| =1, then " and C" are
again c-connected by Lemma 2.1. |

3 Proof of the main theorem in the case of g =2

For convenience, we simply say that two primitive curves C and C’ are s-connected if there exists a
sequence C = Cy,Cy,...,Cy = C’ of primitive curves for some k such that C; and C; 4 are separated
foreachi € {1,2,...,k —1}. If C and C’ are s-connected, that is, C; and C; 1 are separated with their
disjoint dual disks D; and Dj 1, respectively, then we see that C and C’ are also c-connected by taking a
band sum of D; and D;4 that forms a common dual disk of C; and C;4 . We will prove the following,
which is Theorem 1.1 in the case of g = 2.

Theorem 3.1 Let C and C’ be primitive curves in X, the boundary of a genus-2 handlebody V. Then C
and C’ are s-connected.

Proof By Theorem 2.4, C and C’ are c-connected (with an arbitrary choice of dual disks of C and C”),
and hence it suffices to assume that C and C’ are disjoint and have a common dual disk.

Let D be a common dual disk of C and C’. Cutting V along D, we have a solid torus V'’ with two
copies D4 and D_ of D on X/ = dV’. The primitive curve C is cut into an arc o with one of its endpoints
in D4 and the other in dD_. The primitive curve C’ is also cut into an arc S with its endpoints in
dD4 and dD_, respectively. If we crush D4 and D_ to points, then « U 8 U D4 U D_ becomes a loop,
denoted by £. The loop £ is homotopic to an inessential loop in X’ only if C and C are isotopic in 2. So
we may assume that £ is homotopic to an essential loop in the torus X'.

Fix a meridian m( and a longitude /oy of X’ = dV’'. Suppose that £ is homotopic to a (p, ¢)-torus
knot K 4. Here K, , winds V' | p| times in longitudinal direction and |¢| times in meridional direction
in such a way that |K, ; Nmg| = |p| and | K 4 N | = |q].

Suppose that (p, g) = (0, 1), i.e., £ is homotopic to a meridian. Take a meridian disk D of V'’ such that
DiN(@UBU D4 UD_)=g. Take another meridian disk D, of V' such that D,N(D1UD4+UD_) =g
and |0D; Na| = |dD, N B = 1. See Figure 12.
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Figure 12: The loop ¢ is homotopic to a meridian.

We take a primitive curve C” in ¥ with the following properties (see Figure 13(a)).

e C"N(CUD)=g2.

e [C"NADy| = |C"NdD,| = 1.

It is not difficult to take another primitive curve C””’ in X with the following properties (see Figure 13(b)
and (¢)).

e C""'N(C"UDy) =@.

e C'"NC'=g.

e [C""'NAD|=|C"" NaDy{| = 1.

The curves C and C” are s-connected because (CUD)N(C"U D) =@ and (C"UD,)N(C"UD) =2
and (C"”U D) N (C'U D,) = @&. See Figure 13.

Suppose that (p,q) = (1,0), i.e., the loop £ is homotopic to a longitude. Figure 14 illustrates that
(CUDy)N(C'"UDy)=@. So C and C’ are s-connected directly.

The signs of p and ¢ just reflect left-handed or right-handed directions of the winding of K 4 with a
choice of orientation. Thus without loss of generality, we only consider those p,q with p > 0 and g > 0.

(a) (b) (c)

Figure 13: C and C’ are s-connected via C” and C"”.
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D

Figure 14: C and C’ are separated.

Moreover, if ¢ > p > 0, then by sufficient Dehn twists of K, ; along mg, we make ¢ is less than p. So
we may assume that p > g > 0.

We use induction on p. For that purpose, we consider two types of arcs 8 ; and ,8;, ¢ as in Figure 15(a)
and Figure 15(b), respectively. Both 8, 4 and B, , have one of their endpoints in 3D and the other
in 0D_. The arc B, 4 is disjoint from o, but 'Bz/J,q intersects « in a single point, cutting off a small
triangular disk together with D_. Let £, 4 and £}, , be the loops obtained from B4 Ua U D4 U D_ and
,81/), q YU Dy UD_ by crushing D4 and D_ to points, respectively. Both £ 4 and K;, 4 are homotopic
to K, 4. Figure 15 illustrates an example of the case (p,q) = (7, 5).

Let r and s be positive integers satisfying ps—gr =1and r < p and s <q. Sincedet(} §) = ps—qr =1,
|Kp,q N Kys| = 1. For Bp4 and By, ,, we take arcs s and B, ;, respectively, winding r times in
longitudinal direction and s times in meridional direction and |B,,s N Bpql = B3N B, .| = 1 as in
Figure 16(a) and Figure 16(b). Both §, s and ﬂ;’s have one of their endpoints in dD4 and the other

T =
=
o« o
ﬁp,q

(a) (b)

Figure 15: (a) [Bp,q Nl =0and (b) |B,, Na|= 1.
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Figure 16: (a) [B,s Nee| =0and (b) |B; Na|=1,and |Brs N Bpgl =B s N Byl =1

in dD_. Moreover, |8, s Na| =0 and |B, ; Na| = 1. The arc B, is like a stepping stone between o
and Bp. 4, and the arc f8; ; is like a stepping stone between & and f, .

The disk D_ in Figure 16(a) is isotoped along two long parallel subarcs of B, and B, 4 as in
Figure 17(a) so that B, ; becomes a short arc and 8, ; winds p —r times in longitudinal direction. Denote
the isotoped f,,5 and B, 4 by g and ﬁl’,_,’t for some ¢ < ¢, respectively. Similarly, Dy in Figure 16(b) is
isotoped along two long parallel subarcs of ; gand B ;,, ¢ as in Figure 17(b) so that /3;, ¢ becomes a short arc
and B, , winds p —r times in longitudinal direction. Denote the isotoped f;. ; and B, , by a9 and B;,_, ,
for some ¢ < g, respectively. In both cases, let E;,_,,t be the loop obtained from ¢ U ,3;,_” UDyUD_
by crushing D4+ and D_ to points. Then K;_r’t is homotopic to K, ;. Since K, intersects the
original K, 4 in a single point and det(4 =) = p(¢ —s) —g(p —r) = —1, we have that t = ¢ —s.

Figure 17: B,_,,

_ R
- FPp-rg-—s-
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Figure 18: C and C’ are s-connected via C”.

Hence the longitudinal and meridional parameters of 8, , with respect to B, s and those of ﬁ;,’q with
respect to ,B;’s are (p —r,q —s). Figures 15, 16, and 17 illustrate an example of (p,q) = (7,5) and
(r,s)=(4,3)and (p—r,q—s)=(3,2).

Now it remains only the case of (p, ¢) = (1, 0), the initial condition of the induction. We only need
to consider | ,8/1’0 No| = 1 because we already dealt with the case of |80 Na| = 0 (see Figure 14).
Figure 18 shows that C and C’ are s-connected via C”, where C and C’ are obtained from « and 5’1,0,
respectively. (It is easy to see that C and C” are separated.)

Let C, C”, C’ be the primitive curves in 9V obtained by identifying endpoints of a, B, (or B} ),
Bp.q (or ,B;,’q), respectively. Since r < p, C and C” are s-connected by our induction hypothesis. Since
p—r < p,C"and C’ are s-connected by our induction hypothesis. Hence C and C’ are s-connected. O

4 Proof of the main theorem in the case of g > 3

Throughout the section, V' will be assumed to be a genus-g handlebody for g > 3. For a primitive curve C
in ¥ = dV with a dual disk D, we call the pair (C, D) simply a dual pair for V. For convenience,
we simply say that two dual pairs (C, D) and (C’, D') are p-connected if there exists a sequence
(C,D)=(Cy,Dy),(Cy, Dy),...,(Cx,Dy)=(C’, D) of dual pairs for some k such that C; U D; and
Ci+1 U Dj41 are disjoint for each i € {1,2,...,k —1}. It is obvious that if two dual pairs (C, D) and
(C’, D) are p-connected then C and C’ are s-connected.

Lemma 4.1 (common primitive curve) Let (C, D) and (C, D’) be dual pairs for a genus-g handlebody V
with g > 3. Suppose that D and D’ are disjoint. Then (C, D) and (C, D) are p-connected.

Proof Cut V along DU D’. The resulting manifold V"’ is a genus-(g—2) handlebody, or two handlebodies
of genus g1 and g5, respectively, where g1 + g» = g — 1. The primitive curve C is cut into two arcs o
and o». Whether V' is connected or not, there are two copies D4+ and D_ of D and two copies D’Jr and
D’ of D" on X' = dV'. One of &y and @, say oy, connects Dy and D’ and the other &, connects D',
and D_. Since each of D+ Ua; U D. and D/  Ua, U D— is homotopy equivalent to a point, we can
take a dual pair (C”, D”) in V' disjoint from them. See Figure 19. Then (C”, D”) can be regarded as a
dual pair also in V, and (C, D) and (C, D’) are p-connected via (C”, D"). |
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(b)

Figure 19: (a) V' is a handlebody and (b) V' is two handlebodies.

Lemma 4.2 Let (C, D) and (C’, D’) be dual pairs for a genus-g handlebody V with g > 3. Suppose that
(C'uD'YND =@. Then (C, D) and (C’, D) are p-connected.

Proof Cut V along D. Then we have a genus-(g—1) handlebody V' with two copies Dy and D_ of D
on ¥’ = dV'. The primitive curve C is cut into an arc « in ¥’ such that one endpoint is in dD 4 and the
other endpoint is in dD_. Since (C'UD")ND =@, (C’, D') is a dual pair also in V. If (C'UD")Na = @,
then (C, D) and (C’, D’) are p-connected and we are done. So we may assume that (C’' U D) Na # &.

We use induction on |[(C’ U D) Na|. Let p be a point of (C’ U D") N« which is closest to one of the
two endpoints of &, say ¢4, in dD4. There are two cases.

Casel (peC’) Let C{=C’, and C, be a parallel copy of C| such that a point ¢ € C; N« is closer
to c4 than p. Let a4 be the subarc of & from ¢ to c. Slide a small neighborhood of ¢ in C; along
o+ U Dy. Then C{ U C] bounds an annulus A4 containing D. See Figure 20.

Since (C{, D') is a dual pair in a genus-(g—1) handlebody V’, and C{ U C; bounds an annulus, and
D_ is disjoint from D’ U A, we can take a new dual pair (C3, D3) in V' disjoint from D’ U AU D_. All
of (C/, D) and (C,, D) and (C3, D3) can be regarded as dual pairs in V because they are disjoint from
D U D_. The dual pairs (C{, D’) and (C;, D') are p-connected via (C3, D3). Since |(C; U D') Na| =
|(C{ UD")Nea|—1, by an inductive argument (C;, D’) and (C, D) are p-connected.

Case 2 (p € 0D’) Let D] = D', and D), be a parallel copy of D] such that a point ¢ € 0D} N« is
closer to ¢4 than p. Let oy be the subarc of & from ¢ to c. Slide a small neighborhood of ¢ in D)
along a+ U D. Then D} U D’ bounds a region B in V' that is homeomorphic to D’ x I containing D..

Since (C’, DY) is a dual pair in a genus-(g—1) handlebody V', and D U D’, bounds a 3-ball, and D_ is
disjoint from BUC’, we can take a new dual pair (C3, D3) in V' disjoint from BUC'UD_. Allof (C’, DY)
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Figure 20: The dual pairs (C/, D’) and (C,, D’).

and (C’, D)) and (C3, D3) can be regarded as dual pairs in V' because they are disjoint from D4 UD—. The
dual pairs (C’, D) and (C’, DY) are p-connected via (C3, D3). Since [(C'UD5)Na|=|(C'UD})Na|—1,
by an inductive argument (C’, D)) and (C, D) are p-connected. |

Lemma 4.3 (common dual disk) Let (C, D) and (C’, D) be dual pairs for a genus-g handlebody V with
g > 3. Then (C, D) and (C’, D) are p-connected.

Proof Cut V along D. Then we have a genus-(g—1) handlebody V'’ with two copies D4 and D_ of D
on ¥ = dV’. The primitive curves C and C’ are cut into arcs « and o’ in X', respectively, such that for
each arc one endpoint is in dD4 and the other endpoint is in dD_. Since D4+ U’ U D_ is homotopy
equivalent to a point, we can take a dual pair (C”, D”) in V' disjoint from it. Then (C”, D”) can be
regarded as a dual pair also in V, and (C”, D) and (C’, D) are p-connected. Since (C”"UD")ND = &,
by Lemma 4.2 (C, D) and (C”, D") are p-connected. Hence (C, D) and (C’, D) are p-connected. 0O

Now we are ready to prove Theorem 1.1 in the case of g > 3. Actually we show a slightly stronger
version of it as follows.

Theorem 4.4 Let (C, D) and (C’, D') be dual pairs for a genus-g handlebody V with ¢ > 3. Then
(C, D) and (C’, D) are p-connected.

Proof As in the proof of Theorem 2.4, we may assume that D and D’ are disjoint. By Lemma 2.3, there
exists a sequence C = C1, Cy,...,C, = C” of primitive curves with a common dual disk D such that
C; and C; 41 are disjoint for each i € {1,2,...,n—1} and |[C” NdD’| < 1. Since (C;, D) and (C;+1, D)
are p-connected for each i € {1,2,...,n— 1} by Lemma 4.3, (C, D) and (C”, D) are p-connected. See
Figure 21. In Figure 21, the dotted lines mean that (C;, D) for eachi € {1,2,...,n} and (C’, D) are
dual pairs, and the solid lines mean that C; N C; 11 = @ foreachi € {1,2,...,n—1}and DN D' = @.
It remains to show that (C”, D) and (C’, D’) are p-connected.

Algebraic € Geometric Topology, Volume 26 (2026)



988 Sangbum Cho and Jung Hoon Lee

c=C, G, c,=C" c'
«— ¢ oo » [
\ \ 1 1
\ \ ’ 1
\ \ ’ \
\ \ I 1
\ 1
\ \ , I
\ ! ’ |
v I
vV, 1
\\, 1
b'S é
D D’

Figure 21: (C, D) and (C”, D) are p-connected and [C" N dD’| < 1.

Suppose that |[C” NdD’| = 1. Then D’ is a common dual disk of C” and C’. By Lemma 4.3, (C”, D’)
and (C’, D’) are p-connected. Since (C”, D) and (C”, D) are p-connected by Lemma 4.1, (C”, D) and
(C’, D) are p-connected.

Now suppose that |C” N dD’| = 0. Then since (C” U D) N D' = @&, by Lemma 4.2 (C”, D) and
(C’, D) are p-connected. |
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Extensions of finitely generated Veech groups

ELIOT BONGIOVANNI

Given a closed surface S with finitely generated Veech group G and its 71 (S)-extension I', there exists
a hyperbolic space E on which T acts isometrically and cocompactly. The space E is obtained by
collapsing some regions of the surface bundle over the convex hull of the limit set of G. Using the
nice action of I" on the hyperbolic space E , it is shown that I" is hierarchically hyperbolic. These are
generalizations of Dowdall-Durham-Leininger—Sisto, who assume in addition that G is a lattice. Because
finitely generated Veech groups are among the most basic examples of subgroups of mapping class groups
which are expected to qualify as geometrically finite, this result is evidence for the development of a
broader theory of geometric finiteness.
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6. Slim triangles of collapsed preferred paths 1010
7. Hierarchical hyperbolicity 1031
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1 Introduction

In the context of Kleinian groups, there is a well-defined notion of “convex cocompactness” and a
generalization known as “geometric finiteness”. For subgroups of mapping class groups, there is an
analogous notion of convex cocompactness, but it is unclear what might be meant by geometric finiteness
in this context. Finitely generated Veech groups are of interest here because they are subgroups of the
mapping class group (those which stabilize Teichmiiller disks) and Kleinian groups (since each of those
Teichmiiller disks is isometric to the hyperbolic plane). In general, a finitely generated Veech group is not
convex cocompact—neither as a subgroup of a mapping class group nor as a Kleinian group—but it is
geometrically finite as a Kleinian group. It is widely agreed upon that finitely generated Veech groups
should qualify as geometrically finite as subgroups of mapping class groups; see Mosher’s discussion
in [23, Section 6]. For example, Tang [28, Theorem 1.4] shows that finitely generated Veech groups
are parabolically geometrically finite in the sense of Dowdall-Durham—Leininger—Sisto [9], so these
serve as a fundamental example for developing a theory of geometric finiteness in the context of mapping
MSC2020: primary 20F65, 20F67, 57M60; secondary 30F40, 30F60.
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class groups. It is also known from Farb—Mosher and Hamenstéddt that a subgroup of the mapping
class group is convex cocompact if and only if its extension group is hyperbolic [11; 15]. Literature
including that of Mosher [23, Problem 6.2], Dowdall-Durham—Leininger—Sisto [9, Section 1.4], and
Russell [26, Section 1.1] suggests that some notion of geometric finiteness of subgroups of mapping class
groups corresponds to hierarchical hyperbolicity of the extension group. This paper provides further
evidence toward that conclusion.

The main result is a generalization of Dowdall-Durham-Leininger—Sisto [8, Theorem 1.1]. The
following statement is identical, except that the term “lattice” has been generalized to “finitely generated”.
The 71 (S) extension of G is precisely the group I' that fits into the short exact sequence

l->m(S)»>T -G —1,

and the vertex subgroups of I' are those that stabilize the vertices of particular Bass—Serre trees upon
which I' acts isometrically.

Theorem 5.8 Suppose G < MCG(S) is a finitely generated, nonelementary Veech group with extension
group I" and let Y1, ..., Yy < T be representatives of the conjugacy classes of vertex subgroups. Then
I' admits an isometric action on Gromov hyperbolic space E, quasi-isometric to the Cayley graph of T"
coned off along the cosets of Yq,..., Y.

Although this paper follows the basic construction and argument outline from [8], the details differ
substantially. First, in both cases, the space E is constructed from the hyperbolic plane bundle over the
convex hull of the limit set of the associated Teichmiiller disk. However, when G was also assumed
to be a lattice, the convex hull of the limit set coincided with the Teichmiiller disk. When G is only
finitely generated, the convex hull of the limit set is generally some (strict) subset of the Teichmiiller disk.
As a consequence, the proof of the “fan lemma” (Lemma 6.22, which generalizes [8, Lemma 4.12]) is
reformulated entirely. The fan lemma is the cornerstone for constructing sets that form slim triangles,
which are used to prove hyperbolicity of E via the guessing geodesics criterion. (The guessing geodesics
criterion essentially says that the existence of paths that form slim triangles is sufficient evidence for
the existence of geodesics that form slim triangles; see Proposition 5.1. The version used here is due to
Masur—Schleimer [21] and Bowditch [5].) As in [8], this paper constructs the “guessed geodesics” by
concatenating hyperbolic geodesic segments orthogonal to the fibers with saddle connections within fibers.
When G was also assumed to be a lattice, the Veech dichotomy ensured that every saddle connection arose
as a boundary component of a cylinder decomposition. It is therefore necessary to generalize the Veech
dichotomy to the case of finitely generated Veech groups. Although this generalization is known to experts
and follows quickly from other long-established results, it appears to be missing from the literature.

Theorem 3.3 (generalized Veech dichotomy) Let (S, X, g) be a flat surface with finitely generated Veech
group G. Every direction « € A(G) C dD is either minimal and uniquely ergodic or completely periodic
and invariant by a parabolic element of the maximal Veech group.
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Section 3, therefore, can be read independently of the rest of the paper. Its relevance here is to arrive
at Corollary 3.9, which states that saddle connections either arise as boundary components of cylinder
decompositions (as in the classical Veech dichotomy) or are associated to directions not in the limit set
of G. Therefore, when G is only finitely generated, it is possible for the “guessed geodesics” to include
saddle connections which are arbitrarily long— an issue not encountered when G was also assumed to be
a lattice— and this complicates the process of proving that these paths form slim triangles.

It is important to note that some arguments in this paper require that the finitely generated Veech group G
has at least one parabolic element. If G has no parabolic elements (equivalently, if G is convex cocompact)
then it is already known that the extension group is hyperbolic by the aforementioned results of [11; 15].
However, the arguments in this paper provide a new proof in this special case with little extra work.

Theorem 6.29 (special case of [11; 15]) Let G < MCG(S) be a finitely generated Veech group with
extension group I'. If G has no parabolic elements, then I' is Gromov hyperbolic.

After establishing the main result of Theorem 5.8, hierarchical hyperbolicity of the extension group is
a natural next step.

Theorem 7.1 (hierarchical hyperbolicity) Let G < MCG(S) be a finitely generated Veech group with
extension group I". Then I' is a hierarchically hyperbolic group.

The proof of this theorem proceeds almost exactly as in [9], after patching one subcase.

One might also ask whether an extension of a finitely generated Veech group is quasi-isometrically
rigid. Indeed, this is a result of Margolis [19]. Though [9] gives a stronger result for extensions of lattice
Veech groups, their version does not generalize to extensions of finitely generated Veech groups.

Outline

Section 2 surveys the background information needed to approach this problem and refers to resources
that explore these concepts in more depth. Section 3 is dedicated to a generalization of the classical Veech
dichotomy, which lays the foundation for the rest of the paper. Section 4 constructs the space E featured
in Theorem 5.8. Section 5 proves that Eis hyperbolic (Theorem 5.7), and shows how the rest of the
statement of Theorem 5.8 follows. A key result for the proof of hyperbolicity of E, Theorem 6.28, is
deferred to and comprises the entirety of Section 6. Finally, Section 7 proves that an extension of a finitely
generated Veech group is hierarchically hyperbolic. For the reader’s convenience, a list of symbols and
references to the pages on which they first appear begins on page 1032.

2 Background concepts

This section surveys concepts used throughout the paper. References for deeper reading are included at
the beginning of each subsection.
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2.1 Fundamental geometry

2.1.1 Paths in metric spaces See [6, Chapter 1.1].
Let (X, d) be a metric space. A path from x to y in X is a continuous map ¢ from an interval [0, £] C R
to X with ¢(0) = x and ¢(£) = y. The length of the path ¢ is

sup 3 d(c(ti—1). (i),

P i=1
where the supremum is taken over all partitions P of [0, {] with ¢y = 0 and #,, = £. If the length of ¢ is
finite, then c is called rectifiable. The space X is called rectifiably path connected if any two points are
connected by a rectifiable path. If for any x, y € X the distance d(x, y) is precisely the infimum of the
lengths of all paths from x to y, then (X, d) is called a length space.
A path ¢ is called a geodesic if for all ¢,1" € [0, £],

d (c(t),c(t)) =t —1'|.

The image of the map c is also sometimes referred to as a geodesic. The space X is called a geodesic
space if any two points are connected by a geodesic. A geodesic between x and y in a geodesic space is
typically denoted [x, y], which is the notation used throughout this section.

2.1.2 Quotient spaces See [6, pp.2, 64-70].

Let (X, d) be a metric space, and let ~ be an equivalence relation on elements of X. A chain
from x to y in X is a sequence {x1, ¥1,X2, V2,...,Xn, Yu} With y; ~ x;41. Forx’,y e X' = X/ ~
representing x, y € X, respectively, the quotient pseudometric is defined by

d'(x',y") :=inf i d(x;, i),
Ci=1
where the infimum is taken over all chains joining x to y. A pseudometric meets all of the requirements to
be a metric except that it is perhaps not positive-definite, meaning that d’(x’, y") = 0 need not imply x" = y’.
The next lemma is used several times in this paper to verify that a quotient space is in fact a length space.
Lemma 2.1 [6, Lemma 1.5.20] Let (X, d) be a length space, let ~ be an equivalence relation on X and
let d’ be the quotient pseudometric on X' = X/ ~. If d’ is a metric then (X', d’) is a length space.

2.1.3 Gromov hyperbolicity See [6, Chapter III.H.1; 31].
Let (X, d) be a metric space with x € X. The Gromov product of y,z € X with respect to x is

(y:2)y =3 (d(y.x) +d(z.x)—d(y.2)).
For 6 > 0, X is called §-hyperbolic (or Gromov hyperbolic with hyperbolicity constant §) if
(x+»)w Zmin{(x2)w, (¥ 2w} —6

for all w,x, y,z € X. When X is a geodesic space, §-hyperbolicity is equivalent to every geodesic
triangle in X being §’-slim for some §’ > 0 depending on §: A geodesic triangle consists of three points
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X, ¥,z € X and choices of geodesics [x, y], [y, z], and [x, z] and is §-slim if each side is contained in the
d-neighborhood of the other two, i.e.,

[x,z] C N5 ([x, y]U[y. z]) .
[x,y]C N5 ([y. z]U[x.z]) .
[v.z] C Ns ([x. z]U[x. y]) .

where Ng denotes the §-neighborhood.
In this paper, any mention of hyperbolicity is Gromov hyperbolicity (with some hyperbolicity constant).

2.1.4 Coarse geometry See [6, pp. 138-144; 31].
Let (X, dy) and (Y, dy) be metric spaces. Given A > 1 and ¢ > 0, amap f : X — Y is called a
(A, &)-quasi-isometric embedding if for all x, y € X,

1
ydx(x.y)—e =dy (f(x). f(y)) = hdx (x.y) +e.

When the domain X is an interval in R or Z, the map f is called a quasi-geodesic; the image of the
map is also sometimes referred to as a quasi-geodesic. If in addition there is a constant K > 0 so that
Nk (f(X)) = Y —that is, if f is coarsely surjective—then f is called a quasi-isometry, and the
spaces X and Y are said to be quasi-isometric. If f is a quasi-isometry, then there exists a quasi-inverse
of /', which is a quasi-isometry g : ¥ — X so that dy (x, g(f(x))) and dy (y. f(g(»))) are uniformly
bounded for all x € X and y € Y.

Gromov hyperbolicity of length spaces is an invariant of quasi-isometry: If (X, dy) and (Y, dy) are
length spaces, X is hyperbolic, and f : X — Y is a quasi-isometry, then Y is hyperbolic (perhaps with a
different hyperbolicity constant from that of X) [31, p. 16].

2.1.5 Cayley graphs Given a finitely generated group G with generating set A, the Cayley graph of G,
denoted Cay(G), is the graph whose vertices are elements of G and whose edges connect g to ga for any
g € G, a € A. Defining all edges to be unit length makes the Cayley graph a metric space, where the
induced metric is precisely the word metric with respect to the set .A. The group G equipped with the
word metric is quasi-isometric to its Cayley graph, and any two Cayley graphs for G (obtained from two
different generating sets) are quasi-isometric (see [6, pp. 139-141]).

Given a finite family of subgroups H = {H;, H,, ..., Hy} of G, the Cayley graph of G with respect
to H or coned-off Cayley graph, denoted Cay(G, H) is the graph obtained from Cay(G) by adding a
vertex Vg g for each left coset gH (with g € G and H € H) and attaching Vg g by an edge of length % to
each vertex of Cay(G) which is an element of the coset g H. The isometric left action of G on Cay(G)
extends to an isometric action of G on Cay(G,H): Forall g,g' € G and H € H,set gVgr g = Vo' H.-
The nontrivial vertex stabilizers of the action are conjugate to subgroups of . See [7], including the
following variant of the Schwarz—Milnor lemma.

Theorem 2.2 [7, Theorem 5.1] Let G be a finitely generated group and suppose that G admits a discon-
tinuous (that is, with discrete orbits), cocompact, isometric action on a length space X . Let H denote a
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collection of subgroups of G consisting of exactly one representative of each conjugacy class of maximal
isotropy subgroups for the action of G on X . Then H is finite and, for any finite generating set A of G,
the coned-off Cayley graph Cay(G, H) is quasi-isometric to X . In particular, if X is a hyperbolic space
then the coned-off Cayley graph is hyperbolic.

2.1.6 Mapping class groups See [10].
Let S be a closed, orientable surface of genus at least 2. The mapping class group of S is

MCG(S) := 7o (Homeo™ (S)) .

That is, the mapping class group is the group of isotopy classes of orientation-preserving homeomorphisms
onS.
Mark a point * on S and denote the marked surface by S. The mapping class group of the marked
surface is then
MCG(S) := o (Homeo ™ (S, %)),

i.e., the isotopy classes of elements of Homeo™ (') which fix the marked point *. These mapping class

groups fit into the Birman exact sequence,
(1) 1 — 71(S) = MCG(S) — MCG(S) — 1,

where MCG(S) — MCG(S) is the map which forgets the marked point on S [10; 4]. For a subgroup
G < MCG(S), denote its preimage by ' < MCG(S) and observe that it fits into a short exact sequence

1—)7T1(S)—>FG—>G_)1,

which includes into the Birman exact sequence above. The group I'g is called the 71 (S)-extension of G
(or simply the extension of G), and it is the fundamental group of an S-bundle with monodromy an
isomorphism onto G.

2.2 Flat surfaces

See [12; 27].

Let S be a closed, connected, and oriented surface of genus at least 2. Equip S with a complex struc-
ture X, which is an atlas of charts {zy : Uy, — C} whose transition functions z;l o zy are biholomorphic
wherever the composition is defined. A guadratic differential for X, denoted gx or more simply ¢, is a
nonzero holomorphic section of the square of the canonical line bundle over (S, X). Note in particular
that any nonzero quadratic differential has finitely many zeroes. The pair (X, ¢) are a flat structure on S,
described as follows.

In a small disk neighborhood of a nonzero point p, choose a coordinate chart z so that p corresponds to
z(p) = 0 and pick a branch of ¢'/2(z). The natural coordinate or preferred coordinate in a neighborhood
of p is given by

z
(@) = [ gy du.
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In this coordinate, ¢ is given by g(z) dz?> = d?. In the neighborhood of a zero of order k > 1 there are
natural coordinates such that ¢(z) dz2 = ¢k d 2.

Away from the zeroes of ¢, the transition functions for overlapping preferred coordinates of g are
locally given by z — £z + ¢ for some ¢ € C. Because the Euclidean metric is invariant under these
transition functions, the Euclidean metric pulls back to a metric on S minus the zeroes of ¢. To complete
the pullback metric, each zero of order k — 2 is filled back in so that a neighborhood of the point is
isometric to the image of k Euclidean half planes glued together in a cyclic pattern by identifying the
positive real axis of one half plane with the negative real axis of another (and only one other) half plane.
A point of S corresponding to a zero of ¢ — that is, a singular point— of order k — 2 is called a cone
point with cone angle k. The resulting metric is called a flat metric, which is also denoted by ¢. (Using
the same notation for both the quadratic differential and the flat metric is a bit imprecise: The flat metric
determines the quadratic differential up to multiplication by a nonzero complex number.)

Given a complex structure X on S and an associated flat metric ¢, the triple (S, X, ¢) is a flat surface.
Where the structure and metric are implied, a flat surface is often denoted simply as S.

2.2.1 Directions Because the transition functions for overlapping preferred coordinates for ¢ are locally
given by z — £z + ¢, a line in the tangent space at any nonsingular point can be parallel translated
(everywhere except the cone points) to produce a smooth line field, which corresponds to a line in the
projective tangent space at any nonsingular point. In other words, any tangent line to the surface has a
distinguishable direction, up to a rotation by s, which is consistent everywhere on the surface away from
the cone points. This is known as the space of directions. It is sometimes denoted by 4! (g), but in this
paper the notation dD (introduced in Section 2.3) is used instead.

2.2.2 Geodesics Because the flat metric ¢ is Euclidean away from the cone points, (local) geodesics
on S minus the cone points are straight lines. A geodesic containing a cone point locally consists of
two straight line segments meeting at the cone point and forming angles of at least & on both sides.
A geodesic between two cone points and with no cone points on its interior is called a saddle connection.
In particular, a saddle connection o determines a line in the tangent space at any of its interior points, and
therefore determines a point in the space of directions which is denoted by [o]. The length of a saddle
connection ¢ is denoted by £ (o).

2.2.3 Foliations The line field obtained by parallel translating a tangent line around S minus the cone
points also corresponds to a foliation of .S minus the cone points by geodesics, which extends to a singular
foliation over all of S when the cone points are included back in. So for any direction « there is a
corresponding (singular) foliation F () in direction «.

It is possible that for particular « the foliation () defines a cylinder decomposition in which every
nonsingular leaf is a closed geodesic, and the singular leaves are concatenations of saddle connections
which separate .S into a union of Euclidean cylinders. A description of some of the directions « for which
this occurs is given by Theorem 3.3.
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2.2.4 The universal cover Let S denote the universal cover of S. The complex structure X and
quadratic differential ¢ on .S can be pulled back to S, and the covering also gives a canonical identification
of the directions on S with those on S. The covering map from S to S sends cone points to cone points
(and saddle connections to saddle connections) and is a local isometry. For simplicity, the same notation
is used for the structure, quadratic differential (and associated metric), and space of directions for S.

Because every cone point on S has cone angle greater than 25, both .S and S are nonpositively curved
via Gromov’s link condition (see, for instance, [6, Chapter I1.5]). Therefore the pulled back metric on S
is CAT (0), and so S is uniquely geodesic. The geodesics are analogous to those in S, consisting of
concatenations of saddle connections (with perhaps a straight line segment at the beginning or end of the
path). Given a Euclidean cylinder in .S, the preimage is a union of strips, and the covering map restricts
to a universal covering of the cylinder on each strip.

2.3 The Teichmiiller space

See [13, Section 8.2; 20].

Two complex structures X and Y on S are called equivalent if there is amap f : (S, X) — (S,Y),
biholomorphic in the coordinate charts, which is isotopic to the identity on S. The Teichmiiller space
of S, denoted T (S), is the space of equivalence classes of complex structures on S. The notation X is
used both for a particular complex structure and its isotopy class X € 7(S). The Teichmiiller space of .S
comes equipped with a metric known as the Teichmiiller metric, which will not appear explicitly in this
paper, but whose relevant features are described below.

Denoting by S the surface S with a marked point, the space 7(S) is the space of isotopy classes of
complex structures in which isotopies are also required to fix the marked point. A fibration of Teichmiiller
spaces called the Bers fibration is given by

) S = T(S) = T(S),

obtained by forgetting the marked point, where the fiber over a point X € 7(S) is canonically identified
with S [2; 18].

2.3.1 The Teichmiiller disk Given a flat surface (S, X, ¢), where ¢ has preferred coordinates {;, a new
complex structure can be obtained from any A € SL,(R) by applying A to the given atlas — that is, a new
atlas {4 o {;}, where A acts as a linear transformation of R? 2 C. The new complex structure is denoted
A-(X,q) =(A-X, A-q). Note that this deformation preserves the zeroes (including their orders) of the
original structure (X, ¢g). The map SO(2)4 — A - X gives a homeomorphism from SO(2)\SL;(R) to
the image of the orbit D C T(S) of (X, g), since SO(2) preserves the underlying complex structure. The
disk D is called the Teichmiiller disk of q, on which the Teichmiiller metric is the push-forward of the
Poincaré metric (by Teichmiiller’s theorem). As a consequence,

Isom™ (D) = PSL,(R),
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where the latter is the group of orientation-preserving isometries of the hyperbolic plane. It is often
convenient to think of D as the Poincaré disk model of the hyperbolic plane, where each point represents
a complex structure on S and traversing a geodesic between two points in D corresponds to varying the
underlying flat structure by affine deformations.

More specifically, a geodesic through X € D is the map ¢ — A;-(X, g), where {A;};cRr is a symmetric,
1-parameter hyperbolic subgroup of SL,(R)—that is, given by a matrix conjugate to

et 0
+
o]

by an element of SO(2). All geodesics in D can be obtained by SL, (R) conjugates of the same 1-parameter
family. The unit eigenvectors of such a transformation are orthogonal, leading to an identification of the
boundary circle 9D with the space of directions 9! (¢) by associating the endpoint of the positive ray
with the direction of the contracting eigenvector. As the ray approaches the boundary point associated to
direction «, the length of any saddle connection in direction « (if one exists) shrinks exponentially. Since
this occurs for a ray based at any point and ending at the boundary point associated to direction ¢, any
horocycle based at the boundary point is a level set for the length of a saddle connection in direction «.

2.4 Veech groups

See [13, Chapters 7-8; 16; 30].

For a flat surface (S, X, ¢) and its associated Teichmiiller disk D C T(S), a Veech group of ¢ is a
subgroup of the stabilizer of D. (Note also that the stabilizer of D is a subgroup of the mapping class
group of S.) In this paper, a choice of Veech group of ¢ is denoted by G. Equivalently, a Veech group is
a subgroup of the affine homeomorphisms of (S, X, ¢) in preferred coordinates for ¢ which fix the cone
points, projected into the mapping class group.

Any affine homeomorphism in the Veech group has a derivative in preferred coordinates which is
well defined up to sign and determines an element of PSL;,(R), the group of orientation-preserving
isometries of D — or, equivalently, of the hyperbolic plane. The action of the Veech group G on D is
conjugate to an action on H via the derivative (an element of PSL,(R)). Since these two actions are
essentially the same, both perspectives are employed throughout this paper. Elements of G are referred to
as parabolic, hyperbolic, or elliptic according to whether their images under the derivative homomorphism
are parabolic, hyperbolic, or elliptic isometries of H, respectively. Finally, because MCG(S') acts properly
discontinuously on 7(S), a Veech group G acts properly discontinuously on H. Therefore the image
of G under the derivative homomorphism is a Fuchsian group, that is, a discrete subgroup of PSL, (R).

In this paper, all Veech groups are assumed to be finitely generated.

2.4.1 Limit points The [limit set of G, denoted A(G), is the set of all possible limit points of some
G-orbit, Gz, for z € D. A Fuchsian group G is called nonelementary if |A(G)| > 2, which implies that
G is not virtually cyclic. The limit set A(G) is contained in the boundary circle dD [17, Corollary 2.2.7].
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By identifying the boundary circle dD with §!(g), each « € A(G) corresponds to a direction a € ' (q).
Throughout this paper, limit points and their associated directions are referred to interchangeably.

A limit point is called a parabolic fixed point if it is the fixed point of a parabolic element of G. A limit
point @ € dD is a conical limit point if for any ray R ending at « there is a point Y € D, a sequence
{gi}72, of elements of G, and an € > 0 such that {g; Y }72, converges to « within the e-neighborhood
of Rin D [25, p.617]. Since a finitely generated Veech group is Fuchsian, the following characterization
of limit points applies.

Theorem 2.3 [1, Theorem 10.2.5] A Fuchsian group is finitely generated if and only if each limit point is
either a parabolic fixed point or a conical limit point.

The precise definition of a conical limit point is only necessary for a proof of the generalized Veech
dichotomy in Section 3.

2.4.2 Convex hull and convex core The convex hull of G, denoted hull (G), is the intersection of
all hyperbolic half planes whose closures in D U dD contain A(G). The convex hull is the minimal
closed, convex, G-invariant subset of D [25, p. 637]. Consequently, the convex core of D/G, denoted
core (D/G) := hull (G) /G, is the smallest closed convex subset of D/G for which the inclusion is
a homotopy equivalence. When G is finitely generated, |A(G)| < | implies that core (D/G) = &,
otherwise core (D/G) is nonempty [25, p. 637]. Moreover, when the group G is finitely generated, the
convex core has finite area, and truncating the convex core along its cusps results in a compact space
[1, Theorem 10.1.2; 29, Proposition 8.4.3].

2.4.3 Lattices If the quotient space of D under the action of G has finite area, then the Veech group G
is called a lattice, and the associated flat surface (S, X, ¢) is called a lattice surface. In particular, if G is
a lattice then hull (G) = D.

3 Generalized Veech dichotomy

The Veech dichotomy characterizes foliations on a lattice surface. A generalization to foliations in certain
directions on any flat surface follows quickly from several well-known results, but appears to be missing
from the literature. The result most relevant to this paper is Corollary 3.9 at the end of this section.
Otherwise, this section is self-contained.

Definition 3.1 Let F, denote a foliation of (S, X, ¢) in the direction «. If each of the leaves of F is
dense in (S, X, q), then Fy, is called minimal; if in addition the transverse measure is unique up to scalar
multiplication, then it is called uniquely ergodic. If, on the other hand, each of the leaves of F, is either
closed or a saddle connection, then Fy is called completely periodic.

A saddle connection is considered a leaf, so when F, is minimal, there are no saddle connections on .S
in the direction «. When Fy is completely periodic, this means that there is a cylinder decomposition
of S in the direction «.
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Theorem 3.2 (classical Veech dichotomy!) Let (S, X, q) be a lattice surface. Every direction o € 9D is
either minimal and uniquely ergodic or completely periodic and invariant by a parabolic element of the
maximal Veech group.

When the maximal Veech group G is not a lattice, there may be directions on .S which do not correspond
to points in the limit set of G. The general statement considers only directions corresponding to limit
points for a finitely generated Veech group.

Theorem 3.3 (generalized Veech dichotomy) Let (S, X, g) be a flat surface with finitely generated Veech
group G. Every direction o € A(G) C 0D is either minimal and uniquely ergodic or completely periodic
and invariant by a parabolic element of the maximal Veech group.

Remark 3.4 When the Veech group is a lattice, the limit set is all of dD. Therefore the classical Veech
dichotomy appears as a special case of this theorem.

Definition 3.5 [22, p. 1033] The Teichmiiller geodesic flow is the one parameter subgroup of SL,(R)

NG
=10 ot

acting on the space of all quadratic differentials. A flat structure (X, ¢) is called divergent it g; - (X, q)

given by

eventually exits every compact set in the moduli space 7 (S)/MCG(S) as ¢t — oo.

Similar to the proof of the classical Veech dichotomy, the proof of the generalized Veech dichotomy
will require Masur’s criterion.

Theorem 3.6 (Masur’s criterion; [22, Theorem 3.8]) Let o be the vertical direction. If the foliation F,, of
(S, X, q) is minimal but not uniquely ergodic, then (X, q) is divergent.

Lemma 3.7 (from proof of [22, Theorem 1.8]) If there is no saddle connection in direction ¢, then the
foliation F is minimal.

Lemma 3.8 Leto € A(G) C dD and let R be aray in D ending at «. If the image of R under D — D /G
returns to a compact set infinitely often, there is no saddle connection on (S, X, q) in direction .

Proof Note that for all g € G and (S, X,q) € D, g- (S, X, g) is isometric to (S, X, g) — so points of
D/G are flat surfaces up to isometry. The length of the shortest saddle connection in direction « is a
continuous function on D /G, so over any compact subset of D/G there is a lower bound on the length
of the shortest saddle connection in direction «.

Suppose that there is a saddle connection on (S, X, ¢) in direction . Without loss of generality assume
that « is the vertical direction, so that R is the image of the Teichmiiller geodesic flow g;. Then the
length of the shortest saddle connection in the vertical direction tends to zero. Therefore the image of R
in D/G cannot return to a compact set of D/ G infinitely often. |

IThis statement is primarily based on [22, Theorem 5.10]. An alternate statement and proof (in the language of flows rather
than foliations) is [16, Theorem 1]. Both papers note the proof of [33, Theorem 3.4] as another resource. The original statement
is due to [32].
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Proof of generalized Veech dichotomy Because G is finitely generated, « is either a conical limit point
or parabolic fixed point (Theorem 2.3). When « is a parabolic direction the foliation in direction « is
completely periodic; see, for example, [30, Section 6].

Suppose that « is conical, and let R be a ray based at a point X € hull (G) and ending at «. Then
there exist a sequence {g; };~, of elements of G and an € > 0 large enough that {g; X'}72, converges to «
within the e-neighborhood of R in D. Then R intersects the closed e-neighborhood of X and its images
under each of the isometries g; (i.e., the translates of the neighborhood around X'), so R must return to
a compact set in D/G infinitely often. By Lemma 3.8 there is no saddle connection in direction «, so
the foliation Fy is minimal (Lemma 3.7). Finally, because F, is minimal and X is not divergent, the
contrapositive to Masur’s criterion (Theorem 3.6) implies that F, must be uniquely ergodic. a

Corollary 3.9 For any saddle connection ¢, the associated direction [o] € 0D is either parabolic or lies
outside of A(G).

4 Construction

Let S be a closed, connected, oriented surface of genus at least 2. Fix a complex structure Xy on .S and a
flat metric g for Xy so that (S, Xy, qo) is a flat surface. Let D be the Teichmiiller disk of gg, let p be
the Poincaré metric on D, and let G be a finitely generated Veech group of ¢y.

See [8] for the motivating construction in the case where G is not only finitely generated but also
a lattice. Their construction of analogous spaces E and E differs from the construction given here.
However, several of their arguments continue to apply in this more general setting essentially verbatim,
and their work is cited wherever this is the case.

The construction is illustrated in Figure 2 on page 1005.

4.1 Base spaces

4.1.1 Horoballs and horopoints Denote by Z the set of all directions of all saddle connections on
(S, Xo,qo)- Consider 2 to be a subset of dD as described in Section 2.2.1. For a saddle connection o,
denote its direction by [0] € 2. The notation & € Z is sometimes used to refer to a direction without a
specific choice of saddle connection.

Because G is assumed to be finitely generated and not necessarily a lattice, the direction of any
saddle connection is associated to either a parabolic limit point or to a point outside the limit set of G
(Corollary 3.9), which inspires the definitions below.

Definition 4.1 Let o be a saddle connection with direction [o] € 2.

(i) If [o] is a parabolic limit point, then it is called a parabolic direction and o is called a parabolic
saddle connection. For each such [o], make a choice of closed horoball which is invariant by the maximal
parabolic subgroup of G corresponding to [o]. Choose the horoball to be small enough so that in any fiber
over a point in its interior, the length of a saddle connection in direction [¢] is no more than one third the
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length of a saddle connection in any other direction. (This ensures that the horoballs are 1-separated.) Also
choose the horoball to be small enough that its distance to d hull (G) is at least one. Finally, choose the
horoballs so that the set of all horoballs (for all parabolic directions) is G-invariant. For each parabolic [o],
fix this choice of horoball and call it the horoball for [o], denoted B,

(ii) If [o] is not a parabolic limit point, then it is called a nonparabolic direction and o is called a
nonparabolic saddle connection. For each such [o], define the horopoint for [o], denoted B4, to be the
p-closest orthogonal projection of [o] to d hull (G) — that is, the unique point x € d hull (G) such that
the (unique, hyperbolic) geodesic through x and [o] meets d hull (G) orthogonally. Note that the set of
all horopoints (for all nonparabolic directions) is necessarily G-invariant.

See Figure 1 (blue) for examples. The notation By is used in both definitions because these objects
function analogously later, when it is sometimes helpful to refer to them interchangeably.

The set of horopoints is not necessarily pairwise separated by a fixed constant, although by construction
the horopoints are separated by a fixed constant from the set of horoballs associated to parabolic saddle
connections. For each o € 2 fix a point X, € dBy; for nonparabolic directions the only possible choice
is Xq = By, the horopoint for «.

4.1.2 Convex hull and truncated convex hull (l_) ,p) Let hull (G) denote the convex hull of the limit
set of G as defined in Section 2.4.2. Because hull (G) is a subset of D and (D, p) is a length space, the
space (hull (G), p|hun(g)) is also a length space.

The truncated convex hull of G, denoted D, is obtained from hull (G) by deleting the interiors of the
horoballs B,. That is,

D:=hull(G)\ U By,
oAEY
where B, denotes the interior of By. (Note that for nonparabolic o« € 2, By is a point and By = @.)
By [6, Theorem II.11.27], the truncated disk D\ | Jye, By With the induced path metric is CAT (0).
Therefore the restriction to D with the associated restricted metric p is also a CAT (0) space. Because G
is finitely generated, it acts cocompactly on D (refer to Section 2.4.2).
Denote by projp : D — D the p-closest-point projection of D onto D.

4.1.3 Collapsed convex hull (5, p) Let D be the collapsed convex hull, the quotient space obtained
from D by collapsing the boundary of each horoball B, to a point. The quotient pseudometric / is
positive-definite, therefore a metric, and so the space (5 , p) is a length space (Lemma 2.1).

Analogous to the map p : D — D which collapses each horoball to a point, there is also a map
p hull(G) — D which collapses the interior of each horoball to a point.

4.2 Bundles

4.2.1 Total space E Let 7 : E — hull (G) be the pullback bundle of the Bers fibration (2) via the
inclusion hull (G) € D C T(S), identifying E C T(S). Let I' < MCG(S) be the 71 S-extension of G
(that is, the group fitting into the Birman exact sequence (1)), which acts on E.
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Figure 1: Examples of the constructions from Definitions 4.1 and 5.2, projected to D. The
region shaded in blue, including its boundary in D, is the truncated convex hull D. Some saddle
connection directions are labeled along dD. For nonparabolic directions [04]— that is, those
outside hull (G) — the associated “horopoint” B, (blue dot) is the p-closest projection of [o]
onto d hull (G). For the remaining parabolic directions [0], the associated “horoball” By, (blue
circle and its interior) is a closed horoball in hull (G) based at [04], with the choice of horoball
made according to the technical requirements of Definition 4.1. Finally, for each o, there is
a choice of point X[4,]: When o, is nonparabolic X[s,] := Bls,] (blue dot), and when o is
parabolic X[, ] € 0B[4,] (orange dot).

To construct the preferred path from x to y, g(x, y), as in Definition 5.2, first observe that
the geodesic between f(x) and f(y) in the fiber over Xj (black triangle) consists of saddle
connections o through oy, in order. The fact that their associated directions appear in a nice
order along dD is not a coincidence; see Lemma 6.19. The preferred path is constructed from
concatenations of hyperbolic geodesics through the horizontal fibers of E (orange curves) with
saddle connections traversed in the fibers over the chosen points X (blue dots or orange dots).
Because this diagram shows only the projection of ¢(x, y) to D, it is important to keep in mind
that the horizontal pieces (orange curves) all belong to different horizontal fibers in E and that the
saddle connections (blue dots or orange dots) in fact have positive length. The saddle connections
associated to parabolic directions (orange dots only) will have zero length after collapsing the
bundle as in Section 4.3.2.

The space E is a surface bundle over hull (G): By construction the fiber over X € hull (G), denoted
Ey := n~1(X), is canonically identified with S equipped with the pulled back complex structure X and
flat metric gx. Recall that there was a fixed choice of a complex structure X (which is necessarily in
hull (G)), and denote the fiber over X by E.

It will be necessary to have maps between fibers. For X,Y € hull (G), let fxy : Ey — Ex be the lift
of the Teichmiiller map, i.e., the map that sends y € Ey to the unique point f()) € Ex along the lift of
the geodesic in D connecting 7 (x) and 7 (y). This map is affine with respect to the flat metrics gy and gy
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and is ePX>Y)_pilipschitz by construction. For any X, Y, Z € hull (G), the composition Jxxe fr.z
agrees with fx z. Forany X € hull (G), define fy : E — Ex by fx|Ey = fx,y for Y €hull (G). When
X = X, the map is denoted f = fx, : E — E).

In fact, E is a product: It admits a product structure £ = hull (G) x S. The map 7 is the projection onto
the first factor hull (G). The projection onto S, the universal cover of S, is any map fy for X € hull (G).
Define a metric d on E as the orthogonal direct sum of the Poincaré metric p in each horizontal fiber Dy
and the pulled back flat metric gy in each fiber Exy = S.

For any X € hull (G), denote by Xy C Ex the set of cone points of the flat structure gy on Ey, and
define

¥= U Zx.
X ehull(G)

The quotient £/ T is generally a noncompact S-bundle over the convex core hull (G) /G. If the
quotient hull (G) /G is compact and hence £/ I is compact, then this represents a special case in which
there are no parabolic directions for G —that is, the Veech group G is convex cocompact and therefore
the extension group I' is hyperbolic (see [11; 15] or Theorem 6.29). In the general case, a I'-equivariant
quotient of E is constructed from the G-equivariant quotient hull (G) — D as described in the following
several subsections.

4.2.2 Horizontal fibers D, For any X € hull (G) and x € E, the horizontal fiber Dy = f L(x)
is the unique lift of hull (G) to the Teichmiiller disk in T(S) through x that covers hull (G) via the

projection .

Remark 4.2 A more appropriate choice of notation might be hull (G),., to emphasize that this is a lift of
only the convex hull rather than the entire Teichmiiller disk D. Because there will not be any objects
lifted to the complement of the hull, the notation D, is used for simplicity.

4.2.3 Pullback bundle over truncated convex hull E Define the pullback bundle over the truncated
convex hull by
E=x"'(D)=E\ U By,
oA€Y
where B = Jr_l(B;) is the interior of the horoball preimage By = 7~ !(By). (As before, if o is
nonparabolic then By is a point and By = @, so By = & also.)

The truncated bundle E is equipped with the length metric d induced from (E, d). Because G acts
isometrically and cocompactly on (D, p) and 71 (S acts isometrically and cocompactly on (§ ,qo), I' acts
isometrically and cocompactly on (E, d). Therefore the space (E, d) is quasi-isometric to the group T’
equipped with the word metric. Then the quotient £/ T is a compact S-bundle over D/G,

S—E/T—D/G.

As in [8], compactness of E/ T gives that X is r-dense in E for some r > 0. By an application of the
Arzela—Ascoli theorem, (E, d) is a geodesic space.

Algebraic € Geometric Topology, Volume 26 (2026)



1004 Eliot Bongiovanni

4.3 Electrified space E

4.3.1 Bass-Serre trees Let o be a parabolic direction. The R-tree dual to the foliation of Ey, in
the direction «, denoted T, is a weighted Bass—Serre tree when equipped with the metric defined by
the transverse measure on the foliation of Ey, in direction «. (See, for instance, the construction in
[3, Subection 4.4].) Define a map

to E— Ty

to be the composition of fy, : E — Ey, followed by the projection Ey, — T. Recall from Section 4.1.1
that there was a choice of fixed point X, € dBy, and note that the tree T, is independent of the choice of
Xo € 0By. Therefore the map 7, is also independent of this choice. Because there are only finitely many
I"-orbits of edges of these trees, every edge of every tree has length uniformly bounded above and below.

4.3.2 Collapsed “bundle” E Define E to be the quotient of £ obtained by collapsing each B, onto 7,
via the restriction #y|s,, and denote this map by P : £ — E. Note that the quotient is '-equivariant
because it is constructed from the G-equivariant quotient hull (G) — D. Finally, Eis equipped with
the quotient pseudometric d obtained from d by the restriction P := P| 5. Asin [8, Lemma 3.2],
d is positive-definite, therefore a metric. Then by Lemma 2.1, the space (E , d ) is a length space. The
following fact is used throughout the paper.

Lemma 4.3 [8, Lemma 3.3] The map P is 1-Lipschitz.

4.4 TIllustration of the construction

Figure 2 is a modified copy of [8, Figure 1], which illustrates the construction of E when the Veech
group G is not a lattice. The base is a copy of the Teichmiiller disk for the flat structure (S, Xy), which
is isometric to the hyperbolic plane. Over each point in the base disk is a copy of the universal cover
of S with the lift of the associated flat metric. The truncated convex hull D is shaded. The structures
illustrated are:

(a) Some points of dD associated to nonparabolic directions. For each nonparabolic direction 7, the
horopoint By, is the nearest-point projection of 7 to hull (G). The point X7, is chosen to be identical to B;).
The fiber over X}, is quasi-isometric to Ey, the fiber over Xj.

(b) Some horoballs based at points of dD associated to parabolic directions. For each parabolic direction o,
the associated horoball By is a sublevel set for the length of a saddle connection in direction ¢ in a fiber
over a point of B,. The point X, is a fixed choice in dBy. By construction, the horoballs are pairwise
1-separated and also 1-separated from the set of horopoints associated to nonparabolic directions.

(c) For any parabolic direction §, there is a multitwist 7g € G which takes Xg to other points in dBg.
As tg moves X along dBg in D, it induces shearing in the fibers, which can be seen in Ex, and E4(xp)-

(d) The fiber E( over the basepoint Xj is the universal cover of (S, X¢). The highlighted path y is a flat
geodesic between cone points, which consists of concatenated saddle connections.
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(c) (d) (e)
0Bg

PR

Figure 2: A copy of [8, Figure 1] which has been modified to reflect the case in which the Veech
group G is not a lattice.

(e) The fiber Ey, over Xy is the universal cover of (S, Xy). It can also be obtained from E( by mapping
via fy,, the lift of the Teichmiiller map between X and X, in D. Each collection of colored segments,
for example 9)‘}06 in red, represents a connected set of saddle connections in direction . These are called
spines; see Section 5.2. (The lavender region @}’(a is the “thickened spine neighborhood”, which only
appears in this paper once when referring to results from [9].) The complement of the saddle connections
is a cylinder decomposition of Ey, in the direction o.

(f) The Bass—Serre tree Ty associated to the direction . Each vertex is associated to a spine in Ey,.
If two spines in Ex, bound a cylinder, their associated vertices in T are connected by an edge with
length corresponding to the transverse measure of the cylinder.

5 Guessing geodesics

Hyperbolicity of E will be proven using the “guessing geodesics” criterion of Bowditch [5, Proposition 3.1]
and Masur—Schleimer [21, Theorem 3.15], as formulated by [8].

Proposition 5.1 (guessing geodesics; [8, Proposition 2.2]) Suppose Q2 is a length space, T C Q2 an
R-dense subset for some R > 0, and § > 0 a constant such that for all pairs x, y € Y there are rectifiably
path-connected sets L(x, y) C Q2 containing x, y satisfying these properties:
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(1) The L(x, y) form §-slim triangles.
(2) If x, y € Y have a?(x, y) < 3R, then the diameter of L(x, y) is at most §.
Then 2 is hyperbolic.

Saying the L(x, y) form §-slim triangles means that for all x, y,z € Y,
L(x,y) CNs(L(x,2)UL(z,y)),

where N denotes the §-neighborhood. This is similar to the usual slim triangles condition for hyperbolicity
from Section 2.1.3, except that the L(x, y) need not be geodesics.

This section will verify most of the hypotheses required to apply the guessing geodesics criterion.
Many of the arguments made by [8] continue to hold in this case. However, the proof that the sets L(x, y)
(constructed in Section 5.1) form slim triangles differs considerably and composes the entirety of Section 6.

5.1 Preferred paths and collapsed preferred paths

The sets L(u,v) in the guessing geodesics criterion will be constructed from the following preferred
paths in £ which connect cone points by concatenating geodesics in the horizontal and vertical fibers.

Definition 5.2 For two cone points x, y € X the preferred path from x to y, denoted ¢(x, y), is constructed
as follows.

(1) In Eg, f(x) and f(y) are cone points with respect to the flat metric ¢¢, and they are connected by a
geodesic segment which is a concatenation of saddle connections in E. That is,

[/ (x). f(W] = 0102+ 0.

Each saddle connection o; is considered to be oriented with initial point 07" :=0; No;_ fori =2,... .k
(and 0" = f(x)) and terminal point al.+ :=0;Nojy fori=1,...,k—1(and Ulj = f(»)). In the preferred
path, each saddle connection o; will be traversed in the fiber over the associated point X4, € Bjs;] as
fixed in Section 4.1.1. More precisely, define the i-th saddle piece to be

Vi = fxg,1(0),
which is a segment of the preferred path for all 1 <i < k. Each y; is considered to be oriented with
initial point
Vi == fX[gi] (Ui_)
and terminal point
+._ 7 +
Vi = fX[gi] (0;7)-
(2) The horizontal pieces h; are chosen to make the preferred path continuous. Specifically, for
1 <i <k —1, h; is the geodesic in Dy+ = DVi_+1
denoted /g, is the geodesic in Dy = Dlyl— connecting x to y; . The last horizontal piece, denoted /1, is

which connects Vi+ to y; ;- The first horizontal piece,

the geodesic in Dy+ = D, connecting )/,j' to y.
k

Algebraic € Geometric Topology, Volume 26 (2026)



Extensions of finitely generated Veech groups 1007

(3) Define
G(x,y) = hoythiyahy -+ yihg.

See Figure 1 for an example. The collapsed preferred paths, denoted ¢ (x, y), are the images of the
preferred paths ¢(x, y) under the map P : £ — E ; see Section 4.3.2.

5.2 The sets L(u,v)

Let V be the set of all vertices of all Bass—Serre trees in E. Given X € hull (G) and a saddle connection o,
the union of the saddle connections in Ey with direction [o] is precisely the preimage of the vertices of
the Bass—Serre tree T4] under the map

3) JEACENY N
which is simply the intersection of Ex with the preimage of 7[4] under {[,] (see Section 4.3.1). For any
vertex v € V and X € hull (G), the preimage of v under this composition (3) is called the v-spine in Ex
and is denoted 6y. Note that a choice of v € V determines the Bass—Serre tree 74 to which v belongs,
and denote the union of the v-spines over all X" € 0B, by 0°.

Given u, v € V, define

L(u,v) =U<(x.),

where the union is taken over all x € 0¥ N X and y € ¥ N X. Since ¢(x, y) is a finite length path
(by construction, each saddle piece and horizontal piece has finite length), P is 1-Lipschitz (Lemma 4.3),
and all ¢ (x, y) in L(u, v) connect u to v, it follows that the set L(u, v) is a path connected, rectifiable
set containing both # and v.

5.3 Hyperbolicity

The statement of the following theorem is identical to [8, Theorem 4.2], but the proof depends on results
which require considerable reformulation in the case that G is only finitely generated.

Theorem 6.28 (collapsed preferred paths form slim triangles) There exists § > 0 so that collapsed
preferred paths form §-slim triangles. That is, for any x, y,z € X,

S(x,») C N5 (E(x,2)UG(y.2)).

As the numbering suggests, the entirety of Section 6 is dedicated to the proof of this theorem. For now,
Theorem 6.28 is assumed and used to prove hyperbolicity of E in Theorem 5.7. Besides this, the last
result needed is Corollary 5.6, which is stated after a few more constructions below.

Definition 5.3, Lemma 5.4, and Claim 5.5 do not reappear in this paper until Section 7; since the proofs
are purely technical rather than geometrically intuitive, the reader may want to skip these on a first pass.

Definition 5.3 A horizontal jump in E is the image under P of a geodesic in D, for some z € X,
that either is a subsegment of a component of 9D, or connects two components of 3D, with interior

Algebraic € Geometric Topology, Volume 26 (2026)



1008 Eliot Bongiovanni

disjoint from dD,. A combinatorial path in E is a concatenation of horizontal jumps and (perhaps zero)
nonparabolic saddle connections; in particular, it is a concatenation of the collapsed preferred paths from
Definition 5.2.

When the Veech group is a lattice, horizontal jumps and combinatorial paths coincide with the objects
of the same names in [8, Definition 3.7]. Both definitions have been changed in this paper to fit the next
statement, which is adapted from [8, Lemma 3.8]; their argument is sketched here and supplemented
as necessary.

Lemma 5.4 There is a constant C > 0 such that any pair of points x, y € V may be connected by a
combinatorial path of length at most Cc?(x, v). In particular, there is a constant C’ > 0 such that this
combinatorial path consists of at most C'd (x, y) horizontal jumps and saddle connections.

Proof sketch Define X, := X NdB,. There exists some K > 30 so that for each @ € Z and z € 9B, there is
w € Xy with c?(z, w) < K /30 (in particular, K is chosen to be 30M , where M is from [8, Lemma 3.4(3)]).
The next step in the argument is to describe how to traverse between points of P(Z,). Recall from
Section 4.3.1 that Ty is the R-tree dual to the foliation of Ey,_, and denote the length metric on Ty by £4.
The statement of the following claim is identical to [8, Claim 3.9]; this is the only part of the argument
for which the proof does not extend verbatim to the nonlattice case.

Claim 5.5 There exists R’ > 0 such that any pair of points vy, v, € P(X4) C V may be connected by a
combinatorial path of length at most R'{(v1, v3).

Proof It suffices to assume that vy and v, are adjacent vertices of T,. Choosing any X € 0By, the
preimages of v; and v, under the restriction P| Ey - Ex — T, are adjacent spines 9;,1 and 9;,2 which are
separated by a strip of uniformly bounded width [8, Lemma 3.4]. Then there exists a saddle connection
o C Ex of bounded length which joins cone points y; € 0;1 and y;, € 9}2. Denote the direction of o by
[0] € 2; unlike the case of [8], this direction may be nonparabolic.

Because o has bounded length, X € 9By, lies within a bounded distance of Y € dB[4]. Let z; :== fy, x (yi).
Let /; be the horizontal geodesic in Dy, from y; to z;, and note that the P-image of each component of
hi N D y; 18 a horizontal jump in E.In particular, each /; N Eyi must have total length at most p(X, Y),
which is uniformly bounded. The saddle connection fy, y (o) C Ey has length bounded by ePX-Y) times
the length of o, which are both bounded. Therefore following the horizontal jumps along /1, traversing
Jv,x (0), and then following the horizontal jumps along /1, gives a bounded length combinatorial path
in E from v1 to vy. The claim follows from the fact that an edge in 7, must be at least some minimal
length, so £y (vy, v2) is uniformly bounded below. |

Note that there exists a constant R so that V is Ry-dense in E because V is I'-invariant and E /T is
compact (since I" acts cocompactly on E and E / T is the continuous image of E/I" under the descent
of P: E — E; [8, Lemma 3.6]).

Now it can be shown thatif x, yeVand r = d (x,y) >0, then x and y can be connected by a combina-
torial path of length < 4R’eX"r by [8, Claim 3.10]. Set C := 36 R’¢3XR0_Then, if r := d(x, y) < 3R,
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there is a combinatorial path joining x and y of length at most
3KRy j 5
4R ARG (x, y) = 5Cd(x, ),

satisfying the lemma. Otherwise if r > 3R, x and y can be joined by a path y of length at most 2r,
which can be subdivided into # = [length(y)/ Ry ] equal-length subsegments of length at most Rq. Since
V is Ry-dense, there is a sequence {x;} C V with xo = x, x, = y, and c?(x,', Xi+1). Each pair x;, x;41
can then be connected by a combinatorial path of length at most CR/3, and so there is a combinatorial
path from x to y of length at most CRyn/3. Finally, because Ron < length(y) + Ry < 3c?(x, y), the
first statement of the lemma holds.

The number of horizontal jumps and saddle connections in the combinatorial path joining x and y
can be bounded as follows. Each horizontal jump between different components of the hull boundary
(see Definition 5.3) has length at least 1 because the horoballs associated to parabolic directions were
constructed to be 1-separated from each other and from d hull (G) (see Definition 4.1). Therefore the
combinatorial path may contain at most C d (x, ) horizontal jumps between different components of the
hull boundary. By Proposition 6.3, there are no short saddle connections in the fibers over D; supposing
that A’ < 1 is a uniform positive lower bound on the lengths of the saddle connections, the combinatorial
path may contain at most 2C d (x, y)/A’ nonparabolic saddle connections and horizontal jumps which
are subsegments of components of the hull boundary. Then the combinatorial path joining x and y
contains at most 3Cd (x, y)/ A’ horizontal jumps and saddle connections. Write C’ := 3C /A’ to simplify
the notation. d

Combined with Theorem 6.28, this bound on d (x, y) allows for a bound on the diameter of the
sets L(u, v). The following statement is identical to [8, Lemma 4.4]; the proof is nearly identical except
for some changes in the language regarding combinatorial paths, which were given a different definition
in this paper (see Definition 5.3 above).

Corollary 5.6 There exists a constant C > 0 so that if u,v € V with c;’(u, v) < 3R, (where Ry is a
constant so thatV is Ry-dense in E, as in the proof of Claim 5.5), then diam(L(u,v)) < C.

Proof Pick x € 0¥ NX and y € ¥ N . By Lemma 5.4 there is a combinatorial path from P(x) = u
to P(y) = v of bounded length which is a concatenation of n horizontal jumps and saddle connec-
tions, where the bound on the length and the number n depend only on Ry. By repeatedly applying
Theorem 6.28, ¢ (x, ) is in the né-neighborhood of the combinatorial path joining P(x) =uto P(y) =v.
Therefore ¢ (x, y) has uniformly bounded diameter. As in [8, Lemma 4.3], L(u, v) is contained in the
26-neighborhood of ¢ (x, y), where § > 0 is the constant from Theorem 6.28. Therefore L(u, v) has
uniformly bounded diameter also. |

Finally, it is possible to establish hyperbolicity of E.
Theorem 5.7 The space (E .d ) is hyperbolic when the limit set A(G) contains at least one parabolic point.
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Proof Hyperbolicity of E will be proven by the guessing geodesics criterion (Proposition 5.1). It was
established during construction that (E .d ) is a length space (see Section 4.3.2 and [8, Lemma 3.2]).
Let V C E be the collection of all vertices of Bass—Serre trees in E. Let Ro > 0 be as in the proof
of Claim 5.5, so that V is Ry-dense in E. For any u,v €V, L(u,v) is a rectifiably path-connected set
containing # and v (see Section 5.2). Let § > 0 be the constant from Theorem 6.28. As in [8, Lemma 4.3],
each L(u, v) is contained in the 25-neighborhood of ¢ (x, y) for any x € 0¥ N X and y € Y N X; because
triangles of collapsed preferred paths in E are §-slim (Theorem 6.28), the L(u,v) also form 3§-slim
triangles, satisfying condition (1) of the guessing geodesics criterion. Finally, by Corollary 5.6 the sets
L(u, v) have diameter bounded by a constant C > 0 whenever d (u,v) < 3R, satisfying condition (2) of
the guessing geodesics criterion. Therefore (E , d ) is hyperbolic. |

The action of I' on the total space E is isometric by construction but noncocompact in general. The
truncated convex hull E was constructed as a subspace on which I acts cocompactly in addition to
isometrically. By a direct application of the Schwarz—Milnor lemma, E and T are quasi-isometric.
However, neither is hyperbolic unless there are no parabolic directions on S. To construct a hyperbolic
space from E/, for parabolic saddle connections o the sets B[, are collapsed to Bass—Serre trees. In T,
this corresponds to coning off by the vertex subgroups, the stabilizers of the vertices of the Bass—Serre
trees under the isometric action of I'. Then when the limit set A(G) contains at least one parabolic point,
the main theorem follows. The proof is essentially identical to that of [8, Corollary 4.5], but it is included
here for the sake of completeness.

Theorem 5.8 Suppose G < MCG(S) is a finitely generated, nonelementary Veech group with extension
group I' and let Yy, ..., T; < T be representatives of the conjugacy classes of vertex subgroups. Then
I" admits an isometric action on Gromov hyperbolic space E, quasi-isometric to the Cayley graph of T’
coned off along the cosets of Y, ..., Y.

Proof Recall from Section 4.3.2 that E is a length space. By construction, the action of " on E is
isometric and cocompact, and therefore so is the action of I" on E. Let Yq,..., Y <T berepresentatives
of the conjugacy classes of vertex subgroups stabilizing the vertices of the Bass—Serre trees. Any point-
stabilizers for the action of I" on E are trivial or conjugate into one of the Y, and therefore any point
in E has a discrete orbit under T. By Theorem 2.2 it follows that, for any finite generating set S of T,
the coned-off Cayley graph Cay(T", S U Y}) is quasi-isometric to E. Finally, because Eis hyperbolic
by Theorem 5.7, so too is the coned-off Cayley graph of T". |

6 Slim triangles of collapsed preferred paths

Section 5 verified all but one condition for the guessing geodesics criterion (Proposition 5.1). This section
will verify the remaining condition, which is that all triangles of collapsed preferred paths in E are slim
(Theorem 6.28).

The following definitions are comparable to those in [8, Section 4.3].
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Figure 3: Illustration from [8, Figure 2] of a degenerate triangle in E( with the nondegenerate
subtriangle in bold.

Definition 6.1 Given x, y,z € X, define the associated geodesic triangle in £ by

Alx,p,2) = [f(x). fFMIULF ). f@OIVLS(2). fF(X)].
the triangle of preferred paths in E by

AS(x,y,2):=[c(x, »]U[c(y.2)]U[c(z, x)],

and the triangle of collapsed preferred paths in E by

AS(x,y.2) =[x, MV DIV[E (X))

Equivalently, AS(x, y,z) is the image of AS(x, y,z) under the map P. If any pair of the sides of
A(x, y, z) intersect at one or more (nontrivial) saddle connections, then A(x, y, z) is called degenerate.
Otherwise, if each pair of sides of A(x, y, z) intersect only at the vertices, then A(x, y, z) is called
nondegenerate. The triangles AS (x, y, z) and AS (x, y, z) are described as degenerate (or nondegenerate)
if the triangle A(x, y, z) is degenerate (or nondegenerate).

Recall from the construction that Fy = S (equipped with the lift of the flat metric gq). Since Ej is
complete, simply connected, and nonpositively curved, it is CAT (0) (as a result of the Cartan—-Hadamard
theorem) and therefore it is uniquely geodesic. Then the nontrivial intersection of two sides of a degenerate
triangle must be a concatenation of saddle connections based at the shared vertex. As a consequence,
every degenerate triangle — whether in Egy, E, or E — contains a subtriangle which is nondegenerate.
See Figure 3.

To prove that all triangles are slim, it suffices to prove that all nondegenerate triangles are slim (see
[8, Lemma 4.6] for a detailed proof). Therefore the rest of this section assumes that all triangles are

nondegenerate.
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6.1 Euclidean triangles

Definition 6.2 Given x, y,z € ¥ N E, the triangle A(x, y, z) is called Euclidean if it is nondegenerate
and each side consists of a single saddle connection. When the information about x, y, z is clear from
context, a Euclidean triangle is sometimes denoted simply by 7.

Proposition 6.3 (no short saddle connections condition) For any X € D, there is a positive lower bound
on the lengths of all saddle connections in (S, X).

Proof Recall from Definition 4.1 that for parabolic saddle connections o the horoballs B[, were chosen
so that over dB[,] the saddle connection o would have (positive) length less than any saddle connection
in a different direction. (The lengths of the nonparabolic saddle connections are necessarily positive
over the convex hull.) Because the length of the shortest saddle connection on (S, X) is a continuous
function on D/G and D/G is compact, there must be a positive lower bound on the lengths of all saddle
connections in the fibers over D. O

It is also true that Euclidean triangles cannot be too large. This is known for lattice surfaces (see, for
instance, [33]), but requires a new proof for general flat surfaces.

Proposition 6.4 (no large triangles condition) There exists A > 0 so that for any X € D the area of any
Euclidean triangle in (S, X, q) is at most A.

Proof Any Euclidean triangle minus its vertices is embedded in the flat surface (S, X, ¢) [24, Lemma 2.1].
Choose A to be the area of (S, X,q). Then any Euclidean triangle in (S, X, ¢) has area at most A.
Recalling a fact from Section 2.3, the choice of A is uniform for all X € D because the area of (S, X, ¢q)
is preserved by the action of SL;(R). |

Corollary 6.5 Every Euclidean triangle is uniformly slim.

Proof The inradius of any Euclidean triangle is bounded above by the inradius of an equilateral triangle of
area A (where 4 is the constant from Proposition 6.4), so every Euclidean triangle is 2+/A/33/4-slim. O

Throughout this section, it will be necessary to relate Euclidean triangles in Ey to particular ideal
triangles in D, described below.

Definition 6.6 Let x, y,z € X so that T = A(x, y,z) is a Euclidean triangle consisting of saddle
connections 0y, 0y, and 0. The ideal triangle associated to T, denoted T, is the ideal triangle in D with
vertices [0x], [ay], and [o;].

These are studied in depth by [24].

Definition 6.7 Let 7 = A(x, y, z) be a Euclidean triangle. The balance point of T (or of its associated
ideal triangle T) is the unique point b € D such that f; (T) is an equilateral triangle. The adjusted
balance point of T (or of its associated ideal triangle T), denoted b, is the projection of b onto hull (G).
If b € hull (G), then b and b coincide.
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Remark 6.8 Existence and uniqueness of the balance point is given by [8, Lemma 4.9]. Uniqueness of
the adjusted balance point follows from uniqueness of the closest-point projection.

Proposition 6.9 Let T = A(x, y, z) be a Euclidean triangle with sides consisting of saddle connections o,
0y, and 0. Then the balance point b is the incenter of the ideal triangle T (that is, the center of the largest
circle inscribed in T).

Proof Without loss of generality assume that [oy] is the vertical direction (perhaps after acting on D
with an element of SO(2); see Section 2.3). Changing the coordinate chart by a rotation of +7/3 makes
[oy] or [02] vertical. Therefore the three geodesic rays in D starting at b and ending at [ox], [0 ], or [07]
diverge from b at equal angles. In particular, changing the coordinate chart by a rotation of +/3
preserves T C D. Italso preserves the three geodesic segments from b to the nearest point on each side
of T, so b must be the incenter of 7. d

Corollary 6.10 Let T be a Euclidean triangle, and let b be the balance point of T. Because the area of
f»(T) is bounded above by A (Proposition 6.4), each side of fj,(T') has length at most 2~/ A.

For many of the following proofs it is important to recall from Section 2 that given a saddle connection o
with direction [o] € dD, the horoballs based at [o] € D are sublevel sets for the length of o, where the
length of o shrinks exponentially along any geodesic ending at [o']. The following technical lemma states
this more precisely.

«—

Throughout Lemmas 6.11 and 6.12, a geodesic between [ox] and [oy] is denoted [o], [oy].

Lemma 6.11 Let T = A(x, y, z) be a Euclidean triangle with sides consisting of saddle connections o,
o0y, and 0. Then for any segment ¢ C [0x], [oy] of length L > 0,

. . —L
min (mln {E (f1(ox)) . L (f (ay))}) <2347 1/2,
where A is the constant from Proposition 6.4.

Proof At the balance point b for 7', the lengths of f;(0x) and f (o)) are at most 24/ A (Corollary 6.10).
Denote by ¢’ the point of intersection of [o], [ay] with the inscribed circle of 7. The distance between b
and ¢/ is In +/3 (as this is the inradius of an ideal triangle — see Proposition 6.9), so the lengths of f;/ (o)
and f;/ (o) are at most 2/ A"V = 2/34. Traversing [0x], [O'y] towards [0« ] (or towards [O'y]) shrinks
£ (ox) (or £ (oy)) exponentially as a function of the distance traversed. Since one of the endpoints has
distance at least L /2 from ¢/, it follows that min (K (0x), 4 (ay)) <2/34e¢ L2 one. O

Lemma 6.12 Let T = A(x, y, z) be a Euclidean triangle consisting of saddle connections oy, 0y, and 0;
let T C D be the ideal triangle associated to directions [0y, [oy], and [0,]; and let proj 5(7) denote the
closest-point projection of T onto D (where this map is the same as in Section 4). Then the perimeter of
proj 5(7) is uniformly bounded. As a consequence, the diameter of proj 5(7) is uniformly bounded.

Proof Denote the balance point for T by b and recall that the lengths of o, 0}, and o are all uniformly
bounded at b. They are also uniformly bounded at the point closest to b on the side of T opposite (without
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loss of generality) [ox] (as in the proof of Lemma 6.11). Then, traversing the geodesic from this point
toward (without loss of generality) [O'y], {(oy) — 0. Because there are no short saddle connections in D
(Proposition 6.3), there is a bound on the length of the intersection of each side of T with D.

If [o] is a parabolic vertex of T, then proj 5(7 N Blg) = Tn 0B}, which has uniformly bounded
length due to the choice of horoballs (see Definition 4.1).

If the distance between 7' and hull (G) is at least 1, then the projection of T onto any component of
dhull (G) is bounded. More generally, any component of T which lies outside of the 1-neighborhood of
hull (G) in D projects to a bounded subsegment of d hull (G).

It only remains to consider the portions of T contained in the I-neighborhood of hull (G). By
convexity of hull (G), the intersection of a side of T with the I-neighborhood of hull (G) consists of
at most one component. Fix some L > 0 and assume (without loss of generality) that there is such a
component ¢ C [ox], [oy] of length L > 0 contained in the 1-neighborhood of a component of d hull (G).
Then the lengths of oy and o), in the fibers over points of projp(c) are bounded by 2 34e~L/2+1
(Lemma 6.11). Again, because there are no short saddle connections in D (Proposition 6.3), this implies
that the projection of ¢ to d hull (G) has bounded length.

Because each of these cases can occur at most three times for any T, there is a bound on the perimeter
of proj 5(?) N D. Therefore the diameter of proj 5(?) N D is also bounded. |

The next lemma shows that for any ideal triangle that intersects hull (G), the balance point and adjusted
balance point are close to each other, to the horopoints associated to any nonparabolic vertices, and to the
horoballs associated to any parabolic vertices. This statement functions similarly to [8, Lemma 4.10],
which is a consequence of [33]; both assume in addition that G is a lattice, which is not necessary for the
result below.

Lemma 6.13 Let T = A(x, y, z) be a Euclidean triangle consisting of saddle connections 0, 0, and o,
so that T Nhull (G) # @. Then the balance point b of T, the adjusted balance point b of T, the horoballs
associated to any parabolic vertices of T, and the horopoints associated to any nonparabolic vertices of T
are all uniformly close to one another. See Figure 4.

Proof Because the projection of T to hull (G) has bounded diameter (Lemma 6.12), the adjusted balance
point b and the horopoints associated to any nonparabolic vertices of T must be uniformly close. Also,
the adjusted balance point b must be uniformly close to the horoballs associated to any parabolic vertices
of T because G acts cocompactly on the truncated hull D, meaning that b is in some uniformly thick
part of hull (G). Lastly, if » € hull (G), then b € D (by the choice of horoballs made during construction;
see Definition 4.1) and therefore b = b.

It only remains to show that » and b are uniformly close even when b lies outside of hull (G).
Choose a saddle connection ¢ in T for which [o] € dD and b are in different components of the closure
of D —hull (G). Denote by ¢ the geodesic from b to [0]. The length of o decreases along ¢ as it
approaches [o]. The length of ¢ is uniformly bounded above at b (Corollary 6.10) and uniformly bounded
below at a point # € ¢ N d hull (G) (Proposition 6.3). Therefore the subsegment of ¢ between b and ¢ has
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Figure 4: An example of Lemma 6.13: When T (red) intersects hull (G) (blue), there is a uniform
bound on the distances (yellow curves) between the balance point b of T (red +), the adjusted
balance point bof T (red dot), the horoball B, associated to the parabolic direction [0 ] (blue circle),
and the horopoints B, and B; associated to the nonparabolic directions [0,] and [o;] (blue dots).

uniformly bounded length. Since b is the closest point projection of b to d hull (G), the distance between
b and b is no greater than the distance between b and ¢, so b and b are uniformly close. |

Corollary 6.14 Let T = A(x, y, z) be a Euclidean triangle consisting of saddle connections 0x, 0y, and
o7 so that T Mhull (G) # @. If o is nonparabolic, then it has uniformly bounded length at its associated
horopoint. That is, the length of

fX[gx] (0x)

is uniformly bounded.

The next definition is from [8, Section 4.6]. The following corollary is comparable to [8, Corollary 4.11],

which is given a new proof.

Definition 6.15 Two saddle connections in a common fiber span a triangle if they share an endpoint and
the geodesic joining their other endpoints is a single (possibly degenerate) saddle connection. Write P (o)
for the set of saddle connections that span a triangle with o. Denote

B(o)= U By
o’eP(o)

for the union of horoballs or horopoints associated to the saddle connections that span a triangle with o.
Taking preimages of the horoballs or horopoints, denote

B(U) = U B[O”] .
o’eP(o)
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S

J(x) /@)

Figure 5: An example of a fan A(x, y, z) in Eg in which [ f(x), f(¥)] and [f(y), f(z)] are each a
single saddle connection, labeled with the notation used in the proof of Lemma 6.19 and throughout
the rest of the paper. In this example, the saddle connections o, and o3 are parallel, i.e., [02] = [03].

Corollary 6.16 For any o’ € P(0), the sets B, and B,/ are uniformly close in D.

Proof Suppose saddle connections o and ¢’ span a triangle 7, and let T be the associated ideal triangle.
Then Bjs) and By, are close by Lemma 6.12. O

6.2 Fans

Definition 6.17 Let x, y, z € 3. The triangle A(x, y,z) C Ey is called a fan if it is nondegenerate and at
least two sides consist of a single saddle connection. When the information about x, y, z is clear from
context, a fan is sometimes denoted simply by F.

A fan canonically decomposes into a finite union of Euclidean triangles sharing a common vertex. See
Figure 5 for an illustration and notation used throughout this section.

Definition 6.18 Let F = A(x, y,z) C E( be a fan as in Figure 5. The ideal fan associated to A(x, y, z),
denoted F, is the union of the ideal triangles T; C D associated to the Euclidean triangles 7; C A(x, y, z).

Figure 6 shows the ideal fan associated to the fan from Figure 5. For a fan F consisting of k& Euclidean
triangles, the associated ideal fan F consists of k ideal triangles with disjoint interiors formed from at
most 2k + 1 vertices; of these vertices, k — 1 vertices each belong to exactly two ideal triangles. The
following lemma describes that these k& — 1 vertices are contained in a connected component of the
boundary at infinity.

Lemma 6.19 (structure lemma) Let F'= A(x, y, z) be a fan consisting of k Euclidean triangles {T; } <; <k
as in Figure 5. Then the vertices of the associated ideal fan F appear in cyclic order (counterclockwise)
in dD:

loz] <[t1] <+ <[tk—1] <[ox] <[op] = --- <[o1] <[oz].

Moreover, the ideal triangles {T}}lsifk have disjoint interiors. See Figure 6.
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Figure 6: An example of an ideal fan (red) in D (with dD represented by the gray circle)
corresponding to the Euclidean fan from Figure 5. An example of hull (G) is in blue. As given by
the structure lemma (Lemma 6.19) each vertex [t«] belongs to exactly two ideal triangles, and
[0x] and [0] each belong to exactly one ideal triangle. The remaining vertices may belong to one
or more triangles: In this example, the vertex [0,] = [03] belongs to two triangles because o, and
o3 were parallel in the Euclidean fan. Most importantly, the interiors of the ideal triangles are
pairwise disjoint. Notice that some triangles in the ideal fan do not intersect hull (G'), which is
important for Corollary 6.20.

Proof Refer to Figures 5 and 6 for a Euclidean fan, an associated ideal fan, and related notation. Develop
F into the Euclidean plane; it can be assumed that, after rotating, o; is in the horizontal direction. Because
010, --- 0} is a geodesic in Eg, p; + Aj+1 > 7, and therefore
[ok] = [ok—1] = -+ = [o1].
Note that for each T;
[ti—1] <[u] <[oi],

and therefore
[oz] = [ro] < [t1] <[r2] < -+~ <[mk—2] < [th—1] <[] = [ox] < [0k] = [Ok—1] = --- = [01] <[oz].

Notice that the inequalities concerning the vertices of T“l are “nested” inside those concerning Tz —
that is, the inequalities [01] < [0;] < [r1] relating the vertices of T are inserted (as *) into the inequalities
[02] < % < [11] < [r2] relating the vertices of T, — the inequalities concerning the vertices of 75 are
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nested inside those concerning Tg,, and so on. This demonstrates that the ideal triangles YN", 1<i <k,
have disjoint interiors and proves the lemma. |

The following corollaries are used in the proofs of the fan lemma (Lemmas 6.24 and 6.22).

Corollary 6.20 Any ideal fan in D can be split into at most three subfans: {TH, ey T“n} which is disjoint
fromhull (G); {Ty+1,---, Tim—1}, for which all triangles intersect hull (G); and {1}, . .., Ty }, which is
also disjoint from hull (G). (See, for example, Figure 6.)

Recall that proj5 : D — D is the p-closest point projection.

Corollary 6.21 Let F = A(x, y,z) be a fan, and let F C D be the ideal fan associated to F. If
F Nhull (G) = @, then there is an upper bound on the diameter of proj B(ﬁ ) C dhull (G).

Proof By Lemma 6.19, proj B(f ) is contained in the image of the projection of one or two ideal triangles
in F. In the former case, proj B(f ) lies in the image of the projection of a single ideal triangle, which is
uniformly bounded (Lemma 6.12). In the latter case these two ideal triangles share a common vertex, so
an upper bound on the lengths of the projections of both triangles implies an upper bound on the diameter
of proj 5 (F). m|

6.3 The fan lemma

This section presents a statement and proof of the fan lemma (Lemma 6.22), which says that the triangle of
collapsed preferred paths associated to any Euclidean fan is uniformly slim. It is used later to demonstrate
uniform slimness of general triangles of collapsed preferred paths (Theorem 6.28). Slimness of triangles
of collapsed preferred paths is the only remaining condition needed to satisfy all hypotheses of the
guessing geodesics criterion (Proposition 5.1), which gives hyperbolicity of E (Theorem 5.7).

The statement of the fan lemma is identical to that of [8, Lemma 4.12], but the proof requires significant
reformulation in order to accommodate the circumstance in which the Veech group G is not a lattice.

Lemma 6.22 (fan lemma) There is 8 > 0 so that if x, y,z € ¥ and the geodesic triangle A(x, y, z)
in Eq is a fan with [ f(x), f(y)] = 0, and [f(y), f(2)] = 0, then the triangle AS(x,y,2) of collapsed
preferred paths is §'-slim. Furthermore, if y lies on a geodesic in D), with endpoints in B(o) and B(ox),
then the collapsed preferred paths satisfy

¢(x,»).¢(y.2) C Ny (S(x,2)) and (x,z) C Ny(S(x,p)US(y,2)).

The “furthermore” statement is necessary for getting a uniform slimness constant for general triangles
in later arguments. A Euclidean fan fitting the description in the fan lemma is shown in Figure 5. The
(uncollapsed) preferred paths joining the vertices x, y, z € 3 are described in Tables 1 and 2.

The fan lemma is proved by [8] under the additional hypothesis that G is a lattice. In their case, all
of the saddle connections are parabolic and therefore have length zero after being projected to E by
the map P. This places most of the burden of the proof on showing that the horizontal pieces of the
paths along the top and bottom of the fan are sufficiently close. Here G is only required to be finitely
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horizontal geodesic in Dy from x to X4,

saddle connection o, traversed in the fiber over the associated
horoball or horopoint, i.e., fx;,_; (0z)

horizontal geodesic in D), from X[, to y
horizontal geodesic in D), from y to X[4,]

saddle connection o, traversed in the fiber over the associated
horoball or horopoint, i.e., fX[ ox] (ox)

horizontal geodesic in D, from X[, to z

Table 1: In order, the pieces forming the concatenation of the (uncollapsed) preferred paths
forming the “top” of the fan referred to in Lemma 6.22. The primed notation on the paths in this
table and in Table 2 serves a practical purpose: The unprimed notation is reserved for paths which

play a much more active role in the proof of the fan lemma.

1019

generated, so preferred paths may contain nonparabolic saddle connections whose lengths are arbitrarily

long even after collapsing. In the proof of the fan lemma that follows, the preferred path along the

bottom of the fan is replaced with a substitute path to which it is uniformly close. The substitute path is

chosen specifically to allow nonparabolic saddle connections to be traversed in a select set of fibers where

o

Y

h

Vi

Yk

hy

horizontal geodesic in Dy from x to X| [o1]

saddle connection o; traversed in the fiber over the associated
horoball or horopoint, i.e., fx, ] (o1)
o1

[

horizontal geodesic in Dy{+ = Dyé— from X [o1] to X| [02]

saddle connection o; traversed in the fiber over the associated
horoball or horopoint, i.e., fX[ ] (07)
o

horizontal geodesic in Dyi,+ = D),i/_—F . from X o] to X [o741]

saddle connection oy, traversed in the fiber over the associated
horoball or horopoint, i.e., fx. ] (ok)
Ok

[

horizontal geodesic in D, from X] [ok] to z

Table 2: In order, the pieces forming the (uncollapsed) preferred path forming the “bottom” of the
fan referred to in Lemma 6.22. The primed notation on the paths in this table and in Table 1 serves
a practical purpose: The unprimed notation is reserved for paths which play a much more active
role in the proof of the fan lemma. The superscripts + and — denote endpoints of geodesics, as

described in Section 5.1.
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slimness of Euclidean fans can be employed. The horizontal pieces of the substitute path are handled
mostly in the same manner as in the lattice case presented by [8], except for a few horizontal pieces
possibly requiring special treatment.

The following lemma will be necessary on a few occasions.

Lemma 6.23 (tube lemma; adapted from [14, Lemma 4.5]) Let[o],[0'] € 2, and let v be a geodesic
in D with endpoints in B[, and dB[s. If w is a geodesic in D with endpoints each within a bounded
distance of B[] and B, then w lies within a uniform neighborhood of vU B{;1U B[4/}

To simplify the proof of the fan lemma and to demonstrate the utility of substituting preferred paths,
the case in which the ideal fan is disjoint from hull (G) is presented separately.

Lemma 6.24 (disjoint fan lemma) The fan lemma (Lemma 6.22) holds under the additional assumption
that the ideal fan in D associated to A(x, y, z) does not intersect hull (G).

Proof Note that objects are sometimes lifted from D to various horizontal disks. For the sake of
simplicity, the lifts are referred to by the same notation wherever it does not cause confusion.

Because the ideal fan never intersects the hull, all of the saddle connections in the preferred paths are
traversed in the fibers over their associated horopoints, which lie in a uniformly bounded subsegment
of dhull (G) (Corollary 6.21). The general trajectory of the proof is to replace the preferred paths with
uniformly close substitute paths in which all of the saddle connections are traversed in the fiber over X4,1,
then prove that the triangle of substitute paths is slim.

The substitute path along the “top” of the fan is the concatenation of the following paths, in order:

h; horizontal geodesic in Dy from x to X[, ]
Yz saddle connection o traversed in the fiber over X[}, i.e., fX[gz] (02)
h; horizontal geodesic in Dy, from X[; jto y
hx horizontal geodesic in Dy from y to X5,

¥x saddle connection oy traversed in the fiber over X[, i.e., fX[o'z] (0x)

hy horizontal geodesic in D, from X] [0,] 10 Z

This substitute path is uniformly close to the path in Table 1, which can be seen by comparing each pair
of analogous pieces as follows.

e Since h; = h’,, these are uniformly close.

» Since y; = y}, these are uniformly close.

Since h, = ﬁ’z, these are uniformly close.

Since /1, f_z; C Dy, share an initial point and have terminal points (X[,,] and X[, ], respectively) which
are a uniformly bounded distance apart by Corollary 6.21, hix and };; are uniformly close.
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* The saddle connections yx and y,. are saddle connections in the fibers over X},  and X[, |, respectively.
The map fx,,_; X;,,, Maps Yx 10 ¥x, and so the distance between them is exactly the distance between
X[s,] and X[}, which is uniformly bounded.

* Since /iy, i’y C D share a terminal point and have initial points (X[, and X[, ], respectively) a
uniformly bounded distance apart, /1, and /', are uniformly close.

The substitute path along the “bottom” of the fan is the concatenation of the following paths, in order:

ho horizontal geodesic in Dy from x to X[ ]
y1  saddle connection o7 traversed in the fiber over X[}, i.€., fX[az] (o1)

hy point yl"" =Y,

vi  saddle connection o; traversed in the fiber over X[, j, i.e., fX[aZ] (o)

h;  point yl-+ =Yit1

Yk saddle connection oy traversed in the fiber over X[s_j, i.€., fx,., (0k)

hy  horizontal geodesic in D, from X[5 jto z

All but the first and last horizontal paths are points because the concatenation of saddle connections y; in
the fiber over X[,] is already continuous. Again, this substitute path is uniformly close to the path in
Table 2, which can be seen by comparing each pair of analogous pieces as follows.

* Since /g, hyy C Dy share an initial point and have terminal points (X[5,] and X[4,], respectively) a
uniformly bounded distance apart, &9 and hg are uniformly close.

* For all 7, the saddle connections y; and y; are saddle connections in the fibers over X[5.] and X[s,],

respectively. The map fx, ,, Xj,,] maps ¥/ to y;, and so the distance between them is exactly the distance
1

]
between X[,,1 and X[4,], which is uniformly bounded.

 For each 1 <i <k —1, h; and /) have initial points which are the terminal points of y; and y/,

respectively, and terminal points which are the initial points of y;41 and respectively. Since for

Vi1
all i the pair of y;, y/ are uniformly close and A; is contained in a hyperbolic space (with hyperbolicity

constant uniform for all i), the pair /;, &; must also be uniformly close.

¢ Since /i, h}{ C D; share a terminal point and have initial points (X[5,] and X[4, ], respectively) a
uniformly bounded distance apart, 5 and h;{ are uniformly close.

Since h; is degenerate for each 1 < i < k — 1, the substitute path along the “bottom” of the fan is simply
hoyiVa -+ Vichk. Then because h, = hg, h, = h, (ignoring orientation), and /, = hy, to show that

the triangle of substitute paths is slim it only remains to show that the saddle connections yx form a
slim triangle.

Claim 6.25 The Euclidean fan formed by the saddle connections yx, Yz, Y1, - .., Yk in the fiber over X[,
is uniformly slim.

Algebraic € Geometric Topology, Volume 26 (2026)



1022 Eliot Bongiovanni

Proof For any X € D, the fiber Ey is quasi-isometric to (S, A7()), the universal cover of the closed
surface (S, Xp), which is hyperbolic. Given any X; and X, in an e-neighborhood of Xy, the map
Jx,,x, : Ex; — Ex, is e€-bilipschitz (Section 4.2.1), so the fibers Ey, and Ey, are uniformly hyperbolic.
Finally, because G acts cocompactly on the truncated convex hull D, it holds that all fibers Ey with X € D
are uniformly hyperbolic. Therefore the Euclidean fan formed by the saddle connections yx, ¥z, V1, - - - Yk
in the fiber over X[, is uniformly slim. O

Therefore, the original triangle of preferred paths is slim.

To prove the “furthermore” statement, note that since ﬁ’z and ﬁ; are both in D), they form a slim
triangle with the geodesic joining their endpoints, denoted h’y. When y is assumed to lie on a geodesic with
endpoints in B(0;) and B(0x ), the concatenation of 4/, and /1’ lies uniformly close to h/y (Lemma 6.23). By
construction, h;, is a uniformly bounded subsegment of d hull (G). Therefore h;, — and the concatenation
of /!, and /', — is uniformly close to the shared endpoint of y, and yy, which results in the containments
from the lemma. O

When the ideal fan is not disjoint from hull (G), the proof is more complex. First the fan is decomposed
into subfans as in Corollary 6.20: One subfan consists of all of the ideal triangles that intersect hull (G),
and the other subfans (up to two, if any exist) are disjoint from hull (G). Thanks to the tools in Lemma 6.13,
the paths associated to the ideal subfan which intersects hull (G) can be handled in a manner similar
to that of [8], with a few technicalities to consider for the horizontal paths at the beginning and end.
A subfan which is disjoint from hull (G) is handled in a similar manner to the previous proof; however,
some additional work is needed since slimness of the associated Euclidean subfan in any particular fiber
over d hull (G) is no longer sufficient to prove slimness of the whole fan.

Proof of fan lemma Like the disjoint case, note that objects are sometimes lifted from D to other
horizontal disks, and the lifts are referred to by the same notation wherever it does not cause confusion.
Finally, note that some arguments are made by showing that the uncollapsed pieces (i.e., before applying P)
are close, which is sufficient because P is 1-Lipschitz (Lemma 4.3).

Substituting the concatenated preferred paths along the top of the fan. Compare to the concatenated pre-

ferred paths described in Table 1. The substitute path along the top of the fan is the concatenation of the
following paths, in order:

hz :=h’, horizontal geodesic in Dy from x to X4 ]

Yz =y, saddle connection o traversed in the fiber over the associated
horoball or horopoint, i.e., fx;,_; (0z)

h, horizontal geodesic in Dy, joining n,” e X [0.] tO Wt e X [ox]

Vx =7V, saddle connection oy traversed in the fiber over the associated
horoball or horopoint, i.e., fx, ; (0x)

hy :=h', horizontal geodesic in D, from X5 to z
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Since };/Z and };; are both in Dy, they form a slim triangle with the geodesic joining their endpoints,
denoted /2},. In particular, /), lies in a uniform neighborhood of k., and h’.. Because the rest of the pieces
of the substitute path along the top of the fan are identical to those appearing in the (uncollapsed) preferred
paths, the substitute path along the top of the fan lies in a uniform neighborhood of ¢(x, y) Uc(y, z)
(while the reverse is not necessarily true). If in addition y lies on a geodesic with endpoints in B(o;)
and B(oy), then the concatenation of 4/, with /. is in fact uniformly close to h, U B(oz) U B(ox)
(Lemma 6.23); therefore the image under P of the substitute path along the top of the fan is uniformly
close to ¢ (x, y) Ul (y,2).

Substituting the preferred path along the bottom of the fan. Compare to the preferred path described in

Table 2. There are at most two maximal subfans of the ideal fan which do not intersect hull (G), and
any such subfan must be at the beginning or end of the fan (Corollary 6.20). Let n be the largest index
for which T“l ye - T“n do not intersect hull (G). If no such #n exists, set » = 0. Assume that n < k; the
case when n = k (that is, when no ideal trlangle in the fan intersects hull (G)) is proven in Lemma 6.24.
Similarly, let 7 be the smallest index for which Tm, . Tk do not intersect hull (G). If no such m exists,
set m = k + 1. Note that as a result of the structure lemma, m —n > 2 (Corollary 6.20). Define

fX[(rz](o.l)’ 1 E l E n’
Y= Yis n<i<m,
fX[ox](Ui)’ m=<i=<k.

The horizontal paths are chosen to make the substitute path along the bottom of the fan continuous.
These are explicitly described as follows. Because the saddle connections associated to the triangles
Tw+1,-.., Ty—1 remain unchanged, the horizontal paths connecting them are also unchanged. That is,
define

hi:=h; forn+1<i<m-2.

The paths y195 -+ vn and YimVm+1 - - - Vi are the concatenation of the saddle connections oy, ...,0, in
the fiber over X[} and the concatenation of the saddle connections oy, ..., 0 in the fiber over X[ j,
respectively. Note in particular that these paths are continuous without the presence of horizontal paths,
so the horizontal “paths” are chosen to be the endpoints of saddle connections,

hi :=)/l.Jr =¥y forl<i<n—lorm=<i<k-—1.
When n > 1 and m < k, define the remaining horizontal paths as follows:
ho := h; horizontal geodesic in Dy from x to X[4,]

hy horizontal geodesic in D it from y,} to Yot

Nm—1 horizontal geodesic in D o+ from y L OV

Ym—1

hy = hy horizontal geodesic in D, from X[, jto z
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If instead n = 0, define ho = h, := h/,, and if instead m = k + 1, define hy = hy—q 1= h}{. In other words,
if there is no ideal subfan T4, ..., Ty, (or Ty, ..., T}) disjoint from hull (G), then the beginning (or end)
of the substitute path along the bottom of the fan is chosen to be identical to the original preferred path.

The reader will gain the most insight from this proof by assuming in addition that » > 1 and m < k,
since this represents the most novel circumstance in which the ideal fan can be split into three subfans
depending on their intersection with hull (G) (see Corollary 6.20). The following claim, for instance,
becomes tautological otherwise.

Claim 6.26 The substitute path along the bottom of the fan, hoy1hy --- yihi - - - yx h, is uniformly close
to the preferred path along the bottom of the fan,

c(x,z) = hyyih'y - yih} - yihy.

Proof of claim If » = 0 and m = k 4+ 1 —that is, if every triangle in the ideal fan intersects hull (G) —
then the preferred path and the substitute path are identical. Otherwise if there are triangles in the ideal
fan which do not intersect hull (G), then only the initial and/or terminal portions of the preferred and
substitute paths are distinct. This proof will demonstrate the case when n > 1; the proof for the case when
m < k is analogous, and then the case when both n > 1 and m < k follows immediately.

For any i > n, h; = hj and y; = /. So it remains to demonstrate that

hé)yl/h/l"'yi;h; and ho)/lhl ...ynhn

are uniformly close. This comes as a consequence of Corollary 6.21, which states that the projection of
the ideal subfan T’l AU T“n to hull (G) is a uniformly bounded subsegment of d hull (G). Therefore the
initial segments /2, and /1o share an endpoint at x, and their other endpoints are uniformly close, so /;,
and / are uniformly close since they lie in a horizontal disk which is uniformly hyperbolic. Similarly,
the final segments /1, and /1, share an endpoint at y,_ 1> and their other endpoints are uniformly close, so
hy, and hy, are uniformly close. The point y;~ = hl.+_1 is uniformly close to ¥/~ = hgfl, and y;" = h7 is
uniformly close to Vi/+ = h~, so y} is uniformly close to y; (as in the proof of Lemma 6.24). Finally, the

endpoints of each 4}, 1 <i <n— 1, must be within a uniformly bounded distance of each #;. O

To prove the fan lemma, it now suffices to show that the substitute paths along the top and bottom of
the fan are uniformly close to each other.

Horizontal pieces at x and z are close. When n > 1, h; = hg by construction. Otherwise for n = 0,

h and h share an endpoint at x, and their other endpoints are uniformly close because the ideal triangle T’l
intersects hull (G) (Lemma 6.13). So, in either case, it follows that /i, and /¢ are uniformly close.
Analogous arguments show that /1, and /4y, are uniformly close.

Saddle connections y; for i <n ori > m. Recall that y1hy2hs -+ hpy—1Vn = V1Y2 -+ Vn IS a continuous

path in the fiber over X[4,]. It forms one side of a Euclidean fan whose other sides are y, and 7, —
that is, the fan formed by triangles 77, ..., Ty, which is slim (Claim 6.25). By construction, the saddle
connection t, is nonparabolic. Because the ideal triangle T“,,H intersects hull (G ), the saddle connection t
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has uniformly bounded length in the fiber over X[, (Corollary 6.14). Since X[,] is within a uniformly
bounded distance of X[4,] (Corollary 6.21), the saddle connection t, has uniformly bounded length in
the fiber over X[5_j. Therefore y; ---yy is uniformly close to y; because they are in Ey;,_, which is
uniformly hyperbolic.

Analogous arguments show that for i > m the saddle connection yy in the top of the fan is uniformly
close to the paths ¥, Vim+1 - - - Yk in the substitute path along the bottom of the fan.

Horizontal pieces 4; forn + 1 <i <m —2. The ideal triangles 7~1n+1 and Tm—] are the first and last

ideal triangles intersecting the hull, respectively. Define / to be the geodesic in D between the adjusted
balance points 5n+1 and by,_1, and let h y denote its lift to Dy.2 Because the ideal triangle T",,_H intersects
hull (G), there is a uniformly bounded distance from the endpoint h; = 5n+1 to B[;,] (Lemma 6.13),
which lies a uniformly bounded distance from B, (indeed if n = 0, B[] = Bjy,]; otherwise this follows
from Corollary 6.21). Similarly, there is a uniformly bounded distance from the endpoint h)‘," = b1
to Bl,,]. Because h;,_ € 0B, and h;"' € 0B[s,], the tube lemma (Lemma 6.23) ensures that /1y, lies
uniformly close to h’y U By, U Bls,]. Therefore P(hy) and P(h/y) must have uniformly bounded
Hausdorff distance.

The aim is to show that P(4y) and P(hy4q U---Uhy,—1) have uniformly bounded Hausdorff distance.
This is accomplished by breaking /, into segments, each of which has uniformly bounded Hausdorff
distance to its image under P.

Recall that /; is in the disk Dy, + connecting the horoballs (or horopoints) Bjs,] and By, ,,]. Define hY!
to be the geodesic in D)+ between (the lifts of) b; and b; 41, the adjusted balance points of ideal
triangles T; and ﬁ+1- Because 7; Nhull (G) # @ and ﬁ.,_l Nhull (G) # @, there is a uniform bound on
the distance from I;i to B[y, and from 5,-+1 to By, 4] (Lemma 6.13). (Note that if there are multiple saddle
connections in the same direction, then /; might be a point which is uniformly close to both endpoints
of h;/ .) Then by the tube lemma (Lemma 6.23), h;f lies uniformly close (in D?’i+) to hi U Big;1U By, 1]-
Therefore P(h}) and P(h;) have uniformly bounded Hausdorff distance.

Define g; to be the geodesic in D), joining b; and 15,~+1. Since b; and 15,~+1 are both within a uniformly
bounded distance of B[] (Lemma 6.13), the saddle connection 7; has bounded length over the geodesic
[Bi, 15,~+1] and therefore h;-’ and g; have bounded Hausdorff distance in E (and in E).

The following claim will allow /1, to be broken into segments whose images under P will be shown to
be uniformly close to each of the P(g;). Recall that p : hull (G) — D is the map that collapses horoballs
in D to points.

Claim 6.27 There are points t,+1, . . ., ty,;—1 appearing in order along the geodesic h whose images under
p:D— D respectively lie within uniformly bounded distance of the collapsed horoballs (or horopoints)

P(Bio, 1)) P(Bo,_,1)-

2Recall from the beginning of the proof that for the sake of simplicity, objects in D and their lifts to various horizontal
disks are generally referred to by the same notation. This is the first (and only) instance when an object in D, h, is notationally
distinguished from one of its lifts, 71, C Dj,.
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This statement is functionally analogous to [8, Claim 4.15]. Their proof relies on defining / between
two balance points, where the associated Euclidean triangles are equilateral, and using the intermediate
value theorem to identify points on /2 which must be close to the balance points of each of the intermediate
triangles in the fan. The proof below relies instead on the structure lemma (Lemma 6.19) to force the same
conclusion. Importantly, the approach presented here works in the more general case where / is defined
between adjusted balance points, where the associated Euclidean triangles might not be equilateral. A key
advantage to this construction is that all of the #; are forced to be in hull (G), which avoids the issue of
later needing to project paths back onto the bundle over the hull.

Proof of Claim 6.27 Recall that / is the geodesic joining adjusted balance points b,41 and by,_;.
Recall also that foreachi € {n +1,...,m — 1} the ideal triangle T; intersects hull (G) by construction.
Therefore each adjusted balance point b; is within a uniformly bounded distance of all three horoballs or
horopoints associated to T", (Lemma 6.13). Choose t,41 := I;n+1 and t,,_1 := Bm_l, which are close to
B, 1 and Byg,,_,], respectively. B

By the structure lemma (Lemma 6.19), 7 must pass through all of the ideal triangles 7; for n+1<i <m—1;
and by convexity of hull (G), / is entirely contained in hull (G). An example is illustrated in Figure 7.
Therefore if / intersects any of the geodesics joining b; to the horoballs or horopoints associated to T“,-,
then setting ¢; to be the intersection point satisfies the claim. (If /2 intersects more than one of these
geodesics, then any choice of intersection point will suffice.) If 2 N T} C Biy;], then any choice of
tehn T", will satisfy the claim.

Finally, consider the case in which / avoids intersecting any of the three bounded length geodesics
joining b; to the horoballs or horopoints associated to T, by passing through both of the horoballs By, ]
and Bi;). An example is illustrated in Figure 8. By Lemma 6.13 and the tube lemma (Lemma 6.23), the
point b; lies within a uniform neighborhood of By, U B[] and the subsegment of /1 between these
two horoballs,

f T. ° ° o )
hi =hN 7—'l N (B[O',] U B[‘Ei_l] U B[Tl]>

Choose #; to be the closest point on h? to b;, which may be in 0B(r;_,] or dB[]. Then p(Z;) is uniformly
close to b;, which is uniformly close to p(Bjq,])- a

Let s; be the lift of #; to D), and break /,, into segments
h;, =[si,8i+1], i=n4+1,...,m—=2.

By construction, in D), each P(s;) is within uniformly bounded distance of P(B[s,]), which is within
uniformly bounded distance of 5,- (note that P(l;i) = 5,-). Recalling that g; is the geodesic in D,
joining b; and 1;,-.,.1, this implies that P(h;) is uniformly close to P(g;). Also recalling that P(g;) and
P(h;) have uniformly bounded Hausdorff distance, each P(h;) is uniformly close to each P(h},), so
P(hy41 U---Uhy,_5) is uniformly close to P(h;‘,‘H U---u hJ’f’_z) = P(hy). Finally, recalling that
P(hy) and P(h;,) have uniformly bounded Hausdorff distance, P (/1,41 U---Uhy,—1) and P(h;,) have
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Figure 7: An example of a construction of the {#;} in the proof of Claim 6.27. The ideal fan from
Figure 6 (red) has been superimposed on an example of an approximation to a truncated convex
hull D (blue). Note that in this drawing, n = 1 and m = 1 since there is one triangle disjoint from
the hull at the beginning and end of the fan, so the initial and final triangles are not considered by
the claim. For the vertices of the fan at parabolic points, the dark blue circles are the boundaries
of the horoballs B.. For the vertices of the fan at nonparabolic points, the dark blue dots are
the horopoints B.. (Refer to Definition 4.1.) Then for each ideal triangle the adjusted balance
point by is represented by a red dot; in this example, the only triangle with b # by is on the
right, where the balance point is represented by a red +. Each of the adjusted balance points is a
uniformly bounded distance from the horoballs and/or horopoints associated to the same triangle
(Lemma 6.13), and the shortest distance to each of these is represented by a yellow curve. The
geodesic /1 is drawn in black between adjusted balance points b,41 and b,,_;. In this example, all
of the ¢, are chosen to be the points of intersection of / with the yellow curves.

uniformly bounded Hausdorff distance. Since h; was a piece of the substitute path along the top of the
fan and the /1;, n+ 1 <i < m —2 were pieces of the substitute path along the bottom of the fan, this piece
of the argument is complete.

Note that in the case where m —n = 2—that is, where only one ideal triangle intersects hull (G) —
this argument continues to work despite that the geodesic /4 is in fact not a path but rather the point
15,,+1 = 5m_1. In fact, Claim 6.27 follows immediately from Lemma 6.13.

Horizontal pieces /i, (n > 1) and h,,—y (m < k). When n > 1, the horizontal path /,, still requires con-

sideration. Conveniently, P(/,) must have uniformly bounded length. The endpoint y, of %, is joined
to ;" by the saddle connection 1, in the fiber over X] [0.]» Where it has uniformly bounded length because
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[o,]

Figure 8: An example of a case in the proof of Claim 6.27. The colors and labels are analogous
to those in Figure 7; for simplicity, in this example hull (G) (blue) is assumed to be all of D.
Because /1 (black geodesic) does not intersect any of the yellow curves, #, will be chosen to be the
point on /4 and in TE (red) which is closest to by; although 7, and by may not be uniformly close,
their images under p must be uniformly close.

the ideal triangle T“n+1 intersects hull (G') and because X[, is uniformly close to X4, (Corollaries 6.14
and 6.21). Since y," = h;‘, the arguments in the previous part of this proof give that P(y,;") = P(h/y_)
is within a uniformly bounded distance of P(/1})) = P(by+1) in P(Dy), which is within a uniformly
bounded distance of the P-image of B, 12 y:' w1 =N, (Claim 6.27). Lastly, y,41 has uniformly
bounded length in the fiber over X[, ,j—either it is a nonparabolic saddle connection associated to
an ideal triangle which intersects hull (G) (Corollary 6.14), or it is a parabolic saddle connection with
bounded length by construction—and y, ; = hF, so P(hy) and P(/;}) must be uniformly close.
When m < k, a similar argument shows that P (/,,—1) has uniformly bounded length.

Remaining saddle connections. The remaining saddle connections must have uniformly bounded length

because their endpoints — which are endpoints of the horizontal paths —have been shown to be uniformly
close. However, it is insightful to see these remaining saddle connections handled explicitly.

Any remaining nonparabolic saddle connections must be associated to ideal triangles which in-
tersect the hull, so each of these saddle connections has uniformly bounded length at its associated
horopoint (Corollary 6.14). Therefore any isolated saddle connection— that is, any o; for which
[0i—1] # [07] # [0i+1]— Will not prevent slimness of the collapsed preferred paths. (Note that this
also resolves any obstruction to slimness posed by the saddle connections y, and Yy in the cases where
n=0and m = k + 1, respectively.)
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Suppose instead that there are consecutive indices
I={iy,....i;}C{n+1,n+2,....m—1}

such that [0,- . ] =...= [ai ; ] Denote this common direction by [o7]. Since the ideal triangles Tie 7 intersect
hull (G), all the saddle connections in 7;<; have uniformly bounded length at their associated (adjusted)
balance points 5,- (Corollary 6.10), which are all uniformly close to X4, (Lemma 6.13). Therefore
all of the saddle connections associated to T;e7 have uniformly bounded length in the fiber over X4,).
In particular, because all of the ;<7 form one side of the geodesic triangle fX[a,] (Tiy U---UTj), the
triangle inequality gives that

ZE (Vl) <¢ (fX[GI] (Til—l)) +4 (fX[GI] (Tij)) ,

iel
which is uniformly bounded above. Therefore any set of consecutive nonparabolic saddle connections
does not prevent slimness of the collapsed preferred paths. |

6.4 General triangles

It remains to show that any triangle of collapsed preferred paths is uniformly slim. Equipped with this new
version of the fan lemma for finitely generated Veech groups, the subsequent arguments of [8] continue
to hold for proving that general triangles of preferred paths are slim. As in Section 4, their results are
outlined here and cited wherever their arguments apply essentially verbatim.

Theorem 6.28 (collapsed preferred paths form slim triangles) There exists § > 0 so that collapsed
preterred paths form §-slim triangles. That is, for any x, y,z € X,

S(x.») CNs (G (x,2)US(y.2)).

Proof of Theorem 6.28 Let &’ be the constant from the fan lemma (Lemma 6.22). Any triangle in
A(x, y, z) which has at least one side consisting of exactly one saddle connection can be decomposed
into a union of fans; see Figure 9.

Slimness of each fan and the “furthermore” statement of the fan lemma (Lemma 6.22) ensure that
the associated triangle of collapsed preferred paths A¢ (x, y, z) is §” = (28’ +2)-slim [8, Lemma 4.16].
General triangles A(x, y, z) may be similarly decomposed into fans, and after a careful treatment of all
cases [8, Theorem 4.2] concludes that general triangles of collapsed preferred paths AS (x, ¥, z) must be
§ = 38" = 3(28'+2)-slim. |

Coincidentally, this gives an alternate proof for special case of a theorem by [11] (generalized by [15])
which states that a virtually free subgroup of the mapping class group is convex cocompact if and only if
its extension group is hyperbolic.

Theorem 6.29 (special case of [11; 15]) Let G < MCG(S) be a finitely generated Veech group with
extension group I'. If G has no parabolic elements, then I' is Gromov hyperbolic.
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J(x)=ao = f(xo)

S =y n

Figure 9: Illustration from [8, Figure 6] of a triangle with exactly one side being a single saddle
connection, showing how it can be decomposed into fans. The labeled points are the vertices of
the fans.

In the sense of [11], G is convex cocompact as a discrete subgroup of Isom(D) if it acts cocompactly
on the convex hull of its limit set— that is, if the quotient of hull (G) by the action of G is compact.
Therefore if G has no parabolic elements, it is convex cocompact as a Fuchsian group. A consequence is
that the G-orbit of X € hull (G) is quasiconvex.

Proof Let E be the space constructed in Section 4. Since there are no horoball preimages to collapse,
E =FE and T acts isometrically and cocompactly on E by construction. It only remains to show that E
(equipped with the metric d) is hyperbolic, which is accomplished by applying the guessing geodesics
criterion (Proposition 5.1). Here, the sets L(x, y) in the statement of the guessing geodesics criterion are
precisely the preferred paths ¢(x, y) = ¢ (x, »).

It was shown in the construction that (E, d) is a length space. Because the collection X of all cone
points is T-invariant and E/ T is compact, there exists some constant R > 0 so that ¥ is R-dense
in E. For x, y € X there is a preferred path c(x, y) C E, and the preferred paths form slim triangles
(Theorem 6.28), satisfying condition (1) of the guessing geodesics criterion.

To verify condition (2) of the guessing geodesics criterion, suppose that d(x, y) <3Rforsome x € Ey
and y € Ey. Then p(X,Y) <3R in D. Because fy.y = fx|E, is e?X>¥)bilipschitz (Section 4.2.1),
the length of fx(c(x, y)) is bounded by 3Re3R. The geodesic in Ex joining x to fy(») also has
bounded length and in particular is a concatenation of saddle connections each with length bounded above
(by 3Re3R) and below (uniformly, due to Proposition 6.3). So there are at most n saddle connections
in ¢(x, y), where n depends only on R. Each of these saddle connections o has length bounded above
in the fiber over X" and bounded below in the fiber at its associated horopoint X[4], so X" and X[, are
uniformly close for all saddle connections ¢ appearing in ¢(x, y). Finally, since ¢(x, y) consists of at
most 2n + 1 pieces (hyperbolic geodesics in the horizontal fibers and saddle connections in the vertical
fibers), where n depends only on R, and each of those pieces has uniformly bounded length, it follows
that L(x, y) = g(x, y) has bounded length — and therefore bounded diameter, as required. m|
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7 Hierarchical hyperbolicity

After establishing a nice action of I' on a hyperbolic space E, a natural next step is to prove that T is
hierarchically hyperbolic.

Theorem 7.1 (hierarchical hyperbolicity) Let G < MCG(S) be a finitely generated Veech group with
extension group I". Then I' is a hierarchically hyperbolic group.

Nearly all of [9] continues to hold essentially verbatim when G is finitely generated but not necessarily
a lattice: Constructing a hierarchically hyperbolic space structure once E is shown to be hyperbolic is
almost solely concerned with what happens with the Bass—Serre trees Ty, for parabolic directions « for G,
so the existence of nonparabolic directions does not interfere with the construction of the HHS. For this
same reason, I" is already a hierarchically hyperbolic group whenever G has no parabolic limit points;
indeed, I is hyperbolic by [11; 15] (or by Theorem 6.29). This section is deliberately kept brief; the reader
is referred to [9] for more comprehensive coverage of the HHS structure and background information.
Let X be the flag simplicial complex with 1-skeleton X (1) as given in [9, Section 4.2]. Let W be the
X-graph whose vertices are the maximal simplices of A and whose edges are as given in [9, Section 4.2].
Let X be the W-augmented dual graph as given in [9, Definition 4.2]. The following statement
is comparable to [9, Lemma 4.17]. While this proof is nearly identical to the original, it includes
consideration for when nontrivial saddle connections might appear in the case that G is not a lattice.

Lemma 7.2 (empty simplex) The graph XV is quasi-isometric to E.

Proof Starting with the map Z : X ™ LTy defined in [9, Section 4.2], extend this to a map
Z': X™W > E as described in the proof of [9, Lemma 4.17]. As in that proof, Z is a one-sided
inverse of Z’. It remains to show that Z is coarsely Lipschitz by demonstrating that for any edge
e =[x, y] of X with v = Z(x) and w = Z(y) in V, there exists a path of uniformly bounded length
in X" joining v and w.

Now by Lemma 5.4, any v € Ty, w € Tg are joined by a combinatorial path of length proportional
tod (v, w) which, as the proof shows, is in fact a concatenation of combinatorial subpaths of uniformly
bounded length connecting points of V. Moreover, by the lemma, the number of horizontal jumps and
saddle connections is bounded by C’ d (v, w). Therefore it suffices to prove the lemma in the cases that v
and w are joined by a bounded length combinatorial path which is either

(a) a single horizontal jump between two horoballs, or

(b) two horizontal jumps from horoballs to a common component of the hull boundary concatenated with
nonparabolic saddle connections (which are joined by horizontal jumps in lifts of the hull boundary).

Regardless of the presence of nonparabolic saddle connections, the proof may proceed as in [9] because
this combinatorial path is the image of a path whose interior is in E and connects the “thickened spine
neighborhoods” (see Figure 2(e)) associated to v and w. O
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Proof of Theorem 7.1 The proof of [9, Theorem 4.16] holds verbatim after substituting Lemma 7.2
for [9, Lemma 4.17]. Therefore the pair (X, W) is a combinatorial HHS by the definition found in

[9, Definition 4.8]. The rest follows from [9, Theorem 4.11]. O
List of symbols
(S, X,q9) flat surface determined by a closed surface S of genus at least 2, page 995

a choice of complex structure X, and its associated quadratic
differential ¢

[o] direction associated to the saddle connection o page 1000
«— >
[ox].[0y] hyperbolic geodesic segment between [0] and [0 | page 1013
[x, ¥] geodesic segment between x and y page 992
o an element of Z (without specific reference to an associated page 1000
saddle connection)
By, interior of the horoball preimage B, page 1003
By preimage 7! (By) page 1003
B, interior of By page 1003
By, if « is parabolic, closed horoball in D that is invariant by the page 1001
maximal parabolic subgroup of G corresponding to «; if « is
nonparabolic, orthogonal projection of the point o € dD onto
hull (G)
b adjusted balance point of a Euclidean triangle 7" (or of its associated page 1012
ideal triangle 7) —that is, the projection of the balance point b to
hull (G)
b balance point of a Euclidean triangle 7" (or of its associated ideal page 1012
triangle T)
D truncated convex hull, obtained from hull (G) by deleting the page 1001
interiors of the horoballs By,
d metric on E page 1003
D collapsed convex hull, quotient space obtained from D by collapsing page 1001
each horoball By, to a point
d metric on E page 1004
9 set of all directions of all saddle connections on (S, Xy, o), page 1000
considered as a subset of D
d metric on E page 1003
D Teichmiiller disk (determined by a flat structure (X, ¢), although this page 996
is often dropped from the notation)
AS(x,¥,2) triangle of preferred paths in £ with vertices x, y,z € X page 1011
Aé(x, Y,2) triangle of collapsed preferred paths in E with vertices x, y,zeX page 1011
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Ax, y,z2)
Dy
E
E

Ey

Ex

f EF— EO
fx:E— Ex
fxy:Ey — Ex
G

Vi

T

hi

hull (G)

hull (G)

P(o)
m: E—hull(G)

proj D
q

q0
qx

> D!

triangle of geodesics in Eq with vertices f(x), f(»), f(z) for
X,y,z€X

preimage fi !(x), i.e., the unique lift of hull (G) to the Teichmiiller
disk in 7(S) through x that covers hull (G) via the projection 7
space obtained from E by collapsing horoballs to Bass—Serre trees
via the map P

surface bundle over hull (g) given by mr; also admits a product
structure £ = hull (G) x S

fiber of E over X

fiber of E over X, i.e., 71 (X)

alternative notation for fx,

map determined by varying fy,y overall Y € D

lift of the Teichmiiller map to the universal cover

finitely generated Veech group of ¢

i-th saddle piece of ¢(x, y)

extension group of G

i-th horizontal piece of ¢(x, )

convex hull of G

convex hull of the limit set of G

length metric on Ty,

length of a saddle connection o

union of C(x, y) overallx ef* N and y e f®NX
d-neighborhood

restriction of P: E — E to E

map D — D which collapses each By to a point

map hull (G) — D which collapses the interior of each B to a point
quotient of E obtained by collapsing each B, onto 7;, via the
restriction #y |3,

set of saddle connections that span a triangle with o
pullback bundle of the Bers fibration via the inclusion

hull (G) C T(S)

p-closest-point projection of D onto D

quadratic differential or flat metric for a complex structure in the
Teichmiiller space of a closed surface of genus at least 2

flat metric for the complex structure X

flat metric associated to X, i.e., terminal flat metric from the
Teichmiiller mapping (S, Xo,q0) = (S, X, qx)

induced path metric on the truncated convex hull D
quotient pseudometric on D
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page 1011
page 1003
page 1004
page 1001

page 1002
page 1002
page 1003
page 1003
page 1002
page 1000
page 1006
page 1001
page 1006
page 998

page 1001
page 1008
page 995

page 1007
page 1006
page 1004
page 1001
page 1001
page 1004

page 1015
page 1001

page 1001
page 994

page 1000
page 1002

page 1001
page 1001
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P Poincaré metric on the Teichmiiller disk D page 1000
S universal cover of .S page 1003
S closed, connected, oriented surface of genus at least 2 page 1000
)y the set of all cone points in E, i.e., | J X ehull(G) 22X page 1003
C(x,p) collapsed preferred path between x, y € X page 1007
G(x,y) preferred path between x, y € X page 1006
Xx for any X € hull (G), the set of cone points of the flat structure gx page 1003
on Ex
T weighted Bass—Serre tree for a parabolic direction ¢, i.e., the R-tree  page 1004
dual to the foliation of Ey, in the direction o
tg i E— Ty composition of fy, followed by projection to 7 page 1004
Oy v-spine in Ex page 1007
oY union of v-spines over all fibers in the horoball associated to v page 1007
T} i-th triangle in an ideal fan, often the ideal triangle associated to page 1016
the Euclidean triangle 7;
T; i-th triangle in a Euclidean fan page 1016
vV set of all vertices of all Bass—Serre trees Ty, page 1007
Xo choice of fixed point in dBy; if « is nonparabolic, identical to By page 1001
Xo fixed choice of complex structure on S page 1000
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Primitive Feynman diagrams and
the rational Goussarov—Habiro Lie algebra of string links

BRUNO DULAR

Goussarov—Habiro’s theory of clasper surgeries defines a filtration of the monoid of string links L (1)
on m strands, in a way that geometrically realises the Feynman diagrams appearing in low-dimensional
and quantum topology. Concretely, L(m) is filtered by C,-equivalence, for n > 1, which is defined
via local moves that can be seen as higher-order crossing changes. The graded object associated to
the Goussarov—Habiro filtration is the Goussarov—Habiro Lie algebra of string links LL(m). We give
a concrete presentation, in terms of primitive Feynman (tree) diagrams and relations (1T, AS, IHX,
STU?), of the rational Goussarov—Habiro Lie algebra £L (m)g and of the primitive Lie algebra of
the Hopf algebra of Feynman diagrams. To that end, we investigate cycles in graphs of forests: flip
graphs associated to forest diagrams and their STU relations. As an application, we give an alternative
diagrammatic proof of Massuyeau’s rational version of the Goussarov—Habiro conjecture for string links,
which relates indistinguishability under finite type invariants of degree < n and C,-equivalence.

1 Introduction
1.1 Background

A string link on m strands in the cylinder is a smooth embedding of a disjoint union of m intervals into

the cylinder
y:{l,....m}yx[0,1] = D? x][0, 1]

such that y(i,e) = (x;,e) foralli € {1,...,m} and e € {0, 1}, where xi,..., X;u € D? are fixed points
(usually ordered along the x-axis), and y is perpendicular to the boundary near those points. String links
on m strands are considered up to smooth isotopy, and L(m) denotes the corresponding set of isotopy
classes, also called string links when there is no ambiguity.

The set L(m) is a monoid with multiplication given by vertical concatenation (Figure 1(b)), with the
trivial string link as unit (Figure 1(c)).

When m = 1, elements of L(1) are called long knots and closing a long knot yields an isomorphism
between L (1) and the monoid of knots under connected sum (Figure 1(a)). Thus, the study and classifica-
tion of string links naturally belong to knot theory, and one of the main tools for probing them is the use
of invariants.

A string link invariant V : L(m) — A valued in an abelian group A is a Vassiliev invariant or finite
type invariant of degree n if it satisfies specific skein relations (see Vassiliev [43], Birman and Lin [3]
and Bar-Natan [1]), which can be read as the condition that V' vanishes on the (n41)-st power of the
MSC2020: primary 57K16; secondary 16T30, 17B70.
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(a) A knot and a long knot (b) Two string links and their concatenation in L(3) link in L(3)

Figure 1: Long knots and string links.

augmentation ideal in the monoid ring Z L(m). Vassiliev invariants dominate (dominate means that the
collection of all Vassiliev invariants determines the mentioned known invariants) polynomial invariants
(Conway, HOMFLY, etc.), quantum invariants (see Turaev [42]), Milnor invariants (see the survey by
Meilhan [33]), etc. but it is an open question whether they separate string links (or even knots, in the case
m = 1). One of the main results in that theory, due to Bar-Natan [1] and Kontsevich [25], is that any
Q-valued Vassiliev invariant factors through the Kontsevich integral

(1-1) Z: L(m) > AF(m)q,

which is valued in the graded completion of the Hopf algebra A (m)q of Feynman diagrams on m
strands, generated by uni-trivalent diagrams (with cyclic orientation at the trivalent vertices (the cyclic
orientation is usually omitted, in which case it is assumed to be counterclockwise), and univalent vertices
attached to m vertical strands; see Figure 4), modulo 1T and STU relations (which imply the relations
4T, AS, IHX; see Figure 2). The presence of the 1T relation translates the fact that we are working with
unframed string links. This justifies the notation FI for framing independence, used throughout this paper.

For the above reason, the Kontsevich integral is called a universal Vassiliev invariant over Q. The
theory is much less understood over the integers.

A natural question about Vassiliev invariants is: what do they detect? In the case of knots (m = 1),
Goussarov [17] and Habiro [22] independently answered this question by introducing C,-moves, defined

- =
HHH-IH-H K-K-

X
i C =0
— 4

(a) A 4T, four-terms, relation (b) STU relations (¢c) A 1T, one-term,
relation
— =X =0 = —
(d) An AS relation (e) An IHX relation in the Kirchhoff form [8, Section 5.2.7]

Figure 2: The 4T, STU, 1T, AS and IHX relations.
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(a) A Ci-move (b) A C-move

Figure 3: Diagrams, claspers realising them and C,-moves.

using clasper surgeries. Those are local moves on string links that are modelled on tree claspers, ribbon
trees with leaves attached to the strands, that geometrically realise the Feynman diagrams from above.
See Figure 3 for examples of C;- and C,-moves. More precisely, C,-moves generate the Cy,-equivalence
relation on L(m), and they show that any two Cy-equivalent string links are V,-equivalent, i.e., they
cannot be distinguished by Vassiliev invariants of degree < n. Goussarov and Habiro conjecture that the
converse holds as well: this is the Goussarov—Habiro conjecture for string links in the cylinder (which
they prove for knots, i.e., the case m = 1). This is still wide open, with only progress made in small
degrees by Meilhan and Yasuhara [34].

For each n > 1, the monoid £,L(m) := L,(m)/C,41 of C,41-equivalence classes of Cy-trivial
string links turns out to be a finitely generated abelian group. See the works of Goussarov, Polyak and
Viro [18] and of Habiro [22]. Those combine into a graded Lie Z-algebra LL(m) := @,,> LnL(m),
the Goussarov—Habiro Lie algebra of string links on m strands. From their work, it follows that there is
a surjective Z-linear graded realisation map R : ZDT (m) — L£L(m) that sends a tree diagram to the
result of surgery along a tree clasper realising it. Thus there is a presentation of the Goussarov—Habiro
Lie algebra by tree diagrams on m strands modulo specific relations

LL(m) = ZDT (m)/ker(R),

whose understanding would be a significant step towards the Goussarov—Habiro conjecture, while also
being of its own interest. For example, it would provide a “universal Goussarov—Habiro invariant”, valued
in a Lie algebra of tree diagrams. This is related to the study of my of the embedding calculus tower, as
appearing in the works of Conant [9], Budney, Conant, Koytcheff and Sinha [5], and Kosanovi¢ [26]. The
concordance analogue of this question, where Cy-equivalence is replaced by C,-concordance, appears in
works of Conant, Schneiderman and Teichner [11; 12], while the homotopy analogue has been settled by
Habegger, Lin and Masbaum [20; 21]. Habiro and Massuyeau studied a similar question in the context of
homology cylinders in [23]. Nozaki, Sato and Suzuki also studied ker(R) in [37].

(a) Chord diagram (b) Forest diagram (c) Feynman diagram

Figure 4: Examples of diagrams.
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1.2 Results and strategy

The main contribution of the present paper is an explicit presentation of the rational Goussarov—Habiro
Lie algebra LL(m)q := LL(m) ® Q, and of the primitive Lie algebra of the Hopf algebra of Feynman
diagrams A" (m)@. In other words, we identify ker(R)g as the subgroup generated by specific relations
in QDT (m) (where DT (m) is the set of tree diagrams on m strands): the usual 1T, AS, IHX relations,
completed with Conant’s STU? relation; see (1-2).

Theorem 1 The three following graded Lie Q-algebras are isomorphic to each other:

(i) the Goussarov—Habiro Lie algebra of string links LL (m)q;

(ii) the primitive Lie algebra Prim(A (m))q of the Hopf algebra of Feynman diagrams;
(iii) the Lie algebra of tree diagrams L' (m)q defined as QDT (m)/(1T, AS, IHX, STU?).

The isomorphism Prim(A"(m))g = £F(m)q is Theorem 2.4.5.1 in the text and is the focus of
Section 2, which we outline now. It will be more convenient to see the algebra A" (m)g as being
generated by forest diagrams, i.e., Feynman diagrams without cycles, modulo 1T and STU. First, we
prove that Prim(Af!(m))q is generated by tree diagrams. To that end, we filter A (m)q by the size of
forests, and we show that this size filtration coincides with the primitive filtration (Theorem 2.2.2.3). This
requires averaging over permutations and is one of the main reasons why we cannot extend Theorem 1
over Z with the current methods.

However, A (m)q is defined using the STU relation, which is not size homogeneous: it relates three
forest diagrams, two of which with one more tree than the other. Here lies the main difficulty in finding a
concrete presentation of Prim (A (m)q). This is resolved by introducing graph of forests, which are flip
graphs with forest diagrams as vertices and with an edge for each slide move

slide move
F=q &S =T
—

where it is understood that F and F' are identical outside of the shown part. Identifying relations in
Prim(A(m)g) becomes a matter of finding cycles in such graphs of forests, and the STU relation
becomes a way of assigning forests of smaller size to those cycles, via the assignment

_
~~ _

We show that the first homology groups of graphs of forests with rational coefficients are generated by

cycles of length 4 and cycles of length 6, respectively responsible for STU?-relations

=X S

where the four terms represent forest diagrams that are identical outside of the shown parts, and O-relations

= e
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In particular, the legs involved in each term of a O-relation must belong to two distinct trees, for
otherwise another term would contain a cycle. Thus, the O-relations do not appear in the presentation
of Prim(A(m)g), but they do appear in the presentation of the intermediate steps of the size filtration
(more precisely, in size n — 1 and degree n); see Section 2.4.

The isomorphism £ (m)g =~ LL(m)gq follows from Theorems 3.1.3.2 and 3.2.2.1 in the text and
is the focus of Section 3. In Theorem 3.1.3.2, we define a realisation map ZDT (m) — L£L(m), which
sends a tree diagram to the result of clasper surgery along a tree clasper realising it. This map is
surjective and indeed satisfies the 1T, AS, IHX and STU? relations, by an application of clasper calculus.
Similar realisation maps and clasper calculus computations appear in works of Ohtsuki, Conant, Teichner,
Schneiderman and Kosanovic¢ [10; 13; 16; 26; 38], and hence we omit most details here.

By the above, there is a surjective realisation map R : £ (m)g — LL(m)g. To show that it is
injective, we use the Kontsevich integral (1-1) [1; 25]. The Kontsevich integral indeed detects tree clasper
surgeries, and hence it provides an inverse Z% to R, as follows from the following result.

Theorem 2 (tree preservation theorem (Theorem 3.2.2.1)) Letn > 1 and T € D,,T (m) a degree-n tree
diagram on m strands. Then

(1-4) Z(o(Cr)=1+T+0m+1),

where o (Ct) denotes the string link obtained from the trivial one by surgery along a tree clasper Ct
realising T', and O(n + 1) means that the equality holds modulo terms of degree > n + 1.

A proof of this result is sketched by Ohtsuki in [38, Proposition E.24] but we provide a different detailed
proof. The use of the Kontsevich integral is another main reason why we cannot extend Theorem 1 over Z.

In Section 4, we apply Theorem 1 to give an alternative proof of Massuyeau’s rational version of the
Goussarov—Habiro conjecture for string links.

1.3 Further directions

We restricted our attention to unframed string links in order to make the presentation clearer. However,
the identification of the primitive Lie algebra of A(m)g holds with and without the 1T relation. By
considering the Kontsevich integral for framed string links, as described by Le and Murakami [30], one
should obtain a presentation of the framed version of the Goussarov—Habiro Lie algebra.

Conant’s work [9] on the STU? relation was an important ingredient for identifying modules in the
second page of the spectral sequence arising in the study of the Goodwillie—Weiss embedding calculus
tower, as in the works of Budney, Conant, Koytcheff and Sinha [5], Kosanovi¢ [26] and Shi [41]. The
present work motivates the investigation of the string link analogue of the embedding calculus tower.

Moreover, the Goodwillie—Weiss embedding calculus tower is known to be a universal Vassiliev
invariant over Z,) in degree < p + 1, by a theorem of Boavida de Brito and Horel [4, Theorem A].
Combining a string link version of this result with the present work could lead to a proof of the Goussarov—
Habiro conjecture over Z ) in degree n < p.
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1.4 Notation

Lower indices usually refer to degrees of diagrams and claspers, and upper indices usually refer to filtrations
of diagrams by size (number of connected components). The notation FI, for framing independence,
refers to the presence of the relation 1T. Sets of diagrams are denoted by D ornamented with various
indices, Hopf algebras by A and Lie algebras by L.

2 Primitive Lie algebra of Feynman diagrams

The goal of this section is to identify the primitive Lie algebra Prim(.A™(m)g) of the Hopf algebra
AFl(m)q of Feynman diagrams on m strands.

In the case of knots, i.e., m = 1, tree diagrams generate the primitive Lie algebra Prim(A(1)q)
of AFI(I)Q [1], which, by [9], is isomorphic to the space of trees

QDT (1)/(1T, AS, IHX, STU?).

See also [26, Theorem G3] for a concise presentation of these results. Commutativity of A" (1)g implies,
by the Milnor-Moore theorem, that there is an isomorphism between the primitive part Prim(A™(1)q)
and the inseparable quotient (.AFI(I)Q)I (where any diagram which is a product of nontrivial diagrams is
set to zero). This fact is essential in Conant’s result [9], which actually holds over Z.

In the case of string links, tree diagrams also generate the primitive part Prim(A™ (m)q). However,
AFl(m)q is not commutative when m > 1 and the argument of Conant does not translate a priori.
In this section, we prove that the conclusion still holds: Prim (A (m)q) is isomorphic to the Lie algebra
L (m)g := QDT (m)/(1T, AS, IHX, STU?).

2.1 Algebras of diagrams

This section recalls the definition of chord and Feynman diagrams [1] on tangle skeletons, as well as their
bialgebra structure.

2.1.1 Uni-trivalent graphs A uni-trivalent graph, also called Feynman or Jacobi graph, is an undirected
graph G = (V = U U T, E) consisting of univalent and trivalent vertices (forming the sets U and T,
respectively). The edges are defined as pairs of distinct vertices.! The trivalent vertices are endowed
with a cyclic orientation of their three adjacent edges. When a uni-trivalent graph is drawn, the cyclic
orientations are the counterclockwise ones unless indicated otherwise. Also, four-valent vertices in
drawings are not part of the graph, they are only artefacts of their planar representations.

The univalent and trivalent vertices are often called leaves and nodes, respectively. An edge adjacent
to a leaf is called a leg.

The degree of a uni-trivalent graph G is deg(G) = 4

A uni-trivalent graph G is a forest if it has no cycles and a tree if in addition it has a single component.
If G is a tree, then deg(G) = |U|—1 = |T| + 1.

I'We could allow diagrams with edges attached to a single vertex, i.e., tadpoles, but those will vanish by AS.
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2.1.2 Uni-trivalent forest and chord diagrams Let S be an oriented 1-manifold with boundary.
In Section 3.2.1, S will be the underlying manifold of what will be referred to as a tangle skeleton. Since
this work focuses on string links, S will usually be a disjoint union of intervals {1, ...,m} x [0, 1].

A uni-trivalent or Feynman or Jacobi diagram on S is a pair D = (G, [u]) where G = (UUT,E)isa
uni-trivalent graph and [«] is the isotopy class of an embedding u : U < S — 9 S of the univalent vertices
into the interior of S. The set of Feynman diagrams on S is denoted DF ().

The degree of a Feynman diagram is the degree of its underlying graph. Denote by D,f (S) c DF(S)
the subset of degree-n Feynman diagrams. This endows DF (S) with a graded set structure.

A Feynman diagram is a forest, resp. tree, diagram if its underlying graph is a forest, resp. a tree.
A forest diagram is a chord diagram if it has no nodes. Denote by D(S), DT (S), D¢(S) the corresponding
graded subsets of D (S). The size of a forest diagram is its number of trees, i.e., the number of connected
components of the underlying uni-trivalent graph. For example, the forest diagram on Figure 4(b) has
size 3. For s > 0, the set of forest diagrams of size s is denoted D*(.S). Note that Dj;(S) = D5 (S) and
DT (S) =DL(S).

By [1], the inclusions D¢(S) C D(S) € DF(S) induce isomorphisms? of graded Z-modules

ZD(S) _ZD(S) _ ZDF(S)

(4T) (STU) — (STU)

and the relations AS, IHX are consequences of STU (see Figure 2). Unless stated otherwise, we use the

2-1) A(S) =

presentation of A(S) using forest diagrams. The degree-n part of A(S) is denoted A,(S). The only
degree-0 diagram is the empty one, and hence Ay(S) = Z. In the present paper, we mostly consider
those graded modules with rational coefficients, namely A(S)g = A(S) ® Q, whose degree-n part is
An(S)Q = An(S) ® Q.

2.1.3 Framed versus unframed There is an unframed or framing independent (FI) version of the
module of Feynman diagrams

(2-2) AT(S) = A(S)/(1T),

where 1T is the graded submodule generated by all diagrams containing an isolated chord, i.e., a chord
whose endpoints lie on the same strand with no other endpoint in between them.
Writing A®V(S) indicates that the statement holds for both A(S) and AF'(S).

2.1.4 Coalgebra structure The graded Z-module AWD(S) has a structure of coalgebra, with comulti-
plication [1, Definition 3.7]

A(D) = Z Dy ® Dry(py-7-
JCSmo(D)

2In [1], it is shown that D¢(S) < DF (S) induces an isomorphism ZD¢(S)/(4T) = ZDF (S)/(STU). Thus, we get
ZDE(S)/(4T) — ZD(S)/(STU) — ZDF ($)/(STU) and the first map is surjective since any forest can be written as a sum of
chord diagrams by applying STU until it has no node left. Hence the first map is an isomorphism, so is the second since their
composition is an isomorphism. The same holds with FI added everywhere.
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where the sum runs over all the subsets J of the set 7o(D) of connected components of D and Dy
denotes the subdiagram of D consisting of those components contained in J. The counit € is given by
€(D) = 1 if D is the empty diagram, and it is zero otherwise.

For example, with S = {1, 2, 3} x [0, 1], one has

A(%): XY+ o\L+\ e+ o)
+X & +. K8\ +\L8 1 +X¥<®

The comultiplication is coassociative and cocommutative.

2.1.5 Hopf algebra of diagrams on string links When S = {1,...,m} x [0, 1] is a disjoint union of
intervals, we write D(m) for D(S), A(m) for A(S), A(m)g for A(S)g and so on. In that case, vertical
stacking of diagrams endows A(m) and A () with a multiplication. More precisely, D - D’ denotes the
vertical concatenation of D and D', with D above D’. The unit 1 is the empty diagram.

Proposition 2.1.5.1 (Bar-Natan [1, Proposition 3.9]) The comultiplication and multiplication defined
above endow A™ (m) with the structure of a connected cocommutative Hopf algebra. It is commutative
whenm = 1.

2.2 Primitive filtration of forest diagrams

2.2.1 Primitive filtration of a Hopf algebra Let us recall some basic notions about primitive elements
in Hopf algebras. See [6; 35; 36, Chapter 5; 40] for more details.

Fix a Hopf algebra A over Q with multiplication p or -, unit 1, comultiplication A and counit €.
An element x € A is primitive if A(x) =x ® 1 4+ 1® x. A direct calculation shows that the commutator
of two primitive elements is primitive as well. In particular, the set Prim(A4) of primitive elements in
A is a Lie algebra, called the primitive Lie algebra of A. Conversely, to any Lie algebra L one can
associate its universal enveloping algebra U (L), which is a Hopf algebra. The Milnor—Moore theorem
states conditions under which the functors Prim and U are inverses of each other.

Theorem 2.2.1.1 (Milnor—-Moore theorem [36, Theorem 5.6.5]) Let A be a connected® and cocommutative
Hopf algebra over a characteristic zero field. Then the inclusion Prim(A) — A induces an isomorphism
of Hopft algebras U(Prim(A4)) = A.

Let us assume that A4 is a connected and cocommutative Hopf algebra over Q, so that U(Prim(4)) = A.
The primitive filtration of A is the filtration

Q-1=P°4— P4 P24 ...,

where Pk A is the Q-submodule of A additively generated by Q-1 and all products of < k-many primitive
elements. In particular P! 4 = Q @ Prim(A4) and any element x € A is in some PX A, for some k, since

3 A Hopf algebra A is connected if Ay = Q-1 is its unique simple subcoalgebra.
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A is primitively generated. Under the isomorphism U(Prim(A4)) = A, the primitive filtration coincides
with the Lie filtration of U(Prim(A4)) [35, Proposition 5.17].
For all k >0, we have PK A = Q @& P*¥ A~ where A, := A is the kernel of the counit. The filtration

is called the reduced primitive filtration of A>1.

2.2.2 Primitive filtration of forests The focus returns to the Hopf algebra of forest diagrams on m
strands, AED (m)q, which is indeed connected and cocommutative, and hence the Milnor—-Moore theorem
applies, i.e., U(Prim(A® (m)g)) = AFD (m)q. It is also filtered by the primitive filtration.

In the case m = 1, Bar-Natan showed that Prim(.A(1)g) is (additively) generated by all connected
diagrams [1] and his argument translates well for m > 1. Actually, this statement is also true over Z, as
shown by Lando in [28] via a beautiful counting argument. Unfortunately, the argument uses commutativity
in A(1), and hence it does not translate directly to the general case m > 1. Instead, we give an argument
that compares the primitive filtration to the size filtration defined below, in a way parallel to the ideas of
the subsequent subsections in this section. First, let us introduce some notation.

Definition 2.2.2.1 The size filtration of A(m) is the filtration {F kA(m)}kZO where FK A(m) is the
Z-submodule generated by forest diagrams of size < k. In degree n > 0, it induces a filtration*

FOAy(m) = F'Ay(m) — - = F" 1 A, (m) = F" Ap(m) = Ay (m)
of Ay(m). The size filtration of AF'(m) is defined in the same way, with FI added everywhere. Tensoring
everything with Q yields the size filtration of A(m)g.

For F € D(m) a forest diagram, define the reduced comultiplication A(F) as
AF)= ) (F)® Fag(rr-s).
@#J Gmo(F)

where Fy denotes the subdiagram of F' that consists of the components contained in J. In other words,
A(F)=A(F)—F®1—1® F. Thus, A satisfies AS, IHX, STU (and 1T) and descends to a well-defined
map

A Asi(m) = As1(m) ® Asy(m).
Define recursively AX := (A¥~1 ®@id)o A : As; (m) — (A=1(m))®k+! for k > 1. Concretely, we have
(2-3) AF) = Y (Fr)®&(F).

JoU--UJj =mo(F)
D

4

where the sum is over all possible partitions of the components of F into k + 1 nonempty subforests.

4The only forest diagram of size 0 is the empty diagram 1, and hence FOA(m) =Z - 1.
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Z(%)z/ ®>4+>/®//<+ (@&
+X ® £+ A9\  +\L®

ZZ(%)z/ ®>/® /<+/ ® /<®>/+>/®/ ® /<
+ /<®>/®/ +\ @ e/ + K&/ ®\ .

Note also that the reduced primitive filtration of A>; (m)g can already be defined over Z: for k > 0,
P* A (m) is generated by all products of < k-many primitive elements.

Lemma 2.2.2.2 We have the following properties:

(i) forallx,y € A>1(m),
24) A(x-y)=AX)-AM+AX)-(1Qy+y@D+(1Qx+x®D)-A(P)+XxQy+y ®x:
(ii) Prim(A(m)) = ker(A);
(ifi) A(P*Az1(m)) C YG2] PPAz; (m) @ PR Az (m);

(iv) P¥A>, (m) C ker(A);

(v) Fk.AZl (m) C ker(AK), i.e., A¥ vanishes on forests of size < k.
All of the above properties remain true over Q, and with FI.
Proof Part (i) follows from the definition of A and compatibility A(x - y) = A(x) - A(y). Part (ii) is
immediate. Part (v) follows from the description (2-3), since for a forest F' of size k the sum is empty.
It remains to show (iii) and (iv).

We prove (iii) by induction on k. To lighten notation, we write P’ for P! A~;(m). The base case,

k =1, is settled by (ii). Let 1 < k < n and assume that A(P¥) Zk_l P! ® PX—I. The filtration

i=1
stage Pkt s generated by Pk together with all products of exactly k + 1 primitive elements. Consider
an element z € PK+1 of the latter sort, i.e., z = xy for x € PX and y € P! = Prim(A(m)). Using

Z( ) = 0 (by (ii)), (2-4) becomes
AR)=AX)-(1®y+y®1)+x®y+y®x.

Now, by induction hypothesis, we have A(x) € Zf‘;ll P'® P¥—i Using P!y C P'+!, we finally obtain

k—1 k—1 k
i=1 i=1 i=1

which proves (iii).

Algebraic € Geometric Topology, Volume 26 (2026)



Primitive Feynman diagrams and the rational Goussarov—Habiro Lie algebra of string links 1047

The proof of (iv) also proceeds by induction on k, with the base case being (ii) again. Assume that
Pk-1 ¢ kgr(ﬁk_l). Let z € P¥. By (iii) we can write A(z) = f:ll Zj Xij ® yij where x;; € P! and
Vij € P*=I_ Then

_ _ _ k=1 _
Af(z):= (AF 1 @id)o A(z) = Y. Y AF 1 (%) ® yij =0
i=1j

since all AF~1 (x; ) = 0 by induction hypothesis. This concludes the proof of (iv). O
Theorem 2.2.2.3 Over Q, the reduced primitive filtration and the size filtration of AGD (m)q coincide.

In particular, Prim(A®V (m)q) is the submodule of AT (m)q generated by tree diagrams.

When m = 1, this already holds over Z.

Proof We omit FI in the notation since the proof for that case is the same. We write P’ for P’ As;(m)
and F' for F' A>(m) to lighten notation.

In degree n = 0, there is nothing to prove. Fix a degree n > 0. First, any forest diagram of size 1 is
primitive by definition of the comultiplication, i.e., F!A,(m)gp C P! Ay(m)g.

In fact, F1.A,(m)q C P1.Ay(m)q implies that Fk 4, (m)g C PkAn(m)Q for each k > 1. We show
this by induction.® The base case is the above paragraph. Assume that F¥ c Pk and consider a forest
diagram F of size k + 1. Pick any tree 7" in F and apply a sequence F = Fy ~> - -- »> F, of STU-relations
to slide the legs of 7" above the rest of the trees. Thus,

F,=T-(F\T)C P'.Fk c p'.pkc pk+t,

For each i, F; — F;y is a forest of size k by STU, i.e., F;j — Fijy1 € Fk c pk. Therefore,
r—1
F=) (Fi—Fi+1)+ F, C PkHL.
i=0

Consequently, the size filtration injects into the primitive filtration:

FlA,(m)g —— F*Ay(m)g —— -+ —— F" 1 4,(m)g —— F"Au(m)g

[ [ [ |

We show that the vertical arrows are all equalities, inductively from right to left. Let 1 < k < n and

assume that F¥1 = Pk+1 We seek for a section to the inclusion i,ﬁ‘ as in the diagram

it

Fk An(mg == FF14,(m)g

I |

Pk A, (m)g —— PFT1A,(m)o
SThis argument is similar to the proof of Proposition 6.10 in [22], which deals with forest claspers instead of forest diagrams.
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Consider the linear map

(2-6) skl FRH 4, (m)g — An(m)g. Fr F— ko AR(F),

(k +1)!

where /,Lk s A(m)®* 1 — A(m) is the m-fold multiplication. We have:

k+1 T

i=1

e The image of s f,‘ +1iesin F¥ 4, (m)g Indeed, for a forest diagram F of size k+1,say F =|_J
we have®

1
(k+1)!

2-7) sy TU(F) = Y (F=(F)o),

0€GK 41

where (F)g = T4(1) - - - Ty (k+1) is obtained by stacking the trees of F in the order prescribed by o. Each

difference (F — (F)¢) can be obtained by a sequence of leg exchanges (seen later as a path in F(F'); see

Definition 2.3.3.1) from (F), to F, and hence we obtain F'— (F'), as a sum of forests of size k (each leg

exchange yields a term where the two legs are attached together, by STU). Thus s,’f t1(F) e Fk4, (m)q.
For example,

()1 S) b2 s) (e >)

e The map s ff *+1 j5 a section to the inclusion i ,{‘ Indeed, for F € Fk A, (m)q, we have Ak (F)=0by
Lemma 2.2.2.2(vi). Thus s,’f +1 restricts to the identity on F kA, (m)q.

By Lemma 2.2.2.2(v), s,l;"“ restricts to the identity on Pk 4, (m)q. Thus, starting with x € Pk 4, (m)g
and going around the diagram (2-5) in the counterclockwise direction, we end up with sff (x) = x,
which shows that the vertical inclusion F¥ < P¥ is also surjective. This concludes the proof that the
two filtrations coincide.

It follows that

Prim(A(m)g) = PlAzl(m)Q = FlAzl(m)Qs

i.e., the primitive part of A(m)q is additively generated by forests of size 1, that is, trees.

When m = 1, the bialgebra A(m) is commutative. Thus, if F' is a forest of size k + 1, then all (F),,
0 € S 41, are equal and averaging is not needed. In particular, the section s,’f *1 defined in (2-6) is already
defined over Z. This yields an alternative proof of the fact that tree diagrams generate the primitive Lie
algebra of A(1) over Z. See [28] for a different argument. |

In order to better understand that filtration, and, in particular, the primitive Lie algebra Prim (A(FD (m)q),
a concrete description of the filtration steps, i.e., by generators and relations, is required. This is the topic
of the next two sections.

The choice of numbering of the trees in F is irrelevant, since the sum (2-7) is over all permutations.
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(a) The permutograph P, 1 1) (b) Graph of labelled legs on one strand

Figure 5: One slice of a graph of labelled forests.

2.3 Permutographs and graphs of forests

2.3.1 Permutographs For a tuple of nonnegative integers n := (ny,...,ns) € N¥, consider the set V,
of all possible words made of n;-many i, for eachi = 1,...,s. In particular, we write
Wwp:=1...1...5...8 and wp:=s...5...1...1.
~—— S—— S~—— S~——
ni ng ng ni
The symmetric group &, where n := ) ; n;, acts on V, by permutation, denoted by o - w for o € &,
w € V,. The action is transitive but has many fixed points, unless all n; = 1.

Definition 2.3.1.1 The n-permutograph is the undirected graph P, := (Vy, Ep), whose set of vertices is
Vn and two distinct vertices v, w € V5, are connected by an undirected edge if there is a basic transposition
77 =(,i+1) €&, suchthat w=71-v (hencealsov=1-w),ie,v=...jk...andw=...kj...
where 1 < j # k < are the i-th and (i 41)-st entries of v, w.

There is at most one edge joining any pair of vertices and at most n — 1 edges adjacent to a given
vertex, since there are only n — 1 basic transpositions t1, ..., T,—1. Permutographs are connected, since
the G,-action on V,, is transitive.

Remark 2.3.1.2 Permutographs are actually the 1-skeletons of permutohedra, which are rich combinatorial
objects [27; 39; 44]. A
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Proposition 2.3.1.3 The first homology group of the permutograph P, is generated by length 4 and 6
cycles. In other words, any 1-cycle in Py is the boundary of a union of squares and hexagons.

Proof To prove this, we scan P, using the height function

n
h:Vn—>N:v»—>Z#{j>i|v]~ < i},
i=1
which assigns to a word v the number /2(v) of pairs of letters ... v; ... v; ... where v; <v; appearing in it,
i.e., the number of inversions in v. For example, i(wy,) = 0 is minimal and /1(w,) is maximal in P,. The
function / is a Morse function in the sense that, for any edge {v, w}, we have h(w) = h(v) 1. Pictorially,
when drawing P, with all vertices of height i at height 7, no edge is horizontal (see Figure 5(a)).

We show that any 1-cycle C in P, is a sum of length 4 and 6 cycles, by induction on maxyec 7(v).
Upto @mposing ﬂg smaller subcycles and removing paths going back and forth, we can assume that
C =v%! +--. 4 v/~1v! where o, ..., vl = v?) is a sequence of adjacent vertices without repetitions
(except vl =v0). If maxyec h(v) = 0 then there is nothing to prove since C = 0. This proves the base
case.

Consider a 1-cycle C with M = max,ec /i(v) > 0 and assume the statement to be true for all cycles
of maximal height < M. Pick any vertex v™ € C that reaches the maximum M, then we must have
h(vM*1) = h(vM) — 1. By definition of the permutograph, vM~! = 7; . vM and VM ! = Tj oM for
some 7, j such that i # j. We assume i < j to simplify notation. There are two cases to consider:

(1) If | j—i|> 1, then 7; and 7; have disjoint support and the vertex 7™ := ;7 vM = ;. 0M 1 = ;.M ~1

forms a square together with oM M+l M-I (we use the relation 7;7; = 7;7; in &5). In particular,

M M M_.M l l
C =00l 4. oMy M Ly My MA1 oy iy

— —
:(UOUI+"'+UM_1’5M+’17MUM+1+"'+Ul_lvl)+C:C/+C,

=:C’

where ¢ ;= vM—1yM L yMyM+1_ M—1GM _ 5M,M+1

M —2 since it has exactly two inversions less than v™

is a length 4 cycle. Moreover, 7™ has height

M and

(2) If |j —i| =1, and hence j =i + 1, then the above does not work since the vertices 7;Tj 41 - v
Ti417 - vM are distinct. In this case we need to dive one step lower in the permutograph and use instead
the relation 7; 7417 = Tj4+17iTi4+1 in &,.

Denote the i-th, (i +1)-st and (i +2)-nd entries of v™ by ¢, b, a, respectively. These are the entries
that are permuted by 7; and ;4. Given a permutation (xp, x5, x3) of (¢, b, a), denote by v)]c\’ll xpx3 the
word obtained from v™ by replacing the i-th, (i 41)-st and (i +2)-nd entries by x;, X2, x3, respectively.

In particular, YM—1 = yM M — M M+1 _ M
bca cha cab
M M M

Define C’ from C by replacing the vertex vM with the vertices Vpac: Vabe Vachs in this order. Those

and v

new vertices have height < M.
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M M M

M
bca’ vcba ’ vcab ’ v

M
v abc’

Then C = C’ + ¢ where c is a length 6 cycle going through the vertices v ach’

M M . .
Vpaes Vheg 1 this order.

See the hexagon at the bottom of Figure 5(a) for an example with (¢, b,a) = (3,2, 1).

In both cases, C = C’ + ¢ for a length 4 or 6 cycle ¢, and C” is a 1-cycle with one less vertex of height M .
Repeating this process for each vertex of height M in C, we obtain C = C” + ¢y + -+ + ¢ where
C1,...,ck are length 4 or 6 cycles, and where C” has no more vertex of height M. That is, C” has
maximal height < M, hence C” is a sum of length 4 and 6 cycles by the induction hypothesis, so is C. O

Definition 2.3.1.4 For two graphs G, G, their cartesian or box product, denoted by G; O G5, is the
1-skeleton of G x G,. The box product of graphs is associative.

Corollary 2.3.1.5 The first homology of a box product of permutographs D;"zl P,; is generated by
length 4 and 6 cycles.

Proof The exact same proof as Proposition 2.3.1.3 works, where now the two transpositions in case 1
can happen in different factors. Consequently, there are two types of length 4 cycles: product of edges
from different factors and squares contained in one factor. |

2.3.2 Graph of labelled forests A labelled forest diagram is simply a forest diagram F in D(m)
together with a labelling of its trees by 1,...,s, where s is the size of the forest, i.e., a choice of
identification 7o(F) == {1,...,s}. We say that two labelled forests F, F’ are related by a slide move if
F’ is obtained from F by permuting adjacent legs belonging to distinct trees, that is,

9’

slide move
D et
—

where it is understood, as usual, that ' and F’ are identical outside of the part shown.

Definition 2.3.2.1 Given s-many tree diagrams 7, ..., Ty € DT (m) on m strands (s > 0), the graph of
labelled forests on T, . .., Ty is the undirected graph whose set of vertices is the set
F(Ty,...,Ty)

of all labelled forests on m strands, whose i-th tree is 7;, and where two labelled forests are connected
by an edge if they are related by a slide move.

A part of a graph of labelled forests, corresponding to what happens on one strand, is shown on
Figure 5(b). On this figure, the two leftmost legs (e.g., in the bottom diagram) belong to 77, while the next
ones belong to T, and T3, respectively.” The legs from 77 are not allowed to slide across one another,
but they can slide across the two other legs. Note that any two vertices in F (T1,...,Ts) are connected
by at most one edge. There are no edges when s = 1.

7For simplicity, we have labelled only the forest at the bottom, but all forests on the figure should be labelled accordingly.
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Proposition 2.3.2.2 Suppose that the tree T; has nlj legs on the j-th strand, for 1 <i <sand1 < j <m.

Then there is a graph isomorphism defined on vertices as®

(2-8) W F(Ty.....Ty) = 07 P,
where n/ = (n{, cees nf ), sending a labelled forest to (w/) j where w’ encodes the ordering of the legs
on the j-strand, from top to bottom.

Proof This is immediate, since a labelled forest is entirely determined by its trees 77, ..., Ty and the

relative positions of their legs on the strands. |

Corollary 2.3.2.3 The first homology of the graph of labelled forests F(Ty,....Ty) is generated by
length 4 and 6 cycles. In other words, any 1-cycle in it is the boundary of a union of squares and hexagons.

Proof This follows immediately from Proposition 2.3.2.2 and Corollary 2.3.1.5. |
—  ~
Definition 2.3.2.4 To a directed edge FF’ m_.)F (Ty,...,Ts), s >2, one can assign the third term appearing

in the STU relation, which we denote by FF’ € D~ (m):
If F =g and F' =~ then FF' = ¢ ™ i=
>< — ’ ></ ’ >_ )

—
In particular, FF' = F' — F in A(m).

_')Fhe fact that the legs involved in a slide move belong to distinct trees is important here, otherwise
FF’ would have a cycle and would not be a forest diagram.

There are many paths joining forests F, F' € Fi (Ty,...,Ts). Hence, _F—I*:)’ is not well defined for
nonadjacent forests. However, any two paths differ by a cycle in F (T1, ..., Ts), which by Corollary 2.3.2.3
can be written as a sum of back-and-forth paths, length 4 and 6 cycles. Thus, modding out the target
7D~ (m) by those cycles will give us a well-defined map =.

Definition 2.3.2.5 A O relation in ZD~!(m) is a relation of the form

(2-9) Fi1Fy+ FoF3 + F3F4 + F4 Fyp,

where (F1, F», F3, Fy) is a length 4 cycle in f(Tl, ..., Ty) for some trees T;. See Figure 6(a).
Similarly, a O relation in ZD*~!(m) is a relation of the form

(2-10) F1 Fy+ FyF3 + F3F4 + F4Fs + FsFg + FgFy,

where (F1, ..., Fg) is a length 6 cycle in f(Tl, ..., Ty) for some trees T;. See Figure 6(b).
Let R, resp. OR, denote the submodule of ZD(m) generated by all (1, resp. O, relations.

Remark 2.3.2.6 A O relation can be obtained in the following way: start with an IHX relation that
involves a leg, and break apart that leg in the three terms. The resulting signed sum of six terms is a
O relation, and all O relations can be obtained in this way. A
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Jarain
Fi= XX X
*>‘/ = |
= 4_>< ~
> >
T

P, = )-\ AEL =—

- >
+ — —
(a) A O relation (b) A O relation

Figure 6: Relations obtained from cycles of length 4 and 6.

By the above definition and Corollary 2.3.2.3, the following definition is well defined (AS takes care
of the back-and-forth paths).

Definition 2.3.2.7 For two labelled forests F, F’ € F (Ty,...,T;), s > 2, define
e TR - 1 2

2-11) FF' :=FF, +-+ F)_; F € ZD*"'(m)/(AS, STU2,OR),

where F v> Fy ~> -+« »> Fj_; ~> F' is a path from F to F' in Z(Ty, ..., Ty).

Proposition 2.3.2.8 Square relations and STU? relations coincide, i.e., OR = STU? as submodules
of Z.D* (m).

Proof Recall [9, Definition 3.1] that STU? relations among size s forests are defined starting with a
template, i.e., a size s — 1 forest diagram or a size s Feynman diagram with a single cycle, then choosing
two legs (which must be adjacent to the cycle in the latter case) and breaking one or the other apart using
STU. Breaking apart both legs yields four possible size s 4 1 forest diagrams, which form the corners of
a square in a graph of labelled forests and the corresponding [ relation coincides with the STU? relation.

Conversely, consider a square as on Figure 6(a) and the associated [ relation. Then the template > >
yields a STU? relation which coincides with that (I relation. |

2.3.3 Graph of forests In the previous section we investigated the graph of labelled forests and the
relations that are required to define differences between labelled forests that are joined by a path. However,
forests diagrams in the bialgebra A(m) are not labelled. The true graph of forests is a quotient of the
graph of labelled forests, where the quotient map forgets the labelling.

8Since there is at most one edge connecting two vertices, this determines the morphism on edges as well.
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+>—

>

+—=<

Figure 7: Two different leg moves joining two forests.

Definition 2.3.3.1 The graph of forests on trees 71, ..., T is the graph F (77, ..., Ts) whose vertices
are all forest diagrams in D® (m) consisting of those trees, and to each slide move relating two forests
there is an associated edge joining the corresponding vertices.

Note that 7 (T4, ..., Ty) does not depend on the ordering of the trees 7;. If F = Uf=1 T; is a forest
diagram consisting of trees 71, ..., Ty, we write F(F) := F(Ty, ..., Ty).

There is a natural map
(2-12) F(Ty.....Ty) > F(Ty, ..., Ty)

that forgets the labelling of forests. It is surjective but not injective if there are identical trees among
T] IR Ts.

Remark 2.3.3.2 In F(T1, ..., Ty), it can happen that two vertices are joined by multiple edges. See
Figure 7 for an example: the top, resp. bottom, edge corresponds to exchanging the legs on the right, resp.
left, strand.

Thus, the notation ﬁ)’ is ambiguous. Given a directed edge F v F' we write ¢ to denote the third
term of the corresponding STU relation, i.e., € = F’'— F in A(m). Similarly, if P is a path consisting
of directed edges eq, ..., ¢;, then define 73) = Z§=1 ?i)- A

Lemma 2.3.3.3 For any labelled forest diagram F, the forgetful map F(F) — F(F) satisfies the
following path-lifting property: For any path P = F RF 1 «?» ‘e eé;l F; in F(F) and any choice of
labelled forest ﬁ) lifting F, there exists a unique path P= FO X F N v E in F(F) that lifts P.
In other words, the surjection f(F) — F(F) is a finite covering.
=z - .
Moreover, ¢; = ¢; foreachi =0,...,/—1.

Proof Starting with 170 and applying the sequence of slide moves prescribed by P yields such a lift P,
which is uniquely determined by this process. |

Proposition 2.3.3.4 Any cycle in F (T4, ..., Ty) has a multiple that lifts along the covering
F(Ty,....Ty) - F(Ty, ..., Ty).
In particular, over Q, for any C, the e]ementzz belongs to the submodule (AS, 1R, OR) C QD! (m).
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Proof Let G be the group of deck transformations of the finite covering p : F (T1,...,Ty) > F(11,...,Ty),
and |G| its size. Consider the transfer homomorphism 7 : Hy (F(Ty, ..., Ty)) — H{(F(Ty,.... Ty)).
Then p. o T equals multiplication by |G|. In particular, the cokernel of ps is |G|-torsion and p, becomes
surjective when passing to coefficients in Q. This concludes.

The second statement then follows from the first and Corollary 2.3.2.3. |

With the above result in hands, we can adapt Definition 2.3.2.7 to the graph of forests, but with rational
—
coefficients. See Remark 2.3.3.2 for the notation @ and P.

Definition 2.3.3.5 For two forests F, F' € F(Ty,...,Ts), define
T _ B 1 2
(2-13) FF =P € QD' (m)/(AS, STU%, OR),

where P is a path from F to F’ in F(T4,..., Ty).

2.4 Presentation of the primitive filtration of .A(m)g
2.4.1 Splitting trees
Definition 2.4.1.1 For 1 < s <n — 1, the Q-module of size s forest diagrams F*(m)q is defined by

FS(m)g := QD*(m)/{AS,THX, STU? OR).

It is graded by the degree of diagrams, with degree-n graded part denoted by F, (m)g. The framing
independent version is defined as FF5(m)q = F*(m)q/(1T). We use the notation (FI) as explained in
Section 2.1.3.

Remark 2.4.1.2 When s = 1, the submodule OR is actually trivial, since a O relation requires at least
two trees. Thus, F!(m)g = L(m)g as Q-modules (see Theorem 2.4.5.1 for the definition of £(m)g).
In degree 1 and with s = n, STU? becomes 4T while OR is trivial; hence we have F! (1m)q == Ay (m)g.
If s <n—1, the O relations are actually implied by STU? and IHX. Indeed, by Remark 2.3.2.6 any
O relation can be obtained by breaking apart a leg in an IHX relation. Since s < n — 1, the terms of the
O relation must contain a node not involved in the relation. Apply STU? to break that additional node
and rebuild a sum of two IHX relations. Thus OR C (STU?,IHX) as submodules of QD; (m) when
s<n—1 A

For each 1 < s < n, there is a linear map
(2-14) b QD (m) — FyF (m)g

defined as follows: given a size s forest diagram F € D; (m), pick a trivalent vertex (which must exist
since s < n) adjacent to a strand and break it apart according to STU, i.e.,

(2-15) © (>_) = : - ><

By STU?, this does not depend on the choice of trivalent vertex to break apart.
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Proposition 2.4.1.3 The linear map 1; := QD; (m) — ,EFD’SH (m)q factors through the linear map
(FI) s (m) ’gFI),s+1 (m)@

Proof This proof is very similar to the proof of Claim 3.4 in [9].

We need to show that i§, vanishes on AS, IHX, STU?, OR. If s < n—2, then forest diagrams in D;, (m)
have at least three nodes, while the relations AS, THX, STU2, OR involve at most 2 nodes. Hence it
suffices to pick another node to break apart and the image under 7, is a difference of sums that belong to
the respective submodules.

For s < n—1, the above argument also applies to STUZ, OR, AS. For s = n — 2 and IHX, observe
that an IHX relation is sent to a O relation.

For s = n — 1, there are no IHX relations, while a direct calculation shows that STU? and AS relations
are sent to zero.

This concludes the proof that 75, factors through F, (m)g. The FI case holds as well: if D has an
isolated chord, then so do the two terms in &, (D). a

Remark 2.4.1.4 In [9, Claim 3.4], the proof restricts to the case s % n — 1 because the O relation is not

taken into account there. A
The linear maps ¢5, s = 1,...,n— 1, provide a factorisation of the map ¢, : ]-',1 (m)g — An(m)q,
1 I ) 2 it
F,(m)g —— F;(m)g > e > Fr(m)g = An(m)q.

ln

where nodes are broken apart one after the other, instead of all at once

2.4.2 Barycenters of forests Let T7,..., Ty € DT (m) be tree diagrams. Definition 2.3.3.5 defines a
map

FI),s—1 N
(2-16) 2 F(Ty.....Ts) x F(Ty, ..., Ty) = F5= 1 m)q : (F, F') — FF'.
The vector notation is justified by the fact that (77, ..., Ts) inherits some properties of affine spaces.
In particular, we can still talk about barycenters of vertices of F(77, ..., Ts).

Definition 2.4.2.1 The barycenter of forests F, ..., Fi € F(Ty, ..., Ts) with coefficients A1, ..., Az €Q
summing to ) ; A; = 1 is the formal sum ) ; A; F;.

Denote by Bar(F (771, ..., Ty)) the set of all barycenters of forests in 7 (77, ..., Ty). There is a natural
inclusion F(T4, ..., Ts) < Bar(F(T}, ..., Ts)) sending a forest F to 1- F.

Lemma 2.4.2.2 We have the following properties:

G) If Fo, Fr, Fy, e F(Ty, ..., Ts), then FyFy = FyF; + F; F> (Chasles relation).

(i) Let Fo, Fy, Fy, ..., FreF(Ty,...,Ts)and Ay, ..., A €Q suchthat) ; A; =0. Then) ; A; Fo F; =
Zi )uiF(/)Fi in f(FI)’S_l(m)Q.
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(iii)) The map
= :Bar(F(Ty.....Ty)) xBar(F(Ty, ..., Ty)) = F5 " (m)q,

- — -
@-17) (B:ZAiFi,B’ ZA’F’)HZA}FOF}—ZAiFOFi,
i j i
where Fy € F(Ty, ..., Ts) is any forest, does not depend on the choice of Fy, extends the map (2-16)

and satisfies the Chasles relation.

Proof Part (i) follows by choosing a path from Fj to F, passing through F;. Part (ii) follows directly
from (i) and implies that (2-17) does not depend on the choice of Fy. The rest is direct. O

By Lemma 2.4.2.2, any choice of barycenter By € Bar(F (T4, ..., Ts)) defines a map
F(Ti,....T) » F g : F i m’,

which sends a forest of size s to a linear combination of forests of size s — 1. In order to obtain sections
to the maps ¢;,, we need to consistently pick barycenters in each graph of forest.

Definition 2.4.2.3 For F a forest of size s consisting of trees 77, ..., T, define the average barycenter,
or average basepoint, associated to F' as

(2-18) (Favg = Z Tot) -+ Tos)»

creGA

i.e., the average of all possible ways of stacking the trees of F' one above the other.

Note that (F)avg = (F')ave Whenever F and F’ consist of the same trees, i.e., they belong to a common

graph of forests.

2.4.3 Merging trees Consider the linear map
e
(2-19) 73 QDE(m) — FIVS T m)g : F > (F)ave F
which is well defined by Lemma 2.4.2.2.
Lemma 2.4.3.1 (diagrammatic STU) For any adjacent forests '~ = : and F* = >< in a graph of

fOfeStS, we have
—_—

where >_ 4+ >< is an STU relation.

Proof Since F~ and F* belong to the same graph of forests, we have (F™)ayg = (F™)ave and

FS(F= = F¥) = B (F7) = #5(F) = (F Jag F~ = (F )ag F* = F*F= = F¥
by the Chasles relation. O
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Proposition 2.4.3.2 The map 7, : QD; (m) — ]—',EFD’S_I(m)Q factors through 7, : ,SFD’S

FI),s—1
D=1

(m)q —
m)Q

Proof We need to show that 77; vanishes on (1T), AS, IHX, STU? and OR. The argument is similar to
[9, Claim 3.6].

Start with an AS relation F + F’ in D (m). We can write (F(/))an =Y 5 ngé’) where F; + F), are
AS relations (the notation (") indicates that we can read it with or without ’). Pick a path Fj N P
of leg slides in F(F). Then we can follow the parallel path

7 7
€ €1

Fl v oo F/

in F(F’), obtained by performing the exact same leg slides. Notice that for each j, the origin and

extremities of ¢; and_f;. only differ by the cyclic ordering of a node, in the same trees as for F and F’.
—

Consequently, ?} + eJ/. is an AS relation for each j and F, F + F, F’ is a sum of those. In particular,

= / ’ - 7 ! !
(Flave F' + (Favg F' =) ho(Fo F + Fy F') = 0.
o

For an IHX relation F! + FH 4 FX  the argument is the same. As above, picking parallel paths
from Fj to F*, fore e {I, H, X'}, we obtain

(FD) g FT 4+ (FH) o FH 4 (FX) g FX =0

since it is a sum of IHX relations.

Unlike AS and THX which happen far from the strands, STU? happens close to the strands and we need
to distinguish two cases. If the STU? relation FY=— FY* — F=Y 4 Y jnyolves two or three trees,
then the legs forming = or x must belong to distinct trees.® Then, two applications of the diagrammatic
STU (Lemma 2.4.3.1) yield

ﬁ’.sl‘(FY= _ FYX) — FYY — ﬁ;sl‘(F=Y _ FXY),

and hence the STU? relation is satisfied by 7; in this case. Let us turn to the second case, where the STU>
relation involves a single tree, i.e., all the legs involved belong to the same tree. We argue as for the AS and
IHX relations, by picking four parallel paths of slide moves from Fj to F*, fore € {Y =Y x, =Y, xY}.
More precisely, call the places involved in the STU? relation o and 3,

S DO

A leg sliding across site « induces one or two edges in the four parallel paths, depending on whether

> 33 A L]

site B contains a “Y™, “=" or “x” configuration. The corresponding terms in ), F3 F* add up to zero

9Otherwise, joining them in the term with ¥ would form a cycle.
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by STU? and OR:
SO E IO T ey X
>y -

When a leg slides across site 8, the argument is the same. Thus 7; satisfies STUZ.

It remains to show that O-relations are satisfied. This immediately follows from three applications of
the diagrammatic STU lemma (Lemma 2.4.3.1) and the IHX relation.

This concludes the proof that 77; factors through 7, (m)q.

In the FI case, we need to check that 77; vanishes on 1T. Let F € D; (m) be a forest diagram with
an isolated chord. For o € G, the element (F)q F is a sum of diagrams in which this isolated chord
remains, together with diagrams coming from sliding that isolated chord across another leg. Those terms
of the latter type vanish in pairs by AS. This also follows from the commutativity property, shown in the
proof of [1, Lemma 3.1]. O
Proposition 2.4.3.3 Foreach 1 <s < n, the map n5%! is a section of i3, i.e., 7571 05 = idfy(,ﬂ)’s(m)@'
In particular, t;, is injective.

Proof Given a size s and degree-n forest diagram F = >_ (represented by one of its nodes adjacent to
a strand, which exists since s < n), we have

teor=siton ()< (S 3<) >

by the diagrammatic STU (Lemma 2.4.3.1). O

2.4.4 From F* (m)g to F k A(m)g Combining the results of Sections 2.2 and 2.4.3, we obtain the
following theorem.

Theorem 2.4.4.1 For each 1 < k < n, there is a natural linear isomorphism
FIVH,m)g = FF AT (m)q.

More precisely, we have the isomorphism of filtrations (with FI as well)

n—2
L
o n

b
Fa(m)g —— Flm)q
| |

~ ~

~

LQ*Z
> Fimlm)g ——— Fji(m)q = An(m)g

3 s H
F' Ay(m)g 7 F2Au(m)q A= F" 1 Ay (m)g o F'An(m)q = An(m)q

<R-

under which the sections s,’f and Jr,lf coincide.
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Proof We omit FI. By definition, FX A4, (m)q is generated by size k forests in A, (m)q, i.e., there is
a linear surjection QD*(m) — Fk 4, (m)g. The relations AS, IHX, STU?, OR in QDX (m) all hold

in Ay, (m)q, and hence this surjection descends to a surjection
k k
Fn (m)Q = F*An(m)q.

Those surjections, for 1 < k < n, combine into the vertical maps in the commutative diagram of the
statement and commute with the maps i,ﬁ‘ and Lﬁ . By Proposition 2.4.3.3, the maps ¢ are injective, and
hence so are the vertical maps.

To see that the sections s,’f and Jr,]f coincide, compare (2-7) with (2-19). O

2.4.5 The Lie algebra of trees We directly obtain, from the presentation of the primitive filtration
of A, (m)g in Theorem 2.4.4.1, a concrete presentation of the primitive Lie algebra Prim(A(m)q).

Theorem 2.4.5.1 The primitive Lie algebra Prim(A®D (m)q) is naturally isomorphic to the Lie algebra
of trees

L m)g = F™ 1 (m)g = QDT (m)/((1T), AS, IHX, STU?)
endowed with the bracket
[.1: L5 (m)g x LT (m)g — L (m)g, (T,T) [T, T']:=(T"-T)(T-T"),
forany T, T’ € DT (m) and extended linearly.

Proof Under the isomorphism of filtrations from Theorem 2.4.4.1 and by Theorem 2.2.2.3, we have an
isomorphism of Q-modules (we omit (FI))

L(m)g = F' As1(m)q = Prim(A(m)g)

S —
and (T'-T)(T -T') in L(m)q corresponds to T-T'—T"-T in Prim(A(m)q) by definition of (-). Hence
L(m)g = Prim(A(m)g) as Lie algebras as well. |

3 The rational Goussarov—Habiro Lie algebra of string links
3.1 Clasper calculus and realisation of diagrams

In this section, we describe the realisation map R : L' (m)g — LL(m)g which sends a tree diagram 7'
to the string link obtained by clasper surgery along a tree clasper realising 7T'. First, we need to make
precise what is meant by a tree clasper realising a tree diagram. Then, we need to show that the relations
1T, AS, IHX and STU? are satisfied. Most are known and recalled in Proposition 3.1.3.1.

For complete definitions of claspers and clasper surgeries, we refer the reader to the original papers of
Habiro [22] and Goussarov [17; 18].
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Figure 8: A degree-3 simple tree clasper and the resulting clasper surgery.

3.1.1 Clasper calculus A simple tree clasper C on a string link y is a ribbon uni-trivalent tree diagram
embedded in the complement of y, with leaves attached to the strands. See Figure 8, on the left, where ¢
is the trivial string link on three strands. We use Habiro’s drawing convention [22, Figure 7]: nodes
(trivalent vertices) are dots, leaves (univalent vertices) are boundaries of disks, each meeting y transversely
exactly once. Ribbon edges have the blackboard framing with half-twists represented by small barred
disks, where the bar indicates whether the half-twist is positive or negative (e.g., the clasper in Figure 8
has a negative half-twist).

A tree clasper C has a degree deg(C) = #leaves — 1, defined as for uni-trivalent tree diagrams. For
example, the tree claspers in Figure 3 have degree 1 and 2, respectively, while the one in Figure 8 has
degree 3.

Habiro actually defines more general claspers than just simple tree claspers, with boxes and more
general leaves. Those appear when manipulating tree claspers. A clasper C determines a framed link L¢.
Dehn surgery along L is called clasper surgery along C. A clasper surgery (along a simple clasper)
does not modify the ambient manifold (here, the cylinder), but does modify the string link. The result of
clasper surgery along a clasper C on y is denoted y©. When y is the trivial string link yo = 1, we write
o(C):= )/OC = 1€. See Figures 3 and 8 for examples of clasper surgeries.

Clasper calculus consists in a collection of moves, i.e., modifications on claspers that do not alter the
resulting surgery €. Those moves are pictured in [22, Proposition 2.7].

Clasper surgeries are entirely supported in a regular neighbourhood of the clasper; hence they define
local operations on the set of string links and naturally lead to the study of equivalence classes of string
links under those moves.

3.1.2 The Goussarov-Habiro Lie algebra of string links Let y be a string link. A C,-move on y is a
surgery along a degree-n tree clasper on y. Two string links y, ¢’ are said to be Cy,-equivalent, denoted by
y S y’, if one can be obtained from the other by applying a sequence of C,-moves. The C,-equivalence
relation is symmetric by [22, Proposition 3.23]. This defines the Goussarov—Habiro filtration, of the
monoid of string links L (m),

(3-1) L(m) = L{(m) D Ly(m)>D L3(m)D---,

where L,(m):={y € L(m) |y < 1} is the submonoid of Cj,-trivial string links, i.e., string links that
are Cy-equivalent to the trivial string link 1. The quotient monoids L (m)/C, 4 are finitely generated
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nilpotent groups [22, Theorem 5.4]. They are abelian groups when k& = n, in which case they are denoted by
(3-2) LnL(m) = Ly(m) = Ly(m)/Coy1.

and more generally, for any 1 <k, k’ < n, one has

(3-3) [Lx(m)/Cpy1, Lgr(m)/Cpy1] C Ligqxr(m)/Cpy.

Thus the abelian groups (3-2) combine into a graded Lie algebra, called the Goussarov—Habiro Lie

algebra of string links on m strands

LL(m) =P L L(m) := P La(m).
n>1 n=1
whose Lie bracket is induced from (3-3). Alternatively, the truncation L£<, L(m) is the graded Lie algebra
associated to the N-series { Ly (m)/Cy+1}1<k<n of the group L(m)/Cy, 1. See [29, Theorem 2.1; 31].

3.1.3 Realising tree diagrams in the Goussarov-Habiro Lie algebra The following proposition
gathers known relations between string links obtained from clasper surgeries along tree claspers “realising”
the relations AS, THX, STU? and STU between diagrams.

Proposition 3.1.3.1 Letn > 1. The following relations, involving claspers on the trivial string link 1,
hold in L,(m), where the additive notation is used and the Cy, 4, -equivalence class of a string link 1€ is
denoted by [1€]:

(i) If C and C’ are simple tree claspers of degree n that are homotopic with respect to the trivial string
link (see [22, §4.1]), then [1€] =[1€"].

(ii) If C and C’ are simple tree claspers of degree n, that only differ at one place as in Figure 9(b), then
[1€]+[1€] = 0 (AS relation). The same holds if C' is obtained from C by adding a half-twist to an edge.

(1) IfI, H and X are three simple tree claspers of degree n, that only differ at one place as in Figure 9(c),
then [17] —[1H] +[1X] = 0 (IHX relation).

(iv) If Y =, Y x, =Y and = x are four simple tree claspers of degree n, that only differ at the two places
shown in Figure 9(a), then [1¥ =] —[1Y¥] = [1=Y] = [1Y*] (STU? relation).

We also have:

V) Let F* =T\ UT,, FF=T, U T2’, where Ty, T, T2’ are three simple tree claspers of degree ny (17)
andn, (T, Tz’), be such that F* and F= are identical outside of the part shown in Figure 9(d), which
involves one leg of T and another of T5, respectively T, (i.e., T, and T, only differ by the position of
one leg with respect to the shown leg of Ty). Then 1F* Cop 157 1T where T is the simple tree clasper
(in red) of degree n := ny + n, obtained by joining Ty and T,. We say that F~ and F* are related by a

slide move.
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Ja = I0s SR e BV ~ =

(a) From left to right, the claspers Y =, Y x, =Y and xY (b) C and C’
Y T\ T T><|)
I > < % Tg/ I Té/d’ I
(© I, Hand X (d F*, FTand T

Figure 9: Illustration of claspers mentioned in Proposition 3.1.3.1.

Proof See [22, Theorem 4.3] for (i), and [22, Theorem 4.7; 38, E.9] for (ii). Proofs and sketches
of (iii) can be found in [10; 16, Proposition 3.4.4.1; 19, Theorem 6.6; 32, Lemma 2.9; 38, E.11]. In
[26, Section 10.3], (iv) is proved for knots, but the argument applies for string links. For (v), follow the
proof of [22, Proposition 4.4] then “separate” T from F~ using a homotopy [22, Theorem 4.3] and then
remove the two half-twists, which does not change the C, 4 -equivalence class of the result. a

We are now able to describe the realisation map from tree diagrams to string links. Similar realisation
maps are mentioned by Habiro [22, §8.2] and described by Ohtsuki [38], Conant-Teichner [13; 14] and
Kosanovic [26].

Theorem 3.1.3.2 For each n > 1, there is a surjective Q-linear morphism
Ry : LE(m)g = QDI (m)/ (1T, AS, IHX, STU?) — L, L(m)g

that sends a tree diagram T to the class of the string link obtained by performing a clasper surgery along
a clasper C whose underlying diagram is T' (defined in the proof). Those morphisms combine into a
surjective morphism of Lie algebras, over Q,

R: EFI(m)Q — LL(m)q
from the primitive Lie algebra of trees (Theorem 2.4.5.1) onto the rational Goussarov—Habiro Lie algebra.
Proof First, we define the realisation map
R: DnT(m) — L,(m)

as follows: Start with a tree diagram 7" € D; (m) as on Figure 10(a). Since T is a tree, its underlying graph
is planar and we can pick a planar projection where the cyclic orderings of the nodes are counterclockise.
Place that planar projection of the tree to the left of the m vertical strands, with the univalent vertices lying
on a vertical line parallel to the strands, as on Figure 10(b). Attach the leaves of the tree to their respective
positions on the strand, as given by the diagram 7', with an additional (negative or positive) half-twist
added to a single chosen leaf'? (see Figure 10(c)). Outside of that additional half-twist, the attachment

10The addition of that additional half-twist is related to the footnote on page 68 in [22]. Although it is not crucial in the case
of realising trees, it will be when realising forests later on, in order for the STU relation to hold with the usual signs.
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(a) Diagram T’ (b) Planar tree (c) Clasper Ct (d) Changing the order

Figure 10: Realising a tree diagram.

must be made without introducing half-twists, always going from left to right, and the disk-leaves must
clasp to the tangle strands as on Figure 10(c). This yields a simple tree clasper C7 on m strands.
The choices made in the above construction do not alter the result, modulo C,-equivalence:

(1) Changing the choice of ordering of the univalent vertices on the vertical line in Figure 10(b) introduces
full twists, which do not matter modulo C,;-moves by (6) in the proof of [22, Theorem 4.3]. See
Figure 10(d).

(2) Any two choices of embeddings of the edges joining the planar graph to the disk-leaves are related by
a homotopy, which does not change the C, 4 -equivalence class of the result by Proposition 3.1.3.1(i).

(3) Adding the half-twist to a different leaf can be obtained by introducing two new half-twists: one to
cancel out with the former one, and a new one. Since adding a half-twist corresponds to inversing modulo
C,+1-equivalence (Proposition 3.1.3.1(ii)) this choice does not matter modulo C,, 4 {-equivalence. For
the same reason, it does not matter whether we chose a positive or negative half-twist.

For a tree clasper Cr in such a position, we say that its underlying diagram is D(Ct) :=T..

Define ﬁ(T) = )/OC T = o(Cr). Since Cr is a degree-n tree clasper, the C,41-equivalence class
of R(T) is indeed an element of L, (m).

Since L,(m) is an abelian group, the map R induces a morphism of abelian groups

(3-4) R :ZDT (m) — L,(m).

This morphism sends AS, IHX and STU? to zero by Proposition 3.1.3.1(ii), (iii) and (iv), respectively. It
also sends 1T to zero; see Figure 11. Thus R factors through the quotient ZD,{ (m)/(1T, AS, IHX, STU?).
Moreover, this map is surjective, since L, (m) is generated by string links of the form 17 where T is a
simple tree clasper of degree n [22, Lemma 5.5], and any such clasper can be homotoped [22, Theorem 4.3]
to a clasper in the position described in the construction of R (up to adding and removing half-twists,
that is, up to a sign).

After passing to rational coefficients, we obtain the map R, as in the statement. Those combine into a
surjective Q-linear morphism R : L¥(m)q — LL(m)q. It remains to show that R is compatible with
the Lie brackets.

Pick two tree diagrams 7', T’ of respective degrees k, /, and let n := k + [. Denote by the same letters
tree claspers realising them.
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Figure 11: The morphism induced by R sends 1T to zero.

'}

The commutator [R(T), R(T")] is equal to the C,4-equivalence class of o(TT'TT') where T
represents the inverse of 7" modulo C,,1-equivalence, idem for 7", the product is vertical concatenation
and o denotes surgery modulo C, 4 -equivalence. The strategy is to go from the clasper TT'T T to
the clasper TT'T’'T by a sequence €, ..., €,—; of slide moves; see Figure 12 (top). On one hand,
TT'T'T 3" 1. On the other hand, each slide move creates a red tree clasper ?,) (Proposition 3.1.3.1(v)).
All in all, we obtain

r—1
(3-5) [R(T). RN =o(TT'TT) =) 0(e).
i=1

Let us compare (3-5) with the commutator of the original tree diagrams T, T’. We can follow the
exact same path of slide moves on the diagrammatic level to get

r—1
(3-6) [T".T|=(TTT'T)=) &
i=
by Definition 2.3.2.7.

In (3-5) and (3-6) the roles of T and 7" are reversed. This justifies the additional half-twist in the

definition of the realisation map. More precisely, the tree claspers realising 7', 7’ both have an additional

po. F; Fi bt
ITI <o /4) &t -\4) &l ITI
T/ 4 I '/(T) T/
| | * f | |
|T| X)%’C%I'-;)T.H |T/|
T hned T

k3
I I I I

T Sg---w &\w«/l»
- —
& =D T

Figure 12: Commutator of string links (top) versus tree diagrams (bottom).

Q)

!
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half-twist introduced somewhere. Thus, the red tree clasper ?,) has two half-twists, or zero, modulo C, 1.
This means that R(?,?) = —0(?,?) and therefore

R(T.TN)=~R(T".T) ==Y R(e) =) o(&) =[R(T). R(T"],

which concludes the proof that R is a surjective morphism of Lie algebras over Q. |

3.2 The Kontsevich integral and the tree preservation theorem

The Kontsevich integral is the last ingredient of our identification of the rational Goussarov—Habiro Lie
algebra. Discovered by Kontsevich [25] as a universal Vassiliev invariant over Q, it is a morphism

Z:L(m)— :lﬁ(m)(@,

which to a string link ¥ € L(m) associates an element Z(y) in the graded completion ;lﬁ(m)Q
of AFl(m)q. The Kontsevich integral of a string link Z(y) can be thought of as a series expansion of y,
such that degree < n Vassiliev invariants only depend on the degree < n part Z<,(y). However, it is an
open question whether Z is injective on L(m), i.e., whether the Kontsevich integral classifies string links.

Since the Kontsevich integral turns string links into diagrams, it is a good candidate for inducing an
inverse to the realisation map R. This is indeed the case, as we will see in this section.

3.2.1 The combinatorial Kontsevich integral The combinatorial version of the Kontsevich integral [2]
is easier to work with. The combinatorial Kontsevich integral is understood as a functor whose domain is
the category PTangles of parenthesized tangles up to isotopy (denoted by PT in [2]), i.e., whose objects
are parenthesized $-words (i.e., finite words in the alphabet {1, |}, together with a parenthesizing of their
letters [2, §2.1]) and whose morphisms are isotopy classes of unframed tangles with the adequate $-words
as boundaries, also referred to as g-tangles [30]. Its target is the category ITia\gQ of uni-trivalent diagrams
[2, Definition 3.1] on tangle skeletons, whose objects are (nonparenthesized) $-words and morphisms are
formal series in AF! (S)q for tangle skeleta S with the adequate $-words as boundaries. Composition
in PTangles is simply vertical concatenation. Composition in ﬁi\ag(@ is given by concatenation of the

tangle skeleta and concatenation of the diagrams (extended linearly).

Theorem 3.2.1.1 [2; 7; 15; 38] The Kontsevich integral of unframed parenthesized tangles
Z : PTangles — lfi\ag(@

has the following properties:

(1) Itis a functor: If y =id,, for some parenthesized §-word w, i.e., it consists of parallel vertical strands,
then Z(y) = 1 € A¥(m) is the empty diagram. If y,, y» are two concatenable tangles (i.e., composable
in PTangles), then Z(y; o v2) = Z(y1) o Z(y3).

(ii) It is a monoidal functor, where the monoidal structure on both sides is given by juxtaposition, i.e.,
horizontal concatenation:'' Z(y; ® y2) = Z(y1) ® Z(y»).

11T PTangles, the parenthesizing of the tensor product is given by u ® v := ((u)(v)).
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(iii) It takes, on the standard braiding tangles (which are elements of PTangles(11, 11)), the values

H = e (),

N|—=

H 2 Cee ().

(iv) On the standard associator, cap and cup parenthesized tangles,

t 21 < PTangles((11) 1.1 (1)), () € PTangles(1],@), \_/<PTangles(2, 1),

it is trivial modulo terms of degree > 2:

ZAAN=111+0@. Z((M)=/1+0@. z(\ ="' +00Q).

(v) It is compatible with the operation of reversing a strand. If Rcy is obtained from y by reversing the
orientation of the component C, then

Z(Rcy) =(Rc)«Z(y),
where (R¢)x : Zlﬁ(S)Q — ;lﬁ(Rc S)q is defined as follows. For a diagram D on the tangle skeleton
S =S(), -
(Rc)*(D) — (_1)#{endpoints on C}D/ c AFI(RCS)Q,

where D’ is the same diagram as D on the tangle skeleton Rc S = S(Rcy).

(vi) It is compatible with the operation of doubling a strand. If D¢y is obtained from y by doubling'?
the strand C, then

Z(Dcy) = Dc)«Z(y).
where (D¢)« : :lﬁ(S)Q — Zﬁ(DC S)q is defined as follows. For a diagram D on the tangle skeleton
S =S8(), -
(Dc)«(D)= > D'e A(RcS)
D' lifts D

is the sum of all the 2#endpoints on C} way¢ of “Jifting” D to a diagram on D¢y . For example,

(D3)*< _)z L+ LY+ Y+ L

where Djs is the operation of doubling the third strand.

As explained in [8, Section 10.3.2], any parenthesized tangle can be decomposed into a product of
tensor products of basic tangles: braidings, cups, caps, associators, or images of those under reversing

121f 4 is an endpoint of C one of the end $-words, then it is replaced by (11) in D¢y, and similarly for |.
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and doubling operations. Knowing the value of Z on each of those standard tangles suffices to deduce
the value of Z on any tangle.

It should be mentioned that different choices of value of Z on the associator tangle lead to different
combinatorial Kontsevich integrals. The possible choices are called Drinfeld’s associators, of which there
is a deep theory (see [8] for more details). For our purpose, it only suffices to know that they are all trivial
modulo terms of degree > 2. This also allows us to ignore the parenthesizing of the extremities of the
string links considered in the theorem below.

Denote by Z<,, Z, and Z>, the compositions proj o Z, where proj is the projection onto the
corresponding direct summands.

3.2.2 Tree preservation theorem

Theorem 3.2.2.1 Letn > 1 andletT € D; (m) be a degree-n tree diagram on m strands. Then
(3-7) Z(RT)=14+T+0n+1),

where R(T') = o(Cr) is the result of surgery along a tree clasper Cr realising T (see Theorem 3.1.3.2),
and the notation O(n + 1) means that the equality holds modulo terms of degree > n + 1. In particular,
the Kontsevich integral induces an inverse to R, which then provides an isomorphism of graded Lie
Q-algebras L™ (m)g = LL(m)q.
Proof We proceed by induction on . Moreover, at each step we first make the simplifying assumption (A):
m =n+ 1, T has one leg on each strand and (if » > 1) the legs attached to the rightmost two strands are
adjacent to a common node. Then we show the result for the general case.

For n = 1 and assuming (A), there is only one possible diagram 7" € DIT (2) with a leg on each strand.
Its realisation is a full positive braiding between the two strands, and hence we obtain the desired result
by Theorem 3.2.1.1(iii):

— +37 9 +0Q2) o +17 4002 ] = + — 4+ 0(2).

Now we remove the assumption (A), and hence the single chord of 7' can have its legs attached
anywhere on the m strands. Consider a clasper Cr realising 7, as in the construction of the realising
map R; see Figure 10. By an isotopy, we can pull the clasper out and bring it into a small box, such that
the box contains 2 parallel vertical strands and the clasper C7 is attached to them satisfying (A):

(3-8) L IHNgr—ﬂ_I‘

[

L_J OT T 11
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The grey box consists of a string link £ with a degree-1 tree clasper Cr on it, satisfying (A). Thus we
compute

z|r| —L

+0(2)

where the first equality uses (3-8) and multiplicativity. Then the left factor can be computed by the above
since (A) is satisfied in the small grey box. Then we distribute the product over the sum on the left to
obtain the second line, where everything that has degree > 2 is contained in O(2). Use multiplicativity
again to reconstruct the first term as the Kontsevich integral of a string link isotopic to the unlink, which
becomes 1, while the second term gives the diagram 7" when attached to the outside. This concludes the
proof of the case n = 1.

Now we show the induction step. Let n > 2 and assume that the statement holds in degree n — 1.

First, consider a degree-n tree diagram 7" € DnT (n+ 1) on n 4+ 1 strands and satisfying (A). It looks
like the diagram on the left of

]
W k\\\w—%’
where the black dashed rectangle contains the # — 1 other legs. Realise it as a tree clasper Cr, assuming

that the additional half-twist is in the blue blob. The core of the induction step is to apply Habiro’s move 2
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and 10 [22, pages 14, 15] to the visible tripod:

J
! 1 5
4

c

The right-hand side is obtained by isotopy. The new tree clasper C’ (Cr minus the tripod) realises a
degree-(n—1) tree diagram 7.

Thus, to compute R(7") we can first apply moves 2 and 10 as above, then perform surgery on C’. This
surgery is entirely contained in the grey rectangle shown in the first line below:

Z(R(T))

opd
Hri

J

:z( \'\'\\H]_})oz

1]

= (1 + (Rn+1)(Dn)+ ( [SSSSST—’ ) + O(”)) ol 1+24

SO0,

+0(2)
)
= ((Rn+1)*(Dn)* ( mzn )) °0Z; \\
.
(1)
+ °Z g + Z= ( \'\'\'\1-%) ° +O0Mm+1).
s
2 3)

We obtain the first equality by multiplicativity of Z. From the second to the third line, the induction
hypothesis

Z(R(T)) =1+ T+ On)
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is used, with additional strand doubling and reversing. Then the fourth line is obtained by distributing
this product (Recall that 1 stands for the empty diagram on the adequate tangle skeleton), and putting all
the terms of degree > n + 1 inside O(n + 1). Let us compute the resulting three terms, denoted (1), (2)
and (3), respectively:

(1) The first term is a product of degree-(n—1) terms with degree-1 terms. First, we compute those two
factors individually. Since we are only computing the degree-1 part of Z, only the braidings matter. The
first factor is obtained by doubling the n-th strand and reversing the new (n+1)-st strand

(Ru+1)x(Dn)x ( mT_’n ) = (Ru+1)* ( m_ + m_ )

- ANU— - AT

and the second factor is a sum of Kontsevich integrals of braidings

11

Zy

X0
Il
|
|
|
_I_
N —
|
|
N —

J

= =

Combining them yields

0 ANNNN ANNAN , XY | S
= - — t3 — 3
NN\ N N\ , - N , O
- —3 —tz

- e S I

where the last three columns vanish, since the leg attached to the blob is free to slide across the maximum.
In the first column, the additional chord prevents that leg from sliding. This column gives the tree
diagram 7" by STU.
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(2) The left factor is Z applied to a trivial string link, with reversed rightmost strand. By multiplicativity
of Z, we can combine the two factors into

) @ y B

(3) Since terms (1) and (2) equal 7" and 1, respectively, we expect (3) to vanish. Although the first factor
might be very complicated, all we know is that it is obtained from a sum of diagrams by doubling the last
strand, then reversing the new last strand. This fact alone actually suffices to show that (3) vanishes.

Indeed, suppose that D is any nonempty diagram on n strands, with & > 1 legs attached to the last
strand. Doubling the last strand turns that diagram into a sum of all its 2K lifts. Such a lift is indexed by
aworde; ...ex € {0, l}k where an e; = 0, resp. ¢; = 1, means that the i -th leg is attached to the n-th,
resp. (n+1)-st strand. Reversing the last strand has the effect of multiplying by £1, depending on the
number of legs attached to the last strand. The resulting sum

D
N—= _ N sae —..{|_ N—==
(Rus1)+(Dn)s Nﬁ ezw’;{o’l}( D k\\\_ﬂ NT

is a sum of differences of the form “e; = 0” minus “e; = 1”. Multiplying each such difference with the

second factor of (3) gives 0 since the first leg is now free to go from one position to the other:

The above shows that all terms in Z(R(7’)) that have at least one leg on the last strand vanish once

we apply (R;+1)x(Dp)« and multiply the result with the second factor.

In fact, all the terms in Z(R(T”)) must have at least 1 leg on the last strand. Indeed, by definition of
the Kontsevich integral, the sum of all terms with no leg on the last strand is equal to the Kontsevich
integral of R(7"’) minus the last strand. If the last strand is removed, then 7’ gets a trivial leaf and the
surgery is trivial. In other words, this comes from the fact that a string link obtained by surgery along a
tree clasper with exactly one leg on each strand is a Brunnian string link [24].

This concludes the proof that (3) vanishes.

By the above computations of (1), (2) and (3), we obtain
Z(IR(T)=1+T+0n+1)
as desired. This concludes the case (A) in degree n.
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The general case is shown exactly as in degree 1, by pulling the clasper out to extract a box containing
the clasper (as in (3-8)), in which assumption (A) is satisfied. This concludes the induction step, and the
proof of (3-7).

It remains to show that Z induces an inverse to R.

By (3-7), the degree-n part of Z induces a map Z, : L,(m) — ALl(m)q, which is constant on
C,+1-equivalence classes. Thus it factors through

ZnGH Ly L(m) — AI;I(WI)Q,

whose image lies in Prim(A™(m)qg),. Identifying the latter space with £5(m)g by Theorem 2.4.5.1,
direct summing all the degrees at once and tensoring with @, we finally obtain

ZM: LL(m)g — Ly (m)q.

which is an inverse to R by (3-7). O

4 Application to the rational Goussarov—Habiro conjecture
4.1 The rational Goussarov—Habiro conjecture

4.1.1 Vassiliev filtration and associated graded algebra The monoid ring Z L (m) of string links is
filtered by the Vassiliev filtration (4-1), with associated graded algebra AL (m) (4-2):

-1 ZL(M) > 0,(ZS; L(m)) S 02 (ZSy L(m)) > -
Dn(ZSyL(m))

4-2 L = nlL = ,

@2 AL =@ At := B 7G5, o,

where S, L (m) denotes the graded monoid of (isotopy classes of) singular string links (where the only
allowed singularities are transversal double points), graded by the number of double points. The Z-linear
maps dy : ZS, L(m) — Z L(m) are defined by applying the Skein relation [3]

@3 X K= X

to each double point, where it is understood that the terms are identical outside of the part shown. Thus,
for y € S, L(m) a singular string link with # double points, its image d,(y) € Z L(m) is an alternating
sum of all possible resolutions of the # double points.

A string link invariant V' : L (m) — A valued in an abelian group A4 naturally extends to a Z-linear map
V :ZL(m) — A. We say that V is a Vassiliev invariant or finite type invariant of degree n if it vanishes
on d,41(ZSy,+1L(m)). In particular, a Vassiliev invariant of degree n induces a functional on A, L (m).
Two string links y, ¥’ € L(m) are Vy-equivalent if they cannot be distinguished by Vassiliev invariants of
degree < n or, equivalently, if Y —y’ belongs to 9,(Z S, L(m)).

There is a realisation map RV : A¥(m) — AL(m) (v refers to Vassiliev), which is a morphism of
Z-algebras. Originally, R¥ was defined on the presentation of A" (1) by chord diagrams, by sending
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a chord diagram to a singular string link realising it [1]. However, one can define this realisation map
on forest diagrams using claspers [13, Theorem 1.1; 22, Section 6], in order to construct a surjective
morphism of graded Z-algebras

(4-4) RY : A" (m) — AL(m),
which in degree n sends a forest diagram F € D, (m) to

oiTr...T= Y (Do) e A L(m).
S'c{T,...,Ts}

where 77 U---U Ty is a forest clasper realising F, o denotes the trivial string link on m strands and yag/
denotes the result of clasper surgery on yq along the trees contained in S’.

Remark 4.1.1.1 A forest clasper that realises a forest diagram F is constructed as in the proof of
Theorem 3.1.3.2, but with multiple trees at the same time and with an additional positive half-twist near a
chosen leaf of each tree. Those half-twists are important in order for STU relations to be realised with
correct signs. This explains the footnote on page 68 in [22]. A

Over Q, the realisation map RY : A™(m)q => AL(m)gq is an isomorphism, with inverse induced by
the Kontsevich integral [1; 25].

4.1.2 The Goussarov—Habiro conjecture From the definition of the Vassiliev filtration using claspers,
it follows that C,-equivalence implies Vj,-equivalence for string links in L (7). Goussarov and Habiro
independently conjectured the converse:

Conjecture (Goussarov—Habiro conjecture for string links in the cylinder) For allm > 1 andn > 1, any

Vau-equivalent string links on m strands are Cy-equivalent.

Since C,-equivalence implies Vj-equivalence, any Cy-trivial string link y € L, (m) is automatically
Vu-equivalent to the trivial string link 1, and hence y — 1 belongs to d,(ZS, L(m)). This yields the
comparison map [22, Section 8.2]

x:LL(m)—> AL(m) :[y]l—[y —1],

which is injective if and only if the Goussarov—Habiro conjecture is true. In particular, it is injective when
m = 1 by the Goussarov—Habiro theorem for knots [22, Theorem 6.18].

Exploiting the dimension subgroup property in characteristic zero, Massuyeau showed the following
rational version of the Goussarov—Habiro conjecture:

Theorem 4.1.2.1 (Massuyeau [31]) Over Q, the map x : LL(m)g — AL(m)q is injective.

Let us now give an alternative proof of Massuyeau’s theorem, following from the main result of this
paper. Once we pass to rational coefficients, the realisation maps R, RY and the comparison map
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combine into the commutative square of graded (Lie or Hopf) algebras

L (m)q —;> Prim(A™(m)q) —— A (m)q

7= 4 w ()2

LL(m)g X s AL(m)q

where ZV is the inverse to RY by Kontsevich’s theorem, ¢ is an isomorphism by Theorem 2.4.5.1, the left

triangle commutes and R becomes an isomorphism by Theorem 3.2.2.1. Therefore, ¥ is injective, which

concludes the alternative proof of the rational Goussarov—Habiro conjecture.
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Cusp-transitive 4-manifolds with every cusp section

Jacopro GuoYl CHEN AND EDOARDO R1zzI1

We realize every closed flat 3-manifold as a cusp section of a complete, finite-volume hyperbolic 4-
manifold whose symmetry group acts transitively on the set of cusps. Moreover, for every such 3-manifold,
a dense subset of its flat metrics can be realized as cusp sections of a cusp-transitive 4-manifold. Finally,
we prove that there are many 4-manifolds with pairwise isometric cusps for any given cusp type.

1 Introduction

This work is a continuation of [22], where Rizzi constructed some new cusp-transitive hyperbolic 4-
manifolds. We recall in the following the general settings and results.

We say that a complete, finite-volume hyperbolic manifold is cusp transitive if the action of its isometry
group is transitive on its cusps. This condition is trivially satisfied by manifolds with a single cusp
(also called 1-cusped manifolds); examples are known in dimension 2, 3 (infinitely many with bounded
volume, in fact) and 4: see Kolpakov and Martelli [12]. For n > 4, the existence of 1-cusped hyperbolic
n-manifolds is unknown, and in general there are no explicit examples of cusp-transitive manifolds in the
literature. However, it is easy to obtain examples of the latter in dimension up to § by coloring some
well-known right-angled polytopes.

The type of a cusp of a hyperbolic manifold is the diffeomorphism class of its section, which is a
closed flat hypersurface. In this article we will look at the 4-dimensional case; the possible cusp types
are closed flat 3-manifolds. Following Conway and Rossetti [4], there are ten such manifolds; six of
them are orientable:

o E, the 3-torus;

o E,, the %—twist manifold;

e E;, the %—twist manifold;

o 4, the %—twist manifold;

e FEs, the %—twis‘[ manifold;

o FE¢, the Hantzsche—Wendt manifold.

The other four are nonorientable: we will call them By, B,, B3 and B4 (respectively denoted by +al,
—al, +a2 and —a?2 in [4]). These ten manifolds can be constructed as in Figures 4 and 7 by gluing facets
of polyhedral fundamental domains; the latter can be obtained, along with the associated gluing maps, by
inspecting [4, Table 12].

MSC2020: 57M50.
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1078 Jacopo Guoyi Chen and Edoardo Rizzi

In the case of 1-cusped orientable 4-manifolds, the cusp types E; (Kolpakov and Martelli [12]) and E»
(Kolpakov and Slavich [13]) can be realized, while £3 and E5 cannot (Long and Reid [15]). More
generally, the types E¢ (Ferrari, Kolpakov and Slavich [8]) and E4 (Rizzi [22]) can be realized by
cusp-transitive 4-manifolds. The construction in the latter paper also realizes £, E, and E¢ as cusp
types. As for the nonorientable case, there exist 1-cusped 4-manifolds with cusp type B; (Kolpakov and
Slavich [14]) and B, (Ratcliffe and Tschantz [21]).

We improve on the technique of [22], by requiring a less explicit construction, and we prove that the
remaining cusp types can also be realized; indeed, our construction actually realizes all the cusp types.
Specifically we show:

Theorem 1.1 For each closed flat 3-manifold N there exists a cusp-transitive hyperbolic 4-manifold M
with cusps of type N .

By Remark 2.4, if N is orientable, we can also take M to be orientable. The proof of this theorem
is split into two parts: in Section 4 we discuss the case of the manifolds Ey, E,, E4, E¢, B1, B>, B3
and B4, while Section 5 is dedicated to £3 and E5. The 4-manifolds constructed in each section are all
commensurable to each other, but they are arithmetic in the first case and nonarithmetic in the second.
Hence, they fall into two commensurability classes.

Using an argument inspired by a paper of Nimershiem [19], this result is strengthened in Section 6 as
follows:

Theorem 6.1 For every closed flat 3-manifold N, the set of flat metrics on N which can be realized as
cusp sections of a cusp-transitive 4-manifold is dense in the space of all flat metrics of N .

Moreover, with the same technique, we show an analogous result in dimension 3 (where the possible
cusp types are the torus and the Klein bottle).

Finally, in Section 7, a variant of our method, combined with some arguments of Burger, Gelander,
Lubotzky and Mozes [2], and Belolipetsky, Gelander, Lubotzky and Shalev [1], enables the construction
of a lot of manifolds with pairwise isometric cusps:

Theorem 7.1 For every closed flat 3-manifold N, there exists a positive constant ¢ such that, for
sufficiently large V > 0, there exist at least V¥ complete hyperbolic 4-manifolds with pairwise isometric
cusps of type N and volume < V.

By [2], there are ykmy complete hyperbolic n-manifolds without boundary of volume < V', where
k(n) depends only on the dimension 7.

The construction used in this paper is very similar to the one of Rizzi [22]. Our manifolds are built by
applying Davis’ basic construction [5] to a so-called developable reflectofold, in turn obtained by gluing
some copies of a hyperbolic Coxeter polytope with the following two properties:

(a) it has exactly one ideal vertex;
(b) if a bounded facet and an unbounded facet intersect, then their dihedral angle is an even submultiple

of .
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We have found two hyperbolic Coxeter n-polytopes with n > 4 satisfying (a) and (b): a 4-polytope P
among Im Hof’s polytopes associated to Napier cycles [11] (see also Felikson and Tumarkin’s web
page [7]), and another 4-polytope V with 8 facets, which as far as we know does not appear in the
literature. Hence, we have not been able to build manifolds of dimension greater than 4 using these
techniques.

The polytope V' allows us to answer Questions 1.2 and 1.3 from [22] (reported here) in the affirmative:

¢ Does there exist a finite-volume hyperbolic Coxeter polytope of dimension n > 4 satisfying (a)
and (b)? If the dimension is n = 4 we require that the link of the ideal vertex is neither a parallelepiped
nor a prism over a (2, 4, 4)-triangle.

¢ Does there exist a cusp-transitive hyperbolic 4-manifold with cusps of type E3 or E5?

Indeed, the link of the ideal vertex of V is a prism K over an equilateral triangle; the fact that E'3 and Es
are tessellated by copies of K is crucial to the construction of the corresponding cusp-transitive manifolds.
The answer to the first question naturally leads to the following.

Question 1.2 Does there exist a finite-volume hyperbolic Coxeter polytope of dimension n > 5 satisfying
(a) and (b)?

The paper is organized as follows. In Section 2 we describe how to obtain a cusp-transitive manifold
from a 1-cusped developable reflectofold. In Section 3 we introduce the polytope P and assemble 16
copies of it to create a bigger polytope Q. In Section 4 we show how to construct reflectofolds by gluing
copies of Q according to some cubical tessellations, and consequently prove the first case of Theorem 1.1.
In Section 5 we introduce the polytope V' and construct reflectofolds by gluing copies of it according to
certain tessellations in prisms, proving the second and final case of Theorem 1.1. In Section 6, we prove
Theorem 6.1 and its 3-dimensional counterpart. Lastly, in Section 7, we prove Theorem 7.1.

2 Reflectofolds

Let N be a closed flat 3-manifold. In this section we will see that, in order to show the existence of a
cusp-transitive manifold with cusp type N, it suffices to prove that there exists a 1-cusped developable
reflectofold with cusp type N. We give some definitions in the following (compare [6, Section 5.1;
22, Section 2]).

Definition 2.1 We say that a hyperbolic manifold R with cornered boundary is a reflectofold if R is
locally a hyperbolic Coxeter polytope.

Let R be a reflectofold. Since each local model P of R is stratified into k-dimensional faces, for
k =0,...,n, there is a naturally induced stratification of R into maximal, connected, totally geodesic
submanifolds with boundary, called k-faces. We will call facets and corners the (n—1)-faces and (n—2)-
faces of R, respectively. We can define the dihedral angle of a corner as the dihedral angle of the
corresponding ridge of a local model.
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Definition 2.2 A reflectofold is developable if it has the following properties:
(EF) Embedded faces: For each corner C there are two distinct facets F and F’ such that C C F N F’.

(AC) Angle consistency: If two distinct facets F and F’ intersect, then the dihedral angles of all the
corners in F N F’ coincide.

Proposition 2.3 Let R be a 1-cusped developable reflectofold with complete cusp section, and built by
gluing finitely many finite-volume polytopes. Then, there exists a cusp-transitive manifold M having
cusps isometric to that of R.

Proof The desired manifold M can be constructed as in [22, Section 2] by gluing finitely many copies
of R following Davis’ basic construction [5, Chapter 11]. Since R has finite volume, M will also
have finite volume. Note that, unlike [22], we do not require reflectofolds to be complete; however,
M will be complete since it is obtained by gluing polytopes, and has complete cusp sections (see
[20, Theorem 11.1.6]). O

Remark 2.4 If the cusp section of the cusp-transitive manifold M thus constructed is orientable, we can
also construct an orientable cusp-transitive manifold with the same cusp section, namely the orientable
double cover of M, as in [22, Corollary 2.4].

3 Some polytopes

In this section we will introduce and construct the polytopes that we are going to use in Section 4.

Following Vinberg’s paper [23, Introduction], we define a hyperbolic Coxeter polytope as a convex
polytope P C H” with finitely many facets, with dihedral angles of the form 7 /m for an integer m > 2.
We call facets and ridges the faces of P of codimension 1 and 2, respectively.

We associate to such a polytope its Coxeter diagram, a labeled graph defined as follows. We refer to
the facets by progressive numbers 1, ..., k. The graph has a vertex for each facet, and if two facets i
and j intersect with dihedral angle 7 /m;;, then the edge joining the corresponding vertices has label 71;;.
If m;; = 2, the edge is conventionally omitted. If the supporting hyperplanes of i and j are tangent at
infinity, we label the corresponding edge with m;; = oco. Finally, a dashed edge is drawn between any
two vertices corresponding to ultraparallel facets i and j. The edge can be labeled by cosh(d;;), where
d;j is the distance between the supporting hyperplanes.

The Gram matrix G of the polytope is a real symmetric k xk matrix, defined as follows:

1 ifi = j;
0 Gy = —cos(mr/m;j) if the facets i and j intersect;
-1 if the facets i and j are parallel;
—cosh(d;j)  if the facets i and j are ultraparallel.

3A The polytope P

We now introduce a Coxeter polytope from [11].
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Figure 1: The projection of P onto the link L of its ideal vertex. The five faces of L and the two
interior regions are labeled with the corresponding facets of P: five noncompact (1, 2,4, 5, 6) and
two compact (3, 7).

Consider the following Coxeter diagram Dj:

This graph is the Coxeter diagram of a finite-volume arithmetic hyperbolic Coxeter 4-polytope P,
introduced in [11], which satisfies (a) and (b). Indeed, by [23, Chapter 1, §3], the ideal vertices correspond
to the maximal affine subdiagrams of the Coxeter diagram, and in D; we have exactly one of this kind
(see [23, Table 2]), spanned by the vertices 1, 2, 4, 5, 6. The subdiagram spanned by these vertices is the
Coxeter diagram of a Euclidean right prism over a triangle with interior angles 7 /2, 7w /4, /4, which is the
horospherical link of the ideal vertex of P. Arithmeticity can be verified using the program Coxlter [9; 10].

3B Visualizing polytopes with one ideal vertex

In order to better understand the geometry of the 4-dimensional polytope we just defined, it may prove
useful to project the compact boundary facets onto the horospherical link of the ideal vertex as follows.

Place the polytope P in the half-space model of H* with the ideal vertex at infinity, so that the
noncompact facets of P become vertical, and let  : H* — R3 be the orthogonal projection onto a
horizontal hyperplane, such as a horosphere or the ideal boundary. The image of P under & is the
three-dimensional link L of the ideal vertex, and the noncompact facets are mapped to its boundary.

We can compute the face lattice of P by enumerating all spherical subdiagrams of D, and therefore
determine the shape of the two regions associated to the facets 3 and 7 (Figure 1) by applying the
following result.
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Proposition 3.1 Let Z be an n-polytope in H" with one ideal vertex v. Let A be the link of v. The
images of the compact facets of Z under the projection onto a horosphere centered at v partition A into a
polyhedral complex, whose face lattice is combinatorially isomorphic to the lattice of compact faces of Z.

Proof We consider the half-space model where v is at infinity. We say that a k-subspace of the half-space
model is vertical if its ideal boundary contains v.

Let F be a compact k-face of Z. Then, in the half-space model, F' is supported on a k-hemisphere H.
Let X be the unique vertical (k+1)-space containing H. The face F is bounded by the supporting
(k—1)-spaces of its facets Fy,..., Fy,. Each F; lies on a unique vertical k-space S;. As such, F'is
the intersection of H and some hyperbolic half-(k+1)-spaces bounded by the S; and contained in X.
Let Pr be the Euclidean k-polytope obtained by intersecting the projections of these half-spaces on
the horosphere; then we have F = (Pg x (0, +00)) N H. Hence, the projection is a homeomorphism
between F' and Pr, which preserves facets. Since Z has only one ideal vertex, every compact face of Z
is contained in a compact facet. Hence, by induction on the codimension of faces, the projection preserves
the face lattice of the compact boundary of Z. a

Dihedral angles between facets of P are defined along ridges (codimension-2 faces), which appear in
Figure 1 either as 2-faces (if the angle involves a compact facet) or as edges of L (if the angle is between two
noncompact facets). We mark the former by coloring certain 2-faces of the projection, with the following
rule. Every 2-face corresponds to a ridge between either two compact facets or a compact facet and a non-
compact one. In the first case, we assign the dihedral angle to the 2-face, while in the second case, we assign
the doubled dihedral angle. We use yellow for 7r/2, red for /3, and we leave the 2-face transparent for 7.

This rule keeps track of the fact that, if we glue two copies of P along a noncompact facet F', the angle
along any ridge it shares with a compact facet gets doubled. For instance, the dihedral angle between
facets 1 and 7 is 7/4; when doubling P along 1, the angle becomes 7/2, so we color in yellow the
corresponding triangle in Figure 1.

Moreover, after doubling, some ridges end up with an angle of &, meaning that the compact facet is
coplanar with its mirrored copy. Leaving the 2-face transparent has the advantage of visually representing
when compact facets merge together in an arbitrary gluing of copies of P.

3C The construction of the polytope Q

In this section we will take 16 copies of P and we will glue them in order to form a bigger polytope Q.

Consider the subdiagram of D spanned by the vertices 1, 5, 6. This induces a subgroup G >~ Z, x Dy,
of cardinality 16, which is the stabilizer of a noncompact edge of P. This edge projects to the marked
vertex in Figure 1.

We can define a new polytope Q by taking the orbit of P under G. Equivalently, we glue 16 copies
of P along their noncompact facets 1, 5, 6 using the identity map. By construction, Q has exactly one
ideal vertex, whose link is a right prism C with a square base, obtained by placing 16 copies of L around
the marked vertex (Figure 2).
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Figure 2: On the left, the projection of Q onto the link C. The truncated octahedron corresponds
to a facet made of 16 copies of the facet 3 of P. The other § regions appear when copies of the
facet 7 merge together two at a time. On the right, we emphasize one copy of L inside C.

The facets 3 merge together into a single facet of Q (which we will also call 3), which projects to an
irregular truncated octahedron in C, with 8 hexagonal and 6 quadrilateral facets. The latter correspond to
ridges of O where the facet 3 meets the noncompact facets: the dihedral angles are 7/6 for the vertical
quadrilaterals and 7 /4 for the horizontal ones.

The height, width and depth of C are in a ratio of cos(r/4) : cos(7/6) : cos(r/6) = /2 : /3 : /3.
Indeed, suppose that C is the cuboid [—x1, x1] X [—x3, x2] X [—X3, x3]. Then, in the conformal half-space
model, each noncompact facet of Q is contained in the product of a facet of C and (0, +00). The facet 3
is supported on a hemisphere, which is centered at (0, 0,0, 0) by symmetry. It is not hard to see that,
if this hemisphere has radius r, then the acute angles with the supporting hyperplanes of the noncompact
facets of Q are 6; := arccos(x;/r). Hence, the cosines of the ; are in the same ratios as the x;.

Because of this, all symmetries of C must preserve or exchange the two horizontal faces. There are
16 such symmetries, and they are generated by reflections in the facets 1, 5, 6 of L, so they extend to
symmetries of Q and they form a group isomorphic to G. This group can also be defined a priori as the
group of symmetries of a combinatorial cube preserving or exchanging a certain pair of opposite facets.

Remark 3.2 The polytope C naturally tessellates R* by translations. This gives a tessellation into
truncated octahedra in the following way: some are centered and contained in the copies of C, as in
Figure 2, while the others are centered at the vertices of the tessellation; one-eighth of a truncated
octahedron can be seen near each vertex of C in Figure 2. The two types of truncated octahedra are
actually congruent, because of the symmetry of D that exchanges 3 and 7. Indeed, passing to the dual
tessellation by copies of C exchanges the two types of truncated octahedra.

4 Layered tessellations of 3-manifolds

In this section we will prove that if a flat 3-manifold N admits a tessellation in cubes with some properties,
then there is a cusp-transitive hyperbolic 4-manifold with cusp type N.
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Figure 3: Subdividing a layered tessellation. Special faces are colored green.

Definition 4.1 (layered tessellation) Let T" be a tessellation of a flat 3-manifold N into Euclidean cubes,
with some chosen special 2-cells. We say that T is layered if each cube has two opposite special facets,
and whenever two cubes Cy, C, share a facet F, the reflection through F sends the special facets of C;

to those of C,, and vice versa.

The above condition causes the special facets to fall into several embedded geodesic surfaces tessellated

by squares, in a discrete analog of a foliation.

Remark 4.2 We will only make use of the combinatorial properties of layered tessellations; hence, we
may define generalizations, such as layered tessellations by rectangular cuboids, in the same way.

Remark 4.3 A layered tessellation can be subdivided by replacing every cube with a block of nxnxn
cubes, n > 1, in which we mark as special all facets parallel to the two original special facets (see Figure 3).

Definition 4.4 We say that a layered tessellation is proper if
e every cube is distinct from its six neighbors, which are pairwise distinct;
e every vertex is distinct from its six neighbors, which are pairwise distinct.
Lemma 4.5 Every layered tessellation can be subdivided into a proper one.

Proof First, we realize each cube of the tessellation as a cube with side length 1. This gives a flat
Riemannian metric on a compact 3-manifold, which has an injectivity radius > 0. We then subdivide
the tessellation as in Remark 4.3, in such a way that the side length of the little cubes is less than . The
resulting tessellation is proper because, for every cube, the centers of it and its neighbors are contained in
an embedded ball, and a similar argument applies to the vertices. |

Theorem 4.6 Let N be a closed 3-manifold that admits a layered tessellation. Then there exists an
arithmetic cusp-transitive hyperbolic 4-manifold with cusp type N .

Proof By Proposition 2.3, it suffices to prove that there exists a 1-cusped developable reflectofold with
cusp type N, obtained by gluing copies of Q.
By Lemma 4.5, we may assume that the tessellation is proper.
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We have that N is obtained by gluing some copies of C along their facets, where the gluing maps are
restrictions of isometries of G': this gluing is induced by the layered tessellation, where the special facets
correspond to the horizontal facets of C. Since there is a natural correspondence between facets of C and
noncompact facets of @, and every isometry in G extends to Q accordingly, we can glue copies of Q in
the same pattern. This gives a 1-cusped reflectofold with cusp type N.

It remains to prove that N is developable. The facets of N are hyperbolic truncated octahedra, which
arise from the merging of 16 facets 3 or 7; we will call them of types 3 and 7 respectively. The former are
centered at the centers of the cubes, while the latter are centered at the vertices of the tessellation.

If a facet of type 3 were adjacent to itself, it would be so along a quadrilateral corner, and so it would
also occupy a neighboring cube. However, the two cubes must be distinct by properness of the tessellation.
A similar argument involving vertices works for facets of type 7.

As for angle consistency, if two facets of different type intersect, they do so in a hexagonal corner
with a dihedral angle of /2. If a facet intersects another of the same type, say 3, it must do so at a
single quadrilateral corner, since the neighbors of a given cube are pairwise distinct by properness; angle
consistency follows trivially. A dual argument deals with the case of two facets of type 7.

The 4-manifold thus constructed is arithmetic since it covers the arithmetic orbifold P. O

Corollary 4.7 Let N be one of the manifolds E, E,, E4, E¢, By, By, B3, B4. Then there exists a
cusp-transitive arithmetic hyperbolic 4-manifold with cusp type N .

Proof As shown in Figure 4, the manifold N admits a layered tessellation, so the result follows from
Theorem 4.6. o

5 The remaining manifolds

In this section we will construct cusp-transitive manifolds having the %—twist and %-twist manifolds as
cusp sections.

5A The polytope V

Let D, be the following Coxeter diagram:

The diagram D, is obviously connected, and we can check that its Gram matrix has signature (4, 1, 3) with
nonpositive off-diagonal entries; hence, by Vinberg’s theorem [23, Theorem 2.1], it defines a hyperbolic
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Figure 4: Layered tessellations for eight closed flat 3-manifolds. Labeled facets are glued according
to their labels, while unlabeled facets are glued to the opposite facets by translation. The fundamental
domains and gluing maps can be deduced from the algebraic descriptions of [4, Table 12].
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Figure 5: The projection of V onto the link K of its ideal vertex, with labels indicating the five
noncompact facets (1, 2, 6, 7, 8) and three compact facets (3, 4, 5).

Coxeter 4-polytope V. Using CoxlIter [9; 10], we find that V' has finite volume and is nonarithmetic.
Moreover, like the polytope P, it satisfies (a) and (b): there is exactly one ideal vertex, corresponding to the
unique maximal affine subdiagram of D, [23, Chapter 1, §3], which is spanned by 1, 2, 6, 7, 8. Its link K
is a Euclidean right prism over an equilateral triangle (Figure 5, obtained by using Proposition 3.1, and
colored with the rule of Section 3B).

From the diagram D5, we can see that the polytope V' has a symmetry o that exchanges the facets 1
and 2, 4 and 5, 7 and 8. This induces a half-turn rotation of K swapping each vertex with the other
one of the same color in Figure 5. This rotation is the only nontrivial color-preserving combinatorial
automorphism of K.

5B Marked tessellations of 3-manifolds

Mirroring the previous sections, we will prove that if a flat 3-manifold N admits a tessellation in prisms
over equilateral triangles with some properties, then there is a cusp-transitive hyperbolic 4-manifold with
cusp type N.

Definition 5.1 (marked tessellation) Let 7" be a tessellation of a flat 3-manifold V into right prisms over
equilateral triangles, such that the vertices are colored red, yellow or blue. We say that T is marked if the
vertices of each prism are colored as in Figure 5 (up to combinatorial isomorphism), and whenever two
prisms share a facet F', they are symmetrical with respect to F, including their vertex colorings.

Remark 5.2 Given a marked tessellation 7" and two natural numbers «, b, we can subdivide each prism
as follows. First, note that an equilateral triangle can be subdivided into a? triangles (whose sides are a
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Figure 6: Subdividing a marked tessellation (¢ = 4, b = 3). The pattern on the bottom face of the
prism works whenever a — 1 is a multiple of 3.

times smaller), by cutting it with three sets of equally spaced lines parallel to the sides; similarly, a prism
can be subdivided into @ thin prisms. Each of those can then be cut, parallel to the bases, into » equal
prisms. The new tessellation 7’ can be marked provided that b is odd and that @ — 1 is a multiple of 3
(see Figure 6 for the case a = 4, b = 3). Indeed, for each prism ¢ of 7', we now have b + 1 layers of
vertices of 7”. Tt is not hard to see that, whenever a = 1 (mod 3), there is a unique way to 3-color the
bottom layer consistently with the lower three vertices of ¢. Each subsequent layer will be the same as
the one below it, but with yellow and blue swapped. If b is odd, then the top and bottom layers are the
same with yellow and blue swapped, ensuring consistency with the coloring of ¢.

Remark 5.3 When gluing copies of V' along noncompact facets, the compact facets merge into two kinds
of new facets, which we can visualize with the help of the projection in Figure 5. The first kind arises
from 6 copies of the facet 3 around the white dot, while the second comes from 12 copies of the facet 4
or 5 around the corresponding yellow dot. Both kinds of facets are bounded.

Theorem 5.4 Let N be a closed 3-manifold that admits a marked tessellation. Then there exists a
nonarithmetic cusp-transitive hyperbolic 4-manifold with cusp type N .

Proof The proof is similar in many aspects to that of Theorem 4.6, so we will only go over the main
points. Again, by Proposition 2.3, it suffices to prove that there exists a 1-cusped developable reflectofold
with cusp type NV, obtained by gluing copies of V.
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1 : 1 .
g-tw1st g-tWISt

Figure 7: Marked tessellations for E3 and E's. Labeled facets are glued according to their labels,
while unlabeled facets are glued to the opposite facets by translation. The fundamental domains
and gluing maps can be deduced from the algebraic descriptions of [4, Table 12].

A marked tessellation of N induces a way to glue copies of V' along their noncompact facets; a key
fact is that every color-preserving combinatorial automorphism of K is induced by a symmetry of V.
This gives a 1-cusped reflectofold with cusp type N.

In order to ensure (EF) and (AC), it suffices that each facet of the reflectofold, together with its
adjacent facets, is inside an embedded ball. Indeed, this ensures that every facet is embedded and that
the intersection of two adjacent facets is a single corner. Since the facets are bounded by Remark 5.3,
this can be done by an argument involving the injectivity radius and a sufficiently fine subdivision of the
marked tessellation; the reflectofold constructed from the subdivided tessellation is developable.

The 4-manifold thus constructed is nonarithmetic since it covers the nonarithmetic orbifold V /{o),
where o is the order-2 isometry of V' defined in Section SA. |

Corollary 5.5 Let N be one of the manifolds E3, Es. Then there exists a cusp-transitive hyperbolic
4-manitfold with cusp type N .

Proof The manifolds E3 and E5 have marked tessellations, as shown in Figure 7; the result follows
from Theorem 5.4. O

6 Density

In this section we will strengthen the previous results by investigating the possible Euclidean structures
that can be realized by the cusp sections of a cusp-transitive 4-manifold, and we show how the same
techniques can be used in the 3-dimensional case. We have the following result:

Theorem 6.1 For every closed flat 3-manifold N, the set of flat metrics on N which can be realized as
cusp sections of a cusp-transitive 4-manifold is dense in the space of all flat metrics of N .
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Proof The argument is inspired by the proof of [19, Theorem 2]. We divide the proof into two cases: the
manifolds £y, E», E4, Eg, B1, By, B3, B4 (tessellated by cubes) and the manifolds E3, E5 (tessellated
by triangular prisms).

We start with the first case. Any flat metric on N is induced by a subgroup I' < Isom(R?). Generators
for I' are found in [19, Table 1] in the form (A4, #,), where 4 € O(3) and ¢, is a translation by the vector u,
denoting the map v — u + Av.

The group I' can be conjugated as in [19, pages 128—129] so that all the matrices A; are certain fixed
signed permutation matrices, which preserve the x axis, and preserve or exchange the y and z axes. In
this normalized form, the translation vectors have some zero entries, while the k-uple of the other free
entries can take any value in an open set of R¥, containing (R \ {0}). A dense subset of these forms can
be obtained by considering only vectors of the form

v = (\/Ea,-, «/gbi, «/gci),

where a;, b;, ¢; are in Q \ {0} or {0}, depending on whether the corresponding entry of v; is free or not.
Let IV be a group with parameters in this dense subset; we shall prove that the metric resulting from I'’
can be realized by a layered tessellation by copies of C (see Remark 4.2).

The group I' preserves a lattice of the form

{%(«/ﬁm, V3n,3p) | m.n, p e L,

where d is a common denominator of all the a;, b;, ¢;. Furthermore, it preserves a layered tessellation
of R3 by copies of C — having side lengths ~/2/d and v/3/d — with the special facets orthogonal to the
x axis; this is because the x axis is preserved by the 4;. This tessellation descends to the quotient R3/ T/,
The result follows as in Theorem 4.6.

As for the second case, we refer to [4, Section 4]. The space of flat metrics on N has two parameters:
in the hexagonal prism fundamental domains of Figure 7, they can be taken as the side length and height
of the prisms. When subdividing a marked tessellation in the proof of Theorem 5.4, we can choose two
parameters a and b provided that b is odd, @ — 1 is a multiple of 3, and they are sufficiently large. The
effect of these parameters is to multiply the side length and height of the fundamental domains by « and b
respectively. Since we can realize the tessellation with arbitrarily small copies of K, by choosing @ and b
in an appropriate way, we can approximate any values of the two parameters of the metric of N. The
result follows as in Theorem 5.4. d

6A Dimension 3

We consider the following diagram D3, found in [3, Appendice, Rang 4]:
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The corresponding Coxeter polytope Y is a finite-volume hyperbolic tetrahedron with one ideal vertex,
corresponding to the subdiagram spanned by 2, 3, 4; its link is an equilateral triangle. The polytope has
the properties (a) and (b).

Theorem 6.2 For every closed flat 2-manifold S (i.e., the torus and the Klein bottle), the set of flat metrics
on S which can be realized as cusp sections of a cusp-transitive 3-manifold is dense in the space of all flat
metrics of S.

Proof We begin by gluing six copies of Y around the edge between the facets 3 and 4. The resulting
polytope Z has one ideal vertex, whose link is a regular hexagon, and one compact facet, which meets
the other six facets at an angle of /4.

If S has a tessellation by regular hexagons, such that every hexagon is embedded, then we can glue
copies of Z along their noncompact facets in the same pattern. The resulting manifold with corners R is
a developable reflectofold: its dihedral angles are all equal to 2 - 7/4 = 7r/2, also implying (AC), and its
facets are embedded hyperbolic hexagons (EF). Moreover, the section of its unique cusp is isometric to .S
up to global rescaling. As usual, by Proposition 2.3, we can construct a cusp-transitive manifold which
covers R, with cusps isometric to S.

It remains to show that, up to arbitrarily small perturbations, every flat metric on the torus or the Klein
bottle admits a tessellation by regular hexagons.

First, consider a parallelogram fundamental domain D7 for the torus, and overlay it onto a tessellation
of small regular hexagons. We can perturb D7 by moving three vertices to the nearest hexagon center,
and the fourth in such a way as to make a parallelogram; the fourth vertex will also fall into the center of
a hexagon. This gives our desired tessellation.

As for the Klein bottle, the generic fundamental domain Dg is a rectangle, with two opposite sides 51, 5,
identified with a twist. We overlay Dg onto a tessellation of small regular hexagons with some sides
parallel to s1, 5. We can perturb Dg by translation or scaling along either axis, obtaining a rectangle
with all vertices at the centers of hexagons. Note that the tessellation is symmetrical with respect to the
line joining the midpoints of the perturbed s and s,. Hence, we have a tessellation of the Klein bottle. O

7 Lots of manifolds

In this section we prove the following theorem.

Theorem 7.1 For every closed flat 3-manifold N, there exists a positive constant ¢ such that, for
sufficiently large V > 0, there exist at least V¥ complete hyperbolic 4-manifolds with pairwise isometric
cusps of type N and volume < V.

Proof Let R be a reflectofold constructed as in the proof of Theorem 4.6 or 5.4 (according to N'). Let D
be the Coxeter diagram with one vertex for each facet of R, where if two facets meet with dihedral
angle of 7/ k (respectively do not intersect), the corresponding vertices are joined by an edge labeled &
(respectively a dashed edge).
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If R is constructed from a sufficiently fine subdivision of a tessellation, then the diagram D is connected.
Indeed, two nonadjacent facets are connected by a dashed edge, while for any two adjacent facets F, F’
there exists a third one not adjacent to them (in the projection onto the link, it can be found in a large
embedded ball centered on, say, F'). As a consequence, we can also assume that D has a dashed edge.

Let G be the Coxeter group associated to D. It is neither affine nor spherical, since D has a dashed
edge (compare [23, Tables 1-2]). By [17, Corollary 2], G has a finite-index subgroup H with a quotient
isomorphic to the free group F,. Since H is a subgroup of a Coxeter group, it has a torsion-free
subgroup H' such that d :=[G : H'] < +00. The image of H' in F, is free of rank at least 2, so H’ also
has a quotient isomorphic to F». By [18, Theorem 2], there exists a constant & > 0 such that F, has at
least ar - ! subgroups of index < r. Hence, by pulling back to H’, we obtain at least ar - r! torsion-free
subgroups of G of index < dr. These correspond to manifold covers of R with degree < dr, which have
pairwise isometric cusps of type N by construction. As in the proof of Proposition 2.3, we can show that
these manifolds are complete.

Let v be the volume of R and let V' := vdr. Then our manifolds have volume < V. Using Stirling’s
approximation, we have the following estimate (for some k, k', ¢ > 0 and for r large):

log(ar -r!) =loga + logr +logr!

=loga +logr +rlogr—r + O(logr)
> krlogr

Hence, we have at least V¢V torsion-free subgroups of G. The associated manifolds (of volume < V)
are not necessarily distinct; however, the same estimate holds on the number of isometry classes, with
a smaller constant c¢. Indeed, if G is nonarithmetic, we conclude with the same argument of [2, “the
lower bound”] using Margulis’ theorem on the commensurator [16, Theorem 1, page 2], while if G is
arithmetic, we conclude as in [1, Section 5.2] using the Kazhdan-Margulis theorem. |

Remark 7.2 Since we take subgroups of G which are not necessarily normal, the group G does not act
on the associated covers. Hence, we do not necessarily get cusp-transitive manifolds.
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Finiteness conjecture for 3-manifolds obtained from handlebodies
by attaching 2-handles

HIROAKI KARUO AND ZHIHAO WANG

We study a generalized Witten’s finiteness conjecture for the skein modules of oriented compact 3-
manifolds with boundary. We formulate an equivalent version of the generalized finiteness conjecture
using handlebodies and 2-handles, and prove the conjecture for some classes with the handlebodies of
genus 2 and 3 using the equivalent version.

1 Introduction

Let R be a commutative unital ring with a distinguished invertible element ¢ and M be an oriented 3-
manifold with (possibly empty) boundary 0M . The skein module of M , denoted by .7, (M ), is introduced
as the R-module generated by isotopy classes of framed links (including the empty set) in M subject to

X=q><+q_lx, =(—¢*—q7?) :

where, in each relation, the local pictures are the intersection of framed links and an open 3-ball in M

the relations

and the framed links are the same except where shown.

For an oriented surface X, when we replace M with X x [0, 1], it allows multiplication on the skein
module by stacking with respect to [0, 1]. With this multiplication, the skein module of X x [0, 1] is called
the skein algebra of X, denoted by .74 (X).

When we substitute +1 to g, we have

K-=)CEX-X

This implies skein algebras are commutative at ¢ = 3=1. In addition, skein modules are commutative
algebras by taking the product of two framed links as a disjoint union of them. In particular, in the case
when R = C, we have .41 (M)/+/0 is isomorphic to the coordinate ring of the SL,C-character variety
of 71 (M), where /0 is the nilradical [3; 4; 19].

For any 3-manifold M, the skein algebra .#;(dM ) has an obvious action on .7, (M ). We will use *“-”
to denote this action. More precisely, we identify a small closed regular neighborhood U of dM with
OM x [0, 1] such that 0M x {1} is identified with dM . Then for any skeins « in M X [0, 1] and B in M,
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1096 Hiroaki Karuo and Zhihao Wang

we first push B away from U, then define « - B = o U B. With this action, .#; (M) can be regarded as a
S4¢(0M )-module.

Skein modules have various features according to the ground ring R. For instance, when R = Q(g)
the field of rational functions in ¢ over Q, it was conjectured that skein modules of closed 3-manifolds
are finite dimensional; this was known as Witten’s finiteness conjecture. After some partial results
[6; 7; 8; 10; 11; 16], the conjecture was solved affirmatively in [9].

Theorem 1.1 (Witten’s finiteness conjecture [9]) For any oriented closed 3-manifold M , the skein module
of M has finite rank over Q(q).

As a generalization of this conjecture, the following conjecture was formulated by Detcherry [7].

Conjecture 1.2 (finiteness conjecture for 3-manifolds with boundaries) For any oriented compact 3-
manifold M with (possibly empty) boundary M, the skein module .74 (M) has a finite subset which
spans /4 (M) over the Q(g)-algebra 7, (0M'), where if IM = @ then we regard ./, (0M) = Q(q).

There is a stronger version of Conjecture 1.2 proposed by Detcherry [7].
Except for closed 3-manifolds, it is known that Conjecture 1.2 holds for

e F %[0, 1] with a compact oriented surface F (by definition),
¢ Seifert fibered manifolds with orientable base and nonempty boundary [2],

¢ the complement of a torus knot, a 2-bridge link or a (-2, 3, 2n-+1)-pretzel knot in S3[12;13; 14; 15],

and their proofs are based on diagrammatic techniques.

For a general 3-manifold M with nonempty boundary, Conjecture 1.2 is more complicated than
Witten’s finiteness conjecture since we have to treat infinitely many skeins near the boundary. While
there are some techniques to understand which skeins are near the boundary, the techniques do not apply
to general cases, especially 3-manifolds having higher genus surfaces as their boundaries. This paper
aims to solve an equivalent and tractable version of Conjecture 1.2 with a handlebody and 2-handles
(Theorem 2.3). The idea comes from the fact that any oriented connected compact 3-manifolds are obtained
from handlebodies by gluing 2-handles up to 3-balls; see Section 2.1. With the equivalent version and
diagrammatic techniques, we show Conjecture 1.2 affirmatively for some 3-manifolds with boundary and
with Heegaard genus 2 or 3 (Theorem 2.13). In particular, the boundary of each 3-manifold in the case of
genus 3 is the closed surface of genus 2. This is the first nontrivial example for Conjecture 1.2 with higher
genus boundary surfaces. This implies that the examples are not covered by the listed previous results.

2 Finiteness conjecture
2.1 Equivalent versions for the finiteness conjecture

In the following, we use N to denote the set of nonnegative integers and work on R = Q(g) unless
otherwise specified, where Q(qg) is the field of rational functions in ¢ over Q.

Algebraic € Geometric Topology, Volume 26 (2026)



Finiteness conjecture for 3-manifolds obtained from handlebodies by attaching 2-handles 1097

Let M be an oriented connected compact 3-manifold, and let C be a collection of disjoint embedded
closed curves in M. We use M ¢ to denote the 3-manifold obtained from M by attaching 2-handles
along all the closed curves in C, and call the pair (M, C) an attaching system. Let 1 : M — M¢ denote
the natural embedding and ¢y : .7 (M) — .#,(M°) denote the induced homomorphism. Let .7, (0M )¢
be the Q(g)-subvector space of .7, (0M) linearly spanned by all diagrams in dA having no intersection
with C. Clearly ., (0M )¢ is a subalgebra of .7, (M ).

For any Q(g)-subalgebra A4 of /;(dM) and any nonempty subset X of ./, (M), define

A-X={a1-x1+-"+an‘xn|”€N’ a,'GA, Xx; € X, lfifi’l},

which is a Q(g)-subvector space of .7, (M) (when n = 0, we define a; - x; + -+ ay - X, to be 0).
For any nonnegative integer g, let Hg denote the handlebody of genus g.

Conjecture 2.1 For any attaching system (M, C), there exists a finite subset ¥ of .7, (M) such that
t(Fq(OM)c-Y) = yq(Mc)-

Let us focus on a special case with handlebodies.

Conjecture 2.2 For any attaching system (Hyg, C), there exists a finite subset X of .;(Hj) such that

Let rank 3 ./, (M) denote the minimum number of generators of ., (M) as an .4 (dM )-module if
the minimum number exists and oo otherwise. Note that if /(M) is a free .7;(0M )-module then
rank 3 %4 (M) is equal to the usual rank over .4 (dM).

Theorem 2.3 (1) Ifthe attaching system (Hyg, C) satisfies Conjecture 2.2 then H, g satisfies Conjecture 1.2
and
rank yq(Hg) <|X]|.

(2) For any attaching system (M, C), if M satisfies Conjecture 1.2, then (M, C) satisfies Conjecture 2.1.

(3) Conjectures 1.2, 2.1 and 2.2 are equivalent to each other.

Proof (1) It suffices to show .4 (0Hg)c is generated by t4(X) over .7 (8H§). For any diagram L
in dHg having no intersection with C, and any element x € X, t4x(L - x) = t4(L U X) = 1(L) U 14(x),
where ((L) C 8H§. Thus 1« (L - x) € 7 (8ch) -1x(X). Then the definition of ., (0Hg )¢ and the fact
1 (Fg(0Hg)c - X) = .7 (Hg) imply .7, (8H§) (X)) =7 (Hg). The required inequality follows from
the argument.

(2) From Conjecture 1.2, we know there is a finite subset Z of .7, (M €) such that Fq(OM €).Z= Fg(M ).
Since tx @ Sy (M) — 4 (MF) is surjective [18], there exists a finite subset ¥ of #;(M) such that
1x(Y) = Z. Note that M€ is obtained from dM in the following way. For a small open neighborhood
N(C) of C, dM \ N(C) is a surface with 2|C| circle boundary components. Then, dM € is obtained from
M \ N(C) by gluing 2|C| disks along all these circle boundary components. Thus any diagrams in dM €
can be pushed into dM \ N(C). Then we have .74 (M€) = 7, (0M) - Z C 1,(#3(0M)c - Y).

Algebraic € Geometric Topology, Volume 26 (2026)
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(3) From (2), we know Conjecture 1.2 implies Conjecture 2.1. Obviously, Conjecture 2.1 implies
Conjecture 2.2. Note that for any oriented connected compact 3-manifold M, there exists an attaching
system (Hyg,C) such that M (maybe after cutting out some open 3-balls) is isomorphic to H, C: see, e.g.,
[20, Theorem 3.1.10]. Then from (1), Conjecture 2.2 implies Conjecture 1.2. O

Proposition 2.4 Suppose Conjecture 2.1 holds for an attaching system (M, C), and ¢ is any diffeomor-
phism from M to itself. Then Conjecture 2.1 also holds for (M, ¢(C)).

Proof For any subset Y of .7, (M), we have ¢« (4 (0M )c-Y) = 74 (0M )y (c) - o= (Y). |

Proposition 2.5 IfC consists of closed curves such that all the curves bound embedded disks in Hg, then
Conjecture 2.2 holds.

Proof Any skein in Hg is a linear sum of skeins in Hg having no intersection with the embedded disks
bounded by closed curves in C; see [18, Theorem 6.3]. Then we can set X = {J}, where @ represents
the empty skein. a

Let o be an embedded closed curve in a surface . We say « is trivial if it bounds an embedded disk,
and say « is separating if ¥ \ @ has one more component than X.

Define n(C) to be the maximum number of nontrivial and nonseparating closed curves which are
mutually not isotopic in C.

For any connected surface X, let g(X) denote the sum of genera of all the connected components of 3.

Corollary 2.6 Conjecture 2.2 holds when g(0Hg) = n(C) and C generates H;(Hyg).

Proof We know ch has the same skein module as a closed 3-manifold, where ch is a closed 3-manifold
minus 3-balls. Then Theorems 1.1 and 2.3 complete the proof. |

Let (M1,Cy), (M>,C,) be two attaching systems. For each i = 1,2, suppose D; is an embedded disk
in dM; such that D; has no intersection with C;. We use an orientation reversing diffeomorphism to
glue D; and D,. For the pair D = (D, D;), denote the resulting 3-manifold as M #p M>, and the
gluing disk, denoted as D, is a properly embedded disk in My #p M,. For each i = 1, 2, suppose D;
is contained in the boundary component U;. Consider (M #p M;,C) with C = C; U, if Ml.ci has a
sphere boundary component containing D; fori =1 or 2, or C = C; U C U {dD} otherwise.

Proposition 2.7 If Conjecture 2.1 holds for both (M1,Cy) and (M>,C,), then it holds for (M1 #p M;,C).

Proof Suppose Mici has a sphere boundary component containing D; for i = 1 or 2. Without loss of
generality, we assume that Dy lies in a sphere boundary component S2 of M IC '. By applying the sphere
sliding, explained in the Appendix, to any skein & in (M7 #p M>)C, we get, in 7, (M #p M»)°), « is
a linear sum of skeins having no intersection with D. Then the assumption implies Conjecture 2.2 holds
for (M1 #p M, C).

Suppose C = C; UC, U{dD}. For this case, dD € C. The same argument, as above, works by doing
handle sliding along the 2-handle attached to dD; see also [18]. O

Algebraic € Geometric Topology, Volume 26 (2026)
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Dy (2D D
A

Figure 1: Left: a pair of pants with a part of the dual graph (the blue graph). Middle and right: each
bold arc is an embedded arc in a pair of pants whose endpoints avoid the part of the dual graph.

2.2 Dehn-Thurston coordinates

In this subsection, we recall the definition of Dehn—Thurston coordinates; see, e.g., [17] for more details.
A multicurve on a surface is a disjoint union of simple closed curves on the surface. A multicurve is

essential if it has no null-homotopic component.

3g—
i=1
closed curves on X, such that any two of them are not homotopic, known as a pants decomposition
of Xg. Take a small closed neighborhood N(C;) of C; in g (i =1,...3g — 3). After we remove

|_|?i I3 Int N(C;) from X, the resulting surface is a disjoint union of pairs of pants, where a pair of

Let X, denote the orientable closed surface of genus g and {C;} 3 be the set of nontrivial simple

pants is a surface homeomorphic to $2 minus 3 open disks. A dual graph is a trivalent graph I on g
such that C; (i = 1,...,3g —3) intersects with I" just once and the intersection of I" and each pair of
pants has just 1 trivalent vertex.

For a multicurve y on Xg, let n;(y) (i =1,2,...,3g —3) be the geometric intersection number of C;
and vy, i.e., the minimum of the intersection number of C; and 3’ among 3’ homotopic to y'.

For an essential multicurve of X, it is in general position if each component of the intersection of the
multicurve and the pairs of pants of X\ ([_]fi T3
Here, any simple closed curve parallel to C; is in N(C;). We also impose that it intersects with C; and I"

Int N (Ci)) is one of the curves depicted in Figure 1.

transversely. It is known that one can isotope any essential multicurve to be in general position and an
essential multicurve y in general position realizes the geometric intersections, i.e., n;(y) = #{y N G;}.
We isotope an essential multicurve y to be in general position, denoted by y’. Let #;(y) (i =1,...,3g—3)
be the geometric intersection number of ' N N(C;) and T' N N (C;) if ' N N(C;) consists of only loops,
and be the oriented intersection number of ¥’ N N(C;) and ' N N(C;) defined by summing +1 (resp. —1)
for >< (resp. >< ) over all crossings, where the blue curve is I' N N(C;) and the red curve is a part
of ¥ N N(C;) and the orientations of I' N N(C;) and all the arcs of ' N N(C;) are assigned to be
inward/outward on the same boundary component of N (C;). It is known that #; () is well defined. The
Dehn—Thurston coordinate of an essential multicurve y with respect to {C;} and I" is the coordinate

1Y), 133V 11 (V) 13g—3(y)) € NP6 x 23873,

In the following, we abbreviate it to the DT coordinate and let DT(y) denote the coordinate of y. It is
known that there is a one-to-one correspondence between the set of the DT coordinates of essential
multicurves on X and the set of isotopy classes of essential multicurves on Xg.

Algebraic € Geometric Topology, Volume 26 (2026)
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Figure 2: The bold curves on dH; are Cy, C3, C, from left to right and the blue graph is a dual graph.

We will use the pants decompositions depicted in Figures 2 and 5 for dH, and dH3, respectively.

2.3 Generating sets and bases for H, and H;

For any nonnegative integer m, let ' denote the surface obtained from § 2 by removing m open disks.
Then Hy can be regarded as EgH x [0, 1].

Let x, y, z be the peripheral loops of 2(3) depicted as in Figure 3. We also use x, y, z to denote diagrams
on T3 x {1} C 3(E3 x[0, 1]) = dH,. So we can also regard x, y, z as elements in .7, (3H>).

The ground ring R equals Z[g*!] (the Laurent polynomial ring in ¢ with integer coefficients) in
Lemmas 2.8-2.10. The following result is well known.

Lemma 2.8 The skein algebra .7, (X (3)) is isomorphic to R[x, y, z].

For a polynomial P(x, z, y) = Zi’j’k c(i, j,k)xz/ yk e Q(g)[x, z, y]. ¢, j. k)€ Q(q),its (x, z; y)-
degree is the maximum number among i + j + 2k with ¢(i, j, k) # 0.

Let s, 52,53, 512,513,523, 8123 be the simple closed curves in Zg as depicted in Figure 4.

For later convenience, for any k= (ki.ka k3, k12, k13, ka3, ki23) € N7, put

k. ki ko k3 kis kiz Koz k 4
5T =87, %85780,7803° 5,30 5155 € S (),
2-1) s(k) :=3(ky +ky + ks +kia3) +4(k12 + ki3 + ka3),

§'(k) 1= 2(ky +k2) + k3 + 2k12 + 3(ky3 + ko3 + k123).
Let A denote the subset of N7 defined by

A = {(ky1, ko, k3, k12, ki3, ks, k123) € N7 | kyaky3kas = 0}

Figure 3: X7 and algebraic generators x, y, z in ;.

Algebraic € Geometric Topology, Volume 26 (2026)



Finiteness conjecture for 3-manifolds obtained from handlebodies by attaching 2-handles 1101

Figure 4: The algebraic generators 51, 52, 3, S12, 513, 523, S123 Of Yq(Zg).

Lemma 2.9 [5] As a free module over R, the skein algebra yq(Zg) has the basis {s]; | k e A}.

Lemma 2.10 [S] When g = 1, the skein algebra .7} (Eg) is a commutative algebra over 7. generated by
S1, 82, 83, S12, $13, 523, S123 subject to

2 2 2
$12513823 = 875 + 873 + 853 +512(5152 +535123) + 513(5153 + 525123) + 523(5253 + 515123)

2 2 2 2
+ 5152838123 + 87 + 55 + 85 + 57,3 — 4.

For an essential multicurve y in Eg, let m;(y) denote the geometric intersection number of y and the
i-th edge in Figure 5. Put

(2-2) m(y) = (my(y),ma(y),ms(y).ma(y).ms(y),me(y)) € N,
(2-3) sum(y) :=my(y) + ma(y) +m3z(y) + ma(y) +ms(y) +mg(y).

Then we have

17’1(81) =(1,1,0,0,0,1), }77!(52) =(0,1,1,0,1,0), I’71(S3) =(0,0,1,1,0,1),
r71(s12) =(1,0,1,0,1,1), ﬁa(s13) =(1,1,1,1,0,0), rﬁ(S23) =(0,1,0,1,1,1),
m(s123) = (1,0,0,1,1,0).

For any ke N7, it is easy to show that s(lz) is the sum of all the entries of
(2-4)  kim(sy) +kam(sz) + kam(s3) + ki1am(s12) + k1am(s13) + kazm(s23) + k1237 (s123).

Lemma 2.11 For any distinct u, v € A, the values (2-4) for i and v are also distinct.

Figure 5: Left: Eg with edges giving a triangulation of IntEg. The edges are numbered as in the
picture. Right: a pants decomposition {C,'}f=1 for 2(3’ and a dual graph (the blue graph). Each C;
corresponds with the i-th curve.
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Proof One can show that, by regarding

m(sy), m(sa), m(s3), m(s12), m(s13), m(s3), m(s123)
as vectors and removing one of m(s12), m(s13), m(s23) from them, the remaining vectors are linearly
independent, and

(2-5) m(s1) +m(s2) + m(s3) —m(si2) —m(sy3) —m(s23) +m(s123) = 0.
Suppose
kimi(sy) + kami(sy) + kam(ss) + ki2mi(s12) + ki3m(s13) + kasm(s23) + ki23m(s123) =0
for (k1,ks,k3,k12.k13,k23.k123) € Q7. The above shows the solution space of (2-5) is 1-dimensional, i.e.,
(k1,k2, k3, k12, k13, ko3, k123) = c(1,1,1, -1, -1, -1, 1),
where ¢ € Q. Thus
(2-6) k12,k13,k23 =0 orkip,k13,k23 = 0.
Assume there exist distinct #, 0 € A such that the values (2-4) of u# and v are the same. Then we have
(2-7) (w1 —v))m(sy) + (ua —v2)m(s2) + (uz —v3)m(s3) + (w12 — vi2)k12m(s12)

+ (u13 —ky3)m(s13) + (23 —v23)(523) + (U123 — v123)171(5123) = 0.
If (u12 —v12)(u13 — v13)(u23 — v23) = 0, then linear independence discussed above shows # = v. This
contradicts with the assumption that i # v. Suppose (112 — v12)(u13 —k13)(U23 — v23) < 0. Since
u€ AN, ie., ujpuizurz = 0, we suppose u1, = 0 without loss of generality. Since u1y —via # 0, we
have vy, # 0 and 1, —v1 < 0. Then vy3 = 0 or vy3 = 0 from v € A. We suppose vy3 = 0. Since
u13—v13 # 0, we have 113 # 0 and uy3 —vq3 > 0. By combining (2-7), #1, —v12 <0and u13 —vy3 >0,
the assumption contradicts with (2-6). O

Remark 2.12 Lemma 2.11 implies the independence of the basis elements in Lemma 2.9.

2.4 Proof of the finiteness conjecture for a family of 3-manifolds
In this subsection, the goal is to prove the following theorem.

Theorem 2.13 Let y C 0Hg be a simple closed curve and Hg denote the resulting 3-manifold obtained
from Hg by attaching a 2-handle along y. If y satisfies one of the following conditions, the finiteness
conjecture holds for H} , where the DT coordinates are with respect to the pants decompositions and the
dual graphs defined in Figures 2 and 5.

Case 1 g = 2 with one of the following:
e DT(y) = (n,n,2n,t,1t,t) where t1t, > 0 and n = |2t, + t1| (symmetric),
e DT(y)=m+m,n,2n,t,0,0) or (n,n+m,2n,t,0,0) where t € {n, —n},
e DT(y) = (ny,n,,2,£1,+1,0),

wheren € Z>1,m,ny,ny € N.

Algebraic € Geometric Topology, Volume 26 (2026)
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Figure 6: Each circle with nonnegative integer k represents k parallel copies of the corresponding
arcs. Each coupon in the picture represents certain number of horizontal lines connecting the
endpoints on the left side of the coupon and those on the right side of the coupon. Left: the red
curve is the gluing curve y whose DT coordinate is (n, n, 2n, t1, t1, t). Right: the red curve is the
gluing curve y whose DT coordinate is (n + m, n, 2n,n, 0, 0).

Case 2 g = 3 with one of the following:
e DT(y)=(,n,n+m,m+1,n+1,m,0,0,0,1,1,0) or (1,n,n+m,m+1,n+1,m,0,0,0,—1,—1,0),
e DT(y)=(n+m,m,0,n,n,m+2n,t,0,0,0,0,0),

where n,m € Z>. In particular, ranka(sz) =1 in the second case of Case 1 and ranka(H;) =1 for
both two cases in Case 2.

For convenience, we will use two different framings for curves on dH, in the proof. The framings of
all gluing curves (drawn in red) on the boundary in Theorem 2.13 are the usual blackboard framings. On
the other hand, other boundary curves in Theorem 2.13 are equipped with the blackboard framings with
respect to the projection H, = E‘g-"l x[0,1] = Eg“.

Proof The first case in Case 1: We can assume both #; and #, are nonnegative integers since the proof
in the case that they are both nonpositive integers is similar. The red curve in the left of Figure 6 is
the gluing curve y. Note that the green curve «; and the blue curve a5, respectively, correspond to
x and z in fq(Zg)(z 4 (H>)) depicted in the left of Figure 6. Since the green curve and the blue
curve do not intersect with the red curve, x,z € .%;(0Hg),. Obviously we have y € /;(0H,),. Set
X ={l,y,--+,y" 1} C 7, (H,). Then it suffices to show .7, (0H), - X = yq(Eg)(: Sy (Hy)) as
Q(g)-vector spaces. As we mentioned, oy = x, ay =z, y € S (0H3), - X. Fix2 <k <2n—1 and
assume that xklzkzyk3 € .%4(0H3), - X for any solutions of ky + k, +2k3 <k (ky, k2, k3 € N). For
ki, ks, k3 € N satisfying k = k| + ky + 2k3, consider o/f‘ozlzcz -yk3. From the geometric intersection
numbers in the DT coordinates of o1, oy and y,

(2-8) ozlf‘ 0/2(2 -yk3 = Z clky, ky, kssi, J, l)xizjyl + (lower (x, z; y)-degree terms),
k=i+j+21

where c(ky, ko, k331, j.1) € Z[g*'] € Q(g). When we substitute 1 to ¢, .7 (H>) is a commutative
algebra and we have allclalzcz - yks = xkizk2 yks ¢ 7, (H,). With the lexicographic order on (ky, k2., k3),
the coefficient matrix (c(ky, ko, k3;1i, j,[)) obtained from the highest terms in (2-8) is full rank since it
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Figure 7: The red curve is the gluing curve y with DT(y) = (4,3,2,1,1,0).

will be the identity matrix by substituting 1 to ¢, where (c(ky, k2, k3;1, j, 1)) is a square matrix whose
rows and columns run over all solutions of k = k1 + ky + 2k3 and k =i + j + 2/, respectively. This
implies that xk1z%2 yks ¢ Fq(0H)y - X

Fix k > 2n. Assume that x%1 k2 yk3 ¢ Sq(0H3)- X forany ky, ko, k3 € N satistying k1 +k,+2k3 <k.
Consider ozllCl 0/2(2 -yk3 for ky,ky, k3 € N satisfying k = ki + k» + 2k3 and k3 < n. Also consider
ymalflalzcz-ykrm” forky, ky, k3, me N satisfying k = k1 +k,+2k3, k3 >nand 0 <kz—mn <n. When
we substitute 1 to g then we take the absolute value of coefficients, we have the (absolute valued) coefficient
matrix (i ?), where I is the identity matrix and 7 is obtained from a triangular matrix whose diagonal
entries are 1 by interchanging some rows. Since the matrix is full rank, x¥1z52 yk3 ¢ Sq(0H3)y - X.

The second case in Case 1: The red curve in the right of Figure 6 is the gluing curve with the DT
coordinate (n + m, n,2n,n,0,0). We only prove this case since a similar discussion works for other
parallel cases. The green curve « in the right of Figure 6 shows x € ./, (dH>),. The blue curve f in the
right of Figure 6 shows y € .#;(0H>),. Obviously we also have z € ./, (0H,),. We set X = {&}. For
any k1, k;, k3 € N, we have

Zkzﬂk3(xkl O = xklzkzyk3 S yq(aH2)V X

In particular, ranka(sz ) = 1 in this case.

The third case in Case 1: We only prove DT(y) = (n1, 13,2, 1, 1,0) since a similar argument works
for other parallel cases. For the reader’s convenience, the red curve in Figure 7 is the gluing curve with
ny=4,n,=3.1fny =0o0rn, =0, it is covered by Corollary 2.6. Suppose n11, # 0. Let o1, @ and o3
denote simple closed curves on dH, whose DT coordinates are (n,0,0,1,0,0), (0,7,,0,0,1,0), and
(1,1,2,0,0, 1), respectively. Note that o; does not intersect with y, i.e., a; € .74 (0H,), fori =1,2,3.
In .7, (H,), we have

oy =up, X"+ FuiX +ug. 0y =g, 2"+ viz 400, @3 =qy+q " xz,
where u,, and vy, are nonzero elements in Q(g). Set

(2-9) X ={xkzk | k; eN, ki <nj—1fori =1,2}.
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Figure 8: The red curve is the gluing curve y. The green curve in the left picture is oy and the
green curves in the right picture are «, and a3.

To show
(2-10) (xk1z%2 | ey ky e NY € 7, (0H,), - X,

assume that, for k > 1, xk1k2 ¢ Sq(0H3), - X forany ky,ky € N with ky 4k, <k. For ki, k, € N with
ki +k, =k, consider a'lnla'znzxkl_m”“zkz_mz”z, where m; € N satisfies 0 < k; —m;n; <n; (i =1,2).
Then, we have

ajtey? xfmmam Jke—many — gegka ke (lower (x, z; p)-degree terms),
where ¢ € Z and y does not appear on the right-hand side. Hence, x¥1z%2 ¢ Sq(0H3),- X, i.e., (2-10) holds.
Fix k& > 1 and suppose that x%1 %2 k3 ¢ Sq(0H3), - X for any ky,ky € N, k3 < k. Then, we have

k ki

oy X ke = gexha ke

yk + (lower y-degree terms),

where ¢ € Z. This implies that x¥1z%2 yk ¢ Fq(0H,), - X.

The first case in Case 2: We only prove the case when DT(y) = (1,n,n+m,m+1,n+1,m,0,0,0,1,1,0).

We will use the elements oy, 3, @3, @12, 0013, @23, ®123 € 4 (0H3), which are shown in Figures 8, 9, 10.
We set X = {@}. For any ki, k,,k3 € N, we have af‘a§2a§3 ‘@ = siﬂsl;zs? € 4 (0H3)), - X.
For any k € A, we define

deg(s];) = (k),

-

k

where s’ (12) was defined in (2-1). We will use mathematical induction on deg(sk) to show s” is an element

of .74 (0H3)y, - X for any k e A.

Figure 9: The green curve in the left (resp. right) picture is o1, (resp. ®23).
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Figure 10: The green curve in the left (resp. right) picture is a3 (resp. o123).

We will use Lemmas 2.14 and 2.15 in the rest of the proof, and will prove them in Section 3.

Lemma 2.14 For anylz = (k1.ka., k3, k12, k13, k23, k123) € N7, suppose there exists a finite subset A
of A such that

k123 k1> ki3 koz . ki k» k3zy _ u
2-1D) 053 Oy 03 03 (577 857857) = *ZA Cas™,
uelg

where 0 # Cj; € Z[q*] for any ii € Ay. Then, we have deg(s’_i) < s’(lz) forany i € Ay.
Lemma 2.15 Suppose ¢ = 1. For any positive integers k15, k13, k23, we have

sgzsffs];? = > Cﬁsﬁ + (terms with degrees less than 2k, + 3(k13 + k23)),

ﬁGAo
where A is a finite subset of A such that, for any it = (uy,u,, U3, u12,U13,423,Uu123) € Ag, we have
deg(it) = 2k + 3(k13 + ka3) and uy3ua3 < kyzkos.

Assume that 5K € S4(0H3), - X for any k € A with deg(s¥) < k. For any
U = (v1, V2,3, V12, V13, V23, V123) € A
with deg(s'j) =k, Lemma 2.14 implies that
(2-12) o) P e el Ban2 - (s)1sy2s5%) = ﬁZ Cy 5" + (lower degree terms).
ueA
deg(s¥*)=k
We consider a total order on N7 defined by the lexicographic order with respect to
(v13v23, V123, V23, V13, V12, V3, U2, V1),

where (v, V2, V3, V12, V13, V23, V123) € N7, Then this order induces the total order on {s‘7 lueA, deg(s’;) =k}.
When ¢ = 1, note that the left-hand side of (2-12) is equal to

v V12 V13 v vy U2 U3
(2-13) (5123 +51253) 1235575, 5° (523 + 52853) 238, 15,75,
v v . . . .
CONZ &2 0123\ (V23 viaz—i viaH (Vi3 (V23— (Vi Vot v3tit)
= 2. i j )%23 12 13 523 1 5 3 ’
i=0,=0

where the coefficients denote binomial coefficients.
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In the case when vy, = 0 and vy3v,3 # 0, we have

A E V123 U23
v123—i vi2+i v13 v23—j v v2+j v3tit)
ZZ( ; )(] )5123 S127 0 S137 %23 TSy Sy T 83

i=0 ;=0
V23 U23
_ V123 V13 V23—J V1 v2t+j v3t+it)
_Z(j )3123 S137 8230 TS Sy TS
j=0
FLEgEs V123 U23
vi23—i i v13 v23—j v v2+j v3ti+j
+ZZ( ; )(] )5123 S12513" 8230 T 81 Sy 7 83 :
i=1j=0
The highest term of

v23
V23 '\ w123 w13 Jv23—j 1 2+ v3+i+j

Z(j )3123 S137 8230 T 8 Sy S

j=0

V123 V13 V23 V1 V2 U3 : 5 :
123 513 833 81 8,°85" . Lemma 2.15 implies the highest term of

pLEgER V123 U23
vi23—i i V13 v23—Jj v1 v2+j v3ti+j
ZZ( i )(] )5123 S125137 5237 7 81 Sy S

i=1j=0

with respect to the total order is s

with respect to the total order is lower than 5133’ s73°553°s]"s,%s5°. Thus the highest term of (2-13) with
V123 V13 V23 V1 V2 U3

123 513 523751 S27 537

In the case when v{3v,3 = 0, it is easy to see that the highest term of (2-13) with respect to the total
V123 (V12 V13 V23 V1 V2 U3

123 S12 513752351 S27537-

The above two cases imply the matrix (Cﬁ,ii)ﬁ,ii €A dea(s7)=dea(si)=k is a lower triangular matrix whose

respect to the total order is s
order is s

diagonal entries are 1 when ¢ = 1. Then, using the same technique as in the proof of the first case of
Case 1, one can show s € S4(0H3)y - X forany U € A. Thus tx(#4(0H3), - X) = yq(H;).

The second case in Case 2. In the remainder of the proof, we will use k € N7 to denote the vector
(k1,ka, k3, k12, k23, k13, k123) and use the diagrams in Figures 11, 12, and 13.
We set X = {@}. First,

(2-14) (sF16R2 85 ey by ks e NY € A4 (0H), - X
follows from
Brpispht . g = plophs = ik ks e o, 0m), - X
Next, we will show
(2-15) (KR K KIS |l ke, ks hns € NY € .7 (0H3), - X
When ki3 =0, sf%é”sé“sff € .#4(0H3),, - X follows from (2-14). Suppose k13 > 0 and

ki ko k3 1
511857537815 € S (0H3)y - X
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holds for 0 </ < k3. We have

PBIYG1'Y) =5yl D sy s s € g (), - X,
0<l<ki3

From the assumption, we have o/ ¢, sllclslzczsé€3 s{3 € #4(0H3)y - X. Thus we have
sf]s§2s§3slf;3 € S4(0H3), - X.
Next, we will show
(2-16) (sK |k €A, kis =0} C.7,(0Hs), - X.
When k1,3 = 0, we have

koz o ki ko k3 ki3 _ ki1 ko k3 ki3 ko3
B33 - (571557557 813°) = 5715578537513 555° € S (0H3)y - X.

Suppose k123 > 0 and sflsfzs?sf?sf?sim € #4(0H3)y, - X holds for any 0 </ < k;,3. We have

ko ok k ki k3 k
522ﬁ2§3(/3/123) 123 (51" 537875°)

_ ki ko k3 k13 k23 k123 ki ko k3 ki3 k23 [
= 8] 8y78378137 8537855 T Z 81'85783781378,3° 8103 € L4 (0H3)y - X.

0<l<kir3

. ky Kk k3 ki3 ka3 [
From the assumption, we have oo/ x ,, 57 8,753° 573553 81,5 € 4 (0H3)y - X. Thus we have

ki kz k3 ki3 k23 k123
511557537 813°553° 81,5 € S(0H3)y - X.

By replacing the role of B3, 513, ,3/123 with 812, 512, B123, similar to the above, one can show
(2-17) (K |k e, kyz=0}C .7 (0H;)y - X.

We will use the following lemma for the rest of proof and will prove it in Section 3.

Lemma 2.16 Let 8 be a diagram in Eg such that it intersects each C; (see Figure 5), 1 <i < 6, atm;
points. Suppose there exists a finite subset Ay of A such that

(2-18) p= ) Cas".

ﬁGAo
where 0 # C; € Z[q*!] for any ii € Ag. Then, we have s(ii) < my +---+mg for any i € Ay.

Consider A" := {12 € A | ka3 = 0}. In this paragraph, we will show
(2-19) (s5 |k e Ny C 5,(0H3), - X
using induction on s(lz), defined in (2-1). Trivially slz =g € 4 (0H3), - X when s(lz) = 0. Suppose
(2-20) sk € 7,(0H3), - X when s(k) <s(ii) =l and k € A/,
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Figure 11: The red curve is the gluing curve y. The blue curve is 8, the green curve is 3, and
the purple curve is 8,3. Here, 8,3 is on the back side.

where 7 = (uy,us,usz,uq2,1u13,0,u123) € A’. We have

u u u
By - (s ‘s2 s3 S1;351;§3)65’q(8H3)y

We can regard Bi3% - (sy 5525575133 5133}) as a diagram in Y with crossings such that it intersects with

C; U---U Cg at s(2) points. Then Lemma 2.16 implies

(2-21) Bio2 - (si's52s3 51338155 = Z G, s 4 Z G, as9 4+ Z Cii

s(ﬁﬁ)e:[;éﬁ) s bea\n
The previous argument implies Zb CA\A’ Cq s € %4 (0H3)y - X. The assumption (2-20) implies
Y den s@)<si) Cias” € Sq(0Hz)y - X. Thus we have

Y Cigs®e A0H), - X
veN’

s(0)=s(i1)

By substituting ¢ = 1, equation (2-21) will turn into B3% - (s]' 55255 553 5133°) = s%. Then the square
matrix (Cj 3)iien’ si)=1; seA’ s(7)=! 1S the identity matrix by substituting ¢ = 1. This implies that
(Cii 3)iie A’ s@y=1: 5e A’ .s()=1 1S an invertible matrix in Q(g). Thus we have s € #;(0H3), - X for
uelN, s@u)=1.

From the previous argument, sV e Fq(0H3), - X forany v € A, i.e., tx(F4(0H3), - X) = Yq(Hg’). |

Figure 12: The red curve is the gluing curve y. The blue curve is 81, the green curve is 81,, and
the purple curve is B;3.
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Figure 13: The red curve is the gluing curve y. The blue curve is 1,3 and the green curve is f/,,.

Remark 2.17 When m and n are coprime, using Seifert—van Kampen theorem, we have
mi(HY) = (a,b,c| a™tnpmy

for DT(y) = (n +m,m,0,n,n,m+ 2n,t,0,0,0,0,0) in the second case in Case 2 of Theorem 2.13.
This implies that Hy % H, for any g and H; is a nontrivial example with a boundary component of
genus 2. Hence the higher genus case is not covered by [2; 12; 13; 14; 15].

3 Proofs of lemmas

For any ke A, recall that deg(si" ) is defined to be s’ (12); see (2-1).

Proof of Lemma 2.14 Fix l; =(k1, ko, k3, k12, k13,k23,k123) € N7. From Lemma 2.9, thereis Ag C A
satisfying the assumption. Put k = max{deg(s%) | i € Ao}. We will show k < (k). Assume k > s’ (k)
on the contrary. There is tfy € A such that deg(s“0) = k and s(ilp) = max{s(ii) | deg(s") = k., ii € Ao},
where s(u) was defined in (2-1).
For any 4 = (uy,us,u3, u12,U13, U23,U123) € Ao, we have
S’} = Z C ,L_l')/’
y €Multi (i)
where Multi(u) is a finite subset of the set of isotopy classes of essential multicurves in Eg and

Ciy € Z[qF]\ {0}. The following statement comes from, e.g., [1, Theorem 3.2]. Using the symbols (2-2)
and (2-3), there is y; € Multi(u) such that m(y;) is equal to

(3-1)  uym(sy) + uzm(sy) + uzm(s3) + ui2m(s12) + w13m(s13) + u23m(s23) + u1237(5123)

and, if y; # y € Multi(#) then sum(y) < sum(y;). Note that s(iZ) = sum(y;).
Suppose ii € Ag such that deg(s%) < k. For any y € Multi(ii), m;(y) < mi(y;) (i = 1,...,6). We
also have

mi(vg) +ma(yg) +ma(yg) +ms(yz) < deg(s™) <k =m (Vi) +ma(vi,) +malyg,) +ms(v,)-

Hence y # yy, for any y € Multi(u).
Suppose @i € Ag such that deg(s¥) = k and s(ii) < s(ilp). Trivially, y # Vi, for any y € Multi(ut).
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Suppose @i € Ag such that deg(s¥) = k, s(if) = s(ilp), and ii # 1. Lemma 2.11 implies y; # Vi, For
any y; 7 ¥ € Multi(i), we have sum(y) < sum(y;) = s(it) = s(uio) = sum(y,; ), which shows y # . .
Now we expand (2-11) as

k123 k12 klz k23 k1 kz k3 _ u_
o3 &y (5] )= Z Cis™ = Z CE,VV’
el yeMulti(ié)

where Multl(k) is a finite subset of the set of isotopy classes of essential multicurves on 24 and C iy #0
for any y € Multl(k) Then the above argument implies that the most right-hand side contains y,; and
its coefficient is nonzero. Since the geometric intersection number does not increase when we resolve
crossings, we have

mi(y) +ma(y) +ma(y) +ms(y) <s'(k)

forany y € Multi(lz). This contradicts the assumption
deg(s“°) = m1(v,) +ma () +ma(yi) +ms(yg,) > s (k). O

Lemma 3.1 Suppose ¢ = 1. For any two i,V € A, s“sY is a linear sum of basis elements in {sk | ke A}
with degree less than or equal to deg(s’z) + deg(s'j).

Before we prove Lemma 3.1, we show the following lemma.

Lemma 3.2 Suppose ¢ = 1. For any k15, k13, ky3 € N, we have

kiz ki3 ka3 _ i
(3-2) 5157813523 Z C;s”,

ﬁEAO

where A is a finite subset of A such that deg(s’;) <2k1s + 3(k13 + ky3) forany u € Ag.

Proof If k{,kq3ko3 = 0, then since s%%f?sé‘? lfézslf?sé‘?
k12 1 k13—1 ko3—

If k12k13k23 # 0 then we apply Lemma 2.10 for s 513 8yy slzs13s23. Since each term on

the right-hand side of the equation in Lemma 2.10 has the degree no greater than deg(s;2513523). By
ki ki3 ckas
12 13 °23

of basis elements whose degrees are not greater than 2k, + 3(k13 + k23). ]

is a basis element, s satisfies the claim.

applying Lemma 2.10 repeatedly until we have (3-2), we can conclude that s is a linear sum

Proof of Lemma 3.1 If s“s% does not contain $12513523, the claim is trivial. If s% gV contains 512513523,
the claim follows from Lemma 3.2. O

Proof of Lemma 2.15 To prove the claim, we use mathematical induction on kq,. By applying

Lemmas 2.10 and 3.1 to slzsi{?sg , it is equal to

(513525123 + 523515123 + terms with degrees less than 8)sk13 151223 !

ki3 k 1 1 k
=513555  $285123 + 5|3 k3= 553 515123 + (terms with degrees less than 2 + 3(ky3 + k23)).

ki3 ka3

Thus the claim holds for s12s13 Sy3 -
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Fix k > 2 and suppose the claim holds for any k1, < k. Then

s’fzsf§3s]2‘§3 = slz( Z C,;s;‘ + (terms with degrees less than 2(k — 1) + 3(k{3 + k23)))
UeN’
= Z CI}SIZSI; + (terms with degrees less than 2k + 3(k3 + k23)),
ueN’
where A’ is a finite subset of A such that, for any © = (uq,uy, u3,u12, U3, U23,u123) € A’, we have
deg(sﬁ) =2(k — 1) + 3(ky3 + k23) and uy3us3 < ky13ky3. For i € A, if uy3u>3 = 0 then slzs’_i is a
basis element and #1313 = 0 < k13ka3. If u13u,3 # 0, we have

U __ Uy U2 U3 U123 U3 JU23
S128° = 81 8578375123 5125137523

= s;‘lsé’zs;‘3si’§§3 ( Z C;,s'j + (terms with degrees less than 2 + 3(u 3 + u23))),

ueA”

where A” is a finite subset of A such that, for any v = (vq, v, 3, V12, V13, V23, V123) € A”, we have

deg(sﬁ) =2+ 3(1413 + Ll23) and V13V23 < U3U3 < k13k23.

Then
S1as% = Z CﬁS?ISZZSl;3S?%§3Sa + (terms with degrees less than 2 + deg(s%)).
UeN”
Hence the claim holds for k1, = k. O

Proof of Lemma 2.16 Assume that s(i) > m + - -+ + mg for some i € Ag on the contrary. Then
m = max{s(u) |4 € Ao} > mj +---+ms.

As in the proof of Lemma 2.14, for any © = (u1, u,, u3, U2, U13,U23,U123) € Ag, we have

s = Z C 2

y €EMulti (i)

There is y; € Multi(i) such that 71(y;) is equal to the formula in (3-1). Take iig € A such that s(io) = m.

For any U € Ao such that s(v) < m, we have s(y) < s(y;,) for y € Multi(v). Thus y # y;,. For
any v € A such that s(v) = m, we have s(y) < s(vz,) for y € Multi(v) \ {y3}. Thus y # Vi, for
y € Multi(v) \ {y;}. Lemma 2.11 implies y5 # y,; for v € Ag \ {iio}. Thus if we present ) ;5 Cys”
as a linear sum of essential multicurves, it contains y; .

For a diagram «, by resolving its crossings, o can be presented as a linear sum of essential multicurves.
This implies that this linear sum does not contain y; since the intersection number between y; and
Cy U---U (g is strictly greater than m + - - - + mg. Then we have a contradiction. O
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Appendix: Sphere sliding

We recall the sphere sliding given in [11]. The degree of a skein in M1 #p M, is the geometric intersection
number with the skein and D (equivalently that of the skein and D»), illustrated here:

(A-1) + lower degree terms,

(A-2) + lower degree terms,

where the shaded part outside of the sphere is the inside of M IC ! and the shaded part on the sphere is the
attaching region D;. We also have

where the last equality follows from 9\ =—q3

. Note that a similar idea is originally given
in [11], where we call the technique the sphere sliding.

From (A-3) with (A-1) and (A-2),

1
(A-4) = —_H(lower degree terms).

q" —q

Note that (A-4) implies the degree of a framed link in M #p M, can decrease, where the degree of
a framed link in M #p M, is the geometric intersection number of the framed link and the properly
embedded disk D. Since the degree is even, one can apply similar way repeatedly until all the degrees are 0.
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L -spaces, taut foliations and fibred hyperbolic two-bridge links

DIEGO SANTORO

We prove that if M is a rational homology sphere that is Dehn surgery on a fibred hyperbolic two-bridge
link, then M is not an L-space if and only if M supports a co-orientable taut foliation. As a corollary
we show that if K’ is obtained by a nontrivial knot K as a result of an operation called two-bridge
replacement, then all nonmeridional surgeries on K’ support co-orientable taut foliations. This operation
generalises Whitehead doubling and as a particular case we deduce that all nonmeridional surgeries on
Whitehead doubles of a nontrivial knot support co-orientable taut foliations.

1 Introduction

In recent years the field of low-dimensional topology has seen a growing interest in the study of the so-called
L-space conjecture. This conjecture predicts that the following notions of “complexity” are all equivalent:

Conjecture 1.1 (L-space conjecture) For an irreducible oriented rational homology 3-sphere M, the

following are equivalent:
(1) M supports a co-oriented taut foliation.
(2) M is not an L-space, i.e., its Heegaard Floer homology is not minimal.
(3) M is left-orderable, i.e., w1 (M) is left-orderable.

The equivalence between (1) and (2) was conjectured by Juhdsz [27], while the equivalence between
(2) and (3) was conjectured by Boyer, Gordon and Watson [4]. This conjecture predicts strong connections
among geometric, dynamical, Floer homological, and algebraic properties of 3-manifolds. Despite its
boldness, as a result of [3; 4; 5; 8; 14; 22; 40] it is now known that the conjecture holds for all the graph
manifolds, i.e., the manifolds whose JSJ decomposition includes only Seifert fibred pieces. Moreover
the results of Oszvath—Szabé [47], Bowden [2] and Kazez—Roberts [30] imply that in general manifolds
supporting co-orientable taut foliations are not L-spaces.

A natural way to investigate this conjecture is by using Dehn surgery descriptions of 3-manifolds. For
instance, it is known that if a nontrivial knot K in S3 has a positive surgery that is an L-space, then K
is prime [31], fibred [20; 45] and strongly quasipositive [23]. Moreover, the r-framed surgery on such
a knot K is an L-space if and only if » > 2g(K) — 1, where g(K) denotes the genus of K [33]. Taut
foliations on manifolds obtained as surgery on knots in S 3 are constructed, for example, in [11; 12;
32; 51; 52] and it is possible to prove the left-orderability of some of these manifolds by determining
which of these foliations have vanishing Euler class, as done in [25]. Another approach to study the
left-orderability of surgeries on knots is via representation-theoretic methods, as presented in [9; 13].
MSC2020: primary 57M50, 57K10, 57K18, 57K32, 57R30; secondary 57K10.
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When it comes to investigate surgeries on links, the story becomes more mysterious. For instance, there
is no generalisation of the result of [33] we cited in the previous paragraph — even if it holds in some
cases, see, for example, [53, Lemma 2.6] — and links admitting L-space surgeries need not to be fibred
[41, Example 3.9] nor quasipositive [7, Proposition 1.5]. Concerning foliations, Kalelkar and Roberts [28]
constructed co-orientable taut foliations on some fillings of 3-manifolds that fibre over the circle and in
particular their methods can also be applied to surgeries on fibred links. In [53], taut foliations on all the
surgeries on the Whitehead link that are not L-spaces are constructed.

In this paper we study the L-space conjecture for manifolds that can be obtained as surgery on two-
bridge links. A two-bridge link is either hyperbolic or isotopic to the (2, 2) torus link, for some integer .
In the latter case the exterior is a Seifert fibred manifold and since the conjecture has been proven for
graph manifolds —in particular, see [4; 14; 26; 39; 44] for the case of Seifert fibred manifolds — we
focus our study on hyperbolic two-bridge links. The main theorem of this paper is the following:

Theorem 1.2 Let L be a fibred hyperbolic two-bridge link and let M be a manifold obtained as Dehn
surgery on L. Then M admits a co-orientable taut foliation if and only if M is not an L-space.

Remark 1.3 In contrast to the case of knots, the property of being fibred for a link depends on the choice
of an orientation of the link. This happens, for instance, in the case of the (2#n, 2) torus link for n > 1,
see, for example, [1, Example 3.1]. On the other hand, changing orientations of the components of L has
no effects on the study of the L-space conjecture for the surgeries on L. For this reason we will consider
links as unoriented and say that a link is fibred if there exists an orientation for which it is a fibred link.

Remark 1.4 Theorem 1.2 is a result about the exterior of the links. Links are not uniquely determined by
their complement, hence it can be a priori possible that many nonisotopic hyperbolic two-bridge links
share the same exterior. However it follows from [43, Theorem 1.4] that the exteriors of hyperbolic
two-bridge links (with two components) are not even commensurable.

We will be able to completely determine for each fibred hyperbolic two-bridge link L the set of
surgeries on L that are L-spaces. We denote by £(L) the set of slopes on L that produce L-spaces. Recall
that since L is a link in S3 there is a canonical identification between the set of slopes on L and Q x Q,
where Q = Q U {00}, obtained by considering on each component of L its canonical meridian and
longitude basis. Also, notice that we can reduce our study to the rational surgeries. In fact the components
of two-bridge links are unknotted, so when one of the two surgery coefficients is infinite the only rational
homology spheres that can be obtained are S3 and lens spaces. We will prove the following proposition,
where the link L, is shown in Figure 1, for n > 1.

Proposition 1.5 Let L be a fibred hyperbolic two-bridge link.
e If L is isotopic as an unoriented link to L, then £(L) N Q? = ([n, +00) X [n, —I—oo)) nQ?2.
e If L is isotopic as an unoriented link to the mirror of L, then L(L)NQ?= ((—oo, —n] x (—o0, —n]) nQ?2.

e If L is not isotopic as an unoriented link to any of the links L,, or their mirrors, then £(L) N Q? = @.

Algebraic € Geometric Topology, Volume 26 (2026)
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Figure 1: The link L,,.

We observe that L is the Whitehead link. The L-space conjecture for surgeries on the Whitehead link
was studied by Santoro [53]. As a consequence of the previous proposition we have the following Dehn
surgery characterisation of the Whitehead link:

Corollary 1.6 Let L be a fibred hyperbolic two-bridge link and suppose that the (1, 1)-surgery on L is an
L-space. Then L is isotopic, as an unoriented link, to the Whitehead link.

We observe that all the links {L, },>1 can be obtained as surgery on a 3-component link, see Figure 33
on page 1151. On the other hand we have the following:

Proposition 1.7 It is not possible to obtain the exteriors of all the hyperbolic fibred two-bridge links as
Dehn filling on a fixed cusped hyperbolic manifold N . In particular there exists no hyperbolic link L such
that every hyperbolic fibred two-bridge link is surgery on L.

Proof It follows from the main result of [34] that there exists a family of fibred hyperbolic two-bridge links
whose volumes grow to infinity (this is the family of links associated to L(ay,...,ay) = L(2,2,...,2)
in the notation introduced in Section 4). Volume decreases under hyperbolic Dehn filling [55], hence we
obtain the thesis. |

As two-bridge links have tunnel number one, all surgeries on these links have at most Heegaard
genus two. It has been proven by Li [37] that if a closed orientable irreducible three manifold with
Heegaard genus two has left-orderable fundamental group, then it admits a co-orientable taut foliation.
As a consequence of this result together with Proposition 1.5 we have:

Corollary 1.8 Let M be obtained as (ry, rp)-surgery on the link L, with (r1,r3) € [n, +00) X [n, +00),
and suppose that M is irreducible. Then M is not left-orderable.

Applications to satellites on knots and links We briefly recall the satellite operation. Suppose that P is
a knot inside the standard solid torus ¥ = D? x S! and assume that P is not contained in a 3-ball of V.
Let K be a knot in S3 and let (mg, Ag) be a meridian-longitude basis of K. Consider the orientation
preserving diffeomorphism ¢ between V and a tubular neighbourhood of K mapping, as oriented curves,
the meridian py and longitude Ay of V to ux and Ag, respectively. The image of P under ¢ is a knot S
in 3, called a satellite of K. The knot K is called the companion of S and the knot P is called the
pattern of S.

Let L be a fibred hyperbolic two-bridge link, denote by K one of its component and orient it arbitrarily.
Since two-bridge links have unknotted components, the exterior of X in S3 is a solid torus V and we can

Algebraic € Geometric Topology, Volume 26 (2026)
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A KC

uy

Figure 2: The (positive clasped) Whitehead pattern. The meridian py is given by the longitude
of the knot K¢ and the longitude Ay by its meridian. By considering the mirror of the Whitehead
link one obtains the negative clasped Whitehead pattern.

use the other component as pattern P for producing satellite knots. We also fix a meridian-longitude basis
for V given by (uy, Ay) = (Ak, i), where pi and A are the canonical meridian and longitude of K.

Example 1.9 If L is the Whitehead link we obtain the Whitehead pattern. This is the pattern used to
define Whitehead doubles of knots, see Figure 2.

We now define an operation, that we call rtwo-bridge replacement, that generalises Whitehead doubling.

Definition 1.10 Let K be aknotin S3 and let L = K LI P be a fibred hyperbolic two-bridge link. A knot K’
in §3 is a two-bridge replacement of K if K’ is a satellite knot of K with pattern P. More generally,
if £= Ky U---U Ky is a link with d components, we say that £' = K| U---U K/, is a two-bridge
replacement of L if each knot K l’ is a two-bridge replacement of K;, fori =1,...,d.

Notice that in a two-bridge replacement of a link £ it is allowed to act on different components on £
by two-bridge replacement with different two-bridge links. We also remark that in the definition of
two-bridge replacement we ask L to be fibred and hyperbolic.

Recall that the genus of a link £ is the minimal genus of a connected Seifert surface for £, and that
if £ is fibred (see Definition 2.3) then a Seifert surface has minimal genus if and only if it is a fibred
surface [15, Chapter 1.4]. The proofs of Theorem 1.2 and of the main theorem of [53], together with
results from [28; 38], imply the following theorem.

Theorem 1.11 Let £ be any nontrivial knot or any fibred link with positive genus, and let £ denote a
two-bridge replacement of L. Then all manifolds obtained by doing surgery on each component of L'
along a nonmeridional slope support a co-orientable taut foliation.

Proof e« We first analyse the case where £ is a nontrivial knot. We denote it by K and we denote by K’
its two-bridge replacement. We use the notation introduced above, and so we denote by L = K LI P the
fibred hyperbolic two-bridge link used in the definition of two-bridge replacement, and V' is the exterior
of K in S3. Recall that V is a solid torus. We also denote by Ex’, Ex and E the exteriors in S 3of K/,
K and L, respectively. Let ¢ be the map from V' to a tubular neighbourhood of K given by the definition
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of the satellite operation. Our aim is to prove that all nontrivial surgeries on K’ support a co-orientable
taut foliation. The key observation is that Eg is obtained by gluing Ex and E7 . More precisely we have

Exr =~ Eg Ug Er,

where ¢ is the restriction of ¢ to dV C 0E}..

In order to construct foliations on Egs we can therefore reduce ourselves to construct foliations on Eg
and Ey, and to study the gluing map ¢. We fix the canonical meridian-longitude basis (g, Ax) for the
knot K and we use it to identify slopes on K with Q. By definition ¢ maps the meridian py of V to g
and the longitude Ay of V' to some longitude of K, i.e.,

d(Ax) =d(uy) = pk, d(ux) =d(Ay) =lug + Ak

for some integer / € Z. Given two coprime integers p, ¢ the map ¢ satisfies

PUK +qAk = ¢((p —ql)Ax +qux)

and therefore its restriction ¢ acts on the slopes by identifying the slope g on K with the slope (g —1 )_1
on K. Since K is a nontrivial knot, it follows by [38, Theorem 1.1] that there exists an interval (—a, b),
where a, b > 0, such that for every slope s € (—a, b) there exists a co-orientable taut foliation on Eg
intersecting the boundary torus in a collection of circles of slope s. The slope 0 on K corresponds,
via the identification given by ¢, to the slope —% on K. Hence the interval (—a, b) is identified with a
neighbourhood U; of —% C Q. The proof of [53, Theorem 1.1] when L is the Whitehead link and the
proof of Theorem 1.2 when L is any other fibred hyperbolic two-bridge link imply the following fact: for
every integer [ € Z and every neighbourhood U of —% C Q there exists a slope 7 € U such that for every
nonmeridional slope r’ on P there is a co-orientable taut foliation on E intersecting the boundary tori
in circles of slopes r and 7/, respectively.

By choosing a slope r € U; guaranteed by the previous observation we are able to find for each
nonmeridional slope 7’ in Eg- taut foliations F on Eg and F' on Ej, that can be glued along ¢ to define
a co-orientable taut foliation in Ex intersecting the boundary in parallel curves of slope r’. By capping
off with meridional discs, these foliations extend to the surgeries on K’.

e When £ = K; U---U Ky is a fibred link with multiple components and positive genus we can proceed
in an analogous way. Let S denote the fibre surface for £. By intersecting S with the boundaries of
tubular neighbourhoods of the knots K71, . .., Kz we obtain longitudes A%, . . . , )Lg . We use them to define
meridian-longitude bases for the components of £ and to identify slopes on the exterior of £ with Q“.
It follows by [28, Theorem 1.1] that for every multislope (r1,...,rg) in a neighbourhood of 0 € Q4
there exists a co-orientable taut foliation in the exterior of £ intersecting the boundary tori in parallel
curves of slopes ry,...,rg, respectively. The statement now follows by applying to each component
of £ the same reasoning as in the previous case, where we never made use of the fact that Ag was the
canonical longitude of K. |

Two-bridge replacement generalises Whitehead doubling and we emphasise the following corollary.
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Corollary 1.12 Let K be a nontrivial knot and let K’ be any Whitehead double of K. Then all nontrivial
surgeries on K’ support a co-orientable taut foliation. a

Structure of the paper In Section 2 we recall some notions on two-bridge links and describe some
properties of fibred two-bridge links that will be used in the subsequent sections. Section 3 is devoted to
the construction of taut foliations and will take most of the paper. In Section 3.1 we introduce branched
surfaces and recall some of their basic properties, together with the main result of [36]. In Section 3.2 we
recall a general method of constructing branched surfaces in fibred manifolds with boundary. In Section 3.3
we briefly discuss the boundary train tracks of these branched surfaces and from Section 3.4 we start
focussing our attention on surgeries on fibred hyperbolic two-bridge links: we subdivide them in four
families that we analyse in Sections 3.5-3.8. In Section 4 we recall part of the main result of [50] and
then we use it to study the L-space surgeries on the links {L, },>1.

2 Background on two-bridge links

In this section we briefly recall the definition of fibred link and some facts about two-bridge links that we
will often use in the paper. We refer to [6] for proofs and details regarding two-bridge links.

A two-bridge link can be described by a rational number g, where p and g are coprime integers, p > 0,

q is odd and 0 < |g| < p, in the following way. We fix a sequence of integers (aq, ..., a) such that
(%) D _ a; + %
dap

and consider the link defined by the diagram in Figure 3. We denote this link by L(ay,...,an).

C . D
a; . - - . | y n odd
C 2 D
C
aj - _ ) neven
C —ay | |-
k positive k negative
n R AY i, B / /T
1 x =0 Jr[=2X---X
- -
k left half-twists |k| right half-twists

Figure 3: The two-bridge knot or link L(ay,...,as).
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a - - - ap n odd

—ay

a; - - - ) n even

—a —a

N N\ M

Figure 4: The oriented two-bridge link L(ay, ..., ay).

We are interested in the case when L(ay,...,a,) has two components. This happens exactly when
the fraction g has numerator p even [6, Proposition 12.3]. When L(ay,...,ay) is a link we orient the
components as in Figure 4.

A priori it could happen that the isotopy class of the two-bridge link associated to g depends on the
choice of the continued fraction representation of g. This is not the case, by the following theorem.

Theorem 2.1 ([54], see also [6]) Let L = L(ay ...,ay) and L' = L(by, ..., by) be two oriented two-
bridge links and let g and g—: be the rational numbers defined as in (). Then the links L and L' are isotopic
ifandonly if p = p’ andq' = ¢*' mod2p. If p=p’ and ¢’ = ¢ + p mod2p orqq’ =1+ p mod2p,
then L and L’ are isotopic after reversing the orientation of one of the components.

We denote by b(p, q) the two-bridge link associated to the rational number g. We also recall, for later
reference, the following fact [29, Exercise 2.1.16].

Lemma 2.2 Two-component two-bridge links are symmetric, i.e., there exists an ambient isotopy of S3
interchanging their components. |

We are interested in studying fibred hyperbolic two-bridge links. For this reason we recall the definition
of fibred link.

Given an oriented surface S with boundary and an orientation-preserving homeomorphism 2 : § — S
fixing 0§ pointwise, we denote the mapping torus of 4 by

_ S x [0, 1]
—(h(x),0) ~ (x, 1)

My,

We orient S x [0, 1] as a product and M}, with the orientation induced by S x [0, 1]. We also identify S
with its image in M}, via the map

S—>Sx{0}C M, x+(x,0).
The homeomorphism /4 is called the monodromy of My,.
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Definition 2.3 Let L be an oriented link in S3. We say that L is fibred if there exists a Seifert surface S
for L, an orientation preserving homeomorphism /£ of S fixing 0.5 pointwise and an orientation preserving
homeomorphism

¥ S3\int(NL) — My,

where Ny denotes a tubular neighbourhood of L in S3, so that
* x|s is the inclusion S C Mp;
e y(m;) = {x;} %[0, 1], where m; is a meridian for the i-th component of L and x; € dS is a point.

In the case of fibred links, we refer to the homeomorphism % as the monodromy of the link.
The following lemma yields a useful characterisation of fibred hyperbolic two-bridge links.

Lemma 2.4 Let be L a two-bridge link with two components. Then L is fibred if and only if L =
L(2by,...,2b,) as an unoriented link, where |b;| = 1 for all i and n is odd. Moreover L is fibred and
hyperbolic if and only if it admits such a description with (by, ..., b,) # £(1,—1,1,...,(=1)""1).

Proof It follows from [29, Exercise 2.1.14] that any two-bridge link L with two components can be
written as L = L(2by,...,2by), where b; is a nonzero integer and n is odd. Moreover it follows from
[18, Proposition 2]! that L is fibred if and only if we can find such a description with |b;| = 1 for all i. This
proves the first part of the lemma. Since two-bridge links are nonsplit, prime, alternating links (see [6]), as
a consequence of [42, Corollary 2], a two-bridge link is hyperbolic if and only if is it not a torus link. The
only nontrivial torus links that are two-components two-bridge links are the (2m, 2) torus links, with m a
nonzero integer, and by using Theorem 2.1 one can see that L is a torus link if and only if any description
of L as L(2by,...,2by) with all |b;| = 1 satisfies (by,...,bp) = +(1,—1,1,..., (=" 1), |

Suppose L = L(2by,...,2b,) where |b;| = 1 for all i and n = 2k + 1 is odd. Then it is possible to
draw an explicit fibre surface S for L. This surface is obtained by starting with the boundary connected
sum of k Hopf bands, and then plumbing other k + 1 Hopf bands to this surface. The sign of the Hopf
bands is determined in a straightforward way from the coefficients (b1, ..., by). One example is described
in Figure 5. We also fix an orientation of S, so that in the figure the positive side is coloured in pink, and
this induces an orientation of the link.

From this very easy description of the fibre surface of L we are able to determine the monodromy
of L. More precisely, S can be described in a more abstract way as in Figure 6 and the monodromy is
given by the diffeomorphism (to be read from right to left)

— £2 &4 &2k €1 €3 E2k+1
(%%) h=11, T T Ty Ty

where 7; denotes the positive (i.e., the right) Dehn twist along the curve y; shown in Figure 6 and

| —sgn(bj) wheni iseven,
" |sgn(by) when i is odd.

IThe proof presented there is for knots, but the same proof works also for links.
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& ©

Figure 5: The fibre surface of the link L(—2, -2, —2,2,2). The positive side is coloured in pink.

This follows from the fact that the monodromy of the boundary of a positive (resp. negative) Hopf band
is a positive (resp. negative) Dehn twist along its core and from the way the monodromy of a plumbing or
a boundary connected sum (or more generally a Murasugi sum) behaves with respect to the monodromies
of the summands, see [17, Corollary 1.4].

To ease the exposition of some lemmas in the next section we fix the following notation. With reference

to Figure 6 we say that a Dehn twist along one of the curves y1, y3, ..., Vn is a bridge twist, and a Dehn
twist along one of the curves y2, y4, ..., Yn—1 1S a river twist.
2

]
2)

Figure 6: An abstract drawing of the fibre surface S together with the curves y;. We have also
coloured the two boundary components of S.
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3 Taut foliations

In this section we study the existence of taut foliations on the surgeries on fibred hyperbolic two-bridge
links, proving the foliation part of Theorem 1.2. Branched surfaces will be our main tool. In Section 3.1
we introduce them and recall some of their basic properties, together with the main result of [36].
In Section 3.2 we recall a general method to construct branched surfaces in fibred manifolds with
boundary and in Section 3.3 we discuss their boundary train tracks. In Section 3.4 we focus our attention
on surgeries on fibred hyperbolic two-bridge links: we subdivide them in four families with Lemma 3.10
and then study each of these families separately in Sections 3.5-3.8.

3.1 Background

In this and in the next sections we assume familiarity with the basic notions of the theory of train tracks;
see [49] for a reference. In the cases of our interest train tracks can also have bigons as complementary
regions.

We now recall some basic facts about branched surfaces. We refer to [16; 46] for more details.

Definition 3.1 A branched surface with boundary in a 3-manifold M (possibly with boundary) is a closed
subset B C M that is locally diffeomorphic to one of the models in R* of Figure 7(a) or to one of the
models in the closed half space of Figure 7(b), where dB := B N M is represented with a bold line.

Branched surfaces generalise the concept of train tracks from surfaces to 3-manifolds. When the
boundary of B is nonempty it defines a train track dB in M .

If B is a branched surface it is possible to identify two subsets of B: the branch locus and the set of
triple points. The branch locus is defined as the set of points where B is not locally homeomorphic to a
surface. It is self-transverse and intersects itself in double points only. The set of triple points of B can
be defined as the points where the branch locus is not locally homeomorphic to an arc. For example, the
rightmost model of Figure 7(a) contains a triple point.

The complement of the branch locus in B is a union of connected surfaces. The abstract closures
of these surfaces under any path metric on M are called the branch sectors of B. Analogously, the
complement of the set of the triple points inside the branch locus is a union of 1-dimensional connected
manifolds. Moreover, to each of these manifolds we can associate an arrow in B pointing in the direction
of the smoothing, as in Figure 7. We call these arrows cusp directions.

o[ [
o S /D

Figure 7: Local models for a branched surface, with cusp directions. The bold regions lie in 0M .

Algebraic € Geometric Topology, Volume 26 (2026)



L-spaces, taut foliations and fibred hyperbolic two-bridge links 1125

Figure 8: Examples of sink discs.

Li [35] introduced the notion of sink disc.

Definition 3.2 Let B be a branched surface in M and let S be a branch sector in B. We say that S is a

sink disc if S is a disc (possibly with S N dM # @) and the branch direction of any smooth curve or arc
in dS \ M points into S.

In Figure 8 some examples of sink discs are depicted. The bold lines represent the intersection of the
branched surface with dM . Notice that the intersection 0.5 N dM can also be disconnected.
Li [35] introduced the definition of laminar branched surface and in [36] he generalised this definition

to branched surfaces with boundary as follows. For the definition of trivial bubble we refer the reader
to [35; 36].

Definition 3.3 [35; 36] Let B be a branched surface in a 3-manifold M. We say that B is laminar if B
has no trivial bubbles and the following hold:

(1) 95 Np is incompressible and d-incompressible in M \ int(Np), and no component of d,Np is a
sphere or a properly embedded disc in M.

(2) There is no monogon in M \int(Np), i.e., no disc D C M \int(Np) such that 0D = DN Np =aUp,
where « is in an interval fibre of d, Np and S is an arc in 9, Np.

(3) M \int(Np) is irreducible and dM \ int(Np) is incompressible in M \ int(Np).

(4) B contains no Reeb branched surfaces (see [19] for the definition).

(5) B has no sink discs.

The key property of laminar branched surfaces is that they fully carry essential laminations? [35] and
when the ambient manifold M has torus boundary, they can be used to construct essential laminations in
fillings of M, as the following theorem shows.

Theorem 3.4 [36] Let M be an irreducible and orientable 3-manifold whose boundary is union of k
incompressible tori Ty, . .., T.. Suppose that B is a laminar branched surface in M such that 0M \ 0B is
a union of bigons. Then for any multislope (s, ...,Sk) € QF that is realised by the train track dB, if B
does not carry a torus that bounds a solid torus in M (sy, ..., Si), there exists an essential lamination A in
M ftully carried by B that intersects 0M in parallel simple curves of multislope (s1, ..., St ). Moreover
this lamination extends to an essential lamination of the filled manifold M (s1, ..., k).

2For the definition of essential laminations see [19], but we will not need their properties for our purposes.
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A train track realises a slope r if it can be split into finitely many copies of that slope, see [49]. An
equivalent, but more computationally useful definition, is given in Section 3.3.

Remark 3.5 In [36] the statement of the theorem is given for M with connected boundary but, as already
observed in [28], if M has multiple boundary components we can split B in a neighbourhood of each
boundary tori 7; and the same proof of [36] works.

Remark 3.6 The statement of Theorem 3.4 is slightly more detailed than the version of [36]. The details
we have added come from the proof of Theorem 3.4. In fact the idea of the proof is to split the branched
surface B in a neighbourhood of dM so that it intersects 7; in parallel simple closed curves of slopes s;,
fori =1,...k. In this way, when gluing the solid tori, we can glue meridional discs of these tori to B to
obtain a branched surface B(sy,...,s;) in M(sy,...,s;) that is laminar and that by [35, Theorem 1]
fully carries an essential lamination. In particular, this essential lamination is obtained by gluing the
meridional discs of the solid tori to an essential lamination in M that intersects 7; in parallel simple
closed curves of slopes s;, fori =1,...,k.

3.2 Constructing branched surfaces in fibred manifolds

In this section we recall a general method to build branched surfaces in mapping tori. This will be the
starting point to construct taut foliations on surgeries on fibred two-bridge links.

Let S be a connected oriented surface with boundary, let /2 be an orientation preserving homeomorphism
of S fixing dS pointwise and let M}, be the mapping torus associated to (S, /).

We consider pairwise disjoint properly embedded arcs a1, ..., ax in S and discs D; = o; x [0, 1]
contained in S x [0, 1]. Each of these discs has a “bottom” boundary, o; x {0}, and a “top” boundary,
a; x {1}. When we consider the images of these discs in M}, under the projection map

S x[0,1] = My,

we have that the bottom and top boundaries become, respectively, | J; &; C S and |J; h(a;) C S.

We perturb the discs D; in a neighbourhood of S x {1} C S x [0, 1] so that when projected to M}, their
top boundaries define a family of arcs, that we still denote /(c¢;), in S such that for each 7, j € {1, ..., k}
the intersection between «; and /() is transverse and the endpoints of ¢; and /(«; ) are disjoint. We also
denote by D; the projected perturbed disc contained in M}, and we refer to these discs as product discs.
If we assign (co)orientations to these discs, since S is (co)oriented, we can smoothen S U Dy U---U Dy
to a branched surface B by imposing that the smoothing preserves the co-orientation of S and of the discs.
In particular, each disc has two possible co-orientations and hence it can be smoothed in two different
ways. This operation is demonstrated in Figure 9, where S is a torus with an open disc removed.

The following proposition shows that in this setting, under very mild hypothesis on the branched
surface B, we can get taut foliations on fillings on Mj,. The proof is obtained by combining Lemmas 3.16
and 3.23 of [53] and uses as a fundamental result Theorem 3.4.
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. —
/‘ﬁf? / %&0 %
Vs aws V4

Figure 9: How to smoothen S U D according to the co-orientations.

Proposition 3.7 Suppose that B is a branched surface constructed as described above. Suppose also
that B has no sink discs and that S \ Ule «; has no disc components. If (ry,...,ry) is a multislope
realised by 0B then My(ry ..., ry) contains a co-orientable taut foliation. More precisely there exists
a co-orientable taut foliation in M}, intersecting the boundary component T; in a foliation by curves of

slopesr;, fori =1,...,n. O

3.3 Boundary train tracks

We now briefly discuss the boundary train tracks of the branched surfaces constructed with the procedure
described above. We start by describing an explicit way to compute the slopes realised by a train track.

Let t be an oriented train track in a torus 7'. Fix a meridian-longitude basis p, A and use it to identify
slopes on T with elements in Q. It is possible to compute the slopes realised by a train track t by
endowing it with weight systems. A weight system w on t is the assignment of a positive rational number,
called weight, to each sector of T so that at each branch point of 7 the sum of the weights of the incoming
sectors is equal to the sum of the outgoing one. Given that 7 is oriented, we can associate to such a
weight system the rational number ﬁ—‘;, where w;, and w, are the weighted intersections of the train track
with our fixed meridians p and longitudes A, as we would do with oriented simple closed curves. This
quotient can be interpreted as a slope in T' and it can be proved that the slopes g obtained in this way are
exactly those realised by the train track. For details, see [49]. Figure 10 shows an example of a train track
with weight systems.

We now focus our attention on a branched surface B in a mapping torus M} obtained by adding
product discs to the fibre S. We start by fixing a meridian x; and a longitude A; for each boundary
component 7; of M. We take A; to be S N T}, with the orientation induced by S, and as meridian the
curve j; = %h[o’l]
when 77 is oriented as the boundary of M, the algebraic intersection < p;, A; > is negative. By using

, where x; € § N T}, oriented in the direction of ascending ¢ € [0, 1]. Notice that

this meridian-longitude basis we can identify slopes on 7; with elements in Q.
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K 4
train track 1 1-x
A \

slopes fully carried 0,1)

Figure 10: An example of train track t with a weight system w,, together with the set of slopes
realised by 7. In order for the weights to be positive, x must be a rational number in (0, 1).

Given a properly embedded oriented arc « in S we denote its endpoints with «(0) and «(1), so that «
goes from «(0) to «(1). Let us now consider a product disc D in the branched surface B, spanned by
an arc . The fixed orientation on D induces an orientation on « and on the two arcs of intersections
D N dMjy,. More precisely the arc in D N dM}, containing «(1) is oriented in the direction of ascending
t € [0, 1], and the one containing «(0) is oriented in the direction of descending ¢ € [0, 1] (see Figure 9
for an example). For a fixed boundary component T of M}, the four possible configurations of one arc of
D NT are described in Figure 11, together with the set of slopes fully carried by the train tracks given by
one component of D N T and the longitude of T'.

In the course of the paper, we will mostly encounter train tracks of the four types described in Figure 11,
or those that we call of fype t1 + - -+ + t,,,, Where ¢; is (a), (b), (c) or (d), for i = {1,...,m}. These
are obtained by juxtaposing train tracks of type ¢;, for i = {1,...,m}, preserving the cyclic order. See
Figure 12 for an example.

The next lemma — which follows by a direct computation with weight systems — will be useful when
computing the sets of slopes realised by our train tracks.

Lemma 3.8 Let t be a train track of type t; + -+ + t,5. Then, a slope r is realised by t if and only if
r =ry+---+rm, where r; is a slope realised by the train track of type t;. O

In many of the cases of our interest, the boundary train tracks will satisfy the hypothesis of Lemma 3.8
and so we can use it to compute the slopes that they realise. Two examples of train tracks that do not
satisfy the hypothesis of the previous lemma can be found in Figure 31 on page 1148.

type (a) type (b) type (¢) type (d)

il @ e o
train track 7 \ a() 7 ?(1)2 10‘('0) (/ . g06(0)

slopes fully carried 0,1) (0,+00) (-1,0) (-00,0)

Figure 11: Possible train tracks given by the longitude of T and one arc of intersection in 7 N D,
together with the intervals of slopes they fully carry.
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type (2) +(c)

N :
train track 7 \ 7 /

Figure 12: A train track of type (a) + (c).

3.4 Fibred hyperbolic two-bridge links

We are now ready to construct foliations on surgeries on the hyperbolic fibred two-bridge links. The
general strategy is simple: we have from (xx) explicit descriptions of the monodromies of these links and
we want to construct branched surfaces in the way described in Section 3.2. If we are able to construct
these branched surfaces so that they have no sink discs, then by Proposition 3.7 we can deduce that all
the surgeries corresponding to the multislopes realised by these branched surfaces contain co-orientable
taut foliations. For this reason, we will have to study which multislopes are realised by the boundary
train tracks.
Before we begin, we make the following remark and establish some conventions.

Remark 3.9 In [52] it is proved that all nontrivial surgeries on fibred hyperbolic knots with fractional
Dehn twist coefficient zero contain a co-orientable taut foliation. A similar result does not hold for
links. In fact, all fibred hyperbolic two-bridge links have fractional Dehn twist coefficient zero (on both
boundary components). This can be proved by finding appropriate arcs moved to the left and to the right
and by using [24, Proposition 3.1]. Nonetheless, this family contains infinitely many L-space links.

Conventions Thorough the section we will use the following conventions:

e We fix a fibre surface S for the two-bridge link L = L(2b1,...,2b,) and we fix its orientation as in
Figure 5. With the induced orientation, L has linking number

k
k(L) = bai+1,
i=0

where n = 2k + 1.

e When a link is fibred there is a natural choice of meridians and longitudes that is in general different from
the one induced by the ambient manifold S3, obtained as follows. We identify S3 \ int(Ny) = %2’1],
where Ny, is a tubular neighbourhood of L. We fix a point x; in each boundary component of S and we

consider the curves yu; = %

oriented in the direction of ascending ¢ € [0, 1] as meridians and the
boundary components A; of S as longitudes. By definition of fibred link, the meridians defined in this
way coincide with the usual meridians of the link. On the other hand these longitudes do not coincide

in general with the canonical longitudes of the link components. In fact, letting /; denote the canonical
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longitude of K;, we have that

(%) Ai + Zlk(Ki, Kjui =1;
J#i
as elements in H1(dNk,,Z), where Nk, is the connected component of Ny, containing Kj;.
From now on we will refer to the bases (i, A;) as the Seifert framing, and to the bases (u;, [;) as the
canonical framing. Notice that it follows from (%) that the longitudes given by the Seifert framing do not
depend on the choice of the Seifert surface. Unless otherwise stated we use Seifert framings.

e We will always suppose n > 1, because when n = 1 the only links obtained in this way are the Hopf
links and we are interested in hyperbolic links.

e We construct branched surfaces by considering oriented arcs in the fibre surface S and then by attaching
product discs as in Section 3.2. We will always co-orient the discs in the following way: we orient them
so that the orientations on their boundaries induce the given orientation on the arcs and then we use the
orientation of the ambient manifold to co-orient them. Analogously, the co-orientation of the fibre S is
obtained by using the orientation of S and of the ambient manifold. A good way to keep in mind the
cusps directions of branched surfaces constructed in the way is the following: looking at the positive side
of S, the cusps directions is pointing right along the arcs o and  with respect to their orientations and is
pointing left along the oriented arcs & () and 2 () with respect to their orientations. See Figure 14.

¢ Drawings will usually show the positive side of the (abstract) fibre surface S.

e We will usually omit 1-handles from the drawings, and we draw the attaching arcs of the 1-handles in
pink. Compare Figure 6 with Figure 19 on page 1136.

e The arcs «, f3,... lie on the positive side of S and are depicted with solid lines; their images
h(a), h(B), ... via the monodromy /% lie on the negative side of S and are depicted with dashed lines.

¢ We will usually denote the sectors of a branched surface in S with letters A, B, .. ..

With the following lemma we partition fibred hyperbolic two-bridge links in few families and study all
of them separately.

Lemma 3.10 Let L = L(2by,...,2b,) with |b;| =1 for all i andn odd. If L is not a torus link then, up
to mirroring L, (b1, ..., by) satisfies:

e Family 1: There exist indices [ and m such that by; # byy,.

e Family 2: (by,...,by) = (b1,—1,b3,...,—1,b,) and there exist indices j # | # m such that
baj+1=bams1 = —landby 4y = 1.
e Family 3: (by,...,by) =(—1,—1,—-1,...,—1,—1).
e Family 4: (b1,...,by) = (b1,—1,b3,...,—1,b,) where exactly one by 1 is —1.
Proof Suppose that L does not belong to family 1. Then, up to mirroring, we can suppose that by; = —1

for all indices /. We now consider the integers b2 11:
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e If there are at least two of them that are negative and one that is positive, then (b1, ..., b,) belongs
to family 2.

e If none of them is positive, then (by, ..., by) belongs to family 3.

o If exactly one of them is negative, then (by, ..., b,) belongs to family 4.

e If none of them is negative, then L = (2,—2,2,...,—2,2) and is a torus link. O

Before beginning the study of these families, we briefly summarise what we will prove and the general
strategy of the proofs. For links in families 1,2 and 3 we will construct taut foliations on all rational
surgeries. The links in family 4 will be divided into two subfamilies, the first containing the links with
byj+1 = —1 for some j such that 2j + 1 # 1,n and the second containing those with by = —1 or
b, = —1. The links in the first subfamily will have taut foliations on all rational surgeries, while those in
the second will be isotopic to the links L, in Figure 1 and we will construct taut foliations on all surgeries
in ((—o0,n) x Q) U (Q x (=00, n)).

For families 1 and 2, the taut foliations will be constructed by using branched surfaces obtained by
adding product discs to the fibre surface. For families 3 and 4 we need a more elaborate strategy, and we
will drill out one or two carefully chosen loops in the link complements to get new fibred 3-component
and 4-component links. We will then study these new links, and construct branched surfaces in their
exterior by adding product discs to their fibre surfaces.

3.5 Study of the links in family 1
Recall from the end of Section 2 the definition of river twist and bridge twist.

Lemma 3.11 Let L = L(2by,...,2by,) withn odd and |b;| = 1 for all i, and let h denote its monodromy
as in (xx). Let M denote the exterior of L.

(1) Ifthere is at least one positive (resp. negative) river twist in the factorisation of the monodromy h, then
the manifold M (ry, r») contains a co-orientable taut foliation for every multislope (r1, r3) € (—oo, 1)?
(resp. for all (r1, 1) € (=1, +00)?); see Figure 13(a)—~(b).

(2) If there are two river twists with different exponents in the factorisation of the monodromy h,
then the manifold M (ry, rp) contains a co-orientable taut foliation for every multislope (ry,r3) €
((—1, +00) X (—00, 1)) U ((—oo, 1) x(—1+ oo)); see Figure 13(c).

Proof (1) Suppose that there is a positive river twist along the curve y;. We consider the arcs « and
B as in Figure 14. The oriented arcs o and B determine a co-oriented branched surface B obtained by
attaching two discs to the fibre surface S as described in Section 3.2. Since n > 1, S is not an annulus
and therefore the complement of @ U 8 in S has no disc components. Due to the fact that we have chosen
a and B so that they are disjoint from y; for j # i it follows that i(«) = 7; () and h(B) = 7;(B), as
depicted in Figure 14. In Figure 14 we have also labelled the branch locus of B with the cusps directions
and denoted with capital letters A, B, C, D the four sectors of the branched surface B in .S and none of

Algebraic € Geometric Topology, Volume 26 (2026)



1132 Diego Santoro

1--1 | | 1+ |
1 % —n

=l -1+

(a) (b) (©)

Figure 13: From left to right, the slopes (r1,72) in the coloured region yield manifolds with
co-orientable taut foliations in the case where there is, respectively, at least one positive river twist,
at least one negative river twist, two river twists with different exponents in the factorisation of
the monodromy /.

them is a sink disc. For this reason we can apply Proposition 3.7 and deduce that M(ry, r2) supports a
co-orientable taut foliation for all the multislopes (r1, r») realised by dB. On each boundary component
of M we obtain a train track, depicted in Figure 16(a), of type (a) + (d). Therefore by using Lemma 3.8
we have that the boundary train tracks of B realise all the multislopes in (—oo, 1)? and by applying
Proposition 3.7 we obtain taut foliations on M (ry, rp) for all (ry,r2) € (—o0, 1)2.

h([f)
// ﬁ

Figure 14: The arcs « and f and the co-oriented discs spanned by them. The letters A, 53, C, D
denote the sectors of B in S.
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B h(p)

Figure 15: The arcs o and 8 when the river twist is negative.

If there is a negative river twist, we consider the same oriented arcs @ and B (see Figure 15), and
on each of the two boundary components we obtain the train track depicted in Figure 16(b), that is of
type (b) + (c). This train track realises all the slopes in (—1, +00) and so we obtain taut foliations on
M(ry, 1) for all (r1,r2) € (—1, +00)2.

(2) Suppose now that there are two river twists with different exponents in the factorisation of 4 and
suppose that the positive one is along the curve y; and the negative one is along y;. We suppose i < j
but the proof does not change if j < i. We choose now « and 8 as in Figure 17 and as before we have
h(a) = i (o) and h(B) = 7;(B). Also in this case the complement of o U B contains no disc components.
Moreover the complement of & U 8 U h(a) U £(B) in S is connected and this implies that there are no
sink discs in the branched surface associated to & and §.

The boundary train tracks are shown in Figure 17. The one on the boundary component of M containing
the boundary component of S labelled with 1 is of type (b) + (c) and by Lemma 3.8 it realises all slopes
in (—1, +00). On the other boundary component we get a train track of type (a) + (d) that hence realises
all slopes in (—oo, 1). Therefore as a consequence of Proposition 3.7 we have taut foliations in M (r, r3)
for all (ry,7r2) € (—1, +00) X (—00, 1). As by Lemma 2.2 two-bridge links are symmetric, we deduce that
there are taut foliations also on the surgeries associated to coefficients (r1, ;) € (—oo, 1) x (=1, +00). O

T N[ ¢

u u

Figure 16: The boundary train tracks in the case where (a) there is a positive river twist and (b)
there is a negative river twist.
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Figure 17: This picture describes the choice of the arcs @ and f when the twist along the curve y;
is positive and the one along y; is negative, together with the boundary train tracks of the
associated branched surface.

Remark 3.12 Recall that we are working with Seifert framings. However we have already noticed that
the meridians of the Seifert framing coincide with the canonical meridians of L. This implies that a
surgery coefficient (71, r2) on L is rational with respect to the Seifert framing if and only if it is rational
with respect to the canonical framing.

Corollary 3.13 If the factorisation of the monodromy h has two river twists with different exponents, i.e.,
if L belongs to family 1, then all the rational surgeries on the link L contain co-orientable taut foliations.

Proof It follows from the first part of Lemma 3.11 that there are co-orientable taut foliations on M (ry, r2)
for (r1,r2) € (=00, 1)?2 U (—1, +00)? and it follows from the second part of Lemma 3.11 that there are
co-orientable taut foliations on M (ry, r2) for (r1,r2) € ((—1, 400) x (=00, 1)) U ((—00, 1) x (=1, +00)).
The union of these sets is exactly the set of all rational multislopes. |

3.6 Study of the links in family 2

As a consequence of Corollary 3.13, by taking mirrors if necessary, we can reduce our study to the case
where the river twists are all positives, i.e., to links of the form L = L(2by,-2,2bs3,...,—2,2b,) with
n odd.

Lemma 3.14 Let L = L(2b4,...,2b,) withn odd and |b;| = 1 for all i, and let h denote its monodromy
as in (*x). Let M denote the exterior of L.

(1) If there are at least two positive (resp. negative) bridge twists in the factorisation of the monodromy h,
then the manifold M (ry, r2) contains a co-orientable taut foliation for every multislope (r1,13) € (—00, 1)?
(resp. for all (r1,r2) € (—1, +00)?); see Figure 18(a)—(b).
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| ]

(a) (b) ()
Figure 18: From left to right, the slopes (r1, r2) in the coloured region yield manifolds with
co-orientable taut foliations in the case where there are, respectively, at least two positive bridge
twists, at least two negative bridge twists, two bridge twists with different exponents in the
factorisation of the monodromy #.

(2) If there are two bridge twists with different exponents in the factorisation of the monodromy h,
then the manifold M(ry,r;) contains a co-orientable taut foliation for every multislope (r1,72) €
((0, +00) x (=00, 0)) U ((—o0,0) x (0, +00)); see Figure 18(c).

Proof (1) Suppose that the positive bridge twists are along the curves y; and y;. We consider the
oriented arc @ and § as in Figure 19. We have h(«) = 7; («): in fact

__ &2_84 &2k €1 €3 €2k +1
h =11, T T T3 Tk
river twists bridge twists

and the only bridge twist that has effect on « is t; and the river twists have no effect on 7; (o). The same
reasoning proves that 2(8) = t;(B). Also in this case we obtain a branched surface that satisfies the
hypotheses of Proposition 3.7. In fact this branched surface has at most two sectors®> A and B in S and
each of them has some cusp direction on its boundary pointing out of it, as Figure 19 shows. Therefore
we just need to study the multislopes realised by the boundary train tracks of B. Both of these are of
type (a) + (d) and hence the multislopes realised are the ones in (—oo, 1)2.

The case where we have two negative bridge twists is analogous: we choose « and § in the same way
but now so that they turn right when they meet the curves y; and y;. Everything works in the same way
but now the multislopes realised by the boundary train tracks are the ones in (—1, +00)2.

(2) Suppose that are two bridge twists with different exponents in the factorisation of 4 and suppose
that the positive one is along the curve y; and the negative one is along y;. We choose « and f as in
Figure 20. Also in this case there are at most two sectors A and B of the resulting branched B surface
in S and none of them is a sink disc. Moreover, the boundary train tracks of B realise all the slopes in
(0, +00) and (—o0, 0). In fact on one boundary component we have a train track of type (a) 4 (b) and on
the other a train track of type (c) + (d).

Using the fact that two-bridge links are symmetric, we obtain the statement. a

3There are two sectors when i = 1 and j = n = 3 and there is only one sector otherwise.
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u

Figure 19: The arcs @ and S, together with their image via the monodromy /4 and the cusps
directions, are depicted. We also describe the train tracks obtained on the boundary of M. To
simplify the picture we do not draw the 1-handles; we understand that the pink-coloured lines are
pairwise identified in the obvious way.

Corollary 3.15 Let L = L(2by,—2,2b3,...,—2,2b,) withn odd and |b;| = 1 for all i, and let h denote
its monodromy as in (xx*). If there are at least two negative bridge twists and one positive bridge twist in
the factorisation of h, i.e., if L belongs to family 2, then all the rational surgeries on the link L contain
co-orientable taut foliations.

Proof As aconsequence of the fact that the factorisation of / contains positive river twists, by Lemma 3.11
we know that M(ry, r») contains a taut foliation for all the multislopes (r1, r2) € (—oo, 1)2. Moreover,
since there are two negative bridge twists it follows from the first part of Lemma 3.14 that M (r, r2)
contains a taut foliation for all the multislopes (71, 72) € (—1, +00)2. As there is also at least one positive
bridge twist we can apply the second part of Lemma 3.14 and deduce that M (r1, r») contains a taut
foliation for all the multislopes (r1, r2) € ((O, +00) X (—o00, 0)) U ((—oo, 0) x (0, +oo)). The union of
these sets is exactly the set of all rational multislopes. a

3.7 Study of the links in family 3
We now focus our attention on the links composing family 3.
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Figure 20: The arcs « and f in the case where there are two bridge twist with different exponents
and the boundary train tracks realised on dM .

Proposition 3.16 Let L be a two-bridge link of the form L = L(-2,-2,-2,...,—2,-2), i.e., belonging
to family 3. Then all the rational Dehn surgeries on L support a co-orientable taut foliation.

Proof It follows by Lemmas 3.11 and 3.14 that, as the monodromy of L has (at least) two negative bridge
twists and (at least) one positive river twist, all the surgery coefficients contained in (—oo, 1)2U(—1, +00)?
yield manifolds with co-orientable taut foliations. We recall that these coefficients are associated to the

Seifert framing. We now consider two cases:

e [ is not the link L(—2,—2,—2): We construct a branched surface B whose boundary train tracks

realise all the multislopes in (—o0, 1) x (0, 400). Two-bridge links are symmetric, hence this will imply
the statement. This branched surface is constructed by considering the arcs & and 8 in Figure 21 and
satisfies the hypotheses of Proposition 3.7. In fact the complement of « U B in S is not a disc, and there
is only one sector of B in S. Hence B has no sink discs. We can therefore use B to construct foliations
on all the surgeries associated to the multislopes realised by its boundary train tracks: one of these is of
type (b), and so realises all slopes in (0, +00), and the other is of type (a) 4 (c) + (d) and hence realises
all slopes in (—o0, 1).

e [ = L(-2,-2,—-2): To study this case we use an idea that will be useful also later on. We construct taut

foliations on all the (7, s)-surgeries on L, where r < 0 or s < 0. This is enough because we already know
from Lemma 3.14 that the surgeries associated to (r,s) € (—1, +00)? contain taut foliations. Observe
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Figure 21: The arcs o and B that we consider when L is not the link L(—2,—2,—2), and the
boundary train track of the associated branched surface.

that L can be described as surgery on a 3-components link £, as in Figure 22. The link £ is also fibred,
because it is boundary of a surface obtained via a sequence of Hopf plumbing, as described in Figure 22.
Moreover the monodromy of the link £ is given by h = 1475 17, T !, where 7; denotes the positive

Dehn twist along the curve ¢; shown in Figure 23.

This description of L will help us to construct the desired taut foliations. The idea is to find a branched
surface in the exterior of £ so that the boundary train tracks realise slope —1 on the boundary component

&

2

Figure 22: How to obtain the link L(—2,—2, —2) as surgery on a 3-component link £. We also
describe a fibre surface for £, obtained via a sequence of Hopf plumbings.
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Figure 23: An abstract drawing of the fibre surface for the link £, together with the curves c;.
We have also coloured the three boundary components of S, the boundary component labelled i
corresponding to the component K l/ of the link, fori =1, 2, 3.

associated to K. To do this is important to pay attention to how the surgery coefficients change when
passing from £ to L. Recall that the coefficients of the slopes are written by using the identification given
by the Seifert framing. The (a, b, —1)-surgery on L coincides with the (a—1, b+1)-surgery on L, as the
following diagram suggests:

Seifert framing for £ Seifert framing for L
—_—~ —_—
(a,b,-1) --—-—--- > (a—1,b+1)

| I

(@b+2,—1) — (a+1,b+3)
— —

canonical framing for £ canonical framing for L

The changes of coefficients indicated by the vertical arrows are a consequence of formula (x) and the
fact that

k(K1 K») = =2, 1k(K}, K) =1k(K}, K5) =—1, k(K| K}) =1.

We construct two branched surfaces B; in the exterior of £, associated to the arcs «;, 8; and y;, for
i = 1,2, as described in Figure 24. It can be checked by direct inspection that for i = 1, 2 the complement
of «; U B; U y; contains no disc components in S, and that there are no sink discs. Hence we can apply
Proposition 3.7 and deduce that these branched surfaces carry laminations that extend to taut foliations on
the manifolds obtained by Dehn filling the boundary tori along the multislopes realised by the boundary
train tracks. First, we consider the boundary train tracks of B;. Notice that the one contained in the
boundary component of M labelled with 1 does not satisfy the hypothesis of Lemma 3.8, and so we cannot
use it to compute the slopes it realises. Nonetheless, a direct computation with weight systems shows that
it realises all slopes in (—oo, 1). The two other boundary train tracks of By are of type (b) and type (c)+(d)
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Figure 24: The arcs «;, B;, y; and their images via the monodromy £, together with the cusp
directions of the associated branched surfaces and their boundary train tracks. We have also
indicated the sectors of the branched surfaces in S
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and so realise all slopes in (0, +00) and (—oo, 0) on the corresponding boundary components. Summing
up, the boundary train tracks of Bj realise all the multislopes in (—oo, 1) x (0, +00) X (—00, 0). The
boundary train tracks associated to B; are all of type (a) + (d) and hence realise all multislopes (—oo, 1)3.
In particular, we have taut foliations on Sr3, s—1(L) = Sr3_1, s41(L) forall (r,s) € (—oo, 1) xR.

Since L is symmetric, and since all multislopes in (—1, +00)? are covered by Lemma 3.14, the
statement follows. |

3.8 Study of the links in family 4

We now focus on the links of family 4, i.e., on the links of the form L = L(2by,—2,2b3,...,—2,2by)
where exactly one b; is —1 and all the others are equal to 1. We first study the case when b; = 1 for some
i #1,m. We write m = 2n + 1 for some positive integer n.

Lemma 3.17 Let L = L(2by,—2,2b3,...,—2,2b,,) where exactly one by 1 is —1 and all the oth-
ers are equal to 1 and suppose that 2k + 1 # 1,m. Then L is isotopic as an unoriented link to
L(-2k,—2,2,—-2,—2h), where h =n —k.

Proof We will prove this algebraically. We start by computing the fraction associated to the link
L(—2k,—2,2,—2,—2h). We have

1 1
—2k + =2k + =—2k+—-r
1 1 4h + 1

4 24— 2+
, 1 ) 2h 6h + 2
+ ) 1 C4h+1

T on

= 2k +

6h+2  16kh+ 6k +6h +2
—(8h+3) —(8h +3)

and this implies L(—2k,—2,2,-2,—2h) = b(16kh + 6k + 6h +2,—(8h + 3)), where b(p, q) denotes
the two-bridge link associated to the rational g.

We now study the fraction corresponding to L. This fraction depends on k and n, or equivalently on k
and & = n — k, and we denote its reduced representative by % Then we have

1
Oﬂ”‘—’h=2+ 1 ,
k,h

24

2+
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where the last —2 corresponds to 2b,x 41, and where fl’—z is defined as

length 2k
1
L
qn 1
2+
-2+
+ 2
One can check by induction on /& > 1 that % = 211;-hl , and hence pp =2h +1 and g5 = —2h.

We now prove by induction on k that
Up p = 16kh + 6k + 6h + 2,

,Bk,h = 16kh —2h + 6k — 1
for every h.

e Case k = 1: We have the equality

o 1 1 6h +2 22h+ 8
“Lh_ oy =24 g ot 2+t
Bi.n 1 142k 14h+5 14h+5
2+ — -2—
24+ —
Ph

Since (22h + 8, 14h +5) = (qn, pn) = 1 we deduce that oy , = 22h + 8 and B, ,, = 14h + 5.

e Case k > 1: We can use the equality

o 1 O — R -2 —

kh _ o a4 k—1,h _ 3o%—1n Bi—1,n

Bk, - Bk—1,n =2ag—1,h +Bk—1.n  20k—1,n — Bk—1,n
Qk—1,h

and the fact that

(Batk—1,n = 2Bk—1,n 20k—1,h — Br—1.0) = @k—1,n, Bk—1,n) = 1
to deduce that o p, = 3ax—1 5 —2Pk—1,, and that B = 2,1 j, — Brk—1,n- Therefore we have
ak,h = Bk,h = Ak—1,h — Be—1,n = 8h + 3,
Uk, h — tk—1,h = 2(Qk—1,h — Pk—1,n) = 167 + 6.
These equalities imply

U = ap—1.p + 16h + 6 = 16kh + 6k + 6 +2,
Bih = jp—8h—3 = 16kh —2h + 6k — 1

and this proves the claim.
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I el o

Figure 25: How to obtain the link L(—2k,—2,2,—2, —2h) as surgery on a 4-component link L.
We also describe a fibre surface for £, obtained as a sequence of Hopf plumbings.

To conclude the proof of the lemma we just have to recall from Theorem 2.1 that if 8’ = o +  mod 2«
then the links b(«, B) and b(«, B’) are isotopic after reversing the orientation of one of the components.
In the case of our interest we have

ah + Bieh =~ + P, = —(8h +3)  mod 2ay . O
The description given by the previous lemma allows us to prove:

Proposition 3.18 Let L = L(2by,—2,2b3,...,—2,2b,,) where exactly one byy, is —1 and all the
others are equal to 1 and suppose that 2k + 1 # 1, m. Then all the rational Dehn surgeries on L support
co-orientable taut foliations.

Proof By virtue of Lemma 3.17 it is equivalent to study surgeries on links of the form Ly, =
L(—2k,—2,2,—2,—2h) where h >0 and k > 0. These links can be obtained as surgeries on a 4-component
fibred link £, as described in Figure 25. Our aim now is to construct foliations on enough surgeries on L.

The monodromy of the link £ is given by h = 15137774 1 4127, 1 where 7; denotes the positive Dehn
twist along the curve ¢; shown in Figure 26. If we label the components of L and £ as described in
Figure 25, the surgery coefficients change in the following way:

fert fi fi
Seifer ramlng or £ Seifert framing for L
1 ——
R R D)

=
! |
(a=1.6-1,- ]i ;l)—>(a—1+k+h b—1+k+h)

canonical framing for £

canonical framing for L
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Figure 26: An abstract drawing of the fibre surface for the link £, together with the curves ¢;. We
have also coloured the boundary components of S, the one labelled with i corresponding to the
component Kl.’ of the link, fori =1, 2, 3, 4.

As usual, when constructing foliations it is more natural to work with the framings given by the Seifert
surfaces.

We construct two branched surfaces in the exterior of £. The first one is associated to the arcs «, 8, ¥,
8, € depicted in Figure 27, where we also describe the types of the boundary train tracks. The complement
of these arcs in the fibre surface is not a disc (it is easier to see this by considering the complement of
the images of these arcs via the diffeomorphism /) and the branched surface does not contain sink discs.
In fact, there are five sectors in S, labelled with capital letters in Figure 27 and none of them is a sink disc.
Therefore we can apply Proposition 3.7 and deduce that there exist taut foliations on all the surgeries
on L corresponding to multislopes in (0, +00) X R x (—o0, 0) X (—00, 0).

The second branched surface is the one associated to the arcs described in Figure 28. In this case
all the boundary train tracks are of type (a) + (d) and hence we are able to construct foliations on the
surgeries corresponding to multislopes in (—oo, 1)%.

This implies that for every kK > 0 and & > 0 all the surgeries on the link Ly j corresponding to
multislopes in (0, +00) x R and in (—oo, 1)? support a co-orientable taut foliation. The conclusion

follows using the fact that all these links are symmetric. |

Now we only have to study the links L = L(2by,—2,2b3,...,—2,2bs,+1) where b = —1 and all
the other b; are 1, or where by,4+1 = —1 and all the other b; are 1. The link L(ai,az,....d2p41) iS
isotopic to L(azn+1,...,a2,d1), so we can reduce our study to the case when by, +1 = —1 and we

denote the corresponding link by L.

Lemma 3.19 The link L, is isotopic as unoriented link to the link L(2,—2,—2n), illustrated in Figure 1.

Proof We compute the fractions associated to these links. The one associated to L (2, —2,—2n) is 2;’ i%

Therefore by Theorem 2.1 the link L(2,—2,—2n) is isotopic, after reversing the orientation of one of the

6n+2
—@ntD)"

components, to the link defined by the fraction
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Figure 27: The arcs «, 8, y, 8, € and the boundary train tracks of the associated branched surface.

The fractions fl’—: associated to L, satisfy the recursive equation
1 - 3pn—1—2qn—
(1) &:2+ —2 Pn—1 :pnl dn 1.
dn dn—1 —2pn—1+4qn—1 2pn—1—4n-1
-2+
Pn—1

Figure 28: The arcs o, 8, y, § used to construct the second branched surface. We have also
labelled the sector contained in S and one can check that none of them is a sink disc.
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Figure 29: How to obtain the links {L,},>1 as surgery on a 3-components link £ and a fibre
surface S for L.

Let us find an explicit formula for p, and g,. It follows from (1) that

Pn—49n = Pn—1 —4n—1

and as a consequence the quantity p; — ¢g; does not depend on the index i. Moreover, (1) also implies

Pn—Pn—1=4qn—qn-1 =2(Pn—1—4qn-1)

and therefore also the quantity p; — p;—1 = ¢; —q;—1 is constant in i. As when n = 1 we have % = %,
we deduce by induction that p, =8+ (n —1)6 = 6n + 2 and ¢, = 5+ (n — 1)6. To conclude the proof

is enough to observe that —(2n + 1) = ¢;; ! mod 2p, and use again Theorem 2.1. |

We will prove in the next section (see Proposition 4.3) that when r > n, s > n the (r, s)-surgery on L,
is an L-space, where the surgery coefficients are to be considered in the canonical framing. We now
prove that all the other (rational) surgeries on L, support co-orientable taut foliations.

Proposition 3.20 Let L,, = L(2b1,—2,2b3,...,—2,2bs,+1), where by, +1 = —1 and all the other b;
are 1, and let r < n, s <n be rational numbers. Then the (r, s)-surgery on L, supports a co-orientable
taut foliation, where the surgery coefficients are considered in the canonical framing.

Proof We can suppose that n > 2, because L is the Whitehead link, for which the corresponding result
was proved in [53]. By Lemma 3.19 we have L, = L(2,—2,—2n) as unoriented links and by using this

representation it is evident that L, = § .3 (L), where L is drawn in Figure 29. This figure also shows

a fibre surface S for £ obtained via a seciufl:r/lrée of four Hopf plumbings.

We choose four triples «, 8, y of oriented arcs in S and consider the four branched surfaces in the
exterior of £ associated to these arcs, as depicted in Figures 30 and 31. Each of these triples has the
property that its complement in S contains no disc components.

Moreover, the figures also illustrate the sectors of the branched surfaces contained in S and it can
be checked that none of these is a sink disc. Thus, thanks to Proposition 3.7 we only need to study the
boundary train tracks of these branched surfaces in order to construct the desired taut foliations. The

multislopes realised by these branched surfaces in the Seifert framing of £ are, respectively,

Algebraic € Geometric Topology, Volume 26 (2026)



L-spaces, taut foliations and fibred hyperbolic two-bridge links

Algebraic € Geometric Topology, Volume 26 (2026)

3 —>

Figure 30: How to choose two of the four triples of arcs «, 8, y. The picture also represents their
images via the monodromy, the boundary train tracks, and the sectors in S

all the multislopes in (—oo, 1) X R x (-1, 0);

all the multislopes in (0, 2) x (0, +00) x (—o0, 0);
all the multislopes in (0, 2) x (—o0, 0) x (—1,0);
all the multislopes in (—o0, 2) x (—1, 1) x (-1, 0).

N J/

N (L
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T
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Figure 31: How to choose the two other triples of arcs «, 8, y. The picture also represents their
images via the monodromy, the boundary train tracks, and the sectors in S

We now prove that by considering L, as —% surgery on the third component of £, we have constructed
the desired foliations on the surgeries on L. First of all we observe that

k(K. K}) = k(K. K}) =1, 1k(K}. K}) =—1

and by using formula (x) we deduce the change of surgery coefficients

canonical framing for £
canonical framing for L,

1 1
(a,b,——) — (a—2,b,——) —(a+n—-2,b+n).
n

n

Seifert framing for £
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Therefore, for every n > 2, we obtain taut foliations on all the surgeries on L, corresponding to multislopes
in

o W= (—oco,n—1)xR;

e X=m-2,n)x(n,+o0);

e Y =m—-2,n)x(—o0,n);

o Z=(—oo,n)x(n—1,n+1).
We now show that these four sets are enough to deduce that, for all » > 2, all the surgeries on L,
corresponding to multislopes (r1, r2) where r; < n or r, < n support a co-orientable taut foliation. In fact

suppose that we have such a pair (ry, ;). Since L, is symmetric we can suppose that r; < n and we
have the following cases:

e r1 <n —1: In this case the pair is contained in the set W.

e n—1<ry <n:If rp > n the pair is contained in X, if r, < n we conclude by using the set ¥ and if
ro = n we use the set Z. O

4 L-spaces

We now study the L-space surgeries on the links L, illustrated in Figure 1, and conclude the proof
of Theorem 1.2 and Proposition 1.5. To do this we will use the main result of [50]. We recall some
definitions and fix some notation.

Let Y be a rational homology solid torus, i.e., ¥ is a compact oriented 3-manifold with toroidal
boundary such that H,(Y; Q) = H.(D?> x S'; Q).

We are interested in the study of the Dehn fillings on Y. We define the sef of slopes in Y as

SI(Y) ={a € H1(0Y;Z) | « is primitive}/£]1.

We will denote with Y («) the Dehn filling of Y associated to [«] € SI(Y).

Notice that as a consequence of Y being a rational homology solid torus, there is a distinguished slope
in S1(Y) that we call the homological longitude of Y and that is defined in the following way. We denote
with i : H1(0Y;Z) — H{(Y; Z) the map induced by the inclusion dY C Y and we consider a primitive
element [ € H{(dY;Z) such that i (/) is torsion in H(Y;Z). The element / is unique up to sign, and
its equivalence class [/] € SI(Y) is the homological longitude of Y. This definition, which may seem
counterintuitive, is given so that when Y is the complement of a knot in S3, the homological longitude
of Y coincides with the slope defined by the longitude of the knot.

We want to study the fillings on Y that are L-spaces. For this reason we define the set of the L-space
filling slopes as

L(Y)={[a] €SI(Y) | Y(x) is an L-space}.

Once we fix a basis (i, A) for H; (Y ; Z) we can identify the set SI(Y) with Q. The following theorem
is a straightforward consequence of [50, Theorem 1.6].
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Theorem 4.1 Let Y be a rational homology solid torus and let [«] # [B] be two slopes in L(Y). Then
the set L(Y') contains the interval in SI(Y') between [«] and [B] that does not contain the homological
longitude [I]. |

We want to use this result to study L-space surgeries on links. If L is a link in S3, we denote
by L(L) the set of slopes in the exterior of L such that the corresponding surgery is an L-space. For each
component of the link we fix the canonical meridian and longitude, and in this way we can identify £(L)
with a subset of Q¢, where d is the number of components of the link. We fix d = 2, i.e., we suppose
that L has two components K1 and K5. Given (ry,7;) € @2, we denote by

(L) the (ry, rp)-surgery on L;

rl )

e S3 (L) the manifold obtained by drilling K> and performing r{-surgery on K7;

ri,e

(L) the manifold obtained by drilling K; and performing r,-surgery on K».

or2

Recall that if L has two components, then by using Mayer—Vietoris one can see that the manifold S3 s (L)
is not a rational homology sphere if and only if {ry,r2} = {0, 00} or r1r, = Ik(L)?, where 1k(L) denotes
the linking number of the components of L. Hence if r1 2 0 the manifold S (L) is arational homology
solid torus with homological longitude given by lk(L) € Q. Analogously, if r2 # 0 the manifold S3 ', (L)
is a rational homology solid torus with homologlcal longitude given by lk(L) € Q.

Proposition 4.2 Let L be a two-component link with two unknotted components. Suppose (r1,r3) € L(L)
with r1r, > 1k(L)? and r; > 0,7, > 0. Then ([rl, o] X [ra, oo]) N Q?2 is contained in £(L). Analogously,
if rirp > 1k(L)? and ry < 0,r2 <0 then ([0o, r1] x [00, 2]) N Q? is contained in L(L).

Proof The proof is the straightforward adaptation of the proof of [53, Lemma 2.6]. We report it here
for convenience of the reader. We prove the proposition in the case riry > lk(L)2 and r1 > 0, rp > 0.
The other case is analogous. We consider the manifold ¥ = §; 3 .- We have that r, € £(Y) and since the
components of L are unknotted it follows that also oo € L(L). In fact S,1 oo (L) is a lens space, and hence
an L-space. Thus we can deduce, by virtue of Theorem 4.1, that the interval between r, and oo that does

lk(L) is smaller

not contain the homological longitude is contained in £(Y). The homological longitude
than r,, so we deduce that [r, 00]NQ C £(Y). In other words we have proved that Srl B (L) is an L-space
for all s > r,. Now we fix s > r and consider the manifold Yy = S .3 5 As a consequence of r1 and oo
belonging to L(Y;), we can apply again Theorem 4.1 and deduce that the interval between r; and oo that
does not contain the homological longitude is contained in £(Y;). Since r; > lk(é)z > lk(L)z and the last
term in the chain of inequalities is the homological longitude of Yy, we conclude that [ry, ] NQ C L(Y;)
for all s > r». This is exactly equivalent to saying that ([r, 00] X [r2, c0]) N Q2 c L£(L). A pictorial

sketch of the proof is described in Figure 32. a

We are now ready to prove the main result of this section. Recall that since two-bridge links have
unknotted components, the rational homology spheres associated to surgery coefficients (r, s) where at
least one of r and s is oo are all L-spaces. For this reason, we will only consider the set £(L,) N QZ2.
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Figure 32: A pictorial sketch of the proof.

Proposition 4.3 Let L,, be the link described in Figure 1. Then £(L,) N Q? = [n, +00)? N Q2.

Proof Since L-space do not support taut foliations, it follows from Proposition 3.20 that it suffices to
prove that

[, +00)> C L(Ln).

The link L,, satisfies 1k(L,)? = (n — 1)? and its components are unknotted, hence by Proposition 4.2 it is
enough to prove that (n,n) € £L(L,). We can see the links L, as surgeries on a three-component link .&,
as represented in Figure 33. We have also fixed an orientation of this link, that we will use later in the
proof.

More precisely we have that S;)b,_l/(n_l)(.,iﬂ) = S3+n—1,b+n—l (L
)(.,%) is an L-space for all n > 1 and to prove this we will apply

n). This implies that the statement

is equivalent to proving that S f 1—1/(—1

Theorem 4.1 to the rational homology solid torus S 13,1’.(.,2”). Denoting this manifold by Y, we have:

e 0o € L(Y): Infact 3, (%) is (1,1)-surgery on the Whitehead link. This is the Poincaré homology

1,1,00
sphere and manifolds with finite fundamental group are L-spaces [48, Proposition 2.2].

M) ”\({“
2
U
J L

Figure 33: How to obtain the links {L,},>1 as surgeries on a 3-component link .&.
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Figure 34: The (1, 1, 1)-surgery on .Z is (0, 0)-surgery on the Hopf link.

e 1€ L(Y): Infact S 13’1,1 (2) is (0, 0)-surgery on the Hopf link, see Figure 34. This manifold is S3 and
therefore an L-space.

¢ The homological longitude of Y is the slope 2: To prove this we have to do a simple computation. We

fix an orientation for the link and we denote the components of . with K, K, and K3 as in Figure 33.
We have that Ik(K1, K3) = 1k(K», K3) = 1 and 1k(K, K») = 0. Consequently, a presentation matrix
for Hy (Sil,p/q (), Z) is given by
10g
A=]101g¢
11p

3
L1,p/q
This happens if and only if p = 24 and therefore 2 is the homological longitude of the manifold S 13,1,-(3)'

and in particular S (%) is not a rational homology sphere if and only if the determinant of A is zero.

What we have proved implies by Theorem 4.1 that (—oco, 1] N Q C £(Y). In particular S 13 -1/ (n_l)(.i”)
is an L-space for all n > 1 and this manifold is exactly the (n, n)-surgery on L. O

Remark 4.4 In the terminology of [21], the links L, are L-space links. Liu [41] conjectured that a
two-bridge link is an L-space link if and only if is of the form b(pg — 1, —¢), where p and ¢ are odd
positive integers. This conjecture was proved by Dawra [10]. It is not difficult to prove that the link L,
as an unoriented link, is isotopic to b(6n + 2, —3).
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New results on tilings via cup products and Chern characters
on tiling spaces

JIANLONG LIU, JONATHAN ROSENBERG AND RODRIGO TREVINO

We study the cohomology rings of tiling spaces €2 given by cubical substitutions. While there have
been many calculations before of cohomology groups of such tiling spaces, the innovation here is that
we use computer-assisted methods to compute the cup-product structure. This leads to examples of
substitution tilings with isomorphic cohomology groups but different cohomology rings. Part of the
interest in studying the cup product comes from Bellissard’s gap-labeling conjecture, which is known to
hold in dimensions < 3, but where a proof is known in dimensions > 4 only when the Chern character
from K°(Q) to H*(Q, Q) lands in H*(2,Z). Computation of the cup product on cohomology often
makes it possible to compute the Chern character. We introduce a natural generalization of the gap-
labeling conjecture, called the equivariant gap-labeling conjecture, which applies to tilings with a finite
symmetry group. Again this holds in dimensions < 3, but we are able to show that it fails in general in
dimensions > 4. This, plus some of our cup-product calculations, makes it plausible that the gap-labeling
conjecture might fail in high dimensions.

1 Introduction

This paper is about tiling spaces €2 coming from primitive substitution tilings of R4, All the tilings in
this paper will be self-similar and have finite local complexity. Under those hypotheses, the action of R?
on €2 by translations is minimal and uniquely ergodic [30]. We begin with a review of the basic definitions
and literature on tilings in Section 2.

The problems that we will study here were motivated by the gap-labeling conjecture of Bellissard [7].
His idea was that in a quasicrystal (an almost periodic physical system modeled mathematically by a
tiling), physical properties of the material are determined by the spectra of almost periodic Schrédinger
operators which live in a C *-algebra A, (2) determined by the tiling, so that gaps in the spectra can be
determined by computing Ko (A, (£2)) and the map from this K-group to the reals induced by the trace.
The algebra A, (2) is highly noncommutative and thus complicated to deal with, but it contains a natural
copy of the commutative algebra C(£2) of functions on the tiling space. Bellissard noticed that at least
in many cases, the K-theory of A4,(2) all lies in the image of the K-theory of this subalgebra, which
can be computed purely topologically. The gap-labeling conjecture asserts that this should always be
the case. Several papers [8; 10; 16] claimed to prove the conjecture, but they all implicitly assumed that
the top-dimensional piece of the Chern character ch; : K —4(Q) — HY (2; Q) gives an isomorphism
K4 (Q) => HY(Q: 7). (See [1, §9] for a detailed discussion.)
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Our goal in this paper is to compute the structure of the integral cohomology ring H *(€2; Z) for several
examples of cubical substitution tilings. This is computation-intensive and requires computer assistance
for the calculation of the cup product. Calculations are done in Sections 3 and 4. In several cases, we are
also able to determine at least an important part of the Chern character map chy : K —4(Q) - H4 (2:;Q).
Among the major results are:

(i) There are cases of tiling spaces with isomorphic cohomology as groups but not as rings (Section 3.2).

(ii) There are cases where the Chern character does not give an isomorphism K —4(Q) > H 4(Q:7)
(Section 4.1).

Unfortunately we are not able with the present techniques to produce a counterexample to the gap-
labeling conjecture in high dimensions, though we would not be surprised if such a counterexample
exists.

However, we show that there is a natural generalization of the gap-labeling conjecture, which we call
the equivariant gap-labeling conjecture, that can be formulated for tiling spaces with a finite symmetry
group. Roughly speaking, this involves replacing K-theory by equivariant K-theory. This conjecture is
formulated and discussed in Sections 2.5 and 2.6. We show that this equivariant conjecture fails in general
when d > 4 (see Theorem 2.6 and Section 4.3), which provides additional evidence that the original
gap-labeling conjecture probably fails in high dimensions.

2 Tiling spaces and their cohomology

This section covers the necessary background on tiling spaces and their topological invariants.

2.1 Basics of tilings

To define a tiling, we start by assuming we are given a finite set of polytopes in R4 called prototiles.
A tileis atranslate t + 1, T € Rd, of a prototile ¢, along with a choice of color or label ¢ € Col chosen
from a set Col of colors. We will always assume that Col is finite. If Col has only one element, a
common scenario, then one can ignore the color. A filing T of R? is a decomposition of R as a union
of tiles which only intersect along their faces. We write RY = U j tj, where each 7; is the support of
the tile (tj, c;), and ¢; € Col is the color of the tile. In a slight abuse of notation, we will often fail to
distinguish between tiles and their supports, but this should not cause confusion from context. A patch
of T is the union of finitely many tiles. Two tiles 1, ¢, of a tiling T are translation-equivalent if there
exists a T € R? such that t1 =t — 1, i.e., they are translations of the same prototile, and their labels are
equal. Two patches Py, P, of T are translation equivalent if there is a t € R4 such that Pi=P,—rt.
The translation ¢, of tiles and patches by vectors t € R4 extends to all of a tiling 7, and we denote
by ¢ (T) the tiling consisting of the union of tiles of the form ¢ (¢), where ¢ is a tile of 7.

Let Ry > 0 be the smallest number so that any ball of radius R« in R? contains a tile of 7. For any
R > Ry, an R-patch of T is the largest patch of 7 completely contained in a fixed ball of radius R. The
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tiling 7 has finite local complexity or FLC if, given any R > 0, the set of equivalence classes (under
translation) of R-patches of the family of tilings {¢;(7)};ecgr« is finite. All tilings considered in this
paper will have FLC.

Given a tiling 7, define the metric d on the set of all translates {¢;(7)},cga as follows. Set

d' (p:(T), s (7)) = inf{e > 0 : there is a 7 € B¢(0) such that the € ~!-patch of ¢, (T)
is equal to the e~ !-patch of ¢y (T)}

and define

d(¢:(T). ¢s(T)) = min{1, d"(¢:(T). ps(T))}-

This is a metric [30]. The (translational) tiling space Q2+ of T is the metric completion of the set of
translates of 7 with respect to the metric above, i.e.,

Q7= {$:(T) : 1 €RY}.

If 7 is FLC, then Q7 is a compact metric space, with local product structure B x C, where B is a
Euclidean ball and C is a zero-dimensional compact space (usually, but not always, a Cantor set). The
translation of 7 by vectors of R extends to an action of R¢ by translations.

Let us mention two more topological spaces associated to 7, where one incorporates rotations in
addition to translations, that is, SE(d) = R xSO(d). For details, see [27, §4.1-4.5]. The metric is first
relaxed to allow e-rotations, then one can define

Q' = {($(T) : ¢ € SE(d)}.

It has a canonical transversal
QY = Q' /SO(d) = Q7/{rotational symmetries},
which we call the rotational tiling space of T.

2.2 Substitution tilings

Let (t1,c1), ..., (tm,cm) C R4 x Col be compact, connected sets with nonempty interior, where Col is a
finite set. If A C GL(d, R) is an expanding matrix, then a substitution rule on ty, . . ., ty, with expansion A
is a decomposition of At; as

m
At = U U li—t
J=11€A;;

for any i, where each A;; is a finite set. The substitution matrix corresponding to this substitution rule
is the doubly indexed collection of numbers S defined by S;; = |A;;|. The substitution is primitive if
there is a k € N such that the substitution matrix S* has all positive entries. Any substitution rule can be
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iterated: the set A2¢; can be tiled as

m
A% = U U At; — Ar,
J=1t€A;;
where Af; can be decomposed as above. A tiling 7 is given by a substitution rule with expansion A if
any patch of 7 is translation equivalent to a subpatch of Akti for some k € N, 1 <i <m, where Akzi 18
a tiled set as above. In that case, a patch which is translation-equivalent to one of the form AKt; as above
is a level-k supertile.

Let 7 be a FLC tiling with prototiles ?1,...,t,. For atile t € T, let T(¢) be the patch consisting
of all tiles of 7" which intersect ¢. This type of patch is called a collared tile of T. Now consider the
product Q2 x R4 with the product topology, where €27 has the discrete topology and R¥ the traditional
topology. Let ~; be the equivalence relation on this product which declares (77, u1) ~1 (72, up) if
Ti1(t1) —uy1 = Ta(t2) — up for some tiles 1, to with u; € t; € T;. The Anderson—Putnam complex of Q-
is the set ' := (27 x ]Rd)/~1. Let 771 : Q7 x R4 — T’y be the quotient map. The space 'y is a flat
branched manifold.

If 7 is a primitive substitution tiling then there exists a locally expanding affine map y : I'r — 't
such that there is a homeomorphism of tiling spaces

(1) Q7 2 lim(Tr. ).

which is the seminal result of Anderson and Putnam [2]. In this case [30], the action of R4 by translations
is uniquely ergodic: there is a unique R¥-invariant ergodic probability measure on 2, which will be
denoted by u. By the local product structure of €2, this measure is locally of the form Leb x v, where
Leb is the Lebesgue measure on the local Euclidean component and v is a measure on the local Cantor
component and will be discussed further in Section 2.4.

Remark 2.1 The reader may wonder why 27 may not be recovered as the inverse limit obtained by the
substitution rule directly on tiles and not necessarily on collared tiles, as required for the construction
of the Anderson—Putnam complex 'y above. Although an inverse limit would be well defined in such
case, it may not necessarily be homeomorphic to the tiling space 2. This happens if and only if the
substitution rule forces the border (see [2] for a proof of this result). To quote [27], “A substitution rule
forces the border if there exists a positive integer n such that any two level-n supertiles of the same type
have the same pattern of neighboring tiles”. Although the concept of forcing the border will not be central
in this paper, it will be mentioned in a couple of the examples below, and we direct the reader to [2; 27]
to learn why in that case one can use uncollared tiles to form the desired inverse limit.

Definition 2.2 A cubical substitution in dimension d with m colors with expansion A € N is a substitution
rule on [0, 1]¢ x {1,...,m} with expansion matrix 4 = A -Id.

Note that there are m*“ T1 different cubical substitution rules in dimension d with m colors and

expansion A.
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2.3 Topological invariants

Suppose that 7 is a primitive substitution tiling. The Anderson—Putnam homeomorphism (1) allows us to
express the cohomology and K-theory of 2 = Q7 in digestible terms:

@) H*(Q:2) = lim(H* (T Z),y*) and  K*(Q) = lim(K*(I"), y").

Recall that the Chern character ch : K*(Q2) — H*(2: Q) is defined by

k
3) en(izp = Y2 OV
k>0

for L a line bundle on 2 and [L] its class in K-theory, where ¢ ([L]) is the first Chern class of [L],
and then extended to all virtual vector bundles using the “splitting principle” (which says that one can
pretend all vector bundles split into direct sums of line bundles). This is a ring homomorphism, and
after tensoring the domain with Q, it becomes a rational isomorphism of rings. (Strictly speaking, we
have only defined the Chern character on even-degree K-theory, with values in even-degree cohomology,
but it extends by suspension to odd degrees as well.) This isomorphism in fact is derived from the
isomorphism ch: K*(I') @ Q =~ H*T; Q) at the AP complex level and (2). When the dimension of T’
is at least four, then because of the denominators in (3), ch does not necessarily come from an integral
isomorphism between K*(I") and H*(T"; Z). (It does give such an isomorphism for spheres and tori —
see, for example, [14, Proposition 4.3] — but not for (CIP’k, k>2][14,8§4.1])

In Section 4 we give an explicit example of how the Chern character can fail to be an integral
isomorphism for tiling spaces. This gives a negative answer to a question of Benameur and Mathai [9, p. 8].

2.4 Frequencies, traces and the gap-labeling conjecture

Suppose 7T is a primitive substitution tiling and P C 7T is a patch. Let us make some comments about
patches.

First, the patch has a frequency: let freq g (P, T) be the number of copies of P found (up to equivalence)
as subpatches of 7 which are completely contained in a ball of radius R around the origin. Since the
tiling came from a primitive substitution, the limit R4 freqpr (P, T) — freq(P, T) > 0 exists as R — oo,
and it is called the patch frequency of P. Since there is a unique R4 -invariant measure on 7, this limit
is actually independent of 7, meaning that the patch frequency of the patch P is the same for any tiling
in 2. This will be denoted by freq(P).

Secondly, if P is a patch, then P is given by a closed subset P C T and a k > 0 in that the
set 1 (13 ) C Q is isometric to P xCp, where Cp is a (transversal) Cantor set. It follows from Birkhoftf’s
ergodic theorem that v(Cp) = freq(P), and for this reason v is sometimes referred to as the frequency
measure.

Finally, if P is a patch, then it defines a cohomology class [P] € H4 (2; Z) as follows. Recall that there
exists a closed set P C I such that T 1(P) C Q is isometric to P x Cp. Then the interior of P in T is an
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open set with a Cech cohomology class [P] € I:Id(F; Z) which by (2) defines a class [P] € PVId(Q; 7).
The map [P] — freq(P) = v(Cp) turns out to give a homomorphism C, : H9(Q;7Z) — R called the
Schwartzman asymptotic cycle or the Ruelle—Sullivan current [18]. The image CM(I-VId (2;Z)) CRis
called the frequency module.

Associated with any substitution tiling space there are several C *-algebras that one can define (see [17]
for details). The principal one is A, (2), the unstable (punctured) algebra. Another important one is
Aar(€2), the AF-algebra constructed from the substitution matrix defining the tiling space 2. Since the
substitution is assumed to be primitive, it comes with a unique tracial state tar : Ko(Aar(2)) — R.
For a primitive substitution tiling, there is also a unique tracial state 7 : Ko(Ap,(£2)) — R which can be
recovered from the unique R -invariant probability measure u on the tiling space €2.

How the images C M(I-VI 4(Q: 7)) and (Ko (Ap(£2))) overlap is a delicate matter. The conjecture that
they are equal was proposed by Bellissard [7], and went under the name of the gap-labeling conjecture.
There have been three papers claiming to have proved this equality [8; 10; 16]; we now briefly review
what is at stake. As pointed out in [1], several of these papers invoke arguments which rely on the
commutative diagram

chgox™!

Ko(Ap(Q)® Q % A4 (Q:;Q)

4) l lcu

R ld s R

where y: K~4(Q) — Ko (Ap(L2)) is an isomorphism, ch: K*(Q) ® Q — I-VI*(Q; 7Z) is the isomorphism
given by the Chern character in (3), and chy is its projection to H4 (2; Q). The arguments used in several
papers have the gap that they assume that ch; factors through HA (2;Z) to give the diagram

chgox™!

Ko(Ay(Q)) 22 A4(Q:7Z)

) |+ lcu

R ld s R

Although this may hold in low dimensions, in Section 4 we give an explicit example where this is not
true, and thus show that any argument to prove the gap-labeling conjecture using this isomorphism is
incomplete.

2.5 Equivariant gap labeling

In this subsection we mention an equivariant variant of the gap-labeling conjecture which is stronger,
hence more likely to fail. In fact, we produce a counterexample, though we still show that the conjecture
is true in low dimensions. The reason for mentioning this equivariant conjecture here is that our methods
might be usable in some other cases to disprove this equivariant conjecture, even if they do not disprove
the original conjecture. Suppose 7T is a primitive substitution tiling as before, and furthermore assume that
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there is a finite group G of symmetries that acts on the associated tiling space 2. (Equivariant K -theory
works just as well with G compact Lie, but that case isn’t relevant for substitution tilings.) This group G
will of course act on A, (€2) and preserve both the unique invariant measure on 2 and the unique tracial
state 7 : Ko(Ap(£2)) — R. We have a natural inclusion map on equivariant K -theory

K&(Q) = K§ (C(Q)) — K (Ap(Q)).

The equivariant gap-labeling conjecture asserts that this map induces an isomorphism on all trace
invariants. But there are far more of these than in the nonequivariant case. To explain this, recall that
equivariant K-theory is a module over R(G), the representation ring of G, which after tensoring with C
can be identified with the ring of linear combinations of characters (of irreducible representations of G),
or with the algebra Z(G) of class functions on G (this is the center of the group ring CG). If A is a
(unital, for simplicity) C *-algebra equipped with an action of G, then KOG (A) is the Grothendieck
group of equivalence classes of G-invariant self-adjoint projections e € End(V) ® A, (V, ) a finite-
dimensional unitary representation space for G [11, §11.3]. If t is a G-invariant trace on A, it defines
amap K§(4) - Z(G) = R(G) ® C via [e] = (g — 17 (((g) ® 14)e)), where 7V is the trace
induced by 7 on End(V) ® A. Another way of thinking about this is to observe that R(G) ® C is a
semisimple ring (a direct sum of copies of C, one for each conjugacy class of G) and so KOG (A ®C,
as a module over R(G) ® C, is a direct sum of C-vector spaces indexed by the conjugacy classes
of G. The t then gives a trace on each summand. For example, if A = C with t: A — C the identity
map, Kg; (A) = R(G), and for a finite-dimensional representation (V, ) of G, the class [V] € R(G) is
represented by e = 1y € V, and (7(g) ® 14)e = m(g), whose trace under t" s just the character of V. As
another example, if X = G/H is a transitive G-space, then K g (X) = R(H) (with R(G)-module structure
via the restriction map R(G) — R(H)). If t is counting measure on G/H (of total mass [G : H]) and if
(V, ) is a finite-dimensional representation of H, consider the induced G-vector bundle £ = G xg V,
which is corresponds to a finitely generated projective G-C (X )-module, with a class in K ?; (X). When G
is abelian, the trace t¥ sends this to the function in Z(G) given by the character of 7 on H extended
to be 0 off of H. When G is not abelian, one gets instead the character of the induced representation
Ind 46 (), which is supported on the union of the conjugates of H. For example, if G = S3, H = A3
(a cyclic group of order 3), and 7 is a nontrivial character of H, then Indg46 () is an irreducible
representation with character 2 at the identity, —1 on the 3-cycles, O on the 2-cycles.

Now recall some ideas from [3; 29]. First of all, by [29, Proposition 3.7], every prime ideal p of R(G)
has a support, which is a cyclic subgroup H of G determined up to conjugation in G. This is the smallest
subgroup H < G such that p is the inverse image of a prime ideal in R(H ) under the restriction map
R(G)— R(H). Segal’s localization theorem [3, Theorem 1.1; 28, Proposition 4.1] says that for a compact
G-space such as €2, the localization of K g (£2) at p has the property that K g Q) — K g (QH )),g is an
isomorphism. Here QM) = G - Q¥ denotes the G-saturation of the subset fixed by H. (When G is
abelian, this is equal to Q¥ .) In particular, if p is the prime ideal of characters that vanish at a point g € G
(if we choose g = 1, then this p is just the augmentation ideal of R(G)), then the support of p is the cyclic
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subgroup generated by g, and if we invert characters that don’t vanish at g, which is harmless if we are
evaluating characters at g, then we can restrict to G - Q28. The trace t then gives a linear functional defined
on K g (G-Q8), =K g(SZ)p, and by varying g, we get a different functional for each conjugacy class
of cyclic subgroups (g). There are similar functionals defined on KOG (Ap(2)), after localizing at these
prime ideals (one for each element of the group). These amount to the same as the map to Z(G) defined
before, followed by evaluation at a group element (or conjugacy class, in the noncommutative case).

Conjecture 2.3 (equivariant gap-labeling conjecture) Suppose 7 is a primitive substitution tiling as
before, and further assume that there is a finite group G of symmetries that acts on the associated tiling
space 2. This group will of course preserve the unique tracial state T : Ko(Ap(£2)) — R. But G also acts
on A, (2). Then the image of Kg(Q) in Z(G) under t coincides with the image of Kg; (Ap(R2)).

Let’s examine a special case to see what this actually says.

Example 2.4 Let G = {1, —1} be cyclic of order 2. Then R(G) = Z[x]/(x*> — 1), where y is the sign
character. After inverting 2, this splits as Z[%] X Z[%] with the two factors corresponding to the trivial
representation 1 and to y. (For a summary of the structure of R(G), including the complete prime ideal
structure, see [25, §2].) If A is a unital G-C *-algebra with a G-invariant trace 7, the map KOG (4)— Z(G)
can be viewed as the pair consisting of the usual trace, t : Ko(A) — R, along with the restriction of 7 to
the fixed-point algebra, giving a map Ko(A¢) — R. (This is because R(G) has exactly two minimal
prime ideals, the augmentation ideal, supported at {1}, and the kernel of y, supported on all of G. The
remaining prime ideals are all maximal ideals with finite residue field.) So the equivariant gap-labeling
conjecture amounts to the usual gap-labeling conjecture plus the assertion that the image of the trace on
the G-invariant subalgebra .Ap(SZ)G coincides with the image of the trace on Ko(C(Q)%) = K%(Q/G).

Remark 2.5 To the best of our knowledge, the equivariant gap-labeling conjecture hasn’t been formulated
in this way before. But versions of it appear in [23; 24; 32; 33]. Those sources don’t deal with equivariant
K-theory in full generality but deal either with the K-theory of the crossed product A, (£2) x G (which
is the same as the equivariant K-theory by the Green—Julg theorem —see [11, §11.7]) or else with the
K-theory of the fixed-point algebra A, (2)Y (which corresponds to the part of the equivariant K -theory
attached to the trivial representation).

2.6 The equivariant Chern character

We can study the equivariant gap-labeling conjecture using the equivariant Chern character, just as
the usual Chern character is used to study the usual gap-labeling. The equivariant Chern character
(say for the action of a finite group G on a G-CW complex like the AP complex) is defined in [20],
and gives a ring homomorphism (that becomes an isomorphism after tensoring the domain with Q)
chg : KG(X) — HE(X: R(—) ® Q). Here the right-hand side is Bredon cohomology [12] of the
functor R(—) ® Q : Or(G)°P — Q-Mod, where Or(G) is the orbit category with objects the transitive
G-spaces and morphisms the G-equivariant maps, defined by sending G/H to R(H) ® Q. In the special
case where X has a single orbit type, say X = (G/H) x Y with G acting trivially on Y, we have
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K& (X) = R(H)® K*(Y), and the equivariant Chern character is just the usual Chern character for Y,
tensored with R(H).

Now to prove the equivariant gap-labeling conjecture for a particular tiling space €2, one can try to
replicate the strategy based on the diagram (4). The difference would be that we use equivariant K-theory
and cohomology, and the map t to R is now replaced by the map 8 induced by t on equivariant
K-theory/cohomology, along with evaluation of (virtual) characters at an element g € G. For simplicity
let’s take G to be abelian. Fix g € G and apply the Segal localization theorem with p = p, the prime
ideal of R(G) consisting of virtual representations whose characters vanish at g. The support of p is the
cyclic subgroup H = (g), so after localizing at p (in other words, inverting characters that do not vanish
at g), we can replace 2 by Q&. So diagram (4) becomes

G hGox”! rdiog.
Ky (Ap(R))y —— HG(Q%: R(—), ®Q)

(6) lrg lcﬁ

C ld s C

This reduces to (4) if g = 1, but in general, if g # 1, we need to use C as the target instead of R since
G can have characters with nonreal values at g. (This already happens for G cyclic of order > 2.) The
restriction of 7€ to Kg (C(RQ)) = Kg (£2) via the inclusion of C(£2) into A,(£2) can be computed via a
G-invariant transversal N to the R-orbits in €2. Since N is totally disconnected (i.e., O-dimensional), there
are no denominators in the equivariant Chern character for N, which becomes an integral isomorphism.
So just as in [1, Remark 9.7], we have K(? (Ap(R2)) = Kg; (C(N)xZ%) and we want to relate this to
KOG (C(N)) = Kg (N) = I:Ig (N; R(-)). The restriction of 78 is Z<-invariant, so it factors through
H 8 (N;R(—))gza = H g (2; R(—)). So the equivariant gap-labeling conjecture reduces to the assertion
that for each g € G, the image of & on KOG (Ap(£2)) in (6) coincides (integrally!) with the image of
H g (28; R(—)). Just as in the nonequivariant case, the conjecture follows from diagram (6) in dimensions
up to 3 when there are no denominators in the Chern character.

Theorem 2.6 The equivariant gap-labeling conjecture, Conjecture 2.3, holds when the dimension d
is < 3. However, it fails for a periodic lattice tiling with Q = T* (the 4-torus) and G the cyclic group of
order 2 interchanging the two factors in T# = T2 x T?2.

Proof We have already explained the proof when d < 3. It remains to show why the conjecture fails
for @ = T2 x T? and G the cyclic group of order 2 interchanging the two factors. By Example 2.4,
it suffices to show that the image of the trace on H*(Q/G;Z) = H*(SP?(T?); Z), SP?(T2) the second
symmetric product of T2, is strictly smaller than the image of the trace on the fixed-point algebra Ap (Q)°.
Via the analogue of (4), the issue is to show that the top-degree Chern character on K°(SP?(T2)) has
image which is strictly bigger than H*(SP?(T2); Z). For this we can apply [21, (6.30) and (7.1)], which
computes the structure of the integral cohomology ring of SP?(T2). (In the language of [21], this is
the case where X is a curve of genus g = 1 and n = 2.) Macdonald shows that the cohomology ring
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is torsion-free and is generated over Z by generators &1, &» of degree 1 (which anticommute with each
other and with themselves) and a generator 1 of degree 2, commuting with &£; and &, with the one
relation n? = n£; &> = generator of H*(SP?(T?);Z). If L is the complex line bundle with ¢1(L) = 7,
then ch([L]) =1+n+ %772, which is not integral, and its projection into H*(SP?(T?2); Q) generates an
infinite cyclic group which properly contains H*(SP?(T?2); Z) (with index 2). |

An example of an aperiodic tiling space with a Z,-action which is also a counterexample is described
in Section 4.3. We then have the following corollary as an immediate consequence of this counterexample.

Corollary 2.7 The gap-labeling conjecture fails for rotational tiling spaces when the dimension d is > 4.

While patch frequencies are well defined for rotational tiling spaces, thus one can compute the associated
frequency module, it is unclear if there is a Schrédinger operator whose gaps in the spectra are labeled by
the Ko-group of the associated C *-algebra.

Remark 2.8 We should mention that there seem to be different ways to formulate the equivariant
conjecture, and at first sight they don’t seem to be the same. Let us illustrate this with the case of
Example 2.4, a Z5-action. If X is, say, a Cantor set with a G-action, where G = Z,, equipped with
a G-invariant measure u, then A = C(X) is generated by projections yy (corresponding to clopen
subsets Y C X), whose classes also generate K°(X), and the trace t defined by u sends yy to u(Y).
In Example 2.4, we said that the equivariant conjecture amounts to looking at ¢ on A along with the
induced trace on A9 = C(X/G). If X9 = Z, then X is the union of Z and the free G-space X ~ Z,
so the (unrenormalized) trace on C(X/G) has total mass w(Z) + % (X ~ Z). The formulation using (6)
amounts to looking instead at the pair consisting of 4 on X and u restricted to X¢ = Z. Knowing these,
one can compute (X ~ Z), and thus get the same set of invariants. However, because of the factor of 2
that appears in the calculation, one has to be careful in looking at the integral range of the trace. The
reduction to fixed-point sets in (6) appeals to the Segal localization theorem, which requires inverting
elements of R(G) not in the augmentation ideal /. This involves inverting 2, so there is no contradiction
in relating the two versions of the equivariant conjecture, the one using the quotient space and the one
using the fixed-point set.

3 Cubical substitutions and the cup product

In this section we describe our approach to compute the cohomology rings of tiling spaces given by cubical
substitutions. With an eye of doing computations in dimension four in Section 4, we work out examples
in dimension two where we explicitly compute the cohomology ring structure and other invariants. We
will first start describing in detail how the type of collaring scheme used to compute the cohomology
groups of cubical substitutions and the ring structure is computed by following [15]. Table 1 summarizes
the properties of the different examples.!

IThe table lists groups as Z[1/16], Z[1/8], Z[1/4] and Z[1/2], even though these can all be written as Z[1/2]. Following
[27, §3.5], we write them like this to emphasize their different scalings under the substitution rule.
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example cohomology groups cup product | frequency module
H2(Q) = Z[1/25]® Z[1/15] & Z[1/5]) & Z[1/3],
Example 3.2 HY Q) =Z[1/52® Z[1/3] D Z, surjective 1711/5]
HY Q) =7
H2(Q) =Z[1/16] ® Z[1/8] & Z[1/4] & Z[1/2],
Example 3.3 HY Q) =Z[1/4? & Z[1/2)® Z, surjective 1Z[1/2]
HY Q) =7
Example 3.4 see Example 3.4 for details nonsurjective ﬁZ[l /5]
H2(Q) =Z[1/16]® Z[1/8] & Z[1/4] & Z[1/2],
Example 3.5 HY Q) =Z[1/42®Z[1/2] & Z, nonsurjective 1711/2]
HY(Q)=7Z

Table 1: Summary of Examples 3.2-3.5.

The four examples in this section are meant as two pairs of examples to be compared. Of particular
note are Examples 3.3 and 3.5. These are two tiling spaces with isomorphic cohomology groups over Z
and the same frequency module. Without the cup product, they would be indistinguishable. However,
the cup product H! x H' — H? in one case is surjective, whereas it is not in the other. This is the first
example we are aware of where the cup product is the only distinguishing feature between two tiling
spaces. Examples 3.2 and 3.4 have the feature that they have indistinguishable cohomology spaces over Q,
but can be distinguished either through their cohomology groups over Z or through the ring structure.

3.1 Computational setup

Let us first establish the notation and conventions.

Recall that a cubical substitution rule ¢ on m prototiles with (uniform) expansion matrix A = A -1d;
has the set of prototiles [0, 1]¢ x {0, ...,m —1}. (Le., the set of colors is Col = {0, ...,m —1}.) We will
name each prototile by its second coordinate, its label. In addition, recall that each tile is a labeled region
t +10,1]% € R4. We interpret this as being formed by anchoring the point [0]¢ € [0, 1]¢, its puncture, in
the corresponding prototile to 7 € R?. We follow the convention of [15] where [x] denotes a (degenerate)
interval consisting of the single point x.

We decompose the substitution rule ¢ into the following two steps: the first, denoted by A, inflates
each tile by A; the second, denoted by o, subdivides the resulting region into tiles. If the initial tile is of
the form (¢, k) with t € Z9, the resulting substituted patch will have each of the punctures of each of its
tiles attached to Z<. Thus, let us put the lexicographic order on {0, ..., A — 1}¢, and using this order we
abbreviate the substitution rule as ¢(k) = (ko. ...,k a_;), where 0 < k; <m — 1 is a prototile with its
puncture attached at the coordinate that is the i-th entry in (0, ..., A — l)d. We illustrate this convention
through a well-known example.
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Example 3.1 (chair tiling) The standard chair tiling can be decomposed into squares, yielding the
MLD-equivalent cubical substitution rule in d = 2, as illustrated in

NI NIV W NIV
Heorr Meprr B e o

Labeling the prototiles {0, 1,2,3} = { ][], }, we abbreviate this substitution rule as

s(0)=(0,1,2,0), ¢(1)=(0,1,1,3), ¢(2)=1(0,2,2,3), ¢(3)=(3,1,2,3),
or further abbreviate it as a list in Sage as
(fo,1,2,01,f(0,1,1,31,[0,2,2,3],[3,1,2,3]]
For arbitrary dimension d > 1, the d-dimensional chair substitution rule is, in Sage,

[[(2**d-1)-j if i==(2%*d-1)-j else j for j in list(range(2**d))]
for i in list(range(2**d))]

One immediately encounters an obstacle that is very difficult to overcome when trying to construct the
AP-inverse limit and compute its cohomology. The top-dimensional cells in the complex are collared
prototiles, or, for cubical substitutions, patches of size 3¢, and the codimension-1 cells are obtained
from adjacency information of pairs of collared tiles. The latter requires us to find all possible patches
of size 47 in 7. In higher dimensions, e.g., d = 4, this becomes unwieldy, since they are proportional
to m*¢ . In addition, it may require multiple substitutions before the supertiles of that level observe all
such patches of size 4¢. In higher dimensions, these severely restrict the substitution rules we can check.
Thus, rather than the standard collaring procedure yielding the AP-complex and inverse limit, let us
consider an alternative, the dual complex, introduced in [13], that is a variant of the Barge—Diamond
(BD) complex from [5] for d = 1 and [6] for d > 1.

For motivation, let us first consider an alternate point of view of how the AP-complex is formed.
Suppose that we are given the set of all collared prototiles, viewed as patches in 7. They form the set of
top-dimensional cells. The set of codimension-1 cells consists of unions of pairs of neighboring patches,
viewed as intersections of their associated cylinder sets. Similarly, the set of codimension-k cells consists
of unions of patches that share a common intersection. That is, the AP-complex is the Cech complex
associated to collared prototiles.

For cubical complexes, the top-dimensional cells are patches (up to translation) of size 3¢, and the
3d —k

codimension-k cells are unions of 2% patches that result in patches of 7 and share exactly 2k tiles

(so that the center tiles neighbor along a codimension-k cell; analogously, so that the differences are

patches of size 1 along k directions, 3d—k

along the remaining d — k directions). Repeating this process
for each level of supertiles yields the AP-inverse limit. From the Cech perspective, the fact that this
inverse limit is homeomorphic to 2 is because the basic open sets of each (patches of collared supertiles

for the AP point of view compared to arbitrary patches) are mutual refinements.
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H & H

Figure 1: A substitution rule with even expansion applied to a patch of size 2¢ representing
a top-dimensional cell (center tile shaded) returns a patch (light gray lines) whose center tiles
(shaded) has collars (black lines) that are not actual patches, therefore is not cellular. One needs
to compose the substitution with a homotopy /% to produce a cellular map.

Rather than working with patches of size 34 one can use patches of size 24 then carry through the
Cech construction. The resulting complex, due to [13], is the dual complex. More precisely, at the initial
level of the inverse limit, the codimension-k cells are unions of 2% patches that share exactly 124
tiles. To see that this is collaring of sorts, if a d-cell has the puncture of its first tile (in lexicographic
order) situated at the origin, one pretends that the “center” tile (the actual d-cell) is the unit cube with its
puncture at [1/2]¢.

To construct the complex at the supertile level, we first note that if A is even, the substitution rule is not
a cellular map (Figure 1). Assuming that each patch of size 2¢ has the puncture of its first tile located at
the origin, we define a supertile to be the collection of all subpatches of size 24 (they will overlap) formed
from tiles of the actual supertile with punctures located at (0, . .. ,A)¥. The substitution rule then takes a
supertile of the dual complex and sends it to all subpatches of size 24, Higher-level supertiles are analogous.

We observe that if we focus on the “center” tiles (and treat the surrounding patches of size 2¢ as
decorations), this map is the ordinary substitution rule followed by a fixed homotopy, therefore the
maps of the resulting inverse limit are stationary up to homotopy. Furthermore, the supertiles of this
construction and the supertiles of the Anderson—Putnam construction are cofinal refinements of each
other. This inverse limit is thus shape equivalent to 7, and has the same Cech cohomology groups as
those of Q7 [22, Theorem 16].2

For all of the computations that are performed directly using Sage, we will use the dual complex and

the resulting inverse limit.

3.2 Distinguishing tiling spaces through cup product

As an application of the ring structure of cohomology on cubical substitutions, let us describe pairs of
tiling spaces in d = 2 whose cohomology groups coincide, but the ring structure differs. We consider
d =2, since the required computations are much easier to visualize and interpret. These examples are
inspired by [31, Example 6.7] due to the induced substitution matrix on H! containing two eigenvalues
that do not come from the expansion.

We will consider two classes of examples. In all of the complexes that we construct, we take as positive
left-to-right and down-to-up orientations of 1-cells, and right-handed orientation of 2-cells.

2We are indebted to the referee for this observation.
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Example 3.2 (expansion 5 product) Let us consider the following two one-dimensional substitutions on

two and three prototiles, respectively:

§1=[[O,anyo’1] > [1,030,01()]]
§2=[[0,2,1,2,0] > [011’1’1101 ’ [032:2,230]]

One easily checks that both substitutions are primitive and recognizable.

To compute the first cohomology group, we use the Barge—Diamond filtration from [5], where one
successively blows up lower-dimensional skeleta to become d -dimensional (here d = 1) complexes. We
will do this in detail for ¢, then just state the main parts of the computation for ¢5.

Let € > 0. We replace the prototiles themselves, assumed to be of length 1, by tiles of length 1 — 2e,
denoted using the original symbols, and replace the vertices that join two neighboring tiles by new tiles
of length 2¢ (called vertex flaps in [6]; more generally, k-flaps for new tiles of size 1 —2¢ in k directions,
2¢ in the remaining d — k directions, which are blow ups of k-cells in the tiling). These new prototiles of
length 2¢ arise from the set of patches of length 2, denoted by 0.0, 0.1, 1.0, and 1.1 for this example. This
new tiling is no longer self-similar, thus let us construct a homotopy that maintains the same self-similar
structure as the original tiling.

To maintain the same combinatorial structure as the original substitution rule, we will require that the 0-
flaps be nonexpanding, and the 1-flaps (the slightly shrunken prototiles) be fully expanding (more generally,
for cubical substitutions, k-flaps are expanding in k directions, nonexpanding in the remaining d — k
directions). More precisely, if A is the expansion of the original substitution rule, in dimension 1, the 0-flaps
are substituted, via expansion by A then a homotopy, to prototiles of size 2¢ (again O-flaps), and the 1-flaps
are sent, via expansion by A then a homotopy, to patches of size A — 2¢ (a combination of 0- and 1-flaps).

For ¢1, we have that the induced substitution rule, still denoted by ¢, is

— — — ’
0 0 00 0 0.1 1
— — — ’

1 1 1.0 0 00 O

_— B —_— ’

0.0 1.0 1.0 0.0

_— 5 R —

0.1 1.1 1.1 0.1

The Barge—Diamond filtration is a filtration of complexes So € S; C --- € S;. The complex Sy is
formed by taking the O-flaps and performing identifications similar to the Anderson—Putnam construction,
S is formed by taking Sy, then adding in the 1-flaps (then possibly performing identifications if there
are 2-flaps), etc. For ¢y, So, drawn in solid lines, is a loop

000 0
QXO
,,,,,, N/NT
1Ll
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where the dashed lines indicate the 1-flaps that yield, for example, identification of the left endpoints
of 0.0 and 0.1. The complex S; is then the same picture, together with the dashed lines turned solid. We
define E; = liﬂl(S,-,gl). Then B1 = Q.

One can check that ¢1 : So — Sp is an orientation-reversing self-homeomorphism, thus H! (Eo)="7Z.
For &1, we use the long exact sequence

0—s HY(E1.E0) — HY(E1) — H°(E9) -5 HY(E1.80) — H'(E1) — H(E¢) — 0

in relative cohomology of a pair (21, Eg). Since So has a single component, over reduced cohomology,
I—vll(El, Eo) — PVII(E 1) —> ﬁl(Eo) — 0 becomes a short exact sequence.

The space S1/Sp is a wedge of two circles, with its inverse limit computed exactly from the original
substitution matrix. Thus

v 41
LE|, Ep) =1 2 =
H (B, o) hm(Z ,(4 1)) Z[1/5].
Since H'! (Z0) = Z is free, the bottom short exact sequence splits, yielding

HY Q) =Z[1)5\®Z, H°Q)="Z.

The calculation for ¢, is easier. It is a proper substitution, thus forces the border (see Remark 2.1), and

212
H'(Qg,) =lim|Z>.|2 30
203

The matrix has eigenvectors e5; = (1,1,1) and ez = (0,2, —1) with the subscripts their respective
eigenvalues. Direct computation then shows that the direct limit splits as a direct sum, giving us

HY Q) =7Z[1/51® Z[1/3] and H°(Q,) =7Z.
Let us also compute the induced substitution matrices on H! (f2¢,) using the dual complex. It is

computed via direct limit of the matrix

11
ol =131
11

S = O

with eigenvalues of 3, —1. The eigenvalue of —1 matches the orientation reversal of ¢ on its respective Sp.
We finally consider the product tiling space 2., X £,. A direct application of the Kiinneth theorem
yields that
H*(Qc, x Q) = Z[1/25] @ Z[1/15] @ Z[1/5] ® Z[1/3],
HY Qe x Q) =Z[1 /57 S Z[1/3] B Z,
H(Q, x Q) =7
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with ﬁz(le x Q¢,) having eigenvalues 25, 15, —5, —3 and 1111(951 x Q¢,) having eigenvalues
52, 51, 32, —11, with the subscripts indicating the 1-dimensional substitution rule that gives rise to the
corresponding eigenvalue.

Lifting each of the cohomology classes in H! (¢, x ¢,) to 1-cochains, applying the cubical cup-
product formula given in [15], then projecting to cohomology classes in H 2(Q ¢1 X 2¢,) gives that, in the

order given in the list of eigenvalues, the cup product is the resulting bilinear form

Fllxﬁ1—>1:12:(a,b)r—>3(a,b):= Z Bi(a,b)-ex,
*€{25,15,—5,—3}

where e, € H2 is a generator with eigenvalue n, and B, is the bilinear form given by the matrices

0-100 00 00 000 —1 000 O

1 000 oo 10 _|ooo0 o0 (000 0
Bas:=1o 0 00| Bs=lo-100|] Z==looo o] B3=looo0 -1
00 00 00 00 100 0 001 0

The important observation is that, as expected, there are always cohomology classes in H! (¢ xQ¢,3 7)
cupping to any of the cohomology classes in H Z(le X Qs 7).
Lastly, let us compute the frequency module. The substitution matrix on the 2-cells of the dual complex

2

is the matrix 0 = 043 found in the Appendix, which has Perron—Frobenius eigenvector

(95,19,25,5,25,5,5,1,76,20,20,4,38, 10, 10, 2, 38, 10, 10, 2,
76,20,20,4,19,5,5,1,38,76, 10, 20, 10, 20, 2, 4).

Its sum is 750, giving us that the frequency module is %Z[l /5]. For illustration, we also compute the
frequency modules for each of the one-dimensional substitutions. The substitution matrices on the 1-cells

of the corresponding dual complexes are

1

o, = and o, =

[
—_—0 = W
S = O B~
O = = W
S = OO NO ==

—_—_0 O = O = O =
—_—_0 O = O = O =
—_—_0 O = O = O =
SO~ OO NO ——
— OO NOO — O —
— OO NOO —= O —

S = OO = —
— OO N O — O —

(=)
(=)

with Perron—Frobenius eigenvectors (19, 5,5,1) and (5,1,4,2,2,4, 1,2, 4) that are duals of lifts of the
generators of H ! (2¢;) with sums 30 and 25, respectively, giving frequency modules éZ[l /5] and Z[1/5],
respectively. Since the Ruelle-Sullivan map is a ring homomorphism, %Z[l /5]-Z[1/5] = %Z[l /5].

Example 3.3 (expansion 4 product) Let us consider the following two one-dimensional substitutions on

two prototiles:

¢1=[[0,0,0,11,[0,1,1,1]1]
¢»=[[0,1,1,0],[1,0,0,1]]
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One, again, easily checks that both substitutions are primitive and recognizable. In particular, ¢, is the
(square of the) Thue—Morse substitution, whose cohomology groups were computed in [5], being

HY(Q.,)=Z[1/4®Z and H°(Q,) =Z.

The substitution ¢ is proper, thus forces the border (see Remark 2.1), and

ri-m(z (1)

The matrix has eigenvectors e4 = (1) and e = (_,) with the subscripts their respective eigenvalues.
Direct computation then shows that the direct limit splits as a direct sum, giving us

H' Q) =2[1/40Z[1/2] and H°(Q,)=Z.

The Kiinneth theorem yields that, for the product Q2¢, x Q,,

ﬁz(le X Q) =Z[1/16] S Z[1/8] S Z[1/4] ® Z[1/2],

H'(Q¢, xQ,) = Z[1/4* S Z[1/2] © L.

HY(Qe, x Q) =7
with ﬁz(le x Q2¢,) having eigenvalues 16, 8, 4, 2 and H! (¢, xQ2¢,) having eigenvalues 45, 41, 21, 12,
with the subscripts indicating the 1-dimensional substitution rule that gives rise to the corresponding
eigenvalue.

The same procedure as the previous example gives that, in the order given in the list of eigenvalues,
the cup product is the resulting bilinear form

H'xH'> H?:(a.b) Bla.b):= Y Bu(a.b)-ex.
*x€{16,8,4,2}

where e, € H2 is a generator with eigenvalue n, and B, is the bilinear form given by the matrices

0-100 00 —10 00 00 00 0 0
1000 00 0 0 00 01 00 0 0
Bis:=1o 000l Z2=|100 0] 2 |ooool 2 loo o1
00 00 00 0 0 0-100 00 —10

Again, we observe that, as expected, there are always cohomology classes in H! (¢, x Q¢,) cupping to
any of the cohomology classes in H Z(le X Q).

Lastly, let us compute the frequency module. The substitution matrix on the 2-cells of the dual complex
is 02 = 04, found in the Appendix which has Perron—Frobenius eigenvector

1,2,1,2,1,2,1,2,2,2,2,2,1,1,1, 1).
1

3
frequency modules for each of the one-dimensional substitutions. The substitution matrices on the 1-cells

Its sum is 24, giving us that the frequency module is 3Z[1/2]. For illustration, we also compute the
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2[1]1]1]o 2]0]1]o]o o[2]2]2]2
2[1]1]1]o0 2]0[1]1]o0 1[2]2]2]2
o] — [2]o]ofofo]  [1]+—[2][1]1]o]o]" [2]— [o][2]2]2]2
2]0]o0]1]o0 2]0]o0]o]1 0[2]2]2]2
2]0]1]o]1 2]0fo]o]o o[2]2]2]2

Figure 2: Substitution rule for an expansion 5 two-dimensional cubical substitution that has the
cohomology groups of a product, but does not have the ring structure of a product.

of the corresponding dual complexes are

1 _
o; =

S = =N

200
111
111
022

—
—

011
211
121
101

with Perron—Frobenius eigenvectors that are duals of lifts of the generators of H! (Q¢;)are (1,1,1,1) and
(1,2,2, 1) with sums 4 and 6, respectively, giving frequency modules Z[1/2] and %Z[l /2], respectively.
As expected, since the Ruelle—Sullivan map is a ring homomorphism, Z[1/2] - %Z[l /2] = %Z[l /2].

Example 3.4 (expansion 5 nonproduct) We consider the following two-dimensional substitution on three
prototiles (see Figure 2):

¢=I[12,2,2,2,2,0,0,0,1,1,1,0,0,1,1,0,1,0,1,1,1,0,0,0,0],
[2,2’2’2’230103190301030,1’1’1’030103190301130,0301 b
[O’O’O’1’O’2’2,2’2’2’2’2’2’2’2’2’2’2,2’2’2’2’2’2’2]]

This does not force the border (e.g., the horizontal 1-cell containing the prototiles 0, 1 on its bottom and
prototiles 0, 1 on its top stays branched regardless of the power of the substitution), but is primitive and

recognizable.
Using the dual complex, H 2(Q¢) and H 1(Q¢) are computed via direct limits under the matrices

1 0 3 1 2 1 12011 0 212
1 0 3 1.2 1 12011 0 212
21 3 1 3 2 220112 2 12
5 4 6 2 5 5 51 22140 3 12
1 0 3 1 2 1 12011 0 212
6 3 9 3 5 5 51322 0 412
-3-1-3-1-2-2-20-10-10-100 ?)2(1)8

o’=l-3-1-3-1-2-2-20-10-10-1001}, o'= 0414
1 0 3 1.2 1 120110 212 0013
31 3 1 2 2 201010 1O0O0
6 2 6 2 4 4 40202 0 200
O 0 310 0 0O0OO0OO0OTO0OTI15 000
32 6 2 3 3 31221 0 312
6 3 9 3 5 5 51322 0 412
31 3 1 2 2 201010 1O00O0
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with eigenvectors

es, =(1,0,0,0), e35=(1,1.2,4,1,3,—-1,-1,1,1,2,1,2,3,1),
es, =(0,1.2,1), efs=(1,1,0,0,1,3,-1,—-1,1,1,2,-1,2,3,1),
e} =(0,1,0,—1), e2s=(1,1,—4,-8,1,3,—1,-1,1,1,2,1,2,3, 1),

101,101, 90, —-72, 101, =201, 151, 151, )

1 _ _ 2 _
e =014 1), e (101,—151,—302,—11,—50,—201,—151

where the subscripts indicate the corresponding eigenvalues. The cup product is the bilinear form

Evllxl—vll—>ﬁ2:(a,b)l—>B(a,b):= Z Byi(a,b)-e2,
*€{25,15,—5,—3}

where e,% €H?isa generator with eigenvalue n, and B, is the bilinear form given by the matrices

0-100 00 —10 000 —1 0000
1000 00 0 0 000 0 0000
Bas:=1o 000l Z5=l100 0] B35 |oooo| 52 loooo
00 00 00 0 0 100 0 0000

The last component of the bilinear form shows that there are no cohomology classes in H! (£2¢) cupping
to e33 in H 2(Q§), contrasting the example coming from the product. This coincides with the fact that,
up to a coboundary, the lifts of the eigenvectors ell and ell to 1-cochains are

;; =(0,0,0,0,0,1,1,0,0,1,0,0,—1,1), Z =(0,0,0,0,0,1,1,—4,—4,1,0,0,1,1)

with the first five entries vertical 1-cells, the remaining horizontal 1-cells, therefore cannot cup nontrivially
(to e2 3)-

At this point, we have yet to calculate the actual cohomology groups of 2. over Z. We follow the
two-dimensional analogue of the Barge—Diamond filtration presented in [6]. For the sake of brevity, and
since the calculations are in Example 3.5, here we skip most of the details and just state the conclusion.

The long exact sequence in relative cohomology of a pair (21, E¢) yields the short exact sequence

0 —— HY(E(,B¢) — HY 1) —— HY(Eo) —— 0,

where

and of (E,, E1) yields

. y . sl . y
0— H'(E2, E1) — H'(E2) — H'(E1) — H?*(E2, 1) — H*(82) — H*(E1) — 0,
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where
119 5
H?*(85,8)) =lim| Z> |14 6 5
4120

The eigenvalues of these matrices are 5, 3 and 25, 15, —3, respectively. A short calculation gives
that PVII(EO) = Z. Thus I-VIl(El, Eo) is a direct summand of PVII(El). By Schur’s lemma, 8% =0.
Furthermore, since & is a wedge of 2-spheres, H (25, 1) =0. Thus H!(Q.) = H'(E,) = H'(E)).

which contains H'(Z1, E) as a direct summand.

- (1)

does not split as a direct sum Z[1/5) @ Z[1/3]!® To see this, consider any

However, the direct limit of the matrix

L2 Z[1/5] - lim(Z?, 0).

Since 1 € Z[1/5] is infinitely divisible by 5, its image must be as well, thus this map must be of the form
1 — (c, ¢), an eigenvector with eigenvalue 5, with ¢ € Z. By writing

Z —— 72

~ ~
~ v

Z[1/5] —— lim(Z?,0)
where each 1, 1 Z — Z?%is 1 — (c, c),
coker: = lim coker .
o

Since Z < coker t,,, without loss of generality, let us assume ¢ = 1 and coker t,, = Z, with Z? — coker 1,
given by (a, b) — a —b. Choosing a right splitting coker 1, — Z?2 to be 1 — (1, 0) gives that the induced
map

0« : cokert, — coker 41
31f one has the matrix o = (% é) instead, by [19, Exercise 7.5.2 (a)], the direct limit does not split as a direct sum of the

eigenspaces. However, it is still a direct sum Z[1/3] & Z with Z[1/3] generated by the eigenvector with eigenvalue 3, since
(h_II)l(ZZ, 0))/Z[1/3] = Z, and the short exact sequence

0 Z[1/3] lim(Z%,0) — Z — 0

still splits. Note that Z is not generated by the eigenvector with eigenvalue 1!
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is multiplication by 3, and
cokert = Z[1/3].

To see that this right splitting does not induce a splitting in the limit, take 1/3 € Z[1/3]. This maps to
(1/3,0). By definition, if it belongs to the direct limit, there must be some sufficiently large k € N so
that 6% (1/3,0) € Z2, but

- (- ()20 0 ()

Given any right splitting, since the image of 1/3" for sufficiently large n € N under the splitting can
be decomposed like this to not land in Z? under any ok, any short exact sequence of the form

0 — Z[1/5] —— lim(Z?,0) — Z[1/3] — 0

cannot be split.

Finally, applying the same argument to the map
Z[1/3] — lim(Z*. 0)

shows that the direct limit does not split as Z[1/5] & Z[1/3].

Therefore, this is an example where the cohomology groups over Q are indistinguishable from those
of a product, and cup product can be used to differentiate the spaces there, but the cohomology groups
over Z also already differ from that of a product!

Lastly, let us compute the frequency module. The substitution matrix on the 2-cells of the dual complex
is 0 = 043 found in the Appendix which has Perron—Frobenius eigenvector

(1913, 962, 5250, 1750, 2213, 1775, 1775, 1750, 1113, 612,912, 813,
4575,1750, 1750, 675, 17500, 1725, 675, 813, 375, 1350, 474).

Its sum is 52500, giving us that the frequency module is 8i“Z[l /5], which is different from the frequency
module of the product.

For illustration, we also compute the frequency modules for substitution on the vertical and horizontal
1-cells of the dual complex. The substitution matrices are

(00043000 3)

222000000

00300 000011111
00100 110000000
0p=155055| and 0, =]112000000]|.
00100 111110011
00000 000000000
000004430

\0 00000000/
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0(2|10]1 11211 211122
1{2|1]0 0(2(1|0 210122

— , 1] +— , 2| —
@ 0(2|10]1 0(2(1|0 210122
0(2|110 0211 211122

Figure 3: Substitution rule for an expansion 4 two-dimensional cubical substitution that has the
cohomology groups of a product, but does not have the ring structure of a product.

The Perron—Frobenius eigenvectors that are duals of lifts of the generators of H! (R2¢) of eigenvalue 5
are (3,1,5,1,0) and (4,6,5,2,4,7,0,14,0). They have sums 10 and 42, respectively, giving frequency
modules %Z[l /5] and ﬁZ[l /5], respectively.

Example 3.5 (expansion 4 nonproduct) In the final example of this section, we consider the following
two-dimensional substitution on three prototiles (see Figure 3):

§=[[O’O!11012’2,2)2’190311030311011] b [O)O’O,132!2’2!2)1!1’1,1)1709031] b
[2,2,2,2,1,0,0,1,2,2,2,2,2,2,2,2]]

This, again, does not force the (see Remark 2.1) border, but is primitive and recognizable.
Using the dual complex, H 2(Q ¢) and H! (S2¢) are computed via direct limits under the matrices

120 0 0 2 1 30002 0\
4 42 -1-14 -1-16800 0
425 0 0 3 0 03400 1
220 0 0 1 0 300130
424 1 1 2 0 200130
324 1 1 3 1 200020 ‘1‘20101
02:8481241500251,01:11_2_0,
—20-4-1-1-10 00000 —I 1:10 )
221 0 0 2 —-1-134000
111 0 0 1 0 018000
424 1 1 2 0 200130
6 28 1 2 3 1 200121
\204 1 1 1 0 000001)
with eigenvectors
e;, =(2.0,1,1), e =(1,2,2,1,2,2,4,-1,1,1,2,3, 1),

el =(0,2,-1,—1), e2=(1,-2,0,1,2,2,4,—1,—-1,-1,2,3,1),
852(0,0,1,—1), ez:(ls_4,_171,2’2’4’_19_2%1325351)7
ellz(()’lal’l)’ e%:(1,0,—1,1,0,0,0,1,0,0,0,—1,—1),
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where the subscripts indicate the corresponding eigenvalues. The cup product is the bilinear form

I—Vllxl-?l—>1:12:(a,b)l—>B(a,b):= Z Bi(a.b)-e2,
*€{16,8,4,2}

where e2 € H?isa generator with eigenvalue n, and By, is the bilinear form given by the matrices

0 200 00 —20 000 —2 0000
2000 00 0 0 000 0 0000
Bis:={ o 000 B=|200 0] B =loooo| B=|ooo0o0
0 000 00 0 0O 200 0 0000

Like the previous example, the last component of the bilinear form shows that there are no cohomology
classes in H'! (S2¢) cupping to e% in H 2(Q¢), contrasting the example coming from the product. This
coincides with the fact that, up to a coboundary, the lifts of the eigenvectors ez1 and el1 to 1-cochains are

;\ZT = (0’ Oa Oa Ov Os O, O, Oa 17 1309 19 17_1)7 ;\111 = (O’O’O’O’O’_I’O’O’ 1’ 1’_1’ 1’ 1’ 1)

with the first five entries vertical 1-cells, the remaining horizontal 1-cells, therefore cannot cup nontrivially
(to e%).

Let us now calculate the actual cohomology groups of 2. over Z following the two-dimensional
analogue of the Barge—Diamond filtration. Let us begin by drawing Sy restricted to the eventual range

2 1 0> 2

—_ O
=)
NI \S)
—
—_ O
oS O
N2 \S]
—_ O

where the boundary identifications are only along the respective positions, e.g., none of the bottom
horizontal 1-cells are identified to any of the top horizontal 1-cells, despite the numbering, and none of
the bottom right O-cells are identified to any of the top right O-cells, despite the numbering.

We arrange the 1-cells and the 0-cells on Sg in the order

2 3 2

0 0 1

then by the numbering in Sg. This gives us the coboundary matrices

100000100-1 0 O O O O -1 0 0\
0010000010 -r0o 0 0 0 -10 0
1000001000 O -1 0 0 0 O -10
9l — 0roo0000100 0 -1 0 0 0 0 -10
0"f0o01000001 0 0 O —-10 0 O -1 0 |
0001001000 0 0 0 -1 0 0 0 -1
0000100100 0 0 0 -10 0 0 -1
KOOOOOIOO]O 0 0 0 0 -10 0—1)
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(—10 1 0 000 O0 O O\
-10 01 000O0 O O
-10 0 0 1 000 0 O
0O -11 0 000O0 O O
0O -1 01 0000 O O
0 -1 0 0 1000 0 O
0O 0 -1 0 0100 O0 O
0 0 0-1 0100 0 O
90 — 0 0 0 0-1010 0 O
o™l o 0 0 0 0O10-10 0
0O 0 0 0O0O0O1-10 0
0 0 0 0 0100 -10
0 0 0 0 0010 -10
0 0 0 0 0100 0 -1
0 0 0 0 0010 0 -1
-10 0 0 0001 0 O
-10 0 0 000O0 1 O
0 -1 0 0 0000 O 1

Direct calculation shows that

H?*(E¢)=0, HY(E¢)=7Z=1((1,0,0,0,—1,0,0,1,0,0,—1,0,—1,0,0,1,1,0)), H°Eo) =2,

where the vector is a 1-cochain in Sp.
The extra cells that we add on to Sp to form S; are the same as the previous example, being the vertical
1-flaps

where the top and the bottom horizontal 1-cells are identified to their appropriate bottom and top horizontal
1-cells in Sp, and the horizontal 1-flaps

oo O|e

0
0
1
1

el e e
NN NN

1
1
0
0

where the left and the right vertical 1-cells are identified to their appropriate right and left vertical 1-cells
in Sp. The space S1/So has three generating loops up to homotopy, one from the vertical 1-flaps, one
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from the first four horizontal 1-flaps, and one from the last horizontal 1-flap. We then compute that

400
H'(E1,8¢)=lim| Z> {0 3 1
013

with the order of the entries of the matrix given as described. The matrix has eigenvectors
eq, =(1,0,0), esq,=(0,1,1), ex=(0,1,-1),

with the subscripts their respective eigenvalues. Direct computation then shows that the direct limit splits
as a direct sum, giving us
H'(E1.Eo) = Z[1/4 ® Z[1/2].

The group H 2(E1, Byp) requires more effort. We observe that the generating 2-spheres of S; /Sy,
up to homotopy, occur when 1-flaps form a “tube”, e.g., the first four of the horizontal 1-flaps. Let us
represent all such tubes by graphs that represents the horizontal and vertical cross sections of vertical and
horizontal 1-flaps, respectively, with the vertices the 1-cells in S not attached to Sp, and the edges the
1-flaps themselves. In this example, they are, drawn in the orientation matching the cross sections of the
respective 1-flaps,

with labels of the vertices corresponding to the labels of the 1-cells marked in the set of 1-flaps.
The first graph corresponding to vertical 1-flaps has a cycle basis consisting of four elements, therefore
four associated generating 2-spheres in S7/S¢, which we pick to be

OXO 0 0 0
1 1> IXI’ N l%l
2 2 2 2 2

oriented so that the top edge is left-to-right. In fact, let us orient for all other cycles the same way. The
substitution rule then dictates that

0<—0 0 0<——0 0—0 0—0 00 00 0
1X1 —> 1414- <1+17 +17 > IXI — 1 1+ X + X +1 g
242 2

0 0 0o 0 0o o0 0 0
X — 1{ + }14—122 + X s 1%1 — 1
2 2 2 2 2 2 2 2 2 2 2

The cycles not in our basis decompose as

0 o0 0 OXO 0 0 0
122 = \ —1 1—1%1’ §§1=1X1+1 1-
2 2 2 2 2 2 2 2 2 2
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A similar calculation for the second and the third graphs gives us

0 1 0 2 1 0 1 2 2 1 2 2
P = N+ [+ A+ N
0 1 0 1 2 0 1 1

Observing that the substitution rule is trivial on the second and the third graphs indicates that we can
calculate H 2(E1, Ep) using only the vertical 1-flaps, which is

000 0

. -113 -1

205, Za) =1 4

H2ErBo) =lmf 25 oy 5 ||
000 0

where the entries are ordered in the cycle basis we selected. Finally,
H?(E1, Z¢) = Z[1/4] = ((0, 1,1, 0)).
Thus the long exact sequence in relative cohomology of a pair (21, E¢) reads

0 —— H%E,,89) —— H%E)) —— Z
. ]

0

[» Z[1/42 @ Z[1/2] — HY(E) — Z j

8

L Z[1/4 —— H%*(E1) —— 0 —— 0.

Recalling that

HY(E¢)=2Z=((1,0,0,0,—1,0,0,1,0,0,—1,0,—1,0,0, 1, 1, 0))

we check the image of the generator under 8}, which is

1 3
0 0 2 1 2 0 1
1 o 21 + 11 —I—o1 +11
0 4
0
F— — 11 0o +2{2 11— 1 —0o/0 212 —1/1 212
1
0 1
0 1
+ +
1 1
1 1
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and is contractible, so 8(1) = 0. This is the same conclusion reached by Schur’s lemma. Thus, working
over reduced cohomology,

H2%(E,)=2Z[1/4], HYE)=2Z[1/4?®Z[1/2] & Z.

Towards the relative cohomology of a pair (£, 1), we have that

75 4
H?*(E5.E1) =lim|Z>. (57 4
2212

with eigenvectors
e16:(1$1a1)a e8:(17 1’_1)’ 82:(17_170)'

A straightforward calculation and the observation that S»/S; is a wedge of 2-spheres give us
H*(82.81) = Z[1/16) @ Z[1/8] ® Z[1/2]. H'(82.E1) =0.

The long exact sequence in relative cohomology of a pair (25, E1) then reads

0 — 5 H%E,,E;) ———— HO(Ey) y Z
50 B
[» 0 sy HY(E,) —— Z[1/4P2 @ Z[1/2]  Z j
8

L Z[1/16) ® Z[1/8] ® Z[1/2] —— H?*(Er) ——— 5 Z[1/4] ———— 0.

By Schur’s lemma, to show that 8% = 0, it suffices to check that 8%(0, 1,—1) =0, where (0, 1, —1) is the
generator of Z[1/2] < H! (Z1), which is straightforward. In fact, & % applied to each of the generating
loops in S1/So (then lifted to a 1-cochain in S7, modulo homotopy) yields as many 2-flaps of the same
type on one side of a loop as the other.

In the very last step, we observe that H 2(82, E1) and H 2(81) have every element 2-divisible. We
first show that ﬁz(Ez) is 2-divisible as well. Consider any ¢ € Pvlz(Ez). Letd € ﬁz(El) so that
¢ + d. By assumption, d/2 € H2(Z1). Let ¢’ € H2(Z,) so that ¢/ — d/2. Then ¢ —2¢’ — 0,
and ¢ —2¢’ € H2(E,, 21). Again, by assumption, (¢ — 2¢)/2 € H%(E,,E1) < H%(E,). Then
2((c —=2¢")/2+¢') = ¢, and H2(E») is 2-divisible. To construct a splitting map H2(E;) — H2(E»),
take any ¢ € H2(Z5) so that ¢ — 1. The map is then defined by a/2" > ac /2", where a /2" € H2(2),
and ¢ /2" exists since H 2(8,) is 2-divisible.

Thus the bottom short exact sequence splits, giving us that, over Z,
H2 Q) =Z[1/16|®Z[1/8|® Z[1/4®Z[1/2], HY Q) =Z[1/4?&Z[1/2]®Z, H°(Q.)=7Z,

which are exactly the cohomology groups of a product. Therefore, this is an example over Z that the
cup-product structure discerns from a product space.
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Figure 4: Patches from Examples 3.3 and 3.5, respectively. That their tiling spaces are not
homeomorphic can only be detected through the cup product.

Lastly, let us compute the frequency module. The substitution matrix on the 2-cells of the dual complex
is 0 = 044 which is found in the Appendix and has Perron-Frobenius eigenvector

(2512,2048, 2048, 2304, 55, 112,2352, 121, 696, 2352, 1792, 4096,
80,313,791, 712, 448,216, 976, 384, 168).

Its sum is 24576, giving us that the frequency module is %Z[l /2], making it indistinguishable from the
frequency module of the product.
For illustration, we also compute the frequency modules for substitution on the vertical and horizontal

1-cells of the dual complex. There are two components to the vertical 1-cells. The substitution matrices

are then

200111110y

111111111

Ll 011000000

1 1 L1 - |oooro00100
LRI Y PR AR L H R

2222 000000000

100110110

\011000002/

By replacing e 11 with e i ,tTe jz = (2,2,0,0), the Perron—Frobenius eigenvectors that are duals of lifts
of the generators of ﬁl(Qg) of eigenvalue 4 are (1), (1,1,0,2), and (2,3,1,0,1,2,0, 1,2) with the
sum of the first two the lift of the new e il. They have sums 1, 4, and 12, respectively, giving frequency
modules Z[1/2], Z[1/2], and %Z[l /2], respectively.

The patches from Examples 3.3 and 3.5 are shown in Figure 4.
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4 Breakdown of the Chern character in dimension four

This section contains what we consider the main result of this paper: a cubical substitution in dimension
four where the Chern character cannot factor as an integral isomorphism. The case of dimension four
is very special, since the complex K-theory and Chern character can be completely determined from
the cohomology ring [26], even though the K-theory ring and cohomology ring may not be isomorphic.
An immediate consequence of [26] is that if €2 is a 4-dimensional complex and the Chern character
on K°(2) does not factor through H*(2; Z), then there must be an element [c] of H?(S2; Z) whose cup
square [c]? = [¢] — [c] is not divisible by 2 in H*(Q2;Z).

4.1 The example
Let us consider the following four-dimensional expansion 3 substitution on eight prototiles:

¢=([0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,
2,0,1,0,0,1,0,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,3,2,0,1,0,2,
3,2,0,1,0,2,3,2,0,1,0],
1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,
3,1,2,1,1,2,1,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,4,3,1,2,1,3,
4,3,1,2,1,3,4,3,1,2,11,
[2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,
4,2,3,2,2,3,2,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,5,4,2,3,2,4,
5,4,2,3,2,4,5,4,2,3,2],
(3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,
5,3,4,3,3,4,3,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,6,5,3,4,3,5,
6,5,3,4,3,5,6,5,3,4,3],
(4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,
6,4,5,4,4,5,4,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,7,6,4,5,4,6,
7,6,4,5,4,6,7,6,4,5,4],
(s,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,
7,5,6,5,5,6,5,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,0,7,5,6,5,7,
0,7,5,6,5,7,0,7,5,6,5],
(¢,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,
0,6,7,6,6,7,6,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,1,0,6,7,6,0,
1,0,6,7,6,0,1,0,6,7,6],
(7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,
1,7,0,7,7,0,7,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,2,1,7,0,7,1,
2,1,7,0,7,1,2,1,7,0,711]

The underlying idea is that in dimension four, we look for a substitution with a torsion term in H (Y VAR
Furthermore, since the Chern character in dimension four involves a division by 2, for it to not be an
isomorphism over Z, we want H 4(Q¢; Z) to contain even torsion, since odd torsion has multiplication
by 2 invertible.
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0] o[2]0
@HH131
0]

01210

Figure 5: A two-dimensional analogue of the main example in Section 4.1. We begin with a
one-dimensional checkerboard substitution on 8§ prototiles (drawn vertically in the first map;
only the first supertile is drawn, the rest are obtained by +1 mod 8), then extending it along
the remaining coordinate (horizontally) by another (different) checkerboard (second map). The
resulting tiling has rotational symmetry about axis the pattern is extended along (horizontal here).

This example is built from checkerboard patterns (Figure 5). It appears that although checkerboard
patterns do not necessarily force the border (see Remark 2.1), the level of supertiles required to exhaust
all 1-collared* prototiles to construct the dual complex is not too large. Since we want even torsion, we
create a checkerboard pattern on [0, 3], then extend in the last dimension with yet another checkerboard
pattern that depends on the prototile in the pattern on [0, 3]3, taking the result to be the supertiles, so
as to introduce four-fold rotational symmetry with odd expansion. For this particular example, the dual
complex has 1120 4-cells, 1232 3-cells, 480 2-cells, 88 1-cells, and 8 0-cells. One can get by with fewer
prototiles or simpler patterns (see the next subsection), but this is the first example we discovered where
everything we desire is evident.

We only focus on FVIZ(Qg; 7Z) and }VI“(Qg; 7)), since we want to identify a class [¢] € 1:12(825; Z) so
that [¢]?> = [c] — [c] € 1:14(Q§; 7)) is not (uniquely) divisible by 2 (see (3)). I:IZ(Qg; 7) is the direct

2 = 02, which is found in the Appendix, and H*(Q2¢; Z) is computed

limit computed via the matrix o
via a matrix too large to be listed here (354 x 354), but it suffices to know that for the dual complex,
H* ~ Zi @ F for some torsion-free group F. Since we only care about the even torsion terms, there

being Zi in H* of the dual complex, we write the substitution action on the dual complex as

100
4
o, * 023 *
4 torsion .
@) o = ( 0 ‘04 4 ) —1032 ’
torsion-free
0 ot

torsion-free

4
where Olorsion

Let us consider the eigenvector of 02, with eigenvalue 3,

is the action restricted to the torsion part of H*.

v=(0,0,0,0,1,1,0,0,1,0,0,0,0,0,-1,1,1,0,0,0,0,0,0,0).

Lifting it to a 2-cochain, cupping it with itself via the cubical cup-product formula given in [15], then
projecting to H* of the dual complex gives the class

w=v—v=(2,02,..)€Zi®F,

4Although the top-dimensional cells are “half-collars”, the construction of the complex requires knowledge of how they are
identified in the tiling, thus another “half-collar” of the half-collared prototiles, i.e., 1-collared prototiles.
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which is an eigenvector with eigenvalue 9. By (7), the first copy of Z4 is preserved in the direct limit.
Since the entry of w in this copy of Z4 is 2, w = v — v is not (uniquely) divisible by 2, and the Chern
character cannot be an isomorphism over Z. Incidentally, this provides a negative answer to the question
posed on the last line of [9].

Following the same procedure as before, the Perron—-Frobenius eigenvector of the substitution matrix
on the 4-cells of the dual complex sums to 29952, giving us that the frequency module for this cubical
substitution tiling is ﬁZ[l /3].

4.1.1 Additional examples We have discovered numerous other examples with the same features as
the example above. Here we mention two simple ones.

The first example consists on a cubical substitution on three prototiles and expansion 3. Although
this substitution rule is easier to define, the cohomological computations are more labor-intensive. The
substitution rule is

¢=(fro,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,

1,0,1,0,1,1,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,
0,1,0,1,0,1,0,1,0,1,0],

[1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,

2,1,2,1,2,2,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1],

(2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,

0,2,0,2,0,0,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,2,0,
2,0,2,0,2,0,2,0,2,0,2]]

and is the analogue of the two-dimensional substitution rule found in Figure 6, bottom. We leave the
details to the reader.

The second example is a cubical substitution on two prototiles and expansion 3. The substitution rule
is
¢=I[l0,0,0,0,0,1,0,1,0,0,0,1,0,0,0,1,0,0,0,1,0,1,0,0,0,0,0,0,0,1,0,0,0,1,0,

0,0,0,0,0,1,1,0,1,0,1,0,0,0,1,0,0,0,1,0,1,0,1,0,0,0,0,0,1,0,0,0,1,0,0,
0,1,0,0,0,0,0,1,0,1,01,
(+,1,1,1,1,0,1,0,1,1,1,0,1,1,1,0,1,1,1,0,1,0,1,1,1,1,1,1,1,0,1,1,1,0,1,
1,1,1,1,1,0,0,1,0,1,0,1,1,1,0,1,1,1,0,1,0,1,0,1,1,1,1,1,0,1,1,1,0,1,1,
1,0,1,1,1,1,1,0,1,0,1]1]
Its construction is much more involved, which we elect to forgo, and does not have two-dimensional
analogues. We again leave the computational details to the reader.

All of the previous examples had a torsion-free generator in H? squaring to twice a torsion generator
in H*. To demonstrate that RP*-like behavior can also occur, that is, a torsion generator in H? can
square to twice a torsion generator in H*, we first give some motivation.

It turns out that the first example we provided in this section is a four-dimensional analogue of the
three-prototile version of the squiral substitution (encoded slightly differently than usual). In d = 2, the
squiral tiling was shown in [4] to be a substitution tiling with expansion 3 on squares using two prototiles
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1]o]1 o[1]o
o] — [ofofo]  [t]—[1][1]1]
1[o]1 0[1]0
o[1]o 1[2]1 2]0]2
o] — [t} [1]+—|2][2]2]" [2]+[o0]0]0
o[1]o 1[2]1 2]0]2

Figure 6: Top: the substitution rule that produces the squiral tiling. Bottom: the four-dimensional
version of a three-prototile variant of the squiral substitution has the same features as the example

in (7).

(Figure 6, top), and it was computed there that the tiling has singular continuous spectrum. If one writes
down the induced substitution rule on collared prototiles (from the dual complex), one can impose a
Z»-action that interchanges the two prototiles (Figure 7). It turns out that quotienting the squiral tiling
space by this action results in another substitution tiling space, but with Z,-torsion in H? when there
was no torsion in the original squiral tiling.

Motivated by this, let us consider

¢=[[(i+1)%2 if 1 not in t else i%2 for t in list(cartesian_product([range(3)]*d))] for i in range(2)]

which is a generalization of the squiral substitution to arbitrary d that is different from the one in the first
example. For d = 4, the rule reads as

¢=([1,0,1,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,1,0,17,
(o,1,0,1,1,1,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,1,1,1,0,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,
1,1,1,1,1,1,0,1,0,1,1,1,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,1,1,1,0,1,01]

We computed there to be 478 “half-collared” prototiles, and quotienting by the Zj-action resulted
in 239 prototiles with an associated induced substitution rule, ¢, that is too large to be written here.
Fortunately, since the induced substitution on the half-collared prototiles of the squiral tiling forces the
border (see Remark 2.1), as does the resulting induced substitution rule, thus it suffices to work with the
uncollared AP-complex, which we denote by I (reserving I" for the original substitution rule ¢). It has
239 4-cells, 160 3-cells, 48 2-cells, 8 1-cells, and 1 O-cell.

We have that

H*T:2)=Z,®72°, H*T:Z)=17®Zsa 7',

0| ~ |9
olo| " [EH

Figure 7: Two “half-collared” prototiles in the dual complex where quotienting by the Z-action
that interchanges the underlying prototiles identifies them.
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The induced substitution matrices are

2 4
0_2 _ <0torsion * ) _ ( 1 ‘ * ) 0_4 _ (Utorsion * ) _ (IdlS ‘ * )
- 2 o 2 ’ - 4 - 4 ’
0 ‘ Otorsion-free 0 ‘ Otorsion-free 0 ‘ Otorsion-free 0 ‘ Gtorsion-free

so the torsion terms stay in the limit and belong to the respective cohomology groups of Qz.
Let

v=(1,0,0,0,0,0,0,0,0,0) € H*(T;Z).
Lifting it to a 2-cochain, cupping it with itself, then projecting to H 4(T; Z) gives the class
w=1v—v=(0,0,0,0,0,0,0,0,0,0,0,0,0,0,2,0,...) € H*(T:7Z),

where the single nonzero entry corresponds exactly to twice the generator of Z4 < H YT 7).

4.2 Gap labels

What does the example above say about the gap-labeling conjecture? What it does not say is that it is false:
the example above relied heavily on the cohomology of the tiling space having nontrivial torsion terms,
which were the source of the breakdown of the Chern character map. However, the torsion is not detected
by the Ruelle—Sullivan current C;,, a homomorphism to R, meaning that the torsion is not detected in the
frequency module. In addition, it is not clear that the image of the trace map on Ko(.Ap(£2)) is contained
in the image of the trace map on Ko (Aap(£2)), so we cannot compare T(K() (Ap (Q))) with the frequency
module, as we only know how to compute the image of the tracial state of the AF-algebra Aar(£2).

What it does say is that the gap in several papers relying on the Chern character factoring through integral
cohomology to give (5) is real—our example shows it. We do not believe that a true counterexample to
the gap-labeling conjecture—which would only exist in dimensions greater than three—will be found
using cubical substitutions, and so the problem of finding a counterexample becomes much harder, as one
needs to define a noncubical substitution rule in four dimensions (or higher) and compute its cohomology
ring. This task seems out of reach at the moment.

4.3 An aperiodic counterexample to equivariant gap-labeling in dimension 4

Example 4.1 To provide an additional counterexample for Conjecture 2.3 that is a substitution tiling, we
construct the simplest possible one that is not a solenoid by building off of Theorem 2.6. We aim for its
complex to have the same 3-skeleton as 74, but with an additional 4-cell attached in the same way as the
original 4-cell in T*.

To do so, consider the following four-dimensional substitution with expansion 3 on two prototiles:

§=[[O’O!O’O’O’O’Ol0’0’O’O’O’O’O!O’O’O’O’O!O’O,O’O’O) 3 b 3 3 3 3 b 3 3 3 3
0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
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0lofo 0lo]o
o] — [o]1]o] [1]+—lo]0]0
oofo ojo]o

Figure 8: The four-dimensional version of this substitution rule is the same 3-skeleton as T4,
with the only difference being that there are two 4-cells (the two prototiles) attached to the 3-cells.

Its two-dimensional analogue is Figure 8.

This substitution is primitive and recognizable, and clearly forces the border (see Remark 2.1), thus
we can use the uncollared AP-complex instead, which is the AP-construction without using collared
prototiles. By the same theorem in [2], its inverse limit is homeomorphic to the tiling space.

The 2# patch of all 0’s indicates that the complex contains a copy of T#. The prototile 1 being present
in all possible positions in a 2% patch asserts that its associated 4-cell is attached to the 3-skeleton in the
same exact way as the 4-cell associated to the prototile 0.

All of the coboundary maps are trivial, giving us that the cohomology groups we are interested in are

. . 80 1 y .
HY(Q¢:Z) =1;m(22, (81 0)), H?*(Qg:Z) =1im(Z°,9-1d),

where Z? is simultaneously C* and H* of the AP-complex, and Z® is simultaneously C? and H?
of the AP-complex. Due to this, the cubical cup product on the cohomology ring coincides with the
cubical cup product on the cochains, which is easy to describe. For example, the two generators
c1 =1[0,1] x [0, 1] x [0] x [0], c2 = [0] x [0] x [0, 1] x [0, 1] € C? cup to (1, 1) € C*, the sum of the duals
of the two prototiles. That is, the cohomology ring structure of this AP-complex only differs from that
of T* by the cup product always witnessing both 4-cochains whenever it is nontrivial.

One then follows the same exact argument provided in Theorem 2.6 and concludes that this substitution
tiling space, upon quotienting by the same Z-action, yields a counterexample to Conjecture 2.3. To be
precise, let I' be the AP complex of the substitution described above, and let p: I' — T# be the factor map
which collapses the 4 cells. There is an involution on I" which is equivariant (under p) with the involution
of T# = T? x T2 used in Theorem 2.6. This involution is defined by exchanging the 2-cells c; and ¢
described above. The induced map on cohomology p* : H*4(T#;Z) — H*(T'; Z) sends the generator in
H*(T*:Z) to (1,1) € H*(I'; Z). Let S4 = 1im(T*, 3 -1d) be the four dimensional solenoid constructed
with maps of expansion 3, and note that it is a factor of the tiling space €2 corresponding to the substitution
above. Then the argument from Theorem 2.6 carries over to S4 in the direct limit since the expansion
is by 3, and it can be pulled back to H*(£2; Z) using the map induced by the factor map (because the
expansions of both systems are by 3 and thus cannot be divided by 2 by the Chern character). Thus this
example provides an aperiodic counterexample to Conjecture 2.3.

Let us remark on the mechanism that yields these counterexamples. In the original AP-complex, the
nontrivial squares are of the form (c¢; +¢2) — (c1 +¢2) =c1—c1+c1—cr+cr—c1+ca—cr =
2¢1 — c2, which always return twice the sum of the generators in H#, and therefore still yields integrality of
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c1 — c1 (in the quotient), and

Are there other (Z») actions that produce the same effect? There are a few obvious choices that do not
o If the substitution is on two prototiles, let the Z,-action be swapping the two prototiles, assuming that

we no longer need to add cochains together to produce a nontrivial square in H 4. This breaks the integrality.
the supertiles are related by +1 mod 2 (so that the action is well defined). This does not appear to work,
because “horizontal” cells remain “horizontal”, and “vertical” cells remain ‘“vertical”, thus to obtain a
nontrivial square, one still needs to add together both “horizontal” and “vertical”, resulting in a factor of
o If the substitution has its supertiles symmetric about, say, the axis along (1,0, 0, 0), let the Z5-action

New results on tilings via cup products and Chern characters on tiling spaces

the Chern character. In this Z, quotient, ¢ and c5 are identified, so ¢; — ¢»

be flipping the axis. For the same reason as above, this also does not appear to work.
Appendix Large matrices

Here we define some larger matrices used in this paper:

appear to work.
two on the 4-cochain.

s

oo —
o oen o—

S o

00
06

0
8
000000000000220200000000220220200020

on o —
o n —
on o —~
N N o—
o n —
<t <+ O
o n —
o oen —
oo —

on O —
on O —
on O —

on O o~
on O —
on N o—

N N o—
o en o—
o0n o —

on O —
on O —
on O —
on O —

0011110100001101110100000101000°11
11001111101100001011101100000100010°1

0011000001000000010001000000000°1

on O —
on o —
on O —
on O o~

l11ro0111110111011101110111011110011T1°1

0000000000001 10100000000110110100010

000000000000668600000000668660¢6°0

11101000000000000000000000000
11011000000000000000000000000

11001

1

000000000000202200000000202220002020
000000000000020000000000020000200000
3333443333430000000000000000000000600
1

00110000010000000000000000000000000O00O0
000000000000000066866686000006060280°©6
000000000000000022022202000002020002
000000000000000020222022000002000202
000000000000000002000200000000020000
000000000000334300000000334330304030
0000000000001 10100000000110110100010
0000000000O0O01011000000001011T10001010
00000000000001000000000O00O01000O0O1000O00O0
333344333343000000000000000000000000
333344333343000033433343000003030403
11110011110100000000000000000000000°0
11110011110100001101110100000101000°1
11001111101100000000000000000000000°0
110011111011000010111011T00000100010°1
001100000100000000000000000000000000O0
00110000010000000100010000000001000°0

1100111

041
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(2020000022002200
2424000022002200
1010101011111 111
1212121211111111
1010101011111 111
1212121211111111
0000202000220022
~10000242400220022
042 = 2222000044002200 |
1111111122221111
1111111122221111
0000222200440022
2222000000002200
1111111100001 111
1111111100001 111
0000222200000022)
(11231122213300000112332
0011002320110 0 0 0 0002112
3300342023333 3 3 3 3442332
1100102021111 1 11 1002112
2233221212220 0 00 0221221
1121112421220 0 0 0 0112222
1123121211220 0 0 0 0221221
1001110111111 1 1 1111111
2221210002000 0 0 0 01100060
0000002220110 0 0 0 0002112
1111111111000 0 0 O 0111001
ou3=| 1110101111110 00 0 O0OO0CO01111{,
2222223332330 0 00 3223333
1111111111110 0 0 O 1111111
1111111111110 0 0 O 1 111111
1171111000100 0 0O O O 0110000
0000000000002020202015000000
2222221112110 0 0 0 0221111
1171717110001000 0 0 0 0110000
1110101111110 0 0 0 0001111
0000001110110 0 0 0 O0O00T1TT1T11
2222220002000 0 0 0 0220000
\00020200000000000220000
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211122222311222222322
222222222021200002000
222222222021200002000
011100000411044440444

000000000000000
000000001000000
1111
0011
0211
1111
1000
8000
0100
0022
0300
0022
0111
0100
1000
0011
0000

31111131121
00000000000
20003213100
31111121131

044=]103330000003
04440000004

00001101100

00001001100

20003323200

00000000120

00000100010

00000110100

01110010001

00000000010

00000000000

-8 -7 4-8-24 0 —2-11-400
1 2 14161 -2 0 1 1 14 00
o 0 96 0 2 -2 0 0 6 00
0O 0 30 0-22 0 0 -300
9 7 6 8 3 -2 0 2 11 =2 00
0o 0 33 01 2 0 0 3 00O
-3 3 6 6 025 0 -3 6 00
-2 -2 8 8 1 0 0 2 —-416 00
33 0000 0 0O 6 000
o 0 33 0 0 0 0 0 6 00O0
—-13-1110 8 -1 2 0 —-1-1310 9 6
o o0 o0 o0 0 0 0O 0 0 0 =30
0O 0 0 0 O 8 -8 0 O 0 79
o o0 o o0 0 O O O O o0 33
-3 33 3 0 2 -2 0 -3 3 13
o o0 o0 o0 0O O O O o0 o0 33
—-13-1110 8 -1 2 0 —-1-1310 0 O
o o0 0 0 0 -88 0 0 0 20
0O 0 0 0 0 0O O O O 0 0O
o o0 0 o0 0 0 0O 0 0 0 20
0O 0 0 0 0 4 -4 0 0 0-=20
o 0 0 0 0 -44 0 0 0 20
0O 0 0 0 O016-16 0 0 0 =20
o 0 0 0 0 -44 0 0 O0O0O0
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Relative bounded cohomology on groups with contracting elements

ZHENGUO HUANGFU AND RENXING WAN

Let G be a countable group acting properly on a metric space with contracting elements and { H; : 1 <i <n}
be a finite collection of Morse subgroups in G. We prove that each H; has infinite index in G if and only
if the relative second bounded cohomology H bz(G, {H;}?_,:R) is infinite-dimensional. In addition, we
also prove that for any contracting element g, there exists k > 0 such that H, bZ(G, ((g*):R) is infinite-
dimensional. Our results generalize a theorem of Pagliantini—Rolli for finite-rank free groups and yield
new results on the (relative) second bounded cohomology of groups.

1 Introduction
1.1 (Relative) bounded cohomology

Bounded cohomology was introduced by Johnson and Trauber in the context of Banach algebra and
developed into a comprehensive and rich theory by Gromov in his seminal paper “Volume and bounded
cohomology” [28]. Since then, it has become a fundamental tool in several fields, most notably in the
study of the geometry of manifolds. Many properties, in particular geometric ones, of a group can be
characterized by its bounded cohomology. In particular, the notion of bounded cohomology allows us to
retrieve certain negatively curved features of the group.

The theory of quasimorphisms has been extensively exploited to study the second bounded cohomology
of a group. To be precise, a quasimorphism on a group G is a map ¢ : G — R such that

sup |¢p(gh) —¢(g) —¢(h)| < .

g,heG

That is to say, a quasimorphism is locally close to a genuine homomorphism from the group to R.
We denote by QM(G) the R-vector space of quasimorphisms. It follows from the definitions that the
coboundary of a quasimorphism is a bounded 2-cocycle and therefore there is a linear map

QM(G) — HE(G;R).

Moreover, the image of this map is the kernel of the comparison map H b2 (G;R) - H?*(G;R) induced
by the inclusion of bounded cochains into ordinary cochains [12, Theorem 2.50].

The first example of this approach is using Brooks’ counting quasimorphism [9] to show that the rank-2
free group F> has infinite-dimensional second bounded cohomology.

More generally, D. Epstein and K. Fujiwara [18] showed that a nonelementary hyperbolic group has
infinite-dimensional second bounded cohomology. This was proved by using a modified version of Brooks

MSC2020: primary 20F65; secondary 57MO07.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
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counting quasimorphism. Later, Fujiwara used this generalization to obtain the same conclusion regarding
the dimension of the second bounded cohomology of a group acting properly on a hyperbolic space [24].

When dealing with manifolds with boundary we naturally consider the relative homology and cohomology.
Similarly, in group theory, we often investigate the subgroups in order to explore properties of the ambient
group. M. Gromov provided a definition of relative bounded cohomology between pairs of topological
spaces and also pairs of groups in [28]. This leads to applications in geometry, topology and other fields.

In retrospect, absolute bounded cohomology of many classes of groups are already known to be
infinite-dimensional, as demonstrated in

(1) nonelementary Gromov hyperbolic groups [18];
(2) groups with infinitely many ends [25];
(3) groups admitting a nonelementary proper discontinuous action on a Gromov hyperbolic space [24];

(4) groups admitting a nonelementary weakly proper discontinuous action on a Gromov hyperbolic
space [5] (see also [30]);

(5) groups admitting a nonelementary weakly proper discontinuous action on a CAT(0) space which
contains a rank-one isometry [6];
(6) acylindrically hyperbolic groups [33].

Gromov developed the theory of bounded cohomology in order to compute simplicial volume of
manifolds. In particular, the understanding of simplicial volume of manifolds with nonempty boundary
could be increased by studying bounded cohomology of pairs of space and pairs of groups, which is the
so-called relative bounded cohomology. However, very few results on relative bounded cohomology are
known. The first computation of the relative bounded cohomology of a specific class of groups was given
by C. Pagliantini and P. Rolli [42]. Besides, it was proved independently by Bucher-Burger—Frigerio—
Iozzi—Pagliantini—Pozzetti [11] and Kim—Kuessner [35] that the bounded cohomology of a CW-complex X
relative to an amenable subcomplex Y is isometrically isomorphic to the absolute bounded cohomology
of X'; in particular, in this situation, H, g‘ (X, Y;R) is infinite-dimensional whenever X fits into the list
given in the previous paragraph. Another relevant result was given by Franceschini [21], who proved
that if (G, H) is a relatively hyperbolic pair, then the comparison map H, [f (G,H;V)— HK(G, H;V)
is surjective for every k > 2 and any bounded G-module V.

1.2 Contracting element

The purpose of this paper is to generalize the existing results on the second bounded cohomology
mentioned above to the relative version. Note that the examples of groups described above all satisfy the
contracting properties outlined below.

Let X be a geodesic metric space and A be a closed subset of X. For a constant C > 0, we denote by
Nc¢ (A) the open C-neighborhood of A in X. Let

g X =2 xmux) = {yved:d(x,y)=d(x, A},
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be the map given by the closest point projection. We say that 4 is C-contracting for C > 0 if
diam(;r4(y)) < C for any geodesic (segment) y with y N N (A4) = @. In fact, this notion of contracting is
equivalent to the usual one: diam(74(B)) < C’ for any metric ball B disjoint from A4; see [6, Corollary 3.4]
for a proof. For an isometric group action of a group G on X, an element g € G is called contracting
if some (or equivalently, any) orbit of (g) is a contracting quasigeodesic.

The prototype of a contracting element is a loxodromic isometry on a Gromov hyperbolic space, but
many more examples are known to be contracting:

¢ rank-1 elements in CAT(0) groups acting on a CAT(0) space, see [2; 6];

¢ hyperbolic elements in groups with nontrivial Floyd boundary (e.g., relatively hyperbolic groups)
acting on their Cayley graph with respect to a generating set, see [17; 40; 47];

e certain infinite-order elements in graphical small cancellation groups acting on their Cayley graph
with respect to a generating set, see [1];

¢ pseudo-Anosov elements in mapping class groups acting on the Teichmiiller space equipped with
Teichmiiller metric, or on the curve complex, see [20; 19; 44].

In this paper, a group is called nonelementary if it is not virtually cyclic. Given an isometric group
action on a metric space, a subgroup is called Morse if some (or equivalently, any) orbit of this subgroup
is weakly quasiconvex (see Definition 3.1). Now, we state our main result.

Theorem 1.1 Let G be a nonelementary countable group acting properly on a geodesic metric space with
contracting elements. Consider a finite collection of Morse subgroups Hy, ..., H, with infinite index.
Then there is an injective R-linear map w : ' — H bz (G;R) such that each coclass in the image w(£') has
a representative vanishing on H; for eachi (1 <i <n).

Moreover, the dimension of H, If (G, {H;}7_,;R) as a vector space over R has the cardinality of the

continuum.

Here we denote by ¢! the Banach space of summable sequences of real numbers with the norm
Il = 32724 Ixil.
Remark 1.2 (1) If one of the H;’s is of finite index in G, then Corollary 2.24 below implies that
H, bz (G, {H;}!_;;R) = 0. Based on this fact, we only consider the second relative bounded cohomology
of G with respect to subgroups with infinite index. Since any finitely generated subgroup of a free group
is Morse, Theorem 1.1 generalizes the result of Pagliantini—Rolli [42] which states that for a free group F;,
(n > 2) and a finitely generated subgroup H < Fy, the subgroup H has infinite index in F, if and only if the
dimension of the second relative bounded cohomology H. 5 (Fy, H;R) as a vector space over R is infinite.

(2) In [23; 33], the authors extend a nontrivial quasimorphism on a subgroup to the ambient group. Here
we take the opposite approach, by constructing a quasimorphism on the ambient group whose restriction
to the subgroup is trivial.

To prove Theorem 1.1, we need the following result.

Algebraic € Geometric Topology, Volume 26 (2026)



1198 Zhenguo Huangfu and Renxing Wan

Proposition 1.3 (Proposition 3.3) Let G be a nonelementary countable group acting properly on a geodesic
metric space with contracting elements. Consider a finite collection of Morse subgroups Hy, ..., H, with
infinite index. Then there is a quasitree on which G acts and each H; acts elliptically on it for 1 <i <n.

An interesting corollary of Theorem 1.1 is as follows. This generalizes a result of Kotschick
[36, Corollary 11]. See Definition 5.5 for the definition of bounded generation.

Corollary 1.4 (Corollary 5.6) Under the assumption of Theorem 1.1, G is not boundedly generated by
{H:1=<i=<nj.

When a subgroup is a Morse subgroup of infinite index, its limit set is always a proper subset of the limit
set of the ambient group, which provides evidence for the existence of enough relative quasimorphisms.
(See [31; 49] for more details about convergence boundary.) Thus, we can ask the following question.

Question 1.5 Let G be a nonelementary countable group acting properly on a geodesic metric space X
with convergence boundary. Let { Hy, ..., Hy} be a finite collection of subgroups with proper limit sets.

Then is the dimension of H, b2 (G, {H;}7_,;R) as a vector space over R infinite?

Another natural question is that when the subgroup is taken to be a normal subgroup of infinite index,
does the conclusion of Theorem 1.1 still hold? If the normal subgroup has an amenable quotient, then
Proposition 2.25 gives a negative answer. If the normal subgroup is normally generated by a higher power
of a contracting element, then we have the following result.

Proposition 1.6 (Proposition 6.1) Let G be a nonelementary countable group acting properly on a
geodesic metric space with contracting elements. Then for any contracting element g € G, there exists
k = k(g) > 0 such that the dimension of H, 13 (G, {(g%)); R) as a vector space over R has the cardinality of
the continuum.

Remark 1.7 Proposition 1.6 is already known for nonelementary hyperbolic groups. In [15], Delzant
showed that for any hyperbolic element g in a nonelementary hyperbolic group G, there exists k € N
such that G/ {(g¥)) is still hyperbolic. Together with [18, Theorem 1.1] and Proposition 2.22 below, one
gets the result.

In general, we raise the following question.

Question 1.8 Let G be a nonelementary countable group acting properly on a geodesic metric space X
with contracting elements. Let H be a normal subgroup of G with nonamenable quotient. Is the dimension
of Hb2 (G, H;R) as a vector space over R infinite?

1.3 Sketch of proof

There are two main ingredients in the proof of Theorem 1.1. The first is Proposition 1.3, namely the
construction of an appropriate projection complex on which each H; acts elliptically. This notion was
introduced by Bestvina—Bromberg—Fujiwara [3]. In Section 3, we are going to make use of the Morse
property of { H;} (see Lemma 3.9) to show that there exists a contracting element g such that every /1 € H;
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has a uniformly bounded projection to the geodesic segment [0, go]. To achieve this goal, we use some
techniques developed by Han—Yang—Zou [31]. Then we construct the projection complex Pg (F) whose
vertices are the G-translates of the axis Ax(g) of g and show that each H; acts elliptically on Pg (F)
(see Lemma 3.10). The projection complex is shown to be a quasitree on which G acts acylindrically
(see Section 5).

The second ingredient is Proposition 4.1, which states that if G acts WPD (a weaker notion than
acylindrical action) on a §-hyperbolic space X and each H; acts elliptically on X, then the dimension
of Hlf (G, {H;}!_;R) as a vector space over R has the cardinality of the continuum. To prove this
proposition, we need a result of Bestvina—Fujiwara [5, Proposition 2] which constructs an infinite collection
of words { f;} in a rank-two free subgroup of G. As in [24], we can produce a corresponding collection
of quasimorphisms {/;} on G, which satisfy some special properties stated in Proposition 4.13. Then
Proposition 4.1 follows from Proposition 4.13. The bridge connecting two ingredients is a result of
Bestvina—Bromberg—Fujiwara—Sisto [4, Theorem 5.6]. As a result, we get Theorem 1.1.

As for Proposition 1.6, where H is assumed to be a normal subgroup generated by a higher power of a
contracting element, we first construct a quasitree of spaces C(F) for every contracting element which
is a blow-up of the projection complex. The space C(F) turns out to be a quasitree on which G acts
acylindrically (see Lemma 6.4). Later, we construct a hyperbolic cone-off over a scaled C(F) along F
and obtain a very rotating family (see Lemma 6.5). With the help of the theory of rotating families
developed by Dahmani—Guirardel-Osin [14], we can reduce the proof of Proposition 1.6 to the proof of
Proposition 4.14, which is completed at the end of Section 4.

Structure of the paper The paper is organized as follows. Section 2 is devoted to recalling some
preliminary material about Gromov-hyperbolic spaces, contracting subsets, projection complexes, (relative)
bounded cohomology, and quasimorphisms. In Section 3, we prove Proposition 1.3. Specifically, we make
use of the recent work of Han—Yang—Zou [31] to construct a projection complex and show that each H; acts
elliptically on it. In Section 4, we review the previous work on Epstein—Fujiwara quasimorphisms in [24]
and prove Proposition 4.1. Then we complete the proof of Theorem 1.1 in Section 5. In Section 6, we
first recall some facts about hyperbolic cone-offs and rotation families, and then we prove Proposition 1.6.

2 Preliminaries

We first introduce some fundamental notation and definitions that will be used throughout this paper.

2.1 Gromov-hyperbolic spaces

We only introduce some necessary knowledge about Gromov-hyperbolic spaces here. For a more detailed
introduction, we refer the readers to [8, Part III. H; 16, Chapter 11]. Let (X, d) be a geodesic metric
space. For S C X and r > 0, we denote by N,(S) the open r-neighborhood of S. For two subsets
S, T C X, we denoted by dg (S, T) the Hausdorff distance between A and B, which is defined by
dg(S,T):=inf{r >0:S C N.(T), T C N,(S)}.
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Figure 1: [x, y] C Ns([x, z]U [y, z]).

For any two points x, y € X, denote by [x, y] a choice of a geodesic segment between x and y.
A geodesic triangle in X consists of three points x, y, z € X and three geodesic segments [x, y], [, z],
and [z, x].

A geodesic metric space (X, d) is called (Gromov) §-hyperbolic for a constant § > 0 if every geodesic
triangle in X is §-thin: each of its sides is contained in the §-neighborhood of the union of the other two
sides. See Figure 1 for an illustration.

A finitely generated group is called Gromov-hyperbolic if its Cayley graph with respect to some finite
generating set is a §-hyperbolic metric space for some § > 0.

Let (X1,d;) and (X>, d>) be two metric spaces. A (not necessarily continuous) map f : X; — X,
is called a (A, €)-quasi-isometric embedding if there exist constants A > 1 and € > 0 such that for all
X,y € X1 we have

Sdi(x, ) e Sda(f (), () = Ay x, ) e

If, in addition, every point of X, lies in the e-neighborhood of the image of f, then f is called a
(A, €)-quasi-isometry. When such a map exists, the two spaces X7 and X, are said to be quasi-isometric.
A (A, €)-quasigeodesic in a metric space X is the image of a (A, €)-quasi-isometric embedding
¢: 1 — X, where [ is an interval (possibly bounded or unbounded). For simplicity, a (A, A)-quasigeodesic
will be referred to as a A-quasigeodesic.
The following result is the well-known Morse lemma in geometric group theory. We refer the readers
to [8, Chapter III.H, Theorem 1.7; 16, Theorem 11.72] for a proof.

Lemma 2.1 (Morse lemma) For all § > 0, A > 1, € > 0, there exists a constant L = L(A,¢,§) such
that any two (A, €)-quasigeodesics in a §-hyperbolic space with the same endpoints are contained in an
L-neighborhood of each other.
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Isometries on Gromov-hyperbolic spaces Let (X, d) be a Gromov-hyperbolic space. Two geodesic
rays in X are said to be asymptotic if the Hausdorff distance between them is finite. Being asymptotic
is an equivalence relation on geodesic rays. The Gromov boundary of X, denoted by 0.X, is defined to
be the set of equivalence classes of geodesic rays in X. We refer the readers to [8; 16] for a detailed
discussion about Gromov boundary. By Gromov [29], the isometries of a hyperbolic space X can be
subdivided into three classes. A nontrivial element g € Isom(X) is called elliptic if some (g)-orbit is
bounded. Otherwise, it is called loxodromic (resp. parabolic) if it has exactly two fixed points (resp. one
fixed point) in the Gromov boundary of X . If g is a loxodromic element, any (g)-invariant quasigeodesic
between the two fixed points will be referred to as a quasiaxis for g, denoted by L.
For an isometry g on a hyperbolic space (X, d), we define the stable translation length || g|| of g as
. d(x,g™x)
gl = Jlim =5

—00
for some (or any) x € X. A well-known fact is that an isometry g is loxodromic if and only if ||g|| > 0

[13, Chapter 10, Proposition 6.3].

Lemma 2.2 Let g be an isometry on a metric space (X, d). Then for any n > 0 and x € X, one has
d(x,g"x) = nllg.
Proof For any m, n > 0, it follows from d(x, g""x) <m-d(x, g"x) that

d(x,g™m"x) - d(x,g"x)
mn - n i

By letting m — oo, one gets that

d(x, g"
gl = L8 o

2.2 Contracting subsets

Let (X, d) be a geodesic metric space. For any two A, B C X, define d(A, B) := infyc 4, yep d(x, y).
For a given closed subset 4 C X, define the closest point projection w4 : X — 24 as follows:

e Forany x € X, my(x):={yeAd:d(x,y) =d(x, A)}.

e For any subset B C X, m4(B) :=J,ep ma(x).
We use the notation diam(A) to denote the diameter of a subset 4 in X.

Definition 2.3 (contracting subset) Let (X, d) be a geodesic metric space. A subset Y C X is called C-
contracting for C > 0 if for any geodesic (segment) o in X with d(«, Y) > C, we have diam(wy («)) < C.
The subset Y is called a contracting subset if there exists C > 0 such that Y is C-contracting, and C is
called a contraction constant of Y. See Figure 2 for an illustration.

Let G be a finitely generated group. A subgroup H < G is called contracting if it is a contracting
subset in the Cayley graph G(G, S) of G with respect to some finite generating set S.
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Figure 2: Y is C-contracting.

Example 2.4 The following are well-known examples of contracting subsets and contracting subgroups:
(1) bounded sets in a metric space;
(2) quasigeodesics and quasiconvex subsets in Gromov-hyperbolic spaces [27];

(3) fully quasiconvex subgroups, and maximal parabolic subgroups in particular, in relatively hyperbolic
groups [26, Proposition 8.2.4];

(4) the subgroup generated by a hyperbolic element in groups whose Floyd boundary is nontrivial
[47, Section 7];

(5) contracting segments and axes of rank-1 elements in CAT(0)-spaces in the sense of Bestvina and
Fujiwara [6, Corollary 3.4];

(6) the axis of any pseudo-Anosov element in the Teichmiiller space equipped with Teichmiiller distance
by a theorem of Minsky [37].

It has been proven in [6, Corollary 3.4] that the definition of a contracting subset is equivalent to the
following one considered by Minsky [37]. A subset Y € X is contracting if and only if there exists
C’ > 0 such that any open metric ball B with B NY = & satisfies diam(wry (B)) < C’.

Despite this equivalence, we will always rely on Definition 2.3 for a contracting subset.

Definition 2.5 (contracting system) Let (X, d) be a geodesic metric space. A set X = {X; : X; C X}ieN
is called a contracting system with a contraction constant C if each X; is a C-contracting subset in X'.

Definition 2.6 (bounded intersection) Two subsets Y, Z € X have R-bounded intersection for a function
R : [0, 400) = [0, +00) if diam(N,(Y) N N, (Z)) < R(r), for all r > 0. A contracting system X has
R-bounded intersection if any two elements in X have R-bounded intersection.

Admissible paths For a finite rectifiable path p in a metric space X, we denote by | p| the length of p
and by p_, p4 the initial and terminal points of p respectively.

Definition 2.7 (admissible path) Let (X, d) be a geodesic metric space and X be a contracting system in X .
Let D, > 0and R : [0, +00) — [0, +00) be a function, which is called the bounded intersection gauge.
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X,

Figure 3: Yy = q1 p192p2q3 P394 is a (D, t)-admissible path.

A path y is called a (D, t)-admissible path with respect to X if the path y consists of a (finite, infinite,
or bi-infinite) concatenation of consecutive geodesic segments y = ---¢; piqi+1 Pi+1 * -+, satisfying the
following “long local” and “bounded projection” properties:

(LL1) For each p; there exists X; € X such that the two endpoints of p; lie in X;, and | p;| > D unless
pi s the first or last geodesic segment in y .

(BP) For each X; we have diam(mx; {(pi)+. (pi+1)-}) = 7, and diam(zx; {(pi-1)+. (pi)-}) = 7.
Here (p;+1)— = y+ if p;+1 does not exist, and (p;—1)+ = y— if p;—1 does not exist.

(LL2) Either X; # X;4; and X; and X;41 have R-bounded intersection, or |g;| > D.
Remark 2.8 See Figure 3 for an illustration of an admissible path. The collection of X; € X indexed as

in (LL1), denoted by X(y), will be referred to as contracting subsets for y. The union of all X; € X(y)
is called the saturation of y.

In the following definitions, a sequence of points x; in a path « is called linearly ordered if x; 4 lies
in the subpath of o from x; to a4 for each i.

Definition 2.9 (fellow travel) Let y = pog1 p1 - qn pn be a (D, t)-admissible path, and « be a path such
that o— = y_, a4 = y+. Given € > 0, the path « e-fellow travels y if there exists a sequence of linearly
ordered points zq, W, Z1, W1, ..., Zn, Wy On & such that d(z;, (pi)=) <€, d(w;, (pi)+) < €.

See Figure 4 for an illustration of e-fellow travel property.

Figure 4: y = poq1 p192 p2 is a (D, t)-admissible path and « e-fellow travels y.
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Proposition 2.10 [48, Proposition 2.7] For any t > 0, and any function R : [0, +00) — [0, +00), there
exist D, A, € > 0 depending on t, R such that any (D, t)-admissible path is a A-quasigeodesic which is
e-fellow traveled by any geodesic with the same endpoints.

Group actions with contracting elements Let G be a group acting isometrically on a geodesic metric
space (X, d) with a base point o € X.

Definition 2.11 (contracting element) An element /i € G is called a contracting element if (h) -0 is a
contracting subset in X and the map Z — X, n +— h"o, is a quasi-isometric embedding.

A group action G ~, X is called (metrically) proper if for any D > 0, the set {g € G : d (0, go) < D}
is finite. From now on, we assume that G' acts properly on (X, d) with a contracting element.

Definition 2.12 (weakly independent) Suppose g,/ € G are two contracting elements. They are called
weakly independent if (g) -0 and (h) - 0 have R-bounded intersection for some R : [0, +00) — [0, +00).

By [48, Lemma 2.11], each contracting element g is contained in a maximal elementary subgroup E(g)
defined as
E(g)={he€G:3r>0,h{g)oC Ny({g)o) and (g)o C Nr(h{g)o)},

and the index [E(g) : (g)] is finite. Roughly speaking, the subgroup E(g) is the set of elements that do
not move the orbit of g too much. Hence, if G is not virtually cyclic, then there are at least two weakly
independent contracting elements in G. For example, let g € G be a contracting element by assumption.
Since G is not virtually cyclic, E(g) is a proper subgroup of G. By selecting an element f € G \ E(g),
one has that g and fgf ! are weakly independent [46, Lemma 7.13]. Actually, by [46, Lemma 2.30],
there exist infinitely many pairwise weakly independent elements in G.

For a contracting element g, the subset defined by Ax(g) := E(g)o is called an extended-defined
quasigeodesic, which is also called the axis of g (depending on 0). Compared with the quasiaxis Lg
of a loxodromic element g which can be an arbitrary (g)-invariant quasigeodesic, we use the term
“extended-defined” here to emphasize their difference.

The following result, proved in [48, Proposition 2.9 and Lemma 2.14], gives a procedure to construct
infinitely many contracting elements.

Lemma 2.13 (extension lemma) Suppose that a nonelementary group G acts properly on (X, d) with
a contracting element. Then there exist a set F C G of three contracting elements and D, t, A > 0 with
the following property. For any g € G, there exists f € F such that the bi-infinite concatenated path
Y = Upez(gf)"[o. gfo] is a (D, v)-admissible path with contracting subsets {(gf)"g Ax(f) :n € Z}.
In particular, y is a C-contracting A-quasigeodesic, where C depends on d(o, go). Hence gf is a
contracting element.

2.3 Projection complexes

In the assumption of our main result, i.e., Theorem 1.1, the geodesic metric space X on which the group G
acts with contracting elements is not hyperbolic. To apply the method proposed by Bestvina—Fujiwara [5],
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we need to construct a suitable hyperbolic space on which G acts. This construction makes use of the
projection complex techniques developed by Bestvina—Bromberg—Fujiwara [3], which will be introduced
in this subsection.

Definition 2.14 (projection axioms) Let F be a collection of metric spaces equipped with (set-valued)
projection maps
g FAUL = 2% e

Define dy (V, W) := diam(zy (V) Uy (W)) for V £ U # W € F. The pair (F, {U }yer) satisfies
projection axioms for a constant k > 0 if
(1) diam(wy(V)) <k when U # V;
(2) if U, V, W are distinct and dy (U, W) > k then dy(V, W) < «;
(3) the set {U € F :dy(V,W) >k} is finite for V # W.

We caution the readers that the projection maps in the above definition are just abstract maps, which
may not be the closest point projections defined previously. By definition, the triangle inequality

2-1) dy (V. W) <dy(V.U)+dy(U, W)

holds for any U, V, Y, W € F. It is well known that the projection axioms hold for a contracting system
with bounded intersection (see [47, Appendix]). From now on, we assume that G acts properly on X
with contracting elements. Fix a base point 0 € X.

Lemma 2.15 [49, Lemma 2.18] Let g € G be a contracting element. Then the set F = { f Ax(g): f € G}
with closest point projections gy (V') satisfies the projection axioms with a constant k = k (F) > 0.

In [3, Definition 3.1], a modified version of dy is introduced such that it is symmetric and agrees
with the original d; up to an additive amount 2«. Thus, the axioms (1)—(3) still hold for 3k, and the
triangle inequality in (2-1) holds up to a uniform error. In what follows, we actually need to work with
this modified dyy to define the projection complex, but for the sake of simplicity, we stick to the above
definition of dy.

We consider the interval-like set, for K >0and V, W € F,

Fx(V,W):={U € F:dy(V,W)> K.

Define Fg [V, W]:= Fx(V, W)U {V, W}. It possesses a total order described in the next lemma. Let F
and « be given by Lemma 2.15.

Lemma 2.16 [3, Theorem 3.3.G] There exist constants D = D(x), K = K(k) > 0 such that the set
Fk [V, W] admits a total order “<” with least element V and greatest element W, such that given
Uy, Uy, Uy € FglV, W], if Uy < Uy < U,, then

dU] (V, W) —D< dU] (Uo, Uz) < dU] (V, W) and dUo(Ulv Uz) < D and dUZ(U(), Ul) <D.
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Figure 5: Each blue line is a translate of Ax(g); Fx[U, VIU{U,V}={U < U, < U, <V}
is a standard path in Pg (F); the yellow line represents the closest point projection between U
and Uy; the red line is a lifted standard path fromu € U tov e V in X.

We now give the definition of a projection complex.

Definition 2.17 The projection complex Pk (F) for K satisfying Lemma 2.16 is a graph with the vertex
set consisting of the elements in F. Two vertices U and V are connected if Fx (U, V) = @. We equip
Pk (F) with a length metric dp induced by assigning unit length to each edge.

The projection complex Pk (F) is connected, since by [3, Proposition 3.7], the interval set Fx[U, V]
gives a connected path between U and V in Pk (F): the consecutive elements directed by the total order
are adjacent in Pg (F). The path Fg[U, VIU{U,V}={U < U; <--- < U < V}is called the standard
path from U to V. See Figure 5 for an illustration of a standard path. By [4, Corollary 3.7], standard
paths are (2, 1)-quasigeodesics in Pk (F). A quasitree is a geodesic metric space quasi-isometric to a
tree. The structural result about the projection complex is the following.

Lemma 2.18 [3, Corollary 3.25] For K > 0 as in Lemma 2.16, the projection complex Pk (F) is a
quasitree, on which G acts nonelementarily and coboundedly.

For any two points # € U and v € V, we often need to /ift a standard path Fx[U, V] U {U, V}
={U < Uy <---< U <V}in Pg(F) to a path from u to v in X. The lifted standard path in X is a
piecewise geodesic path (admissible path) from u to v as concatenation of the normal paths between
two consecutive vertices which are G-translates of Ax(g) in X and geodesics contained in vertices. See
Figure 5 for an illustration of a lifted standard path. This is explained by the following lemma proved in
[32, Lemma 4.5].
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Lemma 2.19 For any K > 0, there exist a constant D = D(K, k) > 0 with D — oo as K — oo and a
uniform constant B = B(k) > 0 with the following property. For any two points u € U, v € V there exists
an (D, B)-admissible path y in X from u to v with saturation Fx[U, V].

In practice, we always assume that K is sufficiently large such that by taking ¢ = B and R as the
bounded intersection gauge of F, the constant D in the above lemma satisfies Proposition 2.10, and then
the path y shall be a quasigeodesic.

2.4 (Relative) bounded cohomology

This subsection is devoted to the basic definitions and results on the bounded cohomology of a group
and the relative bounded cohomology of a pair of groups. We refer the reader to [10] for full details on
ordinary group cohomology theory, to [22; 28; 34] on bounded cohomology of groups, and to [28; 43]
for the relative case.

Let G be a group. For a coefficient ring R, the bar complex Cy«(G; R) is the complex generated in
dimension n by n-tuples (g1,..., g,) with g; € G and with boundary map 0 defined by the formula

n—1
01 8n) = (g2, .. &) + D (=D (g1.- ... gigiw1.--- &n) + (=1 (g1.. ... gu1)-
i=1
We let C*(G; R) denote the dual cochain complex Hom(Cx«(G), R), and let d denote the adjoint of 9.
The homology groups of C*(G; R) are called the group cohomology of G with coefficients in R, and are
denoted by H*(G; R).
In this paper, we take R = R. A cochain o € C"(G;R) is bounded if

Sup |05(g1’,gn)| <00,

where the supremum is taken over all n-tuples (gq,...,gn) with g; € G. The set of all bounded
cochains forms a subcomplex C,(G;R) of C*(G;R), and its homology is the so-called bounded
cohomology Hy (G;R).

Amenable groups Recall that a mean on G is a linear functional on C bl (G; R) which maps the constant

function ¢(g) =1 to 1, and maps nonnegative functions to nonnegative numbers.

Definition 2.20 A group G is amenable if there is a G-invariant mean 7 : C bl (G;R) — R where G acts
on Cb1 (G;R) by

g- o) = 'h
forall g,h € G and ¢ € Cb1 (G;R).

Examples of amenable groups are finite groups, solvable groups, and Grigorchuk’s groups of interme-
diate growth.

We list three important facts here for future use. Some of them are mentioned in the introduction. See
[7; 12, §2.4.2] for detalils.
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Lemma 2.21 (1) H)(G:R) =0 for any group G.
) H l;k (G; R) vanishes identically when G is an amenable group.

(3) Let H - G — K — 1 be a (right) exact sequence of groups. Then the induced sequence on second
bounded cohomology

0— HZ(K;R) — HZ(G;R) — H7 (H;R)
is (left) exact.

Unless otherwise stated, a pair of groups (G, H) in this paper means that G is a group and H is a
subgroup of G. Now we come to the definition of relative bounded cohomology of the pair (G, H). The
kernel of the obvious restriction map C;'(G, R) — C,(H, R) is denoted by C;'(G, H;R), and we have
the short exact sequence of complexes

0— Cy(G,H;R) = C;(G:R) - Cy (H:R) — 0,
which induces a long exact sequence in cohomology
(2-2) cee > H,;’_I(H; R) - H"(C, (G, H;R)) > H}(G;R) - Hy (H:R) — - --.
The module H"(C, (G, H;R)) is the n-th bounded cohomology of the pair (G, H). We denote it as
Hp (G, H;R). Let { H;}7_, be a finite collection of subgroups in G. We denote by C; (G, { H;}/~ |; R)

i=1 i=1 ;
the kernel of the multiple restriction map C'(G,R) — DL, Cy (H;,R). In the same way as above,
we define Hy (G, {H;}/L,;R) as the n-th bounded cohomology H"(C, (G, {H;}[_;R)). There are no

i=1 i=1
substantial differences from the relative cohomology in ordinary cohomology group theory.

Proposition 2.22 Let (G, H) be a pair of groups with H < G. Then H}(G/H;R) = HZ(G, H:R).
Proof Recall that Lemma 2.21(3) gives us a left-exact sequence
0 — HZ(G/H;R) - H}(G;R) - HZ(H;R).
From the definition of relative bounded cohomology (2-2), we also have the exact sequence
H}(H;R) — HZ (G, H;R) — H?(G;R) - H(H;R).
As any group has a trivial first bounded cohomology, we can conclude that
(2-3) HZ(G/H;R) ~ker(HZ (G;R) — H}(H;R)) = H?(G, H;R). o
We remark that the second isomorphism in (2-3) always holds as long as (G, H) is a pair of groups.

Finite-index subgroups Let (G, H) be a pair of groups. The inclusion map from H to G induces
the restriction map which is denoted by res : H"(G,R) — H"(H,R). A subgroup H of a topological
group G is called cocompact (or uniform) if the quotient space G/ H is compact, where H denotes the
closure of H in G. For cocompact subgroups such that the quotient admits a finite invariant measure,
the restriction map from the cohomology group of the ambient group to the cohomology group of the
subgroup is injective. This notably encompasses the case of uniform lattices (of Lie groups) and finite
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index subgroups (of any group). The standard argument uses the existence of a transfer map which is the
left inverse to the restriction map (or up to a constant multiple depending on different definitions of the
transfer map). The transfer map is obtained by integration (or finite sum for finite index subgroups), so it
is crucial for the subgroup to be cocompact. See [38, §8.6] for a detailed discussion of the transfer map.

Lemma 2.23 [38, Propositon 8.6.2] Let (G, H) be a pair of groups. If H has finite index in G, then the
natural restriction map HZ(G:R) — HZ(H:R) is isometrically injective.
Combining with the remark following Proposition 2.22, we have immediately that:

Corollary 2.24 Let (G, H) be a pair of groups. If H has finite index in G, then H;(G, H;R)=0.

The corollary above gives us a better understanding of the relations between the index of a subgroup
and the relative bounded cohomology group. In fact, Corollary 2.24 is the main motivation for the authors
of [42] and us to consider the relative bounded cohomology of infinite index subgroups, aiming to find
some nontrivial results. By combining Lemma 2.21(2) and Proposition 2.22, one gets another simple
example as follows.

Proposition 2.25 Let (G, H) be a pair of groups. If H is a normal subgroup with amenable quotient,
then HZ(G, H;R) = 0.

2.5 Quasimorphisms

In this subsection, we recall the notion of quasimorphism on a group G. Typically, one proves that
H bz (G;R) is infinite-dimensional by demonstrating the existence of infinitely many linearly independent
quasimorphisms on G.

Definition 2.26 A map ¢ : G — R is called a quasimorphism if there exists a constant C > 0 such that

lp(gh) —p(g) —@d(h)|<C forall g,hed.

The defect of a quasimorphism ¢ is defined to be

A(@) = sup |p(gh)—¢(g) —o(h)l.

g,heG
The defect of a quasimorphism measures how far it is from a genuine homomorphism from the group to R.

A quasimorphism ¢ is called trivial if there exists a bounded map b : G — R and a group homomorphism
p:G — Rsuchthat ¢ = b+ p.

We denote by QM(G) the R-vector space of quasimorphisms on G and by QM (G) the subspace of
QM(G) consisting of all trivial quasimorphisms on G, which is exactly C bl (G;R) & Hom(G, R).

For a quasimorphism ¢ on G, define the 1-coboundary of ¢ by d'¢ (g, h) = ¢(g) + ¢ (h) — p(gh).
Thus, d'¢ is a bounded 2-cocycle. We denote by wg = [d 141, the corresponding bounded cohomology
class. Then we have a linear map

QM(G) — HZ(G;R), ¢ > wy,
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such that the sequence
QM(G) - H;(G:R) - H*(G:R)
is exact [12, Theorem 2.50].
There is another important special kind of quasimorphism called a homogeneous quasimorphism.

Definition 2.27 A quasimorphism ¢ : G — R is homogeneous if ¢(g”) = n-¢(g) for every g € G and
every n € Z.

A class function on G is a function that takes the same value on each conjugacy class.
Lemma 2.28 A homogeneous quasimorphism is a class function.

Proof Let ¢ be a homogeneous quasimorphism on G. For any two group elements f, g € G, it follows
from the definition of homogeneous quasimorphisms that

n —n r—1
6(8)~6(/2f ™) = 19() + 6~ 7] = LEDFOUVELT )

_ 19 +oE™I+1(NI+10(/THI+2A8) _ 2o +2A(0)

n n

By letting n — oo, one has that ¢(g) = ¢(fg/f~!). Since f, g are arbitrary, we complete the proof. O
Remark 2.29 [12, Lemma 2.21, Corollary 2.59] Let ¢ be a quasimorphism on G. Then there exists a

unique homogeneous quasimorphism ¢ which stays at finite distance from ¢. In fact, the corresponding
homogeneous quasimorphism to ¢ is given by
P(g")

n

$(g) = lim forall g €G.
n—o00

This limit exists because the coarse subadditive inequality ¢(g"™™) < ¢(g") + ¢(g™) + A(¢) holds.
Moreover, the defect A(¢) is related to A(¢) by A(¢) < 2A(¢).

We denote the subspace of QM(G) consisting of all homogeneous quasimorphisms on G as QM (G).

3 Morse subgroups of infinite index

In this section, we assume that G is a nonelementary group acting properly on a geodesic metric space
(X, d) with contracting elements. Fix a base point 0 € X. We first define what is a Morse subgroup.

Definition 3.1 (Morse property) A subset A C X is n-Morse for a function n : R — R if every A-
quasigeodesic with endpoints in A is contained in the n(A)-neighborhood of A. The function 7 is called
a Morse gauge of A. A subgroup H < G is Morse if the subset H -0 is n-Morse for some function
n:R—R.

Remark 3.2 A C-contracting set is no-Morse for some function 79 : R>o — R>( depending only on C
[45, Lemma 2.8(1)].
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Figure 6: « contains an (¢, f)-barrier.

From now on, we assume that { H; };<;<, is a finite collection of Morse subgroups with infinite index
in G. The purpose of this section is to prove Proposition 1.3, which is restated as:

Proposition 3.3 There exists a quasitree on which G acts coboundedly and each H; acts elliptically for

1<i=<n.

Proof ideas of Proposition 3.3 For a contracting element g € G, Section 2.3 shows that there exists a
projection complex Pg (F) where F = { f Ax(g) : f € G} such that Pg (F) is a quasitree on which G
acts coboundedly. Hence, we only need to find an appropriate contracting element g € G such that each
H; acts elliptically on Px (F) for 1 <i < n. By analyzing the algebraic and geometric properties of
{H; :1<i <n}, we can obtain a contracting element g such that the projection of [0, h0] onto Ax(g)
is uniformly bounded for any / €  J; <;<,, H;. Finally, we will show that such a contracting element g
meets the requirements.

In order to characterize the magnitude of the (closest point) projection to an axis of a contracting
element, we introduce a definition of barriers.

Definition 3.4 [48, Definition 4.1] Let ¢ > 0 and /' € G. We say a geodesic « C X contains an
(e, f)-barrier if there exists an element ¢ € G such that

d(to,a) <e, d(tfo,a)=<e.

Otherwise, « is called (e, f)-barrier-free. An element g € G is called (¢, f)-barrier-free if some choice
of geodesic from o to go is (¢, f)-barrier-free. See Figure 6 for an illustration.

Recall that the extension lemma, i.e., Lemma 2.13, gives a set F' C G consisting of three contracting
elements. The following result of Han—Yang—Zou shows that for any contracting element g = g¢ f
obtained by the extension lemma, any geodesic segment with a large projection to Ax(g) contains an
(e, go)-barrier where € depends only on F.

Lemma 3.5 [31, Lemma 2.9] For any g¢ € G, let g = gof be the contracting element given by
Lemma 2.13. Then there exist € = €(F) and t = ©(F, g) such that a geodesic segment o with
diam(mox(g) () > T contains an (e, go)-barrier.

Remark 3.6 Actually, one can strengthen the conclusion of Lemma 3.5 as follows: if a geodesic segment o
satisfies diam(7p ax(g) (@) > T for some b € G, then o contains an (e, go)-barrier. The reason is that from
the definition of barriers (see Definition 3.4), it is equivalent to say that o or b~ '« contains an (¢, g¢)-
barrier. Thus, by substituting & with 5~ !a, one can apply Lemma 3.5 to obtain the stronger conclusion.
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bo bgoo
<e \—/ <e
0 X y ho

Figure 7: [0, ho] contains an (€, go)-barrier.

To get a contracting element such that the projection of each [o, 0] to Ax(g) is uniformly bounded,
we need to find an element g such that / is (e, go)-barrier-free for 1 € (U, <;<,, Hi.

Lemma 3.7 [39, Lemma 4.1] Let the group G be the union of finitely many cosets of subgroups
Ci,...,Cy. Then the index of (at least) one of these subgroups in G does not exceed n.

Lemma 3.8 For any € > 0, there exists an element go € G such that any h € H; with 1 <i <n is
(e, go)-barrier-free.

Proof At first, we claim that the set G\ .S (Ul <i<n H,')S is infinite for any finite subset S C G. Suppose
not, by enlarging S by a finite set, we can assume that

G = S( U H,-)S = |J sHES) =] | 6HisT)(s-5).
1<i<n 1<i<n seS 1<i<n
where each s- S is a finite set. As each conjugate of H; is still an infinite-index subgroup of G, the above
decomposition implies that G can be written as a finite union of cosets of infinite-index subgroups. This
contradicts Lemma 3.7. The claim thus follows.

Since each H; is Morse for 1 <i <n, it follows from Definition 3.1 that there exists a function n: R — R
such that all orbits H;-o(1 <i <n) are n-Morse. Let M =n(1). Define S :={ge G :d(0,go) <e+ M}.
As G acts properly on X, the set S is finite.

According to the above claim, the set G \ S (Ul <i<n Hi)S is infinite. We are going to show that every
element go € G\ S (UlSiSn H,-)S satisfies the requirement. Suppose to the contrary that there exist
some i € {l,...,n} and some element 4 € H; such that % is not (€, gg)-barrier-free. By definition of
barriers, for any geodesic segment [0, /0], there exist an element b € G and two points x, y € [0, ho] such
that d(bo, x), d(bgoo, y) < €. See Figure 7 for an illustration.

Since the orbit H; -0 is n-Morse in X, by definition of Morse property, the geodesic segment [0, h0] is
contained in Nz (H;o). Since x, y € [0, ho], there exist i1, hy € H; such that d(x, h10),d(y, h0) <M.
Combining two inequalities together, one gets that d(bo, h10), d(bgyo, h,0) <€ + M. By construction
of S, we have b_lhl,hglbgo € §. Therefore,

go€b 'hyS=b""hy-h{'hyS C SH;S,
which contradicts with the choice of gg. O
By combining Remark 3.6 and Lemma 3.8, we obtain that:
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Lemma 3.9 There exist a contracting element g € G and t > 0 such that for any b € G and h € H; with
1<i=<n,

diam(7rp ax(g) ([0, h0])) < 7.

Proof We caution the readers that the constant € := € (F') given by Lemma 3.5 only depends on a prefixed
set F. Then we choose g¢ by Lemma 3.8 such that each & € H; with 1 <i <n is (¢, go)-barrier-free. Set
g = gof given by Lemma 2.13 for some f € F. Then t = t(F, g) in Lemma 3.5 is the desired uniform
projection constant. Otherwise, one gets a contradiction to Remark 3.6. |

For the contracting element given by Lemma 3.9, we next follow the process in Section 2.3 to construct
a projection complex. Finally, we show that the projection complex is the quasitree which satisfies all
requirements of Proposition 3.3.

Group actions on projection complex Let g be a fixed contracting element given by Lemma 3.9.
Lemma 2.15 shows that 7 = { f Ax(g) : f € G} with shortest projection maps satisfies the projection
axioms with constants k = «(F) > 0. Hence, one can construct a projection complex Pg (F) (see
Definition 2.17) for K > 0. As a result of Lemma 2.18, Pg(F) is a quasitree, on which G acts
nonelementarily and coboundedly. Set K > 7 + 2k + 2¢ where 7 is given by Lemma 3.9, « is given by
Lemma 2.15, and € is the fellow travel constant (see Proposition 2.10) with respect to a (D, B)-admissible
path given by Lemma 2.19.

Lemma 3.10 Foreachi €{1,...,n}, H; acts elliptically on Pk (F).

Proof Recall that the vertex set of Pg(F) is F = {f Ax(g) : f € G}, and two vertices U, V are
connected by an edge if the set Fx[U, V]| ={Z € F:dz(U,V) > K} is empty. Let U € Pk (F) be
the point representing Ax(g) which by definition is the orbit E(g) - o. It suffices for us to show that
dp(U,hU) <1 for any h € H; with 1 <i <n.

Suppose not; then there exists at least one element in Fg[U, hU]. Let V € Fg[U, hU]. 1t follows
from the definition of Fg[U, hU] that diam(sy (U) Uy (hU)) > K. Note that o € U and thus /o € hU.
Lemma 2.19 shows that there exists a (D, B)-admissible path in X from o to &0 with saturation Fx [U, hU].
It follows from the e-fellow travel property of an admissible path that

diam(mry (Jo, ho])) = diam(wpy (U) U np (hU)) — 2k —2¢ > K — 2k —2¢ > 1.
As V represents a G-translate of Ax(g), one gets a contradiction to Lemma 3.9. O
As a corollary of Lemma 3.10, we get Proposition 3.3.

Remark 3.11 With Lemma 3.10, we know that the quasitree in Proposition 3.3 is actually a projection
complex Pg (F). Since each vertex in Pk (F) represents a translate of Ax(g), any conjugate of E(g)
fixes a point in Pk (F). Hence, the action G ~, P (F) is not proper. Furthermore, it is generally difficult
to obtain subgroups acting elliptically on Pg (F) other than the vertex stabilizer. However, Proposition 3.3
provides such a family of subgroups, i.e., Morse subgroups of infinite index.
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4 Constructing quasimorphisms

In this section, we assume that a nonelementary countable group G acts WPD (see Definition 4.2) on a
d-hyperbolic space X and a finite collection of subgroups {H; : 1 <i <n} of G acts elliptically on X.
Our goal is the following result.

Proposition 4.1 There is an injective R-linear map o : £' — HZ(G:R) such that each coclass in the
image w(£') has a representative vanishing on H; foreach1 <i <n.

Moreover, the dimension of H, b2 (G,{H;}7_,;R) as a vector space over R has the cardinality of the

continuum.
Definition 4.2 [5] We say that the action of G on a hyperbolic space X satisfies WPD if
¢ G is not virtually cyclic,
¢ G contains at least one element that acts on X as a loxodromic isometry, and
e for every loxodromic element g € G, every x € X, and every C > 0, there exists N > 0 such that
{heG:d(x.hx) < C,d(gNx hgNx)<C}

is finite.

In [5], Bestvina—Fujiwara showed that the dimension of QM(G)/(H!(G;R) & Cb1 (G;R)) as a R-
vector space has the cardinality of the continuum under the assumption of WPD actions. This implies the
absolute version of Proposition 4.1. However, the relative version of second bounded cohomology of a
group acting WPD on a hyperbolic space has never been studied before, which is where the value of our
Proposition 4.1 lies. Regarding the proof of Proposition 4.1, we generally follow the proof idea in [5],
but we will utilize some new techniques (e.g., barriers) developed in this paper.

4.1 Epstein—Fujiwara quasimorphisms on groups acting on hyperbolic spaces

At first, let us recall some basic material about Epstein—Fujiwara quasimorphisms introduced in [24].

Let o be a finite path in X. We denote the length of o by ||. We use the action of g € G on X to
define a path g -« which is the g-translation of the path «. We say that g -« is a copy of «. Let w be a
finite oriented path, and let w™! be the inverse path. We assume that |w| > 2 and define

|| := {the maximal number of copies of w in & without overlapping (except at the vertices)}.

Suppose that x, y € X and that W is a number with 0 < W < |w|. Recall that [x, y] denotes some
choice of a geodesic from x to y. We define

(1) cuw (%, YD) = d(x, y) — inf{la| — W |al,y

where o ranges over all the paths from x to y. It follows from the definition that ¢y, y ([x, y]) does not
depend on the choice of a geodesic [x, y].
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Remark 4.3 By choosing « to be a choice of geodesic [x, y], one gets that

cww (X, y]) = d(x, p) = (|lx, ]l = Wllx, yllw) = Wllx, y]lw = 0.

Moreover, if ¢y w ([x, y]) = 0, then the above inequality implies that |[x, y]|,, = 0 and the geodesic [x, y]

realizes the infimum in (4-1). However, if ¢y w ([x, y]) > 0, then the realizing path (i.e., a path realizing

the infimum in (4-1)) may not exist.

Lemma 4.4 [24, Lemma 3.3] Suppose that a path « realizes the infimum above. Then the path « is a
7% . .

(\w‘|u—)|W’ ‘2w |_|’If’V|)—quas1geodes1c.

Since a realizing path does not always exist, we need another notion which is close to realizing paths in

practice. A path B between x and y is called an almost realizing path of ¢y, w ([x, y]) if it satisfies that
42 1B~ WI|Bly < minfinfile] — Wlal} + W, (d(x. )+ inf{la| - Wl })/2}.

where o ranges over all the paths from x to y. In other words, an almost realizing path B of ¢y, w ([x, ¥])
satisfies that

d(x,y) = (IB] = W|Blw) = max{cy,w ([x. y]) = W, cw,w([x, ¥])/2}.

We remark that the requirement d(x, y) — (|| = W|B|w) = cw,w ([x, y]) — W guarantees 8 is a uniform
quasigeodesic (see Lemma 4.5 below) and the other requirement d (x, y)—(|8|—W|B|w) = cw.w ([x, ¥])/2
is used to obtain ||y > 0 when ¢y, w ([x, y]) > 0. By definition and Remark 4.3, an almost realizing
path of ¢y, w ([x, y]) always exists. Analogous to Lemma 4.4, we have that:

lw| _ 3W]w]|

Lemma 4.5 Let 8 be an almost realizing path of ¢y, w ([x, y]). Then the path f is a (W’ W)'

quasigeodesic.

Proof Let f:[0,]B]] = X be an arc-length parametrization of . Let 0 <t < < |f] and set B’ = B[ 5.
Note that || = s —¢. Let y be a geodesic from B(¢) to B(s).

Claim 1B 1= W(B lw+3) < |y|—W|y|w.

Proof of claim Suppose to the contrary that |3'| — W(|B’|w + 3) > |y| — W|y|w. Since B is an almost
realizing path, || —W|B |y <infe{|a|—W|a|y}+ W. By setting ¥’ = B|10,,1 Uy U Bl[s, 81> one has that

V| =Wly'lw <t + 1y +1B8l—=5) = W(|Blio.a], + 17w + |Blisi80] )

<|Bl=W(|Blo.l, + 18 lw + [Blispnly, +3)
<|Bl=W(Blw+1) = igf{|05| —Wilaly}.

This is impossible since '’ is also a path from x to y. |

Clearly |B'|w < |B’|/|w|. Therefore,

dBW).BE) = Y] = [y = Wiyl = 18] Wl — 3W
18 = g —aw = W sy .
w] ]
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It is clear from the definition that ¢y, w ([x, y]) = ¢}—1 p ([¥, x]). We then define

hw,w ([x, y]) = cw,w ([x, ¥]) — cyp—1 w ([x, ¥]).

Take o0 € X as a base point. We define functions ¢y, w and /1y : G — R by

cww(g):=cuw(o,g-0) and hy w(g) :=hyw(o,g-ol).

Lemma 4.6 [24, Proposition 3.10] The map hy,,w : G — R is a quasimorphism. Moreover, the defect

A(hw,w) < 12Lo + 6W + 486 is uniformly bounded where Ly = L(lwllle, |2wVT/_I"V;,|8) is given by

Lemma 2.1.

4.2 Constructing infinitely many words

From now on, we borrow some definitions and terminologies from [5]. For a base point 0 € X and a
loxodromic element g, we denote by Ly = ;5 g'[o. go] a quasiaxis of g. Define Ax(g) := Uk>1 L.
By the Morse lemma, Ax(g) is still a quasiaxis of g. The quasiaxis Ax(g) of g is oriented by the
requirement that g acts as a positive translation. We call this orientation the g-orientation of the quasiaxis.

Lorientation is the opposite of the g-orientation. Let Ax(g) be a (A, €)-quasiaxis. By

Of course, the g~
the Morse lemma, any two (A, €)-quasiaxes of g are within L(A, €, §) of each other. More generally,
any sufficiently long path J inside the L(A, €, §)-neighborhood of Ax(g) of g has a natural orientation
given by g: a point of Ax(g) within L(A, €, §) of the terminal endpoint of J is ahead (with respect to the
g-orientation of Ax(g)) of a point of Ax(g) within L(A, €, §) of the initial endpoint of J. We call this

orientation of J the g-orientation.

Definition 4.7 Let g; and g, be two loxodromic elements of G. We will write

g1~ 82

if there exists a constant L’ > 0 such that an arbitrarily long segment J in Ax(g;) is contained in an
L’-neighborhood of ¢ Ax(g,) for some 7 € G and the map ¢ : J — ¢(J) is orientation-preserving with
respect to the gq-orientation on J and the g,-orientation on ¢(J).

Note that ~ is an equivalence relation. The following lemma gives a relation between the above
definition and the definition (see Definition 3.4) of barriers which has nothing to do with the orientation.

Lemma 4.8 If g; ~ g;ﬂ, then for any €’ > 0, there exists r > 0 such that gy is (¢, g1)-barrier-free for

anym e Z ands > r.

Proof Suppose to the contrary that there exists €’ > 0 such that for every r € N, there exist m € Z and
s > r such that g’ is not (¢, g})-barrier-free. According to the definition of barriers, there exists 1 € G
such that d(to, [0, g5'0]) < €’ and d(tg]o. [0, g5'0]) < €. See Figure 8 for an illustration.

Let x, y €[o, g5'o] such that d(to, x) = d(to, [0, g5'0]) and d(tg70, y) = d(tg]o,[o, g5 0]). Hence, the
path y =[x, t0]U[to, 1g{0o]U[tg]0, ylisa (I, 4¢’)-quasigeodesic. By Lemma 2.1, t[o, g10]C N/ ([o, g5 0])
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Np ([0, g5'0))

Figure 8: [0, g5'0] contains an (€', g{)-barrier. The blue path represents . The gray area
represents Nz ([o, g5'0]).

where L' = L(1,4¢’,8). Up to exchanging g, to gz_l, we can assume that the map ¢ is orientation-
preserving. Note that s > r. By Lemma 2.2, one has d(0, g{0) = s||g1]| = | lg1[|, which implies that
the length of [0, g}0] € Ax(g1) goes to infinity as r — oco. According to Definition 4.7, this shows that
g1~ g or g1 ~ g, which is impossible. i

Proposition 6 in [5] shows that for every WPD action G ~, X, there exist two loxodromic elements g
and g, such that g ~ g,. In [5, Proposition 2, Claim 1], Bestvina—Fujiwara proved that two elements
f1, f> are nonequivalent if they satisfy

k k
fi=glel el ey fh=gley e e
where 0 K ny K m; € k1 € 1] € ny K my K ky < [l. But in fact, their proof only requires
0 K ny,my, k1], Iy < np,ma, ks, 1, and does not require kq, k, to be positive. So we can take

ki, l1, ky, I> to be —ny, my, —ny, m, respectively. In this case, we have f] = gllg;'”g1 1gz_ml,

fr=g12g5%g, g, "> €[G, G] and the remaining proof of [5, Proposition 2, Claim 1] shows that:

Lemma 4.9 There exist two loxodromic elements g1 and g, in [G, G] on X such that g; ~ g5.

Since g1 and g, are independent, we may replace g1, g, by high positive powers of conjugates to ensure
that the subgroup F of G generated by g1, g5 is free with basis S = {g1, g»}, each nontrivial element
of F is loxodromic, and F is quasiconvex with respect to the action on X (see [24, Proposition 4.3]).
We will call such free subgroups Schottky groups. Let G(F, S) be the Cayley graph of F with respect to
the generating set S = {g1, g2}. Then G(F, S) is a tree and each oriented edge has a label gl.il. Choose
a base point 0 € X and construct an F-equivariant map ® : G(F, S) — X that sends 1 to o and sends
each edge to a geodesic arc. Quasiconvexity implies that ® is a (A¢, €9)-quasi-isometric embedding for
some Ag > 1, €9 > 0 and in particular for every 1 # f € F the ®-image of the axis of f in G(F, S) is a
(Lo, €9)-quasiaxis of f in X.

Choose positive constants

Ok <m <KLk <l <Kny Kmy KL -++
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and define
- oM gMi ki i
fi=21'¢8,'81'8,
fori =1,2,3,....
Proposition 4.10 [5, Proposition 2] { f; : i > 1} is an infinite sequence of loxodromic elements in G such
that

(1) fi = f7 ! fori > 1, and
() f,wofjilforj<i.

If f € F is cyclically reduced as a word in g1, g, (equivalently, if its axis passes through 1 € G(F, S))
then by the quasiconvexity of F' in G we have

(4-3) d(o, f™(0)) = m(d(o, f(0)) —2Ly),

where L = L(Ag, €9,8) > 0 is given by Lemma 2.1 and is a constant independent of f and m.

4.3 Constructing infinitely many quasimorphisms

From now on, we fix an integer W > 3L and will only consider a path w with |w| > W. Thus, an
almost realizing path o as in Lemma 4.5 will be a quasigeodesic with constants independent of w and the
endpoints. Moreover, « is contained in a uniform neighborhood, say, L,-neighborhood, of any geodesic
joining the endpoints of &. We will also omit W from the notation and write ¢y, and %, for simplicity.

The next lemma is crucial for our discussion, not only in absolute bounded cohomology but also in the
relative case. Recall the definition of barriers from Definition 3.4.

Lemma 4.11 Let w = [0, fo] and g € G be an (L,, f)-barrier-free element. Then we have ¢y, (g) =0
and c,,—1(g) = 0.

Proof Assume that ¢y (g) > 0 and that « is an almost realizing path of ¢y (g). From Lemma 4.5
we know that « is a (| w||u—)|W’ |3wvr_|"V)V|)—quasigeodesic. Thus, o € Nr, ([0, go]). Additionally, we have
d(o,go)—(Ja|—W]al|yw) = cw(g)/2 > 0. Therefore, |a|y > (|| —d (0, go))/ W > 0. From the definition

of |or|y, there exists some element r € G such that 7-w € o € N, ([0, go]). This leads to a contradiction,

as g is (L,, f)-barrier-free. Therefore, ¢y, (g) = 0. We note that as long as there is no ¢ € G such
that 7 -w € N, ([0, go]), there is also no ¢ € G such that - w™! € Np,([o, go]). The conclusion that
Cw—1(g) = 0 then follows. |

For simplicity, for any f € G, we set ¢y := ¢[o, fo] and hiy := hy, fo). Let { fi : i = 1} be the sequence
from Proposition 4.10. As the relation ~ is invariant under conjugation, we assume in addition that each
fi is cyclically reduced.

Lemma 4.12 For alli > 1, there exists r; > 0 such that for all j <1i, we have
(1) hfir,- (/™) = Lym for anym > 0,
2 hf.r,» is 0 on ( fj).
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Proof We first prove item (2). Fix i > 1. As each element in the finite set 4 := { flil, ey flj_t%} is not
equivalent to f;, for any sufficiently large €’ > 0, Lemma 4.8 gives a constant 7; > 0 such that each a € 4
satisfies that a™ is (¢/, f;'")-barrier-free for all m € Z.

Let €’ > L,. As aresult of Lemma 4.11, we obtain

i my — —r; m =
cfir,(a )_cf,- (@™)=0

foranyae€ Aandn € Z.
Hence, hfiri (fjm) = Cyri (fjm) — ¢y (fjm) =0 forallmeZ.
Now, we turn to proving item (1).

Claim For eachi > 1, there exists rl.’ > 0 such that crr (fl._’m) =0 foranym >0 andr > rl.’,

Proof of claim Suppose not. Then there exists i > 1 such that for every sufficiently large r/ > 0, there
exists m > 0 and r > r/ such that ¢ 1 (f;7~"™) > 0. Define w =[o, f;"0]. Let o be an almost realizing path of
cw(f;7"™) in (4-2) with fi_1 -orientation. Then we have d (o0, ;""" 0)—(|a|—W |a|y) = cw (f;7"™)/2> 0.
Thus, |a|yw > (Ja|—d(o, f;7"™"0))/ W > 0. From the definition of ||y there exists some element 7 € G
such that 7 -w C o € N, ([0, f;7"™0]) and the map ¢ respects the orientation. As r/ can be arbitrarily
large, this implies that f; ~ fl._l, which is a contradiction. m|

Now we return to the proof of item (1). For each i > 1, Lemma 4.8 allows us to require r; > rl.’
where r; is the constant appearing in the proof of item (2). Define w = [o, fl.ri 0]. Forn > 1, let y be the
concatenated path | o<z <1 ]‘irikw. According to (4-3), we have

ly| =md(o, f0) <d(o. f{"™0) + 2L m.

1

Obviously, |y |w = m. Recall that W > 3L ;. Then (4-1) gives that
Cpri (i) z d(o, £ 0) = (Iy| = Wlylw) Z d(o, f""0) = (ly| =3L1m) = Lym.
Therefore,
/’lfiri (fl.rim) = Cfiri (firim) — Cfi—r,' (]fl.rim) = Cf,'ri (]firim) — Cf,'ri (]fl._rim) 2 le. O
Define h;:G—Rash;j=h THE where r; > 0 is chosen as in Lemma 4.12. Then we obtain the following.
Proposition 4.13 {/; : i > 1} is an infinite sequence of quasimorphisms on G such that
(1) hi(]”J.m) =0 foralli # j and for allm > 0;
(2) hi(f"™) > Lym foralli > 1 and for allm > 0;
(3) ¥ (fi) = 0 for all homomorphisms ¥ : G — R,;

(4) the distance d (o, f;o) tends to infinity as i tends to infinity;
(5) hi(h)y=0forallh € Hj with1 < j <n.
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Proof The first two items follow directly from Lemma 4.12. Recall from Lemma 4.9 that g1, g, € [G, G].
Hence, each f; € F = (g1, g) is a product of finitely many commutators, which implies item (3). Recall
from the paragraph following Lemma 4.9 that F = (g, g,) is a Schottky group which means that the
orbital map @ : G(F, {g1.&2}) — X is a (Ao, €9)-quasi-isometric embedding. Since f; = g/’ g'zn"glf" gz_li
for 0 K ny,my, ky,l1, <K< ny,my, ko, I < ---, one gets that d(o, fio) > ko_l(n,- +mi+ki+1i)—eg
which implies item (4). It suffices for us to verify item (5).

As each Hj(1 < j =< n) acts elliptically on X, there is a D > 0 such that d(o, ho) < D for all
he UISan Hj. Since 0 < ny,my, ky, 1y < ni,m;, ki, l; for each i > 2, we can require ny > 0 such
that d (o, fl.ri 0) > Aalri (ni +m; + ki +1;) —€g > 2L, + D. Then it follows from the definition of

barriers (see Definition 3.4) that each & is (L5, firi)—barrier—free. Hence, as a result of Lemma 4.11,
Csri (h) = ¢ g,—ri (h) = 0. This shows that 4;(h) =0 forall h € U, <; <, Hj. ad

At the end of this section, we prove Proposition 4.1.

Proof of Proposition 4.1 At first, we claim that for each g € G and i >> 0, one has /;(g) = 0. Indeed, as
Proposition 4.13(4) shows, d (o0, f;0) tends to infinity as i — co. Hence, fori > 0, g is (L, j;.r" )-barrier-
free since the diameter of Ny, ([0, go]) is finite. Thus one gets that /;(g) = 0 by Lemma 4.11. Therefore,
if (a;)72, € ¢!, then Y72, aih; is well defined as an element of C!(G;R) since Y 2 aihi(g)isin facta
finite sum for each g € G. For the same reason, > ;o a;d h; is a well-defined 2-cocycle. By Lemma 4.6,
all the 2-cocycles d!h; have a common bound, which means that there exists a constant M > 0 such
that sup, 4cq |d hi(g,g")| < A(h;) < M for i > 1. It follows that if a sequence (ai)2, € ¢! then
Z;’il a;d'h; is a bounded 2-cocycle. Therefore,

o0 o0
> aid'h; =d' (Zaihi).
i=1 i=1
We get a real linear map w : £! — H, bz (G;R) which sends the sequence (a;);2 , to the cohomology class

represented by Y ;o a;d'h;. From Proposition 4.13(5), we know each d14; lies in Hb2 (G, {H;}"_,;R).

i=1’

So the real linear map is actually w : £! — H, 13 (G, {H;}"_.;R). In order to see that w is injective, suppose

1=1;
w((a;)) = 0. Then
o0
d’ (Zaihi) =d'b
i=1
for some bounded real-valued map b € C bl (G; R). This means the function
[e.e]
¢ = Z aihi -b
i=1
is a homomorphism from G to R. Applying this equality of 1-cochains to f;""* € G, we find
aihi (f7"") = b(fi"™) = ¢(fi"™) =0 forall m>0.
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Since /;( firi ™) > Lym and b is a bounded map, this forces a; to be 0. As i is arbitrary, (a;) must be
the zero vector. This shows the injectivity of w : ¢! — Hlf (G {H}!_: R).

Finally, as £! has the dimension equal to the cardinality of the continuum and the space of bounded
cochains has cardinality |RN| = |R|, we complete the proof. |

As a consequence of Proposition 4.1, we have:

Proposition 4.14 Let G be a countable group and H a normal subgroup of G. Suppose that G/H acts
WPD on a hyperbolic space. Then the dimension of Hb2 (G, H;R) as a vector space over R has the
cardinality of the continuum.

Proof Proposition 4.1 shows that the dimension of Hlf (G/H;R) as a vector space over R has the
cardinality of the continuum. Since Proposition 2.22 shows that Hb2 (G/H;R) = Hb2 (G, H; R), the
conclusion follows. O

5 The proof of Theorem 1.1

Let us recall the conditions of Theorem 1.1: G acts properly on X with contracting elements and { H;}
(1 <i <n)is afinite collection of Morse subgroups with infinite index in G.

Definition 5.1 The action of a group G on a metric space X is acylindrical if for all L > 0 there exist
D > 0 and B > 0 such that if x, y € X and d(x, y) > D, then there are at most B elements g € G with
d(x,gx)<Landd(y,gy)<L.

An acylindrical action G ~, X is called nonelementary if the action is unbounded and G is not virtually
cyclic.

Lemma 5.2 A nonelementary acylindrical action on a hyperbolic space must be WPD.

Proof Let G be a group which admits a nonelementary acylindrical action on a hyperbolic space X.
Since G ~, X is acylindrical, for all L > 0, there exists D > 0 such that if x, y € X and d(x, y) > D,
then the set {g € G : d(x,gx) < L,d(y, gy) < L} is finite.

Now we verify that G ~, X is also a WPD action according to Definition 4.2. By [41, Theorem 1.1],
G contains infinitely many independent loxodromic elements. Thus, it remains to verify the third
item in Definition 4.2. For every loxodromic element g € G, every x € X, and every L > 0, let
D > 0 be the constant given by the above acylindrical action and N > 0 be an integer depending
only on g such that d(x, g™V x) > N|g|| > D. Then the above acylindrical action implies that the set
{heG:d(x,hx) <L,d(gNx,hgNx) <L} is finite. |

Fix a contracting element g given by Lemma 3.9 and K > 0. Section 3 produces a projection
complex Pk (F).

As shown in [45, Theorem 1.5], E(g) is a hyperbolically embedded subgroup of G. Therefore, as a
result of [4, Theorem 5.6], G acts acylindrically on Pg (F). In particular, as a result of Lemma 5.2:

Lemma 5.3 The action G ~, Pg (F) satisfies WPD.
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Proof of Theorem 1.1 Recall that Lemma 3.10 shows that each H; (1 <i < n) acts elliptically on Pg (F).
Hence, the action G ~, Pk (F) satisfies the setup of Section 4. Therefore, Theorem 1.1 follows from
Proposition 4.1. m

A natural research direction to generalize our Theorem 1.1 is to assume instead that each subgroup H;
is a subgroup with proper limit sets on a convergence boundary of X. See [31; 49] for more details about
convergence boundary. A Morse subgroup with infinite index satisfies this property. Hence, one may
wonder whether the following proposition is always true:

Question 5.4 Let G be a nonelementary countable group acting properly on a geodesic metric space X
with convergence boundary. Let H be a subgroup of G with proper limit sets. Is the dimension of
H bz (G, H;R) as a vector space over R infinite?

At the end of this section, we provide an application of Theorem 1.1.

Definition 5.5 A group G is boundedly generated by a finite collection of subgroups Hi, ..., Hy if for
every g € G there is a number N such that all powers g” can be written in the form

N
g"=[Thim.

i=1
where each /;(n) is conjugate to some element in _J; < i<k Hj-
This definition is a variation of [36, Definition 4]. There Kotschick required each subgroup to be cyclic.
Corollary 5.6 Under the assumption of Theorem 1.1, G is not boundedly generated by {H; : 1 <i < n}.

Proof Suppose to the contrary that G is boundedly generated by {H; : 1 <i < n}. Then for every
g € G, there exists an N € N such that every power g” can be written as a product of N elements in
conjugations of | ), <;<, H;.

As Proposition 4.13 shows, there is at least one unbounded quasimorphism ¢ on G such that ¢ () =0
for each 1 € H; with 1 <i <n. Let ¢ be the homogenization of ¢ given by Remark 2.29. Proposition 4.13
also gives an element g € G such that ¢(g) > 0. Then there exists N € N such that g = ' -+ Iy for any
m > 0 and each h} = gihigl._l with g; € G, h; € Ulstn Hj. Note that homogeneous quasimorphisms
take constant values on conjugacy classes. Hence, ¢(h}) = ¢(h;) = 0 for each i. Then one has that

m|p(g)| = 16(g™) = ¢ - W) < |$(h] -+~ Wy )|+ A) <--- < NA($),

where A(¢) is the defect of ¢. By letting m — oo, we reach a contradiction. d

6 Rotation family and relative bounded cohomology

In a group G, the normal closure of an element g is denoted as ((g)). The goal of this section is as follows:

Proposition 6.1 Let G be a nonelementary countable group acting properly on a geodesic metric space X
with contracting elements. Then for any contracting element g € G, there exists k = k(g) > 0 such that
the dimension of H, b2 (G, ((g%));R) as a vector space over R has the cardinality of the continuum.
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Proof ideas of Proposition 6.1 Since ((gX)) is a normal subgroup of G, by Proposition 4.14, we only need
to find a hyperbolic space such that the quotient group G/ ((g¥)) acts acylindrically on it. According to the
theory of rotating family developed by Dahmani—Guirardel-Osin [14], we need to find a hyperbolic space
such that G acts acylindrically on it and (F = { f Ax(g): f € G}.{f(gX) f~!: f € G}) forms a rotating
family. To obtain such a hyperbolic space, we need a construction of quasitrees of spaces C(F), which
can be seen as a blow-up of the projection complex Pg (F). Theorem 6.9 of [4] shows that C(F) is a
quasitree on which G acts acylindrically and g is a loxodromic element. In order to get a suitable rotating
family, we will consider a cone-off space Z, (F) with apexes F over a scaled metric space (C(F), [ - de).
For r > 0, Z, (F) is also hyperbolic [14, Corollary 5.39]. Moreover, [32, Lemma 5.3] shows that
(F.{f(g%) f~": f € G}) is a suitable rotating family on Z,(F). As a result of [14, Proposition 5.28],
we get that Z, (F)/{(g¥)) is still hyperbolic. Finally, we verify that both the extended action G ~, Z, (F)
and the quotient action G/{(g%)) ~ Z,(F)/((g¥)) are acylindrical.

6.1 Quasitrees of spaces

Fix a contracting element g € G. We define F = {f Ax(g) : f € G}. Section 2.3 gives a projection
complex Pg (F) whose vertex set is F and two vertices U, V' € F are connected by an edge if and only if
FgU,V):={W e F:dwU,V)> K} = @. Fix a positive number L such that 1/2K <L <2K. We
now define a blowup version, C(F), of the projection complex Pg (F) by preserving the geometry of each
U € F. Namely, we replace each U € F, a vertex in Pk (F), with the corresponding subspace U C X,
while maintaining the adjacency relation in Pg (F): if U and V are adjacent in Pg (F) (i.e.,dp(U, V) =1),
then we attach an edge of length L from every point u € 7wy (V) to v € wp(U). This choice of L, as
stated in [3, Lemma 4.2], ensures that U C X is geodesically embedded in C(F) (so the index L is
omitted here).

For any contracting element g € G, the infinite cyclic subgroup (g) is of finite index in E(g) by
[48, Lemma 2.11], so Ax(g) = E(g)o is quasi-isometric to a line R. Thus, the set F (derived from
Lemma 2.15) consists of uniform quasilines. By [3, Theorem B], we have the following:

Theorem 6.2 [3] The quasitree of spaces C(F) is a quasitree of infinite diameter, with each U € F totally
geodesically embedded into C(F). Moreover, the shortest projection from U to V in C(F) agrees with
the projection myy (V') up to a uniform finite Hausdorff distance.

Any two points # € U and v € V in C(F) are connected via a standard path obtained from the standard
path « between U and V' in Pg (F), which passes through each vertex space U on « via a geodesic in U
(see [3, Definition 4.3] for more details). Hence, standard paths in C(F) are also uniform quasigeodesics.

6.2 Hyperbolic cone-off and rotation family

We first introduce a construction of a hyperbolic metric space by conning off a collection of Morse subsets
from a given hyperbolic space.
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Let Z be a hyperbolic space with a collection F of uniformly Morse subsets, which means that these
Morse subsets have a uniform Morse gauge (see Definition 3.1). Assume that F has bounded intersection
(see Definition 2.6). For r > 0, we first define the hyperbolic cone-off Z (F)of Z along F.

For each U € F, the hyperbolic cone C,(U) is the quotient space of the product U x [0, r] by collapsing
U x 0. The collapsed point denoted by a(U) is called the apex of the cone, and U X 1 the base of the
cone. The cone is equipped with a geodesic metric such that it is the metric completion of the universal
covering of a closed hyperbolic disk punctured at the origin.

The hyperbolic cone-off Z,(F) is the quotient space of the disjoint union

zu|] ¢
UeF
by gluing U with the base of the cone C,(U), equipped with the length metric. Since F has bounded
intersection, for r > 0, Z,(F) is also hyperbolic [14, Corollary 5.39].
Assume that G acts isometrically on Z and leaves F invariant. The action naturally extends by isometry
to the hyperbolic cone C, (U) by the rule g(x,?) = (gx,t) forany g€ G, x € U,0 <t <r. Thisis a
prototype of the notion of a rotating family introduced in [14].

Definition 6.3 Assume G acts isometrically on a metric space Z. Let A be a G-invariant set in Z and a
collection of subgroups {G, : a € A} of G such that G4(a) = a,gGag ' = Ggq foranya € 4, g € G.
We call such a pair (4, {G, : a € A}) a rotating family.

Returning to the above cone-off construction, the apexes A(F) ={a(U): U € F} and the stabilizers G,
for a € A(F) together consist of a rotating family. Moreover, we say that A is p-separated if any two
distinct apexes are at distance at least p.

Roughly speaking, a rotating family (A4, {G, : a € A}) is called very rotating if every nontrivial element
in G, rotates around a with a very large angle. This big angle is usually achieved by taking a sufficiently
deep subgroup (which is generated by a higher power of some element) of G.

6.3 Proof of Proposition 6.1

From now on, we suppose that G is a nonelementary countable group acting properly on a geodesic metric
space X with contracting elements. Fix a base point 0 € X and a contracting element g € G. Define
F={fAx(g): f € G}. Theorem 6.2 produces a quasitree of space C(F) in which each G-translate of
Ax(g) is totally geodesically embedded.

Lemma 6.4 [4, Theorem 6.9] For K > 0, C(F) is a quasitree on which G acts acylindrically and g is a
loxodromic element on C(F).

Denote by d¢ the metric on C(F). The following result gives a way to produce a very rotating family
on some cone-off of a “scaled” quasitree of spaces. Here, a scaled metric means a constant multiple of the
original metric. By scaling the metric of a hyperbolic space, one can require the hyperbolicity constant to
be uniform.
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Lemma 6.5 [32, Lemma 5.3] There exist universal constants 8ty >0, r > 208y andk =k(g),[ =1(g) >0
with the following property. Consider the cone-off space Z, (F) with apexes A(F) over the scaled metric
space Z; = (C(F), [ -d¢). Foreveryn > 1, set

En={f(") /7" [ €G}.
Then (A(F), Ey) is a 2r-separated very rotating family on the 8y -hyperbolic space Z, (F).

As G acts acylindrically on (C(F), d¢), it is straightforward to verify that G also acts acylindrically on
(C(F),!-dc). Moreover, [14, Proposition 5.40] shows that acylindricity is preserved by taking (suitable)
cone-off, thus one has:

Lemma 6.6 The extended action G ~, Z,(F) is acylindrical.

Fix r > 10'%8;;. As [14, Proposition 5.33] also shows that acylindricity is preserved by taking quotient
of a normal subgroup generated by a 2r-separated very rotating family, one has:

Lemma 6.7 The quotient action G/{(gX)) ~ Z,(F)/{(g*)) is acylindrical.

Proof In order to apply [14, Proposition 5.33] to get the conclusion, we need to verify that there exists
K > 0 such that for all @ € A(F) and for all x with |x —a| = 508y,

#{heG:h(a)=a,|x—h(x) <108y} < K.

From the construction of A(F) above, the stabilizer of each apex in A(F) is exactly a conjugate of E(g).
As [E(g) : (g)] is finite, there exists K = K(g) with the desired property. m|

Moreover, the quotient space Z,(F)/{(g¥)) is 600008 -hyperbolic by [14, Proposition 5.28].

Proof of Proposition 6.1 As Lemma 6.7 implies that the quotient group acts WPD on a hyperbolic
space, the conclusion follows from Proposition 4.14. |

We conclude this section by posing the following question:

Question 6.8 Let G be a nonelementary countable group acting properly on a geodesic metric space X
with contracting elements. Let H be a normal subgroup of G with a nonamenable quotient. Is the
dimension of H bz (G, H;R) as a vector space over R infinite?
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