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Equivariant preimage theory for G -maps

THAIS F M MONIS AND PETER WONG

Let X and Y be closed G-manifolds and B C Y a closed invariant nonempty subset where G is a
finite group. For any G-map f : X — Y and for every subgroup H < G, we introduce a Nielsen type
number N (£, BH) which is a lower bound for the number of connected components of W H-orbits
of (fH)~1(BH). This theory generalizes existing Nielsen type numbers for various G and B with an
application to the Nielsen Borsuk—Ulam theory for the minimal number of coincidences of f(x) = ft(x)
where f: X — Y and 7 a free involution on X

1 Introduction

It is well known that the Brouwer fixed point theorem is equivalent to the Borsuk—Ulam theorem. The
former says that for any (continuous) self-map f : X — X, the fixed point set Fix f ={x € X | f(x) =x}
is nonempty when X = D" is the closed n-disk. The latter is equivalent to the following: for any
7Z»-equivariant map ¢ : S” — R”, the preimage ¢~ !({0}) is nonempty, where the Z,-actions on S”
and on R” are the usual antipodal actions. Lefschetz generalized Brouwer’s result to coincidences
of two maps f,g : X — Y between closed orientable manifolds of the same dimension. If we let
F:X — Y xY begiven by F(x) = (f(x),g(x)) and A ={(y, y) | y € Y}, then the coincidence set
C(f.g)={xeX| f(x)=g(x)} = F~I(A). Thus the coincidence theorem of Lefschetz asserts that
F~1(A) # @ if the Lefschetz coincidence number L( f, g) is nonzero. Subsequently, many authors study
the general problem of determining whether ®~!(B) # @ for a mapping ®: W — Z and BC Z a
closed subspace (e.g., Dobrefiko [4], Frolkina [7], Gong¢alves and Wong [14], Ha and Lee [15], and Liu
and Zhao [16]). In other words, fixed point and coincidence point problems, as well as Borsuk—Ulam
type theorems can be formulated as a preimage problem ¢ ~!(B) for ¢ : X — Y D B, where the latter is
under the presence of a group action.

While the above-mentioned problems study whether the preimage set ¢~ ! (B) is nonempty or not, the
results do not give any information about the size of ¢ ~!(B). Nielsen (fixed point or coincidence point)
theory gives a geometric count of the number of connected components in ¢ ~!(B). Such a theory was
developed by Dobreriko and Kucharski [5], who introduced a Nielsen type number for the number of
preimages of amap f : X — Y D B. Under appropriate dimension conditions, a minimality theorem
was established. From the (co)homological aspect, the algebraic size of ¢~!(B) has been studied by
Gongalves and Wong [14] using local coefficients, and various cohomological index theories by Conner
and Floyd [1], Fadell and Husseini [6], and Yang [23], among others. There is a vast literature on
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Borsuk—Ulam and Bourgin—Yang type results and their applications to nonlinear analysis (see, e.g.,
Mawhin and Willem [18]).

The main objective of this paper is to give a geometric approach, a la Nielsen, similar to the nonequiv-
ariant setting of [5] and of [7], and to introduce a Nielsen type number that yields a lower bound for the
number of connected components of ¢~ (B) for a G-equivariant map ¢ : X — Y O B between G-spaces.
Here B is a closed G-invariant subset and G is a finite group. We develop this theory using both the
universal coverings and the Hopf coverings, generalizing the previous works on nonequivariant settings
in [5; 7; 15; 16]. The algebraic approach here establishes an equivariant Reidemeister number which is
an upper bound for the equivariant Nielsen preimage number for ¢ =1 (B).

This equivariant preimage theory also generalizes existing works. If X =Y and B = Ay is the
diagonal with f = 1xh, h: X — X, then we recover the equivariant Nielsen fixed point theory of [22].
Similarly if B = {a} is a point in ¥ ¢, we recover the equivariant Nielsen root theory of [20]. On the
other hand, when G is trivial, our setting reduces to the nonequivariant Nielsen and Reidemeister settings
of [5] and of [15; 16].

If G =Z, = (1) is generated by a free involution T on X, our equivariant Nielsen equivalence coincides
with the Nielsen coincidence equivalence for Borsuk—Ulam coincidences studied by Cotrim, de Melo
and Vendruscolo [2; 3; 19]. In this setting of a free involution T on X, our work provides a Reidemeister
number for the Nielsen Borsuk—Ulam theory in [2; 3], and this should facilitate computation in future
work in this direction. It is easy to see that one can generalize the Borsuk—Ulam coincidences to the study
of the set of points x € X such that the orbit {x, 7(x), ..., 7¥~!(x)} is mapped to the same value under f’,
ie., f(x) = f(r(x)) =---= f(zF~1(x)) for a free Z; = (r) actionon X andamap f: X — Z.

This paper is organized as follows. In Section 2, we introduce the concept of G-preimage classes
utilizing the framework of universal covering. In Section 3, we define G-Nielsen preimage classes using
the geometric essentiality for such classes. Furthermore, we provide an interpretation of the G-Nielsen
preimage classes as the nonempty G -preimage classes established in the previous section. In Section 4, we
present an algebraic approach to derive an upper bound for the number of essential G-Nielsen preimage
classes via the universal cover. When using a Hopf cover, we also obtain in Section 5 a sharper upper
bound. Finally, in Section 6, we conclude the paper by showcasing the practical application of our
invariants in the context of the Nielsen Borsuk—Ulam theory of [2; 3; 19].

Throughout this paper, X and Y are connected, locally pathwise-connected and semilocally simply
connected spaces. For any group G, a G-space X is assumed to have an effective G-action, i.e., if
g-x =x forall x € X then g = 1g.

2 G -preimage classes

Let X and Y be G-spaces where G is a finite group, @ # B C Y be a G-invariant closed subset of Y, and
f X — Y be a G-map. In this section, we use liftings to the universal cover to define the G-preimage
classes.
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In [7], a preimage problem is denoted by f : X — Y D B. Our setting will be referred as a G-preimage
problem and it will be denoted by f : X —g Y D B.

If xo € f~1(B) then the orbit of xq, G -xog = {g-xo | g € G}, is also contained in f~!(B), that is,
f~Y(B) is a G-invariant subspace of X. In what follows, the set f~!(B) will be partitioned into the
so-called G-preimage classes.

Let ny : X - X and Ny : Y — Y be the universal coverings of X and Y, respectively. It is well
known from the nonequivariant preimage theory (see, e.g., [15] or [16]) that

71 B) = nx (f1(B)).
f.B
where f ranges over all liftings of f* with respect to universal coverings ny : X — X and Ny : Y >Y,
and B ranges over all path components of n;l (B). Each subset ny ( f -1 (E)) of f~1(B) is referred to

as a preimage class. Since we assume that f is an equivariant map and that B is a G-invariant subset, it
follows that the group G acts on the set of preimage classes. More precisely, for each g € G, the set

g-nx(S1(B))

is itself a preimage class. To see this, consider a lifting Jg .Y > Y of the homeomorphism ¢ : Y — Y
given by multiplication by g, i.e., y — g - y. It is straightforward to verify that Jg (E) is also a path
component of 17;1 (B). Furthermore, one can check that

g-nx (/' (B) = nx (fo(Bo)).
where
f~0 = l;gOfOfg—u
with lzg Y > Y and Tg—1 X > X being liftings of the maps ¥ — Y, y — g-y, and X — X,
x — g~ 1. x, respectively. Also, we define By = Jg(g). Since fo is a lifting of f, it follows that
g- nX(f_l (E)) is indeed a preimage class of f.
As an immediate consequence of the above observation, we obtain the following result.

Lemma 2.1 The preimage set
7B =G nx(/STH(B)).

f.B
where f ranges over all liftings of f with respect to universal coverings Ny : X —> X and Ny : Y >7Y,
and B ranges over all path components of n;,l (B).

Following [16], a pair ( f , E) as in Lemma 2.1 is called a lifting data pair for preimage of f at B.
Lemma 2.2 For any two lifting data pairs (f'l, El) and (f;, Ez) of f at B, either
Gx (ST B))=Gux(fy '(B) or G-ux(fi'(B)NG-nx(f; ' (Br) = @.
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Proof Suppose xo € G- 1ix (/' (B)) N G -nx (f3 " (B2)). Then, xo = g1 -1x (@) = g2 nx (b), for
some a € fl_l(Bl), be fz_l(Bz), and g1, g2 € G. Therefore, ny (a) = g-nx (b), where g = gl_lgz.

Let 7o : X — X be the homeomorphism given by x +— g - x and let 7 : X > Xbea lifting of 7.
Then

nx (Tg(b)) = g -nx (b) = nx(a).

Hence, there exists o € Cov(ny) such that a = a (74 (b)).
Let Y,—1 : Y — Y be the homeomorphism given by y — g~ 1.y, and let Vo1t Y >Ybea lifting
of ¥,—1. Then

My (Fg-1 0 f10a0Tg (b)) = Vg1 (ny (/1 (T (1))
=g ' fx (@(Zg (b))
=g~ [(nx (Tg(h)))
=g ' f(g-nx (b))
= f(nx (b))
=0y (/2(b)).
Hence, there exists 8 € Cov(ny) such that

2-1) B(Ug-10 frowoig(h)) = /2(b).

Since B o Jgfl o fl oaoTg and fz are liftings of f that coincide at a point, they are the same, that is,
(2-2) Bovgiofroaot, = fi.
Thus, § = Bo 1;g—1 is a lifting of Y,—1, 0 = a o T is a lifting of 7g, and
(2-3) S0 fio6 = f5.

Moreover, since fl (a) € By and

8(/1(@) =B ove1(/1(@)=Pove(fi(@F (b)) = f2(b) € By,

we have
(2-4) §(B,) = B>.

Thus, 3 5 o B
nx (f5 1(B2)) =nx (8o f105) ' (By))
=nx G (/7T (BY))
=nx G (7N (B) C g nx (f7N(B1) C Gy (fi7(BY)).
Therefore, G - nX(f'z_l(Ez)) cG- Y]X(];l_l(gl)).
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1

Similarly, by using that fl =§1o ng o0~ ", we conclude that

G-nx(f3 (B2)) C G -nx (f; ' (By)).
Therefore, G - nX(fz_l(Ez)) =G- 77)((]7'1_1(51))- =

Definition 2.3 Lemma 2.1 asserts that the preimage f~!(B) is a disjoint union of subsets of the form
G- nX(f'_l (E)). Each one of such subsets is called a G-preimage class of f at B.

Following the observation made before Lemma 2.1, each G-preimage class is a union of ordinary
nonequivariant preimage classes.
The next result follows immediately from the proof of the Lemma 2.2.

Corollary 2.4 Two lifting data pairs, ( f] B 1) and ( fz Ez), define the same G -preimage class of f at B
if and only if

fr=80fio57",
where§:Y — Y isa lifting of the homeomorphism Vg : Y — Y, Yg(y) =g-y,and o : X—>Xisa
lifting of the homeomorphism tg : X — X, 14(x) = g - x, for some g € G, andg(gl) = B,.

3 G -Nielsen preimage classes

We now introduce an equivariant analog of the Nielsen equivalence of [5] (see also [7]).
Definition 3.1 Two points x¢, X1 € f ~1(B) are said to be G-Nielsen equivalent, denoted by x¢ ~¢g X1, if
(1) xo =g -x; for some g € G or

(ii) there exists a path y in X from xq to g - x; and a path 8 in B from f(xg) to f(g - x;) such that
f oy ~ B relative to the endpoints, for some g € G.

The above relation splits /~!(B) into equivalence classes, the so-called G-Nielsen preimage classes
of f at B.

In nonequivariant preimage theory, two points xq, x; € f~!(B) are said to be Nielsen related with
respect to the subset B, xo ~ x, if there exists a path y in X from xo to x; and a path 8 in B from
f(x0) to f(x1) such that f oy ~ B relative to the end points (see [5, Definition 1.2]). Consequently, we
have that xo, x; € f~!(B) are G-Nielsen equivalent if and only if xo and g - x; are Nielsen equivalent
(in the sense of standard preimage theory), for some g € G. Analogously to [21, Theorem 2.1, page 32],
one can show that two points xg, x; € f~!(B) are Nielsen equivalent with respect to the subset B if
and only if there is a lifting data pair ( f , B) such that xgq, x; € nx ( f -1 (E)). In other words, the set of
Nielsen preimage classes coincides with the set of nonempty preimage classes.

Furthermore, the same relationship holds for G-Nielsen preimage classes and G-preimage classes:
every G-Nielsen preimage class is a nonempty G-preimage class, as we now show.

Proposition 3.2 Let xq, x; € f~1(B). Then xo ~g x; if and only if x¢,x; € G - nX(f_l (E)) for some
lifting data pair ( /', B).
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Proof Let xg,x; € f~!(B) be related G-Nielsen preimage points with respect to the subset B. As
we commented, it means that x¢ is Nielsen related to g - x; (in the standard sense of preimage theory),
for some g € G. In turn, this is equivalent to the existence of a lifting data pair ( f , E) such that
X0, g X1 € nX(f_l(E)), as we pointed out above. Therefore, x¢, x; € G - nX(f_l(E)).

On the other hand, let (f, E) be a lifting data pair such that x¢,x; € G - ny (f_l (E)). Suppose
that xog = g¢-zo and x; = g1 - z1, where gg, g1 € G and zg, z; € nX(f'_l(E)). Since every nonempty
preimage class is a Nielsen preimage class, there exists a path y from zg to z; such that f oy is homotopic,
relative to the endpoints, to a path 8 in B. Now, consider the path goy, defined by ¢ > g¢ - y(¢). This is
a path from xo = gg -z to go - z1 such that f o (goy) = go(f oy) is homotopic to gop relative to the
endpoints. Since B is G-invariant, the path g also lies in B, implying that xo ~g z;. Consequently,
we obtain xg ~g g1 - Z1 = X1, as desired. O

3.1 Topological essentiality of a G -Nielsen preimage class

Definition 3.3 Let {f; : X — Y} be a G-homotopy of fy = f. A preimage point xo € f~!(B) of f
at B is { f;}g-related to a preimage point x; € fl_l (B) of f1 at B, denoted by xo{ fr}G X1, if xg is
{ ft}-related to g - x1, for some g € G. This means that there exist paths y in X from x¢ to g-x; and
in B from fy(xg) to f1(g-x1) such that { f;(y(¢))} ~ B relative to the endpoints.

Similar to the nonequivariant case, the { f;} relation above induces a one-to-one correspondence
between the G-preimage classes of f = fy and the G-preimage classes of f7, as it is stated below. The
proof is straightforward.

Lemma 3.4 Let{f; : X — Y} be a G-homotopy of f, and let xo € f~1(B) and x; € fl_1 (B) be such
that xo{ f1}G x1. Let Ao and sd; be the G -preimage classes of [ and f1, respectively, such that x; € ;,
i =0, 1. Then x;, € g if and only if xy{ f1}Gx1, and x| € sy if and only if xo{ f;}GX].

In other words, the relation x¢{ f;}gx1 induces a correspondence from s to &f; under { f;}, which is
denoted by Ao{ fr}gH1-

Definition 3.5 A G-Nielsen preimage class of f at B is essential if given any G-homotopy { f; : X — Y}
from f itis { f;}g-related to a G-Nielsen preimage class of fi at B. Otherwise, it is called inessential.
The G-Nielsen preimage number of f at B is defined as the number of essential G-preimage classes; it
is denoted by Ng(f; B). If X is a compact space, then 0 < Ng(f; B) < oo.

This Nielsen number Ng( f, B) has the usual properties that it is a G-homotopy invariant and is a
lower bound for the number of connected components of the preimages. We have the following.

Proposition 3.6 Given a G-preimage problem f : X —g Y D B,
(1) if f: X — Y is G-homotopic to h then Ng(h, B) = Ng(f, B),
(2) Ne(f.B) <mo(f~"(B)).
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4 Classes of lifting data pairs

Let ny : X — X and ny : Y — Y be the universal covering of X and Y, respectively.

Since X is a G-space, each g € G can be associated to the homeomorphism of X, 7z : X' — X, given
by 7g(x) = g-x. The same for the G-space Y, where we will denote by ¥¢ : ¥ — Y the homeomorphism
given by Yg(y) = g- .

We will consider the following groups:

my = {@ € Homeo(X) | ny o& = nx} = Cov(nx).

Ax ={Tg € Homeo(f) | nx 0 Tg = T4 o nx for some g € G},

~ Tg ~
X— X
|
Tg
X— X

Analogously:

ny = {7 € Homeo(¥) |y o7 = 11y} = Cov(ny),
ny = {Jg € Homeo(Y) | ny o Jg =Yg ony for some g € G},

Note that 7x and 7y are extensions of 7y and my, respectively. The elements in 7x and 7y are the
ones in 7y and 7y, respectively, that cover the identity Id = 7., where e € G is the identity.

Remark 4.1 In general, the short exact sequence 1 — 7y — 7y — G — 1 does not split so G' does not
act on wy unless y is abelian. Moreover, every g € G induces a homeomorphism 6, : X' — X, which
in turn induces an isomorphism 1 (X, x9) — 71 (X, gx¢) but gxo need not be the same as xg.

Let
F={((§,6’)eﬁyxfrx|nyo(§=wgony and ny o0& = 14 ony for some g € G}.

Definition 4.2 Two lifting data pairs ( fl, El) and ( fz, Ez) are said to be equivalent if there is (3 ,0)eTl
such that /> =80 f; 06" and §(B,) = B,.

Lemma 4.3 Let ( f~1 ,By) and ( fz, B,) be two lifting data pairs.
(1) If the two pairs are equivalent, then G - nX(fl_l (El)) =G- nX(f;_l (Ez)).
(2) If the two pairs are not equivalent, then G - nX(f'l_l (El)) NG - nX(f;_1 (Ez)) =g.
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Proof (1) Since ( fl, El) and ( f~2, Ez) are equivalent,
fr=80fi067! and §(B)) =B,

for some (5,5) € I', which means that ny 0§ = Ygony and ny oo = 14 oy for some g € G.
Thus,

LN (By) = (o fio67)NE(B) =6(f; " (B)).
Therefore,
nx (f5 1 (B2) = nx (6 (f7 1 (B1))) = tg(nx (/7 (B1))) € G -nx (/71 (BY)).

By Lemma 2.2, G -nix (/; (B1) = G -nx (/; ' (B2))-
(2) Suppose on the contrary that G - ny (fl_l (El)) NG-ny (fz_l (Ez)) contains a point xo. Then, by
following the proof of Lemma 2.2, there is (S, 0) € I' such that S(El) = B, and f~2 =0 fl o6 . O

Next, we define the so-called G-Reidemeister preimage number Rg( f, B) of f at B. Such number
is an upper bound for the number Ng( f; B) —the G-Nielsen preimage number of f at B — defined
previously. There are two possible approaches: either by using universal covering or by using Hopf
covering. First, we use the universal covering to define Rg(f, B).

4.1 G -Reidemeister preimage number via universal covering

Once and for all, let us fix a lifting data pair ( f , E) of f at B. Note that given an arbitrary data pair
(/1. B, ) ]

Ji1(B1) = (@0 /)7'(B)
for some « € Cov(ny). Thus,

/i B= | Goax(o HTH(BY)

a€Cov(ny)

and, from what was shown before, given o, 8 € Cov(ny),
G-nx((@o /)" (B) =G -nx((Bo )" (B))

if and only if there is (5,6) € I' such that S(E) = B and Bo f =8o(ao f) o571
If @ € my then f o is a lifting of f. Therefore, there exists a unique element f;, (&) € y such that

(4-1) foa= fz(@of

and, consequently, f,, : mx — 7wy is a group homomorphism.
Similarly, given & € 7y, there exists a unique element ®(&) € 7y such that

(4-2) foa=d@)o f.
Therefore, ® : 7y — 7y is a group homomorphism.
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Let I' z be the subgroup of I' given by

Iz=1{(.6)el|5B) =B}
Then I'z acts on 7y via: given @ € 7y and (3, o) e,

(8.5) a=8a®G) ! eny.

Such action splits 7y into disjoint orbit sets: given o € wy, the orbit of « is the set
§a @) (5.6) el
The orbit set, ry / 'z, will be denoted by Rg| f, B], its cardinality will be denoted by Rg(f, B), and
we call Rg(f, B) the G-Reidemeister preimage number of f at B.
Theorem 4.4 Leta, B € Cov(ny). Then
G-nx((@o /)" (B) =G -nx((Bo )7 (B))
if and only if
B = (5,6) a=68a o)~ for some (3,6) elg.
Proof Let «, f € Cov(ny). From Lemma 4.3,
G-nx((@o /)" (B) =G -nx((Bo )N (B))
if and only if (¢ o f , E) and (B o f~ , E) are equivalent lifting data pairs, which means that
Bof=380(of)os™".
for some (S ,0) € I'z. By the definition of the group homomorphism @ : 7x — 7y,
JosTt=0@) o f.
Therefore,
Bof=8cao®@) o,
and so
B=38caodE). 0

Corollary 4.5 The number of G -preimage classes of [ at B is the G-Reidemeister preimage number of
f at B. Therefore, Ng(f, B) < Rg(f, B).

Remark 4.6 Theorem 4.4 reduces to the classical (nonequivariant) Reidemeister action in [15] or [16].
The G-action induces an action on 7y = 7r1(Y') by the group I'5 and thus a G-(Reidemeister or Nielsen)
preimage class is a finite union of nonequivariant (Reidemeister or Nielsen) preimage classes.
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5 G -Reidemeister preimage number via Hopf covering

In [20], a Nielsen root theory for G-maps via an equivariant analog of the approach of Brooks using
Hopf lifts was developed. In this section, we will develop the analogous construction to the case of an
equivariant preimage problem, generalizing that of [7] in the nonequivariant case.

The map f : X — Y induces a homomorphism fy : 1 (X) — 71(Y) on fundamental groups, and there
exists a covering 7 : Y — Y such that nﬂnl(}/}) = fym1(X), so we can lift / through 7 to f X >7,
thatis, f =no f . The map f is called a Hopf lifting of f, and 1 a Hopf covering for f.

Frolkina [7] proved the following (nonequivariant setting):

Theorem 5.1 [7, Theorem 2] Let ()A’, p) and f be a Hopf covering and a Hopf lift for f : X — Y D B.
Let{f:}: X — Y be a homotopy from fo = f to f; and{f;}: X — Y its lift such that fo=f. Then:
(1) Two preimage points xo, x; € f~!(B) are Nielsen equivalent if and only if the points f(xo) and
f(x1) lie in the same path component of the set p~!(B).
(2) Nielsen classes of f : X — Y D B are precisely nonempty sets of the form f ~1(C), where C is a
path component of the set p~!(B).
(3) A point xg € fo_l (B) is { f}-related to a point x| € fl_1 (B) if and only if the points fo(xo), ﬁ (x1)
are contained in the same path component of the set p~!(B).
(4) A preimage class Ay C fo_l (B) is{ f;}-related to a class A1 C fl_l (B) if and only if the sets fo (Aop)
and fl (A,) are contained in one path component of the set p~'(B).
(5) A preimage class Ay C fo_1 (B) is { f;}-related to a class A1 C fl_1 (B) ifand only if Ay and A
are 0- and 1-sections of some preimage class of F : X x I — Y D B, where F(x,t) = fi(x).
In [20], it was shown that in the setting of /' : X — Y being a G-map, (17, n) a Hopf covering of f
and f a Hopf lifting of f, there is an action of G' on Y under which f:X—- Y and n: Y > Y are

G-maps, among other properties, as we recall below.
Denote by 9(n) = {6 € Homeo(?) | n6 = n} the group of deck transformations of 1. Let

Fg(?) ={ge Homeo()A’) | ng = gn for some g € G},

where g can be regarded as a homeomorphism of Y (previously, we denoted such homeomorphism
by ¥¢). Now, there is a short exact sequence

1> 3() <> Tg(¥) 2> G — 1

where i is the inclusion and p(g) = g is the projection (the projection is well defined because the action
of G on Y is supposed to be effective).

The map f induces a group homomorphism ¢ : G — Fg(f’) as follows. Pick a point xo € X, and let
f(xo) €Y. Thereis a unique lift ¢(g) of g such that

0(g) f (x0) = f(gx0).
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Now, f'g, <p(g)f : X — ¥ are both liftings of the same map fg = gf : X — Y, and they agree at xg.
Therefore, /g = ¢(g) f. The map ¢ defined under such construction depends on f, n and f.

Lemma 5.2 [20, Lemma 3.6] The map ¢ : G — ' (}A’ ) is a group homomorphism and is a section to p,
ie., pog = lg. In particular, Fg(f’) =9(n)xG.

Remark 5.3 When 7 is a regular cover, we have %(n) = 71 (Y)/ fy (71 (X).
Lemma 5.4 [20, Lemma 3.7] The maps f : X —> Y and n: Y —> Y are equivariant maps.

Theorem 5.5 [20, Theorem 3.8] If /' : X — Y is G-homotopic to f, then they induce the same action
on the Hopf covering space Y of Y.

Consider the restriction of the G-action on ¥ given by ¢ on the set n~ ! (B). Since 7 is equivariant and
B is G-invariant, ! (B) becomes a G-set.
We now prove an equivariant analog of Theorem 5.1.

Theorem 5.6 Let ()A’, n) and f be a Hopf covering and a Hopf lift for f : X —gY D B. Let{f;}: X > Y
be a G-homotopy from fy = f to f and {j;} . X — Y its lift such that fo = f Then:

(1) Two preimage points xo,x; € f~'(B) are G-Nielsen equivalent if and only if the points f(xo),
g- f'(xl) lie in the same path component of the set n~ ! (B), for some g € G.

(2) The G-Nielsen preimage classes of f : X —g Y D B are precisely the nonempty sets of the form
G- f 1(C), where C is a path component of the set n~!(B); and a class G - f 1(C) is essential if
and only 1ff1 1(C) # @ for any G-homotopy {f,} beginning at fo = f

(3) A point xg € fo_ (B) is { f; }g-related to a point x| € fl_ (B) if and only iffo(xo) and g - fl (x1)
are contained in the same path component of the set n~ ' (B), for some g € G.

(€] AA G -preimage c]Aass Ao C fo_1 (B) is { f:}g-related to a class sd; C fl_1 (B) if and only if the sets
fo(sdo) and g - f1(s4;) are contained in one path component of the set n~!(B).

(5) A G-preimage class o C fo_l (B) is { f1}g-related to a G -preimage class 41 C f1_1 (B) if and only
if Ay and 1 are the 0- and 1-sections of some G -preimage classof F : X x [ —-g Y D B, where
F(x,t) = fi(x), and the action of G on X x I is given by g - (x,t) = (g - Xx,1).

Proof Similar to [7, Theorem 2], one can note that (3) = (1) = (2) and (3) = (4) = (5). So, itis
sufficient to prove (3).

By definition, a point x¢ € fO_I(B) is { f;}g-related to a point x| € fl_1 (B) if and only if xq is
{ ft}-related to g - xq, for some g € G, which is, by Theorem 5.1, equivalent to f (xo) and f (g-x1) lying
in the same path component of n~!(B). Since f(g ‘xX1)=g- f(xl), the result follows. |

Consider the commutative diagram
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~
l

X Y
V q>(y
b% 4 7o
nx Ny )/;
nx Y f} n
X / / Y
g
g
X Y
f

where g : X — X denotes the homeomorphism x — g - x, g: Y — Y denotes the homeomorphism
yr g-y,and f X—>Yisa Hopf lifting of f and f X >Yisa hftmg of f with respect to
the universal covermgs Ny : X — X and Ny =nong: Y — Y, where ny : Y — Y is a universal
covering of Y.Llet Bbea path component of n~!(B) and Ba path component of 17_1 (B) soBisa
path component of ”Yl (B). Then:

(1) The G-preimage classes are of the form {G - (& f )~ 1 (§)} where B is a path component of =1 (B)
and & € 9(n). Indeed, from Theorem 5.6(2), the G-Nielsen preimage classes of /' : X —g Y D B are
precisely the nonempty sets of the form G - f ~1(C), where C is a path component of n~!(B); fix base
points bg € B, 50 € B and ¢q € C such that 50,60 e n~1(bg). Let & € 9(n) be such that 07(130) = ¢p.
Thus, &(l?) = C. Therefore, (& f)_l(l?) = f_l (@ ! (§)) = f_l(C). For a general G-preimage class
(eventually an empty one), we have the following.

(2) Suppose & € my covers & and B covers B. Then
G-@/)) ' (B)=G-ux@/)~(B.
In fact, let x = ny (X), with X € (& f )1 (E) be arbitrary. Then
¢ f(x)=afx(F)=any f()=npa f()eB since &/ (%) € B.
Therefore,
G-nx(@f)~"(B)CG-(@f)"(B).
On the other hand, let x € (& f )~ (E) be arbitrary. And let & € wy be an arbitrary element such that
Ny @ =dnp,ie., acoversd. Let X € X be such that nx (X¥) = x. Therefore,

np(@f (%) =ang f(¥) =6/ nx(¥) =af(x) € B,
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o) af(x) € n- 1(B) Let C be the path component of s 1(B) such that ozf(x) € C. Then x €
r]X((ozf) (C)) Let b € B be such that r]Y(b) = af(x) and let B € ED(r]Y) be the unique element such
that ,B(af(x)) = b. Then Ba € my, Ba covers &, and x € G- nx ((Ba&) f)~ I(B).

Therefore,

G-@/f)"'(B)= U G-nx(@f) "' (B).
& covers &, G(B)=8B
With the above equality established, we conclude the following:
(@ IfG-(a f)_l(é) = @ then G -ny (@ f) "' (B) = @, for any @ € 7y that covers & and @(B) =
(b) If G-nx (@ f)~"(B) # & then
Gx@ ' (B)=G-@/)(B)

because, in this case, both G - ny (& f )1 (E) and G - (& f )1 (E) are G-Nielsen preimage classes
and G -nx @ /)" (B) C G-(@& /)" (B).

© IfG- nX(&f)_l(g) # @ for some & € wy that covers &, then G - nX(,éf)_l(E) =% & for any
/§ € my that covers &. Indeed, suppose x = ny (X), with X € (& f )1 (E) Let ,67 € ry be any element
that covers &. Then nY(,Bf(x)) = nY(af(x)) € B, ie., ﬂj(x) € nY1 (B) but not necessarily
ﬁf(x) € B. Anyway, let by = ﬂf(x) and b, —af(x) € B. Let y:l— Y be a path with y(0) = bg
and y(1) = by. Then ng oy is aloop in Y with base point b= ocf(x). Therefore, n(npy) is a loop
in Y with base point 1(b) = f(x). Since ny(71(Y)) = f4(1(X)), there is a loop p : I — X with
base point x such that fp ~n(nyy) rel {0, 1}. Let p: I — X be a lifting of p such that p(0) = X.
Now,

me(Bfp)=nnp fh= fuxp= fo~npy.
Since ,3~f,5(0) = ﬁf(fc) = y(0), it follows from [17, Lemma 3.3, page 152] that
Bfo()=y(1)=bi €B.

Therefore, (Ef)_l(g) #+ .

(d) From the above items (a)—(c), it follows that if & € my covers & and B covers B then
G- @)™ (B)=G-nx@/)"'(B).

(3) Moreover, G - (&fA)_l(E) =G- (3f)_1 (E) if and only if
(5-1) B =3ap(g)™!

for some § € Fg(f’), S(E) = B and g € G such that § covers g.
Let T, = {8 =(§.g) € Tg(P) | § covers g and §(B) = B}.
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Definition 5.7 Equation (5-1) defines a (Hopf—Reidemeister) action of I';, on @(n). We define the
equivariant G-Hopf-Reidemeister number Rg 4 ( f, B) to be the cardinality of the set of orbits of the
action & — 8&p(g)~! given by (5-1). Furthermore, by Theorem 5.6, Ng(f, B) < R n(f, B).

From the previous section, we have defined Rg(f, B). Next, we will relate these two Reidemeister
numbers by showing that Rg 4 (f, B) < R ([, B).
Note that for any homeomorphism ¢ : Y — Y that belongs to 7y, i.e.,

(mong)ot=g-(nony) for some element g € G,

there is a unique homeomorphism Z‘ Y — Y that ¢ covers it (also, 2 belongs to Fg()?)). In fact, let
Jo € Y be a base point and let o = 15 (7). Then

nny §(Po) = g-nnp(Fo) = g-n(Po) =n(g - Jo)-
Therefore, there is a unique element § € %(n) such that
§ (g & (Jo)) =&+ Jo.
Let f Y — ¥ be given by f(y) =6§"1(g-y). Then:
(a) E belongs to I'g (}’}):
Nl =ns""g-»)=ng y)=g-n0y).
(b) ¢ covers 2 :Let B: Y — Y be the unique lifting of 2 such that
B(Fo) = L (o).
It easy to see that B belongs to 7y and, consequently, 8 = C.

Now, we let A([a]) = (@) where [ -] denotes the classes using the universal cover and (- ) denotes the
classes using Hopf coverings. To see that this is well defined, let [@] = [B]. Thus, 8 = Sa®(5)!. The
corresponding map ,é is given by 3&90(g)_1. This can be verified using the commutative diagram above.
Also, note that S(E) = B. Since 77?3 = Sn?, it follows that g(ﬁ) = B where B = n?(E). We have just
shown that A :[-] — () is surjective.

Now we have:
Proposition 5.8 Ng(f.B) = Rgn(f. B) = Rg(/. B).

Remark 5.9 It should be pointed out that both R ( f, B) and Rg 5 ( f, B) are well defined and 1ndependent
of the lifts f and f or the Hopf covering Y. Moreover, when B = {a} is a singleton where « € Y©, 0
equivariant Nielsen preimage theory reduces to that of [20]. The equivariant Reidemeister root number
defined in [20] using Hopf liftings coincides with Rg 4 ( f, B) for B = {a}.
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Given a G-space Z, we say that Z is G-connected if for any subgroup H, Z* is connected. If G is a
finite group and f : X — Y is a G-map between two G-connected spaces then for each subgroup H < G,
fHxH 5 YH isa WH-map between W H-spaces X7 and Y H where f# is the restriction of f
on the fixed point set X ¥ and WH = N H/H is the Weyl group of H in G where N H is the normalizer
of H in G. Thus, for each H < G, the previous sections will yield the invariants Ny g (fH, BH),
Ry (f#.BH)and Ry g s (fH. BH).

6 Application to Nielsen Borsuk—-Ulam theory

In recent years, a theory called the “Nielsen Borsuk—Ulam theory” has been developed (see [2; 3; 19]).
This theory is not only to consider the question of the existence of Borsuk—Ulam type coincidences but
also to study the minimum number of such coincidences using methods inspired by Nielsen theory for
fixed points and coincidences. In what follows, we will show that this theory is a special case of the
“equivariant preimage theory for G-maps”.

6.1 Borsuk-Ulam property (BUP)

In the literature, several authors have been studying the so-called Borsuk—Ulam property (see, for example,
[8;9;10; 11; 13]).

The classical Borsuk—Ulam theorem states that for every continuous function f : S$” — R”, there
exists a point z € S” such that f(z) = f(—z), where —z is the antipode of z on the sphere S”. This
result leads to a more general question: given a free involution 7 on a space X, does every continuous
function f : X — Y have the property that f(x) = f(t(x)) for some x € X? If the answer is affirmative,
it is said that the triple (X, 7, ) has the Borsuk—Ulam property or, briefly, BUP. More generally, one can
replace the sphere S” with a topological space X equipped with a free Z ,-action, where p is prime, and
Euclidean space R” with a topological space Y. In this setup, one possible question is: given f : X — Y
a continuous function, does there exist x € X such that f(x) = f(g-x)= f(g*>-x)=---= f(g? ! x),
where Z, = (g)? Another way to pose this question is as follows: Let 7 : X — X be defined by
7(x) = g - x. Thus, the Zp-action on X is determined by the homeomorphism 7, and vice versa. One
can ask if, given a continuous function f : X — Y, the set of coincidences among the multiple maps

fofot,..., forPL,
Coin(f, fot, for?,..., forP H={xeX | f(x)= f(x(x)) == f(zP7 (X))},

is nonempty. When the answer is positive for every continuous function from X to Y, we will say that
the triple (X, 7, Y) has the Borsuk—Ulam property (briefly, BUP). Also, a homotopy class 8 € [X, Y] is
said to have the BUP with respect to T when for every continuous function f : X — Y representing S,
there exists a point x € X such that f(x) = f(r(x)) =--- = f(z?71(x)).

The problem of determining the BUP for a triple (X, 7, Y) can be translated into an equivariant context
as follows: let X be a topological space equipped with a free Zp-action, and let Y be a topological space.
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As before, let 7 : X — X be defined by t#(x) = x. Consider the Zj,-action on Y? determined by the
homeomorphism t’: Y? — Y? given by

T/(J/I»J’zwnsyp):()’ZsJ’3"--’J/p7J/1)-

Let Ap(Y) ={(y1,...,yp) € Y | y1 = y» = --- = yp} be the diagonal in Y”. Note that this
construction produces two types of isotropy subgroups: if y € Y7\ A,(Y), then the isotropy subgroup of
Zp at 'y is Id; if y € A,(Y'), then the isotropy subgroup of Z, at y is Z.

There is a bijection between the set of continuous functions from X to Y and the set of equivariant
maps from X to Y”: given a continuous function f : X — Y, define ¢y : X — Y? as

or (x) = (f(x), f(@(x)), ..., fEPTH(x))).

Thus, the following diagram commutes:

X "X

"

Yr . yr

In other words, ¢y is equivariant. On the other hand, if g : X — Y7, g(x) = (g1(x), g2(x). ..., gp(x)),
is an equivariant map, then ¢g, = g.

Note that, under this bijection, given a continuous function f : X — Y, there exists x € X such that
f(x) = f(x(x)) =---= f(eP7(x)) if and only if ¢! (Ap(Y)) # 2.

Furthermore, { f;} is a homotopy between fy and f; if and only if {¢y, } is a Z,-homotopy between ¢y,
and @5, where ¢f, (x) = (f1(x), fi(zx), ..., f7+(tP~'x)). Thus two continuous functions f, f': X — Y
are homotopic if and only if ¢ and ¢y are Zp-homotopic. Also,

Coin(f, foz,..., forP 1) = ¢;1(AP(Y)).

Therefore, the study of the set of Borsuk—Ulam type coincidences, Coin(f, f ot,..., f ot?71), is
equivalent to the study of the Z p-preimage problem for ¢ at A, (Y).

Because of the above observation, we will use the following nomenclature and notation: given X a
Zp-space and f: X — Y a continuous map, a Zp-Nielsen preimage class for g7 : X —7z Y7 D Ap(Y)
will be called a Borsuk-Ulam class of f (compare with [19]), Nz, (¢s; Ap(Y)) will be denoted by
Neu(/). Rz, (@5, Ap(Y) by Reu(/) and Rz, (gr. Ap(Y)) by Rau (/).

6.2 Borsuk-Ulam coincidences as a Z ,-preimage problem

As before, let X and Y be connected, locally pathwise-connected and semilocally simply connected
spaces. Suppose X is a free Z ,-space and let 7 : X — X be the homeomorphism given by 7(x) = g - x,
where Z, = (g). Given a continuous function f : X — Y, a point x € X such that f(x) = [T (x)),
i=1,..., p—1, will be referred as a Borsuk—Ulam type coincidence for ( f, 7).
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On the cartesian product Y?, consider the Z p,-action determined by the homeomorphism t": Y7 — Y7
given by

U1 y2e s ¥p) = (2030 Vs V1)
andlet B = A,(Y) ={(y1,....¥p) € YP | yy = yp = -+ = yp} be the thin diagonal in Y?. As we
pointed above, B is invariant with respect to t’. Also, the map ¢y : X — Y? given by
o (x) = (f(x), f(@(X),..., [P (x))

is a Zp-equivariant map.

Let ny : X — X and ny : Y — Y be universal coverings of X and Y, respectively. Then

n:nyx---xnyzfper

is a universal covering of Y?.

Proposition 6.1 Let B be the path component of n~! (Ap(Y)) that contains the thin diagonal Ap(f;).
Then B = Ap(};).

Proof Let B be the path component of n71(A,(Y)) that contains the thin diagonal Ap(f;). Let
1., Vp) € B be an arbitrary point and consider A : [ — B a continuous path from (7,...,7) to

G1oe o §p). Let A1) = (A1 (D). ... Ap(1)). Since B C =1 (A,(Y)),
nA@) =My A1), ....ny(Ap(1))) € Ap(Y) forall 1 €1,

that is,
ny(A1(1)) = ny(A2(0)) forall £ €.
Since A1(0) =--- = A,(0) = y, it follows that A1 (1) =--- = A, (1), thatis, y; =--- = J,.
Hence, B C Ap (f). Therefore, B = Ap(?), 0

In the special case of p = 2, one can show that
Ryxy = Tyxy X ZLy.
Indeed, consider the covering 7’ : ¥ x ¥ — ¥ x Y of ¢/ given by
T'(j1, 72) = (B2, J1)-
Then the short exact sequence

1—>7TYXY;>7ATYXY&>Z2—>1

splits

~
—_

N proj
l —— nmyxy —— Tyxy > Ziy
"

N

where s : Z, — Ry xy is the homomorphism such that s(1) = 7’.
Therefore, Ty xy = Tyxy X Z».
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Remark 6.2 The equivariant Nielsen theory developed in this paper can also be applied to the Nielsen
Borsuk—Ulam setting even when the Zj-action is not free. Furthermore, one can develop a Nielsen
Borsuk—Ulam type theory for an arbitrary finite group G and arbitrary G-invariant subspace B. For
instance, G can be taken to be the symmetric group and B to be the fat diagonal. Such a Borsuk—Ulam
problem has already been studied in [12]. The applications to these various Borsuk—Ulam type settings
will be further developed in a forthcoming work.

6.3 Maps to a topological group

In [9] and [19], the authors considered self-maps of the torus. We now give a different proof of some of
their results.

Proposition 6.3 Let f : T? — T2 be a continuous function and t : T?> — T? a free involution on
the 2-torus T?. If t is an orientation preserving map then all Borsuk—Ulam classes of f (with respect
to 1) are inessential. Consequently, Ngy(f) = 0, which gives the existence of f' ~ f such that
Coin( f’, f' o 1) = 0; that means, 8 = [ f] does not have the BUP.

Proof Let F be an essential Borsuk—Ulam class of f. Thus, F is a finite disjoint union of ordinary
coincidence classes of f and f o t. From the classical coincidence theory, the ordinary coincidence
classes of f and f ot have the same coincidence index. Since 7 is orientation-preserving, it follows from
[3, Definition 2.5] that the BU-index of F has the same sign as that of an ordinary coincidence class. This
implies that either Ngy(f) = 0 when ind( f; F) = 0, or equivalently the Lefschetz coincidence number
L(f, fot)=0,orall BU-classes are essential, or equivalently when ind( /'; ') # 0. Denote by A and
A+ the matrices associated to the map f and to the map t, respectively. Then L(f, f o) = 0 if and
only if det(Ay — Ar A;) = det Ay - det(/ — A;) vanishes. Since 7 is orientation-preserving, it follows
from [9] that 7 is equivalent to a map that lifts to the map 7; : R? — R? given by (x, y) — (x +1/2, y).
Thus, we conclude that det(/ — A;) = 0. |

Corollary 6.4 Let t : T? — T? be a free involution that preserves orientation. If B € [T?,T?] is a
homotopy class then B does not have the Borsuk—Ulam property with respect to t.

Proof Let f : T2 — T? be an arbitrary self-map on the 2-torus. Therefore, from Proposition 6.3, there
is f” ~ f such that f” has no Borsuk-Ulam coincidences. Hence, for any homotopy class g € [T'2, T?],
B does not have BUP with respect to . |

The above result was already proved in [9, Theorem 1] and in [19, Theorem 4.1] using different
techniques.

We end this paper with the following slight generalization of the setting of self-maps of the torus. Let
X be a closed connected manifold with a free involution 7 and f : X’ — K a map where K is a compact
connected topological group. The inversion 1 : K — K given by (k) = k~! is an involution on K.
Define ¢ : X — K by

or(x) = f(@(x) - [f )7 = f(2(x))- w(f(x)).
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Then

(6-1) o (t(x) = f(2(x)) - w(f(x(x) = [ () [f @)
=[/@E))-[f T = pler ().

It follows that ¢f is a Z-equivariant map where Z, = (r) = (1). Moreover, f is homotopic to f” if
and only if ¢¢ is Z,-homotopic to ¢s/. Now,

C(f.fo=xeX | f(x)= fr(x)} =97 (o),

where e € K is the unit element of the group K. Thus, we are in the equivariant root problem as in [20].
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