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Homotopy commutativity in quasitoric manifolds

SHO HASUI, DAISUKE KISHIMOTO, YICHEN TONG AND MITSUNOBU TSUTAYA

We prove that the loop space of a quasitoric manifold is homotopy commutative if and only if the
underlying polytope is a product of 3-simplices (A3)” and the characteristic matrix is equivalent to a
matrix of certain type. Quasitoric manifolds over (A3)” include generalized Bott manifolds, and we also
construct an infinite family of homotopy nonequivalent generalized Bott manifolds over (A*®)”, only half
of them have homotopy commutative loop spaces. In particular, for each n > 2, there are infinitely many
homotopy types of 6n-dimensional quasitoric manifolds having homotopy (non)commutative loop spaces.

1 Introduction

Quasitoric manifolds were introduced by Davis and Januszkiewicz [8] as a topological counterpart of
smooth projective toric varieties. By definition, a quasitoric manifold is a closed manifold of dimension 2n
equipped with a locally standard action of 7" such that the orbit space M/T" is isomorphic to an
n-dimensional simple polytope as a manifold with corners. Recall that every toric variety is constructed
from a fan, a combinatorial object. There is a similar combinatorial construction of quasitoric manifolds,
each of which is equivalent (in a precise sense defined in Section 2) to that associated to a simple
polytope P and a certain characteristic matrix over P. Here, we remark that our equivalences of quasitoric
manifolds are weaker than those in [8] as they respect a fixed isomorphism M/ T" = P while ours do not.

It is well known that properties of a toric variety are described in terms of the corresponding fan,
which exhibits a fascinating connection between algebraic geometry and combinatorics. Then it may be
possible to describe topological properties of a quasitoric manifold in terms of the underlying simple
polytope and the characteristic matrix, which also exhibits a fascinating connection between topology
and combinatorics. There are examples of such descriptions for quasitoric manifolds, cohomology and
Chern classes as in [8].

The understanding of a given space goes often through the study of its loop space. A first question is
then whether or not it is commutative, up to homotopy. In this paper, we study the homotopy commutativity
of the loop space of a quasitoric manifold. See [1; 2; 9; 10; 14; 15; 16; 19; 25] for other results on the
loop spaces of quasitoric manifolds and related spaces. Complex projective spaces are special quasitoric
manifolds, and the homotopy commutativity of their loop spaces were determined by Ganea [13]. The
first result completely determines whether or not the loop space of any quasitoric manifold is homotopy
commutative in terms of the underlying simple polytope and the characteristic matrix. Let A” and E,
denote the n-simplex and the n-dimensional identity matrix.
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Theorem 1.1 The loop space of a quasitoric manifold over a simple polytope P is homotopy commutative
if and only if P = (A3)" and the characteristic matrix is equivalent to

E; a arz aps din
azy E3 ax az; A2
(1-1) asy asy Ej as; asp
ani Ap2 ap3 E3 ann
fora;; € 73 such that
(1-2) ai;="'(1,1,1) and  (1,1,1)a; =0 mod2 (i # ).

where the facets of (A3)" are ordered as in Section 4.

Remarks on Theorem 1.1 are in order. First, equivalences of characteristic matrices will be defined in
Section 2. Second, the loop spaces of quasitoric manifolds over a common simple polytope have the same
homotopy type. Then Theorem 1.1 may indicate that there are quasitoric manifolds whose loop spaces are
homotopy equivalent but not H-equivalent, which is verified by Theorem 1.2 below. Third, we can further
consider the higher homotopy commutativity of the loop space of a quasitoric manifold if it is homotopy
commutative. Actually, by looking at the cohomology of a quasitoric manifold, we can find a nontrivial
quadruple higher Whitehead product if its loop space is homotopy commutative. Then if the loop space
of a quasitoric manifold is homotopy commutative, it is not a C4-space in the sense of Williams [24], so
it is not very highly homotopy commutative. Fourth, every characteristic matrix over (A%)" is equivalent
to the matrix (1-1) satisfying the first condition of (1-2) (Lemma 4.1). Then the second condition of (1-2)
guarantees that the loop space of a quasitoric manifold over (A*)” is homotopy commutative. On the
other hand, C P" is a quasitoric manifold over A”, and in particular, a characteristic matrix of C P3 is

10
(1-3) B=]01
00

-0 O

1
1
1

Then Theorem 1.1 recovers Ganea’s result [13] that the loop space of C P” is homotopy commutative if
and only if n = 3, where C P" is a quasitoric manifold over A”. Thus Theorem 1.1 can be thought of as
an extension of Ganea’s result. See [20; 21] for other extensions of Ganea’s result.

As mentioned above, every characteristic matrix over A3 is equivalent to (1-3), so every quasitoric
manifold over A3 is equivalent to C P (see [8, Example 1.18]). However, in general, it is quite hard to
describe all characteristic matrices over a given simple polytope, and this is the case for (A3)” with n > 2
as in [7]. Then one cannot immediately see how many nonequivalent quasitoric manifolds over (A*)”"
for n > 2 there are, whose loop spaces are (not) homotopy commutative. For each n > 2, we construct
an infinite family of homotopy nonequivalent quasitoric manifolds over (A3)”, only half of them have
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Homotopy commutativity in quasitoric manifolds 1551

homotopy commutative loop spaces. Let B be as in (1-3), and let

0001
N=|10000
0000

For k > 0 and n > 2, we define a 3nx4n matrix

B kN
B kN
B(k,n) = -
B kN
B
The matrix B(k,n) is a characteristic matrix over (A3)”, so we get the corresponding quasitoric mani-
fold M (k,n) over (A*)". Note that M (k, n) is defined only for n > 2 and a positive integer k. Observe
that Theorem 1.1 shows that the loop space of M (k,n) is homotopy commutative if and only if & is
even. The second result concerns the homotopy types of M (k, n), which implies that for each n > 2,
there are infinitely many homotopy types of 6xn-dimensional quasitoric manifolds having homotopy
(non)commutative loop spaces.

Theorem 1.2 The quasitoric manifolds M (k,n) and M (/,n) are not homotopy equivalent for k # /.

Remarks on Theorem 1.2 are in order. First, the quasitoric manifold M (k, ) is a so-called generalized
Bott manifold, that is, M (k, n) is obtained by iterated “nice” C P3-bundles starting from a point. Second,
we will actually prove that M (k, n) satisfies cohomological rigidity; M (k,n) and M (/, n) are equivalent
if and only if their integral cohomology are isomorphic. Third, if M; is a quasitoric manifold over P; for
i=1,...,n,then M x---x M, is a quasitoric manifold over P; x --- x P,. Hence one can construct
a quasitoric manifold over (A%)” from quasitoric manifolds over (A*)™ for m < n. However, M (k, n)
is not equivalent to a product of nontrivial quasitoric manifolds (Proposition 4.4), so it is an “atomic”
quasitoric manifold over (A3)”.

The paper is organized as follows. In Section 2, we recall the basics of quasitoric manifolds, and show
a loop space decomposition of quasitoric manifolds. Then by using this decomposition, we deduce that
the loop space of a quasitoric manifold is homotopy commutative only if the underlying simple polytope
is a product of A3. In Section 3, we extend the method of Barrat, James and Stein [4] for computing
Whitehead products. In Section 4, we prove Theorem 1.1 by applying the results in Sections 2 and 3. We
also prove Theorem 1.2 by a direct cohomology computation.

2 Loop space decomposition

In this section, we recall the basic properties of quasitoric manifolds, and show a loop space decomposition
of a quasitoric manifold. Then by applying this decomposition, we prove that the loop space of a quasitoric
manifold is not homotopy commutative unless its underlying simple polytope is (A3)".
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First, we define characteristic matrices over a simple polytope and equivalences among them. Let P
be an n-dimensional convex polytope. A codimension one face of P will be called a facet. We say that P
is simple if exactly n facets of P meet at each vertex. For example, simplices are simple polytopes,
and a product of simple polytopes is a simple polytope. Suppose that P is simple and has m facets
Fi, ..., Fy. A characteristic matrix over P is an integer matrix (aq - - az,) for ay,...,am € Z" such
that det(a;, --- a;,) = 1 whenever F;, N---N F;, # @ for iy <--- <iy. Since an automorphism of P as
a combinatorial polytope permutes facets, it acts on characteristic matrices over P by column permutation.
We define that characteristic matrices 4 and B over P are equivalent if

2-1) A=a-(0BD)

for Q € GL,(Z), a diagonal matrix D with diagonal entries =1 and an automorphism « of P.

Next, we recall the construction of a quasitoric manifold using a moment-angle complex. Let K be
a simplicial complex with vertex set [m] = {1, 2,...,m}, where an ordering of vertices is given. The
moment-angle complex for K is defined by

Zg = U Z(0),

oek

where Z(0) = X; X -+- X X, such that X; = D? fori € 0 and X; = S! for i ¢ 0. Note that the
m-dimensional torus 7" acts naturally on Zg. We will use the following obvious property of a moment-
angle complex. For @ #£ I C [m], let

Kr={oceK|oClI}.
Lemma 2.1 For @ # I C [m], Zk, is aretract of Z .

Proof We can identify Zg, with the subspace

{(x1,...,Xm) € Zg | x; is the basepoint for i € I}
of Zg. O
Let P be an n-dimensional simple polytope with m facets. Let K(P) denote the boundary of the dual
simplicial polytope of P. Then K(P) is an (n—1)-dimensional simplicial sphere with m vertices. Let

A be a characteristic matrix over P. Then the kernel of the linear map A : Z"™ — Z" defines a split
subtorus 7'(A4) of dimension m —n which acts freely on Zg(p). Let

M(A) = Zgpy/ T(A).
By [8], we have:

Proposition 2.2 The orbit space M (A) is a quasitoric manifold over P such that every quasitoric manifold
over P is equivalent to M (A) for some characteristic matrix A over P.
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Let M and N be quasitoric manifolds of dimension 2n. A map f : M — N is weakly equivariant if
there is an automorphism 6 : 7" — T" such that

Jx) =0(@) f(x)

fort € T" and x € M. We say that M and N are equivalent if there is a weakly equivariant homeomorphism
between them. Note that if M and N are equivalent, their underlying simple polytopes are isomorphic.
Then equivalent quasitoric manifolds are essentially the same. As remarked in Section 1, our equivalences
of quasitoric manifolds are weaker than those in [8] as Davis and Januszkiewicz demand equivalences
to preserve an extra structure, a fixed isomorphism between M/ T" and a simple polytope. By [8], we
also have:

Proposition 2.3 The quasitoric manifolds M (A1) and M (A,) over P are equivalent if and only if the
characteristic matrices A, and A, are equivalent as in (2-1).

Now we prove a loop decomposition of a quasitoric manifold.

Proposition 2.4 Let M be a quasitoric manifold over an n-dimensional simple polytope P with m facets.
Then there is a homotopy equivalence

QM ~T" " x QZK(P)
Proof By Proposition 2.2, there is a homotopy fibration Z g (py — M — BT™™", so we get an H-fibration
QZK(P) — QM —T™",

By [6, Theorem 3.4.7], Z g (p) is 2-connected, so 2Z g (p) is simply connected. Then the map QM —
T™~" has a section, implying the above H-fibration splits. |

We record an obvious fact about homotopy commutativity.

Lemma 2.5 Let X, Y be H-groups, and let f : X — Y be an H-map. If X is not homotopy commutative
and f has a left homotopy inverse, then Y is not homotopy commutative.

Proof Letg:Y — X be aleft homotopy inverse of f. If Y is homotopy commutative, then by definition,
the Samelson product { f, /) is trivial, implying a contradiction

0#(lx,lx)=go fo(ly,lx)=go(f, f)=0. ]

Now we consider conditions on the underlying polytope of a quasitoric manifold M that guarantee Q2 M
is not homotopy commutative. Let K be a simplicial complex. We say that a nonempty subset / of the
vertex set of K is a minimal nonface of K if I is not a simplex of K and all proper subsets of I are
simplices of K. Equivalently, K; = dAlfI=1,

Lemma 2.6 Let P be a simple polytope. If K(P) has a minimal nonface of cardinality 2, 3 or > 5, then
the loop space of a quasitoric manifold over P is not homotopy commutative.
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Proof By Proposition 2.4 and Lemma 2.5, it suffices to show £2Z g (py is not homotopy commutative.
Let I be a minimal nonface of K(P) of cardinality k. Then Zgp), = Zypar—1 = S*~1, so by
Lemma 2.1, S%~! is a retract of Z k(P)- By [3], the Whitehead product [1 g2k—1, 1 g2xk—1] is nontrivial
for k = 3 and k > 5, so by the adjointness of Whitehead products and Samelson products [22], 2. 2k—1
is not homotopy commutative for k = 3 and k > 5. Thus by Proposition 2.4 and Lemma 2.5, Q Z g (p) is
not homotopy commutative either.

Now we suppose k = 2. Let M be a quasitoric manifold over P. Since S? is a retract of Z K(P)»

H? (Zk(p): Q) has abasis {uy,...,u;} for some / > 1. By Proposition 2.2, there is a homotopy fibration
ZK(p) - M — BTm_n,

where m is the number of facets of P and n = dim P. By [6, Theorem 3.4.7], Zg p) is 2-connected, so
in the Serre spectral sequence of the above homotopy fibration, each u; is transgressive. Moreover, by
[8, Proposition 3.10], H*(M ; Q) is generated by elements of degree two, so the transgression images of
ui,...,u; are linearly independent. Then we get

H*(M:Q)=Qlt1.....tm=nl/(q1..-..q1). |t:]=2,

for * <5, where g; is the transgression image of ;. This readily implies that the minimal Sullivan model
for M is given by

(Q[ll, . .,tm—n]@A(X], ce ,Xl),d), dli = O, dxi =qi,

in dimension < 4. Since |g;| = 4, ¢; is a quadratic polynomial in 1, . . ., ;;—,. Thus by Proposition 13.16
of [11], M has nontrivial Whitehead product, implying 2M is not homotopy commutative. |

Lemma 2.7 Let P be a simple polytope. If K(P) has intersecting distinct minimal nonfaces, then the
loop space of a quasitoric manifold over P is not homotopy commutative.

Proof Let I, I, be minimal nonfaces of K(P) with I} I, and I1 NI, #@. Let |[I;NI;|=j >0
and |Iy| =i+ j fork =1,2. Then fork = 1,2,

ZKPy, = §2OHD,
Let : ZK(p)Ik — ZK(P)11U12 be the inclusion, and let v; be a generator of H2Uk+))=1 (ZK(p)Ik) = 7.
Then by Lemma 2.1, there is uy € Hz(ik"”j)_l(ZK(p)IlUIz) satisfying (7 (ug) = vg for k = 1,2. Now
we assume that the Whitehead product [ty (5] is trivial. Then there is a homotopy commutative diagram

L1+
Zk@P), VLK@, — ZKP)1 o,

| |

ZKPy, X LK), — LK(P)1,01,
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Hence p*(u1) = vy x 1 and pu*(us) = 1 X vy, 0

W (uyuz) = W) p*(uz) = vy x vy #0.
Thus we get uu # 0. On the other hand, since K(P),ur, has at least two minimal nonfaces, it is not a
full simplex, implying dim ZK(P)Ilulz <2(iy+iy+ j)—1. Then
luruz| =201 +i2+j) =242/ > 201 +i2+ j) -1 2 dim Zg(py, 4,

as j > 0, so we get uju,; = 0, a contradiction. Thus the Whitehead product [1, t5] is nontrivial, so
QZkp) UL, is not homotopy commutative. Therefore by Lemma 2.5, 2Z g p) is not homotopy
commutative too. O

Now we are ready to prove:

Proposition 2.8 Let M be a quasitoric manifold over a simple polytope P. If the loop space of M is
homotopy commutative, then P = (A3)".

Proof Suppose QM is homotopy commutative. Then by Lemmas 2.6 and 2.7, minimal nonfaces
of K(P) are of cardinality 4 and pairwise disjoint. Then

K(P)=03A %--- % dA> *A!
———

n

for some / > —1, where A~! = {@}. Since K(P) is a simplicial sphere, we have / = —1, so

K(P)=0A%%--- % dA>.

n
Thus we obtain P = (A3)", as stated. O
We further consider a condition equivalent to the loop space of a quasitoric manifold over (A3)” being
homotopy commutative. As in the proof of Proposition 2.8, if P = (A*)", then K(P) is the join of n
copies of A3, implying
Zgpy = (ST".
Let M be a quasitoric manifold over (A3)”. Then by Proposition 2.4, there is a homotopy equivalence
QM ~ (SH"x (QS)",
which is not necessarily an H-equivalence. Fori =1,...,n,leta; : S' — QM and b; : S® — QM be
the composite maps
i E i
STE, (s QM and S® = QS7 5L (QS7) — M,
where g; and E denote the i-th inclusion and the suspension map, respectively.

Lemma 2.9 Let M be a quasitoric manifold over (A*)". The loop space of M is homotopy commutative
if and only if the Samelson products (a;, b;) fori, j = 1,...,n are trivial.
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Proof Fori=1,...,n,let Z;l- :QS7 — QM denote the composite of the 7-th inclusion QS7 - (QS7)”
and the natural map (Q2S7)" — QM. By [18, Proposition 1], QM is homotopy commutative if and only if
the Samelson products (a;, a;), (a;, [;j), (b, [;j) fori, j =1,...,n are trivial. Clearly, (a;, a;) are trivial.
By [13, Lemma 2.1], {(a;, b;) = 0 if and only if {a;, b;) = 0, and (b;, b;) = 0 if and only if (b;, b;) = 0.
Note that each b; : S® — QM lifts to a map b; : S® — (2S7)". Then the Samelson products (b;, b;)
in QM lift to the Samelson products (l;,-, b ;) in (2S7)". Hence since (2.S7)" is homotopy commutative,
(I;i, Ej) are trivial, implying so are (b;, b;). |

3 Computation of Whitehead products

In this section, we extend the method of Barrat, James, and Stein [4] computing Whitehead products.
The coefficients of cohomology will be the integers Z.
Let X be a simply connected finite complex satisfying a homotopy fibration

3-1) (824-1y1 2, x 7, (C Py
for d > 3 such that

H*(X)=Z[ty,....tal/(q1,----qn), ti| =2, |qi| = 2d,

where for i = 1,...,n, t; corresponds to the fundamental class of the i-th C P in (C P°°)" and
qi € Z[ty,...,ty] is the transgression image of a generator of H?471(§24=1) for the i-th 24!
in (SZd—l)n.

Lemma 3.1 The sequence q1,...,qn inZ[ty, ..., t,] is regular.

Proof For any field I, F[tq, ..., ,] is Cohen-Macaulay, and the Krull dimension of H*(X) ® IF is zero
as X is a finite complex. Then the sequence ¢y, ..., g, is regular in F[¢(, ..., t,] for any field IF, so the
sequence ¢y, ...,y is regular in Z[tq, ..., t,] too, as stated. |

We consider the cofiber Y of the map ¢ : (S24~1)" — X. Fori =1,...,n,let B; : S24~1 — X be
the composite

Then by degree reasons,

(3-2) Yad—2 = Xaq_oUp, > Ug, ---Upg, €,
where Y denotes the k-skeleton of Y.
Lemma 3.2 For x <2d + 3,

H*Y)=Z[t,....tnl/(tigj | i,j =1,...,n).
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Proof Letu; € H24~1((S24-1)") denote the generator corresponding to the i-th $24~! in (§24—1)n,

By Lemma 3.1, the elements ¢y, ..., g, of Z[t1,...,t,] are linearly independent, so we may assume
T(ui) =qi
fori = 1,...,n, where t denotes the transgression in the Serre spectral sequence for the homotopy

fibration (3-1), implying

S(ui) = " (i)
for the connecting map § : H*~1((S24~1)") > H*(X, (S29=1)") of the long exact sequence for the
pair (X, (S29=1)") and the map

(3-3) 7% L H*((CP®)") — H* (X, (S27~Hm,
By degree reasons, the kernel of the composite
HZd((C POO)n) n_) HZd(X, (SZd—l)n) s HZd(X)

is generated by ¢y, ..., q,. Then the map (3-3) for * = 2d is an isomorphism. Thus since ﬁ*(Y) ~
H*(X, (S2@=1") it follows from (3-2) that the map (3-3) is an isomorphism for 1 < % < 2d. On the
other hand, the (2d +2)-dimensional part of the ideal (g1, ...,q,) in Z[t1, ..., ;] is generated by #;q;
fori, j = 1,...,n. Then by (3-2), the proof is finished. O

Let 7 : Y — (C P°°)" denote an extension of the map 7 : X — (C P°°)". Then by [12, Theorem 1.1],
the homotopy fiber of 7 : ¥ — (C P®)" has the homotopy type of the join (S )" x (S24~1)" . We consider
the cofiber Y of the fiber inclusion of 7. Let gi : A — A" denote the i-th inclusion fori = 1,...,n, and
let y;; denote the composite

incl

S2d+1 :Sl *SZd_l 8i*8j (Sl)n*(SZd_l)n—>Y.

Then the map

n n
\/ gixgj: \/ SZd+1—>(S1)n*(S2d_l)n
i,j=1 i,j=1

is an inclusion of the (2d +1)-skeleton and has a left homotopy inverse, implying
(3-4) Yaar2 = Yaaya Uy, €772 Uy, oo Uy, 472

Lemma 3.3 For x <2d + 2,
H*(Y)=1Z[t;,... .t

Proof Since (S1)" » (S24~1)" is homotopy equivalent to a wedge of spheres, all (2d+3)-cells of Y are
attached to Y, 44 ,. Then by Lemma 3.2 and (3-4), the (2d +3)-cells of ¥ do not kill any cohomology class
of Y440, implying H*(Y) = H*(Y 344,) for x <2d +2. Now by Lemma 3.1, #;q; fori, j =1,...,n
are linearly independent in Z[t1, ..., t,]. Then by arguing as in the proof of Lemma 3.2, the statement
is proved. |
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Lemma 3.4 The homotopy group m,441(Y') is a free abelian group generated by y;; fori, j =1,...,n.

Proof The statement follows from the homotopy exact sequence of the homotopy fibration

(SH" % (S > ¥ — (CP™)",

where the (2d+1)-skeleton of (S1)" = (S29~1)" is described as above. |
Fori =1,...,n, let a; : S2 > X be a map whose Hurewicz image is the dual of #;, and let
Bi: (D22, S§2d=1) 5 (Y, X) denote the obvious extension of B; : S24=! — X. Then
8(Bi) = Bi

for the connecting homomorphism & : 7« (Y, X)) — m«—1(X). We consider the relative Whitehead product
[o, EJ] € mrg+1(Y, X). See [5] for the definition. By [5, (3.5)],

8([az. B7)) = —loi, Bj1.

Let 7: (D411, §24) 5 (D24, §2d-1) pe the obvious extension of the Hopf map n : $24 — §2d-1,
By [17, Theorem (1.4)] (see [23, (5.8)]), we can compute 7,441 (Y, X) as follows.

For a commutative ring R, let R{ay,...,a;} denote the free R-module with a basis {ay,...,ax}.
Lemma3.5 1541V, X)=2Z{a;,Bi]1i,j=1,....n} ®Zr{Bion|i=1,....n}.

Let B=B1 V-V By: (S2HYV" 5 X and B = By V-V By s (D2)VE (S2A=1H)Vn) — (¥, X).
Lett: (A, %) — (A4, B) and p: A — A/B denote the inclusion and the pinch map, respectively. There is
a commutative diagram

T2d41(D*)V7 (S2471)Vm) Ly g ((524-1)Vm)

2 |5

(3-5) t2a41(Y) ——— 5 73041 (Y, X) ’ 2a(X)
lp* lp*
Md+1(Y/X) =——= 1441 (Y/X)

in which the middle row is exact. By the homotopy exact sequence for the homotopy fibration (3-1), we
can see the map B is an isomorphism. Then there is €;; € 744 (D2¥)Vvn (§2d=1)Vn) guch that

(3-6) Pxob(eij) = —lai, Bjl,
implying
8((i. Bj] = Ba(eif)) = —lei. B — Px 0 b(eij) = 0.
Hence by Lemma 3.4,
(3-7) [oi, Bj]— B(ei) = 1 (i)
such that ¢;; is a linear combination of yx; € 441 (Y) fork, [ =1,...,n.
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Lemma 3.6 The Whitehead product [«;, 8] vanishes if and only if p«({;j) =0, where p:Y — Y /X
denotes the pinch map.

Proof Since B4 in (3-5) is an isomorphism, it follows from (3-6) that [o;, 8;] = 0 if and only if €;; = 0.
By (3-2),
(Y/X)4g—n=S8*%v...v 82
n
SO Px O ,g* in (3-5) is an isomorphism. Then ¢;; = 0 if and only if px o B* (€ij) = 0. On the other hand,
px (o, Ej]) =0 as px(a;) =0, so by (3-7), we get

px 0 Bu(eif) + pu(Gij) = px(leu, Bj]) = 0.
Thus p« 0 Bx(eij) = 0 if and only if p«(¢;;) = 0. o
Now we are ready to prove:

Proposition 3.7 The Whitehead products [«;, B;] are trivial fori, j =1, ..., n if and only if S g =0
in Zs[tq, ..., t,] for all k.

Proof By the homotopy fibration (3-1), we can see that 7,741 (X) is a finite group, so the map tx in (3-5)
is injective by Lemma 3.4. In particular, Im ¢, is a free abelian group. On the other hand, by Lemma 3.5
and (3-7), the subgroup 4 of my441(Y, X) generated by t4(§;;) fori, j =1,...,n is a maximal free
abelian subgroup of 75741 (Y, X). Then since A C Im ¢4, we obtain A = Im ¢4, implying that p«(g;;) =0
fori, j =1,...,nif and only if px(y;j) =0 fori,j =1,...,n.

By Lemma 3.2, the (2d)-cells in (3-2) correspond to ¢y, ..., ¢y, and by (3-2) and (3-4),

Y/ X)2a42 = (821 v -V S2D) Up 1) €H Up, 1)+ Upu G €292
n
such that the (2d +2)-cells may be considered to be corresponding to t;g; for i, j = 1,...,n. Then as
the generator of 75441 (S24) = 7, is detected by Sq?, we get that py (¥ij) = 0 if and only if Sq? g
does not include the terms #;g; in H*(Y/X:Z,) fork =1,...,n. Note thatin H*(Y; Z,), Sq° ¢ must
belong to the ideal (¢, ..., ¢g,) and every degree 2d + 2 element of (¢1,...,qy) is a linear combination
of tigj fori, j =1,...,n. Then since the natural map H*(Y/X:Z,) — H*(Y;Z5) is injective for
2d < % < 2d + 2, the above condition on Sq? g in H*(Y /X ; Z,) is equivalent to that Sq* g5 = 0 in
H*(Y;Z2) =Zst1, ..., t)] (x<2d +2)fork =1,...,n. o

4 Quasitoric manifolds over (A3)"

In this section, we prove Theorems 1.1 and 1.2. We fix an ordering of the facets of (A3)” as in [7] to
consider characteristic matrices over (A3)”. Let Fy, F,, F3, F4 be the facets of A3, where any choice of
ordering will do by symmetry. Then facets of (A3)”" are

Fij = (A% 7 x Fpxa?y'!
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fori =1,...,nand j =1,2,3,4. We fix an ordering of facets as
Fi1, Fra, Fi3, Fra, Fa1, Fao, Fo3, Fag, oo Fyy, Fa, Fus, Faa,

where this ordering is used in Theorems 1.1 and 1.2.

Lemma 4.1 Every characteristic matrix over (A3)" is equivalent to a matrix

E3 ay apz aps a1n
azy Ejz azx az;s azp
as aszy Ej3 as;s asp
ani [77%) ap3 E3 apy
fora;j € Z* such thata;; ='(1,1,1) fori = 1,...,n.
— 1 1 1 1 2 12 12 12 n pn pn pn ot . 3\n
Proof L.etB—(b1 by by b, by b5 by by --- b} by bY b)) be a characteristic matrix over (A°)",
where bJ’. € Z3". Since the facets of (A3)" except for Fi4, Fas, ..., Fy4 meet at a vertex, the matrix
0= (bl1 b; b; bf b% b§ -+ b} b} b%) is invertible, so B is equivalent to
E; ¢y C12 €13 Cln
21 E3 22 €23 Can
07 'B= €31 32 E3 ¢33 C3n
Cn1 7)) Cn3 E3 cun
for ¢;j € 73. Since the facets of (A%)" except for Fi4, ..., Fi_14, Fij, Fiy1.4. ..., Fn4 meet at a vertex

fori=1,....,nand j =1,2,3,

E3i-1)
det C,'j ==+l

E3(n—i)

fori =1,...,nand j = 1,2, 3, where C;; is the 3x4 matrix (E3 ¢;;) with j-th column removed. Then
we get ¢;; = '(£1, 1, £1). Since multiplying columns and rows of a characteristic matrix by —1 yields
an equivalent characteristic matrix, we obtain that Q! B is equivalent to the matrix in the statement. O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Propositions 2.2 and 2.8, we only need to consider a quasitoric manifold M (A4)
over (A®)" such that A4 is a characteristic matrix over (A*)” in Lemma 4.1. By [8, Theorem 4.14],

H*(M(A)) =Z[tijli=1,....n, j=12,3,4]/1+J, |tij|=2,
where I = (¢;1ti2ti3tia |i = 1,...,n) and

n
J = (Zij+2a{ktk4‘i=1,...,n, j:1,2,3),
k=1
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where a;;, = ‘(a}k, al.zk, a?k). So we get
4-1) H*(M(A) =Z[t1,....t:]/(q1,....qn), |ti| =2,

such that

3 n
qi =1l 1_[ ( Z a{klk),
k=1

where we put ; = ;4. Now

3 n
6 g = 1+ 30 Y alte Jor = (1 -+l + -+ afpn -+ el + e+ e Ja
j=1k=1 k#i
k#i
because a;; = (1,1, 1). Thus by Lemma 3.1 and Proposition 3.7, the Whitehead products [«;, B;] are
trivial for i, j = 1,...,n if and only if (1,1, 1)a;; = a;; +aj; +a}; =0 mod2 for all i # j. On the
other hand, by the adjointness of Whitehead products and Samelson products [22], the Whitehead
product [c;, B;] is trivial if and only if the Samelson product (a;, b;) is trivial, where a; and b; are as in
Section 3. Therefore by Lemma 2.9, the proof is finished. a

Hereafter, let k& be a positive integer. For n > 1, we define a graded algebra
H(k,n) =Z[ty,... . tal/(t] +ktity, ...t} +kt]_ta,ty), |ti| =2.
We need the following properties of H (k,n).
Lemma 4.2 If x € H(k,n) satisfies |x| = 2 and x* = 0, then x = at,, for some a € 7.

Proof Since |x| =2, we may put x = a;t; +--- + ant, for integers a1, ..., a, € Z. Note that the set
{ti tiytisti, | 1 iy <ip <i3 <i4 <n, iy <i4}is abasis of the degree-8 part of H(k,n). We express x4
as a linear combination of this basis. Then x* includes the term 6afa]2.ti21j2 fori # j, implying a;a; =0
for i # j. This readily implies x = a;#; for some 1 <i <n. On the other hand, tl.4 =01in H(k,n) if and

only if i =n. |

Lemma 4.3 If connected graded rings A, B have nontrivial elements of degree two, then H (k,n) is not
isomorphicto A ® B.

Proof We prove the statement by induction on n. For n = 1, the statement holds because the degree-two
part of H(k, 1) is isomorphic to Z. We assume the n = m case, and prove the n = m + 1 case. Suppose
that there is an isomorphism f : H(k,m+1) > A® B. We may put f(t,,+1) =a+ b fora € A and
b € B, where |a| = |b| = 2. Then

0= f'(t31+1) =a*+4a’b + 6a%b? + 4ab® + b*.
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Since H(k,m+ 1) =~ A® B, A and B are isomorphic to polynomial rings in degrees < 8, implying
a=0orb=0. We may assume b = 0. Then f induces an isomorphism

[ Hkom+1)/(tm+1) — (4/(a)) ® B.
Since H (k,m+1)/(tm+1)= H (k,m), it follows from the assumption that 4 /(a)=Z. Sot= " (f (tm))

and f,,, are linearly independent in H(k,m + 1), and t* = t;:l +1

Lemma 4.2, and therefore H(k,m + 1) is not isomorphic to 4 ® B. |

= 0. This is a contradiction by

For the rest of the paper, we set n > 2. Let M (k,n) denote the quasitoric manifold in Theorem 1.2.
Then by (4-1),

(4-2) H*(M(k,n)) = H(k,n).

We remark that M (k, n) is a generalized Bott manifold such that M (k,n + 1) is the projectivization of a
complex vector bundle E @ C3 — M (k,n), where E is the complex line bundle with total Chern class
¢(E) =14 kt; and C denotes the trivial bundle. We show atomicity of M (k, n) with respect to products
of quasitoric manifolds.

Proposition 4.4 The quasitoric manifold M (k,n) is not homotopy equivalent to a product of two
nontrivial quasitoric manifolds.

Proof Let M (k,n) ~ M x N for nontrivial quasitoric manifolds M, N. Then by the Kiinneth formula,
H(k,n)=~ H*(M)® H*(N).

Thus the statement follows from Lemma 4.3. d

Now we start to prove Theorem 1.2. The following lemma is immediate from Lemma 4.2.
Lemma 4.5 Every graded algebra isomorphism f : H(k,n) => H(l,n) satisfies

S(tn) = £tn.
For j =1,...,n, we define an ideal of H(k,n) by
Ii(k,n) = (ta—jy1:th—jt2. - In).

Then we get a sequence
Ii(k,n) C Iy(k,n) C--- C Iy(k,n).

Lemma 4.6 Every graded algebra isomorphism f : H(k,n) => H(l,n) satisfies
SUjlk,n))=1;(l,n)

forj=1,...,n.
Proof We show f(Ij(k,n)) = I;j(/,n) by induction on j. For j =1, f(Ii(k,n)) = I;(/l,n) by
Lemma 4.5. Assume that the statement holds for j = 1,..., p. Then the map f induces an isomorphism

f 1 H(k,n)/I,(k,n) => H(l,n)/I,(,n).
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On the other hand, there is a natural isomorphism
H(M,n)/lp(m,n) = H(m’n _p)

for any positive integer m such that Iy (m,n — p) in H(m,n — p) lifts to I, 1 (m,n) in H(m,n). By the
induction hypothesis, f(I;(k,n— p)) C I;(k,n— p) through the above natural isomorphism. Thus we
get f(Upyi(k,n))=1Iy,11(/,n). |
Proposition 4.7 H(k,n) =~ H(l,n) ifand only itk = 1.
Proof The if part is trivial, and we consider the only if part. First, we consider the n = 2 case. Suppose
there is an isomorphism [ : H(k,2) => H(l,2). By Lemma 4.6,

f(t) =ei(ti+ctz) and  f(t2) = €extr
for €1,€, = %1 and an integer ¢, so we get

0= f(tf + ktftz) = @4c—1+ kelez)tftz + (6¢% + 3kelezc)t12t22 + (43 + 3k€16262)Z1Z23.
Then since lftz, t12l22, t1t23 are linearly independent in H(/, n), we obtain
6¢% + 3kejerc =0, 4¢3 +3kejerc? =0, 4de—1+kejes =0.

By the first two equations, we get ¢ = 0, so by the third equation, we obtain k =/, as desired.
Next, we consider the n > 2 case. Let H(m) denote the subalgebra of H(m, n) generated by #,_;
and #;. Then there is a canonical isomorphism

H(m) >~ H(m,?2).

Suppose there is an isomorphism f : H(k,n) => H(I,n). Then by Lemma 4.6, the map f restricts to
an isomorphism

H(k)=> H(]).
Thus by the n = 2 case, we get k = 1. a

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2 The first statement follows from Theorem 1.1, and the second statement follows
from (4-2) and Proposition 4.7. O
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