
ATG

Algebraic & Geometric
Topology

msp

Volume 26 (2026)

Homotopy commutativity in quasitoric manifolds

SHO HASUI, DAISUKE KISHIMOTO, YICHEN TONG AND MITSUNOBU TSUTAYA



msp
Algebraic & Geometric Topology 26:4 (2026) 1549–1564

DOI: 10.2140/agt.2026.26.1549
Published: April 25, 2026

Homotopy commutativity in quasitoric manifolds

SHO HASUI, DAISUKE KISHIMOTO, YICHEN TONG AND MITSUNOBU TSUTAYA

We prove that the loop space of a quasitoric manifold is homotopy commutative if and only if the
underlying polytope is a product of 3-simplices .�3/n and the characteristic matrix is equivalent to a
matrix of certain type. Quasitoric manifolds over .�3/n include generalized Bott manifolds, and we also
construct an infinite family of homotopy nonequivalent generalized Bott manifolds over .�3/n, only half
of them have homotopy commutative loop spaces. In particular, for each n� 2, there are infinitely many
homotopy types of 6n-dimensional quasitoric manifolds having homotopy (non)commutative loop spaces.

1 Introduction

Quasitoric manifolds were introduced by Davis and Januszkiewicz [8] as a topological counterpart of
smooth projective toric varieties. By definition, a quasitoric manifold is a closed manifold of dimension 2n

equipped with a locally standard action of T n such that the orbit space M=T n is isomorphic to an
n-dimensional simple polytope as a manifold with corners. Recall that every toric variety is constructed
from a fan, a combinatorial object. There is a similar combinatorial construction of quasitoric manifolds,
each of which is equivalent (in a precise sense defined in Section 2) to that associated to a simple
polytope P and a certain characteristic matrix over P . Here, we remark that our equivalences of quasitoric
manifolds are weaker than those in [8] as they respect a fixed isomorphism M=T nŠP while ours do not.

It is well known that properties of a toric variety are described in terms of the corresponding fan,
which exhibits a fascinating connection between algebraic geometry and combinatorics. Then it may be
possible to describe topological properties of a quasitoric manifold in terms of the underlying simple
polytope and the characteristic matrix, which also exhibits a fascinating connection between topology
and combinatorics. There are examples of such descriptions for quasitoric manifolds, cohomology and
Chern classes as in [8].

The understanding of a given space goes often through the study of its loop space. A first question is
then whether or not it is commutative, up to homotopy. In this paper, we study the homotopy commutativity
of the loop space of a quasitoric manifold. See [1; 2; 9; 10; 14; 15; 16; 19; 25] for other results on the
loop spaces of quasitoric manifolds and related spaces. Complex projective spaces are special quasitoric
manifolds, and the homotopy commutativity of their loop spaces were determined by Ganea [13]. The
first result completely determines whether or not the loop space of any quasitoric manifold is homotopy
commutative in terms of the underlying simple polytope and the characteristic matrix. Let �n and En

denote the n-simplex and the n-dimensional identity matrix.
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Theorem 1.1 The loop space of a quasitoric manifold over a simple polytope P is homotopy commutative
if and only if P D .�3/n and the characteristic matrix is equivalent to

(1-1)

0BBBBB@
E3 a11 a12 a13 a1n

a21 E3 a22 a23 a2n

a31 a32 E3 a33 a3n
:::

:::
:::

: : :
:::

an1 an2 an3 E3 ann

1CCCCCA
for aij 2 Z3 such that

(1-2) aii D
t.1; 1; 1/ and .1; 1; 1/aij � 0 mod 2 .i ¤ j /;

where the facets of .�3/n are ordered as in Section 4.

Remarks on Theorem 1.1 are in order. First, equivalences of characteristic matrices will be defined in
Section 2. Second, the loop spaces of quasitoric manifolds over a common simple polytope have the same
homotopy type. Then Theorem 1.1 may indicate that there are quasitoric manifolds whose loop spaces are
homotopy equivalent but not H-equivalent, which is verified by Theorem 1.2 below. Third, we can further
consider the higher homotopy commutativity of the loop space of a quasitoric manifold if it is homotopy
commutative. Actually, by looking at the cohomology of a quasitoric manifold, we can find a nontrivial
quadruple higher Whitehead product if its loop space is homotopy commutative. Then if the loop space
of a quasitoric manifold is homotopy commutative, it is not a C4-space in the sense of Williams [24], so
it is not very highly homotopy commutative. Fourth, every characteristic matrix over .�3/n is equivalent
to the matrix (1-1) satisfying the first condition of (1-2) (Lemma 4.1). Then the second condition of (1-2)
guarantees that the loop space of a quasitoric manifold over .�3/n is homotopy commutative. On the
other hand, CPn is a quasitoric manifold over �n, and in particular, a characteristic matrix of CP3 is

(1-3) B D

0@1 0 0 1

0 1 0 1

0 0 1 1

1A:
Then Theorem 1.1 recovers Ganea’s result [13] that the loop space of CPn is homotopy commutative if
and only if nD 3, where CPn is a quasitoric manifold over �n. Thus Theorem 1.1 can be thought of as
an extension of Ganea’s result. See [20; 21] for other extensions of Ganea’s result.

As mentioned above, every characteristic matrix over �3 is equivalent to (1-3), so every quasitoric
manifold over �3 is equivalent to CP3 (see [8, Example 1.18]). However, in general, it is quite hard to
describe all characteristic matrices over a given simple polytope, and this is the case for .�3/n with n� 2

as in [7]. Then one cannot immediately see how many nonequivalent quasitoric manifolds over .�3/n

for n� 2 there are, whose loop spaces are (not) homotopy commutative. For each n� 2, we construct
an infinite family of homotopy nonequivalent quasitoric manifolds over .�3/n, only half of them have
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homotopy commutative loop spaces. Let B be as in (1-3), and let

N D

0@0 0 0 1

0 0 0 0

0 0 0 0

1A:
For k > 0 and n� 2, we define a 3n�4n matrix

B.k; n/D

0BBBBB@
B kN

B kN
: : :

: : :

B kN

B

1CCCCCA:

The matrix B.k; n/ is a characteristic matrix over .�3/n, so we get the corresponding quasitoric mani-
fold M.k; n/ over .�3/n. Note that M.k; n/ is defined only for n� 2 and a positive integer k. Observe
that Theorem 1.1 shows that the loop space of M.k; n/ is homotopy commutative if and only if k is
even. The second result concerns the homotopy types of M.k; n/, which implies that for each n � 2,
there are infinitely many homotopy types of 6n-dimensional quasitoric manifolds having homotopy
(non)commutative loop spaces.

Theorem 1.2 The quasitoric manifolds M.k; n/ and M.l; n/ are not homotopy equivalent for k ¤ l .

Remarks on Theorem 1.2 are in order. First, the quasitoric manifold M.k; n/ is a so-called generalized
Bott manifold, that is, M.k; n/ is obtained by iterated “nice” CP3-bundles starting from a point. Second,
we will actually prove that M.k; n/ satisfies cohomological rigidity; M.k; n/ and M.l; n/ are equivalent
if and only if their integral cohomology are isomorphic. Third, if Mi is a quasitoric manifold over Pi for
i D 1; : : : ; n, then M1 � � � � �Mn is a quasitoric manifold over P1 � � � � �Pn. Hence one can construct
a quasitoric manifold over .�3/n from quasitoric manifolds over .�3/m for m< n. However, M.k; n/

is not equivalent to a product of nontrivial quasitoric manifolds (Proposition 4.4), so it is an “atomic”
quasitoric manifold over .�3/n.

The paper is organized as follows. In Section 2, we recall the basics of quasitoric manifolds, and show
a loop space decomposition of quasitoric manifolds. Then by using this decomposition, we deduce that
the loop space of a quasitoric manifold is homotopy commutative only if the underlying simple polytope
is a product of �3. In Section 3, we extend the method of Barrat, James and Stein [4] for computing
Whitehead products. In Section 4, we prove Theorem 1.1 by applying the results in Sections 2 and 3. We
also prove Theorem 1.2 by a direct cohomology computation.

2 Loop space decomposition
In this section, we recall the basic properties of quasitoric manifolds, and show a loop space decomposition
of a quasitoric manifold. Then by applying this decomposition, we prove that the loop space of a quasitoric
manifold is not homotopy commutative unless its underlying simple polytope is .�3/n.
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First, we define characteristic matrices over a simple polytope and equivalences among them. Let P

be an n-dimensional convex polytope. A codimension one face of P will be called a facet. We say that P

is simple if exactly n facets of P meet at each vertex. For example, simplices are simple polytopes,
and a product of simple polytopes is a simple polytope. Suppose that P is simple and has m facets
F1; : : : ;Fm. A characteristic matrix over P is an integer matrix .a1 � � � am/ for a1; : : : ; am 2 Zn such
that det.ai1

� � � ain
/D˙1 whenever Fi1

\� � �\Fin
¤¿ for i1 < � � �< in. Since an automorphism of P as

a combinatorial polytope permutes facets, it acts on characteristic matrices over P by column permutation.
We define that characteristic matrices A and B over P are equivalent if

(2-1) AD ˛ � .QBD/

for Q 2 GLn.Z/, a diagonal matrix D with diagonal entries ˙1 and an automorphism ˛ of P .
Next, we recall the construction of a quasitoric manifold using a moment-angle complex. Let K be

a simplicial complex with vertex set Œm� D f1; 2; : : : ;mg, where an ordering of vertices is given. The
moment-angle complex for K is defined by

ZK D

[
�2K

Z.�/;

where Z.�/ D X1 � � � � � Xm such that Xi D D2 for i 2 � and Xi D S1 for i 62 � . Note that the
m-dimensional torus T m acts naturally on ZK . We will use the following obvious property of a moment-
angle complex. For ¿¤ I � Œm�, let

KI D f� 2K j � � Ig:

Lemma 2.1 For ¿¤ I � Œm�, ZKI
is a retract of ZK .

Proof We can identify ZKI
with the subspace

f.x1; : : : ;xm/ 2ZK j xi is the basepoint for i 2 Ig

of ZK .

Let P be an n-dimensional simple polytope with m facets. Let K.P / denote the boundary of the dual
simplicial polytope of P . Then K.P / is an .n�1/-dimensional simplicial sphere with m vertices. Let
A be a characteristic matrix over P . Then the kernel of the linear map A W Zm ! Zn defines a split
subtorus T .A/ of dimension m� n which acts freely on ZK.P/. Let

M.A/DZK.P/=T .A/:

By [8], we have:

Proposition 2.2 The orbit space M.A/ is a quasitoric manifold over P such that every quasitoric manifold
over P is equivalent to M.A/ for some characteristic matrix A over P .
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Let M and N be quasitoric manifolds of dimension 2n. A map f WM !N is weakly equivariant if
there is an automorphism � W T n! T n such that

f .tx/D �.t/f .x/

for t 2T n and x2M . We say that M and N are equivalent if there is a weakly equivariant homeomorphism
between them. Note that if M and N are equivalent, their underlying simple polytopes are isomorphic.
Then equivalent quasitoric manifolds are essentially the same. As remarked in Section 1, our equivalences
of quasitoric manifolds are weaker than those in [8] as Davis and Januszkiewicz demand equivalences
to preserve an extra structure, a fixed isomorphism between M=T n and a simple polytope. By [8], we
also have:

Proposition 2.3 The quasitoric manifolds M.A1/ and M.A2/ over P are equivalent if and only if the
characteristic matrices A1 and A2 are equivalent as in (2-1).

Now we prove a loop decomposition of a quasitoric manifold.

Proposition 2.4 Let M be a quasitoric manifold over an n-dimensional simple polytope P with m facets.
Then there is a homotopy equivalence

�M ' T m�n
��ZK.P/:

Proof By Proposition 2.2, there is a homotopy fibration ZK.P/!M!BT m�n, so we get an H-fibration

�ZK.P/!�M ! T m�n:

By [6, Theorem 3.4.7], ZK.P/ is 2-connected, so �ZK.P/ is simply connected. Then the map �M !

T m�n has a section, implying the above H-fibration splits.

We record an obvious fact about homotopy commutativity.

Lemma 2.5 Let X , Y be H-groups , and let f WX ! Y be an H-map. If X is not homotopy commutative
and f has a left homotopy inverse , then Y is not homotopy commutative.

Proof Let g WY !X be a left homotopy inverse of f . If Y is homotopy commutative, then by definition,
the Samelson product hf; f i is trivial, implying a contradiction

0¤ h1X ; 1X i D g ıf ı h1X ; 1X i D g ı hf; f i D 0:

Now we consider conditions on the underlying polytope of a quasitoric manifold M that guarantee�M

is not homotopy commutative. Let K be a simplicial complex. We say that a nonempty subset I of the
vertex set of K is a minimal nonface of K if I is not a simplex of K and all proper subsets of I are
simplices of K. Equivalently, KI D @�

jI j�1.

Lemma 2.6 Let P be a simple polytope. If K.P / has a minimal nonface of cardinality 2, 3 or � 5, then
the loop space of a quasitoric manifold over P is not homotopy commutative.
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Proof By Proposition 2.4 and Lemma 2.5, it suffices to show �ZK.P/ is not homotopy commutative.
Let I be a minimal nonface of K.P / of cardinality k. Then ZK.P/I D Z@�k�1 D S2k�1, so by
Lemma 2.1, S2k�1 is a retract of ZK.P/. By [3], the Whitehead product Œ1S2k�1 ; 1S2k�1 � is nontrivial
for k D 3 and k � 5, so by the adjointness of Whitehead products and Samelson products [22], �S2k�1

is not homotopy commutative for k D 3 and k � 5. Thus by Proposition 2.4 and Lemma 2.5, �ZK.P/ is
not homotopy commutative either.

Now we suppose k D 2. Let M be a quasitoric manifold over P . Since S3 is a retract of ZK.P/,
H 3.ZK.P/IQ/ has a basis fu1; : : : ;ulg for some l � 1. By Proposition 2.2, there is a homotopy fibration

ZK.P/!M ! BT m�n;

where m is the number of facets of P and nD dim P . By [6, Theorem 3.4.7], ZK.P/ is 2-connected, so
in the Serre spectral sequence of the above homotopy fibration, each ui is transgressive. Moreover, by
[8, Proposition 3.10], H�.M IQ/ is generated by elements of degree two, so the transgression images of
u1; : : : ;ul are linearly independent. Then we get

H�.M IQ/DQŒt1; : : : ; tm�n�=.q1; : : : ; ql/; jti j D 2;

for � � 5, where qi is the transgression image of ui . This readily implies that the minimal Sullivan model
for M is given by

.QŒt1; : : : ; tm�n�˝ƒ.x1; : : : ;xl/; d/; dti D 0; dxi D qi ;

in dimension � 4. Since jqi j D 4, qi is a quadratic polynomial in t1; : : : ; tm�n. Thus by Proposition 13.16
of [11], M has nontrivial Whitehead product, implying �M is not homotopy commutative.

Lemma 2.7 Let P be a simple polytope. If K.P / has intersecting distinct minimal nonfaces , then the
loop space of a quasitoric manifold over P is not homotopy commutative.

Proof Let I1, I2 be minimal nonfaces of K.P / with I1 ¤ I2 and I1\ I2 ¤¿. Let jI1\ I2j D j > 0

and jIk j D ik C j for k D 1; 2. Then for k D 1; 2,

ZK.P/Ik
D S2.ikCj/�1:

Let �k WZK.P/Ik
!ZK.P/I1[I2

be the inclusion, and let vk be a generator of H 2.ikCj/�1.ZK.P/Ik
/ŠZ.

Then by Lemma 2.1, there is uk 2H 2.ikCj/�1.ZK.P/I1[I2
/ satisfying ��

k
.uk/D vk for k D 1; 2. Now

we assume that the Whitehead product Œ�1; �2� is trivial. Then there is a homotopy commutative diagram

ZK.P/I1
_ZK.P/I2

�1C�2 //

��

ZK.P/I1[I2

ZK.P/I1
�ZK.P/I2

�
// ZK.P/I1[I2
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Hence ��.u1/D v1 � 1 and ��.u2/D 1� v2, so

��.u1u2/D �
�.u1/�

�.u2/D v1 � v2 ¤ 0:

Thus we get u1u2¤ 0. On the other hand, since K.P /I1[I2
has at least two minimal nonfaces, it is not a

full simplex, implying dim ZK.P/I1[I2
� 2.i1C i2C j /� 1. Then

ju1u2j D 2.i1C i2C j /� 2C 2j > 2.i1C i2C j /� 1� dim ZK.P/I1[I2

as j > 0, so we get u1u2 D 0, a contradiction. Thus the Whitehead product Œ�1; �2� is nontrivial, so
�ZK.P/I1[I2

is not homotopy commutative. Therefore by Lemma 2.5, �ZK.P/ is not homotopy
commutative too.

Now we are ready to prove:

Proposition 2.8 Let M be a quasitoric manifold over a simple polytope P . If the loop space of M is
homotopy commutative , then P D .�3/n.

Proof Suppose �M is homotopy commutative. Then by Lemmas 2.6 and 2.7, minimal nonfaces
of K.P / are of cardinality 4 and pairwise disjoint. Then

K.P /D @�3 ? � � �? @�3„ ƒ‚ …
n

?�l

for some l � �1, where ��1 D f¿g. Since K.P / is a simplicial sphere, we have l D�1, so

K.P /D @�3 ? � � �? @�3„ ƒ‚ …
n

:

Thus we obtain P D .�3/n, as stated.

We further consider a condition equivalent to the loop space of a quasitoric manifold over .�3/n being
homotopy commutative. As in the proof of Proposition 2.8, if P D .�3/n, then K.P / is the join of n

copies of @�3, implying
ZK.P/ D .S

7/n:

Let M be a quasitoric manifold over .�3/n. Then by Proposition 2.4, there is a homotopy equivalence

�M ' .S1/n � .�S7/n;

which is not necessarily an H-equivalence. For i D 1; : : : ; n, let ai W S
1!�M and bi W S

6!�M be
the composite maps

S1 gi
�! .S1/n!�M and S6 E

�!�S7 gi
�! .�S7/n!�M;

where gi and E denote the i -th inclusion and the suspension map, respectively.

Lemma 2.9 Let M be a quasitoric manifold over .�3/n. The loop space of M is homotopy commutative
if and only if the Samelson products hai ; bj i for i; j D 1; : : : ; n are trivial.
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Proof For i D 1; : : : ; n, let Nbi W�S7!�M denote the composite of the i -th inclusion �S7! .�S7/n

and the natural map .�S7/n!�M . By [18, Proposition 1],�M is homotopy commutative if and only if
the Samelson products hai ; aj i, hai ; Nbj i, h Nbi ; Nbj i for i; j D 1; : : : ; n are trivial. Clearly, hai ; aj i are trivial.
By [13, Lemma 2.1], hai ; Nbj i D 0 if and only if hai ; bj i D 0, and h Nbi ; Nbj i D 0 if and only if hbi ; bj i D 0.
Note that each bi W S

6!�M lifts to a map Qbi W S
6! .�S7/n. Then the Samelson products hbi ; bj i

in �M lift to the Samelson products h Qbi ; Qbj i in .�S7/n. Hence since .�S7/n is homotopy commutative,
h Qbi ; Qbj i are trivial, implying so are hbi ; bj i.

3 Computation of Whitehead products

In this section, we extend the method of Barrat, James, and Stein [4] computing Whitehead products.
The coefficients of cohomology will be the integers Z.

Let X be a simply connected finite complex satisfying a homotopy fibration

(3-1) .S2d�1/n
�
�!X

�
�! .CP1/n

for d � 3 such that

H�.X /D ZŒt1; : : : ; tn�=.q1; : : : ; qn/; jti j D 2; jqi j D 2d;

where for i D 1; : : : ; n, ti corresponds to the fundamental class of the i-th CP1 in .CP1/n and
qi 2 ZŒt1; : : : ; tn� is the transgression image of a generator of H 2d�1.S2d�1/ for the i-th S2d�1

in .S2d�1/n.

Lemma 3.1 The sequence q1; : : : ; qn in ZŒt1; : : : ; tn� is regular.

Proof For any field F , F Œt1; : : : ; tn� is Cohen–Macaulay, and the Krull dimension of H�.X /˝F is zero
as X is a finite complex. Then the sequence q1; : : : ; qn is regular in F Œt1; : : : ; tn� for any field F , so the
sequence q1; : : : ; qn is regular in ZŒt1; : : : ; tn� too, as stated.

We consider the cofiber Y of the map � W .S2d�1/n!X . For i D 1; : : : ; n, let ˇi W S
2d�1!X be

the composite

S2d�1 i-th incl
����! .S2d�1/n

�
�!X:

Then by degree reasons,

(3-2) Y4d�2 DX4d�2[ˇ1
e2d
[ˇ2
� � � [ˇn

e2d ;

where Yk denotes the k-skeleton of Y .

Lemma 3.2 For � � 2d C 3,

H�.Y /D ZŒt1; : : : ; tn�=.tiqj j i; j D 1; : : : ; n/:
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Proof Let ui 2H 2d�1..S2d�1/n/ denote the generator corresponding to the i -th S2d�1 in .S2d�1/n.
By Lemma 3.1, the elements q1; : : : ; qn of ZŒt1; : : : ; tn� are linearly independent, so we may assume

�.ui/D qi

for i D 1; : : : ; n, where � denotes the transgression in the Serre spectral sequence for the homotopy
fibration (3-1), implying

ı.ui/D �
�.qi/

for the connecting map ı W H��1..S2d�1/n/! H�.X; .S2d�1/n/ of the long exact sequence for the
pair .X; .S2d�1/n/ and the map

(3-3) �� WH�..CP1/n/!H�.X; .S2d�1/n/:

By degree reasons, the kernel of the composite

H 2d ..CP1/n/
��

��!H 2d .X; .S2d�1/n/!H 2d .X /

is generated by q1; : : : ; qn. Then the map (3-3) for � D 2d is an isomorphism. Thus since �H�.Y / Š
H�.X; .S2d�1/n/, it follows from (3-2) that the map (3-3) is an isomorphism for 1� � � 2d . On the
other hand, the .2dC2/-dimensional part of the ideal .q1; : : : ; qn/ in ZŒt1; : : : ; tn� is generated by tiqj

for i; j D 1; : : : ; n. Then by (3-2), the proof is finished.

Let x� W Y ! .CP1/n denote an extension of the map � WX ! .CP1/n. Then by [12, Theorem 1.1],
the homotopy fiber of x� WY ! .CP1/n has the homotopy type of the join .S1/n?.S2d�1/n. We consider
the cofiber Y of the fiber inclusion of x� . Let gi WA!An denote the i -th inclusion for i D 1; : : : ; n, and
let 
ij denote the composite

S2dC1
D S1 ?S2d�1 gi?gj

����! .S1/n ? .S2d�1/n
incl
��! Y:

Then the map
n_

i;jD1

gi ?gj W

n_
i;jD1

S2dC1
! .S1/n ? .S2d�1/n

is an inclusion of the .2dC1/-skeleton and has a left homotopy inverse, implying

(3-4) Y 2dC2 D Y2dC2[
11
e2dC2

[
12
� � � [
nn

e2dC2:

Lemma 3.3 For � � 2d C 2,
H�.Y /D ZŒt1; : : : ; tn�:

Proof Since .S1/n?.S2d�1/n is homotopy equivalent to a wedge of spheres, all .2dC3/-cells of Y are
attached to Y2dC2. Then by Lemma 3.2 and (3-4), the .2dC3/-cells of Y do not kill any cohomology class
of Y 2dC2, implying H�.Y /DH�.Y 2dC2/ for �� 2dC2. Now by Lemma 3.1, tiqj for i; j D 1; : : : ; n

are linearly independent in ZŒt1; : : : ; tn�. Then by arguing as in the proof of Lemma 3.2, the statement
is proved.
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Lemma 3.4 The homotopy group �2dC1.Y / is a free abelian group generated by 
ij for i; j D 1; : : : ; n.

Proof The statement follows from the homotopy exact sequence of the homotopy fibration

.S1/n ? .S2d�1/n! Y ! .CP1/n;

where the .2dC1/-skeleton of .S1/n ? .S2d�1/n is described as above.

For i D 1; : : : ; n, let ˛i W S2 ! X be a map whose Hurewicz image is the dual of ti , and let
x̌

i W .D
2d ;S2d�1/! .Y;X / denote the obvious extension of ˇi W S

2d�1!X . Then

ı. x̌i/D ˇi

for the connecting homomorphism ı W��.Y;X /!���1.X /. We consider the relative Whitehead product
Œ˛i ; x̌j � 2 �2dC1.Y;X /. See [5] for the definition. By [5, (3.5)],

ı.Œ˛i ; x̌j �/D�Œ˛i ; ǰ �:

Let x� W .D2dC1;S2d /! .D2d ;S2d�1/ be the obvious extension of the Hopf map � W S2d ! S2d�1.
By [17, Theorem (1.4)] (see [23, (5.8)]), we can compute �2dC1.Y;X / as follows.

For a commutative ring R, let Rfa1; : : : ; akg denote the free R-module with a basis fa1; : : : ; akg.

Lemma 3.5 �2dC1.Y;X /D ZfŒ˛i ; x̌j � j i; j D 1; : : : ; ng˚Z2f
x̌

i ı x� j i D 1; : : : ; ng.

Let ˇ D ˇ1 _ � � � _ ˇn W .S
2d�1/_n! X and x̌ D x̌1 _ � � � _ x̌n W ..D2d /_n; .S2d�1/_n/! .Y;X /.

Let � W .A;�/! .A;B/ and � WA!A=B denote the inclusion and the pinch map, respectively. There is
a commutative diagram

(3-5)

�2dC1..D
2d /_n; .S2d�1/_n/

ı

Š
//

x̌
�

��

�2d ..S
2d�1/_n/

ˇ�
��

�2dC1.Y /
�� //

��
��

�2dC1.Y;X /
ı //

��
��

�2d .X /

�2dC1.Y=X / �2dC1.Y=X /

in which the middle row is exact. By the homotopy exact sequence for the homotopy fibration (3-1), we
can see the map ˇ� is an isomorphism. Then there is �ij 2 �2dC1..D

2d /_n; .S2d�1/_n/ such that

(3-6) ˇ� ı ı.�ij /D�Œ˛i ; ǰ �;

implying
ı.Œ˛i ; x̌j �� x̌�.�ij //D�Œ˛i ; ǰ ��ˇ� ı ı.�ij /D 0:

Hence by Lemma 3.4,

(3-7) Œ˛i ; x̌j �� x̌�.�ij /D ��.�ij /

such that �ij is a linear combination of 
kl 2 �2dC1.Y / for k; l D 1; : : : ; n.
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Lemma 3.6 The Whitehead product Œ˛i ; ǰ � vanishes if and only if ��.�ij /D 0, where � W Y ! Y=X

denotes the pinch map.

Proof Since ˇ� in (3-5) is an isomorphism, it follows from (3-6) that Œ˛i ; ǰ �D 0 if and only if �ij D 0.
By (3-2),

.Y=X /4d�2 D S2d
_ � � � _S2d„ ƒ‚ …

n

;

so �� ı x̌� in (3-5) is an isomorphism. Then �ij D 0 if and only if �� ı x̌�.�ij /D 0. On the other hand,
��.Œ˛i ; x̌j �/D 0 as ��.˛i/D 0, so by (3-7), we get

�� ı x̌�.�ij /C ��.�ij /D ��.Œ˛i ; x̌j �/D 0:

Thus �� ı x̌�.�ij /D 0 if and only if ��.�ij /D 0.

Now we are ready to prove:

Proposition 3.7 The Whitehead products Œ˛i ; ǰ � are trivial for i; j D 1; : : : ; n if and only if Sq2 qk D 0

in Z2Œt1; : : : ; tn� for all k.

Proof By the homotopy fibration (3-1), we can see that �2dC1.X / is a finite group, so the map �� in (3-5)
is injective by Lemma 3.4. In particular, Im �� is a free abelian group. On the other hand, by Lemma 3.5
and (3-7), the subgroup A of �2dC1.Y;X / generated by ��.�ij / for i; j D 1; : : : ; n is a maximal free
abelian subgroup of �2dC1.Y;X /. Then since A� Im ��, we obtain AD Im ��, implying that ��.�ij /D 0

for i; j D 1; : : : ; n if and only if ��.
ij /D 0 for i; j D 1; : : : ; n.
By Lemma 3.2, the .2d/-cells in (3-2) correspond to q1; : : : ; qn, and by (3-2) and (3-4),

.Y =X /2dC2 D .S
2d
_ � � � _S2d„ ƒ‚ …

n

/[��.
11/ e2dC2
[��.
12/ � � � [��.
nn/ e2dC2

such that the .2dC2/-cells may be considered to be corresponding to tiqj for i; j D 1; : : : ; n. Then as
the generator of �2dC1.S

2d / Š Z2 is detected by Sq2, we get that ��.
ij / D 0 if and only if Sq2 qk

does not include the terms tiqj in H�.Y =X IZ2/ for k D 1; : : : ; n. Note that in H�.Y IZ2/, Sq2 qk must
belong to the ideal .q1; : : : ; qn/ and every degree 2d C 2 element of .q1; : : : ; qn/ is a linear combination
of tiqj for i; j D 1; : : : ; n. Then since the natural map H�.Y =X IZ2/! H�.Y IZ2/ is injective for
2d � � � 2d C 2, the above condition on Sq2 qk in H�.Y =X IZ2/ is equivalent to that Sq2 qk D 0 in
H�.Y IZ2/D Z2Œt1; : : : ; tn� (� � 2d C 2) for k D 1; : : : ; n.

4 Quasitoric manifolds over .�3/n

In this section, we prove Theorems 1.1 and 1.2. We fix an ordering of the facets of .�3/n as in [7] to
consider characteristic matrices over .�3/n. Let F1, F2, F3, F4 be the facets of �3, where any choice of
ordering will do by symmetry. Then facets of .�3/n are

Fij D .�
3/i�1

�Fj � .�
3/n�i
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for i D 1; : : : ; n and j D 1; 2; 3; 4. We fix an ordering of facets as

F11;F12;F13;F14;F21;F22;F23;F24; : : : ;Fn1;Fn2;Fn3;Fn4;

where this ordering is used in Theorems 1.1 and 1.2.

Lemma 4.1 Every characteristic matrix over .�3/n is equivalent to a matrix0BBBBB@
E3 a11 a12 a13 a1n

a21 E3 a22 a23 a2n

a31 a32 E3 a33 a3n
:::

:::
:::

: : :
:::

an1 an2 an3 E3 ann

1CCCCCA
for aij 2 Z3 such that aii D

t.1; 1; 1/ for i D 1; : : : ; n.

Proof Let BD .b1
1

b1
2

b1
3

b1
4

b2
1

b2
2

b2
3

b2
4
� � � bn

1
bn

2
bn

3
bn

4
/ be a characteristic matrix over .�3/n,

where bi
j 2 Z3n. Since the facets of .�3/n except for F14;F24; : : : ;Fn4 meet at a vertex, the matrix

QD .b1
1

b1
2

b1
3

b2
1

b2
2

b2
3
� � � bn

1
bn

2
bn

3
/ is invertible, so B is equivalent to

Q�1B D

0BBBBB@
E3 c11 c12 c13 c1n

c21 E3 c22 c23 c2n

c31 c32 E3 c33 c3n
:::

:::
:::
: : :

:::

cn1 an2 cn3 E3 cnn

1CCCCCA
for cij 2Z3. Since the facets of .�3/n except for F14; : : : ;Fi�1;4;Fij ;FiC1;4; : : : ;Fn4 meet at a vertex
for i D 1; : : : ; n and j D 1; 2; 3,

det

0@E3.i�1/

Cij

E3.n�i/

1AD˙1

for i D 1; : : : ; n and j D 1; 2; 3, where Cij is the 3�4 matrix .E3 cii/ with j -th column removed. Then
we get cii D

t.˙1;˙1;˙1/. Since multiplying columns and rows of a characteristic matrix by �1 yields
an equivalent characteristic matrix, we obtain that Q�1B is equivalent to the matrix in the statement.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Propositions 2.2 and 2.8, we only need to consider a quasitoric manifold M.A/

over .�3/n such that A is a characteristic matrix over .�3/n in Lemma 4.1. By [8, Theorem 4.14],

H�.M.A//D ZŒtij j i D 1; : : : ; n; j D 1; 2; 3; 4�=I CJ; jtij j D 2;

where I D .ti1ti2ti3ti4 j i D 1; : : : ; n/ and

J D

�
tij C

nX
kD1

a
j

ik
tk4

ˇ̌̌
i D 1; : : : ; n; j D 1; 2; 3

�
;
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where aik D
t.a1

ik
; a2

ik
; a3

ik
/. So we get

(4-1) H�.M.A//D ZŒt1; : : : ; tn�=.q1; : : : ; qn/; jti j D 2;

such that

qi D ti

3Y
jD1

� nX
kD1

a
j

ik
tk

�
;

where we put ti D ti4. Now

Sq2 qi D

�
ti C

3X
jD1

nX
kD1

a
j

ik
tk

�
qi D

�
.1C a1

ii C a2
ii C a3

ii/ti C
X
k¤i

.a1
ik C a2

ik C a3
ik/tk

�
qi

D

X
k¤i

.a1
ik C a2

ik C a3
ik/tkqi

because aii D
t.1; 1; 1/. Thus by Lemma 3.1 and Proposition 3.7, the Whitehead products Œ˛i ; ǰ � are

trivial for i; j D 1; : : : ; n if and only if .1; 1; 1/aij D a1
ij C a2

ij C a3
ij � 0 mod 2 for all i ¤ j . On the

other hand, by the adjointness of Whitehead products and Samelson products [22], the Whitehead
product Œ˛i ; ǰ � is trivial if and only if the Samelson product hai ; bj i is trivial, where ai and bj are as in
Section 3. Therefore by Lemma 2.9, the proof is finished.

Hereafter, let k be a positive integer. For n� 1, we define a graded algebra

H.k; n/D ZŒt1; : : : ; tn�=.t
4
1 C kt3

1 t2; : : : ; t
4
n�1C kt3

n�1tn; t
4
n /; jti j D 2:

We need the following properties of H.k; n/.

Lemma 4.2 If x 2H.k; n/ satisfies jxj D 2 and x4 D 0, then x D atn for some a 2 Z.

Proof Since jxj D 2, we may put x D a1t1C � � �C antn for integers a1; : : : ; an 2 Z. Note that the set
fti1

ti2
ti3

ti4
j 1� i1 � i2 � i3 � i4 � n; i1 < i4g is a basis of the degree-8 part of H.k; n/. We express x4

as a linear combination of this basis. Then x4 includes the term 6a2
i a2

j t2
i t2

j for i ¤ j , implying aiaj D 0

for i ¤ j . This readily implies x D ai ti for some 1� i � n. On the other hand, t4
i D 0 in H.k; n/ if and

only if i D n.

Lemma 4.3 If connected graded rings A, B have nontrivial elements of degree two , then H.k; n/ is not
isomorphic to A˝B.

Proof We prove the statement by induction on n. For nD 1, the statement holds because the degree-two
part of H.k; 1/ is isomorphic to Z. We assume the nDm case, and prove the nDmC 1 case. Suppose
that there is an isomorphism f WH.k;mC 1/!A˝B. We may put f .tmC1/D aC b for a 2A and
b 2 B, where jaj D jbj D 2. Then

0D f .t4
mC1/D a4

C 4a3bC 6a2b2
C 4ab3

C b4:
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Since H.k;mC 1/ Š A˝B, A and B are isomorphic to polynomial rings in degrees < 8, implying
aD 0 or b D 0. We may assume b D 0. Then f induces an isomorphism

Nf WH.k;mC 1/=.tmC1/! .A=.a//˝B:

Since H.k;mC1/=.tmC1/ŠH.k;m/, it follows from the assumption that A=.a/DZ. So tDf �1. Nf .tm//

and tmC1 are linearly independent in H.k;mC 1/, and t4 D t4
mC1

D 0. This is a contradiction by
Lemma 4.2, and therefore H.k;mC 1/ is not isomorphic to A˝B.

For the rest of the paper, we set n� 2. Let M.k; n/ denote the quasitoric manifold in Theorem 1.2.
Then by (4-1),

(4-2) H�.M.k; n//DH.k; n/:

We remark that M.k; n/ is a generalized Bott manifold such that M.k; nC 1/ is the projectivization of a
complex vector bundle E˚C3!M.k; n/, where E is the complex line bundle with total Chern class
c.E/D 1Ckt1 and C denotes the trivial bundle. We show atomicity of M.k; n/ with respect to products
of quasitoric manifolds.

Proposition 4.4 The quasitoric manifold M.k; n/ is not homotopy equivalent to a product of two
nontrivial quasitoric manifolds.

Proof Let M.k; n/'M �N for nontrivial quasitoric manifolds M , N . Then by the Künneth formula,

H.k; n/ŠH�.M /˝H�.N /:

Thus the statement follows from Lemma 4.3.

Now we start to prove Theorem 1.2. The following lemma is immediate from Lemma 4.2.

Lemma 4.5 Every graded algebra isomorphism f WH.k; n/ Š�!H.l; n/ satisfies

f .tn/D˙tn:

For j D 1; : : : ; n, we define an ideal of H.k; n/ by

Ij .k; n/D .tn�jC1; tn�jC2; : : : ; tn/:

Then we get a sequence
I1.k; n/� I2.k; n/� � � � � In.k; n/:

Lemma 4.6 Every graded algebra isomorphism f WH.k; n/ Š�!H.l; n/ satisfies

f .Ij .k; n//D Ij .l; n/

for j D 1; : : : ; n.

Proof We show f .Ij .k; n// D Ij .l; n/ by induction on j . For j D 1, f .I1.k; n// D I1.l; n/ by
Lemma 4.5. Assume that the statement holds for j D 1; : : : ;p. Then the map f induces an isomorphism

Nf WH.k; n/=Ip.k; n/
Š�!H.l; n/=Ip.l; n/:
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On the other hand, there is a natural isomorphism

H.m; n/=Ip.m; n/ŠH.m; n�p/

for any positive integer m such that I1.m; n�p/ in H.m; n�p/ lifts to IpC1.m; n/ in H.m; n/. By the
induction hypothesis, Nf .I1.k; n�p//� I1.k; n�p/ through the above natural isomorphism. Thus we
get f .IpC1.k; n//D IpC1.l; n/.

Proposition 4.7 H.k; n/ŠH.l; n/ if and only if k D l .

Proof The if part is trivial, and we consider the only if part. First, we consider the nD 2 case. Suppose
there is an isomorphism f WH.k; 2/ Š�!H.l; 2/. By Lemma 4.6,

f .t1/D �1.t1C ct2/ and f .t2/D �2t2

for �1; �2 D˙1 and an integer c, so we get

0D f .t4
1 C kt3

1 t2/D .4c � l C k�1�2/t
3
1 t2C .6c2

C 3k�1�2c/t2
1 t2

2 C .4c3
C 3k�1�2c2/t1t3

2 :

Then since t3
1

t2, t2
1

t2
2

, t1t3
2

are linearly independent in H.l; n/, we obtain

6c2
C 3k�1�2c D 0; 4c3

C 3k�1�2c2
D 0; 4c � l C k�1�2 D 0:

By the first two equations, we get c D 0, so by the third equation, we obtain k D l , as desired.
Next, we consider the n > 2 case. Let H.m/ denote the subalgebra of H.m; n/ generated by tn�1

and tn. Then there is a canonical isomorphism

H.m/ŠH.m; 2/:

Suppose there is an isomorphism f WH.k; n/ Š�!H.l; n/. Then by Lemma 4.6, the map f restricts to
an isomorphism

H.k/ Š�!H.l/:

Thus by the nD 2 case, we get k D l .

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2 The first statement follows from Theorem 1.1, and the second statement follows
from (4-2) and Proposition 4.7.
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