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Tautological rings of fibrations

NILS PRIGGE

We study the analogue of tautological rings of fibre bundles in the context of fibrations with Poincaré
fibre, i.e., the ring obtained by fibre integrating powers of the fibrewise Euler class. We discuss how
to compute the Euler ring with tools from rational homotopy theory and completely determine the
tautological ring for even spheres, complex projective spaces and some products of odd spheres.

1 Introduction

Let � WE!B be a fibration with fibre X an oriented Poincaré duality space of formal dimension d (see
[35, Chapter 1]), which if X is a simply connected finite CW complex just means that one can choose a
fundamental class ŒX � 2Hd .X IZ/ that induces the Poincaré duality isomorphism for all local coefficient
systems. It is called oriented if the corresponding local coefficient system Hd .X IZ/ is trivial and we
choose an isomorphism Hd .X IZ/ Š Z. In [19, Section 3] the authors construct for such fibrations a
fibrewise Euler class efw.�/ 2H d .EIZ/ which extends the construction for smooth fibre bundles, i.e.,
if X is a closed, oriented manifold and � WE!B is an oriented fibre bundle, then the fibrewise Euler class
agrees with the Euler class of the vertical tangent bundle T�E!E which, if � is a smooth submersion,
is defined as the kernel of the differential of the projection map T�E WD ker.D� W TE! TB/� TE.

Using the fibrewise Euler class we can extend the construction of tautological classes of smooth fibre
bundles [14; 16; 23; 27] to fibrations. Recall that given a smooth, oriented fibre bundle � WE! B with
fibre M a closed manifold and a class c 2H jcj.B SO.d/IQ/, the fibre integral

�c.�/ WD
Z
�
c.T�E/ 2H jcj�d .BIQ/

is a characteristic class of the bundle and the subring R�.�/�H�.BIQ/ generated by all tautological
classes is called the tautological ring.

As we can define fibre integration more generally for oriented fibrations with Poincaré fibre (see
[6, Section 8] and Section 3), we obtain analogous characteristic classes of oriented fibrations � WE!B

with Poincaré fibre by setting

�i.�/ WD �!.e
fw.�/iC1/ 2H i�d .BIZ/;

where �! WH
�.EIZ/!H��d .BIZ/ is another notation for the fibre integration map. In particular, for

the universal oriented X -fibration that classifies oriented X -fibrations [30]

(1-1) X ,!E �
�! BhAutC.X /;
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1566 Nils Prigge

where the base BhAutC.X / is the classifying space of the monoid of orientation-preserving homotopy
self-equivalences hAutC.X /, we can study the subring generated by the tautological classes.

Note that while tautological classes of fibrations can be defined integrally, we only study the tautological
ring rationally due to the limitations of the techniques we use, and from now on we always use rational
coefficients which we omit from the notation.

Definition 1.1 Let X be an oriented Poincaré duality space of formal dimension d . The Euler ring E�.X /

is the subring of H�.BhAutC.X // generated by all tautological classes

(1-2) �i WD �!.e
fw.�/iC1/ 2H i�d .BhAutC.X //;

where efw.�/ 2H d .E/ is the fibrewise Euler class of the universal oriented X -fibration in (1-1).

Unlike the smooth tautological ring, the computation of the Euler ring E�.X / is a purely homotopy-
theoretic problem. The main content of this paper is to work out how one can use the models from
rational homotopy theory for fibrations to compute Euler rings. Specifically, we determine representatives
of the fibre integration maps and fibrewise Euler classes in terms of the algebraic models from rational
homotopy theory. The computation of the Euler ring turns out to be particularly tractable for rationally
elliptic spaces and we determine the Euler ring for two classes of examples.

Theorem A The Euler ring of complex projective space is E�.CPn/ŠQŒ�1; : : : ; �n�1; �nC1�.

Theorem B Let X be either rationally equivalent to S2kC1 � � � � � S2kC1 for k � 1 or a finite CW
complex rationally equivalent to a product of two odd-dimensional simply connected spheres of different
dimension. Then E�.X /DQ.

Some further computations of Euler rings can be found in the author’s thesis [25, Section 4.2]. One
can also extend the definition of the Euler ring for fibrations with extra structure to obtain, for example,
better homotopy-theoretic approximations to the smooth tautological ring [2]. Finally, these techniques
can be used to infer properties about smooth tautological rings [26].

2 Rational homotopy theory of fibrations
The classifying space BhAutC.X / is rarely simply connected even if X is, and therefore we cannot
immediately apply the results from rational homotopy theory. Instead, for a simply connected Poincaré
duality space X we study the universal 1-connected fibration

(2-1) X ,!E �
�! BhAut0.X /;

over the classifying space of the path component of the identity hAut0.X /� hAutC.X / (or equivalently
the induced fibration over the universal covering of BhAutC.X /). Many people have studied rational
models of (2-1) (see [21; 32; 33]) and fibrations in general (see [11; 18]), and we will use these algebraic
models to compute the image of the Euler ring

(2-2) E�0 .X /�H�.BhAut0.X //
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Tautological rings of fibrations 1567

induced by the natural map BhAut0.X /! BhAutC.X /. We discuss in Section 5 how one can in some
cases upgrade the computation of E0.X / to a computation of the full Euler ring E�.X /.

2.1 Rational models of fibrations

In the following, we use standard terminology from rational homotopy theory as discussed in [11]. Due to
different conventions in the literature, we use cohomological grading conventions for cdgas and differential
graded modules and homological grading conventions for dg Lie algebras.

Throughout this paper, we denote a cdga model of a map of connected spaces � WE! B, typically a
fibration with simply connected fibre, by �� W R! S and we also assume, unless stated otherwise, that
cdga models are connected (i.e., R0 D S0 DQ). The following cdga models for fibrations enjoy good
homotopical properties.

Definition 2.1 [11, Section 14] A relative Sullivan algebra is a cdga .R˝ƒV;D/ so that idR˝ 1 W R!
R˝ƒV is a map of cdgas, and V D

L
p�1 V p is a graded vector space with an exhaustive filtration

V .0/�V .1/�� � � of graded subspaces so that Dj1˝V .0/ WV .0/!R and Dj1˝V .k/ WV .k/!R˝ƒV .k�1/.
A relative Sullivan model of a map of cdgas �� W R! S is a relative Sullivan algebra SD .R˝ƒV;D/

together with a quasi-isomorphism S0 '�! S of R-algebras.

By [11, Proposition 14.3] any map �� W R! S of connected cdgas admits a relative Sullivan model
if H.��/ WH 1.R/!H 1.S/ is injective. Since this condition is always satisfied if �� is the model of
a fibration � W E! B with connected fibre, we can always find relative Sullivan models in this case.
Moreover, if either the base or fibre has finite type and �1.B/ acts trivially on the cohomology of the
fibre, then S˝R Q is a Sullivan model of the fibre by [18, Theorem 20.3].

There is a convenient way to obtain relative Sullivan algebras via differential graded Lie algebras. We
follow [2] in our convention (which in turn is based on [33]), in defining Chevalley–Eilenberg complex
of a dg Lie algebra L as the dg coalgebra

CCE.L/D .ƒcsL;D D d1C d2/;

where ƒcsL denotes the cofree, conilpotent, cocommutative coalgebra on the suspension .sL/� DL��1

and the differentials are determined by their corestrictions

d1.sl/D�sdL.l/; d2.sl1 ^ sl2/D .�1/jl1jsŒl1; l2�:

If a dg Lie algebra acts on a cdga A through derivations, then the Chevalley–Eilenberg cochain complex is

CCE.LIA/ WD
�
Hom.CCE.L/;A/; @C t

�
;

where

(2-3)

@.f /D dA ıf � .�1/jf jf ıD;

t.f /.sl1 ^ � � � ^ sln/D

nX
iD1

.�1/jsli j.jf jCjsl1jC���Cjsli�1j/li �f .sl1 ^ � � � ^ �sli ^ � � � ^ sln/;
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and CCE.LIA/ is a cdga via the convolution product. An element f 2 CCE.LIA/ is an n-cochain
if f .sl1 ^ � � � ^ slk/ D 0 unless k D n and we identify 0-cochains with A. Moreover, if A is a
Sullivan algebra then CCE.L;A/ is a relative Sullivan algebra over the Chevalley–Eilenberg cochain
complex CCE.L/ WD CCE.LIQ/ via the map on Chevalley–Eilenberg cochain complexes induced by the
unit � WQ!A.

With these definitions in place, we can describe a cdga model of (2-1). Let X be a simply con-
nected space of finite type and with minimal Sullivan model .ƒV; d/. Consider the dg Lie algebra
.DerC.ƒV /; Œd;��/ of positive-degree derivations, where a derivation � 2 Der.ƒV / has degree n if
it lowers1 the degree by n (additionally, � 2 DerC.ƒV /1 only if Œd; � � D 0). It was first proved by
Sullivan [32] that DerC.ƒV / is a dg Lie model of BhAut0.X /, and one can further describe a model of
(2-1) as follows.

Theorem 2.2 Let X be a 1-connected space of finite type with minimal Sullivan model .ƒV; d/ and unit
� WQ!ƒV . Then

(2-4) C�CE.DerC.ƒV /IQ/
��
�! C�CE.DerC.ƒV /IƒV /

is a relative Sullivan model of the universal oriented 1-connected fibration (2-1).

Remark 2.3 (i) In a previous version of this article we proved this result via a comparison of (2-4)
with Tanré’s model [33] of the universal 1-connected fibration (see also [25]). It has been pointed out to
the author by Andrey Lazarev that instead one can derive this result more directly from [21]. Another
proof is due to Alexander Berglund and is based on rational models for the bar construction in terms of
Chevalley–Eilenberg complexes [1]. The statement of Theorem 2.2 can be found as a special case of
[2, Proposition 3.6] and we refer to these papers for a proof.

(ii) Theorem 2.2 is particularly useful for rationally elliptic spaces because the dg Lie algebra DerC.ƒV /

is finite dimensional in contrast to Tanré’s model which is only of finite type. However, if X is rationally
hyperbolic then DerC.ƒV / is not even of finite type and it seems more feasible to study other models of
(2-1) instead, for example, based on a dg Lie algebra model of the fibre (see, for example, [3; 31]).

(iii) The theory of minimal models in its most general form [18, Theorem 20.3] applies more generally
to give a model for (2-1) for any connected space X of finite type and minimal Sullivan model .ƒV; d/.
It seems plausible to the author that the algebraic tools we develop in subsequent sections generalise
to study the Euler ring E�

0
.X / of nonsimply connected Poincaré duality spaces X . However, minimal

Sullivan models of nonsimply connected spaces are considerably more complicated and the dg Lie algebra
of derivations is intractable for computations, so that we have not worked in this generality.

Example 2.4 Let X D S2n with Sullivan model

An D .ƒ.x;y/; jxj D 2n; jyj D 4n� 1; d D x2
� @=@y/:

1This slightly confusing convention is due to using homological grading conventions for dg Lie algebras and cohomological
grading conventions for cdgas and can be avoided if one sticks to just one.
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Then DerC.An/ is 3-dimensional with basis �2n�1 WD x � @=@y, �2n WD @=@x and �4n�1 WD @=@y and
differential Œd; �2n�D�2�2n�1. Hence, the inclusion of the abelian Lie algebra with trivial differential
g WD Qf�4n�1g ,! DerC.An/ is a quasi-isomorphism of dg Lie algebras and we get a cdga quasi-
isomorphism C�CE.DerC.An/IQ/!C�CE.gIQ/D .ƒz4n; d D 0/ as well as with coefficients in An. Thus,
the cdga model of the universal 1-connected S2n-fibration in Theorem 2.2 is equivalent to

.ƒ.z4n/; d D 0/! .ƒ.z4n/˝ƒ.x;y/;D.x/D 0;D.y/D x2
C z4n/;

where z4n is the 1-cochain dual to s�4n�1.

3 Fibre integration in rational homotopy theory

Before we discuss rational models for fibre integration, we recall the definition suitable for oriented
fibrations as a special case of the following construction: Let � WE! B be a fibration with fibre X and
H�.X /D 0 for �> d and H d .X / nontrivial. Given a �1.B/-module homomorphism � WHd .X /!Q,
we can define �-integration as the composition

(3-1) �! WH
�.E/� E��d;d

1 �E
��d;d
2

DH��d .BIHd .X //
H .�/
���!H��d .B/;

where we project H�.E/ onto the d-th row of the E1-page of the Serre spectral sequence, which is
possible since H�.X /D 0 for �> d , and E

��d;d
1 �E

��d;d
2

as there are no differentials into this row.
Note that because the cohomological Serre spectral sequence is compatible with cup product, there is a

push-pull identity

(3-2) �!.�
�.x/ ^ y/D x ^�!.y/

for x 2H�.B/ and y 2H�.E/, and thus �! is a H�.B/-module map.

Definition 3.1 Let � WE! B be an orientable fibration with Poincaré fibre X of formal dimension d

and let "X WH d .X /!Q be an orientation of X . Then

�! WD ."X /! WH
�.E/!H��d .B/

is called fibre integration of � WE! B.

3.1 Chain level fibre integration

In the main result of this section we show that there exists a chain level representative of fibre integration.
More precisely, given a relative Sullivan model SD .R˝ƒV;D/ of an oriented fibration � W E! B

with Poincaré fibre X , there exists a R-module homomorphism … W S! R of degree �d which is unique
up to homotopy and induces fibre integration on cohomology. This is most conveniently expressed in
terms of differential Ext groups.

Let R be a connected cdga and M , N a differential graded R-modules. Then R-module homomorphisms
HomR.M;N / is a R-module with differential D.f / WD dNf �.�1/jf jfdM . Recall from [11, Section 7]
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that M is a semifree R-module if there is an exhaustive filtration M.0/�M.1/� � � � �M so that M.0/

and M.k/=M.k � 1/ are free R-modules for all k � 1. A semifree resolution of a R-module M is a
semifree R-module M 0 with a quasi-isomorphism M 0 '�!M and we denote by M ˝L

R N the derived
tensor product of two R-modules given by M 0˝R N for some semifree resolution M . Following [12],
the differential Ext groups for R-modules M , N are defined as

(3-3) ExtR.M;N / WDH.HomR.M
0;N //

for a semifree resolution M 0 '�!M .

Proposition 3.2 Let � W E ! B be a fibration with connected base and total space and 1-connected
fibre X . Assume that �1.B/ acts trivially on H�.X / and that H�.X / is of finite type and nontrivial in
degree d and vanishes for �> d . Let �� W R! S be a cdga model of � . Then the augmentation induces
an isomorphism

(3-4) Ext�d
R .S;R/ Š�! Ext�d

Q .S˝L
R Q;Q/Š Hom.H d .X /;Q/;

and given � 2 Hom.H d .X /;Q/ the chain level representative Œˆ� 2 Ext�d
R .S;R/ induces �-integration.

Remark 3.3 Proposition 3.2 generalises [13, Theorem A] where they identify fibre integration as elements
in differential Ext groups for fibrations over Poincaré duality spaces and for pullbacks from such fibrations.
Moreover, fibre integration can be identified rationally as a map of parametrised suspension spectra
�! W†

1
B

BC!†1�d
B

EC, and by [12, Theorem 1.1] the set of homotopy classes of such maps is given
by differential Ext groups which is consistent with our result.

Proof Let S0 '�! S be a relative Sullivan model. Then Ext�.S;R/ D H�.HomR.S0;R// since S0 is a
semifree resolution by [11, Lemma 14.1]. We consider the exhaustive filtration of HomR.S0;R/ given by
FpDHomR.S0;R�p/. According to [5, Theorem 9.3] the corresponding spectral sequence is conditionally
convergent to the completion

lim
 ��
p

HomR.S0;R/=HomR.S0;R�p/Š lim
 ��
p

HomR.S0;R=R�p/

Š HomR.S0; lim
 ��
p

R=R�p/

Š HomR.S0;R/;

where we have used that S0 is a projective R-module for the first isomorphism. The E1-page is
H.HomR.S0;Q// ˝ Bp. By the assumption on the fibration it follows from [18] that the Sullivan
fibre S0˝R QD .ƒV; d/ is a cdga model of X . Hence, we have that the E1-page can be simplified as
E

p;q
1
D H q..ƒV /_/˝Rp Š Homq.H�.X /;Q/˝Rp. Since �1.B/ acts trivially, the differential on

the E1-page is given by id˝ dR WE
p;q
1
!E

pC1;q
1

(if R was simply connected this follows for degree
reasons but in general it follows from the fact the cdga model of the universal 1-connected X -fibration in
Theorem 2.2 has a simply connected base and by assumption the relative Sullivan model is obtained by
base change along a map CCE.DerC.ƒV //! R). Hence the E2-page is E

p;q
2
DH p.R/˝H q..ƒV /_/.
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In particular, the spectral sequence vanishes for q <�d . Since the gradings are such that the differentials
are dr WE

p;q
r !EpCr;q�rC1, there are only finitely many nontrivial differentials. This implies that the

derived E1-page is zero and so by [5, Theorem 7.1] the spectral sequence converges strongly,

E
p;q
2
DH p.R/˝H q..ƒV /_/ŠH p.B/˝Homq.H�.X /;Q/)H.HomR.S0;R//;

and we can recover H.HomR.S0;R// from the entries of the E1-page. The only contribution with total
degree �d comes from E

0;�d
1 ŠE

0;�d
2
ŠHom.H d .X /;Q/ which proves the first part of the statement.

It remains to show that for �DH d .ˆ˝RQ/ WH d .ƒV; d/!Q the induced �-integration map coincides
with H.ˆ/ WH�.S0/!H�.R/. First, we note that S0 D .R˝ƒV;D/ has a filtration Fp D R�p˝ƒV

and that the corresponding spectral sequence converges as E
p;q
2
D H p.R/˝H q.ƒV /) H pCq.S0/.

In fact, R also has an analogous filtration Gp D R�p with only nontrivial differential on the E1-page.
Then ˆ induces a map between these two filtrations and the map on E2-pages is precisely �-integration
defined using this spectral sequence. As we have defined �-integration using the Serre spectral sequence,
it remains to show that this spectral sequence is isomorphic to the Serre spectral sequence. Grivel has
shown in [17] that the above filtration gives rise to the Serre spectral sequence if the base is simply
connected, and this has been generalised by Halperin [18] if �1.B/ acts nilpotently on the cohomology
of the fibre. More precisely, it follows from the proof of [17, Theorem 6.4], respectively [18, Section 20],
that the comparison map of R! S0 with APL.B/!APL.E/ is compatible with Dress’ construction of
the Serre spectral sequence [10] and induces an isomorphism on the E2-pages.

We can use Proposition 3.2 to build a representative of fibre integration for an oriented fibration
� WE!B and oriented Poincaré fibre .X; "X /: Consider a relative Sullivan model �� WR! .R˝ƒV;D/.
Pick a chain level representative " of the orientation "X 2H�d .Hom.ƒV;Q// of X . By Proposition 3.2
there is a cycle … 2 Hom�d .S0;R/ unique up to chain homotopy that satisfies

(3-5) ….1˝�/D "X .�/ 2 R0
DQ

for all � 2 .ƒV /d and that induces fibre integration on cohomology

�! WH
�.EIQ/ŠH�.S0/ H .…/

���!H��d .R/ŠH��d .BIQ/:

We demonstrate this technique in the following example.

Example 3.4 Recall the relative Sullivan model of the universal 1-connected fibration for an even-
dimensional sphere X D S2n as discussed in Example 2.4. We choose as orientation "X W An ! Q

the homomorphism determined by "X .x/D 1. For degree reasons ….yxk/D 0 and since … has to be
a chain map we have 0 D ….D.yxk// D ….xkC2C z4nxk/. This determines a ƒ.z4n/-module map
… W .ƒ.z4n;x;y/;D/! .ƒ.z4n/; d D 0/ by

….yxk/D 0 and ….xn/D

�
0; nD 2k;

.�1/kzk
4n
; nD 2kC 1;

which is a chain map by construction and induces fibre integration on cohomology as it satisfies (3-5).
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4 The fibrewise Euler class

The definition of the fibrewise Euler class in [19, Definition 3.1.1] uses constructions in the category
of parametrised spectra. And while there has been a lot of progress to adapt the tools from rational
homotopy theory to the context of parametrised stable homotopy theory [7; 8], there is a simpler way to
define the fibrewise Euler class with rational coefficients so that we can avoid discussing the category of
parametrised spectra and their rational models altogether.

We begin by describing a special case of the definition of the fibrewise Euler class. Consider an
oriented fibration � WE! B with fibre X so that both X and B are oriented Poincaré duality spaces of
dimensions d and b, respectively. Then the total space is also an oriented Poincaré duality space [15],
and we can define the Umkehr map of the fibrewise diagonal � WE!E �B E by

(4-1) �! WH
�.E/

DE

Š
�!HbCd��.E/

��
�!HbCd��.E �B E/

D�1
E�BE

Š
����!H�Cd .E �B E/;

where DE and DE�BE denote the Poincaré duality isomorphisms. It is shown in [19, Section 3] that the
fibrewise Euler class of � WE! B agrees with

(4-2) efw.�/D��.�!.1// 2H d .E/:

This is sufficient to define the fibrewise Euler class with rational coefficients, because for any space X the
rational homology groups are isomorphic to rationalised stable framed bordism H�.X IQ/Š�sfr

� .X /˝Q,
and so we can determine a rational cohomology class by defining its evaluation on framed bordism classes.
Hence, denoting by E the total space of the universal 1-connected fibration (2-1), given a stably framed
bordism class Œf W M d ! E; �� 2 �sfr

d
.E/ ˝ Q, we can consider the pullback of the X -fibration

p1 W E �BhAut0.X / E ! E along f . The pullback � W f �.E �BhAut0.X / E/ ! M has a section s

via the diagonal, and we can associate to it an Euler class ef via (4-2). Then the fibrewise Euler class
efw.�/2H d .EIQ/ agrees with the class defined by the pairing hefw.�/; Œf WM!E; ��iDhs�.ef /; ŒM �i

since the construction in [19] coincides with (4-2) if the base is a Poincaré duality space.

4.1 A cocycle representative via rational homotopy theory

The idea to obtain cocycle representatives of the fibrewise Euler class is simply to construct a chain level
representative of the Umkehr map �! W H

�.E/! H�Cd .E �B E/ in terms of the algebraic models.
In the following, we denote by QŒn� the graded vector space with Q in degree n and for an R-module M

define M Œn� WDM ˝QŒn�.

Proposition 4.1 Let R ! S be a relative Sullivan model of an oriented fibration � W E ! B with
connected base and total space and simply connected Poincaré fibre X of formal dimension d . Let "X be
the orientation and … 2 Hom�d

R .S;R/ be a cocycle representative of fibre integration. Then the map

… W SŒ�d �! HomR.S;R/; e 7! .e0 7! .�1/dCd �jej….e � e0//;

is a quasi-isomorphism of R-modules.
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Proof It is a simple check that … defines a R-module homomorphism. By assumption, SD .R˝ƒV;D/

is a relative Sullivan algebra and thus has a filtration which induces the Serre spectral sequence as
discussed in the proof of Proposition 3.2. In the same proof we have described a filtration of HomR.S;R/
which strongly converges because there is a horizontal vanishing line. The map … is compatible with the
two filtrations and induces a map of the associated spectral sequences. The induced map on the E2-page
is given by

E
p;q
2
DH p.R/˝H q.ƒV; d/

Id˝N"X
���!H p.R/˝Hom.H q�d .ƒV /;Q/;

where N"X WH q.ƒV /!Hom.H d�q.ƒV /;Q/ is the adjoint of H q.ƒV /˝H d�q.ƒV /
[
�!H d .ƒV /

"X
�!Q.

Since .H�.X IQ/; "X / is an oriented Poincaré duality algebra,… induces an isomorphism of E2-pages.

This enables us to define an algebraic Umkehr map as follows. Let R! S be a relative Sullivan model
of � WE! B and … W S! R a chain level representative of fibre integration. Then S˝R S is a Sullivan
model of E�B E, the multiplication � W S˝R S! S is a model of the fibrewise diagonal� WE!E�B E

and …˝… W S˝R S! R˝R RD R is a chain level representative of fibre integration for E�B E. Since
S is R-semifree, we can find a lift of R-modules

(4-3)
S0Œ�d � S0˝R S0Œ�2d �

HomR.S0;R/ HomR0.S0˝R S0;R/

'…

�!

'…˝…

��

which is unique up to homotopy and therefore obtain a well-defined class

(4-4) Œ�.�!.1/� 2H d .S/:

Proposition 4.2 Let � WE! B be an oriented fibration with connected base and total space and simply
connected Poincaré fibre X of formal dimension d so that �1.B/ acts trivially on H�.X /. If R! S
is a relative Sullivan model and �! W S! S˝R S an Umkehr map as in (4-3), then �.�!.1// 2 Sd is a
representative of the fibrewise Euler class efw.�/ 2H d .E/.

Proof We first observe that the definition of the class in (4-4) is natural with respect to pullbacks: For
a map f W B0! B with cdga model � W R! R0, a model of the pullback � W f �E! B0 is given by
R0˝R S and a model on the map of total spaces is given by sending ˆ.s/D 1˝ s 2 R0˝R S for s 2 S by
[18, Section 20.6]. It follows from Proposition 3.2 that a cocycle representative of fibre integration is
given by R0˝R… W R0˝R S! R0˝R RŠ R0 and therefore R0˝B �! is a model of the Umkehr map so
that (4-4) in this case is given by Œ1˝�.�!.1//�Dˆ

�
�.�!.1//

�
2 R0˝R S.

Hence, it suffices to prove that (4-4) coincides with the class defined in (4-2) for fibrations where the
base space is a Poincaré duality space (or even just for closed, stably framed manifolds). So let us assume
that the base space is a closed manifold B or more generally a Poincaré duality space. Then B!� is
a fibration with Poincaré fibre and we can apply the results of the previous section to get a chain level
representative of fibre integration map…B 2HomQ.R;Q/ corresponding to evaluating a fundamental class.
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Suppose R! S is a Sullivan model of the fibration and let…2HomR.S;R/ be a model of fibre integration
of � . Then .ŒB�\ -/ı�! WH

bCd .E/!H b.B/!Q is an orientation of the Poincaré algebra H�.EIQ/

itself and therefore …B ı… 2 HomQ.S;Q/ is a cocycle representative. Define …E WD…B ı… so that

HomR.S;R/ SŒ�d � HomQ.S/;Q/

.…B/�

'

…

'

…E

is a commuting diagram, where .…B/�f D…B ı f for f 2 HomR.S;R/. We can choose chain level
representatives of fibre integration of E�B E!B and E�B E!� as …˝… W S˝R S! R˝R RŠ R
and …E�BE WD…B ı .…˝…/ by the same arguments as above. We therefore have a diagram

SŒ�d � S˝R SŒ�2d �

HomR.S;R/ HomR.S˝R S;R/

HomQ.S;Q/ HomQ.S˝R S;Q/

'…E

�!

… '

…E�BE'

…˝…'

��

.…B/� .…B/�

��

where the dashed maps denote the Umkehr map from (4-3). The upper square commutes up to homotopy by
construction and therefore so does the outer square by commutativity of the lower square. This shows that
�! is a cochain level representative of the Gysin map and thus Œ�.�!.1//� 2H d .S/ agrees with (4-2).

4.2 The fibrewise Euler class of Leray–Hirsch fibrations

In the case of fibrations � WE! B with oriented Poincaré fibre .X; "X / which are Leray–Hirsch, i.e.,
where the restriction map H�.E/! H�.X / is surjective, the definition of fibre integration and the
fibrewise Euler class can be simplified significantly. Surjectivity of the restriction map implies that
H�.E/ is a free H�.B/-module, and we may denote by 1; e1; : : : ; ek 2H�.E/ a H�.B/-basis of the
cohomology of E that restricts to a basis 1;x1 D i�.e1/; : : : ;xk D i�.ek/ 2H�.X / of the fibre. If X is
a Poincaré complex of formal dimension d , we can order the basis such that jek j D d and all other jei j

have lower degree. Since fibre integration is a H�.B/-module map. It suffices to determine �! on a basis
and for degree reasons �!.ei/D 0 for i < k. If we set �!.ek/D "X .xk/ this restricts to the orientation on
the fibre hence determines fibre integration as

(4-5) �!

� kP
iD0

bi � ei

�
D "X .xk/ � bk

for bi 2H�.B/. Since the fibre is Poincaré, the (fibrewise) intersection pairing

(4-6) h-; -i WH�.E/˝H �.B/H�.E/
�!.-[-/
����!H�.B/

is nondegenerate. This enables us to mimic the construction of the Euler class as the dual of the fibrewise
diagonal.
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Proposition 4.3 [27] Let � WE! B be an oriented fibration with Poincaré fibre which is Leray–Hirsch.
Let e0; : : : ; ek 2H�.E/ be an H�.B/-module basis and denote by e#

0
; : : : ; e#

k
2H�.E/ the dual basis

under the nondegenerate pairing (4-6). Then the fibrewise Euler class is

(4-7) efw.�/D

kX
iD0

.�1/jei jeie
#
i 2H d .EIQ/:

Example 4.4 Let X DS2n be an even-dimensional sphere and recall the cdga model and fibre integration
from the Examples 2.4 and 3.4. Then 1 and x are a H�.BhAut0.S2n/IQ/-basis of the cohomology of the
total space that restricts to a basis of H�.S2n/ on the fibre, i.e., the fibration is Leray–Hirsch. Note that
the formula for fibre integration in (4-5) gives the same result as our construction of … in Example 3.4.
We can apply the above proposition to find a representative of the fibrewise Euler class. The dual basis
with respect to the pairing induced by �! DH.…/ is x# D 1 and 1# D x (since �!.x � 1

#/D �!.x
2/D 0),

and we find that the fibrewise Euler class is represented by efw.�/D 2x.

4.3 Fibrations with positively rationally elliptic fibre

A simply connected space X is called rationally elliptic if both dim H.X IQ/ and dim�.X /˝Q are
finite-dimensional vector spaces. If moreover �.X / > 0 then X is called positively rationally elliptic.
Algebraic models for (positively) elliptic spaces are quite rigid. For example, one can show that any
positively rationally elliptic space satisfies rational Poincaré duality. The main result in this section is a
simple, closed formula for the fibrewise Euler class of a fibration with positively rationally elliptic fibre.

The minimal Sullivan model of a rationally elliptic space ƒD .ƒV; d/ is free on a finite-dimensional
vector space V . Hence, the dg Lie algebra model DerC.ƒ/ for BhAut0.X / is finite dimensional which
makes the study of fibrations with rationally elliptic fibres tractable via Theorem 2.2. Moreover, a famous
conjecture due to Halperin states that any fibration with positively elliptic fibre (and trivial holonomy
action) is Leray–Hirsch. This conjecture is known to be true for a large number of examples [22; 28; 34]
and by [22] it is equivalent to �2i�1.BhAut0.X //˝QD 0 for all i 2N. Since �2i�1.BhAut0.X //˝Q

is isomorphic to H2i.DerC.ƒ/; Œd;��/, this condition can easily be checked in examples.
We recall a few results about positively rationally elliptic space from [11, Section 32]. A pure Sullivan

algebra is a cdga ƒD .ƒV; d/ with d.V even/D 0 and d.V odd/�ƒV even, and we define P D V odd and
QD V even. Observe that pure Sullivan algebras ƒ are bigraded with additional lower grading given by
ƒk DƒQ˝ƒkP . By [11, Proposition 32.10] a minimal Sullivan model of a positively rationally elliptic
space is isomorphic to a pure Sullivan algebra with dim P D dim Q and so that d jP maps a basis of P to
a regular sequence of the graded polynomial ring ƒQ. In this case, the cohomology is concentrated in
lower grading 0, i.e., H�.ƒ/DH�

0
.ƒ/.

This bigrading is inherited by the dg Lie algebra DerC�;�.ƒ/ where a derivation � has bidegree .m; n/
if � lowers the internal degree by jmj and �.ƒQ˝ƒkP /�ƒQ˝ƒkCnP . The following statement has
been explained to the author by Alexander Berglund.
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Lemma 4.5 Let ƒ be a pure Sullivan model for a positively rationally elliptic space that satisfies the
Halperin conjecture. There exists an abelian dg Lie algebra with trivial differential a�DerC

�;�1
.ƒ/ that is

quasi-isomorphic to DerC.ƒ/.

Proof If ƒ is a pure Sullivan model for a positively rationally elliptic space, the projection map
 Wƒ!H.ƒ/ is a quasi-isomorphism. It induces a quasi-isomorphism of chain complexes DerC.ƒ/!
DerC

 
.ƒ;H.ƒ// (analogous to [3, Lemma 3.5]). Since the H.ƒ/DH0.ƒ/, we see that H�;>0.DerC.ƒ//

is contained in the kernel and thus is trivial. The Halperin conjecture implies that H�.DerC.ƒ// is
concentrated in odd degrees and therefore H�.DerC.ƒ//ŠHodd;�1.DerCƒ/ as claimed. Hence, any
choice of representatives in DerC

�;�1
.ƒ/ of a basis of H�.DerC.ƒ// spans an abelian dg Lie subalgebra

with trivial differential that is quasi-isomorphic to DerC.ƒ/.

Halperin’s conjecture implies that BhAut0.X / 'Q
Qk

iD1 K.Q; 2ni/ and so the cohomology of the
total space E of (2-1) is a free module on H�.X IQ/ over a positively and evenly graded polynomial
ring. Moreover, it follows from Lemma 4.5 and Theorem 2.2 that as a ring H�.E/ is a complete
intersection over H�.BhAut0.X /IQ/ (see proof of Theorem 4.7). Here, by a complete intersection over
a commutative ring R we mean a finite R-algebra S that is isomorphic to RŒx1; : : : ;xn�=.f1; : : : ; fn/ for
f1; : : : ; fn 2 RŒx1; : : : ;xn� (see [29]).

For a finite R-algebra S, we can define the trace of an endomorphism HomR.S; S/Š S˝R HomR.S;R/
via the evaluation S˝R HomR.S;R/! R. In particular, we can associate to any s 2 S the trace of the
endomorphism s � � W S! S and we obtain an element TrS=R 2 HomR.S;R/. We will use the following
result about complete intersections.

Proposition 4.6 [29] Let R be a commutative ring and f1; : : : ; fn 2 RŒx1; : : : ;xn� for a nonnegative
integer n. Assume that SD RŒx1 : : : ;xn�=.f1; : : : ; fn/ is a finite R-algebra. Then

(i) S is a projective R-module;2

(ii) HomR.S;R/ is a free of rank 1 as an S-module;

(iii) there is a generator � of HomR.S;R/ as an S-module such that TrS=R D det.@fi=@xj / ��.

We recognise (iii) as an analogue for complete intersections of the relation between fibre integration,
the fibrewise Euler class and the Becker–Gottlieb transfer �� W †1BC ! †1EC for fibrations with
Poincaré fibres. The transfer map induces a map on cohomology trf�� WH

�.E/!H�.B/ and if the fibre
is a Poincaré complex one can show that

trf��.x/D �!.e
fw.�/ �x/

for all x 2H�.E/. If we consider the universal 1-connected fibration (2-1) of a positively rationally elliptic
space that satisfies the Halperin conjecture, its algebraic model R! S is equivalent to a complete inter-
section over a polynomial ring and we can identify the Becker–Gottlieb transfer and fibre integration with
the trace TrS=R and �, respectively, which therefore leads to an identification of the fibrewise Euler class.

2In our applications, R is a positively graded polynomial ring so that S is in fact free.
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Theorem 4.7 Let X be a simply connected , oriented Poincaré duality space that is positively rationally
elliptic and satisfies the Halperin conjecture. Then a cdga model of (2-1) is given by a complete intersection
SD RŒx1; : : : ;xn�=.f1; : : : ; fn/ over a polynomial ring R and the fibrewise Euler class is given by

(4-8) efw.�/D det
�
@fi

@xj

�
2 S:

Remark 4.8 The first part of the theorem improves a result by Kuribayashi [20, Theorem 1.1] where
he showed that the cohomology ring of the total space of the universal 1-connected fibration (2-1) for
positively rationally elliptic spaces that satisfy the Halperin conjecture is a complete intersection over the
cohomology of the base.

Proof Let ƒ D .QŒx1; : : : ;xn�˝ƒ.y1; : : : ;yn/; d/ be a pure Sullivan model of X with differential
d.yi/D Nfi 2QŒx1; : : : ;xn� where Nf1; : : : ; Nfn is a regular sequence. The cohomology ring H.ƒ/ is a
Poincaré duality algebra and det.@ Nfi=@xj / 2 H�.X / is a generator in top degree [24; 28], so that the
orientation is defined by "X .det.@ Nfi=@xj // WD �.X /. Now let a � DerC

�;�1
.ƒ/ be an abelian dg Lie

subalgebra quasi-isomorphic to DerC.ƒ/ from Lemma 4.5. Then a model of the universal 1-connected
fibration is given by

R WD CCE.a/! CCE.aIƒ/Š .R˝ƒ.xi ;yi/;D/

by Theorem 2.2. And because a�DerC
�;�1

.ƒ/, we see that D.xi/D 0 and D.yi/Dfi 2RŒx1; : : : ;xn� are
polynomials that satisfy NfiDfi˝R12RŒx1; : : : ;xn�˝RQ. This implies S WDRŒx1; : : : ;xn�=.f1; : : : ; fn/

is a complete intersection over R and the projection map CCE.aIƒ/! S is a quasi-isomorphism.
One can show that the trace TrS=R and the transfer tr�� agree using the general theory in [9] or by

directly checking that

(4-9) TrS=R.x/D �!.e
fw.�/ �x/;

as in [27, Lemma 2.3] using that S is a finite free R-algebra. Now consider � from Proposition 4.6. Then
�.det.@fi=@xj //D TrS=R.1/D �.X / by (4-9) which agrees with �!.det.@fi=@xj //D "X .det.@ Nfi=@xj //.
Therefore, it follows from degree reasons that �! D � and we obtain (4-8) from the identity

det.@fi=@xj / ��! D det.@fi=@xj / ��D TrE=B D trf�� D efw.�/ ��!

since HomR.S;R/ is a free S-module by (ii).

5 Computations

Before we come to the computation of the Euler ring, we record a few general facts. First we observe
that in some cases it is sufficient to compute the Euler ring of the universal 1-connected fibration
E0.X /�H�.BhAut0.X //.

Lemma 5.1 If �0.hAutC.X // is finite , then i W BhAut0.X /! BhAutC.X / induces an isomorphism
E�.X /ŠE�

0
.X /.
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Proof By naturality of the fibrewise Euler class, i W BhAut0.X /! BhAutC.X / induces a surjection of
Euler rings E�.X /� E�

0
.X /. It follows from the spectral sequence associated to the fibre sequence

BhAut0.X /! BhAutC.X /! B�0.hAutC.X //

that H�.BhAut.X /IQ/ Š H�.BhAut0.X /IQ/�0.hAutC.X // if �0.hAutC.X // is finite. In particular,
i induces an injection on rational cohomology.

For a positively rationally elliptic space there is a simple criterion to check if it has finitely many
homotopy automorphisms.

Proposition 5.2 Let X be a simply connected Poincaré duality space that is positively rationally elliptic
space. If the cohomology ring H�.X IQ/ has finitely many orientation-preserving automorphisms (i.e.,
algebra automorphisms that preserve the orientation "X 2H d .X IQ/_), then �0.hAutC.X // is finite.

Proof The statement follows if the kernel of E.X /! Aut.H�.X IQ/; "X / is finite. Rationalisation
induces a map E.X /! E.XQ/ which has finite kernel [32, Theorem 10.2], so that it suffices to prove
that the subgroup of E.XQ/ of homotopy equivalences that induce the identity on cohomology is trivial.
By [32, 10.3], homotopy automorphism of XQ are the same as homotopy classes of automorphisms of a
minimal Sullivan model.

For a positively rationally elliptic space we can choose ƒ D
�
ƒ.xi ;yi/iD1;:::;n; d D

P
i fi@yi

�
as

a model where f1; : : : ; fn 2 ƒ.xi/iD1;:::;n is a regular sequence. Let � W ƒ! ƒ be an automorphism
so that H.�/ D Id. Then Œxi � �.xi/� D 0 and we can pick a coboundary �i 2 ƒ>0 satisfying d�i D

xi��.xi/2 .f1; : : : ; fk/Cƒ>0. We want to define a homotopy H Wƒ!ƒ˝ƒ.t; dt/ by setting H.xi/D

�.xi/C t.xi��.xi//��idt . Then dH.xi/D 0DHd.xi/ and "1 ıH.xi/D xi and "0 ıH.xi/D �.xi/.
It remains to define H.yi/, i.e., we have to find a coboundary for fi.H.x1/; : : : ;H.xn// 2ƒ˝ƒ.t; dt/.
Observe that ƒ˝ƒ.t; dt/ is a positively elliptic Sullivan algebra as well since f1; : : : ; fn; t is a regular
sequence in QŒx1; : : : ;xn; t �, and fi.H.x1/; : : : ;H.xn//�d�.yi/2 .ƒ˝ƒ

C.t; dt//˚.ƒ˝ƒ.t; dt//>0.
Since both summands are acyclic, there is �i 2ƒ˝ƒ.t; dt/ so that d�iDfi.H.x1/; : : : ;H.xn//�d�.yi/,
and we can set H.yi/ WD �iC�.yi/. This shows � is homotopic to a map which is the identity on ƒ.xi/.

Given an automorphism  W ƒ ! ƒ with  .xi/ D xi , then d .yi/ D  .fi/ D fi D d.yi/ and
hence yi � .yi/ is a cocycle in ƒ>0. Let �i be a coboundary d�i D yi � .yi/. Then  'H Idƒ via
H.xi/ WD xi and H.yi/ WD  .yi/C t.yi � .yi//� �idt .

Corollary 5.3 Let X be a simply connected Poincaré duality space with H�.X IQ/ŠQŒx�=.xnC1/ for
some n and jxj even. Then �0.hAutC.X // is finite.

Proof For any choice of orientation of X , the group Aut.H�.X IQ/; "X / is trivial if n is odd and Z=2

if n is even. Hence, �0.hAutC.X // is finite by Proposition 5.2

Finally, in some cases the Euler ring is finitely generated so that the computation of the Euler ring
amounts to computing the ideal of relations among a generating set, and which simplifies some computa-
tions below.
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Proposition 5.4 Let X be a Poincaré duality space so that H�.X / is concentrated in even degrees and let
nD dim H�.X IQ/. Then E�.X / is generated by �1; : : : ; �n�2; �n.

Proof This follows directly from the tools developed in [27]. Applying [27, Corollary 2.7] for xD efw.�/,
the corresponding monic polynomial �x.z/ 2H�.BhAutC.X /IQ/Œz� of degree n is given by

�x.z/D
.�1/n

n!

X
�2†nC1

sgn.�/�l.
2/ � � � �l.
q.�// � z
l.
1/�1;

where � D 
1 � � � 
q.�/ is the cycle decomposition of � , l.
i/ denotes the length of 
i and 1 is contained
in the support of 
1. Then [27, Corollary 2.7] implies that �x.e

f w.�// D 0 2 H�.E/ and by fibre
integrating 0 D efw.�/i � �.efw.�//, one can decompose �nCi in terms of �-classes of lower degree
for i � 0; except when i D 1 as �x.z/ has a constant term��n=n which cancels the leading term
�!.e

fw.�/nC1/ in �!

�
efw.�/�x.e

fw.�//
�
.

5.1 The Euler ring of even spheres

Proposition 5.5 The Euler ring of an even-dimensional sphere is E�.S2n/ŠQŒ�2� where �k
2
D 2k�1�2k

and all odd �2iC1 vanish.

Proof We have seen in Example 4.4 that efw.�/ D 2x 2 ƒ.x;y; z4n/ and in Example 3.4 that fibre
integration is given by ….x2k/D 0 and ….x2kC1/D .�1/kzk

4n
. Thus �2k D 21�k.�23z4n/

k D 21�k�k
2

.
Since �0.hAutC.S2n// is trivial, the 1-connected universal fibration is the universal fibration and the
result follows.

5.2 The Euler ring of complex projective space

A minimal model of CPn is

Pn WD .ƒ.x;y/; jxj D 2; jyj D 2nC 1; d D xnC1@=@y/

with orientation "CPn.xn/ D 1 induced by integral Poincaré duality, and we apply Theorem 2.2 to
compute a model for the minimal 1-connected CPn-fibration.

Proposition 5.6 A cdga model of the universal 1-connected CPn-fibration is given by

(5-1) Bn WD .QŒx2; : : : ;xnC1�; jxi j D 2i; d D 0/

�
�!En WD

�
BnŒx�=

�
xnC1

C

nC1X
iD2

xi �x
nC1�i

�
; jxj D 2; d D 0

�
;

and the fibrewise Euler class in En is represented by

(5-2) efw.�/D .nC 1/ �xn
C

nX
iD2

.nC 1� i/ �xi �x
n�i
2En:
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Proof Note that DerC.Pn/ has a (vector space) basis given by �i WD xnC1�i@=@y for i D 1; : : : ; nC 1

of degree 2i � 1 and � WD @=@x of degree 2. The only nontrivial differential on the derivation Lie algebra
is given by Œd; ��D�.nC 1/�1. Since CPn satisfies the Halperin conjecture, it follows from Lemma 4.5
that there exists a quasi-isomorphic abelian dg Lie subalgebra an � DerC.Pn/ with trivial differential,
which in this case is easy to identify as an WD Qf�2; : : : ; �nC1g. The statement follows directly from
Theorem 4.7 for this choice of an.

Theorem 5.7 The Euler ring of complex projective space is E�.CPn/ŠQŒ�1; : : : ; �n�1; �nC1�.

Proof By Corollary 5.3, �0.hAutC.CPn/ is finite (in fact one can easily see �0.hAut.CPn//Š Z=2),
and so E�.CPn/ Š E�

0
.CPn/ by Lemma 5.1. The Euler ring is generated by �1; : : : ; �n�1; �nC1 by

Proposition 5.4, so it remains to show they are algebraically independent which follows if det.@�i=@xj /

is nonzero.
It turns out that the polynomials representing the �i are quite complicated so that it is difficult to give

a closed formula for the determinant of the Jacobian. We will resolve this issue by focussing on the
terms containing xnC1 because it is the variable of the highest degree and it is not contained in efw.�/

so that it only arises through fibre integrating xk for k > n. It will be sufficient to consider elements
modulo decomposables, i.e., for x;y 2Bn then x � y if x�y 2 .BCn /

2. We will start with the following
observation about fibre integration.

Observation 1 If k D 2; : : : ; nC 1 then �!.x
nCk/��xk 2 Bn.

Proof Rewriting xnC2 in terms of the module basis f1;x; : : : ;xng, one can see that �!.x
nC2/D x2. Then

�!.x
nCk/D�!.x

nC1 �xk�1/D�
PnC1

iD2 xi ��!.x
nCk�i/ and by induction over k, the only indecomposable

contribution is for i D k.

Observation 2 For i D 1; : : : ; n � 1 the highest power of xnC1 in �i.x2; : : : ;xnC1/ is i � 1 and the
coefficient ci 2QŒx2; : : : ;xn� of xi�1

nC1
satisfies ci � .�1/ii.nC 1/i.n� i/ �xnC1�i .

Proof It follows from degree considerations that the highest power of xnC1 is i � 1 and ci equals
A �xnC1�i C decomposables. It remains to determine the coefficient A. When expanding efw.�/ using
(5-2), the only relevant contributions are

.nC 1/iC1xn.iC1/
� .i C 1/.nC 1� .nC 1� i//xnC1�ix

n�.nC1�i/
� .nC 1/ixni

D .nC 1/iC1.xnC1/i�1
�x2n�iC1

� i.i C 1/.nC 1/ixnC1�i � .x
nC1/i�1

�xn:

Now rewrite xnC1 D
PnC1

iD2 xix
nC1�i and collect all terms containing xi�1

nC1
and xi�2

nC1
xnC1�i (we can

ignore the rest because it cannot contribute to A) to get

.nC 1/iC1.xi�1
nC1C .i � 1/xi�2

nC1xnC1�i �x
i/ �x2n�iC1

� i.i C 1/.nC 1/ixnC1�i �x
i�1
nC1 �x

n:

The statement follows by fibre integrating and discarding decomposables as in Observation 1 above.

Observation 3 The highest contribution of xnC1 in �nC1 is .�1/n.nC 1/nC2 �xn
nC1

.
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Proof The expression for efw.�/nC2 contains .nC1/nC2 �xn.nC2/ D .nC1/nC2 � .xnC1/n �xn. This is
the only summand that fibre integrates to a multiple of xn

nC1
, i.e., �nC1 D .�1/n.nC 1/nC2 �xn

nC1
C � � �

where we can ignore all other terms.

We can now analyse det.@�i=@xj / which contains the summand

@�1

@xn
�
@�2

@xn�1

� � �
@�n�1

@x2

�
@�nC1

@xnC1

:

It follows from Observations 2 and 3 that the above expression contains C �xN
nC1

, where C is a nonzero
constant and N D 1

2
n.n� 1/. This is the only possible way to get a monomial in det

�
@�i

@xj

�
that contains

only xnC1. Hence, the determinant does not vanish and the generating set �1; : : : ; �n�1; �nC1 is alge-
braically independent.

Remark 5.8 Theorem 5.7 has been studied in the smooth case for nD 2 in [27] by studying the natural
smooth 2-torus action on CP2 and that implies our result in this case as well. This has been extended by
Dexter Chua to n� 4, but for large n the algebra becomes intractable.

5.3 The Euler ring of products of odd spheres

The main result of this section is the computation of E�
0
.X / for a simply connected Poincaré duality

space X that is rationally equivalent to a product of odd spheres
Q2n

iD1 S2kiC1 for some n; ki > 0.

Theorem 5.9 Let X be a simply connected Poincaré duality space that is rationally equivalent to a
product of odd spheres

Q2n
iD1 S2kiC1 for some n; ki > 0. Then the fibrewise Euler class of the universal

1-connected X -fibration E! BhAut0.X / is trivial and hence E�
0
.X /ŠQ.

Proof The minimal model of X is given by an exterior algebra AX D .ƒ.xi/1�i�2n; d D 0/ and by
Theorem 2.2 the model of the universal 1-connected fibration is given by

(5-3) BX WD C�CE.DerC.AX /IQ/!EX WD C�CE.DerC.AX /IAX /Š .BX ˝AX ;D/:

Observe that C�CE.DerC.AX /IAX / is a finitely generated BX -module as the minimal Sullivan model is
finite dimensional. Let "X WAX !Q denote a rational orientation, then BX ˝"X W .BX ˝AX ;D/!BX

is the only module homomorphism that restricts to "X on the fibre and thus is a representative of fibre
integration by Proposition 3.2.

Moreover, HomBX
.EX ;BX / is a minimal semifree module and therefore the quasi-isomorphism

… W EX Œ�d � ! HomBX
.EX ;BX / from Proposition 4.1 is in fact an isomorphism by uniqueness of

minimal free resolutions [11, Example 8, Chapter 6] (similarly for …˝…). Hence, the algebraic Umkehr
map is given by

�! WEX Œ�jF j�
…

Š
�! HomBX

.EX ;BX /
��
�! HomBX

.EX ˝BX
EX ;BX /

.…˝…/�1

Š
�����!EX ˝BX

EX Œ�2jF j�:

The composition of … with the vector space isomorphism HomBX
.EX ;BX /Š .AX /

_˝BX is given by
N"X ˝ IdBX

where N"X WAX ! .AX /
_ is the adjoint of "X WAX ˝AX !Q. The same statement holds for
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…˝…with the appropriate choice of orientation on X�X given by "X�X WD"X˝"X W.AX˝AX /
˝2!Q.

Note that ��….1/ is contained in .AX ˝AX /
_˝ 1 so that .…˝…/�1��….1/ is in AX ˝AX ˝ 1�

EX ˝BX
EX . A direct computation shows that

�!.1/D
X

S1tS2DF

˙xS1
˝xS2

2EX ˝BX
EX

for some signs that can be worked out. Hence, the fibrewise Euler class is

efw.�/D�� ı�!.1/D
X

S1tS2DF

˙xF

and since ….ef w.�//D �.X /D 0, the summands must cancel.

One can easily see that the group of homotopy self-equivalences �0.hAutC.X // is not finite in most
cases, and so we cannot infer that the full Euler ring is trivial in general except in the two cases below.

Theorem 5.10 Let X be either rationally equivalent to .S2kC1/�n or a finite CW complex rationally
equivalent to S2kC1 �S2lC1 for 1< k < l and n even. Then E�.X /DQ.

Proof We start with the proof of the second case. By [32, Theorem 10.3] the group �0.hAutC.X //
is commensurable with an arithmetic subgroup of the homotopy classes automorphisms of AX . If
X 'Q S2kC1 � S2lC1 then the group of automorphisms of AX modulo homotopy is Q� �Q� and
the arithmetic subgroups of this linear algebraic group are finite and hence by commensurability so is
�0.hAutC.X //. Hence, E�.X /ŠE�

0
.X /DQ by Lemma 5.1 and Theorem 5.9.

We need to introduce some notation in the first case. Let � WE!BhAutC.X / denote the universal ori-
entated X -fibration and �0 WE0!BhAut0.X / the universal 1-connected X -fibration. The cdga model of
the total space E0 is a free algebra on generators x1; : : : ;xn;y

1; : : : ;yn with differential D.xi/D yi and
therefore H.E0/DQ. It is well known that E is homotopy equivalent to the classifying space of pointed
homotopy automorphisms BhAutC� .X / and there is a fibration sequence E0!E H

�! B�0.hAutC� .X //
which induces an isomorphism H�.E/ŠH�.B�0.hAutC� .X /// since the rational cohomology of E0

is trivial. In particular, efw.�/DH�e for some e 2H n�.2kC1/
�
B�0.hAutC� .X //

�
. It follows from the

commutative diagram

E B�0.hAutC� .X //

BhAutC.X / B�0.hAutC.X //

�

H

'Q

h

that the fibrewise Euler class efw.�/DH�e D ��h�e is pulled back from the base, and therefore that
the fibre integrals �!.�

�.h�e/k/D .h�e/k ��!.1/D 0 all vanish.

Remark 5.11 There are more cases when the group of homotopy self-equivalences E.X / is finite for a
space X that is rationally equivalent to a product of odd-dimensional spheres, and the second case in
Theorem 5.10 is merely one of the simplest to establish. But we expect that the Euler ring vanishes in
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general even if E.X / is not finite using recent results in [4], where Berglund and Zeman have given a
rational description of BhAut.X / via a fibre sequence

BhAutu.X /! BhAut.X /! B�.X /;

where �.X / is a certain arithmetic group and BhAutu.X / is the classifying space of normal unipotent
X -fibrations. They provide �.X /-equivariant models for BhAutu.X / so that one can obtain an algebraic
model for BhAut.X /. We expect that one can extend the results in this paper using their results to study
Euler rings in more generality, and in particular that the Euler ring E�.X / vanishes for X a product of
odd spheres in general.
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