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The Deligne-Mumford operad as a trivialization of the circle action

ALEXANDRU OANCEA AND DMITRY VAINTROB

We prove that the tree-like Deligne-Mumford operad is a homotopical model for the trivialization of the
circle in the higher-genus framed little discs operad. Our proof is based on a geometric argument involving
nodal annuli. We use as a model for the higher-genus framed little discs an operad of Riemann surfaces
with analytically parametrized boundary. We develop the formalism of topological moduli problems as a
framework to accommodate the orbifold nature of the Deligne—Mumford operad.
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1 Introduction

An operad is a structure that contains spaces of operations with multiple inputs and one output, and rules
for composing these operations. An algebra over an operad is a given incarnation of these operations
and composition rules. Associative algebras, Lie algebras, commutative algebras, Gerstenhaber algebras,
Batalin—Vilkovisky algebras and hypercommutative algebras are all examples of algebras over suitably
defined operads Ass, Lie, Com, Gerst, BV and HyperCom.

Many such algebraic operads can be described as homologies of topological operads, i.e., operads
with topological spaces of operations. Famously, Gerst is the homology of the operad of little 2-discs,
whose spaces of operations consist of Euclidean embeddings of smaller discs, seen as inputs, into the unit
disc, seen as the output, and where the composition is given by rescaling the unit disc and fitting it into
some other small disc. Similarly, BV is the homology of the operad of framed little 2-discs, analogous
to that of little 2-discs but involving the extra data of a marked point on the boundary of each of the
discs under consideration. See Figure 1. Another example is HyperCom, which is the homology of the
Deligne-Mumford—Knudsen operad, whose space of k-to-one operations is the compactified moduli
space /Wo,k+1 of genus-0 curves with k + 1 marked points, of which one is labeled as an output and
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1230 Alexandru Oancea and Dmitry Vaintrob

Figure 1: Composition in the operad of framed little 2-discs.

the other ones are labeled as inputs. The composition is represented by the nodal curve obtained by
identifying an input of one curve with the output of another. See Figure 2.

The following result was proved by Drummond-Cole [21]. Let FLD be the operad of framed little disks
and let DMK be the genus-zero Deligne-Mumford—Knudsen operad with k-to-one operations indexed by
points in /Wo,k+1- Let FLDy,; be framed little disks with one input and one output (with only a space of
one-to-one operations, which is up to homotopy the group S!), and let pt be the operad with only one
identity one-to-one operation. Then, in any model structure on operads with weak equivalences spanned
by maps of topological operads which are levelwise weak equivalences, we have the following result.

Theorem (Drummond-Cole [21]) The homotopy colimit of the diagram
pt < FLD;,; — FLD

is related by a canonical sequence of weak equivalences to DMK.

The intuition behind this theorem is the following: to trivialize the S!-action in FLD amounts to
collapsing each small disc, as well as the boundary of the outer disc, to a point. The outcome is a genus-0
curve, i.e., an element of M 1, the uncompactified moduli space of genus-0 curves with k + 1 marked

Figure 2: Composition in the Deligne—Mumford—Knudsen operad.

out
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The Deligne—Mumford operad as a trivialization of the circle action 1231

points. The homotopy pushout corresponds to the compactification M0’k+1: the latter involves nodal
curves whose dual graph is a tree, and trees are precisely created by the operadic bar construction, which
provides cofibrant replacements.

In this paper we give a higher-genus generalization of this result. Our method of proof gives a more
geometric (and indeed motivic, as seen in [56]) interpretation of Drummond-Cole’s theorem.

We define the operad Fry of framed surfaces with spaces of operations given by the moduli spaces
of complex, i.e., conformal, surfaces with analytically parametrized boundary, and with composition
given by gluing boundary components along compatible parametrizations. See Section 3.1 and Figure 7
on page 1253. The operad FLD embeds in Fry by viewing the boundary of the “large” disk in which
the framed little disks embed as the outgoing boundary of a conformal surface of genus zero, and
the boundaries of the interior disks as incoming boundaries. This embedding establishes a homotopy
equivalence between FLD and the suboperad Fry ,—¢ of framed surfaces of genus zero, and so Frj is a
natural higher-genus generalization of FLD in the category of topological operads.

Let Ann be the suboperad of Fry consisting of annuli, i.e., genus-zero framed surfaces with one
incoming and one outgoing boundary component. This operad is homotopy equivalent to FLD; ; and
to S1, and each annulus is a homotopy unit for Fry. It is convenient to enlarge Ann and Fr; to strictly
unital operads Ann and F~ra by including infinitely thin annuli. See Section 3.2.

The main result of the present paper is the following theorem. As before, suppose we are working with
a model structure with weak equivalences spanned by maps of topological operads which are levelwise
weak equivalences. Let DM be the operad of “tree-like” nodal surfaces of arbitrary genus, whose spaces
of operations are the partial compactifications of the moduli spaces My x = {Mg r41:g >0, k > 0} of
closed Riemann surfaces of genus g with k 4+ 1 marked points by boundary components consisting of
nodal curves whose dual graph is a tree.

Theorem 1.1 The homotopy colimit of the diagram of unital operads
(D) pt < Ann — F~r3

is related by a canonical sequence of weak equivalences to the Deligne-Mumford operad DM"*.
The same statement holds for the homotopy colimit of the diagram of nonunital operads

pt < Ann — Frjy.

The Deligne—Mumford operad is not an operad in topological spaces, but rather an operad in topological
orbifolds, or stacks. We discuss the corresponding formalism in Appendix A, where we call the relevant
objects fopological moduli problems. If one is only interested in the operad as an object of a rational
homotopy category (e.g., by considering its chains over a field of characteristic zero), the orbifold structure
can be ignored without changing the homotopy type and the homotopy colimit result holds on the level of
coarse moduli spaces (note that in genus zero this distinction is irrelevant as there are no stabilizers).

Let DM . be the operad built out of the underlying coarse moduli spaces of the orbifold-valued
operad DM, Let k be a field of characteristic zero. In this context, the operads of chains with coefficients

Algebraic € Geometric Topology, Volume 26 (2026)



1232 Alexandru Oancea and Dmitry Vaintrob

in k on DM" and DM¢ _ are equivalent, as the homology of finite groups is trivial in characteristic
zero. The following corollary, motivated by mirror symmetry considerations which we discuss below,

follows from Theorem 1.1 by the universal property of colimits.

Corollary 1.2 Let k be a field of characteristic zero. The data of an algebra over the operad of
chains C4(DM"°) is equivalent to the data of a dg algebra A over Cx (I?ra) together with a derived
S-trivialization, i.e., a chain of quasi-isomorphisms of C«(S')-modules T : A =V, with V a complex of

k-modules carrying a trivial S!-action. a

Corollary 1.2 is a higher-genus generalization of a result proved by Drummond-Cole and Vallette
[22, Theorem 7.8]. The derived S!-trivialization is equivalent to a Hodge-to-de Rham degeneration
data in the sense of [22]. The characteristic zero condition can be removed at the cost of working with
DM"¢ instead of DM . and considering algebras over appropriate model-theoretic replacements of
the operads involved.

Motivation, history of the problem and state of the art The main motivation for Theorem 1.1 and for
Drummond-Cole’s theorem comes from the homological mirror symmetry conjecture of Kontsevich [37].
This conjecture postulates an equivalence between, on the symplectic side, the Fukaya category, and on
the complex side, the category of coherent sheaves. In contrast, the original discovery and formulation
of mirror symmetry was enumerative [9; 16], and postulated an equivalence between Gromov—Witten
invariants on the symplectic side and Hodge-type numbers on the complex side. Hence the question of
describing Gromov—Witten invariants, or quantum cohomology, of a closed symplectic manifold, in terms
of its Fukaya category. In recent years, this has led to a flurry of activity around so-called “categorical
enumerative invariants” [15; 17; 18].

Gromov—Witten invariants and the Fukaya category are related by the so-called closed-open map. This
map induces, for sufficiently nice symplectic manifolds, an isomorphism between symplectic cohomology,
which is a variant of Floer homology, and Hochschild cohomology of the Fukaya category; see [1; 25; 37].
This isomorphism intertwines the S!-action on symplectic cohomology with the S!-action on Hochschild
cohomology. Both these actions are part of naturally defined BV-algebra structures, which can also be
refined at chain level as algebra structures over the operad of chains on the framed little discs FLD. On
the Floer side this was proved recently by Abouzaid—Groman—Varolgunes [2], and on the Hochschild
side this is closely related to the famous problem known as the “Deligne conjecture” [6; 39; 46; 54; 59].

When the symplectic manifold is closed, we infer two different structures on its quantum cohomology.
On the one hand, the fixed point map identifies it with symplectic cohomology, wherefrom a BV-algebra
structure with trivial S!-action. On the other hand, it classically carries the structure of a HyperCom
algebra. (This involves genus-0 Gromov—Witten invariants, e.g., the operation in arity 2 corresponds to the
quantum multiplication.) To explain this phenomenon, Kontsevich formulated in 2003 the conjecture that
the framed little discs operad with a trivialization of the circle should be equivalent to the DMK operad.

This was proved in algebraic settings by Drummond-Cole and Vallette [22], as well as Khoroshkin,
Markarian, Shadrin [35], and in a topological setting by Drummond-Cole [21]. The statement at the
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topological level is the strongest, since it implies the previous ones by passing to chains. See also
Dotsenko, Shadrin, Vallette [20] for the relation between this picture and the Givental group action.

Costello [14] adopts a point of view on categorical enumerative invariants which is inspired by
cohomological field theory; see also Kontsevich and Manin [38]. From that perspective, it becomes
relevant to study analogues of Kontsevich’s conjecture in higher genus. Our main Theorem 1.1 is the
first result in that direction: we prove the conjecture of Kontsevich at the topological level, i.e., in the
strongest sense, for the operadic part of the higher-genus Deligne-Mumford moduli spaces (one output).

Very recently Tu [55] proved a homological generalization of our main Theorem 1.1 in the context
of modular operads. This implies the equality between Costello’s categorical enumerative invariants of
the ground field and the Gromov—Witten invariants of a point, and is an important step towards inferring
enumerative mirror symmetry from homological mirror symmetry [15; 17; 18]. Much more in line with
our topological approach, Deshmukh [19] proved a generalization of our main Theorem 1.1 from operads
to input-output properads, i.e., properads that have no operations with O inputs and O outputs. The starting
object in [19] is the properadic version of our operad of framed nodal surfaces Fry, which we view as
confirmation of the fact that this is the correct higher-genus generalization of the little 2-discs operad.
The paper [19] relies on the full machinery of oco-categories developed by Lurie [41]. In contrast, we
keep technicalities to a minimum. The geometric perspective adopted in the current paper should make it
appealing to both topologists and geometers.

Our paper brings into the picture a number of new ideas. We define the operad Fry of framed surfaces
as a higher-genus analogue of the operad of framed little discs. Our main Theorem 1.1 extends the
equivalence of operads proved by Drummond-Cole [21] to higher genus, and Corollary 1.2 extends to
higher genus the algebraic formulations from [20; 35]. Our proof is geometric and makes use of certain
explicit and canonical degenerations of Riemann surfaces. Remarkably, our use of Riemann surfaces
with analytically parametrized boundary, which makes the gluing operation well defined, has a motivic
counterpart discussed by the second author in [56].

Sketch of the proof The key technique in our proof consists in replacing the diagram

pt <— Ann — Fry
by the homotopy equivalent, but much more geometrically meaningful diagram (cf. Theorem 3.11)
) NodAnn <— Ann — Frj.

Here NodAnn is the operad of (stable) nodal annuli, with only one-to-one operations consisting of a
compactification of Ann by allowing the modulus to tend to co, which we geometrically interpret as
the annulus developing a node (which is disjoint from either parametrized boundary component). The
resulting operad turns out to be contractible (Lemma 3.6), hence gives rise to a diagram whose homotopy
colimit is equivalent to the homotopy colimit pt <— Ann — Fry of the theorem above. In fact, in this
formulation the homotopy colimit result is visible geometrically, as the geometric pushout Theorem 3.11
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1234 Alexandru Oancea and Dmitry Vaintrob

from Section 3.4. In that statement we use a unital version NodAnn of NodAnn, which corresponds to
the partial compactification in the “modulus-zero” limit. (This partial compactification does not change
the homotopy type.)

The proof of our main Theorem 1.1 relies on a mild homotopy enhancement of the proof of the
geometric pushout Theorem 3.11.

Our proof of Proposition 6.6, stating that a certain operation of erasing seams on surfaces gives rise to
a weak homotopy equivalence, has counterparts in [19, §§5.2-5.3; 21, §7], in different setups. These
different perspectives complement each other, and it is instructive to compare them, including from a
complexity perspective.

Topological moduli problems and operads An extra layer of technical complexity is added to our
work because the “target” of our comparison, the operad DM"®, is not a topological operad. Instead,
it is an operad valued in topological moduli problems, because certain stable marked complex curves
have automorphisms that preserve the markings. The notion of a topological moduli problem, which we
discuss in Appendix A, is a variant of the notion of topological stack that is suitable for our purposes. We
thus have to take care of two issues:

(1) How does one compare topological moduli problems to topological spaces?

(2) What is an operad in topological moduli problems?

We discuss the first question in Appendix A, and the second question in Appendix B. The outcome is
that every topological moduli problem & has a “classifying space” and can thus be treated essentially as
a topological space. The answer to the second question requires more formalism than the first, and the
model we use is that of Segal operads, defined in [12]. In particular, the Deligne-Mumford operad DM"¢
is a Segal operad rather than an ordinary operad. Luckily, the two questions can be treated separately for
the purposes of this paper, and neither of them needs to interfere with the model category structure.

Before comparing DM with the homotopy pushout, we need to replace it by a model that allows
boundary. To this end, we define in Section 3.4 an operad NodFerree of classifying spaces of nodal curves
with parametrized boundary (again, an operad of topological moduli problems defined using the same
framework as DM"®®). This operad contains both DM as a closed suboperad and Fry as an open
suboperad, and moreover the map of operads DM — NodFr},ree is a homotopy equivalence (after taking
classifying spaces).

We use the homotopy equivalence

DMtree funnel No dFrgee

(which we call the “funnel” map, as it is geometrically represented by attaching “funnels”; see Figure 8
on page 1267) as one half of a “roof” of equivalences between DM" and the homotopy pushout. Indeed,
after taking canonical resolutions in an appropriate model category, we identify the pushout operad in (2)

ree

with a certain space NOdHD;roteCIed of decorated curves which we call “Humpty-Dumpty curves”, fitting
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into a diagram

3) hocolim(diagram (2)) = NodHD"<¢ — NodFrtaree <~ DM'ree

protected

all of whose maps are equivalences of operads in an appropriate model category.

Model category structures We use the Berger—Moerdijk model category structure on topological
operads throughout most of the paper, induced by a given model category structure on topological spaces.
Note that the topological spaces we work with are not CW-complexes. This makes it inconvenient to use
the standard (Quillen) model category structure on the category of topological spaces, and we replace it
by the so-called mixed model category structure due to Cole [13]. All spaces we work with are homotopy
equivalent (and not just weak homotopy equivalent) to CW-complexes, which implies that our results will
also hold in the Strgm model category structure [53], where only homotopy equivalences are inverted.
This is explained in Section 5.

Structure of the paper Taking advantage of the analogous nature of the proofs of the homotopical
main Theorem 1.1 and of the geometric pushout Theorem 3.11, we first give in Sections 2 and 3 a
self-contained statement and proof of Theorem 3.11, along with a brief introduction to topological operads
and their pushouts. A reader interested in the flavor of our proof without the topological technicalities
can read those sections only. In Sections 4 and 5 we introduce the formalism of model categories and
the Berger—Moerdijk model category structure on topological operads, which we will be working with.
We prove the main Theorem 1.1 in Section 6. For the reader’s convenience we have given separately
the proofs for the genus-0 case and for the higher-genus case. In the genus-0 case we only work with
operads in topological spaces and there are not stacky phenomena involved, and we recover by a different,
and perhaps more geometric method, the theorem of Drummond-Cole [21]. In the higher-genus case we
make full use of the language of topological moduli problems and Segal operads, which we introduce and
discuss in Appendices A and B, respectively.

2 Operads and topology
2.1 A brief reminder on operads

Operads were initially defined by May [43] in a topological context.

An operad O is a structure that specifies a class of composable operations with multiple inputs. An
operad in sets is a collection of sets Oy, n > 0, of operations “with n inputs and one output”, or operations
“of arity n”, together with composition rules

Y 1 Ok X Ony X Opy X -+ X Oy = Oy geny,

and permutation rules, consisting of right actions of the symmetric groups &, on Op, n > 0, where
S0 = 1 by convention,

0,x6, > 0,, (0,0)— o0.

Algebraic € Geometric Topology, Volume 26 (2026)



1236 Alexandru Oancea and Dmitry Vaintrob

The composition rules and the permutation rules are required to satisfy certain tautological relations
which essentially encode the fact that they behave like composition and permutation of inputs. Generally,
operads are also required to have a unit, 1 € Oy, with the property that composing 0 € Oy, kK > 1, by 1
on the left or with the tuple (1, 1,..., 1) on the right does not change 0. By default, when we use the
word “operad” we will mean unital operad.

A representation of an operad O (in sets), or an algebra over O, is a set (S, p) with a collection of
maps p, : S — S indexed by 0 € O,,, n > 0. By convention S° consists of a single point and therefore
we interpret the collection of maps p,, 0 € Oy, as a distinguished collection of elements in S. The case
in which Oy consists of a single element is historically important; see May [43], but the operads that we
will construct in this paper will have naturally richer spaces Og. The collections of maps p,, 0 € O,
n > 1, are interpreted as spaces of operations with # inputs and one output in S. We require these maps
to satisfy the permutation rule

Poc (S1.....87) = Po(s(r(l)» cee »So(n))

for 0 € &, a permutation, and also the associativity rule

Poo(lool X"'XPak) = Py(o,(01,...,0%)) * SM X x 8 — S,

Note that the only property needed in order to define operads and algebras over operads in this context
is that the category Set has a symmetric monoidal structure with respect to the cartesian product and the
permutation action &, x S — S, 0(s1,...,52) = (Sg(1)» - - - » So(n))- In particular, we can define the
notion of an operad and of an algebra over an operad in any symmetric monoidal category (C, ®) with
choice of unit object. The category of operads in C is denoted by Op,.

For convenience, we shall impose a slightly stronger condition: namely, that the symmetric monoidal
category C we work with be closed (see [7, §2]), which in particular implies it has (small) colimits, the
colimits distribute over pushouts and there is an internal Hom functor. The cases of most interest to us
are the categories Top of compactly generated weakly Hausdorff topological spaces (this is the standard
category used in homotopy theory [33, Definition 2.4.21, Theorem 2.4.25]), Vect of vector spaces and
Vecty, of differential graded vector spaces. Given a lax symmetric monoidal functor C — D, we get a
functor of associated operad categories Op, — Opp.

Operads can be equivalently defined by specifying a smaller set of composition rules, the so-called
partial compositions. More precisely, given a unital operad O one defines the partial compositions

—oi—ZOkXOg—>0k+(_1, lfifk,

asuo;jv=7y(u;1,...,1,v,1,...,1) for I <i <k. These compositions obey the tautological relations
uoj (vo;w)=(uo;v)oj—14+; wfori,j >1and (uo; w)o;v=(uo;v)oj_j4gwfor j >i >1and
v € Oy, called respectively sequential composition and parallel composition. These relations determine
uniquely all the other composition and permutation rules for the operad O, allowing for an equivalent
definition of the operad structure.

Algebraic € Geometric Topology, Volume 26 (2026)
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Remark 2.1 When we work with the Deligne-Mumford operad and its variations, we will need the
slightly more sophisticated theory of Segal operads, which is adapted to handle stacky objects, i.e., objects
with self-symmetries. This refinement is explained in Appendix B.

2.2 Free operad

This section is based on [7, §5.8; 8, §3].

Many constructions in algebra canonically output graded objects, i.e., objects of the form | | X; for |_|
the coproduct operation — or € for vector spaces — and i running over some indexing set /. For example
the free unital monoid on a set I"' — or a vector space V' —is Free(I") =|_|,,cpy I'" — or the tensor algebra
Free(V) = @, cn V®". Note that the monoid structure on Free(I") “lives over” the standard additive
monoid structure on N. It is a common procedure to resolve a monoid, or an associative algebra, by
free ones using a simplicial object (or chain complex) based on the free algebra construction of the bar
complex. The analogue of the bar complex in the theory of operads is indexed not by the monoid of
natural numbers but by the operad of trees, whose n-to-one operations are given by certain trees with
n distinguished “input edges” and one distinguished “output edge”. Some trees have automorphisms,
which interact with the G,-actions on spaces of operations, so properly speaking the free construction is
indexed by a groupoid of trees.

Let C be any symmetric monoidal category. The symmetric groupoid is the category & with objects
the finite sets [n] = {1,...,n}, n > 0, and morphisms the permutations of [n]. We define the category
of &-collections in C as Fun(&°P, (), also denoted by G-Mode. Explicitly, the objects of &-Mod¢
are sequences X« := (Xo, X1, X2,...) with X, € C a &,-module for n > 0, and the morphisms are
equivariant sequences of morphisms in C.

Let Sets be the category with objects the finite sets and morphisms the bijections between finite sets.
The categories & and Sety are canonically equivalent. As a consequence, the category of G-collections
Fun(&°P, C) is canonically isomorphic to the category Fun(Set®’, C) [42, Proposition 1.51]. When viewing
a G-collection X4 as a functor Set;)(p — C, we denote by X r the object in C that is associated to a finite set F.

We have a canonical forgetful functor

forg : Op, — &-Modc,

which associates to an operad O the sequence (Op, O1, O3, ...) of its spaces of operations. This functor
has a left adjoint

Free : 6-Mod¢ — Op,
called the free operad functor. The adjunction relation reads
Homop,, (Free(Xx), O) = Homg.mod. (X, forg(0)).

2.2.1 The operad of labeled rooted trees We first need to describe an important operad based on the
following heuristic idea: an operation with n inputs is represented by a rooted tree with n distinguished

Algebraic € Geometric Topology, Volume 26 (2026)



1238 Alexandru Oancea and Dmitry Vaintrob

Figure 3: A tree of operations I' and its associated graph of full edges T.

leaves labeled by the set {1, ...,n}, up to isomorphism. Composition of operations is represented by
grafting such trees one upon another.

A graph with half-edges is a graph I' with a set of vertices Vertr, a set of oriented edges Edger each
having one tail and one head vertex, and an additional set of oriented half-edges Halfr with only one end
(either head or tail). We denote by Halfl": the set of incoming half-edges. We denote by T" the oriented
graph of full edges. We say that a graph with half-edges T" is a tree of operations if T is a rooted tree
and T has exactly one outgoing half-edge which is attached to the root of I'. This definition allows for
an arbitrary number (including 0) of incoming half-edges for I, it allows for some (or all) of the leaves
of T to have no incoming half-edge attached to them, and it allows for the incoming half-edges of T" to
be attached at any vertex of I'. Each interior vertex of " has a unique outgoing edge attached to it. See
Figure 3. In addition to the above, we also introduce the trivial tree | consisting of a unique edge and no
vertex. We do not consider our trees of operations as being endowed with a planar structure.

A labeling of a tree of operations t with n > 1 incoming half-edges is the data of a bijection
A:{l,...,n}=>Half], which we view as assigning an element in {1, ..., 7} to each incoming half-edge.
A labeled tree of operations is a pair (t, A) consisting of a tree of operations t and a labeling A. Two
labeled trees (z,A) and (¢, A’) are equivalent if there exists an isomorphism ¢ : T = t’ that intertwines
the labelings, i.e., such that A’ = ¢A. Write

Tree,
for the set of all labeled trees of operations with n > 0 incoming half-edges, and write
Treey,

for the equivalence classes under the above equivalence relation. This is a &,-equivariant groupoid with
respect to the right action of G, on labelings.
The &,-groupoids Tree;,, n > 0, form an operad in the following way:

(1) Given an equivalence class of a labeled tree [t, A] € Treej, and a collection of equivalence classes
[ti. Ai] € Treen,;, 1 <i <k, we define the composition y ([, A], ([t1. A1]. .. .. [tx. Ak])) as follows. We
choose representatives for each of the previous equivalence classes, we build a tree 7' by gluing for each
i €{l1,...,k} the outgoing half-edge of 7; to the i-th incoming half-edge of t as distinguished by the
labeling A, producing thus for each i a new interior edge whose tail vertex is the root of 7; and whose
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head vertex is the same as that of the i-th incoming edge of t. (If 7; is the trivial tree, the gluing is
innocuous.) We define a labeling £ of the tree T by concatenating the labelings A1, ..., Ax. The result of
the composition is the equivalence class of the labeled tree (7, £).

(2) The unit is provided by the trivial tree | with its unique labeling.
The resulting operad, denoted by Tree, is the operad of labeled rooted trees.

Remark 2.2 We refer to [36] for a different description of trees.

2.2.2 The free operad functor Let X, be a G-collection, which we view as a functor Set;p — C. The
heuristic idea for the construction of the free operad Free(X) is the following: the space of operations in
arity n > 0 consists of elements of Tree;, decorated at each vertex v by an element of Xjy (), where in(v)
is the set of incoming edges and half-edges at v. The composition of operations is inherited from the
composition of trees.
Given a tree of operations 7, define
X'= ] Xinw-
VE Vert,
A labeled rooted tree with vertices colored by elements of X« and with n > 0 incoming half-edges is a triple
(t,x,A) with (7, 1) € Tree,, and x € X*. Two such triples (z, x, A) and (z/, x’, 1) are equivalent if there
exists an isomorphism ¢ : (7, A) = (z’, 1) such that the colors x = (xy)vever, and x" = (X3, )wevert,,
satisfy the condition x; w) = Xv0%> where 0 : Xin(w) = Xin(4(v)) 18 the isomorphism determined by the
bijection ¢ : in(v) — in(¢(v)). Let
Tree, (X«)

be the space of labeled rooted trees with vertices colored by elements of X, and with n > 0 incoming
half-edges. This carries a natural topology and splits as a disjoint union of topological spaces indexed by
the elements of Tree,,. Let

Tree, (X«)

be the space of equivalence classes under the above equivalence relation, which again carries a natural
topology and splits as a disjoint union of topological spaces indexed by the elements of Tree,. This is
naturally a &,-space under the action of the permutation group on labelings.

Definition 2.3 The spaces of operations in the free operad Free(X ) are
Free(X«)n = Treey, (X)), n>0.
These form a topological operad with compositions, unit, and &-structure inherited from the operad Tree.

2.3 Pushout of operads

Suppose that
P—A—Q
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is a diagram of topological operads. We define the amalgamated product or pushout,

PI_IAQ,

to be the colimit of the diagram in topological operads. Explicitly, this is a quotient (interpreted as a
colimit) of the free operad Free( P« LI Q«) and is defined as follows. Consider the counit of the free-
forgetful adjunction: this is the natural transformation between the functors Free o forg and Idp, which
associates to each operad O the “product” morphism of operads [ : Free(O«) — O obtained by applying
composition maps in O to a tree of elements in O recursively until the tree has a single vertex (this is
independent of the order by the associativity of operations in operads). Now P Li4 Q is the quotient of
Free( P« LI Q«) by the equivalence relation generated by the relations

described as follows:

(~1) If 0free € Free( P« L Q) is a free element over a tree T and t has a subtree 7¢ all of whose vertices
are labeled by elements of P (or Q) then og. is equivalent to O%ree with all vertices and all full
edges of 7o contracted to a point, and with the product [ [(0free|z,) Written at that point.

(~2) Denote the two operad maps by i : A — P and j : A — Q. If 0gee € Free( Py« U Q) is a free
element over a tree T which on some vertex v € 7 has a label which is equal to i(a) for some
a € A, we set Ofree ~ 0/free where 0’free has the label on v replaced by j(a).

The amalgamated product can be defined more generally for operads in categories which do not live
over the category of sets. The above relations should then be understood as coequalizer conditions in the

underlying category.

3 Operads based on Riemann surfaces with boundary
3.1 The operad of framed surfaces

Definition 3.1 A framed surface is a compact Riemann surface ¥ with boundary 0% locally analytically
modeled on the upper half plane {z € C : Im z > 0}, together with an analytic parametrization ¢; : S — C;
for each boundary component C; C 9X.

A component C; C 0% is called an input or an output if the orientation induced by the parametrization
coincides, respectively is opposite to the boundary orientation of Cj.

Write Frg"’" for the moduli space of framed surfaces with m incoming and n outgoing boundary

components.

The space of oriented analytic diffeomorphisms S! — S! which preserve a basepoint 1 € S! is
contractible. Indeed, this set is identified with the space of analytic functions f : R — R satisfying the
conditions f(0) =0, f(x+1) = f(x)+1forall x € R, and f’ > 0, which is convex. (The function
f(x) = x can be taken as a basepoint.) As such, once an orientation of each boundary component has
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been specified (which is the same as a labeling of the components as inputs or outputs), an analytic
parametrization ¢; : S! — C; is determined up to homotopy by the choice of a basepoint p; = ¢; (1) € C;.
Framed surfaces can be glued at inputs and outputs because of the following phenomenon.
A framed surface is canonically isomorphic in the neighborhood of each of its boundary components
to a closed annulus

Ae={z€eC:1—-e<|z| <1}

for some ¢ > 0. Indeed, given a component C; with an analytic parametrization ¢;, the latter locally extends
uniquely, and these local extensions coincide on the overlaps by uniqueness of holomorphic continuation.
The original parametrization ¢; corresponds then to the restriction of the extended parametrization to the
circle |z| = 1 if C; is an output, respectively to the restriction to the circle |z| = 1 — ¢ if C; is an input.
As a consequence, any two framed surfaces are uniquely locally isomorphic in the neighborhood of any
of their incoming, respectively outgoing boundary components.

Given two annuli Ag, Ay (viewed as complex manifolds with canonically parametrized boundary)
the incoming boundary of the first can be glued to the outgoing boundary of the second (to produce an
annulus with modulus In 1/(1 —¢) +1In1/(1 —¢&’); see Section 3.2 below). Since every framed surface is
isomorphic in a neighborhood of each of its boundary components to such an annulus, this gives us the
local data necessary for gluing two framed surfaces along boundary components of opposite orientation,

(27 V)’ (E’ )/,) = E#Va)’/ E/'

Note that this also makes sense if X, ¥’ are disconnected and also if y, y’ are boundary components
consisting of multiple circles, as long as the orientations are compatible.

In particular, the moduli spaces Fry " form a topological PROP, and the moduli spaces Fr}’ ‘1 with one
output form a topological operad. We denote this latter topological operad by Fry. We call it the operad
of framed surfaces.

Note that the moduli space Frgl’" is a priori a stacky object, as a surface can have automorphisms.
However, this can only happen when both m and n are equal to zero, as no nontrivial automorphism of a
connected complex surface can fix an embedded curve or boundary component pointwise. Since we will
only be interested in the operad Fry, which involves the moduli spaces Frg"’" with n = 1, we will never
encounter any stacky phenomena involving framed surfaces.

Remark 3.2 It is understood here that the elements of Fry are labeled framed Riemann surfaces, meaning
that, for each framed Riemann surface £ € Frgn’l, we are given a bijection A between {1, ..., m} and the
set of incoming boundary components of X. The bijection A is called a labeling, and there are of course
m! choices of labelings. The labeling is necessary in order to define composition by gluing and hence the
operad structure on Fry. This additional presence of labelings is standard for operads constructed out of
Riemann surfaces, similarly to the case of the Deligne-Mumford spaces M g,n Where the n marked points
are also labeled. The symmetric group &,, acts on the right on the set of labelings of a framed Riemann
surface ¥ by composition at the source (A,0) — Ao, 0 € G,. For readability we will henceforth not
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mention explicitly the labelings of surfaces, but whenever we will write “framed surface” we will mean
“labeled framed surface”.

Remark 3.3 We will be interested in Fry as a topological operad and we now specify the topology on the
moduli spaces involved. Given any point of Frgl’1 corresponding to a surface S, we can glue in disks
(with standard parametrization of the boundary) to all the inputs and outputs of S to obtain a closed
Riemann surface S. This gives an identification of Fr'an’1 with the moduli space of Riemann surfaces
with m + 1 parametrized loops bounding disks isomorphic to the standard disk D C C and with standard
boundary parametrization. In particular, Fry is a subspace of the space of tuples (X, y1, ..., Ym+1) with X
a closed Riemann surface (corresponding to a point of some Mg ;,11) and the y;, i =1,...,.m + 1,
pairwise nonintersecting contractible embedded analytic loops in X . This is a bundle over Mg ,41. We
topologize Fr'an’1 as a locally closed subset of this bundle of tuples.

This presents Fry as a complex infinite-dimensional manifold. Its local model at a framed Riemann
surface of genus g with m 4 1 boundary components is the total space of a fibration over a neighborhood
of the corresponding element in Mg ,, 41 with fiber given by m + 1-tuples of embeddings of the disc
in C close to the standard one. The fact that the corresponding element in M ;41 may be an orbifold
point is irrelevant here.

3.2 The monoid of framed annuli

The genus-0 and arity-1 part of Fry forms a topological monoid which we denote by Ann and call the
monoid of framed annuli.

A framed annulus is a genus-0 Riemann surface 4 with two boundary components 94 = 3T A9~ A4
labeled as input and output, together with analytic parametrizations f4 of the input 97 A and f_ of the
output 0~ A. Ignoring the parametrizations of the boundary components, such an annulus is conformally
determined by its modulus a € (0, 00) (Schottky’s theorem [51]). This is the logarithm of the ratio of
the radii

a=InR/r

of a standard annulus AR r = {z € C :r <|z| < R}, r < R, which is conformally equivalent to A, where
the outer circle |z| = R is labeled as input and the inner circle |z| = r is labeled as output. The group of
conformal automorphisms of the underlying Riemann surface A is canonically isomorphic to S!: up to
replacing A with a conformally equivalent standard annulus, its group of automorphisms is represented
by the rotations of C which fix the origin. As such, the pair (f—, f+) is considered modulo global
rotations 6 - (f—, f+) = (0 + f—,0 + f1), 0 € S!. With this understood, we write [(4, f—, f+,a)] for
the equivalence class of a framed annulus (4, f—, f+, ).

Remark The modulus behaves additively under gluing of standard annuli. However, it does not behave
additively under gluing of general framed annuli. This can be seen explicitly by studying configurations
of nested circles in C.
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The topological monoid Ann is not unital. In order to achieve unitality, it is convenient to enlarge it to
the topological monoid of possibly degenerate framed annuli, denoted by Ann, by including the moduli
space of framed annuli of modulus 0, denoted by Ann®.

A framed annulus of modulus 0 is a triple (C, f_, f4+) consisting of a connected closed analytic
1-dimensional manifold C together with analytic diffeomorphisms f4 : S1 — C. We will also refer to
(C, f—, f4) as being a framed annulus of thickness zero, or as being a degenerate framed annulus. Two
such framed annuli (C, f—, f+) and (D, g—, g+) are equivalent if there exists an analytic diffeomorphism
¥ :C — D such that g4+ = f+. Assuch, the framed annulus (C, f—, f)isequivalentto (S',id, =1 f1)
and also to (S, fjfl f—,id). We choose the first expression to realize a bijection

Ann® 25> Aut(S),  [(C, fo, [l ST Sy

The composition of the equivalence classes of two framed annuli of modulus 0 is defined by

[(C, f= fOlo (D, g— g =[(C, /-, f+8Z g = (D, g— [+ [~ . g+)].

This makes Ann® into a group. The neutral element is the class [(S!,id, id)], consisting of degenerate
annuli (C, f_, f4+) with f— = f4. The inverse of [(C, f_, f+)] is [(C, f4+, f—)]. As such the above
bijection

Ann® = Aut(S1)
is a group isomorphism. (Had we chosen to associate to the class of an annulus [(C, f—, f4+)] the element
f+_1 f— € Aut(S1), suggested by choosing as a representative the degenerate annulus (S, f+_1 f—,id),
we would have obtained a bijective group antithomomorphism.)

The topological monoid Ann is a trivial fiber bundle over (0, c0), which is the space of moduli of
unframed annuli, with fiber Aut(S') xg1 Aut(S'), where Aut(S!) stands for the group of analytic
automorphisms of the circle and S acts diagonally on Aut(S!) x Aut(S!) by translations in the target.
We topologize Ann by extending this trivial fiber bundle to a trivial fiber bundle over [0, co) and collapsing
the fiber at 0 via the diagonal action of Aut(S') given by ¢ - (f—, f) = (¢f—, ¢f+). We identify the
quotient with Aut(S!) via (f_, f+)+— f~! f1 as above.

We extend the monoid structure from Ann to Ann as described above for two elements in Ann® and
by defining

(A, fo. fr )]0 [(C. g— -] = [(A. f-. f+87 g4 )]
and

[(Dv h—v h+)] o [(Av f—? f+v0{)] = [(A’ f—hllh—’ f+,0l)]

for [(A, f—, fv,a)] € Ann and [(C, g_, g+)].[(D,h_,hy)] € Ann®.

We claim that this monoid structure is compatible with the above topology, i.e., Ann is a topological
monoid. To prove the claim, let us consider sequences [(4”, f, f,a”)] and [(BY, g”, g%, B")],v > 1
with «¥, 8¥ > 1, and such that, for v — oo, we have ¥ — «, ¥ — B with @ or 8 equal to 1. We can
assume without loss of generality that A and BY are standard annuli whose inner radius is equal to 1
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g fi!
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Figure 4: We depict a (framed) annulus as a horizontal cylinder of finite length, with its input
boundary component to the right and its output boundary component to the left. The composition
A o B of two framed annuli is depicted by drawing A to the left of B.

and whose outer radius is equal to «”, respectively B”, and also that f} — f1, g} — g, the limits
being analytic parametrizations of the standard circles of corresponding radii 1, « and f.

We prove the claim in the case o« > 1 and f = 1. The glued annulus A" # B" has input given by the
boundary component 3+ B with parametrization gl , and output given by the boundary component 3~ A
with parametrization V. See Figure 4. As v — oo, the input 3™ B of BY — which is the standard circle
of radius B¥ in C — converges pointwise with respect to the standard parametrization to the standard
circle of radius 1 with its standard parametrization, viewed as 0~ BY for all v. The latter is identified
with 91 AV via f7 (g”)~1. As such, the limit of the composition A” # B is canonically identified with
the limit A of the sequence A", and this identification is given by f1g~! along the input boundary
component. The input boundary component of the limit inherits the parametrization g4, and via this
identification the latter corresponds to the parametrization f+g~!g. of the input boundary component
of A. As far as the output boundary component of the limit is concerned, it is canonically identified with
the output boundary component of A and inherits as such the parametrization f_. This shows that

Jim [(A7, £ fa”)]o[(B”. g% gk B = [(A. f-. f+8~ g+ )]
=[(A, /=, fr.@)]o[(S!, g—. g+)]
= lim [(4”, f2. f}.a")]o lim [(B”.g”. g ).
The proof of the claim in the cases @ = 1, 8 > 1 and « = 8 = 1 is analogous and we omit it.
Definition 3.4 We define ﬁa to be the extension of Fry by possibly degenerate framed annuli,
l?ra = Fry Uam Ann.
3.3 Framed nodal annuli

Ordinary annuli have modulus parameter « € (0, 00). By introducing degenerate annuli, we have extended
the possible parameters to [0, 00). In this section we will further extend the possible modulus parameters
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D

unstable nodal annulus stable nodal annulus

Figure 5: Unstable/stable framed nodal annuli.

from [0, oo) to [0, 00]. We do this by adding a new class of annuli, called nodal annuli, which have
modulus parameter oo. While introducing degenerate moduli did not change the homotopy type of the
topological monoid Ann, adding in nodal annuli has a strong destructive effect: it makes the monoid
contractible.

Definition 3.5 We say that a complex surface with analytically parametrized boundary is a framed nodal
annulus if it has two boundary components, genus zero, and at most nodal singularities. (In order to
shorten notation, the term “nodal annuli” includes ordinary annuli with no nodes.)

We say that a framed nodal annulus is unstable if it has an irreducible component which contains no
boundary components (equivalently, if it has a component of genus zero and infinite automorphism group),
and stable otherwise. See Figure 5. Note that all stable framed nodal annuli either have one irreducible
component containing both boundary circles (i.e., they are ordinary framed annuli), or two irreducible
components of which one contains the incoming circle and the other contains the outgoing circle. The
stabilization of an unstable nodal annulus is obtained by contracting all irreducible components which
have no boundary. We will be interested in the moduli space of stable framed nodal annuli, viewed as
quotients of possibly unstable framed nodal annuli by the equivalence relation induced by stabilization.
We write

NodAnn

for the moduli space of stable framed nodal annuli. We topologize this space similarly to our moduli
space of surfaces with boundary above. Namely, given a stable framed nodal annulus, we get a point
of My 4 by gluing in disks along both parametrized boundary components, and marking the images
of £1 C S in both boundary components in the resulting genus-zero curve. In this way, we can view
NodAnn as a subspace in the bundle over Mg 4 whose fiber consists of pairs of parametrized disjoint
embedded analytic closed curves whose parametrizations map £1 € S to the marked points.

For the next lemma, recall that we denote by Aut(S!) the group of analytic automorphisms of S! with
analytic inverse, and Auto(S') C Aut(S!) denotes the subgroup of automorphisms which fix 1 € S!. As
explained in Section 3.1, the group Auto(S!) is contractible.

Lemma 3.6 The moduli space of stable framed nodal annuli is homeomorphic to
(Auto(S1) x Autg(S1)) x C.
In particular, it is contractible.
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Proof Consider the action of S on Aut(S!) by translations in the target. The moduli space of stable
framed nodal annuli containing a node is identified with Aut(S')/S! x Aut(S!)/S!. Indeed, each of
the two irreducible components of the underlying Riemann surface is equivalent to a disk with a marked
point at the origin. The group of automorphisms of the latter is S, given by rotations, and it acts on the
analytic parametrizations of its boundary by translations in the target. Writing f (mod S') for the class
of an element of Aut(S') modulo the action of S, an arbitrary element of this moduli space can thus be
written ( f— (mod S1), £ (mod S1)).

With this understood, the topology on NodAnn can be alternatively described as follows. Let
[(4", f))], v > 1, be a sequence in Ann with moduli «” — oo, v — oo. Choose representatives
AV =[—a"/2,a"/2]xS' and (f*, f}) € Aut(S') xg1 Aut(S') and assume that (7, fV) — (=, f4)
as v — oo. We then have by definition

[(A”, f2)] = (f= (mod §1), /1 (mod S1)), v — oo.
By marking the point 1 € S! we obtain homeomorphisms

Aut(S1)/S! ~ Autg(S1), Aut(S) ~ Auty(S?) x S!
and

Aut(S1) x g1 Aut(S1) ~ Autg(S1) x Autg(S1) x L.

(None of these identifications preserves any group structure; see also Remark 3.7 below.)

We have already seen that the moduli space Ann of framed annuli is a trivial bundle over (0, co) with
fiber Aut(S!) x g1 Aut(S!), where S! acts diagonally. In view of the isomorphism S! x (0, 00) ~ C*,
after choosing a trivialization of the bundle Ann — (0, c0) we obtain a homeomorphism

Ann ~ Autg(S1) x Auty(S1) x C*.

With respect to this identification, the projection Ann — (0, o) corresponds to the projection C* — (0, 00),
z+>|z|. Also, with respect to the identification of the moduli space of stable framed nodal annuli containing
a node with Autg(S1) x Autg(S1), the definition of convergence for a sequence

(f¥, f.z") € Ann =~ Auto(S') x Auto(S') x C*

such that |z”|—ooand (f2, f})—(f-, f+) as v— oo translates into the relation ( /2, f,z")—(f=, f4).
In other words, we have a homeomorphism

NodAnn >~ Auty(S1) x Autg(S1) x (C* U {oo}).
Up to an inversion on the factor C*, this is the statement of the lemma. a

Remark 3.7 Consider the group homomorphism with kernel Auto(S!) given by the map Aut(S!) — ST,
f +— f(1). This admits a section which associates to each element of S! the corresponding translation,
and thus exhibits Aut(S!) as a semidirect product Aut(S1) ~ Auty(S!) x S!. Although the action of S
on Auto(S') by conjugation is nontrivial, we do nevertheless have a homeomorphism at the level of
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the underlying topological spaces Aut(S1) ~ Auto(S!) x S!. On the other hand, there is of course no
canonical group structure on the quotient Aut(S')/S™.

Nodal annuli provide a partial compactification of the space of annuli “in the modulus-co limit”,
whereas in the previous section we gave a compactification of the space of annuli “in the modulus-0
limit”. In particular, these two compactifications can be combined into a new separable topological space
of possibly degenerate stable framed nodal annuli,

NodAnn = Ann U Ann NOodAnn.

Given two possibly degenerate nodal annuli we can glue them to produce a new possibly degenerate
nodal annulus. Note that if both annuli have modulus co (i.e., have two irreducible components), the
resulting glued space will be unstable. Under our convention, we identify the resulting space with
its stabilization. It is immediate to check that the resulting composition operation is associative; it is
continuous by an argument analogous to the one used in the previous section for the continuity of the
multiplication operation on Ann.

3.4 Tree-like nodal surfaces

We recall that all our framed surfaces are labeled; see Remark 3.2.

Definition 3.8 Define
NodFrtaree

to be the moduli space of stable nodal Riemann surfaces with nonnodal analytically parametrized boundary,
with the restriction that the dual graph of irreducible components is a tree. Further define

NodFr® = NodFri® Un, Ann.

Note that an element of NodFr‘aree can have (stable) interior components which carry no boundary
parametrizations, and these can have discrete automorphism groups. We view NodFrBree as a topological

moduli problem in the sense of the next definition. We build a theory of such spaces in Appendix A.

Definition 3.9 (see Definition A.3) A topological moduli problem is a contravariant functor Top°® — Gpd
from the category of topological spaces to the category of groupoids.

We write TMP for the category of such functors, with maps X — ) given by natural transformations.
Given amap f : S — S’ of topological spaces we write f* : X(S’) — X(S) for the (contravariantly)
associated functor of groupoids. We refer to Appendix A for further details, and simply recall here that a
groupoid is a category C all of whose morphisms are invertible and such that the isomorphism classes
form a set denoted by 7o (C).

We view N odFrBree as a topological moduli problem as follows. Given a topological space S, an object

tree

of the groupoid NodFry*(S) consists of a continuously varying S-family of stable nodal framed Riemann
surfaces, and a morphism in this groupoid is an isomorphism of two such families that preserves the
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structure. We refer to Appendix A for a more precise definition of the meaning of continuity for an
S-family, which is the analogue of defining the topology for a topological moduli problem.
For the purposes of the current section we limit ourselves to considering the corresponding coarse
moduli spaces
tree,coarse L. tree,coarse
NodFr, and NodFr, .

While any topological moduli problem has an associated coarse moduli space as described in Appendix A,
in our situation the coarse moduli spaces can be obtained from NodFrgee, or if&i‘ﬁrg@e, by topologizing
isomorphism classes of points, i.e., the isomorphism classes in the groupoids obtained by applying these
TMPs to pt.

Note that NodAnn C NodFry**“**_ Also, mgee,coarse differs from NodFry“““*** in that it contains
degenerate annuli. We topologize mgee’come as before, by viewing it as embedded in a bundle over
the (tree-like) coarse moduli space of closed nodal Riemann surfaces (possibly with some marked points).

Gluing along the boundary and possibly collapsing determines an operad structure on I\mg“’mme
We call it the operad of possibly degenerate coarse tree-like framed nodal surfaces, with n-to-one opera-
tions given by the coarse moduli spaces of framed nodal curves with n» incoming boundary components.

Remark 3.10 In contrast, the fine moduli spaces ﬁ&lﬁg

¢ fit into the structure of a Segal operad in the
sense of Appendix B. We call it the Segal operad of possibly degenerate tree-like framed nodal surfaces.

This operad will play a role in the proof of our main Theorem in Section 6.

For further reference we denote by
NodFry

the moduli space of stable nodal Riemann surfaces with nonnodal analytically parametrized boundary,
without any restriction on the dual graph, and also

NodFry = NodFry Ly, Ann.
Theorem 3.11 (geometric pushout theorem) The operad
T 3T tree,coarse
NodFr,

of coarse moduli spaces of possibly degenerate tree-like framed nodal surfaces is canonically isomorphic
to the pushout of the diagram
NodAnn < Ann — 15}3

in which both arrows are inclusions and we work in the category of topological operads.

The geometric idea of the proof is that a nodal surface can be described, though not uniquely, by
a successive gluing of framed nonnodal surfaces and nodal annuli. See Figure 6. When the dual
graph of irreducible components is a tree, this data is equivalently encoded in the pushout construction.
The equivalence relations defining the pushout construction precisely eliminate the ambiguity, i.e.,
nonuniqueness, of this description. The equivalence relations underlie pushouts in the topological
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-7/

Figure 6: One possible presentation of a nodal surface by gluing.

Q)

category, and in particular (as we are not taking homotopy pushouts yet), self-equivalences are ignored,
and this explains the “coarse” nature of the result.

As such the proof of Theorem 3.11 on the level of operads in sets is quite straightforward. By
reinterpreting the free-forgetful adjunction on the operad of framed surfaces and its relatives, we give a
proof of this theorem which also accounts for the topology on the two sides. While the theorem does not
imply the homotopy-theoretic pushout result (in order to get a correct model for the homotopy pushout,
the diagram of operads must be replaced by a suitable resolution), it is a good intuitive approximation
for it. Indeed, the eventual homotopical proof will be based on a topologically enhanced version of exactly
the argument presented in the next section.

3.5 Split surfaces and the geometric pushout theorem

The objects of interest in this section will be various moduli spaces of framed surfaces with “seams” at
embedded curves, which we call “split surfaces”. We again recall that all our framed surfaces are labeled;
see Remark 3.2.

Definition 3.12 A split framed surface with k interior seams is a pair (X, S) consisting of a framed

surface X with boundary, together with an analytic embedding S : (S 1yuk

of X.

< ¥ mapping into the interior

By definition, the seams are parametrized curves: the interior seams are the components S; : S1 — =
of the embedding § = |_|f~c=1 S; 1 (SHUk < 3 the parametrized boundary components of X are called
exterior seams. In the definition we allow k = 0, i.e., no interior seams.

Given a framed surface X, write

.k
Splity,

for the moduli space of all split surface structures on X with k& unordered interior seams. Equivalently,
Splitg is the space of analytic embeddings (S1HUk <5 5 endowed with the compact-open topology. Write

split* = | | splitf;
Y eFry
for the moduli space of all split framed surfaces with k unordered interior seams, and write
split = | | Split*

k>0
Algebraic € Geometric Topology, Volume 26 (2026)



1250 Alexandru Oancea and Dmitry Vaintrob

for the moduli space of all split framed surfaces with an arbitrary number of unordered interior seams, and

Splity, = | | Split};
k>0
for the moduli space of all split surface structures on 3 with an arbitrary number of unordered interior
seams.

To every split surface (X, S) is associated a “dual graph”

I'ss

with k interior edges, which is a directed graph with half-edges. Vertices are indexed by the connected
components of X\ S, internal edges are indexed by interior seams (the orientation of the normal bundle
along a seam determines a direction for the corresponding edge) and half-edges are indexed by external
seams (each of these belongs to the closure of a single connected component of X\ §). In particular,
since the incoming external seams of 3 are labeled by definition, the dual graph inherits a labeling of its
incoming half-edges. Note that two split surfaces in the same connected component of Split have the
same dual graph, so given a labeled graph I" we can write

Splitp

for the union of connected components of Split with dual graph I'. The following observation is
straightforward.

Lemma 3.13 Let ¥ be connected. The dual graph I's, s associated to a split surface (X, S) is a tree if
and only if the image of each interior seam is separating, i.e., its complement is disconnected. a

Split framed surfaces are a convenient model for the free operad on the G-graded space underlying Fry
(the source of the free-forgetful adjunction map), as we now explain. Write

. k, .
Splity"**  Splitk,

for the moduli space of all split surface structures S on ¥ with k& unordered interior seams such that the
dual graph I's; s is a tree. Further define

Splitkree = | | splits"™* c Split*,

Y €Fry

Split™® = | | Split*"*® c Split.
k>0

Splitge = | _| Splits:™® < Splitg,
k>0

Splitf® = Splitp

for any labeled tree I". We call these moduli spaces of split surface structures tree-like.
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Let 7 be a labeled tree of operations and let [t] be its isomorphism class with respect to the isomorphism
relation described in Section 2.2.1. Recall that, for any operad O, the free operad Free(O) has components
Free[;](O) indexed by such isomorphism classes.

Lemma 3.14 Let t be a labeled tree of operations. We have a canonical homeomorphism
G : Freey)(Fry) => Split’.

The fact which underlies the proof of Lemma 3.14 is that, given a framed surface X", the data of an
interior seam whose image is separating is equivalent to the data of a decomposition of X as a gluing of two
framed surfaces along one boundary component. Obviously, such a seam determines such a decomposition
of X”. Conversely, given two framed surfaces X, ¥’ and a choice of boundary components y C X which
is incoming and y’ C ¥’ which is outgoing, with corresponding framings f : S! — y and f’: S! — y/,
the glued surface X" = X #,,» ¥’ inherits a seam, i.e., a distinguished analytic embedding of S into its
interior, given with respect to the canonical inclusions X, ¥’ < X’ by either of the equal compositions

Sty yesses s or Slf—/>y’;>2/;>2”.
Proof of Lemma 3.14 Let n > 0 be the number of incoming half-edges of t. Recall from Section 2.2.2
that Tree, (Fry) denotes the space of labeled rooted trees with vertices colored by elements of Fry and
with n incoming half-edges. Denote by Tree[}(Fry) C Tree, (Fry) the subset consisting of those elements
whose underlying labeled rooted tree is isomorphic to 7. We have a canonical “gluing” map

G : Tree;)(Fry) — Splity*

given by gluing framed surfaces according to the underlying labeled rooted tree. Indeed, the incoming
boundary components of the element of Fry that colors a vertex v € t are labeled by the finite set in(v),
and this prescribes the gluing uniquely. By definition, the resulting split surface belongs to Splitr®.

The map is clearly continuous, surjective, and the fiber over each element of Split™® is canonically

identified with an equivalence class as described in Section 2.2.2. As such, it descends to a homeomorphism
G : Freepq)(Fry) => Splity°,

where Free(;](Fry) = Tree[;](Frj) is the quotient of Tree[,](Fry) under the equivalence relation described

in Section 2.2.2. O

To extend the above result to 15}3, we compactify Split by allowing interior components of thickness

Zero:
Definition 3.15 Let

Split
be the partial compactification of Split which allows two seams (internal or external) S! — ¥ to intersect

if and only if they have the same image with the same orientation, and which also allows X to be a framed
degenerate annulus.
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We have corresponding partial compactifications
Splitk,  Splitt,  Splity

of the moduli spaces Splitk , Splitk, and Splity, respectively, and also for their tree-like and labeled
tree-like counterparts, with similar notation ﬁt“ee etc.

Points of §1;ﬁtz over a fixed surface X are indexed by maps S : (S Uk _ 5% which allow seams
with compatible orientation to coincide as above, with the additional data of an ordering of all copies
of S! mapping to a given closed oriented curve. The notion of dual graph I' = I'(z,s) for such an
element (X, S) is defined as follows. The vertices of I" are of two kinds: they correspond either to the
connected components of X \ S, or to pairs of interior seams which have the same image and which are
immediate successors for the given ordering. The edges correspond to interior seams. One sees that the
ordering of the copies of S! mapping to a given closed oriented curve precisely resolves the ambiguity in
the dual graph by specifying a “composition order” of the thickness-zero annuli they “bound”.

Given a labeled tree I' we have corresponding moduli spaces S?ﬁtr = Sfl)\l/ittliee. The proof of the
following lemma is in all points similar to that of Lemma 3.14, hence we omit it.

Lemma 3.16 Let t be a labeled tree of operations. We have a canonical homeomorphism

G : Freeq] (Fry) => S/Eﬁttrree. O
In order to extend the result to mgee,coarse we need to further define moduli spaces of framed nodal
surfaces with seams.
Definition 3.17 Let
NodSplit

be the moduli space of framed nodal surfaces ¥ endowed with an embedding (S 1)'—'k — %smooth of a
finite number k > 0 of parametrized seams in the open smooth locus. The objects classified by NodSplit
are called split framed nodal surfaces.

The notion of dual graph for a split framed nodal surface (X, S) is defined as follows: its vertices are
the connected components (not the irreducible components) of X \ S, and in particular the dual graph
in this context ignores nodes. The edges correspond to interior seams as before. We can further define
moduli spaces NodSplit"®, NodSplit"™®c%4"¢ etc. as above.

It is again convenient for unitality purposes to extend the setup by including degenerate annuli.
Definition 3.18 Let
NodSplit

be the partial compactification of NodSplit obtained by allowing S to include coinciding circles bounding
thickness-zero annuli, as in Definition 3.15.

Algebraic € Geometric Topology, Volume 26 (2026)



The Deligne—Mumford operad as a trivialization of the circle action 1253

Figure 7: Tree-like split structure on a nodal surface, together with its dual graph. It becomes
“protected” by adding one seam around the node N on the trivalent component.

Similarly to the nonnodal case, we consider as part of the data an ordering of the interior seams which
have the same oriented image. We have the same notion of dual graph, and we can further define moduli
spaces I\/Wplit“ee, I\/Wplittree’mme etc. as above.

In the proof of the geometric pushout Theorem 3.11 we will encounter the following new kind of
moduli space. We single out the definition before the proof, for the convenience of the reader.

Definition 3.19 Define
NodSplit"e®

protected

to be the moduli space of split nodal surfaces with dual graph a tree (with half-edges) and such that every
nodal component is a nodal annulus. We call such surfaces tree-like and protected.

The idea of the definition is that every node has to be “protected” on two sides by a pair of seams.

Proof of the geometric pushout Theorem 3.11 Consider the diagram

NodAnn < Ann — Isfa.
Recall from Section 2.3 the definition of its pushout
P~ Free(ﬁa N M)/w,

where ~ is the equivalence relation generated by relations ~; LI ~».
As in Lemma 3.14 there is a tautological gluing map

Free(ﬁa U M) — l\mtree,coame'
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The preimage of this map over a given split surface (X, S) consists of all possible choices of decorating
the vertices of the dual graph of (X, S) by the corresponding point of NodAnn or ﬁa. Thus, in order
for a split surface (X, S) to have nonempty preimage, connected components of ¥ \ S must be either
smooth surfaces or nodal annuli. Components indexed by nonnodal annuli can be labeled either way and
contribute to the ambiguity of the lifting. It is precisely this ambiguity that is resolved by the relation ~5,
in a way that is compatible with the topology as it identifies connected components in their entirety. Thus
the map to NodSplit™e=<oarse ahove factors as

Free(ﬁai\%ml) NodSplittree-coarse
~
NodSplitgf(ftected
and maps homeomorphically the partial quotient to the target mgf(iected, which is in turn a union of

connected components of m‘ree consisting of split nodal curves with dual graph a tree, and such
that each nodal component is a nodal annulus. (Note that as protected split curves are glued out of smooth
framed curves and nodal annuli, neither of which have automorphisms, there is no need to take the coarse
space here.)

Consider now the map

< tree I tree,coarse
S) NodSplit;;iicceq = NodFry

defined by erasing the seams. Note that erasing a seam which is a common boundary component
of two framed surfaces in 15}3 corresponds precisely to gluing, i.e., composition in the operad 13}3.
Similarly, erasing a seam which is a common boundary component of two nodal annuli creates an unstable
component which must be further discarded, and this corresponds again to gluing, i.e., composition in the
operad NodAnn.

It thus follows that the above map is constant along the equivalence classes defined by relation ~1,
which identifies pairs of points inside mgf(iected which are related by removing a single seam (note
that such a seam must either be between two nodal annuli or between two smooth framed surfaces). On the
level of sets, it is clear that ~; identifies any two points in mgf(fmte 4 Which correspond to splittings
of the same nodal curve. We turn this intuition into a precise topological colimit argument as follows.

Given a tree-like nodal surface ¥ with k& nodes and given mutually disjoint neighborhoods V;,
i =1,...,k, of its nodes, define V = |_|f-€=1 V; and write Split’é C Splittzr;ee for those tree-like split
surface structures on ¥ whose seams lie away from V. Since seams are not allowed to pass through
nodes, these spaces filter Split%ee as V runs over a neighborhood basis of the nodes of ¥. Now write
(Z.Sy) € Splity* for a splitting given by a collection of 2k circles parametrized in some analytic
fashion and with images contained in V), such that each neighborhood V; of a node contains exactly two

such circles, one on each irreducible component adjacent to the node. Then every element in Split‘é is
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identified (in a way consistent with the topology) with (X, Sy) via ~;. Further, for V' C V we have
(2, Sy)~ (2, Sy): indeed, by ~1 used for NodAnn they are both equivalent to the split surface (X, Sy»)
for some sufficiently small neighborhood V" which does not intersect Sy, U Syr.

We have thus proved that the fiber of the map (5) is given by the equivalence classes with respect to ~.
As a consequence, the map (5) is a bijection, and because the previous identifications can be performed
continuously in a neighborhood of any given nodal surface X, this map is also continuous. Finally, we
claim that the map is a homeomorphism. To prove the claim note that, given any tree-like nodal split
surface (X, S), its image is X with the same analytic parametrization of the boundary. Thus, in order
to prove the claim, it is enough to prove that the induced map on the moduli spaces of surfaces with one
marked point on each boundary component is a homeomorphism. This holds true because it is a continuous
bijection (just like (5)), with a Hausdorff source and a locally compact target. We infer that the map (5) is
a homeomorphism as claimed. (The reduction to moduli spaces of surfaces with one marked point on each
boundary component, which gets rid of the infinite dimensional degrees of freedom given by the analytic
parametrization, was necessary precisely in order to place ourselves in a setup with locally compact target.)

Together with the homeomorphism (4), we obtain a homeomorphism

Fry L anr NodAnn = NodFrgeCscoarse. .

4 Model categories and homotopy (co)limits

Our references for this section are Lurie [40, Appendix A.2], May—Ponto [45], Hovey [33], Hirschhorn [32]
and Ginot [26].

4.1 Model category theory

Suppose that C is a category and [/ is a class of morphisms in C “to be inverted”. We say that [ is a class
of weak equivalences if the following conditions are satisfied:
(1) Category structure The objects of C with the morphisms in / form a subcategory.

(2) Two-out-of-three Given any commutative diagram

A

/|

B——C
with two of the three morphisms in 7, the third is also in /.

Note that the first axiom is sometimes replaced by an identity axiom, as composition compatibility is
part of the two-out-of-three axiom. Now given a class of weak equivalences, one would like to produce
a “localized” category in which these are inverted, i.e., a category Cy with a functor C — Cy such that the
image of any morphism in / is invertible, and which is initial — up to taking care of set-theoretic issues —
among such categories. Modulo some set-theoretic difficulties such a C; can be proven to exist. In fact,

Algebraic € Geometric Topology, Volume 26 (2026)



1256 Alexandru Oancea and Dmitry Vaintrob

when C is an ordinary category, the localization C; comes naturally as the set of connected components of
morphism spaces in a simplicial category, which should be considered in the context of co-category theory.

The problem is that for a general class / of weak equivalences, the localization C; (whether as a
category or a simplicial category) is incredibly difficult to access. In particular, it is hopeless to calculate
Homg, (X, Y) for two objects X, Y of C. In order to turn C; into a manageable object, it is necessary to
endow C with some additional data. One remarkably elegant and versatile solution is to exhibit a so-called
model category structure. A model category structure consists in endowing C with two new classes of
morphisms called fibrations, P, and cofibrations, Q, such that the objects of C with either P or Q form
subcategories of C. We call the elements of I N P trivial fibrations, and the elements of I N Q trivial
cofibrations. The category C together with the classes I, P, Q need to satisfy a collection of conditions
among themselves, for which we refer the reader to [31, §3]. Some conditions that we will use here are
as follows:

(1) The category C has an initial object, &, a final object, pt, and all finite limits and colimits.

(2) For any morphism X Ty of objects, there is a “fibrant factorization” X L x EAN Y such that
i € I NQ is a trivial cofibration and f’ € P is a fibration.

(3) Similarly, for any morphism X Ty of objects, there is a “cofibrant factorization” X PN X Ly
such that f/ € Q is a cofibration and j € I N P is a trivial fibration.

(4) All three categories P, Q, I are closed with respect to taking retracts of morphisms.

(5) Given the subcategories I of weak equivalences and Q of cofibrations (resp. the subcategory P of
fibrations), the subcategory P of fibrations (resp. Q of cofibrations) is uniquely characterized by a
lifting property.

Note that neither cofibrant nor fibrant factorization is required to be functorial, though there often is
a functorial choice (in fact, there is a sense in which the choice is unique up to homotopy). If a map
X L ¥ is a fibration we write shorthand

x L5y,

and similarly if X . ¥ is a cofibration we write

x <L,y
It X L5 ¥ isan equivalence we write X % Y, with evident compound meanings for X <£—> Y (trivial

cofibration) and X %» Y (trivial fibration).

4.2 The homotopy category

Suppose that C is a category with weak equivalences / and model structure P, Q.
e We say that an object X is fibrant if the map X — pt to the terminal object is a fibration.

e We say that an object X is cofibrant if the map @ — X is a cofibration.
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Note that, by applying a suitable factorization axiom to the map @ — X or X — pt, every object X
admits a trivial cofibration to a fibrant object, X <~ Xp —» pt, and a trivial fibration from a cofibrant
one, @ — Xg —>» X. We call Xp (resp. X¢) a fibrant (resp. cofibrant) replacement of X . The fibrant
(resp. cofibrant) replacements are in general not canonical, but in many situations of interest they can be
chosen to be functorial. The W -construction discussed in Section 5.2 provides such a functorial cofibrant
replacement for operads.

Let X UX 225 X be the codiagonal map, and X U X — Cy —» X a factorization. Any such
object Cy is called a cylinder object for X . It admits a trivial fibration Cxy —» X and two cofibrations
X ol Cx, which are also weak equivalences by the two-out-of-three axiom.

Similarly, let A : X — X x X be the diagonal map, and X <<= Py — X x X a factorization. Any
such object Py is called a path object for X. It admits a trivial cofibration X <~ Py and two fibrations
Py 2221, X | which are also weak equivalences by the two-out-of-three axiom.

Definition 4.1 Write Cp, Cg, Cop for the full subcategories of C consisting of fibrant, cofibrant, and
fibrant-cofibrant objects, respectively.

Definition 4.2 Suppose that f, g : X — Y is a pair of maps, and choose a cylinder object Cx and a path
object Py.

e f and g are left homotopic if the map f U g: X UX — Y factors through Cy as
Xux <o, op iy
for some choice of map (“homotopy”) 4.

e f and g are right homotopic if the map X SXE ¥ % ¥ factors through Py as

x5 Py >y xy

for some choice of map (“cohomotopy”) k.

Lemma 4.3 [33, Proposition 1.2.5; 49] If X is cofibrant (and Y is arbitrary), the relation ~ of left
homotopy equivalence on Hom(X, Y') is an equivalence relation, and does not depend on the choice of
cylinder object Cy .

It Y is fibrant (and X is arbitrary), the relation ~g of right homotopy equivalence on Hom(X, Y) is an
equivalence relation and does not depend on choice of path object Py .

If X is fibrant and Y is cofibrant, then the two equivalence relations ~y and ~g on Hom(X, Y) are
the same.

Definition 4.4 The category Hog is the category with objects Cg p and morphisms Homy,. (X, Y') defined
as the quotient of Hom¢ (X, Y) by left (or, equivalently, right) homotopy equivalence.

Theorem 4.5 [33, Theorem 1.2.10; 49] The homotopy category Ho¢ is canonically equivalent to the
localized category C[I1].
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Remark 4.6 Recall that, given a ring A with a localizing set of elements /, there is a condition on /
called the left (resp. right) Ore condition which allows one to write down the localization A[/ ~!] as the
ring of fractions i ~! f (resp. fi~!) fori € I. Similarly, given a category C there is a notion of left (resp.
right) Ore condition, which is part of a so-called “calculus of fractions” on C [34, A.2.1.11(h)]. If the left
Ore condition is satisfied then the category C[/ ~!] can be expressed as the category of objects of C with
morphisms X — Y represented by “roofs” X EANy/ % Y, with Z arbitrary and g a weak equivalence,
subject to a straightforward equivalence relation determined by diagrams of maps commuting with a
weak equivalence Z' = Z. If C is a model category then the category of cofibrant objects and maps up
to left homotopy satisfies the left Ore condition with quotient Hog, and the category of fibrant objects and
maps up to right homotopy satisfies the right Ore condition with quotient Ho.

4.3 Some important model categories

We will give a few examples of model category structures on simplicial sets, topological spaces and
differential complexes that will be important to us. Recall that in order to define a model structure,
it suffices to specify just two classes of morphisms: either weak equivalences and fibrations, or weak
equivalences and cofibrations. The third class is then determined by a lifting property.

4.3.1 Model category structure on simplicial sets Let SSet be the category of simplicial sets. A map
of simplicial sets f : X — Y is called a weak homotopy equivalence if it induces a weak homotopy
equivalence between geometric realizations | f| : |X| — |Y|. We denote by WE the class of weak
homotopy equivalences. We say that f is a Kan fibration if it has the right lifting property with respect to
the inclusions of all horns A} < A", n > 0,0 <k <n. Here A} is the simplicial subset of A" obtained
by removing the nondegenerate n-simplex and the face opposite to the k-th vertex.

Theorem 4.7 (Quillen model structure [49, I1.3, Theorem 3]) There is a model structure on the category
SSet with weak equivalences given by WE and fibrations given by Kan fibrations. The cofibrations are
the maps of simplicial sets that are degreewise inclusions. In particular, any simplicial set is a cofibrant
object.

Other references for this foundational theorem are [27, Chapter I, Theorem 11.3; 30, Chapter 8,
Theorem 8.19; 33, Chapter 3].

4.3.2 Model category structures on topological spaces Let Top be the category of compactly generated
weakly Hausdorff topological spaces; see [4; 33, Definition 2.4.21, Theorem 2.4.25; 44, §6.4; 52]. Recall
that a map f : X — Y is a homotopy equivalence if it admits a homotopy inverse, and is a weak
homotopy equivalence if it is a bijection on path-connected components and, for any x € X, the map
(X, x) = m, (Y, f(x)) is an isomorphism for each n > 1. Any homotopy equivalence X — Y is a weak
homotopy equivalence; the converse is true provided X, ¥ are CW-complexes, but not true in general.
Both homotopy equivalences and weak homotopy equivalences clearly satisfy the conditions required to
define a class of weak equivalences. We denote by WE the class of weak homotopy equivalences.
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Theorem 4.8 (Quillen model structure [49, 1.2, Theorem 1]) There is a model structure on the category
Top with weak equivalences given by WE and fibrations given by Serre fibrations. A space is cofibrant in
this model structure if and only if it is a retract of a relative CW-complex, and any space is fibrant. O

Theorem 4.9 (Strgm model structure [53]) There is a model structure on the category Top with weak
equivalences given by homotopy equivalences and with fibrations given by Hurewicz fibrations. The
cofibrations are retracts of Hurewicz cofibrations with closed image, and in particular any space is
cofibrant. Also, any space is fibrant.

Theorem 4.10 (mixed model structure, Cole [13], see also [45, §17.3—4]) There is a model structure on
the category Top, called mixed model structure, with weak equivalences given by WE and fibrations given
by Hurewicz fibrations. A space is cofibrant in the mixed model structure if and only if it is homotopy
equivalent to a CW-complex, and any space is fibrant.

4.3.3 Chain complexes Let k be aring (e.g., k = Z or k = Q). Then the categories C (k) (resp. C+(k))
of chain complexes of k-modules (resp. supported in nonnegative degrees) have model structures with
weak equivalences given by quasi-isomorphisms and fibrations given by maps of complexes which are
termwise surjective (resp. in all positive degrees). In particular all objects are fibrant. Cofibrant objects
in C4 (k) are termwise projective complexes of k-modules (see [33, Remark 2.3.7] for a discussion of
cofibrant objects in C(k)). This is called the standard or projective model structure on the category of
chain complexes [26, §2.3; 33, §2.3; 45, §18.4-5].

4.4 Quillen adjunction

It is a natural question to ask when a functor of model categories induces a functor of homotopy categories,
and when this functor is a weak equivalence. (The functor most interesting for us will be the functor of
chains from topological operads up to weak homotopy equivalence to dg operads up to quasi-isomorphism.)
A convenient condition on a functor F': C — D of model categories that guarantees (in a functorial way)
a functor on homotopy categories is the notion of so-called Quillen adjunction.

Definition 4.11 A functor F' : C — D between model categories is a left Quillen functor if it admits
a right adjoint G : D — C such that F preserves cofibrations and trivial cofibrations and G preserves
fibrations and trivial fibrations. In this situation we call G a right Quillen functor, and the adjunction
(F,G) is called a Quillen adjunction.

Quillen adjunctions induce pairs of adjoint (in the conventional sense) functors between homotopy
categories: one gets

hor : Ho¢ < Hop : hog,

defined by applying F, resp. G to fibrant-cofibrant representatives (in fact, it is sufficient to apply F
to a fibrant representative and G to a cofibrant representative to get the correct functor on homotopy
categories). These should be thought of as the left (resp. right) derived functors of F (resp. G). A Quillen
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adjunction is called a Quillen equivalence if hor (equivalently, hog) is an equivalence on homotopy
categories.
The primordial Quillen adjunction, and one that will be important in this paper, is the adjunction

Ci:Tops Cr(Z):]-].

Here we define C«(X) for X € Top to be the complex of singular chains on X. Its adjoint |- | is given
by taking the geometric realization of an associated simplicial set. This adjunction can be written as a
composition

Top < SSet <5 SAb <5 C4(Z).

The first one associates to a topological space its singular simplicial set, and to a simplicial set its
geometric realization, and is a Quillen equivalence. The second one is the free-forgetful adjunction
between simplicial sets and simplicial abelian groups, which is not a Quillen equivalence. The third
one is the Dold—Kan correspondence, and is an equivalence of categories. See [26, Corollary 3.2.15,
Theorem 3.4.4; 49, §11.3; 60, §8.4].

4.5 Homotopy (co)limits

Our sources for this section are Ginot [26, §2.5], Dwyer and Spalinski [24] and Hirschhorn [32, Chapter 13].
Suppose C is a model category which is cocomplete, i.e., it has all small colimits. Let J be a small
“diagram” category, which we are interested in mapping to C. The functor category

¢’ :=Fun(J,C)

inherits a natural notion of weak equivalence: we say that a natural transformation F' — G of functors
F,G :J — Cis a weak equivalence if F(j) — G(j) is such for each object j € J. There are several
natural model structures on the diagram category, one of which is the projective model structure, with
fibrations determined objectwise on a map of diagrams. If X is an object of C, there is a constant
diagram X with every object of J sent to X and every arrow sent to the identity morphism of X. This
determines a functor const : C — C”. Its left adjoint is by definition the colimit functor’

colim: ¢’ = C : const.

Assume now that J is given by a poset (more generally, assume J to be very small in the sense
of [24, §10.13 sqq.; 26, Définition 2.5.11 sqq.]). The projective structure defines in this case a model
category structure on C’ [24; 26]. The above adjunction is a Quillen adjunction, and thus induces a
functor of associated homotopy categories, called the homotopy colimit functor, written

hocolim : Ho,s — Hoc .

IThe right adjoint is the limit functor, which is defined when J -indexed limits exist, e.g., if C is complete.
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We will be primarily interested in calculating homotopy pushouts, i.e., homotopy colimits in the functor
category C’ with C a model category and J the poset

a<b—c.

Given an object X in C’, the homotopy colimit hocolim(X) is by definition isomorphic to colim(X”),
where X’ is a cofibrant object in C’ weakly equivalent to X. It is shown in [24, Proposition 10.6]
that a pushout diagram X’ is cofibrant in the projective model structure if and only if the maps
X'(a) < X'(b) — X'(c) are cofibrations and X’(b) is cofibrant. (Hence the objects X’(a) and X’(c)
are also cofibrant.)

The homotopy colimit of a diagram is well defined up to equivalence, but giving an explicit model
depends on the choice of cofibrant resolution of the diagram.?
In certain situations it is possible to compute the homotopy pushout with fewer cofibrant replacements.

The next result is stated in [40] as Proposition A.2.4.4.(i). We will use it in the proof of Proposition 5.5.
Lemma 4.12 Let C be a model category. Given a diagram
A<~ B—=C
with B < C a cofibration and A, B (and hence C) cofibrant, we have
hocolim(A4 < B < C) = colim(4 < B — C).

Proof Let B < A’ > A be a factorization of the map B — A into a cofibration and a trivial fibration.
The diagram A’ <= B < C is then a cofibrant replacement of the initial diagram (see Section 4.5)

A +——B— - C

Folo

A+——B——C

and therefore hocolim(A <~ B < C) = colim(A4’ <= B < C), also denoted by A’ Uig C.
We claim that the canonical map A’ Lig C — ALig C is a weak equivalence. This is seen by considering
the two pushout squares
B——C

z?l:(—>A,|—£C
Lo

A—— AUpC

2When passing from the homotopy category to the richer co-category language, the category of such choices is contractible,
and thus homotopy colimits are unique up to homotopy in a strong sense.
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By assumption the maps B < A’ and B < C are cofibrations. Since cofibrations are stable under
pushout [26, 2.1.12], the maps A’ < A’ ULig C and C < A’ Lig C are cofibrations. By assumption the map
A" = A is a weak equivalence between cofibrant objects, and a result of Reedy [32, Proposition 13.1.2]
states that the pushout of a weak equivalence between cofibrant objects along a cofibration is a weak
equivalence. Therefore the map A’ Lig C = A Lig C is a weak equivalence. |

Call a model category left proper if weak equivalences are preserved by pushouts along cofibra-
tions, right proper if weak equivalences are preserved by pullbacks along fibrations, and proper if it is
both left proper and right proper. The Quillen model category structures on SSet and Top are proper
[32, Theorems 13.1.10 and 13.1.13].

Lemma 4.13 Let C be a left proper model category. Given a diagram

A<~ B<—=C

with B — C a cofibration, we have
hocolim(A < B < C) = colim(4 < B — C). |

As a consequence, in a left proper model category the homotopy pushout of a diagram A <— B — C is
weakly equivalent to the ordinary pushout of the diagram obtained by replacing one arrow by a cofibration.
Lemma 4.13 is stated in [40, Proposition A.2.4.4.(ii)] and proved in [3, Proposition 5.4].

The previous discussion of homotopy colimits and homotopy pushouts has a dual counterpart for
homotopy limits and homotopy pullbacks. The previous results hold true for homotopy pullbacks by
reversing the direction of the arrows and exchanging cofibrations and left properness into fibrations and
right properness. We will use this in the discussion of homotopy fibers of maps of simplicial sets in
Section A.2. The dual of Lemma 4.13 is stated and proved in [32, Proposition 13.3.7].

S The Berger—-Moerdijk model structure for operads
5.1 Existence of model structure

Suppose that C is a symmetric monoidal category with weak equivalences. Then we say that a map of
operads O — O’ in C is a weak equivalence if it is so objectwise, i.e., if O, — O}, is a weak equivalence
for each n. Berger and Moerdijk [7] show that if C is a model category satisfying certain additional
conditions, then this notion of weak equivalence is part of a model category structure on operads in C, for
which the fibrations O — O’ are objectwise fibrations. In particular, they prove the following result.

Theorem 5.1 [7, Theorem 3.2] IfC is a cartesian+ closed symmetric monoidal model category, then
the category of operads in C has a model structure with weak equivalences and fibrations determined
levelwise.

We have not spelled out the meaning of “cartesian+”. This is a shorthand notation for a cartesian
category satisfying some additional properties (cofibrantly generated with cofibrant terminal object and
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admitting symmetric monoidal fibrant replacement functor); see the assumptions of Theorem 3.2 in [7].
For our purposes it suffices to record that this holds for all three model structures that we consider on Top.

5.2 W -construction and cofibrant replacement

The W -construction for operads plays the role of the familiar bar resolution for algebras. Our references
here are Vogt [58] and Berger and Moerdijk [8]. We refer to Section 2.2 for notation concerning the
definition of the free operad associated to a graded object.

Given a topological operad O, we denote by O, the graded topological space O, = (01, O3, ...).
We define a new operad W(O) out of Free(Ox) as follows. For each n > 1 we define

WO =[] oM x[o, 15w /~y

[t]€Tree,

for a certain equivalence relation ~y . Here O[] x [0, 1]F9€°121 is a notation for the quotient of the space
|_|re[r] OF x [0, 1]B92°x | where 7 € Tree, ranges over the elements of the equivalence class [] € Tree,,
by the equivalence relation given by isomorphisms of labeled trees, which act on the first factor as
in Section 2.2.2 and which act on the second factor via their action on the sets of edges of trees. Thus
O] x [0, 1]B92°re1 should be interpreted as the [t]-component of Free(Ox), which consists of all possible
labelings of the vertices v of a tree T by elements of O|chjia(v)|> With the additional data of a length in [0, 1]
for each internal edge. The equivalence relation ~y consists simply in identifying two vertices v, w
which are connected by an edge of length 0, and replacing their corresponding labels, which are elements
of O|chila(v)| and O|chila(w)|» by their composition in O which is an element of O|chiid(v)|+|Child(w)|—1-

Loosely speaking, W(O) is obtained from Free(Ox) by giving lengths to internal edges of trees and
merging vertices according to the composition rules in O when the connecting edges acquire length zero.
The composition rule in W(QO) is inherited from that of Free(O), with the convention that each new
internal edge which results from a composition by gluing two half-edges is attributed length 1.

Given a point 0 € W(0),,, we obtain a point of O, by composing the operations in the corresponding
tree. This results in a functorial map of operads W(QO) — O which is (essentially by construction) a
homotopy equivalence; see [8, Theorem 5.1].

The W -construction is useful for replacing maps of operads by cofibrations. Namely, we have the
following theorem.

Theorem 5.2 [8, Proposition 6.6] If O — O’ is a map of operads which is a cofibration on the level of
G-equivariant graded spaces, then W(0O) — W(O') is a cofibration.

A G-cofibration is understood levelwise with respect to the action of the symmetric groups &;. While
not giving the general definition, it will be enough for our purposes to record that a &, -equivariant map
f : A — B between G,-spaces is a &, -cofibration whenever the underlying nonequivariant map is a
cofibration and the &,-action on 4 and B is free. By convention the G,-action on the empty set is free.
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Corollary 5.3 Let O be an operad in Top and assume that each space O,, is homotopy equivalent to a
CW-complex and the action of &, on Oy, is free. Then W(O) is a cofibrant replacement in the mixed
model category structure.

Proof The conditions guarantee that & — O is a cofibration of G-equivariant graded spaces. By
Theorem 5.2, the map @ = W(@) — W(O) is a cofibration. m]

In the statement of the next corollary we use the Berger-Moerdijk model structure on Opr,, (Section 5.1)
and the projective model structure on Op{Op with J = {a < b — ¢} (Section 4.5).

Corollary 5.4 Let Top be endowed with the mixed model structure. Let
0 <~ 0—-0"

be a diagram of topological operads which are levelwise homotopy equivalent to CW-complexes and
which carry levelwise free G, -actions. Assume further that each map is a levelwise cofibration. The
homotopy colimit is computed as the colimit of the diagram

W(0') < W(0) — W(0").

Proof The conditions imply that the maps O — O’ and O — O” are cofibrations of G-equivariant
graded spaces, so that W(0O) — W(O’) and W(0O) — W(O") are cofibrations (Theorem 5.2). By
Corollary 5.3 applied to O, the operad W(O) is cofibrant. By the discussion in Section 4.5, the diagram
W(O') < W(0) — W(0O") is a cofibrant replacement of the diagram O’ <~ O — O” and therefore
hocolim(O’ <~ O — 0”) = colim(W(0') < W(0O) — W(0")). |

Proposition 5.5 Let Top be endowed with the mixed model structure. Let
0/ <« 0 — 0//

be a diagram of topological operads which are levelwise homotopy equivalent to CW-complexes and
which carry levelwise free &, -actions. Assume that the map O — O” is a levelwise cofibration. The
homotopy colimit is computed as the colimit of the diagram

W(0") <~ W(0) — W(0").
Proof Since the homotopy colimit is defined in the homotopy category we have
hocolim(O’ <~ O — 0”) = hocolim(W(0’) < W(0) — W(0")).

Our assumptions ensure that the map W(0O) — W(0") is a cofibration and W(0O), W(O’) are cofibrant.
By Lemma 4.12 we then have

hocolim(W(0O') <~ W(0) — W(0")) = colim(W(0O’) < W(0) — W(0")). O

Remark 5.6 In the previous statements, the assumption that the operads are levelwise homotopy equivalent
to CW-complexes can be dropped provided one uses the Strem model structure on Top.
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6 Proof of the main theorem
6.1 Homotopy colimits

Let us consider the map of G-equivariant spaces Ann — 15;5 This is a map of free G-spaces which at the
level of the underlying topological spaces is an embedding of a connected component. Moreover, the
remaining connected components of 15;(; are homotopy equivalent to CW-complexes, hence are cofibrant
in the mixed model structure (and also in the Strgm model structure). This map is therefore a levelwise
cofibration in the mixed model structure (and in the Strgm model structure).

Consider now the map of G-equivariant spaces Ann — NodAnn. This is a map of free G-spaces which
are homotopy equivalent to CW-complexes.

By Proposition 5.5, the homotopy colimit with respect to these model structures

hocolim(m < Ann — 13}3)
is computed by the operad colimit
colim(W(NodAnn) < W(Ann) — W(Fry)).

Given a labeled tree of operations T with n inputs, recall from Definition 3.15 the moduli space S?ﬁt,
of framed split surfaces with possibly coinciding seams and dual graph t. Let Edge, be the set of edges
of 7. We glue together the spaces S}Tﬁtr x [0, 1]E9¢ex | where we view the coordinate [0, 1]{¢} for e an
edge as being attached to the seam S,, into the full Humpty-Dumpty space

H\Ijtree — I_lr S/ai/t‘f X [O’ I]Edger

~

where ~ is the equivalence relation
(,(S1,....86), (t1, ... te=0,..., 1) ~ (2. (S1+-. -, Ser. .. SE). (11, ... Mo, ... 1E)).

Similarly, we define

HDtreC — I—l‘[ Spllt‘[ X [0’ l]Edger

~

with respect to the same equivalence relation.
The spaces HD'™¢ and HD"*® classify split surfaces with additional simplicial parameters that allow us
to continuously “put the curve back together”, hence the term “Humpty-Dumpty”.

Lemma 6.1 We have homeomorphisms
HD"® ~ W(Fry) and HD"® ~ W(Fry).

Proof This is a direct consequence of Lemma 3.16 and the description of the W-construction in
Section 5.2. O
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Similarly, we define the moduli of nodal Humpty-Dumpty surfaces as

LI, NodSplit¥e x [0, 1]Edgex

~

mtree —

and

NodHD" — Lz NodSplitz*® x [0, 1]

~

where ~ is the same equivalence relation as above.

Remark 6.2 Using the formalism of Segal operads developed in Appendix B, it is the case that NodHD"®*
(resp. NodHD'*®) is a Segal operad which is equivalent to the W -construction applied to the Segal operad
in topological moduli problems NodFrBree (resp. NodFrgce). We will not need this result, however, as we

will be most interested in a stabilizer-free subspace of NodHD" * (resp. NodFr},ree .

Definition 6.3 We define
NodHD (resp. NodHD™¢¢

protected protected

to be the space of tuples (X, {S.}, {z}) in NodHD"®® (resp. NodHD"*®) such that each node of ¥ is
surrounded on both sides by seams which can be contracted to the node and have weight 1.

Lemma 6.4 We have canonical isomorphisms

colim(W (NodAnn) < W(Ann) — W(Fry)) = NodHDY% ¢
and

colim(W(NodAnn) <- W(Ann) — W(Fry)) = NodHD"*

protected *

Proof We give details only for the proof of the first isomorphism since the proof of the second one is
verbatim the same after removing the symbol ~ everywhere.
Using the equivalence W(ﬁa) ~ HD'* from Lemma 6.1 the statement becomes

(6) colim(W(NodAnn) < W(Ann) — HD"*) =~ NodHD!*

protected *

The operad W(AE) can be described as consisting of standard annuli with parametrized boundary and
parametrized seams given by concentric circles, with simplicial parameters in [0, 1] attached to them.
Seams with simplicial parameter equal to 0 can be erased or added. The operad W(NMD can be
described in a similar way, allowing also nodal annuli.
We have a map
W(NodAnn) Ly gy HD™ — NodHD!*®

protected

given by gluing along their boundaries the framed surfaces and nodal annuli by which we decorate the
vertices of a tree, while keeping track of the boundary curves by interpreting them as additional seams
with weight 1. Reasoning as in the proof of the geometric pushout Theorem 3.11 we see that this map
descends to a homeomorphism after imposing the pushout relations on the free product. O
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25

funnel

a

Figure 8: By attaching disks at marked points one turns a surface into a framed nodal surface.

6.2 Proof of the main theorem in genus 0

In this section we prove our main theorem in genus 0, recovering thus by a different method the theorem of
Drummond-Cole [21] mentioned in the Introduction. We denote by Mo « the genus-0 Deligne-Mumford—
Knudsen operad. Since genus-0 curves with at least 3 marked points have no automorphisms, there are
no stacky phenomena to take into account. We will use the subscript notation NodFrg‘;eO C NodFr'™® etc.
to denote the genus-0 suboperads of the various operads that we use.

Lemma 6.5 We have a homotopy equivalence of operads
funnel : Mo => h?ﬁﬁrgf;:o.

Proof Let D be the standard unit disk, framed by the standard boundary parametrization 6 — exp(27i6)
for @ € R/Z and let 0 € D be the origin. Let D be the disk framed with the reverse boundary parametrization
0 — exp(—2mif). Let Ay be the standard annulus of modulus « € (0, 00) framed with the standard

boundary parametrizations. We then have

lim A =D UyD

a—>00

in NodAnn, compatibly with boundary parametrizations.
Given a marked nodal surface X € Mg, write

funnel(X)

for the framed nodal surface obtained by gluing (at 0 € D) a copy of D at every input marked point of X
and a copy of D at the output marked point of X. See Figure 8.
By a simple stabilization argument we see that

—_——~——

funnel : MO,* — NodFrge§=0
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cap

£

Figure 9: By attaching caps along the boundary and stabilizing one turns a framed nodal surface
into a nodal surface with marked points.

is a map of topological operads. On the other hand we see that Fr, is the embedding of a homotopy
retract for each arity n > 0. Indeed, let

cap : NodFry; _o — DM

be the map (now of G—graded spaces, not operads) which assigns to a nodal surface with boundary the
surface with marked points obtained by gluing a copy of D at each input and a copy of ID at the output,
and marking all images of 0 € D, respectively D. See Figure 9.
Then it is clear that
cap o funnel = 1py;.

On the other hand, consider the maps

streteh, : NodFri_ — NodFri™_,.  a &[0, 0],

defined by gluing the standard annulus A, at every input and output of a framed nodal surface. This
defines a homotopy equal to the identity map at ¢« = 0 and equal to funnel o cap at « = +o00, which
proves the homotopy retract property. a

The following result will complete the proof of our main theorem.

Proposition 6.6 There is a weak equivalence of operads

G~ 1T tree S S rtree
7 : NodHDp jicced,g—0 = NOdFra,g:o’

where t forgets the simplex parameters and glues along the seams.

Proof It suffices to show that

@) 7 : NodHD i ied g —0 — NodFry%_g

is a trivial Serre fibration. Indeed, we can ignore thickness-zero curves because including them does
not change the weak homotopy type. We do this in two steps: firstly we show that the fiber of (7) is
contractible, and secondly we show that (7) is a Serre fibration.
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Step 1 (we show that the fiber of (7) is contractible) Let X € NodFrg,e;:O be a surface, and let
HDy := 7~ !(2). Given mutually disjoint neighborhoods V;, i = 1,...,k, of the nodes z1, ..., zx of =,
define V = |_|f-€:1 V; and let HD‘é C HDgy, be the subspace consisting of those tree-like split surface
structures on ¥ whose seams lie away from V. Since seams are not allowed to pass through nodes, the
spaces HD‘é filter HDy, by opens as V runs over a neighborhood basis of the nodes of X.

We consider now a specific neighborhood basis of the nodes: we choose a 1-parameter smooth
family of open neighborhoods of the nodes, denoted by Vf , 0 <& <1, such that the V_f are mutually
disjoint for every &, each V_f is analytically diffeomorphic to a nodal annulus, V_f C Vf/ for ¢ < ¢’ and
Neeo,n Vi = {zi)-

Let V¢ = | [, VE, let HD = HDY , and let

HDg = | | HDg C 7 xHDs
£€(0,1]
with I = (0, 1]. The map
HDL — HDy

is a homotopy equivalence because it is a fibration and all its fibers are nonempty intervals (with one
open endpoint 0). We are thus left to prove that HDé is contractible.
Consider the canonical map
gap : HDé — HDé

given by the tautological inclusions HD§, — HDSE/Z, g€ (0,1],1ie.,

(w, &) — (w,e/2), weHDS.

This map is well defined because the filtration is decreasing. It is a homotopy equivalence because it is
homotopic to the identity via the family of maps gap;,, ¢ € [0, 1], given by the tautological inclusions
HD%, — HD;_M/Z, (w, &)~ (w,e—te/2).

Choose a continuous family of seams S, & € (0, 5| contained in V¢ \ VE, one on each side of a node.
(We can take S, to be given by continuously varying parametrizations of the boundary of V3¢/2) Define
the continuous map

protect : (0, %] — HDL,

which takes ¢ to the pair (X, €), where X, = (X, Sg) is the protected split surface with seams S, of
weight 1.
We claim that gap : HDé — HDé is homotopic to the map

T : (w, &) — protect(e/2).

The homotopy is constructed in two steps: starting from gap, we first put in the seams S/, with weight
continuously changing from O to 1 (this is allowed because we are in the image of gap and there are no
other seams at distance < ¢ from a node), and then continuously reduce all the other weights to zero (this

Algebraic € Geometric Topology, Volume 26 (2026)



1270 Alexandru Oancea and Dmitry Vaintrob

is allowed because the presence of the Sg/, with weight 1 guarantees that the nodes remain protected).
At the endpoint of this homotopy we read the map t.

Since 7 factors through an interval, it is homotopic to a constant. Thus gap is at the same time
homotopic to a constant and a homotopy equivalence, which implies that the space HDé is contractible.
This finishes the proof of Step 1.

Step 2 (we show that (7) is a Serre fibration) It is enough to check the Serre fibration property locally

on the base. Our proof is based on the existence of a continuously varying thin-thick decomposition in
tree

the neighborhood of any fixed surface in NodFr, ¢—0- 1N the following we designate by X both a point in
the moduli space NodFry _.
Given X € NodFrtare;:O with nodes z1, ..., z, there exists a neighborhood U/ C NodFrgegj:O of ¥ and

afamily V#(X'),i =1,...,k,0<e <1, X el, of open sets V7 (X') C X' (the “thin” parts) such that:

and the fiber at X of the universal curve over the moduli space.

* For each i the family V#(X’) is continuous in ¢ and X'.
e For X/, ¢ fixed, the closures Vf(E/), i =1,...,k, are disjoint.
o For X', i fixed we have V?(X') C Vf/(E/) fore <¢'.

* Each V7 (Y') is analytically diffeomorphic to a (possibly nodal) annulus. If V#(X') is analytically
diffeomorphic to a nodal annulus for some ¢ > 0, then it is analytically diffeomorphic to a nodal
annulus for all £ > 0, and in this case (), V7 (X') = {z/}, the common node of these nodal annuli.

tree

These properties follow from the fact that a sufficiently small neighborhood of % in NodFrj p consists

=0
of surfaces ¥’ that are obtained from X by resolving some of its nodes.
Let I =[0,1]. Let ¢ : I — U be a continuous map with a lift g : /"1 x {0} — NodHDgf(ftected, g=0

of @|rn—1x(0}, 1.€., T 0 Po = @] n—1x(0;. We need to construct ¢ : I — NodHDgfftected’g:O such that
mo@ = ¢ and ¢@|rn-1559y = @o. Denote by D; CU, i =1,...,k the closed set (smooth of complex

codimension 1) consisting of curves X’ such that V#(X') is analytically diffeomorphic to a nodal annulus.

Remark 6.7 Loosely said, the construction of the lift ¢ will be done in the following steps. Firstly,
we insert small protecting seams close to the nodes and close to 77~ x {0}. Secondly, we extend the
already present seams close to /"1 x {0}, and then erase them. Thirdly, we extend the protecting seams

throughout the family as boundaries of the thin part.

We now proceed to construct the lift.

By compactness of 177!, because the tree-like split structures encoded by @ are protected, and
because a protecting seam at a node survives in a neighborhood of the curve even if the node gets
resolved, there exist € > 0 and, for each i = 1, ..., k, an open neighborhood U; C U of D;, such that, for
t=(t1,....th—1,0) € I""1 x {0}, if () € U; then no seam of @y (t) intersects VE(p(2)).

Let § > 0 be small. We make a first extension of @ over 1”1 x [0, §] in two steps as follows:

Step 1 Let p; : U; — [0, 1] be smooth cutoff functions, supported away from U/ \ I/; and equal to 1 on D;.
Let p:[0,1] = [0, 1], p(s) = s/6 for s € [0, 8], p(s) = 1 for s € [8, 1]. We insert for each i two seams as
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boundaries of Vig/z((p(t)) for 1 € 1"~1 x [0, §], with weight equal to p(t,) []; pi (¢(¢)). These will act as
“protecting” seams in the sequel.

Step 2 We extend the other seams from 7”1 x {0} to I"~! x [0, §] as follows. We choose a smooth
trivialization of the family with fiber X’ over &/ \ |, &4;. This induces a trivialization of the family with
fiber '\ |UJ; Vi (X') over U \ | J; U;, which we extend to a trivialization of the family with the same fiber
'\ U; VE(Z') over Y. For every t € I"™!, every seam S;,9 on @o(7,0), and every #, € [0, §], we induce
via these trivializations a uniquely determined seam S;;, on ¢(t, t,). These seams are embedded and
smoothly parametrized with continuously varying parametrizations, and they admit continuously varying
analytic parametrizations. After making a choice of such continuously varying analytic parametrizations,
we obtain a lift gjg 57 of ¢ over 1”1 x [0, §] that extends @o.

We now modify the previous lift ¢g s} in two steps as follows:

Step 1 We weigh each of the seams S;;, from the previous construction by the function 1 — p(2t,) for
tn €[0,6/2], and erase them for ¢, € [§/2, §].

As a result, for t € I"~1 x [§/2, §] the seam structure is the following: for each i we have exactly two
seams that are the boundaries of V;; / 2(<p(t)), with weight equal to p(t,) [ [; pi (¢(2)).

Step 2 For 1 € 1"~ x [§/2, §] we modify the weight of these seams to (1 —s)p(t,) []; pi (¢(2)) + s,
with s = 21, — 1.

At this point we have obtained a lift @|[g,s] of @[71—14[0,5] Such that, for 7 € I1"~1 x {8}, the seam
structure over ¢(t) consists of the boundaries of the Vf / 2(go(t)), i =1,...,k with weight 1. This seam
structure extends tautologically for all # € I"~! x [§, 1] and provides a lift of ¢. |

Proof of the main Theorem 1.1 in genus 0 We saw in Section 6.1 that the homotopy colimit
hocolim(m <« Ann — 15_1:8,g=0)
is computed by the operad colimit
colim(W(NodAnn) < W(Ann) — W(Fry 4—0)).
In view of Lemma 6.4, Proposition 6.6 and Lemma 6.5 we obtain the sequence of weak equivalences

®)  colim(W(NodAnn) < W(Ann) — W(Fry s—o))

——— ~ — — ~ —
~ tree = tree =
= NodHDUS . 1eq.g =0 > NOAFIIee o <ot Mo .

This proves the theorem for the unital version of the involved operads.

The proof carries over verbatim to the nonunital versions of our operads Ann and Fry. Alternatively,
one can use the fact that the forgetful functor from operads to nonunital operads commutes with homotopy
pushouts. O
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6.3 Proof of the main theorem in arbitrary genus

In this section we prove our main theorem in arbitrary genus. The main new phenomenon compared to
that of genus 0 is the presence of stabilizers.

We develop in Appendix A the convenient language of topological moduli problems (TMP) to deal
with stabilizers. A topological moduli problem is a contravariant functor Top®® — Gpd, and the key point
is that the spaces of operations of DM"® and NodFr}j*® have natural structures of topological moduli
problems. On the other hand, any topological space X can be viewed as a topological moduli problem
via the mapping-in functor S - Mapr, (S, X), so that the language of topological moduli problems
provides a convenient common framework for all the spaces of operations considered in this paper.

The classical language of operads is not well adapted to deal with spaces of operations that are
topological moduli problems. Indeed, in the classical language of operads the associativity relations would
translate into equalities of functors, whereas in our situation we only have isomorphisms. A convenient
language is that of Segal operads, which we introduce in Appendix B. Roughly speaking, whereas an
operad O associates to every arity n > 0 a space of operations O,, a Segal operad A associates to
every tree of operations t, of arbitrary arity, a space of operations A;. We explain in Section B.2 the
construction of the (tree-like) Deligne—Mumford Segal operad ADM"™ and of the Segal operad of nodal
framed surfaces AﬁEF’rgw as Segal operads in topological moduli problems.

With this terminology in place, the proof of the genus-0 case of our main theorem goes through with
essentially only minor modifications.

The next lemma is the higher-genus counterpart of Lemma 6.5.

Lemma 6.8 We have a weak equivalence of Segal operads
funnel : ADM"* = Amg“

induced by applying componentwise the map funnel from Lemma 6.5.

Proof Being a weak equivalence of Segal operads means being a homotopy equivalence on the level of
simplicial chains for every space of operations, i.e., every object associated to a corolla; see Appendix B.
We thus need to show that

funnel : DM}*° — N?Eﬁrge;
induces a homotopy equivalence on simplicial realizations.

The construction from Lemma 6.5 can be applied in order to define a left inverse cap for the map
funnel, which presents funnel as a retract, i.e., such that funnel o cap homotopy retracts to the identity.
It is therefore enough to see that cap induces a homotopy equivalence on simplicial realizations.

By Proposition A.24 the map cap is a combinatorial fibration. The points of the fibers of cap over a
given marked curve X correspond to framed curves which give X after gluing disks onto each boundary
component and stabilizing. These fibers have no automorphisms and are representable by topological
spaces (see Remark 3.3), hence cap is a fiberwise representable fibration. The proof of Lemma 6.5
goes through verbatim to show that the fibers of cap can be simultaneously contracted, which implies

Algebraic € Geometric Topology, Volume 26 (2026)



The Deligne—Mumford operad as a trivialization of the circle action 1273

that cap is a trivial weak fibration of topological moduli problems. The conclusion then follows from
Lemma A.27. |

The next proposition is the higher-genus counterpart of Proposition 6.6.

Proposition 6.9 There is a weak equivalence of Segal operads

n : ANodHDY%, . — ANodFr{ee,

protected

where t forgets the simplex parameters and glues along the seams.

Proof Being a weak equivalence of Segal operads means being a homotopy equivalence on the level of
simplicial chains for every space of operations, i.e., every object associated to a corolla; see Appendix B.

We need to show that the map is a trivial fibration on the level of each space of operations in the sense
of Definition A.26, from which the conclusion follows by Lemma A.27. More precisely, we need to prove
that, for every corolla, i.e., for every arity n > 0, the induced map of TMPs

7 : MNodHDU® — mgeﬁ

protected,n

is a trivial weak fibration.
By Proposition A.24, this map is a combinatorial fibration. It is also fiberwise representable since fibers
have no automorphisms and choices of seams on a given curve form a topological space. That the fibers

——

have no automorphisms is seen as follows: given a family o, a point in the fiber (NodHDgf(iected’n)g is
given by a family of nodal framed curves with additional data (given by weighted seams), together with
an isomorphism between this family and the family o. Since the isomorphism is part of the data and the
family o is fixed, the only possible automorphism is the identity.

We now prove the trivial weak fibration property. For the proof, let o € Mge;mm) be a family of
curves param/e_gi:d by an m-dimensional simplex and let us write (mgfgtwed’n)g for the fiber of «
at 0. While NodFrg;‘: is a topological moduli problem, the fiber has no stabilizers as seen above. In this
situation the proof of contractibility from Proposition 6.6 goes through verbatim if one works locally on

the base A™. This implies contractibility over the whole of A™, and a fortiori also weak contractibility. O

Proof of the main Theorem 1.1 in arbitrary genus We saw in Section 6.1 that the homotopy colimit
hocolim(m « Amn— F~r3)
is computed by the operad colimit
colim(W(NodAnn) < W(Ann) — W (Fry)).

In view of Lemmas 6.4, 6.8 and Proposition 6.9 we obtain the sequence of weak equivalences of Segal
operads

~

(9)  colim(W(NodAnn) < W(Ann) — W(Ery)) = NodHD"™__ = ANodFri®_ < = ADM"™®

protected g 0,2=0 "funnel

This proves the theorem for the unital version of the involved operads.
The proof carries over verbatim to the nonunital versions of our operads Ann and Frj. O
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Appendix A Topological moduli problems

Most topological spaces we work with in this paper are moduli spaces of one kind or another, i.e., spaces M
characterized by the mapping-in functor S +— Hom(S, M) which classifies solutions of an appropriate
moduli problem — usually, the problem of classifying certain curves with additional structure over S up
to isomorphism. In some cases, such as Fry, solutions to the moduli problem have no automorphisms, and
thus M is representable in the category of topological spaces. In other cases, such as M g.n» the solutions
to the moduli problem may have automorphisms, and thus M is a topological stack of some kind. In this
appendix we will describe a certain “strict” version of topological stacks (or more precisely, prestacks) that
is sufficient for our purposes and that we call “topological moduli problems”. On the level of homotopy
categories (for the notion of weak stack homotopy equivalence relevant to this paper), any topological
(pre)stack is homotopy equivalent to a topological space. For example, given a (topological) group G, the
stack pt /G is homotopy equivalent to the classifying space BG, which is stabilizer-free. However, this
“resolution” from topological stacks to topological spaces loses some 2-categorical information, and does
not, at least naively, respect algebraic structures such as operads; thus even in order to define the operad
DM"® with spaces of operations built out of the Mg, we must work inside a category of topological
moduli problems.

A.1 Definitions

Definition A.1 A groupoid is a category C all of whose morphisms are invertible and such that the
isomorphism classes of objects form a set, denoted by 7o (C).

Remark A.2 (set-theoretic technicalities) We do not require for groupoids to be small categories, but
rather only to be equivalent to small categories. In the constructions in the remainder of this appendix,
we assume at every point that we have chosen representatives which are small categories in a consistent
way. This is possible via standard small object arguments, which we assume implicitly throughout this
appendix. One way to make this precise is to choose an inaccessible cardinal ¥ and implicitly assume
that the objects we work with are «-small — see, for example, [40, §1.2.15] for a discussion.

Definition A.3 A topological moduli problem (TMP) is a (strict) contravariant functor Top®® — Gpd
from the category of topological spaces to the category of groupoids with (strict) groupoid functors.

We write TMP for the category of such functors, with maps X — ) given by natural transformations.
Given amap f : S — S’ of topological spaces we write f* : X(S’) — X(S) for the (contravariantly)
associated functor of groupoids.

The notion of TMP is a “stricter” notion of a topological stack. When working with stacks one
often works with nonstrict functors (defined via slice categories) and imposes a sheaf condition on these
functors; we will not require either of these sophistications here (though all topological moduli problems
we consider will in fact also be stacks). We only need a sufficient formalism to study homotopically our
main examples by means of an associated simplicial object.
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Definition A.4 Given a topological space X, define the topological moduli problem represented by X to
be the functor
X : S Mapr,, (S, X)

(the set of continuous maps, viewed as a discrete groupoid, i.e., a groupoid with no morphisms other
than Id). For readability we shall often use the same notation X for both the space and the corresponding
moduli problem.

Remark A.5 If X is a topological moduli problem and S is a topological space, it makes sense to think
of the groupoid X'(S) as the “groupoid of maps” from S (viewed as a TMP) to X, even when X does not
itself come from a topological space. Note that, if X’ takes values in discrete groupoids, i.e., Sets, by the
Yoneda lemma we have a natural isomorphism of sets

HomTMp(S, X) = X(S)

If X is not valued in discrete groupoids, the groupoid X'(S) can be interpreted as a “Hom groupoid” only
after passing to a higher-categorical setting, which we will not pursue. It is nevertheless a useful intuition
that X(S) is a Hom object. In particular, we will later define for a map X — ) of TMPs the notion of a
fiber object X, over an “S-object” y € Y(S) (Definition A.23).

Remark A.6 Associated to any topological moduli problem X is a so-called coarse moduli space X°*"°.
This is the topological space which is the initial object in the category of pairs (X, f : X — X)) consisting
of a topological space X with amap f : X — X. In certain favorable cases, e.g., orbifolds, the coarse
moduli space is the set 7o X (pt) with a natural topology induced from X. See [48, §4.3] for more details.

Definition A.7 (1) We say that a map of topological moduli problems X — ) is an equivalence if
X(S) — Y(S) is an equivalence of groupoids for all topological spaces S.

(2) We say that a moduli problem X is representable if there is a topological space X and a map X — X
which is an equivalence.

Note that, if such a space X exists, it is unique. Namely, given a moduli problem X', let X'*° be the
moduli problem defined by X°(S) := X' (S), the set of isomorphism classes of objects of X'(S). It is
clear that if X’ is representable, the map X — X' is an equivalence. In this situation X0 ~ jycoarse,

All the spaces of operations of the operads we use or construct in this paper, and in particular the
spaces involved in the sequence of homotopy equivalences (9), i.e.,

(Frg)n. (NodFry),, DM (NodHD"

protected/ 7

either naturally have an interpretation as topological moduli problems, or are equivalent to such. For
example, (Fry), is equivalent to the moduli problem (MlFry),,, where (MFry), (S) is the category whose
objects are all bundles of surfaces X — S with fiberwise complex structure and boundary parametrization
which varies continuously (as explained in Remark 3.3), and whose morphisms are isomorphisms of
such data. The resulting moduli problem is representable by a topological space, as we have seen; this is
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also true for the spaces of operations of Fry, Ann, NodAnn, and NodHDgf;tected, though not for DM}*°,
NodFry®, or NodHD"®®, which are nonrepresentable.

We will add the letter “M” as in Ml?ra, etc., to denote the topological moduli problem represented
by the corresponding topological spaces. When working with a result that is invariant under equivalence
of (nonisomorphic) topological moduli problems, we will sometimes drop the M (as MFry is equivalent
to Fry, etc.).

The moduli space DM® is described as a TMP as follows: given a topological space S, the groupoid
DMU*¢(S) is the category whose objects are all families X — S of stable nodal surfaces whose dual
graph is a tree, with fiberwise complex structure and marked points which vary continuously, and whose
morphisms are isomorphisms of such data. More explicitly, this can be described by viewing M g,n s an
algebro-geometric stack which classifies stable nodal analytic curves of genus g with n marked points,
and then further applying the analytification functor from algebraic varieties to topological spaces. See,
for example, [28].

Denote by NodFrge; the moduli space of stable nodal framed surfaces whose dual graph is a tree
and which have n bOI’mdary components. This is described as a TMP as follows: given a topological
space S, the groupoid NodFrgi‘:(S ) is the category whose objects are all families X — S of stable nodal
framed surfaces whose dual graph is a tree and which have n boundary components, with continuously
varying fiberwise complex structure, marked points and parametrizations, and whose morphisms are
isomorphisms of such data. We prescribe the local structure near the nodes by associating canonically
to a stable nodal framed Riemann surface ¥ with n analytically parametrized boundary components a
closed stable nodal Riemann surface cap,(X) with 2n marked points and requiring that the corresponding
S-family is continuous in the previous sense. The association X — cap,(X) is defined as follows: we
glue a standard disc D; to the i-th boundary component of 3 and we place one marked point x; at the
center of the disc and one other marked point y; at 1 € S! = dD; fori = 1,...,n. The notation cap,
is motivated by the fact that we cap and add 2 marked points for each boundary component of 3. The
continuity of the parametrization of the boundary components is to be understood in light of the fact that,
on the one hand, the boundary does not contain nodes and, on the other hand, any S-family is locally
trivial away from the nodes.

The correspondence X — cap, (%) defines a morphism of TMPs

cap, : NodFrj — DM5:’.

We actually get an embedding of groupoids cap, (S) : NodFrgf‘,f(S ) = DM55°(S) for any S. It follows
from the construction that this embedding has the following property: if y; is a marked point such that,
upon forgetting it, the surface becomes unstable, then y; lives on a sphere component which contains
exactly two other special points, of which one is a node and the other is a marked point denoted by x;.
Equivalently, this situation corresponds to one of the irreducible components of a framed curve being a disc.

We do not make explicit the description of NodHD"® as a TMP because it will not be needed. It can
be inferred from the above.
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A.2 Reminders about groupoids and simplicial sets

We give some basic definitions and results on groupoids and their connection to homotopy theory.
References can be found in [23]. See also [57].

Definition A.8 (1) A groupoid is discrete if there are no morphisms except identity morphisms. The
category of discrete groupoids is equivalent to that of sets.

(2) Given a groupoid G, its underlying discrete groupoid Gygiscr is the discrete groupoid on the set of
isomorphism classes of objects.

(3) A groupoid is quasidiscrete if there are no automorphisms except identity morphisms. Equivalently, a
groupoid G is quasidiscrete if the map G — Ggiscr 1S an equivalence of categories.

Given a map of groupoids G — H and an object in H, we have a notion of naive fiber and a notion
of homotopy fiber (directly analogous to that of fiber, respectively homotopy fiber in topology). More
precisely:

Definition A.9 Let
7:G—H

be a map of groupoids and let y be an object in H.

(1) The (naive) fiber of mw over y is the groupoid
Gy
with objects {x € G | 7(x) = y} and morphisms { f : x — x’ | n(f) =1d,}.

(2) The homotopy fiber of m over y is the groupoid Ey with objects pairs {(x,g) | g : 7(x) = y}.
Morphisms (x, g) — (x, g’) are maps f : x — x’ that make the following diagram commutative:

20) = ey
g
y

Definition A.10 We say that a functor G — H is a fibration (resp. trivial fibration) of groupoids if the
canonical inclusion functor G, — ’G'y is an equivalence for every y (resp. G — H is a fibration and all
fibers are equivalent to the trivial groupoid ).

The property of being a fibration is equivalent to the following property.

Definition A.11 A functor 7 : G — H is cartesian if, for every two objects x € G, y € H and every
map g : w(x) — y, there exists an object x’ € G with (x’) = y and a morphism f : x — x’ lifting g.
A functor 7 : G — H is trivial cartesian if it is cartesian and an equivalence of categories.

The following result is straightforward.
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Proposition A.12 A map of groupoids G — H is cartesian (resp. trivial cartesian) if and only if it is a
fibration (resp. trivial fibration). O

We will deal in the sequel with fibrations with quasidiscrete fibers.

Definition A.13 A fibration of groupoids G — H is discrete (resp. quasidiscrete) if every fiber Gy is a
discrete (resp. quasidiscrete) groupoid.

We will need the following proposition.

Proposition A.14 Every quasidiscrete fibration of groupoids G — H canonically factors through a
discrete fibration G — G’ — H such that G — G’ is an equivalence.

Proof We have a functor F : H — Set given by y = (Gy )discr, the isomorphism classes of objects over y.
Let G’ be the Grothendieck construction applied to this functor: this is the category with objects (y, X)
for X an isomorphism class in G, and morphisms X — X’ corresponding to pairs (X, g) for X over y and
g :y — y' such that F(g)(x) = X’. It is a direct check that the resulting functor G’ — H is a fibration
and that, for G — H quasidiscrete, the functor G — G’ (given by x — (7(x), X)) is an equivalence. O

Remark A.15 There is a model category structure on groupoids for which fibrations are cartesian
functors and in particular any arrow can be cartesian resolved — for example, by replacing G by the
union | |, ¢y 5y. We will however not use a model category structure at this level —rather, we will view
groupoids as homotopy objects by taking the simplicial nerve (a.k.a., the classifying space).

We now discuss groupoids in a simplicial context. The simplicial category A is the category of
nonempty finite totally ordered sets [n] = {0, ...,n}. A simplicial set is a presheaf on A, i.e., a functor
AP — Set. Given a simplicial set X : A°? — Set, we write X, = X[n]. More generally, a simplicial
object in a category C is a functor A°® — C. Recall from Section 4.3.1 that simplicial sets form a model
category [49, 11.3, Theorem 3], which is Quillen equivalent to the Quillen model category on topological
spaces (with equivalences given by weak homotopy equivalences). The equivalence is given by the pair
of functors

|-]:SSet < Top : Ca,

with | - | the topological realization functor and Ca the singular functor given by Ca (X ), := Hom(Aﬁ)p, X),
n

for X any topological space and Af = the topological n-simplex. The simplicial morphisms between the

top
Ca(X) arise from the fact that the A, n > 0, form a cosimplicial object in Top, i.e., we have a functor
Afp + A — Top.

Groupoids can also be interpreted in the context of homotopy theory, via the nerve construction.

Definition A.16 The nerve of a groupoid G is the simplicial set
NG : [n] = Homcy([n], G).

More concretely, NG, is the set of composable sequences of morphisms xg — x1 — - -+ — Xx5. Note
that, if G is a group, the topological realization | NG| of the nerve of G is a classifying space for G.
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We will need the following combinatorial result.

Lemma A.17 Suppose G — H is a discrete fibration, and let NG — NH be the associated map of
nerves. A simplex (xo — --- — Xx,) € NGy, in the preimage of a simplex 6 = (yg —> -+ — yn) € NHy is
uniquely determined by xo.

Proof This follows from the fact that a map f : x — x’ in a discrete fibration is uniquely determined
by x and a morphism 7 ( /) from 7 (x) to 7 (x’). O

Simplicial sets also have a notion of homotopy fiber, which we call simplicial preimage and which we
n
simp

set X, an element 0 € X, determines canonically a map of simplicial sets ogimp : AG,,,

now explain. Write A for the n-simplex, i.e., the simplicial set represented by [n]. Given a simplicial

— X.

Definition A.18 Let f : Y — X be a map of simplicial sets. The simplicial preimage of an element
0 € Ay under f is the homotopy fiber product

n

with respect to the simplicial map Oimp : Asimp — X determined by o.

The homotopy fiber product is the homotopy limit of the diagram A mp Timo, xSy for the Quillen
model category structure on SSet.
We will need the following standard result from homotopy theory, usually cited as a special case of

Quillen’s Theorem A from [50, §1].

Proposition A.19 A map of simplicial sets f : Y — X is a weak equivalence if and only if, for any
integer n > 0 and any simplex o € Xy, the simplicial preimage Y, is weakly contractible.

Proof The Quillen model structure on SSet is right proper in the sense of Section 4.5. Given a right
proper model category, the homotopy limit of a diagram Z — X <— Y can be computed by replacing any of
the two maps by a fibration and taking the ordinary limit of the resulting diagram [32, Proposition 13.3.7]
(compare with Lemma 4.13). As a consequence, we can assume without loss of generality that the map f
in the statement is a fibration for the Quillen model structure on SSet, i.e., a Kan fibration of simplicial
sets. In this case the simplicial preimages are computed as ordinary pullbacks.

We now prove that a Kan fibration is a weak equivalence (also called trivial Kan fibration) if and
only if all its simplicial preimages are contractible. This is stated in [49, I1.2]. The proof relies on the
equivalent characterization of trivial Kan fibrations as maps of simplicial sets that have the right lifting
property with respect to all the inclusions ANk Ak, k > 0127, Theorem 11.2; 49, 11.3, Theorem 3].
We prove the direct implication: given a trivial Kan fibration f : Y — X, its pullback along any map
of simplicial sets is also a trivial Kan fibration because it has the right lifting property with respect to
all inclusions A% < A¥ . In particular, any simplicial preimage of f is a trivial Kan fibration over a
simplex, hence weakly contractible because the simplex is weakly contractible. We prove the converse
implication: let f : Y — X be a Kan fibration and assume that all its simplicial preimages Y, are weakly
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contractible. This is equivalent to saying that the canonical map Y — A” is a trivial Kan fibration for all

o € X, n > 0. We wish to construct the dotted arrow in

Nk — .y
j

Enhancing it to

Ak X

o

the right lifting property for the map Y, — A¥ with respect to the inclusion dAK < AK determines
a lift A¥ — Y,. This lift can be postcomposed with the map Y, — Y in order to obtain the desired
lift A¥ — Y. O

In the next section we will also use the category of bisimplicial sets, defined as follows.

Definition A.20 The category of bisimplicial sets
S2Set := Fun((A°)2, Set)
is the category of presheaves on the bisimplicial category (A°)% = AP x AP,

Given a bisimplicial set X, we write X, , := X([m]x[n]). Note that, by adjunction, S?Set is equivalent
to the category
Fun(A°P, Fun(A°®P, Set))

of simplicial objects in the category of simplicial sets. Here, if X : A°? — SSet is a simplicial object in
simplicial sets, the associated bisimplicial set has X ,E’li’n := (Xm)n, where Xy, is the simplicial set X ([m]).

Given a bisimplicial set X« « : (A%)? — Set, we have an associated “total” simplicial set defined as
follows.

Definition A.21 Define
X=X oDiagpo : AP — Set,

where the functor Diag o : A% — (A°P)? is the diagonal functor.
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There are several different Quillen equivalent model structures on the category S?Set of bisimplicial
sets, and all of them are Quillen equivalent to the category of simplicial sets via the totalization functor
(see [27, Chapter IV]). In particular, the simplicial set X' contains the same “topological” information
as the bisimplicial set X.

A.3 Simplicial realization of a topological moduli problem

We will not attempt to construct a model category (or even a homotopy category) of topological moduli
problems. Instead, we will associate to every topological moduli problem X a simplicial set* Ca (X) of
“simplicial chains” and view X as represented by Ca () in a homotopy-theoretic sense.

We have a standard covariant realization functor
R: A — Top,
taking [n] to the n-simplex A”. We define the simplicial groupoid Cgpd (X) to be the strict functor
Cgpd(é\?) =X o RP: A? — Gpd.

Note that, for X = X the moduli problem represented by a topological space, Cg'p d (X) is canonically
equivalent to the levelwise discrete simplicial groupoid associated to the singular simplicial set of X,
denoted by Ca (X).
Composing with the nerve functor (Definition A.16) N : Gpd — SSet from groupoids to simplicial
sets we obtain a functor
NoCM(x): A% — SSet.

By definition, such a functor is equivalent to a bisimplicial set. We call it the bisimplicial realization
associated to the topological moduli problem X, and denote it by

CR(X): (AP)? — Set.
Definition A.22 For a topological moduli problem X, we denote by
Ca(X)

the simplicial set given by the totalization of the bisimplicial set C ABi(X ). We call Ca(X) the classifying
simplicial set of X.

The assignment X — C (X) is natural and defines a covariant functor from the category of topological
moduli problems to simplicial sets. To illustrate the definition we give two examples, which are the
extreme cases of topological moduli problems:

3Though note that topological moduli problems are a full subcategory of the category of simplicial presheaves on topological
spaces, which has a structure of model category Quillen equivalent to that of simplicial sets, and it would be possible to work
within this framework.

#This is actually an co-groupoid.
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e If ¥ = X is the moduli problem represented by a topological space, the bisimplicial set CABi(X )
canonically decouples as a product of two functors A°? — Set, namely Ca (X ) x pt. Thus the associated
simplicial set Ca (X)) is canonically isomorphic to the usual simplicial set of singular simplices Ca (X),
further justifying our frequent abuse of notation of using the same term for the space X and the topological
moduli problem X which it represents.

e If X = pt/G is a point with a discrete group of automorphisms G, the bisimplicial set CABi(/Y)
canonically decouples as a product pt x NG, where N is the nerve functor, i.e., the simplicial classifying
space functor.

Thus, the totalization Ca (X) combines the topological and the groupoid features of the topological
moduli problem X.

The classifying space functor X +— |Ca(X)| allows us to view any topological moduli problem as
functorially represented by a topological space. However, as this topological space is big and difficult to
work with, we avoid working with it directly. Instead we make comparisons in the category of topological
moduli problems, and identify certain properties of maps of topological moduli problems which guarantee
that the underlying maps of classifying spaces are homotopy equivalences.

A.4 Trivial Serre fibrations of topological moduli problems

To make sense of results such as Lemma 6.5 in higher genus, we need a notion of fiber for certain maps
of topological moduli problems.

Definition A.23 A map X — Y of TMP is a combinatorial fibration if X(S) — Y(S) is a fibration of
groupoids for each S.

Informally, if 7 : X — ) is a map of TMP, if X(S) and Y(S) are defined as some geometric data
on S up to isomorphism, and if 7 (S) is a “forgetful” map which discards some part of the geometric
data, then 7 is a combinatorial fibration. Indeed, given an isomorphism i : @ — 8 between two structures
o, B € Y(S), and given an object ,g of X(S) over B which consists of some additional geometric data,
we can pull back this geometric data under i to produce a diagram verifying the fibration property. Using
this idea we can prove the following proposition.

Proposition A.24 For any n, the maps

. tree tree . tree q . tree
cap: NodFra’ ., — DM, and x: MNodHDprotected’n — NodFra’ P

are combinatorial fibrations.

Proof We first discuss the map cap. This is the composition of the maps
forget
NodFrj% <22, DMje =15 DM,

where cap, was defined in Section A.1 and forget,, is the map which forgets the marked points yi,..., yn
tree

(the marked points for DM " are denoted by x1,...,Xu, y1,..., Yu; see Section A.1). Note that the
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tree,/ tree,/

image of cap, is contained in DM, ", which is the TMP such that, for each S, the groupoid DM, " (S)
is the full subgroupoid of DM55°(S) consisting of families of curves with the property that, if y; is a
marked point such that, upon forgetting it, the underlying surface becomes unstable, then y; lives on a
sphere component which contains exactly two other special points, of which one is a node and the other
is a marked point denoted by x;. We claim that

tree €ap2 tree,/ forget, tree
NodFra’n —= DM,,” ——> DM,

is a composition of combinatorial fibrations, hence is a combinatorial fibration. In view of Proposition A.12,
it is enough to show that, for any S, the maps

NodFriee(s) 223, ppiee(5) L), pypiee )

are cartesian (Definition A.11).

e We prove that cap,(S) is cartesian. Given two isomorphic S-families in DMtzrfle"(S ) with a preferred

isomorphism g and a lift to NodFrge’f (S) of the first family, we can reinterpret that lift as the data of a
continuously varying family of analytically parametrized simple curves in the fibers. The isomorphism g
can then be used in order to produce such a continuously varying family of analytically parametrized simple

curves in the fibers of the second family. This provides a lift of the second family, as well as a lift of g.

e We prove that forget,(S) is cartesian. Consider two isomorphic S-families E, F € DM}(S), a
preferred isomorphism g : E => F, and a lift of E to DM}5"'(S) denoted by E. Let X1, ..., Xn,s
be the marked points of the curve Eg, s € S, and X14,....Xn,5, Y1,5.- .-, Yn,s the marked points of its
lift E5. At each point s € S and for each i = 1, ..., n one of the following two things can happen: either
the removal of the point y; s does not destabilize the irreducible component of E on which it lies, or it
destabilizes it, in which case that component is a sphere which is contracted under the forgetful map,
the marked point X; ; becoming x; ;. Equivalently, the lift E s differs from Eg by either adding some
nondestabilizing marked points y; s, or by blowing up some marked points x; s into spheres which acquire
marked points %; 5 and y; ;. We can then define a lift F of F as follows: we mark additional points
ylf’S = g(yi,s) for all indices i such that y; s is not destablizing, and we blow up the points xlf’S = g(xiys)
for all indices i such that y; s is destabilizing, marking two new points )?l/ s and ylf, ¢ on the resulting sphere
bubble. Since any two spheres with three marked points are uniquely isomorphic, the isomorphism g
extends uniquely to an isomorphism g : E =5 F.

This proves that the map cap is a combinatorial fibration. The proof that the map m is a combinatorial
fibration is very similar to the proof for cap,, and we omit the details. O

Definition A.25 (fibers of topological moduli problems) Let 7 : X — ) be a map of TMPs.

(1) Given a topological space I and an object y € Y([) (to be thought of as a map I — ))), the fiber X, is

the topological moduli problem with X, (S) :=| |,.q_,; X(S)s*,. Here t*y is the pullback in Y(S) (to

be thought of as the composition y o) and X(S),=, is the fiber for the map of groupoids X (S) — V(S).
The fiber X, is endowed with a canonical map X, — I.
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(2) We say that the map r is a fiberwise representable fibration if it is a combinatorial fibration and, for
any topological space / and object y € Y([), the fiber X, is quasidiscrete (i.e., equivalent to a topological
space). We say that m is strictly fiberwise representable if any such fiber &), is discrete.

It follows from Proposition A.14 that any fiberwise representable fibration is equivalent to one which
is strictly fiberwise representable.

Definition A.26 Let 7 : X — ) be a map of TMP which is a fiberwise representable fibration. We say
that 7 is a fiberwise representable trivial weak fibration if, for any m > 0 and any simplex o € Y(A™),
the fiber X, is weakly contractible.

Lemma A.27 Suppose that 7 : £ — X is a fiberwise representable trivial weak fibration. Then the induced
map of simplicial sets CA(E) — Ca(X) is a weak homotopy equivalence.

Proof As noted above, we can assume without loss of generality that £ — X is strictly fiberwise
representable. In particular, the fibers of £(S) — X(S) are discrete for any S. Now we consider the

map of bisimplicial sets CABi(S Ymn — CABi(X )m,n, Where m is the simplex degree (corresponding to the

m

category X (Atop) of maps from the topological simplex) and # is the nerve degree. It is enough to show
that, at a fixed nerve degree n, the map of simplicial sets CABi(E)*,n — CABi(X )«,n 1s @ weak homotopy

equivalence. We do this in two steps.

Case n = 0 Since we set the nerve degree to zero, we are considering the simplicial set on objects

of X (Afgp) (and similarly for £). We use the following standard fact.

Proposition A.28 Let f : U — V be a map of topological spaces. The following statements are equivalent:
e f is a trivial Serre fibration, i.e., a Serre fibration with weakly contractible fibers.

e The map of simplicial sets CA(f) : CA(U) — Ca(V) is a trivial Kan fibration in the sense
of Section 4.3.1.

e The map of simplicial sets CA(f) : CA(U) — Ca (V) is a Kan fibration that has weakly contractible
simplicial preimage Ca(U)q over any m-simplex 0 € CA(V).

Proof of Proposition A.28 That f is a trivial Serre fibration if and only if CA(f) is a trivial Kan
fibration is proved in [49, II.3, Lemma 2]; see also [30, Example 5.15].> On the other hand, we proved
in Proposition A.19 that a Kan fibration is trivial if and only if all its simplicial preimages are weakly
contractible. O

Proof of Lemma A.27 continued Given an object oyop € X (A{gp), we apply Proposition A.28 to the pair

m
top

of topological spaces V = A{f, and U = &,,,, the fiber of £ over V. We are using that, by strict fiberwise
representability, &, is isomorphic to the (discrete) topological moduli problem represented by a space.
We deduce that all simplicial preimages of simplices in CABi (X)x,0 under the map CABi(E )x,0 = CABi(X )x,0

are weakly contractible, hence we get a weak homotopy equivalence of simplicial sets at n = 0.

31t is also true that f is a Serre fibration if and only if Ca (f) is a Serre fibration [30, Example 5.11].
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Case n > 0 From Lemma A.17 we see that all simplicial preimages of the map CABi(E )xn — CABi(X )s.n
are isomorphic to simplicial preimages of the corresponding map at n = 0, i.e., CABi(S)*,O — CABi(X )%.0-
We conclude by the n = 0 case. |

Appendix B The dendroidal category and Segal operads
In Proposition 6.9 we prove that, for any number n of inputs, there is a map

7 : MNodHDY%, ..o, — NodFrje

protected,n

of topological moduli problems which induces a homotopy equivalence on underlying simplicial sets.
Now the left-hand side is a model (in topological spaces) for the homotopy pushout of the diagram
pt < S! — Fry, and we also know from Lemma 6.8 that the right-hand side is equivalent to DM, In this
appendix we explain how to “upgrade” such homotopy equivalences on the level of spaces of operations to
homotopy equivalences on the level of operads. For this we need to discuss operads valued in topological
moduli problems. A convenient language in this context is the formalism of dendroidal objects and Segal
operads (Cisinski—-Moerdijk [12]), which is a relative of Lurie’s theory of co-operads [41]. We explain this
formalism, how the operad objects and maps we have been working with, e.g., the operad DM"® and the
map DM — NodFrgee, fit into it, and how this formalism is compared to that of topological operads.

The reason for using Segal operads is that the classical language of operads is not well adapted to deal
with spaces of operations that are topological moduli problems. Indeed, if we tried to impose an operad
structure, then the associativity relations would need to be equalities of functors, whereas in our situation
we only have isomorphisms. Said differently, we need to use the 2-category structure on groupoids to
define operads such as DM, (A useful analogy is symmetric monoidal groupoids vs. abelian monoids.)

B.1 The Moerdijk—Weiss tree category

Here we describe the dendroidal category €2 of Moerdijk and Weiss [47], which plays in higher operad
theory a role analogous to that played in homotopy theory by the simplicial category A. In the same way
that objects of A can be understood as combinatorial categories (finite ordered posets), the objects of €2
are combinatorial operads associated to trees.

Definition B.1 (the free colored operad on a tree) Let t be a tree of operations (i.e., a finite tree with
half-edges, see Section 2.2.1). The free colored operad [z] on 7 is the operad with colors C = Edge, and
operations generated by a set {0, } indexed by vertices v € Vert;, where 0, has inputs eiln(v), . ’eligl (v),
the incoming edges at v with some choice of ordering, and output ¢°*'(v), the outgoing edge at v.

In this definition the generators are described in terms of a choice of ordering of the incoming edges at
each vertex v, or equivalently in terms of a choice of planar structure for the tree. A different choice of
planar structure would give different generators, but the same operad.

When 7 is the linear tree 7,) := — @ — --- — e — with n vertices, the colored operad only has
one-to-one operations, i.e., is a category. In fact, it is the category associated to the quiver corresponding
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to the dual graph: it has n + 1 objects associated to the linear tree and a unique arrow i — j fori < j.
In other words, it is precisely the linear poset category [n].

For a general tree 7, one can check that operations in [] are indexed by full labeled subtrees. Namely,
we say that a subgraph t/ C 7 is full if every edge or half-edge in T with an endpoint in 7’ is also an edge
or a half-edge in 7/ (note that a half-edge in t’ might have another endpoint in 7). The operad [z] has a

out

(unique) operation with inputs eq,. .., e, and output ¢®" if and only if there is a full labeled subtree 7’

with leaves eq, ..., e, and root e°".

Definition B.2 The dendroidal category <2 is the full subcategory of the category of colored operads on
the objects [t] as T ranges over all trees.

The next definition describes objects which generate €2 in a sense that we will make precise.

Definition B.3 ¢ Define | to be the tree with one edge and no vertices. The operad [|] € €2 is the operad
with a single identity operation.

¢ Define the n-corolla k, to be the tree of operations with one vertex, n input edges, and one output edge.
The operad [ky] is the operad whose spaces of operations are empty except in arity n, where &, acts
freely and transitively, i.e., [k,] has a unique-up-to-relabeling operation in arity .

Note that for a general colored operad O, maps [|] — O are in bijection with colors of O and maps
[kn] = O correspond to all operations with n inputs (with arbitrary incoming and outgoing colors).
In particular, if 7 is a tree then Hom([ | ], [r]) = Edge, and Hom([k,], [r]) is the set of full subtrees of t
with n leaves. We note two important special cases.

Definition B.4 « Given a vertex v, define iy : [ky|] — [7] to be the map corresponding to the subtree of
edges around v (equivalently, the map classifying the operation v in [z]).

e For any tree T with n leaves, define the cocontraction map s : [kn] — [t] to be the map classifying the
operation corresponding to the tree t itself viewed as a subtree (i.e., the composition of all operations in 7).

For any full subtree 7/ C 7, let 7 be the tree obtained by contracting all internal edges of ¢’ into a
single point. Then there are obvious maps iz, : [t'] — [t] and 57, : [t”] — [r] defined by extending i,
for v € v’ and v € s/, respectively, by the identity operation for all vertices in the complement of 7’.
Maps of the form i; ./, s¢,» together with automorphisms of trees generate the tree category €2 [47, §3].

Let C be a category with monoidal structure given by products and O a monochromatic operad in C.
This induces a contravariant representation of the dendroidal category €2 in C, sending every tree t
to the set HUGVen(T) O)y| and sending the cocontraction map s; to the operad composition operation
[Tvevert(r) Ow) = On (for N the number of leaves). In particular, this representation determines the
operad O (the identity operation is the “empty” composition operation corresponding to T = | and the
action of 0 € &, on O, is recovered from the morphisms x4 : kK, — k, Which permute the incoming
edges of a corolla).
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B.2 Segal operads and preoperads

In this subsection we follow Cisinski and Moerdijk [12] and work with models for colored operads,
despite the fact that the objects we care about are monochromatic.

Suppose C is a category which is closed under products and coproducts and let Discre be the essential
image of the standard functor Set — C given by unions of the terminal object % € C.

Definition B.5 A Segal preoperad A in C is a C-valued presheaf on 2, i.e., a functor A : Q°° — C such
that A([|]) € Discre.

One can think of Segal preoperads as colored operads with nonuniquely defined compositions; A([|]) is
the set of colors. When A is a monochromatic operad, it has a model with A([|]) & *.

If C is additionally endowed with a class of equivalences including Isoc (for example, if C is a model
category), we make the following definition.

Definition B.6 A Segal operad in C is a Segal preoperad in C such that, for every tree t, the product of
the maps

(10) A(iy)  A([z]) = Adlxpu(])
is an equivalence between A([t]) and [ [, ever(r) Allkw)])-

Note that an ordinary (strict) colored operad in C is precisely a Segal preoperad where this map is an
equality (i.e., where A([t]) is defined as being ]—[ve\,ert(r) A([«|y(])). Given an ordinary operad O, we
write Seg(O) for the Segal operad associated to O, with

Seg(O)([r)):= [] Ok
veVert(t)

In fact, Segal (pre)operads have a model category structure which is related to the Berger—-Moerdijk
model category of topological operads (and also related to Lurie’s oo-operads [41, §2]) by a chain
of Quillen equivalences. This is proved by Chu, Haugseng, and Heuts [10], and their paper relies
on [5; 11; 12; 29]. Since we will only be interested in the weak equivalences, we will not need the full
model structure. Rather, we need the following results from [11; 12].

Theorem B.7 [11; 12] (1) There is a “strictification” functor
Wseg : PreSegOp, — Op,

from Segal preoperads in C to strict operads in C, which is equivalent to the W -construction when applied
to strict operads. In other words, we have a canonical isomorphism of functors

Wseg 0 Seg = W : Op, — Ope.

(2) There is a natural transformation Sego Wsee = 1d such that, for every Segal preoperad A € PreSegOp,
the natural map Seg o Wseo(A) — A is an equivalence in PreSegOp, (and, in particular, an equivalence
on the level of each tree if A is a Segal operad). O
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B.3 Segal operads in topological moduli problems

We will be interested in the category of Segal operads in topological moduli problems. More precisely,
we can define Segal operads in topological moduli problems fitting into a diagram

—_———

ree — ANodFrBree <« ADMYe®,

!
protected

AMNodHD

The definition of the Segal operad ADM"* is the following. We need to define a topological moduli
problem ADM"¢([z]) for every tree 7. For a test topological space S, we define ADM"([z])(S) to
be the collection of families X — S, where X is a family over S of possibly disconnected stable nodal
curves, mapping to the discrete set Vert(t), with marked points indexed by half-edges of t (including
two half-edges for each full edge) and such that the component X, over a vertex v € Vert, has incoming
marked points indexed by incoming edges In(v), and outgoing marked point indexed by the outgoing
edge Out(v). Maps between two objects of ADM"¢([¢])(S) are isomorphisms over S that preserve all
combinatorial data. In order to define the Segal structure we need to write down functors

ADM"™(iz,z)(S) : ADM™([t])(S) — ADM™(['])(S)
corresponding to restriction to a full subtree ¢/ C 7, and
ADM"™(s¢,2/)(S) : ADM™([t])(S) — ADM™(["])(S)

corresponding to contraction of a full internal subtree 7/ C 7. The former is simply given by removing all
components of X corresponding to vertices not in t’, and the latter by gluing all curves in the component 7/
along their common edges to combine them into a nodal curve, then stabilizing.®

Proceeding in a similar fashion, we also get Segal operads

AMFry, ANodFry®, AMNodHD"

protected *

Note that, since ﬁa and NodHDgf(iected are topological spaces, we have equivalences AMISfa o~ Seg(lsfa)
and similarly for NodHDgfstected.
We finally have the tools to give concrete statements comparing the homotopy pushout NodHD"<¢

protected
and DM"e¢,

Theorem B.8 There is a sequence of Segal operads of topological moduli problems, with maps that are
levelwise weak equivalences (on the level of simplicial chains):

AMNodHDYS,..q — ANodFriee < ADMU™,

The first map is induced by applying componentwise the map x, and the second map is induced by
applying componentwise the map funnel.

Proof This is the combined conclusion of Lemma 6.8 and Proposition 6.9. |

6 A note on set-theoretic issues: both the procedures of gluing and stabilizing replace the set indexing the old complex curve X
by a quotient set, whose points are subsets of X, something that is possible in the «-small world for « an inaccessible cardinal.
In order to avoid sets with repeated indexes, we require that the set of points of X must not contain an element which is a subset
of X of cardinality > 2.
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Combining the previous theorem with Theorem B.7 we obtain the following.

Corollary B.9 There is a sequence of (weak) homotopy equivalences in the Berger-Moerdijk category of
strict topological operads:

NOdHDgf(ieCth — WSeg | CA (NOdegfoetec[edN

WSeg | CA (NOdHDgee )| — WSeg | CA (DMtree)l o

rotected

Here the operad Wseg|C A (DM"°)| is the “topological classifying operad” associated to the Deligne—
Mumford stack, and hence represents a topological “resolution” of the operad in topological moduli
problems DM"*.
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On embeddings of 4-manifolds in codimension 2

ABHIJEET GHANWAT AND DISHANT M PANCHOLI

We show that every closed orientable smooth 4-manifold admits a smooth embedding in a large class of
closed 6-manifolds. In particular, we show that every smooth 4-manifold admits a smooth embedding in
the complex projective 3-space. Our embedding technique also provides a new proof of embeddings of
4-manifolds in R7.

1 Introduction

A basic question in the field of geometric topology which concerns embeddings of manifolds can be
stated as follows: given a pair of manifolds M and N, how many smooth embeddings of M exist in N ?

A slightly simpler and related question is the question of finding which manifolds embed in a given
manifold. Detailed investigations in this regard have led to the discovery of interesting invariants of
manifolds. One of the earliest seminal results in this context is due to H. Whitney who showed that
every closed manifold of dimension n admits an embedding in R?”. Subsequently, this result has
been extensively generalized. Most notably, M. Hirsch [19] showed that every closed orientable odd-
dimensional manifold M 2"~! admits a smooth embedding in R*”~3. This result, together with those by
C. T. C. Wall [27] and V. Rokhlin [25], implies that every closed 3-manifold (orientable or otherwise)
admits an embedding in R>.

For closed n-dimensional manifolds, combining the results of A. Haefliger [16], A. Haefliger and
M. Hirsch [17], and W. Massey and F. Peterson [23], one knows that every such n-manifold embeds
in R2"~! when n > 4 and n is not a power of two. For 4-manifolds it was shown by M. Hirsch [20] and
C. T. C. Wall (M. Hirsch mentions in [20] that C. T. C. Wall had independently proved this result) that
every orientable PL 4-manifold admits a PL embedding in R”.

The purpose of this article is to show that there are smooth six-dimensional manifolds with relatively
simple topology in which all closed-orientable smooth manifolds of dimension four embed. Ideally one
would like to embed every closed smooth 4-dimensional manifold in R®. However, D. Ruberman [26]
has shown that a closed smooth 4-manifold admits a smooth embedding in R® if and only if it admits
a spin structure and its signature is zero, a result which was also stated by S. Cappell and J. Shaneson
in [7]. In particular, this implies that CP? does not smoothly embed in RS.
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The simplest 6-manifold in which CP? embeds is CP3. Furthermore, the question of embeddability
of two important classes of closed orientable smooth 4-manifolds, namely, symplectic 4-manifolds and
smooth algebraic surfaces have been extensively examined (see, for instance, [2; 9; 10]), and the question
of their embeddability in CP3 is very important as any such embedding corresponds to a Lefschetz pencil
of CP3 with given embedded submanifold as its generic fiber. We therefore investigate embeddings of
4-manifolds in CP* and establish the following:

Theorem 1.1 Every closed orientable smooth 4-manifold admits a smooth embedding in CP3.

To the best of our knowledge, Theorem 1.1 above and Theorem 1.2, which establishes embedding of
4-manifolds in certain 6-manifolds of the type N x CP!, are the only results demonstrating the existence
of closed 6-manifolds in which all closed orientable smooth 4-manifolds embed.

The central idea for the proof of Theorem 1.1 is drawn from a well-known fact that given a projective
embedding of a smooth algebraic surface, the standard Lefschetz pencil of the complex projective space
generically induces a Lefschetz pencil structure on the surface. It was established by R. I. Baykur and
O. Saeki [5; 6] that every closed orientable smooth 4-manifold admits a simplified broken Lefschetz
fibration (SBLF), which can be regarded as a natural generalization of the Lefschetz pencil for an arbitrary
smooth 4-manifold. This decomposition allows us to express any smooth 4-manifold as a singular fiber
bundle over CP! with a finite number of Lefschetz singularities and a unique indefinite fold circle. The
advantage of this decomposition is that we can associate with any smooth 4-manifold certain data which
comprise two constituents. These are an element of the mapping class group of a closed orientable surface
of genus g expressed as a product of (positive) Dehn twists, corresponding to Lefschetz singularities, and
a round handle attachment [4; 13] corresponding to the fold singularity.

Let us now briefly outline the argument establishing Theorem 1.1. We need Theorem 1.2 to prove
Theorem 1.1. Hence, we begin by first stating and outlining the proof of Theorem 1.2.

Consider any closed orientable 4-manifold N which admits an embedding of a Hopf link which is
separable in the sense of Definition 4.4. Roughly speaking, by a separable Hopf link in a manifold N,
we mean that N admits a handle decomposition that satisfies the following property: the boundary of a
0-handle has a Hopf link, which is slice in the complement of the 0-handle. For any 4-manifold admitting
separable Hopf link, we show:

Theorem 1.2 Let M be an orientable closed smooth 4-manifold. Let N be a 4-manifold which admits a
separable Hopf link. Then there exists an embedding ¥ : M — N x CP1.

Let us now outline the proof of Theorem 1.2. Given a closed orientable smooth 4-manifold A, consider
the manifold M together with any given SBLF. We need to produce an embedding f of M in N x CP1,
where N is a 4-manifold admitting an embedding of separable Hopf link. The embedding will be produced
such that the trivial fibration 5 : N x CP! — CP! of N x CP! induces the given SBLF.!

IStrictly speaking one will only produce embeddings satisfying such properties up to isotopies and diffeomorphisms of
source and target manifolds under consideration.
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The three important steps for constructing the embedding f are the following: In the first step, using
an appropriate generalization of techniques from [24], and a specific local embedding model for a given
Lefschetz singularity, we provide an embedding of genus g + 1 Lefschetz subfibration over a disc D2
in N x D2, which is associated with the given SBLF. This embedding is such that the trivial product
fibration 7, : N x D? — ID? induces the given Lefschetz fibration. This is the most important step in the
proof and is detailed in Section 4. In fact, in Section 4 we show how to embed any Lefschetz fibration
over a disc or CP! in a trivial fibration over CP! with fiber N.

Next, we use a local embedding model for fold singularities to produce an embedding of a submanifold
(ﬁ LOM ) C M (having two disjoint boundary components) in N x I x S!. This embedding is constructed
such that it agrees with the embedding in the first step near one of the boundary components of M, and is
a trivial fibration X ¢ x S ! near the other boundary component of M. Here, 3 ¢ denotes a closed orientable
surface of genus g. This provides us with a fiber-preserving embedding of M \ g x D? in N x D2
Finally, we extend the embedding of M \ Xg x D? in N xD? using an embedding of % g X D2 in N xID?
to obtain the embedding f : M <> N x CP!. These two steps are discussed in Section 5. Embedding
of M in N x CP! is the content of Theorem 1.2. Theorem 1.2 immediately implies Theorem 6.1 which
establishes embeddings of smooth closed orientable 4-manifolds in R”.

Having outlined a proof of Theorem 1.2, let us now discuss how to establish embeddings of 4-manifolds
in CP3 as claimed in Theorem 1.1. Given a smooth, orientable, closed 4-manifold, we first consider
the manifold M # CP2#CP2 together with a specific SBLF. Next, we notice that the blow-up of CP3
along CP! is a fiber bundle over CP! with fiber CP? with the property that the fiber bundle is trivial in
the complement of the exceptional divisor.

We embed M #CP2 #CP? in the blow-up of CP? using this specific SBLF by observing that C P>
admits a separable Hopf link and hence a slight generalization of the argument necessary to establish
Theorem 1.2 allows us to embed M # CP?# CP2 in the blow-up of CP3. Further, we ensure that the
embedding of M #CP2#CP? in the blow-up of CP3 is such that the fiber of the specific SBLF associated
to M #CP2 #CP? has certain specific intersection property with the exceptional divisor of the blow-up
of CP3. This allows us to show that the embedding of M #CP?#CP2 in the blow-up of CP? is such
that when we blow-down the blow-up of CP3, we get a manifold diffeomorphic to CP? that has M as

its embedded submanifold. The construction of the specific SBLF, blow-up and blow-down procedures,
and the proof of Theorem 1.1 are discussed in the final section.

The mathematical preliminaries to carry out these steps are given in Sections 2 and 3. In particular,
we discuss relevant aspects of broken Lefschetz fibrations in Section 2, and of mapping class groups
in Section 3.

Finally, a few remarks on conventions used in this article. By a manifold we mean a smooth compact
orientable manifold with or without boundary. We denote manifolds by capital letters M, N, etc. When
we need to emphasize that we are working with a manifold with boundary, we use the notation (M, dM')
consisting of the pair M and the boundary dM of M. As usual, the notation ¥ or X is used for denoting
a closed orientable surface, with g indicating the genus.
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2 Review of broken Lefschetz fibrations

Broken Lefschetz fibrations (BLF) were introduced by D. Auroux, S. K. Donaldson, and L. Katzarkov [1].
These are generalized Lefschetz fibrations. R. I. Baykur [3] established that every smooth orientable
closed 4-manifold admits a broken Lefschetz fibration. The purpose of this section is to review a few
definitions and results related to BLF. We refer to [3; 5] for a detailed discussion on BLF. Let us begin by
recalling the definition of Lefschetz singularity.

Definition 2.1 (Lefschetz singularity) Let M be an oriented 4-manifold and ¥ an oriented surface. Let
f : M — X be a smooth map. A point x € M is said to be a Lefschetz singularity of the map f, provided
there is an orientation preserving parameterization ¢ : U C M — C?2, and an orientation preserving
parameterization ¥ : V C ¥ — C such that the following properties are satisfied:

(1) x e U, and ¢(x) = (0,0) € C2.
2) f(x)eV,and ¥ (f(x))=0€eC.

(3) For the map g : C2 — C given by g(z1,25) = z;.25, the following diagram commutes:

U2, 2

bl

V— C

Remark 2.2 (a) Observe that both M as well as ¥ can have nonempty boundary, however, it follows
from Definition 2.1 that the critical point ¢ belongs to the interior M of M, and f(c) € .

(b) Let f: M — S be a map with an isolated Lefschetz singularity at ¢ € M such that f(c) € S is an
isolated critical value. It is well known that generically the fiber over f(c) is obtained by pinching a
simple closed curve y on a nearby smooth fiber X to a point. The curve y is known as a vanishing cycle.

Next, we recall the definition of 1-fold singularity.

Definition 2.3 (1-fold singularity) Let M be an oriented 4-manifold, and let 3 be an oriented surface. Let
f M — X be a smooth map. A point x € M is said to be a 1-fold singularity of the map f', provided
there is an orientation preserving parameterization ¢ : U C M — R*, and an orientation preserving
parameterization ¥ : V C ¥ — R? such that the following properties are satisfied:

(1) x e U, and ¢(x) = (0,0,0,0) € R*.
(2) f(x) eV, and ¥ (f(x)) = (0.0) e R2.
(3) For the map & : R* — R? given by A(t,x1, x5, x3) = (¢, —xf + x% + x_%), the following diagram
commutes:
U -2 R

[ b

y Y R?
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Remark 2.4 (a) If amap f : M — X has a 1-fold singularity at x, then x € M ,and f(x) e 5.
(b) When the map / in the definition of 1-fold singularity is allowed to have the local model

(t,x1,x2,x3) — (¢, :I:xl2 :I:x% :I:x_,z)),

the singularity is called a fold singularity. In this article, we will only need the local model around 1-fold
singularity.
We are now in a position to recall the notion of a broken Lefschetz fibration (BLF).

Definition 2.5 (broken Lefschetz fibration) Let M a smooth oriented 4-manifold. By a broken Lefschetz
fibration of M we mean a smooth surjective map f : M — CP! such that f has only 1-fold or Lefschetz
singularities.

Remark 2.6 (a) GivenaBLF f : M — CP!, the inverse image f~!(y) for any regular value y is called
a fiber of BLF.

(b) Generically, the image set of a component of 1-fold singularities on ¥ is an immersed circle in 3.

A BLF without 1-fold singularity is called a Lefschetz fibration. These singular fibrations are extremely
useful in algebraic geometry [15] and symplectic geometry [10]. Let us now formally define a Lefschetz
fibration.

Definition 2.7 (Lefschetz fibration) Let M be a smooth oriented 4-manifold. A smooth surjective map
f : M — X, where ¥ is an oriented surface, having its singular points modeled only on Lefschetz
singularities is called a Lefschetz fibration of M .

Remark 2.8 (a) Unlike a fiber bundle or Lefschetz fibration, the regular fibers of a BLF are typically not
diffeomorphic. In fact, the 1-fold singularity in the definition of BLF corresponds to a round 1-handle
attachment [4; 13]. Hence, if BLF has points having fold singularity, then the topology of the regular
fiber changes as we cross the image of an immersed circle coming from a 1-fold singularity.

(b) The fibers of BLF need not be connected. However, it can be shown that every 4-manifold admits a
BLF with connected fibers having genus at least 2. This follows from [3, Theorem 1.1].

Observe that a BLF provides us a decomposition of a smooth manifold into simple pieces. A more
simplified form of this decomposition of a smooth 4-manifold is what we will need for this article. This
simplification was introduced by R. I. Baykur [4], and the proof of this simplified decomposition was
given by R. I. Baykur and O. Saeki [5; 6]. This decomposition is known as a simplified broken Lefschetz
fibration. Let us recall the definition of this:

Definition 2.9 (simplified broken Lefschetz fibration (SBLF)) Let /' : M — CP! be a BLE. We say that
this BLF is a simplified broken Lefschetz fibration (SBLF) provided the function f satisfies the following
additional properties:

(I) The set Z¢ of all x € M admitting a 1-fold singularity model is connected.
(2) All fibers are connected.
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(3) The map f is injective when restricted to Zy as well as when restricted to the set, Cr, of Lefschetz
singular points and the set Cy is contained in the connected component of CP N\ f(z ) which has regular
fibers of higher genus.

Remark 2.10 (a) Throughout this article, we will assume without loss of generality that for any Lefschetz
fibration (or BLF) f : M — X any regular fiber /~!(y) is connected, and f is injective when restricted
to critical set Cy.

(b) Observe that the definition of SBLF implies that there exists a disc D contained in CP ! such that
every y € D is a regular value, and the genus of the fiber over y is minimum among all fibers of SBLF.
We call this fiber the lower genus fiber.

(c) Topologically, the unique 1-fold singularity of SBLF corresponds to adding a 1-handle to a circle
worth of lower genus fibers over dD. This corresponds to an attachment of a round 1-handle to f~1(D)
such that a generic fiber of SLBF over CP! \ D has genus one more than the fibers over D.

In [5; 6], it was shown that every orientable smooth 4-manifold admits an SBLF.

Theorem 2.11 (R. 1. Baykur, O. Saeki [5, Theorem 1]) Given any generic map from a closed, connected,
oriented, smooth 4-manifold X to CP!, there are explicit algorithms to modify it to an SBLF. In particular,
every closed orientable smooth 4-manifold admits an SBLF. Furthermore, we can always construct an
SBLF on M such that the genus of the lower genus figure is bigger than 1.

We would like to point out that Theorem 2.11 is not stated as above in [5]. The statement regarding
the lower bound on the genus of a lower genus fiber is not explicitly mentioned in [5, Theorem 1].
However, it follows from the application of [5, Theorem 1] followed by [5, Theorem 2]. For the sake of
completeness, we discuss the proof of Theorem 2.11.

Proof To begin with, recall that by a trisection of a smooth orientable closed 4-manifold M one means
a decomposition of M into three 4-dimensional handlebodies (thickening of a wedge of circles), meeting
pairwise in 3-dimensional handlebodies, and all three 4-dimensional handlebodies intersect in a surface.
A trisection corresponds to a Morse 2-function on M . If k’ is the number of indefinite folds for the Morse
2-function associated to a given trisection and g’ is the genus of the surface corresponding to the common
intersections of three 4-dimensional handlebodies, one says that the 4-manifold has a (g’, k")-trisection.

In order to produce an SBLF as stated in Theorem 2.11, we observe that given M, according to
[5, Theorem 1], there exists an SBLF f : M — CP!. Let g be the genus of the lower genus fiber of the
SBLEF.If g > 1, then we are through. In case, g <1, we apply [5, Theorem 2] to produce a (g’, k’)-trisection
from the given SBLF f : M — CP!. According to [5, Theorem 2], we get a (g’, k’)-trisection with g > 1.

Next, we again apply the second part of [5, Theorem 2] to produce from this trisection a new SBLF.
Observe that according to [5, Theorem 2], the new SBLF has a lower genus fiber having its genus g’ + 2.
Since g’ > 0, the theorem follows. O

We would like to remark that the proof of the existence of SBLF with higher genus fiber also follows
from the proof of Proposition 1.3 given in [3].
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P 78(c)

A(B) A(B)

Figure 1: The figure is a pictorial description of the Dehn twist 74 restricted to the neighborhood
A(B) =S! x[0, 27]. The map g is given by t4(6, 1) = (9 —¢, t) when restricted to A(B). It sends
the arc ¢ — depicted as a red-colored arc in the picture on the left of the figure — to an arc isotopic
to the arc 7g(c) depicted in the picture on the right of the figure.

3 Mapping class groups of surfaces

In this section, we review some results related to mapping class groups of closed-orientable surfaces.
Good references for the results discussed here are [12; 21]. Let us begin by recalling the definition of the
mapping class group.

Definition 3.1 (mapping class group) Let X be a closed oriented surface. By the mapping class group
of ¥, we mean the group of orientation preserving self diffeomorphisms of X up to isotopy.

We denote the mapping class group of a surface X by MCG(X). Next, let us discuss the notion of a
Dehn twist along a simple closed curve embedded in a surface X. We refer to [12] for a more detailed
discussion on Dehn twists.

Definition 3.2 (Dehn twist) Let X be an orientable surface. Let 8 be a simple closed curve embedded
in the interior of ¥. By a Dehn twist along 8, we mean a diffeomorphism which is identity outside an
annulus neighborhood A(B) of B in X, and is given by 74 on A(B) when restricted to .A(B), where g is
the diffeomorphism of A(fB) described in Figure 1.

M. Dehn [8] (see also [21]) established that the mapping class group of an orientable genus g surface X ¢
is generated by Dehn twists along simple closed curves embedded in Xg. W. Lickorish [22] further
strengthened this result to show that the mapping class group of a closed orientable surface X is generated
by Dehn twists along the curves a;’s, b;’s and ¢ ’s as depicted in Figure 2. Following [24], we will refer
to these curves as Lickorish generators.

Figure 2: Dehn twists along curves a;’s, b;’s and ¢ ’s generate the mapping class group of an
orientable genus g surface.
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Figure 3: The figure shows a surface of genus g embedded in R? as a boundary of a genus g
handlebody S, considered as a unit ball with g 1-handles attached to it.

We end this section with a proposition that is a consequence of [21, Lemma 3]. In order to state this
proposition we need some terminology from [21].

Let us regard an orientable surface X¢ of genus g as the boundary of a standard handlebody Sg. Here,
a standard handlebody S, consists of g 1-handles attached to the unit 3-ball in R3 as depicted in Figure 3.

Consider a typical handle Hy, as shown in Figure 3. Following [21], we say that a simple closed
curve p does not meet the handle Hj, provided it does not intersect the curve a; depicted Figure 3.

Proposition 3.3 (Lickorish [21, Lemma 3]) Let p be any simple closed curve on ¥g. There exists a
diffeomorphism ¢ : ¥ g — X such that ¢ (p) does not meet any handle of Y.

4 Lefschetz fibration embedding

Recall from Remark 2.10 that a Lefschetz fibration (LF) of a closed oriented 4-manifold is a pair
(M, : M — %), where m : M — X is an LF and X is either a disc or CP!. Furthermore, we always
assume that 77 is injective when restricted to the critical set. Given such an LF, in this section, we show
that there exists an embedding of the LF into certain manifolds of type N 4 x ¥ which is fiber preserving in
the sense of Definition 4.10 provided the genus of the regular fiber is at least 2. This result (Theorem 4.11)
can be regarded as the first step towards establishing Theorem 1.1.

4.1 Flexible embedding in standard position
Let us begin this subsection by reviewing the notion of flexible embedding.

Definition 4.1 (flexible embedding) Let M be an orientable closed smooth manifold. A smooth embedding
¢ 1 Xg — M of a closed orientable surface X is said to be flexible provided for every f € MCG(Zg)
there exists a diffeomorphism v of M isotopic to the identity which maps ¢(X¢) to itself and satisfies

¢~ oyod=/.
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Next, we state a lemma regarding a flexible embedding of any surface of genus g into a 4-manifold N,
which admits a separable Hopf link. In order to state this lemma, we need to introduce the following
definitions:

Definition 4.2 (embedding in standard position) An embedding ¢ : ¥, <> N of a surface X is said to
be in a standard position provided the following properties are satisfied:

(1) Every simple closed curve ¥ on ¢(X) is a boundary of a 2-disc D? intersecting ¢ (X g)only in y.

(2) There exists a tubular neighborhood A (D) of the disc D2 having the boundary y such that A'(D) is
the image of a coordinate chart ¢, : C? — N (D) satisfying the following:

. ¢;1 (P(Z) NN (D)) is g~ (1), where g : C? — C is the polynomial map g(z;,z2) = z1.22.

Remark 4.3 The standard position embedding ¢ : ¥ — N in Definition 4.2 can be thought of as an
embedding of X, in N such that for every simple closed curve y on ¢(X), there exists a compact
4-ball B; in NV such that the intersection of ¢(Xg) with B; is a Hopf annulus in dBy.

The equivalence between Definition 4.2 and Remark 4.3 plays an important role in the constructions of
embeddings throughout this article. We now outline this equivalence. Let 7 : D* — D? be a Lefschetz
fibration of a 4-ball D* whose regular fiber is an annulus, and which has a single Lefschetz singularity
at the origin 0 € D*, with corresponding singular value 0 € D?. Here, D? denotes the closed 2-disc of
radius 2 in R?, centered at the origin. One can easily see the following:

(1) For each disc D? C D? of positive radius r, 7 =1 (D?) is diffeomorphic to a compact 4-ball and its
boundary S? = d(z~!(D?)) is diffeomorphic to the 3-sphere.
(2) The Lefschetz fibration 7 : 7~ !(D2) — D? induces an open book on d7~!(D?) with a page an
annulus 4, = 77! (re’®) and the monodromy a Dehn twist along the central curve of A,.
(3) The annulus A4, is a Hopf annulus in S} = d(x~1(D?)).
(4) There are orientation preserving diffeomorphisms x : D4 — C?2 and £ : D2 — C2 such that g(ShH=s1
and the diagram

D°4 X, 2

s

D2 L} C
commutes, where D4 and D? are the interiors of D* and D?, respectively, and the map g is given by
g(z1,22) = z1.22.
Hence, the 4-ball B;f in Remark 4.3 can be realized as the closure of the image of the map ¢, o x :
1 (D}) - N(D).

Conversely, suppose we are given a 4-ball B; in N such that the intersection of ¢(X4) with B;} is

an Hopf annulus H in dBy. We know that the 4-ball B; admits a Lefschetz fibration 7’ : B]‘} — D12
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with only one Lefschetz singularity at p € B; such that 7’(p) =0 € Df and 771 (e!®) = H’, where
H’ is a Hopf annulus in 883. Since any two positive (negative) Hopf annuli in S3 = 8B; are isotopic,
we can assume 77/~ ' (/%) = 7. Now, we first identify B)‘f with 71 (Df) C D* by a diffeomorphism
h:a™! (Df) — B; such that the diagram

h _
N DBy «—— a ' (D})c D*

1 I

D}« p2cp?

commutes. Then the desired chart ¢, : C? — N(D) can be defined by appropriately extending the map
hox™': x(x='(D?})) C C? — N. Under this chart, we have

¢, ($(Sg) N BY)) = x (A (¢(Zg) N By)) = x(h™ ' (H))
= x (@7 ) = x0T ) = g7 ).

as desired.
Definition 4.4 (separable Hopf link) We say that a link /; LI /; in a 4-manifold N is a separable Hopf
link provided the following properties are satisfied:

(1) There exist an embedding of a 4-ball D* = D? xD? in N such that dD? x {0} L{0} x ID? =/, L /,.

(2) There exists two disjoint properly embedded discs Dy and D5 in N \ (D? x D?)° such that dD; =/,

and 8D2 = 12.

Lemma 4.5 Let N be a4-manifold which admits a separable Hopf link. Then there exists an embedding ¢
of any closed orientable surface X¢ of genus g in N which satisfies the following:

(1) The embedding is flexible.

(2) The embedding is in a standard position.

Before we establish this lemma, we would like to point out that the flexible embedding of X¢ in N
was first provided by S. Hirose and A. Yasuhara [18]. Our main observation is that we can achieve the
additional property of the embedding being in a standard position, provided that we use Proposition 3.3
established by Lickorish [21] in conjunction with the techniques from [18].

Proof of Lemma 4.5 We want to construct an embedding of X in N which is both flexible and in a
standard position. Let /; LI/, be a separable Hopf link in N. It follows from the definition of separable
link that there exists an embedded 4-ball D* = D? x D2 in N such that dD? x {0} L {0} x dD? =/, L[5,
and there exists two disjoint properly embedded discs Dy and D, in N \ (D? x D?)° such that 3D = [;
and 9D, = [,. We regard the 4-ball D* as the 4-ball B*(0, 2) of radius 2 in C? with its center at the
origin. We will also regard S3 x [1, 2] as the collar B4(0,2)\ B*(0, 1) contained in N .

Next, observe that the link /; x {%} U/, x {%} bounds a Hopf band say # in S x {%} We embed a
genus g surface X in S3 x {%} C S3x[1,2] C N as the boundary of standard genus g handle body Hyg
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connected

i\g:f’%#zg sum %g f

3x {3
53 {3}
|
Figure 4: The figure depicts the embedding of the surface X, which is flexible as well as in the

standard position. The figure depicts the collar S3 x[1,2] C N with dashed lines representing S3
at levels 1, 2 and %

and disjoint form # as depicted in Figure 3. Then we take ambient connected sum of embedded X, and
H in S3 x {%} to obtain a surface E/]\g with two boundary components as shown in Figure 4. Thus by
adding two cylinders /1 L/, x [% 2] and two disjoint discs Dy, D, to X/I;, we obtain an embedding of
a closed genus g surface. Let us denote this embedding — after smoothing the corners —by ¢. For a
pictorial description of the embedding ¢, we refer the reader to Figure 4. We claim that the embedding
¢ : Xg — N is both flexible and in standard position. Let us now establish this claim.

The claim that the embedding is flexible is already established in [18, Theorem 3.1]. Let us briefly
review the argument. First of all, notice that every Lickorish generator y of X, embedded in N via ¢
has —up to an isotopy — a Hopf annulus neighborhood which is contained in S* x {%} C N. Next,
recall that the mapping class group of X is generated by Dehn twists along Lickorish generators, and
in S3 there exists a diffeomorphism isotopic to the identity which induces a Dehn twist on a given Hopf
annulus fixing its boundary pointwise. In the proof of [18, Theorem 3.1] it is shown that this implies that
there exists a diffeomorphism of N isotopic to the identity which induces a Dehn twist along a Lickorish
generator of ¢ (Xg). The claim now follows by successive application of ambient isotopies of N inducing
Dehn twists on Lickorish generators. See also [24, Lemma 15] for additional details.

Let us now show that the embedding is in a standard position. First of all notice that — by the very
construction, any simple closed curve on ¢(X) can be isotoped on the surface ¢(Xg) such that it is
contained in ¢(X) N S? x {%} We claim that any simple closed curve which does not meet handles?

2Recall that a simple closed curve p does not meet the handle Hj, provided it does not intersect the curve aj, depicted in
Figure 3.
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of ¢(Xy) satisfies both the properties necessary for an embedding to be in a standard position. This is
because:

(1) All curves mentioned in the claim are unknots in S x {%} hence they bound a disc in S3 x [1, %],
that meets ¢(X) only in the given curve.

(2) Any curve y mentioned in the claim is isotopic to a simple closed curve C in ¢(Zg) N'S? x {%}

via an isotopy of ¢ (X4) such that C admits a neighborhood A'(C) in ¢(X4) which is a Hopf band
Q3 f3
in S° x {5}

It follows from both the properties listed above that any simple closed curve C, which does not meet
any handle, satisfies both the properties necessary for a surface to be in the standard position.

Now, according to Proposition 3.3, given any simple closed curve C, there exists a diffeomorphism
of ¢ (X ;) which sends C to a curve which does not meet any handle. Since the embedding ¢ of X4 is
flexible in NV, given a simple closed curve C which meets some handles can be isotoped so that now it
does not meet any handle. Hence, the claim that the embedding is also in a standard position follows. O

Remark 4.6 (1) Any simple closed curve C in ¢(Xg) that does not meet handles of ¢(Zg) can be
isotoped to a curve C’ in ¢(Zg) N'S3 x 3 such that an annular neighborhood A = N (C’) of C’ in ¢(Zg)
is a planar annulus in S3 x % Therefore, there exists an embedded 4-ball B* = B3 x [0, 1]in N such
that A = B3 x {0} N$(Zg), A is a planar annulus on d( B> x {0}).

(2) Since the embedded surface ¢(Xy) is flexible, for given any simple closed curve y, there exists an
embedded 4-ball B} = B; x [0, 1]in N such that B) x {0} N¢(E¢) = Ay is a annular neighborhood of
y in ¢(Zg) and A, is a planar annulus on 8(Bf,’ x {0}).

In what follows we will work with embeddings of surfaces in N constructed using the procedure
described in the proof of Lemma 4.5. We will use the term standard embedding for any such embedding.
More precisely, we have the following:

Definition 4.7 (standard embedding) Let N be a manifold admitting a separable Hopf link. An embed-
ding ¥ of a closed orientable surface X ¢, which is isotopic to an embedding obtained by the procedure
described in the proof of Lemma 4.5, will be called a standard embedding of X

We end this subsection by establishing an embedding result regarding the embeddings of mapping tori
in N x S'. Recall that given a manifold %, the mapping torus of ¥ with monodromy g, where g is a
diffeomorphism of X, is the quotient space X x [0, 1]/~, where (x, 0) ~ (g(x), 1). Throughout this article
we will consider mapping tori up to the ambient isotopy class of g in . We will denote the mapping
torus by MT (X, g). Notice that MT (X, g) is a fiber bundle over S!. Our next lemma establishes a
fiber-preserving embedding of any mapping tours of ¥ into N x S'. More precisely:

Lemma 4.8 Let N be a 4-manifold admitting a separable Hopf link and let ¢ : ¥ — N be a standard
embedding of X4. Letd, : ¥4 — Xg be a Dehn twist along a simple closed curve y on Xg. Then there
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exists an embedding ¥ of MT (X4, dy) in N x S! such that the following diagram commutes:

MT(S,.dy) —2—5 N xS!

L
Sl Id . Sl

Proof LetD? be adiscin N such that it intersects ¢ (X g)inonly y. Let /' (D?) be a neighborhood in D?
such that A/(ID?) is the image of the coordinate chart ¢, : C* — N(D?) with ¢, ' (¢(Z) NN (D?)) =
g~ !(1), where the map g : C?> — C is given by g(z;,z,) = z;.z,. Note that the monodromy of
the Lefschetz fibration g over the unit circle S C C is a Dehn twist along the central curve of the
annulus g~ 1 (1). Therefore, there is a flow p; : C? — C2, 0 <t < 1, supported in g~ (N (S!)) such that

(1) pr(g™" () = g7 (e*™"") and
(2) pj restricted to g~ 1(e??) is a Dehn twist along the central curve of the annulus g ~!(e?),

where A(S1) is a small annulus neighborhood of S! in C. Using this flow, we can define a flow
by 0 py oqﬁ;l : N(D?) — N (D?), 0 <t < 1. Since the flow p; is supported in g~ (N (S1)), the flow
pyoprog, ! on N(ID?) can be extended to a flow & : N — N, 0 <7 <1, by defining §, = ¢y 0 p; 0, on
N(D?) and &, =1d in the complement of A’(ID?) in N. Now, the desired embedding W : M T (Z g dy) =
N x Sl is given by W(x, 1) = (£ o0 ¢(x), e27i1). ]
Definition 4.9 Let N be a manifold admitting a separable Hopf link and let ¢ : ¥ — N be a standard
embedding of X,. Let d), : ¥¢ — X be a Dehn twist along a simple closed curve y on Xg. Then, the
embedding ¥, : MT(Zg,d,) — N xS! constructed in the proof of the above lemma will be called the
standard embedding of MT(Xg,d)) in N x ST with respect to the standard embedding ¢ and the Dehn
twist d,, .

Before we proceed, we would like to point out that Lemma 4.8 was implicitly established in [24].

4.2 The existence of Lefschetz fibration embedding

We are now in a position to state and prove our main result regarding Lefschetz fibration embeddings. As
usual, we denote the map N x CP! to CP! corresponding to the projection on the second factor by 7.

Definition 4.10 (Lefschetz fibration embedding) Let (M, 7w : M — X) be a Lefschetz fibration, where X
is a 2-disc or CP!. An embedding f : M — N x CP! of a manifold M into a manifold N x CP! is
said to be a Lefschetz fibration embedding provided 7y o f =i o7, where i is an inclusion of D2 in CP!
when M # @, otherwise it is the identity.

Theorem 4.11 Let M be an orientable smooth 4-manifold. Let N be a 4-manifold which admits a
separable Hopf link. Let w : M — X, where X is either CP! or a 2-disc D? embedded in CP!, be
a Lefschetz fibration (LF) of M having genus g fibers with g > 2. If the map m is injective when

restricted to the set of critical points of 7, then there exists a Lefschetz fibration embedding of (M, i)
in (N x CP!, 7).
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S3x[1,2]

Figure 5: The figure depicts part of a Lefschetz fibration (M, 7) over a disc embedded as a
Lefschetz fibration in the (Lefschetz) fibration 7, : N x D? — D?. The embedding is such that
the generic fiber of (M, i) is a flexible embedding in the standard position in V. The curves on
the surface depict the vanishing cycles y;’s.

Proof Let ¢q,cy,...,c; be k critical points of the Lefschetz fibration (M, ). Since the Lefschetz
fibration 7 is injective when restricted to the set of critical points, points 7 (c;) = p1, 7w(c2) = pa,...,
and 7 (cg) = py are distinct points on X. Let y; be the vanishing cycle corresponding to the critical
point ¢; on a generic fiber X of the LF.

Let U; be an open ball in M around ¢; such that on U; we have coordinates (zy, z;) such that 7 in
this coordinates is given by (z1, z3) — z1.z2. Let D; = m(U;) C . Let D; be an open disc containing
pi with E C 5,'.

Let S be ¥ in case £ = D2 or & = CP! \ D where D is a small open disc in CP! lying in the
complement of the set {p;, ..., pi}. We will first produce an embedding f of the fibration 7 restricted
to ! (/Z\]). Denote by M the manifold 7! (/2\3). We have that M = M when T = D2,

Embedding of M Consider an embedding ¢ of the fiber ¥, in N which is a standard embedding.
Recall that the existence of such an embedding is the content of Lemma 4.5.

Using the flexibility of the embedding ¢, we first produce f restricted to M \ |_|f-€=1 7~ 1(Dj) in the
manifold N x (CP1\ |_|f.‘:1 D;) such that the following diagram commutes:

MA\LJiZ, 77 1(Dy) i) N x(CP! \Li D)

(1) ln lnz
cP I\, pi — X cP\ ||, Di
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Since the embedding of X, in N is standard, by Lemma 4.8, there exists a standard embedding
; : MT(Zg,dy,;) — N xS! foreach 1 <i <k with respect to the standard embedding ¢ and the Dehn
twist dy, . Note that for each 7, the embedding W; is such that the following diagram commutes:

MT(Sg.dy,) —s N xS!

@) B lm
s! Id s St

Next, considering dD; C CP! = S! for each i, the embeddings W;’s together give an embedding
v |_|f-;1 7~ 1(dD;) - [_]ff=1 N x dD; such that 7, o W = 7. Now for each i take an arc o; connecting a
point on dD; to a fixed regular value p for the map 7 in T as depicted in Figure 5. We can assume that s
is a regular nelghborhood of the set | | D; U |J; «;. The flexibility of the embeddlng ¢ now implies that
the embedding f restricted M \|_|,_1 b4 1(D ) exists such that when restricted to 39S this embedding is
an embedding of MT(Zg, F), where F = ]_[i=1 Ty, when T = S and F = id when & = CP! \ D.

Our next step is to show how to extend this embedding to produce a Lefschetz fibration embedding fA
of M in N x CP!. For this the property that the embedding ¢ of X is also in the standard position is
required.

Since the embedding ¢ is in a standard position — by the definition of an embedding in a standard
position given in Definition 4.2 — there exists an embedding of ¢, : C? < N which satisfies the second
property listed in Definition 4.2.

Next, for each critical point ¢;, we claim that the diagram

. . fo.
Uicm -2y c2 Ly c2xe Ly Nxcp!

3) ln lg ) lp inz
> C

~ i Iz
Di v > C > Dj

commutes, where the definitions of the maps appearing in the diagram are as follows:

(1) ¢; : Ui C M — C2 and y; : D; C CP! — C are orientation preserving parameterizations around
cr1t1ca1 point ¢; of 7 and 7 (c;), respectively, such that left square commutes in the diagram above.

(2) i :C? > C?2xCand g:C? — C are defined as i (z1, z2) = (21, 22,0) and g(z1, 23) = z;.25.

(3) fe; :C*xC — N xCP!and P:C? xC — C are defined as

fei (21,22, 23) = (P, (21, 22), ¥ ' (z1.22+23)),  P(z1,22,23) = 21.22 + 23.

The commutativity of the middle square follows directly from the definitions of the maps g, i, and P.
Also, the commutativity of the last square is clear by the definition of the map f.,. Next, we see
that the commutative diagram (3) allows us to extend the embedding fA to the embedding J?c,- of
(]Tl\\ |_|f-‘=1 7~ 1(D;)) U U;. This is possible because 7 and fe; 0 i o ¢; agree on the overlapping
region of the domain. Hence, fA and f; oi o ¢; together define a map ﬁi.
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Let us now notice that this allows us to extend the embedding fAc,. to an embedding f;i of the space
We, = ]/\4\\ (U};ll (DU Uf=i+1 r! (Dl)) in N x CP! such that the following diagram commutes:
j‘;‘i -~ 1
WC' _— fc,‘(WC,') CNxCpP

l

e ln lnz

7(We) € CPY X w0y (for (W) = (W)

Observe that by construction the embeddings J?c,- and fcj agree on W, N W, . Since M = Uf;l We,
we get an embedding f of M with the required properties.

Embedding of M When X = D? there is nothing to prove as in this case M = M. In the case when
¥ = CP!, we recall that the embedding f is constructed so that f restricted to 7 is an embedding
of Xg x Slin N xS! = N x 05. When we regard the boundary dN x D as N x S!, we get an
embedding of MT (Zg,id) in MT(N,id) = N x S! via the embedding f . Hence, we get an embedding
of a closed manifold M obtained by identifying M with 0% ¢ X D along the common boundary via
a diffeomorphism of Xg x S!. Since the genus g of = ¢ 1s at least 2, it follows from the triviality of
the group 1 (Diff(X¢)) — the identity connected component of the group of diffeomorphisms of ¥y —
proved in [11, Theorem 1] that M=M. Hence, we have the required embedding of M in N x CP'. O

5 Embeddings of orientable 4-manifolds via SBLF

The purpose of this section is to establish Theorem 1.2. Recall that Theorem 1.2 claims that every
closed orientable smooth 4-manifold admits an embedding in a manifold of type N x CP!, where N is a
4-manifold admitting separable Hopf link. As mentioned in the introduction while outlining the proof, we
will use the SBLF decomposition of a closed orientable smooth 4-manifold for constructing embeddings.
We first need the following:

Definition 5.1 (1-fold simple singular fibration) Let (M, dM ) be an oriented smooth 4-manifold with
boundary and let f : M — [—1, 1] x S! be a smooth surjective map which satisfies the following:

(1) There exists a unique embedded circle Z; in M of 1-fold singularities for f such that f(Zy) is an
embedded circle in [—1, 1] x S! which is ambiently isotopic to the circle {0} x ST.

(2) Forevery x € M\ Zy, f(x) is a regular point for the map /.
(3) IM = f1{—1}xStu{1}xSh).
Then, we say that f : M — [—1,1] x S! is a 1-fold simple singular fibration.

Remark 5.2 (a) Since f : M — [—1,1] x S! has a unique embedded singular locus Z + which projects
to a circle C isotopic to {0} x S!, the inverse image of any regular value is a closed surface ¥ whose
genus is either g or g + 1 for some g € N U {0}. We call a fiber with genus g as a lower genus fiber.
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(b) Observe that as we cross the f(Zy), a round 1-handle is added to a manifold diffeomorphic to
g x A, where A is an annulus.

(c) We will always use the convention that fibers over {—1} x S! have lower genus.

Lemma 5.3 Let (M, dM) be an orientable smooth 4-manifold with boundary and f : M — [—1,1] x S!
be a 1-fold simple singular fibration. Let N be a 4-manifold which admits a separable Hopf link. Then,
there exists an embedding v : M — N x [—1, 1] x S! such that following properties are satisfied:

(1) The following diagram commutes:

M —Y s Nx[-1,1]xS!

5) lf |
[—1,1]xS! —4— [=1,1]x S!

(2) Given a standard embedding ¢ of a surface of genus g + 1 in N, we can ensure that \ restricted to
any higher genus fiber sends the fiber to a surface in N which is isotopic to the given embedding ¢.

Proof Let us define Mo = f~1({—=1}xS')and M, = f~1({1} x S'). We know that M = My LI M.
Observe that M is a mapping torus over S! with fiber ¢+1. Recall that any mapping torus over St
is determined by its monodromy — an element of MCG(Zg). Let ¢ be the monodromy for the fiber
bundle M; over S'. Further, since f : (M,dM) — [—1,1] x S! is a 1-fold simple singular fibration, we
have the following: there exists a homologically nontrivial curve ¢ in ¢4 1 which is mapped to itself
by ¢ [5, p. 10895], and the boundary component My is obtained from M by the following procedure:

First cut X411 along ¢, and attach to the resulting surface a pair of discs —say D; and D,. Now form
the mapping torus of the resulting surface Xz with monodromy the map ¢ restricted to Xg.

This also implies that we can obtain (M, dM ) by suitably adding a round 1-handle to X x St along a
pair of points in X, times S! such that each disc D; x S! contains a circle of the round attaching sphere.

Now, leti : X1 1 C N be a standard embedding of X4 in V. Since the embedding is standard, we
know every simple closed curve y on g1 bounds a disc D in N such that the intersection of this disc
with N is y. Furthermore, recall that any simple closed curve in a standard embedding of ¢ 1 can be
assumed to be disjoint from the separable Hopf link, and the pair of disjoint discs that the link bounds.
This implies that there exist a 4-ball B* containing the disc D such that X g+1 N B* is an annulus 4 and
dA is a pair of unlinked unknots in dB* (see Remark 4.6). We call this link L = L, U L,.

Since the embedding is standard, from Lemma 4.8 it follows that there exist a fiber preserving
embedding of M; in N x {1} xS!. Since ¢ sends c to itself ¢(c) = %c. Since the curve ¢ bounds disc
in Xg, without loss of generality we can assume that ¢(c) = c.

We know that the embedding of a surface X, obtained by cutting X, along a curve ¢ obtained by
pushing ¢ slightly away from itself in a small tubular neighborhood of ¢ agrees with X4 | everywhere
except in a ball B* satisfying the property that B4 N % ¢+1 18 fixed annulus having boundary a pair of
unknot. Since the ball B* is disjoint from the separable Hopf link and the pair of disjoint discs that the
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g v K

B3 x {6} B3 x{-1}x{6} B3 x {0} x {0} B3x{1}x1{0)}
v v v
B4 x {1} x {6} B4x{0}x {6} B> {1}x{6}

Figure 6: Simple Lefschetz fibration embedding.

link bounds, we get that the embedding of X, given by cutting ¢ 1 1 is also standard. Hence, applying
Lemma 4.8, we get an embedding of Mj in N x {—1} x S! which is also fiber preserving.

Observe that by very construction the embedding of dM = MyL M can be extended to an embedding 1}\
of (M,dM)\N in N\ B* x[—1,1]xS!, where \ is a neighborhood of 1-fold singularity. Furthermore,
we can assume that the following diagram commutes:

MAN —Y 5 N\ B*x[-1,1]xS!

(6) lf lnz

1, 1]xS! — X [—1,1]xS!

Hence, in order to establish the lemma, we need to extend the embedding constructed so far in the
region /. We can assume that \ is a tubular neighborhood of the 1-fold critical locus, and hence can be
identified with B® x S!.

Let (x, y, z, 6) be coordinates on a tubular neighborhood V' = B? x S! of the singular locus Z rof f
such that 1 sends (x, y,z,0) to (—x2 + y2 4+ 22,6). Let us embed B> x S! in B4(0, 1) x[-1,1] x ST.
The embedding ¥/ : B3 x S' — B4(0, 1) x[~1, 1] x S! is defined as

@(x, y,2,0) = (x,9.2,0,—x2 + y2 + 22.0).

For a pictorial description of the embedding %, see Figure 6. We can see @ is defined such that following
diagram commutes:

B3xS'c M Yy B40,1)x[=1,1]xS! C N x[~1,1]x S

() lf |
]

[1,1]xS! d s [-1,1]x S!
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Observe that the embedding 1/#\ | has the property that for each (¢, 0), the intersection of x/p\ (fN,0))
with dB* x {(¢, 8)} is a pair of unlinked unknots. Hence perturbing this embedding if necessary, it is
possible to ensure that this pair is the pair L = L U L, for each (¢, ).

Observe that for any ¢ < 0 the embedding of X, N B* x {(t, )} produced by {E and the embedding
of pair of disc bounding the unlink L; U L, produced by 1/#\1 differ only up to bounding discs of each
unknot L;. Hence up to an isotopy, both embeddings agree. Similarly, for # > 0 embeddings fﬂ\ and 1} 1
differ only up to annuli that the unlink L = L U L, bound. Hence we can isotope further to ensure that
for ¢ > 0 they also agree. This implies that by perturbing the embedding (ﬂ\ we can assume that both
embeddings agree near the boundary to produce an embedding ¥ of M in N x[—1,1]x S!.

Clearly, v is the required embedding. This shows that we can produce an embedding of (M, dM )
in N satisfying the property (2). Since there always exists a standard embedding of X, 1, the lemma
follows. d

Let us now establish Theorem 1.2.

Proof of Theorem 1.2 Let M be a closed-oriented 4-manifold. By Theorem 2.11 there exists a smooth
map f : M — CP! which defines SBLF such that the lower genus fiber ¥ ¢ of f has genus bigger than 1.

Therefore, we can write CP! = D; U AU D,, where D; is an embedded disc in CP! containing all
Lefschetz critical values of f, A =[-1,1]x S! is an embedded annulus in CP! with {0} x S! as the
embedded image of 1-fold singularities of £, and D, is an embedded disc in CP! containing no critical
values of f such that dD; = {1} x S! and 9D, = {—1} xS!.

Since lower genus fiber has genus at least 2, we have a decomposition of M, M = X1 U X, UXg X Dy
due to [11, Theorem 1] which satisfy the following properties:

(1) flx, : X1 = f~1(Dy) — Dy is a Lefschetz fibration.
(2) flx,: X1 = f"1HA) —[-1,1]xS! is a 1-fold simple singular fibration.
(3) Tgx Dy = f71(Dy).
(4) Identifications along the boundaries of adjacent regions are always done by the identity map.
It follows from Theorem 4.11, and Lemma 5.3, that each piece of M embeds in N x CP!. Also, it is
clear from the second property listed in the statement of Lemma 5.3 that embeddings of each piece can be

arranged such that in the overlapping region they agree. This clearly implies that we have an embedding
of M in N x CP! as claimed. a

Remark 5.4 (a) The embedding ¢ : M — N x CP! produced in Theorem 1.2 satisfies ¥ o, = f,
where f: M — CP! is an SBLF associated to M and 7, : N x CP1 — CP! is the projection onto the
second factor of N x CP!. In this case, the embedding v is called an SBLF embedding.

(b) In general, given a fiber bundle 7 : X® — CP! and an SBLF f : M* — CP!, an embedding
W : M* — X is called an SBLF embedding if 1 o W = f.
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separable Hopf link
Il h

S2x §2

Figure 7: This figure depicts the Kirby diagram of S? x S2. Observe that attaching circles of
2-handles form a Hopf link in the boundary of the unique 0-handle, and they bound disjoint discs
corresponding to attaching discs in S? x S2.

6 Embeddings in R”

In this section, we give a new proof of the fact that every closed smooth orientable 4-manifold admits a
smooth embedding in R7.

Theorem 6.1 Every closed orientable 4-manifold admits a smooth embedding in R”.

Proof Consider the 4-manifold S? x S2. We observe that S? x S? admits a separable Hopf link. This
is because S? x S? admits a handle decomposition consisting of a unique 0-handle H on which a pair
of two 2-handles are attached such that the attaching circles form a Hopf link in dHj. For a pictorial
description of this handle decomposition, we refer to Figure 7, where we have presented a Kirby diagram
of S? x S2. This clearly implies that the Hopf link consisting of the pair of attaching circles is a separable
Hopf link. Thus by Theorem 1.2, every 4-manifold embeds in S? x S? x CP! = S? x S? x S%. Now as
S? x S? x S% embeds in R7, we get the required embedding of M in R”. ]

7 Embeddings in CP?

Let us now establish Theorem 1.1. As mentioned in the introduction, the first step of the proof involves
the construction of a specific SBLF on M # CP? #CP2. We then use this SBLF to produce an embedding
of M #CP?#CP? in the blow-up Bgpi (CP?) of CP3 along CP!. Furthermore, we show that this
embedding can be constructed such that when we blow-down B¢ p1 (CP3), we get an embedding of M

in CP3. We begin by reviewing notions related to blow-up and blow-down.

7.1 Generalized Lefschetz pencil

Definition 7.1 (generalized Lefschetz pencil) Let M be an oriented smooth 4-manifold. A generalized
Lefschetz pencil associated to M is a map = : M \ B — CP! such that the following properties are
satisfied:

(1) B is finite.
2) 7 :M\B— CP! is a Lefschetz fibration.
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(3) For every point b € B there is a parameterization — not necessarily preserving orientations —
¢ : U C M — C? that satisfies the following:

(@) beU and ¢(b) =0 C2.
(b) For the map g : C2\ {0} — CP! given by g(z1, z) = [z; : 23], the following diagram commutes:

U\ {by —2 €2\ {0}

®) l” lg
cpl —X . cp!
In this case, we call B the base locus of a generalized Lefschetz pencil associated with M .

Remark 7.2 (a) We would like to emphasize that the notion of generalized Lefschetz pencil defined
above is weaker than the notion of Lefschetz pencil. Generally one demands that M and CP! are oriented
and the parameterization ¢ : U C M — C? is orientation preserving in Definition 7.1.

(b) If a fibration 77 : M \ B — CP! is a simplified broken Lefschetz fibration, then we say that the map 7
is a generalized simplified broken Lefschetz pencil (generalized SBLP in short) of M.

(c) If the fibration r : M \ B — CP! is a simplified broken Lefschetz fibration and the parameterization
¢ : U C M — C? is orientation preserving, then the map 7 is called a simplified broken Lefschetz pencil
(SBLP).

7.2 Topological blow-up and blow-down of 4-manifolds

We begin by recalling a few standard facts from [14] about the tautological line bundle over CP! and the
bundle (complex) dual to this bundle.

*
CP!

Let Z denote the zero section of the bundle t¢p1, and Z;+ denote the zero section of the bundle r(é p1-

We know that tcp1 \ Z; and ré p1 \ Zr= are diffeomorphic to R*\ {0} by diffeomorphisms coming

Consider the tautological line bundle tgp1 over CP!, and the bundle t dual to the bundle t¢p1.

from the restrictions of the projection of the second factor for the corresponding bundles. We fix this
identification of the complement of zero sections with R*\ {0} for both of these bundles.

Definition 7.3 (topological blow-up) Let M a smooth 4-manifolds. Let p be a point in M. Let U be a
neighborhood of p diffeomorphic to R* via a diffeomorphism which sends p to 0 € R*. The manifold M
obtained by removing p from U and identifying U \ { p} with either ‘L'(é p1 \ Z<x or with Tep1 \ 2« 18
called a topological blow-up of M along p.

Remark 7.4 (a) The operation of topological blow-up of a manifold along a point corresponds to its

connected sum with CP? or CP2. While performing a topological blow-up, if we use the tautological

line bundle tcp1, then we get M #CP2. On the other hand, if we use the dual bundle to t¢p1, then we
get M #CP2.
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(b) Topological blow-up of M along p produces a manifold M admitting an embedded CP! with self
intersection number & 1. Recall that the usual blow-up always produces an embedded CP! with self
intersection —1.

(c) Throughout this discussion, an embedded CP! in a 4-manifold M with self intersection number +1
will be called an exceptional sphere in M .

Definition 7.5 (topological blow-down) Let M be a smooth 4-manifold admitting an embedded CP!
%

03¢ cp!
in M. In this case, we can carry out the process exactly opposite of the one described in the definition of

whose normal bundle is isomorphic to 7¢cp1 or T That is the embedded CP! is an exceptional sphere
blow-up, where we remove a tubular neighborhood of CP! and replace it with a 4-ball. The resulting
manifold M that we obtain as a result of this process is called a topological blow-down of M.

Remark 7.6 (1) Observe that given a manifold M admitting an embedding of CP! with its self inter-
section number £1, we can perform topological blow-down operation.

(2) Suppose we are given a manifold M # CP? #CP2. Let E 1 and E_; be two embedded CP!’s
corresponding to zero sections of f(; p1 and tcp1, respectively. Suppose f: M #CP? #CP2 — CPlis
an SBLF such that the intersection number of each fiber with E is 1, and the intersection number of
each fiber with E_; is —1. Then the two operations of blow-downs corresponding to removal of £ and
E_ produces a generalized SBLP on M . This is because the SBLF restricted to a tubular neighborhood

of Ey is isomorphic t*

cp1» While a tubular neighborhood of E_; is isomorphic to 7¢p:.

7.3 Construction of SBLF on M #CP2#CP?2

The purpose of this subsection is to establish an SBLF on M #CP?#CP2 which satisfies the property that
the intersection of each fiber with two exceptional spheres £ and E_ corresponding to zero sections is
+1 and —1, respectively.

Lemma 7.7 Consider a closed oriented smooth 4-manifold M # CP? # CP2. Then, there exists an SBLF
f M #CP?#CP2 — CP! which satisfies the following:
(1) The lower genus fiber has its genus bigger than 1.

(2) The fibration agrees with the standard fibration in a tubular neighborhood of both exceptional
spheres Ey and E_;.

In particular, blowing down the SBLF f : M #CP?#CP2 — CP! produces a generalized SBLP on M .

In [6, Theorem 6.5], R. I. Baykur and O. Saeki established the existence of a simplified broken
Lefschetz pencil for any near symplectic manifold admitting connected singular locus for near symplectic
structure. It is easy to see that following the proof of [6, Theorem 6.5] — essentially verbatim — provides
a proof of Lemma 7.7.

Proof To begin with, notice that there exists an embedded surface X in M # CP? # CP2 which satisfies
the following properties:
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¢ The self intersection of X is 0.
e YNEi=+land XN E_; =—1.
¢ ¥ is connected and the genus of X is bigger than three.

Observe that since the self-intersection number of E; is +1 and the self-intersection number of £_
is —1, it is easy to construct a disconnected surface consisting of disjoint union of two spheres. By making
connected sums of these two spheres with an embedded surface bounding a 3-dimensional handlebody
and embedded in B*, it is easy to construct such a surface.

Consider the map 7 : ¥ xID? — D2, corresponding to the projection on the second factor, and regard D>
as embedded in CP! as a southern hemisphere. This allows us to regard 7 as a map from a tubular
neighborhood NV(X) of X to southern hemisphere. Construct a map g : N (Z)UN (E{)UN(E_;) — CP!
which satisfies the following:

(1) The map g when restricted to V' (E;) and N'(E_;) is the surjection on CP! coming from the bundle
projections 7g, : N(Ey) - Eyand ng_ | : N(E_;) — E_;.

(2) The map g agrees with = when restricted to N'(X).

Next, extend the map g to a generic smooth map f . M #CP2#CP? — CP!, According to
[6, Remark 4.5], this map can be modified to produce an SBLF f : M #CP2#CP2 — CP! such that
all the modifications performed while obtaining the SBLF from g are performed away from the region
where g is defined.

Next, we convert the SBLF f : M #CP2#CP2 — CP! to an SBLF f : M # CP2#CP2 — CP!
whose lower genus fiber is bigger than 2 by applying a technique similar to the one which provides a
proof of Theorem 2.11 or a proof of [3, Proposition 1.3]. The SBLF f : M # CP2#CP2 — CP! can be
ensured to satisfy the required properties because every fiber of f is homologous to the original fiber X

and hence the intersection of fibers of f has same property that ¥ had. O

Let us end this section with a convention: from now on the SBLF on M #CP? #CP?2 described in the
statement of Lemma 7.7 will be denoted by 7y, : M #CP2#CP2 > CP!.

7.4 Blow-up and blow-down of CP?3 along CP!

Let us begin this subsection by making a convention. By a standard CP! in CP2, we mean a CP!

embedded in CP2 with its normal bundle isomorphic to the dual of the tautological line bundle over CP!.
On the other hand, by a standard CP! in CP", we mean {[zg, 21, ..., 2] | zi = 0 for all i > 2}, where
[0, Z1, . . . , zn] denotes the homogeneous coordinates of CP”.

Consider CP? and a standard CP! embedded in it. Fix a local trivialization D? x C? of the normal
bundle A'(CP!) of CP! in CP3. Now consider D% x CP! xC? and a subset V of D2 x CP! xC? given by

V={(w,lz1.22.) [ 2| + 1zl < 1 and (21, 22) € 7},
where a point / in CP! is identified with the complex linear subspace corresponding to that point.
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Now, observe that the complement of D? x CP! x {(0,0)} in V can be identified with the complement
of D2 x {(0,0)} in D2 x C2.

Choose two local trivializations U; x C? and U, x C? over open sets U; and U, such that U; and
U, cover CP!. By the (topological) blow-up of CP3 along CP! we mean the operation of removing
U; x {(0,0)} from U; x C2, for each i, and replacing it with the interior of V as discussed in the previous
paragraph.

Remark 7.8 (1) An exceptional divisor of Bgpi(CP?) is the union of D? x CP! x {(0, 0)} over a finite
collection Vj of trivializations of the bundle A'(CP'). Again notice that the triviality of the normal bundle
of CP! in CP3 implies that the exceptional divisor is diffeomorphic to CP! x CP!,

The notion of blow-up discussed above is a particular case of blow-up of a manifold along a submanifold.
We refer [15, pp. 196 and 602] for a detailed discussion on blow-ups.

By a blow-down of Bep1 (CP?) we will mean the process exactly opposite to the process of blow-up.
More precisely, let Bepi (CP?) be obtained by blowing up a CP!. Let E be the exceptional divisor
obtained as a result of the blow-up. By blow-down of Bgpi(CP?), we mean removal of a tubular
neighborhood of E and replacing it by a tubular neighborhood of CP! in CP3,

We say that CP? is obtained from Bgp1 (CP3) by blowing down along E. Since E is diffeomorphic to
CP! x CP!', we sometimes do not distinguish between E and CP! x CP! and say that CP3 is obtained
from Bgp1 (CP3) by blowing down along CP! x CP1.

We end this subsection with the following:

Lemma 7.9 Let M #CP2#CP?2 be a closed oriented smooth manifold. Let Tspl - M # CP2#CP2 — CP!
be an SBLF on M #CP2 #CP? as in the statement of Lemma 7.7. If there exists an SBLF embedding of
M #CP2#CP2 in Bep1 (CP 3) such that each fiber of SBLF intersects the standard CP' of the fiber C P>
of Bep1 (CP3) in two distinct but fixed algebraically canceling points, then there exists an embedding of
M in CP3 such that the standard pencil of CP? induces the generalized SBLP of M corresponding to the
SBLF of M #CP*#CP?.

Proof Let E; and E_; be two exceptional divisors of M #CP? #CP2. Recall the exceptional divisor
of Bepi(CP?) consists of the union of two local exceptional divisors of the type U; x W, where
W C CP! x C? consists of {(/,z1,z3) | (z1,22) € }. Since by hypothesis the fiber of Trspl intersects the
standard CP! inside CP? in a pair of fixed points, we can assume that the tubular neighborhoods of
exceptional divisors £ are contained in U; X W, and since the embedding is fiber preserving it consists
of {p+} x W CU; xW.

Furthermore, by the definition of the blow-up, the fibration on Bgp1 (CP?) restricted to Uy x W can
be assumed to be given by (u,/, z1, z5) — /. This clearly implies that when we blow-down Bgp1 (CP?)
along the exceptional divisor CP! x CP! we get M embedded in CP3 with standard pencil of CP3
inducing the generalized SBLP on M associated to SBLF gy : M # CP?#CP?2 — CP!. i
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7.5 Embeddings in B¢p1(CP3)

In this subsection, we establish SBLF embedding of the special SBLF g : M # CP?#CP? — CP!
in Bep1 (CP?).

Proposition 7.10 Let M be a closed-oriented smooth 4-manifold. Consider M # CP?* # CP2 and let
Tspl - M # CP2#CP2 — CP! be a special SBLF with the lower genus fiber having genus bigger than 1.
There exists an SBLF embedding of M #CP2?#CP2 in Bcp1 (CP?) such that each fiber of SBLF intersects

the standard CP' in the fiber CP? in a pair of canceling intersection points.

Proof We will follow the line of argument we used to establish Theorem 1.2. Let us denote by 7 the
fibration 7 : Bep1 (CP 3) — CP! obtained via blow-up of the standard pencil of CP3. We first consider
neighborhoods of exceptional divisors E; and E_; of M #CP? #CP2, and embed them in a tubular
neighborhood of the exceptional divisor CP! x CP! of Bepi (CP?) such that the embedding is fiber
preserving. In order to produce this embedding recall that a tubular neighborhood of the exceptional
divisor CP! x CP! is the union of two opensets Uy x W,i =1,2.

Now consider a pair of points p, p_ in U;, and consider spheres { p+} x CP! embedded in U; x W.
Since tubular neighborhood of E_; is isomorphic to tubular neighborhood of any sphere in Uy x W
of the form {p} x CP!, where p is a point in U;, we get that there exists an embedding of small
neighborhoods of E1 in a neighborhood of the exceptional divisor CP! x CP! such that Tspl restricted
to this neighborhood agrees with restriction of 7 on the embedded neighborhoods.

Observe that the intersection of the embedded neighborhoods of E_; with a fiber of the fibration
7 : Bep1 (CP?) — CP! s a pair of discs satisfying the property that the intersection of this pair of discs
with the boundary of a small tubular neighborhood of CP! C CP? is a Hopf link. Furthermore, observe
that since the embedding of the neighborhood of E_; as a tubular neighborhood of {p1} x CP! is
orientation reversing, and the embedding of neighborhood of E_y; as a tubular neighborhood { p_} x CP!
is orientation preserving. This implies that if we establish that

(1) CP? admits a separable Hopf link,
(2) there exists an embedding of any surface of genus g in CP? which is standard embedding,

(3) the embedded surface X intersects the standard CP! contained in CP? in a pair of algebraically
canceling points, and Xz N IN(CP') is a Hopf link in N (CP!), where N (CP!) is a fixed open
tubular neighborhood of CP! in CP?,

then the triviality of the fibration 7 : B¢ p1 (CP3) — CP! in the complement of the exceptional divisor
implies that an argument similar to the one which established Theorem 1.2 produces the required SBLF
embedding of M #CP?#CP2 in Bgp1 (CP3).

Hence, the task at hand is to establish an embedding of a surface satisfying the three properties listed

above. To this end, we observe that it is relatively easy to verify property (1) and get an embedding
satisfying property (2). In fact, in section 4 we have already shown how to achieve these for various
4-manifolds. Hence our main focus will be on proving property (3), however, for the sake of completeness,
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S3x[1,2] < D* c CP?

T T ™
| | zero section |

'l i 12}
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Figure 8: This figure depicts an embedded surface in CP? which is flexible and in a standard
position. The diagram focus on a collar S x [1, 2] of a 4-ball D* regarded as the unique zero
handle Hy of CP2. The circle U is the attaching circle of the unique 2-handle H,. U x [1, 2] with
the core disc attached at U x {2} and the green disc at U x {1} forms the standard CP' embedded
in CP2.

we will again describe how CP? satisfies property (1). After showing this we will discuss how a
modification of embeddings of X discussed in section 4 produces a required embedding satisfying the
remaining two properties.

To begin with, consider a handle decomposition of CP? with the 0-handle H, corresponding to
B*(0,2) —the 4-ball of radius 2 in C? with its center at the origin— to which a 2-handle H, is attached
along an unknot U with framing +1. Finally a 4-handle H, is attached to the 4-manifold, which is the
union of the 0-handle B*(0,2) and the 2-handle H,. Regarding Hj as a ball, let S* x [1, 2] be a collar
of dHy. Let U x {2} be the attaching circle of H,. Observe that any Hopf link consisting of a parallel
copy of the attaching circle —say /; x {2} and a circle /; x {2} which links both the attaching circle and /,
once as depicted in Figure 8 constitute a Hopf link that is separable. This is because /1 x {2} bounds a
parallel copy of the core of the 2-handle, and /, x {2} bounds a disc in the unique 4-handle.

Next, consider cylinders /; x [2,2], i = 1,2. They intersect S3 x {3} in /; x {3}. Observe that there
exists a surface X4 with two boundary components whose boundary is the Hopf link /; x {2} Ly x {2 },
see Figure 8. It follows from an argument similar to the one used in establishing Lemma 4.5 that the
embedding is both flexible and in a standard position.

Regarding the standard CP! as the union of the core of 2-handle H, with a disc D that U x {2} bounds,
we see that the embedded X4 intersects CP! in a pair of points. This pair has to be algebraically canceling
as we can push the disc ID down to produce an isotopy of CP! that sends the CP! to a new CP! which
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consists of union of core of Hy, U X [1,2], and a disc D that U x {1} bounds. The disc that U x {1}
bounds is denoted by a green disc in Figure 8. Notice that the isotoped CP! is disjoint from % ¢ implying
that the algebraic intersection of X4 with the standard CP! is zero. O

Now we have established all the results necessary to establish Theorem 1.1.

7.6 Proof of Theorem 1.1

We need to prove that every smooth orientable closed 4-manifold admits an embedding in CP3.

Proof of Theorem 1.1 Let M be the given closed orientable 4-manifold. Consider the manifold
M = M #CP2#Cp? thought of as a blow-up of M done at two distinct points p; and p,. Recall that M
admits a pair of exceptional divisors—say E1 and E_; such that E1 N E; =1 while E_1NE_; =—1.

Next, apply Lemma 7.7 to produce the special SBLF 7y : M — CP! on CP!. Recall that this SBLF
satisfies the following:

(1) The lower genus fiber has its genus bigger than 1.

(2) The fibration agrees with the standard fibration in a tubular neighborhood of both exceptional
spheres E£{ and E_;.

Now, by Proposition 7.10 there exists SBLF embedding of M in Bep1 (CP3).

Also, notice that the intersection property of the embedded fiber of SBLF with standard CP! contained
in CP? stated in Proposition 7.10 implies that the embedding is such that each fiber of the SBLF associated
to M #CP2 #CP? intersects the standard CP! of a fiber CP? of the fibration 7 : Bgp1 (CP3) — CP?
in a pair of algebraically canceling points.

Finally, blow-down Bgp1 (CP?) along its exceptional divisor. Observe that Lemma 7.9 implies that
blow-down produces an embedding of M in CP? such that the standard Lefschetz pencil of CP* induces
an SBLP on M. |
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Recollements and stratification
JAY SHAH

We develop various aspects of the theory of recollements of co-categories, including a symmetric monoidal
refinement of the theory. Our main result establishes a formula for the gluing functor of a recollement
on the right-lax limit of a locally cocartesian fibration determined by a sieve-cosieve decomposition of
the base. As an application, we prove a reconstruction theorem for sheaves in an co-topos stratified over
a finite poset P in the sense of Barwick, Glasman, and Haine. Combining our theorem with methods
of Ayala, Mazel-Gee, and Rozenblyum, we then prove a conjecture of Barwick, Glasman, and Haine
that asserts an equivalence between the co-category of P-stratified oo-topoi and that of toposic locally
cocartesian fibrations over P°P.
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1 Introduction

The theory of recollements plays an important and ubiquitous role throughout topology, algebraic geometry,
and representation theory. It is a common axiomatization of, on the one hand, the adjunctions

¥ i*
Shv(U) —+ — Shv(X) ——— Shv(Z)
— Lx
Jx

associated to oo-categories of sheaves of spaces on a topological space X decomposed by an open subspace
j :U — X and its closed complement i : Z = X \ U — X, and, on the other hand, the adjunctions

5k

J i
QCohz(X) —;* — QCoh(X) —;, QCoh(U)
Ja i!

associated to stable co-categories of quasicoherent complexes on a qcqs scheme X with open subscheme
i : U — X, where QCohz(X) denotes those quasicoherent complexes set-theoretically supported
on Z = X\ U. The fully faithful left adjoint j is the definitional embedding of QCoh (X ) in QCoh(X),
whereas the fully faithful right adjoint j. embeds QCohz(X) as QCoh(X%) C QCoh(X), the full
subcategory of quasicoherent complexes on X complete along Z; see [4].

MSC2020: 18N60.
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1322 Jay Shah

Recollements were introduced by Beilinson, Bernstein, and Deligne [7] in the context of derived
categories of perverse sheaves and were later defined by Lurie in the co-categorical context in the course
of his study of constructible sheaves on stratified spaces [14, §A]. The goal of this article is to continue
the development of the general theory of recollements from [14, §A.8], which we recapitulate in Section 2
beginning with the basic Definition 2.1. Our first contribution is to establish a symmetric monoidal
refinement of this theory:

1.1 Definition (Definition 2.20) Let X be a symmetric monoidal co-category that admits finite limits.
Then a recollement

U < X , Z

Js i

is symmetric monoidal if the localization functors j.j* and i«i* are compatible with the symmetric
monoidal structure, so that U and Z uniquely inherit symmetric monoidal structures from X such that the
functors j* and i * uniquely refine to (strong) symmetric monoidal functors.

Recall that Lurie shows that given a recollement (U, Z) on X, if we define the gluing functor of the
recollement to be ¢ = i * j, then we may reconstruct X as the fiber product Ar(Z) Xey,,z,¢ U, where
Ar(2) :=Fun(A!, 2) is the co-category of arrows in Z.! Now given a lax symmetric monoidal functor
¢ : U — Z of symmetric monoidal oco-categories, we may construct a certain canonical symmetric
monoidal structure on Ar(Z2) Xey,,2,¢ U (Definition 2.25). We then have:

1.2 Theorem (Theorem 2.30) Let X be a symmetric monoidal oo-category decomposed by a symmetric
monoidal recollement (U, Z). Then the natural equivalence X —=> Ar(Z) Xey,,2,¢ U refines to an equiva-
lence of symmetric monoidal co-categories. In other words, the lax symmetric monoidal structure on the
gluing functor reconstructs the symmetric monoidal structure on X.

1.3 Remark Although this result is a simple exercise in the theory of co-operads, it appears that our work
was the first to give a proof, and indeed a construction of the canonical symmetric monoidal structure.
The work of Ayala, Mazel-Gee, and Rozenblyum has since placed this sort of construction within the
context of endowing right-lax limits with O-monoidal structure [2, §4.4].

Our next contribution is motivated by the following problem from equivariant stable homotopy theory:

1.4 Problem Let G be a finite group and F a G -family (i.e., a set of subgroups of G closed under taking
subgroups and conjugation). Given a (genuine) G -spectrum X € SpG that is F-complete and a subgroup
H < G notin F, give a formula for the H -geometric fixed points of X in terms of the K -geometric fixed
points of X ranging over K € F.

Recollement theory is relevant here because any G-family F defines a recollement on SpG whose
open part is spanned by the F-complete G-spectra (see [15; 20]). In fact, we may further recast this
problem using the stratification theory of Ayala, Mazel-Gee, and Rozenblyum [1; 2]. In their work, they

ITo be precise, Lurie doesn’t quite formulate his result in this way. See Observation 2.9 and the discussion thereafter.
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construct a certain locally cocartesian fibration Spg_locus — P, where P is the poset of conjugacy classes
of subgroups of G and the fiber over [H] is Fun(BWg H, Sp) for WgH = Ng H/H the Weyl group,
such that one has a canonical equivalence

(1-1) Fun($* (sd(P), SPg jocus) =~ SPY,

where sd(P) is the barycentric subdivision? of P regarded as a locally cocartesian fibration over P via
the functor that takes the maximum, and the left-hand side denotes the full subcategory spanned by those
functors sd(P) — Spg_locus over P preserving locally cocartesian edges. The idea is that this equivalence
parametrizes a G-spectrum in terms of its geometric fixed points, and indeed given a G-spectrum X, under
this equivalence X transports to a functor sd(P) — SpG that sends [H] to ®H X. Now by definition
any G-family F defines a sieve (i.e., a downward closed subposet) in P, and the F-recollement on SpG
transports to a recollement on Funcoc‘m(sd(P) Sp¢ locus) given by the pair

(Fl’ln(/:(_)}(‘:art (Sd(f)’ Sp¢-]ocus |]:) ’ Fun(/:(z(;;litf) (Sd(P \ ]:)? Spq)-]ocus |P\.7:)) .

Establishing a pointwise formula for the gluing functor of this recollement would then yield a solution to
Problem 1.4. In general, we prove:

1.5 Theorem (Theorem 3.26) Let P be a poset and let Py be a sieve in P. Let sd(P)o C sd(P) be the
subposet on those strings that originate in Py, and note that max |s(p), remains a locally cocartesian
fibration. Then for every locally cocartesian fibration C — P, the restriction functor

Funcoca.rt(sd(P)o’ C) N Funcocart(sd(PO) C |P0)

is a trivial fibration.

Theorem A (Theorem 3.32, Proposition 3.36, and Theorem 3.39) Let P be a down-finite poset® and let
p : C — P be alocally cocartesian fibration such that for every p € P, the fiber C, admits finite limits,
and for every p < q, the associated pushforward functor C, — C, preserves finite limits. Then for every
sieve-cosieve decomposition Py, Py = P \ Py of P, we obtain a recollement

. .
Funcocar‘(sd(PO) Clp) & Funcoca“(sd(P ),C) ——— Funcoca“(sd(Pl) Clp,)
] I
where j*,i* are given by restriction and their fully faithful right adjoints j, i« are describable by the

fo]]owmg pointwise formulas:

(1) For every x € Py, let J,, C sd(P) be the subposet on strings [ag < -+ < an < x],n >0 witha; € Py.
Then for every [f : sd(Po) — C|p,] on the left-hand side, if we let f denote the unique extension
of f oversd(P)g given by Theorem 1.5, then j.(f) evaluates on x € P; to lim(f_|Jx :Jx = Cx).

(2) For every [f :sd(P1) — C|p,] on the right-hand side, i«(f) evaluates on x € Py to the final
object x € Cy.

2Recall that sd(P) is the poset whose objects are strings [@g < -+ < ap] in P and whose morphisms are string inclusions.
3A poset P is down-finite if for every p € P, the subposet P=7 is finite.
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1.6 Remark In [20], we use Theorem A to answer Problem 1.4 in the form of [20, Theorem F].

In fact, we prove a more general theorem where we replace P and the sieve Py by any co-category S
and functor 7 : S — Al determining a sieve-cosieve decomposition of S, at the possible cost of demanding
more conditions on our locally cocartesian fibration p : C — S.

1.7 Remark Conceptually, a locally cocartesian fibration C — P is the unstraightening of a left-lax
diagram P — Catyo, and the co-category Funj‘}ga“(sd(P), C) is then the right-lax limit of this left-lax
diagram (see [2, §A]). Theorem A then amounts to an existence theorem for the (pointwise) right-lax Kan
extension of [C — P] along a functor 7 : P — A, along with a transitivity property of right-lax Kan

extensions with respect to the composite P — Al — x.

Although Theorem A may appear innocuous, we can leverage it to great effect in inductive arguments
that build up the right-lax limit of a locally cocartesian fibration from its strata. For example, we will use
Theorem A to establish the theory of 1-generated and extendable objects in Section 4, which furnishes a
proof of an assertion of Nikolaus and Scholze [17, Remark I1.4.8] on decomposing the co-category of
bounded-below Cyn-spectra as an iterated pullback; for a precise statement, see Remark 4.19.

In this paper, our main application of Theorem A will be to prove a reconstruction theorem for sheaves
on an oo-topos stratified over a finite poset P that was conjectured in the work of Barwick, Glasman, and
Haine [5, Remark 8.2.7]. We recall the definition of a P -stratified co-topos as Definition 5.5 and that of a
toposic locally cocartesian fibration as Definition 5.11. The reader may want to bear in mind the example
of a P-stratified co-topos given by Shv(X) for X a topological space equipped with a continuous map
7w : X — P, where we endow P with the Alexandroff topology (so that its open sets are cosieves).

Theorem B (Theorems 5.13 and 5.22) Let X be an co-topos equipped with a P -stratification my : X —
Shv(P) for a finite poset P. Then we may functorially associate to (X, ) a locally cocartesian fibration
S(X) — P°P such that we have a canonical equivalence

(1-2) Op : Fun;‘;fﬂgt(sd(P(’p), G(X)) = X.
Moreover, ®p is the counit of an adjoint equivalence
(1-3) lim"™® : LocCocartph, 2 StrTopy, p : 9

between the oo-category of toposic locally cocartesian fibrations over P°P and the oo-category of P -
stratified co-topoi.

1.8 Remark We explain how to interpret Theorem B as a reconstruction theorem. Define the p-th
stratum Xp to be Shv({p}) Xghy(P),r,. X, where the fiber product is formed in the co-category Top,,
of oco-topoi and geometric morphisms thereof. (For example, if X = Shv(X) for a P-stratified space
m:X — P, then X, >~ Shv(X)).) Let

D7 :X2Xp:pp
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denote the associated geometric morphism adjunction. Then p, is fully faithful, and we in fact define
G(X) :={(x,p) e Xx PP :xe€Xp}

with respect to p, : X < X, so that §(X), ~ X, (Construction 5.10). Now under the equivalence ®p,
a sheaf (i.e., object) x € X transports to a functor fy : sd(P°P) — G(X) whose value on [p] is given
by ®7(x) (Remark 5.16). The functor ®, then sends fx to the limit of its projection into X.

1.9 Remark The strategy of our proof of Theorem B is heavily inspired by the work of Ayala, Mazel-
Gee, and Rozenblyum, who assert a similar statement in the setting of presentable stable co-categories
[2, Theorem A]. Note however that our proof of the equivalence (1-2) (but not (1-3)) is independent of
any explicit use of (co, 2)-category theory in the form of the fibrational mate correspondence for locally
cocartesian fibrations (that is, [2, Lemmas A.3.6 and A.3.7]), which we recall in this paper as Theorem 5.21.
Indeed, we instead use Theorem A as the basis for an inductive argument that establishes (1-2). Similarly,
one can supply an alternative proof of the comparable part of [2, Theorem A] using the same strategy; as
already mentioned, we implement this idea in context of equivariant stable homotopy theory in our proof
of the equivalence (1-1) in the form of [20, Theorem F] (see the discussion below [20, Theorem 2.42]).

1.1 What’s new in this paper

We briefly comment on the relation of this paper to [18], which we have since split up into this paper
and [19; 20]. Sections 2, 3, and 4 of this paper are lightly revised versions of the corresponding
sections of [18], whereas Section 5 on the application to stratified co-topoi is entirely new. Also, in
the intervening time since we wrote [18], Ayala, Mazel-Gee, and Rozenblyum released their work on
stratified noncommutative geometry [2]; this is an expansion of [1] and bears greatly on many of the
topics treated in this paper. As such, we have added a few remarks throughout (in particular, Remark 3.44
and the new Section 3.2.4) explaining how our work relates to [2]. One of the main takeaways here is
that one can leverage Theorem A to remove the presentability hypotheses in [2, Theorem A]. Finally, our
application to the description of bounded-below Cpn-spectra as given in [18] relied on some work that
has now been moved into [19].

2 Recollements

In this section, we establish the basic theory of recollements, expanding upon [4; 14, §A.8]. After setting
up the definitions and summarizing Lurie’s results on recollements, we explain a symmetric monoidal
refinement of the theory of recollements, connect the theory of stable symmetric monoidal recollements
to that of smashing localizations, and record some useful projection formulas. We conclude by proving a
few lemmas concerning families of recollements that we will need in [19; 20].

2.1 Definition [14, Definition A.8.1] Let X be an oco-category that admits finite limits and let U, Z C X
be full subcategories that are stable under equivalences. Then (U, Z) is a recollement of X if the inclusion
functors jx : U C X and i : Z C X admit left exact left adjoints j* and i * such that:
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(1) Jj*ix is equivalent to the constant functor at the terminal object * of U.

(2) j* and i™* are jointly conservative, i.e., if f :x — y is a morphism in X such that j* f and i * f are
equivalences, then f is an equivalence.

We will call U the open part of the recollement, Z the closed part of the recollement, and i * j. the gluing
functor.*

The main purpose of the theory of recollements is to codify the various “fracture square” decompositions
that recur throughout algebra and topology. Abstractly, we have:

2.2 Proposition Let (U, Z) be a recollement of X and let n; :id — j«j*, n; :id — i«i* denote the unit
transformations. Then we have a pullback square of functors

id —" s i
lel li*i*ﬂj
Jud* L i g
Proof By joint conservativity of the left-exact functors j* and i *, it suffices to check that we have a

pullback square after applying j* and i *, which is clear. a
Next, we define morphisms of recollements.

2.3 Definition Suppose that (U, Z;) and (Uy, Z2) are recollements on X and X». Then a functor
F : X1 — Xy is a morphism of recollements if F sends j*-equivalences to j-equivalences and i]-
equivalences to iy -equivalences. Let Recoll denote the resulting co-category of recollements, and let
Recoll'* be the full subcategory on those morphisms of recollements that are also left-exact.

2.4 Observation Suppose that F' : X1 — X5 is a morphism of recollements (U;, Z1) — (Uz, Z2). Then
we may define Fy = j2* Fji,: U1 —> Uy and Fz = i; Fiy, so that we have a commutative diagram

Pk ix
U <L X 2 2

lFU ., lF . le

l
Uy <2- X, 25 2,

such that F is left-exact if and only if Fy and Fz are left-exact. Conversely, if we are given such a
commutative diagram, then F is a morphism of recollements. Indeed, for any morphism [ f : x — y] € X
such that j*(f) (resp. i*(f)) is an equivalence, j*F(f) >~ Fj*(f) (resp. i*F(f) ~ Fi*(f)) is an
equivalence. Moreover, since Fy ~ j*Fj, and Fz >~ i* Fiy, it follows that functors U; — U, and
Z1 — Z» induced by F as a morphism of recollements are then canonically equivalent to Fyy and Fz.

4Our convention on which subcategory is open and which is closed matches that for constructible sheaves, whereas other au-

thors (e.g., [4]) use the opposite convention, which matches that for quasicoherent sheaves. Also note that in [14, Definition A.8.1],
Lurie calls the open part C; and the closed part Cp.
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2.5 Observation In the situation of Observation 2.4, by adjunction we get natural transformations
v:Fj1,= j2.Fu and V' : Fi1, = iz, Fz. Note that if F preserves the terminal object, then v’ is an
equivalence; indeed, for all z € Z; we then have

J2¥ Fi14(2) > Fy j1%i14(2) > Fy(x) =~ x,

so the unit map Fii4(z) — iz*iz* Fi14(z) =i24Fz(z) is an equivalence. In particular, if F is left exact,
then v’ is an equivalence [14, Remark A.8.10]. On the other hand, v is an equivalence if and only if

/. . . JEOS
V' Fzit™ j1x = 03 j2u FU

is an equivalence —indeed, the “only if” direction is obvious, and for the “if”’ direction we may readily
check that j>*v and i*v are equivalences and then invoke the joint conservativity of j,* and i *.

2.6 Definition If v”" in Observation 2.5 is an equivalence, then we call F' a strict morphism of recollements.

Let Recolly, C Recoll and Recoll* C Recoll be the wide subcategories on the strict morphisms.

2.7 Remark If F: Xy — X5 is a strict left-exact morphism of recollements, then F is an equivalence if
and only if Fyy and Fz are equivalences [14, Proposition A.8.14].

2.8 Definition Let 7 : M — Al be a functor of co-categories with fibers Mg = Z and M; = U. Then
7 is a left-exact correspondence [14, Definition A.8.6] if

(1) 7 is a cartesian fibration, so determines a functor ¢ : U — Z;

(2) U and Z admit finite limits and ¢ is left-exact.

A morphism of left-exact correspondences is a functor F : M| — Mo over Al. In terms of the left-exact
functors ¢; and ¢,, this corresponds to a right-lax commutative diagram

U 2 2,
FUl 74 lFZ
Uy — Z»

¢2

Let Arféi" (Catoo) denote the resulting co-category of left-exact correspondences as a full subcategory
of (Cateo) a1, and let Arjex(Catoo) be the wide subcategory on those morphisms that preserve carte-
sian edges, so that the right-lax commutativity is actually strict. Note that under the straightening
correspondence, Arjex (Catoo) is the full subcategory of Ar(Cat) on left-exact functors ¢ : U — Z.

If Fy and Fz are also left-exact, we say that the morphism F of left-exact correspondences is left-
exact. We may then view (lax) commutative squares as residing inside the category Catlgg‘ itself. Let

Ar'a (Catlcf‘;‘) C Arl'™(Caty,) and Ar(Catg’g) C Arjex(Catso) denote the resulting wide subcategories.

lex

2.9 Observation Let M — Al be a left-exact correspondence and let X = Fun /A (A1, M) be its
oo-category of sections. Let U C X be the full subcategory on the cartesian sections and let Z C X be the
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full subcategory on those sections ¢ such that o (1) is a terminal object of U. Then (U, Z) is a recollement
of X [14, Proposition A.8.7]. Moreover, the formation of sections

M ~> Funjpai (A1, M)

carries morphisms of left-exact correspondences to morphisms of recollements, and thereby defines a
functor®

1lim™ : Arl'® (Catoo) => Recoll,

lex

which is an equivalence of co-categories by [14, Proposition A.8.8] (which shows full faithfulness) and
[14, Proposition A.8.11] (which shows that if (U, Z) is a recollement of X, then X is equivalent to the
right-lax limit of i * j, : U — Z). Furthermore, in view of the discussion in Observation 2.5, lim"®

restricts to equivalences of subcategories

Arjex (Catoo) =5 Recolly,,  Ar'™(Cat'¥) =5 Recoll™,  Ar(Cat'¥) = Recoll* .

str

We next explain how to identify the co-category of sections of a cartesian fibration classified by the
functor ¢ : U — Z with the pullback Ar(Z) Xey,,2,¢ U. For an efficient proof, we will use the machinery
of marked simplicial sets [12, §3]. Recall that A"" denotes the n-simplex with its last edge {n — 1, n}
marked, and likewise for the marked horn AZ”. Moreover, given a cartesian fibration 7 : C — B, we
let C% denote the marking of all -cartesian edges, for which (C U ) is fibrant in the cartesian model
structure on sSet]LB.

2.10 Construction Let 7 : M — Al be a cartesian fibration. By the dual of [21, Lemma 2.23],
we have a trivial fibration Ar®"(M) — Ar(A') x.,, a1, M, which restricts to a trivial fibration
Vi FunCdrt (A1, M) — M. Let x be a section of ev;.
Because the map i Azﬂ A?! is right marked anodyne, with the structure map 0% : A2 — Al
(0%)71(0) = {0, 1} and (00) 1(1) = {2}, we have a trivial fibration

i Funy 1 (A0, ME) = Funy a1 (A3Y M) 2 Fun a1 (A, M) Xey, ity e Funit (A1, M),
Let k be a section of i *. The section y yields a functor

f = (id, yoevy) : Fun a1 (A", M) = Fun, a1 (A", M) x Fun(t, (A, M).

Let g =k o f. Then the various maps fit into the commutative diagram

FUH/AI(AI,M) £, Fun/Al(Azn,Mn) 2L Fun(Al, Mg)

levl levlz levl
X

My Funfyy (A, M) —2 5 M,

5We denote this by lim"# in view of the interpretation of the sections of a cartesian fibration as defining the right-lax limit of
the corresponding functor.
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2.11 Lemma The natural map Fun 1 (A, M) = Ar(Mg) Xev, Mo M1 is an equivalence, so the outer
square is a homotopy pullback square of co-categories.

Proof Because the sections y and k are equivalences, the map g is an equivalence. Moreover, because
the map A% — A? is inner anodyne, the rightmost square is a homotopy pullback square. a

2.12 Corollary Suppose that (U, 2) is a recollement of X and consider the commutative® diagram

A

where 1; : X — Ar(X) is the functor that sends x to the unit map x — j«j*x. Then the induced map
X =5 Ar(2) Xev,, 2,6 U
is an equivalence of co-categories.

Proof Combine Lemma 2.11 with the equivalence lim"*: Arlré";‘(" (Catoo) = Recoll of Observation 2.9. O

2.13 Remark In view of Corollary 2.12, given a recollement (U, Z) of X with gluing functor ¢ =i * j
we will often write objects x € X as [u,a :z — ¢ (u)] or [u, z, «].

Given a left-exact functor ¢ : U — Z, we may also extract the resulting recollement from the cocartesian
fibration classified by ¢, even though it is difficult to encode the right-lax functoriality when working
with cocartesian fibrations.

2.14 Observation Let S be an oo-category and C — § a cocartesian fibration. Recall from [6; 21,

Recollection 5.17] that the dual cartesian fibration CV — S°P is defined to have n-simplices’

FTWAr((A")?) — 4C

N

((AmyoryF st

where we mark the cocartesian edges in C and TwAr((A™)°P). In fact, because the functor TwAr' (—) :
sSet;rS — sSet;rS of [21, Proposition 5.18] preserves colimits, it follows that, for all simplicial sets A
over S°P,

Hom/gw (A, C") = Hom, g (TwAr'(A?), 1C).
Consequently, we obtain an equivalence

Fun/go (S, CY) ~ Fun?%?a“(TwAr(S), C).

6We can obtain a commutative diagram of simplicial sets using standard techniques in quasicategory theory.
"Here, TwAr(—) is the twisted arrow co-category. We use the directionality convention of [3] instead of [14, §5.2.1], so
twisted arrows are contravariant in the source and covariant in the target.
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Now note that the barycentric subdivision sd(A!) = [0 — 01 <— 1] is isomorphic to the twisted arrow
category TwAr(A'). Therefore, for a cocartesian fibration C — A, we deduce that

Fun5i"(sd(A"), €) ~ Fun a1 (A1, CY)

and hence by Lemma 2.11 we can decompose Fun;"AC?”(sd(Al), C) as a pullback square Ar(Z) Xev; 2,6 U
for a choice of pushforward functor ¢ : U — Z (where U ~ Cy and Z >~ C7). This observation will be

important for us when we discuss recollements on right-lax limits in the next section.

2.1 Stable recollements

2.15 Definition Let X be a stable co-category and let (U, Z) be a recollement of X. Then this recollement
is stable if U and Z are stable subcategories. Let Recoll*™® (resp. Recoll®'*") be the full subcategory of
Recoll® (resp. Recoll) whose objects are the stable recollements.

2.16 Definition If M — Al is a left-exact correspondence, then M is exact if the functor ¢ : M1 — Mg
is an exact functor of stable co-categories. Let Arrla"(CatSo‘gb) (resp. Ar(Catffgb)) be the full subcategory

of Ar'l® (Catg‘) (resp. Ar(Catg‘)) on the exact correspondences.

2.17 Remark The functor lim"™ of Observation 2.9 restricts to equivalences

Ar'™(Cat32”) => Recoll™,  Ar(Cat3s’) => Recoll$™ .

2.18 Observation Let (U, Z) be a stable recollement of X. Then j* : X — U admits a fully faithful left
adjoint® jy, i, admits a right adjoint i', and we have norm maps Nm : j, — j, and Nm’ : i' — i * that fit
into fiber sequences

J1— jx —>ixi*js« and it i* — i jj,
where the other maps are induced by the unit transformations for j* - j, and i* - ix. On objects
x = [u, z, o] € X, these amount to the fiber sequences

[1,0,0] = [u,¢pu,id] — [0,¢u,0] and fib(a) — z %> Pu.

Considering the various unit and counit transformations and the norm maps, we may extend the pullback
square of Proposition 2.2 to a commutative diagram

~

.o ~ .o
feit ——— g
l li*Nm/
]v]* id ixi™

LT e Y Ml PT A Y
Nm j

in which every row and column is a fiber sequence.

8For the existence of jj, we only need that Z admits an initial object @ [14, Corollary A.8.13]. Then j; is defined by the
formula jy(u) = [u, @ — ¢(u)].
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2.19 Observation In the stable case, the datum of the closed part of a recollement determines the entire
recollement. More precisely, if Z C X is a stable reflective and coreflective subcategory of X and we define
U to be the full subcategory on those objects u € X such that Mapy(z, u) >~ * for all z € Z, then (U, Z)
is a stable recollement of X [14, Proposition A.8.20], and conversely, if (U, Z) is a stable recollement
of X then j.« : U C X is defined as above from Z. We may also identify jj(U) as given by those objects
u € X such that Mapy(u, z) >~ * for all z € Z.

Moreover, F : X1 — X5 is a morphism of stable recollements (U1, Z1) — (Uz, Z») if and only if
Flz, CZzand F|j,q,) C j1(U2) (in particular, we then have j>, Fy >~ F j1,). This is because Z coincides
with the j *-null objects and j;(U) with the i *-null objects. Given this, F is then a strict morphism of
stable recollements if and only if we also have that F|;, ) C j«(U2).

2.2 Symmetric monoidal recollements

We now extend the theory of recollements to the situation where X admits a symmetric monoidal structure
(X, ®,1). In what follows, we will call an adjunction F' : C 2 D : G between symmetric monoidal
oo-categories symmetric monoidal if F is (strong) symmetric monoidal.

2.20 Definition Let X be a symmetric monoidal oo-category that admits finite limits. Then a recollement
(U, Z) of X is symmetric monoidal if the localization functors j«j* and ii* are compatible with the
symmetric monoidal structure in the sense of [14, Definition 2.2.1.6], i.e., if f :x — x" isa j*- or
i *-equivalence, then sois f ®id: x ® y — x’ ® y for any y € X.

A morphism F : (U, Z) — (W, Z') of recollements on X and X' is symmetric monoidal if the functor
F : X — X’ is symmetric monoidal. Let Recoll® denote the co-category of symmetric monoidal
recollements and morphisms thereof.

2.21 Observation In the situation of Definition 2.20, by [14, Proposition 2.2.1.9] U and Z obtain
symmetric monoidal structures such that the adjunctions j* - jx and i * i, are symmetric monoidal.
In particular, the gluing functor i * j, is lax symmetric monoidal. Furthermore, if F is a morphism of
symmetric monoidal recollements, then the induced functors Fyy and Fz of Observation 2.5 are also
symmetric monoidal.

2.22 Remark Most of the results of this subsection will extend verbatim to an arbitrary reduced
oo-operad O®. We leave the details to the reader.

We first show that given a lax symmetric monoidal functor ¢ : U — Z, the recollement lim"® ¢ is
symmetric monoidal. We first recall the pointwise symmetric monoidal structure on a functor co-category.

2.23 Construction Let p : C® — Fin, be an oo-operad, and let K be a simplicial set. We have the
cotensor pX : (C®)K — Fin, defined by

Hom /pjy, (4, (C®)K) = Hom /gjn, (A x K, C®).

Then pX is again an co-operad: this follows from the observation that for any O-anodyne morphism A — B
of preoperads (with © the defining categorical pattern for the model structure on preoperads), A x K —
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B x K is again ©-anodyne [14, Proposition B.1.9]. Moreover, if p is in addition a cocartesian fibration,
then pX is also a cocartesian fibration. The fiber of pX over (n) is Fun(K, C*") ~ [T7=, Fun(X, C),
and for the unique active map (n) — (1), if ¢ : C*" — C is a choice of pushforward functor encoded
by p, then the postcomposition by ¢ functor ¢ : Fun(K, C*") — Fun(K, C) is a choice of pushforward
functor encoded by pX. In other words, pX is the pointwise symmetric monoidal structure on Fun(K, C).

We will also need the following lemma.
2.24 Lemma Let C® be a symmetric monoidal co-category. Then the functor
er 1 (C®)E — (C®)F
induced by L C K x L is a cocartesian fibration of co-operads.

Proof Because ey, is induced by the monomorphism L C K x L, ey, is a fibration of co-operads. Using
the inert-active factorization system on an oco-operad, it then suffices to prove the following two properties
of er:

(1) For every object (n) € Finx, (er)(,) is a cocartesian fibration.

(2) For every active edge « : (n) — (1) and commutative square

f=U1.. ) — f=Qi- fi
Je |
g=(g1.....8n) — & =Qi_ 8

in (C®)K*L with the horizontal edges as pX*L-cocartesian edges covering a, if 6 is (eL) (n)-cocartesian

then ' is (er)(1)-cocartesian.

For (1), by [21, Lemma 4.8] we have that (ef)(,) : Fun(K » L, C*") — Fun(L, C*") is a cocartesian
fibration. Moreover, 0 : f — g is a (er)(,)-cocartesian edge if and only if its image in Fun(K, C*") is an
equivalence. This proves (2), since the n-fold tensor product of equivalences is always an equivalence. O

We are now ready to define the symmetric monoidal structure on a right-lax limit.

2.25 Definition Suppose ¢© : U® — 2® is a lax symmetric monoidal functor of symmetric monoidal
oo-categories (i.e., a map of co-operads). Consider the pullback square of co-operads

(222 x,6 UB — (29)2'

| Jew

u® ik 2®

. . . 1 . . . .
By Lemma 2.24, ev; is a cocartesian fibration, so (Z,‘X’)A Xo® U® — U® — Fin, is a cocartesian fibration
and therefore a symmetric monoidal co-category. This defines the canonical symmetric monoidal structure
on the right-lax limit of ¢.
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2.26 Remark In Definition 2.25, at the level of objects the tensor product on Ar(Z) xz U is defined
in the following way: Suppose we are given two objects x = [u,z,«] and x" = [u’,z’,a’]. Then
x®x'=u®u’,z®:z,y], where y is given by the composite map

207 8% p) @ () > pu @ u)
using the lax symmetric monoidality of ¢ for the second map.

2.27 Proposition If¢:U— Z is a lax symmetric monoidal left-exact functor, then lim"® ¢ is a symmetric
monoidal recollement with respect to the canonical symmetric monoidal structure on Ar(Z) xz U.

Proof We only need to observe that in Definition 2.25, the two evaluation maps j* : Ar(Z) xz U — U
and i * : Ar(Z) x2 U — Ar(Z) =% 2 are symmetric monoidal. a

We next wish to show that given a symmetric monoidal recollement (U, Z) of X, the symmetric monoidal
structure on X is the canonical one of Definition 2.25. We first observe that the unit transformation of a
symmetric monoidal adjunction is itself a lax symmetric monoidal functor.

2.28 Lemma Let C® and D® be symmetric monoidal oco-categories and let F : C 2 D : G be a
symmetric monoidal adjunction. Then the unit transformation n : C — Ar(C) lifts to a lax symmetric
monoidal functor n® : C® — (C®)2' such thatevy n® ~ G® F® and evy n® =~ id.

Proof Let M — A! be the bicartesian fibration classified by the adjunction. We may factor (or define)
n as the composition

C~ Fun;OAC*;“(AI, M) CFun/p1(A', M) >~ Ar(C) x¢ D — Ar(C),

where we use Lemma 2.11 for the identification of the sections of M. Let Fun a1 (A, M) be equipped
with its canonical symmetric monoidal structure. Because F is symmetric monoidal, the inclusion
Fun;OAC‘}“(Al, M) C Fun 51 (A, M) defines a symmetric monoidal structure on Fun;"AC‘i‘“(Al,M) by

restriction such that the equivalence evg : Fun®@(A!, M) = C is an equivalence of symmetric

/Al
monoidal co-categories. Also, the projection Fun, a1 (A', M) — Ar(C) is lax symmetric monoidal by

definition. We deduce that 7 lifts to a lax symmetric monoidal functor n® with the indicated properties. O

2.29 Proposition Let (U, Z) be a symmetric monoidal recollement of X. Then the functor X —
Fun(A! x A, X) realizing the pullback square of functors

id ——— iyi*

l l

JaJ T T a g

lifts to a lax symmetric monoidal functor X® — (I)C‘g’)Al Al Consequently, if A € X is an algebra object,
then we have an equivalence of algebras

A (u )A) X (1% o o)) (Exi7)(A).
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Proof By Lemma 2.28, the symmetric monoidal adjunction j* - j, yields a lax symmetric monoidal
functor

(1) : X® — (X®)2".

We also have the induced symmetric monoidal adjunction i*: Ar(X) 2 Ar(2) : i+ which yields a lax
symmetric monoidal functor

(n)® : (X®)A" — (x®) A1 *AT,
The composite (17;)® o (7;)® then defines the desired functor. ]

2.30 Theorem Suppose (U, Z) is a symmetric monoidal recollement of X. Then the equivalence
X => Ar(Z) xz U

of Corollary 2.12 refines to an equivalence of symmetric monoidal co-categories, where we equip
Ar(Z) xz W with the canonical symmetric monoidal structure of Definition 2.25.

Proof By Lemmas 2.28 and 2.31, we have a commutative diagram of co-operads

x@ (i*)®(77j)® (Z,®)Al

(j*)®l levl

e (2008 g

such that the induced functor §® : X® — (2®)A' x5 U® covers the map 6 of Corollary 2.12. Since 6
is an equivalence, to show that #® is an equivalence it suffices to check that % is strongly symmetric
monoidal. But this follows from the symmetric monoidality of the jointly conservative functors j*, i*. O

We include the following simple strictification result for completeness.
2.31 Lemma Suppose we have a homotopy commutative square of co-operads

4@ _F', pe

o s

C® F D®

in the sense that there is the data of a homotopy 0 : G o F’ = F oG’, over Fin,,

A8 x {0y £, p®

| ls

A® x Al b, p®

T |7

48 5 (1y S5 c®
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such that 6 sends every edge (a,0) — (a, 1) to an equivalence. Suppose also that G is a fibration of
oo-operads, i.e., a categorical fibration [14, 2.1.2.10]. Then there exists a functor F" : A® — B®
homotopic to F’ as a map of oo-operads such that the square

"

A® , B®

lG’ lG

Cc® F D®
strictly commutes.
Proof Given an co-operad O%®, let 0% denote the marked simplicial set (O®, €) where € is the

collection of inert morphisms in O® [14, 2.1.4.5]. Consider the lifting problem in marked simplicial sets

A®0x oy I o

| 2 o

A®0 (Ai’).ﬁ o, Dol

Because G is assumed to be a fibration of co-operads, G is a fibration in the model structure on oo-
preoperads [14, 2.1.4.6]. Hence, the dotted lift § exists. If we then let F” = 0|40 (13- the claim follows. O

We next turn to morphisms of symmetric monoidal recollements.

2.32 Observation Suppose we have a commutative diagram of symmetric monoidal co-categories and
lax symmetric monoidal functors

ue 22, 2o

FU®l lFZ@

u/ ® ¢/® Z/®
Then by way of the commutative diagram

®
(292 xz0 U — (2O)A' T4 (@®)A

| v e

u® ¢® Fé@ 2/®
Fl}x* %

. . . 1 . .
we obtain a lax symmetric monoidal functor F® : (2®2)A" x,0 U® — (Z'®)A" x5e W, which is

79
we
symmetric monoidal if F’ 59 and F ? are symmetric monoidal.

Let Arjex (Cat?i;lax) C Ar(Cat?;;l‘”‘) be the subcategory whose objects are left-exact lax symmetric
monoidal functors and whose morphisms are through symmetric monoidal functors. Then by the above
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construction® we may lift the functor im"® : Ary., (Cats,) — Recoll, to

(Lm™)® : Arp, (Cat®'™) — Recoll?

str *
An elaboration of Theorem 2.30 shows that (1lim"®)® is an equivalence; we leave the details to the reader.

One also has a lift of lim® : Arfgf (Cats) — Recoll if one considers right-lax commutative squares of

oo-operads. Since the details in this case are more involved, we leave a precise formulation to the reader.

Our next goal is to establish certain projection formulas satisfied by a (stable) symmetric monoidal
recollement. First, we note the following about the situation in which the symmetric monoidal oo-
category X is in addition closed.

2.33 Observation Let X be a closed symmetric monoidal co-category and let F(—, —) denote its internal
hom. If (U, Z) is a symmetric monoidal recollement of X, then we define

Fu(u,u’) = j*F(jsu, jxu') and Fy(z,z') =i*F(ixz,ixz’)
to be internal homs for U and Z, so that U and Z are closed symmetric monoidal. Indeed, since j* - j
is monoidal, we have
Mapy (w, j* F(jxu, jxv)) = Mapy (jxw, F(jsu, jxv)) = Mapy(j«w ® jxv, jxv),
Mapy (j * (jx+w ® jxu), v) 2 Mapy(w ® u, v),
and similarly for Fz(—, —). Moreover we have natural equivalences
F(x, jsu) ~ jo Fu(G*x,u), F(x,ixz) ~isFy(i*x, 2).
For example, we may check
Mapy(x. F(y. jeu1)) = Mapy(x ® y. jutt) = Mapy (j *x ® j*y., )
~ Mapy (j "x, Fu(j "y, u)) = Mapx (x, j« Fu(j "y, u).
This implies that the unit maps
F(jsu, jar') = juj F(Gutt, jar') = juFy(u,u’),

F(ivz,ixZ)) = ixi *F(ixz,isz)) = ix F2(z,2))

are equivalences.

2.34 Proposition (projection formulas) Let (U, Z) be a stable!® symmetric monoidal recollement of X.
(1) The natural maps « : ix(z) @ x > ix(z ®i*x) and B : j1(u ® j*x) — ji(u) ® x are equivalences.
(2) The fiber sequence j)j*x — x — iyl *x is equivalent to

J(lp)®x = x > ix(l1z) @ x.

9Technically, to make a rigorous construction we may work at the level of preoperads and then pass to the underlying
oo-categories.

10We do not require stability for the i * = i+ projection formula. For the assertions that only involve jj, we only need that X
be pointed.
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Now suppose also that X is closed symmetric monoidal.
(3) We have natural equivalences F(jiu, x) ~ js« Fy(u, j*x) and F(ixz,x) ~ ix Fz(z,i'x).
(4) The fiber sequence ixi'x — x — j4j*x is equivalent to
(5) We have natural equivalences j* F(x,y) ~ Fy(j*x, j*y) and Fz(i*x,i'y) ~i'F(x, y).
Proof For (1), it’s easily checked that i *«, j*« and i* B, j*fB are equivalences, hence « and § are
equivalences. Item (2) then follows as a corollary. For (3), we have sequences of equivalences
Mapx(y, F(jiu, x)) = Mapy(y ® jiu, x) > Mapy(ji(j "y ® u), x) = Mapy (j "y ® u, j*x)
~ Mapy (j "y, Fu(u, j*x)) = Mapy(y, jx Fu(u, j *x)),
Mapo(y, F(ixz, X)) ~ Mapy(y ® ixz,x) = Mapy (ix(i*y ® 2), x) ~ Map, (i*y ® z,i'x)
~ Map, (i *y, F(z.i'x)) ~ Mapy (v, ix Fz(z.i'x)).
If we let u = 1y, then Fy(1y,v) >~ v, hence F(jily,x) =~ j«Fu(ly, j*x) 2~ j«j*x. Item (4) then
follows as a corollary. For (5), we have sequences of equivalences
MapU(u’ j*F(X, Y)) = Mapj(,(j!”ﬁ F(X, y)) = Mapx(]'u dx, y) = Mapx(]'(u & j*x)v J’)
=~ Mapy (u ® j*x, j*y) = Mapy (u, Fu(j*x, j*y)),
Map, (z, Fy(i*x,i'y)) >~ Map, (z ® i *x,i'y) >~ Mapy (i+(z ® i *x), y) ~ Mapy(ixz ® x, y)
>~ Mapy (ixz, F(x,y)) :Mapz(z,i!F(x,y)). |

From Proposition 2.34, we immediately deduce the fundamental decomposition formula for objects in
a stable symmetric monoidal recollement.

2.35 Corollary (decomposition formula) Suppose that (U, Z) is a stable symmetric monoidal recollement
of a closed symmetric monoidal stable co-category X. Then for all x € X, we have a commutative diagram

x® ji(ly) x xQ®ix(1z)
F(jh(y),x)® j)ly) — F(i(ly),x) — F(ji(ly), x) @ix(l1z)
in which the right-hand square is a pullback square.

For example, Corollary 2.35 abstracts the well-known fracture square decomposition of a G-spectrum
with respect to a family of subgroups, and conversely can be used to deduce it (see [20, §2.2]).

Finally, we record the following relation between stable symmetric monoidal recollements and smashing
localizations.

2.36 Observation Suppose X is a symmetric monoidal stable oo-category and Z C X is a reflective
and coreflective subcategory that determines a stable recollement (U, Z) on X. Then this recollement
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is symmetric monoidal if and only if ixi* is compatible with the symmetric monoidal structure on X
and the resulting projection formula for i * - i, holds, i.e., the natural map ixz ® x — ix(z ® i *x) is an
equivalence for all x € X and z € Z. Indeed, the “only if” direction hold by Proposition 2.34, and for the
“if” direction, we only need to show that for every x € X such that j*x >~ 0, j*(x ® y) >~ 0 for every
y € X. But j*x ~ 0 if and only if x ~ i4i*x, and then

JRHE®Y) = H i x ® y) = (X ®i*y)) 0,

Suppose further that X and Z are presentable. In view of [15, Proposition 5.29], Z is a smashing
localization of X in the sense that Z ~ Mody(A) for A = i.i*1 an idempotent E-algebra in XX. We
deduce that smashing localizations of X are in bijective correspondence with stable symmetric monoidal
recollements of X. Moreover, if F : X — X’ is a morphism of symmetric monoidal recollements
(U, Z) - (W, 2'), then

Fi i*1 ~ili"”" F(1) ~i,i"™1,
so F preserves the defining idempotent E.-algebras.

2.3 Families of recollements

We conclude this section with a few extensions of recollement theory to the parametrized setting. Let S
be an co-category, let X, : § — Recolllff be a functor, and let X, U, Z — S be the cocartesian fibrations
obtained via the Grothendieck construction. Then in view of Observation 2.5 and the strictness assumption,

we have S-adjunctions [21, Definition 8.3]'!

s ;5

J i
U X 52
Jx i

In what follows, we use the following terminology from [21]:

(1) An S-oco-category is a cocartesian fibration C — S.

(2) Given two S-oo-categories C, D — §, the co-category of S-functors Fung (C, D) is notation for

Fun‘§™(C. D).

We first show that the procedure of taking S-functor categories yields a recollement.
2.37 Lemma For any S-oco-category K, (Fung (K, W), Fung (K, Z)) is a recollement of Fung (K, X).

Proof By [21, Proposition 8.4], we have induced adjunctions given by postcomposition

I P
Fung (K, U) &< Fung(K,X) — Fung(K, 2),

Jx I

I Recall given two cocartesian fibrations C, D — S that a relative adjunction F : C 2 D : G with respect to S in the sense
of Lurie [14, Definition 7.3.2.2] is said to be an S-adjunction if F and G both preserve cocartesian edges.
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where it is clear that j* j, ~ id and i *ix =~ id, hence j4 and iy are fully faithful. By [12, Proposi-
tion 5.4.7.11], the hypothesis that for all f :s — ¢ the restriction functors f* : X; — X preserve finite
limits ensures that Fung (K, X) admits finite limits (which are computed fiberwise), and similarly the
induced restriction functors f;7 and f; preserve finite limits, so Fungs (K, U), Fung (K, Z) admit finite
limits and j*, i * preserve finite limits. Since j*is ~ 0 and the terminal object 0 € Fung (K, U) is given
by K — S -2, U for the cocartesian section 0:S — U that selects the terminal object in each fiber, we
get that j*i, ~ 0. Finally, since a morphism f in Fung (K, X) is an equivalence if and only if f(k) is an
equivalence for all k € K, we deduce that j* and i * are jointly conservative using the joint conservativity
of j* and i*. ad

2.38 Corollary The forgetful functors Recoll* — Catn, and RecollS?? — Cati®" create limits.

Proof The first statement follows from Lemma 2.37 by taking K = S and using that the co-category of

cocartesian sections computes the limit of a diagram of oo-categories [12, §3.3.3]. We note that the proof

of Lemma 2.37 shows that the evaluation functors at any s € S are left-exact and strict morphisms of

llex

°X Finally, because limits in Cat3“® are created in Cato, the

recollements, so the limit resides in Recol
second statement follows. O

We can also use Lemma 2.37 to compute S-colimits in X. For clarity, let us revert to the nonparametrized
case S = x for the next two results; the S-analogues will also hold by the same reasoning.

2.39 Lemma Let (U, Z) be a recollement of X and suppose that U and Z admit K -indexed colimits.
Then X admits K -indexed colimits.

Proof With respect to the recollement of Fun(K, X) of Lemma 2.37, the constant diagram functor
8 : X — Fun(K, X) is obviously a morphism of recollements. Passing to left adjoints, we obtain a right-lax
commutative diagram

Fun(K, W) Py Fun(K, Z)

coliml v lcolim
u Z

PR

i*Jx

which induces a morphism of recollements colim : Fun(K, X) — X. We claim that colim is left adjoint
to 8. In fact, if M, MK — Al are the cartesian fibrations classified by i * j, and i * j, respectively, then
we have a map § : MK — M of cartesian fibrations and by [14, Proposition 7.3.2.6] a relative left adjoint
colim : MX — M. The formation of sections sends relative adjunctions to adjunctions, which proves the
claim. We deduce that X admits K-indexed colimits. |

2.40 Corollary Suppose U and Z are presentable co-categories and ¢ : U — Z is a left-exact accessible

rlax

functor. Then X = lim"*¢ is a presentable co-category.

Proof By Lemma 2.39, X admits all small colimits. By [12, Corollary 5.4.7.17], X is accessible. We
conclude that X is presentable. O
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Finally, we describe how recollements interact with an ambidextrous adjunction (e.g., the adjunction
between restriction and induction for equivariant spectra).

2.41 Lemma Let (U, Z) and (U, Z') be stable recollements on X and X’ and Iet f* : X — X’ be an exact
functor such that f*|; _(z) C ix(Z') (so f* is not necessarily a morphism of recollements, but we still
may define fy™ := j™ f*j«, fz* :=i" f*ix,and have fy*j* ~ j™* fu™).
(1) Suppose that f*|;, ) C j/ (W) and f* admits a right adjoint f. Then:
(a) The essential image of fy j, lies in j«(U), so f* = fi restricts to an adjunction
futu2U: fu,
with jx fU s = fajs-
(b) The natural map j* fx — fu,Jj'™ is an equivalence.
(c) The essential image of fyi, lies inix(Z), so f* = fi restricts to an adjunction
fz5:222: fz,
with iy f7, = fuil.
(2) Suppose that f*|;, qay C jx(UW) and f* admits a left adjoint fy. Then:
(a) The essential image of f j| lies in j)(W), so fi =1 f* restricts to an adjunction
fu:W=2u: fu*
with ji fuy = fjy-
(b) The natural map fy,j* — j'* fy is an equivalence.
(c) The essential image of fii}, lies inix(Z), so fy 1 f* restricts to an adjunction
fz1: 222 f72*
with iy fz, ~ fiil.
(d) The natural map i* fzy — fz,i’* is an equivalence.

(3) Suppose that f* € Recoll®®™, f* admits left and right adjoints f, and fy, and we have the ambidex-

str ?
stab
lstr

terity equivalence fi >~ fi. Then f. € Recol
Jur > fuxand [z, fz,.

Proof We first prove the assertions of (1). For (1)(a), for any u’ € U because we have for all z € Z that

and we additionally have ambidexterity equivalences

Mapy(ixz, fxjou') = Mapy (j™* [ iz, u') >~ Mapy (f5 ] " isz u') > %,

we get fxjiu’ € jx(U). For (1)(b), the assertion holds because the map is adjoint to the equivalence
f*j1— Jj{ fu™. For (1)(c), for any z’ € Z/ we have

j*f*i;Z, = fU*j*i;Z/ ~ fu«0=0,
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hence fxi)z’' €ix(Z). Next, the assertions of (2) hold by a dual argument; we note that the extra assertion

(2)(d) holds because f; now commutes with j; instead of j.. Finally, for (3) the functor fy >~ fx is

lstab

in Recoll

by combining (1)(a), (1)(c), and (2)(a). For the ambidexterity assertions, the equivalence
fz1 >~ fz, is clear because the embedding ix : Z C X is unambiguous, whereas for f7; >~ fy, we note

that the sequence of equivalences

MapT,L(uv fU!M,) ~ Map:)C(j!u’ f!j!/u,) x~ Map()C(j!M7 f*j!/u,) x~ Mapx’(f*j!u7 j!,u/)
= Mapx’ (j!/fU*u7 j!,u/) = Mapu’ (fU*M, u/)
demonstrates that fy7 is right adjoint to fyy* and hence fy, >~ fu - |

2.42 Corollary Let G be a finite group. Suppose that X, : O(g — Recolli{fb is a functor such that the
underlying G -oo-category X is G -stable [16, Definition 7.1]. Then U and Z are G -stable and all of the
functors appearing in the diagram of G -adjunctions

o Pk

Jj i
U X 32
Jx ix

are G -exact.
Proof By Lemma 2.41, it only remains to check the Beck—Chevalley condition for U and Z to show the
existence of finite G-products. But this follows from the same condition on X, since the restriction and

induction functors ( f-)*, ( /=)« commute with the inclusion functors (je)«, (je)1, and (i) «. |

2.43 Definition In the situation of Corollary 2.42, we say that (U, Z) is a G-stable G-recollement of X.

3 Recollements on lax limits of co-categories

Let S be an oo-category throughout this section. Suppose p : C — S is a locally cocartesian fibration
classified by a 2-functor into Cats, [12, Definition 1.1.5.1; 13, §3], so for every 2-simplex A? > S, we
have a lax commutative diagram of co-categories

Co Foz Cy
F:)l\‘ (i:l /1;12
1

and the higher-dimensional simplices of S supply coherence data. Then the 2-functoriality of f yields
two notions of lax limit corresponding to choosing two possible orientations for morphisms — informally,
the left-lax limit of f has objects given by tuples (x; € C;, ;; : Fij(x;) — x;), whereas the right-lax
limit of f has objects given by tuples (x; € C;, «;; : x; — Fij(x;)). To give rigorous meaning to these
notions, we may circumvent giving a precise formulation of the lax universal property (for instance, as
carried out in [8]) and instead define the left-lax limit to be the co-category of sections

lim"™ f = 1im"*C := Fun/5 (S, C)
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and the right-lax limit to be the co-category
lim™ f =1im™C := Funf§™(sd(S), C),

where sd(S) is the barycentric subdivision of S (Definition 3.22) that is locally cocartesian over S via
the max functor (Construction 3.24), and we let Fun‘;‘_’gCart —, —) be the full subcategory on those functors
over S that preserve locally cocartesian edges. Viewing f itself as a left-lax diagram in Cats,, we may
thereby speak of left-lax and right-lax limits of left-lax diagrams of co-categories; dually, we may also
speak of left-lax and right-lax limits of right-lax diagrams of co-categories encoded as locally cartesian

fibrations. We refer to [1, §1; 2, §A] for a more detailed discussion.!?

3.1 Definition Let S’ C S be a full subcategory. Then S’ is a sieve if for every morphism x — y in S,
if y e §’, then x € §’. Dually, S’ is a cosieve if (S)°P is a sieve in S°P.

Given a sieve So C S and cosieve S1 C S, we say that So and S; form a sieve-cosieve decomposition
of S if Sp and S are disjoint and any object x € S lies either in S or Sj.

3.2 Remark Sieves and cosieves are necessarily stable under equivalences. Given a sieve-cosieve
decomposition (Sp, S1) of S, we may define a functor 77 : § — A! that sends each object x € S to the
integer i € {0, 1} such that x € S;. Conversely, any functor 7 : § — A! determines a sieve-cosieve
decomposition of S by taking its fibers over O and 1.

Our main goal in this section is to describe how sieve-cosieve decompositions of S produces recolle-
ments on right-lax limits of locally cocartesian fibrations p : C — S (Theorem 3.39).

3.3 Remark As we saw in Observation 2.9, a recollement itself is an example of a right-lax limit
over A!. Given a working theory of (pointwise) right-lax Kan extensions, our results should follow from
the usual transitivity property of Kan extensions applied to the factorization S %> Al — x. However,
we are not aware of such a theory that also affords the explicit description of the gluing functor given in
Theorem 3.32; indeed, Theorem 3.32 should precisely amount to a pointwise formula for the right-lax Kan
extension along . We refer the interested reader to the discussion in [11, §2.2] for more on this question.

3.1 Recollements on right-lax limits of strict diagrams

Before entering into our study of left-lax diagrams, let us consider the simpler case of strict diagrams
f S — Caty. For this case, right-lax limits are modeled by sections of the cartesian fibration that
classifies f. Thus suppose that p : C — S is a cartesian fibration, 7 : S — Al is a functor, and let
po : Co — So, p1 : C1 — S1 denote the pullbacks of p to the fibers Sg, S; of #. Given a section
F:S—C of p,let j*F :S1 — Cj be its restriction over S7 and let i * F : Sg — Cy be its restriction
over So. We obtain functors

j* . Ful’l/s(S, C) — Fun/Sl (Sl, Cl), i* . Fun/S(S, C) — Fun/SO(So, C()).
12wWe follow [1, §1] in referring to these two types of lax limits as “left” and “right”, even though lax and oplax are more

standard nomenclature. The terminology is consistent with the usage of left for cocartesian-type constructions and right for
cartesian-type constructions (e.g., left and right fibrations).
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We first explain when j* and i* admit right adjoints. Suppose G : S1 — Cj is a section of p;. For every
x €S, let
Gy : (S1)x) =81 x5S/ = 81 &> CrcC

be the composite functor and consider the commutative diagram

Gx
(Sl)x/ — C

l Gixv lp

S —— S

where the cone point is sent to x. By [12, Corollary 4.3.1.11], if for every s € S, Cy admits (S1)/-indexed
limits, and for every f :s — ¢, the pullback functor f* : C; — Cj preserves (S1),-indexed limits, then
there exists a dotted lift G, which is a p-limit of G. If this holds for all x € §, then by the dual of
[12, Lemma 4.3.2.13], the p-right Kan extension j«G exists and is computed pointwise by these p-limits.
Moreover, by [12, Proposition 4.3.2.17], the right adjoint j. then exists and is computed objectwise
by j«G.

Now let H : So — Cop be a section of pg. The same results hold for computing i« H. However, the
slice oco-categories (So), are empty when x € Sy. Therefore, the hypotheses above amount to supposing
that for all s € S, Cy admits a terminal object, and for all f : s — ¢, the pullback functor f* preserves
this terminal object.

Finally, let L = {Kq}qc4 be a class of simplicial sets and suppose that for all K € I and s € S, the
fiber Cy admits K-indexed limits, and for all f : s — ¢, the pullback functor f* preserves K-indexed
limits. Then by [12, dual of Proposition 5.4.7.11 and Remark 5.4.7.13], Fun,s (S, C) admits K-indexed
limits such that the evaluation functors evs : Fun,g(S, C) — C;s preserve K-indexed limits —in other
words, the K-indexed limits in Fun,g (S, C) are computed fiberwise.

3.4 Definition (standard existence assumptions, strict version) Let p : C — S be a cartesian fibration
and let 7 : S — Al be a functor. We say that p satisfies the standard recollement existence assumptions
with respect to r if:

(1) For all s € S, Cs admits finite limits, and for all morphisms f :s — ¢ in S, the pullback functor
f*:Cy — Cs preserves finite limits.

(2) Forall x € §, Cs admits (S1)/-indexed limits, and for all morphisms f :s — ¢ in S, the pullback
functor f* : C; — Cj preserves (S1),/-indexed limits.

Let us now suppose that we are in the situation of Definition 3.4.

3.5 Proposition The adjunctions

* *

J i
Fun/g, (S1,C1) : Fun,s(S,C) : Fun/SO(S(),C())
J* Ix

together exhibit Fun,g (S, C) as a recollement of Fun,g, (S1, C1) and Fun,g,(So, Co).
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Proof Note the functors j* and i* are left exact by the fiberwise computation of limits in section
oo-categories. Because (So)y, = @ for all x € Sy, we get that j*i is the constant functor at the terminal
object of Fun,g, (S, Cy). Finally, i* and j* are jointly conservative because equivalences are detected
objectwise in Fun,g (S, C). |

3.6 Remark If the fibers of p are moreover stable co-categories, then the left-exact pullback functors f*
are necessarily exact and the recollement of Proposition 3.5 is stable.

3.7 Example Let C >~ D x S and p be the projection to S. Then the recollement of Proposition 3.5
simplifies to

j* i*

Fun(Sy, D) &, Fun(S, D) 5 Fun(Sy, D),

J* Ix
where j : S;1 — S and i : So — S now denote the inclusions. Recollement theory then gives a calculational
technique for computing the right Kan extension ¢, F' of a functor F' : S — D along ¢ : § — T'. Namely,
ifweletgpp =¢oi,p1 =¢oj, Fo=Fls,, and F; = F|g,, the pullback square Proposition 2.2 yields
a pullback square

¢*F (¢0)* Fo

l l

(@)« F1 — (90)«((jxF1)ls,)

3.2 Recollements on right-lax limits of left-lax diagrams

We now seek to establish the analogue of Proposition 3.5 for right-lax limits of locally cocartesian fibrations.
Although the ideas are straightforward, the categorical details turn out to be considerably more involved.
We begin by proving some needed extensions to the theory of relative right Kan extensions initiated in
[12, §4.1-3], which play a technical role in our construction of the recollement adjunctions. We then
construct the barycentric subdivision sd(.S) (Definition 3.22, but also see Observation 3.23), and extend the
cocartesian pushforward of [21, Lemma 2.23] to the locally cocartesian situation (Theorems 3.20 and 3.26).
Finally, given a sieve-cosieve decomposition of S and suitable hypotheses on the locally cocartesian
fibration p : C — S, we establish localizations in Theorem 3.32, Corollary 3.34, and Proposition 3.36,
and show that these together constitute a recollement of the right-lax limit of p in Theorem 3.39.

3.2.1 Relative right Kan extension In [12, Proposition 4.3.1.10], Lurie gives a criterion for when
a colimit diagram in a fiber of a locally cocartesian fibration is a relative colimit. In contrast, we will
also need a separate understanding of when a limit diagram in a fiber is a relative limit. As indicated in
Lemma 3.8, in this situation we can give an unconditional statement.

3.8 Lemma Let S be an oo-category and let f : C — S be a locally cocartesian fibration. Lets € S
be an object and p : K< — Cj a limit diagram that extends p. Then, viewed as a diagram in C, p is a
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f -limit diagram [12, 4.3.1.1], i.e., the commutative square

Crs — Cip

L

Sirp — Sifp
is a homotopy pullback square.
Proof It suffices to show that
Cr5=>Crp %80 S11p

is a trivial Kan fibration. To this end, let A — B be a monomorphism of simplicial sets and consider the
lifting problem

C/p

4 ¥
[
B — C/p XS/ 10 SIf b

This transposes to the lifting problem

A*KqUA*KB*Ki; C

Bx K< S

o

Our approach will be to first pushforward to the fiber C; using that f is a locally cocartesian fibration
and then solve the lifting problem in Cy using that p is a limit diagram.

To begin, because p is a diagram in the fiber Cy, the map o factors as B x K™ — B » A° <, S with
o'|po = {s}. We may define a map r : (B » A%) x Al — B » A® such that o = id and ry is constant at
AY in the following way: let 7w : B * A — A be the structure map of the join which sends B to {0} and
A° to {1}, and let p be the composite (B * A%) x Al T, ALy A1 M, AL g6 the fiber of p over {0}
is B x {0}. Then, recalling that maps L — X % Y of simplicial sets over A! are equivalently specified
by pairs of maps (fo: Lo — X, fi: L1 — Y), r is the map over A! with respect to p and 7 given by
B C B » A° and the constant map to A°. Now let

B (BxK)x Al > (Bx A% x Al 25 B« A 25 s,

so hg = a and h{ is constant at {s}. Also denote by h* the restrictions of 2% to (B x K) x AL,
(Ax K9y x Al and (A x K) x AL,

Let P = (Mg, T, @) be the categorical pattern on sSetjrS that yields the locally cocartesian model
structure, so Mg consists of all the edges in S, T consists of all the degenerate 2-simplices in S, and
the fibrant objects are the locally cocartesian fibrations. By the criterion of [14, Lemma B.1.10] applied
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to K — B x K (with the degenerate edges marked) and {0} — (A1)#, the inclusion map of marked

simplicial sets

(B x K) x {0} Utk xioy K x (ADF — (B« K) x (A1)

is PB-anodyne, and likewise replacing K — B * K with K< — A x K< and K — A » K. Using left
properness of the locally cocartesian model structure, we deduce that the morphism

(Ax K9 Ugug B * K) x {0} Ugaxgoy K< x (A1)

|

(Ax K9 Uguk B * K) x (ADF
is B-anodyne. Consider the commutative square

(A% K< Ugu B x K) x {0} Ugaxgoy K9 x (ADF — 4C

| |7

(Ax K<Ug,x B* K)x (AY)F i

where ;C denotes the marking on C given by the f-locally cocartesian edges and the top horizontal
map restricted to the first factor is B and to the second factor K < x (Al)ﬁ is the constant homotopy
K9xAY 25 k<2, C. Then the dotted lift ## exists, and the image of h/f is contained in the fiber Cs.

Now consider the commutative triangle

B

BxK<

Because p : K< — Cj is a limit diagram, the map (Cy) /5 — (Cs)/p is a trivial Kan fibration. Therefore,
the dotted lift y; exists.
Next, define a map

0=(0,0"):(BxAY* K< (BxKJ)x Al
by its factors
0 :(Bx A« KI XY, g k<
9”:(B><A1)*K<1M)AI*KQAAI*A();AZQAI.

Here 0! : A2 — Al is the standard degeneracy map, so 6!(0) =0, 6'(1) = 1, and 6'(2) = 1. Also
denote by 6 the restriction to (4 x A!) x K<, etc. Let

X =(AXx Al) * K™ U(AXAI)*K (B x Al) * KU(AX{I})*K<‘U(AX{1}),,K(Bx{l})*K Bx K<
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and consider the commutative diagram

(hBoB)Uy,
—_ >

X > C
(BxAHY*K< — §
h%o6

(where for commutativity, we use that 01 : (B x {1}) x K< — (B « K<) x {1} is an isomorphism). By
the dual of [12, Lemma 2.1.2.4] applied to A — B and the right anodyne map {1} — A, the map

A,/iAXAIUAX{l}BX{l}—)BXAI

is right anodyne. Then by [12, Lemma 2.1.2.3] applied to A’ and the map K — K<, A is inner anodyne.
Thus the dotted lift 4 exists. Finally, let y = hg and observe that y is a solution to the original lifting
problem of interest. a

We briefly digress to complete the theory of Kan extensions by constructing relative Kan extensions
along general functors (see Lurie’s remark at the beginning of [12, §4.3.3]). Recall the relative join
construction — x_ — of [21, Definition 4.1] along with its bifibration property [21, Lemma 4.8].

3.9 Definition Consider the commutative diagram of co-categories

x Lc

lo s

Yy %5
where p : C — § is a categorical fibration. Suppose given the data of a functor G : ¥ — C over S and a
homotopy 4 : X x Al — C over S withhg =G o¢ and hy = F. Let 7 : Y xy X — Y be the structure
mapandlet G:Y xy X Z> Y G, C. Since Fun(Y »y X, C) — Fun(Y, C) x Fun(X, C) is a bifibration,
we may select an edge G — F that is cocartesian over & : G o ¢ — F in Fun(X, C) with degenerate

image idg in Fun(Y, C). Then we say that G is a p-right Kan extension of F along ¢ (exhibited via &) if
the commutative diagram

x L. c
o 2 o
Yray X 259

exhibits F as a p-right Kan extension of F in the sense of [12, Definition 4.3.2.2].

3.10 Remark In the initial setup of Definition 3.9, given F : Y »y X — C amap over S extending
F:X—C,letG=F|y:Y —>Candleth:X x Al h—/>Y*YXL>C with i’ specified by the
pair (¢, idy) (see the definition [21, Definition 4.1] of —xy — as jx : sSet;y a1 — sSet;y A1 for the
inclusion j : ¥ xdA! — Y x Al). Then F is a p-right Kan extension in the sense of [12, Definition 4.3.2.2]
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if and only if G is a p-right Kan extension along ¢ in the sense of Definition 3.9. Moreover, we have
an equivalence of oo-categories X Xy, x (Y xy X),, >~ X xy Y,, implemented by pulling back the
functorsty : Y CY xy X and 7 : Y xy X — Y and the respective induced functors on the slice categories
via X CY xy X. Because of this, Lurie’s existence and uniqueness theorem [12, Proposition 4.3.2.15]
for p-right Kan extensions applies to show that the p-right Kan extension G of F along ¢ exists if and
only if for every y € Y, the diagram X xy Y, —> X £, C extends to a p-limit diagram (which then
computes the value of G on y). Moreover, there is then a contractible space of choices for G.

3.11 Remark The situation of Definition 3.9 globalizes in the following manner. Suppose every functor
F : X — C admits a p-right Kan extension to F:Yxy X —>C. By [12, Proposition 4.3.2.17], the
restriction functor (ty)* : Fun;g(Y xy X, C) — Fun,g(X, C) then admits a right adjoint (tx )« which is
computed on objects as F — F. We also have a relative adjunction [14, Definition 7.3.2.2]

ly:Y2Y*xy X:m
over Y (hence over §) where ty is left adjoint to 7. From this, we obtain an adjunction
n* :Fun/g(Y,C) 2 Fun/g(Y xy X, C) : (ty)™,
where 7 * is left adjoint to (ty)*. Composing these two adjunctions, we obtain the adjunction
¢* :Fun;g(Y,C) 2 Fun/s(X,C) : ¢,
where ¢ is given on objects by sending F to its p-right Kan extension along ¢.

3.12 Corollary Suppose we have a commutative diagram of co-categories

x L. ¢

¢ D
Yy 255§

where p is a locally cocartesian fibration and ¢ is a cartesian fibration. Suppose that for every y € Y, the
limit of Fx,, : X}, — Cy(y) exists. Then the p-right Kan extension G : Y — C of F along ¢ exists and
G(y) ~lim Flx,. If G exists for all F, then we have an adjunction

¢* :Fun/g(Y,C) 2 Fun/s(X,C) : ¢,
where ¢« (F) ~ G.

Proof We need to show that for every y € Y, the p-limit of F7 : X xy ¥,,, — X E, C exists. By
Lemma 3.8, the p-limit of F |y, exists and is computed as the limit of F|y, viewed as a diagram in Cy(y).
Because ¢ is a cartesian fibration, we have a retraction r : X xy Y,y — X, to the inclusion i : Xj, —> X xy Y,/
such that r is right adjoint to i (on objects, r is given by the formula r(x, y %> ¢(x)) = e*(x), where
e* : Xp(x) = Xy is the pullback functor encoded by the lifting property of the cartesian fibration ¢).
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As a left adjoint, i is right cofinal.!> However, since r oi = id, we moreover have that r is right
cofinal by the right cancellative property of right cofinal maps [12, Proposition 4.1.1.3(2)]. Hence, by
[12, Proposition 4.3.1.7] applied to r and a p-limit diagram (X,)< — C, the p-limit of F? exists and is
computed as the limit of F |y, in Cy(y). The claim now follows from Remark 3.10. O

3.2.2 Barycentric subdivision and locally cocartesian pushforward Our main goal in this subsection
is to first define the barycentric subdivision sd(S) (Definition 3.22) consisting of conservative functors
o :[n] — S (i.e., strings in §) along with its maximum functor maxg : sd(S) — S, [0 : [n] > S|+ o (n),
which is a locally cocartesian fibration (Lemma 3.25). This allows us to define the right-lax limit of a
locally cocartesian fibration p : C — S as

lim™ C := Funf§™*(sd(S), C).

We will then show that for any sieve Sy C S, if we let sd(S)o C sd(S) denote the full subcategory of
strings that originate in S, then the inclusion sd(Sg) < sd(S)o is a locally cocartesian equivalence
over S,!4 or equivalently, for any locally cocartesian fibration p : C — S, the restriction functor

Funcocan(sd(S)O’ C) — FuHCOCart(Sd(SO) C |SO)

is a trivial fibration (Theorem 3.26(2)). A choice of inverse then amounts to a choice of locally cocartesian
pushforward. This will be the formal half of extending an object in lim"®™ C|g, to one in im"™ C itself,
which we take up in the next subsection.

To set the stage for our work, we first introduce a few combinatorial constructions. Let A be the
category with objects the finite ordinals {[n] = {0 <1 < --- < n}:n € N} and morphisms the order-
preserving maps. Let £ : EA — A denote the relative nerve [12, Definition 3.2.5.2] of the canonical
inclusion i : A — sSet. Then £ is a cocartesian fibration classified by i, which is an explicit model
for the tautological cocartesian fibration over A. Explicitly, an n-simplex A" — £A is given by a
sequence [ag] —2> [a] = --- £2=Ls [a,] of order-preserving maps in A together with morphisms
kj » A0} o AT 5 A4 which fit into a commutative diagram

A{o} [N A{O,l} [N S A{O ~~~~~ n_l} (SN An
lKO lkl l’cn—l lkn
Ao @o A4l o1 . Adn—1 m, Abn

Let EA™ C EA denote the pullback over the subcategory A™ C A of injective order-preserving maps
and also denote the structure map of EA™ by £. Consider the span of marked simplicial sets

(Amj)ﬂ (gAm_]) _) (Amj)ﬁ

13We adopt Lurie’s terminology in [14]: recall that a map ¢ : K — L is right cofinal if and only if ¢°P is cofinal.
14Here we mark those edges that are locally cocartesian with respect to maxg, (resp. maxg.)
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where we mark the £-cocartesian edges in €A™, Similar to the definition in [21, Example 2.25] (which
considers the source input to be instead a cartesian fibration), let

Funpaim (EA™, —) 1= £,£%(—) : sSetj’Ainj — sSet]LAmj.

Note that with £ a cocartesian fibration, £x&™ is right Quillen with respect to the cartesian model

structure on sSet”

/ Ain by the dual of [21, Theorem 2.24], hence takes cartesian fibrations to cartesian

fibrations.

3.13 Recollection [12, Corollary 3.2.2.13; 21, Example 2.25] Given an oco-category B, a cocartesian
fibration £ : K — B, and a cartesian fibration D — B, the pairing construction Fung (K, D) is defined in
general as £,£*(DY) and is a cartesian fibration over B whose fibers over b € B are Fun(K}, D}), and
whose functoriality with respect to a morphism « : b — b’ is given by

a* :Fun(Kp, Dp) — Fun(Kp, Dp), fr>a o foa,
where «y and o* denote the pushforward functors for K and D as well.

3.14 Definition The co-category of paths'> in an co-category C is
Ar(C) := Funpu (EA™, C x A™).

Let &c - A\r(C ) — A denote the structure map of the cartesian fibration and note that its fiber over
[n] € AW is Fun(A”, C) and the functoriality is that of restriction in the source variable.

In addition, let Ar (S) C A\r(S) be the maximal subright fibration, i.e., the wide subcategory on
the £g-cartesian edges over A (so the fiber of Ar (S) over [n] is Map(A”, §)), and for a functor
p:C— 8§, let

Arg (C):=Ar (S) X &5y Ar(C).
3.15 Remark (classifying functor for paths) By [8, Proposition 7.3], the cartesian fibration
£c : Ar(C) »> A
is classified by the functor

(AM)P - Cateo, [n] > Fun(A", C),

where the functoriality is with respect to precomposition in the first variable. It follows that we have an

equivalence

(o.¢]

of right fibrations over A™™,

3.16 Remark If C — S is a categorical fibration, then Xr(C )— A\r(S ) is also a categorical fibration by
[14, Proposition B.2.7].

I5For us, a path in C is any n-simplex A” — C. In contrast, we reserve the term “string” for objects of the barycentric
subdivision sd(C) (see Definition 3.22).
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3.17 Remark (explicit description of simplices) By definition, the datum of an n-simplex A" — A\r(C )
is given by a map of simplicial sets
A" X pini EAM — C.

For example, suppose n = 0 and A? — A" selects the object [ao]. Then we see that O-simplices of A\r(C )
lying over [ag] correspond to maps A%% — C. Indeed, since the fiber (£ Ai“j)[ao] is definitionally isomor-
phic to A%0, we see that the fiber Xr(C )lao] 1s equivalent to Fun(A%°, C), as promised by Remark 3.15.

Now suppose that n = 1 and A! — AW selects the inclusion g : [ag] C [a1]. Then the data of
amap f : Al xam EA™ — C is equivalent to maps fp : A% — C, fi : A% — C, and a natural
transformation fo1 : fo — f1oa1 = f1l[4,]- Moreover, this is a cartesian edge in A\r(C ) if and only if
f sends cocartesian edges to equivalences, i.e., the natural transformation f; is an equivalence. This is
consistent with the functoriality of Xr(C ) as being given by the pullback functor

o] : Fun(A%!, C) — Fun(A%, C).

3.18 Construction (variant associated to a sieve) Let 7 : § — Al be a functor and Sy the fiber over 0.
Let Ar(S )o C Ar(S ) be the full subcategory on those objects 0: A" — § such that 7o (0) =0 (i.e., on
those paths originating in Sp), and let Ar (S)o:= Ar(S )o NAr (S). Define the “initial segment” functor

AS : AI‘(S)O — Ar(So)
by the following rule:
(%) Suppose o : A" — A\r(S )o is an n-simplex, which corresponds to a sequence of inclusions

o] o2

A 5 A%l =, . &, Aén

determining a map a : A" — A" and a functor f : A" X g, Al EA™M — S such that for every 0 <i <n,
the restriction f; : A% — S has f; (0) € Sp. Let b; € A% be the maximum element such that f; (b;) € S,
and note that a restricts to yield a sequence of inclusions

Abo Ly B Ab1 ﬁ,...ﬂ,Abn
Ado KL pAar 22, % Aan

because we always have that o; (b;j—1) <b; as S is asieve in S stable under equivalences. Let b : A" — A
be the map determined by the sequence of upper horizontal inclusions. Then f restricts to yield a map fo:

A" Xy am EAM T2,

| |

A" g am EAM L €

Define Ag(0) : A" — Kr(SO) to be the n-simplex determined by fy. Now observe that this assignment
is natural in A", hence defines a map of simplicial sets.
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Observe that A g is a retraction of the inclusion A\r(So) — A\r(S )o induced by S — S.

Anedgee: Al — A\r(S )o is Eg-cartesian if and only if the corresponding functor f : Al x a,Aini € AN
— § sends every edge (i € [ag]) = (@1(i) € [a1]) to an equivalence, and similarly for £g,-cartesian
edges in A\r(So). Therefore, A g preserves cartesian edges and restricts to a map

As i Ar (S)o— Ar (Sp).

3.19 Construction (variant associated to a sieve, relative version) Let p : C — § be a locally cocartesian
fibration and let pg : Co — Sp be its fiber over 0. Note that

Ar(C)o == Ar(S)o X 55y Ar(C).
Let

Arg (C)o:=Ar (S)o X g5y, Ar(C)o = Ar™ (S)g X5 s) Arg (C),

o) A\rg (C)o C A\rg (C) is the full subcategory on objects ¢ : A" — C with ¢(0) € Cy. The initial segment
functor A(_) fits into a commutative diagram

[

(S)o — Ar(S)o <X~ Ar(C)o

O

(So) — Ar(Sp) 2% Ar(Co)

r

1R

Ar

and therefore deﬁgles a functor A P’ Xr? (C)o— Xr?o (Co).

Finally, let A\rg (C)yet c Xrg (C)o be the full subcategory on those objects ¢ : A" — C such that
if i € A" is the maximum element with c(i) € Cy, then ¢ sends every edge {j < j + 1}, j >i,toa
locally- p cocartesian edge (i.e., a cocartesian edge over Al in the pullback A! xg C).

The next theorem implies that we can construct a locally cocartesian pushforward extending from Coy
to C along paths in the base S that originate in So. This will amount to a section of the trivial fibration

considered therein.

3.20 Theorem The map
(Ap, p) : Arg (C)§P™™ — Arg, (Co) X o A (So) A Ar (S)o
is a trivial fibration of simplicial sets.

Proof We need to solve the lifting problem

GA" A\I'? (C)(c)ocart
[ l(x,,,p)
A" —— Arg (Co) X &% (So) Ar (S)o
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Leta: A" — Ar (S)o — AW and b : A" — Xr?O(CO) — A" be as discussed in the definition of A.
This lifting problem transposes to

A" xp Aini EAM UaAnXb'AianAinj A" X4 Aini EAM 3 C

A7 5 pm EAT S

Consider A" x; Aini EA™ as a marked simplicial set where an edge (i € A% ) — (j € A%), a: A% — A9,
a(i) < j, is marked if and only if k =/ (so « = id), by <i and j =i + 1, and let the domain of
f also inherit this marking. Then it suffices to show that f is a trivial cofibration in the locally
cocartesian model structure on sSet;“S, defined by the categorical pattern 3 = (Mg, T, @) with Mg all
of the edges in S and T consisting of the 2-simplices 7 in S with the edge 7({1 < 2}) an equivalence.
Proceeding by induction on n, by a two-out-of-three argument it suffices to show that the inclusion
f1o AT X A € AN A" X g, Ain € A™M is a trivial cofibration. We define a filtration of the poset
inclusion f” as follows:

(*) Leta,—by =t. For0 <k <n, letay : A, — A% denote the inclusion. Let P, C A" X, Ainj EAM be
the subposet on those objects (i € A%) such that a (i) —b, <r. Note that Py = A" xj, pinj € A because
if (i € A%)is such thati > by, then necessarily ay (i) > by, and likewise if i < by, then oy (i) < by, (this
follows from the definitions of the b; and that Sy is a sieve stable under equivalences). Then we have that
S factors as a sequence of poset sieve inclusions A” xj Aini EAM=PyC P C---CP=A" X g, Aini EAM,

It now suffices to show that P; C P;4 is a trivial cofibration for all 0 <i < ¢. For simplicity, let us
suppose i = 0 (and ¢ > 0 for nontriviality), the other cases being proved similarly. Let k € [n] be the
smallest element such that b, + 1 € A% is in the image of oy : A% — A% Note then that for all
k<I<n, o b +1)=b,+ 1. View the poset A7} 5 Al as a cosieve U in P; via the inclusion
which sends (/,0) to (b; € A% ) and (I, 1) to (b; + 1 € A%). Then as a marked simplicial set, we have
U = (Atk--mhb 5 (A1)%. By [14, B.1.10], the inclusion

is P-anodyne. Noting that Py and U together cover Py, it thus suffices to show that we have a homotopy
pushout square of co-categories

unbPy — U

I

Py —— Py

as we would then deduce the lower horizontal map to be 3-anodyne. For this, the criterion of Lemma 3.21
is easily verified. O

Algebraic € Geometric Topology, Volume 26 (2026)



1354 Jay Shah

3.21 Lemma Suppose P is a poset, Z C P is asieve and U C P is a cosieve such that P = ZUU.
Then the commutative square
unz — U

L

Z —— P

is a homotopy pushout square of co-categories if and only if for every a ¢ U and ¢ ¢ Z such thata <c,
the subposet P,y ={b € U N Z :a < b < c} is weakly contractible.

Proof Define a map 7 : P — A? by

0, x¢U,
w(x)=12, x¢Z,
1, xeUNZ.

Observe that P X 52 AL — 7 p X A2 A2 = and P x a2 {1} = U N Z. We may therefore apply
the flatness criterion of [14, B.3.2] to & in order to deduce the criterion in question. O

We now introduce the barycentric subdivision sd(.S).

3.22 Definition An n-simplex o : A" — S is a string if ¢ is a conservative functor, i.e., if for every
0<i<j<n,o(i<j}) isnot an equivalence.'® The barycentric subdivision (or subdivision)

sd(S) C Ar (S)

is the full subcategory of A (S) on the strings in S. Note that the structure map &g : A (S) — A
restricts to define a right fibration &g : sd(S) — Al
Given a functor C — S, the S-relative subdivision sdg(C) is the pullback

sds (C) :=5d(S) X =5 Arg (C) 2 5d(S) X g5y Ar(C).

Similarly, parallel to Constructions 3.18 and 3.19 we may define sd(S)o, sds(C)o, and sds (C)§>*" for
a locally cocartesian fibration C — S and a functor S — A!. To be specific, let sd(S)o C sd(S) be the

full subcategory on those strings originating in the sieve Sp, let sdg(C)o := sd(S)o Xsq(s) sds(C), and

Jet sdg () := sdg (C)g X &2 (o Krg (C)g™.

3.23 Observation Suppose that S is the nerve of a category, which we also denote as S. Then sd(S) is
the nerve of the category whose objects are conservative functors o : A" — S, and where a morphism
[0: A" — S]— [t : A™ — S] is given by the data of a map « : [n] < [m] in A™ and a natural equivalence
0 —=> a*t. In particular, if S is the nerve of a poset P, then sd(P) is the nerve of the usual barycentric
subdivision of P.

On the other hand, the usual definition of the subdivision of an co-category [1, Definition 1.15] is as
the left Kan extension of the functor sd : A — Cat, along the fully faithful inclusion A C Caty. By

161f every retract in S is an equivalence, then it suffices to check that for every 0 <i < n, o ({i <i + 1}) is not an equivalence.

Algebraic € Geometric Topology, Volume 26 (2026)



Recollements and stratification 1355

[2, Lemma A.4.8], this recovers sd(P) for P a poset. In fact, we may transcribe over the proof there to
show that sd(S) <= colimyjea ¢ sd[n] for any co-category S. Here A/ := A Xcat,, (Catoo)/S is the
maximal subright fibration in Funa (A, S x A) (see Remark 3.15).!7 We sketch the argument, leaving
routine details to the reader:

(1) First note that for any two strings o, T € sd(S), every map [0 = 7] € A g necessarily lies over A,
Therefore, the inclusion i : sd(S) C A/ is full. Moreover, in view of the factorization system on Cate
whose right class of maps is given by the conservative functors [9, 11.29], i admits a left adjoint. In
particular, 7 is cofinal, so

colimyjea ¢ sd[n] > colimpyjesa(s) sd[n].

(2) We next observe that the cocartesian fibration ev; : Ar(sd(S)) — sd(S) is classified by the functor
sd(S) — AN C A 4, Catyo. Therefore, colim,jeqd(s) sd[n] identifies with the localization of Ar(sd(S))
at the class of ev-cocartesian edges. But this localization also identifies with the source functor evy :
Ar(sd(S)) — sd(S), yielding the desired equivalence colim,jesq(s) sd[n] — sd(S).

We now work towards constructing the “maximum” functor sd(S) — S. We first define this over A\r(S ):
3.24 Construction Define a last vertex map maxg : A\r(S ) — S by the following rule:
(%) Suppose o : A" — A\r(S ) is an n-simplex, which corresponds to a sequence of inclusions

o2

AaO (ﬂ) Aal . (ﬂ) Aan

determining a map a : A" — A™ and a functor f : A" X g, A EAM — S. Define a functor y : A" —
A" X g A E A™ to be the identity on the first component and the n-simplex

A0} AL L, AR

ko e Je

Aao (L) Aal (ﬁ) e (ﬂ) Aan

of £ A uniquely specified by «; (i) = a; on the second component. Then maxg(c) = foy: A" — S.

In other words, maxg is the functor induced by precomposing by the section AN — €A which
selects the maximal vertex in every fiber.

The next lemma is obvious when S is a poset, so the reader only interested in that case should feel
free to skip its proof.

3.25 Lemma (1) The functor maxg : A\r(S ) — S is a categorical fibration.
(2) The restricted functor maxg : A (S) — S is a locally cocartesian fibration.

(3) The restricted functor maxgs : sd(S) — S is a locally cocartesian fibration.

17Beware that here A /s does not denote the nerve of the category of simplices of S regarded as a simplicial set.
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Proof (1) We first verify that maxg is an inner fibration. For this, let # > 2, 0 < k < n, and consider the
lifting problem

AZ——»}HS)

A" —— S
Let a : A" — A be the unique extension of the given AL — A™_ The lifting problem then transposes to

A" Unn AZ X pinj £ AN - S

A" X Aing EAM

and it suffices to show the vertical arrow is inner anodyne. Since EA™ — Al is a cocartesian fibration,
it is in particular a flat inner fibration, and the desired result follows.

We next show that maxg is a categorical fibration by lifting equivalences from the base. So suppose
e: A — S is an equivalence and o : A” — S is an object of A\r(S) such that maxg (o) = a(n) = e(0).
The restriction of maxg to Fun(A”, S) C A\r(S ) is evaluation at {n}, which is a categorical fibration, so e
lifts to an equivalence in Fun(A”, §) and hence in A\r(S ).

(2) First observe that since A (S) C A\r(S ) is a subcategory stable under equivalences, the restricted
maxgs functor is a categorical fibration by (1). To prove that maxg is a locally cocartesian fibration,
it then suffices to prove that for any edge e : s — ¢ in S that is not an equivalence, the pullback
maxg(e) : A\r:(S ) xs Al — Al is a cocartesian fibration. To this end, we claim that an edge é : x — y
lifting e is maxg (e)-cocartesian if and only if the corresponding data of an inclusion & : A%0 — A%l and
a functor £ : Al X iy EA™ — § is such that in addition a1 = ag + 1 and « is the inclusion of the initial
segment. Note that given an object x : A%° — § with s = x(ap), such a lift € of ¢ may be defined by
“appending” e to x: indeed, let y : A% — § be an extension of x Ue : A% U, p0 g Al — S, let

i A X Am EAM 5 Ad0F]

be the retraction functor which fixes A%°T1 and is given by & on A%, and define ¢ as y o r. Hence,
establishing the claim will complete the proof.

The “only if”’ direction will follow from the “if”” direction together with the stability of cocartesian edges
under equivalence. For the “if” direction, fix such an edge €. Recall from the definition that ¢ : x — y is
max g (e)-cocartesian if and only if for all objects z € A (S) with maxs(z) = t, the commutative square

(e)*
MapA\r: (S)maxs =t (y’ Z) Mapz&\r: (S) (X, Z)

maxs
{e} Mapg (s, 1)
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is a homotopy pullback square. Viewing x as x : A% — S, yas y: A%+l 5 § andzasz: A% — S,
and computing the mapping spaces in Ar (S) as a cartesian fibration over A™, we see that

Mapgr:(s)(x, z) ~ |_| Mapy,pao,5) (. y*2).
v:laolClaz]
Therefore, it suffices to show that for any fixed inclusion y : A% — A%2 with y(ag) < aj, letting
B : A%T1 5 A% be the unique extension of y with B(ag + 1) = a», we have that the square

a*
MapMap(A“O'H ,S) y,B*z) — Mapygup(ado,s) (x,7*z)

|

le} Map, s (x(ao). z(a2))

is a homotopy pullback square (where the right vertical map sends x — y*z to the composite x (ag) —
z(y(ap)) — z(az)). (Here we implicitly use that maps in Ar (S) are natural transformations through
equivalences to account for the maxg = ¢ condition for the upper-left mapping space.) But this follows
since evg,+1: Fun(A% ! ) — S is a cocartesian fibration with ¥ — y a cocartesian edge lifting e, where
X is the degeneracy sq, applied to x (we note that Mapyy, (aao+1, 5) (X, B*z) ~ Mappp(aco, sy (x, 7" 2)).

(3) This is clear from the description of the locally max g-cocartesian edges given in (2). O

Finally, we arrive at the main result of this subsection. Lemma 3.25 ensures that the following theorem
is well formulated; also note that sd(S)o C sd(S) is a sublocally cocartesian fibration via maxg as it is
the inclusion of a cosieve stable under equivalences.

3.26 Theorem Let p : C — S be a locally cocartesian fibration and = : S — Al a functor. Let
po : Co — So be the fiber of p over 0.

(1) Restricting the domain and codomain of the map of Theorem 3.20 yields the map
sds (C)g™ ™" — sdsy(Co) Xsa(so) $d(S)o,
which is also a trivial fibration of simplicial sets.
(2) Precomposition by the inclusion sd(Sg) < sd(S)¢ defines a trivial fibration of simplicial sets
Funjoscm(sd(S)o, C)— Fun%c(';m(sd(So), Co).
For the proof, it will be convenient to introduce an auxiliary construction. Define a functor
8: A\r(S) — A\r(A\r(S))

by the following rule:
(*) Suppose o : A" — A\r(S ) is an n-simplex, which corresponds to a sequence of inclusions

AGo K1, pAar (22,

A%
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determining a map a : A” — A and a functor f : A" X g, A € AW — S Define a map
a: A" xg am EA™ — A

on objects by a(i € A%) = A0} and on morphisms (i € A%) — (j € AY), ag; : A% — A%,
ag1(i) < j, by restriction of oy to A0} = A (which then is valued in A0/} © A%). Then
define a functor of categories

¢ 1 (A" x g pm EAM) xg A EAT — A" 5 ping EA

by sending objects (i € A% i’ <i)to (i’ € A%) and morphisms (i € A% i’ <i)— (j € A%, <)
(specified by the data of a map ay; : A% — A% such that o (i) < j and oy (i’) < j’) to the morphism
(i’ € A% ) — (j' € A?%) specified by the same data.
We may then specify a map
g: A" X g, Aini EAM A\I(S)

defined over A™ via @ and the structure map £g as adjoint to the map
fop: (A" xgam EAM) x5 Am EA™ — S.
The map g in turn defines the desired n-simplex §(o) : A" — AAr(//\\r(S ).
Informally, § sends paths s — 51 — - -+ — 55, to their “initial segment parametrization”
[so] = [so = s1] = - = [s0 > 51 —> - — snl.

Next, using the functor maxs to make sense of the next statement, we may use § to define functors

§:Ar ()~ Arg (Ar (8) = Ar (S) xg,5) A(Ar (S)).

8 :5d(S) — sdg(sd(S)) = sd(S) x 5,5, Ar(sd(S))
as the identity on the first factor and a restriction of § on the second factor.

Proof of Theorem 3.26 Item (1) follows from Theorem 3.20 in view of the pullback square

sdg (C)Socan XI‘? (C):(:)ocart
sds (Co) Xsa(sp) $d(S)o — Arg, (Co) X = 51 AT (S)o

For (2), we need to solve the lifting problem

A— Fun‘;%?a”(sd(S)o, C)

B~ Fun%™(sd(So), Co)
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This transposes to

GUF
A x Sd(S)O UAXsd(S()) B x Sd(SO) s ¢

B xsd(S)o s S
The functoriality of sdg,(—) in its argument results in a functor

sds, : Fun;g,(sd(So), Co) — Fun/g, (stO (sd(So)), sds, (Co)).

Given F : B x sd(So) — Co, let sds,(F) : B x sdg,(sd(So)) — sds,(Co) denote the image. We then
define F as the composite

gdS() (F)

B x 5d(So) X% B x sds, (sd(S0)) 0> sds, (Co).

Also let F’ denote F with codomain sdg (C)§**™ via the inclusion sdg, (Cp) C sdg (C)§™.
Similarly, given G : A x sd(S)g — C, we may define G as the composite

A X Sd(S)o id X8 /3 A X st(sd(S)O) sds (G) 2855 sdg (C)cocart

where we note that the codomain of sdg(G) necessarily lies in sdg(C)§***" by definition of the locally
max g-cocartesian edges in sd(.S)¢ (here it is essential that we use sd(S) rather than Ar (S)). Clearly, G
and F' are compatible on their common domain A x sd(Sp) since G and F are. We thereby may factor
the square above as

GUF’

maxc

A x8d(S)o Ugxsd(sy) B xsd(So) sdg (C)Eocart C

FA,pr max
B xsd(S)y — 2P sdg (Co) Xacsg) sA(S)o 228

The dotted lift exists by (1), and postcomposition of such a lift by max¢ defines the desired lift. |

3.2.3 Main results We begin by constructing a factorization system [12, Definition 5.2.8.8] on sd(S)
associated to a sieve-cosieve decomposition of S. To do this, we need a few preparatory lemmas.

3.27 Lemma Let p: X — S be a cartesian fibration. Given a functor ¢ : K — X, let

7 X% =Fun(K™, X) Xpun(x.x) (¢} = SP? = Fun(K™, X) Xpun(k. x) (PP}

be the functor induced by p. Then p is a cartesian fibration, and an edge & : ¥ — y € X/ is p-cartesian
if and only if the underlying edge e : x — y € X is p-cartesian.

Proof We may mimic the proof of [12, 3.1.2.1] to prove the lemma, the essential tool being [12, 3.1.2.3].
In more detail, let E be the described collection of edges in X ¢/ and suppose we are given a lifting
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problem in marked simplicial sets of the form

ARV — (X? E)

ANl _, (SPo/Hk

where we mark the edge {n —1,n} of A} (if n > 1) and of A”. This transposes to a lifting problem of
the form
ARE X K™ Upming A" x K L5y

A”nxK&‘ Sh

where we mark the p-cartesian edges in X. Note that f is indeed a map of marked simplicial sets: this is
by definition of E for f on the edge {n —1,n} x {v} (v € K the cone point), and by definition of f
on A" x K as given by ¢ o prg for the other marked edges. Applying [12, 3.1.2.3], we deduce that i is
marked right anodyne, so the dotted lift exists. |

3.28 Lemma Let p: X — S be a cartesian fibration. Suppose we have a commutative square in X

X —> Z

ool
y — w

If the edge g is p-cartesian, then we have an equivalence

Mapx//w (y’ Z) = Mappx//pw (py’ pZ).

Proof In the statement of the lemma, the space of factorizations Map, /., (y, z) may be defined as the
pullback
Mapx//w ».z) — Mapx/(y’ z)

e

Mapx/ (y, U))

{k}

and likewise for Map,,, y ., (P p2).
Now by Lemma 3.27, p : X*/ — SP*/ is a cartesian fibration and g, viewed as an edge h — k f, is a
p-cartesian edge. Therefore, we have a homotopy pullback square of spaces

Map, /(y.z) —=— Map,/(y. w)

l» l»
Map,,/(py. pz) 255 Map, ./ (py. pw)
Taking fibers over k € Map,,(y, w) and pk € Map,,,(py, pw) yields the claimed equivalence. m|
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Fix a functor 77 : § — A! and let S; denote the fiber over i € {0, 1}. We now define a factorization
system on A (S) that will restrict to a factorization system on the full subcategory sd(S). Recall
that the data of a morphism e : x — y in Ar (S) is given by an inclusion o : A0 < A?! and a map
f 1 Al X A EAM — S that restricts to x : A% — S and y : A% — S, such that f sends morphisms
(i € A?) — (x(i) € A?') to equivalences in S.

3.29 Definition Let £ be the subclass of morphisms (&, f) : x — y such that for every i ¢ im«, we
have that y (i) € Sp, and let R be the subclass of morphisms (¢, f) : x — y such that for every i ¢ ima,
we have that y(i) € Sj.

3.30 Proposition (£, R) defines a factorization system on A (S) and on sd(S).

Proof We will check the assertion concerning A\r:(S ); the second assertion will then be a consequence.
We first explain how to factor morphisms. Suppose that y : A% <> A% h: Al x, A EAW — S is the
data of a morphism in A\r:(S ) from x to z. Let A%! C A%2 be the subset on those i € A%2 such that
i €imy or z(i) € So. We then obtain a factorization of y as

AG0 2, par B pan
Define @ : A2 — Al extending the given a : A{%2 — AN Let r : A2 X g, Aini EAM — Al X g, Aini ENN
be the unique retraction which is the identity on A%0 and A%2 and is given by 8 on A%!. Leth =hor.
Then 4 is the desired factorization of /, as it corresponds to a factorization

f g

X —y —z
h

with y = zo f: A% — § defined so that y(i) € Sp forall i ¢ ima and z(j) € S; for all j ¢ im 8, hence
feLlandgeR.

Next, observe that because Sg and S; are closed under retracts, so are £ and R. It only remains to
check that £ is left orthogonal to R. For this, suppose we are given a commutative square in A (S) on
the left with f € £ and g € R covering the square in A" on the right:

X BN z A¢ 2, A€
lf g la T lﬁ
y k, w Al 5, Ad

Because &g : A (S) — A is a right fibration, by Lemma 3.28 it suffices to show Mappa jpa (AP, A°)
is contractible. This holds if and only if A? C A when viewed as subsets of A, so that the mapping
space is nonempty. Our hypothesis ensures that if i ¢ im 8, then w(i) € Sy, and if i € A?, either i € ima
or y(i) € So. Therefore, we must have that for every i € A? with i ¢ im that w(x(i)) € S, and hence
k(i) € im B. We conclude that the dotted lift y exists. m|
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Let Arl(sd(S)) C Ar(sd(S)) denote the full subcategory on those morphisms x — y in the class L.

3.31 Lemma (1) The inclusion i : Ark (sd(S)) C Ar(sd(S)) admits a right adjoint r that on objects sends
h:x —yto f:x — z whereh factors as g o f according to the (L, R) factorization system.

(2) i - r defines a relative adjunction with respect to evaluation evy at the source, and therefore for every
x € sd(S) we obtain an adjunction

(X} Xga(s) ArL(sd(S)) 2 sd(S)™/.
(3) The relative adjunction i - r restricts to a relative adjunction
i 2 Art (s4(S)) Xewy sa(s) 54(S)o 2 Ar(sd(S)) Xev, sa(s) sA(S)o : 7
and therefore for every x € sd(S) we obtain an adjunction
e xsas) Ar(sd(8)) Xa(s) sd(S)o 2 sd(S)g

Proof Claim (1) is the dual formulation of [12, 5.2.8.19]. Claims (2) and (3) then follow by the definition
of relative adjunction [14, 7.3.2.1] and its pullback property [14, 7.3.2.5]. |

We are now prepared to construct the recollement adjunctions. Note that the hypotheses of the following
theorem are satisfied if S is equivalent to a finite poset and p : C — S is a locally cocartesian fibration
such that the fibers admit finite limits and the pushforward functors preserve finite limits.

3.32 Theorem Let p: C — S be a locally cocartesian fibration, let T : S — A! be a functor, and suppose
we have a commutative diagram

sd(S)p —— C

oo s

maxg

sd(§) — S
where F preserves locally cocartesian edges. Given x € sd(Sy), let
Tr = {x} xq(s) ArF (sd(S)) xgq(s) sd(S)o.
Note that (maxgs oevy)|y, is constant at maxg (x).

(1) If for every x € sd(S1), the limit of (Fevy)|y, : Jx = Craxg(x) €Xists, then the p-right Kan
extension G of F along ¢ exists and G(x) >~ lim F|;,.

(2) Ifforevery f :s —t in S, the pushforward functor f;: Cy — C; preserves all limits appearing in (1),
then G preserves all locally cocartesian edges.

(3) If the hypotheses of (1) and (2) hold for all F, then we have an adjunction
oF Fun;%‘?art(sd(S), (0} = Funj‘?gcm(sd(S)o, C): .
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Proof Note that sd(S;) C sd(S) is the complementary sieve inclusion to the cosieve sd(S)o C sd(S).
For (1), to show existence of the p-right Kan extension it suffices for every x € sd(S1) to show that the
p-limit of F opr; :sd(S )3/ — 8d(S)¢ — C exists. But by the argument of Corollary 3.12 applied to the
adjunction J, 2 sd(S )g/ of Lemma 3.31, this follows from the given hypothesis.

For (2), first note that there are no locally maxg-cocartesian edges e : x — y such that x € sd(S7) and
y €sd(S)o, or vice versa, so it suffices to handle the case where e : x — y is a locally max g-cocartesian
edge in sd(S7) only. Let f : maxg(x) =5 — maxg(y) =t be the edge in S; C S. If f is an equivalence,
then e is an equivalence and G (e) is an equivalence, so we may suppose f is not an equivalence. Then by
the description of the locally maxg-cocartesian edges in Lemma 3.25, y is obtained from e by appending
the edge f. Correspondingly, the functor J, => J defined via sending y — z to x — z by precomposing
is an equivalence, using that such edges are constrained to only add objects in Sp. Examining how the
functoriality of G is obtained from the pointwise existence criterion for Kan extensions, we see that the
comparison morphism in Cy,

¥ NG(x) > Alim Fevily,) — G(y) >~ lim Fevily,,

is induced via the functoriality of limits (contravariant in the diagram, covariant in the target) from the

commutative diagram

Fev
Jx_l’Cs

The hypothesis that f, preserve limits indexed by Jy together with Jy, >~ J, then proves that ¥ is an
equivalence.

Finally, for (3) it is clear that if G : sd(S) — C preserves locally cocartesian edges, then the restriction
¢*G of G to sd(S)o does as well. Items (1) and (2) establish the same fact for ¢« F. Hence, the
characteristic adjunction

¢* :Fun;g(sd(S), C) 2 Fun,g(sd(S)o, C) : P«
of the p-right Kan extension along ¢ restricts to the full subcategories of functors preserving locally
cocartesian edges in order to yield the desired adjunction. O

3.33 Remark Suppose that S is a poset and x € S; C sd(S1). Then the oco-category Jy that appears in
Theorem 3.32 is the poset whose objects are strings [ag < --- < an < x], n > 0, with a@; € Sp and whose
morphisms are string inclusions.

3.34 Corollary Suppose the hypotheses of Theorem 3.32 are satisfied. Let j : sd(Sg) — sd(S) denote
the inclusion. Then the functor j* of restriction along j participates in an adjunction

j* :Fun%cm(sd(S), (6) Y= Fun%cém(sd(So), Co): jx
with fully faithful right adjoint j.
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Proof Combine Theorems 3.32 and 3.26(2). O
We have a far simpler result concerning the calculation of the left adjoint j, of j* (but see Remark 3.41).

3.35 Proposition Let p : C — S be a locally cocartesian fibration, let w : S — A! be a functor, and
suppose that for every s € Sy, the fiber Cg admits an initial object @, and for every [f : s — t] € Sy the
pushforward functors fy all preserve initial objects. Then j* admits a fully faithful left adjoint j, such
that for F : sd(S9) — Co, we have j F(x) ~ @ for all x € sd(Sy).

Proof Suppose we have a commutative diagram

sd(S) > C
18 s 1
sd(S) 5
For all x € sd(S}), the fiber product sd(S)/* Xd(s) 8d(S)o is the empty category. Therefore, under our

assumption the p-left Kan extension ¢ F' of F along ¢ exists and is computed by ¢ F(x) = @ on sd(S1).
Combining this observation with Theorem 3.26(2), we obtain the desired adjunction

i :Funcoca”(sd(So) Co) 2 Funcocar‘(sd(S ),C):j* ]

We next turn to the cosieve inclusion S; C S. Note that the inclusion i : sd(S1) < sd(S) is a sublocally
cocartesian fibration with respect to maxg : sd(S) — S, and is in addition a sieve inclusion, and hence i
is a cartesian fibration. In fact, the cosieve inclusion j : sd(S)¢ < sd(S) is complementary to i.

3.36 Proposition Let p : C — S be a locally cocartesian fibration, let w : S — A! be a functor, and
suppose the fibers of p admit terminal objects and the pushforward functors preserve terminal objects.
Then we have the adjunction

* Funcocar‘(sd(S) (0) o= Funcoca”(sd(Sl) C1) iix

with i fully faithful, where i * is given by restriction along i and i is p-right Kan extension along i.
Moreover, for a functor G : sd(S1) — Cq, we have (ixG)(x) > * € Cpaxg(x) for all x € sd(S)o.

Proof By Corollary 3.12, using the hypothesis that the fibers of p admit terminal objects we have the
adjunction
e Fun,g(sd(S), C) 2 Fun/g, (sd(S1),Cy) : ix

with i* and i, as described. Then using that the pushforward functors preserve terminal objects, we see
that this adjunction restricts to the one of the proposition. |

3.37 Lemma Let p : C — S be a locally cocartesian fibration and suppose that the fibers Cs admit
K -(co)limits and the pushforward functors preserve K -(co)limits. Then the category FunCOC‘“‘(sd(S ), C)
admits K -indexed (co)limits, and for all o € sd(S) over s = maxg (o), the evaluanon functor evy :
Fun“’cm(sd(S ), C) — C; preserves K-indexed (co)limits. Moreover, if the fibers Cg are stable co-
categories and the pushforward functors are exact, then FuncocalIT (sd(S), C) is a stable co-category.
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Proof Apply [12, Proposition 5.4.7.11] to the locally cocartesian fibration sd(S) x g C — sd(.S), with the
subcategory of Caty, either taken to be those oo-categories that admit K-indexed (co)limits and functors
that preserve K-indexed (co)limits, or the subcategory Catsotglb of stable co-categories and exact functors
thereof. |

We encapsulate the assumptions above on existence and preservation of various limits into the following
definition (compare with Definition 3.4).

3.38 Definition (standard existence assumptions, left-lax version) Let p : C — § be a locally cocartesian
fibration and let 7 : S — A! be a functor. We say that p satisfies the standard recollement existence
assumptions with respect to 7 if:

(1) For all s € §, Cy admits finite limits, and for all morphisms f :s — ¢ in S, the pushforward functors
fi: Cs — Cy preserves finite limits.

(2) The hypotheses of Theorem 3.32 hold.
Finally, putting everything together, we get:

3.39 Theorem Let p : C — S be a locally cocartesian fibration, let w : S — [1] be a functor, and
suppose that p satisfies the standard recollement existence assumptions with respect to w. Then the
two adjunctions of Corollary 3.34 and Proposition 3.36 combine to exhibit Fun;‘?art(sd(S ),C) as a
recollement of Fun;‘:;g‘rt(sd(So), Co) and Funj‘g?f‘“(sd(S 0. C1).

Proof We verify the conditions to be a recollement. By our assumption on p and Lemma 3.37, finite
limits in Fun%CZLrt (sd(S), C) exist and are computed fiberwise. Therefore, the restriction functors j*
and i * are left exact. By the formula for i, given in Proposition 3.36, it is clear that j *i. is constant
at the terminal object. Finally, we check that j* and i* are jointly conservative. Suppose given a
morphism & : F — F’ in Funj‘fgca”(sd(S ), C) such that j *« and i *« are equivalences. Observe that « is
an equivalence if and only if for all x € S, ay : F(x) — F’(x) is an equivalence (viewing x as an object

in sd(S)). Because any object of S lies in either Sy or Sy, we deduce that « is an equivalence. a

3.40 Remark Suppose that S is a down-finite poset P. Let C — P be a locally cocartesian fibration such
that its fiber admits finite limits and its pushforward functors preserve finite limits. Then the hypotheses of
Theorem 3.32 automatically hold for every sieve-cosieve decomposition of P. Indeed, the categories J
that appear there are all finite (see Remark 3.33).

Let us now return to the question of the existence of j.

3.41 Remark The left adjoint j; in Proposition 3.35 should exist even if we only suppose that the
fibers of C admits initial objects (i.e., we need not suppose that the pushforward functors preserve initial
objects). However, in that case ji will not generally be the p-left Kan extension along the inclusion ¢,
and relatedly, a direct proof of this would appear to be overly cumbersome in our framework. Rather, we
can say the following (which covers most cases of practical relevance):
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¢ Suppose that the hypotheses of Theorem 3.39 are satisfied and we have shown that Funcoca”(sd(S 1),C)
admits an initial object. Then as in any recollement situation, the left adjoint j exists and is computed by
Jr) =[u. @ — i jx()].

¢ To exhibit the initial object of Funcoca“(sd(S 1), C), suppose also that S; is a finite poset P. Then
using Theorem 3.39 in conjunction Wlth Lemma 2.39, we may proceed by induction on the cardinality
of P and repeatedly invoke our assumption that the fibers of C admit an initial object to conclude that
Funcoca“(sd(S 1), C) admits an initial object whose evaluation at every singleton string is also initial.

We conclude this subsection by giving an application of Theorem 3.39 to the presentability of the
right-lax limit Fun‘;‘_’s?ar‘(sd(S ), C). First suppose that S is equivalent to a finite poset and write P = S.

3.42 Proposition Suppose that the fibers Cs of p : C — P are presentable and the pushforward functors
are left-exact and accessible. Then Funcoca”(sd(P ), C) is presentable, and for all s € P, the evaluation
functor evy : Funcoc‘m(sd(P) C) — C; preserves (small) colimits and is accessible.

Proof The accessibility statements follow from [12, Proposition 5.4.7.11] as in Lemma 3.37, so we only
need to show the existence and preservation of small colimits. Our strategy is to proceed by induction on
the cardinality of P. If |P| < 1, then the statement is clear. Suppose for the inductive hypothesis that
we have established the statement for all posets O such that |Q| < | P|. Let b € P be a maximal object
and let 7 : P — A! be the functor determined by the sieve-cosieve decomposition Pg = P \ {h} and
P; = {b}. Because the diagrams that appear in Theorem 3.32 are finite, we may apply Theorem 3.39
to decompose Fun“’c““(sd(P) C) as a recollement of Fun°°°a”(sd(Po) Cop) and Cp. By the inductive
hypothesis, both these oo-categories admit all small cohmlts such that the evaluation functors at objects
in Py and P; are colimit-preserving. By Lemma 2.39, we conclude that Funcoc““(sd(P) C) admits all
small colimits such that the evaluation functors for objects s € P are colimit-preserving. O

Next, we may use the equivalence (see Observation 3.23)
(%) sd(S) <= colimp,ea g sd([n])
to promote Proposition 3.42 to a statement involving arbitrary S.

3.43 Corollary Suppose the fibers Cs of p : C — S are presentable and the pushforward functors are
left-exact and accessible. Then FunCOCart (sd(S), C) is presentable.

Proof We may simply copy over the proof strategy used to establish [2, Proposition 6.1.6(1)]. By (%),
we have that

Funcocart(sd(s) C) = [n]el(igr/ls)op Fun;([’;‘]‘rt(sd[l’l], C|[n])

rlax

By Proposition 3.42 and Theorem 3.39, for every [0 : [n1] — S] € A /g, lim"™ 0™ C is presentable and the

rlax

evaluation functors {ev; : lim"* 0*C — Cy,(;)}7_,, are colimit-preserving and jointly conservative. Note

then that for any map « : [m] — [n], the restriction functor
*:lim"™ 6*C — lim™™ ¢*0*C
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preserves colimits. Then since lim"® C is a limit of presentable co-categories along colimit-preserving
functors, it is presentable. a

3.44 Remark We explain a subtle difference between our general approach and the one of [2, §6],
which is adapted to the case of locally cocartesian fibrations p : C — P over a poset P whose fibers are
presentable stable co-categories and whose pushforward functors are exact and accessible. Suppose one

cocart

could prove directly that Fun /P (sd(P), C) is presentable (for any poset) and that the restriction functor
Jj*: Fun;(}ﬁm(sd(P ),C)— Funj‘}ggrt(sd(Po), C) preserves colimits, so that it admits a right adjoint j.
Then without a pointwise formula for j, it is generally difficult to show that j, is fully faithful. However,
this would follow if we could also exhibit a fully faithful left adjoint j, to j*, and this turns out to be
easier to analyze (see Proposition 3.35). This is the strategy adopted in the proof of [2, Proposition 6.1.6].

Therefore, if we were only interested in the existence of the recollement on Fun‘}‘}ﬁm(sd(P), C) in the
stable presentable case, then we could bypass the work that goes into establishing the pointwise formula
of Theorem 3.32. However, our primary motivation for undertaking this work lay precisely in having this
pointwise formula. Note also that in the presentable case, the right adjoint j, exists unconditionally even
if it is not describable as a relative right Kan extension.

On the other hand, such tricks are not available in the absence of presentability (though for idempotent-
complete small stable co-categories, one can pass to their Ind-completions as is done in [2, §7.2]). Over
a down-finite poset P (see Remark 3.40), our Theorem 3.39 thus allows one to strengthen [2, Theorem A]
by removing all of the presentability hypotheses therein.

3.2.4 Symmetric monoidal structure We briefly explain how to promote Theorem 3.39 to a statement
involving symmetric monoidal recollements. First recall the notions of left-lax and right-lax morphisms
of locally cocartesian fibrations from [2, §A.1 and A.3]:

3.45 Recollection Let A,&: C,’D — § be locally cocartesian fibrations. A left-lax morphism A — £ is a
functor F : € — D over S (which need not preserve locally cocartesian edges). In contrast, a right-lax
morphism A — £ is defined as in [2, Definition A.3.2] as the “unstraightened” counterpart to a right-lax
natural transformation of left-lax functors.

The collection of locally cocartesian fibrations over S and right-lax morphisms thereof assemble into

rlax

an oo-category LocCocartg™ which contains LocCocarts as a wide subcategory. Moreover, lim™&

extends to a functor over LocCocartgax that is right adjoint to the constant functor const: € — € x S.
See [2, Definitions A.3.2 and B.6.1].

rlax

In view of the adjunction const 4 lim"®, lim"® sends commutative monoids in LocCocartfsli“lx to

symmetric monoidal co-categories. Moreover, a diagram chase shows that given a commutative monoid

structure on [p : C — S], for any @ : T — S the pullback [¢*C — T] is a commutative monoid in

rlax rlax

LocCocart" and the restriction functor 1lim™ C — Lim™™ o*C is symmetric monoidal. It follows that

if the recollement of Theorem 3.39 exists in this situation, then it is symmetric monoidal.

riax

3.46 Remark If S = A, then a commutative monoid in LocCocart il is the data of a lax symmetric

monoidal functor of symmetric monoidal co-categories (see [11, Proposition 2.6]). In general, to endow
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p : C — S with the structure of a commutative monoid entails endowing its fibers with symmetric
monoidal structures and its pushforward functors and natural transformations thereof with lax symmetric
monoidal structures in a coherent fashion. See [2, §4] for how to produce examples from simpler input.

4 1-generated and extendable objects

Suppose S = A% and p : C — AZ is a locally cocartesian fibration classified by a 2-functor

C() A C2
R
C

Then the data of a functor sd(A2?) — C over A? that preserves locally cocartesian edges can be summarized

as follows:
¢ Objects ¢; € C; fori =0,1,2.
e Morphisms f : ¢y — F(co), g :¢ca — G(cy), and h : cp — H(co).

¢ A commutative square

2 H (co)

I Jon

G
Ger) " GF(co)

Furthermore, if the map can is an equivalence, then the data of the commutative square and the
morphism / are redundant, since then & >~ G(f) o g and compositions in an co-category are unique
up to contractible choice. More precisely, if we let 5 : sdj(A?) C sd(A?) be the subposet on the set
{[0], [1]. [2], [0 < 1], [1 < 2]}, then the functor

y5 : Funj%5"(sd(A?), C) — Funf%3"(sd1 (A%), C)

is a trivial fibration onto its image when restricted to objects for which can is an equivalence.

Our goal in this section is to generalize this observation to the case where S = A”. We introduce
subcategories of 1-generated and extendable objects (Definitions 4.5 and 4.12) and show their equivalence
under the restriction functor ;¥ (Theorem 4.15), given a stability hypothesis on C 2> A”". This material
will play an important role in [19].

4.1 Notation Let y; : sdi(A") C sd(A") be the subposet on strings [k] and [k < k + 1].
We also introduce convenient notation for convex subposets of A”.
4.2 Notation Let [i : j] C A" denote the subposet oni <k < j.
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Via its inclusion into sd(A”), we regard sd; (A") as a simplicial set over A" (i.e., by the functor that
takes the maximum) and as a marked simplicial set (so that each edge [k] — [k < k + 1] is marked). We
first state the analogue of Theorem 3.39 for sd;, whose proof is far simpler.

4.3 Proposition Let p : C — A" be a locally cocartesian fibration such that the fibers admit finite limits
and the pushforward functors preserve finite limits. Let 0 < k < n, so the subcategories [0 : k]| =~ A¥ and
[k 4+ 1:n] = A" %=1 of A" give a sieve-cosieve decomposition. Then we have adjunctions

*

J i
Funi([)g?]?] (Sd1 ([0: k)), C[O:k]) : Fun(/;oAczrt(Sdl (A™),C) : Funi([)lf:ﬁtlzn] (Sdl([k +1:n]), C[k+1:n])
J* Ix

*

that exhibit FunjOACﬁ”(sdl (A™), C) as a recollement.

Proof Let j :sd;([0:k]) — sdi(A") and i :sd;([k + 1:n]) — sd; (A") be the inclusions, so j* and i *
are defined by restriction along j and i. As in the proof of Lemma 3.37, our hypotheses on p ensure
that the three co-categories admit finite limits and the functors j* and i * are left-exact. Moreover, since
equivalences are detected on strings [k], j* and i * are jointly conservative. The functor i is obtained by
p-right Kan extension as in the proof of Proposition 3.36, and its essential image consists of functors
F :sdi(A") — C such that F(i) is a terminal object in C; for all 0 <i < k, so j*i4 is the constant
functor at the terminal object.

Finally, we show existence of j.. Let sd1([0 : k])T be the subposet of sd; ([0 : n]) on all objects in
sd1 ([0 : k]) and {[k < k + 1]}, with marking inherited from sd(A”). Then we have a pushout square of
marked simplicial sets

A0 (A

l |

sdq([0: k]) — sd{([0:k])T

so the inclusion sd; ([0: k]) C sdy ([0: k])T is PB-anodyne for the categorical pattern 3 defining the locally
cocartesian model structure on sSet}LA,,. We thus obtain a trivial fibration

Funfest 11(sd1 ([0: kD)™, Crouk+17) — Funfeidy (sdi ([0 k1), Croxy)-
On the other hand, given a commutative diagram

sdi ([0: kDt —— €

I e b

sdi([0:k +1]) — A"

since sdy ([0: k])T Xd; ([0:k+1]7) 81 ([0 : k + 1))k 417y = {[k <k + 1]}, F admits a p-right Kan extension
along sdq ([0: k])™ C sd;([0: k + 1]) and G is a p-right Kan extension of F if and only if G sends the
edge [k + 1] — [k < k + 1] to an equivalence. Therefore, we may alternate between anodyne extension
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and p-right Kan extension along the filtration
sdi([0:k]) Csdy([0: k)T Csdi([0:k+1]) C---Csdy([0:n—1])T Csdi(A™)

to define the functor j.. Moreover, we see that the essential image of j,. consists of those functors
sd; (A") — C that send the edges [/ + 1] — [/ <[ + 1] to equivalences for all / > k. |

We next wish to introduce a condition on objects of Fun‘;oACf}“(sd(A”), C), which we term 1-generated,
that indicates that the data of such objects is essentially determined by their restriction to sdy (A”").

4.4 Notation Given a string 0 = [i <i + k] in sd(A”"), let Q5 C sd(A") be the subposet on all strings
[i <---<i+k]. Notethat Q is a (k—1)-dimensional cube lying in the fiber Sd(A”")ax=i +% With o as
its minimal element.

4.5 Definition Let C — A" be a locally cocartesian fibration and F : sd(A") — C be a functor that
preserves locally cocartesian edges. We say that F is 1-generated if for all strings 0 = [i < i + k]
in sd(A"), F|g,, is a limit diagram in C; .

Let FunjOACi‘,“(sd(A"), C)1-gen be the full subcategory on the 1-generated objects.

4.6 Lemma Let C — A" be a locally cocartesian fibration whose fibers are stable co-categories and
whose pushforward functors are exact. Then F : sd(A") — C is 1-generated if and only if for all string
inclusionse : [i <i+k]—[i <i+1<i+k]insd(A"), F(e) is an equivalence in C; ;.

Proof We prove the stronger claim that for fixed k > 2 and all string inclusions ¢;; : 0;; =[i <i + j] —
[ <i+1<i+j]lwith2<j <k, F|Q<r,-_,- is a limit diagram for all Qg if and only if F(e;;) is an
equivalence for all e;;.

We proceed by induction on k. For the base case k = 2, given a string inclusion o = [i <i +2] —
[i <i+1<1i+2],the edge is the 1-dimensional cube Qy, so F|g,, is a limit diagram if and only if
F(e) is an equivalence. Now let k > 2 and suppose we have proven the statement for all / < k. Note
that in proving either direction of the “if and only if”” statement, we may suppose that F| Qo;; is a limit
diagram and F(e;;) for all 2 < j <k, so let us do so.

Consideranedgee:o0 =[i <i+k]—[i <i+1<i+k]. Forl<j<k,let Q4 ; C Qs be the subposet
on strings excluding vertices i + j,...,7 +k — 1. Then we have a descending filtration of sieve inclusions

Qo= 0ok 2 Qok-120Qsk—22 D 0o,

where Qg is a (j—1)-dimensional cube and Q> consists only of the edge e. Note that if we let

6.j = Qo,j+1\ Qo for 1 < j <k, then the minimal element of Q;, ; is givenby oy =[i <i+j <i+k],
and if we let 0]’. =[i <i+ j], then Q:;, ; is obtained from Qaji by concatenating i + k. By the inductive
hypothesis and using that the pushforward functors are exact, we get that F' |Q:”_ is a limit diagram.
Taking total fibers of cubes then shows that F|g, ; is a limit diagram if and only if F|g_ ;_, is a limit
diagram. Traversing the filtration, we conclude that F'|gp, is a limit diagram if and only if F'(e) is an
equivalence. O
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4.7 Lemma Let Q = sd(A")max=n, D a stable co-category, and f : Q — D a functor. Suppose the
following condition holds:

(%) For all string inclusions e : 0 — ¢’ in Q obtained by concatenating [i <k] —[i <i+1<k]bya
(possibly empty) suffix t, f(e) is an equivalence.

Then f is a limit diagram if and only if f([n] — [n — 1 < n]) is an equivalence.

Proof The proof is similar to that of Lemma 4.6. For 0 < j <n, let Q> ; (resp. Q=) be the subposet on
strings o with minimum > j (resp. = j). Then Q> ; is an (n—j)-dimensional cube, Q= ; = 0> ,;\ 0> +1
is an (n—j —1)-dimensional cube, and we have a descending filtration

0=05020>120>2D-D0>p-1.

Observe that Q= = Q[ <u], 50 f|g_, is alimit diagram under our hypotheses by the proof of Lemma 4.6.
Therefore, taking total fibers shows that f|g_ ; is a limit diagram if and only if f|p_ ., is a limit
diagram. Traversing the filtration then proves the claim. |

We continue to assume C — A” is a locally cocartesian fibration whose fibers are stable co-categories
and whose pushforward functors are exact. Observe that we have a commutative diagram

cocas y;:_ cocart
Fun/[OZ;‘_l](sd([O :n—1]), Clom—1]) —— Fun$%**_ . (sd([0:n —1]). Clo:n—1])

/[0:n—1]
J* T J* T
FunSar(sd(A™), C) In FunSar(sdy (A™), C)
i* i*
| l
Cn Cn

so in particular y, is a morphism of stable recollements. However y, generally fails to be a strict
morphism of stable recollements, i.e., the natural transformation

i — 1" jaVy_
is typically not an equivalence.
4.8 Lemma Suppose F : sd(A"™) — C is 1-generated. Then the comparison map
i*juJ F = (uj F)n) = i* jxyp_1] " F = (G (Flsa, ((0:n-17))) (1)
is an equivalence.

Proof Let K C sd(A") be the subposet on strings ¢ with max(c) = n and o # n. By the formulas
computing js given in Theorem 3.32 and Proposition 4.3, we see that the comparison map is given by
the canonical map from the limit of F|g to F([n —1 < n]). Since F is 1-generated, by Lemma 4.6 the
conditions of Lemma 4.7 are satisfied, so this canonical map is an equivalence. O
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4.9 Definition For the functor j, defined as in Corollary 3.34 with respect to [0 : n — 1] and {n}, we say
that a functor F : sd([0: n —1]) — Clg.4—1] is +-1-generated if both F and j. F are 1-generated. Let

J’_
Fun$er_ 1 (sd([0 27— 11). Clon—1]) {en

be the full subcategory on the +-1-generated objects.

4.10 Lemma We have adjunctions

*

J* i
+
%, Fun‘/:oAcin(Sd(An),C)l_gen (_v Cn
WES s

Funcocart (sd([O n— 1]), C[O:n—l])l-gen

/[0:n—1]

that exhibit Funj"ACi‘,It (sd(A™), C)1-gen as a stable recollement.

Proof Clearly, we may define j«, i *, and i4 to be the restrictions of the corresponding functors for the
adjunctions of Theorem 3.39. The only subtle point is that given F : sd(A”) — C which is 1-generated,
we require that the localization j. j* F is also 1-generated. But this holds, since F ~ j.j*F except
possibly at n € sd(A™) and the 1-generated condition ignores n. Therefore, we may also define j* as the
restricted functor, and the recollement conditions are then immediate. O

4.11 Corollary The restriction y,; : FunjOA"ﬁ“(sd(A"), C)i-gen = Fun;"Ac;";“(sdl (A™), C) is a strict mor-
phism of stable recollements with respect to Lemma 4.10 and Proposition 4.3.
Proof This follows immediately from Lemma 4.8. O

We want to apply Corollary 4.11 to show that y,; is an equivalence (in fact, a trivial fibration) onto its
essential image. To understand this image as a condition on objects in the codomain, we introduce the
following definition. For 0 <i < j <n, let rl.j : C; — C; denote the pushforward functor encoded by the
locally cocartesian fibration.

4.12 Definition We say that a functor f :sd;(A”")— C is extendable if for every string [i <i+1 <i+k]
in sd(A"), the canonical map in C; ;%

AR CRELADYO
encoded by the locally cocartesian fibration is an equivalence. Let
Fun?oAcﬁn(Sm (A™), C)ext
denote the full subcategory on the extendable objects.

4.13 Definition For the functor j, defined as in Proposition 4.3 with respect to [0 : n — 1] and {n}, we
say that a functor f :sdy([0:n—1]) = C is +-extendable if both f and j. f are extendable. Let
: +
Funi([)(c)?;t—l] (Sdl ([O sh= 1])’ C[O:n_l])ext
be the full subcategory on the +-extendable objects.
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Note that the extendability condition becomes stronger through considering the additional strings
in sd(A™); for example, extendability is no condition on f : sdi ([0 : 1]) — Co.1}, but we acquire the
condition that the map rg f(0) — rlzr(} £(0) is an equivalence upon enlarging to AZ. Let us first state the
evident counterpart to Lemma 4.10.

4.14 Lemma We have adjunctions
Funj‘[)gi‘;t_l](sdl([o:n— 1), Clon—11) o, —— Funfa" (sdi (A"), C)ex < Ca

Jx Ix

that exhibit FunjOAC';,‘Lrt (sd1 (A™), C)ex; as a stable recollement.

Proof This is immediate from restricting the recollement of Proposition 4.3. O

We have assembled all the ingredients needed to prove Theorem 4.15. Note that by Lemma 4.7, y,; of
a 1-generated object is extendable, so the functor of Theorem 4.15 is well defined.

4.15 Theorem Suppose C — A" is a locally cocartesian fibration whose fibers are stable co-categories
and whose pushforward functors are exact. Then the functor

V;; : Fun;OAC%rt(Sd(An), C)l—gen - Fun;OAC%rt(Sdl (An)» C )ext
is an equivalence of co-categories.

Proof We proceed by induction on n. For the base cases n = 0 and n = 1, the result is trivial. Let
n > 1 and suppose we have proven the theorem for all k < n. By the inductive hypothesis, y,_, is an
equivalence. Observe that y;_, restricts to a functor

* coca + cocart +
et Fun/[():;:_l](sd([o in—1J]), C[Oin—ll)l-gen — Fun/[0:nt_1] (sdi([0: 7 —1]). Clo:n—1]) -

If we let (V:—l)_l be an inverse functor, then by Lemma 4.6, if f : sd;([0 : n — 1]) — Cjg.4—1] is
+-extendable, then (y,’:_l)_l( f) is +-1-generated. Therefore, ()/,’;‘_1)Jr is also an equivalence. By
Corollary 4.11 (but replacing the codomain there with the recollement of Lemma 4.14) and the two-out-
of-three property of equivalences for a strict morphism of stable recollements (Remark 2.7), we deduce
that y,; is an equivalence. O

4.16 Observation To make better use of Theorem 4.15, let us further unpack Fun;oAC,;m(sdl (A™),C).
Note that we may write sdq (A") as the union of marked simplicial sets

sd([0: 1) Uy sd([1:2]) Uz --- Uy sd([n —1: 1)),
so we obtain a fiber product decomposition
FunjOAC,;m(sdl (A™),C) ~ Fun‘;‘fgf‘;t] (sd([O 1)), C[O:l]) XCy X Cpy Fun;‘[’fﬂtlm] (sd([n —1:n)), C[n_l;n]).
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Let ff“ : C; — Cj 41 be the pushforward functors as before, and with respect to the trivial fibration

(induced by the inner anodyne spine inclusion [0 : 1]Uy ---U,—1 [n —1:n] > A")
Fun(A", Cats,) = Fun([0 : 1], Cateo) X1 - -+ Xp—1 Fun([n — 1 : n], Catyo),

let 7, : A" — Caty, be a functor lifting the rl?+1. Let CY — (A™)P be a cartesian fibration classified
by 7,. Then if we let [i + 1 :i] = [i : i 4 1]°°, we have that (C")[i41.] = (Ci:i4+1])" where the
right-hand (—)" denotes the dual cartesian fibration of the cocartesian fibration Cy;.;j 417 — [i 17 + 1].
Then by Observation 2.14, we have an equivalences of co-categories

Fun?(fl-cfﬁ_l](sd([i 1+ 1)), C[i:i+1]) ~ Fun/[i+1;l-]([i +1:1i], C[\z‘/—i-l:i]) ~ Ar(Cj4+1) X
Again using that the spine inclusion is inner anodyne, we obtain the following proposition.
4.17 Proposition We have equivalences of co-categories
Funj3i (sd1 (A"), C) = Fun anye (A™)P, CY)
~ Ar(Cp) x¢, Ar(Cr—1) XC,_, =+ X, Ar(C1) X¢; Co,

where in the fiber product, the maps Ar(Cy) — Cy, are given by evaluation at the target, and the maps

Ar(Cy) — Cy4 are given by composing evaluation at the source with r]fH 1 Cr = Ciy1-

4.18 Notation Let (Ar(Cy) xc,, -+ Xc; Co)ext denote the full subcategory of Ar(Cy) x¢, -+ *xc, Co

cocart

given by restricting the equivalence of Proposition 4.17 to Fun T An (sd1 (A™), C)exe on the left-hand side.

Then we can also express Theorem 4.15 as

Vn
FunfZGT (sd(A™), C)tgen —_— (Ar(Ca) X, - %) Codext

| |

Fun‘;oACZ“(sd(A"), C) Ar(Cy) xc, - %c; Co

*
yﬂ

which is more concrete in practice (e.g., for the example of Cpn-spectra explained in Remark 4.19).

4.19 Remark The type of iterated fiber product occurring in Proposition 4.17 appears in the work of
Nikolaus and Scholze when they describe the data of a (genuine) Cp»-spectrum X whose geometric fixed
points (except possibly ®Cr" X and ®Cr—1 X ) are all bounded below; see [17, Remark 11.4.8].1% In
fact, Theorem 4.15 together with [2, Theorem E] applies to give a proof of [17, Remark 11.4.8] that is
independent of the machinery of “coalgebras for endofunctors” developed in [17, §11.5]. We will explain
this in more detail in [19, §3.2] as well as prove a dihedral refinement of this assertion. For now, we give
an overview of the argument:

18Njikolaus and Scholze elide the subtlety involving the lack of bounded-below hypotheses needed on ®Cr" X and @S X
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By [2, Theorem E], for any finite group G with subconjugacy poset P there exists a locally cocartesian
fibration Spg_loCus — P whose right-lax limit is canonically equivalent!® to the co-category SpG of (gen-
uine) G-spectra. Furthermore, for every subgroup H < G, (Spg_locus) H SphWGH = Fun(BWg H, Sp)
where WgH = NgH/H is the Weyl group, and the equivalence transports a G-spectrum X to its
associated diagram of geometric fixed points {®7 X SphWGH }. If G = Cpn, then we may identify the

©Com—k endowed

pushforward functor associated to [Cpx < Cpm] with the proper Tate construction (—)
with residual action; in particular, when m = k + 1, this is the ordinary Tate construction (—)?<7.
In addition, under the equivalence Sp¢»” ~ lim"™™ Sp ¢ﬁzws and the isomorphism P = [n], the map y,;
identifies with the forgetful functor

Sp Pfl — Spthl‘l thn_l o Ar(Spthn—l) X

(—)Cp sp

1Copn—2 Ar(Sp"€r=2) x .- x Ar(Sp)
seV]

(—)CP evgy.5p

that sends X to [®¢X, dCrX — (d¢X)Cr ... ®Cr" X — (®C»"~1 X)!Cr] where the maps are the
usual ones. The assertion made in [17, Remark I1.4.8] is that y,; restricts to an equivalence

Cpn ~ o hCpn

Sp,” =>Sp, nCopn Ar'(Sp"Cr—1)x nCon—2 Ar' (Sp"€r"=2)x- - -x Ar(Sp),
P sev] sevq

(_)le ev(.Sp

where:

. Spi” " c SpCP” denotes the full subcategory of Cp,n-spectra spanned by those objects whose
geometric fixed points (except possibly ®€»" and PCpn—t ) are all bounded below.

. Spl_/:_Cpn Csphcpn

underlying spectrum is bounded below.

denotes the full subcategory of Borel Cpn-spectra spanned by those objects whose

e Ar’ denotes the full subcategory on arrows whose source is bounded below.

To invoke Theorem 4. 15 to deduce this, we need to show that for every X € Sp + , X is 1-generated
as an object in lim"™ Sp & locus If n = 2, this is the content of the Tate orbit lemma of [17 Lemma 1.2.1]
once one identifies the fiber of the natural transformation can : (— )tc 2= ((-) CP) 2/€p encoded
by Sp I locus with ((—)zc p) Cp2/Cp . Proceeding by 1nduct10n on n, it is then not difficult to verify that
the condition of Lemma 4.6 holds for all X € Sp s we record this as [19, Corollary 3.40].

5 Reconstruction of sheaves on stratified co-topoi

We explain how to apply Theorem 3.39 to prove a reconstruction theorem (Theorem 5.13) for sheaves in
an oo-topos stratified by a finite poset P in the sense of Barwick, Glasman, and Haine (Definition 5.5). We
then prove a conjecture of Barwick, Glasman, and Haine by establishing an equivalence (Theorem 5.22)
between the co-category of P -stratified co-topoi and that of foposic locally cocartesian fibrations over P °P
(Definition 5.11).

In this section, we will regard the poset P as a topological space via the Alexandroff topology. To
begin with, we recall the basic structure theory of recollements of co-topoi.

19The comparison functor is defined analogously to the functor (1-2) in Theorem B; see [20, Construction 2.43].
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5.1 Example Let X be an co-topos and U a (—1)-truncated object. The slice co-topos X, is said to be
an open subtopos of X [12, §6.3.5].20 Let X\y ={x eX:xxU => U} CX. The set X\y is the closed
subtopos of X complementary to U [12, Definition 7.3.2.6]. We then have a diagram of adjunctions

Jt i*
Xy —j — X ——— N
— I
J*

that exhibits (X, 7, X\y/) as a recollement of X. Conversely, by [14, Proposition A.8.15], given a left-exact
accessible functor ¢ : U — Z between oo-topoi, the fiber product X := Ar(Z) Xey,,2,¢ U is an co-topos and
there exists a uniquely determined (—1)-truncated object U such that U >~ X, and Z >~ X\yy compatibly
with the adjunctions to X.

In what follows, we will generically use the notation jy 4 j* = j« and i * i for these functors arising
from a recollement on an co-topos.

5.2 Definition A locale is a 0-topos, i.e., a poset L such that L admits infinite joins \/,, X (so that L is
presentable) and infinite joins distribute over finite meets.

5.3 Example Let X be an oco-topos. Then its full subcategory Open(X) of (—1)-truncated objects is a
locale. Note that Open(X) is isomorphic to the poset of open subtopoi of X (embedded in X via j) via
the assignment U — X, ;. Also, if X is a topological space, then Open(Shv(X)) is isomorphic to the
poset Open(X) of open sets in X. If P is a poset equipped with the Alexandroff topology, then these are
precisely the cosieves in P.

5.4 Example Let C be a presentably symmetric monoidal stable co-category and suppose there is some
regular cardinal x such that the unit and tensor product restrict to define a symmetric monoidal structure
on the full subcategory C“ of xk-compact objects in C. Then the set of radical thick ®-ideals in C* forms
a coherent locale [10, Theorem 3.1.9].

5.5 Definition [5, Definition 8.2.1] Let P be a poset and X an oco-topos. A P -stratification of X is a
geometric morphism 74 : X — Shv(P) of co-topoi, or equivalently a geometric morphism 74 : Open(X) —
Open(P) of locales. We also say that the data (X, ) comprises that of a P -stratified co-topos.

In the next remark, we consider P°P C Open(P) as a subposet via the map p — P=P,

5.6 Remark Via the assignment 74 > 77*| pop, geometric morphisms 7, : Open(X) — Open(P) are in
bijective correspondence with maps of posets f : P°P — Open(X) such that:

(D) Vpep f(p)=1.

(2) Forevery p,q € P, \/,5,, f(r) => f(p) x f(q).

Indeed, given any map of posets f : P°P — Open(X), its left Kan extension F : Open(P) — Open(X)
admits a right adjoint G defined by G(U) ={p € P : f(p) < U}, and F is then left-exact if and only
if f satisfies conditions (1) and (2).

201 urie uses the terminology “étale geometric morphism”.
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Furthermore, (2) is equivalent to the following factorization property: for every p,q € P, the square

J
X/ sy £ — X1 (p)

A,

N
Xifigy — X

commutes. We thus see that the notion of a P-stratification of X is the evident toposic analogue of the
notion of a P -stratification of a presentable stable co-category in the sense of [2, Definition 2.4.3]. Con-
versely, in view of Example 5.4 one can sometimes give a “localic” reformulation of [2, Definition 2.4.3]

(or rather, its symmetric monoidal refinement [2, Definition 4.3.2]).
We now proceed to notate various subtopoi associated to a P -stratified oo-topos.
5.7 Notation [5, Notation 8.2.3] Let 74 : X — Shv(P) be a P -stratification of X. In what follows, all
fiber products are computed in Top,,. For any open subset O C P, we let
X0 = X/z+0 = X Xgny(p) Shv(0).
Dually, for any closed subset Z C P, we let
DCZ = :X:\n*(P\Z) ~X XShv(P) ShV(Z)

For any p € P, we define the p-th stratum of (X, m4) to be

Xp 1= X Xgny(p) Shv({p}).
5.8 Notation In Notation 5.7, the p-th stratum X, is the closed complement of Xp>p in Xp=pr =X+ (p),
or alternatively the open complement of Xp<pr in X p=p. We then have the adjunction

Pk .
i*

71X 2 Xym(p) —— Xp t fp,
in which p, is a geometric morphism.

5.9 Remark Let 74 : X — Shv(P) be a P-stratification of X and suppose p,qg € P such that p # q.
Then ®7p, is homotopic to the constant map at the final object. Indeed, by Remark 5.6 we have a
factorization of ®9p,, as

xp L, x/ﬂ*(p) *, X

ch

X e (p=ra) = Xyme(g)

|

Xq
and since p ¢ P=P4, the composite j *ix : X = X/p*(p=r.ay is homotopic to the constant map at the
final object.
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Given a P -stratified co-topos (X, «), we may construct its associated gluing diagram in the same
manner as [2, Definition 2.5.7].
5.10 Construction Let §(X) = {(x, p) : x € X,,} C X x P°P, where X, C X via pp. The projection
A:G(X)— P®
is then a locally cocartesian fibration with fibers X, such that for all ¢ < p, the corresponding pushforward
functor Fg : Xp — Xy is given by @7 o p,, (see [2, Observation 2.5.6]).
We codify the structure of A : §(X) — P°P by means of the following definition.

5.11 Definition We call a locally cocartesian fibration A : X — Pop toposic if its fibers are co-topoi and
its pushforward functors are left-exact and accessible.

If P is finite, we will show that taking the limit in X furnishes an equivalence © p : lim"® G(X) => X,
thereby proving a reconstruction theorem for (X, ). First, we note:

5.12 Lemma Let P be a finite poset and A : X — P a toposic locally cocartesian fibration. Then the

right-lax limit XX = Fun?‘}fﬁff(sd(P"p), i) is an co-topos. Moreover, any cosieve O C P determines a

recollement of X with open subtopos given by the right-lax limit of A|p» and complementary closed
subtopos given by the right-lax limit of A|(p\ 0)or-

Proof Given Theorem 3.39 and proceeding by induction on the cardinality of P, the first part follows
from the known statement for recollements of co-topoi recalled in Example 5.1. The second statement
then follows by Theorem 3.39 again. a

Consider now the functor ®p : Fun?‘;ﬁf};t(sd(l’ °P), G(X)) — X that sends a functor f :sd(P°P)— G(X)
to limsd(Pop) (prx Of)
5.13 Theorem Suppose P is a finite poset and let (X, m«) be a P -stratified co-topos. Then
®p : Fun) 35 (sd(PP), (X)) — X
is an equivalence.

Proof To ease notation, let X' := Funj‘}fﬁ,ﬁ‘(sd(POp), G(X)). We proceed by induction on the cardinality
of P. We may suppose that P is nonempty. Choose a minimal element » € P and let O = P \ {b}. Let

(r0)+ : Open(X/+(0)) — Open(O)

denote the O-stratification of the open subtopos X/« (o) restricted from that of X. Note that G(X)|go» =~
S(X/z+(0)) as locally cocartesian fibrations over O°P. Indeed, one observes that for all p € O, the fully
faithful inclusion pp : Xp <> X factors through X« (o) and identifies X, with (X,+(0))p, embedded
via (po)p, so the inclusion G(X)|por C X x O°P factors through X« (o) (embedded via jx in X) and
identifies with G(X,+(0)).
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Let (X/x(0)) = Fun;‘gﬁgt(sd(OOP), S(X/z*(0))) and write
8 li
@0 : (:X:/n'*(O))/ £> Fun(Sd(OOp), x/rr*(O)) i) x/n’*(O)'
We now show that ® p : X" — X is a morphism of recollements from ((X,;(0))’, Xp) to (X/z*(0). Xp):

(1) We have a distinguished homotopy making the diagram

Jj*=res

X (X/zx(0))
b

commute as follows: given [ f : sd(P°P) — G(X)] € X’, consider the composite

g :sd(PP) L5 (20) 25 X L5 X e 0,

whose limit is j*®p (). Then since X L=po, o0 I /z*(0) 1s homotopic to the constant map at

the final object, g is a right Kan extension of its restriction g¢ to sd(O°P). But since the limit of gg is
®oJ*(f), this supplies an equivalence j*Op(f) ~ Opj*(f) that is natural in f.

(2) Likewise, we may construct an equivalence
i*Op = dPOp ~evy : X' = Xy
as follows: Let [ f : sd(P°P) — G(X)] € X’ and consider the composite
g :sd(P) L5 g0 25 x s .

If a # b, then the composite Xz <24 X LN Xp is homotopic to the constant map at the final object
by Remark 5.9. Consequently, g is the right Kan extension of its restriction to sd((PZb)oP). Let
sd T ((P>?)P) be the subposet on strings ending at b (in P°P) and note that sd((P >?)°P) 2= sd* ((P>?)°p)
via the “append b” map. We then have a pullback square

lim glsq(pzoyory — Himglsq((p>byor

g !

g(b) ———— limg| g+ (p=rym)

in which y is induced by the “append b” homotopy sd((P>b)or) x [1] — sd((PZb)°P). For all strings
o =[p1>-> pplin (P72), letting 6t := [p; > --- > pp > b] we note that g(c C o) is an
equivalence. Therefore, y and hence y’ is an equivalence, and this is clearly natural in the input f.
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We conclude that we have a morphism of recollements

j *=res i*=ev
b

(X)zx0)) X' Xp
Jeo lor |-
X+ (0) g x =20,

By the inductive hypothesis, ®¢ is an equivalence. To then deduce that ®p is an equivalence, by
Remark 2.7 it remains to observe that we have a strict morphism of recollements, i.e., that the adjoint square

(X/m(0y) —2 2

l@o . l=

i*jx
Xjz=0) —— X
commutes. But using that the lower i* jx : X/ +(0) = Xp is left-exact, this amounts to our formula for
the gluing functor i * j« : (X/+(0))" = Xp of the recollement on X' that we gave in Theorem 3.32. O

In fact, we can elaborate upon Theorem 5.13 to also reconstruct the P -stratification of X.

5.14 Construction Let P be a finite poset, A : X — PP a toposic locally cocartesian fibration, and
X= Funj‘ﬁﬂf (sd(P°P), i) its right-lax limit, which is an co-topos by Lemma 5.12. Given a cosieve O C P,
let 7*(0) € X be the uniquely determined (—1)-truncated object such that Fun%f}p”(sd(OOP), X| o) >~

X/z*(0)- Then we may define a P-stratification of X by the map of posets
7* : Open(P) — Open(X),
as it is clear that 7™ preserves joins and meets (e.g., in view of Remark 5.6).
5.15 Corollary Let P be a finite poset and (X, w«) a P -stratified oco-topos. The P -stratification of

X' = Fun?‘}fﬁ}gt(sd(P °P), G(X)) given by Construction 5. 14 coincides with that of X under the equivalence

®p of Theorem 5.13.

Proof For every cosieve O C P, let (X/+(0)) := Fun‘/xg‘ffpt(sd(OOP), G(X)|por) and note that as in the
proof of Theorem 5.13 that G(X)|pw 2~ G(X/z*(0)). By Theorem 5.13, ®¢ : (X/z*(0)) = X/z*(0)
is an equivalence. To then see that (X,,=(0))" identifies with the open subtopos X/,=(py under the
equivalence ® p, it remains to observe that the square

X L (X)mr(0))
®p l@o

x Pk

X7+ (0)
commutes. We may proceed by induction on the cardinality of P\ O.2! If O = P or O = P\ {b}, we are

210f course, we could also adapt the proof of Theorem 5.13 to show this directly.
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done by the proof of Theorem 5.13. If not, let b € P \ O be a minimal element. We have a factorization

X'~ (Xymrprioy) —— Xjrr(0))

Or l®P\{b} l®o
X Xjmr(P\BY X/z*(0)
By the inductive hypothesis, both the inner squares commute, hence the outer square commutes. O

5.16 Remark By Corollary 5.15, it follows that given a sheaf x € X, under the equivalence of
Theorem 5.13 x corresponds to a functor fy : sd(P°P) — G(X) that sends [p] to ®?(x). The equivalence
x >~ Op(fy) then “reconstructs” x from its stratumwise values ®7 (x) and gluing data thereof.

We next turn to questions of functoriality in the P -stratified co-topos.

5.17 Observation Continuing from Example 5.1, we explain how recollements of topoi are functorial in
geometric morphisms. In one direction, suppose we are given a commutative square

of co-topoi, where ( f7)«, (fz)« are geometric morphisms and ¢, ¢’ are left-exact accessible functors. Let
X and X’ be the co-topoi Ar(Z) Xey,,2,¢ U and Ar(Z') Xey, 27,¢» W'. Then the induced functor fi: X — X’
admits a left adjoint f™* induced by the mate ( fz)*¢’ = ¢ (fuv)*; explicitly,

[ 2 = ¢ )] = [(fu)* ). (f2)* () = (f2)"¢' ) — ¢ (fu)* ().

Moreover, since ( fu)*, (fz)*, ¢, ¢’ are left-exact and (j*,i*) : X — U x Z creates finite limits, we see
that f* is left-exact. We conclude that f is a geometric morphism. Moreover, f is a strict morphism
of recollements whose left adjoint f* is a (not necessarily strict) morphism of recollements. Note also
that if we identify U ~ X,y and W >~ X+ for (—1)-truncated objects U, U’, then f*(U') ~ U.

Conversely, let X and X’ be co-topoi decomposed by recollements (U, Z) and (U, Z) with gluing
functors ¢ and ¢’, and suppose fx : X — X’ is a geometric morphism such that both f* and fi are
morphisms of recollements. Then f is necessarily a strict morphism of recollements, and we obtain a
commutative square (fz)«® = ¢'(fu)« as above.

Finally, the theory of recollements implies that these constructions are mutually inverse.

5.18 Definition [5, 8.2.2] A geometric morphism of P -stratified oo-topoi (X, w«) — (Y, p«) is a geometric
morphism fi : X — Y subject to the condition that the induced diagram of posets

S

B o
Open(P)

Open(X)

Open(Y)

commutes, i.e., for all cosieves O C P, f*p*(0) = 7*(0).
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The collection of P -stratified co-topoi and geometric morphisms thereof assembles into an co-category
StrTop,, p. Note also that StrTop,, p =~ Tops, XTop, (TOPg) /0pen(P)-

5.19 Definition [5, Remark 8.2.7] A geometric morphism of toposic locally cocartesian fibrations from
[A: X — P°P]to[£:Y — PO]isafunctor F : X — Y over P°P such that:

(1) F preserves locally cocartesian edges.
(2) For all p € P, the fiber F), : ip — 9,, is a geometric morphism of co-topoi.

The collection of toposic locally cocartesian fibrations and geometric morphisms thereof assembles into

an oo-category LocCocarttlggp (Barwick, Glasman, and Haine label this co-category as LocCocart;e,t;mp)

5.20 Observation Let fi : (X, m4«) — (Y, px) be a geometric morphism of P-stratified co-topoi. Then
for all cosieves O C P, fx is a strict morphism of recollements with respect to (X,z+(0), X\z*(0))
and (4,,%(0) 9\p*(0))- Moreover, for all maps of posets Q — P, restriction along Shv(Q) — Shv(P)
(in Top,,) defines a geometric morphism f, : Shv(Q) Xghy(p) X — Shv(Q) Xgny(p) Y of O-stratified
oo-topoi. Consequently, for all p € P, fx sends the stratum X, into Y, (with respect to the embeddings p,
of Notation 5.8) and we may thus restrict fi xid: X x PP — Y x P°P to obtain a functor

9(f«) : 9(X) = 5(Y)

over P°P that preserves locally cocartesian edges. We may thereby promote Construction 5.10 to a functor

lex,top

G :StrTop, p — LocCocartp,,

Conversely, suppose P is a finite poset and let F' : X — 9 be a geometric morphism of toposic locally
cocartesian fibrations. Let X = 1im™™ % and Y = [im"® 9 Let fx : X — Y denote the functor induced
by F. Then by Observation 5.17, Theorem 3.39, and proceeding by induction on the cardinality of P,
we see that f is a geometric morphism such that for every cosieve O C P, f is a strict morphism of
recollements from (lim™™ X| gop, im™ X| (p\ 0yor) to (lHM"™ Y| gop, im™ Y| p\ oyep). It follows that f
is a geometric morphism of P-stratified oo-topoi with respect to the P-stratifications of Construction 5.14.

rlax

Therefore, lim"™*" promotes to a functor

lim"™® : LocCocartph, — StrTop,, p.
Our remaining goal is to prove that G and lim"® define an adjoint equivalence of co-categories. For
the proof, we will need to use the following deep result in (o0, 2)-category theory:
5.21 Theorem [2, Lemma B.5.7] Let C, D — P°P be locally cocartesian fibrations. Then the space

Mapl/lj‘;‘;f (€, D) of left-lax morphisms whose fibers are right adjoints is naturally equivalent to the space

Mapr/l;‘fgpl‘ (D, ©) of right-lax morphisms whose fibers are left adjoints, with the equivalence implemented
fiberwise by passage to adjoints.

5.22 Theorem Let P be a finite poset. Then G and lim™™ participate in an adjoint equivalence
lim™™ : LocCocartph, 2 StrTopy, p : 5.
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Proof We proceed as in the proof of [2, Theorem 6.2.6]. Suppose [A : X — P°P] is a toposic locally

cocartesian fibration and (Y, p«) is a P-stratified co-topos. In view of the adjunction const - lim™®, we

first note that we have a natural equivalence??

¥ - Mapcy(¥. lim™ X) =5 Map!,, (4 x P, X).

Since the evaluation functors lim™* X — fp at each p € P are all left adjoints, ¥ restricts to the
equivalence v in the diagram

Mapp, . (Y, Jim"1ax i) L:» Map;l;’,x‘;f (Y x PP, Q)

- :

Mapp, (™™ X, y) — Map) iR (X, Y x PoP)

We then have the vertical equivalences (with the right-hand one given by Theorem 5.21), yielding the
equivalence ¥ in which a right-adjoint functor fy : lim"®* X—Y transports to a functor F : X —Yx PoP
such that for all p € P, the fiber F), : ip — Y is the right adjoint to the composite

* o~ —~
y L im0 X,

We now observe that fx is a geometric morphism of P -stratified oo-topoi if and only if for all p € P,
Fp is a geometric morphism, F), factors through Y,, and the resulting map F : X — S9(Y) preserves
locally cocartesian edges. Indeed, the “only if”” implication follows from the first half of Observation 5.20,
while for the “if” implication, we note that f; factors as the composite

lim™ax ’DE lim™ F lim™ex 5(Y) ®_P) Y
which respect P -stratifications by the second half of Observation 5.20 and Corollary 5.15, respectively.
Therefore, ¥ restricts to the desired natural equivalence

¥ : Mapgypop, , (lm™* X, Y) ~ Mapy gecocartn,, (X 5(9))-

We conclude that lim"® - G. Furthermore, unpacking this equivalence of mapping spaces shows that © p
is the counit of the adjunction. Since ® p is an equivalence by Theorem 5.13, it remains to show that

n

the unit 7 is an equivalence. But the compatibility of the equivalence """ with restriction in the base P

shows that 7, is homotopic to the identity for all p € P, hence 7 is an equivalence. |

5.23 Remark Theorem 5.22 should be viewed as the unstable counterpart to [2, Theorem A], which sets
up a similar equivalence between P -stratified stable presentable co-categories [2, Definition 2.4.3] and
locally cocartesian fibrations fibered in such with exact accessible pushforward functors.

22Here, Cat refers to the co-category of large co-categories, so that Prl and PrR are subcategories of Cat.
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The guts of nearly fibered knots

ZHENKUN LI AND FAN YE

The guts of a knot is an invariant defined for the knot complement by Agol-Zhang. Nearly fibered knots,
which are defined as knots whose Floer homology has dimension two in the top Alexander grading,
were introduced by Baldwin—Sivek. We provide three models for the guts of nearly fibered knots in the
3-sphere. As a corollary, the nearly fibered condition can be purely topologically characterized and is
independent of the specific version of Floer theory.

1 Introduction

By work of Ghiggini [5], Ni [14] and Kronheimer—Mrowka [9], a knot K C S3 is fibered if and only if
its knot homology in any branch of Floer theory is 1-dimensional in the top Alexander grading. Hence
it is natural to ask what happens if the top grading summand of the knot homology is 2-dimensional.
Recently, Baldwin—Sivek in [4] introduced the following definition.

Definition 1.1 A knot K C S3 is said to be nearly fibered (in the Heegaard Floer sense) if
HFK(S®. K. g(K): Q) = Q.

Their definition is stated with Heegaard Floer theory, but we can also define nearly fibered knots in the

instanton sense by requiring

KHI(S?, K, g(K)) = C?,

where KHI denotes the instanton knot homology [9] of K C S3.

In this note, we show that the nearly fibered condition has a purely topological characterization, and is
independent of the branches of Floer theory. To better describe this criterion, we use the notion of guts of
knots recently introduced by Agol-Zhang [1].

Given a knot K C S3, we can view its complement S3\ N(K) as a sutured manifold with its whole
boundary being the suture. We can pick a maximal collection of pairwise disjoint and pairwise nonparallel
minimal-genus Seifert surfaces S of K, and perform a sutured manifold decomposition

(1-1) SP\N(K) > (M, ).

MSC2020: 57K10, 57K18.
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We can then pick a maximal collection of pairwise disjoint and pairwise nonparallel nontrivial product

annuli A4 inside (M’,y’) and perform a second sutured manifold decomposition!
A
(1-2) (M',y") ~ (M, y) U (Mq,y1).
Here (M, y1) is a product sutured manifold, and no component of (M, y) is a product.

Definition 1.2 [1] The guts of a knot K C S3 is defined to be the sutured manifold (M, y).

Theorem 1.3 [1, Theorem 1.1] The guts of a knot K C S3 is well defined, i.e., independent of the choices
of maximal collections of Seifert surfaces and product annuli in the construction.

In this note, we prove that a knot K C S? is nearly fibered if and only if its guts falls into one of the
three basic models described below. We only state and prove the theorem in instanton theory, but a similar
argument applies to Heegaard Floer theory as well.

Theorem 1.4 Suppose K C S3 is a knot of genus g. Let (M, y) be its guts. Then we have
KHI(S3, K, g) =~ C?

if and only if its guts (M, y) falls into one of the following three models up to orientation reversal of the

ambient 3-manifold:

(M1) M is a solid torus and y consists of four longitudes.
(M2) M is a solid torus and y consists of two curves of slope 2.
(M3) M is the complement of the right-handed trefoil and y consists of two curves of slope 2.

We have the following corollary.

Corollary 1.5 A knot is nearly fibered in the instanton sense if and only if it is nearly fibered in the
Heegaard Floer sense.

2 Proofs and comments

Proof of Theorem 1.4 We first prove the necessary condition. Suppose K C S3 is a genus-g nearly
fibered knot. Let (M, y) be its guts. We first study the sutured manifold decomposition in (1-1).

Claim 1 Any maximal collection of pairwise disjoint and pairwise nonparallel minimal-genus Seifert

surfaces contains only one Seifert surface.

1Here, note that in Agol and Zhang’s paper [1], they also require to decompose along nontrivial product disks to obtain the
guts. In this paper we drop the step of decomposing along possible product disks because of [7, Lemma 2.13]: the only two taut
balanced sutured manifolds that admit no nontrivial product annulus but admit nontrivial product disks are both product sutured
manifolds, and hence are actually the components to be dropped when obtaining guts.
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Proof of Claim 1 Suppose S is a minimal-genus Seifert surface of K. We can perform a sutured
manifold decomposition of S3\ N(K) along S

S
S3\N(K) ~ (83\[-1,1] x S, {0} x 3S).
By the proof of [9, Proposition 7.16], we know that there is an isomorphism
(2-1) SHI(S3\[-1,1] x S, {0} x 3S) =~ KHI(S3, K, g) =~ C2.

If there is another minimal-genus Seifert surface S’ that is disjoint from S and is not parallel to S, then
S’ also induces a nonboundary parallel surface in (S3\[—1, 1] x S, {0} x 35), which implies the sutured
manifold is not horizontally prime. From the instanton version of [9, Propositions 6.5 and 6.6], we
know that one of the two pieces obtained from (S3\[—1, 1] x S, {0} x 5) by cutting along S’ must have
1-dimensional sutured homology, because 2 is a prime number. From [9, Theorem 7.18], that piece is a
product sutured manifold, which contradicts the assumption that S’ is not parallel to S. a

Now Claim 1 above and Theorem 1.3 imply that the sutured manifold (M’, y’) in (1-1) can be taken
to be simply the complement of S:

(M, y") = (S3\[-1,1] x S, {0} x 35).

Next, we study the sutured manifold decomposition (1-2). Note that by construction (M1, y1) is a
product sutured manifold, so from [9, Theorem 7.18] and the instanton version of [9, Propositions 6.5
and 6.7], we know that

SHI(M, y) = SHI(S3\[-1,1] x S, {0} x 3S) =~ C2.

Also, the same argument as above shows that (M, y) is horizontally prime. Thus we conclude that (M, y)
is reduced in the sense of [7, Definition 2.12]. Then [6, Corollary 1.16] applies and we conclude that

bi(M)=b'(M)<2—-1=1.

We claim that g(dM) = b;(M). Indeed, we know that (M, y) is obtained from the knot complement by
decomposition. So [7, Lemma 5.1] implies that H>(M) = 0. As a result, by the universal coefficient
theorem and the Poincaré duality, we have

Hi(M.3M:Q) = H*(M:Q) = H2(M:Q) = 0.
Hence the long exact sequence of the pair (M, dM ) implies that the map
I+ Hi(0M; Q) - H (M Q)
is surjective. Hence the “half lives and half dies” theorem in 3-dimensional topology implies that
g(OM) = 3b1(IM) = by (M).
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Now g(dM) = b1 (M) < 1. If g(dM) = 0, since M is irreducible, we know M = B3. Then for any
possible y on M, we cannot have SHI(M, y) = C2. Hence we must have M = T?2. It is well known
that any (smooth) torus in 3 bounds a solid torus. Hence we have two cases.

Case 1 (the manifold M is a solid torus) The instanton Floer homology of any sutured solid torus can
be found in [11, Section 4.3]. So the only two models are the ones as stated in (M1) and (M2).

Case2 (the manifold S3\ M is asolid torus, i.e., there is a knot J C S3 so that M =~ S3\N(J)) Suppose
y has 2n components. Let y, be the union of two adjacent components of y, which are necessarily
oppositely oriented. Next, we make the following claim.

Claim 2 Suppose (M, y) is a balanced sutured manifold and assume that three components of y are
parallel disregarding the orientation. Write y3 to be the disjoint union of these three copies. Note that
two components of y3 are coherently oriented and are opposite to the third. Let y; be either of the two
coherently oriented components and write y’ = (y\y3) U y1. Then we have

SHI(M, y) = SHI(M, y") ® C2.

Proof of Claim 2 The proof essentially follows from the proof of [8, Theorem 3.1]. There exists an
embedded annulus A C 0M such that A contains y3 and each component of y3 is a core of A. Push the
interior of A into the interior of M to produce a properly embedded annulus. Fix any orientation of A.
Then there is a product annulus decomposition

(M.y) S (V.yHu .y,

where V is a solid torus and y# consists of four longitudes (there is a unique way, up to isotopy, to make
(V, y*) a balanced sutured manifold). Now an instanton version of [9, Proposition 6.7] implies that

SHI(M, y) = SHI(M, y") @ SHI(V, y*).
In the proof of [8, Theorem 3.1], Kronheimer and Mrowka already computed that
SHI(V, y*) =~ C2. o
Applying Claim 2 repetitively, we conclude that
SHI(M, y) =~ C?""' ® SHI(M, ).

Since

SHI(M, y) =~ C2,

either n = 2 and SHI(M, y,) = C, or n = 1. For the former case, from [9, Theorem 7.18] we know M
must also be a solid torus which reduces to Case 1. For the latter case, we further divide it into two
subcases.
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Case 2.1 (each component of y represents a generator of keri, C Hy(0M) = Z?, where
ix : Hi(IM) - Hi{ (M)
is the map induced by the natural inclusion
i:0M — M)

In this case, first recall that M is a knot complement S3\ N(J) and hence H,(M, dM) is generated by a
minimal-genus Seifert surface 7' of the knot J. The assumption of Case 2.1 is equivalent to that y is
parallel to T C dM. We can assume that 07 Ny = &. If T is a disk, then R(y) is compressible and
SHI(M, y) = 0 by the adjunction inequality (see [9, Proposition 7.5]). From now on we assume that T’
has genus at least 1. We know from [6, Lemma 6.2] that we have two taut decompositions

(M.7) ™~ (Ma.ys).

We make the following claim.
Claim 3 We have an inclusion
SHI(M4,y+) @ SHI(M_, y_) < SHI(M, y).

Proof of Claim 3 We adopt the idea in [11, Section 3]. We isotope T to T such that the decomposition
of (M,y) along TT is (M4, y4) and the decomposition of (M, y) along —T~ is (M_,y_). T* are
called positive and negative stabilizations of T as in [11, Definition 3.1], and we know that —(7T~) =T.
By [11, Theorem 3.4], each T¥ induces a Z-grading on SHI(M, y). Then [11, Lemma 4.2] implies that

SHI(M,y, T, g(T)) = SHI(M . y)

and
SHI(M, y, T~,—g(T)) = SHUM, y,—T~, g(T))

~ SHI(M_, y—).
Proposition 4.1 of [11] implies that?
SHI(M,y,T~,—g(T)) C SHI(M,y, T, 1—g(T)).
Hence we are done since g(T') # 1 —g(T). |

Observe that both y4 and y— contain at least three components that are parallel to each other. Let y
be the suture obtained from y+ by replacing three copies with one copy. Applying Claim 2, we know that

SHI(M4, y+) = SHI(M4., y}) ® C2.
Tautness together with [9, Theorem 7.12] then implies
dim SHI(M 4, y+) > 2.
2When reversing the orientation of the manifold and the suture, positive and negative stabilizations of 7" are also switched.
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As a result, we have
dim SHI(M, y) > 4,
which leads to a contradiction in this case.

Case 2.2 (components of y do not represent generators of keri) Let Y be the Dehn filling of M along
a component of y. We make the following claim.

Claim 4 We have dim /#(Y) = 2.

Proof of Claim 4 In order to prove Claim 4, we need the following three facts.
(1) We have dim 7*(Y) # 0.
(2) We have dim 7#(Y) = dim SHI(Y (1)) < dim SHI(M, y) = 2.
(3) We have dim /#(Y) = dim SHI(M, y) mod 2.

To show (1), note that the fact [y] ¢ keri, implies that Y is a rational homology sphere. Hence by
[15, Corollary 1.4], we know dim 7#(Y) # 0.

To show (2), recall that M = S3\ N(J) is the knot complement and y has two components. Let yo C y
be any component. We can attach a 3-dimensional 2-handle along yg. The resulting manifold is ¥\ B3.
Hence we have a balanced sutured manifold

Y(1) = (Y\B>. y\yo).

Now let T be the cocore arc of the 2-handle. This arc 7" is a vertical tangle inside Y (1) as in
[16, Definition 1.1]. Now observe that (M, y) can be obtained from Y (1) by removing T, i.e.,

Y()r = Y \NT). (y\ro) Unur) = (M.y),

where 7 is a meridian of 7', and the assumption of Case 2.2 implies [T] =0¢e H{(Y\B3,9(Y\B3); Q).
Then by [12, Proposition 1.4] we conclude that

dim 7*(Y) = dim SHI(Y (1)) < dim SHI(M, y) = 2.

To show (3), we need to unpack the proof of [12, Proposition 1.4], which is ultimately the proof
of [12, Proposition 3.14]. We view [12, Proposition 1.4] as a special case of [12, Proposition 3.14]
when Ty = @. Equation (3.2) of [12] implies that there are sutures I',_; and I';, such that we have an

exact triangle

SHI(—M, —T,_1) SHI(—M, —T,)

22 T~ —

SHI(—M, —y)
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And [12, Lemma 3.21] can be rewritten (by replacing » in the original equation by n — 1) as

SHI(—M, —Tp—1) SHI(—M, —-T,)
(2-3) \ /
IH(=Y) = SHI(-Y (1))
Hence some basic linear algebra together with (2-2) and (2-3) implies that
dim 7#(—Y) = dim SHI(—-M, —y) mod 2.

As in [10, Theorem 1.2], we know SHI(M, y) and SHI(—M, y) are naturally dual to each other. Since
OM = T2, we know y and —y are isotopic, we conclude that

dim SHI(—M, —y) = dim SHI(M, y).
A similar argument applies to SHI(—Y (1)). |

Recall M = S3\N(J) is a knot complement and Y is obtained from M by filling along a component
of y, and hence Y can be viewed as a Dehn surgery along J. The assumption of Case 2.2 implies that the
surgery slope is nonzero. By passing to the mirror of J, which corresponds to reversing the orientation
of M, we can assume that the surgery slope is positive. By Claim 4, we know that

dim 7#(Y) =2 = |H (Y)|.

Note that by [3, Theorem 1.15], the unknot and the right-handed trefoil are the only two knots on which
the positive Dehn surgeries induce instanton L-spaces Y with | H1(Y )| = 2. (According to the theorem,
such a knot must be fibered and has genus at most 1 and thus must be either the unknot, the trefoil, or the
figure eight. Note the last knot is not strongly quasipositive.) The case of unknot still reduces to Case 1.
The case of the right-handed trefoil is a new one. By [2, Theorem 1.1, Table 1], the surgery slope must
be 2. Hence y consists of curves of slope 2, which concludes the proof of the necessary condition.
Finally, the sufficient condition follows immediately from the first isomorphism in (2-1) and the fact
that gluing a product sutured manifold other than a 3-ball to an arbitrary sutured manifold via identification
of a suture does not change the sutured instanton Floer homology (see [9, Proposition 6.7]). |

Remark 2.1 We have the following comments which strengthen the description of the guts in Theorem 1.4.

(1) We can compute the Euler characteristic in each of the three models. From [8], for the first model,
2(KHI(S?, K. g(K))) = x(SHI(M, y)) = 0.

As a result, we know that the symmetrized Alexander polynomial Ag (¢) of K has degree at most g(K)—1.
On the other hand, if (M, y) is one of the other two models, we can compute as in [13] that

x(SHI(M, y)) = £2.
As a result, we know that Ak (¢) has degree g(K) and the top nonzero coefficients are £2.
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(2) Let S be a minimal genus Seifert surface of the knot K C S3. Recall as in (1-1) and (1-2), we have a

decomposition
S A
SPA\N(K) ~> (M',y") ~ (M.y) U (M1, y1),

where (M1, y1) is a product sutured manifold and (M, y) is the guts. We write
(My,y1) = ([=1,1] x F, {0} x 9F).

The proof of [4, Lemma 3.4] implies that the Seifert surface complement (S3\[—1, 1] x S, {0} x 3.5)
admits no product annuli whose boundary has a component that is parallel to the suture {0} x d.S on
9(S3\[~1, 1] x S). As a result, we can further conclude that dF must have one more component than y,
and all but one components of dF are glued to all of y. This actually rules out one model in the case
g(K) =1 as in the following example.

Example 2.2 We keep the notation as in Remark 2.1. When g(K) = 1, we know that
S = (Ry(y)U{l}x F).
Since in all three models we have y(R+(y)) = 0, we know that

x(F)=-1.

From part (2) of the Remark 2.1, we know that dF has one more component than y. Then y(F) rules out
the model in which y has four components. As a result, we only have two models:

e M is the complement of the unknot and y consists of two curves of slope 2.
e M is the complement of the right-handed trefoil and y consists of two curves of slope 2.

Furthermore, in this case, the surface F must be a pair of pants. Yet gluing such a thickened pair of
pants to (M, y) along two of the three boundary components is equivalent to gluing a product 1-handle
to (M, y). Turning this around, we know that (M, y) being one of the above two models is obtained from
the complement of the Seifert surface by a disk decomposition. This coincides with the discussion in
[4, Section 1.2] right above [4, Theorem 5.1]. Note that these two models do exist: for example, they
give rise to the knot 5, in Rolfsen’s table and the 2-twisted Whitehead double of the right-handed trefoil
with positive clasp.
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Finiteness properties of some groups
of piecewise projective homeomorphisms

DANIEL S. FARLEY

The Lodha—Moore group G is an F, counterexample to von Neumann’s conjecture. The group G acts
on the real line via piecewise projective homeomorphisms.

We will describe groups F(S;), F(S]), T(S;), V(Si), and V(S]) for i = 2 and 3. All of these are
groups of piecewise projective homeomorphisms that are modelled on Thompson’s groups F, T, and V
(respectively); each is “locally determined” by one of four inverse semigroups, which we denote by .S;
or S} (i = 2,3). Following a method developed by Hughes and the author, we will show that all ten
groups have type Foo.

The Lodha-Moore group G is an ascending HNN extension of F(S), and thus our results give a new
proof that G has type Fuo.
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1 Introduction

Monod [11] produced a large family of counterexamples to von Neumann’s conjecture; i.e., nonamenable
groups with no free subgroups. Corollary 3 from [11] further noted the existence of finitely generated
nonamenable groups with no free subgroups, although the method of proof was nonconstructive. Lodha
and Moore [9] considered a subgroup G of one of Monod’s groups. Their group G, the Lodha—Moore
group, could be generated by three elements, and was shown in [9] to be finitely presented; indeed, G
admits a presentation with three generators and nine relators. In later work, Lodha [8] showed that G
has type Foo. The Lodha—Moore group is also nonamenable, making it an especially economical
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finitely presented counterexample to von Neumann’s conjecture, and the first Foo, counterexample to von
Neumann’s conjecture. (The paper [13] provided the first finitely presented nonamenable groups with no
free subgroups, but the groups in question had many more generators and relations. The higher finiteness
properties of the groups from [13] remain unknown to the best of this author’s knowledge.)

In [6], Hughes and the author described a general approach to establishing finiteness properties for
generalised Thompson groups with “piecewise” definitions. The basic theory of [6] was produced in the
hope that it would unify the existing proofs of finiteness properties for such groups. The Lodha—Moore
group G offers a useful test case.

We now briefly recall the methods of [6]. In the setting of [6], an inverse semigroup S is a set of partial
bijections of some set X that is closed under compositions and inverses. By a partial bijection of X, we
mean a bijection between two subsets of X'. We define a group I'g, the group locally determined by S, to
be the collection of all bijections of X that are finite unions of partial bijections from S. (Le., y € I'g if,
for some n € N, there are elements sy, §7,...,8, € S such that the domains of the s;, denoted by D;,
form a partition of X, the images s;(D;) are also a partition of X, and Yip; =i, fori =1,...,n.)

The construction of classifying spaces for the groups I'g depends upon a sequence of choices. The
choice of S determines a collection of domains Dg, which are simply the domains of the elements s € S.
The set of nonempty domains is denoted by Df;. The second choice is that of an S-structure, which is a
function S : D; X D; — P(S) assigning a (possibly empty) collection of transformations from S to each
pair (D1, D) of nonempty domains. The sets S(D;, D,) are required to satisfy various “groupoid-like”
properties. The specific properties that we need are summarised in Proposition 4.4. The S-structure S
determines a set Vg with a partial order < called “expansion” (Definition 4.7). The expansion partial
order is, roughly speaking, determined by the subdivision of a given domain into (finitely many) smaller
domains. Under appropriate hypotheses, the partially ordered set (Vs, <) becomes a directed I"g-set.
The simplicial realisation Ag of Vg is therefore a contractible simplicial complex upon which I'g acts
simplicially. The construction of Vg is very much like the one introduced by Brown [3], where he proved
the Fso property for a wide variety of generalised Thompson groups.

The simplicial complex Ag often has undesirable properties, however. For instance, it almost always
fails to be locally finite. It can be helpful to replace Ag with something smaller. A (third) choice of an
expansion scheme £ (Definition 6.15) determines a subcomplex A‘é C As. (The complex Ag should be
thought of as a generalisation of the complexes introduced by Stein [15], who created locally finite models
for various groups of piecewise linear homeomorphisms of the line, including Thompson’s group F'.)
The complex A‘é can be anything from a discrete set of points to the complex Ag itself, depending on
the size of the expansion scheme. Given an appropriate choice of £, the main results of [6] show how to
deduce the F, property for I'g, by applying Brown’s finiteness criterion to the complex Ag.

The main goal of this paper is to describe a family of ten groups of piecewise projective homeo-
morphisms of [0, 1), S, and [0, 00), and prove that each group has type Foo. We will also describe the
Lodha—Moore group G as an ascending HNN extension of one of the groups, and therefore obtain a new
proof that G has type Fso. Our approach follows the method from [6]:
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(1) First, we consider four inverse semigroups: Sj, S3, Sé, and S;. The generators of S;, fori =2, 3,
are A, B, and C;, where the domain of each transformation is the interval / = [0, 1), and

X 1 2x 3x
W= g7 B=ay = =5

The inverse semigroups S’ and S} have the additional generator 7" : [0, o0) — [1, 00), defined by the rule
T (x) = x + 1. The groups

are then defined to be the groups that are “locally determined” (in the sense of [6]) by the semigroup S;
or S7. The “F” groups are homeomorphisms of the line or interval, the “7" groups are homeomorphisms
of the circle, and the “V”’ groups are groups of right-continuous bijections. (The notation is intended to
recall the definitions of Thompson’s group F, T, and V, as presented in (for instance) [5].)

(2) The domains of S; and S/ are not very tractable for our purposes. We will therefore restrict the
domains under consideration to what we call a set of “generating domains” Dgren (Definition 3.1), which,
for us, are simply the forward iterates of I = [0, 1) under the transformations 4 and B. (The decision to
work with a proper subset of D; represents the most important departure from [6].)

For every pair of domains (D1, D,), we then define S(D1, D,) as the set of all transformations from S;
or S/ having D as the domain and D as the range, where D; and D, are arbitrary members of Dgtn The
sets S(D1, D,) enable us to define an “expansion” operation. The expansions (Definition 4.7) from the

pair [idy, /] (Definition 4.5) can be usefully described by numbered binary trees, exactly as was done in [9].

(3) The directed sets from (2) are too large. In search of more tractable complexes, we define the
expansion schemes &; and &/ as in Example 6.22. The expanswn schemes systematically restrict the
types of expansions that are allowed in the complexes AS’ and Ag & . The ascending stars in the resulting
complexes are isomorphic to products of a simplicial cone on a cellulated line — see Figure 5 on page 1420.
The burden of the rest of the argument is to show that &; and & are “n-connected expansion schemes”
(Definition 6.18). The proof occupies Sections 7 and 8, and represents the technical heart of the paper.
The material from Sections 7 and 8 is heavily indebted to the argument from [9], but generalises that
work in what we consider to be interesting ways. For instance, our argument also shows that the monoid
generated by the linear fractional transformations {A, B, C,, ¢5} (even without the above restrictions on
their domains) admits a finite complete rewrite system.

With (1)—(3) complete, the proof that the groups F(S;), F(S]), T(S;), V(S;), and V(S]) (i =2,3)
all have type F follows by a standard argument (a variant of the main argument of [6]). This standard
argument is summarised in Section 9. The relationship between F (Sé) and G is described in Section 10;
specifically, we show that G is an ascending HNN extension of F(S’), which directly implies that G has
type Foo-

The author had originally wanted to offer a proof of F, for an infinite family of generalisations of the
Lodha—-Moore group G. One approach to producing an infinite family of similar groups is, for a given n,

Algebraic € Geometric Topology, Volume 26 (2026)



1398 Daniel S. Farley

to replace the transformation C, with a transformation C,, : I — I, defined as

nx

O T

We can then define S, to be the inverse semigroup generated by {4, B, Cy} (and their inverses), and
define the groups F(Sy), F(S,), T(Sn), V(Sn), and V(S,) for arbitrary n. We find, however, that our
method fails for n > 4; in fact, we are not even able to build useful directed sets (along the lines sketched
for n = 2, 3). Our difficulties are summarised in Section 5.

Let us briefly describe the structure of the paper. In Section 2, we define the inverse semigroups S;
and S/ (i =2, 3) and the groups that are locally defined by these semigroups. In Section 3, we define
the “generating domains” that we need. This section also includes a proof of the “eventual invariance”
property, which will be used to construct directed sets later. In Section 4, we build directed sets with I"
actions (for I' as above) and compute vertex stabilisers. We show, in particular, that the vertex stabilisers
in all of our complexes are virtually free abelian of finite rank. In Section 5, we describe an algorithm
that analyses various potential generalisations of our piecewise projective homeomorphism groups. The
conclusion of the section is that such generalisations are surprisingly very thin on the ground. In Section 6,
we review expansion schemes, introduce expansion schemes &; and 5{ (i = 2,3), and also introduce
subdivision trees, which are used to describe expansions.This section also describes an equivalence
relation on subdivision trees. In Section 7, we compute finite complete semigroup presentations for the
inverse semigroups S, and S3. These presentations are vital in understanding the equivalence relation
on subdivision trees. In Section 8, we prove an “intermediate value theorem”, which is what we need
in order to show that the expansion schemes &; and & define contractible complexes. The proof of the
latter is in Section 9, which also assembles all of the other ingredients of the proof that the groups have
type Foo. Section 10 establishes the connection between G and F(S)).

2 A family of inverse semigroups

We consider the usual action of PSL,(IR) on the upper half-space model of the hyperbolic plane H? C C.

ab
u=(24)

acts as a linear fractional transformation f37 : H? — H?, where

A 2x2 matrix

az+b
cz+d

Im(z) = (z € C;Imz > 0).

It is well-known [14] that the assignment M — f3s induces an isomorphism between PSL,(R) and the
group of all orientation-preserving isometries of H?2, denoted by Isom™ (H?). In what follows, we will
make no distinction between M and fjy, referring to either one by the matrix M.
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In practice, we will be concerned primarily with the action of PSL,(R) on dH?2, which we identify
with R U {oo}. The inverse semigroups alluded to in this section’s title act as partial bijections of dH?
via (restrictions of) linear fractional transformations.

Definition 2.1 (partial bijections; inverse semigroups; domains) Let X be a set. A partial bijection of X
is a bijection /i : Ay, — Bj, between subsets Ay and By, of X. The composition of two partial bijections
is defined on “overlaps™: if g : Ag — Bg and h : Ay — By, are partial bijections of X, then go/isa
bijection from A~ 1(4,) to g(Bj, N Ay).

A collection S of partial bijections of X is called an inverse semigroup if S is closed under inverses
and compositions. We may also refer to such an S as an inverse semigroup acting on S

If S is an inverse semigroup and /1 : Ay, — By, then we refer to Ay as a domain of S. Note that By, is
also a domain, since S is closed under inverses. We let Dg denote the set of all domains Ay, as / ranges
over all 1 € S. We let D;f = Dg —{J} (i.e., the set of all nonempty domains).

Remark 2.2 Let S be an inverse semigroup. We note two basic properties:

(1) If s € S and D is a domain of S that is contained in the domain of s, then 5;p € S. Indeed, let D be
the domain of 7 € S. Then s;p = st~ e,

(2) If D is a domain of S, then idp € S. Indeed, if ¢ € S has D as its domain, then 't = idp.

(3) If Dy and D, are domains of S, then D; N D, is also a domain of S. Indeed, letting D; be the
domain of ¢; € S, and D, be the domain of #, € S, we find that the domain of tl_ltltz_ltz is D1 N Ds.

Remark 2.3 Inverse semigroups can also be defined abstractly (see [7]). The Preston—Wagner theorem
states that any inverse semigroup can be realized as a collection of partial bijections (in the above sense).
The proof parallels that of Cayley’s theorem, which states that every group can be realized as a group of
permutations.

Remark 2.4 Some readers may be familiar with the theory of étale groupoids. Inverse semigroups seem
to be closely related (see, for instance, [4], where a form of equivalence between étale groupoids and
inverse semigroups is established). The precise nature of the relationship between the methods of [6] (and
this paper) and the broader literature of étale groupoids is unclear to the author, who has no expertise in
the latter area.

Remark 2.5 In Definition 2.1, the function with empty domain and codomain plays the role of a 0.

Definition 2.6 (the inverse semigroups S, and S;,) Let 4:[0, 1) — [0, 1/2) be the restriction of the linear
fractional transformation
10
(1)

Let B :[0,1) —[1/2, 1) be the restriction of

5=(11)
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Forn =2,3,1et C, : [0, 1) — [0, 1) be the restriction of

n 0
Cn_(n—l 1)‘

Let T : [0, 00) — [1, 00) be the restriction of

(2

We will use lower-case letters to denote the inverses of the above transformations (¢ = A~!, etc.).
Forn =2, 3, we let
Sn=(A4,B,Cu); S, =(4,B,Cp.T),

where the brackets indicate the inverse semigroup generated by the bracketed transformations; i.e.,
Sy» and S, are closed under compositions and inverses.

Definition 2.7 (locally determined by S'; the inverse semigroup S ) Let S be an inverse semigroup acting
onaset X. Let A and B be subsets of X. A bijective function f : A — B is locally determined by S if
there is a finite partition P = {Dy, ..., Dy} of 4 into domains (i.e., P € D;) such that f|p, € S, for
eachi.

We let S denote the collection of all functions that are locally determined by S. The set S is an inverse
semigroup under the operation of composition.

Definition 2.8 Let n = 2 or 3. Let
e F(Sy) be the group of homeomorphisms of [0, 1) that are locally determined by Sj;
e F(S,) be the group of homeomorphisms of [0, co) that are locally determined by S;;
e T(Sy) be the group of homeomorphisms of the circle [0, 1]/~ that are locally determined by Sy;
e V(S,) be the group of right-continuous bijections of [0, 1) that are locally determined by Sy,;
» V(S)) be the group of right-continuous bijections of [0, co) that are locally determined by S;,.

Remark 2.9 The group 7°(S)) can also be described as the subgroup of V(S;) that preserves a cyclic
ordering on [0, 1).

3 A generating set of domains for S; and S/

The set D;f (Definition 2.1) will be far too big when S = S; or § = S/. In this section, we define a
subcollection D;f gen - D_’SL, which will be sufficient for the constructions of later sections. We note that
this is in contrast with [6], which always uses the full set D;.

Definition 3.1 (generating sets of domains) Let {4, B}* denote the set of all positive words in the
alphabet {4, B}, including the empty word. Let

'D+

57 .gen = {T%0-0.1) |w € {4, B}";a =2 0} U{T“ [0, 00) | & = 0}
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and
D:gi_,gen = {w ' [0’ 1) | wE {A, B}*}

We will often refer to D;gen or D;,gen by the notation Dgtn if doing so should cause no ambiguity.
We may sometimes refer to the members of DE  and DY as generating domains.

S,gen S’,gen
Remark 3.2 It will be convenient to write / in place of [0, 1), and to write w/ in place of - 1.

The half-open intervals w/ of D;gen are in one-to-one correspondence with the vertices of an infinite
binary tree. The intervals wAI and w BI correspond to the left and right children (respectively) of w/.
In particular, @'l contains w/ if and only if @’ is a prefix of w, and the intervals are disjoint if neither w’
nor w is a prefix of the other.

Note, however, that the intervals wl are very far from being the standard dyadic intervals when the
length of w is two or more. For instance, A BAI =[1/3,2/5) and BAI =[1/2,2/3). It appears that w/,
for w € {A, B}*, is always an interval between consecutive Farey fractions (as noted in [9]), although
we will not need to use this fact. The intervals T%w/ are simply the translates of the intervals w/ by
nonnegative integers.

It will be useful to keep in mind that the products a B and b A4 are 0 in what follows.

Lemma 3.3 (an eventual invariance property) Lets € S;, wherei =2 or3. Let D € D;f gen be such that
D is contained in the domain of s. There is a finite partition P C D:q" gen of D such that sP € D;: gen’ for
each P € P.

The analogous statement also holds true for S,;, i=2,3.

Proof Let D = wl, where w € {4, B}*. By induction on the length of s, it suffices to prove the lemma
in the case s € {4, B,C,,C5,a,b, ¢y, c3}.

Suppose first that s = A. It follows directly that sD = Awl, so sD € D;f’gen and we may set P = {D}.
If s = a, it must be that ® = Aw’, for some o’ € {4, B}*, and therefore sD = w’I. We can therefore
again let P = {D}.

If s = B or s = b, the proof is very similar.

Let s = C,. A straightforward check shows that

C2AA = ACz;
C2AB = BACZ;
C,B = BBC,.

We use these identities to “push” C, as close to the end of the word @ as possible. (The inverse ¢, can
appear during this process. This poses no problems, since we can use the same identities to push ¢,
forward as well.) In doing so, we can arrange that

Co =o'C50",
where o', w” € {4, B}*, e = £1, and
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(1) @” is an empty word, or
2Q) " =Aife=1,o0r
3) w”" =Bife=-1.

If @” is not the empty word, we then let P = {wAI, w BI}; if " is empty, we set P = { D}, these are
the required partitions. (For instance, if € = 1 and w” = 4, we have

CywAl = ' CLAAI = ' AC,I = w' AI € D,

gen
and
CowBI = ' C,ABI = w' BAc,I = ' BAI € D

gen*
Similar checking handles the remaining case.)
The case in which s = ¢, is very similar, and features the same identities, suitably rewritten so that
c2A, ¢ BA, and c; BB appear on the left-hand sides of the equations.
Now suppose that s = C3. We have the matrix identities
C3 AAA = AC3;
C3AAB = BAAC3;
C3ABA = BABC(Cjy;
C3ABB = BBAcs;
C3B = BBBCs.
We can then follow the same strategy as we did in the case s = C,. “Push” Cj as close to the end of w as
possible. The result is ®'C5 ", where »’ € {4, B}* and
(1) " is empty, or
(2) e=1and 0"’ €{A4, AA, AB}, or
(3) e =—1and 0" € {B, BA, BB}.
If ®” is empty, then P = {D} is the required partition of D. If ¢ = 1 and w” = A, then we set
P={wAAl, wABI,wBAI, w BBI}. This is the required partition; indeed,

CywAAl = ' C3AAAI = ' AC3T = ' AI € DY,

gen’

and similar calculations show that C3(P) C Dg";n. If 0" € {4A, AB}, then the required partition is
P={wAl, wBI}. Ife =—1and w” € {B, BA, BB}, then one proceeds similarly. The required partitions
are {wAAI, wABI,wBAI, w BBI} (in the first case, when w” = B) and {wAI,w BI} (when »” = BA
or BB).

The extension of these arguments to S; is straightforward, but we consider the case of Sé by way of

example. In this case, the domain D has one of the forms
T®w-[0,1) or T%-[0,00),
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where w € {4, B,C,a,b,c}* and @ > 0. We note that, in the former case, D C [o,« + 1), while
D = [, o0) in the latter case. The semigroup element s € Sé has the form

TT"OT",

for some word @ € {4, B,C,a, b, c}*, where m and n are nonnegative. (The proof is as follows. We
know that s is not the zero element by hypothesis. The products X 7" and 7! X are always zero when
X e{A, B,C,a,b,c}. Wealso have the identity T-'T = id[o,00). It follows that, after suitable reductions,
no occurrence of 7! can occur immediately before a different generator, and no occurrence of 7' can
occur immediately after a different generator. Thus, the given form describes the only possibilities.)
Now we consider cases. If D = [«, 00), then s necessarily has the form 77T ~" by domain consider-
ations. (If & # 1, then the domain in question is an interval of finite length. This is impossible, since
D must be contained in the domain of s.) It follows that we can simply let P = {D}. Suppose that
D =T%w-[0,1); we must consider the possible cases for #. It is not possible for # to be greater than c,
since this would mean that the domain of s is contained in |1, 00), and thus result in D not being a subset
of the domain of s. If n < «, then s must take the form 77T " (otherwise, if @ # 1, we would conclude
that the domain of s is contained in [r,n + 1), which is disjoint from D). We apply the lemma to the
case of S, temporarily letting s = id[ 1) and D = w -[0, 1), to find that there is partition Pofw- [0,1)
into generating domains. We can then let P = T'* .P. Noting that the property of being a generating
domain is unchanged after an application of 7', we see that this is the required partition. If n = «, then
we apply the lemma with s = @ and D = w-[0, 1) to get a partition P of D into generating domains with
the additional property that @ - P is a generating domain, for each P € P. 1t then follows that P = T% - P
is the required partition. |

Remark 3.4 A further application of Lemma 3.3 is that every domain D € D;f or D;f/ can be partitioned
into finitely many generating domains. Indeed, each such D is the domain of some word w in the
generators of S; or S;. We can then show that D can be partitioned into generating domains by induction
on the length of . The base case (in which the length of w is 1) is trivial, since all of the domains in
question are necessarily generating domains. The inductive step is then handled by applying Lemma 3.3.

4 A directed set construction

In this section, we will specify an S-structure S for S € {5, S3, S}, S}}, in essentially the sense of [6].
In fact, the only difference is that we will define our S-structure using the domains D;gen and D;’gen,
rather than the entire collection D7, as required in [6]. The S-structure leads to a directed set construction
of a contractible simplicial complex, exactly as in [6]. We will first consider these directed set constructions
for V(S;) and V(S}) (i =2, 3) in Section 4.1. The simplicial complexes for the related groups can then
be obtained as subcomplexes; this is spelled out in Section 4.3.

It will be useful to let D denote either DL or DI

en S, gen S gen’ depending on the context.
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4.1 The directed set constructions for V'(S;) and V'(S!)

We will first show how to make V(S;) and V(S}) act on directed sets, and (therefore) on contractible
simplicial complexes. The basic approach follows [6], but we are able to use a simplified version of the
basic theory, with suitable modifications. All of the results in this subsection work in the same way for
all T e {V(S) | S €{S3.53.5,.5;}}, so we will use the generic notation I" to refer to any group from
the latter collection.

Definition 4.1 (structure sets; domain types) Let S € {S;, 53,55, S}}. Let Dy, D; € DI We set

gen”

S(Dq, Dy) = {s € S | the domain of s is D; and the range is D,}.

Two domains D and D, have the same type if S(D1, D,) # @; i.e., if there is some s € S such that
Dy is the domain of s and D, is the image of s.

Remark 4.2 (description of domain types) There are one or two domain types, depending on whether
S €{S,, S3}, on the one hand, or S € {S/., S g}, on the other. The first of the domain types consists of
those sets of the form w/, where @ € {4, B}*. This domain type occurs in both S; and S, and it is the
only type if S' € {5, S3}. The second of the domain types (present only when S € {S, S}}) consists of
domains of the form [n, 00), where 7 is a nonnegative integer.

Theorem 4.3 (explicit description of structure sets) Let S = S, or S3. Given wl and o'l € Dgtn

(w,w’ € {A, B}*), the associated structure set takes the form
S(wl,o'I) ={0'C*o™" | k € Z).

LetS =S} or Sg. Given wl and o'l € Dgtm (w,w" € {A, B, T}*), the associated structure set takes

the form
S(wl,o'I) ={0'C*o™" | k € Z).

The set S([m, 00), [n, 00)) is {T" ™™}, when m, n are nonnegative integers.

Proof We first consider the case of S(/, I) when § = S5.

Let w € S(I, I). Thus, wl = I. Let G be the group generated by the linear fractional transformations
A, B, and C, each viewed as a transformation of H? or the projective line R U {co}. We note that the
inverses of 4, B, and C may be represented by the matrices

() =G (1)

It follows that, if w is expressed as a product of matrices, then det(w) = 2", for some nonnegative integer 7.
We note also that w fixes the points 0 and 1 on the projective line, by our assumptions.

We let
_(x B
w_()/ 5)’
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where «, B, y, and § are integers. The equality w(0) = 0 directly implies that § = 0. The equality
(1) = 1 then implies that « = y 4 . Computing determinants, we find that

(y +6)§ =2".

It follows that y + & = 2K and § = 2¢, where k + £ = n and k and £ are nonnegative integers. Either
k </{ or £ < k; in the first case,

2k o 1 0 Sk
ok_nt ot ) T\ 1otk pt—k =c .

Similarly, if £ <k, then w = C k=L 1n either case, w = C, for appropriate o.
If S = §3, then the set S(/, I) takes the same form. Here

30 10
=31 =29

and therefore det(w) = 3", for some n € Z. The remainder of the argument differs from the case of S,
primarily in the fact that it involves powers of 3, rather than powers of 2.

Now we consider a general structure set S(wl,w’'I), where w,®’ € {A, B}* and S may be any
of the semigroups S», S3, S}, or 8. Let 0 € S(wl,w'I). It follows that (o') 'ow € S(I, 1), so
(a)/)_laa) = Ck, for some k € Z. Thus, 0 = a)’Cka)_l, as claimed. Conversely, it is clear that any
transformation of the form o’ Ckw =" is in S(wl, w'I).

The final statement, about S([m, 00), [, 00)) follows from the fact that 7"~ is the only inverse
semigroup element of S/ with the given domain and codomain. |
Proposition 4.4 (closure properties of S) Let Dy, D, € Dg;n.

(1) Compositions Ifh € S(D1, D) and g € S(D», D3), then gh € S(D1, D3).

(2) Inverses Ifh e S(Dy, D,), thenh™! € S(D,, D;).

(3) Identities idp, € S(Dy, D).

Proof All of these properties follow directly from the definition of the set S(Dy, D»). m|

Definition 4.5 (the set 5) Let

A={(f,D)| f € S: D € D._: D is contained in the domain of I}

gen’

(Recall that S is the inverse semigroup of functions that are locally determined by S (Definition 2.7).)
We write (f1, D1) ~ (f2, D) if there is some & € S(D1, D,) such that f; = f,h. Itis easily checked
that ~ is an equivalence relation on .4, using Proposition 4.4. We let B denote the set of all equivalence
classes. The equivalence class of ( f, D) will be denoted by [ f, D].

Definition 4.6 (vertices; the type of a vertex) A finite subset

{[flle]w--?[fm»Dm]} cB
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is a vertex if
m m
U /ity =R* or | fi(Di) =[0,1),
i=1 i=1
depending upon whether the underlying semigroup is S;, or Sy, respectively. (Here RY is the set of
nonnegative real numbers and 7 may be any natural number.)
We let Vg denote the set of all vertices, where S € {S,, S3, Sé, S g} We may sometimes write ) in
place of Vg if this will result in no ambiguity.
Two vertices {[ f1, D1l ..., [fm, Dml} and {[g1, E1], ..., [gn, En]} have the same type if the multisets
{[D1].....[Dm]} and {[E1], ... ,[Ey]} are identical; i.e., m = n and [D;] =[Ej], for j =1,...,m.

Definition 4.7 (expansion; contraction) Let v = {[f1, D1],...,[fn, Du]} be a vertex. We say that a
vertex v’ is obtained from v by expansion at [ f;, D;] if there is some & € S(D;, D;) and a finite partition
PC DL

gen of D; into domains such that

v'= (v—{lfi. Dil}) U{[fih. P]| P € P}.

We write v 7 v'. We also say that v is the result of contraction from v'.
We let < be the reflexive, transitive closure of .

Remark 4.8 (an explicit description of expansion) Consider [ f, wI], where w € {4, B}*. We note that
[f,wl]=[fw, I]by the definition of B (Definition 4.5) and because w € S(I, w[). An arbitrary partition
of I into generating domains takes the form

{tl|t€eC},

where C C {A, B}* is a cut set (in the sense of Section 5). It follows directly that an expansion at [ f, w/]
(equivalently, [ fw, I]) involves replacing [ f, @] by the members of

{{foCke I]|Tec),

for some k € Z and some cut set C. (This is by Definition 4.7 and Theorem 4.3.)
The above description is particularly simple when C is the cut set {4, B}. It then follows that the

expansion replaces [ f, w/] with the pairs
[foCkA,1I] and [fwC¥B,I]

for some k € Z. Moreover, this is essentially the general case, since any expansion can be realized as a
sequence of such expansions.
An expansion at a pair [ f, D], where D = [m, 00), is much more straightforward to describe: such an
expansion simply replaces [ f, D] with the members of
{L/. PI| P € Pj,
where P is a finite partition of D into domains from Dt . This is because S(D, D) is trivial.

gen*
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Proposition 4.9 Expansion is well-defined and T"-invariant:

(D) Ifv={[f1, D1l,....[[fm> Dml}» 0={[g1. E1]. .. ..[g€m, Em]}, v="0, and V' is the result of expansion
fromv at [ f;, D;], then v’ is also the result of expansion from ¥ at some [g;, E].

(2) Ifv /" v’ (where v and v’ are as above) andy € T, theny -v /'y -v'.

Proof We prove (1). Assume, without loss of generality, that [ f, Di] = [gk, Ex] fork =1,...,m. We
suppose that v’ is the result of expansion from v at [ f;, D;]; thus, there is some & € S(D;, D;) and a finite
partition P € Dt of D; such that

gen
v'=(—{lfi. Dil}) U{lfih. P]| P € P}.

Choose j € S(D;, E;) such that j(P) is a finite partition of E; by members of Dg*;n. (For instance,
if D; = w;I and E; = w}1, for some w;, ] € {A, B}*, then we can set j = /w; !. The only remaining
case is when D; and E; are both rays. In this case, there is only one member j of S(D;, E;), and this
j satisfies the required property.) Since [ f;, D;] = [gi, Ei], there is also some j; € S(D;, E;) such that
gij1 = fi, by Definition 4.5.

We claim that

{Lfih, P| P € P}y ={[gijihj~", j(P)]| P € P}.
Indeed, for each i, (g; j1h~'j ) o j = fih, so [fih, P] = [gijihj ', j(P)] by Definition 4.5. This
proves (1).
The proof of (2) is straightforward. Indeed,

y-v=Ayf1.D1l.....[Vfm. Dml}
and

y-v'=(y-v=Alyfi. Dil) Ully fih. P]| P € P},

from which it directly follows that y - v’ is obtained from y - v via expansion at [y f;, D;] (with respect to
the same choices of 4 and P). O

Corollary 4.10 (the partial order on vertices) The relation < is a partial order on . The group I" acts on
(V, <) in an order-preserving fashion.

Proof This follows directly from Proposition 4.9. a

Definition 4.11 (simplicial realisation; the complexes A(S,) and A(S;,)) Let P be a partially ordered
set. The simplicial realisation of P is the simplicial complex whose vertex set is P and whose simplices
are finite ascending chains in P.

We let A(S,) and A(S,,) denote the simplicial realisations of V(.S,) and V(S,,), respectively.

Theorem 4.12 (the directed I'-set of vertices) The relation < is a partial order on V, and V is a directed
set with respect to <. The group I" acts on (V, <) in an order-preserving fashion.
In particular, the simplicial realisations A(S;) and A(S}) are contractible I"-complexes.
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Proof It is already clear from Proposition 4.9 and Definition 4.7 that (), <) is a partially ordered set on
which I' acts in an order-preserving fashion.

Let S = S; or S, fori =2 or 3. We must show that (V, <) is a directed set. The main step is to show
that any vertex

v={[f1.D1l.....[fim. Dm]}

can be expanded into a vertex of the form

v={[idg,, E1],...,[idE,, En]}.

Note that each D; can be partitioned into finitely many elements of Dg";n in such a way that the
restriction of f; to each piece acts as a member of S (see Definition 2.7). Thus, we may assume, possibly
after expansion, that v already has this property. Consider the pair [ f1, D1]. By Lemma 3.3, there is
a finite partition P C Dgtn of Dy such that fj(P) € Dgtn, for each P € P. We note that fi|p € S by

Remark 2.2. It follows that f; € S(P, fi(P)), for each P € P, so

{Lf1, P11 P e Py = {lid, /1i(P)]| P € P,

by the definition of the equivalence relation on pairs (see Definition 4.5). Note that the act of replacing
[ f1, D1] by the collection {[ f;, P]| P € P} is an expansion at [ f1, D;]. By performing similar expansions
at the remaining [ f;, D;] i = 2,...,m), we arrive at the required 9.

Now suppose that v{ and v, are any two vertices. By the argument of the previous paragraph, we can
find ¥; and 0, such that v{ < 07 and v, < 0,, and both 9; and 0, have the general form of the vertex v;
i.e., each pair in U; (i = 1,2) has the form [id, E], where id denotes the identity function on E and
E e Dg’en. Thus, we can identify v; (i = 1,2) with a partition of the nonnegative real numbers. (Under
this identification, ¥ would correspond to the partition {E1, ..., Ey}.)

Finally, we observe that the partitions determined by the 0; have a common finite refinement P’ that is
also a subset of Dgtn. Letting ¥ denote the vertex corresponding to P’, we find that ; < v, fori =1, 2.
Thus, vy, v, < 0, from which it follows that (1, <) is a directed set.

The final statement is standard. O

4.2 Vertex stabilisers

In this subsection, we consider the stabiliser [';, where v is a vertex and I" is one of the groups V(S;)
or V(S}) (i =2 or 3). We will largely follow the proof of Proposition 5.3 in [6]. We include the proof
for the reader’s convenience.

Proposition 4.13 (virtually free abelian vertex stabilisers) Let

v={[f1.D1l.....[fim. Dml}.

where v € A(Sy) orv e A(S;) (n=2or3). LetT" = V(Sy) or V(S,) (respectively).
The stabiliser group T'y is virtually free abelian of rank at most m.
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Proof The elements of the group I', permute the elements of v. That is, for each y € Iy, there is a
permutation o), € Sy, such that

v-Lfi. Dil =1y o fi, Dil = /o, ()+ Do, ()

The assignment y + oy, is a homomorphism from I'y to Sy, the symmetric group on m symbols. The
kernel K of the latter homomorphism thus has finite index in I',. Each y € K fixes the members of v
pointwise; i.e., y -[fj. Dj] = [y o fj. Dj] =[/fj. Dj], for j =1,...,m. It follows, from the definition of
the equivalence relation, that there are h; € S(Dj, Dj) such that y| ¢, (p,) = fjh; fj_l, forj=1,...,m.
The latter equalities determine an injective homomorphism

m
d:K— l—[ S(Dj, Dj)
j=1
defined by the rule y > (h1,..., hpm). Since each of the groups S(Dj, Dj) is either infinite cyclic or
trivial by Theorem 4.3, the proposition follows. a

4.3 The directed set constructions for “F”’ and “7T” groups
The “F” and “T"” groups act on a subcomplex of the complexes for A(S;) and A(S)).

Definition 4.14 Let I" € { F(S;), F(S]), T(S;)}. We consider the smallest subcomplex of A(S;) (or A(S7)
if ' = F(S})) that contains the vertices [y, X] (X =[0, 1) or [0, 00), respectively), for all y € T, and is
closed under expansion.

We denote this complex by Ar(S;), Ap(S]), or A7(S;), respectively.

Proposition 4.15 The vertices of Ap(S;), Ar(S]), and Ar(S;) form directed sets under expansion.

In particular, the complexes Afr(S;), A F(Sl./ ), and A7 (S;) are contractible I"-simplicial complexes,
where I = F(S;), F(S}), or T(S;), respectively.

In all of the above cases, the vertex stabiliser groups are virtually free abelian.

Proof The I'-equivariance of the complexes in question follows from the fact that the expansion relation
is I'-equivariant. The contractibility of these complexes follows from the fact that the vertex sets are still
directed, since the vertex sets in question are closed under expansion.

The proof that the vertex stabiliser groups are free abelian follows the general idea of Proposition 4.13. O

5 An algorithm

In this section, we will describe a simple algorithm. The input is a linear fractional transformation C, of
the interval [0, 1). The algorithm attempts to derive a collection of equations like those from Lemma 3.3,
which are so essential to our main argument.

We first need to set some conventions. Let A :[0,1) —[0,1/2) and B :[0,1) —[1/2, 1) be defined as
in Definition 2.6. The vertices of a rooted infinite binary tree can be labelled by words in the monoid
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{A, B}*, as follows: The root is labelled by the empty word. If a given vertex v is labelled by w € {4, B}*,
then the left and right children of v are labelled by wA and w B, respectively. Let us denote the label of v
by L(v). We can then assign a half-open interval /(v) to each vertex by the rule

Iv)=LWw)- 1,

where I denotes the interval [0, 1). Note that /(v{) € I(v,) if and only if L(vy) is a prefix of L(v;).
By a cut set of a rooted infinite binary tree, we mean a set C of vertices such that every embedded
geodesic ray issuing from the root passes through exactly one member of C. We may also refer to a set
of words in {4, B}* as a cut set if the corresponding set of vertices is a cut set in the above sense.
We define, as in the introduction,
nx
n—Dx+1’

where C, is defined only on the interval [0, 1). The (hoped-for) output is a collection of matrix identities,

Cu(x) =

of the general form
Chy = 0] Cni;

It
Chwy = 0,C,7;

Choy = a),'c Cni,

where w;, wl’ € {A,B}* fori = 1,...,k, and the sets {w;,...,w} and {a);, e a),/(} are cut sets.
(Collections of such equations figured prominently in the proof of Lemma 3.3.) Given the above identities
and the corresponding cut sets, we can then define directed sets just as we did in Section 4. The groups
that are locally determined by {4, B, C,, a, b, c,}* would then act on these directed sets exactly as before.

The algorithm works in the following way. Each vertex of the tree is assigned a type. Initially, this type
is “u” for all vertices, indicating a vertex of unknown type. (Actually, the program creates new vertex
objects during its run time, although we can ignore this detail for the sake of the current discussion.)
Each vertex is also assigned a toggle that is initially set to “0”. When the program encounters a vertex v,
it performs an action depending on the type of the vertex, which is one of n (for “(internal) node”), ! (for
“leaf™), or u (for “unknown”), and the value of its toggle, which is either 0 or 1. A value of “0” indicates
that the program still needs to do some work at or beneath a given vertex, while a “1” indicates the
opposite.

If the vertex is of unknown type (“u”), the program runs the following test:

(1) It first appends Cjy, to the beginning of the string L (v). This initialises the matrix string product of v,
which we will here denote by M (v). It is a string over the alphabet {4, B, Cy, a, b, cy}.

(2) The program interprets M (v) as a product of matrices and computes the interval M (v)-I:
(a) If M(v)-1 €]0,1/2), then the program appends a to the front of M (v); the result is defined to be
the new M (v). The program then returns to step (2).
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(b) If M(v)-1I <[1/2,1), then the program appends b to the front of M (v); the result is defined to be
the new M (v). The program then returns to step (2).

(¢) f Mw)-1=1,then M(v) € S(I, 1), so M(v) is equivalent (as a linear fractional transformation)
to a power of C, by Theorem 4.3 (or by a variant thereof, if n # 2 or 3). Let us suppose that
M) = C,f . In this case, the program appends cff to the front of M (v) (creating a new M (v)). The
program now classifies the current vertex as a leaf (changing the unknown “u” designation to “/”).
The toggle of the current vertex is also set to “1” (changed from “0”).

(d) If M(v)- I satisfies none of the above (i.e., 1/2 € M (v)-1I,but M(v)-1I # I), then v is reclassified
as an (internal) node “n”. The toggle stays at 0.

At the end of the above process, the vertex v has been reclassified as an internal node (“n”) or a leaf (“/”).
In the latter case, the toggle has been set to 1 and a certain matrix string product has been produced. By
construction, the (final) matrix string product of a leaf necessarily evaluates to the identity matrix when
interpreted as a product of matrices.

If the current vertex v is an internal node (i.e., designated by “n”’) and its toggle value is 0, then the
program determines the toggle value of the left child of v. If this value is 0, it moves to this left child.
If the toggle value of the left child is 1, but the toggle value of the right child is 0, then the program moves
to the right child. If both children have toggle value 1, then the program flips the toggle of v itself to 1.

If the toggle value of v is 1, then the program moves to the parent of v. If there is no such parent (i.e.,
v is the root), then the program terminates, and records the matrix string products for each leaf. The latter
matrix string products, which take the form

k
¢ w1 Chwo,

where m € Z, wy € {a,b}*, and w, € {4, B}*, are readily interpretable as a collection of identities having
the desired form, indicated above, if m = £1. The leaves determine a (finite) cut set. This completes the
description of the algorithm.

We omit the proof of the validity of the algorithm —i.e., the proof that the program finds appropriate
cut sets and associated matrix identities, if such things exist.

The author’s experience of running the program has led to unexpected results. If n = 2, then the
program finds a cut set with three elements, and returns the three matrix equations (C; A4 = AC,; etc.)
displayed in the proof of Lemma 3.3. If n = 3, then the program finds a cut set with five elements, and
the five matrix equations associated to Cs, as described in the proof of Lemma 3.3. If n = 4, the program
fails to terminate, although it finds many leaves during its run time. The same is true for all values of
n > 4 that the author has tried. (It may be worth noting here that the program computes using only integer
values, not floating-point numbers, so round-off errors are apparently not a source for the problems that
are encountered here.) It follows from this that an analysis of the groups V(Sy) and V(S;,) for n > 4 (and,
indeed, the corresponding “F” and “7T” versions of these groups) lies beyond the techniques described in
this paper.
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It is also possible to run similar tests for different transformations. One might change not only C,,, but
also the transformations 4 and B. The author has run such tests in a few cases, but with no success to
date.

6 The expansion schemes £; and £’

In this section, we will introduce subdivision trees as a device for diagramming expansions, and describe
how subdivision trees represent partitions of [0, 1) into subintervals. Similar trees were considered in [9].

We will then describe expansion schemes & and £/, which will eventually be used to simplify the
directed set constructions from Section 4. In order to establish the required properties of &; and £, we
will need to understand when two subdivision trees define the same partition. The latter will be the project
of Sections 7 and 8.

6.1 Subdivision trees, equivalence, and elementary equivalence

Definition 6.1 (subdivision trees) Let 7" be a finite rooted binary tree. The vertices of degree one are
leaves; all other vertices are nodes. The topmost node is the root. We say that 7" is a subdivision tree if
each node is labelled by an integer.

We let Ty and T, denote the left and right branches of the subdivision tree T .

Remark 6.2 (the subdivision represented by a subdivision tree) Each leaf in a subdivision tree is labelled
by a word in the alphabet {4, B, C, c}. The labelling is obtained as follows. Trace the (unique) path p
from the root to a given leaf £. Suppose that

V1,€1,V2,€2,...,€k, V41

is a complete list of the vertices and edges encountered along the path p, written in the order that they
are encountered. Thus, in particular, vy is the root of the tree and vy = £. Let ny,n,, ..., ng be the
integers labelling the nodes vy,...,vg; fori =1,...,k, let X; be A4 if ¢; points downward and to the
left, and let X; be B if e; points downward and to the right. The labelling of the leaf £ is then

C"MX,C"X,...C"™ Xy,

For instance, the leaves of the left tree in Figure 1 are labelled by the words ACAcA, ACAcB, ACB,
and B. The leaves of the right tree are labelled by C2ACA,C?ACBC3A,C?*ACBC3B, C?BcA, and
C? BcB. This labelling scheme works the same way, no matter whether we are letting C represent C,
or Cs.

We obtain a partition of [0, 1) by applying these words to the interval [0, 1). Thus, ACAcA determines
the interval ACAcA -[0, 1), and so forth.

The partition of [0, 1) determined by the trivial subdivision tree is {[0, 1)}.

Remark 6.3 (subdivision trees over M, and M3) Fori = 2,3, we let M; = {A, B, C;,¢;}*; i.e., M; is
the monoid consisting of positive (possibly empty) words in the alphabet {A, B, C;, ¢;}. Fori = 2,3, we
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Figure 1: Subdivision trees.

have the proper inclusions M; € S;. In Section 7, we will obtain finite complete presentations of M,
and M3, which will aid in analysing subdivision trees.

A subdivision tree T represents one of two subdivisions of the interval [0, 1), depending upon whether
the “C” is interpreted as C, or C3. In most contexts, it should be clear which is intended, but, in cases of
possible ambiguity, we may refer to 7' as a subdivision tree over M, or over M3, as the case may be.

Definition 6.4 (equivalent subdivision trees; the functions n and N) Two subdivision trees 77 and 7>
(both over either M, or M3) are equivalent if they represent the same collection of intervals. We write
T, =~ T>.

If T is a nontrivial subdivision tree, then n(7") denotes the label of the root. Let

N(T)={n(T")| T ~ T}.
The set N(T) is empty if T is the trivial subdivision tree.
Lemma 6.5 (finiteness of N(T')) If T is a subdivision tree, then N(T) is a finite set.

Proof We prove the lemma in the case of M>, the argument for the case of M3 being similar.

Note that, if 7/ ~ T and n(T’) = k, then the collection of intervals C determined by 7T refines
{[0,2% /(2K 4 1)), [2%/(2¥ + 1), 1)}. Thus, if N(T') were infinite, C would refine an infinite partition of
[0, 1), which would force C to be infinite. This is impossible, since T" has only finitely many leaves. 0O

Lemma 6.6 Let T and T’ be nontrivial subdivision trees (both over M, or M3), and assume that
n(T)=n(T'). Then T ~ T" ifand only if Ty ~ T, and T, ~ Tj.

Proof We prove the lemma in the case that 7" and 7" are subdivision trees over M>; the case of M3
differs in only minor ways. Assume that 7 and 7" are subdivision trees, and that n(T) = n(T') = ¢.

Assume that T~ T". Let £1, ..., £ label the leaves of Ty and let {5 1, ..., {n label the leaves of 7.
(Here, and throughout the proof, the labels of the leaves are read from left to right, so £; is the label of
the leftmost leaf of Ty, etc.) Let £/, . .. ’E;G label the leaves of 77/ and let E;GH’ ..., 4, label the leaves

of 7. Tt follows that
C'ALy,...,C ALy, C'Blyyy, ..., C Bl
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Figure 2: The relations that define elementary equivalence between subdivision trees over M.

label the leaves of T" and

C'Aly,...,C" AL, C'Bl; \,....C" Bly,

label the leaves of 7. It follows that the above labels pairwise determine equal intervals, in the given
order: C* ALy -[0,1) = C"A¢-[0, 1), etc. Since {; and E;E label rightmost leaves (of the trees Ty and T,
respectively), C* A€ -[0,1) and C tAE;g -[0, 1) have the same supremum, namely 2 /(2! + 1) (since
£ -10,1) and E;E -[0,1) halve the supremum 1). It follows directly that C* A¢; and C* Aﬁ;G determine the
same interval; thus, k = k.

It follows easily that £; and E} determine the same interval, for j =1, ...,k (simply cancel C’ 4 in
the relevant products). Thus, Ty ~ Te’ . By similar reasoning, 7, ~ T7.

Conversely, assuming that Ty ~ T, and T, ~ T, we easily conclude that 7' ~ T". O

Proposition 6.7 (equality of leaves) Let w,w’ € {4, B,C,c}*, where C = C, or C3. The intervals
w-[0,1) and ' -[0, 1) are equal if and only if o = w'C¥, for some k € Z.

Proof If w = w'Ck, then
w-[0,1)='Ck.[0,1) =00, 1),

where the final equality follows from the fact that C -[0, 1) = [0, 1).
Conversely, suppose w] = ' . It follows that (') ' wI =1, s0 (0') " 'w € S(I, I), so (0') " 'w = C¥,
for some k € Z, by Theorem 4.3. It follows that w = o’C¥. |

Definition 6.8 (elementary equivalence) The two transformations in Figure 2 define elementary equiva-
lence between subdivision trees over M.

To apply one of the transformations from Figure 2 to a subdivision tree 7" over M, is to replace a
subtree of the form on the left with a subtree of the form on the right. Here the labels a, b, ¢ represent
the integer labels of the nodes of T that are attached at the leaves labelled by a, b, ¢ (respectively).
An application of the given transformation changes the integer labels of these nodes, as indicated on
the right-hand tree. If one of the integers «, b, ¢ labels a leaf in T, then that integer is ignored (since
leaves of subdivision trees are never labelled by integers). We also say that two subdivision trees 77
and 77 are elementary equivalent over M, if one can be transformed into the other by a sequence of such
transformations.

Elementary equivalence over M3 is defined by the tree pairs in Figure 3.
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Figure 3: The relations that define elementary equivalence between subdivision trees over M3.

In Figure 3, the labels on the leaves of the right-hand trees have been abbreviated to avoid creating an
over-crowded figure. The leftmost “—1” on the second tree from the left represents “a — 17, and so on.

Remark 6.9 The transformations in Figure 2 are inverses of each other; similarly for Figure 3.

Example 6.10 Figure 4 depicts an elementary equivalence between two subdivision trees over M. The
right-hand tree is the result of applying the second relation to the left-hand tree at the node labelled by “4”.
One easily checks that the two trees are indeed equivalent.

Lemma 6.11 If two subdivision trees Ty, T, (over M, or M3) are elementary equivalent, then they are
equivalent.

Proof The proof that the left-hand transformation in Figure 2 preserves equivalence relies on the system

of equalities
C"AC® =C"tlaAce!,

CnBAcb — Cn+1BAcb+1.

CMBBCc‘ — Cn-HBCc—l
all of which are easily verified, and from the interpretation of subdivision trees (Remark 6.2). The other
three verifications follow similarly. a

Figure 4: Elementary equivalence between two subdivision trees over M>.
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6.2 The correspondence between subdivision trees and expansions

Theorem 6.12 (subdivision trees and expansions) We let C denote either C, or C3. Let v € V be the result
of a sequence of expansions from {[idy, I}; i.e., {[id, ]} < v. It follows that there is some subdivision
tree T' such that the set L of labels on the leaves satisfies

v=A{[w,I]|w e L}.

Conversely, any subdivision tree T determines a vertex v by the above equality, and {[idy, I]} < v for
this v.

If {[idy, I]} <v,v and T and T’ are the subdivision trees corresponding to v and v’, then v = v’ if
and only if T and T' are equivalent.

Proof The correspondence between subdivision trees 7 and vertices v satisfying {[idy, I]} < v is
straightforward, in view of the discussion in Remark 4.8.

We will now show that v = v’ if and only if 7" is equivalent to 7’. Assume first that 7" and 7" are
equivalent. Thus,

v={[wi,I],...,[wn, I]} and V' = {[a);,l],...,[w;,,l]},

where the w; are the labels of the leaves of T (listed from left to right) and, similarly, a)l’ are the labels of
the leaves of T (also listed from left to right). Since T and T’ are equivalent, we have

) ks
w; = a)iCk’,

fori =1,...,n and for some k; € Z, by Definition 6.4 and Proposition 6.7. It follows directly that, for
all i, [w;, I] = [w], I], by Definition 4.5, letting & = C*i (since C* € S(I,T)). Thus, v ="',

If we carry over the notation from above, the converse essentially follows from the fact that the equality
[wi, I] = [w], I] implies the equality w; = @;C ki (for appropriate k;); this is a direct consequence of
Definition 4.5 and the description of S(/, I) from Theorem 4.3. O

6.3 A discussion of expansion schemes; the expansion schemes £; and £’

The directed set construction from Section 4, and the generalisations considered in [6], lead to complexes
that are often too difficult to analyse when (for instance) attempting to establish finiteness properties for
the acting group. One device for simplifying the complexes appeared in [6] under the name of “expansion
schemes”. An expansion scheme & assigns to each pair [ f, D] € B a collection of expansions. This
assignment determines a simplicial complex A¢ in which the simplices are chains

V1 <VUp <--< 1y

such that the vertices v; (i = 2,...,n) are all the result of expansions from v; that are allowed by £.
Thus, for instance, the trivial expansion scheme, which allows no expansions, results in a discrete set
of vertices. At the opposite extreme, an expansion scheme may impose no restraint at all, resulting in
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the original directed set construction. Since the topology of A¢ depends significantly on the choice of &,
it would be useful to have a criterion that recognises when the complex A¢ is n-connected. The idea of
an “n-connected expansion scheme” offers such a criterion. The necessary definitions follow.

We will begin with a general discussion of expansion schemes; the definitions of &; and & are in
Example 6.22. The definition of “pseudovertex” is from Section 4 of [6], while the other definitions and
theorems in this subsection are from Section 6 of [6].

Definition 6.13 (pseudovertices) Let v = {[f1, D1],...,[fm, Dm]} € B. We say that v is a pseudovertex
if the sets f;(D;) (i =1...,m) are pairwise disjoint.

Remark 6.14 (the partial order on pseudovertices; the action of S on pseudovertices) The pseudovertices
are partially ordered by expansion, which can be defined exactly as it was for vertices (Definition 4.7).
The pseudovertices do not form a directed set, since the support of a given pseudovertex

(fl(Dl) U"'Ufm(Dm))

is invariant under expansion. The proof of Theorem 4.12 still shows that any two pseudovertices with the
same support have an upper bound. Thus, the simplicial realisation of the set of all pseudovertices is a
disjoint union of contractible sets.
There is a (partial) action of S (Definition 2.7) on B, defined by
§-[/.DI=I[5/.D].
This action is defined for suitable [ f, D] and 5; i.e., for all pairs [ f, D] and § € S such that f(D)is a

subset of the domain of §.

Definition 6.15 (£-expansion; expansion scheme) Let PV denote the collection of all pseudovertices.
Assume that £ : B — 27V satisfies (1)—(3), for each [ f, D] € B (we let b, rather than [ f, D], denote a
typical member of B in order to simplify notation):

(1) Each w € £(b) is the result of a sequence of expansions from {b}; i.e., for each w € ([ f, D]), we
have {[ f, D]} < w.

(2) {b} € E(D).
(3) S-invariance For each § € S, and each b € B for which § - b is defined, § - EMb)=E(5-b).

Let v € PV; we write v = {by, ..., by}, where by, ..., by € B. We say that v’ is a result of £-expansion
from v if there are vlf € E(b;), fori =1,...,m, such that

m
’_ /
v =
i=1
We say that £ is an expansion scheme if

(4) forevery [f, D] € B and every wy, wy € £([ f, D]) such that wy < w,, w, is the result of £-expansion
from wy.
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Definition 6.16 (the complex A®) Let £ be an expansion scheme. We let A€ be the subcomplex of the
directed set construction made up of E-simplices; i.e., simplices

V1 <V << Uy
such that the vertices v; (j € {2,...,m}) are obtained from v; by £-expansion.

Definition 6.17 (interval subcomplexes; relative ascending links) Let v’ and v” be pseudovertices such
that v/ < v” (in the sense of the expansion partial order; see Remark 6.14 and Definition 4.7). We let
A'[gv, V] denote the set of all £-simplices

vV << VUpy

such that v’ < vy < vy, <v”. This is the interval subcomplex determined by v’, v”, and &.

£
]

Definition 6.18 (n-connected expansion schemes) Let £ be an expansion scheme. We say that £ is

The ascending link of v’ relative to v” is the link of v’ in the complex A

n-connected if, for each b € B and each pseudovertex v such that {} < v, the ascending link of {b}
relative to v is (n—1)-connected.

Theorem 6.19 (n-connectedness of A®) If £ is an n-connected expansion scheme, then the complex A€
is n-connected.

Remark 6.20 (n-connectedness of complexes determined by pseudovertices) Theorem 6.19’s conclusion
carries over to complexes determined by pseudovertices in a component-by-component fashion; i.e., each
connected component is n-connected.

Example 6.21 (the case of Thompson’s group V') We consider a basic example of an expansion scheme.

Let
o0
c=[]t0.13
n=1

denote the usual binary Cantor set. The elements of C are infinite binary strings. We let " denote the
set of all finite binary strings. For each w € C", we let D,, denote the set of all infinite binary strings that
begin with the prefix w. For w;, w; € ¢fin the transformation Owy,w> - Dw, = Dy, removes the prefix o
from the input and adds the prefix w, in its place. We let

Sy ={0w,,w» | 01,02 € Cﬁ"} U {0},

where 0 represents the empty function. The set S} is an inverse monoid under composition. The associated
set of domains D;V consists of all of the sets D,,, where w € Ci".

The set of all bijections y : C — C that are locally determined by Sy make up a group, which we
denote by V. This is Thompson’s well-known group V, as described in [5]. We define an Sy structure as
follows. For each pair (D, , Dy, ), we define

S(Dw] ) D(DZ) = {Gwlawz}'

Algebraic € Geometric Topology, Volume 26 (2026)



Finiteness properties of some groups of piecewise projective homeomorphisms 1419

The verification that this assignment does, indeed, define an Sy -structure is routine. (For the sake of this
discussion, we can use the properties from Proposition 4.4 as the definition of S-structure. The reader is
referred to [6] for a more complete definition. We note, however, that the longer definition from the latter
source is designed to address numerous complications that do not arise in the case of V'.)

We now define an expansion scheme £. For each [ f, Dy, let

E(Lf. Do) = {Lf. Dol}. 1S, Dool. [f. Dw1l}-

Thus, the set £([ f, Dy]) consists of two pseudovertices: the base pseudovertex {[f, D]}, and the
pseudovertex obtained by performing the simplest possible expansion at [ f, D], namely the expansion
that subdivides D, into left and right halves (Do and D1, respectively). It is straightforward to check
that the assignment £ satisfies the conditions of Definition 6.15.

A simplex in A¢ is a chain

VE <Vp < -+ <V,

where v; = {[f1, Dw,].-...[/n. Dw,]}, and each vertex v; (2 < j < m) can be obtained from v; by, for
agiveni € {1,...,n}, either replacing [ f;, D,] with its left and right halves (in the sense described
above), or leaving [ f;, D;] unchanged.

It is also straightforward to check that the expansion scheme & is n-connected, for all n. Indeed, let
b € B and let {b} < v. There is a unique £-expansion from b, and thus the 1-simplex connecting {b} to
{by, b, } is the star of {b} in A’[s{ by The ascending link of {b} relative to v is therefore always a point.
It follows from Theorem 6.19 that A is contractible.

Example 6.22 We now return to the main examples of this paper. Let S = S5, S3, Sé, or S;, and let the
S-structure S be defined as in Definition 4.1. We will define expansion schemes &; and Elf ,fori =2,3.
In order to do so, we must first introduce some useful notation.

For each k € Z, we let 1, denote the vertex that corresponds to the subdivision tree consisting of a
single caret in which the root is numbered k. (The correspondence in question is that of Theorem 6.12.)
Thus,

up = {[C* A, 11.[C* B. 11},

where C = C; or C3, depending on the semigroup S in question. If S = S, or S}, we let u; _ 1 be the
vertex corresponding to the subdivision tree consisting of two carets: a top caret (with root labelled k),
and a second caret, attached to the left child of the root, labelled 0. Thus,

Uy = {[CkA4A4,1),[C*AB, 1),[C*B, I]}.

fS=5850rS g, then u;__ 1 is the vertex represented by the subdivision tree consisting of a top caret
(with root labelled k), and a complete depth-two binary tree, attached at the left child of the root, in which
each node is labelled 0. Thus,

Uy = {{CKAAA,1),[C*¥AAB, I],[C*ABA, I),[C*¥ABB, I],[C* B, I}
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b

Figure 5: Above we have depicted the simplicial complex £(b) associated to b = [idy, I] by the
expansion schemes &; and &/. An integer k refers to the vertex uy.

With the above conventions, we can set

&ilidy, 1) = & (idy. 1)) = {{lidy. I1}} U {ug 2 | k € Z},

for i =2 or 3. By extending S -equivariantly, we arrive at a definition of &;(b) = £/(b), for any b =[f, I]
and for i = 2 or 3, where I is contained in the domain of f € S:

EWLAD =EWST) =HL AR VLS ugy2 |k € 2}

The well-definedness of this assignment is easy to check.

It is straightforward to check that uy <u, _ 1 and up_1 <uy_ 1 for each integer k. (The first inequality
is clear; the second inequality follows directly after applying an elementary equivalence.) Moreover,
no two of the vertices uy, and uy, are comparable and no two of the vertices u k-1 and u kp—1 are
comparable (if ky # kj). It follows that the simplicial realisations of & () and &; (b) take the form
indicated in Figure 5.

We recall that [ f, wI] = [ fw, I] when w € {A, B}* (see the beginning of Remark 4.8). It follows that
the description of &; is complete for i = 2 and 3.

We next define

E((f.Im.00)) = YL/ Im. o)} ALS.[m.m + D] [f.[m + 1, 00)]}}.

This completes the definition of &£/, for i = 2 and 3.
Observe that, if {[ f,[m, o0)]} < v, then

={l/.Dl| D P},

where P C D;,"en is a finite partition of [, co) into generating domains (see Remark 4.8). The partition P
is necessarily a proper refinement of {[m,m + 1),[m + 1, 00)} if {[ f, [m, 00)]} < v. It follows that the
ascending link of {[ f, [m, 00)]} relative to such v is always a point, and thus contractible. Thus, the
expansion scheme &/ is n-connected for a given # if and only if & is. We may therefore concentrate on &;
in what follows.
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7 Finite complete presentations of semigroups

In order to understand equivalence between subdivision trees, we will need a full analysis of the
monoids M, and M3, which, by definition, are generated by the linear fractional transformations that we
have denoted by 4, B, C;, and ¢; (fori = 2, 3).

In this section, in contrast to our usual practice, the letters A, B, and C will be used as formal symbols.
We will define abstract monoid presentations P; and P; (i = 2,3), with the ultimate goal of proving
that the abstract monoid M (P;) defined by P; is isomorphic to M;. (The monoids M (75,-) represent a
necessary intermediate device.)

The arguments in this section parallel those from Section 5 of [9].

7.1 Monoid presentations and string-rewriting systems

Definition 7.1 (monoid presentations) Let X be a set. The free monoid on X, denoted by X*, is the set of
all positive (possibly empty) words in X, with the operation of concatenation. The empty word is denoted
by 1. We write w1 = w; if w1, w, € X* are identical as words.

Let R be a set of ordered pairs (r1,7r,) € ¥* x *. We view such a pair as an equality between words
in X*, writing ry = r, if either (r{, ;) or (rp,7r1) is in R. The pair P = (X | R) is called a monoid
presentation; the set R is the set of relations. These relations determine an equivalence relation on X* in
the following way. If wy, w, € X*, then we write w; ~ w, if w1 = ar1f and w, = ar, B for some words
a, B € ¥*, and (r1, ;) € R. The symmetric, transitive closure of a7, denoted by =, is an equivalence
relation on X*. We sometimes denote the equivalence class of a word w by [w].

The concatenation operation on X* determines a well-defined associative operation on the set of
equivalence classes X*/=. We let M (P) denote the set of these equivalence classes, with the operation
induced by concatenation. The set M (P) is a monoid with respect to this operation, called the monoid
determined by P.

Definition 7.2 (rewrite systems; string-rewriting systems) A rewrite system is a directed graph I". We
allow loops and multiple edges. If v; and v, are vertices of I', we write vy — v, if there is a directed
edge issuing from v, and terminating at v,. We write vy — v, if there is a directed edge path from v
to v,. Equivalently, — is the transitive closure of —.

Let P = (X | R) be a monoid presentation. We define a rewrite system I"(P) as follows. The vertex set
of I'(P) is X*. There is a directed edge from w; to w; if w1 = ar1 B and w, = ar, B, where a, f € X*
and (rq, ry) € R. The directed graph I'(P) is called the string-rewriting system associated to the monoid
presentation P.

Remark 7.3 Let <— denote the symmetric, transitive closure of —. Thus, <— is an equivalence
relation on the vertices of I'(P). The above definitions easily show that the relation <— coincides with
= on X*. In other words, equivalence classes of words in ¥* modulo = are in one-to-one correspondence
with (undirected) path components of T"(P).
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CzAA —> ACZ CzB —> BBC2 CzAB —> BACZ
cyA— AAcy BB — Bcy, ¢ BA— ABC,
CzCz —1 CzCz —1

Cz(la —> ClCz Czb — bbCz Czab d bchZ

Cra —> adacy cobb — bey bA —0
aB—0 bB — 1 aAd —1
0X —0 X0—0

Table 1: The relations of 732. The relations in the top box are R,. The “X” stands for any of the generators.

In view of this close identification between the monoid M (P) and the string-rewriting system I"(P),
it causes no harm to write r{ — r; for a relation (r1, ;) € R.
Definition 7.4 (terminating; confluent; locally confluent; reduced) A rewrite system I is ferminating if
every sequence of vertices vy — v, — v3 — --- is finite. We say I is confluent if whenever v; — w;
and v; —> w,, there is some v, such that w; — v, and wy, —> v,. We say I is locally confluent if
whenever vy — w and v; — w;, there is some v, such that w; — v, and wy —> v,.

A vertex v of I' is called reduced if there is no directed edge issuing from v.

A rewrite system is complete if it is terminating and confluent. We say that a monoid presentation P is
complete if the associated string-rewriting system I"(P) is complete.

Theorem 7.5 [12] If the rewrite system I is terminating and locally confluent, then I is confluent. a

Corollary 7.6 (unique reduced forms) If the rewrite system I is terminating and locally confluent, then
each connected component of I' contains a unique reduced vertex.

In particular, if P = (¥ | R) is a complete monoid presentation, then any connected component of
I'(P) contains a unique reduced word, and any word w € X* is equivalent to a unique reduced word
modulo =. |

7.2 Basic definitions of the rewrite systems

Definition 7.7 We define monoid presentations, P,, 752, P53, and ﬁ3, as follows.
(1) P, =(A, B,Cy,c3 | Ry), where R, consists of the relations appearing in the top box of Table 1.
2) 732 =(A4,B,Cy,a,b,c,,0 | ﬁz), where 7A€2 consists of the relations that appear in Table 1.
(3) P3 = (A, B,Cs3,c3 | R3), where R3 consists of the relations appearing in the top box of Table 2.
4) 733 =(A4,B,C5,a,b,c3,0 | 7/@3), where 7/@3 consists of the relations that appear in Table 2.
We note that the occurrences of “X in the tables represent arbitrary generators.
Remark 7.8 (the modified rewrite systems 1"*(73,~)) The string-rewriting systems F(73i) (i =2, 3) both
fail to be locally confluent. For instance, the directed edges c,6bB — bcy B and c,bbB — ¢3b show

that I'(P,) is not locally confluent, since the words bc, B and ¢,b are both reduced. The directed edges
c3bbbB — c¢3bb and c3bbbB — bc3 B similarly show that ['(P3) is not locally confluent.
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C3AAA — AC; C3AAB — BAAc; C3ABA — BABC;
C3ABB — BBAc; (C3B — BBBC(C; c3A— AAAcs
c3BAA — AABCs; ¢3BAB — ABAc; c¢3BBA — ABBC;
C3BBB — BC3 C3C3 —1 C3C3 —1

c3a — aaacs Csaab — baacs c3bab — abacs
C3abb — bbac; c3bbb — bes Czaaa — aCs
csbaa — aabCs Csaba — babC; c3bba — abbC;
C3b — bbbCs aB—0 bA —0

0X —0 X0—0 bB — 1

aAd —1

Table 2: The relations of ﬁ3. The relations in the top box are R 3.

In order to apply Theorem 7.5 (and thus establish the uniqueness of reduced forms via Corollary 7.6),
we will create modified rewrite systems F*(73,-) as follows. The modified rewrite systems have the same
vertex sets as the original string-rewriting systems (i.e., vertices are words in the alphabets specified in
Definition 7.7). If a word w contains no occurrences of the subwords 0, aB, bA, bB,aA, c,C,, c3Cs,
Cycp, or Csc3, then the directed edges leading from w are unchanged. If, however, one or more of the
above occurs in @ as a subword, then we repeatedly apply the eight rewriting rules (from either Table 1
or 2, as appropriate) that have “1” or “0” on the right side, until the resulting word, denoted by R(w),
contains no occurrences of the above subwords, or is 0. The sole directed edge leading from w then
connects to R(w).

It is straightforward to check that R(w) is indeed uniquely defined; one considers the string-rewriting
system that uses only the eight relations specified above. The latter is easily seen to be terminating and
locally confluent, so applications of Theorem 7.5 and Corollary 7.6 establish uniqueness.

Proposition 7.9 The rewrite systems I'(P,), T'(P3), T*(P,), and T'*(P3) are locally confluent and
terminating. In particular, each word w has a unique reduced form r (®).

Proof We first consider local confluence in the case of the rewrite systems I *(ﬁ,‘). Indeed, there is
nothing to prove here if only a single directed edge leads away from w. It therefore suffices to consider
only words w containing no occurrences of 0, a B, bA, bB,aA, c,C5, ¢3C3, Cycy, or C3c3 as subwords.
However, in this case local confluence is essentially trivial, since there can be no overlaps between the left
sides of the relations that appear as subwords of w. Thus, assuming that £’ — r” and £” — r”’ are rewriting
rules that are applicable to w, we can factor  in the form w1 €' w,{"” w3 (without loss of generality), where
any one of the w; could be trivial. The result of applying the first reduction, w{r’'w,¢"” w3, and the result
of applying the second reduction, w£'w,r" w3, then both flow to w7’ w,r” w3, proving local confluence.

In the case of the string-rewriting systems I"(7;), the only overlaps between applications of rewrite
rules £/ — " and £ — r" occur when £’ or £” (or both) take the form ¢C or Ce. In all of these cases,
checking local confluence is straightforward.
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The “terminating” condition follows from the fact that every relation either “moves” C closer to the
end of the word (possibly changing the occurrence of C to ¢ in the process), or shortens the word. O

Remark 7.10 In the case of the rewrite systems I‘*(73,-), we can have two (or more) distinct reduced
words that are equivalent modulo the monoid presentation P;. Indeed, bcy B and ¢, b are two such words.

There are, however, no such pairs of words in the case of the string-rewriting systems I'(P;), by
Remark 7.3.

Definition 7.11 (the monoids M, and M3) Let T4 :[0,1) — [0, 1/2) be the transformation defined by
the rule

X
0=

Thus, T4 is exactly the transformation denoted by A in Section 2. We similarly define T, T¢,, and T,
as B, C,, and C3 were defined in Section 2.

Fori =2, 3, we let M; be the monoid generated by the transformations T4, T, T¢;; i.e., the collection
of functions generated by these transformations under the operation of concatenation.

Fori = 2,3, we let Z\//},- be the inverse monoid generated by the transformations T4, T, T¢;; i.e.,
the collection of functions generated by these transformations and their inverses, under the operation of
composition.

Definition 7.12 (the maps m,, 7,, 73, 73, and ) For each X € {4, B, C,, C3}, we set w(X) = Ty.
We extend this map to the lower-case letters a, b, ¢», ¢3 by sending each to the relevant inverses; i.e.,
w(a) = TA_I, n(b)y =Tg 1, etc. We define 7(0) to be the empty function (with empty domain and
codomain).

For i = 2,3, we define monoid homomorphisms 7; : M (P;) — M; by letting 7; agree with 7 on the
relevant generating sets. We similarly define monoid homomorphisms 7; : M (ﬁi) — ]\/4\,- (fori =2,3)
by letting 77; agree with 7 on the relevant generating sets.

The homomorphisms 7; restrict to 7;, for i = 2, 3 (and, indeed, M (P;) is a submonoid of M (73,-), as
the latter remark implies).

Remark 7.13 The proof that 7r; and 7; (i = 2, 3) are monoid homomorphisms depends on showing that
the defining relations of M (P;) and M (73,-) are satisfied by their images in M; and A?i. This verification
is routine, and is left to the reader.

It is clear that the maps 7r; and 7; are surjective.

Remark 7.14 Note that, although 75 ITp = 1 (where “1” here denotes the identity function on [0, 1]),
TTz' =idp 2,1y # 1. Similarly, T4T ;' =idjo,1/2).

Remark 7.15 The rewrite rules 1 X' — X and X1 — X are implicit in the definitions of M (P;) and M (ﬁi).
It is technically unnecessary to include them, since “1” is simply notation for the empty string.
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7.3 The “no potential cancellations” condition

Throughout this subsection, we will write “C” in place of C, or C3, and similarly write “c” in place of ¢,
or C3.

Definition 7.16 (C-tracks) A subword o’ of w € {A, B, C,a,b,c,0}* is called a C-track if

(1) o’ contains at most one occurrence of C or ¢ (not both);
(2) any occurrence of C or c¢ is at the beginning of the word ’;

(3) @’ is a maximal subword with respect to properties (1) and (2).

Remark 7.17 Any word w € {4, B, C,a, b, c,0}* has a unique decomposition
W=w]...0p
as a product of C-tracks. For instance, the decomposition of the word

CCabCABC
into C-tracks is wjw,w3wy4, Where
w1 =C, wy=Cab, w3;=CAB, w4=C.

Definition 7.18 ([9, Definition 5.7], advancing an occurrence of C or ¢) To advance an occurrence of C
(or ¢) is to apply one of the relations from Definition 7.7, other than those of the form Cc — 1, cC — 1,
0X — 0, and X0 — 0, to a subword containing that occurrence of C or c.

Definition 7.19 ([9, Definition 5.8], no potential cancellations) Assume that w € {4, B, C,c}*. Let
W=wp...0p
be the unique decomposition into C-tracks. We say that w has no potential cancellations if the words
rw)w;...wp, o1r(w)...05, ..., ®103...7(wy)

contain no occurrences of ¢C or C¢ as subwords. Here r(w) (for w € {A, B, C, ¢}*) denotes the reduced
form of w relative to I'(P;), for i = 2 or 3 (see Definition 7.7 and Proposition 7.9).

Remark 7.20 If w has no potential cancellations, then w contains no occurrences of ¢C or Cc as
subwords. This follows directly from the observation that ¢ and C are their own reduced forms; i.e.,
r(c)y=cand r(C)=C.

Proposition 7.21 [9, Lemma 5.9] Ifw € {4, B, C, ¢}* has no potential cancellations and ' is the result
of advancing a ¢ or C exactly once, then ' has no potential cancellations.

Proof Let w = wiw; ...wy,, where the right side of the equation is the unique decomposition of @ into
C-tracks. Suppose that @’ is the result of advancing an occurrence of C (or ¢) exactly once; suppose that
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{L—r x=C orc x=CA xX=cB
CAA - AC CAC — CAC CAAC — ACC ¢BAC — ABCC
CB - BBC CBBC —> B*(C? CAB2C —> BAcBC ¢B3C — ¢B3C

CAB — BAc | CBAc —> BBCCAc | CABAc —> BAAAcc | ¢cBBAc —> BAAcc

¢cA— AAc cAAc —> A*cc CA3c —> ACAc ¢BAAc —> ABCAc

¢BB — Bc cBc — c¢Bc CABc —> BAcc ¢BBc — Bcc

¢BA— ABC | cABC —> AAcBC | CAABC — AB*C? | ¢BABC — AB3C?

Table 3: The proof of Proposition 7.21 in the case of M (P,).

the advanced occurrence of C or ¢ appears in w;, and let £ — r be the relation that advances this C or c.
Thus w; = £ for some word B. Let

/

! _ / 4
W =0W,...0

n

be the unique decomposition of @’ into C-tracks. It follows directly that ®;_,w; = w;—rp, while
a)J’ =wjif je{l,...,n}—{i—1,i}. Note that the subword w;_;7 consists of the C-track of the (i —1)-st
occurrence of a C (or ¢) in ’, followed by a C (or ¢); note also that the only chance of an occurrence
of Cc or ¢C in the words ] .. .r(w]’._l)wj’. ... w), might occur when j =1i.

To prove the proposition, it therefore suffices to prove that, during the reduction of the subword w;_17,
no occurrence of Cc¢ or ¢C can arise. Note that w;_1r begins and ends with occurrences of C (or ¢),
while all intermediate letters are A or B. Thus, after reducing w;_1, it suffices to show that an occurrence
of Cc or ¢C cannot arise in (further) reducing r (w;—1)r. Finally, we note that the reduced word r(w;—1)
ends in a reduced word x that begins with a C or ¢. There are only finitely many possibilities for x:
indeed, x € {¢,C,CA, cB} in the case of M (P;), while x € {¢,C,CA,CAA,CAB,cB,cBA,cBB} in
the case of M (P3). Furthermore, in either case, one of the cases x = C or x = ¢ can be ruled out, since
x£ contains no occurrence of Cc¢ or ¢C by hypothesis.

Thus, in summary, it suffices to show that, for each rewriting rule £ — r, no occurrence of ¢C or Cc¢
can appear when reducing the word xr, where x runs over the above possibilities and further satisfies the
condition that x £ itself contains neither ¢ C nor Cc.

The relevant calculations are summarised in Tables 3 and 4. O

Definition 7.22 (negative-to-positive words) Let w be a word in the alphabet {4, B, C,a,b,c,0,1}. We

say that w is negative-to-positive if all occurrences of a and b (if any) occur before any occurrence of
either 4 or B.

Remark 7.23 If w # 1,0 is a negative-to-positive word containing no occurrences of bB or a4 or 1,
then each C-track in w is a word in either {a, b, C,c} or {4, B, C, c}. We call a C-track in the former
alphabet negative, while a C-track in the latter alphabet is positive.

A C-track consisting only of the single symbol C or ¢ can be freely considered negative or positive.
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{—r

x€{c,C,CA,CAA}

x €{CAB,cB,cBA,cBB}

CA% - AC

CAC — CAC
CAAC — CAAC
CAAAC — ACC

CABAC — BABCC
¢BAC — ¢BAC
¢BAAC — AABCC
¢BBAC — ABBCC

CABA — BABC

CBABC — B3CABC
CABABC —> BAB*C?
CAABABC —> BA%¢BC

CABBABC —> B%2A*¢BC
¢BBABC —> AB>(C?
¢BABABC —> ABA*¢BC
¢B34ABC —> BA3¢BC

CAAB — BAAc

CBAAc — B3CAAc
CABAAc —> BABCAc
CAABAAc —> BA%cc

CABBAAc —> A*B*CAc
¢BBAAc —> ABBCAc
¢BABAAc —> ABA’cc

¢B3AAc —> BAScc

CABB — BBAc

CBBAc —> B%CAc
CABBAc —> B2 A%cc
CAABBAc —> BA*cBAc

CABBBAc — BBAcBAc
¢BBBAc —> BA3cc
¢BABBAc —> ABAcBAc
¢B*Ac —> BcBAc

CB — BBBC

CBBBC —> B9C?
CABBBC —> BBAcBC
CAABBBC —> BA%¢BBC

CABBBBC —> BBAc¢BBC
¢BBBBC —> B¢BC
¢BABBBC —> ABAc¢BBC
¢B3C —> B¢BBC

cA— AAAc

cAAAc —> A%c?
CA% —s ACAc
CAS¢c —> ACAAc

CABAAAc — BABCAAc
¢cBAAAc — AABCAc
¢BAAAAc — AABCAAc
¢BBAAAc — ABBCAAc

¢BAA — AABC

¢cAABC —> AS%¢BC
CAAABC —> AB3(C?
CA*BC — ACABC

CABAABC —> BABCABC
¢BAABC —> A2B*C?
¢BA*BC —> AABCABC
¢BBAABC —> ABBCABC

¢cBAB — ABAc

cABAc —> A3¢BAc
CAABAc = BA3cc
CAAABAc —> AB3CAc

CABABAc —> BAB*CAc
¢BABAc —> ABA%cc
¢BAABAc —> A2B*CAc
¢BBABAc —> AB>CAc

¢BBA — ABBC

¢cABBC —> A3¢BBC
CAABBC —> BAAc¢BC
CA3BBC —> ABSCC

CABABBC —> BAB'CC
¢BABBC —> ABA¢BC
¢BAABBC —> AAB’CC
¢BBABBC —> AB3(C?

¢B3 - Bc

cBc —— cBc
CABc — CABc
CAABc — BAAcc

CABBc¢ —> BBAcc
¢BBc —> ¢BBc
cBABc — ABAcc
¢BBBc — Bcc

Table 4: The proof of Proposition 7.21 in the case of M (P3).

Algebraic € Geometric Topology, Volume 26 (2026)

1427



1428 Daniel S. Farley

Definition 7.24 (no potential cancellations in negative-to-positive words) Let w € {4, B,C,a,b, c}*.
Assume that the reduced form of w is not 0, and that @ also contains no occurrences of bB or a 4.
Let

W=w1...0p

be the unique decomposition into C-tracks. We say that w has no potential cancellations if the words
r(wp)wy...own, wir(w)...0n, ..., oiw...1r(wy)

contain no occurrences of ¢C or Cc. Here r(w) denotes the reduced form of w relative to the rewrite

system F*(7A3,-) (see Remark 7.8 and Proposition 7.9).

Remark 7.25 If o = w; ... wy, is the decomposition of the negative-to-positive word w into C-tracks, then
the words w; ...7(®j)...w, (for j =1,...,n) need not be accessible from w by a directed edge-path
in F*(ﬁi). This contrasts with the case of words in the generators {4, B, C, ¢}; i.e., words consisting
only of positive C-tracks.

Consider the word ¢;6C, BB. We have

Csz(CzBB) = CszBBBCz,

and there is no directed edge-path from ¢,6C, BB to c;b BBBBC,, since the application of the relation
C, B — BBC, must be followed by an application of the cancellation bB — 1:

¢2bCy BB — ¢c;bBBCy B — ¢y BCy B — ¢ BBBCy, — Bey BCs.
Proposition 7.26 Assume that
(1) w is negative-to-positive;
(2) o has no potential cancellations;
(3) w has no subword of the form aA or bB;
(4) the reduced form of w (in the sense of the rewrite system I'* (ﬁi)) is not 0.

Let o’ be the result of advancing a ¢ or C exactly once, and then removing all occurrences of aA or bB,
along with all occurrences of “1”. The word o’ is also a negative-to-positive word with no potential
cancellations.

Proof The proof is like that of Proposition 7.21. We assume that ' is the result of advancing the i -th
occurrence of C or ¢ in w exactly once. Let w;w; ... w, be the C-track decomposition of w. There are
three cases: w;—; and w; are both positive C-tracks, or w;_1 and w; are both negative, or w;_; is negative
and w; is positive.

We note that the first case (in which both C-tracks are positive) is already handled by the proof of
Proposition 7.21. The second case is also handled by the proof of Proposition 7.21. This follows from
the observation that each rewriting rule between words in the alphabet {a, b, C, ¢} corresponds to a
rewriting rule in between words in the alphabet {4, B, C, c}. One need only replace a C with ¢ (or
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the reverse), an A4 with a b, and a B with an a. Thus, for instance, the rewriting rule CAA — AC
corresponds to chb — bc. Using this substitution, we can transform Tables 3 and 4 into tables that prove
the negative-to-negative case.

It remains to consider the case in which w;_1 is negative and w; is positive. Since w;_; is a negative
C-track, we have w;_; = C*u, where u is a nonempty word in the generators ¢ and b. Let £ — r
be the rewriting rule that advances the occurrence of C or ¢ in the subword w;. There are nonempty
words ry, 1, such that r = ryrp, where 1y € {4, B}* and r, = ¢ or C. After applying the rule £ — r to
the subword w;_1 £, and before any cancellation, we arrive at a word of the form C *urir,. Since @ #0,
the subword C T r;r, cannot contain any occurrence of a B or bA. It follows that one of the rewriting
rules aA — 1 or bB — 1 can be applied at least once to ur;, and, indeed, that such rules can be applied
to urq until an entirely positive word (i.e., a word in the generators {A, B}) or an entirely negative word
remains. Note that, in either case, the word @’ described in the proposition is still negative-to-positive.
In fact, only the “no potential cancellations” condition remains to be proved.

The proof involves an analysis of various subcases. We first assume that, after cancellation, a negative
word remains. In this subcase, u = ur~ !, where i is a possibly empty word in the generators {a, b}.
It suffices to show that the word r(C*)r, contains no occurrence of the subwords ¢C or Cc. Suppose,
for a contradiction, that there is such an occurrence. The occurrence must be at the end of the word
r(C*)r,, from which it follows that r (C*#) = ury 1. for some i € {a, b}*. Next, we consider again
the subword C*uf of w. We have

Crut = CEary Y — wry ry e

Since, for each rewrite rule £ — r in P;, the rule »~! — £~ ! is a rewrite rule in ﬁi (see Tables 1 and 2),
it follows that

iry ri e = e,

which implies that w; ...7(w;—1)w; ... wy, contains an occurrence of ¢C or Cc¢ (which appears in the
subword £~1£). This is a contradiction of the “no potential cancellations” hypothesis.

Now we consider the subcases in which a nonempty positive word remains after cancelling within ur;.
In this subcase, we can list all of the possibilities for the word w; ;¥ = C *ur, which arises from the

subword w;_1£ of w after advancing the initial “c” or “C” in w; via the rewriting rule £ — r. Indeed,
in the case of i = 2, the only possibilities are

CszBCz, CszBCz, CszACz, CszACz,
CzClAACz, CzClAACz, CszBCz, Cz(lABCz.
Each case is easily handled. For instance, in the first case, C;6 BB C, becomes C, BC, after cancelling bB.

The word C; B is the (i —1)-st C-track in w’. Rewriting, we find that r(C, B) = BBC,, which shows
that ’ still has no potential cancellations.
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The case of i = 3 involves many more cases, but we can make some useful general observations. We
consider the possible forms of the word R(C;tur), which is the subword of w’ that occurs after advancing
the leading “C” symbol in w; and after performing any reductions of the form a4 — 1 or bB — 1. We
note that R(C;Eur) necessarily takes the form C;E ZZC;E, where # € {A, B}* has length either 1 or 2, and
the first and last “C” symbol may have the same or opposite exponents. An examination of Table 2 shows
that the only way that the initial “C”” symbol in C ;E u C;t can be advanced to the end of the word (and thus
create a potential cancellation) is if # does not contain both of the symbols 4 and B. We can therefore
assume that it = A, AA, B, or BB. Next, we note that, if & ends with A, then r necessarily ended with c3,
while if # ends with B, then r necessarily ended with C;. (This again follows from Table 2.) Finally, we
note that, if there is to be cancellation in C3i u C3i as the result of advancing the initial “C” symbol, then
the first and last exponents must be opposite; this now follows because advancing a “C” symbol past a
word of the form A4, AA, B, or BB never changes the exponent. Thus, the only cases left are

C3AC3, C3AAC3, C3BC3, C3BBC3.
These words are all reduced, completing the proof. a

Corollary 7.27 If o satisfies the hypotheses of Proposition 7.26 and w —> ' in T*(P;), then o’ also
satisfies the hypotheses of Proposition 7.26, after we remove all occurrences of aA and bB.

Proof This follows by repeatedly applying Proposition 7.26 to w, and from the fact that any application
of a rewriting rule to @ (under the hypotheses on @) necessarily entails advancing a “C” symbol. a

7.4 Presentations and normal forms for the monoids M, and M3

Proposition 7.28 [9, Lemma 5.10] Let w be a word in the generators { A, B, C, c¢}. Assume that w has no
potential cancellations.
There is a word T € {A, B}* such that r (wt) = @C*€, where @ is a word in {A, B} and € > 0 is the

total exponent of C and ¢ in .

Proof The proof is by induction on the (combined) exponent € of C and ¢ in w. We note that, due to the
“no potential cancellations” condition, it is not possible to reduce (or, indeed, increase) the exponent € by
applying any of the monoid relations.

Our proof will use the fact that, if w € {4, B, C, ¢}* has no potential cancellations, then any word of the
form wt (t € {4, B}*) also has no potential cancellations. This is an easy consequence of Definition 7.19.

We first consider the case of M (P,); assume € = 1, the case € = 0 being trivial. We note that r (w) ends
with one of the strings C, ¢, CA, or ¢ B (and the only occurrences of C or ¢ occur in these strings). In the
case of C, there is nothing to prove. If r (@) ends with ¢, we can let T = BA and then reduce the result. If
r(w) ends with either CA or ¢ B, we can let t = A and then reduce the result. This proves the base case.

Now let € > 1. We can express w as a product w;w,, where the total combined exponent of C and ¢
in w, is € — 1, and w; contains a single occurrence of C or ¢. By induction, we can find 7; € {4, B}*
such that 7 (w,71) = ®,C€™!, where @, € {4, B}*. Thus, after reducing the word w;w,1;, we obtain a
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word o’ € {4, B, C, c}* that ends with C€¢, CAC¢™!, or cBC¢~!. (Note that the case cC¢~! is ruled
out by the “no potential cancellations” hypothesis.) In the first case, we are finished; set 7, = 1. If o’
ends with CAC€™! or cBC€™!, we can set 1, = A* 7' After reducing the word w’t,, we have a string
of the required form, so the required 7 is 77 13.

Now we consider M (P3). Let w € {A, B, C, c} and define ¢ as before. We first consider the case
€ = 1. The word r(w) ends with ¢, C, CA, CAB, CAA, cB, cBA, or cBB. If r(w) ends with ¢, we can
let T = BBA and apply the relation cBBA — ABBC. If r(w) ends with C, there is nothing to prove
(r = 1). In the remaining cases, we let t = AA, A, A, AA, A, or A (respectively).

Now suppose € > 1. We can write w as the product w; w;, where the total combined exponent of C and
¢ in w; is € — 1, and w; contains a single occurrence of either C or ¢. Proceeding as in the case of M (P;),
we can right multiply by some 77 € {4, B}* and reduce to arrive at a word ’ that ends with one of the
following strings: C¢, CAC™ !, CABCS™Y, CAACS™Y, ¢BC<™!, ¢cBACE™, ¢cBBC¢™!. In the first
case, there is nothing to prove; let 7, = 1. In the remaining cases, we multiply by 1, = A2'3€_1, A3€_],
A3 s A2’3€_1, A3e_l, or A3e_l, respectively. Thus, the required 7 is 77 13. O

Proposition 7.29 Letw €{A, B,C,a,b, c}* be a negative-to-positive word with no potential cancellations.
Assume that there is no t € {A, B}* such that r (w1) = 0.

There is some t’ € {A, B}* such that r (wt") = ®C*¢, where ® € {A, B}* and ¢ is the total combined
exponent of C and ¢ in w.

Proof We prove this by induction on the sum & of the combined exponents of ¢ and b in w. The
case k = 0 is handled by Proposition 7.28. We will use the fact that, if w € {4, B,a,b,C,c}* is a
negative-to-positive word with no potential cancellations, then so is the word wt, where t is any word
in {A, B}*. This fact is easily verified from Definition 7.24.

Letw € {4, B,C,a,b,c}*, let k be defined as above, and suppose that the proposition is known to
be true for smaller k. We can write w = w;w,, where w; involves no occurrences of A or B, and w,
involves no occurrences of a or . We may further assume that w; ends with an occurrence of a or b,
since any occurrence of C or ¢ may be subsumed by w,.

By Proposition 7.28, we can find a word 7, € {4, B}* such that r (w,t1) = @ C*2, where ¢, is the total
exponent sum of C and ¢ in w, and @ € {A, B}*. If @ is not the empty word, then it must be that the initial
letter of @ cancels with the terminal letter of w; in w;@C¢2. (This is because occurrences of a B and
b A cannot arise, by the hypothesis that » (w7) is never 0.) After performing all cancellations of the form
aA — 1and bB — 1, we can call the inductive hypothesis, to find 7, such that r (w;®C€21,) = @ C€1 €2,
where @ € {A, B}* and €, is the total exponent of ¢ and C in w;. This completes the induction, under
the assumption that @ is not the empty word. (We note that, to apply the inductive hypothesis, we are
implicitly calling Corollary 7.27, and using the completeness of the rewrite system I'*(P;).)

If ® = 1, we simply multiply by a suitable word 73/, either A%? or 437 (depending on whether
we are considering M (P,) or M (Ps3)). After reducing, we find that r(w,7173/2) = ®'C2, where @’ is
nonempty. This reduces us to the previous case, completing the induction and the proof. O
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Proposition 7.30 (normal forms in M (P;)) The reduced words modulo the presentation P, take the form
w1wrws3,

where w1 € {A, B}*, w, € {C"A,c™ B |m,n € N}*, and w3 € {C, c}*.
The reduced words modulo the presentation P5 take the form

w1W2Wws3,
where wy € {A, B}*, w, € {C" A, C"2AA,C"3AB,c"*B,c"SBA,c" BB |n; e N}*, and w3 € {C, c}*.

Proof It is clear that the words in question are reduced. Thus, the main point is to show that every word
in the generators can be reduced to a word of the given type. This is easily done by induction on the
length of the word. |

Theorem 7.31 (monoid presentations for M, and M3) The monoid homomorphisms 7; : M (P;) — M;
are isomorphisms, fori =2, 3.
In particular, P; is a presentation for M;, fori =2, 3.

Proof In view of Remark 7.13, it suffices to show that n; is injective, for i = 2, 3. We suppose, for a
contradiction, that 5 is not injective. Let

S' = {{w1, w2} | w1 # wy; ma(w1) = My (w,); @i and w, are reduced}.
We let
S" = {wi, w2} | {w1, w2} € S'; w1, w, begin with different letters}.

We note that S’ is nonempty by hypothesis, and it follows easily that S” is also nonempty. (It suffices
to cancel the maximal common prefix of the words w1, w,, where {w,w,} € S’.) Next, we note that if
{w1,wy} € S”, then one of w; or w, begins with C or ¢, or is trivial. (The case in which w; begins with
“A” and w, begins with “B” (or the reverse) can be ruled out, since 7, (w;) cannot be equal to 7, (w;)
under these conditions.) We will assume (without loss of generality) that it is w; that begins with C or c,
or is trivial.

Consider {w,w,} € S” such that the total exponent of C and ¢ in w; and w, is a minimum. We first
assume that @ begins with either C or c. (The case in which w is trivial is easier, and will be handled in
the course of the more difficult argument.) It follows that w; =] C k. where | €{C"4,c"B|n,meN}*
and k € Z, by Proposition 7.30. Indeed, we can assume that k = 0, for if k£ # 0, then we simply multiply
both w; and w, on the right by ¢¥. The word w) 1= w, ¢k is then necessarily reduced, by the hypothesis
that the total exponent of C and ¢ in w; and w; is a minimum in S”. We can then replace the pair
{o1, w2} by {0}, )}, where the latter is still in S”".

Thus, we can assume that w; € {C"A,c¢™B | n,m € N}*, {w;,w,} € S”, and the total combined
exponent of C and ¢ in w; and w, is a minimum within S”. We claim that the words a)l_l and w;
have no potential cancellations. This is obvious in the case of w;, since it is reduced. In a)l_l, every
occurrence of « is followed by ¢, every occurrence of b is followed by C, and there are no occurrences of
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A, B, Cc, or cC. Now note that no occurrences of Cc or ¢cC can occur when reducing subwords of the
form C*lac or CE1HC: from this it follows that a)l_l has no potential cancellations.

Next we claim that a)l_l wy has no potential cancellations. (Here the claim is obvious if @, is the trivial
word; thus, the argument from this point is the general case.) Indeed, the only C-track of a)l_l w» that could
cause a problem is the one that begins with the terminal letter (¢ or C) of wl_l. Assume that w; = C®
(without loss of generality), and suppose that a)l_la)z has a potential cancellation. Replacing {wq, w;}
by {@®1,r(cwy)}, we find (possibly after cancelling common prefixes) that the latter is a pair in S of
smaller total exponent in C and c¢. This contradicts the choice of {w;, w,}, which proves the claim.

Since 75 (w1) = 72 (w7), we have 7, (a)l_la)z) = (1) =id[o,1). In particular, this means that a)l_la)z
satisfies the hypotheses of Proposition 7.29. We can therefore find a word t € {4, B}* such that
r(a)l_la)zr) = »Ck, where k > 0 is the total combined exponent of C and ¢ in the word a)l_la)z and
® € {A, B}*. Thus, we have 7, (®C*) = m,(). We now cancel the maximal common prefix of ®C*
and t. We continue to denote the resulting strings by ®C k and 7, respectively, but now either @ or ©
is trivial.

If & is trivial, but 7 is not, then 7, (®C*) = C¥, while 7,(7) is a transformation whose range is a
proper subinterval of [0, 1). This is a contradiction. If 7 is trivial, but not @, we find that 775 (7) has the
image [0, 1), but 77, (@C¥) does not, which is also a contradiction. Finally, if both & and  are trivial, we
find that 7, (C k ) = id[o,1), which is possible only if & = 0. The latter implies that w; is the trivial word,
wy € {A, B}*, and w, is not the trivial word. This leads us to conclude that 75 (w;) = idjg, 1), Which is
impossible since the image of 7, (w,) is a proper subinterval of [0, 1). Thus, 7, is injective.

The case of 73 is similar. O

Remark 7.32 (presentations for certain submonoids of Isom(IH?)) Let A denote the transformation of
the prOJectlve line P; (= 0H?) that agrees with A (as defined in Definition 2.6) on the [0, 1). Similarly
define B, C », and so forth. The transformations A4, B, C 2 Cc 3, and their inverses may equivalently be
considered isometries of HZ. Let S,- = {A, B , C i, Ci}*, for i = 2,3. There are obvious homomorphisms
i : Si; — M; fori =2,3. Itis just as clear that these homomorphisms are surjective. If ¢; () = ¢; (B),
but o # B, then & and B are transformations of dH? that agree on [0, 1). This is impossible, however,
since any isometry of H? is determined by its effect on any three boundary points. Thus, ¢; is injective,
fori =2,3.

It follows from all of this that §2 and §3 admit the same presentations and normal forms as do M
and M3.

8 An intermediate value theorem for the expansion scheme &;

In this section, we will argue that N(7') is always a set of consecutive integers if 7 is a nontrivial
subdivision tree. This will be the main ingredient to our proof that the expansion schemes &; and & are
n-connected, for all n. The proof of the latter fact will be assembled in Section 9.

The essential idea, that of a “sufficiently expanded subdivision tree”, is drawn from [9, Definition 5.5].
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8.1 The case of M,

In this subsection, we will argue that N(7') is always a set of consecutive integers in the case that 7T is
a subdivision tree over M,. All of the subdivision trees in question will be subdivision trees over M>;
“C” will refer to C,, and so forth.

We remind the reader that “node” means “interior node” (see Definition 6.1).

Definition 8.1 (sufficiently expanded subdivision trees) A subdivision tree is sufficiently expanded if
there is a directed arc p in T from the root € to a leaf £ such that

(1) each nonroot node on the arc has a nonzero label;

(2) if p passes through a nonroot node v and the label of v is positive, then p also passes through the
left child of v;

(3) if p passes through a nonroot node v and the label of v is negative, then p also passes through the
right child of v.

A sufficiently expanded subdivision tree is left sufficiently expanded (respectively, right sufficiently
expanded) if some directed arc p as described above passes through the left (respectively, right) child of
the root.

Lemma 8.2 Let T be a subdivision tree.

(1) If n(T) =k andk —1 ¢ N(T), then there is T' ~ T such that n(T') = k and T' is left sufficiently
expanded.

(2) Ifn(T) =k andk + 1 & N(T), then there is T’ ~ T such that n(T") = k and T’ is right sufficiently
expanded.

Proof We prove both parts simultaneously by induction on the number of carets in the subdivision tree 7.
The induction begins trivially, since a subdivision tree with a single caret is necessarily both left and right
sufficiently expanded.

Now we consider a subdivision tree 7', and assume that the lemma is true of all subdivision trees
containing fewer carets. We will argue for (1); the argument proving (2) is similar. Thus, we let n(7T") =k
and assume that k —1 ¢ N(T'). We note that 0 & N (T;); otherwise (up to equivalence) 7 takes the form in
Figure 6. This allows us to apply an elementary equivalence from Definition 6.8, resulting ina 7" ~ T such
that n(7") = k — 1. However, this implies that k — 1 € N(T'), a contradiction. Thus, 0 & N (7}), as claimed.

Figure 6: The case in which 0 € N(Ty).
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We let k; be either

(i) the smallest positive member of N(7}), or

(ii) the largest negative member of N (7}).

We can assume that n(7y) = ki (possibly after replacing Ty with an equivalent tree and applying
Lemma 6.6). We note that k1 — 1 & N(Ty) (in case (1)), or k1 + 1 &€ N(Ty) (in case (ii)); therefore the
inductive hypothesis applies, and we conclude that 7y is equivalent to a left sufficiently expanded tree Té
(in case (1)), or to a right sufficiently expanded tree T é (in case (i1)). In either case, we replace Ty by T, é .
We let T’ denote the result of replacing Ty by 7/ in the tree T. We note that n(7") = n(T) = k and
T’ ~ T by Lemma 6.6.

Assume that we are in case (i); case (ii) is similar. Since Té is left sufficiently expanded, there is a
path p’ from the root of 7}/ to a leaf of 7} satisfying the properties in Definition 8.1, such that p’ also
passes through the left child of the root of Té . Let p be the concatenation of e and p’, where e is the
edge connecting the root of 7" to its left child, the root of Te’ . The path p satisfies all of the properties
from Definition 8.1 and passes through the left child of the root in 7", so 7" is left sufficiently expanded.
This completes the induction. a

Proposition 8.3 Let T' be a nontrivial subdivision tree.

(1) If T is left sufficiently expanded and T" satisfies n(T’) <n(T) then T' % T .
(2) If T is right sufficiently expanded and T’ satisfies n(T’) > n(T) then T’ % T.

Proof WEe first prove (1). Assume that 7 is left sufficiently expanded and 7" is such that n(T") < n(T)
and T’ ~ T. After letting a suitable power of C act at the roots of 7" and 7’, we can assume that
n(T) > 0and n(T’) = 0. Since T is left sufficiently expanded, there is a directed arc p from the root
of T to a leaf ¢ satisfying the conditions of Definition 8.1; the label of £ is a reduced word w. There is
a leaf £/ of T" that corresponds to £; let ’ be the label of £. We have w = o’C¥, for some k € Z, by
Proposition 6.7. After reducing, we find

o =r(e'Ch.

However, these words cannot be equal letter-by-letter, since w necessarily begins with an occurrence
of C, but 0'C k (and, thus, r(@’'C k )) begins with either A or B. This is a contradiction to Theorem 7.31.

The proof of (2) is similar. One can reduce to the case in which n(7T") < 0 and n(T”’) = 0, and then
argue that @ begins with a ¢, while (0’ Ck) begins with either A or B. |

Proposition 8.4 Let 7' be a nontrivial subdivision tree.

(1) If0 & N(Ty), then n(T) = min(N(T)).
(2) If0 &€ N(T,), then n(T) = max(N(T)).
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Proof We prove (1), the proof of (2) being similar.

We can find a subdivision tree Té ~ Ty such that n(Té ) is either the smallest positive number in N (7y)
or the largest negative number in N (7). In either case, the hypothesis of Lemma 8.2 applies, and we can
replace T, by T,’, where T’ is sufficiently expanded. We can then find a directed arc p” from the root
of T, to a leaf £, where p” satisfies the conditions from Definition 8.1. We can then replace the tree 7}
by T, within the tree 7', to create a new T’ such that n(7') = n(T'), T" ~ T, and T, is the left branch
of the tree T'. Now let p’ = ep”, where e is the edge connecting the root of 7" to the root of 7;". The
path p’ satisfies all of the conditions of Definition 8.1, and shows that 7" is left sufficiently expanded.

If 7"~ T and n(T") <n(T), then n(T") <n(T’) and T"” ~ T’, which contradicts Proposition 8.3(1).
It follows that #(7") = min(N(T)). |

Theorem 8.5 (the intermediate value theorem for M5) If T is a nontrivial subdivision tree, then
N(T)=[m, M]NZ,
where m = min(N(T')) and M = max(N(T)).

Proof Suppose that k € (m, M) NZ but k & N(T). Assume further that k is the minimal such integer.

There is a subdivision tree 7’ & T such that n(7T") = k — 1. It must be that 0 ¢ N(7) (otherwise,
we can apply an elementary equivalence to produce a tree 7" ~ T’ such that n(T") = k). Thus,
k—1=n(T") =max(N(T’)) = max(N(T)) = M, a contradiction. O

8.2 The case of M3

In this subsection, we will argue that N (7') is always a set of consecutive integers in the case that 7 is
a subdivision tree over M3. All of the subdivision trees in question will be subdivision trees over M3;
“C” will refer to C3, and so forth.

Definition 8.6 (blocking trees) Let T" be a subdivision tree. We say that T is a blocking tree if either

(1) both of the children of the root of T are nodes, and the three vertices (the root and its children) are
not all labelled by 0, or

(2) one of these three vertices is a leaf, or 7" is trivial.

Definition 8.7 (sufficiently expanded in M3) A subdivision tree T over M3 is sufficiently expanded if
there is a directed arc p from the root € to some leaf £ such that

(1) each nonroot node on the arc p is the root of a blocking (sub)tree;

(2) if a nonroot node v on the arc p has a positive label, then the arc p passes through the left child of v;
(3) if a nonroot node v on the arc p has a negative label, then the arc p passes through the right child of v;
(4) if the arc p passes through a nonroot node v labelled by “0”, then the next node along p (if any) has

a nonzero label.
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A sufficiently expanded subdivision tree is left sufficiently expanded (respectively, right sufficiently
expanded) if p passes through the left (respectively, the right) child of e.

Lemma 8.8 Let T' be a subdivision tree.

(1) Ifn(T) =k andk —1 & N(T), then there is T' ~ T such that n(T') = k and T' is left sufficiently
expanded.

(2) Ifn(T) =k andk +1 & N(T), then there is T' ~ T such that n(T") = k and T" is right sufficiently
expanded.

Proof The proof resembles that of Lemma 8.2. We argue by induction on the number of carets in the
subdivision tree 7'. If T consists of a single caret, then it is necessarily both left sufficiently expanded
and right sufficiently expanded; thus, the base case is satisfied.

Now consider an arbitrary subdivision tree 7', and suppose that the lemma has been proved for all
subdivision trees having fewer carets. We assume that 7 satisfies (1); the case of (2) is similar. Since
k—1¢ N(T), the left branch T, of T is a blocking tree. (Indeed, all trees in the equivalence class of T}
are blocking trees, by Lemma 6.6.) There are two possibilities for Ty: either 0 € N(T;) or 0 & N(Ty).
In the latter case, we can proceed essentially as in the proof of Lemma 8.2. We therefore assume that
0 € N(Ty); indeed, we can assume that n(7y) = 0 without loss of generality. Since all trees in the
equivalence class of 7 are blocking trees, it must be that either 0 ¢ N (Ty¢) or 0 & N(Ty,). We assume
that 0 & N(Ty¢). Thus, by induction, we can replace Ty by a subdivision tree 7 é ¢ = Tyq such that there
is a path p from the root of Te’ ¢ to aleaf of Té ¢ that satisfies the conditions of Definition 8.7. We let T’ be
the result of replacing Ty, with Te/ ¢ in 7. Now, letting p; denote the path from the root of T’ to the root
of TZI , and p = py p, the path p shows that T " is left sufficiently expanded, completing the induction. O

Proposition 8.9 Let T be a subdivision tree.
(1) If T is left sufficiently expanded and T’ satisfies n(T') < n(T) then T' % T.
(2) If T is right sufficiently expanded and T' satisfiesn(T') > n(T) then T’ # T .

Proof The proof is no different from that of Proposition 8.3; again the crucial observation is that the left
sufficiently expanded tree T has a leaf £ whose label is a reduced word, and the corresponding leaf ¢’
in 7" has a leaf whose label, after reduction, cannot be equivalent to that of £. a

Proposition 8.10 Let T be a subdivision tree.
(1) If, whenever T’ ~ Ty, T’ is a blocking tree, then n(T) = min(N(T)).
(2) If, whenever T ~ T,, T is a blocking tree, then n(T) = max(N(T)).

Proof We prove (1), the proof of (2) being similar.

The proof of Lemma 8.8 allows us to replace 7" with an equivalent T such that 7 is left sufficiently
expanded and n(T) = n(/T\).

Let T ~ T.Thus, T ~ T, so n(?) > n(/T\), by Proposition 8.9. Thus, n(?) > n(T), which implies
n(T) =min(N(T)). a
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Theorem 8.11 (the intermediate value theorem for M3) If T is a subdivision tree over M3, then
N(T)=[m, M]NZ.

Proof Suppose that k € (m, M) NZ but k ¢ N(T). Assume further that k is the minimal such integer.
There is a subdivision tree T’ &~ T such that n(7”") = k — 1. It must be that all subdivision trees that
are equivalent to 7 are blocking trees (otherwise, we can first replace 7, by a nonblocking equivalent
tree 7,”, and then apply an elementary equivalence to produce a 7" ~ T" such that n(7") = k). Thus,
k—1=n(T") = max(N(T")) = max(N(T)) = M,

a contradiction. O

9 The proof of the F, property

In this section, we will complete the proof that the expansion schemes &; and £; (i =2, 3) are n-connected
for all n. This involves assembling a few pieces from Section 8.

We will also complete the proofs that the groups F(S;), F(S}), T(S;), V(S;), and V(S]) have type Feo,
for i = 2, 3. These proofs are almost entirely like the ones from [6].

Recall that the approach in this paper departed from that of [6] in using a proper subset D" of the

gen
domains DT as the foundation for the original directed set construction. This makes little difference in

the final arguments, but rather than simply referring the reader to [6] (which runs to over sixty pages), we
will sketch the necessary changes when it seems appropriate to do so.

9.1 Brown’s finiteness criterion
Here we briefly recall Brown’s finiteness criterion for the reader’s convenience.

Theorem 9.1 ([3] Brown’s finiteness criterion) Let X be a CW-complex. Let G be a group acting on X .
If

(1) X is (n—1)-connected,
(2) G acts cellularly on X, and

(3) there is a filtration X; € X, C--- C X C--- € X such that

(a) X = U/io=1 X,

(b) G leaves each X ,En) invariant and acts cocompactly on each X (n),
(c) each p-cell stabiliser has type Fy_p, and

(d) for sufficiently large k, X}, is (n—1)-connected,

then G is of type Fy. O
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9.2 Contractibility of the complexes A% and A%

In this subsection, we will prove that the complexes Afi and A¢i are contractible, for i = 2, 3. This
completes a line of argument that was begun at the end of Section 6, and extended through Sections 7
and 8.

Recall that the directed set constructions of the classifying spaces for the groups F(S), T(S), V(S)
differed in details (see Section 4). We will use the same notation, A% and A& , to denote the subcomplexes
determined by £- (or £’-) expansions in all cases, trusting that the precise meaning will always be clear
from the context.

Theorem 9.2 (contractibility of the complexes A% and A7) The complexes A% are contractible, for
each of the groups F(S), T(S), and V(S) (S € {S,, S3}).
The complexes A¢i are contractible, for each of the groups F(S) and V(S) (S € {S}. S;}).

Proof By Theorem 6.19, it suffices to show that the expansion schemes &; and Sl.’ (i =2,3) are
n-connected for all . By the discussion at the end of Example 6.22, it suffices to consider the expansion
scheme £.

In the groups F(S;), T(S;), V(S;) (i =2, 3), there is just one domain type, namely [/]. By equivariance
of &;, it suffices to show that, whenever {[id;, ]} < v, the ascending link of {[id;, /]} relative to v is
contractible.

Since {[idy, I]} < v, v can be represented by a subdivision tree 7 (by Theorem 6.12). By Theorem 8.5
or8.11, N(T) = [m, M]N Z, for some integers m and M. Thus, v > uy, for an integer k if and only if
k € [m, M, where uy, is as defined in Example 6.22).

Now we must determine precisely when uy_1/, < v. Note first that, if Kk —1/2 ¢ [m, M] C R, then
Ug_1/2 £ v, since, if it were, we would conclude that u;_; < v and ug < v (since ug_y,ux <ug_1/2
in the expansion partial order). This contradicts our hypothesis, since at least one of kK — 1 and k is
not in [m, M]. Now assume that k — 1/2 € [m, M]. It follows from this that k — 1,k € N(T), since
Ug—1 <ug_1/2 and ux <ug_y, in the expansion partial order. It follows that m < k < M (in the linear
order on R). If we are in the case S = S, or S7, then Proposition 8.4 and the inequality u; < v show that
0 € N(Ty) (since k —1 € N(T). Thus, there is some T’, T’ ~ T, such that the root of 7" is labelled by k
and the left child of the root is labelled by 0. Since 7" represents the vertex v, it follows that ux_; /5 < v.
If we are in the case S = S3 or S’, then Proposition 8.10 and the inequality u; < v show that there is
some 7', T’ ~ T, such that the root of 7" is labelled by k and the left branch of 7" is not a blocking
tree. It now follows directly that w1/, < v in this case, as well.

Thus, the ascending link of {[id;, I]} relative to v corresponds exactly to the portion of the cellulated
line £ between the vertices u,, and u s, where £ is as depicted in Figure 5. The ascending link in question
is therefore contractible. |

Remark 9.3 We review some of the relevant ideas from [6].
The basic approach to proving n-connectedness is laid out in Lemma 2.6 from [6]. Let Abea simplicial
complex whose vertices are a directed set, which we denote by X. Let / be a height function defined
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on the vertex set, such that (vq) < h(v,) when v{ < v,. Assume further that Aisa subcomplex of the
simplicial realisation of the directed set X. Lemma 2.6 from [6] says that A is n-connected if, for every
two vertices vy, vy in A such that V1 < V3, the ascending link of v relative to v, (Definition 6.17) is
always (n—1)-connected.

Lemma 2.6 from [6] applies to our complexes A% and ASi directly, where the height function / sends
a vertex to its cardinality (as in Definition 9.4). It therefore suffices to show that the relative ascending
link is n-connected for all n.

We can argue the latter point directly as follows. If

vy ={[/1. D1l.....[fm> Dml}

. . . / .
is a vertex of either A% or A%, and v; < v, then we can write

m
U2 = U Dk
k=1

where, for k = 1,...,m, pj is a pseudovertex having the same support as {[ fx, Dr]}. The ascending
link of v; relative to v, is homeomorphic to the joins of the ascending links of {[ fz, D]} relative to py,
for k =1,...,m. (This can be argued exactly as in the proof of Theorem 6.9 from [6].) All of the latter
ascending links are contractible if they are nonempty, by the proof of Theorem 9.2 given above. At least
one of the latter ascending links is nonempty (since vy # v;), so the ascending link of v; relative to v, is
contractible, as claimed.

9.3 T -finite filtrations of A% and A%

In this subsection, we will describe natural filtrations of the complexes A% and A% . We will denote the
acting group by I'; here I" might be any of the groups {F(S), T (S), V(S)}, where S € {S,, S3. 5. 53}

Definition 9.4 (I'-finite filtrations of the complexes A% and A7) Let v be a vertex in A% or A, ora
pseudovertex. We let |v| denote the cardinality of v, which we will call the height of v. Forn > 1,
we let Aii denote/ the subcomplex of A% spanned by vertices of height n or less. Similarly define the
subcomplexes Aii of A%

Proposition 9.5 The group I" acts on each A,g,i (or Ai", as the case may be) cocompactly, and
o0
A =) Ag
n=1

A similar equality is true of A%i and the subcomplexes Azi .

. . ; &l .
Proof Let us first note that the I"-action preserves height, and therefore acts on A,g,’ (or A,'). Itis easy
to see that A% is the union of the subcomplexes in the filtration.
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We temporarily let £ denote an arbitrary expansion scheme. Definition 6.12 from [6] describes an
action * of S(D, D) (D € DY, or D € DF,, as in our case) on the set £([ f, D]) as

gen’

hxv=(fhf™")-v,

where 1 € S(D, D). If the action of S(D, D) on the simplicial realisation of £([ f, D]) is always cocompact,
for all D, then & is said to be S-finite.

In the current situation, the group S(D, D) is isomorphic either to Z or to the trivial group (when
[D] =[] or [D] = [[0, 00)], respectively). In either case, the action of S(D, D) is cocompact. Indeed,
the action of Z on £([idy, I]) is by translation (i.e., the integer n moves a vertex uy to u,j, where the
vertices u; are as described in Example 6.22). This is clearly cocompact; see Figure 5. This reasoning
applies equally to all [ f, D] such that [ D] =[I] due to the equivariance of the expansion scheme &; (or £)).
If [D] = [[0, 00)], there is nothing to prove, since the set £/ ([ f, D]) is compact. It follows that both &; and
&/ are S-finite.

We can now apply Proposition 6.13 from [6], which says that when an expansion scheme £ is S-finite
and S has finitely many domain types, then the action of " on each subcomplex A is cocompact; this
proves that the action of I" on the filtration is cocompact.

The final equality in the proposition is clear. |

Remark 9.6 We sketch a more direct proof that I" acts cocompactly.

We assume that I' = V(.S;), the proofs for the other groups being similar. Two vertices v; and v, are
in the same I"-orbit if and only if they have the same type (Definition 4.6). In the current context, the
latter condition is equivalent to having the same height.

Now assume that I" fails to act cocompactly on A,g,i, for some n. We note that the dimension of A,‘i" is
no more than n — 1, since a simplex in Ai" is an ascending chain

Vo <V <V <:--< Vg,

and the height function strictly increases along such chains. Thus, assuming that the action of I is not
cocompact, there are infinitely many I"-orbits of k-simplices, for some k. Since there are only finitely
many ["-orbits of vertices, this implies that there is a vertex v/ = {by, ..., by} such that infinitely many
I'-orbits of k-simplices have v’ as their minimal vertex. This, however, sets up the contradiction, since
all of the k-simplices in question are obtained by &;-expansion from v’, and there are only finitely many
such &;-expansions modulo the action *.

The details of the remainder of the argument follow that of the proof of Proposition 6.13 from [6].

9.4 The F, property for V(S,) and V(S,)

Definition 9.7 (contracting pseudovertices) Let £ be an arbitrary expansion scheme. We say that a
pseudovertex v is contracting relative to & if v has the same type as some w € £(b), where b € B. (Recall
that “same type” was defined in Definition 4.6.)
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Definition 9.8 (rich in contractions) Let £ be an expansion scheme. We say that & is rich in contractions
if there is some constant C such that, if v is a pseudovertex of height at least C, then there is some
contracting pseudovertex v’ such that v’ C v.

Theorem 9.9 ([6, Theorem 8.2], groups of type Foo) LetS be an S -structure with finitely many domain
types, such that the group S(D, D) has type Foo for D € DT . Let £ be an expansion scheme such that

(1) & is n-connected for all n;
(2) & isrich in contractions;

(3) each set £(b) (b € B) is finite.
The group I''s has type Feo.
Theorem 9.10 The groups V(S;) and V(S]) are of type Feo, fori =2,3.

Proof Our strategy is to apply the proof of Theorem 9.9 (Theorem 8.2 from [6]) to the groups I". (We
note that the groups I'g under consideration in Theorem 9.9 are analogous to Thompson’s group V, in
that there is no assumption that I'g preserves a linear or cyclic order.) Let us note that condition (3) is
violated, since the sets & (b) and &£/ (b) are not finite when b = [ f, D] and [D] = [[], so the statement
does not apply directly.

We have already seen that & and & are n-connected expansion schemes for all 7.

We claim that the expansion scheme &; is rich in contractions with constant C = 2 when i = 2 or 3.
Let {[ f1, D1],[f2, D2]} € B be a pseudovertex. Since Dy, D, € Dg";n, we have Dy = w1 and Dy = w; 1,
for some words wp, w, € {4, B}*. Thus,

[fns Dul = [fn, on 1] = [ fuwn, 1],
for n =1, 2. Define g on [0, 1) by the rule

fiwa(x) ifx€]0,1/2),

= {fzwzb(x) ifxell/2,1).

The pseudovertex {[g, /]} expands to

{lg. AIl.[g, BI|} = {[ fiwia, AI].[ fow2b, BI]}
={l/1o1,1].[ 202, I}
=1{l/1. D1l.[f2. D2}

This proves the claim.

The expansion scheme & is also rich in contractions with constant C = 2. If {[ f1, D1].[ /2. D2]} € B
is a pseudovertex and Dy, D, have the same domain type as I, then the proof of the previous paragraph
shows that a contraction can be performed on {[ f1, D1], [ f2, D2]}. The only remaining case to consider
is when [D] = [I] and [ D] = [[0, c0)]. We will write R in place of [0, 00), to simplify notation. In this
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case, D; = w1 and D, = T™ R, where w; € {A, B, T}* and m > 0. We have
[/1.o1l]=[fiw1,I] and [fo. T"R]=[/2T" R].

Define g : [0, 00) — [0, o0) as

| Sfior(x) if x €[0, 1),
gl = {sz”’_l(x) if x €1, 00).

The pseudovertex {[g, R]} expands to

{lg. R]}

[¢.1].[g. TR]}

[fior I).[/2T™ " TR]}
[

[

f1.D1l.[ /2. T R]}
S1. D11, [ f2, D2l}.

It follows that {[ /1, D1],[f2, D>]} is also a contracting vertex relative to &;.

e e T e T

The assumption that £(b) is always finite is used in the proof of Theorem 9.9 in three ways:

(1) to prove that T acts cocompactly on the complexes A&;
(2) to prove that the cell stabilisers have type Fyo, and

(3) to define a certain constant Cy.

We have already established (1) and (2) by other means: indeed, cell stabilisers are virtually finitely
generated free abelian groups and therefore have type Foo, and the cocompactness of the actions on
the complexes An and A was proved as part of Proposition 9.5. The constant Cy is the largest height
(i.e., cardinality) of a contracting pseudovertex. Clearly we have an independent bound of Cy = 3 when
S €{S,. 8}, or Cy = 5 when S € {S3, S}}. (Refer to the definitions of & and £ in Example 6.22.) O

Remark 9.11 We will offer a sketch of the argument here. This sketch is intended to remove some of the
dependence on Theorem 9.9.

We check the hypotheses of Brown’s finiteness criterion (Theorem 9.1). First, we note that A% and ASi
are contractible by Theorem 9.2. It is clear that the relevant actions are cellular. Properties (3)(a) and (b)
are settled in Proposition 9.5. Cell stabilisers are virtually finitely generated free abelian (and therefore of
type Foo) by Proposition 4.13.

This leaves only (3)(d) to check; i.e., we must show, for each n € N, that Ai’ and A kl are (n—1)-
connected for sufficiently large k. The proof of the latter follows a now-standard strategy: we show that
the descending link of a vertex becomes highly connected as the height of the vertex increases. A few
basics of this strategy are summarised in Subsection 7.2 of [6], although the methods of argument go
back to [3; 1].

We consider A®2; the other cases are similar. Let v be a vertex of height k in A®2. The descending
link of v is its link in Aiz. Our analysis of the descending link uses the nerve theorem (as it appears
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in [2]; the nerve theorem is also Theorem 2.10 in [6]). Let
v=1_{by,...,by}.

We cover the descending link of v by a number of subcomplexes, called partitioned downward links,
which are each determined by a partition of v, and which we now define.

Let P be a partition of v. The partitioned downward star st (vp) (Definition 7.7 from [6]), is the
subcomplex of Aiz consisting of the vertex v and all simplices resulting from £,-contractions that are
supported within members of P. For instance, if

P = {{by, by}, {b3, ... b},

then a contraction supported on the subset {b;, b,}, or on the subset {b3, bs, b7} (if K > 7) (or indeed a
combination of such contractions), results in a simplex of sty (vp), but a contraction supported on {b,, b3}
would not. We then define the partitioned downward link 1k (vp) as the link of v in sty (vp).

For each contracting pseudovertex w C v, we let

Pw ={v—w, w}.

(We note that, in the current context, “contracting pseudovertex” is the same as “pseudovertex with two
or three members”, by the description of £, from Example 6.22.) The collection

C = {lk(vp, ) | wis a contracting pseudovertex }

is a cover of 1k (v). We apply the nerve theorem to C. The intersection of two members of C is another
partitioned downward link,

Ik, (UPw/) Nlk, (qu,//) =1k (qu,/ /\Pw//)’

where Py A Py is the coarsest common refinement of Py and Py». The generalisation to finite
intersections is straightforward.
For a partition P = { Py, ..., Pg} of v, there is a natural join structure (see Corollary 7.9 from [6]),

l
lk¢(v73) ~ .>l<1 1k¢(Pj),
J:

where the latter descending links depend only on the types of the pseudovertices P;. (In the current
case, the type is entirely determined by the cardinality.) Recall that, if X7 and X, are n1-connected and
n,-connected complexes (respectively), then the join X7 * X is (rn1+n,+2)-connected. It follows that
Ik} (vp) is at least as connected as the most highly connected factor 1k (P;).

Finally, we note that a pseudovertex of height two or more has a nonempty descending link (since
every such pseudovertex contains a contracting pseudovertex). This gives us the base case of an induction;
the above considerations allow us to prove inductively that pseudovertices of increasing height have
increasing connectivity. The actual induction is done in the proof of Theorem 8.2 from [6]; we omit
further details. We will consider a similar induction in more detail in the next subsection.
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9.5 The F, property for the remaining groups

Theorem 9.12 The groups F(S), where S € {S5.53.5,.S}}, and T(S), where S € {S,, S3}, have
type Foo.

Proof We consider the group F(S5). The proofs that the other groups have type Fo differ in minor
details.

We turn to an analysis of the descending link; all of the other ingredients of the proof can be assembled
exactly as in Remark 9.11. Let

UZ{bl,bz,...,bk}

be either a vertex of A®2, or a pseudovertex. We assume that the b; are linearly ordered, in the following
sense: Each b; = [f;, D;], for appropriate f; and D; € Dg";n, where f; : D; — [0,1) is a locally
S-embedding that is, moreover, continuous and increasing. We assume that f1(D1), f2(D2),..., fi(Dy)
are arranged from left to right. With this assumption, each £,-contraction must be performed on two or

three consecutive b;. For a subset K C {1, ..., k}, we define

Px =bj|jeK}.{bj|j&K}}.

‘We then define

C={lky(vpg) | K € {{1,2},{2,3},{1,2,3}.{2.3,4},{3.4.5}}}.

(If k < 5, then the possible subsets K are restricted accordingly.)
We claim that C is a cover of Ik (v). Indeed, let o be a simplex in Ik (v). Thus, there is an increasing
sequence

Vo <V <V < <Vy_1<Vy =07,
where each v, is obtained by &£,-expansion from vy, and
0=V <V <---<Up_q.

If vo = {by.b}..... b;}, where the members are linearly ordered, then there is a leftmost b:g that is
expanded when we pass from vg to v. In expanding at b,, we replace bl/ﬂ with either two or three pairs
from B. The latter will occur consecutively in v. Thus, the result of expanding at b:g will contribute either
{bos by+1,bq+2} Or {by, b1} to v, for some «. All other expansions from vy to v will contribute a
disjoint subset of b;’s to v. It follows easily from this that o is contained in at least one member of the
cover C.

For instance, if the expansion at b;g contributes b; and b, to v, any other expansion from vy must
contribute some subset of {b3, ..., by }. Thus, in this case, o0 C Ik (vp,, ,,). If b:g contributes b, and b3,
then o C Ik (vpy, 5,). If b% contributes by, and by, 1, for some m > 3, then o C 1k (vp,, ,,) (since,
indeed, all expansions contribute some subset of {bs, ..., by} under this hypothesis).
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Now we establish the connectivity of the descending link, as a function of the height k. We note
first that Ik | (v) is nonempty provided that k > 2. It follows from this that each Ik (vp, ) is connected
when k > 7, since each is a join of two nonempty complexes. Now, if k > 7, then Ik (v) is connected,
since it is covered by a collection C of nonempty subcomplexes, which have a nonempty intersection.
(A contraction at {bg, b7} lies in all of the partitioned descending links simultaneously.)

In general, 1k (v) is n-connected provided that k > 5n + 7. We have proved this already for n = —1
and 7 = 0. Assume that the result is true for n. We consider a vertex v of height k at least 5# + 12. Each
Ik} (vp, ) is (n+1)-connected, since each is a join of two complexes: one nonempty and one isomorphic
to the descending link of a vertex of height at least 5n + 7, and therefore n-connected by induction.
Moreover, any subcollection of C containing two of more members intersects in a subcomplex that is at
least n-connected. (Any such intersection is a join, and one of the factors of the join is the descending
link on {by, ..., Dy}, where y < 6.)

By the nerve theorem [2], Ik (v) is (n+1)-connected if 7-fold intersections of the cover are (n—7+2)-
connected and the nerve of the cover is (n+1)-connected. Since the nerve is easily seen to be a four-
dimensional simplex, and ¢-fold intersections have the required connectivity (by the previous paragraph),
Ik (v) is (n+1)-connected, completing the induction.

By well-established principles (as summarised in Proposition 7.6 from [6], for instance), the connectivity
of the subcomplex Aii tends to infinity as k increases, completing the proof. O

10 The case of the Lodha—Moore group

Recall that F(S)) is the group of homeomorphisms of [0, co) that is locally determined by the inverse
semigroup generated by the set

{4,B,C,, T},
where all of these are as defined in Definition 2.6. In this section, we will prove the following theorem:

Theorem 10.1 The Lodha—Moore group G is isomorphic to an ascending HNN extension of F(S}) in
which the stable letter is the translation t +— t + 1.
In particular, G has type Feo.

Throughout this section, we let F(S) act on the entire real line, by simply defining each element of
F(S}) to be the identity on (—o0, 0].

Definition 10.2 [8; 9] The Lodha—Moore group G is the group of homeomorphisms of the real line
generated by three transformations, denoted by a, b, and ¢, and defined as

t ift <0, ; 1 <0
t 1 1 1 —_ ’
_ _ it lfOSISE, , _ ) 2t .
ait)=t+1, b(t) = 3_% if%ftfl, () =139 i(l)ftfl,
t it 1l =<t.

t+1 ifl =<y,
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Remark 10.3 We are using the notation a, b, and ¢ for the generators of the Lodha—Moore group G,
following the practice in [8; 9]. Of course, this notation contradicts our own practice of using lowercase “x”’
to denote the inverse of the partial transformation X (for X € {4, B, C,}). We will therefore continue to

1> to denote the

use the uppercase letters to denote our inverse semigroup generators, but will use “X ™
inverse of X. For the remainder of the paper, a, b, and ¢ refer to the generators in Definition 10.2.
Let us note that

b=A'UTB'UT?*T™! and ¢c=CUTT™!,

where union is interpreted in an obvious sense: b agrees with A~ on [0, 1/2) (the domain of A~!), with
TB~ ' on[1/2,1) (the domain of TB~1), etc. (The trivial action on negative numbers is implied in both
of these definitions of 4 and c).

It follows directly that (b, c) < F(S7).

Lemma 10.4 Let P be a partition of [0, oo) into generating domains (Definition 3.1). There is an element
g € (b, ¢) such that either

(1) the leftmost member of g(P) is [0, 1), or
(2) the leftmost member of g(P) is [0, 00).

In either case, it can be arranged that the restriction g|p : P — g(P) is in S}, for each P € P, and that
g(P) is also a partition of [0, co) into generating domains.

Proof It is rather clear from Definition 3.1 that a partition of [0, c0) by generating domains has members

of two types:
(1) a (necessarily unique) member of the form [#, 00), for some integer n > 0, and

(ii) a collection of generating domains of the form 7%w - [0, 1), where w € {4, B}* (i.e., w is a positive,
possibly empty, word in the alphabet {A4, B}), and 0 < o < n. Each domain of this form is contained
in o, a + 1).

If n =0, then P = {]0, 00)}, and we can simply let g = idg. It is clear that g satisfies all of the required
properties. (This uses the fact that the restriction of id to each generating domain is a member of S/,
which follows from Remark 2.2.)

Now suppose that n > 0. We prove the lemma by induction on the number m of generating domains
of P that are contained in [0, 1). If m = 1, then we can let g = idg. Now suppose that m > 1. There
are two types of generating domains of P that are contained in [0, 1): those of the form Aw -[0, 1), and
those of the form Bw -[0, 1). Both types must be present, since those of the first form are contained in
[0, 1/2), while those of the second form are contained in [1/2, 1). We apply the transformation b from
Definition 10.2. Using the description of b from Remark 10.3, we find that each domain Aw - [0, 1)
is carried to w - [0, 1), and each domain Bw -[0, 1) is sent to Tw - [0, 1). The element b acts on every
generating domain of P in [1, co) by the translation 7. It follows that b carries the set P of generating
domains to another set of generating domains, (). We note that the restriction of b to each member of P
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is a member of the inverse semigroup S’, and that the number m is reduced in the process (since each
domain of the form Bw -[0, 1) is carried outside of [0, 1)). We can then apply the inductive hypothesis
to the partition »(P) to produce an element g € (b, ¢) such that gh(P) has the required form, while the
restriction of gb to each member of P is a member of SJ. This completes the induction. |

Remark 10.5 The element g produced in the proof of Lemma 10.4 is always a nonnegative power of b.
Proposition 10.6 The group F (Sé) is a subgroup of the Lodha—Moore group G .

Proof Let /' € F(S)). There is a partition P; of [0, co) into finitely many generating domains such
that fjp € S’ for each P € Py, and such that f(P) := P; is also a partition of [0, co) into generating
domains. (This follows from Definition 2.8 and Remark 3.4.)

We will prove that f € G by induction on |P;]. If |P;| =1, then f =idg, and f € G. Let |P;| = m.
Lemma 10.4 allows us to find g1, g» € G such that, fori =1, 2,

(1) g;(P;) is a partition of [0, c0) into generating domains;
(2) gi|p € S5, foreach P € P;;
(3) the leftmost member of g;(P;) is [0, 1).

It follows from this that the element g, f gl_1 carries the generating domain [0, 1) to the generating domain
[0, 1) by a member of SJ. By the characterisation of S(/, I) (Theorem 4.3), the restriction of g5 f gl_1 to
[0, 1) is C*, for some k € Z. It follows that ¢ X g, f gl_1 is equal to the identity on [0, 1). (Here we are
using “c” to refer to the generator of G, as in Definition 10.2.) We note that ¢ ¥ g, fgl_1 € F(S)) by
construction, and that the domain and range of ¢k g f gl_l are both partitioned into m pieces, each of
which is a generating domain, and such that c kg, fgl_1 matches these pieces by members of S.

It follows from this that a~'¢ % g, f gl_la is a member of F(S)) that is similarly defined on m — 1
pieces. It follows by induction that alckg, fgl_la = g3, for some g3 € G. Solving the latter equation
for f, we find that /" € G, completing the induction. m|

Proof of Theorem 10.1 Since (b,c) < F(S,) by Remark 10.3 and F(S}) < G by Proposition 10.6,
(a, F(S)) =G.

The map g > aga™' determines an injective endomorphism of F (S5). There is an induced homo-
morphism from the resulting HNN extension F(S})«q to G. Clearly this map is surjective by the previous
paragraph. Injectivity follows from the fact that each nontrivial normal form a=* fa® (k, £ > 0) maps to
a nontrivial element of G. This proves that G is the required HNN extension of F(S?).

The fact that G has type Fo now follows from the fact that F(S7) has type Feo by Theorem 9.12 and
from the fact that the ascending HNN extension of a type Fo group also has type Foo. a
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Skew-rack cocycle invariants of closed 3-manifolds

TAKEFUMI NOSAKA

We establish a new approach to obtain 3-manifold invariants by means of Dehn surgery. In this approach,
we introduce skew-racks with good involution and property FR, and define cocycle invariants as 3-manifold
invariants.

1 Introduction

Every closed 3-manifold M with orientation can be obtained from a framed link in the 3-sphere S3 by
means of Dehn surgery. Since there is a one-to-one correspondence between closed 3-manifolds and
framed links in the S3 modulo either the Kirby moves [14] or Fenn—Rourke moves [7], any framed
link invariant, which is invariant with respect to the moves, is a 3-manifold invariant. For example, in
quantum topology, frameworks based on the Chern—Simons theory have produced many 3-manifold
invariants, including the concepts of modular categories (see [16; 17]). In contrast, when examined from
more classical viewpoints such as algebraic topology, the fundamental groups 71 (M) of 3-manifolds
contain useful information and are strong invariants. Further, as in the Dijkgraaf—Witten model [6],
starting from a finite group G, we can define a certain weight of the set Hom(sr; (M), G) in terms of the
group cohomology of G. However, apart from the quantum invariants and fundamental groups, there are
relatively few procedures that yield 3-manifold invariants via Dehn surgery.

In this paper, we establish a new approach from Dehn surgery to yield 3-manifold invariants in a
classical situation. In our approach, we focus on a class of skew-racks (see Section 3), which is an
algebraic system, and a modification of quandles and biracks. As in quandle theory [4; 5; 9; 15], starting
from skew-racks, we can define a set of colorings of framed links and weights of a set, where the weights
are evaluated by birack 2-cocycles and are called a cocycle invariant, as a framed link invariant (see
Section 3 for details). The aim of our study is to explore skew-racks such that the cocycle invariant is stable
under the Fenn—Rourke moves. To this end, we define the property FR of skew-racks (Definition 4.1) and
demonstrate (Theorem 4.2 and Proposition 6.2) that, in some situations, the associated cocycle invariant
gives rise to a 3-manifold invariant. In Section 4, we establish several examples of skew-racks with
property FR; for instance, from a group G and an involutive automorphism k : G — G, we can define a
skew-rack with property FR (Examples 2.2 and 5.4).

Using the examples of skew-racks, we compute a set of colorings and several cocycle invariants—for
example, we determine the invariants of the Brieskorn 3-manifolds as integral homology 3-spheres
(Example 5.6). Following the computations, we present a comparison with the Dijkgraaf—Witten invariant
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and pose several problems (Problems 6.8 and 7.3). Finally, we attempt to make an application from the
skew-racks above; in Section 7, we suggest several elementary approaches to find 3-manifolds, which are
not the results of surgery of any knot in S3. However, we were ultimately unable to find any examples of
their application.

Conventional notation Every 3-manifold is understood to be connected, smooth, oriented, and closed.

2 Symmetric skew-racks and birack cocycle invariants

We introduce skew-racks as a special class of biracks (see [5; 7] for the definition of biracks). We define
a skew-rack as a triple of a set X, a binary operation <1 : X x X — X, and a bijection x : X — X
satisfying the following three axioms:

(SR1) For any a,b € X, the equality x(a <1b) = k(a) <« (b) holds.
(SR2) For any b € X, the map X — X that sends x to x <15 is a bijection.

(SR3) For any a, b, ¢ € X, the distributive law (¢ <1b) ¢ = (a < k(c¢)) < (b < ¢) holds.

As a special case, if ¥ = idy, the definition of skew-racks coincides with that of racks. We often
denote the inverse map » <1 b of the bijection as ¢ <1~ ! b. Further, as a slight generalization of symmetric
quandles in [12; 13], we define a symmetric skew-rack as a pair of a skew-rack (X, <, k) and an involution
p X — X satisfying the following:

(SS1) For any a, b € X, the equalities (a <1 b) <1 p(b) = a and p(a) <« (b) = p(a < b) hold.
(SS2) The involutivity po p = k ok = idy and the commutativity p o« = k o p hold.

Such a p is called a good involution (as in [12]). If k = idy and the equality a <t a = a holds for any
a € X, the definition of symmetric biracks is the same as the original definition of symmetric quandles [12].
A few examples of symmetric skew-racks are as follows.

Example 2.1 Let X be a group G and let ¥k : G — G be an involutive automorphism. Define x <1 y by
k(y~xy, and p(x) by x~!. These maps then define a symmetric skew-rack structure on X .

Example 2.2 Let K be a group and let f : K — K be an involutive automorphism. Consider the
direct products X = K x K and k = f x f. Define (x,a) < (y,b) by (f(x)y~'by, f(a)) and
p(x,a) = (f(x), f(a)~"). Then, these X, <, k, p define a symmetric skew-rack structure on K x K. As
discussed later (Sections 5-6), this skew-rack plays a key role in this paper.

Finally, we conclude this section by defining a bijection Tw : X — X as follows:

Proposition 2.3 Let (X, <1,k) be a skew-rack satisfying k> = idy, as in (SS2). Define the map
Tw : X — X by setting Tw(x) = k(x) <~ ! k(x). Then, the map is bijective, where the inverse is
the map X — X that sends x to k(x) <1 Xx.
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Proof When we let y be Tw(k(x) <1 x), we may show y = x. Note that x <k(x) = y < (x <k(x)),
which is equal to

1 1

(<) <ax)<ax<x(x)) = ((y <™ x) <Qx) <k(x) = y <k(x).

Thus, by (SS2), we have y = x. Similarly, we can easily verify « (Tw(x)) <t Tw(x) = x. a

3 Preliminaries: colorings and birack cocycle invariants

Our definition of X -colorings here is a slight modification of the classical X -colorings of quandles or
biracks [4; 5; 8]. Let D be a framed link diagram D, and let (X, <, k, p) be a symmetric skew-rack.
Choose orientations o for each component of D, and denote by D? the diagram with the orientations.
In this paper, a semiarc of D means a path from a crossing to the next crossing along the diagram. Then,
an X -coloring is a map C : {semiarc of D} — X such that, for every crossing t of D, the semiarcs around
T satisfy C(yr) = «(C(Br)) and C(8;) = C(a;) <C(Bz), where o, B¢, ¥z, and 8, are the semiarcs shown
in Figure 1. We denote by Coly (D?) the set of X-colorings of D°. Then, as a basic fact in quandle
theory (see [5; 8]), if two diagrams D and (D’ )"/ are related by a Reidemeister move of type 11, type III,
or a doubled type I, there exists a canonical bijection Bpe, (p’ye’ : Coly (D?) — Coly ((D’ )°"). Moreover,
thanks to the above axioms (SS1) and (SS2), if D? is the same diagram D with opposite orientation, the
correspondence a — p(a) on the color of each semiarc on the opposite component defines a bijection
Bpe,po : Coly(D°%) — Coly (D?"). In particular, the set Coly (D°) up to bijections does not depend
on the choice of orientations of D. Accordingly, we sometimes use the expression Coly (D) instead
of Coly (D?). Finally, we should emphasize that the map Twt! in Proposition 2.3 corresponds to an
addition of a (F1)-framing in an arc, as in the Reidemeister move of type 1.

Next, we observe cocycle invariants of a symmetric skew-rack X. According to [4; 5; 9], a map
¢ : X% — A for some abelian group A is called a birack 2-cocycle if

) p(a.b) +¢(a<1b.c) =¢(a.k(c)) +dpla<k(c).b<c).  ¢(b,c)=¢k(b).k(c))

hold for any a, b, ¢ € X. Then, we define the weight (of t), (), with respect to a crossing T on D to be
ez (C(ar),C(Br)) € A, where & is the sign T (as in Figure 1). We further define ®p(C) € A4 to be the
sum Zt ®(7), where  runs over every crossing on D. Then, as is known [3; 5], if two diagrams D and D’
are related by a Reidemeister move of type II, type III, or a doubled type I move, ®p/ o B Do (DY = ®p
holds as a map Coly (D?) — A. In other words, the map ®p : Coly (D) — A up to bijections is an
invariant of framed links with orientations. As in [4; 5], we call the map ® the (birack) cocycle invariant.

KX

Figure 1: Positive and negative crossings with eight labeled semiarcs.
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Next, as an analogy of symmetric cocycle invariants in [12; 13], we discuss symmetric birack cocycles.
We define a birack 2-cocycle ¢ : X% — A to be symmetric if

¢(a.b) =—¢(a<b.p(b)) = —¢(p(a). k(D)) € 4,

for any a, b € X. Then, similarly to the discussion in [13, Theorem 6.3], we can easily confirm that the
weight @ () does not depend on the choice of orientations of D; neither does the map ®p : Coly (D?) — A
up to bijections. In conclusion, the cocycle invariant @ p : Coly (D?) — A up to bijections is an invariant
of framed links.

Finally, we briefly review surgery on links and Fenn—Rourke moves [7]. Let us regard a framed link
diagram as the surgery on the framed link in the 3-sphere. Conventionally, every closed 3-manifold M
can be expressed as the result of S3 of surgery on a framed link. Furthermore, two framed links in S
have orientation-preserving homeomorphic results of surgery if and only if the framed links are related by
a finite sequence of Fenn—Rourke moves and isotopies [7], where the Fenn—Rourke move is an operation
between the framed links shown in Figures 3 and 4 in Section 4. Throughout this paper, for a framed link
diagram D of a link L, we denote by M the result of surgery of S3 on L.

4 Topological invariants from skew-racks with property FR

Our objective is to explore appropriate skew-racks that yield birack cocycle invariants that are invariant
with respect to the Fenn—Rourke moves. In this section, we define skew-racks with property FR and the
colorings of closed 3-manifolds.

For e € {£1} and ay,...,a, € X, let us consider the bijection

Aay,.ap - X = X, xv—>(---((x<1a1)<1a2)<1---)<1an,

and define the subsets
AT Ay, a) = € X [ k"N (x) = Agy.a, (X) <" T (X),
) Ann~ ' (Ag,,...a,) = 1x € X | K" (xX) <k (Aay,...an (X)) = Aay,....an (X)}.

For the case n = 0, we define Ann™!(X) to be the subset {x € X | x <« (x) = k(x)}. Schematically
speaking, as in Figure 2, the set Ann(X)*! is the set of X-colorings of the unknot of (41)-framing.

K(x) x <k(x) =«k(x)
K2(x) =x x <dk(x) =«(x) K(x)

Figure 2: The coloring conditions of unknots of (£1)-framing.
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Definition 4.1 A symmetric skew-rack (X, <, k, p) is said to have property FR if it satisfies the following:

(FR2) The subset Ann(X) is not empty, and is bijective to the set Ann®(Ag, ,....q,) for arbitrary n € Z,
ai,...,an € X and € € {£1}.

(FR2) For any ay,...,a, € X and x € Ann™! (Aay,....an) Y € Ann_l(Aal a,)» the equalities

..........

3) K" (ar) = Aay a7 (a1) <),
@) K@) TN = Agy qc(r),ar 2 (0),an <y (KT (@)
hold, where i < n is arbitrary.

Let us analyze the set of colorings of skew-racks with property FR.

Theorem 4.2 Let (X, <, k, p) be a symmetric skew-rack with property FR. Suppose that two framed link
diagrams D and D’ are related by a Fenn—Rourke move (as in Figures 3 and 4) and take orientations on D
and D’.

Then, for any coloring C € Coly (D), there is uniquely another C" € Coly (D) such that C(o;) = C'(a})
and C(B;) = C'(B;) for any i < n. Furthermore, the map

(5) B: Coly (D) — Coly (D') x Ann(X), C+ (C',C(¥)),

is bijective. Specifically, if X is of finite order, the rational number |Coly (D)|/|Ann(X)[*P € Q gives
rise to a topological invariant of closed 3-manifolds.

Proof Take arcs y, §, o;’s, and B;’s as in Figures 3 and 4. By the properties of good involutions, the
coloring conditions are independent of the choices of orientations of D. Thus, we fix the orientations of D
and D’ as shown in Figures 3 and 4. Given an X -coloring C € Coly (D?), define a; := C(«;), b; := C(Bi).
We now show that the map C’: {semiarc of D'} — X defined by C'(«}) = a; and C'(B}) = b; gives rise
to a unique X -coloring.

First, suppose that & is positive and x = C(y). The coloring condition on the arc § is

Tw(c" T (x)) = " T (x) <71 " T (x) = C(8) = Aay,...a, (x) <6"TH(x):

hence, x € Ann™1(4,, . 4,). Notice from (3) that

.....

6) bi =x(ai) <k’ (x)_K (Kl+1(a)<]x)_K ( al, ,a,,(Kn+l(al))) K’(al) Ki(an)(Kn(ai))-

Meanwhile, the coloring condition on the arc §; in the right-hand side of Figure 3 is

Akf(al),...,/ci(an)(bi) =C(6;) = Kn(ai),

which is equivalent to (6) exactly.

On the other hand, in the negative case of £+ and y = C(y), the condition on y is equivalent to
y e Ann_l(Aa1
k(b;) = a; <\k*(p) by the condition on the arc ;. The coloring condition from B; to a; is equivalent

a,) by the definition of (2); notice that the coloring rule in D in Figure 3 implies

.....
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Bi By Bi Bu

Figure 3: The positive Fenn—Rourke move and labeled semiarcs.

to k" (bi) = Ayi(py).....xi (by)(@i) that is, k"Vi(bi) = Ap, b, (K" (a;)), which directly follows from (4)
since x(b;) = a; <k*(y) by the condition on a;.

Conversely, given an X -coloring €’ of (D’)° and x € Ann*! (Aa,,....ay) # 9, we similarly can define
an X -coloring C of D that sends «; to C'(c}), B; to C'(B}), and y to x.

In summary, by construction, the correspondence C — (C’, C(y)) gives the required bijection B. O

Before moving on to the next section, we briefly discuss triviality of the invariants up to link homotopy.
For this, consider the permutation group Bij(X) of a skew-rack X, and define a subgroup generated by

(7 {k(0)<a) [ae X}U{(c < a1) <P az |a; € X, € € {£1}}.

D/

/31 ﬂZ lgn

Figure 4: The negative Fenn—Rourke move and labeled semiarcs.

Algebraic € Geometric Topology, Volume 26 (2026)



Skew-rack cocycle invariants of closed 3-manifolds 1457

Do (X\ ﬁ (D/)o/ o / ﬂ
\ <~
’(—1)-framing ‘ ’ (—l)-framing‘
7y N y 5

Figure 5: Diagrams D and D’, where all semiarcs lie within a link component.

The subgroup, denoted by Inn **"(X'), canonically has the right action on X. We say a skew-rack
(X, <, k) with property FR is f-link homotopic if x <® k(x) = x <® (x - g) holds for any x € X,
g €Inny*"(X), e € {£1}.

Proposition 4.3 Suppose a symmetric skew-rack (X, <, k, p) with property FR is f -link homotopic.
Then, if two framed link diagrams D and D’ are transformed by the operation in Figure 5, there is a
bijection By : Coly (D) — Colx ((D')*).

Proof For a coloring C € Coly (D?), take a € X such that C(«) = «(a). Since @ and B lie on the same
link-component, there is g € InnZ**"(X') such that C(8) = a- g from definition (7). Since Twl(x)=x<x
by definition, the rule of colorings implies

Cly) =Tw ' (k(a-g)) = (a-g) <x(a-g), CE)=Tw '(k(@)<(a-g)=(a<k(@)<(a-g).

Since X is f-link homotopic, C(y) = (a-g) <~' a and C(§) = a. Thus, we can define another
coloring By (C) of D" by By (C)(e) = a and Bf(C)(B) = a-g. Since C(y) = (a-g) < la= Br(C)(y) and
C(8) = a = By(C)(8) by definitions, the map By : Coly (D?) — Coly ((D’ ') is bijective, as required. O

Many 3-manifolds can be expressed as the results from S3 of surgery along various framed knots, so
to obtain nontrivial colorings, we consider skew-racks, which are not f-link homotopic.

5 Examples of skew-racks with property FR from groups

Here we provide examples of skew-racks with property FR. Throughout this section, we fix a group G,
an automorphism « : G — G satisfying k o x = idg, and a map § : G — G satisfying k 0§ = § o k.
Consider the binary operation <1: G x G — G defined by x <1 y = k(x)8(y). Then, the twisting map Tw
in Proposition 2.3 is given by Tw(g) = gd8(g)~".

Lemma 5.1 These operations (<1, k) with x <1y = k(x)38(y) define a skew-rack of X = G if and only if,
forany x,y € G,

(8) 8(x)8(y) = 48(y)é(xd(»)) € G.

Let p: G — G be a good involution. Further, assume that the image Im(§) C G is a subgroup of G, and
that the cardinality of the preimage §~!(d) is constant for any d € Im(8). Then, the symmetric skew-rack
on X = G has property FR.

In addition, if the subgroup Im(§) is commutative, the skew-rack is f -link homotopic.
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Proof Since the former part is shown by direct computation, we show only the remaining claims
here. We now analyze the set Ann®(Ay,,...q,) in (2). First, suppose ¢ = +1. Then, the condition
K" (x) = Aq, ... a,(x) <k T1(x) is equivalent to

.....

©) 8k (@1))8(k" ™ (a2)) -+ 8(k(an))S(" T (x)) = 1.

Since Im(§) is a subgroup of G by assumption, the set Ann*!(A4, L.....an) 18 nonempty. Moreover, by the

.....

second assumption, the cardinality of Annt! (Aq,....,a,) does not depend on the choice of ay, ..., ay,
that is, X satisfies (FR1). As for (FR2), the equality (3) is shown by

ap (K @) € x) = k" (@) 8" T (x)S (" T T (@) T (@2)) -+ 8k (an)) = k" (a)).

.....

Next, we will show (4) in the case ¢ = —1. We can easily check «" 1 (x) <1/((Aa1 sorerlln (x)) = Aq,,....a, (X)
in (2) is equivalent to (9) exactly. Thus, similarly, the cardinality of Ann™1(4y,,...4,) # @ does not

depend on the choice of a1, ..., a,. In addition, for x € Ann~! (Aq,....,a,), the equality (4) is shown by

.....

Aa1 <k (x),ar<k2(x),...,an <k"(x) (Ki_H (ai))
= k" (a;)8 (kK" (ar)8 (k" (x))) 8 (k"2 (@2)8(k" (x))) - -+ 8 (and (k" (x)))
= T )80 () 0 @ DB (@) - B(an)3( () = K" ) 2 ().

Here, the second and third equalities are obtained from (8) and (9), respectively. Hence, X has property FR,
as required.

Finally, we show the last statement. From the definition of the subgroup Inn’*"(X'), any g € Inn’*" (X))
and a € G admit uniquely by,...,b, € Im() such that a - g = ad(by)---8(by) € G. Since Im(d) is
commutative, (8) means §(a) = §(ad(b)). Thus,

(z <®k(a)) <7 (a-g) = z8(a)*8(ad(by) -+~ (bn)) ™" = z.
Therefore, the skew-rack is f-link homotopic by Proposition 4.3. a
We should point out that (8) comes with a few conditions. For example, if |G| > 1, the map 6 is not
surjective. In fact, if § is surjective, then (8) with x = 1 is equivalent to z~!8§(1)z = §(z) for any z € G,
which means that Im(§) is a conjugacy class, and contradicts the surjectivity. However, we provide some
examples that satisfy the conditions in Lemma 5.1.

Example 5.2 First, we observe the case where § is a group homomorphism. Then, we can easily check
that (8) is equivalent to that of § 0§ = 0 and the image Im(§) is abelian. If so, the cardinality of §~! (k) is
constant; thus, if X admits a good involution, the symmetric skew-rack has property FR, and is f-link
homotopic by Lemma 5.1.

To avoid f-link homotopic skew-racks, we should focus on §, which is not a homomorphism.

Example 5.3 (twisted conjugacy classes) Suppose we have a group automorphism f : G — G, and
define §(x) = f(x~')x. Then, (8) is equivalent to Im(§ 0 §) = {I15}. In general, we can easily check
that, for any g € Im(§), the preimage §~!(g) is bijective to the fixed-point subgroup {h € G | f(h) = h};
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see, e.g., [2]. Thus, to apply Lemma 5.1, the remaining point is to analyze the situation such that the
image Im(8) is a subgroup.

The image Im(8) is sometimes called as a twisted conjugacy class or Reidemeister conjugacy class. Prior
works [2; 10] have investigated various conditions requiring that Im(§) be a subgroup and Im(§068) = {15 }.
However, many of the examples in those works satisfy that Im(§) is commutative Thus, it is difficult to
find examples of pairs (G, f) satisfying that the resulting skew-racks are not f-link homotopic.

Example 5.4 Take a group K with a normal subgroup N < K and an involutive automorphism f : K — K
satisfying f(N) C N. Let G be K x N and k be f x f. Define §(x, y) as (x ! yx, 1), where x, y € K.
Next, we check the conditions in Lemma 5.1. Checking (8) is obvious: since N ={b~'ab|a e N, b e K},
the image of § is N x 1 as a subgroup of G. Moreover, for any (k, 1) € K x 1, the preimage §~!(k, 1)
is equal to {(y~'ky, y) € G | y € K}, which is bijective to K. In conclusion, the symmetric skew-rack
on G has property FR, by Lemma 5.1. For example, if N = K, the skew-rack on G is exactly equal to
that in Example 2.2; here, we should remark Tw(x, a) = (¢~ ' x, a).

Finally, we compute a few colorings using the above skew-racks with property FR.

Example 5.5 For natural numbers #n, m € N, we first compute colorings of the lens space L(nm — 1, n).
Let X = G be a skew-rack with good involution, which satisfies the conditions in Lemma 5.1. Let D be
the Hopf link with framing (1, m). Then, M p is known to be L(nm — 1,n). We fix two semiarcs ¢,  in
each link-component on D. Then, from the definition of colorings, a coloring C € Coly (D) satisfies

(10) K(Ca) <C(B)) =TW"(C(a)), «(C(B) AC(a)) =Tw"(C(B)).

Conversely, every a, b € X satisfying k(a <<b) = Tw"(a) and « (b <ta) = Tw" (b) yield a coloring of D.
Since Tw" (a) = a$(a)™", (10) is equivalent to conditions C(8) = §(C(x))™ and §(C(a))"”™~! = 1. Hence,
Coly (D) is bijective to

A1) {(@b) € G?|8(@)" " =1, 8(b) = §(@)"} <> {aeG |8a) " =1} x8(0),

where we use a bijection §71(0) <> {a € G | §(a)" = ¢} for any ¢ € G. Therefore, the set Coly (D)
depends only on nm; it cannot classify the lens spaces of the forms L(nm — 1, n). In contrast, we later
compute various cocycle invariants that can distinguish among different lens spaces (see Example 6.7).

Example 5.6 Next, we observe that the sets of colorings of integral homology 3-spheres seem to be
strong invariants, where we consider the skew-rack on X = K x K in Example 2.2. Let D; be the
(2, n)-torus knot with framing 1. Then, the resulting 3-manifold M D is the Brieskorn 3-manifold of
the form X(2,n,2n F 1), as an integral homology 3-sphere. For a concrete group K, it is fairly easy to
determine the set Coly (D;t) with the help of a computer program. A list of several computations of
|Coly (D)] is provided in Table 1.

As seen in this example, it is reasonable to focus only on nonabelian groups K. In fact, if K is abelian,
(x,a) < (y,b) = (x,a); hence, the coloring conditions are trivial; thus, considering the linking matrix
of D, we can easily find a one-to-one correspondence Coly (D) ~ Hom(H{(M;Z), K) x K 4D
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p | IColx(DF)|  [Colx(Dy)|  [Coly(DH)|  [Coly(D7)|  [Colx(DF)|  [Colx(D;)
3 |K| |K| |K| |K| |K| |K|
5 121|K]| K| 121|K]| K| 25|K| K|
7 |K| 3371K| |K| |K| |K| 49|K]|
11| 2641|K]| K| 2641|K| 2641|K| K| K|
13 |K| 6553| K| |K] |K| |K| |K]

Table 1: Cardinality of Coly (D!) for various p, n. Here, K = SL,(FF,) of order p* — p.

6 Cocycle invariants of 3-manifolds

As discussed in [3; 5; 15], there are various procedures to concretely find symmetric birack 2-cocycles.
However, the condition that 2-cocycles must have invariance with respect to Fenn—Rourke moves seems
strong. Nevertheless, we now investigate 2-cocycle invariants to obtain 3-manifold invariants. Throughout
this section, we assume a symmetric skew-rack X with property FR, and a map ¢ from X2 to an abelian
group A.

We first introduce the property FR of birack 2-cocycles as follows.

Definition 6.1 Recall the bijection B in Theorem 4.2, and denote by 04 the constant map to 4 whose
image is zero. A symmetric birack 2-cocycle ¢ : X2 — A satisfies property FR, if ®p = (®Pp’ x 04) o B
holds for any diagrams D and D’ in Figures 3 and 4. Here, ®p is the cocycle invariant explained in

Section 3.
Such a ¢ is said to be f'-link homotopic if X is f-link homotopic and, for any a € X and g € Inn{"*"(X),
(12) ¢p((a-g)<k(a),a-g) +¢la,a<k(a)) =¢k(a).a-g) +¢((a-g) <«k(a),a).

We will see (Proposition 6.2) that symmetric birack 2-cocycles with property FR yield topological
invariants of closed 3-manifolds. Take two maps F : Y — A and G : Z — A, where Y and Z are
some sets. We call F an FR-stabilization of G if there is a bijection B : Z — Y x Ann(X) such that
goB™! = fx04. More generally, F and G are FR-equivalent if F and G are related by a finite sequence
of FR-(dis-)stabilizations. Then, the following proposition is fairly obvious by definitions.

Proposition 6.2 Let ¢ be a symmetric birack 2-cocycle with property FR. Then, the correspondence
D — ®p up to FR-equivalent relations is an invariant of closed 3-manifolds.

Moreover, if X and ¢ are f-link homotopic, and if D and D’ are related by the operation in Figure 5,
then ®p = ®ps o By, where By is the bijection Coly (D) — Coly (D’) in the proof of Proposition 4.3.

To conclude, to obtain 3-manifold invariants, it is important to find symmetric birack 2-cocycles with
concrete expressions. In this context, we discuss Lemmas 6.3 and 6.4 below. Let X be X x A. Define
J:XxX—> Xby

(x,a)A(y,b)=(x<y,a+¢(x,p), (x,yeX a,beA),
and @ : X — fby K(x,a) = (k(x),—a).
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Lemma 6.3 (see [3, Section 3]) These maps <, K, § define a skew-rack on X = X x A if and only if ¢ is
a birack 2-cocycle.

Proof Describe the distribution law as in (SR3) as
(x,@) (1, 0)) < (z,0) = (x < y) <z,a+ P (x, ) + p(x Q. 2)),
(@) FR(z.0)) T ((1.5) F(z.0)) = ((x Q) Qz.a+P(x.£(2) + p(x QK (2). y ).

Furthermore, (SR1) implies ¢ («(x), k(¥)) = ¢ (x, ). Hence, the desired claim follows directly from the
definition (1) of birack 2-cocycle. O

Lemma 6.4 Let ¢ be a birack 2-cocycle satistying ¢ (a, b) = —¢ (p(a), k(b)). Then, the map ¢ : X* — A
that sends (a, b) to ¢(a,b) — ¢ (a < b, p(b)) is a symmetric birack 2-cocycle.

Proof It is easy to confirm ¢(a, b) + ¢(a < b, p(b)) = 0. Thus, all that remains is to check the cocycle
condition (1) of <_¢> For this, we may show

(13)  ¢(a<ab, p(b)) +¢((a<ab) <c, p(c)) = p(a <k (c), pli(c))) + d((a<ab) e, p(b < c)).

Replace (a <1b) < ¢, p(b <c), and p(k(c)) with a, b, and ¢, respectively. Then, we can easily check that
the replacement of (13) coincides with (1). O

Using these lemmas, we provide examples from several skew-racks in Example 5.4. Let N < K be
groups and f : K — K be an involutive automorphism satisfying f(N) C N. Further, take a normalized
group 2-cocycle 6 : K x K — A, where 0 satisfies

O0(x,y)—0(x,yz)+0(xy,z)—0(y,z) =0, O(lg,x)=0(x,1g)=0€ 4,

for any x, y, z € K. Then, the product of K=KxAhasa group structure with operation ((x, a), (y, b))
(xy,a+ b+ 6(x, y)) as a central extension of K. As is known in group cohomology, every central
extension over K with fiber A can be expressed by the product for some 6. Then, from Example 5.4, we
can define the symmetric skew-racks on G = K x N and G = K x N, which have property FR. Moreover,
by the definition of <1 on G, we obtain

((x.a), (y.0))
<z 0), (w,d)) = (R(x, )z~ = = 0(z, 27 ) (w, d)(z,¢), (v,D))
= ((f(x)z_lwz, fl@)+d+6(f(x), 7 H+ O(f(x)z"  wz) +0(w,z)—6(z, Z_l)), (v, b)) eG.
Inspired by Lemma 6.4, we obtain the following procedure for producing birack 2-cocycles:
Theorem 6.5 Let A : N — A be a group 1-cocycle. Then, the map
$r0:G*=(KxN)x(KxN)— 4,
sy, z,w) = A (B(f(x), 27 +0(f(x)z7  wz2) +0(z, w) —6(z,27)) € 4,
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is a birack 2-cocycle of the skew-rack G = K x N in Example 2.2. If
AMx)0(a.b) = A(f(x)0(f(a). f(D))

hold forany a,b € K, x € N, the condition in Lemma 6.4 is true. Specifically, the cocycle ¢, g mentioned
in Lemma 6.4 is a symmetric birack 2-cocycle.

In general, it may seem difficult to find group 2-cocycles ¢ such that the associated map ¢, ¢ has
property FR. However, when K is a cyclic group, we give such examples of birack cocycles with
property FR. More precisely, by a direction computation, we can show the following.

Proposition 6.6 Let p € Z be an odd prime. Let K = N =7/ p, and take ¢ € {1} such that f(x) = ex,
Define group cocycles A and 6 by setting

M=, Gy = CERP TS

p Ji1<j<p

respectively, where x,y € Z/p. Then, ¢T’Q(x, y,z,w) = 2y0(x,w), and the symmetric birack
2-cocycle qm has property FR and is f -link homotopic.
Example 6.7 Let D be the Hopf link with framings (n, m), as in Example 5.5. Recall that Mp is the
lens space L(nm — 1,m). By (11), if nm — 1 is divisible by p and K = Z/ p, then Coly (D) is bijective
to (Z/ p)?. In addition, we can easily show that the cocycle invariant ®p : (Z/p)*> — Z/ p is equal to
the correspondence (x, y) — —mx?2, where we use the 2-cocycle m in Proposition 6.6. For example,
the invariant can distinguish between the lens spaces L(11,1) and L(11, 3), which are not homotopy
equivalent.

More generally, consider the lens space L(p, ¢) and a framed diagram D 4 such that Mp, , = L(p, q).
Then, with the help of a computer program, if p,q < 100, it is fairly easy to check that the cocycle
invariant ®p,  : (Z) p)'T#Pr.a — 7,/ p is FR-equivalent to the map Z/p — Z/ p; x +— —qx2.

From this example, it is natural to pose the problem below, together with a relation to the Dijkgraaf-
Witten invariant [6, §6]. We first briefly review the invariant. Fix a closed 3-manifold M with fundamental
homology 3-class [M] € H3(M:;Z) = Z. Let K be a group of finite order, and ¥ : K*> — A be a group
3-cocycle. Denote by BK the classifying space of K or the Eilenberg—Mac Lane space of type (K, 1), and
cyp i M — Bry(M) be a classifying map. Then, any group homomorphism f : 7y (M) — K induces a
continuous map fx : Bri (M) — BK. Since the (co)homology of BK equals that of K, we can define the
pullback ( fx ocpr)*(¥) as a 3-cocycle of M. Then, the Dijkgraaf-Witten invariant is defined as the map

DWy (M) : Hom(m (M), K) —> A, [+ {(fxocm)* (V). [M]),

where (-, -) is the Kronecker map.

Problem 6.8 As in Example 2.2, let X be the symmetric skew-rack on K x K. Let A : K — A4 and
6 : K2 — A be group cocycles, and 1 be the cup product A — @ as a group 3-cocycle. Let D be a framed
link diagram.
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Then, is there a bijection B : Coly (D) ~ Hom(sr; (M), K) x Ann(X)*P? Further, find a condition
such that the birack 2-cocycle ¢, g in Theorem 6.5 has property FR, and FR-equivalence between the
cocycle invariant @ : Coly (D) — A and the Dijkgraaf-Witten invariant DW., (Mp).

If this problem is correctly solved, we consequently obtain a diagrammatic computation of the Dijkgraaf—
Witten invariant via the cocycle invariants and Dehn surgery.

7 Criteria for 3-manifolds that are not the result of surgery of any knot

As an application of the cocycle invariant, we provide two criteria to detect 3-manifolds that are not the
result of surgery of any knot in S 3 (see [1, Section 7.1; 11] for the details of such 3-manifolds and other
criteria). As in Example 5.4, we fix groups N < K, and X = K x N with f =idg; recall that X is a
skew-rack by (x,a) <1 (y,b) = (xy~ by, a), and has property FR.

Proposition 7.1 Suppose |K| < oo and that a framed link diagram D and a knot diagram of framing zero
are related by a sequence of Fenn—Rourke moves and isotopy. Then, the invariant |Coly (D)|/| K [*P € Q
in Theorem 4.2 is larger than or equal to | N |.

Proof We may suppose that D is a knot diagram of framing zero. For the proof, it is sufficient to construct
| K x N | colorings on D. As in Figure 6, take semiarcs «; and 8; in D, and denote by &; € {&1} the sign of
the crossing between «; and ;. For (g, /) € Kx N, we define Cg 5 (c;) to be (hZ;;ll ejg,h)e X=KxN.
Since every B; lies on the same link component, Cg ,(8;) = (h" g, h) for some n; € Z. Hence, we can
easily check that Cg j, defines an X-coloring as required. a

As a special case, let K =N =7/2. For ky,ky, k3 € Z/2, we define a map ¢y, , ky : X XX = 7Z/2
by setting
Pk o ks (X, @), (¥, b)) = kya + kb + kiab.

Then, by direct computation, it is not hard to show the following:

Proposition 7.2 The map ¢y, k, k, is a symmetric birack 2-cocycle with property FR, and is f-link
homotopic. Furthermore, if a framed link diagram D is FR-equivalent to a knot diagram of framing zero,
then the symmetric birack 2-cocycle invariant is trivial.

Unfortunately, we could not find any new examples of framed link diagrams that are not FR-equivalent
to any knot diagram of framing zero. We end this paper by presenting problems to be investigated in
future work.

Figure 6: Semiarcs ¢; and f; in the knot diagram D.
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Problem 7.3 As applications of the propositions above, find 3-manifolds that are not the surgery of any

knot of framing zero. Establish stronger criteria than the propositions above, which are applicable to

many framed link diagrams.
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The rational abelianization of the Chillingworth subgroup
of the mapping class group of a surface

RYOTARO KOSUGE

The Chillingworth subgroup of the mapping class group of a compact oriented surface of genus g with
one boundary component is defined as the subgroup whose elements preserve nonsingular vector fields on
the surface up to homotopy. In this work, we determine the rational abelianization of the Chillingworth
subgroup as a full mapping class group module. The abelianization is given by the first Johnson
homomorphism and the Casson—Morita homomorphism for the Chillingworth subgroup. Additionally, we
compute the order of the Euler class of a certain central extension related to the Chillingworth subgroup
and determine the kernel of the Casson—Morita homomorphism for the Chillingworth subgroup.
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1 Introduction

Throughout this paper, we assume that all surfaces are compact, connected, and oriented. Let X
(resp. Xg «, 2g) denote a surface of genus g with one boundary component (resp. with a fixed base point,
or with no boundary and no fixed point). The mapping class group, denoted by Mg 1 (resp. Mg «, Myg),
is defined as the group of isotopy classes of orientation-preserving self-diffeomorphisms of the surface
that fix the boundary or the base point pointwise. For oriented surface bundles, the structure group is
the orientation-preserving diffeomorphism group of the surface. Except for a finite number of cases
where the genus is small, this diffeomorphism group is homotopy equivalent to the mapping class group,
which is discrete. As a result, their classifying spaces are homotopy equivalent, and therefore, the group
cohomology of the mapping class group is equivalent to the characteristic classes of surface bundles.
The mapping class group naturally acts on various structures of the surface. For example, it acts on
the first integral homology group of the surface H = H{(XZg 1;Z), preserving the intersection form.
Consequently, the mapping class group acts on H via the integral symplectic group Sp(2g, Z), called the
symplectic representation. Through this, several important modules of the mapping class group can be
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1466 Ryotaro Kosuge

described by using representations of the integral symplectic group Sp(2g, Z), or the rational symplectic
group Sp(2g, Q) over Q.

1A Chillingworth subgroups and related background

Chillingworth [7; 8] studied the action of the mapping class group on the set of homotopy classes
of nonsingular vector fields, focusing on winding numbers. This action is described by a crossed
homomorphism, known as the Chillingworth homomorphism, which maps to the first integral cohomology
group of the surface. The Chillingworth subgroup is defined as the subgroup of the mapping class group
consisting of elements that preserve vector fields on the surface up to homotopy (see Proposition 3.3
for alternative definitions). Chillingworth subgroups of Mg 1, Mg x, and M, are denoted by Chg i,
Chg x, and Chg, respectively. Here, Chg « and Chg are defined via certain natural homomorphisms
Mg 1 —> Mg« and Mg « — M, between mapping class groups, where Mg 1 — Mg « is obtained by
collapsing the boundary to a point, and Mg 4« — M, is obtained by forgetting the base point.

Johnson [17] discussed the kernel of the Chillingworth class on the Torelli group, where the Chilling-
worth class is defined as the Poincaré dual of the Chillingworth homomorphism. Trapp [41] introduced
a (2g+1)-dimensional linear representation of the mapping class group My 1, referred to as Trapp’s
representation. In that work, he used this representation to study the action of the mapping class group
on the first homology group of the unit tangent bundle of the surface and characterized the Chillingworth
subgroup as the kernel of this linear representation. Furthermore, the Chillingworth subgroup has been
studied in other contexts. Childers [6] studied its relationship with the subgroup generated by the simply
intersecting pair (SIP) maps. Blanchet, Palmer and Shaukat [5] mentioned it in the context of the action of
the mapping class group on the Heisenberg group of the surface, which is defined as a certain quotient of
the surface braid group or a certain central extension of the first integral homology group of the surface by
the infinite cyclic group. However, the structure of the Chillingworth subgroup has not been well studied.

Before we get into the main topic of this paper, we will introduce some background information. The
Chillingworth subgroup is an intermediate-sized group between two significant subgroups in the context
of the mapping class group: the Torelli group I | which is defined as the kernel of the action of the
mapping class group on the first homology group of the surface and the Johnson kernel Ky 1 which is
defined as the subgroup generated by Dehn twists along separating simple closed curves on the surface.
Specifically, K¢ 1 C Chg 1 CZg g.

The structure of the rational abelianization of the Torelli group as a mapping class group module
was determined by Johnson [19] using the Johnson homomorphism tg 1(1) : Zg 1 — /\3 Hi(2g.1:7),
which he introduced and is now known as the first Johnson homomorphism. The target space is the
third exterior power of the first homology group of the surface with the mapping class group acting
naturally on it as the symplectic group. Since the Torelli group is a normal subgroup of the mapping
class group, the mapping class group acts on it by conjugation. Under these actions, the first Johnson
homomorphism is equivariant with respect to the action of the mapping class group. The structure of
the rational abelianization of the Johnson kernel as a mapping class group module was determined by
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Dimca—Hain—Papadima [9], Morita—Sakasai—Suzuki [34] (in the case of closed surfaces without a base
point), and Faes—Massuyeau [12, Theorem 3.2] (in the case of surfaces with one boundary component).
The structure of the mapping class group module in this case is more complex but can be described as an
extension of representations of the symplectic group (see Section 6).

The proof of Theorem A, which determines the rational abelianization of the Chillingworth subgroup,
primarily involves analyzing the long exact sequence (inflation-restriction exact sequence)

H(Chg,1: Q) = Hy(U: Q) — Hi(Kg,1:Q)y = Hi(Chg 1: Q) - H (U: Q) — 0

induced by the first Johnson homomorphism 74 1 (1) : Chg 1 — U restricted to the Chillingworth subgroup,
where U is the image 7g,1(1)(Chg, ;) C A’ H(3g,1:2).

We determine the rational abelianization of the Chillingworth subgroup using a result analogous to
that of Hain [15] and the rational abelianization of the Johnson kernel by Faes and Massuyeau [12].
The former (Theorem B) corresponds to analyzing the leftmost map in the long exact sequence, while
the latter corresponds to analyzing the third module from the left. Specifically, these are described
by the (first) Johnson homomorphism 7, (1) and the Casson-Morita homomorphism d. The first
Johnson homomorphism is particularly important in the context of the Torelli group, as mentioned above,
(see Section 2A); for example, the Johnson homomorphism for the Torelli group induces the rational
abelianization of the Torelli group. The Casson—Morita homomorphism is closely related to the Casson
invariant for homology 3-spheres (see Section 5) and provides one of the M, ;-invariant parts of the
rational abelianization of the Johnson kernel g ;.

In relation to the Casson—Morita homomorphism d, its properties on the Chillingworth subgroup, which
are used in Theorems A and D, include its invariance under the action of the mapping class group and the
determination of its image. These fundamental properties are summarized in Theorem C. Furthermore,
although not directly relevant to Theorems A and D, Theorem C also includes an explicit description of
the kernel of d for the Chillingworth subgroup, as part of the fundamental properties of d.

Before presenting the theorems, we introduce some notation: [—]s, represents the linear representations
of the rational symplectic group Sp(2g, Q) corresponding to Young diagrams. For details, see Section 4.

The rational abelianization of the Chillingworth subgroup of the mapping class group is as follows.

Theorem A For g > 6, the rational abelianizations of the Chillingworth subgroups of the mapping class
groups of the surfaces are induced by the Johnson homomorphisms and the Casson—Morita homomorphism

d®7g1(1):Chey - (Z®U)®Q = [0s, & [lsy.
Tg.(1) : Chg o —> U @ Q =[],
1¢(1) : Chy > U @ Q = [1’]sp,
where U and U are images of the Chillingworth subgroups under the first Johnson homomorphisms.

Specifically, their targets and the first rational homology groups of the Chillingworth subgroups are
isomorphic as mapping class group modules.
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In particular, the actions of the mapping class group on these abelianizations of the Chillingworth
subgroups factor through the rational symplectic group Sp(2g, Q), and they decompose into irreducible
representations of the rational symplectic group.

Theorem B The image (resp. kernel) of the homomorphisms between the second rational homology
(resp. cohomology) induced by the first Johnson homomorphism

7g,1(1) = 7g,1(D]cn, , : Chg;y > U C N Hi(Zg.1:7)

for the Chillingworth subgroup for the genus-g surface with one boundary is decomposed as mapping
class group modules as

[2212]Sp @ [14]Sp 7] [16]Sp (g=6),

212 4 —
Im((rg,l (1)« : Hz(Chg,l;Q) — H(U; Q)) = Eziz}zp ol ]Sp Ei : 45‘;’
P — s
{0} (g=73),
and
[0]sp ® [22]Sp ©® [12]Sp (g=4),

Ker((zg,1(1))* : H*(U:Q) - H?(Chg,1:Q)) = {[o]s @ [2%s (g=3)
p P o

The same holds for the Chillingworth subgroup in the case of a fixed base point Chg 4.

Theorem B is used to prove Theorem A.
We examine the fundamental properties of the Casson—Morita homomorphism d for the Chillingworth
subgroup, focusing on explicitly determining its kernel, which is crucial to Theorem A.

Theorem C The Casson—-Morita homomorphism d = d|ch, | : Chg,1 — Z satisfies these properties:
(1) The Casson—Morita homomorphism d is an M i-invariant homomorphism on the Chillingworth
subgroup.

(2) The image Im(d : Chg 1 — Z) of the Casson-Morita homomorphism for the Chillingworth subgroup
corresponds to 8Z.

(3) The kernel Ker(d : Chg ; — Z) of the Casson—Morita homomorphism for the Chillingworth subgroup

is given by the subgroup (T V{) generated by Dehn twists along the boundary of a genus-one subsurface
with one boundary of the surface as shown in Figure I, left, the normal subgroup ((By)) <1 Mg |
(recall that {( ®)) denotes the normal closure) generated by a certain element By := Tyﬁ Tyé_l called the
homological genus-zero bounding pair map as shown in Figure 1, right, and the commutator subgroup

[ICq,1, Mg 1] of the Johnson kernel and the full mapping class group as follows:
Ker(d : Chg,1 — Z) = ((Bo)) (T )[Kg,1. Mg,1]-
Additionally, we compute the order of the Euler class of the natural central extension
0—7Z — Chg 1 — Chg s« — 1

related to the natural homomorphism My | — Mg «. This is obtained by examining ¢ on the Chillingworth
subgroup.
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@
V2

Figure 1: Left: the boundary curve y; of a genus-one subsurface with one boundary of the
surface defining the Dehn twist Ty{. Right: Simple closed curves y;, y; defining a homological
genus-zero bounding pair map By := Tyé T, v -1

w

Theorem D For g > 6, the order of the Euler class of the natural central extension
0—>Z7Z— Chg 1 — Chg x — 1

equals % g(g—1)in H? (Chg,x: Z), and the abelianization of the Chillingworth subgroup (Chg,*)“b ~
H;(Chg «; Z) for the surface with a base point has a %g(g — 1)-torsion element.

2 Preliminaries

Let X 1 denote a connected, compact, oriented, genus-g surface with one boundary. We choose a base
point on the boundary of the surface X,  and let {@1,...,ag, B1,..., Bg} be a free generating set of the
fundamental group 71 (X4 1) of the surface as shown in Figure 2.

Given two elements y;, y» in the fundamental group of the surface 7 = 71 (Zyg 1), their product y;y;
indicates that we traverse y; first, then y,. The commutator [y, y»] is defined by y1y2y1 1y~ L.

Let H = H{(Xg,1; Z) be the first integral homology group of the surface and - : H ® H — Z be the inter-
section form of the first homology of the surface. We choose a symplectic basis {a,...,ag,b1,...,bg}
of H as shown in Figure 3.

These elements are obtained through the Hurewicz homomorphism «; + a;, B; + b;. The first integral
cohomology group of the surface H* = H' (X ¢,1: Z) is naturally isomorphic to the first homology
group H of the surface as Sp(2g, Z)-modules by the Poincaré duality: a; <> b, b; <> —a;. Using this,
henceforth A and H* will be freely identified. Let M, ; be the mapping class group of the surface,
which is defined as the isotopy classes of orientation-preserving self-diffeomorphisms of the surface that

Bi B2 Bk B

Figure 2: A generating system of the fundamental group of the surface 7 (Xg,1).
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ap a ag ag

Figure 3: A symplectic basis of H.

are pointwise identities on the boundary of the surface. That is,
Mg 1= Diff(H) (Zg,1.0Xg 1)/ (isotopies fixing the boundary pointwise).

A diffeomorphism that is the identity on the boundary is automatically orientation-preserving. The
product ¢V in the mapping class group M, ; indicates that we apply v first, then ¢. For a simple closed
curve C C Int(Xg 1), let T be the (right-hand) Dehn twist along C.

2A Mapping class groups, fundamental groups, and Johnson homomorphisms

The action of the mapping class group on the fundamental group of the surface yields the Dehn—Nielsen
representation r : Mg 1 — Aut(rr), which is known to be faithful. The mapping class group also acts
naturally on the first integral homology group of the surface H = H; (X 1:7Z) and this action preserves
the intersection form of the surface. Hence, the mapping class acts on H as the integral symplectic group
Sp(H,-) = Sp(2g, Z) and this action p : Mg 1 — Sp(2g, Z) is called the symplectic representation. It is
known that the representation p is surjective classically, and we summarize in the short exact sequence

1 >Zg 1 - Mg, — Sp(28.Z) — 1,

where the kernel Z, | := Ker(p : Mg 1 — Sp(2g.Z)) of the symplectic representation is called the Torelli
group of the mapping class group.

The Johnson homomorphism, initially defined by Johnson, provides an abelian quotient of the Torelli
group and is equivariant under the action of the mapping class group (see Johnson [17; 18]). It has been
developed by Morita and formalized as a graded Lie algebra homomorphism using the free Lie algebra
generated by H (see Morita [25; 29; 33]).

The mapping class group acts naturally on the nilpotent quotient of the fundamental group of the
surface, denoted by N; := m/ I';, where {I';};>1 is the lower central series of i, defined inductively by
'y :=m and T4, = [}, 7].

Definition 2.1 These actions on {/N;};>; define a filtration of the mapping class group, denoted by
Mg 1[i] .= Ker(Mg 1 — Aut(N;)), called the Johnson filtration.

Algebraic € Geometric Topology, Volume 26 (2026)
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Definition 2.2 The subgroup
Kg,1 = (Dehn twists along bounding simple closed curves (BSCC map))

is called the Johnson kernel.

Proposition 2.3 We have
Mg,l[l]:Mg,la Mg,l[z] :Ig,l = Ker(p), Mg,1[3]:]Cg,1-

The last was shown by Johnson [20].

For ¢ € Mg 1[i +1]and y € 7, we have @(y)y ! € ';4 by definition. Therefore, this defines a homo-
morphism Mg 1[i + 1] — Hom(H, T';41/T';42). The associated graded abelian group {I';/ I';11}i>1
of {I'j};>1 admits a Lie algebra structure over Z via commutators on m. It is well known that the
associated graded Lie algebra {I';/ I'; 1.1 };>1 is isomorphic to Lg 1 = {Lg 1[i]};>1, Which is the free Lie
algebra generated by H over Z, as a graded Lie algebra over Z. For example, see [22]. Combining
this with Poincaré duality, the homomorphism 74 1 (i) : Mg 1[i +1] — H ® Lg 1[i + 1] is defined. By
definition, we have Ker(tg,1 (1)) = Mg 1[i +2].

Morita refined the target space using the structure of Lie algebra. Let

b1 = (g1 (Niz1 = {Ker(H & L 1li + 11225 £, i +2)),,
be the kernel of the bracket, which is a graded Lie subalgebra of Hom(H, Lg 1) = {H ® Lg 1[i]}i>1-

Theorem 2.4 (Morita [28; 29]) The image Im(tg (7)) lies in hg 1 (i), and {Im(zg, 1(i))};>1 is a graded
Lie subalgebra of g j.
Definition 2.5 (Morita) The homomorphism 74,1 (i) : Mg 1[i + 1] — bg 1(i), known as the i-th Johnson

homomorphism, is an Mg j-equivariant graded Lie algebra homomorphism

{tg1(D}iz1 HAMgali + 1/ Mg ali + 2l}i=1 = {bg1()}iz1,
which is also called the Johnson homomorphism.

Remark 2.6 Originally, Johnson defined it as g (1) : Zg 1 — /\3 H, where
N H={(xAyAz:=xQ(WA2)+y®(ZAX)+2zQ(xXAy)|x,y.ze HICHQ\* H =~ H®Lg 2],

and showed in [17] its surjectivity.

The above argument gives the Johnson filtrations and the Johnson homomorphisms for the mapping
class group Mg 4 of the surface with a base point and the mapping class group M of the closed surface
without a base point.

Definition 2.7 The homomorphism tg « (i) : Mg «[i + 1] = bg «(7) is called the i-th Johnson homomor-
phism for Mg «[i + 1], where the target space hg « (i) is defined as

Bgx = (g (D}iz1 = {Ker(H ® Lli + 1] 2o £, + 2]}, .
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4
i=1

called the i-th Johnson homomorphism for Mg[i + 1], where the target space h¢ (i) is defined as

where Lg = Lg 1/ (w0 = [ai, b;]). Similarly, the homomorphism 74 (i) : Mg[i + 1] — hg (i) is

e :=bgx/Lg.

Remark 2.8 By aresult of Labute [22], the Lie algebra L is isomorphic to {I';; (Xg¢)/ Tip171(Zg)}i>1,
where I'; 71 (X) is the i-th term of the lower central series of 71 ().

Remark 2.9 Originally, Johnson defined the first Johnson homomorphisms of these cases as 7g +(1) :
Tex — A’ H and

3 3 3 g
7e(1):Zg > N\ H/H = )\ H/Im(u:HC—>/\ H, u(x) = Zai/\bi/\x).
i=1

In this paper, for the sake of convenience, calculations using the first Johnson homomorphism are primarily
performed using the original notation.

These Johnson homomorphisms commute with natural homomorphisms Mg | — Mg « induced
by collapsing the boundary and Mg « — M, induced by forgetting the base point. There exists the
commutative diagram

Tg,l(i)

I ——= Mg i +2] —— Mg [i +1] — bg1(() —— 1

! | !

I — Mg,*[i +2] —— Mg,*[i + 1] M; hesx(() —— 1

| | |

I Mgl +2] —— Mgli +1] =25 hy(i) —— 1

that commutes with the action of the mapping class group.
The short exact sequences

0—>7Z—> Mg 1 —> Mgx—1,
0—>7Z —>Tg1 > Tgx—>1,
0—>Z—>Kg1—>Kgx—1
are induced by natural homomorphisms Mg | — Mg x and Mg x — Mg, where the second homomor-

phism from the left for each exact sequence is defined by 1 +— T¢ and ¢ is the boundary parallel loop
of X4 1. We also have the short exact sequences

1 - m(Zg) > Mg s > Mg — 1,
1 = m(Zg) = Tg s > Ig — 1,

1= [711(Zg), 11 (Zg)] = Kg v > Kg — 1.
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The second homomorphism from the left for each exact sequence is called the push map defined by
dragging the base point of the fundamental group along the element of the fundamental group. More
generally, Asada and Kaneko showed in [1] that 771 (2g) N Mg «[i + 1] = T';m(Zg) and

1 > Tim(Zg) = Mgli + 1] > Mg[i +1] =1,
where I'; G is the i-th term of the lower central series of G.

2B Tree diagrams and infinitesimal Dehn—-Nielsen representations

The infinitesimal Dehn—Nielsen representation, introduced by Massuyeau [23], is an infinitesimal version
of the Dehn—Nielsen representation r : Mg ; — Aut(xr). It is described using an action on a certain
complete Lie algebra defined by 7, rather than the action on 7 itself.

The target space of the infinitesimal Dehn—Nielsen representation is represented by H-labeled trees
(see [12; 23]) called tree diagrams.

Definition 2.10 A tree diagram is a finite, connected, unitrivalent graph whose trivalent vertices have
cyclic order, and univalent vertices are colored by an element of /. The trivalent vertices of a tree
diagram are called nodes, univalent vertices are called leaves, and the number of nodes in a tree diagram
is called its degree.

Definition 2.11 [12; 23] Define 7;(H) as the free abelian group generated by degree-d tree diagrams
modulo the relations
pPx+qy X y

el Ty X

multilinearity AS relation (antisymmetry) IHX relation (Jacobi identity)

where x, y € H and p,q € Z. We define T(H) := @5, Ta(H), and 7{(ﬁ) as the degree completion
of 7(H). Similarly, we can define 7 (Hg) over Q by taking the tensor product with Q, giving us
T(Hg) =T (H)®Q, and similarly for its completion m, where the subscript Q means taking the
tensor product — ® Q.

Additionally, 7 (H) forms a graded Lie algebra over Z, with the bracket [, ¢ | defined as

[P, Qlr = Z (col(Py) - col(Qy))(graph obtained by gluing P and Q at v and w),

v€leaves(P)
wEleaves(Q)

+q

where leaves(P) is the set of leaves of P, col(Py) is the color of the univalent vertex v, and P, is the
rooted tree obtained by viewing P as a rooted tree with root at vertex v. This bracket on 7 (H) is uniquely
extended to the continuous bracket [, *]~ on 7'/(ﬁ) Then (7'/(f7), [*,*]7) forms a complete graded
Lie algebra over Z. We can define similarly (7 (Hg),[*,*]7) over Q.

The direct sum bg | = D2 b ¢,1(7) of the target spaces of the Johnson homomorphisms forms a Lie
subalgebra of Do, H ® Lg 1[i + 1], and there exists a Lie algebra homomorphism 7 : T(H) — b 1.
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Definition 2.12 The Lie algebra homomorphism 71 : 7(H) — b 1 is defined by

n(P):== Y col(Py)®brack(P,).

vE€leaves(P)

where brack( Py) is the bracketification map defined by taking the iterated bracket as

a p c 4 e
brack = [a.[1b.c]. [d. e]]].
root
For example, in the case of d = 2,
X Y
. >—< — x @y 2w+ y ® [z [w. ] + 2 ® . x], y] + w ®[x. [y, 2].
FEE

Especially, in the case of d = 1, we have the correspondence

X

XANyAZ x®[y.z]+y®[z. x]+2®|[x, y]
3 “«—> /L e T1(H).
e\ H € H®Lg1[2] - y

The homomorphism 7 is not an isomorphism over Z (see [12]). However, if we take the tensor product
with Q, we have ng = 1 ® idg, which is an isomorphism of Lie algebras over QQ (see [14, Theorem 2]).

Definition 2.13 (Massuyeau [23]) Let Li/g:?Q be the degree completion of Ly 0= @loil Cg’lQ[i]. The
symplectic expansion (logansion), introduced by Massuyeau, is a map 6 : 7 — E/g’?@ that satisfies the
following conditions:

(1) 6:m— (%, *) is a group homomorphism, where * is the product defined by the Baker—Campbell—
Hausdorff series (BCH product) with respect to the bracket [e, ] of L4 | o
(2) 0(x) =[x]+ (degree > 2), where [x] € H is the image of x € & under the Hurewicz homomorphism.
3) ) =—w:= —Zle[ai, bi], where { € 7 is the boundary parallel loop of Xg ;.
Theorem 2.14 (Massuyeau [23, Lemma 2.16]) There does exist a symplectic expansion 0 : m — E/g,l\(@.
Before introducing the definition of the infinitesimal Dehn—Nielsen representation, we will introduce
several maps. Let us fix a symplectic expansion 0 : 7 — E/g,?@.

First, we introduce the map o : Tg,1 — IAuty, (%), where TAut,, (%) is the automorphism
group of E/g,;@ whose elements induce the identity map on

glgig = @(ﬁg,l(@[i]/ﬁg,l(@[i + 1))

i=1
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and preserve the element w = Zf;l[ai, bi] € Lg,1[2]. The value o?(f) for f € Mg 1 is induced by
X fx0(x).

Next, define log : IAut,, (E/g:?Q) — (Der}; (E/gIQ), *), where the target space Der}’ (E/g,l\(@) is the
space of derivations of Leig that strictly increase degrees and are trivial on w. The target space has a
natural Lie algebra structure. If we define the group structure by the BCH product induced from this
bracket, then the map log defined by the series induces a group isomorphism (the inverse map is exp
defined by the series).

Finally, the map Derz(ﬁ/g:r@) — h/g: is a canonical isomorphism induced by Poincaré duality.
Specifically, it is the map induced by D +— Zle (b; ® 1 D(a;) —a; ® D(b;)).

Combining the above three maps with the map n@l : [i,: — 7@, we obtain the infinitesimal
Dehn—Nielsen representation.

Definition 2.15 The infinitesimal Dehn—Nielsen representation r : Tgq — (T/(@, *) is defined as the
composition of the homomorphisms

log (Dert (Lo 10
S ,1 )’ *) ——
o Auty (Lg, 1) - 0 7 (hg1.%)

/ r0 T

Lol —— - mm o m ey > (m» *)

0 _—

We also define its degree-d part by composing with the projection rg Tg RN T(Hg) — Ta(Hg);
in particular, ng o rl.‘9 |Mgali+1]: Mgali +1] b 21Q (7) is nothing but the 7-th Johnson homomorphism
Tg,1(i) : Mg 1[i +1]— by 1 (7). Hence, the infinitesimal Dehn—Nielsen representation rf Tg1— m)
on the (i+1)-st depth of the Johnson filtration Mg ;[i + 1] is trivial up to degree-(i —1)-st part.

3 The action on the sets of homotopy classes of vector fields and the
Chillingworth subgroups

Let X be a nonsingular vector field on the surface Xz ; and E(Zg 1) be the set of homotopy classes
of nonsingular vector fields on the surface. A homotopy class of nonsingular vector fields on a surface
induces a trivialization of the unit tangent bundle UTX, | =»> X, ; x S ! of the surface up to homotopy.

Let y be an oriented regular closed curve on the surface. The winding number of y with respect to X
denoted by wy (y) is defined by the number of times its tangent transversely intersects with the section
of the unit tangent bundle UTX, ; — X, | induced by X. Alternatively, we can compute the winding
number by counting the points where the velocity vector is tangent to the vector field X, with the sign as
shown in Figure 4.

The winding number function wy can be regarded as an element of H!(UTX ¢,1: Z). This element
is characterized by the preimage of 1 € H!(S!;Z) under the map HI(UTZg,l;Z) — HY(S; 7).
Conversely, for an arbitrary element w € H 1 (UTZXy,1: Z) which satisfies the condition, there exists a
nonsingular vector field X' € E(Xg ;) such thatw = wy € H LuTz ¢,1: Z); one can construct such an X
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Figure 4: Signs of points where the velocity vector is tangent to the vector field.

by considering X 1 as a disk with 2g attached 1-handles and specifying the vector field on each 1-handle.
This correspondence E(Xg 1) <> {preimage of 1} C H LUtz ¢,1: Z) is one-to-one.

The action of the mapping class group M, 1 of the surface on E (X ;) is described by the H Iz g.1:Z)-
affine space structure and the Chillingworth homomorphism, which is defined using the winding number
function wy .

Let us fix a nonsingular vector field X € E(Xg4 ;). We recall the short exact sequence of the first
cohomology

0— H' (Zg.1;2) — H' (UTX, 1;Z) — H' (S';Z) — 0,
which is equivariant under the action of the mapping class group.

Definition 3.1 For a nonsingular vector field X, the Chillingworth homomorphism ey : Mg ; —
H! (2g,1: Z) is defined by the equality ex (f)([v]) == wx(f oy) —wx(y).

The Chillingworth homomorphism is not a homomorphism but a crossed homomorphism. It satisfies
ex(fg) =ex(f)+ (f~1*ex(g). The kernel of the Chillingworth homomorphism Ker(ey) := ex ~'(0)
is a subgroup of the mapping class group that preserve the chosen vector field X up to homotopy.
In particular, the Chillingworth homomorphism ey depends on the choice of a vector field X.

The construction of a crossed homomorphism on the mapping class group using the unit tangent
bundle and the winding number was also proposed by Mikio Furuta. For details, see Morita [32]. Earle
independently introduced an essentially identical crossed homomorphism using a different approach. For
details, see [10].

Let us consider the restriction of the Chillingworth homomorphism to the Torelli subgroup. The
restricted Chillingworth homomorphism ey |z, ; is @ homomorphism in the usual sense. Moreover, the
restricted Chillingworth homomorphism does not depend on the choice of a nonsingular vector field
on the surface. This is because, due to the short exact sequence, the difference wy — wy- for different
nonsingular vector fields X and X’ can be expressed by an element 4 € H'! (2g,1: Z). From this, we
have ex (f) —ex/(f) = (f~')*h — h, whose right-hand side is always zero on the Torelli group Z, ;.
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Definition 3.2 The Chillingworth subgroup Chg ; is defined by the kernel Ker(ex |z, ,) of the restricted
Chillingworth homomorphism, and the Chillingworth subgroup of the surface with the base point Chg «
is defined similarly. We define the Chillingworth subgroup of the closed surface without a base point Chg
as the image of the Chillingworth subgroup under the natural homomorphism Mg | — Mg « — M.

Morita proved that Hl(/\/lg,l; H*) >~ Hl(/\/lg,l; H) is isomorphic to the infinite cyclic group Z
in [26, Proposition 6.4] and that the crossed homomorphism (twisted 1-cocycle) ex is a generator of
HY(M ¢.1; H™) in [32, Proposition 4.1]. Hence, the Chillingworth subgroup is characterized as below.
Proposition 3.3 (see [5; 7; 8; 41]) The Chillingworth subgroup Chg ; has the following characterizations:

(1) the subgroup of the mapping class group whose elements preserve all nonsingular vector fields up to
homotopy;
(2) the kernel Ker(Mg 1 ~ E(Xg,1)) of the action on the set of homotopy classes of nonsingular vector
fields on the surface;
(3) the intersection of the kernel of a nontrivial crossed homomorphism with values in H or H* and the
Torelli group Zg 1;
(4) the kernel Ker(Mg 1 ~ H LuTxz ¢,1: ) of the action on the first cohomology of the unit tangent
bundle of the surface;
(5) the kernel Ker(Mg 1 ~ H{(UTX, 1;Z)) of the action on the first homology of the unit tangent
bundle of the surface;
(6) the kernel Ker(Mg 1 ~ H) of the action on the Heisenberg group of the surface, where H is
the Heisenberg group of the surface defined by H = Z x H as a set with the product defined by
(n,x)(m,y)=(n+m+x-y,x+y);
(7) the kernel Ker(®x : Mg 1 — GL(2g + 1,Z)) of Trapp’s representation, which is defined by
—[lex(f)

q)X(f) - [0 o(f) ]

First, there exists the following relationship among the Chillingworth subgroup, the Torelli group, and
the Johnson kernel.

Lemma 3.4 For g > 3, we have Ky 1 S Chg 1 € Zg 1, and for g = 2, we have Ky 1 = Chy 1 € 15 ;.

-

Similarly, for g > 3, we have Kg x & Chg « C Zg « and Kg C Chg € Zg, and for g = 2, we have
,CZ,* = ChZ,* g Ig,* and ’Cz = Ch2 = IZ-

Furthermore, Chg is a finite-index normal subgroup of Zg.

Lemma 3.5 For g > 3, Chy is a normal subgroup of index (g — 1)%¢ in T, and the quotient Ty /Chg is
isomorphic to (Z /(g — 1)Z)?8.

Additionally, the relationships between the Chillingworth subgroups in each case can be summarized
by the following short exact sequences.
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Proposition 3.6 There exist two short exact sequences
0—Z—Chg 1 —Chgs—1, 1—[m1(Zg), m1(Xg)] = Chgx — Chg — 1.

Lemmas 3.4-3.5 and Proposition 3.6 can be seen from the relationship between the Chillingworth
subgroup and the Johnson homomorphism, which will be explained in the next subsection.

3A The first Johnson homomorphisms and the Chillingworth subgroups

Johnson [17] introduced the element 7y € H as the Poincaré dual of the value of the Chillingworth
homomorphism. It is characterized by the property that x -7 = ex (f)(x) for all x € H;(Zg,1; Z). Here,
t, is called the Chillingworth class. Johnson proved that the Chillingworth class factors through the first
Johnson homomorphism.

Lemma 3.7 (Johnson [17, Theorem 2]) The diagram

is Mg 1-equivariant and commutative. Here, the Sp(2g, Z)-equivariant homomorphism C3 : /\3 H—H
is defined by x Ay Az (x-y)z+ (y-z)x 4+ (z-x)y and called the contraction.

Moreover, Morita [30] constructed an extension of the Johnson homomorphism as a crossed homomor-
phism to the mapping class group Mg | — % /\3 H. By composing this extension with 2C3, one can
also obtain a crossed homomorphism on Mg ;.

Here, we introduce certain elements of a Torelli group that will appear in subsequent discussions.

Definition 3.8 For two disjoint nonseparating simple closed curves y; and y, on the surface X4 1, when
there exists a subsurface with genus /4 with the boundary components equal to y; U y,, we call the map
BP(y1,y2) =Ty, Ty2_1 the genus-h bounding pair map (BP map), which is an element of the Torelli

group.

To prove Lemmas 3.4-3.5 and Proposition 3.6, we introduce some calculation formulas.
Proposition 3.9 (Johnson [17, Lemma 4A]) Let{x;, yi}i—1,.. » be a symplectic basis of the first homology
group of the subsurtace defining a genus-h BP map BP(yy, y»). Then, we have

h
T 1 (DBP(y1, v2)) = Y xi Ayi Alnl,

i=1
where y; and y, are endowed with the orientation induced from the subsurface.

Furthermore, using C3(x; A yi A[y1]) = [y1], we obtain the following:
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Figure 5: Some simple closed curves on the surface defining some BP maps.

Lemma 3.10 Let BP(y4, y,) be a genus-h BP map. We have

1BP(y,,y,) = 2C3 075 1(1)(BP(y1, ¥2)) = 2h[y1].

Now, we prove Lemma 3.4.

Proof For g = 2, the contraction Cj : /\3 H — H is an isomorphism, and its kernel is trivial. Hence,
the conditions 7 1 (1)(f) = 0 and ¢y = 0 are equivalent, which implies that Ch, ; = KC5 ;. It follows that
Chy x = K5 4 and Ch,; = K. Moreover, in the case of genus-two closed surfaces without a base point,
the target space of the first Johnson homomorphism /\3 H/H is trivial. Therefore X, = Z,; in particular,
KCy = Chy = 7. Next, consider the case of g > 3 with one boundary component. Consider a genus-one
BP map. This element is contained in Zg ; but not contained in Chg 1, as its value under t = 2C3 014 (1)
is nontrivial, as shown in Lemma 3.10. Therefore, we have Chg 1 & Zg ;. For g > 3, let us consider
the element BP(y;, y,) BP(y1, ¥3) 2 as in Figure 5. This element is contained in Chg 1 but notin Ky ;.
Specifically, 2C3071g 1 (1)(BP(y1, v2) BP(y1, ¥3)™2) =2C3(a; Aby Aby—ay Aby Ab3) =0, indicating this
element is contained in the Chillingworth subgroup Chy ;. However, 74 1 (1)(BP(y1, y2) BP(y1, y3) 7 ?) =
ay Aby Abz —ay Aby Abs is nonzero, implying this element is not contained in the Johnson kernel Kg ;.
Therefore, we have Kg 1 S Chg ;. The same argument can be applied for Chg « for g > 2, and Chg for
g > 3 cases. O

Before Lemma 3.5, we discuss Proposition 3.6. Johnson [17] discusses the kernel of the homomorphism
Zg,1 — Ig. We obtain the following:

Lemma 3.11 (Johnson [17]) By composing the push map 1(Xg) <> Zg s with the first Johnson homo-
morphism tg 4 (1) : Zg « — /\3 H, we obtain

g
e (D) ==Y _ai Abi Ay,

i=1
fory € m(Xg). In particular, t, = —=2(g — 1)[y].

This shows that  mod (2g —2) : Zg — H ® (Z/(2g —2)Z) is well defined.
Using this lemma, we will now proceed to prove Proposition 3.6.
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Proof Since

we only need to prove that
[71(Xg), m1(Eg)] D Chg s N1 (Zg).

Let y be an element of 71 (X¢) NCh,. Since y is contained in Chg x, we have ¢, = 0. From Lemma 3.11,
we have =2(g —D[y]=0in H = H|(Zg «:Z) = H|(Xg:7Z) = 711(Zg)/[m1(Zg), 71 (Zg)]. Since H
is a free abelian group, [y] = 0 in 71 (Zg)/[m1(Zg), m1(Xg)]. Therefore y € [m1(Zg), m1(Zg)]. |

We denote the kernel of the contraction Ker(C3) C A* H as U. Note that U is a rank-((23g )—2g)
free abelian group and a Sp(2g, Z)-submodule of /\3 H. We denote the image of U under the natural
homomorphism U < /\3 H — /\3 H/H as U. By definition, these coincide with the images of the
Chillingworth subgroups under the Johnson homomorphisms: 74 1(1)(Chg 1) = 7 4x(1)(Chg x) = U
and 74(1)(Chg) = U.

Finally, we prove Lemma 3.5, which follows from Lemma 3.12. Before stating the lemma, we define
themapv: H@®U — A\’ H as

g
v:HeU— N\’ H, (x,Y)|—>(Za,-/\b,~/\x)+Y.
i=1
Lemma 3.12 For g > 3, the quotient
I¢/Che = (N> H/H)/U = Coker(v: H®U — N\’ H)
is isomorphic to (Z /(g — 1)Z)?8.
Proof Let us take a basis of U as
() a; Nnaj Nag, bi Abj A Dby for distinct i, j, k,
(i) a; ANaj Nby, aj Nbj A Dby for distinct 7, j, k,

(iii) ay Nax ANby —ay Aa; Ab; fori >3, a; ANay Aby —aj ANai ANb; fori >3, j =20 # j,
byANay Aby—ay Abj ADj fori >3, and bj Aay Aby—bj Aa; Ab; fori >3, j>2,i# ],

and take a basis of A\® H as (i), (ii), (iii), and
(iv) ai Naj Nbj fori # j, bi Aaj Abj fori # j.

The representation matrix of v: H @ U — /\3 H with respect to the above basis is

1 o1 1 . 17%%
1 —1 0
|
®2 @2
()™ & Ugee;) @ 14 -1 ’
o
10 0 —1]
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Figure 6: Some simple closed curves on the surface defining the element By.

where [, is the identity matrix of size nx# and the rightmost matrix is of (g—1)x(g—1) size. We compute

the invariant factor of it as

g — 1 d2g

(I )@2@(1 l)69269 1
® g(*3")

Hence, the quotient Zg /Chy is isomorphic to (Z/(g — 1)Z)?8. |
Lemma 3.12 is restated as follows.

Proposition 3.13 By Lemma 3.11, the mapt mod (2g —2) : Z, — H ® 7./(2g — 2)Z is a well-defined
homomorphism, with its kernel being Chg, and its image being 2H @ Z./(2g —2)2Z = H® Z /(g — 1) Z.

As stated previously, the composition U — /\3 H— /\3 H/H is not an isomorphism. However, if we
take the tensor product with @, then the composition

UeQ— (AN'H)®Q— (AN H/H)®Q

becomes an isomorphism as Sp(2g, Q)-modules. We use the notation /\3 Hg:= ( /\3 H )®Q = /\3 (Ho),
Ug = U ® Q and so forth.

Proposition 3.14 For g > 4, Chillingworth subgroups Chg 1, Chg x and Chg are normally generated by
one element and the Johnson kernel in the full mapping class group.

Proof We consider the exact sequence
1> Kgq1—>Chgy —>U—1

induced by the Johnson homomorphism for the Chillingworth subgroup. The Chillingworth sub-
group Chg ; is generated by KCg | together with lifts of elements of U under the surjective homomorphism
7g,1(1) : Chg 1 — U. Let us take the conjugacy class of a certain element By := BP(y;. y;) i= T, Tyg_l
as shown in Figure 6 (which we call a homological genus-zero (or one minus one) bounding pair map).
The image of this conjugacy class under the Johnson homomorphism is surjective onto U. Equivalently,
U is generated by 74 1(1)(Bg) = ay Aby Abs —ay Aby Absz as an Sp(2g, Z)-module. To show this,

Algebraic € Geometric Topology, Volume 26 (2026)



1482 Ryotaro Kosuge

it suffices to construct all the basis elements of U given in the proof of Lemma 3.12(i), (ii), and (iii) by
applying appropriate elements of Sp(2g, Z) to a; A by A bz —ay A by A bs. By suitably permuting the
indices and applying the matrices determined by a; — b; +— —a;, we can construct all the elements of
type (iii). Next, if we subtract the result of applying

ay v ay + by —by,

ag > ag+by—by,

ai—a; (I #1,4),

bl' = bl’
to the original element ay A by A b3 —as A by A b3, we obtain by A by A b3. From this element, we can
similarly construct elements of types (i) and (ii) using the same argument. Therefore, Chg ; is normally
generated by By and the Johnson kernel. For Chg « and Chg, we obtain similar results via the natural
surjective homomorphisms Chg 1 — Chg « and Chg x — Chg. ad

4 Proof of Theorem B

By the general theory of representation, a finite-dimensional polynomial representation of the rational
symplectic group Sp(2g, Q) corresponds bijectively to those of Sp(2g, C) and the Lie algebra sp(2g, C).
These representations are parametrized by Young diagrams. We use a notation in conformity to Fulton—
Harris [13].

We denote the one-dimensional trivial representation Q by [0]sp, and the natural representation Hg
by [1]sp. For a Young diagram corresponding to ny > np > --->n; > 1,1 < g, we define [nyny ---nylsp
as below:

e Letmy >my > ---> my be the transpose of ny > ny >--->n; >/,

¢ The vector
@y Nax N+ Nam) @ (@1 ANag A+ Namy) @ Q (ay Aaz A=+ Nam,)
within ( A\™! Hg) ® (/A\™* Hg) ®---® ( /\"'* Hg) generates an irreducible subrepresentation.
* This irreducible representation is denoted by [n175 - - - ny]sp, and the vector
(@ Nag A+ Nam) @ (ar Nag A+ Namy) @+ @ (ay Aaz A+ ANdm,)

is called the highest weight vector of [niny ---njlsp.

We abbreviate [2211]sp, [111111]s, and so forth as [2212]sp, [1%]sp and so forth.

These representations are naturally isomorphic to their dual representation. For example, H(S and
its dual Hg are isomorphic as representations of Sp(2g, Q) via the Poincaré duality, and are denoted
by [1]sp. We have A\* Hg = [13]s, ® [1]sp and \* Ho/Hg = Ug = [1%]s,.

The following proposition follows from the irreducibility of Ug = [13]Sp.
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Proposition 4.1 For g > 3,

(tg1(1)x - Hi(Chg,1; Q) — H (U; Q)
is surjective and

(g1 ()" : H'(U:Q) — H' (Chg,1:Q)
is injective. The same holds for the Chg « and Chg cases.

Hain studied the homomorphism (7g(1))* : H 2( /\3 H/H,; Q) — H? (Zg: Q) between the second
rational cohomology induced by the Johnson homomorphism and determined the kernel of this map as
Sp(2g, Q)-modules using representation theory.

Lemma 4.2 (Hain [15, Lemma 10.2]) For g > 3,

H>(A\® H/H;Q) = Hy(\* H/H: Q) = H2(U:Q) = Hr(U; Q) = \* Ug

)=
[O]Sp @ [2 ]Sp [12] [22 ]Sp S [14]Sp @ [16]Sp (g=6),
. [O]Sp S [22]Sp [12] [2212]Sp S?) [14]Sp (g=9),.
| Olsp @ 275 @ [17]sp © 12215 (g=4),
[O]Sp S [22]Sp (g=3)

holds as Sp(2g, Q)-modules.
Theorem 4.3 (Hain [15]) For g > 3,
Ker((tg(1))*: Hz( /\3 H/H;Q) — H?(Zy: Q)) =[0]sp ® [2%]sp
holds as Sp(2g, Q)-modules.
Moreover, the dual of the preceding theorem implies that the image of the homomorphism
(tg(1)s - Ha(Zg; Q) > Ho( N\’ H/H; Q)

between the second rational homology induced by the Johnson homomorphism is decomposed as
Sp(2g, Q)-modules as follows:

Theorem 4.4 (Hain [15]) For g > 3,

[12]Sp 7] [2212]Sp @ [14]Sp @ [16]Sp (g =6),

_ _ 3 o [P Isp @[22 1%]sp @ [1%s (g=5),
(e Has Q) = BN HIEO) =gy gz, (5=,
{0} (g=3)

holds as Sp(2g, Q)-modules.
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For g > 3, the homomorphism Chg | < Z¢ | — Zg x — I induces the M j-equivariant commutative

diagram
o (re (1))*
N’ Ug s HX(\® H/H; Q) =5 H2(Z,; Q)
- g . ! « ~N
A? Ho @ (Hg ® Ug) ® A2 Ug —=— H2(A® H:Q) &% m2(z, . )
~ 3 (te.1 (1)) v
N> Hg @ (Hg ® Ug) ® \* Up ——— H*(\’ H:Q) ~2 H?*(Z;1:Q)
i\ 2, ) ~ o (Cea()* 5
Q A" Ug > H*(U;Q) ———— H?*(Chg,1:Q)

By Theorem 4.3 and this commutative diagram, the kernel

Ker((tg,1(1)* : H*(U; Q) — H*(Chg 1; Q))
contains [0]sp ® [22]sp, and taking the dual of this, we obtain

[12]8p @ [2212]Sp @ [14]Sp @ [16]Sp (g = 6),

125, @ [2212]5, ® [14 =3,
Im((tg,1 (1))« : H2(Chg,1: Q) — Hy(U:Q)) C hzti @ {2212}: lsp g — 4;,
{0} (g=3).

In fact, the summand [12]5p is not contained in the image

Im((zg,1 (1)« : H2(Chg1:Q) — H2(U; Q)).

In this subsection, we show that any other summands except for [0]sp, [2%]sp, and [12]s, are contained in
the image Im((rg,l (1))« : Hy(Chg 1;Q) — Hy(U; Q)).

Now, we introduce some Sp(2g, Q)-equivariant homomorphisms to detect specific irreducible compo-
nent, and abelian cycles (see [39; 40]).

Let V be a representation of Sp(2g, Q).

(1) The contraction For k >2, Gy : /\k Hg — /\k_2 Hg is defined by

X1 A AXg |—>Z(—1)i+j+1(x,--xj)x1 AN AXi N AXj A AX.
i<j
Also, the kernel of the contraction Ker(C},) corresponds to an irreducible representation denoted by [lk Isp-
(2) The canonical inclusion i I’j : /\k Ve— ®k V' is defined by
Vi A AU > Z sign(o)vg(1) @+ ® Vg (k)-
[AS(GT%
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(3) The multiplication ¢/ : (\"'V)® (A\"V) — A"V is defined by
(VI A AUR) Q@ (Vg1 A  AUman) F> VI A= AU AVt A+ A Ut
(4) The Jacobi identity map jp : /\3 V-Ve® /\2 V is defined by
VI AV AV3 > V] @ (U2 AV3) + 12 ® (V3 AVp) + U3 ® (V] Ava).
Next, we introduce abelian cycles which give concrete elements of the image
Im((rg, (1)« : Hy(Chg,1:Z) — Ha(U: Z2))
of the homomorphism between the second rational homology induced by the first Johnson homomorphism.

Definition 4.5 [39, Subsection 4.3; 40, page 103, Step 2] Let G be a group and ¢ : Z?> — G be a
homomorphism. The image of the fundamental class 1 € H,(Z?; Z) under the induced homomorphism
cx t Hy(Z*;7) — H,(G;Z) is called the abelian cycle.

Let {e, e,} denote the standard basis of Z2. Recall that for a finitely generated free abelian group 4,
the second homology group H,(A4;Z) is naturally isomorphic to the second exterior power /\2 A.

Proposition 4.6 [37, Lemma 2.1; 39, Lemma 4.5] Let A be a finitely generated free abelian group and
¢ :7Z? — A be a homomorphism. Then the abelian cycle with respect to ¢ coincides with
cley) Ac(ey) € /\2 A=~ H,(A; 7).

1 (1
If we apply this to Z2 5 Chyg ré;(L U where c(e;) = f; € Chg ; fori =1, 2, we obtain the following.

Proposition 4.7 Let f; and f, be mutually commutative elements in Chg 1. Then the element

g1 (D) Ate 1 (D(/2) € \* Ug = Ha(U: Q)
belongs to the image
Im((zg, (1))« : H2(Chg,1;Q) — Hy(U: Q)).

Additionally, we introduce elements of Sp(2g,Z) C Sp(2g, Q) that will appear several times. Let /
denote the identity matrix and for distinct 1 <17, j < g, we define the matrix A; ; by the transformation

Cl,‘l—)Cl,'-i-bi—bj

aj — aj +bj—b,',
ag>ar (kK #1,j),
b+ by.

Aij =

Proposition 4.8 For g > 4, the summand [22 12]5,p is contained in the image

Im((zg,1 (1))« : H2(Chg 1: Q) — Hy(U: Q)).
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OO

: J

Figure 7: Some simple closed curves on the surface defining an abelian cycle which detects the

summand [2%12]s,,.

Proof We take some simple closed curves on the surface as in Figure 7 and we define a homomorphism
7% — Chg i by

ey +> BP(by, 8)BP(by, 1) 'BP(bg, \) ! =Ty, "' T ' T, T,

e > BP(by, W)BP(bs, )2 =T, 7' T, 7' T2

We confirm that these two elements are contained in Chyg 1:

C307g,1(1)(BP(b4, 6) BP(ba, ) BP(bs, 1)) = C3(ay ANby Aby—az Ab3 Abyg) =0,
C3 0141 (1)(BP(by, 1)BP(by, 1) ~2) = C3(ay Aby Abg—az Aby Aby) = 0.

Therefore, we obtain

é‘l = (a1 /\b] /\b4—a3 /\b3 /\b4)/\(a2/\b2/\b4—a3 /\b3 /\b4)
((Cll AbyAbg) A(ay Aby Abg) + (ay Aby Abg) A (azs Abs Aby)

= )E/\zUQ

+(az Ab3 Abg) A (ay Aby Aby)

as an element of Im((7g,1 (1))« : H2(Chg,1; Q) — H>(U;Q)).
To prove Proposition 4.8, it is enough to show that ¢ is nontrivial on the summand [22 12]Sp. We detect
the nontriviality by using an Sp(2g, Q)-equivariant homomorphism

Gi: \*Ug — (A\* Ho) ® (\* Ho) D [2°1%]s;
as the composition of the maps
A’ Ug = A* (N’ Ho).
21 NN Ho) = @F(A o).
id)s 5, ® jrg (A’ Ho) ® (A Ho) — (' Ho) ® Ho ® (\* Ho).
Bib @idya o (N Ho) ® Ho ® (N Ha) ~ (\* Ha) ® (\? Ha).
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v bs
Y.

Figure 8: Some simple closed curves on the surface defining an abelian cycle which detects the
summand [14]s,.

Using this homomorphism and appropriate elements of Sp(2g, Q), we compute

(a1 /\bl /\b4)/\(612/\b2/\b4)+(612 /\bz/\b4)/\(a3 /\b3 /\b4)
4+ (a3 Ab3 Abg) A(ay ANby Aby)
I—A53 (—2(&1 Aby Abg) A (by Abs Abg)+ (ax Aby Aby) A (by Abs /\b4))
e

+ (a3 Ab3 Aby) A (by ANb3 A by)

I—Al,z

P 3(b1 /\b2 /\b4) AN (bz /\b3 /\b4)

i/2\3 .

———3(b1 Aby Aby) ® (by Ab3 Aby) —3(by Ab3 Aby) ® (by Aby Aby)

173 o ®THg  (3(by Aby Aby) ® (by ® (b3 Aby) + b3 @ (ba Aby) + bs @ (b Ab3))
|
—3(ba AD3 ADy) ® (b1 & (ba Aba) + by ® (by AD1) + ba ® (b AD2))
Prig, ®id 2
O 6(by Ay Ay Ab3) ® (ba Aby)
as>ap,a;—az,az—>aq,
b4’—>b1,b1'—>b3,b30—>b4

—6(by Aby Ab3 Aby) ® (b1 Aby)
bi—a;,ai+—>—b; (i=1,2,3,4)

—6(6!1 ANdy N\dsj /\a4)®(a1 /\az).

This vector —6(a; A dax Aasz Aag) ® (ag A ay) is a highest weight vector of (/\4 H@) ® (/\2 HQ).
Hence G({;) is nontrivial on the summand [2212]s,, and [2212]s, is contained in the image

Im((zg,1 (1))« : H2(Chg 1;Q) — Ha(U;Q)). 0
Proposition 4.9 For g > 5, the summand [14]3p is contained in the image
Im((tg,1(1))« : H2(Chg 1; Q) — H>(U;Q)).

Proof We take some simple closed curves on the surface as in Figure 8§ and we define a homomorphism
Z? — Chg ; and an abelian cycle as

e1+>BP(b3,8')BP(b3,v') 2 =Ty, ' Ty ' T2, esr>BP(bs,8")BP(bs, V") * =T, Tsn ' T,n*.
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Similarly, we obtain
= (a1 Aby Abs—asx Aby Ab3) A(ay ANby Abs+ay Aby Abs +a3 Abs Abs—3 4+ ag Aby Abs)

as an element of the image Im ((‘L’g,l (1))« : Hy(Chg 1;Q) — Hy(U; Q)).
To prove Proposition 4.9, it is enough to show that ¢, is nontrivial on the summand [14]sp, and we detect

the nontriviality by using an Sp(2g, Q)-equivariant homomorphism G, : /\2 Ug — /\4 Hg D [14]sp as
the composition of the maps
N*Ug = A*(A\® Ho).
2 e NN Ho) — (A Ha).
s (A Ho) ® (A’ Ho) -~ A\° Hg.
Cs: \® Ho — N\* Ho.

Similarly, we compute
(ay Aby ADb3) A(ay Aby Abs) 4+ (ay Aby Ab3) A(ay Aby Abs)
+ (a1 Aby Ab3) A (a3 Ab3 Abs)
Cp = | —3(air Aby Ab3) A(ag Abg Abs) —(az Aby Ab3) A(ay Aby Abs)
— (ap ANby ANb3) A (ap Aby A bs)
—(ay ANby Ab3) A (az Ab3 Abs) +3(ay Aby Ab3) A (ag Abg A bs)
(ay AbyAD3) R (ay Aby Abs)—(ay Aby Abs) @ (ay Aby Ab3) \
4+ (@y Aby Ab3) @ (az Aby Abs)—(az Aby Abs) @ (ay Aby Ab3)
4+ (ay Aby Ab3) ® (a3 Ab3 Abs)— (a3 Abs Abs) @ (ay Aby Ab3)

i/2\3 Hg —3(ay Aby Ab3) @ (ag ANby Abs) +3(ag ANby Abs) ® (a1 Aby Ab3)

T (@ AbaAby) ® @y Aby Abs) + (a1 Aby Abs)® (az A by Abs)
—(@a Aby Ab3) ® (aa Aby Abs) + (az Aby Abs) ® (az Aby A b3)
— (@2 ANby Ab3) ® (a3 ANb3 Abs) + (a3 Ab3 Ab3) ® (az A by A b3)
+3(ay Aby Ab3) ® (ag ANbay ANbs)—3(ag Abgy Abs) @ (ay Aby Ab3)
¢33

I;Q>6a2/\b2 Ndy /\b4/\b3 /\b5—6a1 /\b] /\Cl4/\b4 /\b3 /\b5
C

—> 6as Aby Aby Abs—6a; Aby Absy Abs (#0)

C.

I—4>6b3 /\b5—6b3 /\b5 =0.

Since this abelian cycle is nontrivial on the kernel Ker(Cy) = [14]s,, it follows that G5({,) is nontrivial on
the summand [14]Sp, and [14]3p is contained in the image Im((fggl (1))*: Hy(Chg 1;Q) — Hy(U; Q)). O
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Proposition 4.10 For g > 6, the summand [1%]s,, is contained in the image

Im((zg,1 (1)« : H2(Chg,1:Q) — H2(U;Q)).

Proof For g > 6, the same abelian cycle as in Proposition 4.9 is also nontrivial on the summand [IG]SP,
and we check this by using an Sp(2g, Q)-equivariant homomorphism G : /\2 Ug — /\6 Hg D [16]5p
as the composition of the maps

N Ug = N* (A’ Ho),
i3 N (A Ho) > @ (N Ho).
s (A’ Ho) ® (A’ Ho) - N\° Ho.
The result is
{3 =8y = (ay Aby Abs—ay Aby Ab3)A(ay Aby Abs+ay Aby Abs+az Aby Abs—3as Aby Abs)
= ((a1 AbyAD3)YA(ay Aby ADs)+ (ay Aby Ab3)A(ay Aby Abs)+ (ay Aby Ab3) A (azs Abs Abs)
=3(a1 AbyADb3)YA(ag AbyaNDs)—(ay Aby Ab3)YA(ay Aby Abs)—(ay Aby Ab3) A(apy Aby Abs)

—(ax Aby Ab3)AN(a3 Ab3 Abs)+3(ay Aby Ab3) A (agAby /\bS))

I—A4
2% 3(ay Aby Ab3) A (bg Abg Abs)—3(a; Aby Ab3) A(bg Aby Abs)

—% 6(by Aba Ab3) A(by Abs Abg)
ii3 o
> 6(b1 Aby AD3) R (bya AbsADg)—6(bga Abs Abg) A (b1 Aby AD3)
¢33
Q
——— 12b1 Aby /\b?, /\b4/\b5 /\b6

bjr—a;, aj—>—b; (i=1,2,3,4,5,6)

12a1 ANay Aaz ANag ANas Aag.

This vector 12a; Aay Aaz AagAasAag is a highest weight vector of /\6 Hg. Hence G3(3) is nontrivial on
the summand [16]Sp, and [16]3p is contained in the image Im((7g,1 (1))« : H2(Chg 1: Q) — H2(U;Q)). O

Propositions 4.8—4.10 and Theorem 4.3 together imply that the summands [0]s, and [22]3p are contained
in the kernel

Ker((ze,1(1))* : H*(U;Q) — H?*(Chg 1;Q)),

whereas the summands [2212]s,, [14]s, and [16]s, are not contained in it. Next, for g > 4, we prove that
the summand [12]3p is not contained in the image

Im((zg,1 (1))« : H2(Chg 1: Q) — Hy(U: Q))

and is contained in the kernel

Ker((zg,1(1))* : H*(U;Q) — H*(Chg 1; Q)).

Algebraic € Geometric Topology, Volume 26 (2026)



1490 Ryotaro Kosuge

Proposition 4.11 The diagram

H>(Chg,1;Q) (—>)ab Hz(Chgf’l;Q) ~ /\2 Hy(Chg.1: Q) M) (T'3(Chg.1)/ T3(Chg.1)) ® Q 0
) % —
J/(fg,l(l))* /\Z(Tg,l(l))*

Hy(U; Q) = » N2 Hy (U; Q) —DM8CKeL s (e 1 /M 1[4) ® Q = Im(14,1(2)) @ Q
\\\ A o' g
\\\\\\ /\2 ,7_1 (HQ) [ ’ ]T N 7_2(HQ)
T q
\:S;\\\ 2\,
[ S » \" Ho

is Mg j-equivariant and commutative, where the first row is exact, and the Sp(2g,Q)-equivariant
homomorphism q : T,(Hg) — /\2 Hg (see [31]) is defined by

b c

q >—< =4(a-b)(cAnd)+4(c-d)(anb)

a d +2(d-a)(bArc)+2(b-c)(dra)+2@-c)(bAd)+2(d-b)(c Aa).

Proof For the exactness of the first row of the diagram, see [16, page 24, diagram 1.11]. The commuta-
tivity in the upper left follows from the naturality of homology with respect to group homomorphisms,
while the commutativity in the lower right follows from n@l theig T (Hg) being a homomorphism
of Lie algebras. Regarding the commutativity in the upper right, it arises from the brackets induced by
commutators within the mapping class group, and the vertical natural homeomorphisms. Recall that

FzChg71 Crzzg’l = FzMg,l[Z]CMg,lB]:/Cg,l and F3Chg,1 CI';Z, 1 :F3Mg,1[2]CMg,1[4],

due to the fact { Mg 1[i + 1]/ Mg 1[i +2]}i>1 = {Im(7g,1(i))}i>1 forms a graded Lie algebra under the
commutator:

k
/\2(Chg,1 / T'2(Chg 1)) bracket, I'2(Chg 1)/ I'3(Chg 1)

| |

A*(Chg,y /Mg 1[3]) —23KEL o At 1 [3)/ M1 [4] O

Proposition 4.12 For g > 4, the summand [1%]s, C Hy(U; Q) = /\2 Ug does not appear in the image

Im((zg,1(1))« : H2(Chg,1:Q) — H2(U: Q)),

and the summand appears in the kernel
Ker((tg,1(1))* : H*(U; Q) — H?*(Chg,1; Q).
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Proof If[lz]sp CH,(U;Q) ~ /\2 Uq appears in the image of (7g,1 (1))« : H2(Chg 1: Q) — Hy(U; Q),
then the Sp(2g, Q)-equivariant homomorphism s : H>(U; Q) — /\2 Hg has to be trivial on [1%]s, because
of the commutativity of the diagram and the exactness of the first row. Let

Eo = (a1 ANZE] /\b3—611 /\a4/\b4)/\(a2 ANaz Abz—aj /\Cl4/\b4)

be an element of /\2 Ug = H>(U; Q). We compute the value of £y under s as

( aj ai as asz
S(EO) =4q /k - /I\ ’ /I\ - /I\
\ as b3 ag by a3 b3 ag by -

as aq aq as an aq aq as
K as b3 as b3 ag by ag by

= (2(b3-a3)(az Aay) —2(b3-az)(ay Aaz) +2(bs-as)(az Aay) —2(bs-as)(ay Aaz))
=2ai ANay+2a; Nay+2a; ANax +2a; Nay
= 8ay Naj.
The vector 8a1 Aaj is a highest weight vector of /\2 Hg. Hence the Sp(2g, Q)-equivariant homomorphism
s:Hy(U;Q) — /\2 Hg is nontrivial on the summand [lz]sp, which leads to a contradiction. Therefore,

the summand [12]5p C H,(U; Q) never appears in the image of (g 1(1))x : H2(Chg 1; Q) — H>(U: Q)
and it does appear in the kernel of (74 1(1))* : H*(U;Q) > Hz(Chg,l ; Q) for g > 4. a

From the above considerations, we conclude:
Theorem 4.13 (Theorem B) For g > 3, we have

[2212]Sp S [14]Sp @ [16]Sp (g=6),

212 4 —
Im((g,1 (1))« : H2(Chg,1;Q) — Ha(U;Q)) = Eziz}zp s g _ 451;
p - ’
{0} (g=3).

and
[O]Sp S [22]Sp @ [lz]Sp (g z 4)»
[0]sp @ [2%]sp (g=3)

as Sp(2g, Q)-modules, and the same holds for the Chg « case.

Ker((tg,1(1))* : H*(U;Q) — H*(Chg,1;Q)) = {

Moreover, for a 2-cocycle v representing an element of the kernel

Ker((zg,1(1))" : H*(U: Q) — H?(Chg,1:Q)) = (74,1 (2) @ Q)"
we explicitly construct a coboundary of (g 1(1))*(v).
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Proposition 4.14 Let [v] € Ker(H?*(U, Q) — H?*(Chg,;;Q)) = (Im(zg,1(2)) ® Q)* = T2 (Hg)*, where
v is a representative 2-cocycle. Then the 1-cochain v o 2ré9 cobounds (tg,1(1))*(v).

Proof We identify Ker(H?(U; Q) — H?(Chg,1; Q)) with the image of the map
[+.¢]": Ta(Ho)* = (Im(z4,1(2) ® Q)* — H*(U: Q)
dual of the Lie bracket. For [v] € Ker(H*(U; Q) — H? (Chg,1:Q)), the 2-cocycle

(tg.1(1)*(v) = voltg1, Te] = volrf rfly

is cobounded by v o r20 . In fact, from the second-degree part of the BCH series, we compute

s(wo2rd)(f.g) =vo2(rf(fg) —rl(f)—rl(2))
=vo2((3r ] (). @l + i () + i () —ri (/) —ri(2)
=vo2(3rY (f).r{ (9)l7)
=vo[rf (f).r{ (®lr. =

5 The Casson-Morita homomorphism d : Ch, ; — Z for the Chillingworth
subgroup

Morita [25] introduced a certain map d : Mg ; — Z related to the Casson invariant.

Definition 5.1 A Heegaard embedding X 1 — Xg — S 3 is a map such that cutting along it decomposes
into two genus-g handlebodies VgJr and V.

Definition 5.2 For an element ¢ € 7, i, the integral homology 3-sphere M|, is defined as the 3-manifold
obtained by regluing V,~ to VgJr along ¢.

The Casson invariant A : {integral homology 3-spheres} — Z is one of the fundamental invariants of
integral homology 3-spheres. In particular, we can consider the Casson invariant for M,. He found
that the Casson invariant can be interpreted as a secondary invariant associated with the characteristic
classes of the surface and studied this mapping in detail. Morita showed in [28, Proposition 2.1] that
the map ¢ > A(M,) =: A*(¢) (the map A* depends on the choice of a Heegaard embedding and there
is no canonical choice) is a homomorphism on the Johnson kernel Ky ;. He defined a homomorphism
d =d|x,, : Kg,1 — Z related to A*. He called this homomorphism the core of the Casson invariant, and
we call it the Casson—Morita homomorphism.

To define the Casson—-Morita homomorphism, we introduce some 2-cocycles of the full mapping class

group Mg j.
Definition 5.3 Let 7 : Mg 1 X Mg 1 — Z be the Meyer cocycle characterized by the signature of
the 4-manifold defined by the surface X bundle over a pair of pants ¥ 3 with corresponding mon-
odromies (see [24]). Next, letk : My 1 — H ) be a crossed homomorphism representing a generator of
H'(M a1 H (*)) = 7, for example the Chillingworth homomorphism k = ey. We define the 2-cocycle
c: Mg i1 xMg1—Zbyclp,y):= k(™) -k(¥) called the intersection cocycle.
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These 2-cocycles are related by [-37] = e; = [c] € H*(M,,1; Z), where ey is the first Mumford—
Morita—Miller class (see [24; 25; 27]). Therefore, there exists a map d : Mg | — Z such that the
coboundary 8d coincides with ¢ + 3t as 2-cocycles. Moreover, for g > 3, H!(M ¢,1: Z) = 0 holds
(Mumford [35], Birman [3] and Powell [36] showed this for the closed case. For the general case, see a
Korkmaz’s survey [21]). Hence, such a map d : Mg | — Z is uniquely determined. Therefore, we will
always assume g > 3 from now on.

We have the following by definition.

Proposition 5.4 For f, g € M, 1, we have
d(fg)=d(f)+d(g) —k(f~") k(g)—31(f.g).

Definition 5.5 We define the homomorphism d = d|cn, , : Chg 1 — Z given above as the Casson—-Morita
homomorphism on Chg ;.

By this equality, d = d|ch, , : Chg,1 — Z is a homomorphism on the Chillingworth subgroup because
the Meyer cocycle t is realized as a normalized 2-cocycle on Sp(2g, Z), hence vanishes on the Torelli
group Zg 1 (see [24]), and the crossed homomorphism k is trivial on the Chillingworth subgroup Chg ;.
Remark 5.6 The Casson—-Morita map d : Mg 1 — Z depends on the choice of a crossed homomorphism
k- Mg,l —> H(*)

Proposition 5.7 The Casson—Morita homomorphism d : Chg | — 7Z does not depend on the choice of a
crossed homomorphismk : Mg 1 — H*.

Proof Let ko, k; : Mg 1 — H™ be two crossed homomorphisms representing a generator of the group
H'(M g.1; H*) = Z. Fori =0, 1, we denote the intersection cocycles determined by k; as ¢; and the
Casson—Morita homomorphisms as d;. First, when ki = —ky, since ¢o = ¢, we have dy = d; on Mg ;.
Therefore, it suffices to consider the case where k; is cohomologous to kg in H M ¢.1: H™). In this
case, we can write k1 (/) —ko(f) = (f~')*h —h for some element 1 € H*. Then, d;(f) —do(f) =
(k1(f~1) —ko(f))-h, and the right side is always 0 on the Chillingworth subgroup Chy ;. Indeed, the
calculation proceeds by direct computation as follows:

8(d1 —do)(f. &) = (c1 —co)( /. 8)
=ki (/™) ki(g) —ko(/ ") ko(g)
= (ko(/ ™) + [*h—h)-(ko(g) + (&™) h—h)—ko(f ") ko(g)
=ko(/™N)-((g™)*h—h)+ (f*h—h)-ko(g) + (S *h—h)-((g"")*h—h)
= (g*ko (/™) =ko(S ™) - h = ((f~")*ko(g) —ko(g)) - h
+ & f*h— f*h—g"h)-h
= (ko((f2)™" ) —ko(S ™) —ko(g™")) - h — (ko(fg) —ko(f) —ko(g)) - h
+((f2)*h— f*h—g*h)-h
=8(o > (ko(s™) + (*h—h—ko(*)) - h)(f. &)
=8(e > (ki (o) —ko(*)) - h)(f. g).
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Since H'(M ¢,1: Z) = 0, the coboundary is unique, leading to

di(f)=do(f) = (ks (S ™) = ko(/)) -,
and hence d; and dj coincide on Chg ;. O
Morita [25] gave some properties and formulas of the Casson—Morita map.
Proposition 5.8 (Morita [25, page 320, Theorem 5.3]) (1) The Casson—Morita homomorphism d :
Mg 1 — Z defined by a crossed homomorphism k : Mg 1 — H is stable with respect to the genus of the
surface if k is stable with respect to the genus. Specifically, for the homomorphism Mg 1 — Mg 1
induced by gluing a genus-1 surface with 2 boundary components, denoted by X1 », to the boundary of

X4 1 toobtain Xg 1 1, the diagram
Mag.1

IS
Mgy, L) Z
commutes if the diagram
Mg —E— Hi(Sq,1:2)
| !

k
Mgi11 —— Hi(Zg41,1:2)

commutes.

(2) Let T, be a genus-h BSCC map, meaning that y bounds a genus-h subsurface of the surface. Then
the value under d is 4h(h —1). In particular, the Casson—-Morita homomorphism d : K¢ 1 — Z on the
Johnson kernel is Mg -invariant, and its image coincides with 8.

Proposition 5.9 (part of Theorem C) The Casson—Morita map d : Chg  — Z on the Chillingworth
subgroup is also an Mg | -invariant homomorphism.

Proof Consider 1 € Chg 1 and f € Mg 1. Then, we have
d(fhf~)=d(fl)+d(fT)—k((SD)™)-k(fT) =3t (fh. [T
= (d(f)+d(h)—k(f™")-k(h)—=3T(f.h))
—d(f) = k(™) + k(ST k(S =32/, /7

=d(f)+d(h)—d(f)=3c(fids, ) —k(f 7)) -k(fT)=3c(f /7
=d(h),

where we used following properties of the Meyer cocycle 7 : Mg 1 X Mg 1 — Z (see [24]).
(1) The Meyer cocycle factors through Sp(2g, Z), which means that for any hy, hy € Ig 1, we have
t(fhy.ghy) =1(f. )
@ =(f.f7H=0.
(3) =(f,idg, ) = 0. m|
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Figure 9: Simple closed curves y,, y; defining a homological genus-zero bounding pair map
Bo:= T, T,;~" and bs.

Proposition 5.10 (part of Theorem C) The image of the Casson—Morita homomorphism d : Chg | — Z
on the Chillingworth subgroup is also 8Z.

Proof Let k denote the Chillingworth class ¢. By
d(genus-h BSCC map) = 4h(h—1),

the image of the Casson—Morita homomorphism restricted to the Johnson kernel kg | is 8Z. Let us
consider the element By := BP(y,. ;) i= Ty, Tyg_l in Figure 9. We have d(Bg) = 0. Indeed, we
consider k(BP(y;.b3)) —k(BP(y;, b3)) = 2[y,]—2[y;] = 0 and using k( fg) = k( /) + f«k(g), we have
k(T, Vﬁ) = k(T, J{{)’ and note that ,o(Tyé) = ,o(Tyé) € Sp(2g, Z). Moreover, considering the braid relations

T, Tyi’Ta3 = Tyl_/ T, Tyl_/

and using k(Tyé) = k(Tyé) and ,o(Tyé) = ,o(Tyé), we have d(Tyﬁ) = d(Tyé) = —d(Ty_él) and consequently,
d(By) = 0. Since Chg ; is normally generated by the Johnson kernel g ; and By, the image of the map
d : Chg 1 — Z coincides with 8Z. |

We also determine the kernel of the Casson—Morita homomorphism for the Chillingworth subgroup.
Before discussing it, we present Faes’s result on the Johnson kernel, which provides the motivation for
our study.

Theorem 5.11 (Faes [11, Remark 2.15]) For g > 2, the kernel of the Casson—Morita homomorphism
restricted to the Johnson kernel is given by

Ker(d|lcg,1 . ’Cg,l - Z) = (Tyl’)[K;g,l , Mg,l],
where Ty{ is the Dehn twist along y| also called a genus-one BSCC map as shown in Figure 10, (T, Vf> is
the subgroup generated by T. 0 and [ICq 1, Mg 1] is the commutator subgroup of the Johnson kernel and
the full mapping class group.

Proof sketch This theorem is essentially based on the result H'! (Kg,1; Z)Me.1 = 7, @ 7 by Morita [28],
where the superscript means the M, -invariants. Morita introduced an M, {-invariant homomorphism
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C\Oll

Figure 10: A simple closed curve y; on the surface.

d': Kg,1 — Z, distinct from d, and showed that Hl(ng,l :Q)Me-1 is generated by d and d’. Faes [11]
4d’'—5d

took linear combinations % and P

, and proved that these two elements give an isomorphism

d 4d’'—5d o
(g’ T) Kea/IKg 1 Mgl = Hi(K, L) pmg, —> 2B L,
and we have (%, 4‘1/1—_25“')(T yl/) = (0, 1). In particular, the intersection of these kernels

d 4d' —5d
Ker((g, T) Kg1 =~ Z @ Z) = Ker(d|x,,) N Ker(d’|,<g’1)
coincides with the commutator subgroup [Kg 1, Mg 1] of the Johnson kernel and the full mapping class
group. For any elements ¢ € Ker(d|, , ), the element

(_ 4d’<w)75d(<p)) {

_d’(w))

w=T<

T ,
41

1z ¢
1
is contained in
Ker(d|,.,) NKer(d'lic, ) = [Kg,1. Mg,1].
Therefore, we have

Ker(d|ng.1) = (Ty )[Kg,l,Mg,l]- O

1
Theorem 5.12 (Theorem C) For g > 4, the kernel of the Casson—Morita homomorphism on the Chilling-
worth subgroup is given by

Ker(d : Chg,1 = Z) = {(Bo)(Ty;)[Kg,1. Mg 1],

where the element By := Tyﬁ Tyé_l is a homological genus-zero BP map as shown in Figure 11, and
{{(Bo)) is the normal subgroup of M | generated by By, and where T y; is the Dehn twist along the simple
closed curve y; in Figure 10.

Proof The element By satisfies d(By) = 0 and U is generated by
Tg,l(l)(Bo) =ai N bl A\ b3 —ds N b2 A\ b3

as an Sp(2g, Z)-module (see the proof of Proposition 3.14). Therefore, for any ¢ € Ker(d : Chg 1 — Z),
there exists an ¥ € {(By)) such that 74 1 (1)(¥) = 74,1(1)(¢), which implies that vl e Ker(d|, )-
Hence, we have

Ker(d : Chg,1 — Z) = ((Bo)) (T )[Kg,1. Mg,1]- O
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Vs
@
¥

Figure 11: Some simple closed curves on the surface defining a homological genus-zero BP map.

6 Proof of Theorem A

For the Torelli group, the rational abelianization is obtained from the first Johnson homomorphism
as a mapping class group module. More precisely, Johnson [19] showed that the abelianization of
the Torelli group is isomorphic to the direct sum of the target space of the Johnson homomorphism
and additional 2-torsion parts, arising from the Birman—Craggs homomorphism. The latter is closely
related to spin structures and the Rokhlin invariant (see [4]). For the Chillingworth subgroup, the first
Johnson homomorphism provides one abelian quotient. In addition, the Casson—Morita homomorphism
is a homomorphism on the Chillingworth subgroup that is nontrivial on the kernel of the first Johnson
homomorphism. This allows us to combine both homomorphisms to obtain a better lower bound for the
rational abelianization H;(Chg : Q) = (Chgjl)“b ® Q of the Chillingworth subgroup:

d®tg,1(1):Chg 1 —> BZBU)R®Q.

To determine the rational abelianization of the Chillingworth subgroup, we consider the inflation-
restriction exact sequence of the rational homology for the short exact sequence

1> Kg1—>Chgy —U—0
induced by the first Johnson homomorphism for the Chillingworth subgroup as follows:
H(Chg 1 Q) — Hy(U; Q) = N\’ Ug — H;(Kg,1:Q)y — Hi(Chg 13 Q) — H (U; Q) = Ug — 0.

This exact sequence is equivariant under the natural action of the mapping class group. Having already
determined the M ;-module structures of the image

Im((7g,1 (1))« : H2(Chg,1: Q) — Hy(U: Q))

and Ug, we only have to determine the Mg, 1-module structure of Hy(Kyq,1; Q),;, where the subscript U
means the U-coinvariant of the first rational homology group H;(Kg,1; Q) of the Johnson kernel. To
study the structure of Hy(Kyq,1;Q),;, we use the rational abelianization of the Johnson kernel g 1 by
Faes and Massuyeau [12]. The rational abelianization of the Johnson kernel was originally computed for
the case of the closed surface g by Dimca—Hain—Papadima [9] and Morita—Sakasai—Suzuki [34].

Here, we introduce a certain homomorphism Tr3, which is needed to describe the rational abelianization
of the Johnson kernel.
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Definition 6.1 (Morita [29, Section 6]) The Sp(2g, Q)-equivariant homomorphism Tr3 : 73 (Hg) — S* Hg
is called Morita’s trace map and is defined by

X3

X2 X4
Tr3 \rH/ =2(x5-x1)X2X3x4 +2(X1-X4)X5X3X2 +2(X4-X2) X1 X3X5+2(X2-X5)X2X3X7,

X1 X5

where S® Hg is the third symmetric power of Hg.

Theorem 6.2 (Faes—Massuyeau [12, Theorem 3.2]) For g > 6, the rational abelianization of the Johnson
kernel H{(Kq 1:Q) as an Mg 1-module is given by the Casson—Morita homomorphism d and the
truncations of the infinitesimal Dehn—Nielsen representation (r29 , rf ) as

derd,r?): Kg1 — Q@ (Ta(Hg) x Ker(Tr3)) C Q & (T2(Hg) x T3 (Hg))-

The homomorphism d & (rg , rf ) induces the isomorphism H{(Kq 1: Q) = Q ® (T2(Hg) x Ker(Tr3)) as

Mg, 1-modules.

Remark 6.3 The action of the mapping class group Mg 1 on Q & (72(Hg) x Ker(Tr3)) does not factor
through the integral symplectic group Sp(2g, Z) because of the influence of the bracket.

Next, to study the action of U = Chg,; /K¢ 1 on the rational abelianization of the Johnson kernel
H{(Kg,1:Q), we summarize the behavior by conjugation.

Lemma 6.4 For f € T, ; and h € K4 1, we have

do @l rH(fhf D =de @] rd)h) +(0.0.0rf ().rd 7).

Proof Since the Casson-Morita homomorphism d : Kg 1 — Z is Mg j-invariant, it suffices to consider
the conjugation action on (r29, r39). For f € I, 1 and h € Kg 1, we compute the part of rO(fhf~"upto
the third degree, that is, modulo the terms of degree four and higher, 724 = m) C 7% as

PO =rf () wrb
P+l + 500N (T
i ([r"(f), [r"(fz, r(hf N5 ) (mod 7=4).
G A NG WA (Vo) P4 s
Using rf = r19 + r29 + -+, we expand the brackets up to terms of degree 3, we have
PO hfh
)+
| 3+ O G+ L B O) | (mod o).
+ 15 (I D O Db =1 g™, [ (. G Dl )
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By separating the BCH product by each degree, we note that
gy =l +rl (T =rfy—rf (1)
and
Sy =)+ ) (ST 4 3 B (O = ) =) () = 3] (). (D)

are obtained. Using this,

(r) +r8 ™+ 3@l —rf (Dl \
+ 2. () = () = 3 f (). ] (Dl
rO(fhfh = + 5 () ) = (NIr) (mod 7=4).
1 ([rf(f), () () =] (O )
\ " — 2 = (OIS = () )

Since 4 is an element of the Johnson kernel g ; and rle is the first Johnson homomorphism, we have
r19 (h) = 0, which implies

PN+ D+ 5 ().0=r (NIr
POrhr = O = (=307 (DI +rE (). 0= () (mod T23)
15 (I L 0= (D =10=r{ (N, [ ().0=r{ (D)
=r8 ()48 f D+ N W= (D=1 (1).rf () (mod T=4)
=N+ D+ ()7 (W] (mod T4).
Similarly, by expanding the BCH product and collecting nontrivial terms up to the third degree, we have
P+ =P () + 5. )y
PR = + 3 (). = (N5 (mod T=4)
+ 15 (I W )= Nlely = 1= (D, 0. = ())s)z)
=)+ 0 = () + 50 () W = 315 (), 1 () (mod T2a)
=rfh) +[r{ (f).r§ (W7 (mod T=2).
Therefore, for f € Z, 1 and h € Kq 1, we have
r§ eSS = (5 ) + (0,17 (1), f (W]7). O
Proposition 6.5 For g > 3, the Sp(2g, Q)-equivariant bracket map

[+.*]r: (] (Chg,1) ® Q) ® (15 (Kg,1) ® Q) — Ker(Try) §> Im(zg,1(3) ® Q
is surjective.
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Proof The target space
Ker(Tr3) = Im(7g,1(3)) ® Q

(regarding the inclusion n(Ker(Tr3)) D Im(zg,1(3)), see Morita [29, Theorem 6.1]; for the coincidence,
see [33]) is isomorphic to [312]s, & [21]s, as representations of the rational symplectic group Sp(2g, Q),
which is shown by Asada and Nakamura [2, Theorem A-(iii)]. Therefore, it is sufficient to show that
the bracket map is nontrivial on both the summands [312]s, and [21]sp. Let us consider two elements
§1.62 €[] (Chg,1) ® Q. 1§ (Kg,1) ® Ql C Ker(Tr3) C rf (Chg,1) ® Q C T3(Hg) defined as

ai ai
aij by aj
a a1 az a1
&= - = , ,
az as
ai b
by az as b3 37
aj
by as ai
aj ()
£y =2 = ,
a a
2 3oa Y
ay as T

We also define an Sp(2g, Q)-equivariant homomorphism to detect these summands as

Ker(Tr3) < T3(Hgp) = Ho ® Lg.1(49)o — @’ Ho

and
X1®X2Qx3®x4@x5H>(x1-X2) (X3AX4)RX5

®’ Hg (A\* Ho) ® Ha.

The value of £; under the above homomorphism is 9(a; A @3) ® a; which hits the highest weight vector
of the summand [21]s;,, and the value of &, under the above homomorphism is 0, but & itself is nontrivial.
Hence, &, purely lies in the summand [312]Sp- Therefore, the bracket map is surjective over Q. (We
calculated with a Mathematica program based on the method described in [38, p.22, 7. Appendix].) O

We get the following directly from Lemma 6.4, Proposition 6.5 and the fact, shown by Morita
[25, Proposition 1.2] and Hain [15], that Im(z¢,; (2)) @ Q = hg,lQ(2) =~ Th)(Hg) = [22]5p <) [12]5p ®[0]sp.

Proposition 6.6 The U -coinvariant H1 (K¢ 1: Q)y of the first rational homology of the Johnson kernel
are isomorphic to Q & T, (Hg) via the homomorphism (d, rg = 74,1(2)) as Mg, 1-modules. In particular,
the action of the mapping class group on H(Kg 1: Q)y factors through the rational symplectic group
Sp(2g.Q), and decomposes as [O]sp ® ([22]5p &) [12]3p ® [0]sp)-

We now proceed to Theorem A.

Theorem 6.7 (part of Theorem A) For g > 6, the first rational (co)homology of the Chillingworth subgroup
Chyg | for the genus-g surface with one boundary is induced by the Casson—Morita homomorphism and
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the first Johnson homomorphism for the Chillingworth subgroup d & tg 1(1) : Chg y — 8Z ® U, and

satisfies
(Chg. 1) ® Q = H\(Chg 1; Q) 2= [13]s, @ [0]sp,

((Chg )* ® Q)* = H' (Chg 15 Q) = [1’]s, &[0]sp
as Mg 1-modules.

Proof Now, we handle the inflation-restriction exact sequence of the rational homology for the short
exact sequence

1> Kg1—>Chgy —>U—0

to determine the first rational homology group H;(Chg ;; Q) of the Chillingworth subgroup. For g > 6,
we have determined the image

Im(H(Chg,1: Q) — A\* Ug) = [1]s, ® [2212]5, ® [14]sp

of the homomorphism between the second rational homology induced by the first Johnson homomorphism
for the Chillingworth subgroup, the U -coinvariant

Hy(Kg,1;Q)u = [0]sp ® ([2%]sp ® [1°]sp ® [0]sp)

of the first rational homology of the Johnson kernel and Ug = [1 3]Sp. By adding the information obtained
from the above to the long exact sequence, we obtain

(tg. 100"
H;(Chg 1;Q) L) /\2 Ug 5 HI(ICg,l;Q)U
([1°]sp @[22 1215, ®[14]5p) (12215, B[1315, ®[0]sp)
B ([2%15,®[1%]5,®[0]sp) ®[0]sp
Hi(Chg 1;Q) ——— Ug s 0.
“[O]Sp [13]Sp
®[13]sp”

The preceding argument alone does not determine whether H;(Chyg 1: Q) decomposes into a direct sum of
two summands, [0]s, and [1 3]Sp, as Mg 1-modules. However, dimg H;(Chg ;; Q) = dimg([0]s, B[1 3]sp).
Combining this with the lower bound of the rational abelianization of the Chillingworth subgroup already
obtained, d @ 74,1(1) : Chy 1 — Q@ Ug = [0]s, B[1 3] gives a rational abelianization of the Chillingworth
subgroup. Therefore, this long exact sequence splits at the H;(Chg 1; Q) as Mg -modules. |

Corollary 6.8 For g > 6, the rank of the abelianization of the Chillingworth subgroup Chyg i for the
surface 41 is 3(2g — 1)(2g% —2g —3).

Next, we consider the case of the Chillingworth subgroup Chg s with a fixed base point.
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Theorem 6.9 (part of Theorem A) For g > 6, the first rational (co)homology of the Chillingworth
subgroup Chg 4 for the genus-g surface with a base point is induced by the first Johnson homomorphism
7g,%(1) : Chg « — U, and satisfies

(Chg )™ ® Q = Hy(Chgs; Q) = [1%]sp, ((Chg+)™® ® Q)* = H'(Chg 4 Q) = [13]s,
as Mg x-modules.

Proof We consider the central extension
0—Z — Chg; — Chg « — 1
induced by the natural homomorphism Mg | — Mg « and the inflation-restriction exact sequence for it
coo—=> H{(Z;Q) — Hi(Chg,1: Q) — H{(Chg x: Q) — 0.

d
The Casson-Morita homomorphism induces the map Z < Chg | — Z, 1 = 4g(g — 1) which is nontrivial
by the formula by Morita. Therefore, the homomorphism H;(Z; Q) — H;(Chg ;; Q) is nontrivial and
the image
Im(H(Z; Q) — H1(Chg,1:Q))

coincides with the summand [0]sp,. We have the exact sequence

-+ — H{(Z; Q) - H(Chg 1: Q) > H{(Chg x; Q) — 0.
[0lsp [0]sp®[13]sp [13]sp

In particular, the rational abelianization of the Chillingworth subgroup Chg 4 for the surface with a base
point Chg 1 is induced by the first Johnson homomorphism for the Chillingworth subgroup alone. O

Corollary 6.10 For g > 6, the rank of the abelianization of the Chillingworth subgroup Chg 4 for the
surface g 4 is %g(2g +1)(g—2).

Finally, we consider the case of the Chillingworth subgroup Chg without a fixed base point and
boundary components.

Theorem 6.11 (part of Theorem A) For g > 6, the first rational (co)homology of the Chillingworth
subgroup Chg for the genus-g closed surface Chg is induced by the first Johnson homomorphism
Tg(1) : Chg — U, and satisfies

(Che)” ® Q = Hi(Chg:Q) = [1%lsp, ((Chp)™ ®Q)* = H'(Chg: Q) =15,
as Mg-modules.
Proof Let us consider the short exact sequence
1 = [71(2g), m1(2g)] = Chg s« — Chy — 1
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induced by the natural homomorphism Mg « — M, and the long exact sequence for it
> Hl(Chg,*; Q) — H, (Chg§ Q) — 0.

Since the rational abelianization of the Chillingworth subgroup H;(Chg «; Q) is irreducible as an Mg-
module and there exists the first Johnson homomorphism 74 (1) : Chg — UcC /\3 H/H, the natural
homomorphism H;(Chg x; Q) — H;(Chg; Q) is an isomorphism. |

Corollary 6.12 For g > 6, the rank of the abelianization of the Chillingworth subgroup Chg for the
surface X is also %g(2g +1)(g—2).

In the last of this section, we also mention the Euler class of the central extension

0— Z — Chgy — Chg s — 1

induced by the natural homomorphism Mg | — Mg x.

Theorem 6.13 (Theorem D) The Euler class e € H? (Chg,«; Z) of the central extension

0—7Z — Chg 1 — Chgx — 1

g (gz_ D _torsion element.

isa
Proof We consider the inflation-restriction exact sequence of the integral cohomology
--— H'(Chg 1;Z) - HY(Z;Z) — H*(Chg «; Z) —

for the central extension. The value of the genus-g BSCC map under the d @ 74 1(1) is (4g(g —1),0) €
8Z & U. Therefore, the image

Im(H'(Chg 1;7) = 8Z & U — H'(Z; 7))

of the natural homomorphism is generated by the homomorphism defined by 1 — £ ("’;_1) =£ (gz_l), and

the cokernel is isomorphic to the cyclic group of order £ (g mll) , and the Euler class e € H? (Chg«:Z)isa

LA (g D _torsion element in the second integral cohomology group H? (Chg x: Z). O

Applying the universal coefficient theorem to the preceding, we obtain the following corollary.

Corollary 6.14 For g > 6, the abelianization H(Chg ;7)) = (Chg, )% of the Chillingworth subgroup

g(g

Chg « for the genus-g surface with a base point has D _torsion elements.
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Acylindrical hyperbolicity for Artin groups with a visual splitting

RUTH CHARNEY, ALEXANDRE MARTIN AND ROSE MORRIS-WRIGHT

We establish a criterion that implies the acylindrical hyperbolicity of many Artin groups admitting a visual
splitting. This gives a variety of new examples of acylindrically hyperbolic Artin groups, including many
Artin groups of FC-type.

Our approach relies on understanding when parabolic subgroups are weakly malnormal in a given Artin
group. We formulate a conjecture for when this happens, and prove it for several classes of Artin groups,
including all spherical-type, all two-dimensional, and all even FC-type Artin groups. In addition, we estab-
lish some connections between several conjectures about Artin groups, related to questions of acylindrical
hyperbolicity, weak malnormality of parabolic subgroups, and intersections of parabolic subgroups.

1 Introduction

Background and motivation Artin groups are generalizations of braid groups, with many connections to
Coxeter groups. Artin groups remain largely mysterious in general, both from an algebraic and geometric
viewpoint, although significant progress has been made in studying specific classes: spherical-type,
FC-type, and 2-dimensional Artin groups, etc. (see Section 2 for the definition of each class). For Artin
groups outside of these classes, it remains unknown in general whether they have solvable word problem,
contain torsion elements, or have nontrivial centers. Geometrically, while no Artin groups other than free
groups are hyperbolic (as they otherwise contain Z2-subgroups), it is expected that they are all CAT(0),
although this is still open even for braid groups. Some classes of Artin groups have been shown to satisfy
other notions of nonpositive curvature; see, for instance, [21; 23; 25; 26]

Acylindrical hyperbolicity is a notion encapsulating the idea of a group “having hyperbolic directions”,
a very weak form of hyperbolic behaviour. Many groups of geometric interest are known to be acylindri-
cally hyperbolic, and despite its generality, this notion is strong enough to have important consequences
for the structure of the group. (We refer the reader to [37; 38] for a discussion of the consequences.)

In the case of Artin groups, there is a clear conjectural picture of when they are expected to be
acylindrically hyperbolic:

Conjecture (acylindrical hyperbolicity conjecture) Let Ar be an irreducible Artin group. Then the central
quotient Ag/Z(Ar) is acylindrically hyperbolic.

This conjecture essentially states that Artin groups are expected to be acylindrically hyperbolic unless
they “clearly cannot be”. Indeed, reducible Artin groups cannot be acylidrically hyperbolic as they split
as direct products of infinite groups. Spherical-type Artin groups cannot be acylindrically hyperbolic as
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1508 Ruth Charney, Alexandre Martin and Rose Morris-Wright

they have an infinite cyclic centre (but the acylindrical hyperbolicity of their central quotient was proved
by Calvez and Wiest [8]). Note that Artin groups of nonspherical type are conjectured to have a trivial
centre, so in that case the conjecture states that an Artin group of nonspherical type is acylindrically
hyperbolic if and only if it is irreducible. This conjecture has been proved for several families of Artin
groups already; see Section 2 for details.

Beside being interesting in its own right, the question of acylindrical hyperbolicity for Artin groups
has applications to some well-known open problems for these groups. A first possible application is
to the centre of these groups, as Artin groups of infinite type are conjectured to have a trivial centre.
Since it is known that acylindrically hyperbolic groups have a finite centre, showing this property is a
possible first step towards proving the triviality of the centre. Another possible application comes from the
isomorphism problem, which asks which labelled graphs produce isomorphic Artin groups. Very little is
currently known about the isomorphism problem for Artin groups; see, for instance, [14; 17; 31; 39; 41].
For instance, it is not even known whether being a spherical-type Artin group, or being an irreducible
Artin group, is invariant under isomorphism. Since acylindrically hyperbolic groups have finite centres
and do not split as direct products of infinite factors, a positive answer to the acylindrical hyperbolicity
conjecture would imply that both aforementioned properties are indeed invariant under isomorphism.

A particular family of Artin groups all of whose elements are expected to be acylindrically hyperbolic
is the family of Artin groups whose presentation is not a complete graph. Such Artin groups have the
useful feature of decomposing as amalgamated products of standard parabolic subgroups (over a standard
parabolic subgroup). Such splittings, which we will refer to as visual splittings as they can be read directly
from the presentation graph, have been used to derive properties of the Artin group from the properties of the
corresponding parabolic subgroups; see, for instance, [11; 12; 18; 35]. For groups splitting as amalgamated
products, and more generally for groups acting on trees, there is a useful acylindrical hyperbolicity criterion
due to Minsayan—Osin [34]. In a nutshell (see Theorem 3.1 for the precise statement), a nonvirtually cyclic
group G splitting as an amalgamated product G = A x¢ B is acylindrically hyperbolic as soon as the
edge group C is weakly malnormal in G, i.e., as soon as C intersects one of its conjugates along a finite
subgroup. In the case of Artin groups admitting a visual splitting, this amounts to understanding when
standard parabolic subgroups are weakly malnormal in the ambient group. We introduce the following
conjecture, which provides a complete description of when this is expected to happen:

Conjecture (weak malnormality conjecture) A proper standard parabolic subgroup of Ar is weakly
malnormal if and only if it does not contain a standard parabolic subgroup that is a direct factor of Ar.
In particular, if Ar is irreducible, then every proper standard parabolic subgroup is weakly malnormal.

In trying to apply the criterion of Minsayan—Osin, we are thus led to study the intersections of standard
parabolic subgroups. Such intersections have been heavily studied in recent years in connection with
other problems about Artin groups. In particular, the following conjecture is particularly relevant:

Conjecture (intersection conjecture) The intersection of any two parabolic subgroups in Ar is again a
parabolic subgroup.

Algebraic € Geometric Topology, Volume 26 (2026)



Acylindrical hyperbolicity for Artin groups with a visual splitting 1509

This conjecture has been proved for a few families of Artin groups but remains open in general. For
some families of Artin groups, certain weaker versions have been established; see Section 2 for more
details.

In this paper, we study the connections between these three conjectures, and show the acylindrical
hyperbolicity of new classes of Artin groups.

Statement of results We now state the main results of this article. Our main theorem is a criterion
for showing the acylindrical hyperbolicity of an Artin group admitting a visual splitting, under a mild
assumption on the amalgamating subgroup:

Theorem A Let Ar be an irreducible Artin group that splits visually as an amalgamated product
Ar = Ar, *4, Ar,. If the intersection of any two conjugates of Agq is again a parabolic subgroup
of Ar, then Agq is weakly malnormal in Ar. In particular, At is acylindrically hyperbolic.

As a consequence of this result, we also obtain the following result showing the connection between
the three conjectures at the centre of this article:

Theorem B Suppose Ar is irreducible and T' is not a clique.
o If Ar satisfies the intersection conjecture, then it also satisfies the weak malnormality conjecture.

o If Ar satisfies the weak malnormality conjecture, then it also satisfies the acylindrical hyperbolicity
conjecture.

Theorem A can be used to show the acylindrical hyperbolicity of many new classes of Artin groups.
For instance, using the existing results about intersections of parabolic subgroups in Artin groups of FC
type [2], we obtain the following:

Corollary C Even Artin groups of FC type satisfy the acylindrical hyperbolicity conjecture. In addition,
any Artin group of FC type that visually splits over a spherical-type parabolic subgroup satisfies the
acylindrical hyperbolicity conjecture.

After this article was first released, Kato—Oguni announced a proof of the acylindrical hyperbolicity
conjecture for the class of free-of-infinity Artin groups [28], which contains the above classes.

Note that in Theorem A, the condition on the edge group is strictly weaker than requiring that the whole
Artin group Ar satisfies the intersection conjecture. In Section 3.3, we give examples of how to check
this property in some cases, by using a framework of Godelle—Paris [19] to construct suitable CAT(0)
cube complexes associated to Artin groups. As an application, we derive the acylindrical hyperbolicity of
some new Artin groups whose underlying graph is a cone (Corollary 3.19), and for which the intersection
conjecture is currently unknown.

In some special cases, the main hypothesis of Theorem A may be verified simply by checking that the
edge group is weakly malnormal in one of the vertex groups. We thus provide a list of Artin groups for
which we know the weak malnormality conjecture, as this allows us to quickly verify this condition, and
also allows us to construct new examples of acylindrically hyperbolic Artin groups (see Corollary 4.7):
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Theorem D The weak malnormality conjecture holds for the following classes of groups:

e Artin groups satisfying the hypothesis of Theorem A (for instance, even Artin groups of FC type),
e Artin groups of spherical type,

¢ two-dimensional Artin groups.

Organisation of the paper In Section 2, we recall the terminology and some standard results about Artin
groups and their parabolic subgroups. In Section 3, we prove Theorem A and Corollary C by studying in
detail the action of these Artin groups on their Bass—Serre trees. We also use CAT(0) cube complexes
introduced by Godelle—Paris to prove the acylindrical hyperbolicity of additional classes of Artin groups.
In Section 4, we prove Theorems B and D by studying the geometry of the orbits of parabolic subgroups
in a suitable complex (depending on the case: Bass—Serre tree of a splitting, or Deligne complex of the

group).

2 Preliminaries on Artin groups

Definition 2.1 Let I" be a graph with vertices labelled by the set S’ and any edge between s and ¢ labelled
by an integer mg; € {2,3,...}. Define the Artin group by the presentation

Ar = (S| stst... = tsts.., forall edgesin I').
N—— N——

Mgy terms Mg, terms

Note that in this definition, two vertices s and ¢ which are not joined by an edge in I" have the free
relation and in this case we define mg; = co. The graph I is often called the presentation graph. In some
literature, a different defining graph is used called the Dynkin diagram, wherein edges with mg; = 2 are
omitted, while edges with mg; = oo are included.

For every Artin group, there is an associated Coxeter group, which is obtained by adding to the Artin
presentation the relation s2 = 1 for all generators s. An Artin group is called spherical-type or finite-type
if the corresponding Coxeter group is finite. Such Artin groups have well-understood algebraic and
geometric properties in comparison to their infinite-type cousins.

The dimension of an Artin group Ar is the maximal size of a subgraph 2 C I'" such that Ag is
spherical-type. So for example, a 2-dimensional Artin group is one where the presentation graph I is
not discrete and for which the only spherical-type parabolic subgroups are either cyclic (1-generator) or
dihedral (2-generator) Artin groups.

Definition 2.2 An Artin group Ar is said to be

o of spherical type if the corresponding Coxeter group Wr is finite,

e of FC type if for every induced complete subgraph I'” C T, the corresponding Coxeter group W is
finite,
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e two-dimensional if T is not discrete and for every triangle of " with vertices a, b, ¢, we have
1 1 1
+ +
Mgp  Mpe  Mgce

<1

(this is equivalent to requiring that Ar has cohomological dimension 2, and also coincides with the notion

of dimension of an Artin group introduced above),

¢ of even type if all labels of I" are even.

2.1 Parabolic subgroups

For an induced subgraph €2 of I', the Artin group Ag embeds as a subgroup of Ar [29]. We call such a
subgroup a standard parabolic subgroup. A parabolic subgroup is a conjugate of some standard parabolic
subgroup. Parabolic subgroups play a central role in our understanding of Artin groups. For example,
many conjectures about Artin groups can be reduced to the case of parabolic subgroups corresponding to
cliques in T', that is, if Agq satisfies the conjecture for every clique 2 in I', then the conjecture also holds
for Ar [12; 18].

We say that an Artin group Ar is reducible if there exist two induced disjoint subgraphs I'y, I'; of T’
such that V(I') = V(I'1) U V(I'»), and every vertex of I'y is connected to every vertex of I'; by an
edge labelled 2. In that case, we have that Ar decomposes as the direct product Ar, x Ar,, and the
parabolic subgroups Ar,, Ar, are called direct factors of Ar. If no such subgraphs I'y, I'; exist, the
Artin group Ar is called irreducible.

The behaviour of parabolic subgroups will be key to the discussion which follows. As noted above, we
do not know in general if intersections of parabolic subgroups are parabolic. A useful fact proven by
Blufstein and Paris [5], is that if P C P’ are two parabolic subgroups of Ar, then P is also a parabolic
subgroup of P’. The following lemma will be often used in this article.

Lemma 2.3 Let Ar be an Artin group. Then for every sequence of parabolic subgroups Hy & --- & Hp,
we have n < |V(T")|. In particular, there is an upper bound on the length of chains of parabolic subgroups.

Proof Say H; is a conjugate of Ag,. By Blufstein—Paris [5], for each i, H;_1 is a (proper) parabolic
subgroup of H;, so £2;_; must be a proper subgraph of €2;, thatis, Qo & --- & Q, C T O

A geometric construction that has played a primary role in the study of Artin groups is the Deligne
complex. For an infinite-type Artin group Ar, let Pr denote the poset consisting of cosets a AT C Ar such
that A7 is a spherical-type parabolic subgroup. Partially order Pr by inclusion. The Deligne complex D
is the cell complex whose vertices are the elements of Pr and whose cells are cubes spanned by intervals
[aAT,aAr] for pairs aAr € aA7s. The Artin group acts on the Deligne complex by left multiplication,
and the vertex corresponding to the coset a A7 is stabilised by the parabolic subgroup (A7)% :=aAra™!.

There are two well-known metrics on Dr. One is the standard cubical metric; this metric is CAT(0)
if and only if Ar is FC-type. The other is a piecewise Euclidean metric, called the Moussong metric,

in which the metric on a cube [aAT,aAr/] depends on the shape of the Coxeter cell for Wr/. It is
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conjectured that the Moussong metric is CAT(0) for all infinite-type Artin groups. This has been shown
to hold for all 2-dimensional Artin groups [11], some 3-dimensional Artin groups [10], and a class known
as locally reducible Artin groups [9].

2.2 Visual splittings

Acylindrically hyperbolic groups do not have infinite direct factors. Likewise a group that factors as a
direct product clearly has proper subgroups which are not weakly malnormal. Thus, we will focus on
irreducible Artin groups in this paper. We will also focus on Artin groups that can be decomposed as
amalgamated products.

Definition 2.4 (visual splitting of an Artin group) A visual splitting of an Artin group Ar is a splitting as
an amalgamated free product Ar = Ar, *4, Ar, where I'1 and I'> are proper, induced subgraphs of I"
and Q = I'1 N I",. This happens precisely when I' = I'; U I'5. Note that under such assumptions on I'y
and I';, the associated splitting is nontrivial, i.e., Aq # Ar,, Ar,.

Note that such a splitting exists if and only if I" is not a clique. Indeed, assume that the two vertices
s,t € V(I') are not connected by an edge in I". Then one checks that Ar splits as the amalgamated
product Ar = Ar, *4, Ar, With 'y =T —{s}, ', = —{t}, and Q =T — {s, ¢}.

When an Artin group Ar = Ar, *4, Ar, admits a visual splitting, we can sometimes derive properties
of Ar using properties of Ar,, Ar,, and Ag. This can, for instance, be done to study Artin groups of
FC type, as such groups can always be decomposed as a sequence of nested amalgamated free products,
where the final splitting has spherical-type edge groups.

2.3 Existing results for the main conjectures

In this section we will review known results for the main conjectures, and prove some elementary
implications that we will use later.

Intersection conjecture In 1983, van der Lek showed that the intersection of standard parabolic
subgroups Ar, N Ar, is always parabolic [29]. More recently, the more general intersection conjecture,
namely the property that the intersection of any two parabolics is again parabolic, has been proven to
hold for the following classes of Artin groups:

e spherical-type Artin groups [15],
e right-angled Artin groups and other graphs of groups [3],
e large type (i.e., all labels satisfy my; > 3) Artin groups [16],

¢ (2,2)-free two-dimensional Artin group, i.e., I' does not have two consecutive edges labelled by 2
and the cohomological dimension of Ar is 2 [4],

¢ Euclidean type of the form /Tn and C~’n [22],
e even FC type Artin groups [2].
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While this conjecture remains open in general, there are several other classes of Artin groups for which
some weaker version of the intersection property is known to hold. For example, in [36] it is shown that
in FC-type Artin groups, intersections of two spherical-type parabolics are parabolic, and this was further
generalized by Moller, Paris, and Varghese [35] to include the case where just one of the two parabolics
is spherical-type.

The proof in [36] that intersections of spherical-type parabolics are parabolic for FC-type Artin groups
uses the fact that the cubical metric on the Deligne complex Dr is CAT(0) for these groups. This argument
can be generalized to other Artin groups acting on CAT(0) spaces where the intersection property is
known for the stabilisers of vertices. We include the proof here for completeness.

Proposition 2.5 Let Ar be an Artin group acting on a polyhedral complex X with a piecewise Euclidean
CAT(0) metric, where each cell stabiliser is a parabolic subgroup of Ar. Assume that the action is without
inversions, that is, the stabiliser of each cell pointwise fixes the entire cell. Let P be the collection of
parabolic subgroups that appear as stabilisers of the cells of X . Suppose that the stabiliser of every vertex
of X satisfies the intersection conjecture. Then the intersection of any two elements of P is again a
parabolic subgroup of Ar.

Proof Let P and P’ be two parabolics in P. There exist cells o and ¢’ in X such that P, P’ are the
stabilisers of o, o/, respectively. Let x, x’ be two points in the interior of o, o/, respectively. Since P N P’
fixes both o and o, it fixes x and x’, and hence the unique CAT(0) geodesic y between them. Moreover,
because the action is without inversions, it fixes the subcomplex consisting of the union of all the cells that
contain a point of y in their interior. In particular, it fixes some edge path p that contains all vertices of o
and o’. Thus, P N P’ is equal to the pointwise stabiliser of p. The result now follows from the following:

Claim Let vy, ..., v be a combinatorial path in X, with stabilisers Py, ..., Py, respectively. Then the
intersection (), <i<k Pi 1s a parabolic subgroup of Ar.

Let us prove this claim by induction on k > 1. For k = 1, the intersection Py N P; is the stabiliser of a
single edge. By hypothesis, the stabiliser of the edge is a parabolic subgroup in P.

Now suppose that we have proved the result for some k > 1. Consider a combinatorial path vy, ..., Vg4
with stabilisers Py, ..., Py4;. By the induction hypothesis, we have that (),.; ., P; is a parabolic
subgroup of Ar. Note that this is a subgroup of P, and hence a parabolic subg;oap of Py by [5]. We
also know that Py N Pg . is the stabiliser of the last edge of this path, and so Py N Py is a parabolic
subgroup of P.

We can thus write

N Pi=( N Pi)ﬂ(PkﬂPkH)-

O<i<k+1 0<i<k

Since the intersection conjecture holds in Py by assumption, it follows that (), <i<k+1 Pi is a parabolic
subgroup of Py, and hence of Ar. O
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In particular, for Artin groups for which the Moussong metric on Deligne complex is known to be
CAT(0), the lemma above applies to show that intersections of spherical-type parabolics are parabolic.
As noted above, this holds for 2-dimensional Artin groups, some 3-dimensional Artin groups, and locally
reducible Artin groups.

Remark 2.6 The above proposition can be generalised to actions on complexes that satisfy other forms
of nonpositive curvature, as in [4; 16]. We leave it to the reader to check that the key geometric feature
necessary for the proof to carry over is the following property: if an element g € Ay fixes two vertices v, v’
of X, then it also fixes some combinatorial path of X from v to v’. Such a weak form of convexity is
satisfied by many forms of nonpositive curvature.

We can also obtain more examples of groups that satisfy the intersection conjecture by taking products
of groups where the intersection conjecture is known.

Lemma 2.7 Suppose that Ar is a reducible Artin group with direct factors Ay = Ar, X ---x Ar,. If the
intersection conjecture holds for all parabolic subgroups in each direct factor Ay, then the intersection

conjecture holds for Ar.

Proof Given two parabolics P, Q of Ar, one can decompose them as direct products
PZPIX---XPk, Q:le"'ka

with each P;, Q; a parabolic subgroup of Ar,. We thus have

PNO=(P1NQ1)x-x(PrNQOk)
and the result follows from the fact that each Ar, satisfies the intersection conjecture. O
We also add the following examples, which will be used later in this article.

Lemma 2.8 Suppose that Ar is an Artin group with 3 or fewer generators. Then Ar satisfies the
intersection conjecture.

Proof The result is clear if Ar has one generator. If it has two generators, it is either a free group
(in particular, a right-angled Artin group) or a dihedral Artin group (in particular, a spherical-type Artin
group), and so the result follows from [3] and [15], respectively. Let us assume that Ar has three
generators. If Ar is spherical-type (i.e., in the case of a triangle Artin group (2,3,n) for3 <n <5 or
(2,2,n) for n > 2), this holds by [15], so assume it is infinite type. If A is a free group or the triangle
Artin group (2, 2, 00), then it is a right-angled Artin group, and the result follows from [3]. Otherwise,
Ar is two-dimensional and (2, 2)-free, and the result follows from [4]. O

Acylindrical hyperbolicity In this paragraph, we review previously known results about acylindrically
hyperbolic Artin groups. For Artin groups of spherical type, the acylindrical hyperbolicity conjecture
was proved by Calvez—Wiest [8], following earlier result for braid groups [6; 33]. Thus, the acylindrical
hyperbolicity conjecture reduces to the case of Artin groups of infinite type. Such groups are conjectured to
have a trivial centre, so the conjecture asks whether these groups are acylindrically hyperbolic. Currently,
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the acylindrical hyperbolicity conjecture is known for several classes of Artin groups (we refer the reader
to these articles for the definition of some of these classes), which we list below:

¢ spherical-type Artin groups, by Calvez—Wiest [8],
e right-angled Artin groups, by Osin [37],

¢ two-dimensional Artin groups, by Vaskou [40], following earlier work for XXL-type Artin groups (i.e.,
all labels satisfy mg; > 5) by Haettel [21], for XL-type Artin groups (i.e., all labels satisfy m;; > 4) by
Martin—Przytycki [30], and for some two-dimensional Artin groups admitting a specific CAT(0) model
by Kato—Oguni [27],

¢ Euclidean-type Artin groups, by Calvez [7],

¢ Artin groups whose graph is not a join, by Charney—Morris-Wright [12], following previous work by
Chatterji—Martin [13],

¢ some relatively extra-large type Artin groups, by Goldman [20],
¢ some locally reducible Artin groups, by Mastrocola [32].

In this article, we add to this list the class of even Artin groups of FC type, among other new examples.
Note that after this article was first released, Kato—Oguni announced a proof for the class of free-of-infinity
Artin groups [28], which contains in particular the class of (nonspherical) even Artin groups of FC type.

3 Artin groups with visual splittings and acylindrical hyperbolicity

The goal of this section is to obtain new criteria for proving acylindrical hyperbolicity and apply them
to get new examples of acylindrically hyperbolic Artin groups. We will focus primarily on the case of
Artin groups with a visual splitting. In this case, there is a clear connection between malnormality and
acylindricity given by the following theorem of Minasyan and Osin [34].

Theorem 3.1 (see [34]) Suppose G splits as an amalgamated product of groups G = A *¢c B with
A # C # B. If C is weakly malnormal in G, then G is either virtually cyclic or acylindrically hyperbolic.

Thus a key to proving acylindricity for Ar is understanding when parabolic subgroups are weakly
malnormal.
3.1 The main acylindrical hyperbolicity criterion
The main result of this subsection is the following.

Theorem 3.2 Let At be an irreducible Artin group that splits visually as an amalgamated product
Ar = Ar, *aq, Ar,. If the intersection of any two conjugates of Agq is again a parabolic subgroup of Ar,
then Aq is weakly malnormal in Ar. In particular, Ar is acylindrically hyperbolic.

In order to prove this result, we need the following characterisation of normal parabolic subgroups of
Artin groups. We start with the irreducible case:
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Lemma 3.3 Let Ar be an irreducible Artin group. Then the only normal standard parabolic subgroups
of Ar are Ar and the trivial subgroup.

Proof Let @ C I C T be a strict subgraph of I'. Let I'p, I'}; be the Dynkin diagrams corresponding
to the presentation graph I', T, respectively (i.e., no edge if ms, = 2, and edges with label oo for
pairs s, ¢ that are not connected in I['). Since Ar is irreducible, I'p is connected and I’b is a strict induced
subgraph of I'p. Thus, there exists an edge of I'p connecting a vertex s € I'j, and ¢ ¢ T',. It follows
from van der Lek that

AN A{s,t} = (s).

We can also compute that
tArt~in Ags,ry =t(Ap N A{s,,})l‘_l = l‘(s)l‘_l.

Thus in order to show that Ap/¢ ~1 # Ar it is sufficient to show that ¢ does not normalise (s). Suppose
by contradiction that 7 (s)z~! = (s). Then (s) is normal in Ajs,ry and the corresponding quotient is either
trivial or infinite cyclic, depending on the parity of mg;. Thus, Ay ;) is either cyclic or Z-by-Z, and
in particular virtually abelian. But since mg; > 3 as s, ¢ are joined by an edge in the Dynkin diagram,
we have that A ;y contains nonabelian free subgroups, a contradiction. Thus we know that 7 does not
normalise (s) and Ar’ cannot be a normal subgroup. m|

Corollary 3.4 Let Ar be an Artin group. Then a standard parabolic subgroup is normal if and only if it is
a product of direct factors of Ar.

Proof Decompose Ar as a product of irreducible Artin groups Ay = Ar, X---x Ar, . If A is a product
of groups of the form A = Apl.l X +ee X ATik then Ar- is a direct factor of AT and so must be a normal
subgroup.

Conversely, if Ars is normal in Ar then for all i, Ar» N Ar; is normal in Ar,. By Lemma 3.3, we
see that A N Ar; must be equal to either Ar; or to the trivial group. This implies that Aps is a direct
product of factors of Ar. |

Proof of Theorem 3.2 Let Ar = Ar, x4, Ar, be a visual splitting and let 7" be the Bass—Serre tree of
this splitting.
Claim 1 Let e be an edge of T with vertices v and w. The trivial subgroup is the only parabolic subgroup

of Stab(e) that is normal in both Stab(v) and Stab(w).

Up to conjugation, it is enough to show that the trivial subgroup is the only parabolic subgroup of Ag
that is normal in both Ar, and Ar,. Suppose to the contrary that H is normal in both Ar, and Ar,. Since
every element of Ar is a product of elements of Ar, and Ar,, H is also normal in Ar. By assumption,
Ar is irreducible, so applying Corollary 3.4 we conclude that H must be trivial. This proves the claim.

Claim 2 Let y be a geodesic segment of T, and let Stab«(y) be the pointwise stabiliser of y. If Stab(y)
is nontrivial,, then we can extend y to a geodesic segment y’ 2 y such that Staby (y’) S Stabx(y).
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Let vy, ..., v, be the vertices of y. Up to the action of Ar, we can assume that Staby(v1) = Ar, and
Stabs (v2) = Ar,. Suppose for every geodesic segment y’ of T extending y, we have Stab (y”) = Stabs ().
We first show that for every g € Ar such that the translate gy has as its closest-point projection on y
the single point {v, }, we also have Stab.(gy) = Stab«(y) (and in particular, such an element g € Ar
normalises Stab.(y)). For such an element g, the geodesic from v; to any point of gy contains y. Thus,
the minimal subtree T, of T containing y and gy can be written as the union of at most two geodesic

segments )1, y» extending y, and thus
Staby () N Staby (gy) = Staby(Tg) = Stabs (y1) N Stabs (y2) = Stabx(y).

Thus, Stab,(y) C Stabs(gy) = gStab.(y)g~!. Since Stab.(y) is a parabolic subgroup by assumption
on the splitting, it follows from Lemma 2.3 that this inclusion is actually an equality, for otherwise the
sequence (g"Stab«(y)g™")n>0 would form an unbounded strict chain of parabolic subgroups.

Let 7" be the subtree of T consisting of all the points of 7" whose closest-point projection on y is vy,.
Since the action of A on T is cocompact and 7’ is an unbounded subtree of T', we can pick an element
g € Ar such that gy C T" and d(y, gy) > |y| (where as usual d denotes the path metric of 7 and |y| the
combinatorial length of y). These conditions imply that for every /1 € Stabx(gv1) = gAr, g !
hy € Staby(gva) = gAr,g !

every element of the form /1g or ;¢ normalises Stabs(y), for h; € gAT; g~ L. Thus, both gAr, g~
1 1

and every
, we also have hy gy C T" and hpgy C T’. Thus, we get that g as well as
1

and gAr,g~ " normalise Stabs(y). Since Ar is generated by Ar, and Ar,, hence by gAr,g~" and
gAr,g~ !, it follows that Stabs (y) is normal in Ar. Since Ar is irreducible, it follows from Lemma 3.3
that Stab. (y) is trivial, which proves the claim.

By Claim 2, we can construct a sequence of geodesic segments Yo & y1 < -+ -, such that the sequence
of stabilisers Stab. (y;) strictly decreases as long as they are not trivial. By assumption on the splitting, we
have that each Stab.(y;) is a parabolic subgroup of Ar. It now follows from Lemma 2.3 that Stab.(y;)
becomes trivial after finitely many steps.

We thus have a finite length geodesic segment y with trivial point stabiliser. Let eq, ..., e, be the edges
of y. Since T is a tree, we have Stab.(y) = Stab(e;) N Stab(e; ), and by assumption Stab.(y) = {1}.
Since edge stabilisers are conjugates of Ag by construction, it follows that Aq is weakly malnormal

in Ar, hence Ar is acylindrically hyperbolic by Theorem 3.1. |

3.2 Applications to some classes of Artin groups

Recall that Ar is even FC-type if all edge labels in I" are even, and all cliques in I" generate spherical-type
parabolics.

Theorem 3.5 Even FC-type Artin groups satisfy the acylindrical hyperbolicity conjecture.

Proof Assume that Ar is irreducible. If Ar is spherical-type, this follows from Calvez—Wiest [8].
If Ar is not spherical-type, then it admits a visual splitting. Since even FC-type Artin groups satisfy the
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intersection property by [2], the intersection of any two conjugates of the edge group for this splitting
must be parabolic and so by Theorem 3.2, Ar is acylindrically hyperbolic. a

For general FC-type Artin groups, we cannot directly apply Theorem 3.2 as we do not know that they
satisfy the intersection conjecture. We therefore ask the following:

Question 3.6 Do FC-type Artin groups satisfy the intersection conjecture?
We can nonetheless prove acylindrical hyperbolicity under more restrictive conditions.

Theorem 3.7 Let Ar be an irreducible Artin group such that the Deligne complex Dr admits a piecewise
Euclidean CAT(0) metric. If Ar splits visually over a spherical-type parabolic, then Ar is acylindrically
hyperbolic.

Proof Stabilisers of simplices in the Deligne complex are precisely the spherical-type parabolic subgroups.
Since spherical-type Artin groups satisfy the intersection conjecture [15], it follows from Proposition 2.5
that the intersection of any two spherical-type parabolic subgroups of Ar is again a parabolic subgroup.
In particular, the splitting satisfies the hypothesis of Theorem 3.2. |

In particular, Theorem 3.7 applies to FC-type Artin groups, locally reducible Artin groups, and certain
Artin groups of dimension 3 (namely those for which all the irreducible three-dimensional parabolic
subgroups are isomorphic to the braid group Bj4), whenever they split visually over a spherical-type
parabolic.

3.3 A weaker version of the intersection property

In Theorem 3.2, the condition on the intersections of conjugates of the edge group Aq is a priori weaker
than requiring that Ar satisfies the intersection conjecture. In this section, we show how to obtain this
weaker condition in cases where the intersection conjecture may not be known for Ar. We start with the
following observation.

Theorem 3.8 Let Ar be an irreducible Artin group with a visual splitting Ar = Ar, x4, Ar,. If both
Ar, and Ar, satisfy the intersection conjecture, then the intersection of any two conjugates of Ag is
again a parabolic subgroup of Ar. In particular, Ar is acylindrically hyperbolic.

Proof Since Ar, and Ar, both satisfy the intersection conjecture, the fact that the intersection of any
two conjugates of Aq is again a parabolic subgroup of Ar is a direct consequence of Proposition 2.5
applied to the action of Ar on the (CAT(0)) Bass—Serre tree of the splitting Ar, *4,, Ar,. O

In the rest of this section, we show how one may understand the intersection of two conjugates of Ag
even when the vertex groups are not known to satisfy the intersection conjecture. As with the original
proofs of the intersection property for some families of Artin groups (see Section 2.3), the idea is to
realise the conjugates of Agq as stabilisers in a suitable CAT(0) complex and apply Proposition 2.5. We
recall a relevant framework of Godelle—Paris to construct such complexes [19].
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Definition 3.9 A complete cover U of T is a collection of induced subgraphs of I" that contains every
edge of I" and is stable under taking induced subgraphs (including the empty graph). Given an element
I'" € U, the corresponding standard parabolic subgroup Ar- is called a U-standard parabolic subgroup,
and a conjugate of Ay is called a U-parabolic subgroup.

Given a complete cover U, one defines the corresponding Godelle—Paris cube complex Xy, as follows:
vertices of X, correspond to cosets of /-standard parabolic subgroups, and cubes correspond to the
intervals (for the inclusion) between gAr, and gAr,, whenever g € Ar and I'y C I'; are in U.

Note that Ar acts on X, by left multiplication on left cosets. This action is cocompact and without

inversion.

For instance, if Ar is FC-type and U/ consists of all cliques of I', we recover the cubical Deligne
complex of Charney—Davis [11]. More generally, if I/ consists of all the cliques of I', one recovers the
Godelle—Paris clique complex [19].

There is a complete characterisation of when the standard cubical metric on this complex is CAT(0).
We need the following definition:

Definition 3.10 Let ¢/ be a complete cover of I'. We define a simplicial complex L;; as follows: the
vertices of Ly, are the vertices of I", and a set of vertices vy, . .., vy of Ly span a k-simplex of Ly, if and
only if the induced subgraph of I" spanned by vy, ..., v; belongs to U.

Note that L;, is isomorphic to the link of any vertex of X, corresponding to the empty subgraph of T".

Theorem 3.11 [19, Theorem 4.2] Let be a complete cover of I'. Then X, is a CAT(0) cube complex if
and only if Ly, is a flag simplicial complex.

Remark 3.12 In [19], the above theorem is stated with the additional condition that the ¢/-standard
parabolic subgroups satisfy the K (s, 1)-conjecture. However, the reader can follow the proof and check
that this assumption is not needed in order to prove that X;; is CAT(0). (Godelle—Paris need this assumption
to prove a subsequent theorem showing that an Artin group satisfies the K (i, 1)-conjecture if all its
free-of-infinity standard parabolic subgroups satisfy that conjecture.)

Corollary 3.13 Let Ar be an Artin group. LetU be a complete cover of I'. Assume that
e [y is a flag simplicial complex,
e forevery I'" inU, the standard parabolic Ay satisfies the intersection conjecture.
Then the intersection of any two U -parabolic subgroups is again a parabolic subgroup of Ar.

Proof By Theorem 3.11, we have that X;; is a CAT(0) cube complex. By construction, the action is
without inversion and the stabilisers of cubes are precisely the I/-parabolic subgroups of Ar. Thus, the
result follows from Proposition 2.5. a

In particular, to show that the intersection of two conjugates of a standard parabolic Ag is again a
parabolic subgroup, it is enough to include €2 in a suitable complete cover of I". We now give an example
of a geometric condition on €2 that guarantees that such a cover exists.
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Definition 3.14 We say that an induced subgraph €2 is 2-convex in I if every geodesic path of I' of

length 2 with endpoints in €2 is contained in 2.

Lemma 3.15 Let I' be a simplicial graph, and let 2 be a 2-convex subgraph of I". Let U be the
complete cover consisting of all the cliques of I" and all the induced subgraphs of 2. Then the simplicial
complex Ly is flag.

Proof Let T C V(I') be a set of vertices that are pairwise connected by edges in L;;. To show that T
spans a simplex of Ly, it is enough to show that either 7 C €2 or the vertices of T span a clique of I'.

We can thus assume that T is not contained in €2, and let us show that 7" spans a clique of I". We
decompose T as a disjoint union 7 = T1 U T, where T7 := T N V() and T, := T — T1. Note that by
construction of U, two vertices of I" are adjacent in L;, if and only if they are both contained in €2 or they
are connected by an edge of I'. By assumption, any two vertices of T are adjacent in Ly, thus, for every
t €T, andt’' € T —{t}, we have that 7 and ¢’ are connected by an edge in T.

It remains to show that any two vertices ¢ # t' € T} are connected by an edge of I'. Suppose by
contradiction that there exists a pair ¢, 7 € Ty that is not connected by an edge of T". Since T is not empty,
we can pick an element s € T, and the previous argument shows that ¢, s, ¢’ forms a path in I". Since ¢, ¢’
are not adjacent in I', this path is geodesic. By 2-convexity of 2, we get that s € 77, a contradiction.
Thus, the vertices of 77 span a simplex of I', and it now follows that 7" spans a clique of I', and hence
spans a simplex in Ly,. |

The following is now a direct consequence of Corollary 3.13:

Corollary 3.16 Let Ar be an Artin group, and let Q2 be a 2-convex subgraph of I'. Assume that Ag
as well as every clique standard parabolic subgroup of Ar satisfy the intersection conjecture. Then the

intersection of any two conjugates of Aq is again a parabolic subgroup of Ar.

Proposition 3.17 Let Ar be an irreducible Artin group that visually splits over a standard parabolic
subgroup Aq. Assume that

o Qis2-convexinT,
e Agq and all clique parabolic subgroups of Ar satisfy the intersection conjecture.
Then Ar is acylindrically hyperbolic.

Proof It follows from Corollary 3.16 that the intersection of any two conjugates of Ag is again a
parabolic subgroup of Ar. The result thus follows from Theorem 3.2. a

Application We can use this result to obtain new examples of acylindrically hyperbolic Artin groups
not covered by the recent results of Charney—Morris-Wright [12].

Definition 3.18 Let C,, denote the graph that is a cycle on n vertices. The wheel W), is the graph obtained
from C, by adding a new vertex (the apex) and connecting it to every vertex of C,.

Corollary 3.19 Let Ar be an irreducible Artin group whose underlying graph is a wheel W;, withn > 6.
Then Ar is acylindrically hyperbolic.
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Proof Since n > 6, Ay, visually splits over a parabolic subgroup Ag where Q2 is a geodesic of length 2
containing the apex, that is 2-convex in W;,. Since all 3-generated Artin groups satisfy the intersection
conjecture by Lemma 2.8, it follows that Aqg and all clique parabolic subgroups of Ar satisfy the
intersection conjecture. The result now follows from Proposition 3.17. |

4 The weak malnormality conjecture

Next we consider the weak malnormality conjecture. The following reduction lemma shows that it is
enough to deal with irreducible Artin groups:

Lemma 4.1 Let Ar,, ..., Ar, be irreducible Artin groups that satisfy the weak malnormality conjecture.
Then the direct product Ay, X --- x Ar, also satisfies the weak malnormality conjecture.

Proof Let Ars be a standard parabolic subgroup of the direct product Ay := Ap; x--- X Ap,. Itis
clear that if Ars contains one of the (normal) direct factors Ar;, then it is not weakly malnormal.
Thus, let us assume that Ar/ contains no direct factor. Note that Ap» decomposes as the direct product
Apr = Ar{ X+ X Ar]/( where for each i, FI( :=TI"NT;. Since Ars does not contain any of the Ar;, each
Ary is a proper parabolic subgroup of Ar;, hence weakly malnormal in Ay, since by assumption, Ar,
satisfies the weak malnormality conjecture. Thus, for each i we can pick g; € Ar; such that AI‘[{ N Ai{? is
finite. Now set g := g1 --- gx. We have

AF’ ﬂA‘lg, = (Ar-i ﬂA‘lgli) X ooo X (AF]/( ﬂAf_"Z ,
which is finite. Thus, A/ is weakly malnormal in Ar. 0

4.1 Connections between the three main conjectures

Proposition 4.2 Let Ar be an irreducible Artin group that visually splits as an amalgamated product
over a standard parabolic subgroup Aq. If Ag is weakly malnormal in Ar, then every proper parabolic
subgroup of Ar is weakly malnormal. Thus Ar satisfies the weak malnormality conjecture.

Proof Let T be the Bass—Serre of the splitting Ar = Ar, *4, Ar,. Let P be a standard parabolic
subgroup of Ar. Note that we have a splitting P = Py *p,, P>, where P; := P N Ar, and Pg = PN Agq.
The Bass—Serre tree T’ of that induced splitting embeds isometrically in 7.

Since P is a proper parabolic subgroup, we have T’ # T, hence we can pick a vertex v of 7', and
an edge e = [v, w] that is not in 7’. Since Stab(e) is conjugated to Ag, it is weakly malnormal in Ar.
Choose h € Ar such that Stab(e) N Stab(he) is finite. Let y be the geodesic path in 7" with initial edge e
and final edge he. In particular, the pointwise stabiliser of y is finite.

Claim There exist elements g1, g> € Ar such that the trees g1 T’ and g, T’ are disjoint, and the unique
geodesic between them contains y .

If either (or both) endpoints of y are translates of w, we can extend y by a single edge at that endpoint
to obtain a geodesic path y’ D y both of whose endpoints are translates of v. Say the initial edge of )’ is
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g1e and the final edge is gze. Since e is not contained in 77, g;e is not contained in g; T’ fori = 1,2.
Thus y’ intersects g; T’ in a single point. It now follows from standard arguments on the geometry of trees
that g4 7’ and g, T’ are disjoint, and ' is the unique geodesic between them, which proves the claim.
Since P stabilises the tree 7', the conjugate P38i stabilises the tree g; 7', and it follows that the
intersection P81 N P &2 stabilises the unique geodesic between these disjoint trees. Thus it fixes pointwise
the path y’. Since y’ D y, it has finite stabiliser and we conclude that P81 N P82 is finite. Hence P is
weakly malnormal in Ar. |

Combining the results above, we now conclude:
Corollary 4.3 Suppose Ar is irreducible and I" is not a clique.
o If Ar satisfies the intersection conjecture, then it also satisfies the weak malnormality conjecture.

o If Ar satisfies the weak malnormality conjecture, then it also satisfies the acylindrical hyperbolicity

conjecture.

Proof If I' is not a clique, A1 admits a visual splitting over some standard parabolic Ag. The first bullet
point is the direct application of Theorem 3.2 and Proposition 4.2. For the second bullet point, since Ar
is irreducible and satisfies the weak malnormality conjecture, Aq is weakly malnormal, so the result

follows from Theorem 3.1. O

One might wonder if the converse of these implications also hold. It is possible to obtain a partial
converse to the implication in the second bullet point, assuming that Ar acts acylindrically on some
hyperbolic space such that the geometry of the action is “compatible” with the parabolic subgroups, in
the following sense:

Lemma 4.4 Let Ar be an irreducible Artin group, and assume that Ar is acylindrically hyperbolic,
with a cobounded acylindrical action on a hyperbolic graph X . Suppose that for every proper parabolic
subgroup Ar, the following holds: Let Xt C X denote the Ar-orbit of some chosen point of X. Then
Xt is quasiconvex in X and its limit set A X is a strict subset of the Gromov boundary 0X .

Then Ar satisfies the weak malnormality conjecture.

Proof The set of limit points of loxodromic elements of Ar is dense in dX (see, for instance, Theorem 2.6
in [24]), so since A X is a proper closed subset of dX, we can pick a loxodromic element g € At such
that Ag N AXt = &. By hyperbolicity of X and quasiconvexity of X, there exist constants £ and D
(that depend only on the space X and the quasiconvexity constants of Xr/) such that if two translates
of X are at distance at least £, then the diameter of the closest projection of one on the other is bounded
above by D. By acylindricity of the action, we can pick a constant L such that if x, y € X are at distance
at least L, there are only finitely many elements & € Ar such that d(x, hx) < D and d(y,hx) < D.
Using North-South dynamics of the action, we can now pick a large power n > 0 such that Xt- and
g" Xt are disjoint, the diameter of the closest projection on each other is bounded above by D, and
such that their distance is greater than L. Let x € X/ and y € g” X1 be a pair of points that realises
the distance between these two translates. We get in particular that an element 2 € A/ N Ai‘:’: sends the
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pair x, y to another pair realising the distance between these two translates. Thus, for every & € AN Ai‘:’:,
we have d(x, hx) < D and d(y,hx) < D. Since d(x, y) > L by construction, the acylindricity implies
that the set of such £ is finite. Thus, A N Aff,q is finite, and At is weakly malnormal. O

Thus, we ask the following question:

Question 4.5 Let Ar be an irreducible Artin group, and assume that Ar is acylindrically hyperbolic, with
a cobounded acylindrical action on a hyperbolic graph X. Let A/ be a proper parabolic subgroup of Ar,
and let Xp» C X denote the Arv-orbit of some chosen point of X. Do we have that X1~ is quasiconvex
in X, with limit set AXt/ # 0X?

4.2 Artin groups satisfying the weak malnormality conjecture

In this section we will show that the weak malnormality conjecture holds for several classes of Artin
groups, which allows us to prove that new classes of Artin groups are acylindrically hyperbolic.

Proposition 4.6 The weak malnormality conjecture holds for the following classes of groups:
e Artin groups satistfying the hypothesis of Theorem 3.2 (for instance, even Artin group of FC type),
¢ Artin groups of spherical type,
¢ two-dimensional Artin groups.

Using the criterion of Minasyan—Osin [34], this implies the acylindrical hyperbolicity of many groups
admitting a visual splitting:

Corollary 4.7 Let Ar be an Artin group with a visual splitting Ar, x4, Ar, and assume that Ag does
not contain a direct factor of Ar, (which holds in particular if Ar, is irreducible). Suppose that Ar, is
one of the following:

e an Artin group satisfying the hypothesis of Theorem 3.2 (for instance, an even Artin group of FC
type),

e an Artin group of spherical type,

¢ a two-dimensional Artin group.

Then Ar is acylindrically hyperbolic.

Proof By Proposition 4.6, the hypotheses of the corollary imply that Ag is weakly malnormal in Ar,
and hence also in Ar, so the result follows from Theorem 3.1. O

The proof of Proposition 4.6 will occupy the remainder of this section.

Spherical-type Artin groups Although the intersection conjecture is known to hold for spherical-type
Artin groups, we cannot apply Corollary 4.3 since the defining graph I" is always a clique. Nevertheless,
we can prove:

Lemma 4.8 Artin groups of spherical type satisfy the weak malnormality conjecture.
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Proof By Lemma 4.1, it is enough to deal with the irreducible spherical case. Suppose that Ar is
irreducible and of spherical type, and let A be a proper parabolic subgroup.

If Ar is not cyclic or of dihedral type, then by Theorem 3 of [1], Ar contains a subgroup isomorphic
to At * Z, and where the free factor Ar- is the proper parabolic subgroup under study. A standard
argument from actions on trees shows that Ars is weakly malnormal in Ar- * Z, hence it is weakly
malnormal in Ar.

If Ar is cyclic, there is nothing to prove. Suppose that At is dihedral, with standard generators s, ¢, and
let us show that Aps = (s) is weakly malnormal. We know from Lemma 3.3 that there exists g € Ar such
that (s)& # (s). Let us show by contradiction that (s)& N (s) = {1}, which will prove weak malnormality.
Let x € {s)€ N (s) be a nontrivial element, and let 7, m > 1 be such that x = s” = gs™g~!. By applying
the homomorphism Ar — Z sending both generators to 1, we see that n = m. Thus, g lies in the
centralizer C(s") = C(s), the latter equality following, for instance, from Lemma 7 of [14]. It follows
that (s)& = (s), a contradiction. a

Even Artin groups of FC-type

Lemma 4.9 Let Ar be an Artin group satistying the hypotheses of Theorem 3.2. Then Ar satisfies the
weak malnormality conjecture.

Proof The edge group Ag is weakly malnormal in Ar by Theorem 3.2, so this is now a direct consequence
of Proposition 4.2. |

In particular, we get the following:
Corollary 4.10 Even FC-type Artin groups satisfy the weak malnormality conjecture.

Proof By Lemma 4.1, it is enough to assume that Ar is irreducible and by Lemma 4.8 we may assume
that it is not of spherical-type, that is, I" is not a clique. The result now follows from Lemma 4.9. O

Note that the previous corollary is also a direct consequence of Corollary 4.3.

Two-dimensional Artin groups An Artin group Ar is two-dimensional if I" has at least one edge (i.e.,
Ar is not a free group) and any three vertices in I' generate an infinite-type parabolic subgroup. Recall
that the intersection conjecture has not yet been proved for two-dimensional Artin groups, with currently
the largest subclass for which it has been proved being the class of two-dimensional Artin groups whose
presentation graph does not contain two adjacent edges with label 2 [4].

In this section we introduce another strategy for proving the weak malnormality conjecture using an
action of At on the Deligne complex, which we can apply to two-dimensional Artin groups.

Proposition 4.11 Let Ar be an Artin group such that
e Dr is CAT(0) with respect to either the cubical metric or the Moussong metric,

e there exists a vertex v of Dr with unbounded link and such that Stab(v) is weakly malnormal in Ar .

Then Ar satisfies the weak malnormality conjecture.
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Corollary 4.12 Two-dimensional Artin groups satisty the weak malnormality conjecture.

Proof First suppose Ar contains an edge e labelled k > 2. Then it cannot be reducible, since e together
with any vertex in the opposite direct factor would generate a spherical-type subgroup of rank 3. The
Moussong metric on the Deligne complex Dr is CAT(0), by Charney—Davis [11]. By Lemma 5.7 of
Vaskou [40], there exists vertices a, b in I" connected by an edge labelled > 2 such that the subgroup A4, j
is weakly malnormal in Ar. Viewing A, j as a vertex in Dr, it has unbounded link by Proposition E
of [40]. Thus, we can apply Proposition 4.11 to conclude that every proper parabolic subgroup in Ar is
weakly malnormal.

If all edges of I" are labelled 2 then Ar is a RAAG, hence even FC-type, so the result follows from
Theorem 3.5. o

Proof of Proposition 4.11 For a proper parabolic subgroup Ar-, the Deligne complex Drs embeds
equivariantly as a strict convex subcomplex of the CAT(0) space Dr that is stabilised by Ar-. (This is
easily verified for the cubical metric. For the Moussong metric, see Lemma 5.1 of [9].) We want to
construct a translate gDr- such that the following is satisfied:

¢ There is a unique geodesic realising the distance between Dr/ and gDrv.

¢ The pointwise stabiliser of that geodesic is finite.

This will imply that Ap» N gAr g~ ! is trivial, hence Ar’ is weakly malnormal.

Since checking that Ars is weakly malnormal is equivalent to checking that any of its conjugates is
weakly malnormal, we will consider instead a translate k Dy for some k € Ar, such that the vertex v
from the proposition’s statement is not contained in k Dp/. We first observe that the projection of k D
onto the link, 1k(v), has diameter at most 7. To see this, let x, y be two points in kK Dr and let ay, oy
be the geodesics connecting x to v and y to v. If the angle between a and «) was > 7, a standard
argument of CAT(0) geometry would imply that the concatenation of oy and «y, is a geodesic from x to y.
Since kD is convex in Dr, this geodesic must lie entirely in k Dy/. This contradicts our assumption
that v ¢ kD

Since Stab(v) is weakly malnormal, there exists a translate w of v such that Stab(v) N Stab(w) is
finite, and hence the geodesic y = [v, w] connecting them has finite pointwise stabiliser. Since the link
of v is unbounded and Stab(v) acts cocompactly on it, we can pick an element & € Stab(v) such that the
distance in 1k(v) between the projection of k Dy and hy is at least 7. The stabiliser of /4y is conjugate
to that of y, hence it is also finite. Next, since the link of Aw is also unbounded, we can pick an element
g € Stab(hw) such that the distance in lk(hw) between hy and ghy is at least 7. And finally, since the
distance in lk(v) between the projection of k Dy and &y is at least 7 the same holds for the distance
in k(g v) the between the projection of gk D and ghy. (See Figure 1.)

It follows that for any points x € kDt and y € gk Drv, the concatenation of the geodesics [x, v],
[v, hw], [hw, gv], [gv, y] is the (unique) geodesic from x to y. In particular, taking x to be the nearest
point projection of v on kDrs and y to be the nearest point projection of gv on gk Dr/, we obtain a
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kDr/ gkDr

Figure 1: A geodesic (green) between k D/ and gk Drv, obtained by concatenating several
geodesic segments making an angle greater than 7 at their intersection point. The angles at v
between any two points of k D/ are smaller than 7 (“visual cone” in light blue).

unique length-minimizing path between kD and gk Dr/. Since kAr-k~' N gk Ar/(gk)™! preserves
both of these subcomplexes, it must fix this path. In particular, it lies in the pointwise stabilser of #y. We
conclude that this intersection is finite and hence Ar- is weakly malnormal. |
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Equivariant preimage theory for G -maps

THAIS F M MONIS AND PETER WONG

Let X and Y be closed G-manifolds and B C Y a closed invariant nonempty subset where G is a
finite group. For any G-map f : X — Y and for every subgroup H < G, we introduce a Nielsen type
number N (£, BH) which is a lower bound for the number of connected components of W H-orbits
of (fH)~1(BH). This theory generalizes existing Nielsen type numbers for various G and B with an
application to the Nielsen Borsuk—Ulam theory for the minimal number of coincidences of f(x) = ft(x)
where f : X — Y and t a free involution on X.

1 Introduction

It is well known that the Brouwer fixed point theorem is equivalent to the Borsuk—Ulam theorem. The
former says that for any (continuous) self-map f : X — X, the fixed point set Fix f ={x € X | f(x) = x}
is nonempty when X = D" is the closed n-disk. The latter is equivalent to the following: for any
Z-equivariant map ¢ : S” — R”, the preimage ¢! ({0}) is nonempty, where the Z,-actions on S”
and on R” are the usual antipodal actions. Lefschetz generalized Brouwer’s result to coincidences
of two maps f,g : X — Y between closed orientable manifolds of the same dimension. If we let
F:X —Y xY begivenby F(x) = (f(x),g(x))and A ={(y,») | y € Y}, then the coincidence set
C(f.g)={xeX| f(x)=g(x)} = F~I(A). Thus the coincidence theorem of Lefschetz asserts that
F~1(A) # @ if the Lefschetz coincidence number L( f, g) is nonzero. Subsequently, many authors study
the general problem of determining whether ®~!(B) # @& for a mapping ®: W — Z and BC Z a
closed subspace (e.g., Dobreriko [4], Frolkina [7], Gongalves and Wong [14], Ha and Lee [15], and Liu
and Zhao [16]). In other words, fixed point and coincidence point problems, as well as Borsuk—Ulam
type theorems can be formulated as a preimage problem ¢ ~!(B) for ¢ : X — Y O B, where the latter is
under the presence of a group action.

While the above-mentioned problems study whether the preimage set ¢~ (B) is nonempty or not, the
results do not give any information about the size of ¢! (B). Nielsen (fixed point or coincidence point)
theory gives a geometric count of the number of connected components in ¢ ~!(B). Such a theory was
developed by Dobreriko and Kucharski [5], who introduced a Nielsen type number for the number of
preimages of amap f : X — Y D B. Under appropriate dimension conditions, a minimality theorem
was established. From the (co)homological aspect, the algebraic size of ¢ ~!(B) has been studied by
Gongalves and Wong [14] using local coefficients, and various cohomological index theories by Conner
and Floyd [1], Fadell and Husseini [6], and Yang [23], among others. There is a vast literature on
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Borsuk—Ulam and Bourgin—Yang type results and their applications to nonlinear analysis (see, e.g.,
Mawhin and Willem [18]).

The main objective of this paper is to give a geometric approach, a la Nielsen, similar to the nonequiv-
ariant setting of [5] and of [7], and to introduce a Nielsen type number that yields a lower bound for the
number of connected components of ¢~ (B) for a G-equivariant map ¢ : X — Y D B between G-spaces.
Here B is a closed G-invariant subset and G is a finite group. We develop this theory using both the
universal coverings and the Hopf coverings, generalizing the previous works on nonequivariant settings
in [5; 7; 15; 16]. The algebraic approach here establishes an equivariant Reidemeister number which is
an upper bound for the equivariant Nielsen preimage number for ¢! (B).

This equivariant preimage theory also generalizes existing works. If X =Y and B = Ay is the
diagonal with f = 1xh, h: X — X, then we recover the equivariant Nielsen fixed point theory of [22].
Similarly if B = {a} is a point in ¥ ¢, we recover the equivariant Nielsen root theory of [20]. On the
other hand, when G is trivial, our setting reduces to the nonequivariant Nielsen and Reidemeister settings
of [5] and of [15; 16].

If G =Z, = (1) is generated by a free involution t on X, our equivariant Nielsen equivalence coincides
with the Nielsen coincidence equivalence for Borsuk—Ulam coincidences studied by Cotrim, de Melo
and Vendrtscolo [2; 3; 19]. In this setting of a free involution T on X, our work provides a Reidemeister
number for the Nielsen Borsuk—Ulam theory in [2; 3], and this should facilitate computation in future
work in this direction. It is easy to see that one can generalize the Borsuk—Ulam coincidences to the study
of the set of points x € X such that the orbit {x, 7(x), ..., ¥~ 1(x)} is mapped to the same value under f,
ie., f(x)= f(t(x))=---= f(zF~1(x)) for a free Z; = (r) actionon X andamap f : X — Z.

This paper is organized as follows. In Section 2, we introduce the concept of G-preimage classes
utilizing the framework of universal covering. In Section 3, we define G-Nielsen preimage classes using
the geometric essentiality for such classes. Furthermore, we provide an interpretation of the G-Nielsen
preimage classes as the nonempty G-preimage classes established in the previous section. In Section 4, we
present an algebraic approach to derive an upper bound for the number of essential G-Nielsen preimage
classes via the universal cover. When using a Hopf cover, we also obtain in Section 5 a sharper upper
bound. Finally, in Section 6, we conclude the paper by showcasing the practical application of our
invariants in the context of the Nielsen Borsuk—Ulam theory of [2; 3; 19].

Throughout this paper, X and Y are connected, locally pathwise-connected and semilocally simply
connected spaces. For any group G, a G-space X is assumed to have an effective G-action, i.e., if
g-x =xforall x € X then g = 1.

2 G -preimage classes

Let X and Y be G-spaces where G is a finite group, @ # B C Y be a G-invariant closed subset of Y, and
f X — Y be a G-map. In this section, we use liftings to the universal cover to define the G-preimage
classes.

Algebraic € Geometric Topology, Volume 26 (2026)
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In [7], a preimage problem is denoted by f : X — Y D B. Our setting will be referred as a G-preimage
problem and it will be denoted by f: X —g Y D B.

If xo € f~1(B) then the orbit of xg, G -xo = {g-xo | g € G}, is also contained in f~!(B), that is,
f~1(B) is a G-invariant subspace of X . In what follows, the set f~!(B) will be partitioned into the
so-called G-preimage classes.

Let ny : X - X and Ny : Y — Y be the universal coverings of X and Y, respectively. It is well
known from the nonequivariant preimage theory (see, e.g., [15] or [16]) that

71 B) = nx (f71(B)).
f.B
where f ranges over all liftings of f* with respect to universal coverings ny : : X > X and Ny : Y >,
and B ranges over all path components of '7Y1 (B). Each subset nx ( f (B)) of f~1(B) is referred to

as a preimage class. Since we assume that f is an equivariant map and that B is a G-invariant subset, it
follows that the group G acts on the set of preimage classes. More precisely, for each g € G, the set

g-nx(/1(B))

is itself a preimage class. To see this, consider a lifting wg Y — Y of the homeomorphlsm Yg:Y =Y
given by multiplication by g, i.e., y — g - y. It is straightforward to verify that 1/fg(B) is also a path
component of nYl (B). Furthermore, one can check that

g-nx(/1(B)) = nx (fo(Bo)),
where
ﬂ) :Jgofofg*h

with Jg Y > Y and Tg—l: X > X being liftings of the maps ¥ - Y, y — g-p,and X — X,

x — g~ 1. x, respectively. Also, we define By = {/;g(g). Since f~0 is a lifting of f, it follows that

g- nX(f_l (E)) is indeed a preimage class of f.
As an immediate consequence of the above observation, we obtain the following result.

Lemma 2.1 The preimage set
7B = G nx (/S TH(B)),
f.B
where f ranges over all liftings of f with respect to universal coverings ny : X — X and ny : Y >7Y,
and B ranges over all path components of 17;1 (B).

Following [16], a pair ( f , E) as in Lemma 2.1 is called a lifting data pair for preimage of f at B.
Lemma 2.2 For any two lifting data pairs (fl, El) and (];2, Ez) of f at B, either

G-nx(f7'(B))=G-nx(f; ' (By) or G-nx(f7' (BI)NG-nx(f5 ' (By) =2

Algebraic € Geometric Topology, Volume 26 (2026)
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Proof Suppose xo € G -1y (/' (B1)) NG -nx (/' (B2)). Then, xo = g1 - nx(a) = g2 - nx (b), for
some a € fl_l(Bl), be fz_l(Bz), and g1, g2 € G. Therefore, ny(a) = g-nx(b), where g = gl_lgz.

Let 7z : X — X be the homeomorphism given by x > g - x and let 7y : X —>Xbea lifting of 7g.
Then

nx (ig(0)) = g -nx (b) = nx (a).

Hence, there exists o € Cov(ny) such that a = a (7 (D)).
Let Y,—1 : Y — Y be the homeomorphism given by y g~ 1.y, and let Jg_l ;Y >Ybea lifting
of Y¥,—1. Then

Ny (g1 0 froaote(h)) = Y1 (ny (/1 (@(Fe (h))))
=g~ f(nx (a(ig(h))))
=g~ f(nx (5 (b))
=g ' f(g-nx(b))
= f(nx (b))
=y (f2(b)).
Hence, there exists 8 € Cov(ny) such that

2-) B(Ug-1 0 froaoig(h) = f2(b).

Since B o Jg—l ° fl oaoTg and fz are liftings of f that coincide at a point, they are the same, that is,
(2-2) Boygiofioaoty = fi
Thus, § = Bo Jg—l is a lifting of Y,—1, 6 = @ 0 Ty is a lifting of 7g, and
(2-3) §o flo6 = f.

Moreover, since fl (a) € By and

5(/1(@) = Bovg1(/1(@) = Bove(fi((F (b)) = /2(b) € By,

we have
(2-4) §(B1) = By.

Thus, y B o B
nx (f5 1(B2)) = nx (8o fi 05)71(By))
=nx @ (/7 67 (Ba)))
=nx (G (/7N (BY)) Cg-nx(f; ' (B1) C G-nx (f; ' (By)).
Therefore, G - nX(fz_l(Ez)) cG- nX(fl_l(El)).
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Similarly, by using that fl =§lo ]72 061, we conclude that
G-nx(f; ' (B2) C G-nx (f " (B)).
Therefore, G - nx (f5 ' (B2)) = G -nx (/7 (B)). O

Definition 2.3 Lemma 2.1 asserts that the preimage f~!(B) is a disjoint union of subsets of the form
G-nx( f -1 (E)). Each one of such subsets is called a G-preimage class of f at B.

Following the observation made before Lemma 2.1, each G-preimage class is a union of ordinary
nonequivariant preimage classes.
The next result follows immediately from the proof of the Lemma 2.2.

Corollary 2.4 Two lifting data pairs, ( fl, B 1) and ( fz, Ez), define the same G -preimage class of f at B
if and only if
fa=80f1o57",

where$:Y — Y isa lifting of the homeomorphism g : Y — Y, Ye(y) =g-y,and o : X > Xisa
lifting of the homeomorphism tg : X — X, 14(x) = g - x, for some g € G, and S(El) = B,.

3 G -Nielsen preimage classes

We now introduce an equivariant analog of the Nielsen equivalence of [5] (see also [7]).
Definition 3.1 Two points x¢, x; € f~!(B) are said to be G-Nielsen equivalent, denoted by xo ~g x1, if
(i) xo = g-x; for some g € G or

(ii) there exists a path y in X from x( to g - x1 and a path 8 in B from f(xg) to f(g-x;) such that
f oy ~ B relative to the endpoints, for some g € G.

The above relation splits /~!(B) into equivalence classes, the so-called G-Nielsen preimage classes
of f at B.

In nonequivariant preimage theory, two points x¢, x; € f~!(B) are said to be Nielsen related with
respect to the subset B, xo ~ x1, if there exists a path y in X from xo to x; and a path 8 in B from
f(x0) to f(x1) such that f oy ~ B relative to the end points (see [5, Definition 1.2]). Consequently, we
have that xo, x; € f~1(B) are G-Nielsen equivalent if and only if x( and g - x; are Nielsen equivalent
(in the sense of standard preimage theory), for some g € G. Analogously to [21, Theorem 2.1, page 32],
one can show that two points xo,x; € f~!(B) are Nielsen equivalent with respect to the subset B if
and only if there is a lifting data pair (/, B) such that xo, x; € nx(f 1 (B)). In other words, the set of
Nielsen preimage classes coincides with the set of nonempty preimage classes.

Furthermore, the same relationship holds for G-Nielsen preimage classes and G-preimage classes:
every G-Nielsen preimage class is a nonempty G-preimage class, as we now show.

Proposition 3.2 Let xo, x; € f~1(B). Then xo ~g x if and only if x¢, x; € G - r]X(f_l (E)) for some
lifting data pair ( f , E).
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Proof Let xo,x; € f~!(B) be related G-Nielsen preimage points with respect to the subset B. As
we commented, it means that x is Nielsen related to g - x; (in the standard sense of preimage theory),
for some g € G. In turn, this is equivalent to the existence of a lifting data pair ( f , E) such that
X0, g X1 € 77)((f_1 (E)), as we pointed out above. Therefore, xg, x1 € G - nx (f_l (E))

On the other hand, let (f, E) be a lifting data pair such that xg,x; € G - nX(f_l(E)). Suppose
that xo = go-z9 and x; = g1 - z1, where gg, g1 € G and zg, z; € nX(f_l(E)). Since every nonempty
preimage class is a Nielsen preimage class, there exists a path y from zg to z; such that f oy is homotopic,
relative to the endpoints, to a path 8 in B. Now, consider the path goy, defined by ¢ — g¢ - (¢). This is
a path from xo = g¢ - zo to go - z1 such that f o (goy) = go(f oy) is homotopic to gof relative to the
endpoints. Since B is G-invariant, the path g¢8 also lies in B, implying that xo ~¢G z;. Consequently,
we obtain xg ~g g1 -2z1 = X1, as desired. O

3.1 Topological essentiality of a G -Nielsen preimage class

Definition 3.3 Let { f; : X — Y} be a G-homotopy of fy = f. A preimage point xo € f~(B) of [
at B is { f;}g-related to a preimage point x; € fl_l (B) of f1 at B, denoted by xo{ f7}g X1, if xq is
{ ft}-related to g - x1, for some g € G. This means that there exist paths y in X from x( to g-x; and B
in B from fy(xg) to f1(g-x1) such that { f;(y(¢))} ~ B relative to the endpoints.

Similar to the nonequivariant case, the { f;}¢ relation above induces a one-to-one correspondence
between the G-preimage classes of f = fy and the G-preimage classes of fi, as it is stated below. The
proof is straightforward.

Lemma 3.4 Let{f; : X — Y} be a G-homotopy of f, and let xo € f~1(B) and x; € fl_l(B) be such
that xo{ f1}G x1. Let o and sd, be the G -preimage classes of [ and f1, respectively, such that x; € s;,
i =0,1. Then x| € sdg if and only if xy{ f;}Gx1, and x| € sy if and only if xo{ f1}GX].

In other words, the relation x¢{ f;}gx1 induces a correspondence from sy to ¢; under { f;}, which is
denoted by do{ fr 1.

Definition 3.5 A G-Nielsen preimage class of f at B is essential if given any G-homotopy { f; : X — Y}
from f itis { f;}g-related to a G-Nielsen preimage class of f] at B. Otherwise, it is called inessential.
The G-Nielsen preimage number of f at B is defined as the number of essential G-preimage classes; it
is denoted by Ng(f; B). If X is a compact space, then 0 < Ng(f; B) < oc0.

This Nielsen number Ng( f, B) has the usual properties that it is a G-homotopy invariant and is a
lower bound for the number of connected components of the preimages. We have the following.

Proposition 3.6 Given a G -preimage problem f : X —g Y D B,
(1) if f: X — Y is G-homotopic to h then Ng(h, B) = Ng(f, B),
(2) Ng(f. B) <mo(f~"(B)).
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4 Classes of lifting data pairs

Let ny : X — X and ny : Y — Y be the universal covering of X and Y, respectively.
Since X is a G-space, each g € G can be associated to the homeomorphism of X, 7z : X — X, given
by 7¢(x) = g-x. The same for the G-space Y, where we will denote by ¥¢ : ¥ — Y the homeomorphism

given by ¥g(y) = g-y.
We will consider the following groups:

my = {@ € Homeo(X) | ny o& = ny} = Cov(nyx).

Ax ={ig € Homeo(X) | nx o Tg = 14 o nx for some g € G},

X
|
X

Tg
—
Tg

!

nx

(_

b

—
Analogously:

ny = {7 € Homeo(¥) | ny o7 = ny} = Cov(iy).
Ty = {Jg € Homeo(Y) | ny o Jg = g ony for some g € G},

l$z
o

— =
3

ny

— =<

y Ve,

Note that 7x and 7y are extensions of wx and 7y, respectively. The elements in 7y and 7y are the
ones in 7y and 7y, respectively, that cover the identity Id = 1., where e € G is the identity.

Remark 4.1 In general, the short exact sequence 1 — 7y — 7y — G — 1 does not split so G' does not
act on my unless my is abelian. Moreover, every g € G induces a homeomorphism 8¢ : X — X, which
in turn induces an isomorphism 71 (X, xg) — 71 (X, gxo) but gxo need not be the same as xg.

Let
F={((§,6)€fryxer|nyog=1/fgony and ny o6 = tg ony for some g € G}.

Definition 4.2 Two lifting data pairs ( f~1 El) and ( f~2, Ez) are said to be equivalent if there is (S ,0)eTll
such that /> =80 f; 06! and §(B;) = B,.

Lemma 4.3 Let (fl, El) and (f~2, Ez) be two lifting data pairs.

(1) If the two pairs are equivalent, then G - nx(ﬂ_l (El)) =G- nX(fz_l (Ez)).
(2) If the two pairs are not equivalent, then G - UX(];I_I (B1)NG - r]X(fz_l (By) = @.
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Proof (1) Since ( f~1 l~5’1) and ( f;, Ez) are equivalent,
fz = gofl 06! and g(El) =B,

for some (3, 0) € I', which means that ny 0f = Ygony and ny oo = 14 oy for some g € G.
Thus,

L' (By) =0 fio67 ) (8(By)) =6(f; (BY)).
Therefore,
nx (f5 1(B2) = nx (6(f71(B1))) = tenx (/7 1(B1))) € G-nx (71 (BY)).

By Lemma 2.2, G -1ix (/; ' (B1) = G -nx (/5 (B2).
(2) Suppose on the contrary that G - ny (fl_l (El)) nG- 77)((]72_1 (Ez)) contains a point xg. Then, by
following the proof of Lemma 2.2, there is (S, 0) € I' such that S(El) = B, and fz = Sofl o6 1. O

Next, we define the so-called G-Reidemeister preimage number Rg(f, B) of f at B. Such number
is an upper bound for the number Ng( f; B) —the G-Nielsen preimage number of f at B — defined
previously. There are two possible approaches: either by using universal covering or by using Hopf
covering. First, we use the universal covering to define Rg(f, B).

4.1 G -Reidemeister preimage number via universal covering

Once and for all, let us fix a lifting data pair ( f , E) of f at B. Note that given an arbitrary data pair
(fl ’ Bl)’ _ _

ST (By) = (ao /)7(B)
for some « € Cov(ny). Thus,

S B= | Goxl@o )HTN(B)

aeCov(ny)

and, from what was shown before, given «, € Cov(ny),

G nx((@o ))'(B) =G -nx((Bo /™' (B)
if and only if there is (3,6) € I" such that S(E) = B and Bo f =60 (@o f) o5 1.
If @ € my then f o@ is a lifting of f. Therefore, there exists a unique element ]7,, (&) € my such that
(4-1) foa= fx@of

and, consequently, f;, : Ty — 7wy is a group homomorphism.
Similarly, given & € 7y, there exists a unique element ®(&) € 7y such that

(4-2) foa=@)o f.
Therefore, ® : 7y — Ay is a group homomorphism.
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Let Iz be the subgroup of I' given by
I'z=1{@.6)el|§B) =B}
Then I'z acts on 7y via: given « € 7y and (S, o) e,
(8,6)-a=8a®@)"" €ny.
Such action splits 7y into disjoint orbit sets: given « € wy, the orbit of « is the set
a®E)7"](6.6) el

The orbit set, wy / ', will be denoted by Rg[f, B], its cardinality will be denoted by R (f, B), and
we call Rg(f, B) the G-Reidemeister preimage number of f at B.

Theorem 4.4 Let«, B € Cov(ny). Then

G-nx((@o ))T'(B) =G nx((Bo /)" (B))
if and only if
B=(5.6)a=8adE)"" forsome (§,5) €.

Proof Let «, B € Cov(ny). From Lemma 4.3,

G nx((@o )N (B) =G -nx((Bo /' (B))
if and only if (x o f , E) and (B o f , E) are equivalent lifting data pairs, which means that
Bof=380(of)os™",
for some (8, ) € I'g. By the definition of the group homomorphism @ : 7x — 7y,
fos '=d@G) o f.
Therefore,
Bof=b0ao®) "o,
and so
B=38caodE) " O

Corollary 4.5 The number of G -preimage classes of [ at B is the G -Reidemeister preimage number of
f at B. Therefore, Ng(f, B) < Rg (/. B).

Remark 4.6 Theorem 4.4 reduces to the classical (nonequivariant) Reidemeister action in [15] or [16].
The G-action induces an action on 7y = 7r1(Y') by the group I' and thus a G-(Reidemeister or Nielsen)
preimage class is a finite union of nonequivariant (Reidemeister or Nielsen) preimage classes.
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5 G -Reidemeister preimage number via Hopf covering

In [20], a Nielsen root theory for G-maps via an equivariant analog of the approach of Brooks using
Hopf lifts was developed. In this section, we will develop the analogous construction to the case of an
equivariant preimage problem, generalizing that of [7] in the nonequivariant case.

The map f : X — Y induces a homomorphlsm Jy:7m1(X) — 1 (Y) on fundamental groups, and there
exists a covermg n: Y — Y such that Ny (Y) Jym1(X), so we can lift f through 7, to f X7,
thatis, f =no f . The map f is called a Hopf lifting of f', and n a Hopf covering for f.

Frolkina [7] proved the following (nonequivariant setting):

Theorem 5.1 [7, Theorem 2] Let ()?, p) and f be a Hopf covering and a Hopf lift for f : X — Y D B.
Let{f:}: X — Y be a homotopy from fy = f to fi and {ﬁ} : X — Y its lift such that fo = f Then:
(1) Two preimage points xo,x; € f~1(B) are Nielsen equivalent if and only if the points f (x0) and
f(xl) lie in the same path component of the set p~!(B).
(2) Nielsen classes of f : X — Y D B are precisely nonempty sets of the form f ~1(C), where C is a
path component of the set p~!(B).
(3) A point xg € fo_1 (B) is{ ft}-related to a point x| € fl_1 (B) if and only if the points fo(xo), fl (x1)
are contained in the same path component of the set p~!(B).
(4) A preimage class Ag C fo_l (B) is{ f;}-related to a class A1 C fl_1 (B) if and only if the sets ﬁ)(Ao)
and fl (A,) are contained in one path component of the set p~!(B).
(5) A preimage class Ay C fo_l (B) is { ft}-related to a class A1 C fl_1 (B) if and only if Ay and A,
are 0- and 1-sections of some preimage class of F : X x I — Y D B, where F(x,t) = f:(x).
In [20] it was shown that in the setting of f : X — Y being a G- -map, (Y n) a Hopf covermg of f
and f a Hopf lifting of f, there is an action of G on Y under which f X — Y and n: Y > Y are

G-maps, among other properties, as we recall below.
Denote by 9(n) = {6 € Homeo()’;) | né = n} the group of deck transformations of 7. Let

Fg(?) ={ge Homeo(f’) | ng = gn for some g € G},

where g can be regarded as a homeomorphism of Y (previously, we denoted such homeomorphism
by ¥¢). Now, there is a short exact sequence

1530 <> Te¥) 2> G — 1

where i is the inclusion and p(g) = g is the projection (the projection is well defined because the action
of G on Y is supposed to be effective).

The map f induces a group homomorphism ¢ : G — Fg(f;) as follows. Pick a point x¢ € X, and let
f (x0) € Y. There is a unique lift ¢(g) of g such that

0(g) f (x0) = f(gx0).
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Now, fg (p(g)f X — Y are both liftings of the same map fg = gf : X — Y, and they agree at xg.
Therefore, f g =¢(g) f The map ¢ defined under such construction depends on /',  and f

Lemma 5.2 [20, Lemma 3.6] Themap ¢ : G — Fg(f’) is a group homomorphism and is a section to p,
ie., po@ = lg. In particular, F(;()/}) =9 xG.

Remark 5.3 When 7 is a regular cover, we have %(n) = 71 (Y)/ fy(1 (X).
Lemma 5.4 [20, Lemma 3.7] The maps f - X — Y and n: Y > Y are equivariant maps.

Theorem 5.5 [20, Theorem 3.8] If /' : X — Y is G-homotopic to f, then they induce the same action
on the Hopf covering space Y of Y.

Consider the restriction of the G-action on ¥ given by ¢ on the set ! (B). Since 7 is equivariant and
B is G-invariant, n~!(B) becomes a G-set.
We now prove an equivariant analog of Theorem 5.1.

Theorem 5.6 Let (Y n) and f be aHopfcovermg and a Hopfhft for f: X =G YDB. Let{f;}: X—>Y
be a G-homotopy from fo = f to f1 and { j,} X — Y its lift such that fo f Then:

(1) Two preimage points xo,x; € f~'(B) are G-Nielsen equivalent if and only if the points f (x0),
g- f(xl) lie in the same path component of the set n~ ! (B), for some g € G.

(2) The G-Nielsen preimage classes of f : X —g Y D B are precisely the nonempty sets of the form
G- f 1(C), where C is a path component of the set ! (B); and a class G - f 1(C) is essential if
and only 1ff1 1(C) # @ for any G-homotopy {ft} beginning at fo f

(3) A point xg € fo_ (B) is{ f;}g-related to a point x; € fl_ (B) if and only ifﬁ)(xo) and g - fl (x1)
are contained in the same path component of the set ! (B), for some g € G.

(4) A G-preimage class sy C fo_1 (B) is { f;}g-related to a class 5| C fl_1 (B) if and only if the sets
fo (sdp) and g - ﬁ (1) are contained in one path component of the set n~!(B).

(5) A G-preimage class sy C fo_1 (B) is{ ft}g-related to a G -preimage class 1 C fl_1 (B) if and only
if Ao and o are the 0- and 1-sections of some G -preimage classof F : X x [ —-g Y D B, where
F(x,t) = ft(x), and the action of G on X x I is given by g-(x,t) = (g-X,1).

Proof Similar to [7, Theorem 2], one can note that (3) = (1) = (2) and (3) = (4) = (5). So, it s
sufficient to prove (3).

By definition, a point x¢ € fO_I(B) is { f;}g-related to a point x; € fl_l(B) if and only if xq is
{ fi}-related to g - x1, for some g € G, which is, by Theorem 5.1, equivalent to f'(xo) and f(g-x;) lying
in the same path component of n~!(B). Since f(g -xX1)=g- f(xl), the result follows. |

Consider the commutative diagram
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b% 4 %
V q>(y
X f Y 5
nx ny f}
nx L7
X / f’.’ Y
g
g
X Y
f

where g : X — X denotes the homeomorphism x +— g - x, g: Y — Y denotes the homeomorphism
Yy g-y,and f X>Yisa Hopf lifting of /" and f X >Yisa hftmg of f with respect to
the universal covermgs Nx : X — X and Ny =nong: Y — Y, where Ny : Y — Y is a universal
covering of Y. Let Bbea path component of n~!(B) and Ba path component of 1 1(B) so Bisa
path component of r)Yl (B). Then:

(1) The G-preimage classes are of the form {G - (& f )~ 1 (E)} where B is a path component of ! (B)
and & € 9(n). Indeed, from Theorem 5.6(2), the G-Nielsen preimage classes of f : X —g Y D B are
precisely the nonempty sets of the form G - f ~1(C), where C is a path component of 71 (B); fix base
points by € B, 50 € B and ¢ € C such that 130, co € 71 (bg). Let @ € %(n) be such that &(130) = ¢g.
Thus, &(E) = C. Therefore, (& f)_l (E) = f_l (@ ! (§)) = f_l (C). For a general G-preimage class
(eventually an empty one), we have the following.

(2) Suppose @ € my covers & and B covers B. Then
G-@/)'(B)=G-nx@/)" (B
In fact, let x = ny (X), with X € (& f )1 (E) be arbitrary. Then
¢ f(x)=afx(F)=anp f(D)=np& (D) B since af(%)eB.
Therefore,
G-nx(@f)"'(B)CG-@f) ' (B).
On the other hand, let x € (& f )~ 1 (E) be arbitrary. And let & € wy be an arbitrary element such that
Ny & =dang,ie., acoversa. Let X € X be such that nx (X¥) = x. Therefore,

np(@f(%) =ang f(¥) =& nx(¥) =af(x) € B,
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o) oef(x) € n_l(B) Let C be the path component of s 1(B) such that af(x) € C. Then x €
nx ((ozf) (C)) Let b € B be such that nY(b) = af(x) and let B € QD(nY) be the unique element such
that ,B(aj(x)) = b. Then Ba € ny, fa covers &, and x € G - nX((,Boz)f) (B).

Therefore,

G-@f)"(B)= g G-nx @/~ (B).
& covers @, G(B)=8B
With the above equality established, we conclude the following:
(@ IfG-(a f)_l(ﬁ) = @ then G -nx (& f) "' (B) = @, for any @ € my that covers & and @(B) =
(b) If G-ny (@ f)~'(B) # @ then
G-nx @)~ (B)=G-@/)(B)

because, in this case, both G - nx (& f )1 (E) and G - (@ f )1 (f?) are G-Nielsen preimage classes

and G-nx(@f)~"(B)C G- (@)~ (B).

) IfG- nX(&f)_l(E) # @ for some & € my that covers &, then G - nX(ﬁf)_l(E) =% & for any
,3 € my that covers &. Indeed, suppose x = ny (X), with X € (& f )~ ! (E). Let ,5 € my be any element
that covers &. Then nf,(,éf(i)) = nf(&f(fc)) € B, ie., 3f(5€) € n;;l(g), but not necessarily
,B~f~()~c) € B. Anyway, let by = ,B~f~(5c) and b =d]7(5c) € B. Let yi.l— Y be a path with y(0) =
and y(1) = by. Then g oy is aloop in Y with base point b = & f'(x). Therefore, n(n3y) is a loop
in Y with base point (b) = f(x). Since ny(71(Y)) = f4(m1(X)), there is a loop p: I — X with
base point x such that fp ~n(npy) rel {0,1}. Let p: [ — X bea lifting of p such that p(0) = X.
Now,

me(Bfp)=nng [p= fuxp= fo~nnpy.
Since Bfﬁ(O) = 5];(56) = y(0), it follows from [17, Lemma 3.3, page 152] that
BIo()=y()=b€B.

Therefore, (,5f)_1(§) #* @.

(d) From the above items (a)—(c), it follows that if & € 7y covers @ and B covers B then
G- @) (B)=G-nx@/)"\(B).

(3) Moreover, G - (&f)_l(é) =G- (,BA]’A)_I(E) if and only if
(5-1) p=dap(e)"!

for some & € Fg(f’), g(é) = B and g € G such that § covers g.
Let T, = {8 = (8. g) € Tg(p) | § covers g and §(B) = BY.
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Definition 5.7 Equation (5-1) defines a (Hopf—Reidemeister) action of I';, on %(n). We define the
equivariant G-Hopf-Reidemeister number Rg 4 ( f, B) to be the cardinality of the set of orbits of the
action & > 8@¢(g)~! given by (5-1). Furthermore, by Theorem 5.6, NG (f, B) < Rg 1(f, B).

From the previous section, we have defined Rg(f, B). Next, we will relate these two Reidemeister
numbers by showing that Rg 4 (f, B) < Rg(f. B).
Note that for any homeomorphism ¢ : Y — Y that belongs to 7y, i.e.,

(nong)ot=g-(nony) for some element g € G,

there is a unique homeomorphism f .Y > Y that ¢ covers it (also, 2 belongs to Fg(f’)). In fact, let
Jo € Y be a base point and let po = ny (Vo). Then

nny §(Po) = g nngp(Po) = g-n(Po) =n(g - Jo)-
Therefore, there is a unique element § € %(n) such that
§ (ny €(Fo)) =g Jo.
Let E Y > Y be given by ga(y) =§"1(g-y). Then:

(a) Z‘ belongs to Fg(f’):

N =n8"g-y)=nlg-y) =g ().

(b) ¢ covers f :Let B: Y — Y be the unique lifting of f such that

B (o) = E(Jo).
It easy to see that 8 belongs to 7y and, consequently, 8 = ¢.

Now, we let A([a]) = (&) where [-] denotes the classes using the universal cover and (- ) denotes the
classes using Hopf coverings. To see that this is well defined, let [¢] = [B]. Thus, 8 = §a®(5)~!. The
corresponding map ,3 is given by <§&<p( g)~!. This can be verified using the commutative diagram above.
Also, note that S(E) = B. Since nf/S = Sn?, it follows that S(E) = B where B = nf,(E). We have just
shown that A :[-]— (-) is surjective.

Now we have:
Proposition 5.8 Ng(f, B) = Rg n(f. B) = Rg(/f, B).

Remark 5.9 It should be pointed out that both R (f, B) and Rg ,(f, B) are well defined and independent
of the lifts f and f or the Hopf covering Y. Moreover, when B = {a} is a singleton where a € Y%, our
equivariant Nielsen preimage theory reduces to that of [20]. The equivariant Reidemeister root number
defined in [20] using Hopf liftings coincides with Rg 4 ( f, B) for B = {aj}.
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Given a G-space Z, we say that Z is G-connected if for any subgroup H, ZH is connected. If G is a
finite group and f : X — Y is a G-map between two G-connected spaces then for each subgroup H < G,
fH:xH - YH jsa WH-map between W H-spaces X H and Y#, where f# is the restriction of f
on the fixed point set X7 and WH = NH/H is the Weyl group of H in G where N H is the normalizer
of H in G. Thus, for each H < G, the previous sections will yield the invariants Ny g (fH, BH),
Ry (f®.BH) and Ry u(fH . BH).

6 Application to Nielsen Borsuk—Ulam theory

In recent years, a theory called the “Nielsen Borsuk—Ulam theory” has been developed (see [2; 3; 19]).
This theory is not only to consider the question of the existence of Borsuk—Ulam type coincidences but
also to study the minimum number of such coincidences using methods inspired by Nielsen theory for
fixed points and coincidences. In what follows, we will show that this theory is a special case of the
“equivariant preimage theory for G-maps”.

6.1 Borsuk-Ulam property (BUP)

In the literature, several authors have been studying the so-called Borsuk—Ulam property (see, for example,
[8; 9; 10; 11; 13]).

The classical Borsuk—Ulam theorem states that for every continuous function f : S” — R”, there
exists a point z € S” such that f(z) = f(—z), where —z is the antipode of z on the sphere S”. This
result leads to a more general question: given a free involution 7 on a space X, does every continuous
function f : X — Y have the property that f(x) = f(t(x)) for some x € X'? If the answer is affirmative,
it is said that the triple (X, 7, Y') has the Borsuk—Ulam property or, briefly, BUP. More generally, one can
replace the sphere S” with a topological space X equipped with a free Z ,-action, where p is prime, and
Euclidean space R” with a topological space Y. In this setup, one possible question is: given f : X — Y
a continuous function, does there exist x € X such that f(x) = f(g-x) = f(g?-x)=---= f(g?~ ! -x),
where Z, = (g)? Another way to pose this question is as follows: Let 7 : X — X be defined by
7(x) = g - x. Thus, the Zp-action on X is determined by the homeomorphism 7, and vice versa. One
can ask if, given a continuous function f : X — Y, the set of coincidences among the multiple maps

f.fot,..., forPT
Coin(f, for, for?,.... for?P H={xeX | f(x) = f(z(x)) == f(e?7 (x)}.

is nonempty. When the answer is positive for every continuous function from X to Y, we will say that
the triple (X, 7, Y) has the Borsuk—Ulam property (briefly, BUP). Also, a homotopy class B € [X, Y] is
said to have the BUP with respect to T when for every continuous function f : X’ — Y representing 3,
there exists a point x € X such that f(x) = f(t(x)) =---= f(z?71(x)).

The problem of determining the BUP for a triple (X, z, Y') can be translated into an equivariant context
as follows: let X be a topological space equipped with a free Zp-action, and let Y be a topological space.
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As before, let 7 : X — X be defined by t#(x) = x. Consider the Zp,-action on Y? determined by the
homeomorphism t’ : Y7 — Y7 given by

T,(yl’yZ""ﬁyp):(yZ’y:%"'vypvyl)'

Let Ap(Y) = {(y1,....yp) € Y? | y1 = y2 = --- = yp} be the diagonal in Y”. Note that this
construction produces two types of isotropy subgroups: if y € Y?\ A,(Y'), then the isotropy subgroup of
Zp at yis1d;if y € Ap(Y), then the isotropy subgroup of Z, at y is Z.

There is a bijection between the set of continuous functions from X to Y and the set of equivariant
maps from X to Y”: given a continuous function f : X' — Y, define ¢y : X — Y7 as

o (x) = (f(x), (@), f@PTH0))).
Thus, the following diagram commutes:

X—-Xx

oA

yr L yp

In other words, ¢y is equivariant. On the other hand, if g : X' — Y7, g(x) = (g1(x), g2(X). ..., gp(x)),
is an equivariant map, then ¢g, = g.

Note that, under this bijection, given a continuous function f : X — Y, there exists x € X such that
J) = f(x(x))=---= [(tP7!(x)) if and only if 97 (A (Y)) # 2.

Furthermore, { f} is a homotopy between fq and f; if and only if {¢y, } is a Z,-homotopy between ¢y,
and ¢r, where ¢y, (x) = (f1(x), fi(tx),..., f+(t?~1x)). Thus two continuous functions f, f': X — Y
are homotopic if and only if ¢ and ¢y are Zp-homotopic. Also,

Coin(f. fot..... fot? ) =¢7 (Ap(Y)).

Therefore, the study of the set of Borsuk—Ulam type coincidences, Coin(f, f ot,..., f o t?71), is
equivalent to the study of the Zp-preimage problem for ¢ at Ap(Y).

Because of the above observation, we will use the following nomenclature and notation: given X a
Zp-space and f: X — Y a continuous map, a Zp-Nielsen preimage class for ¢r : X —z Y7 D Ap(Y)
will be called a Borsuk-Ulam class of f (compare with [19]), Nz, (¢r; Ap(Y)) will be denoted by
Nau(f), Rz, (¢7. Ap(Y)) by Rpu(f) and Rz, 4(@s. Ap(Y)) by Reuu(f).

6.2 Borsuk-Ulam coincidences as a Z ,-preimage problem

As before, let X and Y be connected, locally pathwise-connected and semilocally simply connected
spaces. Suppose X is a free Z,-space and let 7 : X — X be the homeomorphism given by 7(x) = g - x,
where Z, = (g). Given a continuous function f : X — Y, a point x € X such that f(x) = f (7! (x)),
i=1,..., p—1, will be referred as a Borsuk—Ulam type coincidence for ( f, 7).

Algebraic € Geometric Topology, Volume 26 (2026)



Equivariant preimage theory for G-maps 1545
On the cartesian product Y7, consider the Z ,-action determined by the homeomorphism ¢’ : Y? — Y7
given by
1 y2e - ¥p) = (2. V30 Vpa V1)

andlet B=A,(Y) ={(y1.....¥p) € YP | y1 = y» =--- = yp} be the thin diagonal in Y?. As we
pointed above, B is invariant with respect to v’. Also, the map ¢f : X — Y7 given by

0r () = (f(x), f(@(x),..., fEPT(x))
is a Zp-equivariant map.
Letny : X — X and ny : Y — Y be universal coverings of X and Y, respectively. Then
UZYIYX'--XUYIYPAYP
is a universal covering of Y7,

Proposition 6.1 Let B be the path component of ! (Ap(Y)) that contains the thin diagonal A p(?).
Then B = Ap(?)

Proof Let B be the path component of 77 !(A,(Y)) that contains the thin diagonal A (Y) Let

J1,...,Vp) € B be an arbitrary point and consider A : [ — B a continuous path from (7,...,y) to
(J1,---,Vp). Let A(t) = (A1(2), ..., Ap(?)). Since BcC =N (Ap(Y)),
n(A(@) =y (A1(0)),....ny (Ap(1))) € Ap(Y) forall 1 €1,
that is,
ny (A1(2)) =ny(Aa(¢)) forall r €l
Since A1(0) =--- = A,(0) = y, it follows that A; (1) =--- = A, (1), that is, J; =--- = Jp.
Hence, B C AP(Y). Therefore, B = Ap (17) |

In the special case of p = 2, one can show that
Tyxy = Tyxy X ZLs.
Indeed, consider the covering 7’ : YxY >YxYoft given by
T'(F1, 72) = (B2, 1)
Then the short exact sequence

1—>any<—>7%YXyﬂ>Z2—>1

splits

~
—_—

A proj
| —— myxy —— Tyxy > Ly
x

N

where s : Z — Ry xy is the homomorphism such that s(1) = 7'.
Therefore, Ty xy = Tyxy X Z».
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Remark 6.2 The equivariant Nielsen theory developed in this paper can also be applied to the Nielsen
Borsuk—Ulam setting even when the Zp-action is not free. Furthermore, one can develop a Nielsen
Borsuk—Ulam type theory for an arbitrary finite group G and arbitrary G-invariant subspace B. For
instance, G can be taken to be the symmetric group and B to be the fat diagonal. Such a Borsuk—Ulam
problem has already been studied in [12]. The applications to these various Borsuk—Ulam type settings
will be further developed in a forthcoming work.

6.3 Maps to a topological group

In [9] and [19], the authors considered self-maps of the torus. We now give a different proof of some of
their results.

Proposition 6.3 Let / : T? — T? be a continuous function and v : T?> — T2 a free involution on
the 2-torus T?. If T is an orientation preserving map then all Borsuk—Ulam classes of f (with respect
to 1) are inessential. Consequently, Ngy(f) = 0, which gives the existence of f' ~ f such that
Coin(f’, f" o 1) = 0; that means, 8 = [ f] does not have the BUP.

Proof Let F be an essential Borsuk—Ulam class of f. Thus, F is a finite disjoint union of ordinary
coincidence classes of f and f o t. From the classical coincidence theory, the ordinary coincidence
classes of f and f ot have the same coincidence index. Since 7 is orientation-preserving, it follows from
[3, Definition 2.5] that the BU-index of F has the same sign as that of an ordinary coincidence class. This
implies that either Ngy( ) = 0 when ind( f; F)) = 0, or equivalently the Lefschetz coincidence number
L(f. fot)=0,orall BU-classes are essential, or equivalently when ind( f'; F') # 0. Denote by A4 and
A the matrices associated to the map f and to the map t, respectively. Then L(f, f ot) = 0 if and
only if det(Ay — ArA;) = det Ay - det(/ — A;) vanishes. Since 7 is orientation-preserving, it follows
from [9] that 7 is equivalent to a map that lifts to the map 7; : R? — R? given by (x, y) — (x +1/2, y).
Thus, we conclude that det(/ — 4;) = 0. |

Corollary 6.4 Let v : T?> — T2 be a free involution that preserves orientation. If § € [T?, T?] is a
homotopy class then 3 does not have the Borsuk—Ulam property with respect to t.

Proof Let f : T2 — T2 be an arbitrary self-map on the 2-torus. Therefore, from Proposition 6.3, there
is f” ~ f such that f” has no Borsuk—-Ulam coincidences. Hence, for any homotopy class g € [T2, T?],
B does not have BUP with respect to . O

The above result was already proved in [9, Theorem 1] and in [19, Theorem 4.1] using different
techniques.

We end this paper with the following slight generalization of the setting of self-maps of the torus. Let
X be a closed connected manifold with a free involution r and f : X — K a map where K is a compact
connected topological group. The inversion u : K — K given by ju(k) = k! is an involution on K.
Define ¢ : X — K by

or(x) = f(@(x) - [f)]7! = f(2(x))- w(f(x)).

Algebraic € Geometric Topology, Volume 26 (2026)



Equivariant preimage theory for G-maps 1547
Then

(6-1) or (T(x)) = [T () - w(f(T(x) = S () - [/ @)™
= [/ @)L = pler(x)).
It follows that ¢f is a Z-equivariant map where Z, = (r) = (11). Moreover, f is homotopic to f” if
and only if ¢ is Z,-homotopic to ¢y/. Now,

C(f. fr)={xeX | f(x) = fr(x)} = ¢; (),

where e € K is the unit element of the group K. Thus, we are in the equivariant root problem as in [20].
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Homotopy commutativity in quasitoric manifolds

SHO HASUI, DAISUKE KISHIMOTO, YICHEN TONG AND MITSUNOBU TSUTAYA

We prove that the loop space of a quasitoric manifold is homotopy commutative if and only if the
underlying polytope is a product of 3-simplices (A*)” and the characteristic matrix is equivalent to a
matrix of certain type. Quasitoric manifolds over (A3)” include generalized Bott manifolds, and we also
construct an infinite family of homotopy nonequivalent generalized Bott manifolds over (A®)", only half
of them have homotopy commutative loop spaces. In particular, for each n > 2, there are infinitely many
homotopy types of 6n-dimensional quasitoric manifolds having homotopy (non)commutative loop spaces.

1 Introduction

Quasitoric manifolds were introduced by Davis and Januszkiewicz [8] as a topological counterpart of
smooth projective toric varieties. By definition, a quasitoric manifold is a closed manifold of dimension 2n
equipped with a locally standard action of 7" such that the orbit space M/T" is isomorphic to an
n-dimensional simple polytope as a manifold with corners. Recall that every toric variety is constructed
from a fan, a combinatorial object. There is a similar combinatorial construction of quasitoric manifolds,
each of which is equivalent (in a precise sense defined in Section 2) to that associated to a simple
polytope P and a certain characteristic matrix over P. Here, we remark that our equivalences of quasitoric
manifolds are weaker than those in [8] as they respect a fixed isomorphism M/ T" =~ P while ours do not.

It is well known that properties of a toric variety are described in terms of the corresponding fan,
which exhibits a fascinating connection between algebraic geometry and combinatorics. Then it may be
possible to describe topological properties of a quasitoric manifold in terms of the underlying simple
polytope and the characteristic matrix, which also exhibits a fascinating connection between topology
and combinatorics. There are examples of such descriptions for quasitoric manifolds, cohomology and
Chern classes as in [8].

The understanding of a given space goes often through the study of its loop space. A first question is
then whether or not it is commutative, up to homotopy. In this paper, we study the homotopy commutativity
of the loop space of a quasitoric manifold. See [1; 2; 9; 10; 14; 15; 16; 19; 25] for other results on the
loop spaces of quasitoric manifolds and related spaces. Complex projective spaces are special quasitoric
manifolds, and the homotopy commutativity of their loop spaces were determined by Ganea [13]. The
first result completely determines whether or not the loop space of any quasitoric manifold is homotopy
commutative in terms of the underlying simple polytope and the characteristic matrix. Let A" and E},
denote the n-simplex and the n-dimensional identity matrix.
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Theorem 1.1 The loop space of a quasitoric manifold over a simple polytope P is homotopy commutative
if and only if P = (A3)" and the characteristic matrix is equivalent to

E3 ayy ais as din
az E3 ax a3 arp
(1-1) asi asy Ez as; asp
dni ap2 Aan3 E3 aun
foraij € 7.3 such that
(1-2) ai; ='(1,1,1) and (1,1, Da;j =0 mod2 (i # ),

where the facets of (A3)" are ordered as in Section 4.

Remarks on Theorem 1.1 are in order. First, equivalences of characteristic matrices will be defined in
Section 2. Second, the loop spaces of quasitoric manifolds over a common simple polytope have the same
homotopy type. Then Theorem 1.1 may indicate that there are quasitoric manifolds whose loop spaces are
homotopy equivalent but not H-equivalent, which is verified by Theorem 1.2 below. Third, we can further
consider the higher homotopy commutativity of the loop space of a quasitoric manifold if it is homotopy
commutative. Actually, by looking at the cohomology of a quasitoric manifold, we can find a nontrivial
quadruple higher Whitehead product if its loop space is homotopy commutative. Then if the loop space
of a quasitoric manifold is homotopy commutative, it is not a C4-space in the sense of Williams [24], so
it is not very highly homotopy commutative. Fourth, every characteristic matrix over (A*)" is equivalent
to the matrix (1-1) satisfying the first condition of (1-2) (Lemma 4.1). Then the second condition of (1-2)
guarantees that the loop space of a quasitoric manifold over (A%)” is homotopy commutative. On the
other hand, C P" is a quasitoric manifold over A”, and in particular, a characteristic matrix of C P3 is

10
(1-3) B=101
00

—_ O O

1
1
1

Then Theorem 1.1 recovers Ganea’s result [13] that the loop space of C P" is homotopy commutative if
and only if n = 3, where C P" is a quasitoric manifold over A”. Thus Theorem 1.1 can be thought of as
an extension of Ganea’s result. See [20; 21] for other extensions of Ganea’s result.

As mentioned above, every characteristic matrix over A3 is equivalent to (1-3), so every quasitoric
manifold over A3 is equivalent to C P 3 (see [8, Example 1.18]). However, in general, it is quite hard to
describe all characteristic matrices over a given simple polytope, and this is the case for (A3)” with n > 2
as in [7]. Then one cannot immediately see how many nonequivalent quasitoric manifolds over (A?)"
for n > 2 there are, whose loop spaces are (not) homotopy commutative. For each n > 2, we construct
an infinite family of homotopy nonequivalent quasitoric manifolds over (A3)”, only half of them have
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homotopy commutative loop spaces. Let B be as in (1-3), and let

0001
N=|0000
0000

For k > 0 and n > 2, we define a 3nx4n matrix

B kN
B kN
B(k,n) = .

B kN

B
The matrix B(k,n) is a characteristic matrix over (A3)”, so we get the corresponding quasitoric mani-
fold M (k,n) over (A*)". Note that M (k,n) is defined only for n > 2 and a positive integer k. Observe
that Theorem 1.1 shows that the loop space of M (k,n) is homotopy commutative if and only if & is
even. The second result concerns the homotopy types of M (k,n), which implies that for each n > 2,
there are infinitely many homotopy types of 6n-dimensional quasitoric manifolds having homotopy

(non)commutative loop spaces.
Theorem 1.2 The quasitoric manifolds M (k,n) and M (/, n) are not homotopy equivalent for k # .

Remarks on Theorem 1.2 are in order. First, the quasitoric manifold M (k, n) is a so-called generalized
Bott manifold, that is, M (k, n) is obtained by iterated “nice” C P3-bundles starting from a point. Second,
we will actually prove that M (k, n) satisfies cohomological rigidity; M (k,n) and M (/, n) are equivalent
if and only if their integral cohomology are isomorphic. Third, if M; is a quasitoric manifold over P; for
i=1,...,n,then M| x---x M, is a quasitoric manifold over P; X --- x P,. Hence one can construct
a quasitoric manifold over (A*®)” from quasitoric manifolds over (A3)™ for m < n. However, M (k, n)
is not equivalent to a product of nontrivial quasitoric manifolds (Proposition 4.4), so it is an “atomic”
quasitoric manifold over (A3)”.

The paper is organized as follows. In Section 2, we recall the basics of quasitoric manifolds, and show
a loop space decomposition of quasitoric manifolds. Then by using this decomposition, we deduce that
the loop space of a quasitoric manifold is homotopy commutative only if the underlying simple polytope
is a product of A3. In Section 3, we extend the method of Barrat, James and Stein [4] for computing
Whitehead products. In Section 4, we prove Theorem 1.1 by applying the results in Sections 2 and 3. We
also prove Theorem 1.2 by a direct cohomology computation.

2 Loop space decomposition

In this section, we recall the basic properties of quasitoric manifolds, and show a loop space decomposition
of a quasitoric manifold. Then by applying this decomposition, we prove that the loop space of a quasitoric
manifold is not homotopy commutative unless its underlying simple polytope is (A3)".
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First, we define characteristic matrices over a simple polytope and equivalences among them. Let P
be an n-dimensional convex polytope. A codimension one face of P will be called a facet. We say that P
is simple if exactly n facets of P meet at each vertex. For example, simplices are simple polytopes,
and a product of simple polytopes is a simple polytope. Suppose that P is simple and has m facets
Fy,..., Fy. A characteristic matrix over P is an integer matrix (aq -+ am) foray,...,am € Z" such
that det(a;, --- a;,) = 1 whenever F;, N---N F;, # @ fori; <--- <i,. Since an automorphism of P as
a combinatorial polytope permutes facets, it acts on characteristic matrices over P by column permutation.
We define that characteristic matrices A and B over P are equivalent if

2-1) A=a-(0OBD)

for Q € GL,(Z), a diagonal matrix D with diagonal entries 1 and an automorphism « of P.

Next, we recall the construction of a quasitoric manifold using a moment-angle complex. Let K be
a simplicial complex with vertex set [m] = {1,2,...,m}, where an ordering of vertices is given. The
moment-angle complex for K is defined by

Zx = | 2.

oek

where Z(0) = X; X --- X X}, such that X; = D? fori € o0 and X; = S! for i ¢ 0. Note that the
m-dimensional torus 7" acts naturally on Zg. We will use the following obvious property of a moment-
angle complex. For @ #£ I C [m], let

Ki={oceK|oClI}.
Lemma 2.1 For @ # I C [m], Zk, is aretract of Z .

Proof We can identify Zg, with the subspace

{(x1,...,Xm) € Zg | x; is the basepoint for i € I}
of Zg. O
Let P be an n-dimensional simple polytope with m facets. Let K(P) denote the boundary of the dual
simplicial polytope of P. Then K(P) is an (n—1)-dimensional simplicial sphere with m vertices. Let

A be a characteristic matrix over P. Then the kernel of the linear map A : Z" — Z" defines a split
subtorus 7'(A) of dimension m —n which acts freely on Zg(p). Let

M(A) = Zgpy/ T(A).
By [8], we have:

Proposition 2.2 The orbit space M (A) is a quasitoric manifold over P such that every quasitoric manifold
over P is equivalent to M (A) for some characteristic matrix A over P.
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Let M and N be quasitoric manifolds of dimension 2n. A map f : M — N is weakly equivariant if
there is an automorphism 6 : 7" — T" such that

J(@x) =0(@) f(x)

fort € T" and x € M. We say that M and N are equivalent if there is a weakly equivariant homeomorphism
between them. Note that if M and N are equivalent, their underlying simple polytopes are isomorphic.
Then equivalent quasitoric manifolds are essentially the same. As remarked in Section 1, our equivalences
of quasitoric manifolds are weaker than those in [8] as Davis and Januszkiewicz demand equivalences
to preserve an extra structure, a fixed isomorphism between M/ T" and a simple polytope. By [8], we
also have:

Proposition 2.3 The quasitoric manifolds M (A;) and M (A,) over P are equivalent if and only if the
characteristic matrices A and A, are equivalent as in (2-1).

Now we prove a loop decomposition of a quasitoric manifold.

Proposition 2.4 Let M be a quasitoric manifold over an n-dimensional simple polytope P with m facets.
Then there is a homotopy equivalence

QM ~T" " x QZgp).
Proof By Proposition 2.2, there is a homotopy fibration Z g (py — M — BT™™", so we get an H-fibration
QZK(p) —- QM - T™ ",

By [6, Theorem 3.4.7], Z p) is 2-connected, so 2Z g (p) is simply connected. Then the map QM —
T™" has a section, implying the above H-fibration splits. m|

We record an obvious fact about homotopy commutativity.

Lemma 2.5 Let X, Y be H-groups, and let f : X — Y be an H-map. If X is not homotopy commutative
and f has a left homotopy inverse, then Y is not homotopy commutative.

Proof Letg:Y — X be aleft homotopy inverse of /. If Y is homotopy commutative, then by definition,
the Samelson product ( f, /') is trivial, implying a contradiction

0#(ly,1x)=go fo(lx.lx)=go(f. f)=0. ]

Now we consider conditions on the underlying polytope of a quasitoric manifold M that guarantee $2M
is not homotopy commutative. Let K be a simplicial complex. We say that a nonempty subset / of the
vertex set of K is a minimal nonface of K if I is not a simplex of K and all proper subsets of I are
simplices of K. Equivalently, K; = dAlfI=1,

Lemma 2.6 Let P be a simple polytope. If K(P) has a minimal nonface of cardinality 2, 3 or > 5, then
the loop space of a quasitoric manifold over P is not homotopy commutative.
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Proof By Proposition 2.4 and Lemma 2.5, it suffices to show Q2 Z g (p) is not homotopy commutative.

Let I be a minimal nonface of K(P) of cardinality k. Then Zgp), = Zjpr—1 = §2k—1

S2k—l

, S0 by
Lemma 2.1, is a retract of Zg(py. By [3], the Whitehead product [1 g2k—1, 1 g2x—1] is nontrivial
for k = 3 and k > 5, so by the adjointness of Whitehead products and Samelson products [22], QS 2k—1
is not homotopy commutative for K = 3 and k > 5. Thus by Proposition 2.4 and Lemma 2.5, Q Z g (p) is
not homotopy commutative either.

Now we suppose k = 2. Let M be a quasitoric manifold over P. Since S3 is a retract of Z K(P)>
H? (Zg(p): Q) has a basis {uy,...,u;} for some / > 1. By Proposition 2.2, there is a homotopy fibration

ZK(p) - M — BTm_n,

where m is the number of facets of P and n = dim P. By [6, Theorem 3.4.7], Zg (p) is 2-connected, so
in the Serre spectral sequence of the above homotopy fibration, each u; is transgressive. Moreover, by
[8, Proposition 3.10], H*(M ; Q) is generated by elements of degree two, so the transgression images of
uy,...,u; are linearly independent. Then we get

H*(M:Q) =Qlt1.....tm—nl/(q1,-...q1). |til| =2,

for * <5, where ¢; is the transgression image of ;. This readily implies that the minimal Sullivan model
for M is given by

(Q[Z17 .. -’tm—n]®A(X1,. . ,X]),d), dll = 0, dxl = qia

in dimension < 4. Since |g;| = 4, ¢; is a quadratic polynomial in ¢1, .. ., ;y—,. Thus by Proposition 13.16
of [11], M has nontrivial Whitehead product, implying 2M is not homotopy commutative. a

Lemma 2.7 Let P be a simple polytope. If K(P) has intersecting distinct minimal nonfaces, then the
loop space of a quasitoric manifold over P is not homotopy commutative.

Proof Let /1, I, be minimal nonfaces of K(P) with [y # I, and I1 NI, #@. Let |1 NI =] >0
and |Iy| =iy + j fork =1,2. Then fork =1, 2,

ZK(P)Ik = 5201
Lety : ZK(p)Ik — ZK(p)Il Ul be the inclusion, and let vy be a generator of H2(x+7)—1 (ZK(p)Ik) ~7.
Then by Lemma 2.1, there is uy € H2{x+7)~1 (Zk(P);,u1,) satisfying ty (ug) = vg for k = 1,2. Now
we assume that the Whitehead product [¢1, 5] is trivial. Then there is a homotopy commutative diagram

11+t
ZgPy, YV ZK(P), — ZK(P)1,01,

l |

w
ZgP)yr, X ZKP), — LK(P)1,u1,
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Hence p*(u1) = vy x 1 and u*(up) = 1 x vy, so

W (uyug) = p* ()™ (uz) = vy X vy #0.
Thus we get uu; # 0. On the other hand, since K(P),ur, has at least two minimal nonfaces, it is not a
full simplex, implying dim ZK(p),lU,2 <2(iy+iy+ j)—1. Then
luruz| =20y +i2+j) =242/ > 201 +ir+ j) -1 2 dim Zg(p), .y,

as j > 0, so we get ujup = 0, a contradiction. Thus the Whitehead product [¢1, (2] is nontrivial, so
QZk(p) I, is not homotopy commutative. Therefore by Lemma 2.5, 2Z g py is not homotopy
commutative too. |

Now we are ready to prove:

Proposition 2.8 Let M be a quasitoric manifold over a simple polytope P. If the loop space of M is
homotopy commutative, then P = (A3)".

Proof Suppose QM is homotopy commutative. Then by Lemmas 2.6 and 2.7, minimal nonfaces
of K(P) are of cardinality 4 and pairwise disjoint. Then

K(P)=3A% x---x A3 xA!

n

for some / > —1, where A~! = {@}. Since K(P) is a simplicial sphere, we have / = —1, so

K(P)=0A% »--- % dA>.

n
Thus we obtain P = (A3)", as stated. O

We further consider a condition equivalent to the loop space of a quasitoric manifold over (A3)” being
homotopy commutative. As in the proof of Proposition 2.8, if P = (A®)", then K(P) is the join of n
copies of A3, implying

Zgpy = (ST
Let M be a quasitoric manifold over (A3)". Then by Proposition 2.4, there is a homotopy equivalence
QM ~ (SH" x(QS7)",

which is not necessarily an H-equivalence. Fori = 1,...,n,leta; : S' — QM and b; : S® — QM be
the composite maps

i E i
STE, (S > QM and S® = QS7E QST - aM,
where g; and E denote the i-th inclusion and the suspension map, respectively.

Lemma 2.9 Let M be a quasitoric manifold over (A*)". The loop space of M is homotopy commutative
if and only if the Samelson products (a;, b;) fori, j =1, ..., n are trivial.
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Proof Fori=1,...,n,let l;,' :QS7 — QM denote the composite of the i -th inclusion QST - (QST)"
and the natural map (2S7)" — QM . By [18, Proposition 1], 2 M is homotopy commutative if and only if
the Samelson products (a;, a;), (a;, 15]-), (b, 15]-) fori, j =1,...,nare trivial. Clearly, (a;, a;) are trivial.
By [13, Lemma 2.1], {a;, b;) = 0 if and only if (a;, b;) = 0, and (b;, b;) = 0 if and only if (b;, b;) = 0.
Note that each b; : S¢ — QM lifts to a map bi:S¢ — (2S7)". Then the Samelson products (b;, b;)
in QM lift to the Samelson products (I;i, b ;) in (2S7)". Hence since (2S7)" is homotopy commutative,
(l;,-, I;j) are trivial, implying so are (b;, b;). |

3 Computation of Whitehead products

In this section, we extend the method of Barrat, James, and Stein [4] computing Whitehead products.
The coefficients of cohomology will be the integers Z.
Let X be a simply connected finite complex satisfying a homotopy fibration

G-1) (§24-1y1 2,y I (C poy
for d > 3 such that

H*(X)=Zty.....tal/(q1. - qn),  |ti| =2, |gi| = 2d,

where for i = 1,...,n, t; corresponds to the fundamental class of the i-th C P*° in (C P*°)" and
¢i € Z[ty, ... ty] is the transgression image of a generator of H2~1(S24=1) for the i-th S2¢~!
in (S2d—l)n‘

Lemma 3.1 The sequence q1,...,q, inZ[ty,...,t,] is regular.

Proof For any field IF, F[t,. .., ,] is Cohen-Macaulay, and the Krull dimension of H*(X) ® F is zero
as X is a finite complex. Then the sequence ¢1, ..., gy is regular in F[¢1, ..., #,] for any field [F, so the
sequence ¢i, ..., qy is regular in Z[t1, ..., t,] too, as stated. ad

We consider the cofiber Y of the map ¢ : (S29~1)" — X . Fori =1,...,n,let B; : S24~1 - X be
the composite

g2d—1 Fhincl (§24-1yn 2y
Then by degree reasons,
(3-2) Yad—o = X4q_nUp, > Ug, ---Up, e,
where Y}, denotes the k-skeleton of Y.
Lemma 3.2 For x <2d + 3,
H*(Y)=Z[t1,....ta)/(tiqj | i,] =1,...,n).
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Proof Letu; € H*@~1((S24=1)) denote the generator corresponding to the i-th $24~1 in ($2d—1)n,

By Lemma 3.1, the elements ¢, ..., g, of Z[t1,...,t,] are linearly independent, so we may assume
T(ui) = qi
fori = 1,...,n, where t denotes the transgression in the Serre spectral sequence for the homotopy

fibration (3-1), implying

S(ui) = ™ (qi)
for the connecting map § : H*~1((S24=1)") — H*(X, (S24=1)") of the long exact sequence for the
pair (X, (S29=1)") and the map

(3-3) 7* L H*((C P®)") — H*(X, (S24~1ym).
By degree reasons, the kernel of the composite
HZd((C POO)n) Tr_) sz(X, (S2d—1)n) — HZd(X)

is generated by ¢1, ..., ¢,. Then the map (3-3) for * = 2d is an isomorphism. Thus since ﬁ*(Y) =
H*(X, (S24=1") it follows from (3-2) that the map (3-3) is an isomorphism for 1 < % < 2d. On the
other hand, the (2d +2)-dimensional part of the ideal (g1, ...,gx) in Z[t1, ..., ;] is generated by t;q;
fori, j = 1,...,n. Then by (3-2), the proof is finished. O

Let 7 : Y — (C P°°)" denote an extension of the map 7 : X — (C P°°)". Then by [12, Theorem 1.1],
the homotopy fiber of 7 : ¥ — (C P%°)" has the homotopy type of the join (S )" x (S24~1)". We consider
the cofiber Y of the fiber inclusion of 7. Let gi . A — A" denote the i-th inclusion fori = 1,...,n, and
let y;; denote the composite

g2d+1 _ g1, g2d—1 8i*8 (ST« (241 ey

Then the map

n n
\/ gixgj: \/ S2d+l —>(S1)n*(S2d_l)n
i,j=1 i,j=1

is an inclusion of the (2d +1)-skeleton and has a left homotopy inverse, implying
(3-4) 72(/17+2 = Y2442 Uy, e2dt? Uiz Uy, 24+,

Lemma 3.3 For x <2d + 2,
H*Y)=1Z[t,.... t]

Proof Since (S1)"  (S29~1)" is homotopy equivalent to a wedge of spheres, all (2d+3)-cells of Y are
attached to Y 44,. Then by Lemma 3.2 and (3-4), the (2d +3)-cells of Y do not kill any cohomology class
of Y44, implying H*(Y) = H*(Y 344,) for * <2d +2. Now by Lemma 3.1, t;¢; fori, j =1,...,n
are linearly independent in Z[t1, ..., ty]. Then by arguing as in the proof of Lemma 3.2, the statement
is proved. O
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Lemma 3.4 The homotopy group m,441(Y) is a free abelian group generated by y;; fori, j =1,...,n.

Proof The statement follows from the homotopy exact sequence of the homotopy fibration

(SH" % ($297 1" 5 ¥ — (CP™)",

where the (2d41)-skeleton of (S1)”  (S24~1)" is described as above. ]
Fori = 1,...,n, let o; : S> — X be a map whose Hurewicz image is the dual of #;, and let
,3_,- (D%, §24=1) _, (¥, X) denote the obvious extension of Bi: $2d=1 _, X Then
8(Bi) = Bi

for the connecting homomorphism § : 74 (Y, X') — m«—1(X). We consider the relative Whitehead product
[, ,g]] € my4+1(Y, X). See [5] for the definition. By [5, (3.5)],

8([az, Bj]) = —leui, B,

Let 7: (D24+1, §24) 5 (D24 §24-1) pe the obvious extension of the Hopf map 7 : $29 — §24-1,
By [17, Theorem (1.4)] (see [23, (5.8)]), we can compute ;441 (Y, X) as follows.

For a commutative ring R, let R{ay, ..., ay} denote the free R-module with a basis {ay,...,ax}.
Lemma3.5 7,001V, X)=2Z{a;. Bj]li.j=1,....n}®Zy{fion|i=1,...,n}.

Let B=B1 V-V B (SO > X and B = By vV B (D)7, (SP7HY) — (Y. X).
Lett: (A, *) — (A, B) and p: A — A/ B denote the inclusion and the pinch map, respectively. There is
a commutative diagram

T2d41 (D27, ($24 1)y 2 4 (52471

lﬁ* lﬂ*

(3-5) Tag i1 (Y) —— 5 3441 (Y, X) d 724(X)
b L
Td+1(Y /X)) =——= g1 (Y/X)

in which the middle row is exact. By the homotopy exact sequence for the homotopy fibration (3-1), we
can see the map B« is an isomorphism. Then there is €;; € 75741 (D2)Vn (§2d=1)Vn) guch that

(3-6) B 08(eij) = —lai. Bj],
implying
8([az, B — Bx(eif)) = —loi, Bj]— B 0 8(eij) = 0.
Hence by Lemma 3.4,
(3-7) [, B = B (eij) = 1x(8ij)
such that ¢;; is a linear combination of yy; € myg41(Y) fork,/ =1,...,n.
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Lemma 3.6 The Whitehead product [, 8] vanishes if and only if p«(§;j) =0, where p: Y — Y /X
denotes the pinch map.

Proof Since B4 in (3-5) is an isomorphism, it follows from (3-6) that [«;, 8;] = 0 if and only if €;; = 0.
By (3-2),
Y/ X)ag—2 =8>V v 527
n
SO Py © B* in (3-5) is an isomorphism. Then ¢;; = 0 if and only if px o ,B_* (€ij) = 0. On the other hand,
pe(lei. B]) = 0 as pa(ei) = 0, s0 by (3-7), we get

px 0 Bxl€ij) + px(Gij) = px((ai. Bj]) = 0.
Thus ,o*o,g*(eij)=0ifand only if p«(g;j) = 0. |
Now we are ready to prove:

Proposition 3.7 The Whitehead products [o;, B;] are trivial fori, j = 1,...,n if and only if Sq?qr =0
in Zs[ty,...,t,] forall k.

Proof By the homotopy fibration (3-1), we can see that 7, 4741 (X) is a finite group, so the map ¢« in (3-5)
is injective by Lemma 3.4. In particular, Im ¢4 is a free abelian group. On the other hand, by Lemma 3.5
and (3-7), the subgroup 4 of my441(Y, X) generated by t4({;;) fori, j =1,...,n is a maximal free
abelian subgroup of 75741 (Y, X). Then since A C Im ¢4, we obtain A = Im ¢4, implying that p«({;;) =0
fori, j =1,...,nif and only if p«(y;j) =0 fori, j =1,...,n.

By Lemma 3.2, the (2d)-cells in (3-2) correspond to ¢y, ..., ¢s, and by (3-2) and (3-4),

Y/ X)a42= (8% v.v Szd) Uptri) €77 Upu 1) -+ Upy €277
n
such that the (2d +2)-cells may be considered to be corresponding to t;g; for i, j =1,...,n. Then as
the generator of 75441 (S24) =~ 7, is detected by Sq?, we get that ps (yij) = 0 if and only if Sq? gx
does not include the terms #;q; in H*(Y /X;Z,) fork = 1,...,n. Note that in H*(Y; Z,), Sq? gy must
belong to the ideal (¢y, ..., ¢s) and every degree 2d + 2 element of (¢, ..., qn) is a linear combination
of t;qj fori,j = 1,...,n. Then since the natural map H*(Y /X;Z,) — H*(Y;Z,) is injective for
2d < % < 2d + 2, the above condition on Sq? g in H*(Y /X ; Z>) is equivalent to that Sq? g5 = 0 in
H*(Y:Zy)=Zst1,....ta] x<2d +2)fork =1,...,n. o

4 Quasitoric manifolds over (A3)"

In this section, we prove Theorems 1.1 and 1.2. We fix an ordering of the facets of (A3)” as in [7] to
consider characteristic matrices over (A3)”. Let Fy, F,, F3, F4 be the facets of A3, where any choice of
ordering will do by symmetry. Then facets of (A3)” are

Fij = (A% 7' x Fj x (A%
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fori =1,...,nand j =1, 2, 3,4. We fix an ordering of facets as
Fr11, Fra, F13, Fra, Fo1, Fa2, F23, Faa, ..., Fy1, Fua, Fu3, Faa,

where this ordering is used in Theorems 1.1 and 1.2.

Lemma 4.1 Every characteristic matrix over (A3)" is equivalent to a matrix

E3 ayy apz aps d1n
azy Ej az azs azn
as asy Ej as; a3p
ani 57)) Aan3 E3 apy
foraij € Z* such thata;; ='(1,1,1) fori = 1,...,n.
Proof Let B = (b11 b; b31 bi b12 b% b% bz -+ b} b} by b)) be acharacteristic matrix over (A",
where b; € Z3". Since the facets of (A3)" except for Fi4, Fas, ..., Fy4 meet at a vertex, the matrix

Q= (b{ by by b} by b3 --- b bY bY)is invertible, so B is equivalent to

Es ¢ C12 13 Cln

21 E3 c22 €23 Can

07 'B= €31 32 E3 ¢33 C3n

Cn1 An2 Cn3 E3 cpn
for ¢;j € Z3. Since the facets of (A%)" except for Fig4, ..., Fi_14, Fij, Fit1.4. ..., Fys meet at a vertex

fori=1,...,nand j =1,2,3,
E3i-1)
det C,'j ==+l
E3(m—i)

fori =1,...,nand j = 1,2, 3, where C;; is the 3x4 matrix (E3 c¢;;) with j-th column removed. Then

we get ¢;; = (%1, 1, £1). Since multiplying columns and rows of a characteristic matrix by —1 yields
an equivalent characteristic matrix, we obtain that Q! B is equivalent to the matrix in the statement. O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Propositions 2.2 and 2.8, we only need to consider a quasitoric manifold M (A4)
over (A®)" such that A4 is a characteristic matrix over (A®)" in Lemma 4.1. By [8, Theorem 4.14],

H*(M(A)=Z[tj |i=1,....n, j =1,2,3,4/1 +J, |tj|=2,
where I = (¢;1t;2ti3ti4 | i=1,...,n)and

n
J= (zij+2a{kzk4(i:l,...,n,j:1,2,3),
k=1
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where a;; = ’(a}k, al.zk, a?k). So we get
“-1) H*(M(A) =Z[ty,....tal/(q1.- - qn), ti] =2,

such that

3 n
qw:n[](Ezaﬁ%)
k=1

where we put #; = ;4. Now

3 n
e = 1+ 3 Y- ale Jor = (1 + a4+ afpn + el + ad+ afon Ja
j=1k=1 k#i
ki
because a;; = (1,1, 1). Thus by Lemma 3.1 and Proposition 3.7, the Whitehead products [«;, B;] are
trivial for 7, j = 1,...,nif and only if (1,1, 1)a;; = al.lj +afj —i—al:”j = 0 mod?2 for all i # j. On the
other hand, by the adjointness of Whitehead products and Samelson products [22], the Whitehead
product [e;, B;] is trivial if and only if the Samelson product (a;, b;) is trivial, where a; and b; are as in
Section 3. Therefore by Lemma 2.9, the proof is finished. a

Hereafter, let k be a positive integer. For n > 1, we define a graded algebra
H(k,n) =Z[ty,... . tal/(t] +ktits, ... th_ +kt]_ta,ty), |ti| =2.
We need the following properties of H(k,n).
Lemma 4.2 If x € H(k,n) satisfies |x| = 2 and x* = 0, then x = at,, for some a € 7.

Proof Since |x| =2, we may put x = a t; + - - + ant, for integers ay, ..., a, € Z. Note that the set

{tiytiytisti, |1 i) <ip <i3 <i4 <n, iy <i4}is abasis of the degree-8 part of H(k,n). We express x4

as a linear combination of this basis. Then x* includes the term 6al.2

a]?ll.ztjz fori # j, implying a;a; =0
for i # j. This readily implies x = g;¢; for some 1 <i < n. On the other hand, ll.4 = 01in H(k,n) if and

only if i = n. |

Lemma 4.3 If connected graded rings A, B have nontrivial elements of degree two, then H(k, n) is not
isomorphicto A @ B.

Proof We prove the statement by induction on n. For n = 1, the statement holds because the degree-two
part of H(k, 1) is isomorphic to Z. We assume the n = m case, and prove the n = m + 1 case. Suppose
that there is an isomorphism f : H(k,m+1) - A® B. We may put f(¢,,+1) =a+ b fora € A and
b € B, where |a| = |b| = 2. Then

0= f(t,‘;,ﬂ) =a* +4a’b + 64%b? + 4ab® + b*.
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Since H(k,m+1) =~ A® B, A and B are isomorphic to polynomial rings in degrees < 8, implying
a =0 or b =0. We may assume b = 0. Then f induces an isomorphism
[ H(k.m+1)/(tmy1) — (4/(a)) ® B.

Since H (k, m+1)/(tm+1) = H(k, m), it follows from the assumption that A/ (a)=Z. Sot= f = (f (tm))
and f,, 1 are linearly independent in H(k,m + 1), and t* = t:i +1 = 0. This is a contradiction by
Lemma 4.2, and therefore H(k,m + 1) is not isomorphic to 4 Q B. a

For the rest of the paper, we set n > 2. Let M (k,n) denote the quasitoric manifold in Theorem 1.2.
Then by (4-1),
(4-2) H* (M (k,n)) = H(k,n).

We remark that M (k, n) is a generalized Bott manifold such that M (k,n + 1) is the projectivization of a
complex vector bundle E @ C3 — M (k,n), where E is the complex line bundle with total Chern class
c¢(E)=1+4kt; and C denotes the trivial bundle. We show atomicity of M (k, n) with respect to products
of quasitoric manifolds.

Proposition 4.4 The quasitoric manifold M (k,n) is not homotopy equivalent to a product of two
nontrivial quasitoric manifolds.

Proof Let M (k,n) ~ M x N for nontrivial quasitoric manifolds M, N. Then by the Kiinneth formula,
H(k,n)~ H*(M)® H*(N).
Thus the statement follows from Lemma 4.3. O

Now we start to prove Theorem 1.2. The following lemma is immediate from Lemma 4.2.

Lemma 4.5 Every graded algebra isomorphism f : H(k,n) => H(l, n) satisfies
S (tn) = £t
For j =1,...,n, we define an ideal of H(k,n) by

Iij(k,n) = (th—jy1.ta—jt2.- - tn).
Then we get a sequence
Iy(k,n) C I(k,n) C--- C I(k,n).

Lemma 4.6 Every graded algebra isomorphism f : H(k,n) => H(l, n) satisfies
SUj(k,n)) =1;(l.n)

forj=1,...,n.
Proof We show f(Ij(k,n)) = I;j(/,n) by induction on j. For j =1, f(Iy(k,n)) = I,(l,n) by
Lemma 4.5. Assume that the statement holds for j = 1,..., p. Then the map f induces an isomorphism

S H(k,n)/I,(k,n) = H(l,n)/1,(,n).
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On the other hand, there is a natural isomorphism
H(mvn)/lp(man) = H(man_p)

for any positive integer m such that Iy (m,n — p) in H(m,n — p) lifts to I, 1(m,n) in H(m,n). By the
induction hypothesis, f(I1(k,n— p)) C I1(k,n— p) through the above natural isomorphism. Thus we
get f(1p+1(k,n))=1p+1(l,n). O
Proposition 4.7 H(k,n) =~ H(l,n) ifand only itk = 1.
Proof The if part is trivial, and we consider the only if part. First, we consider the n = 2 case. Suppose
there is an isomorphism f : H(k,2) => H(l,2). By Lemma 4.6,

St)=e(ti+cr) and  [(t2) = extr
for €1, €, = %1 and an integer ¢, so we get

0= f(ff + kl‘?lz) =@4c—-1+ kéléz)lftz + (66’2 + 3k6162€)l12l22 + (46‘3 + 3k6162€2)l1l23.
Then since t13 15, 112122, th; are linearly independent in H(/, n), we obtain
6¢% + 3kererc =0, 4c® +3kererc? =0, 4c—1+kejey =0.

By the first two equations, we get ¢ = 0, so by the third equation, we obtain k = /, as desired.
Next, we consider the n > 2 case. Let H(m) denote the subalgebra of H(m,n) generated by ¢,
and #,. Then there is a canonical isomorphism

H(m) = H(m,?2).

Suppose there is an isomorphism f : H(k,n) => H(I,n). Then by Lemma 4.6, the map f restricts to
an isomorphism

H(k) => H().
Thus by the n = 2 case, we get k = 1. |

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2 The first statement follows from Theorem 1.1, and the second statement follows
from (4-2) and Proposition 4.7. O
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Tautological rings of fibrations

NILS PRIGGE

We study the analogue of tautological rings of fibre bundles in the context of fibrations with Poincaré
fibre, i.e., the ring obtained by fibre integrating powers of the fibrewise Euler class. We discuss how
to compute the Euler ring with tools from rational homotopy theory and completely determine the
tautological ring for even spheres, complex projective spaces and some products of odd spheres.

1 Introduction

Let 7 : E — B be a fibration with fibre X an oriented Poincaré duality space of formal dimension d (see
[35, Chapter 1]), which if X is a simply connected finite CW complex just means that one can choose a
fundamental class [X] € Hy(X; Z) that induces the Poincaré duality isomorphism for all local coefficient
systems. It is called oriented if the corresponding local coefficient system %4 (X Z) is trivial and we
choose an isomorphism %4 (X ; Z) = Z. In [19, Section 3] the authors construct for such fibrations a
fibrewise Euler class e™ () € H%(E; Z) which extends the construction for smooth fibre bundles, i.e.,
if X is a closed, oriented manifold and 7 : E — B is an oriented fibre bundle, then the fibrewise Euler class
agrees with the Euler class of the vertical tangent bundle 7; E — E which, if & is a smooth submersion,
is defined as the kernel of the differential of the projection map 7 E :=ker(Dn : TE — TB) C TE.

Using the fibrewise Euler class we can extend the construction of tautological classes of smooth fibre
bundles [14; 16; 23; 27] to fibrations. Recall that given a smooth, oriented fibre bundle 7 : £ — B with
fibre M a closed manifold and a class ¢ € H!¢/(B SO(d); Q), the fibre integral

ke () = / (TR E) € H'"4(B; Q)

is a characteristic class of the bundle and the subring R* () C H*(B; Q) generated by all tautological
classes is called the fautological ring.

As we can define fibre integration more generally for oriented fibrations with Poincaré fibre (see
[6, Section 8] and Section 3), we obtain analogous characteristic classes of oriented fibrations 7 : E — B
with Poincaré fibre by setting

ki() := m(e™ ()T e H*(B;7),

where my: H*(E;Z) — H *—d (B;Z) is another notation for the fibre integration map. In particular, for
the universal oriented X -fibration that classifies oriented X -fibrations [30]

(1-1) X — E =5 BhAut™ (X)),
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1566 Nils Prigge

where the base BhAut™ (X) is the classifying space of the monoid of orientation-preserving homotopy
self-equivalences hAut™ (X), we can study the subring generated by the tautological classes.

Note that while tautological classes of fibrations can be defined integrally, we only study the tautological
ring rationally due to the limitations of the techniques we use, and from now on we always use rational
coefficients which we omit from the notation.

Definition 1.1 Let X be an oriented Poincaré duality space of formal dimension d. The Euler ring E*(X)
is the subring of H*(BhAut™ (X)) generated by all tautological classes

(1-2) ki := m(e™ ()t e H"(BhAutt (X)),
where e () € HY(E) is the fibrewise Euler class of the universal oriented X -fibration in (1-1).

Unlike the smooth tautological ring, the computation of the Euler ring E*(X) is a purely homotopy-
theoretic problem. The main content of this paper is to work out how one can use the models from
rational homotopy theory for fibrations to compute Euler rings. Specifically, we determine representatives
of the fibre integration maps and fibrewise Euler classes in terms of the algebraic models from rational
homotopy theory. The computation of the Euler ring turns out to be particularly tractable for rationally
elliptic spaces and we determine the Euler ring for two classes of examples.

Theorem A The Euler ring of complex projective space is E*(C P") =~ Qlky, ..., kn—1,Kn+1]-

Theorem B Let X be either rationally equivalent to S2k+1 ... x S%HY for k > 1 or a finite CW
complex rationally equivalent to a product of two odd-dimensional simply connected spheres of different
dimension. Then E*(X) = Q.

Some further computations of Euler rings can be found in the author’s thesis [25, Section 4.2]. One
can also extend the definition of the Euler ring for fibrations with extra structure to obtain, for example,
better homotopy-theoretic approximations to the smooth tautological ring [2]. Finally, these techniques
can be used to infer properties about smooth tautological rings [26].

2 Rational homotopy theory of fibrations

The classifying space BhAut* (X) is rarely simply connected even if X is, and therefore we cannot
immediately apply the results from rational homotopy theory. Instead, for a simply connected Poincaré
duality space X we study the universal 1-connected fibration

2-1) X < E Z5 BhAuty(X),

over the classifying space of the path component of the identity hAuty(X) C hAut™ (X)) (or equivalently
the induced fibration over the universal covering of BhAut™ (X)). Many people have studied rational
models of (2-1) (see [21; 32; 33]) and fibrations in general (see [11; 18]), and we will use these algebraic
models to compute the image of the Euler ring

(2-2) E}(X) C H*(BhAuty(X))

Algebraic € Geometric Topology, Volume 26 (2026)
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induced by the natural map BhAuty(X) — BhAut™ (X). We discuss in Section 5 how one can in some
cases upgrade the computation of Eq(X') to a computation of the full Euler ring E*(X).

2.1 Rational models of fibrations

In the following, we use standard terminology from rational homotopy theory as discussed in [11]. Due to
different conventions in the literature, we use cohomological grading conventions for cdgas and differential
graded modules and homological grading conventions for dg Lie algebras.

Throughout this paper, we denote a cdga model of a map of connected spaces w : £ — B, typically a
fibration with simply connected fibre, by 7* : R — S and we also assume, unless stated otherwise, that
cdga models are connected (i.e., R® = S® = Q). The following cdga models for fibrations enjoy good
homotopical properties.

Definition 2.1 [11, Section 14] A relative Sullivan algebra is a cdga (R® AV, D) so thatidg ® 1 : R —
R ® AV is a map of cdgas, and V = @PZ] V2 is a graded vector space with an exhaustive filtration
V(0) C V(1) C--- of graded subspaces so that D|;gp0):V(0)—>Rand D|;gpk):V (k) >RRAV(k—1).
A relative Sullivan model of a map of cdgas 7* : R — S is a relative Sullivan algebra S = (R® AV, D)
together with a quasi-isomorphism S’ => S of R-algebras.

By [11, Proposition 14.3] any map 7* : R — S of connected cdgas admits a relative Sullivan model
if H(w*): H'(R) — H'(S) is injective. Since this condition is always satisfied if 7* is the model of
a fibration 7w : £ — B with connected fibre, we can always find relative Sullivan models in this case.
Moreover, if either the base or fibre has finite type and 7 (B) acts trivially on the cohomology of the
fibre, then S ®gr Q is a Sullivan model of the fibre by [18, Theorem 20.3].

There is a convenient way to obtain relative Sullivan algebras via differential graded Lie algebras. We
follow [2] in our convention (which in turn is based on [33]), in defining Chevalley—Eilenberg complex

of a dg Lie algebra L as the dg coalgebra
@CE(L) = (AsL, D = dy + d),

where A¢sL denotes the cofree, conilpotent, cocommutative coalgebra on the suspension (sL)y = Ly—1
and the differentials are determined by their corestrictions

di(sl) = =sdp (), da(sh Asly) = (=D)"s[l1, 1],
If a dg Lie algebra acts on a cdga A through derivations, then the Chevalley—FEilenberg cochain complex is

Gcr(L; A) := (Hom(€“E(L), ), +1),
where
Af)=dso f— (=D foD,

2-3 " ~
(2-3) LA Asly) = Z(_l)lsli|(|f|+\s11|+~~+|sl,-_1I)ll..f(sl1 Ao NSl A Asly),

i=1
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and @cg(L; A) is a cdga via the convolution product. An element f € €“E(L; A) is an n-cochain
if f(sly A--- Asly) = 0 unless kK = n and we identify 0-cochains with 4. Moreover, if 4 is a
Sullivan algebra then 6cg(L, A) is a relative Sullivan algebra over the Chevalley—FEilenberg cochain
complex €cg(L) ;= 6ce(L; Q) via the map on Chevalley—Eilenberg cochain complexes induced by the
unit 7: Q — A.

With these definitions in place, we can describe a cdga model of (2-1). Let X be a simply con-
nected space of finite type and with minimal Sullivan model (AV,d). Consider the dg Lie algebra
(Dert(AV),[d,—]) of positive-degree derivations, where a derivation § € Der(AV) has degree n if
it lowers' the degree by n (additionally, # € Dert(AV); only if [d, 0] = 0). It was first proved by
Sullivan [32] that Dert (AV) is a dg Lie model of BhAuto(X), and one can further describe a model of
(2-1) as follows.

Theorem 2.2 Let X be a 1-connected space of finite type with minimal Sullivan model (AV, d) and unit
n:Q — AV. Then

(2-4) @Ec(Dert (AV); Q) 155 @E(Dert (AV); AV)
is a relative Sullivan model of the universal oriented 1-connected fibration (2-1).

Remark 2.3 (i) In a previous version of this article we proved this result via a comparison of (2-4)
with Tanré’s model [33] of the universal 1-connected fibration (see also [25]). It has been pointed out to
the author by Andrey Lazarev that instead one can derive this result more directly from [21]. Another
proof is due to Alexander Berglund and is based on rational models for the bar construction in terms of
Chevalley-Eilenberg complexes [1]. The statement of Theorem 2.2 can be found as a special case of
[2, Proposition 3.6] and we refer to these papers for a proof.

(ii) Theorem 2.2 is particularly useful for rationally elliptic spaces because the dg Lie algebra Der™ (A V)
is finite dimensional in contrast to Tanré’s model which is only of finite type. However, if X is rationally
hyperbolic then Der™ (AV') is not even of finite type and it seems more feasible to study other models of
(2-1) instead, for example, based on a dg Lie algebra model of the fibre (see, for example, [3; 31]).

(iii) The theory of minimal models in its most general form [18, Theorem 20.3] applies more generally
to give a model for (2-1) for any connected space X of finite type and minimal Sullivan model (AV, d).
It seems plausible to the author that the algebraic tools we develop in subsequent sections generalise
to study the Euler ring £§(X) of nonsimply connected Poincaré duality spaces X . However, minimal
Sullivan models of nonsimply connected spaces are considerably more complicated and the dg Lie algebra
of derivations is intractable for computations, so that we have not worked in this generality.

Example 2.4 Let X = S2?” with Sullivan model
Ap = (A(x,p), |x| =2n,|y| =4n—1,d = x>-9/dy).

IThis slightly confusing convention is due to using homological grading conventions for dg Lie algebras and cohomological
grading conventions for cdgas and can be avoided if one sticks to just one.
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Then Der™ (A;) is 3-dimensional with basis 73,_1 := x - /3y, 72, := 9/dx and n4,_; := 9/dy and
differential [d, n,,] = —21n2,—1. Hence, the inclusion of the abelian Lie algebra with trivial differential
g 1= Q{n4n_1} — Der™(4,) is a quasi-isomorphism of dg Lie algebras and we get a cdga quasi-
isomorphism %éE(Der"' (An): Q) = 6L (9: Q) = (Az4n, d =0) as well as with coefficients in A,. Thus,
the cdga model of the universal 1-connected S2”-fibration in Theorem 2.2 is equivalent to

(A(z4n), d = 0) = (A(z4n) ® A(x, ), D(x) = 0, D(y) = X* + z4p),

where z4, is the 1-cochain dual to s14,—1.

3 Fibre integration in rational homotopy theory

Before we discuss rational models for fibre integration, we recall the definition suitable for oriented
fibrations as a special case of the following construction: Let 7 : E — B be a fibration with fibre X" and
H*(X)=0for*>d and H 4 (X)) nontrivial. Given a 7, (B)-module homomorphism ¢ : 94 (X ) — Q,
we can define ¢-integration as the composition

(3-1) ¢ H*(E) - Ex 44 ¢ Er 44 = g4 (o (x)) 29, g—d(p),

where we project H*(E) onto the d-th row of the Eo-page of the Serre spectral sequence, which is
possible since H*(X) = 0 for * > d, and E :o_d’d CE ; =44 a5 there are no differentials into this row.

Note that because the cohomological Serre spectral sequence is compatible with cup product, there is a
push-pull identity

(3-2) P (x) — y) =x — d())
for x € H*(B) and y € H*(E), and thus ¢, is a H*(B)-module map.

Definition 3.1 Let 7 : £ — B be an orientable fibration with Poincaré fibre X of formal dimension d
and let ey : HY (X) — Q be an orientation of X. Then

m = (sx): H(E) > H* 4 (B)
is called fibre integration of w : E — B.

3.1 Chain level fibre integration

In the main result of this section we show that there exists a chain level representative of fibre integration.
More precisely, given a relative Sullivan model S = (R ® AV, D) of an oriented fibration 7 : E — B
with Poincaré fibre X, there exists a R-module homomorphism IT : S — R of degree —d which is unique
up to homotopy and induces fibre integration on cohomology. This is most conveniently expressed in
terms of differential Ext groups.

Let R be a connected cdga and M, N a differential graded R-modules. Then R-module homomorphisms
Homg (M, N) is a R-module with differential D(f) :=dy f —(—1)//! fdas. Recall from [11, Section 7]
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that M is a semifree R-module if there is an exhaustive filtration M (0) C M (1) C --- C M so that M (0)
and M (k)/ M (k — 1) are free R-modules for all k > 1. A semifree resolution of a R-module M is a
semifree R-module M’ with a quasi-isomorphism M’ => M and we denote by M ®HR‘ N the derived
tensor product of two R-modules given by M’ @ g N for some semifree resolution M . Following [12],
the differential Ext groups for R-modules M, N are defined as

(3-3) Extr(M, N) := H(Homg(M’, N))
for a semifree resolution M’ => M.

Proposition 3.2 Let 7 : E — B be a fibration with connected base and total space and 1-connected
fibre X . Assume that 7ty (B) acts trivially on H*(X') and that H*(X) is of finite type and nontrivial in
degree d and vanishes for * > d. Let t* : R — S be a cdga model of t. Then the augmentation induces

an isomorphism
(3-4) Extg?(S.R) => Extg? (S ®k Q. Q) = Hom(H’ (X),Q),
and given ¢ € Hom(H? (X), Q) the chain level representative [®] € Extﬁd (S,R) induces ¢-integration.

Remark 3.3 Proposition 3.2 generalises [ 13, Theorem A] where they identify fibre integration as elements
in differential Ext groups for fibrations over Poincaré duality spaces and for pullbacks from such fibrations.
Moreover, fibre integration can be identified rationally as a map of parametrised suspension spectra
T EXF By — E%o_d E 4, and by [12, Theorem 1.1] the set of homotopy classes of such maps is given
by differential Ext groups which is consistent with our result.

Proof Let S’ => S be a relative Sullivan model. Then Ext*(S,R) = H*(Homg(S’,R)) since S’ is a
semifree resolution by [11, Lemma 14.1]. We consider the exhaustive filtration of Homg(S’, R) given by
F? =Homg(S’,R=?). According to [5, Theorem 9.3] the corresponding spectral sequence is conditionally
convergent to the completion
lim Homg (S', R)/ Homg (S, RZP) =~ lim Homg (S, R/R=P)
p p

= Homg (S, lim R/R>?)
p
=~ Homg(S',R),

where we have used that S’ is a projective R-module for the first isomorphism. The E{-page is
H(Homg(S’,Q)) ® BP. By the assumption on the fibration it follows from [18] that the Sullivan
fibre S’ ®r Q = (AV, d) is a cdga model of X. Hence, we have that the E{-page can be simplified as
Ef’q = H1((AV)Y) @ R? = Hom?(H™*(X), Q) ® R?. Since 71 (B) acts trivially, the differential on
the E;-page is given by id ® dg : EP? — EPT19 (if R was simply connected this follows for degree
reasons but in general it follows from the fact the cdga model of the universal 1-connected X -fibration in
Theorem 2.2 has a simply connected base and by assumption the relative Sullivan model is obtained by
base change along a map ¢cg(Der™ (AV)) — R). Hence the E,-page is Eé”q = HPR)® HI(AV)Y).
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In particular, the spectral sequence vanishes for ¢ < —d. Since the gradings are such that the differentials
are d, : EP"? — EPT74=r+1 there are only finitely many nontrivial differentials. This implies that the
derived Eo-page is zero and so by [5, Theorem 7.1] the spectral sequence converges strongly,

EY? = HP(R)® HY((AV)Y) = H?(B) ® Hom? (H*(X), Q) = H(Homg(S',R)),

and we can recover H(Homg(S’,R)) from the entries of the Eo-page. The only contribution with total
degree —d comes from E 2;;" ~F g =4 o Hom(H“(X), Q) which proves the first part of the statement.

It remains to show that for ¢ = H d(@d®rQ): HY(AV,d)— Q the induced ¢-integration map coincides
with H(®) : H*(S") — H*(R). First, we note that S’ = (R ® AV, D) has a filtration F” =RZ? ® AV
and that the corresponding spectral sequence converges as F 5 4= HP(R)® HI(AV) = HPTI(S).
In fact, R also has an analogous filtration G” = R=? with only nontrivial differential on the E-page.
Then ® induces a map between these two filtrations and the map on E,-pages is precisely ¢-integration
defined using this spectral sequence. As we have defined ¢-integration using the Serre spectral sequence,
it remains to show that this spectral sequence is isomorphic to the Serre spectral sequence. Grivel has
shown in [17] that the above filtration gives rise to the Serre spectral sequence if the base is simply
connected, and this has been generalised by Halperin [18] if 771 (B) acts nilpotently on the cohomology
of the fibre. More precisely, it follows from the proof of [17, Theorem 6.4], respectively [18, Section 20],
that the comparison map of R — S’ with Ap; (B) — Apr (E) is compatible with Dress’ construction of
the Serre spectral sequence [10] and induces an isomorphism on the E;-pages. a

We can use Proposition 3.2 to build a representative of fibre integration for an oriented fibration
7 : E — B and oriented Poincaré fibre (X, ex): Consider a relative Sullivan model 7* :R — (R®Q AV, D).
Pick a chain level representative ¢ of the orientation ey € H —d (Hom(AV,Q)) of X. By Proposition 3.2
there is a cycle I1 € Hom™¢ (S’,R) unique up to chain homotopy that satisfies

(3-5) N1® ) =ex(x) €R*=Q
for all x € (A V)4 and that induces fibre integration on cohomology

m: HYE:Q) =~ g*(S) 29, g*—4R)~ H*(B: Q).
We demonstrate this technique in the following example.

Example 3.4 Recall the relative Sullivan model of the universal 1-connected fibration for an even-
dimensional sphere X = S 2n a5 discussed in Example 2.4. We choose as orientation gy : 4, — Q
the homomorphism determined by ey (x) = 1. For degree reasons IT(yx¥) = 0 and since IT has to be
a chain map we have 0 = TI(D(yx¥)) = TT(x¥*+2 + z,,xk). This determines a A (z4,)-module map
IT: (A(z4n. x, ), D) = (A(z4n).d = 0) by

0, n=2k,
(—Dkzk - n=2k+1,

which is a chain map by construction and induces fibre integration on cohomology as it satisfies (3-5).

O(yxk) =0 and IM(x") = {
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4 The fibrewise Euler class

The definition of the fibrewise Euler class in [19, Definition 3.1.1] uses constructions in the category
of parametrised spectra. And while there has been a lot of progress to adapt the tools from rational
homotopy theory to the context of parametrised stable homotopy theory [7; 8], there is a simpler way to
define the fibrewise Euler class with rational coefficients so that we can avoid discussing the category of
parametrised spectra and their rational models altogether.

We begin by describing a special case of the definition of the fibrewise Euler class. Consider an
oriented fibration v : E — B with fibre X so that both X and B are oriented Poincaré duality spaces of
dimensions d and b, respectively. Then the total space is also an oriented Poincaré duality space [15],
and we can define the Umkehr map of the fibrewise diagonal A : £ — E xp E by

Dgi
(4-1) Av: HY(E) 25 Hy\ g o(E) 25 Hyo g o(E xp E) =225 H**4(E x5 E),
where D and DEgx, g denote the Poincaré duality isomorphisms. It is shown in [19, Section 3] that the

fibrewise Euler class of = : E — B agrees with
(4-2) ™(m) = A (A1) € HY(E).

This is sufficient to define the fibrewise Euler class with rational coefficients, because for any space X the
rational homology groups are isomorphic to rationalised stable framed bordism Hy (X ; Q) = Q57 (X)®Q,
and so we can determine a rational cohomology class by defining its evaluation on framed bordism classes.
Hence, denoting by E the total space of the universal 1-connected fibration (2-1), given a stably framed
bordism class [f : M4 — E £] € Qifr(E) ® Q, we can consider the pullback of the X -fibration
21 E Xghauo(x) E — E along f. The pullback 7 : f*(E Xphau(x) £) — M has a section s
via the diagonal, and we can associate to it an Euler class ey via (4-2). Then the fibrewise Euler class
e™ () € H(E; Q) agrees with the class defined by the pairing (™ (), [f: M — E, £]) = (s*(ef).[M])
since the construction in [19] coincides with (4-2) if the base is a Poincaré duality space.

4.1 A cocycle representative via rational homotopy theory

The idea to obtain cocycle representatives of the fibrewise Euler class is simply to construct a chain level
representative of the Umkehr map A, : H*(E) > H *+d(E xp E) in terms of the algebraic models.
In the following, we denote by Q[n] the graded vector space with Q in degree n and for an R-module M
define M[n]:= M ® Qln].

Proposition 4.1 Let R — S be a relative Sullivan model of an oriented fibration = : E — B with
connected base and total space and simply connected Poincaré fibre X of formal dimension d. Let ex be
the orientation and I1 € Homgd (S, R) be a cocycle representative of fibre integration. Then the map

T : S[-d] — Homg(S,R), e+ (¢/ — (—1)d+d'|e|H(e -e')),
is a quasi-isomorphism of R-modules.

Algebraic € Geometric Topology, Volume 26 (2026)



Tautological rings of fibrations 1573

Proof It is a simple check that IT defines a R-module homomorphism. By assumption, S = (R® AV, D)
is a relative Sullivan algebra and thus has a filtration which induces the Serre spectral sequence as
discussed in the proof of Proposition 3.2. In the same proof we have described a filtration of Homg (S, R)
which strongly converges because there is a horizontal vanishing line. The map IT is compatible with the
two filtrations and induces a map of the associated spectral sequences. The induced map on the E,-page
is given by

EP? = HP(R) @ HI(AV,d) 8% 1P (R) @ Hom(HI~(AV), Q),

where &y : H1(AV) — Hom(H99(AV), Q) is the adjoint of H1(AV)® HI9(AV) —> HI(AV) %5 Q.
Since (H*(X; Q), ex) is an oriented Poincaré duality algebra, IT induces an isomorphism of E,-pages. O

This enables us to define an algebraic Umkehr map as follows. Let R — S be a relative Sullivan model
of m: E — B and IT: S — R a chain level representative of fibre integration. Then S ®g S is a Sullivan
model of E x g E, the multiplication i : S®r S — S is a model of the fibrewise diagonal A: E — Exg E
and [T® IT:S®r S — R ®r R =R is a chain level representative of fibre integration for £ xp E. Since
S is R-semifree, we can find a lift of R-modules

S=d] -2 § @ S[—2d]
(4-3) (e e |~
Homg (S',R) LN Homg/ (S’ ®r ', R)

which is unique up to homotopy and therefore obtain a well-defined class
(4-4) [(A ()] € HY(S).

Proposition 4.2 Let & : E — B be an oriented fibration with connected base and total space and simply
connected Poincaré fibre X of formal dimension d so that 7{(B) acts trivially on H*(X). If R — S
is a relative Sullivan model and A : S — S ®gr S an Umkehr map as in (4-3), then (A (1)) € S9 js a
representative of the fibrewise Euler class e (r) € H(E).

Proof We first observe that the definition of the class in (4-4) is natural with respect to pullbacks: For
amap f : B’ — B with cdga model ¢ : R — R’, a model of the pullback 7 : f*E — B’ is given by
R’ ®g S and a model on the map of total spaces is given by sending ®(s) = 1 ® s € R" ®g S for s € S by
[18, Section 20.6]. It follows from Proposition 3.2 that a cocycle representative of fibre integration is
given by R" ®g IT : R’ ®r S — R’ ®g R == R’ and therefore R’ ® g A is a model of the Umkehr map so
that (4-4) in this case is given by [1 ® w(A(1))] = CD(,u(Ag(l))) eR' ®rS.

Hence, it suffices to prove that (4-4) coincides with the class defined in (4-2) for fibrations where the
base space is a Poincaré duality space (or even just for closed, stably framed manifolds). So let us assume
that the base space is a closed manifold B or more generally a Poincaré duality space. Then B — x is
a fibration with Poincaré fibre and we can apply the results of the previous section to get a chain level
representative of fibre integration map Il p € Homg (R, Q) corresponding to evaluating a fundamental class.
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Suppose R — S is a Sullivan model of the fibration and let [T € Homg (S, R) be a model of fibre integration
of 7. Then ([B]N-)om : H®T4(E) — H?(B) — Q is an orientation of the Poincaré algebra H*(E; Q)
itself and therefore IT1p o I1 € Homg (S, Q) is a cocycle representative. Define I1g := ITp o IT so that

Homg(S,R) «=— S[—d] —— Homg(S).Q)
(HB)»<
is a commuting diagram, where (I1g)« f = Ilg o f for f € Homg(S, R). We can choose chain level
representatives of fibre integration of Exp E — Band EXxp E — xas II®II:S®S—-R®R=R
and I1gx g := [1p o (I ® IT) by the same arguments as above. We therefore have a diagram

S[—d] —— - SR > S®pg S[-2d]
)= ~|mem

Ay~ Homg(S,R) A Homg(S ®g S.R) ~|Mexpe
(HB)*l l(HB)*

Homg(S, Q)

where the dashed maps denote the Umkehr map from (4-3). The upper square commutes up to homotopy by

Homg (S ®r S, Q)

construction and therefore so does the outer square by commutativity of the lower square. This shows that
A\ is a cochain level representative of the Gysin map and thus [(A(1))] € H ds ) agrees with (4-2). O

4.2 The fibrewise Euler class of Leray—Hirsch fibrations

In the case of fibrations 7 : E — B with oriented Poincaré fibre (X, ex) which are Leray—Hirsch, i.e.,
where the restriction map H*(E) — H*(X) is surjective, the definition of fibre integration and the
fibrewise Euler class can be simplified significantly. Surjectivity of the restriction map implies that
H*(E) is a free H*(B)-module, and we may denote by 1,eq,...,e, € H*(E) a H*(B)-basis of the
cohomology of E that restricts to a basis 1,x; =i*(eq),...,x;r =i*(ex) € H*(X) of the fibre. If X is
a Poincaré complex of formal dimension d, we can order the basis such that |e;| = d and all other |e;|
have lower degree. Since fibre integration is a H*(B)-module map. It suffices to determine 7y on a basis
and for degree reasons my(e;) = 0 for i < k. If we set m(ex) = ex (xg) this restricts to the orientation on
the fibre hence determines fibre integration as

k
(4-5) m( X biver) = ex(ve) b
i=0

for b; € H*(B). Since the fibre is Poincaré, the (fibrewise) intersection pairing
(4-6) (o)« H(E) ® sy H* (E) 252 H*(B)

is nondegenerate. This enables us to mimic the construction of the Euler class as the dual of the fibrewise

diagonal.
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Proposition 4.3 [27] Let & : E — B be an oriented fibration with Poincaré fibre which is Leray—Hirsch.
Letey, ... ex € H*(E) be an H*(B)-module basis and denote by ¢}, . .. ,ez € H*(E) the dual basis
under the nondegenerate pairing (4-6). Then the fibrewise Euler class is

k
(4-7) () =) (=Dlejef € HY(E: Q).

i=0

Example 4.4 Let X = S2” be an even-dimensional sphere and recall the cdga model and fibre integration
from the Examples 2.4 and 3.4. Then 1 and x are a H*(BhAuto(S2"); Q)-basis of the cohomology of the
total space that restricts to a basis of H*(S?") on the fibre, i.e., the fibration is Leray—Hirsch. Note that
the formula for fibre integration in (4-5) gives the same result as our construction of IT in Example 3.4.
We can apply the above proposition to find a representative of the fibrewise Euler class. The dual basis
with respect to the pairing induced by m = H(IT) is x* = 1 and 1* = x (since m(x - 1¥) = m(x?) = 0),
and we find that the fibrewise Euler class is represented by ¥ () = 2x.

4.3 Fibrations with positively rationally elliptic fibre

A simply connected space X is called rationally elliptic if both dim H(X; Q) and dim7(X) ® Q are
finite-dimensional vector spaces. If moreover x(X) > 0 then X is called positively rationally elliptic.
Algebraic models for (positively) elliptic spaces are quite rigid. For example, one can show that any
positively rationally elliptic space satisfies rational Poincaré duality. The main result in this section is a
simple, closed formula for the fibrewise Euler class of a fibration with positively rationally elliptic fibre.

The minimal Sullivan model of a rationally elliptic space A = (AV, d) is free on a finite-dimensional
vector space V. Hence, the dg Lie algebra model Der™ (A) for BhAuty(X) is finite dimensional which
makes the study of fibrations with rationally elliptic fibres tractable via Theorem 2.2. Moreover, a famous
conjecture due to Halperin states that any fibration with positively elliptic fibre (and trivial holonomy
action) is Leray—Hirsch. This conjecture is known to be true for a large number of examples [22; 28; 34]
and by [22] it is equivalent to 7,; 1 (BhAute (X)) ® Q = 0 for all i € N. Since 75;—1 (BhAuty (X)) ® Q
is isomorphic to H,;(Dert (A), [d, —]), this condition can easily be checked in examples.

We recall a few results about positively rationally elliptic space from [11, Section 32]. A pure Sullivan
algebra is a cdga A = (AV,d) with d(V®®") =0 and d(V°) Cc AV and we define P = V°% and
Q = V. Observe that pure Sullivan algebras A are bigraded with additional lower grading given by
Ar = AQ ® A¥ P. By [11, Proposition 32.10] a minimal Sullivan model of a positively rationally elliptic
space is isomorphic to a pure Sullivan algebra with dim P = dim Q and so that d | p maps a basis of P to
a regular sequence of the graded polynomial ring AQ. In this case, the cohomology is concentrated in
lower grading 0, i.e., H*(A) = Hg (A).

This bigrading is inherited by the dg Lie algebra Derj’*(A) where a derivation 6 has bidegree (m, n)
if @ lowers the internal degree by |m| and 0(AQ ® A¥ P) € AQ ® A¥*" P. The following statement has
been explained to the author by Alexander Berglund.
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Lemma 4.5 Let A be a pure Sullivan model for a positively rationally elliptic space that satisfies the
Halperin conjecture. There exists an abelian dg Lie algebra with trivial differential a C Deri_1 (A) thatis
quasi-isomorphic to Der™ (A).

Proof If A is a pure Sullivan model for a positively rationally elliptic space, the projection map
¥ : A — H(A) is a quasi-isomorphism. It induces a quasi-isomorphism of chain complexes Dert (A) —
Der$ (A, H(A)) (analogous to [3, Lemma 3.5]). Since the H(A) = Hy(A), we see that H,,<,>0(DerJr (A))
is contained in the kernel and thus is trivial. The Halperin conjecture implies that Hy(Der™ (A)) is
concentrated in odd degrees and therefore Hy(Der™ (A)) = Hoygq,—1 (Der™ A) as claimed. Hence, any
choice of representatives in Der:_1 (A) of a basis of Hy(Der™(A)) spans an abelian dg Lie subalgebra
with trivial differential that is que’lsi—isomorphic to Dert (A). |

Halperin’s conjecture implies that BhAuty(X) ~¢g ]_[f;l K(Q, 2n;) and so the cohomology of the
total space E of (2-1) is a free module on H*(X'; Q) over a positively and evenly graded polynomial
ring. Moreover, it follows from Lemma 4.5 and Theorem 2.2 that as a ring H*(E) is a complete
intersection over H*(BhAuty(X); Q) (see proof of Theorem 4.7). Here, by a complete intersection over
a commutative ring R we mean a finite R-algebra S that is isomorphic to R[x1, ..., x4]/(f1,..., fa) for
Sis-oos Jn €R[X1, ..., xy,] (see [29]).

For a finite R-algebra S, we can define the trace of an endomorphism Homg(S, S) = S ® g Homg(S, R)
via the evaluation S ®g Homg (S, R) — R. In particular, we can associate to any s € S the trace of the
endomorphism s - —: S — S and we obtain an element Trg/g € Homg (S, R). We will use the following
result about complete intersections.

Proposition 4.6 [29] Let R be a commutative ring and f1,..., fn € R[x1,..., x,] for a nonnegative
integer n. Assume thatS = R[xy ..., x,]/(f1,..., fn) is a finite R-algebra. Then

(i) S is a projective R-module;?
(ii) Homg (S, R) is a free of rank 1 as an S-module;
(iii) there is a generator A of Homg (S, R) as an S-module such that Trg/g = det(d/;/dx;) - A.

We recognise (iii) as an analogue for complete intersections of the relation between fibre integration,
the fibrewise Euler class and the Becker—Gottlieb transfer 7, : ¥° By — Y° E for fibrations with
Poincaré fibres. The transfer map induces a map on cohomology trf}: : H*(E) — H*(B) and if the fibre
is a Poincaré complex one can show that

trf* (x) = m(e™ () - x)

for all x € H*(E). If we consider the universal 1-connected fibration (2-1) of a positively rationally elliptic
space that satisfies the Halperin conjecture, its algebraic model R — S is equivalent to a complete inter-
section over a polynomial ring and we can identify the Becker—Gottlieb transfer and fibre integration with
the trace Trg/g and A, respectively, which therefore leads to an identification of the fibrewise Euler class.

2In our applications, R is a positively graded polynomial ring so that S is in fact free.
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Theorem 4.7 Let X be a simply connected, oriented Poincaré duality space that is positively rationally
elliptic and satisfies the Halperin conjecture. Then a cdga model of (2-1) is given by a complete intersection
S =R[x1,...,xu]l/(f1,-.., fn) over a polynomial ring R and the fibrewise Euler class is given by

(4-8) e™(n) = det(aaf i ) €Ss.

Xj

Remark 4.8 The first part of the theorem improves a result by Kuribayashi [20, Theorem 1.1] where
he showed that the cohomology ring of the total space of the universal 1-connected fibration (2-1) for
positively rationally elliptic spaces that satisfy the Halperin conjecture is a complete intersection over the
cohomology of the base.

Proof Let A = (Q[x1,...,xn]® A(V1,...,Vn),d) be a pure Sullivan model of X with differential
d(yi) = fi € Q[x1,...,xn] where fi...., fn is a regular sequence. The cohomology ring H(A) is a
Poincaré duality algebra and det(d f;/ dxj) € H*(X) is a generator in top degree [24; 28], so that the
orientation is defined by ey (det(d f;/ 0x;j)) := x(X). Now let a C Derj_l(A) be an abelian dg Lie
subalgebra quasi-isomorphic to Der™ (A) from Lemma 4.5. Then a model’ of the universal 1-connected
fibration is given by

R:=%cg(a) = 6ce(a; A) = (R® A(x;, yi), D)

by Theorem 2.2. And because a C Der:_1 (A), we see that D(x;) =0and D(y;) = fi €R[xq,..., x,]are
polynomials that satisfy f; = f; ®r1 € I’Q[xl, .o, Xp|®rQ. This implies S:=R[x1, ..., x4/ (f1,.... fa)
is a complete intersection over R and the projection map €cg(a; A) — S is a quasi-isomorphism.

One can show that the trace Trg/g and the transfer try agree using the general theory in [9] or by
directly checking that

(4-9) Trs/r(x) = m(e™ () - x),

as in [27, Lemma 2.3] using that S is a finite free R-algebra. Now consider A from Proposition 4.6. Then
A(det(df;/0x;)) = Trg/r(1) = x(X) by (4-9) which agrees with m(det(df; /dx;)) = SX(det(aﬁ/ax]-)).
Therefore, it follows from degree reasons that 71y = A and we obtain (4-8) from the identity

det(df;/0x;) - m = det(df;/0x;) - h = Trg/p = tuffs = ™ () - my

since Homg (S, R) is a free S-module by (ii). |

5 Computations

Before we come to the computation of the Euler ring, we record a few general facts. First we observe
that in some cases it is sufficient to compute the Euler ring of the universal 1-connected fibration
Eo(X) C H*(BhAuty(X)).

Lemma 5.1 If wo(hAut™ (X)) is finite, then i : BhAutg(X) — BhAut™ (X) induces an isomorphism
E*(X) = Ej(X).
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Proof By naturality of the fibrewise Euler class, i : BhAuty(X) — BhAut* (X) induces a surjection of
Euler rings E*(X) — Ej(X). It follows from the spectral sequence associated to the fibre sequence

BhAutg(X) — BhAut™ (X) — Brg(hAut™ (X))

that H*(BhAut(X); Q) = H*(BhAuto(X); Q)™®Auw (X)) if 70 hAut™ (X)) is finite. In particular,
i induces an injection on rational cohomology. a

For a positively rationally elliptic space there is a simple criterion to check if it has finitely many
homotopy automorphisms.

Proposition 5.2 Let X be a simply connected Poincaré duality space that is positively rationally elliptic
space. If the cohomology ring H* (X ; Q) has finitely many orientation-preserving automorphisms (i.e.,
algebra automorphisms that preserve the orientation ey € H (X;Q)Y), then mo(hAut™ (X)) is finite.

Proof The statement follows if the kernel of €(X) — Aut(H*(X;Q), ex) is finite. Rationalisation
induces a map €(X) — €(Xg) which has finite kernel [32, Theorem 10.2], so that it suffices to prove
that the subgroup of €(Xg) of homotopy equivalences that induce the identity on cohomology is trivial.
By [32, 10.3], homotopy automorphism of X¢ are the same as homotopy classes of automorphisms of a
minimal Sullivan model.

For a positively rationally elliptic space we can choose A = (A(x,-, Vi)i=1,..mod =D ; fiay,') as
a model where fi,..., fn € A(X;)i=1,...,n is a regular sequence. Let ¢ : A — A be an automorphism
so that H(¢) = Id. Then [x; — ¢ (x;)] = 0 and we can pick a coboundary & € A~ satisfying d§; =
xi—p(x;) € (f1,-.., fr)+Aso. We want to define a homotopy H : A —> AR A(t, dt) by setting H(x;) =
¢ (x;)+t(xi—¢(xi))—E&idt. Then dH(x;) = 0= Hd(x;) and 1 0 H(x;) = x; and g 0 H(x;) = ¢ (x;).
It remains to define H(y;), i.e., we have to find a coboundary for f;(H(x1),..., H(x,)) € A ® A(¢,dt).
Observe that A ® A(¢, dt) is a positively elliptic Sullivan algebra as well since fi,..., fu,? is a regular
sequence in Q[x1, ..., xu. 2], and f;(H(x1), ..., H(xy))—do(yi) e (AQAT(t,dt)) ®(ARA(t,dt))>p.
Since both summands are acyclic, there is §; € AQA(¢, dt) sothat d; = fi(H(xy),..., H(xn))—do(yi),
and we can set H(y;) := {; + ¢ (y;). This shows ¢ is homotopic to a map which is the identity on A (x;).

Given an automorphism ¥ : A — A with ¥ (x;) = x;, then dy¥ (y;) = ¥ (f;) = fi = d(y;) and
hence y; — ¥ (y;) is a cocycle in A~ . Let & be a coboundary d&; = y; — ¥ (y;). Then ¢ ~g Idp via
H(x;) :=x; and H(y;) ==y (i) +t(yi =¥ (i) — &dr. o

Corollary 5.3 Let X be a simply connected Poincaré duality space with H* (X ; Q) = Q[x]/(x"*!) for
some n and |x| even. Then o (hAut™ (X)) is finite.

Proof For any choice of orientation of X, the group Aut(H*(X; Q), ex) is trivial if n is odd and Z /2
if n is even. Hence, 7o (hAut™ (X)) is finite by Proposition 5.2 a

Finally, in some cases the Euler ring is finitely generated so that the computation of the Euler ring
amounts to computing the ideal of relations among a generating set, and which simplifies some computa-
tions below.
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Proposition 5.4 Let X be a Poincaré duality space so that H*(X) is concentrated in even degrees and let
n=dim H*(X:;Q). Then E*(X) is generated by k1, ..., Ky_2.Kn.

Proof This follows directly from the tools developed in [27]. Applying [27, Corollary 2.7] for x = ™ (1),
the corresponding monic polynomial px(z) € H*(BhAutt (X); Q)[z] of degree n is given by
(=D"
px(2) = — D sgn(0)KiG)  Ki(yaio)
UGZ,H_I

l()’l)_l’

where 0 = y1 -+ y4(0) is the cycle decomposition of o, /(y;) denotes the length of ; and 1 is contained
in the support of y;. Then [27, Corollary 2.7] implies that py(e/¥()) = 0 € H*(E) and by fibre
integrating 0 = ™ ()" - p(e™ (1)), one can decompose k,4; in terms of k-classes of lower degree
for i > 0; except when i = 1 as py(z) has a constant term—k,/n which cancels the leading term
7y (e™ ()1 in (™ () o (€™ (1)) 0

5.1 The Euler ring of even spheres

Proposition 5.5 The Euler ring of an even-dimensional sphere is E*(S*") 2 Q|[k] where Ké‘ =2k"1yop
and all odd ky; 1 vanish.

Proof We have seen in Example 4.4 that ™ () = 2x € A(x, y, Z45,) and in Example 3.4 that fibre
integration is given by TT(x2K) = 0 and IT(x2¢*1) = (—l)szfn. Thus kpg = 2175 (=2324,)% = 21_kK§.
Since 7o (hAut™t (S2%)) is trivial, the 1-connected universal fibration is the universal fibration and the
result follows. |

5.2 The Euler ring of complex projective space

A minimal model of C P" is
Ppi=(A(x, ). x| =2.|y|=2n+1,d =x"T13/dy)

with orientation ec prn(x™) = 1 induced by integral Poincaré duality, and we apply Theorem 2.2 to
compute a model for the minimal 1-connected C P"-fibration.

Proposition 5.6 A cdga model of the universal 1-connected C P"-fibration is given by

(5-1) By :=(Ql[x2,...,xp+1], |xi| =2i,d =0)
n+1 )
s Ep:= (B,,[x]/(x"+1 + Z X -x”+1_’), x| =2,d = o),
i=2
and the fibrewise Euler class in E,, is represented by
n .
(5-2) efw(n):(n+1)-x"+Z(n+1—i)-x,~-x”_’ € Ey.

i=2
Algebraic € Geometric Topology, Volume 26 (2026)
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Proof Note that Der™ (P,) has a (vector space) basis given by 6; := x"+t1=19/dy fori =1,...,n+1
of degree 2i — 1 and n := d/dx of degree 2. The only nontrivial differential on the derivation Lie algebra
is given by [d, n] = —(n + 1)6;. Since C P" satisfies the Halperin conjecture, it follows from Lemma 4.5
that there exists a quasi-isomorphic abelian dg Lie subalgebra a, C Der™ (P,) with trivial differential,

which in this case is easy to identify as a, := Q{6,, ..., 6,4+1}. The statement follows directly from
Theorem 4.7 for this choice of a;. O
Theorem 5.7 The Euler ring of complex projective space is E*(C P") =~ Q[k1, ..., Kn—1,Kn+1]-

Proof By Corollary 5.3, 7o(hAut™ (C P") is finite (in fact one can easily see o (hAut(C P")) = Z/2),
and so E*(CP") = E;(CP") by Lemma 5.1. The Euler ring is generated by &1, ..., ku—1,Kkn+1 by
Proposition 5.4, so it remains to show they are algebraically independent which follows if det(dk;/9dx;)
is nonzero.

It turns out that the polynomials representing the k; are quite complicated so that it is difficult to give
a closed formula for the determinant of the Jacobian. We will resolve this issue by focussing on the
terms containing X, because it is the variable of the highest degree and it is not contained in e™ (1)
so that it only arises through fibre integrating x* for k > n. It will be sufficient to consider elements
modulo decomposables, i.e., for x, y € By then x ~ y if x —y € (B, )2. We will start with the following
observation about fibre integration.

Observation 1 Ifk =2,...,n+ 1 then m(x"t*) ~ —x; € B,.

n+2

Proof Rewriting x in terms of the module basis {1, x, ..., x"}, one can see that 7 (x" *2) = x,. Then

m(x"e) = gy (et xk ) = —Z;’:zl x;-m (x5~} and by induction over k, the only indecomposable

contribution is for i = k. |
Observation 2 Fori = 1,...,n — 1 the highest power of x,+1 in k;j(x2,...,Xy+1) isi — 1 and the
coefficient ¢; € Q[x,, ..., Xy] ofx,’;jrll satisfies c; ~ (—1)'i(n + 1) (n—i) - Xpq1—i.

Proof It follows from degree considerations that the highest power of x,4; is i — 1 and ¢; equals
Xy ‘ . . . ‘ w
A - Xpy1_; + decomposables. It remains to determine the coefficient A. When expanding e () using
(5-2), the only relevant contributions are
(I’l + 1)i+1xn(i+l) _ (l + 1)(71 +1-— (l’l +1 _i))xn+1_ixn—(n+l—i) . (n + 1)ixni
— (}’l + 1)i+l(xn+l)i—l _x2n—i+l —l(l + l)(}’l + 1)ixn+1—i . (xn-‘rl)i—l X

i—2

ite ATl — St nt1—i i i—1
Now rewrite x =D 0, XiX and collect all terms containing x, 7~ and x, 75

Xp4+1—i (we can
ignore the rest because it cannot contribute to A) to get

(n+ 1)i+1(xf;:_11 + (i — l)x,’;flxnﬂ_i XD X2 G D+ 1) X -xf;:_ll -x".
The statement follows by fibre integrating and discarding decomposables as in Observation 1 above. O

Observation 3 The highest contribution of X4 in k41 is (—1)"(n + 1)*+2 Xpiq-
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Proof The expression for e™ (7)"12 contains (n + 1)"T2 - x"+2) = (5 4 1)"+2. (x*t1)" . x™ This is

n+2  ,.n
) Xpp1 T

where we can ignore all other terms. O

the only summand that fibre integrates to a multiple of x) ;. i.e., kp+1 = (=1)"(n + 1

We can now analyse det(dk; /dx;j) which contains the summand

8/(1 8/(2 3/(,,_1 8Kn+1

30Xy 0Xn—1 X2 OXnt1

It follows from Observations 2 and 3 that the above expression contains C - x¥, ., where C is a nonzero

n+1°
constant and N = n(n —1). This is the only possible way to get a monomial in det( ) that contains
only x,4+1. Hence, the determinant does not vanish and the generating set k1, ..., K;— 1,/(,,+1 is alge-

braically independent. |

Remark 5.8 Theorem 5.7 has been studied in the smooth case for n = 2 in [27] by studying the natural
smooth 2-torus action on C P? and that implies our result in this case as well. This has been extended by
Dexter Chua to n < 4, but for large n the algebra becomes intractable.

5.3 The Euler ring of products of odd spheres

The main result of this section is the computation of E§(X) for a simply connected Poincaré duality

n SZk,+1

space X that is rationally equivalent to a product of odd spheres ]_[l for some n, k; > 0.

Theorem 5.9 Let X be a simply connected Poincaré duality space that is rationally equivalent to a
product of odd spheres ]_[1_1 S2ki+1 for some n, k; > 0. Then the fibrewise Euler class of the universal
1-connected X -fibration E' — BhAuto(X) is trivial and hence E5(X) = Q.

Proof The minimal model of X is given by an exterior algebra Ay = (A(x;j)1<i<2n,d = 0) and by
Theorem 2.2 the model of the universal 1-connected fibration is given by

(5-3) By :=6¢p(Dert (Ax): Q) — Ex :=6¢g(Der” (Ax); Ax) = (Bx ® Ax. D).

Observe that %éE(Der"‘ (Ax); Ay) is a finitely generated By-module as the minimal Sullivan model is
finite dimensional. Let ex : Ax — Q denote a rational orientation, then By ® ex : (Bx ® Ay, D) - By
is the only module homomorphism that restricts to ex on the fibre and thus is a representative of fibre
integration by Proposition 3.2.

Moreover, Homp, (Ey, By) is a minimal semifree module and therefore the quasi-isomorphism
I : Ex[-d] — Homp, (Ex, Bx) from Proposition 4.1 is in fact an isomorphism by uniqueness of
minimal free resolutions [11, Example 8, Chapter 6] (similarly for m). Hence, the algebraic Umkehr
map is given by

A* G
\: Ex[~|F|| > Homp, (Ex. By) > Homp, (Ex ®p, Ex.Bx) "2’ Ex ®p, Ex[-2|F]].
The composition of I with the vector space isomorphism Hom By (Ex. Bx) = (Ax)" ® By is given by
ex ®1dp, where ey : Ay — (Ax)" is the adjoint of ey : Ay ® Ax — Q. The same statement holds for
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IT ® IT with the appropriate choice of orientation on X x X given by exx x :=ex ®ex: (Axy ®Ax)®*—=Q.
Note that A*TI(1) is contained in (Axy ® Ax)Y ® 1 so that (TT® M) 'A*TI(1)isin Ay @ Ay ® 1 C
Ex ®pB, Ex. A direct computation shows that

A1) = Z +x5, ®xs, € Ex ®py Ex
S1uS>=F

for some signs that can be worked out. Hence, the fibrewise Euler class is

e™(m) = A*o Ay(1) = Z +xp
S1uS,=F

and since IT(e/ ¥ (7)) = x(X) = 0, the summands must cancel. |

One can easily see that the group of homotopy self-equivalences 7o (hAut™ (X)) is not finite in most
cases, and so we cannot infer that the full Euler ring is trivial in general except in the two cases below.

Theorem 5.10 Let X be either rationally equivalent to (S 1)*" or a finite CW complex rationally
equivalent to S2kt1 x §2+1 for 1 <k <[ and n even. Then E*(X) = Q.

Proof We start with the proof of the second case. By [32, Theorem 10.3] the group mo(hAut™ (X))
is commensurable with an arithmetic subgroup of the homotopy classes automorphisms of Ay. If
X ~g S2+1 % §2+1 then the group of automorphisms of Ay modulo homotopy is Q* x Q* and
the arithmetic subgroups of this linear algebraic group are finite and hence by commensurability so is
mo(hAutt (X)). Hence, E*(X) = E§(X) = Q by Lemma 5.1 and Theorem 5.9.

We need to introduce some notation in the first case. Let 77 : E — BhAut™ (X) denote the universal ori-
entated X -fibration and 7y : £¢ — BhAutg(X) the universal 1-connected X -fibration. The cdga model of
the total space E is a free algebra on generators x1, . .., xn, v, ..., y"* with differential D(x;) = ' and
therefore H(Ey) = Q. It is well known that £ is homotopy equivalent to the classifying space of pointed
homotopy automorphisms BhAut; (X)) and there is a fibration sequence Eq — E A, Brg(hAut] (X))
which induces an isomorphism H*(E) 2~ H*(Bmo(hAut; (X)) since the rational cohomology of E
is trivial. In particular, e™ () = H*e for some e € H™ (K +1)(B7T0 (hAut} (X ))) It follows from the

commutative diagram

~

E — Bro(hAut} (X))

|- H

BhAutt (X) —"— Bro(hAut™ (X))

that the fibrewise Euler class e™ () = H*e = n*h*e is pulled back from the base, and therefore that
the fibre integrals (7 * (h*e)*) = (h*e)* - (1) = 0 all vanish. O

Remark 5.11 There are more cases when the group of homotopy self-equivalences €(X) is finite for a
space X that is rationally equivalent to a product of odd-dimensional spheres, and the second case in
Theorem 5.10 is merely one of the simplest to establish. But we expect that the Euler ring vanishes in
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general even if €(X) is not finite using recent results in [4], where Berglund and Zeman have given a
rational description of BhAut(X) via a fibre sequence

BhAut, (X) — BhAut(X) — BI'(X),

where I'(X) is a certain arithmetic group and BhAut, (X) is the classifying space of normal unipotent
X -fibrations. They provide I'(X)-equivariant models for BhAut, (X) so that one can obtain an algebraic
model for BhAut(X'). We expect that one can extend the results in this paper using their results to study
Euler rings in more generality, and in particular that the Euler ring E*(X) vanishes for X a product of
odd spheres in general.
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On the analog category of finite groups

BEN KNUDSEN AND SHMUEL WEINBERGER

We show that the analog category of a finite group is essentially proportional to the size of its largest
Sylow subgroup. We conclude that the universal upper bound given by the order of the group is very far
from optimal.

1 Introduction

We continue the probabilistic reimagining of the foundations of topological robotics [7], begun simul-
taneously in [10] and [5], in which motion planning is conducted according to continuously varying
probability measures on the relevant space of paths. The resulting “analog” invariants, which bound their
classical counterparts — the Lusternik—Schnirelmann category and topological complexity — from below,
display surprisingly subtle behavior.

For example, the analog category of an aspherical space with torsion-free fundamental group is equal to
the cohomological dimension of that group [10, Theorem 1.1], a direct analogue of the Eilenberg—Ganea
theorem. Thus, in this case, analog category equals category. On the other hand, in the case of a finite
fundamental group, the classical category is always infinite, while in our setting we have the following;
see Section 2 for the definition of acat(G).

Universal upper bound [10, Theorem 7.2] If G is finite, then acat(G) + 1 < |G|.!

We show here that this bound is a very bad one in three senses: the groups for which it is sharp
are highly constrained; the difference of the two sides is arbitrarily large; and their ratio is arbitrarily
small. Provisionally, let us call G a-special if |G| = ap® with p a prime, (a, p) = 1, and p*® > a (thus, a
1-special group is simply a p-group).

Theorem 1.1 In what follows, G refers to a finite group.

(1) If G is not a-special for some a € {1, 2, 3}, then the universal upper bound is strict for G.
(2) If G is 1- or 2-special,, then the universal upper bound is sharp for G.?
(3) Forany N > 0 and € > 0, there exists a G such that acat(G) 4+ 1 <|G|— N and acat(G) + 1 <¢|G]|.

IFor stating our results, it is convenient to work with the “unreduced” category, which differs from the “reduced” convention
by 1. To avoid confusion, we will simply write acat(G) for the latter and acat(G) + 1 for the former. Both conventions are
common throughout the literature on Lusternik—Schnirelmann category and topological complexity.

2Unfortunately, we do not know whether the universal upper bound is sharp for 3-special groups.
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In particular, the universal upper bound is sharp for p-groups and strict for almost all other groups.
For groups of the latter type, we show that the analog category is roughly proportional to the size of the
largest Sylow subgroup.

Theorem 1.2 Let G be a finite group not of prime power order. If P < G is a Sylow subgroup of maximal
order, then

<3,

min{2, |N(P)|} < acat(l(;)| +1 <

| P|
where N(P) denotes the normalizer of P in G.

In more prosaic terms, the lower bound is 1 when the largest Sylow subgroup of G is self-normalizing,3
and otherwise it is 2; for example, the lower bound of 2 obtains for all nilpotent groups.

Prior to our work here, the quantity acat(G) was almost completely unknown apart from the universal
upper bound and a calculation for cyclic groups of prime order [4]. Strictly speaking, this last calculation
was of an a priori different invariant, the distributional category; we show here that the two coincide for
finite groups, a special case of [10, Conjecture 1.2].

Theorem 1.3 For any finite group G, the analog and distributional category of G coincide.

In fact, the same argument may be used to show that the analog and distributional versions of the r-th
sequential topological complexity TC, coincide for every r.

1.1 Conventions

We write AS for the simplex spanned by the set S. Thus, a point in AS is a formal sum Y ses lsS, Where
the barycentric coordinates tg are nonnegative numbers summing to 1, all but finitely many of which
vanish. In the case S = {1,...,n}, we make the abbreviation Allsn} — An—1, explicitly, this choice
amounts to the slightly nonstandard notational convention

A= {(tl,...,zn)e [0, 11" : i ti = 1}.
i=1
We work in Steenrod’s convenient category of topological spaces [12]; see [10, Appendix A] for a
summary of relevant facts about these spaces. Topological spaces are implicitly convenient, as are limits —
including products — and mapping spaces. Convenient colimits, when they exist, are the same as ordinary
colimits. The adjective “compact” refers to the definition in terms of open covers. We write BG for the
classifying space of the (discrete) group G, i.e., the geometric realization of its nerve. We write EG for
the universal cover of BG and X"G = MapG (EG, X) for the space of homotopy fixed points of the
G-space X, where MapG denotes the space of G-equivariant maps.

3 As shown in [8], the admission of a self-normalizing Sylow subgroup places strong constraints on a group.
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2 The analog category of a group

The purpose of this section is to establish the following formula, which the reader may take as a definition
of the analog category acat(G). We recall that AC denotes the simplex spanned by the elements of G,
and A is its n-skeleton.

Proposition 2.1 For any group G, we have acat(G) = min{n | (Ag)hG # T}

We begin with a brief review of the invariants of [10], which are defined in terms of the set P(X) of
probability measures with finite support on the topological space X. We view P(X) as a topological space
with the quotient topology inherited from the various maps

X" x A" S5 P(X),  (x,t) > i 1i8x; .
i=1

We write P, (X) C P(X) for the subspace of measures with support of cardinality at most 7.

Classically, spaces of probability measures are often topologized using the Lévy—Prokhorov metric,
which metrizes the topology of weak convergence when the background space X is a separable metric
space. We direct the reader to Section 5 below for some comparisons between the two approaches. The
twin advantages of ours are its generality, as we do not even require the background space to be metrizable,
and its excellent technical features, which are summarized in the following result.

Theorem 2.2 [10, Theorem 2.7] The functor P is an endofunctor on the category of convenient spaces,
which preserves homotopy, sifted colimits, quotient maps, and closed embeddings.

Given amap f : X — Y, we may consider the space of probability measures on X with fiberwise
support over Y, namely

P ={ 3 b €P0) 2 fxn) = ) =+ = Flaw))

and we set P, (f) = P, (X) N P(f). Sending an element of P(f) to the point in whose fiber it is
supported defines a continuous map to Y.

Definition 2.3 The analog sectional category of the map f : X — Y is the least n such that P, 41 (f) =Y
admits a section. The analog category of the space X, denoted by acat(X), is the analog sectional category
of the evaluation map (X, xo) {01140 5 X where x¢ € X is any basepoint.

As our interest here lies solely in the aspherical context, we permit ourselves the abusive abbreviation
acat(G) = acat(BG).
For the proof of the proposition stated above, we require the following standard fact.

Lemma 2.4 For any G -space X, the homotopy fixed point space X" is canonically weakly equivalent to
the space of sections of the canonical map EG xg X — BG.
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Proof Consider the following commutative diagram of mapping spaces:

Map®(EG, EG x X) —— Map®(EG, EG xg X) == Map(BG, EG xg X)

| l |

Map®(EG, EG) —— Map® (EG, BG) =————— Map(BG, BG)

The section space in question is the fiber of the right-hand vertical map over idpg, while X hG is the
fiber of the left-hand vertical map over idg . The claim follows after noting that the vertical maps are
fibrations and the left-hand square a homotopy pullback. a

Proof of Proposition 2.1 It is well known that, for any group G, there is a commutative diagram of
topological spaces

G — (BG, x¢)(0:1140.1)

l |

EG —— (BG, x¢)10:11:{0)
| |

in which the horizontal arrows are homotopy equivalences and the vertical columns are (Hurewicz) fiber
sequences. It follows from [10, Corollary 5.3] that acat(G) is the analog sectional category of 7, which
is a fiber bundle with structure group G; therefore, by [10, Corollary 5.8], we have

Pu+1() = EG %G Pn+1(G)

as spaces over BG, and it is easy to see that P,4+1(G) = Ag as G-spaces, so the claim follows from
Lemma 2.4. O

Corollary 2.5 If X is a contractible G-space with an equivariant map X — Ag, then acat(G) < n.

Proof Contractibility implies that X hG = @, since an equivariant map £G — X may be constructed
by elementary obstruction theory; alternatively, the map EG xg X — BG is a trivial fibration, since
EG — ptis a homotopy equivalence, and Lemma 2.4 applies. It follows that (Ag)hG receives a map
from a nonempty space, and hence is itself nonempty. The claim follows from Proposition 2.1. |

Remark 2.6 Essentially the same argument shows that the r-th analog topological complexity of BG, as
defined in [10], is equal to the least n such that the G"-space Ag /G admits a homotopy fixed point.
3 Designer complexes

This section is concerned with the construction of certain contractible equivariant cell complexes, which,
via Corollary 2.5 and obstruction theory, will be the key to proving our main results. The ideas here are
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mostly taken from the work of Assadi [1], following Oliver, Conner and Floyd, Smith, and others, but the
specificity of our situation permits some simplification and hence a relatively self-contained account.

In what follows, the group G is always finite. As a matter of terminology, we say that a space is
p-acyclic if its mod p reduced homology vanishes.

Definition 3.1 Let X be a G-complex. Given a prime p, we say that X is Smith p-acyclic if X is
p-acyclic for every nontrivial p-subgroup P. We say that X is Smith acyclic if X is Smith p-acyclic for
every prime p.
The relevance of this definition lies in its connection to obstruction theory.

Proposition 3.2 Let X be a G-complex of dimension m.

(1) If X is Smith (p-)acyclic, then a (p-)acyclic G-complex may be obtained from X by attaching free

cells of dimension at most m + 1.
(2) If X is acyclic, then a contractible G -complex may be obtained by attaching free cells of dimension

at most 3.

Proof For the first claim, if X is Smith acyclic, then [1, Proposition 1.1.6] guarantees that we may
achieve acyclicity below degree m and Z[G]-projectivity in degree m by attaching free cells of dimension
at most m. Thus, by the Eilenberg swindle, we may achieve acyclicity by further cell attachments of
dimensions m and m + 1. The Smith p-acyclic case is similar, invoking [1, Lemma II.1.5] instead, and
obtaining instead a mod p homology group of degree m projective over [, [G].

For the second claim, note first that X is path connected by acyclicity. We first kill the fundamental
group of X by attaching free 2-cells indexed by a set /. Calling the resulting complex Y, the long exact
sequence for the pair (Y, X)) shows that

fl-(Y)N PD; Z|G] ifi=2,
! ~ 1o otherwise.

Thus, a simply connected acyclic G-complex may be obtained by attaching free 3-cells, and any such
complex is contractible by Whitehead’s theorem. |

Our main construction will proceed inductively and one prime at a time. In order to state the main
result, we require the following definition, which will form the basis for our induction.

Definition 3.3 Let G be a finite group and p a prime dividing |G]|.
(1) A subgroup H < G is called a p-intersection if it is an intersection of p-Sylow subgroups.

(2) The (p-Sylow) depth of the p-intersection H is the largest d for which there is a chain H = H; <
H;_ 1 <---< Hy = P of proper inclusions with P a p-Sylow subgroup and each H; a p-intersection.

(3) The (p-Sylow) depth of a p-subgroup H < G is the maximal depth of a p-intersection containing H.
(4) The (p-Sylow) depth of G, denoted by d,(G), is the maximal depth of a p-intersection in G.
We adopt the convention that d,,(G) = 0 if and only if (p, |G|) = 1.
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It is easy to see that the depth of H as a p-subgroup coincides with its depth as a p-intersection. It is
also easy to see that the d,(G) is bounded above by the number of distinct p-Sylow subgroups of G, as
well as by the exponent of p in |G|.

Lemma 3.4 Let H be a p-intersection of depth d and K any p-subgroup containing H. The depth of K
is at most d, with equality if and only if H = K.

Proof We may assume that H # K. Supposing that K has depth s > d, we obtain the chain of inclusions
H<K<Hg<Hg 1<---<H{ =P,
implying that the depth of H is at least s + 1 > d, a contradiction. a

Corollary 3.5 Let Hy and H» be p-intersections. If Hy < H», then the depth of H, is greater than the
depth of H;.

Corollary 3.6 If K is a p-subgroup of depth d, then K is contained in a unique p-intersection of depth d .

Proof Let Hy # H; be p-intersections of depth d containing K. Then H; N H; is a p-intersection
properly contained in Hp, and hence of strictly greater depth by Corollary 3.5. It follows that K has
depth greater than d, a contradiction. |

We write J; = J4(p) for the set of p-intersections (in G, implicitly) of depth d, regarded as a G-set
under conjugation.

Convention 3.7 For the remainder of this section, we assume that G is a finite group not of prime power
order.

We come now to the main construction (compare [1, Theorem II.1.4]).

Theorem 3.8 Let p be a prime dividing |G|. For 0 < d < d,(G), there are G-complexes X,(G)4 with
the following properties:

(1) Xp(G)o is free of dimension 1.

(2) Xp(G)g+1 is obtained from X,(G),4 by attaching cells of dimension at most d + 2 with isotropy
in Jd+1 .

(3) X,(G) 5 is p-acyclic for every nontrivial p-subgroup P of depth at most d .

Lemma 3.9 Let H < G be a subgroup and X an N(H)-space. For any g € G, there is a canonical

homeomorphism

1

(G xyey X)8HE™ = xH

Proof Consider the standard decomposition G X y(g) X = U[g[]GG /n(H) &i X, and take g to be one of

our coset representatives. Writing ghg~'g; = g;h’, we have ghg™!

-gix = gj(h"-x). It follows that
gix is fixed by gHg~! if and only if x is fixed by H and [g] = [g;], which is to say g = g;. Thus, the

desired homeomorphism is given (from right to left) by x — gx. O

Algebraic € Geometric Topology, Volume 26 (2026)



On the analog category of finite groups 1591

Proof of Theorem 3.8 We proceed by simultaneous induction on d and d,(G). In the case d =
dp(G) =0, we let X,(G)o be any connected 1-dimensional free G-complex, e.g., a Cayley graph. Notice
that the third condition is vacuous in this case. For d = 0 and general G, we choose a p-Sylow subgroup P
and set

Xp(G)o =G xn(p) Xp(N(P)/P)o.

For d =1, let P be as above and consider X,(N(P)/P)o. Since P is p-Sylow, the group ring
F,[N(P)/P] is semisimple by Maschke’s theorem. It follows that H, (Xp(N(P)/P)o;Fp) is projective
over F,[N(P)/ P]; therefore, by Proposition 3.2 and the Eilenberg swindle, we may attach free cells of
dimensions 1 and 2 to obtain a p-acyclic N(P)/P-complex X ,(N(P)/P)o. Finally, we define

Xp(G)1 =G xnpy Xp(N(P)/P)o.

The second property holds by construction, and the third follows from the observation that, by Lemma 3.9,
the fixed set of any p-Sylow subgroup is homeomorphic to X p(N(P)/P)o, which is p-acyclic by
construction.

In the general case, choose a p-intersection H < G of depth d + 1 and consider the N(H)/H -
space Xp (G)f. We claim that this space is Smith p-acyclic; indeed, given a nontrivial p-subgroup
P <N(H)/H, we have (Xp(G)g)P =Xp (G)g, where H < P is the subgroup of N(H ) corresponding
to P, and the depth of P is at most d by Lemma 3.4, since P was assumed nontrivial, so the claim
follows by induction. Therefore, by Proposition 3.2, we may achieve p-acyclicity after attaching free
N(H)/H -cells of dimension at most d + 2, and, indexing these cells by i € I, we achieve the same result

G-equivariantly for all conjugates of H at once via the construction
G XN(H) (l_l N(H)/H x Dn[) UG x| l;e; NCH)/Hxsni—1 Xp(G)a-
iel

By Corollary 3.5, this construction does not alter the fixed set of any member of J;; not conjugate
to H ; therefore, we may define X,(G )z to be the result of iterating the construction over Jz41/G.

The second condition holds by construction. To check the third, we note that, if P has depth less than d,
then X,(G) 5 = X,(G) 5_1 by construction, since P is contained in no member of J; by definition, and
the latter is p-acyclic by induction. On the other hand, if P has depth d, then P is contained in a unique
H €3, by Corollary 3.6, so X, (G)g =X, (G)gl, which was constructed to be p-acyclic. |

We write X, (G) = Xp(G)a,(6)-
Corollary 3.10 There is a G-complex X (G) with the following properties:

(1) X(G) is obtained from [_]p ||| Xp(G) by attaching free cells of dimension at most maxp dp(G) + 2.
(2) X(G) is contractible.

Proof By construction, given p # ¢ dividing |G|, every p-subgroup of G acts without fixed points
on X4(G), so the third condition of Theorem 3.8 implies that the disjoint union in question is Smith
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acyclic. Since the dimension of X,(G) is d,(G) + 1, and since max, d,(G) + 2 > 3, Proposition 3.2
shows that we may achieve first acyclicity, then contractibility after the indicated type of cell attachment. O

4 Proofs of the main results

Our strategy will be to exploit Corollary 2.5 by applying obstruction theory to the complex X(G)
constructed in the previous section. In order to proceed, we require information on the connectivity of
fixed-point sets.

Proposition 4.1 Forany H <G and any n € Z, there is a canonical N (H ) / H -equivariant homeomorphism
G\H -, \G/H
(AGHH = ACH
wherek = [((n+1)/|H|] —1.
Corollary 4.2 For any H < G and n < |G|, the connectivity of(Ag)H isexactly |(n+1)/|H|| —2.

Proof of Proposition 4.1 Since H is finite, we may define a function f : A6/H — AG by the formula

1
f(t)g = mtgH'

As the restriction of a linear map, this function is continuous, and its image is H -fixed by inspection; thus,
we may we view f as a map to (A%)H. As such, it is N(H)/H -equivariant and injective by inspection,
and we claim that it is also surjective. To see why, note that a point in AC is fixed by H if and only if the
barycentric coordinate of gh is independent of 4 € H for every g € G. Thus, given ¢ € (A%)H, setting
tgr = |H |ty defines an element of f~1(r). The homeomorphism (AG)YH ~ AG/H follows, since both
sides are compact and Hausdorff.

Now, a point of AC lies in Ag if and only if at most n + 1 of its barycentric coordinates are nonzero. We
conclude that f identifies (AG)H with the subspace of AC/H in which at most (n + 1)/ H| barycentric
coordinates are nonzero, as desired. O

In what follows, we write X pA for the completion of the space X at the prime p; see [11], for example.
We recall that, according to one of several results known collectively as the “generalized Sullivan
conjecture”, due to Carlsson [2, Theorem B(c)] and Dwyer, Miller and Neisendorfer [6], the natural map
(x* );,\ — (X lﬁ\)hP is a weak equivalence for any p-group P and finite-dimensional P-CW complex X.

Proposition 4.3 For any p-subgroup P < G, we have acat(G) > |P|— 1. If P is not self-normalizing,
then acat(G) > 2|P|—1.

Lemma 4.4 Let H < G be any subgroup. If H is not self-normalizing, then (G/H)hN(H)/H = .

Proof Our assumptions imply that N(H)/H is a nontrivial group acting without fixed point on the
discrete space G/H. An easy exercise shows that such a space admits no equivariant map from any
connected N(H)/H -space with nontrivial action, and hence no homotopy fixed point. O
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Proof of Proposition 4.3 We begin with a few elementary observations regarding the following commu-

tative diagram of canonical maps, to which we will appeal throughout the argument:

P
Map(pt, AG)? —— Map(pt, AG)P)}, —— (Map(EG, (AT)}))" +—— Map(EG, AG)P

| l |

(AP ———— ()P —————— ()P e (A

First, since the canonical map EP — EG is a P-equivariant homotopy equivalence, the third and fourth
vertical arrows are weak equivalences. Second, since N(P)/P acts canonically on the P-fixed set of
any G-space, the arrows in the top row are all equivariant maps between N(P)/P-spaces. Third, by the
Sullivan conjecture, the second map in the bottom row is a weak equivalence, and hence in the top row
as well.

For the first claim of the proposition, it suffices to show that (Ag)hp = @ forn < |P|— 1, since
(Ag)hG has a canonical map to this space. In this range, we have (Ag)P = @ by Proposition 4.1; in
particular, this space is p-complete, so the first map in this row is also a weak equivalence (in fact an
equality, but this is irrelevant). We conclude that the target of the rightmost map is empty, so its source
must be so as well.

For the second claim, it suffices as before to show that (Ag)hN(P) =gfor|P|—-1<n<2|P|—1.
In this range, Proposition 4.1 instead identifies (Ag)P with the discrete N(P)/P-space G/ P, which is
also p-complete. As before, it follows that the first arrow in the bottom row of the diagram above is a
weak equivalence, and hence in the top row as well. We also conclude from Lemma 4.4 that (Aff)P has
no homotopy fixed points for the action of N(P)/P. Since the homotopy fixed-points functor preserves
weak equivalences, a diagram chase as in the previous paragraph yields the conclusion that

(Map(EG, AG)PYINPIP — o
An easy exercise shows that this space is weakly equivalent to (Aﬁ)hN (P) and the claim follows. O

Proof of Theorem 1.2 The lower bound follows from Proposition 4.3. For the upper bound, it suffices
by Corollary 2.5 to construct an equivariant map X(G) — Ag for n > 3q — 1, where ¢ is the largest
prime power dividing |G |. To begin, since X,(G)o is free of dimension 1 for each prime p, there is no
obstruction to constructing a map to Aff provided n > 1, which certainly holds in our situation. Proceeding
inductively, we may extend an equivariant map from X,(G)4 to X,(G)g4 provided (Ag)H is (d+1)-
connected for every H € Jz41(p); we will consider this question in a moment. Finally, equivariant maps
from the various X, (G) may be extended to X(G) provided n > max, d,(G) + 2, which certainly holds
in our situation, since d,(G) is bounded above by the exponent of p in |G|.

Now, for H € J;4+1(p). the connectivity of (Ag)H is [(n 4+ 1)/|H|] — 2 by Corollary 4.2, and
|H| < p*=?, where p® is the largest power of p dividing |G|. Thus, it suffices to establish the inequality

1+§s .
P
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for every prime p dividing |G|. Since ¢ > p*® by definition, the claim follows from the obvious inequality

144 < pd. O
3
Proof of Theorem 1.1 Writing |G| = gr with g as above and appealing to Theorem 1.2, we obtain the
inequality
acat(G) + 1 3
[c/—

If r ¢ {1,2, 3}, then the right-hand side of this inequality is strictly less than 1, implying the first claim.
The second claim is immediate from Proposition 4.3 and the universal upper bound. For the third claim,
fix N and € and choose distinct primes p > g and a natural number s so that N < (¢ —3)p® and e <3/q.
In this case, the desired bounds hold for the cyclic group of order p®q. a

S Analog vs. distributional

The goal of this section is to prove Theorem 1.3, claiming that the analog category of the finite group G
coincides with its distributional category in the sense of [5; 9]. We begin by recalling the relevant
definitions.*

Throughout, we will use the subscript LP to refer to the Lévy—Prokhorov metric; thus, we have P, (X)Lp
for X metric, and we have P, ( f)Lp for continuous f with metric source. The rule for turning a definition
of an analog invariant into that of a distributional invariant is to add this subscript; thus, the distributional
sectional category of f : X — Y with metric source is the least n for which P,,41(f)p — Y admits a

section, and this definition specializes to the definition of distributional category as in Definition 2.3.

Remark 5.1 An issue deserving of care is that the distributional category is not defined if X is not
metrizable — for example, X = BG with G infinite. One possible workaround is to appeal to the fact
that any CW complex is metrizable up to homotopy equivalence [3]. Fortunately, since we confine our
discussion here to finite groups, the issue does not arise.

Our main technical result comparing these notions is the following.

Proposition 5.2 Let f : X — Y be a map with X metric and Y convenient. If f is proper, then the
analog and distributional sectional category of f coincide.

For the proof, we require the following.

Lemma 5.3 For a metric space X, the identity function P, (X) — P, (X)Lp is continuous for every finite
n > 0. If X is compact, then each of these maps is a homeomorphism.

Note that the first claim of Lemma 5.3 is simply the claim that the quotient topology on P(X) is finer
than the Lévy—Prokhorov topology when both are defined, which can also be seen by considering an
explicit basis for the latter [9, Section §].

4For the sake of easier reading, we depart from the notation of [5].
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Proof of Lemma 5.3 For the first claim, let X be a metric space, and consider the commutative diagram

colimg P(K) —— colimg P(K)Lp

| |

PX) ———— P(X)rp

where K ranges over compact subspaces of X. The collection of such is filtered, and hence sifted, so
the left-hand arrow is a homeomorphism by Theorem 2.2. Thus, in order to establish continuity of the
bottom arrow, it suffices to establish continuity of the top arrow; in other words, we may assume that X
itself is compact. From the definition of P(X), continuity is equivalent to continuity of each of the maps
n
-1
nXAn —)T(X)LP, (.X,k)'-) Zti5x,-,
i=1
which is to say sequential continuity, since the source is metric. Since X is compact, and hence separable,
the topology on the target is the topology of weak convergence of measures, so sequential continuity

follows from continuity of the composite

fxu (=)

ny AL TU R R L R

where ¢ is the inclusion and f : X — R is an arbitrary continuous function.
For the second claim, if X is compact, then so is P, (X). Since P,(X)Lp, as a metric space, is
Hausdorff, and since the map in question is a continuous bijection, the claim follows. a

Proof of Proposition 5.2 It follows from Lemma 5.3 that the top arrow in the commutative diagram

P (f) ————— Pu(f )1

N,

is continuous, so a section of the left-hand map determines a section of the right. Thus, the distributional
sectional category bounds the analog from below. For the reverse inequality, we will show that any
section o of the right-hand map is continuous when considered as a map to P, (/). By assumption, the
space Y is the colimit of its compact subsets; therefore, since 0|k factors through P, (f|f-1(x))Lp, We
may assume without loss of generality that Y itself is compact. In this case, since f is proper, it follows
that X is also compact, and Lemma 5.3 implies the claim. |

Lemma 5.4 For any n > 0, the functor P, (—)Lp preserves homotopy, and hence homotopy equivalence.

Proof Using the topological basis given in [5, Section 3.1], it is easy to check that, for any metric
space Y, the assignment

m m
( > ti(gxi’y) = 2 1i8(x,y)
defines a continuous map P, (X)pxY — P, (X xY )Lp. The claim follows easily after taking Y =[0, 1]. O
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Proof of Theorem 1.3 It suffices to show that the distributional category of BG is the distributional
sectional category of the map = : EG — BG; indeed, the corresponding analog statement is true, as
shown in the course of proving Proposition 2.1, and 7 is proper, so Proposition 5.2 applies. Considering

the diagram

|

EG — (BG, x0)([0:11:{0)

d |
from the proof of Proposition 2.1, the claim follows by noting that the construction f +— P, (f)Lp

preserves Hurewicz fibrations by [5, Proposition 5.1] and that the construction X — P(X)Lp preserves
homotopy equivalence by Lemma 5.4. |

Remark 5.5 An alternative argument establishing that the distributional sectional category is a homotopy
invariant of fibrations is given in [9, Proposition 5.3].
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