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The Deligne–Mumford operad as a trivialization of the circle action

ALEXANDRU OANCEA AND DMITRY VAINTROB

We prove that the tree-like Deligne–Mumford operad is a homotopical model for the trivialization of the
circle in the higher-genus framed little discs operad. Our proof is based on a geometric argument involving
nodal annuli. We use as a model for the higher-genus framed little discs an operad of Riemann surfaces
with analytically parametrized boundary. We develop the formalism of topological moduli problems as a
framework to accommodate the orbifold nature of the Deligne–Mumford operad.
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1 Introduction

An operad is a structure that contains spaces of operations with multiple inputs and one output, and rules
for composing these operations. An algebra over an operad is a given incarnation of these operations
and composition rules. Associative algebras, Lie algebras, commutative algebras, Gerstenhaber algebras,
Batalin–Vilkovisky algebras and hypercommutative algebras are all examples of algebras over suitably
defined operads Ass, Lie, Com, Gerst, BV and HyperCom.

Many such algebraic operads can be described as homologies of topological operads, i.e., operads
with topological spaces of operations. Famously, Gerst is the homology of the operad of little 2-discs,
whose spaces of operations consist of Euclidean embeddings of smaller discs, seen as inputs, into the unit
disc, seen as the output, and where the composition is given by rescaling the unit disc and fitting it into
some other small disc. Similarly, BV is the homology of the operad of framed little 2-discs, analogous
to that of little 2-discs but involving the extra data of a marked point on the boundary of each of the
discs under consideration. See Figure 1. Another example is HyperCom, which is the homology of the
Deligne–Mumford–Knudsen operad, whose space of k-to-one operations is the compactified moduli
space M0;kC1 of genus-0 curves with kC 1 marked points, of which one is labeled as an output and
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Figure 1: Composition in the operad of framed little 2-discs.

the other ones are labeled as inputs. The composition is represented by the nodal curve obtained by
identifying an input of one curve with the output of another. See Figure 2.

The following result was proved by Drummond-Cole [21]. Let FLD be the operad of framed little disks
and let DMK be the genus-zero Deligne–Mumford–Knudsen operad with k-to-one operations indexed by
points in M0;kC1. Let FLD1;1 be framed little disks with one input and one output (with only a space of
one-to-one operations, which is up to homotopy the group S1), and let pt be the operad with only one
identity one-to-one operation. Then, in any model structure on operads with weak equivalences spanned
by maps of topological operads which are levelwise weak equivalences, we have the following result.

Theorem (Drummond-Cole [21]) The homotopy colimit of the diagram

pt FLD1;1! FLD

is related by a canonical sequence of weak equivalences to DMK.

The intuition behind this theorem is the following: to trivialize the S1-action in FLD amounts to
collapsing each small disc, as well as the boundary of the outer disc, to a point. The outcome is a genus-0
curve, i.e., an element of M0;kC1, the uncompactified moduli space of genus-0 curves with kC1 marked

ı2
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Figure 2: Composition in the Deligne–Mumford–Knudsen operad.
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The Deligne–Mumford operad as a trivialization of the circle action 1231

points. The homotopy pushout corresponds to the compactification M0;kC1: the latter involves nodal
curves whose dual graph is a tree, and trees are precisely created by the operadic bar construction, which
provides cofibrant replacements.

In this paper we give a higher-genus generalization of this result. Our method of proof gives a more
geometric (and indeed motivic, as seen in [56]) interpretation of Drummond-Cole’s theorem.

We define the operad Fr@ of framed surfaces with spaces of operations given by the moduli spaces
of complex, i.e., conformal, surfaces with analytically parametrized boundary, and with composition
given by gluing boundary components along compatible parametrizations. See Section 3.1 and Figure 7
on page 1253. The operad FLD embeds in Fr@ by viewing the boundary of the “large” disk in which
the framed little disks embed as the outgoing boundary of a conformal surface of genus zero, and
the boundaries of the interior disks as incoming boundaries. This embedding establishes a homotopy
equivalence between FLD and the suboperad Fr@;gD0 of framed surfaces of genus zero, and so Fr@ is a
natural higher-genus generalization of FLD in the category of topological operads.

Let Ann be the suboperad of Fr@ consisting of annuli, i.e., genus-zero framed surfaces with one
incoming and one outgoing boundary component. This operad is homotopy equivalent to FLD1;1 and
to S1, and each annulus is a homotopy unit for Fr@. It is convenient to enlarge Ann and Fr@ to strictly
unital operads eAnn and eFr@ by including infinitely thin annuli. See Section 3.2.

The main result of the present paper is the following theorem. As before, suppose we are working with
a model structure with weak equivalences spanned by maps of topological operads which are levelwise
weak equivalences. Let DMtree be the operad of “tree-like” nodal surfaces of arbitrary genus, whose spaces
of operations are the partial compactifications of the moduli spaces M�;� D fMg;kC1 W g � 0; k � 0g of
closed Riemann surfaces of genus g with kC 1 marked points by boundary components consisting of
nodal curves whose dual graph is a tree.

Theorem 1.1 The homotopy colimit of the diagram of unital operads

pt eAnn! eFr@(1)

is related by a canonical sequence of weak equivalences to the Deligne–Mumford operad DMtree.
The same statement holds for the homotopy colimit of the diagram of nonunital operads

pt Ann! Fr@:

The Deligne–Mumford operad is not an operad in topological spaces, but rather an operad in topological
orbifolds, or stacks. We discuss the corresponding formalism in Appendix A, where we call the relevant
objects topological moduli problems. If one is only interested in the operad as an object of a rational
homotopy category (e.g., by considering its chains over a field of characteristic zero), the orbifold structure
can be ignored without changing the homotopy type and the homotopy colimit result holds on the level of
coarse moduli spaces (note that in genus zero this distinction is irrelevant as there are no stabilizers).

Let DMtree
coarse be the operad built out of the underlying coarse moduli spaces of the orbifold-valued

operad DMtree. Let k be a field of characteristic zero. In this context, the operads of chains with coefficients

Algebraic & Geometric Topology, Volume 26 (2026)



1232 Alexandru Oancea and Dmitry Vaintrob

in k on DMtree and DMtree
coarse are equivalent, as the homology of finite groups is trivial in characteristic

zero. The following corollary, motivated by mirror symmetry considerations which we discuss below,
follows from Theorem 1.1 by the universal property of colimits.

Corollary 1.2 Let k be a field of characteristic zero. The data of an algebra over the operad of
chains C�.DMtree/ is equivalent to the data of a dg algebra A over C�.eFr@/ together with a derived
S1-trivialization , i.e., a chain of quasi-isomorphisms of C�.S1/-modules � WAŠ V , with V a complex of
k-modules carrying a trivial S1-action.

Corollary 1.2 is a higher-genus generalization of a result proved by Drummond-Cole and Vallette
[22, Theorem 7.8]. The derived S1-trivialization is equivalent to a Hodge-to-de Rham degeneration
data in the sense of [22]. The characteristic zero condition can be removed at the cost of working with
DMtree instead of DMtree

coarse and considering algebras over appropriate model-theoretic replacements of
the operads involved.

Motivation, history of the problem and state of the art The main motivation for Theorem 1.1 and for
Drummond-Cole’s theorem comes from the homological mirror symmetry conjecture of Kontsevich [37].
This conjecture postulates an equivalence between, on the symplectic side, the Fukaya category, and on
the complex side, the category of coherent sheaves. In contrast, the original discovery and formulation
of mirror symmetry was enumerative [9; 16], and postulated an equivalence between Gromov–Witten
invariants on the symplectic side and Hodge-type numbers on the complex side. Hence the question of
describing Gromov–Witten invariants, or quantum cohomology, of a closed symplectic manifold, in terms
of its Fukaya category. In recent years, this has led to a flurry of activity around so-called “categorical
enumerative invariants” [15; 17; 18].

Gromov–Witten invariants and the Fukaya category are related by the so-called closed-open map. This
map induces, for sufficiently nice symplectic manifolds, an isomorphism between symplectic cohomology,
which is a variant of Floer homology, and Hochschild cohomology of the Fukaya category; see [1; 25; 37].
This isomorphism intertwines the S1-action on symplectic cohomology with the S1-action on Hochschild
cohomology. Both these actions are part of naturally defined BV-algebra structures, which can also be
refined at chain level as algebra structures over the operad of chains on the framed little discs FLD. On
the Floer side this was proved recently by Abouzaid–Groman–Varolgunes [2], and on the Hochschild
side this is closely related to the famous problem known as the “Deligne conjecture” [6; 39; 46; 54; 59].

When the symplectic manifold is closed, we infer two different structures on its quantum cohomology.
On the one hand, the fixed point map identifies it with symplectic cohomology, wherefrom a BV-algebra
structure with trivial S1-action. On the other hand, it classically carries the structure of a HyperCom
algebra. (This involves genus-0 Gromov–Witten invariants, e.g., the operation in arity 2 corresponds to the
quantum multiplication.) To explain this phenomenon, Kontsevich formulated in 2003 the conjecture that
the framed little discs operad with a trivialization of the circle should be equivalent to the DMK operad.

This was proved in algebraic settings by Drummond-Cole and Vallette [22], as well as Khoroshkin,
Markarian, Shadrin [35], and in a topological setting by Drummond-Cole [21]. The statement at the

Algebraic & Geometric Topology, Volume 26 (2026)
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topological level is the strongest, since it implies the previous ones by passing to chains. See also
Dotsenko, Shadrin, Vallette [20] for the relation between this picture and the Givental group action.

Costello [14] adopts a point of view on categorical enumerative invariants which is inspired by
cohomological field theory; see also Kontsevich and Manin [38]. From that perspective, it becomes
relevant to study analogues of Kontsevich’s conjecture in higher genus. Our main Theorem 1.1 is the
first result in that direction: we prove the conjecture of Kontsevich at the topological level, i.e., in the
strongest sense, for the operadic part of the higher-genus Deligne–Mumford moduli spaces (one output).

Very recently Tu [55] proved a homological generalization of our main Theorem 1.1 in the context
of modular operads. This implies the equality between Costello’s categorical enumerative invariants of
the ground field and the Gromov–Witten invariants of a point, and is an important step towards inferring
enumerative mirror symmetry from homological mirror symmetry [15; 17; 18]. Much more in line with
our topological approach, Deshmukh [19] proved a generalization of our main Theorem 1.1 from operads
to input-output properads, i.e., properads that have no operations with 0 inputs and 0 outputs. The starting
object in [19] is the properadic version of our operad of framed nodal surfaces Fr@, which we view as
confirmation of the fact that this is the correct higher-genus generalization of the little 2-discs operad.
The paper [19] relies on the full machinery of1-categories developed by Lurie [41]. In contrast, we
keep technicalities to a minimum. The geometric perspective adopted in the current paper should make it
appealing to both topologists and geometers.

Our paper brings into the picture a number of new ideas. We define the operad Fr@ of framed surfaces
as a higher-genus analogue of the operad of framed little discs. Our main Theorem 1.1 extends the
equivalence of operads proved by Drummond-Cole [21] to higher genus, and Corollary 1.2 extends to
higher genus the algebraic formulations from [20; 35]. Our proof is geometric and makes use of certain
explicit and canonical degenerations of Riemann surfaces. Remarkably, our use of Riemann surfaces
with analytically parametrized boundary, which makes the gluing operation well defined, has a motivic
counterpart discussed by the second author in [56].

Sketch of the proof The key technique in our proof consists in replacing the diagram

pt Ann! Fr@

by the homotopy equivalent, but much more geometrically meaningful diagram (cf. Theorem 3.11)

NodAnn Ann! Fr@:(2)

Here NodAnn is the operad of (stable) nodal annuli, with only one-to-one operations consisting of a
compactification of Ann by allowing the modulus to tend to 1, which we geometrically interpret as
the annulus developing a node (which is disjoint from either parametrized boundary component). The
resulting operad turns out to be contractible (Lemma 3.6), hence gives rise to a diagram whose homotopy
colimit is equivalent to the homotopy colimit pt Ann! Fr@ of the theorem above. In fact, in this
formulation the homotopy colimit result is visible geometrically, as the geometric pushout Theorem 3.11

Algebraic & Geometric Topology, Volume 26 (2026)
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from Section 3.4. In that statement we use a unital version CNodAnn of NodAnn, which corresponds to
the partial compactification in the “modulus-zero” limit. (This partial compactification does not change
the homotopy type.)

The proof of our main Theorem 1.1 relies on a mild homotopy enhancement of the proof of the
geometric pushout Theorem 3.11.

Our proof of Proposition 6.6, stating that a certain operation of erasing seams on surfaces gives rise to
a weak homotopy equivalence, has counterparts in [19, §§5.2–5.3; 21, §7], in different setups. These
different perspectives complement each other, and it is instructive to compare them, including from a
complexity perspective.

Topological moduli problems and operads An extra layer of technical complexity is added to our
work because the “target” of our comparison, the operad DMtree, is not a topological operad. Instead,
it is an operad valued in topological moduli problems, because certain stable marked complex curves
have automorphisms that preserve the markings. The notion of a topological moduli problem, which we
discuss in Appendix A, is a variant of the notion of topological stack that is suitable for our purposes. We
thus have to take care of two issues:

(1) How does one compare topological moduli problems to topological spaces?

(2) What is an operad in topological moduli problems?

We discuss the first question in Appendix A, and the second question in Appendix B. The outcome is
that every topological moduli problem X has a “classifying space” and can thus be treated essentially as
a topological space. The answer to the second question requires more formalism than the first, and the
model we use is that of Segal operads, defined in [12]. In particular, the Deligne–Mumford operad DMtree

is a Segal operad rather than an ordinary operad. Luckily, the two questions can be treated separately for
the purposes of this paper, and neither of them needs to interfere with the model category structure.

Before comparing DMtree with the homotopy pushout, we need to replace it by a model that allows
boundary. To this end, we define in Section 3.4 an operad NodFrtree

@
of classifying spaces of nodal curves

with parametrized boundary (again, an operad of topological moduli problems defined using the same
framework as DMtree). This operad contains both DMtree as a closed suboperad and Fr@ as an open
suboperad, and moreover the map of operads DMtree

!NodFrtree
@

is a homotopy equivalence (after taking
classifying spaces).

We use the homotopy equivalence

DMtree funnel
���! NodFrtree

@

(which we call the “funnel” map, as it is geometrically represented by attaching “funnels”; see Figure 8
on page 1267) as one half of a “roof” of equivalences between DMtree and the homotopy pushout. Indeed,
after taking canonical resolutions in an appropriate model category, we identify the pushout operad in (2)
with a certain space NodHDtree

protected of decorated curves which we call “Humpty-Dumpty curves”, fitting

Algebraic & Geometric Topology, Volume 26 (2026)
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into a diagram

hocolim.diagram (2)/Š NodHDtree
protected! NodFrtree

@  DMtree(3)

all of whose maps are equivalences of operads in an appropriate model category.

Model category structures We use the Berger–Moerdijk model category structure on topological
operads throughout most of the paper, induced by a given model category structure on topological spaces.
Note that the topological spaces we work with are not CW-complexes. This makes it inconvenient to use
the standard (Quillen) model category structure on the category of topological spaces, and we replace it
by the so-called mixed model category structure due to Cole [13]. All spaces we work with are homotopy
equivalent (and not just weak homotopy equivalent) to CW-complexes, which implies that our results will
also hold in the Strøm model category structure [53], where only homotopy equivalences are inverted.
This is explained in Section 5.

Structure of the paper Taking advantage of the analogous nature of the proofs of the homotopical
main Theorem 1.1 and of the geometric pushout Theorem 3.11, we first give in Sections 2 and 3 a
self-contained statement and proof of Theorem 3.11, along with a brief introduction to topological operads
and their pushouts. A reader interested in the flavor of our proof without the topological technicalities
can read those sections only. In Sections 4 and 5 we introduce the formalism of model categories and
the Berger–Moerdijk model category structure on topological operads, which we will be working with.
We prove the main Theorem 1.1 in Section 6. For the reader’s convenience we have given separately
the proofs for the genus-0 case and for the higher-genus case. In the genus-0 case we only work with
operads in topological spaces and there are not stacky phenomena involved, and we recover by a different,
and perhaps more geometric method, the theorem of Drummond-Cole [21]. In the higher-genus case we
make full use of the language of topological moduli problems and Segal operads, which we introduce and
discuss in Appendices A and B, respectively.

2 Operads and topology
2.1 A brief reminder on operads

Operads were initially defined by May [43] in a topological context.
An operad O is a structure that specifies a class of composable operations with multiple inputs. An

operad in sets is a collection of sets On, n� 0, of operations “with n inputs and one output”, or operations
“of arity n”, together with composition rules


 WOk �On1 �On2 � � � � �Onk !On1C���Cnk

and permutation rules, consisting of right actions of the symmetric groups Sn on On, n � 0, where
S0 D 1 by convention,

On �Sn!On; .o; �/ 7! o�:

Algebraic & Geometric Topology, Volume 26 (2026)



1236 Alexandru Oancea and Dmitry Vaintrob

The composition rules and the permutation rules are required to satisfy certain tautological relations
which essentially encode the fact that they behave like composition and permutation of inputs. Generally,
operads are also required to have a unit, 1 2O1, with the property that composing o 2Ok , k � 1, by 1
on the left or with the tuple .1; 1; : : : ; 1/ on the right does not change o. By default, when we use the
word “operad” we will mean unital operad.

A representation of an operad O (in sets), or an algebra over O , is a set .S; �/ with a collection of
maps �o W Sn! S indexed by o 2On, n� 0. By convention S0 consists of a single point and therefore
we interpret the collection of maps �o, o 2O0, as a distinguished collection of elements in S . The case
in which O0 consists of a single element is historically important; see May [43], but the operads that we
will construct in this paper will have naturally richer spaces O0. The collections of maps �o, o 2 On,
n� 1, are interpreted as spaces of operations with n inputs and one output in S . We require these maps
to satisfy the permutation rule

�o� .s1; : : : ; sn/D �o.s�.1/; : : : ; s�.n//

for � 2Sn a permutation, and also the associativity rule

�o ı .�o1 � � � � � �ok /D �
.o;.o1;:::;ok// W S
n1 � � � � �Snk ! S:

Note that the only property needed in order to define operads and algebras over operads in this context
is that the category Set has a symmetric monoidal structure with respect to the cartesian product and the
permutation action Sn �S

n! Sn, �.s1; : : : ; sn/D .s�.1/; : : : ; s�.n//. In particular, we can define the
notion of an operad and of an algebra over an operad in any symmetric monoidal category .C;˝/ with
choice of unit object. The category of operads in C is denoted by OpC .

For convenience, we shall impose a slightly stronger condition: namely, that the symmetric monoidal
category C we work with be closed (see [7, §2]), which in particular implies it has (small) colimits, the
colimits distribute over pushouts and there is an internal Hom functor. The cases of most interest to us
are the categories Top of compactly generated weakly Hausdorff topological spaces (this is the standard
category used in homotopy theory [33, Definition 2.4.21, Theorem 2.4.25]), Vect of vector spaces and
Vectdg of differential graded vector spaces. Given a lax symmetric monoidal functor C! D, we get a
functor of associated operad categories OpC! OpD.

Operads can be equivalently defined by specifying a smaller set of composition rules, the so-called
partial compositions. More precisely, given a unital operad O one defines the partial compositions

�ıi � WOk �O`!OkC`�1; 1� i � k;

as u ıi v D 
.uI 1; : : : ; 1; v; 1; : : : ; 1/ for 1� i � k. These compositions obey the tautological relations
u ıi .v ıj w/D .u ıi v/ ıi�1Cj w for i; j � 1 and .u ıj w/ ıi v D .u ıi v/ ıj�1C`w for j > i � 1 and
v 2O`, called respectively sequential composition and parallel composition. These relations determine
uniquely all the other composition and permutation rules for the operad O , allowing for an equivalent
definition of the operad structure.

Algebraic & Geometric Topology, Volume 26 (2026)
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Remark 2.1 When we work with the Deligne–Mumford operad and its variations, we will need the
slightly more sophisticated theory of Segal operads, which is adapted to handle stacky objects, i.e., objects
with self-symmetries. This refinement is explained in Appendix B.

2.2 Free operad

This section is based on [7, §5.8; 8, §3].
Many constructions in algebra canonically output graded objects, i.e., objects of the form

F
Xi for

F
the coproduct operation — or

L
for vector spaces — and i running over some indexing set I . For example

the free unital monoid on a set � — or a vector space V — is Free.�/D
F
n2N �

n — or the tensor algebra
Free.V /D

L
n2N V

˝n. Note that the monoid structure on Free.�/ “lives over” the standard additive
monoid structure on N. It is a common procedure to resolve a monoid, or an associative algebra, by
free ones using a simplicial object (or chain complex) based on the free algebra construction of the bar
complex. The analogue of the bar complex in the theory of operads is indexed not by the monoid of
natural numbers but by the operad of trees, whose n-to-one operations are given by certain trees with
n distinguished “input edges” and one distinguished “output edge”. Some trees have automorphisms,
which interact with the Sn-actions on spaces of operations, so properly speaking the free construction is
indexed by a groupoid of trees.

Let C be any symmetric monoidal category. The symmetric groupoid is the category S with objects
the finite sets Œn�D f1; : : : ; ng, n � 0, and morphisms the permutations of Œn�. We define the category
of S-collections in C as Fun.Sop; C/, also denoted by S-ModC . Explicitly, the objects of S-ModC

are sequences X� WD .X0; X1; X2; : : : / with Xn 2 C a Sn-module for n � 0, and the morphisms are
equivariant sequences of morphisms in C.

Let Setf be the category with objects the finite sets and morphisms the bijections between finite sets.
The categories S and Setf are canonically equivalent. As a consequence, the category of S-collections
Fun.Sop; C/ is canonically isomorphic to the category Fun.Setop

f
; C/ [42, Proposition 1.51]. When viewing

a S-collectionX� as a functor Setop
f
!C, we denote byXF the object in C that is associated to a finite setF .

We have a canonical forgetful functor

forg W OpC!S-ModC;

which associates to an operad O the sequence .O0; O1; O2; : : : / of its spaces of operations. This functor
has a left adjoint

Free WS-ModC! OpC

called the free operad functor. The adjunction relation reads

HomOpC .Free.X�/; O/Š HomS-ModC .X�; forg.O//:

2.2.1 The operad of labeled rooted trees We first need to describe an important operad based on the
following heuristic idea: an operation with n inputs is represented by a rooted tree with n distinguished
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��

Figure 3: A tree of operations � and its associated graph of full edges � .

leaves labeled by the set f1; : : : ; ng, up to isomorphism. Composition of operations is represented by
grafting such trees one upon another.

A graph with half-edges is a graph � with a set of vertices Vert� , a set of oriented edges Edge� each
having one tail and one head vertex, and an additional set of oriented half-edges Half� with only one end
(either head or tail). We denote by HalfC� the set of incoming half-edges. We denote by � the oriented
graph of full edges. We say that a graph with half-edges � is a tree of operations if � is a rooted tree
and � has exactly one outgoing half-edge which is attached to the root of � . This definition allows for
an arbitrary number (including 0) of incoming half-edges for � , it allows for some (or all) of the leaves
of � to have no incoming half-edge attached to them, and it allows for the incoming half-edges of � to
be attached at any vertex of � . Each interior vertex of � has a unique outgoing edge attached to it. See
Figure 3. In addition to the above, we also introduce the trivial tree j consisting of a unique edge and no
vertex. We do not consider our trees of operations as being endowed with a planar structure.

A labeling of a tree of operations � with n � 1 incoming half-edges is the data of a bijection
� W f1; : : : ; ng ��!HalfC� , which we view as assigning an element in f1; : : : ; ng to each incoming half-edge.
A labeled tree of operations is a pair .�; �/ consisting of a tree of operations � and a labeling �. Two
labeled trees .�; �/ and .� 0; �0/ are equivalent if there exists an isomorphism � W � ��! � 0 that intertwines
the labelings, i.e., such that �0 D ��. Write

Treen

for the set of all labeled trees of operations with n� 0 incoming half-edges, and write

Treen

for the equivalence classes under the above equivalence relation. This is a Sn-equivariant groupoid with
respect to the right action of Sn on labelings.

The Sn-groupoids Treen, n� 0, form an operad in the following way:

(1) Given an equivalence class of a labeled tree Œ�; �� 2 Treek and a collection of equivalence classes
Œ�i ; �i � 2 Treeni , 1� i � k, we define the composition 


�
Œ�; ��; .Œ�1; �1�; : : : ; Œ�k; �k�/

�
as follows. We

choose representatives for each of the previous equivalence classes, we build a tree T by gluing for each
i 2 f1; : : : ; kg the outgoing half-edge of �i to the i-th incoming half-edge of � as distinguished by the
labeling �, producing thus for each i a new interior edge whose tail vertex is the root of �i and whose

Algebraic & Geometric Topology, Volume 26 (2026)



The Deligne–Mumford operad as a trivialization of the circle action 1239

head vertex is the same as that of the i-th incoming edge of � . (If �i is the trivial tree, the gluing is
innocuous.) We define a labeling ` of the tree T by concatenating the labelings �1; : : : ; �k . The result of
the composition is the equivalence class of the labeled tree .T; `/.

(2) The unit is provided by the trivial tree j with its unique labeling.

The resulting operad, denoted by Tree, is the operad of labeled rooted trees.

Remark 2.2 We refer to [36] for a different description of trees.

2.2.2 The free operad functor Let X� be a S-collection, which we view as a functor Setop
f
! C. The

heuristic idea for the construction of the free operad Free.X�/ is the following: the space of operations in
arity n� 0 consists of elements of Treen, decorated at each vertex v by an element of Xin.v/, where in.v/
is the set of incoming edges and half-edges at v. The composition of operations is inherited from the
composition of trees.

Given a tree of operations � , define

X� D
Y

v2Vert�

Xin.v/:

A labeled rooted tree with vertices colored by elements ofX� and with n� 0 incoming half-edges is a triple
.�;x; �/ with .�; �/ 2 Treen and x 2X� . Two such triples .�;x; �/ and .� 0;x0; �0/ are equivalent if there
exists an isomorphism � W .�; �/ ��! .� 0; �0/ such that the colors x D .xv/v2Vert� and x0 D .x0w/w2Vert�0

satisfy the condition x0
�.v/
D xv�� , where �� WXin.v/!Xin.�.v// is the isomorphism determined by the

bijection � W in.v/! in.�.v//. Let
Treen.X�/

be the space of labeled rooted trees with vertices colored by elements of X� and with n� 0 incoming
half-edges. This carries a natural topology and splits as a disjoint union of topological spaces indexed by
the elements of Treen. Let

Treen.X�/

be the space of equivalence classes under the above equivalence relation, which again carries a natural
topology and splits as a disjoint union of topological spaces indexed by the elements of Treen. This is
naturally a Sn-space under the action of the permutation group on labelings.

Definition 2.3 The spaces of operations in the free operad Free.X�/ are

Free.X�/n D Treen.X�/; n� 0:

These form a topological operad with compositions, unit, and S-structure inherited from the operad Tree.

2.3 Pushout of operads

Suppose that
P  A!Q
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is a diagram of topological operads. We define the amalgamated product or pushout,

P tAQ;

to be the colimit of the diagram in topological operads. Explicitly, this is a quotient (interpreted as a
colimit) of the free operad Free.P� tQ�/ and is defined as follows. Consider the counit of the free-
forgetful adjunction: this is the natural transformation between the functors Free ı forg and IdOp which
associates to each operad O the “product” morphism of operads

Q
W Free.O�/!O obtained by applying

composition maps in O to a tree of elements in O recursively until the tree has a single vertex (this is
independent of the order by the associativity of operations in operads). Now P tAQ is the quotient of
Free.P� tQ�/ by the equivalence relation generated by the relations

�1 t �2

described as follows:

(�1) If ofree 2 Free.P�tQ�/ is a free element over a tree � and � has a subtree �0 all of whose vertices
are labeled by elements of P (or Q) then ofree is equivalent to o0free with all vertices and all full
edges of �0 contracted to a point, and with the product

Q
.ofreej�0/ written at that point.

(�2) Denote the two operad maps by i W A! P and j W A!Q. If ofree 2 Free.P� tQ�/ is a free
element over a tree � which on some vertex v 2 � has a label which is equal to i.a/ for some
a 2 A, we set ofree � o

0
free where o0free has the label on v replaced by j.a/.

The amalgamated product can be defined more generally for operads in categories which do not live
over the category of sets. The above relations should then be understood as coequalizer conditions in the
underlying category.

3 Operads based on Riemann surfaces with boundary
3.1 The operad of framed surfaces

Definition 3.1 A framed surface is a compact Riemann surface † with boundary @† locally analytically
modeled on the upper half plane fz 2C W Im z� 0g, together with an analytic parametrization 'i WS1!Ci

for each boundary component Ci � @†.
A component Ci � @† is called an input or an output if the orientation induced by the parametrization

coincides, respectively is opposite to the boundary orientation of Ci .
Write Frm;n

@
for the moduli space of framed surfaces with m incoming and n outgoing boundary

components.

The space of oriented analytic diffeomorphisms S1 ! S1 which preserve a basepoint 1 2 S1 is
contractible. Indeed, this set is identified with the space of analytic functions f WR!R satisfying the
conditions f .0/D 0, f .xC 1/D f .x/C 1 for all x 2 R, and f 0 > 0, which is convex. (The function
f .x/D x can be taken as a basepoint.) As such, once an orientation of each boundary component has
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been specified (which is the same as a labeling of the components as inputs or outputs), an analytic
parametrization 'i W S1!Ci is determined up to homotopy by the choice of a basepoint pi D 'i .1/ 2Ci .

Framed surfaces can be glued at inputs and outputs because of the following phenomenon.
A framed surface is canonically isomorphic in the neighborhood of each of its boundary components

to a closed annulus

A" D fz 2C W 1� "� jzj � 1g

for some ">0. Indeed, given a componentCi with an analytic parametrization 'i , the latter locally extends
uniquely, and these local extensions coincide on the overlaps by uniqueness of holomorphic continuation.
The original parametrization 'i corresponds then to the restriction of the extended parametrization to the
circle jzj D 1 if Ci is an output, respectively to the restriction to the circle jzj D 1� " if Ci is an input.
As a consequence, any two framed surfaces are uniquely locally isomorphic in the neighborhood of any
of their incoming, respectively outgoing boundary components.

Given two annuli A", A"0 (viewed as complex manifolds with canonically parametrized boundary)
the incoming boundary of the first can be glued to the outgoing boundary of the second (to produce an
annulus with modulus ln 1=.1� "/C ln 1=.1� "0/; see Section 3.2 below). Since every framed surface is
isomorphic in a neighborhood of each of its boundary components to such an annulus, this gives us the
local data necessary for gluing two framed surfaces along boundary components of opposite orientation,

.†; 
/; .†; 
 0/ 7!† #
;
 0 †0:

Note that this also makes sense if †, †0 are disconnected and also if 
 , 
 0 are boundary components
consisting of multiple circles, as long as the orientations are compatible.

In particular, the moduli spaces Frm;n
@

form a topological PROP, and the moduli spaces Frm;1
@

with one
output form a topological operad. We denote this latter topological operad by Fr@: We call it the operad
of framed surfaces.

Note that the moduli space Frm;n
@

is a priori a stacky object, as a surface can have automorphisms.
However, this can only happen when both m and n are equal to zero, as no nontrivial automorphism of a
connected complex surface can fix an embedded curve or boundary component pointwise. Since we will
only be interested in the operad Fr@, which involves the moduli spaces Frm;n

@
with nD 1, we will never

encounter any stacky phenomena involving framed surfaces.

Remark 3.2 It is understood here that the elements of Fr@ are labeled framed Riemann surfaces, meaning
that, for each framed Riemann surface † 2 Frm;1

@
, we are given a bijection � between f1; : : : ; mg and the

set of incoming boundary components of †. The bijection � is called a labeling, and there are of course
mŠ choices of labelings. The labeling is necessary in order to define composition by gluing and hence the
operad structure on Fr@. This additional presence of labelings is standard for operads constructed out of
Riemann surfaces, similarly to the case of the Deligne–Mumford spaces Mg;n where the n marked points
are also labeled. The symmetric group Sm acts on the right on the set of labelings of a framed Riemann
surface † by composition at the source .�; �/ 7! �� , � 2Sm. For readability we will henceforth not
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mention explicitly the labelings of surfaces, but whenever we will write “framed surface” we will mean
“labeled framed surface”.

Remark 3.3 We will be interested in Fr@ as a topological operad and we now specify the topology on the
moduli spaces involved. Given any point of Frm;1

@
corresponding to a surface S , we can glue in disks

(with standard parametrization of the boundary) to all the inputs and outputs of S to obtain a closed
Riemann surface NS . This gives an identification of Frm;1

@
with the moduli space of Riemann surfaces

with mC 1 parametrized loops bounding disks isomorphic to the standard disk D �C and with standard
boundary parametrization. In particular, Fr@ is a subspace of the space of tuples .X; 
1; : : : ; 
mC1/ withX
a closed Riemann surface (corresponding to a point of some Mg;mC1) and the 
i , i D 1; : : : ; mC 1,
pairwise nonintersecting contractible embedded analytic loops in X . This is a bundle over Mg;mC1. We
topologize Frm;1

@
as a locally closed subset of this bundle of tuples.

This presents Fr@ as a complex infinite-dimensional manifold. Its local model at a framed Riemann
surface of genus g with mC 1 boundary components is the total space of a fibration over a neighborhood
of the corresponding element in Mg;mC1 with fiber given by mC 1-tuples of embeddings of the disc
in C close to the standard one. The fact that the corresponding element in Mg;mC1 may be an orbifold
point is irrelevant here.

3.2 The monoid of framed annuli

The genus-0 and arity-1 part of Fr@ forms a topological monoid which we denote by Ann and call the
monoid of framed annuli.

A framed annulus is a genus-0 Riemann surface A with two boundary components @AD @CAt @�A
labeled as input and output, together with analytic parametrizations fC of the input @CA and f� of the
output @�A. Ignoring the parametrizations of the boundary components, such an annulus is conformally
determined by its modulus ˛ 2 .0;1/ (Schottky’s theorem [51]). This is the logarithm of the ratio of
the radii

˛ D lnR=r

of a standard annulus AR;r D fz 2C W r � jzj �Rg, r < R, which is conformally equivalent to A, where
the outer circle jzj DR is labeled as input and the inner circle jzj D r is labeled as output. The group of
conformal automorphisms of the underlying Riemann surface A is canonically isomorphic to S1: up to
replacing A with a conformally equivalent standard annulus, its group of automorphisms is represented
by the rotations of C which fix the origin. As such, the pair .f�; fC/ is considered modulo global
rotations � � .f�; fC/D .� Cf�; � CfC/, � 2 S1. With this understood, we write Œ.A; f�; fC; ˛/� for
the equivalence class of a framed annulus .A; f�; fC; ˛/.

Remark The modulus behaves additively under gluing of standard annuli. However, it does not behave
additively under gluing of general framed annuli. This can be seen explicitly by studying configurations
of nested circles in C.
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The topological monoid Ann is not unital. In order to achieve unitality, it is convenient to enlarge it to
the topological monoid of possibly degenerate framed annuli, denoted by eAnn; by including the moduli
space of framed annuli of modulus 0, denoted by Ann0:

A framed annulus of modulus 0 is a triple .C; f�; fC/ consisting of a connected closed analytic
1-dimensional manifold C together with analytic diffeomorphisms f˙ W S1! C . We will also refer to
.C; f�; fC/ as being a framed annulus of thickness zero, or as being a degenerate framed annulus. Two
such framed annuli .C; f�; fC/ and .D; g�; gC/ are equivalent if there exists an analytic diffeomorphism
 WC!D such that g˙D f˙. As such, the framed annulus .C; f�; fC/ is equivalent to .S1; id; f �1� fC/

and also to .S1; f �1
C
f�; id/. We choose the first expression to realize a bijection

Ann0 ��! Aut.S1/; Œ.C; f�; fC/� 7! f �1� fC:

The composition of the equivalence classes of two framed annuli of modulus 0 is defined by

Œ.C; f�; fC/� ı Œ.D; g�; gC/�D Œ.C; f�; fCg
�1
� gC/�D Œ.D; g�f

�1
C f�; gC/�:

This makes Ann0 into a group. The neutral element is the class Œ.S1; id; id/�, consisting of degenerate
annuli .C; f�; fC/ with f� D fC. The inverse of Œ.C; f�; fC/� is Œ.C; fC; f�/�. As such the above
bijection

Ann0 ��! Aut.S1/

is a group isomorphism. (Had we chosen to associate to the class of an annulus Œ.C; f�; fC/� the element
f �1
C
f� 2 Aut.S1/, suggested by choosing as a representative the degenerate annulus .S1; f �1

C
f�; id/,

we would have obtained a bijective group antihomomorphism.)
The topological monoid Ann is a trivial fiber bundle over .0;1/, which is the space of moduli of

unframed annuli, with fiber Aut.S1/ �S1 Aut.S1/, where Aut.S1/ stands for the group of analytic
automorphisms of the circle and S1 acts diagonally on Aut.S1/�Aut.S1/ by translations in the target.
We topologize eAnn by extending this trivial fiber bundle to a trivial fiber bundle over Œ0;1/ and collapsing
the fiber at 0 via the diagonal action of Aut.S1/ given by ' � .f�; fC/D .'f�; 'fC/. We identify the
quotient with Aut.S1/ via .f�; fC/ 7! f �1� fC as above.

We extend the monoid structure from Ann to eAnn as described above for two elements in Ann0 and
by defining

Œ.A; f�; fC; ˛/� ı Œ.C; g�; gC/�D Œ.A; f�; fCg
�1
� gC; ˛/�

and
Œ.D; h�; hC/� ı Œ.A; f�; fC; ˛/�D Œ.A; f�h

�1
C h�; fC; ˛/�

for Œ.A; f�; fC; ˛/� 2 Ann and Œ.C; g�; gC/�; Œ.D; h�; hC/� 2 Ann0.
We claim that this monoid structure is compatible with the above topology, i.e., eAnn is a topological

monoid. To prove the claim, let us consider sequences Œ.A� ; f �� ; f
�
C
; ˛�/� and Œ.B� ; g��; g

�
C
; ˇ�/�, � � 1

with ˛� ; ˇ� > 1, and such that, for �!1, we have ˛� ! ˛, ˇ� ! ˇ with ˛ or ˇ equal to 1. We can
assume without loss of generality that A� and B� are standard annuli whose inner radius is equal to 1
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�

g�f
�1
C

@�B @CB

Figure 4: We depict a (framed) annulus as a horizontal cylinder of finite length, with its input
boundary component to the right and its output boundary component to the left. The composition
A ıB of two framed annuli is depicted by drawing A to the left of B .

and whose outer radius is equal to ˛� , respectively ˇ� , and also that f �
˙
! f˙, g�

˙
! g˙, the limits

being analytic parametrizations of the standard circles of corresponding radii 1, ˛ and ˇ.
We prove the claim in the case ˛ > 1 and ˇ D 1. The glued annulus A� #B� has input given by the

boundary component @CB� with parametrization g�
C

, and output given by the boundary component @�A�

with parametrization f �� . See Figure 4. As �!1, the input @CB� of B� — which is the standard circle
of radius ˇ� in C — converges pointwise with respect to the standard parametrization to the standard
circle of radius 1 with its standard parametrization, viewed as @�B� for all �. The latter is identified
with @CA� via f �

C
.g��/

�1. As such, the limit of the composition A� #B� is canonically identified with
the limit A of the sequence A� , and this identification is given by fCg�1� along the input boundary
component. The input boundary component of the limit inherits the parametrization gC, and via this
identification the latter corresponds to the parametrization fCg�1� gC of the input boundary component
of A. As far as the output boundary component of the limit is concerned, it is canonically identified with
the output boundary component of A and inherits as such the parametrization f�. This shows that

lim
�!1

Œ.A� ; f �� ; f
�
C; ˛

�/� ı Œ.B� ; g��; g
�
C; ˇ

�/�D Œ.A; f�; fCg
�1
� gC; ˛/�

D Œ.A; f�; fC; ˛/� ı Œ.S
1; g�; gC/�

D lim
�!1

Œ.A� ; f �� ; f
�
C; ˛

�/� ı lim
�!1

Œ.B� ; g��; g
�
C; ˇ

�/�:

The proof of the claim in the cases ˛ D 1, ˇ > 1 and ˛ D ˇ D 1 is analogous and we omit it.

Definition 3.4 We define eFr@ to be the extension of Fr@ by possibly degenerate framed annuli,eFr@ D Fr@ tAnn eAnn:

3.3 Framed nodal annuli

Ordinary annuli have modulus parameter ˛ 2 .0;1/. By introducing degenerate annuli, we have extended
the possible parameters to Œ0;1/. In this section we will further extend the possible modulus parameters
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unstable nodal annulus stable nodal annulus

Figure 5: Unstable/stable framed nodal annuli.

from Œ0;1/ to Œ0;1�. We do this by adding a new class of annuli, called nodal annuli, which have
modulus parameter1. While introducing degenerate moduli did not change the homotopy type of the
topological monoid Ann, adding in nodal annuli has a strong destructive effect: it makes the monoid
contractible.

Definition 3.5 We say that a complex surface with analytically parametrized boundary is a framed nodal
annulus if it has two boundary components, genus zero, and at most nodal singularities. (In order to
shorten notation, the term “nodal annuli” includes ordinary annuli with no nodes.)

We say that a framed nodal annulus is unstable if it has an irreducible component which contains no
boundary components (equivalently, if it has a component of genus zero and infinite automorphism group),
and stable otherwise. See Figure 5. Note that all stable framed nodal annuli either have one irreducible
component containing both boundary circles (i.e., they are ordinary framed annuli), or two irreducible
components of which one contains the incoming circle and the other contains the outgoing circle. The
stabilization of an unstable nodal annulus is obtained by contracting all irreducible components which
have no boundary. We will be interested in the moduli space of stable framed nodal annuli, viewed as
quotients of possibly unstable framed nodal annuli by the equivalence relation induced by stabilization.
We write

NodAnn

for the moduli space of stable framed nodal annuli. We topologize this space similarly to our moduli
space of surfaces with boundary above. Namely, given a stable framed nodal annulus, we get a point
of M0;4 by gluing in disks along both parametrized boundary components, and marking the images
of ˙1� S1 in both boundary components in the resulting genus-zero curve. In this way, we can view
NodAnn as a subspace in the bundle over M0;4 whose fiber consists of pairs of parametrized disjoint
embedded analytic closed curves whose parametrizations map ˙1 2 S1 to the marked points.

For the next lemma, recall that we denote by Aut.S1/ the group of analytic automorphisms of S1 with
analytic inverse, and Aut0.S1/� Aut.S1/ denotes the subgroup of automorphisms which fix 1 2 S1. As
explained in Section 3.1, the group Aut0.S1/ is contractible.

Lemma 3.6 The moduli space of stable framed nodal annuli is homeomorphic to

.Aut0.S1/�Aut0.S1//�C:

In particular , it is contractible.
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Proof Consider the action of S1 on Aut.S1/ by translations in the target. The moduli space of stable
framed nodal annuli containing a node is identified with Aut.S1/=S1 �Aut.S1/=S1. Indeed, each of
the two irreducible components of the underlying Riemann surface is equivalent to a disk with a marked
point at the origin. The group of automorphisms of the latter is S1, given by rotations, and it acts on the
analytic parametrizations of its boundary by translations in the target. Writing f .modS1/ for the class
of an element of Aut.S1/ modulo the action of S1, an arbitrary element of this moduli space can thus be
written .f� .modS1/; fC .modS1//.

With this understood, the topology on NodAnn can be alternatively described as follows. Let
Œ.A� ; f �

˙
/�, � � 1, be a sequence in Ann with moduli ˛� ! 1, � ! 1. Choose representatives

A� D Œ�˛�=2; ˛�=2��S1 and .f �� ; f
�
C
/ 2Aut.S1/�S1 Aut.S1/ and assume that .f �� ; f

�
C
/! .f�; fC/

as �!1. We then have by definition

Œ.A� ; f �˙/�! .f� .modS1/; fC .modS1//; �!1:

By marking the point 1 2 S1 we obtain homeomorphisms

Aut.S1/=S1 ' Aut0.S1/; Aut.S1/' Aut0.S1/�S1

and
Aut.S1/�S1 Aut.S1/' Aut0.S1/�Aut0.S1/�S1:

(None of these identifications preserves any group structure; see also Remark 3.7 below.)
We have already seen that the moduli space Ann of framed annuli is a trivial bundle over .0;1/ with

fiber Aut.S1/�S1 Aut.S1/, where S1 acts diagonally. In view of the isomorphism S1 � .0;1/'C�,
after choosing a trivialization of the bundle Ann! .0;1/ we obtain a homeomorphism

Ann' Aut0.S1/�Aut0.S1/�C�:

With respect to this identification, the projection Ann! .0;1/ corresponds to the projection C�! .0;1/,
z 7!jzj. Also, with respect to the identification of the moduli space of stable framed nodal annuli containing
a node with Aut0.S1/�Aut0.S1/, the definition of convergence for a sequence

.f �� ; f
�
C; z

�/ 2 Ann' Aut0.S1/�Aut0.S1/�C�

such that jz� j!1 and .f �� ; f
�
C
/!.f�; fC/ as �!1 translates into the relation .f �� ; f

�
C
; z�/!.f�; fC/.

In other words, we have a homeomorphism

NodAnn' Aut0.S1/�Aut0.S1/� .C�[f1g/:

Up to an inversion on the factor C�, this is the statement of the lemma.

Remark 3.7 Consider the group homomorphism with kernel Aut0.S1/ given by the map Aut.S1/! S1,
f 7! f .1/. This admits a section which associates to each element of S1 the corresponding translation,
and thus exhibits Aut.S1/ as a semidirect product Aut.S1/'Aut0.S1/ÌS1. Although the action of S1

on Aut0.S1/ by conjugation is nontrivial, we do nevertheless have a homeomorphism at the level of
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the underlying topological spaces Aut.S1/' Aut0.S1/�S1. On the other hand, there is of course no
canonical group structure on the quotient Aut.S1/=S1.

Nodal annuli provide a partial compactification of the space of annuli “in the modulus-1 limit”,
whereas in the previous section we gave a compactification of the space of annuli “in the modulus-0
limit”. In particular, these two compactifications can be combined into a new separable topological space
of possibly degenerate stable framed nodal annuli,

CNodAnnDeAnntAnn NodAnn:

Given two possibly degenerate nodal annuli we can glue them to produce a new possibly degenerate
nodal annulus. Note that if both annuli have modulus1 (i.e., have two irreducible components), the
resulting glued space will be unstable. Under our convention, we identify the resulting space with
its stabilization. It is immediate to check that the resulting composition operation is associative; it is
continuous by an argument analogous to the one used in the previous section for the continuity of the
multiplication operation on eAnn.

3.4 Tree-like nodal surfaces

We recall that all our framed surfaces are labeled; see Remark 3.2.

Definition 3.8 Define
NodFrtree

@

to be the moduli space of stable nodal Riemann surfaces with nonnodal analytically parametrized boundary,
with the restriction that the dual graph of irreducible components is a tree. Further define

�
NodFrtree

@ D NodFrtree
@ tAnn eAnn:

Note that an element of NodFrtree
@

can have (stable) interior components which carry no boundary
parametrizations, and these can have discrete automorphism groups. We view NodFrtree

@
as a topological

moduli problem in the sense of the next definition. We build a theory of such spaces in Appendix A.

Definition 3.9 (see Definition A.3) A topological moduli problem is a contravariant functor Topop
!Gpd

from the category of topological spaces to the category of groupoids.

We write TMP for the category of such functors, with maps X ! Y given by natural transformations.
Given a map f W S ! S 0 of topological spaces we write f � W X .S 0/! X .S/ for the (contravariantly)
associated functor of groupoids. We refer to Appendix A for further details, and simply recall here that a
groupoid is a category C all of whose morphisms are invertible and such that the isomorphism classes
form a set denoted by �0.C/.

We view NodFrtree
@

as a topological moduli problem as follows. Given a topological space S , an object
of the groupoid NodFrtree

@
.S/ consists of a continuously varying S -family of stable nodal framed Riemann

surfaces, and a morphism in this groupoid is an isomorphism of two such families that preserves the
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structure. We refer to Appendix A for a more precise definition of the meaning of continuity for an
S -family, which is the analogue of defining the topology for a topological moduli problem.

For the purposes of the current section we limit ourselves to considering the corresponding coarse
moduli spaces

NodFrtree;coarse
@

and
�
NodFrtree;coarse

@
:

While any topological moduli problem has an associated coarse moduli space as described in Appendix A,
in our situation the coarse moduli spaces can be obtained from NodFrtree

@
, or
�
NodFrtree

@
, by topologizing

isomorphism classes of points, i.e., the isomorphism classes in the groupoids obtained by applying these
TMPs to pt.

Note that NodAnn�NodFrtree;coarse
@

. Also,
�
NodFrtree;coarse

@
differs from NodFrtree;coarse

@
in that it contains

degenerate annuli. We topologize
�
NodFrtree;coarse

@
as before, by viewing it as embedded in a bundle over

the (tree-like) coarse moduli space of closed nodal Riemann surfaces (possibly with some marked points).
Gluing along the boundary and possibly collapsing determines an operad structure on

�
NodFrtree;coarse

@
.

We call it the operad of possibly degenerate coarse tree-like framed nodal surfaces, with n-to-one opera-
tions given by the coarse moduli spaces of framed nodal curves with n incoming boundary components.

Remark 3.10 In contrast, the fine moduli spaces
�
NodFrtree

@
fit into the structure of a Segal operad in the

sense of Appendix B. We call it the Segal operad of possibly degenerate tree-like framed nodal surfaces.
This operad will play a role in the proof of our main Theorem in Section 6.

For further reference we denote by
NodFr@

the moduli space of stable nodal Riemann surfaces with nonnodal analytically parametrized boundary,
without any restriction on the dual graph, and also

�
NodFr@ D NodFr@ tAnn eAnn:

Theorem 3.11 (geometric pushout theorem) The operad
�
NodFrtree;coarse

@

of coarse moduli spaces of possibly degenerate tree-like framed nodal surfaces is canonically isomorphic
to the pushout of the diagram

CNodAnn eAnn! eFr@

in which both arrows are inclusions and we work in the category of topological operads.

The geometric idea of the proof is that a nodal surface can be described, though not uniquely, by
a successive gluing of framed nonnodal surfaces and nodal annuli. See Figure 6. When the dual
graph of irreducible components is a tree, this data is equivalently encoded in the pushout construction.
The equivalence relations defining the pushout construction precisely eliminate the ambiguity, i.e.,
nonuniqueness, of this description. The equivalence relations underlie pushouts in the topological
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�

Figure 6: One possible presentation of a nodal surface by gluing.

category, and in particular (as we are not taking homotopy pushouts yet), self-equivalences are ignored,
and this explains the “coarse” nature of the result.

As such the proof of Theorem 3.11 on the level of operads in sets is quite straightforward. By
reinterpreting the free-forgetful adjunction on the operad of framed surfaces and its relatives, we give a
proof of this theorem which also accounts for the topology on the two sides. While the theorem does not
imply the homotopy-theoretic pushout result (in order to get a correct model for the homotopy pushout,
the diagram of operads must be replaced by a suitable resolution), it is a good intuitive approximation
for it. Indeed, the eventual homotopical proof will be based on a topologically enhanced version of exactly
the argument presented in the next section.

3.5 Split surfaces and the geometric pushout theorem

The objects of interest in this section will be various moduli spaces of framed surfaces with “seams” at
embedded curves, which we call “split surfaces”. We again recall that all our framed surfaces are labeled;
see Remark 3.2.

Definition 3.12 A split framed surface with k interior seams is a pair .†; S/ consisting of a framed
surface † with boundary, together with an analytic embedding S W .S1/tk ,!† mapping into the interior
of †.

By definition, the seams are parametrized curves: the interior seams are the components Si W S1!†

of the embedding S D
Fk
iD1 Si W .S

1/tk ,!†; the parametrized boundary components of † are called
exterior seams. In the definition we allow k D 0, i.e., no interior seams.

Given a framed surface †, write

Splitk†

for the moduli space of all split surface structures on † with k unordered interior seams. Equivalently,
Splitk† is the space of analytic embeddings .S1/tk ,!† endowed with the compact-open topology. Write

Splitk D
G
†2Fr@

Splitk†

for the moduli space of all split framed surfaces with k unordered interior seams, and write

SplitD
G
k�0

Splitk
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for the moduli space of all split framed surfaces with an arbitrary number of unordered interior seams, and

Split† D
G
k�0

Splitk†

for the moduli space of all split surface structures on † with an arbitrary number of unordered interior
seams.

To every split surface .†; S/ is associated a “dual graph”

�†;S

with k interior edges, which is a directed graph with half-edges. Vertices are indexed by the connected
components of † nS , internal edges are indexed by interior seams (the orientation of the normal bundle
along a seam determines a direction for the corresponding edge) and half-edges are indexed by external
seams (each of these belongs to the closure of a single connected component of † n S). In particular,
since the incoming external seams of † are labeled by definition, the dual graph inherits a labeling of its
incoming half-edges. Note that two split surfaces in the same connected component of Split have the
same dual graph, so given a labeled graph � we can write

Split�

for the union of connected components of Split with dual graph � . The following observation is
straightforward.

Lemma 3.13 Let † be connected. The dual graph �†;S associated to a split surface .†; S/ is a tree if
and only if the image of each interior seam is separating , i.e., its complement is disconnected.

Split framed surfaces are a convenient model for the free operad on the S-graded space underlying Fr@
(the source of the free-forgetful adjunction map), as we now explain. Write

Splitk;tree
† � Splitk†

for the moduli space of all split surface structures S on † with k unordered interior seams such that the
dual graph �†;S is a tree. Further define

Splitk;tree
D

G
†2Fr@

Splitk;tree
† � Splitk;

Splittree
D

G
k�0

Splitk;tree
� Split;

Splittree
† D

G
k�0

Splitk;tree
† � Split†;

Splittree
� D Split�

for any labeled tree � . We call these moduli spaces of split surface structures tree-like.
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Let � be a labeled tree of operations and let Œ� � be its isomorphism class with respect to the isomorphism
relation described in Section 2.2.1. Recall that, for any operadO , the free operad Free.O/ has components
FreeŒ��.O/ indexed by such isomorphism classes.

Lemma 3.14 Let � be a labeled tree of operations. We have a canonical homeomorphism

G W FreeŒ��.Fr@/
'
�! Splittree

� :

The fact which underlies the proof of Lemma 3.14 is that, given a framed surface †00, the data of an
interior seam whose image is separating is equivalent to the data of a decomposition of†00 as a gluing of two
framed surfaces along one boundary component. Obviously, such a seam determines such a decomposition
of †00. Conversely, given two framed surfaces †, †0 and a choice of boundary components 
 �† which
is incoming and 
 0 �†0 which is outgoing, with corresponding framings f W S1! 
 and f 0 W S1! 
 0,
the glued surface †00 D† #
;
 0 †0 inherits a seam, i.e., a distinguished analytic embedding of S1 into its
interior, given with respect to the canonical inclusions †;†0 ,!†00 by either of the equal compositions

S1
f
�! 
 ,!† ,!†00 or S1

f 0
�! 
 0 ,!†0 ,!†00:

Proof of Lemma 3.14 Let n� 0 be the number of incoming half-edges of � . Recall from Section 2.2.2
that Treen.Fr@/ denotes the space of labeled rooted trees with vertices colored by elements of Fr@ and
with n incoming half-edges. Denote by TreeŒ��.Fr@/� Treen.Fr@/ the subset consisting of those elements
whose underlying labeled rooted tree is isomorphic to � . We have a canonical “gluing” map

G W TreeŒ��.Fr@/! Splittree
�

given by gluing framed surfaces according to the underlying labeled rooted tree. Indeed, the incoming
boundary components of the element of Fr@ that colors a vertex v 2 � are labeled by the finite set in.v/,
and this prescribes the gluing uniquely. By definition, the resulting split surface belongs to Splittree

� .
The map is clearly continuous, surjective, and the fiber over each element of Splittree

� is canonically
identified with an equivalence class as described in Section 2.2.2. As such, it descends to a homeomorphism

G W FreeŒ��.Fr@/
'
�! Splittree

� ;

where FreeŒ��.Fr@/D TreeŒ��.Fr@/ is the quotient of TreeŒ��.Fr@/ under the equivalence relation described
in Section 2.2.2.

To extend the above result to eFr@, we compactify Split by allowing interior components of thickness
zero:

Definition 3.15 Let
eSplit

be the partial compactification of Split which allows two seams (internal or external) S1!† to intersect
if and only if they have the same image with the same orientation, and which also allows † to be a framed
degenerate annulus.
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We have corresponding partial compactifications

eSplitk†; eSplitk; eSplit†

of the moduli spaces Splitk†, Splitk , and Split† respectively, and also for their tree-like and labeled
tree-like counterparts, with similar notation eSplittree etc.

Points of eSplit† over a fixed surface † are indexed by maps S W .S1/tk ! † which allow seams
with compatible orientation to coincide as above, with the additional data of an ordering of all copies
of S1 mapping to a given closed oriented curve. The notion of dual graph � D �.†;S/ for such an
element .†; S/ is defined as follows. The vertices of � are of two kinds: they correspond either to the
connected components of † nS , or to pairs of interior seams which have the same image and which are
immediate successors for the given ordering. The edges correspond to interior seams. One sees that the
ordering of the copies of S1 mapping to a given closed oriented curve precisely resolves the ambiguity in
the dual graph by specifying a “composition order” of the thickness-zero annuli they “bound”.

Given a labeled tree � we have corresponding moduli spaces eSplit� D eSplittree
� . The proof of the

following lemma is in all points similar to that of Lemma 3.14, hence we omit it.

Lemma 3.16 Let � be a labeled tree of operations. We have a canonical homeomorphism

G W FreeŒ��.eFr@/
'
�! eSplittree

� :

In order to extend the result to
�
NodFrtree;coarse

@
we need to further define moduli spaces of framed nodal

surfaces with seams.

Definition 3.17 Let

NodSplit

be the moduli space of framed nodal surfaces † endowed with an embedding .S1/tk ! V†smooth of a
finite number k � 0 of parametrized seams in the open smooth locus. The objects classified by NodSplit
are called split framed nodal surfaces.

The notion of dual graph for a split framed nodal surface .†; S/ is defined as follows: its vertices are
the connected components (not the irreducible components) of † nS , and in particular the dual graph
in this context ignores nodes. The edges correspond to interior seams as before. We can further define
moduli spaces NodSplittree, NodSplittree;coarse etc. as above.

It is again convenient for unitality purposes to extend the setup by including degenerate annuli.

Definition 3.18 Let
CNodSplit

be the partial compactification of NodSplit obtained by allowing S to include coinciding circles bounding
thickness-zero annuli, as in Definition 3.15.
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�

N

N

Figure 7: Tree-like split structure on a nodal surface, together with its dual graph. It becomes
“protected” by adding one seam around the node N on the trivalent component.

Similarly to the nonnodal case, we consider as part of the data an ordering of the interior seams which
have the same oriented image. We have the same notion of dual graph, and we can further define moduli
spaces CNodSplittree, CNodSplittree;coarse etc. as above.

In the proof of the geometric pushout Theorem 3.11 we will encounter the following new kind of
moduli space. We single out the definition before the proof, for the convenience of the reader.

Definition 3.19 Define
CNodSplittree

protected

to be the moduli space of split nodal surfaces with dual graph a tree (with half-edges) and such that every
nodal component is a nodal annulus. We call such surfaces tree-like and protected.

The idea of the definition is that every node has to be “protected” on two sides by a pair of seams.

Proof of the geometric pushout Theorem 3.11 Consider the diagram

CNodAnn eAnn! eFr@:

Recall from Section 2.3 the definition of its pushout

P ' Free.eFr@ tCNodAnn/=�;

where � is the equivalence relation generated by relations �1 t �2.
As in Lemma 3.14 there is a tautological gluing map

Free.eFr@ tCNodAnn/!CNodSplittree;coarse:
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The preimage of this map over a given split surface .†; S/ consists of all possible choices of decorating
the vertices of the dual graph of .†; S/ by the corresponding point of CNodAnn or eFr@: Thus, in order
for a split surface .†; S/ to have nonempty preimage, connected components of † nS must be either
smooth surfaces or nodal annuli. Components indexed by nonnodal annuli can be labeled either way and
contribute to the ambiguity of the lifting. It is precisely this ambiguity that is resolved by the relation �2,
in a way that is compatible with the topology as it identifies connected components in their entirety. Thus
the map to CNodSplittree;coarse above factors as

(4)

Free.eFr@t
�
NodAnn/
�2

//

'
((

CNodSplittree;coarse

CNodSplittree
protected

?�

OO

and maps homeomorphically the partial quotient to the target CNodSplittree
protected, which is in turn a union of

connected components of CNodSplittree consisting of split nodal curves with dual graph a tree, and such
that each nodal component is a nodal annulus. (Note that as protected split curves are glued out of smooth
framed curves and nodal annuli, neither of which have automorphisms, there is no need to take the coarse
space here.)

Consider now the map

(5) CNodSplittree
protected!
�
NodFrtree;coarse

@

defined by erasing the seams. Note that erasing a seam which is a common boundary component
of two framed surfaces in eFr@ corresponds precisely to gluing, i.e., composition in the operad eFr@.
Similarly, erasing a seam which is a common boundary component of two nodal annuli creates an unstable
component which must be further discarded, and this corresponds again to gluing, i.e., composition in the
operad CNodAnn.

It thus follows that the above map is constant along the equivalence classes defined by relation �1,
which identifies pairs of points inside CNodSplittree

protected which are related by removing a single seam (note
that such a seam must either be between two nodal annuli or between two smooth framed surfaces). On the
level of sets, it is clear that �1 identifies any two points in CNodSplittree

protected which correspond to splittings
of the same nodal curve. We turn this intuition into a precise topological colimit argument as follows.

Given a tree-like nodal surface † with k nodes and given mutually disjoint neighborhoods Vi ,
i D 1; : : : ; k, of its nodes, define V D

Fk
iD1 Vi and write SplitV† � Splittree

† for those tree-like split
surface structures on † whose seams lie away from V . Since seams are not allowed to pass through
nodes, these spaces filter Splittree

† as V runs over a neighborhood basis of the nodes of †. Now write
.†; SV/ 2 Splittree

† for a splitting given by a collection of 2k circles parametrized in some analytic
fashion and with images contained in V , such that each neighborhood Vi of a node contains exactly two
such circles, one on each irreducible component adjacent to the node. Then every element in SplitV† is
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identified (in a way consistent with the topology) with .†; SV/ via �1. Further, for V 0 � V we have
.†; SV0/� .†; SV/: indeed, by�1 used for CNodAnn they are both equivalent to the split surface .†; SV 00/
for some sufficiently small neighborhood V 00 which does not intersect SV [SV 0 .

We have thus proved that the fiber of the map (5) is given by the equivalence classes with respect to �1.
As a consequence, the map (5) is a bijection, and because the previous identifications can be performed
continuously in a neighborhood of any given nodal surface †, this map is also continuous. Finally, we
claim that the map is a homeomorphism. To prove the claim note that, given any tree-like nodal split
surface .†; S/, its image is † with the same analytic parametrization of the boundary. Thus, in order
to prove the claim, it is enough to prove that the induced map on the moduli spaces of surfaces with one
marked point on each boundary component is a homeomorphism. This holds true because it is a continuous
bijection (just like (5)), with a Hausdorff source and a locally compact target. We infer that the map (5) is
a homeomorphism as claimed. (The reduction to moduli spaces of surfaces with one marked point on each
boundary component, which gets rid of the infinite dimensional degrees of freedom given by the analytic
parametrization, was necessary precisely in order to place ourselves in a setup with locally compact target.)

Together with the homeomorphism (4), we obtain a homeomorphismeFr@ t�Ann
CNodAnnŠ
�
NodFrtree;coarse

@
:

4 Model categories and homotopy (co)limits

Our references for this section are Lurie [40, Appendix A.2], May–Ponto [45], Hovey [33], Hirschhorn [32]
and Ginot [26].

4.1 Model category theory

Suppose that C is a category and I is a class of morphisms in C “to be inverted”. We say that I is a class
of weak equivalences if the following conditions are satisfied:

(1) Category structure The objects of C with the morphisms in I form a subcategory.

(2) Two-out-of-three Given any commutative diagram

A

��~~

B // C

with two of the three morphisms in I , the third is also in I .

Note that the first axiom is sometimes replaced by an identity axiom, as composition compatibility is
part of the two-out-of-three axiom. Now given a class of weak equivalences, one would like to produce
a “localized” category in which these are inverted, i.e., a category CI with a functor C! CI such that the
image of any morphism in I is invertible, and which is initial — up to taking care of set-theoretic issues —
among such categories. Modulo some set-theoretic difficulties such a CI can be proven to exist. In fact,
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when C is an ordinary category, the localization CI comes naturally as the set of connected components of
morphism spaces in a simplicial category, which should be considered in the context of1-category theory.

The problem is that for a general class I of weak equivalences, the localization CI (whether as a
category or a simplicial category) is incredibly difficult to access. In particular, it is hopeless to calculate
HomCI .X; Y / for two objects X , Y of C. In order to turn CI into a manageable object, it is necessary to
endow C with some additional data. One remarkably elegant and versatile solution is to exhibit a so-called
model category structure. A model category structure consists in endowing C with two new classes of
morphisms called fibrations, P , and cofibrations, Q, such that the objects of C with either P or Q form
subcategories of C. We call the elements of I \P trivial fibrations, and the elements of I \Q trivial
cofibrations. The category C together with the classes I; P;Q need to satisfy a collection of conditions
among themselves, for which we refer the reader to [31, §3]. Some conditions that we will use here are
as follows:

(1) The category C has an initial object, ¿, a final object, pt, and all finite limits and colimits.

(2) For any morphism X
f
�! Y of objects, there is a “fibrant factorization” X i

�!X 0
f 0
�! Y such that

i 2 I \Q is a trivial cofibration and f 0 2 P is a fibration.

(3) Similarly, for any morphism X
f
�! Y of objects, there is a “cofibrant factorization” X f 0

�!X 0
j
�! Y

such that f 0 2Q is a cofibration and j 2 I \P is a trivial fibration.

(4) All three categories P , Q, I are closed with respect to taking retracts of morphisms.

(5) Given the subcategories I of weak equivalences and Q of cofibrations (resp. the subcategory P of
fibrations), the subcategory P of fibrations (resp. Q of cofibrations) is uniquely characterized by a
lifting property.

Note that neither cofibrant nor fibrant factorization is required to be functorial, though there often is
a functorial choice (in fact, there is a sense in which the choice is unique up to homotopy). If a map
X

f
�! Y is a fibration we write shorthand

X
f
�� Y;

and similarly if X f
�! Y is a cofibration we write

X
f
,�! Y:

If X f
�! Y is an equivalence we write X f

�
�! Y , with evident compound meanings for X f

�
,�! Y (trivial

cofibration) and X f

�
�� Y (trivial fibration).

4.2 The homotopy category

Suppose that C is a category with weak equivalences I and model structure P , Q.

� We say that an object X is fibrant if the map X ! pt to the terminal object is a fibration.

� We say that an object X is cofibrant if the map ¿!X is a cofibration.
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Note that, by applying a suitable factorization axiom to the map ¿! X or X ! pt, every object X
admits a trivial cofibration to a fibrant object, X �,�!XP � pt, and a trivial fibration from a cofibrant
one, ¿ ,!XQ

���X . We call XP (resp. XQ) a fibrant (resp. cofibrant) replacement of X . The fibrant
(resp. cofibrant) replacements are in general not canonical, but in many situations of interest they can be
chosen to be functorial. The W -construction discussed in Section 5.2 provides such a functorial cofibrant
replacement for operads.

Let X tX 1t1
��! X be the codiagonal map, and X tX ,! CX

��� X a factorization. Any such
object CX is called a cylinder object for X . It admits a trivial fibration CX ���X and two cofibrations
X

i0;i1,���! CX , which are also weak equivalences by the two-out-of-three axiom.
Similarly, let � W X ! X �X be the diagonal map, and X �,�! PX� X �X a factorization. Any

such object PX is called a path object for X . It admits a trivial cofibration X �,�! PX and two fibrations
PX

p0;p1
����X , which are also weak equivalences by the two-out-of-three axiom.

Definition 4.1 Write CP , CQ, CQP for the full subcategories of C consisting of fibrant, cofibrant, and
fibrant-cofibrant objects, respectively.

Definition 4.2 Suppose that f; g WX ! Y is a pair of maps, and choose a cylinder object CX and a path
object PY .

� f and g are left homotopic if the map f tg WX tX ! Y factors through CX as

X tX
i0ti1,���! CX

h
�! Y

for some choice of map (“homotopy”) h.

� f and g are right homotopic if the map X f �g
��! Y �Y factors through PY as

X
k
�! PY � Y �Y

for some choice of map (“cohomotopy”) k.

Lemma 4.3 [33, Proposition 1.2.5; 49] If X is cofibrant (and Y is arbitrary), the relation �L of left
homotopy equivalence on Hom.X; Y / is an equivalence relation , and does not depend on the choice of
cylinder object CX .

If Y is fibrant (and X is arbitrary), the relation �R of right homotopy equivalence on Hom.X; Y / is an
equivalence relation and does not depend on choice of path object PY .

If X is fibrant and Y is cofibrant , then the two equivalence relations �L and �R on Hom.X; Y / are
the same.

Definition 4.4 The category HoC is the category with objects CQP and morphisms HomHoC .X; Y / defined
as the quotient of HomC.X; Y / by left (or, equivalently, right) homotopy equivalence.

Theorem 4.5 [33, Theorem 1.2.10; 49] The homotopy category HoC is canonically equivalent to the
localized category CŒI�1�.
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Remark 4.6 Recall that, given a ring A with a localizing set of elements I , there is a condition on I
called the left (resp. right) Ore condition which allows one to write down the localization AŒI�1� as the
ring of fractions i�1f (resp. f i�1) for i 2 I . Similarly, given a category C there is a notion of left (resp.
right) Ore condition, which is part of a so-called “calculus of fractions” on C [34, A.2.1.11(h)]. If the left
Ore condition is satisfied then the category CŒI�1� can be expressed as the category of objects of C with
morphisms X ! Y represented by “roofs” X f

�!Z
g

�
 � Y , with Z arbitrary and g a weak equivalence,

subject to a straightforward equivalence relation determined by diagrams of maps commuting with a
weak equivalence Z0 ��!Z. If C is a model category then the category of cofibrant objects and maps up
to left homotopy satisfies the left Ore condition with quotient HoC , and the category of fibrant objects and
maps up to right homotopy satisfies the right Ore condition with quotient HoC .

4.3 Some important model categories

We will give a few examples of model category structures on simplicial sets, topological spaces and
differential complexes that will be important to us. Recall that in order to define a model structure,
it suffices to specify just two classes of morphisms: either weak equivalences and fibrations, or weak
equivalences and cofibrations. The third class is then determined by a lifting property.

4.3.1 Model category structure on simplicial sets Let SSet be the category of simplicial sets. A map
of simplicial sets f W X ! Y is called a weak homotopy equivalence if it induces a weak homotopy
equivalence between geometric realizations jf j W jX j ! jY j. We denote by WE the class of weak
homotopy equivalences. We say that f is a Kan fibration if it has the right lifting property with respect to
the inclusions of all horns ƒn

k
,!�n, n� 0, 0� k � n. Here ƒn

k
is the simplicial subset of �n obtained

by removing the nondegenerate n-simplex and the face opposite to the k-th vertex.

Theorem 4.7 (Quillen model structure [49, II.3, Theorem 3]) There is a model structure on the category
SSet with weak equivalences given by WE and fibrations given by Kan fibrations. The cofibrations are
the maps of simplicial sets that are degreewise inclusions. In particular , any simplicial set is a cofibrant
object.

Other references for this foundational theorem are [27, Chapter I, Theorem 11.3; 30, Chapter 8,
Theorem 8.19; 33, Chapter 3].

4.3.2 Model category structures on topological spaces Let Top be the category of compactly generated
weakly Hausdorff topological spaces; see [4; 33, Definition 2.4.21, Theorem 2.4.25; 44, §6.4; 52]. Recall
that a map f W X ! Y is a homotopy equivalence if it admits a homotopy inverse, and is a weak
homotopy equivalence if it is a bijection on path-connected components and, for any x 2 X , the map
�n.X; x/!�n.Y; f .x// is an isomorphism for each n� 1. Any homotopy equivalence X! Y is a weak
homotopy equivalence; the converse is true provided X , Y are CW-complexes, but not true in general.
Both homotopy equivalences and weak homotopy equivalences clearly satisfy the conditions required to
define a class of weak equivalences. We denote by WE the class of weak homotopy equivalences.
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Theorem 4.8 (Quillen model structure [49, II.2, Theorem 1]) There is a model structure on the category
Top with weak equivalences given by WE and fibrations given by Serre fibrations. A space is cofibrant in
this model structure if and only if it is a retract of a relative CW-complex, and any space is fibrant.

Theorem 4.9 (Strøm model structure [53]) There is a model structure on the category Top with weak
equivalences given by homotopy equivalences and with fibrations given by Hurewicz fibrations. The
cofibrations are retracts of Hurewicz cofibrations with closed image , and in particular any space is
cofibrant. Also , any space is fibrant.

Theorem 4.10 (mixed model structure, Cole [13], see also [45, §17.3–4]) There is a model structure on
the category Top, called mixed model structure , with weak equivalences given by WE and fibrations given
by Hurewicz fibrations. A space is cofibrant in the mixed model structure if and only if it is homotopy
equivalent to a CW-complex, and any space is fibrant.

4.3.3 Chain complexes Let k be a ring (e.g., kDZ or kDQ). Then the categories C.k/ (resp. CC.k/)
of chain complexes of k-modules (resp. supported in nonnegative degrees) have model structures with
weak equivalences given by quasi-isomorphisms and fibrations given by maps of complexes which are
termwise surjective (resp. in all positive degrees). In particular all objects are fibrant. Cofibrant objects
in CC.k/ are termwise projective complexes of k-modules (see [33, Remark 2.3.7] for a discussion of
cofibrant objects in C.k/). This is called the standard or projective model structure on the category of
chain complexes [26, §2.3; 33, §2.3; 45, §18.4–5].

4.4 Quillen adjunction

It is a natural question to ask when a functor of model categories induces a functor of homotopy categories,
and when this functor is a weak equivalence. (The functor most interesting for us will be the functor of
chains from topological operads up to weak homotopy equivalence to dg operads up to quasi-isomorphism.)
A convenient condition on a functor F W C! D of model categories that guarantees (in a functorial way)
a functor on homotopy categories is the notion of so-called Quillen adjunction.

Definition 4.11 A functor F W C ! D between model categories is a left Quillen functor if it admits
a right adjoint G W D! C such that F preserves cofibrations and trivial cofibrations and G preserves
fibrations and trivial fibrations. In this situation we call G a right Quillen functor, and the adjunction
.F;G/ is called a Quillen adjunction.

Quillen adjunctions induce pairs of adjoint (in the conventional sense) functors between homotopy
categories: one gets

hoF W HoC� HoD W hoG ;

defined by applying F , resp. G to fibrant-cofibrant representatives (in fact, it is sufficient to apply F
to a fibrant representative and G to a cofibrant representative to get the correct functor on homotopy
categories). These should be thought of as the left (resp. right) derived functors of F (resp. G). A Quillen

Algebraic & Geometric Topology, Volume 26 (2026)



1260 Alexandru Oancea and Dmitry Vaintrob

adjunction is called a Quillen equivalence if hoF (equivalently, hoG) is an equivalence on homotopy
categories.

The primordial Quillen adjunction, and one that will be important in this paper, is the adjunction

C� W Top� CC.Z/ W j � j:

Here we define C�.X/ for X 2 Top to be the complex of singular chains on X . Its adjoint j � j is given
by taking the geometric realization of an associated simplicial set. This adjunction can be written as a
composition

Top� SSet� SAb� CC.Z/:

The first one associates to a topological space its singular simplicial set, and to a simplicial set its
geometric realization, and is a Quillen equivalence. The second one is the free-forgetful adjunction
between simplicial sets and simplicial abelian groups, which is not a Quillen equivalence. The third
one is the Dold–Kan correspondence, and is an equivalence of categories. See [26, Corollary 3.2.15,
Theorem 3.4.4; 49, §II.3; 60, §8.4].

4.5 Homotopy (co)limits

Our sources for this section are Ginot [26, §2.5], Dwyer and Spalinski [24] and Hirschhorn [32, Chapter 13].
Suppose C is a model category which is cocomplete, i.e., it has all small colimits. Let J be a small

“diagram” category, which we are interested in mapping to C. The functor category

CJ WD Fun.J; C/

inherits a natural notion of weak equivalence: we say that a natural transformation F !G of functors
F;G W J ! C is a weak equivalence if F.j /! G.j / is such for each object j 2 J . There are several
natural model structures on the diagram category, one of which is the projective model structure, with
fibrations determined objectwise on a map of diagrams. If X is an object of C, there is a constant
diagram X with every object of J sent to X and every arrow sent to the identity morphism of X . This
determines a functor const W C! CJ . Its left adjoint is by definition the colimit functor1

colim W CJ � C W const:

Assume now that J is given by a poset (more generally, assume J to be very small in the sense
of [24, §10.13 sqq.; 26, Définition 2.5.11 sqq.]). The projective structure defines in this case a model
category structure on CJ [24; 26]. The above adjunction is a Quillen adjunction, and thus induces a
functor of associated homotopy categories, called the homotopy colimit functor, written

hocolim W HoCJ ! HoC :

1The right adjoint is the limit functor, which is defined when J -indexed limits exist, e.g., if C is complete.
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We will be primarily interested in calculating homotopy pushouts, i.e., homotopy colimits in the functor
category CJ with C a model category and J the poset

a b! c:

Given an object X in CJ , the homotopy colimit hocolim.X/ is by definition isomorphic to colim.X 0/,
where X 0 is a cofibrant object in CJ weakly equivalent to X . It is shown in [24, Proposition 10.6]
that a pushout diagram X 0 is cofibrant in the projective model structure if and only if the maps
X 0.a/ X 0.b/! X 0.c/ are cofibrations and X 0.b/ is cofibrant. (Hence the objects X 0.a/ and X 0.c/
are also cofibrant.)

The homotopy colimit of a diagram is well defined up to equivalence, but giving an explicit model
depends on the choice of cofibrant resolution of the diagram.2

In certain situations it is possible to compute the homotopy pushout with fewer cofibrant replacements.
The next result is stated in [40] as Proposition A.2.4.4.(i). We will use it in the proof of Proposition 5.5.

Lemma 4.12 Let C be a model category. Given a diagram

A B ,! C

with B ,! C a cofibration and A, B (and hence C ) cofibrant , we have

hocolim.A B ,! C/D colim.A B ,! C/:

Proof Let B ,! A0 ��� A be a factorization of the map B! A into a cofibration and a trivial fibration.
The diagram A0 - B ,! C is then a cofibrant replacement of the initial diagram (see Section 4.5)

A0

�
����

B?
_oo � � // C

A Boo � � // C

and therefore hocolim.A B ,! C/D colim.A0 - B ,! C/, also denoted by A0 tB C .
We claim that the canonical map A0tBC !AtBC is a weak equivalence. This is seen by considering

the two pushout squares
B
� � //
� _

��

C� _

��

A0
� � //

�

����

A0 tB C

�

��

A
� � // AtB C

2When passing from the homotopy category to the richer1-category language, the category of such choices is contractible,
and thus homotopy colimits are unique up to homotopy in a strong sense.
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By assumption the maps B ,! A0 and B ,! C are cofibrations. Since cofibrations are stable under
pushout [26, 2.1.12], the maps A0 ,!A0tBC and C ,!A0tBC are cofibrations. By assumption the map
A0 ���A is a weak equivalence between cofibrant objects, and a result of Reedy [32, Proposition 13.1.2]
states that the pushout of a weak equivalence between cofibrant objects along a cofibration is a weak
equivalence. Therefore the map A0 tB C ��! AtB C is a weak equivalence.

Call a model category left proper if weak equivalences are preserved by pushouts along cofibra-
tions, right proper if weak equivalences are preserved by pullbacks along fibrations, and proper if it is
both left proper and right proper. The Quillen model category structures on SSet and Top are proper
[32, Theorems 13.1.10 and 13.1.13].

Lemma 4.13 Let C be a left proper model category. Given a diagram

A B ,! C

with B ,! C a cofibration , we have

hocolim.A B ,! C/D colim.A B ,! C/:

As a consequence, in a left proper model category the homotopy pushout of a diagram A B! C is
weakly equivalent to the ordinary pushout of the diagram obtained by replacing one arrow by a cofibration.
Lemma 4.13 is stated in [40, Proposition A.2.4.4.(ii)] and proved in [3, Proposition 5.4].

The previous discussion of homotopy colimits and homotopy pushouts has a dual counterpart for
homotopy limits and homotopy pullbacks. The previous results hold true for homotopy pullbacks by
reversing the direction of the arrows and exchanging cofibrations and left properness into fibrations and
right properness. We will use this in the discussion of homotopy fibers of maps of simplicial sets in
Section A.2. The dual of Lemma 4.13 is stated and proved in [32, Proposition 13.3.7].

5 The Berger–Moerdijk model structure for operads
5.1 Existence of model structure

Suppose that C is a symmetric monoidal category with weak equivalences. Then we say that a map of
operads O!O 0 in C is a weak equivalence if it is so objectwise, i.e., if On!O 0n is a weak equivalence
for each n. Berger and Moerdijk [7] show that if C is a model category satisfying certain additional
conditions, then this notion of weak equivalence is part of a model category structure on operads in C, for
which the fibrations O!O 0 are objectwise fibrations. In particular, they prove the following result.

Theorem 5.1 [7, Theorem 3.2] If C is a cartesian+ closed symmetric monoidal model category, then
the category of operads in C has a model structure with weak equivalences and fibrations determined
levelwise.

We have not spelled out the meaning of “cartesian+”. This is a shorthand notation for a cartesian
category satisfying some additional properties (cofibrantly generated with cofibrant terminal object and
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admitting symmetric monoidal fibrant replacement functor); see the assumptions of Theorem 3.2 in [7].
For our purposes it suffices to record that this holds for all three model structures that we consider on Top.

5.2 W -construction and cofibrant replacement

The W -construction for operads plays the role of the familiar bar resolution for algebras. Our references
here are Vogt [58] and Berger and Moerdijk [8]. We refer to Section 2.2 for notation concerning the
definition of the free operad associated to a graded object.

Given a topological operad O , we denote by O� the graded topological space O� D .O1; O2; : : : /.
We define a new operad W.O/ out of Free.O�/ as follows. For each n� 1 we define

W.O/n D
a

Œ��2Treen

O Œ�� � Œ0; 1�EdgeŒ��=�W

for a certain equivalence relation �W . Here O Œ�� � Œ0; 1�EdgeŒ�� is a notation for the quotient of the spaceF
�2Œ��O

� � Œ0; 1�Edge� , where � 2 Treen ranges over the elements of the equivalence class Œ� � 2 Treen,
by the equivalence relation given by isomorphisms of labeled trees, which act on the first factor as
in Section 2.2.2 and which act on the second factor via their action on the sets of edges of trees. Thus
O Œ��� Œ0; 1�EdgeŒ�� should be interpreted as the Œ� �-component of Free.O�/, which consists of all possible
labelings of the vertices v of a tree � by elements ofOjChild.v/j, with the additional data of a length in Œ0; 1�
for each internal edge. The equivalence relation �W consists simply in identifying two vertices v, w
which are connected by an edge of length 0, and replacing their corresponding labels, which are elements
of OjChild.v/j and OjChild.w/j, by their composition in O which is an element of OjChild.v/jCjChild.w/j�1.

Loosely speaking, W.O/ is obtained from Free.O�/ by giving lengths to internal edges of trees and
merging vertices according to the composition rules in O when the connecting edges acquire length zero.
The composition rule in W.O/ is inherited from that of Free.O�/, with the convention that each new
internal edge which results from a composition by gluing two half-edges is attributed length 1.

Given a point o 2W.O/n, we obtain a point of On by composing the operations in the corresponding
tree. This results in a functorial map of operads W.O/! O which is (essentially by construction) a
homotopy equivalence; see [8, Theorem 5.1].

The W -construction is useful for replacing maps of operads by cofibrations. Namely, we have the
following theorem.

Theorem 5.2 [8, Proposition 6.6] If O!O 0 is a map of operads which is a cofibration on the level of
S-equivariant graded spaces , then W.O/!W.O 0/ is a cofibration.

A S-cofibration is understood levelwise with respect to the action of the symmetric groups Sn. While
not giving the general definition, it will be enough for our purposes to record that a Sn-equivariant map
f W A! B between Sn-spaces is a Sn-cofibration whenever the underlying nonequivariant map is a
cofibration and the Sn-action on A and B is free. By convention the Sn-action on the empty set is free.

Algebraic & Geometric Topology, Volume 26 (2026)



1264 Alexandru Oancea and Dmitry Vaintrob

Corollary 5.3 Let O be an operad in Top and assume that each space On is homotopy equivalent to a
CW-complex and the action of Sn on On is free. Then W.O/ is a cofibrant replacement in the mixed
model category structure.

Proof The conditions guarantee that ¿ ! O is a cofibration of S-equivariant graded spaces. By
Theorem 5.2, the map ¿DW.¿/!W.O/ is a cofibration.

In the statement of the next corollary we use the Berger–Moerdijk model structure on OpTop (Section 5.1)
and the projective model structure on OpJTop with J D fa b! cg (Section 4.5).

Corollary 5.4 Let Top be endowed with the mixed model structure. Let

O 0 O!O 00

be a diagram of topological operads which are levelwise homotopy equivalent to CW-complexes and
which carry levelwise free Sn-actions. Assume further that each map is a levelwise cofibration. The
homotopy colimit is computed as the colimit of the diagram

W.O 0/ W.O/!W.O 00/:

Proof The conditions imply that the maps O ! O 0 and O ! O 00 are cofibrations of S-equivariant
graded spaces, so that W.O/ ! W.O 0/ and W.O/ ! W.O 00/ are cofibrations (Theorem 5.2). By
Corollary 5.3 applied to O , the operad W.O/ is cofibrant. By the discussion in Section 4.5, the diagram
W.O 0/ W.O/! W.O 00/ is a cofibrant replacement of the diagram O 0  O ! O 00 and therefore
hocolim.O 0 O!O 00/D colim.W.O 0/ W.O/!W.O 00//.

Proposition 5.5 Let Top be endowed with the mixed model structure. Let

O 0 O!O 00

be a diagram of topological operads which are levelwise homotopy equivalent to CW-complexes and
which carry levelwise free Sn-actions. Assume that the map O ! O 00 is a levelwise cofibration. The
homotopy colimit is computed as the colimit of the diagram

W.O 0/ W.O/!W.O 00/:

Proof Since the homotopy colimit is defined in the homotopy category we have

hocolim.O 0 O!O 00/D hocolim.W.O 0/ W.O/!W.O 00//:

Our assumptions ensure that the map W.O/!W.O 00/ is a cofibration and W.O/, W.O 0/ are cofibrant.
By Lemma 4.12 we then have

hocolim.W.O 0/ W.O/!W.O 00//D colim.W.O 0/ W.O/!W.O 00//:

Remark 5.6 In the previous statements, the assumption that the operads are levelwise homotopy equivalent
to CW-complexes can be dropped provided one uses the Strøm model structure on Top.
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6 Proof of the main theorem
6.1 Homotopy colimits

Let us consider the map of S-equivariant spaces eAnn! fFr@. This is a map of free S-spaces which at the
level of the underlying topological spaces is an embedding of a connected component. Moreover, the
remaining connected components of fFr@ are homotopy equivalent to CW-complexes, hence are cofibrant
in the mixed model structure (and also in the Strøm model structure). This map is therefore a levelwise
cofibration in the mixed model structure (and in the Strøm model structure).

Consider now the map of S-equivariant spaces eAnn!CNodAnn. This is a map of free S-spaces which
are homotopy equivalent to CW-complexes.

By Proposition 5.5, the homotopy colimit with respect to these model structures

hocolim.CNodAnn eAnn! eFr@/

is computed by the operad colimit

colim.W.CNodAnn/ W.eAnn/!W.eFr@//:

Given a labeled tree of operations � with n inputs, recall from Definition 3.15 the moduli space eSplit�
of framed split surfaces with possibly coinciding seams and dual graph � . Let Edge� be the set of edges
of � . We glue together the spaces eSplit� � Œ0; 1�Edge� , where we view the coordinate Œ0; 1�feg for e an
edge as being attached to the seam Se, into the full Humpty-Dumpty space

eHDtree
D

F
�
eSplit� � Œ0; 1�Edge�

�
;

where � is the equivalence relation

.†; .S1; : : : ; SE /; .t1; : : : ; te D 0; : : : ; tE //� .†; .S1; : : : ; zSe; : : : ; SE /; .t1; : : : ; Ote; : : : tE //:

Similarly, we define

HDtree
D

F
� Split� � Œ0; 1�

Edge�

�
;

with respect to the same equivalence relation.
The spaces eHDtree and HDtree classify split surfaces with additional simplicial parameters that allow us

to continuously “put the curve back together”, hence the term “Humpty-Dumpty”.

Lemma 6.1 We have homeomorphisms

eHDtree
'W.eFr@/ and HDtree

'W.Fr@/:

Proof This is a direct consequence of Lemma 3.16 and the description of the W -construction in
Section 5.2.
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Similarly, we define the moduli of nodal Humpty-Dumpty surfaces as

BNodHDtree
D

F
�
CNodSplittree

� � Œ0; 1�
Edge�

�

and

NodHDtree
D

F
� NodSplittree

� � Œ0; 1�
Edge�

�
;

where � is the same equivalence relation as above.

Remark 6.2 Using the formalism of Segal operads developed in Appendix B, it is the case that BNodHDtree

(resp. NodHDtree) is a Segal operad which is equivalent to the W -construction applied to the Segal operad
in topological moduli problems

�
NodFrtree

@
(resp. NodFrtree

@
). We will not need this result, however, as we

will be most interested in a stabilizer-free subspace of BNodHDtree (resp. NodFrtree
@

).

Definition 6.3 We define
BNodHDtree

protected .resp. NodHDtree
protected/

to be the space of tuples .†; fSeg; fteg/ in BNodHDtree (resp. NodHDtree) such that each node of † is
surrounded on both sides by seams which can be contracted to the node and have weight 1.

Lemma 6.4 We have canonical isomorphisms

colim.W.CNodAnn/ W.eAnn/!W.eFr@//Š BNodHDtree
protected

and

colim.W.NodAnn/ W.Ann/!W.Fr@//Š NodHDtree
protected:

Proof We give details only for the proof of the first isomorphism since the proof of the second one is
verbatim the same after removing the symbol e everywhere.

Using the equivalence W.eFr@/'eHDtree from Lemma 6.1 the statement becomes

(6) colim.W.CNodAnn/ W.eAnn/!eHDtree/Š BNodHDtree
protected:

The operad W.eAnn/ can be described as consisting of standard annuli with parametrized boundary and
parametrized seams given by concentric circles, with simplicial parameters in Œ0; 1� attached to them.
Seams with simplicial parameter equal to 0 can be erased or added. The operad W.CNodAnn/ can be
described in a similar way, allowing also nodal annuli.

We have a map

W.CNodAnn/tW.�Ann/
eHDtree

! BNodHDtree
protected

given by gluing along their boundaries the framed surfaces and nodal annuli by which we decorate the
vertices of a tree, while keeping track of the boundary curves by interpreting them as additional seams
with weight 1. Reasoning as in the proof of the geometric pushout Theorem 3.11 we see that this map
descends to a homeomorphism after imposing the pushout relations on the free product.
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funnel

Figure 8: By attaching disks at marked points one turns a surface into a framed nodal surface.

6.2 Proof of the main theorem in genus 0

In this section we prove our main theorem in genus 0, recovering thus by a different method the theorem of
Drummond-Cole [21] mentioned in the Introduction. We denote by M0;� the genus-0 Deligne–Mumford–
Knudsen operad. Since genus-0 curves with at least 3 marked points have no automorphisms, there are
no stacky phenomena to take into account. We will use the subscript notation NodFrtree

gD0 � NodFrtree etc.
to denote the genus-0 suboperads of the various operads that we use.

Lemma 6.5 We have a homotopy equivalence of operads

funnel WM0;�
'
�!
�
NodFrtree

@;gD0:

Proof Let D be the standard unit disk, framed by the standard boundary parametrization � 7! exp.2�i�/
for � 2R=Z and let 02D be the origin. Let D be the disk framed with the reverse boundary parametrization
� 7! exp.�2�i�/. Let A˛ be the standard annulus of modulus ˛ 2 .0;1/ framed with the standard
boundary parametrizations. We then have

lim
˛!1

A˛ DD[0D

in NodAnn, compatibly with boundary parametrizations.
Given a marked nodal surface X 2M0;�, write

funnel.X/

for the framed nodal surface obtained by gluing (at 0 2D) a copy of D at every input marked point of X
and a copy of D at the output marked point of X . See Figure 8.

By a simple stabilization argument we see that

funnel WM0;�!
�
NodFrtree

@;gD0
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cap

Figure 9: By attaching caps along the boundary and stabilizing one turns a framed nodal surface
into a nodal surface with marked points.

is a map of topological operads. On the other hand we see that F rn is the embedding of a homotopy
retract for each arity n� 0. Indeed, let

cap W
�
NodFrtree

@;gD0! DMtree

be the map (now of S–graded spaces, not operads) which assigns to a nodal surface with boundary the
surface with marked points obtained by gluing a copy of D at each input and a copy of D at the output,
and marking all images of 0 2D, respectively D. See Figure 9.

Then it is clear that
cap ı funnelD 1DM:

On the other hand, consider the maps

stretch˛ W
�
NodFrtree

@;gD0!
�
NodFrtree

@;gD0; ˛ 2 Œ0;1�;

defined by gluing the standard annulus A˛ at every input and output of a framed nodal surface. This
defines a homotopy equal to the identity map at ˛ D 0 and equal to funnel ı cap at ˛ D C1, which
proves the homotopy retract property.

The following result will complete the proof of our main theorem.

Proposition 6.6 There is a weak equivalence of operads

� W BNodHDtree
protected;gD0!
�
NodFrtree

@;gD0;

where � forgets the simplex parameters and glues along the seams.

Proof It suffices to show that

(7) � W NodHDtree
protected;gD0! NodFrtree

@;gD0

is a trivial Serre fibration. Indeed, we can ignore thickness-zero curves because including them does
not change the weak homotopy type. We do this in two steps: firstly we show that the fiber of (7) is
contractible, and secondly we show that (7) is a Serre fibration.
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Step 1 (we show that the fiber of (7) is contractible) Let † 2 NodFrtree
@;gD0

be a surface, and let
HD† WD ��1.†/. Given mutually disjoint neighborhoods Vi , i D 1; : : : ; k, of the nodes z1; : : : ; zk of †,
define V D

Fk
iD1 Vi and let HDV

† � HD† be the subspace consisting of those tree-like split surface
structures on † whose seams lie away from V . Since seams are not allowed to pass through nodes, the
spaces HDV

† filter HD† by opens as V runs over a neighborhood basis of the nodes of †.
We consider now a specific neighborhood basis of the nodes: we choose a 1-parameter smooth

family of open neighborhoods of the nodes, denoted by V"i , 0 < " � 1, such that the V"i are mutually
disjoint for every ", each V"i is analytically diffeomorphic to a nodal annulus, V"i � V"0i for " < "0 andT
"2.0;1� V

"
i D fzig.

Let V" D
Fk
iD1 V

"
i , let HD"† D HDV"

† , and let

HDI† D
G

"2.0;1�

HD"† � I �HD†

with I D .0; 1�. The map
HDI†! HD†

is a homotopy equivalence because it is a fibration and all its fibers are nonempty intervals (with one
open endpoint 0). We are thus left to prove that HDI† is contractible.

Consider the canonical map
gap W HDI†! HDI†

given by the tautological inclusions HD"† ,! HD"=2† , " 2 .0; 1�, i.e.,

.w; "/ 7! .w; "=2/; w 2 HD"†:

This map is well defined because the filtration is decreasing. It is a homotopy equivalence because it is
homotopic to the identity via the family of maps gapt , t 2 Œ0; 1�, given by the tautological inclusions
HD"† ,! HD"�t"=2† , .w; "/ 7! .w; "� t "=2/.

Choose a continuous family of seams S", " 2
�
0; 1
2

�
contained in V2" nV", one on each side of a node.

(We can take S" to be given by continuously varying parametrizations of the boundary of V3"=2.) Define
the continuous map

protect W
�
0; 1
2

�
! HDI†;

which takes " to the pair .†"; "/, where †" D .†; S"/ is the protected split surface with seams S" of
weight 1.

We claim that gap W HDI†! HDI† is homotopic to the map

� W .w; "/ 7! protect."=2/:

The homotopy is constructed in two steps: starting from gap, we first put in the seams S"=2 with weight
continuously changing from 0 to 1 (this is allowed because we are in the image of gap and there are no
other seams at distance � " from a node), and then continuously reduce all the other weights to zero (this
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is allowed because the presence of the S"=2 with weight 1 guarantees that the nodes remain protected).
At the endpoint of this homotopy we read the map �.

Since � factors through an interval, it is homotopic to a constant. Thus gap is at the same time
homotopic to a constant and a homotopy equivalence, which implies that the space HDI† is contractible.
This finishes the proof of Step 1.

Step 2 (we show that (7) is a Serre fibration) It is enough to check the Serre fibration property locally
on the base. Our proof is based on the existence of a continuously varying thin-thick decomposition in
the neighborhood of any fixed surface in NodFrtree

@;gD0
. In the following we designate by † both a point in

the moduli space NodFrtree
@;gD0

, and the fiber at † of the universal curve over the moduli space.
Given † 2NodFrtree

@;gD0
with nodes z1; : : : ; zk , there exists a neighborhood U �NodFrtree

@;gD0
of † and

a family V"i .†
0/, i D 1; : : : ; k, 0 < "� 1, †0 2 U , of open sets V"i .†

0/�†0 (the “thin” parts) such that:

� For each i the family V"i .†
0/ is continuous in " and †0.

� For †0, " fixed, the closures V"i .†0/, i D 1; : : : ; k, are disjoint.

� For †0, i fixed we have V"i .†0/� V"0i .†
0/ for " < "0.

� Each V"i .†
0/ is analytically diffeomorphic to a (possibly nodal) annulus. If V"i .†

0/ is analytically
diffeomorphic to a nodal annulus for some " > 0, then it is analytically diffeomorphic to a nodal
annulus for all " > 0, and in this case

T
">0 V

"
i .†
0/D fz0ig, the common node of these nodal annuli.

These properties follow from the fact that a sufficiently small neighborhood of † in NodFrtree
@;gD0

consists
of surfaces †0 that are obtained from † by resolving some of its nodes.

Let I D Œ0; 1�. Let ' W In! U be a continuous map with a lift Q'0 W In�1 �f0g ! NodHDtree
protected;gD0

of 'jIn�1�f0g, i.e., � ı Q'0 D 'jIn�1�f0g. We need to construct Q' W In! NodHDtree
protected;gD0 such that

� ı Q' D ' and Q'jIn�1�f0g D Q'0. Denote by Di � U , i D 1; : : : ; k the closed set (smooth of complex
codimension 1) consisting of curves †0 such that V"i .†

0/ is analytically diffeomorphic to a nodal annulus.

Remark 6.7 Loosely said, the construction of the lift Q' will be done in the following steps. Firstly,
we insert small protecting seams close to the nodes and close to In�1 � f0g. Secondly, we extend the
already present seams close to In�1 � f0g, and then erase them. Thirdly, we extend the protecting seams
throughout the family as boundaries of the thin part.

We now proceed to construct the lift.
By compactness of In�1, because the tree-like split structures encoded by Q'0 are protected, and

because a protecting seam at a node survives in a neighborhood of the curve even if the node gets
resolved, there exist " > 0 and, for each i D 1; : : : ; k, an open neighborhood Ui � U of Di , such that, for
t D .t1; : : : ; tn�1; 0/ 2 I

n�1 � f0g, if '.t/ 2 Ui then no seam of Q'0.t/ intersects V"i .'.t//.
Let ı > 0 be small. We make a first extension of Q'0 over In�1 � Œ0; ı� in two steps as follows:

Step 1 Let �i W Ui ! Œ0; 1� be smooth cutoff functions, supported away from U nUi and equal to 1 on Di .
Let � W Œ0; 1�! Œ0; 1�, �.s/D s=ı for s 2 Œ0; ı�, �.s/D 1 for s 2 Œı; 1�. We insert for each i two seams as
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boundaries of V"=2i .'.t// for t 2 In�1 � Œ0; ı�, with weight equal to �.tn/
Q
i �i .'.t//. These will act as

“protecting” seams in the sequel.

Step 2 We extend the other seams from In�1 � f0g to In�1 � Œ0; ı� as follows. We choose a smooth
trivialization of the family with fiber †0 over U n

S
i Ui . This induces a trivialization of the family with

fiber †0 n
S
i V

"
i .†
0/ over U n

S
i Ui , which we extend to a trivialization of the family with the same fiber

†0 n
S
i V

"
i .†
0/ over U . For every t 2 In�1, every seam St;0 on Q'0.t; 0/, and every tn 2 Œ0; ı�, we induce

via these trivializations a uniquely determined seam St;tn on '.t; tn/. These seams are embedded and
smoothly parametrized with continuously varying parametrizations, and they admit continuously varying
analytic parametrizations. After making a choice of such continuously varying analytic parametrizations,
we obtain a lift Q'Œ0;ı� of ' over In�1 � Œ0; ı� that extends Q'0.

We now modify the previous lift Q'Œ0;ı� in two steps as follows:

Step 1 We weigh each of the seams St;tn from the previous construction by the function 1� �.2tn/ for
tn 2 Œ0; ı=2�, and erase them for tn 2 Œı=2; ı�.

As a result, for t 2 In�1 � Œı=2; ı� the seam structure is the following: for each i we have exactly two
seams that are the boundaries of V"=2i .'.t//, with weight equal to �.tn/

Q
i �i .'.t//.

Step 2 For t 2 In�1 � Œı=2; ı� we modify the weight of these seams to .1� s/�.tn/
Q
i �i .'.t//C s,

with s D 2
ı
tn� 1.

At this point we have obtained a lift Q'jŒ0;ı� of 'jIn�1�Œ0;ı� such that, for t 2 In�1 � fıg, the seam
structure over '.t/ consists of the boundaries of the V"=2i .'.t//, i D 1; : : : ; k with weight 1. This seam
structure extends tautologically for all t 2 In�1 � Œı; 1� and provides a lift of '.

Proof of the main Theorem 1.1 in genus 0 We saw in Section 6.1 that the homotopy colimit

hocolim.CNodAnn eAnn! eFr@;gD0/

is computed by the operad colimit

colim.W.CNodAnn/ W.eAnn/!W.eFr@;gD0//:

In view of Lemma 6.4, Proposition 6.6 and Lemma 6.5 we obtain the sequence of weak equivalences

(8) colim.W.CNodAnn/ W.eAnn/!W.eFr@;gD0//

Š BNodHDtree
protected;gD0

'

�
�!
�
NodFrtree

@;gD0

'

funnel ���M0;�:

This proves the theorem for the unital version of the involved operads.
The proof carries over verbatim to the nonunital versions of our operads Ann and Fr@. Alternatively,

one can use the fact that the forgetful functor from operads to nonunital operads commutes with homotopy
pushouts.
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6.3 Proof of the main theorem in arbitrary genus

In this section we prove our main theorem in arbitrary genus. The main new phenomenon compared to
that of genus 0 is the presence of stabilizers.

We develop in Appendix A the convenient language of topological moduli problems (TMP) to deal
with stabilizers. A topological moduli problem is a contravariant functor Topop

!Gpd, and the key point
is that the spaces of operations of DMtree and NodFrtree

@
have natural structures of topological moduli

problems. On the other hand, any topological space X can be viewed as a topological moduli problem
via the mapping-in functor S 7! MapTop.S;X/, so that the language of topological moduli problems
provides a convenient common framework for all the spaces of operations considered in this paper.

The classical language of operads is not well adapted to deal with spaces of operations that are
topological moduli problems. Indeed, in the classical language of operads the associativity relations would
translate into equalities of functors, whereas in our situation we only have isomorphisms. A convenient
language is that of Segal operads, which we introduce in Appendix B. Roughly speaking, whereas an
operad O associates to every arity n � 0 a space of operations On, a Segal operad ƒ associates to
every tree of operations � , of arbitrary arity, a space of operations ƒ� . We explain in Section B.2 the
construction of the (tree-like) Deligne–Mumford Segal operad ƒDMtree and of the Segal operad of nodal
framed surfaces ƒ
�
NodFrtree

@
as Segal operads in topological moduli problems.

With this terminology in place, the proof of the genus-0 case of our main theorem goes through with
essentially only minor modifications.

The next lemma is the higher-genus counterpart of Lemma 6.5.

Lemma 6.8 We have a weak equivalence of Segal operads

funnel WƒDMtree '
�!ƒ
�
NodFrtree

@

induced by applying componentwise the map funnel from Lemma 6.5.

Proof Being a weak equivalence of Segal operads means being a homotopy equivalence on the level of
simplicial chains for every space of operations, i.e., every object associated to a corolla; see Appendix B.
We thus need to show that

funnel W DMtree
n !
�
NodFrtree

@;n

induces a homotopy equivalence on simplicial realizations.
The construction from Lemma 6.5 can be applied in order to define a left inverse cap for the map

funnel, which presents funnel as a retract, i.e., such that funnel ı cap homotopy retracts to the identity.
It is therefore enough to see that cap induces a homotopy equivalence on simplicial realizations.

By Proposition A.24 the map cap is a combinatorial fibration. The points of the fibers of cap over a
given marked curve X correspond to framed curves which give X after gluing disks onto each boundary
component and stabilizing. These fibers have no automorphisms and are representable by topological
spaces (see Remark 3.3), hence cap is a fiberwise representable fibration. The proof of Lemma 6.5
goes through verbatim to show that the fibers of cap can be simultaneously contracted, which implies

Algebraic & Geometric Topology, Volume 26 (2026)



The Deligne–Mumford operad as a trivialization of the circle action 1273

that cap is a trivial weak fibration of topological moduli problems. The conclusion then follows from
Lemma A.27.

The next proposition is the higher-genus counterpart of Proposition 6.6.

Proposition 6.9 There is a weak equivalence of Segal operads

� WƒBNodHDtree
protected!ƒ
�
NodFrtree

@ ;

where � forgets the simplex parameters and glues along the seams.

Proof Being a weak equivalence of Segal operads means being a homotopy equivalence on the level of
simplicial chains for every space of operations, i.e., every object associated to a corolla; see Appendix B.

We need to show that the map is a trivial fibration on the level of each space of operations in the sense
of Definition A.26, from which the conclusion follows by Lemma A.27. More precisely, we need to prove
that, for every corolla, i.e., for every arity n� 0, the induced map of TMPs

� WM BNodHDtree
protected;n!
�
NodFrtree

@;n

is a trivial weak fibration.
By Proposition A.24, this map is a combinatorial fibration. It is also fiberwise representable since fibers

have no automorphisms and choices of seams on a given curve form a topological space. That the fibers
have no automorphisms is seen as follows: given a family � , a point in the fiber .BNodHDtree

protected;n/� is
given by a family of nodal framed curves with additional data (given by weighted seams), together with
an isomorphism between this family and the family � . Since the isomorphism is part of the data and the
family � is fixed, the only possible automorphism is the identity.

We now prove the trivial weak fibration property. For the proof, let � 2
�
NodFrtree

@;n
.�m/ be a family of

curves parametrized by an m-dimensional simplex and let us write .BNodHDtree
protected;n/� for the fiber of �

at � . While
�
NodFrtree

@;n
is a topological moduli problem, the fiber has no stabilizers as seen above. In this

situation the proof of contractibility from Proposition 6.6 goes through verbatim if one works locally on
the base �m. This implies contractibility over the whole of �m, and a fortiori also weak contractibility.

Proof of the main Theorem 1.1 in arbitrary genus We saw in Section 6.1 that the homotopy colimit

hocolim.CNodAnn eAnn! eFr@/

is computed by the operad colimit

colim.W.CNodAnn/ W.eAnn/!W.eFr@//:

In view of Lemmas 6.4, 6.8 and Proposition 6.9 we obtain the sequence of weak equivalences of Segal
operads

(9) colim.W.CNodAnn/ W.eAnn/!W.eFr@//Š BNodHDtree
protected

'

�
�!ƒ
�
NodFrtree

@;gD0

'

funnel ���ƒDMtree:

This proves the theorem for the unital version of the involved operads.
The proof carries over verbatim to the nonunital versions of our operads Ann and Fr@.
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Appendix A Topological moduli problems

Most topological spaces we work with in this paper are moduli spaces of one kind or another, i.e., spaces M

characterized by the mapping-in functor S 7! Hom.S;M/ which classifies solutions of an appropriate
moduli problem — usually, the problem of classifying certain curves with additional structure over S up
to isomorphism. In some cases, such as Fr@, solutions to the moduli problem have no automorphisms, and
thus M is representable in the category of topological spaces. In other cases, such as Mg;n, the solutions
to the moduli problem may have automorphisms, and thus M is a topological stack of some kind. In this
appendix we will describe a certain “strict” version of topological stacks (or more precisely, prestacks) that
is sufficient for our purposes and that we call “topological moduli problems”. On the level of homotopy
categories (for the notion of weak stack homotopy equivalence relevant to this paper), any topological
(pre)stack is homotopy equivalent to a topological space. For example, given a (topological) group G, the
stack pt =G is homotopy equivalent to the classifying space BG, which is stabilizer-free. However, this
“resolution” from topological stacks to topological spaces loses some 2-categorical information, and does
not, at least naively, respect algebraic structures such as operads; thus even in order to define the operad
DMtree with spaces of operations built out of the Mg;n we must work inside a category of topological
moduli problems.

A.1 Definitions

Definition A.1 A groupoid is a category C all of whose morphisms are invertible and such that the
isomorphism classes of objects form a set, denoted by �0.C/.

Remark A.2 (set-theoretic technicalities) We do not require for groupoids to be small categories, but
rather only to be equivalent to small categories. In the constructions in the remainder of this appendix,
we assume at every point that we have chosen representatives which are small categories in a consistent
way. This is possible via standard small object arguments, which we assume implicitly throughout this
appendix. One way to make this precise is to choose an inaccessible cardinal � and implicitly assume
that the objects we work with are �-small — see, for example, [40, §1.2.15] for a discussion.

Definition A.3 A topological moduli problem (TMP) is a (strict) contravariant functor Topop
! Gpd

from the category of topological spaces to the category of groupoids with (strict) groupoid functors.

We write TMP for the category of such functors, with maps X ! Y given by natural transformations.
Given a map f W S ! S 0 of topological spaces we write f � W X .S 0/! X .S/ for the (contravariantly)
associated functor of groupoids.

The notion of TMP is a “stricter” notion of a topological stack. When working with stacks one
often works with nonstrict functors (defined via slice categories) and imposes a sheaf condition on these
functors; we will not require either of these sophistications here (though all topological moduli problems
we consider will in fact also be stacks). We only need a sufficient formalism to study homotopically our
main examples by means of an associated simplicial object.
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Definition A.4 Given a topological space X , define the topological moduli problem represented by X to
be the functor

X W S 7!MapTop.S;X/

(the set of continuous maps, viewed as a discrete groupoid, i.e., a groupoid with no morphisms other
than Id). For readability we shall often use the same notation X for both the space and the corresponding
moduli problem.

Remark A.5 If X is a topological moduli problem and S is a topological space, it makes sense to think
of the groupoid X .S/ as the “groupoid of maps” from S (viewed as a TMP) to X , even when X does not
itself come from a topological space. Note that, if X takes values in discrete groupoids, i.e., Sets, by the
Yoneda lemma we have a natural isomorphism of sets

HomTMP.S;X /D X .S/:

If X is not valued in discrete groupoids, the groupoid X .S/ can be interpreted as a “Hom groupoid” only
after passing to a higher-categorical setting, which we will not pursue. It is nevertheless a useful intuition
that X .S/ is a Hom object. In particular, we will later define for a map X ! Y of TMPs the notion of a
fiber object X
 over an “S -object” 
 2 Y.S/ (Definition A.23).

Remark A.6 Associated to any topological moduli problem X is a so-called coarse moduli space X coarse.
This is the topological space which is the initial object in the category of pairs .X; f WX !X/ consisting
of a topological space X with a map f W X !X . In certain favorable cases, e.g., orbifolds, the coarse
moduli space is the set �0X .pt/ with a natural topology induced from X . See [48, §4.3] for more details.

Definition A.7 (1) We say that a map of topological moduli problems X ! Y is an equivalence if
X .S/! Y.S/ is an equivalence of groupoids for all topological spaces S .

(2) We say that a moduli problem X is representable if there is a topological space X and a map X !X

which is an equivalence.

Note that, if such a space X exists, it is unique. Namely, given a moduli problem X , let X iso be the
moduli problem defined by X iso.S/ WD �0X .S/, the set of isomorphism classes of objects of X .S/. It is
clear that if X is representable, the map X ! X iso is an equivalence. In this situation X iso ' X coarse.

All the spaces of operations of the operads we use or construct in this paper, and in particular the
spaces involved in the sequence of homotopy equivalences (9), i.e.,

.eFr@/n; .
�
NodFr@/n;DMtree

n ; .NodHDtree
protected/n;

either naturally have an interpretation as topological moduli problems, or are equivalent to such. For
example, .Fr@/n is equivalent to the moduli problem .MFr@/n, where .MFr@/n.S/ is the category whose
objects are all bundles of surfaces X! S with fiberwise complex structure and boundary parametrization
which varies continuously (as explained in Remark 3.3), and whose morphisms are isomorphisms of
such data. The resulting moduli problem is representable by a topological space, as we have seen; this is
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also true for the spaces of operations of eFr@; eAnn;CNodAnn; and NodHDtree
protected, though not for DMtree

n ,
NodFrtree

@
, or NodHDtree, which are nonrepresentable.

We will add the letter “M” as in MeFr@, etc., to denote the topological moduli problem represented
by the corresponding topological spaces. When working with a result that is invariant under equivalence
of (nonisomorphic) topological moduli problems, we will sometimes drop the M (as MFr@ is equivalent
to Fr@, etc.).

The moduli space DMtree
n is described as a TMP as follows: given a topological space S , the groupoid

DMtree
n .S/ is the category whose objects are all families X ! S of stable nodal surfaces whose dual

graph is a tree, with fiberwise complex structure and marked points which vary continuously, and whose
morphisms are isomorphisms of such data. More explicitly, this can be described by viewing Mg;n as an
algebro-geometric stack which classifies stable nodal analytic curves of genus g with n marked points,
and then further applying the analytification functor from algebraic varieties to topological spaces. See,
for example, [28].

Denote by NodFrtree
@;n

the moduli space of stable nodal framed surfaces whose dual graph is a tree
and which have n boundary components. This is described as a TMP as follows: given a topological
space S , the groupoid NodFrtree

@;n
.S/ is the category whose objects are all families X ! S of stable nodal

framed surfaces whose dual graph is a tree and which have n boundary components, with continuously
varying fiberwise complex structure, marked points and parametrizations, and whose morphisms are
isomorphisms of such data. We prescribe the local structure near the nodes by associating canonically
to a stable nodal framed Riemann surface † with n analytically parametrized boundary components a
closed stable nodal Riemann surface cap2.†/ with 2n marked points and requiring that the corresponding
S-family is continuous in the previous sense. The association † 7! cap2.†/ is defined as follows: we
glue a standard disc Di to the i-th boundary component of † and we place one marked point xi at the
center of the disc and one other marked point yi at 1 2 S1 D @Di for i D 1; : : : ; n. The notation cap2
is motivated by the fact that we cap and add 2 marked points for each boundary component of †. The
continuity of the parametrization of the boundary components is to be understood in light of the fact that,
on the one hand, the boundary does not contain nodes and, on the other hand, any S-family is locally
trivial away from the nodes.

The correspondence † 7! cap2.†/ defines a morphism of TMPs

cap2 W NodFrtree
@;n! DMtree

2n :

We actually get an embedding of groupoids cap2.S/ W NodFrtree
@;n
.S/ ,! DMtree

2n .S/ for any S . It follows
from the construction that this embedding has the following property: if yi is a marked point such that,
upon forgetting it, the surface becomes unstable, then yi lives on a sphere component which contains
exactly two other special points, of which one is a node and the other is a marked point denoted by xi .
Equivalently, this situation corresponds to one of the irreducible components of a framed curve being a disc.

We do not make explicit the description of NodHDtree as a TMP because it will not be needed. It can
be inferred from the above.
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A.2 Reminders about groupoids and simplicial sets

We give some basic definitions and results on groupoids and their connection to homotopy theory.
References can be found in [23]. See also [57].

Definition A.8 (1) A groupoid is discrete if there are no morphisms except identity morphisms. The
category of discrete groupoids is equivalent to that of sets.

(2) Given a groupoid G, its underlying discrete groupoid Gdiscr is the discrete groupoid on the set of
isomorphism classes of objects.

(3) A groupoid is quasidiscrete if there are no automorphisms except identity morphisms. Equivalently, a
groupoid G is quasidiscrete if the map G!Gdiscr is an equivalence of categories.

Given a map of groupoids G!H and an object in H , we have a notion of naive fiber and a notion
of homotopy fiber (directly analogous to that of fiber, respectively homotopy fiber in topology). More
precisely:

Definition A.9 Let
� WG!H

be a map of groupoids and let y be an object in H .

(1) The (naive) fiber of � over y is the groupoid

Gy

with objects fx 2G j �.x/D yg and morphisms ff W x! x0 j �.f /D Idyg.

(2) The homotopy fiber of � over y is the groupoid �Gy with objects pairs f.x; g/ j g W �.x/ ! yg.
Morphisms .x; g/! .x0; g0/ are maps f W x! x0 that make the following diagram commutative:

�.x/
�.f /

//

g

��

�.x0/

g 0
zz

y

Definition A.10 We say that a functor G!H is a fibration (resp. trivial fibration) of groupoids if the
canonical inclusion functor Gy! �Gy is an equivalence for every y (resp. G!H is a fibration and all
fibers are equivalent to the trivial groupoid �).

The property of being a fibration is equivalent to the following property.

Definition A.11 A functor � W G!H is cartesian if, for every two objects x 2 G, y 2H and every
map g W �.x/! y, there exists an object x0 2G with �.x0/D y and a morphism f W x! x0 lifting g.

A functor � WG!H is trivial cartesian if it is cartesian and an equivalence of categories.

The following result is straightforward.
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Proposition A.12 A map of groupoids G!H is cartesian (resp. trivial cartesian) if and only if it is a
fibration (resp. trivial fibration).

We will deal in the sequel with fibrations with quasidiscrete fibers.

Definition A.13 A fibration of groupoids G!H is discrete (resp. quasidiscrete) if every fiber Gy is a
discrete (resp. quasidiscrete) groupoid.

We will need the following proposition.

Proposition A.14 Every quasidiscrete fibration of groupoids G ! H canonically factors through a
discrete fibration G!G0!H such that G!G0 is an equivalence.

Proof We have a functor F WH! Set given by y 7! .Gy/discr, the isomorphism classes of objects over y.
Let G0 be the Grothendieck construction applied to this functor: this is the category with objects .y; Nx/
for Nx an isomorphism class in Gy and morphisms Nx! Nx0 corresponding to pairs . Nx; g/ for Nx over y and
g W y! y0 such that F.g/. Nx/D Nx0. It is a direct check that the resulting functor G0!H is a fibration
and that, for G!H quasidiscrete, the functor G!G0 (given by x 7! .�.x/; Nx/) is an equivalence.

Remark A.15 There is a model category structure on groupoids for which fibrations are cartesian
functors and in particular any arrow can be cartesian resolved — for example, by replacing G by the
union

F
y2Y

�Gy . We will however not use a model category structure at this level — rather, we will view
groupoids as homotopy objects by taking the simplicial nerve (a.k.a., the classifying space).

We now discuss groupoids in a simplicial context. The simplicial category � is the category of
nonempty finite totally ordered sets Œn�D f0; : : : ; ng. A simplicial set is a presheaf on �, i.e., a functor
�op! Set. Given a simplicial set X W �op! Set, we write Xn D XŒn�. More generally, a simplicial
object in a category C is a functor �op! C. Recall from Section 4.3.1 that simplicial sets form a model
category [49, II.3, Theorem 3], which is Quillen equivalent to the Quillen model category on topological
spaces (with equivalences given by weak homotopy equivalences). The equivalence is given by the pair
of functors

j � j W SSet� Top W C�;

with j � j the topological realization functor andC� the singular functor given byC�.X/n WDHom.�ntop; X/,
for X any topological space and �ntop the topological n-simplex. The simplicial morphisms between the
C�.X/ arise from the fact that the �ntop, n� 0, form a cosimplicial object in Top, i.e., we have a functor
��top W�! Top.

Groupoids can also be interpreted in the context of homotopy theory, via the nerve construction.

Definition A.16 The nerve of a groupoid G is the simplicial set

NG W Œn� 7! HomCat.Œn�; G/:

More concretely, NGn is the set of composable sequences of morphisms x0! x1! � � � ! xn. Note
that, if G is a group, the topological realization jNGj of the nerve of G is a classifying space for G.
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We will need the following combinatorial result.

Lemma A.17 Suppose G ! H is a discrete fibration , and let NG ! NH be the associated map of
nerves. A simplex .x0! � � �! xn/ 2NGn in the preimage of a simplex � D .y0! � � �! yn/ 2NHn is
uniquely determined by x0.

Proof This follows from the fact that a map f W x! x0 in a discrete fibration is uniquely determined
by x and a morphism �.f / from �.x/ to �.x0/.

Simplicial sets also have a notion of homotopy fiber, which we call simplicial preimage and which we
now explain. Write �nsimp for the n-simplex, i.e., the simplicial set represented by Œn�. Given a simplicial
set X , an element � 2Xn determines canonically a map of simplicial sets �simp W�

n
simp!X .

Definition A.18 Let f W Y ! X be a map of simplicial sets. The simplicial preimage of an element
� 2 An under f is the homotopy fiber product

Y� D�
n
simp �

h
X Y

with respect to the simplicial map �simp W�
n
simp!X determined by � .

The homotopy fiber product is the homotopy limit of the diagram �nsimp
�simp
��!X

f
�! Y for the Quillen

model category structure on SSet.
We will need the following standard result from homotopy theory, usually cited as a special case of

Quillen’s Theorem A from [50, §1].

Proposition A.19 A map of simplicial sets f W Y ! X is a weak equivalence if and only if , for any
integer n� 0 and any simplex � 2Xn, the simplicial preimage Y� is weakly contractible.

Proof The Quillen model structure on SSet is right proper in the sense of Section 4.5. Given a right
proper model category, the homotopy limit of a diagramZ!X Y can be computed by replacing any of
the two maps by a fibration and taking the ordinary limit of the resulting diagram [32, Proposition 13.3.7]
(compare with Lemma 4.13). As a consequence, we can assume without loss of generality that the map f
in the statement is a fibration for the Quillen model structure on SSet, i.e., a Kan fibration of simplicial
sets. In this case the simplicial preimages are computed as ordinary pullbacks.

We now prove that a Kan fibration is a weak equivalence (also called trivial Kan fibration) if and
only if all its simplicial preimages are contractible. This is stated in [49, II.2]. The proof relies on the
equivalent characterization of trivial Kan fibrations as maps of simplicial sets that have the right lifting
property with respect to all the inclusions @�k ,!�k , k � 0 [27, Theorem 11.2; 49, II.3, Theorem 3].
We prove the direct implication: given a trivial Kan fibration f W Y ! X , its pullback along any map
of simplicial sets is also a trivial Kan fibration because it has the right lifting property with respect to
all inclusions @�k ,!�k . In particular, any simplicial preimage of f is a trivial Kan fibration over a
simplex, hence weakly contractible because the simplex is weakly contractible. We prove the converse
implication: let f W Y !X be a Kan fibration and assume that all its simplicial preimages Y� are weakly
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contractible. This is equivalent to saying that the canonical map Y� !�n is a trivial Kan fibration for all
� 2Xn, n� 0. We wish to construct the dotted arrow in

@�k //
� _

��

Y

����

�k
�

//

>>

X

Enhancing it to

@�k

%%
++

��

Y� D �
�Y� _

��

// Y

f

����

�k

99

�k
�

// X

the right lifting property for the map Y� ! �k with respect to the inclusion @�k ,! �k determines
a lift �k ! Y� . This lift can be postcomposed with the map Y� ! Y in order to obtain the desired
lift �k! Y .

In the next section we will also use the category of bisimplicial sets, defined as follows.

Definition A.20 The category of bisimplicial sets

S2Set WD Fun..�op/2;Set/

is the category of presheaves on the bisimplicial category .�op/2 D�op ��op.

Given a bisimplicial setX , we writeXm;n WDX.Œm��Œn�/. Note that, by adjunction, S2Set is equivalent
to the category

Fun.�op;Fun.�op;Set//

of simplicial objects in the category of simplicial sets. Here, if X W�op! SSet is a simplicial object in
simplicial sets, the associated bisimplicial set has XBi

m;n WD .Xm/n, where Xm is the simplicial set X.Œm�/.
Given a bisimplicial set X�;� W .�op/2! Set, we have an associated “total” simplicial set defined as

follows.

Definition A.21 Define
X tot
WDX ıDiag�op W�op

! Set;

where the functor Diag�op W�op! .�op/2 is the diagonal functor.
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There are several different Quillen equivalent model structures on the category S2Set of bisimplicial
sets, and all of them are Quillen equivalent to the category of simplicial sets via the totalization functor
(see [27, Chapter IV]). In particular, the simplicial set X tot contains the same “topological” information
as the bisimplicial set X .

A.3 Simplicial realization of a topological moduli problem

We will not attempt to construct a model category (or even a homotopy category) of topological moduli
problems.3 Instead, we will associate to every topological moduli problem X a simplicial set4 C�.X / of
“simplicial chains” and view X as represented by C�.X / in a homotopy-theoretic sense.

We have a standard covariant realization functor

R W�! Top;

taking Œn� to the n-simplex �n. We define the simplicial groupoid CGpd
� .X / to be the strict functor

C
Gpd
� .X /D X ıRop

W�op
! Gpd:

Note that, for X DX the moduli problem represented by a topological space, CGpd
� .X/ is canonically

equivalent to the levelwise discrete simplicial groupoid associated to the singular simplicial set of X ,
denoted by C�.X/.

Composing with the nerve functor (Definition A.16) N W Gpd! SSet from groupoids to simplicial
sets we obtain a functor

N ıC
Gpd
� .X / W�op

! SSet:

By definition, such a functor is equivalent to a bisimplicial set. We call it the bisimplicial realization
associated to the topological moduli problem X , and denote it by

CBi
� .X / W .�

op/2! Set:

Definition A.22 For a topological moduli problem X , we denote by

C�.X /

the simplicial set given by the totalization of the bisimplicial set CBi
� .X /. We call C�.X / the classifying

simplicial set of X .

The assignment X !C�.X / is natural and defines a covariant functor from the category of topological
moduli problems to simplicial sets. To illustrate the definition we give two examples, which are the
extreme cases of topological moduli problems:

3Though note that topological moduli problems are a full subcategory of the category of simplicial presheaves on topological
spaces, which has a structure of model category Quillen equivalent to that of simplicial sets, and it would be possible to work
within this framework.

4This is actually an1-groupoid.
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� If X D X is the moduli problem represented by a topological space, the bisimplicial set CBi
� .X /

canonically decouples as a product of two functors �op! Set, namely C�.X/� pt. Thus the associated
simplicial set C�.X / is canonically isomorphic to the usual simplicial set of singular simplices C�.X/,
further justifying our frequent abuse of notation of using the same term for the spaceX and the topological
moduli problem X which it represents.

� If X D pt =G is a point with a discrete group of automorphisms G, the bisimplicial set CBi
� .X /

canonically decouples as a product pt�NG, where N is the nerve functor, i.e., the simplicial classifying
space functor.

Thus, the totalization C�.X / combines the topological and the groupoid features of the topological
moduli problem X .

The classifying space functor X 7! jC�.X /j allows us to view any topological moduli problem as
functorially represented by a topological space. However, as this topological space is big and difficult to
work with, we avoid working with it directly. Instead we make comparisons in the category of topological
moduli problems, and identify certain properties of maps of topological moduli problems which guarantee
that the underlying maps of classifying spaces are homotopy equivalences.

A.4 Trivial Serre fibrations of topological moduli problems

To make sense of results such as Lemma 6.5 in higher genus, we need a notion of fiber for certain maps
of topological moduli problems.

Definition A.23 A map X ! Y of TMP is a combinatorial fibration if X .S/! Y.S/ is a fibration of
groupoids for each S .

Informally, if � W X ! Y is a map of TMP, if X .S/ and Y.S/ are defined as some geometric data
on S up to isomorphism, and if �.S/ is a “forgetful” map which discards some part of the geometric
data, then � is a combinatorial fibration. Indeed, given an isomorphism i W ˛! ˇ between two structures
˛; ˇ 2 Y.S/, and given an object Q̌ of X .S/ over ˇ which consists of some additional geometric data,
we can pull back this geometric data under i to produce a diagram verifying the fibration property. Using
this idea we can prove the following proposition.

Proposition A.24 For any n, the maps

cap W NodFrtree
@;n! DMtree

n and � WMNodHDtree
protected;n!
�
NodFrtree

@;n

are combinatorial fibrations.

Proof We first discuss the map cap. This is the composition of the maps

NodFrtree
@;n

cap2
��! DMtree

2n
forgetn
����! DMtree

n ;

where cap2 was defined in Section A.1 and forgetn is the map which forgets the marked points y1; : : : ; yn
(the marked points for DMtree

2n are denoted by x1; : : : ; xn; y1; : : : ; yn; see Section A.1). Note that the
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image of cap2 is contained in DMtree;0
2n , which is the TMP such that, for each S , the groupoid DMtree;0

2n .S/

is the full subgroupoid of DMtree
2n .S/ consisting of families of curves with the property that, if yi is a

marked point such that, upon forgetting it, the underlying surface becomes unstable, then yi lives on a
sphere component which contains exactly two other special points, of which one is a node and the other
is a marked point denoted by xi . We claim that

NodFrtree
@;n

cap2
��! DMtree;0

2n
forgetn
����! DMtree

n

is a composition of combinatorial fibrations, hence is a combinatorial fibration. In view of Proposition A.12,
it is enough to show that, for any S , the maps

NodFrtree
@;n.S/

cap2.S/
����! DMtree;0

2n .S/
forgetn.S/
������! DMtree

n .S/

are cartesian (Definition A.11).

� We prove that cap2.S/ is cartesian. Given two isomorphic S -families in DMtree;0
2n .S/ with a preferred

isomorphism g and a lift to NodFrtree
@;n
.S/ of the first family, we can reinterpret that lift as the data of a

continuously varying family of analytically parametrized simple curves in the fibers. The isomorphism g

can then be used in order to produce such a continuously varying family of analytically parametrized simple
curves in the fibers of the second family. This provides a lift of the second family, as well as a lift of g.

� We prove that forgetn.S/ is cartesian. Consider two isomorphic S-families E;F 2 DMtree
n .S/, a

preferred isomorphism g W E '
�! F , and a lift of E to DMtree;0

2n .S/ denoted by QE. Let x1;s; : : : ; xn;s
be the marked points of the curve Es , s 2 S , and Qx1;s; : : : ; Qxn;s; y1;s; : : : ; yn;s the marked points of its
lift QEs . At each point s 2 S and for each i D 1; : : : ; n one of the following two things can happen: either
the removal of the point yi;s does not destabilize the irreducible component of QEs on which it lies, or it
destabilizes it, in which case that component is a sphere which is contracted under the forgetful map,
the marked point Qxi;s becoming xi;s . Equivalently, the lift QEs differs from Es by either adding some
nondestabilizing marked points yi;s , or by blowing up some marked points xi;s into spheres which acquire
marked points Qxi;s and yi;s . We can then define a lift QF of F as follows: we mark additional points
y0i;s D g.yi;s/ for all indices i such that yi;s is not destablizing, and we blow up the points x0i;s D g.xi;s/
for all indices i such that yi;s is destabilizing, marking two new points Qx0i;s and y0i;s on the resulting sphere
bubble. Since any two spheres with three marked points are uniquely isomorphic, the isomorphism g

extends uniquely to an isomorphism Qg W QE '
�! QF .

This proves that the map cap is a combinatorial fibration. The proof that the map � is a combinatorial
fibration is very similar to the proof for cap2, and we omit the details.

Definition A.25 (fibers of topological moduli problems) Let � W X ! Y be a map of TMPs.

(1) Given a topological space I and an object 
 2Y.I / (to be thought of as a map I!Y), the fiber X
 is
the topological moduli problem with X
 .S/ WD

F
t WS!I X .S/t�
 . Here t�
 is the pullback in Y.S/ (to

be thought of as the composition 
 ı t ) and X .S/t�
 is the fiber for the map of groupoids X .S/! Y.S/.
The fiber X
 is endowed with a canonical map X
 ! I .
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(2) We say that the map � is a fiberwise representable fibration if it is a combinatorial fibration and, for
any topological space I and object 
 2Y.I /, the fiber X
 is quasidiscrete (i.e., equivalent to a topological
space). We say that � is strictly fiberwise representable if any such fiber X
 is discrete.

It follows from Proposition A.14 that any fiberwise representable fibration is equivalent to one which
is strictly fiberwise representable.

Definition A.26 Let � W X ! Y be a map of TMP which is a fiberwise representable fibration. We say
that � is a fiberwise representable trivial weak fibration if, for any m� 0 and any simplex � 2 Y.�m/,
the fiber X� is weakly contractible.

Lemma A.27 Suppose that � W E!X is a fiberwise representable trivial weak fibration. Then the induced
map of simplicial sets C�.E/! C�.X / is a weak homotopy equivalence.

Proof As noted above, we can assume without loss of generality that E ! X is strictly fiberwise
representable. In particular, the fibers of E.S/! X .S/ are discrete for any S . Now we consider the
map of bisimplicial sets CBi

� .E/m;n! CBi
� .X /m;n, where m is the simplex degree (corresponding to the

category X .�mtop/ of maps from the topological simplex) and n is the nerve degree. It is enough to show
that, at a fixed nerve degree n, the map of simplicial sets CBi

� .E/�;n! CBi
� .X /�;n is a weak homotopy

equivalence. We do this in two steps.

Case n D 0 Since we set the nerve degree to zero, we are considering the simplicial set on objects
of X .�mtop/ (and similarly for E). We use the following standard fact.

Proposition A.28 Let f WU!V be a map of topological spaces. The following statements are equivalent :

� f is a trivial Serre fibration , i.e., a Serre fibration with weakly contractible fibers.

� The map of simplicial sets C�.f / W C�.U / ! C�.V / is a trivial Kan fibration in the sense
of Section 4.3.1.

� The map of simplicial sets C�.f / W C�.U /! C�.V / is a Kan fibration that has weakly contractible
simplicial preimage C�.U /� over any m-simplex � 2 C�.V /.

Proof of Proposition A.28 That f is a trivial Serre fibration if and only if C�.f / is a trivial Kan
fibration is proved in [49, II.3, Lemma 2]; see also [30, Example 5.15].5 On the other hand, we proved
in Proposition A.19 that a Kan fibration is trivial if and only if all its simplicial preimages are weakly
contractible.

Proof of Lemma A.27 continued Given an object �top 2X .�mtop/, we apply Proposition A.28 to the pair
of topological spaces V D�mtop and U D E�top , the fiber of E over V . We are using that, by strict fiberwise
representability, E�top is isomorphic to the (discrete) topological moduli problem represented by a space.
We deduce that all simplicial preimages of simplices in CBi

� .X /�;0 under the map CBi
� .E/�;0!CBi

� .X /�;0
are weakly contractible, hence we get a weak homotopy equivalence of simplicial sets at nD 0.

5It is also true that f is a Serre fibration if and only if C�.f / is a Serre fibration [30, Example 5.11].

Algebraic & Geometric Topology, Volume 26 (2026)



The Deligne–Mumford operad as a trivialization of the circle action 1285

Case n� 0 From Lemma A.17 we see that all simplicial preimages of the map CBi
� .E/�;n!CBi

� .X /�;n
are isomorphic to simplicial preimages of the corresponding map at nD 0, i.e., CBi

� .E/�;0! CBi
� .X /�;0.

We conclude by the nD 0 case.

Appendix B The dendroidal category and Segal operads
In Proposition 6.9 we prove that, for any number n of inputs, there is a map

� WMNodHDtree
protected;n!
�
NodFrtree

@;n

of topological moduli problems which induces a homotopy equivalence on underlying simplicial sets.
Now the left-hand side is a model (in topological spaces) for the homotopy pushout of the diagram
pt S1!Fr@, and we also know from Lemma 6.8 that the right-hand side is equivalent to DMtree

n . In this
appendix we explain how to “upgrade” such homotopy equivalences on the level of spaces of operations to
homotopy equivalences on the level of operads. For this we need to discuss operads valued in topological
moduli problems. A convenient language in this context is the formalism of dendroidal objects and Segal
operads (Cisinski–Moerdijk [12]), which is a relative of Lurie’s theory of1-operads [41]. We explain this
formalism, how the operad objects and maps we have been working with, e.g., the operad DMtree and the
map DMtree

! NodFrtree
@

, fit into it, and how this formalism is compared to that of topological operads.
The reason for using Segal operads is that the classical language of operads is not well adapted to deal

with spaces of operations that are topological moduli problems. Indeed, if we tried to impose an operad
structure, then the associativity relations would need to be equalities of functors, whereas in our situation
we only have isomorphisms. Said differently, we need to use the 2-category structure on groupoids to
define operads such as DMtree. (A useful analogy is symmetric monoidal groupoids vs. abelian monoids.)

B.1 The Moerdijk–Weiss tree category

Here we describe the dendroidal category � of Moerdijk and Weiss [47], which plays in higher operad
theory a role analogous to that played in homotopy theory by the simplicial category �. In the same way
that objects of � can be understood as combinatorial categories (finite ordered posets), the objects of �
are combinatorial operads associated to trees.

Definition B.1 (the free colored operad on a tree) Let � be a tree of operations (i.e., a finite tree with
half-edges, see Section 2.2.1). The free colored operad Œ� � on � is the operad with colors C D Edge� and
operations generated by a set fovg indexed by vertices v 2 Vert� , where ov has inputs ein

1 .v/; : : : ; e
in
jvj
.v/,

the incoming edges at v with some choice of ordering, and output eout.v/, the outgoing edge at v.

In this definition the generators are described in terms of a choice of ordering of the incoming edges at
each vertex v, or equivalently in terms of a choice of planar structure for the tree. A different choice of
planar structure would give different generators, but the same operad.

When � is the linear tree �Œn� WD ! � ! � � � ! � ! with n vertices, the colored operad only has
one-to-one operations, i.e., is a category. In fact, it is the category associated to the quiver corresponding
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to the dual graph: it has nC 1 objects associated to the linear tree and a unique arrow i ! j for i � j .
In other words, it is precisely the linear poset category Œn�.

For a general tree � , one can check that operations in Œ� � are indexed by full labeled subtrees. Namely,
we say that a subgraph � 0 � � is full if every edge or half-edge in � with an endpoint in � 0 is also an edge
or a half-edge in � 0 (note that a half-edge in � 0 might have another endpoint in �). The operad Œ� � has a
(unique) operation with inputs e1; : : : ; en and output eout if and only if there is a full labeled subtree � 0

with leaves e1; : : : ; en and root eout.

Definition B.2 The dendroidal category � is the full subcategory of the category of colored operads on
the objects Œ� � as � ranges over all trees.

The next definition describes objects which generate � in a sense that we will make precise.

Definition B.3 � Define j to be the tree with one edge and no vertices. The operad Œ j � 2� is the operad
with a single identity operation.

� Define the n-corolla �n to be the tree of operations with one vertex, n input edges, and one output edge.
The operad Œ�n� is the operad whose spaces of operations are empty except in arity n, where Sn acts
freely and transitively, i.e., Œ�n� has a unique-up-to-relabeling operation in arity n.

Note that for a general colored operad O , maps Œ j �!O are in bijection with colors of O and maps
Œ�n� ! O correspond to all operations with n inputs (with arbitrary incoming and outgoing colors).
In particular, if � is a tree then Hom.Œ j �; Œ� �/D Edge� and Hom.Œ�n�; Œ� �/ is the set of full subtrees of �
with n leaves. We note two important special cases.

Definition B.4 � Given a vertex v, define iv W Œ�jvj�! Œ� � to be the map corresponding to the subtree of
edges around v (equivalently, the map classifying the operation v in Œ� �).

� For any tree � with n leaves, define the cocontraction map s� W Œ�n�! Œ� � to be the map classifying the
operation corresponding to the tree � itself viewed as a subtree (i.e., the composition of all operations in � ).

For any full subtree � 0 � � , let � 00 be the tree obtained by contracting all internal edges of � 0 into a
single point. Then there are obvious maps i�;� 0 W Œ� 0�! Œ� � and s�;� 0 W Œ� 00�! Œ� � defined by extending iv
for v 2 � 0 and v 2 s� 0 , respectively, by the identity operation for all vertices in the complement of � 0.
Maps of the form i�;� 0 , s�;� 0 together with automorphisms of trees generate the tree category � [47, §3].

Let C be a category with monoidal structure given by products and O a monochromatic operad in C.
This induces a contravariant representation of the dendroidal category � in C, sending every tree �
to the set

Q
v2Vert.�/Ojvj and sending the cocontraction map s� to the operad composition operationQ

v2Vert.�/Ojvj! ON (for N the number of leaves). In particular, this representation determines the
operad O (the identity operation is the “empty” composition operation corresponding to � D j and the
action of � 2 Sn on On is recovered from the morphisms �� W �n! �n which permute the incoming
edges of a corolla).

Algebraic & Geometric Topology, Volume 26 (2026)



The Deligne–Mumford operad as a trivialization of the circle action 1287

B.2 Segal operads and preoperads

In this subsection we follow Cisinski and Moerdijk [12] and work with models for colored operads,
despite the fact that the objects we care about are monochromatic.

Suppose C is a category which is closed under products and coproducts and let DiscrC be the essential
image of the standard functor Set! C given by unions of the terminal object � 2 C.

Definition B.5 A Segal preoperad ƒ in C is a C-valued presheaf on �, i.e., a functor ƒ W�op! C such
that ƒ.Œ j �/ 2 DiscrC .

One can think of Segal preoperads as colored operads with nonuniquely defined compositions;ƒ.Œ j �/ is
the set of colors. When ƒ is a monochromatic operad, it has a model with ƒ.Œ j �/Š �.

If C is additionally endowed with a class of equivalences including IsoC (for example, if C is a model
category), we make the following definition.

Definition B.6 A Segal operad in C is a Segal preoperad in C such that, for every tree � , the product of
the maps

ƒ.iv/ Wƒ.Œ��/!ƒ.Œ�jvj�/(10)

is an equivalence between ƒ.Œ��/ and
Q
v2Vert.�/ƒ.Œ�jvj�/.

Note that an ordinary (strict) colored operad in C is precisely a Segal preoperad where this map is an
equality (i.e., where ƒ.Œ��/ is defined as being

Q
v2Vert.�/ƒ.Œ�jvj�/). Given an ordinary operad O , we

write Seg.O/ for the Segal operad associated to O , with

Seg.O/.Œ��/ WD
Y

v2Vert.�/

O.Œ�jvj�/:

In fact, Segal (pre)operads have a model category structure which is related to the Berger–Moerdijk
model category of topological operads (and also related to Lurie’s 1-operads [41, §2]) by a chain
of Quillen equivalences. This is proved by Chu, Haugseng, and Heuts [10], and their paper relies
on [5; 11; 12; 29]. Since we will only be interested in the weak equivalences, we will not need the full
model structure. Rather, we need the following results from [11; 12].

Theorem B.7 [11; 12] (1) There is a “strictification” functor

WSeg W PreSegOpC! OpC

from Segal preoperads in C to strict operads in C, which is equivalent to the W -construction when applied
to strict operads. In other words , we have a canonical isomorphism of functors

WSeg ıSegŠW W OpC! OpC :

(2) There is a natural transformation SegıWSeg) Id such that , for every Segal preoperadƒ2PreSegOpC ,
the natural map Seg ıWSeg.ƒ/!ƒ is an equivalence in PreSegOpC (and , in particular , an equivalence
on the level of each tree if ƒ is a Segal operad ).

Algebraic & Geometric Topology, Volume 26 (2026)
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B.3 Segal operads in topological moduli problems

We will be interested in the category of Segal operads in topological moduli problems. More precisely,
we can define Segal operads in topological moduli problems fitting into a diagram

ƒMNodHDtree
protected!ƒ
�
NodFrtree

@  ƒDMtree:

The definition of the Segal operad ƒDMtree is the following. We need to define a topological moduli
problem ƒDMtree.Œ� �/ for every tree � . For a test topological space S , we define ƒDMtree.Œ� �/.S/ to
be the collection of families X ! S , where X is a family over S of possibly disconnected stable nodal
curves, mapping to the discrete set Vert.�/, with marked points indexed by half-edges of � (including
two half-edges for each full edge) and such that the component Xv over a vertex v 2 Vert� has incoming
marked points indexed by incoming edges In.v/, and outgoing marked point indexed by the outgoing
edge Out.v/. Maps between two objects of ƒDMtree.Œ� �/.S/ are isomorphisms over S that preserve all
combinatorial data. In order to define the Segal structure we need to write down functors

ƒDMtree.i�;� 0/.S/ WƒDMtree.Œ� �/.S/!ƒDMtree.Œ� 0�/.S/

corresponding to restriction to a full subtree � 0 � � , and

ƒDMtree.s�;� 0/.S/ WƒDMtree.Œ� �/.S/!ƒDMtree.Œ� 00�/.S/

corresponding to contraction of a full internal subtree � 0 � � . The former is simply given by removing all
components ofX corresponding to vertices not in � 0, and the latter by gluing all curves in the component � 0

along their common edges to combine them into a nodal curve, then stabilizing.6

Proceeding in a similar fashion, we also get Segal operads

ƒMeFr@; ƒ
�
NodFrtree

@ ; ƒMNodHDtree
protected:

Note that, since eFr@ and NodHDtree
protected are topological spaces, we have equivalences ƒMeFr@' Seg.eFr@/

and similarly for NodHDtree
protected.

We finally have the tools to give concrete statements comparing the homotopy pushout NodHDtree
protected

and DMtree.

Theorem B.8 There is a sequence of Segal operads of topological moduli problems , with maps that are
levelwise weak equivalences (on the level of simplicial chains):

ƒM BNodHDtree
protected!ƒ
�
NodFrtree

@  ƒDMtree:

The first map is induced by applying componentwise the map �, and the second map is induced by
applying componentwise the map funnel.

Proof This is the combined conclusion of Lemma 6.8 and Proposition 6.9.

6A note on set-theoretic issues: both the procedures of gluing and stabilizing replace the set indexing the old complex curve X
by a quotient set, whose points are subsets of X , something that is possible in the �-small world for � an inaccessible cardinal.
In order to avoid sets with repeated indexes, we require that the set of points of X must not contain an element which is a subset
of X of cardinality � 2.
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Combining the previous theorem with Theorem B.7 we obtain the following.

Corollary B.9 There is a sequence of (weak ) homotopy equivalences in the Berger–Moerdijk category of
strict topological operads:

NodHDtree
protected WSegjC�.NodHdtree

protected/j
oo

��

WSegjC�.NodHDtree
protected/j WSegjC�.DMtree/joo

Here the operad WSegjC�.DMtree/j is the “topological classifying operad” associated to the Deligne–
Mumford stack, and hence represents a topological “resolution” of the operad in topological moduli
problems DMtree.
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On embeddings of 4-manifolds in codimension 2

ABHIJEET GHANWAT AND DISHANT M PANCHOLI

We show that every closed orientable smooth 4-manifold admits a smooth embedding in a large class of
closed 6-manifolds. In particular, we show that every smooth 4-manifold admits a smooth embedding in
the complex projective 3-space. Our embedding technique also provides a new proof of embeddings of
4-manifolds in R7.

1 Introduction

A basic question in the field of geometric topology which concerns embeddings of manifolds can be
stated as follows: given a pair of manifolds M and N , how many smooth embeddings of M exist in N ?

A slightly simpler and related question is the question of finding which manifolds embed in a given
manifold. Detailed investigations in this regard have led to the discovery of interesting invariants of
manifolds. One of the earliest seminal results in this context is due to H. Whitney who showed that
every closed manifold of dimension n admits an embedding in R2n. Subsequently, this result has
been extensively generalized. Most notably, M. Hirsch [19] showed that every closed orientable odd-
dimensional manifold M 2n�1 admits a smooth embedding in R4n�3. This result, together with those by
C. T. C. Wall [27] and V. Rokhlin [25], implies that every closed 3-manifold (orientable or otherwise)
admits an embedding in R5.

For closed n-dimensional manifolds, combining the results of A. Haefliger [16], A. Haefliger and
M. Hirsch [17], and W. Massey and F. Peterson [23], one knows that every such n-manifold embeds
in R2n�1 when n> 4 and n is not a power of two. For 4-manifolds it was shown by M. Hirsch [20] and
C. T. C. Wall (M. Hirsch mentions in [20] that C. T. C. Wall had independently proved this result) that
every orientable PL 4-manifold admits a PL embedding in R7.

The purpose of this article is to show that there are smooth six-dimensional manifolds with relatively
simple topology in which all closed-orientable smooth manifolds of dimension four embed. Ideally one
would like to embed every closed smooth 4-dimensional manifold in R6. However, D. Ruberman [26]
has shown that a closed smooth 4-manifold admits a smooth embedding in R6 if and only if it admits
a spin structure and its signature is zero, a result which was also stated by S. Cappell and J. Shaneson
in [7]. In particular, this implies that CP2 does not smoothly embed in R6.
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presentation.
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The simplest 6-manifold in which CP2 embeds is CP3. Furthermore, the question of embeddability
of two important classes of closed orientable smooth 4-manifolds, namely, symplectic 4-manifolds and
smooth algebraic surfaces have been extensively examined (see, for instance, [2; 9; 10]), and the question
of their embeddability in CP3 is very important as any such embedding corresponds to a Lefschetz pencil
of CP3 with given embedded submanifold as its generic fiber. We therefore investigate embeddings of
4-manifolds in CP3 and establish the following:

Theorem 1.1 Every closed orientable smooth 4-manifold admits a smooth embedding in CP3.

To the best of our knowledge, Theorem 1.1 above and Theorem 1.2, which establishes embedding of
4-manifolds in certain 6-manifolds of the type N �CP1, are the only results demonstrating the existence
of closed 6-manifolds in which all closed orientable smooth 4-manifolds embed.

The central idea for the proof of Theorem 1.1 is drawn from a well-known fact that given a projective
embedding of a smooth algebraic surface, the standard Lefschetz pencil of the complex projective space
generically induces a Lefschetz pencil structure on the surface. It was established by R. I. Baykur and
O. Saeki [5; 6] that every closed orientable smooth 4-manifold admits a simplified broken Lefschetz
fibration (SBLF), which can be regarded as a natural generalization of the Lefschetz pencil for an arbitrary
smooth 4-manifold. This decomposition allows us to express any smooth 4-manifold as a singular fiber
bundle over CP1 with a finite number of Lefschetz singularities and a unique indefinite fold circle. The
advantage of this decomposition is that we can associate with any smooth 4-manifold certain data which
comprise two constituents. These are an element of the mapping class group of a closed orientable surface
of genus g expressed as a product of (positive) Dehn twists, corresponding to Lefschetz singularities, and
a round handle attachment [4; 13] corresponding to the fold singularity.

Let us now briefly outline the argument establishing Theorem 1.1. We need Theorem 1.2 to prove
Theorem 1.1. Hence, we begin by first stating and outlining the proof of Theorem 1.2.

Consider any closed orientable 4-manifold N which admits an embedding of a Hopf link which is
separable in the sense of Definition 4.4. Roughly speaking, by a separable Hopf link in a manifold N ,
we mean that N admits a handle decomposition that satisfies the following property: the boundary of a
0-handle has a Hopf link, which is slice in the complement of the 0-handle. For any 4-manifold admitting
separable Hopf link, we show:

Theorem 1.2 Let M be an orientable closed smooth 4-manifold. Let N be a 4-manifold which admits a
separable Hopf link. Then there exists an embedding  WM !N �CP1.

Let us now outline the proof of Theorem 1.2. Given a closed orientable smooth 4-manifold M , consider
the manifold M together with any given SBLF. We need to produce an embedding f of M in N �CP1,
where N is a 4-manifold admitting an embedding of separable Hopf link. The embedding will be produced
such that the trivial fibration �2 WN �CP1!CP1 of N �CP1 induces the given SBLF.1

1Strictly speaking one will only produce embeddings satisfying such properties up to isotopies and diffeomorphisms of
source and target manifolds under consideration.
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The three important steps for constructing the embedding f are the following: In the first step, using
an appropriate generalization of techniques from [24], and a specific local embedding model for a given
Lefschetz singularity, we provide an embedding of genus gC 1 Lefschetz subfibration over a disc D2

in N �D2, which is associated with the given SBLF. This embedding is such that the trivial product
fibration �2 WN �D2!D2 induces the given Lefschetz fibration. This is the most important step in the
proof and is detailed in Section 4. In fact, in Section 4 we show how to embed any Lefschetz fibration
over a disc or CP1 in a trivial fibration over CP1 with fiber N .

Next, we use a local embedding model for fold singularities to produce an embedding of a submanifold
.fM ; @fM /�M (having two disjoint boundary components) in N �I�S1. This embedding is constructed
such that it agrees with the embedding in the first step near one of the boundary components of fM , and is
a trivial fibration†g�S1 near the other boundary component of fM . Here, †g denotes a closed orientable
surface of genus g. This provides us with a fiber-preserving embedding of M n†g �D2 in N �D2.
Finally, we extend the embedding of M n†g�D2 in N �D2 using an embedding of †g�D2 in N �D2

to obtain the embedding f WM ,!N �CP1. These two steps are discussed in Section 5. Embedding
of M in N �CP1 is the content of Theorem 1.2. Theorem 1.2 immediately implies Theorem 6.1 which
establishes embeddings of smooth closed orientable 4-manifolds in R7.

Having outlined a proof of Theorem 1.2, let us now discuss how to establish embeddings of 4-manifolds
in CP3 as claimed in Theorem 1.1. Given a smooth, orientable, closed 4-manifold, we first consider
the manifold M # CP2 # CP2 together with a specific SBLF. Next, we notice that the blow-up of CP3

along CP1 is a fiber bundle over CP1 with fiber CP2 with the property that the fiber bundle is trivial in
the complement of the exceptional divisor.

We embed M # CP2 # CP2 in the blow-up of CP3 using this specific SBLF by observing that CP2

admits a separable Hopf link and hence a slight generalization of the argument necessary to establish
Theorem 1.2 allows us to embed M # CP2 # CP2 in the blow-up of CP3. Further, we ensure that the
embedding of M #CP2 #CP2 in the blow-up of CP3 is such that the fiber of the specific SBLF associated
to M # CP2 # CP2 has certain specific intersection property with the exceptional divisor of the blow-up
of CP3. This allows us to show that the embedding of M # CP2 # CP2 in the blow-up of CP3 is such
that when we blow-down the blow-up of CP3, we get a manifold diffeomorphic to CP3 that has M as
its embedded submanifold. The construction of the specific SBLF, blow-up and blow-down procedures,
and the proof of Theorem 1.1 are discussed in the final section.

The mathematical preliminaries to carry out these steps are given in Sections 2 and 3. In particular,
we discuss relevant aspects of broken Lefschetz fibrations in Section 2, and of mapping class groups
in Section 3.

Finally, a few remarks on conventions used in this article. By a manifold we mean a smooth compact
orientable manifold with or without boundary. We denote manifolds by capital letters M , N , etc. When
we need to emphasize that we are working with a manifold with boundary, we use the notation .M; @M /

consisting of the pair M and the boundary @M of M . As usual, the notation † or †g is used for denoting
a closed orientable surface, with g indicating the genus.
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2 Review of broken Lefschetz fibrations
Broken Lefschetz fibrations (BLF) were introduced by D. Auroux, S. K. Donaldson, and L. Katzarkov [1].
These are generalized Lefschetz fibrations. R. I. Baykur [3] established that every smooth orientable
closed 4-manifold admits a broken Lefschetz fibration. The purpose of this section is to review a few
definitions and results related to BLF. We refer to [3; 5] for a detailed discussion on BLF. Let us begin by
recalling the definition of Lefschetz singularity.

Definition 2.1 (Lefschetz singularity) Let M be an oriented 4-manifold and † an oriented surface. Let
f WM !† be a smooth map. A point x 2M is said to be a Lefschetz singularity of the map f , provided
there is an orientation preserving parameterization � W U �M ! C2, and an orientation preserving
parameterization  W V �†!C such that the following properties are satisfied:

(1) x 2 U , and �.x/D .0; 0/ 2C2.

(2) f .x/ 2 V , and  .f .x//D 0 2C.

(3) For the map g WC2!C given by g.z1; z2/D z1:z2, the following diagram commutes:

U C2

V C

�

f g

 

Remark 2.2 (a) Observe that both M as well as † can have nonempty boundary, however, it follows
from Definition 2.1 that the critical point c belongs to the interior VM of M , and f .c/ 2 V†.

(b) Let f WM ! S be a map with an isolated Lefschetz singularity at c 2M such that f .c/ 2 S is an
isolated critical value. It is well known that generically the fiber over f .c/ is obtained by pinching a
simple closed curve 
 on a nearby smooth fiber †g to a point. The curve 
 is known as a vanishing cycle.

Next, we recall the definition of 1-fold singularity.

Definition 2.3 (1-fold singularity) Let M be an oriented 4-manifold, and let † be an oriented surface. Let
f WM !† be a smooth map. A point x 2M is said to be a 1-fold singularity of the map f , provided
there is an orientation preserving parameterization � W U �M ! R4, and an orientation preserving
parameterization  W V �†!R2 such that the following properties are satisfied:

(1) x 2 U , and �.x/D .0; 0; 0; 0/ 2R4.

(2) f .x/ 2 V , and  .f .x//D .0; 0/ 2R2.

(3) For the map h W R4! R2 given by h.t;x1;x2;x3/D .t;�x2
1
C x2

2
C x2

3
/, the following diagram

commutes:

U R4

V R2

�

f h
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Remark 2.4 (a) If a map f WM !† has a 1-fold singularity at x, then x 2 VM , and f .x/ 2 V†.

(b) When the map h in the definition of 1-fold singularity is allowed to have the local model

.t;x1;x2;x3/! .t;˙x2
1 ˙x2

2 ˙x2
3/;

the singularity is called a fold singularity. In this article, we will only need the local model around 1-fold
singularity.

We are now in a position to recall the notion of a broken Lefschetz fibration (BLF).

Definition 2.5 (broken Lefschetz fibration) Let M a smooth oriented 4-manifold. By a broken Lefschetz
fibration of M we mean a smooth surjective map f WM !CP1 such that f has only 1-fold or Lefschetz
singularities.

Remark 2.6 (a) Given a BLF f WM !CP1, the inverse image f �1.y/ for any regular value y is called
a fiber of BLF.

(b) Generically, the image set of a component of 1-fold singularities on † is an immersed circle in V†.

A BLF without 1-fold singularity is called a Lefschetz fibration. These singular fibrations are extremely
useful in algebraic geometry [15] and symplectic geometry [10]. Let us now formally define a Lefschetz
fibration.

Definition 2.7 (Lefschetz fibration) Let M be a smooth oriented 4-manifold. A smooth surjective map
f W M ! †, where † is an oriented surface, having its singular points modeled only on Lefschetz
singularities is called a Lefschetz fibration of M .

Remark 2.8 (a) Unlike a fiber bundle or Lefschetz fibration, the regular fibers of a BLF are typically not
diffeomorphic. In fact, the 1-fold singularity in the definition of BLF corresponds to a round 1-handle
attachment [4; 13]. Hence, if BLF has points having fold singularity, then the topology of the regular
fiber changes as we cross the image of an immersed circle coming from a 1-fold singularity.

(b) The fibers of BLF need not be connected. However, it can be shown that every 4-manifold admits a
BLF with connected fibers having genus at least 2. This follows from [3, Theorem 1.1].

Observe that a BLF provides us a decomposition of a smooth manifold into simple pieces. A more
simplified form of this decomposition of a smooth 4-manifold is what we will need for this article. This
simplification was introduced by R. I. Baykur [4], and the proof of this simplified decomposition was
given by R. I. Baykur and O. Saeki [5; 6]. This decomposition is known as a simplified broken Lefschetz
fibration. Let us recall the definition of this:

Definition 2.9 (simplified broken Lefschetz fibration (SBLF)) Let f WM !CP1 be a BLF. We say that
this BLF is a simplified broken Lefschetz fibration (SBLF) provided the function f satisfies the following
additional properties:

(1) The set Zf of all x 2M admitting a 1-fold singularity model is connected.

(2) All fibers are connected.
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(3) The map f is injective when restricted to Zf as well as when restricted to the set, Cf , of Lefschetz
singular points and the set Cf is contained in the connected component of CP1nf .Zf / which has regular
fibers of higher genus.

Remark 2.10 (a) Throughout this article, we will assume without loss of generality that for any Lefschetz
fibration (or BLF) f WM !† any regular fiber f �1.y/ is connected, and f is injective when restricted
to critical set Cf .

(b) Observe that the definition of SBLF implies that there exists a disc D contained in CP1 such that
every y 2 D is a regular value, and the genus of the fiber over y is minimum among all fibers of SBLF.
We call this fiber the lower genus fiber.

(c) Topologically, the unique 1-fold singularity of SBLF corresponds to adding a 1-handle to a circle
worth of lower genus fibers over @D. This corresponds to an attachment of a round 1-handle to f �1.D/
such that a generic fiber of SLBF over CP1 nD has genus one more than the fibers over D.

In [5; 6], it was shown that every orientable smooth 4-manifold admits an SBLF.

Theorem 2.11 (R. I. Baykur, O. Saeki [5, Theorem 1]) Given any generic map from a closed , connected ,
oriented , smooth 4-manifold X to CP1, there are explicit algorithms to modify it to an SBLF. In particular ,
every closed orientable smooth 4-manifold admits an SBLF. Furthermore , we can always construct an
SBLF on M such that the genus of the lower genus figure is bigger than 1.

We would like to point out that Theorem 2.11 is not stated as above in [5]. The statement regarding
the lower bound on the genus of a lower genus fiber is not explicitly mentioned in [5, Theorem 1].
However, it follows from the application of [5, Theorem 1] followed by [5, Theorem 2]. For the sake of
completeness, we discuss the proof of Theorem 2.11.

Proof To begin with, recall that by a trisection of a smooth orientable closed 4-manifold M one means
a decomposition of M into three 4-dimensional handlebodies (thickening of a wedge of circles), meeting
pairwise in 3-dimensional handlebodies, and all three 4-dimensional handlebodies intersect in a surface.
A trisection corresponds to a Morse 2-function on M . If k 0 is the number of indefinite folds for the Morse
2-function associated to a given trisection and g0 is the genus of the surface corresponding to the common
intersections of three 4-dimensional handlebodies, one says that the 4-manifold has a .g0; k 0/-trisection.

In order to produce an SBLF as stated in Theorem 2.11, we observe that given M , according to
[5, Theorem 1], there exists an SBLF f WM !CP1. Let g be the genus of the lower genus fiber of the
SBLF. If g>1, then we are through. In case, g�1, we apply [5, Theorem 2] to produce a .g0; k 0/-trisection
from the given SBLF f WM !CP1. According to [5, Theorem 2], we get a .g0; k 0/-trisection with g� 1.

Next, we again apply the second part of [5, Theorem 2] to produce from this trisection a new SBLF.
Observe that according to [5, Theorem 2], the new SBLF has a lower genus fiber having its genus g0C 2.
Since g0 � 0, the theorem follows.

We would like to remark that the proof of the existence of SBLF with higher genus fiber also follows
from the proof of Proposition 1.3 given in [3].
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(b) (b)

bt (c)btc

b

Figure 1: The figure is a pictorial description of the Dehn twist �ˇ restricted to the neighborhood
A.ˇ/DS1� Œ0; 2��. The map �ˇ is given by �ˇ.�; t/D .��t; t/ when restricted to A.ˇ/. It sends
the arc c — depicted as a red-colored arc in the picture on the left of the figure — to an arc isotopic
to the arc �ˇ.c/ depicted in the picture on the right of the figure.

3 Mapping class groups of surfaces

In this section, we review some results related to mapping class groups of closed-orientable surfaces.
Good references for the results discussed here are [12; 21]. Let us begin by recalling the definition of the
mapping class group.

Definition 3.1 (mapping class group) Let † be a closed oriented surface. By the mapping class group
of †, we mean the group of orientation preserving self diffeomorphisms of † up to isotopy.

We denote the mapping class group of a surface † by MC G.†/. Next, let us discuss the notion of a
Dehn twist along a simple closed curve embedded in a surface †. We refer to [12] for a more detailed
discussion on Dehn twists.

Definition 3.2 (Dehn twist) Let † be an orientable surface. Let ˇ be a simple closed curve embedded
in the interior of †. By a Dehn twist along ˇ, we mean a diffeomorphism which is identity outside an
annulus neighborhood A.ˇ/ of ˇ in †, and is given by �ˇ on A.ˇ/ when restricted to A.ˇ/, where �ˇ is
the diffeomorphism of A.ˇ/ described in Figure 1.

M. Dehn [8] (see also [21]) established that the mapping class group of an orientable genus g surface†g

is generated by Dehn twists along simple closed curves embedded in †g. W. Lickorish [22] further
strengthened this result to show that the mapping class group of a closed orientable surface†g is generated
by Dehn twists along the curves ai’s, bj ’s and ck’s as depicted in Figure 2. Following [24], we will refer
to these curves as Lickorish generators.

a a a

b b b
c c c

1 2 g

1 2 g
1 2 g−1

Figure 2: Dehn twists along curves ai’s, bj ’s and ck’s generate the mapping class group of an
orientable genus g surface.
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H

a
b

q

k

k
k

k

Figure 3: The figure shows a surface of genus g embedded in R3 as a boundary of a genus g

handlebody Sg considered as a unit ball with g 1-handles attached to it.

We end this section with a proposition that is a consequence of [21, Lemma 3]. In order to state this
proposition we need some terminology from [21].

Let us regard an orientable surface †g of genus g as the boundary of a standard handlebody Sg. Here,
a standard handlebody Sg consists of g 1-handles attached to the unit 3-ball in R3 as depicted in Figure 3.

Consider a typical handle Hk , as shown in Figure 3. Following [21], we say that a simple closed
curve p does not meet the handle Hk provided it does not intersect the curve ak depicted Figure 3.

Proposition 3.3 (Lickorish [21, Lemma 3]) Let p be any simple closed curve on †g. There exists a
diffeomorphism � W†g!†g such that �.p/ does not meet any handle of †g.

4 Lefschetz fibration embedding

Recall from Remark 2.10 that a Lefschetz fibration (LF) of a closed oriented 4-manifold is a pair
.M; � WM !†/, where � WM !† is an LF and † is either a disc or CP1. Furthermore, we always
assume that � is injective when restricted to the critical set. Given such an LF, in this section, we show
that there exists an embedding of the LF into certain manifolds of type N 4�† which is fiber preserving in
the sense of Definition 4.10 provided the genus of the regular fiber is at least 2. This result (Theorem 4.11)
can be regarded as the first step towards establishing Theorem 1.1.

4.1 Flexible embedding in standard position

Let us begin this subsection by reviewing the notion of flexible embedding.

Definition 4.1 (flexible embedding) Let M be an orientable closed smooth manifold. A smooth embedding
� W†g ,!M of a closed orientable surface †g is said to be flexible provided for every f 2MC G.†g/

there exists a diffeomorphism  of M isotopic to the identity which maps �.†g/ to itself and satisfies
��1 ı ı� D f .
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Next, we state a lemma regarding a flexible embedding of any surface of genus g into a 4-manifold N ,
which admits a separable Hopf link. In order to state this lemma, we need to introduce the following
definitions:

Definition 4.2 (embedding in standard position) An embedding � W†g ,!N of a surface †g is said to
be in a standard position provided the following properties are satisfied:

(1) Every simple closed curve 
 on �.†/ is a boundary of a 2-disc D2 intersecting �.†g/ only in 
 .

(2) There exists a tubular neighborhood N .D/ of the disc D2 having the boundary 
 such that N .D/ is
the image of a coordinate chart �
 WC2!N .D/ satisfying the following:

� ��1

 .�.†g/\N .D// is g�1.1/, where g WC2!C is the polynomial map g.z1; z2/D z1:z2.

Remark 4.3 The standard position embedding � W †g! N in Definition 4.2 can be thought of as an
embedding of †g in N such that for every simple closed curve 
 on �.†g/, there exists a compact
4-ball B4


 in N such that the intersection of �.†g/ with B4

 is a Hopf annulus in @B
 .

The equivalence between Definition 4.2 and Remark 4.3 plays an important role in the constructions of
embeddings throughout this article. We now outline this equivalence. Let � WD4!D2 be a Lefschetz
fibration of a 4-ball D4 whose regular fiber is an annulus, and which has a single Lefschetz singularity
at the origin 0 2D4, with corresponding singular value 0 2D2. Here, D2 denotes the closed 2-disc of
radius 2 in R2, centered at the origin. One can easily see the following:

(1) For each disc D2
r �D2 of positive radius r , ��1.D2

r / is diffeomorphic to a compact 4-ball and its
boundary S3

r D @.�
�1.D2

r // is diffeomorphic to the 3-sphere.

(2) The Lefschetz fibration � W ��1.D2
r /! D2

r induces an open book on @��1.D2
r / with a page an

annulus Ar D �
�1.rei0/ and the monodromy a Dehn twist along the central curve of Ar .

(3) The annulus Ar is a Hopf annulus in S3
r D @.�

�1.D2
r //.

(4) There are orientation preserving diffeomorphisms � W VD4!C2 and � W VD2!C2 such that �.S1/DS1

and the diagram

VD4 C2

VD2 C

�

� g

�

commutes, where VD4 and VD2 are the interiors of D4 and D2, respectively, and the map g is given by
g.z1; z2/D z1:z2.

Hence, the 4-ball B4

 in Remark 4.3 can be realized as the closure of the image of the map �
 ı � W

��1.D2
1
/!N .D/.

Conversely, suppose we are given a 4-ball B4

 in N such that the intersection of �.†g/ with B4


 is
an Hopf annulus H in @B
 . We know that the 4-ball B4


 admits a Lefschetz fibration � 0 W B4

 ! D2

1
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with only one Lefschetz singularity at p 2 B4

 such that � 0.p/ D 0 2 D2

1
and ��1.ei0/ D H0, where

H0 is a Hopf annulus in @B4

 . Since any two positive (negative) Hopf annuli in S3 D @B4


 are isotopic,
we can assume � 0�1

.ei0/DH. Now, we first identify B4

 with ��1.D2

1
/ � D4 by a diffeomorphism

h W ��1.D2
1
/! B4


 such that the diagram

N � B4

 ��1.D2

1
/�D4

D2
1

D2
1
�D2

� 0

h

�

Id

commutes. Then the desired chart �
 WC2!N .D/ can be defined by appropriately extending the map
h ı��1 W �. V��1.D2

1
//�C2!N . Under this chart, we have

��1

 .�.†g/\B4


 //D �
�
h�1.�.†g/\B4


 /
�
D �.h�1.H//

D �
�
h�1.� 0

�1
.ei0//

�
D �.��1.ei0//D g�1.ei0/;

as desired.

Definition 4.4 (separable Hopf link) We say that a link l1 t l2 in a 4-manifold N is a separable Hopf
link provided the following properties are satisfied:

(1) There exist an embedding of a 4-ball D4DD2�D2 in N such that @D2�f0gtf0g�@D2D l1t l2.

(2) There exists two disjoint properly embedded discs D1 and D2 in N n .D2�D2/ı such that @D1D l1

and @D2 D l2.

Lemma 4.5 Let N be a 4-manifold which admits a separable Hopf link. Then there exists an embedding �
of any closed orientable surface †g of genus g in N which satisfies the following:

(1) The embedding is flexible.

(2) The embedding is in a standard position.

Before we establish this lemma, we would like to point out that the flexible embedding of †g in N

was first provided by S. Hirose and A. Yasuhara [18]. Our main observation is that we can achieve the
additional property of the embedding being in a standard position, provided that we use Proposition 3.3
established by Lickorish [21] in conjunction with the techniques from [18].

Proof of Lemma 4.5 We want to construct an embedding of †g in N which is both flexible and in a
standard position. Let l1 t l2 be a separable Hopf link in N . It follows from the definition of separable
link that there exists an embedded 4-ball D4 DD2�D2 in N such that @D2�f0gt f0g� @D2 D l1t l2,
and there exists two disjoint properly embedded discs D1 and D2 in N n .D2 �D2/ı such that @D1 D l1

and @D2 D l2. We regard the 4-ball D4 as the 4-ball B4.0; 2/ of radius 2 in C2 with its center at the
origin. We will also regard S3 � Œ1; 2� as the collar B4.0; 2/ nB4.0; 1/ contained in N .

Next, observe that the link l1 �
˚

3
2

	
t l2 �

˚
3
2

	
bounds a Hopf band say H in S3 �

˚
3
2

	
. We embed a

genus g surface †g in S3�
˚

3
2

	
� S3� Œ1; 2��N as the boundary of standard genus g handle body Hg
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× {3
2}

connected
sum#Σg Σg=

3

× 1, 2[ ]3

× 1{ }3
× 2{ }3

× 2{ }

× 2{ }l2

l1

l2

l1

Figure 4: The figure depicts the embedding of the surface †g which is flexible as well as in the
standard position. The figure depicts the collar S3 � Œ1; 2��N with dashed lines representing S3

at levels 1, 2 and 3
2

.

and disjoint form H as depicted in Figure 3. Then we take ambient connected sum of embedded †g and
H in S3 �

˚
3
2

	
to obtain a surface c†g with two boundary components as shown in Figure 4. Thus by

adding two cylinders l1 t l2 �
�

3
2
; 2
�

and two disjoint discs D1, D2 to c†g, we obtain an embedding of
a closed genus g surface. Let us denote this embedding — after smoothing the corners — by �. For a
pictorial description of the embedding �, we refer the reader to Figure 4. We claim that the embedding
� W†g ,!N is both flexible and in standard position. Let us now establish this claim.

The claim that the embedding is flexible is already established in [18, Theorem 3.1]. Let us briefly
review the argument. First of all, notice that every Lickorish generator 
 of †g embedded in N via �
has — up to an isotopy — a Hopf annulus neighborhood which is contained in S3 �

˚
3
2

	
� N . Next,

recall that the mapping class group of †g is generated by Dehn twists along Lickorish generators, and
in S3 there exists a diffeomorphism isotopic to the identity which induces a Dehn twist on a given Hopf
annulus fixing its boundary pointwise. In the proof of [18, Theorem 3.1] it is shown that this implies that
there exists a diffeomorphism of N isotopic to the identity which induces a Dehn twist along a Lickorish
generator of �.†g/. The claim now follows by successive application of ambient isotopies of N inducing
Dehn twists on Lickorish generators. See also [24, Lemma 15] for additional details.

Let us now show that the embedding is in a standard position. First of all notice that — by the very
construction, any simple closed curve on �.†g/ can be isotoped on the surface �.†g/ such that it is
contained in �.†/\S3 �

˚
3
2

	
. We claim that any simple closed curve which does not meet handles2

2Recall that a simple closed curve p does not meet the handle Hk provided it does not intersect the curve ak depicted in
Figure 3.
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of �.†g/ satisfies both the properties necessary for an embedding to be in a standard position. This is
because:

(1) All curves mentioned in the claim are unknots in S3 �
˚

3
2

	
hence they bound a disc in S3 �

�
1; 3

2

�
,

that meets �.†/ only in the given curve.

(2) Any curve 
 mentioned in the claim is isotopic to a simple closed curve C in �.†g/\S3 �
˚

3
2

	
via an isotopy of �.†g/ such that C admits a neighborhood N .C / in �.†g/ which is a Hopf band
in S3 �

˚
3
2

	
.

It follows from both the properties listed above that any simple closed curve C , which does not meet
any handle, satisfies both the properties necessary for a surface to be in the standard position.

Now, according to Proposition 3.3, given any simple closed curve C , there exists a diffeomorphism
of �.†g/ which sends C to a curve which does not meet any handle. Since the embedding � of †g is
flexible in N , given a simple closed curve C which meets some handles can be isotoped so that now it
does not meet any handle. Hence, the claim that the embedding is also in a standard position follows.

Remark 4.6 (1) Any simple closed curve C in �.†g/ that does not meet handles of �.†g/ can be
isotoped to a curve C 0 in �.†g/\S3�

3
2

such that an annular neighborhood ADN .C 0/ of C 0 in �.†g/

is a planar annulus in S3 �
3
2

. Therefore, there exists an embedded 4-ball B4 D B3 � Œ0; 1� in N such
that AD B3 � f0g\�.†g/, A is a planar annulus on @.B3 � f0g/.

(2) Since the embedded surface �.†g/ is flexible, for given any simple closed curve 
 , there exists an
embedded 4-ball B4


 DB3

 � Œ0; 1� in N such that B3


 �f0g\�.†g/DA
 is a annular neighborhood of

 in �.†g/ and A
 is a planar annulus on @.B3


 � f0g/.

In what follows we will work with embeddings of surfaces in N constructed using the procedure
described in the proof of Lemma 4.5. We will use the term standard embedding for any such embedding.
More precisely, we have the following:

Definition 4.7 (standard embedding) Let N be a manifold admitting a separable Hopf link. An embed-
ding  of a closed orientable surface †g, which is isotopic to an embedding obtained by the procedure
described in the proof of Lemma 4.5, will be called a standard embedding of †g

We end this subsection by establishing an embedding result regarding the embeddings of mapping tori
in N �S1. Recall that given a manifold †, the mapping torus of † with monodromy g, where g is a
diffeomorphism of†, is the quotient space†� Œ0; 1�=�, where .x; 0/� .g.x/; 1/. Throughout this article
we will consider mapping tori up to the ambient isotopy class of g in †. We will denote the mapping
torus by MT .†;g/. Notice that MT .†;g/ is a fiber bundle over S1. Our next lemma establishes a
fiber-preserving embedding of any mapping tours of † into N �S1. More precisely:

Lemma 4.8 Let N be a 4-manifold admitting a separable Hopf link and let � W†g!N be a standard
embedding of †g. Let d
 W†g!†g be a Dehn twist along a simple closed curve 
 on †g. Then there
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exists an embedding ‰ of MT .†g; d
 / in N �S1 such that the following diagram commutes:

MT .†g; d
 / N �S1

S1 S1

‰

� �2

Id

Proof Let D2 be a disc in N such that it intersects �.†g/ in only 
 . Let N .D2/ be a neighborhood in D2

such that N .D2/ is the image of the coordinate chart �
 WC2!N .D2/ with ��1

 .�.†g/\N .D2//D

g�1.1/, where the map g W C2 ! C is given by g.z1; z2/ D z1:z2. Note that the monodromy of
the Lefschetz fibration g over the unit circle S1 � C is a Dehn twist along the central curve of the
annulus g�1.1/. Therefore, there is a flow �t WC2!C2; 0� t � 1, supported in g�1.N .S1// such that

(1) �t .g
�1.ei0//D g�1.e2�it / and

(2) �1 restricted to g�1.ei0/ is a Dehn twist along the central curve of the annulus g�1.ei0/,

where N .S1/ is a small annulus neighborhood of S1 in C. Using this flow, we can define a flow
�
 ı �t ı �

�1

 W N .D2/! N .D2/; 0 � t � 1. Since the flow �t is supported in g�1.N .S1//, the flow

�
 ı�t ı�
�1

 on N .D2/ can be extended to a flow �t WN !N; 0� t � 1, by defining �t D�
 ı�t ı�

�1

 on

N .D2/ and �t D Id in the complement of N .D2/ in N . Now, the desired embedding ‰ WMT .†g; d
 /!

N �S1 is given by ‰.x; t/D .�t ı�.x/; e
2�it /.

Definition 4.9 Let N be a manifold admitting a separable Hopf link and let � W†g!N be a standard
embedding of †g. Let d
 W†g!†g be a Dehn twist along a simple closed curve 
 on †g. Then, the
embedding ‰
 WMT .†g; d
 /!N �S1 constructed in the proof of the above lemma will be called the
standard embedding of MT .†g; d
 / in N �S1 with respect to the standard embedding � and the Dehn
twist d
 .

Before we proceed, we would like to point out that Lemma 4.8 was implicitly established in [24].

4.2 The existence of Lefschetz fibration embedding

We are now in a position to state and prove our main result regarding Lefschetz fibration embeddings. As
usual, we denote the map N �CP1 to CP1 corresponding to the projection on the second factor by �2.

Definition 4.10 (Lefschetz fibration embedding) Let .M; � WM !†/ be a Lefschetz fibration, where †
is a 2-disc or CP1. An embedding f WM ! N �CP1 of a manifold M into a manifold N �CP1 is
said to be a Lefschetz fibration embedding provided �2 ıf D i ı� , where i is an inclusion of D2 in CP1

when @M ¤¿, otherwise it is the identity.

Theorem 4.11 Let M be an orientable smooth 4-manifold. Let N be a 4-manifold which admits a
separable Hopf link. Let � W M ! †, where † is either CP1 or a 2-disc D2 embedded in CP1, be
a Lefschetz fibration (LF ) of M having genus g fibers with g � 2. If the map � is injective when
restricted to the set of critical points of � , then there exists a Lefschetz fibration embedding of .M; �/

in .N �CP1; �2/.
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Figure 5: The figure depicts part of a Lefschetz fibration .M; �/ over a disc embedded as a
Lefschetz fibration in the (Lefschetz) fibration �2 WN �D2!D2. The embedding is such that
the generic fiber of .M; �/ is a flexible embedding in the standard position in N . The curves on
the surface depict the vanishing cycles 
i’s.

Proof Let c1; c2; : : : ; ck be k critical points of the Lefschetz fibration .M; �/. Since the Lefschetz
fibration � is injective when restricted to the set of critical points, points �.c1/D p1; �.c2/D p2; : : : ,
and �.ck/ D pk are distinct points on †. Let 
i be the vanishing cycle corresponding to the critical
point ci on a generic fiber †g of the LF.

Let Ui be an open ball in M around ci such that on Ui we have coordinates .z1; z2/ such that � in
this coordinates is given by .z1; z2/! z1:z2. Let eDi D �.Ui/�†. Let Di be an open disc containing
pi with Di �

eDi .
Let b† be † in case † D D2 or b† D CP1 nD where D is a small open disc in CP1 lying in the

complement of the set fp1; : : : ;pkg. We will first produce an embedding yf of the fibration � restricted
to ��1.b†/. Denote by cM the manifold ��1.b†/. We have that cM DM when †DD2.

Embedding of cM Consider an embedding � of the fiber †g in N which is a standard embedding.
Recall that the existence of such an embedding is the content of Lemma 4.5.

Using the flexibility of the embedding �, we first produce yf restricted to cM nFk
iD1 �

�1.Di/ in the
manifold N �

�
CP1 n

Fk
iD1 Di

�
such that the following diagram commutes:

(1)

M n
Fk

iD1 �
�1.Di/ N �

�
CP1 n

Fk
iD1 Di

�

CP1 n
Fk

iD1 Di CP1 n
Fk

iD1 Di

yf

� �2

Id
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Since the embedding of †g in N is standard, by Lemma 4.8, there exists a standard embedding
‰i WMT .†g; d
i

/!N �S1 for each 1� i � k with respect to the standard embedding � and the Dehn
twist d
i

. Note that for each i , the embedding ‰i is such that the following diagram commutes:

(2)
MT .†g; d
i

/ N �S1

S1 S1

‰i

� �2

Id

Next, considering @Di � CP1 D S1 for each i , the embeddings ‰i’s together give an embedding
‰ W

Fk
iD1 �

�1.@Di/!
Fk

iD1 N �@Di such that �2 ı‰D � . Now for each i take an arc ˛i connecting a
point on @Di to a fixed regular value p for the map � in b† as depicted in Figure 5. We can assume that b†
is a regular neighborhood of the set

F
Di [

S
i ˛i . The flexibility of the embedding � now implies that

the embedding yf restricted cM nFk
iD1 �

�1.Di/ exists such that when restricted to @b† this embedding is
an embedding of MT .†g;F /, where F D

Qk
iD1 �
i

when b†D† and F D id when b†DCP1 nD.
Our next step is to show how to extend this embedding to produce a Lefschetz fibration embedding yf

of cM in N �CP1. For this the property that the embedding � of †g is also in the standard position is
required.

Since the embedding � is in a standard position — by the definition of an embedding in a standard
position given in Definition 4.2 — there exists an embedding of �
i

WC2 ,!N which satisfies the second
property listed in Definition 4.2.

Next, for each critical point ci , we claim that the diagram

(3)
Ui �M C2 C2 �C N �CP1

eDi C C eDi

�i

�

i

g

fci

P �2

 i Id  �1
i

commutes, where the definitions of the maps appearing in the diagram are as follows:

(1) �i W Ui �M !C2 and  i W
eDi �CP1!C are orientation preserving parameterizations around

critical point ci of � and �.ci/, respectively, such that left square commutes in the diagram above.

(2) i WC2!C2 �C and g WC2!C are defined as i.z1; z2/D .z1; z2; 0/ and g.z1; z2/D z1:z2.

(3) fci
WC2 �C!N �CP1 and P WC2 �C!C are defined as

fci
.z1; z2; z3/D .�
i

.z1; z2/;  �1
i .z1:z2C z3//; P .z1; z2; z3/D z1:z2C z3:

The commutativity of the middle square follows directly from the definitions of the maps g, i , and P .
Also, the commutativity of the last square is clear by the definition of the map fci

. Next, we see
that the commutative diagram (3) allows us to extend the embedding yf to the embedding yfci

of�cM n
Fk

iD1 �
�1.Di/

�
[ Ui . This is possible because yf and fci

ı i ı �i agree on the overlapping
region of the domain. Hence, yf and fci

ı i ı�i together define a map yfci
.
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Let us now notice that this allows us to extend the embedding yfci
to an embedding yfci

of the space
Wci
DcM n�Si�1

lD1 �
�1.Dl/[

Sk
lDiC1 �

�1.Dl/
�

in N �CP1 such that the following diagram commutes:

(4)

Wci
yfci
.Wci

/�N �CP1

�.Wci
/�CP1 �2. yfci

.Wci
//D �.Wci

/

yfci

� �2

Id

Observe that by construction the embeddings yfci
and yfcj

agree on Wci
\Wcj

. Since cM DSk
iD1 Wci

we get an embedding yf of cM with the required properties.

Embedding of M When †DD2 there is nothing to prove as in this case cM DM . In the case when
†D CP1, we recall that the embedding yf is constructed so that yf restricted to @cM is an embedding
of †g � S1 in N � S1 D N � @b†. When we regard the boundary @N �D as N � S1, we get an
embedding of MT .†g; id/ in MT .N; id/DN �S1 via the embedding yf . Hence, we get an embedding
of a closed manifold fM obtained by identifying @cM with @†g �D along the common boundary via
a diffeomorphism of †g � S1. Since the genus g of †g is at least 2, it follows from the triviality of
the group �1.Diff0.†g//— the identity connected component of the group of diffeomorphisms of †g —
proved in [11, Theorem 1] that fM DM . Hence, we have the required embedding of M in N �CP1.

5 Embeddings of orientable 4-manifolds via SBLF

The purpose of this section is to establish Theorem 1.2. Recall that Theorem 1.2 claims that every
closed orientable smooth 4-manifold admits an embedding in a manifold of type N �CP1, where N is a
4-manifold admitting separable Hopf link. As mentioned in the introduction while outlining the proof, we
will use the SBLF decomposition of a closed orientable smooth 4-manifold for constructing embeddings.
We first need the following:

Definition 5.1 (1-fold simple singular fibration) Let .M; @M / be an oriented smooth 4-manifold with
boundary and let f WM ! Œ�1; 1��S1 be a smooth surjective map which satisfies the following:

(1) There exists a unique embedded circle Zf in M of 1-fold singularities for f such that f .Zf / is an
embedded circle in Œ�1; 1��S1 which is ambiently isotopic to the circle f0g �S1.

(2) For every x 2M nZf , f .x/ is a regular point for the map f .

(3) @M D f �1.f�1g �S1 t f1g �S1/.

Then, we say that f WM ! Œ�1; 1��S1 is a 1-fold simple singular fibration.

Remark 5.2 (a) Since f WM ! Œ�1; 1��S1 has a unique embedded singular locus Zf which projects
to a circle C isotopic to f0g �S1, the inverse image of any regular value is a closed surface † whose
genus is either g or gC 1 for some g 2N [f0g. We call a fiber with genus g as a lower genus fiber.
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(b) Observe that as we cross the f .Zf /, a round 1-handle is added to a manifold diffeomorphic to
†g �A, where A is an annulus.

(c) We will always use the convention that fibers over f�1g �S1 have lower genus.

Lemma 5.3 Let .M; @M / be an orientable smooth 4-manifold with boundary and f WM ! Œ�1; 1��S1

be a 1-fold simple singular fibration. Let N be a 4-manifold which admits a separable Hopf link. Then ,
there exists an embedding  WM !N � Œ�1; 1��S1 such that following properties are satisfied :

(1) The following diagram commutes:

(5)
M N � Œ�1; 1��S1

Œ�1; 1��S1 Œ�1; 1��S1

 

f �2

Id

(2) Given a standard embedding � of a surface of genus gC 1 in N , we can ensure that  restricted to
any higher genus fiber sends the fiber to a surface in N which is isotopic to the given embedding �.

Proof Let us define M0 D f
�1.f�1g�S1/ and M1 D f

�1.f1g�S1/. We know that @M DM0tM1.
Observe that M1 is a mapping torus over S1 with fiber †gC1. Recall that any mapping torus over S1

is determined by its monodromy — an element of MC G.†g/. Let � be the monodromy for the fiber
bundle M1 over S1. Further, since f W .M; @M /! Œ�1; 1��S1 is a 1-fold simple singular fibration, we
have the following: there exists a homologically nontrivial curve c in †gC1 which is mapped to itself
by � [5, p. 10895], and the boundary component M0 is obtained from M1 by the following procedure:

First cut †gC1 along c, and attach to the resulting surface a pair of discs — say D1 and D2. Now form
the mapping torus of the resulting surface †g with monodromy the map � restricted to †g.

This also implies that we can obtain .M; @M / by suitably adding a round 1-handle to †g �S1 along a
pair of points in †g times S1 such that each disc Di �S1 contains a circle of the round attaching sphere.

Now, let i W†gC1 �N be a standard embedding of †gC1 in N . Since the embedding is standard, we
know every simple closed curve 
 on †gC1 bounds a disc D in N such that the intersection of this disc
with N is 
 . Furthermore, recall that any simple closed curve in a standard embedding of †gC1 can be
assumed to be disjoint from the separable Hopf link, and the pair of disjoint discs that the link bounds.
This implies that there exist a 4-ball B4 containing the disc D such that †gC1\B4 is an annulus A and
@A is a pair of unlinked unknots in @B4 (see Remark 4.6). We call this link LDL1 tL2.

Since the embedding is standard, from Lemma 4.8 it follows that there exist a fiber preserving
embedding of M1 in N � f1g �S1. Since � sends c to itself �.c/D˙c. Since the curve c bounds disc
in †g, without loss of generality we can assume that �.c/D c.

We know that the embedding of a surface †g obtained by cutting †gC1 along a curve Oc obtained by
pushing c slightly away from itself in a small tubular neighborhood of c agrees with †gC1 everywhere
except in a ball B4 satisfying the property that B4\†gC1 is fixed annulus having boundary a pair of
unknot. Since the ball B4 is disjoint from the separable Hopf link and the pair of disjoint discs that the
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B4×{0} {q}×

B3×{0} {q}×
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B4×{1} {q}×

B3×{1} {q}×

Figure 6: Simple Lefschetz fibration embedding.

link bounds, we get that the embedding of †g given by cutting †gC1 is also standard. Hence, applying
Lemma 4.8, we get an embedding of M0 in N � f�1g �S1 which is also fiber preserving.

Observe that by very construction the embedding of @M DM0tM1 can be extended to an embedding b 
of .M; @M /nN in N nB4� Œ�1; 1��S1, where N is a neighborhood of 1-fold singularity. Furthermore,
we can assume that the following diagram commutes:

(6)
M nN N nB4 � Œ�1; 1��S1

Œ�1; 1��S1 Œ�1; 1��S1

b 
f �2

Id

Hence, in order to establish the lemma, we need to extend the embedding constructed so far in the
region N . We can assume that N is a tubular neighborhood of the 1-fold critical locus, and hence can be
identified with B3 �S1.

Let .x;y; z; �/ be coordinates on a tubular neighborhood N DB3�S1 of the singular locus Zf of f
such that f sends .x;y; z; �/ to .�x2Cy2C z2; �/. Let us embed B3 �S1 in B4.0; 1/� Œ�1; 1��S1.
The embedding c 1 W B

3 �S1! B4.0; 1/� Œ�1; 1��S1 is defined as

c 1.x;y; z; �/D .x;y; z; 0;�x2
Cy2

C z2; �/:

For a pictorial description of the embedding c 1, see Figure 6. We can see c 1 is defined such that following
diagram commutes:

(7)
B3 �S1 �M B4.0; 1/� Œ�1; 1��S1 �N � Œ�1; 1��S1

Œ�1; 1��S1 Œ�1; 1��S1

c 1

f �2

Id
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Observe that the embedding b 1 has the property that for each .t; �/, the intersection of b 1.f
�1.t; �//

with @B4 � f.t; �/g is a pair of unlinked unknots. Hence perturbing this embedding if necessary, it is
possible to ensure that this pair is the pair LDL1 tL2 for each .t; �/.

Observe that for any t < 0 the embedding of †g \B4 � f.t; �/g produced by b and the embedding
of pair of disc bounding the unlink L1 tL2 produced by b 1 differ only up to bounding discs of each
unknot Li . Hence up to an isotopy, both embeddings agree. Similarly, for t > 0 embeddings b and b 1

differ only up to annuli that the unlink LDL1 tL2 bound. Hence we can isotope further to ensure that
for t > 0 they also agree. This implies that by perturbing the embedding b we can assume that both
embeddings agree near the boundary to produce an embedding  of M in N � Œ�1; 1��S1.

Clearly,  is the required embedding. This shows that we can produce an embedding of .M; @M /

in N satisfying the property .2/. Since there always exists a standard embedding of †gC1, the lemma
follows.

Let us now establish Theorem 1.2.

Proof of Theorem 1.2 Let M be a closed-oriented 4-manifold. By Theorem 2.11 there exists a smooth
map f WM !CP1 which defines SBLF such that the lower genus fiber †g of f has genus bigger than 1.

Therefore, we can write CP1 DD1[A[D2, where D1 is an embedded disc in CP1 containing all
Lefschetz critical values of f , AD Œ�1; 1��S1 is an embedded annulus in CP1 with f0g �S1 as the
embedded image of 1-fold singularities of f , and D2 is an embedded disc in CP1 containing no critical
values of f such that @D1 D f1g �S1 and @D2 D f�1g �S1.

Since lower genus fiber has genus at least 2, we have a decomposition of M , M DX1tX2t†g�D2

due to [11, Theorem 1] which satisfy the following properties:

(1) f jX1
WX1 D f

�1.D1/!D1 is a Lefschetz fibration.

(2) f jX2
WX1 D f

�1.A/! Œ�1; 1��S1 is a 1-fold simple singular fibration.

(3) †g �D2 D f
�1.D2/.

(4) Identifications along the boundaries of adjacent regions are always done by the identity map.

It follows from Theorem 4.11, and Lemma 5.3, that each piece of M embeds in N �CP1. Also, it is
clear from the second property listed in the statement of Lemma 5.3 that embeddings of each piece can be
arranged such that in the overlapping region they agree. This clearly implies that we have an embedding
of M in N �CP1 as claimed.

Remark 5.4 (a) The embedding  WM ! N �CP1 produced in Theorem 1.2 satisfies  ı�2 D f ,
where f WM !CP1 is an SBLF associated to M and �2 WN �CP1!CP1 is the projection onto the
second factor of N �CP1. In this case, the embedding  is called an SBLF embedding.

(b) In general, given a fiber bundle � W X 6 ! CP1 and an SBLF f W M 4 ! CP1, an embedding
‰ WM 4!X 6 is called an SBLF embedding if � ı‰ D f .
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0 0

l2l1

×2 2

separable Hopf link

Figure 7: This figure depicts the Kirby diagram of S2 � S2. Observe that attaching circles of
2-handles form a Hopf link in the boundary of the unique 0-handle, and they bound disjoint discs
corresponding to attaching discs in S2 �S2.

6 Embeddings in R7

In this section, we give a new proof of the fact that every closed smooth orientable 4-manifold admits a
smooth embedding in R7.

Theorem 6.1 Every closed orientable 4-manifold admits a smooth embedding in R7.

Proof Consider the 4-manifold S2 �S2. We observe that S2 �S2 admits a separable Hopf link. This
is because S2 �S2 admits a handle decomposition consisting of a unique 0-handle H0 on which a pair
of two 2-handles are attached such that the attaching circles form a Hopf link in @H0. For a pictorial
description of this handle decomposition, we refer to Figure 7, where we have presented a Kirby diagram
of S2�S2. This clearly implies that the Hopf link consisting of the pair of attaching circles is a separable
Hopf link. Thus by Theorem 1.2, every 4-manifold embeds in S2 �S2 �CP1 D S2 �S2 �S2. Now as
S2 �S2 �S2 embeds in R7, we get the required embedding of M in R7.

7 Embeddings in CP 3

Let us now establish Theorem 1.1. As mentioned in the introduction, the first step of the proof involves
the construction of a specific SBLF on M #CP2 #CP2. We then use this SBLF to produce an embedding
of M # CP2 # CP2 in the blow-up BCP1.CP3/ of CP3 along CP1. Furthermore, we show that this
embedding can be constructed such that when we blow-down BCP1.CP3/, we get an embedding of M

in CP3. We begin by reviewing notions related to blow-up and blow-down.

7.1 Generalized Lefschetz pencil

Definition 7.1 (generalized Lefschetz pencil) Let M be an oriented smooth 4-manifold. A generalized
Lefschetz pencil associated to M is a map � WM nB ! CP1 such that the following properties are
satisfied:

(1) B is finite.

(2) � WM nB!CP1 is a Lefschetz fibration.
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(3) For every point b 2 B there is a parameterization — not necessarily preserving orientations —
� W U �M !C2 that satisfies the following:

(a) b 2 U and �.b/D 0 2C2.

(b) For the map g WC2 n f0g !CP1 given by g.z1; z2/D Œz1 W z2�, the following diagram commutes:

(8)
U n fbg C2 n f0g

CP1 CP1

�

� g

Id

In this case, we call B the base locus of a generalized Lefschetz pencil associated with M .

Remark 7.2 (a) We would like to emphasize that the notion of generalized Lefschetz pencil defined
above is weaker than the notion of Lefschetz pencil. Generally one demands that M and CP1 are oriented
and the parameterization � W U �M !C2 is orientation preserving in Definition 7.1.

(b) If a fibration � WM nB!CP1 is a simplified broken Lefschetz fibration, then we say that the map �
is a generalized simplified broken Lefschetz pencil (generalized SBLP in short) of M .

(c) If the fibration � WM nB!CP1 is a simplified broken Lefschetz fibration and the parameterization
� W U �M !C2 is orientation preserving, then the map � is called a simplified broken Lefschetz pencil
(SBLP).

7.2 Topological blow-up and blow-down of 4-manifolds

We begin by recalling a few standard facts from [14] about the tautological line bundle over CP1 and the
bundle (complex) dual to this bundle.

Consider the tautological line bundle �CP1 over CP1, and the bundle ��
CP1 dual to the bundle �CP1 .

Let Z≪ denote the zero section of the bundle �CP1 , and Z�� denote the zero section of the bundle ��
CP1 .

We know that �CP1 nZ� and ��
CP1 nZ�� are diffeomorphic to R4 n f0g by diffeomorphisms coming

from the restrictions of the projection of the second factor for the corresponding bundles. We fix this
identification of the complement of zero sections with R4 n f0g for both of these bundles.

Definition 7.3 (topological blow-up) Let M a smooth 4-manifolds. Let p be a point in M . Let U be a
neighborhood of p diffeomorphic to R4 via a diffeomorphism which sends p to 02R4. The manifold cM
obtained by removing p from U and identifying U n fpg with either ��

CP1 nZ≪� or with �CP1 nZ≪ is
called a topological blow-up of M along p.

Remark 7.4 (a) The operation of topological blow-up of a manifold along a point corresponds to its
connected sum with CP2 or CP2. While performing a topological blow-up, if we use the tautological
line bundle �CP1 , then we get M # CP2. On the other hand, if we use the dual bundle to �CP1 , then we
get M # CP2.
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(b) Topological blow-up of M along p produces a manifold cM admitting an embedded CP1 with self
intersection number ˙1. Recall that the usual blow-up always produces an embedded CP1 with self
intersection �1.

(c) Throughout this discussion, an embedded CP1 in a 4-manifold M with self intersection number ˙1

will be called an exceptional sphere in M .

Definition 7.5 (topological blow-down) Let cM be a smooth 4-manifold admitting an embedded CP1

whose normal bundle is isomorphic to �CP1 or ��
CP1 . That is the embedded CP1 is an exceptional sphere

in cM . In this case, we can carry out the process exactly opposite of the one described in the definition of
blow-up, where we remove a tubular neighborhood of CP1 and replace it with a 4-ball. The resulting
manifold M that we obtain as a result of this process is called a topological blow-down of cM .

Remark 7.6 (1) Observe that given a manifold M admitting an embedding of CP1 with its self inter-
section number ˙1, we can perform topological blow-down operation.

(2) Suppose we are given a manifold M # CP2 # CP2. Let E1 and E�1 be two embedded CP1’s
corresponding to zero sections of ��

CP1 and �CP1 , respectively. Suppose f WM # CP2 # CP2!CP1 is
an SBLF such that the intersection number of each fiber with E1 is 1, and the intersection number of
each fiber with E�1 is �1. Then the two operations of blow-downs corresponding to removal of E1 and
E�1 produces a generalized SBLP on M . This is because the SBLF restricted to a tubular neighborhood
of E1 is isomorphic ��

CP1 , while a tubular neighborhood of E�1 is isomorphic to �CP1 .

7.3 Construction of SBLF on M # CP 2 # CP 2

The purpose of this subsection is to establish an SBLF on M #CP2 #CP2 which satisfies the property that
the intersection of each fiber with two exceptional spheres E1 and E�1 corresponding to zero sections is
C1 and �1, respectively.

Lemma 7.7 Consider a closed oriented smooth 4-manifold M # CP2 # CP2. Then , there exists an SBLF
f WM # CP2 # CP2!CP1 which satisfies the following:

(1) The lower genus fiber has its genus bigger than 1.

(2) The fibration agrees with the standard fibration in a tubular neighborhood of both exceptional
spheres E1 and E�1.

In particular , blowing down the SBLF f WM #CP2 #CP2!CP1 produces a generalized SBLP on M .

In [6, Theorem 6.5], R. I. Baykur and O. Saeki established the existence of a simplified broken
Lefschetz pencil for any near symplectic manifold admitting connected singular locus for near symplectic
structure. It is easy to see that following the proof of [6, Theorem 6.5] — essentially verbatim — provides
a proof of Lemma 7.7.

Proof To begin with, notice that there exists an embedded surface † in M # CP2 # CP2 which satisfies
the following properties:
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� The self intersection of † is 0.

� †\E1 DC1 and †\E�1 D�1.

� † is connected and the genus of † is bigger than three.

Observe that since the self-intersection number of E1 is C1 and the self-intersection number of E�1

is �1, it is easy to construct a disconnected surface consisting of disjoint union of two spheres. By making
connected sums of these two spheres with an embedded surface bounding a 3-dimensional handlebody
and embedded in B4, it is easy to construct such a surface.

Consider the map � W†�D2!D2, corresponding to the projection on the second factor, and regard D2

as embedded in CP1 as a southern hemisphere. This allows us to regard � as a map from a tubular
neighborhood N .†/ of† to southern hemisphere. Construct a map g WN .†/[N .E1/[N .E�1/!CP1

which satisfies the following:

(1) The map g when restricted to N .E1/ and N .E�1/ is the surjection on CP1 coming from the bundle
projections �E1

WN .E1/!E1 and �E�1
WN .E�1/!E�1.

(2) The map g agrees with � when restricted to N .†/.

Next, extend the map g to a generic smooth map yf W M # CP2 # CP2 ! CP1. According to
[6, Remark 4.5], this map can be modified to produce an SBLF yf WM # CP2 # CP2!CP1 such that
all the modifications performed while obtaining the SBLF from g are performed away from the region
where g is defined.

Next, we convert the SBLF yf WM # CP2 # CP2! CP1 to an SBLF f WM # CP2 # CP2! CP1

whose lower genus fiber is bigger than 2 by applying a technique similar to the one which provides a
proof of Theorem 2.11 or a proof of [3, Proposition 1.3]. The SBLF f WM # CP2 # CP2!CP1 can be
ensured to satisfy the required properties because every fiber of f is homologous to the original fiber †
and hence the intersection of fibers of f has same property that † had.

Let us end this section with a convention: from now on the SBLF on M # CP2 # CP2 described in the
statement of Lemma 7.7 will be denoted by �spl WM # CP2 # CP2!CP1:

7.4 Blow-up and blow-down of CP 3 along CP 1

Let us begin this subsection by making a convention. By a standard CP1 in CP2, we mean a CP1

embedded in CP2 with its normal bundle isomorphic to the dual of the tautological line bundle over CP1.
On the other hand, by a standard CP1 in CPn, we mean fŒz0; z1; : : : ; zn� j zi D 0 for all i � 2g, where
Œz0; z1; : : : ; zn� denotes the homogeneous coordinates of CPn.

Consider CP3 and a standard CP1 embedded in it. Fix a local trivialization D2 �C2 of the normal
bundle N .CP1/ of CP1 in CP3. Now consider D2�CP1�C2 and a subset V of D2�CP1�C2 given by

V D f.w; l; z1; z2; / j kz
2
1kCkz

2
2k � 1 and .z1; z2/ 2 lg;

where a point l in CP1 is identified with the complex linear subspace corresponding to that point.
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Now, observe that the complement of D2�CP1�f.0; 0/g in V can be identified with the complement
of D2 � f.0; 0/g in D2 �C2.

Choose two local trivializations U1 �C2 and U2 �C2 over open sets U1 and U2 such that U1 and
U2 cover CP1. By the (topological) blow-up of CP3 along CP1 we mean the operation of removing
Ui �f.0; 0/g from Ui �C2, for each i , and replacing it with the interior of V as discussed in the previous
paragraph.

Remark 7.8 (1) An exceptional divisor of BCP1.CP3/ is the union of D2�CP1�f.0; 0/g over a finite
collection Vs of trivializations of the bundle N .CP1/. Again notice that the triviality of the normal bundle
of CP1 in CP3 implies that the exceptional divisor is diffeomorphic to CP1 �CP1.

The notion of blow-up discussed above is a particular case of blow-up of a manifold along a submanifold.
We refer [15, pp. 196 and 602] for a detailed discussion on blow-ups.

By a blow-down of BCP1.CP3/ we will mean the process exactly opposite to the process of blow-up.
More precisely, let BCP1.CP3/ be obtained by blowing up a CP1. Let E be the exceptional divisor
obtained as a result of the blow-up. By blow-down of BCP1.CP3/, we mean removal of a tubular
neighborhood of E and replacing it by a tubular neighborhood of CP1 in CP3.

We say that CP3 is obtained from BCP1.CP3/ by blowing down along E. Since E is diffeomorphic to
CP1 �CP1, we sometimes do not distinguish between E and CP1 �CP1 and say that CP3 is obtained
from BCP1.CP3/ by blowing down along CP1 �CP1.

We end this subsection with the following:

Lemma 7.9 Let M # CP2 # CP2 be a closed oriented smooth manifold. Let �spl WM # CP2 # CP2!CP1

be an SBLF on M # CP2 # CP2 as in the statement of Lemma 7.7. If there exists an SBLF embedding of
M #CP2 #CP2 in BCP1.CP3/ such that each fiber of SBLF intersects the standard CP1 of the fiber CP2

of BCP1.CP3/ in two distinct but fixed algebraically canceling points , then there exists an embedding of
M in CP3 such that the standard pencil of CP3 induces the generalized SBLP of M corresponding to the
SBLF of M # CP2 # CP2.

Proof Let E1 and E�1 be two exceptional divisors of M # CP2 # CP2. Recall the exceptional divisor
of BCP1.CP3/ consists of the union of two local exceptional divisors of the type Ui � W , where
W �CP1 �C2 consists of f.l; z1; z2/ j .z1; z2/ 2 lg. Since by hypothesis the fiber of �spl intersects the
standard CP1 inside CP2 in a pair of fixed points, we can assume that the tubular neighborhoods of
exceptional divisors E˙1 are contained in Ui �W , and since the embedding is fiber preserving it consists
of fp˙g �W � U1 �W .

Furthermore, by the definition of the blow-up, the fibration on BCP1.CP3/ restricted to U1 �W can
be assumed to be given by .u; l; z1; z2/! l . This clearly implies that when we blow-down BCP1.CP3/

along the exceptional divisor CP1 �CP1 we get M embedded in CP3 with standard pencil of CP3

inducing the generalized SBLP on M associated to SBLF �spl WM # CP2 # CP2!CP1.
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7.5 Embeddings in BCP1.CP 3/

In this subsection, we establish SBLF embedding of the special SBLF �spl WM # CP2 # CP2! CP1

in BCP1.CP3/.

Proposition 7.10 Let M be a closed-oriented smooth 4-manifold. Consider M # CP2 # CP2 and let
�spl WM # CP2 # CP2!CP1 be a special SBLF with the lower genus fiber having genus bigger than 1.
There exists an SBLF embedding of M #CP2#CP2 in BCP1.CP3/ such that each fiber of SBLF intersects
the standard CP1 in the fiber CP2 in a pair of canceling intersection points.

Proof We will follow the line of argument we used to establish Theorem 1.2. Let us denote by � the
fibration � W BCP1.CP3/!CP1 obtained via blow-up of the standard pencil of CP3. We first consider
neighborhoods of exceptional divisors E1 and E�1 of M # CP2 # CP2, and embed them in a tubular
neighborhood of the exceptional divisor CP1 �CP1 of BCP1.CP3/ such that the embedding is fiber
preserving. In order to produce this embedding recall that a tubular neighborhood of the exceptional
divisor CP1 �CP1 is the union of two open sets Ui �W , i D 1; 2.

Now consider a pair of points pC, p� in U1, and consider spheres fp˙g�CP1 embedded in U1�W .
Since tubular neighborhood of E˙1 is isomorphic to tubular neighborhood of any sphere in U1 �W

of the form fpg � CP1, where p is a point in U1, we get that there exists an embedding of small
neighborhoods of E˙1 in a neighborhood of the exceptional divisor CP1 �CP1 such that �spl restricted
to this neighborhood agrees with restriction of � on the embedded neighborhoods.

Observe that the intersection of the embedded neighborhoods of E˙1 with a fiber of the fibration
� W BCP1.CP3/!CP1 is a pair of discs satisfying the property that the intersection of this pair of discs
with the boundary of a small tubular neighborhood of CP1 �CP2 is a Hopf link. Furthermore, observe
that since the embedding of the neighborhood of E�1 as a tubular neighborhood of fpCg �CP1 is
orientation reversing, and the embedding of neighborhood of EC1 as a tubular neighborhood fp�g�CP1

is orientation preserving. This implies that if we establish that

(1) CP2 admits a separable Hopf link,

(2) there exists an embedding of any surface of genus g in CP2 which is standard embedding,

(3) the embedded surface †g intersects the standard CP1 contained in CP2 in a pair of algebraically
canceling points, and †g \ @N .CP1/ is a Hopf link in @N .CP1/, where N .CP1/ is a fixed open
tubular neighborhood of CP1 in CP2,

then the triviality of the fibration � W BCP1.CP3/!CP1 in the complement of the exceptional divisor
implies that an argument similar to the one which established Theorem 1.2 produces the required SBLF
embedding of M # CP2 # CP2 in BCP1.CP3/.

Hence, the task at hand is to establish an embedding of a surface satisfying the three properties listed
above. To this end, we observe that it is relatively easy to verify property .1/ and get an embedding
satisfying property .2/. In fact, in section 4 we have already shown how to achieve these for various
4-manifolds. Hence our main focus will be on proving property .3/, however, for the sake of completeness,
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zero section

separable
Hopf link

× 3
2

3

× 1{ }3
l2

l1

1

× 2{ }3

× 1{U }
× 2{ }

× 2{ }l2

l1
× 2{ }U

× 1, 2 P[ ] ⊂ ⊂3 4 2

{ }

Figure 8: This figure depicts an embedded surface in CP 2 which is flexible and in a standard
position. The diagram focus on a collar S3 � Œ1; 2� of a 4-ball D4 regarded as the unique zero
handle H0 of CP 2. The circle U is the attaching circle of the unique 2-handle H2. U � Œ1; 2� with
the core disc attached at U �f2g and the green disc at U �f1g forms the standard CP 1 embedded
in CP 2.

we will again describe how CP2 satisfies property .1/. After showing this we will discuss how a
modification of embeddings of †g discussed in section 4 produces a required embedding satisfying the
remaining two properties.

To begin with, consider a handle decomposition of CP2 with the 0-handle H0 corresponding to
B4.0; 2/— the 4-ball of radius 2 in C2 with its center at the origin — to which a 2-handle H2 is attached
along an unknot U with framing C1. Finally a 4-handle H4 is attached to the 4-manifold, which is the
union of the 0-handle B4.0; 2/ and the 2-handle H2. Regarding H0 as a ball, let S3 � Œ1; 2� be a collar
of @H0. Let U � f2g be the attaching circle of H2. Observe that any Hopf link consisting of a parallel
copy of the attaching circle — say l1�f2g and a circle l2�f2g which links both the attaching circle and l1

once as depicted in Figure 8 constitute a Hopf link that is separable. This is because l1 � f2g bounds a
parallel copy of the core of the 2-handle, and l2 � f2g bounds a disc in the unique 4-handle.

Next, consider cylinders li �
�

3
2
; 2
�
, i D 1; 2. They intersect S3 �

˚
3
2

	
in li �

˚
3
2

	
. Observe that there

exists a surface †g with two boundary components whose boundary is the Hopf link l1�
˚

3
2

	
t l2�

˚
3
2

	
;

see Figure 8. It follows from an argument similar to the one used in establishing Lemma 4.5 that the
embedding is both flexible and in a standard position.

Regarding the standard CP1 as the union of the core of 2-handle H2 with a disc D that U �f2g bounds,
we see that the embedded†g intersects CP1 in a pair of points. This pair has to be algebraically canceling
as we can push the disc D down to produce an isotopy of CP1 that sends the CP1 to a new CP1 which
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consists of union of core of H2, U � Œ1; 2�, and a disc D that U � f1g bounds. The disc that U � f1g

bounds is denoted by a green disc in Figure 8. Notice that the isotoped CP1 is disjoint from †g implying
that the algebraic intersection of †g with the standard CP1 is zero.

Now we have established all the results necessary to establish Theorem 1.1.

7.6 Proof of Theorem 1.1

We need to prove that every smooth orientable closed 4-manifold admits an embedding in CP3.

Proof of Theorem 1.1 Let M be the given closed orientable 4-manifold. Consider the manifoldcM DM #CP2 #CP2 thought of as a blow-up of M done at two distinct points p1 and p2. Recall that cM
admits a pair of exceptional divisors — say E1 and E�1 such that E1\E1 D 1 while E�1\E�1 D�1.

Next, apply Lemma 7.7 to produce the special SBLF �spl W cM !CP1 on CP1. Recall that this SBLF
satisfies the following:

(1) The lower genus fiber has its genus bigger than 1.

(2) The fibration agrees with the standard fibration in a tubular neighborhood of both exceptional
spheres E1 and E�1.

Now, by Proposition 7.10 there exists SBLF embedding of cM in BCP1.CP3/.
Also, notice that the intersection property of the embedded fiber of SBLF with standard CP1 contained

in CP2 stated in Proposition 7.10 implies that the embedding is such that each fiber of the SBLF associated
to M # CP2 # CP2 intersects the standard CP1 of a fiber CP2 of the fibration � W BCP1.CP3/!CP1

in a pair of algebraically canceling points.
Finally, blow-down BCP1.CP3/ along its exceptional divisor. Observe that Lemma 7.9 implies that

blow-down produces an embedding of M in CP3 such that the standard Lefschetz pencil of CP3 induces
an SBLP on M .
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We develop various aspects of the theory of recollements of1-categories, including a symmetric monoidal
refinement of the theory. Our main result establishes a formula for the gluing functor of a recollement
on the right-lax limit of a locally cocartesian fibration determined by a sieve-cosieve decomposition of
the base. As an application, we prove a reconstruction theorem for sheaves in an1-topos stratified over
a finite poset P in the sense of Barwick, Glasman, and Haine. Combining our theorem with methods
of Ayala, Mazel-Gee, and Rozenblyum, we then prove a conjecture of Barwick, Glasman, and Haine
that asserts an equivalence between the1-category of P -stratified1-topoi and that of toposic locally
cocartesian fibrations over P op.
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1 Introduction
The theory of recollements plays an important and ubiquitous role throughout topology, algebraic geometry,
and representation theory. It is a common axiomatization of, on the one hand, the adjunctions

Shv.U / Shv.X/ Shv.Z/
jŠ

j�

j�
i�

i�

associated to1-categories of sheaves of spaces on a topological spaceX decomposed by an open subspace
j W U ,!X and its closed complement i WZ DX nU ,!X , and, on the other hand, the adjunctions

QCohZ.X/ QCoh.X/ QCoh.U /
jŠ

j�

j�
i�

i�

i Š

associated to stable1-categories of quasicoherent complexes on a qcqs scheme X with open subscheme
i W U ,! X , where QCohZ.X/ denotes those quasicoherent complexes set-theoretically supported
on ZDX nU . The fully faithful left adjoint jŠ is the definitional embedding of QCohZ.X/ in QCoh.X/,
whereas the fully faithful right adjoint j� embeds QCohZ.X/ as QCoh.X^Z/ � QCoh.X/, the full
subcategory of quasicoherent complexes on X complete along Z; see [4].
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Recollements were introduced by Beilinson, Bernstein, and Deligne [7] in the context of derived
categories of perverse sheaves and were later defined by Lurie in the1-categorical context in the course
of his study of constructible sheaves on stratified spaces [14, §A]. The goal of this article is to continue
the development of the general theory of recollements from [14, §A.8], which we recapitulate in Section 2
beginning with the basic Definition 2.1. Our first contribution is to establish a symmetric monoidal
refinement of this theory:

1.1 Definition (Definition 2.20) Let X be a symmetric monoidal1-category that admits finite limits.
Then a recollement

U X Z
j�

j� i�

i�

is symmetric monoidal if the localization functors j�j � and i�i� are compatible with the symmetric
monoidal structure, so that U and Z uniquely inherit symmetric monoidal structures from X such that the
functors j � and i� uniquely refine to (strong) symmetric monoidal functors.

Recall that Lurie shows that given a recollement .U;Z/ on X, if we define the gluing functor of the
recollement to be � D i�j� then we may reconstruct X as the fiber product Ar.Z/�ev1;Z;� U, where
Ar.Z/´ Fun.�1;Z/ is the1-category of arrows in Z.1 Now given a lax symmetric monoidal functor
� W U ! Z of symmetric monoidal 1-categories, we may construct a certain canonical symmetric
monoidal structure on Ar.Z/�ev1;Z;� U (Definition 2.25). We then have:

1.2 Theorem (Theorem 2.30) Let X be a symmetric monoidal1-category decomposed by a symmetric
monoidal recollement .U;Z/. Then the natural equivalence X '

�! Ar.Z/�ev1;Z;� U refines to an equiva-
lence of symmetric monoidal1-categories. In other words , the lax symmetric monoidal structure on the
gluing functor reconstructs the symmetric monoidal structure on X.

1.3 Remark Although this result is a simple exercise in the theory of1-operads, it appears that our work
was the first to give a proof, and indeed a construction of the canonical symmetric monoidal structure.
The work of Ayala, Mazel-Gee, and Rozenblyum has since placed this sort of construction within the
context of endowing right-lax limits with O-monoidal structure [2, §4.4].

Our next contribution is motivated by the following problem from equivariant stable homotopy theory:

1.4 Problem Let G be a finite group and F a G-family (i.e., a set of subgroups of G closed under taking
subgroups and conjugation). Given a (genuine) G-spectrum X 2 SpG that is F-complete and a subgroup
H �G not in F , give a formula for the H -geometric fixed points of X in terms of the K-geometric fixed
points of X ranging over K 2 F .

Recollement theory is relevant here because any G-family F defines a recollement on SpG whose
open part is spanned by the F-complete G-spectra (see [15; 20]). In fact, we may further recast this
problem using the stratification theory of Ayala, Mazel-Gee, and Rozenblyum [1; 2]. In their work, they

1To be precise, Lurie doesn’t quite formulate his result in this way. See Observation 2.9 and the discussion thereafter.
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construct a certain locally cocartesian fibration SpG�-locus! P , where P is the poset of conjugacy classes
of subgroups of G and the fiber over ŒH � is Fun.BWGH;Sp/ for WGH D NGH=H the Weyl group,
such that one has a canonical equivalence

(1-1) Funcocart
=P .sd.P /;SpG�-locus/' SpG ;

where sd.P / is the barycentric subdivision2 of P regarded as a locally cocartesian fibration over P via
the functor that takes the maximum, and the left-hand side denotes the full subcategory spanned by those
functors sd.P /! SpG�-locus over P preserving locally cocartesian edges. The idea is that this equivalence
parametrizes aG-spectrum in terms of its geometric fixed points, and indeed given aG-spectrumX , under
this equivalence X transports to a functor sd.P /! SpG that sends ŒH � to ˆHX . Now by definition
any G-family F defines a sieve (i.e., a downward closed subposet) in P , and the F-recollement on SpG

transports to a recollement on Funcocart
=P

.sd.P /;SpG�-locus/ given by the pair�
Funcocart

=F .sd.F/;SpG�-locusjF /;Funcocart
=.PnF/.sd.P nF/;SpG�-locusjPnF /

�
:

Establishing a pointwise formula for the gluing functor of this recollement would then yield a solution to
Problem 1.4. In general, we prove:

1.5 Theorem (Theorem 3.26) Let P be a poset and let P0 be a sieve in P . Let sd.P /0 � sd.P / be the
subposet on those strings that originate in P0, and note that max jsd.P /0 remains a locally cocartesian
fibration. Then for every locally cocartesian fibration C ! P , the restriction functor

Funcocart
=P .sd.P /0; C /! Funcocart

=P0
.sd.P0/; C jP0/

is a trivial fibration.

Theorem A (Theorem 3.32, Proposition 3.36, and Theorem 3.39) Let P be a down-finite poset3 and let
p W C ! P be a locally cocartesian fibration such that for every p 2 P , the fiber Cp admits finite limits ,
and for every p � q, the associated pushforward functor Cp! Cq preserves finite limits. Then for every
sieve-cosieve decomposition P0; P1 D P nP0 of P , we obtain a recollement

Funcocart
=P0

.sd.P0/; C jP0/ Funcocart
=P

.sd.P /; C / Funcocart
=P1

.sd.P1/; C jP1/
j�

j� i�

i�

;

where j �, i� are given by restriction and their fully faithful right adjoints j�, i� are describable by the
following pointwise formulas:

(1) For every x 2 P1, let Jx � sd.P / be the subposet on strings Œa0 < � � �< an < x�, n� 0 with ai 2 P0.
Then for every Œf W sd.P0/! C jP0 � on the left-hand side , if we let Nf denote the unique extension
of f over sd.P /0 given by Theorem 1.5, then j�.f / evaluates on x 2 P1 to lim. Nf jJx W Jx! Cx/.

(2) For every Œf W sd.P1/ ! C jP1 � on the right-hand side , i�.f / evaluates on x 2 P0 to the final
object � 2 Cx .

2Recall that sd.P / is the poset whose objects are strings Œa0 < � � �< an� in P and whose morphisms are string inclusions.
3A poset P is down-finite if for every p 2 P , the subposet P�p is finite.
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1.6 Remark In [20], we use Theorem A to answer Problem 1.4 in the form of [20, Theorem F].

In fact, we prove a more general theorem where we replace P and the sieve P0 by any1-category S
and functor � WS!�1 determining a sieve-cosieve decomposition of S , at the possible cost of demanding
more conditions on our locally cocartesian fibration p W C ! S .

1.7 Remark Conceptually, a locally cocartesian fibration C ! P is the unstraightening of a left-lax
diagram P ! Cat1, and the1-category Funcocart

=P
.sd.P /; C / is then the right-lax limit of this left-lax

diagram (see [2, §A]). Theorem A then amounts to an existence theorem for the (pointwise) right-lax Kan
extension of ŒC ! P � along a functor � W P !�1, along with a transitivity property of right-lax Kan
extensions with respect to the composite P !�1!�.

Although Theorem A may appear innocuous, we can leverage it to great effect in inductive arguments
that build up the right-lax limit of a locally cocartesian fibration from its strata. For example, we will use
Theorem A to establish the theory of 1-generated and extendable objects in Section 4, which furnishes a
proof of an assertion of Nikolaus and Scholze [17, Remark II.4.8] on decomposing the1-category of
bounded-below Cpn-spectra as an iterated pullback; for a precise statement, see Remark 4.19.

In this paper, our main application of Theorem A will be to prove a reconstruction theorem for sheaves
on an1-topos stratified over a finite poset P that was conjectured in the work of Barwick, Glasman, and
Haine [5, Remark 8.2.7]. We recall the definition of a P -stratified1-topos as Definition 5.5 and that of a
toposic locally cocartesian fibration as Definition 5.11. The reader may want to bear in mind the example
of a P -stratified1-topos given by Shv.X/ for X a topological space equipped with a continuous map
� WX ! P , where we endow P with the Alexandroff topology (so that its open sets are cosieves).

Theorem B (Theorems 5.13 and 5.22) Let X be an1-topos equipped with a P -stratification �� W X!
Shv.P / for a finite poset P . Then we may functorially associate to .X; ��/ a locally cocartesian fibration
G.X/! P op such that we have a canonical equivalence

(1-2) ‚P W Funcocart
=P op .sd.P op/;G.X// '�! X:

Moreover , ‚P is the counit of an adjoint equivalence

(1-3) limrlax
W LocCocarttop

P op � StrTop1;P W G

between the 1-category of toposic locally cocartesian fibrations over P op and the 1-category of P -
stratified1-topoi.

1.8 Remark We explain how to interpret Theorem B as a reconstruction theorem. Define the p-th
stratum Xp to be Shv.fpg/�Shv.P /;�� X, where the fiber product is formed in the1-category Top1
of1-topoi and geometric morphisms thereof. (For example, if X D Shv.X/ for a P -stratified space
� WX ! P , then Xp ' Shv.Xp/.) Let

ˆp W X� Xp W �p
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denote the associated geometric morphism adjunction. Then �p is fully faithful, and we in fact define

G.X/´f.x; p/ 2 X�P op
W x 2 Xpg

with respect to �p W Xp ,! X, so that G.X/p ' Xp (Construction 5.10). Now under the equivalence ‚P ,
a sheaf (i.e., object) x 2 X transports to a functor fx W sd.P op/! G.X/ whose value on Œp� is given
by ˆp.x/ (Remark 5.16). The functor ‚p then sends fx to the limit of its projection into X.

1.9 Remark The strategy of our proof of Theorem B is heavily inspired by the work of Ayala, Mazel-
Gee, and Rozenblyum, who assert a similar statement in the setting of presentable stable1-categories
[2, Theorem A]. Note however that our proof of the equivalence (1-2) (but not (1-3)) is independent of
any explicit use of .1; 2/-category theory in the form of the fibrational mate correspondence for locally
cocartesian fibrations (that is, [2, Lemmas A.3.6 and A.3.7]), which we recall in this paper as Theorem 5.21.
Indeed, we instead use Theorem A as the basis for an inductive argument that establishes (1-2). Similarly,
one can supply an alternative proof of the comparable part of [2, Theorem A] using the same strategy; as
already mentioned, we implement this idea in context of equivariant stable homotopy theory in our proof
of the equivalence (1-1) in the form of [20, Theorem F] (see the discussion below [20, Theorem 2.42]).

1.1 What’s new in this paper

We briefly comment on the relation of this paper to [18], which we have since split up into this paper
and [19; 20]. Sections 2, 3, and 4 of this paper are lightly revised versions of the corresponding
sections of [18], whereas Section 5 on the application to stratified 1-topoi is entirely new. Also, in
the intervening time since we wrote [18], Ayala, Mazel-Gee, and Rozenblyum released their work on
stratified noncommutative geometry [2]; this is an expansion of [1] and bears greatly on many of the
topics treated in this paper. As such, we have added a few remarks throughout (in particular, Remark 3.44
and the new Section 3.2.4) explaining how our work relates to [2]. One of the main takeaways here is
that one can leverage Theorem A to remove the presentability hypotheses in [2, Theorem A]. Finally, our
application to the description of bounded-below Cpn-spectra as given in [18] relied on some work that
has now been moved into [19].

2 Recollements
In this section, we establish the basic theory of recollements, expanding upon [4; 14, §A.8]. After setting
up the definitions and summarizing Lurie’s results on recollements, we explain a symmetric monoidal
refinement of the theory of recollements, connect the theory of stable symmetric monoidal recollements
to that of smashing localizations, and record some useful projection formulas. We conclude by proving a
few lemmas concerning families of recollements that we will need in [19; 20].

2.1 Definition [14, Definition A.8.1] Let X be an1-category that admits finite limits and let U;Z� X

be full subcategories that are stable under equivalences. Then (U, Z) is a recollement of X if the inclusion
functors j� W U� X and i� W Z� X admit left exact left adjoints j � and i� such that:
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(1) j �i� is equivalent to the constant functor at the terminal object � of U.

(2) j � and i� are jointly conservative, i.e., if f W x! y is a morphism in X such that j �f and i�f are
equivalences, then f is an equivalence.

We will call U the open part of the recollement, Z the closed part of the recollement, and i�j� the gluing
functor.4

The main purpose of the theory of recollements is to codify the various “fracture square” decompositions
that recur throughout algebra and topology. Abstractly, we have:

2.2 Proposition Let .U;Z/ be a recollement of X and let �j W id! j�j
�, �i W id! i�i

� denote the unit
transformations. Then we have a pullback square of functors

id i�i
�

j�j
� i�i

�j�j
�

�i

�j i�i
��j

�ij�j
�

Proof By joint conservativity of the left-exact functors j � and i�, it suffices to check that we have a
pullback square after applying j � and i�, which is clear.

Next, we define morphisms of recollements.

2.3 Definition Suppose that .U1;Z1/ and .U2;Z2/ are recollements on X1 and X2. Then a functor
F W X1 ! X2 is a morphism of recollements if F sends j �1 -equivalences to j �2 -equivalences and i�1 -
equivalences to i�2 -equivalences. Let Recoll denote the resulting1-category of recollements, and let
Recolllex be the full subcategory on those morphisms of recollements that are also left-exact.

2.4 Observation Suppose that F W X1! X2 is a morphism of recollements .U1;Z1/! .U2;Z2/. Then
we may define FU D j �2 F j1� W U1! U2 and FZ D i�2F i1� so that we have a commutative diagram

U1 X1 Z1

U2 X2 Z2

FU F

j�1 i�2

FZ

j�2 i�2

such that F is left-exact if and only if FU and FZ are left-exact. Conversely, if we are given such a
commutative diagram, then F is a morphism of recollements. Indeed, for any morphism Œf W x! y�2X1

such that j �.f / (resp. i�.f /) is an equivalence, j �F.f /' Fj �.f / (resp. i�F.f /' F i�.f /) is an
equivalence. Moreover, since FU ' j �Fj� and FZ ' i�F i�, it follows that functors U1 ! U2 and
Z1! Z2 induced by F as a morphism of recollements are then canonically equivalent to FU and FZ .

4Our convention on which subcategory is open and which is closed matches that for constructible sheaves, whereas other au-
thors (e.g., [4]) use the opposite convention, which matches that for quasicoherent sheaves. Also note that in [14, Definition A.8.1],
Lurie calls the open part C1 and the closed part C0.
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2.5 Observation In the situation of Observation 2.4, by adjunction we get natural transformations
� W F j1�) j2�FU and �0 W F i1�) i2�FZ . Note that if F preserves the terminal object, then �0 is an
equivalence; indeed, for all z 2 Z1 we then have

j2
�F i1�.z/' FU j1

�i1�.z/' FU .�/' �;

so the unit map F i1�.z/! i2�i
�
2F i1�.z/D i2�FZ.z/ is an equivalence. In particular, if F is left exact,

then �0 is an equivalence [14, Remark A.8.10]. On the other hand, � is an equivalence if and only if

�00 W FZi1
�j1�) i�2 j2�FU

is an equivalence — indeed, the “only if” direction is obvious, and for the “if” direction we may readily
check that j2�� and i2�� are equivalences and then invoke the joint conservativity of j2� and i2�.

2.6 Definition If �00 in Observation 2.5 is an equivalence, then we callF a strict morphism of recollements.
Let Recollstr � Recoll and Recolllex

str � Recolllex be the wide subcategories on the strict morphisms.

2.7 Remark If F W X1! X2 is a strict left-exact morphism of recollements, then F is an equivalence if
and only if FU and FZ are equivalences [14, Proposition A.8.14].

2.8 Definition Let � WM!�1 be a functor of1-categories with fibers M0 D Z and M1 D U. Then
� is a left-exact correspondence [14, Definition A.8.6] if

(1) � is a cartesian fibration, so determines a functor � W U! Z;

(2) U and Z admit finite limits and � is left-exact.

A morphism of left-exact correspondences is a functor F WM1!M2 over �1. In terms of the left-exact
functors �1 and �2, this corresponds to a right-lax commutative diagram

U1 Z1

U2 Z2

�1

FU

)
FZ

�2

Let Arrlax
lex .Cat1/ denote the resulting1-category of left-exact correspondences as a full subcategory

of .Cat1/=�1 , and let Arlex.Cat1/ be the wide subcategory on those morphisms that preserve carte-
sian edges, so that the right-lax commutativity is actually strict. Note that under the straightening
correspondence, Arlex.Cat1/ is the full subcategory of Ar.Cat1/ on left-exact functors � W U! Z.

If FU and FZ are also left-exact, we say that the morphism F of left-exact correspondences is left-
exact. We may then view (lax) commutative squares as residing inside the category Catlex

1 itself. Let
Arrlax.Catlex

1/� Arrlax
lex .Cat1/ and Ar.Catlex

1/� Arlex.Cat1/ denote the resulting wide subcategories.

2.9 Observation Let M ! �1 be a left-exact correspondence and let X D Fun=�1.�
1;M/ be its

1-category of sections. Let U� X be the full subcategory on the cartesian sections and let Z� X be the

Algebraic & Geometric Topology, Volume 26 (2026)



1328 Jay Shah

full subcategory on those sections � such that �.1/ is a terminal object of U. Then .U;Z/ is a recollement
of X [14, Proposition A.8.7]. Moreover, the formation of sections

M Fun=�1.�
1;M/

carries morphisms of left-exact correspondences to morphisms of recollements, and thereby defines a
functor5

limrlax
W Arrlax

lex .Cat1/ '�! Recoll;

which is an equivalence of1-categories by [14, Proposition A.8.8] (which shows full faithfulness) and
[14, Proposition A.8.11] (which shows that if .U;Z/ is a recollement of X, then X is equivalent to the
right-lax limit of i�j� W U! Z). Furthermore, in view of the discussion in Observation 2.5, limrlax

restricts to equivalences of subcategories

Arlex.Cat1/ '�! Recollstr; Arrlax.Catlex
1/

'
�! Recolllex; Ar.Catlex

1/
'
�! Recolllex

str :

We next explain how to identify the1-category of sections of a cartesian fibration classified by the
functor � W U! Z with the pullback Ar.Z/�ev1;Z;� U. For an efficient proof, we will use the machinery
of marked simplicial sets [12, §3]. Recall that �n\ denotes the n-simplex with its last edge fn� 1; ng
marked, and likewise for the marked horn ƒnn

\. Moreover, given a cartesian fibration � W C ! B , we
let C \ denote the marking of all �-cartesian edges, for which .C \; �/ is fibrant in the cartesian model
structure on sSetC

=B
.

2.10 Construction Let � W M ! �1 be a cartesian fibration. By the dual of [21, Lemma 2.23],
we have a trivial fibration Arcart.M/ ! Ar.�1/ �ev1;�1;� M, which restricts to a trivial fibration
ev1 W Funcart

=�1
.�1;M/!M1. Let � be a section of ev1.

Because the map i W ƒ22
\
! �2

\ is right marked anodyne, with the structure map �0 W �2 ! �1,
.�0/�1.0/D f0; 1g and .�0/�1.1/D f2g, we have a trivial fibration

i� W Fun=�1.�
2\;M\/! Fun=�1.ƒ

2
2

\
;M\/Š Fun=�1.�

1;M/�ev1;M1;ev1 Funcart
=�1

.�1;M/:

Let � be a section of i�. The section � yields a functor

f D .id; � ı ev1/ W Fun=�1.�
1;M/! Fun=�1.�

1;M/�M1
Funcart

=�1
.�1;M/:

Let g D � ıf . Then the various maps fit into the commutative diagram

Fun=�1.�
1;M/ Fun=�1.�

2\;M\/ Fun.�1;M0/

M1 Funcart
=�1

.�1;M/ M0

g

ev1

ev01

ev12 ev1
� ev0

5We denote this by limrlax in view of the interpretation of the sections of a cartesian fibration as defining the right-lax limit of
the corresponding functor.
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2.11 Lemma The natural map Fun=�1.�
1;M/! Ar.M0/�ev1;M0

M1 is an equivalence , so the outer
square is a homotopy pullback square of1-categories.

Proof Because the sections � and � are equivalences, the map g is an equivalence. Moreover, because
the map ƒ21!�2 is inner anodyne, the rightmost square is a homotopy pullback square.

2.12 Corollary Suppose that .U;Z/ is a recollement of X and consider the commutative6 diagram

X Ar.Z/

U Z

i��j

j� ev1
�Di�j�

where �j W X! Ar.X/ is the functor that sends x to the unit map x! j�j
�x. Then the induced map

X '
�! Ar.Z/�ev1;Z;� U

is an equivalence of1-categories.

Proof Combine Lemma 2.11 with the equivalence limrlax
WArrlax

lex .Cat1/ '�!Recoll of Observation 2.9.

2.13 Remark In view of Corollary 2.12, given a recollement .U;Z/ of X with gluing functor � D i�j�
we will often write objects x 2 X as Œu; ˛ W z! �.u/� or Œu; z; ˛�.

Given a left-exact functor � WU!Z, we may also extract the resulting recollement from the cocartesian
fibration classified by �, even though it is difficult to encode the right-lax functoriality when working
with cocartesian fibrations.

2.14 Observation Let S be an 1-category and C ! S a cocartesian fibration. Recall from [6; 21,
Recollection 5.17] that the dual cartesian fibration C_! Sop is defined to have n-simplices7

\TwAr..�n/op/ \C

..�n/op/] S]

ev1

where we mark the cocartesian edges in C and TwAr..�n/op/. In fact, because the functor TwAr0.�/ W
sSetC

=S
! sSetC

=S
of [21, Proposition 5.18] preserves colimits, it follows that, for all simplicial sets A

over Sop,

Hom=Sop.A; C_/Š Hom=S .TwAr0.Aop/; \C/:

Consequently, we obtain an equivalence

Fun=Sop.Sop; C_/' Funcocart
=S .TwAr.S/; C /:

6We can obtain a commutative diagram of simplicial sets using standard techniques in quasicategory theory.
7Here, TwAr.�/ is the twisted arrow1-category. We use the directionality convention of [3] instead of [14, §5.2.1], so

twisted arrows are contravariant in the source and covariant in the target.
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Now note that the barycentric subdivision sd.�1/D Œ0! 01 1� is isomorphic to the twisted arrow
category TwAr.�1/. Therefore, for a cocartesian fibration C !�1, we deduce that

Funcocart
=�1

.sd.�1/; C /' Fun=�1.�
1; C_/

and hence by Lemma 2.11 we can decompose Funcocart
=�1

.sd.�1/; C / as a pullback square Ar.Z/�ev1;Z;�U

for a choice of pushforward functor � W U! Z (where U' C0 and Z' C1). This observation will be
important for us when we discuss recollements on right-lax limits in the next section.

2.1 Stable recollements

2.15 Definition Let X be a stable1-category and let (U, Z) be a recollement of X. Then this recollement
is stable if U and Z are stable subcategories. Let Recollstab (resp. Recollstab

str ) be the full subcategory of
Recolllex (resp. Recolllex

str ) whose objects are the stable recollements.

2.16 Definition If M!�1 is a left-exact correspondence, then M is exact if the functor � WM1!M0

is an exact functor of stable1-categories. Let Arrlax.Catstab
1 / (resp. Ar.Catstab

1 /) be the full subcategory
of Arrlax.Catlex

1/ (resp. Ar.Catlex
1/) on the exact correspondences.

2.17 Remark The functor limrlax of Observation 2.9 restricts to equivalences

Arrlax.Catstab
1 / '�! Recollstab; Ar.Catstab

1 / '�! Recollstab
str :

2.18 Observation Let .U;Z/ be a stable recollement of X. Then j � W X! U admits a fully faithful left
adjoint8 jŠ, i� admits a right adjoint i Š, and we have norm maps Nm W jŠ! j� and Nm0 W i Š! i� that fit
into fiber sequences

jŠ! j�! i�i
�j� and i Š! i�! i�j�j

�;

where the other maps are induced by the unit transformations for j � a j� and i� a i�. On objects
x D Œu; z; ˛� 2 X, these amount to the fiber sequences

Œu; 0; 0�! Œu; �u; id�! Œ0; �u; 0� and fib.˛/! z ˛
�! �u:

Considering the various unit and counit transformations and the norm maps, we may extend the pullback
square of Proposition 2.2 to a commutative diagram

i�i
Š i�i

Š

jŠj
� id i�i

�

jŠj
� j�j

� i�i
�j�j

�

'

i� Nm0

'

Nm j�

in which every row and column is a fiber sequence.

8For the existence of jŠ, we only need that Z admits an initial object ¿ [14, Corollary A.8.13]. Then jŠ is defined by the
formula jŠ.u/D Œu;¿! �.u/�.
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2.19 Observation In the stable case, the datum of the closed part of a recollement determines the entire
recollement. More precisely, if Z�X is a stable reflective and coreflective subcategory of X and we define
U to be the full subcategory on those objects u 2 X such that MapX.z; u/' � for all z 2 Z, then .U;Z/
is a stable recollement of X [14, Proposition A.8.20], and conversely, if .U;Z/ is a stable recollement
of X then j� W U� X is defined as above from Z. We may also identify jŠ.U/ as given by those objects
u 2 X such that MapX.u; z/' � for all z 2 Z.

Moreover, F W X1 ! X2 is a morphism of stable recollements .U1;Z1/! .U2;Z2/ if and only if
F jZ1 �Z2 and F jjŠ.U1/� jŠ.U2/ (in particular, we then have j2ŠFU 'F j1Š). This is because Z coincides
with the j �-null objects and jŠ.U/ with the i�-null objects. Given this, F is then a strict morphism of
stable recollements if and only if we also have that F jj�.U1/ � j�.U2/.

2.2 Symmetric monoidal recollements

We now extend the theory of recollements to the situation where X admits a symmetric monoidal structure
.X;˝; 1/. In what follows, we will call an adjunction F W C � D W G between symmetric monoidal
1-categories symmetric monoidal if F is (strong) symmetric monoidal.

2.20 Definition Let X be a symmetric monoidal1-category that admits finite limits. Then a recollement
.U;Z/ of X is symmetric monoidal if the localization functors j�j � and i�i� are compatible with the
symmetric monoidal structure in the sense of [14, Definition 2.2.1.6], i.e., if f W x ! x0 is a j �- or
i�-equivalence, then so is f ˝ id W x˝y! x0˝y for any y 2 X.

A morphism F W .U;Z/! .U0;Z0/ of recollements on X and X0 is symmetric monoidal if the functor
F W X ! X0 is symmetric monoidal. Let Recoll˝ denote the 1-category of symmetric monoidal
recollements and morphisms thereof.

2.21 Observation In the situation of Definition 2.20, by [14, Proposition 2.2.1.9] U and Z obtain
symmetric monoidal structures such that the adjunctions j � a j� and i� a i� are symmetric monoidal.
In particular, the gluing functor i�j� is lax symmetric monoidal. Furthermore, if F is a morphism of
symmetric monoidal recollements, then the induced functors FU and FZ of Observation 2.5 are also
symmetric monoidal.

2.22 Remark Most of the results of this subsection will extend verbatim to an arbitrary reduced
1-operad O˝. We leave the details to the reader.

We first show that given a lax symmetric monoidal functor � W U! Z, the recollement limrlax � is
symmetric monoidal. We first recall the pointwise symmetric monoidal structure on a functor1-category.

2.23 Construction Let p W C˝! Fin� be an1-operad, and let K be a simplicial set. We have the
cotensor pK W .C˝/K ! Fin� defined by

Hom=Fin�.A; .C
˝/K/Š Hom=Fin�.A�K;C

˝/:

ThenpK is again an1-operad: this follows from the observation that for anyO-anodyne morphismA!B

of preoperads (with O the defining categorical pattern for the model structure on preoperads), A�K!
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B �K is again O-anodyne [14, Proposition B.1.9]. Moreover, if p is in addition a cocartesian fibration,
then pK is also a cocartesian fibration. The fiber of pK over hni is Fun.K;C�n/'

Qn
iD1 Fun.K;C /,

and for the unique active map hni ! h1i, if � W C�n! C is a choice of pushforward functor encoded
by p, then the postcomposition by � functor �� W Fun.K;C�n/! Fun.K;C / is a choice of pushforward
functor encoded by pK . In other words, pK is the pointwise symmetric monoidal structure on Fun.K;C /.

We will also need the following lemma.

2.24 Lemma Let C˝ be a symmetric monoidal1-category. Then the functor

eL W .C
˝/K?L! .C˝/L

induced by L�K ?L is a cocartesian fibration of1-operads.

Proof Because eL is induced by the monomorphism L�K ?L, eL is a fibration of1-operads. Using
the inert-active factorization system on an1-operad, it then suffices to prove the following two properties
of eL:

(1) For every object hni 2 Fin�, .eL/hni is a cocartesian fibration.

(2) For every active edge ˛ W hni ! h1i and commutative square

f D .f1; : : : ; fn/ f 0 D
Nn
iD1 fi

g D .g1; : : : ; gn/ g0 D
Nn
iD1 gi

� � 0

in .C˝/K?L with the horizontal edges as pK?L-cocartesian edges covering ˛, if � is .eL/hni-cocartesian
then � 0 is .eL/h1i-cocartesian.

For (1), by [21, Lemma 4.8] we have that .eL/hni W Fun.K ?L;C�n/! Fun.L; C�n/ is a cocartesian
fibration. Moreover, � W f ! g is a .eL/hni-cocartesian edge if and only if its image in Fun.K;C�n/ is an
equivalence. This proves (2), since the n-fold tensor product of equivalences is always an equivalence.

We are now ready to define the symmetric monoidal structure on a right-lax limit.

2.25 Definition Suppose �˝ W U˝! Z˝ is a lax symmetric monoidal functor of symmetric monoidal
1-categories (i.e., a map of1-operads). Consider the pullback square of1-operads

.Z˝/�
1

�Z˝ U˝ .Z˝/�
1

U˝ Z˝

ev1
�˝

By Lemma 2.24, ev1 is a cocartesian fibration, so .Z˝/�
1

�Z˝U
˝!U˝!Fin� is a cocartesian fibration

and therefore a symmetric monoidal1-category. This defines the canonical symmetric monoidal structure
on the right-lax limit of �.
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2.26 Remark In Definition 2.25, at the level of objects the tensor product on Ar.Z/�Z U is defined
in the following way: Suppose we are given two objects x D Œu; z; ˛� and x0 D Œu0; z0; ˛0�. Then
x˝ x0 D Œu˝u0; z˝ z0; 
�, where 
 is given by the composite map

z˝ z0
˛˝˛0
���! �.u/˝�.u0/! �.u˝u0/

using the lax symmetric monoidality of � for the second map.

2.27 Proposition If � WU!Z is a lax symmetric monoidal left-exact functor , then limrlax � is a symmetric
monoidal recollement with respect to the canonical symmetric monoidal structure on Ar.Z/�ZU.

Proof We only need to observe that in Definition 2.25, the two evaluation maps j � W Ar.Z/�ZU! U

and i� W Ar.Z/�ZU! Ar.Z/ ev0
�! Z are symmetric monoidal.

We next wish to show that given a symmetric monoidal recollement .U;Z/ of X, the symmetric monoidal
structure on X is the canonical one of Definition 2.25. We first observe that the unit transformation of a
symmetric monoidal adjunction is itself a lax symmetric monoidal functor.

2.28 Lemma Let C˝ and D˝ be symmetric monoidal 1-categories and let F W C � D W G be a
symmetric monoidal adjunction. Then the unit transformation � W C ! Ar.C / lifts to a lax symmetric
monoidal functor �˝ W C˝! .C˝/�

1

such that ev1 �˝ 'G˝F˝ and ev0 �˝ ' id.

Proof Let M!�1 be the bicartesian fibration classified by the adjunction. We may factor (or define)
� as the composition

C ' Funcocart
=�1

.�1;M/� Fun=�1.�
1;M/' Ar.C /�C D! Ar.C /;

where we use Lemma 2.11 for the identification of the sections of M. Let Fun=�1.�
1;M/ be equipped

with its canonical symmetric monoidal structure. Because F is symmetric monoidal, the inclusion
Funcocart

=�1
.�1;M/ � Fun=�1.�

1;M/ defines a symmetric monoidal structure on Funcocart
=�1

.�1;M/ by
restriction such that the equivalence ev0 W Funcocart

=�1
.�1;M/ '�! C is an equivalence of symmetric

monoidal1-categories. Also, the projection Fun=�1.�
1;M/! Ar.C / is lax symmetric monoidal by

definition. We deduce that � lifts to a lax symmetric monoidal functor �˝ with the indicated properties.

2.29 Proposition Let (U, Z) be a symmetric monoidal recollement of X. Then the functor X !

Fun.�1 ��1;X/ realizing the pullback square of functors

id i�i
�

j�j
� i�i

�j�j
�

lifts to a lax symmetric monoidal functor X˝! .X˝/�
1��1 . Consequently , if A2X is an algebra object ,

then we have an equivalence of algebras

A' .j�j
�/.A/�.i�i�j�j�/.A/ .i�i

�/.A/:
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Proof By Lemma 2.28, the symmetric monoidal adjunction j � a j� yields a lax symmetric monoidal
functor

.�j /
˝
W X˝! .X˝/�

1

:

We also have the induced symmetric monoidal adjunction Oi� W Ar.X/� Ar.Z/ W Oi� which yields a lax
symmetric monoidal functor

.�Oi /
˝
W .X˝/�

1

! .X˝/�
1��1 :

The composite .�Oi /
˝ ı .�j /

˝ then defines the desired functor.

2.30 Theorem Suppose .U;Z/ is a symmetric monoidal recollement of X. Then the equivalence

X '
�! Ar.Z/�ZU

of Corollary 2.12 refines to an equivalence of symmetric monoidal 1-categories , where we equip
Ar.Z/�ZU with the canonical symmetric monoidal structure of Definition 2.25.

Proof By Lemmas 2.28 and 2.31, we have a commutative diagram of1-operads

X˝ .Z˝/�
1

U˝ Z˝

.i�/˝.�j /
˝

.j�/˝ ev1
.i�/˝.j�/

˝

such that the induced functor �˝ W X˝! .Z˝/�
1

�Z˝ U˝ covers the map � of Corollary 2.12. Since �
is an equivalence, to show that �˝ is an equivalence it suffices to check that �˝ is strongly symmetric
monoidal. But this follows from the symmetric monoidality of the jointly conservative functors j �, i�.

We include the following simple strictification result for completeness.

2.31 Lemma Suppose we have a homotopy commutative square of1-operads

A˝ B˝

C˝ D˝

F 0

G0 G

F

in the sense that there is the data of a homotopy � WG ıF 0 'H) F ıG0, over Fin�,

A˝ � f0g B˝

A˝ ��1 D˝

A˝ � f1g C˝

F 0

G

�

G0
F
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such that � sends every edge .a; 0/! .a; 1/ to an equivalence. Suppose also that G is a fibration of
1-operads , i.e., a categorical fibration [14, 2.1.2.10]. Then there exists a functor F 00 W A˝ ! B˝

homotopic to F 0 as a map of1-operads such that the square

A˝ B˝

C˝ D˝

F 00

G0 G

F

strictly commutes.

Proof Given an 1-operad O˝, let O˝;\ denote the marked simplicial set .O˝; E/ where E is the
collection of inert morphisms in O˝ [14, 2.1.4.5]. Consider the lifting problem in marked simplicial sets

A˝;\ � f0g B˝;\

A˝;\ � .�1/] D˝;\

F 0

G

�

�

Because G is assumed to be a fibration of 1-operads, G is a fibration in the model structure on 1-
preoperads [14, 2.1.4.6]. Hence, the dotted lift � exists. If we then let F 00D� jA˝�f1g, the claim follows.

We next turn to morphisms of symmetric monoidal recollements.

2.32 Observation Suppose we have a commutative diagram of symmetric monoidal1-categories and
lax symmetric monoidal functors

U˝ Z˝

U0
˝

Z0
˝

�˝

FU
˝ FZ

˝

�0
˝

Then by way of the commutative diagram

.Z˝/�
1

�Z˝ U˝ .Z˝/�
1

.Z0˝/�
1

U˝ Z˝ Z0˝

U0˝

F
˝

Z

ev1 ev1
�˝

F
˝

U

F
˝

Z

�0˝

we obtain a lax symmetric monoidal functor F˝ W .Z˝/�
1

�Z˝ U˝ ! .Z0˝/�
1

�Z0˝ U0˝, which is
symmetric monoidal if F˝U and F˝Z are symmetric monoidal.

Let Arlex.Cat˝;lax
1 / � Ar.Cat˝;lax

1 / be the subcategory whose objects are left-exact lax symmetric
monoidal functors and whose morphisms are through symmetric monoidal functors. Then by the above
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construction9 we may lift the functor limrlax
W Arlex.Cat1/! Recollstr to

.limrlax/˝ W Arlex.Cat˝;lax
1 /! Recoll˝str :

An elaboration of Theorem 2.30 shows that .limrlax/˝ is an equivalence; we leave the details to the reader.
One also has a lift of limrlax

WArrlax
lex .Cat1/!Recoll if one considers right-lax commutative squares of

1-operads. Since the details in this case are more involved, we leave a precise formulation to the reader.

Our next goal is to establish certain projection formulas satisfied by a (stable) symmetric monoidal
recollement. First, we note the following about the situation in which the symmetric monoidal 1-
category X is in addition closed.

2.33 Observation Let X be a closed symmetric monoidal1-category and let F.�;�/ denote its internal
hom. If .U;Z/ is a symmetric monoidal recollement of X, then we define

FU.u; u
0/D j �F.j�u; j�u

0/ and FZ.z; z
0/D i�F.i�z; i�z

0/

to be internal homs for U and Z, so that U and Z are closed symmetric monoidal. Indeed, since j � a j�
is monoidal, we have

MapU.w; j
�F.j�u; j�v//'MapX.j�w;F.j�u; j�v//'MapX.j�w˝ j�v; j�v/;

MapU.j
�.j�w˝ j�u/; v/'MapU.w˝u; v/;

and similarly for FZ.�;�/. Moreover we have natural equivalences

F.x; j�u/' j�FU.j
�x; u/; F.x; i�z/' i�FZ.i

�x; z/:

For example, we may check

MapX.x; F.y; j�u//'MapX.x˝y; j�u/'MapU.j
�x˝ j �y; u/

'MapU.j
�x; FU.j

�y; u//'MapX.x; j�FU.j
�y; u//:

This implies that the unit maps

F.j�u; j�u
0/! j�j

�F.j�u; j�u
0/D j�FU.u; u

0/;

F .i�z; i�z
0/! i�i

�F.i�z; i�z
0/D i�FZ.z; z

0/

are equivalences.

2.34 Proposition (projection formulas) Let .U;Z/ be a stable10 symmetric monoidal recollement of X.

(1) The natural maps ˛ W i�.z/˝ x! i�.z˝ i
�x/ and ˇ W jŠ.u˝ j �x/! jŠ.u/˝ x are equivalences.

(2) The fiber sequence jŠj �x! x! i�i
�x is equivalent to

jŠ.1U /˝ x! x! i�.1Z/˝ x:

9Technically, to make a rigorous construction we may work at the level of preoperads and then pass to the underlying
1-categories.

10We do not require stability for the i� a i� projection formula. For the assertions that only involve jŠ, we only need that X
be pointed.
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Now suppose also that X is closed symmetric monoidal.

(3) We have natural equivalences F.jŠu; x/' j�FU.u; j
�x/ and F.i�z; x/' i�FZ.z; i

Šx/.

(4) The fiber sequence i�i Šx! x! j�j
�x is equivalent to

F.i�1Z ; x/! x! F.jŠ1U ; x/:

(5) We have natural equivalences j �F.x; y/' FU.j
�x; j �y/ and FZ.i

�x; i Šy/' i ŠF.x; y/.

Proof For (1), it’s easily checked that i�˛, j �˛ and i�ˇ, j �ˇ are equivalences, hence ˛ and ˇ are
equivalences. Item (2) then follows as a corollary. For (3), we have sequences of equivalences

MapX.y; F.jŠu; x//'MapX.y˝ jŠu; x/'MapX.jŠ.j
�y˝u/; x/'MapU.j

�y˝u; j �x/

'MapU.j
�y; FU.u; j

�x//'MapX.y; j�FU.u; j
�x//;

MapX.y; F.i�z; x//'MapX.y˝ i�z; x/'MapX.i�.i
�y˝ z/; x/'MapZ.i

�y˝ z; i Šx/

'MapZ.i
�y; FZ.z; i

Šx//'MapZ.y; i�FZ.z; i
Šx//:

If we let u D 1U , then FU.1U ; v/ ' v, hence F.jŠ1U ; x/ ' j�FU.1U ; j
�x/ ' j�j

�x. Item (4) then
follows as a corollary. For (5), we have sequences of equivalences

MapU.u; j
�F.x; y//'MapX.jŠu; F.x; y//'MapX.jŠu˝ x; y/'MapX.jŠ.u˝ j

�x/; y/

'MapU.u˝ j
�x; j �y/'MapU.u; FU.j

�x; j �y//;

MapZ.z; FZ.i
�x; i Šy//'MapZ.z˝ i

�x; i Šy/'MapX.i�.z˝ i
�x/; y/'MapX.i�z˝ x; y/

'MapX.i�z; F.x; y//'MapZ.z; i
ŠF.x; y//:

From Proposition 2.34, we immediately deduce the fundamental decomposition formula for objects in
a stable symmetric monoidal recollement.

2.35 Corollary (decomposition formula) Suppose that .U;Z/ is a stable symmetric monoidal recollement
of a closed symmetric monoidal stable1-category X. Then for all x 2X, we have a commutative diagram

x˝ jŠ.1U / x x˝ i�.1Z/

F.jŠ.1U /; x/˝ jŠ.1U / F.jŠ.1U /; x/ F.jŠ.1U /; x/˝ i�.1Z/

'

in which the right-hand square is a pullback square.

For example, Corollary 2.35 abstracts the well-known fracture square decomposition of a G-spectrum
with respect to a family of subgroups, and conversely can be used to deduce it (see [20, §2.2]).

Finally, we record the following relation between stable symmetric monoidal recollements and smashing
localizations.

2.36 Observation Suppose X is a symmetric monoidal stable 1-category and Z � X is a reflective
and coreflective subcategory that determines a stable recollement .U;Z/ on X. Then this recollement
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is symmetric monoidal if and only if i�i� is compatible with the symmetric monoidal structure on X

and the resulting projection formula for i� a i� holds, i.e., the natural map i�z˝ x! i�.z˝ i
�x/ is an

equivalence for all x 2 X and z 2 Z. Indeed, the “only if” direction hold by Proposition 2.34, and for the
“if” direction, we only need to show that for every x 2 X such that j �x ' 0, j �.x˝ y/' 0 for every
y 2 X. But j �x ' 0 if and only if x ' i�i�x, and then

j �.x˝y/' j �.i�i
�x˝y/' j �.i�.i

�x˝ i�y//' 0:

Suppose further that X and Z are presentable. In view of [15, Proposition 5.29], Z is a smashing
localization of X in the sense that Z'ModX.A/ for AD i�i�1 an idempotent E1-algebra in X. We
deduce that smashing localizations of X are in bijective correspondence with stable symmetric monoidal
recollements of X. Moreover, if F W X ! X0 is a morphism of symmetric monoidal recollements
.U;Z/! .U0;Z0/, then

F i�i
�1' i 0�i

0�F.1/' i 0�i
0�1;

so F preserves the defining idempotent E1-algebras.

2.3 Families of recollements

We conclude this section with a few extensions of recollement theory to the parametrized setting. Let S
be an1-category, let X� W S ! Recolllex

str be a functor, and let X;U;Z! S be the cocartesian fibrations
obtained via the Grothendieck construction. Then in view of Observation 2.5 and the strictness assumption,
we have S -adjunctions [21, Definition 8.3]11

U X Z:
j�

j� i�

i�

In what follows, we use the following terminology from [21]:

(1) An S -1-category is a cocartesian fibration C ! S .

(2) Given two S-1-categories C;D! S , the1-category of S-functors FunS .C;D/ is notation for
Funcocart

=S
.C;D/.

We first show that the procedure of taking S -functor categories yields a recollement.

2.37 Lemma For any S -1-category K, .FunS .K;U/;FunS .K;Z// is a recollement of FunS .K;X/.

Proof By [21, Proposition 8.4], we have induced adjunctions given by postcomposition

FunS .K;U/ FunS .K;X/ FunS .K;Z/;
Nj�

Nj� Ni�

Ni�

11Recall given two cocartesian fibrations C;D! S that a relative adjunction F W C �D WG with respect to S in the sense
of Lurie [14, Definition 7.3.2.2] is said to be an S -adjunction if F and G both preserve cocartesian edges.
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where it is clear that Nj � Nj� ' id and Ni�Ni� ' id, hence Nj� and Ni� are fully faithful. By [12, Proposi-
tion 5.4.7.11], the hypothesis that for all f W s! t the restriction functors f � W Xt ! Xs preserve finite
limits ensures that FunS .K;X/ admits finite limits (which are computed fiberwise), and similarly the
induced restriction functors f �U and f �Z preserve finite limits, so FunS .K;U/, FunS .K;Z/ admit finite
limits and Nj �, Ni� preserve finite limits. Since j �i� ' 0 and the terminal object 0 2 FunS .K;U/ is given
by K! S

0
�! U for the cocartesian section 0 W S ! U that selects the terminal object in each fiber, we

get that Nj �Ni�' 0. Finally, since a morphism f in FunS .K;X/ is an equivalence if and only if f .k/ is an
equivalence for all k 2K, we deduce that Nj � and Ni� are jointly conservative using the joint conservativity
of j � and i�.

2.38 Corollary The forgetful functors Recolllex
str ! Cat1 and Recollstab

str ! Catstab
1 create limits.

Proof The first statement follows from Lemma 2.37 by taking K D S and using that the1-category of
cocartesian sections computes the limit of a diagram of1-categories [12, §3.3.3]. We note that the proof
of Lemma 2.37 shows that the evaluation functors at any s 2 S are left-exact and strict morphisms of
recollements, so the limit resides in Recolllex

str . Finally, because limits in Catstab
1 are created in Cat1, the

second statement follows.

We can also use Lemma 2.37 to compute S -colimits in X. For clarity, let us revert to the nonparametrized
case S D � for the next two results; the S -analogues will also hold by the same reasoning.

2.39 Lemma Let .U;Z/ be a recollement of X and suppose that U and Z admit K-indexed colimits.
Then X admits K-indexed colimits.

Proof With respect to the recollement of Fun.K;X/ of Lemma 2.37, the constant diagram functor
ı WX! Fun.K;X/ is obviously a morphism of recollements. Passing to left adjoints, we obtain a right-lax
commutative diagram

Fun.K;U/ Fun.K;Z/

U Z

Ni� Nj�

colim
)

colim

i�j�

which induces a morphism of recollements colim W Fun.K;X/! X. We claim that colim is left adjoint
to ı. In fact, if M;MK !�1 are the cartesian fibrations classified by i�j� and Ni� Nj� respectively, then
we have a map ı WMK!M of cartesian fibrations and by [14, Proposition 7.3.2.6] a relative left adjoint
colim WMK!M. The formation of sections sends relative adjunctions to adjunctions, which proves the
claim. We deduce that X admits K-indexed colimits.

2.40 Corollary Suppose U and Z are presentable1-categories and � W U! Z is a left-exact accessible
functor. Then XD limrlax� is a presentable1-category.

Proof By Lemma 2.39, X admits all small colimits. By [12, Corollary 5.4.7.17], X is accessible. We
conclude that X is presentable.
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Finally, we describe how recollements interact with an ambidextrous adjunction (e.g., the adjunction
between restriction and induction for equivariant spectra).

2.41 Lemma Let .U;Z/ and .U0;Z0/ be stable recollements on X and X0 and let f � WX!X0 be an exact
functor such that f �ji�.Z/ � i�.Z

0/ (so f � is not necessarily a morphism of recollements , but we still
may define fU �´ j 0�f �j�, fZ�´ i 0�f �i�, and have fU �j � ' j 0�fU �).

(1) Suppose that f �jjŠ.U/ � j
0
Š
.U0/ and f � admits a right adjoint f�. Then:

(a) The essential image of f�j 0� lies in j�.U/, so f � a f� restricts to an adjunction

fU
�
W U� U0 W fU �

with j�fU � ' f�j
0
�.

(b) The natural map j �f�! fU �j
0� is an equivalence.

(c) The essential image of f�i 0� lies in i�.Z/, so f � a f� restricts to an adjunction

fZ
�
W Z� Z0 W fZ�

with i�fZ� ' f�i
0
�.

(2) Suppose that f �jj�.U/ � j
0
�.U
0/ and f � admits a left adjoint fŠ. Then:

(a) The essential image of f�j 0Š lies in jŠ.U/, so fŠ a f � restricts to an adjunction

fU Š W U
0� U W fU

�

with jŠfU Š ' fŠj
0
Š
.

(b) The natural map fU Šj
�! j 0�fŠ is an equivalence.

(c) The essential image of fŠi 0� lies in i�.Z/, so fŠ a f � restricts to an adjunction

fZŠ W Z
0� Z W fZ

�

with i�fZŠ ' fŠi
0
�.

(d) The natural map i�fZŠ! fZŠi
0� is an equivalence.

(3) Suppose that f � 2 Recollstab
str , f � admits left and right adjoints fŠ and f�, and we have the ambidex-

terity equivalence fŠ ' f�. Then f� 2 Recollstab
str and we additionally have ambidexterity equivalences

fU Š ' fU � and fZŠ ' fZ�.

Proof We first prove the assertions of (1). For (1)(a), for any u0 2 U0 because we have for all z 2 Z that

MapX.i�z; f�j
0
�u
0/'MapU0.j

0�f �i�z; u
0/'MapU0.f

�
U j
0�i�z; u

0/' �;

we get f�j 0�u
0 2 j�.U/. For (1)(b), the assertion holds because the map is adjoint to the equivalence

f �jŠ! j 0
Š
fU
�. For (1)(c), for any z0 2 Z0 we have

j �f�i
0
�z
0
' fU �j

�i 0�z
0
' fU �0' 0;
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hence f�i 0�z
0 2 i�.Z/. Next, the assertions of (2) hold by a dual argument; we note that the extra assertion

(2)(d) holds because fŠ now commutes with jŠ instead of j�. Finally, for (3) the functor fŠ ' f� is
in Recollstab

str by combining (1)(a), (1)(c), and (2)(a). For the ambidexterity assertions, the equivalence
fZŠ ' fZ� is clear because the embedding i� W Z� X is unambiguous, whereas for fU Š ' fU � we note
that the sequence of equivalences

MapU.u; fU Šu
0/'MapX.jŠu; fŠj

0
Šu
0/'MapX.jŠu; f�j

0
Šu
0/'MapX0.f

�jŠu; j
0
Šu
0/

'MapX0.j
0
ŠfU

�u; j 0Šu
0/'MapU0.fU

�u; u0/

demonstrates that fU Š is right adjoint to fU � and hence fU Š ' fU �.

2.42 Corollary Let G be a finite group. Suppose that X� W O
op
G ! Recollstab

str is a functor such that the
underlying G-1-category X is G-stable [16, Definition 7.1]. Then U and Z are G-stable and all of the
functors appearing in the diagram of G-adjunctions

U X Z
j�

j� i�

i�

are G-exact.

Proof By Lemma 2.41, it only remains to check the Beck–Chevalley condition for U and Z to show the
existence of finite G-products. But this follows from the same condition on X, since the restriction and
induction functors .f�/�, .f�/� commute with the inclusion functors .j�/�, .j�/Š, and .i�/�.

2.43 Definition In the situation of Corollary 2.42, we say that .U;Z/ is a G-stable G-recollement of X.

3 Recollements on lax limits of 1-categories
Let S be an1-category throughout this section. Suppose p W C ! S is a locally cocartesian fibration
classified by a 2-functor into Cat1 [12, Definition 1.1.5.1; 13, §3], so for every 2-simplex �2! S , we
have a lax commutative diagram of1-categories

C0 C2

C1

F01

F02

+
F12

and the higher-dimensional simplices of S supply coherence data. Then the 2-functoriality of f yields
two notions of lax limit corresponding to choosing two possible orientations for morphisms — informally,
the left-lax limit of f has objects given by tuples .xi 2 Ci ; ˛ij W Fij .xi /! xj /, whereas the right-lax
limit of f has objects given by tuples .xi 2 Ci ; ˛ij W xj ! Fij .xi //. To give rigorous meaning to these
notions, we may circumvent giving a precise formulation of the lax universal property (for instance, as
carried out in [8]) and instead define the left-lax limit to be the1-category of sections

limllaxf D limllaxC ´ Fun=S .S; C /

Algebraic & Geometric Topology, Volume 26 (2026)



1342 Jay Shah

and the right-lax limit to be the1-category

limrlaxf D limrlaxC ´ Funcocart
=S .sd.S/; C /;

where sd.S/ is the barycentric subdivision of S (Definition 3.22) that is locally cocartesian over S via
the max functor (Construction 3.24), and we let Funcocart

=S
.�;�/ be the full subcategory on those functors

over S that preserve locally cocartesian edges. Viewing f itself as a left-lax diagram in Cat1, we may
thereby speak of left-lax and right-lax limits of left-lax diagrams of1-categories; dually, we may also
speak of left-lax and right-lax limits of right-lax diagrams of1-categories encoded as locally cartesian
fibrations. We refer to [1, §1; 2, §A] for a more detailed discussion.12

3.1 Definition Let S 0 � S be a full subcategory. Then S 0 is a sieve if for every morphism x! y in S ,
if y 2 S 0, then x 2 S 0. Dually, S 0 is a cosieve if .S 0/op is a sieve in Sop.

Given a sieve S0 � S and cosieve S1 � S , we say that S0 and S1 form a sieve-cosieve decomposition
of S if S0 and S1 are disjoint and any object x 2 S lies either in S0 or S1.

3.2 Remark Sieves and cosieves are necessarily stable under equivalences. Given a sieve-cosieve
decomposition .S0; S1/ of S , we may define a functor � W S !�1 that sends each object x 2 S to the
integer i 2 f0; 1g such that x 2 Si . Conversely, any functor � W S ! �1 determines a sieve-cosieve
decomposition of S by taking its fibers over 0 and 1.

Our main goal in this section is to describe how sieve-cosieve decompositions of S produces recolle-
ments on right-lax limits of locally cocartesian fibrations p W C ! S (Theorem 3.39).

3.3 Remark As we saw in Observation 2.9, a recollement itself is an example of a right-lax limit
over �1. Given a working theory of (pointwise) right-lax Kan extensions, our results should follow from
the usual transitivity property of Kan extensions applied to the factorization S �

�!�1!�. However,
we are not aware of such a theory that also affords the explicit description of the gluing functor given in
Theorem 3.32; indeed, Theorem 3.32 should precisely amount to a pointwise formula for the right-lax Kan
extension along � . We refer the interested reader to the discussion in [11, §2.2] for more on this question.

3.1 Recollements on right-lax limits of strict diagrams

Before entering into our study of left-lax diagrams, let us consider the simpler case of strict diagrams
f W S ! Cat1. For this case, right-lax limits are modeled by sections of the cartesian fibration that
classifies f . Thus suppose that p W C ! S is a cartesian fibration, � W S ! �1 is a functor, and let
p0 W C0 ! S0, p1 W C1 ! S1 denote the pullbacks of p to the fibers S0, S1 of � . Given a section
F W S ! C of p, let j �F W S1! C1 be its restriction over S1 and let i�F W S0! C0 be its restriction
over S0. We obtain functors

j � W Fun=S .S; C /! Fun=S1.S1; C1/; i� W Fun=S .S; C /! Fun=S0.S0; C0/:

12We follow [1, §1] in referring to these two types of lax limits as “left” and “right”, even though lax and oplax are more
standard nomenclature. The terminology is consistent with the usage of left for cocartesian-type constructions and right for
cartesian-type constructions (e.g., left and right fibrations).
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We first explain when j � and i� admit right adjoints. Suppose G W S1! C1 is a section of p1. For every
x 2 S , let

Gx W .S1/x=´ S1 �S Sx=! S1
G
�! C1 � C

be the composite functor and consider the commutative diagram

.S1/x= C

.S1/
C

x=
S

Gx

p
Gx

where the cone point is sent to x. By [12, Corollary 4.3.1.11], if for every s 2S , Cs admits .S1/x=-indexed
limits, and for every f W s! t , the pullback functor f � W Ct ! Cs preserves .S1/x=-indexed limits, then
there exists a dotted lift Gx which is a p-limit of Gx . If this holds for all x 2 S , then by the dual of
[12, Lemma 4.3.2.13], the p-right Kan extension j�G exists and is computed pointwise by these p-limits.
Moreover, by [12, Proposition 4.3.2.17], the right adjoint j� then exists and is computed objectwise
by j�G.

Now let H W S0! C0 be a section of p0. The same results hold for computing i�H . However, the
slice1-categories .S0/x= are empty when x 2 S1. Therefore, the hypotheses above amount to supposing
that for all s 2 S , Cs admits a terminal object, and for all f W s! t , the pullback functor f � preserves
this terminal object.

Finally, let KD fK˛g˛2A be a class of simplicial sets and suppose that for all K 2 K and s 2 S , the
fiber Cs admits K-indexed limits, and for all f W s! t , the pullback functor f � preserves K-indexed
limits. Then by [12, dual of Proposition 5.4.7.11 and Remark 5.4.7.13], Fun=S .S; C / admits K-indexed
limits such that the evaluation functors evs W Fun=S .S; C /! Cs preserve K-indexed limits — in other
words, the K-indexed limits in Fun=S .S; C / are computed fiberwise.

3.4 Definition (standard existence assumptions, strict version) Let p W C ! S be a cartesian fibration
and let � W S !�1 be a functor. We say that p satisfies the standard recollement existence assumptions
with respect to � if:

(1) For all s 2 S , Cs admits finite limits, and for all morphisms f W s! t in S , the pullback functor
f � W Ct ! Cs preserves finite limits.

(2) For all x 2 S , Cs admits .S1/x=-indexed limits, and for all morphisms f W s! t in S , the pullback
functor f � W Ct ! Cs preserves .S1/x=-indexed limits.

Let us now suppose that we are in the situation of Definition 3.4.

3.5 Proposition The adjunctions

Fun=S1.S1; C1/ Fun=S .S; C / Fun=S0.S0; C0/
j�

j� i�

i�

together exhibit Fun=S .S; C / as a recollement of Fun=S1.S1; C1/ and Fun=S0.S0; C0/.
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Proof Note the functors j � and i� are left exact by the fiberwise computation of limits in section
1-categories. Because .S0/x=D¿ for all x 2 S1, we get that j �i� is the constant functor at the terminal
object of Fun=S1.S1; C1/. Finally, i� and j � are jointly conservative because equivalences are detected
objectwise in Fun=S .S; C /.

3.6 Remark If the fibers of p are moreover stable1-categories, then the left-exact pullback functors f �

are necessarily exact and the recollement of Proposition 3.5 is stable.

3.7 Example Let C 'D � S and p be the projection to S . Then the recollement of Proposition 3.5
simplifies to

Fun.S1;D/ Fun.S;D/ Fun.S0;D/;
j�

j� i�

i�

where j WS1!S and i WS0!S now denote the inclusions. Recollement theory then gives a calculational
technique for computing the right Kan extension ��F of a functor F W S!D along � W S! T . Namely,
if we let �0 D � ı i , �1 D � ı j , F0 D F jS0 , and F1 D F jS1 , the pullback square Proposition 2.2 yields
a pullback square

��F .�0/�F0

.�1/�F1 .�0/�..j�F1/jS0/

3.2 Recollements on right-lax limits of left-lax diagrams

We now seek to establish the analogue of Proposition 3.5 for right-lax limits of locally cocartesian fibrations.
Although the ideas are straightforward, the categorical details turn out to be considerably more involved.
We begin by proving some needed extensions to the theory of relative right Kan extensions initiated in
[12, §4.1–3], which play a technical role in our construction of the recollement adjunctions. We then
construct the barycentric subdivision sd.S/ (Definition 3.22, but also see Observation 3.23), and extend the
cocartesian pushforward of [21, Lemma 2.23] to the locally cocartesian situation (Theorems 3.20 and 3.26).
Finally, given a sieve-cosieve decomposition of S and suitable hypotheses on the locally cocartesian
fibration p W C ! S , we establish localizations in Theorem 3.32, Corollary 3.34, and Proposition 3.36,
and show that these together constitute a recollement of the right-lax limit of p in Theorem 3.39.

3.2.1 Relative right Kan extension In [12, Proposition 4.3.1.10], Lurie gives a criterion for when
a colimit diagram in a fiber of a locally cocartesian fibration is a relative colimit. In contrast, we will
also need a separate understanding of when a limit diagram in a fiber is a relative limit. As indicated in
Lemma 3.8, in this situation we can give an unconditional statement.

3.8 Lemma Let S be an1-category and let f W C ! S be a locally cocartesian fibration. Let s 2 S
be an object and Np WKC! Cs a limit diagram that extends p. Then , viewed as a diagram in C , Np is a
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f -limit diagram [12, 4.3.1.1], i.e., the commutative square

C= Np C=p

S=f Np S=fp

is a homotopy pullback square.

Proof It suffices to show that

C= Np! C=p �S=fp S=f Np

is a trivial Kan fibration. To this end, let A! B be a monomorphism of simplicial sets and consider the
lifting problem

A C= Np

B C=p �S=fp S=f Np

This transposes to the lifting problem

A?KC[A?K B ?K C

B ?KC S

ˇ

f

˛




Our approach will be to first pushforward to the fiber Cs using that f is a locally cocartesian fibration
and then solve the lifting problem in Cs using that Np is a limit diagram.

To begin, because Np is a diagram in the fiber Cs , the map ˛ factors as B ?KB! B ?�0 ˛0
�! S with

˛0j�0 D fsg. We may define a map r W .B ?�0/��1! B ?�0 such that r0 D id and r1 is constant at
�0 in the following way: let � WB ?�0!�1 be the structure map of the join which sends B to f0g and
�0 to f1g, and let � be the composite .B ?�0/��1 ��id

���!�1��1 max
��!�1, so the fiber of � over f0g

is B � f0g. Then, recalling that maps L!X ?Y of simplicial sets over �1 are equivalently specified
by pairs of maps .f0 W L0! X; f1 W L1! Y /, r is the map over �1 with respect to � and � given by
B � B ?�0 and the constant map to �0. Now let

h˛ W .B ?KC/��1! .B ?�0/��1 r
�! B ?�0 ˛0

�! S;

so h˛0 D ˛ and h˛1 is constant at fsg. Also denote by h˛ the restrictions of h˛ to .B ? K/ � �1,
.A?KC/��1, and .A?K/��1.

Let P D .MS ; T;¿/ be the categorical pattern on sSetC
=S

that yields the locally cocartesian model
structure, so MS consists of all the edges in S , T consists of all the degenerate 2-simplices in S , and
the fibrant objects are the locally cocartesian fibrations. By the criterion of [14, Lemma B.1.10] applied
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to K ! B ? K (with the degenerate edges marked) and f0g ! .�1/], the inclusion map of marked
simplicial sets

.B ?K/� f0g[.K�f0g/K � .�
1/]! .B ?K/� .�1/]

is P-anodyne, and likewise replacing K ! B ?K with KC! A?KC and K ! A?K. Using left
properness of the locally cocartesian model structure, we deduce that the morphism

.A?KC[A?K B ?K/� f0g[KC�f0gK
C � .�1/]

.A?KC[A?K B ?K/� .�
1/]

is P-anodyne. Consider the commutative square

.A?KC[A?K B ?K/� f0g[KC�f0gK
C � .�1/] \C

.A?KC[A?K B ?K/� .�
1/] S]

f

h˛

hˇ

where \C denotes the marking on C given by the f -locally cocartesian edges and the top horizontal
map restricted to the first factor is ˇ and to the second factor KC � .�1/] is the constant homotopy
KC��1

pr
�!KC Np

�!C . Then the dotted lift hˇ exists, and the image of hˇ1 is contained in the fiber Cs .
Now consider the commutative triangle

A?KC[A?K B ?K Cs

B ?KC

h
ˇ
1


1

Because Np WKC! Cs is a limit diagram, the map .Cs/= Np! .Cs/=p is a trivial Kan fibration. Therefore,
the dotted lift 
1 exists.

Next, define a map

� D .� 0; � 00/ W .B ��1/ ?KC
! .B ?KC/��1

by its factors

� 0 W .B ��1/ ?KC pr? id
���! B ?KC;

� 00 W .B ��1/ ?KC pr? id
���!�1 ?KC

!�1 ?�0 Š�2
�1
�!�1:

Here �1 W �2! �1 is the standard degeneracy map, so �1.0/ D 0, �1.1/ D 1, and �1.2/ D 1. Also
denote by � the restriction to .A��1/ ?KC, etc. Let

X D .A��1/ ?KC
[.A��1/?K .B ��

1/ ?K [.A�f1g/?KC[.A�f1g/?K.B�f1g/?K B ?K
C
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and consider the commutative diagram

X C

.B ��1/ ?KC S

.hˇı�/[
1

� f

h˛ı�

h


(where for commutativity, we use that �1 W .B � f1g/ ?KC! .B ?KC/� f1g is an isomorphism). By
the dual of [12, Lemma 2.1.2.4] applied to A! B and the right anodyne map f1g !�1, the map

�0 W A��1[A�f1gB � f1g ! B ��1

is right anodyne. Then by [12, Lemma 2.1.2.3] applied to �0 and the map K!KC, � is inner anodyne.
Thus the dotted lift h
 exists. Finally, let 
 D h
0 and observe that 
 is a solution to the original lifting
problem of interest.

We briefly digress to complete the theory of Kan extensions by constructing relative Kan extensions
along general functors (see Lurie’s remark at the beginning of [12, §4.3.3]). Recall the relative join
construction �?�� of [21, Definition 4.1] along with its bifibration property [21, Lemma 4.8].

3.9 Definition Consider the commutative diagram of1-categories

X C

Y S

F

� p

˛

where p W C ! S is a categorical fibration. Suppose given the data of a functor G W Y ! C over S and a
homotopy h WX ��1! C over S with h0 DG ı� and h1 D F . Let � W Y ?Y X ! Y be the structure
map and let G W Y ?Y X

�
�! Y G

�!C . Since Fun.Y ?Y X;C/! Fun.Y; C /�Fun.X; C / is a bifibration,
we may select an edge G ! F that is cocartesian over h W G ı � ! F in Fun.X; C / with degenerate
image idG in Fun.Y; C /. Then we say that G is a p-right Kan extension of F along � (exhibited via h) if
the commutative diagram

X C

Y ?Y X S

F

�X p

˛ı�

F

exhibits F as a p-right Kan extension of F in the sense of [12, Definition 4.3.2.2].

3.10 Remark In the initial setup of Definition 3.9, given F W Y ?Y X ! C a map over S extending
F W X ! C , let G D F jY W Y ! C and let h W X ��1 h0

�! Y ?Y X
F
�! C with h0 specified by the

pair .�; idY / (see the definition [21, Definition 4.1] of �?Y � as j� W sSet=Y�@�1 ! sSet=Y��1 for the
inclusion j WY �@�1!Y ��1). Then F is a p-right Kan extension in the sense of [12, Definition 4.3.2.2]
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if and only if G is a p-right Kan extension along � in the sense of Definition 3.9. Moreover, we have
an equivalence of1-categories X �Y ?YX .Y ?Y X/y= ' X �Y Yy= implemented by pulling back the
functors �Y W Y � Y ?Y X and � W Y ?Y X! Y and the respective induced functors on the slice categories
via X � Y ?Y X . Because of this, Lurie’s existence and uniqueness theorem [12, Proposition 4.3.2.15]
for p-right Kan extensions applies to show that the p-right Kan extension G of F along � exists if and
only if for every y 2 Y , the diagram X �Y Yy=! X F

�! C extends to a p-limit diagram (which then
computes the value of G on y). Moreover, there is then a contractible space of choices for G.

3.11 Remark The situation of Definition 3.9 globalizes in the following manner. Suppose every functor
F W X ! C admits a p-right Kan extension to F W Y ?Y X ! C . By [12, Proposition 4.3.2.17], the
restriction functor .�X /� W Fun=S .Y ?Y X;C/! Fun=S .X; C / then admits a right adjoint .�X /� which is
computed on objects as F 7! F . We also have a relative adjunction [14, Definition 7.3.2.2]

�Y W Y � Y ?Y X W �

over Y (hence over S ) where �Y is left adjoint to � . From this, we obtain an adjunction

�� W Fun=S .Y; C /� Fun=S .Y ?Y X;C/ W .�Y /
�;

where �� is left adjoint to .�Y /�. Composing these two adjunctions, we obtain the adjunction

�� W Fun=S .Y; C /� Fun=S .X; C / W ��;

where �� is given on objects by sending F to its p-right Kan extension along �.

3.12 Corollary Suppose we have a commutative diagram of1-categories

X C

Y S

F

� p

˛

where p is a locally cocartesian fibration and � is a cartesian fibration. Suppose that for every y 2 Y , the
limit of F jXy WXy! C˛.y/ exists. Then the p-right Kan extension G W Y ! C of F along � exists and
G.y/' lim

 ��
F jXy . If G exists for all F , then we have an adjunction

�� W Fun=S .Y; C /� Fun=S .X; C / W ��;

where ��.F /'G.

Proof We need to show that for every y 2 Y , the p-limit of F y W X �Y Yy= ! X F
�! C exists. By

Lemma 3.8, the p-limit of F jXy exists and is computed as the limit of F jXy viewed as a diagram in C˛.y/.
Because � is a cartesian fibration, we have a retraction r WX�Y Yy=!Xy to the inclusion i WXy!X�Y Yy=

such that r is right adjoint to i (on objects, r is given by the formula r.x; y e
�! �.x//D e�.x/, where

e� W X�.x/! Xy is the pullback functor encoded by the lifting property of the cartesian fibration �).
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As a left adjoint, i is right cofinal.13 However, since r ı i D id, we moreover have that r is right
cofinal by the right cancellative property of right cofinal maps [12, Proposition 4.1.1.3(2)]. Hence, by
[12, Proposition 4.3.1.7] applied to r and a p-limit diagram .Xy/

C! C , the p-limit of F y exists and is
computed as the limit of F jXy in C˛.y/. The claim now follows from Remark 3.10.

3.2.2 Barycentric subdivision and locally cocartesian pushforward Our main goal in this subsection
is to first define the barycentric subdivision sd.S/ (Definition 3.22) consisting of conservative functors
� W Œn�! S (i.e., strings in S ) along with its maximum functor maxS W sd.S/! S , Œ� W Œn�! S� 7! �.n/,
which is a locally cocartesian fibration (Lemma 3.25). This allows us to define the right-lax limit of a
locally cocartesian fibration p W C ! S as

limrlax C ´ Funcocart
=S .sd.S/; C /:

We will then show that for any sieve S0 � S , if we let sd.S/0 � sd.S/ denote the full subcategory of
strings that originate in S0, then the inclusion sd.S0/ ,! sd.S/0 is a locally cocartesian equivalence
over S ,14 or equivalently, for any locally cocartesian fibration p W C ! S , the restriction functor

Funcocart
=S .sd.S/0; C /! Funcocart

=S0
.sd.S0/; C jS0/

is a trivial fibration (Theorem 3.26(2)). A choice of inverse then amounts to a choice of locally cocartesian
pushforward. This will be the formal half of extending an object in limrlax C jS0 to one in limrlax C itself,
which we take up in the next subsection.

To set the stage for our work, we first introduce a few combinatorial constructions. Let � be the
category with objects the finite ordinals fŒn� D f0 < 1 < � � � < ng W n 2 Ng and morphisms the order-
preserving maps. Let � W E�! � denote the relative nerve [12, Definition 3.2.5.2] of the canonical
inclusion i W � ,! sSet. Then � is a cocartesian fibration classified by i , which is an explicit model
for the tautological cocartesian fibration over �. Explicitly, an n-simplex �n ! E� is given by a
sequence Œa0�

˛0
�! Œa1�

˛1
�! � � �

gn�1
���! Œ˛n� of order-preserving maps in � together with morphisms

�i W�
f0;:::;ig Š�i !�ai which fit into a commutative diagram

�f0g �f0;1g � � � �f0;:::;n�1g �n

�a0 �a1 � � � �an�1 �an

�0 �1 �n�1 �n

˛0 ˛1 ˛n�1

Let E�inj � E� denote the pullback over the subcategory �inj �� of injective order-preserving maps
and also denote the structure map of E�inj by �. Consider the span of marked simplicial sets

.�inj/]
�
 � \.E�inj/

�
�! .�inj/];

13We adopt Lurie’s terminology in [14]: recall that a map q WK! L is right cofinal if and only if qop is cofinal.
14Here we mark those edges that are locally cocartesian with respect to maxS0 (resp. maxS .)
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where we mark the �-cocartesian edges in E�inj. Similar to the definition in [21, Example 2.25] (which
considers the source input to be instead a cartesian fibration), let

�

Fun�inj.E�inj;�/´ ���
�.�/ W sSetC

=�inj ! sSetC
=�inj :

Note that with � a cocartesian fibration, ���� is right Quillen with respect to the cartesian model
structure on sSetC

=�inj by the dual of [21, Theorem 2.24], hence takes cartesian fibrations to cartesian
fibrations.

3.13 Recollection [12, Corollary 3.2.2.13; 21, Example 2.25] Given an1-category B , a cocartesian
fibration � WK!B , and a cartesian fibration D!B , the pairing construction

�

FunB.K;D/ is defined in
general as ����.D\/ and is a cartesian fibration over B whose fibers over b 2 B are Fun.Kb;Db/, and
whose functoriality with respect to a morphism ˛ W b! b0 is given by

˛� W Fun.Kb0 ;Db0/! Fun.Kb;Db/; f 7! ˛� ıf ı˛Š;

where ˛Š and ˛� denote the pushforward functors for K and D as well.

3.14 Definition The1-category of paths15 in an1-category C is

�Ar.C /´
�

Fun�inj.E�inj; C ��inj/:

Let �C W �Ar.C /! �inj denote the structure map of the cartesian fibration and note that its fiber over
Œn� 2�inj is Fun.�n; C / and the functoriality is that of restriction in the source variable.

In addition, let �Ar
'
.S/ � �Ar.S/ be the maximal subright fibration, i.e., the wide subcategory on

the �S -cartesian edges over �inj (so the fiber of �Ar
'
.S/ over Œn� is Map.�n; S/), and for a functor

p W C ! S , let �Ar
'

S .C /´
�Ar
'
.S/��Ar.S/

�Ar.C /:

3.15 Remark (classifying functor for paths) By [8, Proposition 7.3], the cartesian fibration

�C W �Ar.C /!�inj

is classified by the functor
.�inj/op

! Cat1; Œn� 7! Fun.�n; C /;

where the functoriality is with respect to precomposition in the first variable. It follows that we have an
equivalence �Ar

'
.C /'�inj

�Cat1 Cat=C1
of right fibrations over �inj.

3.16 Remark If C ! S is a categorical fibration, then �Ar.C /! �Ar.S/ is also a categorical fibration by
[14, Proposition B.2.7].

15For us, a path in C is any n-simplex �n ! C . In contrast, we reserve the term “string” for objects of the barycentric
subdivision sd.C / (see Definition 3.22).
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3.17 Remark (explicit description of simplices) By definition, the datum of an n-simplex �n! �Ar.C /
is given by a map of simplicial sets

�n ��inj E�inj
! C:

For example, suppose nD 0 and�0!�inj selects the object Œa0�. Then we see that 0-simplices of �Ar.C /
lying over Œa0� correspond to maps �a0! C . Indeed, since the fiber .E�inj/Œa0� is definitionally isomor-
phic to �a0 , we see that the fiber �Ar.C /Œa0� is equivalent to Fun.�a0 ; C /, as promised by Remark 3.15.

Now suppose that n D 1 and �1 ! �inj selects the inclusion ˛1 W Œa0� � Œa1�. Then the data of
a map f W �1 ��inj E�inj ! C is equivalent to maps f0 W �a0 ! C , f1 W �a1 ! C , and a natural
transformation f01 W f0! f1 ı˛1 D f1jŒa0�. Moreover, this is a cartesian edge in �Ar.C / if and only if
f sends cocartesian edges to equivalences, i.e., the natural transformation f01 is an equivalence. This is
consistent with the functoriality of �Ar.C / as being given by the pullback functor

˛�1 W Fun.�a1 ; C /! Fun.�a0 ; C /:

3.18 Construction (variant associated to a sieve) Let � W S !�1 be a functor and S0 the fiber over 0.
Let �Ar.S/0 � �Ar.S/ be the full subcategory on those objects � W�n! S such that ��.0/D 0 (i.e., on
those paths originating in S0), and let �Ar

'
.S/0´ �Ar.S/0\ �Ar

'
.S/. Define the “initial segment” functor

�S W �Ar.S/0! �Ar.S0/

by the following rule:

(�) Suppose � W�n! �Ar.S/0 is an n-simplex, which corresponds to a sequence of inclusions

�a0 �a1 � � � �an
˛1 ˛2 ˛n

determining a map a W�n!�inj and a functor f W�n �a;�inj E�inj! S such that for every 0� i � n,
the restriction fi W�ai ! S has fi .0/ 2 S0. Let bi 2�ai be the maximum element such that fi .bi / 2 S0,
and note that a restricts to yield a sequence of inclusions

�b0 �b1 � � � �bn

�a0 �a1 � � � �an

ˇ1 ˇ2 ˇn

˛1 ˛2 ˛n

because we always have that ˛i .bi�1/�bi as S0 is a sieve in S stable under equivalences. Let b W�n!�inj

be the map determined by the sequence of upper horizontal inclusions. Then f restricts to yield a map f0:

�n �b;�inj E�inj C0

�n �a;�inj E�inj C

f0

f

Define �S .�/ W�n! �Ar.S0/ to be the n-simplex determined by f0. Now observe that this assignment
is natural in �n, hence defines a map of simplicial sets.
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Observe that �S is a retraction of the inclusion �Ar.S0/! �Ar.S/0 induced by S0! S .
An edge e W�1! �Ar.S/0 is �S -cartesian if and only if the corresponding functor f W�1�a;�inj E�inj

! S sends every edge .i 2 Œa0�/! .˛1.i/ 2 Œa1�/ to an equivalence, and similarly for �S0-cartesian
edges in �Ar.S0/. Therefore, �S preserves cartesian edges and restricts to a map

�S W �Ar
'
.S/0! �Ar

'
.S0/:

3.19 Construction (variant associated to a sieve, relative version) Let p WC ! S be a locally cocartesian
fibration and let p0 W C0! S0 be its fiber over 0. Note that

�Ar.C /0 Š �Ar.S/0 ��Ar.S/
�Ar.C /:

Let �Ar
'

S .C /0´
�Ar
'
.S/0 ��Ar.S/0

�Ar.C /0 Š �Ar
'
.S/0 ��Ar

'
.S/

�Ar
'

S .C /;

so �Ar
'

S .C /0�
�Ar
'

S .C / is the full subcategory on objects c W�n!C with c.0/2C0. The initial segment
functor �.�/ fits into a commutative diagram

�Ar
'
.S/0 �Ar.S/0 �Ar.C /0

�Ar
'
.S0/ �Ar.S0/ �Ar.C0/

�S �S

p

�C

p0

and therefore defines a functor �p W �Ar
'

S .C /0!
�Ar
'

S0
.C0/.

Finally, let �Ar
'

S .C /
cocart
0 � �Ar

'

S .C /0 be the full subcategory on those objects c W�n! C such that
if i 2 �n is the maximum element with c.i/ 2 C0, then c sends every edge fj < j C 1g, j � i , to a
locally-p cocartesian edge (i.e., a cocartesian edge over �1 in the pullback �1 �S C ).

The next theorem implies that we can construct a locally cocartesian pushforward extending from C0

to C along paths in the base S that originate in S0. This will amount to a section of the trivial fibration
considered therein.

3.20 Theorem The map

.�p; p/ W �Ar
'

S .C /
cocart
0 ! �Ar

'

S0
.C0/�p0;�Ar

'
.S0/;�S

�Ar
'
.S/0

is a trivial fibration of simplicial sets.

Proof We need to solve the lifting problem

@�n �Ar
'

S .C /
cocart
0

�n �Ar
'

S0
.C0/��Ar

'
.S0/

�Ar
'
.S/0

.�p;p/
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Let a W �n! �Ar
'
.S/0! �inj and b W �n! �Ar

'

S0
.C0/! �inj be as discussed in the definition of �.

This lifting problem transposes to

�n �b;�inj E�inj[@�n�
b;�injE�inj @�n �a;�inj E�inj C

�n �a;�inj E�inj S

f p

Consider�n�a;�injE�inj as a marked simplicial set where an edge .i 2�ak /! .j 2�al /, ˛ W�ak!�al ,
˛.i/ � j , is marked if and only if k D l (so ˛ D id), bk � i and j D i C 1, and let the domain of
f also inherit this marking. Then it suffices to show that f is a trivial cofibration in the locally
cocartesian model structure on sSetC

=S
, defined by the categorical pattern PD .MS ; T;¿/ with MS all

of the edges in S and T consisting of the 2-simplices � in S with the edge �.f1 < 2g/ an equivalence.
Proceeding by induction on n, by a two-out-of-three argument it suffices to show that the inclusion
f 0 W �n �b;�inj E�inj ! �n �a;�inj E�inj is a trivial cofibration. We define a filtration of the poset
inclusion f 0 as follows:

(�) Let an�bnD t . For 0�k�n, let ˛k W�ak!�an denote the inclusion. Let Pr ��n�a;�inj E�inj be
the subposet on those objects .i 2�ak / such that ˛k.i/�bn� r . Note that P0D�n�b;�inj E�inj, because
if .i 2�ak / is such that i > bk , then necessarily ˛k.i/ > bn, and likewise if i � bk , then ˛k.i/� bn (this
follows from the definitions of the bi and that S0 is a sieve stable under equivalences). Then we have that
f 0 factors as a sequence of poset sieve inclusions�n�b;�injE�injDP0�P1�� � ��Pt D�

n�a;�injE�inj.

It now suffices to show that Pi � PiC1 is a trivial cofibration for all 0 � i < t . For simplicity, let us
suppose i D 0 (and t > 0 for nontriviality), the other cases being proved similarly. Let k 2 Œn� be the
smallest element such that bn C 1 2 �an is in the image of ˛k W �ak ! �an . Note then that for all
k � l � n, ˛l.bl C 1/D bnC 1. View the poset �fk;:::;ng ��1 as a cosieve U in P1 via the inclusion
which sends .l; 0/ to .bl 2�al / and .l; 1/ to .bl C 1 2�al /. Then as a marked simplicial set, we have
U D .�fk;:::;ng/[ � .�1/]. By [14, B.1.10], the inclusion

U \P0 D .�
fk;:::;ng/[ � f0g ! U D .�fk;:::;ng/[ � .�1/]

is P-anodyne. Noting that P0 and U together cover P1, it thus suffices to show that we have a homotopy
pushout square of1-categories

U \P0 U

P0 P1

as we would then deduce the lower horizontal map to be P-anodyne. For this, the criterion of Lemma 3.21
is easily verified.
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3.21 Lemma Suppose P is a poset , Z � P is a sieve and U � P is a cosieve such that P D Z [U .
Then the commutative square

U \Z U

Z P

is a homotopy pushout square of1-categories if and only if for every a … U and c …Z such that a � c,
the subposet Pa==c D fb 2 U \Z W a � b � cg is weakly contractible.

Proof Define a map � W P !�2 by

�.x/D

8<:
0; x … U;

2; x …Z;

1; x 2 U \Z:

Observe that P ��2 �
f0;1g DZ, P ��2 �

f1;2g D U , and P ��2 f1g D U \Z. We may therefore apply
the flatness criterion of [14, B.3.2] to � in order to deduce the criterion in question.

We now introduce the barycentric subdivision sd.S/.

3.22 Definition An n-simplex � W �n! S is a string if � is a conservative functor, i.e., if for every
0� i < j � n, �.fi < j g/ is not an equivalence.16 The barycentric subdivision (or subdivision)

sd.S/� �Ar
'
.S/

is the full subcategory of �Ar
'
.S/ on the strings in S . Note that the structure map �S W �Ar

'
.S/!�inj

restricts to define a right fibration �S W sd.S/!�inj.
Given a functor C ! S , the S -relative subdivision sdS .C / is the pullback

sdS .C /´ sd.S/��Ar
'
.S/

�Ar
'

S .C /Š sd.S/��Ar.S/
�Ar.C /:

Similarly, parallel to Constructions 3.18 and 3.19 we may define sd.S/0, sdS .C /0, and sdS .C /cocart
0 for

a locally cocartesian fibration C ! S and a functor S !�1. To be specific, let sd.S/0 � sd.S/ be the
full subcategory on those strings originating in the sieve S0, let sdS .C /0´ sd.S/0 �sd.S/ sdS .C /, and
let sdS .C /cocart

0 ´ sdS .C /0 ��Ar
'

S .C/0
�Ar
'

S .C /
cocart
0 .

3.23 Observation Suppose that S is the nerve of a category, which we also denote as S . Then sd.S/ is
the nerve of the category whose objects are conservative functors � W�n! S , and where a morphism
Œ� W�n!S�! Œ� W�m!S� is given by the data of a map ˛ W Œn� ,! Œm� in�inj and a natural equivalence
� '�! ˛�� . In particular, if S is the nerve of a poset P , then sd.P / is the nerve of the usual barycentric
subdivision of P .

On the other hand, the usual definition of the subdivision of an1-category [1, Definition 1.15] is as
the left Kan extension of the functor sd W�! Cat1 along the fully faithful inclusion �� Cat1. By

16If every retract in S is an equivalence, then it suffices to check that for every 0� i < n, �.fi < iC1g/ is not an equivalence.
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[2, Lemma A.4.8], this recovers sd.P / for P a poset. In fact, we may transcribe over the proof there to
show that sd.S/ ' � colimŒn�2�=S sdŒn� for any1-category S . Here �=S ´��Cat1 .Cat1/=S is the
maximal subright fibration in

�

Fun�.E�;S ��/ (see Remark 3.15).17 We sketch the argument, leaving
routine details to the reader:

(1) First note that for any two strings �; � 2 sd.S/, every map Œ�) �� 2�=S necessarily lies over �inj.
Therefore, the inclusion i W sd.S/��=S is full. Moreover, in view of the factorization system on Cat1
whose right class of maps is given by the conservative functors [9, 11.29], i admits a left adjoint. In
particular, i is cofinal, so

colimŒn�2�=S sdŒn�' colimŒn�2sd.S/ sdŒn�:

(2) We next observe that the cocartesian fibration ev1 W Ar.sd.S//! sd.S/ is classified by the functor
sd.S/!�inj�� sd

�!Cat1. Therefore, colimŒn�2sd.S/ sdŒn� identifies with the localization of Ar.sd.S//
at the class of ev1-cocartesian edges. But this localization also identifies with the source functor ev0 W
Ar.sd.S//! sd.S/, yielding the desired equivalence colimŒn�2sd.S/ sdŒn�! sd.S/.

We now work towards constructing the “maximum” functor sd.S/!S . We first define this over �Ar.S/:

3.24 Construction Define a last vertex map maxS W �Ar.S/! S by the following rule:

(�) Suppose � W�n! �Ar.S/ is an n-simplex, which corresponds to a sequence of inclusions

�a0 �a1 � � � �an
˛1 ˛2 ˛n

determining a map a W�n!�inj and a functor f W�n �a;�inj E�inj! S . Define a functor � W�n!
�n �a;�inj E�inj to be the identity on the first component and the n-simplex

�f0g �f0;1g � � � �n

�a0 �a1 � � � �an

�0 �1 �n

˛1 ˛2 ˛n

of E�inj uniquely specified by �i .i/D ai on the second component. Then maxS .�/D f ı� W�n! S .

In other words, maxS is the functor induced by precomposing by the section �inj ! E�inj which
selects the maximal vertex in every fiber.

The next lemma is obvious when S is a poset, so the reader only interested in that case should feel
free to skip its proof.

3.25 Lemma (1) The functor maxS W �Ar.S/! S is a categorical fibration.

(2) The restricted functor maxS W �Ar
'
.S/! S is a locally cocartesian fibration.

(3) The restricted functor maxS W sd.S/! S is a locally cocartesian fibration.

17Beware that here �=S does not denote the nerve of the category of simplices of S regarded as a simplicial set.
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Proof (1) We first verify that maxS is an inner fibration. For this, let n� 2, 0 < k < n, and consider the
lifting problem

ƒn
k

�Ar.S/

�n S

maxS

Let a W�n!�inj be the unique extension of the given ƒn
k
!�inj. The lifting problem then transposes to

�n[ƒn
k
ƒn
k
��inj E�inj S

�n ��inj E�inj

and it suffices to show the vertical arrow is inner anodyne. Since E�inj!�inj is a cocartesian fibration,
it is in particular a flat inner fibration, and the desired result follows.

We next show that maxS is a categorical fibration by lifting equivalences from the base. So suppose
e W�1! S is an equivalence and � W�n! S is an object of �Ar.S/ such that maxS .�/D �.n/D e.0/.
The restriction of maxS to Fun.�n; S/� �Ar.S/ is evaluation at fng, which is a categorical fibration, so e
lifts to an equivalence in Fun.�n; S/ and hence in �Ar.S/.

(2) First observe that since �Ar
'
.S/� �Ar.S/ is a subcategory stable under equivalences, the restricted

maxS functor is a categorical fibration by (1). To prove that maxS is a locally cocartesian fibration,
it then suffices to prove that for any edge e W s ! t in S that is not an equivalence, the pullback
maxS .e/ W �Ar

'
.S/�S �

1!�1 is a cocartesian fibration. To this end, we claim that an edge Qe W x! y

lifting e is maxS .e/-cocartesian if and only if the corresponding data of an inclusion ˛ W�a0!�a1 and
a functor f W�1��inj E�inj! S is such that in addition a1 D a0C 1 and ˛ is the inclusion of the initial
segment. Note that given an object x W�a0 ! S with s D x.a0/, such a lift Qe of e may be defined by
“appending” e to x: indeed, let y W�a0C1! S be an extension of x[ e W�a0 [a0;�0;0�

1! S , let

r W�1 �˛;�inj E�inj
!�a0C1

be the retraction functor which fixes �a0C1 and is given by ˛ on �a0 , and define Qe as y ı r . Hence,
establishing the claim will complete the proof.

The “only if” direction will follow from the “if” direction together with the stability of cocartesian edges
under equivalence. For the “if” direction, fix such an edge Qe. Recall from the definition that Qe W x! y is
maxS .e/-cocartesian if and only if for all objects z 2 �Ar

'
.S/ with maxS .z/D t , the commutative square

Map�Ar
'
.S/maxSDt

.y; z/ Map�Ar
'
.S/
.x; z/

feg MapS .s; t/

.Qe/�

maxS
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is a homotopy pullback square. Viewing x as x W�a0 ! S , y as y W�a0C1! S , and z as z W�a2 ! S ,
and computing the mapping spaces in �Ar

'
.S/ as a cartesian fibration over �inj, we see that

Map�Ar
'
.S/
.x; z/'

G

 WŒa0��Œa2�

MapMap.�a0 ;S/.x; 

�z/:

Therefore, it suffices to show that for any fixed inclusion 
 W �a0 ,! �a2 with 
.a0/ < a2, letting
ˇ W�a0C1!�a2 be the unique extension of 
 with ˇ.a0C 1/D a2, we have that the square

MapMap.�a0C1;S/.y; ˇ
�z/ MapMap.�a0 ;S/.x; 


�z/

feg Map�S .x.a0/; z.a2//

˛�

is a homotopy pullback square (where the right vertical map sends x! 
�z to the composite x.a0/!
z.
.a0//! z.a2/). (Here we implicitly use that maps in �Ar

'
.S/ are natural transformations through

equivalences to account for the maxS D t condition for the upper-left mapping space.) But this follows
since eva0C1 WFun.�a0C1; S/!S is a cocartesian fibration with Nx!y a cocartesian edge lifting e, where
Nx is the degeneracy sa0 applied to x (we note that MapMap.�a0C1;S/. Nx; ˇ

�z/'MapMap.�a0 ;S/.x; 

�z/).

(3) This is clear from the description of the locally maxS -cocartesian edges given in (2).

Finally, we arrive at the main result of this subsection. Lemma 3.25 ensures that the following theorem
is well formulated; also note that sd.S/0 � sd.S/ is a sublocally cocartesian fibration via maxS as it is
the inclusion of a cosieve stable under equivalences.

3.26 Theorem Let p W C ! S be a locally cocartesian fibration and � W S ! �1 a functor. Let
p0 W C0! S0 be the fiber of p over 0.

(1) Restricting the domain and codomain of the map of Theorem 3.20 yields the map

sdS .C /cocart
0 ! sdS0.C0/�sd.S0/ sd.S/0;

which is also a trivial fibration of simplicial sets.

(2) Precomposition by the inclusion sd.S0/ ,! sd.S/0 defines a trivial fibration of simplicial sets

Funcocart
=S .sd.S/0; C /! Funcocart

=S0
.sd.S0/; C0/:

For the proof, it will be convenient to introduce an auxiliary construction. Define a functor

ı W �Ar.S/! �Ar.�Ar.S//

by the following rule:

(�) Suppose � W�n! �Ar.S/ is an n-simplex, which corresponds to a sequence of inclusions

�a0 �a1 � � � �an
˛1 ˛2 ˛n
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determining a map a W�n!�inj and a functor f W�n �a;�inj E�inj! S . Define a map

Na W�n �a;�inj E�inj
!�inj

on objects by Na.i 2 �ak / D �f0;:::;ig and on morphisms .i 2 �ak /! .j 2 �al /, ˛kl W �ak ! �al ,
˛kl.i/ � j , by restriction of ˛kl to �f0;:::;ig � �ak (which then is valued in �f0;:::;j g � �al ). Then
define a functor of categories

� W .�n �a;�inj E�inj/� Na;�inj E�inj
!�n �a;�inj E�inj

by sending objects .i 2�ak ; i 0 � i/ to .i 0 2�ak / and morphisms .i 2�ak ; i 0 � i/! .j 2�al ; j 0 � j /

(specified by the data of a map ˛kl W�ak !�al such that ˛kl.i/� j and ˛kl.i 0/� j 0) to the morphism
.i 0 2�ak /! .j 0 2�al / specified by the same data.

We may then specify a map

g W�n �a;�inj E�inj
! �Ar.S/

defined over �inj via Na and the structure map �S as adjoint to the map

f ı� W .�n �a;�inj E�inj/� Na;�inj E�inj
! S:

The map g in turn defines the desired n-simplex ı.�/ W�n! �Ar.�Ar.S//.

Informally, ı sends paths s0! s1! � � � ! sn to their “initial segment parametrization”

Œs0�! Œs0! s1�! � � � ! Œs0! s1! � � � ! sn�:

Next, using the functor maxS to make sense of the next statement, we may use ı to define functors

ı W �Ar
'
.S/! �Ar

'

S .
�Ar
'
.S//D �Ar

'
.S/��Ar.S/

�Ar.�Ar
'
.S//;

ı W sd.S/! sdS .sd.S//D sd.S/��Ar.S/
�Ar.sd.S//

as the identity on the first factor and a restriction of ı on the second factor.

Proof of Theorem 3.26 Item (1) follows from Theorem 3.20 in view of the pullback square

sdS .C /cocart
0

�Ar
'

S .C /
cocart
0

sdS0.C0/�sd.S0/ sd.S/0 �Ar
'

S0
.C0/��Ar

'
.S0/

�Ar
'
.S/0

For (2), we need to solve the lifting problem

A Funcocart
=S

.sd.S/0; C /

B Funcocart
=S0

.sd.S0/; C0/

Algebraic & Geometric Topology, Volume 26 (2026)



Recollements and stratification 1359

This transposes to

A� sd.S/0[A�sd.S0/B � sd.S0/ C

B � sd.S/0 S

G[F

p

maxS

The functoriality of sdS0.�/ in its argument results in a functor

sdS0 W Fun=S0.sd.S0/; C0/! Fun=S0
�
sdS0.sd.S0//; sdS0.C0/

�
:

Given F W B � sd.S0/! C0, let sdS0.F / W B � sdS0.sd.S0//! sdS0.C0/ denote the image. We then
define F as the composite

B � sd.S0/
id�ı
��! B � sdS0.sd.S0//

sdS0 .F /����! sdS0.C0/:

Also let F 0 denote F with codomain sdS .C /cocart
0 via the inclusion sdS0.C0/� sdS .C /cocart

0 .
Similarly, given G W A� sd.S/0! C , we may define G as the composite

A� sd.S/0
id�ı
��! A� sdS .sd.S/0/

sdS .G/
����! sdS .C /cocart

0 ;

where we note that the codomain of sdS .G/ necessarily lies in sdS .C /cocart
0 by definition of the locally

maxS -cocartesian edges in sd.S/0 (here it is essential that we use sd.S/ rather than �Ar
'
.S/). Clearly, G

and F 0 are compatible on their common domain A� sd.S0/ since G and F are. We thereby may factor
the square above as

A� sd.S/0[A�sd.S0/B � sd.S0/ sdS .C /cocart
0 C

B � sd.S/0 sdS0.C0/�sd.S0/ sd.S/0 S

G[F 0 maxC

' p

.F �;pr/ maxS

The dotted lift exists by (1), and postcomposition of such a lift by maxC defines the desired lift.

3.2.3 Main results We begin by constructing a factorization system [12, Definition 5.2.8.8] on sd.S/
associated to a sieve-cosieve decomposition of S . To do this, we need a few preparatory lemmas.

3.27 Lemma Let p WX ! S be a cartesian fibration. Given a functor � WK!X , let

Np WX�= D Fun.KB; X/�Fun.K;X/ f�g ! Sp�= D Fun.KB; X/�Fun.K;X/ fp�g

be the functor induced by p. Then Np is a cartesian fibration , and an edge Ne W Nx! Ny 2X�= is Np-cartesian
if and only if the underlying edge e W x! y 2X is p-cartesian.

Proof We may mimic the proof of [12, 3.1.2.1] to prove the lemma, the essential tool being [12, 3.1.2.3].
In more detail, let E be the described collection of edges in X�= and suppose we are given a lifting
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problem in marked simplicial sets of the form

ƒnn
\ .X�=; E/

�n\ .Sp�=/]

Np

where we mark the edge fn� 1; ng of ƒnn (if n > 1) and of �n. This transposes to a lifting problem of
the form

ƒnn
\
�KB[ƒnn

\
�K �

n\ �K X \

�n\ �KB S]

f

i p

where we mark the p-cartesian edges in X . Note that f is indeed a map of marked simplicial sets: this is
by definition of E for f on the edge fn� 1; ng � fvg (v 2KB the cone point), and by definition of f
on �n �K as given by � ı prK for the other marked edges. Applying [12, 3.1.2.3], we deduce that i is
marked right anodyne, so the dotted lift exists.

3.28 Lemma Let p WX ! S be a cartesian fibration. Suppose we have a commutative square in X

x z

y w

h

f g

k

If the edge g is p-cartesian , then we have an equivalence

Mapx==w.y; z/
'
�!Mappx==pw.py; pz/:

Proof In the statement of the lemma, the space of factorizations Mapx==w.y; z/ may be defined as the
pullback

Mapx==w.y; z/ Mapx=.y; z/

fkg Mapx=.y; w/

g�

and likewise for Mappx==pw.py; pz/.
Now by Lemma 3.27, Np WXx=! Spx= is a cartesian fibration and g, viewed as an edge h! kf , is a
Np-cartesian edge. Therefore, we have a homotopy pullback square of spaces

Mapx=.y; z/ Mapx=.y; w/

Mappx=.py; pz/ Mappx=.py; pw/

g�

p p

pg�

Taking fibers over k 2Mapx=.y; w/ and pk 2Mappx=.py; pw/ yields the claimed equivalence.
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Fix a functor � W S !�1 and let Si denote the fiber over i 2 f0; 1g. We now define a factorization
system on �Ar

'
.S/ that will restrict to a factorization system on the full subcategory sd.S/. Recall

that the data of a morphism e W x! y in �Ar
'
.S/ is given by an inclusion ˛ W �a0 ,! �a1 and a map

f W�1 ��inj E�inj! S that restricts to x W�a0 ! S and y W�a1 ! S , such that f sends morphisms
.i 2�a0/! .˛.i/ 2�a1/ to equivalences in S .

3.29 Definition Let L be the subclass of morphisms .˛; f / W x! y such that for every i … im˛, we
have that y.i/ 2 S0, and let R be the subclass of morphisms .˛; f / W x! y such that for every i … im˛,
we have that y.i/ 2 S1.

3.30 Proposition .L;R/ defines a factorization system on �Ar
'
.S/ and on sd.S/.

Proof We will check the assertion concerning �Ar
'
.S/; the second assertion will then be a consequence.

We first explain how to factor morphisms. Suppose that 
 W�a0 ,!�a2 , h W�1 �a;�inj E�inj! S is the
data of a morphism in �Ar

'
.S/ from x to z. Let �a1 � �a2 be the subset on those i 2 �a2 such that

i 2 im 
 or z.i/ 2 S0. We then obtain a factorization of 
 as

�a0 �a1 �a2 :
˛ ˇ

Define Na W�2!�inj, extending the given a W�f0;2g!�inj. Let r W�2� Na;�inj E�inj!�1�a;�inj E�inj

be the unique retraction which is the identity on �a0 and �a2 and is given by ˇ on �a1 . Let NhD h ı r .
Then Nh is the desired factorization of h, as it corresponds to a factorization

x y z
f

h

g

with y D z ıˇ W�a1! S defined so that y.i/ 2 S0 for all i … im˛ and z.j / 2 S1 for all j … imˇ, hence
f 2 L and g 2R.

Next, observe that because S0 and S1 are closed under retracts, so are L and R. It only remains to
check that L is left orthogonal to R. For this, suppose we are given a commutative square in �Ar

'
.S/ on

the left with f 2 L and g 2R covering the square in �inj on the right:

x z

y w

h

f g

k

�a �c

�b �d

ı

˛ ˇ

�




Because �S W �Ar
'
.S/!�inj is a right fibration, by Lemma 3.28 it suffices to show Map�a==�d .�

b; �c/

is contractible. This holds if and only if �b ��c when viewed as subsets of �d , so that the mapping
space is nonempty. Our hypothesis ensures that if i … imˇ, then w.i/ 2 S1, and if i 2�b , either i 2 im˛

or y.i/ 2 S0. Therefore, we must have that for every i 2�b with i … im˛ that w.�.i// 2 S0, and hence
�.i/ 2 imˇ. We conclude that the dotted lift 
 exists.
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Let ArL.sd.S//� Ar.sd.S// denote the full subcategory on those morphisms x! y in the class L.

3.31 Lemma (1) The inclusion i WArL.sd.S//�Ar.sd.S// admits a right adjoint r that on objects sends
h W x! y to f W x! z where h factors as g ıf according to the .L;R/ factorization system.

(2) i a r defines a relative adjunction with respect to evaluation ev0 at the source , and therefore for every
x 2 sd.S/ we obtain an adjunction

fxg �sd.S/ ArL.sd.S//� sd.S/x=:

(3) The relative adjunction i a r restricts to a relative adjunction

i W ArL.sd.S//�ev1;sd.S/ sd.S/0� Ar.sd.S//�ev1;sd.S/ sd.S/0 W r

and therefore for every x 2 sd.S/ we obtain an adjunction

fxg �sd.S/ ArL.sd.S//�sd.S/ sd.S/0� sd.S/x=0 :

Proof Claim (1) is the dual formulation of [12, 5.2.8.19]. Claims (2) and (3) then follow by the definition
of relative adjunction [14, 7.3.2.1] and its pullback property [14, 7.3.2.5].

We are now prepared to construct the recollement adjunctions. Note that the hypotheses of the following
theorem are satisfied if S is equivalent to a finite poset and p W C ! S is a locally cocartesian fibration
such that the fibers admit finite limits and the pushforward functors preserve finite limits.

3.32 Theorem Let p WC !S be a locally cocartesian fibration , let � WS!�1 be a functor , and suppose
we have a commutative diagram

sd.S/0 C

sd.S/ S

�

F

p

maxS

where F preserves locally cocartesian edges. Given x 2 sd.S1/, let

Jx D fxg �sd.S/ ArL.sd.S//�sd.S/ sd.S/0:

Note that .maxS ı ev1/jJx is constant at maxS .x/.

(1) If for every x 2 sd.S1/, the limit of .F ev1/jJx W Jx ! CmaxS .x/ exists , then the p-right Kan
extension G of F along � exists and G.x/' lim

 ��
F jJx .

(2) If for every f W s! t in S , the pushforward functor fŠ WCs!Ct preserves all limits appearing in (1),
then G preserves all locally cocartesian edges.

(3) If the hypotheses of (1) and (2) hold for all F , then we have an adjunction

�� W Funcocart
=S .sd.S/; C /� Funcocart

=S .sd.S/0; C / W ��:
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Proof Note that sd.S1/ � sd.S/ is the complementary sieve inclusion to the cosieve sd.S/0 � sd.S/.
For (1), to show existence of the p-right Kan extension it suffices for every x 2 sd.S1/ to show that the
p-limit of F ı pr1 W sd.S/x=0 ! sd.S/0! C exists. But by the argument of Corollary 3.12 applied to the
adjunction Jx� sd.S/x=0 of Lemma 3.31, this follows from the given hypothesis.

For (2), first note that there are no locally maxS -cocartesian edges e W x! y such that x 2 sd.S1/ and
y 2 sd.S/0, or vice versa, so it suffices to handle the case where e W x! y is a locally maxS -cocartesian
edge in sd.S1/ only. Let f WmaxS .x/D s!maxS .y/D t be the edge in S1 � S . If f is an equivalence,
then e is an equivalence and G.e/ is an equivalence, so we may suppose f is not an equivalence. Then by
the description of the locally maxS -cocartesian edges in Lemma 3.25, y is obtained from e by appending
the edge f . Correspondingly, the functor Jy '�!Jx defined via sending y! z to x! z by precomposing
is an equivalence, using that such edges are constrained to only add objects in S0. Examining how the
functoriality of G is obtained from the pointwise existence criterion for Kan extensions, we see that the
comparison morphism in Ct ,

 W fŠG.x/' fŠ.lim ��F ev1jJx /!G.y/' lim
 ��

F ev1jJy ;

is induced via the functoriality of limits (contravariant in the diagram, covariant in the target) from the
commutative diagram

Jx Cs

Jy Ct

F ev1

fŠ'

F ev1

The hypothesis that fŠ preserve limits indexed by Jx together with Jy ' Jx then proves that  is an
equivalence.

Finally, for (3) it is clear that if G W sd.S/! C preserves locally cocartesian edges, then the restriction
��G of G to sd.S/0 does as well. Items (1) and (2) establish the same fact for ��F . Hence, the
characteristic adjunction

�� W Fun=S .sd.S/; C /� Fun=S .sd.S/0; C / W ��

of the p-right Kan extension along � restricts to the full subcategories of functors preserving locally
cocartesian edges in order to yield the desired adjunction.

3.33 Remark Suppose that S is a poset and x 2 S1 � sd.S1/. Then the1-category Jx that appears in
Theorem 3.32 is the poset whose objects are strings Œa0 < � � �< an < x�, n� 0, with ai 2 S0 and whose
morphisms are string inclusions.

3.34 Corollary Suppose the hypotheses of Theorem 3.32 are satisfied. Let j W sd.S0/! sd.S/ denote
the inclusion. Then the functor j � of restriction along j participates in an adjunction

j � W Funcocart
=S .sd.S/; C /� Funcocart

=S0
.sd.S0/; C0/ W j�

with fully faithful right adjoint j�.
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Proof Combine Theorems 3.32 and 3.26(2).

We have a far simpler result concerning the calculation of the left adjoint jŠ of j � (but see Remark 3.41).

3.35 Proposition Let p W C ! S be a locally cocartesian fibration , let � W S ! �1 be a functor , and
suppose that for every s 2 S1, the fiber Cs admits an initial object ¿, and for every Œf W s! t � 2 S1 the
pushforward functors fŠ all preserve initial objects. Then j � admits a fully faithful left adjoint jŠ such
that for F W sd.S0/! C0, we have jŠF.x/'¿ for all x 2 sd.S1/.

Proof Suppose we have a commutative diagram

sd.S/0 C

sd.S/ S

�

F

p

maxS

For all x 2 sd.S1/, the fiber product sd.S/=x �sd.S/ sd.S/0 is the empty category. Therefore, under our
assumption the p-left Kan extension �ŠF of F along � exists and is computed by �ŠF.x/D¿ on sd.S1/.
Combining this observation with Theorem 3.26(2), we obtain the desired adjunction

jŠ W Funcocart
=S0

.sd.S0/; C0/� Funcocart
=S .sd.S/; C / W j �:

We next turn to the cosieve inclusion S1�S . Note that the inclusion i W sd.S1/ ,! sd.S/ is a sublocally
cocartesian fibration with respect to maxS W sd.S/! S , and is in addition a sieve inclusion, and hence i
is a cartesian fibration. In fact, the cosieve inclusion j W sd.S/0 ,! sd.S/ is complementary to i .

3.36 Proposition Let p W C ! S be a locally cocartesian fibration , let � W S ! �1 be a functor , and
suppose the fibers of p admit terminal objects and the pushforward functors preserve terminal objects.
Then we have the adjunction

i� W Funcocart
=S .sd.S/; C /� Funcocart

=S1
.sd.S1/; C1/ W i�

with i� fully faithful , where i� is given by restriction along i and i� is p-right Kan extension along i .
Moreover , for a functor G W sd.S1/! C1, we have .i�G/.x/' � 2 CmaxS .x/ for all x 2 sd.S/0.

Proof By Corollary 3.12, using the hypothesis that the fibers of p admit terminal objects we have the
adjunction

i� W Fun=S .sd.S/; C /� Fun=S1.sd.S1/; C1/ W i�

with i� and i� as described. Then using that the pushforward functors preserve terminal objects, we see
that this adjunction restricts to the one of the proposition.

3.37 Lemma Let p W C ! S be a locally cocartesian fibration and suppose that the fibers Cs admit
K-(co)limits and the pushforward functors preserve K-(co)limits. Then the category Funcocart

=S
.sd.S/; C /

admits K-indexed (co)limits , and for all � 2 sd.S/ over s D maxS .�/, the evaluation functor ev� W
Funcocart

=S
.sd.S/; C / ! Cs preserves K-indexed (co)limits. Moreover , if the fibers Cs are stable 1-

categories and the pushforward functors are exact , then Funcocart
=S

.sd.S/; C / is a stable1-category.
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Proof Apply [12, Proposition 5.4.7.11] to the locally cocartesian fibration sd.S/�S C ! sd.S/, with the
subcategory of

^

Cat1 either taken to be those1-categories that admit K-indexed (co)limits and functors
that preserve K-indexed (co)limits, or the subcategory Catstab

1 of stable1-categories and exact functors
thereof.

We encapsulate the assumptions above on existence and preservation of various limits into the following
definition (compare with Definition 3.4).

3.38 Definition (standard existence assumptions, left-lax version) Let p WC ! S be a locally cocartesian
fibration and let � W S ! �1 be a functor. We say that p satisfies the standard recollement existence
assumptions with respect to � if:

(1) For all s 2 S , Cs admits finite limits, and for all morphisms f W s! t in S , the pushforward functors
fŠ W Cs! Ct preserves finite limits.

(2) The hypotheses of Theorem 3.32 hold.

Finally, putting everything together, we get:

3.39 Theorem Let p W C ! S be a locally cocartesian fibration , let � W S ! Œ1� be a functor , and
suppose that p satisfies the standard recollement existence assumptions with respect to � . Then the
two adjunctions of Corollary 3.34 and Proposition 3.36 combine to exhibit Funcocart

=S
.sd.S/; C / as a

recollement of Funcocart
=S0

.sd.S0/; C0/ and Funcocart
=S1

.sd.S1/; C1/.

Proof We verify the conditions to be a recollement. By our assumption on p and Lemma 3.37, finite
limits in Funcocart

=S
.sd.S/; C / exist and are computed fiberwise. Therefore, the restriction functors j �

and i� are left exact. By the formula for i� given in Proposition 3.36, it is clear that j �i� is constant
at the terminal object. Finally, we check that j � and i� are jointly conservative. Suppose given a
morphism ˛ W F ! F 0 in Funcocart

=S
.sd.S/; C / such that j �˛ and i�˛ are equivalences. Observe that ˛ is

an equivalence if and only if for all x 2 S , ˛x W F.x/! F 0.x/ is an equivalence (viewing x as an object
in sd.S/). Because any object of S lies in either S0 or S1, we deduce that ˛ is an equivalence.

3.40 Remark Suppose that S is a down-finite poset P . Let C !P be a locally cocartesian fibration such
that its fiber admits finite limits and its pushforward functors preserve finite limits. Then the hypotheses of
Theorem 3.32 automatically hold for every sieve-cosieve decomposition of P . Indeed, the categories Jx
that appear there are all finite (see Remark 3.33).

Let us now return to the question of the existence of jŠ.

3.41 Remark The left adjoint jŠ in Proposition 3.35 should exist even if we only suppose that the
fibers of C admits initial objects (i.e., we need not suppose that the pushforward functors preserve initial
objects). However, in that case jŠ will not generally be the p-left Kan extension along the inclusion �,
and relatedly, a direct proof of this would appear to be overly cumbersome in our framework. Rather, we
can say the following (which covers most cases of practical relevance):
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� Suppose that the hypotheses of Theorem 3.39 are satisfied and we have shown that Funcocart
=S1

.sd.S1/; C /
admits an initial object. Then as in any recollement situation, the left adjoint jŠ exists and is computed by
jŠ.u/D Œu;¿! i�j�.u/�.

� To exhibit the initial object of Funcocart
=S1

.sd.S1/; C /, suppose also that S1 is a finite poset P . Then
using Theorem 3.39 in conjunction with Lemma 2.39, we may proceed by induction on the cardinality
of P and repeatedly invoke our assumption that the fibers of C admit an initial object to conclude that
Funcocart

=S1
.sd.S1/; C / admits an initial object whose evaluation at every singleton string is also initial.

We conclude this subsection by giving an application of Theorem 3.39 to the presentability of the
right-lax limit Funcocart

=S
.sd.S/; C /. First suppose that S is equivalent to a finite poset and write P D S .

3.42 Proposition Suppose that the fibers Cs of p W C ! P are presentable and the pushforward functors
are left-exact and accessible. Then Funcocart

=P
.sd.P /; C / is presentable , and for all s 2 P , the evaluation

functor evs W Funcocart
=P

.sd.P /; C /! Cs preserves (small ) colimits and is accessible.

Proof The accessibility statements follow from [12, Proposition 5.4.7.11] as in Lemma 3.37, so we only
need to show the existence and preservation of small colimits. Our strategy is to proceed by induction on
the cardinality of P . If jP j � 1, then the statement is clear. Suppose for the inductive hypothesis that
we have established the statement for all posets Q such that jQj< jP j. Let b 2 P be a maximal object
and let � W P ! �1 be the functor determined by the sieve-cosieve decomposition P0 D P n fbg and
P1 D fbg. Because the diagrams that appear in Theorem 3.32 are finite, we may apply Theorem 3.39
to decompose Funcocart

=P
.sd.P /; C / as a recollement of Funcocart

=P0
.sd.P0/; C0/ and Cb . By the inductive

hypothesis, both these1-categories admit all small colimits such that the evaluation functors at objects
in P0 and P1 are colimit-preserving. By Lemma 2.39, we conclude that Funcocart

=P
.sd.P /; C / admits all

small colimits such that the evaluation functors for objects s 2 P are colimit-preserving.

Next, we may use the equivalence (see Observation 3.23)

(?) sd.S/ ' � colimŒn�2�=S sd.Œn�/

to promote Proposition 3.42 to a statement involving arbitrary S .

3.43 Corollary Suppose the fibers Cs of p W C ! S are presentable and the pushforward functors are
left-exact and accessible. Then Funcocart

=S
.sd.S/; C / is presentable.

Proof We may simply copy over the proof strategy used to establish [2, Proposition 6.1.6(1)]. By (?),
we have that

Funcocart
=S .sd.S/; C / '�! lim

Œn�2.�=S /op
Funcocart

=Œn� .sdŒn�; C jŒn�/:

By Proposition 3.42 and Theorem 3.39, for every Œ� W Œn�! S� 2�=S , limrlax ��C is presentable and the
evaluation functors fevi W limrlax ��C ! C�.i/g

n
iD0 are colimit-preserving and jointly conservative. Note

then that for any map ˛ W Œm�! Œn�, the restriction functor

˛� W limrlax ��C ! limrlax ˛���C
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preserves colimits. Then since limrlax C is a limit of presentable1-categories along colimit-preserving
functors, it is presentable.

3.44 Remark We explain a subtle difference between our general approach and the one of [2, §6],
which is adapted to the case of locally cocartesian fibrations p W C ! P over a poset P whose fibers are
presentable stable1-categories and whose pushforward functors are exact and accessible. Suppose one
could prove directly that Funcocart

=P
.sd.P /; C / is presentable (for any poset) and that the restriction functor

j � W Funcocart
=P

.sd.P /; C /! Funcocart
=P0

.sd.P0/; C / preserves colimits, so that it admits a right adjoint j�.
Then without a pointwise formula for j�, it is generally difficult to show that j� is fully faithful. However,
this would follow if we could also exhibit a fully faithful left adjoint jŠ to j �, and this turns out to be
easier to analyze (see Proposition 3.35). This is the strategy adopted in the proof of [2, Proposition 6.1.6].

Therefore, if we were only interested in the existence of the recollement on Funcocart
=P

.sd.P /; C / in the
stable presentable case, then we could bypass the work that goes into establishing the pointwise formula
of Theorem 3.32. However, our primary motivation for undertaking this work lay precisely in having this
pointwise formula. Note also that in the presentable case, the right adjoint j� exists unconditionally even
if it is not describable as a relative right Kan extension.

On the other hand, such tricks are not available in the absence of presentability (though for idempotent-
complete small stable1-categories, one can pass to their Ind-completions as is done in [2, §7.2]). Over
a down-finite poset P (see Remark 3.40), our Theorem 3.39 thus allows one to strengthen [2, Theorem A]
by removing all of the presentability hypotheses therein.

3.2.4 Symmetric monoidal structure We briefly explain how to promote Theorem 3.39 to a statement
involving symmetric monoidal recollements. First recall the notions of left-lax and right-lax morphisms
of locally cocartesian fibrations from [2, §A.1 and A.3]:

3.45 Recollection Let �; � W C;D! S be locally cocartesian fibrations. A left-lax morphism �! � is a
functor F W C!D over S (which need not preserve locally cocartesian edges). In contrast, a right-lax
morphism �! � is defined as in [2, Definition A.3.2] as the “unstraightened” counterpart to a right-lax
natural transformation of left-lax functors.

The collection of locally cocartesian fibrations over S and right-lax morphisms thereof assemble into
an 1-category LocCocartrlax

S which contains LocCocartS as a wide subcategory. Moreover, limrlax

extends to a functor over LocCocartrlax
S that is right adjoint to the constant functor const W E 7! E�S .

See [2, Definitions A.3.2 and B.6.1].

In view of the adjunction const a limrlax, limrlax sends commutative monoids in LocCocartrlax
S to

symmetric monoidal1-categories. Moreover, a diagram chase shows that given a commutative monoid
structure on Œp W C ! S�, for any ˛ W T ! S the pullback Œ˛�C ! T � is a commutative monoid in
LocCocartrlax

T and the restriction functor limrlax C ! limrlax ˛�C is symmetric monoidal. It follows that
if the recollement of Theorem 3.39 exists in this situation, then it is symmetric monoidal.

3.46 Remark If S D�1, then a commutative monoid in LocCocartrlax
�1

is the data of a lax symmetric
monoidal functor of symmetric monoidal1-categories (see [11, Proposition 2.6]). In general, to endow
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p W C ! S with the structure of a commutative monoid entails endowing its fibers with symmetric
monoidal structures and its pushforward functors and natural transformations thereof with lax symmetric
monoidal structures in a coherent fashion. See [2, §4] for how to produce examples from simpler input.

4 1-generated and extendable objects

Suppose S D�2 and p W C !�2 is a locally cocartesian fibration classified by a 2-functor

C0 C2

C1
F

H

+
G

Then the data of a functor sd.�2/!C over�2 that preserves locally cocartesian edges can be summarized
as follows:

� Objects ci 2 Ci for i D 0; 1; 2.

� Morphisms f W c1! F.c0/, g W c2!G.c1/, and h W c2!H.c0/.

� A commutative square

c2 H.c0/

G.c1/ GF.c0/

h

g can
G.f /

Furthermore, if the map can is an equivalence, then the data of the commutative square and the
morphism h are redundant, since then h ' G.f / ı g and compositions in an 1-category are unique
up to contractible choice. More precisely, if we let 
2 W sd1.�2/ � sd.�2/ be the subposet on the set
fŒ0�; Œ1�; Œ2�; Œ0 < 1�; Œ1 < 2�g, then the functor


�2 W Funcocart
=�2

.sd.�2/; C /! Funcocart
=�2

.sd1.�2/; C /

is a trivial fibration onto its image when restricted to objects for which can is an equivalence.
Our goal in this section is to generalize this observation to the case where S D �n. We introduce

subcategories of 1-generated and extendable objects (Definitions 4.5 and 4.12) and show their equivalence
under the restriction functor 
�n (Theorem 4.15), given a stability hypothesis on C p

�!�n. This material
will play an important role in [19].

4.1 Notation Let 
n W sd1.�n/� sd.�n/ be the subposet on strings Œk� and Œk < kC 1�.

We also introduce convenient notation for convex subposets of �n.

4.2 Notation Let Œi W j ���n denote the subposet on i � k � j .
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Via its inclusion into sd.�n/, we regard sd1.�n/ as a simplicial set over �n (i.e., by the functor that
takes the maximum) and as a marked simplicial set (so that each edge Œk�! Œk < kC 1� is marked). We
first state the analogue of Theorem 3.39 for sd1, whose proof is far simpler.

4.3 Proposition Let p W C !�n be a locally cocartesian fibration such that the fibers admit finite limits
and the pushforward functors preserve finite limits. Let 0� k < n, so the subcategories Œ0 W k�Š�k and
ŒkC 1 W n�Š�n�k�1 of �n give a sieve-cosieve decomposition. Then we have adjunctions

Funcocart
=Œ0Wk�

�
sd1.Œ0 W k�/; CŒ0Wk�

�
Funcocart

=�n
.sd1.�n/; C / Funcocart

=ŒkC1Wn�

�
sd1.ŒkC 1 W n�/; CŒkC1Wn�

�
j�

j� i�

i�

that exhibit Funcocart
=�n

.sd1.�n/; C / as a recollement.

Proof Let j W sd1.Œ0 W k�/! sd1.�n/ and i W sd1.ŒkC1 W n�/! sd1.�n/ be the inclusions, so j � and i�

are defined by restriction along j and i . As in the proof of Lemma 3.37, our hypotheses on p ensure
that the three1-categories admit finite limits and the functors j � and i� are left-exact. Moreover, since
equivalences are detected on strings Œk�, j � and i� are jointly conservative. The functor i� is obtained by
p-right Kan extension as in the proof of Proposition 3.36, and its essential image consists of functors
F W sd1.�n/! C such that F.i/ is a terminal object in Ci for all 0 � i � k, so j �i� is the constant
functor at the terminal object.

Finally, we show existence of j�. Let sd1.Œ0 W k�/C be the subposet of sd1.Œ0 W n�/ on all objects in
sd1.Œ0 W k�/ and fŒk < kC 1�g, with marking inherited from sd.�n/. Then we have a pushout square of
marked simplicial sets

�0 .�1/]

sd1.Œ0 W k�/ sd1.Œ0 W k�/C

so the inclusion sd1.Œ0 W k�/� sd1.Œ0 W k�/C is P-anodyne for the categorical pattern P defining the locally
cocartesian model structure on sSetC

=�n
. We thus obtain a trivial fibration

Funcocart
=Œ0WkC1�

�
sd1.Œ0 W k�/C; CŒ0WkC1�

�
! Funcocart

=Œ0Wk�

�
sd1.Œ0 W k�/; CŒ0Wk�

�
:

On the other hand, given a commutative diagram

sd1.Œ0 W k�/C C

sd1.Œ0 W kC 1�/ �n

F

p
G

since sd1.Œ0 W k�/C�sd1.Œ0WkC1�/ sd1.Œ0 W kC1�/ŒkC1�=Š fŒk < kC1�g, F admits a p-right Kan extension
along sd1.Œ0 W k�/C � sd1.Œ0 W kC 1�/ and G is a p-right Kan extension of F if and only if G sends the
edge ŒkC 1�! Œk < kC 1� to an equivalence. Therefore, we may alternate between anodyne extension
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and p-right Kan extension along the filtration

sd1.Œ0 W k�/� sd1.Œ0 W k�/C � sd1.Œ0 W kC 1�/� � � � � sd1.Œ0 W n� 1�/C � sd1.�n/

to define the functor j�. Moreover, we see that the essential image of j� consists of those functors
sd1.�n/! C that send the edges Œl C 1�! Œl < l C 1� to equivalences for all l � k.

We next wish to introduce a condition on objects of Funcocart
=�n

.sd.�n/; C /, which we term 1-generated,
that indicates that the data of such objects is essentially determined by their restriction to sd1.�n/.

4.4 Notation Given a string � D Œi < i C k� in sd.�n/, let Q� � sd.�n/ be the subposet on all strings
Œi < � � �< i Ck�. Note that Q� is a .k�1/-dimensional cube lying in the fiber sd.�n/maxDiCk with � as
its minimal element.

4.5 Definition Let C ! �n be a locally cocartesian fibration and F W sd.�n/! C be a functor that
preserves locally cocartesian edges. We say that F is 1-generated if for all strings � D Œi < i C k�

in sd.�n/, F jQ� is a limit diagram in CiCk .
Let Funcocart

=�n
.sd.�n/; C /1-gen be the full subcategory on the 1-generated objects.

4.6 Lemma Let C ! �n be a locally cocartesian fibration whose fibers are stable1-categories and
whose pushforward functors are exact. Then F W sd.�n/! C is 1-generated if and only if for all string
inclusions e W Œi < i C k�! Œi < i C 1 < i C k� in sd.�n/, F.e/ is an equivalence in CiCk .

Proof We prove the stronger claim that for fixed k � 2 and all string inclusions eij W �ij D Œi < iCj �!
Œi < i C 1 < i C j � with 2 � j � k, F jQ�ij is a limit diagram for all Q�ij if and only if F.eij / is an
equivalence for all eij .

We proceed by induction on k. For the base case k D 2, given a string inclusion � D Œi < i C 2�!
Œi < i C 1 < i C 2�, the edge is the 1-dimensional cube Q� , so F jQ� is a limit diagram if and only if
F.e/ is an equivalence. Now let k > 2 and suppose we have proven the statement for all l < k. Note
that in proving either direction of the “if and only if” statement, we may suppose that F jQ�ij is a limit
diagram and F.eij / for all 2� j < k, so let us do so.

Consider an edge e W� D Œi < iCk�! Œi < iC1< iCk�. For 1<j <k, letQ�;j �Q� be the subposet
on strings excluding vertices iCj; : : : ; iCk�1. Then we have a descending filtration of sieve inclusions

Q� ´Q�;k �Q�;k�1 �Q�;k�2 � � � � �Q�;2;

where Q�;j is a .j�1/-dimensional cube and Q�;2 consists only of the edge e. Note that if we let
Q0�;j DQ�;jC1nQ�;j for 1<j <k, then the minimal element ofQ0�;j is given by �j D Œi < iCj <iCk�,
and if we let � 0j D Œi < i C j �, then Q0�;j is obtained from Q� 0

j
by concatenating i C k. By the inductive

hypothesis and using that the pushforward functors are exact, we get that F jQ0
�;j

is a limit diagram.
Taking total fibers of cubes then shows that F jQ�;j is a limit diagram if and only if F jQ�;j�1 is a limit
diagram. Traversing the filtration, we conclude that F jQ� is a limit diagram if and only if F.e/ is an
equivalence.
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4.7 Lemma Let Q D sd.�n/maxDn, D a stable1-category , and f WQ!D a functor. Suppose the
following condition holds:

(�) For all string inclusions e W � ! � 0 in Q obtained by concatenating Œi < k�! Œi < i C 1 < k� by a
(possibly empty) suffix � , f .e/ is an equivalence.

Then f is a limit diagram if and only if f .Œn�! Œn� 1 < n�/ is an equivalence.

Proof The proof is similar to that of Lemma 4.6. For 0� j < n, let Q�j (resp. QDj ) be the subposet on
strings � with minimum�j (resp.Dj ). ThenQ�j is an .n�j /-dimensional cube,QDj DQ�j nQ�jC1
is an .n�j�1/-dimensional cube, and we have a descending filtration

QDQ�0 �Q�1 �Q�2 � � � � �Q�n�1:

Observe thatQDj DQŒj<n�, so f jQDj is a limit diagram under our hypotheses by the proof of Lemma 4.6.
Therefore, taking total fibers shows that f jQ�j is a limit diagram if and only if f jQ�jC1 is a limit
diagram. Traversing the filtration then proves the claim.

We continue to assume C !�n is a locally cocartesian fibration whose fibers are stable1-categories
and whose pushforward functors are exact. Observe that we have a commutative diagram

Funcocart
=Œ0Wn�1�

�
sd.Œ0 W n� 1�/; CŒ0Wn�1�

�
Funcocart

=Œ0Wn�1�

�
sd1.Œ0 W n� 1�/; CŒ0Wn�1�

�
Funcocart

=�n
.sd.�n/; C / Funcocart

=�n
.sd1.�n/; C /

Cn Cn


�n�1


�n

j�

i�

j�

i�

id

so in particular 
�n is a morphism of stable recollements. However 
n generally fails to be a strict
morphism of stable recollements, i.e., the natural transformation

i�j�! i�j�

�
n�1

is typically not an equivalence.

4.8 Lemma Suppose F W sd.�n/! C is 1-generated. Then the comparison map

i�j�j
�F D .j�j

�F /.n/! i�j�

�
n�1j

�F D .j�.F jsd1.Œ0Wn�1�///.n/

is an equivalence.

Proof Let K � sd.�n/ be the subposet on strings � with max.�/ D n and � ¤ n. By the formulas
computing j� given in Theorem 3.32 and Proposition 4.3, we see that the comparison map is given by
the canonical map from the limit of F jK to F.Œn� 1 < n�/. Since F is 1-generated, by Lemma 4.6 the
conditions of Lemma 4.7 are satisfied, so this canonical map is an equivalence.
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4.9 Definition For the functor j� defined as in Corollary 3.34 with respect to Œ0 W n� 1� and fng, we say
that a functor F W sd.Œ0 W n� 1�/! CŒ0Wn�1� is C-1-generated if both F and j�F are 1-generated. Let

Funcocart
=Œ0Wn�1�

�
sd.Œ0 W n� 1�/; CŒ0Wn�1�

�C
1-gen

be the full subcategory on the C-1-generated objects.

4.10 Lemma We have adjunctions

Funcocart
=Œ0Wn�1�

�
sd.Œ0 W n� 1�/; CŒ0Wn�1�

�C
1-gen Funcocart

=�n
.sd.�n/; C /1-gen Cn

j�

j� i�

i�

that exhibit Funcocart
=�n

.sd.�n/; C /1-gen as a stable recollement.

Proof Clearly, we may define j�, i�, and i� to be the restrictions of the corresponding functors for the
adjunctions of Theorem 3.39. The only subtle point is that given F W sd.�n/! C which is 1-generated,
we require that the localization j�j �F is also 1-generated. But this holds, since F ' j�j �F except
possibly at n 2 sd.�n/ and the 1-generated condition ignores n. Therefore, we may also define j � as the
restricted functor, and the recollement conditions are then immediate.

4.11 Corollary The restriction 
�n W Funcocart
=�n

.sd.�n/; C /1-gen! Funcocart
=�n

.sd1.�n/; C / is a strict mor-
phism of stable recollements with respect to Lemma 4.10 and Proposition 4.3.

Proof This follows immediately from Lemma 4.8.

We want to apply Corollary 4.11 to show that 
�n is an equivalence (in fact, a trivial fibration) onto its
essential image. To understand this image as a condition on objects in the codomain, we introduce the
following definition. For 0� i < j � n, let �ji W Ci ! Cj denote the pushforward functor encoded by the
locally cocartesian fibration.

4.12 Definition We say that a functor f W sd1.�n/!C is extendable if for every string Œi < iC1< iCk�
in sd.�n/, the canonical map in CiCk

� iCki f .i/! .�kiC1 ı �
iC1
i /f .i/

encoded by the locally cocartesian fibration is an equivalence. Let

Funcocart
=�n .sd1.�n/; C /ext

denote the full subcategory on the extendable objects.

4.13 Definition For the functor j� defined as in Proposition 4.3 with respect to Œ0 W n� 1� and fng, we
say that a functor f W sd1.Œ0 W n� 1�/! C is C-extendable if both f and j�f are extendable. Let

Funcocart
=Œ0Wn�1�

�
sd1.Œ0 W n� 1�/; CŒ0Wn�1�

�C
ext

be the full subcategory on the C-extendable objects.
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Note that the extendability condition becomes stronger through considering the additional strings
in sd.�n/; for example, extendability is no condition on f W sd1.Œ0 W 1�/! CŒ0W1�, but we acquire the
condition that the map �20f .0/! �21 �

1
0f .0/ is an equivalence upon enlarging to �2. Let us first state the

evident counterpart to Lemma 4.10.

4.14 Lemma We have adjunctions

Funcocart
=Œ0Wn�1�

�
sd1.Œ0 W n� 1�/; CŒ0Wn�1�

�C
ext Funcocart

=�n
.sd1.�n/; C /ext Cn

j�

j� i�

i�

that exhibit Funcocart
=�n

.sd1.�n/; C /ext as a stable recollement.

Proof This is immediate from restricting the recollement of Proposition 4.3.

We have assembled all the ingredients needed to prove Theorem 4.15. Note that by Lemma 4.7, 
�n of
a 1-generated object is extendable, so the functor of Theorem 4.15 is well defined.

4.15 Theorem Suppose C !�n is a locally cocartesian fibration whose fibers are stable1-categories
and whose pushforward functors are exact. Then the functor


�n W Funcocart
=�n .sd.�n/; C /1-gen! Funcocart

=�n .sd1.�n/; C /ext

is an equivalence of1-categories.

Proof We proceed by induction on n. For the base cases n D 0 and n D 1, the result is trivial. Let
n > 1 and suppose we have proven the theorem for all k < n. By the inductive hypothesis, 
�n�1 is an
equivalence. Observe that 
�n�1 restricts to a functor

.
�n�1/
C
W Funcocart

=Œ0Wn�1�

�
sd.Œ0 W n� 1�/; CŒ0Wn�1�

�C
1-gen! Funcocart

=Œ0Wn�1�

�
sd1.Œ0 W n� 1�/; CŒ0Wn�1�

�C
ext:

If we let .
�n�1/
�1 be an inverse functor, then by Lemma 4.6, if f W sd1.Œ0 W n � 1�/ ! CŒ0Wn�1� is

C-extendable, then .
�n�1/
�1.f / is C-1-generated. Therefore, .
�n�1/

C is also an equivalence. By
Corollary 4.11 (but replacing the codomain there with the recollement of Lemma 4.14) and the two-out-
of-three property of equivalences for a strict morphism of stable recollements (Remark 2.7), we deduce
that 
�n is an equivalence.

4.16 Observation To make better use of Theorem 4.15, let us further unpack Funcocart
=�n

.sd1.�n/; C /.
Note that we may write sd1.�n/ as the union of marked simplicial sets

sd.Œ0 W 1�/[1 sd.Œ1 W 2�/[2 � � � [n sd.Œn� 1 W n�/;

so we obtain a fiber product decomposition

Funcocart
=�n .sd1.�n/; C /' Funcocart

=Œ0W1�

�
sd.Œ0 W 1�/; CŒ0W1�

�
�C1 � � ��Cn�1 Funcocart

=Œn�1Wn�

�
sd.Œn�1 W n�/; CŒn�1Wn�

�
:

Algebraic & Geometric Topology, Volume 26 (2026)



1374 Jay Shah

Let � iC1i W Ci ! CiC1 be the pushforward functors as before, and with respect to the trivial fibration
(induced by the inner anodyne spine inclusion Œ0 W 1�[1 � � � [n�1 Œn� 1 W n�!�n)

Fun.�n;Cat1/ '�! Fun.Œ0 W 1�;Cat1/�1 � � � �n�1 Fun.Œn� 1 W n�;Cat1/;

let �� W�n! Cat1 be a functor lifting the � iC1i . Let C_! .�n/op be a cartesian fibration classified
by ��. Then if we let Œi C 1 W i � D Œi W i C 1�op, we have that .C_/ŒiC1Wi� ' .CŒi WiC1�/

_ where the
right-hand .�/_ denotes the dual cartesian fibration of the cocartesian fibration CŒi WiC1�! Œi W i C 1�.
Then by Observation 2.14, we have an equivalences of1-categories

Funcocart
=Œi WiC1�

�
sd.Œi W i C 1�/; CŒi WiC1�

�
' Fun=ŒiC1Wi�.Œi C 1 W i �; C

_
ŒiC1Wi�/' Ar.CiC1/�ev1;CiC1;�

iC1
i

Ci :

Again using that the spine inclusion is inner anodyne, we obtain the following proposition.

4.17 Proposition We have equivalences of1-categories

Funcocart
=�n .sd1.�n/; C /' Fun=.�n/op..�n/op; C_/

' Ar.Cn/�Cn Ar.Cn�1/�Cn�1 � � � �C2 Ar.C1/�C1 C0;

where in the fiber product , the maps Ar.Ck/! Ck are given by evaluation at the target , and the maps
Ar.Ck/! CkC1 are given by composing evaluation at the source with �kC1

k
W Ck! CkC1.

4.18 Notation Let .Ar.Cn/�Cn � � � �C1 C0/ext denote the full subcategory of Ar.Cn/�Cn � � � �C1 C0
given by restricting the equivalence of Proposition 4.17 to Funcocart

=�n
.sd1.�n/; C /ext on the left-hand side.

Then we can also express Theorem 4.15 as

Funcocart
=�n

.sd.�n/; C /1-gen .Ar.Cn/�Cn � � � �C1 C0/ext

Funcocart
=�n

.sd.�n/; C / Ar.Cn/�Cn � � � �C1 C0


�n

'


�n

which is more concrete in practice (e.g., for the example of Cpn-spectra explained in Remark 4.19).

4.19 Remark The type of iterated fiber product occurring in Proposition 4.17 appears in the work of
Nikolaus and Scholze when they describe the data of a (genuine) Cpn-spectrum X whose geometric fixed
points (except possibly ˆCpnX and ˆCpn�1X) are all bounded below; see [17, Remark II.4.8].18 In
fact, Theorem 4.15 together with [2, Theorem E] applies to give a proof of [17, Remark II.4.8] that is
independent of the machinery of “coalgebras for endofunctors” developed in [17, §II.5]. We will explain
this in more detail in [19, §3.2] as well as prove a dihedral refinement of this assertion. For now, we give
an overview of the argument:

18Nikolaus and Scholze elide the subtlety involving the lack of bounded-below hypotheses needed onˆCpnX andˆCpn�1X .
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By [2, Theorem E], for any finite group G with subconjugacy poset P there exists a locally cocartesian
fibration SpG�-locus! P whose right-lax limit is canonically equivalent19 to the1-category SpG of (gen-
uine) G-spectra. Furthermore, for every subgroup H �G, .SpG�-locus/H ' SphWGH D Fun.BWGH;Sp/
where WGH D NGH=H is the Weyl group, and the equivalence transports a G-spectrum X to its
associated diagram of geometric fixed points fˆHX 2 SphWGH g. If G D Cpn , then we may identify the
pushforward functor associated to ŒCpk � Cpm � with the proper Tate construction .�/�Cpm�k endowed
with residual action; in particular, when m D k C 1, this is the ordinary Tate construction .�/tCp .
In addition, under the equivalence SpCpn ' limrlax SpCpn�-locus and the isomorphism P Š Œn�, the map 
�n
identifies with the forgetful functor

SpCpn ! SphCpn �
.�/tCp ;Sp

hC
pn�1 ;ev1

Ar.SphCpn�1 /�
.�/tCp ev0;Sp

hC
pn�2 ;ev1

Ar.SphCpn�2 /� � � ��Ar.Sp/

that sends X to ŒˆeX;ˆCpX ! .ˆeX/tCp ; : : : ; ˆCpnX ! .ˆ
C
pn�1X/tCp � where the maps are the

usual ones. The assertion made in [17, Remark II.4.8] is that 
�n restricts to an equivalence

SpCpn
C

'
�!SphCpn

C
�
.�/tCp ;Sp

hC
pn�1 ;ev1

Ar0.SphCpn�1 /�
.�/tCp ev0;Sp

hC
pn�2 ;ev1

Ar0.SphCpn�2 /�� � ��Ar.Sp/;

where:

� SpCpn
C
� SpCpn denotes the full subcategory of Cpn-spectra spanned by those objects whose

geometric fixed points (except possibly ˆCpn and ˆCpn�1 ) are all bounded below.

� SphCpn
C

� SphCpn denotes the full subcategory of Borel Cpn-spectra spanned by those objects whose
underlying spectrum is bounded below.

� Ar0 denotes the full subcategory on arrows whose source is bounded below.

To invoke Theorem 4.15 to deduce this, we need to show that for every X 2 SpCpn
C

, X is 1-generated
as an object in limrlax SpCpn�-locus. If nD 2, this is the content of the Tate orbit lemma of [17, Lemma I.2.1]
once one identifies the fiber of the natural transformation can W .�/�Cp2 ) ..�/tCp /

tC
p2
=Cp encoded

by Sp
C
p2

�-locus with ..�/hCp /
tC
p2
=Cp . Proceeding by induction on n, it is then not difficult to verify that

the condition of Lemma 4.6 holds for all X 2 SpCpn
C

; we record this as [19, Corollary 3.40].

5 Reconstruction of sheaves on stratified 1-topoi

We explain how to apply Theorem 3.39 to prove a reconstruction theorem (Theorem 5.13) for sheaves in
an1-topos stratified by a finite poset P in the sense of Barwick, Glasman, and Haine (Definition 5.5). We
then prove a conjecture of Barwick, Glasman, and Haine by establishing an equivalence (Theorem 5.22)
between the1-category of P -stratified1-topoi and that of toposic locally cocartesian fibrations over P op

(Definition 5.11).
In this section, we will regard the poset P as a topological space via the Alexandroff topology. To

begin with, we recall the basic structure theory of recollements of1-topoi.

19The comparison functor is defined analogously to the functor (1-2) in Theorem B; see [20, Construction 2.43].

Algebraic & Geometric Topology, Volume 26 (2026)



1376 Jay Shah

5.1 Example Let X be an1-topos and U a .�1/-truncated object. The slice1-topos X=U is said to be
an open subtopos of X [12, §6.3.5].20 Let XnU D fx 2X W x�U

'
�!U g �X. The set XnU is the closed

subtopos of X complementary to U [12, Definition 7.3.2.6]. We then have a diagram of adjunctions

X=U X XnU

jŠ

j�

j�
i�

i�

that exhibits .X=U ;XnU / as a recollement of X. Conversely, by [14, Proposition A.8.15], given a left-exact
accessible functor � WU!Z between1-topoi, the fiber product X´Ar.Z/�ev1;Z;�U is an1-topos and
there exists a uniquely determined .�1/-truncated object U such that U'X=U and Z'XnU compatibly
with the adjunctions to X.

In what follows, we will generically use the notation jŠ a j � a j� and i� a i� for these functors arising
from a recollement on an1-topos.

5.2 Definition A locale is a 0-topos, i.e., a poset L such that L admits infinite joins
W
˛ x˛ (so that L is

presentable) and infinite joins distribute over finite meets.

5.3 Example Let X be an1-topos. Then its full subcategory Open.X/ of .�1/-truncated objects is a
locale. Note that Open.X/ is isomorphic to the poset of open subtopoi of X (embedded in X via jŠ) via
the assignment U 7! X=U . Also, if X is a topological space, then Open.Shv.X// is isomorphic to the
poset Open.X/ of open sets in X . If P is a poset equipped with the Alexandroff topology, then these are
precisely the cosieves in P .

5.4 Example Let C be a presentably symmetric monoidal stable1-category and suppose there is some
regular cardinal � such that the unit and tensor product restrict to define a symmetric monoidal structure
on the full subcategory C� of �-compact objects in C. Then the set of radical thick ˝-ideals in C� forms
a coherent locale [10, Theorem 3.1.9].

5.5 Definition [5, Definition 8.2.1] Let P be a poset and X an1-topos. A P -stratification of X is a
geometric morphism �� WX!Shv.P / of1-topoi, or equivalently a geometric morphism �� WOpen.X/!
Open.P / of locales. We also say that the data .X; ��/ comprises that of a P -stratified1-topos.

In the next remark, we consider P op �Open.P / as a subposet via the map p 7! P�p.

5.6 Remark Via the assignment �� 7! ��jP op , geometric morphisms �� WOpen.X/!Open.P / are in
bijective correspondence with maps of posets f W P op!Open.X/ such that:

(1)
W
p2P f .p/D 1.

(2) For every p; q 2 P ,
W
r�p;q f .r/

Š�! f .p/�f .q/.

Indeed, given any map of posets f W P op!Open.X/, its left Kan extension F WOpen.P /!Open.X/
admits a right adjoint G defined by G.U /D fp 2 P W f .p/ � U g, and F is then left-exact if and only
if f satisfies conditions (1) and (2).

20Lurie uses the terminology “étale geometric morphism”.
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Furthermore, (2) is equivalent to the following factorization property: for every p; q 2 P , the square

X=
W
r�p;q f .r/

X=f .p/

X=f .q/ X

jŠ

jŠ

j� j�

commutes. We thus see that the notion of a P -stratification of X is the evident toposic analogue of the
notion of a P -stratification of a presentable stable1-category in the sense of [2, Definition 2.4.3]. Con-
versely, in view of Example 5.4 one can sometimes give a “localic” reformulation of [2, Definition 2.4.3]
(or rather, its symmetric monoidal refinement [2, Definition 4.3.2]).

We now proceed to notate various subtopoi associated to a P -stratified1-topos.

5.7 Notation [5, Notation 8.2.3] Let �� W X! Shv.P / be a P -stratification of X. In what follows, all
fiber products are computed in Top1. For any open subset O � P , we let

XO´ X=��O ' X�Shv.P / Shv.O/:

Dually, for any closed subset Z � P , we let

XZ´ Xn��.PnZ/ ' X�Shv.P / Shv.Z/:

For any p 2 P , we define the p-th stratum of .X; ��/ to be

Xp´ X�Shv.P / Shv.fpg/:

5.8 Notation In Notation 5.7, the p-th stratum Xp is the closed complement of XP>p in XP�pDX=��.p/,
or alternatively the open complement of XP<p in XP�p . We then have the adjunction

ˆp W X X=��.p/ Xp W �p;
j�

j�

i�

i�

in which �p is a geometric morphism.

5.9 Remark Let �� W X! Shv.P / be a P -stratification of X and suppose p; q 2 P such that p � q.
Then ˆq�p is homotopic to the constant map at the final object. Indeed, by Remark 5.6 we have a
factorization of ˆq�p as

Xp X=��.p/ X

X=��.P�p;q/ X=��.q/

Xq

i� j�

j� j�

j�

i�

and since p … P�p;q , the composite j �i� W Xp! X=��.P�p;q/ is homotopic to the constant map at the
final object.
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Given a P -stratified1-topos .X; ��/, we may construct its associated gluing diagram in the same
manner as [2, Definition 2.5.7].

5.10 Construction Let G.X/D f.x; p/ W x 2 Xpg � X�P op, where Xp � X via �p. The projection

� W G.X/! P op

is then a locally cocartesian fibration with fibers Xp such that for all q�p, the corresponding pushforward
functor �qp W Xp! Xq is given by ˆq ı �p (see [2, Observation 2.5.6]).

We codify the structure of � W G.X/! P op by means of the following definition.

5.11 Definition We call a locally cocartesian fibration � W�X! P op toposic if its fibers are1-topoi and
its pushforward functors are left-exact and accessible.

If P is finite, we will show that taking the limit in X furnishes an equivalence ‚P W limrlax G.X/ '�!X,
thereby proving a reconstruction theorem for .X; ��/. First, we note:

5.12 Lemma Let P be a finite poset and � W�X! P op a toposic locally cocartesian fibration. Then the
right-lax limit X D Funcocart

=P op .sd.P op/;�X/ is an1-topos. Moreover , any cosieve O � P determines a
recollement of X with open subtopos given by the right-lax limit of �jOop and complementary closed
subtopos given by the right-lax limit of �j.PnO/op .

Proof Given Theorem 3.39 and proceeding by induction on the cardinality of P , the first part follows
from the known statement for recollements of1-topoi recalled in Example 5.1. The second statement
then follows by Theorem 3.39 again.

Consider now the functor ‚P W Funcocart
=P op .sd.P op/;G.X//!X that sends a functor f W sd.P op/!G.X/

to limsd.P op/.prX ıf /.

5.13 Theorem Suppose P is a finite poset and let .X; ��/ be a P -stratified1-topos. Then

‚P W Funcocart
=P op .sd.P op/;G.X//! X

is an equivalence.

Proof To ease notation, let X0´ Funcocart
=P op .sd.P op/;G.X//. We proceed by induction on the cardinality

of P . We may suppose that P is nonempty. Choose a minimal element b 2 P and let O D P n fbg. Let

.�O/� WOpen.X=��.O//!Open.O/

denote the O-stratification of the open subtopos X=��.O/ restricted from that of X. Note that G.X/jOop '

G.X=��.O// as locally cocartesian fibrations over Oop. Indeed, one observes that for all p 2O , the fully
faithful inclusion �p W Xp ,! X factors through X=��.O/ and identifies Xp with .X=��.O//p embedded
via .�O/p, so the inclusion G.X/jOop � X�Oop factors through X=��.O/ (embedded via j� in X) and
identifies with G.X=��.O//.
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Let .X=��.O//0´ Funcocart
=Oop .sd.Oop/;G.X=��.O/// and write

‚O W .X=��.O//
0 pr��! Fun.sd.Oop/;X=��.O//

lim
��! X=��.O/:

We now show that ‚P WX0!X is a morphism of recollements from ..X=��.O//
0;Xb/ to .X=��.O/;Xb/:

(1) We have a distinguished homotopy making the diagram

X0 .X=��.O//
0

X X=��.O/

j�Dres

‚P ‚O

j�

commute as follows: given Œf W sd.P op/! G.X/� 2 X0, consider the composite

g W sd.P op/
f
�! G.X/

pr
�! X

j�
�! X=��.O/;

whose limit is j �‚P .f /. Then since Xb
i�D�b
���! X

j�
�! X=��.O/ is homotopic to the constant map at

the final object, g is a right Kan extension of its restriction g0 to sd.Oop/. But since the limit of g0 is
‚Oj

�.f /, this supplies an equivalence j �‚P .f /'‚Oj �.f / that is natural in f .

(2) Likewise, we may construct an equivalence

i�‚P Dˆ
b‚P ' evb W X

0
! Xb

as follows: Let Œf W sd.P op/! G.X/� 2 X0 and consider the composite

g W sd.P op/
f
�! G.X/

pr
�! X

i�
�! Xb:

If a � b, then the composite Xa
�a,�! X ˆb

�� Xb is homotopic to the constant map at the final object
by Remark 5.9. Consequently, g is the right Kan extension of its restriction to sd..P�b/op/. Let
sdC..P>b/op/ be the subposet on strings ending at b (in P op) and note that sd..P>b/op/Š sdC..P>b/op/

via the “append b” map. We then have a pullback square

limgjsd..P�b/op/ limgjsd..P>b/op/

g.b/ limgjsdC..P>b/op/


 0 


in which 
 is induced by the “append b” homotopy sd..P>b/op/� Œ1� ,! sd..P�b/op/. For all strings
� D Œp1 > � � � > pn� in .P>b/op, letting �C ´ Œp1 > � � � > pn > b� we note that g.� � �C/ is an
equivalence. Therefore, 
 and hence 
 0 is an equivalence, and this is clearly natural in the input f .
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We conclude that we have a morphism of recollements

.X=��.O//
0 X0 Xb

X=��.O/ X Xb

‚O ‚P

i�Devbj�Dres

D

j� i�Dˆb

By the inductive hypothesis, ‚O is an equivalence. To then deduce that ‚P is an equivalence, by
Remark 2.7 it remains to observe that we have a strict morphism of recollements, i.e., that the adjoint square

.X=��.O//
0 Xb

X=��.O/ Xb

i�j�

‚O D

i�j�

commutes. But using that the lower i�j� W X=��.O/! Xb is left-exact, this amounts to our formula for
the gluing functor i�j� W .X=��.O//0! Xb of the recollement on X0 that we gave in Theorem 3.32.

In fact, we can elaborate upon Theorem 5.13 to also reconstruct the P -stratification of X.

5.14 Construction Let P be a finite poset, � W �X! P op a toposic locally cocartesian fibration, and
XDFuncocart

=P op .sd.P op/;�X/ its right-lax limit, which is an1-topos by Lemma 5.12. Given a cosieveO�P ,
let ��.O/ 2 X be the uniquely determined .�1/-truncated object such that Funcocart

=Oop .sd.Oop/;�XjOop/'

X=��.O/. Then we may define a P -stratification of X by the map of posets

�� WOpen.P /!Open.X/;

as it is clear that �� preserves joins and meets (e.g., in view of Remark 5.6).

5.15 Corollary Let P be a finite poset and .X; ��/ a P -stratified 1-topos. The P -stratification of
X0´ Funcocart

=P op .sd.P op/;G.X// given by Construction 5.14 coincides with that of X under the equivalence
‚P of Theorem 5.13.

Proof For every cosieve O � P , let .X=��.O//0´ Funcocart
=Oop .sd.Oop/;G.X/jOop/ and note that as in the

proof of Theorem 5.13 that G.X/jOop ' G.X=��.O//. By Theorem 5.13, ‚O W .X=��.O//0! X=��.O/

is an equivalence. To then see that .X=��.O//0 identifies with the open subtopos X=��.O/ under the
equivalence ‚P , it remains to observe that the square

X0 .X=��.O//
0

X X=��.O/

j�

‚P ‚O

j�

commutes. We may proceed by induction on the cardinality of P nO .21 If O DP or O DP nfbg, we are

21Of course, we could also adapt the proof of Theorem 5.13 to show this directly.
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done by the proof of Theorem 5.13. If not, let b 2 P nO be a minimal element. We have a factorization

X0 .X=��.Pnfbg//
0 .X=��.O//

0

X X=��.Pnfbg/ X=��.O/

j�

‚P

j�

‚Pnfbg ‚O

j� j�

By the inductive hypothesis, both the inner squares commute, hence the outer square commutes.

5.16 Remark By Corollary 5.15, it follows that given a sheaf x 2 X, under the equivalence of
Theorem 5.13 x corresponds to a functor fx W sd.P op/! G.X/ that sends Œp� to ˆp.x/. The equivalence
x '‚P .fx/ then “reconstructs” x from its stratumwise values ˆp.x/ and gluing data thereof.

We next turn to questions of functoriality in the P -stratified1-topos.

5.17 Observation Continuing from Example 5.1, we explain how recollements of topoi are functorial in
geometric morphisms. In one direction, suppose we are given a commutative square

U Z

U0 Z0

�

.fU /� .fZ/�

�0

of1-topoi, where .fU /�, .fZ/� are geometric morphisms and �, �0 are left-exact accessible functors. Let
X and X0 be the1-topoi Ar.Z/�ev1;Z;�U and Ar.Z0/�ev1;Z0;�0U

0. Then the induced functor f� WX!X0

admits a left adjoint f � induced by the mate .fZ/��0) �.fU /
�; explicitly,

f �Œu0; z0! �0.u0/�D Œ.fU /
�.u0/; .fZ/

�.z0/! .fZ/
��0.u0/! �.fU /

�.u0/�:

Moreover, since .fU /�, .fZ/�, �, �0 are left-exact and .j �; i�/ W X! U�Z creates finite limits, we see
that f � is left-exact. We conclude that f� is a geometric morphism. Moreover, f� is a strict morphism
of recollements whose left adjoint f � is a (not necessarily strict) morphism of recollements. Note also
that if we identify U' X=U and U0 ' X=U 0 for .�1/-truncated objects U , U 0, then f �.U 0/' U .

Conversely, let X and X0 be1-topoi decomposed by recollements .U;Z/ and .U0;Z0/ with gluing
functors � and �0, and suppose f� W X! X0 is a geometric morphism such that both f � and f� are
morphisms of recollements. Then f� is necessarily a strict morphism of recollements, and we obtain a
commutative square .fZ/�� ' �0.fU /� as above.

Finally, the theory of recollements implies that these constructions are mutually inverse.

5.18 Definition [5, 8.2.2] A geometric morphism ofP -stratified1-topoi .X; ��/! .Y; ��/ is a geometric
morphism f� W X! Y subject to the condition that the induced diagram of posets

Open.X/ Open.Y/

Open.P /

f�

�� ��

commutes, i.e., for all cosieves O � P , f ���.O/Š ��.O/.

Algebraic & Geometric Topology, Volume 26 (2026)



1382 Jay Shah

The collection of P -stratified1-topoi and geometric morphisms thereof assembles into an1-category
StrTop1;P . Note also that StrTop1;P ' Top1 �Top0 .Top0/=Open.P /.

5.19 Definition [5, Remark 8.2.7] A geometric morphism of toposic locally cocartesian fibrations from
Œ� W�X! P op� to Œ� W�Y! P op� is a functor F W�X!�Y over P op such that:

(1) F preserves locally cocartesian edges.

(2) For all p 2 P , the fiber Fp W�Xp!�Yp is a geometric morphism of1-topoi.

The collection of toposic locally cocartesian fibrations and geometric morphisms thereof assembles into
an1-category LocCocarttop

P op (Barwick, Glasman, and Haine label this1-category as LocCocartlex;top
P op ).

5.20 Observation Let f� W .X; ��/! .Y; ��/ be a geometric morphism of P -stratified1-topoi. Then
for all cosieves O � P , f� is a strict morphism of recollements with respect to .X=��.O/;Xn��.O//
and .Y=��.O/;Yn��.O//. Moreover, for all maps of posets Q! P , restriction along Shv.Q/! Shv.P /
(in Top1) defines a geometric morphism f 0� W Shv.Q/�Shv.P / X! Shv.Q/�Shv.P / Y of Q-stratified
1-topoi. Consequently, for all p 2P , f� sends the stratum Xp into Yp (with respect to the embeddings �p
of Notation 5.8) and we may thus restrict f� � id W X�P op! Y�P op to obtain a functor

G.f�/ W G.X/! G.Y/

over P op that preserves locally cocartesian edges. We may thereby promote Construction 5.10 to a functor

G W StrTop1;P ! LocCocartlex;top
P op :

Conversely, suppose P is a finite poset and let F W�X!�Y be a geometric morphism of toposic locally
cocartesian fibrations. Let XD limrlax�X and YD limrlax�Y. Let f� W X! Y denote the functor induced
by F . Then by Observation 5.17, Theorem 3.39, and proceeding by induction on the cardinality of P ,
we see that f� is a geometric morphism such that for every cosieve O � P , f� is a strict morphism of
recollements from .limrlax�XjOop ; limrlax�Xj.PnO/op/ to .limrlax�YjOop ; limrlax�Yj.PnO/op/. It follows that f�
is a geometric morphism of P -stratified1-topoi with respect to the P -stratifications of Construction 5.14.
Therefore, limrlax promotes to a functor

limrlax
W LocCocarttop

P op ! StrTop1;P :

Our remaining goal is to prove that G and limrlax define an adjoint equivalence of1-categories. For
the proof, we will need to use the following deep result in .1; 2/-category theory:

5.21 Theorem [2, Lemma B.5.7] Let C;D! P op be locally cocartesian fibrations. Then the space
Mapllax;R

=P op .C;D/ of left-lax morphisms whose fibers are right adjoints is naturally equivalent to the space
Maprlax;L

=P op .D;C/ of right-lax morphisms whose fibers are left adjoints , with the equivalence implemented
fiberwise by passage to adjoints.

5.22 Theorem Let P be a finite poset. Then G and limrlax participate in an adjoint equivalence

limrlax
W LocCocarttop

P op � StrTop1;P W G:
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Proof We proceed as in the proof of [2, Theorem 6.2.6]. Suppose Œ� W �X! P op� is a toposic locally
cocartesian fibration and .Y; ��/ is a P -stratified1-topos. In view of the adjunction const a limrlax, we
first note that we have a natural equivalence22

 WMapCat.Y; lim
rlax�X/ '�!Maprlax

=P op.Y�P
op;�X/:

Since the evaluation functors limrlax�X ! �Xp at each p 2 P are all left adjoints,  restricts to the
equivalence  0 in the diagram

MapPrL.Y; lim
rlax�X/ Maprlax;L

=P op .Y�P
op;�X/

MapPrR.lim
rlax�X;Y/ Mapllax;R

=P op .�X;Y�P op/

 0

'

' '

 00

'

We then have the vertical equivalences (with the right-hand one given by Theorem 5.21), yielding the
equivalence  00 in which a right-adjoint functor f� W limrlax�X!Y transports to a functor F W�X!Y�P op

such that for all p 2 P , the fiber Fp W�Xp! Y is the right adjoint to the composite

Y
f �
�! limrlax�X evp

�!�Xp:
We now observe that f� is a geometric morphism of P -stratified1-topoi if and only if for all p 2 P ,
Fp is a geometric morphism, Fp factors through Yp, and the resulting map F W �X! G.Y/ preserves
locally cocartesian edges. Indeed, the “only if” implication follows from the first half of Observation 5.20,
while for the “if” implication, we note that f� factors as the composite

limrlax�X limrlax F
����! limrlax G.Y/

‚P
�! Y;

which respect P -stratifications by the second half of Observation 5.20 and Corollary 5.15, respectively.
Therefore,  00 restricts to the desired natural equivalence

 000 WMapStrTop1;P .lim
rlax�X;Y/'MapLocCocarttop

P op
.�X;G.Y//:

We conclude that limrlax
a G. Furthermore, unpacking this equivalence of mapping spaces shows that ‚P

is the counit of the adjunction. Since ‚P is an equivalence by Theorem 5.13, it remains to show that
the unit � is an equivalence. But the compatibility of the equivalence  000 with restriction in the base P
shows that �p is homotopic to the identity for all p 2 P , hence � is an equivalence.

5.23 Remark Theorem 5.22 should be viewed as the unstable counterpart to [2, Theorem A], which sets
up a similar equivalence between P -stratified stable presentable1-categories [2, Definition 2.4.3] and
locally cocartesian fibrations fibered in such with exact accessible pushforward functors.

22Here, Cat refers to the1-category of large1-categories, so that PrL and PrR are subcategories of Cat.
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The guts of nearly fibered knots

ZHENKUN LI AND FAN YE

The guts of a knot is an invariant defined for the knot complement by Agol–Zhang. Nearly fibered knots,
which are defined as knots whose Floer homology has dimension two in the top Alexander grading,
were introduced by Baldwin–Sivek. We provide three models for the guts of nearly fibered knots in the
3-sphere. As a corollary, the nearly fibered condition can be purely topologically characterized and is
independent of the specific version of Floer theory.

1 Introduction

By work of Ghiggini [5], Ni [14] and Kronheimer–Mrowka [9], a knot K � S3 is fibered if and only if
its knot homology in any branch of Floer theory is 1-dimensional in the top Alexander grading. Hence
it is natural to ask what happens if the top grading summand of the knot homology is 2-dimensional.
Recently, Baldwin–Sivek in [4] introduced the following definition.

Definition 1.1 A knot K � S3 is said to be nearly fibered (in the Heegaard Floer sense) if

bHFK.S3; K; g.K/IQ/ŠQ2:

Their definition is stated with Heegaard Floer theory, but we can also define nearly fibered knots in the
instanton sense by requiring

KHI.S3; K; g.K//ŠC2;

where KHI denotes the instanton knot homology [9] of K � S3.
In this note, we show that the nearly fibered condition has a purely topological characterization, and is

independent of the branches of Floer theory. To better describe this criterion, we use the notion of guts of
knots recently introduced by Agol–Zhang [1].

Given a knot K � S3, we can view its complement S3nN.K/ as a sutured manifold with its whole
boundary being the suture. We can pick a maximal collection of pairwise disjoint and pairwise nonparallel
minimal-genus Seifert surfaces S of K, and perform a sutured manifold decomposition

(1-1) S3
nN.K/

S
Ý .M 0; 
 0/:

MSC2020: 57K10, 57K18.
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http://msp.org
http://dx.doi.org/10.2140/agt.2026.26.1385
http://www.ams.org/mathscinet/search/mscdoc.html?code=57K10, 57K18
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


1386 Zhenkun Li and Fan Ye

We can then pick a maximal collection of pairwise disjoint and pairwise nonparallel nontrivial product
annuli A inside .M 0; 
 0/ and perform a second sutured manifold decomposition1

(1-2) .M 0; 
 0/
A
Ý .M; 
/t .M1; 
1/:

Here .M1; 
1/ is a product sutured manifold, and no component of .M; 
/ is a product.

Definition 1.2 [1] The guts of a knot K � S3 is defined to be the sutured manifold .M; 
/.

Theorem 1.3 [1, Theorem 1.1] The guts of a knotK �S3 is well defined , i.e., independent of the choices
of maximal collections of Seifert surfaces and product annuli in the construction.

In this note, we prove that a knot K � S3 is nearly fibered if and only if its guts falls into one of the
three basic models described below. We only state and prove the theorem in instanton theory, but a similar
argument applies to Heegaard Floer theory as well.

Theorem 1.4 Suppose K � S3 is a knot of genus g. Let .M; 
/ be its guts. Then we have

KHI.S3; K; g/ŠC2

if and only if its guts .M; 
/ falls into one of the following three models up to orientation reversal of the
ambient 3-manifold :

(M1) M is a solid torus and 
 consists of four longitudes.

(M2) M is a solid torus and 
 consists of two curves of slope 2.

(M3) M is the complement of the right-handed trefoil and 
 consists of two curves of slope 2.

We have the following corollary.

Corollary 1.5 A knot is nearly fibered in the instanton sense if and only if it is nearly fibered in the
Heegaard Floer sense.

2 Proofs and comments

Proof of Theorem 1.4 We first prove the necessary condition. Suppose K � S3 is a genus-g nearly
fibered knot. Let .M; 
/ be its guts. We first study the sutured manifold decomposition in (1-1).

Claim 1 Any maximal collection of pairwise disjoint and pairwise nonparallel minimal-genus Seifert
surfaces contains only one Seifert surface.

1Here, note that in Agol and Zhang’s paper [1], they also require to decompose along nontrivial product disks to obtain the
guts. In this paper we drop the step of decomposing along possible product disks because of [7, Lemma 2.13]: the only two taut
balanced sutured manifolds that admit no nontrivial product annulus but admit nontrivial product disks are both product sutured
manifolds, and hence are actually the components to be dropped when obtaining guts.

Algebraic & Geometric Topology, Volume 26 (2026)
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Proof of Claim 1 Suppose S is a minimal-genus Seifert surface of K. We can perform a sutured
manifold decomposition of S3nN.K/ along S :

S3
nN.K/

S
Ý .S3

nŒ�1; 1��S; f0g � @S/:

By the proof of [9, Proposition 7.16], we know that there is an isomorphism

(2-1) SHI.S3
nŒ�1; 1��S; f0g � @S/Š KHI.S3; K; g/ŠC2:

If there is another minimal-genus Seifert surface S 0 that is disjoint from S and is not parallel to S , then
S 0 also induces a nonboundary parallel surface in .S3nŒ�1; 1��S; f0g � @S/, which implies the sutured
manifold is not horizontally prime. From the instanton version of [9, Propositions 6.5 and 6.6], we
know that one of the two pieces obtained from .S3nŒ�1; 1��S; f0g� @S/ by cutting along S 0 must have
1-dimensional sutured homology, because 2 is a prime number. From [9, Theorem 7.18], that piece is a
product sutured manifold, which contradicts the assumption that S 0 is not parallel to S .

Now Claim 1 above and Theorem 1.3 imply that the sutured manifold .M 0; 
 0/ in (1-1) can be taken
to be simply the complement of S :

.M 0; 
 0/D .S3
nŒ�1; 1��S; f0g � @S/:

Next, we study the sutured manifold decomposition (1-2). Note that by construction .M1; 
1/ is a
product sutured manifold, so from [9, Theorem 7.18] and the instanton version of [9, Propositions 6.5
and 6.7], we know that

SHI.M; 
/Š SHI.S3
nŒ�1; 1��S; f0g � @S/ŠC2:

Also, the same argument as above shows that .M; 
/ is horizontally prime. Thus we conclude that .M; 
/
is reduced in the sense of [7, Definition 2.12]. Then [6, Corollary 1.16] applies and we conclude that

b1.M/D b1.M/� 2� 1D 1:

We claim that g.@M/D b1.M/. Indeed, we know that .M; 
/ is obtained from the knot complement by
decomposition. So [7, Lemma 5.1] implies that H2.M/D 0. As a result, by the universal coefficient
theorem and the Poincaré duality, we have

H1.M; @M IQ/ŠH
2.M IQ/ŠH2.M IQ/D 0:

Hence the long exact sequence of the pair .M; @M/ implies that the map

i� WH1.@M IQ/!H1.M IQ/

is surjective. Hence the “half lives and half dies” theorem in 3-dimensional topology implies that

g.@M/D 1
2
b1.@M/D b1.M/:

Algebraic & Geometric Topology, Volume 26 (2026)
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Now g.@M/D b1.M/� 1. If g.@M/D 0, since M is irreducible, we know M D B3. Then for any
possible 
 on @M , we cannot have SHI.M; 
/ŠC2. Hence we must have @M Š T 2. It is well known
that any (smooth) torus in S3 bounds a solid torus. Hence we have two cases.

Case 1 (the manifold M is a solid torus) The instanton Floer homology of any sutured solid torus can
be found in [11, Section 4.3]. So the only two models are the ones as stated in (M1) and (M2).

Case 2 (the manifold S3nM is a solid torus, i.e., there is a knot J �S3 so thatM ŠS3nN.J /) Suppose

 has 2n components. Let 
2 be the union of two adjacent components of 
 , which are necessarily
oppositely oriented. Next, we make the following claim.

Claim 2 Suppose .M; 
/ is a balanced sutured manifold and assume that three components of 
 are
parallel disregarding the orientation. Write 
3 to be the disjoint union of these three copies. Note that
two components of 
3 are coherently oriented and are opposite to the third. Let 
1 be either of the two
coherently oriented components and write 
 0 D .
n
3/[ 
1. Then we have

SHI.M; 
/D SHI.M; 
 0/˝C2:

Proof of Claim 2 The proof essentially follows from the proof of [8, Theorem 3.1]. There exists an
embedded annulus A� @M such that A contains 
3 and each component of 
3 is a core of A. Push the
interior of A into the interior of M to produce a properly embedded annulus. Fix any orientation of A.
Then there is a product annulus decomposition

.M; 
/
A
Ý .V; 
4/t .M; 
 0/;

where V is a solid torus and 
4 consists of four longitudes (there is a unique way, up to isotopy, to make
.V; 
4/ a balanced sutured manifold). Now an instanton version of [9, Proposition 6.7] implies that

SHI.M; 
/D SHI.M; 
 0/˝SHI.V; 
4/:

In the proof of [8, Theorem 3.1], Kronheimer and Mrowka already computed that

SHI.V; 
4/ŠC2:

Applying Claim 2 repetitively, we conclude that

SHI.M; 
/ŠC2n�1

˝SHI.M; 
2/:

Since

SHI.M; 
/ŠC2;

either nD 2 and SHI.M; 
2/ŠC, or nD 1. For the former case, from [9, Theorem 7.18] we know M

must also be a solid torus which reduces to Case 1. For the latter case, we further divide it into two
subcases.

Algebraic & Geometric Topology, Volume 26 (2026)
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Case 2.1 (each component of 
 represents a generator of ker i� �H1.@M/Š Z2, where

i� WH1.@M/!H1.M/

is the map induced by the natural inclusion

i W @M ,!M/

In this case, first recall that M is a knot complement S3nN.J / and hence H2.M; @M/ is generated by a
minimal-genus Seifert surface T of the knot J . The assumption of Case 2.1 is equivalent to that 
 is
parallel to @T � @M . We can assume that @T \ 
 D¿. If T is a disk, then R.
/ is compressible and
SHI.M; 
/D 0 by the adjunction inequality (see [9, Proposition 7.5]). From now on we assume that T
has genus at least 1. We know from [6, Lemma 6.2] that we have two taut decompositions

.M; 
/
˙T
Ý .M˙; 
˙/:

We make the following claim.

Claim 3 We have an inclusion

SHI.MC; 
C/˚SHI.M�; 
�/ ,! SHI.M; 
/:

Proof of Claim 3 We adopt the idea in [11, Section 3]. We isotope T to T˙ such that the decomposition
of .M; 
/ along TC is .MC; 
C/ and the decomposition of .M; 
/ along �T � is .M�; 
�/. T˙ are
called positive and negative stabilizations of T as in [11, Definition 3.1], and we know that �.T �/D TC.
By [11, Theorem 3.4], each T˙ induces a Z-grading on SHI.M; 
/. Then [11, Lemma 4.2] implies that

SHI.M; 
; TC; g.T //Š SHI.MC; 
C/

and
SHI.M; 
; T �;�g.T //D SHI.M; 
;�T �; g.T //

Š SHI.M�; 
�/:

Proposition 4.1 of [11] implies that2

SHI.M; 
; T �;�g.T //� SHI.M; 
; TC; 1�g.T //:

Hence we are done since g.T /¤ 1�g.T /.

Observe that both 
C and 
� contain at least three components that are parallel to each other. Let 
 0
˙

be the suture obtained from 
˙ by replacing three copies with one copy. Applying Claim 2, we know that

SHI.M˙; 
˙/Š SHI.M˙; 
 0˙/˝C2:

Tautness together with [9, Theorem 7.12] then implies

dim SHI.M˙; 
˙/� 2:

2When reversing the orientation of the manifold and the suture, positive and negative stabilizations of T are also switched.
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As a result, we have

dim SHI.M; 
/� 4;

which leads to a contradiction in this case.

Case 2.2 (components of 
 do not represent generators of ker i�) Let Y be the Dehn filling of M along
a component of 
 . We make the following claim.

Claim 4 We have dim I ].Y /D 2.

Proof of Claim 4 In order to prove Claim 4, we need the following three facts.

(1) We have dim I ].Y /¤ 0.

(2) We have dim I ].Y /D dim SHI.Y.1//� dim SHI.M; 
/D 2.

(3) We have dim I ].Y /� dim SHI.M; 
/ mod 2.

To show (1), note that the fact Œ
� … ker i� implies that Y is a rational homology sphere. Hence by
[15, Corollary 1.4], we know dim I ].Y /¤ 0.

To show (2), recall that M D S3nN.J / is the knot complement and 
 has two components. Let 
0� 


be any component. We can attach a 3-dimensional 2-handle along 
0. The resulting manifold is Y nB3.
Hence we have a balanced sutured manifold

Y.1/D .Y nB3; 
n
0/:

Now let T be the cocore arc of the 2-handle. This arc T is a vertical tangle inside Y.1/ as in
[16, Definition 1.1]. Now observe that .M; 
/ can be obtained from Y.1/ by removing T , i.e.,

Y.1/T D .Y.1/nN.T /; .
n
0/[�T /Š .M; 
/;

where �T is a meridian of T , and the assumption of Case 2.2 implies ŒT �D 02H1.Y nB
3; @.Y nB3/IQ/.

Then by [12, Proposition 1.4] we conclude that

dim I ].Y /D dim SHI.Y.1//� dim SHI.M; 
/D 2:

To show (3), we need to unpack the proof of [12, Proposition 1.4], which is ultimately the proof
of [12, Proposition 3.14]. We view [12, Proposition 1.4] as a special case of [12, Proposition 3.14]
when T0 D¿. Equation (3.2) of [12] implies that there are sutures �n�1 and �n such that we have an
exact triangle

(2-2)

SHI.�M;��n�1/ // SHI.�M;��n/

vv

SHI.�M;�
/

ii

Algebraic & Geometric Topology, Volume 26 (2026)
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And [12, Lemma 3.21] can be rewritten (by replacing n in the original equation by n� 1) as

(2-3)

SHI.�M;��n�1/ // SHI.�M;��n/

uu

I ].�Y /Š SHI.�Y.1//

jj

Hence some basic linear algebra together with (2-2) and (2-3) implies that

dim I ].�Y /� dim SHI.�M;�
/ mod 2:

As in [10, Theorem 1.2], we know SHI.M; 
/ and SHI.�M;
/ are naturally dual to each other. Since
@M Š T 2, we know 
 and �
 are isotopic, we conclude that

dim SHI.�M;�
/D dim SHI.M; 
/:

A similar argument applies to SHI.�Y.1//.

Recall M D S3nN.J / is a knot complement and Y is obtained from M by filling along a component
of 
 , and hence Y can be viewed as a Dehn surgery along J . The assumption of Case 2.2 implies that the
surgery slope is nonzero. By passing to the mirror of J , which corresponds to reversing the orientation
of M , we can assume that the surgery slope is positive. By Claim 4, we know that

dim I ].Y /D 2D jH1.Y /j:

Note that by [3, Theorem 1.15], the unknot and the right-handed trefoil are the only two knots on which
the positive Dehn surgeries induce instanton L-spaces Y with jH1.Y /j D 2. (According to the theorem,
such a knot must be fibered and has genus at most 1 and thus must be either the unknot, the trefoil, or the
figure eight. Note the last knot is not strongly quasipositive.) The case of unknot still reduces to Case 1.
The case of the right-handed trefoil is a new one. By [2, Theorem 1.1, Table 1], the surgery slope must
be 2. Hence 
 consists of curves of slope 2, which concludes the proof of the necessary condition.

Finally, the sufficient condition follows immediately from the first isomorphism in (2-1) and the fact
that gluing a product sutured manifold other than a 3-ball to an arbitrary sutured manifold via identification
of a suture does not change the sutured instanton Floer homology (see [9, Proposition 6.7]).

Remark 2.1 We have the following comments which strengthen the description of the guts in Theorem 1.4.

(1) We can compute the Euler characteristic in each of the three models. From [8], for the first model,

�
�
KHI.S3; K; g.K//

�
D �.SHI.M; 
//D 0:

As a result, we know that the symmetrized Alexander polynomial�K.t/ ofK has degree at most g.K/�1.
On the other hand, if .M; 
/ is one of the other two models, we can compute as in [13] that

�.SHI.M; 
//D˙2:

As a result, we know that �K.t/ has degree g.K/ and the top nonzero coefficients are ˙2.

Algebraic & Geometric Topology, Volume 26 (2026)



1392 Zhenkun Li and Fan Ye

(2) Let S be a minimal genus Seifert surface of the knot K � S3. Recall as in (1-1) and (1-2), we have a
decomposition

S3
nN.K/

S
Ý .M 0; 
 0/

A
Ý .M; 
/t .M1; 
1/;

where .M1; 
1/ is a product sutured manifold and .M; 
/ is the guts. We write

.M1; 
1/D .Œ�1; 1��F; f0g � @F /:

The proof of [4, Lemma 3.4] implies that the Seifert surface complement .S3nŒ�1; 1�� S; f0g � @S/

admits no product annuli whose boundary has a component that is parallel to the suture f0g � @S on
@.S3nŒ�1; 1��S/. As a result, we can further conclude that @F must have one more component than 
 ,
and all but one components of @F are glued to all of 
 . This actually rules out one model in the case
g.K/D 1 as in the following example.

Example 2.2 We keep the notation as in Remark 2.1. When g.K/D 1, we know that

S Š .RC.
/[f1g �F /:

Since in all three models we have �.RC.
//D 0, we know that

�.F /D�1:

From part (2) of the Remark 2.1, we know that @F has one more component than 
 . Then �.F / rules out
the model in which 
 has four components. As a result, we only have two models:

� M is the complement of the unknot and 
 consists of two curves of slope 2.

� M is the complement of the right-handed trefoil and 
 consists of two curves of slope 2.

Furthermore, in this case, the surface F must be a pair of pants. Yet gluing such a thickened pair of
pants to .M; 
/ along two of the three boundary components is equivalent to gluing a product 1-handle
to .M; 
/. Turning this around, we know that .M; 
/ being one of the above two models is obtained from
the complement of the Seifert surface by a disk decomposition. This coincides with the discussion in
[4, Section 1.2] right above [4, Theorem 5.1]. Note that these two models do exist: for example, they
give rise to the knot 52 in Rolfsen’s table and the 2-twisted Whitehead double of the right-handed trefoil
with positive clasp.
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Finiteness properties of some groups
of piecewise projective homeomorphisms

DANIEL S. FARLEY

The Lodha–Moore group G is an F1 counterexample to von Neumann’s conjecture. The group G acts
on the real line via piecewise projective homeomorphisms.

We will describe groups F.Si/, F.S 0i /, T .Si/, V .Si/, and V .S 0i / for i D 2 and 3. All of these are
groups of piecewise projective homeomorphisms that are modelled on Thompson’s groups F , T , and V

(respectively); each is “locally determined” by one of four inverse semigroups, which we denote by Si

or S 0i (i D 2; 3). Following a method developed by Hughes and the author, we will show that all ten
groups have type F1.

The Lodha–Moore group G is an ascending HNN extension of F.S 02/, and thus our results give a new
proof that G has type F1.
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1 Introduction

Monod [11] produced a large family of counterexamples to von Neumann’s conjecture; i.e., nonamenable
groups with no free subgroups. Corollary 3 from [11] further noted the existence of finitely generated
nonamenable groups with no free subgroups, although the method of proof was nonconstructive. Lodha
and Moore [9] considered a subgroup G of one of Monod’s groups. Their group G, the Lodha–Moore
group, could be generated by three elements, and was shown in [9] to be finitely presented; indeed, G

admits a presentation with three generators and nine relators. In later work, Lodha [8] showed that G

has type F1. The Lodha–Moore group is also nonamenable, making it an especially economical
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finitely presented counterexample to von Neumann’s conjecture, and the first F1 counterexample to von
Neumann’s conjecture. (The paper [13] provided the first finitely presented nonamenable groups with no
free subgroups, but the groups in question had many more generators and relations. The higher finiteness
properties of the groups from [13] remain unknown to the best of this author’s knowledge.)

In [6], Hughes and the author described a general approach to establishing finiteness properties for
generalised Thompson groups with “piecewise” definitions. The basic theory of [6] was produced in the
hope that it would unify the existing proofs of finiteness properties for such groups. The Lodha–Moore
group G offers a useful test case.

We now briefly recall the methods of [6]. In the setting of [6], an inverse semigroup S is a set of partial
bijections of some set X that is closed under compositions and inverses. By a partial bijection of X , we
mean a bijection between two subsets of X . We define a group �S , the group locally determined by S , to
be the collection of all bijections of X that are finite unions of partial bijections from S . (I.e., 
 2 �S if,
for some n 2 N, there are elements s1; s2; : : : ; sn 2 S such that the domains of the si , denoted by Di ,
form a partition of X , the images si.Di/ are also a partition of X , and 
jDi

D si , for i D 1; : : : ; n.)
The construction of classifying spaces for the groups �S depends upon a sequence of choices. The

choice of S determines a collection of domains DS , which are simply the domains of the elements s 2 S .
The set of nonempty domains is denoted by DC

S
. The second choice is that of an S -structure, which is a

function S WDC
S
�DC

S
!P.S/ assigning a (possibly empty) collection of transformations from S to each

pair .D1;D2/ of nonempty domains. The sets S.D1;D2/ are required to satisfy various “groupoid-like”
properties. The specific properties that we need are summarised in Proposition 4.4. The S-structure S

determines a set VS with a partial order � called “expansion” (Definition 4.7). The expansion partial
order is, roughly speaking, determined by the subdivision of a given domain into (finitely many) smaller
domains. Under appropriate hypotheses, the partially ordered set .VS;�/ becomes a directed �S -set.
The simplicial realisation �S of VS is therefore a contractible simplicial complex upon which �S acts
simplicially. The construction of VS is very much like the one introduced by Brown [3], where he proved
the F1 property for a wide variety of generalised Thompson groups.

The simplicial complex �S often has undesirable properties, however. For instance, it almost always
fails to be locally finite. It can be helpful to replace �S with something smaller. A (third) choice of an
expansion scheme E (Definition 6.15) determines a subcomplex �E

S ��S. (The complex �E
S should be

thought of as a generalisation of the complexes introduced by Stein [15], who created locally finite models
for various groups of piecewise linear homeomorphisms of the line, including Thompson’s group F .)
The complex �E

S can be anything from a discrete set of points to the complex �S itself, depending on
the size of the expansion scheme. Given an appropriate choice of E , the main results of [6] show how to
deduce the F1 property for �S , by applying Brown’s finiteness criterion to the complex �E

S.
The main goal of this paper is to describe a family of ten groups of piecewise projective homeo-

morphisms of Œ0; 1/, S1, and Œ0;1/, and prove that each group has type F1. We will also describe the
Lodha–Moore group G as an ascending HNN extension of one of the groups, and therefore obtain a new
proof that G has type F1. Our approach follows the method from [6]:

Algebraic & Geometric Topology, Volume 26 (2026)
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(1) First, we consider four inverse semigroups: S2, S3, S 0
2
, and S 0

3
. The generators of Si , for i D 2; 3,

are A, B, and Ci , where the domain of each transformation is the interval I D Œ0; 1/, and

A.x/D
x

xC 1
I B.x/D

1

2�x
I C2.x/D

2x

xC 1
I C3.x/D

3x

2xC 1
:

The inverse semigroups S 0
2

and S 0
3

have the additional generator T W Œ0;1/! Œ1;1/, defined by the rule
T .x/D xC 1. The groups

F.Si/; F.S 0i/; T .Si/; V .Si/; V .S 0i/

are then defined to be the groups that are “locally determined” (in the sense of [6]) by the semigroup Si

or S 0i . The “F” groups are homeomorphisms of the line or interval, the “T ” groups are homeomorphisms
of the circle, and the “V ” groups are groups of right-continuous bijections. (The notation is intended to
recall the definitions of Thompson’s group F , T , and V , as presented in (for instance) [5].)

(2) The domains of Si and S 0i are not very tractable for our purposes. We will therefore restrict the
domains under consideration to what we call a set of “generating domains” DCgen (Definition 3.1), which,
for us, are simply the forward iterates of I D Œ0; 1/ under the transformations A and B. (The decision to
work with a proper subset of DC

S
represents the most important departure from [6].)

For every pair of domains .D1;D2/, we then define S.D1;D2/ as the set of all transformations from Si

or S 0i having D1 as the domain and D2 as the range, where D1 and D2 are arbitrary members of DCgen. The
sets S.D1;D2/ enable us to define an “expansion” operation. The expansions (Definition 4.7) from the
pair ŒidI ; I � (Definition 4.5) can be usefully described by numbered binary trees, exactly as was done in [9].

(3) The directed sets from (2) are too large. In search of more tractable complexes, we define the
expansion schemes Ei and E 0i as in Example 6.22. The expansion schemes systematically restrict the
types of expansions that are allowed in the complexes �Ei

S and �
E 0

i

S . The ascending stars in the resulting
complexes are isomorphic to products of a simplicial cone on a cellulated line — see Figure 5 on page 1420.
The burden of the rest of the argument is to show that Ei and E 0i are “n-connected expansion schemes”
(Definition 6.18). The proof occupies Sections 7 and 8, and represents the technical heart of the paper.
The material from Sections 7 and 8 is heavily indebted to the argument from [9], but generalises that
work in what we consider to be interesting ways. For instance, our argument also shows that the monoid
generated by the linear fractional transformations fA;B;C2; c2g (even without the above restrictions on
their domains) admits a finite complete rewrite system.

With (1)–(3) complete, the proof that the groups F.Si/, F.S 0i/, T .Si/, V .Si/, and V .S 0i/ (i D 2; 3)
all have type F1 follows by a standard argument (a variant of the main argument of [6]). This standard
argument is summarised in Section 9. The relationship between F.S 0

2
/ and G is described in Section 10;

specifically, we show that G is an ascending HNN extension of F.S 0
2
/, which directly implies that G has

type F1.
The author had originally wanted to offer a proof of F1 for an infinite family of generalisations of the

Lodha–Moore group G. One approach to producing an infinite family of similar groups is, for a given n,
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to replace the transformation C2 with a transformation Cn W I ! I , defined as

Cn.x/D
nx

.n� 1/xC 1
:

We can then define Sn to be the inverse semigroup generated by fA;B;Cng (and their inverses), and
define the groups F.Sn/, F.S 0n/, T .Sn/, V .Sn/, and V .S 0n/ for arbitrary n. We find, however, that our
method fails for n� 4; in fact, we are not even able to build useful directed sets (along the lines sketched
for nD 2; 3). Our difficulties are summarised in Section 5.

Let us briefly describe the structure of the paper. In Section 2, we define the inverse semigroups Si

and S 0i (i D 2; 3) and the groups that are locally defined by these semigroups. In Section 3, we define
the “generating domains” that we need. This section also includes a proof of the “eventual invariance”
property, which will be used to construct directed sets later. In Section 4, we build directed sets with �
actions (for � as above) and compute vertex stabilisers. We show, in particular, that the vertex stabilisers
in all of our complexes are virtually free abelian of finite rank. In Section 5, we describe an algorithm
that analyses various potential generalisations of our piecewise projective homeomorphism groups. The
conclusion of the section is that such generalisations are surprisingly very thin on the ground. In Section 6,
we review expansion schemes, introduce expansion schemes Ei and E 0i (i D 2; 3), and also introduce
subdivision trees, which are used to describe expansions.This section also describes an equivalence
relation on subdivision trees. In Section 7, we compute finite complete semigroup presentations for the
inverse semigroups S2 and S3. These presentations are vital in understanding the equivalence relation
on subdivision trees. In Section 8, we prove an “intermediate value theorem”, which is what we need
in order to show that the expansion schemes Ei and E 0i define contractible complexes. The proof of the
latter is in Section 9, which also assembles all of the other ingredients of the proof that the groups have
type F1. Section 10 establishes the connection between G and F.S 0

2
/.

2 A family of inverse semigroups

We consider the usual action of PSL2.R/ on the upper half-space model of the hyperbolic plane H2 �C.
A 2�2 matrix

M D

�
a b

c d

�
acts as a linear fractional transformation fM WH

2!H2, where

fM .z/D
azC b

czC d
.z 2CI Imz > 0/:

It is well-known [14] that the assignment M 7! fM induces an isomorphism between PSL2.R/ and the
group of all orientation-preserving isometries of H2, denoted by IsomC.H2/. In what follows, we will
make no distinction between M and fM , referring to either one by the matrix M .
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In practice, we will be concerned primarily with the action of PSL2.R/ on @H2, which we identify
with R[f1g. The inverse semigroups alluded to in this section’s title act as partial bijections of @H2

via (restrictions of) linear fractional transformations.

Definition 2.1 (partial bijections; inverse semigroups; domains) Let X be a set. A partial bijection of X

is a bijection h WAh! Bh between subsets Ah and Bh of X . The composition of two partial bijections
is defined on “overlaps”: if g W Ag ! Bg and h W Ah! Bh are partial bijections of X , then g ı h is a
bijection from h�1.Ag/ to g.Bh\Ag/.

A collection S of partial bijections of X is called an inverse semigroup if S is closed under inverses
and compositions. We may also refer to such an S as an inverse semigroup acting on S .

If S is an inverse semigroup and h WAh! Bh, then we refer to Ah as a domain of S . Note that Bh is
also a domain, since S is closed under inverses. We let DS denote the set of all domains Ah, as h ranges
over all h 2 S . We let DC

S
D DS �f¿g (i.e., the set of all nonempty domains).

Remark 2.2 Let S be an inverse semigroup. We note two basic properties:

(1) If s 2 S and D is a domain of S that is contained in the domain of s, then sjD 2 S . Indeed, let D be
the domain of t 2 S . Then sjD D st�1t .

(2) If D is a domain of S , then idD 2 S . Indeed, if t 2 S has D as its domain, then t�1t D idD .

(3) If D1 and D2 are domains of S , then D1 \D2 is also a domain of S . Indeed, letting D1 be the
domain of t1 2S , and D2 be the domain of t2 2S , we find that the domain of t�1

1
t1t�1

2
t2 is D1\D2.

Remark 2.3 Inverse semigroups can also be defined abstractly (see [7]). The Preston–Wagner theorem
states that any inverse semigroup can be realized as a collection of partial bijections (in the above sense).
The proof parallels that of Cayley’s theorem, which states that every group can be realized as a group of
permutations.

Remark 2.4 Some readers may be familiar with the theory of étale groupoids. Inverse semigroups seem
to be closely related (see, for instance, [4], where a form of equivalence between étale groupoids and
inverse semigroups is established). The precise nature of the relationship between the methods of [6] (and
this paper) and the broader literature of étale groupoids is unclear to the author, who has no expertise in
the latter area.

Remark 2.5 In Definition 2.1, the function with empty domain and codomain plays the role of a 0.

Definition 2.6 (the inverse semigroups Sn and S 0n) Let A W Œ0; 1/! Œ0; 1=2/ be the restriction of the linear
fractional transformation

AD

�
1 0

1 1

�
:

Let B W Œ0; 1/! Œ1=2; 1/ be the restriction of

B D

�
0 1

�1 2

�
:
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For nD 2; 3, let Cn W Œ0; 1/! Œ0; 1/ be the restriction of

Cn D

�
n 0

n�1 1

�
:

Let T W Œ0;1/! Œ1;1/ be the restriction of

T D

�
1 1

0 1

�
:

We will use lower-case letters to denote the inverses of the above transformations (aDA�1, etc.).
For nD 2; 3, we let

Sn D hA;B;CniI S 0n D hA;B;Cn;T i;

where the brackets indicate the inverse semigroup generated by the bracketed transformations; i.e.,
Sn and S 0n are closed under compositions and inverses.

Definition 2.7 (locally determined by S ; the inverse semigroup bS ) Let S be an inverse semigroup acting
on a set X . Let A and B be subsets of X . A bijective function f WA! B is locally determined by S if
there is a finite partition P D fD1; : : : ;Dmg of A into domains (i.e., P � DC

S
) such that fjDi

2 S , for
each i .

We let bS denote the collection of all functions that are locally determined by S . The set bS is an inverse
semigroup under the operation of composition.

Definition 2.8 Let nD 2 or 3. Let

� F.Sn/ be the group of homeomorphisms of Œ0; 1/ that are locally determined by Sn;

� F.S 0n/ be the group of homeomorphisms of Œ0;1/ that are locally determined by S 0n;

� T .Sn/ be the group of homeomorphisms of the circle Œ0; 1�=� that are locally determined by Sn;

� V .Sn/ be the group of right-continuous bijections of Œ0; 1/ that are locally determined by Sn;

� V .S 0n/ be the group of right-continuous bijections of Œ0;1/ that are locally determined by S 0n.

Remark 2.9 The group T .Sn/ can also be described as the subgroup of V .Sn/ that preserves a cyclic
ordering on Œ0; 1/.

3 A generating set of domains for Si and S 0

i

The set DC
S

(Definition 2.1) will be far too big when S D Si or S D S 0i . In this section, we define a
subcollection DC

S;gen � DC
S

, which will be sufficient for the constructions of later sections. We note that
this is in contrast with [6], which always uses the full set DC

S
.

Definition 3.1 (generating sets of domains) Let fA;Bg� denote the set of all positive words in the
alphabet fA;Bg, including the empty word. Let

DC
S 0;gen D fT

˛! � Œ0; 1/ j ! 2 fA;Bg�I˛ � 0g[ fT ˛
� Œ0;1/ j ˛ � 0g
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and
DC

S;gen D f! � Œ0; 1/ j ! 2 fA;Bg
�
g:

We will often refer to DC
S;gen or DC

S 0;gen by the notation DCgen if doing so should cause no ambiguity.
We may sometimes refer to the members of DC

S;gen and DC
S 0;gen as generating domains.

Remark 3.2 It will be convenient to write I in place of Œ0; 1/, and to write !I in place of ! � I .
The half-open intervals !I of DC

S;gen are in one-to-one correspondence with the vertices of an infinite
binary tree. The intervals !AI and !BI correspond to the left and right children (respectively) of !I .
In particular, !0I contains !I if and only if !0 is a prefix of !, and the intervals are disjoint if neither !0

nor ! is a prefix of the other.
Note, however, that the intervals !I are very far from being the standard dyadic intervals when the

length of ! is two or more. For instance, ABAI D Œ1=3; 2=5/ and BAI D Œ1=2; 2=3/. It appears that !I ,
for ! 2 fA;Bg�, is always an interval between consecutive Farey fractions (as noted in [9]), although
we will not need to use this fact. The intervals T ˛!I are simply the translates of the intervals !I by
nonnegative integers.

It will be useful to keep in mind that the products aB and bA are 0 in what follows.

Lemma 3.3 (an eventual invariance property) Let s 2 Si , where i D 2 or 3. Let D 2 DC
S;gen be such that

D is contained in the domain of s. There is a finite partition P � DC
S;gen of D such that sP 2 DC

S;gen, for
each P 2 P .

The analogous statement also holds true for S 0n, i D 2; 3.

Proof Let D D !I , where ! 2 fA;Bg�. By induction on the length of s, it suffices to prove the lemma
in the case s 2 fA;B;C2;C3; a; b; c2; c3g.

Suppose first that sDA. It follows directly that sDDA!I , so sD 2DC
S;gen and we may set P D fDg.

If s D a, it must be that ! D A!0, for some !0 2 fA;Bg�, and therefore sD D !0I . We can therefore
again let P D fDg.

If s D B or s D b, the proof is very similar.
Let s D C2. A straightforward check shows that

C2AADAC2I

C2AB D BAc2I

C2B D BBC2:

We use these identities to “push” C2 as close to the end of the word ! as possible. (The inverse c2 can
appear during this process. This poses no problems, since we can use the same identities to push c2

forward as well.) In doing so, we can arrange that

C2! D !
0C �

2!
00;

where !0; !00 2 fA;Bg�, � D˙1, and
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(1) !00 is an empty word, or

(2) !00 DA if � D 1, or

(3) !00 D B if � D�1.

If !00 is not the empty word, we then let P D f!AI; !BIg; if !00 is empty, we set P D fDg; these are
the required partitions. (For instance, if � D 1 and !00 DA, we have

C2!AI D !0C2AAI D !0AC2I D !0AI 2 DCgen

and
C2!BI D !0C2ABI D !0BAc2I D !0BAI 2 DCgen:

Similar checking handles the remaining case.)
The case in which s D c2 is very similar, and features the same identities, suitably rewritten so that

c2A, c2BA, and c2BB appear on the left-hand sides of the equations.
Now suppose that s D C3. We have the matrix identities

C3AAADAC3I

C3AAB D BAAc3I

C3ABAD BABC3I

C3ABB D BBAc3I

C3B D BBBC3:

We can then follow the same strategy as we did in the case s D C2. “Push” C3 as close to the end of ! as
possible. The result is !0C �

3
!00, where !0 2 fA;Bg� and

(1) !00 is empty, or

(2) � D 1 and !00 2 fA;AA;ABg, or

(3) � D�1 and !00 2 fB;BA;BBg.

If !00 is empty, then P D fDg is the required partition of D. If � D 1 and !00 D A, then we set
P D f!AAI; !ABI; !BAI; !BBIg. This is the required partition; indeed,

C3!AAI D !0C3AAAI D !0AC3I D !0AI 2 DCgen;

and similar calculations show that C3.P/ � DCgen. If !00 2 fAA;ABg, then the required partition is
PDf!AI; !BIg. If �D�1 and !00 2 fB;BA;BBg, then one proceeds similarly. The required partitions
are f!AAI; !ABI; !BAI; !BBIg (in the first case, when !00 DB) and f!AI; !BIg (when !00 DBA

or BB).
The extension of these arguments to S 0i is straightforward, but we consider the case of S 0

2
by way of

example. In this case, the domain D has one of the forms

T ˛! � Œ0; 1/ or T ˛
� Œ0;1/;
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where ! 2 fA;B;C; a; b; cg� and ˛ � 0. We note that, in the former case, D � Œ˛; ˛ C 1/, while
D D Œ˛;1/ in the latter case. The semigroup element s 2 S 0

2
has the form

T m
y!T �n;

for some word y! 2 fA;B;C; a; b; cg�, where m and n are nonnegative. (The proof is as follows. We
know that s is not the zero element by hypothesis. The products XT and T �1X are always zero when
X 2fA;B;C; a; b; cg. We also have the identity T �1T D idŒ0;1/. It follows that, after suitable reductions,
no occurrence of T �1 can occur immediately before a different generator, and no occurrence of T can
occur immediately after a different generator. Thus, the given form describes the only possibilities.)

Now we consider cases. If D D Œ˛;1/, then s necessarily has the form T mT �n by domain consider-
ations. (If y! ¤ 1, then the domain in question is an interval of finite length. This is impossible, since
D must be contained in the domain of s.) It follows that we can simply let P D fDg. Suppose that
D D T ˛! � Œ0; 1/; we must consider the possible cases for n. It is not possible for n to be greater than ˛,
since this would mean that the domain of s is contained in Œn;1/, and thus result in D not being a subset
of the domain of s. If n< ˛, then s must take the form T mT �n (otherwise, if y! ¤ 1, we would conclude
that the domain of s is contained in Œn; nC 1/, which is disjoint from D). We apply the lemma to the
case of S2, temporarily letting s D idŒ0;1/ and D D ! � Œ0; 1/, to find that there is partition bP of ! � Œ0; 1/
into generating domains. We can then let P D T ˛ �bP . Noting that the property of being a generating
domain is unchanged after an application of T , we see that this is the required partition. If nD ˛, then
we apply the lemma with s D y! and DD ! � Œ0; 1/ to get a partition bP of D into generating domains with
the additional property that y! �P is a generating domain, for each P 2bP . It then follows that P D T ˛ �bP
is the required partition.

Remark 3.4 A further application of Lemma 3.3 is that every domain D 2DC
S

or DC
S 0

can be partitioned
into finitely many generating domains. Indeed, each such D is the domain of some word ! in the
generators of Si or S 0i . We can then show that D can be partitioned into generating domains by induction
on the length of !. The base case (in which the length of ! is 1) is trivial, since all of the domains in
question are necessarily generating domains. The inductive step is then handled by applying Lemma 3.3.

4 A directed set construction

In this section, we will specify an S -structure S for S 2 fS2;S3;S
0
2
;S 0

3
g, in essentially the sense of [6].

In fact, the only difference is that we will define our S-structure using the domains DC
S;gen and DC

S 0;gen,
rather than the entire collection DC, as required in [6]. The S -structure leads to a directed set construction
of a contractible simplicial complex, exactly as in [6]. We will first consider these directed set constructions
for V .Si/ and V .S 0i/ (i D 2; 3) in Section 4.1. The simplicial complexes for the related groups can then
be obtained as subcomplexes; this is spelled out in Section 4.3.

It will be useful to let DCgen denote either DC
S;gen or DC

S 0;gen, depending on the context.
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4.1 The directed set constructions for V.Si / and V.S 0

i
/

We will first show how to make V .Si/ and V .S 0i/ act on directed sets, and (therefore) on contractible
simplicial complexes. The basic approach follows [6], but we are able to use a simplified version of the
basic theory, with suitable modifications. All of the results in this subsection work in the same way for
all � 2 fV .S/ j S 2 fS2;S3;S

0
2
;S 0

3
gg, so we will use the generic notation � to refer to any group from

the latter collection.

Definition 4.1 (structure sets; domain types) Let S 2 fS2;S3;S
0
2
;S 0

3
g. Let D1;D2 2 DCgen. We set

S.D1;D2/D fs 2 S j the domain of s is D1 and the range is D2g:

Two domains D1 and D2 have the same type if S.D1;D2/¤¿; i.e., if there is some s 2 S such that
D1 is the domain of s and D2 is the image of s.

Remark 4.2 (description of domain types) There are one or two domain types, depending on whether
S 2 fS2;S3g, on the one hand, or S 2 fS 0

2
;S 0

3
g, on the other. The first of the domain types consists of

those sets of the form !I , where ! 2 fA;Bg�. This domain type occurs in both Si and S 0i , and it is the
only type if S 2 fS2;S3g. The second of the domain types (present only when S 2 fS 0

2
;S 0

3
g) consists of

domains of the form Œn;1/, where n is a nonnegative integer.

Theorem 4.3 (explicit description of structure sets) Let S D S2 or S3. Given !I and !0I 2 DCgen

(!;!0 2 fA;Bg�), the associated structure set takes the form

S.!I; !0I/D f!0C k!�1
j k 2 Zg:

Let S D S 0
2

or S 0
3
. Given !I and !0I 2 DCgen (!;!0 2 fA;B;T g�), the associated structure set takes

the form

S.!I; !0I/D f!0C k!�1
j k 2 Zg:

The set S.Œm;1/; Œn;1// is fT n�mg, when m, n are nonnegative integers.

Proof We first consider the case of S.I; I/ when S D S2.
Let ! 2 S.I; I/. Thus, !I D I . Let G be the group generated by the linear fractional transformations

A, B, and C , each viewed as a transformation of H2 or the projective line R[f1g. We note that the
inverses of A, B, and C may be represented by the matrices

aD

�
1 0

�1 1

�
I b D

�
2 �1

1 0

�
I c D

�
1 0

�1 2

�
:

It follows that, if ! is expressed as a product of matrices, then det.!/D 2n, for some nonnegative integer n.
We note also that ! fixes the points 0 and 1 on the projective line, by our assumptions.

We let

! D

�
˛ ˇ


 ı

�
;
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where ˛, ˇ, 
 , and ı are integers. The equality !.0/ D 0 directly implies that ˇ D 0. The equality
!.1/D 1 then implies that ˛ D 
 C ı. Computing determinants, we find that

.
 C ı/ı D 2n:

It follows that 
 C ı D 2k and ı D 2`, where k C `D n and k and ` are nonnegative integers. Either
k � ` or `� k; in the first case,�

2k 0

2k�2` 2`

�
�

�
1 0

1�2`�k 2`�k

�
D c`�k :

Similarly, if `� k, then ! D C k�`. In either case, ! D C ˛, for appropriate ˛.
If S D S3, then the set S.I; I/ takes the same form. Here

C D

�
3 0

2 1

�
I c D

�
1 0

�2 3

�
;

and therefore det.!/D 3n, for some n 2 Z. The remainder of the argument differs from the case of S2

primarily in the fact that it involves powers of 3, rather than powers of 2.
Now we consider a general structure set S.!I; !0I/, where !;!0 2 fA;Bg� and S may be any

of the semigroups S2, S3, S 0
2
, or S 0

3
. Let � 2 S.!I; !0I/. It follows that .!0/�1�! 2 S.I; I/, so

.!0/�1�! D C k , for some k 2 Z. Thus, � D !0C k!�1, as claimed. Conversely, it is clear that any
transformation of the form !0C k!�1 is in S.!I; !0I/.

The final statement, about S.Œm;1/; Œn;1// follows from the fact that T n�m is the only inverse
semigroup element of S 0i with the given domain and codomain.

Proposition 4.4 (closure properties of S) Let D1;D2 2 DCgen.

(1) Compositions If h 2 S.D1;D2/ and g 2 S.D2;D3/, then gh 2 S.D1;D3/.

(2) Inverses If h 2 S.D1;D2/, then h�1 2 S.D2;D1/.

(3) Identities idD1
2 S.D1;D1/.

Proof All of these properties follow directly from the definition of the set S.D1;D2/.

Definition 4.5 (the set B) Let

AD f.f;D/ j f 2 bS ID 2 DCgenID is contained in the domain of f g:

(Recall that bS is the inverse semigroup of functions that are locally determined by S (Definition 2.7).)
We write .f1;D1/� .f2;D2/ if there is some h 2 S.D1;D2/ such that f1 D f2h. It is easily checked
that � is an equivalence relation on A, using Proposition 4.4. We let B denote the set of all equivalence
classes. The equivalence class of .f;D/ will be denoted by Œf;D�.

Definition 4.6 (vertices; the type of a vertex) A finite subset

fŒf1;D1�; : : : ; Œfm;Dm�g � B
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is a vertex if
m[

iD1

fi.Di/DRC or
m[

iD1

fi.Di/D Œ0; 1/;

depending upon whether the underlying semigroup is S 0n or Sn, respectively. (Here RC is the set of
nonnegative real numbers and m may be any natural number.)

We let VS denote the set of all vertices, where S 2 fS2;S3;S
0
2
;S 0

3
g. We may sometimes write V in

place of VS if this will result in no ambiguity.
Two vertices fŒf1;D1�; : : : ; Œfm;Dm�g and fŒg1;E1�; : : : ; Œgn;En�g have the same type if the multisets

fŒD1�; : : : ; ŒDm�g and fŒE1�; : : : ; ŒEn�g are identical; i.e., mD n and ŒDj �D ŒEj �, for j D 1; : : : ;m.

Definition 4.7 (expansion; contraction) Let v D fŒf1;D1�; : : : ; Œfn;Dn�g be a vertex. We say that a
vertex v0 is obtained from v by expansion at Œfi ;Di � if there is some h 2 S.Di ;Di/ and a finite partition
P � DCgen of Di into domains such that

v0 D .v�fŒfi ;Di �g/[fŒfih;P � j P 2 Pg:

We write v% v0. We also say that v is the result of contraction from v0.
We let � be the reflexive, transitive closure of%.

Remark 4.8 (an explicit description of expansion) Consider Œf; !I �, where ! 2 fA;Bg�. We note that
Œf; !I �D Œf !; I � by the definition of B (Definition 4.5) and because ! 2 S.I; !I/. An arbitrary partition
of I into generating domains takes the form

f�I j � 2 Cg;

where C � fA;Bg� is a cut set (in the sense of Section 5). It follows directly that an expansion at Œf; !I �

(equivalently, Œf !; I �) involves replacing Œf; !I � by the members of

fŒf !C k�; I � j � 2 Cg;

for some k 2 Z and some cut set C. (This is by Definition 4.7 and Theorem 4.3.)
The above description is particularly simple when C is the cut set fA;Bg. It then follows that the

expansion replaces Œf; !I � with the pairs

Œf !C kA; I � and Œf !C kB; I �;

for some k 2 Z. Moreover, this is essentially the general case, since any expansion can be realized as a
sequence of such expansions.

An expansion at a pair Œf;D�, where D D Œm;1/, is much more straightforward to describe: such an
expansion simply replaces Œf;D� with the members of

fŒf;P � j P 2 Pg;

where P is a finite partition of D into domains from DCgen. This is because S.D;D/ is trivial.
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Proposition 4.9 Expansion is well-defined and �-invariant :

(1) If vDfŒf1;D1�; : : : ; Œfm;Dm�g, OvDfŒg1;E1�; : : : ; Œgm;Em�g, vD Ov, and v0 is the result of expansion
from v at Œfi ;Di �, then v0 is also the result of expansion from Ov at some Œgj ;Ej �.

(2) If v% v0 (where v and v0 are as above) and 
 2 � , then 
 � v% 
 � v0.

Proof We prove (1). Assume, without loss of generality, that Œfk ;Dk �D Œgk ;Ek � for k D 1; : : : ;m. We
suppose that v0 is the result of expansion from v at Œfi ;Di �; thus, there is some h 2 S.Di ;Di/ and a finite
partition P � DCgen of Di such that

v0 D .v�fŒfi ;Di �g/[fŒfih;P � j P 2 Pg:

Choose j 2 S.Di ;Ei/ such that j .P/ is a finite partition of Ei by members of DCgen. (For instance,
if Di D !iI and Ei D !

0
iI , for some !i ; !

0
i 2 fA;Bg

�, then we can set j D !0i!
�1
i . The only remaining

case is when Di and Ei are both rays. In this case, there is only one member j of S.Di ;Ei/, and this
j satisfies the required property.) Since Œfi ;Di �D Œgi ;Ei �, there is also some j1 2 S.Di ;Ei/ such that
gij1 D fi , by Definition 4.5.

We claim that
fŒfih;P � j P 2 Pg D fŒgij1hj�1; j .P /� j P 2 Pg:

Indeed, for each i , .gij1h�1j�1/ ı j D fih, so Œfih;P � D Œgij1hj�1; j .P /� by Definition 4.5. This
proves (1).

The proof of (2) is straightforward. Indeed,


 � v D fŒ
f1;D1�; : : : ; Œ
fm;Dm�g

and

 � v0 D .
 � v�fŒ
fi ;Di �g/[fŒ
fih;P � j P 2 Pg;

from which it directly follows that 
 � v0 is obtained from 
 � v via expansion at Œ
fi ;Di � (with respect to
the same choices of h and P).

Corollary 4.10 (the partial order on vertices) The relation � is a partial order on V . The group � acts on
.V;�/ in an order-preserving fashion.

Proof This follows directly from Proposition 4.9.

Definition 4.11 (simplicial realisation; the complexes �.Sn/ and �.S 0n/) Let P be a partially ordered
set. The simplicial realisation of P is the simplicial complex whose vertex set is P and whose simplices
are finite ascending chains in P .

We let �.Sn/ and �.S 0n/ denote the simplicial realisations of V .Sn/ and V .S 0n/, respectively.

Theorem 4.12 (the directed �-set of vertices) The relation � is a partial order on V , and V is a directed
set with respect to �. The group � acts on .V;�/ in an order-preserving fashion.

In particular , the simplicial realisations �.Si/ and �.S 0i/ are contractible �-complexes.

Algebraic & Geometric Topology, Volume 26 (2026)



1408 Daniel S. Farley

Proof It is already clear from Proposition 4.9 and Definition 4.7 that .V;�/ is a partially ordered set on
which � acts in an order-preserving fashion.

Let S D Si or S 0i , for i D 2 or 3. We must show that .V;�/ is a directed set. The main step is to show
that any vertex

v D fŒf1;D1�; : : : ; Œfm;Dm�g

can be expanded into a vertex of the form

Ov D fŒidE1
;E1�; : : : ; ŒidEn

;En�g:

Note that each Di can be partitioned into finitely many elements of DCgen in such a way that the
restriction of fi to each piece acts as a member of S (see Definition 2.7). Thus, we may assume, possibly
after expansion, that v already has this property. Consider the pair Œf1;D1�. By Lemma 3.3, there is
a finite partition P � DCgen of D1 such that f1.P / 2 DCgen, for each P 2 P . We note that f1jP 2 S by
Remark 2.2. It follows that f1 2 S.P; f1.P //, for each P 2 P , so

fŒf1;P � j P 2 Pg D fŒid; f1.P /� j P 2 Pg;

by the definition of the equivalence relation on pairs (see Definition 4.5). Note that the act of replacing
Œf1;D1� by the collection fŒfi ;P � jP 2Pg is an expansion at Œf1;D1�. By performing similar expansions
at the remaining Œfi ;Di � (i D 2; : : : ;m), we arrive at the required Ov.

Now suppose that v1 and v2 are any two vertices. By the argument of the previous paragraph, we can
find Ov1 and Ov2 such that v1 � Ov1 and v2 � Ov2, and both Ov1 and Ov2 have the general form of the vertex Ov;
i.e., each pair in Ovi (i D 1; 2) has the form Œid;E�, where id denotes the identity function on E and
E 2 DCgen. Thus, we can identify Ovi (i D 1; 2) with a partition of the nonnegative real numbers. (Under
this identification, Ov would correspond to the partition fE1; : : : ;Eng.)

Finally, we observe that the partitions determined by the Ovi have a common finite refinement P 0 that is
also a subset of DCgen. Letting Qv denote the vertex corresponding to P 0, we find that Ovi � Qv, for i D 1; 2.
Thus, v1; v2 � Qv, from which it follows that .V;�/ is a directed set.

The final statement is standard.

4.2 Vertex stabilisers

In this subsection, we consider the stabiliser �v, where v is a vertex and � is one of the groups V .Si/

or V .S 0i/ (i D 2 or 3). We will largely follow the proof of Proposition 5.3 in [6]. We include the proof
for the reader’s convenience.

Proposition 4.13 (virtually free abelian vertex stabilisers) Let

v D fŒf1;D1�; : : : ; Œfm;Dm�g;

where v 2�.Sn/ or v 2�.S 0n/ (nD 2 or 3). Let � D V .Sn/ or V .S 0n/ (respectively).
The stabiliser group �v is virtually free abelian of rank at most m.
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Proof The elements of the group �v permute the elements of v. That is, for each 
 2 �v, there is a
permutation �
 2 Sm such that


 � Œfj ;Dj �D Œ
 ıfj ;Dj �D Œf�
 .j/;D�
 .j/�:

The assignment 
 7! �
 is a homomorphism from �v to Sm, the symmetric group on m symbols. The
kernel K of the latter homomorphism thus has finite index in �v. Each 
 2K fixes the members of v
pointwise; i.e., 
 � Œfj ;Dj �D Œ
 ıfj ;Dj �D Œfj ;Dj �, for j D 1; : : : ;m. It follows, from the definition of
the equivalence relation, that there are hj 2 S.Dj ;Dj / such that 
jfj .Dj / D fj hjf

�1
j , for j D 1; : : : ;m.

The latter equalities determine an injective homomorphism

ˆ WK!

mY
jD1

S.Dj ;Dj /

defined by the rule 
 7! .h1; : : : ; hm/. Since each of the groups S.Dj ;Dj / is either infinite cyclic or
trivial by Theorem 4.3, the proposition follows.

4.3 The directed set constructions for “F ” and “T ” groups

The “F” and “T ” groups act on a subcomplex of the complexes for �.Si/ and �.S 0i/.

Definition 4.14 Let � 2fF.Si/;F.S
0
i/;T .Si/g. We consider the smallest subcomplex of�.Si/ (or�.S 0i/

if � D F.S 0i/) that contains the vertices Œ
;X � (X D Œ0; 1/ or Œ0;1/, respectively), for all 
 2 � , and is
closed under expansion.

We denote this complex by �F .Si/, �F .S
0
i/, or �T .Si/, respectively.

Proposition 4.15 The vertices of �F .Si/, �F .S
0
i/, and �T .Si/ form directed sets under expansion.

In particular , the complexes �F .Si/, �F .S
0
i/, and �T .Si/ are contractible �-simplicial complexes ,

where � D F.Si/, F.S 0i/, or T .Si/, respectively.
In all of the above cases , the vertex stabiliser groups are virtually free abelian.

Proof The �-equivariance of the complexes in question follows from the fact that the expansion relation
is �-equivariant. The contractibility of these complexes follows from the fact that the vertex sets are still
directed, since the vertex sets in question are closed under expansion.

The proof that the vertex stabiliser groups are free abelian follows the general idea of Proposition 4.13.

5 An algorithm

In this section, we will describe a simple algorithm. The input is a linear fractional transformation Cn of
the interval Œ0; 1/. The algorithm attempts to derive a collection of equations like those from Lemma 3.3,
which are so essential to our main argument.

We first need to set some conventions. Let A W Œ0; 1/! Œ0; 1=2/ and B W Œ0; 1/! Œ1=2; 1/ be defined as
in Definition 2.6. The vertices of a rooted infinite binary tree can be labelled by words in the monoid
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fA;Bg�, as follows: The root is labelled by the empty word. If a given vertex v is labelled by ! 2 fA;Bg�,
then the left and right children of v are labelled by !A and !B, respectively. Let us denote the label of v
by L.v/. We can then assign a half-open interval I.v/ to each vertex by the rule

I.v/DL.v/ � I;

where I denotes the interval Œ0; 1/. Note that I.v1/� I.v2/ if and only if L.v1/ is a prefix of L.v2/.
By a cut set of a rooted infinite binary tree, we mean a set C of vertices such that every embedded

geodesic ray issuing from the root passes through exactly one member of C . We may also refer to a set
of words in fA;Bg� as a cut set if the corresponding set of vertices is a cut set in the above sense.

We define, as in the introduction,

Cn.x/D
nx

.n� 1/xC 1
;

where Cn is defined only on the interval Œ0; 1/. The (hoped-for) output is a collection of matrix identities,
of the general form

Cn!1 D !
0
1C˙n I

Cn!2 D !
0
2C˙n I

:::

Cn!k D !
0
kC˙n ;

where !i ; !
0
i 2 fA;Bg

� for i D 1; : : : ; k, and the sets f!1; : : : ; !kg and f!0
1
; : : : ; !0

k
g are cut sets.

(Collections of such equations figured prominently in the proof of Lemma 3.3.) Given the above identities
and the corresponding cut sets, we can then define directed sets just as we did in Section 4. The groups
that are locally determined by fA;B;Cn; a; b; cng

� would then act on these directed sets exactly as before.
The algorithm works in the following way. Each vertex of the tree is assigned a type. Initially, this type

is “u” for all vertices, indicating a vertex of unknown type. (Actually, the program creates new vertex
objects during its run time, although we can ignore this detail for the sake of the current discussion.)
Each vertex is also assigned a toggle that is initially set to “0”. When the program encounters a vertex v,
it performs an action depending on the type of the vertex, which is one of n (for “(internal) node”), l (for
“leaf”), or u (for “unknown”), and the value of its toggle, which is either 0 or 1. A value of “0” indicates
that the program still needs to do some work at or beneath a given vertex, while a “1” indicates the
opposite.

If the vertex is of unknown type (“u”), the program runs the following test:

(1) It first appends Cn to the beginning of the string L.v/. This initialises the matrix string product of v,
which we will here denote by M.v/. It is a string over the alphabet fA;B;Cn; a; b; cng.

(2) The program interprets M.v/ as a product of matrices and computes the interval M.v/ � I :

(a) If M.v/ � I � Œ0; 1=2/, then the program appends a to the front of M.v/; the result is defined to be
the new M.v/. The program then returns to step (2).
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(b) If M.v/ � I � Œ1=2; 1/, then the program appends b to the front of M.v/; the result is defined to be
the new M.v/. The program then returns to step (2).

(c) If M.v/ � I D I , then M.v/ 2 S.I; I/, so M.v/ is equivalent (as a linear fractional transformation)
to a power of Cn by Theorem 4.3 (or by a variant thereof, if n ¤ 2 or 3). Let us suppose that
M.v/D C k

n . In this case, the program appends ck
n to the front of M.v/ (creating a new M.v/). The

program now classifies the current vertex as a leaf (changing the unknown “u” designation to “l”).
The toggle of the current vertex is also set to “1” (changed from “0”).

(d) If M.v/ � I satisfies none of the above (i.e., 1=2 2M.v/ � I , but M.v/ � I ¤ I ), then v is reclassified
as an (internal) node “n”. The toggle stays at 0.

At the end of the above process, the vertex v has been reclassified as an internal node (“n”) or a leaf (“l”).
In the latter case, the toggle has been set to 1 and a certain matrix string product has been produced. By
construction, the (final) matrix string product of a leaf necessarily evaluates to the identity matrix when
interpreted as a product of matrices.

If the current vertex v is an internal node (i.e., designated by “n”) and its toggle value is 0, then the
program determines the toggle value of the left child of v. If this value is 0, it moves to this left child.
If the toggle value of the left child is 1, but the toggle value of the right child is 0, then the program moves
to the right child. If both children have toggle value 1, then the program flips the toggle of v itself to 1.

If the toggle value of v is 1, then the program moves to the parent of v. If there is no such parent (i.e.,
v is the root), then the program terminates, and records the matrix string products for each leaf. The latter
matrix string products, which take the form

ck
n!1Cn!2;

where m2Z, !1 2 fa; bg
�, and !2 2 fA;Bg

�, are readily interpretable as a collection of identities having
the desired form, indicated above, if mD˙1. The leaves determine a (finite) cut set. This completes the
description of the algorithm.

We omit the proof of the validity of the algorithm — i.e., the proof that the program finds appropriate
cut sets and associated matrix identities, if such things exist.

The author’s experience of running the program has led to unexpected results. If n D 2, then the
program finds a cut set with three elements, and returns the three matrix equations (C2AADAC2; etc.)
displayed in the proof of Lemma 3.3. If nD 3, then the program finds a cut set with five elements, and
the five matrix equations associated to C3, as described in the proof of Lemma 3.3. If nD 4, the program
fails to terminate, although it finds many leaves during its run time. The same is true for all values of
n� 4 that the author has tried. (It may be worth noting here that the program computes using only integer
values, not floating-point numbers, so round-off errors are apparently not a source for the problems that
are encountered here.) It follows from this that an analysis of the groups V .Sn/ and V .S 0n/ for n� 4 (and,
indeed, the corresponding “F” and “T ” versions of these groups) lies beyond the techniques described in
this paper.
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It is also possible to run similar tests for different transformations. One might change not only Cn, but
also the transformations A and B. The author has run such tests in a few cases, but with no success to
date.

6 The expansion schemes Ei and E 0

i

In this section, we will introduce subdivision trees as a device for diagramming expansions, and describe
how subdivision trees represent partitions of Œ0; 1/ into subintervals. Similar trees were considered in [9].

We will then describe expansion schemes Ei and E 0i , which will eventually be used to simplify the
directed set constructions from Section 4. In order to establish the required properties of Ei and E 0i , we
will need to understand when two subdivision trees define the same partition. The latter will be the project
of Sections 7 and 8.

6.1 Subdivision trees, equivalence, and elementary equivalence

Definition 6.1 (subdivision trees) Let T be a finite rooted binary tree. The vertices of degree one are
leaves; all other vertices are nodes. The topmost node is the root. We say that T is a subdivision tree if
each node is labelled by an integer.

We let T` and Tr denote the left and right branches of the subdivision tree T .

Remark 6.2 (the subdivision represented by a subdivision tree) Each leaf in a subdivision tree is labelled
by a word in the alphabet fA;B;C; cg. The labelling is obtained as follows. Trace the (unique) path p

from the root to a given leaf `. Suppose that

v1; e1; v2; e2; : : : ; ek ; vkC1

is a complete list of the vertices and edges encountered along the path p, written in the order that they
are encountered. Thus, in particular, v1 is the root of the tree and vkC1 D `. Let n1; n2; : : : ; nk be the
integers labelling the nodes v1; : : : ; vk ; for i D 1; : : : ; k, let Xi be A if ei points downward and to the
left, and let Xi be B if ei points downward and to the right. The labelling of the leaf ` is then

C n1X1C n2X2 : : :C
nk Xk :

For instance, the leaves of the left tree in Figure 1 are labelled by the words ACAcA, ACAcB, ACB,
and B. The leaves of the right tree are labelled by C 2ACA, C 2ACBC 3A, C 2ACBC 3B, C 2BcA, and
C 2BcB. This labelling scheme works the same way, no matter whether we are letting C represent C2

or C3.
We obtain a partition of Œ0; 1/ by applying these words to the interval Œ0; 1/. Thus, ACAcA determines

the interval ACAcA � Œ0; 1/, and so forth.
The partition of Œ0; 1/ determined by the trivial subdivision tree is fŒ0; 1/g.

Remark 6.3 (subdivision trees over M2 and M3) For i D 2; 3, we let Mi D fA;B;Ci ; cig
�; i.e., Mi is

the monoid consisting of positive (possibly empty) words in the alphabet fA;B;Ci ; cig. For i D 2; 3, we
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2

�11

3

0

�1

1

Figure 1: Subdivision trees.

have the proper inclusions Mi � Si . In Section 7, we will obtain finite complete presentations of M2

and M3, which will aid in analysing subdivision trees.
A subdivision tree T represents one of two subdivisions of the interval Œ0; 1/, depending upon whether

the “C ” is interpreted as C2 or C3. In most contexts, it should be clear which is intended, but, in cases of
possible ambiguity, we may refer to T as a subdivision tree over M2 or over M3, as the case may be.

Definition 6.4 (equivalent subdivision trees; the functions n and N ) Two subdivision trees T1 and T2

(both over either M2 or M3) are equivalent if they represent the same collection of intervals. We write
T1 � T2.

If T is a nontrivial subdivision tree, then n.T / denotes the label of the root. Let

N.T /D fn.T 0/ j T 0 � T g:

The set N.T / is empty if T is the trivial subdivision tree.

Lemma 6.5 (finiteness of N.T /) If T is a subdivision tree , then N.T / is a finite set.

Proof We prove the lemma in the case of M2, the argument for the case of M3 being similar.
Note that, if T 0 � T and n.T 0/ D k, then the collection of intervals C determined by T refines

fŒ0; 2k=.2k C 1//; Œ2k=.2k C 1/; 1/g. Thus, if N.T / were infinite, C would refine an infinite partition of
Œ0; 1/, which would force C to be infinite. This is impossible, since T has only finitely many leaves.

Lemma 6.6 Let T and T 0 be nontrivial subdivision trees (both over M2 or M3), and assume that
n.T /D n.T 0/. Then T � T 0 if and only if T` � T 0

`
and Tr � T 0r .

Proof We prove the lemma in the case that T and T 0 are subdivision trees over M2; the case of M3

differs in only minor ways. Assume that T and T 0 are subdivision trees, and that n.T /D n.T 0/D t .
Assume that T � T 0. Let `1; : : : ; `k label the leaves of T` and let `kC1; : : : ; `m label the leaves of Tr .

(Here, and throughout the proof, the labels of the leaves are read from left to right, so `1 is the label of
the leftmost leaf of T`, etc.) Let `0

1
; : : : ; `0

Ok
label the leaves of T 0

`
and let `0

OkC1
; : : : ; `0m label the leaves

of T 0r . It follows that

C tA`1; : : : ;C
tA`k ;C

tB`kC1; : : : ;C
tB`m
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n

0
a

b c

nC1

0

a�1 bC1

c�1

n

0

a b

c
n�1

0
aC1

b�1 cC1

Figure 2: The relations that define elementary equivalence between subdivision trees over M2.

label the leaves of T and

C tA`01; : : : ;C
tA`0

Ok
;C tB` OkC1

; : : : ;C tB`m

label the leaves of T 0. It follows that the above labels pairwise determine equal intervals, in the given
order: C tA`1 � Œ0; 1/D C tA`0

1
� Œ0; 1/, etc. Since `k and `0

Ok
label rightmost leaves (of the trees T` and T 0

`
,

respectively), C tA`k � Œ0; 1/ and C tA`0
Ok
� Œ0; 1/ have the same supremum, namely 2t=.2t C 1/ (since

`k � Œ0; 1/ and `0
Ok
� Œ0; 1/ have the supremum 1). It follows directly that C tA`k and C tA`0

Ok
determine the

same interval; thus, k D Ok.
It follows easily that j̀ and `0j determine the same interval, for j D 1; : : : ; k (simply cancel C tA in

the relevant products). Thus, T` � T 0
`
. By similar reasoning, Tr � T 0r .

Conversely, assuming that T` � T 0
`

and Tr � T 0r , we easily conclude that T � T 0.

Proposition 6.7 (equality of leaves) Let !;!0 2 fA;B;C; cg�, where C D C2 or C3. The intervals
! � Œ0; 1/ and !0 � Œ0; 1/ are equal if and only if ! D !0C k , for some k 2 Z.

Proof If ! D !0C k , then
! � Œ0; 1/D !0C k

� Œ0; 1/D !0 � Œ0; 1/;

where the final equality follows from the fact that C � Œ0; 1/D Œ0; 1/.
Conversely, suppose !ID!0I . It follows that .!0/�1!IDI , so .!0/�1! 2S.I; I/, so .!0/�1!DC k ,

for some k 2 Z, by Theorem 4.3. It follows that ! D !0C k .

Definition 6.8 (elementary equivalence) The two transformations in Figure 2 define elementary equiva-
lence between subdivision trees over M2.

To apply one of the transformations from Figure 2 to a subdivision tree T over M2 is to replace a
subtree of the form on the left with a subtree of the form on the right. Here the labels a, b, c represent
the integer labels of the nodes of T that are attached at the leaves labelled by a, b, c (respectively).
An application of the given transformation changes the integer labels of these nodes, as indicated on
the right-hand tree. If one of the integers a, b, c labels a leaf in T , then that integer is ignored (since
leaves of subdivision trees are never labelled by integers). We also say that two subdivision trees T1

and T2 are elementary equivalent over M2 if one can be transformed into the other by a sequence of such
transformations.

Elementary equivalence over M3 is defined by the tree pairs in Figure 3.
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n

0
a

b c d e

0 0

nC1

0

0 0

�1

�1 1 �1 1

n

0

0 0

e

a b c d

n�1

0
1

�1 1 �1 1

0 0

Figure 3: The relations that define elementary equivalence between subdivision trees over M3.

In Figure 3, the labels on the leaves of the right-hand trees have been abbreviated to avoid creating an
over-crowded figure. The leftmost “�1” on the second tree from the left represents “a� 1”, and so on.

Remark 6.9 The transformations in Figure 2 are inverses of each other; similarly for Figure 3.

Example 6.10 Figure 4 depicts an elementary equivalence between two subdivision trees over M2. The
right-hand tree is the result of applying the second relation to the left-hand tree at the node labelled by “4”.

One easily checks that the two trees are indeed equivalent.

Lemma 6.11 If two subdivision trees T1, T2 (over M2 or M3) are elementary equivalent , then they are
equivalent.

Proof The proof that the left-hand transformation in Figure 2 preserves equivalence relies on the system
of equalities

C nAC a
D C nC1AAC a�1

I

C nBAC b
D C nC1BAC bC1

I

C nBBC c
D C nC1BC c�1;

all of which are easily verified, and from the interpretation of subdivision trees (Remark 6.2). The other
three verifications follow similarly.

2

4

0

�1 3

2

3

�2 0

4

Figure 4: Elementary equivalence between two subdivision trees over M2.
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6.2 The correspondence between subdivision trees and expansions

Theorem 6.12 (subdivision trees and expansions) We let C denote either C2 or C3. Let v 2V be the result
of a sequence of expansions from fŒidI ; I �g; i.e., fŒid; I �g � v. It follows that there is some subdivision
tree T such that the set L of labels on the leaves satisfies

v D fŒ!; I � j ! 2 Lg:

Conversely, any subdivision tree T determines a vertex v by the above equality , and fŒidI ; I �g � v for
this v.

If fŒidI ; I �g � v; v
0 and T and T 0 are the subdivision trees corresponding to v and v0, then v D v0 if

and only if T and T 0 are equivalent.

Proof The correspondence between subdivision trees T and vertices v satisfying fŒidI ; I �g � v is
straightforward, in view of the discussion in Remark 4.8.

We will now show that v D v0 if and only if T is equivalent to T 0. Assume first that T and T 0 are
equivalent. Thus,

v D fŒ!1; I �; : : : ; Œ!n; I �g and v0 D fŒ!01; I �; : : : ; Œ!
0
n; I �g;

where the !i are the labels of the leaves of T (listed from left to right) and, similarly, !0i are the labels of
the leaves of T 0 (also listed from left to right). Since T and T 0 are equivalent, we have

!i D !
0
iC

ki ;

for i D 1; : : : ; n and for some ki 2 Z, by Definition 6.4 and Proposition 6.7. It follows directly that, for
all i , Œ!i ; I �D Œ!

0
i ; I �, by Definition 4.5, letting hD C ki (since C ki 2 S.I; I/). Thus, v D v0.

If we carry over the notation from above, the converse essentially follows from the fact that the equality
Œ!i ; I � D Œ!

0
i ; I � implies the equality !i D !

0
iC

ki (for appropriate ki); this is a direct consequence of
Definition 4.5 and the description of S.I; I/ from Theorem 4.3.

6.3 A discussion of expansion schemes; the expansion schemes Ei and E 0

i

The directed set construction from Section 4, and the generalisations considered in [6], lead to complexes
that are often too difficult to analyse when (for instance) attempting to establish finiteness properties for
the acting group. One device for simplifying the complexes appeared in [6] under the name of “expansion
schemes”. An expansion scheme E assigns to each pair Œf;D� 2 B a collection of expansions. This
assignment determines a simplicial complex �E in which the simplices are chains

v1 < v2 < � � �< vn

such that the vertices vi (i D 2; : : : ; n) are all the result of expansions from v1 that are allowed by E .
Thus, for instance, the trivial expansion scheme, which allows no expansions, results in a discrete set
of vertices. At the opposite extreme, an expansion scheme may impose no restraint at all, resulting in
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the original directed set construction. Since the topology of �E depends significantly on the choice of E ,
it would be useful to have a criterion that recognises when the complex �E is n-connected. The idea of
an “n-connected expansion scheme” offers such a criterion. The necessary definitions follow.

We will begin with a general discussion of expansion schemes; the definitions of Ei and E 0i are in
Example 6.22. The definition of “pseudovertex” is from Section 4 of [6], while the other definitions and
theorems in this subsection are from Section 6 of [6].

Definition 6.13 (pseudovertices) Let v D fŒf1;D1�; : : : ; Œfm;Dm�g � B. We say that v is a pseudovertex
if the sets fi.Di/ .i D 1 : : : ;m/ are pairwise disjoint.

Remark 6.14 (the partial order on pseudovertices; the action of bS on pseudovertices) The pseudovertices
are partially ordered by expansion, which can be defined exactly as it was for vertices (Definition 4.7).
The pseudovertices do not form a directed set, since the support of a given pseudovertex

.f1.D1/[ � � � [fm.Dm//

is invariant under expansion. The proof of Theorem 4.12 still shows that any two pseudovertices with the
same support have an upper bound. Thus, the simplicial realisation of the set of all pseudovertices is a
disjoint union of contractible sets.

There is a (partial) action of bS (Definition 2.7) on B, defined by

Os � Œf;D�D ŒOsf;D�:

This action is defined for suitable Œf;D� and Os; i.e., for all pairs Œf;D� and Os 2 bS such that f .D/ is a
subset of the domain of Os.

Definition 6.15 (E-expansion; expansion scheme) Let PV denote the collection of all pseudovertices.
Assume that E W B! 2PV satisfies (1)–(3), for each Œf;D� 2 B (we let b, rather than Œf;D�, denote a
typical member of B in order to simplify notation):

(1) Each w 2 E.b/ is the result of a sequence of expansions from fbg; i.e., for each w 2 E.Œf;D�/, we
have fŒf;D�g � w.

(2) fbg 2 E.b/.

(3) bS -invariance For each Os 2 bS , and each b 2 B for which Os � b is defined, Os � E.b/D E.Os � b/.

Let v 2 PV; we write v D fb1; : : : ; bmg, where b1; : : : ; bm 2 B. We say that v0 is a result of E-expansion
from v if there are v0i 2 E.bi/, for i D 1; : : : ;m, such that

v0 D

m[
iD1

v0i :

We say that E is an expansion scheme if

(4) for every Œf;D�2B and every w1; w2 2 E.Œf;D�/ such that w1�w2, w2 is the result of E-expansion
from w1.

Algebraic & Geometric Topology, Volume 26 (2026)



1418 Daniel S. Farley

Definition 6.16 (the complex �E ) Let E be an expansion scheme. We let �E be the subcomplex of the
directed set construction made up of E-simplices; i.e., simplices

v1 < v2 < � � �< vm

such that the vertices vj (j 2 f2; : : : ;mg) are obtained from v1 by E-expansion.

Definition 6.17 (interval subcomplexes; relative ascending links) Let v0 and v00 be pseudovertices such
that v0 � v00 (in the sense of the expansion partial order; see Remark 6.14 and Definition 4.7). We let
�E
Œv0;v00�

denote the set of all E-simplices

v1 < � � �< vm

such that v0 � v1 < vm � v
00. This is the interval subcomplex determined by v0, v00, and E .

The ascending link of v0 relative to v00 is the link of v0 in the complex �E
Œv0;v00�

.

Definition 6.18 (n-connected expansion schemes) Let E be an expansion scheme. We say that E is
n-connected if, for each b 2 B and each pseudovertex v such that fbg < v, the ascending link of fbg
relative to v is .n�1/-connected.

Theorem 6.19 (n-connectedness of �E ) If E is an n-connected expansion scheme , then the complex �E

is n-connected.

Remark 6.20 (n-connectedness of complexes determined by pseudovertices) Theorem 6.19’s conclusion
carries over to complexes determined by pseudovertices in a component-by-component fashion; i.e., each
connected component is n-connected.

Example 6.21 (the case of Thompson’s group V ) We consider a basic example of an expansion scheme.
Let

C D
1Y

nD1

f0; 1g

denote the usual binary Cantor set. The elements of C are infinite binary strings. We let Cfin denote the
set of all finite binary strings. For each ! 2 Cfin, we let D! denote the set of all infinite binary strings that
begin with the prefix !. For !1; !2 2 Cfin, the transformation �!1;!2

WD!1
!D!2

removes the prefix !1

from the input and adds the prefix !2 in its place. We let

SV D f�!1;!2
j !1; !2 2 Cfin

g[ f0g;

where 0 represents the empty function. The set SV is an inverse monoid under composition. The associated
set of domains DC

SV
consists of all of the sets D! , where ! 2 Cfin.

The set of all bijections 
 W C ! C that are locally determined by SV make up a group, which we
denote by V . This is Thompson’s well-known group V , as described in [5]. We define an SV structure as
follows. For each pair .D!1

;D!2
/, we define

S.D!1
;D!2

/D f�!1;!2
g:
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The verification that this assignment does, indeed, define an SV -structure is routine. (For the sake of this
discussion, we can use the properties from Proposition 4.4 as the definition of S -structure. The reader is
referred to [6] for a more complete definition. We note, however, that the longer definition from the latter
source is designed to address numerous complications that do not arise in the case of V .)

We now define an expansion scheme E . For each Œf;D! �, let

E.Œf;D! �/D ffŒf;D! �g; fŒf;D!0�; Œf;D!1�gg:

Thus, the set E.Œf;D! �/ consists of two pseudovertices: the base pseudovertex fŒf;D! �g, and the
pseudovertex obtained by performing the simplest possible expansion at Œf;D! �, namely the expansion
that subdivides D! into left and right halves (D!0 and D!1, respectively). It is straightforward to check
that the assignment E satisfies the conditions of Definition 6.15.

A simplex in �E is a chain
v1 < v2 < � � �< vm;

where v1 D fŒf1;D!1
�; : : : ; Œfn;D!n

�g, and each vertex vj .2� j �m/ can be obtained from v1 by, for
a given i 2 f1; : : : ; ng, either replacing Œfi ;D!i

� with its left and right halves (in the sense described
above), or leaving Œfi ;D!i

� unchanged.
It is also straightforward to check that the expansion scheme E is n-connected, for all n. Indeed, let

b 2 B and let fbg< v. There is a unique E-expansion from b, and thus the 1-simplex connecting fbg to
fb`; br g is the star of fbg in �E

Œfbg;v�
. The ascending link of fbg relative to v is therefore always a point.

It follows from Theorem 6.19 that �E is contractible.

Example 6.22 We now return to the main examples of this paper. Let S D S2, S3, S 0
2
, or S 0

3
, and let the

S-structure S be defined as in Definition 4.1. We will define expansion schemes Ei and E 0i , for i D 2; 3.
In order to do so, we must first introduce some useful notation.

For each k 2 Z, we let uk denote the vertex that corresponds to the subdivision tree consisting of a
single caret in which the root is numbered k. (The correspondence in question is that of Theorem 6.12.)
Thus,

uk D fŒC
kA; I �; ŒC kB; I �g;

where C D C2 or C3, depending on the semigroup S in question. If S D S2 or S 0
2
, we let uk� 1

2
be the

vertex corresponding to the subdivision tree consisting of two carets: a top caret (with root labelled k),
and a second caret, attached to the left child of the root, labelled 0. Thus,

uk� 1
2
D fŒC kAA; I �; ŒC kAB; I �; ŒC kB; I �g:

If S D S3 or S 0
3
, then uk� 1

2
is the vertex represented by the subdivision tree consisting of a top caret

(with root labelled k), and a complete depth-two binary tree, attached at the left child of the root, in which
each node is labelled 0. Thus,

uk� 1
2
D fŒC kAAA; I �; ŒC kAAB; I �; ŒC kABA; I �; ŒC kABB; I �; ŒC kB; I �g:
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�2 �1 0 1 2

b

Figure 5: Above we have depicted the simplicial complex E.b/ associated to b D ŒidI ; I � by the
expansion schemes Ei and E 0i . An integer k refers to the vertex uk .

With the above conventions, we can set

Ei.ŒidI ; I �/D E 0i.ŒidI ; I �/D ffŒidI ; I �gg[ fuk=2 j k 2 Zg;

for i D 2 or 3. By extending bS -equivariantly, we arrive at a definition of Ei.b/D E 0i.b/, for any bD Œf; I �

and for i D 2 or 3, where I is contained in the domain of f 2 bS :

Ei.Œf; I �/D E 0i.Œf; I �/D ffŒf; I �gg[ ff �uk=2 j k 2 Zg:

The well-definedness of this assignment is easy to check.
It is straightforward to check that uk �uk� 1

2
and uk�1�uk� 1

2
, for each integer k. (The first inequality

is clear; the second inequality follows directly after applying an elementary equivalence.) Moreover,
no two of the vertices uk1

and uk2
are comparable and no two of the vertices uk1�

1
2

and uk2�
1
2

are
comparable (if k1 ¤ k2). It follows that the simplicial realisations of Ei.b/ and E 0i.b/ take the form
indicated in Figure 5.

We recall that Œf; !I �D Œf !; I � when ! 2 fA;Bg� (see the beginning of Remark 4.8). It follows that
the description of Ei is complete for i D 2 and 3.

We next define

E 0i.Œf; Œm;1//D ffŒf; Œm;1/�g; fŒf; Œm;mC 1/�; Œf; ŒmC 1;1/�gg:

This completes the definition of E 0i , for i D 2 and 3.
Observe that, if fŒf; Œm;1/�g< v, then

v D fŒf;D� jD 2 Pg;

where P �DCgen is a finite partition of Œm;1/ into generating domains (see Remark 4.8). The partition P
is necessarily a proper refinement of fŒm;mC 1/; ŒmC 1;1/g if fŒf; Œm;1/�g < v. It follows that the
ascending link of fŒf; Œm;1/�g relative to such v is always a point, and thus contractible. Thus, the
expansion scheme E 0i is n-connected for a given n if and only if Ei is. We may therefore concentrate on Ei

in what follows.
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7 Finite complete presentations of semigroups

In order to understand equivalence between subdivision trees, we will need a full analysis of the
monoids M2 and M3, which, by definition, are generated by the linear fractional transformations that we
have denoted by A, B, Ci , and ci (for i D 2; 3).

In this section, in contrast to our usual practice, the letters A, B, and C will be used as formal symbols.
We will define abstract monoid presentations Pi and bP i (i D 2; 3), with the ultimate goal of proving
that the abstract monoid M.Pi/ defined by Pi is isomorphic to Mi . (The monoids M.bP i/ represent a
necessary intermediate device.)

The arguments in this section parallel those from Section 5 of [9].

7.1 Monoid presentations and string-rewriting systems

Definition 7.1 (monoid presentations) Let † be a set. The free monoid on †, denoted by †�, is the set of
all positive (possibly empty) words in †, with the operation of concatenation. The empty word is denoted
by 1. We write !1 � !2 if !1; !2 2†

� are identical as words.
Let R be a set of ordered pairs .r1; r2/ 2†

� �†�. We view such a pair as an equality between words
in †�, writing r1 D r2 if either .r1; r2/ or .r2; r1/ is in R. The pair P D h† j Ri is called a monoid
presentation; the set R is the set of relations. These relations determine an equivalence relation on †� in
the following way. If !1; !2 2†

�, then we write !1� !2 if !1� ˛r1ˇ and !2� ˛r2ˇ for some words
˛; ˇ 2 †�, and .r1; r2/ 2R. The symmetric, transitive closure of �, denoted by D, is an equivalence
relation on †�. We sometimes denote the equivalence class of a word ! by Œ!�.

The concatenation operation on †� determines a well-defined associative operation on the set of
equivalence classes †�=D. We let M.P/ denote the set of these equivalence classes, with the operation
induced by concatenation. The set M.P/ is a monoid with respect to this operation, called the monoid
determined by P .

Definition 7.2 (rewrite systems; string-rewriting systems) A rewrite system is a directed graph � . We
allow loops and multiple edges. If v1 and v2 are vertices of � , we write v1! v2 if there is a directed
edge issuing from v1 and terminating at v2. We write v1

��! v2 if there is a directed edge path from v1

to v2. Equivalently, ��! is the transitive closure of!.
Let P D h† jRi be a monoid presentation. We define a rewrite system �.P/ as follows. The vertex set

of �.P/ is †�. There is a directed edge from !1 to !2 if !1 � ˛r1ˇ and !2 � ˛r2ˇ, where ˛; ˇ 2†�

and .r1; r2/ 2R. The directed graph �.P/ is called the string-rewriting system associated to the monoid
presentation P .

Remark 7.3 Let � ! denote the symmetric, transitive closure of !. Thus, � ! is an equivalence
relation on the vertices of �.P/. The above definitions easily show that the relation � ! coincides with
D on†�. In other words, equivalence classes of words in†� moduloD are in one-to-one correspondence
with (undirected) path components of �.P/.

Algebraic & Geometric Topology, Volume 26 (2026)



1422 Daniel S. Farley

C2AA!AC2 C2B! BBC2 C2AB! BAc2

c2A!AAc2 c2BB! Bc2 c2BA!ABC2

C2c2! 1 c2C2! 1

C2aa! aC2 C2b! bbC2 C2ab! bac2

c2a! aac2 c2bb! bc2 bA! 0

aB! 0 bB! 1 aA! 1

0X ! 0 X0! 0

Table 1: The relations of bR2. The relations in the top box are R2. The “X ” stands for any of the generators.

In view of this close identification between the monoid M.P/ and the string-rewriting system �.P/,
it causes no harm to write r1! r2 for a relation .r1; r2/ 2R.

Definition 7.4 (terminating; confluent; locally confluent; reduced) A rewrite system � is terminating if
every sequence of vertices v1! v2! v3! � � � is finite. We say � is confluent if whenever v1

��! w1

and v1
��! w2, there is some v2 such that w1

��! v2 and w2
��! v2. We say � is locally confluent if

whenever v1! w1 and v1! w2, there is some v2 such that w1
��! v2 and w2

��! v2.
A vertex v of � is called reduced if there is no directed edge issuing from v.
A rewrite system is complete if it is terminating and confluent. We say that a monoid presentation P is

complete if the associated string-rewriting system �.P/ is complete.

Theorem 7.5 [12] If the rewrite system � is terminating and locally confluent , then � is confluent.

Corollary 7.6 (unique reduced forms) If the rewrite system � is terminating and locally confluent , then
each connected component of � contains a unique reduced vertex.

In particular , if P D h† j Ri is a complete monoid presentation , then any connected component of
�.P/ contains a unique reduced word , and any word ! 2 †� is equivalent to a unique reduced word
moduloD.

7.2 Basic definitions of the rewrite systems

Definition 7.7 We define monoid presentations, P2, bP2, P3, and bP3, as follows.

(1) P2 D hA;B;C2; c2 jR2i, where R2 consists of the relations appearing in the top box of Table 1.

(2) bP2 D hA;B;C2; a; b; c2; 0 j bR2i, where bR2 consists of the relations that appear in Table 1.

(3) P3 D hA;B;C3; c3 jR3i, where R3 consists of the relations appearing in the top box of Table 2.

(4) bP3 D hA;B;C3; a; b; c3; 0 j bR3i, where bR3 consists of the relations that appear in Table 2.

We note that the occurrences of “X ” in the tables represent arbitrary generators.

Remark 7.8 (the modified rewrite systems ��.bP i/) The string-rewriting systems �.bP i/ (i D 2; 3) both
fail to be locally confluent. For instance, the directed edges c2bbB ! bc2B and c2bbB ! c2b show
that �.bP2/ is not locally confluent, since the words bc2B and c2b are both reduced. The directed edges
c3bbbB! c3bb and c3bbbB! bc3B similarly show that �.bP3/ is not locally confluent.
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C3AAA!AC3 C3AAB! BAAc3 C3ABA! BABC3

C3ABB! BBAc3 C3B! BBBC3 c3A!AAAc3

c3BAA!AABC3 c3BAB!ABAc3 c3BBA!ABBC3

c3BBB! Bc3 C3c3! 1 c3C3! 1

c3a! aaac3 C3aab! baac3 c3bab! abac3

C3abb! bbac3 c3bbb! bc3 C3aaa! aC3

c3baa! aabC3 C3aba! babC3 c3bba! abbC3

C3b! bbbC3 aB! 0 bA! 0

0X ! 0 X0! 0 bB! 1

aA! 1

Table 2: The relations of bR3. The relations in the top box are R3.

In order to apply Theorem 7.5 (and thus establish the uniqueness of reduced forms via Corollary 7.6),
we will create modified rewrite systems ��.bP i/ as follows. The modified rewrite systems have the same
vertex sets as the original string-rewriting systems (i.e., vertices are words in the alphabets specified in
Definition 7.7). If a word ! contains no occurrences of the subwords 0, aB, bA, bB,aA, c2C2, c3C3,
C2c2, or C3c3, then the directed edges leading from ! are unchanged. If, however, one or more of the
above occurs in ! as a subword, then we repeatedly apply the eight rewriting rules (from either Table 1
or 2, as appropriate) that have “1” or “0” on the right side, until the resulting word, denoted by R.!/,
contains no occurrences of the above subwords, or is 0. The sole directed edge leading from ! then
connects to R.!/.

It is straightforward to check that R.!/ is indeed uniquely defined; one considers the string-rewriting
system that uses only the eight relations specified above. The latter is easily seen to be terminating and
locally confluent, so applications of Theorem 7.5 and Corollary 7.6 establish uniqueness.

Proposition 7.9 The rewrite systems �.P2/, �.P3/, ��.bP2/, and ��.bP3/ are locally confluent and
terminating. In particular , each word ! has a unique reduced form r.!/.

Proof We first consider local confluence in the case of the rewrite systems ��.bP i/. Indeed, there is
nothing to prove here if only a single directed edge leads away from !. It therefore suffices to consider
only words ! containing no occurrences of 0, aB, bA, bB,aA, c2C2, c3C3, C2c2, or C3c3 as subwords.
However, in this case local confluence is essentially trivial, since there can be no overlaps between the left
sides of the relations that appear as subwords of !. Thus, assuming that `0! r 0 and `00! r 00 are rewriting
rules that are applicable to !, we can factor ! in the form !1`

0!2`
00!3 (without loss of generality), where

any one of the !i could be trivial. The result of applying the first reduction, !1r 0!2`
00!3, and the result

of applying the second reduction, !1`
0!2r 00!3, then both flow to !1r 0!2r 00!3, proving local confluence.

In the case of the string-rewriting systems �.Pi/, the only overlaps between applications of rewrite
rules `0! r 0 and `00! r 00 occur when `0 or `00 (or both) take the form cC or Cc. In all of these cases,
checking local confluence is straightforward.
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The “terminating” condition follows from the fact that every relation either “moves” C closer to the
end of the word (possibly changing the occurrence of C to c in the process), or shortens the word.

Remark 7.10 In the case of the rewrite systems ��.bP i/, we can have two (or more) distinct reduced
words that are equivalent modulo the monoid presentation bP i . Indeed, bc2B and c2b are two such words.

There are, however, no such pairs of words in the case of the string-rewriting systems �.Pi/, by
Remark 7.3.

Definition 7.11 (the monoids M2 and M3) Let TA W Œ0; 1/! Œ0; 1=2/ be the transformation defined by
the rule

TA.x/D
x

xC 1
:

Thus, TA is exactly the transformation denoted by A in Section 2. We similarly define TB , TC2
, and TC3

as B, C2, and C3 were defined in Section 2.
For i D 2; 3, we let Mi be the monoid generated by the transformations TA, TB , TCi

; i.e., the collection
of functions generated by these transformations under the operation of concatenation.

For i D 2; 3, we let �Mi be the inverse monoid generated by the transformations TA, TB , TCi
; i.e.,

the collection of functions generated by these transformations and their inverses, under the operation of
composition.

Definition 7.12 (the maps �2, y�2, �3, y�3, and �) For each X 2 fA;B;C2;C3g, we set �.X / D TX .
We extend this map to the lower-case letters a, b, c2, c3 by sending each to the relevant inverses; i.e.,
�.a/ D T �1

A
, �.b/ D T �1

B
, etc. We define �.0/ to be the empty function (with empty domain and

codomain).
For i D 2; 3, we define monoid homomorphisms �i WM.Pi/!Mi by letting �i agree with � on the

relevant generating sets. We similarly define monoid homomorphisms y�i WM.bP i/! �Mi (for i D 2; 3)
by letting y�i agree with � on the relevant generating sets.

The homomorphisms y�i restrict to �i , for i D 2; 3 (and, indeed, M.Pi/ is a submonoid of M.bP i/, as
the latter remark implies).

Remark 7.13 The proof that �i and y�i (i D 2; 3) are monoid homomorphisms depends on showing that
the defining relations of M.Pi/ and M.bP i/ are satisfied by their images in Mi and �Mi . This verification
is routine, and is left to the reader.

It is clear that the maps �i and y�i are surjective.

Remark 7.14 Note that, although T �1
B

TB D 1 (where “1” here denotes the identity function on Œ0; 1�),
TBT �1

B
D idŒ1=2;1/ ¤ 1. Similarly, TAT �1

A
D idŒ0;1=2/.

Remark 7.15 The rewrite rules 1X!X and X1!X are implicit in the definitions of M.Pi/ and M.bP i/.
It is technically unnecessary to include them, since “1” is simply notation for the empty string.
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7.3 The “no potential cancellations” condition

Throughout this subsection, we will write “C ” in place of C2 or C3, and similarly write “c” in place of c2

or c3.

Definition 7.16 (C -tracks) A subword !0 of ! 2 fA;B;C; a; b; c; 0g� is called a C -track if

(1) !0 contains at most one occurrence of C or c (not both);

(2) any occurrence of C or c is at the beginning of the word !0;

(3) !0 is a maximal subword with respect to properties (1) and (2).

Remark 7.17 Any word ! 2 fA;B;C; a; b; c; 0g� has a unique decomposition

! � !1 : : : !n

as a product of C -tracks. For instance, the decomposition of the word

C CabCABC

into C -tracks is !1!2!3!4, where

!1 D C; !2 D Cab; !3 D CAB; !4 D C:

Definition 7.18 ([9, Definition 5.7], advancing an occurrence of C or c) To advance an occurrence of C

(or c) is to apply one of the relations from Definition 7.7, other than those of the form Cc! 1, cC ! 1,
0X ! 0, and X0! 0, to a subword containing that occurrence of C or c.

Definition 7.19 ([9, Definition 5.8], no potential cancellations) Assume that ! 2 fA;B;C; cg�. Let

! � !1 : : : !n

be the unique decomposition into C -tracks. We say that ! has no potential cancellations if the words

r.!1/!2 : : : !n; !1r.!2/ : : : !n; : : : ; !1!2 : : : r.!n/

contain no occurrences of cC or Cc as subwords. Here r.!/ (for ! 2 fA;B;C; cg�) denotes the reduced
form of ! relative to �.Pi/, for i D 2 or 3 (see Definition 7.7 and Proposition 7.9).

Remark 7.20 If ! has no potential cancellations, then ! contains no occurrences of cC or Cc as
subwords. This follows directly from the observation that c and C are their own reduced forms; i.e.,
r.c/D c and r.C /D C .

Proposition 7.21 [9, Lemma 5.9] If ! 2 fA;B;C; cg� has no potential cancellations and !0 is the result
of advancing a c or C exactly once , then !0 has no potential cancellations.

Proof Let ! � !1!2 : : : !n, where the right side of the equation is the unique decomposition of ! into
C -tracks. Suppose that !0 is the result of advancing an occurrence of C (or c) exactly once; suppose that
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`! r x � C or c x � CA x � cB

CAA!AC CAC ��! CAC CAAC ��!AC C cBAC ��!ABC C

CB! BBC CBBC ��! B4C 2 CAB2C ��! BAcBC cB3C ��! cB3C

CAB! BAc CBAc ��! BBC CAc CABAc ��! BAAAcc cBBAc ��! BAAcc

cA!AAc cAAc ��!A4cc CA3c ��!ACAc cBAAc ��!ABCAc

cBB! Bc cBc ��! cBc CABc ��! BAcc cBBc ��! Bcc

cBA!ABC cABC ��!AAcBC CAABC ��!AB2C 2 cBABC ��!AB3C 2

Table 3: The proof of Proposition 7.21 in the case of M.P2/.

the advanced occurrence of C or c appears in !i , and let `! r be the relation that advances this C or c.
Thus !i � `ˇ for some word ˇ. Let

!0 � !01!
0
2 : : : !

0
n

be the unique decomposition of !0 into C -tracks. It follows directly that !0
i�1
!0i � !i�1rˇ, while

!0j �!j if j 2 f1; : : : ; ng�fi�1; ig. Note that the subword !i�1r consists of the C -track of the .i�1/-st
occurrence of a C (or c) in !0, followed by a C (or c); note also that the only chance of an occurrence
of Cc or cC in the words !0

1
: : : r.!0

j�1
/!0j : : : !

0
n might occur when j D i .

To prove the proposition, it therefore suffices to prove that, during the reduction of the subword !i�1r ,
no occurrence of Cc or cC can arise. Note that !i�1r begins and ends with occurrences of C (or c),
while all intermediate letters are A or B. Thus, after reducing !i�1, it suffices to show that an occurrence
of Cc or cC cannot arise in (further) reducing r.!i�1/r . Finally, we note that the reduced word r.!i�1/

ends in a reduced word x that begins with a C or c. There are only finitely many possibilities for x:
indeed, x 2 fc;C;CA; cBg in the case of M.P2/, while x 2 fc;C;CA;CAA;CAB; cB; cBA; cBBg in
the case of M.P3/. Furthermore, in either case, one of the cases x � C or x � c can be ruled out, since
x` contains no occurrence of Cc or cC by hypothesis.

Thus, in summary, it suffices to show that, for each rewriting rule `! r , no occurrence of cC or Cc

can appear when reducing the word xr , where x runs over the above possibilities and further satisfies the
condition that x` itself contains neither cC nor Cc.

The relevant calculations are summarised in Tables 3 and 4.

Definition 7.22 (negative-to-positive words) Let ! be a word in the alphabet fA;B;C; a; b; c; 0; 1g. We
say that ! is negative-to-positive if all occurrences of a and b (if any) occur before any occurrence of
either A or B.

Remark 7.23 If ! ¤ 1; 0 is a negative-to-positive word containing no occurrences of bB or aA or 1,
then each C -track in ! is a word in either fa; b;C; cg or fA;B;C; cg. We call a C -track in the former
alphabet negative, while a C -track in the latter alphabet is positive.

A C -track consisting only of the single symbol C or c can be freely considered negative or positive.
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`! r x 2 fc;C;CA;CAAg x 2 fCAB; cB; cBA; cBBg

CA3!AC CAC �
�! CAC CABAC �

�! BABC C

CAAC �
�! CAAC cBAC �

�! cBAC

CAAAC �
�!AC C cBAAC �

�!AABC C

cBBAC �
�!ABBC C

CABA! BABC CBABC �
�! B3CABC CABBABC �

�! B2A4cBC

CABABC �
�! BAB4C 2 cBBABC �

�!AB5C 2

CAABABC �
�! BA5cBC cBABABC �

�!ABA4cBC

cB3ABC �
�! BA3cBC

CAAB! BAAc CBAAc �
�! B3CAAc CABBAAc �

�!A4B2CAc

CABAAc �
�! BABCAc cBBAAc �

�!ABBCAc

CAABAAc �
�! BA8cc cBABAAc �

�!ABA7cc

cB3AAc �
�! BA6cc

CABB! BBAc CBBAc �
�! B6CAc CABBBAc �

�! BBAcBAc

CABBAc �
�! B2A4cc cBBBAc �

�! BA3cc

CAABBAc �
�! BA2cBAc cBABBAc �

�!ABAcBAc

cB4Ac �
�! BcBAc

CB! BBBC CBBBC �
�! B9C 2 CABBBBC �

�! BBAcBBC

CABBBC �
�! BBAcBC cBBBBC �

�! BcBC

CAABBBC �
�! BA2cBBC cBABBBC �

�!ABAcBBC

cB5C �
�! BcBBC

cA!AAAc cAAAc �
�!A9c2 CABAAAc �

�! BABCAAc

CA4c �
�!ACAc cBAAAc �

�!AABCAc

CA5c �
�!ACAAc cBAAAAc �

�!AABCAAc

cBBAAAc �
�!ABBCAAc

cBAA!AABC cAABC �
�!A6cBC CABAABC �

�! BABCABC

CAAABC �
�!AB3C 2 cBAABC �

�!A2B4C 2

CA4BC �
�!ACABC cBA3BC �

�!AABCABC

cBBAABC �
�!ABBCABC

cBAB!ABAc cABAc �
�!A3cBAc CABABAc �

�! BAB4CAc

CAABAc �
�! BA5cc cBABAc �

�!ABA4cc

CAAABAc �
�!AB3CAc cBAABAc �

�!A2B4CAc

cBBABAc �
�!AB5CAc

cBBA!ABBC cABBC �
�!A3cBBC CABABBC �

�! BAB7C C

CAABBC �
�! BAAcBC cBABBC �

�!ABAcBC

CA3BBC �
�!AB6C C cBAABBC �

�!AAB7C C

cBBABBC �
�!AB8C 2

cB3! Bc cBc �
�! cBc CABBc �

�! BBAcc

CABc �
�! CABc cBBc �

�! cBBc

CAABc �
�! BAAcc cBABc �

�!ABAcc

cBBBc �
�! Bcc

Table 4: The proof of Proposition 7.21 in the case of M.P3/.
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Definition 7.24 (no potential cancellations in negative-to-positive words) Let ! 2 fA;B;C; a; b; cg�.
Assume that the reduced form of ! is not 0, and that ! also contains no occurrences of bB or aA.

Let
! � !1 : : : !n

be the unique decomposition into C -tracks. We say that ! has no potential cancellations if the words

r.!1/!2 : : : !n; !1r.!2/ : : : !n; : : : ; !1!2 : : : r.!n/

contain no occurrences of cC or Cc. Here r.!/ denotes the reduced form of ! relative to the rewrite
system ��.bP i/ (see Remark 7.8 and Proposition 7.9).

Remark 7.25 If !�!1 : : : !n is the decomposition of the negative-to-positive word ! into C -tracks, then
the words !1 : : : r.!j / : : : !n (for j D 1; : : : ; n) need not be accessible from ! by a directed edge-path
in ��.bP i/. This contrasts with the case of words in the generators fA;B;C; cg; i.e., words consisting
only of positive C -tracks.

Consider the word c2bC2BB. We have

c2br.C2BB/� c2bBBBBC2;

and there is no directed edge-path from c2bC2BB to c2bBBBBC2, since the application of the relation
C2B! BBC2 must be followed by an application of the cancellation bB! 1:

c2bC2BB! c2bBBC2B! c2BC2B! c2BBBC2! Bc2BC2:

Proposition 7.26 Assume that

(1) ! is negative-to-positive;

(2) ! has no potential cancellations;

(3) ! has no subword of the form aA or bB;

(4) the reduced form of ! (in the sense of the rewrite system ��.bP i/) is not 0.

Let !0 be the result of advancing a c or C exactly once , and then removing all occurrences of aA or bB,
along with all occurrences of “1”. The word !0 is also a negative-to-positive word with no potential
cancellations.

Proof The proof is like that of Proposition 7.21. We assume that !0 is the result of advancing the i-th
occurrence of C or c in ! exactly once. Let !1!2 : : : !n be the C -track decomposition of !. There are
three cases: !i�1 and !i are both positive C -tracks, or !i�1 and !i are both negative, or !i�1 is negative
and !i is positive.

We note that the first case (in which both C -tracks are positive) is already handled by the proof of
Proposition 7.21. The second case is also handled by the proof of Proposition 7.21. This follows from
the observation that each rewriting rule between words in the alphabet fa; b;C; cg corresponds to a
rewriting rule in between words in the alphabet fA;B;C; cg. One need only replace a C with c (or
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the reverse), an A with a b, and a B with an a. Thus, for instance, the rewriting rule CAA! AC

corresponds to cbb! bc. Using this substitution, we can transform Tables 3 and 4 into tables that prove
the negative-to-negative case.

It remains to consider the case in which !i�1 is negative and !i is positive. Since !i�1 is a negative
C -track, we have !i�1 � C˙u, where u is a nonempty word in the generators a and b. Let `! r

be the rewriting rule that advances the occurrence of C or c in the subword !i . There are nonempty
words r1, r2 such that r � r1r2, where r1 2 fA;Bg

� and r2 D c or C . After applying the rule `! r to
the subword !i�1`, and before any cancellation, we arrive at a word of the form C˙ur1r2. Since ! ¤ 0,
the subword C˙ur1r2 cannot contain any occurrence of aB or bA. It follows that one of the rewriting
rules aA! 1 or bB! 1 can be applied at least once to ur1, and, indeed, that such rules can be applied
to ur1 until an entirely positive word (i.e., a word in the generators fA;Bg) or an entirely negative word
remains. Note that, in either case, the word !0 described in the proposition is still negative-to-positive.
In fact, only the “no potential cancellations” condition remains to be proved.

The proof involves an analysis of various subcases. We first assume that, after cancellation, a negative
word remains. In this subcase, u � yur�1

1
, where yu is a possibly empty word in the generators fa; bg.

It suffices to show that the word r.C˙yu/r2 contains no occurrence of the subwords cC or Cc. Suppose,
for a contradiction, that there is such an occurrence. The occurrence must be at the end of the word
r.C˙yu/r2, from which it follows that r.C˙yu/� zur�1

2
, for some zu 2 fa; bg�. Next, we consider again

the subword C˙u` of !. We have

C˙u`� C˙yur�1
1 ` ��! zur�1

2 r�1
1 `:

Since, for each rewrite rule `! r in Pi , the rule r�1! `�1 is a rewrite rule in bP i (see Tables 1 and 2),
it follows that

zur�1
2 r�1

1 ` ��! zu`�1`;

which implies that !1 : : : r.!i�1/!i : : : !n contains an occurrence of cC or Cc (which appears in the
subword `�1`). This is a contradiction of the “no potential cancellations” hypothesis.

Now we consider the subcases in which a nonempty positive word remains after cancelling within ur1.
In this subcase, we can list all of the possibilities for the word !i�1r � C˙ur , which arises from the
subword !i�1` of ! after advancing the initial “c” or “C ” in !i via the rewriting rule `! r . Indeed,
in the case of i D 2, the only possibilities are

C2bBBC2; c2bBBC2; C2bBAc2; c2bBAc2;

C2aAAc2; c2aAAc2; C2aABC2; c2aABC2:

Each case is easily handled. For instance, in the first case, C2bBBC2 becomes C2BC2 after cancelling bB.
The word C2B is the .i�1/-st C -track in !0. Rewriting, we find that r.C2B/D BBC2, which shows
that !0 still has no potential cancellations.
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The case of i D 3 involves many more cases, but we can make some useful general observations. We
consider the possible forms of the word R.C˙

3
ur/, which is the subword of !0 that occurs after advancing

the leading “C ” symbol in !i and after performing any reductions of the form aA! 1 or bB! 1. We
note that R.C˙

3
ur/ necessarily takes the form C˙

3
zuC˙

3
, where zu 2 fA;Bg� has length either 1 or 2, and

the first and last “C ” symbol may have the same or opposite exponents. An examination of Table 2 shows
that the only way that the initial “C ” symbol in C˙

3
zuC˙

3
can be advanced to the end of the word (and thus

create a potential cancellation) is if zu does not contain both of the symbols A and B. We can therefore
assume that zuDA, AA, B, or BB. Next, we note that, if zu ends with A, then r necessarily ended with c3,
while if zu ends with B, then r necessarily ended with C3. (This again follows from Table 2.) Finally, we
note that, if there is to be cancellation in C˙

3
zuC˙

3
as the result of advancing the initial “C ” symbol, then

the first and last exponents must be opposite; this now follows because advancing a “C ” symbol past a
word of the form A, AA, B, or BB never changes the exponent. Thus, the only cases left are

C3Ac3; C3AAc3; c3BC3; c3BBC3:

These words are all reduced, completing the proof.

Corollary 7.27 If ! satisfies the hypotheses of Proposition 7.26 and ! ��! !0 in ��.bP i/, then !0 also
satisfies the hypotheses of Proposition 7.26, after we remove all occurrences of aA and bB.

Proof This follows by repeatedly applying Proposition 7.26 to !, and from the fact that any application
of a rewriting rule to ! (under the hypotheses on !) necessarily entails advancing a “C ” symbol.

7.4 Presentations and normal forms for the monoids M2 and M3

Proposition 7.28 [9, Lemma 5.10] Let ! be a word in the generators fA;B;C; cg. Assume that ! has no
potential cancellations.

There is a word � 2 fA;Bg� such that r.!�/� y!C �, where y! is a word in fA;Bg and � � 0 is the
total exponent of C and c in !.

Proof The proof is by induction on the (combined) exponent � of C and c in !. We note that, due to the
“no potential cancellations” condition, it is not possible to reduce (or, indeed, increase) the exponent � by
applying any of the monoid relations.

Our proof will use the fact that, if ! 2 fA;B;C; cg� has no potential cancellations, then any word of the
form !� (� 2 fA;Bg�) also has no potential cancellations. This is an easy consequence of Definition 7.19.

We first consider the case of M.P2/; assume �D 1, the case �D 0 being trivial. We note that r.!/ ends
with one of the strings C , c, CA, or cB (and the only occurrences of C or c occur in these strings). In the
case of C , there is nothing to prove. If r.!/ ends with c, we can let � �BA and then reduce the result. If
r.!/ ends with either CA or cB, we can let � �A and then reduce the result. This proves the base case.

Now let � > 1. We can express ! as a product !1!2, where the total combined exponent of C and c

in !2 is �� 1, and !1 contains a single occurrence of C or c. By induction, we can find �1 2 fA;Bg
�

such that r.!2�1/� y!2C ��1, where y!2 2 fA;Bg
�. Thus, after reducing the word !1!2�1, we obtain a
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word !0 2 fA;B;C; cg� that ends with C �, CAC ��1, or cBC ��1. (Note that the case cC ��1 is ruled
out by the “no potential cancellations” hypothesis.) In the first case, we are finished; set �2 � 1. If !0

ends with CAC ��1 or cBC ��1, we can set �2 �A2��1

. After reducing the word !0�2, we have a string
of the required form, so the required � is �1�2.

Now we consider M.P3/. Let ! 2 fA;B;C; cg and define � as before. We first consider the case
�D 1. The word r.!/ ends with c, C , CA, CAB, CAA, cB, cBA, or cBB. If r.!/ ends with c, we can
let � � BBA and apply the relation cBBA! ABBC . If r.!/ ends with C , there is nothing to prove
(� � 1). In the remaining cases, we let � �AA;A;A;AA;A, or A (respectively).

Now suppose � > 1. We can write ! as the product !1!2, where the total combined exponent of C and
c in !2 is ��1, and !1 contains a single occurrence of either C or c. Proceeding as in the case of M.P2/,
we can right multiply by some �1 2 fA;Bg

� and reduce to arrive at a word !0 that ends with one of the
following strings: C �, CAC ��1, CABC ��1, CAAC ��1, cBC ��1, cBAC ��1, cBBC ��1. In the first
case, there is nothing to prove; let �2 � 1. In the remaining cases, we multiply by �2 �A2�3��1

, A3��1

,
A3��1

, A2�3��1

, A3��1

, or A3��1

, respectively. Thus, the required � is �1�2.

Proposition 7.29 Let!2fA;B;C; a; b; cg� be a negative-to-positive word with no potential cancellations.
Assume that there is no � 2 fA;Bg� such that r.!�/� 0.

There is some � 0 2 fA;Bg� such that r.!� 0/� y!C �, where y! 2 fA;Bg� and � is the total combined
exponent of C and c in !.

Proof We prove this by induction on the sum k of the combined exponents of a and b in !. The
case k D 0 is handled by Proposition 7.28. We will use the fact that, if ! 2 fA;B; a; b;C; cg� is a
negative-to-positive word with no potential cancellations, then so is the word !� , where � is any word
in fA;Bg�. This fact is easily verified from Definition 7.24.

Let ! 2 fA;B;C; a; b; cg�, let k be defined as above, and suppose that the proposition is known to
be true for smaller k. We can write ! � !1!2, where !1 involves no occurrences of A or B, and !2

involves no occurrences of a or b. We may further assume that !1 ends with an occurrence of a or b,
since any occurrence of C or c may be subsumed by !2.

By Proposition 7.28, we can find a word �1 2 fA;Bg
� such that r.!2�1/� y!C �2 , where �2 is the total

exponent sum of C and c in !2 and y! 2 fA;Bg�. If y! is not the empty word, then it must be that the initial
letter of y! cancels with the terminal letter of !1 in !1y!C �2 . (This is because occurrences of aB and
bA cannot arise, by the hypothesis that r.!�/ is never 0.) After performing all cancellations of the form
aA! 1 and bB! 1, we can call the inductive hypothesis, to find �2 such that r.!1y!C �2�2/� z!C �1C�2 ,
where z! 2 fA;Bg� and �1 is the total exponent of c and C in !1. This completes the induction, under
the assumption that y! is not the empty word. (We note that, to apply the inductive hypothesis, we are
implicitly calling Corollary 7.27, and using the completeness of the rewrite system ��.bP i/.)

If y! � 1, we simply multiply by a suitable word �3=2: either A2�2 or A3�2 (depending on whether
we are considering M.P2/ or M.P3/). After reducing, we find that r.!2�1�3=2/� y!

0C �2 , where y!0 is
nonempty. This reduces us to the previous case, completing the induction and the proof.
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Proposition 7.30 (normal forms in M.Pi/) The reduced words modulo the presentation P2 take the form

!1!2!3;

where !1 2 fA;Bg
�, !2 2 fC

nA; cmB jm; n 2Ng�, and !3 2 fC; cg
�.

The reduced words modulo the presentation P3 take the form

!1!2!3;

where !1 2 fA;Bg
�, !2 2 fC

n1A;C n2AA;C n3AB; cn4B; cn5BA; cn6BB j ni 2Ng�, and !3 2 fC; cg
�.

Proof It is clear that the words in question are reduced. Thus, the main point is to show that every word
in the generators can be reduced to a word of the given type. This is easily done by induction on the
length of the word.

Theorem 7.31 (monoid presentations for M2 and M3) The monoid homomorphisms �i WM.Pi/!Mi

are isomorphisms , for i D 2; 3.
In particular , Pi is a presentation for Mi , for i D 2; 3.

Proof In view of Remark 7.13, it suffices to show that �i is injective, for i D 2; 3. We suppose, for a
contradiction, that �2 is not injective. Let

S 0 D ff!1; !2g j !1 ¥ !2I �2.!1/D �2.!2/I !1 and !2 are reducedg:

We let
S 00 D ff!1; !2g j f!1; !2g 2 S 0I !1; !2 begin with different lettersg:

We note that S 0 is nonempty by hypothesis, and it follows easily that S 00 is also nonempty. (It suffices
to cancel the maximal common prefix of the words !1; !2, where f!1; !2g 2 S 0.) Next, we note that if
f!1; !2g 2 S 00, then one of !1 or !2 begins with C or c, or is trivial. (The case in which !1 begins with
“A” and !2 begins with “B” (or the reverse) can be ruled out, since �2.!1/ cannot be equal to �2.!2/

under these conditions.) We will assume (without loss of generality) that it is !1 that begins with C or c,
or is trivial.

Consider f!1; !2g 2 S 00 such that the total exponent of C and c in !1 and !2 is a minimum. We first
assume that !1 begins with either C or c. (The case in which !1 is trivial is easier, and will be handled in
the course of the more difficult argument.) It follows that!1�!

0
1
C k , where!0

1
2fC nA; cmB jn;m2Ng�

and k 2Z, by Proposition 7.30. Indeed, we can assume that k D 0, for if k ¤ 0, then we simply multiply
both !1 and !2 on the right by ck . The word !0

2
W� !2ck is then necessarily reduced, by the hypothesis

that the total exponent of C and c in !1 and !2 is a minimum in S 00. We can then replace the pair
f!1; !2g by f!0

1
; !0

2
g, where the latter is still in S 00.

Thus, we can assume that !1 2 fC
nA; cmB j n;m 2 Ng�, f!1; !2g 2 S 00, and the total combined

exponent of C and c in !1 and !2 is a minimum within S 00. We claim that the words !�1
1

and !2

have no potential cancellations. This is obvious in the case of !2, since it is reduced. In !�1
1

, every
occurrence of a is followed by c, every occurrence of b is followed by C , and there are no occurrences of
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A, B, Cc, or cC . Now note that no occurrences of Cc or cC can occur when reducing subwords of the
form C˙1ac or C˙1bC ; from this it follows that !�1

1
has no potential cancellations.

Next we claim that !�1
1
!2 has no potential cancellations. (Here the claim is obvious if !1 is the trivial

word; thus, the argument from this point is the general case.) Indeed, the only C -track of !�1
1
!2 that could

cause a problem is the one that begins with the terminal letter (c or C ) of !�1
1

. Assume that !1 � C y!1

(without loss of generality), and suppose that !�1
1
!2 has a potential cancellation. Replacing f!1; !2g

by fy!1; r.c!2/g, we find (possibly after cancelling common prefixes) that the latter is a pair in S 00 of
smaller total exponent in C and c. This contradicts the choice of f!1; !2g, which proves the claim.

Since �2.!1/D �2.!2/, we have y�2.!
�1
1
!2/D y�.1/D idŒ0;1/. In particular, this means that !�1

1
!2

satisfies the hypotheses of Proposition 7.29. We can therefore find a word � 2 fA;Bg� such that
r.!�1

1
!2�/ � y!C k , where k � 0 is the total combined exponent of C and c in the word !�1

1
!2 and

y! 2 fA;Bg�. Thus, we have �2.y!C k/D �2.�/. We now cancel the maximal common prefix of y!C k

and � . We continue to denote the resulting strings by y!C k and � , respectively, but now either y! or �
is trivial.

If y! is trivial, but � is not, then �2.y!C k/D C k , while �2.�/ is a transformation whose range is a
proper subinterval of Œ0; 1/. This is a contradiction. If � is trivial, but not y!, we find that �2.�/ has the
image Œ0; 1/, but �2.y!C k/ does not, which is also a contradiction. Finally, if both y! and � are trivial, we
find that �2.C

k/D idŒ0;1/, which is possible only if k D 0. The latter implies that !1 is the trivial word,
!2 2 fA;Bg

�, and !2 is not the trivial word. This leads us to conclude that �2.!2/D idŒ0;1/, which is
impossible since the image of �2.!2/ is a proper subinterval of Œ0; 1/. Thus, �2 is injective.

The case of �3 is similar.

Remark 7.32 (presentations for certain submonoids of Isom.H2/) Let QA denote the transformation of
the projective line P1 (D @H2) that agrees with A (as defined in Definition 2.6) on the Œ0; 1/. Similarly
define zB, eC 2, and so forth. The transformations QA, zB, eC 2, eC 3, and their inverses may equivalently be
considered isometries of H2. Let zSi D f

QA; zB; eC i ; Qcig
�, for i D 2; 3. There are obvious homomorphisms

�i W
zSi!Mi for i D 2; 3. It is just as clear that these homomorphisms are surjective. If �i.˛/D �i.ˇ/,

but ˛ ¤ ˇ, then ˛ and ˇ are transformations of @H2 that agree on Œ0; 1/. This is impossible, however,
since any isometry of H2 is determined by its effect on any three boundary points. Thus, �i is injective,
for i D 2; 3.

It follows from all of this that zS2 and zS3 admit the same presentations and normal forms as do M2

and M3.

8 An intermediate value theorem for the expansion scheme Ei

In this section, we will argue that N.T / is always a set of consecutive integers if T is a nontrivial
subdivision tree. This will be the main ingredient to our proof that the expansion schemes Ei and E 0i are
n-connected, for all n. The proof of the latter fact will be assembled in Section 9.

The essential idea, that of a “sufficiently expanded subdivision tree”, is drawn from [9, Definition 5.5].
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8.1 The case of M2

In this subsection, we will argue that N.T / is always a set of consecutive integers in the case that T is
a subdivision tree over M2. All of the subdivision trees in question will be subdivision trees over M2;
“C ” will refer to C2, and so forth.

We remind the reader that “node” means “interior node” (see Definition 6.1).

Definition 8.1 (sufficiently expanded subdivision trees) A subdivision tree is sufficiently expanded if
there is a directed arc p in T from the root � to a leaf ` such that

(1) each nonroot node on the arc has a nonzero label;

(2) if p passes through a nonroot node v and the label of v is positive, then p also passes through the
left child of v;

(3) if p passes through a nonroot node v and the label of v is negative, then p also passes through the
right child of v.

A sufficiently expanded subdivision tree is left sufficiently expanded (respectively, right sufficiently
expanded) if some directed arc p as described above passes through the left (respectively, right) child of
the root.

Lemma 8.2 Let T be a subdivision tree.

(1) If n.T /D k and k � 1 62N.T /, then there is T 0 � T such that n.T 0/D k and T 0 is left sufficiently
expanded.

(2) If n.T /D k and kC1 62N.T /, then there is T 0� T such that n.T 0/D k and T 0 is right sufficiently
expanded.

Proof We prove both parts simultaneously by induction on the number of carets in the subdivision tree T .
The induction begins trivially, since a subdivision tree with a single caret is necessarily both left and right
sufficiently expanded.

Now we consider a subdivision tree T , and assume that the lemma is true of all subdivision trees
containing fewer carets. We will argue for (1); the argument proving (2) is similar. Thus, we let n.T /D k

and assume that k�1 62N.T /. We note that 0 62N.T`/; otherwise (up to equivalence) T takes the form in
Figure 6. This allows us to apply an elementary equivalence from Definition 6.8, resulting in a T 0�T such
that n.T 0/Dk�1. However, this implies that k�12N.T /, a contradiction. Thus, 0 62N.T`/, as claimed.

k

0

a b

c

Figure 6: The case in which 0 2N.T`/.
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We let k1 be either

(i) the smallest positive member of N.T`/, or

(ii) the largest negative member of N.T`/.

We can assume that n.T`/ D k1 (possibly after replacing T` with an equivalent tree and applying
Lemma 6.6). We note that k1� 1 62N.T`/ (in case (i)), or k1C 1 62N.T`/ (in case (ii)); therefore the
inductive hypothesis applies, and we conclude that T` is equivalent to a left sufficiently expanded tree T 0

`

(in case (i)), or to a right sufficiently expanded tree T 0
`

(in case (ii)). In either case, we replace T` by T 0
`
.

We let T 0 denote the result of replacing T` by T 0
`

in the tree T . We note that n.T 0/ D n.T / D k and
T 0 � T by Lemma 6.6.

Assume that we are in case (i); case (ii) is similar. Since T 0
`

is left sufficiently expanded, there is a
path p0 from the root of T 0

`
to a leaf of T 0

`
satisfying the properties in Definition 8.1, such that p0 also

passes through the left child of the root of T 0
`
. Let p be the concatenation of e and p0, where e is the

edge connecting the root of T 0 to its left child, the root of T 0
`
. The path p satisfies all of the properties

from Definition 8.1 and passes through the left child of the root in T 0, so T 0 is left sufficiently expanded.
This completes the induction.

Proposition 8.3 Let T be a nontrivial subdivision tree.

(1) If T is left sufficiently expanded and T 0 satisfies n.T 0/ < n.T / then T 0 ¨ T .

(2) If T is right sufficiently expanded and T 0 satisfies n.T 0/ > n.T / then T 0 ¨ T .

Proof We first prove (1). Assume that T is left sufficiently expanded and T 0 is such that n.T 0/ < n.T /

and T 0 � T . After letting a suitable power of C act at the roots of T and T 0, we can assume that
n.T / > 0 and n.T 0/D 0. Since T is left sufficiently expanded, there is a directed arc p from the root
of T to a leaf ` satisfying the conditions of Definition 8.1; the label of ` is a reduced word !. There is
a leaf `0 of T 0 that corresponds to `; let !0 be the label of `0. We have ! D !0C k , for some k 2 Z, by
Proposition 6.7. After reducing, we find

! � r.!0C k/:

However, these words cannot be equal letter-by-letter, since ! necessarily begins with an occurrence
of C , but !0C k (and, thus, r.!0C k/) begins with either A or B. This is a contradiction to Theorem 7.31.

The proof of (2) is similar. One can reduce to the case in which n.T / < 0 and n.T 0/D 0, and then
argue that ! begins with a c, while r.!0C k/ begins with either A or B.

Proposition 8.4 Let T be a nontrivial subdivision tree.

(1) If 0 62N.T`/, then n.T /Dmin.N.T //.

(2) If 0 62N.Tr /, then n.T /Dmax.N.T //.
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Proof We prove (1), the proof of (2) being similar.
We can find a subdivision tree T 0

`
� T` such that n.T 0

`
/ is either the smallest positive number in N.T`/

or the largest negative number in N.T`/. In either case, the hypothesis of Lemma 8.2 applies, and we can
replace T 0

`
by T 00

`
, where T 00

`
is sufficiently expanded. We can then find a directed arc p00 from the root

of T 00
`

to a leaf `, where p00 satisfies the conditions from Definition 8.1. We can then replace the tree T`

by T 00
`

within the tree T , to create a new T 0 such that n.T 0/D n.T /, T 0 � T , and T 00
`

is the left branch
of the tree T 0. Now let p0 D ep00, where e is the edge connecting the root of T 0 to the root of T 00

`
. The

path p0 satisfies all of the conditions of Definition 8.1, and shows that T 0 is left sufficiently expanded.
If T 00�T and n.T 00/ < n.T /, then n.T 00/ < n.T 0/ and T 00�T 0, which contradicts Proposition 8.3(1).

It follows that n.T /Dmin.N.T //.

Theorem 8.5 (the intermediate value theorem for M2) If T is a nontrivial subdivision tree , then

N.T /D Œm;M �\Z;

where mDmin.N.T // and M Dmax.N.T //.

Proof Suppose that k 2 .m;M /\Z but k 62N.T /. Assume further that k is the minimal such integer.
There is a subdivision tree T 0 � T such that n.T 0/D k � 1. It must be that 0 62 N.T 0r / (otherwise,

we can apply an elementary equivalence to produce a tree T 00 � T 0 such that n.T 00/ D k). Thus,
k � 1D n.T 0/Dmax.N.T 0//Dmax.N.T //DM , a contradiction.

8.2 The case of M3

In this subsection, we will argue that N.T / is always a set of consecutive integers in the case that T is
a subdivision tree over M3. All of the subdivision trees in question will be subdivision trees over M3;
“C ” will refer to C3, and so forth.

Definition 8.6 (blocking trees) Let T be a subdivision tree. We say that T is a blocking tree if either

(1) both of the children of the root of T are nodes, and the three vertices (the root and its children) are
not all labelled by 0, or

(2) one of these three vertices is a leaf, or T is trivial.

Definition 8.7 (sufficiently expanded in M3) A subdivision tree T over M3 is sufficiently expanded if
there is a directed arc p from the root � to some leaf ` such that

(1) each nonroot node on the arc p is the root of a blocking (sub)tree;

(2) if a nonroot node v on the arc p has a positive label, then the arc p passes through the left child of v;

(3) if a nonroot node v on the arc p has a negative label, then the arc p passes through the right child of v;

(4) if the arc p passes through a nonroot node v labelled by “0”, then the next node along p (if any) has
a nonzero label.
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A sufficiently expanded subdivision tree is left sufficiently expanded (respectively, right sufficiently
expanded) if p passes through the left (respectively, the right) child of �.

Lemma 8.8 Let T be a subdivision tree.

(1) If n.T /D k and k � 1 62N.T /, then there is T 0 � T such that n.T 0/D k and T 0 is left sufficiently
expanded.

(2) If n.T /D k and kC1 62N.T /, then there is T 0� T such that n.T 0/D k and T 0 is right sufficiently
expanded.

Proof The proof resembles that of Lemma 8.2. We argue by induction on the number of carets in the
subdivision tree T . If T consists of a single caret, then it is necessarily both left sufficiently expanded
and right sufficiently expanded; thus, the base case is satisfied.

Now consider an arbitrary subdivision tree T , and suppose that the lemma has been proved for all
subdivision trees having fewer carets. We assume that T satisfies (1); the case of (2) is similar. Since
k � 1 62N.T /, the left branch T` of T is a blocking tree. (Indeed, all trees in the equivalence class of T`

are blocking trees, by Lemma 6.6.) There are two possibilities for T`: either 0 2N.T`/ or 0 62N.T`/.
In the latter case, we can proceed essentially as in the proof of Lemma 8.2. We therefore assume that
0 2 N.T`/; indeed, we can assume that n.T`/ D 0 without loss of generality. Since all trees in the
equivalence class of T` are blocking trees, it must be that either 0 62N.T``/ or 0 62N.T`r /. We assume
that 0 62N.T``/. Thus, by induction, we can replace T`` by a subdivision tree T 0

``
� T`` such that there

is a path Op from the root of T 0
``

to a leaf of T 0
``

that satisfies the conditions of Definition 8.7. We let T 0 be
the result of replacing T`` with T 0

``
in T . Now, letting p1 denote the path from the root of T 0 to the root

of T 0
``

and p D p1 Op, the path p shows that T 0 is left sufficiently expanded, completing the induction.

Proposition 8.9 Let T be a subdivision tree.

(1) If T is left sufficiently expanded and T 0 satisfies n.T 0/ < n.T / then T 0 ¨ T .

(2) If T is right sufficiently expanded and T 0 satisfies n.T 0/ > n.T / then T 0 ¨ T .

Proof The proof is no different from that of Proposition 8.3; again the crucial observation is that the left
sufficiently expanded tree T has a leaf ` whose label is a reduced word, and the corresponding leaf `0

in T 0 has a leaf whose label, after reduction, cannot be equivalent to that of `.

Proposition 8.10 Let T be a subdivision tree.

(1) If , whenever T 0 � T`, T 0 is a blocking tree , then n.T /Dmin.N.T //.

(2) If , whenever T 0 � Tr , T 0 is a blocking tree , then n.T /Dmax.N.T //.

Proof We prove (1), the proof of (2) being similar.
The proof of Lemma 8.8 allows us to replace T with an equivalent bT such that bT is left sufficiently

expanded and n.T /D n.bT /.
Let eT � T . Thus, eT � bT , so n.eT /� n.bT /, by Proposition 8.9. Thus, n.eT /� n.T /, which implies

n.T /Dmin.N.T //.

Algebraic & Geometric Topology, Volume 26 (2026)



1438 Daniel S. Farley

Theorem 8.11 (the intermediate value theorem for M3) If T is a subdivision tree over M3, then

N.T /D Œm;M �\Z:

Proof Suppose that k 2 .m;M /\Z but k 62N.T /. Assume further that k is the minimal such integer.
There is a subdivision tree T 0 � T such that n.T 0/D k � 1. It must be that all subdivision trees that

are equivalent to T 0r are blocking trees (otherwise, we can first replace T 0r by a nonblocking equivalent
tree T 00r , and then apply an elementary equivalence to produce a T 00 � T 0 such that n.T 00/D k). Thus,

k � 1D n.T 0/Dmax.N.T 0//Dmax.N.T //DM;

a contradiction.

9 The proof of the F1 property

In this section, we will complete the proof that the expansion schemes Ei and E 0i (i D 2; 3) are n-connected
for all n. This involves assembling a few pieces from Section 8.

We will also complete the proofs that the groups F.Si/, F.S 0i/, T .Si/, V .Si/, and V .S 0i/ have type F1,
for i D 2; 3. These proofs are almost entirely like the ones from [6].

Recall that the approach in this paper departed from that of [6] in using a proper subset DCgen of the
domains DC as the foundation for the original directed set construction. This makes little difference in
the final arguments, but rather than simply referring the reader to [6] (which runs to over sixty pages), we
will sketch the necessary changes when it seems appropriate to do so.

9.1 Brown’s finiteness criterion

Here we briefly recall Brown’s finiteness criterion for the reader’s convenience.

Theorem 9.1 ([3] Brown’s finiteness criterion) Let X be a CW-complex. Let G be a group acting on X .
If

(1) X is .n�1/-connected ,

(2) G acts cellularly on X , and

(3) there is a filtration X1 �X2 � � � � �Xk � � � � �X such that

(a) X D
S1

kD1 Xk ,

(b) G leaves each X
.n/

k
invariant and acts cocompactly on each X

.n/

k
,

(c) each p-cell stabiliser has type Fn�p, and

(d) for sufficiently large k, Xk is .n�1/-connected ,

then G is of type Fn.
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9.2 Contractibility of the complexes �Ei and �E0
i

In this subsection, we will prove that the complexes �Ei and �E 0
i are contractible, for i D 2; 3. This

completes a line of argument that was begun at the end of Section 6, and extended through Sections 7
and 8.

Recall that the directed set constructions of the classifying spaces for the groups F.S/, T .S/, V .S/

differed in details (see Section 4). We will use the same notation,�Ei and�E 0
i , to denote the subcomplexes

determined by E- (or E 0-) expansions in all cases, trusting that the precise meaning will always be clear
from the context.

Theorem 9.2 (contractibility of the complexes �Ei and �E 0
i ) The complexes �Ei are contractible , for

each of the groups F.S/, T .S/, and V .S/ (S 2 fS2;S3g).
The complexes �E 0

i are contractible , for each of the groups F.S/ and V .S/ (S 2 fS 0
2
;S 0

3
g).

Proof By Theorem 6.19, it suffices to show that the expansion schemes Ei and E 0i (i D 2; 3) are
n-connected for all n. By the discussion at the end of Example 6.22, it suffices to consider the expansion
scheme E .

In the groups F.Si/, T .Si/, V .Si/ (iD2; 3), there is just one domain type, namely ŒI �. By equivariance
of Ei , it suffices to show that, whenever fŒidI ; I �g < v, the ascending link of fŒidI ; I �g relative to v is
contractible.

Since fŒidI ; I �g< v, v can be represented by a subdivision tree T (by Theorem 6.12). By Theorem 8.5
or 8.11, N.T /D Œm;M �\Z, for some integers m and M . Thus, v � uk for an integer k if and only if
k 2 Œm;M �, where uk is as defined in Example 6.22).

Now we must determine precisely when uk�1=2 � v. Note first that, if k � 1=2 62 Œm;M ��R, then
uk�1=2 — v, since, if it were, we would conclude that uk�1 � v and uk � v (since uk�1;uk � uk�1=2

in the expansion partial order). This contradicts our hypothesis, since at least one of k � 1 and k is
not in Œm;M �. Now assume that k � 1=2 2 Œm;M �. It follows from this that k � 1; k 2 N.T /, since
uk�1 � uk�1=2 and uk � uk�1=2 in the expansion partial order. It follows that m< k �M (in the linear
order on R). If we are in the case S D S2 or S 0

2
, then Proposition 8.4 and the inequality uk � v show that

0 2N.T`/ (since k�1 2N.T /. Thus, there is some T 0, T 0� T , such that the root of T 0 is labelled by k

and the left child of the root is labelled by 0. Since T 0 represents the vertex v, it follows that uk�1=2 � v.
If we are in the case S D S3 or S 0

3
, then Proposition 8.10 and the inequality uk � v show that there is

some T 0, T 0 � T , such that the root of T 0 is labelled by k and the left branch of T 0 is not a blocking
tree. It now follows directly that uk�1=2 � v in this case, as well.

Thus, the ascending link of fŒidI ; I �g relative to v corresponds exactly to the portion of the cellulated
line ` between the vertices um and uM , where ` is as depicted in Figure 5. The ascending link in question
is therefore contractible.

Remark 9.3 We review some of the relevant ideas from [6].
The basic approach to proving n-connectedness is laid out in Lemma 2.6 from [6]. Let y� be a simplicial

complex whose vertices are a directed set, which we denote by X . Let h be a height function defined
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on the vertex set, such that h.v1/ < h.v2/ when v1 < v2. Assume further that y� is a subcomplex of the
simplicial realisation of the directed set X . Lemma 2.6 from [6] says that y� is n-connected if, for every
two vertices v1, v2 in y� such that v1 < v2, the ascending link of v1 relative to v2 (Definition 6.17) is
always .n�1/-connected.

Lemma 2.6 from [6] applies to our complexes �Ei and �E 0
i directly, where the height function h sends

a vertex to its cardinality (as in Definition 9.4). It therefore suffices to show that the relative ascending
link is n-connected for all n.

We can argue the latter point directly as follows. If

v1 D fŒf1;D1�; : : : ; Œfm;Dm�g

is a vertex of either �Ei or �E 0
i , and v1 < v2, then we can write

v2 D

m[
kD1

pk ;

where, for k D 1; : : : ;m, pk is a pseudovertex having the same support as fŒfk ;Dk �g. The ascending
link of v1 relative to v2 is homeomorphic to the joins of the ascending links of fŒfk ;Dk �g relative to pk ,
for k D 1; : : : ;m. (This can be argued exactly as in the proof of Theorem 6.9 from [6].) All of the latter
ascending links are contractible if they are nonempty, by the proof of Theorem 9.2 given above. At least
one of the latter ascending links is nonempty (since v1 ¤ v2), so the ascending link of v1 relative to v2 is
contractible, as claimed.

9.3 � -finite filtrations of �Ei and �E0
i

In this subsection, we will describe natural filtrations of the complexes �Ei and �E 0
i . We will denote the

acting group by �; here � might be any of the groups fF.S/;T .S/;V .S/g, where S 2 fS2;S3;S
0
2
;S 0

3
g.

Definition 9.4 (�-finite filtrations of the complexes �Ei and �E 0
i ) Let v be a vertex in �Ei or �E 0

i , or a
pseudovertex. We let jvj denote the cardinality of v, which we will call the height of v. For n � 1,
we let �Ei

n denote the subcomplex of �Ei spanned by vertices of height n or less. Similarly define the
subcomplexes �

E 0
i

n of �E 0
i .

Proposition 9.5 The group � acts on each �Ei
n (or �

E 0
i

n , as the case may be) cocompactly, and

�Ei D

1[
nD1

�Ei
n :

A similar equality is true of �E 0
i and the subcomplexes �

E 0
i

n .

Proof Let us first note that the �-action preserves height, and therefore acts on �Ei
n (or �

E 0
i

n ). It is easy
to see that �Ei is the union of the subcomplexes in the filtration.
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We temporarily let E denote an arbitrary expansion scheme. Definition 6.12 from [6] describes an
action ? of S.D;D/ (D 2 DC

S
, or D 2 DCgen, as in our case) on the set E.Œf;D�/ as

h? v D .f hf �1/ � v;

where h2S.D;D/. If the action of S.D;D/ on the simplicial realisation of E.Œf;D�/ is always cocompact,
for all D, then E is said to be S-finite.

In the current situation, the group S.D;D/ is isomorphic either to Z or to the trivial group (when
ŒD�D ŒI � or ŒD�D ŒŒ0;1/�, respectively). In either case, the action of S.D;D/ is cocompact. Indeed,
the action of Z on E.ŒidI ; I �/ is by translation (i.e., the integer n moves a vertex uk to unCk , where the
vertices uj are as described in Example 6.22). This is clearly cocompact; see Figure 5. This reasoning
applies equally to all Œf;D� such that ŒD�D ŒI � due to the equivariance of the expansion scheme Ei (or E 0i).
If ŒD�D ŒŒ0;1/�, there is nothing to prove, since the set E 0i.Œf;D�/ is compact. It follows that both Ei and
E 0i are S-finite.

We can now apply Proposition 6.13 from [6], which says that when an expansion scheme E is S-finite
and S has finitely many domain types, then the action of � on each subcomplex �E

n is cocompact; this
proves that the action of � on the filtration is cocompact.

The final equality in the proposition is clear.

Remark 9.6 We sketch a more direct proof that � acts cocompactly.
We assume that � D V .Si/, the proofs for the other groups being similar. Two vertices v1 and v2 are

in the same �-orbit if and only if they have the same type (Definition 4.6). In the current context, the
latter condition is equivalent to having the same height.

Now assume that � fails to act cocompactly on �Ei
n , for some n. We note that the dimension of �Ei

n is
no more than n� 1, since a simplex in �Ei

n is an ascending chain

v0 < v1 < v2 < � � �< vk ;

and the height function strictly increases along such chains. Thus, assuming that the action of � is not
cocompact, there are infinitely many �-orbits of k-simplices, for some k. Since there are only finitely
many �-orbits of vertices, this implies that there is a vertex v0 D fb1; : : : ; b`g such that infinitely many
�-orbits of k-simplices have v0 as their minimal vertex. This, however, sets up the contradiction, since
all of the k-simplices in question are obtained by Ei-expansion from v0, and there are only finitely many
such Ei-expansions modulo the action ?.

The details of the remainder of the argument follow that of the proof of Proposition 6.13 from [6].

9.4 The F1 property for V.Sn/ and V.S 0
n/

Definition 9.7 (contracting pseudovertices) Let E be an arbitrary expansion scheme. We say that a
pseudovertex v is contracting relative to E if v has the same type as some w 2 E.b/, where b 2 B. (Recall
that “same type” was defined in Definition 4.6.)
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Definition 9.8 (rich in contractions) Let E be an expansion scheme. We say that E is rich in contractions
if there is some constant C such that, if v is a pseudovertex of height at least C , then there is some
contracting pseudovertex v0 such that v0 � v.

Theorem 9.9 ([6, Theorem 8.2], groups of type F1) Let S be an S -structure with finitely many domain
types , such that the group S.D;D/ has type F1 for D 2 DC. Let E be an expansion scheme such that

(1) E is n-connected for all n;

(2) E is rich in contractions;

(3) each set E.b/ (b 2 B) is finite.

The group �S has type F1.

Theorem 9.10 The groups V .Si/ and V .S 0i/ are of type F1, for i D 2; 3.

Proof Our strategy is to apply the proof of Theorem 9.9 (Theorem 8.2 from [6]) to the groups � . (We
note that the groups �S under consideration in Theorem 9.9 are analogous to Thompson’s group V , in
that there is no assumption that �S preserves a linear or cyclic order.) Let us note that condition (3) is
violated, since the sets Ei.b/ and E 0i.b/ are not finite when b D Œf;D� and ŒD� D ŒI �, so the statement
does not apply directly.

We have already seen that Ei and E 0i are n-connected expansion schemes for all n.
We claim that the expansion scheme Ei is rich in contractions with constant C D 2 when i D 2 or 3.

Let fŒf1;D1�; Œf2;D2�g �B be a pseudovertex. Since D1;D2 2DCgen, we have D1D!1I and D2D!2I ,
for some words !1; !2 2 fA;Bg

�. Thus,

Œfn;Dn�D Œfn; !nI �D Œfn!n; I �;

for nD 1; 2. Define g on Œ0; 1/ by the rule

g.x/D

�
f1!1a.x/ if x 2 Œ0; 1=2/;

f2!2b.x/ if x 2 Œ1=2; 1/:

The pseudovertex fŒg; I �g expands to

fŒg;AI �; Œg;BI �g D fŒf1!1a;AI �; Œf2!2b;BI �g

D fŒf1!1; I �; Œf2!2; I �g

D fŒf1;D1�; Œf2;D2�g:

This proves the claim.
The expansion scheme E 0i is also rich in contractions with constant C D 2. If fŒf1;D1�; Œf2;D2�g � B

is a pseudovertex and D1, D2 have the same domain type as I , then the proof of the previous paragraph
shows that a contraction can be performed on fŒf1;D1�; Œf2;D2�g. The only remaining case to consider
is when ŒD1�D ŒI � and ŒD2�D ŒŒ0;1/�. We will write R in place of Œ0;1/, to simplify notation. In this
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case, D1 D !1I and D2 D T mR, where !1 2 fA;B;T g
� and m� 0. We have

Œf1; !1I �D Œf1!1; I � and Œf2;T
mR�D Œf2T m;R�:

Define g W Œ0;1/! Œ0;1/ as

g.x/D

�
f1!1.x/ if x 2 Œ0; 1/;

f2T m�1.x/ if x 2 Œ1;1/:

The pseudovertex fŒg;R�g expands to

fŒg;R�g D fŒg; I �; Œg;TR�g

D fŒf1!1; I �; Œf2T m�1;TR�g

D fŒf1;D1�; Œf2;T
mR�g

D fŒf1;D1�; Œf2;D2�g:

It follows that fŒf1;D1�; Œf2;D2�g is also a contracting vertex relative to E 0i .
The assumption that E.b/ is always finite is used in the proof of Theorem 9.9 in three ways:

(1) to prove that � acts cocompactly on the complexes �E
n;

(2) to prove that the cell stabilisers have type F1, and

(3) to define a certain constant C0.

We have already established (1) and (2) by other means: indeed, cell stabilisers are virtually finitely
generated free abelian groups, and therefore have type F1, and the cocompactness of the actions on

the complexes �Ei
n and �

E 0
i

n was proved as part of Proposition 9.5. The constant C0 is the largest height
(i.e., cardinality) of a contracting pseudovertex. Clearly we have an independent bound of C0 D 3 when
S 2 fS2;S

0
2
g, or C0 D 5 when S 2 fS3;S

0
3
g. (Refer to the definitions of Ei and E 0i in Example 6.22.)

Remark 9.11 We will offer a sketch of the argument here. This sketch is intended to remove some of the
dependence on Theorem 9.9.

We check the hypotheses of Brown’s finiteness criterion (Theorem 9.1). First, we note that�Ei and�E 0
i

are contractible by Theorem 9.2. It is clear that the relevant actions are cellular. Properties (3)(a) and (b)
are settled in Proposition 9.5. Cell stabilisers are virtually finitely generated free abelian (and therefore of
type F1) by Proposition 4.13.

This leaves only (3)(d) to check; i.e., we must show, for each n 2 N, that �Ei

k
and �

E 0
i

k
are .n�1/-

connected for sufficiently large k. The proof of the latter follows a now-standard strategy: we show that
the descending link of a vertex becomes highly connected as the height of the vertex increases. A few
basics of this strategy are summarised in Subsection 7.2 of [6], although the methods of argument go
back to [3; 1].

We consider �E2 ; the other cases are similar. Let v be a vertex of height k in �E2 . The descending
link of v is its link in �E2

k
. Our analysis of the descending link uses the nerve theorem (as it appears
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in [2]; the nerve theorem is also Theorem 2.10 in [6]). Let

v D fb1; : : : ; bkg:

We cover the descending link of v by a number of subcomplexes, called partitioned downward links,
which are each determined by a partition of v, and which we now define.

Let P be a partition of v. The partitioned downward star st#.vP/ (Definition 7.7 from [6]), is the
subcomplex of �E2

k
consisting of the vertex v and all simplices resulting from E2-contractions that are

supported within members of P . For instance, if

P D ffb1; b2g; fb3; : : : ; bkgg;

then a contraction supported on the subset fb1; b2g, or on the subset fb3; b4; b7g (if k � 7) (or indeed a
combination of such contractions), results in a simplex of st#.vP/, but a contraction supported on fb2; b3g

would not. We then define the partitioned downward link lk#.vP/ as the link of v in st#.vP/.
For each contracting pseudovertex w � v, we let

Pw D fv�w;wg:

(We note that, in the current context, “contracting pseudovertex” is the same as “pseudovertex with two
or three members”, by the description of E2 from Example 6.22.) The collection

C D flk#.vPw / j w is a contracting pseudovertexg

is a cover of lk#.v/. We apply the nerve theorem to C. The intersection of two members of C is another
partitioned downward link,

lk#.vPw0 /\ lk#.vPw00 /D lk#.vPw0^Pw00 /;

where Pw0 ^ Pw00 is the coarsest common refinement of Pw0 and Pw00 . The generalisation to finite
intersections is straightforward.

For a partition P D fP1; : : : ;P`g of v, there is a natural join structure (see Corollary 7.9 from [6]),

lk#.vP/Š
`

�
jD1

lk#.Pj /;

where the latter descending links depend only on the types of the pseudovertices Pj . (In the current
case, the type is entirely determined by the cardinality.) Recall that, if X1 and X2 are n1-connected and
n2-connected complexes (respectively), then the join X1 �X2 is .n1Cn2C2/-connected. It follows that
lk#.vP/ is at least as connected as the most highly connected factor lk#.Pj /.

Finally, we note that a pseudovertex of height two or more has a nonempty descending link (since
every such pseudovertex contains a contracting pseudovertex). This gives us the base case of an induction;
the above considerations allow us to prove inductively that pseudovertices of increasing height have
increasing connectivity. The actual induction is done in the proof of Theorem 8.2 from [6]; we omit
further details. We will consider a similar induction in more detail in the next subsection.
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9.5 The F1 property for the remaining groups

Theorem 9.12 The groups F.S/, where S 2 fS2;S3;S
0
2
;S 0

3
g, and T .S/, where S 2 fS2;S3g, have

type F1.

Proof We consider the group F.S2/. The proofs that the other groups have type F1 differ in minor
details.

We turn to an analysis of the descending link; all of the other ingredients of the proof can be assembled
exactly as in Remark 9.11. Let

v D fb1; b2; : : : ; bkg

be either a vertex of �E2 , or a pseudovertex. We assume that the bi are linearly ordered, in the following
sense: Each bi D Œfi ;Di �, for appropriate fi and Di 2 DCgen, where fi W Di ! Œ0; 1/ is a locally
S2-embedding that is, moreover, continuous and increasing. We assume that f1.D1/; f2.D2/; : : : ; fk.Dk/

are arranged from left to right. With this assumption, each E2-contraction must be performed on two or
three consecutive bi . For a subset K � f1; : : : ; kg, we define

PK D ffbj j j 2Kg; fbj j j 62Kgg:

We then define

C D
˚
lk#.vPK

/ jK 2 ff1; 2g; f2; 3g; f1; 2; 3g; f2; 3; 4g; f3; 4; 5gg
	
:

(If k < 5, then the possible subsets K are restricted accordingly.)
We claim that C is a cover of lk#.v/. Indeed, let � be a simplex in lk#.v/. Thus, there is an increasing

sequence

v0 < v1 < v2 < � � �< v`�1 < v` D v;

where each v˛ is obtained by E2-expansion from v0, and

� D v0 < v1 < � � �< v`�1:

If v0 D fb
0
0
; b0

1
; : : : ; b0qg, where the members are linearly ordered, then there is a leftmost b0

ˇ
that is

expanded when we pass from v0 to v. In expanding at b0
ˇ

, we replace b0
ˇ

with either two or three pairs
from B. The latter will occur consecutively in v. Thus, the result of expanding at b0

ˇ
will contribute either

fb˛; b˛C1; b˛C2g or fb˛; b˛C1g to v, for some ˛. All other expansions from v0 to v will contribute a
disjoint subset of bi’s to v. It follows easily from this that � is contained in at least one member of the
cover C.

For instance, if the expansion at b0
ˇ

contributes b1 and b2 to v, any other expansion from v0 must
contribute some subset of fb3; : : : ; bkg. Thus, in this case, � � lk#.vPf1;2g/. If b0

ˇ
contributes b2 and b3,

then � � lk#.vPf2;3g/. If b0
ˇ

contributes bm and bmC1, for some m � 3, then � � lk#.vPf1;2g/ (since,
indeed, all expansions contribute some subset of fb3; : : : ; bkg under this hypothesis).
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Now we establish the connectivity of the descending link, as a function of the height k. We note
first that lk#.v/ is nonempty provided that k � 2. It follows from this that each lk#.vPK

/ is connected
when k � 7, since each is a join of two nonempty complexes. Now, if k � 7, then lk#.v/ is connected,
since it is covered by a collection C of nonempty subcomplexes, which have a nonempty intersection.
(A contraction at fb6; b7g lies in all of the partitioned descending links simultaneously.)

In general, lk#.v/ is n-connected provided that k � 5nC 7. We have proved this already for nD�1

and nD 0. Assume that the result is true for n. We consider a vertex v of height k at least 5nC 12. Each
lk#.vPK

/ is .nC1/-connected, since each is a join of two complexes: one nonempty and one isomorphic
to the descending link of a vertex of height at least 5nC 7, and therefore n-connected by induction.
Moreover, any subcollection of C containing two of more members intersects in a subcomplex that is at
least n-connected. (Any such intersection is a join, and one of the factors of the join is the descending
link on fb
 ; : : : ; bkg, where 
 � 6.)

By the nerve theorem [2], lk#.v/ is .nC1/-connected if t -fold intersections of the cover are .n�tC2/-
connected and the nerve of the cover is .nC1/-connected. Since the nerve is easily seen to be a four-
dimensional simplex, and t -fold intersections have the required connectivity (by the previous paragraph),
lk#.v/ is .nC1/-connected, completing the induction.

By well-established principles (as summarised in Proposition 7.6 from [6], for instance), the connectivity
of the subcomplex �Ei

k
tends to infinity as k increases, completing the proof.

10 The case of the Lodha–Moore group

Recall that F.S 0
2
/ is the group of homeomorphisms of Œ0;1/ that is locally determined by the inverse

semigroup generated by the set

fA;B;C2;T g;

where all of these are as defined in Definition 2.6. In this section, we will prove the following theorem:

Theorem 10.1 The Lodha–Moore group G is isomorphic to an ascending HNN extension of F.S 0
2
/ in

which the stable letter is the translation t 7! t C 1.
In particular , G has type F1.

Throughout this section, we let F.S 0
2
/ act on the entire real line, by simply defining each element of

F.S 0
2
/ to be the identity on .�1; 0�.

Definition 10.2 [8; 9] The Lodha–Moore group G is the group of homeomorphisms of the real line
generated by three transformations, denoted by a, b, and c, and defined as

a.t/D t C 1; b.t/D

8̂̂̂<̂
ˆ̂:

t if t � 0;
t

1�t
if 0� t � 1

2
;

3� 1
t

if 1
2
� t � 1;

t C 1 if 1� t;

c.t/D

8<:
t if t � 0;
2t

tC1
if 0� t � 1;

t if 1� t:
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Remark 10.3 We are using the notation a, b, and c for the generators of the Lodha–Moore group G,
following the practice in [8; 9]. Of course, this notation contradicts our own practice of using lowercase “x”
to denote the inverse of the partial transformation X (for X 2 fA;B;C2g). We will therefore continue to
use the uppercase letters to denote our inverse semigroup generators, but will use “X�1” to denote the
inverse of X . For the remainder of the paper, a, b, and c refer to the generators in Definition 10.2.

Let us note that
b DA�1

[TB�1
[T 2T �1 and c D C [T T �1;

where union is interpreted in an obvious sense: b agrees with A�1 on Œ0; 1=2/ (the domain of A�1), with
TB�1 on Œ1=2; 1/ (the domain of TB�1), etc. (The trivial action on negative numbers is implied in both
of these definitions of b and c).

It follows directly that hb; ci � F.S 0
2
/.

Lemma 10.4 Let P be a partition of Œ0;1/ into generating domains (Definition 3.1). There is an element
g 2 hb; ci such that either

(1) the leftmost member of g.P/ is Œ0; 1/, or

(2) the leftmost member of g.P/ is Œ0;1/.

In either case , it can be arranged that the restriction gjP W P ! g.P / is in S 0
2
, for each P 2 P , and that

g.P/ is also a partition of Œ0;1/ into generating domains.

Proof It is rather clear from Definition 3.1 that a partition of Œ0;1/ by generating domains has members
of two types:

(i) a (necessarily unique) member of the form Œn;1/, for some integer n� 0, and

(ii) a collection of generating domains of the form T ˛! � Œ0; 1/, where ! 2 fA;Bg� (i.e., ! is a positive,
possibly empty, word in the alphabet fA;Bg), and 0� ˛ < n. Each domain of this form is contained
in Œ˛; ˛C 1/.

If nD 0, then P D fŒ0;1/g, and we can simply let g D idR. It is clear that g satisfies all of the required
properties. (This uses the fact that the restriction of id to each generating domain is a member of S 0

2
,

which follows from Remark 2.2.)
Now suppose that n> 0. We prove the lemma by induction on the number m of generating domains

of P that are contained in Œ0; 1/. If mD 1, then we can let g D idR. Now suppose that m > 1. There
are two types of generating domains of P that are contained in Œ0; 1/: those of the form A! � Œ0; 1/, and
those of the form B! � Œ0; 1/. Both types must be present, since those of the first form are contained in
Œ0; 1=2/, while those of the second form are contained in Œ1=2; 1/. We apply the transformation b from
Definition 10.2. Using the description of b from Remark 10.3, we find that each domain A! � Œ0; 1/

is carried to ! � Œ0; 1/, and each domain B! � Œ0; 1/ is sent to T! � Œ0; 1/. The element b acts on every
generating domain of P in Œ1;1/ by the translation T . It follows that b carries the set P of generating
domains to another set of generating domains, b.P/. We note that the restriction of b to each member of P
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is a member of the inverse semigroup S 0
2
, and that the number m is reduced in the process (since each

domain of the form B! � Œ0; 1/ is carried outside of Œ0; 1/). We can then apply the inductive hypothesis
to the partition b.P/ to produce an element g 2 hb; ci such that gb.P/ has the required form, while the
restriction of gb to each member of P is a member of S 0

2
. This completes the induction.

Remark 10.5 The element g produced in the proof of Lemma 10.4 is always a nonnegative power of b.

Proposition 10.6 The group F.S 0
2
/ is a subgroup of the Lodha–Moore group G.

Proof Let f 2 F.S 0
2
/. There is a partition P1 of Œ0;1/ into finitely many generating domains such

that fjP 2 S 0
2

for each P 2 P1, and such that f .P/ WD P2 is also a partition of Œ0;1/ into generating
domains. (This follows from Definition 2.8 and Remark 3.4.)

We will prove that f 2G by induction on jP1j. If jP1j D 1, then f D idR, and f 2G. Let jP1j Dm.
Lemma 10.4 allows us to find g1;g2 2G such that, for i D 1; 2,

(1) gi.Pi/ is a partition of Œ0;1/ into generating domains;

(2) gijP 2 S 0
2
, for each P 2 Pi ;

(3) the leftmost member of gi.Pi/ is Œ0; 1/.

It follows from this that the element g2fg�1
1

carries the generating domain Œ0; 1/ to the generating domain
Œ0; 1/ by a member of S 0

2
. By the characterisation of S.I; I/ (Theorem 4.3), the restriction of g2fg�1

1
to

Œ0; 1/ is C k , for some k 2 Z. It follows that c�kg2fg�1
1

is equal to the identity on Œ0; 1/. (Here we are
using “c” to refer to the generator of G, as in Definition 10.2.) We note that c�kg2fg�1

1
2 F.S 0

2
/ by

construction, and that the domain and range of c�kg2fg�1
1

are both partitioned into m pieces, each of
which is a generating domain, and such that c�kg2fg�1

1
matches these pieces by members of S 0

2
.

It follows from this that a�1c�kg2fg�1
1

a is a member of F.S 0
2
/ that is similarly defined on m� 1

pieces. It follows by induction that a�1c�kg2fg�1
1

aD g3, for some g3 2G. Solving the latter equation
for f , we find that f 2G, completing the induction.

Proof of Theorem 10.1 Since hb; ci � F.S 0
2
/ by Remark 10.3 and F.S 0

2
/ � G by Proposition 10.6,

ha;F.S 0
2
/i DG.

The map g 7! aga�1 determines an injective endomorphism of F.S 0
2
/. There is an induced homo-

morphism from the resulting HNN extension F.S 0
2
/�a to G. Clearly this map is surjective by the previous

paragraph. Injectivity follows from the fact that each nontrivial normal form a�kfa` (k; `� 0) maps to
a nontrivial element of G. This proves that G is the required HNN extension of F.S 0

2
/.

The fact that G has type F1 now follows from the fact that F.S 0
2
/ has type F1 by Theorem 9.12 and

from the fact that the ascending HNN extension of a type F1 group also has type F1.
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Their results anticipate the proof offered here that T .S2/ has type F1. The question of whether a certain
“V -like” Lodha–Moore group has type F1 is a conjecture in [10], which our proof that V .S2/ has
type F1 appears to resolve. The referee notes that, since the Lodha–Moore group is an ascending HNN
extension of F.S 0

2
/, the latter group must also be nonamenable, and have no free subgroups. Theorem 9.12

proves that F.S 0
2
/ also has type F1. I do not know whether F.S 0

2
/ is a new group with the indicated

properties, however.
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Skew-rack cocycle invariants of closed 3-manifolds

TAKEFUMI NOSAKA

We establish a new approach to obtain 3-manifold invariants by means of Dehn surgery. In this approach,
we introduce skew-racks with good involution and property FR, and define cocycle invariants as 3-manifold
invariants.

1 Introduction

Every closed 3-manifold M with orientation can be obtained from a framed link in the 3-sphere S3 by
means of Dehn surgery. Since there is a one-to-one correspondence between closed 3-manifolds and
framed links in the S3 modulo either the Kirby moves [14] or Fenn–Rourke moves [7], any framed
link invariant, which is invariant with respect to the moves, is a 3-manifold invariant. For example, in
quantum topology, frameworks based on the Chern–Simons theory have produced many 3-manifold
invariants, including the concepts of modular categories (see [16; 17]). In contrast, when examined from
more classical viewpoints such as algebraic topology, the fundamental groups �1.M / of 3-manifolds
contain useful information and are strong invariants. Further, as in the Dijkgraaf–Witten model [6],
starting from a finite group G, we can define a certain weight of the set Hom.�1.M /;G/ in terms of the
group cohomology of G. However, apart from the quantum invariants and fundamental groups, there are
relatively few procedures that yield 3-manifold invariants via Dehn surgery.

In this paper, we establish a new approach from Dehn surgery to yield 3-manifold invariants in a
classical situation. In our approach, we focus on a class of skew-racks (see Section 3), which is an
algebraic system, and a modification of quandles and biracks. As in quandle theory [4; 5; 9; 15], starting
from skew-racks, we can define a set of colorings of framed links and weights of a set, where the weights
are evaluated by birack 2-cocycles and are called a cocycle invariant, as a framed link invariant (see
Section 3 for details). The aim of our study is to explore skew-racks such that the cocycle invariant is stable
under the Fenn–Rourke moves. To this end, we define the property FR of skew-racks (Definition 4.1) and
demonstrate (Theorem 4.2 and Proposition 6.2) that, in some situations, the associated cocycle invariant
gives rise to a 3-manifold invariant. In Section 4, we establish several examples of skew-racks with
property FR; for instance, from a group G and an involutive automorphism � WG!G, we can define a
skew-rack with property FR (Examples 2.2 and 5.4).

Using the examples of skew-racks, we compute a set of colorings and several cocycle invariants—for
example, we determine the invariants of the Brieskorn 3-manifolds as integral homology 3-spheres
(Example 5.6). Following the computations, we present a comparison with the Dijkgraaf–Witten invariant
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and pose several problems (Problems 6.8 and 7.3). Finally, we attempt to make an application from the
skew-racks above; in Section 7, we suggest several elementary approaches to find 3-manifolds, which are
not the results of surgery of any knot in S3. However, we were ultimately unable to find any examples of
their application.

Conventional notation Every 3-manifold is understood to be connected, smooth, oriented, and closed.

2 Symmetric skew-racks and birack cocycle invariants

We introduce skew-racks as a special class of biracks (see [5; 7] for the definition of biracks). We define
a skew-rack as a triple of a set X , a binary operation C W X �X ! X , and a bijection � W X ! X

satisfying the following three axioms:

(SR1) For any a; b 2X , the equality �.a C b/D �.a/C �.b/ holds.

(SR2) For any b 2X , the map X !X that sends x to x C b is a bijection.

(SR3) For any a; b; c 2X , the distributive law .a C b/C c D .a C �.c//C .b C c/ holds.

As a special case, if � D idX , the definition of skew-racks coincides with that of racks. We often
denote the inverse map �C b of the bijection as �C�1 b. Further, as a slight generalization of symmetric
quandles in [12; 13], we define a symmetric skew-rack as a pair of a skew-rack .X;C; �/ and an involution
� WX !X satisfying the following:

(SS1) For any a; b 2X , the equalities .a C b/C �.b/D a and �.a/C �.b/D �.a C b/ hold.

(SS2) The involutivity � ı �D � ı � D idX and the commutativity � ı � D � ı � hold.

Such a � is called a good involution (as in [12]). If � D idX and the equality a C aD a holds for any
a2X , the definition of symmetric biracks is the same as the original definition of symmetric quandles [12].
A few examples of symmetric skew-racks are as follows.

Example 2.1 Let X be a group G and let � WG!G be an involutive automorphism. Define x C y by
�.y�1/xy, and �.x/ by x�1. These maps then define a symmetric skew-rack structure on X .

Example 2.2 Let K be a group and let f W K ! K be an involutive automorphism. Consider the
direct products X D K � K and � D f � f . Define .x; a/ C .y; b/ by .f .x/y�1by; f .a// and
�.x; a/D .f .x/; f .a/�1/. Then, these X;C; �; � define a symmetric skew-rack structure on K�K. As
discussed later (Sections 5–6), this skew-rack plays a key role in this paper.

Finally, we conclude this section by defining a bijection Tw WX !X as follows:

Proposition 2.3 Let .X;C; �/ be a skew-rack satisfying �2 D idX , as in (SS2). Define the map
Tw W X ! X by setting Tw.x/ D �.x/C�1 �.x/. Then , the map is bijective , where the inverse is
the map X !X that sends x to �.x/C x.
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Proof When we let y be Tw.�.x/C x/, we may show y D x. Note that x C �.x/D y C .x C �.x//,
which is equal to�

.y C�1 x/C x
�

C .x C �.x//D
�
.y C�1 x/C x

�
C �.x/D y C �.x/:

Thus, by (SS2), we have y D x. Similarly, we can easily verify �.Tw.x//C Tw.x/D x.

3 Preliminaries: colorings and birack cocycle invariants

Our definition of X -colorings here is a slight modification of the classical X -colorings of quandles or
biracks [4; 5; 8]. Let D be a framed link diagram D, and let .X;C; �; �/ be a symmetric skew-rack.
Choose orientations o for each component of D, and denote by Do the diagram with the orientations.
In this paper, a semiarc of D means a path from a crossing to the next crossing along the diagram. Then,
an X -coloring is a map C W fsemiarc of Dg!X such that, for every crossing � of D, the semiarcs around
� satisfy C.
� /D �.C.ˇ� // and C.ı� /D C.˛� /CC.ˇ� /, where ˛� , ˇ� , 
� , and ı� are the semiarcs shown
in Figure 1. We denote by ColX .Do/ the set of X -colorings of Do. Then, as a basic fact in quandle
theory (see [5; 8]), if two diagrams Do and .D0/o

0

are related by a Reidemeister move of type II, type III,
or a doubled type I, there exists a canonical bijection BDo;.D0/o

0 W ColX .Do/! ColX ..D0/o
0

/. Moreover,
thanks to the above axioms (SS1) and (SS2), if Do0 is the same diagram D with opposite orientation, the
correspondence a 7! �.a/ on the color of each semiarc on the opposite component defines a bijection
BDo;Do0 W ColX .Do/! ColX .Do0/. In particular, the set ColX .Do/ up to bijections does not depend
on the choice of orientations of D. Accordingly, we sometimes use the expression ColX .D/ instead
of ColX .Do/. Finally, we should emphasize that the map Tw˙1 in Proposition 2.3 corresponds to an
addition of a .�1/-framing in an arc, as in the Reidemeister move of type I.

Next, we observe cocycle invariants of a symmetric skew-rack X . According to [4; 5; 9], a map
� WX 2!A for some abelian group A is called a birack 2-cocycle if

(1) �.a; b/C�.a C b; c/D �.a; �.c//C�.a C �.c/; b C c/; �.b; c/D �.�.b/; �.c//

hold for any a; b; c 2X . Then, we define the weight (of � ), ˆ.�/, with respect to a crossing � on D to be
"��.C.˛� /; C.ˇ� // 2A, where "� is the sign � (as in Figure 1). We further define ˆD.C/ 2A to be the
sum

P
� ˆ.�/, where � runs over every crossing on D. Then, as is known [3; 5], if two diagrams D and D0

are related by a Reidemeister move of type II, type III, or a doubled type I move, ˆD0 ıBDo;.D0/o
0 DˆD

holds as a map ColX .Do/! A. In other words, the map ˆD W ColX .Do/! A up to bijections is an
invariant of framed links with orientations. As in [4; 5], we call the map ˆ the (birack) cocycle invariant.

˛�


� ı�

ˇ�

ˇ�


�

˛�

ı�

Figure 1: Positive and negative crossings with eight labeled semiarcs.

Algebraic & Geometric Topology, Volume 26 (2026)



1454 Takefumi Nosaka

Next, as an analogy of symmetric cocycle invariants in [12; 13], we discuss symmetric birack cocycles.
We define a birack 2-cocycle � WX 2!A to be symmetric if

�.a; b/D��.a C b; �.b//D��.�.a/; �.b// 2A;

for any a; b 2X . Then, similarly to the discussion in [13, Theorem 6.3], we can easily confirm that the
weightˆ.�/ does not depend on the choice of orientations of D; neither does the mapˆD WColX .Do/!A

up to bijections. In conclusion, the cocycle invariant ˆD W ColX .Do/!A up to bijections is an invariant
of framed links.

Finally, we briefly review surgery on links and Fenn–Rourke moves [7]. Let us regard a framed link
diagram as the surgery on the framed link in the 3-sphere. Conventionally, every closed 3-manifold M

can be expressed as the result of S3 of surgery on a framed link. Furthermore, two framed links in S3

have orientation-preserving homeomorphic results of surgery if and only if the framed links are related by
a finite sequence of Fenn–Rourke moves and isotopies [7], where the Fenn–Rourke move is an operation
between the framed links shown in Figures 3 and 4 in Section 4. Throughout this paper, for a framed link
diagram D of a link L, we denote by MD the result of surgery of S3 on L.

4 Topological invariants from skew-racks with property FR

Our objective is to explore appropriate skew-racks that yield birack cocycle invariants that are invariant
with respect to the Fenn–Rourke moves. In this section, we define skew-racks with property FR and the
colorings of closed 3-manifolds.

For " 2 f˙1g and a1; : : : ; an 2X , let us consider the bijection

Aa1;:::;an
WX !X; x 7!

�
� � � ..x C a1/C a2/C � � �

�
C an;

and define the subsets

(2)

AnnC1.Aa1;:::;an
/ WD fx 2X j �nC1.x/DAa1;:::;an

.x/C �nC1.x/g;

Ann�1.Aa1;:::;an
/ WD fx 2X j �nC1.x/C �.Aa1;:::;an

.x//DAa1;:::;an
.x/g:

For the case nD 0, we define Ann˙1.X / to be the subset fx 2 X j x C �.x/D �.x/g. Schematically
speaking, as in Figure 2, the set Ann.X /˙1 is the set of X -colorings of the unknot of .˙1/-framing.

x x�.x/ x C �.x/D �.x/

�2.x/D x x C �.x/D �.x/ x �.x/

Figure 2: The coloring conditions of unknots of .˙1/-framing.
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Definition 4.1 A symmetric skew-rack .X;C; �; �/ is said to have property FR if it satisfies the following:

(FR2) The subset Ann.X / is not empty, and is bijective to the set Ann".Aa1;:::;an
/ for arbitrary n 2 Z,

a1; : : : ; an 2X and " 2 f˙1g.

(FR2) For any a1; : : : ; an 2X and x 2 AnnC1.Aa1;:::;an
/;y 2 Ann�1.Aa1;:::;an

/, the equalities

�nCi.ai/DAa1;:::;an
.�iC1.ai/C x/;(3)

�nCi.ai/C �nC1.y/DAa1C�.y/;a2C�2.y/;:::;anC�n.y/.�
iC1.ai//(4)

hold, where i � n is arbitrary.

Let us analyze the set of colorings of skew-racks with property FR.

Theorem 4.2 Let .X;C; �; �/ be a symmetric skew-rack with property FR. Suppose that two framed link
diagrams D and D0 are related by a Fenn–Rourke move (as in Figures 3 and 4) and take orientations on D

and D0.
Then , for any coloring C 2ColX .D/, there is uniquely another C0 2ColX .D0/ such that C.˛i/D C0.˛0i/

and C.ˇi/D C0.ˇ0i/ for any i � n. Furthermore , the map

(5) B W ColX .D/! ColX .D0/�Ann.X /; C 7! .C0; C.
 //;

is bijective. Specifically , if X is of finite order , the rational number jColX .D/j=jAnn.X /j#D 2Q gives
rise to a topological invariant of closed 3-manifolds.

Proof Take arcs 
 , ı, ˛i’s, and ˇi’s as in Figures 3 and 4. By the properties of good involutions, the
coloring conditions are independent of the choices of orientations of D. Thus, we fix the orientations of D

and D0 as shown in Figures 3 and 4. Given an X -coloring C 2ColX .Do/, define ai WD C.˛i/, bi WD C.ˇi/.
We now show that the map C0 W fsemiarc of D0g !X defined by C0.˛0i/D ai and C0.ˇ0i/D bi gives rise
to a unique X -coloring.

First, suppose that ˙ is positive and x D C.
 /. The coloring condition on the arc ı is

Tw.�nC1.x//D �nC1.x/C�1 �nC1.x/D C.ı/DAa1;:::;an
.x/C �nC1.x/I

hence, x 2 AnnC1.Aa1;:::;an
/. Notice from (3) that

(6) bi D �.ai/C �i.x/D �i.�iC1.ai/C x/D �i
�
A�1

a1;:::;an
.�nCi.ai//

�
DA�1

�i .a1/;:::;�i .an/
.�n.ai//:

Meanwhile, the coloring condition on the arc ıi in the right-hand side of Figure 3 is

A�i .a1/;:::;�i .an/
.bi/D C.ıi/D �n.ai/;

which is equivalent to (6) exactly.
On the other hand, in the negative case of ˙ and y D C.
 /, the condition on 
 is equivalent to

y 2 Ann�1.Aa1;:::;an
/ by the definition of (2); notice that the coloring rule in D in Figure 3 implies

�.bi/D ai C �i.y/ by the condition on the arc ˇi . The coloring condition from ˇ0i to ˛0i is equivalent
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˛1 ˛2 ˛n

ˇ1 ˇ2 ˇn

 !


D

D0

˛0
1

˛0i ˛0n˛0
2

ˇ01 ˇ0nˇ0iˇ02

ıi

Figure 3: The positive Fenn–Rourke move and labeled semiarcs.

to �n.bi/DA�i .b1/;:::;�i .bn/
.ai/, that is, �nCi.bi/DAb1;:::;bn

.�i.ai//, which directly follows from (4)
since �.bi/D ai C �i.y/ by the condition on ai .

Conversely, given an X -coloring C0 of .D0/o
0

and x 2Ann˙1.Aa1;:::;an
/¤¿, we similarly can define

an X -coloring C of D that sends ˛i to C0.˛0i/, ˇi to C0.ˇ0i/, and 
 to x.
In summary, by construction, the correspondence C 7! .C0; C.
 // gives the required bijection B.

Before moving on to the next section, we briefly discuss triviality of the invariants up to link homotopy.
For this, consider the permutation group Bij.X / of a skew-rack X , and define a subgroup generated by

(7) f.�.�/C a/ j a 2X g[ f.�C�1 a1/C�2 a2 j ai 2X; �i 2 f˙1gg:

˛1 ˛2 ˛n

ˇ1 ˇ2 ˇn

 !


D

D0

˛0
1

˛0i ˛0n˛0
2

ˇ0
1

ˇ0nˇ0iˇ0
2

ıi

Figure 4: The negative Fenn–Rourke move and labeled semiarcs.
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Do .D0/o
0˛ ˇ


 ı

.�1/-framing .�1/-framing
 !

ˇ˛

ı


Figure 5: Diagrams D and D0, where all semiarcs lie within a link component.

The subgroup, denoted by Inneven
� .X /, canonically has the right action on X . We say a skew-rack

.X;C; �/ with property FR is f -link homotopic if x C" �.x/ D x C" .x � g/ holds for any x 2 X ,
g 2 Inneven

� .X /, " 2 f˙1g.

Proposition 4.3 Suppose a symmetric skew-rack .X;C; �; �/ with property FR is f -link homotopic.
Then , if two framed link diagrams D and D0 are transformed by the operation in Figure 5, there is a
bijection Bf W ColX .Do/! ColX ..D0/o

0

/.

Proof For a coloring C 2 ColX .Do/, take a 2X such that C.˛/D �.a/. Since ˛ and ˇ lie on the same
link-component, there is g 2 Inneven

� .X / such that C.ˇ/Da�g from definition (7). Since Tw�1.x/DxCx

by definition, the rule of colorings implies

C.
 /D Tw�1.�.a �g//D .a �g/C �.a �g/; C.ı/D Tw�1.�.a//C .a �g/D .a C �.a//C .a �g/:

Since X is f -link homotopic, C.
 / D .a � g/ C�1 a and C.ı/ D a. Thus, we can define another
coloring Bf .C/ of D0 by Bf .C/.˛/D a and Bf .C/.ˇ/D a �g. Since C.
 /D .a �g/C�1 aDBf .C/.
 / and
C.ı/D aD Bf .C/.ı/ by definitions, the map Bf W ColX .Do/! ColX ..D0/o

0

/ is bijective, as required.

Many 3-manifolds can be expressed as the results from S3 of surgery along various framed knots, so
to obtain nontrivial colorings, we consider skew-racks, which are not f -link homotopic.

5 Examples of skew-racks with property FR from groups
Here we provide examples of skew-racks with property FR. Throughout this section, we fix a group G,
an automorphism � W G ! G satisfying � ı � D idG , and a map ı W G ! G satisfying � ı ı D ı ı �.
Consider the binary operation C WG �G!G defined by x C y D �.x/ı.y/. Then, the twisting map Tw
in Proposition 2.3 is given by Tw.g/D gı.g/�1:

Lemma 5.1 These operations .C; �/ with x C y D �.x/ı.y/ define a skew-rack of X DG if and only if ,
for any x;y 2G,

(8) ı.x/ı.y/D ı.y/ı.xı.y// 2G:

Let � WG!G be a good involution. Further , assume that the image Im.ı/�G is a subgroup of G, and
that the cardinality of the preimage ı�1.d/ is constant for any d 2 Im.ı/. Then , the symmetric skew-rack
on X DG has property FR.

In addition , if the subgroup Im.ı/ is commutative , the skew-rack is f -link homotopic.
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Proof Since the former part is shown by direct computation, we show only the remaining claims
here. We now analyze the set Ann".Aa1;:::;an

/ in (2). First, suppose " D C1. Then, the condition
�nC1.x/DAa1;:::;an

.x/C �nC1.x/ is equivalent to

(9) ı.�n.a1//ı.�
n�1.a2// � � � ı.�.an//ı.�

nC1.x//D 1:

Since Im.ı/ is a subgroup of G by assumption, the set AnnC1.Aa1;:::;an
/ is nonempty. Moreover, by the

second assumption, the cardinality of AnnC1.Aa1;:::;an
/ does not depend on the choice of a1; : : : ; an,

that is, X satisfies (FR1). As for (FR2), the equality (3) is shown by

Aa1;:::;an
.�i�1.ai/C x/D �nCi.ai/ı.�

nCi.x//ı.�nCiC1.a1//ı.�
nCi.a2// � � � ı.�

i.an//D �
nCiC1.ai/:

Next, we will show (4) in the case "D�1. We can easily check �nC1.x/C�
�
Aa1;:::;an

.x/
�
DAa1;:::;an

.x/

in (2) is equivalent to (9) exactly. Thus, similarly, the cardinality of Ann�1.Aa1;:::;an
/ ¤ ¿ does not

depend on the choice of a1; : : : ; an. In addition, for x 2 Ann�1.Aa1;:::;an
/, the equality (4) is shown by

Aa1C�.x/;a2C�2.x/;:::;anC�n.x/.�
iC1.ai//

D �iCnC1.ai/ı
�
�n�1.a1/ı.�

n.x//
�
ı
�
�n�2.a2/ı.�

n.x//
�
� � � ı

�
anı.�

n.x//
�

D �iCnC1.ai/ı.�
n.x//�1ı.�n�1.a1//ı.�

n.a2// � � � ı.an/ı.�
n.x//D �nCi.ai/C �nC1.x/:

Here, the second and third equalities are obtained from (8) and (9), respectively. Hence, X has property FR,
as required.

Finally, we show the last statement. From the definition of the subgroup Inneven
� .X /, any g 2 Inneven

� .X /

and a 2 G admit uniquely b1; : : : ; bn 2 Im.ı/ such that a � g D aı.b1/ � � � ı.bn/ 2 G. Since Im.ı/ is
commutative, (8) means ı.a/D ı.aı.b//. Thus,

.z C" �.a//C�" .a �g/D zı.a/"ı.aı.b1/ � � � ı.bn//
�"
D z:

Therefore, the skew-rack is f -link homotopic by Proposition 4.3.

We should point out that (8) comes with a few conditions. For example, if jGj> 1, the map ı is not
surjective. In fact, if ı is surjective, then (8) with x D 1 is equivalent to z�1ı.1/z D ı.z/ for any z 2G,
which means that Im(ı/ is a conjugacy class, and contradicts the surjectivity. However, we provide some
examples that satisfy the conditions in Lemma 5.1.

Example 5.2 First, we observe the case where ı is a group homomorphism. Then, we can easily check
that (8) is equivalent to that of ı ı ıD 0 and the image Im.ı/ is abelian. If so, the cardinality of ı�1.k/ is
constant; thus, if X admits a good involution, the symmetric skew-rack has property FR, and is f -link
homotopic by Lemma 5.1.

To avoid f -link homotopic skew-racks, we should focus on ı, which is not a homomorphism.

Example 5.3 (twisted conjugacy classes) Suppose we have a group automorphism f W G ! G, and
define ı.x/D f .x�1/x. Then, (8) is equivalent to Im.ı ı ı/D f1Gg. In general, we can easily check
that, for any g 2 Im.ı/, the preimage ı�1.g/ is bijective to the fixed-point subgroup fh 2G j f .h/D hg;
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see, e.g., [2]. Thus, to apply Lemma 5.1, the remaining point is to analyze the situation such that the
image Im.ı/ is a subgroup.

The image Im.ı/ is sometimes called as a twisted conjugacy class or Reidemeister conjugacy class. Prior
works [2; 10] have investigated various conditions requiring that Im.ı/ be a subgroup and Im.ııı/Df1Gg.
However, many of the examples in those works satisfy that Im.ı/ is commutative Thus, it is difficult to
find examples of pairs .G; f / satisfying that the resulting skew-racks are not f -link homotopic.

Example 5.4 Take a group K with a normal subgroup N E K and an involutive automorphism f WK!K

satisfying f .N /�N . Let G be K�N and � be f �f . Define ı.x;y/ as .x�1yx; 1/, where x;y 2K.
Next, we check the conditions in Lemma 5.1. Checking (8) is obvious: since N Dfb�1ab ja2N; b 2Kg,
the image of ı is N � 1 as a subgroup of G. Moreover, for any .k; 1/ 2K � 1, the preimage ı�1.k; 1/

is equal to f.y�1ky;y/ 2G j y 2Kg, which is bijective to K. In conclusion, the symmetric skew-rack
on G has property FR, by Lemma 5.1. For example, if N DK, the skew-rack on G is exactly equal to
that in Example 2.2; here, we should remark Tw.x; a/D .a�1x; a/.

Finally, we compute a few colorings using the above skew-racks with property FR.

Example 5.5 For natural numbers n;m 2N, we first compute colorings of the lens space L.nm� 1; n/.
Let X DG be a skew-rack with good involution, which satisfies the conditions in Lemma 5.1. Let D be
the Hopf link with framing .n;m/. Then, MD is known to be L.nm�1; n/. We fix two semiarcs ˛, ˇ in
each link-component on D. Then, from the definition of colorings, a coloring C 2 ColX .D/ satisfies

(10) �.C.˛/C C.ˇ//D Twn.C.˛//; �.C.ˇ/C C.˛//D Twm.C.ˇ//:

Conversely, every a; b 2X satisfying �.a C b/D Twn.a/ and �.b C a/D Twm.b/ yield a coloring of D.
Since Twn.a/D aı.a/�n, (10) is equivalent to conditions C.ˇ/D ı.C.˛//m and ı.C.˛//nm�1D 1. Hence,
ColX .D/ is bijective to

(11) f.a; b/ 2G2
j ı.a/nm�1

D 1; ı.b/D ı.a/ng
1W1
 ! fa 2G j ı.a/nm�1

D 1g � ı�1.0/;

where we use a bijection ı�1.0/$ fa 2 G j ı.a/n D cg for any c 2 G. Therefore, the set ColX .D/
depends only on nm; it cannot classify the lens spaces of the forms L.nm� 1; n/. In contrast, we later
compute various cocycle invariants that can distinguish among different lens spaces (see Example 6.7).

Example 5.6 Next, we observe that the sets of colorings of integral homology 3-spheres seem to be
strong invariants, where we consider the skew-rack on X D K �K in Example 2.2. Let D˙n be the
.2; n/-torus knot with framing ˙1. Then, the resulting 3-manifold M

D˙n
is the Brieskorn 3-manifold of

the form †.2; n; 2n� 1/, as an integral homology 3-sphere. For a concrete group K, it is fairly easy to
determine the set ColX .D˙q / with the help of a computer program. A list of several computations of
jColX .D˙q /j is provided in Table 1.

As seen in this example, it is reasonable to focus only on nonabelian groups K. In fact, if K is abelian,
.x; a/C .y; b/D .x; a/; hence, the coloring conditions are trivial; thus, considering the linking matrix
of D, we can easily find a one-to-one correspondence ColX .D/' Hom.H1.M IZ/;K/�K]D .
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p jColX .DC3 /j jColX .D�3 /j jColX .DC5 /j jColX .D�5 /j jColX .DC7 /j jColX .D�7 /j

3 jKj jKj jKj jKj jKj jKj

5 121jKj jKj 121jKj jKj 25jKj jKj

7 jKj 337jKj jKj jKj jKj 49jKj

11 2641jKj jKj 2641jKj 2641jKj jKj jKj

13 jKj 6553jKj jKj jKj jKj jKj

Table 1: Cardinality of ColX .D˙1
n / for various p, n. Here, K D SL2.Fp/ of order p3�p.

6 Cocycle invariants of 3-manifolds

As discussed in [3; 5; 15], there are various procedures to concretely find symmetric birack 2-cocycles.
However, the condition that 2-cocycles must have invariance with respect to Fenn–Rourke moves seems
strong. Nevertheless, we now investigate 2-cocycle invariants to obtain 3-manifold invariants. Throughout
this section, we assume a symmetric skew-rack X with property FR, and a map � from X 2 to an abelian
group A.

We first introduce the property FR of birack 2-cocycles as follows.

Definition 6.1 Recall the bijection B in Theorem 4.2, and denote by 0A the constant map to A whose
image is zero. A symmetric birack 2-cocycle � WX 2!A satisfies property FR, if ˆD D .ˆD0 � 0A/ ıB
holds for any diagrams D and D0 in Figures 3 and 4. Here, ˆD is the cocycle invariant explained in
Section 3.

Such a � is said to be f -link homotopic if X is f -link homotopic and, for any a2X and g2 Inneven
� .X /,

(12) �..a �g/C �.a/; a �g/C�.a; a C �.a//D �.�.a/; a �g/C�..a �g/C �.a/; a/:

We will see (Proposition 6.2) that symmetric birack 2-cocycles with property FR yield topological
invariants of closed 3-manifolds. Take two maps F W Y ! A and G W Z ! A, where Y and Z are
some sets. We call F an FR-stabilization of G if there is a bijection B W Z! Y �Ann.X / such that
gıB�1D f �0A. More generally, F and G are FR-equivalent if F and G are related by a finite sequence
of FR-(dis-)stabilizations. Then, the following proposition is fairly obvious by definitions.

Proposition 6.2 Let � be a symmetric birack 2-cocycle with property FR. Then , the correspondence
D 7!ˆD up to FR-equivalent relations is an invariant of closed 3-manifolds.

Moreover , if X and � are f -link homotopic , and if D and D0 are related by the operation in Figure 5,
then ˆD DˆD0 ıBf , where Bf is the bijection ColX .D/! ColX .D0/ in the proof of Proposition 4.3.

To conclude, to obtain 3-manifold invariants, it is important to find symmetric birack 2-cocycles with
concrete expressions. In this context, we discuss Lemmas 6.3 and 6.4 below. Let �X be X �A. Define�C W �X � �X ! �X by

.x; a/ �C .y; b/D .x C y; aC�.x;y//; .x;y 2X; a; b 2A/;

and Q� W �X ! �X by Q�.x; a/D .�.x/;�a/.
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Lemma 6.3 (see [3, Section 3]) These maps �C, Q�, Qı define a skew-rack on �X DX �A if and only if � is
a birack 2-cocycle.

Proof Describe the distribution law as in (SR3) as�
.x; a/ �C .y; b/

� �C .z; c/D
�
.x C y/C z; aC�.x;y/C�.x C y; z/

�
;�

.x; a/ �C Q�.z; c/� �C �
.y; b/ �C .z; c/

�
D
�
.x C y/C z; aC�.x; �.z//C�.x C �.z/;y C z/

�
:

Furthermore, (SR1) implies �.�.x/; �.y//D �.x;y/. Hence, the desired claim follows directly from the
definition (1) of birack 2-cocycle.

Lemma 6.4 Let � be a birack 2-cocycle satisfying �.a; b/D��.�.a/; �.b//. Then , the map � WX 2!A

that sends .a; b/ to �.a; b/��.a C b; �.b// is a symmetric birack 2-cocycle.

Proof It is easy to confirm �.a; b/C�.a C b; �.b//D 0. Thus, all that remains is to check the cocycle
condition (1) of �. For this, we may show

(13) �.a C b; �.b//C�..a C b/C c; �.c//D �
�
a C �.c/; �.�.c//

�
C�..a C b/C c; �.b C c//:

Replace .a C b/C c, �.b C c/, and �.�.c// with a, b, and c, respectively. Then, we can easily check that
the replacement of (13) coincides with (1).

Using these lemmas, we provide examples from several skew-racks in Example 5.4. Let N E K be
groups and f WK!K be an involutive automorphism satisfying f .N /�N . Further, take a normalized
group 2-cocycle � WK �K!A, where � satisfies

�.x;y/� �.x;yz/C �.xy; z/� �.y; z/D 0; �.1K ;x/D �.x; 1K /D 0 2A;

for any x;y; z2K. Then, the product of �KDK�A has a group structure with operation ..x; a/; .y; b// 7!
.xy; aC b C �.x;y// as a central extension of K. As is known in group cohomology, every central
extension over K with fiber A can be expressed by the product for some � . Then, from Example 5.4, we
can define the symmetric skew-racks on GDK�N and �GD �K� �N , which have property FR. Moreover,
by the definition of C on �G, we obtain�
.x; a/; .y; b/

�
C
�
.z; c/; .w; d/

�
D
�
Q�.x; a/.z�1;�c � �.z; z�1//.w; d/.z; c/; .y; b/

�
D
��
f .x/z�1wz; f .a/C d C �.f .x/; z�1/C �.f .x/z�1; wz/C �.w; z/� �.z; z�1/

�
; .y; b/

�
2 �G:

Inspired by Lemma 6.4, we obtain the following procedure for producing birack 2-cocycles:

Theorem 6.5 Let � WN !A be a group 1-cocycle. Then , the map

��;� WG
2
D .K �N /� .K �N /!A;

.x;y; z; w/ 7! �.y/
�
�.f .x/; z�1/C �.f .x/z�1; wz/C �.z; w/� �.z; z�1/

�
2A;
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is a birack 2-cocycle of the skew-rack G DK �N in Example 2.2. If

�.x/�.a; b/D �.f .x//�.f .a/; f .b//

hold for any a; b 2K, x 2N , the condition in Lemma 6.4 is true. Specifically , the cocycle ��;� mentioned
in Lemma 6.4 is a symmetric birack 2-cocycle.

In general, it may seem difficult to find group 2-cocycles � such that the associated map ��;� has
property FR. However, when K is a cyclic group, we give such examples of birack cocycles with
property FR. More precisely, by a direction computation, we can show the following.

Proposition 6.6 Let p 2Z be an odd prime. Let KDN DZ=p, and take "2 f˙1g such that f .x/D "x;
Define group cocycles � and � by setting

�.x/D x; �.x;y/D
.xC "y/p �xp � ."y/p

p
D

X
j W1�j<p

j�1xj ."y/p�j ;

respectively, where x;y 2 Z=p. Then , ��;� .x;y; z; w/ D 2y�.x; w/, and the symmetric birack
2-cocycle ��;� has property FR and is f -link homotopic.

Example 6.7 Let D be the Hopf link with framings .n;m/, as in Example 5.5. Recall that MD is the
lens space L.nm� 1;m/. By (11), if nm� 1 is divisible by p and K D Z=p, then ColX .D/ is bijective
to .Z=p/2. In addition, we can easily show that the cocycle invariant ˆD W .Z=p/

2! Z=p is equal to
the correspondence .x;y/ 7! �mx2, where we use the 2-cocycle ��;� in Proposition 6.6. For example,
the invariant can distinguish between the lens spaces L.11; 1/ and L.11; 3/, which are not homotopy
equivalent.

More generally, consider the lens space L.p; q/ and a framed diagram Dp;q such that MDp;q
DL.p; q/.

Then, with the help of a computer program, if p; q < 100, it is fairly easy to check that the cocycle
invariant ˆDp;q

W .Z=p/1C#Dp;q ! Z=p is FR-equivalent to the map Z=p! Z=pIx 7! �qx2.

From this example, it is natural to pose the problem below, together with a relation to the Dijkgraaf–
Witten invariant [6, §6]. We first briefly review the invariant. Fix a closed 3-manifold M with fundamental
homology 3-class ŒM � 2H3.M IZ/Š Z. Let K be a group of finite order, and  WK3!A be a group
3-cocycle. Denote by BK the classifying space of K or the Eilenberg–Mac Lane space of type .K; 1/, and
cM WM ! B�1.M / be a classifying map. Then, any group homomorphism f W �1.M /!K induces a
continuous map f� WB�1.M /!BK. Since the (co)homology of BK equals that of K, we can define the
pullback .f� ı cM /�. / as a 3-cocycle of M . Then, the Dijkgraaf–Witten invariant is defined as the map

DW .M / W Hom.�1.M /;K/!A; f 7! h.f� ı cM /�. /; ŒM �i;

where h � ; � i is the Kronecker map.

Problem 6.8 As in Example 2.2, let X be the symmetric skew-rack on K �K. Let � W K ! A and
� WK2!A be group cocycles, and  be the cup product �^ � as a group 3-cocycle. Let D be a framed
link diagram.
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Then, is there a bijection B W ColX .D/' Hom.�1.M /;K/�Ann.X /]D? Further, find a condition
such that the birack 2-cocycle ��;� in Theorem 6.5 has property FR, and FR-equivalence between the
cocycle invariant ˆ W ColX .D/!A and the Dijkgraaf–Witten invariant DW .MD/.

If this problem is correctly solved, we consequently obtain a diagrammatic computation of the Dijkgraaf–
Witten invariant via the cocycle invariants and Dehn surgery.

7 Criteria for 3-manifolds that are not the result of surgery of any knot
As an application of the cocycle invariant, we provide two criteria to detect 3-manifolds that are not the
result of surgery of any knot in S3 (see [1, Section 7.1; 11] for the details of such 3-manifolds and other
criteria). As in Example 5.4, we fix groups N E K, and X DK �N with f D idK ; recall that X is a
skew-rack by .x; a/C .y; b/D .xy�1by; a/, and has property FR.

Proposition 7.1 Suppose jKj<1 and that a framed link diagram D and a knot diagram of framing zero
are related by a sequence of Fenn–Rourke moves and isotopy. Then , the invariant jColX .D/j=jKj]D 2Q

in Theorem 4.2 is larger than or equal to jN j.

Proof We may suppose that D is a knot diagram of framing zero. For the proof, it is sufficient to construct
jK�N j colorings on D. As in Figure 6, take semiarcs ˛i and ˇi in D, and denote by "i 2 f˙1g the sign of
the crossing between ˛i and ˇi . For .g; h/2K�N , we define Cg;h.˛i/ to be .h

Pi�1
jD1"j g; h/2X DK�N .

Since every ˇi lies on the same link component, Cg;h.ˇi/D .h
ni g; h/ for some ni 2 Z. Hence, we can

easily check that Cg;h defines an X -coloring as required.

As a special case, let KDN DZ=2. For k1; k2; k3 2Z=2, we define a map �k1;k2;k3
WX �X !Z=2

by setting
�k1;k2;k3

..x; a/; .y; b//D k1aC k2bC k3ab:

Then, by direct computation, it is not hard to show the following:

Proposition 7.2 The map �k1;k2;k3
is a symmetric birack 2-cocycle with property FR , and is f -link

homotopic. Furthermore , if a framed link diagram D is FR-equivalent to a knot diagram of framing zero ,
then the symmetric birack 2-cocycle invariant is trivial.

Unfortunately, we could not find any new examples of framed link diagrams that are not FR-equivalent
to any knot diagram of framing zero. We end this paper by presenting problems to be investigated in
future work.

˛1 ˛2 ˛3

ˇ1 ˇ2 ˇNj� � �

Figure 6: Semiarcs ˛i and ˇi in the knot diagram D.
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Problem 7.3 As applications of the propositions above, find 3-manifolds that are not the surgery of any
knot of framing zero. Establish stronger criteria than the propositions above, which are applicable to
many framed link diagrams.
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The rational abelianization of the Chillingworth subgroup
of the mapping class group of a surface

RYOTARO KOSUGE

The Chillingworth subgroup of the mapping class group of a compact oriented surface of genus g with
one boundary component is defined as the subgroup whose elements preserve nonsingular vector fields on
the surface up to homotopy. In this work, we determine the rational abelianization of the Chillingworth
subgroup as a full mapping class group module. The abelianization is given by the first Johnson
homomorphism and the Casson–Morita homomorphism for the Chillingworth subgroup. Additionally, we
compute the order of the Euler class of a certain central extension related to the Chillingworth subgroup
and determine the kernel of the Casson–Morita homomorphism for the Chillingworth subgroup.
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1 Introduction

Throughout this paper, we assume that all surfaces are compact, connected, and oriented. Let †g;1

(resp. †g;�, †g) denote a surface of genus g with one boundary component (resp. with a fixed base point,
or with no boundary and no fixed point). The mapping class group, denoted by Mg;1 (resp. Mg;�, Mg),
is defined as the group of isotopy classes of orientation-preserving self-diffeomorphisms of the surface
that fix the boundary or the base point pointwise. For oriented surface bundles, the structure group is
the orientation-preserving diffeomorphism group of the surface. Except for a finite number of cases
where the genus is small, this diffeomorphism group is homotopy equivalent to the mapping class group,
which is discrete. As a result, their classifying spaces are homotopy equivalent, and therefore, the group
cohomology of the mapping class group is equivalent to the characteristic classes of surface bundles.
The mapping class group naturally acts on various structures of the surface. For example, it acts on
the first integral homology group of the surface H D H1.†g;1IZ/, preserving the intersection form.
Consequently, the mapping class group acts on H via the integral symplectic group Sp.2g;Z/, called the
symplectic representation. Through this, several important modules of the mapping class group can be
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1466 Ryotaro Kosuge

described by using representations of the integral symplectic group Sp.2g;Z/, or the rational symplectic
group Sp.2g;Q/ over Q.

1A Chillingworth subgroups and related background

Chillingworth [7; 8] studied the action of the mapping class group on the set of homotopy classes
of nonsingular vector fields, focusing on winding numbers. This action is described by a crossed
homomorphism, known as the Chillingworth homomorphism, which maps to the first integral cohomology
group of the surface. The Chillingworth subgroup is defined as the subgroup of the mapping class group
consisting of elements that preserve vector fields on the surface up to homotopy (see Proposition 3.3
for alternative definitions). Chillingworth subgroups of Mg;1, Mg;�, and Mg are denoted by Chg;1,
Chg;�, and Chg, respectively. Here, Chg;� and Chg are defined via certain natural homomorphisms
Mg;1!Mg;� and Mg;�!Mg between mapping class groups, where Mg;1!Mg;� is obtained by
collapsing the boundary to a point, and Mg;�!Mg is obtained by forgetting the base point.

Johnson [17] discussed the kernel of the Chillingworth class on the Torelli group, where the Chilling-
worth class is defined as the Poincaré dual of the Chillingworth homomorphism. Trapp [41] introduced
a .2gC1/-dimensional linear representation of the mapping class group Mg;1, referred to as Trapp’s
representation. In that work, he used this representation to study the action of the mapping class group
on the first homology group of the unit tangent bundle of the surface and characterized the Chillingworth
subgroup as the kernel of this linear representation. Furthermore, the Chillingworth subgroup has been
studied in other contexts. Childers [6] studied its relationship with the subgroup generated by the simply
intersecting pair (SIP) maps. Blanchet, Palmer and Shaukat [5] mentioned it in the context of the action of
the mapping class group on the Heisenberg group of the surface, which is defined as a certain quotient of
the surface braid group or a certain central extension of the first integral homology group of the surface by
the infinite cyclic group. However, the structure of the Chillingworth subgroup has not been well studied.

Before we get into the main topic of this paper, we will introduce some background information. The
Chillingworth subgroup is an intermediate-sized group between two significant subgroups in the context
of the mapping class group: the Torelli group Ig;1 which is defined as the kernel of the action of the
mapping class group on the first homology group of the surface and the Johnson kernel Kg;1 which is
defined as the subgroup generated by Dehn twists along separating simple closed curves on the surface.
Specifically, Kg;1 � Chg;1 � Ig;1.

The structure of the rational abelianization of the Torelli group as a mapping class group module
was determined by Johnson [19] using the Johnson homomorphism �g;1.1/ W Ig;1!

V3
H1.†g;1IZ/,

which he introduced and is now known as the first Johnson homomorphism. The target space is the
third exterior power of the first homology group of the surface with the mapping class group acting
naturally on it as the symplectic group. Since the Torelli group is a normal subgroup of the mapping
class group, the mapping class group acts on it by conjugation. Under these actions, the first Johnson
homomorphism is equivariant with respect to the action of the mapping class group. The structure of
the rational abelianization of the Johnson kernel as a mapping class group module was determined by
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Dimca–Hain–Papadima [9], Morita–Sakasai–Suzuki [34] (in the case of closed surfaces without a base
point), and Faes–Massuyeau [12, Theorem 3.2] (in the case of surfaces with one boundary component).
The structure of the mapping class group module in this case is more complex but can be described as an
extension of representations of the symplectic group (see Section 6).

The proof of Theorem A, which determines the rational abelianization of the Chillingworth subgroup,
primarily involves analyzing the long exact sequence (inflation-restriction exact sequence)

H2.Chg;1IQ/!H2.U IQ/!H1.Kg;1IQ/U !H1.Chg;1IQ/!H1.U IQ/! 0

induced by the first Johnson homomorphism �g;1.1/ WChg;1!U restricted to the Chillingworth subgroup,
where U is the image �g;1.1/.Chg;1/�

V3
H1.†g;1IZ/.

We determine the rational abelianization of the Chillingworth subgroup using a result analogous to
that of Hain [15] and the rational abelianization of the Johnson kernel by Faes and Massuyeau [12].
The former (Theorem B) corresponds to analyzing the leftmost map in the long exact sequence, while
the latter corresponds to analyzing the third module from the left. Specifically, these are described
by the (first) Johnson homomorphism �g;1.1/ and the Casson–Morita homomorphism d . The first
Johnson homomorphism is particularly important in the context of the Torelli group, as mentioned above,
(see Section 2A); for example, the Johnson homomorphism for the Torelli group induces the rational
abelianization of the Torelli group. The Casson–Morita homomorphism is closely related to the Casson
invariant for homology 3-spheres (see Section 5) and provides one of the Mg;1-invariant parts of the
rational abelianization of the Johnson kernel Kg;1.

In relation to the Casson–Morita homomorphism d , its properties on the Chillingworth subgroup, which
are used in Theorems A and D, include its invariance under the action of the mapping class group and the
determination of its image. These fundamental properties are summarized in Theorem C. Furthermore,
although not directly relevant to Theorems A and D, Theorem C also includes an explicit description of
the kernel of d for the Chillingworth subgroup, as part of the fundamental properties of d .

Before presenting the theorems, we introduce some notation: Œ��Sp represents the linear representations
of the rational symplectic group Sp.2g;Q/ corresponding to Young diagrams. For details, see Section 4.

The rational abelianization of the Chillingworth subgroup of the mapping class group is as follows.

Theorem A For g � 6, the rational abelianizations of the Chillingworth subgroups of the mapping class
groups of the surfaces are induced by the Johnson homomorphisms and the Casson–Morita homomorphism

d ˚ �g;1.1/ W Chg;1! .Z˚U /˝QŠ Œ0�Sp˚ Œ1
3�Sp;

�g;�.1/ W Chg;�! U ˝QŠ Œ13�Sp;

�g.1/ W Chg! U ˝QŠ Œ13�Sp;

where U and U are images of the Chillingworth subgroups under the first Johnson homomorphisms.
Specifically, their targets and the first rational homology groups of the Chillingworth subgroups are
isomorphic as mapping class group modules.

Algebraic & Geometric Topology, Volume 26 (2026)
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In particular , the actions of the mapping class group on these abelianizations of the Chillingworth
subgroups factor through the rational symplectic group Sp.2g;Q/, and they decompose into irreducible
representations of the rational symplectic group.

Theorem B The image (resp. kernel ) of the homomorphisms between the second rational homology
(resp. cohomology) induced by the first Johnson homomorphism

�g;1.1/D �g;1.1/jChg;1
W Chg;1! U �

V3
H1.†g;1IZ/

for the Chillingworth subgroup for the genus-g surface with one boundary is decomposed as mapping
class group modules as

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
D

8̂̂̂<̂
ˆ̂:
Œ2212�Sp˚ Œ1

4�Sp˚ Œ1
6�Sp .g � 6/;

Œ2212�Sp˚ Œ1
4�Sp .g D 5/;

Œ2212�Sp .g D 4/;

f0g .g D 3/;

and

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
D

�
Œ0�Sp˚ Œ2

2�Sp˚ Œ1
2�Sp .g � 4/;

Œ0�Sp˚ Œ2
2�Sp .g D 3/:

The same holds for the Chillingworth subgroup in the case of a fixed base point Chg;�.

Theorem B is used to prove Theorem A.
We examine the fundamental properties of the Casson–Morita homomorphism d for the Chillingworth

subgroup, focusing on explicitly determining its kernel, which is crucial to Theorem A.

Theorem C The Casson–Morita homomorphism d D d jChg;1
W Chg;1! Z satisfies these properties:

(1) The Casson–Morita homomorphism d is an Mg;1-invariant homomorphism on the Chillingworth
subgroup.

(2) The image Im.d W Chg;1! Z/ of the Casson–Morita homomorphism for the Chillingworth subgroup
corresponds to 8Z.

(3) The kernel Ker.d WChg;1!Z/ of the Casson–Morita homomorphism for the Chillingworth subgroup
is given by the subgroup hT
 0

1
i generated by Dehn twists along the boundary of a genus-one subsurface

with one boundary of the surface as shown in Figure 1, left , the normal subgroup hhB0ii C Mg;1

(recall that hh � ii denotes the normal closure) generated by a certain element B0 WD T
 0
2
T
 0

3

�1 called the
homological genus-zero bounding pair map as shown in Figure 1, right , and the commutator subgroup
ŒKg;1;Mg;1� of the Johnson kernel and the full mapping class group as follows:

Ker.d W Chg;1! Z/D hhB0iihT
 0
1
iŒKg;1;Mg;1�:

Additionally, we compute the order of the Euler class of the natural central extension

0! Z! Chg;1! Chg;�! 1

related to the natural homomorphism Mg;1!Mg;�. This is obtained by examining d on the Chillingworth
subgroup.

Algebraic & Geometric Topology, Volume 26 (2026)
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γ ′
1

γ ′
3

γ ′
2

Figure 1: Left: the boundary curve 
 0
1

of a genus-one subsurface with one boundary of the
surface defining the Dehn twist T
 0

1
. Right: Simple closed curves 
 0

2
, 
 0

3
defining a homological

genus-zero bounding pair map B0 WD T
 0
2
T
 0

3

�1.

Theorem D For g � 6, the order of the Euler class of the natural central extension

0! Z! Chg;1! Chg;�! 1

equals 1
2
g.g� 1/ in H 2.Chg;�IZ/, and the abelianization of the Chillingworth subgroup .Chg;�/

ab Š

H1.Chg;�IZ/ for the surface with a base point has a 1
2
g.g� 1/-torsion element.

2 Preliminaries

Let †g;1 denote a connected, compact, oriented, genus-g surface with one boundary. We choose a base
point on the boundary of the surface †g;1 and let f˛1; : : : ; ˛g; ˇ1; : : : ; ˇgg be a free generating set of the
fundamental group �1.†g;1/ of the surface as shown in Figure 2.

Given two elements 
1, 
2 in the fundamental group of the surface � D �1.†g;1/, their product 
1
2

indicates that we traverse 
1 first, then 
2. The commutator Œ
1; 
2� is defined by 
1
2
1
�1
2

�1.
Let H DH1.†g;1IZ/ be the first integral homology group of the surface and � WH˝H!Z be the inter-

section form of the first homology of the surface. We choose a symplectic basis fa1; : : : ; ag; b1; : : : ; bgg

of H as shown in Figure 3.
These elements are obtained through the Hurewicz homomorphism ˛i 7! ai , ˇi 7! bi . The first integral

cohomology group of the surface H� D H 1.†g;1IZ/ is naturally isomorphic to the first homology
group H of the surface as Sp.2g;Z/-modules by the Poincaré duality: ai $ b�i , bi $�a�i . Using this,
henceforth H and H� will be freely identified. Let Mg;1 be the mapping class group of the surface,
which is defined as the isotopy classes of orientation-preserving self-diffeomorphisms of the surface that

α1 α2 αk αg

β1 β2 βk βg

Figure 2: A generating system of the fundamental group of the surface �1.†g;1/.
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a1 a2 ak ag

b1 b2 bk bg

Figure 3: A symplectic basis of H .

are pointwise identities on the boundary of the surface. That is,

Mg;1 WD Diff.C/.†g;1; @†g;1/=.isotopies fixing the boundary pointwise/:

A diffeomorphism that is the identity on the boundary is automatically orientation-preserving. The
product ' in the mapping class group Mg;1 indicates that we apply  first, then '. For a simple closed
curve C � Int.†g;1/, let TC be the (right-hand) Dehn twist along C .

2A Mapping class groups, fundamental groups, and Johnson homomorphisms

The action of the mapping class group on the fundamental group of the surface yields the Dehn–Nielsen
representation r WMg;1! Aut.�/, which is known to be faithful. The mapping class group also acts
naturally on the first integral homology group of the surface H DH1.†g;1IZ/ and this action preserves
the intersection form of the surface. Hence, the mapping class acts on H as the integral symplectic group
Sp.H; � /Š Sp.2g;Z/ and this action � WMg;1! Sp.2g;Z/ is called the symplectic representation. It is
known that the representation � is surjective classically, and we summarize in the short exact sequence

1! Ig;1!Mg;1! Sp.2g;Z/! 1;

where the kernel Ig;1 WDKer.� WMg;1! Sp.2g;Z// of the symplectic representation is called the Torelli
group of the mapping class group.

The Johnson homomorphism, initially defined by Johnson, provides an abelian quotient of the Torelli
group and is equivariant under the action of the mapping class group (see Johnson [17; 18]). It has been
developed by Morita and formalized as a graded Lie algebra homomorphism using the free Lie algebra
generated by H (see Morita [25; 29; 33]).

The mapping class group acts naturally on the nilpotent quotient of the fundamental group of the
surface, denoted by Ni WD �=�i , where f�igi�1 is the lower central series of � , defined inductively by
�1 WD � and �iC1 WD Œ�i ; ��.

Definition 2.1 These actions on fNigi�1 define a filtration of the mapping class group, denoted by
Mg;1Œi � WD Ker.Mg;1! Aut.Ni//, called the Johnson filtration.

Algebraic & Geometric Topology, Volume 26 (2026)
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Definition 2.2 The subgroup

Kg;1 WD hDehn twists along bounding simple closed curves (BSCC map)i

is called the Johnson kernel.

Proposition 2.3 We have

Mg;1Œ1�DMg;1; Mg;1Œ2�D Ig;1 D Ker.�/; Mg;1Œ3�D Kg;1:

The last was shown by Johnson [20].
For ' 2Mg;1ŒiC1� and 
 2� , we have '.
 /
�1 2�iC1 by definition. Therefore, this defines a homo-

morphism Mg;1Œi C 1�! Hom.H; �iC1=�iC2/. The associated graded abelian group f�i=�iC1gi�1

of f�igi�1 admits a Lie algebra structure over Z via commutators on � . It is well known that the
associated graded Lie algebra f�i=�iC1gi�1 is isomorphic to Lg;1 D fLg;1Œi �gi�1, which is the free Lie
algebra generated by H over Z, as a graded Lie algebra over Z. For example, see [22]. Combining
this with Poincaré duality, the homomorphism �g;1.i/ WMg;1Œi C 1�!H ˝Lg;1Œi C 1� is defined. By
definition, we have Ker.�g;1.i//DMg;1Œi C 2�.

Morita refined the target space using the structure of Lie algebra. Let

hg;1 D fhg;1.i/gi�1 WD
˚
Ker.H ˝Lg;1Œi C 1�

bracket
�����! Lg;1Œi C 2�/

	
i�1

be the kernel of the bracket, which is a graded Lie subalgebra of Hom.H;Lg;1/Š fH ˝Lg;1Œi �gi�1.

Theorem 2.4 (Morita [28; 29]) The image Im.�g;1.i// lies in hg;1.i/, and fIm.�g;1.i//gi�1 is a graded
Lie subalgebra of hg;1.

Definition 2.5 (Morita) The homomorphism �g;1.i/ WMg;1Œi C 1�! hg;1.i/, known as the i -th Johnson
homomorphism, is an Mg;1-equivariant graded Lie algebra homomorphism

f�g;1.i/gi�1 W fMg;1Œi C 1�=Mg;1Œi C 2�gi�1! fhg;1.i/gi�1;

which is also called the Johnson homomorphism.

Remark 2.6 Originally, Johnson defined it as �g;1.1/ W Ig;1!
V3

H , whereV3
H Dfx^y^z WD x˝.y^z/Cy˝.z^x/Cz˝.x^y/ j x;y; z 2H g�H˝

V2
H ŠH˝Lg;1Œ2�;

and showed in [17] its surjectivity.

The above argument gives the Johnson filtrations and the Johnson homomorphisms for the mapping
class group Mg;� of the surface with a base point and the mapping class group Mg of the closed surface
without a base point.

Definition 2.7 The homomorphism �g;�.i/ WMg;�Œi C 1�! hg;�.i/ is called the i -th Johnson homomor-
phism for Mg;�Œi C 1�, where the target space hg;�.i/ is defined as

hg;� D fhg;�.i/gi�1 WD
˚
Ker.H ˝LgŒi C 1�

bracket
�����! LgŒi C 2�/

	
i�1
;

Algebraic & Geometric Topology, Volume 26 (2026)
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where Lg WD Lg;1=
�
!0 WD

Pg
iD1

Œai ; bi �
�
. Similarly, the homomorphism �g.i/ WMgŒi C 1�! hg.i/ is

called the i -th Johnson homomorphism for MgŒi C 1�, where the target space hg.i/ is defined as

hg WD hg;�=Lg:

Remark 2.8 By a result of Labute [22], the Lie algebra Lg is isomorphic to f�i�1.†g/=�iC1�1.†g/gi�1,
where �i�1.†/ is the i -th term of the lower central series of �1.†g/.

Remark 2.9 Originally, Johnson defined the first Johnson homomorphisms of these cases as �g;�.1/ W

Ig;�!
V3

H and

�g.1/ W Ig!
V3

H=H WD
V3

H= Im
�
u WH ,!

V3
H; u.x/D

gP
iD1

ai ^ bi ^x
�
:

In this paper, for the sake of convenience, calculations using the first Johnson homomorphism are primarily
performed using the original notation.

These Johnson homomorphisms commute with natural homomorphisms Mg;1 !Mg;� induced
by collapsing the boundary and Mg;� !Mg induced by forgetting the base point. There exists the
commutative diagram

1 Mg;1Œi C 2� Mg;1Œi C 1� hg;1.i/ 1

1 Mg;�Œi C 2� Mg;�Œi C 1� hg;�.i/ 1

1 MgŒi C 2� MgŒi C 1� hg.i/ 1

�g;1.i/

�g;�.i/

�g.i/

that commutes with the action of the mapping class group.
The short exact sequences

0! Z!Mg;1!Mg;�! 1;

0! Z! Ig;1! Ig;�! 1;

0! Z! Kg;1! Kg;�! 1

are induced by natural homomorphisms Mg;1!Mg;� and Mg;�!Mg, where the second homomor-
phism from the left for each exact sequence is defined by 1 7! T� and � is the boundary parallel loop
of †g;1. We also have the short exact sequences

1! �1.†g/!Mg;�!Mg! 1;

1! �1.†g/! Ig;�! Ig! 1;

1! Œ�1.†g/; �1.†g/�! Kg;�! Kg! 1:

Algebraic & Geometric Topology, Volume 26 (2026)
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The second homomorphism from the left for each exact sequence is called the push map defined by
dragging the base point of the fundamental group along the element of the fundamental group. More
generally, Asada and Kaneko showed in [1] that �1.†g/\Mg;�Œi C 1�D �i�1.†g/ and

1! �i�1.†g/!Mg;�Œi C 1�!MgŒi C 1�! 1;

where �iG is the i -th term of the lower central series of G.

2B Tree diagrams and infinitesimal Dehn–Nielsen representations

The infinitesimal Dehn–Nielsen representation, introduced by Massuyeau [23], is an infinitesimal version
of the Dehn–Nielsen representation r WMg;1 ! Aut.�/. It is described using an action on a certain
complete Lie algebra defined by � , rather than the action on � itself.

The target space of the infinitesimal Dehn–Nielsen representation is represented by H -labeled trees
(see [12; 23]) called tree diagrams.

Definition 2.10 A tree diagram is a finite, connected, unitrivalent graph whose trivalent vertices have
cyclic order, and univalent vertices are colored by an element of H . The trivalent vertices of a tree
diagram are called nodes, univalent vertices are called leaves, and the number of nodes in a tree diagram
is called its degree.

Definition 2.11 [12; 23] Define Td .H / as the free abelian group generated by degree-d tree diagrams
modulo the relations

pxC qy

D p

x

C q

y

; D� ; � C D 0;

multilinearity AS relation (antisymmetry) IHX relation (Jacobi identity)

where x;y 2H and p; q 2 Z. We define T .H / WD
L1

dD1 Td .H /, and
^

T .H / as the degree completion
of T .H /. Similarly, we can define T .HQ/ over Q by taking the tensor product with Q, giving us
T .HQ/D T .H /˝Q, and similarly for its completion

^

T .HQ/, where the subscript Q means taking the
tensor product �˝Q.

Additionally, T .H / forms a graded Lie algebra over Z, with the bracket Œ � ; � �T defined as

ŒP;Q�T WD
X

v2leaves.P/
w2leaves.Q/

.col.Pv/ � col.Qw//.graph obtained by gluing P and Q at v and w/;

where leaves.P / is the set of leaves of P , col.Pv/ is the color of the univalent vertex v, and Pv is the
rooted tree obtained by viewing P as a rooted tree with root at vertex v. This bracket on T .H / is uniquely
extended to the continuous bracket Œ � ; � ��T on

^

T .H /. Then .
^

T .H /; Œ � ; � ��T / forms a complete graded
Lie algebra over Z. We can define similarly .

^

T .HQ/; Œ � ; � ��T / over Q.

The direct sum hg;1 D
L1

iD1 hg;1.i/ of the target spaces of the Johnson homomorphisms forms a Lie
subalgebra of

L1
iD1 H ˝Lg;1Œi C 1�, and there exists a Lie algebra homomorphism � W T .H /! hg;1.
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Definition 2.12 The Lie algebra homomorphism � W T .H /! hg;1 is defined by

�.P / WD
X

v2leaves.P/

col.Pv/˝ brack.Pv/;

where brack.Pv/ is the bracketification map defined by taking the iterated bracket as

brack

0BBB@
root

a b c d e
1CCCAD �a; ŒŒb; c�; Œd; e���:

For example, in the case of d D 2,

�

0B@ yx

w z

1CAD x˝ ŒŒy; z�; w�Cy˝ Œz; Œw;x��C z˝ ŒŒw;x�;y�Cw˝ Œx; Œy; z��:

Especially, in the case of d D 1, we have the correspondence

x ^y ^ z

2
V3

H
 !

x˝ Œy; z�Cy˝ Œz;x�C z˝ Œx;y�

2H ˝Lg;1Œ2�
 !

x

z y

2 T1.H /:

The homomorphism � is not an isomorphism over Z (see [12]). However, if we take the tensor product
with Q, we have �Q WD �˝ idQ, which is an isomorphism of Lie algebras over Q (see [14, Theorem 2]).

Definition 2.13 (Massuyeau [23]) Let
^

Lg;1Q be the degree completion of Lg;1Q D
L1

iD1 Lg;1QŒi �. The
symplectic expansion (logansion), introduced by Massuyeau, is a map � W �!

^

Lg;1Q that satisfies the
following conditions:

(1) � W�! .
^

Lg;1Q; ?/ is a group homomorphism, where ? is the product defined by the Baker–Campbell–
Hausdorff series (BCH product) with respect to the bracket Œ � ; � � of Lg;1Q.

(2) �.x/D Œx�C .degree� 2/, where Œx� 2H is the image of x 2 � under the Hurewicz homomorphism.

(3) �.�/D�! WD �
Pg

iD1
Œai ; bi �, where � 2 � is the boundary parallel loop of †g;1.

Theorem 2.14 (Massuyeau [23, Lemma 2.16]) There does exist a symplectic expansion � W �!
^

Lg;1Q.

Before introducing the definition of the infinitesimal Dehn–Nielsen representation, we will introduce
several maps. Let us fix a symplectic expansion � W �!

^

Lg;1Q.
First, we introduce the map %� W Ig;1 ! IAut!.

^

Lg;1Q/, where IAut!.
^

Lg;1Q/ is the automorphism
group of
^

Lg;1Q whose elements induce the identity map on

grLg;1Q D

1M
iD1

.Lg;1QŒi �=Lg;1QŒi C 1�/
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and preserve the element ! D
Pg

iD1
Œai ; bi � 2 Lg;1Œ2�. The value %� .f / for f 2Mg;1 is induced by

x 7! f��.x/.
Next, define log W IAut!.

^

Lg;1Q/! .DerC! .
^

Lg;1Q/; ?/, where the target space DerC! .
^

Lg;1Q/ is the
space of derivations of

^

Lg;1Q that strictly increase degrees and are trivial on !. The target space has a
natural Lie algebra structure. If we define the group structure by the BCH product induced from this
bracket, then the map log defined by the series induces a group isomorphism (the inverse map is exp
defined by the series).

Finally, the map DerC! .
^

Lg;1Q/ !
^

hg;1 is a canonical isomorphism induced by Poincaré duality.
Specifically, it is the map induced by D 7!

Pg
iD1

.bi ˝D.ai/� ai ˝D.bi//.
Combining the above three maps with the map

^

��1
Q W
^

hg;1!
^

T .HQ/, we obtain the infinitesimal
Dehn–Nielsen representation.

Definition 2.15 The infinitesimal Dehn–Nielsen representation r� W Ig;1! .
^

T .HQ/; ?/ is defined as the
composition of the homomorphisms

Ig;1

IAut!.
^

Lg;1Q/
.DerC! .
^

Lg;1Q/; ?/
.
^

hg;1; ?/

.
^

T .HQ/; ?/

%�

log

r�

We also define its degree-d part by composing with the projection r�
d
W Ig;1

r�

�!
^

T .HQ/! Td .HQ/;
in particular, �Q ı r�i jMg;1ŒiC1� WMg;1ŒiC1�! hg;1Q.i/ is nothing but the i -th Johnson homomorphism
�g;1.i/ WMg;1ŒiC1�! hg;1.i/. Hence, the infinitesimal Dehn–Nielsen representation r� W Ig;1!

^

T .HQ/

on the .iC1/-st depth of the Johnson filtration Mg;1Œi C 1� is trivial up to degree-.i�1/-st part.

3 The action on the sets of homotopy classes of vector fields and the
Chillingworth subgroups

Let X be a nonsingular vector field on the surface †g;1 and „.†g;1/ be the set of homotopy classes
of nonsingular vector fields on the surface. A homotopy class of nonsingular vector fields on a surface
induces a trivialization of the unit tangent bundle UT†g;1

Š�!†g;1 �S1 of the surface up to homotopy.
Let 
 be an oriented regular closed curve on the surface. The winding number of 
 with respect to X

denoted by !X .
 / is defined by the number of times its tangent transversely intersects with the section
of the unit tangent bundle UT†g;1!†g;1 induced by X . Alternatively, we can compute the winding
number by counting the points where the velocity vector is tangent to the vector field X , with the sign as
shown in Figure 4.

The winding number function !X can be regarded as an element of H 1.UT†g;1IZ/. This element
is characterized by the preimage of 1 2 H 1.S1IZ/ under the map H 1.UT†g;1IZ/ ! H 1.S1IZ/.
Conversely, for an arbitrary element ! 2 H 1.UT†g;1IZ/ which satisfies the condition, there exists a
nonsingular vector field X 2„.†g;1/ such that !D!X 2H 1.UT†g;1IZ/; one can construct such an X
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+1 −1

Figure 4: Signs of points where the velocity vector is tangent to the vector field.

by considering †g;1 as a disk with 2g attached 1-handles and specifying the vector field on each 1-handle.
This correspondence „.†g;1/$ fpreimage of 1g �H 1.UT†g;1IZ/ is one-to-one.

The action of the mapping class group Mg;1 of the surface on„.†g;1/ is described by the H 1.†g;1IZ/-
affine space structure and the Chillingworth homomorphism, which is defined using the winding number
function !X .

Let us fix a nonsingular vector field X 2 „.†g;1/. We recall the short exact sequence of the first
cohomology

0!H 1.†g;1IZ/!H 1.UT†g;1IZ/!H 1.S1
IZ/! 0;

which is equivariant under the action of the mapping class group.

Definition 3.1 For a nonsingular vector field X , the Chillingworth homomorphism eX W Mg;1 !

H 1.†g;1IZ/ is defined by the equality eX .f /.Œ
 �/ WD !X .f ı 
 /�!X .
 /.

The Chillingworth homomorphism is not a homomorphism but a crossed homomorphism. It satisfies
eX .fg/D eX .f /C .f

�1/�eX .g/. The kernel of the Chillingworth homomorphism Ker.eX / WD eX
�1.0/

is a subgroup of the mapping class group that preserve the chosen vector field X up to homotopy.
In particular, the Chillingworth homomorphism eX depends on the choice of a vector field X .

The construction of a crossed homomorphism on the mapping class group using the unit tangent
bundle and the winding number was also proposed by Mikio Furuta. For details, see Morita [32]. Earle
independently introduced an essentially identical crossed homomorphism using a different approach. For
details, see [10].

Let us consider the restriction of the Chillingworth homomorphism to the Torelli subgroup. The
restricted Chillingworth homomorphism eX jIg;1

is a homomorphism in the usual sense. Moreover, the
restricted Chillingworth homomorphism does not depend on the choice of a nonsingular vector field
on the surface. This is because, due to the short exact sequence, the difference !X �!X 0 for different
nonsingular vector fields X and X 0 can be expressed by an element h 2 H 1.†g;1IZ/. From this, we
have eX .f /� eX 0.f /D .f

�1/�h� h, whose right-hand side is always zero on the Torelli group Ig;1.
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Definition 3.2 The Chillingworth subgroup Chg;1 is defined by the kernel Ker.eX jIg;1
/ of the restricted

Chillingworth homomorphism, and the Chillingworth subgroup of the surface with the base point Chg;�

is defined similarly. We define the Chillingworth subgroup of the closed surface without a base point Chg

as the image of the Chillingworth subgroup under the natural homomorphism Mg;1!Mg;�!Mg.

Morita proved that H 1.Mg;1IH
�/ Š H 1.Mg;1IH / is isomorphic to the infinite cyclic group Z

in [26, Proposition 6.4] and that the crossed homomorphism (twisted 1-cocycle) eX is a generator of
H 1.Mg;1IH

�/ in [32, Proposition 4.1]. Hence, the Chillingworth subgroup is characterized as below.

Proposition 3.3 (see [5; 7; 8; 41]) The Chillingworth subgroup Chg;1 has the following characterizations:

(1) the subgroup of the mapping class group whose elements preserve all nonsingular vector fields up to
homotopy;

(2) the kernel Ker.Mg;1 Õ„.†g;1// of the action on the set of homotopy classes of nonsingular vector
fields on the surface;

(3) the intersection of the kernel of a nontrivial crossed homomorphism with values in H or H� and the
Torelli group Ig;1;

(4) the kernel Ker.Mg;1 Õ H 1.UT†g;1IZ// of the action on the first cohomology of the unit tangent
bundle of the surface;

(5) the kernel Ker.Mg;1 Õ H1.UT†g;1IZ// of the action on the first homology of the unit tangent
bundle of the surface;

(6) the kernel Ker.Mg;1 Õ H/ of the action on the Heisenberg group of the surface , where H is
the Heisenberg group of the surface defined by H D Z � H as a set with the product defined by
.n;x/.m;y/D .nCmCx �y;xCy/;

(7) the kernel Ker.ˆX W Mg;1 ! GL.2g C 1;Z// of Trapp’s representation , which is defined by
ˆX .f /D

�
1
0

eX .f /
�.f /

�
.

First, there exists the following relationship among the Chillingworth subgroup, the Torelli group, and
the Johnson kernel.

Lemma 3.4 For g � 3, we have Kg;1 ¨ Chg;1 ¨ Ig;1, and for g D 2, we have K2;1 D Ch2;1 ¨ I2;1.
Similarly, for g � 3, we have Kg;� ¨ Chg;� ¨ Ig;� and Kg ¨ Chg ¨ Ig, and for g D 2, we have
K2;� D Ch2;� ¨ Ig;� and K2 D Ch2 D I2.

Furthermore, Chg is a finite-index normal subgroup of Ig.

Lemma 3.5 For g � 3, Chg is a normal subgroup of index .g� 1/2g in Ig, and the quotient Ig=Chg is
isomorphic to .Z=.g� 1/Z/2g.

Additionally, the relationships between the Chillingworth subgroups in each case can be summarized
by the following short exact sequences.
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Proposition 3.6 There exist two short exact sequences

0! Z! Chg;1! Chg;�! 1; 1! Œ�1.†g/; �1.†g/�! Chg;�! Chg! 1:

Lemmas 3.4–3.5 and Proposition 3.6 can be seen from the relationship between the Chillingworth
subgroup and the Johnson homomorphism, which will be explained in the next subsection.

3A The first Johnson homomorphisms and the Chillingworth subgroups

Johnson [17] introduced the element tf 2 H as the Poincaré dual of the value of the Chillingworth
homomorphism. It is characterized by the property that x � tf D eX .f /.x/ for all x 2H1.†g;1IZ/. Here,
t� is called the Chillingworth class. Johnson proved that the Chillingworth class factors through the first
Johnson homomorphism.

Lemma 3.7 (Johnson [17, Theorem 2]) The diagram

Ig;1

V3
H

H

�g;1.1/

t
2C3

is Mg;1-equivariant and commutative. Here , the Sp.2g;Z/-equivariant homomorphism C3 W
V3

H !H

is defined by x ^y ^ z 7! .x �y/zC .y � z/xC .z �x/y and called the contraction.

Moreover, Morita [30] constructed an extension of the Johnson homomorphism as a crossed homomor-
phism to the mapping class group Mg;1!

1
2

V3
H . By composing this extension with 2C3, one can

also obtain a crossed homomorphism on Mg;1.
Here, we introduce certain elements of a Torelli group that will appear in subsequent discussions.

Definition 3.8 For two disjoint nonseparating simple closed curves 
1 and 
2 on the surface †g;1, when
there exists a subsurface with genus h with the boundary components equal to 
1[ 
2, we call the map
BP.
1; 
2/ WD T
1

T
2

�1 the genus-h bounding pair map (BP map), which is an element of the Torelli
group.

To prove Lemmas 3.4–3.5 and Proposition 3.6, we introduce some calculation formulas.

Proposition 3.9 (Johnson [17, Lemma 4A]) Let fxi ;yigiD1;:::;h be a symplectic basis of the first homology
group of the subsurface defining a genus-h BP map BP.
1; 
2/. Then , we have

�g;1.1/.BP.
1; 
2//D

hX
iD1

xi ^yi ^ Œ
1�;

where 
1 and 
2 are endowed with the orientation induced from the subsurface.

Furthermore, using C3.xi ^yi ^ Œ
1�/D Œ
1�, we obtain the following:
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γ1

γ2

γ3

Figure 5: Some simple closed curves on the surface defining some BP maps.

Lemma 3.10 Let BP.
1; 
2/ be a genus-h BP map. We have

tBP.
1;
2/ D 2C3 ı �g;1.1/.BP.
1; 
2//D 2hŒ
1�:

Now, we prove Lemma 3.4.

Proof For g D 2, the contraction C3 W
V3

H !H is an isomorphism, and its kernel is trivial. Hence,
the conditions �2;1.1/.f /D 0 and tf D 0 are equivalent, which implies that Ch2;1DK2;1. It follows that
Ch2;� D K2;� and Ch2 D K2. Moreover, in the case of genus-two closed surfaces without a base point,
the target space of the first Johnson homomorphism

V3
H=H is trivial. Therefore K2 D I2; in particular,

K2 D Ch2 D I2. Next, consider the case of g � 3 with one boundary component. Consider a genus-one
BP map. This element is contained in Ig;1 but not contained in Chg;1, as its value under t D 2C3 ı�g;1.1/

is nontrivial, as shown in Lemma 3.10. Therefore, we have Chg;1 ¨ Ig;1. For g � 3, let us consider
the element BP.
1; 
2/BP.
1; 
3/

�2 as in Figure 5. This element is contained in Chg;1 but not in Kg;1.
Specifically, 2C3ı�g;1.1/.BP.
1; 
2/BP.
1; 
3/

�2/D2C3.a1^b1^b3�a2^b2^b3/D0, indicating this
element is contained in the Chillingworth subgroup Chg;1. However, �g;1.1/.BP.
1; 
2/BP.
1; 
3/

�2/D

a1^b1^b3�a2^b2^b3 is nonzero, implying this element is not contained in the Johnson kernel Kg;1.
Therefore, we have Kg;1 ¨ Chg;1. The same argument can be applied for Chg;� for g � 2, and Chg for
g � 3 cases.

Before Lemma 3.5, we discuss Proposition 3.6. Johnson [17] discusses the kernel of the homomorphism
Ig;1! Ig. We obtain the following:

Lemma 3.11 (Johnson [17]) By composing the push map �1.†g/ ,! Ig;� with the first Johnson homo-
morphism �g;�.1/ W Ig;�!

V3
H , we obtain

�g;�.1/.
 /D�

gX
iD1

ai ^ bi ^ Œ
 �;

for 
 2 �1.†g/. In particular , t
 D�2.g� 1/Œ
 �.

This shows that t mod .2g� 2/ W Ig!H ˝ .Z=.2g� 2/Z/ is well defined.
Using this lemma, we will now proceed to prove Proposition 3.6.
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Proof Since
Œ�1.†g/; �1.†g/�D Kg;�\�1.†g/� Chg;�\�1.†g/;

we only need to prove that
Œ�1.†g/; �1.†g/�� Chg;�\�1.†g/:

Let 
 be an element of �1.†g/\Ch�. Since 
 is contained in Chg;�, we have t
 D 0. From Lemma 3.11,
we have �2.g� 1/Œ
 �D 0 in H DH1.†g;�IZ/ŠH1.†gIZ/Š �1.†g/=Œ�1.†g/; �1.†g/�. Since H

is a free abelian group, Œ
 �D 0 in �1.†g/=Œ�1.†g/; �1.†g/�. Therefore 
 2 Œ�1.†g/; �1.†g/�.

We denote the kernel of the contraction Ker.C3/ �
V3

H as U . Note that U is a rank-
��

2g
3

�
�2g

�
free abelian group and a Sp.2g;Z/-submodule of

V3
H . We denote the image of U under the natural

homomorphism U ,!
V3

H !
V3

H=H as U . By definition, these coincide with the images of the
Chillingworth subgroups under the Johnson homomorphisms: �g;1.1/.Chg;1/ D �g;�.1/.Chg;�/ D U

and �g.1/.Chg/D U .
Finally, we prove Lemma 3.5, which follows from Lemma 3.12. Before stating the lemma, we define

the map v WH ˚U !
V3

H as

v WH ˚U !
V3

H ; .x;Y / 7!
� gP

iD1

ai ^ bi ^x
�
CY:

Lemma 3.12 For g � 3, the quotient

Ig=Chg Š
�V3

H=H
�
=U D Coker

�
v WH ˚U !

V3
H
�

is isomorphic to .Z=.g� 1/Z/2g.

Proof Let us take a basis of U as

(i) ai ^ aj ^ ak , bi ^ bj ^ bk for distinct i; j ; k,

(ii) ai ^ aj ^ bk , ai ^ bj ^ bk for distinct i; j ; k,

(iii) a1 ^ a2 ^ b2 � a1 ^ ai ^ bi for i � 3, aj ^ a1 ^ b1 � aj ^ ai ^ bi for i � 3, j � 2, i ¤ j ,
b1 ^ a2 ^ b2� a1 ^ bi ^ bi for i � 3, and bj ^ a1 ^ b1� bj ^ ai ^ bi for i � 3, j � 2, i ¤ j ,

and take a basis of
V3

H as (i), (ii), (iii), and

(iv) ai ^ aj ^ bj for i ¤ j , bi ^ aj ^ bj for i ¤ j .

The representation matrix of v WH ˚U !
V3

H with respect to the above basis is

.I.g
3/
/˚2
˚ .I

g.g�1
2 /
/˚2
˚

2666666664

1 1 1 1 � � � 1

1 �1 0

1 �1
:::

1 �1
:::

: : : 0

1 0 � � � 0 �1

3777777775

˚2g

;
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γ ′

3

γ ′

2

Figure 6: Some simple closed curves on the surface defining the element B0.

where In is the identity matrix of size n�n and the rightmost matrix is of .g�1/�.g�1/ size. We compute
the invariant factor of it as

.I.g
3/
/˚2
˚ .I

g.g�1
2 /
/˚2
˚

26664
g� 1

1
: : :

1

37775
˚2g

:

Hence, the quotient Ig=Chg is isomorphic to .Z=.g� 1/Z/2g.

Lemma 3.12 is restated as follows.

Proposition 3.13 By Lemma 3.11, the map t mod .2g� 2/ W Ig!H ˝Z=.2g� 2/Z is a well-defined
homomorphism , with its kernel being Chg, and its image being 2H ˝Z=.2g� 2/ZŠH ˝Z=.g� 1/Z.

As stated previously, the composition U !
V3

H !
V3

H=H is not an isomorphism. However, if we
take the tensor product with Q, then the composition

U ˝Q!
�V3

H
�
˝Q!

�V3
H=H

�
˝Q

becomes an isomorphism as Sp.2g;Q/-modules. We use the notation
V3

HQ WD
�V3

H
�
˝QD

V3
.HQ/,

UQ WD U ˝Q and so forth.

Proposition 3.14 For g � 4, Chillingworth subgroups Chg;1, Chg;� and Chg are normally generated by
one element and the Johnson kernel in the full mapping class group.

Proof We consider the exact sequence

1! Kg;1! Chg;1! U ! 1

induced by the Johnson homomorphism for the Chillingworth subgroup. The Chillingworth sub-
group Chg;1 is generated by Kg;1 together with lifts of elements of U under the surjective homomorphism
�g;1.1/ WChg;1!U . Let us take the conjugacy class of a certain element B0 WDBP.
 0

2
; 
 0

3
/ WD T
 0

2
T
 0

3

�1

as shown in Figure 6 (which we call a homological genus-zero (or one minus one) bounding pair map).
The image of this conjugacy class under the Johnson homomorphism is surjective onto U . Equivalently,
U is generated by �g;1.1/.B0/ D a1 ^ b1 ^ b3 � a2 ^ b2 ^ b3 as an Sp.2g;Z/-module. To show this,
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it suffices to construct all the basis elements of U given in the proof of Lemma 3.12(i), (ii), and (iii) by
applying appropriate elements of Sp.2g;Z/ to a1 ^ b1 ^ b3� a2 ^ b2 ^ b3. By suitably permuting the
indices and applying the matrices determined by ai 7! bi 7! �ai , we can construct all the elements of
type (iii). Next, if we subtract the result of applying8̂̂̂<̂

ˆ̂:
a1 7! a1C b1� b4;

a4 7! a4C b4� b1;

ai 7! ai .i ¤ 1; 4/;

bi 7! bi

to the original element a1 ^ b1 ^ b3� a2 ^ b2 ^ b3, we obtain b4 ^ b1 ^ b3. From this element, we can
similarly construct elements of types (i) and (ii) using the same argument. Therefore, Chg;1 is normally
generated by B0 and the Johnson kernel. For Chg;� and Chg, we obtain similar results via the natural
surjective homomorphisms Chg;1! Chg;� and Chg;�! Chg.

4 Proof of Theorem B

By the general theory of representation, a finite-dimensional polynomial representation of the rational
symplectic group Sp.2g;Q/ corresponds bijectively to those of Sp.2g;C/ and the Lie algebra sp.2g;C/.
These representations are parametrized by Young diagrams. We use a notation in conformity to Fulton–
Harris [13].

We denote the one-dimensional trivial representation Q by Œ0�Sp, and the natural representation HQ

by Œ1�Sp. For a Young diagram corresponding to n1 � n2 � � � � � nl � 1; l � g, we define Œn1n2 � � � nl �Sp

as below:

� Let m1 �m2 � � � � �mk be the transpose of n1 � n2 � � � � � nl � l .

� The vector

.a1 ^ a2 ^ � � � ^ am1
/˝ .a1 ^ a2 ^ � � � ^ am2

/˝ � � �˝ .a1 ^ a2 ^ � � � ^ amk
/

within
�Vm1 HQ

�
˝
�Vm2 HQ

�
˝ � � �˝

�Vmk HQ
�

generates an irreducible subrepresentation.

� This irreducible representation is denoted by Œn1n2 � � � nl �Sp, and the vector

.a1 ^ a2 ^ � � � ^ am1
/˝ .a1 ^ a2 ^ � � � ^ am2

/˝ � � �˝ .a1 ^ a2 ^ � � � ^ amk
/

is called the highest weight vector of Œn1n2 � � � nl �Sp.

We abbreviate Œ2211�Sp, Œ111111�Sp and so forth as Œ2212�Sp, Œ16�Sp and so forth.
These representations are naturally isomorphic to their dual representation. For example, H�Q and

its dual HQ are isomorphic as representations of Sp.2g;Q/ via the Poincaré duality, and are denoted
by Œ1�Sp. We have

V3
HQ D Œ1

3�Sp˚ Œ1�Sp and
V3

HQ=HQ Š UQ D Œ1
3�Sp.

The following proposition follows from the irreducibility of UQ D Œ1
3�Sp.
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Proposition 4.1 For g � 3,

.�g;1.1//� WH1.Chg;1IQ/!H1.U IQ/

is surjective and

.�g;1.1//
�
WH 1.U IQ/!H 1.Chg;1IQ/

is injective. The same holds for the Chg;� and Chg cases.

Hain studied the homomorphism .�g.1//
� W H 2

�V3
H=H IQ

�
! H 2.IgIQ/ between the second

rational cohomology induced by the Johnson homomorphism and determined the kernel of this map as
Sp.2g;Q/-modules using representation theory.

Lemma 4.2 (Hain [15, Lemma 10.2]) For g � 3,

H 2
�V3

H=H IQ
�
ŠH2

�V3
H=H IQ

�
ŠH 2.U IQ/ŠH2.U IQ/Š

V2
UQ

D

8̂̂̂<̂
ˆ̂:
Œ0�Sp˚ Œ2

2�Sp˚ Œ1
2�Sp˚ Œ2

212�Sp˚ Œ1
4�Sp˚ Œ1

6�Sp .g � 6/;

Œ0�Sp˚ Œ2
2�Sp˚ Œ1

2�Sp˚ Œ2
212�Sp˚ Œ1

4�Sp .g D 5/;

Œ0�Sp˚ Œ2
2�Sp˚ Œ1

2�Sp˚ Œ2
212�Sp .g D 4/;

Œ0�Sp˚ Œ2
2�Sp .g D 3/

holds as Sp.2g;Q/-modules.

Theorem 4.3 (Hain [15]) For g � 3,

Ker
�
.�g.1//

� WH 2
�V3

H=H IQ
�
!H 2.IgIQ/

�
D Œ0�Sp˚ Œ2

2�Sp

holds as Sp.2g;Q/-modules.

Moreover, the dual of the preceding theorem implies that the image of the homomorphism

.�g.1//� WH2.IgIQ/!H2

�V3
H=H IQ

�
between the second rational homology induced by the Johnson homomorphism is decomposed as
Sp.2g;Q/-modules as follows:

Theorem 4.4 (Hain [15]) For g � 3,

Im
�
.�g.1//� WH2.IgIQ/!H2

�V3
H=H IQ

��
D

8̂̂̂<̂
ˆ̂:
Œ12�Sp˚ Œ2

212�Sp˚ Œ1
4�Sp˚ Œ1

6�Sp .g � 6/;

Œ12�Sp˚ Œ2
212�Sp˚ Œ1

4�Sp .g D 5/;

Œ12�Sp˚ Œ2
212�Sp .g D 4/;

f0g .g D 3/

holds as Sp.2g;Q/-modules.
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For g� 3, the homomorphism Chg;1 ,! Ig;1! Ig;�! Ig induces the Mg;1-equivariant commutative
diagram V2

UQ H 2
�V3

H=H IQ
�

H 2.IgIQ/

V2
HQ˚ .HQ˝UQ/˚

V2
UQ H 2

�V3
H IQ

�
H 2.Ig;�IQ/

V2
HQ˚ .HQ˝UQ/˚

V2
UQ H 2

�V3
H IQ

�
H 2.Ig;1IQ/

V2
UQ H 2.U IQ/ H 2.Chg;1IQ/

Š

idV2 UQ

.�g.1//
�

Š .�g;�.1//
�

Š .�g;1.1//
�

Š .�g;1.1//
�

By Theorem 4.3 and this commutative diagram, the kernel

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
contains Œ0�Sp˚ Œ2

2�Sp, and taking the dual of this, we obtain

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
�

8̂̂̂<̂
ˆ̂:
Œ12�Sp˚ Œ2

212�Sp˚ Œ1
4�Sp˚ Œ1

6�Sp .g � 6/;

Œ12�Sp˚ Œ2
212�Sp˚ Œ1

4�Sp .g D 5/;

Œ12�Sp˚ Œ2
212�Sp .g D 4/;

f0g .g D 3/:

In fact, the summand Œ12�Sp is not contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
:

In this subsection, we show that any other summands except for Œ0�Sp, Œ22�Sp, and Œ12�Sp are contained in
the image Im

�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
.

Now, we introduce some Sp.2g;Q/-equivariant homomorphisms to detect specific irreducible compo-
nent, and abelian cycles (see [39; 40]).

Let V be a representation of Sp.2g;Q/.

(1) The contraction For k � 2, Ck W
Vk

HQ!
Vk�2

HQ is defined by

x1 ^ � � � ^xk 7!

X
i<j

.�1/iCjC1.xi �xj /x1 ^ � � � ^ bxi ^ � � � ^ �xj ^ � � � ^xk :

Also, the kernel of the contraction Ker.Ck/ corresponds to an irreducible representation denoted by Œ1k �Sp.

(2) The canonical inclusion ik
V
W
Vk

V ,!
Nk

V is defined by

v1 ^ � � � ^ vk 7!

X
�2Sk

sign.�/v�.1/˝ � � �˝ v�.k/:
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(3) The multiplication �
m;n
V
W .
Vm

V /˝ .
Vn

V /!
VmCn

V is defined by

.v1 ^ � � � ^ vm/˝ .vmC1 ^ � � � ^ vmCn/ 7! v1 ^ � � � ^ vm ^ vmC1 ^ � � � ^ vmCn:

(4) The Jacobi identity map jV W
V3

V ! V ˝
V2

V is defined by

v1 ^ v2 ^ v3 7! v1˝ .v2 ^ v3/C v2˝ .v3 ^ v1/C v3˝ .v1 ^ v2/:

Next, we introduce abelian cycles which give concrete elements of the image

Im..�g1
.1//� WH2.Chg;1IZ/!H2.U IZ//

of the homomorphism between the second rational homology induced by the first Johnson homomorphism.

Definition 4.5 [39, Subsection 4.3; 40, page 103, Step 2] Let G be a group and c W Z2 ! G be a
homomorphism. The image of the fundamental class 1 2H2.Z

2IZ/ under the induced homomorphism
c� WH2.Z

2IZ/!H2.GIZ/ is called the abelian cycle.

Let fe1; e2g denote the standard basis of Z2. Recall that for a finitely generated free abelian group A,
the second homology group H2.AIZ/ is naturally isomorphic to the second exterior power

V2
A.

Proposition 4.6 [37, Lemma 2.1; 39, Lemma 4.5] Let A be a finitely generated free abelian group and
c W Z2!A be a homomorphism. Then the abelian cycle with respect to c coincides with

c.e1/^ c.e2/ 2
V2

AŠH2.AIZ/:

If we apply this to Z2 c
�!Chg;1

�g;1.1/
����!U where c.ei/Dfi 2Chg;1 for iD1; 2, we obtain the following.

Proposition 4.7 Let f1 and f2 be mutually commutative elements in Chg;1. Then the element

�g;1.1/.f1/^ �g;1.1/.f2/ 2
V2

UQ ŠH2.U IQ/

belongs to the image

Im..�g1
.1//� WH2.Chg;1IQ/!H2.U IQ//:

Additionally, we introduce elements of Sp.2g;Z/� Sp.2g;Q/ that will appear several times. Let I

denote the identity matrix and for distinct 1� i; j � g, we define the matrix Ai;j by the transformation

Ai;j WD

8̂̂̂<̂
ˆ̂:

ai 7! ai C bi � bj ;

aj 7! aj C bj � bi ;

ak 7! ak .k ¤ i; j /;

bk 7! bk :

Proposition 4.8 For g � 4, the summand Œ2212�Sp is contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
:
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µ λ b4

δ

Figure 7: Some simple closed curves on the surface defining an abelian cycle which detects the
summand Œ2212�Sp.

Proof We take some simple closed curves on the surface as in Figure 7 and we define a homomorphism
Z2! Chg;1 by

e1 7! BP.b4; ı/BP.b4; �/
�1BP.b4; �/

�1
D Tb4

�1Tı
�1T�T�;

e2 7! BP.b4; �/BP.b4; �/
�2
D Tb4

�1T�
�1T�

2:

We confirm that these two elements are contained in Chg;1:

C3 ı �g;1.1/.BP.b4; ı/BP.b4; �/BP.b4; �//D C3.a1 ^ b1 ^ b4� a3 ^ b3 ^ b4/D 0;

C3 ı �g;1.1/.BP.b4; �/BP.b4; �/
�2/D C3.a2 ^ b2 ^ b4� a3 ^ b3 ^ b4/D 0:

Therefore, we obtain

�1 WD .a1 ^ b1 ^ b4� a3 ^ b3 ^ b4/^ .a2 ^ b2 ^ b4� a3 ^ b3 ^ b4/

D

 
.a1 ^ b1 ^ b4/^ .a2 ^ b2 ^ b4/C .a2 ^ b2 ^ b4/^ .a3 ^ b3 ^ b4/

C.a3 ^ b3 ^ b4/^ .a1 ^ b1 ^ b4/

!
2
V2

UQ

as an element of Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
.

To prove Proposition 4.8, it is enough to show that �1 is nontrivial on the summand Œ2212�Sp. We detect
the nontriviality by using an Sp.2g;Q/-equivariant homomorphism

G1 W
V2

UQ!
�V4

HQ
�
˝
�V2

HQ
�
� Œ2212�Sp

as the composition of the maps V2
UQ ,!

V2�V3
HQ

�
;

i2V3
HQ
W
V2�V3

HQ
�
!
N2�V3

HQ
�
;

idV3
HQ
˝ jHQ W

�V3
HQ

�
˝
�V3

HQ
�
!
�V3

HQ
�
˝HQ˝

�V2
HQ

�
;

�
3;1
HQ
˝ idV2

HQ
W
�V3

HQ
�
˝HQ˝

�V2
HQ

�
!
�V4

HQ
�
˝
�V2

HQ
�
:
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ν ′ b3 ν ′′ b5

δ′ δ′′

Figure 8: Some simple closed curves on the surface defining an abelian cycle which detects the
summand Œ14�Sp.

Using this homomorphism and appropriate elements of Sp.2g;Q/, we compute 
.a1 ^ b1 ^ b4/^ .a2 ^ b2 ^ b4/C .a2 ^ b2 ^ b4/^ .a3 ^ b3 ^ b4/

C .a3 ^ b3 ^ b4/^ .a1 ^ b1 ^ b4/

!
I�A2;3

7�����!

 
� 2.a1 ^ b1 ^ b4/^ .b2 ^ b3 ^ b4/C .a2 ^ b2 ^ b4/^ .b2 ^ b3 ^ b4/

C .a3 ^ b3 ^ b4/^ .b2 ^ b3 ^ b4/

!
I�A1;2

7�����! 3.b1 ^ b2 ^ b4/^ .b2 ^ b3 ^ b4/

i2V3 HQ
7�����! 3.b1 ^ b2 ^ b4/˝ .b2 ^ b3 ^ b4/� 3.b2 ^ b3 ^ b4/˝ .b1 ^ b2 ^ b4/

idV3 HQ
˝jHQ

7����������!

 
3.b1 ^ b2 ^ b4/˝ .b2˝ .b3 ^ b4/C b3˝ .b4 ^ b2/C b4˝ .b2 ^ b3//

� 3.b2 ^ b3 ^ b4/˝ .b1˝ .b2 ^ b4/C b2˝ .b4 ^ b1/C b4˝ .b1 ^ b2//

!
�

3;1

HQ
˝idV2 HQ

7����������!�6.b4 ^ b2 ^ b1 ^ b3/˝ .b4 ^ b2/

a4 7!a1;a1 7!a3;a3 7!a4;

b4 7!b1;b1 7!b3;b3 7!b4

7������������������!�6.b1 ^ b2 ^ b3 ^ b4/˝ .b1 ^ b2/

bi 7!ai ;ai 7!�bi .iD1;2;3;4/
7�������������������!�6.a1 ^ a2 ^ a3 ^ a4/˝ .a1 ^ a2/:

This vector �6.a1 ^ a2 ^ a3 ^ a4/˝ .a1 ^ a2/ is a highest weight vector of
�V4

HQ
�
˝
�V2

HQ
�
.

Hence G1.�1/ is nontrivial on the summand Œ2212�Sp, and Œ2212�Sp is contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
:

Proposition 4.9 For g � 5, the summand Œ14�Sp is contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
:

Proof We take some simple closed curves on the surface as in Figure 8 and we define a homomorphism
Z2! Chg;1 and an abelian cycle as

e1 7!BP.b3; ı
0/BP.b3; �

0/�2
DTb3

�1Tı0
�1T�0

2; e2 7!BP.b5; ı
00/BP.b5; �

00/�4
DTb5

�3Tı00
�1T�00

4:
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Similarly, we obtain

�2 WD .a1 ^ b1 ^ b3� a2 ^ b2 ^ b3/^ .a1 ^ b1 ^ b5C a2 ^ b2 ^ b5C a3 ^ b3 ^ b5� 3C a4 ^ b4 ^ b5/

as an element of the image Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
.

To prove Proposition 4.9, it is enough to show that �2 is nontrivial on the summand Œ14�Sp, and we detect
the nontriviality by using an Sp.2g;Q/-equivariant homomorphism G2 W

V2
UQ!

V4
HQ � Œ1

4�Sp as
the composition of the maps V2

UQ ,!
V2�V3

HQ
�
;

i2V3
HQ
W
V2�V3

HQ
�
!
N2�V3

HQ
�
;

�
H

3;3

Q
W
�V3

HQ
�
˝
�V3

HQ
�
!
V6

HQ;

C6 W
V6

HQ!
V4

HQ:

Similarly, we compute

�2 D

0BBBBBBB@

.a1 ^ b1 ^ b3/^ .a1 ^ b1 ^ b5/C .a1 ^ b1 ^ b3/^ .a2 ^ b2 ^ b5/

C .a1 ^ b1 ^ b3/^ .a3 ^ b3 ^ b5/

� 3.a1 ^ b1 ^ b3/^ .a4 ^ b4 ^ b5/� .a2 ^ b2 ^ b3/^ .a1 ^ b1 ^ b5/

� .a2 ^ b2 ^ b3/^ .a2 ^ b2 ^ b5/

� .a2 ^ b2 ^ b3/^ .a3 ^ b3 ^ b5/C 3.a2 ^ b2 ^ b3/^ .a4 ^ b4 ^ b5/

1CCCCCCCA

i2V3 HQ
7�����!

0BBBBBBBBBBBBBBBB@

.a1 ^ b1 ^ b3/˝ .a1 ^ b1 ^ b5/� .a1 ^ b1 ^ b5/˝ .a1 ^ b1 ^ b3/

C .a1 ^ b1 ^ b3/˝ .a2 ^ b2 ^ b5/� .a2 ^ b2 ^ b5/˝ .a1 ^ b1 ^ b3/

C .a1 ^ b1 ^ b3/˝ .a3 ^ b3 ^ b5/� .a3 ^ b3 ^ b5/˝ .a1 ^ b1 ^ b3/

� 3.a1 ^ b1 ^ b3/˝ .a4 ^ b4 ^ b5/C 3.a4 ^ b4 ^ b5/˝ .a1 ^ b1 ^ b3/

� .a2 ^ b2 ^ b3/˝ .a1 ^ b1 ^ b5/C .a1 ^ b1 ^ b5/˝ .a2 ^ b2 ^ b3/

� .a2 ^ b2 ^ b3/˝ .a2 ^ b2 ^ b5/C .a2 ^ b2 ^ b5/˝ .a2 ^ b2 ^ b3/

� .a2 ^ b2 ^ b3/˝ .a3 ^ b3 ^ b5/C .a3 ^ b3 ^ b3/˝ .a2 ^ b2 ^ b3/

C 3.a2 ^ b2 ^ b3/˝ .a4 ^ b4 ^ b5/� 3.a4 ^ b4 ^ b5/˝ .a2 ^ b2 ^ b3/

1CCCCCCCCCCCCCCCCA
�

H
3;3
Q

7����! 6a2 ^ b2 ^ a4 ^ b4 ^ b3 ^ b5� 6a1 ^ b1 ^ a4 ^ b4 ^ b3 ^ b5

C6
7��! 6a2 ^ b2 ^ b3 ^ b5� 6a1 ^ b1 ^ b3 ^ b5 .¤ 0/

C4
7��! 6b3 ^ b5� 6b3 ^ b5 D 0:

Since this abelian cycle is nontrivial on the kernel Ker.C4/D Œ1
4�Sp, it follows that G2.�2/ is nontrivial on

the summand Œ14�Sp, and Œ14�Sp is contained in the image Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
.
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Proposition 4.10 For g � 6, the summand Œ16�Sp is contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
:

Proof For g � 6, the same abelian cycle as in Proposition 4.9 is also nontrivial on the summand Œ16�Sp,
and we check this by using an Sp.2g;Q/-equivariant homomorphism G3 W

V2
UQ!

V6
HQ � Œ1

6�Sp

as the composition of the maps V2
UQ ,!

V2�V3
HQ

�
;

i2V3
HQ
W
V2�V3

HQ
�
!
N2�V3

HQ
�
;

�
H

3;3

Q
W
�V3

HQ
�
˝
�V3

HQ
�
!
V6

HQ:

The result is

�3 WD �2 D .a1^b1^b3�a2^b2^b3/^.a1^b1^b5Ca2^b2^b5Ca3^b3^b5�3a4^b4^b5/

D
�
.a1^b1^b3/^.a1^b1^b5/C.a1^b1^b3/^.a2^b2^b5/C.a1^b1^b3/^.a3^b3^b5/

�3.a1^b1^b3/^.a4^b4^b5/�.a2^b2^b3/^.a1^b1^b5/�.a2^b2^b3/^.a2^b2^b5/

�.a2^b2^b3/^.a3^b3^b5/C3.a2^b2^b3/^.a4^b4^b5/
�

I�A4;6

7�����! 3.a2^b2^b3/^.b6^b4^b5/�3.a1^b1^b3/^.b6^b4^b5/

I�A1;2

7�����! 6.b1^b2^b3/^.b4^b5^b6/

i2V3 HQ
7�����! 6.b1^b2^b3/˝.b4^b5^b6/�6.b4^b5^b6/^.b1^b2^b3/

�
H

3;3
Q

7����! 12b1^b2^b3^b4^b5^b6

bi 7!ai ; ai 7!�bi .iD1;2;3;4;5;6/
7����������������������! 12a1^a2^a3^a4^a5^a6:

This vector 12a1^a2^a3^a4^a5^a6 is a highest weight vector of
V6

HQ. Hence G3.�3/ is nontrivial on
the summand Œ16�Sp, and Œ16�Sp is contained in the image Im..�g;1.1//� WH2.Chg;1IQ/!H2.U IQ//.

Propositions 4.8–4.10 and Theorem 4.3 together imply that the summands Œ0�Sp and Œ22�Sp are contained
in the kernel

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
;

whereas the summands Œ2212�Sp, Œ14�Sp and Œ16�Sp are not contained in it. Next, for g � 4, we prove that
the summand Œ12�Sp is not contained in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
and is contained in the kernel

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
:
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Proposition 4.11 The diagram

H2.Chg;1IQ/ H2.Chab
g;1IQ/Š

V2
H1.Chg;1IQ/ .�2.Chg;1/=�3.Chg;1//˝Q 0

H2.U IQ/
V2

H1.U IQ/ .Kg;1=Mg;1Œ4�/˝QŠ Im.�g;1.2//˝Q

V2 T1.HQ/ T2.HQ/

V2
HQ

.�g;1.1//�

.�/ab
� V2

.�g;1.1//�

bracket

Š

s

bracket

V2
��1

Q ��1
Q

Œ � ; � �T

q

is Mg;1-equivariant and commutative , where the first row is exact , and the Sp.2g;Q/-equivariant
homomorphism q W T2.HQ/!

V2
HQ (see [31]) is defined by

q

0BB@
cb

a d

1CCAWD 4.a � b/.c ^ d/C 4.c � d/.a^ b/

C 2.d � a/.b ^ c/C 2.b � c/.d ^ a/C 2.a � c/.b ^ d/C 2.d � b/.c ^ a/:

Proof For the exactness of the first row of the diagram, see [16, page 24, diagram 1.11]. The commuta-
tivity in the upper left follows from the naturality of homology with respect to group homomorphisms,
while the commutativity in the lower right follows from ��1

Q W hg;1Q! T .HQ/ being a homomorphism
of Lie algebras. Regarding the commutativity in the upper right, it arises from the brackets induced by
commutators within the mapping class group, and the vertical natural homeomorphisms. Recall that

�2C hg;1��2Ig;1D�2Mg;1Œ2��Mg;1Œ3�DKg;1 and �3C hg;1��3Ig;1D�3Mg;1Œ2��Mg;1Œ4�;

due to the fact fMg;1Œi C 1�=Mg;1Œi C 2�gi�1 D fIm.�g;1.i//gi�1 forms a graded Lie algebra under the
commutator: V2

.Chg;1 =�2.Chg;1// �2.Chg;1/=�3.Chg;1/

V2
.Chg;1 =Mg;1Œ3�/ Mg;1Œ3�=Mg;1Œ4�

bracket

bracket

Proposition 4.12 For g � 4, the summand Œ12�Sp �H2.U IQ/Š
V2

UQ does not appear in the image

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
;

and the summand appears in the kernel

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
:
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Proof If Œ12�Sp�H2.U IQ/Š
V2

UQ appears in the image of .�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/,
then the Sp.2g;Q/-equivariant homomorphism s WH2.U IQ/!

V2
HQ has to be trivial on Œ12�Sp because

of the commutativity of the diagram and the exactness of the first row. Let

�0 D .a1 ^ a3 ^ b3� a1 ^ a4 ^ b4/^ .a2 ^ a3 ^ b3� a2 ^ a4 ^ b4/

be an element of
V2

UQ ŠH2.U IQ/. We compute the value of �0 under s as

s.�0/D q

0B@
264

a1

a3 b3

�

a1

a4 b4

;

a2

a3 b3

�

a2

a4 b4

375
T

1CA

D q

0BB@
a1a2

a3 b3

�

a2a1

a3 b3

C

a1a2

a4 b4

�

a2a1

a4 b4

1CCA
D
�
2.b3 � a3/.a2 ^ a1/� 2.b3 � a3/.a1 ^ a2/C 2.b4 � a4/.a2 ^ a1/� 2.b4 � a4/.a1 ^ a2/

�
D 2a1 ^ a2C 2a1 ^ a2C 2a1 ^ a2C 2a1 ^ a2

D 8a1 ^ a2:

The vector 8a1^a2 is a highest weight vector of
V2

HQ. Hence the Sp.2g;Q/-equivariant homomorphism
s WH2.U IQ/!

V2
HQ is nontrivial on the summand Œ12�Sp, which leads to a contradiction. Therefore,

the summand Œ12�Sp �H2.U IQ/ never appears in the image of .�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

and it does appear in the kernel of .�g;1.1//
� WH 2.U IQ/!H 2.Chg;1IQ/ for g � 4.

From the above considerations, we conclude:

Theorem 4.13 (Theorem B) For g � 3, we have

Im
�
.�g;1.1//� WH2.Chg;1IQ/!H2.U IQ/

�
D

8̂̂̂<̂
ˆ̂:
Œ2212�Sp˚ Œ1

4�Sp˚ Œ1
6�Sp .g � 6/;

Œ2212�Sp˚ Œ1
4�Sp .g D 5/;

Œ2212�Sp .g D 4/;

f0g .g D 3/;

and

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
D

�
Œ0�Sp˚ Œ2

2�Sp˚ Œ1
2�Sp .g � 4/;

Œ0�Sp˚ Œ2
2�Sp .g D 3/

as Sp.2g;Q/-modules , and the same holds for the Chg;� case.

Moreover, for a 2-cocycle v representing an element of the kernel

Ker
�
.�g;1.1//

�
WH 2.U IQ/!H 2.Chg;1IQ/

�
Š .�g;1.2/˝Q/�;

we explicitly construct a coboundary of .�g;1.1//
�.v/.
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Proposition 4.14 Let Œv� 2Ker.H 2.U;Q/!H 2.Chg;1IQ//Š .Im.�g;1.2//˝Q/�Š T2.HQ/
�, where

v is a representative 2-cocycle. Then the 1-cochain v ı 2r�
2

cobounds .�g;1.1//
�.v/.

Proof We identify Ker.H 2.U IQ/!H 2.Chg;1IQ// with the image of the map

Œ � ; � �� W T2.HQ/
�
Š .Im.�g;1.2//˝Q/� ,!H 2.U IQ/

dual of the Lie bracket. For Œv� 2 Ker.H 2.U IQ/!H 2.Chg;1IQ//, the 2-cocycle

.�g;1.1//
�.v/D v ı Œ�g;1; �g;1�D v ı Œr

�
1 ; r

�
1 �T

is cobounded by v ı r�
2

. In fact, from the second-degree part of the BCH series, we compute

ı.v ı 2r�2 /.f;g/D v ı 2.r�2 .fg/� r�2 .f /� r�2 .g//

D v ı 2
��

1
2
Œr�1 .f /; r

�
1 .g/�T C r�2 .f /C r�2 .g/

�
� r�2 .f /� r�2 .g/

�
D v ı 2

�
1
2
Œr�1 .f /; r

�
1 .g/�T

�
D v ı Œr�1 .f /; r

�
1 .g/�T :

5 The Casson–Morita homomorphism d W Chg;1 ! Z for the Chillingworth
subgroup

Morita [25] introduced a certain map d WMg;1! Z related to the Casson invariant.

Definition 5.1 A Heegaard embedding †g;1!†g! S3 is a map such that cutting along it decomposes
into two genus-g handlebodies V Cg and V �g .

Definition 5.2 For an element ' 2 Ig;1, the integral homology 3-sphere M' is defined as the 3-manifold
obtained by regluing V �g to V Cg along '.

The Casson invariant � W fintegral homology 3-spheresg ! Z is one of the fundamental invariants of
integral homology 3-spheres. In particular, we can consider the Casson invariant for M' . He found
that the Casson invariant can be interpreted as a secondary invariant associated with the characteristic
classes of the surface and studied this mapping in detail. Morita showed in [28, Proposition 2.1] that
the map ' 7! �.M'/DW �

�.'/ (the map �� depends on the choice of a Heegaard embedding and there
is no canonical choice) is a homomorphism on the Johnson kernel Kg;1. He defined a homomorphism
d D d jKg;1

WKg;1!Z related to ��. He called this homomorphism the core of the Casson invariant, and
we call it the Casson–Morita homomorphism.

To define the Casson–Morita homomorphism, we introduce some 2-cocycles of the full mapping class
group Mg;1.

Definition 5.3 Let � W Mg;1 �Mg;1 ! Z be the Meyer cocycle characterized by the signature of
the 4-manifold defined by the surface †g bundle over a pair of pants †0;3 with corresponding mon-
odromies (see [24]). Next, let k WMg;1!H .�/ be a crossed homomorphism representing a generator of
H 1.Mg;1IH

.�//Š Z, for example the Chillingworth homomorphism k D eX . We define the 2-cocycle
c WMg;1 �Mg;1! Z by c.';  / WD k.'�1/ � k. / called the intersection cocycle.
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These 2-cocycles are related by Œ�3�� D e1 D Œc� 2 H 2.Mg;1IZ/, where e1 is the first Mumford–
Morita–Miller class (see [24; 25; 27]). Therefore, there exists a map d WMg;1 ! Z such that the
coboundary ıd coincides with c C 3� as 2-cocycles. Moreover, for g � 3, H 1.Mg;1IZ/ D 0 holds
(Mumford [35], Birman [3] and Powell [36] showed this for the closed case. For the general case, see a
Korkmaz’s survey [21]). Hence, such a map d WMg;1! Z is uniquely determined. Therefore, we will
always assume g � 3 from now on.

We have the following by definition.

Proposition 5.4 For f , g 2Mg;1, we have

d.fg/D d.f /C d.g/� k.f �1/ � k.g/� 3�.f;g/:

Definition 5.5 We define the homomorphism d D d jChg;1
WChg;1!Z given above as the Casson–Morita

homomorphism on Chg;1.

By this equality, d D d jChg;1
W Chg;1!Z is a homomorphism on the Chillingworth subgroup because

the Meyer cocycle � is realized as a normalized 2-cocycle on Sp.2g;Z/, hence vanishes on the Torelli
group Ig;1 (see [24]), and the crossed homomorphism k is trivial on the Chillingworth subgroup Chg;1.

Remark 5.6 The Casson–Morita map d WMg;1!Z depends on the choice of a crossed homomorphism
k WMg;1!H .�/.

Proposition 5.7 The Casson–Morita homomorphism d W Chg;1! Z does not depend on the choice of a
crossed homomorphism k WMg;1!H�.

Proof Let k0; k1 WMg;1!H� be two crossed homomorphisms representing a generator of the group
H 1.Mg;1IH

�/Š Z. For i D 0; 1, we denote the intersection cocycles determined by ki as ci and the
Casson–Morita homomorphisms as di . First, when k1 D�k0, since c0 D c1, we have d0 D d1 on Mg;1.
Therefore, it suffices to consider the case where k1 is cohomologous to k0 in H 1.Mg;1IH

�/. In this
case, we can write k1.f /� k0.f /D .f

�1/�h� h for some element h 2H�. Then, d1.f /� d0.f /D

.k1.f
�1/� k0.f // � h, and the right side is always 0 on the Chillingworth subgroup Chg;1. Indeed, the

calculation proceeds by direct computation as follows:

ı.d1� d0/.f;g/D .c1� c0/.f;g/

D k1.f
�1/ � k1.g/� k0.f

�1/ � k0.g/

D .k0.f
�1/Cf �h� h/ � .k0.g/C .g

�1/�h� h/� k0.f
�1/ � k0.g/

D k0.f
�1/ � ..g�1/�h� h/C .f �h� h/ � k0.g/C .f

�h� h/ � ..g�1/�h� h/

D .g�k0.f
�1/� k0.f

�1// � h� ..f �1/�k0.g/� k0.g// � h

C .g�f �h�f �h�g�h/ � h

D .k0..fg/�1/� k0.f
�1/� k0.g

�1// � h� .k0.fg/� k0.f /� k0.g// � h

C ..fg/�h�f �h�g�h/ � h

D ı
�
� 7! .k0.�

�1/C .�/�h� h� k0.�// � h
�
.f;g/

D ı
�
� 7! .k1.�

�1/� k0.�// � h
�
.f;g/:
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Since H 1.Mg;1IZ/D 0, the coboundary is unique, leading to

d1.f /� d0.f /D .k1.f
�1/� k0.f // � h;

and hence d1 and d0 coincide on Chg;1.

Morita [25] gave some properties and formulas of the Casson–Morita map.

Proposition 5.8 (Morita [25, page 320, Theorem 5.3]) (1) The Casson–Morita homomorphism d W

Mg;1! Z defined by a crossed homomorphism k WMg;1!H is stable with respect to the genus of the
surface if k is stable with respect to the genus. Specifically, for the homomorphism Mg;1!MgC1;1

induced by gluing a genus-1 surface with 2 boundary components , denoted by †1;2, to the boundary of
†g;1 to obtain †gC1;1, the diagram

Mg;1

MgC1;1 Z

d

d

commutes if the diagram

Mg;1 H1.†g;1IZ/

MgC1;1 H1.†gC1;1IZ/

k

k

commutes.

(2) Let T
 be a genus-h BSCC map , meaning that 
 bounds a genus-h subsurface of the surface. Then
the value under d is 4h.h� 1/. In particular , the Casson–Morita homomorphism d W Kg;1! Z on the
Johnson kernel is Mg;1-invariant , and its image coincides with 8Z.

Proposition 5.9 (part of Theorem C) The Casson–Morita map d W Chg;1 ! Z on the Chillingworth
subgroup is also an Mg;1-invariant homomorphism.

Proof Consider h 2 Chg;1 and f 2Mg;1. Then, we have

d.f hf �1/D d.f h/C d.f �1/� k..f h/�1/ � k.f �1/� 3�.f h; f �1/

D .d.f /C d.h/� k.f �1/ � k.h/� 3�.f; h//

� d.f /� .k.h�1/C h�k.f �1// � k.f �1/� 3�.f; f �1/

D d.f /C d.h/� d.f /� 3�.f; id†g;1
/� k.f �1/ � k.f �1/� 3�.f; f �1/

D d.h/;

where we used following properties of the Meyer cocycle � WMg;1 �Mg;1! Z (see [24]).

(1) The Meyer cocycle factors through Sp.2g;Z/, which means that for any h1, h2 2 Ig;1, we have
�.f h1;gh2/D �.f;g/.

(2) �.f; f �1/D 0.

(3) �.f; id†g;1
/D 0.
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b3
γ ′

3

γ ′

2

Figure 9: Simple closed curves 
 0
2
, 
 0

3
defining a homological genus-zero bounding pair map

B0 WD T
 0
2
T
 0

3

�1 and b3.

Proposition 5.10 (part of Theorem C) The image of the Casson–Morita homomorphism d W Chg;1! Z

on the Chillingworth subgroup is also 8Z.

Proof Let k denote the Chillingworth class t . By

d.genus-h BSCC map/D 4h.h� 1/;

the image of the Casson–Morita homomorphism restricted to the Johnson kernel Kg;1 is 8Z. Let us
consider the element B0 WD BP.
 0

2
; 
 0

3
/ WD T
 0

2
T
 0

3

�1 in Figure 9. We have d.B0/ D 0. Indeed, we
consider k.BP.
 0

2
; b3//�k.BP.
 0

3
; b3//D 2Œ
 0

2
��2Œ
 0

3
�D 0 and using k.fg/D k.f /Cf�k.g/, we have

k.T
 0
2
/D k.T
 0

3
/, and note that �.T
 0

2
/D �.T
 0

3
/ 2 Sp.2g;Z/. Moreover, considering the braid relations

Ta3
T
 0

i
Ta3
D T
 0

i
Ta3

T
 0
i

and using k.T
 0
2
/Dk.T
 0

3
/ and �.T
 0

2
/D�.T
 0

3
/, we have d.T
 0

2
/Dd.T
 0

3
/D�d.T �1


 0
3
/ and consequently,

d.B0/D 0. Since Chg;1 is normally generated by the Johnson kernel Kg;1 and B0, the image of the map
d W Chg;1! Z coincides with 8Z.

We also determine the kernel of the Casson–Morita homomorphism for the Chillingworth subgroup.
Before discussing it, we present Faes’s result on the Johnson kernel, which provides the motivation for
our study.

Theorem 5.11 (Faes [11, Remark 2.15]) For g � 2, the kernel of the Casson–Morita homomorphism
restricted to the Johnson kernel is given by

Ker.d jKg;1
W Kg;1! Z/D hT
 0

1
iŒKg;1;Mg;1�;

where T
 0
1

is the Dehn twist along 
 0
1

also called a genus-one BSCC map as shown in Figure 10, hT
 0
1
i is

the subgroup generated by T
 0
1
, and ŒKg;1;Mg;1� is the commutator subgroup of the Johnson kernel and

the full mapping class group.

Proof sketch This theorem is essentially based on the result H 1.Kg;1IZ/
Mg;1 ŠZ˚Z by Morita [28],

where the superscript means the Mg;1-invariants. Morita introduced an Mg;1-invariant homomorphism
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γ ′

1

Figure 10: A simple closed curve 
 0
1

on the surface.

d 0 W Kg;1! Z, distinct from d , and showed that H 1.Kg;1IQ/
Mg;1 is generated by d and d 0. Faes [11]

took linear combinations d
8

and 4d 0�5d
12

, and proved that these two elements give an isomorphism�
d

8
;
4d 0� 5d

12

�
W Kg;1=ŒKg;1;Mg;1�ŠH1.K;Z/Mg;1

Š�! Z˚Z;

and we have
�

d
8
; 4d 0�5d

12

�
.T
 0

1
/D .0; 1/. In particular, the intersection of these kernels

Ker
��

d

8
;
4d 0� 5d

12

�
W Kg;1! Z˚Z

�
D Ker.d jKg;1

/\Ker.d 0jKg;1
/

coincides with the commutator subgroup ŒKg;1;Mg;1� of the Johnson kernel and the full mapping class
group. For any elements ' 2 Ker.d jKg;1

/, the element

T

�
�

4d 0.'/�5d.'/
12

�

 0

1

' D T

�
�

d 0.'/
3

�

 0

1

'

is contained in
Ker.d jKg;1

/\Ker.d 0jKg;1
/D ŒKg;1;Mg;1�:

Therefore, we have
Ker.d jKg;1

/D hT
 0
1
iŒKg;1;Mg;1�:

Theorem 5.12 (Theorem C) For g � 4, the kernel of the Casson–Morita homomorphism on the Chilling-
worth subgroup is given by

Ker.d W Chg;1! Z/D hhB0iihT
 0
1
iŒKg;1;Mg;1�;

where the element B0 WD T
 0
2
T
 0

3

�1 is a homological genus-zero BP map as shown in Figure 11, and
hhB0ii is the normal subgroup of Mg;1 generated by B0, and where T
 0

1
is the Dehn twist along the simple

closed curve 
 0
1

in Figure 10.

Proof The element B0 satisfies d.B0/D 0 and U is generated by

�g;1.1/.B0/D a1 ^ b1 ^ b3� a2 ^ b2 ^ b3

as an Sp.2g;Z/-module (see the proof of Proposition 3.14). Therefore, for any ' 2 Ker.d W Chg;1! Z/,
there exists an  2 hhB0ii such that �g;1.1/. /D �g;1.1/.'/, which implies that  �1' 2 Ker.d jKg;1

/.
Hence, we have

Ker.d W Chg;1! Z/D hhB0iihT
 0
1
iŒKg;1;Mg;1�:
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γ ′

3

γ ′

2

Figure 11: Some simple closed curves on the surface defining a homological genus-zero BP map.

6 Proof of Theorem A

For the Torelli group, the rational abelianization is obtained from the first Johnson homomorphism
as a mapping class group module. More precisely, Johnson [19] showed that the abelianization of
the Torelli group is isomorphic to the direct sum of the target space of the Johnson homomorphism
and additional 2-torsion parts, arising from the Birman–Craggs homomorphism. The latter is closely
related to spin structures and the Rokhlin invariant (see [4]). For the Chillingworth subgroup, the first
Johnson homomorphism provides one abelian quotient. In addition, the Casson–Morita homomorphism
is a homomorphism on the Chillingworth subgroup that is nontrivial on the kernel of the first Johnson
homomorphism. This allows us to combine both homomorphisms to obtain a better lower bound for the
rational abelianization H1.Chg;1IQ/Š .Chg;1/

ab˝Q of the Chillingworth subgroup:

d ˚ �g;1.1/ W Chg;1! .8Z˚U /˝Q:

To determine the rational abelianization of the Chillingworth subgroup, we consider the inflation-
restriction exact sequence of the rational homology for the short exact sequence

1! Kg;1! Chg;1! U ! 0

induced by the first Johnson homomorphism for the Chillingworth subgroup as follows:

H2.Chg;1IQ/!H2.U IQ/Š
V2

UQ!H1.Kg;1IQ/U !H1.Chg;1IQ/!H1.U IQ/Š UQ! 0:

This exact sequence is equivariant under the natural action of the mapping class group. Having already
determined the Mg;1-module structures of the image

Im..�g;1.1//� WH2.Chg;1IQ/!H2.U IQ//

and UQ, we only have to determine the Mg;1-module structure of H1.Kg;1IQ/U , where the subscript U

means the U -coinvariant of the first rational homology group H1.Kg;1IQ/ of the Johnson kernel. To
study the structure of H1.Kg;1IQ/U , we use the rational abelianization of the Johnson kernel Kg;1 by
Faes and Massuyeau [12]. The rational abelianization of the Johnson kernel was originally computed for
the case of the closed surface Kg by Dimca–Hain–Papadima [9] and Morita–Sakasai–Suzuki [34].

Here, we introduce a certain homomorphism Tr3, which is needed to describe the rational abelianization
of the Johnson kernel.
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Definition 6.1 (Morita [29, Section 6]) The Sp.2g;Q/-equivariant homomorphism Tr3 WT3.HQ/!S3HQ

is called Morita’s trace map and is defined by

Tr3

0BBBB@
x3

x2

x1 x5

x4

1CCCCAWD2.x5 �x1/x2x3x4C2.x1 �x4/x5x3x2C2.x4 �x2/x1x3x5C2.x2 �x5/x2x3x1;

where S3HQ is the third symmetric power of HQ.

Theorem 6.2 (Faes–Massuyeau [12, Theorem 3.2]) For g � 6, the rational abelianization of the Johnson
kernel H1.Kg;1IQ/ as an Mg;1-module is given by the Casson–Morita homomorphism d and the
truncations of the infinitesimal Dehn–Nielsen representation .r�

2
; r�

3
/ as

d ˚ .r�2 ; r
�
3 / W Kg;1!Q˚ .T2.HQ/�Ker.Tr3//�Q˚ .T2.HQ/� T3.HQ//:

The homomorphism d ˚ .r�
2
; r�

3
/ induces the isomorphism H1.Kg;1IQ/ŠQ˚ .T2.HQ/�Ker.Tr3// as

Mg;1-modules.

Remark 6.3 The action of the mapping class group Mg;1 on Q˚ .T2.HQ/�Ker.Tr3// does not factor
through the integral symplectic group Sp.2g;Z/ because of the influence of the bracket.

Next, to study the action of U Š Chg;1 =Kg;1 on the rational abelianization of the Johnson kernel
H1.Kg;1IQ/, we summarize the behavior by conjugation.

Lemma 6.4 For f 2 Ig;1 and h 2 Kg;1, we have

d ˚ .r�2 ; r
�
3 /.f hf �1/D d ˚ .r�2 ; r

�
3 /.h/C

�
0; .0; Œr�1 .f /; r

�
2 .h/�T /

�
:

Proof Since the Casson–Morita homomorphism d W Kg;1! Z is Mg;1-invariant, it suffices to consider
the conjugation action on .r�

2
; r�

3
/. For f 2 Ig;1 and h 2Kg;1, we compute the part of r� .f hf �1/ up to

the third degree, that is, modulo the terms of degree four and higher,
^

T�4 D
L̂

i�4 Ti.HQ/�
^

T .HQ/, as

r� .f hf �1/D r� .f / ? r� .hf �1/

�

0BB@
r� .f /C r� .hf �1/C 1

2
Œr� .f /; r� .hf �1/��T

C
1

12

 
Œr� .f /; Œr� .f /; r� .hf �1/��T ��T

� Œr� .hf �1/; Œr� .f /; r� .hf �1/��T ��T
!1CCA .mod
^

T�4/:

Using r� D r�
1
C r�

2
C � � � , we expand the brackets up to terms of degree 3, we have

r� .f hf �1/

�

0BBB@
r� .f /C r� .hf �1/

C
1
2

�
Œr�1 .f /; r

�
1 .hf

�1/�T C Œr
�
1 .f /; r

�
2 .hf

�1/�T C Œr
�
2 .f /; r

�
1 .hf

�1/�T

�
C

1
12

�
Œr�1 .f /; Œr

�
1 .f /; r

�
1 .hf

�1/�T �T � Œr
�
1 .hf

�1/; Œr�1 .f /; r
�
1 .hf

�1/�T �T

�
1CCCA .mod
^

T�4/:
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By separating the BCH product by each degree, we note that

r�1 .hf
�1/D r�1 .h/C r�1 .f

�1/D r�1 .h/� r�1 .f /

and

r�2 .hf
�1/D r�2 .h/C r�2 .f

�1/C 1
2
Œr�1 .h/; r

�
1 .f

�1/�D r�2 .h/� r�2 .f /�
1
2
Œr�1 .h/; r

�
1 .f /�T

are obtained. Using this,

r� .f hf �1/�

0BBBBBBBB@

r� .f /C r� .hf �1/C 1
2
.Œr�1 .f /; r

�
1 .h/� r�1 .f /�T

C Œr�1 .f /; r
�
2 .h/� r�2 .f /�

1
2
Œr�1 .h/; r

�
1 .f /�T �T

C Œr�2 .f /; r
�
1 .h/� r�1 .f /�T /

C
1

12

 
Œr�1 .f /; Œr

�
1 .f /; r

�
1 .h/� r�1 .f /�T �T

� Œr�1 .h/� r�1 .f /; Œr
�
1 .f /; r

�
1 .h/� r�1 .f /�T �T

!

1CCCCCCCCA
.mod
^

T�4/:

Since h is an element of the Johnson kernel Kg;1 and r�
1

is the first Johnson homomorphism, we have
r�
1
.h/D 0, which implies

r� .f hf �1/�

0BBB@
r� .f /Cr� .hf �1/C 1

2
.Œr�1 .f /;0�r�1 .f /�T

CŒr�1 .f /;r
�
2 .h/�r�2 .f /�

1
2
Œ0;r�1 .f /�T �T CŒr

�
2 .f /;0�r�1 .f /�T /

C
1

12

�
Œr�1 .f /; Œr

�
1 .f /;0�r�1 .f /�T �T �Œ0�r�1 .f /; Œr

�
1 .f /;0�r�1 .f /�T �T

�
1CCCA .mod
^

T�4/

D r� .f /Cr� .hf �1/C 1
2

�
Œr�1 .f /;r

�
2 .h/�r�2 .f /�T �Œr

�
2 .f /;r

�
1 .f /�T

�
.mod
^

T�4/

D r� .f /Cr� .hf �1/C 1
2
Œr�1 .f /;r

�
2 .h/�T .mod

^

T�4/:

Similarly, by expanding the BCH product and collecting nontrivial terms up to the third degree, we have

r� .f hf �1/�

0BBB@
r� .f /C r� .h/� r� .f /C 1

2
Œr�1 .f /; r

�
2 .h/�T

C
1
2
Œr� .h/;�r� .f /��T

C
1

12

�
Œr� .h/; Œr� .h/;�r� .f /��T ��T � Œ�r� .f /; Œr� .h/;�r� .f /��T ��T

�
1CCCA .mod
^

T�4/

� r� .f /C r� .h/� r� .f /C 1
2
Œr�1 .f /; r

�
2 .h/�T �

1
2
Œr�2 .h/; r

�
1 .f /�T .mod

^

T�4/

D r� .h/C Œr�1 .f /; r
�
2 .h/�T .mod

^

T�4/:

Therefore, for f 2 Ig;1 and h 2 Kg;1, we have

.r�2 ; r
�
3 /.f hf �1/D .r�2 ; r

�
3 /.h/C

�
0; Œr�1 .f /; r

�
2 .h/�T

�
:

Proposition 6.5 For g � 3, the Sp.2g;Q/-equivariant bracket map

Œ � ; � �T W .r
�
1 .Chg;1/˝Q/˝ .r�2 .Kg;1/˝Q/! Ker.Tr3/

�Q

��!
Š

Im.�g;1.3//˝Q

is surjective.
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Proof The target space

Ker.Tr3/Š Im.�g;1.3//˝Q

(regarding the inclusion �.Ker.Tr3//� Im.�g;1.3//, see Morita [29, Theorem 6.1]; for the coincidence,
see [33]) is isomorphic to Œ312�Sp˚ Œ21�Sp as representations of the rational symplectic group Sp.2g;Q/,
which is shown by Asada and Nakamura [2, Theorem A-(iii)]. Therefore, it is sufficient to show that
the bracket map is nontrivial on both the summands Œ312�Sp and Œ21�Sp. Let us consider two elements
�1; �2 2 Œr

�
1
.Chg;1/˝Q; r�

2
.Kg;1/˝Q�T � Ker.Tr3/� r�

3
.Chg;1/˝Q� T3.HQ/ defined as

�1 WD

a1

a1

b1 a2

a1
�

a1

a2

a3 b3

a1
D

2664
a1

a2 a3

;

a1b1

a1 b3

3775
T

;

�2 WD �2

a2

a2

a1 a3

a2
D

2664
b1

a2 a3

;

a1a2

a1 a2

3775
T

:

We also define an Sp.2g;Q/-equivariant homomorphism to detect these summands as

Ker.Tr3/ ,! T3.HQ/ ,!HQ˝Lg;1.4/Q ,!
N5

HQ

and N5
HQ

x1˝x2˝x3˝x4˝x5 7!.x1�x2/.x3^x4/˝x5
�����������������������������!

�V2
HQ

�
˝HQ:

The value of �1 under the above homomorphism is 9.a1 ^ a2/˝ a1 which hits the highest weight vector
of the summand Œ21�Sp, and the value of �2 under the above homomorphism is 0, but �2 itself is nontrivial.
Hence, �2 purely lies in the summand Œ312�Sp. Therefore, the bracket map is surjective over Q. (We
calculated with a Mathematica program based on the method described in [38, p. 22, 7. Appendix].)

We get the following directly from Lemma 6.4, Proposition 6.5 and the fact, shown by Morita
[25, Proposition 1.2] and Hain [15], that Im.�g;1.2//˝QD hg;1Q.2/Š T2.HQ/Š Œ2

2�Sp˚ Œ1
2�Sp˚ Œ0�Sp.

Proposition 6.6 The U -coinvariant H1.Kg;1IQ/U of the first rational homology of the Johnson kernel
are isomorphic to Q˚T2.HQ/ via the homomorphism .d; r�

2
D �g;1.2// as Mg;1-modules. In particular ,

the action of the mapping class group on H1.Kg;1IQ/U factors through the rational symplectic group
Sp.2g;Q/, and decomposes as Œ0�Sp˚ .Œ2

2�Sp˚ Œ1
2�Sp˚ Œ0�Sp/.

We now proceed to Theorem A.

Theorem 6.7 (part of Theorem A) For g�6, the first rational (co)homology of the Chillingworth subgroup
Chg;1 for the genus-g surface with one boundary is induced by the Casson–Morita homomorphism and
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the first Johnson homomorphism for the Chillingworth subgroup d ˚ �g;1.1/ W Chg;1! 8Z˚U , and
satisfies

.Chg;1/
ab
˝QŠH1.Chg;1IQ/Š Œ1

3�Sp˚ Œ0�Sp;

..Chg;1/
ab
˝Q/� ŠH 1.Chg;1IQ/Š Œ1

3�Sp˚ Œ0�Sp

as Mg;1-modules.

Proof Now, we handle the inflation-restriction exact sequence of the rational homology for the short
exact sequence

1! Kg;1! Chg;1! U ! 0

to determine the first rational homology group H1.Chg;1IQ/ of the Chillingworth subgroup. For g � 6,
we have determined the image

Im
�
H2.Chg;1IQ/!

V2
UQ

�
Š Œ16�Sp˚ Œ2

212�Sp˚ Œ1
4�Sp

of the homomorphism between the second rational homology induced by the first Johnson homomorphism
for the Chillingworth subgroup, the U -coinvariant

H1.Kg;1IQ/U Š Œ0�Sp˚ .Œ2
2�Sp˚ Œ1

2�Sp˚ Œ0�Sp/

of the first rational homology of the Johnson kernel and UQŠ Œ1
3�Sp. By adding the information obtained

from the above to the long exact sequence, we obtain

H2.Chg;1IQ/
V2

UQ

.Œ16�Sp˚Œ2
212�Sp˚Œ1

4�Sp/

˚.Œ22�Sp˚Œ1
2�Sp˚Œ0�Sp/

H1.Kg;1IQ/U
.Œ22�Sp˚Œ1

2�Sp˚Œ0�Sp/

˚Œ0�Sp

H1.Chg;1IQ/
“Œ0�Sp

˚Œ13�Sp”

UQ
Œ13�Sp

0:

.�g;1.1//
�

The preceding argument alone does not determine whether H1.Chg;1IQ/ decomposes into a direct sum of
two summands, Œ0�Sp and Œ13�Sp, as Mg;1-modules. However, dimQ H1.Chg;1IQ/DdimQ.Œ0�Sp˚Œ1

3�Sp/.
Combining this with the lower bound of the rational abelianization of the Chillingworth subgroup already
obtained, d˚�g;1.1/ WChg;1!Q˚UQŠ Œ0�Sp˚ Œ1

3� gives a rational abelianization of the Chillingworth
subgroup. Therefore, this long exact sequence splits at the H1.Chg;1IQ/ as Mg;1-modules.

Corollary 6.8 For g � 6, the rank of the abelianization of the Chillingworth subgroup Chg;1 for the
surface †g;1 is 1

3
.2g� 1/.2g2� 2g� 3/.

Next, we consider the case of the Chillingworth subgroup Chg;� with a fixed base point.
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Theorem 6.9 (part of Theorem A) For g � 6, the first rational (co)homology of the Chillingworth
subgroup Chg;� for the genus-g surface with a base point is induced by the first Johnson homomorphism
�g;�.1/ W Chg;�! U , and satisfies

.Chg;�/
ab
˝Q ŠH1.Chg;�IQ/Š Œ1

3�Sp; ..Chg;�/
ab
˝Q/� ŠH 1.Chg;�IQ/Š Œ1

3�Sp

as Mg;�-modules.

Proof We consider the central extension

0! Z! Chg;1! Chg;�! 1

induced by the natural homomorphism Mg;1!Mg;� and the inflation-restriction exact sequence for it

� � � !H1.ZIQ/!H1.Chg;1IQ/!H1.Chg;�IQ/! 0:

The Casson–Morita homomorphism induces the map Z ,! Chg;1
d
�! Z, 1 7! 4g.g�1/ which is nontrivial

by the formula by Morita. Therefore, the homomorphism H1.ZIQ/!H1.Chg;1IQ/ is nontrivial and
the image

Im.H1.ZIQ/!H1.Chg;1IQ//

coincides with the summand Œ0�Sp. We have the exact sequence

� � � !H1.ZIQ/
Œ0�Sp

!H1.Chg;1IQ/
Œ0�Sp˚Œ13�Sp

!H1.Chg;�IQ/
Œ13�Sp

! 0:

In particular, the rational abelianization of the Chillingworth subgroup Chg;� for the surface with a base
point Chg;1 is induced by the first Johnson homomorphism for the Chillingworth subgroup alone.

Corollary 6.10 For g � 6, the rank of the abelianization of the Chillingworth subgroup Chg;� for the
surface †g;� is 2

3
g.2gC 1/.g� 2/.

Finally, we consider the case of the Chillingworth subgroup Chg without a fixed base point and
boundary components.

Theorem 6.11 (part of Theorem A) For g � 6, the first rational (co)homology of the Chillingworth
subgroup Chg for the genus-g closed surface Chg is induced by the first Johnson homomorphism
�g.1/ W Chg! U , and satisfies

.Chg/
ab
˝Q ŠH1.ChgIQ/Š Œ1

3�Sp; ..Chg/
ab
˝Q/� ŠH 1.ChgIQ/Š Œ1

3�Sp

as Mg-modules.

Proof Let us consider the short exact sequence

1! Œ�1.†g/; �1.†g/�! Chg;�! Chg! 1
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induced by the natural homomorphism Mg;�!Mg and the long exact sequence for it

� � � !H1.Chg;�IQ/!H1.ChgIQ/! 0:

Since the rational abelianization of the Chillingworth subgroup H1.Chg;�IQ/ is irreducible as an Mg-
module and there exists the first Johnson homomorphism �g.1/ W Chg ! U �

V3
H=H , the natural

homomorphism H1.Chg;�IQ/!H1.ChgIQ/ is an isomorphism.

Corollary 6.12 For g � 6, the rank of the abelianization of the Chillingworth subgroup Chg for the
surface †g is also 2

3
g.2gC 1/.g� 2/.

In the last of this section, we also mention the Euler class of the central extension

0! Z! Chg;1! Chg;�! 1

induced by the natural homomorphism Mg;1!Mg;�.

Theorem 6.13 (Theorem D) The Euler class e 2H 2.Chg;�IZ/ of the central extension

0! Z! Chg;1! Chg;�! 1

is a g.g�1/
2

-torsion element.

Proof We consider the inflation-restriction exact sequence of the integral cohomology

� � � !H 1.Chg;1IZ/!H 1.ZIZ/!H 2.Chg;�IZ/! � � �

for the central extension. The value of the genus-g BSCC map under the d ˚ �g;1.1/ is .4g.g� 1/; 0/ 2

8Z˚U . Therefore, the image

Im.H 1.Chg;1IZ/Š 8Z˚U !H 1.ZIZ//

of the natural homomorphism is generated by the homomorphism defined by 1 7! 4g.g�1/
8
D

g.g�1/
2

, and
the cokernel is isomorphic to the cyclic group of order g.g�1/

2
, and the Euler class e 2H 2.Chg;�IZ/ is a

g.g�1/
2

-torsion element in the second integral cohomology group H 2.Chg;�IZ/.

Applying the universal coefficient theorem to the preceding, we obtain the following corollary.

Corollary 6.14 For g � 6, the abelianization H1.Chg;�IZ/Š .Chg;�/
ab of the Chillingworth subgroup

Chg;� for the genus-g surface with a base point has g.g�1/
2

-torsion elements.
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Acylindrical hyperbolicity for Artin groups with a visual splitting

RUTH CHARNEY, ALEXANDRE MARTIN AND ROSE MORRIS-WRIGHT

We establish a criterion that implies the acylindrical hyperbolicity of many Artin groups admitting a visual
splitting. This gives a variety of new examples of acylindrically hyperbolic Artin groups, including many
Artin groups of FC-type.

Our approach relies on understanding when parabolic subgroups are weakly malnormal in a given Artin
group. We formulate a conjecture for when this happens, and prove it for several classes of Artin groups,
including all spherical-type, all two-dimensional, and all even FC-type Artin groups. In addition, we estab-
lish some connections between several conjectures about Artin groups, related to questions of acylindrical
hyperbolicity, weak malnormality of parabolic subgroups, and intersections of parabolic subgroups.

1 Introduction

Background and motivation Artin groups are generalizations of braid groups, with many connections to
Coxeter groups. Artin groups remain largely mysterious in general, both from an algebraic and geometric
viewpoint, although significant progress has been made in studying specific classes: spherical-type,
FC-type, and 2-dimensional Artin groups, etc. (see Section 2 for the definition of each class). For Artin
groups outside of these classes, it remains unknown in general whether they have solvable word problem,
contain torsion elements, or have nontrivial centers. Geometrically, while no Artin groups other than free
groups are hyperbolic (as they otherwise contain Z2-subgroups), it is expected that they are all CAT(0),
although this is still open even for braid groups. Some classes of Artin groups have been shown to satisfy
other notions of nonpositive curvature; see, for instance, [21; 23; 25; 26]

Acylindrical hyperbolicity is a notion encapsulating the idea of a group “having hyperbolic directions”,
a very weak form of hyperbolic behaviour. Many groups of geometric interest are known to be acylindri-
cally hyperbolic, and despite its generality, this notion is strong enough to have important consequences
for the structure of the group. (We refer the reader to [37; 38] for a discussion of the consequences.)

In the case of Artin groups, there is a clear conjectural picture of when they are expected to be
acylindrically hyperbolic:

Conjecture (acylindrical hyperbolicity conjecture) Let A� be an irreducible Artin group. Then the central
quotient AG=Z.A�/ is acylindrically hyperbolic.

This conjecture essentially states that Artin groups are expected to be acylindrically hyperbolic unless
they “clearly cannot be”. Indeed, reducible Artin groups cannot be acylidrically hyperbolic as they split
as direct products of infinite groups. Spherical-type Artin groups cannot be acylindrically hyperbolic as
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they have an infinite cyclic centre (but the acylindrical hyperbolicity of their central quotient was proved
by Calvez and Wiest [8]). Note that Artin groups of nonspherical type are conjectured to have a trivial
centre, so in that case the conjecture states that an Artin group of nonspherical type is acylindrically
hyperbolic if and only if it is irreducible. This conjecture has been proved for several families of Artin
groups already; see Section 2 for details.

Beside being interesting in its own right, the question of acylindrical hyperbolicity for Artin groups
has applications to some well-known open problems for these groups. A first possible application is
to the centre of these groups, as Artin groups of infinite type are conjectured to have a trivial centre.
Since it is known that acylindrically hyperbolic groups have a finite centre, showing this property is a
possible first step towards proving the triviality of the centre. Another possible application comes from the
isomorphism problem, which asks which labelled graphs produce isomorphic Artin groups. Very little is
currently known about the isomorphism problem for Artin groups; see, for instance, [14; 17; 31; 39; 41].
For instance, it is not even known whether being a spherical-type Artin group, or being an irreducible
Artin group, is invariant under isomorphism. Since acylindrically hyperbolic groups have finite centres
and do not split as direct products of infinite factors, a positive answer to the acylindrical hyperbolicity
conjecture would imply that both aforementioned properties are indeed invariant under isomorphism.

A particular family of Artin groups all of whose elements are expected to be acylindrically hyperbolic
is the family of Artin groups whose presentation is not a complete graph. Such Artin groups have the
useful feature of decomposing as amalgamated products of standard parabolic subgroups (over a standard
parabolic subgroup). Such splittings, which we will refer to as visual splittings as they can be read directly
from the presentation graph, have been used to derive properties of the Artin group from the properties of the
corresponding parabolic subgroups; see, for instance, [11; 12; 18; 35]. For groups splitting as amalgamated
products, and more generally for groups acting on trees, there is a useful acylindrical hyperbolicity criterion
due to Minsayan–Osin [34]. In a nutshell (see Theorem 3.1 for the precise statement), a nonvirtually cyclic
group G splitting as an amalgamated product G D A �C B is acylindrically hyperbolic as soon as the
edge group C is weakly malnormal in G, i.e., as soon as C intersects one of its conjugates along a finite
subgroup. In the case of Artin groups admitting a visual splitting, this amounts to understanding when
standard parabolic subgroups are weakly malnormal in the ambient group. We introduce the following
conjecture, which provides a complete description of when this is expected to happen:

Conjecture (weak malnormality conjecture) A proper standard parabolic subgroup of A� is weakly
malnormal if and only if it does not contain a standard parabolic subgroup that is a direct factor of A� .

In particular , if A� is irreducible , then every proper standard parabolic subgroup is weakly malnormal.

In trying to apply the criterion of Minsayan–Osin, we are thus led to study the intersections of standard
parabolic subgroups. Such intersections have been heavily studied in recent years in connection with
other problems about Artin groups. In particular, the following conjecture is particularly relevant:

Conjecture (intersection conjecture) The intersection of any two parabolic subgroups in A� is again a
parabolic subgroup.
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This conjecture has been proved for a few families of Artin groups but remains open in general. For
some families of Artin groups, certain weaker versions have been established; see Section 2 for more
details.

In this paper, we study the connections between these three conjectures, and show the acylindrical
hyperbolicity of new classes of Artin groups.

Statement of results We now state the main results of this article. Our main theorem is a criterion
for showing the acylindrical hyperbolicity of an Artin group admitting a visual splitting, under a mild
assumption on the amalgamating subgroup:

Theorem A Let A� be an irreducible Artin group that splits visually as an amalgamated product
A� D A�1

�A�
A�2

. If the intersection of any two conjugates of A� is again a parabolic subgroup
of A� , then A� is weakly malnormal in A� . In particular , A� is acylindrically hyperbolic.

As a consequence of this result, we also obtain the following result showing the connection between
the three conjectures at the centre of this article:

Theorem B Suppose A� is irreducible and � is not a clique.

� If A� satisfies the intersection conjecture , then it also satisfies the weak malnormality conjecture.

� If A� satisfies the weak malnormality conjecture , then it also satisfies the acylindrical hyperbolicity
conjecture.

Theorem A can be used to show the acylindrical hyperbolicity of many new classes of Artin groups.
For instance, using the existing results about intersections of parabolic subgroups in Artin groups of FC
type [2], we obtain the following:

Corollary C Even Artin groups of FC type satisfy the acylindrical hyperbolicity conjecture. In addition ,
any Artin group of FC type that visually splits over a spherical-type parabolic subgroup satisfies the
acylindrical hyperbolicity conjecture.

After this article was first released, Kato–Oguni announced a proof of the acylindrical hyperbolicity
conjecture for the class of free-of-infinity Artin groups [28], which contains the above classes.

Note that in Theorem A, the condition on the edge group is strictly weaker than requiring that the whole
Artin group A� satisfies the intersection conjecture. In Section 3.3, we give examples of how to check
this property in some cases, by using a framework of Godelle–Paris [19] to construct suitable CAT(0)
cube complexes associated to Artin groups. As an application, we derive the acylindrical hyperbolicity of
some new Artin groups whose underlying graph is a cone (Corollary 3.19), and for which the intersection
conjecture is currently unknown.

In some special cases, the main hypothesis of Theorem A may be verified simply by checking that the
edge group is weakly malnormal in one of the vertex groups. We thus provide a list of Artin groups for
which we know the weak malnormality conjecture, as this allows us to quickly verify this condition, and
also allows us to construct new examples of acylindrically hyperbolic Artin groups (see Corollary 4.7):
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Theorem D The weak malnormality conjecture holds for the following classes of groups:

� Artin groups satisfying the hypothesis of Theorem A (for instance , even Artin groups of FC type),

� Artin groups of spherical type ,

� two-dimensional Artin groups.

Organisation of the paper In Section 2, we recall the terminology and some standard results about Artin
groups and their parabolic subgroups. In Section 3, we prove Theorem A and Corollary C by studying in
detail the action of these Artin groups on their Bass–Serre trees. We also use CAT(0) cube complexes
introduced by Godelle–Paris to prove the acylindrical hyperbolicity of additional classes of Artin groups.
In Section 4, we prove Theorems B and D by studying the geometry of the orbits of parabolic subgroups
in a suitable complex (depending on the case: Bass–Serre tree of a splitting, or Deligne complex of the
group).

2 Preliminaries on Artin groups

Definition 2.1 Let � be a graph with vertices labelled by the set S and any edge between s and t labelled
by an integer mst 2 f2; 3; : : : g. Define the Artin group by the presentation

A� D hS j stst : : :„ ƒ‚ …
mst terms

D tsts : : :„ ƒ‚ …
mst terms

for all edges in �i:

Note that in this definition, two vertices s and t which are not joined by an edge in � have the free
relation and in this case we define mst D1. The graph � is often called the presentation graph. In some
literature, a different defining graph is used called the Dynkin diagram, wherein edges with mst D 2 are
omitted, while edges with mst D1 are included.

For every Artin group, there is an associated Coxeter group, which is obtained by adding to the Artin
presentation the relation s2 D 1 for all generators s. An Artin group is called spherical-type or finite-type
if the corresponding Coxeter group is finite. Such Artin groups have well-understood algebraic and
geometric properties in comparison to their infinite-type cousins.

The dimension of an Artin group A� is the maximal size of a subgraph � � � such that A� is
spherical-type. So for example, a 2-dimensional Artin group is one where the presentation graph � is
not discrete and for which the only spherical-type parabolic subgroups are either cyclic (1-generator) or
dihedral (2-generator) Artin groups.

Definition 2.2 An Artin group A� is said to be

� of spherical type if the corresponding Coxeter group W� is finite,

� of FC type if for every induced complete subgraph � 0 � � , the corresponding Coxeter group W� 0 is
finite,
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� two-dimensional if � is not discrete and for every triangle of � with vertices a, b, c, we have

1

mab

C
1

mbc

C
1

mac
� 1

(this is equivalent to requiring that A� has cohomological dimension 2, and also coincides with the notion
of dimension of an Artin group introduced above),

� of even type if all labels of � are even.

2.1 Parabolic subgroups

For an induced subgraph � of � , the Artin group A� embeds as a subgroup of A� [29]. We call such a
subgroup a standard parabolic subgroup. A parabolic subgroup is a conjugate of some standard parabolic
subgroup. Parabolic subgroups play a central role in our understanding of Artin groups. For example,
many conjectures about Artin groups can be reduced to the case of parabolic subgroups corresponding to
cliques in � , that is, if A� satisfies the conjecture for every clique � in � , then the conjecture also holds
for A� [12; 18].

We say that an Artin group A� is reducible if there exist two induced disjoint subgraphs �1, �2 of �
such that V.�/ D V.�1/ [ V.�2/, and every vertex of �1 is connected to every vertex of �2 by an
edge labelled 2. In that case, we have that A� decomposes as the direct product A�1

�A�2
, and the

parabolic subgroups A�1
, A�2

are called direct factors of A� . If no such subgraphs �1, �2 exist, the
Artin group A� is called irreducible.

The behaviour of parabolic subgroups will be key to the discussion which follows. As noted above, we
do not know in general if intersections of parabolic subgroups are parabolic. A useful fact proven by
Blufstein and Paris [5], is that if P � P 0 are two parabolic subgroups of A� , then P is also a parabolic
subgroup of P 0. The following lemma will be often used in this article.

Lemma 2.3 Let A� be an Artin group. Then for every sequence of parabolic subgroups H0 ¨ � � �¨Hn,
we have n� jV.�/j. In particular , there is an upper bound on the length of chains of parabolic subgroups.

Proof Say Hi is a conjugate of A�i
. By Blufstein–Paris [5], for each i , Hi�1 is a (proper) parabolic

subgroup of Hi , so �i�1 must be a proper subgraph of �i , that is, �0 ¨ � � �¨�n � � .

A geometric construction that has played a primary role in the study of Artin groups is the Deligne
complex. For an infinite-type Artin groupA� , let P� denote the poset consisting of cosets aAT �A� such
that AT is a spherical-type parabolic subgroup. Partially order P� by inclusion. The Deligne complex D�

is the cell complex whose vertices are the elements of P� and whose cells are cubes spanned by intervals
ŒaAT ; aAT 0 � for pairs aAT � aAT 0 . The Artin group acts on the Deligne complex by left multiplication,
and the vertex corresponding to the coset aAT is stabilised by the parabolic subgroup .AT /

a WD aAT a
�1.

There are two well-known metrics on D� . One is the standard cubical metric; this metric is CAT(0)
if and only if A� is FC-type. The other is a piecewise Euclidean metric, called the Moussong metric,
in which the metric on a cube ŒaAT ; aAT 0 � depends on the shape of the Coxeter cell for WT 0 . It is
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conjectured that the Moussong metric is CAT(0) for all infinite-type Artin groups. This has been shown
to hold for all 2-dimensional Artin groups [11], some 3-dimensional Artin groups [10], and a class known
as locally reducible Artin groups [9].

2.2 Visual splittings

Acylindrically hyperbolic groups do not have infinite direct factors. Likewise a group that factors as a
direct product clearly has proper subgroups which are not weakly malnormal. Thus, we will focus on
irreducible Artin groups in this paper. We will also focus on Artin groups that can be decomposed as
amalgamated products.

Definition 2.4 (visual splitting of an Artin group) A visual splitting of an Artin group A� is a splitting as
an amalgamated free product A� D A�1

�A�
A�2

where �1 and �2 are proper, induced subgraphs of �
and �D �1\�2. This happens precisely when � D �1[�2. Note that under such assumptions on �1

and �2, the associated splitting is nontrivial, i.e., A� ¤ A�1
; A�2

.

Note that such a splitting exists if and only if � is not a clique. Indeed, assume that the two vertices
s; t 2 V.�/ are not connected by an edge in � . Then one checks that A� splits as the amalgamated
product A� D A�1

�A�
A�2

with �1 D � �fsg, �2 D � �ftg, and �D � �fs; tg.
When an Artin group A� DA�1

�A�
A�2

admits a visual splitting, we can sometimes derive properties
of A� using properties of A�1

, A�2
, and A�. This can, for instance, be done to study Artin groups of

FC type, as such groups can always be decomposed as a sequence of nested amalgamated free products,
where the final splitting has spherical-type edge groups.

2.3 Existing results for the main conjectures

In this section we will review known results for the main conjectures, and prove some elementary
implications that we will use later.

Intersection conjecture In 1983, van der Lek showed that the intersection of standard parabolic
subgroups A�1

\A�2
is always parabolic [29]. More recently, the more general intersection conjecture,

namely the property that the intersection of any two parabolics is again parabolic, has been proven to
hold for the following classes of Artin groups:

� spherical-type Artin groups [15],

� right-angled Artin groups and other graphs of groups [3],

� large type (i.e., all labels satisfy ms;t � 3) Artin groups [16],

� (2,2)-free two-dimensional Artin group, i.e., � does not have two consecutive edges labelled by 2
and the cohomological dimension of A� is 2 [4],

� Euclidean type of the form zAn and �Cn [22],

� even FC type Artin groups [2].
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While this conjecture remains open in general, there are several other classes of Artin groups for which
some weaker version of the intersection property is known to hold. For example, in [36] it is shown that
in FC-type Artin groups, intersections of two spherical-type parabolics are parabolic, and this was further
generalized by Möller, Paris, and Varghese [35] to include the case where just one of the two parabolics
is spherical-type.

The proof in [36] that intersections of spherical-type parabolics are parabolic for FC-type Artin groups
uses the fact that the cubical metric on the Deligne complexD� is CAT(0) for these groups. This argument
can be generalized to other Artin groups acting on CAT(0) spaces where the intersection property is
known for the stabilisers of vertices. We include the proof here for completeness.

Proposition 2.5 Let A� be an Artin group acting on a polyhedral complex X with a piecewise Euclidean
CAT(0) metric , where each cell stabiliser is a parabolic subgroup of A� . Assume that the action is without
inversions , that is , the stabiliser of each cell pointwise fixes the entire cell. Let P be the collection of
parabolic subgroups that appear as stabilisers of the cells of X . Suppose that the stabiliser of every vertex
of X satisfies the intersection conjecture. Then the intersection of any two elements of P is again a
parabolic subgroup of A� .

Proof Let P and P 0 be two parabolics in P . There exist cells � and � 0 in X such that P , P 0 are the
stabilisers of � , � 0, respectively. Let x, x0 be two points in the interior of � , � 0, respectively. Since P \P 0

fixes both � and � 0, it fixes x and x0, and hence the unique CAT(0) geodesic 
 between them. Moreover,
because the action is without inversions, it fixes the subcomplex consisting of the union of all the cells that
contain a point of 
 in their interior. In particular, it fixes some edge path � that contains all vertices of �
and � 0. Thus, P \P 0 is equal to the pointwise stabiliser of �. The result now follows from the following:

Claim Let v0; : : : ; vk be a combinatorial path in X , with stabilisers P0; : : : ; Pk , respectively. Then the
intersection

T
0�i�k Pi is a parabolic subgroup of A� .

Let us prove this claim by induction on k � 1. For k D 1, the intersection P0\P1 is the stabiliser of a
single edge. By hypothesis, the stabiliser of the edge is a parabolic subgroup in P .

Now suppose that we have proved the result for some k�1. Consider a combinatorial path v0; : : : ; vkC1

with stabilisers P0; : : : ; PkC1. By the induction hypothesis, we have that
T

0�i�k Pi is a parabolic
subgroup of A� . Note that this is a subgroup of Pk , and hence a parabolic subgroup of Pk by [5]. We
also know that Pk \PkC1 is the stabiliser of the last edge of this path, and so Pk \PkC1 is a parabolic
subgroup of Pk .

We can thus write \
0�i�kC1

Pi D

� \
0�i�k

Pi

�
\ .Pk \PkC1/:

Since the intersection conjecture holds in Pk by assumption, it follows that
T

0�i�kC1 Pi is a parabolic
subgroup of Pk , and hence of A� .
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In particular, for Artin groups for which the Moussong metric on Deligne complex is known to be
CAT(0), the lemma above applies to show that intersections of spherical-type parabolics are parabolic.
As noted above, this holds for 2-dimensional Artin groups, some 3-dimensional Artin groups, and locally
reducible Artin groups.

Remark 2.6 The above proposition can be generalised to actions on complexes that satisfy other forms
of nonpositive curvature, as in [4; 16]. We leave it to the reader to check that the key geometric feature
necessary for the proof to carry over is the following property: if an element g 2A� fixes two vertices v, v0

of X , then it also fixes some combinatorial path of X from v to v0. Such a weak form of convexity is
satisfied by many forms of nonpositive curvature.

We can also obtain more examples of groups that satisfy the intersection conjecture by taking products
of groups where the intersection conjecture is known.

Lemma 2.7 Suppose that A� is a reducible Artin group with direct factors A� D A�1
� � � � �A�k

. If the
intersection conjecture holds for all parabolic subgroups in each direct factor A�i

then the intersection
conjecture holds for A� .

Proof Given two parabolics P , Q of A� , one can decompose them as direct products

P D P1 � � � � �Pk; QDQ1 � � � � �Qk

with each Pi , Qi a parabolic subgroup of A�i
. We thus have

P \QD .P1\Q1/� � � � � .Pk \Qk/

and the result follows from the fact that each A�i
satisfies the intersection conjecture.

We also add the following examples, which will be used later in this article.

Lemma 2.8 Suppose that A� is an Artin group with 3 or fewer generators. Then A� satisfies the
intersection conjecture.

Proof The result is clear if A� has one generator. If it has two generators, it is either a free group
(in particular, a right-angled Artin group) or a dihedral Artin group (in particular, a spherical-type Artin
group), and so the result follows from [3] and [15], respectively. Let us assume that A� has three
generators. If A� is spherical-type (i.e., in the case of a triangle Artin group .2; 3; n/ for 3 � n � 5 or
.2; 2; n/ for n� 2), this holds by [15], so assume it is infinite type. If A� is a free group or the triangle
Artin group .2; 2;1/, then it is a right-angled Artin group, and the result follows from [3]. Otherwise,
A� is two-dimensional and .2; 2/-free, and the result follows from [4].

Acylindrical hyperbolicity In this paragraph, we review previously known results about acylindrically
hyperbolic Artin groups. For Artin groups of spherical type, the acylindrical hyperbolicity conjecture
was proved by Calvez–Wiest [8], following earlier result for braid groups [6; 33]. Thus, the acylindrical
hyperbolicity conjecture reduces to the case of Artin groups of infinite type. Such groups are conjectured to
have a trivial centre, so the conjecture asks whether these groups are acylindrically hyperbolic. Currently,
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the acylindrical hyperbolicity conjecture is known for several classes of Artin groups (we refer the reader
to these articles for the definition of some of these classes), which we list below:

� spherical-type Artin groups, by Calvez–Wiest [8],

� right-angled Artin groups, by Osin [37],

� two-dimensional Artin groups, by Vaskou [40], following earlier work for XXL-type Artin groups (i.e.,
all labels satisfy ms;t � 5) by Haettel [21], for XL-type Artin groups (i.e., all labels satisfy ms;t � 4) by
Martin–Przytycki [30], and for some two-dimensional Artin groups admitting a specific CAT(0) model
by Kato–Oguni [27],

� Euclidean-type Artin groups, by Calvez [7],

� Artin groups whose graph is not a join, by Charney–Morris-Wright [12], following previous work by
Chatterji–Martin [13],

� some relatively extra-large type Artin groups, by Goldman [20],

� some locally reducible Artin groups, by Mastrocola [32].

In this article, we add to this list the class of even Artin groups of FC type, among other new examples.
Note that after this article was first released, Kato–Oguni announced a proof for the class of free-of-infinity
Artin groups [28], which contains in particular the class of (nonspherical) even Artin groups of FC type.

3 Artin groups with visual splittings and acylindrical hyperbolicity

The goal of this section is to obtain new criteria for proving acylindrical hyperbolicity and apply them
to get new examples of acylindrically hyperbolic Artin groups. We will focus primarily on the case of
Artin groups with a visual splitting. In this case, there is a clear connection between malnormality and
acylindricity given by the following theorem of Minasyan and Osin [34].

Theorem 3.1 (see [34]) Suppose G splits as an amalgamated product of groups G D A �C B with
A¤ C ¤ B . If C is weakly malnormal in G, then G is either virtually cyclic or acylindrically hyperbolic.

Thus a key to proving acylindricity for A� is understanding when parabolic subgroups are weakly
malnormal.

3.1 The main acylindrical hyperbolicity criterion

The main result of this subsection is the following.

Theorem 3.2 Let A� be an irreducible Artin group that splits visually as an amalgamated product
A� D A�1

�A�
A�2

. If the intersection of any two conjugates of A� is again a parabolic subgroup of A� ,
then A� is weakly malnormal in A� . In particular , A� is acylindrically hyperbolic.

In order to prove this result, we need the following characterisation of normal parabolic subgroups of
Artin groups. We start with the irreducible case:
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Lemma 3.3 Let A� be an irreducible Artin group. Then the only normal standard parabolic subgroups
of A� are A� and the trivial subgroup.

Proof Let ¿ ¨ � 0 ¨ � be a strict subgraph of � . Let �D , � 0D be the Dynkin diagrams corresponding
to the presentation graph � , � 0, respectively (i.e., no edge if ms;t D 2, and edges with label 1 for
pairs s, t that are not connected in �). Since A� is irreducible, �D is connected and � 0D is a strict induced
subgraph of �D . Thus, there exists an edge of �D connecting a vertex s 2 � 0D and t … � 0D . It follows
from van der Lek that

A� 0 \Afs;tg D hsi:

We can also compute that

tA� 0 t�1
\Afs;tg D t .A� 0 \Afs;tg/t

�1
D thsit�1:

Thus in order to show that tA� 0 t�1¤A� 0 it is sufficient to show that t does not normalise hsi. Suppose
by contradiction that thsit�1 D hsi. Then hsi is normal in Afs;tg and the corresponding quotient is either
trivial or infinite cyclic, depending on the parity of mst . Thus, Afs;tg is either cyclic or Z-by-Z, and
in particular virtually abelian. But since mst � 3 as s, t are joined by an edge in the Dynkin diagram,
we have that Afs;tg contains nonabelian free subgroups, a contradiction. Thus we know that t does not
normalise hsi and A� 0 cannot be a normal subgroup.

Corollary 3.4 Let A� be an Artin group. Then a standard parabolic subgroup is normal if and only if it is
a product of direct factors of A� .

Proof Decompose A� as a product of irreducible Artin groups A� DA�1
�� � ��A�k

. If A� 0 is a product
of groups of the form A� 0 DA�i1

� � � � �A�ik
then A� 0 is a direct factor of A� and so must be a normal

subgroup.
Conversely, if A� 0 is normal in A� then for all i , A� 0 \A�i

is normal in A�i
. By Lemma 3.3, we

see that A� 0 \A�i
must be equal to either A�i

or to the trivial group. This implies that A� 0 is a direct
product of factors of A� .

Proof of Theorem 3.2 Let A� D A�1
�A�

A�2
be a visual splitting and let T be the Bass–Serre tree of

this splitting.

Claim 1 Let e be an edge of T with vertices v and w. The trivial subgroup is the only parabolic subgroup
of Stab.e/ that is normal in both Stab.v/ and Stab.w/.

Up to conjugation, it is enough to show that the trivial subgroup is the only parabolic subgroup of A�

that is normal in both A�1
and A�2

. Suppose to the contrary thatH is normal in both A�1
and A�2

. Since
every element of A� is a product of elements of A�1

and A�2
, H is also normal in A� . By assumption,

A� is irreducible, so applying Corollary 3.4 we conclude that H must be trivial. This proves the claim.

Claim 2 Let 
 be a geodesic segment of T , and let Stab�.
/ be the pointwise stabiliser of 
 . If Stab�.
/
is nontrivial , then we can extend 
 to a geodesic segment 
 0 © 
 such that Stab�.
 0/¨ Stab�.
/.
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Let v1; : : : ; vn be the vertices of 
 . Up to the action of A� , we can assume that Stab�.v1/D A�1
and

Stab�.v2/DA�2
. Suppose for every geodesic segment 
 0 of T extending 
 , we have Stab�.
 0/DStab�.
/.

We first show that for every g 2 A� such that the translate g
 has as its closest-point projection on 

the single point fvng, we also have Stab�.g
/D Stab�.
/ (and in particular, such an element g 2 A�

normalises Stab�.
/). For such an element g, the geodesic from v1 to any point of g
 contains 
 . Thus,
the minimal subtree Tg of T containing 
 and g
 can be written as the union of at most two geodesic
segments 
1; 
2 extending 
 , and thus

Stab�.
/\Stab�.g
/D Stab�.Tg/D Stab�.
1/\Stab�.
2/D Stab�.
/:

Thus, Stab�.
/� Stab�.g
/D gStab�.
/g�1. Since Stab�.
/ is a parabolic subgroup by assumption
on the splitting, it follows from Lemma 2.3 that this inclusion is actually an equality, for otherwise the
sequence .gnStab�.
/g�n/n�0 would form an unbounded strict chain of parabolic subgroups.

Let T 0 be the subtree of T consisting of all the points of T whose closest-point projection on 
 is vn.
Since the action of A� on T is cocompact and T 0 is an unbounded subtree of T , we can pick an element
g 2A� such that g
 � T 0 and d.
; g
/ > j
 j (where as usual d denotes the path metric of T and j
 j the
combinatorial length of 
 ). These conditions imply that for every h1 2 Stab�.gv1/D gA�1

g�1 and every
h2 2 Stab�.gv2/D gA�2

g�1, we also have h1g
 � T
0 and h2g
 � T

0. Thus, we get that g as well as
every element of the form h1g or h2g normalises Stab�.
/, for hi 2 gA�i

g�1. Thus, both gA�1
g�1

and gA�2
g�1 normalise Stab�.
/. Since A� is generated by A�1

and A�2
, hence by gA�1

g�1 and
gA�2

g�1, it follows that Stab�.
/ is normal in A� . Since A� is irreducible, it follows from Lemma 3.3
that Stab�.
/ is trivial, which proves the claim.

By Claim 2, we can construct a sequence of geodesic segments 
0 ¨ 
1 ¨ � � � , such that the sequence
of stabilisers Stab�.
i / strictly decreases as long as they are not trivial. By assumption on the splitting, we
have that each Stab�.
i / is a parabolic subgroup of A� . It now follows from Lemma 2.3 that Stab�.
i /

becomes trivial after finitely many steps.
We thus have a finite length geodesic segment 
 with trivial point stabiliser. Let e1; : : : ; en be the edges

of 
 . Since T is a tree, we have Stab�.
/ D Stab.e1/\ Stab.en/, and by assumption Stab�.
/ D f1g.
Since edge stabilisers are conjugates of A� by construction, it follows that A� is weakly malnormal
in A� , hence A� is acylindrically hyperbolic by Theorem 3.1.

3.2 Applications to some classes of Artin groups

Recall that A� is even FC-type if all edge labels in � are even, and all cliques in � generate spherical-type
parabolics.

Theorem 3.5 Even FC-type Artin groups satisfy the acylindrical hyperbolicity conjecture.

Proof Assume that A� is irreducible. If A� is spherical-type, this follows from Calvez–Wiest [8].
If A� is not spherical-type, then it admits a visual splitting. Since even FC-type Artin groups satisfy the
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intersection property by [2], the intersection of any two conjugates of the edge group for this splitting
must be parabolic and so by Theorem 3.2, A� is acylindrically hyperbolic.

For general FC-type Artin groups, we cannot directly apply Theorem 3.2 as we do not know that they
satisfy the intersection conjecture. We therefore ask the following:

Question 3.6 Do FC-type Artin groups satisfy the intersection conjecture?

We can nonetheless prove acylindrical hyperbolicity under more restrictive conditions.

Theorem 3.7 Let A� be an irreducible Artin group such that the Deligne complex D� admits a piecewise
Euclidean CAT(0) metric. If A� splits visually over a spherical-type parabolic , then A� is acylindrically
hyperbolic.

Proof Stabilisers of simplices in the Deligne complex are precisely the spherical-type parabolic subgroups.
Since spherical-type Artin groups satisfy the intersection conjecture [15], it follows from Proposition 2.5
that the intersection of any two spherical-type parabolic subgroups of A� is again a parabolic subgroup.
In particular, the splitting satisfies the hypothesis of Theorem 3.2.

In particular, Theorem 3.7 applies to FC-type Artin groups, locally reducible Artin groups, and certain
Artin groups of dimension 3 (namely those for which all the irreducible three-dimensional parabolic
subgroups are isomorphic to the braid group B4), whenever they split visually over a spherical-type
parabolic.

3.3 A weaker version of the intersection property

In Theorem 3.2, the condition on the intersections of conjugates of the edge group A� is a priori weaker
than requiring that A� satisfies the intersection conjecture. In this section, we show how to obtain this
weaker condition in cases where the intersection conjecture may not be known for A� . We start with the
following observation.

Theorem 3.8 Let A� be an irreducible Artin group with a visual splitting A� D A�1
�A�

A�2
. If both

A�1
and A�2

satisfy the intersection conjecture , then the intersection of any two conjugates of A� is
again a parabolic subgroup of A� . In particular , A� is acylindrically hyperbolic.

Proof Since A�1
and A�2

both satisfy the intersection conjecture, the fact that the intersection of any
two conjugates of A� is again a parabolic subgroup of A� is a direct consequence of Proposition 2.5
applied to the action of A� on the (CAT(0)) Bass–Serre tree of the splitting A�1

�A�
A�2

.

In the rest of this section, we show how one may understand the intersection of two conjugates of A�

even when the vertex groups are not known to satisfy the intersection conjecture. As with the original
proofs of the intersection property for some families of Artin groups (see Section 2.3), the idea is to
realise the conjugates of A� as stabilisers in a suitable CAT(0) complex and apply Proposition 2.5. We
recall a relevant framework of Godelle–Paris to construct such complexes [19].
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Definition 3.9 A complete cover U of � is a collection of induced subgraphs of � that contains every
edge of � and is stable under taking induced subgraphs (including the empty graph). Given an element
� 0 2 U , the corresponding standard parabolic subgroup A� 0 is called a U-standard parabolic subgroup,
and a conjugate of A� 0 is called a U-parabolic subgroup.

Given a complete cover U , one defines the corresponding Godelle–Paris cube complex XU as follows:
vertices of XU correspond to cosets of U-standard parabolic subgroups, and cubes correspond to the
intervals (for the inclusion) between gA�1

and gA�2
, whenever g 2 A� and �1 � �2 are in U .

Note that A� acts on XU by left multiplication on left cosets. This action is cocompact and without
inversion.

For instance, if A� is FC-type and U consists of all cliques of � , we recover the cubical Deligne
complex of Charney–Davis [11]. More generally, if U consists of all the cliques of � , one recovers the
Godelle–Paris clique complex [19].

There is a complete characterisation of when the standard cubical metric on this complex is CAT(0).
We need the following definition:

Definition 3.10 Let U be a complete cover of � . We define a simplicial complex LU as follows: the
vertices of LU are the vertices of � , and a set of vertices v0; : : : ; vk of LU span a k-simplex of LU if and
only if the induced subgraph of � spanned by v0; : : : ; vk belongs to U .

Note that LU is isomorphic to the link of any vertex of XU corresponding to the empty subgraph of � .

Theorem 3.11 [19, Theorem 4.2] Let U be a complete cover of � . Then XU is a CAT(0) cube complex if
and only if LU is a flag simplicial complex.

Remark 3.12 In [19], the above theorem is stated with the additional condition that the U-standard
parabolic subgroups satisfy the K.�; 1/-conjecture. However, the reader can follow the proof and check
that this assumption is not needed in order to prove thatXU is CAT(0). (Godelle–Paris need this assumption
to prove a subsequent theorem showing that an Artin group satisfies the K.�; 1/-conjecture if all its
free-of-infinity standard parabolic subgroups satisfy that conjecture.)

Corollary 3.13 Let A� be an Artin group. Let U be a complete cover of � . Assume that

� LU is a flag simplicial complex,

� for every � 0 in U , the standard parabolic A� 0 satisfies the intersection conjecture.

Then the intersection of any two U-parabolic subgroups is again a parabolic subgroup of A� .

Proof By Theorem 3.11, we have that XU is a CAT(0) cube complex. By construction, the action is
without inversion and the stabilisers of cubes are precisely the U-parabolic subgroups of A� . Thus, the
result follows from Proposition 2.5.

In particular, to show that the intersection of two conjugates of a standard parabolic A� is again a
parabolic subgroup, it is enough to include � in a suitable complete cover of � . We now give an example
of a geometric condition on � that guarantees that such a cover exists.
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Definition 3.14 We say that an induced subgraph � is 2-convex in � if every geodesic path of � of
length 2 with endpoints in � is contained in �.

Lemma 3.15 Let � be a simplicial graph , and let � be a 2-convex subgraph of � . Let U be the
complete cover consisting of all the cliques of � and all the induced subgraphs of �. Then the simplicial
complex LU is flag.

Proof Let T � V.�/ be a set of vertices that are pairwise connected by edges in LU . To show that T
spans a simplex of LU , it is enough to show that either T �� or the vertices of T span a clique of � .

We can thus assume that T is not contained in �, and let us show that T spans a clique of � . We
decompose T as a disjoint union T D T1[T2, where T1 WD T \V.�/ and T2 WD T �T1. Note that by
construction of U , two vertices of � are adjacent in LU if and only if they are both contained in � or they
are connected by an edge of � . By assumption, any two vertices of T are adjacent in LU , thus, for every
t 2 T2 and t 0 2 T �ftg, we have that t and t 0 are connected by an edge in � .

It remains to show that any two vertices t ¤ t 0 2 T1 are connected by an edge of � . Suppose by
contradiction that there exists a pair t; t 0 2 T1 that is not connected by an edge of � . Since T2 is not empty,
we can pick an element s 2 T2 and the previous argument shows that t , s, t 0 forms a path in � . Since t , t 0

are not adjacent in � , this path is geodesic. By 2-convexity of �, we get that s 2 T1, a contradiction.
Thus, the vertices of T1 span a simplex of � , and it now follows that T spans a clique of � , and hence
spans a simplex in LU .

The following is now a direct consequence of Corollary 3.13:

Corollary 3.16 Let A� be an Artin group , and let � be a 2-convex subgraph of � . Assume that A�

as well as every clique standard parabolic subgroup of A� satisfy the intersection conjecture. Then the
intersection of any two conjugates of A� is again a parabolic subgroup of A� .

Proposition 3.17 Let A� be an irreducible Artin group that visually splits over a standard parabolic
subgroup A�. Assume that

� � is 2-convex in � ,

� A� and all clique parabolic subgroups of A� satisfy the intersection conjecture.

Then A� is acylindrically hyperbolic.

Proof It follows from Corollary 3.16 that the intersection of any two conjugates of A� is again a
parabolic subgroup of A� . The result thus follows from Theorem 3.2.

Application We can use this result to obtain new examples of acylindrically hyperbolic Artin groups
not covered by the recent results of Charney–Morris-Wright [12].

Definition 3.18 Let Cn denote the graph that is a cycle on n vertices. The wheel Wn is the graph obtained
from Cn by adding a new vertex (the apex) and connecting it to every vertex of Cn.

Corollary 3.19 Let A� be an irreducible Artin group whose underlying graph is a wheel Wn with n� 6.
Then A� is acylindrically hyperbolic.
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Proof Since n� 6, AWn
visually splits over a parabolic subgroup A� where � is a geodesic of length 2

containing the apex, that is 2-convex in Wn. Since all 3-generated Artin groups satisfy the intersection
conjecture by Lemma 2.8, it follows that A� and all clique parabolic subgroups of A� satisfy the
intersection conjecture. The result now follows from Proposition 3.17.

4 The weak malnormality conjecture

Next we consider the weak malnormality conjecture. The following reduction lemma shows that it is
enough to deal with irreducible Artin groups:

Lemma 4.1 Let A�1
; : : : ; A�k

be irreducible Artin groups that satisfy the weak malnormality conjecture.
Then the direct product A�1

� � � � �A�k
also satisfies the weak malnormality conjecture.

Proof Let A� 0 be a standard parabolic subgroup of the direct product A� WD A�1
� � � � �A�k

. It is
clear that if A� 0 contains one of the (normal) direct factors A�i

, then it is not weakly malnormal.
Thus, let us assume that A� 0 contains no direct factor. Note that A� 0 decomposes as the direct product
A� 0 DA� 0

1
� � � ��A� 0

k
where for each i , � 0i WD �

0\�i . Since A� 0 does not contain any of the A�i
, each

A� 0
i

is a proper parabolic subgroup of A�i
, hence weakly malnormal in A�i

since by assumption, A�i

satisfies the weak malnormality conjecture. Thus, for each i we can pick gi 2A�i
such that A� 0

i
\A

gi

� 0
i

is
finite. Now set g WD g1 � � �gk . We have

A� 0 \A
g
� 0 D .A� 0

1
\A

g1

� 0
1

/� � � � � .A� 0
k
\A

gk

� 0
k

/;

which is finite. Thus, A� 0 is weakly malnormal in A� .

4.1 Connections between the three main conjectures

Proposition 4.2 Let A� be an irreducible Artin group that visually splits as an amalgamated product
over a standard parabolic subgroup A�. If A� is weakly malnormal in A� , then every proper parabolic
subgroup of A� is weakly malnormal. Thus A� satisfies the weak malnormality conjecture.

Proof Let T be the Bass–Serre of the splitting A� D A�1
�A�

A�2
. Let P be a standard parabolic

subgroup of A� . Note that we have a splitting P DP1�P�
P2, where Pi WDP \A�i

and P�DP \A�.
The Bass–Serre tree T 0 of that induced splitting embeds isometrically in T .

Since P is a proper parabolic subgroup, we have T 0 ¤ T , hence we can pick a vertex v of T 0, and
an edge e D Œv; w� that is not in T 0. Since Stab.e/ is conjugated to A�, it is weakly malnormal in A� .
Choose h 2A� such that Stab.e/\Stab.he/ is finite. Let 
 be the geodesic path in T with initial edge e
and final edge he. In particular, the pointwise stabiliser of 
 is finite.

Claim There exist elements g1; g2 2 A� such that the trees g1T
0 and g2T

0 are disjoint , and the unique
geodesic between them contains 
 .

If either (or both) endpoints of 
 are translates of w, we can extend 
 by a single edge at that endpoint
to obtain a geodesic path 
 0 � 
 both of whose endpoints are translates of v. Say the initial edge of 
 0 is
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g1e and the final edge is g2e. Since e is not contained in T 0, gie is not contained in giT
0 for i D 1; 2.

Thus 
 0 intersects giT
0 in a single point. It now follows from standard arguments on the geometry of trees

that g1T
0 and g2T

0 are disjoint, and 
 0 is the unique geodesic between them, which proves the claim.
Since P stabilises the tree T 0, the conjugate P gi stabilises the tree giT

0, and it follows that the
intersection P g1\P g2 stabilises the unique geodesic between these disjoint trees. Thus it fixes pointwise
the path 
 0. Since 
 0 � 
 , it has finite stabiliser and we conclude that P g1 \P g2 is finite. Hence P is
weakly malnormal in A� .

Combining the results above, we now conclude:

Corollary 4.3 Suppose A� is irreducible and � is not a clique.

� If A� satisfies the intersection conjecture , then it also satisfies the weak malnormality conjecture.

� If A� satisfies the weak malnormality conjecture , then it also satisfies the acylindrical hyperbolicity
conjecture.

Proof If � is not a clique, A� admits a visual splitting over some standard parabolic A�. The first bullet
point is the direct application of Theorem 3.2 and Proposition 4.2. For the second bullet point, since A�

is irreducible and satisfies the weak malnormality conjecture, A� is weakly malnormal, so the result
follows from Theorem 3.1.

One might wonder if the converse of these implications also hold. It is possible to obtain a partial
converse to the implication in the second bullet point, assuming that A� acts acylindrically on some
hyperbolic space such that the geometry of the action is “compatible” with the parabolic subgroups, in
the following sense:

Lemma 4.4 Let A� be an irreducible Artin group , and assume that A� is acylindrically hyperbolic ,
with a cobounded acylindrical action on a hyperbolic graph X . Suppose that for every proper parabolic
subgroup A� 0 , the following holds: Let X� 0 �X denote the A� 0-orbit of some chosen point of X . Then
X� 0 is quasiconvex in X and its limit set ƒX� 0 is a strict subset of the Gromov boundary @X .

Then A� satisfies the weak malnormality conjecture.

Proof The set of limit points of loxodromic elements ofA� is dense in @X (see, for instance, Theorem 2.6
in [24]), so since ƒX� 0 is a proper closed subset of @X , we can pick a loxodromic element g 2 A� such
that ƒg\ƒX� 0 D¿. By hyperbolicity of X and quasiconvexity of X� 0 , there exist constants ` and D
(that depend only on the space X and the quasiconvexity constants of X� 0) such that if two translates
of X� 0 are at distance at least `, then the diameter of the closest projection of one on the other is bounded
above by D. By acylindricity of the action, we can pick a constant L such that if x; y 2X are at distance
at least L, there are only finitely many elements h 2 A� such that d.x; hx/�D and d.y; hx/�D.

Using North-South dynamics of the action, we can now pick a large power n� 0 such that X� 0 and
gnX� 0 are disjoint, the diameter of the closest projection on each other is bounded above by D, and
such that their distance is greater than L. Let x 2 X� 0 and y 2 gnX� 0 be a pair of points that realises
the distance between these two translates. We get in particular that an element h 2 A� 0 \A

gn

� 0 sends the
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pair x, y to another pair realising the distance between these two translates. Thus, for every h2A� 0\A
gn

� 0 ,
we have d.x; hx/�D and d.y; hx/�D. Since d.x; y/� L by construction, the acylindricity implies
that the set of such h is finite. Thus, A� 0 \A

gn

� 0 is finite, and A� 0 is weakly malnormal.

Thus, we ask the following question:

Question 4.5 Let A� be an irreducible Artin group, and assume that A� is acylindrically hyperbolic, with
a cobounded acylindrical action on a hyperbolic graph X . Let A� 0 be a proper parabolic subgroup of A� ,
and let X� 0 �X denote the A� 0-orbit of some chosen point of X . Do we have that X� 0 is quasiconvex
in X , with limit set ƒX� 0 ¤ @X?

4.2 Artin groups satisfying the weak malnormality conjecture

In this section we will show that the weak malnormality conjecture holds for several classes of Artin
groups, which allows us to prove that new classes of Artin groups are acylindrically hyperbolic.

Proposition 4.6 The weak malnormality conjecture holds for the following classes of groups:

� Artin groups satisfying the hypothesis of Theorem 3.2 (for instance , even Artin group of FC type),

� Artin groups of spherical type ,

� two-dimensional Artin groups.

Using the criterion of Minasyan–Osin [34], this implies the acylindrical hyperbolicity of many groups
admitting a visual splitting:

Corollary 4.7 Let A� be an Artin group with a visual splitting A�1
�A�

A�2
and assume that A� does

not contain a direct factor of A�1
(which holds in particular if A�1

is irreducible). Suppose that A�1
is

one of the following:

� an Artin group satisfying the hypothesis of Theorem 3.2 (for instance , an even Artin group of FC
type),

� an Artin group of spherical type ,

� a two-dimensional Artin group.

Then A� is acylindrically hyperbolic.

Proof By Proposition 4.6, the hypotheses of the corollary imply that A� is weakly malnormal in A�1

and hence also in A� , so the result follows from Theorem 3.1.

The proof of Proposition 4.6 will occupy the remainder of this section.

Spherical-type Artin groups Although the intersection conjecture is known to hold for spherical-type
Artin groups, we cannot apply Corollary 4.3 since the defining graph � is always a clique. Nevertheless,
we can prove:

Lemma 4.8 Artin groups of spherical type satisfy the weak malnormality conjecture.
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Proof By Lemma 4.1, it is enough to deal with the irreducible spherical case. Suppose that A� is
irreducible and of spherical type, and let A� 0 be a proper parabolic subgroup.

If A� is not cyclic or of dihedral type, then by Theorem 3 of [1], A� contains a subgroup isomorphic
to A� 0 �Z, and where the free factor A� 0 is the proper parabolic subgroup under study. A standard
argument from actions on trees shows that A� 0 is weakly malnormal in A� 0 �Z, hence it is weakly
malnormal in A� .

If A� is cyclic, there is nothing to prove. Suppose that A� is dihedral, with standard generators s, t , and
let us show that A� 0 D hsi is weakly malnormal. We know from Lemma 3.3 that there exists g 2A� such
that hsig ¤ hsi. Let us show by contradiction that hsig \hsi D f1g, which will prove weak malnormality.
Let x 2 hsig \hsi be a nontrivial element, and let n;m� 1 be such that x D sn D gsmg�1. By applying
the homomorphism A� ! Z sending both generators to 1, we see that n D m. Thus, g lies in the
centralizer C.sn/D C.s/, the latter equality following, for instance, from Lemma 7 of [14]. It follows
that hsig D hsi, a contradiction.

Even Artin groups of FC-type

Lemma 4.9 Let A� be an Artin group satisfying the hypotheses of Theorem 3.2. Then A� satisfies the
weak malnormality conjecture.

Proof The edge groupA� is weakly malnormal inA� by Theorem 3.2, so this is now a direct consequence
of Proposition 4.2.

In particular, we get the following:

Corollary 4.10 Even FC-type Artin groups satisfy the weak malnormality conjecture.

Proof By Lemma 4.1, it is enough to assume that A� is irreducible and by Lemma 4.8 we may assume
that it is not of spherical-type, that is, � is not a clique. The result now follows from Lemma 4.9.

Note that the previous corollary is also a direct consequence of Corollary 4.3.

Two-dimensional Artin groups An Artin group A� is two-dimensional if � has at least one edge (i.e.,
A� is not a free group) and any three vertices in � generate an infinite-type parabolic subgroup. Recall
that the intersection conjecture has not yet been proved for two-dimensional Artin groups, with currently
the largest subclass for which it has been proved being the class of two-dimensional Artin groups whose
presentation graph does not contain two adjacent edges with label 2 [4].

In this section we introduce another strategy for proving the weak malnormality conjecture using an
action of A� on the Deligne complex, which we can apply to two-dimensional Artin groups.

Proposition 4.11 Let A� be an Artin group such that

� D� is CAT(0) with respect to either the cubical metric or the Moussong metric ,

� there exists a vertex v of D� with unbounded link and such that Stab.v/ is weakly malnormal in A� .

Then A� satisfies the weak malnormality conjecture.
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Corollary 4.12 Two-dimensional Artin groups satisfy the weak malnormality conjecture.

Proof First suppose A� contains an edge e labelled k > 2. Then it cannot be reducible, since e together
with any vertex in the opposite direct factor would generate a spherical-type subgroup of rank 3. The
Moussong metric on the Deligne complex D� is CAT(0), by Charney–Davis [11]. By Lemma 5.7 of
Vaskou [40], there exists vertices a, b in � connected by an edge labelled >2 such that the subgroup Aa;b

is weakly malnormal in A� . Viewing Aa;b as a vertex in D� , it has unbounded link by Proposition E
of [40]. Thus, we can apply Proposition 4.11 to conclude that every proper parabolic subgroup in A� is
weakly malnormal.

If all edges of � are labelled 2 then A� is a RAAG, hence even FC-type, so the result follows from
Theorem 3.5.

Proof of Proposition 4.11 For a proper parabolic subgroup A� 0 , the Deligne complex D� 0 embeds
equivariantly as a strict convex subcomplex of the CAT(0) space D� that is stabilised by A� 0 . (This is
easily verified for the cubical metric. For the Moussong metric, see Lemma 5.1 of [9].) We want to
construct a translate gD� 0 such that the following is satisfied:

� There is a unique geodesic realising the distance between D� 0 and gD� 0 .

� The pointwise stabiliser of that geodesic is finite.

This will imply that A� 0 \gA� 0g�1 is trivial, hence A� 0 is weakly malnormal.
Since checking that A� 0 is weakly malnormal is equivalent to checking that any of its conjugates is

weakly malnormal, we will consider instead a translate kD� 0 for some k 2 A� , such that the vertex v
from the proposition’s statement is not contained in kD� 0 . We first observe that the projection of kD� 0

onto the link, lk.v/, has diameter at most � . To see this, let x, y be two points in kD� 0 and let ˛x , ˛y

be the geodesics connecting x to v and y to v. If the angle between ˛x and ˛y was � � , a standard
argument of CAT(0) geometry would imply that the concatenation of ˛x and ˛y is a geodesic from x to y.
Since kD� 0 is convex in D� , this geodesic must lie entirely in kD� 0 . This contradicts our assumption
that v … kD� 0 .

Since Stab.v/ is weakly malnormal, there exists a translate w of v such that Stab.v/\ Stab.w/ is
finite, and hence the geodesic 
 D Œv; w� connecting them has finite pointwise stabiliser. Since the link
of v is unbounded and Stab.v/ acts cocompactly on it, we can pick an element h 2 Stab.v/ such that the
distance in lk.v/ between the projection of kD� 0 and h
 is at least � . The stabiliser of h
 is conjugate
to that of 
 , hence it is also finite. Next, since the link of hw is also unbounded, we can pick an element
g 2 Stab.hw/ such that the distance in lk.hw/ between h
 and gh
 is at least � . And finally, since the
distance in lk.v/ between the projection of kD� 0 and h
 is at least � the same holds for the distance
in lk.gv/ the between the projection of gkD� 0 and gh
 . (See Figure 1.)

It follows that for any points x 2 kD� 0 and y 2 gkD� 0 , the concatenation of the geodesics Œx; v�,
Œv; hw�, Œhw; gv�, Œgv; y� is the (unique) geodesic from x to y. In particular, taking x to be the nearest
point projection of v on kD� 0 and y to be the nearest point projection of gv on gkD� 0 , we obtain a

Algebraic & Geometric Topology, Volume 26 (2026)
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x

v

> � hw

> � gv

> � yh
 gh


kD�0 gkD�0

Figure 1: A geodesic (green) between kD�0 and gkD�0 , obtained by concatenating several
geodesic segments making an angle greater than � at their intersection point. The angles at v
between any two points of kD�0 are smaller than � (“visual cone” in light blue).

unique length-minimizing path between kD� 0 and gkD� 0 . Since kA� 0k�1 \ gkA� 0.gk/�1 preserves
both of these subcomplexes, it must fix this path. In particular, it lies in the pointwise stabilser of h
 . We
conclude that this intersection is finite and hence A� 0 is weakly malnormal.
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Equivariant preimage theory for G -maps

THAÍS F M MONIS AND PETER WONG

Let X and Y be closed G-manifolds and B � Y a closed invariant nonempty subset where G is a
finite group. For any G-map f W X ! Y and for every subgroup H � G, we introduce a Nielsen type
number N.f H ;BH / which is a lower bound for the number of connected components of WH -orbits
of .f H /�1.BH /. This theory generalizes existing Nielsen type numbers for various G and B with an
application to the Nielsen Borsuk–Ulam theory for the minimal number of coincidences of f .x/D f �.x/
where f WX ! Y and � a free involution on X .

1 Introduction

It is well known that the Brouwer fixed point theorem is equivalent to the Borsuk–Ulam theorem. The
former says that for any (continuous) self-map f WX!X , the fixed point set Fixf Dfx 2X jf .x/Dxg

is nonempty when X D Dn is the closed n-disk. The latter is equivalent to the following: for any
Z2-equivariant map ' W Sn ! Rn, the preimage '�1.f0g/ is nonempty, where the Z2-actions on Sn

and on Rn are the usual antipodal actions. Lefschetz generalized Brouwer’s result to coincidences
of two maps f;g W X ! Y between closed orientable manifolds of the same dimension. If we let
F W X ! Y �Y be given by F.x/D .f .x/;g.x// and �D f.y;y/ j y 2 Y g, then the coincidence set
C.f;g/D fx 2X j f .x/D g.x/g D F�1.�/. Thus the coincidence theorem of Lefschetz asserts that
F�1.�/¤¿ if the Lefschetz coincidence number L.f;g/ is nonzero. Subsequently, many authors study
the general problem of determining whether ˆ�1.B/ ¤ ¿ for a mapping ˆ W W ! Z and B � Z a
closed subspace (e.g., Dobreńko [4], Frolkina [7], Gonçalves and Wong [14], Ha and Lee [15], and Liu
and Zhao [16]). In other words, fixed point and coincidence point problems, as well as Borsuk–Ulam
type theorems can be formulated as a preimage problem '�1.B/ for ' WX ! Y � B, where the latter is
under the presence of a group action.

While the above-mentioned problems study whether the preimage set '�1.B/ is nonempty or not, the
results do not give any information about the size of '�1.B/. Nielsen (fixed point or coincidence point)
theory gives a geometric count of the number of connected components in '�1.B/. Such a theory was
developed by Dobreńko and Kucharski [5], who introduced a Nielsen type number for the number of
preimages of a map f W X ! Y � B. Under appropriate dimension conditions, a minimality theorem
was established. From the (co)homological aspect, the algebraic size of '�1.B/ has been studied by
Gonçalves and Wong [14] using local coefficients, and various cohomological index theories by Conner
and Floyd [1], Fadell and Husseini [6], and Yang [23], among others. There is a vast literature on
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Borsuk–Ulam and Bourgin–Yang type results and their applications to nonlinear analysis (see, e.g.,
Mawhin and Willem [18]).

The main objective of this paper is to give a geometric approach, a la Nielsen, similar to the nonequiv-
ariant setting of [5] and of [7], and to introduce a Nielsen type number that yields a lower bound for the
number of connected components of '�1.B/ for a G-equivariant map ' WX ! Y �B between G-spaces.
Here B is a closed G-invariant subset and G is a finite group. We develop this theory using both the
universal coverings and the Hopf coverings, generalizing the previous works on nonequivariant settings
in [5; 7; 15; 16]. The algebraic approach here establishes an equivariant Reidemeister number which is
an upper bound for the equivariant Nielsen preimage number for '�1.B/.

This equivariant preimage theory also generalizes existing works. If X D Y and B D �X is the
diagonal with f D 1� h, h WX !X , then we recover the equivariant Nielsen fixed point theory of [22].
Similarly if B D fag is a point in Y G , we recover the equivariant Nielsen root theory of [20]. On the
other hand, when G is trivial, our setting reduces to the nonequivariant Nielsen and Reidemeister settings
of [5] and of [15; 16].

If GDZ2Dh�i is generated by a free involution � on X , our equivariant Nielsen equivalence coincides
with the Nielsen coincidence equivalence for Borsuk–Ulam coincidences studied by Cotrim, de Melo
and Vendrúscolo [2; 3; 19]. In this setting of a free involution � on X , our work provides a Reidemeister
number for the Nielsen Borsuk–Ulam theory in [2; 3], and this should facilitate computation in future
work in this direction. It is easy to see that one can generalize the Borsuk–Ulam coincidences to the study
of the set of points x 2X such that the orbit fx; �.x/; : : : ; �k�1.x/g is mapped to the same value under f ,
i.e., f .x/D f .�.x//D � � � D f .�k�1.x// for a free Zk D h�i action on X and a map f WX !Z.

This paper is organized as follows. In Section 2, we introduce the concept of G-preimage classes
utilizing the framework of universal covering. In Section 3, we define G-Nielsen preimage classes using
the geometric essentiality for such classes. Furthermore, we provide an interpretation of the G-Nielsen
preimage classes as the nonempty G-preimage classes established in the previous section. In Section 4, we
present an algebraic approach to derive an upper bound for the number of essential G-Nielsen preimage
classes via the universal cover. When using a Hopf cover, we also obtain in Section 5 a sharper upper
bound. Finally, in Section 6, we conclude the paper by showcasing the practical application of our
invariants in the context of the Nielsen Borsuk–Ulam theory of [2; 3; 19].

Throughout this paper, X and Y are connected, locally pathwise-connected and semilocally simply
connected spaces. For any group G, a G-space X is assumed to have an effective G-action, i.e., if
g �x D x for all x 2X then g D 1G .

2 G -preimage classes

Let X and Y be G-spaces where G is a finite group, ¿¤B � Y be a G-invariant closed subset of Y , and
f WX ! Y be a G-map. In this section, we use liftings to the universal cover to define the G-preimage
classes.

Algebraic & Geometric Topology, Volume 26 (2026)
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In [7], a preimage problem is denoted by f WX ! Y �B. Our setting will be referred as a G-preimage
problem and it will be denoted by f WX !G Y � B.

If x0 2 f
�1.B/ then the orbit of x0, G � x0 D fg � x0 j g 2 Gg, is also contained in f �1.B/, that is,

f �1.B/ is a G-invariant subspace of X . In what follows, the set f �1.B/ will be partitioned into the
so-called G-preimage classes.

Let �X W
zX ! X and �Y W

zY ! Y be the universal coverings of X and Y , respectively. It is well
known from the nonequivariant preimage theory (see, e.g., [15] or [16]) that

f �1.B/D
[
Qf ; zB

�X . Qf
�1. zB//;

where Qf ranges over all liftings of f with respect to universal coverings �X W
zX !X and �Y W

zY ! Y ,
and zB ranges over all path components of ��1

Y
.B/. Each subset �X . Qf

�1. zB// of f �1.B/ is referred to
as a preimage class. Since we assume that f is an equivariant map and that B is a G-invariant subset, it
follows that the group G acts on the set of preimage classes. More precisely, for each g 2G, the set

g � �X . Qf
�1. zB//

is itself a preimage class. To see this, consider a lifting z g W
zY ! zY of the homeomorphism  g W Y ! Y

given by multiplication by g, i.e., y 7! g � y. It is straightforward to verify that z g. zB/ is also a path
component of ��1

Y
.B/. Furthermore, one can check that

g � �X . Qf
�1. zB//D �X . Qf0. zB0//;

where
Qf0 D
z g ı

Qf ı Q�g�1 ;

with z g W
zY ! zY and Q�g�1 W zX ! zX being liftings of the maps Y ! Y , y 7! g � y, and X ! X ,

x 7! g�1 � x, respectively. Also, we define zB0 D
z g. zB/. Since Qf0 is a lifting of f , it follows that

g � �X . Qf
�1. zB// is indeed a preimage class of f .

As an immediate consequence of the above observation, we obtain the following result.

Lemma 2.1 The preimage set

f �1.B/D
[
Qf ; zB

G � �X . Qf
�1. zB//;

where Qf ranges over all liftings of f with respect to universal coverings �X W
zX !X and �Y W

zY ! Y ,
and zB ranges over all path components of ��1

Y
.B/.

Following [16], a pair . Qf ; zB/ as in Lemma 2.1 is called a lifting data pair for preimage of f at B.

Lemma 2.2 For any two lifting data pairs . Qf1; zB1/ and . Qf2; zB2/ of f at B, either

G � �X . Qf
�1

1 . zB1//DG � �X . Qf
�1

2 . zB2// or G � �X . Qf
�1

1 . zB1//\G � �X . Qf
�1

2 . zB2//D¿:

Algebraic & Geometric Topology, Volume 26 (2026)
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Proof Suppose x0 2 G � �X . Qf
�1

1 . zB1//\G � �X . Qf
�1

2 . zB2//. Then, x0 D g1 � �X .a/ D g2 � �X .b/, for
some a 2 Qf �1

1
. zB1/, b 2 Qf �1

2
. zB2/, and g1;g2 2G. Therefore, �X .a/D g � �X .b/, where g D g�1

1
g2.

Let �g W X ! X be the homeomorphism given by x 7! g � x and let Q�g W
zX ! zX be a lifting of �g.

Then

�X . Q�g.b//D g � �X .b/D �X .a/:

Hence, there exists ˛ 2 Cov.�X / such that aD ˛. Q�g.b//.
Let  g�1 W Y ! Y be the homeomorphism given by y 7! g�1 �y, and let z g�1 W zY ! zY be a lifting

of  g�1 . Then

�Y . z g�1 ı Qf1 ı˛ ı Q�g.b//D  g�1

�
�Y . Qf1.˛. Q�g.b////

�
D g�1

�f .�X .˛. Q�g.b////

D g�1
�f .�X . Q�g.b///

D g�1
�f .g � �X .b//

D f .�X .b//

D �Y . Qf2.b//:

Hence, there exists ˇ 2 Cov.�Y / such that

(2-1) ˇ. z g�1 ı Qf1 ı˛ ı Q�g.b//D Qf2.b/:

Since ˇ ı z g�1 ı Qf1 ı˛ ı Q�g and Qf2 are liftings of f that coincide at a point, they are the same, that is,

(2-2) ˇ ı z g�1 ı Qf1 ı˛ ı Q�g D
Qf2:

Thus, Qı D ˇ ı z g�1 is a lifting of  g�1 , Q� D ˛ ı Q�g is a lifting of �g, and

(2-3) Qı ı Qf1 ı Q� D Qf2:

Moreover, since Qf1.a/ 2 zB1 and

Qı. Qf1.a//D ˇ ı z g�1. Qf1.a//D ˇ ı z g�1. Qf1.˛. Q�g.b////D Qf2.b/ 2 zB2;

we have

(2-4) Qı. zB1/D zB2:

Thus,
�X . Qf

�1
2 . zB2//D �X .. Qı ı Qf1 ı Q�/

�1. zB2//

D �X . Q�
�1. Qf �1

1 . Qı�1. zB2////

D �X . Q�
�1. Qf �1

1 . zB1///� g � �X . Qf
�1

1 . zB1//�G � �X . Qf
�1

1 . zB1//:

Therefore, G � �X . Qf
�1

2
. zB2//�G � �X . Qf

�1
1
. zB1//.
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Similarly, by using that Qf1 D
Qı�1 ı Qf2 ı Q�

�1, we conclude that

G � �X . Qf
�1

2 . zB2//�G � �X . Qf
�1

1 . zB1//:

Therefore, G � �X . Qf
�1

2
. zB2//DG � �X . Qf

�1
1
. zB1//.

Definition 2.3 Lemma 2.1 asserts that the preimage f �1.B/ is a disjoint union of subsets of the form
G � �X . Qf

�1. zB//. Each one of such subsets is called a G-preimage class of f at B.

Following the observation made before Lemma 2.1, each G-preimage class is a union of ordinary
nonequivariant preimage classes.

The next result follows immediately from the proof of the Lemma 2.2.

Corollary 2.4 Two lifting data pairs , . Qf1; zB1/ and . Qf2; zB2/, define the same G-preimage class of f at B

if and only if
Qf2 D
Qı ı Qf1 ı Q�

�1;

where Qı W zY ! zY is a lifting of the homeomorphism  g W Y ! Y ,  g.y/D g � y, and Q� W zX ! zX is a
lifting of the homeomorphism �g WX !X , �g.x/D g �x, for some g 2G, and Qı. zB1/D zB2.

3 G -Nielsen preimage classes
We now introduce an equivariant analog of the Nielsen equivalence of [5] (see also [7]).

Definition 3.1 Two points x0;x12 f
�1.B/ are said to be G-Nielsen equivalent, denoted by x0 �G x1, if

(i) x0 D g �x1 for some g 2G or

(ii) there exists a path 
 in X from x0 to g � x1 and a path ˇ in B from f .x0/ to f .g � x1/ such that
f ı 
 � ˇ relative to the endpoints, for some g 2G.

The above relation splits f �1.B/ into equivalence classes, the so-called G-Nielsen preimage classes
of f at B.

In nonequivariant preimage theory, two points x0;x1 2 f
�1.B/ are said to be Nielsen related with

respect to the subset B, x0 � x1, if there exists a path 
 in X from x0 to x1 and a path ˇ in B from
f .x0/ to f .x1/ such that f ı 
 � ˇ relative to the end points (see [5, Definition 1.2]). Consequently, we
have that x0;x1 2 f

�1.B/ are G-Nielsen equivalent if and only if x0 and g �x1 are Nielsen equivalent
(in the sense of standard preimage theory), for some g 2G. Analogously to [21, Theorem 2.1, page 32],
one can show that two points x0;x1 2 f

�1.B/ are Nielsen equivalent with respect to the subset B if
and only if there is a lifting data pair . Qf ; zB/ such that x0;x1 2 �X . Qf

�1. zB//. In other words, the set of
Nielsen preimage classes coincides with the set of nonempty preimage classes.

Furthermore, the same relationship holds for G-Nielsen preimage classes and G-preimage classes:
every G-Nielsen preimage class is a nonempty G-preimage class, as we now show.

Proposition 3.2 Let x0;x1 2 f
�1.B/. Then x0 �G x1 if and only if x0;x1 2G ��X . Qf

�1. zB// for some
lifting data pair . Qf ; zB/.
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Proof Let x0;x1 2 f
�1.B/ be related G-Nielsen preimage points with respect to the subset B. As

we commented, it means that x0 is Nielsen related to g �x1 (in the standard sense of preimage theory),
for some g 2 G. In turn, this is equivalent to the existence of a lifting data pair . Qf ; zB/ such that
x0;g �x1 2 �X . Qf

�1. zB//, as we pointed out above. Therefore, x0;x1 2G � �X . Qf
�1. zB//.

On the other hand, let . Qf ; zB/ be a lifting data pair such that x0;x1 2 G � �X . Qf
�1. zB//. Suppose

that x0 D g0 � z0 and x1 D g1 � z1, where g0;g1 2G and z0; z1 2 �X . Qf
�1. zB//. Since every nonempty

preimage class is a Nielsen preimage class, there exists a path 
 from z0 to z1 such that f ı
 is homotopic,
relative to the endpoints, to a path ˇ in B. Now, consider the path g0
 , defined by t 7! g0 � 
 .t/. This is
a path from x0 D g0 � z0 to g0 � z1 such that f ı .g0
 /D g0.f ı 
 / is homotopic to g0ˇ relative to the
endpoints. Since B is G-invariant, the path g0ˇ also lies in B, implying that x0 �G z1. Consequently,
we obtain x0 �G g1 � z1 D x1, as desired.

3.1 Topological essentiality of a G -Nielsen preimage class

Definition 3.3 Let fft W X ! Y g be a G-homotopy of f0 D f . A preimage point x0 2 f
�1.B/ of f

at B is fftgG-related to a preimage point x1 2 f
�1

1
.B/ of f1 at B, denoted by x0fftgG x1, if x0 is

fftg-related to g �x1, for some g 2G. This means that there exist paths 
 in X from x0 to g �x1 and ˇ
in B from f0.x0/ to f1.g �x1/ such that fft .
 .t//g � ˇ relative to the endpoints.

Similar to the nonequivariant case, the fftgG relation above induces a one-to-one correspondence
between the G-preimage classes of f D f0 and the G-preimage classes of f1, as it is stated below. The
proof is straightforward.

Lemma 3.4 Let fft WX ! Y g be a G-homotopy of f , and let x0 2 f
�1.B/ and x1 2 f

�1
1
.B/ be such

that x0fftgG x1. Let A0 and A1 be the G-preimage classes of f and f1, respectively, such that xi 2Ai ,
i D 0; 1. Then x0

0
2A0 if and only if x0

0
fftgGx1, and x0

1
2A1 if and only if x0fftgGx0

1
.

In other words, the relation x0fftgGx1 induces a correspondence from A0 to A1 under fftg, which is
denoted by A0fftgGA1.

Definition 3.5 A G-Nielsen preimage class of f at B is essential if given any G-homotopy fft WX ! Y g

from f it is fftgG-related to a G-Nielsen preimage class of f1 at B. Otherwise, it is called inessential.
The G-Nielsen preimage number of f at B is defined as the number of essential G-preimage classes; it
is denoted by NG.f IB/. If X is a compact space, then 0�NG.f IB/ <1.

This Nielsen number NG.f;B/ has the usual properties that it is a G-homotopy invariant and is a
lower bound for the number of connected components of the preimages. We have the following.

Proposition 3.6 Given a G-preimage problem f WX !G Y � B,

(1) if f WX ! Y is G-homotopic to h then NG.h;B/DNG.f;B/,

(2) NG.f;B/� �0.f
�1.B//.
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4 Classes of lifting data pairs

Let �X W
zX !X and �Y W

zY ! Y be the universal covering of X and Y , respectively.
Since X is a G-space, each g 2G can be associated to the homeomorphism of X , �g WX !X , given

by �g.x/D g �x. The same for the G-space Y , where we will denote by  g W Y ! Y the homeomorphism
given by  g.y/D g �y.

We will consider the following groups:

�X D f Q̨ 2 Homeo. zX / j �X ı Q̨ D �X g D Cov.�X /;

O�X D fQ�g 2 Homeo. zX / j �X ı Q�g D �g ı �X for some g 2Gg;

zX

�X

��

Q�g
// zX

�X

��

X
�g
// X

Analogously:

�Y D f Q
 2 Homeo. zY / j �Y ı Q
 D �Y g D Cov.�Y /;

O�Y D f
z g 2 Homeo. zY / j �Y ı

z g D  g ı �Y for some g 2Gg;

zY

�Y

��

z g
// zY

�Y

��

Y
 g
// Y

Note that O�X and O�Y are extensions of �X and �Y , respectively. The elements in �X and �Y are the
ones in O�X and O�Y , respectively, that cover the identity IdD �e, where e 2G is the identity.

Remark 4.1 In general, the short exact sequence 1! �X ! O�X !G! 1 does not split so G does not
act on �X unless �X is abelian. Moreover, every g 2G induces a homeomorphism �g WX !X , which
in turn induces an isomorphism �1.X;x0/! �1.X;gx0/ but gx0 need not be the same as x0.

Let

� D f. Qı; Q�/ 2 O�Y � O�X j �Y ı
Qı D  g ı �Y and �X ı Q� D �g ı �X for some g 2Gg:

Definition 4.2 Two lifting data pairs . Qf1; zB1/ and . Qf2; zB2/ are said to be equivalent if there is . Qı; Q�/ 2 �
such that Qf2 D

Qı ı Qf1 ı Q�
�1 and Qı. zB1/D zB2.

Lemma 4.3 Let . Qf1; zB1/ and . Qf2; zB2/ be two lifting data pairs.

(1) If the two pairs are equivalent , then G � �X . Qf
�1

1
. zB1//DG � �X . Qf

�1
2
. zB2//.

(2) If the two pairs are not equivalent , then G � �X . Qf
�1

1
. zB1//\G � �X . Qf

�1
2
. zB2//D¿.
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Proof (1) Since . Qf1; zB1/ and . Qf2; zB2/ are equivalent,

Qf2 D
Qı ı Qf1 ı Q�

�1 and Qı. zB1/D zB2

for some . Qı; Q�/ 2 � , which means that �Y ı
Qı D  g ı �Y and �X ı Q� D �g ı �X for some g 2 G.

Thus,
Qf �1
2 . zB2/D . Qı ı Qf1 ı Q�

�1/�1. Qı. zB1//D Q�. Qf
�1

1 . zB1//:

Therefore,

�X . Qf
�1

2 . zB2//D �X . Q�. Qf
�1

1 . zB1///D �g.�X . Qf
�1

1 . zB1///�G � �X . Qf
�1

1 . zB1//:

By Lemma 2.2, G � �X . Qf
�1

1
. zB1//DG � �X . Qf

�1
2
. zB2//.

(2) Suppose on the contrary that G � �X . Qf
�1

1
. zB1//\G � �X . Qf

�1
2
. zB2// contains a point x0. Then, by

following the proof of Lemma 2.2, there is . Qı; Q�/2� such that Qı. zB1/D zB2 and Qf2D
Qıı Qf1ı Q�

�1.

Next, we define the so-called G-Reidemeister preimage number RG.f;B/ of f at B. Such number
is an upper bound for the number NG.f IB/— the G-Nielsen preimage number of f at B — defined
previously. There are two possible approaches: either by using universal covering or by using Hopf
covering. First, we use the universal covering to define RG.f;B/.

4.1 G -Reidemeister preimage number via universal covering

Once and for all, let us fix a lifting data pair . Qf ; zB/ of f at B. Note that given an arbitrary data pair
. Qf1; zB1/,

Qf �1
1 . zB1/D .˛ ı Qf /

�1. zB/

for some ˛ 2 Cov.�Y /. Thus,

f �1.B/D
[

˛2Cov.�Y /

G � �X ..˛ ı Qf /
�1. zB//

and, from what was shown before, given ˛; ˇ 2 Cov.�Y /,

G � �X ..˛ ı Qf /
�1. zB//DG � �X ..ˇ ı Qf /

�1. zB//

if and only if there is . Qı; Q�/ 2 � such that Qı. zB/D zB and ˇ ı Qf D Qı ı .˛ ı Qf / ı Q��1.
If Q̨ 2 �X then Qf ı Q̨ is a lifting of f . Therefore, there exists a unique element Qf�. Q̨ / 2 �Y such that

(4-1) Qf ı Q̨ D Qf�. Q̨ / ı Qf

and, consequently, Qf� W �X ! �Y is a group homomorphism.
Similarly, given Q̨ 2 O�X , there exists a unique element ˆ. Q̨ / 2 O�Y such that

(4-2) Qf ı Q̨ Dˆ. Q̨ / ı Qf :

Therefore, ˆ W O�X ! O�Y is a group homomorphism.
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Let � zB be the subgroup of � given by

� zB D f.
Qı; Q�/ 2 � j Qı. zB/D zBg:

Then � zB acts on �Y via: given ˛ 2 �Y and . Qı; Q�/ 2 � zB ,

. Qı; Q�/ �˛ D Qı ˛ ˆ. Q�/�1
2 �Y :

Such action splits �Y into disjoint orbit sets: given ˛ 2 �Y , the orbit of ˛ is the set

fQı ˛ ˆ. Q�/�1
j . Qı; Q�/ 2 � zBg:

The orbit set, �Y =� zB , will be denoted by RG Œf;B�, its cardinality will be denoted by RG.f;B/, and
we call RG.f;B/ the G-Reidemeister preimage number of f at B.

Theorem 4.4 Let ˛; ˇ 2 Cov.�Y /. Then

G � �X ..˛ ı Qf /
�1. zB//DG � �X ..ˇ ı Qf /

�1. zB//

if and only if

ˇ D . Qı; Q�/ �˛ D Qı ˛ ˆ. Q�/�1 for some . Qı; Q�/ 2 � zB:

Proof Let ˛; ˇ 2 Cov.�Y /. From Lemma 4.3,

G � �X ..˛ ı Qf /
�1. zB//DG � �X ..ˇ ı Qf /

�1. zB//

if and only if .˛ ı Qf ; zB/ and .ˇ ı Qf ; zB/ are equivalent lifting data pairs, which means that

ˇ ı Qf D Qı ı .˛ ı Qf / ı Q��1;

for some . Qı; Q�/ 2 � zB . By the definition of the group homomorphism ˆ W O�X ! O�Y ,

Qf ı Q��1
Dˆ. Q�/�1

ı Qf :

Therefore,

ˇ ı Qf D Qı ı˛ ıˆ. Q�/�1
ı Qf ;

and so

ˇ D Qı ı˛ ıˆ. Q�/�1:

Corollary 4.5 The number of G-preimage classes of f at B is the G-Reidemeister preimage number of
f at B. Therefore , NG.f;B/�RG.f;B/.

Remark 4.6 Theorem 4.4 reduces to the classical (nonequivariant) Reidemeister action in [15] or [16].
The G-action induces an action on �Y � �1.Y / by the group � zB and thus a G-(Reidemeister or Nielsen)
preimage class is a finite union of nonequivariant (Reidemeister or Nielsen) preimage classes.
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5 G -Reidemeister preimage number via Hopf covering

In [20], a Nielsen root theory for G-maps via an equivariant analog of the approach of Brooks using
Hopf lifts was developed. In this section, we will develop the analogous construction to the case of an
equivariant preimage problem, generalizing that of [7] in the nonequivariant case.

The map f WX ! Y induces a homomorphism f] W�1.X /!�1.Y / on fundamental groups, and there
exists a covering � W yY ! Y such that �]�1. yY /D f]�1.X /, so we can lift f through � to Of WX ! yY ,
that is, f D � ı Of . The map Of is called a Hopf lifting of f , and � a Hopf covering for f .

Frolkina [7] proved the following (nonequivariant setting):

Theorem 5.1 [7, Theorem 2] Let . yY ;p/ and Of be a Hopf covering and a Hopf lift for f WX ! Y � B.
Let fftg WX ! Y be a homotopy from f0 D f to f1 and f Oftg WX ! yY its lift such that Of0 D

Of . Then:

(1) Two preimage points x0;x1 2 f
�1.B/ are Nielsen equivalent if and only if the points Of .x0/ and

Of .x1/ lie in the same path component of the set p�1.B/.

(2) Nielsen classes of f WX ! Y � B are precisely nonempty sets of the form Of �1.C /, where C is a
path component of the set p�1.B/.

(3) A point x0 2 f
�1

0
.B/ is fftg-related to a point x1 2 f

�1
1
.B/ if and only if the points Of0.x0/; Of1.x1/

are contained in the same path component of the set p�1.B/.

(4) A preimage class A0�f
�1

0
.B/ is fftg-related to a class A1�f

�1
1
.B/ if and only if the sets Of0.A0/

and Of1.A1/ are contained in one path component of the set p�1.B/.

(5) A preimage class A0 � f
�1

0
.B/ is fftg-related to a class A1 � f

�1
1
.B/ if and only if A0 and A1

are 0- and 1-sections of some preimage class of F WX � I ! Y � B, where F.x; t/D ft .x/.

In [20], it was shown that in the setting of f WX ! Y being a G-map, . yY ; �/ a Hopf covering of f
and Of a Hopf lifting of f , there is an action of G on yY under which Of W X ! yY and � W yY ! Y are
G-maps, among other properties, as we recall below.

Denote by D.�/D fı 2 Homeo. yY / j �ı D �g the group of deck transformations of �. Let

�G. yY /D f Og 2 Homeo. yY / j � Og D g� for some g 2Gg;

where g can be regarded as a homeomorphism of Y (previously, we denoted such homeomorphism
by  g). Now, there is a short exact sequence

1! D.�/ i,�! �G. yY /
p
�!G! 1

where i is the inclusion and p. Og/D g is the projection (the projection is well defined because the action
of G on Y is supposed to be effective).

The map f induces a group homomorphism ' WG! �G. yY / as follows. Pick a point x0 2X , and let
Of .x0/ 2 yY . There is a unique lift '.g/ of g such that

'.g/ Of .x0/D Of .gx0/:
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Now, Of g; '.g/ Of W X ! yY are both liftings of the same map fg D gf W X ! Y , and they agree at x0.
Therefore, Of g D '.g/ Of . The map ' defined under such construction depends on f , � and Of .

Lemma 5.2 [20, Lemma 3.6] The map ' WG! �G. yY / is a group homomorphism and is a section to p,
i.e., p ı' D 1G . In particular , �G. yY /D D.�/Ì G.

Remark 5.3 When � is a regular cover, we have D.�/D �1.Y /=f].�1.X /.

Lemma 5.4 [20, Lemma 3.7] The maps Of WX ! yY and � W yY ! Y are equivariant maps.

Theorem 5.5 [20, Theorem 3.8] If f 0 WX ! Y is G-homotopic to f , then they induce the same action
on the Hopf covering space yY of Y .

Consider the restriction of the G-action on yY given by ' on the set ��1.B/. Since � is equivariant and
B is G-invariant, ��1.B/ becomes a G-set.

We now prove an equivariant analog of Theorem 5.1.

Theorem 5.6 Let . yY ; �/ and Of be a Hopf covering and a Hopf lift for f WX!G Y �B. Let fftg WX!Y

be a G-homotopy from f0 D f to f1 and f Oftg WX ! yY its lift such that Of0 D
Of . Then:

(1) Two preimage points x0;x1 2 f
�1.B/ are G-Nielsen equivalent if and only if the points Of .x0/,

g � Of .x1/ lie in the same path component of the set ��1.B/, for some g 2G.

(2) The G-Nielsen preimage classes of f WX !G Y � B are precisely the nonempty sets of the form
G � Of �1.C /, where C is a path component of the set ��1.B/; and a class G � Of �1.C / is essential if
and only if Of �1

1
.C /¤¿ for any G-homotopy f Oftg beginning at Of0 D

Of .

(3) A point x0 2 f
�1

0
.B/ is fftgG-related to a point x1 2 f

�1
1
.B/ if and only if Of0.x0/ and g � Of1.x1/

are contained in the same path component of the set ��1.B/, for some g 2G.

(4) A G-preimage class A0 � f
�1

0
.B/ is fftgG-related to a class A1 � f

�1
1
.B/ if and only if the sets

Of0.A0/ and g � Of1.A1/ are contained in one path component of the set ��1.B/.

(5) A G-preimage class A0 � f
�1

0
.B/ is fftgG-related to a G-preimage class A1 � f

�1
1
.B/ if and only

if A0 and A1 are the 0- and 1-sections of some G-preimage class of F WX � I !G Y � B, where
F.x; t/D ft .x/, and the action of G on X � I is given by g � .x; t/D .g �x; t/.

Proof Similar to [7, Theorem 2], one can note that .3/D) .1/D) .2/ and .3/D) .4/D) .5/. So, it is
sufficient to prove .3/.

By definition, a point x0 2 f
�1

0
.B/ is fftgG-related to a point x1 2 f

�1
1
.B/ if and only if x0 is

fftg-related to g �x1, for some g 2G, which is, by Theorem 5.1, equivalent to Of .x0/ and Of .g �x1/ lying
in the same path component of ��1.B/. Since Of .g �x1/D g � Of .x1/, the result follows.

Consider the commutative diagram
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zX

�X

��

Qf
// zY

�yY

��

zX

Qg
>>

Qf
//

�X

��

zY

�yY

��

ˆ. Qg/
??

yY

�

��

yY

�

��

'.g/

??

X
f

//

Of

::

Y

X
f

//

Of

::

g
==

Y

g

>>

where g W X ! X denotes the homeomorphism x 7! g � x, g W Y ! Y denotes the homeomorphism
y 7! g � y, and Of W X ! yY is a Hopf lifting of f and Qf W zX ! zY is a lifting of Of with respect to
the universal coverings �X W

zX ! X and �Y D � ı � yY W
zY ! Y , where � yY W

zY ! yY is a universal
covering of yY . Let yB be a path component of ��1.B/ and zB a path component of ��1

yY
. yB/, so zB is a

path component of ��1
Y
.B/. Then:

(1) The G-preimage classes are of the form fG � . Ǫ Of /�1. yB/g where yB is a path component of ��1.B/

and Ǫ 2 D.�/. Indeed, from Theorem 5.6(2), the G-Nielsen preimage classes of f WX !G Y � B are
precisely the nonempty sets of the form G � Of �1.C /, where C is a path component of ��1.B/; fix base
points b0 2 B, Ob0 2

yB and c0 2 C such that Ob0; c0 2 �
�1.b0/. Let Ǫ 2 D.�/ be such that Ǫ . Ob0/ D c0.

Thus, Ǫ . yB/D C . Therefore, . Ǫ Of /�1. yB/D Of �1. Ǫ�1. yB//D Of �1.C /. For a general G-preimage class
(eventually an empty one), we have the following.

(2) Suppose Q̨ 2 �Y covers Ǫ and zB covers yB. Then

G � . Ǫ Of /�1. yB/DG � �X . Q̨ Qf /
�1. zB/:

In fact, let x D �X . Qx/, with Qx 2 . Q̨ Qf /�1. zB/ be arbitrary. Then

Ǫ Of .x/D Ǫ Of .�X . Qx//D Ǫ � yY
Qf . Qx/D � yY Q̨

Qf . Qx/ 2 yB since Q̨ Qf . Qx/ 2 zB:

Therefore,
G � �X . Q̨ Qf /

�1. zB/�G � . Ǫ Of /�1. yB/:

On the other hand, let x 2 . Ǫ Of /�1. yB/ be arbitrary. And let Q̨ 2 �Y be an arbitrary element such that
� yY Q̨ D Ǫ � yY , i.e., Q̨ covers Ǫ . Let Qx 2 zX be such that �X . Qx/D x. Therefore,

� yY . Q̨
Qf . Qx//D Ǫ� yY

Qf . Qx/D Ǫ Of �X . Qx/D Ǫ Of .x/ 2 yB;
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so Q̨ Qf . Qx/ 2 ��1
yY
. yB/. Let C be the path component of ��1

yY
. yB/ such that Q̨ Qf . Qx/ 2 C . Then x 2

�X .. Q̨ Qf /
�1.C //. Let Qb 2 zB be such that � yY .

Qb/D Ǫ Of .x/ and let ˇ 2D.� yY / be the unique element such
that ˇ. Q̨ Qf . Qx//D Qb. Then ˇ Q̨ 2 �Y , ˇ Q̨ covers Ǫ , and x 2G � �X ..ˇ Q̨ / Qf /

�1. zB/.
Therefore,

G � . Ǫ Of /�1. yB/D
[

Q̨ covers Ǫ , Q̨. zB/D yB

G � �X . Q̨ Qf /
�1. zB/:

With the above equality established, we conclude the following:

(a) If G � . Ǫ Of /�1. yB/D¿ then G � �X . Q̨ Qf /
�1. zB/D¿, for any Q̨ 2 �Y that covers Ǫ and Q̨ . zB/D yB.

(b) If G � �X . Q̨ Qf /
�1. zB/¤¿ then

G � �X . Q̨ Qf /
�1. zB/DG � . Ǫ Of /�1. yB/

because, in this case, both G � �X . Q̨ Qf /
�1. zB/ and G � . Ǫ Of /�1. yB/ are G-Nielsen preimage classes

and G � �X . Q̨ Qf /
�1. zB/�G � . Ǫ Of /�1. yB/.

(c) If G � �X . Q̨ Qf /
�1. zB/ ¤ ¿ for some Q̨ 2 �Y that covers Ǫ , then G � �X . Q̌ Qf /

�1. zB/ ¤ ¿ for any
Q̌ 2�Y that covers Ǫ . Indeed, suppose xD �X . Qx/, with Qx 2 . Q̨ Qf /�1. zB/. Let Q̌ 2�Y be any element

that covers Ǫ . Then � yY .
Q̌ Qf . Qx// D � yY . Q̨

Qf . Qx// 2 yB, i.e., Q̌ Qf . Qx/ 2 ��1
yY
. yB/, but not necessarily

Q̌ Qf . Qx/2 zB. Anyway, let b0D
Q̌ Qf . Qx/ and b1D Q̨

Qf . Qx/2 zB. Let 
 W I! zY be a path with 
 .0/D b0

and 
 .1/D b1. Then � yY ı
 is a loop in yY with base point ObD Ǫ Of .x/. Therefore, �.� yY 
 / is a loop
in Y with base point �. Ob/D f .x/. Since �].�1.Y //D f].�1.X //, there is a loop � W I !X with
base point x such that f� � �.� yY 
 / rel f0; 1g. Let Q� W I ! zX be a lifting of � such that Q�.0/D Qx.
Now,

�� yY .
Q̌ Qf Q�/D �� yY

Qf Q�D f �X Q�D f� � �� yY 
:

Since Q̌ Qf Q�.0/D Q̌ Qf . Qx/D 
 .0/, it follows from [17, Lemma 3.3, page 152] that

Q̌ Qf Q�.1/D 
 .1/D b1 2
zB:

Therefore, . Q̌ Qf /�1. zB/¤¿.

(d) From the above items (a)–(c), it follows that if Q̨ 2 �Y covers Ǫ and zB covers yB then

G � . Ǫ Of /�1. yB/DG � �X . Q̨ Qf /
�1. zB/:

(3) Moreover, G � . Ǫ Of /�1. yB/DG � . Ǒ Of /�1. yB/ if and only if

(5-1) Ǒ D Oı Ǫ'.g/�1

for some Oı 2 �G. yY /, Oı. yB/D yB and g 2G such that Oı covers g.
Let �h D f

Oı D . Oı0;g/ 2 �G. Oy/ j Oı covers g and Oı. yB/D yBg.

Algebraic & Geometric Topology, Volume 26 (2026)



1542 Thaís F M Monis and Peter Wong

Definition 5.7 Equation (5-1) defines a (Hopf–Reidemeister) action of �h on D.�/. We define the
equivariant G-Hopf–Reidemeister number RG;h.f;B/ to be the cardinality of the set of orbits of the
action Ǫ 7! Oı Ǫ'.g/�1 given by (5-1). Furthermore, by Theorem 5.6, NG.f;B/�RG;h.f;B/.

From the previous section, we have defined RG.f;B/. Next, we will relate these two Reidemeister
numbers by showing that RG;h.f;B/�RG.f;B/.

Note that for any homeomorphism � W zY ! zY that belongs to O�Y , i.e.,

.� ı � yY / ı � D g � .� ı � yY / for some element g 2G;

there is a unique homeomorphism O� W yY ! yY that � covers it (also, O� belongs to �G. yY /). In fact, let
Qy0 2
zY be a base point and let Oy0 D � yY . Qy0/. Then

� � yY �. Qy0/D g � � � yY . Qy0/D g � �. Oy0/D �.g � Oy0/:

Therefore, there is a unique element ı 2 D.�/ such that

ı .� yY �. Qy0//D g � Oy0:

Let O� W yY ! yY be given by O�.y/D ı�1.g �y/. Then:

(a) O� belongs to �G. yY /:

� O�.y/D � ı�1.g �y/D �.g �y/D g � �.y/:

(b) � covers O�: Let ˇ W zY ! zY be the unique lifting of O� such that

ˇ. Qy0/D �. Qy0/:

It easy to see that ˇ belongs to O�Y and, consequently, ˇ D �.

Now, we let ƒ.Œ˛�/D h Ǫ i where Œ � � denotes the classes using the universal cover and h � i denotes the
classes using Hopf coverings. To see that this is well defined, let Œ˛�D Œˇ�. Thus, ˇ D Qı˛ˆ. Q�/�1. The
corresponding map Ǒ is given by Oı Ǫ'.g/�1. This can be verified using the commutative diagram above.
Also, note that Qı. zB/D zB. Since � yY

Qı D Oı� yY , it follows that Oı. yB/D yB where yB D � yY .
zB/. We have just

shown that ƒ W Œ � �! h � i is surjective.

Now we have:

Proposition 5.8 NG.f;B/�RG;h.f;B/�RG.f;B/.

Remark 5.9 It should be pointed out that both RG.f;B/ and RG;h.f;B/ are well defined and independent
of the lifts Qf and Of or the Hopf covering yY . Moreover, when B D fag is a singleton where a 2 Y G , our
equivariant Nielsen preimage theory reduces to that of [20]. The equivariant Reidemeister root number
defined in [20] using Hopf liftings coincides with RG;h.f;B/ for B D fag.
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Given a G-space Z, we say that Z is G-connected if for any subgroup H , ZH is connected. If G is a
finite group and f WX ! Y is a G-map between two G-connected spaces then for each subgroup H �G,
f H WX H ! Y H is a WH -map between WH -spaces X H and Y H , where f H is the restriction of f
on the fixed point set X H and WH DNH=H is the Weyl group of H in G where NH is the normalizer
of H in G. Thus, for each H � G, the previous sections will yield the invariants NW H .f

H ;BH /,
RW H .f

H ;BH / and RW H ;h.f
H ;BH /.

6 Application to Nielsen Borsuk–Ulam theory

In recent years, a theory called the “Nielsen Borsuk–Ulam theory” has been developed (see [2; 3; 19]).
This theory is not only to consider the question of the existence of Borsuk–Ulam type coincidences but
also to study the minimum number of such coincidences using methods inspired by Nielsen theory for
fixed points and coincidences. In what follows, we will show that this theory is a special case of the
“equivariant preimage theory for G-maps”.

6.1 Borsuk–Ulam property (BUP)

In the literature, several authors have been studying the so-called Borsuk–Ulam property (see, for example,
[8; 9; 10; 11; 13]).

The classical Borsuk–Ulam theorem states that for every continuous function f W Sn ! Rn, there
exists a point z 2 Sn such that f .z/ D f .�z/, where �z is the antipode of z on the sphere Sn. This
result leads to a more general question: given a free involution � on a space X , does every continuous
function f WX ! Y have the property that f .x/D f .�.x// for some x 2X ? If the answer is affirmative,
it is said that the triple .X; �;Y / has the Borsuk–Ulam property or, briefly, BUP. More generally, one can
replace the sphere Sn with a topological space X equipped with a free Zp-action, where p is prime, and
Euclidean space Rn with a topological space Y . In this setup, one possible question is: given f WX ! Y

a continuous function, does there exist x 2X such that f .x/D f .g �x/D f .g2 �x/D � � � D f .gp�1 �x/,
where Zp D hgi? Another way to pose this question is as follows: Let � W X ! X be defined by
�.x/D g � x. Thus, the Zp-action on X is determined by the homeomorphism � , and vice versa. One
can ask if, given a continuous function f W X ! Y , the set of coincidences among the multiple maps
f; f ı �; : : : ; f ı �p�1,

Coin.f; f ı �; f ı �2; : : : ; f ı �p�1/D fx 2X j f .x/D f .�.x//D � � � D f .�p�1.x//g;

is nonempty. When the answer is positive for every continuous function from X to Y , we will say that
the triple .X; �;Y / has the Borsuk–Ulam property (briefly, BUP). Also, a homotopy class ˇ 2 ŒX;Y � is
said to have the BUP with respect to � when for every continuous function f WX ! Y representing ˇ,
there exists a point x 2X such that f .x/D f .�.x//D � � � D f .�p�1.x//.

The problem of determining the BUP for a triple .X; �;Y / can be translated into an equivariant context
as follows: let X be a topological space equipped with a free Zp-action, and let Y be a topological space.
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As before, let � W X ! X be defined by �p.x/D x. Consider the Zp-action on Yp determined by the
homeomorphism � 0 W Yp! Yp given by

� 0.y1;y2; : : : ;yp/D .y2;y3; : : : ;yp;y1/:

Let �p.Y / D f.y1; : : : ;yp/ 2 Yp j y1 D y2 D � � � D ypg be the diagonal in Yp. Note that this
construction produces two types of isotropy subgroups: if y 2 Yp n�p.Y /, then the isotropy subgroup of
Zp at y is Id; if y 2�p.Y /, then the isotropy subgroup of Zp at y is Zp.

There is a bijection between the set of continuous functions from X to Y and the set of equivariant
maps from X to Yp: given a continuous function f WX ! Y , define 'f WX ! Yp as

'f .x/D .f .x/; f .�.x//; : : : ; f .�
p�1.x///:

Thus, the following diagram commutes:

X
�
//

'f

��

X

'f

��

Yp � 0
// Yp

In other words, 'f is equivariant. On the other hand, if g WX!Yp , g.x/D .g1.x/;g2.x/; : : : ;gp.x//,
is an equivariant map, then 'g1

D g.
Note that, under this bijection, given a continuous function f WX ! Y , there exists x 2X such that

f .x/D f .�.x//D � � � D f .�p�1.x// if and only if '�1
f
.�p.Y //¤¿.

Furthermore, fftg is a homotopy between f0 and f1 if and only if f'ft
g is a Zp-homotopy between 'f0

and 'f1
where 'ft

.x/D .ft .x/; ft .�x/; : : : ; ft .�
p�1x//. Thus two continuous functions f; f 0 WX ! Y

are homotopic if and only if 'f and 'f 0 are Zp-homotopic. Also,

Coin.f; f ı �; : : : ; f ı �p�1/D '�1
f .�p.Y //:

Therefore, the study of the set of Borsuk–Ulam type coincidences, Coin.f; f ı �; : : : ; f ı �p�1/, is
equivalent to the study of the Zp-preimage problem for 'f at �p.Y /.

Because of the above observation, we will use the following nomenclature and notation: given X a
Zp-space and f WX ! Y a continuous map, a Zp-Nielsen preimage class for 'f WX !Zp

Yp ��p.Y /

will be called a Borsuk–Ulam class of f (compare with [19]), NZp
.'f I�p.Y // will be denoted by

NBU.f /, RZp
.'f ; �p.Y // by RBU.f / and RZp;h.'f ; �p.Y // by RBU;h.f /.

6.2 Borsuk–Ulam coincidences as a Zp-preimage problem

As before, let X and Y be connected, locally pathwise-connected and semilocally simply connected
spaces. Suppose X is a free Zp-space and let � WX !X be the homeomorphism given by �.x/D g �x,
where Zp D hgi. Given a continuous function f W X ! Y , a point x 2 X such that f .x/D f .� i.x//,
i D 1; : : : ;p� 1, will be referred as a Borsuk–Ulam type coincidence for .f; �/.
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On the cartesian product Yp , consider the Zp-action determined by the homeomorphism � 0 W Yp! Yp

given by
� 0.y1;y2; : : : ;yp/D .y2;y3; : : : ;yp;y1/

and let B D �p.Y / D f.y1; : : : ;yp/ 2 Yp j y1 D y2 D � � � D ypg be the thin diagonal in Yp. As we
pointed above, B is invariant with respect to � 0. Also, the map 'f WX ! Yp given by

'f .x/D .f .x/; f .�.x//; : : : ; f .�
p�1.x///

is a Zp-equivariant map.
Let �X W

zX !X and �Y W
zY ! Y be universal coverings of X and Y , respectively. Then

�D �Y � � � � � �Y W
zY p
! Yp

is a universal covering of Yp.

Proposition 6.1 Let zB be the path component of ��1.�p.Y // that contains the thin diagonal �p. zY /.
Then zB D�p. zY /.

Proof Let zB be the path component of ��1.�p.Y // that contains the thin diagonal �p. zY /. Let
. Qy1; : : : ; Qyp/ 2 zB be an arbitrary point and consider � W I ! zB a continuous path from . Qy; : : : ; Qy/ to
. Qy1; : : : ; Qyp/. Let �.t/D .�1.t/; : : : ; �p.t//. Since zB � ��1.�p.Y //,

�.�.t//D .�Y .�1.t//; : : : ; �Y .�p.t/// 2�p.Y / for all t 2 I;

that is,
�Y .�1.t//D �Y .�2.t// for all t 2 I:

Since �1.0/D � � � D �p.0/D Qy, it follows that �1.1/D � � � D �p.1/, that is, Qy1 D � � � D Qyp.
Hence, zB ��p. zY /. Therefore, zB D�p. zY /.

In the special case of p D 2, one can show that

O�Y �Y D �Y �Y Ì Z2:

Indeed, consider the covering Q� 0 W zY � zY ! zY � zY of � 0 given by

Q� 0. Qy1; Qy2/D . Qy2; Qy1/:

Then the short exact sequence

1 �! �Y �Y ,�! O�Y �Y
proj
��! Z2 �! 1

splits

1 �Y �Y O�Y �Y Z2 1
proj

s

where s W Z2! O�Y �Y is the homomorphism such that s.N1/D Q� 0.
Therefore, O�Y �Y D �Y �Y Ì Z2.

Algebraic & Geometric Topology, Volume 26 (2026)



1546 Thaís F M Monis and Peter Wong

Remark 6.2 The equivariant Nielsen theory developed in this paper can also be applied to the Nielsen
Borsuk–Ulam setting even when the Zp-action is not free. Furthermore, one can develop a Nielsen
Borsuk–Ulam type theory for an arbitrary finite group G and arbitrary G-invariant subspace B. For
instance, G can be taken to be the symmetric group and B to be the fat diagonal. Such a Borsuk–Ulam
problem has already been studied in [12]. The applications to these various Borsuk–Ulam type settings
will be further developed in a forthcoming work.

6.3 Maps to a topological group

In [9] and [19], the authors considered self-maps of the torus. We now give a different proof of some of
their results.

Proposition 6.3 Let f W T 2 ! T 2 be a continuous function and � W T 2 ! T 2 a free involution on
the 2-torus T 2. If � is an orientation preserving map then all Borsuk–Ulam classes of f (with respect
to � ) are inessential. Consequently, NBU.f / D 0, which gives the existence of f 0 � f such that
Coin.f 0; f 0 ı �/D 0; that means , ˇ D Œf � does not have the BUP.

Proof Let F be an essential Borsuk–Ulam class of f . Thus, F is a finite disjoint union of ordinary
coincidence classes of f and f ı � . From the classical coincidence theory, the ordinary coincidence
classes of f and f ı� have the same coincidence index. Since � is orientation-preserving, it follows from
[3, Definition 2.5] that the BU-index of F has the same sign as that of an ordinary coincidence class. This
implies that either NBU.f /D 0 when ind.f IF /D 0, or equivalently the Lefschetz coincidence number
L.f; f ı �/D 0, or all BU-classes are essential, or equivalently when ind.f IF /¤ 0. Denote by Af and
A� the matrices associated to the map f and to the map � , respectively. Then L.f; f ı �/D 0 if and
only if det.Af �AfA� /D det Af � det.I �A� / vanishes. Since � is orientation-preserving, it follows
from [9] that � is equivalent to a map that lifts to the map �1 WR

2!R2 given by .x;y/ 7! .xC 1=2;y/.
Thus, we conclude that det.I �A� /D 0.

Corollary 6.4 Let � W T 2 ! T 2 be a free involution that preserves orientation. If ˇ 2 ŒT 2;T 2� is a
homotopy class then ˇ does not have the Borsuk–Ulam property with respect to � .

Proof Let f W T 2! T 2 be an arbitrary self-map on the 2-torus. Therefore, from Proposition 6.3, there
is f 0 � f such that f 0 has no Borsuk–Ulam coincidences. Hence, for any homotopy class ˇ 2 ŒT 2;T 2�,
ˇ does not have BUP with respect to � .

The above result was already proved in [9, Theorem 1] and in [19, Theorem 4.1] using different
techniques.

We end this paper with the following slight generalization of the setting of self-maps of the torus. Let
X be a closed connected manifold with a free involution � and f WX !K a map where K is a compact
connected topological group. The inversion � W K! K given by �.k/ D k�1 is an involution on K.
Define 'f WX !K by

'f .x/D f .�.x// � Œf .x/�
�1
D f .�.x// ��.f .x//:
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Then

(6-1) 'f .�.x//D f .�
2.x// ��.f .�.x//D f .x/ � Œf .�.x//��1

D Œf .�.x// � Œf .x/��1��1
D �.'f .x//:

It follows that 'f is a Z2-equivariant map where Z2 Š h�i Š h�i. Moreover, f is homotopic to f 0 if
and only if 'f is Z2-homotopic to 'f 0 . Now,

C.f; f �/D fx 2X j f .x/D f �.x/g D '�1
f .e/;

where e 2K is the unit element of the group K. Thus, we are in the equivariant root problem as in [20].
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Homotopy commutativity in quasitoric manifolds

SHO HASUI, DAISUKE KISHIMOTO, YICHEN TONG AND MITSUNOBU TSUTAYA

We prove that the loop space of a quasitoric manifold is homotopy commutative if and only if the
underlying polytope is a product of 3-simplices .�3/n and the characteristic matrix is equivalent to a
matrix of certain type. Quasitoric manifolds over .�3/n include generalized Bott manifolds, and we also
construct an infinite family of homotopy nonequivalent generalized Bott manifolds over .�3/n, only half
of them have homotopy commutative loop spaces. In particular, for each n� 2, there are infinitely many
homotopy types of 6n-dimensional quasitoric manifolds having homotopy (non)commutative loop spaces.

1 Introduction

Quasitoric manifolds were introduced by Davis and Januszkiewicz [8] as a topological counterpart of
smooth projective toric varieties. By definition, a quasitoric manifold is a closed manifold of dimension 2n

equipped with a locally standard action of T n such that the orbit space M=T n is isomorphic to an
n-dimensional simple polytope as a manifold with corners. Recall that every toric variety is constructed
from a fan, a combinatorial object. There is a similar combinatorial construction of quasitoric manifolds,
each of which is equivalent (in a precise sense defined in Section 2) to that associated to a simple
polytope P and a certain characteristic matrix over P . Here, we remark that our equivalences of quasitoric
manifolds are weaker than those in [8] as they respect a fixed isomorphism M=T nŠP while ours do not.

It is well known that properties of a toric variety are described in terms of the corresponding fan,
which exhibits a fascinating connection between algebraic geometry and combinatorics. Then it may be
possible to describe topological properties of a quasitoric manifold in terms of the underlying simple
polytope and the characteristic matrix, which also exhibits a fascinating connection between topology
and combinatorics. There are examples of such descriptions for quasitoric manifolds, cohomology and
Chern classes as in [8].

The understanding of a given space goes often through the study of its loop space. A first question is
then whether or not it is commutative, up to homotopy. In this paper, we study the homotopy commutativity
of the loop space of a quasitoric manifold. See [1; 2; 9; 10; 14; 15; 16; 19; 25] for other results on the
loop spaces of quasitoric manifolds and related spaces. Complex projective spaces are special quasitoric
manifolds, and the homotopy commutativity of their loop spaces were determined by Ganea [13]. The
first result completely determines whether or not the loop space of any quasitoric manifold is homotopy
commutative in terms of the underlying simple polytope and the characteristic matrix. Let �n and En

denote the n-simplex and the n-dimensional identity matrix.
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Theorem 1.1 The loop space of a quasitoric manifold over a simple polytope P is homotopy commutative
if and only if P D .�3/n and the characteristic matrix is equivalent to

(1-1)

0BBBBB@
E3 a11 a12 a13 a1n

a21 E3 a22 a23 a2n

a31 a32 E3 a33 a3n
:::

:::
:::

: : :
:::

an1 an2 an3 E3 ann

1CCCCCA
for aij 2 Z3 such that

(1-2) aii D
t.1; 1; 1/ and .1; 1; 1/aij � 0 mod 2 .i ¤ j /;

where the facets of .�3/n are ordered as in Section 4.

Remarks on Theorem 1.1 are in order. First, equivalences of characteristic matrices will be defined in
Section 2. Second, the loop spaces of quasitoric manifolds over a common simple polytope have the same
homotopy type. Then Theorem 1.1 may indicate that there are quasitoric manifolds whose loop spaces are
homotopy equivalent but not H-equivalent, which is verified by Theorem 1.2 below. Third, we can further
consider the higher homotopy commutativity of the loop space of a quasitoric manifold if it is homotopy
commutative. Actually, by looking at the cohomology of a quasitoric manifold, we can find a nontrivial
quadruple higher Whitehead product if its loop space is homotopy commutative. Then if the loop space
of a quasitoric manifold is homotopy commutative, it is not a C4-space in the sense of Williams [24], so
it is not very highly homotopy commutative. Fourth, every characteristic matrix over .�3/n is equivalent
to the matrix (1-1) satisfying the first condition of (1-2) (Lemma 4.1). Then the second condition of (1-2)
guarantees that the loop space of a quasitoric manifold over .�3/n is homotopy commutative. On the
other hand, CPn is a quasitoric manifold over �n, and in particular, a characteristic matrix of CP3 is

(1-3) B D

0@1 0 0 1

0 1 0 1

0 0 1 1

1A:
Then Theorem 1.1 recovers Ganea’s result [13] that the loop space of CPn is homotopy commutative if
and only if nD 3, where CPn is a quasitoric manifold over �n. Thus Theorem 1.1 can be thought of as
an extension of Ganea’s result. See [20; 21] for other extensions of Ganea’s result.

As mentioned above, every characteristic matrix over �3 is equivalent to (1-3), so every quasitoric
manifold over �3 is equivalent to CP3 (see [8, Example 1.18]). However, in general, it is quite hard to
describe all characteristic matrices over a given simple polytope, and this is the case for .�3/n with n� 2

as in [7]. Then one cannot immediately see how many nonequivalent quasitoric manifolds over .�3/n

for n� 2 there are, whose loop spaces are (not) homotopy commutative. For each n� 2, we construct
an infinite family of homotopy nonequivalent quasitoric manifolds over .�3/n, only half of them have
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homotopy commutative loop spaces. Let B be as in (1-3), and let

N D

0@0 0 0 1

0 0 0 0

0 0 0 0

1A:
For k > 0 and n� 2, we define a 3n�4n matrix

B.k; n/D

0BBBBB@
B kN

B kN
: : :

: : :

B kN

B

1CCCCCA:

The matrix B.k; n/ is a characteristic matrix over .�3/n, so we get the corresponding quasitoric mani-
fold M.k; n/ over .�3/n. Note that M.k; n/ is defined only for n� 2 and a positive integer k. Observe
that Theorem 1.1 shows that the loop space of M.k; n/ is homotopy commutative if and only if k is
even. The second result concerns the homotopy types of M.k; n/, which implies that for each n � 2,
there are infinitely many homotopy types of 6n-dimensional quasitoric manifolds having homotopy
(non)commutative loop spaces.

Theorem 1.2 The quasitoric manifolds M.k; n/ and M.l; n/ are not homotopy equivalent for k ¤ l .

Remarks on Theorem 1.2 are in order. First, the quasitoric manifold M.k; n/ is a so-called generalized
Bott manifold, that is, M.k; n/ is obtained by iterated “nice” CP3-bundles starting from a point. Second,
we will actually prove that M.k; n/ satisfies cohomological rigidity; M.k; n/ and M.l; n/ are equivalent
if and only if their integral cohomology are isomorphic. Third, if Mi is a quasitoric manifold over Pi for
i D 1; : : : ; n, then M1 � � � � �Mn is a quasitoric manifold over P1 � � � � �Pn. Hence one can construct
a quasitoric manifold over .�3/n from quasitoric manifolds over .�3/m for m< n. However, M.k; n/

is not equivalent to a product of nontrivial quasitoric manifolds (Proposition 4.4), so it is an “atomic”
quasitoric manifold over .�3/n.

The paper is organized as follows. In Section 2, we recall the basics of quasitoric manifolds, and show
a loop space decomposition of quasitoric manifolds. Then by using this decomposition, we deduce that
the loop space of a quasitoric manifold is homotopy commutative only if the underlying simple polytope
is a product of �3. In Section 3, we extend the method of Barrat, James and Stein [4] for computing
Whitehead products. In Section 4, we prove Theorem 1.1 by applying the results in Sections 2 and 3. We
also prove Theorem 1.2 by a direct cohomology computation.

2 Loop space decomposition
In this section, we recall the basic properties of quasitoric manifolds, and show a loop space decomposition
of a quasitoric manifold. Then by applying this decomposition, we prove that the loop space of a quasitoric
manifold is not homotopy commutative unless its underlying simple polytope is .�3/n.

Algebraic & Geometric Topology, Volume 26 (2026)
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First, we define characteristic matrices over a simple polytope and equivalences among them. Let P

be an n-dimensional convex polytope. A codimension one face of P will be called a facet. We say that P

is simple if exactly n facets of P meet at each vertex. For example, simplices are simple polytopes,
and a product of simple polytopes is a simple polytope. Suppose that P is simple and has m facets
F1; : : : ;Fm. A characteristic matrix over P is an integer matrix .a1 � � � am/ for a1; : : : ; am 2 Zn such
that det.ai1

� � � ain
/D˙1 whenever Fi1

\� � �\Fin
¤¿ for i1 < � � �< in. Since an automorphism of P as

a combinatorial polytope permutes facets, it acts on characteristic matrices over P by column permutation.
We define that characteristic matrices A and B over P are equivalent if

(2-1) AD ˛ � .QBD/

for Q 2 GLn.Z/, a diagonal matrix D with diagonal entries ˙1 and an automorphism ˛ of P .
Next, we recall the construction of a quasitoric manifold using a moment-angle complex. Let K be

a simplicial complex with vertex set Œm� D f1; 2; : : : ;mg, where an ordering of vertices is given. The
moment-angle complex for K is defined by

ZK D

[
�2K

Z.�/;

where Z.�/ D X1 � � � � � Xm such that Xi D D2 for i 2 � and Xi D S1 for i 62 � . Note that the
m-dimensional torus T m acts naturally on ZK . We will use the following obvious property of a moment-
angle complex. For ¿¤ I � Œm�, let

KI D f� 2K j � � Ig:

Lemma 2.1 For ¿¤ I � Œm�, ZKI
is a retract of ZK .

Proof We can identify ZKI
with the subspace

f.x1; : : : ;xm/ 2ZK j xi is the basepoint for i 2 Ig

of ZK .

Let P be an n-dimensional simple polytope with m facets. Let K.P / denote the boundary of the dual
simplicial polytope of P . Then K.P / is an .n�1/-dimensional simplicial sphere with m vertices. Let
A be a characteristic matrix over P . Then the kernel of the linear map A W Zm ! Zn defines a split
subtorus T .A/ of dimension m� n which acts freely on ZK.P/. Let

M.A/DZK.P/=T .A/:

By [8], we have:

Proposition 2.2 The orbit space M.A/ is a quasitoric manifold over P such that every quasitoric manifold
over P is equivalent to M.A/ for some characteristic matrix A over P .
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Let M and N be quasitoric manifolds of dimension 2n. A map f WM !N is weakly equivariant if
there is an automorphism � W T n! T n such that

f .tx/D �.t/f .x/

for t 2T n and x2M . We say that M and N are equivalent if there is a weakly equivariant homeomorphism
between them. Note that if M and N are equivalent, their underlying simple polytopes are isomorphic.
Then equivalent quasitoric manifolds are essentially the same. As remarked in Section 1, our equivalences
of quasitoric manifolds are weaker than those in [8] as Davis and Januszkiewicz demand equivalences
to preserve an extra structure, a fixed isomorphism between M=T n and a simple polytope. By [8], we
also have:

Proposition 2.3 The quasitoric manifolds M.A1/ and M.A2/ over P are equivalent if and only if the
characteristic matrices A1 and A2 are equivalent as in (2-1).

Now we prove a loop decomposition of a quasitoric manifold.

Proposition 2.4 Let M be a quasitoric manifold over an n-dimensional simple polytope P with m facets.
Then there is a homotopy equivalence

�M ' T m�n
��ZK.P/:

Proof By Proposition 2.2, there is a homotopy fibration ZK.P/!M!BT m�n, so we get an H-fibration

�ZK.P/!�M ! T m�n:

By [6, Theorem 3.4.7], ZK.P/ is 2-connected, so �ZK.P/ is simply connected. Then the map �M !

T m�n has a section, implying the above H-fibration splits.

We record an obvious fact about homotopy commutativity.

Lemma 2.5 Let X , Y be H-groups , and let f WX ! Y be an H-map. If X is not homotopy commutative
and f has a left homotopy inverse , then Y is not homotopy commutative.

Proof Let g WY !X be a left homotopy inverse of f . If Y is homotopy commutative, then by definition,
the Samelson product hf; f i is trivial, implying a contradiction

0¤ h1X ; 1X i D g ıf ı h1X ; 1X i D g ı hf; f i D 0:

Now we consider conditions on the underlying polytope of a quasitoric manifold M that guarantee�M

is not homotopy commutative. Let K be a simplicial complex. We say that a nonempty subset I of the
vertex set of K is a minimal nonface of K if I is not a simplex of K and all proper subsets of I are
simplices of K. Equivalently, KI D @�

jI j�1.

Lemma 2.6 Let P be a simple polytope. If K.P / has a minimal nonface of cardinality 2, 3 or � 5, then
the loop space of a quasitoric manifold over P is not homotopy commutative.
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Proof By Proposition 2.4 and Lemma 2.5, it suffices to show �ZK.P/ is not homotopy commutative.
Let I be a minimal nonface of K.P / of cardinality k. Then ZK.P/I D Z@�k�1 D S2k�1, so by
Lemma 2.1, S2k�1 is a retract of ZK.P/. By [3], the Whitehead product Œ1S2k�1 ; 1S2k�1 � is nontrivial
for k D 3 and k � 5, so by the adjointness of Whitehead products and Samelson products [22], �S2k�1

is not homotopy commutative for k D 3 and k � 5. Thus by Proposition 2.4 and Lemma 2.5, �ZK.P/ is
not homotopy commutative either.

Now we suppose k D 2. Let M be a quasitoric manifold over P . Since S3 is a retract of ZK.P/,
H 3.ZK.P/IQ/ has a basis fu1; : : : ;ulg for some l � 1. By Proposition 2.2, there is a homotopy fibration

ZK.P/!M ! BT m�n;

where m is the number of facets of P and nD dim P . By [6, Theorem 3.4.7], ZK.P/ is 2-connected, so
in the Serre spectral sequence of the above homotopy fibration, each ui is transgressive. Moreover, by
[8, Proposition 3.10], H�.M IQ/ is generated by elements of degree two, so the transgression images of
u1; : : : ;ul are linearly independent. Then we get

H�.M IQ/DQŒt1; : : : ; tm�n�=.q1; : : : ; ql/; jti j D 2;

for � � 5, where qi is the transgression image of ui . This readily implies that the minimal Sullivan model
for M is given by

.QŒt1; : : : ; tm�n�˝ƒ.x1; : : : ;xl/; d/; dti D 0; dxi D qi ;

in dimension � 4. Since jqi j D 4, qi is a quadratic polynomial in t1; : : : ; tm�n. Thus by Proposition 13.16
of [11], M has nontrivial Whitehead product, implying �M is not homotopy commutative.

Lemma 2.7 Let P be a simple polytope. If K.P / has intersecting distinct minimal nonfaces , then the
loop space of a quasitoric manifold over P is not homotopy commutative.

Proof Let I1, I2 be minimal nonfaces of K.P / with I1 ¤ I2 and I1\ I2 ¤¿. Let jI1\ I2j D j > 0

and jIk j D ik C j for k D 1; 2. Then for k D 1; 2,

ZK.P/Ik
D S2.ikCj/�1:

Let �k WZK.P/Ik
!ZK.P/I1[I2

be the inclusion, and let vk be a generator of H 2.ikCj/�1.ZK.P/Ik
/ŠZ.

Then by Lemma 2.1, there is uk 2H 2.ikCj/�1.ZK.P/I1[I2
/ satisfying ��

k
.uk/D vk for k D 1; 2. Now

we assume that the Whitehead product Œ�1; �2� is trivial. Then there is a homotopy commutative diagram

ZK.P/I1
_ZK.P/I2

�1C�2 //

��

ZK.P/I1[I2

ZK.P/I1
�ZK.P/I2

�
// ZK.P/I1[I2
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Hence ��.u1/D v1 � 1 and ��.u2/D 1� v2, so

��.u1u2/D �
�.u1/�

�.u2/D v1 � v2 ¤ 0:

Thus we get u1u2¤ 0. On the other hand, since K.P /I1[I2
has at least two minimal nonfaces, it is not a

full simplex, implying dim ZK.P/I1[I2
� 2.i1C i2C j /� 1. Then

ju1u2j D 2.i1C i2C j /� 2C 2j > 2.i1C i2C j /� 1� dim ZK.P/I1[I2

as j > 0, so we get u1u2 D 0, a contradiction. Thus the Whitehead product Œ�1; �2� is nontrivial, so
�ZK.P/I1[I2

is not homotopy commutative. Therefore by Lemma 2.5, �ZK.P/ is not homotopy
commutative too.

Now we are ready to prove:

Proposition 2.8 Let M be a quasitoric manifold over a simple polytope P . If the loop space of M is
homotopy commutative , then P D .�3/n.

Proof Suppose �M is homotopy commutative. Then by Lemmas 2.6 and 2.7, minimal nonfaces
of K.P / are of cardinality 4 and pairwise disjoint. Then

K.P /D @�3 ? � � �? @�3„ ƒ‚ …
n

?�l

for some l � �1, where ��1 D f¿g. Since K.P / is a simplicial sphere, we have l D�1, so

K.P /D @�3 ? � � �? @�3„ ƒ‚ …
n

:

Thus we obtain P D .�3/n, as stated.

We further consider a condition equivalent to the loop space of a quasitoric manifold over .�3/n being
homotopy commutative. As in the proof of Proposition 2.8, if P D .�3/n, then K.P / is the join of n

copies of @�3, implying
ZK.P/ D .S

7/n:

Let M be a quasitoric manifold over .�3/n. Then by Proposition 2.4, there is a homotopy equivalence

�M ' .S1/n � .�S7/n;

which is not necessarily an H-equivalence. For i D 1; : : : ; n, let ai W S
1!�M and bi W S

6!�M be
the composite maps

S1 gi
�! .S1/n!�M and S6 E

�!�S7 gi
�! .�S7/n!�M;

where gi and E denote the i -th inclusion and the suspension map, respectively.

Lemma 2.9 Let M be a quasitoric manifold over .�3/n. The loop space of M is homotopy commutative
if and only if the Samelson products hai ; bj i for i; j D 1; : : : ; n are trivial.
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Proof For i D 1; : : : ; n, let Nbi W�S7!�M denote the composite of the i -th inclusion �S7! .�S7/n

and the natural map .�S7/n!�M . By [18, Proposition 1],�M is homotopy commutative if and only if
the Samelson products hai ; aj i, hai ; Nbj i, h Nbi ; Nbj i for i; j D 1; : : : ; n are trivial. Clearly, hai ; aj i are trivial.
By [13, Lemma 2.1], hai ; Nbj i D 0 if and only if hai ; bj i D 0, and h Nbi ; Nbj i D 0 if and only if hbi ; bj i D 0.
Note that each bi W S

6!�M lifts to a map Qbi W S
6! .�S7/n. Then the Samelson products hbi ; bj i

in �M lift to the Samelson products h Qbi ; Qbj i in .�S7/n. Hence since .�S7/n is homotopy commutative,
h Qbi ; Qbj i are trivial, implying so are hbi ; bj i.

3 Computation of Whitehead products

In this section, we extend the method of Barrat, James, and Stein [4] computing Whitehead products.
The coefficients of cohomology will be the integers Z.

Let X be a simply connected finite complex satisfying a homotopy fibration

(3-1) .S2d�1/n
�
�!X

�
�! .CP1/n

for d � 3 such that

H�.X /D ZŒt1; : : : ; tn�=.q1; : : : ; qn/; jti j D 2; jqi j D 2d;

where for i D 1; : : : ; n, ti corresponds to the fundamental class of the i-th CP1 in .CP1/n and
qi 2 ZŒt1; : : : ; tn� is the transgression image of a generator of H 2d�1.S2d�1/ for the i-th S2d�1

in .S2d�1/n.

Lemma 3.1 The sequence q1; : : : ; qn in ZŒt1; : : : ; tn� is regular.

Proof For any field F , F Œt1; : : : ; tn� is Cohen–Macaulay, and the Krull dimension of H�.X /˝F is zero
as X is a finite complex. Then the sequence q1; : : : ; qn is regular in F Œt1; : : : ; tn� for any field F , so the
sequence q1; : : : ; qn is regular in ZŒt1; : : : ; tn� too, as stated.

We consider the cofiber Y of the map � W .S2d�1/n!X . For i D 1; : : : ; n, let ˇi W S
2d�1!X be

the composite

S2d�1 i-th incl
����! .S2d�1/n

�
�!X:

Then by degree reasons,

(3-2) Y4d�2 DX4d�2[ˇ1
e2d
[ˇ2
� � � [ˇn

e2d ;

where Yk denotes the k-skeleton of Y .

Lemma 3.2 For � � 2d C 3,

H�.Y /D ZŒt1; : : : ; tn�=.tiqj j i; j D 1; : : : ; n/:
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Proof Let ui 2H 2d�1..S2d�1/n/ denote the generator corresponding to the i -th S2d�1 in .S2d�1/n.
By Lemma 3.1, the elements q1; : : : ; qn of ZŒt1; : : : ; tn� are linearly independent, so we may assume

�.ui/D qi

for i D 1; : : : ; n, where � denotes the transgression in the Serre spectral sequence for the homotopy
fibration (3-1), implying

ı.ui/D �
�.qi/

for the connecting map ı W H��1..S2d�1/n/! H�.X; .S2d�1/n/ of the long exact sequence for the
pair .X; .S2d�1/n/ and the map

(3-3) �� WH�..CP1/n/!H�.X; .S2d�1/n/:

By degree reasons, the kernel of the composite

H 2d ..CP1/n/
��

��!H 2d .X; .S2d�1/n/!H 2d .X /

is generated by q1; : : : ; qn. Then the map (3-3) for � D 2d is an isomorphism. Thus since �H�.Y / Š
H�.X; .S2d�1/n/, it follows from (3-2) that the map (3-3) is an isomorphism for 1� � � 2d . On the
other hand, the .2dC2/-dimensional part of the ideal .q1; : : : ; qn/ in ZŒt1; : : : ; tn� is generated by tiqj

for i; j D 1; : : : ; n. Then by (3-2), the proof is finished.

Let x� W Y ! .CP1/n denote an extension of the map � WX ! .CP1/n. Then by [12, Theorem 1.1],
the homotopy fiber of x� WY ! .CP1/n has the homotopy type of the join .S1/n?.S2d�1/n. We consider
the cofiber Y of the fiber inclusion of x� . Let gi WA!An denote the i -th inclusion for i D 1; : : : ; n, and
let 
ij denote the composite

S2dC1
D S1 ?S2d�1 gi?gj

����! .S1/n ? .S2d�1/n
incl
��! Y:

Then the map
n_

i;jD1

gi ?gj W

n_
i;jD1

S2dC1
! .S1/n ? .S2d�1/n

is an inclusion of the .2dC1/-skeleton and has a left homotopy inverse, implying

(3-4) Y 2dC2 D Y2dC2[
11
e2dC2

[
12
� � � [
nn

e2dC2:

Lemma 3.3 For � � 2d C 2,
H�.Y /D ZŒt1; : : : ; tn�:

Proof Since .S1/n?.S2d�1/n is homotopy equivalent to a wedge of spheres, all .2dC3/-cells of Y are
attached to Y2dC2. Then by Lemma 3.2 and (3-4), the .2dC3/-cells of Y do not kill any cohomology class
of Y 2dC2, implying H�.Y /DH�.Y 2dC2/ for �� 2dC2. Now by Lemma 3.1, tiqj for i; j D 1; : : : ; n

are linearly independent in ZŒt1; : : : ; tn�. Then by arguing as in the proof of Lemma 3.2, the statement
is proved.
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Lemma 3.4 The homotopy group �2dC1.Y / is a free abelian group generated by 
ij for i; j D 1; : : : ; n.

Proof The statement follows from the homotopy exact sequence of the homotopy fibration

.S1/n ? .S2d�1/n! Y ! .CP1/n;

where the .2dC1/-skeleton of .S1/n ? .S2d�1/n is described as above.

For i D 1; : : : ; n, let ˛i W S2 ! X be a map whose Hurewicz image is the dual of ti , and let
x̌

i W .D
2d ;S2d�1/! .Y;X / denote the obvious extension of ˇi W S

2d�1!X . Then

ı. x̌i/D ˇi

for the connecting homomorphism ı W��.Y;X /!���1.X /. We consider the relative Whitehead product
Œ˛i ; x̌j � 2 �2dC1.Y;X /. See [5] for the definition. By [5, (3.5)],

ı.Œ˛i ; x̌j �/D�Œ˛i ; ǰ �:

Let x� W .D2dC1;S2d /! .D2d ;S2d�1/ be the obvious extension of the Hopf map � W S2d ! S2d�1.
By [17, Theorem (1.4)] (see [23, (5.8)]), we can compute �2dC1.Y;X / as follows.

For a commutative ring R, let Rfa1; : : : ; akg denote the free R-module with a basis fa1; : : : ; akg.

Lemma 3.5 �2dC1.Y;X /D ZfŒ˛i ; x̌j � j i; j D 1; : : : ; ng˚Z2f
x̌

i ı x� j i D 1; : : : ; ng.

Let ˇ D ˇ1 _ � � � _ ˇn W .S
2d�1/_n! X and x̌ D x̌1 _ � � � _ x̌n W ..D2d /_n; .S2d�1/_n/! .Y;X /.

Let � W .A;�/! .A;B/ and � WA!A=B denote the inclusion and the pinch map, respectively. There is
a commutative diagram

(3-5)

�2dC1..D
2d /_n; .S2d�1/_n/

ı

Š
//

x̌
�

��

�2d ..S
2d�1/_n/

ˇ�
��

�2dC1.Y /
�� //

��
��

�2dC1.Y;X /
ı //

��
��

�2d .X /

�2dC1.Y=X / �2dC1.Y=X /

in which the middle row is exact. By the homotopy exact sequence for the homotopy fibration (3-1), we
can see the map ˇ� is an isomorphism. Then there is �ij 2 �2dC1..D

2d /_n; .S2d�1/_n/ such that

(3-6) ˇ� ı ı.�ij /D�Œ˛i ; ǰ �;

implying
ı.Œ˛i ; x̌j �� x̌�.�ij //D�Œ˛i ; ǰ ��ˇ� ı ı.�ij /D 0:

Hence by Lemma 3.4,

(3-7) Œ˛i ; x̌j �� x̌�.�ij /D ��.�ij /

such that �ij is a linear combination of 
kl 2 �2dC1.Y / for k; l D 1; : : : ; n.
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Lemma 3.6 The Whitehead product Œ˛i ; ǰ � vanishes if and only if ��.�ij /D 0, where � W Y ! Y=X

denotes the pinch map.

Proof Since ˇ� in (3-5) is an isomorphism, it follows from (3-6) that Œ˛i ; ǰ �D 0 if and only if �ij D 0.
By (3-2),

.Y=X /4d�2 D S2d
_ � � � _S2d„ ƒ‚ …

n

;

so �� ı x̌� in (3-5) is an isomorphism. Then �ij D 0 if and only if �� ı x̌�.�ij /D 0. On the other hand,
��.Œ˛i ; x̌j �/D 0 as ��.˛i/D 0, so by (3-7), we get

�� ı x̌�.�ij /C ��.�ij /D ��.Œ˛i ; x̌j �/D 0:

Thus �� ı x̌�.�ij /D 0 if and only if ��.�ij /D 0.

Now we are ready to prove:

Proposition 3.7 The Whitehead products Œ˛i ; ǰ � are trivial for i; j D 1; : : : ; n if and only if Sq2 qk D 0

in Z2Œt1; : : : ; tn� for all k.

Proof By the homotopy fibration (3-1), we can see that �2dC1.X / is a finite group, so the map �� in (3-5)
is injective by Lemma 3.4. In particular, Im �� is a free abelian group. On the other hand, by Lemma 3.5
and (3-7), the subgroup A of �2dC1.Y;X / generated by ��.�ij / for i; j D 1; : : : ; n is a maximal free
abelian subgroup of �2dC1.Y;X /. Then since A� Im ��, we obtain AD Im ��, implying that ��.�ij /D 0

for i; j D 1; : : : ; n if and only if ��.
ij /D 0 for i; j D 1; : : : ; n.
By Lemma 3.2, the .2d/-cells in (3-2) correspond to q1; : : : ; qn, and by (3-2) and (3-4),

.Y =X /2dC2 D .S
2d
_ � � � _S2d„ ƒ‚ …

n

/[��.
11/ e2dC2
[��.
12/ � � � [��.
nn/ e2dC2

such that the .2dC2/-cells may be considered to be corresponding to tiqj for i; j D 1; : : : ; n. Then as
the generator of �2dC1.S

2d / Š Z2 is detected by Sq2, we get that ��.
ij / D 0 if and only if Sq2 qk

does not include the terms tiqj in H�.Y =X IZ2/ for k D 1; : : : ; n. Note that in H�.Y IZ2/, Sq2 qk must
belong to the ideal .q1; : : : ; qn/ and every degree 2d C 2 element of .q1; : : : ; qn/ is a linear combination
of tiqj for i; j D 1; : : : ; n. Then since the natural map H�.Y =X IZ2/! H�.Y IZ2/ is injective for
2d � � � 2d C 2, the above condition on Sq2 qk in H�.Y =X IZ2/ is equivalent to that Sq2 qk D 0 in
H�.Y IZ2/D Z2Œt1; : : : ; tn� (� � 2d C 2) for k D 1; : : : ; n.

4 Quasitoric manifolds over .�3/n

In this section, we prove Theorems 1.1 and 1.2. We fix an ordering of the facets of .�3/n as in [7] to
consider characteristic matrices over .�3/n. Let F1, F2, F3, F4 be the facets of �3, where any choice of
ordering will do by symmetry. Then facets of .�3/n are

Fij D .�
3/i�1

�Fj � .�
3/n�i
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for i D 1; : : : ; n and j D 1; 2; 3; 4. We fix an ordering of facets as

F11;F12;F13;F14;F21;F22;F23;F24; : : : ;Fn1;Fn2;Fn3;Fn4;

where this ordering is used in Theorems 1.1 and 1.2.

Lemma 4.1 Every characteristic matrix over .�3/n is equivalent to a matrix0BBBBB@
E3 a11 a12 a13 a1n

a21 E3 a22 a23 a2n

a31 a32 E3 a33 a3n
:::

:::
:::

: : :
:::

an1 an2 an3 E3 ann

1CCCCCA
for aij 2 Z3 such that aii D

t.1; 1; 1/ for i D 1; : : : ; n.

Proof Let BD .b1
1

b1
2

b1
3

b1
4

b2
1

b2
2

b2
3

b2
4
� � � bn

1
bn

2
bn

3
bn

4
/ be a characteristic matrix over .�3/n,

where bi
j 2 Z3n. Since the facets of .�3/n except for F14;F24; : : : ;Fn4 meet at a vertex, the matrix

QD .b1
1

b1
2

b1
3

b2
1

b2
2

b2
3
� � � bn

1
bn

2
bn

3
/ is invertible, so B is equivalent to

Q�1B D

0BBBBB@
E3 c11 c12 c13 c1n

c21 E3 c22 c23 c2n

c31 c32 E3 c33 c3n
:::

:::
:::
: : :

:::

cn1 an2 cn3 E3 cnn

1CCCCCA
for cij 2Z3. Since the facets of .�3/n except for F14; : : : ;Fi�1;4;Fij ;FiC1;4; : : : ;Fn4 meet at a vertex
for i D 1; : : : ; n and j D 1; 2; 3,

det

0@E3.i�1/

Cij

E3.n�i/

1AD˙1

for i D 1; : : : ; n and j D 1; 2; 3, where Cij is the 3�4 matrix .E3 cii/ with j -th column removed. Then
we get cii D

t.˙1;˙1;˙1/. Since multiplying columns and rows of a characteristic matrix by �1 yields
an equivalent characteristic matrix, we obtain that Q�1B is equivalent to the matrix in the statement.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Propositions 2.2 and 2.8, we only need to consider a quasitoric manifold M.A/

over .�3/n such that A is a characteristic matrix over .�3/n in Lemma 4.1. By [8, Theorem 4.14],

H�.M.A//D ZŒtij j i D 1; : : : ; n; j D 1; 2; 3; 4�=I CJ; jtij j D 2;

where I D .ti1ti2ti3ti4 j i D 1; : : : ; n/ and

J D

�
tij C

nX
kD1

a
j

ik
tk4

ˇ̌̌
i D 1; : : : ; n; j D 1; 2; 3

�
;
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where aik D
t.a1

ik
; a2

ik
; a3

ik
/. So we get

(4-1) H�.M.A//D ZŒt1; : : : ; tn�=.q1; : : : ; qn/; jti j D 2;

such that

qi D ti

3Y
jD1

� nX
kD1

a
j

ik
tk

�
;

where we put ti D ti4. Now

Sq2 qi D

�
ti C

3X
jD1

nX
kD1

a
j

ik
tk

�
qi D

�
.1C a1

ii C a2
ii C a3

ii/ti C
X
k¤i

.a1
ik C a2

ik C a3
ik/tk

�
qi

D

X
k¤i

.a1
ik C a2

ik C a3
ik/tkqi

because aii D
t.1; 1; 1/. Thus by Lemma 3.1 and Proposition 3.7, the Whitehead products Œ˛i ; ǰ � are

trivial for i; j D 1; : : : ; n if and only if .1; 1; 1/aij D a1
ij C a2

ij C a3
ij � 0 mod 2 for all i ¤ j . On the

other hand, by the adjointness of Whitehead products and Samelson products [22], the Whitehead
product Œ˛i ; ǰ � is trivial if and only if the Samelson product hai ; bj i is trivial, where ai and bj are as in
Section 3. Therefore by Lemma 2.9, the proof is finished.

Hereafter, let k be a positive integer. For n� 1, we define a graded algebra

H.k; n/D ZŒt1; : : : ; tn�=.t
4
1 C kt3

1 t2; : : : ; t
4
n�1C kt3

n�1tn; t
4
n /; jti j D 2:

We need the following properties of H.k; n/.

Lemma 4.2 If x 2H.k; n/ satisfies jxj D 2 and x4 D 0, then x D atn for some a 2 Z.

Proof Since jxj D 2, we may put x D a1t1C � � �C antn for integers a1; : : : ; an 2 Z. Note that the set
fti1

ti2
ti3

ti4
j 1� i1 � i2 � i3 � i4 � n; i1 < i4g is a basis of the degree-8 part of H.k; n/. We express x4

as a linear combination of this basis. Then x4 includes the term 6a2
i a2

j t2
i t2

j for i ¤ j , implying aiaj D 0

for i ¤ j . This readily implies x D ai ti for some 1� i � n. On the other hand, t4
i D 0 in H.k; n/ if and

only if i D n.

Lemma 4.3 If connected graded rings A, B have nontrivial elements of degree two , then H.k; n/ is not
isomorphic to A˝B.

Proof We prove the statement by induction on n. For nD 1, the statement holds because the degree-two
part of H.k; 1/ is isomorphic to Z. We assume the nDm case, and prove the nDmC 1 case. Suppose
that there is an isomorphism f WH.k;mC 1/!A˝B. We may put f .tmC1/D aC b for a 2A and
b 2 B, where jaj D jbj D 2. Then

0D f .t4
mC1/D a4

C 4a3bC 6a2b2
C 4ab3

C b4:
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Since H.k;mC 1/ Š A˝B, A and B are isomorphic to polynomial rings in degrees < 8, implying
aD 0 or b D 0. We may assume b D 0. Then f induces an isomorphism

Nf WH.k;mC 1/=.tmC1/! .A=.a//˝B:

Since H.k;mC1/=.tmC1/ŠH.k;m/, it follows from the assumption that A=.a/DZ. So tDf �1. Nf .tm//

and tmC1 are linearly independent in H.k;mC 1/, and t4 D t4
mC1

D 0. This is a contradiction by
Lemma 4.2, and therefore H.k;mC 1/ is not isomorphic to A˝B.

For the rest of the paper, we set n� 2. Let M.k; n/ denote the quasitoric manifold in Theorem 1.2.
Then by (4-1),

(4-2) H�.M.k; n//DH.k; n/:

We remark that M.k; n/ is a generalized Bott manifold such that M.k; nC 1/ is the projectivization of a
complex vector bundle E˚C3!M.k; n/, where E is the complex line bundle with total Chern class
c.E/D 1Ckt1 and C denotes the trivial bundle. We show atomicity of M.k; n/ with respect to products
of quasitoric manifolds.

Proposition 4.4 The quasitoric manifold M.k; n/ is not homotopy equivalent to a product of two
nontrivial quasitoric manifolds.

Proof Let M.k; n/'M �N for nontrivial quasitoric manifolds M , N . Then by the Künneth formula,

H.k; n/ŠH�.M /˝H�.N /:

Thus the statement follows from Lemma 4.3.

Now we start to prove Theorem 1.2. The following lemma is immediate from Lemma 4.2.

Lemma 4.5 Every graded algebra isomorphism f WH.k; n/ Š�!H.l; n/ satisfies

f .tn/D˙tn:

For j D 1; : : : ; n, we define an ideal of H.k; n/ by

Ij .k; n/D .tn�jC1; tn�jC2; : : : ; tn/:

Then we get a sequence
I1.k; n/� I2.k; n/� � � � � In.k; n/:

Lemma 4.6 Every graded algebra isomorphism f WH.k; n/ Š�!H.l; n/ satisfies

f .Ij .k; n//D Ij .l; n/

for j D 1; : : : ; n.

Proof We show f .Ij .k; n// D Ij .l; n/ by induction on j . For j D 1, f .I1.k; n// D I1.l; n/ by
Lemma 4.5. Assume that the statement holds for j D 1; : : : ;p. Then the map f induces an isomorphism

Nf WH.k; n/=Ip.k; n/
Š�!H.l; n/=Ip.l; n/:
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On the other hand, there is a natural isomorphism

H.m; n/=Ip.m; n/ŠH.m; n�p/

for any positive integer m such that I1.m; n�p/ in H.m; n�p/ lifts to IpC1.m; n/ in H.m; n/. By the
induction hypothesis, Nf .I1.k; n�p//� I1.k; n�p/ through the above natural isomorphism. Thus we
get f .IpC1.k; n//D IpC1.l; n/.

Proposition 4.7 H.k; n/ŠH.l; n/ if and only if k D l .

Proof The if part is trivial, and we consider the only if part. First, we consider the nD 2 case. Suppose
there is an isomorphism f WH.k; 2/ Š�!H.l; 2/. By Lemma 4.6,

f .t1/D �1.t1C ct2/ and f .t2/D �2t2

for �1; �2 D˙1 and an integer c, so we get

0D f .t4
1 C kt3

1 t2/D .4c � l C k�1�2/t
3
1 t2C .6c2

C 3k�1�2c/t2
1 t2

2 C .4c3
C 3k�1�2c2/t1t3

2 :

Then since t3
1

t2, t2
1

t2
2

, t1t3
2

are linearly independent in H.l; n/, we obtain

6c2
C 3k�1�2c D 0; 4c3

C 3k�1�2c2
D 0; 4c � l C k�1�2 D 0:

By the first two equations, we get c D 0, so by the third equation, we obtain k D l , as desired.
Next, we consider the n > 2 case. Let H.m/ denote the subalgebra of H.m; n/ generated by tn�1

and tn. Then there is a canonical isomorphism

H.m/ŠH.m; 2/:

Suppose there is an isomorphism f WH.k; n/ Š�!H.l; n/. Then by Lemma 4.6, the map f restricts to
an isomorphism

H.k/ Š�!H.l/:

Thus by the nD 2 case, we get k D l .

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2 The first statement follows from Theorem 1.1, and the second statement follows
from (4-2) and Proposition 4.7.
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Tautological rings of fibrations

NILS PRIGGE

We study the analogue of tautological rings of fibre bundles in the context of fibrations with Poincaré
fibre, i.e., the ring obtained by fibre integrating powers of the fibrewise Euler class. We discuss how
to compute the Euler ring with tools from rational homotopy theory and completely determine the
tautological ring for even spheres, complex projective spaces and some products of odd spheres.

1 Introduction

Let � WE!B be a fibration with fibre X an oriented Poincaré duality space of formal dimension d (see
[35, Chapter 1]), which if X is a simply connected finite CW complex just means that one can choose a
fundamental class ŒX � 2Hd .X IZ/ that induces the Poincaré duality isomorphism for all local coefficient
systems. It is called oriented if the corresponding local coefficient system Hd .X IZ/ is trivial and we
choose an isomorphism Hd .X IZ/ Š Z. In [19, Section 3] the authors construct for such fibrations a
fibrewise Euler class efw.�/ 2H d .EIZ/ which extends the construction for smooth fibre bundles, i.e.,
if X is a closed, oriented manifold and � WE!B is an oriented fibre bundle, then the fibrewise Euler class
agrees with the Euler class of the vertical tangent bundle T�E!E which, if � is a smooth submersion,
is defined as the kernel of the differential of the projection map T�E WD ker.D� W TE! TB/� TE.

Using the fibrewise Euler class we can extend the construction of tautological classes of smooth fibre
bundles [14; 16; 23; 27] to fibrations. Recall that given a smooth, oriented fibre bundle � WE! B with
fibre M a closed manifold and a class c 2H jcj.B SO.d/IQ/, the fibre integral

�c.�/ WD
Z
�
c.T�E/ 2H jcj�d .BIQ/

is a characteristic class of the bundle and the subring R�.�/�H�.BIQ/ generated by all tautological
classes is called the tautological ring.

As we can define fibre integration more generally for oriented fibrations with Poincaré fibre (see
[6, Section 8] and Section 3), we obtain analogous characteristic classes of oriented fibrations � WE!B

with Poincaré fibre by setting

�i.�/ WD �!.e
fw.�/iC1/ 2H i�d .BIZ/;

where �! WH
�.EIZ/!H��d .BIZ/ is another notation for the fibre integration map. In particular, for

the universal oriented X -fibration that classifies oriented X -fibrations [30]

(1-1) X ,!E �
�! BhAutC.X /;
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1566 Nils Prigge

where the base BhAutC.X / is the classifying space of the monoid of orientation-preserving homotopy
self-equivalences hAutC.X /, we can study the subring generated by the tautological classes.

Note that while tautological classes of fibrations can be defined integrally, we only study the tautological
ring rationally due to the limitations of the techniques we use, and from now on we always use rational
coefficients which we omit from the notation.

Definition 1.1 Let X be an oriented Poincaré duality space of formal dimension d . The Euler ring E�.X /

is the subring of H�.BhAutC.X // generated by all tautological classes

(1-2) �i WD �!.e
fw.�/iC1/ 2H i�d .BhAutC.X //;

where efw.�/ 2H d .E/ is the fibrewise Euler class of the universal oriented X -fibration in (1-1).

Unlike the smooth tautological ring, the computation of the Euler ring E�.X / is a purely homotopy-
theoretic problem. The main content of this paper is to work out how one can use the models from
rational homotopy theory for fibrations to compute Euler rings. Specifically, we determine representatives
of the fibre integration maps and fibrewise Euler classes in terms of the algebraic models from rational
homotopy theory. The computation of the Euler ring turns out to be particularly tractable for rationally
elliptic spaces and we determine the Euler ring for two classes of examples.

Theorem A The Euler ring of complex projective space is E�.CPn/ŠQŒ�1; : : : ; �n�1; �nC1�.

Theorem B Let X be either rationally equivalent to S2kC1 � � � � � S2kC1 for k � 1 or a finite CW
complex rationally equivalent to a product of two odd-dimensional simply connected spheres of different
dimension. Then E�.X /DQ.

Some further computations of Euler rings can be found in the author’s thesis [25, Section 4.2]. One
can also extend the definition of the Euler ring for fibrations with extra structure to obtain, for example,
better homotopy-theoretic approximations to the smooth tautological ring [2]. Finally, these techniques
can be used to infer properties about smooth tautological rings [26].

2 Rational homotopy theory of fibrations
The classifying space BhAutC.X / is rarely simply connected even if X is, and therefore we cannot
immediately apply the results from rational homotopy theory. Instead, for a simply connected Poincaré
duality space X we study the universal 1-connected fibration

(2-1) X ,!E �
�! BhAut0.X /;

over the classifying space of the path component of the identity hAut0.X /� hAutC.X / (or equivalently
the induced fibration over the universal covering of BhAutC.X /). Many people have studied rational
models of (2-1) (see [21; 32; 33]) and fibrations in general (see [11; 18]), and we will use these algebraic
models to compute the image of the Euler ring

(2-2) E�0 .X /�H�.BhAut0.X //
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induced by the natural map BhAut0.X /! BhAutC.X /. We discuss in Section 5 how one can in some
cases upgrade the computation of E0.X / to a computation of the full Euler ring E�.X /.

2.1 Rational models of fibrations

In the following, we use standard terminology from rational homotopy theory as discussed in [11]. Due to
different conventions in the literature, we use cohomological grading conventions for cdgas and differential
graded modules and homological grading conventions for dg Lie algebras.

Throughout this paper, we denote a cdga model of a map of connected spaces � WE! B, typically a
fibration with simply connected fibre, by �� W R! S and we also assume, unless stated otherwise, that
cdga models are connected (i.e., R0 D S0 DQ). The following cdga models for fibrations enjoy good
homotopical properties.

Definition 2.1 [11, Section 14] A relative Sullivan algebra is a cdga .R˝ƒV;D/ so that idR˝ 1 W R!
R˝ƒV is a map of cdgas, and V D

L
p�1 V p is a graded vector space with an exhaustive filtration

V .0/�V .1/�� � � of graded subspaces so that Dj1˝V .0/ WV .0/!R and Dj1˝V .k/ WV .k/!R˝ƒV .k�1/.
A relative Sullivan model of a map of cdgas �� W R! S is a relative Sullivan algebra SD .R˝ƒV;D/

together with a quasi-isomorphism S0 '�! S of R-algebras.

By [11, Proposition 14.3] any map �� W R! S of connected cdgas admits a relative Sullivan model
if H.��/ WH 1.R/!H 1.S/ is injective. Since this condition is always satisfied if �� is the model of
a fibration � W E! B with connected fibre, we can always find relative Sullivan models in this case.
Moreover, if either the base or fibre has finite type and �1.B/ acts trivially on the cohomology of the
fibre, then S˝R Q is a Sullivan model of the fibre by [18, Theorem 20.3].

There is a convenient way to obtain relative Sullivan algebras via differential graded Lie algebras. We
follow [2] in our convention (which in turn is based on [33]), in defining Chevalley–Eilenberg complex
of a dg Lie algebra L as the dg coalgebra

CCE.L/D .ƒcsL;D D d1C d2/;

where ƒcsL denotes the cofree, conilpotent, cocommutative coalgebra on the suspension .sL/� DL��1

and the differentials are determined by their corestrictions

d1.sl/D�sdL.l/; d2.sl1 ^ sl2/D .�1/jl1jsŒl1; l2�:

If a dg Lie algebra acts on a cdga A through derivations, then the Chevalley–Eilenberg cochain complex is

CCE.LIA/ WD
�
Hom.CCE.L/;A/; @C t

�
;

where

(2-3)

@.f /D dA ıf � .�1/jf jf ıD;

t.f /.sl1 ^ � � � ^ sln/D

nX
iD1

.�1/jsli j.jf jCjsl1jC���Cjsli�1j/li �f .sl1 ^ � � � ^ �sli ^ � � � ^ sln/;
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and CCE.LIA/ is a cdga via the convolution product. An element f 2 CCE.LIA/ is an n-cochain
if f .sl1 ^ � � � ^ slk/ D 0 unless k D n and we identify 0-cochains with A. Moreover, if A is a
Sullivan algebra then CCE.L;A/ is a relative Sullivan algebra over the Chevalley–Eilenberg cochain
complex CCE.L/ WD CCE.LIQ/ via the map on Chevalley–Eilenberg cochain complexes induced by the
unit � WQ!A.

With these definitions in place, we can describe a cdga model of (2-1). Let X be a simply con-
nected space of finite type and with minimal Sullivan model .ƒV; d/. Consider the dg Lie algebra
.DerC.ƒV /; Œd;��/ of positive-degree derivations, where a derivation � 2 Der.ƒV / has degree n if
it lowers1 the degree by n (additionally, � 2 DerC.ƒV /1 only if Œd; � � D 0). It was first proved by
Sullivan [32] that DerC.ƒV / is a dg Lie model of BhAut0.X /, and one can further describe a model of
(2-1) as follows.

Theorem 2.2 Let X be a 1-connected space of finite type with minimal Sullivan model .ƒV; d/ and unit
� WQ!ƒV . Then

(2-4) C�CE.DerC.ƒV /IQ/
��
�! C�CE.DerC.ƒV /IƒV /

is a relative Sullivan model of the universal oriented 1-connected fibration (2-1).

Remark 2.3 (i) In a previous version of this article we proved this result via a comparison of (2-4)
with Tanré’s model [33] of the universal 1-connected fibration (see also [25]). It has been pointed out to
the author by Andrey Lazarev that instead one can derive this result more directly from [21]. Another
proof is due to Alexander Berglund and is based on rational models for the bar construction in terms of
Chevalley–Eilenberg complexes [1]. The statement of Theorem 2.2 can be found as a special case of
[2, Proposition 3.6] and we refer to these papers for a proof.

(ii) Theorem 2.2 is particularly useful for rationally elliptic spaces because the dg Lie algebra DerC.ƒV /

is finite dimensional in contrast to Tanré’s model which is only of finite type. However, if X is rationally
hyperbolic then DerC.ƒV / is not even of finite type and it seems more feasible to study other models of
(2-1) instead, for example, based on a dg Lie algebra model of the fibre (see, for example, [3; 31]).

(iii) The theory of minimal models in its most general form [18, Theorem 20.3] applies more generally
to give a model for (2-1) for any connected space X of finite type and minimal Sullivan model .ƒV; d/.
It seems plausible to the author that the algebraic tools we develop in subsequent sections generalise
to study the Euler ring E�

0
.X / of nonsimply connected Poincaré duality spaces X . However, minimal

Sullivan models of nonsimply connected spaces are considerably more complicated and the dg Lie algebra
of derivations is intractable for computations, so that we have not worked in this generality.

Example 2.4 Let X D S2n with Sullivan model

An D .ƒ.x;y/; jxj D 2n; jyj D 4n� 1; d D x2
� @=@y/:

1This slightly confusing convention is due to using homological grading conventions for dg Lie algebras and cohomological
grading conventions for cdgas and can be avoided if one sticks to just one.
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Then DerC.An/ is 3-dimensional with basis �2n�1 WD x � @=@y, �2n WD @=@x and �4n�1 WD @=@y and
differential Œd; �2n�D�2�2n�1. Hence, the inclusion of the abelian Lie algebra with trivial differential
g WD Qf�4n�1g ,! DerC.An/ is a quasi-isomorphism of dg Lie algebras and we get a cdga quasi-
isomorphism C�CE.DerC.An/IQ/!C�CE.gIQ/D .ƒz4n; d D 0/ as well as with coefficients in An. Thus,
the cdga model of the universal 1-connected S2n-fibration in Theorem 2.2 is equivalent to

.ƒ.z4n/; d D 0/! .ƒ.z4n/˝ƒ.x;y/;D.x/D 0;D.y/D x2
C z4n/;

where z4n is the 1-cochain dual to s�4n�1.

3 Fibre integration in rational homotopy theory

Before we discuss rational models for fibre integration, we recall the definition suitable for oriented
fibrations as a special case of the following construction: Let � WE! B be a fibration with fibre X and
H�.X /D 0 for �> d and H d .X / nontrivial. Given a �1.B/-module homomorphism � WHd .X /!Q,
we can define �-integration as the composition

(3-1) �! WH
�.E/� E��d;d

1 �E
��d;d
2

DH��d .BIHd .X //
H .�/
���!H��d .B/;

where we project H�.E/ onto the d-th row of the E1-page of the Serre spectral sequence, which is
possible since H�.X /D 0 for �> d , and E

��d;d
1 �E

��d;d
2

as there are no differentials into this row.
Note that because the cohomological Serre spectral sequence is compatible with cup product, there is a

push-pull identity

(3-2) �!.�
�.x/ ^ y/D x ^�!.y/

for x 2H�.B/ and y 2H�.E/, and thus �! is a H�.B/-module map.

Definition 3.1 Let � WE! B be an orientable fibration with Poincaré fibre X of formal dimension d

and let "X WH d .X /!Q be an orientation of X . Then

�! WD ."X /! WH
�.E/!H��d .B/

is called fibre integration of � WE! B.

3.1 Chain level fibre integration

In the main result of this section we show that there exists a chain level representative of fibre integration.
More precisely, given a relative Sullivan model SD .R˝ƒV;D/ of an oriented fibration � W E! B

with Poincaré fibre X , there exists a R-module homomorphism … W S! R of degree �d which is unique
up to homotopy and induces fibre integration on cohomology. This is most conveniently expressed in
terms of differential Ext groups.

Let R be a connected cdga and M , N a differential graded R-modules. Then R-module homomorphisms
HomR.M;N / is a R-module with differential D.f / WD dNf �.�1/jf jfdM . Recall from [11, Section 7]
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that M is a semifree R-module if there is an exhaustive filtration M.0/�M.1/� � � � �M so that M.0/

and M.k/=M.k � 1/ are free R-modules for all k � 1. A semifree resolution of a R-module M is a
semifree R-module M 0 with a quasi-isomorphism M 0 '�!M and we denote by M ˝L

R N the derived
tensor product of two R-modules given by M 0˝R N for some semifree resolution M . Following [12],
the differential Ext groups for R-modules M , N are defined as

(3-3) ExtR.M;N / WDH.HomR.M
0;N //

for a semifree resolution M 0 '�!M .

Proposition 3.2 Let � W E ! B be a fibration with connected base and total space and 1-connected
fibre X . Assume that �1.B/ acts trivially on H�.X / and that H�.X / is of finite type and nontrivial in
degree d and vanishes for �> d . Let �� W R! S be a cdga model of � . Then the augmentation induces
an isomorphism

(3-4) Ext�d
R .S;R/ Š�! Ext�d

Q .S˝L
R Q;Q/Š Hom.H d .X /;Q/;

and given � 2 Hom.H d .X /;Q/ the chain level representative Œˆ� 2 Ext�d
R .S;R/ induces �-integration.

Remark 3.3 Proposition 3.2 generalises [13, Theorem A] where they identify fibre integration as elements
in differential Ext groups for fibrations over Poincaré duality spaces and for pullbacks from such fibrations.
Moreover, fibre integration can be identified rationally as a map of parametrised suspension spectra
�! W†

1
B

BC!†1�d
B

EC, and by [12, Theorem 1.1] the set of homotopy classes of such maps is given
by differential Ext groups which is consistent with our result.

Proof Let S0 '�! S be a relative Sullivan model. Then Ext�.S;R/ D H�.HomR.S0;R// since S0 is a
semifree resolution by [11, Lemma 14.1]. We consider the exhaustive filtration of HomR.S0;R/ given by
FpDHomR.S0;R�p/. According to [5, Theorem 9.3] the corresponding spectral sequence is conditionally
convergent to the completion

lim
 ��
p

HomR.S0;R/=HomR.S0;R�p/Š lim
 ��
p

HomR.S0;R=R�p/

Š HomR.S0; lim
 ��
p

R=R�p/

Š HomR.S0;R/;

where we have used that S0 is a projective R-module for the first isomorphism. The E1-page is
H.HomR.S0;Q// ˝ Bp. By the assumption on the fibration it follows from [18] that the Sullivan
fibre S0˝R QD .ƒV; d/ is a cdga model of X . Hence, we have that the E1-page can be simplified as
E

p;q
1
D H q..ƒV /_/˝Rp Š Homq.H�.X /;Q/˝Rp. Since �1.B/ acts trivially, the differential on

the E1-page is given by id˝ dR WE
p;q
1
!E

pC1;q
1

(if R was simply connected this follows for degree
reasons but in general it follows from the fact the cdga model of the universal 1-connected X -fibration in
Theorem 2.2 has a simply connected base and by assumption the relative Sullivan model is obtained by
base change along a map CCE.DerC.ƒV //! R). Hence the E2-page is E

p;q
2
DH p.R/˝H q..ƒV /_/.
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In particular, the spectral sequence vanishes for q <�d . Since the gradings are such that the differentials
are dr WE

p;q
r !EpCr;q�rC1, there are only finitely many nontrivial differentials. This implies that the

derived E1-page is zero and so by [5, Theorem 7.1] the spectral sequence converges strongly,

E
p;q
2
DH p.R/˝H q..ƒV /_/ŠH p.B/˝Homq.H�.X /;Q/)H.HomR.S0;R//;

and we can recover H.HomR.S0;R// from the entries of the E1-page. The only contribution with total
degree �d comes from E

0;�d
1 ŠE

0;�d
2
ŠHom.H d .X /;Q/ which proves the first part of the statement.

It remains to show that for �DH d .ˆ˝RQ/ WH d .ƒV; d/!Q the induced �-integration map coincides
with H.ˆ/ WH�.S0/!H�.R/. First, we note that S0 D .R˝ƒV;D/ has a filtration Fp D R�p˝ƒV

and that the corresponding spectral sequence converges as E
p;q
2
D H p.R/˝H q.ƒV /) H pCq.S0/.

In fact, R also has an analogous filtration Gp D R�p with only nontrivial differential on the E1-page.
Then ˆ induces a map between these two filtrations and the map on E2-pages is precisely �-integration
defined using this spectral sequence. As we have defined �-integration using the Serre spectral sequence,
it remains to show that this spectral sequence is isomorphic to the Serre spectral sequence. Grivel has
shown in [17] that the above filtration gives rise to the Serre spectral sequence if the base is simply
connected, and this has been generalised by Halperin [18] if �1.B/ acts nilpotently on the cohomology
of the fibre. More precisely, it follows from the proof of [17, Theorem 6.4], respectively [18, Section 20],
that the comparison map of R! S0 with APL.B/!APL.E/ is compatible with Dress’ construction of
the Serre spectral sequence [10] and induces an isomorphism on the E2-pages.

We can use Proposition 3.2 to build a representative of fibre integration for an oriented fibration
� WE!B and oriented Poincaré fibre .X; "X /: Consider a relative Sullivan model �� WR! .R˝ƒV;D/.
Pick a chain level representative " of the orientation "X 2H�d .Hom.ƒV;Q// of X . By Proposition 3.2
there is a cycle … 2 Hom�d .S0;R/ unique up to chain homotopy that satisfies

(3-5) ….1˝�/D "X .�/ 2 R0
DQ

for all � 2 .ƒV /d and that induces fibre integration on cohomology

�! WH
�.EIQ/ŠH�.S0/ H .…/

���!H��d .R/ŠH��d .BIQ/:

We demonstrate this technique in the following example.

Example 3.4 Recall the relative Sullivan model of the universal 1-connected fibration for an even-
dimensional sphere X D S2n as discussed in Example 2.4. We choose as orientation "X W An ! Q

the homomorphism determined by "X .x/D 1. For degree reasons ….yxk/D 0 and since … has to be
a chain map we have 0 D ….D.yxk// D ….xkC2C z4nxk/. This determines a ƒ.z4n/-module map
… W .ƒ.z4n;x;y/;D/! .ƒ.z4n/; d D 0/ by

….yxk/D 0 and ….xn/D

�
0; nD 2k;

.�1/kzk
4n
; nD 2kC 1;

which is a chain map by construction and induces fibre integration on cohomology as it satisfies (3-5).
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4 The fibrewise Euler class

The definition of the fibrewise Euler class in [19, Definition 3.1.1] uses constructions in the category
of parametrised spectra. And while there has been a lot of progress to adapt the tools from rational
homotopy theory to the context of parametrised stable homotopy theory [7; 8], there is a simpler way to
define the fibrewise Euler class with rational coefficients so that we can avoid discussing the category of
parametrised spectra and their rational models altogether.

We begin by describing a special case of the definition of the fibrewise Euler class. Consider an
oriented fibration � WE! B with fibre X so that both X and B are oriented Poincaré duality spaces of
dimensions d and b, respectively. Then the total space is also an oriented Poincaré duality space [15],
and we can define the Umkehr map of the fibrewise diagonal � WE!E �B E by

(4-1) �! WH
�.E/

DE

Š
�!HbCd��.E/

��
�!HbCd��.E �B E/

D�1
E�BE

Š
����!H�Cd .E �B E/;

where DE and DE�BE denote the Poincaré duality isomorphisms. It is shown in [19, Section 3] that the
fibrewise Euler class of � WE! B agrees with

(4-2) efw.�/D��.�!.1// 2H d .E/:

This is sufficient to define the fibrewise Euler class with rational coefficients, because for any space X the
rational homology groups are isomorphic to rationalised stable framed bordism H�.X IQ/Š�sfr

� .X /˝Q,
and so we can determine a rational cohomology class by defining its evaluation on framed bordism classes.
Hence, denoting by E the total space of the universal 1-connected fibration (2-1), given a stably framed
bordism class Œf W M d ! E; �� 2 �sfr

d
.E/ ˝ Q, we can consider the pullback of the X -fibration

p1 W E �BhAut0.X / E ! E along f . The pullback � W f �.E �BhAut0.X / E/ ! M has a section s

via the diagonal, and we can associate to it an Euler class ef via (4-2). Then the fibrewise Euler class
efw.�/2H d .EIQ/ agrees with the class defined by the pairing hefw.�/; Œf WM!E; ��iDhs�.ef /; ŒM �i

since the construction in [19] coincides with (4-2) if the base is a Poincaré duality space.

4.1 A cocycle representative via rational homotopy theory

The idea to obtain cocycle representatives of the fibrewise Euler class is simply to construct a chain level
representative of the Umkehr map �! W H

�.E/! H�Cd .E �B E/ in terms of the algebraic models.
In the following, we denote by QŒn� the graded vector space with Q in degree n and for an R-module M

define M Œn� WDM ˝QŒn�.

Proposition 4.1 Let R ! S be a relative Sullivan model of an oriented fibration � W E ! B with
connected base and total space and simply connected Poincaré fibre X of formal dimension d . Let "X be
the orientation and … 2 Hom�d

R .S;R/ be a cocycle representative of fibre integration. Then the map

… W SŒ�d �! HomR.S;R/; e 7! .e0 7! .�1/dCd �jej….e � e0//;

is a quasi-isomorphism of R-modules.
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Proof It is a simple check that … defines a R-module homomorphism. By assumption, SD .R˝ƒV;D/

is a relative Sullivan algebra and thus has a filtration which induces the Serre spectral sequence as
discussed in the proof of Proposition 3.2. In the same proof we have described a filtration of HomR.S;R/
which strongly converges because there is a horizontal vanishing line. The map … is compatible with the
two filtrations and induces a map of the associated spectral sequences. The induced map on the E2-page
is given by

E
p;q
2
DH p.R/˝H q.ƒV; d/

Id˝N"X
���!H p.R/˝Hom.H q�d .ƒV /;Q/;

where N"X WH q.ƒV /!Hom.H d�q.ƒV /;Q/ is the adjoint of H q.ƒV /˝H d�q.ƒV /
[
�!H d .ƒV /

"X
�!Q.

Since .H�.X IQ/; "X / is an oriented Poincaré duality algebra,… induces an isomorphism of E2-pages.

This enables us to define an algebraic Umkehr map as follows. Let R! S be a relative Sullivan model
of � WE! B and … W S! R a chain level representative of fibre integration. Then S˝R S is a Sullivan
model of E�B E, the multiplication � W S˝R S! S is a model of the fibrewise diagonal� WE!E�B E

and …˝… W S˝R S! R˝R RD R is a chain level representative of fibre integration for E�B E. Since
S is R-semifree, we can find a lift of R-modules

(4-3)
S0Œ�d � S0˝R S0Œ�2d �

HomR.S0;R/ HomR0.S0˝R S0;R/

'…

�!

'…˝…

��

which is unique up to homotopy and therefore obtain a well-defined class

(4-4) Œ�.�!.1/� 2H d .S/:

Proposition 4.2 Let � WE! B be an oriented fibration with connected base and total space and simply
connected Poincaré fibre X of formal dimension d so that �1.B/ acts trivially on H�.X /. If R! S
is a relative Sullivan model and �! W S! S˝R S an Umkehr map as in (4-3), then �.�!.1// 2 Sd is a
representative of the fibrewise Euler class efw.�/ 2H d .E/.

Proof We first observe that the definition of the class in (4-4) is natural with respect to pullbacks: For
a map f W B0! B with cdga model � W R! R0, a model of the pullback � W f �E! B0 is given by
R0˝R S and a model on the map of total spaces is given by sending ˆ.s/D 1˝ s 2 R0˝R S for s 2 S by
[18, Section 20.6]. It follows from Proposition 3.2 that a cocycle representative of fibre integration is
given by R0˝R… W R0˝R S! R0˝R RŠ R0 and therefore R0˝B �! is a model of the Umkehr map so
that (4-4) in this case is given by Œ1˝�.�!.1//�Dˆ

�
�.�!.1//

�
2 R0˝R S.

Hence, it suffices to prove that (4-4) coincides with the class defined in (4-2) for fibrations where the
base space is a Poincaré duality space (or even just for closed, stably framed manifolds). So let us assume
that the base space is a closed manifold B or more generally a Poincaré duality space. Then B!� is
a fibration with Poincaré fibre and we can apply the results of the previous section to get a chain level
representative of fibre integration map…B 2HomQ.R;Q/ corresponding to evaluating a fundamental class.
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Suppose R! S is a Sullivan model of the fibration and let…2HomR.S;R/ be a model of fibre integration
of � . Then .ŒB�\ -/ı�! WH

bCd .E/!H b.B/!Q is an orientation of the Poincaré algebra H�.EIQ/

itself and therefore …B ı… 2 HomQ.S;Q/ is a cocycle representative. Define …E WD…B ı… so that

HomR.S;R/ SŒ�d � HomQ.S/;Q/

.…B/�

'

…

'

…E

is a commuting diagram, where .…B/�f D…B ı f for f 2 HomR.S;R/. We can choose chain level
representatives of fibre integration of E�B E!B and E�B E!� as …˝… W S˝R S! R˝R RŠ R
and …E�BE WD…B ı .…˝…/ by the same arguments as above. We therefore have a diagram

SŒ�d � S˝R SŒ�2d �

HomR.S;R/ HomR.S˝R S;R/

HomQ.S;Q/ HomQ.S˝R S;Q/

'…E

�!

… '

…E�BE'

…˝…'

��

.…B/� .…B/�

��

where the dashed maps denote the Umkehr map from (4-3). The upper square commutes up to homotopy by
construction and therefore so does the outer square by commutativity of the lower square. This shows that
�! is a cochain level representative of the Gysin map and thus Œ�.�!.1//� 2H d .S/ agrees with (4-2).

4.2 The fibrewise Euler class of Leray–Hirsch fibrations

In the case of fibrations � WE! B with oriented Poincaré fibre .X; "X / which are Leray–Hirsch, i.e.,
where the restriction map H�.E/! H�.X / is surjective, the definition of fibre integration and the
fibrewise Euler class can be simplified significantly. Surjectivity of the restriction map implies that
H�.E/ is a free H�.B/-module, and we may denote by 1; e1; : : : ; ek 2H�.E/ a H�.B/-basis of the
cohomology of E that restricts to a basis 1;x1 D i�.e1/; : : : ;xk D i�.ek/ 2H�.X / of the fibre. If X is
a Poincaré complex of formal dimension d , we can order the basis such that jek j D d and all other jei j

have lower degree. Since fibre integration is a H�.B/-module map. It suffices to determine �! on a basis
and for degree reasons �!.ei/D 0 for i < k. If we set �!.ek/D "X .xk/ this restricts to the orientation on
the fibre hence determines fibre integration as

(4-5) �!

� kP
iD0

bi � ei

�
D "X .xk/ � bk

for bi 2H�.B/. Since the fibre is Poincaré, the (fibrewise) intersection pairing

(4-6) h-; -i WH�.E/˝H �.B/H�.E/
�!.-[-/
����!H�.B/

is nondegenerate. This enables us to mimic the construction of the Euler class as the dual of the fibrewise
diagonal.
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Proposition 4.3 [27] Let � WE! B be an oriented fibration with Poincaré fibre which is Leray–Hirsch.
Let e0; : : : ; ek 2H�.E/ be an H�.B/-module basis and denote by e#

0
; : : : ; e#

k
2H�.E/ the dual basis

under the nondegenerate pairing (4-6). Then the fibrewise Euler class is

(4-7) efw.�/D

kX
iD0

.�1/jei jeie
#
i 2H d .EIQ/:

Example 4.4 Let X DS2n be an even-dimensional sphere and recall the cdga model and fibre integration
from the Examples 2.4 and 3.4. Then 1 and x are a H�.BhAut0.S2n/IQ/-basis of the cohomology of the
total space that restricts to a basis of H�.S2n/ on the fibre, i.e., the fibration is Leray–Hirsch. Note that
the formula for fibre integration in (4-5) gives the same result as our construction of … in Example 3.4.
We can apply the above proposition to find a representative of the fibrewise Euler class. The dual basis
with respect to the pairing induced by �! DH.…/ is x# D 1 and 1# D x (since �!.x � 1

#/D �!.x
2/D 0),

and we find that the fibrewise Euler class is represented by efw.�/D 2x.

4.3 Fibrations with positively rationally elliptic fibre

A simply connected space X is called rationally elliptic if both dim H.X IQ/ and dim�.X /˝Q are
finite-dimensional vector spaces. If moreover �.X / > 0 then X is called positively rationally elliptic.
Algebraic models for (positively) elliptic spaces are quite rigid. For example, one can show that any
positively rationally elliptic space satisfies rational Poincaré duality. The main result in this section is a
simple, closed formula for the fibrewise Euler class of a fibration with positively rationally elliptic fibre.

The minimal Sullivan model of a rationally elliptic space ƒD .ƒV; d/ is free on a finite-dimensional
vector space V . Hence, the dg Lie algebra model DerC.ƒ/ for BhAut0.X / is finite dimensional which
makes the study of fibrations with rationally elliptic fibres tractable via Theorem 2.2. Moreover, a famous
conjecture due to Halperin states that any fibration with positively elliptic fibre (and trivial holonomy
action) is Leray–Hirsch. This conjecture is known to be true for a large number of examples [22; 28; 34]
and by [22] it is equivalent to �2i�1.BhAut0.X //˝QD 0 for all i 2N. Since �2i�1.BhAut0.X //˝Q

is isomorphic to H2i.DerC.ƒ/; Œd;��/, this condition can easily be checked in examples.
We recall a few results about positively rationally elliptic space from [11, Section 32]. A pure Sullivan

algebra is a cdga ƒD .ƒV; d/ with d.V even/D 0 and d.V odd/�ƒV even, and we define P D V odd and
QD V even. Observe that pure Sullivan algebras ƒ are bigraded with additional lower grading given by
ƒk DƒQ˝ƒkP . By [11, Proposition 32.10] a minimal Sullivan model of a positively rationally elliptic
space is isomorphic to a pure Sullivan algebra with dim P D dim Q and so that d jP maps a basis of P to
a regular sequence of the graded polynomial ring ƒQ. In this case, the cohomology is concentrated in
lower grading 0, i.e., H�.ƒ/DH�

0
.ƒ/.

This bigrading is inherited by the dg Lie algebra DerC�;�.ƒ/ where a derivation � has bidegree .m; n/
if � lowers the internal degree by jmj and �.ƒQ˝ƒkP /�ƒQ˝ƒkCnP . The following statement has
been explained to the author by Alexander Berglund.
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Lemma 4.5 Let ƒ be a pure Sullivan model for a positively rationally elliptic space that satisfies the
Halperin conjecture. There exists an abelian dg Lie algebra with trivial differential a�DerC

�;�1
.ƒ/ that is

quasi-isomorphic to DerC.ƒ/.

Proof If ƒ is a pure Sullivan model for a positively rationally elliptic space, the projection map
 Wƒ!H.ƒ/ is a quasi-isomorphism. It induces a quasi-isomorphism of chain complexes DerC.ƒ/!
DerC

 
.ƒ;H.ƒ// (analogous to [3, Lemma 3.5]). Since the H.ƒ/DH0.ƒ/, we see that H�;>0.DerC.ƒ//

is contained in the kernel and thus is trivial. The Halperin conjecture implies that H�.DerC.ƒ// is
concentrated in odd degrees and therefore H�.DerC.ƒ//ŠHodd;�1.DerCƒ/ as claimed. Hence, any
choice of representatives in DerC

�;�1
.ƒ/ of a basis of H�.DerC.ƒ// spans an abelian dg Lie subalgebra

with trivial differential that is quasi-isomorphic to DerC.ƒ/.

Halperin’s conjecture implies that BhAut0.X / 'Q
Qk

iD1 K.Q; 2ni/ and so the cohomology of the
total space E of (2-1) is a free module on H�.X IQ/ over a positively and evenly graded polynomial
ring. Moreover, it follows from Lemma 4.5 and Theorem 2.2 that as a ring H�.E/ is a complete
intersection over H�.BhAut0.X /IQ/ (see proof of Theorem 4.7). Here, by a complete intersection over
a commutative ring R we mean a finite R-algebra S that is isomorphic to RŒx1; : : : ;xn�=.f1; : : : ; fn/ for
f1; : : : ; fn 2 RŒx1; : : : ;xn� (see [29]).

For a finite R-algebra S, we can define the trace of an endomorphism HomR.S; S/Š S˝R HomR.S;R/
via the evaluation S˝R HomR.S;R/! R. In particular, we can associate to any s 2 S the trace of the
endomorphism s � � W S! S and we obtain an element TrS=R 2 HomR.S;R/. We will use the following
result about complete intersections.

Proposition 4.6 [29] Let R be a commutative ring and f1; : : : ; fn 2 RŒx1; : : : ;xn� for a nonnegative
integer n. Assume that SD RŒx1 : : : ;xn�=.f1; : : : ; fn/ is a finite R-algebra. Then

(i) S is a projective R-module;2

(ii) HomR.S;R/ is a free of rank 1 as an S-module;

(iii) there is a generator � of HomR.S;R/ as an S-module such that TrS=R D det.@fi=@xj / ��.

We recognise (iii) as an analogue for complete intersections of the relation between fibre integration,
the fibrewise Euler class and the Becker–Gottlieb transfer �� W †1BC ! †1EC for fibrations with
Poincaré fibres. The transfer map induces a map on cohomology trf�� WH

�.E/!H�.B/ and if the fibre
is a Poincaré complex one can show that

trf��.x/D �!.e
fw.�/ �x/

for all x 2H�.E/. If we consider the universal 1-connected fibration (2-1) of a positively rationally elliptic
space that satisfies the Halperin conjecture, its algebraic model R! S is equivalent to a complete inter-
section over a polynomial ring and we can identify the Becker–Gottlieb transfer and fibre integration with
the trace TrS=R and �, respectively, which therefore leads to an identification of the fibrewise Euler class.

2In our applications, R is a positively graded polynomial ring so that S is in fact free.
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Theorem 4.7 Let X be a simply connected , oriented Poincaré duality space that is positively rationally
elliptic and satisfies the Halperin conjecture. Then a cdga model of (2-1) is given by a complete intersection
SD RŒx1; : : : ;xn�=.f1; : : : ; fn/ over a polynomial ring R and the fibrewise Euler class is given by

(4-8) efw.�/D det
�
@fi

@xj

�
2 S:

Remark 4.8 The first part of the theorem improves a result by Kuribayashi [20, Theorem 1.1] where
he showed that the cohomology ring of the total space of the universal 1-connected fibration (2-1) for
positively rationally elliptic spaces that satisfy the Halperin conjecture is a complete intersection over the
cohomology of the base.

Proof Let ƒ D .QŒx1; : : : ;xn�˝ƒ.y1; : : : ;yn/; d/ be a pure Sullivan model of X with differential
d.yi/D Nfi 2QŒx1; : : : ;xn� where Nf1; : : : ; Nfn is a regular sequence. The cohomology ring H.ƒ/ is a
Poincaré duality algebra and det.@ Nfi=@xj / 2 H�.X / is a generator in top degree [24; 28], so that the
orientation is defined by "X .det.@ Nfi=@xj // WD �.X /. Now let a � DerC

�;�1
.ƒ/ be an abelian dg Lie

subalgebra quasi-isomorphic to DerC.ƒ/ from Lemma 4.5. Then a model of the universal 1-connected
fibration is given by

R WD CCE.a/! CCE.aIƒ/Š .R˝ƒ.xi ;yi/;D/

by Theorem 2.2. And because a�DerC
�;�1

.ƒ/, we see that D.xi/D 0 and D.yi/Dfi 2RŒx1; : : : ;xn� are
polynomials that satisfy NfiDfi˝R12RŒx1; : : : ;xn�˝RQ. This implies S WDRŒx1; : : : ;xn�=.f1; : : : ; fn/

is a complete intersection over R and the projection map CCE.aIƒ/! S is a quasi-isomorphism.
One can show that the trace TrS=R and the transfer tr�� agree using the general theory in [9] or by

directly checking that

(4-9) TrS=R.x/D �!.e
fw.�/ �x/;

as in [27, Lemma 2.3] using that S is a finite free R-algebra. Now consider � from Proposition 4.6. Then
�.det.@fi=@xj //D TrS=R.1/D �.X / by (4-9) which agrees with �!.det.@fi=@xj //D "X .det.@ Nfi=@xj //.
Therefore, it follows from degree reasons that �! D � and we obtain (4-8) from the identity

det.@fi=@xj / ��! D det.@fi=@xj / ��D TrE=B D trf�� D efw.�/ ��!

since HomR.S;R/ is a free S-module by (ii).

5 Computations

Before we come to the computation of the Euler ring, we record a few general facts. First we observe
that in some cases it is sufficient to compute the Euler ring of the universal 1-connected fibration
E0.X /�H�.BhAut0.X //.

Lemma 5.1 If �0.hAutC.X // is finite , then i W BhAut0.X /! BhAutC.X / induces an isomorphism
E�.X /ŠE�

0
.X /.
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Proof By naturality of the fibrewise Euler class, i W BhAut0.X /! BhAutC.X / induces a surjection of
Euler rings E�.X /� E�

0
.X /. It follows from the spectral sequence associated to the fibre sequence

BhAut0.X /! BhAutC.X /! B�0.hAutC.X //

that H�.BhAut.X /IQ/ Š H�.BhAut0.X /IQ/�0.hAutC.X // if �0.hAutC.X // is finite. In particular,
i induces an injection on rational cohomology.

For a positively rationally elliptic space there is a simple criterion to check if it has finitely many
homotopy automorphisms.

Proposition 5.2 Let X be a simply connected Poincaré duality space that is positively rationally elliptic
space. If the cohomology ring H�.X IQ/ has finitely many orientation-preserving automorphisms (i.e.,
algebra automorphisms that preserve the orientation "X 2H d .X IQ/_), then �0.hAutC.X // is finite.

Proof The statement follows if the kernel of E.X /! Aut.H�.X IQ/; "X / is finite. Rationalisation
induces a map E.X /! E.XQ/ which has finite kernel [32, Theorem 10.2], so that it suffices to prove
that the subgroup of E.XQ/ of homotopy equivalences that induce the identity on cohomology is trivial.
By [32, 10.3], homotopy automorphism of XQ are the same as homotopy classes of automorphisms of a
minimal Sullivan model.

For a positively rationally elliptic space we can choose ƒ D
�
ƒ.xi ;yi/iD1;:::;n; d D

P
i fi@yi

�
as

a model where f1; : : : ; fn 2 ƒ.xi/iD1;:::;n is a regular sequence. Let � W ƒ! ƒ be an automorphism
so that H.�/ D Id. Then Œxi � �.xi/� D 0 and we can pick a coboundary �i 2 ƒ>0 satisfying d�i D

xi��.xi/2 .f1; : : : ; fk/Cƒ>0. We want to define a homotopy H Wƒ!ƒ˝ƒ.t; dt/ by setting H.xi/D

�.xi/C t.xi��.xi//��idt . Then dH.xi/D 0DHd.xi/ and "1 ıH.xi/D xi and "0 ıH.xi/D �.xi/.
It remains to define H.yi/, i.e., we have to find a coboundary for fi.H.x1/; : : : ;H.xn// 2ƒ˝ƒ.t; dt/.
Observe that ƒ˝ƒ.t; dt/ is a positively elliptic Sullivan algebra as well since f1; : : : ; fn; t is a regular
sequence in QŒx1; : : : ;xn; t �, and fi.H.x1/; : : : ;H.xn//�d�.yi/2 .ƒ˝ƒ

C.t; dt//˚.ƒ˝ƒ.t; dt//>0.
Since both summands are acyclic, there is �i 2ƒ˝ƒ.t; dt/ so that d�iDfi.H.x1/; : : : ;H.xn//�d�.yi/,
and we can set H.yi/ WD �iC�.yi/. This shows � is homotopic to a map which is the identity on ƒ.xi/.

Given an automorphism  W ƒ ! ƒ with  .xi/ D xi , then d .yi/ D  .fi/ D fi D d.yi/ and
hence yi � .yi/ is a cocycle in ƒ>0. Let �i be a coboundary d�i D yi � .yi/. Then  'H Idƒ via
H.xi/ WD xi and H.yi/ WD  .yi/C t.yi � .yi//� �idt .

Corollary 5.3 Let X be a simply connected Poincaré duality space with H�.X IQ/ŠQŒx�=.xnC1/ for
some n and jxj even. Then �0.hAutC.X // is finite.

Proof For any choice of orientation of X , the group Aut.H�.X IQ/; "X / is trivial if n is odd and Z=2

if n is even. Hence, �0.hAutC.X // is finite by Proposition 5.2

Finally, in some cases the Euler ring is finitely generated so that the computation of the Euler ring
amounts to computing the ideal of relations among a generating set, and which simplifies some computa-
tions below.

Algebraic & Geometric Topology, Volume 26 (2026)



Tautological rings of fibrations 1579

Proposition 5.4 Let X be a Poincaré duality space so that H�.X / is concentrated in even degrees and let
nD dim H�.X IQ/. Then E�.X / is generated by �1; : : : ; �n�2; �n.

Proof This follows directly from the tools developed in [27]. Applying [27, Corollary 2.7] for xD efw.�/,
the corresponding monic polynomial �x.z/ 2H�.BhAutC.X /IQ/Œz� of degree n is given by

�x.z/D
.�1/n

n!

X
�2†nC1

sgn.�/�l.
2/ � � � �l.
q.�// � z
l.
1/�1;

where � D 
1 � � � 
q.�/ is the cycle decomposition of � , l.
i/ denotes the length of 
i and 1 is contained
in the support of 
1. Then [27, Corollary 2.7] implies that �x.e

f w.�// D 0 2 H�.E/ and by fibre
integrating 0 D efw.�/i � �.efw.�//, one can decompose �nCi in terms of �-classes of lower degree
for i � 0; except when i D 1 as �x.z/ has a constant term��n=n which cancels the leading term
�!.e

fw.�/nC1/ in �!

�
efw.�/�x.e

fw.�//
�
.

5.1 The Euler ring of even spheres

Proposition 5.5 The Euler ring of an even-dimensional sphere is E�.S2n/ŠQŒ�2� where �k
2
D 2k�1�2k

and all odd �2iC1 vanish.

Proof We have seen in Example 4.4 that efw.�/ D 2x 2 ƒ.x;y; z4n/ and in Example 3.4 that fibre
integration is given by ….x2k/D 0 and ….x2kC1/D .�1/kzk

4n
. Thus �2k D 21�k.�23z4n/

k D 21�k�k
2

.
Since �0.hAutC.S2n// is trivial, the 1-connected universal fibration is the universal fibration and the
result follows.

5.2 The Euler ring of complex projective space

A minimal model of CPn is

Pn WD .ƒ.x;y/; jxj D 2; jyj D 2nC 1; d D xnC1@=@y/

with orientation "CPn.xn/ D 1 induced by integral Poincaré duality, and we apply Theorem 2.2 to
compute a model for the minimal 1-connected CPn-fibration.

Proposition 5.6 A cdga model of the universal 1-connected CPn-fibration is given by

(5-1) Bn WD .QŒx2; : : : ;xnC1�; jxi j D 2i; d D 0/

�
�!En WD

�
BnŒx�=

�
xnC1

C

nC1X
iD2

xi �x
nC1�i

�
; jxj D 2; d D 0

�
;

and the fibrewise Euler class in En is represented by

(5-2) efw.�/D .nC 1/ �xn
C

nX
iD2

.nC 1� i/ �xi �x
n�i
2En:
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Proof Note that DerC.Pn/ has a (vector space) basis given by �i WD xnC1�i@=@y for i D 1; : : : ; nC 1

of degree 2i � 1 and � WD @=@x of degree 2. The only nontrivial differential on the derivation Lie algebra
is given by Œd; ��D�.nC 1/�1. Since CPn satisfies the Halperin conjecture, it follows from Lemma 4.5
that there exists a quasi-isomorphic abelian dg Lie subalgebra an � DerC.Pn/ with trivial differential,
which in this case is easy to identify as an WD Qf�2; : : : ; �nC1g. The statement follows directly from
Theorem 4.7 for this choice of an.

Theorem 5.7 The Euler ring of complex projective space is E�.CPn/ŠQŒ�1; : : : ; �n�1; �nC1�.

Proof By Corollary 5.3, �0.hAutC.CPn/ is finite (in fact one can easily see �0.hAut.CPn//Š Z=2),
and so E�.CPn/ Š E�

0
.CPn/ by Lemma 5.1. The Euler ring is generated by �1; : : : ; �n�1; �nC1 by

Proposition 5.4, so it remains to show they are algebraically independent which follows if det.@�i=@xj /

is nonzero.
It turns out that the polynomials representing the �i are quite complicated so that it is difficult to give

a closed formula for the determinant of the Jacobian. We will resolve this issue by focussing on the
terms containing xnC1 because it is the variable of the highest degree and it is not contained in efw.�/

so that it only arises through fibre integrating xk for k > n. It will be sufficient to consider elements
modulo decomposables, i.e., for x;y 2Bn then x � y if x�y 2 .BCn /

2. We will start with the following
observation about fibre integration.

Observation 1 If k D 2; : : : ; nC 1 then �!.x
nCk/��xk 2 Bn.

Proof Rewriting xnC2 in terms of the module basis f1;x; : : : ;xng, one can see that �!.x
nC2/D x2. Then

�!.x
nCk/D�!.x

nC1 �xk�1/D�
PnC1

iD2 xi ��!.x
nCk�i/ and by induction over k, the only indecomposable

contribution is for i D k.

Observation 2 For i D 1; : : : ; n � 1 the highest power of xnC1 in �i.x2; : : : ;xnC1/ is i � 1 and the
coefficient ci 2QŒx2; : : : ;xn� of xi�1

nC1
satisfies ci � .�1/ii.nC 1/i.n� i/ �xnC1�i .

Proof It follows from degree considerations that the highest power of xnC1 is i � 1 and ci equals
A �xnC1�i C decomposables. It remains to determine the coefficient A. When expanding efw.�/ using
(5-2), the only relevant contributions are

.nC 1/iC1xn.iC1/
� .i C 1/.nC 1� .nC 1� i//xnC1�ix

n�.nC1�i/
� .nC 1/ixni

D .nC 1/iC1.xnC1/i�1
�x2n�iC1

� i.i C 1/.nC 1/ixnC1�i � .x
nC1/i�1

�xn:

Now rewrite xnC1 D
PnC1

iD2 xix
nC1�i and collect all terms containing xi�1

nC1
and xi�2

nC1
xnC1�i (we can

ignore the rest because it cannot contribute to A) to get

.nC 1/iC1.xi�1
nC1C .i � 1/xi�2

nC1xnC1�i �x
i/ �x2n�iC1

� i.i C 1/.nC 1/ixnC1�i �x
i�1
nC1 �x

n:

The statement follows by fibre integrating and discarding decomposables as in Observation 1 above.

Observation 3 The highest contribution of xnC1 in �nC1 is .�1/n.nC 1/nC2 �xn
nC1

.
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Proof The expression for efw.�/nC2 contains .nC1/nC2 �xn.nC2/ D .nC1/nC2 � .xnC1/n �xn. This is
the only summand that fibre integrates to a multiple of xn

nC1
, i.e., �nC1 D .�1/n.nC 1/nC2 �xn

nC1
C � � �

where we can ignore all other terms.

We can now analyse det.@�i=@xj / which contains the summand

@�1

@xn
�
@�2

@xn�1

� � �
@�n�1

@x2

�
@�nC1

@xnC1

:

It follows from Observations 2 and 3 that the above expression contains C �xN
nC1

, where C is a nonzero
constant and N D 1

2
n.n� 1/. This is the only possible way to get a monomial in det

�
@�i

@xj

�
that contains

only xnC1. Hence, the determinant does not vanish and the generating set �1; : : : ; �n�1; �nC1 is alge-
braically independent.

Remark 5.8 Theorem 5.7 has been studied in the smooth case for nD 2 in [27] by studying the natural
smooth 2-torus action on CP2 and that implies our result in this case as well. This has been extended by
Dexter Chua to n� 4, but for large n the algebra becomes intractable.

5.3 The Euler ring of products of odd spheres

The main result of this section is the computation of E�
0
.X / for a simply connected Poincaré duality

space X that is rationally equivalent to a product of odd spheres
Q2n

iD1 S2kiC1 for some n; ki > 0.

Theorem 5.9 Let X be a simply connected Poincaré duality space that is rationally equivalent to a
product of odd spheres

Q2n
iD1 S2kiC1 for some n; ki > 0. Then the fibrewise Euler class of the universal

1-connected X -fibration E! BhAut0.X / is trivial and hence E�
0
.X /ŠQ.

Proof The minimal model of X is given by an exterior algebra AX D .ƒ.xi/1�i�2n; d D 0/ and by
Theorem 2.2 the model of the universal 1-connected fibration is given by

(5-3) BX WD C�CE.DerC.AX /IQ/!EX WD C�CE.DerC.AX /IAX /Š .BX ˝AX ;D/:

Observe that C�CE.DerC.AX /IAX / is a finitely generated BX -module as the minimal Sullivan model is
finite dimensional. Let "X WAX !Q denote a rational orientation, then BX ˝"X W .BX ˝AX ;D/!BX

is the only module homomorphism that restricts to "X on the fibre and thus is a representative of fibre
integration by Proposition 3.2.

Moreover, HomBX
.EX ;BX / is a minimal semifree module and therefore the quasi-isomorphism

… W EX Œ�d � ! HomBX
.EX ;BX / from Proposition 4.1 is in fact an isomorphism by uniqueness of

minimal free resolutions [11, Example 8, Chapter 6] (similarly for …˝…). Hence, the algebraic Umkehr
map is given by

�! WEX Œ�jF j�
…

Š
�! HomBX

.EX ;BX /
��
�! HomBX

.EX ˝BX
EX ;BX /

.…˝…/�1

Š
�����!EX ˝BX

EX Œ�2jF j�:

The composition of … with the vector space isomorphism HomBX
.EX ;BX /Š .AX /

_˝BX is given by
N"X ˝ IdBX

where N"X WAX ! .AX /
_ is the adjoint of "X WAX ˝AX !Q. The same statement holds for
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…˝…with the appropriate choice of orientation on X�X given by "X�X WD"X˝"X W.AX˝AX /
˝2!Q.

Note that ��….1/ is contained in .AX ˝AX /
_˝ 1 so that .…˝…/�1��….1/ is in AX ˝AX ˝ 1�

EX ˝BX
EX . A direct computation shows that

�!.1/D
X

S1tS2DF

˙xS1
˝xS2

2EX ˝BX
EX

for some signs that can be worked out. Hence, the fibrewise Euler class is

efw.�/D�� ı�!.1/D
X

S1tS2DF

˙xF

and since ….ef w.�//D �.X /D 0, the summands must cancel.

One can easily see that the group of homotopy self-equivalences �0.hAutC.X // is not finite in most
cases, and so we cannot infer that the full Euler ring is trivial in general except in the two cases below.

Theorem 5.10 Let X be either rationally equivalent to .S2kC1/�n or a finite CW complex rationally
equivalent to S2kC1 �S2lC1 for 1< k < l and n even. Then E�.X /DQ.

Proof We start with the proof of the second case. By [32, Theorem 10.3] the group �0.hAutC.X //
is commensurable with an arithmetic subgroup of the homotopy classes automorphisms of AX . If
X 'Q S2kC1 � S2lC1 then the group of automorphisms of AX modulo homotopy is Q� �Q� and
the arithmetic subgroups of this linear algebraic group are finite and hence by commensurability so is
�0.hAutC.X //. Hence, E�.X /ŠE�

0
.X /DQ by Lemma 5.1 and Theorem 5.9.

We need to introduce some notation in the first case. Let � WE!BhAutC.X / denote the universal ori-
entated X -fibration and �0 WE0!BhAut0.X / the universal 1-connected X -fibration. The cdga model of
the total space E0 is a free algebra on generators x1; : : : ;xn;y

1; : : : ;yn with differential D.xi/D yi and
therefore H.E0/DQ. It is well known that E is homotopy equivalent to the classifying space of pointed
homotopy automorphisms BhAutC� .X / and there is a fibration sequence E0!E H

�! B�0.hAutC� .X //
which induces an isomorphism H�.E/ŠH�.B�0.hAutC� .X /// since the rational cohomology of E0

is trivial. In particular, efw.�/DH�e for some e 2H n�.2kC1/
�
B�0.hAutC� .X //

�
. It follows from the

commutative diagram

E B�0.hAutC� .X //

BhAutC.X / B�0.hAutC.X //

�

H

'Q

h

that the fibrewise Euler class efw.�/DH�e D ��h�e is pulled back from the base, and therefore that
the fibre integrals �!.�

�.h�e/k/D .h�e/k ��!.1/D 0 all vanish.

Remark 5.11 There are more cases when the group of homotopy self-equivalences E.X / is finite for a
space X that is rationally equivalent to a product of odd-dimensional spheres, and the second case in
Theorem 5.10 is merely one of the simplest to establish. But we expect that the Euler ring vanishes in
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general even if E.X / is not finite using recent results in [4], where Berglund and Zeman have given a
rational description of BhAut.X / via a fibre sequence

BhAutu.X /! BhAut.X /! B�.X /;

where �.X / is a certain arithmetic group and BhAutu.X / is the classifying space of normal unipotent
X -fibrations. They provide �.X /-equivariant models for BhAutu.X / so that one can obtain an algebraic
model for BhAut.X /. We expect that one can extend the results in this paper using their results to study
Euler rings in more generality, and in particular that the Euler ring E�.X / vanishes for X a product of
odd spheres in general.
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On the analog category of finite groups

BEN KNUDSEN AND SHMUEL WEINBERGER

We show that the analog category of a finite group is essentially proportional to the size of its largest
Sylow subgroup. We conclude that the universal upper bound given by the order of the group is very far
from optimal.

1 Introduction

We continue the probabilistic reimagining of the foundations of topological robotics [7], begun simul-
taneously in [10] and [5], in which motion planning is conducted according to continuously varying
probability measures on the relevant space of paths. The resulting “analog” invariants, which bound their
classical counterparts — the Lusternik–Schnirelmann category and topological complexity — from below,
display surprisingly subtle behavior.

For example, the analog category of an aspherical space with torsion-free fundamental group is equal to
the cohomological dimension of that group [10, Theorem 1.1], a direct analogue of the Eilenberg–Ganea
theorem. Thus, in this case, analog category equals category. On the other hand, in the case of a finite
fundamental group, the classical category is always infinite, while in our setting we have the following;
see Section 2 for the definition of acat.G/.

Universal upper bound [10, Theorem 7.2] If G is finite , then acat.G/C 1� jGj.1

We show here that this bound is a very bad one in three senses: the groups for which it is sharp
are highly constrained; the difference of the two sides is arbitrarily large; and their ratio is arbitrarily
small. Provisionally, let us call G a-special if jGj D aps with p a prime, .a; p/D 1, and ps > a (thus, a
1-special group is simply a p-group).

Theorem 1.1 In what follows , G refers to a finite group.

(1) If G is not a-special for some a 2 f1; 2; 3g, then the universal upper bound is strict for G.

(2) If G is 1- or 2-special , then the universal upper bound is sharp for G.2

(3) For any N � 0 and � > 0, there exists a G such that acat.G/C1� jGj�N and acat.G/C1� �jGj.

1For stating our results, it is convenient to work with the “unreduced” category, which differs from the “reduced” convention
by 1. To avoid confusion, we will simply write acat.G/ for the latter and acat.G/C 1 for the former. Both conventions are
common throughout the literature on Lusternik–Schnirelmann category and topological complexity.

2Unfortunately, we do not know whether the universal upper bound is sharp for 3-special groups.
MSC2020: 55M30.
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In particular, the universal upper bound is sharp for p-groups and strict for almost all other groups.
For groups of the latter type, we show that the analog category is roughly proportional to the size of the
largest Sylow subgroup.

Theorem 1.2 Let G be a finite group not of prime power order. If P �G is a Sylow subgroup of maximal
order , then

min
�
2;
jN.P /j

jP j

�
�

acat.G/C 1
jP j

� 3;

where N.P / denotes the normalizer of P in G.

In more prosaic terms, the lower bound is 1 when the largest Sylow subgroup of G is self-normalizing,3

and otherwise it is 2; for example, the lower bound of 2 obtains for all nilpotent groups.
Prior to our work here, the quantity acat.G/ was almost completely unknown apart from the universal

upper bound and a calculation for cyclic groups of prime order [4]. Strictly speaking, this last calculation
was of an a priori different invariant, the distributional category; we show here that the two coincide for
finite groups, a special case of [10, Conjecture 1.2].

Theorem 1.3 For any finite group G, the analog and distributional category of G coincide.

In fact, the same argument may be used to show that the analog and distributional versions of the r-th
sequential topological complexity TCr coincide for every r .

1.1 Conventions

We write �S for the simplex spanned by the set S. Thus, a point in �S is a formal sum
P
s2S tss, where

the barycentric coordinates ts are nonnegative numbers summing to 1, all but finitely many of which
vanish. In the case S D f1; : : : ; ng, we make the abbreviation �f1;:::;ng D�n�1; explicitly, this choice
amounts to the slightly nonstandard notational convention

�n�1 WD
n
.t1; : : : ; tn/ 2 Œ0; 1�

n
W

nP
iD1

ti D 1
o
:

We work in Steenrod’s convenient category of topological spaces [12]; see [10, Appendix A] for a
summary of relevant facts about these spaces. Topological spaces are implicitly convenient, as are limits —
including products — and mapping spaces. Convenient colimits, when they exist, are the same as ordinary
colimits. The adjective “compact” refers to the definition in terms of open covers. We write BG for the
classifying space of the (discrete) group G, i.e., the geometric realization of its nerve. We write EG for
the universal cover of BG and XhG D MapG.EG;X/ for the space of homotopy fixed points of the
G-space X, where MapG denotes the space of G-equivariant maps.

3As shown in [8], the admission of a self-normalizing Sylow subgroup places strong constraints on a group.
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2 The analog category of a group

The purpose of this section is to establish the following formula, which the reader may take as a definition
of the analog category acat.G/. We recall that �G denotes the simplex spanned by the elements of G,
and �Gn is its n-skeleton.

Proposition 2.1 For any group G, we have acat.G/Dminfn j .�Gn /
hG ¤¿g.

We begin with a brief review of the invariants of [10], which are defined in terms of the set P.X/ of
probability measures with finite support on the topological space X. We view P.X/ as a topological space
with the quotient topology inherited from the various maps

Xn ��n�1! P.X/; .x; t/ 7!
nP
iD1

tiıxi
:

We write Pn.X/� P.X/ for the subspace of measures with support of cardinality at most n.
Classically, spaces of probability measures are often topologized using the Lévy–Prokhorov metric,

which metrizes the topology of weak convergence when the background space X is a separable metric
space. We direct the reader to Section 5 below for some comparisons between the two approaches. The
twin advantages of ours are its generality, as we do not even require the background space to be metrizable,
and its excellent technical features, which are summarized in the following result.

Theorem 2.2 [10, Theorem 2.7] The functor P is an endofunctor on the category of convenient spaces ,
which preserves homotopy, sifted colimits , quotient maps , and closed embeddings.

Given a map f W X ! Y, we may consider the space of probability measures on X with fiberwise
support over Y, namely

P.f /D
n nP
iD1

tiıxi
2 P.X/ W f .x1/D f .x2/D � � � D f .xn/

o
;

and we set Pn.f / D Pn.X/ \ P.f /. Sending an element of P.f / to the point in whose fiber it is
supported defines a continuous map to Y.

Definition 2.3 The analog sectional category of the map f WX!Y is the least n such that PnC1.f /!Y

admits a section. The analog category of the space X, denoted by acat.X/, is the analog sectional category
of the evaluation map .X; x0/.Œ0;1�;f0g/!X, where x0 2X is any basepoint.

As our interest here lies solely in the aspherical context, we permit ourselves the abusive abbreviation
acat.G/D acat.BG/.

For the proof of the proposition stated above, we require the following standard fact.

Lemma 2.4 For any G-space X, the homotopy fixed point space XhG is canonically weakly equivalent to
the space of sections of the canonical map EG �G X ! BG.
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Proof Consider the following commutative diagram of mapping spaces:

MapG.EG;EG �X/ //

��

MapG.EG;EG �G X/

��

� Map.BG;EG �G X/

��

MapG.EG;EG/ // MapG.EG;BG/ � Map.BG;BG/

The section space in question is the fiber of the right-hand vertical map over idBG , while XhG is the
fiber of the left-hand vertical map over idEG . The claim follows after noting that the vertical maps are
fibrations and the left-hand square a homotopy pullback.

Proof of Proposition 2.1 It is well known that, for any group G, there is a commutative diagram of
topological spaces

G

��

// .BG; x0/
.Œ0;1�;f0;1g/

��

EG

�

��

// .BG; x0/
.Œ0;1�;f0g/

��

BG BG

in which the horizontal arrows are homotopy equivalences and the vertical columns are (Hurewicz) fiber
sequences. It follows from [10, Corollary 5.3] that acat.G/ is the analog sectional category of � , which
is a fiber bundle with structure group G; therefore, by [10, Corollary 5.8], we have

PnC1.�/ŠEG �G PnC1.G/

as spaces over BG, and it is easy to see that PnC1.G/ Š �Gn as G-spaces, so the claim follows from
Lemma 2.4.

Corollary 2.5 If X is a contractible G-space with an equivariant map X !�Gn , then acat.G/� n.

Proof Contractibility implies that XhG ¤¿, since an equivariant map EG!X may be constructed
by elementary obstruction theory; alternatively, the map EG �G X ! BG is a trivial fibration, since
EG! pt is a homotopy equivalence, and Lemma 2.4 applies. It follows that .�Gn /

hG receives a map
from a nonempty space, and hence is itself nonempty. The claim follows from Proposition 2.1.

Remark 2.6 Essentially the same argument shows that the r-th analog topological complexity of BG, as
defined in [10], is equal to the least n such that the Gr -space �G

r=G
n admits a homotopy fixed point.

3 Designer complexes

This section is concerned with the construction of certain contractible equivariant cell complexes, which,
via Corollary 2.5 and obstruction theory, will be the key to proving our main results. The ideas here are
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mostly taken from the work of Assadi [1], following Oliver, Conner and Floyd, Smith, and others, but the
specificity of our situation permits some simplification and hence a relatively self-contained account.

In what follows, the group G is always finite. As a matter of terminology, we say that a space is
p-acyclic if its mod p reduced homology vanishes.

Definition 3.1 Let X be a G-complex. Given a prime p, we say that X is Smith p-acyclic if XP is
p-acyclic for every nontrivial p-subgroup P. We say that X is Smith acyclic if X is Smith p-acyclic for
every prime p.

The relevance of this definition lies in its connection to obstruction theory.

Proposition 3.2 Let X be a G-complex of dimension m.

(1) If X is Smith (p-)acyclic , then a (p-)acyclic G-complex may be obtained from X by attaching free
cells of dimension at most mC 1.

(2) If X is acyclic , then a contractible G-complex may be obtained by attaching free cells of dimension
at most 3.

Proof For the first claim, if X is Smith acyclic, then [1, Proposition I.1.6] guarantees that we may
achieve acyclicity below degree m and ZŒG�-projectivity in degree m by attaching free cells of dimension
at most m. Thus, by the Eilenberg swindle, we may achieve acyclicity by further cell attachments of
dimensions m and mC 1. The Smith p-acyclic case is similar, invoking [1, Lemma II.1.5] instead, and
obtaining instead a mod p homology group of degree m projective over FpŒG�.

For the second claim, note first that X is path connected by acyclicity. We first kill the fundamental
group of X by attaching free 2-cells indexed by a set I. Calling the resulting complex Y, the long exact
sequence for the pair .Y;X/ shows that

zHi .Y /Š

�L
I ZŒG� if i D 2;

0 otherwise.

Thus, a simply connected acyclic G-complex may be obtained by attaching free 3-cells, and any such
complex is contractible by Whitehead’s theorem.

Our main construction will proceed inductively and one prime at a time. In order to state the main
result, we require the following definition, which will form the basis for our induction.

Definition 3.3 Let G be a finite group and p a prime dividing jGj.

(1) A subgroup H �G is called a p-intersection if it is an intersection of p-Sylow subgroups.

(2) The (p-Sylow) depth of the p-intersection H is the largest d for which there is a chain H DHd <
Hd�1< � � �<H1DP of proper inclusions with P a p-Sylow subgroup and eachHi a p-intersection.

(3) The (p-Sylow) depth of a p-subgroup H �G is the maximal depth of a p-intersection containing H.

(4) The (p-Sylow) depth of G, denoted by dp.G/, is the maximal depth of a p-intersection in G.

We adopt the convention that dp.G/D 0 if and only if .p; jGj/D 1.
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It is easy to see that the depth of H as a p-subgroup coincides with its depth as a p-intersection. It is
also easy to see that the dp.G/ is bounded above by the number of distinct p-Sylow subgroups of G, as
well as by the exponent of p in jGj.

Lemma 3.4 Let H be a p-intersection of depth d and K any p-subgroup containing H. The depth of K
is at most d , with equality if and only if H DK.

Proof We may assume that H ¤K. Supposing that K has depth s � d , we obtain the chain of inclusions

H <K �Hs <Hs�1 < � � �<H1 D P;

implying that the depth of H is at least sC 1 > d , a contradiction.

Corollary 3.5 Let H1 and H2 be p-intersections. If H1 <H2, then the depth of H1 is greater than the
depth of H2.

Corollary 3.6 If K is a p-subgroup of depth d , then K is contained in a unique p-intersection of depth d .

Proof Let H1 ¤ H2 be p-intersections of depth d containing K. Then H1 \H2 is a p-intersection
properly contained in H1, and hence of strictly greater depth by Corollary 3.5. It follows that K has
depth greater than d , a contradiction.

We write Id D Id .p/ for the set of p-intersections (in G, implicitly) of depth d , regarded as a G-set
under conjugation.

Convention 3.7 For the remainder of this section, we assume that G is a finite group not of prime power
order.

We come now to the main construction (compare [1, Theorem II.1.4]).

Theorem 3.8 Let p be a prime dividing jGj. For 0� d � dp.G/, there are G-complexes Xp.G/d with
the following properties:

(1) Xp.G/0 is free of dimension 1.

(2) Xp.G/dC1 is obtained from Xp.G/d by attaching cells of dimension at most d C 2 with isotropy
in IdC1.

(3) Xp.G/Pd is p-acyclic for every nontrivial p-subgroup P of depth at most d .

Lemma 3.9 Let H � G be a subgroup and X an N.H/-space. For any g 2 G, there is a canonical
homeomorphism

.G �N.H/X/
gHg�1

ŠXH :

Proof Consider the standard decomposition G �N.H/X D
F
Œgi �2G=N.H/

giX, and take g to be one of
our coset representatives. Writing ghg�1gi D gjh0, we have ghg�1 � gix D gj .h0 � x/. It follows that
gix is fixed by gHg�1 if and only if x is fixed by H and Œg�D Œgi �, which is to say g D gi . Thus, the
desired homeomorphism is given (from right to left) by x 7! gx.
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Proof of Theorem 3.8 We proceed by simultaneous induction on d and dp.G/. In the case d D
dp.G/D 0, we let Xp.G/0 be any connected 1-dimensional free G-complex, e.g., a Cayley graph. Notice
that the third condition is vacuous in this case. For d D 0 and generalG, we choose a p-Sylow subgroup P
and set

Xp.G/0 DG �N.P/Xp.N.P /=P /0:

For d D 1, let P be as above and consider Xp.N.P /=P /0. Since P is p-Sylow, the group ring
FpŒN.P /=P � is semisimple by Maschke’s theorem. It follows that zH1

�
Xp.N.P /=P /0IFp

�
is projective

over FpŒN.P /=P �; therefore, by Proposition 3.2 and the Eilenberg swindle, we may attach free cells of
dimensions 1 and 2 to obtain a p-acyclic N.P /=P -complex Xp.N.P /=P /0. Finally, we define

Xp.G/1 DG �N.P/Xp.N.P /=P /0:

The second property holds by construction, and the third follows from the observation that, by Lemma 3.9,
the fixed set of any p-Sylow subgroup is homeomorphic to Xp.N.P /=P /0, which is p-acyclic by
construction.

In the general case, choose a p-intersection H � G of depth d C 1 and consider the N.H/=H -
space Xp.G/Hd . We claim that this space is Smith p-acyclic; indeed, given a nontrivial p-subgroup
P �N.H/=H, we have .Xp.G/Hd /

P DXp.G/
zP
d

, where H � zP is the subgroup of N.H/ corresponding
to P, and the depth of zP is at most d by Lemma 3.4, since P was assumed nontrivial, so the claim
follows by induction. Therefore, by Proposition 3.2, we may achieve p-acyclicity after attaching free
N.H/=H -cells of dimension at most dC2, and, indexing these cells by i 2 I, we achieve the same result
G-equivariantly for all conjugates of H at once via the construction

G �N.H/

�G
i2I

N.H/=H �Dni

�
tG�

F
i2I N.H/=H�S

ni�1 Xp.G/d :

By Corollary 3.5, this construction does not alter the fixed set of any member of IdC1 not conjugate
to H ; therefore, we may define Xp.G/dC1 to be the result of iterating the construction over IdC1=G.

The second condition holds by construction. To check the third, we note that, if P has depth less than d ,
then Xp.G/Pd DXp.G/

P
d�1

by construction, since P is contained in no member of Id by definition, and
the latter is p-acyclic by induction. On the other hand, if P has depth d , then P is contained in a unique
H 2 Id by Corollary 3.6, so Xp.G/Pd DXp.G/

H
d

, which was constructed to be p-acyclic.

We write Xp.G/DXp.G/dp.G/.

Corollary 3.10 There is a G-complex X.G/ with the following properties:

(1) X.G/ is obtained from
F
p j jGjXp.G/ by attaching free cells of dimension at most maxp dp.G/C2.

(2) X.G/ is contractible.

Proof By construction, given p ¤ q dividing jGj, every p-subgroup of G acts without fixed points
on Xq.G/, so the third condition of Theorem 3.8 implies that the disjoint union in question is Smith
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acyclic. Since the dimension of Xp.G/ is dp.G/C 1, and since maxp dp.G/C 2 � 3, Proposition 3.2
shows that we may achieve first acyclicity, then contractibility after the indicated type of cell attachment.

4 Proofs of the main results

Our strategy will be to exploit Corollary 2.5 by applying obstruction theory to the complex X.G/
constructed in the previous section. In order to proceed, we require information on the connectivity of
fixed-point sets.

Proposition 4.1 For anyH �G and any n2Z, there is a canonicalN.H/=H -equivariant homeomorphism

.�Gn /
H
Š�

G=H

k
;

where k D b.nC 1/=jH jc � 1.

Corollary 4.2 For any H �G and n < jGj, the connectivity of .�Gn /
H is exactly b.nC 1/=jH jc � 2.

Proof of Proposition 4.1 Since H is finite, we may define a function f W�G=H !�G by the formula

f .t/g D
1

jH j
tgH :

As the restriction of a linear map, this function is continuous, and its image is H -fixed by inspection; thus,
we may we view f as a map to .�G/H. As such, it is N.H/=H -equivariant and injective by inspection,
and we claim that it is also surjective. To see why, note that a point in �G is fixed by H if and only if the
barycentric coordinate of gh is independent of h 2H for every g 2G. Thus, given t 2 .�G/H, setting
tgH D jH jtg defines an element of f �1.t/. The homeomorphism .�G/H Š�G=H follows, since both
sides are compact and Hausdorff.

Now, a point of�G lies in�Gn if and only if at most nC1 of its barycentric coordinates are nonzero. We
conclude that f identifies .�Gn /

H with the subspace of �G=H in which at most .nC 1/=jH j barycentric
coordinates are nonzero, as desired.

In what follows, we write X^p for the completion of the space X at the prime p; see [11], for example.
We recall that, according to one of several results known collectively as the “generalized Sullivan
conjecture”, due to Carlsson [2, Theorem B(c)] and Dwyer, Miller and Neisendorfer [6], the natural map
.XP /^p ! .X^p /

hP is a weak equivalence for any p-group P and finite-dimensional P -CW complex X.

Proposition 4.3 For any p-subgroup P �G, we have acat.G/� jP j � 1. If P is not self-normalizing ,
then acat.G/� 2jP j � 1.

Lemma 4.4 Let H �G be any subgroup. If H is not self-normalizing , then .G=H/hN.H/=H D¿.

Proof Our assumptions imply that N.H/=H is a nontrivial group acting without fixed point on the
discrete space G=H. An easy exercise shows that such a space admits no equivariant map from any
connected N.H/=H -space with nontrivial action, and hence no homotopy fixed point.
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Proof of Proposition 4.3 We begin with a few elementary observations regarding the following commu-
tative diagram of canonical maps, to which we will appeal throughout the argument:

Map.pt; �Gn /
P // .Map.pt; �Gn /

P /^p
//
�
Map.EG; .�Gn /

^
p/
�P

��

Map.EG;�Gn /
P

��

oo

.�Gn /
P // ..�Gn /

P /^p
// ..�Gn /

^
p/
hP .�Gn /

hPoo

First, since the canonical map EP !EG is a P -equivariant homotopy equivalence, the third and fourth
vertical arrows are weak equivalences. Second, since N.P /=P acts canonically on the P -fixed set of
any G-space, the arrows in the top row are all equivariant maps between N.P /=P -spaces. Third, by the
Sullivan conjecture, the second map in the bottom row is a weak equivalence, and hence in the top row
as well.

For the first claim of the proposition, it suffices to show that .�Gn /
hP D ¿ for n < jP j � 1, since

.�Gn /
hG has a canonical map to this space. In this range, we have .�Gn /

P D ¿ by Proposition 4.1; in
particular, this space is p-complete, so the first map in this row is also a weak equivalence (in fact an
equality, but this is irrelevant). We conclude that the target of the rightmost map is empty, so its source
must be so as well.

For the second claim, it suffices as before to show that .�Gn /
hN.P/ D¿ for jP j � 1 � n < 2jP j � 1.

In this range, Proposition 4.1 instead identifies .�Gn /
P with the discrete N.P /=P -space G=P, which is

also p-complete. As before, it follows that the first arrow in the bottom row of the diagram above is a
weak equivalence, and hence in the top row as well. We also conclude from Lemma 4.4 that .�Gn /

P has
no homotopy fixed points for the action of N.P /=P. Since the homotopy fixed-points functor preserves
weak equivalences, a diagram chase as in the previous paragraph yields the conclusion that

.Map.EG;�Gn /
P /hN.P/=P D¿:

An easy exercise shows that this space is weakly equivalent to .�Gn /
hN.P/, and the claim follows.

Proof of Theorem 1.2 The lower bound follows from Proposition 4.3. For the upper bound, it suffices
by Corollary 2.5 to construct an equivariant map X.G/! �Gn for n � 3q � 1, where q is the largest
prime power dividing jGj. To begin, since Xp.G/0 is free of dimension 1 for each prime p, there is no
obstruction to constructing a map to�Gn provided n� 1, which certainly holds in our situation. Proceeding
inductively, we may extend an equivariant map from Xp.G/d to Xp.G/dC1 provided .�Gn /

H is .dC1/-
connected for every H 2 IdC1.p/; we will consider this question in a moment. Finally, equivariant maps
from the various Xp.G/ may be extended to X.G/ provided n�maxp dp.G/C 2, which certainly holds
in our situation, since dp.G/ is bounded above by the exponent of p in jGj.

Now, for H 2 IdC1.p/, the connectivity of .�Gn /
H is b.n C 1/=jH jc � 2 by Corollary 4.2, and

jH j � ps�d , where ps is the largest power of p dividing jGj. Thus, it suffices to establish the inequality

1C
d

3
�

q

ps�d
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for every prime p dividing jGj. Since q � ps by definition, the claim follows from the obvious inequality

1C
d

3
� pd :

Proof of Theorem 1.1 Writing jGj D qr with q as above and appealing to Theorem 1.2, we obtain the
inequality

acat.G/C 1
jGj

�
3

r
:

If r … f1; 2; 3g, then the right-hand side of this inequality is strictly less than 1, implying the first claim.
The second claim is immediate from Proposition 4.3 and the universal upper bound. For the third claim,
fix N and � and choose distinct primes p > q and a natural number s so that N � .q�3/ps and � � 3=q.
In this case, the desired bounds hold for the cyclic group of order psq.

5 Analog vs. distributional

The goal of this section is to prove Theorem 1.3, claiming that the analog category of the finite group G
coincides with its distributional category in the sense of [5; 9]. We begin by recalling the relevant
definitions.4

Throughout, we will use the subscript LP to refer to the Lévy–Prokhorov metric; thus, we have Pn.X/LP

for X metric, and we have Pn.f /LP for continuous f with metric source. The rule for turning a definition
of an analog invariant into that of a distributional invariant is to add this subscript; thus, the distributional
sectional category of f WX ! Y with metric source is the least n for which PnC1.f /LP! Y admits a
section, and this definition specializes to the definition of distributional category as in Definition 2.3.

Remark 5.1 An issue deserving of care is that the distributional category is not defined if X is not
metrizable — for example, X D BG with G infinite. One possible workaround is to appeal to the fact
that any CW complex is metrizable up to homotopy equivalence [3]. Fortunately, since we confine our
discussion here to finite groups, the issue does not arise.

Our main technical result comparing these notions is the following.

Proposition 5.2 Let f W X ! Y be a map with X metric and Y convenient. If f is proper , then the
analog and distributional sectional category of f coincide.

For the proof, we require the following.

Lemma 5.3 For a metric space X, the identity function Pn.X/! Pn.X/LP is continuous for every finite
n� 0. If X is compact , then each of these maps is a homeomorphism.

Note that the first claim of Lemma 5.3 is simply the claim that the quotient topology on P.X/ is finer
than the Lévy–Prokhorov topology when both are defined, which can also be seen by considering an
explicit basis for the latter [9, Section 8].

4For the sake of easier reading, we depart from the notation of [5].
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Proof of Lemma 5.3 For the first claim, let X be a metric space, and consider the commutative diagram

colimK P.K/ //

��

colimK P.K/LP

��

P.X/ // P.X/LP

where K ranges over compact subspaces of X. The collection of such is filtered, and hence sifted, so
the left-hand arrow is a homeomorphism by Theorem 2.2. Thus, in order to establish continuity of the
bottom arrow, it suffices to establish continuity of the top arrow; in other words, we may assume that X
itself is compact. From the definition of P.X/, continuity is equivalent to continuity of each of the maps

Xn ��n�1! P.X/LP; .x; k/ 7!
nP
iD1

tiıxi
;

which is to say sequential continuity, since the source is metric. Since X is compact, and hence separable,
the topology on the target is the topology of weak convergence of measures, so sequential continuity
follows from continuity of the composite

Xn ��n�1
f n��
���!Rn �Rn

h�;�i
����!R;

where � is the inclusion and f WX !R is an arbitrary continuous function.
For the second claim, if X is compact, then so is Pn.X/. Since Pn.X/LP, as a metric space, is

Hausdorff, and since the map in question is a continuous bijection, the claim follows.

Proof of Proposition 5.2 It follows from Lemma 5.3 that the top arrow in the commutative diagram

Pn.f /
id

//

""

Pn.f /LP

{{
Y

is continuous, so a section of the left-hand map determines a section of the right. Thus, the distributional
sectional category bounds the analog from below. For the reverse inequality, we will show that any
section � of the right-hand map is continuous when considered as a map to Pn.f /. By assumption, the
space Y is the colimit of its compact subsets; therefore, since � jK factors through Pn.f jf �1.K//LP, we
may assume without loss of generality that Y itself is compact. In this case, since f is proper, it follows
that X is also compact, and Lemma 5.3 implies the claim.

Lemma 5.4 For any n� 0, the functor Pn.�/LP preserves homotopy , and hence homotopy equivalence.

Proof Using the topological basis given in [5, Section 3.1], it is easy to check that, for any metric
space Y, the assignment � mP

iD1

tiıxi
; y
�
7!

mP
iD1

tiı.xi ;y/

defines a continuous map Pn.X/LP�Y !Pn.X�Y /LP. The claim follows easily after taking Y D Œ0; 1�.
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Proof of Theorem 1.3 It suffices to show that the distributional category of BG is the distributional
sectional category of the map � W EG ! BG; indeed, the corresponding analog statement is true, as
shown in the course of proving Proposition 2.1, and � is proper, so Proposition 5.2 applies. Considering
the diagram

G

��

// .BG; x0/
.Œ0;1�;f0;1g/

��

EG

�

��

// .BG; x0/
.Œ0;1�;f0g/

��

BG BG

from the proof of Proposition 2.1, the claim follows by noting that the construction f 7! Pn.f /LP

preserves Hurewicz fibrations by [5, Proposition 5.1] and that the construction X 7! P.X/LP preserves
homotopy equivalence by Lemma 5.4.

Remark 5.5 An alternative argument establishing that the distributional sectional category is a homotopy
invariant of fibrations is given in [9, Proposition 5.3].
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