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On homology concordance in contractible manifolds and two-bridge links

HUGO ZHOU

Let yCZ be the group which consists of manifold-knot pairs .Y;K/ modulo homology concordance, where
Y is an integer homology sphere bounding an integer homology ball, and let CZ be the subgroup consisting
of pairs .S3;K/. Dai, Hom, Stoffregen and Truong showed that the quotient group yCZ=CZ admits a
Z1-summand. In this paper, we improve the result by showing that there exists a family f.Y;Km/gm>1

generating a Z1-summand where Y is the boundary of a smooth contractible 4-manifold. In fact, we
give a Z-count of such families.

The examples are constructed using a family of knots obtained by blowing down a component of a
two-bridge link. They are studied in Jonathan Hales’s thesis. Using the algorithm due to Ozsváth, Szabó
and Hales we give a classification of the knot Floer homology of a larger family of such knots that might
be of independent interest.

1 Introduction

The integer homology concordance group yCZ consists of pairs .Y;K/ where Y is an integer homology
sphere bounding an integer homology ball and K is a knot in Y , where the group operation is induced
by the connected sum. Two classes .Y1;K1/ and .Y2;K2/ are equivalent if and only if there exists a
pair @.W; †/D .Y1;K1/t�.Y2;K2/, where W is an integer homology cobordism and † a smoothly
embedded cylinder in W . The subgroup CZ consists of pairs .S3;K/. A class .Y;K/ is nonzero in yCZ=CZ

if and only if K is not concordant to any knot in S3 in any homology cobordism, or equivalently if and
only if K does not bound any PL-disk in any homology ball with boundary Y .

The first nontrivial class .Y;K/ 2 yCZ=CZ was found by Levine [13], building on Akbulut’s work [1].
Hom, Levine and Lidman [11] proved that yCZ=CZ is infinitely generated and admits a Z-subgroup. Using
the infinite family found in [20], Dai, Hom, Stoffregen and Truong [6] showed that yCZ=CZ admits a
Z1-summand.

Among each infinite family of manifold-knot pairs which gives rise to the Z1-summand in the
literature so far, the manifolds are always of the form Mn #�Mn, such that they bound homology balls,
but not necessarily smooth contractible manifolds. This paper strengthens the existing result by giving an
infinite family of knots in the boundary of a smooth contractible manifold that generates a Z1-summand
in yCZ=CZ. In fact, we give a Z-count of such families.

Imposing that the homology spheres bound smooth contractible manifolds guarantees that every knot
in the boundary has trivial image in the fundamental group of the 4-manifold under the inclusion map.

MSC2020: 57K10, 57K18.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
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Figure 1: The two-bridge link Ln whose .1; 0/-framed surgery yields the integer homology
sphere Yn that bounds a contractible manifold. The number in the box indicates the number of
right-handed full-twists.

Therefore, there is no homotopic obstruction for the knots to bound PL-disks, making it a more interesting
and more difficult question.

Consider the Mazur-type manifold Yn with n� 1 (see [3]) as depicted in Figure 1, obtained from a
.1; 0/-framed surgery on a two-bridge link Ln. From a standard argument that switches the 0-framed two
handle to a dotted circle, we see that Yn bounds a contractible 4-manifold. (Both components of Ln are
unknotted and they intersect algebraically once.) Let Kn � S3 be the knot obtained from Ln by blowing
down the C1-framed unknot component. It follows that S3

�1
.Kn/D Yn bounds a contractible 4-manifold.

Let �.2n/
m;1

be the image of the .m; 1/-cable of the meridian in the �1-surgery on K2n.

Theorem 1.1 The family f.Y2n; �
.2n/
m;1

/gn>0;m>1 generates a ZZ˚Z summand in yCZ=CZ. In particular ,
for each fixed n> 0, f.Y2n; �

.2n/
m;1

/gm>1 generates a ZZ summand in yCZ=CZ.

As abelian groups, ZZ˚Z is of course isomorphic to ZZ. Here by a ZZ˚Z summand we would
like to emphasize the existence of a (natural) two-parameter family of linear independent, surjective
homomorphisms from yCZ=CZ to Z. In this case the two parameters are given by n and m. (See Lemma 2.6
for the homomorphisms.) Note that the ZZ summand in [11; 20] is generated by knots living in infinitely
many different manifolds, while here each family of knots f�.2n/

m;1
gm>1 lives in the same 3-manifold Y2n,

which is the boundary of a smooth contractible 4-manifold.
Theorem 1.1 is the direct consequence of the two following theorems. Denote by Ck the complex

isomorphic to CFK1.S3;T2;2kC1/. First, using the filtered mapping cone formula [21], and with the
help of the concordance homomorphisms defined in [6], we show the following:

Theorem 1.2 Suppose a family of knots fJ2kgk>0 satisfies that CFK1.S3;J2k/ Š C2k ˚A, where
H�.A/D 0. Then the family f.S3

�1
.J2k/; �

.2k/
m;1

/gk>0;m>1 generates a ZZ˚Z summand in yCZ=CZ, where
�
.2k/
m;1

is the image of the .m; 1/-cable of the meridian in the �1-surgery on J2k . In particular , for each
fixed k > 0, f.S3

�1
.J2k/; �

.2k/
m;1

/gm>1 generates a ZZ summand in yCZ=CZ.

Next, the knot Floer complex of the knot family Kn can be explicitly computed as follows. Ozsváth
and Szabó [16, Section 6.2] give a description for a genus-one doubly pointed Heegaard diagram of
any knot that results from blowing down the ˙1-surgery on one component of a two-bridge link. The

Algebraic & Geometric Topology, Volume 26 (2026)



On homology concordance in contractible manifolds and two-bridge links 1599

a3

�a2
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Figure 2: Blowing down one component of the closure of a rational tangle Œa1; a2; a3� with a1

and a3 even yields the knot K˙Œa1; a2; a3�. The numbers in the boxes indicate the number of
right-handed half-twists.

family of knots Kn is studied carefully in Jonathan Hales’s thesis [8, Section 3]. Building on Ozsváth
and Szabó’s description, Hales develops a simple algorithm that outputs a .1; 1/ diagram of all the knots
that arise from blowing down the ˙1-surgery on one component of a two-bridge link. We review the
details of this algorithm in Section 3. In particular, he proves the following theorem.

Theorem 1.3 [8] For n> 0, CFK1.S3;Kn/Š Cn˚A, where H�.A/D 0.

See the k D 1 case of Proposition 4.27 for a more precise statement of Theorem 1.3. It is clear that
Theorem 1.1 is the consequence of Theorems 1.2 and 1.3.

Remark 1.4 The family of knots Kn we consider here is the same family used to prove the infinite
generation in [11], where the d -invariants of 1=p surgeries on �.n/

1;1
are computed, using the fact that for

certain p, the resulting manifolds are Brieskorn spheres. This is also similar to the approach employed
in [2]. Interestingly, with the current computation we do not recover the infinite generation result
with �.n/

1;1
proved in [11], as it turns out that CFK1.S3

�1
.Kn/; �

.n/
1;1
/ is locally equivalent to the trivial

complex. In order to recover their result, one needs to in addition consider the nontrivial flip map over
CFK1.S3

�1
.Kn/; �

.n/
1;1
/.

1.1 Blowing down two-bridge links

We also explore the algorithm due to Ozsváth, Szabó and Hales. For a rational tangle Œa1; : : : ; a`� whose
closure is a two-component link, we can always arrange such that ` is odd and each ai is even when i

is odd. (See Lemma 3.2 and the discussion before that.) Denote by K˙.Œa1; : : : ; a`�/ the knot obtained
from blowing down the ˙1-framed upper component. See Figure 2. It turns out that we can completely
determine the knot Floer homology of K˙.Œa1; : : : ; a`�/ when `� 3. We include this classification result
in the paper, with the expectation that these families of knots will generate more future applications.

The computation of the invariants has always been a main theme in Heegaard Floer homology. Despite
significant development of the theory, there are still only a limited number of knot families whose knot

Algebraic & Geometric Topology, Volume 26 (2026)



1600 Hugo Zhou

Floer complexes can be explicitly determined: L-space knots [17], thin knots [15; 18], .1; 1/ almost
L-space knots [4] (all determined by the Alexander polynomial) and certain cables of specific knots (using
say [9], where the computations are already difficult).

Theorem 1.5 The knot Floer complex of any knot K˙.Œa1; : : : ; a`�/ with `D 1; 3 and ai even for odd i

is classified , including Maslov gradings and filtration levels.

The knot Floer chain homotopy types arise from our examples are novel. Consider the complexes Ds

in Definition 4.20, the complexes Cn;k in Definition 4.25 and the complexes C 0
n;k

in Definition 4.30.
Recall Cn Š CFK1.S3;T2;2nC1/ and let C0 be the complex generated by a single element. We will
show that the knot Floer complexes of various knots K˙Œn; 1; nC k� with n> 0 and k � 0 consists of
direct summands of the above complexes. (For detailed statements, see Propositions 4.27 and 4.31.)
As mentioned earlier, the case for KC when k D 1 has already been done by Jonathan Hales. We include
it into a framework suitable for a slightly larger family.

Moreover, this classification involves interesting techniques. For a general sequence Œa1; b; a3�, we
observe that changing b by 2 amounts to performing a full Dehn-twist around two basepoints. Concretely,
if we let 
 be an arc between the two base points, the Dehn-twist is performed along the closed loop 
[S0
 ,
where 
 is a copy of 
 with the reversed orientation. See Figure 7 on page 1614. This is a local
transformation in a neighborhood of 
 , so we can opt to perform it in the very end. It turns out that
each full Dehn-twist amounts to adding a box summand at the “closest” generator near 
 . See Figure 8
on page 1616 for the effect on CFK1 and see Definition 4.8 for a precise definition of the “closest”
generator. It follows that in order to recover any general sequence Œa1; b; a3�, we need only consider the
case b D˙1 and 0 with a marked basis. See Proposition 4.11 for more details.

This method allows us to reduce the full classification to a handful of cases. For instance, in Section 4.3
we will utilize it to show that the knot Floer complex corresponding to the sequence Œa1; b; a3� when b is
even is isomorphic to CFK1.S3;Tn;nC1/ for certain n with a certain number of box summands added to
some marked generators.

Remark 1.6 When ` > 3, even though a closed formula seems unlikely, using similar methods as in this
paper it is still very much feasible to determine the full knot Floer complex for singular examples of
K˙.Œa1; : : : ; a`�/. Moreover, if one opts to compute partial invariants such as the local equivalence class
or the � invariant, then I believe the computation should be practical for a larger family of knots, and I
expect the result to be interesting as well.

Organization

We perform the filtered mapping cone computations and prove Theorem 1.2 in Section 2. We review the
algorithm by Ozsváth, Szabó and Hales in Section 3 and prove our classification result in Section 4. More
detailedly, in Section 4.1, we prove the length-one case; in Section 4.2, we discuss the length-three case
in general and prove some helpful lemmas; in Sections 4.3 through 4.7, we deal with the remaining cases
with length-three.

Algebraic & Geometric Topology, Volume 26 (2026)



On homology concordance in contractible manifolds and two-bridge links 1601

2 Knot Floer homology of the cables of the knot meridian
In this section we prove Theorem 1.2. We will make use of the concordance invariants 'i;j defined in [5].
We refer the reader to the original paper for the detailed definitions. See [5, Section 3.2] for a worked
out example. See [21, Example 8.1] for yet another example. Since 'i;j factors through the group of
knotlike complexes over local equivalence [5, Proposition 4.42], instead of considering �1-surgery on
the knot J2k with CFK1.S3;J2k/Š CFK1.S3;T4kC1/˚A, where H�.A/D 0, it suffices to consider
the �1-surgery on T4kC1.

Theorem 1.2 follows from a computational result, Proposition 2.5. The computational tool is the
filtered mapping cone formula [21], which combines [10; 19] to give a description of the knot Floer
complex of the .m; 1/-cable of the meridian in the image of a surgery along a knot. We include a brief
review of this filtered mapping cone formula in the following subsection.

2.1 Preliminaries on the filtered mapping cone formula

Let K � S3 be a knot with genus equal to g. For a given positive integer m, let �m;1 denote the
.m; 1/-cable of the meridian of K in the �1-surgery on K. According to [21, Theorem 1.9], the knot
Floer complex CFK1.S3

�1
.K/; �m;1/ is filtered chain homotopy equivalent to the doubly filtered chain

complex X1m .K/, defined to be the mapping cone of

gCm�1M
sD�gC1

A1s
v1s Ch1s
������!

gCm�1M
sD�g

B1s ;(1)

where each A1s and B1s are isomorphic to CFK1.S3;K/. The map v1s WAs! Bs is the identity and
the map h1s WAs!Bs�1 is the reflection along i D j precomposed with U s . Note that in general h1s is
a graded filtered chain homotopy equivalence with respect to j -filtration on the domain and i-filtration
on the range. For knots in S3, since HF�.S3/ is one-dimensional, h1s is unique up to filtered chain
homotopy equivalence and therefore we may take it to be the reflection map. See [10, Lemma 2.18].

Let I and J be the double filtrations on the filtered mapping cone complex X1m .K/. We have for
Œx; i; j � 2As ,

I.Œx; i; j �/Dmaxfi; j � sg;(2)

J .Œx; i; j �/Dmaxfi �m; j � sg�msC 1
2
m.mC 1/;(3)

and for Œx; i; j � 2 Bs ,

I.Œx; i; j �/D i;(4)

J .Œx; i; j �/D i �m�msC 1
2
m.mC 1/:(5)

It is straightforward to check that for s < �gC 1, the map hs induces an isomorphism on the homology;
for s > gCm�1, the map vs.K/ induces an isomorphism on the homology, which justifies the truncation
of the mapping cone.

Algebraic & Geometric Topology, Volume 26 (2026)



1602 Hugo Zhou

The general strategy for computation involves finding a reduced basis for X1m .K/, where every term
in the differential strictly lowers at least one of the filtrations. This can be achieved through a cancellation
process (see, for example, [14, Proposition 11.57]) as follows: Suppose @xi D yi C lower filtration terms,
where the double filtration of yi is the same as xi . Then the subcomplex of X1m .K/ generated by all
such fxi ; @xig is acyclic, and X1m .K/ quotient by this complex is reduced. Alternatively, one can view
the above process as a change of basis that splits off acyclic summands which individually lie entirely in
one double-filtration level.

2.2 Computation

Recall that it suffices to consider the .m; 1/-cable of the knot meridian in the �1-surgery on T4kC1. For
k � 1, the complex C2k D CFK1.S3;T2;4kC1/ is generated by ai for i D 1; : : : ; 2k with coordinate
.0;�2kC 2i � 1/ and bi for i D 1; : : : ; 2kC 1 with coordinate .0;�2kC 2i � 2/. The Maslov grading
is supported in b2kC1 and the differentials are given by

@ai D UbiC1C bi for i D 1; : : : ; 2k:

Via the isomorphism with CFK1.S3;T2;4kC1/, denote the generators in As by a
.s/
i for i D 1; : : : ; 2k

and b
.s/
i for iD1; : : : ; 2kC1 and the generators in Bs by a

0.s/
i and b

0.s/
i , where sD�2kC1; : : : ; 2kCm�1.

The differential on the mapping cone is given by

@a
.s/
i D b

.s/
i CUb

.s/
iC1
C a
0.s/
i CU sC2kC1�2i.a

0.s�1/

2k�iC1
/;

@b
.s/
i D b

0.s/
i CU sC2kC2�2i.b

0.s�1/

2k�iC2
/;

@a
0.s/
i D b

0.s/
i CUb

0.s/
iC1

:

We first look to choose a reduced basis for the complex of X1m .T2;4kC1/. As a subcomplex of
X1m .T2;4kC1/, each Bs is one dimensional. Indeed, quotienting out fa0.s/i ; @a

0.s/
i g1�i�2k leaves us

with the sole generator b
0.s/

2kC1
; define ˇs D b

0.s/

2kC1
after the change of basis.

Next, for the complex As , observe that a
.s/
i and Ub

.s/
iC1

are in the same coordinate if �2kC2i �1� s,
and similarly a

.s/
i and b

.s/
i are in the same coordinate if �2kC 2i � 1� s�m. So we may quotient out

fa
.s/
i ; @a

.s/
i g for i � kC sC1

2
and i � kC s�mC1

2
. We have obtained a reduced model of X1m .T2;4kC1/.

As a notational shorthand, let us define

f .m; s/D
m.mC 1/

2
�ms; i .t/m;s Dmin

�
kC

�
s� 1

2

�
; 2k

�
; i .b/m;s Dmax

�
kC 1C

�
s�m

2

�
; 1

�
such that in the reduced model each complex As is generated by a

.s/
i with i

.b/
m;s � i � i

.t/
m;s and b

.s/
i with

i
.b/
m;s � i � i

.t/
m;sC 1. The induced differentials on the chain complex are

@a
.s/
i D b

.s/
i CUb

.s/
iC1

;(6)

@b
.s/
i D U 2kC1�iˇsCU 2kC1�iCsˇs�1;(7)

Algebraic & Geometric Topology, Volume 26 (2026)



On homology concordance in contractible manifolds and two-bridge links 1603

and the filtration level of the generators are

J .a.s/i /D f .m; s/� 2k � s� 1C 2i;(8)

J .b.s/i /D f .m; s/� 2k � s� 2C 2i;(9)

J .ˇs/D f .m; sC 1/;(10)

I.a.s/i /D I.b.s/i /D I.ˇs/D 0(11)

for�2kC1� s�2kCm�1 and suitable i as discussed above. For the purpose of computing concordance
invariants, we will show the mapping cone can be further truncated. Let

X1m .T2;4kC1/h`i D
M̀

sD�`Cm

A1s
v1s Ch1s
������!

M̀
sD�`Cm�1

B1s :

Note that under this notation X1m .T2;4kC1/DX1m .T2;4kC1/h2kCm� 1i.

Lemma 2.1 For any k � 1 and m� 2, the filtered complex X1m .T2;4kC1/h2kCm� 1i is isomorphic to
X1n .T2;4kC1/hm� 1i˚D up to a filtered change of basis , where H�.D/D 0.

Proof We will show that for m � ` � 2k C m � 1, the complex X1m .T2;4kC1/h`i is isomorphic
to X1m .T2;4kC1/h` � 1i ˚ D0 up to a change of basis, where H�.D

0/ D 0. For every such `, in
X1m .T2;4kC1/h`i perform a change of basis

ˇ�`Cm�1 7! ˇ�`Cm�1CU `�mˇ�`Cm; ˇ` 7! ˇ`CU `ˇ`�1:

By (7), as a result the complexes given by

A1
�`Cm

h�`Cm
�����! B1

�`Cm�1; A1`
v`
�! B1`

both become summands under the new basis. The change of basis is clearly filtered with respect to the
I–filtration. For the J –filtration, we compute

J .ˇ�`Cm�1/�J .U `�mˇ�`Cm/D J .ˇ�`Cm�1/�.J .ˇ�`Cm/�`Cm/

D f .m;�`Cm/�f .m;�`CmC1/C`�mD `� 0;

J .ˇ`/�J .U `ˇ`�1/D J .ˇ`/�J .ˇ`�1/C`D f .m; `C1/�f .m; `/C`D `�m� 0:

Therefore the change of basis is filtered.

We also record the filtration shift between the generators in the complex.

Definition 2.2 Suppose U cy is a nontrivial term in @x, where c is some constant and x, y are both
generators. Define

�I;J .x;y/D .I;J /.x/� .I;J /.U cy/

and similarly define �I and �J .

Clearly, �I;J .a
.s/
i ; b

.s/
i /D .0; 1/ and�I;J .a

.s/
i ; b

.s/
iC1

/D .1; 0/ for each i
.b/
m;s � i � i

.t/
m;s . We also have:
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Lemma 2.3 For �2kC 1� s � 2kCm� 1 and i
.b/
m;s � i � i

.t/
m;sC 1,

�I;J .b
.s/
i ; ˇs�1/D .2kC 1� i C s; i � 1/;(12)

�I;J .b
.s/
i ; ˇs/D .2kC 1� i;m� sC i � 1/:(13)

Proof By (7), (9), (10) and (11), we compute

�I;J .b
.s/
i ; ˇs�1/D .I;J /.b

.s/
i /�.I;J /.U 2kC1�iCsˇs�1/

D .0; f .m; s/�2k�s�2C2i/�.0; f .m; s//C.2kC1� iCs; 2kC1� iCs/

D .2kC1� iCs; i�1/;

�I;J .b
.s/
i ; ˇs/D .I;J /.b

.s/
i /�.I;J /.U 2kC1�iˇs/

D .0; f .m; s/�2k�s�2C2i/�.0; f .m; sC1//C.2kC1� i; 2kC1� i/

D .2kC1� i;m�sC i�1/:

We have all the ingredients to calculate the concordance invariants 'i;j . This will be done in two
steps. First, we translate the complex X1n .T2;4kC1/hm� 1i into the ring F ŒU;V �. Then we further
translate it into the ring X and perform a change of basis, resulting a standard complex, from which the
invariants 'i;j can be readily read off.

Lemma 2.4 Over the ring F ŒU;V �, the complex X1n .T2;4kC1/hm� 1i is generated by

fˇs j 0� s �m�1g[fa
.s/
i j 1� s �m�1; i .b/m;s � i � i .t/m;sg[fb

.s/
i j 1� s �m�1; i .b/m;s � i � i .t/m;sC1g

with differentials

@a
.s/
i D Ub

.s/
iC1
CV b

.s/
i ;(14)

@b
.s/
i D U�I.b

.s/

i
;ˇs�1/V �J .b

.s/

i
;ˇs�1/ˇs�1CU�I.b

.s/

i
;ˇs/V �J .b

.s/

i
;ˇs/ˇs:(15)

Proof This follows trivially from (6), (7) and the definition of �I and �J .

We are ready to prove the following proposition. Compare with [21, Proposition 1.2].

Proposition 2.5 We have

'i;j .X
1
n .T2;4kC1/hm� 1i/D

8<:
�
Ps�1

1 .i
.t/
m;s � i

.b/
m;sC 1/ if .i; j /D .1; 0/;

1 if .i; j / 2 f�k;m.s/ j 1� s �m� 1g;

0 otherwise;

where �k;m.s/ is given by

�k;m.s/D

��
k �

˙
s�1

2

�
;mC k �

�
sC1

2

˘�
s � 2k;

.0; 2kCm� s/ s � 2k:
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Proof Continuing from Lemma 2.4, we can further translate the complex X1n .T2;4kC1/hm� 1i into
the ring

XD
F ŒUB; fWB;igi2Z;VT ; fWT;igi2Z�

.UBVT ;UBWB;i �WB;iC1;VT WT;i �WT;iC1/

using the maps

U 7! UBCWT;0; V 7! VT CWB;0:

The differentials now reads

@a
.s/
i D .UBCWT;0/b

.s/
iC1
C .WB;0CVT /b

.s/
i ;

@b
.s/
i D .U

�I.b
.s/

i
;ˇs�1/

B
W
�J .b

.s/

i
;ˇs�1/

B;0
CV

�J .b
.s/

i
;ˇs�1/

T
W
�I.b

.s/

i
;ˇs�1/

B;0
/ˇs�1

C .U
�I.b

.s/

i
;ˇs/

B
W
�J .b

.s/

i
;ˇs/

B;0
CV

�J .b
.s/

i
;ˇs/

T
W
�I.b

.s/

i
;ˇs/

T;0
/ˇs:

Note that each term in the previous coefficient in F ŒU;V � becomes two terms in the above expression,
one in the ideal .UB/ and one in the ideal .VT /. We perform the change of basis

Qb
.s/
i D

8̂<̂
:

b
.s/
i CU�1

B
WB;0.b

.s/
i�1
/ if i D i

.t/
m;sC 1;

b
.s/
i CU�1

B
WB;0.b

.s/
i�1
/CV �1

T
WT;0.b

.s/
iC1

/ if i
.b/
m;s < i < i

.t/
m;sC 1;

b
.s/
i CV �1

T
WT;0.b

.s/
iC1

/ if i D i
.b/
m;s;

(16)

Q̌
s D

8̂<̂
:

ˇsCV �s
T

W m�s
T;0

ˇs�1 if s D 0;

ˇsCV �s
T

W m�s
T;0

ˇs�1CU s�m
B

W s
B;0
ˇsC1 if 1� s �m� 2;

ˇsCU s�m
B

W s
B;0
ˇsC1 if s Dm� 1;

(17)

which simplifies the differentials to

@a
.s/
i D UB

Qb
.s/
iC1
CVT

Qb
.s/
i ;(18)

@ Qb
.s/
i D

8̂̂̂<̂
ˆ̂:

V
�J .b

.s/

i
;ˇs/

T
W
�I.b

.s/

i
;ˇs/

T;0
Q̌
s if i D i

.t/
m;sC 1;

U
�I.b

.s/

i
;ˇs�1/

B
W
�J .b

.s/

i
;ˇs�1/

B;0
Q̌
s�1 if i D i

.b/
m;s;

0 otherwise:

(19)

Note that �I;J .b
.s/
i ; ˇs�1/��I;J .b

.s/
i ; ˇs/D .s; s�m/ by (12) and (13) which justifies the change of

basis (17). We have obtained a standard complex [5, Definition 5.1], where the sequence of vector length
of each V -edges (starting from Q̌0) is

.

.i
.t/
m;s�i

.b/
m;sC1/ copies‚ …„ ƒ

�.1; 0/; : : : ;�.1; 0/;�I;J .b
.s/

i
.t/
m;sC1

; ˇs/;„ ƒ‚ …
1�s�m�1

: : : /:
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To finish the proof, it suffices to show �k;m.s/ D �I;J .b
.s/

i
.t/
m;sC1

; ˇs/ for 1 � s � m� 1. Recall that
i
.t/
m;s Dmin

˚
kC

˙
s�1

2

�
; 2k

	
. Therefore

i .t/m;sC 1D

�
kC

˙
sC1

2

�
if s � 2k;

2kC 1 if s � 2k:

By (13), we compute

�I;J .b
.s/

i
.t/
m;sC1

; ˇs/D

�
2kC 1� k �

�
sC 1

2

�
;m� sC kC

�
sC 1

2

�
� 1

�
D

�
k �

�
s� 1

2

�
;mC k �

�
sC 1

2

��
if s � 2kI

�I;J .b
.s/

i
.t/
m;sC1

; ˇs/D .2kC 1� .2kC 1/;m� sC 2kC 1� 1/

D .0; 2kCm� s/ if s � 2k:

Lemma 2.6 Suppose CFK1.S3;J2k/ Š CFK1.S3;T4kC1/˚A for k > 0, where H�.A/ D 0. Let
�
.2k/
m;1

denote the image of the .m; 1/-cable of the meridian in the �1-surgery on J2k . Then we have

'i;j .S
3
�1.J2k/; �

.2k/
m;1

/D

�
1 if .i; j /D .k;mC k � 1/;

0 if i > k or j >mC k � 1:

Proof Since CFK1.S3;J2k/ Š CFK1.S3;T4kC1/˚A, by the filtered mapping cone formula, we
have CFK1.S3

�1
.J2k/; �

.2k/
m;1

/Š CFK1.S3
�1
.T4kC1/; �

0.2k/
m;1

/˚A0. By Lemma 2.1

'i;j .S
3
�1.J2k/; �

.2k/
m;1

/D 'i;j .X
1
n .T2;4kC1/hm� 1i/:

According to Proposition 2.5, the value of 'i;j is determined by the sequence �k;m.s/ for 1� s �m� 1.
Note that�k;m.1/D .k;mCk�1/, and as s increases by 1 either the first or the second entry of�k;m.s/

decreases by 1.

Proof of Theorem 1.2 Lemma 2.6 shows the 'k;mCk�1 are linear independent, and the homomorphismM
k>0;m>1

'k;mCk�1 W
yCZ=CZ!

M
k>0;m>1

Z

is surjective. In particular, for each fixed k > 0 the homomorphismM
m>1

'k;mCk�1 W
yCZ=CZ!

M
m>1

Z

is surjective.

3 Blowing down two-bridge links
We now turn to the algorithm due to Ozsváth, Szabó and Hales. Let RDR1[R2 be a two-bridge link,
where R1 and R2 are the two link components. One can view R as two arcs A1 and A2 on a fixed S2 with
two trivial over-arcs C1 and C2 each intersecting S2 transversely at end points, such that Ri DAi [Ci .
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Since R2 is unknotted, �-framed surgery on R2 with � D ˙1 recovers S3. Let † be the genus-one
surface obtained from S2 by attaching a one-handle along the arc C2, and let �2 be the meridian of the
one-handle. Ozsváth and Szabó give a description for a genus-one doubly pointed Heegaard diagram for
the knot R1 in S3

� .R2/D S3 as follows.

Proposition 3.1 [16, Proposition 6.3] For � D˙1; let ˛ D C2[ .trivial arc in S2/, ˇ DA2[C2[ k�2,
where k is chosen such that ˛ � ˇ D �, and put z and w basepoints at the two end points of C1. Then
.†; ˛; ˇ; z; w/ represents .S3

� .R2/;R1/.

Proof Clearly .†; ˛; ˇ/ represents S3
� .R2/. Connecting z to w in the complement of ˛ traces out C1

while connecting w to z in the complement of ˇ traces out A1.

In particular, it follows that .S3
� .R2/;R1/ is a .1; 1/ knot. Next, view the two-bridge link R as the

numerator closure of a rational tangle p=q, with p even and q odd. We follow the convention in [12].
Every rational tangle can be obtained from the trivial tangle by performing

� the vertical right-handed half-twist � and its reverse ��1;

� the horizontal left-handed half-twist � and its reverse ��1.

Specifically in the case when the numerator closure is a link, �2 and � (and their reverses) suffice to
generate the rational tangle.1 This can be seen from a simple lemma regarding continued fractions, as
follows. For integers a1; : : : ; a`, denote by Œa1; : : : ; a`� the continued fraction

a1C
1

a2C
1

� � � C
1

a`�1C
1

a`

:

Lemma 3.2 If p is even and q is odd , we can arrange such that p=q D Œa1; : : : ; a`� where ` is odd , and
ai is even when i is odd.

Proof Set .p0; q0/D .p; q/, and for each i � 1, we will recursively choose integers .ai ;pi ; qi/ with pi

and qi coprime, such that
pi�1

qi�1

D ai C
qi

pi
:(20)

Since pi�1=qi�1 is between two consecutive integers, we choose ai simply to be the closest even integer
(resp. the closest integer) when i is odd (resp. when i is even) and choose pi , qi according to (20).
It follows that jpi j D jqi�1j and

pi�1 D aiqi�1C qi mod 2:

1In fact �2 and �2 and their reverses suffice, but at the expense of increasing the length of the continued fraction. For our
purpose we will use �2 and � .
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a3

a
2

a1

(a)

a3

�a2

a1

˙1

(b)

Figure 3: On the left, a rational tangle in the standard representation [12] corresponding to
p=q D Œa1; a2; a3�, where positive numbers indicate crossings of the type and negative
numbers vice versa. The diagram is alternating if all ai are of the same sign. On the right, the
same tangle in the 3-strand-braid representation [12]. The numbers in the boxes indicate the
number of right-handed half-twists. The numerator closure of the tangle, indicated by the dotted
lines, is a two-bridge link. For even a1 and a3, the knot K˙Œa1; a2; a3� is obtained by doing˙1

surgery on one of the components.

From these one can inductively show that for all 0� i � n we have

.pi ; qi/D

�
.even; odd/ if i is even;
.odd; even/ if i is odd:

Note that jqi j< jpi j D jqi�1j, and therefore this process will terminate in finite number of steps. Also
the last term an must have n odd, since qn D 0 which is an even number.

Definition 3.3 Denote by K˙.Œa1; : : : ; a`�/ the knot obtained by doing ˙1 surgery on the upper strand
of the numerator closure of tangle p=q D Œa1; : : : ; a`�, respectively. One can also write K˙.p=q/. See
Figure 3(b).

3.1 A diagrammatic algorithm

The following algorithm is due to Jonathan Hales [8]. Let us consider the effect of action �2 and � on the
Heegaard diagram .†; ˛; ˇ; z; w/ inside �D˙1 surgery. We depict the result of these actions in Figure 4.
Note that in Figure 4(b) and (c), in order to preserve the framing of ˇ curve, for each added full twist
we need to “double-back” one time such that the intersection points cancel in pairs with sign, and the
framing of the ˇ curve remains to be �.

In order to compute the Heegaard Floer homology of a .1; 1/ knot, the standard treatment is to lift
the genus-one Heegaard diagram .†; ˛; ˇ; z; w/ to the universal cover R2, where the bigon counts are
explicit. Therefore we would like to study the actions of �2n and � on the universal cover of †. The
following is interpreted from [8, Lemma 3.2.3]:
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z w

�2

(a)

z
w

(b)

z w

(c)

z w

�

(d)

Figure 4: (a) and (b) demonstrate the result of applying �2 on the four-punctured sphere and
†D S3[ .one-handle/ supposing � DC1, respectively. In (d) the two black arcs illustrate the
effect of � .

First note that all of the following transformations keep the lifts of ˛ unchanged, and deform only the
lifts of ˇ.

For n 2 Z, �2n has the following effect: In the covering S1 �RD Œ0; 1��R=f.0; r/� .1; r/ j r 2Rg,
where the lifts of ˛ are identified with S1�Z, arrange such that the lifts of the z basepoint lie on a vertical
line `z WD f1=4g �R and the lifts of the w basepoint lie on a vertical line `w WD f3=4g �R. Fixing z̨, z

and w basepoints, perform an ambient isotopy in a small neighborhood of `z given by the following: fix
a small " > 0,

H
.z/
t .x; r/D

8<:
�

x; r C

�
1�

ˇ̌
1
4
�x
ˇ̌

"

�
nt

�
if x 2

�
1
4
� "; 1

4
C "

�
;

.x; r/ otherwise;
(21)

for 0 � t � 1. In the process, a small neighborhood of Q̌ near each intersection point Q̌ \ `z is shifted
vertically by jnj units and crosses jnj of the z basepoints. Equivalently, �2n can also be interpreted as
follows. Fixing z̨, z andw basepoints, perform an ambient isotopy in a small neighborhood of `w given by
the following: fix a small " > 0,

H
.w/
t .x; r/D

8<:
�

x; r �

�
1�

ˇ̌
3
4
�x
ˇ̌

"

�
nt

�
if x 2

�
3
4
� "; 3

4
C "

�
;

.x; r/ otherwise;
(22)

for 0� t � 1. In the process, a small neighborhood of Q̌ near each intersection point Q̌ \ `w is shifted
vertically by jnj units and crosses jnj of the w basepoints. Further lift this to the universal cover R2. For
an example, see Figure 6 in Example 4.2 and Figure 11.
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On the other hand, note that � is a local action. See Figure 4(d). In the universal cover, � (resp. ��1)
corresponds to performing a clockwise (resp. counterclockwise) half-Dehn twist around each lift of z

and w basepoints. See the middle step of Figure 11. As a convention in this paper, after each action of �
we also switch the role of z and w basepoints, such that z is on the left and w is on the right. The switching
induces a chain homotopy equivalence of the resulting Heegaard Floer complex. We include the switching
such that the z basepoint is consistently on the left and w basepoint is consistently on the right in each lift.

According to Lemma 3.2, each rational tangle whose numerator closure is a two-component link can
be obtained from the trivial tangle by applying �2 and � iteratively. Therefore we have described an
algorithm that produces the .1; 1/ diagram of any knot that arises from blowing down a two-bridge link.
Here by a .1; 1/ diagram, we mean the universal cover of a genus-one doubly pointed Heegaard diagram,
where we fix a preferred parametrization. We have outlined a proof for the following theorem:

Theorem 3.4 [8] The actions �2 and � provide an explicit description of the .1; 1/ diagram of any knot
that arises from blowing down a two-bridge link.

4 Classifying K˙.p=q/ with continued fraction length � 3

Using the algorithm due to Ozsváth, Szabó and Hales, the goal of this section is to give a complete
classification of CFK1.S3;K˙.p=q// for p=q D Œa1; : : : ; a`� where `D 1 or 3 and ai is even for each
odd i . Note that

K�.p=q/D�KC.�p=q/D�KC.Œ�a1; : : : ;�a`�/:(23)

As a road map for this section, we will first consider the case ` D 1 in the next subsection. Then, in
Section 4.2, we will discuss some general facts about the `D 3 case, reducing it to five subcases. Finally
we will prove each one of these subcases in Sections 4.3 through 4.7, completing the classification. All five
subcases and their corresponding conclusions are recorded in Proposition 4.13 for the reader’s convenience.

4.1 Case K˙.Œa1�/

The following proposition together with (23) classify all the K˙.Œa1�/.

Proposition 4.1 For n> 0,

KC.Œ2n�/D�Tn�1;n;(24)

KC.Œ�2n�/D�Tn;nC1(25)

and KC.Œ0�/ is the unknot.

Proof We will only prove (24). The other case is similar and left for the reader. Recall that the torus
knot �Tn;n�1 is the braid closure of .!n�1 � � �!1/

n�1 where !i is the braid group element that exchanges
the i -th and .iC1/-th strand, with the crossing convention given by Figure 5(b). Note that a left-handed
full twist of the first k strands has a presentation of .!k�1 � � �!1/

k .
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n-strands
C1

(a) the knot KC.Œ2n�/

i i C 1

(b) the braid group element !i

n-strands

�1

� � �

� � �

(c) a braid presentation of KC.Œ2n�/

Figure 5: Illustrations for the proof of Proposition 4.1.

As depicted in Figure 5(c), the knot KC.Œ2n�/ is the braid closure of !1!2 � � �!n�1.!n�2 � � �!1/
n�1.

Therefore it suffices to show that as elements of the braid group

.!n�1 � � �!1/
n�1
D !1!2 � � �!n�1.!n�2 � � �!1/

n�1:(26)

From the braid relation

!i!iC1!i D !iC1!i!iC1;(27)

it is straightforward to see that for 1� k < i � kC j ,

!i.!k!kC1 � � �!kCj /D .!k!kC1 � � �!kCj /!i�1:(28)

We proceed by induction. For each 1� i � n� 1, we claim that

.!n�1 � � �!1/
n�1
D .!n�1 � � �!1/

n�1�i.!n�i � � �!n�1/.!n�2 � � �!1/
i :(29)

This is obviously true for i D 1. Suppose this is true for some 1� i � n� 2. By using (28), we have

.!n�1 � � �!1/
n�1

D .!n�1 � � �!1/
n�1�i.!n�i � � �!n�1/.!n�2 � � �!1/

i

D .!n�1 � � �!1/
n�2�i!n�1 � � �!n�i.!n�i�1!n�i � � �!n�1/!n�i�2 � � �!1.!n�2 � � �!1/

i

D .!n�1 � � �!1/
n�2�i.!n�i�1!n�i � � �!n�1/.!n�2 � � �!n�i�1/!n�i�2 � � �!1.!n�2 � � �!1/

i

D .!n�1 � � �!1/
n�1�.iC1/.!n�i�1 � � �!n�1/.!n�2 � � �!1/

iC1:

Thus we have proved (29). Taking i D n� 1 in (29) yields (26).

Example 4.2 Consider KC.Œ�2n�/ for n > 0. Applying the algorithm by Ozsváth, Szabó and Hales,
starting from a .1; 1/ diagram for the unknot KC.Œ0�/, where the ˇ curve has slope �1, we equivariantly
perform downwards finger moves of n units such that a small neighborhood of Q̌ near each intersection
point Q̌ \ `z crosses n of the z basepoints. The resulting .1; 1/ diagram is depicted in Figure 6. For
a chosen lift z̨ of ˛, we mark the intersection points of z̨ \ Q̌ from left to right by x1;x2; : : : in order.
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n

z̨
x1 x2 x3 x4

Figure 6: The .1; 1/ diagram for KC.Œ�2n�/ with n> 0, where the solid dots indicate (lifts of)
the z basepoint and the hollow dots indicate (lifts of) the w basepoint.

There are 2n� 1 intersection points in total, and for each i 2 f1; : : : ; n� 1g, there is a bigon from x2i�1

to x2i with i copies of z and a bigon from x2iC1 to x2i with n� i copies of w; there are no other bigons.
Therefore we conclude that CFK1.S3;KC.Œ�2n�// is generated by x1; : : : ;x2n�1 with the differentials

@x2i�1 D x2i�2Cx2i

and the filtration shifts
�I;J .x2i�1;x2i�2/D .n� i C 1; 0/;

�I;J .x2i�1;x2i/D .0; i/

for i D 0; : : : ; n, where we take x0 D x2n D 0. For the definition of �I;J , see Definition 2.2.
From Proposition 4.1 we already know KC.Œ�2n�/ D �Tn;nC1. So this provides another way of

computing the knot Floer complex of Tn;nC1 torus knots independent of the structure theorem of L-space
knots [17] and the computation of their Alexander polynomials.

In the other direction, without knowing KC.Œ�2n�/D�Tn;nC1, just by looking at their .1; 1/ diagrams
in Figure 6, one can also show they are L-space knots via [7, Theorem 1.2] (the .1; 1/ diagram is coherent)
and this gives a shortcut for computing their Alexander polynomials.

4.2 General results on the case ` D 3

From now on we fix the length of the continued fraction to be 3. Note that K˙.Œ2n1; 0; 2n2�/ D

K˙.Œ2n1C 2n2�/, and therefore the results here also apply to the knots in the previous section. We will
end up reducing the classification to the case when a2D˙1 or 0, so for the following lemma we consider
some relations between this subclass of knots.
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Lemma 4.3 For any integer b, n, n1 and n2, we have

K˙.Œ2n1; b; 2n2�/DK˙.Œ2n2; b; 2n1�/;(30)

K˙.Œ2n1; 1; 2n2�/DK˙.Œ2.n1C 1/;�1; 2.n2C 1/�/;(31)

K˙.Œ0;˙1; 2n�/DK˙.Œ2n�/;(32)

K˙.Œ2;�1; 2n�/DK˙.Œ2n� 2�/;(33)

K˙.Œ�2; 1; 2n�/DK˙.Œ2nC 2�/;(34)

KC.Œ2n1; 1; 2n2�/D�K�.Œ�2n1;�1;�2n2�/:(35)

Proof The relation (30) can be seen by rotating the paper plane by 180 degrees along a vertical axis. To
show (31), we compute

Œ2.n1C 1/;�1; 2.n2C 1/�D 2.n1C 1/C
1

�1C
1

2.n2C 1/

D
�4.n1C 1/.n2C 1/C 2.n1C 1/C 2.n2C 1/

1� 2.n2C 1/
D

4n1n2C 2n1C 2n2

2n2C 1

D Œ2n1; 1; 2n2�:

The relation (32) is clear from the link diagram. Relations (33) and (34) are straightforward from the
continued fraction. Relation (35) comes from mirroring.

4.2.1 Full Dehn twists Let H˙.Œ2n1; b; 2n2�/ denote the lifted Heegaard diagram in S1�R obtained by
applying the action �2n2�b�2n1 over the�1 sloped curve Q̌. By default, we also fix a preferred lift z̨ of ˛
and Q̌ of ˇ. According to the algorithm discussed in Section 3.1, with the above data, H˙.Œ2n1; b; 2n2�/

induces a basis B for the knot Floer complex CFK1.S3;K˙.Œ2n1; b; 2n2�//

When bD˙1 or 0, after performing �2n1 , connect each pair of the z and w basepoint with a horizontal
line segment 
 . After potentially pulling tight Q̌, we see that 
 intersects Q̌ at most once. See Figure 7(a)
for the case when b D 1; the other two cases are similar. The action of �2 is given by the local
transformation depicted in Figure 7(b). Since this transformation is defined inside a small neighborhood
of 
 , we may reverse the order the operations, i.e., �2n2�2


 �
2n1 D �2


 0�
2n2�2n1 . Here we write �
 to

stress the region where we perform the local transformation, and 
 0 is the image of 
 under the ambient
isotopy �2n2 given by (21) or (22). In other words, after performing �2n1 , instead of performing �2




first, we can apply the ambient isotopy �2n2 to Q̌ and 
 at the same time, then apply �2

 0 in a small

neighborhood of 
 0. This has the same effect as performing �2

 first, followed by �2n2 . Once the regions

of the operations are understood, we drop them from the indices of � .

Definition 4.4 For an arc 
 , define �C to be the conformal transformation in a neighborhood of 

depicted in Figure 7(b). This is to be understood up to rotation in R2. We can similarly define ��, given
by a reflection of �C along a vertical axis. The action �˙ is trivial if Q̌ \ 
˙ D¿.
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(a) the horizontal segment 
 (b) the transformation �C

2m strands

(c) the result after performing �m
C (d) a counterclockwise finger move

Figure 7: In the above diagrams, the � symbol is used to indicate either basepoint.

Remark 4.5 A useful perspective is to view �C as the reverse of the counterclockwise finger move
depicted in Figure 7(d), where we move both the basepoint and the Q̌ curve. Equivalently one can also
perform a counterclockwise finger move on the other basepoint to achieve the same result. Similar
statements are true for ��, with the only difference being that the finger move is clockwise.

We stress that �˙ preserves the angle between Q̌ and 
 . For example �� ı �C is not well defined.
Nevertheless, this allows us to reduce any H˙.Œ2n1; b; 2n2�/ to the case when b D˙1 or 0.

For the following, set � D sgn.b/, mD b�b=2c and b0 D b� 2�m. To understand H˙.Œ2n1; b; 2n2�/,
it suffices to understand H˙.Œ2n1; b

0; 2n2�/ and the action �m
� over certain arcs (the image of all the 


under �2n2).

Definition 4.6 When b0D 1 or 0, define 
� to be a straight line segment of slope �2n2 from a z basepoint
to a w basepoint in H˙.Œ2n1; 1; 2n2�/.

When b0 D�1, define 
� to be a straight line segment of slope �2.n2 � 1/ from a z basepoint to a
w basepoint in H˙.Œ2.n1� 1/; 1; 2.n2� 1/�/.

We abuse the notation and let 
˙ also denote the line segments with the same slope in H˙.Œ2n1; b; 2n2�/.

Lemma 4.7 Given n1, b and n2, for m and b0 as above ,

� when b � 0, H˙.Œ2n1; b; 2n2�/ is obtained from H.K˙.Œ2n1; b
0; 2n2�// by performing the local

transformation �m
C over all 
C;

� when b � 0, H˙.Œ2n1; b; 2n2�/ is obtained from H.K˙.Œ2n1; b
0; 2n2�// by performing the local

transformation �m
� over all 
�.

Proof The case when b0 D 0 or 1 follows from the fact that �2n2�b�2n1 D �2m�2n2�b0�2n1 and the
image of 
 under �2n2 is 
C. Consider the case when b0 D�1. We already know that

K˙.Œ2n1;�1; 2n2�/DK˙.Œ2.n1� 1/; 1; 2.n2� 1/�/:
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In fact, one can check that after pulling tight Q̌, H˙.Œ2n1;�1; 2n2�/ and H˙.Œ2.n1 � 1/; 1; 2.n2 � 1/�/

represent the same diagram. This justifies the definition of 
� in this case and the rest of the proof
follows.

The maps defined in Lemma 4.7 are equivariant; denote them by �˙2m, respectively. It turns out that
they induce maps on the knot Floer chain complex together with certain marked basis, which we will
now define.

We describe the process of assigning C markings; the � case is parallel.

Definition 4.8 For a given 
C, after pulling tight Q̌, let aCD 
C\ z̨ and bCD 
C\ Q̌. Both aC and bC

are unique if they exist, as can be seen from the local picture Figure 7(a). From Figure 7(d) we can see
that �C does not affect the knot Floer complex if z̨ \ 
C D ¿. We give a C marking to the “closest”
intersection point p of z̨ \ Q̌ to aC or bC. Concretely, p is the unique intersection point that forms a
.˛; ˇ; 
 / triangle with aC and bC. We call p a C marked point.

For the chain complex C D CFK1.S3;K˙.Œ2n1; b; 2n2�// with the basis B induced by z̨ and Q̌,
assign markings for every 
C. This results in a C marked basis BC. Note that it is possible for a basis
element to be assigned more than one C marking.

Similarly define intersection points a�, b� as the � marked points and B� as a � marked basis.

Let D1 be the filtered chain complex over F ŒU;U�1� generated by x0, x1, x2 and y with differentials
(each with length one) as below

x0

��

x1

��

oo

y x2
oo

Namely, D1 is a length-one box summand.

Lemma 4.9 Given a1, a3 even and a2� 0, we can obtain a model of
�
CFK1.K˙.Œa1; a2C2; a3�//;B

0
C

�
from

�
CFK1.K˙.Œa1; a2; a3�//;BC

�
as follows. For each C marked point p, add ` copies of D1

summands , where ` is the number ofC markings of p, such that for each D1 summand , y and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign aC marking
to x1 of each added D1 summand. This gives the new marked basis B0C.

Proof Given a intersection point bCD 
C\ Q̌ for some 
C, let p be the C marked point induced by 
C.
In a small neighborhood of 
C, the transformation �C is given by Figure 8(a), up to rotation in R2. In the
resulting diagram, label the intersection points by p0, c, a, b and p1 from left to right (as we will see, this
assignment also only matters up to the symmetry from the middle). They generate a complex depicted
in Figure 8(b). In particular, we can perform a change of basis fa; b; c;p0;p1g 7! fa; b; c;p0Cp1;pig

where i D 0 or 1. Both choice of the change of basis splits off a summand generated by fa; b; c;p0Cp1g

isomorphic to D1. We then identify either p0 or p1 with p. For i D 0; 1, clearly p0C p1 share the
same filtration level and Maslov grading with pi ; moreover observe that pi inherits all the bigons of p

(either incoming or outgoing, with the same filtration shifts). Adopting the perspective of Figure 7(d),
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p
bc

p1ap0

(a)

ab

c

p1

p0

(b)

� �
�

m copies

(c) the effect of the map �2m

Figure 8: The effect on CFK1.

performing a counterclockwise finger move will undo the transformation �C on the diagram level, and
remove a box summand on the chain complex level. The choice of basepoint with which we perform the
finger move corresponds to identifying p with p0 or p1.

Over the diagram H˙.Œa1; a2C 2; a3�/, following Q̌ and record the sequence of bC in order. Perform
the finger move in Figure 7(d) near each bC (this amounts to removing an interval of Q̌ near bC and
gluing it back). The resulting diagram is H˙.Œa1; a2; a3�/. This proves the statement regarding the chain
complex. For the new marked basis B0C, simply notice that in the local picture Figure 8(a), the intersection
point a forms a triangle with aC and bC.

Lemma 4.10 Given a1, a3 even and a2�0, we can obtain a model of
�
CFK1.K˙.Œa1; a2C2; a3�//;B

0
�

�
from

�
CFK1.K˙.Œa1; a2; a3�//;B�

�
as follows. For each C marked point p, add ` copies of D1

summands , where ` is the number of � markings of p, such that for each D1 summand , x1 and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign a � marking
to y of each added D1 summand. This gives the new marked basis B0�.

Proof This is parallel to Lemma 4.9.

Practically, we only need to consider the complex with marked basis
�
CFK1.K˙.Œ2n1; b

0; 2n2�//;B˙
�

with b0 D ˙1 and 0 and consider the map �˙2m. In general it is not difficult to determine B˙ using
Definitions 4.6 and 4.8. In particular, we have proved the following.

Proposition 4.11 Up to chain homotopy equivalence ,

CFK1.S3;K˙.Œ2n1; b; 2n2�//Š CFK1.S3;K˙.Œ2n1; b
0; 2n2�//˚

NM
iD1

D1;

where b0 D b� 2�m for � D sgn.b/, mD b�b=2c, N is the number of markings in the marked basis B�

and D1 is the length-one box complex.

For any n1 and n2, by Definition 4.6, 
C and 
� coincide for CFK1.K˙.S3; Œ2n1; 0; 2n2�//, so
BCDB�. In this case it is easy to check that the map �2 in Lemma 4.9 and the map ��2 in Lemma 4.10
induce the same map on the level of filtered chain homotopy type, even though they induce different basis
in the image. In other words, we have the following.
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Lemma 4.12 Up to filtered chain homotopy equivalence , for n1; n2; b 2 Z,

CFK1.K˙.S3; Œ2n1; 2b; 2n2�//Š CFK1.K˙.S3; Œ2n1;�2b; 2n2�//:

Note that the marked bases BC and B� are generally different for CFK1.K˙.Œ2n1; 1; 2n2�// since

C and 
� have different slopes.

In view of Lemmas 4.3, 4.9, 4.10 and 4.12 we can reduce the `D 3 case to some subcases as follows.
Suppose we are given Œa1; a2; a3� with a1; a3 2 2Z and a2 2 Z. If a2 is even, then it suffice to consider
a2 > 0, and by mirroring we only need to consider KC. If a2 is odd, by mirroring we can guarantee that
a1 > 0. Next reducing a2 to the case a2 D˙1, we can further restrict to the case a2 D 1 and consider
both BC and B� on CFK1.S3;K˙.Œa1; 1; a3�//. Finally note that we can require a3 ¤�2.

In summary, we have the following five cases, which are the topics of the next five subsections,
respectively. We record the conclusion of each subsection here for the reader’s convenience. This, together
with the `D 1 case completes the proof of Theorem 1.5.

Proposition 4.13 According to the discussion above , the case `D 3 is fully classified by the following
cases: for n1; n2 2 Z and integer b > 0,

(1) KC.Œ2n1; 2b; 2n2�/, Corollary 4.17;

for n1; n2 > 0,

(2) KC.Œ2n1; 1; 2n2�/, Proposition 4.27;

(3) K�.Œ2n1; 1; 2n2�/, Proposition 4.31;

and for n1 > 0; n2 > 1,

(4) KC.Œ2n1; 1;�2n2�/, Proposition 4.32;

(5) K�.Œ2n1; 1;�2n2�/, Proposition 4.33.

4.3 Case KC.Œ2n1; 2b; 2n2�/ with b > 0

Since KC.Œ2n1; 0; 2n2�/DKC.Œ2n�/ for nD n1C n2, with KC.Œ2n�/ already classified in Section 4.1,
the only extra data we require is a set of markings on CFK1.S3;KC.Œ2n�// (which as complexes of
L-space knots, admits a unique basis).

4.3.1 Marked basis for KC.Œ�2n�/ with n > 0 Fix �nD n1C n2 and let n2 D �k for k 2 Z. We
seek to decide the marked basis corresponding to KC.Œ�2.n�k/; 2b;�2k�/ for b > 0. By Definition 4.6

C is of slope k. Revisit Figure 6: in a S1�R slice, denote the lifts of ˛ that intersect a chosen lift Q̌ of ˇ
by ˛1 through ˛n from bottom to top. Fix a lift z̨ of ˛. It takes n iterations to cover all the intersections
of z̨\ Q̌, with z̨ being identified with ˛` for 1� `� n in each iteration. In total there are 2n�1 generators
in the complex CFK1.S3;KC.Œ�2n�// D CFK1.S3;Tn;nC1/. Every iteration covers 2 intersection
points except the last one, which covers 1 intersection point.
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˛1

˛2

˛3


C

Q̌

�1

0

1

2

3

4

Figure 9: The 
C line segment with slope nC 1 intersects the n sloped Q̌ line segment once.

The only intersection points that are marked are the ones in the middle of each S1�R slice. We focus
on the portion of Q̌ that travels between z and w basepoints, which is isotopic to a slope n line segment.
The question of how many markings each intersection point receives is a completely combinatorial one:
for each ˛` we need only count the number of line segments of slope k that intersect both line segments
of slope n and slope 0.

In the below proposition, note that CFK1.S3;Tn;nC1/ admits a unique basis, and by the symmetry it
does not matter from which end we start counting the generators.

Proposition 4.14 For n; b> 0 and k 2Znf0; ng, corresponding to KC.Œ�2.n�k/; 2b;�2k�/, the .2`/-th
generator in CFK1.S3;Tn;nC1/ receives m.n; k; `/ markings for 1� `� n� 1, where

m.n; k; `/D

8<:
k � n if k � nC 1;

n� `Cminf`� k; 0gCminfkC `� n; 0g if 1� k � n� 1;

�k if k � �1:

(36)

Proof For 1� `� n� 1, in the `-th iteration, ˛` is identified with z̨ and the intersection point depicted
in Figure 9 is the .2`/-th generator. Label the height of the z and w basepoints by j , such that ˛` is
between j D ` and j D `� 1.

When k � nC 1, 
C intersects the line segment of slope n if and only if it starts from j � �1 and
ends at j � n. There are k � 1� nC 1D k � n of such line segments in total.

When k � �1, 
C intersects the line segment of slope 0 if and only if it starts from j � ` and ends at
j � `� 1. There are `� 1� .`C k/C 1D�k of such line segments in total.

When 1�k�n�1, 
C intersects both the line segments if only if it starts between 0�j �`�1 and ends
between `� j � n�1. In other words, we need only find the length of the interval Œk; kC`�1�\ Œ`; n�1�,
which is given by

minfkC `� 1; n� 1g�maxf`; kgC 1D n� `Cminf`� k; 0gCminfkC `� n; 0g:

Note that the expression m.n; k; `/ is symmetric under the transformations

.n; k; `/ 7! .n; k; n� `/; .n; k; `/ 7! .n; n� k; `/:
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4.3.2 Marked basis for KC.Œ2n�/ with n > 0 This is similar to the previous case. Fix nD n1Cn2 and
let n2 D�k for k 2 Z. We seek to decide the marked basis corresponding to KC.Œ2.nC k/; 2b;�2k�/

for b > 0. Similarly label the lifts of ˛ by ˛1 through ˛n�1 from bottom to top. It takes n� 1 iterations
to cover all the intersections of z̨ \ Q̌, with z̨ being identified with ˛` for 1� `� n� 1 in each iteration.
In total there are 2n� 3 generators in the complex CFK1.S3;KC.Œ2n�//D CFK1.S3;Tn;n�1/. Every
iteration covers 2 intersection points except the last one, which covers 1 intersection point.

The only intersection points are the ones in the middle of each S1 �R slice and the portion of Q̌ that
travels between z and w basepoints is of slope �n. By Definition 4.6 
C is of slope k. The proof of the
next proposition is similar to the previous case and left to the reader as an exercise.

Proposition 4.15 For n; b > 0 and k 2 Z n f0;�ng, corresponding to KC.Œ2.nC k/; 2b;�2k�/, the
.2`�1/-th generator in CFK1.S3;Tn;n�1/ receives m0.n; k; `/ markings for 1� `� n� 1, where

m0.n; k; `/D

8<:
�k � n if k � �n� 1;

n� `Cmaxf`� n� k; 0gCmaxfkC `; 0g if � nC 1� k � �1;

k if k � 1:

(37)

4.3.3 Marked basis for KC.Œ0�/ Again let n2 D�k for k 2 Z.

Definition 4.16 Let C0 be the complex generated by one element.

We seek to decide the marked basis in C0 corresponding to KC.Œ2k; 2b;�2k�/ for b > 0. Similar
analysis as from the previous sections shows that the unique generator in C0 is assigned jkj markings
for k 2 Z. This concludes the discussion of the case KC.Œ2n1; 2b; 2n2�/ with b > 0. In particular,
Propositions 4.14–4.15 and the above imply the following.

Corollary 4.17 For any n1; n2 2 Z¤0 and b > 0, up to chain homotopy equivalence , the complex
CFK1

�
S3;KC.Œ2n1; 2b; 2n2�/

�
is given by ,

� if n1C n2 D 0,

C0˚ bjn2jD1I

� if n1C n2 > 0, defining nD n1C n2 and k D�n2,

CFK1.S3;Tn;n�1/˚ b

� n�1X
`D1

m0.n; k; `/

�
D1;

where m0.n; k; `/ is given by (37);

� if n1C n2 < 0, defining nD�.n1C n2/ and k D�n2,

CFK1.S3;Tn;nC1/˚ b

� n�1X
`D1

m.n; k; `/

�
D1;

where m.n; k; `/ is given by (36).
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1

n1 n2

Figure 10: The knot KCn1;n2
DKC.Œ2n1; 1; 2n2�/. Numbers in the boxes indicate the number of

right-handed full-twists.

4.4 Case KC.Œ2n1; 1; 2n2�/ with n1; n2 > 0

From now on let us write KCn1;n2
for the knot KC.Œ2n1; 1; 2n2�/ for the simplicity of the notation. See

Figure 10 for a depiction of the knot KCn1;n2
. Since the corresponding rational tangle has a presentation

Œ2n1; 1; 2n2�, by Jonathan Hales’s algorithm we shall consider the action �2n2��2n1 on the .1; 1/ diagram.
The entire procedure is shown in Figure 11.

Fix a lift z̨ (resp. Q̌) of the ˛ (resp. ˇ) curve. Consider the final diagram in Figure 11 and suppose
Q̌ travels from left to right. Observe that in one iteration Q̌ pass through n1C n2 � 1 consecutive lifts

of ˛ (after isotoping away bigons without basepoint if necessary); denote them ˛1; : : : ; ˛n1Cn2�1 from
bottom to top. To include all intersection points of z̨ \ Q̌, n1Cn2� 1 iterations are needed. Following Q̌,
denote the diagram of each iteration by H.s/ for 1 � s � n1C n2 � 1; call it the s-th block. Note that
in H.s/, z̨ is identified with ˛s .

To further determine the marked points, by Definition 4.6 each 
C is slope �2n2, and viewing
HC.Œ2n1; 1; 2n2�/ as HC.Œ2.n1C 1/;�1; 2.n2C 1/�/, each 
� is of slope �2.n2C 1/.

n1

�2n1 � �2n2

n1

n2
n1

n2


�


C

˛4

˛3

˛2

˛1

Figure 11: The action �2n2��2n1 when n1 D 2 and n2 D 3, starting from the slope �1. The solid
dots indicate (lifts of) the z basepoint and the hollow dots indicate (lifts of) the w basepoint. The
slope of 
C is �n2 and the slope of 
� is �.n2C 1/.
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(a) the first block H.1/ (b) the last block H.n1C n2� 1/

(c) the s-th block H.s/ with 2� s � n1C n2� 2

� � �� � �

� � � � � �

maxfn2 � s; 0gmaxfn1 � s; 0g

minfn1; sgCminfn2; sg� s

minfn1; sgCminfn2; sg� s

maxfs� n1; 0gmaxfs� n2; 0g


�

�


C

�


C

Figure 12: Illustrations of blocks H.s/.

Lemma 4.18 For 1� s � n1Cn2�1, each block H.s/ corresponds to the diagram depicted in Figure 12.

Proof This can be readily read off from the final diagram in Figure 11.

Remark 4.19 To obtain Figure 12, we are allowed to isotope the curves in the universal cover in the
complement of the basepoints and other curves, and to move the basepoints around as long as they do not
cross the curves. Since both these operations preserve the bigons, Figure 12 can be used to compute the
knot Floer complex. We need to pay some extra attention to keep track of 
C and 
�.

We now abuse the notation and denote the complex generated by H.s/ in CFK1.S3;KCn1;n2
/ also

by H.s/, for 1 � s � n1 C n2 � 1. Define the chain complex G.1/ D CFK1.S3;KCn1;n2
/, and

G.iC1/DG.i/=.H.i/[H.n1Cn2�i// for 1� i �
�

n1Cn2�1
2

˘
. Observe that H.s/ and H.n1Cn2�s/

are both subcomplexes in G.s/.
We note that although suppressed from the notation, both G.s/ and H.s/ depend on s, n1, n2 and k.

Definition 4.20 Define a filtered chain complex Ds over F ŒU;U�1� for s� 1 to be the complex generated
by xi with 0� i � 2s and y, where differentials are given by

@x2iC1 D x2i Cx2iC2; 0� i � s� 1;

@x2i D y; 0� i � s;
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with the filtration shifts

�I;J .x2iC1;x2i/D .1; 0/;

�I;J .x2iC1;x2iC2/D .0; 1/; 0� i � s� 1;

�I;J .x2i ;y/D .i; s� i/; 0� i � s:

We say Ds is supported in Maslov grading a and filtration level .i; j / if y is supported in Maslov grading a

and filtration level .i; j /.

Alternatively, Ds is the complex Cs with the addition of a generator y and the differentials from x2i

to y for 0� i � s with above filtration shifts. The complex D.3/ is shown below as an example:

x0

��

x1

��

oo

x2

��

x3

��

oo

x4

vv

x5

��

oo

y x6
oo

Lemma 4.21 When s �min
˚
n1; n2;

�
n1Cn2�1

2

˘	
, there exists a filtered change of basis T of G.s/, such

that in the image of T , H.s/ becomes a summand , and moreover H.s/ŠDs .

Proof Consider two consecutive blocks H.s/ and H.sC1/ in G.s/ for 1� s�min
˚
n1; n2;

�
n1Cn2�1

2

˘	
.

See Figure 13. Denote the intersection points of Q̌ \ z̨ by x0; : : : ;x2s;y;x
0
0
; : : : ;x0

2s0
;y0 in order, where

s0 Dminfn1; sC 1gCminfn2; sC 1g� s� 1, which is the number of small inner arcs in each half plane
in H.sC 1/. There are two cases to discuss: when s Dminfn1; n2g or s <minfn1; n2g.

� Suppose s Dminfn1; n2g. Then s0 D s. Observe that the only arrows connected to H.s/ are given by

@x02i D yCy0; 0� i � s:

Performing the change of basis
x0i 7! x0i Cxi ; 0� i � 2s;

splits off H.s/ as a summand. Since the filtration shifts are

�I;J .x2i ;y/D .i; s� i/;(38)

�I;J .x
0
2i ;y/D .i; s� i/C .maxfn1� s� 1; 0g;maxfn2� s� 1; 0g/(39)

for 0� i � s, this change of basis is filtered.

� Suppose s <minfn1; n2g. Then s0 D sC 1. Similarly, the only arrows connected to H.s/ are given by

@x02i D yCy0; 0� i � sC 1:
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� � �� � �

x0x1� � �x2s y y0x0
0

x0
1

� � �x0
2s0

maxfn1 � s� 1; 0g maxfn2 � s� 1; 0g

Figure 13: Two consecutive blocks H.s/ (on the left) and H.sC 1/ (on the right) in G.s/ for
1� s �min

˚
n1; n2;

�n1Cn2�1

2

˘	
. There could be other basepoints (at most more of each kind) in

H.sC 1/ in the lower half plane.

Performing the change of basis

x0i 7! x0i Cxi ; 0� i � 2s;

x02.sC1/ 7! x02.sC1/Cx2s

splits off H.s/ as a summand. Since the filtration shifts are

�I;J .x2i ;y/D .i; s� i/ for 0� i � s;(40)

�I;J .x
0
2i ;y/D .i; sC 1� i/C .n1� s� 1; n2� s� 1/ for 0� i � sC 1;(41)

this change of basis is filtered.

And it is clear from the diagram that each H.s/ generates a Ds summand (after quotienting out the top
outmost arc).

Lemma 4.22 When s �min
˚
n1; n2;

�
n1Cn2�1

2

˘	
, there exists a filtered change of basis T 0 of G.s/, such

that in the image of T 0, H.n1C n2� s/ becomes a summand , and moreover H.n1C n2� s/ŠDs .

Proof This follows from Lemma 4.21 and the symmetry of the knot Floer complex. Equivalently one
can run the similar argument as in the proof of Lemma 4.21 again.

Lemma 4.23 When s �minfn1; n2g� 1, there exists a filtered change of basis such that

G.s/ŠG.sC 1/˚H.s/˚H.n1C n2� s/ŠG.sC 1/˚ 2Ds:

Proof When s � minfn1; n2g � 1, we have H.s/\H.n1C n2 � 1/D ¿. By Lemmas 4.21 and 4.22,
one simply applies the change of basis T 0 ıT , and in the resulting complex H.s/ and H.n1C n2� 1/

both become summands.

These lemmas allow us to completely determine the complex CFK1.S3;KCn1;n2
/. Due to (30), we may

assume n1� n2. Therefore from now on we only consider knots of the form KC
n;nCk

with n> 0 and k � 0.
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Proposition 4.24 For n> 0 and k � 0, we have

CFK1.S3;KC
n;nCk

/ŠG.n/˚ 2

� n�1M
sD1

Ds

�
:

Proof This follows from Lemma 4.23. Starting from G.1/Š CFK1.S3;KCn1;n2
/, we keep splitting off

pairs of summands of Ds when s �minfn1; n2g� 1.

Therefore it suffices to determine the quotient complex G.n/Š
Sk

jD0 H.nCj / in CFK1.S3;KC
n;nCk

/.
Note that the top outmost arc in H.n/ and the bottom outmost arc in H.nC k/ are quotiented out. We
discuss several cases for different k.

� When k D 0, G.n/Š Cn.

� When k D 1, we can use either Lemma 4.21 or 4.22 to split off a Dn summand. The remaining
summand G.n/=Dn is isomorphic to Cn.

� When k D 2, we can use Lemmas 4.21 and 4.22 to split off a pair of Dn summands. The remaining
summand G.nC 1/ is isomorphic to Cn.

� When k > 3, we again can use Lemmas 4.21 and 4.22 to split off a pair of Dn summands. The
remaining summand is G.nC 1/.

Definition 4.25 For n> 0, k � 2, define Cn;k to be the complex generated by

fx
.j/
i j 1� j � k � 1; 0� i � 2ng[ fyj j 1� i � k � 2g:

For simplicity, let y0 D yk�1 D 0. For 1� j � k � 1, the differentials are given by

@x
.j/
2iC1

D x
.j/
2i
Cx

.j/
2iC2

; 0� i � n� 1;

@x
.j/
2i
D yj Cyj�1; 0� i � n;

with the filtration shifts

�I;J .x
.j/
2iC1

;x
.j/
2i
/D .1; 0/;

�I;J .x
.j/
2iC1

;x
.j/
2iC2

/D .0; 1/; 0� i � n� 1;

�I;J .x
.j/
2i
;yj /D .i C j ; n� i/;

�I;J .x
.j/
2i
;yj�1/D .i; k � j C n� i/; 0� i � n:

Note that Cn;2 D Cn. See Figure 14(b) for an example when nD 2 and k D 4.

Lemma 4.26 When k � 2, in CFK1.S3;KC
n;nCk

/ the quotient complex G.nC 1/ is isomorphic to Cn;k .

Proof The quotient complex G.nC 1/Š
Sk�1

jD1 H.nC j / in CFK1.S3;KC
n;nCk

/. We have drawn the
block H.nC j / for 1 � j � k � 1 in Figure 14(a). Again the top outmost arc in H.nC 1/ as well as
the bottom outmost arc in H.nC k � 1/ are quotiented out. Denoting the generators in H.nC j / by
x
.j/
2n
; : : : ;x

.j/
0
;yj from left to right in order, note that for each j the 2nC1 generators x

.j/
2n
; : : : ;x

.j/
0

form a
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� � �

� � �

k � j

n

j

(a)

x
.1/
4

x
.1/
3

x
.1/
2

x
.1/
1

x
.1/
0

x
.2/
4

x
.2/
3

x
.2/
2

x
.3/
0

x
.3/
1

x
.3/
2

x
.3/
3

x
.3/
4

x
.2/
0

x
.2/
1

y1

y2

(b)

Figure 14: On the left, the block H.nC j / with 1� j � k � 1. On the right, the complex C2;4.

staircase, and for each 0� i �n the generator x
.j/
2i

has a differential to yj and yj�1 (taking y0Dyk�1D0).
The filtration shifts can be readily computed by counting the number of basepoints in the bigons.

The following proposition describes the knot Floer complex CFK1.S3;KC
n;nCk

/ for n> 0, k � 0. The
k D 1 case of Proposition 4.27 is the content of [8, Thoerem 3.3.14], which in turn implies Theorem 1.3.
(To be precise, [8, Thoerem 3.3.14] describes the mirror of KC

n;nC1
.)

We recall that KCn1;n2
DKC.Œ2n1; 1; 2n2�/, CnŠCFK1.S3;T2;2nC1/, the complexes Ds are defined

in Definition 4.20 and the complexes Cn;k in Definition 4.25.

Proposition 4.27 For integers n > 0, k � 0, up to homotopy equivalence the knot Floer complex
CFK1.S3;KC

n;nCk
/ is given by the following.

� When k D 0,

CFK1.S3;KCn;n/Š Cn˚ 2

� n�1M
sD1

Ds

�
:

� When k D 1,

CFK1.S3;KC
n;nC1

/Š Cn˚Dn˚ 2

� n�1M
sD1

Ds

�
:

� When k D 2,

CFK1.S3;KC
n;nC2

/Š Cn˚ 2

� nM
sD1

Ds

�
:

� When k � 2,

CFK1.S3;KC
n;nCk

/Š Cn;k ˚ 2

� nM
sD1

Ds

�
:
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Moreover , there exists a choice of basis , such that when k D 0, for each 1 � s � n� 1 both Ds are
supported in filtration level .fn;s; fn;s/. When k > 0, for 1 � s � n, each pair of Ds is supported in
filtration levels

.fn;s; fn;s/C

�
.k � 1/.k � 2/

2
;�.n� sC 1/kC 1

�
;

.fn;s; fn;s/C

�
�.n� sC 1/kC 1;

.k � 1/.k � 2/

2

�
;

respectively, except for when k D 1 the single copy of Dn is supported in .0; 0/, where

fn;s D�
.n� s/.n� s� 1/

2
:(42)

Under this basis , each summand Ds is supported in Maslov grading �1; each 0-graded generator has one
� marking and eachC1-graded generator has oneC marking.

Proof The statements regarding the homotopy equivalence type of CFK1.S3;KC
n;nCk

/ follow from
Proposition 4.24, Lemma 4.26 and the discussion between. We are left with the statements regarding the
Maslov grading, the marked basis and the filtration levels, which can be proved by examining the process
of splitting off Ds summands more closely.

Since we have that for s � n,

�I;J .x
.s/
2i
;ys�1/D .i; sC 1� i/C .n� s; nC k � s/; �I;J .x

.s/
2i
;ys/D .i; sC 1� i/;

the filtration shift from ys to ys�1 (which supports Ds and Ds�1, respectively) is

�.n� s; nC k � s/; s � n:(43)

For a fixed basis B of a complex C , we say B is supported in the filtration level .a; b/ if the generator
with the lowest i (resp. j ) filtration in B is in filtration level a (resp. b).

When k D 0, fix a basis such that the summand Cn is supported in filtration level .0; 0/. By (39) both
copies of Dn�1 are supported in .0; 0/. By (43), for 1� s � n� 1 the copy of Ds that comes from H.s/

is supported in filtration �
�

n�s�1X
`D0

`;�

n�s�1X
`D0

`

�
D .fn;s; fn;s/:

The filtration levels of the remaining complex follows from the symmetry of the knot Floer complex.
When k D 1, fix a basis such that the single copy of Dn is supported in .0; 0/. (The summand Cn is
supported in .0; 0/ as well.) The filtration levels in this case follows in the exact same way as above.

When k � 2, fix a basis such that the summand Cn;k is supported in filtration level .0; 0/. It is
straightforward to check that x

.1/
0

is supported in the filtration level� k�2X
`D1

`; n

�
D

�
.k � 1/.k � 2/

2
; n

�
:
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n1

n2

n1

n2


�


C

(a) the .1; 1/ diagram of K�n1;n2

� � � � � �

n2� 1

n1� 1

(b) the first block H 0.1/

� � �� � �

� � � � � �

maxfs� n1; 0gmaxfs� n2; 0g

minfn1; sgCminfn2; sg� s

minfn1; sgCminfn2; sg� s

maxfn2 � s; 0gmaxfn1 � s; 0g


�

�


C


�


C

(c) the s-th block H 0.s/ with 1� s � n1C n2� 1

Figure 15: Illustrations of blocks H 0.s/.

Then by (39) the copy of Dn that comes from H.n/ is supported in
� .k�1/.k�2/

2
;�kC 1

�
. The filtration

levels of the remaining complex follows in the same way as above.
For the statement regarding the Maslov grading, observe (for example, from Figure 13) that every ys

generator in some H.s/ is supported in the same Maslov grading t , and every x
.s/
0

generator in some H.s/

is supported in the same Maslov grading t C 1. On the other hand, the homogeneous element
P

s x
.s/
0

is
a generator of H�.CFK1.S3;KC

n;nCk
//ŠHF1.S3/ and therefore is supported in Maslov grading 0.

It follows that t D�1. The statement regarding the marked basis can be readily read off by Figure 12(c),
using Definition 4.8.

4.5 Case K�.Œ2n1; 1; 2n2�/ with n1; n2 > 0

Similarly let us write K�n1;n2
for the knot K�.Œ2n1; 1; 2n2�/. We still consider the action �2n2��2n1 on

the .1; 1/ diagram, with the difference being the starting slope is C1. The resulting .1; 1/ diagram is
depicted in Figure 15(a). Compare with the final diagram in Figure 11. The process for determining
CFK1.S3;K�n1;n2

/ is almost identical to the process described in the previous section, so we will only
include the key steps, being much less elaborate.
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� � � � � �� � � � � �

x
.s/
0

x
.s/
1

� � �x
.s/
2s

ysC1ys ysC2

x
.sC1/
0

x
.sC1/
1

� � �x
.sC1/

2s0

nC k � s� 1 n� s� 1nC k � s n� s

Figure 16: Two consecutive blocks H 0.s/ (left) and H 0.sC 1/ (right) in G0.s/ for 1 � s � n.
There is either one basepoint or one of each kind in the upper half plane of H 0.nC1/ when sD n.

To start, we can similarly define the s-th block H 0.s/ for 1 � s � n1 C n2 � 1; we also define
the chain complex G0.1/ D CFK1.S3;K�n1;n2

/, and G0.i C 1/ D G0.i/=.eH 0.i/ [ eH 0.n1 C n2 � i//,
where eH 0.i/ D H 0.i/ n fright end pointg and eH 0.n1 C n2 � i/ D H 0.n1 C n2 � i/ n fleft end pointg
for 1 � i �

�
n1Cn2�1

2

˘
. We add the apostrophe to differentiate from the complexes defined in the

previous section.

Lemma 4.28 For 1 � s � n1 C n2 � 1, each block H 0.s/ corresponds to the diagram depicted in
Figure 15(c).

Again due to (30), we have K�n1;n2
DK�n2;n1

. Therefore from now on we only consider knots of the
form K�

n;nCk
with n > 0, k � 0. Similarly as before, we split off Ds summands iteratively until we

obtain a small complex. This process in the case of K�
n;nCk

is somewhat more straightforward than that
in the previous section. We depicted the two consecutive blocks in Figure 16, but in fact we need only to
consider the first block H 0.s/.

Lemma 4.29 For n> 0, k � 0,

CFK1.S3;K�n;nCk/Š

�
G.n� 1/˚ 2

�Ln�1
sD1 Ds

�
if k D 0;

G.n/˚ 2
�Ln

sD1 Ds

�
if k � 1:

Proof For 1� s � n, label the generators in H 0.s/ from left to right by ys;x
.s/
2s
; : : : ;x

.s/
0
;ysC1 where

ysC1 DH 0.s/\H 0.sC 1/. The differentials are

@x
.s/
2iC1

D x
.s/
2i
Cx

.s/
2iC2

; 0� i � s� 1;

@x
.s/
2i
D ysCysC1; 0� i � s;

with filtration shifts

�I;J .x
.s/
2i
;ys/D .i; s� i/;

�I;J .x
.s/
2i
;ysC1/D .i; s� i/C .nC k � s; n� s/
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for 0� i � s. Therefore performing the filtered change of basis

ys 7! ysCysC1

splits off eH 0.s/DH 0.s/ n fysC1g ŠDs as a summand. We can split off eH 0.s/ and eH 0.2nC k � s/ for
1� s � n�1 at the same time since eH 0.s/\ eH 0.2nCk� s/D¿. Due to the symmetry of the knot Floer
complex, eH 0.2nC k � s/ŠDs . When k � 1, we can further split off eH 0.n/[ eH 0.nC k/Š 2Dn.

Before stating the theorem, we first clarify some notation. Recall that C0 is the complex generated by
one element and the complexes Ds are defined in Definition 4.20.

Definition 4.30 For n> 0, k � 2, let C 0
n;k

be the complex generated by

fx
.j/
i j 1� j � k � 1; 0� i � 2ng[ fyj j 1� j � kg

with differentials
@x
.j/
2iC1

D x
.j/
2i
Cx

.j/
2iC2

; 0� i � n� 1;

@x
.j/
2i
D yj CyjC1; 0� i � n;

with the filtration shifts

�I;J .x
.j/
2iC1

;x
.j/
2i
/D .1; 0/;

�I;J .x
.j/
2iC1

;x
.j/
2iC2

/D .0; 1/; 0� i � n� 1;

�I;J .x
.j/
2i
;yj /D .i; n� i C j /;

�I;J .x
.j/
2i
;yjC1/D .i C k � j ; n� i/; 0� i � n:

The complex C 0
1;3

is shown below as an example:

x
.2/
0

3

��

��

x
.2/
1

oo

��

y3 x
.2/
2

oo

��

x
.1/
0

��

ww

x
.1/
1

oo

��

y2 x
.1/
2

3
oo

}}

y1
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Proposition 4.31 For integers n > 0, k � 0, up to homotopy equivalence the knot Floer complex
CFK1.S3;K�

n;nCk
/ is given by the following.

� When k D 0,

CFK1.S3;KCn;n/Š C0˚Dn˚ 2

� n�1M
sD1

Ds

�
:

� When k D 1,

CFK1.S3;KC
n;nC1

/Š C0˚ 2

� nM
sD1

Ds

�
:

� When k � 2,

CFK1.S3;KC
n;nCk

/Š C 0n;k ˚ 2

� nM
sD1

Ds

�
:

Moreover , there exists a choice of basis , such that C0 is always supported in the filtration level .0; 0/ and
each pair of Ds for 1� s � n is supported in filtration levels��

kC 1

2
C n� s

�
kC

.n� s/.n� sC 1/

2
;
.n� s/.n� sC 1/

2

�
;�

.n� s/.n� sC 1/

2
;
.n� s/.n� sC 1/

2
C

�
kC 1

2
C n� s

�
k

�
;

respectively. Under this basis , each C0 and Ds summand are supported in Maslov grading 0; each
C1-graded generator has one � marking and eachC2-graded generator has oneC marking.

Proof From the proof of Lemma 4.29 we see that ys and ysC1 have a filtration difference of

.nC k � s; n� s/ for 1� s � n:(44)

Each Ds is supported by ys for 1� s � n. For the first two cases, fix a basis such that C0 is supported
in .0; 0/. For the last case, fix a basis such that C 0

n;k
is supported in .0; 0/, and then it is straightforward

to check that y1 2 C 0
n;k

has filtration level ..k � 1/k=2; 0/. By (44) we can determine the support of all
the Ds that come from eH 0.s/ for 1� s � n. The filtration levels of the remaining complex follows from
the symmetry of the knot Floer complex.

Each ys generator has the same Maslov grading t , for some integer i , each x
.s/
2i

generator has the same
Maslov grading t C 1 and each x

.s/
2iC1

generator has the same Maslov grading t C 2. Since the homology
is supported in some ys , we have t D 0. The statement regarding the marked basis can be read off from
Figure 15(c).

4.6 Case KC.Œ2n1; 1;�2n2�/ with n1 > 0, n2 > 1

For suitable orientations of z̨ and Q̌ curve in the .1; 1/ diagram, the induced orientation for each bigon is
the same. See, for example, Figures 17 and 18. By [7, Theorem 1.2], KC.Œ2n1; 1;�2n2�/ is a (negative)
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n2� n1

C1

n1

n2

n1

˛5

˛4

˛3

˛2

˛1


�


C

(a) the .1; 1/ diagram when n1 D 2; n2 D 4

˛s

s� 1

� � �

s

� � �

n1C n2� 2s


� 
�


C

C


C

(b) when 1� s � n1� 1

˛s

n1� 1

� � �

n1

� � �

n2� s

� � �

s� n1C 1


� 
�


C

C


C 
�

(c) when n1 � s � n2� 1

Figure 17: The case n2 � n1. The only generators without a marking are given by the circled
intersection point in (c).

.1; 1/ L-space knot. Therefore in order to pin down its knot Floer complex, it suffices to record the length
of (say) horizontal arrows.

4.6.1 When n2 � n1 The .1; 1/ diagram in this case is depicted in Figure 17. We proceed as before.
For a fixed lift Q̌, label all the lifts of ˛ which intersect Q̌ by ˛1; : : : ; ˛n1Cn2�1. Identify z̨ with ˛s for
1� s � n1C n2� 1 in the s-th block. There is an ambiguity in defining the end point of each block. We
define the end point of each block to be the first intersection point after Q̌ travels above a w basepoint in
the next block. See the right-hand side of Figure 17.

By Definition 4.6, the slope of 
C is n2 and the slope of 
� is �.�n2C 1/D n2 � 1. Observe also
that aside from the intersection point circled in Figure 17(c), every intersection point is marked exactly
once, where the sign of the marking depends on the parity of the Maslov grading.

We simply count the number of basepoints in the bigons in the upper half plane. This is given by

s�1‚ …„ ƒ
1; : : : ; 1; n1C n2� 2s for 1� s � n1� 1 and

n1�1‚ …„ ƒ
1; : : : ; 1; n2� s; 1 for n1 � s � n2� 1:

When n1¤ n2, we have n2�1> .n1Cn2�1/=2, therefore by the symmetry we can fill out the remaining
complex. Specifically, the horizontal-vertical arrows of length .n2�n1; 1/ in the .n1/-th block is identified
after reflection with the horizontal-vertical arrows of length .1; n2�n1/ in the .n2�1/-th block. It follows
that the remaining horizontal arrows are all of length 1, and there are in total� n1X

iD1

i

�
� 1D

.n1C 2/.n1� 1/

2
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n2

n1

n2

n1

˛5

˛4

˛3

˛2

˛1


� 
C

(a) the .1; 1/ diagram when n1 D 4, n2 D 2

˛s

s� 1

� � �

s

� � �

n1C n2� 2s


� 
�


C

C


C

(b) when 1� s � n2� 1

˛s

n2� 1

� � �

n2� 1

� � �

n1� s

� � �

s� n2C 1


�


C

C


C

(c) when n2 � s � n1� 1

Figure 18: The case n2 < n1. The only generators without a marking are given by the intersection
point circled in (c).

of them. In summary, we have shown that the sequence of lengths of horizontal arrows in the knot Floer
complex is given by

s�1‚ …„ ƒ
1; : : : ; 1; n1C n2� 2s„ ƒ‚ …

for 1�s�n1�1

;

n1�1‚ …„ ƒ
1; : : : ; 1; n2� s; 1„ ƒ‚ …

for n1�s�n2�1

;

.n1C2/.n1�1/

2‚ …„ ƒ
1; : : : ; 1 :

Moreover, the only generators without a marking are those whose outgoing horizontal arrows are of
length n2 � s in the s-th block for n1 � s � n2 � 1. The above analysis does not cover the case when
n1 D n2, but it is straightforward to check that the conclusion also holds there. (When n1 D n2, the
.n1/-th block consists of n1� 1 bigons in each half plane, where each bigon has exactly one basepoint,
and the rest of the complex follows from symmetry.)

4.6.2 When n2 < n1 The .1; 1/ diagram in this case is depicted in Figure 18. This case is parallel to
the previous case, and one can similarly work out the sequence of length of horizontal arrows using the
right-hand side diagrams in Figure 18. Putting together the discussion on both cases, we have proved
the following.

Proposition 4.32 For n1 > 0, n2 > 1, KC.Œ2n1; 1;�2n2�/ is a negative L-space knot , with the length of
horizontal arrows given in order by the follows.

� When n2 � n1,
s�1‚ …„ ƒ

1; : : : ; 1; n1C n2� 2s„ ƒ‚ …
for 1�s�n1�1

;

n1�1‚ …„ ƒ
1; : : : ; 1; n2� s; 1„ ƒ‚ …

for n1�s�n2�1

;

.n1C2/.n1�1/

2‚ …„ ƒ
1; : : : ; 1 :
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Given a basis , each generator with odd Maslov grading has one � marking. Each generator whose
outgoing horizontal arrow is marked by the overline has no marking. Apart from them , each generator
with even Maslov grading has oneC marking.

� When n2 < n1,
s�1‚ …„ ƒ

1; : : : ; 1; n1C n2� 2s„ ƒ‚ …
for 1�s�n2�1

;

n2�1‚ …„ ƒ
1; : : : ; 1; n1� s„ ƒ‚ …

for n2�s�n1�1

;

.n2C2/.n2�1/

2‚ …„ ƒ
1; : : : ; 1 :

Given a basis , each generator whose incoming horizontal arrow is marked by the overline has no marking.
Apart from them , each generator with odd Maslov grading has one � marking. Each generator with even
Maslov grading has oneC marking.

4.7 Case K�.Œ2n1; 1;�2n2�/ with n1 > 0, n2 > 1

By [7, Theorem 1.2], K�.Œ2n1; 1;�2n2�/ is a positive .1; 1/ L-space knot. It suffices to record (say) the
length of vertical arrows. The process to determine such a sequence is entirely parallel to the process in
Section 4.6. Therefore we will skip the proof, giving only the conclusion, as follows.

Proposition 4.33 For n1 > 0, n2 > 1, K�.Œ2n1; 1;�2n2�/ is a positive L-space knot , with the length of
vertical arrows given in order by the follows.

� When n2 � n1C 2,

s�1‚ …„ ƒ
1; : : : ; 1; n1C n2� 2s„ ƒ‚ …

for 1�s�n1

;

n1‚ …„ ƒ
1; : : : ; 1; n2� s� 1„ ƒ‚ …

for n1C1�s�n2�2

;

n1.n1C3/

2‚ …„ ƒ
1; : : : ; 1 :

Given a basis , each generator with even Maslov grading has one � marking. Each generator whose
outgoing vertical arrow is marked by the overline has no marking. Apart from them , each generator with
odd Maslov grading has oneC marking.
� When n2 � n1C 1,

s�1‚ …„ ƒ
1; : : : ; 1; n1C n2� 2s„ ƒ‚ …

for 1�s�n2�2

;

n2�2‚ …„ ƒ
1; : : : ; 1; n1� n2C 1;

n2�1‚ …„ ƒ
1; : : : ; 1; n1� sC 1„ ƒ‚ …

for n2�s�n1

;

n2.n2�1/

2‚ …„ ƒ
1; : : : ; 1 :

Given a basis , each generator whose incoming vertical arrow is marked by the overline has no marking.
Apart from them , each generator with even Maslov grading has one � marking. Each generator with odd
Maslov grading has oneC marking.
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On the mapping class groups of simply connected smooth 4-manifolds

DAVID BARAGLIA

The mapping class group M.X / of a smooth manifold X is the group of smooth isotopy classes of
orientation-preserving diffeomorphisms of X . We prove a number of results about the mapping class
groups of compact, simply connected, smooth 4-manifolds. For example, we prove that M.X / is
nonfinitely generated for X D 2nCP 2 # 10nCP 2, where n � 3 is odd. Let �.X / denote the group of
automorphisms of the intersection lattice of X that can be realised by diffeomorphisms. Then M.X /

is an extension of �.X / by T .X /, the Torelli group of isotopy classes of diffeomorphisms that act
trivially in cohomology. We prove this extension is split for connected sums of CP 2, but is not split
for 2CP 2 # nCP 2, where n � 11. We prove that the Nielsen realisation problem fails for certain finite
subgroups of M.pCP 2 # qCP 2/ whenever pC q � 4. Lastly we study the extension M1.X /!M.X /,
where M1.X / is the group of isotopy classes of diffeomorphisms of X which fix a neighbourhood of
a point. When X D K3 or K3 # .S2 � S2/ we prove that M1.X /!M.X / is a nontrivial extension
of M.X / by Z2. Moreover, we completely determine the extension class of M1.K3/!M.K3/.

1 Introduction
Let X be a compact, oriented, smooth, simply connected 4-manifold. Define the mapping class
group M.X / to be the group of smooth isotopy classes of orientation-preserving diffeomorphisms
of X . There is considerable interest in the groups M.X /, although little is known about their structure.
In this paper we will prove a number of new results concerning the structure of mapping class groups of
smooth 4-manifolds.

Recall that the second cohomology group LX DH 2.X IZ/ of X equipped with its intersection form
is a unimodular lattice. We let Aut.LX / denote the automorphism group of the lattice LX . The group of
orientation-preserving diffeomorphisms of X acts on LX via f 7! .f �1/�. This action depends only on
this isotopy class and so defines a homomorphism M.X /! Aut.LX /. Denoting the image of this map
by �.X / and the kernel by T .X /, we obtain a short exact sequence

(1-1) 1! T .X /!M.X /! �.X /! 1:

We call T .X / the Torelli group of X . It is the group of isotopy classes of diffeomorphisms of X that act
trivially in cohomology. By a result of Quinn, T .X / can also be defined as the group of isotopy classes
of diffeomorphisms which are continuously isotopic to the identity [23]. The group �.X / is the group of
automorphisms of LX that can be realised by diffeomorphisms of X .

Understanding the group M.X / necessitates an understanding of the groups T .X /, �.X / and the
extension (1-1). The group �.X / is known for some classes of 4-manifolds. In particular, a theorem

MSC2020: 57K41, 57R50.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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1636 David Baraglia

of Wall implies that �.X / D Aut.LX / for a large class of 4-manifolds [31]. In contrast, the Torelli
group T .X / is poorly understood. Ruberman [25] showed that T .X / is not finitely generated for certain X .
However this does not imply that M.X / is not finitely generated, since a finitely generated group can
have subgroups which are not finitely generated. Our first main result confirms that M.X / is not finitely
generated for certain simply connected 4-manifolds.

Theorem 1.1 Let X D 2nCP2 # 10nCP2, where n � 3 is odd. Then M.X / is not finitely generated.
More precisely, the following holds:

(1) There is an index-2 subgroup MC.X / of M.X / and a surjective homomorphismˆ WMC.X /!Z1

from MC.X / to Z1, where Z1 denotes a free abelian group of countably infinite rank.

(2) The mod-2 reduction of ˆ extends to a surjective homomorphism ˆ WM.X /! Z1
2

.

As this paper was nearing completion we received a preprint by Hokuto Konno [15] which also proves
that the mapping class groups of simply connected 4-manifolds can be nonfinitely generated. Konno’s
proof uses essentially the same method as ours, however we obtained our proofs completely independently.

Remark 1.2 It is interesting to contrast Theorem 1.1 with finiteness results for mapping class groups
in other dimensions. Let X be a compact, simply connected smooth manifold of dimension d and
M.X /D �0.Diff.X // the mapping class group. If d ¤ 4, then M.X / is finitely generated. For d � 3,
finite generation holds for any compact oriented manifold (see [7] for d D 2 and [13] for d D 3). If d � 5

then M.X / is finitely generated [6, Theorem 2.6]. Note that Theorem 2.6 of [6] is only stated for d � 6,
but when X is simply connected, the proof carries over to d D 5. In the proof of [6, Theorem 2.6],
dimension 6 only enters in the point (i) in the proof, but Cerf’s theorem says that in the simply connected
case �0.C

Diff.X //D0, and in [6, Proposition 2.7] where it is not necessary. This follows from specialising
Triantafillou [30] to simply connected manifolds, where none of the oversights mentioned in [6, §2.2]
cause a problem.1

One may also consider the larger group M 0.X / consisting of isotopy classes of diffeomorphisms
which are not necessarily orientation-preserving. Since M.X / has finite index in M 0.X /, it follows from
Schreier’s lemma [28] that if M.X / is not finitely generated then neither is M 0.X /.

Remark 1.3 Let X be a compact, simply connected smooth 4-manifold and M top.X /D �0.Homeo.X //
be the topological mapping class group. By work of Freedman [10] and Quinn [23], the natural map
M top.X /! Aut.H 2.X IZ// to the group of automorphisms of the intersection lattice H 2.X IZ/ is an
isomorphism. By a result of Siegel [29], the automorphism group of any lattice is finitely generated.
Hence M top.X / is finitely generated.

In contrast, we do not know whether the group �.X /� Aut.H 2.X IZ// is always finitely generated,
although we conjecture that it is.

Our next result concerns the question of whether or not the sequence (1-1) admits a splitting.

1I thank Alexander Kupers for explaining why [6, Theorem 2.6] works for simply connected 5-manifolds.
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Theorem 1.4 (1) Let X D nCP2, where n� 1. Then there exists a splitting �.X /!M.X /.

(2) Let X D .S2 � S2/ # X 0, where bC.X
0/ D 1, b�.X

0/ � 10. Then there does not exist a splitting
�.X /!M.X /.

More precise information about the failure of a splitting in case (2) is provided by Theorem 5.1.

Remark 1.5 In [5] it is shown when X is a K3 surface, there is a splitting �.X /!M.X /. It is also
easy to see that splittings exist for S2 �S2 and CP2 # CP2.

Our next result concerns the Nielsen realisation problem. Recall that the Nielsen realisation problem
for a smooth manifold X asks whether a subgroup G of the mapping class group of X can be lifted to a
subgroup of Diff.X /. Recent results of Baraglia and Konno [5], Farb and Looijenga [9], and Konno [14]
show that Nielsen realisation fails for many simply connected spin 4-manifolds. Arabadji and Baykur
showed that there are many nonspin 4-manifolds with finite nontrivial fundamental group for which
Nielsen realisation fails [1] and Konno, Miyazawa, and Taniguchi gave examples with simply connected
indefinite nonspin 4-manifolds [17].

Theorem 1.6 Let X DX 0#pCP2 #qCP2 where X 0 is a compact , smooth , simply connected 4-manifold
and pC q � 4. Then M.X / contains a subgroup isomorphic to Z4

2
which cannot be lifted to Diff.X /.

In particular, Nielsen realisation fails for nCP2 for n� 4. As far as we are aware, these are the first
examples of definite, simply connected 4-manifolds where Nielsen realisation fails.

Our last main result concerns a certain extension of M.X /. Let X .1/ be obtained from X by removing
an open ball and let Diff.X .1/; @X .1// denote the group of diffeomorphisms of X .1/ which are the
identity in a neighbourhood of the boundary. Let M1.X /D �0.Diff.X .1/; @X .1/// denote the group of
components of Diff.X .1/; @X .1//. It is known that the map M1.X /!M.X / is surjective and that the
kernel (which is either trivial or has order 2) is generated by a Dehn twist on the boundary (see Section 7
for more details).

In general it is difficult to determine whether the kernel of M1.X /!M.X / is trivial or nontrivial,
or equivalently, whether the boundary Dehn twist is trivial or nontrivial. The extension is known to be
trivial when X is a connected sum of copies of S2 �S2. In contrast we have:

Theorem 1.7 Let X 0 be a compact , smooth , simply connected 4-manifold which is homeomorphic to K3.
Let X be X 0 or X 0 # .S2 �S2/. Then the boundary Dehn twist is nontrivial. Moreover , the extension
1! Z2!M1.X /!M.X /! 1 does not split.

If M1.X /!M.X / is a nontrivial extension, then it is given by an extension class �X 2H 2.M.X /IZ2/

and the above theorem says that �X ¤ 0 when X is of the stated form. Our final result completely
determines �X in the case that X is homeomorphic to K3. Let LX be the intersection lattice of X and
Aut.LX / the group of automorphisms. Over the classifying space BAut.LX / we have the tautological
flat bundle H DEAut.LX /�Aut.LX /LX . Let HC!BAut.LX / be a maximal positive subbundle. This
defines a characteristic class w2.H

C/ 2H 2.Aut.LX /IZ2/.

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 1.8 Let X be a smooth 4-manifold which is homeomorphic to K3. Then the extension class
�X 2H 2.M.X /IZ2/ is the pullback ofw2.H

C/2H 2.Aut.LX /IZ2/ under the map M.X /!Aut.LX /.

1.1 Structure of the paper

The structure of the paper is as follows. In Section 2 we review the Seiberg–Witten invariants for the
Torelli group (as in [3; 24; 26]) and show how these invariants can be assembled into cohomology classes
on the mapping class group. In Section 3 we use these cohomology classes to show that M.X / is not
finitely generated for certain X . In Section 4 we construct a splitting �.X /! M.X / when X is a
connected sum of copies of CP2. In Section 5 we prove the nonexistence of splittings �.X /!M.X /

for certain 4-manifolds. The proof uses families Seiberg–Witten theory and more specifically the main
result of [2]. In Section 6 we prove Theorem 1.6. Finally, in Section 7 we study boundary Dehn twists
and the extension M1.X /!M.X / and we prove Theorems 1.7 and 1.8.

2 Seiberg–Witten invariants for the mapping class group
In this section we define Seiberg–Witten invariants for the mapping class group, extending the Seiberg–
Witten invariants on the Torelli group which have previously been considered in [3; 24; 26]. These
invariants will be used to show that certain simply connected 4-manifolds have nonfinitely generated
mapping class group.

Let X be a compact, smooth, simply connected 4-manifold and let s be a spinc-structure with d.s/D�1,
where

d.s/D 1
4
.c.s/2� �.X //� bC.X /� 1

is the expected dimension of the Seiberg–Witten moduli space for s. Let S.X / denote the set of all
isomorphism classes of spinc-structures on X for which d.s/D�1. Since X is assumed to be simply
connected, S.X / can be identified with the set of characteristic elements c 2LDH 2.X IZ/ for which
.c2� �.X //=4� bC.X /D 0.

Let … denote the space of pairs .g; �/ where g is a Riemannian metric on X and � is a 2-form which is
self-dual with respect to g. For any h2… and any s2S.X /we may consider the Seiberg–Witten equations
on X with respect to the metric g, spinc-structure s and 2-form perturbation �. Let M.X; s; h/ denote
the moduli space of gauge equivalence classes of solutions to the Seiberg–Witten equations for .X; s; h/.
Assume bC.X / > 2. We will say that h 2… is regular if M.X; s; h/ is empty for all s 2 S.X /. Since
bC.X /> 0 and the expected dimension of M.X; s; h/ is negative, the regular elements form a subset of…
of Baire second category with respect to the C1 topology. Let…reg�… denote the set of regular elements.

Suppose that h0; h1 2…
reg. If h W Œ0; 1�!… is a path in … from h0 to h1, we can consider the families

moduli space, which is the union over t 2 Œ0; 1� of the Seiberg–Witten moduli spaces for each ht 2…. For a
sufficiently generic path ht , the moduli space is a compact, smooth, 0-dimensional manifold. A choice of
orientation on a maximal positive definite subspace of H 2.X IR/ determines an orientation on the moduli
space and hence we can count with sign the number of points in the moduli space. Fix a choice of such
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an orientation. It can be shown [24] that the number of solutions depends on the endpoints h0; h1, but not
on the choice of generic path ht . Hence we may denote by SWs.h0; h1/ 2Z the signed count of points in
the moduli space. From the definition it is clear that this count of points satisfies the following properties:

(1) SWs.h0; h1/CSWs.h1; h2/D SWs.h0; h2/.

(2) SWs.h0; h1/D sgnC.f /SWf .s/.f .h0/; f .h1// for any orientation-preserving diffeomorphism f .

In (2), sgnC.f / is defined as follows. The space of oriented, maximal positive definite subspaces
of H 2.X IR/ has two connected components. For an isometry ' of H 2.X IR/ we let sgnC.'/ equal
1 or �1 according to whether ' preserves or exchanges the two components. If f is an orientation-
preserving diffeomorphism of X , then sgnC.f / denotes sgnC.f�/, where f� D .f �1/� is the isometry
of H 2.X IR/ induced by f .

Property (1) follows by concatenating a path from h0 to h1 with a path from h1 to h2. Property (2)
follows from diffeomorphism invariance of the Seiberg–Witten equations. In addition, SWs.h0; h1/ obeys,
with respect to charge conjugation, the symmetry

(3) SWs.h0; h1/D .�1/bC.X /=2C1 SWNs. Nh0; Nh1/,

where Ns denotes the charge conjugate of s and for hD .g; �/ 2…, we set NhD .g;��/. Property (3) is an
immediate consequence of the charge conjugation symmetry of the Seiberg–Witten equations.

Let f 2T .X / be an element of the Torelli group. Fix a spinc-structure s with d.s/D�1. The mapping
cylinder of f defines a smooth family E! S1 over S1 with fibres diffeomorphic to X . Since f acts
trivially on cohomology, it preserves the isomorphism class of s. It follows easily that there is a unique
spinc-structure on the vertical tangent bundle of E which restricts to s on each fibre. Since bC.X / > 2,
there is a single chamber for the families Seiberg–Witten equations for E. Furthermore, the families
moduli space is oriented and so we obtain an integer-valued invariant SWs.f / 2 Z which depends only
on .X; s/ and the isotopy class of f (see [3] for more details). From the definition of SWs.f /, it is easy
to see that

SWs.f /D SWs.h; f .h//

for any h 2 …reg. It is instructive to see why SWs.f / is independent of the choice of h 2 …reg. Let
h0 2…reg. Then

SWs.h
0; f .h0//D�SWs.h; h

0/CSWs.h; f .h//CSWs.f .h/; f .h
0//

D�SWs.h; h
0/CSWs.h; f .h//CSWf �1.s/.h; h

0/

D SWs.h; f .h//;

where the last line follows from f �1.s/D s, which holds since f 2 T .X /.
For f;g2T .X /, we have that SWs.f ıg/DSWs.f /CSWs.g/ (this is a special case of Proposition 2.1,

proven below). Therefore SWs defines a homomorphism

SWs W T .X /! Z
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or equivalently, a cohomology class SWs 2H 1.T .X /IZ/. These cohomology classes generally do not
extend to the full mapping class group M.X /, because �.X / acts nontrivially on the set of spinc-structures.

Recall that the compactness of the Seiberg–Witten moduli space follows from a priori bounds. These
bounds depend on the pair h 2…, but not on the spinc-structure. This argument also works for families
over a compact base space, hence for fixed f 2T .X /, SWs.f / is nonzero for only finitely many s2S.X /.
Therefore, we can collect the homomorphisms SWs into a single invariant

SW W T .X /!
M

s2S.X /

Z; f 7!
M
s

SWs.f /:

In what follows, we will see that SW can be extended from T .X / to the full mapping class group M.X /

as a cohomology class valued in a certain �.X /-module.
Recall that each s2S.X / is determined by the corresponding characteristic element c.s/2L. Therefore

the group �.X / acts on S.X / and hence on ZŒS.X /�, the free abelian group with basis S.X /. Let bZ
denote Z equipped with the action of �.X / such that f 2 �.X / acts as multiplication by sgnC.f /. LetbZŒS.X /�DbZ˝ZZŒS.X /�. It will be convenient to regardbZŒS.X /� as the group of functions � WS.X /!Z

with finite support. Then the action of f 2 �.X / is given by .f �/.s/D sgnC.f /�.f
�1.s//. We will

show that the families Seiberg–Witten invariant for 1-dimensional families (where bC.X / > 2) can be
viewed as an element of H 1.M.X /IbZŒS.X /�/.

Recall that for a group G and a G-module M , the group H 1.GIM / can be viewed as the set of
equivalence classes of twisted homomorphisms G!M . A twisted homomorphism is a map � WG!M

such that �.gh/D �.g/Cg�.h/. A trivial twisted homomorphism is a twisted homomorphism of the
form �.g/D gm�m for some m 2M . Two twisted homomorphisms are considered equivalent if they
differ by a trivial twisted homomorphism.

Let h 2 …reg. Define a map �h W DiffC.X / ! bZŒS.X /� from the group of orientation-preserving
diffeomorphisms to bZŒS.X /� by setting

.�h.f //.s/D SWs.h; f .h//:

Suppose that f0; f1 2 DiffC.X / are isotopic. Choose an isotopy ft . Then

�h.f1/D SWs.h; f1.h//

D SWs.h; f0.h//CSWs.f0.h/; f1.h//

D �h.f0/CSWs.f0.h/; f1.h//:

Consider the path ht D ft .h/ from f0.h/ to f1.h/. By diffeomorphism invariance of the Seiberg–
Witten equations, the Seiberg–Witten moduli space for ht is empty for each t 2 Œ0; 1�, and hence
SWs.f0.h/; f1.h//D 0 and �h.f1/D �h.f2/. This shows that � only depends on the underlying isotopy
class and so we may view it as a map �h WM.X /!bZŒS.X /�.
Proposition 2.1 The map �h W M.X / ! bZŒS.X /� is a twisted homomorphism. Furthermore , the
underlying cohomology class Œ�h� 2H 1.M.X /IbZŒS.X /�/ does not depend on the choice of h 2…reg.
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Proof Let f;g 2M.X /. Then

�h.gf /.s/D SWs.h;gf .h//

D SWs.h;g.h//CSWs

�
g.h/;g.f .h//

�
D SWs.h;g.h//C sgnC.g/SWg�1s.h; f .h//

D �h.g/.s/C sgnC.g/�h.f /.g
�1s/

D .�h.g/C .g�h/.f //.s/:

Hence �h is a twisted homomorphism. Next we show that the underlying cohomology class of �h does
not depend on the choice of h. Let h0 2…reg be another generic pair. Choose a path ht from h D h0

to h0 D h1. Then

�h0.f /.s/D SWs.h1; f .h1//

D SWs.h0; f .h0//�SWs.h0; h1/CSWs.f .h0/; f .h1//

D �h.f /.s/C sgnC.f /SWf �1s.h0; h1/�SWs.h0; h1/

D �h.f /.s/C .fm�m/.s/;

where m.s/D SWs.h0; h1/. Hence �h and �h0 define the same cohomology class.

Definition 2.2 We denote by
SW 2H 1.M.X /IbZŒS.X /�/

the cohomology class SWD Œ�h� for any h 2…reg.

Let MC.X / denote the subgroup of M.X / consisting of all f 2M.X / for which sgnC.f /D 1. Then
MC.X / has index 1 or 2 in M.X /. Observe thatbZjMC.X /DZ; thus SW jMC.X /2H 1.M.X /IZŒS.X /�/.
From SW jMC.X / we can extract Z-valued cohomology classes as follows: let O � S.X / be a �.X /-
invariant subset of S.X /. Then we obtain a morphism pO WZŒS.X /�!Z given by � 7!

P
s2O �.s/. We

define SWO 2H 1.MC.X /IZ/ by setting SWO D pO.SW jMC.X //. From this definition it follows that

SWO jT .X / D
X
s2O

SWs :

Furthermore, for any f 2MC.X /, we have

SWO.f /D
X
s2O

SWs.h; f .h//;

where h 2…reg.

Remark 2.3 Ruberman [26] defined an invariant SWtot
s which is similar to the definition of SWO given

above. Namely SWtot
s W MC.X / ! Z is given by SWtot

s .f / D
P

s0 SWs0.h; f .h// where the sum is
over all spinc-structures s0 such that s0 D f m.s/ for some m 2 Z. However this invariant is not a group
homomorphism and behaves in a complicated manner with respect to composition (see [26, Theorem 3.4]).
For this reason, we find it more useful to work with the invariants SWO.
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Let s 2 S.X / be a spinc-structure and let f 2M.X /. Suppose that f preserves s. If sgnC.f /D 1,
then the families Seiberg–Witten moduli space for the mapping cylinder of f with spinc-structure s

is oriented, and we obtain an integer families Seiberg–Witten invariant SWs.f / 2 Z. It is given by
SWs.f / D SWs.h; f .h//, for any h 2 …reg. If sgnC.f / D �1 then there is no natural choice of
orientation on the families moduli space, hence we only get a mod-2 invariant SWs.f / 2 Z2 which is
given by SWs.f /D SWs.h; f .h// .mod 2/, for any h 2…reg (the value of SWs.h; f .h// depends on h,
but its mod-2 reduction does not).

We will make use of the following special case of the gluing formula of [3]:

Proposition 2.4 Suppose that X DX 0 # .S2�S2/, where bC.X
0/ > 1. Let s0 be a spinc-structure on X 0

with d.s0/D 0 and let s0 denote the spin structure on S2�S2. Let sD s0#s0. Let f 0 be a diffeomorphism
on X 0 that preserves s0 and � a diffeomorphism of S2 �S2. Suppose that f 0 is trivial in a neighbourhood
of a point x1 2X 0 and that � is trivial in a neighbourhood of a point x2 2 S2�S2. Set f D f 0 #�, where
the connected sum is performed by removing balls around x1 and x2 and identifying boundaries. Then:

(1) If sgnC.�/D 1, then SWs.f /D 0 .mod 2/.

(2) If sgnC.�/ D �1, then SWs.f / D SW.X 0; s0/ .mod 2/, where SW.X 0; s0/ denotes the ordinary
Seiberg–Witten invariant of .X 0; s0/.

3 Nonfinitely generated mapping class groups

In this section we prove that M.X / is not finitely generated for certain 4-manifolds.

Theorem 3.1 Let X D 2nCP2 # 10nCP2, where n � 3 is odd. Then M.X / is not finitely generated.
More precisely, the following holds:

(1) There is a surjective homomorphism ˆ WMC.X /! Z1 from MC.X / to Z1, where Z1 denotes a
free abelian group of countably infinite rank.

(2) The mod-2 reduction of ˆ extends to a homomorphism ˆ WM.X /! Z1
2

.

(3) MC.X / has index 2 in M.X /.

(4) The short exact sequence 1!MC.X /!M.X /! Z2! 0 splits.

Proof First note that X D X 0 # .S2 � S2/, where X 0 D .2n � 1/CP2 # .10n � 1/CP2. It follows
from [31] that �.X /D Aut.H 2.X IZ//. Observe that d.s/D .c.s/2C 8n/=4� 2n� 1D c.s/2=4� 1.
Hence d.s/D�1 if and only if c.s/2D0. For each k�1, let Ok �S.X / denote the set of spinc-structures
whose characteristic c satisfies c ¤ 0, c2 D 0, and c is k times a primitive element. We will show that the
homomorphism

ˆD

1M
qD1

SWOnq�q�1
WMC.X /! Z1

surjects to a subgroup of Z1 of countably infinite rank.
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The decomposition X DX 0#.S2�S2/ yields an orthogonal decomposition LDL0˚H , where L, L0

are the intersection forms of X , X 0 and H DH 2.S2�S2IZ/ is the hyperbolic lattice. Any characteristic
c 2L decomposes as c D .c1; c2/, where c1 2L0; c2 2H are characteristic. The intersection form L0 is
odd, hence c1 ¤ 0.

We will partition Ok into two types of subsets:

(1) subsets fs; Nsg, where sD s0 # s0 and c.s0/D 0,

(2) subsets fs1; s2; Ns1; Ns2g, where s1 D s0 # s00, s2 D s0 # Ns00 and where c.s00/¤ 0.

Since bC.X /D 2nD 2 .mod 4/, we have

SWs.t/D SWNs.t/

for all t 2 T .X /. Hence a subset of type of Ok of type (1) will contribute 2 SWs.t/ to SWOk
.t/ and a

subset of type (2) will contribute 2.SWs1
.t/CSWs2

.t//.
Let E.n/q be the elliptic surface obtained from E.n/ by performing a logarithmic transform of

multiplicity q � 1. Since n is odd, E.n/q is not spin and its intersection form is diagonal of signature
.2n � 1; 10n � 1/. Hence E.n/q has the same intersection lattice as X 0. Furthermore, we have that
E.n/q #.S2�S2/ is diffeomorphic to 2nCP2 #10nCP2

DX DX 0 #.S2�S2/ [12, page 320]. So there
is an orientation-preserving diffeomorphism  q WE.n/q #.S2�S2/!X 0#.S2�S2/. We can choose  q

so that it respects the decomposition H 2.E.n/qIZ/˚H 2.S2�S2IZ/!H 2.X 0IZ/˚H 2.S2�S2IZ/.
To see this, first let  0q W E.n/q # .S2 �S2/! X 0 # .S2 �S2/ be any diffeomorphism. Then by [31],
every isometry of H 2.X 0 # .S2 �S2/IZ/ can be realised by a diffeomorphism. Hence, composing  0q
with a suitable diffeomorphism of X , we obtain the desired diffeomorphism  q .

Let � be a diffeomorphism of S2 � S2 which acts as �1 on H 2.S2 � S2IZ/ and is trivial in a
neighbourhood of some point. Such diffeomorphisms can easily be constructed, for example, take the
product r �r of two copies of a reflection on S2 and then isotopy it to act trivially in a neighbourhood of a
point. Define a diffeomorphism f02M.X / by setting f0D idX 0#�, where the connected sum is performed
by removing a ball of .S2 � S2/ on which � acts trivially. For each q � 1, define a diffeomorphism
fq 2M.X / by setting fq D  q ı .idE.n/q # �/ ı �1

q . Note that sgnC.f0/ D sgnC.fq/ D �1. Also
tq D fq ıf0 2 T .X /.

We claim that

SWOnq�q�1
.tq/D 2 .mod 4/ and SWOnq0�q0�1

.tq/D 0 .mod 4/

for all q0 > q. This implies that the elements fˆ.tq/gq�1 are linearly independent. To see this, first
note that ˆ.tq/ 2 2Z1 by charge conjugation symmetry and that the image of fˆ.tq/=2gq�1 is a
basis for Z1

2
, by the above claim. Now suppose n1ˆ.t1/C n2ˆ.t2/C � � � C nrˆ.tr / D 0 for some

n1; : : : ; nr 2 Z, not all zero. Without loss of generality we can assume that gcd.n1; : : : ; nr /D 1. Then
n1ˆ.t1/=2C � � �C nrˆ.tr /=2D 0. But fˆ.tq/=2gq�1 are linearly independent in Z1

2
, so n1; : : : ; nr are

all even, a contradiction.
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Now we prove the claim. Let q; q0 � 1 and set k D nq0� q0� 1. By partitioning Ok into subsets of
type (1) and (2) as described above, we can then write SWOk

.tq/ as a sum of contributions from sets of
type (1) and (2). Consider a contribution from a subset fs; Nsg of type (1). So sD s0 # s0. The contribution
is 2 SWs.tq/. Since fq and f0 both preserve s, we have that

SWs.tq/D SWs.fq ıf0/

D SWs.fq/CSWs.f0/ .mod 2/

D SW.E.n/q; s
0/ .mod 2/;

where the last equality is due to Proposition 2.4. Let f 2H 2.E.n/qIZ/ denote the class of the multiple
fibre. Then f is nonzero, primitive and f 2 D 0. From the well-known calculation of the Seiberg–
Witten invariants for elliptic surfaces [21, Chapter 3], we have that SW.E.n/q; s

0/D 0 unless c.s0/ is
a multiple of f . More precisely, SW.E.n/q; s

0/ is zero unless c.s0/ D 2.qk C a/f � .nq � q � 1/f ,
where 0 � k � n � 2 and 0 � a < q. In such a case SW.E.n/q; s

0/ D .�1/k
�
n�2

k

�
. In particular,

SW.E.n/q; s
0/ D ˙1 if c.s0/ D .nq � q � 1/f and SW.E.n/q; s

0/ D 0 if c.s/ D uf , u > nq � q � 1.
Now suppose that q0 � q. We have that SW.E.n/q; s

0/ D 0 unless c.s/ is a multiple of f . But since
sD s0 # s0 2Ok , this can only happen if c.s0/D˙kf (recall that Ok is the set of spinc-structures whose
characteristic c satisfies c ¤ 0, c2 D 0, and c is k times a primitive element). Hence if q0 > q, then every
pair fs; Nsg of type (1) contributes 0 mod 4 to SWOk

.tq/. If q0 D q, then there is exactly one pair fs; Nsg of
type (1) which contributes 2 mod 4 to SWOk

.tq/ and all other pairs are 0 mod 4.
Now consider the contribution from a set fs1; s2; Ns1; Ns2g of type (2), where s1 D s0 # s00, s2 D s0 # Ns00

and where c.s00/¤ 0. As seen above, the contribution is 2.SWs1
.tq/C SWs2

.tq//. We will show that
SWs1

.tq/CSWs2
.tq/D 0 .mod 2/, hence all subsets of type (2) contribute 0 mod 4 and this will prove

the claim.
Observe that s2 D fq.s1/D f0.s1/. Let h 2…reg. Then

SWs1
.tq/D SWs1

.h; tq.h//

D SWs1
.h; fqf0.h//

D SWs1
.h; fq.h//CSWs1

.fq.h/; fqf0.h//

D SWs1
.h; fq.h//�SWs2

.h; f0.h//:

Similarly, SWs2
.tq/D SWs2

.h; fq.h//�SWs1
.h; f0.h//. Hence

SWs1
.tq/CSWs2

.tq/

D
�
SWs1

.h; fq.h//CSWs2
.h; fq.h//

�
�
�
SWs1

.h; f0.h//CSWs2
.h; f0.h//

�
D
�
SWs1

.h; fq.h//�SWs1
.fq.h/; f

2
q .h//

�
�
�
SWs1

.h; f0.h//�SWs1
.f0.h/; f

2
0 .h//

�
D SWs1

.h; f 2
q .h//�SWs1

.h; f 2
0 .h//

D SWs1
.f 2

q /�SWs1
.f 2

0 /

D 0 .mod 2/;
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where the last line follows from Proposition 2.4. This proves the claim. Hence we have proven that there
exists a surjective homomorphism MC.X /! Z1.

The fact the mod-2 reduction ofˆ extends to M.X / follows by noting that 1
2

SWOk
2H 1.MC.X /IZ/

extends to H 1.M.X /IbZ/ and then applying the mod-2 reduction map bZ! Z2.
The fact that MC.X / has index 2 in M.X / follows immediately from sgnC.f0/D�1. Furthermore,

it is easy to see that f 2
0

is isotopic to a Dehn twist on the neck of the connected sum X 0 # .S2 �S2/. By
using the circle action on S2 �S2, it follows that this is isotopic to the identity. So f0 defines a splitting
Z2!M.X / of the sequence 1!MC.X /!M.X /! Z2! 0.

4 Split extensions
Let LDZn denote the standard diagonal lattice of rank n with orthonormal basis e1; : : : ; en. The isometry
group of L is the hyperoctahedral group Hn, which is also the Coxeter group of type BCn. This group is
easily seen to be generated by permutations of e1; : : : ; en and the reflections r1; : : : ; rn in the hyperplanes
orthogonal to e1; : : : ; en. The reflections generate a normal subgroup isomorphic to Zn

2
and Hn is the

semidirect product Hn D Sn Ë Zn
2
.

Let X D nCP2 be the connected sum of n copies of CP2. Then H 2.X IZ/ is isomorphic to L with
e1; : : : ; en corresponding to generators of H 2.CP2

IZ/ for the n summands of X . It is not hard to see that
�.X / is equal to the full isometry group of L. This will also follow from the construction given below.

Theorem 4.1 For X D nCP2, there is a splitting �.X /!M.X /.

Proof We will construct a smooth fibre bundle � W E! B with fibres diffeomorphic to X and such
that the monodromy of the local system R2��Z yields an isomorphism � W �1.B/ ! Aut.L/. The
geometric monodromy of the family defines a lift z� W �1.B/! �0.Diff.X // DM.X / of � to M.X /.
Then z� ı ��1 W Aut.L/!M.X / is the desired splitting (this also proves that �.X /Š Aut.L/).

Let Cm be the space of m-tuples of distinct points on S4. Clearly C1 is diffeomorphic to S4. For
m > 1 there is a natural map Cm ! Cm�1 given by forgetting the m-th point. This map gives Cm

the structure of a fibre bundle over Cm�1 with fibre Fm�1 the 4-sphere with m � 1 points removed.
Since �1.Fm�1/ D �0.Fm�1/ D 1, the long exact sequence in homotopy yields an isomorphism
�1.Cm/Š �1.Cm/. Since �1.C1/D �1.S

4/D 1, it follows by induction that �1.Cn/D 1 for all n.
Fix an orientation on S4. Let eC n denote the space consisting of an n-tuple .x1; : : : ;xn/ of distinct

points of S4 together with an n-tuple .I1; : : : ; In/, where Ij is a complex structure on Txj
S4 which

induces the given orientation. The forgetful map eC n!Cn which forgets the complex structures I1; : : : ; In

gives eC n the structure of a fibre bundle over Cn. Since the space of complex structures on R4 compatible
with a given orientation is isomorphic to SO.4/=U.2/Š S2, it follows that the fibres of eC n! Cn are
isomorphic to .S2/n. The long exact sequence in homotopy implies that �1.eC n/D 1.

Consider the trivial family zE0 D
eC n �S4! eC n. This family is equipped with n sections s1; : : : ; sn,

where sj ..x1; : : : ;xn/; .I1; : : : ; In// D xj . The normal bundle of sj is Nj D Txj
S4. The complex

structure Ij gives Nj the structure of a complex rank 2 vector bundle. Therefore, we can form a family zEn
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by blowing up zE0 along the sections s1; : : : ; sn. More precisely, consider the fibre bundle over eC n with
fibre CP2 given by the projective bundle P .C˚Nj /. This bundle has a natural section tj corresponding
to the 1-dimensional subbundle C �C˚Nj . The normal bundle of tj is isomorphic to Nj . Since sj and
tj have isomorphic normal bundles, we can attach P .C˚Nj / to zE0 by removing tubular neighbourhoods
of sj and tj and identifying the boundaries.

The hyperoctahedral group Hn D Sn Ë Zn
2

acts on eC n as follows. The permutation group Sn acts
by permuting the points x1; : : : ;xn as well as the corresponding complex structures I1; : : : ; In. The
group Zn

2
is generated by reflections r1; : : : ; rn. We let rj act by fixing x1; : : : ;xn, sending Ij to �Ij

and fixing the remaining complex structures. The action of Hn is free and we let B D eC n=Hn be the
quotient. It follows that �1.B/ Š Hn. The action of Hn on eC n lifts to an action on zE0 D

eC n � S4

which acts trivially on the S4 factor. It is not hard to see that zEn can be constructed in such a way
that the action of Hn extends to it. Now let E D zEn=Hn. This is a family � W E ! B over B with
fibres diffeomorphic to nCP2. The monodromy of the local system R2��Z is easily seen to yield an
isomorphism � W �1.B/! Aut.L/. As explained above, this yields a splitting �.X /!M.X /.

5 Nonsplit extensions
Let X be a compact, simply connected, smooth 4-manifold with intersection form LDH 2.X IZ/. Let †
be a compact surface (orientable or nonorientable). Suppose that � W �1.†/! �.X / is a homomorphism.
Letting �.X / act on LRDR˝ZL, we obtain a flat vector bundle H�!†which has a covariantly constant
bilinear form of signature .bC.X /; b�.X //. Let HC� denote a maximal positive definite subbundle of H�.
The choice of subbundle HC� is not unique, but all such subbundles are isomorphic. In particular the
Stiefel–Whitney classes wj .H

C
� / 2H j .†IZ2/ depend only on �.

Theorem 5.1 Let X be a compact , simply connected , smooth 4-manifold with bC.X / D 2 and let
� W �1.†/! �.X / be a homomorphism. Suppose that w2.H

C
� /¤ 0 and suppose there exists a character-

istic c 2 L which is �-invariant and satisfies c2 > �.X /. Then � does not lift to a homomorphism
z� W �.X /!M.X /.

Proof Consider first the case that † is orientable of genus g. Recall that �1.†/ admits a presentation

�1.†/D ha1; b1; : : : ; ag; bg j Œa1; b1� � � � Œag; bg�i:

Suppose that � admits a lift z� W �1.†/!M.X /. Let j̨ be a diffeomorphism of X whose isotopy class
is z�.aj / and let ǰ be a diffeomorphism of X whose isotopy class is z�.bj /. Then Œ˛1; ˇ1� � � � Œ˛g; ˇg� is
isotopic to the identity. The surface † can be constructed from a wedge of 2g circles by attaching a 2-cell
whose attaching map represents Œa1; b1� � � � Œag; bg� in �1

�W2g
iD1

S1
�
. We will construct a smooth family

� WE!† whose fibres are diffeomorphic to X as follows. Over the 1-skeleton
W2g

iD1
S1, we take the

wedge sum of mapping cylinders associated to the diffeomorphisms ˛1; ˇ1; : : : ; ˛g; ˇg. A choice of
isotopy from Œ˛1; ˇ1� � � � Œ˛g; ˇg� to the identity allows us to extend this family over the 2-cell and in this
way we obtain the family � WE!†. By construction, the local system R2��Z has monodromy �. Now
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suppose that w2.H
C
� /¤ 0 and that there exists a characteristic c 2L which is �-invariant and satisfies

c2 > �.X /. This contradicts [2, Theorem 1.1], hence � does not lift to M.X /.
The case that † is nonorientable is similar. Recall that �1.†/ admits a presentation

�1.†/D ha1; : : : ; ak j a
2
1 � � � a

2
ki;

where † has Euler characteristic 1� k. If � lifts to a homomorphism z� W �1.†/!M.X /, then we
choose diffeomorphisms ˛1; : : : ; ˛k where the isotopy class of j̨ is z�.aj /. Then ˛2

1
� � �˛2

k
is isotopic

to the identity. A choice of such an isotopy allows us to construct a smooth family � W E ! † with
fibres diffeomorphic to X and such that the monodromy of R2��Z is �. As before, this contradicts
[2, Theorem 1.1], hence � does not lift to M.X /.

Remark 5.2 A similar argument was used in [16] to prove the nontriviality of the group T .X / for the
manifold X D 2CP # nCP2, n� 11.

Corollary 5.3 Let X D .S2 �S2/ # X 0, where bC.X
0/D 1, b�.X

0/ � 10. Then there does not exist a
splitting �.X /!M.X /.

Proof Let L D H 2.X IZ/ and L0 D H 2.X 0IZ/ denote the intersection lattices of X and X 0 and let
H DH 2.S2�S2 Z/. So LŠH˚L0. Since X D .S2�S2/#X 0, we have that �.X /DAut.H 2.X IZ//

by [31]. Let x;y 2H be a basis with x2Dy2D0, hx;yiD1. Since bC.X
0/D1 and �.X 0/<0, it follows

that X 0 is not spin and it follows that L0 ŠH 0˚E8˚L00, where H 0 has basis x0;y0, .x0/2 D .y0/2 D 0,
hx0;y0i D 1, E8 is the negative definite E8 lattice and L00 is a diagonal lattice with basis e1; : : : ; em,
where mD b�.X

0/� 9, with e2
i D�1 for all i , hei ; ej i D 0 for i ¤ j .

Let uDxCy, vDx0Cy0. Then u2Dv2D2, hu; viD0. Let ru be the reflection ru.x/DxChx;uiu and
define rv similarly. Consider the isometry f .x/D rurv.x/. Then f 2�.X / and f 2D1. Hence we obtain a
homomorphism � W�1.RP2/!�.X / which sends the generator of �1.RP2/ to f . Since f acts as �1 on
the maximal positive definite subspace of H 2.X IR/ spanned by u and v, we have that w2.H

C
� /¤ 0. Let

cD e1C� � �Cem. Then c is a characteristic that c2>�.X / and hc;uiDhc; viD0. Then ru.c/D rv.c/D c

and hence f .c/ D c. Then Theorem 5.1 implies that � does not lift to M.X /. Hence the subgroup
hf i � �.X / does not lift to M.X /, in particular, there does not exist a splitting �.X /!M.X /.

Remark 5.4 In the above proof u2L can be realised by an embedded 2-sphere in X , namely the diagonal
S2 � S2 �S2. By a result of Seidel [27], it follows that ru can be lifted to an element Oru 2M.X / of
order 2. Since �.X /D Aut.L/, it follows that there is a diffeomorphism of X sending u to v. It follows
that v can also be realised by an embedded 2-sphere and hence rv can be lifted to an element Orv 2M.X /

of order 2. Then Oru Orv is a lift of f to M.X /. If u, v could be represented by disjoint embedded 2-spheres,
then Oru, Orv commute (since Oru, Orv can be constructed to have disjoint supports) and then Oru Orv would be
an involutive lift of f , contradicting the corollary above. We deduce that u, v can be represented by
embedded spheres, but they cannot be represented by disjoint embedded spheres even though hu; vi D 0.
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6 Nielsen realisation

As explained in the introduction, the following result shows that the Nielsen realisation problem fails for
X DX 0 # pCP2 # qCP2 whenever pC q � 4.

Theorem 6.1 Let X DX 0#pCP2 #qCP2 where X 0 is a compact , smooth , simply connected 4-manifold
and pC q � 4. Then M.X / contains a subgroup isomorphic to Z4

2
which cannot be lifted to Diff.X /.

Proof To each summand of CP2 or CP2 in X , there is a corresponding embedded 2-sphere of self-
intersection ˙1. Let E1; : : : ;E4 be any four of them. Let t1; : : : ; t4 2M.X / be the corresponding Dehn
twists around these spheres. Then t1; : : : ; t4 are involutions [27] and they commute since E1; : : : ;E4 are
disjoint. Hence the group G �M.X / generated by t1; : : : ; t4 is isomorphic to Z4

2
. Now suppose that

G can be lifted to Diff.X /. Hence we can find commuting diffeomorphisms �1; : : : ; �4 such that the
isotopy class of �i is ti .

Consider the fixed point set F of �1. Since �1 acts on H 2.X IZ/ as a reflection in a ˙1 sphere,
it follows from [8, Proposition 2.4] that F consists of a single copy of RP2, together with some isolated
points and some 2-spheres. Let G0 be the subgroup of G generated by �2, �3, �4. Since �2, �3, �4

commute with �1, they act on F and in particular must send the copy of RP2 to itself. Hence G0 acts
on RP2. We claim that the action is effective. To see this, suppose f 2G0 fixes RP2 pointwise. Since f
is an orientation-preserving involution, it must act on the normal bundle of RP2 in X as either the identity
or multiplication by �1. Hence either f or �1f fixes RP2 pointwise and acts trivially on the normal
bundle. For a diffeomorphism of finite order, this can only happen if the diffeomorphism is the identity.
Hence f or �1f is the identity, but f 2G0, so f ¤ �1 and it must be that f is the identity.

A finite group action on RP2 by diffeomorphisms is conjugate to a subgroup of PO.3/Š SO.3/. Since
G0 is abelian, its action on the standard representation of SO.3/ can be simultaneously diagonalised,
so G0 is isomorphic to a subgroup of fdiag.�1; �2; �3/2SO.3/gŠZ2

2
, which is impossible since jG0jD 8.

So G does not lift to Diff.X /.

7 Boundary Dehn twists

Let X .n/ be obtained from X by removing n disjoint open balls. So X .n/ is a compact 4-manifold with
boundary consisting of n copies of S3. Let Diff.X .n/; @X .n// denote the group of diffeomorphisms
of X .n/ which are the identity in a neighbourhood of the boundary. Let Mn.X /D �0.Diff.X .n/; @X .n//

denote the group of components of Diff.X .n/; @X .n//. It is known that the map Mn.X / ! M.X /

is surjective and that the kernel is generated by Dehn twists on the boundary components [11]. More
precisely, if S3!X .n/ is a boundary component, then X .n/ has a tubular neighbourhood Œ0; 1��S3!X .
The Dehn twist on this boundary component is defined by taking a nontrivial loop ˛t W Œ0; 1�! SO.4/ and
defining � W Œ0; 1��S3! Œ0; 1��S3 by �.t;x/D .t; ˛t .x//, where SO.4/ acts on S3 in the standard way.
We assume that ˛t is smooth and equals the identity in a neighbourhood of f0; 1g, hence � can be extended
to an element of Diff.X .n/; @X .n// by taking it to be the identity outside of the tubular neighbourhood.
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Let Kn.X / denote the kernel of Mn.X /!M.X /, so we have an short exact sequence

1!Kn.X /!Mn.X /!M.X /! 1:

Furthermore, we have a surjection Zn
2
! Kn.X / given by Dehn twists on the boundary components

[11, Proposition 3.1].

Proposition 7.1 Let X be a compact , smooth , simply connected 4-manifold.

(1) If X is spin , then Kn.X / is either Zn
2

or Zn
2
=�Z2, for all n, where �Z2 is the diagonal copy of Z2.

(2) If X is not spin , then Kn.X /D 0 for all n, hence Mn.X /ŠM.X /.

Proof Part (1) is given by [11, Corollary 2.5] and part (2) by [22, Corollary A.5].

In light of Proposition 7.1, boundary Dehn twists are only interesting when X is spin. In this case,
we either have Kn.X / Š Zn

2
or Kn.X / Š Zn

2
=�Z2. Which of these two cases occurs is completely

determined by the nD 1 case. We consider this case in more detail. There is a Serre fibration

(7-1) Diff.X .1/; @X .1//! Diff.X /! Emb.D4;X /;

where Emb.D4;X / is the space of embeddings of a disc in X which can be extended to a diffeomorphism.
Furthermore, there is a homotopy equivalence Emb.D4;X /Š F.X /, where F.X / is the oriented frame
bundle of X [11]. Since X is simply connected and spin, �1.F.X // Š Z2. Then the fibration (7-1)
induces an exact sequence

�1.Diff.X // �
�! Z2!M1.X /!M.X /! 1:

In the absence of a metric we can define the spin bundle of X to be the universal cover zF .X /!F.X / of
F.X /. Since �1.F.X //Š Z2, we have zF .X /! F.X / is a double cover. Since Emb.D4;X /Š F.X /,
it follows that � is the map that measures whether or not a loop of diffeomorphisms of X lifts to a loop
in the spin bundle of X . This leads to an alternative description of the group M1.X / when X is spin. Let
SpinDiff.X / be the group whose elements consist of a diffeomorphism f 2Diff.X / and a choice of lift of
f� WF.X /!F.X / to zF .X /. We have a short exact sequence 1!Z2!SpinDiff.X /!Diff.X /!1 and
the connecting homomorphism �1.Diff.X //!Z2 is precisely �. The map Diff.X .1/; @X .1//!Diff.X /
admits a lift Diff.X .1/; @X .1//! SpinDiff.X / by taking the unique lift which is the identity over @X .1/.
We then have a commutative diagram

�1.Diff.X //
�
//

�
%%

Z2
//

��

M1.X / //

��

M.X /

Z2
// �0.SpinDiff.X //

77

from which it follows that M1.X / ! �0.SpinDiff.X // is an isomorphism. If � is nontrivial, then
K1.X / D 0 and M1.X /!M.X / is an isomorphism. This happens for S2 � S2, as seen by taking
a loop of diffeomorphisms given by a circle action which rotates one of the spheres. Similarly, � is
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nontrivial for X D S4 or for a connected sum of copies of S2�S2. If � is trivial, then K1.X /ŠZ2 and
M1.X /!M.X / is an extension of M.X / by Z2, hence corresponds to a class �X 2H 2.M.X /IZ2/.
It is natural to ask what this class is and in particular, whether or not it is trivial. First, we need some
examples of spin 4-manifolds where � D 0.

Theorem 7.2 Let X be a compact , smooth , simply connected 4-manifold. If X is homeomorphic to K3

then � D 0. Similarly, if X DX 0 # .S2 �S2/, where X 0 is homeomorphic to K3, then � D 0.

Proof In [4], it is proven that if E! S2 is a smooth family of K3 surfaces over S2, then w2.TE/D 0.
As explained in [18], this implies that the homomorphism � is zero. The same argument works for any X

that is homeomorphic to K3, since by [20], the Seiberg–Witten invariant of the spin structure of X is odd.
Next, suppose X D X 0 # .S2 �S2/, where X 0 is homeomorphic to K3. Suppose that � is nonzero.

This means that the boundary Dehn twist � 2M1.X / is trivial. But this would imply that the Dehn twist
on the neck of K3 # X 0 becomes trivial upon connected sum with S2�S2. However this contradicts [19]
(in [19] the theorem is stated only for X 0DK3, but the exact same proof works for any smooth 4-manifold
homeomorphic to K3).

Recall that an involution f on a simply connected spin 4-manifold X is called even or odd according
to whether or not f lifts to an involution on the spin bundle of X .

Proposition 7.3 Suppose X is spin and �D 0, so that the extension class �X 2H 2.M.X /IZ2/ is defined.
Suppose that f is an odd involution. Then �X .f /¤0. In particular , the extension Z2!M1.X /!M.X /

is nontrivial.

Proof As explained above, the extension 1!Z2!M1.X /!M.X /!1 is isomorphic to the extension
1!Z2! �0.SpinDiff.X //!M.X /! 1. But f defines a class Œf � 2M.X / such that Œf �2 D 1. But
any lift of f to the spin bundle is not an involution. So there is no splitting M.X /!M1.X / and more
precisely, �X .f /¤ 0.

Corollary 7.4 If X DK3 or K3 # .S2 �S2/, then �X 2H 2.M.X /IZ2/ is nontrivial.

Proof This is immediate from Theorem 7.2 and Proposition 7.3, since both K3 and K3 # .S2 �S2/

admit odd involutions.

In what follows we will completely determine the class �X 2H 2.M.X /IZ2/when X is homeomorphic
to K3.

Proposition 7.5 Let � WE! B be a smooth fibre bundle , where B is a compact surface and the fibres
of E are diffeomorphic to a compact , simply connected , smooth spin 4-manifold X . Then:

(1) There exists a spinc-structure sE=B on the vertical tangent bundle TE=BDKer.��/whose restriction
to each fibre is spin.

(2) Let ind.D/ 2 K0.B/ denote the families index of the Dirac operator D with respect to the spinc-
structure sE=B . Then

c1.ind.D//D 1
16
�.X /w2.TE=B/ .mod 2/:

Algebraic & Geometric Topology, Volume 26 (2026)



On the mapping class groups of simply connected smooth 4-manifolds 1651

Proof (1) follows from [2, Proposition 2.1]. The Dirac operator D for the spinc-structure sE=B defines
a family of elliptic operators parametrised by B and ind.D/ is the families index. Then c1.ind.D//
equals c1.L/, where LD det.ind.D// is the determinant line bundle of D. Suppose that the family E is
determined by transition function  ij valued in Diff.X /. Let e ij be lifts of  ij to SpinDiff.X /. Thene ij

e jk
e ki D gijk , where gijk is a Z2-valued cocycle, defining a class Œgijk � 2 H 2.BIZ2/. Clearly

w2.TE=B/D Œgijk �. Observe that c.sE=B/2H 2.BIZ/ is a lift of Œgijk � to integer coefficients. Therefore
we can represent c.sE=B/ as an integer-valued 2-cocycle cijk such that cijk D gijk .mod 2/. Choose
real-valued smooth functions uij such that cijk D uij Cujk Cuki . Set fij D e2�iuij . Then fij define
transition functions for a complex line bundle whose first Chern class is Œcijk �. Note that fij D h2

ij ,
where hij D e�iuij . Then hij hjkhki D .�1/gij k . Define SpincDiff.X /D U.1/�Z2

SpinDiff.X /. Then
'ij D hij

e ij is a 2-cocycle valued in SpincDiff.X /.
Consider now the transition functions for the determinant line bundle L. Since sE=B restricts to a spin

structure on the fibres, the spinor bundles have a quaternionic structure on each fibre. It follows that e ij

induces a trivial action on the determinant line. However, the U.1/-factor hij in 'ij D hij
e ij acts on the

spinor bundles as scalar multiplication which then acts on the determinant line by hd
ij , where d is the virtual

rank of ind.D/, which is d D��.X /=8. Therefore L has transition functions h
��.X /=8
ij D f

��.X /=16
ij .

Recalling that fij are transition functions for a line bundle with Chern class c.sE=B/, it follows that

c1.ind.D//D c1.L/D� 1
16
�.X /c.sE=B/D

1
16
�.X /w2.TE=B/ .mod 2/:

Proposition 7.6 Let � WE!B be a smooth fibre bundle , where the fibres of E are homeomorphic to K3.
Then w2.TE=B/ D w2.H

C/, where HC ! B denotes the bundle whose fibre over b is a maximal
positive definite subspace of H 2.EbIR/.

Proof Since H 2.BIZ2/ is detected by maps of compact surfaces into B, it suffices to prove the result
when B is a compact surface. Then by Proposition 7.5, w2.TE=B/D c1.ind.D// .mod 2/. On the other
hand, since the fibres are homeomorphic to K3, their Seiberg–Witten with respect to the spin structure is
odd [20]. Then by [4, Corollary 1.3], c1.ind.D//D w2.H

C/.

Let L be a lattice and AD Aut.L/ the group of automorphisms. Over the classifying space BA we
have the tautological flat bundle H DEA�A L. Let HC! BA be a maximal positive subbundle. This
defines a characteristic class w2.H

C/ 2H 2.Aut.L/IZ2/.

Theorem 7.7 Let X be a smooth 4-manifold which is homeomorphic to K3. Let LX be the intersection lat-
tice of X . Then the extension class �X 2H 2.M.X /IZ2/ is the pullback ofw2.H

C/2H 2.Aut.LX /IZ2/

under the map M.X /! Aut.LX /.

Proof Let B be a compact surface and consider a map � W B ! BM.X /. This is equivalent to a
homomorphism � W �1.B/!M.X /. We claim that � is the geometric monodromy of a family E! B.
We can take B to be given by attaching a 2-cell to a wedge of k circles. Each circle defines a generator
gi 2 �1.B/ and the 2-cell defines a relation r D r.g1; : : : ;gk/, which is a word in the gi . Choose
a lift fi 2 Diff.X / of �.gi/ 2M.X /. Then we can construct a family E1 over the 1-skeleton on B
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as a wedge of mapping cylinders corresponding to the diffeomorphisms f1; : : : ; fk . Since g1; : : : ;gk

satisfy r , it follows that r.f1; : : : ; fk/ is isotopic to the identity. Choosing such an isotopy, we can
extend E1 over the 2-cell, giving the desired family E! B. As explained in [4, Remark 4.20], we can
assume that the family E! B is smooth. Now consider the obstruction to lifting the structure group
of E to SpinDiff.X /. This is easily seen to coincide with the obstruction to lifting � W �1.B/!M.X /

to M1.X /, which is ��.�X /2H 2.BIZ2/. On the other hand, the obstruction to lifting the structure group
of E to SpinDiff.X / is w2.TE=B/, which by Proposition 7.6 equals w2.H

C/. Since H 2.M.X /IZ2/

is detected by maps of compact surfaces B into BM.X /, the result is proven.
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Negative-definite spin filling and branched double covers

SOHEIL AZARPENDAR

We investigate the negative-definite spin fillings of branched double covers of alternating knots. We derive
obstructions to the existence of such fillings and characterize special alternating knots using these results.

1 Introduction
Given a nonsplit link K, let †.S3; K/ denote the branched double cover of S3 along K. A filling of
†.S3; K/ is a 4-manifold X with @X D †.S3; K/. A common approach to constructing fillings of
†.S3; K/ involves taking a spanning surface F of K and forming the branched double cover of D4

over FC, where FC is obtained by pushing the interior of F inside D4. We use the term spanning
filling to distinguish fillings that can be constructed through this method. One of the most important facts
about spanning fillings of branched double covers of links is due to Gordon and Litherland [10]. They
proved that the intersection form of †.D4; FC/ is equal to the Goeritz form of F . We call a spanning
surface F positive- or negative-definite if the Goeritz form of F (or equivalently †.D4; FC/) is positive-
or negative-definite, respectively.

A standard choice for a spanning surface of K comes from a checkerboard coloring of the regions
in a knot diagram. Considering all of the white (resp. black) regions in S2 and adding twisted bands
between them around each crossing will result in a spanning surface of K. We refer to this surface as the
white (resp. black) Tait surface and denote it by FW (resp. FB ). Note that generally Tait surfaces are not
invariants of the knot and depend on the choice of diagram.

A link diagram is alternating if its crossings alternate over and under around each link component, and
a link is alternating if it admits an alternating diagram. One can prove that a diagram is alternating if
and only if the associated Tait surfaces are definite and of opposite signs (see Proposition 4.1 of [14]).
Greene [14] proved that the existence of definite spanning surfaces gives a topological characterization of
alternating links as follows:

Theorem 1.1 [14, Theorem 1.1] If FP and FN are positive- and negative-definite spanning surfaces for a
nonsplit link K in S3, then K is an alternating link , and it has an alternating diagram whose Tait surfaces
are isotopic to FP and FN .

In the rest of this paper, we only focus on nonsplit alternating links. Whenever we consider an alternating
link K, we are in fact working with an arbitrary reduced alternating diagram of K. For convenience we do
not differentiate between the link and its diagram. Furthermore, to fix a standard checkerboard coloring
of an alternating diagram, we assume that the black Tait surface is a negative-definite spanning surface.

MSC2020: 57K10, 57K18, 57K40, 57K41.
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We call an oriented alternating diagram special if the associated black Tait surface is orientable.
Seifert’s algorithm outputs this surface when applied to such a diagram. An oriented alternating link
is special if it has a special alternating diagram. One can see that the orientability of FB is equivalent
to evenness of its Goeritz form (see Section 2 for more details). In this paper, whenever we consider a
special alternating link K, we are working with a special alternating diagram of K.

Building on the preceding discussion, for an alternating link K, the 4-manifolds †.D4; FCW / and
†.D4; FCB / are definite fillings of †.S3; K/, which we refer to as the white and black Tait fillings,
respectively. Furthermore, if K is a special alternating link, then †.D4; FCB / is also a spin filling of the
branched double cover.

The existence and properties of definite fillings have been the subject of extensive research, including
works by Ozsváth and Szabó [19], Scaduto [22], Choe and Park [3], Golla and Scaduto [8], and Aceto,
McCoy, and Park [1]. These works also establish bounds on the Betti numbers using tools from Heegaard
Floer and Seiberg–Witten theories. In this paper, we discuss how definite spin fillings can detect special
alternating links among all alternating links. This is described in Theorem 1.2.

Before we state Theorem 1.2, note that, in the rest of the paper, we assume that all of the diagrams
are decorated, i.e., they have a marked arc between two crossings. We refer to the two regions separated
by the marked arc as marked (adjacent) regions. We use m to represent the number of unmarked white
regions in a reduced alternating diagram.

Theorem 1.2 Let K be a nonsplit alternating link and m be the number of unmarked white regions in a
reduced alternating diagram. If X is a simply connected negative-definite spin filling of †.S3; K/, then

b2.X/�m:

Furthermore , equality is achieved if and only if K is special alternating.

The existence of simply connected spin negative-definite fillings of the branched double cover of
nonspecial alternating knots is not trivial. Using inequalities from Heegaard Floer and Seiberg–Witten
theories, we develop several obstructions to the existence of such fillings. The main ones are in the form
of Theorems 1.3 and 1.4. First, we need to explain some notation.

Consider a reduced alternating diagram of link K. The white (resp. black) Tait graph, denoted by W
(resp. B), is constructed by considering a vertex for each white (resp. black) region in a diagram and
drawing an edge between two regions if and only if they have a common crossing on their boundary.
Note that W and B are planar duals. Let �W be the reduced white Tait graph; i.e., the white Tait graph W
with the vertex associated with the marked region deleted. Both reduced and unreduced Tait graphs
are generally undirected multigraphs with no self-loops or degree-one vertices. This follows from the
assumption that the diagram is reduced.

In this paper, we use VG to denote the vertex set of a graph G and EG. � ; � / to denote the set of edges
between two disjoint subsets of VG . A subgraph C of �W is called characteristic if it satisfies

eW .v; C /� degW .v/ mod 2 for all v 2 V �W ;
Algebraic & Geometric Topology, Volume 26 (2026)
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where eW .v; C / is defined by the formula

(1-1) eW .v; C /D

�
jEW .fvg; VC /jC degW .v/ if v 2 C ;

jEW .fvg; VC /j if v … C :

Using W , we will build a surgery diagram for the black Tait filling of †.S3; K/ in Section 2. One can
see that eW . � ; � / is a reformulation of the intersection form of this filling.

Let C �W denote the set of characteristic subgraphs of �W . We will see that these subgraphs classify spin
structures on †.S3; K/ (see Theorem 4.2). The empty subgraph is characteristic if and only if all of the
vertices of W have even degrees. In this case, the dual plane graph B will be bipartite. The 2-coloring
of B induces an orientation on FB which means K is special alternating. As a result, if K is a nonspecial
alternating knot, a characteristic subgraph can not be empty.

Theorem 1.3 Let K be a nonspecial alternating knot. If

min
C2C �W jEW .VC ; VW nVC /j � jVW j � 1;

then †.S3; K/ does not have a simply connected negative-definite spin filling.

Theorem 1.4 Let K be a nonspecial alternating link. If

min
C2C �W jEW .VC ; VW nVC /j � 9.jVW j � 1/;

then †.S3; K/ does not have a simply connected negative-definite spin filling.

While investigating Theorem 1.4, we identify obstructions preventing 4-manifolds from having chain-
mail Kirby diagrams (see Section 4). This leads to Corollary 4.11 which states that any closed 4-manifold
with a chainmail Kirby diagram is either spin or has a characteristic embedded sphere.

Theorems 1.3 and 1.4 turn out to be generalized versions of a known obstruction of negative-definite
spin fillings given by the Neumann–Siebenmann invariant. See Remark 4.10.

We should point out that both of these theorems result in a twisting phenomenon. Consider a coherent
twist region R in an alternating diagram of the linkK. By coherent, we mean a twist region corresponding
to a family of parallel edges between two vertices in the white Tait graph (see Figure 1). Let K.R;i/ be
the link obtained by adding i full twists to the twist region R. We call this operation enlarging R in K.
In terms of the white Tait graph, the enlarging operation can be defined as adding 2i parallel edges.

The enlarging operation can increase the left-hand side of the inequalities of Theorems 1.3 and 1.4 while
it does not change the right-hand side, i.e., jVW j. Hence if you enlarge twist regions of the knot diagram,
you will end up with links whose branched double cover does not have a negative-definite spin filling.

The main condition of Theorem 1.3 can be seen as an analogue of Elkies’s condition [6, Theorem 1]
(i.e., nonexistence of short characteristic vectors) for the Goeritz lattice. This is the content of Corollary 1.5.
See Remark 3.2 for a detailed explanation.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 1: Enlarging a twist region.

Corollary 1.5 Let K be a nonspecial alternating knot. Also let ƒ be the lattice defined by the Goeritz
form of FB , and let Char.ƒ/ be the set of characteristic vectors of ƒ. If

min
w2Char.ƒ/

jhw;wij � jVW j � 1;

then †.S3; K/ does not have a simply connected negative-definite spin filling.

Note that the only difference between Corollary 1.5 and the main result of Elkies is that the Goeritz
lattice is not unimodular.

Generally, there are nonspecial alternating knots with branched double covers that admit simply
connected negative-definite spin fillings. Examples of such knots are provided in Section 5. However,
it turns out that by further restricting the search to the class of plumbed 4-manifolds, one can prove a
nonexistence result explained in Theorem 1.7. First, we need to explain some notation.

Theorem 1.7 is about algebraic (or arborescent) links which are defined as follows.

Definition 1.6 The following algorithm associates a link to a planar weighted tree. Let T be a planar tree
with weight w.ai / 2Z associated with any vertex ai 2 VT . For each ai 2 VT consider a twisted band Fi
with w.ai / half twists. If two vertices are connected by an edge in T , plumb the two corresponding bands
together. Let F be the resulting surface and consider the link @F . If a link can be constructed using this
algorithm, we call it algebraic (or arborescent).

Following the work of Siebenmann [23], it is known that these are the only links whose branched
double covers admit plumbed filling. We call an algebraic link excessive if it is constructed from a
plumbing tree T with weight function w, satisfying

w.ai /�minf�2;�degT .ai /g for all ai 2 VT :

Excessiveness is a technical condition defined by Murasugi [16]. We use it to ensure that the algebraic
link is alternating and relate the tree T to the Tait graph (see Lemma 5.4).

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 1.7 Let K be an excessive algebraic alternating knot. Then†.S3; K/ admits a simply connected
spin negative-definite plumbed filling if and only if K is special.

This paper is organized as follows. In Section 2, we set our basic notation and recall some of the
theorems from the literature. This section will include the construction of a Kirby diagram for the black
Tait filling, some facts about the Heegaard–Floer homology of †.S3; K/, and some inequalities about
fillings of rational homology spheres and closed spin 4-manifolds. In Section 3, we discuss proofs of
Theorems 1.2 and 1.3 which come from a formula for the correction term of the branched double cover.
In Section 4, we discuss an algorithm of Kaplan which helps us to construct spin fillings and combine
it with Furuta’s 10

8
theorem to prove Theorem 1.4. In Section 5, we will discuss Neumann’s plumbing

calculus and use it to prove Theorem 1.7.

2 Background and notation

Let K � S3 be an alternating knot and let D be an alternating diagram of K in the plane. Since the
diagram is alternating, one can construct a checkerboard coloring of the diagram such that all the crossings
have �D �1, using the notation of Gordon and Litherland [10]. The coloring will look like Figure 2
around each crossing.

In this setting, one can define white and black Tait graphs and Tait surfaces. Tait graphs are constructed
by considering regions with the same color as vertices and drawing an edge between two regions if and
only if they have a common crossing on their boundary. We use the notation W and B for the graphs and
FW and FB for the spanning surfaces. In this paper, we assume that diagrams are always decorated, i.e,
they have a marked arc between two crossings. We refer to the two regions separated by the marked arc
as marked (adjacent) regions. We refer to the graphs resulting from deleting the vertices associated with
the marked regions as the reduced Tait graphs and denote them by zB and �W . To define the Tait surfaces,
let us first recall the definition of median construction.

Definition 2.1 Given a plane graph G, consider a thickening of G � R2. This thickening has a disc
centered around each vertex of G, together with a band along each edge. Apply a right-handed (resp. left-
handed) half-twist on each of the bands, which gives us a surface (in S3). This construction is called the
positive (resp. negative) median construction.

Now we define the white (resp. black) Tait surface, denoted by FW (resp. FB ), as the result of negative
(resp. positive) median construction on the Tait graph W (resp. B).

Figure 2: Standard coloring of a crossing in an alternating link.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 3: A special alternating knot and its Tait graphs.

An alternating knot is called special if the black Tait surface is orientable, i.e., a Seifert surface. This
is equivalent to the black Tait graph being bipartite. Since black and white Tait graphs are dual planar
graphs, this definition is also equivalent to the white Tait graph having no vertex with odd degree. An
example of a special alternating knot and its Tait graphs can be seen in Figure 3.

As noted in the introduction and in [10], the branched double cover ofD4 over the black Tait surface FB ,
which is denoted by †.D4; FB/, is a negative-definite filling of †.S3; K/. The intersection form of
†.D4; FB/ turns out to be the Goeritz form of FB . There is a combinatorial description of the Goeritz
form of the black Tait surface of an alternating knot in terms of the white Tait graph. Enumerate the
vertices of �W by v1; : : : ; vm and set

gij WD jEW .vi ; vj /j for i ¤ j and gi i D�degW .vi /:

Then the white Goeritz matrix GW WD .gij / represents the Goeritz form. Note that this is the definition of
the Laplacian matrix of the graph W with the row and column associated with the marked vertex deleted.
For the example presented in Figure 3, we have

GW D

�
�4 1

1 �4

�
:

Now we are going to describe a Kirby diagram of †.D4; FCB / which also acts as a surgery diagram for
the †.S3; K/. In the rest of the article, we refer to this construction as the Tait surgery diagram. This
diagram originates from work of Ozsváth and Szabó [20].

We consider an unknot component with framing gi i centered around each vi 2 V �W and then add
a positive clasp between the unknot components corresponding to vi and vj for each edge e 2 E �W
between vi and vj . The intersection form of this Kirby diagram is clearly the same as GW . Applying this
to the example in Figure 3 gives us the surgery diagram in Figure 4.
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− 4

− 4

Figure 4: Surgery diagram of the branched double cover.

Greene [13] derives a Heegaard triple H1 subordinate to this surgery diagram and in combination with
another Heegaard triple H2 originating from the Montesinos trick, he gives a combinatorial description ofcHF.†.S3; K//. We only need some of Greene’s results about alternating links which we will summarize
in the following.

Given a Kauffman state x for K, we induce an orientation on the white graph W in the following
way. Given an edge e 2EW , consider the crossing c to which it corresponds, as well as the white region
which abuts c and lies on the same side of the over-strand as x.c/. We direct e to point towards the vertex
corresponding to this white region. This process is illustrated in Figure 5.

Figure 5: Orientation induced by a Kauffman state on the white graph. The Kauffman marker is
depicted by the black star.
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At a vertex v 2 V �W , we compute the signed degree dx.v/ as

dx.v/D d
C
x .v/� d

�
x .v/;

where dCx .v/ (resp. d�x .v/) denotes the number of edges directed into (resp. out of) v with respect to this
orientation on W .

Define vWx WD .dx.v1/; : : : ; dx.vm//
T . Define the quadratic form q.v/ as

q.v/ WD vTG�1W v for all v 2 Zm:

A characteristic covector v 2 Zm is defined by the condition that

vi � .GW /i i mod 2 for all 1� i �m:

The characteristic covectors are useful in studying the space of SpinC structures of †.S3; K/. We
know that SpinC.†.S3; K// is an affine space over H 2.†.S3; K//. Using Poincaré duality we have

H 2.†.S3; K//ŠH1.†.S
3; K//:

We can compute this homology using the Tait surgery diagram and Mayer–Vietoris sequence as follows.
Let LD

Sm
iD1Li be the underlying m-component link of the Tait surgery diagram. The Tait surgery

diagram and the definition of Dehn surgery give us the decomposition

†.S3; K/D .S3 nN.L//[�

mG
iD1

Hi :

In this decomposition Hi DD2 �S1 is the solid torus glued in a tubular neighborhood of Li using the
gluing map

� W

mG
iD1

@Hi ! @.S3 nN.L//:

Let �i and �i respectively be the meridian and longitude of Li in S3. Also let �0i and �0i respectively
be the meridian and longitude of @Hi . Then the gluing map � induces a map �� on the first homology
such that

��.Œ�
0
i �/D gi i � Œ�i �C Œ�i �:

Now the Mayer–Vietoris sequence gives us

H1

� mG
iD1

@Hi

�
!H1.S

3
nN.L//˚H1

� mG
iD1

Hi

�
!H1.†.S

3; K//! 0:

We can rewrite this sequence as

mM
iD1

hŒ�0i �; Œ�
0
i �i ,! hŒ�1�; : : : ; Œ�m�i˚

mM
iD1

hŒ�0i �i �!!H1.†.S
3; K//:
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The first map in the sequence is defined, for all i D 1; : : : ; m, as

Œ�0i �! gi i � Œ�i �C Œ�i �D gi i � Œ�i �C
X

1�j�m
j¤i

lk.Li ; Lj / � Œ�j �D
mX
jD1

gj i � Œ�j � and Œ�0i �! Œ�0i �:

As a result, we have

H1.†.S
3; K//Š

Zm

im.GW /
Š coker.GW /:

The combination of these results gives us an identification of H 2.†.S3; K// with coker.GW /.
Now we go back to studying SpinC.†.S3; K//. Greene [13] proved that SpinC.†.S3; K// can be

identified with 2 � im.GW /-orbits of characteristic covectors. The identification comes from the first Chern
class

c1 W SpinC.†.S3; K//!H 2.†.S3; K//Š coker.GW /:

Now as before we assume that K is a nonsplit alternating link. Let T be the set of Kauffman states
of K. Greene [13] also proved that there is a one-to-one correspondence

x 2 T  ! t.x/D vWx C 2 � im.GW / 2 SpinC.†.S3; K//:

Furthermore, when det.K/ is odd, the first Chern class c1 is a canonical identification of SpinC.†.S3; K//

and coker.GW /, and hence we have

c1.t.x//D Œv
W
x � 2 coker.GW /:

We can now finally state Greene’s computation of the Heegaard Floer homology of †.S3; K/ in
Theorem 2.2.

Theorem 2.2 [13] Let K denote a nonsplit alternating link. Then

cHF.†.S3; K//D
M
x2T

cHF.†.S3; K/; t.x//D
M
x2T

Z:

The correction term can be computed by the formula

d.†.S3; K/; t.x//D max
v2t.x/

q.v/Cm

4
D
q.vWx /Cm

4
;

where mD jVW j � 1.

Remark 2.3 The notation vWx might be a bit confusing. Note that vWx is the degree vector of W restricted
to the unmarked vertices fv1; : : : ; vmg which are also the vertices of �W .

We are going to use these formulas to obstruct branched double covers from having spin negative-definite
fillings. To accomplish this, we are going to use known inequalities about fillings of rational homology
spheres and closed spin 4-manifolds. We recall some of the theorems that we are going to use later.
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Theorem 2.4 [19, Theorem 9.6] Let Y be a rational homology three-sphere , and fix a SpinC structure t

over Y . Then , for each smooth , negative-definite filling X of Y , and for each s 2 SpinC.X/ with sjY D t,
we have that

c1.s/
2
C b2.X/� 4d.Y; t/:

Theorem 2.5 [7, Theorem 1] If M is a closed spin manifold with indefinite intersection form , then

b2.M/� 10
8
j�.M/jC 2:

3 Bounds from correction terms

Now we are ready to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2 Assume X is a simply connected, spin, negative-definite filling of Y D†.S3; K/.
Recall that SpinC structures of X correspond to integral lifts of the second Stiefel–Whitney class under
the second map in the exact sequence

H 2.X IZ/
�2
��!H 2.X IZ/!H 2.X IZ2/

ˇ
�! � � � :

The first Chern class of a SpinC structure is equal to this integral lift of the Stiefel–Whitney class. Since X
is spin, the second Stiefel–Whitney class vanishes and, as a result, one can find a trivial lift s 2 SpinC.X/

with c1.s/D 0. Due to Theorem 2.2, there is a Kauffman state x such that ŒvWx �2 coker.GW / is identified
with sjY 2 SpinC.†.S3; K//. Using Theorem 2.4, we can write

b2.X/� 4d.Y; sjY /D q.v
W
x /Cm�m:

The last inequality follows from the fact that q is a negative-definite form as its defined using inverse of
Goeritz matrix.

Now we are going to prove that the last inequality is sharp if K is not special. This again comes from
Theorem 2.2. We only need to show that, for all Kauffman states x on a nonspecial alternating knot,
q.vWx / < 0. Since q is negative-definite, we only need to prove that vWx ¤ 0. This follows from the
fact that, for nonspecial knots, W contains at least two vertices with odd degrees, since its dual can not
be bipartite. As a result, there exist vi 2 V �W such that degW .vi / is odd. On the other hand, vWx is a
characteristic covector; i.e.,

vWx D .dx.vi //D .d
C
x .vi /� d

�
x .vi //� .degW .vi //D�gi i mod 2:

Finally, we need to show that, for special alternating knots, there exists a simply connected, spin, and
negative-definite filling of †.S3; K/ with b2 D m. The 4-manifold X D †.D4; FCB / satisfies these
conditions. Using the Tait surgery diagram (which is a Kirby diagram of X ), one can see that X is simply
connected with b2.X/Dm and negative-definite with intersection form QX DGW . Furthermore QX is
even as gi i D�degW .vi / which is even since K is special. Hence, X is spin as well.
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Proof of Theorem 1.3 This proof is similar to the previous one. Due to Theorem 2.2, there is a Kauffman
state x such that ŒvWx � 2 coker.GW / is identified with sjY 2 SpinC.†.S3; K//. Using Theorem 2.4, we
can write

b2.X/� 4d.Y; sjY /D q.v
W
x /Cm:

Note that s is induced by a Spin structure on X , and, as a result, sjY is also the SpinC structure induced by
the unique Spin structure on†.S3; K/ . The uniqueness of the Spin structure follows from the assumption
that K is a knot. It is known that for a knot K, det.K/ D jH1.†.S3; K/IZ/j is odd. Consequently,
H1.†.S

3; K/IZ/ has no 2-torsion, and H 1.†.S3; K/IZ2/ vanishes. Using this argument and the one
made in the first lines of the proof of Theorem 1.2, we can deduce that c1.sjY /D 0.

We will show that the inequality in the statement of Theorem 1.3 results in d.Y; sjY / being negative.
We know that SpinC.†.S3; K// is identified with coker.GW / through the first Chern class. As a result

ŒvWx �D Œ0�D Œc1.sjY /� 2 coker.GW /;

which means that there exists y 2 Zm such that GW y D vWx . Note that we can rewrite

q.vWx /D .v
W
x /

TG�1W vWx D y
TGTW y D y

TGW y:

We know that vWx is a characteristic covector and by definition we have

(3-1) .vWx /i ��gi i mod 2:

We can rewrite (3-1) as

.vWx /i D .GW y/i D†jgijyj � degW .vi /D�gi i mod 2:

Let y0 2 Zm be the vector defined by y0i D .yi mod 2/ 2 f0; 1g. Let J be the support of y0. Let C be the
subgraph of �W induced by vj for j 2 J .

Now one can see that

degW .vi /� .GW y/i � .GW y
0/i � eW .vi ; C / mod 2:

The last equality follows from the properties of the Laplacian matrix. Indeed, we have that

.GW y
0/i D

X
j2J

gij D
X

j2J�fig

gij C
X
i2J

gi i D
X
j2J

jE.fvig; fvj g/j �
X
i2J

degW .vi /;

which is equal to e.vi ; C / mod 2. As a result, C is a characteristic subgraph. Note that, since we assume
the knot to be nonspecial, C can not be empty.

We can also use the interpretation of GW as a submatrix of the Laplacian of W to reformulate yTGW y
as the following sum. Assume that LW is the full Laplacian of W with the .mC1/-st (last) row and
column associated to the distinguished vertex and set ymC1 D 0. Then we have

(3-2) yTGW y D Œy
T 0�LW

�
y

0

�
D�

X
fvi ;vj g2EW

.yi �yj /
2:
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Due to the definition of C , we will have yi ¤ yj for vi 2 VC and vj 2 VW nVC . Combined with (3-2),

q.vWx /D y
TGW y � �jE.VC ; VW nVC /j:

Combining this with the statement of Theorem 1.3, we have that q.vWx /� �m, which gives us the result
that we want.

Remark 3.1 As we will mention in the next section, the definition of characteristic subgraph is an
analogue of the definition of characteristic sublink in a surgery diagram (see Definition 4.1). Characteristic
sublinks in a surgery diagram of Y are in one-to-one correspondence with H 1.Y IZ2/ and, as a result,
in the setting of Theorem 1.3, there is only one characteristic sublink in the white Tait graph.

Remark 3.2 We can rephrase the main inequality of Theorems 1.3 and 1.4 in terms of the length of
characteristic vectors in Goeritz lattice as follows.

Same as before let mD jVW j � 1. The integral Goeritz lattice ƒ�Rm is defined with the symmetric
bilinear form

hx; yi D xTGW y for all x; y 2 Zm:

A vector w 2 Zm is called characteristic if for all x 2 Zm we have

hw; xi � hx; xi mod 2:

Let Char.ƒ/ be the set of all characteristic vectors in ƒ.
This definition is directly related to our definition of characteristic subgraph. First, let w0 be the mod 2

reduction of w, i.e., for all i 2 f1; : : : ; mg we have w0i D .wi mod 2/2 f0; 1g. Note that w is characteristic
if and only ifw0 is characteristic. Let J �f1; : : : ; mg be the support ofw0, and let C be the subgraph of �W
induced by vj for j 2 J . One can see that w is a characteristic vector if and only if C is a characteristic
subgraph.

Furthermore, similar to (3-2), for all x 2 Zm we have

hx; xi D xTGW x D�
X

fvi ;vj g2EW

.xi � xj /
2:

Now note that for any edge fvi ; vj g 2EW .VC ; VW nVC / we have

wi � w
0
i D 1 mod 2 and wj � w

0
j D 0 mod 2 D) .wi �wj /

2
� 1:

As a result,

hw;wi D �
X

fvi ;vj g2EW

.wi �wj /
2
� �jEW .VC ; VW nVC /j D hw

0; w0i:

Finally we can conclude that

min
C2C �W jEW .VC ; VW nVC /j D min

w2Char.ƒ/
jhw;wij:

As a result, we can conclude Corollary 1.5 from Theorem 1.4.
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4 Bound from Furuta’s 10
8

theorem

It is well known that the third spin cobordism group vanishes. This means that any spin 3-manifold .Y; t/
has a spin filling; i.e., there exists a spin 4-manifold .W; s/ such that @W D Y and sjY D t. In fact,
Kaplan [15] built an algorithm that turns any surgery diagram of Y to a Kirby diagram of a spin filling
through Kirby calculus. We will recall this algorithm from its exposition by Gompf and Stipsicz [9]. First,
let us define the notion of a characteristic sublink of a framed link.

Definition 4.1 Let L be a framed link. A sublink L0 � L is called characteristic if and only if for any
sublink Li � L we have

lk.L0; Li /� lk.Li ; Li / mod 2:

Now assume that we have a surgery diagram L of a 3-manifold Y . Considering L as a Kirby diagram
gives us a handlebody fillingXL of Y . For any componentLi ofL, we get a class ŒHi �2H2.XLIZ2/ from
capping off core of the 2-handle attached along Li . These homology classes give a basis for H2.XLIZ2/.
As a result, we have a bijection between sublinks of L and elements of H2.XLIZ2/ as

L0 � L !
X
Li�L0

ŒHi � 2H2.XLIZ2/:

Due to Poincaré duality we have H2.XLIZ2/ŠH 2.XL; Y IZ2/. Combining these two facts, we end up
with a bijection between sublinks of L and H 2.XL; Y IZ2/.

Now we are ready to state the necessary tools from Gompf and Stipsicz [9] in Theorems 4.2 and 4.3.

Theorem 4.2 [9, Proposition 5.7.11] For any Spin structure t on Y , the nonvanishing of the relative
Stiefel–Whitney class w2.XL; t/ 2H 2.XL; Y IZ/ serves as an obstruction for extending t to X . The map

t 2 Spin.Y /! w2.XL; t/ 2H
2.XL; Y IZ/

gives a bijection between the set of Spin structures on Y and characteristic sublinks of L.

Proposition 4.3 [9, Theorem 5.7.14] Assume that we have a surgery diagram L of a 3-manifold Y . Fix
any Spin structure t on Y and assume that L0 is the corresponding characteristic sublink. The following
steps will lead to a Kirby diagram of a spin filling of .Y; t/:

(1) Slide one component L00 of L0 over the rest of the components of L0. The characteristic sublink
corresponding to t in the new Kirby diagram will be the sublink consisting of one component L00.

(2) Unknot L00 using blow-ups. The blow-up circles can be imagined as connected sum of two small
meridian circles mi1, mi2 along a band bi forming Di as in Figure 6, left.

The characteristic sublink will be the union of L00 and all the blown-up circles.

(3) One can again use blow-ups to change the crossings between the bands and other components of L,
without changing the characteristic sublink ; see Figure 6, right. Use an isotopy to turn L00 into a circle in
the plane and then use the operation of Figure 6, right , to turn the characteristic sublink into Figure 7, left.
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Di

1
1

Figure 6: Left: Step 2 in Kaplan’s algorithm [9, Figure 5.48]. Right: Step 3 in Kaplan’s algorithm
[9, Figure 5.49].

(4) The operation shown in Figure 7, right , can be done using a blow-up. Use this operation to turn the
characteristic sublink into an unlink.

(5) Consider each component of the characteristic sublink one by one. Blowing up its meridians turns the
framing to˙1. Then , by blowing down the characteristic sublink , one can turn it into the empty link.

In the end , you will have a Kirby diagram with even framings. This 4-manifold with its unique Spin
structure is a spin filling of .Y; t/.

We are going to show that, in the setting of Theorem 1.4, Kaplan’s algorithm simplifies and, as a
result, one can compute the change in the signature and second Betti number and prove the obstruction of
Theorem 1.4. We will use Lemma 4.5 in the proof.

Before we state the lemma we need to introduce some notation. We call a framed link a chainmail link
if it is constructed in the following way. Let D be a weighted and signed plane multigraph. Assigned to
each vi 2VD , there is an integer weight wi 2Z and assigned to each ek 2ED , there is a sign �k 2 fC;�g.
The framed link LD is constructed by considering an unknot component Li oriented counterclockwise
and with framing wi centered around each vi 2 VD and then add a left-handed (resp. right-handed) clasp
between the unknot components corresponding to vi and vj for each edge ek 2ED between vi and vj
with �k DC (resp. �). This definition generalizes the construction of Tait surgery diagram explained in
Section 2. Further details can be found in the work of Polyak [21].

Now we are going to explain a modification of the first step of Kaplan’s algorithm. This procedure is
called MK1 and is defined in Definition 4.4.

L'0

n1

n2

nr

blowup
∼

Figure 7: Left: Step 3 in Kaplan’s algorithm [9, Figure 5.50]. Right: Step 4 in Kaplan’s algorithm
[9, Figure 5.51].
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Figure 8: Handle slides in MK1.

Definition 4.4 Let LD be the chainmail link based on the connected plane graph D and T be a spanning
tree of D. Fix an arbitrary orientation (on each edge) and a total order < on ET . Consider the following
procedure:

(1) Take the maximal edge em of T in the ordering and assume it is directed from vp to vt . Slide Lp
over Lt with an orientation-preserving band.

(2) Contract e in T . The two vertices at two ends of e will form a new vertex which we denote by vp
(this labeling will be important in repeating step (1)).

(3) Repeat the process until jVT j D 1.

The knot corresponding to the remaining vertex is denoted by MK1.LD; T /. See Figure 8.

Lemma 4.5 Let LD be the chainmail link based on the connected plane graph D. There exist a spanning
rooted tree T with a total ordering and direction on edges such that MK1.LD; T / is an unknot.

Proof of Lemma 4.5 We construct T by induction on the number of vertices in D. For two adjacent
vertices vi , vj in D, let ER.vi ; vj / be the maximal bounded region in the plane enclosed by the edges
between vi and vj with respect to inclusion. If only one edge connects vi and vj , let ER.vi ; vj / be that
single edge (as a subset of plane). Among all pairs of adjacent vertices, pick fvr ; vsg such that ER.vr ; vs/
is minimal, meaning it does not contain ER.vi ; vj / for any other adjacent pair fvi ; vj g. An example of
such a minimal pair is a pair of adjacent vertices which only have one connecting edge.

Picking this minimal pair guarantees that all the other vertices lie in R2 nER.vr ; vs/ and this gives a
standard model (see Figure 9) for the configuration of the clasps between Lr and Ls with respect to the
other clasps involving Lr or Ls . We use this to control the result of sliding Lr over Ls .
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Figure 9: Examples of ER.vi ; vj /. The green and gray (shaded) regions in the bottom row are minimal.

Without loss of generality assume that r D 1 and s D 2. Figure 8 shows this sliding operation. It is
clear that after a number of R1 moves, L1 will be an unknot around v1 and v2 and there will be clasps
associated with each edge between v1 or v2, and any vj for j ¤ 1; 2. This means that, after sliding L1
over L2 and deleting L2, we will have a chainmail link on the plane graph D=fv1; v2g, which is the plane
graph coming from contracting v1 and v2 to one vertex which we will denote by v1;2. This decreases the
size of the vertex set by one. Using induction, we know that there exists a spanning tree T 0 such that
MK1.LD=fv1;v2g

; T 0/ is an unknot. Spanning tree T can be constructed by replacing v1;2 with v1 and v2
and the edge between them, directing the edge from v1 to v2 and putting it as the new maximal edge in
the total ordering.

Remark 4.6 As mentioned, the operation MK1 is designed to be a modification of the first step of
Kaplan’s algorithm for a chainmail link. We explain this in a bit more detail in the following. Note that
we are using the notation of Theorems 4.2 and 4.3.

The main goal of the first step of the Kaplan algorithm is to construct a surgery diagram of Y such that
this characteristic sublink only has one component. This can be achieved through handle slides. Note
that the handle slides does not change the isomorphism type of the filling XL. Sliding a component L0i
of L0 over another component L0j can be seen as a change of basis of H 2.XL; Y IZ2/. As a result, for
the purpose of the Kaplan’s algorithm, we only need to find the expansion of w2.XL; t/ in this new basis.
This expansion shows that the characteristic sublink associated to t in the new surgery diagram (after
handle slide) is just L0 n fL0j g.

Due to this fact, one can turn the characteristic sublink into a knot with handle slides in the first step of
Kaplan’s algorithm. The same reasoning shows that MK1 can replace the first step of Kaplan’s algorithm
when L0 is a chainmail link.

Remark 4.7 The operation MK1 is only defined for chainmail links based on connected planar graphs.
However, we can easily generalize MK1 and Lemma 4.5 to all chainmail links as follows.

If LD is a chainmail link based on a disconnected graph D D
Fk
iD1Di , then LD is also a split link

which splits to chainmail sublinks as

LD D

kG
iD1

LDi
:
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We apply Lemma 4.5 to the each of LDi
. For each i D 1; : : : ; k, there exists a spanning rooted tree Ti

in Di such that MK1.LDi
; Ti / is an unknot. Applying all of these operations turns LD to the unlinkFk

iD1 MK1.LDi
; Ti /. We can then slide one of the components of this unlink over the other components

such that the final result is an unknot.
Due to Remark 4.6, this generalized operation can also replace the first step of Kaplan’s algorithm.

Remark 4.8 The linking between the components of the link changes under the handle slides. We can
update the linking matrix at each step with the rule

lk.L1;2; Li /D lk.L1; Li /C lk.L2; Li /:

Now we are ready to prove Theorem 1.4. In fact, we are going to prove a stronger result stated in
Theorem 4.9.

Theorem 4.9 Let K be a nonspecial alternating link , and t2SpinC.†.S3; K//. LetC be the characteristic
subgraph associated to t. If

jEW .VC ; VW nVC /j � 9.jVW j � 1/;

then .†.S3; K/; t/ does not have a simply connected negative-definite spin filling.

Proof of Theorem 4.9 Assume that .X; s/ is a simply connected negative-definite spin filling of
Y D .†.S3; K/; t/. Let L be the Kirby diagram of †.D4; FB/ described in Section 2. Let L0 be
the characteristic sublink of L associated with t. We are going to apply the modified version of Kaplan’s
algorithm on L using L0 which will result in a simply connected spin filling .X 0; s0/ of .†.S3; K/; t/. We
can take �X 0 and build the closed 4-manifold W DX [Y .�X 0/ which is also spin since sjY D s0jY D t.
Using Furuta’s inequality (Theorem 2.5) on W gives

(4-1) b2.X/C b2.�X
0/� 10

8
j�.X/C �.�X 0/jC 2:

The right-hand side comes from Novikov additivity. Now we need to compute b2.�X 0/ and �.�X 0/.
Using Lemma 4.5 and Remark 4.6, we know that Steps 2; 3; 4 of Kaplan’s algorithm will not be needed

in our setting, and we can easily compute the change of b2 and � . First note that in each of the described
handle slides, the framings change in the following way. If we assume that framing of Lp , Ls are rp , rs ,
respectively, then the framing of the Lp after the sliding will be rpC rsC 2 lk.Lp; Lr/. Using induction
and Remark 4.8, we can see that framing on the final component of the characteristic sublink (after
finishing Step 1) is equal toP

vi2C

gi i C 2
P
i¤j

vi ;vj2C

lk.Li ; Lj /D
P
vi2C

gi i C 2
P
i¤j

vi ;vj2C

gij :

Since gi i D�degW .vi / and gij D jE.vi ; vj /j, we will have thatP
vi2C

gi i C 2
P
i¤j

vi ;vj2C

gij D�
P
vi2C

degW .vi /C 2
P
i¤j

vi ;vj2C

jE.vi ; vj /j

D �jEW .VC ; VW nVC /j � 2jEC jC 2jEC j D �jEW .VC ; VW nVC /j:
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This is the right-hand side of the inequality stated in Theorem 1.4. We denote this value by �f . Note
that in Step 1, we only use handle slides and isotopies which means that the filling will not change.
To calculate the change in b2 and signature, we only need to look at Step 5. In this step, we blow up
f � 1 meridians in order to turn the characteristic sublink into an unknot with framing �1 and then blow
down this unknot. These increase b2 and � by f � 2 and f , respectively. Now we only need to use this
information in Furuta’s inequality. Note that since X is negative-definite �.X/D�b2.X/. Assuming
that f � 9m, which is the assumption of Theorem 1.4 (where mD jVW j � 1), we can rewrite (4-1),

b2.X/CmCf �2�
10
8
j�b2.X/Cm�f jC2 () b2.X/CmCf �2�

10
8
.b2.X/Cf �m/C2

()
18
8
m� 2

8
f C 2

8
b2.X/C4:

The final inequality is a clear contradiction to f � 9m.
Note that the equivalence between the first and second inequality follows from the assumption that

f � 9m which means that b2.X/Cf �m> 0.

Remark 4.10 This procedure gives a generalization of a corollary of Ue [24, Theorem 1]. Recall that,
for a plumbed 3-manifold Y , the Neumann–Siebenmann invariant N� is defined as follows. Assume that �
is the plumbing tree and P.�/ is the 4-manifold constructed from plumbing sphere bundles based on � .
We know that Y D @P.�/. Let ws be the indicator vector of the characteristic sublink associated with a
Spin structure s on Y . Then

N�.Y; s/ WD 1
8

�
�.P.�//� hws; wsi

�
;

where h � ; � i represents the intersection pairing. Ue proves that a Seifert homology sphere Y with Spin
structure s bounding a negative-definite 4-manifold X with Spin structure sX must satisfy

�
8
9
N�.Y; s/� b2.X/� �8 N�.Y; s/:

Now an obstruction to the existence of simply connected negative-definite spin fillings is N�.Y; s/ > 0.
In cases when �W is a star-shaped tree (which is the plumbing tree of a Seifert homology S3) one can
apply this obstruction to our problem. Whenever �W is a tree, any characteristic subgraph C will be a
disjoint union of isolated vertices. As a result, if wC 2 Zm is the indicator vector of VC , then

(4-2) hwC ; wC i D
X
vi2C

�gi i D
X
vi2C

�degW .vi /D�jEW .VC ; VW nVC /j:

This comes from the fact that EC D¿. Combining (4-2) and definition of N�.Y; s/ gives us

8 N�.Y; s/D�mCjEW .VC ; VW nVC /j:

This means that Theorem 1.4 generalizes the obstruction N�.Y; s/ > 0.

This simplification of Kaplan’s algorithm and the fact that one can build a characteristic unknot
without blowing up or down is of independent interest. The following corollary easily follows from this
observation.
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2 2 2

Figure 10: Kirby diagram of P4.

Corollary 4.11 If a closed 4-manifold X has a chainmail Kirby diagram , then it is either spin or has a
characteristic sphere.

This can act as an obstruction for a manifold to have a chainmail diagram. The following is an explicit
example of this. This example was pointed out to us by Marco Golla.

Example 4.12 Let X be the Akhmedov–Park exotic CP 2 # 2CP 2 [2]. We prove that X does not have a
characteristic sphere as follows.

Note that X is symplectic and minimal. Any embedded sphere S �X satisfies S �S ��2. Adjunction
inequality gives us that S � S � 0, and due to the minimality of X there is no embedded sphere with
self-intersection �1. Let S �S D�m. We use Pm to denote the 4-manifold constructed by negative linear
plumbing of m� 1 disk bundles with Euler number 2 over S2. We can construct a Kirby diagram of Pm
by considering the path graph on m� 1 vertices and applying the chainmail construction (with all the
weights equal to 2, and all the signs equal to �). We can see an example of this for P4 in Figure 10.

There is an orientation-preserving diffeomorphism between @Pm and @N.S/. Using the mentioned
Kirby diagram as a surgery diagram for @Pm, and the iterated slam-dunk move (see [18]), we see that
@Pm D L.m;m� 1/ since

m

m� 1
D Œ2; : : : ; 2„ ƒ‚ …

m�1

�� D 2�
1

� � � �
1

2� 1
2

:

Finally, @N.S/ is the circle bundle over S2 with Euler number �m. This means that @N.S/'�L.m; 1/.
We also have that L.m;m� 1/'�L.m; 1/. The composition of these two gives us the desired diffeo-
morphism.

Now one can form the closed 4-manifold M D .X nN.S/o/[Pm. We are going to prove that M
is spin. Note that X nN.S/ is spin since S is characteristic. Let s be the Spin structure induced on
@.X nN.S/o/. We need to prove that Pm induces the same Spin structure on @Pm D L.m;m� 1/. If m
is odd, then L.m;m� 1/ has a unique Spin structure and we are done. If m is even, then L.m;m� 1/
has two different Spin structures s; s0. Furthermore when m is even, N.S/ is spin. However, since X is
not spin, the induced Spin structure on @N.S/ must be s0. Now we only need to show that Pm and N.S/
induce different Spin structures on L.m;m� 1/ which is equivalent to Pm[�N.S/ not being spin. The
closed 4-manifold Pm[�N.S/ is positive-definite and b2.Pm[�N.S//Dm, hence it can not be spin
due to Donaldson’s diagonalization theorem [4].
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Now M is a closed, simply connected, spin 4-manifold. Using Novikov additivity we can deduce that
�.M/Dm�1. Furthermore, b�2 .M/D 1 since the negative-definite part of H2.M/ lies inside X nN.S/.
Donaldson’s theorem B [5] tell us that �.M/D 0 which is a contradiction.

5 Spin negative-definite plumbed fillings

The previous results might lead one to ask if there are any nonspecial alternating knots K such that
†.S3; K/ has a simply connected, spin and negative-definite filling. A result such as the following
theorem might further support this.

Theorem 5.1 A nonspecial alternating link K does not have a spanning filling which is spin and negative-
definite.

Proof Assume †.D4; FC/ is a negative-definite spin filling. We know that the intersection form of
†.D4; FC/ is the Goeritz form of the surface, which means that GF is a negative-definite spanning
surface. Using Theorem 1.1, we can conclude that F must be the black Tait surface in a diagram of K.
Then we know, that for GF to be even, the knot needs to be special, which contradicts the assumption.

For general fillings, this is far from the truth. We present an example of a nonspecial alternating knot K
with a spin negative-definite filling of †.S3; K/. The main tool for the construction of this example
is the lens space realization problem and one can generate a family of examples in the same way. We
must mention that part of the inspiration for the example comes from Aceto, McCoy, and Park [1] which
addresses negative-definite fillings of lens spaces with minimal b2. The main difference is that we need
to use the lens space fillings that emerge as the trace of a surgery on a knot instead of rational homology
ball fillings. We use the notation Km to denote the result of Dehn surgery on S3 along K with slope m.
We also use Tr.Km/ to denote the trace of this surgery. Using this notation we have

@Tr.Km/DKm:

Example 5.2 The knot K will be the alternating knot in Figure 11. The white Tait graph is also drawn in
the figure. The reduced white Tait graph will be a single path with framings .�4;�2;�5;�2/. Plumbing
along this path with these framings will give us the standard negative-definite filling of †.S3; K/. We
use the notation P.a1; : : : ; an/ to denote the linear plumbing with framings a1; : : : ; an. For example,

@P.�4;�2;�5;�2/D†.S3; K/:

We have a standard embedding ofP.�2;�5;�2/ inP.�4;�2;�5;�2/which comes from the embedding
of the plumbing graph of the first 4-manifold in the second. In other words, P.�4;�2;�5;�2/ can be
constructed from P.�2;�5;�2/ by attaching a 2-handle with framing �4 to its boundary. The integers
.�2;�5;�2/ also arise in the fractional expansion

16
9
D 2�

1

5� 1
2

:

Algebraic & Geometric Topology, Volume 26 (2026)



Negative-definite spin filling and branched double covers 1675

Figure 11: Alternating knot K of Example 5.2.

This means that P.�2;�5;�2/ bounds L.16; 9/. We claim that L.16; 9/ also has a filling in the form of
the trace of a knot surgery, i.e.,

L.16; 9/D @Tr.K�16/:

This comes from the description of the Berge knots of type I˙ (see [12]). Picking i; k 2 Z such
that gcd.i; k/ D 1 and setting p D ik˙ 1 and q ��k2 modp, leads to the lens space L.p; q/ which
can be realized by a positive surgery on a knot. Setting i D 3 and k D 5, gives us p D 16 and
q��25mod 16, which means that there exists a knotK such that L.16; 7/DKC16, which in turn means
that L.16; 7/D @Tr.KC16/. By reversing the orientation, we have L.16; 9/D�L.16; 7/D @Tr.K�16/.

Let i W P.�2;�5;�2/ ,! P.�4;�2;�5;�2/ D X be the aforementioned embedding. Now we
construct a 4-manifold X 0 by deleting the interior of Im.i/ from X and gluing Tr.K�16/ in its place.
Then X 0 will be the result of attaching a �4-framed 2-handle to Tr.K�16/, which means it is simply
connected and has b2 D 2, as it has a handle decomposition with two 2-handles. The intersection form is
even as the framing of both 2-handles is even, and hence, X 0 is spin. Using Novikov additivity we can
also prove that X 0 is negative-definite. This is again due to the fact that, while constructing X 0, we delete
a submanifold of X with signature �3 and replace it with one with signature �1. This finally gives us the
example we need.

Although there is no general nonexistence result for simply connected negative-definite spin fillings,
by imposing suitable combinatorial conditions on the Kirby diagram of the filling we can prove such
results. The first result of this type is Theorem 1.7. This result is directly rooted in Neumann’s plumbing
calculus. In the following theorem we recall the facts we need from [17]. Note that the branched double
covers of links with nonzero determinant are rational homology spheres. As a result, they can be realized
as plumbings of disk bundles over surfaces when the base surfaces are all spheres and the plumbing
graph is a tree. We can describe these plumbings with a tree with integer weights on vertices and ˙ signs
on edges. This means that we do not need Neumann’s plumbing calculus in its full generality. In the
following theorem, we only recall the facts we need.
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e1 e2 ek

e1 e2 ek

Figure 12: A chain in a plumbing graph [17].

In the rest of the paper, we use the term chain to refer to path subgraphs which contain at most one
leaf of T (see Figure 12).

Theorem 5.3 [17, Theorem 4.1] Any plumbing tree T can be reduced to a unique normal form using the
following moves while keeping the boundary unchanged.

(R0) Reverse the sign of all the edges adjacent to a vertex v.

(R1a) Delete a component consisting of an isolated vertex with weight˙1.

(R1b–R3) These are the moves which are described in Figure 13.

The normal form is defined by the following properties:

(N1) None of the operations can be applied , except that T might contain a component like Figure 14
with k � 1 and ei � �2 for all i .

(N2) The weights ei on all chains of T satisfy ei � �2 for all i .

(N3) No portion of T has the form shown in Figure 15, top , unless it is in a component of the form
shown in Figure 15, bottom , with k � 1 and ei � �2 for all i .

±1 ±1
R1b

e e

±1 ±1±1 e
R1c 1 e2e1 e2

e
R3

+1 e20e1 e2

R6

Γ1

Γ2

Γt

Γ1

Γ2

Γt

0 e

Figure 13: Neumann moves [17].
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e1 −1 − 2

− 2

ek

Figure 14: Property N1 of Neumann normal form [17].

You might notice that the moves described in Theorem 5.3 do not describe the change in the edge
signs. When we are dealing with trees, the move R0 gives us that the edge signs do not matter.

Before we proceed with proving Theorem 1.7, we need to define the excessive property. This definition
comes from Murasugi [16].

Recall that a link is called algebraic (or arborescent) if it can be constructed as the boundary of a
plumbing of twisted bands according to a tree (see Definition 1.6). For a weighted tree T , we denote the
algebraic link constructed from a plumbing based on T by l.T /. The tree T is called negative excessive if

w.ai /�minf�2;�degT .ai /g for all ai 2 VT :

The following lemma is proved by Murasugi.

Lemma 5.4 [16, Propositions 3.3 and 4.1] For a negative excessive tree T , the link l.T / is alternating.
Furthermore , there is an alternating diagram of l.T / such that T is isomorphic to the reduced white Tait
graph �W . This isomorphism takes the weights of T to gi i (diagonal of the Goeritz matrix).

With this information, we can proceed with proving Theorem 1.7.

Proof of Theorem 1.7 We start by proving that any simply connected negative-definite spin plumbed
filling is automatically in normal form. Due to the spin condition, we will not have framing ˙1 on any
vertex as all framings are even. Due to the negative-definite condition, we can not have any vertex with
framing 0 as all framings are negative. This means that conditions N1 and N2 are satisfied. To show that
N3 is satisfied, we use the assumption that K is a knot and hence has an odd determinant. We know that
the determinant of the knot is equal to jH1.†.S3; K/IZ/j. When the determinant is odd, the 2-torsion
vanishes and, as a result,H 1.†.S3; K/IZ2/D0, which means that†.S3; K/ has a unique Spin structure.
We now use Proposition 4.3 to deduce that the number of characteristic sublinks of the Kirby diagram
is equal to 1. This in turn means that the plumbing tree T has a unique characteristic subgraph.

e − 2

− 2
e e1 − 2

− 2

ek

Figure 15: Property N3 of Neumann normal form [17].
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We use proof by contradiction. Assume T violates condition N3, which means it contains the forbidden
subgraph of Figure 15, top. A characteristic subgraph C � T can not contain the parent vertex of the
�2-framed leaves since the number of edges between a �2-framed leaf and C must be even (due to the
definition of characteristic sublink). Let us use the names LD fl1; l2g and p to denote the �2 framed
leaves and their parent vertex. Also define A WD C \fl1; l2g. Now we consider the subgraph C 0 defined
as

C 0 D .C �A/[ .L�A/:

This subgraph is also characteristic. The only change happens with taking the complement of C \L
on L, which means that E.v; C / and E.v; C 0/ are only different for v 2 fp; l1; l2g. In all three cases,
the parity of jE.v; C /j and jE.v; C 0/j are the same as jE.p;C 0/j D jE.p;C /j � jAj C .2� jAj/ and
jE.li ; C /jDjE.li ; C

0/j˙2. This construction builds a fixed-point-free bijection on the set of characteristic
subgraphs, which means that the size of this set must be even. This gives us a contradiction with the
argument in the previous paragraph. As a result, T must satisfy condition N3.

Let �W be the reduced white Tait graph of K. By Lemma 5.4, We know that �W is isomorphic to the
plumbing tree associated to K. Using the Tait surgery diagram, we can see that †.D4; FCB / is a plumbed
filling. We are going to prove that this plumbed filling is also in normal form. The excessive condition
forces all weights to be � �2 and as a result N1 and N2 are satisfied. Using the same argument as the
previous paragraph, we can prove that condition N3 is also satisfied.

Now using the uniqueness of Neumann normal form, one can deduce that if a simply connected
negative-definite spin plumbed filling exists, then its plumbing tree is exactly the reduced white Tait graph.
This means that the framings in the white Tait graph; i.e., gi i , must be all even, which is equivalent to the
knot being special.

The main idea behind Theorem 1.7 can be generalized to some other types of fillings.

Definition 5.5 We call a filling X of a 3-manifold Y a chainmail filling if and only if there exist a Kirby
diagram of X which is a chainmail link

Following the discussion in Section 2, the 4-manifold †.D4; FCB / always gives a chainmail filling of
the branched double cover. Unfortunately, there are no known normal forms for chainmail Kirby diagrams
in the literature so the proof of Theorem 1.7 can not be replicated, but we can use the trick described here
which is inspired by Murasugi [16].

Definition 5.6 A weighted planar graph is called accessible if it can be realized as the white Tait graph
of an alternating link K such that the weights are equal to diagonal entries of the Goeritz matrix of K.
We call a chainmail filling accessible if it has a chainmail Kirby diagram which is based on an accessible
planar graph.

The main examples of accessible planar graphs come from the following example:

Example 5.7 Let G be a 2-connected plane graph such that all vertices are adjacent to the unbounded
region, i.e., the boundary of the unbounded region includes all of the vertices of G. Furthermore, assume
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that G is negative excessive; i.e., weights satisfy

w.vi /�minf�2;�degG.vi /g for all vi 2 VG :

In this setting, one can add a vertex Ov in the unbounded region and connect it to all vi 2 VG such that

jE. Ov; vi /jC degG.vi /D jw.vi /j:

The median construction on G [f Ovg gives an alternating link such that the reduced white Tait graph is
isomorphic to G and the weights of G will become the diagonal entries of Goeritz matrix.

Theorem 5.8 Let K be an alternating link. Then †.S3; K/ admits a simply connected negative-definite
spin accessible filling if and only if K is special alternating.

Proof Assume such a filling X exists and it has a chainmail diagram based on an accessible plane graph
like G. Let K 0 be an alternating link with �WK0 DG. This means that the chainmail Kirby diagram based
on G is also a surgery diagram for †.S3; K 0/, which means that branched double covers of K and K 0

are diffeomorphic. By a result of Greene [11, Theorem 1.1], we can deduce that K and K 0 are mutants.
Planar mutation of alternating knots preserves the number of white regions of the diagram and as a result

b2.X/D jVG j D jV �WK0
j D jV �WK

j:

Using Theorem 1.2, we can deduce that K is special alternating.
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On local fibrations of .1; 2/-categories

FERNANDO ABELLÁN

We provide a model independent notion of local fibrations of .1; 2/-categories which generalises the well-
known theory of locally cocartesian fibrations of .1; 1/-categories. Based on previous work, we construct
a model structure which serves as a specific combinatorial model for this type of fibration. Our main result
is a generalisation of the locally cocartesian straightening and unstraightening construction of Lurie which
yields for any scaled simplicial set S an equivalence of .1; 2/-categories between the .1; 2/-category
�ib0;1.S/ of .0; 1/-fibrations over S and the .1; 2/-category of functors Fun.S;�icat1/. Given an
.1; 2/-category � our Grothendieck construction can be specialised to produce an equivalence between
the .1; 2/-category of local fibrations over � and the .1; 2/-category of oplax normalised functors with
values in �icat1. Finally, as an application of our results we provide a version of the Yoneda lemma for
.1; 2/-categories.
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1 Introduction

The theory of .1; 2/-categories is enjoying in recent years a rapid and extensive development. Several
fundamental constructions such as Gray tensor products [11], partially lax colimits [5; 8; 10] and a
2-dimensional theory of fibrations [3; 6; 13] are already available and ready to be used in the study of
homotopy coherent structures. Even more remarkably, we are starting to see specific examples [9; 17]
of how these techniques can be used to categorify existing areas of study and how they can put into
perspective known constructions. In this paper, we continue our study of fibrations of .1; 2/-categories
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and provide an additional piece of technology which will be relevant for future applications: a theory of
local fibrations.

In the homotopy-coherent world, fibrations are an essential tool that facilitates the construction of
functors in a context where an infinite amount of coherent-data must be specified. More precisely, given
an .1; 2/-category � the so-called “Grothendieck construction” (also known in the higher-categorical
world as the straightening-unstraightening equivalence due to Lurie [18]) states that there exists an
equivalence between the .1; 2/-category of .0; 1/-fibrations1 over � and the .1; 2/-category of functors
F W �! �at.1;2/, with values in .1; 2/-categories. This result has been realised in several models [3; 7;
19; 20; 21] and it is even available for general fibrations (and functors) of .1; n/-categories.

However, in many situations we would like to have a version of the Grothendieck construction that
is flexible enough to accommodate the notion of a (op)lax normalised functor, i.e., a functor which only
preserves composition up to noninvertible coherent-data but preserves identity morphisms. This is achieved
by means of the notion of a local fibration of .1; 2/-categories as demonstrated by our main result.2

Theorem Let � be an .1; 2/-category. Then the straightening-unstraightening adjunction

Stoplax
�
W �Fib.�/! Funoplax.�;�at.1;2// WUnoplax

�

yields an equivalence of .1; 2/-categories between the .1; 2/-category of local .0; 1/-fibrations over �
and the .1; 2/-category of oplax normalised functors with values in .1; 2/-categories.

This result had already been proved for functors with values in .1; 1/-categories by Lurie [19] and
in full generality (in the model of 2-fold Segal spaces) by Ayala, Mazel-Gee and Rozenblyum [7]. Our
theorem can be seen as a direct extension of Lurie’s result. The main motivation for proving the general
version of this result in the scaled simplicial model is due to the tractable description that the Gray tensor
product admits in this setting [11] which can be used to provide further versions of the Grothendieck
construction which are adapted to handle (op)lax natural transformations between functors, as seen in [2].
In the aforementioned work, we extensively exploit this result to produce a general calculus of mates, as
well as providing formulas for computing partially lax (co)limits of functors with values in �at.1;2/.

Another advantage of our construction in the scaled simplicial model is that we have full control over
the “laxness” of our functors. This is materialised in the following result.

Theorem Let � be an .1; 2/-category and let UDf.fi ; gi /gi2I be a collection of composable morphisms
in �. Then the straightening-unstraightening adjunction

StUoplax
�

W �FibU .�/! FunUoplax.�;�at.1;2// WUnUoplax
�

yields an equivalence of .1; 2/-categories between the .1; 2/-category of U-local .0; 1/-fibrations over �
and the .1; 2/-category consisting in those oplax normalised functors which preserve the composites
in U .

1By an .i; j /-fibration we mean a 2-categorical version of the notion of a (co)cartesian fibration which we will define later in
the introduction.

2For more detailed statements and references to the relevant theorems, see the following subsection in the introduction.

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of .1; 2/-categories 1683

When we specialise to the case where U is precisely the collection of all pairs of composable morphisms
the definition a U-local .0; 1/-fibration collapses to that of an ordinary .0; 1/-fibration and we recover the
usual Grothendieck construction for .1; 2/-categories.

Local fibrations of .1; 2/-categories

Let p W�! � be a functor of .1; 2/-categories. We say that p is a .i; j /-fibration where i; j 2 f0; 1g if:

(F1) For every a; b 2� the induced map �.a; b/! �.p.a/; p.b// on mapping .1; 1/-categories is a
cocartesian fibration if j D 0 or a cartesian fibration if j D 1.

(F2) For every a; b; c 2� the composition functors

�.a; b/��.b; c/!�.a; c/

preserve cocartesian edges if j D 0 (resp. cartesian edges if j D 1).

(C1) Let i D 0. Given an object a 2 � and a morphism e W p.a/ ! y in �, there exists an edge
Oe W a! Oy over e with the following property: for every z 2� precomposition with Oe induces a pullback
of .1; 1/-categories

�. Oy; z/ �.a; z/

�.y; p.z// �.p.a/; p.z//

We say that Oe is a .0; j /-cartesian lift of e. If i D 1 one defines a dual condition (which generalises the
.1; 1/-notion of cartesian edge) and obtains the definition of a .1; j /-cartesian edge.

Let us remind the reader that .0; j /-fibrations appear in the literature [6; 13] under the name of outer
cocartesian when j D 0 (resp. inner cocartesian if j D 1) and similarly .1; j /-fibrations are called outer
cartesian fibrations if j D 0 and inner cartesian fibrations if j D 1.

In [3; 6] we gave a systematic analysis of the theory of .1; 0/-fibrations and provided the corre-
sponding Grothendieck construction which identifies this kind of fibrations with contravariant functors
F W �op!�at.1;2/. However, the models employed to study these fibrations in the aforementioned works
do not generalise the theory of locally cocartesian fibrations developed in [18; 19]. In order to realise the
local theory of fibrations in the scaled simplicial model [19], we will be working in this paper with the
.0; 1/-variance. Needless to say, in model independent terms these problems do not arise and we can give
the following general definition.

Let p W�! � be a functor of .1; 2/-categories. We say that p is a local .i; j /-fibration if these hold:

� Conditions (F1) and (F2) are satisfied. In this case, we say that p is cocartesian-enriched if j D 0 and
cartesian-enriched if j D 1.

� For every morphism e W�1! � the pullback ��� feg!�1 is an .i; j /-fibration. We say that an edge
Oe W�1!� is a local .0; 1/-cartesian edge if it is .0; 1/-cartesian after taking the corresponding pullback.
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In order to access the model-independent results mentioned above, we resort to the model of marked-
biscaled simplicial sets constructed in [6], which provides us with a robust combinatorial framework to
model local .0; 1/-fibrations and to implement the desired Grothendieck construction. A marked-biscaled
simplicial set denoted as .X;E; TX � CX / consists of a simplicial set X , together with a subset of
edges E �X1 containing all degenerate 1-simplices, and two collections of 2-simplices (or triangles),
TX � CX �X2, such that TX (and hence CX ) contains every degenerate 2-simplex. The collection E is
used to model the cocartesian 1-morphisms of our fibrations, while CX models the cartesian 2-morphisms.
The subcollection TX is used to represent the invertible 2-morphisms which are always cartesian. Equipped
with this formalism we establish as the first result in this paper the existence a model structure whose fibrant
objects we refer to as U -local .0; 1/-fibrations over a scaled simplicial set .S; U / (see Theorems 3.25
and 3.34).

Theorem 1 Let .S; U / be a scaled simplicial set. Then there exists a left proper , combinatorial , simplicial
model structure3 on

�
Setmb

�

�
=.S;];U�]/

, which is characterised uniquely by the following properties:

(C) A morphism f WX ! Y is a cofibration if and only if f induces a monomorphism on the underlying
simplicial sets.

(F) An object p WX ! S is fibrant if and only if it is a U -local .0; 1/-fibration.

Moreover , if S D �0 then this model structure is Quillen equivalent to Lurie’s model structure (see
Theorem 4.27 in [19]) on Setsc

�, the category of scaled simplicial sets

In the case where �D .S; TS / is a fibrant scaled simplicial set and thus models an .1; 2/-category (here
TS consists in those 2-simplices representing commuting triangles in �), we can consider a subcollection
of triangles MS � TS depicted visually as

b

a c

u v
'

where either u or v are equivalences. In Theorem 4.22, we specialise the previous result to .S;MS / to
obtain a model independent interpretation of the theory of MS -local (or simply local) .0; 1/-fibrations
over .S;MS /. In order to achieve this, we construct (see Definition 4.4) from every MS -local .0; 1/-
fibration p W .X;EX ; TX �CX /! .S; ];MS � ]/ a fibration among fibrant scaled simplicial sets p W�!�
satisfying (F1), (F2) and (C1) above which we call the bicategorical interpretation of p.

Theorem 2 Let .S; TS / be a fibrant scaled simplicial set and let p W .X;EX ; TX �CX /! .S; ];MS � ]/

be an object of
�
Setmb

�

�
=.S;];MS�]/

. Then p defines a fibrant object if and only if its bicategorical
interpretation p W�! � is a local .0; 1/-fibration of .1; 2/-categories.

3Here “]” denotes the maximal collection consisting in all 1-simplices (or all 2-simplices).
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It is well known (see Proposition 2.4.2.8 in [18]) that a locally cocartesian fibration whose locally
cocartesian edges compose must be a cocartesian fibration. We extend this analysis to the .1; 2/-
categorical case by considering a fibrant scaled simplicial set .S; TS / and a collection of triangles
MS � U � TS which allows us to make the following definition:

� A local .0; 1/-fibration p W�! � is said to be U-local if local .0; 1/-cartesian edges compose along
triangles lying over U .

It then follows from Theorem 4.29 that U-local fibrations can also be characterised as fibrant objects in
our model structure.

Theorem 3 Let .S; TS / be a fibrant scaled simplicial and let U be a collection of triangles such that
MS � U � TS . Then an object p WX ! S is fibrant in

�
Setmb

�

�
=.S;];U�]/

if and only if its bicategorical
interpretation p W�! � is a local .0; 1/-fibration of .1; 2/-categories which is in addition U-local.

Once the basics of the local theory of fibrations of .1; 2/-categories are established we focus our
attention into providing the expected Grothendieck construction which will allow us to interpret our
fibrations as functors with values in �icat1 the 1-bicategory (i.e., fibrant scaled simplicial set) of
1-bicategories.

Let .S; U / D SU be a scaled simplicial and denote by �ib0;1.SU / the 1-bicategory of U -local
.0; 1/-fibrations over S and by Fun.SU ;�icat1/ the functor1-bicategory. Our main construction is
a generalisation of the straightening-unstraightening equivalence of Lurie [19] to the setting of .0; 1/-
fibrations whose fibres are1-bicategories. Combining Theorem 5.52 and Remark 5.54 we obtain:

Theorem 4 Let SU D .S; U / be a scaled simplicial set. Then the straightening-unstraightening adjunction

StSU W �ib0;1.SU /! Fun.SU ;�icat1/ WUnSU

yields an equivalence of1-bicategories between the1-bicategory of U -local .0; 1/-fibrations over S
and the1-bicategory of covariant functors with values in1-bicategories.

The general nature of the theorem above allows us to consider special cases which are of special
interest. Namely, let � D .S; TS / be an1-bicategory and let SMS D .S;MS /. We can now consider
�Fib.�/ WD �ib0;1.SMS / and apply our Grothendieck construction to obtain an equivalence between the
1-bicategory of local .0; 1/-fibrations over � and the category Fun.SMS ;�icat1/. The latter can be
interpreted using the work of Gagna, Harpaz and Lanari [11] as a model for the1-bicategory of oplax
normalised functors with values in1-bicategories. Our main theorem then specialises (Corollary 5.57)
to the results presented at the beginning of the introduction.

The 1-bicategorical Yoneda lemma

As an application of our results we give a fibrational proof of the Yoneda lemma for1-bicategories. We
would like to stress that such a result was already present in the work of Hinich [16] where a general
Yoneda lemma for enriched1-categories is established.
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In this work we provide a proof of the Yoneda lemma as a direct application of the Grothendieck
construction. Given an1-bicategory � we consider the .0; 1/-fibration ev1 W Funopgr.�1;�/! � (see
Proposition 2.2.6 in [13] for more details) which is sometimes referred as the oplax arrow category of �.
Carefully unwinding this construction reveals that the fibres of this map come equipped with maps

�

!c
D Funopgr.�1;�/�� fcg ! �;

which are in turn .1; 0/-fibrations with1-categorical fibres. Applying the Grothendieck construction
in two steps we obtain a functor Y� W �! Fun.�op;�at1/. Moreover, it follows from previous work
(Theorem 3.17 in [4]) that �

!c
corresponds under the Grothendieck construction to the representable

functors �.�; c/. We prove in Theorem 6.16 the final result of this paper.

Theorem 5 For every1-bicategory � the Yoneda embedding

Y� W �! Fun.�op;�at1/; c 7! �.�; c/;

is fully faithful. Moreover , given a functor F W�op!�at1 there is a equivalence of �at1-valued functors

Nat�op.Y�.�/;F/
'
H) F;

(where Nat�op.�;�/ is the mapping1-category in Fun.�op;�at1/) which is natural in F.

2 Preliminaries

In this section we will mainly gather the main definitions of the theory of scaled simplicial sets as
presented by Lurie [19].

Definition 2.1 A scaled simplicial set .X; TX / consists in a simplicial set X together with a collection of
2-simplices (also called triangles) TX which contains every degenerate triangle. We call the elements
of TX the thin triangles of X . A morphism of scaled simplicial sets f W .X; TX /! .Y; TY / is a map
of simplicial sets f W X ! Y such that f .TX /� TY . We denote the corresponding category of scaled
simplicial sets by Setsc

�.

Notation 2.2 Given a simplicial set A we have two canonical ways of viewing it as a scaled simplicial
set:

� We define A[ D .A; [/ where [ is the collection consisting only in the degenerate triangles of A.

� We define A] D .A; ]/ where ] is the collection consisting in every triangle of A.

Definition 2.3 The set of generating scaled anodyne maps S is the set of maps of scaled simplicial sets
consisting of

(i) the inner horns inclusions�
ƒni ; f�

fi�1;i;iC1g
g
�
!
�
�n; f�fi�1;i;iC1gg

�
; n> 2; 0 < i < nI
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(ii) the map
.�4; T /! .�4; T [f�f0;3;4g; �f0;1;4gg/;

where we define
T

def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(iii) the set of maps

.ƒn0q�f0;1g �
0; f�f0;1;ngg/! .�nq�f0;1g �

0; f�f0;1;ngg/; n> 3:

A general map of a scaled simplicial set is said to be scaled anodyne if it belongs to the weakly saturated
closure of S.

Definition 2.4 A scaled simplicial set .X; TX / is said to be an1-bicategory if it has the right lifting
property against the class of scaled anodyne maps in Definition 2.3. In this case, we view the 2-simplices
of TX as the collection of commuting triangles.

Definition 2.5 Given an1-bicategory .X; TX / we can construct an1-category X61 by considering the
subsimplicial set of X given by those n-simplices � W�n!X such that each 2-dimensional face belongs
to TX . We call X61 the underlying1-category of .X; TX /. We similarly define X' as the underlying
1-groupoid of X61.

Definition 2.6 We denote by CatC� the category of SetC�-enriched categories (i.e., categories enriched
in marked simplicial sets). We note that we can view the category of (strict) 2-categories 2Cat as a full
subcategory of CatC� by applying the nerve functor Hom-wise and marking the equivalences in each
mapping category.

Proposition 2.7 There is a left-proper , combinatorial model structure on CatC� such that :

(W) The weak equivalences are those enriched functors which are essentially surjective on homotopy
categories and induce weak equivalences on all mapping marked simplicial sets.4

(C) The cofibrations are the smallest weakly saturated class containing ¿! Œ0�SetC�
, and each inclusion

Œ1�A! Œ1�B where A! B is a generating cofibration for SetC�.

Proof This is a special case of [18, A.3.2.4].

Definition 2.8 Let I be a linearly ordered finite set. We define a 2-category OI as follows:

� The objects of OI are the elements of I .

� The category OI .i; j / of morphisms between objects i; j 2 I is defined as the poset of finite sets
S � I such that min.S/D i and max.S/D j ordered by inclusion.

� The composition functors are given, for i; j; l 2 I , by

OI .i; j /�OI .j; l/!OI .i; l/; .S; T / 7! S [T:

4See [18, Section 3.1] for a model structure on marked simplicial sets.
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When I D Œn�, we denote OI by On. Note that the On form a cosimplicial object in 2Cat, which we
denote by O�.

Definition 2.9 The map

� CatC�;
C

which sends Œn� to On gives us a cosimplicial object in CatC�. We can moreover send the thin 2-simplex�2
]

to CŒ�2� equipped with maximally marked mapping spaces. The usual machinery of nerve and realisation
then gives us adjoint functors

Csc W Setsc
� CatC� W N

sc;

which we will call the scaled nerve and scaled rigidification.

Theorem 2.10 There is a left proper , combinatorial model structure on Setsc
� in which :

(W) The weak equivalences are the morphisms f W A! B such that CscŒf � W CscŒA�! CscŒB� is an
equivalence in CatC�.

(C) The cofibrations are the monomorphisms.

Moreover , the fibrant objects in this model structure are the1-bicategories , and the adjunction

Csc W Setsc
� CatC� W N

sc

is a Quillen equivalence.

Proof This is [19, Theorem A.3.2.4]. The characterisation of fibrant objects is [12, Theorem 5.1].

Definition 2.11 We say that a map of scaled simplicial sets is a bicategorical equivalence if it is a weak
equivalence in the model structure given in Theorem 2.10. Similarly, call the fibrations in the model
structure of scaled simplicial sets bicategorical fibrations.

Remark 2.12 In [12], the authors characterise the model structure on scaled simplicial sets as a Cisinski–
Olschok model structure. This in turn implies that a map between fibrant scaled simplicial sets is a
bicategorical fibration if and only if it is an isofibration and it has the right lifting property against the
class of scaled anodyne maps.

Definition 2.13 Given a pair of scaled simplicial sets X , Y we denote by Fun.X; Y / the scaled simplicial
set determined by the universal property

HomSetsc
�
.K;Fun.X; Y //' HomSetsc

�
.K �X; Y /;

where K �X denotes the cartesian product of scaled simplicial sets.

Definition 2.14 Let � be an1-bicategory. Given an object y 2� we define a scaled simplicial set �

!y
as

follows. The data of an n-simplices �n! �

!y
is given by a map � W�nC1! � such that �.nC1/D y.

The inclusion dnC1 W�n!�nC1 induces a map

� W �

!y
! �;
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which we use to declare a triangle in �

!y
to be thin if and only if its image under � is thin in �. It follows

from [12, Proposition 2.33] that the fibre of � at an object x 2 � is a model for �.x; y/, the mapping
1-category.

3 The model structure

Definition 3.1 A marked biscaled simplicial set (MB simplicial set) is given by

� a simplicial set X ,

� a collection of edges EX 2X1 containing all degenerate edges,

� a collection of triangles TX 2X2 containing all degenerate triangles,

� a collection of triangles CX 2X2 such that TX � CX ,

where we will refer to the elements of TX as thin triangles, and we will refer to the elements of CX as
lean triangles. We will denote such objects as triples .X;EX ; TX � CX /. A map .X;EX ; TX � CX /!
.Y;EY ; TY � CY / is given by a map of simplicial sets f W X ! Y compatible with the collections of
edges and triangles above. We denote by Setmb

� the category of MB simplicial sets.

Notation 3.2 Let .X;EX ; TX � CX / be an MB simplicial set. Suppose that the collection EX consists
only of degenerate edges. Then we fix the notation .X;EX ; TX �CX /D .X; [; TX �EX / and do similarly
for TX . If CX consists only of degenerate triangles we fix the notation .X;EX ; TX � CX /D .X;EX ; [/.
In an analogous fashion we will use the symbol “]” to denote a collection containing all edges (or all
triangles). Finally if TX D CX then we will employ the notation .X;EX ; TX /.

Remark 3.3 We will often abuse notation when defining the collections EX (resp. TX or CX ) and just
specify its nondegenerate edges (resp. triangles).

Definition 3.4 The set of generating marked-biscaled-anodyne maps MB is the set of maps of MB
simplicial sets consisting of

(A1) the inner horn inclusions

.ƒni ; [; [� f�
fi�1;i;iC1g

g/! .�n; [; [� f�fi�1;i;iC1gg/; n> 2; 0 < i < nI

(A2) the map

.�4; [; [� T /! .�4; [; [� T [f�f0;3;4g; �f0;1;4gg/;

where we define

T
def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(A3) the set of maps

.ƒn0; f�
f0;1g
g; f�f0;1;ngg/! .�n; f�f0;1gg; f�f0;1;ngg/; n> 2I
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(A4) the inclusion of the initial vertex

.�0; ]; ]/! .�1; ]; ]/I

(S1) the map

.�2; f�f0;1g; �f1;2gg; ]/! .�2; ]; ]/I

(S2) the map

.�2; [; [� ]/! .�2; [; ]/I

(E) for every Kan complex K, the map

.K; [; ]/! .K; ]; ]/:

A map of MB simplicial sets is said to be MB-anodyne if it belongs to the weakly saturated closure
of MB.

Remark 3.5 Let p W .X;EX ; TX � CX /! .S;ES ; TS � CS / be a morphism of MB simplicial sets. We
will informally think of the collection of EX as representing p-cocartesian edges. The collection CX
is understood to represent cartesian 2-morphisms, while the collection TX is simply interpreted as
representing commuting triangles. Equipped with this intuition let us clarify the meaning of our anodyne
maps:

(A1) Having the right lifting property against this class guarantees the existence of enough cartesian
2-morphisms.

(A2) This class expresses a saturation property of cartesian 2-morphisms.

(A3) This class guarantees the marked morphisms to be p-cocartesian with respect to the given thin
triangles.

(A4) This guarantees the existence of enough p-cocartesian lifts.

(S1) This class enforces that p-cocartesian morphisms compose across thin triangles.

(S2) This expresses that lean triangles lying over thin triangles are themselves thin. In other words,
a cartesian 2-morphism lying over an invertible 2-morphism is itself invertible.

(E) This class simply expresses that equivalences must always be marked.

Remark 3.6 In [6] we also introduced the notion of a MB-anodyne map when dealing with the theory of
.1; 0/-fibrations. We would like to point out that both classes of maps are different but we are using the
same name to avoid the overly cumbersome notation MB01-anodyne.

Definition 3.7 A map of MB simplicial sets is said to be an MB-fibration if it has the right lifting property
against the class of MB-anodyne maps.

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of .1; 2/-categories 1691

Lemma 3.8 Let p WX ! S be an MB-fibration. Then for every s 2 S the fibre , over s,

Xs X

�0 S

p

s

is of the form .Xs; Es; Ts/ (see Notation 3.2), where .Xs; Ts/ is an 1-bicategory and where Es is
precisely given by the equivalences.

Proof Observe that in Xs the lean and thin triangles coincide since in a MB-fibration a lean triangle
lying over a thin triangle is itself thin. It follows that Xs has the right lifting property against the class of
scaled anodyne maps and thus it is an1-bicategory. Note that by definition the equivalences must be
marked in Xs . Moreover, since Xs lifts against the class of maps (A3) one checks easily that marked
morphisms are equivalences.

Lemma 3.9 The morphism of MB-simplicial sets .�2; f�f0;1g; �f0;2gg; ]/! .�2; ]; ]/ is MB-anodyne.

Proof The proof is dual to [6, Lemma 3.11].

Lemma 3.10 The morphism of MB simplicial sets

� W .�3; �f0;1g; f�f0;1;3gg � U0/! .�3; �f0;1g; f�f0;1;3gg � ]/

is MB-anodyne where U0 is the collection of all 2-faces except �f1;2;3g.

Proof Let S D .S;ES ; TS � ]/ be an MB simplicial set and let p WX! S be an MB-fibration. We will
show that p has the right lifting property against the map �. Once this claim is established we will factor
� as an MB-anodyne morphism followed by an MB-fibration where B is of the form .S;ES ; TS � ]/,
that is,

� W .�3; �f0;1g; f�f0;1;3gg � U0/ WD A X .�3; �f0;1g; f�f0;1;ngg � ]/D B:
˛ p

It will then follow that we can produce a solution to the lifting problem

A X

B B

�

idB

which exhibits � as a retract of the MB-anodyne map ˛ and thus concluding the proof.
In order to complete the proof we must show the claim. Suppose we are given a lifting problem

A X

B S

�

�

p
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Let �.1! 2/D u, �.2! 3/D v and �.1! 3/D !. Since p is an MB-fibration we can solve the lifting
problem

ƒ21 X

�2 S
d0.p.�//

'

and produce a lean triangle '. We consider a subsimplicial set of Q ��4 consisting in the

� the face missing the vertex 2,
� the face missing the vertex 4,
� the 2-dimensional face �f2;3;4g.

We then produce a map � WQ!X as follows:

� We map the face missing the vertex 2 via � .
� We map the face missing the vertex 4 via s1.d3.�//.
� We map �f2;3;4g via '.

We equip Q with the induced decorations. It follows that we can extend Q to a map „ W�4!X lying
over s1.p.�//. Since p has the right lifting property against the morphism (A2) we see that d0.�/ is lean
if and only if the image of �f1;2;4g under „ is thin in X .

We observe that in d1.„/ every face is lean scaled except possibly the face missing the vertex 2. Again,
as a consequence of (A2) it follows that this face must also be lean scaled. Moreover this face lies over a
thin simplex of S so it must be itself thin. From now on we can focus our attention to d3.„/.

In d3.„/D� every face is thin scaled except possibly the face missing the vertex 0 and the edge 0!1 is
marked. One checks easily that the pullback of p along the simplex thin d2.p.�// simplex yields a fibration
of1-bicategoriesX

0

! .�2; ]/where we can identify the image of d0.�/with a morphism in the mapping
1-category of X

0

. One easily shows that this morphism is an equivalence and thus it must be thin.

Definition 3.11 We say that a map of MB simplicial sets is a cofibration if its underlying map of simplicial
sets is a monomorphism. One can easily verify that the class of cofibrations is generated by

(C1) the boundary inclusions .@�n; [; [/! .�n; [; [/ for n> 0,

(C2) the map .�1; [; [/! .�1; ]; [/,

(C3) the map .�2; [; [/! .�2; [; [� ]/,

(C4) the map .�2; [; [� ]/! .�2; [; ]/.

Proposition 3.12 Let f W .X;EX ; TX �CX /! .Y;EY ; TY �CY / be a cofibration of MB simplicial sets
and g W .A;EA; TA�CA/! .B;EB ; CB � TB/ be an MB-anodyne morphism. Then the pushout-product

f ^g WX �BqX�AA�Y Y �B

is again MB-anodyne.
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Proof The proof is almost identical to the proof of [6, Proposition 3.14] and left as an exercise.

Remark 3.13 Observe that given a pair of MB simplicial sets X , Y we can produce a functor MB
simplicial set Funmb.X; Y / in an obvious way via the isomorphism

Hom.A;Funmb.X; Y //' Hom.A�X; Y /;

where Hom denotes the mapping set in the category Setmb
� .

Corollary 3.14 Let p W Y ! S be an MB-fibration. Then for every MB simplicial set X the induced map

Funmb.X; Y / Funmb.X; S/

is an MB-fibration.

Proof It follows from Proposition 3.12 after looking at the adjoint lifting problems.

Definition 3.15 Let p W Y ! S be an MB-fibration and consider a map of MB simplicial sets q WX! S .
We define an1-bicategory of functors over S as the pullback

MapS .X; Y / Funmb.X; Y /

�0 Funmb.X; S/
q

Definition 3.16 Given a scaled simplicial set .S; U / we define the category
�
Setmb

�

�
=.S;];U�]/

of MB
simplicial sets over .S; ]; U � ]/ as follows:

� The objects are maps p W .X;EX ; TX � CX /! .S; ]; U � ]/.

� A morphism from p W .X;EX ; TX � CX /! .S; ]; U � ]/ to q W .Y;EY ; TY � CY /! .S; ]; U � ]/

is given by a map f W .X;EX ; TX � CX /! .Y;EY ; TY � CY / such that q ıf D p.

An object of
�
Setmb

�

�
=.S;];U�]/

is said to be a U -local .0; 1/-fibration if the corresponding map of MB
simplicial sets is an MB-fibration.

Definition 3.17 A morphism f W A! B in
�
Setmb

�

�
=.S;];U�]/

is said to be

� a cofibration if its underlying map of MB simplicial sets is a cofibration;

� a weak equivalence if for every U -local .0; 1/-fibration p WX!S the associated map of1-bicategories

f � WMapS .B;X/ MapS .A;X/
'

is a bicategorical equivalence;

� a trivial fibration if it has the right lifting property against every cofibration in
�
Setmb

�

�
=.S;];U�]/

;

� a trivial cofibration if it is both a weak equivalence and a cofibration.

Lemma 3.18 Let f WA!B be a morphism over S in
�
Setmb

�

�
=.S;];U�]/

such that f is a trivial fibration.
Then f is a weak equivalence.
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Proof Note that since f is a trivial fibration we can construct a section g WB!A such that f ıgD idB .
Moreover, we can further produce a marked homotopy A� .�1/]! A between the identity morphism
on A and the composite g ı f which is compatible with the projection map from A to S . This pair of
homotopy inverse morphisms thus define the desired equivalence on mapping1-bicategories

f � WMapS .B;X/ MapS .A;X/
'

and thus f is a weak equivalence.

Proposition 3.19 Let f W A! B be a morphism in
�
Setmb

�

�
=.S;];U�]/

. Given a U -local .0; 1/-fibration
p WX ! S let us consider the induced functor on mapping1-bicategories

f � WMapS .B;X/ MapS .A;X/:

Then it follows that

(i) if f is MB-anodyne then f � is a trivial fibration of scaled simplicial sets;

(ii) if f is a cofibration then f � is a fibration of1-bicategories;

(iii) if f is a trivial cofibration then f � is a trivial fibration of scaled simplicial sets.

Proof The first statement follows directly from Proposition 3.12. To see that (ii) holds we observe that
again by Proposition 3.12 that f � has the right lifting property against all scaled anodyne maps. Since the
marked morphisms in the mapping1-bicategories are equivalences it follows that f � is an isofibration.
Therefore by Remark 2.12 it follows that f � is a fibration of scaled simplicial sets. The final claim
follows from (ii) together with the definition of the class of weak equivalences.

Lemma 3.20 Let us consider a pushout diagram , in
�
Setmb

�

�
=.S;];U�]/

,

A B

C P

u

v

i

where u is a weak equivalence and v is a cofibration. Then i W B! C is also a weak equivalence.

Proof Given a U -local .0; 1/-fibration p WX ! S we observe that since v is a cofibration we obtain a
pullback diagram of1-bicategories

MapS .P;X/ MapS .C;X/

MapS .B; P / MapS .A;X/

i�

v�

u�

which shows that i� is a bicategorical equivalence and consequently we see that i W B ! C is a weak
equivalence in

�
Setmb

�

�
=.S;];U�]/

.

Proposition 3.21 An object p W X ! S in
�
Setmb

�

�
=.S;];U�]/

has the right lifting property against the
class of trivial cofibrations if and only if it is a U -local .0; 1/-fibration.
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Proof Observe that due to .i/ in Proposition 3.19 it follows that every MB-anodyne morphism is a trivial
cofibration. Therefore, any object having the right lifting property against trivial cofibrations must be a
U -local .0; 1/-fibration. To check the converse we consider a U -local .0; 1/-fibration p WX ! S and a
trivial cofibration f W A! B . Then, in order to produce a solution to the lifting problem

A X

B S

˛

f p

we observe that since the map f � WMapS .B;X/! MapS .A;X/ is a trivial fibration and in particular
surjective, we can pick a preimage of ˛ 2MapS .A;X/ which yields the solution to our problem.

Definition 3.22 Letp WX!S be aU -local .0; 1/-fibration. Consider an objectA!S in
�
Setmb

�

�
=.S;];U�]/

.
We set the following notation:

(1) We denote by Mapth
S .A;X/ the underlying 1-category (cf. Definition 2.5) of the mapping 1-

bicategory.

(2) We denote by Map'S .A;X/ the underlying groupoid of the mapping1-bicategory.

Proposition 3.23 Let f WX ! Y be a morphism in
�
Setmb

�

�
=.S;];U�]/

where both X and Y are U -local
.0; 1/-fibrations. Then the following are equivalent :

(i) For every U -local .0; 1/-fibration Z! S the induced map f � WMapS .Y;Z/! MapS .X;Z/ is an
equivalence of1-bicategories.

(ii) For every U -local .0; 1/-fibration Z! S the induced map f � WMap61
S .Y;Z/! Map61

S .X;Z/ is
an equivalence of1-categories.

(iii) For every U -local .0; 1/-fibration Z! S the induced map f � WMap'S .Y;Z/! Map'S .X;Z/ is a
homotopy equivalence of groupoids.

(iv) The exists a morphism g W Y !X over S , which is a homotopy inverse to f .

(v) For every s 2 S the induced morphism on fibres fs WXs! Ys is a bicategorical equivalence.

Proof The implications .i/D) .ii/D) .iii/ are clear. We commence the proof by showing that .iii/D) .iv/.
We consider the homotopy equivalence Map'S .Y;X/! Map'S .X;X/ and pick an object g2Map'S .Y;X/
such that gıf ' idX . To show that g is the desired homotopy inverse to f we need to show that f ıg' idY .
To see this we see that the map Map'S .Y; Y /! Map'S .X; Y / maps both f ı g and idY to morphisms
which are equivalent to f . Consequently we see that f ıg ' idY .

Observe that .iv/D) .v/ follows from the fact that since our homotopies are fibrewise they descend to
equivalences on the corresponding fibres.

In order to exhibit that .v/ D) .i/ we use the small object argument to factor f W X ! Y as a
composite X ! bX Of

�! Y where the first morphism is MB-anodyne (and therefore a weak equivalence)
and the second morphism has the right lifting property against the class of MB-anodyne morphisms.
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In particular it follows that bX ! S is again a U -local .0; 1/-fibration and that the induced maps on fibres
Ofs W bXs! Ys are bicategorical equivalences. These assumptions imply that Of is itself a trivial fibration

(see Proposition 4.24 for a proof) and so the claim follows.

Lemma 3.24 Given an object A! S in
�
Setmb

�

�
=.S;];U�]/

, the projection map �A W A� .�n; ]; ]/! A

is a weak equivalence.

Proof Let � W�0! .�n; ]; ]/ be the inclusion of the initial vertex. It is an easy exercise to show that �
is MB-anodyne. It then follows from Proposition 3.12 that �A W A! A� .�n; ]; ]/ is also MB-anodyne.
We conclude the proof by observing that �A ı �A D idA.

Theorem 3.25 Let .S; U / be a scaled simplicial set. Then there exists a left proper combinatorial simpli-
cial model structure on

�
Setmb

�

�
=.S;];U�]/

, which is characterised uniquely by the following properties:

(C) A morphism f WX ! Y in
�
Setmb

�

�
=.S;];U�]/

is a cofibration if and only if f induces a monomor-
phism on the underlying simplicial sets.

(F) An object p WX ! S in
�
Setmb

�

�
=.S;];U�]/

is fibrant if and only if it is a U -local .0; 1/-fibration.

Proof The proof is totally analogous to the proof of Theorem 3.42 in [6] where we verify that the
conditions of [18, A.2.6.10] are satisfied.

Remark 3.26 We will refer to the model structure in the previous theorem as model structure on U -local
.0; 1/-cartesian fibrations over .S; U /.

Definition 3.27 Let K D .K;EK/ 2 SetC� and let p W X ! S be an object in
�
Setmb

�

�
=.S;];U�]/

. We
define the tensor K ˝X as I.K/�X ! X ! S where I.K/ D .K;EK ; ]/. Similarly, we define the
cotensor XK by declaring that a map MB-simplicial sets ' W Y !XK over ' W Y ! S to be equivalent
to the data of a commutative diagram

.K;EK ; ]/�Y X

Y S

p

'

Theorem 3.28 The model category
�
Setmb

�

�
=.S;];U�]/

is a SetC�-enriched model category.

Proof It is clear that the construction Map61
S .�;�/ equips

�
Setmb

�

�
=.S;];U�]/

with the structure of
a SetC�-enriched model category. Since the tensor preserves colimits in both variables separately it
will be enough to show that given i W L! K a cofibration in SetC� and a cofibration f W X ! Y in�
Setmb

�

�
=.S;];U�]/

the corresponding pushout-product map

i ^f W L˝Y qL˝X K˝X !K˝Y

is again cofibration which is a weak equivalence whenever i or f is. Note that i^f is clearly a cofibration
so we can focus our attention in proving the weak equivalence part of the claim.
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First, let us recall that given an anodyne morphism of marked simplicial sets A! B it follows that
I.A/! I.B/ is MB-anodyne. It then follows as a consequence Proposition 3.12 that we can assume that
i and f are morphisms among fibrant objects in the corresponding model structures.

We note that given a pair of fibrant objects L and p W X ! S it follows that L˝X is again fibrant.
To finish the proof we assume that f WX ! Y is a weak equivalence (the case for i is totally analogous).
Then it follows that for every s 2 S the map .L˝X/s! .L˝Y /s is identified with the map

L�Xs
'
�! L�Ys;

which is a bicategorical equivalence by assumption. It follows that the map L˝X ! L˝Y is a weak
equivalence in

�
Setmb

�

�
=.S;];U�]/

. We can now consider a pushout diagram

L˝X L˝Y

K˝X L˝Y qL˝X K˝X

'

'

Moreover, using a similar argument as before we see that K˝X '
�!K˝Y is also a weak equivalence.

The claim now follows from two-out-of-three.

Proposition 3.29 Let f W .S; U /! .T; V / be a map of scaled simplicial sets. Then postcomposition with
f induces a left Quillen functor

fŠ W
�
Setmb

�

�
=.S;];U�]/

!
 

�
Setmb

�

�
=.T;];V�]/

W f �;

which is left adjoint to the pullback functor f �.

Proof It is clear that fŠ preserves cofibrations. To finish the proof we only need to show that fŠ preserves
weak equivalences. Given � W A ! B and a fibrant object p W Y ! S 0 we observe that we have a
commutative diagram

MapS .B; f
�Y / MapS .A; f

�Y /

MapT .iŠB; Y / MapT .iŠA; Y /

'

'

'

so the conclusion holds by two-out-of-three.

We finish this section by comparing the model structure in Theorem 3.25 with the model structure
constructed in Theorem 3.2.6 in [19], and in the case where .S; U /D .�0; ]/ with the model structure
on scaled simplicial sets given in Theorem 2.10.

Definition 3.30 Let .S; U / be a scaled simplicial set and consider the category
�
SetC�

�
=.S;U /

of marked
simplicial sets over S . We have a functor

R W
�
SetC�

�
=.S;U /

!
�
Setmb

�

�
=.S;];U�]/

; .X;EX / 7! .X;EX ; TX � ]/;

where TX consists in those triangles in X lying over thin triangles in S .
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Theorem 3.31 Let .S; U / be a scaled simplicial set and consider an object .X;EX / in
�
SetC�

�
=.S;U /

.
Then X D .X;EX / is PS -fibred (see Definition 3.2.1 and Example 3.2.9 in [19]) if and only if R.X/ is a
U -local .0; 1/-fibration. Moreover , if Y is a U -local .0; 1/-fibration over S such that every triangle of Y
is lean then there exists a PS -fibred object T such that R.T /D Y .

Proof Let us suppose that X is PS -fibred and let us show that R.X/ defines a U -local .0; 1/-fibration.
We will show that R.X/ has the right lifting property against the class of MB-anodyne morphisms. To
this end we recall that an object in

�
SetC�

�
=S

is PS -fibred if and only if it has the right lifting property
against the class of PS -anodyne morphisms described in Definition 3.2.10 in [19]. We first check that
R.X/ has the right lifting property against the class of maps given in (E). Indeed given a map from a Kan
complex K!R.X/ we can use the morphisms of type .A1/ in [19, Definition 3.2.10] to see that every
morphism of K maps to a marked edge in R.X/. Similarly, our construction of R guarantees the R.X/
has the right lifting property against morphisms of type (S2). The rest of the lifting problems follow
immediately from the definition of the class of PS -anodyne morphisms.

The converse follows by a similar argument. To finish the proof we suppose that we are given U -local
.0; 1/-fibration of the form Y D .Y;EY ; TY � ]/. Then (S2) implies that TY is simply the collection
of triangles lying over thin triangles in S . Therefore, it we can consider bY D .Y;EY / and observe that
R.bY /D Y . The previous part of the proof shows that bY must be PS -fibred.

Proposition 3.32 Let p W X ! S be a U -local .0; 1/-fibration. Then for every s 2 S the fibre Xs is an
1-category if and only if every triangle of X is lean.

Proof It is clear that if every triangle of X is lean the fibres must be1-categories. For the converse,
let us assume that for every s 2 S the fibre Xs is an 1-category. Let � W �2 ! X and assume that
p.�/ D s1.p.f // for some edge �1 ! S . We pick a marked edge lying over p.f / and construct a
3-simplex � W�3!X lying over s1.p.�// such that �.0! 1/ is our chosen marked edge and such that
every face is lean except possibly d1.�/D � . We conclude that � is lean since p has the right lifting
property against morphisms of type (A2).

For the general case we take a marked edge lying over p.1! 2/ and construct another 3-simplex
„ W�3! X such that „.1! 2/ is our chosen marked edge and such that d2.„/D � . It follows that
every face of „ is lean except possibly the face skipping the vertex 1 and the face missing the vertex 2.
We conclude that the face missing the vertex 1 is lean since it falls in the previous case. It then follows
that � is lean.

Definition 3.33 Let
�
Setmb

�

�
=.�0;];]/

D Setmb
� . We consider a functor R W Setmb

� ! Setsc
� which sends an

MB simplicial set .X;EX ; TX � CX / to the scaled simplicial set R.X;EX ; TX � CX /D .X; CX /. This
functor has a left adjoint L W Setsc

�! Setmb
� which is given by L.Y; TY /D .Y; [; [� TY /.

Theorem 3.34 The functor L W Setsc
�! Setmb

� is a left Quillen equivalence.

Proof It is clear that L preserves cofibrations and colimits so in order to show that L is a left Quillen
functor it will be enough to show that L preserves weak equivalences. Observe that given an object
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.X;EX ; TX �CX /we have an anodyne morphism .X;EX ; TX �CX /! .X;EX ; CX / since every triangle
in �0 is thin. Using this observation it is easy to see that L maps scaled anodyne morphisms to trivial
cofibrations in Setmb

� . This shows that it is enough to show that L preserves weak equivalences among
fibrant scaled simplicial sets. However, this is clear since a weak equivalence between fibrant scaled
simplicial sets has an inverse up to homotopy.

To conclude that L is a left Quillen equivalence we first observe that R ıLD id by definition. This
shows that it is only left to show that for any fibrant object .Y;EY ; TY � CY / 2 Setmb

� the counit map
LR.Y /! Y is a weak equivalence. Note that since our chosen MB simplicial set is fibrant CY D TY
and .Y; TY / is an1-bicategory. In particular, we see that LR.Y /! Y is the weakly saturated class of
morphisms of type (E) and (S2) in Definition 3.4.

3.1 Marked-scaled simplicial sets

We saw in Theorem 3.34 that the model structure of MB simplicial sets over �0 is Quillen equivalent
to the model structure on scaled simplicial sets given in [19]. While doing this, we observed that the
collection of lean and thin triangles becomes redundant. To deal with this issue we introduce a third
model structure on simplicial sets equipped with a collection of marked edges and one collection of
triangles which we call marked-scaled simplicial sets.

Definition 3.35 A marked-scaled simplicial set denoted by .X;EX ; TX / is given by

(1) a simplicial set X ,

(2) a collection of edges EX �X1 which contains all degenerate edges,

(3) a collection of triangles TX �X2 which contains all degenerate triangles,

where we refer to the elements of EX as marked edges, and we refer to the elements of TX as thin
triangles. A morphism of marked-scaled simplicial sets f W .X;EX ; TX /! .Y;EY ; TY / is given by a
map of simplicial sets such that f .EX / � EY and f .TX / � TY . We denote by Setms

� the category of
marked-scaled simplicial sets.

Definition 3.36 The set of generating marked-scaled anodyne maps MS is the set of maps of marked-
scaled simplicial sets consisting of

(M1) the inner horn inclusions�
ƒni ; [; f�

fi�1;i;iC1g
g
�
!
�
�n; [; f�fi�1;i;iC1gg

�
; n> 2; 0 < i < nI

(M2) the map
.�4; [; T /! .�4; [; T [f�f0;3;4g; �f0;1;4gg/;

where we define
T

def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(M3) the set of maps

.ƒn0; f�
f0;1g
g; f�f0;1;ngg/! .�n; f�f0;1gg; f�f0;1;ngg/; n> 2I
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(M4) the inclusion of the initial vertex

.�0; ]; ]/! .�1; ]; ]/I

(MS1) the map

.�2; f�f0;1g; �f1;2gg; ]/! .�2; ]; ]/I

(ME) for every Kan complex K, the map

.K; [; ]/! .K; ]; ]/;

which requires that every equivalence is a marked morphism.

A map of MS simplicial sets is said to be MS-anodyne if it belongs to the weakly saturated closure of MS.

Remark 3.37 Observe that .X;EX ; TX / has the right lifting property against the class of MS-anodyne
morphisms if and only if X is an 1-bicategory, EX is the collection of equivalences in X and TX
is the collection of thin triangles. Consequently, we might call such marked-scaled simplicial sets
1-bicategories as well.

Definition 3.38 We say that a morphism of marked-scaled simplicial sets is a cofibration if its underlying
map of simplicial sets is a cofibration.

Proposition 3.39 Let f WX ! Y be a cofibration in Setms
� and g W A! B be an MS-anodyne morphism.

Then the pushout-product

X �BqX�A Y �A! Y �B

is again MS-anodyne.

Corollary 3.40 Given a marked-biscaled simplicial set X which has the right lifting property against
the class of MS-anodyne morphisms it follows that Funms.A;X/ (compare to Remark 3.13) has the right
lifting property against the class MS-anodyne morphisms for every A 2 Setms

� .

Definition 3.41 A morphism of marked-scaled simplicial sets i WA!B is said to be a weak equivalence
if for every1-bicategory X the induced map

i� W Funms.B;X/ '�! Funms.A;X/

is a bicategorical equivalence.

Remark 3.42 In a similar way as before given K 2 SetC� and X 2 Setms
� we define the tensor K �X WD

I.K/�X where I.K/D .K;EK ; ]/. Similarly, we define the cotensor XK WD Funms.I.K/;X/.

Theorem 3.43 There exists a left proper combinatorial simplicial model category on Setms
� , which is

characterised uniquely by the following properties:

(C) A morphism f WX ! Y in Setms
� is a cofibration if and only if f induces a monomorphism on the

underlying simplicial set.
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(F) An object X in Setms
� is fibrant if and only if it was the right lifting property against the class of

marked-anodyne morphisms.

Moreover the tensor and cotensor in Remark 3.42 equips Setms
� with the structure of a SetC�-enriched

model category.

Theorem 3.44 The functorL WSetsc
�! Setms

� sending a scaled simplicial set .X; TX / to the marked-scaled
simplicial set .X; [; TX / is a left Quillen equivalence.

Proof The proof is almost identical to the proof of Theorem 3.34 and thus omitted.

4 Local fibrations

In this section we will show that the model independent definition of a locally cocartesian fibration of
.1; 2/-categories, or in our terminology a local .0; 1/-fibration, given in the introduction can be realised
within our framework of MB simplicial sets as follows:

Given a fibrant scaled simplicial set .S; TS / we will construct a subcollection MS � TS and show
in Theorem 4.22 that a local .0; 1/-fibration is precisely given by an MS -local .0; 1/-fibration. This
perspective will allow us to give an easy proof of Proposition 4.24, as promised in Proposition 3.23.

Definition 4.1 Let .S; TS / be an 1-bicategory we define MS � TS as the subcollection of triangles
consisting in those thin triangles such that the edge �f0;1g or the edge �f1;2g is an equivalence in S . We
call the elements of MS the invertible 2-morphisms of S .

Remark 4.2 The collection MS has been studied in [11] to give a definition of an oplax normalised
functor of1-bicategories.

Notation 4.3 We will use boldface letters � WD .S; TS / to describe fibrant scaled simplicial sets.

Definition 4.4 Let �D .S; TS / be an1-bicategory and let p WX!S be anMS -local (see Definition 4.1)
.0; 1/-fibration. We define a scaled simplicial set � whose underlying simplicial set is the underlying
simplicial set of X and where a triangle is declared to be thin if it is lean in X and its image under p
belongs to TS . We denote the resulting map of scaled simplicial sets by p W � ! � and call it the
bicategorical interpretation of p.

Proposition 4.5 Let �D .S; TS / be an1-bicategory and let p WX ! S be an MS -local .0; 1/-fibration.
Then its bicategorical interpretation p W�! � (see Definition 4.4) is a bicategorical fibration.

Proof It is clear that p W�! � has the right lifting property against the class of scaled anodyne maps
and thus it follows that � is itself an1-bicategory. To finish the proof we will need to show that p is
an isofibration (see Remark 2.12). Given an equivalence e W �1! � and a lift of the source �0!�
we can produce a marked edge Oe W �1! X lying over e. We observe that the 2-simplices needed for
exhibiting e as an equivalence in � are contained in MS ; in particular this can be used to show that Oe is
an equivalence in �.
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Proposition 4.6 Let p W�! � be a bicategorical interpretation as in Definition 4.4. Then for every pair
of objects a; b 2� the induced functor on mapping1-categories

�.a; b/ �.p.a/; p.b//

is a cartesian fibration. Moreover , the composition functors �.a; b/ � �.b; c/ ! �.a; c/ preserve
cartesian edges.

Proof We pick a model for the mapping1-category discussed in Definition 2.14. Given a morphism
˛ W�1! �.p.a/; p.b// and a lift of the target g W�0!�.a; b/ we can consider a morphism of type (A1)
to produce an edge in �.a; b/ which is lean in the MB simplicial set X . We can similarly translate lifting
problems of the form

ƒnn �.a; b/

�n �.p.a/; p.b//

where the last edge in the top horizontal morphism is mapped to a lean 2-simplex to lifting problems of
the form

ƒnC1n X

�nC1 S

where the triangle�fn�1;n;nC1g is mapped to a lean triangle inX and thus admits a solution. We conclude
that �.a; b/! �.p.a/; p.b// is a cartesian fibration. To finish the proof we consider the composition
functor

�.a; b/��.b; c/ �.a; c/:

Given a pair of cartesian edges ˛ W f ! g and ˇ W u! v the composition map yields a commutative
diagram in �.a; c/ of the form

f ıu f ı v

g ıu g ı v

which tells us that it will suffice to check that precomposition and postcomposition with a 1-morphism
preserves cartesian 2-morphisms. This follows from the fact that p has the right lifting property against
morphisms of type (A2).

Definition 4.7 A bicategorical fibration (see Notation 4.3) p W �! � of1-bicategories is said to be
cartesian-enriched if:

� For every a; b 2� the morphisms �.a; b/! �.p.a/; p.b// are cartesian fibrations.

� For every a; b; c 2� the composite maps �.a; b/��.b; c/!�.a; c/ preserve cartesian edges.
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Given two cartesian-enriched bicategorical fibrations p W �! � and q W �! � we say that a functor
f W�! � is cartesian-enriched if it preserves cartesian edges in the mapping categories.

Definition 4.8 Let p W�! � be a bicategorical fibration of1-bicategories. An edge e W a! b in � is
said to be locally .0; 1/-cartesian (or a local .0; 1/-cartesian edge) if:

(i) Given g W a! c in � and a commutative diagram (represented by a thin simplex), in � W�2! �,

p.b/

p.a/ p.c/

p.e/ ˛

p.g/

such that ˛ is an equivalence, there exists a morphism y̨ W b! c such that p.y̨/D ˛ and a thin 2-simplex y�
exhibiting e ı y̨ ' g such that p.y�/D � .

(ii) Given any � W b! c such that � ı e ' g and such that p.�/D ˛ as above, for any other ' W b! c,
precomposition along e induces a pullback diagram of spaces

Map�.b;c/.�; '/ Map�.a;c/.� ı e; ' ı e/

Map�.p.b/;p.c//.p.�/; p.'// Map�.p.a/;p.c//.p.� ı e/; p.' ı e//

Remark 4.9 Given a bicategorical fibration p W � ! � of 1-bicategories, we observe that a local
.0; 1/-cartesian edge lying over an equivalence in � is necessarily an equivalence in �. Moreover, the
composition of a local .0; 1/-cartesian edge with an equivalence is again locally .0; 1/-cartesian.

Definition 4.10 Let p W �! � be a bicategorical fibration of 1-bicategories. An edge e W a! b is
.0; 1/-cartesian if for every c 2� precomposition along e induces a pullback diagram of1-categories

�.b; c/ �.a; c/

�.p.b/; p.c// �.p.a/; p.c//

Proposition 4.11 Let p W�! � be a bicategorical fibration of1-bicategories and suppose further that p
is cartesian-enriched. Given an edge e W a! b in �, the following are equivalent :

(i) The edge e is locally .0; 1/-cartesian.

(ii) For every ` 2� such that p.`/D p.b/ we have a pullback diagram of1-categories

�p.b/.b; `/ �.a; `/

�0 �.p.a/; p.b//

.�/ıe

p.e/

where Xp.b/ is the fibre of p over p.b/.

(iii) The edge e is .0; 1/-cartesian in the pullback along p.e/, �p.e/ D����
1!�1.
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Proof To show that .i/D) .ii/ we observe that since

�.a; `/! �.p.a/; p.b//

is a cartesian fibration of1-categories it follows that the strict fibre over p.e/ is already a model for the
1-categorical pullback. Therefore it suffices to show that the map

e� W�p.b/.b; `/!�p.e/.a; `/

is an equivalence of 1-categories. Observe that the first condition in Definition 4.8 guarantees that
e� is essentially surjective. Given a pair of objects �; ' 2�p.b/.b; `/ it follows from condition .ii/ in
Definition 4.8 that we have a pullback diagram of spaces

Map�.b;`/.�; '/ Map�.a;`/.� ı e; ' ı e/

Map�.p.b/;p.b//.p.�/; p.'// Map�.p.a/;p.b//.p.� ı e/; p.' ı e//

so in particular after taking fibres we have a homotopy equivalence of spaces

Map�.b;`/.�; '/id
'
�!Map�.a;`/.� ı e; ' ı e/p.e/;

which we identify with the action of e� on mapping spaces which shows our claim.
Note that .ii/() .iii/ follows immediately from the definition so it will suffice to show that .ii/D) .i/.
First let us remark that since p W�! � is a bicategorical fibration, it is in particular an isofibration. So,

in order to show that e is locally .0; 1/-cartesian, we specialise the conditions in Definition 4.8 to the case
where p.˛/ is a degenerate edge. Let ` 2� such that p.`/D p.b/ and consider an edge u W a! ` such
that p.u/' p.e/ in �.p.a/; p.b//. Since p is cartesian enriched we can pick an equivalence in �.a; `/,
yu' u, such that p.yu/D p.e/. Then our assumptions guarantee the existence of an object � 2�.b; `/
such that p.�/ is degenerate and such that

� ı e ' yu' u:

This shows that the first condition in Definition 4.8 holds. Let � W b! ` in � such that p.�/ is degenerate
on p.b/. To show that we have the necessary pullback square of spaces it will be enough to show that for
every „ 2Map�.p.b/;p.b//.p.�/; p.'// the associated morphism on fibres

Map�.b;`/.�; '/„
'
�!Map�.a;`/.� ı e; ' ı e/„ıp.e/

is a homotopy equivalence. Note that our assumptions guarantee that this holds whenever „ is the identity
morphism. Since the map �.b; `/! �.p.b/; p.b// is a cartesian fibration we pick a cartesian lift of „
in �.b; `/ which we denote by i W y'! ' and we note that the enrichment of p implies that i ıe is again a
cartesian morphism in �.a; `/. The fact that i is cartesian allows us to construct a commutative diagram
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of spaces

Map�.b;`/.�; y'/id Map�.a;`/.� ı e; y' ı e/p.e/

Map�.b;`/.�; '/„ Map�.a;`/.� ı e; ' ı e/„ıp.e/

'

'

'

so the conclusion follows by two-out-of-three.

Definition 4.12 A bicategorical fibration p W�! � of1-bicategories is said to be a local .0; 1/-fibration
if the following conditions hold:

(1) The map p is cartesian-enriched (see Definition 4.7).

(2) For every a 2� and every e W p.a/! b in � there exists a local .0; 1/-cartesian edge Oe W a! Ob such
that p. Oe/D e.

We say that a commutative diagram

� �

�

f

p q

where p and q are local .0; 1/-fibrations is a morphism of local .0; 1/-fibrations if f is a morphism of
cartesian-enriched fibrations and it maps local .0; 1/-cartesian edges in p to local .0; 1/-cartesian edges in q.

Lemma 4.13 Let p W �! � be a local .0; 1/-fibration of1-bicategories and consider a commutative
diagram , in �,

a u

b v

'

f g

'

such that the horizontal morphisms are equivalences in �. Then f is a local .0; 1/-cartesian edge if and
only if g is.

Proof Left as an exercise.

Theorem 4.14 Let us consider a commutative diagram of1-bicategories

� �

� �

'

p q

'

where the vertical morphisms are bicategorical fibrations and the horizontal morphisms are bicategorical
equivalences. Then p is a local .0; 1/-fibration if and only if q is.
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Proof Observe that we can view our diagram as an injectively fibrant-cofibrant diagram in the arrow
category of Setsc

�. This guarantees the existence weak equivalences �!� and�!�making the obvious
diagram commute. Therefore we might assume without loss of generality that q is a local .0; 1/-fibration.
After inspecting the associated diagram in mapping categories we learn that p must be cartesian enriched.
To finish the proof we need to show that p has a sufficient supply of local .0; 1/-cartesian edges.

First, we observe that our commutative diagram is in fact a pullback diagram of 1-bicategories.
Therefore we have a weak equivalence ' W�! � where Oq W �! � denotes the strict pullback of q along
the bottom horizontal morphism. It follows that Oq is a local .0; 1/-fibration. Factoring ' as a cofibration
(which is necessary a trivial cofibration) and a trivial fibration we might assume without loss of generality
that ' is a trivial cofibration. We conclude that we have a section � W �!� such that � ı' D id.

Given a 2� and an edge e W p.a/! b in � we pick a lift in � of e with source '.a/ which we denote
by Oe. We finally consider �. Oe/D � . We claim that � is a local .0; 1/-cartesian edge of p. To see this we
note that due to Lemma 4.13 we have that '.�/ is a local .0; 1/-cartesian edge of �. The existence of a
section � and the fact that '.�/ is locally .0; 1/-cartesian shows that condition .i/ in Definition 4.8 holds.
The second condition follows immediately from the fact that ' is a bicategorical equivalence.

Lemma 4.15 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Let � W�2!� be a 2-simplex
whose associated 2-morphism in �.�.0/; �.2// is cartesian. Given a lifting problem

ƒni �

�n �

'

q

such that restriction of ' to �fi�1;i;iC1g equals � , the dotted arrow exists.

Proof In virtue of Theorem 4.14 we might assume that our functor is of the form p W Nsc.�/! Nsc.�/.
Then it follows that our lifting problem is equivalent to

CscŒƒni �.0; n/ �.'.0/; '.n//

CscŒ�n�.0; n/ �.p'.0/; p'.n//

To show that the dotted arrow exists it will suffice to show that the left-hand side can be written as an
iterated pushout of anodyne morphisms in the cartesian model structure. This follows from the (more
general) argument given in [3, Lemma 3.41] by forgetting the scaling.

Definition 4.16 Let � W C!D be a fibration of1-categories. We say that an object x 2 C is p-initial if
for every y 2 C the functor � yields a homotopy equivalence

MapC.x; y/'MapD.�.x/; �.y//:
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Remark 4.17 An object x 2 C as above is p-initial if and only if for every n> 1 the lifting problems

@�n C

�n D

'

�

admit a solution provided '.0/D x.

Lemma 4.18 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Then an edge e W�1!� is
locally .0; 1/-cartesian if and only if for every n> 2 the lifting problems of the form

ƒn0 �

�n �

'

p

�

admit a solution provided '.0! 1/ D e, '.0! 1! n/ is thin whenever n > 2 and �.1! n/ is an
equivalence in �. If nD 2 we require �.0! 1! n/ to be thin , �.1! n/ to be an equivalence in � and
that our solution is a thin simplex in �.

Proof First let us remark that if we can produce solutions to those lifting problems, e must be a
.0; 1/-cartesian edge once restricted to �1 and the claims follow from Proposition 4.11. We now prove
the converse.

The case n D 2 is precisely the first condition in Definition 4.8. To tackle the cases n > 3 we will
assume once more that p WNsc.�/! Nsc.�/. Since '.0! 1! n/ is thin we can solve the lifting problem

CscŒƒn0�.0; n/ �.'.0/; '.n//

CscŒ�n�.0; n/ �.p'.0/; p'.n//

To conclude the proof we must show that we can produce the dotted arrow in

CscŒƒn0�.1; n/ �.'.1/; '.n//

CscŒ�n�.1; n/ �.'.0/; '.n/��.p'.0/;p'.n//�.p'.1/; p'.n//

�

However, by .ii/ in Definition 4.8 the object 1n on the left-hand side gets mapped to a �-initial object in
�.'.1/; '.n//. Since the left-most vertical map can be obtained as an iterated pushout along boundary
inclusions @�n!�n, where the initial object is always 1n, we conclude that the dotted arrow above can
be constructed.

Lemma 4.19 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Suppose that we are given a
simplex � W�4!� such that the collection of triangles

T D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2gg
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gets mapped to 2-simplices representing cartesian 2-morphisms in the corresponding mapping categories.
Then the triangles �f0;1;4g and �f0;3;4g also represent cartesian 2-morphisms in �.�.0/; �.4//.

Proof As usual, we will assume that our functor is of the form p W Nsc.�/! Nsc.�/. This allows us to
reduce our problem to show that certain edges in P D CscŒ�4�.0; 4/ get mapped to cartesian edges in
�.�.0/; �.4//. More specifically, we view P as the poset

0134 01234

034 0234

014 0124

04 024

where the circled arrows are mapped by assumption to cartesian edges (note that to see this it is crucial
to use that p is cartesian-enriched) and we wish to show that 04! 014 and 04! 034 are mapped to
cartesian edges in �.�.0/; �.4//.

Since � W �.�.0/; �.4//!�.p�.0/; p�.4// is a cartesian fibration this is equivalent to require that
certain morphisms are equivalences in the fibre over �.04/ D ˛. Using the functoriality of � we can
move the diagram above to a diagram in the fibre over ˛ where now the circled arrow are equivalences.
It is easy to see that we can produce now an inverse as in Proposition 3.1.13 in [19].

Definition 4.20 Let p W �! � be a local .0; 1/-fibration of1-bicategories and let � D .X; TX / and
�D .S; TS /. We define an MB-simplicial set Fp as follows:

� The underlying simplicial set of Fp is �.

� An edge is declared to be marked if an only if it is a local .0; 1/-cartesian edge in �.

� A triangle is declared to be lean if its associated 2-morphism is a cartesian edge in �.a; b/.

� A triangle is declared to be thin if it is lean and its image in � belongs to MS .

This definition clearly yields a map �p W Fp! .S; ];MS � ]/ which we call the MB-model of p.

Lemma 4.21 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Then its associated MB-model
(see Definition 4.20) �p W Fp! .S; ];MS � ]/ defines a fibrant object in

�
Setmb

�

�
=.S;];MS�]/

.

Proof We need to show that �p has the right lifting property against the class of morphisms in
Definition 3.4. It follows from Lemmas 4.15 and 4.18 that �p has the RLP property with respect
to the morphisms of type (A1) and (A3) in Definition 3.4. Lemma 5.27 shows �p has the right lifting
property against the class of morphisms of type (A2). The rest of the lifting problems follow immediately
and thus our result is proved.
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Theorem 4.22 Let �D .S; TS / be a fibrant scaled simplicial set and let p W X ! S be a fibrant object
in
�
Setmb

�

�
=.S;];MS�]/

. Then its bicategorical interpretation (see Definition 4.4) p W �! � is a local
.0; 1/-fibration. Moreover , this assignment admits an inverse given by sending each local .0; 1/-fibration
of1-bicategories q W �! � to its MB-model as in Definition 4.20.

Proof Let p WX ! S be a fibrant object in
�
Setmb

�

�
=.S;];MS�]/

. Then it follows from Propositions 4.5
and 4.6 that p W �! � is cartesian-enriched. To show that our map in question defines a local .0; 1/-
fibration it will be enough to show that the marked edges in X are local .0; 1/-cartesian edges. However,
one easily sees that a marked edge e is .0; 1/-cartesian over �1 and thus the claim holds.

Note that Lemma 4.21 shows that the MB-model of a local .0; 1/-fibration of1-bicategories defines a
fibrant object in

�
Setmb

�

�
=.S;];MS�]/

. To complete the proof, we must show that these two assignments
are mutually inverse. Note that this simply amounts to verifying that the decorations of our simplicial sets
remain unchanged after applying both procedures. This follows by virtue of the following observations:

� Let p WX ! S be a fibrant object in
�
Setmb

�

�
=.S;];MS�]/

. Then a 2-simplex � W�2!X is lean if
and only if the associated 2-morphism in its bicategorical interpretation p W�! � is cartesian.

� Let q W �! � be a local .0; 1/-fibration of1-bicategories. Then a 2-simplex � W�2! � is thin if
and only if its associated 2-morphism is cartesian and its image in � is invertible.

Proposition 4.23 Let f W � ! � be a morphism of local .0; 1/-fibrations. Then the following are
equivalent :

(i) The map f is a bicategorical equivalence.

(ii) For every s 2 � the map f induces an equivalence on fibres fs W�s '�! �s .

Proof Let us suppose that f is a bicategorical equivalence and let s 2�. First we show that fs is essentially
surjective. Given ys 2�s , we use that f is essentially surjective to get some x 2� such that f.x/' y. We
denote by u the image of the equivalence f.x/' y under q W �! � and use the fact that p W�! � is an
isofibration to get an equivalence v W x! xs where p.xs/D s. It follows that f.v/ is again an equivalence
and therefore defines a local .0; 1/-cartesian edge in� which allows to construct an equivalence f.xs/'ys
lying over the identity on s. To show fully faithfulness of fs we consider a; b 2�s and observe that we
have a map of cartesian fibrations

�.a; b/ �.f.a/; f.b//

�.s; s/

which is an equivalence by assumption. It then follows that we have an equivalence after taking the fibre
over the identity map on s. This morphism is then identified using Proposition 4.11 with the map

�s.a; b/
'
�! �s.f.a/; f.b//;

which shows that fs is fully faithful.
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To show that the converse holds we note that by assumptions f is already essentially surjective. It will
then be enough to show that for every a; b 2� and every ˛ W p.a/! p.b/ the induced morphism on fibres

�.a; b/˛! �.f.a/; f.b//˛

is a categorical equivalence. By picking a cartesian lift e W a! Ob such that p.e/D ˛ we can again use
Proposition 4.11 to produce a commutative diagram

�p.b/. Ob; b/ �p.b/.f. Ob/; f.b//

�.a; b/˛ �.f.a/; f.b//˛

'

' '

where we use two-out-of-three to conclude that the bottom horizontal morphism is a weak equivalence
and thus our claim holds.

Proposition 4.24 Let .T; U / be a scaled simplicial set and consider a morphism f W X ! Y between
fibrant objects in

�
Setmb

�

�
=.T;];U�]/

. Suppose further that the following conditions hold :

(1) The map f has the right lifting property against the class of MB-anodyne morphisms.

(2) For every t 2 T the induced morphism ft WXt ! Yt is a bicategorical equivalence.

Then f is a trivial fibration of MB-simplicial sets.

Proof We claim that f is a trivial fibration of MB-simplicial sets if and only if for every minimally
scaled simplex �n

[
and every morphism � W�n

[
! T the restricted morphism

fj� WX ��n
[
�n[ ! Y ��n

[
�n[

is a trivial fibration of MB-simplicial sets. One direction is obviously true. Let us assume that fj� is
always a trivial fibration. Then it is clear that f has the right-lifting property against the morphisms

� .@�n; [; [/! .�n; [; [/,

� .�2; [; [/! .�2; [; [� ]/,

� .�1; [; ]/! .�1; ]; ]/.

Since a thin triangle in X is just a lean triangle lying over a thin triangle in T it follows that f also
detects thin triangles and the claim holds.

Let us assume without loss of generality that T D �n
[

and consider the associated diagram (see
Theorem 4.22) of local .0; 1/-fibrations1-bicategories

� �

�n
p

f

q

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of .1; 2/-categories 1711

First, let us show that f is a trivial fibration of1-bicategories. Observe that our assumptions together
with Proposition 4.23 imply that f is a bicategorical equivalence. Moreover, f has the right lifting property
against the class of scaled anodyne maps given in Definition 2.3. It will then suffice by Remark 2.12
to show that f is an isofibration. Given an equivalence in e W �1! � it follows that its image in �n

must be degenerate. Since this lifting problem is occurring in a fibre and by our assumptions the maps
ft W�t ! �t are trivial fibrations of scaled simplicial sets it follows that f is an isofibration.

To finish the proof, we must show that f detects local .0; 1/-cartesian edges. Given an edge e W�1!�
such that f.e/ is a local .0; 1/-cartesian edge we consider a local .0; 1/-cartesian edge u W�1!� such
that u.0/D e.0/ and such that f.u/D f.e/. It follows that we have an edge ˛ W u.1/! e.1/ such that
˛ ıu' e. Moreover, f.˛/ is an equivalence and lies over a degenerate morphism in �n. We see then that
˛ must be an equivalence in � and consequently e is a local .0; 1/-cartesian edge.

Definition 4.25 Let p W�! � be bicategorical fibration of1-bicategories and let � W�2! � be a thin
triangle. We say that an edge e W a! b in � lying over �.0! 1/ is �-local if the following conditions
hold:

(i) For every g W a! c in � lying over �.0! 2/ there exists some y̨ W b ! c and a thin simplex �
exhibiting e ı y̨ ' g such that p.�/D � .

(ii) For any � W b! c such that e ı � ' g with associated simplex � such that p.�/ D � and for any
' W b! c, precomposition along e induces a pullback diagram of spaces

Map�.b;c/.�; '/ Map�.a;c/.� ı e; ' ı e/

Map�.p.b/;p.c//.p.�/; p.'// Map�.p.a/;p.c//.p.� ı e/; p.' ı e//

Remark 4.26 Definition 4.25 implies that an edge is .0; 1/-cartesian if and only if it is � -local for every
thin simplex � W�2! �. Similarly, an edge is locally .0; 1/-cartesian if and only if it is � -local for every
invertible 2-morphism (see Definition 4.1).

Proposition 4.27 Let p W�! � be a local .0; 1/-fibration of1-bicategories and let � W�2! � be a thin
triangle. Then a local .0; 1/-cartesian edge e W a! b is � -local if and only if for every local .0; 1/-cartesian
edge u W b! c such that the composite v ' u ı e lies over � then v is also a local .0; 1/-cartesian edge.

Proof Let us assume that e is �-local and suppose that we have u and v as above. Let us suppose that
we have h W a! d and let us show that condition .i/ in Definition 4.8 is satisfied.

Since p is a local .0; 1/-fibration and, in particular, cartesian-enriched, we only need to show that v is
.0; 1/-cartesian once after pulling back along p.v/. Therefore, we can assume without loss of generality
that p.h/ D p.v/. We observe that since e is �-local we can obtain a morphism ˛ W b ! d such that
˛ ı e ' h. Furthermore, we can use that u is a local .0; 1/-cartesian edge to get a morphism � W c! d

such that ˛ ' � ıu. It follows that h' v ı� and so the first condition holds.
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Given � W c! d as above and another ' W c! d such that p.'/D id we construct the commutative
diagram

Map�.c;d/.�; '/ Map�.b;d/.� ıu; ' ıu/ Map�.a;d/.� ı v; ' ı v/

Map�.p.c/;p.d//.id; id/ Map�.p.b/;p.d//.p.u/; p.u// Map�.p.a/;p.d//.p.v/; p.v//

We observe that the outer commutative diagram is obtained by pasting two pullback diagrams so it must
be itself a pullback diagram. It follows that v is a local .0; 1/-cartesian edge.

We wish now to show that the converse holds. Let h W a! d be an edge over �.0! 2/. We take a local
.0; 1/-cartesian lift u W b! c of �.1! 2/. Since by assumption v ' u ı e is again local .0; 1/-cartesian
we obtain a certain „ W c ! d such that h ' „ ı v. We can then set � D „ ı u. It is then clear that
� ı eD„ıuı e'„ıv' h and thus condition .i/ in Definition 4.25 holds. Let � W b! d as above and
assume we are given any other ' W b! d . We wish to show that the associated commutative diagram
(see .ii/ in Definition 4.25) of spaces is cartesian. We note that a totally analogous argument as in
Proposition 4.11 shows that it is enough to show that the associated map of fibres

Map�.b;d/.�; '/p.u/
'
�!Map�.a;e/.� ı e; ' ı e/p.v/

is an equivalence whenever p.�/D p.'/. Since u is a local .0; 1/-cartesian edge we can find morphisms
z�; z' W c! d such that z� ıu' � and z' ıuD '. We can then produce the morphisms

Map�.c;d/.z�; z'/id
'
�!Map�.b;d/.�; '/p.u/! Map�.a;e/.� ı e; ' ı e/p.v/:

We conclude the proof by noting that the composite map must also be a weak equivalence since v is by
assumption a local .0; 1/-cartesian edge.

Definition 4.28 Let � be an1-bicategory and let U be a subcollection of the thin triangles in � which
contains the invertible 2-morphisms of � (see Definition 4.1). We say that a local .0; 1/-fibration p W�!�

is U-local if given a pair of local .0; 1/-cartesian edge u; v W�1!� and a thin 2-simplex � pictured as

b

a c

vu

w

such that p.�/ 2 U then we have that w is also locally .0; 1/-cartesian. If U consists in all thin triangles
we say that p W�! � is a .0; 1/-cartesian fibration.

Theorem 4.29 Let .S; TS / be a fibrant scaled simplicial set and let U � TS be a subset containing
all invertible 2-morphisms. Given a fibrant object .Setmb

� /=.S;];U�]/, its bicategorical interpretation
p W�! � defines a U-local fibration. Conversely any U-local fibration defines canonically a fibrant object
in .Setmb

� /=.S;];U�]/.
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Proof Let us assume that we are given a fibrant object in
�
Setmb

�

�
=.S;];U�]/

. In particular, we can use
Theorem 4.22 to obtain a local .0; 1/-fibration p W�! � of1-bicategories. Since our original object
has the right lifting property against the class (S1) it follows that our local .0; 1/-cartesian edges compose
across triangles which lie over triangles in U and the claim follows.

We now show the converse. Note that due to Proposition 4.27 our local .0; 1/-cartesian edges are
�-local with respect to the elements of U . The only thing that we need to prove is that given a U-local
fibration we can produce the dotted arrow in

ƒn0 �

�n �

f

p

where f .0! 1/ is locally .0; 1/-cartesian and f .0! 1! n/ lands in U . The proof of this fact is
essentially the same as the proof in Lemma 4.18 and therefore left as an exercise.

5 The Grothendieck construction
5.1 The Quillen adjunction

Let S D .S; TS / be a scaled simplicial set and let CscŒS� denote the scaled rigidification (Definition 2.9)
of .S; TS /. The goal of this section is to prove the following theorem.

Theorem 6 Let S be a scaled simplicial set. Then there exists a Quillen equivalence

StS W
�
Setmb

�

�
=.S;];TS�]/

!
 Fun.CscŒS�;Setms

� / WUnS

between the model structure on .0; 1/-cartesian fibrations over S and the projective model structure of
SetC�-enriched functors with values in marked-scaled simplicial sets.

Our first order of business will be to define the left adjoint StS which will be given by a 2-categorical
enhancement of the straightening functor constructed in Section 3 of [19]. Before we present our main
construction, we need to give some preliminary definitions.

Definition 5.1 Let X; Y 2 Setms
� . We define the Gray tensor product X ˝Y 2 Setsc

� (see Definition 4.1.1
in [10]) as follows:

(1) The underlying simplicial set of X ˝Y is given by X �Y , the cartesian product of the underlying
simplicial sets.

(2) Given a simplex � W�2!X ˝Y let us denote by �X and �Y the projections to the corresponding
factors in the cartesian product. We say that � is scaled in X ˝Y if and only if the following conditions
hold:

(i) The projection of the simplex � is both scaled in X and in Y .

(ii) The restriction �X .1! 2/ is marked in X or the restriction �Y .0! 1/ is marked in Y .
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Given marked scaled simplicial sets X , C we define marked scaled simplicial sets Fungr.X; C / and
Funopgr.X; C / by means of the universal properties,

HomSetsc
�
.A;Fungr.X; C //Š HomSetsc

�
.A˝X;C/;

HomSetsc
�
.A;Funopgr.X; C //Š HomSetsc

�
.X ˝A;C /:

Definition 5.2 Let n> 0. We define a poset Pn as follows:

� The objects are given by subsets S � Œn� such S ¤¿ and max.S/D n.

� We define a partial order on Pn by declaring S 6 T whenever min.S/ 6 min.T / and there exists
some U such that min.U /Dmin.S/ and max.U /Dmin.T / and such that S � U [T .

Remark 5.3 In the definition above, U 6 V if and only if min.U /6 min.V / and for every x 2 U such
that x > min.V / then x 2 V . Moreover, we can identify those inequalities U < V in Pn which cannot be
decomposed as U <W < V as:

(O1) We have U < V with min.U /Dmin.V / and V D U [fsg.

(O2) We have U < V with V D U nmin.U /.

Remark 5.4 Given S; T 2Pn such that S 6T we can have several subsetsU as above such that S�U[T .
Moreover, we can order such subsets by inclusion and define US;T to be the minimal subset such that
S � US;T [T . Let minS D s and let minT D t . We can then write US;T D fs; tg[ fs < i < t j i 2 Sg.

Definition 5.5 Let PnDN.Pn/. We promote Pn to a scaled simplicial set as follows. Given a 2-simplex �
represented by S 6 T 6W we declare � to be thin if US;W D US;T [UT;W .

Remark 5.6 Let �n
[
D .�n; [; [/ and let �1˝[�n D �1[ ˝�

n
[
. We consider CscŒ�1˝[�

n�. Recall
that given .i; j /6 .k; `/ in �1 ��n we have that CscŒ�1˝[�

n�..i; j /; .k; `// is given by the nerve of
the poset of chains C ,

.i; j /D .i0; j0/ < .i1; j1/ < � � �< .i˛�1; j˛�1/ < .i˛; j˛/D .k; `/;

ordered by refinement. Let us suppose that i D 0 and that k D 1. Then, given a chain C D f.i˛; j˛/g˛2A
we can define mC to be the biggest index in A such that imC D 0. This allows us to define a map

�j;` W C
scŒ�1˝[�

n� ..0; j /; .1; `//! PŒj;`�; C 7!
[
˛>mC

j˛:

This assignment is clearly a map of posets which sends marked edges in our mapping simplicial set to
identities in PŒj;l�. We use the map �j;` to equip the left-hand side with the scaling induced by PŒj;l�.

Definition 5.7 We define a colimit preserving functor … W Setmb
� ! Catms

� with values in the category of
Setms

� -enriched categories by specifying its values on the generators under colimits of Setmb
� as follows:

(1) Given a minimally marked and biscaled simplex �n
[
D .�n; [; [/ we define ….�n/ to have as

underlying SetC�-category the scaled rigidification of the Gray tensor product �1 ˝[ �n studied in
Remark 5.6. Given .i; j / < .k; `/ in ….�n

[
/ we equip the mapping simplicial sets with a scaling by
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declaring every triangle to be scaled if i ¤ 0 and k¤ 1. If i D 0 and kD 1 we scale ….�n
[
/..0; j /; .1; `//

according to Remark 5.6.

(2) Given a lean scaled 2-simplex, i.e., �2
�
D .�2; [; [� ]/ we define ….�2

�
/ from ….�2

[
/ by scaling

every triangle in the mapping simplicial sets.

(3) Given a thin scaled 2-simplex, i.e., �2
]
D .�2; [; ]/ we define ….�2

]
/ from ….�2

�
/ by additionally

marking every morphism in ….�2
]
/..0; 0/; .1; 2// which gets maps under the map in Remark 5.6 to the

morphism 02! 012 in P2.

(4) Given a marked edge .�1/] D .�1; ]; ]/ we can identify …..�1/]/D CscŒ�1 ��1�.

One easily checks that our choice of decorations is compatible with composition and thus our definition
yields well-defined Setms

� -enriched categories and that our definition is functorial on the set of generators
of Setmb

� . Since Catms
� is cocomplete our functor can be extended by colimits and the definition is complete.

Definition 5.8 Let j WCatC�! Catms
� be the functor that scales every 2-simplex in the mapping simplicial

sets. Given a scaled simplicial set S we define a functor

…S W
�
Setmb

�

�
=.S;];TS�]/

! Catms
� ; X 7!….X/qjıCscŒX� j ıC

scŒS�;

where CscŒX� denotes the scaled rigidification of the underlying scaled simplicial set of X and where the
morphism j ıCscŒX�!….X/ is given by the inclusion of �f1g �X .

We define a further functor

CS W
�
Setmb

�

�
=.S;];TS�]/

! Catms
� ; X 7!…S .X/qjıCscŒX��

0;

where the morphism j ıCscŒX�!…S .X/ is induced by the inclusion �0 �X !�1˝X .

Remark 5.9 From this point on we will drop the notation j ı Csc and we will view SetC�-enriched
categories as a full subcategory of Setms

� -enriched categories consisting in those enriched categories whose
mapping simplicial sets are fully scaled.

Remark 5.10 Let f W S! S 0 be a map of scaled simplicial sets. Given p WX! S in
�
Setmb

�

�
=.S;];TS�]/

we claim that we have an isomorphism of Setms
� -enriched categories

CS .X/qCscŒS� C
scŒS 0� '�! CS 0.fŠX/;

where fŠX denotes the value of the functor C 0S at the object f ıp WX ! S 0. The isomorphism on the
underlying SetC�-categories is clear. The only thing to show is that the scaling on mapping simplicial sets
of the form CS 0.fŠX/..0; x/; .1; s

0// is the same for both Setms
� -enriched categories. This follows after a

direct inspection since the scaling on those simplicial sets (which does not factor through some mapping
simplicial set between objects .1; s/ and .1; s0/) is independent of the base.

Definition 5.11 Let us denote by v the collapsed point in the definition of CS .X/. Then for every
p WX ! S and every morphism of SetC�enriched categories � W CscŒS�! C we can define a functor

St�.X/ W C! Setms
� ; c 7!MapC�.X/.v; c/; where C�.X/ WD CS .X/qCscŒS� C;
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which we call the straightening of p WX ! S . This definition extends to a functor

St� W
�
Setmb

�

�
=.S;];TS�]/

! Fun.C;Setms
� /

with values in the category of SetC�-enriched functors. If � is an isomorphism we will use the notation StS .

Definition 5.12 Let F WC! Setmb
� where C is a SetC�-enriched category. We define TF 2Catms

� as follows:

� The objects of TF are those of C in addition to an object v which we call the cone point.

� The mapping marked-scaled simplicial sets are as follows: We declare TF.x; v/D¿ unless x D v
in which case TF.v; v/D�0. Let c; c0 2 C. We declare TF.v; c/D F.c/ and TF.c; c0/D C.c; c0/

(cf. Remark 5.9).

� Given a; b; c 2 TF such that a; b; c ¤ v, the composition rule is that of C. If a D v, then the
composition rule is given by functoriality of F, i.e., F.b/�C.b; c/! F.c/.

Proposition 5.13 The straightening functor given in Definition 5.11 admits a right adjoint

Un� W Fun.C;Setms
� /!

�
Setmb

�

�
=.S;];TS�]/

;

which we call the unstraightening functor.

Proof By the adjoint functor theorem it suffices to show St� preserves all colimits in
�
Setmb

�

�
=.S;];TS�]/

.
To see this, we observe that by construction the functor

C� W
�
Setmb

�

�
=.S;];TS�]/

! Catms
�

preserves all colimits since it is built out of colimit-preserving functors. We now observe that a functor
of Setms

� -categories C�.X/! TF (see Definition 5.12) which preserves cone points and restricts to the
identity on C is precisely the data of a natural transformation St�.X/) F. The claim now follows since
C� preserves colimits.

Proposition 5.14 Let f WS!S 0 be a map of scaled simplicial sets and consider the commutative diagram
of SetC�-enriched categories

CscŒS� CscŒS 0�

C C
0

CscŒf �

� �0

 

Then �
Setmb

�

�
=.S;];TS�]/

Fun.C;Setms
� /

�
Setmb

�

�
=.S 0;];TS0�]/

Fun.C0;Setms
� /

St�

fŠ  Š

St�0

commutes up to invertible natural transformation where  Š is the left adjoint to the restriction functor  �.
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Proof Let � D ı�. We will show that St0� ıfŠ'St� and that  ŠıSt� 'St� . We proceed case by case:

� To show that St0� ıfŠ ' St� , we consider the diagram of Setms
� -categories

CscŒS� CscŒS 0� C
0

CS .X/ CS 0.fŠX/ C�0.fŠX/

The left-most square is a pushout by Remark 5.10 and right-most is also a pushout square by definition.
We conclude that C�0.fŠX/Š C� .X/. Since our constructions are natural the claim holds.

� We now show that  Š ı St� ' St� . We will show that for every ' W CscŒS� ! C, we have that
St' Š 'Š ıStS which immediately implies the claim. Let F W C! Setms

� and recall the construction TF
given in Definition 5.12. Then it follows that commutative diagrams of the form

CscŒS� C

CS .X/ C'.X/

TF

�

where � WC!TF is the obvious fully faithful functor, correspond to natural transformations StS .X/)'�F.
Since C'.X/ is a pushout we conclude that this data is equivalent to natural transformations St'.X/)F

which provides the desired isomorphism St'.X/Š 'Š StS .X/. Our constructions are natural and so the
claim holds.

Remark 5.15 In the situation above passing to right adjoints we obtain an isomorphism of functors
Un� ı � Š f � ıUn�0 .

Lemma 5.16 For any simplicial set .S; TS / the functor StS preserves cofibrations.

Proof Since StS preserves colimits it will be enough to prove the claim on the generating class of
cofibrations given in Definition 3.11. Moreover, given a cofibration ˛ WA!B we can use Proposition 5.14
to reduce to the case where S DB . The case ¿!�0 is obviously true. For the rest of the generators we
have that B D .�n; [/ for n > 1 or B D .�2; ]/ and that the map StB A.i/! StB B.i/ is the identity
except when i D n in which case the map is a cofibration. It is immediate to see that the map in this
situation StB A! StB B has the left lifting property against the class of trivial fibrations.

Remark 5.17 Let � W SetC� ! Setms
� be the functor defined by �.X;EX /D .X;EX ; ]/. Given a scaled

simplicial set .S; TS / let �� StS W
�
SetC�

�
=S
! Fun.CscŒS�;Setms

� / be the straightening functor given in
Definition 3.5.4 in [19] postcomposed with the enriched functor �. Recalling the definition of the functor R
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(see Definition 3.30), we can then define a functor

StS ıR W
�
SetC�

�
=S
! Fun.CscŒS�;Setms

� /:

It follows that �� StS and StS ıR differ only in the scaling and thus induce a natural transformation
�S W StS ıR) �� StS .

Proposition 5.18 Let .S; TS / be a scaled simplicial set. Then �S W StS ıR) �� StS is an object-wise
weak equivalence.

Proof It is clear that both functors preserve colimits. Moreover, a totally analogous proof to that of
Lemma 5.16 shows that �� StS preserves cofibrations. It is also not hard to verify that �� StS satisfies
similar base change properties as those in Proposition 5.14. We conclude that it will be enough to show
that �k D ��k

[
.�k/ is an equivalence for k > 0 and similarly for �]1 D �.�1/]..�

1/]/. It is easy to check
that �0, �1, �2 and �]1 are all isomorphisms.

For k > 3 let us define Lk D…�k
[
..�k; [; [ � ]// and Lk

]
by scaling every triangle in the mapping

simplicial categories of Lk . It is not hard to see that our problem can be reduced to showing that the map

'k W L
k
! Lk]

is an equivalence of Setms
� -enriched categories. Using induction on k we can assume that the mapping sim-

plicial sets Lk..0; i/; .1; j // are maximally scaled except if i D 0 and j D k. Let Lk..0; 0/; .1; k//DAk

and similarly Lk
]
..0; 0/; .1; k// D Ak

]
. We observe that for every face di W �k�1 ! �k we have a

commutative diagram

Ak�1 Ak�1
]

Ak Ak
]

'

˛i

where the top horizontal morphism is a weak equivalence. We can therefore assume inductively that the
triangles of Ak which are in the image of the maps ˛i for i D 0; : : : ; k are all scaled.

Let � WC0�C1�C2 be a triangle inAk and let us fix the notation Cj Df."
j
i ; a

j
i g
`
iD0. Let eDC0�C1

be an edge in Ak . We define S.e/ as the set of nondegenerate simplices with initial vertex C0 and final
vertex C1. We finally set jej Dmaxfdim.�/ j � 2 S.e/g. Note that this a well-defined number. Given a
2-simplex � as above we define j� j D jd1.�/j. We will show that we can scale � using a pushout along a
MS-anodyne morphism using induction on j� j D `. The case `D 2 follows easily after direct inspection.
So we will assume from this point on that ` > 1.

Let us suppose that the claim holds for those 2-simplices � such that jd2.�/j D 1 and for those
2-simplices � such that j� j< `� 1. Then given � W C0 � C1 � C2 such that jd2.�/j> 1 and such that
j� j D ` we can construct a 3-simplex � W C0 �D � C1 � C2 such that the following holds:

(1) We have jd2d3.�/j D 1; in particular, di .�/ is thin scaled for i D 2; 3.

(2) We have jd0.�/j D `� 1 and is therefore scaled.
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It follows that we can fully scale � using a pushout along a morphism of type (M2) in Definition 3.36.
Therefore, we have reduced our problem to proving the claim above.

Let � W C0 � C1 � C2 such that jd2.�/j D 1. We observe that unless C0 D .0; 0/ < .1; k/ then � is
scaled. Otherwise we could express � as a certain composition in the category Lk and it would follow
from the induction hypothesis that � is thin.

We can now see that C1 D .0; 0/ < ."; a/ < .1; k/ which leads us to consider cases depending on the
parameter " 2 f0; 1g.

(" D 1) Then we can assume without loss of generality that C2 contains an element of the form .0; x/

in C2 with x ¤ 0. This is true since otherwise the maps �0;k in Remark 5.6 would show that � is
already scaled. Moreover, we can further assume that there is only element of the form .0; x/ in C2.
Indeed, if we had some .0; y/ < .0; x/ then we can produce a 3-simplex � WC0!C1! eC 2!C2 whereeC 2DC2 nf.0; y/g. Since d0.�/ and d1.�/ must be scaled by definition it follows that we can scale d2.�/
if and only if we can scale d3.�/ and thus the claims follows. Additionally, we note that if x ¤ 1 then �
factors through one of the morphisms j̨ W A

k�1! Ak above. We finally see that in this case �0;k.�/ is
given by a simplex of the form 0n! 0an! S with min.S/D 1 and it is consequently scaled in Pk .

(" D 0) Observe that if C2 contains an element of the form .0; x/ with x < a we can define eC 2 as above
an produce a 3-simplex � W C0! C1! eC 2! C2 which shows that we can scale � D d2.�/ if and only
if we can scale d3.�/. In a totally analogous way as in the case "D 1 we can assume that aD 1. If C2
does not contain any element of the form .0; z/ with z > 1 then � must be already scaled. Moreover,
we can assume without loss of generality that C2 only contains one element of the form .0; z/ using a
similar argument as before by constructing a certain eC 2. We can assume that in this case z D 2 since
otherwise, the simplex factors through a certain morphism j̨ W A

k�1! Ak . If C2 does not contain an
element of the form .1; s/ with s ¤ k it follows by direct inspection that � is already scaled. If this is not
the case we consider D which is obtained from C2 by discarding every element of the form .1; s/ with
s ¤ k. Then we get a 3-simplex „ W C0! C1!D! C2. One easily checks that every face of „ is
scaled except possibly d2.„/D � and thus our result follows.

Corollary 5.19 Let .S; TS / be a scaled simplicial set. Consider a weak equivalence u W .A;EA/! .B;EB/

in
�
SetC�

�
=S

. Then the functor StS sends the morphism R.u/ W .A;EA; TA � ]/! .B;EB ; TB � ]/ (see
Definition 3.30) to a weak equivalence in Fun.CscŒS�;Setms

� /.

Remark 5.20 Let i W A! B be a cofibration of MB simplicial sets which we view as a morphism in�
Setmb

�

�
=B

and recall the definition of …B in Definition 5.8. We define …B.A/" as the pushout

j ıCscŒA���f0g j ıCscŒB���f0g

…B.A/ …B.A/
"
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It follows from our definition that in order to check that StB.A/) StB.B/ is a pointwise weak equivalence
it suffices to check that the induced map …B.A/"!…B.B/ is a weak equivalence of Setms

� -categories.

Remark 5.21 Let � W�nC1!�1 ��n be a nondegenerate simplex and let i 2�nC1 be the biggest
element such that �.i/ D .i; 0/. We will use the notation � D �i and give an order in the set of
nondegenerate simplices in �1 ��n of maximal dimension by declaring �i < �j if i < j .

Definition 5.22 Let KnD…�n
[
..�n; [; [// and letKnDKn..0; 0/; .1; n//. For every �i as in Remark 5.21,

defineKin as the subposet (with the inherited decorations) ofKn consisting in those chains whose elements
are in the image of �i . Observe that Kin is isomorphic as a simplicial set to Cn D .�1/n.

Given 0 < s < nC 1 we define ds.K
j
n / as the simplicial set of Kjn consisting in those chains whose

elements are in the image of ds.�j /.

Lemma 5.23 Let 0<j <n and let djC1.K
j
n /�K

j
n be the simplicial subset (with the induced decorations)

consisting in those chains whose elements factor through djC1.�j /. We view �1 � djC1.K
j
n / as marked-

scaled simplicial set as follows:

� The marking consists in those marked edges in the cartesian product together with the edges contained
in �1 � feg where e W C0! C1 is a marked edge in Kjn such that C0 contains the element .0; j /.

� The scaling is given by the usual scaling on the cartesian product.

Then we have an isomorphism of marked-scaled simplicial sets �1 � djC1.K
j
n /'K

j
n

Proof We only need to check that the decorations agree on each side. To show the claim regarding
the marking we note that the marked edges of Kjn always factor through a face of the cube Cn (see
Definition 5.22) and thus the conclusion follows after direct inspection.

To see that the scaling of Kjn is given by the product scaling we consider a triangle � WC0!C1!C2

and we define Di D Ci n f.1; j /g which yields another triangle ' WD0!D1!D2. We claim that � is
scaled in Kjn if and only if ' is. Observe that since ' lies always in djC1.K

j
n / this will be enough to

show the claim regarding the scaling.
We set the notation �0;n.Ci /D Si and �0;n.Di /D Ti . Then we have the following:

(1) We have that Si D Ti if .0; j / 2 Ci and Ti D Si n fj g otherwise.

(2) We have min.Si /Dmin.Ti /.

(3) Given C 2 djC1.K
j
n / and setting V D �0;n.C /, it follows that min.V /6 j .

Our final claim is that for i < j we have that (see Remark 5.4) USi ;Sj DUTi ;Tj . Observe that j 2USi ;Sj
if and only if j 2 fmin.Si /;min.Sj /g or if j 2 Si and min.Si / < j <min.Sj /. However by (3) above
this cannot be the case.

Lemma 5.24 Let .A;EA; TA/� .B;EB ; TB/ be an inclusion of marked-scaled simplicial sets such that
EA DEB . Suppose that there exists some vertex v 2 A with the following property:

� For every simplex � W�n! B which does not factor through A, v is the final vertex of � .
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LetMA (resp.MB ) be the collection of marked edges in the cartesian product (of marked-scaled simplicial
sets) �1 �A (resp. �1 �B) together with the edge �1 � fvg. Then the induced morphism

j W�1 �Aq�f1g�AB!�1 �B;

where both simplicial sets are equipped with the product scaling and the marking given by MA and MB ,
respectively, is a trivial cofibration in Setms

� .

Proof First let us assume that the claim holds for EA D EB D [. Then it follows that for a general
marking the map j is obtained as a pushout of the map j[ where the latter map is the inclusion associated
to the minimal marking. This shows that the general result will follow.

Working simplex by simplex we can reduce the problem to the cases

(i) .@�n; [; [/! .�n; [; [/ for n> 1,

(ii) .�2; [; [/! .�2; [; ]/,

where v is given by the final vertex.
To check .i/ we use an argument analogous to Lemma 3.5.12 in [19] which tells us that in this case the

map j above is in the weakly saturated class of morphisms of type (M1) in Definition 3.36 and of type

(�) .ƒnn; �
fn�1;ng; �f0;n�1;ng/! .�n; �fn�1;ng; �f0;n�1;ng/

and thus the claim holds. To prove .ii/ we note that we can scale the remaining simplices using pushouts
along morphisms of type (M2) in Definition 3.36 together with the morphism

(˘) .�3; �fn�1;ng; U3/! .�3; �fn�1;ng; ]/,

where U3 is the collection of all triangles except �f0;1;2g.

Lemma 5.25 Let i W A! B be a morphism of type (A1) in Definition 3.4. Then the induced natural
transformation StB.A/) StB.B/ is a pointwise weak equivalence.

Proof Since StB preserves colimits and cofibrations it will be enough to prove the claim in the specific
case where AD .ƒni ; [; [��

fi�1;i;iC1g/ and B D .�n; [; [��fi�1;i;iC1g/. We will show according to
Remark 5.20 that the map …B.A/"!…B.B/ is an equivalence of Setms

� -categories.
We observe that the induced morphism of marked-scaled simplicial sets…B.A/".x; y/!…B.B/.x; y/

is an isomorphism except when x D .0; 0/ and y D .1; n/. Recall the definition of Kn in Definition 5.22
and equip this marked-scaled simplicial set with the decorations induced from …B..0; 0/; .1; n//. We
similarly define ƒni K D…B.A/

"..0; 0/; .1; n//. We define a filtration

ƒni K D A�1! A0! � � � ! An�1! An DKn;

where As is the subsimplicial set of Kn containing every simplex which factors through Kjn for j 6 s

(see Definition 5.22 for a definition of Kjn ). We will show that each of the steps in this filtration is a weak
equivalence. The case nD 2 follows easily by a direct computation. For the rest of the proof we will
assume that n> 3.
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For 06 j 6 n we consider the pullback-pushout diagram

Q
j
n K

j
n

Aj�1 Aj

We will show that the top horizontal morphism is a trivial cofibration. First we consider the case 06 j <n.
We describe Qjn as a simplicial subset of Kjn which contains every face of the cube Cn, except those that
factor through d˛.K

j
n / for ˛ …ˆ.i/ where

ˆ.i/D

8<:
fj C 1; i C 1g if j < i;
fj C 1g if j D i;
fj C 1; ig if j > i:

We produce a 2-step filtrationQjn!Z
j
n!K

j
n where Zjn is obtained fromQ

j
n by attaching the simplices

in dˇ .K
j
n / where ˇ ¤ j C 1 and ˇ 2ˆ.i/.

We observe that for n> 3 we have that every marked edge in djC1.K
j
n / factors through Zjn . Therefore

we can use Lemma 5.24 with B D djC1.K
j
n / and AD .Zjn /jdjC1.Kjn / to obtain a trivial cofibration of

marked-scaled simplicial sets

' W�1 � .Zjn /jdjC1.K
j
n /
!�1 � djC1.K

j
n /:

As a consequence of Lemma 5.23 we see that the scaling of �1 �A and the scaling of Zjn coincide
except possibly in those triangles coming from �fi�1;i;iC1g and similarly for �1�B and Kjn . We further
note that every marked edge of Kjn factors through Zjn . After direct inspection we observe that we can
produce a pushout diagram

�1 � .Z
j
n /jdjC1.K

j
n /

�1 � djC1.K
j
n /

Z
j
n K

j
n

Therefore we can add the remaining decorations via a pushout of ' along a cofibration which shows that
the last step in the filtration is a trivial cofibration. To show that Qjn ! Z

j
n is a trivial cofibration we

consider a pushout-pullback diagram

Zun�1 dˇ .K
j
n /DK

u
n�1

Q
j
n Z

j
n

and conclude by the previous argument or by a direct computation if nD 3.
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To finish the proof we will show that Qnn!Knn is a trivial cofibration. In this case Qnn contains every
simplex that factors through a face of Cn except those factoring through di .Knn /. For every k 2 Œn� we
define a chain

Dk D .0; 0/ < .0; 1/ < � � �< .0; k/ < .1; n/:

We observe that using morphisms of type (M2) in Definition 3.36 and morphisms of type .˘/ as in the
proof of Lemma 5.24 we can scale the triangle Di�1 �Di �DiC1 in An�1 and in An. Recall that for
every chain C D f.i˛; j˛/g˛2A we defined mC to be the biggest element in A such that imC D 0. We
can use this parameter to define a map

rn WK
n
n ! .�n; [;�fi�1;i;iC1g/; C 7! jmC :

Moreover rn admits a section sn which sends j to Dj as defined above. It follows that there exists
a marked homotopy between sn ı rn and the identity map on Knn . Furthermore, rn restricts to a map
Orn WQ

n
n!ƒni . One checks that since Qnn and ƒni can be expressed as iterated pushouts along cofibrations

indexed by .n�1/-dimensional faces of Qnn and the map rn restricts to an equivalence in each of its faces,
that Orn is also a weak equivalence. We conclude that we have a commutative diagram

Qnn Knn

.ƒni ; [;�
fi�1;i;iC1g/ .�n; [;�fi�1;i;iC1g/

' '

'

and so the result follows by two-out-of-three.

Lemma 5.26 Let i W A! B be a morphism of type (A3) in Definition 3.4. Then the induced natural
transformation StB.A/) StB.B/ is a pointwise weak equivalence.

Proof The proof will mirror the strategy of the previous lemma. Again, we observe that the induced
morphism of mapping simplicial sets …B.A/".x; y/!…B.B/.x; y/ is an isomorphism except when
x D .0; 0/ and y D .1; n/ or when x D .0; 1/ and y D .1; n/. However we observe that since the edge
.0; 0/! .0; 1/ will be collapsed in order to define the value of the functor StB it will suffice to construct
the analogous filtration

ƒn0K D A�1! A0! � � � ! An�1! An DKn

and show that each step is a trivial cofibration. As before, we will leave the case nD 2 as an easy exercise
and focus our attention to the cases n> 3. Note that in this case, we decorations coming from the marked
edge 0! 1 and the thin triangle 0! 1! n are already contained in ƒn0K.

For 06 j < n we consider pullback-pushout diagrams

Q
j
n K

j
n

Aj�1 Aj
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where Qjn is the simplicial subset of Kjn which contains every face of Cn except the djC1.K
j
n / and if

j > 0 the face C 0n consisting in those chains that have the element .0; 1/. The proof at this point is totally
analogous to the proof of Lemma 5.25. We construct Zjn by adding to Qjn the face C 0n and conclude by
Lemma 5.24 that each step in the filtration Qjn!Z

j
n !K

j
n is given by a trivial cofibration.

To show that An�1!An is a trivial cofibration we need to work a little bit harder. First we consider a
commutative diagram where we are using circled arrows to represent marked morphisms

.0; 0/ < .1; 0/ < .1; n/ .0; 0/ < .1; 0/ < .1; 1/ < .1; n/

.0; 0/ < .1; n/ .0; 0/ < .1; 1/ < .1; n/

.0; 0/ < .0; 1/ < .1; n/ .0; 0/ < .0; 1/ < .1; 1/ < .1; n/

We note that every 2-simplex in this diagram is scaled and therefore we can mark every morphism via a
pushout along a trivial cofibration. Let us remark that we can mark this morphisms in both An�1 and An
since n> 3. Recall the definition of Di in Lemma 5.25 and consider a 3-simplex

�W WD0 �D1 � .0; 0/ < .0; 1/ < .0; n/ < .1; n/� .0; 0/ < .0; 1/ < .0; n/ < .1; n/[W;

where W is any chain starting at .0; 1/ and ending at .0; n/. It follows that every face of �W is scaled
except possibly d2.�W /. Therefore we might scale that face using a pushout along a morphism of type
(M2) in Definition 3.36. Note that any possible �W factors throughAn�1 except in the case whereW is the
maximal chain. A similar argument as in the previous lemma shows that we have a commutative diagram

An�1 An

.ƒn0; f�
f0;1gg; f�f0;1;ngg/ .�n; f�f0;1gg; f�f0;1;ngg/

' '

'

and the claim follows from two-out-of-three.

Lemma 5.27 Let i WA!B be a morphism of type (M2) in (M2). Then the induced natural transformation
StB.A/) StB.B/ is a pointwise weak equivalence.

Proof Let LD…B.A/"..0; 0/; .1; 4// and let K4 D…B.B/..0; 0/; .1; 4//. The only thing we need to
show is that the map L! K4 is a weak equivalence. Using the notation from the previous proofs it
follows that the missing scaled simplices in L are all contained in K44 . Therefore if we denote by L44 the
restriction of K44 to L we see that it will be enough to show that the induced map L44!K44 is a weak
equivalence. However, one can easily construct a commutative diagram

L44 K44

.�4; [; T / .�4; [; T 0/

' '

'
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where vertical maps are weak equivalences and the scaling in the bottom horizontal map is that of (A2) in
Definition 3.4.

Proposition 5.28 Let .S; TS / be a scaled simplicial set and let i W A! B be an MB-anodyne morphism
in
�
Setmb

�

�
=.S;];TS�]/

. Then StS .i/ is a weak equivalence in Fun.CscŒS�;Setms
� /.

Proof Using Proposition 5.14 we can assume that S D B . The rest of the proof will consist in verifying
that the claim holds for each of the generators given in Definition 3.4. We proceed case by case:

(A1) This follows from Lemma 5.25.

(A2) This follows from Lemma 5.27.

(A3) This follows from Lemma 5.26.

(A4) This follows from Corollary 5.19.

(S1) This follows from Corollary 5.19.

(S2) This follows by explicit verification.

(E) This follows from Corollary 5.19.

Proposition 5.29 Let .S; TS / be a scaled simplicial set and let � W CscŒS�! C be a functor of SetC�-
enriched categories. Then the straightening functor

St� W
�
Setmb

�

�
=.S;];TS�]/

! Fun.C;Setms
� /

is a left Quillen functor.

Proof We will show that St� preserves cofibrations and weak equivalences. First, we point out that due
to Proposition 5.14 it will be enough to consider the case � D id. In this case, we saw in Lemma 5.16
that our functor preserves cofibrations.

To address the claim regarding weak equivalences, we see that Proposition 5.28 implies StS preserves
MB-anodyne morphisms. We can therefore restrict our attention to showing that StS preserves weak
equivalences between fibrant objects. To this end it will be enough to show the following:

(�) Let f; g W X ! Y be morphisms between fibrant objects such that StS .f / is a weak equivalence.
Then given a homotopy H WX � .�1/]! Y between f and g it follows that StS .g/ is also a weak
equivalence.

The claim follows after noting that we have an anodyne morphism X � �f0g ! X � .�1/] due to
Proposition 3.12 which implies that StS .H/ is a weak equivalence as well as the map induced by the
projection onto X , StS .p/ W StS .X � .�1/]/! StS .X/.

5.2 Straightening over a point

The goal of this section is to prove the following result.
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Proposition 5.30 The straightening-unstraightening adjunction over the point

St� W
�
Setmb

�

�
=�0
!
 Setms

� WUn�

is a Quillen equivalence.

To do this we will construct a left Quillen equivalence

L� W
�
Setmb

�

�
=�0
! Setms

�

and a natural transformation ˛ W St� ) L which is pointwise a weak equivalence of marked-scaled
simplicial sets.

Proposition 5.31 Let L� W
�
Setmb

�

�
=�0
! Setms

� be the functor that assigns to an MB simplicial set
.X;EX ; TX � CX / the marked scaled simplicial set .X;EX ; CX /. Then L� is a left Quillen equivalence.

Proof The functor L� admits a right adjoint R� which is given by R�.X;EX ; TX /D .X;EX ; TX /. We
observe that L� ıR�D id and that the unit id)R� ıL� is given by .X;EX ; TX �CX /! .X;EX ; CX /

which is in the weakly saturated class of morphisms of type (S2) in Definition 3.4.
To finish the proof we observe that L� preserves cofibrations and maps MB-anodyne morphisms to

MS-anodyne morphisms. It is then easy to see that L� preserves weak equivalences between fibrant
objects and the result follows.

Recall the definition of the maps �0;n in Remark 5.6. Then postcomposing this map with the morphism
mn WPn! .�n; [/ which assigns to every S 2Pn the value mn.S/Dmin.S/ we obtain a map of marked
scaled simplicial sets

˛[n W St�..�n; [; [//! .�n; [; [/:

One can easily produce marked variants of this maps ˛]2 and ˛]1 associated to the MB simplicial sets
.�2; [; ]/ and .�1; ]; ]/. We would like to remark that St�.�2; [; [� ]/D St�.�2; [; ]/ which justifies
why we are defining only one ˛]2. Since our definitions are functorial with respect to monotone morphisms
Œk�! Œn� this collection of maps assemble into a natural transformation ˛ W St�) L�.

Proposition 5.32 The natural transformation ˛ W St�) L� is a pointwise weak equivalence.

Proof Since both functors are left Quillen and both model categories are left proper, a simplex by simplex
argument shows that it will be enough to show that the components ˛[n, ˛]2 and ˛]1 are weak equivalences.
We further observe ˛]2 and ˛]1 can be obtained from their undecorated countermarks via pushouts along
cofibrations. This shows that we can restrict our attention to ˛[n for n> 0.

Let S D .�n; [/ and consider …S .�n; [; [/ (see Definition 5.8). Denote by ˆn the Setms
� -category

obtained from …S .�
n; [; [/ by marking every edge in the mapping simplicial sets of the form

…S .�
n; [; [/..1; a/; .1; b//:

We will show that the map y̨[n WKnDˆn..0; n/; .1; n//! .�n; [/ is a weak equivalence. Note that ˛[n is
obtained from y̨[n after identifying certain simplices. It is easy to see that we can mark every edge in Kn
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whose image under y̨[n becomes degenerate using pushouts along MB-anodyne morphisms. We consider
a filtration

A�1 DK
0
n! A1! A2! � � � ! An�1! An DKn;

where Ai is obtained from Ai�1 by attaching those simplices contained in Kin (see Definition 5.22) where
Kin has the decorations induced from ˆn. We further denote by xAi the image of Ai under the collapse
map in the definition of St�..�n; [; [//.�/ and similarly denote Kin.

We will show that the restriction of ˛[n to each xAi defines a weak equivalence

˛[n;i W
xAi ! .�Œ0;i�; [; [/:

Since weak equivalences are stable under filtered colimits this will imply the result. Assume that ˛[n;j is
a weak equivalence for j 6 i � 1 and consider the pullback-pushout square

Qin Kin

Ai�1 Ai

Observe that y̨[n induces a commutative diagram

Qin Kin

�Œ0;i�1� �Œ0;i�

ri

We claim that the vertical morphisms are weak equivalences. Note that we can define, for 06 j 6 i ,

Cj D .0; 0/ < .0; 1/ � � �< .0; j / < .1; i/ < � � �< .1; n/;

which provides us with a section si W�Œ0;i�!Kin sending j to Cj . One checks that ri ı si D id and that
there is a marked homotopy between the identity of Kin and si ı ri . Moreover, the section si and the
homotopy restrict to Qin. It is immediate to see that both the section an the homotopy can be factored
through the quotient simplicial sets Kin and Qin which shows that ˛[n;i is again a weak equivalence.

Corollary 5.33 Let S be a scaled simplicial set. Let � W CscŒS�! C be a SetC�-enriched functor. Assume
that � is essentially surjective , and let ˛ W F! F0 be a map between fibrant objects of Fun.C;Setms

� /.
Then the following conditions are equivalent :

(1) The map ˛ is a weak equivalence in .Setms
� /

C.

(2) For every C 2 C the induced map ˛C W F.C /! F0.C / is a weak equivalence.

(3) For every vertex s 2 S the induced map on fibres

Un�.F/s!Un�.F0/s
is a bicategorical equivalence.

(4) The map Un�.˛/ is a weak equivalence in .Setmb
� /=.S;];TS�]/.
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Proof The equivalence .1/() .2/ is immediate from the definition. Since both F and F0 are fibrant it
follows from Proposition 5.29 that Un�.˛/ is a map between fibrant objects in .Setmb

� /=.S;];TS�]/. Then
the equivalence .3/() .4/ follows from .v/ in Proposition 3.23. To finish the proof we need to show
that .2/() .3/. However, the fact that � is surjective allows us to reduce to the case where S D�0 and
conclude by Remark 5.15 and Proposition 5.30.

5.3 Straightening over a simplex

In this section we establish the key element in the proof of our main theorem.

Proposition 5.34 Denote by �n
[
D .�n; [/ the minimally scaled n-simplex. Then the straightening-

unstraightening adjunction , over �n
[

,

St�n
[
W .Setmb

� /.�n;];[�]/
!
 Fun.CscŒ�n[ �;Setms

� / WUn�n
[

is a Quillen equivalence.

Let us comment on the general structure of the proof before we dive into the details. First, let us observe
that Corollary 5.33 shows that Un�n

[
detects weak equivalences between fibrant objects and thus it descends

to a conservative right adjoint on homotopy categories. Consequently, in order to prove the result we only
need to show that given an object X 2 .Setmb

� /.�n;];[�]/ and an equivalence of SetC�-enriched functors

St�n.X/ '�! F;

where F is a fibrant functor, the adjoint map X !Un�n.F/ is a weak equivalence in .Setmb
� /.�n;];[�]/.

Using two-out-of-three we can assume without loss of generality that p W X ! �n is a fibrant object.
Now, in order to check that our adjoint map is a weak equivalence it suffices by Proposition 3.23 to check
that the induced morphisms on fibres

'ni WXi
'
�!Un�n.F/i

are bicategorical equivalences for 06 i 6 n. We will use induction on n, the dimension of our simplex�n
[

.
Let us assume that we have proved Proposition 5.34 for 06 k 6 n�1 and note the base case was already
shown in Proposition 5.30. We claim that for every 06 i 6 n�1 the map 'ni is a bicategorical equivalence.

We consider the morphism ˛ W�
Œ0;n�1�

[
!�n

[
and denote by X the pullback of X along ˛. Similarly

we denote by FD j �F the restriction of F along CscŒ˛�D j . We observe the following:

(1) As a direct consequence of the point-wise formula for left (enriched) Kan extensions in terms
of weighted colimits (see [18, Proposition A.3.3.7]) and fully faithfulness of j we see that for every
functor H W CscŒ�n�1

[
� ! Setms

� we have an isomorphism j �jŠH ' H. This implies that for every
G W CscŒ�n

[
�! Setms

� we have that jŠj �G.i/! G.i/ is an isomorphism for 06 i < n.

(2) For every p W X ! �n we have that the map St�n
[
.X/.i/! St�n

[
.X/.i/ is an isomorphism for

06 i < n. This follows from the previous point and Proposition 5.14 since St�n
[
X ' jŠ St�n�1

[
X .
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(3) Using Proposition 5.14 and Remark 5.15 we obtain a commutative diagram

jŠ St�n�1
[

X jŠj
�.F/

St�n
[
X F

We conclude from (1)–(3) above that St�n�1
[

X! F is a weak equivalence. It follows from our induction
hypothesis that X ! Un�n�1

[
.F/ is a weak equivalence and thus the maps 'in are equivalences for

06 i < n.
We have reduced our problem to showing that 'nn is a weak equivalence. We claim that is enough to

show the following.

(�) The map St�n.Xn/.n/! St�n.X/.n/ is a weak equivalence.

Indeed, let rn W�0!�n
[

denote the inclusion of the terminal vertex. Given K 2 Setms
� it follows that we

have an isomorphism rn
Š
.K/.n/'K which in turn shows that the adjoint morphism to

rnŠ .St�Xn/' St�n.Xn/! St�n.X/! F;

which is given by St�Xn! F.n/ is a weak equivalence. We can now use Proposition 5.30 to conclude
that we have a bicategorical equivalence

Xn
'
�!Un�n.F/n:

Therefore, we will devote the rest of this section to the proof of the claim .�/ above.

Definition 5.35 Let I be a finite linearly ordered set and let i 2 I . We define simplicial set as the nerve
of a poset OI

i !

whose elements are given by subsets S � I such that S ¤¿ and such that min.S/D i .
We declare S 6 T if S � T . We observe that we have a map

�I WOIi !

!�I ; S 7!max.S/:

We upgrade �I WOIi !

!�I to an object of
�
Setmb

�

�
=�I
[

as follows:

� We declare an edge S ! T to be marked if T D S [max.T /.

� We declare every triangle of OI
i !

to be lean.

� We declare a triangle to be thin if its image in �I is degenerate.

Definition 5.36 To ease the notation we set On D CscŒ�n
[
� (see Definition 2.8).

Remark 5.37 Let I D Œn�. For every i 6 j we view On.i; j / as an MB simplicial set by declaring every
triangle to be thin scaled and only degenerate edges to be marked. We further note that we have functors

On.i; j /�On
j !

!On
i !

; .S; T / 7! S [T;

which preserve the decorations.
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Definition 5.38 Let F W CscŒ�n
[
� ! Setms

� be a SetC�-enriched functor. We define an MB simplicial
set M.F/ over �n

[
as follows:

(1) Let i 2 Œn�. We upgrade the marked-scaled simplicial set F.i/ to an MB simplicial set by declaring
the collection of thin triangles and lean triangles to coincide.

(2) We define M.F/ as the coequaliser of the diagram in the category of MB simplicial sets`
i<j

F.i/�On.i; j /�On
j ! ì

F.i/�On
i !

; i; j 2 Œn�;

where the maps in the diagram are given by

F.i/�On.i; j /�On
j !

! F.j /�On
j !

; F.i/�On.i; j /�On
j !

! F.i/�On
i !

:

(3) The maps F.i/�On
i !

!On
i !

!�n assemble into a functor M.F/!�n.

Remark 5.39 Given 06 i < n we have a map (actually an isomorphism) of simplicial sets

„i W�1 �On�1
i !

!On
i !

; „i ."; S/D

�
S if "D 0;

S [fng if "D 1;

which we use to equip �1 �On�1
i !

with the induced decorations from On
i !

.
Given a functor F W CscŒ�n

[
�! Setms

� let us denote by F the restriction of F to CscŒ�n�1
[

� along the
map i W�Œ0;n�1�

[
!�n

[
. We can use the maps „i to construct a map of simplicial sets

„F W�
1
�M.F/!M.F/:

Finally, we equip �1�M.F/ with the decorations induced (via „F) from M.F/ and denote the resulting
MB simplicial set by �1˝M.F/.

Remark 5.40 The construction of M.F/ defines a colimit-preserving functor

M.�/ W Fun.CscŒ�n[ �;Setms
� /!

�
Setmb

�

�
=�n
[

;

which enjoys several properties:

(i) For every j 2 Œn� we have an isomorphism M.F/j ' F.j /.

(ii) Given a functor F W CscŒ�n
[
�! Setms

� let us denote by F as in Remark 5.39. Then we have a pushout
diagram

�f1g �M.F/ F.n/

�1˝M.F/ M.F/

of MB simplicial sets.

(iii) The functor M.�/ preserves cofibrations.
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Lemma 5.41 LetA!�n
[

be an object of
�
Setmb

�

�
.�n;];[�]/

. Define an MB simplicial set�1˝A!�nC1
[

as follows:

� The underlying simplicial set is given by the cartesian product.

� The projection map �1 �A!�nC1
[

is induced by the map

r W�1 ��n!�nC1; r."; i/D

�
i if i D 0;
n if i D 1:

� Let .e1; eA/ W�1!�1 �A be marked if eA is marked in A and e1 D 0! 0 or if eA is degenerate.

� A triangle is lean if and only if it is lean in A.

� A triangle is thin if and only if it is lean and its image in �nC1 is degenerate.

Then the map �f0g �A!�1˝A is MB-anodyne.

Proof The claim follows from a standard simplex by simplex argument and is left as an exercise to the
reader.

Remark 5.42 The scaling of �1˝M.F/ given in Remark 5.39 is precisely that of Lemma 5.41 so in
particular we obtain an anodyne morphism M.F/!�1˝M.F/. Moreover, in the particular case where
F is the corepresentable functor on the object 0 it follows M.F/DOn

0 !

so applying Lemma 5.41 n times
we obtain an anodyne morphism

�0 '�!On
0 !

;

where the map above selects the subset f0g.

Definition 5.43 Let F W CscŒ�n
[
�! Setms

� be a SetC�-enriched functor. We define a scaled simplicial
set M.F/ whose underlying simplicial set is given by that of M.F/ and whose thin triangles are precisely
the lean triangles of M.F/.

Lemma 5.44 Let F W CscŒ�n
[
�! Setms

� be a fibrant SetC�-enriched functor. Given a [-local .0; 1/-fibration
p WX !�n

[
and a morphism , over �n

[
,

f WM.F/!X

such that for every j 2 Œn� the map f induces bicategorical equivalences F.j /'Xj , it follows that f is
a weak equivalence in

�
Setmb

�

�
.�n;];[�]/

.

Proof Since p W X ! �n
[

is a [-local .0; 1/-fibration it follows that we can construct its associated
bicategorical interpretation (see Definition 4.4) p W�!�n by declaring lean triangles to be scaled. We
claim that is enough to show the following:

(˘) The associated map f WM.F/!� is a bicategorical equivalence.
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Indeed, given a [-local .0; 1/-fibration q WZ!�n
[

with associated bicategorical interpretation q W�!�n

it follows from our claim that we have a bicategorical equivalence

� W Funsc.�;�/ '�! Funsc.M.F/;�/:

Moreover, we obtain a commutative diagram

Mapsc
�n.�;�/ Mapsc

�n.M.F/;�/

Funsc.�;�/ Funsc.M.F/;�/

 

�

where Mapsc
�n.�;�/ denotes the full subcategory on maps which preserve the marked edges and commute

with the projection maps. We observe that higher simplices in the aforementioned scaled simplicial set
are also compatible with the projection maps. Since a simplex in M.F/ is thin if and only if it is lean
and its image is thin in �n

[
we see that if  is a bicategorical equivalence it will follow that f is a weak

equivalence
�
Setmb

�

�
.�n;];[�]/

. It is clear by construction that  is fully faithful so it will suffice to show
that it is essentially surjective.

Given u 2Mapsc
�n.M.F/;�/ we can find some v 2 Funsc.�;�/ such that �.v/' u. Consequently,

it will be enough to show that v factors through Mapsc
�n.�;�/. Let x 2X such that p.x/D i and pick

an equivalence f .y/ '�! x. We then see that

v.f .y//' u.y/; v.f .y//' v.x/D) q.v.x//D i:

Therefore, we can focus our attention into proving the statement .˘/ above. Let xi 2M.F/ be an object
represented by a pair .ai ; fig/ in F.i/�On

i !

. We consider a marked morphism f W xi ! Oxi given by
.ai ; fig/! .ai ; fing/. Given an object xn, lying over n, we claim the following:

(?) Restriction along f induces a weak equivalence of marked simplicial sets

CscŒM.F/�. Oxi ; xn/
'
�! CscŒM.F/�.xi ; xn/:

It is easy to see that .˘/ follows from .?/ together with a routine inductive argument.
We observe that we have cofibrations of SetC�-enriched categories

CscŒM.F/�! CscŒ�1 �M.F/�; CscŒM.F/�! CscŒ�1��CscŒM.F/�

and a diagram

CscŒM.F/� CscŒ�1 �M.F/� CscŒ�1��CscŒM.F/�

CscŒF.n/� CscŒM.F/� P .F/

where both squares are pushouts. It is not hard to see using the fact CscŒ�� is a left Quillen equivalence
that the top right-most horizontal map is a weak equivalence. We conclude that the bottom right-most
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horizontal morphism is also a weak equivalence. It is easy to see by direct inspection that the analogous
claim to .?/ holds for P .F/.

Proposition 5.45 Let p WX !�n
[

be a [-local .0; 1/-fibration. Then there exists a projectively fibrant-
cofibrant functor F W CscŒ�n

[
�! Setms

� and a weak equivalence M.F/!X in
�
Setmb

�

�
.�n;];[�]/

.

Proof Using Lemma 5.44 it will be enough to construct a map M.F/ ! X inducing categorical
equivalences on fibres. We proceed using induction on n, the case nD 0 being clear. Let us suppose that
the claim holds for n� 1 and let i W�Œ0;n�1�

[
!�n

[
. We denote by X the restriction of X along i . Using

our induction hypothesis we obtain a projectively fibrant-cofibrant functor F W CscŒ�n�1
[

�! Setms
� and

fibrewise equivalence M.F/!X . We use Remark 5.42 to provide a solution to the lifting problem

M.F/ X

�1˝M.F/ �n

p

which provides us with a map M.F/!Xn. We factor this map as

M.F/
u
�! bXn v

�!Xn;

where u is a cofibration and v is a trivial fibration. Note that it follows that bXn is also an1-bicategory. We
can use the map u to extend F to a fibrant-cofibrant functor F W CscŒ�n

[
�! Setms

� such that F.n/D bXn.

Proposition 5.46 Let p W X ! �n
[

be a [-local .0; 1/-fibration. Then there exists an equivalence of
marked-scaled simplicial sets

St�n.Xn/.n/ '�! St�n.X/.n/;

where Xn denotes the fibre over n of X .

Proof We note that due to Proposition 5.45 we have a fibrant-cofibrant functor F W CscŒ�n
[
�! Setms

� and
a weak equivalence M.F/!X . We will show that for every projectively cofibrant functor G the map

�G W St�n.G.n//.n/ '�! St�n.M.G//.n/

is a weak equivalence of marked-scaled simplicial sets. We observe that we have a pair of functors

Li W Fun.CscŒ�n[ �;Setms
� /! Setms

� ; i D 1; 2;

given by L1.G/D St�n.G.n//.n/ and L2 D St�n.M.G//.n/ which preserve colimits and cofibrations
together with a natural transformation � W L1) L2. We say that a functor G is good if �G is a weak
equivalence. To finish the proof we need to show that every cofibrant functor is good.

For every �16 j 6 n let ij W�
Œ0;j �

[
!�n

[
be the obvious inclusion with the convention �Œ0;�1� D¿.

Given a functor G we define Gj as the result of first restricting G along CscŒij � D f
j and then apply-

ing the left Kan extension along f j . We set G�1 to be the initial functor. We further denote by
rj W CscŒ�0�! CscŒ�n

[
� the functor that picks the object j for 06 j 6 n.
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Note that given a projectively cofibrant functor G, it follows that the canonical map Gj�1.j /! G.j /

is a cofibration for 06 j 6 n. We further note that we have a pushout diagram

r
j
Š
Gj�1.j / r

j
Š
G.j /

Gj�1 Gj

where rj
Š

denotes the left Kan extension functor along rj . Since the top horizontal map is a cofibration it
follows that in order to show that Gj is good it is enough to show that rj

Š
Gj�1.j /, r

j
Š
G.j / and Gj�1 are

good. We note the following:

� If j > 0 it follows that rj
Š
A.i/ D ¿ for i < j . In particular, it follows that M.rj

Š
A/ factors

through �Œj;n�
[

. We can now induct on n to see that rj
Š
A is good for j > 0.

Finally, we can use induction on j to reduce our problem to show that for every K 2 Setms
� the functor

K W CscŒ�n[ �! Setms
� ; i 7!K �On.0; i/;

is good. Note that we can use further simplify our computation to the cases where K D�k
[

for k > 0,
�2
]

and .�1/]. We will only show the case K D�k
[

for k > 0 the other cases will follow by a totally
analogous argument.

We can identify St�.�k �On0 !

/.n/ as a quotient of the (decorated) poset of chains of �1��k �On
0 !

starting at .0; 0; f0g/ at ending at some element .1; `; S/ with max.S/D n. We define a map

 W St�.�k[ �On
0 !

/.n/!�k[ �On.0; n/

by sending a chain C D f."i ; ki ; Si /giD`iD0 to .kimC ; SmC [ fmax.Sj /gj>mC / where mC is the biggest
index such that "i D 0. We consider the map p0 W�k!�n

[
where �k has the minimal decorations and

where p0 is constant on the vertex 0. We can now look at the commutative diagram

St�n.�k/.n/ St�.�k[ �On
0 !

/.n/ St�n.�k �On.0; n//.n/

�k
[
�On.0; n/

u

'

 

�

v

and make the following observations:

(1) It follows from Lemma 5.41, Remark 5.42 and Proposition 3.12 that ' is a weak equivalence.

(2) The map u W St�n.�k/.n/' St�.�k/�On.0; n/!�k
[
�On.0; n/ can be identified with a product

of the natural transformation ˛ at �k considered in the proof of Proposition 5.30 and the identity map
on On.0; n/ and its a consequently a weak equivalence. It follows from 1 that is also a weak equivalence.
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(3) The map v WSt�n.�k�On.0; n//.n/'St�.�k�On.0; n//!�k
[
�On.0; n/ can also be identified

with the component of the natural transformation ˛ and thus it is a weak equivalence. We conclude that
� is a weak equivalence.

Our final claim is established. Therefore, Proposition 5.34 is proved.

5.4 The main theorem

Let Setsc
� be the category of scaled simplicial sets and observe that we have a pair of functors

F1; F2 W .Setsc/
op
� ! SetC��Cat; F1.S/D Funo.CscŒS�;Setms

� /; F2.S/D
�
Setmb

�

�o
=.S;];TS�]/

;

which values in the category of SetC�-enriched categories and where the superscript “o” denotes the full
(enriched) subcategory on fibrant-cofibrant objects. Let us remind the reader that it then follows that for
every S 2 Setsc

� we have fibrant SetC�-enriched categories Fi .S/ for i D 1; 2.
We claim that the unstraightening construction Un.�/ defines a natural transformation. In virtue of

Remark 5.15 it will be enough to show that for every scaled simplicial set S we have that UnS defines a
SetC�-enriched functor. Given a fibrant-cofibrant functors F;G W CscŒS�! Setms

� let Nat.F;G/ denote the
corresponding mapping marked simplicial set. Then a map K! Nat.F;G/ is precisely the data of an
enriched natural transformation K˝F) G where

K˝F.s/DK �F.s/:

We can consequently define a map K! MapS .UnS .F/;G/ as the composite

K �UnS .F/! Un�.K/�UnS .F/'UnS .K �F/!UnS .G/;

which shows that UnS defines a SetC�-enriched functor. The main goal of this section is to show that for
every scaled simplicial set S , it follows that UnS is an equivalence of SetC�-enriched categories.

Proposition 5.47 Let S be a scaled simplicial set. Then the following are equivalent :

(i) The functor UnS is a right Quillen equivalence.

(ii) The functor UnS defines an equivalence of fibrant SetC�-enriched categories after restriction to the
full subcategories of fibrant-cofibrant objects.

Proof It follows from Proposition 3.1.10 in [18] and our previous discussion that .ii/D) .i/. To show
that .i/ D) .ii/ we show that given a marked simplicial set K, UnS induces an isomorphism in the
homotopy category of SetC� between ŒK;Nat.F;G/�' ŒK;MapS .UnS .F;UnS .G//�. This follows from
the chain of isomorphisms

ŒK;Nat.F;G/�' ŒK˝F;G�Fun
' ŒUn�.K/�UnS .F/;UnS .G/�Fib

' ŒK;MapS .UnS .F/;UnS .G//�;

where the second isomorphism is a consequence of .i/.
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Remark 5.48 Let S be a scaled simplicial set and � W CscŒS�! C an equivalence of SetC�-enriched
categories. Observe that it follows from Proposition 5.14 that Un� is a right Quillen equivalence if and
only if UnS is a right Quillen equivalence. Therefore for the rest of the section we will let � D id.

Corollary 5.49 Let �2
]
D .�2; ]/ denote a maximally scaled 2-simplex. Then the straightening-

unstraightening adjunction

St�2
]
W
�
Setmb

�

�
.�2;];]/

!
 Fun.CscŒ�2] �;Setms

� / WUn�2
]

is a Quillen equivalence.

Proof Observe that we have a commutative diagram

Funo.CscŒ�2
]
�;Setms

� /
�
Setmb

�

�o
.�2;];]/

Funo.CscŒ�2
[
�;Setms

� /
�
Setmb

�

�o
=.�2;];[�]/

Un
�2
]

Un
�2

where the vertical maps are fully faithful functors. We conclude that Un�2
]

is fully faithful. It follows
from Proposition 5.47 that it will be enough to show that Un�2

]
is essentially surjective.

Let p WX !�2
]

be a fibrant object and pick a fibrant-cofibrant functor F W CscŒ�2
[
�! Setms

� such that
Un�2.F/'X . To finish the proof we need to show that F factors through CscŒ�2

]
�. Since Un�2.F/ is

equivalent to X it follows that the composition of local .0; 1/-cartesian edges in this fibration remains
.0; 1/-cartesian. Direct inspection reveals that our functor must factor through CscŒ�2

]
�.

Remark 5.50 It follows from Lemma A.3.6.17 and Corollary A.3.6.18 in [18] that F1 sends homotopy
colimits of scaled simplicial sets to homotopy limits of SetC�-enriched categories.

Lemma 5.51 Let f W S0! S be a cofibration of scaled simplicial sets. Then the functor

f � W
�
Setmb

�

�o
S
!

�
Setmb

�

�o
S0

is a fibration of SetC�-enriched categories.

Proof Since both SetC�-enriched categories are fibrant it follows from Theorem A.3.2.24 in [18] that it
will be enough to show the following:

(�) Given a pair of fibrant objects X; Y 2
�
Setmb

�

�o
S

, the induced morphism on mapping1-categories

Map61
S .X; Y /! Map61

S0
.f �X; f �Y /

is a fibration of marked simplicial sets.
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More generally we consider a pair of adjoint lifting problems

A MapS .X; Y /

B MapS0.f
�X; f �Y /

!
A�X qA�f �X B �f

�X Y

B �X S

where A! B is MB-anodyne. Since f W S0 ! S is a cofibration it follows that the canonical map
f �X !X is a cofibration so we can use Proposition 3.12 to conclude that we can produce the desired
solution to the lifting problem.

Theorem 5.52 Let S be a scaled simplicial set. Then the functor UnS induces an equivalence of
SetC�-enriched categories

UnS W Funo.CscŒS�;Setms
� /!

�
Setmb

�

�o
=.S;];TS�]/

:

Proof We say that a scaled simplicial set S is good if the conclusion of the theorem holds. In virtue of
Proposition 5.47 we know that Proposition 5.34 shows that the scaled simplicial sets .�n; [/ are good for
n> 0. Moreover, it follows from Corollary 5.49 that .�2; ]/ is also good.

Recall that every scaled simplicial set S can be expressed as a filtered colimit over the natural numbers

S0! S1! � � � ! Sk! � � �

such that each map Si ! SiC1 is a cofibration and such that S0 is a disjoint union of points. Moreover, a
simplex by simplex argument shows that each step in this filtration can be obtained via pushouts along
the cofibrations

� .@�n; [/! .�n; [/ for n> 0,

� .�2; [/! .�2; ]/.

We saw in Remark 5.50 that F1 maps homotopy colimits to homotopy limits. We see that in order to finish
the proof it will be enough to show that F2 maps the colimits appearing in our filtration to homotopy
limits. Using Lemma 5.51 we reduce the problem to verifying that F2 maps those colimits to ordinary
limits which follows from direct inspection.

Corollary 5.53 Let S be a scaled simplicial set and let � W CscŒS�! C be an equivalence of SetC�-enriched
categories. Then the straightening-unstraightening adjunction

St� W
�
Setmb

�

�
=.S;];TS�]/

!
 Fun.C;Setms

� / WUn�
is a Quillen equivalence.

Remark 5.54 Let Nsc be as in Definition 2.9. Given a scaled simplicial set S we define �ib0;1.S/D
Nsc..Setmb

� /o
=.S;];TS�]/

/. We also define�icat1DNsc..Setms
� /

o/ and observe that an analogous discussion
to that of [3] shows that Theorem 5.52 shows that we have an equivalence of1-bicategories

UnS W Fun.S;�icat1/! �ib0;1.S/:
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Definition 5.55 Let �D .S; TS / be an1-bicategory and let SMS D .S;MS / (see Definition 4.1). We
denote by �Fib.�/D �ib0;1.SMS / the1-bicategory of local .0; 1/-fibrations over �. Similarly, given
another1-bicategory � we define Funoplax.�;�/D Fun.SMS ;�/.

Remark 5.56 In [11], the definition of Funoplax.�;�/ is proposed as a model for oplax normalised
functors. In [1], we establish an equivalence between the aforementioned notion of an oplax normalised
functor and that given in [14; 15].

Corollary 5.57 Let � be an1-bicategory. Then the straightening-unstraightening adjunction , associated
to the scaled simplicial set .S;MS /,

Stoplax
�
W �Fib.�/! Funoplax.�;�icat1/ WUnoplax

�

yields an equivalence of1-bicategories between the1-bicategory of local .0; 1/-fibrations over � and
the1-bicategory of oplax normalised functors with values in1-bicategories.

Proof This follows immediately from Theorem 5.52 and Remark 5.54.

Definition 5.58 Let �D .S; TS / be an1-bicategory and let SU D .S;U/whereMS �U �TS . We denote
by �FibU .�/D �ib0;1.SU / the1-bicategory of U-local .0; 1/-fibrations over � (see Definition 4.28 and
Theorem 4.29). Similarly, given another1-bicategory � we define FunUoplax.�;�/D Fun.SU ;�/.

Corollary 5.59 Let � be an1-bicategory. Then the straightening-unstraightening adjunction associated
to the scaled simplicial set .S;U/ (see Definition 5.58)

StUoplax
�

W �FibU .�/! FunUoplax.�;�icat1/ WUnUoplax
�

yields an equivalence of1-bicategories between the1-bicategory of U-local .0; 1/-fibrations over � and
the1-bicategory consisting in those oplax normalised functors which preserve the composites in U .

6 The 1-bicategorical Yoneda embedding

In this section, we present a proof of the Yoneda lemma for .1; 2/-categories. We would like to point
out that this result has already appeared in the work of Hinich [16] in the context of enriched1-category
theory. Throughout this section we fix an1-bicategory �.

Definition 6.1 Let � be an1-bicategory and let F.�/D Funopgr.�1;�/ (see Definition 5.1). We observe
that evaluation at 0 and evaluation at 1 induce maps evi W F.�/ ! � for i D 0; 1. It follows from
Proposition 2.2.6 in [13] that evaluation at 0 yields a .1; 0/-fibration. One can similarly show that the
map ev1 defines a .0; 1/-fibration.

Remark 6.2 Let us recall that a morphism in F.�/ is .0; 1/-cartesian if and only if it is sent to an
equivalence under ev0. Similarly, a 2-morphism is cartesian in F.�/.x; y/ if and only if its image in �
under ev0 is an invertible. The same description holds for the .1; 0/-cartesian morphisms by replacing
ev0 with ev1.
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Definition 6.3 Let � be an1-bicategory. We define an1-bicategory �ib1;0.�/ in a manner entirely
analogous to Remark 5.54, that is, as the nerve (see Definition 2.9) of the fibrant SetC�-enriched category�
Setmb

�

�o
=.�;];T��]/

(see Section 5.4) associated to the model structure on .1; 0/-fibrations (see [6]).

Remark 6.4 For the rest of this section we will work simultaneously with .0; 1/- and .1; 0/-fibrations and
we will consequently introduce some notation to avoid confusion. Given an .i; j /-fibration, incarnated
as a fibrant MB simplicial set p W .X;EX ; TX � CX / ! .S; ]; ]/ and any other MB simplicial set
.A;EA; TA �EA/, we will denote by Mapi;jS .A;X/ the1-bicategory obtained (see Definition 3.15) as
the pullback

Mapi;jS .A;X/ Funmb.A;X/

�0 Funmb.A; S/
q

Note that the underlying marked simplicial set of Mapi;j
�
.�;�/ is precisely the mapping marked simplicial

set in �ibi;j .�/.

Remark 6.5 Let f W�! � be a functor of1-bicategories and consider a pullback diagram

F.�/��� F.�/

� �

ev1
f

It follows that evaluation at 0 induces a map F.�/���!� which is a .1; 0/-fibration by Proposition 3.8
in [4]. We observe that we have a commutative diagram

� F.�/���

�

f ev0

where the horizontal morphism is induced by the map �1˝�!�0˝�'�. Moreover, we see as a
consequence of Theorem 3.17 in [4] that for every .1; 0/-fibration � W�! � we have a trivial fibration
of1-bicategories

Map1;0
�
.F.�/���;�/! Fun�.�;�/;

where we are denoting by Map1;0
�
.�;�/ the mapping1-bicategory (as in Remark 6.4) between .1; 0/-

fibrations and by Fun�.�;�/ the1-bicategory obtained via the pullback

Fun�.�;�/ Fun.�;�/

�0 Fun.�;�/

��

f
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We are now ready to define the Yoneda embedding. Let us consider the .0; 1/-fibration ev1 W F.�/!�
and observe that we have a commutative diagram, over �,

F.�/ ���

�

ev0 � ev1

ev1 �2

where �2 is the projection onto the second factor. It follows from our definitions that the map ev0 � ev1
can be seen as a map of .0; 1/-fibrations where ��� is classified by the constant functor with value �.
Let F be the functor classified by F.�/! �. We make the following observations:

(1) For every c 2 � we have a functor pc W F.c/! � and for every morphism u W c ! c0 we have a
commutative diagram pc0 ıF.u/D pc .

(2) For every c 2 � it follows that we have a morphism

F.�/�� � D �

!c
! �;

which is a .1; 0/-fibration by Remark 6.5. Furthermore, we note that for every c 2 � it follows that we
have a morphism

F.�/�� � D �

!c
! �;

which is a .1; 0/-fibration by Remark 6.5 whose fibres are1-categories. Careful inspection reveals that
for every u W c! c0 the induced morphism u� W �

!c
! �

!c
0 preserves .1; 0/-cartesian edges.

(3) Combining (1) and (2) we see that pc W F.c/! � is a .1; 0/-fibration and that F.u/ is a functor of
.1; 0/-fibrations.

We conclude that F can be expressed as a composite

F W �! �ib1;0.�/1-fib
!�icat1;

where the second functor is the obvious projection and the superscript “1-fib” denotes the1-bicategory
spanned by .1; 0/-fibrations whose fibres are1-categories. Using a dual version of our main result or
equivalently Corollary 3.90 in [3] we obtain a functor

Y� W �! Fun.�op;�at1/;

which we call the bicategorical Yoneda embedding. Dually, using the map ev0 W F.�/! � we obtain the
co-Yoneda embedding

Yco
� W �

op
! Fun.�;�at1/:

Definition 6.6 Let f W .A;EA; TA � CA/! .�; ]; T� � ]/ be a map of MB simplicial sets. We define an
MB simplicial set .Q.f /; Ef ; Tf � Cf / over .�; ]; T� � ]/ as follows:
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� The underlying map of simplicial sets is the composite

F.�/��A! F.�/
ev0
��! �;

where the pullback is taken along to the map ev1 W F.�/! �.

� An edge is marked if its associated map �1˝�1! � factors through �1 ��1 and the restriction
to �1 ��f1g is marked in A.

� A triangle is lean if its restriction �f1g˝�2 is lean in A.

� A triangle is thin if it is lean and its image in � is thin.

The proofs in [4, Theorem 3.17, Corollary 3.20] are of an entirely combinatorial nature and under close
inspection one sees we always have an MB anodyne morphism .A;EA; TA�CA/! .Q.f /; Ef ; Tf �Cf /

(in the model structure for .1; 0/-fibrations) whose definition is induced by �1˝A!A as in Remark 6.5.

Proposition 6.7 There exists a functor � W �ib1;0.�/1-fib! �ib1;0.�/1-fib which sends a .1; 0/-fibration
p W G! � with1-categorical fibres to the .1; 0/-fibration �.G/ which is defined as the MB simplicial set
characterised uniquely by the isomorphism

Map1;0
�
.A; �.G//ŠMap1;0

�
.Q.f /;G/;

where f W .A;EA; TA � CA/! .�; ]; T� � ]/ is a map of MB simplicial sets and Q.f / is defined as in
Definition 6.6.

Proof Note that since Q.�/ is functorial on
�
Setmb

�

�
=.�;];T��]/

it follows that our definition yields an
MB simplicial set over .�; ]; T� � ]/.

There are two main things to prove: we need to show that �.G/ ! � is a .1; 0/-fibration with
1-categorical fibres and that the construction �.�/ is functorial. We will start by first proving the second
assertion. Note that by Definition 6.3, it suffices to verify that �.�/ yields a functor of SetC�-enriched
categories.

Let K 2 SetC� (which we view as having the maximal scaling) and consider a map K! Map1;0
�
.G;H/.

We will construct a morphism K! Map1;0
�
.�.G/; �.H// as follows:

Given a simplex �n ��'
��! �.G/�K we consider a morphism

F.�/���
n f��'
���! G�K!H;

where ' is given by the composite F.�/���n!�n
'
�!K. This map is clearly compatible with the

projection and functorial a thus yields a map �.G/�K! �.H/.
To finish the proof we will show that �.G/ 2 �ib1;0.�/1-fib. First let us observe that given c 2 � we

have a canonical isomorphism

�.G/�� fcg 'Map1;0
�
.�

!c
;G/;
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which shows that the fibres of �.G/ are in fact1-categories. Let us consider a commutative diagram of
MB simplicial sets

A B

�

u

i

v

where i is an anodyne morphism in the model structure for .1; 0/-fibrations developed in [6]. It follows
from Definition 6.6 that we have a commutative diagram

A Q.u/

B Q.v/

'

'

'

where the horizontal morphisms are weak equivalences. It then follows by two-out-of-three that the
right-most vertical morphism is also a weak equivalence. We conclude that �.G/ is a .1; 0/-fibration.

Remark 6.8 By the previous proposition the fibration �.G/ corresponds under the straightening equiva-
lence to a functor �op! �at1 mapping an object c to

Map1;0
�
.�

!c
;G/' Nat�op.�.�; c/;St�.G//;

where Nat�op.�;�/ is the mapping1-category in Fun.�op;�at1/. We will omit the explicit verification
of the fact that there exists an equivalence of contravariant functors

St�.�.G//' Nat�op.Y�.�/;St�.G//:

Remark 6.9 The coming proofs will involve using the straightening-unstraightening equivalence for
.0; 1/- and .1; 0/-fibrations. We will employ the notation Sti;jS to distinguish between both variances.

Definition 6.10 Let � be an1-bicategory and pick a fibrant replacement s W CscŒ�� '�!C. We consider
a functor of fibrant SetC�-enriched categories

Y� W C
scŒ��

J
�! FunSet

�C
.CscŒ��op;�at1/

Un1;0���! �ib1;0.�/!�icat1;

where the first functor sends each c 2 CscŒ�� to the functor C.s.�/; s.c//. Now we can consider the
Grothendieck construction and obtain a .0; 1/-fibration p WY�! �.

The definition above yields another reasonable candidate for the Yoneda embedding. In the next
theorem, we will identify our purely fibrational approach to the Yoneda embedding with the previous
definition, which relies heavily on the model of SetC�-enriched categories. Before proving the main results
of the section we will need some preliminary work.

Construction 6.11 Let � be an1-bicategory and let CscŒ�n
[
�DOn. Let us denote by �n W�n[ !Nsc.On/

(see Definition 2.9) the canonical trivial cofibration adjoint to the identity map. Then for every � W�n
[
!�

we can pick an extension E� W Nsc.On/! � such that E� ı �n D � . We claim that we can make a
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choice fE�g� where � runs over the nondegenerate simplices of � which is in addition functorial. This
means that if we are given a map � W�`

[
!�n

[
then E� ıCscŒ� �DE�ı� .

Since Nsc.On/D�n
[

for nD 0; 1, the choices are already fixed for dimensions n 6 1. Suppose we
have made a compatible choice for simplices up to dimension k� 1 and consider �k

[
! �. Then we can

consider the homotopy pushout diagram

@�k
[

colim@�k Nsc.Ok�1/

�n
[

P

'

'

where top horizontal (and hence the bottom) map is a weak equivalence the colimits involved are
homotopy colimits. We obtain by the universal property of the pushout a map P ! �. Moreover, we
have a factorisation of �n as �n

[
! P

j
�! Nsc.On/, so we conclude by two-out-of-three that j is also a

weak equivalence. The solution of the lifting problem

P �

Nsc.On/

j

provides the desired functorial extension.

Definition 6.12 We define a functor Pn W CscŒ�n
[
�! Setms

� as follows:

� For every i 2 Œn� we declare the value Pn.i/ to be the scaled poset PŒ0;i� given in Definitions 5.2
and 5.5 (equipped with the minimal marking on 1-simplices).

� For every S � Œn� with min.S/D i and max.S/D j we consider the functor PŒ0;i�! PŒ0;j � sending
U 2 PŒ0;i� to S [U . Similarly given an inclusion S � T we consider the natural transformation

PŒ0;i� ��1! PŒ0;j �;

with components given by S [U � T [V (see Remark 5.3).

Remark 6.13 We have functors PŒ0;j �! Nsc.On/ which are uniquely determined by the assignment
given by S 7!min.S/, S 6 T 7! US;T (see Definition 5.5 and Remark 5.4 to see why this definition is
compatible with the scaling). These functors allow us to produce a lift Pn W CscŒ�n

[
�!

�
Setmb

�

�
=Nsc.On/

by picking the maximal lean scaling.

Lemma 6.14 Let � WCscŒNsc.On/�!On be the counit map associated to the Quillen equivalence CscaNsc

(see Definition 2.9) where OnD CscŒ�n
[
�. Then there exists a natural transformation ˛n WPn)Un1;0� ıT

where Tn.i/D CscŒ�n
[
�.�; i/.

Proof By adjunction, it will enough to produce natural transformation St1;0� ıP
n) T . Let i 2On and

let PF
Œ0;i�

the scaled simplicial set obtained from the join P F
Œ0;i�
D PŒ0;i� ��

0, by scaling those simplices
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of the form u.�/ where u W PŒ0;i�! P F
Œ0;i�
D PŒ0;i� ��

0 is the canonical map, and � is scaled in PŒ0;i�.
We consider a pushout diagram

CscŒPŒ0;i�� CscŒPF
Œ0;i�

�

On C�.P .i//

ˆ

r

where ˆ is the adjoint to the map given in Remark 6.13. Let � be the cone point of CscŒPF
Œ0;i�

�. Then
it follows that C�.P .i//.r.�/;�/ D St1;0� .P .i// as constructed in [3, Section 3]. Let S 2 PŒ0;i� with
min.S/D s. We consider the map

˛ni .S/ W C
scŒPFŒ0;i��.S;�/!On.s; i/; fS D S0 < S1 < � � �< Sn < �g 7! Sn[

n[
iD0

USi ;Si�1 ;

which is compatible with the marking of CscŒPŒ0;i��.S;�/ and descends to a map

˛ni .s/ W St1;0� .P .i//.s/!On.s; i/:

Note that if we are given S < T with min.S/D s and min.T /D t , then we have a commutative diagram

CscŒPF
Œ0;i�

�.T;�/ On.t; i/

CscŒPF
Œ0;i�

�.S;�/ On.s; i/

˛n
i
.T /

[US;T

˛n
i
.S/

which guarantees that the maps f˛ni .s/gs2On assemble into a natural transformation ˛ni W St1;0� .Pn.i//)

On.�; i/. It is straightforward to verify that the maps f˛ni gi2On also assemble into the desired natural
transformation ˛n W St1;0� ıP

n) T .

Proposition 6.15 Let � be an1-bicategory. Then there exists an equivalence of .0; 1/-fibrations , over �,

F.�/ Y�

�

ev1

'

p

Proof We observe that by construction there exists a map of .0; 1/-fibrations Y�! ��� such that for
every c 2 � the induced map on fibres

Y� �fcg �! �

defines a .1; 0/-fibration whose fibres are1-categories. Since the map �! F.�/ is a trivial cofibration
(this is the dual to Theorem 3.17 in [4]) it follows that to produce a map F.�/! Y� it suffices to
construct a section of p.
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Let � W�n
[
! �. Our goal is to produce an n-simplex in the pullback

Yn Y�

�n
[
��n

[
���

���

in a functorial way. Let St0;1
�n
[

.�n
[
/ WCscŒ�n

[
�!Setms

� be the straightening of the identity functor�n
[
!�n

[
.

The maps defined in Remark 5.6 provide us with a natural transformation St1;0
�n
[

.�n
[
/) Pn with Pn as in

Definition 6.12. It then follows from Remark 6.13 that St.0;1/
�n
[

.�n
[
/ admits a lift to .Setmb

� /=Nsc.On/.
Note that since we have a map CscŒ�� W CscŒ�n

[
�! CscŒ�� '�!C, it follows that we have a commutative

diagram, for every i 2On,

Un1;0� .T .i// Un1;0
�

�
J.CscŒ��.i//

�
Nsc.On/ �

E�

where E� was given in Construction 6.11 and T in Lemma 6.14. This family of maps is natural in i 2O,
thus yielding a natural transformation Un.1;0/� ıT )Un.1;0/

�
ıJ ıCscŒ��. Finally, let us observe that

St0;1
�n
[

.�n[ /) Pn)Un.1;0/� ıT )Un.1;0/
�
ıJ ıCscŒ��

yields the desired simplex in T .�/ W�n
[
!Yn. Note that the functoriality of our liftsE� (Construction 6.11)

guarantees that the assignment � 7! T .�/ is functorial. It is also straightforward to verify that our
assignment is compatible with the decorations thus yielding the desired map F.�/!Y� of .0; 1/-fibrations
over �.

To finish the proof we need to show that for every c 2 � the induced map on fibres

�

!c
Y� �fcg �

�

ev0

f

is a weak equivalence. We note that by construction the horizontal map above sends the object i W�0!�

!c
,

represented to the identity morphism to an object in Y��fcg� also represented by the identity morphism.
We claim that we have a sequence of maps

�0
i
�! �

!c
f
�!Y� �fcg �

such that i and f ı i are weak equivalences of in the model structure of .1; 0/-fibrations. The first map is a
weak equivalence by [4, Theorem 3.17]. Since Y� �fcg �'Un1;0

�

�
C.s.�/; s.c//

�
(see Definition 6.10),

we see that f ı i is adjoint to the natural transformation CscŒ��.�; c/)C.s.�/; s.c// which is a point-
wise weak equivalence. The result follows by two-out-of-three.
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Theorem 6.16 For every1-bicategory � the Yoneda embedding

Y� W �! Fun.�op;�at1/; c 7! �.�; c/;

is fully faithful. Moreover , given a functor F W�op!�at1 there is a equivalence of �at1-valued functors

Nat�op.Y�.�/;F/
'
H) F;

which is natural in F.

Proof It follows from Proposition 6.15 that the embedding Y� is fully faithful if and only if the functor J
in Definition 6.10 induces a weak equivalence of the corresponding mapping marked simplicial sets. This
is equivalent to showing that the composite

CscŒ��
s
�!C

j
�! FunSetC�

.Cop;SetC�/
s�
�! FunSetC�

.CscŒ��op;SetC�/

induces a weak equivalence of the corresponding mapping marked simplicial sets. This follows easily
as the functor s is an equivalence of SetC�-enriched categories, j is the enriched Yoneda embedding
(which is fully faithful in the enriched sense) and s� is also an equivalence of SetC�-enriched categories
by [18, A.3.3.8]. We conclude that Y� is fully faithful.

To prove the final claim we show that the functor � in Proposition 6.7 is naturally equivalent to the
identity. We construct a natural transformation �) 1 to the identity functor which is induced by the
canonical map A!Q.f / (see Definition 6.6). We observe that the induced map on fibres

Map1;0
�
.�

!c
;F/ '�! F.c/

is given by restriction along the anodyne map �0! �

!c
selecting the identity morphism and thus is a

weak equivalence.
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Brauer–Wall groups and truncated Picard spectra of K -theory

JONATHAN BEARDSLEY, KIRAN LUECKE AND JACK MORAVA

We compute the first two k-invariants of the Picard spectra of KU and KO by analyzing their Picard
groupoids and constructing their unit spectra as global sections of sheaves on the category of manifolds.
This allows us to determine the E1-structures of their truncations Pic.KU/Œ0; 3� and Pic.KO/Œ0; 2�.
It follows that these truncated Picard spaces represent the Brauer groups of Z=2-graded algebra bundles
of Donovan, Karoubi, Moutuou and Maycock; the Brauer groups of super 2-lines; and the K-theory twists
of Freed, Hopkins and Teleman. Our results also imply that these spaces represent twists of String- and
Spin-structures on manifolds and can be used to twist tmf-cohomology. Finally, we are able to identify
pic.KU/Œ0; 3� with a cotruncation of the Anderson dual of the sphere spectrum.
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1 Introduction
We study the first two k-invariants of the Picard spectra of KO and KU, or equivalently, the infinite loop
space structures on the 2-truncation of Pic.KO/ and the 3-truncation of Pic.KU/, which we denote by
Pic2

0.KO/ and Pic3
0.KU/, respectively. We will also work with their connected covers which we denote

by Pic2
1.KO/ and Pic3

1.KU/, respectively. These last two spectra are of course equivalent to truncations
of BGL1.KO/ and BGL1.KU/, respectively. The homotopy types of Pic2

0.KO/ and Pic3
0.KU/ are not

particularly interesting. Indeed, they both split as products of Eilenberg–Mac Lane spaces:

Pic3
0.KU/' Z=2�K.Z=2; 1/�K.Z; 3/;

Pic2
0.KO/' Z=8�K.Z=2; 1/�K.Z=2; 2/:

What we show below however is that neither the first nor second k-invariants of the associated Picard
spectra pic3

0.KU/ and pic2
0.KO/ are trivial. In other words, none of the above splittings are splittings of

infinite loop spaces. The first theorems we prove are the computations of these k-invariants:

Theorem The first k-invariant of pic3
0.KU/ is Sq2

W HZ=2! †2HZ=2. The second k-invariant can
be taken to be either of the generators of H 4.pic1

0.KU/IZ/ Š Z=4, both of which restrict to the map
ˇ ıSq2

W†HZ=2!†4HZ upon taking a connected cover.

MSC2020: 19L50, 55N15, 55P42.
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Theorem The first k-invariant of pic2
0.KO/ is Sq2

ı� WHZ=8!†2HZ=2, where � WHZ=8!HZ=2

is the reduction mod-2 map. The second k-invariant is one of two classes in H 3.pic1
0.KO/IZ=2/ Š

Z=2�Z=2, both of which restrict to Sq2 upon taking connected covers.

The authors have not been able to find these results in the literature although they do seem to be at
least partially known to experts (see, e.g., the proof of [23, Proposition 7.14]). From these theorems we
can deduce the group structures of pic2

0.KO/0.X / and pic3
0.KU/0.X /, which are nontrivial extensions of

ordinary singular cohomology groups:

Corollary There are bijections of sets

pic2
0.KO/0.X /ŠH 0.X IZ=8/�H 1.X IZ=2/�H 2.X IZ=2/;

pic3
0.KU/0.X /ŠH 0.X IZ=2/�H 1.X IZ=2/�H 3.X IZ/:

The group laws on these sets , in the same order , are

.a; b; c/C .a0; b0; c0/ 7! .aC a0; bC b0; cC c0C b[ b0/;

.a; b; c/C .a0; b0; c0/ 7! .aC a0; bC b0; cC c0Cˇ.b[ b0//;

where ˇ denotes the Bockstein homomorphism.

Knowing these group structures allows us to identify other roles that these spectra play in algebraic
topology, mathematical physics, and the theory of C �-algebras. Almost all of these manifestations are re-
lated to twisted K-theory but in the literature they are not often directly related to Picard spectra and spaces,
which are the universal receptacles for twists of any highly structured cohomology theory. Indeed, because
of the infinite loop space splittings BGL1.KO/'BGL1.KO/Œ0; 2��BGL1.KO/Œ3;1� and BGL1.KU/'
BGL1.KU/Œ0; 3��BGL1.KU/Œ4;1�, any map from a connected space into Pic2

0.KO/ or Pic3
0.KU/ gives

a purely homotopy-theoretic twist of K-theory by either composing with the inclusion or multiplying
by �1 and then including. We now detail the various interpretations of pic2

0.KO/ and pic3
0.KU/.

The group laws written above imply that the pic2
0.KO/ and pic3

0.KU/ cohomology groups of a space
are isomorphic to well-known Brauer groups of C �-algebras over that space:

Theorem If Br1O .X / and Br1U .X / are the Brauer groups of (possibly infinite-dimensional ) real and
complex continuous trace graded C �-algebras with spectrum X (see [43; 44]) then there are isomorphisms

Br1O .X /Š pic2
0.KO/0.X /;

Br1U .X /Š pic3
0.KU/0.X /:

It is a corollary of this fact that pic2
0.KO/0.X / and Tors.pic3

0.KU/0.X // are also isomorphic to the
graded Brauer groups of Donovan and Karoubi [10], where Tors denotes taking the torsion subgroup.
Elements of both the C �-algebra Brauer groups and the Brauer groups of Donovan and Karoubi are known
to produce twists of K-theory but our isomorphisms allow one to produce such twists as actual maps
of spaces X ! BGL1.KO/ and X ! BGL1.KU/. In the case that we replace pic3

0.KU/ with †3HZ,
and use ungraded C �-algebras, the agreement of the two notions of twisted K-theory is shown in [26].
Presumably the same is true in our more general case, but we do not prove it in this paper.
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Our computations also imply that BGL1.KO/Œ0; 2� and BGL1.KU/Œ0; 3� are equivalent, as infinite loop
spaces, to certain fibers in the Postnikov tower for BO.

Theorem Let BString!BSO and BSpin!BO be the connective covers in the Postnikov tower of BO.
Then there are equivalences of infinite loop spaces

Pic2
1.KO/' fib.BSpin! BO/;

Pic3
1.KU/' fib.BString! BSO/:

From this it follows that if M is a manifold (resp. oriented manifold) then the set of Spin-structures
on M (resp. String-structures) is a torsor for ŒM;Pic2

1.KO/� Š H 1.M IZ=2/ Ë H 2.M IZ=2/ (resp.
ŒM;Pic3

1.KU/� Š H 1.M IZ=2/ ËH 3.M IZ/). This should be compared with the fact that the set of
Spin-structures on an oriented manifold is a torsor for H 2.M IZ=2/ and the set of String-structures on a
Spin-manifold is a torsor for H 3.M IZ/ (see [45, 2.11, 2.16]). It is claimed in [9, §2.1] that Spin-structures
are a torsor for H 1.M IZ=2/�H 2.M IZ=2/ but a proof is not included. Moreover, because there are
equivalences of infinite loop spaces Pic3

1.KU/' BGL1.KOŒ0; 1�/ and Pic3
1.KU/' BGL1.KUŒ0; 2�/ we

can twist Spin-structures (resp. String-structures) by bundles of KOŒ0; 1� (resp. KUŒ0; 2�) modules, which
we can interpret as real and complex super 2-line bundles, respectively.

Not surprisingly, our work here is also related to the work on twisted K-theory and mathematical
physics by Freed, Hopkins, Teleman and others [9; 16; 17; 20; 21].

Theorem Let cAlg�R and cAlg�C be the spectra associated to the Picard 2-groupoids of invertible topolog-
ical R- and C-superalgebras , respectively. Then there are equivalences of spectra

cAlg�R ' pic2
0.KO/;

cAlg�C ' pic3
0.KU/:

It follows that gl1.KO/Œ0; 1� and gl1.KU/Œ0; 2� are the Picard spectra of real and complex superlines,
respectively. Again using the fact that gl1.KO/Œ0; 2�' gl1.KOŒ0; 2�/ and gl1.KU/Œ0; 3�' gl1.KUŒ0; 3�/,
we have that a bundle of real (resp. complex) superlines on a space X is the same data as a bundle of
KOŒ0; 2�-lines (resp. KUŒ0; 3�-lines). This also identifies pic3

0.KU/ with the spectrum R�1 of [9] whose
associated cohomology theory is proposed as the container for the flux of the oriented superstring B-field.

The above theorem can be restated in the context of the K-theory twists of [16, 1.80; 21, Corollary 2.25]
assuming we take X to be only a space rather than a topological groupoid.

Theorem Let �0TwistKU.X / and �0TwistKO.X / be the groups of isomorphism classes of KU and KO
twists on X in the sense of ibid. Then there are group isomorphisms

�0TwistKO.X /Š pic2
0.KO/0.X /;

�0TwistKU.X /Š pic3
0.KU/0.X /:

In related work by the same authors, the Anderson dual of the sphere spectrum, IZ, often arises (see,
for instance, [18, Hypothesis 5.17; 19, Theorem 5.27]). We show that, at least in the complex case, the
truncated Picard spectrum is closely related:
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Theorem There is an equivalence of spectra

†3.IZŒ�3;1//' pic3
0.KU/:

This suggests a connection between invertible topological field theories (and deformations thereof)
and bundles of truncated KUŒ0; 2�-lines.

1.1 Conventions and notation

In this paper we will often work with1-categories (in the sense of [36]) of spectra and1-groupoids,
which we denote by Sp and S, respectively. There has been some disagreement lately about an efficacious
term for the objects of the1-category S. We find the term “1-groupoid” to be too long, the term “anima”
to be unpleasant to pluralize, and the term “space” to be far too ambiguous. Therefore, going forward, we
will use “h-type” to refer to these structures and propose this as an alternative to the terms listed above.
We will still occasionally call them1-groupoids when we want to emphasize their use as1-categories
in which all morphisms are invertible. When we use the term “space” we will specifically be referring to
a compactly generated, weakly Hausdorff topological space, the category of which we will denote by Top.
Recall that if E 2 Sp is a spectrum then it has an associated cohomology theory E�. This cohomology
theory is defined equally well on S and Top, so we will apply it to both sorts of objects without comment.

The term “infinite loop space” frequently denotes what, in the language of [38], one might call
“grouplike E1-monoids in S.” Another commonly used term for such structures, and the one we will
employ, is “abelian1-group,” recognizing that these objects are the higher algebraic analogues of abelian
groups. We emphasize however that being an abelian1-group is a structure rather than a property. If we
wish to refer to an h-type which has an E1-structure without concerning ourselves with whether or not it
is grouplike, we will often say “E1-type” instead of the unwieldy “E1-h-type.”

Many of our constructions will involve a field F . We will always assume that F has a topology which
is accounted for by these constructions, e.g., vector bundles. We will occasionally wish to consider a field
with its discrete topology, in which case we will say so.

We will often be interested in truncations and connective covers of spectra and h-types. For integers
n;m� 0 and a spectrum or h-type X we will write X Œn;m� for the n-connective cover of the m-truncation
of X . Note the use of connective here, as opposed to connected, which differs by 1. In the special,
and ubiquitous, case that X is Pic.R/ or pic.R/ for a commutative ring spectrum R, we will use the
nonstandard notation of Definition 2.2. We do this to keep the names of these frequently used objects
compact.

2 Background

In this section we recall, for an E1-ring spectrum R, the construction of the so-called Picard space of R

along with various spectra and h-types which can be built from it. More detailed constructions of these
can be found in [3; 4].
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Definition 2.1 Let R be an E1-ring spectrum with symmetric monoidal1-category of left modules
LModR. Then we make the following definitions.

(1) We write Pic.R/ for the maximal1-groupoid in LModR spanned by modules which are invertible
with respect to the tensor product over R. Recall that Pic.R/ is an abelian1-group with base point
R 2 Pic.R/. We denote its infinite delooping by pic.R/, i.e., �1 pic.R/' Pic.R/.

(2) We write GL1.R/ for the pullback of the projection�1R!�0.R/ along the inclusion�0.R/
� ,!�0.R/.

Recall that GL1.R/ is equivalent, as an abelian1-group, to �Pic.R/. Equivalently, we could take
BGL1.R/ to be the base point component of Pic.R/. We denote the infinite deloopings of GL1.R/

and BGL1.R/ by gl1.R/ and bgl1.R/, respectively.

Definition 2.2 Given an E1-ring R, we write Picm
n .R/ and picm

n .R/ for the m-truncated, n-connective
covers of Pic.R/ and pic.R/, respectively. In other words, Picm

n .R/ and picm
n .R/ are equivalent to

Pic.R/ and pic.R/, respectively, in homotopy degrees n through m, and have trivial homotopy groups
elsewhere. We will use bgl1.R/Œ0; n� and BGL1.R/Œ0; n� interchangeably with picn

1.R/ and Picn
1.R/.

This notation should not be confused with the notation Pic0 of algebraic geometry, which denotes the
identity component of the Picard scheme.

Remark 2.3 Both m-truncating and taking n-connective covers determine symmetric monoidal functors
S! S for all n and m, so Picm

n .R/ has an abelian1-group structure induced by that of Pic.R).

It will also be useful to have the following definition recorded here, though we will not make frequent
use of it. This definition appears, e.g., in [29].

Definition 2.4 Let R be a commutative ring spectrum. Then LMod.R/ is an E1-algebra in the symmetric
monoidal1-category of1-categories, Cat1, which in turn has its own category of modules. We write
Br.R/ for the abelian1-group of invertible LMod.R/-modules and equivalences between them.

3 Nontriviality of k-invariants
In this section we show that the k-invariants of pic1

0.KO/, pic1
0.KU/, pic2

1.KO/ and pic3
1.KU/ are nontrivial.

This will follow from showing that these spectra can be modeled by Picard groupoids, or sheaves thereof,
that have nontrivial symmetries.

3.1 Picard groupoids and symmetries

Recall that there is an equivalence between spectral 1-types, i.e., spectra with homotopy groups only in
degrees n and nC 1 for n 2Z, and symmetric monoidal categories in which every morphism is invertible
and every object has a tensor inverse, i.e., Picard groupoids (see [30, Proposition B.12; 32]). In particular,
Picard groupoids are equivalent to spectra with nontrivial homotopy groups only in degrees 0 and 1 by
[32, Theorem 1.5].

Note that the proof of ibid. proceeds by lifting the usual looping/delooping equivalence between
groupoids and homotopy 1-types to their categories of grouplike commutative monoids: Picard groupoids
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and 1-truncated grouplike infinite loop spaces, respectively. It follows immediately that a Picard groupoid,
up to equivalence, is entirely determined by the data of two homotopy groups, �0 and �1, and a single
k-invariant ˛ 2Map.H�0; †

2H�1/. However, Picard groupoids are an especially useful model of stable
1-types since, up to symmetric monoidal equivalence, they can always be rigidified to categories that
are permutative and skeletal [32, Theorem 2.2]. In other words we can always assume, up to symmetric
monoidal equivalence, that a Picard groupoid is strictly associative and strictly unital and that its only
morphisms are automorphisms.

Let us be more explicit about the data by which a Picard groupoid P is classified. What follows is
mostly a restatement of [23, Remark 2.12] but we also direct the reader to [15, Lecture 17, Section 27].
We assume that P is permutative and skeletal. It is clear from the preceding paragraph that the group of
objects of P must be �0 of the associated spectrum. Moreover, one can show that for any x;y 2 P there
must be an isomorphism AutP.x/ Š AutP.y/. By again invoking the description of stable 1-types as
grouplike 1-truncated infinite loop spaces, we see that the associated spectrum must have �1 Š AutP.x/
for any choice of basepoint.

A standard diagram chase shows that the symmetry natural isomorphism of P must be entirely
determined by a choice, for each x 2 P, of an element " 2 AutP.x/ such that "2

x D idx (since P can
be assumed to have no isomorphic objects which are not identical). This is equivalent to an element
of " 2 HomAb.�0˝Z=2; �1/. By assuming permutativity, we have no need to define an associativity
natural transformation. Therefore, the Picard groupoid is entirely determined by the data of �0, �1 and ".
Using the isomorphism

(1) HomAb.�0˝Z=2; �1/ŠH 2.�0I�1/Š ŒH�0; †
2H�1�

of [12, Section 27], we see that the symmetry datum " is exactly the k-invariant of the spectrum. Note
that if the k-invariant, equivalently the function ", is trivial, i.e., if the associated spectrum is equivalent
to H�0 _†H�1, then the symmetry natural isomorphism of P is the identity transformation.

The above discussion has a somewhat more modern interpretation. A 1-truncated connective spectrum X

is equivalent to the data of a connective module over the 1-truncation of the sphere S, which in turn is
completely determined by �0X , �1X , and the action of the Hopf element � 2 �1S. This is a map

� � W �0X ˝Z=2! �1X:

On the other hand, X is completely determined by its k-invariant in H 2.�0I�1/. Therefore the data of
two homotopy groups and a k-invariant can be identified with the data of two homotopy groups and an
action of �, which is precisely an element of HomAb.�0˝Z=2; �1/.

In what follows, we show that the first k-invariants of pic1
0.KO/ and pic1

0.KU/ are nontrivial. These
are both stable 1-types so it suffices to show that the symmetry isomorphisms of the associated Picard
groupoids are nontrivial. In fact, it turns out that we only need to consider the symmetry isomorphism of
the sphere spectrum. Note that this data is determined at the level of homotopy categories.
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Lemma 3.1 The k-invariant of the Picard spectrum pic1
0.S/ is nontrivial.

Proof Let � W S˝ S! S˝ S be the symmetry map of S in Sp. This map is the stabilization of the
“swap” equivalence S1 ^S1! S1 ^S1 in �2.S

2/�, which is not homotopic to the identity.

Lemma 3.2 The functors pic.S/! pic.KO/ and pic.S/! pic.KU/ given by tensoring with KO and KU,
respectively , equivalently the maps induced by applying the Picard spectrum functor to the units S! KO
and S! KU, are surjective on �0 and isomorphisms on �1.

Proof We only prove the statement for KO as the proof for KU is identical. Recall from [23] that the
objects of pic.KO/ are precisely the shifts †iKO for 0 � i � 7, using the eightfold periodicity of KO.
Each of these is covered by †iS for 0� i � 7 under the given functor pic.S/! pic.KO/, so the functor
induces a surjection on �0.

On �1 this is precisely �0 of the induced map gl1.S/! gl1.KO/. Recall that the unit map S! KO is
an isomorphism on �0, for instance because it is a ring map Z! Z. Now using the fact that gl1.R/ is
the infinite delooping of the pullback of �0.R/

�! �0R ��1R for any commutative ring spectrum R,
we have that the induced map gl1.S/! gl1.KO/ is also an isomorphism �0.

Corollary 3.3 The first k-invariants of pic.KO/ and pic.KU/ are nontrivial.

3.2 Chain bundle models of topological K -theory

In [8, Section 6] it is shown that the commutative ring spectrum ku can be recovered as the homotopification
of the sheaf of groupoids of complex vector bundles, suitably group completed. The constructions below
are similar, but replace vector bundles with Z=2-graded chain complexes of vector bundles. This sheaf is
still not concordance invariant, so we must localize it with respect to R (i.e., make it concordance invariant).
The resulting localized sheaf represents complex topological K-theory by [48, Appendix I]. Moreover,
since it is concordance invariant, the results of [1] imply that it is a constant sheaf determined by its value
at the point, which we show to be ku. This sheaf then has a subsheaf of invertible Z=2-graded chain
complexes (with respect to the usual tensor product) which evaluates to gl1.ku/' gl1.KU/ on the point.

These sheaves are slightly more complicated than those of [8] but give us better access to the k-invariants
of gl1.KU/ and therefore the k-invariants of pic.KU/. Of course all of our arguments apply equally
well to case of real K-theory. It is worth noting that the sheaf constructed in [8] returns K.C/ when
evaluated at the point before localizing, whereas ours most certainly does not. We suspect that K.C/

however, or K.F/ in general for a discrete field F , can be recovered by a variant of our construction
using principal GL.F/-bundles instead of vector bundles, i.e., by always equipping F with the discrete
topology (see Conjecture 3.38).

Throughout this section, Chperf
F W Topop

! Gpd will denote the sheaf whose value at a space is the
groupoid of bounded chain complexes of finite-dimensional F -vector bundles on X with homotopy classes
of homotopy equivalences between them. We assume all the standard structures of this sheaf, e.g., tensor
products and direct sums. For our purposes it will be convenient to work with a slightly different sheaf,
which we define below.
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Definition 3.4 Let F be a field. We begin by defining chain complexes of F vector spaces which are
graded by Z=2. We call these differential super F -vector spaces or DSVs for short.

(1) A differential super F -vector space is a Z=2-graded F -vector space V D V0˚V1 equipped with two
maps d0 W V0! V1 and d1 W V1! V0 such that d0d1 D d1d0 D 0. A morphism of differential super
F -vector spaces is a morphism of Z=2-graded vector spaces which commutes with the differential. These
data form a category which we denote by DSVF .

(2) If V D .V0˚V1; d0; d1/ and W D .W0˚W1; d
0
0
; d 0

1
/ are DSVs, we will write V ˝W for the DSV

which is .V ˝W /0D .V0˝W0/˚ .V1˝W1/ in degree zero and .V ˝W /1D .V1˝W0/˚ .V0˝W1/

in degree one. The differentials are given in the usual way after reducing all indices modulo 2.

(3) For V D .V0˚V1; d0; d1/ a DSV, we define H0.V /Dker.d0/=im.d1/ and H1.V /Dker.d1/=im.d0/.
We say that a morphism of DSVs is a quasi-isomorphism if it induces isomorphisms of these two homology
groups.

(4) Let V D .V0˚V1; d0; d1/ and W D .W0˚W1; d
0
0
; d 0

1
/ be DSVs. Given two maps f;g W V !W of

DSVs we say that a chain homotopy between f and g is a pair of maps h0 W V0!W1 and h1 W V1!W0

such that f0�g0 D d 0
1
h0C h1d0 and f1�g1 D d 0

0
h1C h0d1. If there is a chain homotopy between f

and g we write f � g.

(5) We say that a map f W V !W of DSVs is a homotopy equivalence if there exists g WW ! V and
chain homotopies f ıg � idW and g ıf � idV .

(6) We write " W Chperf
F ! DSVF for the functor which takes a bounded and finite-dimensional F-chain

complex .E�; @/ to the DSV whose graded vector space is E D
�L

i E2i

�
˚
�L

i E2iC1

�
and whose

differential is the obvious restriction of @.

We leave it to the reader to check the following lemmas which are standard arguments in homological
algebra.

Lemma 3.5 A map f W V ! W is a quasi-isomorphism of DSVs if and only if it is a homotopy
equivalence.

Lemma 3.6 The tensor product of DSVs defines a symmetric monoidal structure on DSVF with monoidal
unit .F ˚ 0; 0; 0/. This tensor product distributes over the direct sum of DSVs.

Lemma 3.7 The functor " is symmetric monoidal. Moreover , it takes quasi-isomorphisms to quasi-
isomorphisms and chain homotopies to chain homotopies.

Remark 3.8 As with the classical case, one direction of Lemma 3.5 depends on F being a field. For a
general ring, homotopy equivalences are strictly stronger than quasi-isomorphisms.

Definition 3.9 Let X be a space and F a field. We write DSVF .X / for the groupoid of bundles of DSVs
on X whose morphisms are chain homotopy classes of homotopy equivalences. Because bundles can be
pulled back along maps of spaces this defines a functor DSVF W Topop

! Gpd. The tensor product and
direct sum bundles are defined in the usual way.
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Going forward, many of our results will apply equally well to the functors DSVF and Chperf
F . We will

therefore write GF to denote either.
The following lemma says that GF is a sheaf of ring groupoids in the sense of [11], which are a special

case of the ring categories of [35]. These are essentially commutative monoids in the category of Picard
groupoids. Without loss of generality ring groupoids can always be assumed to have underlying strict
Picard groupoid.

Lemma 3.10 The functor GF is a presheaf of symmetric monoidal groupoids with respect to direct
sum of chain bundles , a presheaf of symmetric monoidal groupoids with respect to tensor product of
chain bundles , and the latter structure distributes over the former. Moreover , the natural transformation
".X / W Chperf

F .X /! DSVF .X / preserves this structure.

Proof The lemma follows from standard arguments for bundles extended suitably to chain complexes.

Remark 3.11 It will be convenient to extend the codomain and restrict the domain of GF . By taking
nerves there is an inclusion Gpd � S under which the symmetric monoidal structure of Lemma 3.10
makes LRGF into a presheaf of E1-types. For convenience, we will also restrict GF to the subcategory
of smooth manifolds and smooth maps Mfdop

� Topop.

Lemma 3.12 The functor GF is a sheaf of symmetric monoidal groupoids on Mfd with respect to
coverings by families of open embeddings.

Proof To prove that GF is a sheaf, it suffices to show that, for a fixed manifold M , it satisfies descent
on the “little” site of open submanifolds of M (indeed by [1, Lemma 3.5.3] it suffices to check only on
Euclidean spaces). This follows immediately from the definitions, as bundles themselves are defined
locally. Further, GF is valued in symmetric monoidal1-groupoids (i.e., E1-types) as a result of the fact
that the inclusion Gpd� S is symmetric monoidal (with respect to the Cartesian product).

We recall the R-invariantization functor from Definition 4.2.5 and Proposition 5.1.2 of [1].

Definition 3.13 Let �n
sm denote the hyperplane in RnC1 spanned by points .x1;x2; : : : ;xnC1/ such thatPnC1

iD1 xi D 1, also known as the smooth n-simplex. Let ��

sm denote the cosimplicial manifold which is
�n

sm is degree n. Its coface maps �n
sm!�nC1

sm are the nC2 inclusions �n
sm!�nC1

sm given by the nC2

possible intersections of �nC1
sm with the coordinate hyperplanes. The codegeneracies �nC1

sm !�n
sm are

given by the n possible ways of adding adjacent coordinates.

Definition 3.14 Let E WMfdop
! Top be a presheaf of h-types. Then define LRE WMfdop

! Top to be
the presheaf of h-types whose value at X is given by LRE .X /D jE .X ���

alg/j.

Remark 3.15 If a and a0 are objects of GF .X / (thought of as a Picard groupoid), b is an object
of GF .X ��

1/, and we have isomorphisms d0.b/Š a and d1.b/Š a0, where d0 and d1 are the face maps,
then a and a0 are equivalent in LRGF .X /. Similar statements hold for the GF .X ��

n/ and the relevant
higher face maps. This has the effect of making GF insensitive to the difference between a space X and
its “stabilizations” X �R'X ��1, X �R2 'X ��2, and so forth.
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Remark 3.16 In the Appendix of [48], working with Chperf
C , Segal uses an equivalence relation to identify

bundles which can be homotoped into one another along X �R Š X ��1. The above construction
can be thought of actually inserting the homotopies (and homotopies between homotopies etc.) between
such bundles, forcing the sheaf to be insensitive to deformations of X . However, after taking connected
components the resulting group is the same as Segal’s (see Proposition 3.18 below).

Lemma 3.17 The presheaf of E1-types LRGF is a sheaf of grouplike E1-types , i.e., connective spectra.

Proof It is a general fact that LR preserves sheaves (see [1, Remark 4.2.6; 8, Proposition 2.6]). The
symmetric monoidal structure is now grouplike because for any DSVs or chain complex E�!X we can
always find E0

�
!X such that E�˚E0

�
is concordant to an acyclic: that is, there exists an E00

�
!X � Œ0; 1�

whose restriction to X � f0g is isomorphic to E�˚E0
�

and whose restriction to X � f1g is acyclic. This
is achieved by using the Œ0; 1� coordinate to turn on differentials killing any nontrivial cohomology.

Proposition 3.18 There is a group isomorphism �0LRDSVC.X /Š KU0.X / which is natural in X .

Proof By 3.2.3.1 and 1.4.3.9 of [38] the simplicial colimits defining LRDSVC.X / and LRChperf
F can be

taken in spaces. Now, �0 of a simplicial colimit depends only on the subdiagram (which is a coequalizer)
involving the 0- and 1-simplices. From the definition of LRChperf

C .X /, �0 of that coequalizer is the set
of chain-bundles on X up to concordance. Remark 3.16 therefore implies that [48, Proposition A.I]
(in which “concordant” is called “homotopic”) gives an isomorphism �0LRChperf

C .X / Š�! KU0.X /.
This isomorphism is given by taking a bundle to its Euler characteristic. Specifically, a bundle of chain

complexes E� is taken to the alternating sum of the K-theory classes of each grade, †i2Z.�1/i ŒEi �. This
clearly factors through �0.".X // so that we have a composite isomorphism

�0LRChperf
C .X / "

�! �0LRDSVC.X /! KU0.X /

in which the last morphism forgets the differential. This implies that " is injective. We have already seen
that it is surjective, so it is an isomorphism.

Theorem 3.19 There is an equivalence of commutative ring spectra LRDSVC.�/' ku.

Proof This follows from [1, Propositions 4.3.1 and I.2] and Proposition 3.18. Specifically, we know that
evaluation at a point is an equivalence between concordance invariant sheaves of spectra on Mfd and spectra.
The inverse of this equivalence is given by taking the constant sheaf. Moreover, given a spectrum E, the
value of const.E/ at a manifold X is Map.†1CX;E/. Hence LRDSVC.X /'Map.†1CX;LRDSVC.�//

and thus �0.X;LRDSVC.�// Š KU0.X / for every manifold X . So LRDSVC.�/ ' ku by Brown
representability.

The above arguments, along with those of [48], can be repeated mutatis mutandis with chain complexes
of R-vector spaces rather than C-vector spaces. This leads to:

Theorem 3.20 There is an equivalence of commutative ring spectra LRDSVR.�/' ko.
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Corollary 3.21 Consider the full symmetric monoidal subgroupoid gl1 DSVC.X / of DSVC.X / on the
objects which are invertible in the tensor product monoidal structure. Then gl1 DSVC is a sheaf of
connective spectra and LRgl1 DSVC.�/' gl1.ku/' gl1.KU/.

Proof The subgroupoid gl1 DSVC.X / is the full subgroupoid of DSVC.X / on bundles E� such that
dim.E0/� dim.E1/ D ˙1. The same argument for Lemma 3.12 shows that gl1 DSVC is a sheaf of
connective spectra (but not ring spectra). Let Z.�/ denote the sheaf whose value at X is the discrete
groupoid of continuous Z-valued functions on X . Similarly let Z=2.X / be the discrete groupoid of
continuous ˙1-valued functions on X . The inclusion iX W gl1 DSVC.X / ,! DSVC.X / fits (essentially
by definition) into a pullback square of h-types

gl1 DSVC.X / DSVC.X /

Z=2.X / Z.X /

iX

where the vertical maps send a DSV to its graded dimension. This extends to a levelwise pullback square
of simplicial h-types

gl1 DSVC.X ��
�

alg/ DSVC.X ��
�

alg/

Z=2.X ���

alg/ Z.X ���

alg/

i�
X

Forgetting the monoidal structure and considering this as just a diagram of h-types, the diagram is still
a pullback after applying LR (see [46, Definition 1.1, Proposition 5.4]). When X D �, this gives the
pullback diagram of h-types

�1LRgl1 DSVC.�/ �1LRDSVC.�/' Z�BU

Z=2 Z

exhibiting �1LRgl1 DSVC.�/ as GL1 ku. Since iX is symmetric monoidal, there is a natural-in-Y
isomorphism of abelian groups

LRgl1 DSVC.�/
0.Y /ŠMap.†1C Y;LRgl1 DSVC.�//Š ku0.Y /�

for any space Y (where the right side has the tensor product abelian group structure). Hence by Brown
representability there is an equivalence of spectra LRgl1 DSVC.�/' gl1.ku/.

The same arguments apply to the real case, which gives Corollary 3.22. Our arguments also seem
likely to apply in the case that F is a discrete field which we codify in Conjecture 3.38.
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Corollary 3.22 Consider the full symmetric monoidal subgroupoid gl1 DSVR.X / of DSVR.X / on the
objects which are invertible in the tensor product monoidal structure. Then gl1 DSVR is a sheaf of
connective spectra and LRgl1 DSVR.�/' gl1.ko/' gl1.KO/.

3.3 The groupoid of Z=2-graded line bundles

We now define a simpler sheaf that will map to DSVF and help us to understand its structure. The sheaves
LRL C and LRL R that we describe here will end up being truncations of LRgl1 DSVC ' gl1.KU/
and LRgl1 DSVR ' gl1.KO/ after evaluating at the point. Some of the ideas of this section exist in [16]
but we go a step further in relating these structures to the unit spectra of K-theory. This is in contrast
to [16, 1.45] in which they are described as truncations of ko itself. Our results are arguably more
conceptually satisfying given that these structures are in fact used for twisting both real and complex
K-theory. Indeed, in [16], Freed remarks that he does not have a conceptual reason for the appearance
of ko in his constructions.

Definition 3.23 Let X be a space, and F a (topological) field. Let L F .X / be the groupoid of pairs .�; n/
where � WE!X is an F -line bundle and n WX !Z=2D f0; 1g is a continuous function. The morphisms
between .�;m/ and .� 0;m0/ in L F .X / will be the empty set if n¤m and the set of bundle isomorphisms
otherwise. We will refer to L F .X / as the groupoid of F -superline bundles on X .

Definition 3.24 Given two pairs .�; n/; .� 0;m/ 2 L F .X /, we define a symmetric monoidal structure
on L F .X / by declaring that:

(1) The tensor product .�; n/˝ .� 0;m/ is the object .� ˝ � 0; nCm/, where the tensor product of the
left-hand coordinate is the standard tensor product of principal bundles.

(2) The symmetry isomorphism .�; n/˝ .� 0;m/ ! .� 0;m/˝ .�; n/ is given on the fiber over x by
.v; w/ 7! .w; .�1/n.x/m.x/v/.

Remark 3.25 The above definition is almost identical to the sheaf of graded T -bundles BT˙ in
[21, Definition 2.1]. Their definition differs from ours only in their definition of the symmetry isomorphism
which would be written in our notation as .v; w/ 7! .w; vn.x/m.x//. This makes sense if we take
Z=2D f�1; 1g, but then the second coordinate in the tensor product formula, i.e., nCm, does not make
sense.

Lemma 3.26 The groupoid L F .X / does not decompose as a product of symmetric monoidal groupoids.

Proof Let Z=2.X / be the discrete symmetric monoidal groupoid of Z=2-valued functions with the
pointwise group structure. The sign in the second component of the symmetry isomorphism of L F .X /

prevents the natural projection L F .X /! Z=2.X / from having a symmetric monoidal section.

Remark 3.27 The argument in the proof of Lemma 3.26, along with [32], also shows that the connective
spectrum associated to L F .X / has nontrivial k-invariant, though we will not need this fact.

Remark 3.28 Definition 3.23 extends to a presheaf of grouplike symmetric monoidal groupoids on Top
whose domain, following Remark 3.11, we restrict to Mfd and whose codomain we extend to Sp�0.
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Lemma 3.29 The presheaf L F of connective spectra on Mfd is a sheaf.

Proof Because the inclusion Gpd� S is symmetric monoidal (and the category of connective spectra is
equivalent to the category of grouplike E1 h-types), it suffices to show that L F is a sheaf of grouplike
symmetric monoidal groupoids. The fact that it is a sheaf of groupoids, without symmetric monoidal
structure, follows immediately from the fact that it decomposes as a sum of presheaves of groupoids which
are clearly sheaves. The symmetric monoidal structure glues as well since limits of symmetric monoidal
groupoids are computed in Cat. The grouplike condition is certainly satisfied for each X 2Mfd.

Proposition 3.30 With respect to the symmetric monoidal structures given by bundle tensor product ,
there is a natural-in-X symmetric monoidal functor `.X / WL F .X /!DSVF .X / defined by taking .�; n/
to the chain bundle which has line bundle � concentrated in degree n.

Proof It suffices to check for trivial bundles on a path connected space. One checks readily that
`.X /..�; n/˝ .� 0;m//Š `.X /.�; n/˝ `.X /.� 0;m/. If nDm, so nCmD 0, then we obtain the tensor
product line bundle �˝� 0 in degree 0 and the 0-line bundle in degree 1, with the zero differential between
them. If n¤m then we have the reverse situation. The definition of the morphisms in L F .X / makes it
clear that their tensor product is similarly preserved by `.

Theorem 3.31 When F equals C the connective spectrum LR L C.�/ fits into a cofiber sequence
†2HZ!LR L C.�/!HZ=2 and its k-invariant is nontrivial.

Proof Consider the simplicial colimit of Definition 3.14 used to define LR L C.�/. The connective
spectra L C.�k/ appearing in this colimit have exactly two nonzero homotopy groups, i.e., they are
stable 2-types in the sense of [32] (see the discussion preceding Lemma 3.1). These homotopy groups
are determined by the group of isomorphism classes of objects of L C.�k/ and by the automorphisms
of any one of those objects. In this case we have that �0.L

C.�k//Š Z=2 since �k is connected and
�1.L

C.�k//D Top.�k ;C�/ (since that is the group of automorphisms of the trivial bundle on �k),
where C� is considered as a topological group with the usual subspace topology inherited from C.

Again as a result of the analysis of [32], we get that the k-invariant is determined by the element
of H 2.HZ=2ITop.�k ;C�// ' HomAb.Z=2;Top.�k ;C�// (see (1) and the discussion that follows)
corresponding to the function that assigns to an element in each isomorphism class the symmetry
isomorphism of its tensor square. In this case this is the function that sends n 2 Z=2 to the constant
function on �k with value .�1/n

2

.
The ring Z=2 can be thought of as a Picard groupoid with �0 Š Z=2 and �1 D 0. Therefore there is a

forgetful functor of Picard groupoids .�; n/ 7! n, corresponding to a map of spectra L C.�k/!HZ=2

whose fiber is the Eilenberg–Mac Lane spectrum of �1.L
C.�k//. Therefore there is a cofiber sequence

of simplicial spectra

†HTop.��;C�/!L C.��/!HZ=2!†2HTop.��;C�/

in which the third term is a constant simplicial diagram and the last map is (the amalgam of) the k-invariants
just described.
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Note that the leftmost term is equivalent to †HSing
�
.C�/, the levelwise suspension of the Eilenberg–

Mac Lane spectrum of the singular simplicial group of C�. Because �1 preserves geometric realizations
we can compute the homotopy groups of this colimit in S, which are trivial except in �1, where they
are C� (with the discrete topology). This implies that the colimit of the above cofiber sequence is the
cofiber sequence †HC�! LR L F .�/!HZ=2!†2HC� with the last map being the element of
H 2.HZ=2IC�/ D HomAb.Z=2;C�/ sending n to .�1/n

2

2 C�. Now C� ' BZ so HC� ' †HZ.
Thus the preceding cofiber sequence can be rewritten as

†2HZ!LR L C.�/!HZ=2!†3HZ

and the k-invariant is still nontrivial of course (and therefore represented by ˇ Sq2).

Remark 3.32 Although L C.�k/ has homotopy groups concentrated in degrees 0 and 1 for all k, its
localization LR L C.�/ has homotopy groups concentrated in degrees 0 and 2.

Corollary 3.33 When F equals C the spectrum gl1.KU/ splits as

LR L C.�/˚ gl1.KU/Œ3;1/:

Proof After applying LR, the functor of Proposition 3.30 induces a morphism of sheaves of commutative
connective ring spectra. By Corollary 3.21, we have a map of spectra

LRL C.�/!LRgl1 DSVC.�/' gl1.KU/

after evaluating at the point. This map is an isomorphism on �0 because �0 of these spectra can be
computed by looking only at the bottom two levels of the simplicial diagram defining LR (the coequalizer
diagrams). It is of course an isomorphism on �1 because both spectra have trivial homotopy in degree 1.
Even further, it is an isomorphism on �2. To see this, first note that whenever F is a concordance invariant
sheaf there is an equivalence (as in the proof of Theorem 3.19) F.X /'Map.†1CX;F.�//. Therefore the
claimed isomorphism on �2 would follow from an isomorphism �0LR L C.S2/' �0LRgl1 DSVC.S

2/.
Since the inclusion of spaces induces an isomorphism �0LRgl1 DSVC.S

2/! �0LRDSVC.S
2/ and

the latter group is ku0.S2/, the desired claim follows from the fact that both generators of ku0.S2/ are
represented by line bundles and are therefore in the image of LR L C . Therefore the composite

LR L C.�/! gl1.KU/! gl1.KU/Œ0; 2�

is an equivalence, and the lemma follows.

Corollary 3.34 The first k-invariant of gl1.KU/ is nontrivial.

Similar arguments prove the analogous statements for LRL R:

Theorem 3.35 When F equals R the connective spectrum LR L R.�/ fits into a cofiber sequence
†HZ=2!LR L R.�/!HZ=2 and its k-invariant is nontrivial.
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Corollary 3.36 When F equals R the spectrum gl1.KO/ splits as

LR L R.�/˚ gl1.KO/Œ2;1/:

Corollary 3.37 The first k-invariant of gl1.KO/ is nontrivial.

Conjecture 3.38 Let F be a discrete field. Then there are equivalences LRDSVF .�/ ' K.F/ and
LRgl1 DSVF .�/' gl1.K.F//. Moreover , there is a splitting LRL F .�/ is a split summand of gl1 K.F/

and the first and second k-invariants of pic.K.F// are nontrivial.

4 Computations of k-invariants

In this section we compute the possible E1-structures on h-types with the same homotopy groups as
Pic1

0.KO/, Pic1
0.KU/, Pic2

1.KO/, and Pic3
1.KU/. We do this by computing the possible k-invariants of

spectra with the same homotopy groups. It will be useful to recall that Pic2
1.KO/ and Pic3

1.KU/ are
equivalent to BGL1.KO/Œ0; 2� and BGL1.KU/Œ0; 3�, respectively. In most cases we can explicitly name
these k-invariants in terms of cohomology operations.

Proposition 4.1 There are equivalences of h-types

Pic2
0.KO/' Z=8�K.Z=2; 1/�K.Z=2; 2/

and
Pic3

0.KU/' Z=2�K.Z=2; 1/�K.Z; 3/:

Proof The k-invariant connecting �0 to �1 must be zero, since on each connected component the relevant
cohomology group is clearly zero. From [41, Lemma 3.1] we have that the 1-component of Pic.KO/ splits
as K.Z=2; 1/�BSO. The fact that BSOŒ0; 2�'K.Z=2; 2/ completes the proof. The case of Pic.KU/ is
essentially identical (the result of [41] applies to both KO and KU).

4.1 First k-invariants

Now we determine the possible first k-invariants of the associated spectra pic2
0.KO/ and pic3

0.KU/.

Lemma 4.2 The first k-invariant of pic.KO/ is either trivial or Sq2
ı � W HZ=8! †2HZ=2, where

� WHZ=8!HZ=2 is the reduction mod-2 map , and the first k-invariant of pic.KU/ is either trivial or
Sq2
WHZ=2!†2Z=2.

Proof The case for KU is immediate because H 2.HZ=2IZ=2/Š Z=2. The case of KO follows from
the fact that H 2.HZ=8IZ=2/Š Z=2, which follows, e.g., from the argument given after (1).

Corollary 4.3 The k-invariants of pic1
0.KO/ and pic1

0.KU/ are Sq2
ı � and Sq2, respectively, where

� W Z=8! Z=2 is the reduction mod-2 map. Therefore Sq2
ı � and Sq2 are also the first k-invariants of

pic2
0.KO/ and pic3

0.KU/.

Proof This follows from Lemmas 3.1, 3.2 and 4.2.
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Next we wish to determine the second k-invariants of pic3
0.KU/ and pic2

0.KO/. We begin by determining
the k-invariants of their connected covers bgl1.KO/Œ0; 2� and bgl1.KU/Œ0; 3�. This is of course equivalent
to determining the k-invariants of gl1.KO/Œ0; 1� and gl1.KU/Œ0; 2�. The first is almost trivial, and we
prove it in Proposition 4.4. For the second case, more work is required, and we first prove several lemmas.

Proposition 4.4 The k-invariant of pic2
1.KO/ is Sq2

W†HZ=2!†3HZ=2. Equivalently , there are two
E1-structures on K.Z=2; 1/�K.Z=2; 2/ and the one on BGL1.KO/Œ0; 2� is the one which is not the
product structure.

Proof By considering the Postnikov tower and knowing that H 1.HZ=2IZ=2/ Š Z=2 is generated
by Sq2 we see that the only two possible k-invariants are 0 and Sq2. The result then follows from
Theorem 3.35 and Corollary 3.36.

Next we determine the k-invariant of pic3
1.KU/. We begin by determining all possible k-invariants of

a spectrum with the same homotopy groups, or equivalently, all possible infinite loop space structures on
the space �1 pic3

1.KU/' BGL1.KU/Œ0; 3�.

Lemma 4.5 There are exactly two h-types whose only nontrivial homotopy groups are �1 Š Z=2

and �3 Š Z.

Proof The result follows immediately from the computation H 4.BZ=2IZ/Š Z=2.

Lemma 4.6 Let X be the h-type with �1.X /ŠZ=2 and �3.X /ŠZ and nontrivial k-invariant. Then X

does not admit an E1-structure.

Proof If X admitted an E1-structure then its k-invariant K.Z=2; 1/! K.Z; 4/ would be �1 of a
stable k-invariant†HZ=2!†4HZ and would therefore induce a map of abelian groups on cohomology.
Let 
 2H 4.K.Z=2I 1/IZ/ŠZ=2 be the k-invariant of X and let ˛ 2H 2.K.Z=2I 1/IZ/ be the generator
given by the inclusion BZ=2! BU.1/D B2Z. Then 
 must be the cup-square of ˛.

Now for any h-type Y the cohomology operation induced by 
 is the map

H 1.Y IZ=2/!H 4.Y IZ/; a 7! ˇ.a/2;

where ˇ is the Bockstein map. Let Y DK.Z=2; 1/�K.Z=2; 1/. If we take a and b to be the generators
of H 1.Y IZ=2/ then we see that the cross term in ˇ.aC b/2 D ˇ.a/2C 2ˇ.a/ˇ.b/Cˇ.b/2 is nonzero,
and therefore the above map is not an abelian group homomorphism. In other words, the k-invariant
cannot be �1 of a stable k-invariant.

Proposition 4.7 For any n, H nC3.†nHZ=2IZ/ is isomorphic to Z=2, generated by †n.ˇ ı Sq2/ W

†nHZ=2! †nC1HZ=2! †nC3HZ, the appropriate suspension of the composite of the Bockstein
and Sq2.

Proof It suffices to calculate H 4.†HZ=2IZ/ ' H 3.HZ=2IZ/. Note that a map f W X ! †3HZ

factors through the Bockstein †3ˇ W †2HZ=2! †3HZ if and only if the composite of f with the
map †32 W †3HZ! †3HZ is null, since ˇ is the fiber of multiplication by 2. But the composite
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of any map ˛ W HZ=2 ! †3HZ with †32 W †3HZ ! †3HZ is null because H 3.HZ=2IZ/ is
2-torsion. So every element ˛ 2H 3.HZ=2IZ/ factors as ˇ˛0 for some ˛0 2H 2.HZ=2IZ=2/. Therefore
ˇ� WZ=2ŠH 2.HZ=2IZ=2/!H 3.HZ=2IZ/ is a surjection and H 3.HZ=2IZ/ has only two elements,
0 and ˇ ıSq2. Therefore it only remains to check that ˇ ıSq2 is nonzero.

Suppose that ˇ ıSq2 were null. Then Sq2 would lift to a map HZ=2!†2HZ, i.e., there would be a
factorization, through the fiber of †3ˇ,

†2HZ=2

†2HZ †2HZ †3HZ

Sq2!

†2� †3ˇ

where � is reduction mod 2. But, similarly to above, every class in H 2.HZ=2IHZ/ is 2-torsion and
therefore there is another factorization

HZ=2 †2HZ

†HZ=2

!

Sq1

ˇ

Therefore we have a commutative diagram

HZ=2 †2HZ=2

†2HZ

Sq2

ˇıSq1

†2�

This however is a contradiction because the composite †2� ı ˇ ı Sq1 must be trivial on cohomology
classes in degree greater than 1, whereas Sq2 is not. Therefore H 3.HZ=2IZ/ is isomorphic to Z=2 and
is generated by ˇ ıSq2.

Proposition 4.8 Any h-type equivalent to K.Z=2; 1/�K.Z; 3/ admits exactly two E1-structures. One
of them is the product structure and the other is the one associated to the stable k-invariant †.ˇ ıSq2/ W

†HZ=2!†4HZ.

Proof By Proposition 4.7 there are at most two E1-structures on K.Z=2; 1/�K.Z; 3/, one associated
to the coproduct spectrum †HZ=2_†3HZ and the other associated to the spectrum with the same
homotopy groups but nontrivial k-invariant †.ˇ ı Sq2/ W†HZ=2!†4HZ. By taking �1, the latter
yields an infinite loop space, distinct from the product infinite loop space, with homotopy groups �1ŠZ=2

and �3ŠZ. By Lemma 4.5 this space has either the trivial or nontrivial k-invariant, and by Lemma 4.6 it
cannot have the nontrivial k-invariant. Thus each element of H 4.†HZ=2IZ/ induces a distinct infinite
loop space structure on the product K.Z=2; 1/�K.Z; 3/.
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Corollary 4.9 The k-invariant of pic3
1.KU/ is ˇ ı Sq2 and therefore the infinite loop space structure on

Pic3
1.KU/'K.Z=2; 1/�K.Z; 3/ is not the product structure.

Proof This follows from Theorem 3.31, Corollary 3.33 and Proposition 4.8.

The following proposition is not immediately relevant but will be used later and follows naturally from
Corollary 4.9. We do not know if the splitting also exists at the level of E1-types.

Proposition 4.10 There is a splitting of E1-types Pic3
0.KU/' Z=2�Pic3

1.KU/.

Proof Consider the cofiber sequence of spectra

pic3
1.KU/! pic3

0.KU/!HZ=2:

We will calculate the set of possible k-invariants ŒHZ=2; † pic3
1.KU/�. Consider the second cofiber

sequence

†HZ=2
ˇ Sq2

��!†4HZ!† pic3
1.KU/!†2HZ=2

ˇ Sq2

��!†5HZ:

Applying ŒHZ=2;�� produces an exact sequence

H 1.HZ=2IZ=2/
ˇ Sq2

��!H 4.HZ=2IZ/! Œ†HZ=2; †2 pic3
1.KU/�

!H 2.HZ=2IZ=2/
ˇ Sq2

��!H 5.HZ=2IZ/:

In order to compute the two relevant integral cohomology groups of HZ=2, we use the exact sequence
HZ!HZ=2

ˇ
�!†HZ to identify H k.HZ=2IZ/ as the image of the multiplication-by-Sq1 map

H k�1.HZ=2IZ=2/!H k.HZ=2IZ=2/;

which in turn can be made explicit via the standard generators of the Steenrod algebra and the Adem
relations. We find that our sequence of interest can be rewritten as

Z=2fSq1
g
ˇ Sq2

��! Z=2fˇ Sq2 Sq1
g ! ŒHZ=2; † pic3

1.KU/�

! Z=2fSq2
g
ˇ Sq2

��! Z=2fˇ Sq4
g:

From this it immediately follows that the first map in the sequence is surjective, and the final map is zero,
so the third map gives an isomorphism

ŒHZ=2; † pic3
1.KU/�Š ŒHZ=2; †2HZ=2�Š Z=2fSq2

g:

Now recall that Sq2
W†HZ=2!†3HZ=2 induces the null map on underlying spaces BZ=2!B3Z=2.

Indeed, by the instability relation Sq2 kills the (degree-1) generator of HZ=2�BZ=2. Therefore both
infinite-loop maps BZ=2! B2Pic3

1.KU/ are null as maps of spaces, and the claim follows.
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4.2 Extending to pic2
0
.KO/ and pic3

0
.KU/

So far we have computed the k-invariants of pic1
0.KO/, pic1

0.KU/, pic2
1.KO/ and pic3

1.KU/. Now we
wish to determine how this data can be glued together to understand the k-invariants of pic2

0.KO/ and
pic3

0.KU/. Our computations only determine the second k-invariants of these spectra up to isomorphism.
In other words, for KO we determine that the second k-invariant of pic2

0.KO/ is one of two elements of
H 3.pic1

0.KO/IZ=2/Š Z=2�Z=2, and for KU it is one of the two generators of H 4.pic1
0.KU//Š Z=4.

In the latter case there is an equivalence of Postnikov towers which interchanges the two generators, but
in the former case it is less clear which generator one should choose. Ultimately, however, the choice will
not matter because both k-invariants work for the applications of Section 5. In particular, both choices
satisfy the conclusions of Propositions 4.18 and 4.19.

The proof of Lemma 4.12 was sketched for us by Tyler Lawson. Any mistakes are of course due to
our own misunderstanding.

Lemma 4.11 There is an exact sequence

0!H 4.HZ=2IZ/!H 4.pic1
0.KU/IZ/!H 3.HZ=2IZ/! 0

in which the first group is generated by ˇ Sq2 Sq1 and the last group is generated by ˇ Sq2.

Proof The generators of the first and last groups are standard computations. The fact that

H 4.HZ=2IZ/!H 4.pic1
0.KU/IZ/!H 3.HZ=2IZ/

is exact follows immediately from applying H 4.�IZ/ to the cofiber sequence

†HZ=2! pic1
0.KU/!HZ=2

from the Postnikov tower of pic.KU/. The fact that the entire sequence is short exact follows on the left
from the fact that H 2.HZ=2IZ/ D 0. For the right-hand side, first recall that the first k-invariant of
pic.KU/, i.e., the only k-invariant of pic1

0.KU/, is Sq2
WHZ=2!†2HZ=2. Therefore there is an exact

sequence

H 4.pic1
0.KU/IZ/!H 3.HZ=2IZ/!H 5.HZ=2IZ/

in which the last map is Sq2. Since H 3.HZ=2IZ/ŠZ=2 is generated by ˇ Sq2 the image of this map is
ˇ Sq2 Sq2. Taking the quotient by 2, which is an injection H�.HZ=2IZ/!H�.HZ=2IZ=2/ (its kernel
is the image of multiplication by 2 between Z=2-modules), we get Sq1 Sq2 Sq2, which is zero by the
Adem relations. Therefore the image of Sq2

WH 3.HZ=2IZ/!H 5.HZ=2IZ/ is zero.

Lemma 4.12 There is an isomorphism H 4.pic1
0.KU/IZ/Š Z=4.

Proof Consider the cofiber sequence S
2
�! S

q
�! S=2, where S=2 is the mod-2 Moore spectrum. Let

Nf W S! pic1
0.KU/ be the generator of �0.pic1

0.KU// Š Z=2. Then since �0.pic1
0.KU// is 2-torsion,

Nf lifts to a nonzero map f WS=2! pic1
0.KU/. The long exact sequence in homotopy applied to the above
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cofiber sequence shows that �0.S=2/Š Z=2, generated by q and �1.S=2/Š Z=2, generated by q ı �.
By considering the commutative diagram

†dS

S S=2

pic1
0.KU/

�
qı�

q

Nf
f

in which d D 0; 1 and � D id; �, respectively, we have that f must be nonzero on �0 and �1 and
therefore an isomorphism on those two homotopy groups. As a result, the cofiber of f , cofib.f /, is
2-connected. Applying the Hurewicz theorem to cofib.f /, we find that �3.cofib.f //ŠH 3.cofib.f /IZ/.
Applying the long exact sequence in homotopy to the cofiber sequence S=2! pic1

0.KU/! cofib.f /
we see that �3.cofib.f // Š �2.S=2/. Now applying the long exact sequence for homology to the
same cofiber sequence, we get �2.S=2/ŠH 3.pic1

0.KU/IZ/. The universal coefficient theorem tells us
that H 4.pic1

0.KU/IZ/Š Ext.�2.S=2/;Z/Š �2.S=2/
_ Š �2.S=2/. We conclude by pointing out that

�2.S=2/ Š Z=4. The authors cannot find this final fact in the published literature, but several sketch
proofs of it are provided in [40].

Proposition 4.13 The second k-invariant of pic3
0.KU/ generates H 4.pic1

0.KU/IZ/Š Z=4.

Proof By Lemma 4.12 and Theorem 3.31 there are three options for the second k-invariant of pic3
0.KU/:

any of the nontrivial maps pic1
0.KU/!†4HZ. However, by Corollary 4.9, the actual second k-invariant

must give ˇ Sq2 on pic3
1.KU/ after taking a connected cover. This corresponds to asking for maps

pic1
0.KU/!†4HZ which restrict to ˇ Sq2 when precomposing with the map †HZ=2! pic1

0.KU/ in
the Postnikov tower of pic.KU/. But by Lemma 4.11, Z=4ŠH 4.pic1

0.KU/IZ/!H 3.Z=2IZ/ŠZ=2 is a
surjection, and the codomain is generated by ˇ Sq2. Therefore only the two generators of H 4.pic1

0.KU/IZ/
satisfy the necessary property, so one of them of must be the k-invariant of pic3

0.KU/.

Theorem 4.14 The two generators of Z=4ŠH 4.pic1
0.KU/IZ/ yield equivalent Postnikov sections , and

hence both present pic3
0.KU/.

Proof Let a and b be the two generators of Z=4ŠH 4.pic1
0.KU/IZ/. Since aD�b there is a commutative

diagram

pic1
0.KU/ †4HZ

pic1
0.KU/ †4HZ

a

id �1

b

The induced map between the fibers of the horizontal maps is an equivalence between the Postnikov
sections corresponding to the k-invariants a and b.
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Remark 4.15 While we do not have a geometric argument at hand, it seems almost certain that the
automorphism used in the proof of Theorem 4.14 corresponds to the complex conjugation automorphism
on KU.

Proposition 4.16 There is an isomorphism H 3.pic1
0.KO/IZ=2/ Š Z=2 � Z=2. Moreover , pulling

back along the fiber in the Postnikov tower for pic1
0.KO/, †HZ=2! pic1

0.KO/, induces a surjection
Z=2�Z=2! Z=2fSq2

g.

Proof For readability we do not include the entire proof. We only note that it arises from considering the
long exact sequence in mod-2 cohomology applied to the Postnikov tower†HZ=2! pic1

0.KO/!HZ=8

and a large number of low-degree cohomology computations for the Eilenberg–Mac Lane spectra HZ=8

and HZ=2.

Remark 4.17 For the time being, we do not know how to specify the “correct” k-invariant for pic2
0.KO/,

as it could be one of two elements in the preimage of Sq2. In the case of pic.KU/ the ambiguity is
irrelevant up to equivalence (see Theorem 4.14), but a similar approach will not work here. It may be
possible to resolve the ambiguity by taking homotopy fixed points of pic.KU/ and comparing the second
k-invariant of the resulting fixed point spectrum, via the homotopy fixed points spectral sequence, to the
two possibilities given in Proposition 4.16. Luckily, this uncertainty does not effect the group structure
on the pic2

0.KO/-cohomology of a space.

4.3 Group structures

Now that we know the k-invariants of pic2
0.KO/ and pic3

0.KU/, we can determine the group laws for
pic2

0.KO/0.X / and pic3
0.KU/0.X /, which we will use in the next section.

Proposition 4.18 For a space X , the group law on the set

pic3
0.KU/0.X /ŠH 0.X IZ=2/�H 1.X IZ=2/�H 3.X IZ/

is given by .a; b; c/� .a0; b0; c0/D .aC a0; bC b0; cC c0Cˇ.b[ b0//, where we abuse notation and use
the symbolC to denote the usual addition in H 0.X IZ=2/, H 1.X IZ=2/ and H 3.X IZ/.

Proof Proposition 4.10 implies that the first coordinate of the group splits off. Therefore it suffices
to prove that the group structure on pic3

1.KU/0.X / is .b; c/C .b0; c0/ D .b C b0; c C c0 C ˇ.b [ b0//.
Consider the natural short exact sequence of abelian groups

H 3.X IZ/! pic3
1.KU/0.X /!H 1.X IZ=2/:

The cocycle for that group extension (in the sense of [49, Section 6.6]) is a natural map

H 1.X IZ=2/�H 1.X IZ=2/!H 3.X IZ/;

which (since it is natural in X ) is represented by some map K.Z=2; 1/�K.Z=2; 1/!K.Z; 3/. There
are only two such maps, the trivial one and ˇ.�[�/. The cocycle cannot be trivial, otherwise pic3

1.KU/
would be a direct sum of Eilenberg–Mac lane spectra, which contradicts Corollary 4.9.
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The proof of the following proposition is similar.

Proposition 4.19 For an h-type X , the group law on the set

pic2
0.KO/0.X /ŠH 0.X IZ=2/�H 1.X IZ=2/�H 2.X IZ=2/

is given by .a; b; c/� .a0; b0; c0/D .aC a0; bC b0; cC c0C b[ b0/, where we abuse notation and use the
symbolC to denote the usual addition in H 0.X IZ=8/, H 1.X IZ=2/ and H 2.X IZ=2/.

5 What pic2
0.KO/ and pic3

0.KU/ represent

In the following section we describe several algebraic and geometric interpretations of the cohomology
theories associated to pic2

0.KO/ and pic3
0.KU/.

5.1 Brauer groups

By determining the group structures of pic3
0.KU/0.X / and pic2

0.KO/0.X / for a space X we now have
that Pic3

0.KU/ and Pic2
0.KO/ represent well-known classical Brauer groups whose elements are Morita

classes of bundles of Z=2-graded central simple algebras [10, Theorem 6, Theorem 11]; bundles of
Z=2-graded continuous trace C �-algebras (as described below); and bundles of super (i.e., Z=2-graded)
2-lines (see Corollary 5.8). All of these data were previously known to be isomorphic, at least at the level
of folks theorems, but interpreting them in terms of Pic3

0.KU/ and Pic2
0.KO/ is new. However, this is

consistent with the fact that bundles of graded central simple algebras; bundles of graded C �-algebras;
and bundles of super 2-lines; can all be used to twist K-theory.

Definition 5.1 We let GBrO.X / denote the Brauer group of (possibly infinite-dimensional) graded,
continuous trace, complex C �-algebras with spectrum X , as in [44]. We let GBrU.X / denote the Brauer
group of (possibly infinite-dimensional) graded, continuous trace, real C �-algebras with spectrum X , as
in [43].

The following theorems are proven in [43; 44]:

Theorem 5.2 (Maycock) If X is a space homotopy equivalent to a CW-complex then

GBrU.X /ŠH 0.X IZ=2/�H 1.X IZ=2/�H 3.X IZ/

with group law .a; b; c/C .a0; b0; c0/ D .aC a0; b C b0; c C c0 C ˇ.b [ b0// where ˇ is the Bockstein
homomorphism.

Remark 5.3 In [44] the H 0 term is mostly ignored, since Maycock requires that her bundles have
isomorphic fibers over every connected component. This assumption is unnecessary, as shown in [43].

Theorem 5.4 (Moutuou) If X is a space homotopy equivalent to a CW-complex then

GBrO.X /ŠH 0.X IZ=8/�H 1.X IZ=2/�H 2.X IZ=2/

with group law .a; b; c/C .a0; b0; c0/D .aC a0; bC b0; cC c0C .b[ b0//.
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Propositions 4.18 and 4.19 now imply the following corollaries:

Corollary 5.5 If X is a space homotopy equivalent to a CW-complex then there is an isomorphism

GBrU.X /Š pic3
0.KU/0.X /:

Corollary 5.6 If X is a space homotopy equivalent to a CW-complex then there is an isomorphism

GBrO.X /Š pic2
0.KO/0.X /:

Remark 5.7 The Brauer group of Z=2-graded continuous trace C �-algebras with spectrum X is equivalent
to the Brauer group of Z=2-equivariant C �-algebras with spectrum X with the property that the induced
Z=2-action on X is trivial. Our constructions of pic3

1.KU/ and pic2
1.KO/, and the fact that they represent

these Brauer groups, should be compared to the construction of the cohomology theory EC;T in [14]. It is
shown therein that E0

C;T .X / is the group of T -equivariant line bundles on X and that E1
C;T .X / is the

Brauer group of T -equivariant C �-algebras with spectrum X where X has trivial induced T -action. Our
constructions on the other hand show that pic3

1.KU/�1.X / is the group of super line bundles on X and
that pic3

1.KU/0.X / is the Brauer group of Z=2-equivariant C �-algebras with spectrum X having trivial
induced Z=2-action. Moreover, �1EC;T ' Z �K.Z; 2/ and �1†�1 pic3

1.KU/ ' Z=2 �K.Z; 2/.
This suggests that Evans and Pennig’s EC;T spectrum is equivalent to gl1.KUT /, the space of units of
T -equivariant complex K-theory.

Propositions 4.18 and 4.19 also give pic3
0.KU/ and pic2

0.KO/ the following interpretations in terms of
graded 2-line bundles.

Corollary 5.8 Let X be a smooth manifold. Then

pic3
0.KU/0.X /Š sLBdlC.X / and pic2

0.KO/0.X /Š sLBdlR.X /;

where sLBdlC and sLBdlR are the Brauer groups of complex and real super 2-line bundles on X as
defined in [34].

Proof This follows immediately from either [34, Theorem 4.4] or [42, Theorem 2.2.6].

Corollaries 5.5 and 5.8 have the following interpretation in terms of parameterized stable homotopy
theory:

Corollary 5.9 If X is connected then there is an isomorphism between the Brauer group of graded ,
continuous trace , complex C �-algebras with spectrum X , equivalently the Brauer group of complex super
2-line bundles on X , and ŒX;B.GL1.KUŒ0; 2�//�, the group of KUŒ0; 2�-line bundles on X (where the
group structure on the latter arises from the abelian1-group structure of the target). The same holds in
the real case with KUŒ0; 2� replaced by KOŒ0; 1�.

Proof We have a string of equivalences of infinite loop spaces

Pic3
1.KU/' B�Pic3

0.KU/' BGL1.KU/Œ0; 3�' B.GL1.KU/Œ0; 2�/:
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Therefore it suffices to show that GL1.KU/Œ0; 2� ' GL1.KUŒ0; 2�/, which follows from Lemma 5.12
below. The argument for the real case is identical.

Remark 5.10 The group structure on KUŒ0; 2�-line bundles over X also arises by interpreting it as the
set of connected components of the symmetric monoidal slice category1-category Top=B.GL1.KUŒ0;2�//.
Here, the symmetric monoidal structure is given by [3, Proposition 6.12]. This can be interpreted as
applying Lurie’s straightening construction to the slice category and equipping the resulting presheaf
category with the Day convolution monoidal structure.

Remark 5.11 Corollary 5.9 cannot be stated in terms of all of Pic3
0.KU/ for the following reason: the

spectrum KUŒ0; 2� is no longer 2-periodic, so �0.Pic.KUŒ0; 2�// will be at least Z. As a result we cannot
think of maps X ! Pic3

0.KU/ as bundles of invertible KUŒ0; 2�-modules on X .

Lemma 5.12 Let R be a connective commutative ring spectrum and n 2 Z a positive integer. Then there
is an equivalence of infinite loop spaces

GL1.RŒ0; n�/' GL1.R/Œ0; n�:

Proof Consider the zigzag of infinite loop maps

GL1.RŒ0; n�/! GL1.RŒ0; n�/Œ0; n� GL1.R/Œ0; n�;

where the arrow from left to right is the usual map from a space to its truncation and the arrow from
right to left is obtained by truncating after applying the functor GL1 to the ring map R ! RŒ0; n�.
Recall that the homotopy groups of GL1.R/ are isomorphic to those of R except in degree zero where
�0.GL1.R//Š �0.R/

�. Therefore GL1.RŒ0; n�/ is an n-truncated space and the left to right map from
itself to its truncation is an equivalence. Because R! RŒ0; n� is an equivalence through homotopy
degree n, so is GL1.R/! GL1.RŒ0; n�/ and therefore the left to right map is also an equivalence.

Remark 5.13 There is an equivalence of commutative ring spectra KUŒ0; 2� ' kuŒ0; 2� which is the
truncation of the equivalence ku! KUŒ0;1/. This is essential to the use of Lemma 5.12 in the proof of
Corollary 5.9. In particular we must construct KUŒ0; 2� by first taking the connective cover of KU and
then truncating, as KU.�1; 2� is not even a ring spectrum.

Remark 5.14 Recall that there is a C2-action on KU by complex conjugation whose fixed point spectrum
is KO. The C2-equivariant complex K-theory spectrum is often denoted by KR, following Atiyah. One
can show that the second C2-equivariant Postnikov slice of KR, denoted by P2KR (in the sense of [28])
has underlying spectrum KUŒ0; 2� and fixed point spectrum KOŒ0; 1� [27]. Therefore both perspectives are
encompassed by the space of equivariant units of KR, i.e., GL1.KR/. In other words, given the correct
equivariant generalization of Lemma 5.12, both the real and complex Brauer groups described above are
determined by a delooping of P2GL1.KR/. This is closely related the operator-theoretic perspective on
real K-theory described in [43]. We will return to this question in later work.
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5.2 Twisting Spin- and String-structures

Recall from [45] that the set of String-structures on a Spin-manifold M is a torsor for H 3.M IZ/. Our
results admit a similar interpretation, except that we are considering String-structures on a manifold with a
fixed orientation (as opposed to a fixed Spin-structure). Our results imply that the set of String-structures
on M relative to a fixed orientation is a torsor for pic3

1.KU/0.M /ŠH 1.M IZ=2/ËH 3.M IZ/. Similarly,
the Spin-structures on a real manifold M are a torsor for pic2

1.KO/0.M /ŠH 1.M IZ=2/ËH 2.M IZ=2/.

Definition 5.15 Let SO==String denote the abelian1-group arising as the fiber of the connective cover
BString! BSO.

Proposition 5.16 There is an equivalence of abelian1-groups SO==String' Pic3
1.KU/.

Proof Let F be the fiber in Sp of the connective cover bstring! bso. Therefore F has �1.F /Š Z=2

and �3.F /Š Z as its only nontrivial homotopy groups. By Proposition 4.8 and Corollary 4.9 it suffices
to show that the k-invariant of F is nontrivial. We will show that the k-invariant of †F is nontrivial,
which is equivalent.

Note that there is a fiber sequence bstring! bso! bsoŒ0; 4� ' †F . By Lemma 4.6, there is an
equivalence of h-types

BSOŒ0; 4�' B.BGL1.KU/Œ0; 3�/'K.Z=2; 2/�K.Z; 4/

so there is a natural isomorphism of sets bsoŒ0; 4�0.X /ŠH 2.X IZ=2/˚H 4.X IZ/. If the k-invariant
of F were trivial, this would be an isomorphism of abelian groups. We will show that is not the case.

Because of the h-type splitting BSOŒ0; 4�'K.Z=2; 2/�K.Z; 4/ described above, there is a projection
BSOŒ0; 4�!K.Z=2; 2/ and the composite of that projection with the truncation BSO! BSOŒ0; 4� must
be nontrivial. Therefore the second Stiefel Whitney class w2 W BSO! K.Z=2; 2/ can be factored as
BSO! BSOŒ0; 4�!K.Z=2; 2/. As a result, the composite bso0.X /! bsoŒ0; 4�0.X /!H 2.X;Z=2/

must take an oriented vector bundle V on X to w2.V /.
The composite p W BSO ! BSOŒ0; 4� ! K.Z; 4/ determines some integral characteristic class

(and is therefore some multiple of the first Pontryagin class p1). We argue that it must be either p1

or �p1. First note that by the computations of [12] and the Künneth formula, H4.BSOŒ0; 4�IZ/ splits
as H4.K.Z=2; 2/IZ/˚H4.K.Z; 4/IZ/ŠZ=4˚Z. This implies that H 4.K.Z=2; 2/�K.Z; 4/IZ/Š

HomAb.Z=4˚ Z;Z/ Š Z. Thus the projection BSOŒ0; 4� ! K.Z; 4/ gives an isomorphism in H 4.
The restriction along BSO ! BSOŒ0; 4� is surjective on H 4 for connectivity reasons, and hence an
isomorphism, so the composite p must be a generator of H 4.BSO;Z/, which proves the claim.

Since the natural map bso0.X / ! bsoŒ0; 4�0.X / is a map of abelian groups, if the isomorphism
bsoŒ0; 4�0.X /ŠH 2.X IZ=2/˚H 4.X IZ/ were also one of abelian groups then the map which sends an
oriented vector bundle V to .w2.V /;˙p1.V // would be a map of abelian groups. But the Whitney sum
formulas that dictate the behavior of w2 and p1 under the direct sum of bundles make this impossible.

Corollary 5.17 Let X be a space with an oriented real vector bundle � WX ! BSO which lifts to a string
bundle. Then the set of string bundles which lift � is a torsor for pic3

1.KU/0.X /' bgl1.KUŒ0; 2�/0.X /.
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Proof This follows from applying the limit preserving functor Map.X;�/ to the pullback of h-types

Pic3
1.KU/ BString

f�g BSO�

Remark 5.18 Corollary 5.17 implies that if X is a connected and oriented manifold which admits a
string structure then those string structures can be twisted by elements of bgl01.KUŒ0; 2�/.X /. These are
KUŒ0; 2�-line bundles on X and therefore, in light of Corollary 5.8, complex super 2-line bundles.

Remark 5.19 We suspect it is also true that Pic3
0.KU/ ' fib.BString! BO/, but we don’t have an

interesting interpretation of this fact, so we do not investigate it here.

The next proposition can be proven by methods similar to those used in the proof of Proposition 5.16:

Proposition 5.20 If O==Spin denotes the fiber of the map BSpin! BO then there is an equivalence of
abelian1-groups O==Spin' Pic2

1.KO/' BGL1.KOŒ0; 1�/.

Corollary 5.21 For an h-type X with a real vector bundle � WX ! BO the set of lifts of � to BSpin is a
torsor for bgl01.KOŒ0; 1�/.

Remark 5.22 In light of the results of [7; 13], Propositions 5.16 and 5.20 imply that M String!M SO
and M Spin!M O are Hopf–Galois extensions (or co-Galois extensions) in the sense of [47] with Galois
algebras SŒBGL1.KUŒ0; 2�/� and SŒBGL1.KOŒ0; 1�/, respectively. In other words, there are morphisms of
affine spectral schemes Spec.M SO/! Spec.M String/ and Spec.M O/! Spec.M Spin/ which are tor-
sors for the affine commutative group schemes Spec.SŒBGL1.KUŒ0; 2�/�/ and Spec.SŒBGL1.KOŒ0; 1�/�,
respectively. We note however that this in no way implies that either M String!M SO or M Spin!M O
is an actual Galois extension. These statements could be made more precise with the language of [39] but
we leave that for another day.

5.3 Twisting cohomology theories

There are maps of h-types Pic3
0.KU/ ! Pic.KU/ and Pic3

0.KU/ ! Pic.KO/, but we do not know if
these are maps of abelian 1-groups because we do not know if there are E1-splittings Pic.KU/ '
Pic3

0.KU/�Pic14 .KU/ or Pic.KO/' Pic2
0.KO/�Pic13 .KO/. However, there are E1-splittings

BGL1.KU/' Pic3
1.KU/�BGL1.KU/Œ4;1/ and BGL1.KO/' Pic2

1.KO/�BGL1.KO/Œ3;1/

(this is well known, but also follows from our Corollaries 3.33 and 3.36). Therefore for a connected
h-type X there are twists of real and complex K-theory by pic3

1.KU/0.X / and pic2
1.KO/0.X /.

Question 5.23 Given a class ˛ 2 pic3
1.KU/0.X / there is a twisted K-theory group K˛.X /. On the

other hand , via the isomorphism of Corollary 5.5, ˛ is also a class in GBrU.X /, i.e., a Morita class of
graded continuous class C �-algebras with spectrum X . Then , by [44, Section 4.1] there is a twisted
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operator-theoretic KK-theory group KK˛.X /. Are these two groups always isomorphic? This question ,
for the comparison between ungraded C �-algebras and H 3.X IZ/ is answered in the affirmative in [26].

More generally, using the results of Section 5.2, we may repeat the constructions of [2] to obtain twists
of other cohomology theories that now can be interpreted as coming from KUŒ0; 2� and KOŒ0; 1� line
bundles.

Example 5.24 By taking Thom spectra of the fiber sequence BGL1.KOŒ0; 1�/ ! BSpin ! BO of
Proposition 5.20 and composing with the E1 Atiyah–Bott–Shapiro orientation of [31], we obtain a
composite of maps of E1-ring spectra

†1CBGL1.KOŒ0; 1�/!M Spin! KO:

The gl1 ` †
1
C�

1 adjunction then induces a map of abelian1-groups BGL1.KOŒ0; 1�/! GL1.KO/
which deloops to

B2GL1.KOŒ0; 1�/! BGL1.KO/:

Recall that B2GL1.KOŒ0; 1�/ is the base space component of Br.KOŒ0; 1�/ and BGL1.KOŒ0; 1�/ '
�BGL1.KOŒ0; 1�/ classifies super 2-line bundles. We think it reasonable to interpret this map as giving
twists of KO-theory by real super 3-line bundles (though there does not appear to be an agreed upon
definition of 3-line bundles in the literature).

Remark 5.25 Note that the fiber of the composite BSpinc
! BSO! BO is, as an h-type, equivalent

to Z=2�K.Z; 2/. Under the assumption that this fiber has nontrivial E1-structure, Theorem 3.35 implies
that it is equivalent as an abelian1-group to the h-type classifying complex superline bundles. In other
words, Spinc-structures on manifolds can be twisted by complex superline bundles. We believe that this
fact has an interpretation in terms of Clifford algebra bundles which is the subject of joint work of the
first two authors and Pacheco-Tallaj.

Example 5.26 Similarly to Example 5.24, we can use the fiber sequence in the proof of Proposition 5.16,
BGL1.KUŒ0; 2�/!BString!BSO, along with the E1-orientation M String!KU of Ando, Hopkins
and Rezk [5] to obtain twists

B2GL1.KUŒ0; 2�/! BGL1.tmf/:

Again one might interpret such twists as twists of tmf-theory by complex super 3-line bundles, or maps
to the connected component of Br.KUŒ0; 2�/.

Remark 5.27 Recall that, for a commutative ring spectrum R, the base point component of Br.R/ is
the space of LModR-modules (in Cat1) which are equivalent to LModR and equivalences between
them. Moreover, there is a canonical map of spectra bgl1.R/ ! gl1.K.R//, and hence a map of
abelian1-groups B2GL1.R/! BGL1.K.R//, by which we may think of maps X ! B2GL1.R/ as
K.R/-line bundles. Example 5.26 then suggests that our twists B2GL1.KUŒ0; 2�/! BGL1.tmf/ are
related to K.KU/ being a form of elliptic cohomology (see, for instance, [6]).
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5.4 Mathematical physics

In this section we describe how our work is connected to work in mathematical physics of Freed, Hopkins
and others. In [16, 1.34, 1.38], Freed describes four spectra: cAlg�R, cAlg�C , Alg�R and Alg�C . These are
each Picard spectra of Morita 2-categories of invertible algebras, bimodules between them, and intertwiners
between bimodules. In the first two cases Freed requires that the bimodule structures and the intertwiners
are all continuous with respect to the topologies of R and C, respectively. In the second two cases,
everything is with respect to the discrete topologies on R and C. Freed computes the homotopy groups
and k-invariants of each of these spectra (implicitly using results which are made concrete in [24; 32]).
Each of these have a finite number of nonzero homotopy groups, all of which we exhibit below:

�f0;1;2;3gcAlg�C Š fZ=2;Z=2; 0;Zg; �f0;1;2gcAlg�R Š fZ=8;Z=2;Z=2g;

�f0;1;2gAlg�C Š fZ=2;Z=2;C
�
g; �f0;1;2gAlg�R Š fZ=8;Z=2;R

�
g:

In the last two cases, C� and R� both have the discrete topology. Freed also computes the k-invariants
of these spectra to all be nontrivial. Freed’s computations when combined with ours (as well as
Conjecture 3.38) yield the following:

Theorem 5.28 There are equivalences of spectra

cAlg�C ' pic3
0.KU/; cAlg�R ' pic2

0.KO/; Alg�C Œ1; 2�' pic2
1.K.C//;

1 Alg�RŒ1; 2�' pic2
1.K.R//:

1

Note that the second and last spectra above are essentially the same because there is no nondiscrete
topology to put on Z=2.

In [17, 4.3, 4.4] Freed again introduces these spectra, though with different names (and of course
ignoring the difference between cAlg�R and Alg�R). Specifically, he writes R�1 for cAlg�C , R�2

R=Z for Alg�C ,
and E for cAlg�R. However, Freed is also interested in the connective covers of the one-fold desuspensions
of these spectra, which he denotes by R�2, R�3

R=Z and E�1. This immediately implies the following.

Corollary 5.29 There are equivalences of spectra

R�2
' gl1.KU/Œ0; 2�; R�3

R=Z ' gl1.K.C//Œ0; 1�;
2 E�1

' gl1.KO/Œ0; 1�:

The spectra R�2, R�3
R=Z and E�1 are explained by Freed to be the Picard spectra of the groupoids of

complex superlines, flat complex superlines, and real superlines. This should not be surprising in light of
the identifications made in Corollaries 3.33 and 3.36.

In [17; 16], Freed identifies cAlg�C with †�1koŒ1; 4�, which is abstractly equivalent to pic3
0.KU/, but

remarks that he does not have a conceptual reason for this identification. Similarly, for cAlg�R ' Alg�R,
Freed mentions that there is not an “off the shelf” spectrum representing it. We claim that the constructions
of this paper, and the identifications made in this section, provide spectra which naturally arise in stable

1While the nontriviality of the k-invariants of these spectra relies on Conjecture 3.38, they do have the correct homotopy
groups in the correct degrees (see [33]).

2Again, conjecturally.
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homotopy theory (they are “off the shelf”) which are the Picard spectra of these Morita categories.
Moreover, the constructions of Sections 3.2 and 3.3 essentially prove that the Picard and unit spectra of
interest in this paper have the desired geometric interpretations.

5.5 The Anderson dual of S

Recall that there is a spectrum called the Anderson dual of S, denoted by IZ, which defines a functor
on Sp, Map.�; IZ/ W Spop

! Sp (see, e.g., [25, §2; 37, 4.3.9]). Given a spectrum E we will write IZE

for Map.E; IZ/ and refer to this as the Anderson dual of E.
We now show that there is a close relationship between the truncated Picard spectrum pic3

0.KU/ and
the Anderson dual of the sphere spectrum. This is consistent with the results of the prior section as the
Anderson dual often appears in the mathematical physics work of Freed, Hopkins and others (see, for
instance, [18, Hypothesis 5.17; 19, Ansatz 5.26, Theorem 5.27]).

We will be particularly interested in †n.IZŒ�n;1//, the n-fold suspension of the �n-connective cover
of IZ. We will simplify notation by writing this as nIZ.

Lemma 5.30 The spectrum 3IZ has homotopy groups �0 D Z=2, �1 D Z=2, �2 D 0, �3 D Z.

Proof The uppermost homotopy groups of IZ (which is coconnective) are well known, see again
[37, 4.3.9], and the result follows by suspending.

Lemma 5.31 The unique k-invariant of the spectrum 2IZ is ˇ Sq2 and the bottom k-invariant of 3IZ

is Sq2.

Proof By [37, 4.2.7(1)] the functor Map.�; IZ/ is a contravariant equivalence on the full subcategory
of spectra with finitely many homotopy groups all of which are finitely generated. The first k-invariant
of S is nontrivial and therefore so is the map Sq2

ı � W HZ! †2HZ=2. This is also of course the
k-invariant of SŒ0; 1�. It follows that the uppermost k-invariant of IZ, hence the k-invariant of IZŒ�2; 0�,
or equivalently of 2IZ, is a nontrivial map HZ=2!†3HZ, and therefore must be ˇ Sq2, the generator
of H 3.HZ=2IZ/ Š Z=2. By a similar argument the bottom k-invariant of 3IZ is nontrivial and
therefore Sq2.

Theorem 5.32 There is an equivalence of spectra pic3
0.KU/' 3IZ.

Proof The spectra have the same homotopy groups and both have Sq2 as their bottom k-invariant. The
calculations of Lemmas 4.11 and 4.12 and Propositions 4.13 and 4.14 proceed identically for 3IZ and
show that although it has two possible second k-invariants they yield equivalent spectra, both of which
must be equivalent to pic3

0.KU/.

Corollary 5.33 There is an equivalence of spectra gl1.KUŒ0; 2�/' 2IZ.

We recall the hypothetical characterization of topological field theories given by Freed and Hopkins
[16, Ansatz 5.26]:
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Ansatz 5.34 A continuous , invertible , n-dimensional extended topological field theory with symmetry
group Hn is a map

� W†nMTHn!†nC1.IZŒ�n; 0�/;

where MTHn is the Madsen–Tillman spectrum for Hn of [22].

If we believe Ansatz 5.34 then a topological field theory determines a map, for a manifold X ,
�� W MTHn

n.X /! nI0
Z.X /. The domain of this map is, by [22], a set of submersions E ! X with

n-dimensional fibers, up to cobordism, and therefore essentially a bundle of cobordism classes of
n-dimensional manifolds on X . If we let nD 1; 2 then Theorem 5.32 and Corollary 5.8 imply that we
have a map whose input is bundles of 1- or 2-dimensional manifolds over X and whose output is either
super lines bundles on X or super 2-line bundles on X , which is the behavior one would expect of a fully
extended, invertible topological field theory (especially in the case that X D �). This also suggests that
super n-lines in general should be classified by maps into nIZ (or rather, should be defined as such, as
the authors are not aware of any generally accepted definition of super n-line).

The following conjecture is a 2-local and real version of Theorem 5.32, but the indeterminacy of the
k-invariants of pic2

0.KO/ in our calculations prevents us from proving it. Recall that ��4.IZ/Š Z=24

which becomes Z=8 after 2-localizing. Therefore the left-hand spectrum below has homotopy groups
fZ=8;Z=2;Z=2; 0;Z.2/g, which agree with the homotopy groups of the right-hand side.

Conjecture 5.35 There is an equivalence of spectra 4.IZ/.2/ ' pic4
0.KO.2//.

We conclude with an attempt to collect the ideas of Sections 5.4 and 5.5, at least in the complex case,
in the following table:

gl1.KU/Œ0; 2�' gl1.KUŒ0; 2�/ pic3
0.KU/ br.KU/Œ0; 4�

n/a central simple C-superalgebras central simple KUŒ0; 2�-algebras?

invertible (super) C-modules invertible sVectC-modules invertible LMod.KUŒ0; 2�/-modules?
(Š invertible KUŒ0; 2�-modules?)

complex superlines complex super 2-lines complex super 3-lines?

†2.IZŒ�2;1// †3.IZŒ�3;1// †4.IZŒ�4;1//?

Certain entries are conjectural, and therefore ended with question marks. Note that the passage from the
first row to the second is obtained by applying the functor LMod.�/ and that the third row is essentially
just a renaming of the second row.
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Polyhedral coproducts

STEVEN AMELOTTE, WILLIAM HORNSLIEN AND LEWIS STANTON

Dualising the construction of a polyhedral product, we introduce the notion of a polyhedral coproduct
as a certain homotopy limit over the face poset of a simplicial complex. We begin a study of the basic
properties of polyhedral coproducts, surveying the Eckmann–Hilton duals of various familiar examples
and properties of polyhedral products. In particular, we show that polyhedral coproducts give a functorial
interpolation between the wedge and cartesian product of spaces which differs from the one given by
polyhedral products, and we establish a general loop space decomposition for these spaces which is dual
to the suspension splitting of a polyhedral product due to Bahri, Bendersky, Cohen and Gitler.

1 Introduction

Polyhedral products are natural subspaces of cartesian products defined as certain colimits over the
face poset of a finite simplicial complex K. This construction generalises and unifies into a common
combinatorial framework many familiar methods of constructing new topological spaces from given
ones — for example, products, wedge sums, joins, half-smash products and the fat wedge construction
are all special cases. Since their introduction by Bahri, Bendersky, Cohen and Gitler [2], the topology of
polyhedral products has become a growing topic of investigation within homotopy theory and has made
fruitful contact with many other areas of mathematics. Notable examples include toric topology, following
Buchstaber and Panov’s [4] formulation of moment-angle complexes and Davis–Januszkiewicz spaces
as polyhedral products; commutative algebra, where polyhedral products give geometric realisations of
Stanley–Reisner rings and their Tor algebras; and geometric group theory, where polyhedral products
model the classifying spaces of right-angled Artin and Coxeter groups. For more on the history and
far-reaching applications of polyhedral products, we recommend the excellent survey [1].

Motivated by the ubiquity and utility of polyhedral products, the purpose of this paper is to propose a
definition for the dual notion of a polyhedral coproduct and begin a study of its basic properties. Before
describing the main results, we first review the construction of polyhedral products more precisely.

Let .X;A/D f.Xi ; Ai /gmiD1 be an m-tuple of pointed CW-pairs, SCpxm be the category of simplicial
complexes on the vertex set Œm�D f1; : : : ; mg with morphisms given by simplicial inclusions, and Top�
be the category of pointed topological spaces. For a simplicial complex K, let cat.K/ denote the face
poset of K, regarded as a small category with objects given by faces � 2K and morphisms given by face
inclusions � � � . We denote the initial object of cat.K/ by ¿, which corresponds to the empty face of K.
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The polyhedral product associated to .X;A/ is the functor

.X;A/.�/ W SCpxm! Top�;

which associates to each simplicial complex K the (homotopy) colimit

.X;A/K D hocolim
cat.K/

mY
iD1

Yi .�/;

where Yi W cat.K/! Top� is defined for each i 2 Œm� by

Yi .�/D

�
Xi if i 2 �;
Ai if i … �:

As has been pointed out in [13; 16; 21], for example, the homotopy colimit above agrees up to homotopy
with the usual colimit

S
�2K

Qm
iD1 Yi .�/ since each .Xi ; Ai / is an NDR-pair. In particular, each map in

the diagram defining the polyhedral product is a cofibration, and the polyhedral product .X;A/K is a
cellular subcomplex of

Qm
iD1Xi for allK. In the case thatAi D� for all i 2 Œm�, this subcomplex .X;�/K

naturally interpolates between the wedge
Wm
iD1Xi (when K consists of m disjoint vertices) and the

product
Qm
iD1Xi (when K D�m�1 is the simplex on m vertices).

Dualising the definition of a polyhedral product as a homotopy colimit of products, we define a
polyhedral coproduct as a homotopy limit of coproducts, as follows.1

Definition 1.1 Let f D .f1; : : : ; fm/ be an m-tuple of maps fi WXi ! Ai of pointed spaces. Define the
polyhedral coproduct associated to f as the functor

f .�/co W SCpxm! Top�;

which associates to each simplicial complex K with m vertices the homotopy limit

f Kco D holim
cat.K/op

D.�/

of a diagram D W cat.K/op! Top�, where D.�/D
Wm
iD1 Yi .�/ and

Yi .�/D

�
Xi if i 2 �;
Ai if i … �:

Note that for a face inclusion � � � 2K, there are maps Yi .�/! Yi .�/ defined for each i 2 Œm� by fi
if i 2 �n� and by the identity map otherwise, and hence there is an induced map

m_
iD1

Yi .�/!

m_
iD1

Yi .�/:

For a family .X;A/ of pairs of spaces, if the maps fi W Xi ! Ai are clear from context, we will
sometimes denote f Kco by .X;A/Kco. One example is the case that Ai D� is a point, and fi is the constant

1Since we work only with homotopy limits, we define polyhedral coproducts with respect to any set of maps fi , rather than
insisting on fibrations.
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map for all i 2 Œm�. In this case, as we show in Section 2, the polyhedral coproduct .X;�/Kco naturally
interpolates between

Wm
iD1Xi (when K D�m�1) and

Qm
iD1Xi (when K is m disjoint vertices).

For polyhedral products, the relationship between the combinatorics of K and the homotopy type
of the space .X;�/K interpolating between the m-fold wedge and m-fold product is made clear after
suspending. By [3, Theorem 2.15], there is a natural homotopy equivalence

(1) †.X;�/K '
_
�2K

†X^� ;

where X^� D Xi1 ^ � � � ^ Xik for each face � D fi1; : : : ; ikg 2 K. Notice that this generalises the
well-known splitting of †

�Qm
iD1Xi

�
when K D�m�1, in which case the wedge above is indexed over

all subsets of the vertex set Œm�. For polyhedral coproducts, we dualise the suspension splitting (1) by
establishing a loop space decomposition for .X;�/Kco, which similarly generalises a product decomposition
due to Porter [18] for �

�Wm
iD1Xi

�
when K D�m�1.

Theorem 1.2 (Theorem 4.3) LetK be a simplicial complex on Œm� and letX1; : : : ; Xm be pointed , simply
connected CW-complexes. Then there is a homotopy equivalence

�.X;�/Kco '

mY
iD1

�Xi �
Y
b2I

�†

� ^
�2F

..�X/^� /^b.�/
�
:

As with the splitting (1), the indexing set I above is defined in terms of the faces of the simplicial
complex K, and made explicit in Section 4. The equivalence (1) is a special case of the more general
Bahri–Bendersky–Cohen–Gitler splitting (henceforth, BBCG splitting) which identifies the homotopy
type of any polyhedral product .X;A/K as a certain wedge after suspending once. In the case that
each Xi is contractible, the authors of [3] obtain their splitting using a lemma regarding homotopy
colimits of certain diagrams due to Welker, Ziegler and Živaljević [21, Proposition 3.5]. We first dualise
the Welker–Ziegler–Živaljević lemma (see Lemma 3.7), and then use this to dualise the BBCG splitting
to obtain the following result. This is a simplified version of the full statement of Theorem 4.5 where the
indexing sets are made explicit in terms of the underlying simplicial complex.

Theorem 1.3 (Theorem 4.5) Let K be a simplicial complex on Œm� and let fi W Xi ! Ai be a map
of pointed , simply connected CW-complexes where Xi is contractible for 1 � i � m. Then there is a
homotopy equivalence

�f Kco '
Y
b2I

�Map�.†jKIb j; †�A
^l1.b/
1 ^ � � � ^�A^lm.b/m /:

Both Theorems 1.2 and 1.3 are special cases of a general loop space decomposition of an arbitrary
polyhedral coproduct (see Theorem 4.2), dual to the suspension splitting of a polyhedral product.

Definition 1.1 is alternate to Theriault’s definition of a dual polyhedral product, which was introduced
in [20] and used to identify the Lusternik–Schnirelmann cocategory of a simply connected space X with
the homotopy nilpotency of its loop space �X . Although the two notions coincide in some special cases
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(see Remark 2.2), the diagrams defining polyhedral coproducts and dual polyhedral products are very
different in general, and our definition is more suitable for dualising the BBCG splitting of †.X;A/K

(see Section 4).
Although we restrict our attention to constructions in Top� in this paper, note that polyhedral

(co)products could be defined more generally in any model category C, for example, by replacing
the category of pointed spaces with C in the definitions above. Since any (closed) model category has
an initial object and a terminal object, the polyhedral products and coproducts of the form .X;�/K and
.X;�/Kco can be defined in this setting to yield functorial interpolations between the categorical product
and coproduct in C.

2 Basic properties
2.1 Basic examples

We begin by computing some basic examples of polyhedral coproducts, in each case illustrating the
Eckmann–Hilton duality between these constructions and their corresponding polyhedral products.

Example 2.1 (the AD � case) (1) Let K be m disjoint vertices. In this case, the polyhedral product
associated to the m-tuple of pairs .X;�/D f.Xi ;�/gmiD1 is the wedge

.X;�/K 'X1 _ � � � _Xm:

Dually, if fi WXi !� is the constant map for each i D 1; : : : ; m, then by definition the corresponding
polyhedral coproduct is given by

.X;�/Kco 'X1 � � � � �Xm:

(2) On the other extreme, let K D�m�1. The polyhedral product associated to .X;�/ in this case is

.X;�/K 'X1 � � � � �Xm:

Since the diagram defining .X;�/Kco has an initial object corresponding to the maximal face of the
simplex �m�1,

.X;�/Kco 'X1 _ � � � _Xm:

(3) Let KD @�m�1. The polyhedral product .X;�/K in this case is precisely the fat wedge of the spaces
X1; : : : ; Xm, which is defined as

FW.X1; : : : ; Xm/D f.x1; : : : ; xm/ j xi D � for at least one ig:

Dual to the fat wedge is the thin product of X1; : : : ; Xm, as defined by Hovey in [10, Definition 1]. This
construction is realised by the polyhedral coproduct .X;�/Kco.

Remark 2.2 The dual polyhedral product, denoted by .X;A/KD , defined by Theriault [20] also models
some of the spaces in Example 2.1. In particular, when K is m disjoint points, .X;�/KD is equal to the
thin product of X1; : : : ; Xm. When K D @�m�1, we have .X;�/KD ' X1 � � � � �Xm. Outside of these
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cases, it is not clear whether there is any correspondence between the dual polyhedral product, and the
polyhedral coproduct. Theriault also used the dual polyhedral product to give a loop space decomposition
of the thin product. An alternate loop space decomposition of the thin product can be recovered in the
context of polyhedral coproducts by Theorem 4.3.

Just like the polyhedral product .X;�/K , the polyhedral coproduct .X;�/Kco interpolates between the
categorical product X1 � � � � �Xm and coproduct X1 _ � � � _Xm as K interpolates between a discrete
set of vertices and a full simplex. Next, we compute two further examples of f Kco where the m-tuple f
involves maps other than the constant map Xi !�. An important class of polyhedral products (which
includes generalised moment-angle complexes .Dn; Sn�1/K) is given by those associated to CW-pairs
.CX;X/D f.CXi ; Xi /g

m
iD1 consisting of cones and their bases. The first example below dualises this

case by replacing the cofibrations Xi ,! CXi with path space fibrations PXi !Xi .

Example 2.3 (dual of the join) Let K D @�1 be two disjoint vertices so that the only faces of K are ¿,
f1g and f2g, and its face poset is given by f1g ¿!f2g. In this case the polyhedral product .CX;X/K

recovers the join of X1 and X2 as a pushout:

.CX;X/K D CX1 �X2[X1�X2 X1 �CX2 'X1 ?X2:

For i 2 f1; 2g, let fi W PXi !Xi be the path space fibration over Xi . Since each PXi is contractible, the
polyhedral coproduct f Kco D .PX;X/

K
co D holim.PX1 _X2!X1 _X2 X1 _PX2/ agrees with the

homotopy limit of the middle column of the commutative diagram

� X1 X1

F X1 _X2 X1 �X2

� X2 X2

where the vertical maps are inclusions and the rows are homotopy fibrations. The homotopy limit of
the right column is contractible, so by taking homotopy limits of the columns we obtain a homotopy
equivalence .PX;X/Kco ' �F . By [6, p. 302], F ' †.�X1 ^ �X2/, and so there is a homotopy
equivalence .PX;X/Kco '�†.�X1 ^�X2/. This space is known as the cojoin of X1 and X2.

Example 2.4 (dual of the half-smash) Let K D @�1 be two disjoint vertices and let .X;A/ consist of the
CW-pairs f.X1; A1/; .X2; A2/g D f.CX;X/; .Y;�/g. As in the previous example, the polyhedral product
is a pushout .X;A/K D CX ��[X��X �Y . Since CX �� is contractible, this is simply the cofibre of
the inclusion X �� ,!X �Y , which by definition is the half-smash product

.X;A/K 'X ËY:
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To dualise this example, let f D .f1; f2/ where f1 W PX!X is the path space fibration and f2 W Y !�
is the constant map. Then by definition, the polyhedral coproduct is given by

f Kco D holim.PX _�!X _� X _Y /' hofib.X _Y �X
��!X/;

the expected Eckmann–Hilton dual of the cofibre .X;A/KD hocofib.X iX
�!X�Y / above. The homotopy

fibre of the projection onto a wedge summand can be identified using Mather’s cube lemma [14], and we
therefore obtain that the dual of the half-smash is given by

f Kco '�X ËY:

Moreover, by Mather’s cube lemma or [6, Theorem 1.1], there is a homotopy fibration

†�X ^�Y !�X ËY ! Y;

where the right map is the projection map. The projection has a right homotopy inverse, implying there is
a homotopy equivalence

�.�X ËY /'�Y ��.†�X ^�Y /:

This result can be recovered in the context of polyhedral coproducts by Theorem 4.2.

2.2 Functorial properties

The polyhedral product is a bifunctor (see [3, Remark 2.3]). Namely, it defines a functor from the category
of (m-tuples of) CW-pairs to the category of CW-complexes, and it also defines a functor from the category
of simplicial complexes to the category of CW-complexes. In this section, we prove that the polyhedral
coproduct enjoys similar functorial properties. First, we show naturality with respect to maps of spaces.

Theorem 2.5 Let K be a simplicial complex on Œm�. For 1� i �m, let fi WXi ! Ai and f 0i WX
0
i ! A0i

be maps. If there are maps gi WXi !X 0i and hi W Ai ! A0i such that the diagram

(2)

Xi X 0i

Ai A0i
hi

fi f 0
i

gi

homotopy commutes , then there is an induced map f Kco! f 0Kco.

Proof Let DK and D0K be the diagrams defining f Kco and f 0Kco, respectively. For a face � 2K, define a
map F� WDK.�/!D0K.�/, defined by

F� WDK.�/D

m_
iD1

Yi

Wm
iD1 �i����!

m_
iD1

Y 0i DD
0
K.�/;

where �i D gi if i 2 � , and �i D hi if i … � . By (2), F� induces a natural transformation DK !D0K ,
which in turn induces a map f Kco! f 0Kco.
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The definition of f Kco is also natural with respect to simplicial inclusions.

Theorem 2.6 Let K be a simplicial complex on Œm�, and let L be a subcomplex of K on Œn� with n�m.
Then the simplicial inclusion L!K induces a map f Kco! f Lco.

Proof Let DK and DL be the diagrams defining f Kco and f Lco, respectively. Let DKL W cat.L/op! Top�
be the diagram with DKL .�/ D

Wm
iD1 Yi .�/, where Yi .�/ D Xi if i 2 � , and Yi .�/ D Ai if i … � . By

definition of f Kco as a homotopy limit, there are canonical maps f Kco!DKL .�/ for all � 2 L, and so the
inclusion cat.L/op! cat.K/op induces a map f Kco! holimcat.L/op DKL .

Now define a natural transformation of diagrams DKL !DL by the pinch map

DKL .�/D

m_
iD1

Yi !

n_
iD1

Yi DDL.�/:

This induces a map holimcat.L/op DKL ! f Lco. Therefore, the simplicial inclusion induces the composite

f Kco! holim
cat.L/op

DKL ! f Lco:

Remark 2.7 The map f Kco ! f Lco can be represented as the homotopy limit of a map of diagrams
DK ! DL. For each � 2 L, we have a pinch map DK.�/ D

Wm
iD1 Yi !

Wn
iD1 Yi D DL.�/. By

computing holimDK , one can see that the maps f Kco!DL.�/ for � 2 L are the maps described in the
proof of Theorem 2.6.

2.3 Retractions

LetK be a simplicial complex andL a full subcomplex ofK. For polyhedral products, by [5, Lemma 2.2.3],
there is a map .X;A/K ! .X;A/L which is a left inverse for the map .X;A/L! .X;A/K . In the case
of polyhedral coproducts, there is an analogous statement.

Theorem 2.8 Let K be a simplicial complex on Œm� and L be a full subcomplex of K on Œn�, with n < m.
Then there is a right homotopy inverse for the map f Kco! f Lco induced by the simplicial inclusion L!K.

Proof Let DK and DL be the diagrams defining f Kco and f Lco, respectively. Recall from the proof of
Theorem 2.6 the diagram DKL indexed by cat.L/op, which is defined by DKL .�/D

Wm
iD1 Yi .�/, where

Yi .�/DXi if i 2 � , and Yi .�/DAi if i … � . Define a natural transformation DL!DKL by the inclusion

DL.�/D

n_
iD1

Yi ,!

m_
iD1

Yi DD
K
L .�/:

This induces a map f Lco
f
�!holimcat.L/op DKL . Define a functor F W cat.K/op! cat.L/op by sending � 2K

to the face � 2 L, where � is obtained from � by removing any instances of the vertices fnC 1; : : : ; mg.
Since L is a full subcomplex, F is well defined. The functor F induces a map holimcat.L/op DKL

g
�! f Kco.

Therefore, we obtain a composite

f Lco
f
�! holim

cat.L/op
DKL

g
�! f Kco:
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Now consider the composite

� W f L
f
�! holim

cat.L/op
DKL

g
�! f Kco

h
�! holim

cat.L/op
DKL

k
�! f Lco;

where the composite k ıh W f Kco! f Lco is defined as in Theorem 2.6. By definition of the functor F , the
composite cat.L/op ,! cat.K/op F�! cat.L/op is the identity, and so the composite h ıg is the identity.
For a face � , the natural transformation inducing the composite k ıf is the identity on DKL .�/, and so
k ıf is the identity. Hence, � is the identity map, and so the composite g ıf is a right homotopy inverse
for the map induced by L!K.

2.4 Homotopy cofibrations

For polyhedral products, if K is a simplicial complex on Œm�, it was shown in [5, Lemma 2.3.1] that there
exists a homotopy fibration

.C�X;�X/K ! .X;�/K !

mY
iD1

Xi ;

which splits after looping. More generally, it was shown in [8, Theorem 2.1] that there is a homotopy
fibration

.CY ; Y /K ! .X;A/K !

mY
iD1

Xi ;

where Yi is the homotopy fibre of the inclusion Ai ! Xi . Note that the map .X;A/K !
Qm
iD1Xi is

induced by the inclusion K!�m�1. Moreover, the second homotopy fibration above also splits after
looping, giving a homotopy equivalence

�.X;A/K '

mY
iD1

�Xi ��.CY ; Y /
K :

This implies that to understand the loop spaces of polyhedral products, and therefore their homotopy
groups, it suffices to study polyhedral products of the form �.CY ; Y /K . Loop space decompositions of
certain polyhedral products of this form have been studied, for example, in [17; 19].

For polyhedral coproducts, by considering the map induced by the inclusion K!�m�1, one might
hope there is a homotopy cofibration

m_
iD1

Xi ! .X;�/Kco! .P†X;†X/Kco;

or more generally,
m_
iD1

Xi ! .X;A/Kco! .PY ; Y /Kco;

where Yi is the homotopy cofibre of fi WXi ! Ai . This would allow us to understand the suspension of
polyhedral coproducts, and therefore their homology. However, if K is two disjoint points, by part .1/ of
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Example 2.1, the map X1 _X2! .X;�/Kco is the inclusion X1 _X2!X1 �X2. The homotopy cofibre
of this map is X1 ^X2, but Example 2.3 implies that .P†X;†X/Kco '�†.�†X1 ^�†X2/. This is
reminiscent of how Ganea’s theorem [6, Theorem 1.1] does not dualise canonically; see [6, Remark 3.5].
This gives rise to the following problem.

Problem 2.9 For certain classes of polyhedral coproducts, find a decomposition for their suspensions.

3 Preliminary results
3.1 Preliminary decompositions

To decompose the loop space of a polyhedral coproduct, we will use a result known as the Porter
decomposition. Let K be m disjoint points. By [5, Lemma 2.3.1], there is a homotopy fibration

(3) .C�X;�X/K !

m_
iD1

Xi
i
�!

mY
iD1

Xi :

A result of Porter [18, Theorem 1] identifies the homotopy type of .C�X;�X/K in the case that each Xi
is simply connected. For a pointed space X and k � 1, let X_k be the k-fold wedge of X .

Theorem 3.1 Let X1; : : : ; Xm be pointed , simply connected CW-complexes , and let K be m disjoint
points. There is a homotopy equivalence

.C�X;�X/K '

m_
kD2

_
1�i1<���<ik�m

.†�Xi1 ^ � � � ^�Xik /
_.k�1/:

Moreover , this homotopy equivalence is natural for maps Xi ! Yi .

There is a special case of the naturality in Theorem 3.1 which will be important. Let n < m and let
Yi DXi for 1� i � n, and let Yi D CXi for nC 1� i �m. In this case, we obtain the following.

Proposition 3.2 Let n <m, and let X1; : : : ; Xm be pointed , simply connected CW-complexes. There is a
homotopy commutative diagramWm

kD2

W
1�i1<���<ik�m

†.�Xi1 ^ � � � ^�Xik /
_.k�1/

Wm
iD1Xi

Qm
iD1Xi

Wn
kD2

W
1�i1<���<ik�n

†.�Xi1 ^ � � � ^�Xik /
_.k�1/

Wn
iD1Xi

Qn
iD1Xi

p �p0

where p and p0 are pinch maps and � is the projection.

After looping the homotopy fibration (3), there is a natural right homotopy inverse s of the canonical
inclusion i , given by multiplying the inclusions Xi !

Qm
iD1Xi . The naturality of s and the homotopy

fibration in Theorem 3.1 imply the following.
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Theorem 3.3 Let X1; : : : ; Xm be pointed , simply connected spaces. There is a homotopy equivalence

�

� m_
iD1

Xi

�
'

mY
iD1

�Xi ��

� m_
kD2

_
1�i1<���<ik�m

.†�Xi1 ^ � � � ^�Xik /
_.k�1/

�
:

Moreover , this homotopy equivalence is natural for maps Xi ! Yi .

For a subset I D fi1; : : : ; ikg � Œm� and pointed spaces X1; : : : ; Xm, define X^I DXi1 ^ � � � ^Xik .

Remark 3.4 In Theorem 3.3, the wedge summand in the right-hand product term can be indexed as_
I�Œm�
jI j�2

.†.�X/^I /_.jI j�1/:

Now we recall the Hilton–Milnor theorem. Let L be the free (ungraded) Lie algebra over Z on the
elements x1; : : : ; xm, and let B be a Hall basis of L. For a bracket b 2 B , let ki .b/ be the number of
instances of xi in b. For a space X and k � 0, denote by X^k the k-fold smash of X . The following is
from [15, Theorem 4], which is a generalisation of [9, Theorem A]. We will define the 0-fold smash of X
to be omission of the corresponding term, rather than a trivial space.

Theorem 3.5 Let X1; : : : ; Xm be connected topological spaces. Then there is a homotopy equivalence

�

� m_
iD1

†Xi

�
'

Y
b2B

�†.X
^k1.b/
1 ^ � � � ^X^km.b/m /:

Moreover , this homotopy equivalence is natural for maps Xi ! Yi .

As in the case of the Porter decomposition, there is a special case which will be important. Let n < m
and let Yi DXi for 1� i � n, and let Yi D CXi for nC 1� i �m. By contracting out the CXi terms,
we obtain the following.

Corollary 3.6 Let n < m, let Bn be a Hall basis on the free Lie algebra generated by x1; : : : ; xn, and let
Bm be a Hall basis on the free Lie algebra generated by x1; : : : ; xm. Then the diagram

�†
�Wm

iD1Xi
� Q

b2Bm
�†.X

^k1.b/
1 ^ � � � ^X

^km.b/
m /

�†
�Wn

iD1Xi
� Q

b2Bn
�†.X

^k1.b/
1 ^ � � � ^X

^kn.b/
n /

'

��p

'

homotopy commutes.

3.2 Preliminary homotopy limit decompositions

In this section, we prove some decompositions of certain homotopy limits indexed by the opposite of the
face category of a simplicial complex. The first lemma is the dual statement of the “wedge lemma” from
[21, Proposition 3.5].
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Lemma 3.7 Let K be a simplicial complex. Let X be a space and let D W cat.K/op! Top� be a diagram
with D.¿/DX and D.�/D � for all � ¤¿. Then

holim
cat.K/op

D'Map�.†jKj; X/:

Proof Let cat.K/op
>¿

denote the subposet category consisting of all � 2 K where � ¤ ¿. For a
topological space A, let A W cat.K/op!Top� be the diagram with constant value A. The opposite category
.cat.K/op

>¿
/op is the category cat.K/<¿ and its geometric realisation coincides with the realisation of K

as a topological space

jKj ' hocolim
cat.K/<¿

�:

Thus there are homotopy equivalences

Map.jKj; X/'Map.hocolim
cat.K/<¿

�; X/' holim
cat.K/op

>¿

Map.�; X/' holim
cat.K/op

>¿

X:

Let X W cat.K/op!Top� be the diagram with X .¿/D� and X .�/DX for all � ¤¿. The diagram D
can be written as the (homotopy) pullback

(4) �! X  X;

where the right-hand map is the constant map to the basepoint for � D ¿, and the identity on X for
� ¤¿. The left-hand map is the inclusion of the basepoint for each � 2K.

Let Z be the category with two objects, 1 and 2, and a morphism f W 2! 1 in addition to the identity
morphisms. Consider the diagram Y W cat.K/op

>¿
�Z ! Top�, with Y.�; 1/ D � and Y.�; 2/ D X for

all � ¤¿. Let F1 W cat.K/op
>¿
�Z! cat.K/op be the functor sending .�; 1/ 7!¿ and .�; 2/ 7! � . Let

F2 W cat.K/op
>¿
�Z ! cat.�0/op be the functor sending .�; 1/ 7! 1 and .�; 2/ 7! 2 for all � ¤ ¿. The

right Kan extension of Y along F1 is X and the right Kan extension of Y along F2 is the diagram

Map.jKj; X/!Map.jKj;�/:

Since homotopy limits are preserved by right Kan extensions, we obtain the equivalences

holim
cat.K/op

X ' holim.Map.jKj; X/!Map.jKj;�//'Map.jKj; holim.X !�//'Map.jKj; X/:

Recall that the diagram D was equivalent to diagram (4). Using that holimcat.K/op � is contractible and
the previous observations about X yields the homotopy equivalence

(5) holim
cat.K/op

D' holim.�!Map.jKj; X/ X/:

The map X !Map.jKj; X/ is a section for the evaluation map

evk WMap.jKj; X/!X;
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where k 2 jKj. In particular, there is a homotopy fibration diagram

�Map�.jKj; X/ � Map�.jKj; X/

F X Map.jKj; X/

X X

'

evk

where the top right square is a homotopy pullback and F is the homotopy limit of (5). Hence, there are
homotopy equivalences

holim
cat.K/op

D' F '�Map�.jKj; X/'Map�.jKj; �X/'Map�.†jKj; X/:

Lemma 3.8 Let K be a simplicial complex on Œm�. Let I � Œm�, and let D W cat.K/op ! Top� be a
diagram. Suppose that all maps induced by � � � , where � is obtained from � by removing a single vertex
not contained in I , are identity maps. Then the homotopy limit of D is equivalent to the homotopy limit
of a diagram D0 W cat.KI /! Top�, where D0.�I /D D.�/.

Proof The inclusion of KI � K induces a map of face categories i W cat.KI /op ! cat.K/op. The
diagram D is the right Kan extension of D0 along i . Hence, D and D0 have the same homotopy limit since
right Kan extensions preserve homotopy limits.

4 Loop spaces of polyhedral coproducts

4.1 A general loop space decomposition

In [3, Definition 2.2], for a simplicial complex K, a construction known as the polyhedral smash product
is defined and denoted by 2.X;A/K . By [3, Theorem 2.10], there is a homotopy equivalence

†.X;A/K '
_
I�Œm�

†2.X;A/KI :

In this subsection, we show a dual statement for polyhedral coproducts. Recall that for spaces X and Y
there is a (homotopy) cofibration X _Y ! X �Y ! X ^Y . To dualise this, by [6, p. 302], there is a
homotopy fibration †.�X ^�Y /!X _Y !X �Y . This motivates the following definition.

Definition 4.1 The polyhedral smash coproduct is defined as the homotopy limit

Of Kco D holim
cat.K/op

† yD; where yD D
m̂

iD1

�Yi and Yi .�/D

�
Xi if i 2 �;
Ai if i … �:
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For a set of positive integers N D fk1.N /; : : : ; km.N /g, we define the weighted polyhedral smash
coproduct as

Of KN;co D holim
cat.K/op

† yDN ; where yDN D
m̂

iD1

.�Yi /
^ki .N/ and Yi .�/D

�
Xi if i 2 �;
Ai if i … �:

Before stating the result, we set up some notation which will be used throughout the rest of Section 4.
For a subset I D fi1; : : : ; ikg � Œm�, let SI be the set

faJ;i j J � I; jJ j � 2; 1� i � jJ j � 1g:

Denote by BI a Hall basis of the free ungraded Lie algebra on the set SI . For a bracket b 2BI and J � I ,
let b.J / be the sum of the number of instances of aJ;i in b for each 1� i � jJ j�1. For 1� i �m and a
bracket b 2 BŒm�, define

li .b/ WD
X
I�Œm�
i2I

b.I /;

which counts the number of instances of each vertex i in the faces in b. Let Lb D .l1.b/; : : : ; lm.b//. For
any I � Œm� and b 2 BŒm�, define

Ib WD I \fj j 1� j �m; lj .b/¤ 0g:

This set contains the elements of I which appear in the subsets in b. To ensure that �Xi is connected in
order to apply Theorem 3.5, we need the hypothesis that each Xi is simply connected.

Theorem 4.2 Let fi WXi ! Ai be a map of pointed , simply connected CW-complexes for all 1� i �m.
There is a homotopy equivalence

�f Kco '

mY
iD1

�Xi �
Y

b2BŒm�

� Of
KIb
Lb;co:

Proof Since loops commute with homotopy limits, �f Kco ' holimcat.K/op �D. By Theorem 3.3 and
Remark 3.4, �D decomposes as a product

�D '

mY
iD1

�Yi ��†

� _
I�Œm�
jI j�2

..�Y /^I /_.jI j�1/
�
:

We can apply the Hilton–Milnor theorem (Theorem 3.5) to the right-hand product term to obtain the
equivalence

�

� _
I�Œm�
jI j�2

†..�Y /^I /_.jI j�1/
�
'

Y
b2BŒm�

�†

� ^
I�Œm�
jI j�2

..�Y /^I /^b.I/
�
:
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Note that for any b 2 BŒm�, by definition

†

� ^
I�Œm�
jI j�2

..�Y /^I /^b.I/
�
D† yDLb :

Using the loop space decomposition of D we obtain a new description of �f Kco:

�f Kco ' holim
cat.K/op

�D ' holim
cat.K/op

� mY
iD1

�Yi �
Y

b2BŒm�

�† yDLb
�

'

mY
iD1

. holim
cat.K/op

�Yi /�
Y

b2BŒm�

. holim
cat.K/op

�† yDLb /:

Fix i 2 Œm� and consider the term holimcat.K/op �Yi . By Lemma 3.8 in the case I D fig, there is an
equivalence

holim
cat.K/op

�Yi ' holim.�Xi !�Ai /'�Xi :

For any b 2 BŒm� and any pair of simplices � � � where � is obtained from � by removing a vertex not
in Ib , the induced maps �† yDLb .�/!�† yDLb .�/ are identity maps. Therefore, Lemma 3.8 implies

holim
cat.K/op

�† yDLb ' holim
cat.KIb /

op
�† yDLb '� Of

KIb
Lb;co:

4.2 Loop space decompositions of .X; �/K
co

For polyhedral products of the form .X;�/K , by [3, Theorem 2.15], there is a homotopy equivalence

†.X;�/K '
_
�2K

†X^� :

In this subsection, we prove a dual statement for polyhedral coproducts of the form .X;�/Kco. Let F
and M be the set of faces and maximal faces of K on two or more vertices, respectively. The following
result could be shown using Theorem 4.2 by showing that certain polyhedral smash coproducts are
contractible in this case. However, this would require a technical argument involving choices of vector
space bases for free Lie algebras. To avoid these technicalities, and make clearer the connection to Hall
bases, we provide a proof using Corollary 3.6.

Theorem 4.3 Let X1; : : : ; Xm be pointed , simply connected CW-complexes. There is a homotopy
equivalence

�.X;�/Kco '

mY
iD1

�Xi �
Y

b2
S
�2MB�

�†

� ^
�2F

..�X/^� /^b.�/
�
:

Proof By definition of the polyhedral coproduct,

.X;�/Kco D holim
cat.K/op

D;
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where, if � D fi1; : : : ; ikg, D.�/ D
Wk
jD1Xij , and for each � 0 � � , the map D.�/! D.� 0/ is given

by the pinch map p W
W
i2� Xi !

W
j2� 0 Xj . Since looping commutes with homotopy limits, we obtain

a homotopy equivalence �.X;�/Kco ' holimcat.K/op �D. By Theorem 3.3 and Remark 3.4, there is a
natural homotopy equivalence

(6) �

� k_
jD1

Xij

�
'

kY
jD1

�Xij ��

� _
���
j� j�2

.†.�X/^� /_j� j�1
�
:

Under this equivalence, it follows from Proposition 3.2 that for � 0 � � , the maps �D.�/!�D.� 0/ are
given by � ��p0 up to homotopy, where � is the projection and p0 is the pinch map.

Applying the Hilton–Milnor theorem to the second factor on the right-hand side in (6), we obtain a
natural homotopy equivalence

�

� _
���
j� j�2

.†.�X/^� /_j� j�1
�
'

Y
b2B�

�†

� ^
���
j� j�2

..�X/� /^b.�/
�
:

By Corollary 3.6, for � 0 � � , there is a homotopy commutative diagram

�
�W

���;j� j�2.†.�X/
^� /_j� j�1

� Q
b2B�

�†
�V

���;j� j�2..�X/
� /^b.�/

�

�
�W

� 0�� 0;j� 0j�2.†.�X/
^� 0

/_j�
0j�1

� Q
b2B�0

�†
�V

� 0�� 0;j� 0j�2..�X/
� 0

/^b.�
0/
�

'

�p0 � 0

'

where � 0 is the projection. Summarising, for � 0 � � , there is a homotopy commutative diagram

�
�W

i2� Xi
� Q

i2� Xi �
Q
b2B�

�†
�V

���;j� j�2..�X/
� /^b.�/

�

�
�W

j2� 0 Xj
� Q

j2� 0 Xj �
Q
b2B�0

�†
�V

� 0�� 0;j� 0j�2..�X/
� 0

/^b.�
0/
�

'

�p � 00

'

Hence �.X;�/Kco ' holimcat.K/op �D is the product of each of the distinct factors that appear in the
diagram. For � 0 � � , the product terms appearing in the decomposition for �D.�/ strictly contain the
product terms in the decomposition for �D.� 0/. Therefore, enumerating the distinct factors that appear
for the maximal faces, we obtain the desired equivalence.

Example 4.4 Let K be a 1-dimensional simplicial complex on Œm�. In this case, the set M consists of
all the 1-simplices in K. For each � D fi; j g 2M, we have B� D f�g. Therefore, Theorem 4.3 implies
there is a homotopy equivalence

�.X;�/Kco '

mY
iD1

�Xi �
Y
�2M

�†.�Xi ^�Xj /:
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4.3 Loop space decompositions when the domain is contractible

For a simplicial complex K, let jKj be the geometric realisation of K as a topological space. For
polyhedral products of the form .CX;X/K , by [3, Theorem 2.21], there is a homotopy equivalence

(7) †.CX;X/K '
_
I…K

†.jKI j ^X
^I /:

In this subsection, we prove a dual statement for polyhedral coproducts of the form f Kco where the domain
of each fi is contractible.

Theorem 4.5 Let K be a simplicial complex on Œm� and fi WXi ! Ai where Xi is contractible and Ai is
a pointed , simply connected CW-complex for 1� i �m. Then there is a homotopy equivalence

�f Kco '
Y

b2BŒm�
Ib…K

�Map�.†jKIb j; †�A
^l1.b/
1 ^ � � � ^�A^lm.b/m /:

To prove Theorem 4.5, we will use the following consequence of Theorem 4.2.

Lemma 4.6 Assume that Xi is contractible and Ai is a pointed , simply connected CW-complex for all i
and N 2Nm. There is a homotopy equivalence

Of KN;co 'Map�.†jKj; †�A
^k1.N/
1 ^ � � � ^�A^km.N/m /:

Proof By definition, yDN .¿/D †�A^k1.N/1 ^ � � � ^�A
^km.N/
m and yDN .�/' � for all � ¤¿ since

all the Xi are contractible. Thus, we may apply Lemma 3.7 to the diagram defining Of KN;co which yields
the claimed result.

With the lemma above, it is straightforward to prove Theorem 4.5

Proof of Theorem 4.5 By Lemma 4.6, if Ib 2 K, then Of
KIb
Lb;co is contractible. One can then apply

Lemma 4.6 to the decomposition in Theorem 4.2 to prove the statement.

Example 4.7 Let K D @�m�1. In this case, the only missing face of K is f1; : : : ; mg. By Theorem 4.5,
there is a homotopy equivalence

�f Kco '
Y

b2BŒm�
IbDf1;:::;mg

�Map�.†jKIb j; †�A
^l1.b/
1 ^ � � � ^�A^lm.b/m /;

where the indexing set of the product consists of brackets b such that for each i 2 Œm�, there is a face
� 2K in b which contains i .

In the case of polyhedral products, it is known that the decomposition in (7) desuspends in certain
cases. For example, when K is a shifted complex [7; 11], a flag complex with chordal 1-skeleton
[17, Theorem 6.4], or more generally, a totally fillable simplicial complex [12, Corollary 7.3]. Specialising,
polyhedral products of the form .D2; S1/K are known as moment-angle complexes, which are denoted
by ZK . In the aforementioned cases, ZK is homotopy equivalent to a wedge of spheres.
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Consider the case whereK is a simplicial complex on Œm�, and is either a shifted complex, or a flag com-
plex with chordal 1-skeleton. The dual of the polyhedral product .CX;X/K is the polyhedral coproduct
.PX;X/Kco. In the first case, jKI j is homotopy equivalent to a wedge of spheres for all I � Œm�, and in the
second case, jKI j is homotopy equivalent to a set of disjoint points for all I � Œm�. Therefore, in the case
where eachXi is a simply connected sphere, Theorem 4.5 implies�.PX;X/Kco is homotopy equivalent to a
product of iterated loop spaces of spheres. Dual to the polyhedral product case, we give the next conjecture.

Conjecture 4.8 Let K be a shifted complex or a flag complex with chordal 1-skeleton. Then the
decomposition in Theorem 4.5 deloops.

5 Polyhedral coproducts under operations on simplicial complexes
5.1 Joins of simplicial complexes

For any polyhedral product, ifKDK1?K2 is the join ofK1 andK2, then .X;A/KŠ .X;A/K1�.X;A/K2 .
Therefore, we may expect a homotopy equivalence .X;A/Kco ' .X;A/

K1
co _ .X;A/

K2
co . However, this does

not hold in general for polyhedral coproducts.
For 1 � i � 4, let Xi D CP1, and let K D f1; 2g ? f3; 4g be the boundary of a square. Since

.CP1;�/f1;2gco and .CP1;�/f3;4gco are homotopy equivalent to CP1 �CP1 by Example 2.1, suppose
that .CP1;�/Kco ' .CP

1�CP1/_ .CP1�CP1/. Since the space CP1 is simply connected and
�CP1 ' S1, by Theorem 4.3, there is a homotopy equivalence

�.CP1;�/Kco '

4Y
iD1

.S1 ��S3/:

Now by Theorem 3.3 applied to .CP1�CP1/_ .CP1�CP1/, there is a homotopy equivalence

�..CP1 �CP1/_ .CP1 �CP1//'
4Y
iD1

S1 ��†..S1 �S1/^ .S1 �S1//:

For spaces X and Y , there is a well-known homotopy equivalence †.X �Y /'†X _†Y _†.X ^Y /.
By shifting the suspension coordinate, we obtain homotopy equivalences

4Y
iD1

S1 ��†..S1 _S1 _S2/^ .S1 _S1 _S2//'

4Y
iD1

S1 ��†

� 4_
iD1

S2 _

4_
iD1

S3 _S4
�
:

By Theorem 3.5,�†
�W4

iD1 S
2_
W4
iD1 S

3_S4
�

decomposes as an infinite, finite-type product of spheres
and loops on spheres. However, since �.CP1;�/Kco is homotopy equivalent to a finite product of spheres
and loops on spheres,

�.CP1;�/Kco §�..CP
1
�CP1/_ .CP1 �CP1//;

which implies that
.CP1;�/Kco § .CP

1
�CP1/_ .CP1 �CP1/:
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However, it is possible to say something about certain joins. Let K be a simplicial complex on Œm� and
for 1 � i � m, let .Xi ; Ai / be CW-pairs. If .XmC1; AmC1/ is a CW-pair where XmC1 is contractible,
then there are homotopy equivalences .X;A/K�fmC1g Š .X;A/K �XmC1 ' .X;A/K . The following
dualises this case.

Proposition 5.1 Let K be a simplicial complex on the vertex set Œm� and let f Kco be any polyhedral
coproduct. Let K 0 DK ? fmC 1g where fmC1 W � ! Y for some space Y . Then f K

0

co ' f
K
co.

Proof There is an equivalence of categories cat.K 0/opŠ cat.K/op�cat.fmC1g/op and a projection map
p W cat.K 0/op! cat.K/op. Geometrically, the map p deletes vertex mC 1 from any simplex in K 0. Let
D0 W cat.K 0/op! Top� (resp. D W cat.K/op! Top�) be the diagram defining f K

0

co (resp. f Kco). By right
Kan extending D0 along p, we recover D. Note that had we not placed the assumption on the domain
of fmC1 then the Kan extension would not recover D. Since right Kan extensions preserve homotopy
limits, we get the equivalence f K

0

co ' f
K
co.

5.2 Pullbacks of polyhedral coproducts

Let K1 be a simplicial complex on f1; : : : ; ng and K2 be a simplicial complex on fl; : : : ; mg with n < m
and l�m, and letL be a subcomplex (possibly empty) ofK1 andK2 on fl; : : : ; ng. DefineKDK1[LK2,
and for M one of K1, K2 or L, let M be the simplicial complex considered on the vertex set f1; : : : ; mg.
For polyhedral products, by [7, Proposition 3.1], there is a pushout

.X;A/L .X;A/K1

.X;A/K2 .X;A/K

For polyhedral coproducts, we can prove a dual statement.

Proposition 5.2 Let K1 be a simplicial complex on f1; : : : ; ng and K2 be a simplicial complex on
fl; : : : ; mg with n < m and l � m, and let L be a subcomplex (possibly empty) of K1 and K2 on
fl; : : : ; ng. Define K DK1[LK2. Then there is a homotopy pullback of polyhedral coproducts

f Kco f K2co

f K1co f Lco

where the maps f K1co ! f Lco and f K2co ! f Lco are induced by the simplicial inclusions.

Proof Let C be the category associated to the diagram

cat.K1/op
! cat.L/op

 cat.K2/op;
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where the maps are induced by the inclusions of L into K1 and K2. By Remark 2.7, one may write the
elements of the pullback

f K2co

f K1co f Lco

as diagrams and we are left with a diagramD0 W C!Top�. For each � 2L, let �K1 , �K2 denote the copies
in C. The objects of C are the same as cat.K/op, but with three copies of each � 2L. For each � 2L, the
maps D0.�K1/!D0.�/ and D.�K2/!D.�/ are the identity map. Let D W cat.K/op! Top� be the
diagram defining f Kco. There’s a projection map p W C! cat.K/op collapsing the tripled simplices. The
right Kan extension of D0 along p recovers the diagram D. As right Kan extensions preserve homotopy
limits, the homotopy pullback diagram has the desired limit.

Let K1 and K2 be simplicial complexes and let K DK1tK2. By definition of the polyhedral product,
.X;�/K D .X;�/K1 _ .X;�/K2 . In the case of a polyhedral coproduct .X;�/Kco, using Proposition 5.2,
we show that the dual holds.

Theorem 5.3 Let K1 and K2 be simplicial complexes , and let K D K1 tK2. There is a homotopy
equivalence

.X;�/Kco ' .X;�/
K1
co � .X;�/

K2
co :

Proof By definition, since each Ai D �, we have .X;�/¿ D � and .X;�/Ki D .X;�/Ki for i 2 f1; 2g.
Therefore, Proposition 5.2 implies there is a homotopy pullback

.X;�/Kco .X;�/K2co

.X;�/K1co �

Hence, there is a homotopy equivalence

.X;�/Kco ' .X;�/
K1
co � .X;�/

K2
co :
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Homoclinic leaves, Hausdorff limits and homeomorphisms

IAN BIRINGER AND CYRIL LECUIRE

We show that except for one exceptional case, a lamination on the boundary of a handlebody H is
commensurable to a Hausdorff limit of meridians if and only if it is commensurable to a lamination with a
“homoclinic leaf”. This is an “if and only if” version of a theorem called Casson’s criterion. Applications
of our techniques include a characterisation of when a nonminimal lamination is a Hausdorff limit of
meridians, in terms of properties of its minimal components, and a related characterisation of which
reducible self-homeomorphisms of @H have powers that extend to subcompression bodies of H .

1 Introduction

Let H be a 3-dimensional handlebody1 with genus g � 2 and let S WD @H , which we usually equip
with a reference hyperbolic metric. A simple closed curve m on S is called a meridian if it bounds an
embedded disk in H but not in S . These curves play a fundamental role when studying the topology and
geometry of handlebodies and more general 3-manifolds with compressible boundary. Our work here is
centred around geodesic laminations �� S that are Hausdorff limits of meridians, i.e., � where there is
a sequence of geodesic meridians .mi/ on S such that mi ! � in the Hausdorff topology on the set of
closed subsets of S . See Section 2.8 for definitions.

Limits of meridians are important in the geometry and topology of hyperbolic 3-manifolds [2; 13; 42],
convergence of sequences of Kleinian groups [12; 35; 38] and the action of Out.Fn/ on the character
variety �.Fn;PSL2.C//; see [31; 36]. In many of the above references, the focus is on a closely related
set called the “Masur domain”, defined in [46], but to work with that one usually has to understand
Hausdorff limits of meridians too.

We have three main goals. First, we investigate the relationship between Hausdorff limits of meridians
and “homoclinic leaves”, defined by Casson in unpublished notes and later exploited by Otal [56] in
his thesis. Using this analysis, we study Hausdorff limits of meridians that are nonminimal laminations,
in essence reducing their classification to the minimal case. Finally, using similar techniques we charac-
terise when a reducible homeomorphism f W S ! S extends (partially, up to a power) into H , in terms
of extension properties of its Nielsen–Thurston components.

Another motivation for writing this paper is that it provides all the technical topological machinery
necessary for our forthcoming follow-up paper, called Iterations in Schottky space. In that paper, we

1The body of this paper is written in greater generality, with .H;S/ replaced by a compact, orientable, 3-manifold M with
hyperbolisable interior, together with an essential connected subsurface S � @M such that the multicurve @S is incompressible
in M . However, everything we do is just as interesting in the handlebody case.
MSC2020: 57K30, 57K32.
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fix a point ŒX � 2 T .S/ and describe the geometric limits of sequences of convex cocompact hyperbolic
structures on H whose conformal boundaries are the iterates f n.ŒX �/ 2 T .S/. This is a compressible
version of Jeff Brock’s thesis [8]. Brock’s result was a first step toward work of Minsky [52] and Brock,
Canary and Minsky [9], in which they developed bilipschitz models for hyperbolic structures on S �R in
terms of their end invariants. Our work on iterations in Schottky space will likewise be a step toward a
bilipschitz model theory for hyperbolic structures on a handlebody.

1.1 Homoclinic leaves

Let zH be the universal cover of H , which is homeomorphic to a thickened infinite tree. We equip H with
any Riemannian metric, and equip zH with the lift of this metric. A geodesic `� S is called homoclinic2

if it has a (possibly periodic) parametrisation h WR! �� S D @H that lifts to a path Qh WR! @ zH where
there are sequences si ; ti 2R such that

jsi � ti j !1 and sup
i

d zH .
Q̀.si/; Q̀.ti// <1:

Intuitively, ` is homoclinic if it travels very inefficiently in H , even though on the boundary of H it is a
geodesic. As an example, one can check that a simple closed geodesic ` on S is homoclinic if and only
if ` is a meridian. Similarly, a biinfinite geodesic that spirals onto a meridian will also be homoclinic.

The following was first written by Otal [56], building on work in an unpublished manuscript of Casson.

Theorem 1.1 (“Casson’s criterion”) Let � be a geodesic lamination on S . If � is a Hausdorff limit of
meridians , then � contains a homoclinic leaf.

The converse of Theorem 1.1 is not true. Of course, any Hausdorff limit of meridians is connected,
and there are disconnected laminations on S that have homoclinic leaves, e.g., the union of two disjoint
simple closed curves, one of which is a meridian. There are also connected laminations containing a
meridian as a leaf (say) that are not even Hausdorff limits of simple closed curves. And there are also
some more interesting examples that are related more intimately to the structure of H ; see the beginning
of Section 7.

Nevertheless, in certain particular cases homoclinic leaves have been used to construct limits of
sequences of meridians (or annuli) in H ; see [41; 43; 56] and particularly [38; 42]. And in Otal’s thesis,
Casson’s criterion was even stated (incorrectly) in passing as an “if and only if”. Our goal is to state
precisely a result that is closest to a converse of Theorem 1.1. This will tie together, extend and explain
the partial results in the papers above.

We say that �1, �2 are strongly commensurable if they contain a common sublamination � such that
for both i , the difference �i n � is the union of finitely many isolated leaves, none of which are simple
closed curves. Additionally, let’s say that a lamination � on S is exceptional if S has genus 2, there is a

2This is not quite what Casson and Otal call “homoclinic” (in French, “homoclinique”), but rather what Otal calls “faiblement
homoclinique”, or “weakly homoclinic”. However, the definition we give has been adopted in almost all subsequent papers. See
Section 5.1 for an explanation of the difference between the two definitions.
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separating meridian m on S that does not intersect � transversely, and � intersects transversely the two
nonseparating meridians disjoint from m.

Theorem 1.2 (a bidirectional Casson’s criterion; see Theorem 7.2) If � is a geodesic lamination on S

that is not exceptional , then � is strongly commensurable to a Hausdorff limit of meridians if and only if
it is strongly commensurable to a lamination with a homoclinic leaf.

This is the first part of Theorem 7.2. In our view, it is the strongest converse for Casson’s criterion that
is likely to be true for arbitrary laminations.

The main tool in the proof of Theorem 1.2 is a complete characterisation of the minimal laminations
onto which the two ends of a homoclinic simple geodesic on S can accumulate.

Theorem 1.3 (limits of homoclinic geodesics; see Corollary 6.2) Suppose that h is a homoclinic simple
biinfinite geodesic on S and that the two ends of h limit onto minimal laminations ��; �C � S . Then
either

(1) the two ends of h are asymptotic on S ,

(2) one of ��, �C is an intrinsic limit of meridians , or

(3) ��, �C are contained in incompressible subsurfaces S�;SC � S that bound an essential interval
bundle B �H through which �� and �C are homotopic.

Here, a minimal lamination �� S is an intrinsic limit of meridians if it is strongly commensurable to
the Hausdorff limit of a sequence of meridians that are contained in the smallest essential subsurface
S.�/� S containing �; see Proposition 5.12 for a number of equivalent definitions. We refer the reader
to Theorem 6.1 and Corollary 6.2 for more precise and more general versions of the above that apply
both to homoclinic biinfinite geodesics, and also to pairs of “mutually homoclinic” geodesic rays on S ,
as well as many examples.

Interval bundles as in (3) are essential to the study of meridians on handlebodies, and it is no surprise
that they appear in Theorem 1.3. For example, subsurfaces bounding such interval bundles are the
“incompressible holes” studied by Masur and Schleimer [49], and interval bundles appear frequently in
Hamenstädt’s work on the disk set; see, e.g., [25; 26; 27]. We note that the interval bundles B appearing
in Theorem 1.3 may be twisted interval bundles over nonorientable surfaces, in which case �� D �C and
S� D SC. See Proposition 4.5 for background on interval bundles, and Section 6 for examples of (3).

1.2 Hausdorff limits via their minimal sublaminations

The previous two theorems suggest that if a lamination � that is a Hausdorff limits of meridians, one might
expect to see minimal sublaminations of � that are intrinsic limits of meridians, or pairs of components
that are homotopic through essential interval bundles in H . In fact, we show the following.

Theorem 1.4 (the second part of Theorem 7.2) Suppose that � � S is a nonexceptional geodesic
lamination that is a finite union of minimal components. Then � is strongly commensurable to a Hausdorff
limit of meridians if and only if either
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(1) � is disjoint from a meridian on S ,

(2) some component of � is an intrinsic limit of meridians , or

(3) there are components �˙ � � that fill incompressible subsurfaces S˙ � S , such that S˙ bound an
essential interval bundle B �H , the laminations �˙ are essentially homotopic through B, and there
is a compression arc ˛ for B that is disjoint from �.

In (3), a compression arc for B is an arc from @S� to @SC that is homotopic in H , keeping its endpoints
in @S˙, to a fibre of the interval bundle B. See Section 2.7 and Figure 2 for more explanation.

Note that Theorem 1.4 does not say anything interesting about which minimal filling laminations � on S

are strongly commensurable to Hausdorff limits of meridians. Indeed, for minimal filling laminations,
it is not clear that there should be an easy way to “identify” Hausdorff limits of meridians. The point
of Theorem 1.4, though, is that it reduces the characterisation of Hausdorff limits of meridians to the
minimal filling case. We note that one should also be able to replace the part of the proof of Theorem 1.4
that references homoclinic geodesics with arguments inspired by Masur and Schleimer’s paper [49].

1.3 Extension of reducible maps to compression bodies

Lackenby [39] studied a generalisation of Dehn filling in which one starts with a compact 3-manifold M

with (say, connected) genus-g boundary †, and glues a genus-g handlebody H via a homeomorphism
� W†! S WD @H . Among other results, he showed that when an arbitrary � is precomposed by a high
power of a sufficiently “generic” homeomorphism of S , the gluing is hyperbolic:

Theorem 1.5 (Lackenby [39]) Suppose that M is hyperbolisable and acylindrical with incompressible
boundary, and f W S ! S is a homeomorphism such that no nonzero power of f extends to a nontrivial
subcompression body of H . Then for infinitely many n, the gluing M [�ıf n H is hyperbolic.3

See also the work of Namazi and Souto [55] and Brock, Minsky, Namazi and Souto [10] for more
general hyperbolisation theorems inspired by Lackenby’s result.

Above, a subcompression body of H is a 3-dimensional submanifold C � H with S � @C that is
obtained by choosing a finite collection � of disjoint meridians on S , taking a regular neighbourhood of S

and a collection of discs in H with boundary � , and adding in any complementary components that are
topological 3-balls. We say C is obtained by compressing � . We usually consider subcompression bodies
only up to isotopy, and we allow the case that � D¿, in which case we recover the trivial subcompression
body, which is just a regular neighbourhood of S . See Section 2.4 for details.

In light of Lackenby’s theorem, it is natural to investigate which homeomorphisms f W S ! S have
powers that extend to a nontrivial subcompression body of H . Biringer, Johnson and Minsky [2] showed
that for pseudo-Anosovf , this condition is equivalent to the attracting lamination �C being a (projective)
limit of meridians. In fact, Lackenby also proved a version of his theorem for pseudo-Anosovs with the
latter condition on �C, not knowing the equivalence of the two properties at that time.

3Lackenby’s paper was written pregeometrisation, so he actually proves that the hypotheses of the hyperbolisation theorem
are satisfied, not that the gluing is hyperbolic.
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Here, we show that extension of powers of a homeomorphism f WS!S to subcompression bodies can
be detected by looking at extension of powers of its components in the Nielsen–Thurston decomposition.
More precisely, recall that f is pure if there are disjoint, nonisotopic,4 essential subsurfaces Si � S , such
that f D id on Sid WD S n

S
i Si , and where for each i , if we set fi WD f jSi

, then either

(1) Si is an annulus and fi is a nonzero power of a Dehn twist, or

(2) fi is a pseudo-Anosov map on Si .

It follows from the Nielsen–Thurston classification [21] that every homeomorphism of S has a power
that is isotopic to a pure homeomorphism.

Theorem 1.6 (partial extension of reducible maps; see Theorem 9.2) Let f W S ! S be a pure homeo-
morphism. Then f has a power that extends to a nontrivial subcompression body of H if and only if
either

(1) there is a meridian in Sid,

(2) for some i , the map fi W Si! Si has a power that extends to a nontrivial subcompression body of H

that is obtained by compressing a set of meridians in Si , or

(3) there are (possibly equal ) indices i , j such that Si , Sj bound an essential interval bundle B in H ,
such that some power of f jSi[Sj

extends to B, and there is a compression arc ˛ for B whose interior
lies in Sid.

Moreover, Theorem 8.1 says that when fi is a pseudo-Anosov map on Si , then (2) above is equivalent
to the condition that the attracting lamination of fi is a (projective) limit of meridians in Si . This is
a relative version of Biringer, Johnson and Minsky’s article [2], that generalises their theorem from
pseudo-Anosov maps on S to partial pseudo-Anosovs.

In (3), note that if (for simplicity) B is a trivial interval bundle, then f jSi[Sj
extends to B exactly when

fi , fj become isotopic maps when Si , Sj are identified through B. More generally, a power of f jSi[Sj

extends to B when fj is obtained from fi by multiplying by a periodic map that commutes with fi .

1.4 Other results of interest

There are two other theorems in this paper that we should mention in the introduction.
In Section 3 we study the disk set D.S;M / of all isotopy classes of meridians in an essential subsurface

S � @M with @S incompressible, where here M is a compact, irreducible 3-manifold with boundary.
We show in Proposition 3.1 that either D.S;M / is small, meaning that it is either empty, has a single
element, or has a single nonseparating element and infinitely many separating elements that one can
explicitly describe, or D.S;M / is large, meaning that it has infinite diameter in the curve complex C.S/.
This result will probably not surprise any experts, but we have never seen it in the literature.

In Section 4 we show how essential interval bundles in a compact 3-manifold with boundary M can
be seen in the limit sets in @H3 associated to hyperbolic metrics on int.M /. This picture was originally

4This is only important for annuli.
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known to Thurston [59], and was studied previously under more restrictive assumptions by Walsh [60]
and Lecuire [40]. We need a more general theorem in the proof of Theorem 6.1: in particular, we need a
version that allows accidental parabolics. This is Theorem 4.1. Our proof is also more direct and more
elementary than those of [40; 60]. See Section 4 for more context and details.

1.5 Outline of the paper

Section 2 contains all the necessary background for the rest of the paper. We discuss the curve complex, the
disc set, compression bodies, interval bundles, the Jaco–Shalen and Johannson characteristic submanifold
theory, compression arcs, and geodesic laminations. Sections 3 and 4 are described in the previous
subsection. Section 5 contains a discussion of homoclinic geodesics, intrinsic limits of meridians, and
some of their basic properties. In Section 6 we explain how to build essential discs and annulus from a
homotopic leaf. Section 7 is devoted to Theorem 7.2, which characterises Hausdorff limits of meridians and
their structure; see Theorem 1.2 above. Section 8 contains our extension of [2] to partial pseudo-Anosovs,
and Section 9 contains the proof of Theorem 9.2, which generalises Theorem 1.6 above.

2 Preliminaries
2.1 Subsurfaces with geodesic boundary

Suppose S is a finite-type hyperbolic surface with geodesic boundary. A connected subsurface with
geodesic boundary in S is by definition either

(1) a simple closed geodesic X on S , which is the degenerate case, or

(2) an immersed surface X ! S such that the restriction to int.X / and to each component of @X is an
embedding, and where each component of @X maps to a simple closed geodesic on S .

In (2), the point is that our surface is basically an embedding, except that we allow two boundary
components of X to map to the same geodesic in S . We will usually suppress the immersion and write
X � S , abusing notation. We consider X;Y � S to be equal if they are either the same simple closed
geodesic, or if they are both immersions as in (2) and the interiors of their domains have the same images.
We say X , Y are essentially disjoint if either

� X , Y are disjoint simple closed geodesics,

� X is a simple closed geodesic, Y is not, and X is disjoint from int.Y /, or vice versa with X , Y

exchanged, or

� X , Y have nonempty disjoint interiors.

More generally, we define a (possibly disconnected) subsurface with geodesic boundary in S to be a
finite union of essentially disjoint connected subsurfaces with geodesic boundary.

Any connected essential subsurface T �S that is not an annulus homotopic into a cusp of S determines
a unique connected subsurface with geodesic boundary X such that the images of �1T and �1X in �1S
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are conjugate. Here, we say that X is obtained by tightening T . More generally, we can tighten a
disconnected T to a disconnected X by tightening all its components.

Tightening is performed as follows. If T is an annulus, then we let X be the unique simple closed
geodesic homotopic to the core curve of T . Otherwise, we obtain X by homotoping T so that every
component of @T is either geodesic or bounds a cusp in S nT , and then adding in any components of
S nT that are cusp neighbourhoods. Alternatively, let zT be a component of the preimage of T in the
universal cover zS , which is isometric to a convex subset of H2, let ƒT � @H

3 be the set of limit points
of zT on @1H2, and let zX be the convex hull of ƒT within zS . Then zX projects to an X as desired.

Conversely, suppose X is a subsurface with geodesic boundary in S . Then there is a compact essential
subsurface T ,! S , unique up to isotopy and called a resolution of X , that tightens to X . When X is a
simple closed geodesic, we take T to be a regular neighbourhood of X . Otherwise, construct T by deleting
half-open collar neighbourhoods of all boundary components of X , and deleting open neighbourhoods of
all cusps of T .

Note that subsurfaces with geodesic boundary X , Y are essentially disjoint if and only if they admit
disjoint resolutions.

2.2 The curve complex

Let S be a compact orientable surface, possibly with boundary, and assume that S is not an annulus.

Definition 2.1 The curve complex of S , written C.S/, is the graph whose vertices are homotopy classes
of nonperipheral, essential simple closed curves on S and whose edges connect homotopy classes that
intersect minimally.

When S is a 4-holed sphere, minimally intersecting simple closed curves intersect twice, while on
a punctured torus they intersect once. Otherwise, edges in C.S/ connect homotopy classes that admit
disjoint representatives.

Masur and Minsky [47] have shown that the curve complex is Gromov hyperbolic, when considered
with the path metric in which all edges have unit length. Klarreich [37] (see also [24]) showed that
the Gromov boundary @1C.S/ is homeomorphic to the space of ending laminations of S : i.e., filling,
measurable geodesic laminations on S with the topology of Hausdorff superconvergence.

2.3 The disc set

Suppose S � @M is an essential subsurface of the boundary of a compact, irreducible 3-manifold M , and
that @S is incompressible in M . An essential simple closed curve 
 on M is called a meridian if it bounds
an embedded disc in M . By the loop theorem, 
 is a meridian if and only if it is homotopically trivial in M .

Definition 2.2 The disc set of S in M , written D.S;M /, is the (full) subgraph of C.S/ whose vertices
are the meridians of S in M .

When convenient, we will sometimes regard D.S;M / as a subset of the space of projective measured
laminations PML.S/, instead of as a graph.
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The following is an extension of a theorem of Masur and Minsky [48, Theorem 1.1], which they prove
in the case that S is an entire component of @M .

Theorem 2.3 (Masur–Minsky) The subset D.S;M / of C.S/ is quasiconvex.

To prove Theorem 2.3 as stated above, one follows the outline of [48]: given a; b 2D.S;M /, the goal
is to construct a well-nested curve replacement sequence from aD a1; : : : ; anD b consisting of meridians,
which must be a quasigeodesic by their Theorem 1.2. The sequence .ai/ is created by successive surgeries
along innermost discs, and the only difference here is that one needs to ensure that none of the surgeries
create peripheral curves. However, the surgeries create meridians and S has incompressible boundary.

2.4 Compression bodies

We refer the reader to Section 2 of [3] for a more detailed discussion of compression bodies, and state
here only a few definitions that will be used later on.

A compression body is a compact, orientable, irreducible 3-manifold C with a �1-surjective boundary
component @CC , called the exterior boundary of C . The complement @C n @CC is called the interior
boundary, and is written @�C . Note that the interior boundary is incompressible. For if an essential
simple closed curve on @�C bounds a disk D � C , then C nD has either one or two components, and in
both cases, Van Kampen’s theorem implies that @CC , which is disjoint from D, cannot �1-surject.

Suppose M is a compact irreducible 3-manifold with boundary, let † be a component of @M . A
subcompression body of .M; †/ is a compression body that is embedded as a submanifold C �M with
exterior boundary†. Up to isotopy, any such subcompression body can be constructed as follows. Choose
a set � of disjoint, pairwise nonhomotopic simple closed curves on † that are all meridians in M . Let
C 0 �M be the union of † with a set of disjoint disks in M whose boundaries are the components of � ,
and define C �M to be the union of a regular neighbourhood of C 0 �M together with any components
of the complement of this neighbourhood that are topological 3-balls. Here, we say that C � M is
obtained by compressing � . Note that the irreducibility of M implies that no component of @C is a
2-sphere, and hence that C is irreducible, and therefore a compression body. See [3, Section 2] for details
about this construction. More generally, if S � † is an essential subsurface, a subcompression body
of .M;S/ is a subcompression body of .M; †/ obtained by compressing a multicurve � � S .

Two subcompression bodies of a handlebody H are illustrated in Figure 1. On the left, we com-
press a separating meridian � D fm1g and obtain a subcompression body of H that has two “interior”
boundary components contained in int.H /; these are the tori drawn in grey. On the right, we compress
a nonseparating meridian � D fm2g and obtain a subcompression body with a single torus interior
boundary component. Note that compressing � D fm1;m2g gives the same subcompression body as
compressing m2, because we fill in complementary components that are balls.

When the compressing set � is empty, we obtain the trivial subcompression body of .M;S/, which is
just a regular neighbourhood of †� @M . (In other words, the trivial compression body †� Œ0; 1� can be
considered as a subcompression body of .M;S/ for any subsurface S �†.) At the other extreme, we
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m1 m2

Figure 1: Compression bodies inside a genus-2 handlebody.

can compress a maximal � � S , which gives the “characteristic compression body” of .M;S/, defined
via the following fact.

Fact 2.4 (the characteristic compression body) Suppose M is an irreducible compact 3-manifold , that† is
a component of @M and that S�† is an essential subsurface such that the multicurve @S is incompressible
in M . Then there is a unique (up to isotopy) subcompression body

C WD C.M;S/�M

of .M;S/, called the characteristic compression body of .M;S/, such that a curve 
 in S is a meridian
in C if and only if it is a meridian in M .

Moreover , C can be constructed by compressing any maximal set of disjoint , pairwise nonhomotopic
meridians in S .

This is a version of a construction of Bonahon [5], except that he only defines the characteristic
compression body when S is an entire boundary component of M . In that case, the interior boundary
components of M are incompressible in M , so Bonahon’s construction can be used to reduce problems
about 3-manifolds to problems about compression bodies and about 3-manifolds with incompressible
boundary.

The reader can also compare Fact 2.4 to Lemma 2.1 in [3], which is the special case of the fact where M

is a compression body and S is its exterior boundary, so that C DM is obtained by compressing any
maximal set of disjoint, nonhomotopic meridians in M .

Proof Let � be a maximal set of disjoint, pairwise nonhomotopic M -meridians on S , and define C

by compressing � . We have to check that any curve in S that is an M -meridian is also a C -meridian.
Suppose not, and take an M -meridian m� S that is not a C -meridian, and that intersects � minimally.
Since � is maximal, m intersects some component 
 � � . Then there is an arc ˛ � 
 with endpoints
on m and interior disjoint from m, that is homotopic rel endpoints in M to the arcs ˇ0; ˇ00 � m with
the same endpoints. (Here ˛ is an “outermost” arc of intersection on a disk bounded by 
 , where the
intersection is with the disk bounded by m; see, e.g., Lemma 2.8 in [3].) Since m is in minimal position
with respect to � , the curves m0D ˛[ˇ0 and m00D ˛[ˇ00 are both essential, and are M -meridians in S

that intersects � fewer times than m. So by minimality of m, both m0, m00 are C -meridians, implying that
˛ is homotopic rel endpoints to ˇ0 and ˇ00 in C . This implies m is a C -meridian, contrary to assumption.
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For uniqueness, suppose we have two subcompression bodies C1, C2 of .M;S/ in which all curves
in S that are meridians in M are also meridians in C1, C2. Since C1, C2 are subcompression bodies
of .M;S/, the kernels of the maps

�1†! �1Ci

induced by inclusion are both normally generated by the set of all elements of �1† that represent simple
closed curves in S that are meridians in M . Hence, the disk sets D.†;Ci/ are the same for i D 1; 2.
It follows that C1, C2 are isotopic in M , say by Corollary 2.2 of [3].

2.5 Interval bundles

In this paper, an interval bundle always means a fibre bundle B ! Y , where Y is a compact surface
with boundary, and where all fibres are closed intervals I . Regarding the fibres as “vertical”, we call
the associated @I -bundle over Y the horizontal boundary of B, written @H B. An interval bundle that is
isomorphic to Y � Œ�1; 1� is called trivial, and we often call nontrivial interval bundles twisted.

All 3-manifolds in this paper are assumed to be orientable, but even when the total space B of an
interval bundle is orientable, the base surface Y may not be. Indeed, let Y be a compact nonorientable
surface and let � W bY ! Y be its orientation cover. Then the mapping cylinder

B WD bY � Œ0; 1�=�; .x; 1/� .x0; 1/ () �.x/D �.x0/;

is orientable, and is a twisted interval bundle over Y , where the fibre over y 2 Y is obtained by gluing
together the two intervals fxg � Œ0; 1� and fx0g � Œ0; 1� along .x; 1/ and .x0; 1/, where ��1.y/D fx;x0g.
The horizontal boundary @H B here is bY �f0g, which is homeomorphic to the orientable surface bY . Note
that B is double covered by the trivial interval bundle bY � Œ�1; 1�.

Fact 2.5 Suppose that B ! Y is an interval bundle and B is orientable. If Y is orientable , then B is
a trivial interval bundle. If Y is nonorientable , then B is isomorphic to the mapping cylinder of the
orientation cover of Y .

Proof If Y and B are orientable, so is the line bundle, so the bundle is trivial. If Y is nonorientable, the
horizontal boundary @H B � @B is an orientable surface that double covers Y , and from there it’s easy to
construct the desired isomorphism to the mapping cylinder of the projection @H B! Y .

An interval bundle B! Y comes with a canonical involution � , which is well defined up to isotopy,
and which is defined as follows. If B Š Y � Œ0; 1� is a trivial interval bundle, we define

� W Y � Œ�1; 1�! Y � Œ�1; 1�; �.y; t/D .y;�t/:

And if B is the twisted interval bundle B Š bY � Œ0; 1�=� above, we define

� W bY � Œ0; 1�=�! bY � Œ0; 1�=�; �. Oy; t/D .�. Oy/; t/;
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where � is the nontrivial deck transformation of the orientation cover. Note that � is always an orientation
reversing involution of B, so in particular, when we give the surface @H B its boundary orientation, the
restriction � j@H B is also orientation reversing.

We also recall the following well-known fact.

Fact 2.6 Suppose B! Y is an interval bundle (as always , over a compact surface with boundary) and B

is orientable. Then B is homeomorphic to a handlebody.

It’s a nice topology exercise to visualise the homeomorphism. Regard Y as the union of a polygon and
a collection of bands (long, skinny rectangles), each of which is glued along its short sides to two sides of
the polygon. Thickening, the picture becomes a ball with 1-handles attached, so since B is orientable,
it is a handlebody.

Note that if S D Sg;b has genus g and b boundary components, then the handlebody S � Œ�1; 1� has
genus 2gC b� 1, since that is the rank of the free group �1.S � Œ�1; 1�/Š �1S .

Finally, suppose � W B! Y is an interval bundle and f W @H B! @H B is a homeomorphism. We
say that f extends to B if there is a homeomorphism F W B! B such that F j@H B D f . We leave the
following to the reader.

Fact 2.7 The following are equivalent :

(1) f extends to B.

(2) f ı � is isotopic to f on @H B.

(3) After isotoping f , there is a homeomorphism Nf W Y ! Y such that � ıf D Nf ı� .

(4) There is a homeomorphism from B to either

Y � Œ�1; 1� or bY � Œ0; 1�=�;
taking horizontal boundary to horizontal boundary, such that f D F j@H B , and where either

F W Y � Œ�1; 1�! Y � Œ�1; 1�; F.y; t/D . Nf .y/; t/;

for some homeomorphism Nf W Y ! Y , or

F W bY � Œ0; 1�=�! bY � Œ0; 1�=�; F.y; t/D . Nf .y/; t/;

for some homeomorphism Nf W bY ! bY commuting with the deck group of bY ! Y , and hence covering a
homeomorphism of Y .

2.6 The characteristic submanifold of a pair

Suppose that M is a compact, orientable 3-manifold and that S � @M is an incompressible subsurface.
In the late 1970s, Jaco and Shalen [30] and Johannson [32] described a “characteristic” submanifold
of .M;S/ that contains the images of all nondegenerate maps from interval bundles and Seifert fibred
spaces.
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Theorem 2.8 (Jaco–Shalen [29, page 138]) There is a perfectly embedded Seifert pair .X; †/� .M;S/,
unique up to isotopy and called the characteristic submanifold of .M;S/, such that any nondegenerate
map .B;F /! .M;S/ from a Seifert pair .B;F / is homotopic as a map of pairs into .X; †/.

A Seifert pair is 3-manifold pair that is a finite disjoint union of interval bundle pairs .B; @H B/

and S1-bundle pairs. Here, an S1-bundle pair .B;F / is a 3-manifold B fibred by circles, where
F � @B is a compact subsurface saturated by fibres. A Seifert pair .X; †/� .M;S/ is well embedded if
X \ @M D†� S and the frontier of X in M is a �1-injective surface, and is perfectly embedded if it is
well embedded, no component of the frontier of X in M is homotopic into S , and no component of X is
homotopic into another component.

When .B;F / is a connected Seifert pair, a map f W .B;F /! .M;S/ is essential if it is not homotopic
as a map of pairs into S . Notice that this only depends on the image of f and not on f itself. One says
f is nondegenerate if it is essential, its �1-image is nontrivial, its �1-image is noncyclic when F D¿,
and no fibre of B is nullhomotopic in .M;S/. For disconnected .B;F /, one says f is nondegenerate if
its restriction to every component is nondegenerate.

The following is very well known.

Fact 2.9 If int.M / is hyperbolisable and .B;F / is an S1-bundle pair that is perfectly embedded in .M;S/,
then either

(1) .B;F / is a “fibred solid torus” , i.e., B is an S1-bundle over a disk , and F � @B Š T 2 is a collection
of fibred parallel annuli , or

(2) .B;F / is a “thickened torus” , i.e., B is an S1-bundle over an annulus , so is homeomorphic to
T 2 � Œ0; 1�, and each component of F is either a torus or a fibred annulus.

So in particular, the components of the characteristic submanifold of .M;S/ are either interval bundles,
solid tori, or thickened tori.

Proof Suppose that .B;F / is a perfectly embedded S1-bundle pair in M . Then B! Y is an S1-bundle,
where Y is a compact 2-orbifold, and the cyclic subgroup Z � �1B corresponding to a regular fibre
is normal in �1B. In a hyperbolic 3-manifold, any subgroup of �1 that has a cyclic normal subgroup
is elementary, say by a fixed point analysis on @1H3. So, �1B is either cyclic or isomorphic to Z2.
It follows that Y is a disc, in which case B is a fibred solid torus, or Y is an annulus, in which case B is
a thickened torus.

In this paper we will mostly be interested in interval bundles. For brevity, we’ll use the following
terminology, which differs slightly from the terminology above used by Jaco and Shalen.

Definition 2.10 An essential interval bundle in .M;S/ is an essential, well-embedded interval bundle
pair .B; @H B/ ,! .M;S/.

Note that the horizontal boundary of any essential interval bundle is an incompressible subsurface of S .
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The definition above differs from a well-embedded interval bundle pair in that we are excluding
boundary-parallel interval bundles over annuli, and differs from a perfectly embedded interval bundle
pair in that we are allowing components of the frontier of an interval bundle over a surface that is not an
annulus to be boundary parallel. For instance, if Y is a surface with boundary and Y 0 � Y is obtained
by deleting collar neighbourhoods of the boundary components, and we set M D Y � Œ�1; 1�, which
is a handlebody, then .Y 0 � Œ�1; 1�;Y 0 � f�1; 1g/ is an essential interval bundle in .M; @M /, but is not
perfectly embedded. However, note that any essential interval bundle .B; @H B/ ,! .M;S/ is perfectly
embedded in .M; @H B/.

2.7 Compression arcs

Suppose .B; @H B/� .M;S/ is an essential interval bundle. An arc ˛ � S with endpoints on @.@H B/

and interior disjoint from @H B is called a compression arc if it is homotopic in M to a fibre of B, while
keeping its endpoints on @.@H B/. See Figure 2. To link this definition with more classical ones, it is
easy to see that there is a compression arc for B if and only if Fr.B/ is boundary compressible; see
[29, pages 36–37] for a definition.

Write our interval bundle as � WB! Y . Let ˛ be a compression arc for B. After isotoping the bundle
map � , we can assume that ˛ is homotopic rel endpoints to a fibre ��1.y/, where y 2 Y . Suppose c is an
oriented, two-sided, essential, simple closed loop Y based at y, and suppose that either c is nonperipheral
in Y , or that Y is an annulus or Möbius band. Write ��1.c/D c� [ cC, where c˙ are disjoint simple
closed oriented loops in X based at y˙, and where the orientations of c˙ project to that of c.

Claim 2.11 The concatenation m.c/ WD c� �˛ � c
�1
C �˛

�1 is homotopic to a meridian on S .

So, a compression arc ˛ allows one to make compressible curves on S from essential curves on Y .
See Figure 2.

Proof Since ˛ is homotopic rel endpoints to the fibre ��1.y/, the curve m.c/ is homotopic in M to a
curve in B that projects under � to c �c�1, and hence m.c/ is nullhomotopic in M . Checking orientations,
one can see that m.c/ is homotopic to a simple closed curve on S . So, we only have to prove that m.c/

is homotopically essential on S .
Suppose that c�, cC are freely homotopic on @H B as oriented curves. (This happens exactly when the

curve c � Y bounds a Möbius band in Y .) Then m.c/ is homotopic to the commutator of two essential
simple closed curves on S that intersect once, and hence is essential since S is not a torus.

We can now assume that c˙ are not freely homotopic in @H B as oriented curves. If m.c/ is inessential,
then c˙ are freely homotopic on S , so c˙ are homotopic in @H B to boundary components c0

˙
� @H B

that bound an annulus in S n @H B. In this case c˙ are peripheral, so we may assume that Y is either an
annulus or a Möbius band. If Y is a Möbius band, we are in the situation of the previous paragraph and are
done. So, Y is an annulus, and @H B is a pair of disjoint annuli on S , where c0

˙
lie in different components

of @H B. Since c0
˙

bound an annulus in S n @H B, the interval bundle B is inessential, contrary to our
assumption.
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N

a

Z ×{1}

Z ×{ 1− }

M = Y × [−1, 1]

m (c)

Figure 2: Z�Y is a compact surface, the interval bundle BDZ�Œ�1; 1� embeds in the manifold
M D Y � Œ�1; 1�, and ˛ above is a compression arc. Also pictured in light grey is a meridian as
described in Claim 2.11.

In fact, more is true.

Fact 2.12 (arcs that produce meridians) Suppose .B; @H B/� .M;S/ is an essential interval bundle and
let ˛ � S be an arc with endpoints on @H B and interior disjoint from @H B. Let X � S be a regular
neighbourhood of ˛[ @H B within S . Then there is a meridian in X if and only if we have either

(1) the endpoints of ˛ lie on the same component c of @.@H B/, and there is an arc ˇ � c such that ˛[ˇ
is a meridian , or

(2) ˛ is a compression arc.

Note that in the second case the endpoints of ˛ lie on distinct components of @.@H B/, so in particular
the two cases are mutually exclusive.

The reason we say X “contains a meridian” instead of “is compressible” is that X may not be an
essential subsurface of S , and we want to emphasise that the essential curve in X that is compressible
in M is actually essential in S . For example, let Y be a compact surface with boundary, Y 0 � Y be
obtained by deleting a collar neighbourhood of @Y , set B D Y 0� Œ�1; 1� and M D Y � Œ�1; 1�, and let ˛
be a spanning arc of B in @M .

Proof The “if” direction is immediate: in case (1) we are essentially given a meridian in X , and in
case (2) we can appeal to Claim 2.11.

We now work on the “only if” direction. Write our regular neighbourhood of @H B[˛ as X D@H B[R

where R is a rectangle with two opposite “short” sides on the boundary of @H B. Let D�M be an essential
disc whose boundary is contained in X , and where D intersects the frontier Fr.B/�M in a minimal
number of components. Let a �D \ Fr.B/ be an arc that is “outermost” in D, i.e., there is some arc
a0� @D with the same endpoints as a such that a, a0 bound an open disk in D that does not intersect Fr.B/.

We claim that a0 �R. If not, then a0 � @H B, and bounds a disk in B with the arc a� @B. Writing
the interval bundle as � W B! Y , the projection �.a[ a0/ in Y is then also nullhomotopic, so �.a0/ is
homotopic rel endpoints into @Y . Lifting this homotopy through the covering map @H B! Y we get that
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a0 is inessential in @H B, i.e., is homotopic in @H B rel endpoints into @.@H B/. Lifting this homotopy
through the covering map @H Y ! Y �.a/� @Y , it follows that �.a0/ is an inessential arc in Y . We can
then decrease the number of components of D\Fr.B/, contradicting that this number is minimal.

So, a0 �R. Again by minimality of the intersection, the endpoints of a0 lie on opposite short sides
of R, so ˛ is homotopic to a0 through arcs in R with endpoints on Fr.B/. Since a0 is homotopic rel
endpoints to a� Fr.B/, it follows that ˛ is homotopic rel endpoints into Fr.B/. If the two endpoints of
˛ lie on the same component of @.@H B/, we are in case (1), and otherwise we are in case (2).

2.8 Laminations

We assume the reader is familiar with geodesic and measured laminations on finite-type hyperbolic
surfaces. See, e.g., [16; 33].

Suppose � is a connected geodesic lamination on a finite-type hyperbolic surface S with geodesic
boundary. We say that � fills an essential subsurface T � S if � � T and � intersects every essential,
nonperipheral simple closed curve in T .

Fact 2.13 For every connected �, there is a unique subsurface with geodesic boundary (as in Section 2.1)
that is filled by �, which we denote by S.�/. It is the minimal subsurface with geodesic boundary in S

that contains �.

Here, S.�/ can be constructed by taking a component Q� � zS � H2 of the preimage of �, letting
C �H2 be the convex hull of the set of endpoints of leaves of Q� in @H2, and projecting C into S .

Suppose that M is a compact, orientable irreducible 3-manifold let S � @M be an essential subsurface.
The limit set of .S;M / is the closure

ƒ.S;M /D fmeridians 
 � Sg � PML.S/;

where PML.S/ is the space of projective measured laminations on S . The limits set was first studied by
Masur [46] in the case that M is a handlebody, with S its entire boundary. In this case, Kerckhoff [34]
later proved that the limit set has measure zero in PML.S/, although a mistake in his argument was
later found and fixed by Gadre [23].

In some ways, ƒ.S;M / acts as a dynamical limit set. For instance, let Map.S/ be the mapping class
group of S , and let Map.S;M /�Map.S/ be the subgroup consisting of mapping classes represented
by restrictions of homeomorphisms of M . Then we have:

Fact 2.14 (1) If ƒ.S;M / is nonempty, it is the smallest nonempty closed subset of PML.S/ that is
invariant under Map.S;H /.

(2) If Map.S;M / contains a pseudo-Anosov map on S , then ƒ.S;M / is the closure of the set of the
attracting and repelling laminations of pseudo-Anosov elements of Map.S;M /.

Note that Map.S;M / contains a pseudo-Anosov map on S if and only if the disk set D.S;M /

has infinite diameter in the curve complex C.S/, where the latter condition was discussed earlier in
Proposition 3.1. See also [2; 41].
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Proof For the first part just note that Dehn twist Tm around meridians m� S are in Map.S;M /, so if
A� PML.S/ is nonempty and invariant, � 2A and m is a meridian, then mD limi T i

m.�/ is also in A,
implying ƒ.S;M /�A.

For the second part, take a pseudo-Anosov f 2Map.S;M / with attracting lamination �C, say. If m

is a meridian in S , then T i
m ı f ıT �i

m are pseudo-Anosov maps on S and their attracting laminations
converge to m, and then the argument finishes as before.

2.9 Laminations on interval bundles

Suppose that Y is a compact hyperbolisable surface with boundary, and that B! Y is an interval bundle
over Y . Endow Y and the horizontal boundary @H B with arbitrary hyperbolic metrics such that the
boundary components are all geodesic.

Suppose we have two geodesic laminations �˙ on @H B.

Definition 2.15 We say that �˙ are essentially homotopic through B if there is a lamination � and a
homotopy ht W �! B, t 2 Œ�1; 1�, such that h˙1 is a homeomorphism onto �˙, and where .ht / is not
homotopic into @H B.

When B is a trivial interval bundle, �˙ are essentially homotopic through B if and only if we can
write B Š Y � Œ0; 1� in such a way that �˙ D �� f˙1g for some geodesic lamination on Y . This is an
easy consequence of the fact that on a surface, homotopic laminations are isotopic. In general:

Fact 2.16 Suppose that �˙ are disjoint or equal geodesic laminations on @H B. Then these are equivalent :

(1) �˙ are essentially homotopic through B.

(2) �˙ is isotopic on @H B to �.��/, where � is the canonical involution of B discussed in Section 2.5.

Moreover , (1) and (2) imply

(3) there is a geodesic lamination � on Y such that ��[�C is isotopic on @H B to .�j@H B/
�1.�/.

Here, (3) does not always imply (1) and (2), since it could be that � has two components, .�j@H B/
�1.�/

has four, and these components are incorrectly partitioned into the two laminations �˙. However, that’s
the only problem, so, for instance, if �˙ are minimal then (1)–(3) are equivalent.

While we have phrased things more generally in the section, we can always assume in proofs that our
hyperbolic metrics have been chosen so that the covering map �j@H B W @H B! Y is locally isometric.
Here, we’re using the fact that given two hyperbolic metrics with geodesic boundary on a compact surface,
a geodesic lamination with respect to one metric is isotopic to a unique geodesic lamination with respect
to the other hyperbolic metric. In this case, we can remove the word “isotopic” from (2) and (3).

Proof The fact is trivial when B is a trivial interval bundle. When B is nontrivial, lift the homotopy to
the trivial interval bundle B0!B that double covers B, giving homotopic laminations �0

˙
� @H B0. The

statement (1)() (2) follows since the canonical involution on B0 covers that of B. For (2) D) (3), note
that since �˙ are disjoint or equal and differ by � , their projections �.�˙/� Y are the same, and are a
geodesic lamination � on Y .
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3 Large and small disk sets and compression bodies

Suppose that S � @M is an essential subsurface of the boundary of a compact, irreducible 3-manifold M ,
and that @S is incompressible in M . The following is probably known to some experts, but we don’t
think it appears anywhere in the literature, so we give a complete proof.

Proposition 3.1 (diameters of disk sets) With M , S as above , either

(1) D.S;M / has infinite diameter in C.S/,

(2) S has one nonseparating meridian ı, and every other meridian is a band sum of ı,

(3) S has a single meridian , which is separating , or

(4) D.S;M /D¿.

In case (1) we will say that D.S;M / is large, and in cases (2)–(4), we will say that D.S;M / is small.
Similarly, if C.S;M / is the characteristic compression body defined in Fact 2.4, then C.S;M / is said
to be large or small depending on whether D.S;M / is large or small. See also the discussion of small
compression bodies in Section 3 of [3].

Here, recall that a band sum of a meridian ı is the boundary of a regular neighbourhood of ı [ ˇ,
where ˇ is a simple closed curve on S that intersects ı once. Any such band sum must be a meridian:
for instance, as an element of �1M it is a commutator with a trivial element. Also, (3) includes the
case when M is a solid torus and S D @M , in which case there is only one (nonseparating) meridian.
When M is not a solid torus, though, every nonseparating curve has infinitely many band sums. Similarly,
a band sum of two disjoint meridians ı and 
 over an arc k joining ı to 
 is the boundary of a regular
neighbourhood of ı[ k [ 
 .

Before beginning the proof, we first establish the following:

Claim 3.2 Suppose S is not a torus , 
 �S is a meridian on S and ı is a meridian that lies in a component
T � S n 
 . If 
 is not a band sum of ı, there is a pseudo-Anosov f W T ! T that extends to a
homeomorphism of M .

The condition that 
 is not a band sum is necessary. For if M is a handlebody with S D @M , and 

is a separating meridian that bounds a compressible punctured torus T � S , then T has only a single
meridian ı. This ı is nonseparating and 
 is a band sum of ı. Any map T ! T that extends to a
homeomorphism of M must then fix ı, so cannot be pseudo-Anosov.

Similarly, if S is a torus and 
 is a meridian, the complement of 
 is an annulus, which does not admit
any pseudo-Anosov map.

Proof of Claim 3.2 Suppose first that 
 is not separating. Any simple closed curve that intersects 

once can be used to create a band sum. Now S is not a torus, and cannot be a punctured torus either,
since then its boundary would be compressible. So, there are a pair ˛, ˇ of band sums of 
 that fill S n
 .
By a theorem of Thurston [22, III.3 in 13], the composition of twists T˛ ıT �1

ˇ
is pseudo-Anosov. Each

twist extends to M , because twist about meridians can be extended to twists along the disks they bound.
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Figure 3: The surfaces R and R0 fill T .

Now suppose 
 separates S , and suppose that R is the component of T n .
 [ ı/ adjacent to 
 and ı.
Any curve in R that bounds a pair of pants with 
 and ı is also a meridian. Such curves are constructed
as the boundary of a neighbourhood of the union of 
 , ı and any arc in R joining the two. Therefore,
there is a pair ˛, ˇ of such curves that fills R. As before, f D T˛ ıT �1

ˇ
is a pseudo-Anosov on R that

extends to M .
However, there was nothing special about ı in the above construction. So if there is some (nonperipheral)

meridian ı0�T with ı¤ı0, there is also a pseudo-Anosov f 0 on the corresponding surface R0, such that f 0

extends to M . Since R and R0 fill T , [19, Theorem 6.1] says that for large i the composition f i.f 0/i is
a pseudo-Anosov on T . See Figure 3.

The only case left to consider is when ı is the only (nonperipheral) meridian in T . Since new meridians
can be created by taking a band sum of ı and 
 over any arc joining them, the only possibility here is
that T is a punctured torus, in which case this construction always just produces 
 again. But then 
 is a
band sum of ı.

Proof of Proposition 3.1 When S is a torus, distinct curves have nonzero algebraic intersection number,
so either there are no meridians or there is a single meridian. So, we assume S ¤ T 2 below.

It follows easily from Claim 3.2 that if S contains two disjoint meridians, neither of which is a band sum
of the other, then D.S;M / has infinite diameter in the curve complex. We first claim that if there are two
disjoint meridians in S , neither of which is a band sum of the other, then D.S;M / has infinite diameter
in the curve complex. To see this, suppose 
1, 
2 are such meridians. Claim 3.2 gives two pseudo-Anosov
maps f1, f2, each defined on the component of S n
i that contains 
j , where i ¤ j . Since the component
of S n 
1 containing 
2 and the component of S n 
2 containing 
1 together fill S , for large k the
composition f k

1
f k

2
is a pseudo-Anosov map on the entire surface S , by [19, Theorem 6.1]. Any such

composition extends to M , so maps meridians to meridians. As pseudo-Anosovs act with unbounded
orbits on the curve complex [47], this implies that the set of meridians has infinite diameter in C.S/.
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Figure 4: A surgery of a curve ı along a nonseparating 
 cannot produce a curve ˇ that is a band
sum of 
 .

Starting now with the proof of the proposition, suppose there are no nonseparating meridians in S .
If 
 , ı are distinct (separating) meridians, then an innermost disk surgery produces another separating
meridian 
2 disjoint from 
1; see [3, Lemma 2.8]. By the previous paragraph, D.S;M / has infinite
diameter in the curve complex. So, the only other options are if D.S;M /D¿, or if the only meridian is
a single separating curve.

Suppose now that there is a nonseparating meridian 
 in S . By Claim 3.2, unless the disc set has
infinite diameter in the curve complex, any meridian disjoint from 
 must be a band sum of 
 . So, either
we are in case (2) of the proposition, or there is some meridian ı that intersects 
 . Any innermost disk
surgery of ı along 
 must produce a band sum ˇ of 
 . However, this ˇ must then bound a punctured
torus T containing 
 , and ı is then forced to lie inside T , which gives a contradiction; see Figure 4.

4 Windows from limit sets

Let N D �nH3 be an orientable, geometrically finite hyperbolic 3-manifold, let ƒ� @H3 be the limit
set of � , and let

CC.N / WD �nCH.ƒ/�N

be the convex core of N . Equip @CC.N / with its intrinsic length metric, which is hyperbolic; see, for
instance, [58, Proposition 8.5.1].

Let S˙ be (possibly degenerate) incompressible subsurfaces with geodesic boundary in @CC.N / that
are either equal or are essentially disjoint, as in Section 2.1. Let

zS˙ � @CH.ƒ/�H3

be lifts of S˙, where if S� D SC, we require that zS� ¤ zSC. Let �˙ � � be the stabilisers of zS˙, let
ƒ˙ � @H3 be their limit sets and �D �C\��.

The lift zS˙ is isometric to a convex subset of H2. Let @1S˙ � @H2 be the boundary of zS˙. By
[53, Theorem 5.6], say, the inclusion zS˙ ,!H3 extends continuously to a �˙-equivariant quotient map

�˙ W @1 zS˙!ƒ˙ � @H
3:
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Theorem 4.1 (windows from limit sets) We have ƒ�\ƒC Dƒ�. Next , suppose � is nonempty and
is not a cyclic group acting parabolically on either zS� or zSC, and let �C˙ � zS˙ be the convex hulls
of the subsets ��1

˙
.ƒ�/ � @1 zS˙. Then �C˙ are �-invariant , the quotients C˙ WD �n�C˙ are (possibly

degenerate) subsurfaces with geodesic boundary in S˙, and there is an essential homotopy from C�

to CC in CC.N / that is the projection of a homotopy from �C� to �CC.

Above, C˙ are (possibly degenerate) subsurfaces with geodesic boundary in S˙, as defined in
Section 2.1, but it follows from the above and Theorem 2.8 that there are “resolutions” (see Section 2.1)
C 0
˙
� S˙ such that C 0

˙
bound an interval bundle in CC.M /. So informally, the theorem says that the

intersection ƒ�\ƒC is exactly the limit set of the fundamental group of some essential interval bundle
in .CC.M /;S 0�[S 0C/. The term “window” comes from Thurston [59] and refers to interval bundles; for
example, one can “see through” a trivial interval bundle from one horizontal boundary component to the
other.

The assumption that � is not cyclic and acting parabolically on either zS˙ is just for convenience in
the statement of the theorem. (Just to be clear, note that an element 
 2� can act parabolically as an
isometry of H3, but hyperbolically on the convex subsets zS˙ �H2.) If � is cyclic and acts parabolically
on zSC the subset �CC in the statement of the theorem will be empty. However, using the same proof one
can construct a homotopy from a simple closed curve on SC bounding a cusp of SC to some simple
closed curve on S�.

As mentioned in the introduction, a version of Theorem 4.1 was known to Thurston; see his discussion
of the only windows break theorem in [59]. Precise statements for geometrically finite N without
accidental parabolics were worked out in Lecuire’s thesis [40] and by Walsh [60]; note that Walsh uses
the conformal boundary instead of the convex core boundary, but the two points of view are equivalent.
However, for our applications in this paper, we need to allow accidental parabolics in zS˙, which are not
allowed in those theorems. Also, our proof is more direct and natural5 than those in [40; 60], despite the
extra complication coming from parabolics.

Finally, the assumption that N is geometrically finite is not really essential for the theorem statement.
With a bit more work dealing with degenerate ends, one can prove the theorem for all finitely generated � .
Essentially, the point is to use Canary’s covering theorem [14] to show that degenerate NP-ends in the
covers N˙ WD �˙nH3 have neighbourhoods that embed in N , and then to use this to prove that geodesic
rays in H3 that converge to points inƒ�\ƒC cannot exit degenerate ends in N˙. After showing this, the
proof of Claim 4.3 extends to the general case. However, we don’t have an application for that theorem
in mind, so we’ll spare the reader the details.

Proof of Theorem 4.1

We first focus on proving that ƒ�\ƒC Dƒ�. For each � 2 @H3, let �˙.�/� �˙ be the stabiliser of � .

5In both [40; 60], the authors focus on proving that the boundary components of �C˙ project to simple closed curves in S˙,
but that isn’t sufficient to say that �C˙ projects to a subsurface with geodesic boundary in S˙, which is what they then claim.
E.g., in [60] it is stated that under a covering map, the boundary of a subset goes to the boundary of the image, but this isn’t true.
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Claim 4.2 Let � 2 @H3 and suppose that ��.�/ and �C.�/ are both nontrivial. Then they are equal.

Proof By the tameness theorem [1; 11], we can identify CC.N / topologically with a subset of a
3-compact manifold with boundary M , where

(1) CC.N /� int.M /; CC.N /\ @M D @CC.N /;

and where @CC.N / is a collection of essential subsurfaces of @N . Let @�D0M be the union of
all torus boundary components of M , and let .X; †/ be the characteristic submanifold of the pair
.M;S�[SC[ @�D0M /, as in Section 2.6.

Since �˙ are both contained in a discrete group � , both �˙.�/ are contained in the stabiliser �.�/,
which is either infinite cyclic, or rank-2 parabolic.

Suppose first that �.�/ is rank-2 parabolic. The groups �˙.�/ are both cyclic, since S˙ are incom-
pressible hyperbolic surfaces, so their fundamental groups do not contain Z2 subgroups. So, we can
write �˙.�/D h
˙i for closed curves 
˙ on S˙. Both 
˙ are homotopic into some fixed component
T � @�D0M , the component whose fundamental group can be conjugated to stabilise �. So, there is a
component .X0; †0/� .X; †/ of the characteristic submanifold such that †0 intersects T and both 
˙
are homotopic on S˙ into†0. Since M ©T 2�Œ0;x�, the component .X0; †0/ is either an interval bundle
over an annulus (so, a fibred solid torus), or an S1-bundle pair, so by Fact 2.9, X0 is either a fibred solid
torus or a thickened torus. In either case, †0 intersects each of S˙ in a fibred annulus, and these annuli
are disjoint, so they are parallel on a torus boundary component of X0, implying that 
˙ are homotopic
in M , and hence �˙.�/ are conjugate in � . But since �˙.�/ have the same fixed point at infinity, the
conjugating element must fix �, and therefore commute with the two groups, implying ��.�/D �C.�/.

Now assume �.�/ is cyclic. Pick a basepoint p 2 S�, say, and let 
� � S� be a loop based at p

representing a generator of ��.�/. Represent a generator of �C.�/ as ˛ �
C �˛�1, where ˛ is an arc from
p 2 S� to a point in SC, and 
C is a loop in SC. Since �˙ stabilise distinct components zS˙, the arc ˛
is not homotopic into S�[SC. So, ˛ is a spanning arc of an essential map from an annulus, where the
boundary components of the annulus map to powers of 
˙. It follows that the loops 
˙ are homotopic
on S˙ into †0 for some component .X0; †0/� .X; †/.

If X0 is an I -bundle with horizontal boundary †0, then as 
˙ are not proper powers in �1S˙, they are
both primitive in �1X0, and hence 
˙ (rather than their powers) are homotopic in X0 �M . Similarly,
if .X0; †0/ is a fibred solid torus, †0 is a collection of parallel annuli on @X0, so since 
˙ are primitive
in �1S˙, they are homotopic on S˙ to simple closed curves in these annuli, and hence are homotopic to
each other in X0.

It follows that there are generators for �˙.�/ that are conjugate in � , but since these generators both
fix �, they are equal.

Claim 4.3 For all � 2ƒ�\ƒC, we have ��.�/D �C.�/. Moreover ,

ƒ� Dƒ�\ƒC:
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Proof Let N˙ � H3 be the 1-neighbourhood of the convex hull of ƒ˙, and for small � > 0, let
T˙.�/�H3 be the set of all points that are translated less than � by some parabolic element of �˙. If �
is at most the Margulis constant �0, then T˙.�/ is a disjoint union of horoballs in H3.

The sets N˙ and T˙.�/ are �˙ invariant. Since �˙ is a finitely generated subgroup of � , which is
geometrically finite, �˙ is geometrically finite as well by [14]. So, the action of �˙ on N˙ nT˙.�/ is
cocompact, see, e.g., Theorem 3.7 in [50], implying that either the function

DC WH
3
!R>0; DC.x/Dminfd.x; 
 .x// j 
 2 �C loxodromicg;

is bounded above on NC nTC.�/ by some B.�/ > 0, or �C is elementary parabolic. A similar statement
holds for � instead of C. With �0 the Margulis constant, the Margulis lemma then implies that if � > 0 is
sufficiently small with respect to B.�0/, and �C is not elementary parabolic, then

(2) T�.�/\NC � TC.�0/;

and similarly with �, C exchanged. Indeed, if not then we have (say) a point p 2H3 that is translated by
less than � by some parabolic 
� 2 �� and by at most B by some loxodromic 
C 2 �C. If � is small
with respect to B, then both 
� and Œ
C; 
�� translates p by at most �0, so they generate an elementary
discrete group by the Margulis lemma applied to � , implying that 
C fixes the fixed point of 
�, which
contradicts that they generate a discrete group.

Fix � 2 ƒC \ƒ�. We claim that ��.�/ D �C.�/. By Claim 4.2 it suffices to show that whenever
��.�/ is nontrivial, say, so is �C.�/.

First, assume that ��.�/ is elementary parabolic. We claim that �C.�/ is elementary parabolic as
well. Assume not, and let ˛ be a geodesic ray in H3 converging to � . Then ˛.t/ lies in T�.�/\NC for
large t , and therefore in TC.�0/ for large t by (2), which implies � is a parabolic fixed point of �C as
well, a contradiction.

Next, suppose that ��.�/ is elementary loxodromic. If � is a parabolic fixed point of �C, we are done,
so let’s assume this isn’t the case. Let ˛ be the axis of ��.�/, parametrised so ˛.t/! � as t!1. Since
� is not a �C parabolic fixed point, there are ti!1 such that ˛.ti/ 62 TC.�/ for all i . Since the action
of �C on NC nTC.�/ is cocompact, if p 2H3 is a fixed basepoint, there are elements 
Ci 2 �C such
that supi d.
Ci .p/; ˛.ti// <1. Since the action of ��.�/ on ˛ is cocompact, there are then elements

�i 2 ��.�/ with

sup
i

d.
Ci .p/; 

�
i .p// <1:

By discreteness of � , after passing to a subsequence we can assume 
Ci D 

�
i ıg for some fixed g 2 � .

Hence, for all i we have


Ci ı .

C

1
/�1
D 
�i ı .


�
1 /
�1
2 �C\ .��.�//� �C.�/;

so we are done.
Finally, we want to show that ƒ� \ƒC D ƒ�. The inclusion ƒ� � ƒ� \ƒC is clear. So, take

� 2ƒ�\ƒC. We can assume that �˙.�/D 1, since otherwise we’re in the cases handled above. Let ˛ be
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a geodesic ray in H3 converging to � . As in the previous case, since � is not a parabolic fixed point of �C,
there are ti!1 such that ˛.ti/ 62 TC.�0/ for all i . Discarding finitely many i , we have ˛.ti/ 2NC, so it
follows from (2) that ˛.ti/ 62 T�.�/. Fixing a base point p 2H3, as �� acts cocompactly on N� nT�.�/

and �C acts cocompactly on NC nTC.�0/, there are elements 
˙i 2 �˙ such that

sup
i

d.
˙i .p/; ˛.ti// <1:

So passing to a subsequence, 
Ci D 

�
i ıg for some fixed g 2 � , and then


Ci ı .

C

1
/�1
D 
�i ı .


�
1 /
�1
2 �C\�� D�

for all i . But applying this sequence to p and letting i !1 gives a sequence of points in the orbit �.p/
that converge to �, so � 2ƒ�.

Now assume that �¤ 1. We want to construct the interval bundle W mentioned in the statement of
the theorem. After an isotopy on @CC.N /, let’s assume that S˙ is a subsurface of @CC.N / with geodesic
boundary. Consequently, we allow degenerate subsurfaces, where S˙ is a simple closed geodesic, as well as
subsurfaces where only the interior is embedded and two boundary components can coincide. As @CC.N /

may have cusps, we also must allow S˙ to be noncompact with finite volume, rather than compact.
Recall that zS˙ is isometric to a convex subset of H2, and that if @1S˙ � @H2 is the boundary of zS˙

the inclusion zS˙ ,!H3 extends continuously to a �˙-equivariant quotient map

�˙ W @1 zS˙!ƒ˙ � @H
3:

Moreover, if �; � 0 2 @1 zSC, say, we have �C.�/D �C.� 0/ if and only if there is an element 
 2 �C that
acts hyperbolically on zSC [ @1 zSC with fixed points �; � 0 2 @1 zSC, but acts parabolically on H3. By
discreteness of the action �CÕ zSC, each � 2 @1 zSC has the same image under �C as at most one other � 0.
Similar statements holds with � instead of C. All this is a consequence (for instance) of Bowditch’s
theory of the boundary of a relatively hyperbolic group [6]: since the action �˙Õ H3 is geometrically
finite, ƒ˙ is a model for the Bowditch boundary of the group �˙ relatively to its maximal parabolic
subgroups, so the statement above follows from Theorem 1.3 of [44], say.6

Let ��1
˙
.ƒ�/� @1 zS˙. Since �¤ 1 and is not cyclic parabolic, ��1

˙
.ƒ�/ has at least two points, so it

has a well-defined convex hull �C˙ � S˙.

Claim 4.4 (convex hulls) One of the following holds.

(1) � is cyclic and acts hyperbolically on zSC. The convex hull �CC is its geodesic axis , which is precisely
invariant under �� � , so that the quotient CC WD�n�CC embeds as a simple closed geodesic in SC.

(2) �CC is a subsurface of zSC with geodesic boundary , int.�CC/ is precisely invariant under �� � , and
the quotient CC WD�n�CC is a generalised subsurface of SC with compact geodesic boundary.

A similar statement holds with � instead ofC.
6See also Theorem 5.6 of [53], which says that there is a continuous equivariant extension �˙ of the inclusion zS˙ ,!H3 as

above. This theorem is stated in a much more general setting, though, and our statement is a trivial case.
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Proof Let’s work with C for concreteness. If g 2�, then g.ƒ�/Dƒ�, so g leaves ��1
C .ƒ�/ invariant

by equivariance of �C. Hence g leaves �CC invariant.
Let’s suppose first that �CC has nonempty interior, since that is the more interesting case. We’ll address

the case that �CC is a biinfinite geodesic at the end of the proof. Let g 2 �C n�. We want to show

g.int.�CC//\ int.�CC/D¿:

Assume this is not the case. By Claim 4.3, the fixed points of g in @1SC lie outside ��1
C .ƒ.�//. So, we

cannot have g.�CC/ � �CC, as then we’d have gn.�CC/ � �CC for all n, contradicting that points of zSC
converge to the fixed points of g under iteration. Considering backwards iterates, we also cannot have�CC � g.�CC/. Therefore, @�CC and @g.�CC/ intersect transversely.

Since �CC has nonempty interior, � is nonelementary, and therefore the fixed points of loxodromic
isometries of � are dense in ƒ�. Loxodromic fixed points of � are in particular not parabolic fixed
points in �˙, so any biinfinite geodesic in �CC is a limit of biinfinite geodesics in �CC whose endpoints
are not fixed points of parabolic isometries of �˙. By the previous paragraph, there are then biinfinite
geodesics ˛C, ˇC in �CC such that g.˛C/ and ˇC intersect transversely, and where the endpoints of
˛C, ˇC project under �C to points �˛; � 0˛; �ˇ; �

0
ˇ
2ƒ� that are not parabolic fixed points in �˙.

Let ˛� be the geodesic in zS� whose endpoints in @1 zS� map to the points �˛ , � 0˛ under ��. Define ˇ�
similarly. Then

˛ WD ˛C[f�˛; �
0
˛g[˛�; ˇ WD ˇC[f�ˇ; �

0
ˇg[ˇ�

are two simple closed curves on the closure cl.@CH.ƒ�// �H3 [ @H3, which is homeomorphic to a
sphere. For instance, the arcs ˛˙ are disjoint and �˛ ¤ � 0˛, since the endpoints of ˛C are not parabolic
fixed points.

Now consider how the two simple closed curves g.˛/, ˇ intersect. The arcs ˇ� and g.˛C/ are disjoint
since zS� ¤ zSC. The arcs g.˛�/, ˇ� are disjoint since g 62 �� and hence g.˛�/ lies on a different
translate of zS� than ˇ� � zS�. Moreover, since g.˛C/, ˇC intersect transversely in zSC, the endpoints
of g.˛C/ and ˇC are distinct in @1 zSC, and since none of them are parabolic fixed points, the points
g.�˛/, g.� 0˛/, �ˇ, � 0

ˇ
are all distinct. But by assumption, g.˛C/ intersects ˇC transversely in a single

point! This shows that g.˛/ and ˇ intersect exactly once, transversely, which is a contradiction.
By precise invariance of the action on the interior, the quotient int.CC/D� n int.�CC/ embeds in the

finite volume surface SC, so CC has finite volume itself. So if @CC is noncompact, it must have two
noncompact boundary components that are asymptotic. Lifting, we get two boundary components ˇ1, ˇ2

of �CC that are asymptotic. Since �CC is convex, it is contained in the subset of H2 bounded by ˇ1, ˇ2,
and hence the common endpoint of ˇ1, ˇ2 is an isolated point of ƒ�, which is a contradiction since � is
not elementary.

The case when �CC is a biinfinite geodesic is similar. Here, � must be cyclic, acting on zSC with
axis �CC, and acting either parabolically or loxodromically on H3. In the parabolic case, �CC compactifies
to a simple closed curve on the sphere cl.CH.ƒ�// �H3 [ @H3, so no translate g.�CC/;g 2 �C, can
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intersect �CC transversely, since if it did we’d get two simple closed curves on the sphere that intersect
once. In the loxodromic case, we get a similar contradiction by looking at the simple closed curve
cl.�CC [ �C�/ � cl.@ �M / and its g-image. So, �CC is precisely invariant under � � � . The quotient
CC WD�n�CC is obviously compact, and is therefore a simple closed geodesic in SC.

We claim that C� and CC are homeomorphic. If C˙ are isotopic in @CC.M / this is clear, and otherwise
we argue as follows. The subgroups �1C˙ are both represented by �, so are conjugate in �1M . The
fact that every curve in C� is homotopic to a curve in CC (and vice versa) implies that C˙ are isotopic
to subsurfaces C 0

˙
�† in the boundary † of a component .X; †/ of the characteristic submanifold7 of

.CC.M /;S�[SC/, see Section 2.6, and that even within X every closed curve in C 0� is homotopic to a
closed curve in C 0C, and vice versa. When X is a solid torus or thickened torus, C 0

˙
are annuli, while

if X is an interval bundle, C 0
˙

bound a vertical interval bundle in X , and are homeomorphic.
So, let f W C�! CC be a homeomorphism, lift f to a �-equivariant homeomorphism Qf W �C�! �CC

and let
F W �C� � Œ0; 1�! CH.ƒ/;

where F.x; � / parametrises the geodesic from x to f .x/. Then F is �-equivariant, and projects to an
essential homotopy from C� to CC, as desired.

4.1 An annulus theorem for laminations

Suppose M is a compact, orientable, hyperbolisable 3-manifold with nonempty boundary and let
S D @�<0M be the union of all nontorus boundary components of M . When ˛; ˇ � S are disjoint
simple closed curves that are essential and homotopic in M , but not homotopic in S , the annulus theorem
says that there is an essential embedded annulus A�M with @AD ˛[ˇ; see Scott’s paper [57].

More generally, equip S with an arbitrary hyperbolic metric. An essential homotopy between two
geodesic laminations �˙ on S is a map

H W .�� Œ�1; 1�; �� f�1; 1g/! .M;S/;

where � is a lamination, such that H maps �� f˙1g homeomorphically onto �˙, and where H is not
homotopic rel �� f�1; 1g into @M .

Here is an “annulus theorem” for minimal laminations.

Proposition 4.5 (an annulus theorem for laminations) Let ��, �C be two minimal geodesic laminations
on S that are either disjoint or equal , and assume that S.�˙/ are incompressible in M . If �˙ are
essentially homotopic in .M;S/, there is an essential interval bundle .B; @H B/� .M;S/ such that �˙
fill @H B, and where �˙ are essentially homotopic through B, as in Section 2.9.

Here, S.�˙/ are the subsurfaces with geodesic boundary filled by �˙, as in Section 2.8. The assumption
that they are incompressible generalises the assumption that ˛, ˇ are homotopically essential in M in the
annulus theorem.

7Really, we need to be using resolutions of our subsurfaces with geodesic boundary, as discussed in Section 2.1.
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Proof Identify M n @�D0M with the convex core of a geometrically finite hyperbolic 3-manifold. Set
S˙ WDS.�˙/. Lift the essential homotopy from �� to �C to a homotopy from lifts Q��� zS� to Q�C� zSC
in H3. Under the homotopy, which has bounded tracks, corresponding leaves of Q�˙ have the same
endpoints in @H3. The endpoints of Q�˙ are dense in @1 zS˙, so this means that the subsurfaces C˙ � S˙

constructed in Theorem 4.1 are just C˙ D S˙. Passing to disjoint or equal resolutions S 0
˙

of S˙ and
applying Theorem 2.8 gives an interval bundle B where �˙ fill @H B D S 0�[S 0C.

We claim that �˙ are essentially homotopic through B. By Fact 2.16, it suffices to show that if � is the
canonical involution of B, as described in Proposition 4.5, then �.�˙/ is isotopic to �� on S 0�. Using
the notation of Theorem 4.1, � lifts to a �-equivariant involution Q� of zB that exchanges zS 0� and zS 0C,
where here �D ��\�C. By equivariance, Q� extends continuously to the identity on ƒ�, so Q�.Q��/ is a
lamination on zSC with all the same endpoints at infinity as Q�C, and hence equals Q�C.

5 Laminations on the boundary

Suppose M is a compact, orientable 3-manifold with hyperbolisable interior and nonempty boundary @M .
Equip M with an arbitrary Riemannian metric and lift it to a Riemannian metric on the universal cover �M .
As in the introduction, a biinfinite path or ray h on @ �M is called homoclinic if there are points si , t i with
jsi � t i j !1 such that

sup
i

d �M .h.si/; h.t i// <1:

Two rays hC, h� on @ �M are called mutually homoclinic if there are parameters si
˙
!1 such that

sup
i

d �M .hC.s
i
C/; h�.s

i
�// <1:

Here, a ray is a continuous map from an interval Œa;1/, and a biinfinite path is a continuous map from R.
We will also call rays and paths on @M (mutually) homoclinic if they have lifts that are (mutually)
homoclinic paths on @ �M . We refer the reader to Section 5.1 for some comments on alternate definitions
of homoclinic that exist in the literature.

Note that if we divide a biinfinite homoclinic path into two rays, then either one of the two rays is
itself homoclinic, or the two rays are mutually homoclinic. Also, these definitions are metric independent:
since M is compact, any two Riemannian metrics on M lift to quasi-isometric metrics on �M , and a path
is homoclinic or mutually homoclinic with respect to one metric if and only if it is with respect to the
other metric.

Here are some examples.

Example 5.1 (1) Suppose that D is a properly embedded disc in M , and h W R! @M is a path that
covers @D � @M . Then h is homoclinic: indeed, D lifts homeomorphically to �M , so h lifts to a path in�M with compact image.
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(2) Suppose that � W .S1 � Œ0; 1�;S1 � f0; 1g/! .M; @M / is an essential embedded annulus. Then rays
covering the two boundary components of the annulus are mutually homoclinic: indeed, � lifts to

Q� WR� Œ0; 1�! �M ;

and we have supt2R d. Q�.t; 0/; Q�.t; 1// <1, so restricting to t 2 Œ0;1/ we get two mutually homoclinic
rays in �M .

It will be convenient below to work with a particular choice of metric on M .

Definition 5.2 (an explicit metric on M ) Let @�<0M be the union of all components of @M that have
negative Euler characteristic, i.e., are not tori. Thurston’s Haken hyperbolisation theorem, see [33],
implies that there is a hyperbolic 3-manifold N DH3=� homeomorphic to the interior of M , where
every component of @�<0M corresponds to a convex cocompact end of N . A torus T � @M , on the
other hand, determines a cusp of N . So, in other words, N is “minimally parabolic”: the only parabolics
come from torus boundary components of M . For each T , pick an open neighbourhood NT �N of the
associated cusp that is the quotient of a horoball in H3 by a Z2-action. Then

(3) M Š CC.N /
� [

tori T�@M

NT ;

and we will identify M with the right-hand side everywhere below. Then

� �M �H3 is obtained from the convex hull CH.�/�H3 of the limit set of � by deleting an equivariant
collection of horoballs, and

� the path metric induced on @�<0M is hyperbolic [58, Proposition 8.5.1], and the path metric induced
on every torus T � @M is Euclidean.

We now specialise to the case of paths that are geodesics on @M . Recall from Example 5.1(1) above
that one can make homoclinic paths by running around the boundaries of disks in @M . The following
shows that discs are essential in such constructions.

Fact 5.3 Suppose that S � @M is an essential subsurface. Then the inclusion of any lift zS � @ �M is a
quasi-isometric embedding into �M . Moreover if S is incompressible then any pair of mutually homoclinic
infinite rays on S are asymptotic and no biinfinite geodesic 
 in S is homoclinic.

Proof Think of M as embedded in a complete hyperbolic 3-manifold N as in (3), write N D �nH3,
and let �M �H3 be the preimage of M , so that �M is obtained from the convex hull CH.�/ be deleting an
equivariant collection of horoballs. Fix a subgroup �< � that represents the conjugacy class associated
to the image of the fundamental group of S �M . To show that

zS ,! @ �M
is a quasi-isometric embedding, it suffices to show that� is undistorted in � . But since M is geometrically
finite and � is finitely generated, it follows from a result of Thurston (see Proposition 7.1 in [54]) that
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the group � is geometrically finite, and geometrically finite subgroups of (say, geometrically finite)
hyperbolic 3-manifold groups are undistorted; see Corollary 1.6 in [28].

For the “moreover” statement, assume S is incompressible, so that zS is simply connected, and consider
a pair of infinite rays

h˙ WRC! zS

that are geodesic for the induced hyperbolic metric and t˙n !C1 such that d �M .hC.tCn /; h
�.t�n // is

bounded. Since zS � @ �M is a quasi-isometric embedding, d zS .h
C.tCn /; h

�.t�n // is also bounded. Since
zS is simply connected and hyperbolic, this is possible only if hC and h� are asymptotic on S . Taking
hC D h� we get that a geodesic ray on zS cannot be homoclinic. Taking hC ¤ h�, we get that any pair
of mutually homoclinic infinite rays on S are asymptotic. In particular two disjoint geodesic rays in
a homoclinic geodesic should be asymptotic. This is impossible for a geodesic in a simply connected
hyperbolic surface.

Example 5.1(2) above shows how embedded annuli in M can be used to create mutually homoclinic
rays. In analogy to Fact 5.3, one can show that annuli are essential in such a construction. For instance,
suppose M is acylindrical. Then work of Thurston, see [33] and more generally [42], says that we can
choose the hyperbolic manifold N so that @CC.N /Š @�<0M is totally geodesic. Hence, the preimage
of @�<0M in �M �H3 is a collection of hyperbolic planes. Any geodesic ray on @�<0M then lifts to a
geodesic in H3, and two geodesic rays on @�<0M are mutually homoclinic if and only if their geodesic
lifts are asymptotic in H3, which implies that they were asymptotic on @�<0M .

5.1 Alternate definitions of homoclinic

Above, we defined a path

h W I ! @ �M
to be homoclinic if there is are si ; t i 2 I with jsi � t i j !1 such that

sup
i

d �M .h.si/; h.t i// <1:

Some other papers use slight variants of this definition. For example, the definition of (faiblement)
homoclinique in Otal’s thesis [56] is almost the same as what is written above, except that distances are
computed in the intrinsic metric on @ �M instead of in �M . This is equivalent to our definition, though:
the nonobvious direction follows from Fact 5.3, which says that boundary components of �M quasi-
isometrically embed in �M . And in the definition of homoclinique in Lecuire’s earlier work [42], distances
are computed not in �M , but within H3, with respect to a given identification of �M with the convex core
of some minimally parabolic hyperbolic 3-manifold, as discussed in Definition 5.2. When M has tori in
its boundary, the inclusion �M ,!H3 is not a quasi-isometric embedding, but the following lemma says
that dH3 is bounded if and only if d �M is bounded, so Lecuire’s earlier definition is equivalent to ours.
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Lemma 5.4 Whenever x;y 2 �M , we have

dH3.x;y/� d �M .x;y/� edH3 .x;y/=2dH3.x;y/:

Proof Set N WD �nH3, so that �M is obtained from the convex hull CH WD CH.ƒ.�// of the limit set
of � by deleting horoball neighbourhoods around all rank-two cusps. Take a H3-geodesic 
 from x

to y. Then 
 lies inside CH, and it can only penetrate the deleted horoball neighbourhoods to a depth of
d.x;y/=2. Now, whenever B � B0 are horoballs in H3 such that dH3.@B;B0/� d.x;y/=2, the closest
point projection

� W B nB0! @B

is well defined and ed.x;y/=2-lipschitz. (Indeed, it suffices to take B as the height 1 horoball in the upper
half space model and B0 as the height ed.x;y/=2 horoball, and then the claim is obvious.) So, the parts
of 
 above that penetrate the deleted horoballs can be projected back into @ �M , and if we do this the
resulting path has length at most ed.x;y/=2d.x;y/.

We should mention the version of homoclinic defined in Casson’s original unpublished notes. There,
M is a handlebody, and if we regard @ �M ,!H3 as above, then a simple geodesic h W I ! @ �M is called
homoclinic if when we subdivide h into two rays h˙, these rays limit onto subsets A˙ �H3\@H3 such
that AC\A� ¤¿. This definition is stronger than all the ones mentioned above: if AC\A� contains
a point on @ �M , rather than at infinity, then the definition of homoclinic above is obviously satisfied.
Otherwise, h˙ have to have a common accumulation point in @H3, which corresponds to an end � of �M ,
and one can use the treelike structure of the universal cover �M of the handlebody M to say that h˙ have
to both intersect a sequence of meridians .mi/ on �M that cut off smaller and smaller neighbourhoods of � .
The times t i

pm when h˙ intersects mi then work in the definition of homoclinic above. In fact, Casson’s
definition is strictly stronger. For instance, if h˙ both spiral around disjoint meridians 
˙ � @ �M , then
h is homoclinic by our definition but not by Casson’s. However, Theorem 1.1 still fails using Casson’s
original definition, due to the examples in Figure 13 on page 1849.

5.2 Waves, tight position, and intrinsic limits

As in the previous section, let M be a compact, orientable hyperbolisable 3-manifold with nonempty
boundary @M , which we think of as the convex core of a hyperbolic 3-manifold with horoball neighbour-
hoods of its rank-2 cusps deleted.

Definition 5.5 (waves and tight position) Suppose that m is a meridian multicurve on @M , and let 
 � @M
be a simple closed geodesic, a simple geodesic ray, or a simple biinfinite geodesic. An m-wave is a
segment ˇ � 
 that has endpoints on m, and is homotopic rel endpoints in M to an arc of m. If 
 has no
m-waves, and every infinite length segment of 
 intersects m, then we say that 
 is in tight position with
respect to m.

Waves and tight position were discussed previously in [38; 42], for instance. Note that in our definition,
an m-wave ˇ can intersect m in its interior. More generally, an m-wave of a lamination is an m-wave of
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one of its leaves, and a lamination is in tight position with respect to m if all of its leaves are. Note that
from this perspective, if a geodesic 
 is in tight position with respect to some multicurve m (regarded as
a lamination), then it is in tight position with respect to some component of m.

As an example, a meridian 
 can never be in tight position with respect to another meridian m: taking
discs with boundaries 
 and m that are transverse and intersect minimally, any arc of intersection of these
disks terminates in a pair of intersection points of 
 and m that bound a m-wave of 
 .

More generally, we have the following fact.

Fact 5.6 (tight position D) H3 quasigeodesic) Let 
 be a simple geodesic ray or biinfinite geodesic
on @M . If 
 is in tight position with respect to some meridian m then any lift Q
 � @ �M of 
 is a
quasigeodesic in H3. In particular , Q
 is an �M -quasigeodesic , and is not homoclinic.

Proof Intersecting with m breaks 
 into a union of finite arcs. By simplicity of 
 , these arcs fall into
only finitely many homotopy classes rel m, and there is a universal upper bound LDL.
;m/ on their
lengths. Let D be a disc with boundary m and let zD be the entire preimage of D in �M . Tightness means
that the path Q
 intersects infinitely many components of zD, and intersects no single component more
than once.

In the notation of Definition 5.2, we have that �M � H3 is obtained from CH.�/ by deleting an
equivariant collection of horoballs. Each component of zD separates CH.�/, so if 
 0 is a segment of 
 ,
any geodesic in H3 joining the endpoints of 
 0 must intersect each of the discs that 
 0 intersects. Hence, if
� > 0 is the minimum distance between any two components of zD, then Q
 is a .L=�;L/-quasigeodesic.

Given a lamination, we now describe how to create a system of meridians with respect to which the
lamination is in tight position.

Definition 5.7 (surgery) Suppose that � is a geodesic lamination on @M and mD
Fn

iD1 mi is a geodesic
meridian multicurve on @M , and ˇ is an m-wave in � whose interior is disjoint from m. Then the pair of
points @ˇ separates some component mi of m into two arcs m1

i , m2
i , both of which are homotopic to ˇ

rel endpoints in M . We perform a �-surgery on m by replacing m1
i (say) with ˇ, thus constructing a new

multicurve m0 WD .ˇ[m2
i /t

F
j¤i mj .

This notion of surgery appears in many other references, e.g., [3; 18; 38; 42]. We summarise its
elementary properties here:

Fact 5.8 Suppose that � is a geodesic lamination.

(1) If m is a meridian and � has an m-wave , it also has an m-wave whose interior is disjoint from m, so
a �-surgery can be performed.

(2) Any curve m0 obtained by �-surgery on a meridian m as above is a meridian.

(3) If m is a cut system for M , i.e., a multicurve of meridians bounding discs that cut M into balls and
3-manifolds with incompressible boundary , then some �-surgery on a component of m is another cut
system.
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Proof For (1), suppose that � has an m-wave ˇ. Let zm be the entire preimage of m in the cover @ �M ,
and lift ˇ to an arc Q̌ starting and ending on some fixed component m0 � zm. Since each component of zm
separates @ �M , there is some “outermost” subarc Q̌0 that has endpoints on the same component of zm, and
that has interior disjoint from zm. This Q̌0 projects to an m-wave of � whose interior is disjoint from m.

For (2), note that if m0 WD ˇ[m2 is obtained by �-surgery on m, as above, then m, m0 are homotopic
in M , and hence m0 is nullhomotopic. Also, if m0 is inessential in @M , then ˇ is homotopic on @M
to m2, implying that � and m were not in minimal position, a contradiction since they are both geodesic.
Hence m0 is a meridian.

For (3), consider an m-wave in � whose interior is disjoint from m and say that @ˇ � m1. Then
@ˇ separates m1 into two arcs m1

1
, m2

1
. It is not difficult to see that either .ˇ [m1

1
/ t

F
j¤1 mj or

.ˇ[m2
1
/t
F

j¤1 mj is a cut system.

The following lemma is a modification of a result of Kleineidam and Souto [38, Lemmas 7 and 8] that
is essential for everything below.

Lemma 5.9 (no waves, or a sequence of meridians) Suppose � is a geodesic lamination on S D @M and
m is a meridian multicurve. Then either

(1) there exists a finite sequence of �-surgeries on m that terminates in some meridian multicurve m0

where � has no m0-waves ,

(2) S.�/ contains a sequence of meridians .
i/ such that i.�; 
i/! 0, with respect to every transverse
measure on �.

Here, (2) makes sense even when � admits no transverse measure of full support. Note that if � is a
minimal lamination and @S.�/ is incompressible, then (2) implies that � is an intrinsic limit of meridians.

Proof of Lemma 5.9 The two cases depend on whether � contains infinitely many homotopy classes of
m-waves, or not. Here, our homotopies are through arcs on S , keeping their endpoints on m.

If there are only finitely many classes of m-waves in �, then a finite sequence of �-surgeries converts
m into a multicurve m0 such that � has no m0-waves, as each surgery decreases the number of waves
by at least one. If there are infinitely many homotopy classes of m-waves in �, then we can choose a
sequence of parameterised m-waves ˛i W Œ0; 1�!R such that

(1) the two sequences of endpoints .˛i.0// and .˛i.1// both converge, and if either sequence converges
into a simple closed curve 
 � �, then it approaches 
 from only one side,

(2) no ˛i and j̨ are homotopic keeping their endpoints on m, for i ¤ j .

To construct the desired sequence of meridians, let ˇ0
i be the shortest geodesic on S from ˛i.0/ to ˛iC1.0/,

and define ˇ1
i similarly. Since .˛i.0//�m and .˛i.1//�m converge, we have ˇ0

i ; ˇ
1
i �m for i large

enough. For large i , the union ˇ0
i [˛i[ˇ

1
i [˛iC1 is an essential closed curve in S.�/ that is nullhomotopic

in M . It may not be simple, since ˇ0
i and ˇ1

i may overlap, but it has at most one self intersection. So by
the loop theorem [29], one of the three simple closed curves obtained by surgery on it is a meridian 
i .
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Now, the fact that the endpoints can approach a simple closed curve in � only from one side implies that
for large i , the curves 
i do not intersect any simple closed curve contained in �. Since 
i only intersects �
along the arcs ˇ0

i and ˇ1
i , whose hyperbolic lengths converge to zero, it follows that i.
i ; �/! 0 for any

transverse measure on �.

Here is an important application of Lemma 5.9.

Lemma 5.10 (quasigeodesic or a sequence of meridians) Suppose �� @�<0M is a minimal geodesic
lamination and that @S.�/ is incompressible in M . Let h� S.�/ be a simple geodesic ray or biinfinite
geodesic that is disjoint from � or contained in �. Then either

(1) any lift Qh� @ �M of h is a quasigeodesic in �M , or

(2) S.�/ contains a sequence of meridians .
i/ such that i.�; 
i/! 0, with respect to every transverse
measure on �.

In particular , if h is homoclinic , then � satisfies (2).

Proof Assume that (2) does not hold. If h is a geodesic ray, it is asymptotic to a geodesic ray lC � �

and any lift of h is a quasigeodesic if and only if any lift of lC is quasigeodesic. Let �D �[ h if h is
biinfinite and �D � otherwise. Given a cut system m for M , Lemma 5.9 and Fact 5.8(3) say that we can
perform �-surgeries until we obtain a new cut system m such that � has no m-waves. If m intersects �,
then � is in tight position with respect to m, so (1) follows from Fact 5.6. Therefore, we can assume m

does not intersect � �. Up to isotopy, we can also assume that S.�/ does not intersect m. Since @S.�/ is
assumed to be a collection of incompressible curves, it follows that S.�/ is itself incompressible, so (1)
follows from Fact 5.3.

We now come to the central definition of the section.

Definition 5.11 A minimal geodesic lamination �� @�<0M is an intrinsic limit of meridians if there
is a transverse measure8 on � and a sequence of meridians .
i/ contained in S.�/ such that 
i ! �

in PML.S.�//.

Using Lemma 5.10, we can prove the following proposition, which gives several equivalent character-
isations of intrinsic limits.

Proposition 5.12 (intrinsic limits) Suppose �� S D @M is a minimal geodesic lamination and @S.�/ is
incompressible. The following are equivalent :

(1) � is an intrinsic limit of meridians.

(2) Given (some/any) transverse measure on �, there is a sequence of meridians .
i/ in S.�/ such that
i.
i ; �/! 0.

8It is currently unknown whether the particular transverse measure matters: we might suspect that a measured lamination is a
projective limit of meridians if and only if the same is true for any other measured lamination with the same support, but there
could also very well be a counterexample.
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(3) There is a homoclinic geodesic in S.�/ that is either a leaf of �, or is disjoint from �.

(4) Given any transverse measure on �, there is a sequence of essential (possibly nonsimple) closed
curves .
i/ in S.�/ such that each 
i is nullhomotopic in M , and i.
i ; �/! 0.

Note that when we say @S.�/ is incompressible, we mean that no closed curve that is a boundary
component of S.�/ is nullhomotopic in M . This condition is mainly here to make statements and proofs
easier. For instance, without this assumption our proof of (4) D) (2) may produce peripheral meridians,
but peripheral meridians can’t be used in (2) D) (1).

Proof (2) D) (1) Fix some transverse measure on �. By (2),

i.
i ; �/=length.
i/! 0;

so after passing to a subsequence we can assume that .
i/ converges to a measured lamination � in S.�/

that does not intersect � transversely. As � fills S.�/, � is supported on �.

(1) D) (3) After passing to a subsequence, we can assume that .
i/ converges in the Hausdorff topology
to some lamination, which must then be an extension of � by finitely many leaves. The statement (3)
follows from an unpublished criterion of Casson, see Lecuire [42, Théorème B.1] for a proof, that states
that any Hausdorff limit of meridians has a homoclinic leaf.

(3) D) (2) This is an immediate corollary of Lemma 5.10.

(4) () (2) The direction( is immediate, so suppose .
i/ is a sequence of essential closed curves
in S.�/ that are nullhomotopic in H and i.�; 
i/! 0. By Stallings’ version of the loop theorem, for
each i there is a meridian 
 0i that is obtained from 
i by surgery at the self intersection points. Such
surgeries can only decrease the intersection number with �, so (2) follows.

We will also need the following criterion in the next section.

Lemma 5.13 (intrinsic limits of annuli) Suppose �� @�<0M is a minimal lamination such that S.�/ is
compressible but @S.�/ is incompressible , and that there is a sequence .Ai/ of essential embedded annuli
in .M;S.�// with i.@Ai ; �/! 0. Then � is an intrinsic limit of meridians.

Proof Pick a meridian m� S.�/. For each i , let Ti WM !M be the Dehn twist along the annulus Ai .
Then for any sequence ni 2 Z, the curves T

ni

i .m/ are meridians, and if ni grows sufficiently fast, then

i.T
ni

i .m/; �/=length.T ni

i .m//! 0:

Hence, after passing to a subsequence T
ni

i .m/ converges to a lamination �0 supported in S.�/ with
zero intersection number with �, implying �0 and � have the same support, so � is an intrinsic limit of
meridians.
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6 Limits of homoclinic rays
In this section we characterise the laminations onto which pairs of disjoint mutually homoclinic rays can
accumulate.

Theorem 6.1 (mutually homoclinic rays) Let M be a compact orientable hyperbolisable 3-manifold and
equip @�<0M with an arbitrary hyperbolic metric. Let h˙ be two disjoint , mutually homoclinic simple
geodesic rays on @�<0M that accumulate onto (possibly equal ) minimal laminations �˙, and where the
multicurve @S.�˙/ is incompressible in M . Then one of the following holds:

(1) one of �C or �� is an intrinsic limit of meridians ,

(2) hC and h� are asymptotic on @�<0M , and either

(a) any two mutually homoclinic lifts Qh˙ to @ �M are asymptotic on @ �M , or

(b) � WD �� D �C is a simple closed curve that is homotopic in M to a nontrivial power 
 n, n > 1 of
some closed curve 
 in M ,

(3) h˙ are not asymptotic on @�<0M , and there is an essential (possibly nontrivial ) interval bundle
B �M such that �˙ each fill a component of @H B, and �˙ are essentially homotopic through B, as in
Section 2.9.

The proof of Theorem 6.1 is given in Section 6.1. One can construct examples of mutually homoclinic
rays in (1)–(3), as follows.

For (1), pick two meridians ��, �C on M and let h˙ spiral onto �˙. One can also produce similar
examples by letting �˙ be arbitrary laminations in disjoint subsurfaces S.�˙/ that are spheres with at
least 4 boundary components, all of which are compressible in M , and letting h˙ accumulate onto �˙.
In case (1), we expect it is possible that S.��/ is incompressible, say, while �C is an intrinsic limit of
meridians. For instance, suppose C is a compression body with connected, genus-at-least-two interior
boundary @�C , and exterior boundary @CC . Let f W C ! C be a homeomorphism such that f j@CC

and f j@�C are both pseudo-Anosov, with attracting laminations �C and ��, respectively. We expect that
there are rays `˙ � �˙ that are mutually homoclinic. But �C is an intrinsic limit of meridians, while
S.��/ is incompressible.

For (2)(a), take M to be a handlebody, let � be any simple closed curve on @M that is essential in M

but has no nontrivial roots in �1M , and let h˙ spiral around � in the same direction. For (2)(b), take h˙ to
be the two ends of the homoclinic geodesic h on the left in Figure 5. In the picture, we have drawn a solid
torus that is a boundary-connect-summand of M , which (say) is a handlebody. The rays h˙ both spiral
onto a simple closed curve �, the .2; 1/-curve on the solid torus. This � is homotopic to the square of the
core curve of the solid torus. Although h˙ are asymptotic on @M , any lift Qh in @ �M will have ends that
are mutually homoclinic, but nonasymptotic. On the right, we have drawn the preimage Q� of �, and two
lifts Qh1, Qh2 of h. Note that, since h˙ are asymptotic on @M , one end of Qh1 is asymptotic to an end of Qh2.

When M is a compression body, Casson and Gordon [17, Theorem 4.1] proved that any simple closed
curve �� @M that has a nontrivial root in �1M lies on the boundary of a solid torus that is a boundary
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h
l̃

h̃1 h̃2

l

Figure 5: An example of (2)(b) in Theorem 6.1.

connect summand of M , exactly as in Figure 5. When M has incompressible boundary, such � come
from components of the characteristic submanifold of M , see Section 2.6, that are either solid tori or
twisted interval bundles over nonorientable surfaces.

Examples of (3) are shown in Figure 6, with h˙ being the two ends of a homoclinic geodesic h. On
the left, ��, �C are simple closed curves that bound an embedded annulus A in M and B is a regular
neighbourhood of A. The rays h˙ are mutually homoclinic since the annulus A lifts to an embedded
infinite strip R� Œ�1; 1�� zH and the h˙ are asymptotic to RC � f�1g and RC � f1g, respectively. On
the right, we write M D Y � Œ�1; 1� where Y is a genus-two surface with one boundary component. The
laminations �˙ are minimal (in the picture they are drawn as “train tracks”) and fill Z � f˙1g, where
Z � Y is a torus with two boundary components. Here, B DZ � Œ�1; 1�. One can also construct similar
examples of (3) where the interval bundle B is twisted.

The assumption that @S.�˙/ is incompressible is necessary in Theorem 6.1. For instance, suppose M

is a compression body with exterior boundary a genus-3 surface S , where the only meridian on S is a
single separating curve 
 . Let T be the component of S n
 that is a punctured genus-2 surface. Then there
are distinct minimal geodesic laminations �; �0 � T , each of which fills T , that are properly homotopic
in M : just take distinct laminations that are identified when we cap off the puncture of T to get a closed
genus-2 surface. Corresponding ends of corresponding leaves of �, �0 are mutually homoclinic rays
that accumulate onto �, �0, respectively, but none of (2)–(3) hold. One could write down a version of
Theorem 6.1 that omits the assumption that @S.�˙/ is incompressible, but the conclusion would be
relative to capping off S.�˙/, and the statement would be more complicated.

h

h

M = Y × [−1, 1]

B = Z × [−1, 1]

Figure 6: Examples of homoclinic geodesics (in grey) satisfying (3) in Theorem 6.1.
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h
l

l

h

Figure 7: Homoclinic geodesics h as in cases (i) and (ii) in Corollary 6.2, respectively.

Here is a slightly more refined version of Theorem 6.1 that applies to homoclinic biinfinite geodesics
on @�<0M .

Corollary 6.2 (homoclinic biinfinite geodesics) Suppose that M is as in Theorem 6.1, that h is a
homoclinic biinfinite simple geodesic on some component S � @�<0M , that h˙ are the two ends of h,
that h˙ limit onto �˙, and that @S.�˙/ is incompressible in M .

Suppose case (2) of Theorem 6.1 holds , in which case the two limiting laminations are equal , and we
can set � WD �˙. If this � is not an intrinsic limit of meridians then either

(i) after reparametrising h, we have that for all large s, the points h.�s/ and h.s/ are joined by a geodesic
segment c with h\ int.c/ D ¿, such that c, hj.�1;�s/ and hjŒs;1/ bound an embedded geodesic
triangle �� S with one ideal vertex, and c [ h.Œ�s; s�/ is a meridian in M , or

(ii) � is a simple closed curve on S , the two ends of h spiral around � in the same direction , and any
neighbourhood of the union h[�� S contains a meridian.

See Figure 7. From this dichotomy, one can alternatively deduce that either

(i0) any neighbourhood of h[� contains a meridian disjoint from �, or

(ii0) � is a simple closed curve and h˙ spiral around � in the same direction but from opposite sides.

Finally, if case (3) of Theorem 6.1 holds , we can choose the interval bundle B such that h contains a
subarc ˛ � h that is a compression arc for B.

Proof Let Qh be a homoclinic lift of h on @ �M . By Lemma 5.10, either one of �˙ is an intrinsic limit of
meridians in M , in which case we’re in case (1) and are done, or both ends of Qh are quasigeodesic in �M .
Since Qh is homoclinic, it follows that its two ends are mutually homoclinic, so we’re in the setting of
Theorem 6.1 and one of (2)–(3) holds.

Assume we’re in case (2) of Theorem 6.1, and set � WD �˙. Assume first that � WD �˙ is a simple
closed curve. Since the two ends of h are asymptotic, they spiral around � in the same direction. Let U

be a neighbourhood of h[� on @�<0M . Then h is a homoclinic geodesic contained in U , so Fact 5.3
implies that U is compressible as desired in (ii).

Now suppose that � is not a simple closed curve, in which case we’re in case (2)(a) of Theorem 6.1. We
show (i) holds. Let’s start by constructing the desired geodesic triangle. Parametrise h, pick a universal
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covering map H2! S , lift h to a parametrised geodesic Oh in H2, and let

� D lim
t!C1

Oh.t/ 2 @1H2:

Note that since � is not a simple closed curve, � is not a fixed point of any deck transformation of H2!S .
The two ends of h are asymptotic on S , so there is then a unique deck transformation 
 WH2!H2 such
that

� D lim
t!�1


 ı Oh.t/:

It follows that if we use a particular arc-length parametrisation of h, we may assume that for each t 2R,
the points Oh.t/; 
 ı Oh.�t/ lie on a common horocycle tangent to �. Fix a parameter t D s large enough
such that the geodesic segment Oc joining Oh.s/ and 
 ı Oh.�s/ is shorter than the injectivity radius of S ,
and therefore projects to a simple geodesic segment c in S .

Let O� � H2 be the triangle bounded by Oc and the two rays Oh.Œs;1// and 
 ı Oh..�1; s�/. Let
g WH2!H2 be a deck transformation. We claim that g ı Oh.R/\ int. O�/D¿. If not, then since O� has
geodesic sides, two of which are disjoint from g ı Oh, it follows that one of the two endpoints of g ı Oh is � .
If it’s the positive endpoint, then g fixes �, and the axis of g projects to a (simple) closed curve on S ,
around which the two ends of h spiral, contradicting that � isn’t a simple closed curve. If the negative
endpoint of g ı Oh is �, then g ı 
�1 fixes � and we get a similar contradiction.

Next, we claim that we have g.int. O�//\ int. O�/D¿ as long as g¤ id. Suppose that for some g¤ id
the intersection is nonempty. Then g.�/¤ � , since otherwise we have a contradiction as in the previous
paragraph. The previous paragraph implies that the sides of the triangles g. O�/; O� that are lifts of rays
of h do not intersect the interior of the other triangle. So, the only way the interiors of g. O�/; O� can
intersect is if Oc and g. Oc/ intersect. However, this does not happen since we chose s large enough so that Oc
projects to a simple geodesic segment in S .

The previous two paragraphs imply that O� projects to an embedded geodesic triangle � in S whose
interior is disjoint from h, as desired in (i). By construction, c and h.Œ�s; s�/ are simple geodesic segments,
and since g ı Oh.R/\ int. O�/ D ¿ for any g ¤ id, they are disjoint. It follows that c [ h.Œ�s; s�/ is an
essential simple closed curve on S .

We need to show that c [h.Œ�s; s�/ is nullhomotopic in M . For this, remember that since � is not a
simple closed curve, it cannot be that two distinct lifts of h.Œs;1// to H2 are asymptotic, for if so they
would differ by a deck transformation fixing the endpoint � 2 @H2. Therefore, no two distinct lifts of
h.Œs;1// to @ �M can be asymptotic, and similarly for h..�1; s�/. But the two ends of any lift of Qh� @ �M
of h are mutually homoclinic, and hence asymptotic by the assertion in case (2) of Theorem 6.1. So, the
projection O�!� factors through a geodesic triangle Q�� @ �M bounded by Qh.Œs;1//, Qh..�1;�s�/ and
a geodesic segment Qc. The curve c [ h.Œ�s; s�/ is the projection of the closed curve Qc [ Qh.Œ�s; s�/� �M ,
and so is nullhomotopic in M .

For the (i0) versus (ii0) dichotomy, note that if we’re in case (i) then by taking s large, we can ensure
that c [ h.Œ�s; s�/ is inside a given neighbourhood of h[�. Moreover, as h is disjoint from the interior
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of the geodesic triangle � mentioned in (i), so is �, and hence after increasing s slightly we can assume
c [ h.Œ�s; s�/ is disjoint from �. If we’re in case (ii), and h˙ spiral onto � from the same side, then
� is a peripheral curve in the specified regular neighbourhood of h[ �, so the meridian given in that
neighbourhood can be taken disjoint from �. Otherwise, we’re in case (ii0).

Now assume we are in case (3). Let S˙ be the components of @H B containing �˙. We may assume
that h is in minimal position with respect to @S˙. Since h is simple and the ends of h limit onto minimal
laminations that fill S˙, we have that h intersects @S� [ @SC at most twice. Furthermore, in the case
that S� D SC, the homoclinic geodesic h cannot be contained entirely in the incompressible surface S˙,
by Fact 5.3. So, h is the concatenation of two rays in S˙ and an arc ˛ such that int.˛/ lies outside S˙.

Let X � S be the union of S˙ and a regular neighbourhood of ˛. Since h is homoclinic, there is a
meridian on X by Fact 5.3. If the two endpoints of ˛ lie on different boundary components of @H B, then
˛ is a compression arc for B by Fact 2.12. So, we may assume that the two endpoints of ˛ lie on the
same boundary component c of @H B. Fact 2.12 then says that ˛ is homotopic rel endpoints in M to an
arc of c. So, if we make a new path h0 � @H B from h by replacing ˛ with that arc of c, then h0 is still
homoclinic, so it cannot be boundedly homotopic to a geodesic in @H B by Fact 5.3, which implies that
its ends h˙ are asymptotic, a contradiction to the assumption in (3).

If h is a parametrised biinfinite geodesic, let’s denote by h˙ the associated positive and negative rays,
namely hC WD hjŒ0;1/ and h� WD hj.�1;0�.

Definition 6.3 (mutually bihomoclinic) We say that two biinfinite geodesics h, h0 on some component
S � @�<0M are mutually bihomoclinic if they have distinct lifts Qh, Qh0 on @ �M such that the associated
rays QhC, Qh0C are mutually homoclinic, as are the rays Qh�, Qh0�.

Above, we allow h0 D h1, but we require the two lifts to be distinct. Here is a variant of Corollary 6.2
for pairs of mutually bihomoclinic rays that we will use in a sequel to this paper. For simplicity, we’ll
state only the analogue of (i0) versus (ii0) in Corollary 6.2.

Corollary 6.4 Suppose that M is as in Theorem 6.1, that h, h0 are simple biinfinite geodesics on a
component S � @�<0M that are either disjoint or equal , and that h, h0 are mutually bihomoclinic.

Suppose case (2) of Theorem 6.1 holds both for the positive rays hC, h0C, and for the negative rays
h�, h0�. Then either

(i0) in any neighbourhood of h[ h0[��[�C, there is a meridian m disjoint from �� and �C, or

(ii0) for eitherC or �, sayC, we have that �C is a simple closed curve and hC; h
0
C spiral around �C in

the same direction but from different sides.

The proof is similar to the proof of Corollary 6.4.

6.1 Proof of Theorem 6.1

The proof proceeds in a few cases. As in Definition 5.2, we identify M with the convex core CC.N / of a
geometrically finite hyperbolic 3-manifold N DH3=� , and we identify the universal cover �M with the
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preimage of CC.N / in H3, which is the convex hull of the limit set of � . Note that the closure of �M in
H3[ @H3 is a ball.

There are four cases to consider:

(A) Both �˙ are simple closed curves. We show that either (2) or (3) holds.

(B) Both �˙ are distinct, in which case the surfaces S.�˙/ are disjoint, but one of these surfaces is
compressible, say S.�C/. We show (1).

(C) At least one of �˙ is not a simple closed curve, and both S.�˙/ are incompressible. We show (2)(a)
or (3) holds.

(D) �� D �C, which is not a simple closed curve, and S.�˙/ is compressible. We show either (1)
or (2)(a) holds.

Cases (A) and (B) above are the easiest. Our proof in case (C) involves a hyperbolic geometric interpretation
of the characteristic submanifold of a pair, as discussed in Section 3 of [40] and by Walsh [60]; our argument
is a bit more complicated than theirs, since we have to deal with accidental parabolics. In case (D),
our argument adapts and fills some gaps in a surgery argument of Kleineidam and Souto [38] and
Lecuire [42, Appendix C].

Proof of (A) Assume that both �˙ are simple closed curves. Since S.�˙/ is assumed to be incompress-
ible, both �˙ are incompressible in M . If �� ¤ �C, they have mutually homoclinic lifts and hence are
homotopic. Then we are in case (3) by the annulus theorem. So we may assume the two curves are the
same, and write � WD �˙.

We claim that h˙ spiral around � in the same direction, so that they are asymptotic on @M . Suppose
not, and pick mutually homoclinic lifts Qh˙ in �M . Then Qh� and QhC are asymptotic to lifts Q� and ˛.Q�/ of �,
where ˛ 2 � is a deck transformation. Any lift of � is a quasigeodesic in �M , and hence in H3, so Qh˙ are
quasigeodesic rays, and therefore have well-defined endpoints in @H3, which must be the same since the
two rays are mutually homoclinic. Since h˙ spiral around � in opposite directions, this means that ˛ 2 �
takes one endpoint of Q� in @H3 to the other endpoint of Q�. Since Q� is stabilised by a loxodromic isometry
in � , and � is torsion-free and discrete, this is impossible.

Suppose we are not in case (2)(a), so there are mutually homoclinic lifts Qh˙ that are not asymptotic
on @ �M . As in the previous paragraph, we may assume that Qh� and QhC are asymptotic to lifts Q� and
˛.Q�/ for some deck transformation ˛ 2 � . Since Qh˙ are not asymptotic, Q�¤ ˛.Q�/. As before, ˛ fixes
the common endpoint of Qh˙ in @H3, which is a fixed point of the cyclic group hˇi � � of loxodromic
isometries fixing Q�. As � is discrete and torsion-free, and ˛ 62 hˇi, we have that ˛ is a root of ˇ or ˇ�1

in � , and (2)(b) follows.

Proof of (B) Suppose that �˙ are distinct, in which case the surfaces S.�˙/ are disjoint, but that one of
these surfaces is compressible, say S.�C/. We claim that �C is an intrinsic limit of meridians, in which
case (1) holds and we are done. If not, take a meridian m � S.�C/ and apply Lemma 5.9. We obtain
a new meridian m0 � S.�C/ such that �C has no m-waves. Since �C fills S.�C/ and the boundary
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components @S.�˙/ are incompressible, it follows that �C is in tight position with respect to m. So after
possibly restricting the domains, hC is in tight position with respect to m0, while h� never intersects m0.
This contradicts the fact that h˙ are mutually homoclinic, since if Qh˙ are homoclinic lifts in �M , for
large t the point QhC.t/ is separated from the image of Qh� by arbitrarily many lifts of m0.

Proof of (C) Assume that at least one of �˙ is not a simple closed curve, and that S˙ WD S.�˙/ are
incompressible. Note that S˙ are equal or have disjoint interiors. We want to prove that we’re in case (2)
or (3). Lift h˙ to mutually homoclinic rays Qh˙ � @ �M . Fact 5.3 implies that each inclusion zS˙ ,! �M
is a quasi-isometric embedding, so if zS� D zSC, then the two mutually homoclinic rays Qh˙ are actually
asymptotic on @ �M . If this is true for all lifts Qh˙, we are in case (2)(a) and are done. So, we can assume
below that zS� ¤ zSC. Note that it may still be that �� D �C and S� D SC.

Let �˙�� be the stabiliser of zS˙ and letƒ˙�@H3 be the limit set of �˙. Since �˙ acts cocompactly
on zS˙, the inclusion zS˙ ,!H3 extends continuously to a map @1 zS˙!ƒ˙ � @H3, by the main result
of [53]. In particular, Qh˙ have well-defined endpoints in @H3, and since they’re mutually homoclinic,
they have the same endpoint � 2ƒ�\ƒC � @H3.

We now apply Theorem 4.1. Since � 2 ƒ� \ƒC, using the notation of Theorem 4.1, the rays Qh˙
are either eventually contained in the convex hulls �C˙ � zS˙, or are asymptotic onto their boundaries.
But �C˙ project to (possibly degenerate) generalised subsurfaces C˙ with geodesic boundary in S˙, and
the rays h˙ limit onto filling laminations in S˙, so it follows that actually C˙ D S˙, and that there is a
homotopy from S� to SC in M that is the projection of a homotopy from zS� to zSC. Since one of �˙ is
not a simple closed curve, this means they are both not simple closed curves and the (a priori degenerate)
subsurfaces with geodesic boundary S˙ are not simple closed geodesics.

Let S 0
˙
� int.S˙/ be obtained by deleting small collar neighbourhoods of @S˙, so that S 0

˙
are both

actually embedded, still contain �˙, and are either disjoint or equal. Since S 0
˙

are incompressible and
homotopic in M , Theorem 2.8 implies that they bound an essential interval bundle B �M . Moreover,
the fact that the homotopy from S� to SC is the projection of a homotopy from zS� to zSC means that we
can assume that there is a component zB � �M of the preimage of B that intersects @ �M in zS 0

˙
. Note that

zB is invariant under �D ��\�C, since any element of � preserves zS 0
˙

, and hence zB.
We claim that �˙ are essentially homotopic through B. By Fact 2.16, it suffices to show that if � is

the canonical involution of B, as described in Proposition 4.5, then �.�˙/ is isotopic to �� on S 0�. Well,
� lifts to a �-equivariant involution Q� of zB that exchanges zS 0� and zS 0C, where here �D ��\�C. By
equivariance, Q� extends continuously to the identity on ƒ�, so in particular its extension fixes �, and
hence Q�.h˙/ is properly homotopic to h� on S�, which implies Q�.�˙/ is isotopic to �� as desired.

If h˙ are not asymptotic on @M , then we are in case (3) and are done. So, assume h˙ are asymptotic.
Then there is some 
 2 � such that 
 . Qh�/ � zS 0C and is asymptotic to QhC. This 
 fixes the endpoint
� 2 @H3 of Qh˙. Moreover, 
 . zB/ is a component of the preimage of B that contains zS 0C, and therefore
equals zB. So, 
 exchanges zS 0

˙
, and therefore 
 2 2�. But then Qh˙ are asymptotic to the axes of 
 2 Õ zS˙,

implying that h˙ accumulate onto simple closed curves in @M , contradicting our assumption in (C).
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Proof of (D) Assume that �� D �C, write � D �˙ for brevity, assume that � is not a simple closed
curve, and that S.�/ is compressible. We want to prove that either � is an intrinsic limit of meridians,
or h˙ are asymptotic, as are any pair of mutually homoclinic lifts Qh˙.

If � is an intrinsic limit of meridians, we are done, so since S.�/ is compressible with incompressible
boundary, by Lemma 5.9 we can choose a meridian m� S.�/ with respect to which � is in tight position.
Let zm be its full preimage in @ �M , and let Qh˙ be any pair of mutually homoclinic lifts in @ �M . Truncating
if necessary, we can assume that h˙ are in tight position with respect to m, and hence the lifts Qh˙ are
quasigeodesic rays in H3, by Fact 5.6. Since they are mutually homoclinic, Qh� and QhC converge to
the same point � 2 @1H3, and tightness further implies that after restricting to appropriate subrays, Qh�
and QhC intersect exactly the same components of zm, in the same order. Reparametrising, we have

Qh˙ W Œ0;1/! @ �M ; QhC.i/; Qh�.i/ 2 zmi for all i 2N;

where each zmi is a component of zm, and where Qh˙.t/ 62 zm when t 62N. Let

di WD d zm. QhC.i/; Qh�.i//

be the distance along zm between QhC.i/ and Qh�.i/.

Claim 6.5 There is some uniform � > 0, independent of the particular chosen lifts Qh˙, such that either

(1) Qh˙ are asymptotic on @ �M , and hence h˙ are asymptotic on @M , or

(2) lim infi di � �.

Proof Let’s assume that QhC and Qh� are not asymptotic on @ �M , and write d D lim infi di . Fix some
transverse measure on �. If d is small, we will construct meridians 
 � S.�/ with very small intersection
number with �. Since � is not an intrinsic limit of meridians, there is some fixed lower bound for such
intersection numbers, which will give a contradiction for small d .

Suppose d is small and pick 0� i < j such that

di ; dj < 2d;

let bi be the (unique) shortest path on zm from Qh�.i/ to QhC.i/, and define bj similarly. Let Q
ij be the loop
on @ �M obtained by concatenating the four segments QhC.Œi; j �/, Qh�.Œi; j �/, bi and bj in the obvious way.

We first claim that after fixing i , it is possible to choose j such that Q
ij is homotopically essential
on @ �M . Assume not, let zS � @ �M be the component containing Qh˙, fix a universal covering map

H2
! zS ;

and lift the rays Qh˙jŒi;1/ to rays
h˙ W Œi;1/!H2

in such a way that bi lifts to a segment connecting h�.i/ to hC.i/. Now, there are infinitely many j > i

with dj < 2d . For each such j , we know that Q
ij is homotopically inessential on @ �M , so the points h�.j /
to hC.j / are at most 2d away from each other in H2. This gives a sequences of points exiting the rays h˙
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Figure 8: Two rays spiralling onto a simple closed curve (which is not allowed below), where the
points in Claim 6.6 are linked.

that are always at most 2d apart, so h� is asymptotic to hC. Hence, Qh� is asymptotic to QhC, contrary to
our assumption.

We now fix large i , j such that di ; dj < 2d and Q
 WD Q
ij is homotopically essential on @ �M . Then Q

projects to a homotopially essential loop 
 � @M that is homotopically trivial in M ( Q
 is homotopically
trivial in the simply connected space �M ). Note that if i , j are chosen large enough and d is small, then

 � S.�/. Furthermore, since the segments bi ; bj are the only parts of Q
 that intersect �, and these
segments have hyperbolic length less than 2d , the intersection number i.
; �/ is small when d is small.
(Recall that � is a minimal lamination that is not a simple closed curve, so no leaves have positive weight,
and hence hyperbolic length can be compared to intersection number.) But � is not an intrinsic limit of
meridians, so Proposition 5.12(4) says that there is some positive lower bound for the intersection numbers
of � with essential curves that are nullhomotopic in M . Hence, we get a contradiction if d is small.

Suppose we have two pairs fa; bg and fc; dg of points in m, all four of which are distinct. We say the
two pairs are unlinked in m if in the induced cyclic ordering on fa; b; c; dg �m, a is adjacent to b and c

is adjacent to d , and we say that the two pairs are linked otherwise.

Claim 6.6 If i; j 2N, i < j , then the pairs fhC.i/; h�.i/g and fhC.j /; h�.j /g are unlinked in m.

For an example where the pairs are linked, see Figure 8. The proof below works in general whenever
h˙ are simple geodesic rays on @M in tight position with respect to m, where neither hC nor h� spirals
onto a simple closed curve.

Proof The essential observation used in the proof is that the closure

cl.@ �M /�H3
[ @H3

is homeomorphic to a sphere: indeed, the closure of �M in H3[ @H3 is a ball, since �M �H3 is convex
with nonempty interior, and the closure of the boundary is the boundary of the closure. We obtain the
unlinking property above by exploiting separation properties of arcs and curves on cl.@ �M /.

Since h˙ are in tight position with respect to m, both lifts Qh˙ cross zmi exactly once. Since Qh˙ limit to
the same point in @H3, they must then cross zmi in the same direction. In other words, the tangent vectors
hC.i/

0, h�.i/
0 point to the same side of m. The same statement holds for j . This allows us to break into

the following two cases:
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Figure 9: The cases (a) and (b) in the proof of Claim 6.6.

(a) the arcs h˙jŒi;j � start and end on the same side of m, i.e., the vectors h˙.i/
0 point to the opposite

side of m as the vectors h˙.j /
0, or

(b) the arcs h˙jŒi;j � start and end on different sides of m, i.e., all four velocity vectors h˙.i/
0; h˙.j /

0

point to the same side of m;

see Figure 9.
First, assume we’re in case (a). Let

˛˙ WD Qh˙jŒi;j �;

which we regard as oriented arcs in @ �M starting on zmi and ending on zmj . Let 
 W �M ! �M be the deck
transformation taking zmj to zmi . Then the arcs

ˇ˙ WD 
 ı Qh˙jŒi;j �

start on 
 . zmi/ and end on 
 . zmj / D zmi , and since we’re in case (a) they end on the same side of zmi

as the arcs ˛˙ start. Note that 
 . zmi/ is not zmi or zmj . Indeed, if 
 . zmi/D zmi then we’d have 
 D id,
contradicting that 
 . zmj /D zmi . And if 
 . zmi/D zmj , then 
 2 would leave zmi invariant, implying that

 2 D id, which is impossible since �1M has no torsion.

We claim the interiors of the arcs ˇ˙ do not intersect zmi or zmj , and the arcs ˛˙ do not intersect 
 . zmi/.
Indeed, the interiors of ˇ˙ don’t intersect zmi because the arcs ˇ˙ end on zmi and intersect each component
of zm at most once, by tight position. The interiors of ˇ˙ don’t intersect zmj because any arc from zmi

to zmj intersect at least j � iC1 components of zm (counting zmi and zmj ), while any proper subarc of ˇ˙
intersects at most j � i components of zm. Here, for the j � i C 1 bound we are using tight position
of h˙, the definitions of zmi , zmj , and the fact that each component of zm separates @ �M . The fact that the
arcs ˛˙ don’t intersect 
 . zmi/ is similar: any arc from mi to 
 . zmi/ must pass through at least j � i C 1

components of zm, while any proper subarc of ˛˙ intersects at most j � i components, and ˛˙ do not
end on 
 . zmi/¤ zmj .

Let A � cl.@ �M / Š S2 be the annulus that is the closure of the component of cl.@ �M / n . zmi [ zmj /

that contains the side of zmi on which the arcs ˛˙ start and the arcs ˇ˙ end. Then ˛˙ are two disjoint
arcs in A that join zmi to zmj , and therefore ˛˙ separate A into two rectangles. The component 
 . zmi/ on
which the arcs ˇ˙ start is contained in the interior of one of these two rectangles. Therefore, the two
arcs ˇ˙ must lie in the same component of A n .˛C[˛�/. Looking at endpoints, this means the pairs
f QhC.i/; Qh�.i/g and f
 ı QhC.j /; 
 ı Qh�.j /g are unlinked in zmi , and the claim follows.
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Now assume that we’re in case (b). The curve zmi separates @ �M , and we let X � @ �M be the closure of
the component of @ �M n zmi into which the velocity vectors Qh0

˙
.i/ and .
 ı Qh˙/0.j / all point. The closure

cl.X /�H3
[ @H3

is homeomorphic to a disk, since cl.@ �M / is a sphere. As before, we let 
 W �M ! �M be the deck
transformation taking zmj to zmi . Then the rays

˛˙ WD Qh˙.Œi;1//; ˇ˙ WD 
 ı Qh˙.Œj ;1//

are all contained in X . Note that ˛˙ both limit to a point � 2 @H3, while ˇ˙ limit to 
 .�/ 2 @H3.
The union ˛�[˛C compactifies to an arc in cl.X /, since the two rays limit to the same point in H3.

The same is true for ˇ�[ˇC. Hoping for a contradiction, suppose that the points in the statement of the
claim are linked. Then the pairs of endpoints of ˛�[˛C and ˇ�[ˇC are also linked on zmi D @cl.X /.
We now have two arcs on the disk cl.X / with linked endpoints on @cl.X /, so the two arcs must intersect.
As ˛˙, ˇ˙ are all disjoint, the only intersection can be on @H3, so their endpoints at infinity must all
agree, i.e., 
 .�/D � .

Since 
 .�/D � , all the rays 
 k ı QhC limit to � , where k 2Z. Hence, all these (quasigeodesic) rays are
pairwise mutually homoclinic, and for each pair k; l , the rays 
 k ı QhC and 
 l ı QhC eventually intersect the
same components of zm, in the same order, although their initial behaviour may be different. In analogy
with the setup of Claim 6.5, let dk;l be the liminf of the distances from 
 k ı QhC to 
 l ı QhC along the
components of zm that they both intersect.

We claim that there are k, l such that dk;l < �, where � is the constant from Claim 6.5. Indeed, for
N > length.m/=�, it is impossible to pack N points at least � apart in any component of zm. So if we
let k range over a set F � Z of size N , whenever a component of zm intersects all 
 k ı QhC, k 2 F , two
such intersections must be within � of each other. There are infinitely many such components of zm and F

is finite, so we can pick k; l 2 S such that 
 k ı QhC and 
 l ı QhC are within � on infinitely many such
components.

Finally, 
 k ı QhC and 
 l ı QhC are mutually homoclinic lifts of QhC, and dk;l < �, so the exact same
argument as in Claim 6.5 shows that 
 k ı QhC and 
 l ı QhC are asymptotic on @ �M . It follows that hC spirals
onto a (simple) closed curve in @M in the homotopy class of (a primitive root of) 
 l�k . (Indeed, 
 l�k

lifts to a deck transformation of the universal cover H2! @M , and the axis of this deck transformation is
asymptotic to suitably chosen lifts of both 
 k ı QhC and 
 l ı QhC.) This is a contradiction, though, since hC

limits onto �, which is not a simple closed curve.

Assume now that our mutually homoclinic rays Qh˙ are not asymptotic on @ �M , as otherwise we’re in
case (2) of the theorem and are done. By Claim 6.5, there is some � > 0 such that d zmi

. QhC.i/; Qh�.i//� �

for all i . We will show that � is an intrinsic limit of annuli, in the sense of Lemma 5.13, which says that
then � is an intrinsic limit of meridians.
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Figure 10: Above, the horizontal curve is always m.

The proof is an adaptation and correction of a surgery argument of Lecuire [42, Affirmation C.3]. As
there are two gaps9 in Lecuire’s earlier argument, we give the proof in full detail below, without many
citations of [42].

Claim 6.7 Given 0< ı < �, there are choices of i < j such that either:

(I) The points hC.i/ and hC.j / bound a segment IC � m of length less than ı, and similarly with �
instead of C. The four velocity vectors h0C.i/, h0C.j /, h0�.i/, h0�.j / all point to the same side of m,
and the four segments hC.Œi; j �/, h�.Œi; j �/, IC and I� have disjoint interiors. Therefore , the curves

˙ WD h˙.Œi; j �/[ I˙ � @M are simple and disjoint.

(II) The points hC.i/ and h�.j / bound a segment IC �m of length less than ı, and similarly the points
h�.i/ and hC.j / bound a segment I� �m of length less than ı. The four velocity vectors h0C.i/, h0C.j /,
h0�.i/, h0�.j / all point to the same side of m, and the four segments hC.Œi; j �/, h�.Œi; j �/, I� and IC have
disjoint interiors. Therefore , the curve 
 � @M obtained by concatenating all four segments is simple.

See Figure 10 for a very useful picture. Note that in the picture, the velocity vectors of all paths
intersecting m point to the same side of m, i.e., “up”, and all 4-tuples of points are unlinked as in Claim 6.6.

Proof Start by fixing a circular order on m. Define “the right” to be the direction in m that is increasing
with respect to the circular order, and define “the left” similarly. Since � is minimal and not a simple
closed curve, it has infinitely many leaves ` that are not boundary leaves. Fix some such `, making sure
that h˙ š ` if the given rays happen to lie inside the lamination �. The ray hC accumulates onto both
sides of `, so if we fix p 2 `\m, the set hC.N/ accumulates onto p from both sides, and similarly with
� instead of C. Fix an interval J �m of length ı centred at p, and write J D Jl [Jr as the union of
the closed subintervals to the “left” and to the “right” of p. Note that p 62 h˙.N/, so each intersection
of h˙ with J lies in exactly one of Jl or Jr .

9The first gap is that the sentence “Quitte à extraire, la suite .gh�1/2ng.Ql1/ converge vers une géodésique Q
 � p�1.˛1/

dont la projection l � @M est une courbe fermé.” at the end of the proof of Affirmation C.3 isn’t adequately justified; this is fixed
in Claim 6.5. The second is that the assumption d.l2

C
.yi/; l

2
C
.yj // < �

0 in the statement of Affirmation C.3 is never actually
verified, and does not come trivially from a compactness argument. This is fixed in Claim 6.7.

Algebraic & Geometric Topology, Volume 26 (2026)



1846 Ian Biringer and Cyril Lecuire

Let’s call an index i left-closest if either hC.i/ or h�.i/ lies in Jl and is closer to p than any
previous h˙.k/, k < i , that lies in Jl . Right-closest is defined similarly using Jr , and we call an index i

closest if it is either left or right closest. Note that since ı < � we can never have both hC.i/, h�.i/ in J

simultaneously, so no i is both right-closest and left-closest at the same time. Since there are infinitely
many i of both types, at some point there will be a transition where some il is left-closest, some ir > il is
right-closest, and there are no closest indices in between.

Let ic be the smallest closest index that is bigger than ir . (Here, c stands for “centre”, since the
corresponding point on J will lie between the points we get from the indices il and ir .) We now
have three points in J , so two of the corresponding velocity vectors point to the same side of m. Let
i; j 2 fil ; ir ; icg be the two corresponding indices, and for concreteness, let’s assume for the moment
that hC.i/ and hC.j / are the corresponding points in J , deferring a discussion of the other cases to the
end of the proof. Note that since the rays h˙ are mutually homoclinic and are in tight position with
respect to m, the velocity vectors h0�.i/ and h0�.j / point to the same sides of m as h0C.i/ and h0C.j /,
respectively, and so all four vectors point to the same side. That is,

(a) h0C.i/, h0C.j /, h0�.i/, h0�.j / all point to the same side of m,

(b) the segment IC � J bounded by hC.i/ and hC.j / contains no element hC.k/ or h�.k/ where k is
between i and j .

Let I� �m nJ be the segment that is bounded by the points h�.i/ and h�.j /. Suppose for a moment
that we knew that I� had length less than ı. Then for each k, it is impossible that both hC.k/ or h�.k/

lie in I�, as we’re assuming that corresponding intersections of h˙ with m stay at least � > ı apart.
In particular, if k is between i , j and we apply the unlinking condition of Claim 6.6 twice, once to i , k

and once to j , k, we get from this and (b) above that neither element hC.k/ or h�.k/ is contained in I�.
So, the four segments hC.Œi; j �/, h�.Œi; j �/, IC and I� have disjoint interiors, and we’re in the situation
of case (I) in the claim, as desired.

As constructed above, however, there is unfortunately no reason to believe that the interval I� has
length less than ı. To rectify this, recall that � actually has infinitely many nonboundary leaves `n. For
each such `n and pn 2 `n\m, we can repeat the above construction using constants ın! 0, producing
points (say) hC.i

n/, hC.j
n/ that lie within the length ın-interval J n 3 pn and that satisfy properties (a)

and (b) above. Choose the sequence pn 2 `n \m so that it is monotonic in the circular order induced
on m, and let ın! 0 fast enough so that the associated intervals In

C are all disjoint, so that in the circular
order on m we have

hC.i
1/ < hC.j

1/ < hC.i
2/ < hC.j

2/ < � � �< hC.i
n/;

and where each In
C is the interval ŒhC.in/; hC.j

n/�, rather than the complementary arc on m that has
endpoints hC.i

n/, hC.j
n/. Then Claim 6.6 implies that

h�.i
1/ > h�.j

1/ > h�.i
2/ > h�.j

2/ > � � �> h�.i
n/:
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Ĩ−

M

h̃+

h̃−

i

Ĩ+
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Figure 11: On the left, the two paths drawn in heavy ink project to the two simple closed curves 
˙
in Claim 6.7(I), shown on the left in Figure 10. The shaded region is a rectangle embedded in �M
that projects to an embedded annulus A ,!M with boundary 
�[ 
C. On the right, the union of
the two paths projects to the simple closed curve 
 on M of Claim 6.7(II), and the shaded region
projects to a Möbius band B ,!M with boundary 
 .

Discarding finitely many n, we can assume all the point hC.i
n/, hC.j

n/ lie in an interval U � m of
length less than ı. Since the points h�.i

n/, h�.j
n/ are at least � > ı away from the corresponding

C points, they all lie in mnU . Then since the interval In
� is defined to be disjoint from In

C �U , we must
have In

� D Œh�.j
n/; h�.i

n/�, rather than the other interval with those endpoints. It follows that at least
for large n, all the intervals In

� are disjoint. Since m is compact, we can then pick some n where In
� has

length less than ı, as desired. Therefore, we are in case (I) in the statement of the claim, and are done.
In the argument above we simplified the notation by assuming that we have points hC.i

n/; hC.j
n/2J n

satisfying conditions (a) and (b), which put us in case (I) at the end. Up to exchanging C, �, the only
other relevant case is when our chosen points are h�.i

n/; hC.j
n/ 2 J n. After passing to a subsequence

in n, if we are not in the case already addressed, then we may assume that our chosen points are
h�.i

n/; hC.j
n/ 2 J n for all n. And after exchanging C with � and passing to a further subsequence, we

may assume
h�.i

1/ < hC.j
1/ < h�.i

2/ < hC.j
2/ < � � �< h�.i

1/

in the circular order on m, and that the interval In
C D Œh�.i

n/; hC.j
n/�. Everything from then on works

exactly as above: if we set In
� to be the interval bounded by hC.i

n/, h�.j
n/ that is disjoint from In

C,
then for some n we have that the length of In

� is less than ı, and it is easy to verify that we are in case (II)
of the claim.

We now finish the proof of Theorem 6.1. Suppose we are in case (I) of Claim 6.7. Then the two simple
closed curves 
˙ drawn on the left in Figure 10 are the projections to M of the paths in �M obtained
by concatenating the arcs Qh˙jŒi;j � with lifts zI˙ � zmj of the intervals I˙ �m; see Figure 11. We can
homotope one path to the other in �M while preserving the fact that the endpoints are points on zmi , zmj

that differ by the unique deck transformation taking zmi to zmj . So projecting down, the simple closed
curves 
˙ are freely homotopic in M , and hence bound an annulus A ,!M . See the left part of Figure 11.
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a

b

Figure 12: The two curves ˛ and ˇ are homotopic through the handlebody pictured, and therefore
bound an essential singular annulus. The only annuli one can produce from surgery are inessential,
but one can surger to obtain the “obvious” disc in the picture that separates the handlebody into
two solid tori.

There is a uniform lower bound (depending on �, m) for the angle at any intersection point of any leaf
of � with m, and the points h˙.i/ are at least � away from each other in m. This implies that there is a
uniform lower bound for the Hausdorff distance between h˙jŒi;j � on @M . As long as the bound ı on the
lengths of I˙ is small enough, the geodesics in the homotopy classes of 
˙ stay very close to h˙jŒi;j �,
and are therefore distinct. So, the curves 
˙ are not homotopic in @M , and hence bound an essential
annulus A ,!M .

Choosing i , j to be large and ı to be very small, @A is contained in S.�/ and its intersection number
with � is small. Hence, � is an intrinsic limit of annuli, in the sense of Lemma 5.13, so we’re done.

Case (II) is similar. Here, the single simple closed curve 
 described in Claim 6.7(II) bounds a Möbius
band B ,!M ; see the right side of Figure 11. Since @M is orientable, B is not boundary parallel, and
hence by JSJ theory the boundary of a regular neighbourhood of B is an essential annulus A ,!M whose
boundary consists of two disjoint curves that are both homotopic to 
 on @M . As in case (I), we can make
the intersection number of @A with � arbitrarily small, so � is an intrinsic limit of annuli, and we are done.

Remark 6.8 The proof (D) above is quite delicate. Most of this delicacy comes from Claims 6.5 and 6.7,
which are needed to ensure that the annuli approximating � that are produced immediately afterward
are embedded. But while we are able to prove these claims using arguments involving the planarity of
the closure of @ �M in H3[ @1H3, one would not have to worry about these annuli being embedded if
there was a strong “annulus theorem” guaranteeing that any essential singular annulus in an irreducible
3-manifold M can be surgered to give an essential embedded annulus. If this were true, Claims 6.5
and 6.7 could be replaced by a one paragraph compactness argument. Here, a singular annulus is a map
f W .A; @A/! .M; @M /where ADS1�Œ0; 1�. We say f is essential if it is not homotopic rel @A into @M .

Such an annulus theorem follows from the JSJ decomposition when M has incompressible boundary.
When M has compressible boundary, there is a similar theorem as long as the original singular annulus
has a spanning arc that is not homotopic rel @ into @M ; see Cannon and Feustel’s article [15]. However,
our proof above does not provide such annuli, and indeed such annuli do not exist in compression bodies
(the M of most interest to us), since any proper arc in a compressionbody M is homotopic rel @ into @M .

In fact, in a general M , one cannot always surger essential singular annuli to produce embedded
essential annuli. For instance, the two curves in Figure 12 bound an essential singular annulus that cannot
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be surgered to give an embedded essential annulus. However, in that example, one can surger to get a
meridian in the handlebody, so maybe an essential singular annulus can always be surgered to give either a
meridian or an essential embedded annulus? This also turns out not to be true. Suppose P is a pair of pants
and let M D P � Œ0; 1�, which is homeomorphic to a genus-two handlebody. If 
 ! P is an immersed
figure-8 whose image forms a spine of P , then the singular annulus 
 � Œ0; 1�! P � Œ0; 1� is essential,
but the three embedded annuli that one can obtain from it by surgery are all inessential, and no meridian
can be created by surgery either. However, we expect this is the only counterexample. The first author of
this paper has spent considerable time trying to prove this with a tower argument, but pushing down the
tower is very subtle, since if the obvious constructions fail, one has to characterise the figure-8 example.

7 Hausdorff limits of meridians

Let M be an orientable hyperbolisable compact 3-manifold, and equip @�<0M with a hyperbolic metric.
Lecuire [42, Theorem B.1] showed that every lamination � on @�<0M that is a Hausdorff limit of
meridians contains a homoclinic leaf that is a homoclinic geodesic. This is a more general version of
Casson’s criterion for handlebodies, which was stated in the introduction.

The converse is not true: certainly in order to be a Hausdorff limit of meridians � needs to be connected.
And there are even connected laminations that contain homoclinic leaves but are not commensurable to
Hausdorff limits of meridians. One way to do this is to just take a lamination that contains a meridian,
but is not a limit even of simple closed curves, as on the left in Figure 13. There are also more subtle
examples in genus 2, as pictured on the right in Figure 13: the reason they are not limits of meridians is
as follows.

Lemma 7.1 Suppose that S is a closed , genus-two surface , and � is a geodesic lamination on S such
that there is a separating meridian � that does not intersect � transversely, and � intersects transversely
the two nonseparating meridians disjoint from �. Then � is not a Hausdorff limit of meridians.

Proof Let T˙ � S n� be the two components of S n�. Hoping for a contradiction, take a sequence of
meridians .mn/ that Hausdorff converges to �. We can assume after passing to a subsequence that mn has
a �-wave in TC (say) for all n. Since TC is a compressible punctured torus, there is a unique homotopy
class rel � of �-wave in TC, so � contains a leaf ` that either intersects TC in an arc in this homotopy
class, or is contained in TC and is obtained by spinning an arc in this homotopy class around �. But then `

m
m

Figure 13: Two laminations on the boundary of a handlebody that have a meridian m as a leaf,
but are not Hausdorff limits of meridians.
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intersects nontrivially every nonperipheral minimal lamination in TC other than the unique nonseparating
meridian �C of TC, so � is disjoint from �C, contrary to assumption.

In the examples in Figure 13, the problem is the spiralling leaves. So, maybe being a Hausdorff limit
of meridians is the same as containing a homoclinic leaf if we ignore spiralling leaves? We say that two
laminations �1, �2 are commensurable if they contain a common sublamination � such that for both i ,
the difference �i n � is the union of finitely many leaves. �1 and �2 are strongly commensurable if they
contain a common � such that for both i , the difference �i n � is the union of finitely many leaves, none
of which are simple closed curves.

Theorem 7.2 (Hausdorff limits of meridians) Suppose that S � @�<0M is a connected subsurface with
geodesic boundary , such that @S is incompressible , and that the disc set D.S;M / is “large” , i.e., it has
infinite diameter in the curve graph C.S/. Let � be a geodesic lamination in int.S/ that is a finite union
of minimal laminations , and assume that the following does not hold :

.?/ S is a closed , genus-two surface , there exists a separating meridian � that does not intersect �
transversely, and � intersects transversely the two nonseparating meridians disjoint from �.

Then � is strongly commensurable to a Hausdorff limit of meridians in S if and only if � is strongly
commensurable to a lamination containing a homoclinic leaf , and this happens if and only if one of the
following holds:

(1) � is disjoint from a meridian on S ,

(2) some component of � is an intrinsic limit of meridians , or

(3) there is an essential (possibly nontrivial ) interval bundle B �M over a compact surface Y that
is not an annulus or Möbius band , and there are components �˙ � � that each fill a component
of @hB (possibly the same component , if @hB is connected ), such that �˙ are essentially homotopic
through B, as in Section 2.9, and there is a compression arc ˛ for B that is disjoint from �.

The case .?/ above really is exceptional. Here, one should imagine a picture like the example on the
right in Figure 13, but with the spiralling leaves replaced with minimal laminations in the two punctured
tori. At least when �� � we have that � contains a homoclinic leaf, but one can see that � is not strongly
commensurable to a Hausdorff limit of meridians, by using Lemma 7.1.

Recall from Proposition 3.1 that when D.S;M / does not have infinite diameter in C.S/, it is either
empty, consists of a single separating meridian, or consists of a single nonseparating meridian m and
all separating curves that are band sums of m. In these cases, it is obvious what the Hausdorff limits
of meridians are. For instance, in the last case a finite union � of minimal laminations in S is strongly
commensurable to a Hausdorff limit of meridians if and only if either �Dm or �� S nm. For the “if”
direction, note that if �� S nm then it can be approximated by an arc with endpoints on opposite sides
of m, and doing a band sum with m gives a curve that approximates �. For the “only if” direction, just
note that all meridians are either equal to m or are contained in S nm.
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7.1 The proof of Theorem 7.2

Most of the proof of Theorem 7.2 is contained in the following results. Assume that S � @�<0M is a
connected subsurface with geodesic boundary, @S is incompressible, and D.S;M / is large.

Lemma 7.3 Suppose �� S is a lamination , there is a meridian � that does not intersect � transversely,
and that if S is a closed surface of genus 2 then � is nonseparating. Then � is strongly commensurable to
a Hausdorff limits of meridians on S .

The proof of Lemma 7.3 uses some ideas that the first author developed with Sebastian Hensel, whom
we thank for his contribution.

Proof We may assume that � is a finite union of minimal components. It suffices to assume � is not a
leaf of �, as long as we prove the conclusion both for such a � and for �[�.

Assume first that � is nonseparating in S . Let .ci/ be a sequence of simple closed curves on S that
Hausdorff-converges to �. One can do this by constructing for each component �0 � � a simple closed
geodesic approximating �0, by taking an arc that runs along a leaf of �0 for a long time, and then closing
it up the next time it passes closest to its initial endpoint in the correct direction. Let ˛ be a simple
closed curve on S that intersects � once, and intersects all the components of �. For each k, let 
 k

i be
the geodesic homotopic to the “band sum” of � and T k

ci
.˛/, where Tci

is the twist around ci and a band
sum of two curves intersecting once is the boundary of a regular neighbourhood of their union. Note
that 
 k

i is a meridian for all i , k. If .ki/ is a sequence that increases quickly enough, .
 ki

i / converges
to a lamination strongly commensurable to �. And if we pick a meridian ˇ on S that intersects both �
and �, then T i

� ıT i

ki

i
.ˇ/ Hausdorff converges to a lamination strongly commensurable to �[�.

Now suppose � is separating. We claim that there is another separating meridian in S that is disjoint
from �. Let m be a maximal multicurve of meridians in S that contains � as a component. Since
D.S;M / is large, m¤ �. If m has a separating component distinct from �, we are done. So, suppose
we have a nonseparating component m0 �m. We can make a (separating) band sum of m0 that is disjoint
from � unless m0 lies in a punctured torus component of S n�. So, we assume the latter is true. Since
D.S;M / is large, it cannot be that mD �[m0, since then all meridians are disjoint from m0. So, there
is another component m1 of m, which we can assume is also nonseparating. This m1 must lie on the
opposite side of � from m0, and as before we’re done unless the component of S n� containing m1 is
also a punctured torus. But in this case, S is a genus-two surface contrary to assumption.

Let T � S n� be a component that contains a nonperipheral separating meridian, which we call �0.
Let V be the other component. Write � D �T [ �V , where �T � T and �V � S n T . Let C be the
compression body with exterior boundary equal to the component of @M that contains S , that one obtains
by compressing the meridian �.

We claim that there are sequences of simple closed curves .˛i/, .ˇi/ in T such that

� .˛i/ and .ˇi/ both Hausdorff converge to a geodesic lamination strongly commensurable to �T , and

� for all i , ˛i and ˇi bound an essential annulus in C .
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To construct these sequences, start by picking a simple closed curve ˛ in T such that ˛ and each component
of �T together fill T . Let ˇ be a simple closed curve on T such that ˛; ˇ; � bound a pair of pants in T . In C ,
we can compress the boundary component� of this pair of pants, so ˛; ˇ bound an annulus in C . Moreover,
this annulus is essential, since otherwise ˛; ˇ bound an annulus in T , implying T is torus with the one
boundary component �, contradicting the fact that there is a separating nonperipheral meridian in T . Then
find a sequence .ci/ of simple closed curves in T that Hausdorff converge to a geodesic lamination strongly
commensurable to �T , take ki to be a fast increasing sequence and set ˛i D T

ki
ci
.˛/ and ˇi WD T

ki
ci
.ˇ/.

Since ˛ fills with every component of �T , the curve ˇ intersects every component of �T . It follows that
.˛i/ and .ˇi/ Hausdorff converge to a geodesic lamination strongly commensurable to �T . And since
each ci is nonperipheral in T , each component of ci bounds an annulus in C with a curve on the interior
boundary of C , so the twist Tci

extends to C , implying that ˛i , ˇi bound an annulus in C as desired above.
Now let C 0 be the compression body obtained by compressing both � and �0, so C � C 0 �M . Note

that since both curves are separating and are disjoint, Proposition 3.1 says that D.S;C 0/ is large, so we
can pick a meridian m2D.S;C 0/ that intersects � and every component of �. Fix a sequence of geodesic
multicurves .di/ in V that Hausdorff converges to �V . As with the twists Tci

in C , the twists Tdi
extend

to C 0. And the compositions T˛i
ıT �1

ˇi
extend to C 0 because the curves bound annuli in C � C 0. We

then define 
i WD .T˛i
ıT �1

ˇi
/ki ıT

ki

di
.m/ for some fast increasing ki!1. These 
i are all meridians

and Hausdorff converge to a lamination strongly commensurable to �. To obtain �[� instead, hit 
i

with high powers of twists around �.

Here is a more powerful version of Lemma 7.3. The idea of the proof is more or less the same, but
more complicated.

Proposition 7.4 (promoting Hausdorff limits) Suppose that �, � are disjoint geodesic laminations on S

that are finite unions of minimal components. Suppose also that no component of � is a meridian.
Let X be the union of the subsurfaces with geodesic boundary that are filled by the components of �.

Suppose that there are disjoint , nonhomotopic meridians �, �0 on S that are disjoint from �, and a
sequence of homeomorphisms

fi W S ! S; fi jSnint.X / D id;

such that �i WD fi.�/ and �0i WD fi.�
0/ are both sequences of meridians that Hausdorff converge to

laminations strongly commensurable to �. Then � [ � is strongly commensurable to a Hausdorff limit of
meridians in S .

Before proving the proposition, we record the following application.

Corollary 7.5 Suppose that � is a geodesic lamination on S that is a finite union of minimal components.
If either

� some component � � � that is not a simple closed curve is an intrinsic limit of meridians ,

� there are (possibly equal ) components �˙ � �, neither of which is a simple closed curve , and where
each fills a component of the horizontal boundary (possibly the same component if @hB is connected ) of
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an essential interval bundle

.B; @H B/ ,! .M;S/;

where �˙ are essentially homotopic through B, and where there is a compression arc ˛ for B that is
disjoint from �,

then � is strongly commensurable to a Hausdorff limit of meridians.

Proof Suppose some component � � � that is not a simple closed curve is an intrinsic limit of meridians.
Setting X WD S.�/ we can take .�i/ to be any sequence of meridians in X that Hausdorff converges to
a lamination strongly commensurable to �. Moreover, since � fills X and is a limit of meridians, the
disc set D.X;M / is large, so for each i there is some meridian �0i disjoint from �i . Since there are only
finitely many topological types of pairs of disjoint curves in X up to the pure mapping class group of X ,
after passing to a subsequence we can assume that all �i , �0i are of the form in the proposition. The
desired conclusion follows.

In the second case, we let X be the subsurface with geodesic boundary obtained by tightening @H B

and set � D �� [ �C. Write the interval bundle as � W B ! Y , where Y is a compact surface with
boundary. We can assume without loss of generality that ˛ is a strict compression arc, i.e., that it is
homotopic rel endpoints to a fibre ��1.y/;y 2 @Y . Note that since �˙ are not simple closed curves, Y is
not an annulus or Möbius band.

Since �˙ are essentially homotopic through B, Fact 2.16 says that if our reference hyperbolic metrics
are chosen appropriately, we have that ��[�C D .�j@H B/

�1.�/ for some geodesic lamination � on Y .
Since �˙ together fill @H B, the lamination � is minimal and fills Y . So in particular, it has no closed,
one-sided leaves, and therefore if we pick a nonzero transverse measure on �, we have that � is the
projective limit of a sequence of two-sided nonperipheral simple closed curves .ci/ in Y , by Theorem 1.2
of [20]. Homotope the ci on Y to be based simple loops at y 2@Y , let m.ci/ be the associated compressible
curves on S constructed in Claim 2.11, and let �i be the geodesic meridians on S in their homotopy
classes. Then .�i/Hausdorff converges to a lamination strongly commensurable to ��[�C. After passing
to a subsequence, we can assume that all the ci differ by pure homeomorphisms of Y , in which case the
meridians �i are as required in Proposition 7.4, for some �, fi . Note that since our compression arc is
assumed to be disjoint from �, all the �i are disjoint from � WD � n�˙, and hence so is our �. We create
disjoint meridians �0i similarly, by taking some c0i on Y disjoint from ci , and letting �0i be the geodesic
meridian homotopic to m.c0i/. It then follows from Proposition 7.4 that � is strongly commensurable to a
Hausdorff limit of meridians as desired.

We now prove the proposition.

Proof of Proposition 7.4 Assume that �, �0 are disjoint meridian on S that are disjoint from �, that
fi WS!S are homeomorphisms that are the identity outside of X , and that �i WD fi.�/ and �0i WD fi.�

0/

are sequences of meridians that Hausdorff converge to laminations strongly commensurable to �.
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We want to show that � [ � is strongly commensurable to a Hausdorff limit of meridians on S . We
now basically repeat the argument in Lemma 7.3, so the reader should make sure that they understand
that argument before continuing here.

Suppose � (say) is nonseparating in S . Choose a simple closed curve ˛ on S that intersects � once
and intersects essentially each component of �. Let ˛i WD fi.˛/, and note that ˛i intersects �i once,
and also intersects essentially each component of �. Let .ci/ be a geodesic multicurve that Hausdorff
converges to �, and let 
 k

i be the geodesic homotopic to the “band sum”

(4) B.�i ;T
k
ci
.˛i//D T k

ci
.B.�i ; ˛i//D T k

ci
ıfi.B.�; ˛//;

where here B. � ; � / takes in two simple closed curves that intersect once and returns the boundary of
the regular neighbourhood of their union. If one of the inputs in a band sum is a meridian, then so is
the output, so 
 k

i is a meridian for all i , k. The given equalities are true at least for large i . The first
equality holds because � is disjoint from �, fi D id on the subsurfaces filled by the components of �, and
therefore �i is disjoint from ci for large i . The second equality is obvious from the definitions of �i , ˛i .

Let .ki/ be a fast increasing sequence. After passing to a subsequence, we can assume that .
 ki

i /

Hausdorff converges to a lamination �. We claim that � is strongly commensurable to � [ �.
First, using the second term in (4), if ki is huge with respect to i , then ci is contained in a small

neighbourhood of 
 ki

i , and so since .ci/ Hausdorff converges to �, we have �� �.
We claim that each 
 ki

i essentially intersects each component X0 �X . If not, then from the third term
in (4) it follows that B.�; ˛/ is disjoint from X0. But � essentially intersects X0, since otherwise the
Hausdorff limit of the �i will not contain the associated component �0 � �. So, �; ˛ and X0 all lie in
the punctured torus T � S bounded by B.�; ˛/. But since ˛ intersects every component of �, we have
that � intersects T as well, in a collection of arcs disjoint from �. Since X0 is disjoint from �, X0 D �,
so �0 D � is a meridian, contrary to our standing assumption.

It now follows that the Hausdorff limit � essentially intersects each component of X . Since 
 ki

i is
disjoint from �i and .�i/ Hausdorff converges to a lamination containing �, The laminations �; � cannot
intersect transversely. Since each component of X is filled by a component of �, we have �� �.

Finally, if Y is the union of all the subsurfaces with geodesic boundary that are filled by the components
of �, then as fi D id outside X and ci � Y for large i , the intersection of 
 ki

i with S n.X [Y / is properly
homotopic to the intersection of B.�; ˛/, which is independent of i . It follows that � n .� [ �/ is a finite
collection of nonclosed leaves, so we are done.

We can now assume that both �, �0 are separating, so that �i , �0i are also separating for all i . Let
Ti � S n�i be the component containing �0i , and let Vi be the other component. Note that Ti is not a
punctured torus, since it contains a nonperipheral separating curve. Since @Ti \ �D¿, we have

�D �T t �V ;

where the first term is the intersection of � with Ti , and the second term is defined similarly. Note that
since fi D id on S nX , all the �i induce the same two-element partition of the components of S nX , so
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at least after passing to a subsequence the decomposition of � above is actually independent of i , which
is why we have omitted the i in the notation.

Let C be the compression body whose exterior boundary is the component of @M containing S , and
which is obtained by compressing the curve �. Let C 0 be similarly obtained by compressing both �
and �0, so that C � C 0 �M . Since C 0 admits two nonhomotopic disjoint separating meridians, the
disc set D.S;C 0/ is large by Proposition 3.1, so we can pick a meridian m 2 D.S;C 0/ that intersects
every component of � [ �, as well as �;�0. Let Ci � C 0i �M be the compression bodies obtained by
compressing �i ; �

0
i . Then fi extends to a map C 0! C 0i , implying that mi WD fi.m/ is a meridian in C 0i .

As in the proof of Lemma 7.3, we can pick sequences .˛i/, .ˇi/ of simple closed curves in Ti such
that .˛i/ and .ˇi/ both Hausdorff converge to �T , and where ˛i ; ˇi bound an essential annulus in Ci

for all i . As in the lemma, T˛i
ı T �1

ˇi
extends to C 0i . Let .ci/ be a sequence of multicurves in Vi that

Hausdorff converges to �V . Each component of ci bounds an annulus in C 0i with a curve on the interior
boundary of C 0i , and hence the multitwist Tci

extends to a homeomorphism of C 0i . For any given k, set


 k
i WD .T˛k

ıT �1
ˇk
/k ıT k

ck
.mi/:

We claim that for fast increasing ki , the curves 
 ki

i Hausdorff converge to a lamination that is strongly
commensurable to �[� as desired. This is proved using the same types of arguments we employed in the
nonseparating case above. In particular, recall that m was selected to intersect all components of � [ �.
Since fi is supported on subsurfaces filled by components of �, all the miDfi.m/ intersect all components
of � [ �, and hence for large ki they intersect ˛ki

, ˇki
. So, 
 ki

i is twisted many times around ˛ki
, ˇki

,
and hence its Hausdorff limit contains �. Similarly, the mi intersect cki

for large i . Since ck lies in Vk ,
it is disjoint from ˛k � Tk and ˇk � Tk , and thus the Hausdorff limit of 
 ki

i contains �. Finally, the
Hausdorff limit has no other minimal components because ˛k , ˇk , ck are contained in subsurfaces filled
by components of � [ �, and mi D fi.m/ is constant outside this subsurfaces.

We can now start the proof of the theorem.

Proof of Theorem 7.2 Suppose that �� S is a lamination and .?/ does not hold, so that it is not the
case that S is a genus-two surface and � is disjoint from a separating meridian �, but intersects the
two nonseparating meridians disjoint from �. We want to show that � is strongly commensurable to a
Hausdorff limit of meridians if and only if it is strongly commensurable to a lamination containing a
homoclinic leaf, which happens if and only if either

(1) � is disjoint from a meridian,

(2) some component of � is an intrinsic limit of meridians, or

(3) there is an essential (possibly nontrivial) interval bundle B �M over a compact surface Y that is not
an annulus or Möbius band, and there are components �˙ � � that each fill a component of @H B,
such that �˙ are essentially homotopic through B, as in Section 2.9, and there is a compression
arc ˛ for B that is disjoint from �.
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Hausdorff limit D) homoclinic leaf Suppose first that � is strongly commensurable to a Hausdorff
limit of meridians �0. Then by [42, Theorem B.1], there is a homoclinic leaf h � �0, so � is strongly
commensurable to a lamination with a homoclinic leaf as desired.

Homoclinic leaf D) (1), (2) or (3) We now assume we have a homoclinic leaf h in some lamination
strongly commensurable to �.

The two ends of h limit onto (possibly equal) components �˙ � �. If one of S.�˙/ has compressible
boundary, there is a meridian disjoint from �, so we are in case (1) and are done. So, @S.�˙/ is
incompressible, and we’re in the situation of Theorem 6.1 and Corollary 6.2. We now break into cases.

If one of �˙ is an intrinsic limit of meridians, we’re in case (2) and are done. If we’re in case (3) of
Theorem 6.1 and Corollary 6.2, we’re in case (3) of the theorem and are done, unless the given interval
bundle B!Y is over an annulus or Möbius band. But in that case, letting c be a boundary component of Y ,
we can consider the geodesic meridian � on S homotopic to the m.c/ constructed in Claim 2.11, using
the compressing arc given by Corollary 6.2. This � is disjoint from �, so we’re in case (1) of the theorem.

Finally suppose that the two ends of h are asymptotic on S , so that �� D �C. Let’s separate further
into the cases (i) and (ii) in Corollary 6.2. In case (i), using the notation of the corollary, the curve
c [ h.Œ�s; s�/ is a meridian disjoint from �. So, we’re in case (1) of the theorem. In case (ii), let T be a
neighbourhood of h[�˙ that is either a punctured torus or a pair of pants, depending on whether the
two ends of h limit onto opposite sides of �˙, or onto the same side. Because we’re in case (ii), there is a
meridian in T . Hence, whether T is a pair of pants or a punctured torus, one of the boundary components
of T is a meridian, and is disjoint from � so we’re done.

(1), (2) or (3) D) Hausdorff limit Suppose (1), (2) or (3) holds. We want to show � is strongly
commensurable to a Hausdorff limit of meridians. If � is disjoint from a meridian, then we’re done
by Lemma 7.3. If a component of � is an intrinsic limit of meridians, we’re done by the first part of
Corollary 7.5. In case (3) above, we’re done by the second part of Corollary 7.5.

8 Extending partial pseudo-Anosovs to compression bodies

Let M be a compression body with exterior boundary †. Let S �† be an essential subsurface such that
@S is incompressible. In this section, we prove:

Theorem 8.1 (extending partial pseudo-Anosovs) Suppose that f W†!† is a partial pseudo-Anosov
supported on S . Then f has a power that extends to a nontrivial subcompression body of .M;S/ if and
only if the attracting lamination of f is a projective limit of meridians that lie in S .

When S D †, this is a theorem of Biringer, Johnson and Minsky [2]. The proof of Theorem 8.1 is
basically the same as their proof, but we need to go through it anyway, to note the places that parabolics
appear, and to deal with the fact that we are looking at subcompression bodies of .M;S/ rather than
of M . Also, before starting on the bulk of the proof in Section 8.2, we isolate part of the argument
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into a separate purely topological subsection, Section 8.1. This separation of the argument into distinct
topological and geometric parts makes it more understandable than the original version, we think.

8.1 Dynamics on the space of marked compression bodies

Let † be a closed, orientable surface, and let S � † be an essential subsurface. The space of marked
S -compression bodies is defined to be

CBod.S/D f.C; h W†! @CC /g=�;

where here C is a compression body, h is a homeomorphism, and

� the multicurve h.@S/� @CC is incompressible,

� there is a multicurve m on S such that h.m/ is a cut system for C , i.e., h.m/ bounds a collection of
disks that cut C into balls and trivial interval bundles over the interior boundary components.

We declare .Ci ; hi WS!@CCi/, iD1; 2, to be equivalent (written� as above) if there is a homeomorphism
� W C1! C2 that respects the boundary markings: that is, � ıh1 and h2 are homotopic maps S! @CC2.

We write .C1; h1/� .C2; h2/ if there is an embedding � W .C1; @CC1/ ,! .C2; @CC2/ that respects the
boundary markings. This gives a partial ordering on CBod.S/. We often identify † with @CC instead
of specifying the boundary marking, and simply write C for an element of CBod.S/. So CBod.S/ is
the set of all compression bodies with exterior boundary † that one obtains by compressing curves in S

(without compressing boundary curves) up to the obvious equivalence.
A marked S -compression body .C; h/ has a disk set D.C /�C.S/, where a simple closed curve 
 2C.S/

lies in the disc set if h.
 / is a meridian in C . In fact, the disk set D.C / determines .C; h/ up to equivalence,
say by an argument similar to the last paragraph of the proof of Fact 2.4. The set CBod.S/ can then
be identified with the “set of all disk sets” in C.S/. It then inherits a topology as a subset of the power
set P.C.S//, wherein Dn!D if and only if for every c 2 C.S/, we have either c 2D and c 2Dn for
all large n, or c 62D and c 62Dn for all large n.

Lemma 8.2 If Cn! C in CBod.S/, then C � Cn for large n.

Proof Suppose that C is obtained by compressing a finite set � of disjoint simple closed curves on S .
For large n, we have � � D.Cn/, so C � Cn.

Lemma 8.3 CBod.S/ is compact.

Proof As P.C.S// is compact, we want to show that CBod.S/ is closed. Suppose Cn is a sequence of
marked compression bodies with disk sets

Dn D D.Cn/� C.S/;

and that Dn!D � C.S/. Let � be a maximal set of disjoint, pairwise nonhomotopic elements of D.
Compressing � yields a marked compression body C . Since � is finite, ��Dn for large n, so D.C /�Dn.
Thus, D.C /�D.
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It therefore suffices to show D �D.C /. Suppose this is not the case, and pick ˇ 2D nD.C / such that
the intersection number of ˇ and � is minimal. By maximality of � , this intersection number cannot
be zero. Since ˇ 2 D, if n is large we have ˇ 2 D.Cn/. By an outermost disk argument, if 
 2 � is
a component that intersects ˇ, there is an arc c � 
 with endpoints on ˇ and interior disjoint from ˇ,
that is homotopic rel endpoints in Cn to the two arcs b1; b2 � ˇ into which ˇ is cut by @c. Passing
to a subsequence, we can assume that c; b1; b2 are independent of n. Then c [ b1 and c [ b2 are both
meridians in Cn for all large n, and hence lie in D. Since they intersect � fewer times than ˇ does, they
lie in D.C /. But then ˇ (which is a band sum of the two curves) also lies in D.C /, a contradiction.

Let f W†!† be a homeomorphism with f D id on † nS . Then f acts on the space CBod.S/ by
f � .C; h/D .C; h ıf �1/. When we regard marked S-compression bodies as compression bodies with
exterior boundary equal to †, we’ll just write C and f .C / for a marked compression body and its image.
Note that f .C /D C if and only if f extends to a homeomorphism of C .

Fixing M 2 CBod.S/ and f as above, let A be the set of accumulation points in CBod.S/ of the
f -orbit of M , and let

Amin D fC 2A j ÀD 2A such that D ¨ C g

be the subset consisting of all minimal elements of A.

Theorem 8.4 (existence of maximal subcompression body) The set Amin is a finite f -orbit that contains
a single element Cf such that Cf �M .

Moreover , Cf is the unique maximal element of CBod.S/ such that Cf �M and a power of f extends
to Cf .

This result was proved in [2] when S D†. Our proof follows the same general lines, but is topological
instead of hyperbolic geometric.

We proceed with a series of lemmas.

Lemma 8.5 The set Amin is nonempty, finite and f -invariant.

Proof The set A is nonempty, since CBod.S/ is compact. This implies that Amin is nonempty, for
example, since the “height” of a compression body is nonnegative and decreases under strict containment;
see Section 3 of [3].

By Lemma 8.2, Amin is discrete. But Amin is closed in A; which is closed in CBod.S/, which is
compact. So, Amin is compact, and must be finite. Finally, Amin is f -invariant since A is and the f -action
respects containment.

Lemma 8.6 Suppose that for i D 1; 2 we have Ci 2 CBod.S/ with Ci �M , and that f i.C1/DC1 while
f j .C2/D C2. Then there is an element C 2Amin such that C1;C2 � C �M .

Proof Every element of A is the image under a power of f of an accumulation point of the sequence
f nij .M /, so since Amin is f -invariant there is some C 0 2 Amin to which a subsequence of f nij .M /

limits. As C1;C2 � f
nij .M / for all n, we must have C1;C2 2 C 0.
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By Lemma 8.2, there is some n such that f nij .M /� C 0. Then C WD f �nij .C 0/ 2Amin is contained
in M and must contain C1, C2 as well.

Lemma 8.7 There is a unique element Cf 2Amin that is contained in M , and Amin is an f -orbit.

Proof Applying the previous lemma to two copies of the trivial compression body †� I shows that
Amin has an element that is contained in M .

So, suppose that C;D 2 Amin are both contained in M . By the previous lemma, there is another
element of Amin that contains them both, which contradicts the minimality assumption unless C DD.
Therefore, there is a unique element Cf 2Amin that is contained in M .

To show that Amin is an f -orbit, suppose that C 2Amin. Since C is an accumulation point, there is
some n such that f n.M /� C . Then f �n.C /�M , implying that f �n.C /D Cf by uniqueness.

This finishes the proof of Theorem 8.4, since Lemma 8.5 shows that a power of f extends to Cf

and Lemmas 8.6 and 8.7 imply that any subcompression body of M to which a power of f extends is
contained in Cf .

8.2 The proof of Theorem 8.1

Let S �†D @MC be a compact essential subsurface, with @S incompressible in M , and let f W†!†

be a pseudo-Anosov map on S .
The “only if” direction of the theorem is trivial. Namely, suppose that some power f k extends to a

nontrivial subcompression body C of .M;S/. Pick a meridian m�S for C . Then .f k.m// is a sequence
of meridians in M that lie in S , and converge to the attracting lamination of f .

For the “if” direction of the theorem, assume that no nonzero power of f extends to a nontrivial
subcompression body of .M;S/. We must show that the attracting lamination �C is not in the limit
set ƒ.S;M /. The argument is similar to the proof of the main theorem in [2]. As such, we will sketch
the argument in places and refer to [2] for details.

Consider the sequence Mn D f �n.M / of marked S-compression bodies, where we consider the
exterior boundary of each Mn as identified with the surface †. Fix a base point ŒX � 2 T .†/ and give the
interior of each Mn a geometrically finite hyperbolic metric such that the end adjacent to the exterior
boundary †D @CM is convex cocompact, and when its conformal boundary is identified with †, the
conformal structure is ŒX �. Let

�n W �1†! PSL2 C; Nn WDH3=�n.�1†/;

be a representation (unique up to conjugacy) uniformising the interior of Mn and compatible with our
markings, in the sense that �n is the composition of the map �1†! �1MnŠ �1Nn induced by inclusion
and a faithful uniformising representation of �1Nn. Note that the kernel of �n is

ker.�n/D f
�n
� .ker.�1†! �1M //:
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By Theorem 8.4 and the assumption that no power of f extends to a nontrivial subcompression body
of M , the only minimal accumulation point of .Mn/ in CBod.S/ is the trivial compression body. So
in particular, we can choose a subsequence .Mnj

/ that converges to the trivial compression body. By
the compactness of generalised Bers slices (see [2, Theorem 4.3]), we may assume after appropriate
conjugations and passing to a further subsequence that .�nj

/ converges algebraically to a representation

�1 W �1†! PSL2 C; N1 WDH3=�1.�1†/;

and that N1 can be identified with the interior of a compression body M1 with exterior boundary † in
such a way that the end of N1 adjacent to † is convex cocompact with conformal structure ŒX � and the
representation �1 is compatible with the marking in the same way as before.

The disk set D.S;M1/ consists of all simple closed curves on S represented by elements 
 2 �1†

with �1.
 /D 1. By Chuckrow’s theorem (see [2, Lemma 2.11]), �1.
 /D 1 if and only if �nj
.
 /D 1 for

all sufficiently large i . Since .Mnj
/ converges to the trivial compression body in the topology of CBod.S/,

it follows that the surface S �†D @CM1 is incompressible in M1.

Claim 8.8 The repelling lamination �� of f is unrealisable in N1.

Proof The proof is almost identical to that of [2, Lemma 6.2], so we offer a sketch and we refer the
reader to their paper for details.

Fixing an M -meridian 
 � S , the sequence f �nj .
 / converges in the Hausdorff topology to a lamina-
tion �M that is the union of �� and finitely many leaves spiralling onto it. It suffices by [7, Theorem 2.3]
to show that �M is unrealisable. So, hoping for a contradiction, assume �M is realisable; then �M is
carried by a train track � that maps nearly straightly into N1 (see [2]).

By algebraic convergence, � also maps nearly straightly into Nnj
when j is large. Since f �nj .
 /!�M ,

for large j the curve f �nj .
 / is carried by � . This implies that f �nj .
 / is geodesically realisable in Nnj

for large j , contradicting the fact that it is homotopically trivial.

By work of Thurston [58, Proposition 9.7.1], the �1-injective surface S � @CM1 is isotopic into a
degenerate end of N1 with ending lamination ��. In particular, the peripheral curves of S represent
cusps in N1 and every nonperipheral curve on S has hyperbolic type in N1. Any pair of disjoint
nonperipheral simple closed curves on S can then be realised geodesically by a pleated surfaces S!N1

in the given homotopy class, and Thurston’s compactness of pleated surfaces (see [50, Lemma 6.13])
implies the following.

Lemma 8.9 (compare with [2, Lemma 6.3]) Let ˛ � S be a simple closed curve. Then for every k, there
is some K such that for any other simple closed curve ˇ in S , we have

dC.S/.˛; ˇ/� k D) dN1.˛1; ˇ1/�K;

where ˛ and ˇ1 are the geodesics in N1 in the homotopy classes of ˛ and ˇ.

Hoping for a contradiction, suppose now that �C 2ƒ.S;M /. When regarded as an element of @1C.S/,
the support of �C is then an accumulation point of D.S;M /� C.S/. If ˛ 2 C.S/, then for nD 1; 2; : : :
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the sequence .f n.˛// is a quasigeodesic path that limits to �C 2 @1C.S/; see [47]. Since D.S;M / is a
quasiconvex subset (see Theorem 2.3, due to Masur and Minsky), there is a constant C and for each n a
meridian 
n 2 D.S;M / with

dC.S/.f
n.˛/; 
n/� C:

Translating the points f n.˛/ and 
n by f �n, this becomes

dC.S/.˛; f
�n.D.S;M //� C:

By Lemma 8.9, an element 
nj
2f �nj .D.S;M // at distance at most C from ˛ in C.S/ can be geodesically

realised in some fixed compact subset A � N1. Algebraic convergence implies that for sufficiently
large j this geodesic can be pulled back and tightened to a geodesic in Nnj

. But by construction, 
nj
is a

meridian in Mnj
, so it cannot possibly be realised geodesically in Nnj

, which is a contradiction.

9 Extending reducible maps to compression bodies

We present here a generalisation of [2, Theorem 1.1] that characterises which (possibly reducible) mapping
classes of the boundary of a 3-manifold M have powers that extend to subcompression bodies.

In what follows, let M be a compression body with exterior boundary @CM . Let S � @CM be an
essential subsurface such that @S is incompressible. Let f W @CM ! @CM be a homeomorphism that is
“supported” in S , meaning that f D id on @CM nS .

Definition 9.1 We say f is pure if there are disjoint, compact, essential f -invariant subsurfaces Si � S ,
i D 1; : : : ; n, such that f D id on Sid WDS n

S
i Si , and where for each i , if we set fi WD f jSi

, then either

(1) Si is an annulus and fi is a power of a Dehn twist, or

(2) fi is a pseudo-Anosov map on Si .

It follows from the Nielsen–Thurston classification, see [21], that every f has a power that is isotopic
to a pure homeomorphism.

When f is pure, with associated restrictions fi W Si ! Si as above, we define a geodesic lamination
� D

S
i �i on S , where �i � Si as follows. If fi is pseudo-Anosov, we let �i be the support of the

attracting lamination of fi . If fi is a Dehn twist, we let �i be the core curve of the annulus Si . So defined,
� is called the attracting lamination of the pure homeomorphism f .

Theorem 9.2 Suppose that S � @CM is an essential subsurface such that the multicurve @S is incom-
pressible. Let f W @CM ! @CM be a pure homeomorphism supported in S . Then f has a power that
extends to a nontrivial subcompression body of .M;S/ if and only if either

(1) there is a meridian in Sid,

(2) for some i , the map fi has a power that extends to a nontrivial subcompression body of .M;Si/, or
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(3) there are (possibly equal ) indices i , j such that Si , Sj bound an essential interval bundle B in M ,
such that some power of f jSi[Sj

extends to B, and there is a compression arc ˛ for B whose interior lies
in Sid.

Note that by Theorem 8.1, if fi is pseudo-Anosov then (2) above is equivalent to the condition that �i

is an intrinsic limit of meridians.
Recall from Section 2.7 that a “subcompression body of .M;S/” is a compression body obtained

from @CM by compressing some meridian multicurve in S . In (3), the condition that a power of f jSi[Sj

extends to B is easier to check. Indeed, if � W @H B! @H B is the canonical involution, as defined in
Section 2.5, then by Fact 2.7 we have that f k j@H B extends to B exactly when � ı f k

i is isotopic to f k
j .

When B is a twisted interval bundle, fi , fj are both pseudo-Anosovs on @H B and this means that as
mapping classes we have fj D g ı fi for some finite order g commuting with both fi , fj ; see, e.g.,
McCarthy’s thesis [51]. When B is a trivial interval bundle, � identifies Si and Sj , and we have similarly
that fj D g ı �.fi/ for some g commuting with both.

Proof of Theorem 9.2 Let’s start with the “if” direction, since that’s easier. If there is a meridian in Sid,
then f extends to the compression body obtained by compressing that meridian. Suppose (2) holds, so
that some power f k

i extends to a nontrivial subcompression body C of .M;Si/. Then f also extends
to C , since all the Sj , where j ¤ i , bound trivial interval bundles with subsurfaces of the interior boundary
of C . So we’re done.

The only interesting case is if (3) holds, so that some Si , Sj bound an essential interval bundle B in M

such that some power of f k jSi[Sj
extends to B, and there is a compression arc ˛ for B whose interior

lies in Sid. Here, let S 0�S be the smallest essential subsurface containing Si ;Sj and ˛; so, S 0 is obtained
from a regular neighbourhood of the union of these three subsets of S by capping off any inessential
boundary components with discs. Let C be the characteristic compression body of the pair .M;S 0/, as
defined in Fact 2.4.

We claim that f k extends to C . To see this, note that we can construct C as follows. For concreteness,
first assume that the boundary components of Si , Sj that contain the endpoints of ˛ bound an annulus A�˛

on S . Then S 0DSi[Sj [A, the annulus A is parallel in M to component A0� Fr.B/ that is an annulus
with the same boundary curves as A, and C is the union of the interval bundle B, the solid torus bounded
by A, A0, and a trivial interval bundle over @CM n S 0. We can then extend f k to C by letting it be
the given extension of f k jSi[Sj

on B, the identity on the solid torus, and the obvious fibre preserving
extension of f k j@CMnS 0 to the adjacent interval bundle. The case that the boundary components of Si , Sj

that contain the endpoints of ˛ do not bound an annulus on S is similar, except that instead of the solid
torus above we take a thickened disk bounded by a rectangular neighbourhood of ˛ on S n .Si [Sj /, and
a rectangular neighbourhood of the homotopic arc on the frontier of B.

We now work on the “only if” direction. Passing to a power, suppose that f extends to a nontrivial
subcompression body C of .M;S/. We may assume that there is no proper, f -invariant essential
subsurface S 0 � S such that f jS 0 extends to a nontrivial subcompression body of .M;S 0/. If there were
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such a subsurface S 0, we could replace S by a minimal such S 0, therefore reducing the argument to the
minimal case we are assuming we are in above.

If f D id on S , the fact that there is a nontrivial subcompression body of .M;S/ means there is a
meridian in S D Sid, so we’re in case (1) and are done. This case may seems silly, but observe that if f is
some complicated pure homeomorphism where there’s a meridian in Sid, the associated “minimal” case
that we pass to in the previous paragraph is where S is an annular neighbourhood of some such meridian,
and f D id on S .

Assume from now on that f is not the identity map of S .
We claim that every meridian m 2D.C;S/ intersects every component of �. Indeed, suppose some �i

is disjoint from some such m and let S 0 be the component of S nSi containing m. Since f extends to C

and S 0� @CC is f k-invariant, f extends to the characteristic subcompression body C 0 of the pair .C;S 0/,
defined by starting with @CM and compressing all meridians of C that lie in S 0; see Fact 2.4. Since m is
a meridian in C 0, this C 0 is nontrivial, which contradicts the minimality assumption in the first paragraph.

Pick a meridian m 2 D.C;S/. Since m intersects all components of �, the sequence of meridians
mi WDf

i.m/ Hausdorff converges to a lamination �0 strongly commensurable to �. Applying Theorem 7.2
to the pair .C;S/ and using that all meridians in C intersect all components of �, we have that either

� some component �a is an intrinsic limit of meridians lying in S.�a/, in which case Theorem 8.1
(applied to fa W Sa! Sa) says we’re in case (2), or

� there are indices a, b such that Sa, Sb bound an essential interval bundle B � C , where �a, �b

are essentially homotopic in B, and where there is a compression arc ˛ � S for B that is disjoint
from �, and hence can be isotoped so that its interior lies in Sid.

Let’s assume we’re in the last case, since otherwise we’re done. We want to show that some power of
fa[fb W @H B! @H B extends to B.

First, suppose that B is a twisted interval bundle, so that Sa D Sb , fa D fb , �a D �b . Using just the
index a from now on, if � is the canonical involution of B, then Fact 2.16 implies that �.�a/ is isotopic
to �a. Let A � T .S/ be the axis of fa on the Teichmüller space T .S/. By Theorem 12.1 of [22] and
Theorem 2 of [45], we have that A, �.A/ are asymptotic, so as they are both pseudo-Anosov axes they
must be equal by discreteness of the action of the mapping class group. Since � has finite order, it then
fixes A pointwise. Now the group � D h�; fai �Mod.@H B/ is isomorphic to the direct product of a
finite group fixing A pointwise and a cyclic group of pseudo-Anosovs, so for some positive k we have
� ı f k

a D f
k

a in Mod.@H B/. By Theorem 3 of [4] we may isotope f k
a ; � so that they commute, while

preserving that �2 D id; we can then alter the bundle map � W B ! Y so that the new � is still the
canonical involution. It follows that f k

a is a lift to @H B of a pseudo-Anosov map g W Y ! Y , and hence
f k

a extends to B as desired, see Fact 2.7.
Next, assume B is a trivial interval bundle, with canonical involution � that switches Sa;Sb . As in the

previous paragraph, we have that �.�b/ is isotopic to �a, so � D hfa; � ıfb ı�
�1i �Mod.Sa/ is a direct

product � DF �h�i of a finite group F and a cyclic group generated by a pseudo-Anosov �, where if we
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quotient by F then fa and � ıfb ı �
�1 both project to positive powers of �. It suffices to show that they

project to the same positive power of �, for then we are done by the same argument as in the previous
paragraph. For this, recall that all meridians of C intersect Sa, Sb , so these surfaces are “holes” for the
disk set of C , as discussed in [49]. So with mi D f

i.m/ the sequence of meridians in C constructed
above, Lemma 12.20 of [49] says that for each i , the distance in the arc complex of Sa between

mi \Sa D f
i

a .m\Sa/ and �.mi \Sb/D .� ıfb ı �
�1/i�.m\Sb/

is at most 6. However, if fa and � ı fb ı �
�1 project to different positive powers of �, their stable

translation lengths on the arc complex of Sa are different, which is a contradiction.
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Motivic real topological Hochschild spectrum

DOOSUNG PARK

We define real topological Hochschild homology of separated log schemes with involutions. We show
that real topological Hochschild homology is .Pn;Pn�1/-invariant, which leads to the definition of the
motivic real topological Hochschild spectrum living in a certain Z=2-equivariant logarithmic motivic
category. We explore properties of real topological Hochschild homology that can be deduced from the
logarithmic motivic homotopy theory. We also define the motivic real topological cyclic spectrum.

1 Introduction
Topological Hochschild homology THH and its cousin TC have a deep connection with algebraicK-theory
via the cyclotomic trace of Bökstedt, Hsiang, and Madsen [8]. The Dundas–Goodwillie–McCarthy
theorem [11] provided a computational tool for algebraic K-theory. It was also discovered that THH
contains arithmetic data. Bhatt, Morrow, and Scholze [3] studied filtrations on the S1-homotopy fixed
point spectrum TC� of THH, whose graded pieces are closely related to the prismatic cohomology of
Bhatt and Scholze according to [4, §13].

Hesselholt and Madsen [15] defined real algebraicK-theory, which refines both algebraic and hermitian
K-theories in a uniform manner via equivariant homotopy theory. They also defined real topological
Hochschild homology THR of rings. For further developments on THR, we refer to [10; 18; 27].
A forthcoming work of Harpaz, Nikolaus, and Shah will show a real refinement of the Dundas–Goodwillie–
McCarthy theorem, which would justify the real trace method as a computational tool for real or hermitian
K-theory.

One feature of THH different from algebraic K-theory is that THH is not A1-invariant even for regular
schemes, i.e., the induced map THH.X/! THH.X �A1/ is not an equivalence of spectra for every
nonempty scheme X . The definition of THH of schemes is due to Geisser and Hesselholt [13]. Hence
the motivic methods in A1-homotopy theory initiated by Morel and Voevodsky [23] are not directly
applicable to THH.

Non-A1-invariance of THH is related to the fact that the sequence of spectra

THH.Z/ i�
�! THH.X/ j

�

�! THH.X �Z/

is not a fiber sequence when i WZ!X is a closed immersion of regular schemes and j WX �Z!X is
its open complement. On the other hand, the localization sequence in algebraic K-theory can be read as
the fiber sequence of spectra

K.Z/ i�
�! K.X/ j

�

�! K.X �Z/:
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Hesselholt and Madsen [16] and Rognes, Sagave, and Schlichtkrull [30] studied localization sequences
for THH in the logarithmic setting.

The author’s joint work with Binda and Østvær [7] introduced the1-category of logarithmic motivic
spectra logSH.S/ for fs log schemes S , which aims to incorporate various non-A1-invariant cohomology
theories into the motivic framework using logarithmic geometry. We refer to Ogus’s book [25] for
logarithmic geometry. For a closed immersion of schemes Z!X , let .X;Z/ denote the log scheme with
the underlying scheme X and with the compactifying log structure associated with the open immersion
X �Z! X . In the construction of logSH.S/ when S is a scheme (with the trivial log structure), the
interval A1 is replaced with the set of log schemes .Pn;Pn�1/ for all integers n� 1, and the Nisnevich
topology is replaced with the strict Nisnevich topology in [6]. To construct a motivic spectrum in
logSH.S/ that represents an existing cohomology theory of schemes, one can take the following two
steps:

Step 1. Extend the cohomology theory to fs log schemes.

Step 2. Show that the extension is .Pn;Pn�1/-invariant for all integers n�1 and satisfies strict Nisnevich
descent.

Rognes [29] defines THH of log rings. According to [7, §8], it is possible to define THH and TC of log
schemes based on Rognes’ definition and to construct a P1-spectrum THH and TC (written as logTHH
and logTC in loc. cit.) representing THH and TC. The author’s joint work with Binda, Lundemo, and
Østvær [5, §8] constructed a P1-spectrum representing Hochschild homology.

In this article, we employ this strategy for THR. We define THR of log rings with involutions, where
an involution means an automorphism � such that � ı� D id. With the aid of the author’s joint work with
Hornbostel [19], we define THR of separated log schemes with involutions. Then we prove that THR
is .Pn;Pn�1/-invariant for all integers n� 1. This allows us to apply motivic methods in logarithmic
motivic homotopy theory to THR. We also consider real topological cyclic homology, which is a variant
of THR. One way to obtain TCR is to impose the real cyclotomic structure on THR, which is due to
Quigley and Shah [27]. The following two results are examples of this.

Theorem 1.1 (special case of Theorem 6.8) Let Z!X be a closed immersion of smooth schemes over
a noetherian separated scheme S . Then there exist fiber sequences of Z=2-spectra

THR.Th.NZX//! THR.X/! THR.BlZX;E/;

TCR.Th.NZX//! TCR.X/! TCR.BlZX;E/;

where E is the exceptional divisor.

We refer to (6-1) for the notation THR.Th.NZX//. Proposition 6.5 implies that THR.Th.NZX// can
be written in terms of THR of schemes. This sequence can be considered as the localization sequence for
THR. The map THR.Th.NZX//! THR.X/ is called the Gysin map.
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Theorem 1.2 (Theorem 6.10) Let Z ! X be a closed immersion of smooth schemes over a finite-
dimensional noetherian separated scheme S . Then the induced squares of Z=2-spectra

THR.X/ THR.Z/

THR.Z �X BlZX/ THR.BlZX/

TCR.X/ TCR.Z/

TCR.Z �X BlZX/ TCR.BlZX/

are cartesian , where BlZX denotes the blow-up of X along Z.

The statement in this theorem involves no log schemes, but the proof uses log schemes.
Hu, Kriz, and Ormsby [20] considered P1 ^ P� -spectra instead of P1-spectra to define a motivic

Z=2-spectrum, where P� is the scheme P1 with the involution given by Œx Wy� 7! Œy Wx�. In Definition 6.12,
we analogously introduce the1-category of prelogarithmic motivic Z=2-spectra prelogSHZ=2.S/ for
any scheme S , which is helpful for constructing logarithmic motivic spectra using the fixed point functor

.�/Z=2 W prelogSHZ=2.S/! logSH.S/

in Definition 6.14. We also construct the “forgetful” functor

i� W prelogSHZ=2.S/! logSH.S/

in Definition 6.16. The reason why we add “pre” in the notation prelogSHZ=2.S/ is that a further
localization is desired to obtain a better behaved1-category of logarithmic motivic Z=2-spectra; see
Remark 6.13 for an explanation.

Together with the P1 ^P� -periodicity of THR in [19, Proposition 5.1.5], we can define the periodic
P1 ^P� -spectra

THR WD .THRZ=2;THRZ=2; : : : / 2 prelogSHZ=2.S/;

TCR WD .TCRZ=2;TCRZ=2; : : : / 2 prelogSHZ=2.S/

for every finite-dimensional noetherian separated scheme S . The construction of THR resembles the
construction of the motivic real K-theory Z=2-spectrum [20, §4.3]. We obtain new P1-spectra THRZ=2

and TCRZ=2, while we show i�THR' THH and i�TCR' TC in Proposition 6.17.

Organization of the article

To define the P1 ^P� -spectrum THR, we need the following ingredients:

(1) the definition of THR of log rings with involutions,

(2) isovariant étale descent property for THR,

(3) invariance of THR under passing to the associated log structure,

(4) P1 ^P� -periodicity of THR,

(5) .Pn;Pn�1/-invariance of THR.
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Due to [19], we have (2) and (4). In Section 3, we deal with (1). This requires dihedral replete
bar constructions in Section 2, which is an equivariant analogue of Rognes’ replete bar constructions
[29, Definition 3.16]. In Section 4, we show (3) for separated log schemes. The strategy is to work in a
sufficiently local situation. In Section 5, we review the notion of real cyclotomic spectra following Quigley
and Shah [27]. Then we generalize many results in the previous sections to real cyclotomic spectra so that
we can define TCR of finite-dimensional noetherian separated log schemes. In Section 6, we show (5)
by providing an explicit computation of THR.Pn;Pn�1/ using cubes in1-categories. Then we discuss
properties of THR that can be deduced from [7], and we construct the P1 ^P� -spectra THR and TC.

2 Dihedral replete bar constructions

Rognes [29, Definition 3.16] defined the replete bar construction of a commutative monoid, which is a
key input to define topological Hochschild homology of log rings. In this section, we discuss a dihedral
refinement of this construction.

We refer to [19, Example 4.1.3] for a review of real simplicial sets and dihedral sets, which are defined
using crossed simplicial groups of Fiedorowicz and Loday [12]. A real simplicial set X is a simplicial set
equipped with involutions wq WXq!Xq (i.e., an automorphism such that wq ıwq D id) for all simplicial
degrees q satisfying the relations

diwq D wq�1dq�i ; siwq D wqC1sq�i

for 0 � i � q. Note that a real simplicial set is different from a simplicial set with involution, i.e.,
a simplicial object in the category of sets with involution. A dihedral simplicial set X is a real simplicial
set equipped with automorphisms tq WXq!Xq for all simplicial degrees q satisfying certain relations.

Let ˚ denote the coproduct in the category of commutative monoids. For commutative monoids P
and Q, the coproduct P ˚Q is naturally isomorphic to the product P �Q.

Definition 2.1 Let �1� be the real simplicial set whose underlying simplicial set is �1 and whose
involution w W .�1/q! .�1/q in simplicial degree q sends the q-simplex a0 � � � aq to .1�a0/ � � � .1�aq/.
For a commutative monoid P with involution w, let P ˝�1� be the real simplicial set whose underlying
simplicial set is the tensor product P ˝�1 defined by

.P ˝�1/q WD
M

i2.�1/q

P

and whose involution is given by .x0; : : : ; xqC1/! .w.xqC1/; : : : ; w.x0// in simplicial degree q, where
the indices 0; 1; : : : ; qC 1 correspond to the q-simplices 0 � � � 00; 0 � � � 01; : : : ; 1 � � � 11 in �1.

Proposition 2.2 Let P be a commutative monoid with involution. Then the map of real simplicial sets

P ˝�1� ! P

given by .x0; : : : ; xq/ 7! x0C � � �C xq in simplicial degree q is a Z=2-weak equivalence.
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Proof Let sd� be the Segal subdivision functor [33]. We have an isomorphism of simplicial sets with
involutions

sd� .�1� /'�
1
qf1g�

1;

where the involution on the right-hand side switches the factors. This induces an isomorphism of simplicial
sets with involutions

sd� .P ˝�1� /' .P ˝�
1/˚P .P ˝�

1/;

where the involution on the right-hand side is obtained by the formula .x; y/ 7! .w.y/; w.x// with w
in Definition 2.1. Since �1 is contractible, the map P ! P ˝�1 induced by f1g !�1 is a homotopy
equivalence. This yields a Z=2-homotopy equivalence

P '
�! .P ˝�1/˚P .P ˝�

1/;

which implies the claim.

We review the 1-categorical formulation of equivariant homotopy theory due to Bachmann and
Hoyois [2, §9]. See [19, §A.1] for a more detailed review. Let FinGpd denote the 2-category of finite
groupoids. Bachmann and Hoyois constructed the functor

SH W Span.FinGpd/! CAlg.Cat1/; .X
f
 � Y

p
�!Z/ 7! p˝f

�
I

see [2, §C] for the notation Span. For a morphism f in FinGpd, f � admits a right adjoint f�. If f is a
finite covering, then f � admits a left adjoint f].

For a finite groupoidX , let NAlg.SH.X// be the1-category of normedX -spectra [2, Definition 9.14],
and let CAlg.SH.X// be the 1-category of E1-rings in SH.X/. We have the forgetful functor
NAlg.SH.X// ! CAlg.SH.X//. We use the notation ^ for the coproduct in NAlg.SH.X// and
CAlg.SH.X//. For a morphism of finite groupoids f WX ! S , we have the induced adjoint functors

CAlg.SH.S// CAlg.SH.X//:
f �

f�

If f WX ! S is a finite covering of finite groupoids, we have the induced sequence of adjoint functors

NAlg.SH.S// NAlg.SH.X//:
f]

f �

f�

On the other hand, if f has connected fibers, then the induced functor

f˝ W CAlg.SH.X//! CAlg.SH.S//

preserves colimits.
For a finite group G, the1-category of G-spectra is

SpG WD SH.BG/:
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We also set NAlgG WD NAlg.SH.BG// and CAlgG WD CAlg.SH.BG//. We omit the superscripts G in
this notation if G is trivial. There is an equivalence of1-categories CAlg' NAlg.

Consider the obvious functors pt i
�! B.Z=2/

p
�! pt. Observe that i is a finite covering and p has

connected fibers. We often use the alternative notation

.�/Z=2 WD p�; NZ=2
WD i˝; ˆZ=2

WD p˝:

The functor NZ=2 is the norm functor of Hill, Hopkins, and Ravenel [17], and the functor ˆZ=2 is the
geometric fixed point functor. We have the induced functors

i� W SpZ=2
! Sp; NZ=2; i]; i� W Sp! SpZ=2;

i� W NAlgZ=2
! CAlg; NZ=2; i]; i� W CAlg! NAlgZ=2;

p� W Sp! SpZ=2; ˆZ=2; .�/Z=2 W SpZ=2
! Sp;

p� W CAlg! CAlgZ=2; ˆZ=2; .�/Z=2 W CAlgZ=2
! CAlg:

We refer to [19, Proposition A.2.7] for fundamental relations among these functors. We note that the pair
of functors .i�; ˆZ=2/ is conservative.

Let f WX ! S be a morphism of finite groupoids. For every map R! A in NAlg.SH.S// and map
f �R! B in NAlg.SH.X//, we have the natural map

A^R f�B! f�.f
�A f̂ �R B/

given by the composite

A^R f�B
ad
�! f�f

�.A^R f�B/
'
�! f�.f

�A f̂ �R f
�f�B/

ad0
�! f�.f

�A f̂ �R B/;

where ad (resp. ad0) denotes the map obtained by the unit (resp. counit).

Lemma 2.3 Let r W Z=2! pt be the obvious morphism of finite groupoids. Then the natural map

A^R r�B! r�.r
�A^r�R B/

is an equivalence for every map R! A in CAlg and map r�R! B in NAlg.SH.Z=2//.

Proof As observed in [2, Example 9.15], we have an equivalence of1-categories NAlg.SH.Z=2//'
CAlg.SH.Z=2//. We additionally have an equivalence of1-categories SH.Z=2/' SH.pt/� SH.pt/ by
[2, Lemma 9.6]; hence CAlg.SH.Z=2//'CAlg�CAlg. The functors i�0 ; i

�
1 WNAlg.SH.Z=2//!CAlg

induced by the inclusions i0; i1 Wpt!Z=2 can be identified with the two projections CAlg�CAlg!CAlg.
Using ri0D ri1, we see that the functor r� WCAlg!NAlg.SH.Z=2// can be identified with the diagonal
functor CAlg! CAlg�CAlg, and the functor r� W NAlg.SH.Z=2//! CAlg can be identified with the
direct sum functor ˚ W CAlg�CAlg! CAlg. Use these explicit descriptions to show the claim.

Lemma 2.4 For R;A 2 NAlgZ=2 and B 2 CAlg, the natural map

(2-1) A^R i�B! i�.i
�A^i�R B/

is an equivalence.
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Proof It suffices to show that (2-1) becomes equivalences after applying i� and ˆZ=2. With the aid
of the forgetful functor NAlgZ=2

! CAlgZ=2, we obtain ˆZ=2.A^R i�B/'ˆ
Z=2A^ˆZ=2Rˆ

Z=2i�B .
By [19, Proposition A.2.7(3), (5)], ˆZ=2i� ' 0. Hence both sides of (2-1) vanish after applying ˆZ=2.

Apply [19, Proposition A.1.9] to the cartesian square

Z=2 pt

pt B.Z=2/

r

r

i

i

to obtain a natural equivalence r�r� ' i�i�. We have natural equivalences

r�r
�..�/^.�/ .�//' r�.r

�.�/^r�.�/ r
�.�//' .�/^.�/ r�r

�.�/;

where the second one is due to Lemma 2.3. We have the induced commutative diagram

i�.A^R i�B/ i�i�i
�.A^R i�B/ i�i�.i

�A^i�R i
�i�B/ i�i�.i

�A^i�R B/

i�A^i�R i
�i�B r�r

�.i�A^i�R i
�i�B/ r�r

�.i�A^i�R B/

i�A^i�R r�r
�i�i�B i�A^i�R r�r

�B

ad

'

' ad0

' '

ad

ad

ad0

' '

ad0

Hence to show that (2-1) becomes an equivalence after applying i�, it suffices to show that the composite
of the upper vertical maps in this commutative diagram is an equivalence:

i�i�B r�r
�i�i�B r�r

�B

r�r
�B r�r

�r�r
�B r�r

�B

ad

'

ad0

' '

ad ad0

This is true since the composite of the lower horizontal maps is an equivalence by the counit-unit identity.

For a simplicial set (resp. real simplicial set) X , we use the notation SŒX� WD †1XC, which is a
spectrum (resp. Z=2-spectrum). If P is a commutative monoid, then SŒP � is an object of CAlg. If P
is a commutative monoid with involution, then SŒP � is a commutative monoid in the model category
of orthogonal Z=2-spectrum in the sense of [19, Definition A.2.2]. Due to [19, Remark A.2.6], we can
regard SŒP � as an object of NAlgZ=2.

For a commutative monoid P with involution, we denote by NdiP the dihedral nerve of P in
[19, Definition 4.2.2], and by BdiP its dihedral geometric realization. In simplicial degree q, we have
.NdiP /q WD P

�.qC1/. We obtain the cyclic nerve Ncyi�P [34, §2.3] of i�P if we forget the involution
structure on NdiP . There is a map of dihedral sets

(2-2) NdiP ! P

sending .x0; : : : ; xq/ to x0C � � �C xq in simplicial degree q.
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Definition 2.5 Let C be an ordinary category. An object of C with involution is an object of the category
CZ=2 WD Fun.B.Z=2/; C/. Let

i� W Fun.B.Z=2/; C/! C

be the forgetful functor, and let i] (resp. i�) be its left adjoint (resp. right adjoint) if it exists.

Example 2.6 If P is a commutative monoid, then i�P is the commutative monoid P � P with the
involution w given by w.x; y/ WD .w.y/; w.x//. Furthermore, there is a natural isomorphism i]P ' i�P .
We have a similar description of i�A for any commutative ring A, but i]A§ i�A.

If X is a scheme, then i]X is the scheme X qX with the involution switching the two components.

Lemma 2.7 Let P !Q be a map of commutative monoids with involutions. Then there is a natural
equivalence of Z=2-spectra

SŒP qP �^SŒP � SŒQ�' SŒ.P qP /˚P Q�;

where the involution on P qP in the formulation switches the components.

Proof There is a natural isomorphism of sets with involutions

.P qP /˚P Q'QqQ;

where the involution on the right-hand side switches the components. By the explicit description of the
functors i� and i� in terms of orthogonal spectra in [19, Construction A.2.4], we have natural equivalences

SŒP qP �' i�i
�SŒP � and SŒQqQ�' i�i

�SŒQ�:

Lemma 2.4 yields a natural equivalence

i�i
�SŒP �^SŒP � SŒQ�' i�.i

�SŒP �^i�SŒP � i
�SŒQ�/:

Combine what we have discussed above to obtain the desired equivalence.

Proposition 2.8 Let P be a commutative monoid with involution. Then there is a natural equivalence of
Z=2-spectra

SŒBdiP �' SŒP �^SŒi]i�P� SŒP �;

where the homomorphism i]i
�P ! P in the formulation is obtained by the counit of the adjunction

pair .i]; i�/.

Proof There is an isomorphism of real simplicial sets

(2-3) .P ˝�1� /˚i]i�P P ' NdiP;

where the map i]i�P ! P ˝�1� is given by .x; y/ 7! .x; 0; : : : ; 0; y/ in simplicial degree q. The
composite

i]i
�P ! P ˝�1� ! P
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coincides with the counit homomorphism. Since P ˝�1� is degreewise the disjoint union of finitely
many copies of i]i�P and i]i�P q i]i�P with the switching involution as an i]i�P -set, Lemma 2.7
yields a natural equivalence

SŒP ˝�1� �^SŒi]i�P� SŒP �' SŒ.P ˝�1� /˚i]i�P P �:

Use Proposition 2.2 and (2-3) to finish the proof.

For a commutative monoid P , let P gp denote its group completion.

Definition 2.9 Let P be a commutative monoid with involution. The dihedral replete nerve of P is the
dihedral set

(2-4) NdrepP WD NdiP gp
�P gp P;

where the map NdiP gp! P gp in this formulation is given by (2-2) for P gp. The dihedral replete bar
construction of P , denoted by BdrepP , is the dihedral geometric realization of NdrepP .

We obtain the replete bar construction Bdii�P [29, Definition 3.16] of i�P if we forget the involution
structure on BdrepP .

Proposition 2.10 Let P and Q be commutative monoids with involutions. Then there is a natural
isomorphism of dihedral sets

Ndrep.P �Q/' NdrepP �NdrepQ:

Proof By [19, Proposition 4.2.4], we have a natural isomorphism of dihedral sets

Ndi.P gp
�Qgp/�P gp�Qgp .P �Q/' .NdiP gp

�NdiQgp/�P gp�Qgp .P �Q/:

The left side is isomorphic to Ndrep.P �Q/, and the right side is isomorphic to NdrepP �NdrepQ.

For a commutative monoidP with involution, letN �P denote the real nerve ofP [19, Definition 4.2.1].

Proposition 2.11 Let P be a commutative monoid with involution. Then there is a natural isomorphism
of dihedral sets

NdrepP ' P �N�P gp:

Proof Immediate from [19, Proposition 4.2.6] and (2-4).

Definition 2.12 For a commutative monoid P with involution w, let .i]i�P /ex denote the commutative
monoid P ˚P gp with the involution w given by

w.x; y/ WD .w.x/; w.x/�w.y//:

We have the commutative triangle

.i]i
�P /ex

i]i
�P P

�ex


�
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such that �.x; y/ WD xC y, �ex.x; y/ WD x, and 
.x; y/ WD .xC y; y/ for x; y 2 P . We note that � is
the counit homomorphism. The construction of .i]i�P /ex is an equivariant analogue of the exactification
in [25, Proposition I.4.2.19].

Proposition 2.13 Let P be a commutative monoid with involution. Then there is a natural equivalence of
Z=2-spectra

SŒBdrepP �' SŒP �^SŒ.i]i�P/ex� SŒP �:

Proof Let EP gp denote the total simplicial set of P gp, and let Q be the real simplicial set whose
underlying simplicial set is P �EP gp, and whose involution is given by

.x; g0; : : : ; gq/ 2 P � .P
gp/�.qC1/ 7! .w.x/; w.x/�w.gq/; : : : ; w.x/�w.g0//

in simplicial degree q for every integer q � 0. Consider the maps of real simplicial sets

.i]i
�P /ex

!Q! P �N�P gp

given by .x; g/ 7! .x; g; : : : ; g/ and .x; g0; : : : ; gq/ 7! .x; g1�g0; : : : ; gq�gq�1/ in simplicial degree q.
There is a real simplicial isomorphism

Q˚.i]i�P/ex P ' P �N�P gp:

Since Q is degreewise the disjoint union of finite copies of .i]i�P /ex and .i]i�P /exq .i]i
�P /ex with

the switching involution as an .i]i�P /ex-set, Lemma 2.7 yields a natural equivalence of Z=2-spectra

(2-5) SŒQ�^SŒ.i]i�P/ex� SŒP �' SŒP �N�P gp�:

Let us show that the map Q! P given by

.x; g0; : : : ; gq/ 7! x

in simplicial degree q is a Z=2-homotopy equivalence. Its underlying map of simplicial sets is the
projection P � EP gp ! P , which is a homotopy equivalence. The Z=2-fixed point of the Segal
subdivision sd�Q is in simplicial degree q the set

f.x; g0; : : : ; gq; w.x/�w.gq/; : : : ; w.x/�w.g0// W x 2 P
Z=2; g0; : : : ; gq 2 P

gp
g:

From this description, we see that the induced map

.sd�Q/Z=2! .sd�P /Z=2

can be identified with the projection P � EP gp ! P . Hence the map Q ! P is a Z=2-homotopy
equivalence. Combine this with Proposition 2.11 and (2-5) to obtain the desired equivalence.

Remark 2.14 For a commutative monoid P with involution, we can regard SŒBdiP � and SŒBdrepP � as
objects of NAlgZ=2 by Propositions 2.8 and 2.13.
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Proposition 2.15 Let P be a commutative monoid with involution. Then there are natural equivalences
of Z=2-spectra

i�SŒBdiP �' SŒBcyi�P � and i�SŒBdrepP �' SŒBrepi�P �:

Proof Observe that we obtain Bcyi�P (resp. Brepi�P ) by forgetting the involution structure on BdiP

(resp. BdrepP ).

3 THR of log rings with involutions

For R 2 NAlgZ=2, the real topological Hochschild homology of R is defined to be

THR.R/ WDR^NZ=2i�R R;

where the mapsNZ=2i�R!R in the formulation are the counit of the adjunction pair .NZ=2; i�/. If A is
a commutative ring with involution, then the equivariant Eilenberg–Mac Lane spectrum HA can be realized
as a commutative orthogonal Z=2-ring spectrum by [31, Example 11.12], so we have HA 2 NAlgZ=2

together with [19, Remark A.2.3]. We set THR.A/ WD THR.HA/. For a commutative monoid P with
involution, there is a natural equivalence of Z=2-spectra

(3-1) THR.SŒP �/' SŒBdiP �I

see [18] and also [10, Proposition 5.9]. One can also show this using Proposition 2.8 and the natural
equivalence of Z=2-spectra NZ=2i�SŒP �' SŒi]i

�P �.
Recall from [25, Definition III.1.2.3] that a log ring1 .A; P / is a commutative ring A equipped with a

homomorphism P !A of commutative monoids, where the monoid operation on A is the multiplication.
A homomorphism of log rings .A; P /! .B;Q/ is a pair of homomorphisms A! B and P !Q such
that the square

P A

Q B

commutes. We regard a commutative ring A as a log ring .A; f1g/.
Rognes [29, Definition 8.11, Remark 8.12] defined the topological Hochschild homology of a log

ring .A; P / as the coproduct, in CAlg,

(3-2) THH.A; P / WD THH.A/^SŒBcyP� SŒB
repP �;

where the map SŒBcyP �' THH.SŒP �/! THH.A/ in the formulation is obtained by applying THH to
the induced map SŒP �! HA.

1A log ring is often called a prelog ring in the literature; see, e.g., [29, Definition 2.1].
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Definition 3.1 The real topological Hochschild homology of a log ring .A; P / with involution is the
coproduct, in NAlgZ=2,

(3-3) THR.A; P / WD THR.A/^SŒBdiP� SŒB
drepP �;

where the map SŒBdiP �' THR.SŒP �/! THR.A/ in this formulation is obtained by applying THR to
the induced map SŒP �! HA.

We obviously have THR.A; f1g/' THR.A/ for every commutative ring A.

Definition 3.2 Let P !M be a homomorphism of commutative monoids with involutions. For notational
convenience, we set

THR.SŒM �; P / WD SŒBdiM�^SŒBdiP� SŒB
drepP �:

Proposition 3.3 Let Q!M be a homomorphism of commutative monoids with involutions. Then there
is a natural equivalence of Z=2-spectra

THR.AŒM�; P ˚Q/' THR.A; P /^THR.SŒM �;Q/:

Proof By [19, Proposition 4.2.4] and Proposition 2.10, there are natural isomorphisms of dihedral sets

Ndi.P ˚Q/' NdiP �NdiQ and Ndrep.P ˚Q/' NdrepP �NdrepQ:

Apply SŒ�� to these, and use (3-3) to obtain the desired equivalence.

Let S� be S1 with the involution given by ei� 2 S1 7! e�i� .

Example 3.4 By [19, (4.12)], we have an equivalence of Z=2-spectra

THR.SŒN�;N/'
1M
dD0

SŒS� �:

Furthermore, [19, Propositions 4.2.11 and 4.2.12] implies that the induced map

THR.SŒN�/! THR.SŒN�;N/

can be written as the componentwise induced map

S˚
1M
dD1

SŒS� �!
1M
dD0

SŒS� �:

In the remaining part of this section, we investigate how THH and THR interact with the functors i�

and i�.

Proposition 3.5 Let .A; P / be a log ring with involution. Then there is a natural equivalence of spectra

i�THR.A; P /' THH.i�A; i�P /:
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Proof We have a natural equivalence i�THR.A/ ' THH.i�A/ by [19, Proposition 3.4.7]. Since the
functor i� W NAlgZ=2

! CAlg preserves colimits, we have a natural equivalence

i�THR.A; P /' i�THR.A/^i�SŒBdiP� i
�SŒBdrepP �:

Together with Proposition 2.15, we obtain the desired equivalence.

For a commutative monoid P , let P denote the commutative monoid P with the trivial involution.

Construction 3.6 Let .A; P / be a log ring. We have the composite map of spectra

i�THR.i�A;P / '�! THH.A˚A;P /! THH.A; P /;

where log structure homomorphism P ! i�A sends p 2 P to .˛.p/; ˛.p//, where ˛ W P ! A is the log
structure homomorphism. and the first arrow is obtained by Proposition 3.5, and the second arrow is
induced by the summation homomorphism A˚A! A. By adjunction, we obtain a map of Z=2-spectra

(3-4) THR.i�A;P /! i�THH.A; P /:

Proposition 3.7 Let .A; P / be a log ring. Then (3-4) is an equivalence.

Proof Lemma 2.4 and Proposition 2.15 yield natural equivalences of Z=2-spectra

i�THH.A; P /'i�.THH.A/^i�SŒBdiP� i
�SŒBdrepP �/

'i�THH.A/^SŒBdiP� SŒB
drepP �:

By [19, Propositions 2.1.4, 2.3.3], we have a natural equivalence of Z=2-spectra

i�THH.A/' THR.i�A/:

Combine these with the definition of THR.i�A;P / to conclude.

Proposition 3.8 The functor THR from the category of log rings with involutions to Z=2-spectra preserves
filtered colimits.

Proof One can directly check that the endofunctors P 7! i]i
�P; .i]i

�P /ex on the category of com-
mutative monoids with involutions preserve colimits. By Propositions 2.8 and 2.13, the functors
P 7! SŒBdiP �;SŒBdrepP � from the category of commutative monoids with involutions to NAlgZ=2

preserve colimits.
On the other hand, the functor A 7! THR.A/ from the category of commutative rings with involutions

to NAlgZ=2 preserves filtered colimits since the Eilenberg–Mac Lane functor preserves filtered colimits,
NZ=2 and i� preserve colimits, and ^ is the coproduct. It follows that the functor .A; P / 7! THR.A; P /
from the category of commutative rings with involutions to NAlgZ=2 preserves filtered colimits. The
forgetful functor NAlgZ=2! SpZ=2 preserves filtered colimits as observed in [19, §1], which finishes
the proof.
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4 THR of log schemes with involutions
So far, we have discussed THR of log rings .A; P / with involutions. The purpose of this section is to
define THR.X/ for every separated log scheme X and to show that a canonical map

THR.A; P /! THR.Spec.A; P //

is an equivalence of Z=2-spectra.
Let us briefly review basic notation and terminology in log geometry. We refer to Ogus’s book [25] for

the details. For a commutative monoid P , let P � denote its submonoid of units. We set P WD P=P �. We
say that P is integral if the induced homomorphism P ! P gp is injective.

� For a log scheme X , let X be its underlying scheme, and let MX be its structure sheaf of monoids.

� A morphism of log schemes f W Y ! X is strict if the induced morphism Y ! X �X Y is an
isomorphism.

� For a log ring .A; P /, let Spec.A; P / denote its associated log scheme in the sense of Definition III.1.2.3
in [25].

� For a commutative monoidP , we set AP WDSpec.ZŒP �; P /, whose structure homomorphismP!ZŒP �

sends p 2 P to p.

� A chart P of a log scheme X is a commutative monoid P together with a strict morphism X !AP of
log schemes.

� A log scheme X is integral if MX is a sheaf of integral monoids.

� A log scheme X is fine saturated (or simply fs) if X admits strict étale locally a chart P such that P is
a fine saturated monoid.

Let G be a finite group. For a point x of a G-scheme X , the scheme-theoretic stabilizer of X at x is

Gx WD ker
�
fg 2G W gx D xg ! Aut.k.x//

�
:

A morphism ofG-schemes Y !X is an isovariant étale cover if the induced homomorphismGy!Gf .x/

is an isomorphism for every point y 2 Y and f is étale and surjective after forgetting the G-action.
For a commutative ring A with involution, an A-algebra with involution is a commutative ring B with

involution equipped with a Z=2-equivariant map A! B .

Proposition 4.1 Let .A; P / be a log ring with involution. Then the presheaf THR.�; P / on the opposite
category of A-algebras with involution is an isovariant étale hypersheaf.

Proof LetB!C be an isovariant étale homomorphism ofA-algebras with involutions. By Theorem 3.2.3
of [19], there are natural equivalences of Z=2-spectra

THR.B; P /^HB HC ' THR.B; P /^H�.BZ=2/ H�.CZ=2/' THR.C; P /;

where �M denotes the commutative monoid with the trivial involution for a commutative monoid M .
Argue as in the proof of [19, Theorem 3.4.3] to show the claim.
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Lemma 4.2 Let � W P !Q be a homomorphism of integral monoids. If � W P !Q is an isomorphism ,
then the induced homomorphism of monoids

(4-1) � W P ˚P�Q
�
!Q

is an isomorphism.

Proof Since � is an isomorphism, � is surjective. To show that � is injective, assume �.p; v/D �.p0; v0/
with p; p0 2P and v; v0 2Q�. This implies �.p/CvD �.p0/Cv0. Since � is an isomorphism, there exists
u 2 P � satisfying p D p0Cu. Together with the assumption that Q is integral, we have v0 D vC �.u/.
Use [25, Proposition I.1.1.5(3)] to see that .p; v/D .p0; v0/ in P ˚P�Q�. Hence � is an isomorphism.

Lemma 4.3 Let � W P !Q be a homomorphism of integral monoids with involution. If � W P !Q is
surjective , then the induced map

THR.SŒQ�; P /! THR.SŒQ�;Q/

is an equivalence of Z=2-spectra.

Proof Due to Propositions 2.8 and 2.13, it suffices to show that the induced map

.SŒQ�^SŒi]i�Q� SŒQ�/^.SŒP �^SŒi]i
�P�SŒP �/ .SŒP �^SŒ.i]i�P/ex� SŒP �/! SŒQ�^SŒ.i]i�Q/ex� SŒQ�

is an equivalence of Z=2-spectra. The left-hand side is equivalent to

SŒQ�^.SŒi]i�Q�^SŒi]i
�P�SŒ.i]i�P/ex�/ SŒQ�:

Hence it suffices to show that the induced map

SŒi]i
�Q�^SŒi]i�P� SŒ.i]i

�P /ex�! SŒ.i]i
�Q/ex�

is an equivalence of Z=2-spectra. Since P is integral, uC x D x implies uD 0 for u 2 P � and x 2 P .
It follows that i�P is a free i�P �-set, so the induced map

SŒi]i
�Q��^SŒi]i�P�� SŒi]i

�P �! SŒi]i
�Q�

is an equivalence of Z=2-spectra. Hence it suffices to show that the induced map

(4-2) SŒi]i
�Q��^SŒi]i�P�� SŒ.i]i

�P /ex�! SŒ.i]i
�Q/ex�

is an equivalence of Z=2-spectra.
Consider the localization PF with respect to the face F WD ��1.Q�/ of P . By [25, Theorem I.4.5.7,

Proposition I.4.6.3(3), Remark I.4.6.6], i�PF is a filtered colimit of free i�P -sets. This implies that
SŒi]i

�PF � is a filtered colimit of free SŒi]i
�P �-modules. It follows that the induced map

SŒi]i
�PF �^SŒi]i�P� SŒ.i]i

�P /ex�! SŒ.i]i
�PF /

ex�

is an equivalence. Replace P !Q with PF !Q to reduce to the case when � is an isomorphism. Then
we have Q' P ˚P�Q� by Lemma 4.2.
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We have the induced cocartesian square

(4-3)
i�P �˚ i�P � i�P ˚ i�P gp

i�Q�˚ i�Q� i�Q˚ i�Qgp

˛

where ˛ sends .p; p0/ to .pCp0; p0/. Observe that i�P ˚ i�P gp is a free i�P �˚ i�P �-set. Apply SŒ��

to this square to see that the induced map

SŒi�Q˚ i�Q�^SŒi�P˚i�P� SŒi
�P ˚ i�P gp�! SŒi�Q˚ i�Qgp�

is an equivalence of spectra, i.e., (4-2) becomes an equivalence after applying i�. Hence it remains to
show that (4-2) becomes an equivalence after applying ˆZ=2.

We claim that � is exact, i.e., the induced square

P P gp

Q Qgp

�

�

�

�0

is cartesian. Assume that �0.q/D �.p0/ for some q 2Q and p0 2 P gp. Using [25, Proposition I.1.1.5(3)]
for Q' P ˚P�Q�, we can write q D .p; v/ for some p 2 P and v 2Q�. Since the group completion
functor is a left adjoint, we have an isomorphism Qgp ' P gp˚P�Q

�. Using [25, Proposition I.1.1.5(3)]
for this, we have .�.p/; v/D .p0; 0/ in Q0gp, and hence we have vD �.u/ for some u 2P �. This implies
that q D �.pCu/ and p0 D �.pCu/, so � is exact.

Observe that the Z=2-fixed point monoids of i]i�P � and i]i�Q� are isomorphic to i�P � and i�Q�.
Let w denote the involutions on P and Q, and let M and N be the Z=2-fixed point monoids of .i]i�P /ex

and .i]i�Q/ex. Observe thatN is a submonoid ofQ˚Qgp consisting of .q; y/ such that �0.q/DyCw.y/.
We have a similar description for M too. Using Qgp ' P gp˚P�Q

�, we can find x 2 P gp and v 2Q�

such that y D �.x/C v. Since � is exact, there exists a unique p 2 P such that �.p/D xCw.x/ and
�.p/D q� v�w.v/. This implies that the induced homomorphism M ˚i�P� i

�Q�!N is surjective.
On the other hand, if .p; x/ 2M and v 2Q� satisfies .�.p/; �.x//D .vCw.v/; v/ in N , then we

have p 2 ��1.Q�/. By [25, Proposition I.1.1.5(3)] for QŠ P ˚P�Q�, we have ��1.Q�/D P �, so we
have p 2 P �. This implies that the induced homomorphism M ˚i�P� i

�Q�!N is injective and hence
an isomorphism. Since M is a free i�P �-set, we deduce that the induced map

SŒi�Q�^SŒi�P� SŒM �! SŒN �

is an equivalence of spectra, i.e., (4-2) becomes an equivalence after applying ˆZ=2.

A morphism of log schemes with involutions f W Y !X is a strict isovariant étale cover if f is strict
and its underlying morphism of schemes with involutions f W Y !X is an isovariant étale cover. The
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strict isovariant étale topology is the topology generated by strict isovariant étale covers. Let sisoKet be
the shorthand for this topology.

Proposition 4.4 Let X be a separated integral log scheme with involution. Then there exists a strict
isovariant étale covering fUi !Xgi2I such that each Ui is an affine scheme with involution.

Proof Let w be the involution on X . Choose an open neighborhood Ux of x in X such that Ux is
an affine scheme. If x D w.x/, then the underlying scheme of Ux \w.Ux/ is an affine scheme with
involution since X is separated. If x ¤ w.x/, then the underlying scheme of Uxqw.Ux/ is an affine
scheme with involution. We finish the proof using [14, Corollary 2.19].

Let lSch denote the category of separated integral log schemes. Following Definition 2.5, we obtain
the category lSchZ=2, and we have the forgetful functor i� W lSchZ=2! lSch with a left adjoint i].

Definition 4.5 Let X be a separated integral log scheme with involution. Consider the presheaf THRjX
of Z=2-spectra given by

THRjX .U / WD THR.�.U;OU /; �.U;MU //

for every strict isovariant étale morphism U !X . The real topological Hochschild homology of X is

THR.X/ WD .LsisoKetTHRjX /.X/ 2 SpZ=2;

where LsisoKet W PSh.lSchZ=2;SpZ=2/! ShsisoKet.lSchZ=2;SpZ=2/ denotes the strict isovariant étale sheafi-
fication functor; see [21, Lemma 1.3.4.3] for sheafification functors.

Observe that THR is a strict isovariant étale sheaf by definition.

Theorem 4.6 Let .A; P / be an integral log ring with involution. Then the induced map of Z=2-spectra

THR.A; P /! THR.Spec.A; P //

is an equivalence.

Proof Consider the presheaf THRj.A;P / of Z=2-spectra given by

THRj.A;P /.B/ WD THR.B; P /

for every A-algebra B with involution such that Spec.A/! Spec.B/ is isovariant étale. We have the
induced map of presheaves

THRj.A;P /! THRjSpec.A;P /:

Observe that the left-hand side is an isovariant étale sheaf by Proposition 4.1. It suffices to show that this
map of presheaves becomes an equivalence after sheafification since taking the global sections produces
the desired equivalence.

For this, it suffices to show that the map of stalks is an equivalence. For every sheaf F and a point x
of X , the stalk Fx is given by the filtered colimit colimU3x F.U /. Hence by Propositions 3.8 and 4.4, we
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reduce to the case when A is a local ring with involution. In this case, we need to show that the induced
map

THR.A; P /! THR.A; P a/

is an equivalence, where P a is the logification of P , which is given by P a WDP˚��1.A�/A
� if � WP !A

is the structure map. This is a consequence of Lemma 4.3 for P ! P a.

In the next results, we explain how THR is related with THH under the functors i� and i�. We review
the definition of THH of schemes in [7, Definition 8.3.7] as follows. We consider the presheaf of spectra
THHjX on XKet given by

THHjX .U / WD THH.�.U;OU /; �.U;MU //

for U 2XKet. The topological Hochschild homology of X is

THH.X/ WD .LKetTHHjX /.X/ 2 Sp;

where LKet denotes the étale sheafification functor. The induced map

THH.A; P /' THH.Spec.A; P //

is an equivalence of spectra for every integral log ring .A; P / as Theorem 4.6.

Proposition 4.7 Let X be a separated integral log scheme with involution. Then there is a natural
equivalence of spectra

THH.i�X/' i�THR.X/:

Proof By Proposition 4.4, we reduce to the case when X D Spec.A; P / for some log ring .A; P / with
involution. Proposition 3.5 finishes the proof.

Proposition 4.8 Let X be a separated integral log scheme. Then there is a natural equivalence of
Z=2-spectra

THR.i]X/' i�THH.X/:

Proof As above, we reduce to the case when X D Spec.A; P / for some log ring .A; P /. In this case,
there is a natural isomorphism

i] Spec.A; P /' Spec.i�A;P /:

Proposition 3.7 finishes the proof.

Corollary 4.9 Let X be a separated integral log scheme with involution. Then there is a natural equiva-
lence of spectra

THR.i]X/
Z=2
' THH.X/:

Proof Combine Proposition 4.8 with [19, Proposition A.2.7(2)] to conclude.
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5 TCR of log schemes with involutions

Throughout this section, p is a prime number. This section is relying on [27; 28] due to Quigley and
Shah, which we review as follows. Keep in mind that our Cp and Z=2 correspond to their �p and C2.
See [26, §3] for another review.

A Z=2-1-category (resp. Z=2-1-space) is a presheaf of 1-categories (resp. spaces) on the orbit
category OZ=2. Recall that OZ=2 can be described as the diagram

.Z=2/=e .Z=2/=.Z=2/:w
res

Observe that we can naturally view a Z=2-space as a Z=2-category. A Z=2-functor of Z=2-categories
is a morphism of presheaves. For Z=2-categories C and D, let FunZ=2.C;D/ be the 1-category of
Z=2-functors C! D.

Consider the Z=2-1-categories SpZ=2 and NAlgZ=2 in [26, Example 3.2]. We have the equations
SpZ=2..Z=2/=e/ D Sp, SpZ=2..Z=2/=.Z=2// D SpZ=2, and SpZ=2.res/ D i�. We also have a similar
description for NAlgZ=2. Let BS� and BC �p be the classifying Z=2-spaces of S� and C �p , where C �p
denotes the Z=2-subspace of S� whose underlying space is Cp. We have the1-categories

.SpZ=2/BS
�

WD FunZ=2.BS
� ;SpZ=2/;

.SpZ=2/BC
�
p WD FunZ=2.BC

�
p ;SpZ=2/:

We similarly have the1-categories .NAlgZ=2/BS
�

and .NAlgZ=2/BC
�
p .

For equivariant homotopy theory, we refer to [32, §3] for the model-categorical approach (the group G
can be a compact Lie group) and [2, §9] for the1-categorical approach (G is only a profinite group). For
a compact Lie group G, let SpG be the1-category of G-spectra, which is the underlying1-category of
orthogonal G-spectra. According to [28, Theorem A, Remark 1.8], we have the forgetful functors

j � W SpO.2/! .SpZ=2/BS
�

;

j � W SpD2p ! .SpZ=2/BC
�
p ;

which admit right adjoints j�. We have the fixed point functors

.�/Cp W SpO.2/! SpO.2/=Cp ' SpO.2/;

.�/Cp W SpD2p ! SpZ=2:

We have the norm functor
N
D2p
Z=2 W SpZ=2

! SpD2p :

We have the geometric fixed point functors

ˆCp W SpO.2/! SpO.2/=Cp ' SpO.2/;

ˆCp W SpD2p ! SpZ=2:
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Recall from [28, Definition 1.6, Remark 1.8] that the parametrized Tate constructions are

.�/tC
�
p WD j �ˆCpj� W .SpZ=2/BS

�

! .SpZ=2/BS
�

;

.�/tC
�
p WDˆCpj� W .SpZ=2/BC

�
p ! SpZ=2:

For X 2 SpZ=2, we often use the notation X˝C
�
p WD j �N

D2p
Z=2 X . We have the parametrized Tate diagonal

given by the composite natural map

� WX '
�!ˆCpN

D2p
Z=2 X !ˆCpj�j

�N
D2p
Z=2 X D .X

˝C�p /tC
�
p :

A real cyclotomic spectrum X is an object of .SpZ=2/BS
�

equipped with maps

'p WX !X tC
�
p

in .SpZ=2/BS
�

for all primes p. In [27, Definition 1.20], the1-category of real cyclotomic spectra is
defined to be the lax equalizer

RCycSp WD LEq..SpZ=2/BS
� Q

p.SpZ=2/BS
�

/:
idQ

p.�/
tC�p

See [27, Remark 1.21] for the Z=2-1-category of real cyclotomic spectra RCycSp. We refer to
[27, Remark 4.3] for the functor

TCR WRCycSp! SpZ=2:

By [26, Proposition 3.7], the forgetful functor

q� W .NAlgZ=2/BS
�

! NAlgZ=2

admits a left adjoint q˝. For A 2 NAlgZ=2, following [27, §5] (see also [26, Definition 3.11 and
Proposition 3.12], we set

THR.A/ WD q˝A:

Recall from [27, §5] the following facts:

(1) There exists a unique map
'p W THR.A/! THR.A/tC

�
p

such that the induced square

(5-1)

A THR.A/

.A˝C
�
p /tC

�
p THR.A/tC

�
p

� 'p

commutes, where the lower horizontal map is induced by the inclusion Cp! S1.

(2) 'p is a map in NAlgZ=2.
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(3) As a consequence of (2), THR.A/ is an object of NAlg.RCycSp/, where NAlg.RCycSp/ denotes
the1-category of normed algebras in RCycSp defined as in [2, Definition 9.14]. We write down the
definition as follows. For X 2 FinGpd, let FinX denote the category of finite coverings of X in FinGpd.
We have a functor

RCycSp˝ W Span.FinB.Z=2//! Cat1

in [27, Point 3 after Remark 4.3]. A normed algebra in RCycSp is a section of RCycSp˝ over
Span.FinB.Z=2// that is cocartesian over the backward morphisms in Span.FinB.Z=2//. Recall that a
backward morphism in a span1-category is a morphism of the form X Y id

�! Y ; see [2, Appendix C].

Proposition 5.1 Let P be a commutative monoid with involution. Then for every prime p, there exists a
natural equivalence of Z=2-spaces

(5-2) .BdiP /Cp ' BdiP:

Proof Let sdp be the p-fold subdivision functor in [8]. For every integer q � 0, the set of q-simplices in
.sdpNdiP /Cp is the set

f.x0; : : : ; xq; : : : ; x0; : : : ; xq/ W x0; : : : ; xq 2 P g;

which is isomorphic to the set of q-simplices in NdiP . This isomorphism is also compatible with the
involutions, so we obtain the desired equivalence.

Proposition 5.2 Let P be a commutative monoid with involution. Then for every prime p, there exists a
natural equivalence of Z=2-spaces

(5-3) .BdrepP /Cp ' BdrepP:

Proof The isomorphism NdiP gp Š .sdpNdiP gp/Cp obtained by the proof of Proposition 5.1 can be
restricted to an isomorphism NdrepP Š .sdpNdrepP /Cp . This produces the desired equivalence.

Proposition 5.3 Let P be a commutative monoid with involution. Then the Frobenius 'p WTHR.SŒP �/!
THR.SŒP �/tC

�
p is equivalent to the composite

(5-4) SŒBdiP � '�! SŒ.BdiP /Cp � '�!ˆCpSŒBdiP �! SŒBdiP �tC
�
p ;

where the first map is obtained by (5-2).

Proof Consider the commutative square

P BdiP

.P˚Cp /CP .BdiP /Cp

' '
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where the right vertical arrow is obtained by (5-2), and the lower horizontal arrow is induced by the
inclusion Cp! S1. After taking SŒ��, we obtain the commutative square

SŒP � SŒBdiP �

ˆCpN
D2p
Z=2 SŒP � ˆCpSŒBdiP �

' '

Using the natural transformation ˆCp !ˆCpj�j
�, we obtain the commutative square

SŒP � SŒBdiP �

.SŒP �˝C
�
p /tC

�
p SŒBdiP �tC

�
p

Compare this with (5-1) to conclude.

Definition 5.4 Let P be a commutative monoid with involution. We have the Frobenius ' W SŒBdrepP �!

SŒBdrepP �tC
�
p given by the composite

(5-5) SŒBdrepP � '�! SŒ.BdrepP /Cp � '�!ˆCpSŒBdrepP �! SŒBdrepP �tC
�
p ;

where the first map is obtained by (5-3). Since the canonical map BdiP !BdrepP is a map of commutative
monoids in the category of topological O.2/-spaces, we obtain a natural map

(5-6) SŒBdiP �! SŒBdrepP �

in .NAlgZ=2/BS
�

. Compare (5-4) and (5-5) to see that (5-6) is compatible with 'p. Hence we can
promote (5-6) to a map in NAlg.RCycSp/.

Let .A; P / be a log ring with involution. We take the coproduct

THR.A; P / WD THR.A/^SŒBdiP� SŒB
drepP �

in NAlg.RCycSp/. The real topological cyclic homology of .A; P / is

TCR.A; P / WD TCR.THR.A; P //:

Proposition 5.5 The forgetful functor

RCycSp! SpZ=2

is conservative , exact , symmetric monoidal , and preserves colimits and finite limits.

Proof We refer to [27, Remark 4.3].

Definition 5.6 A morphism of log schemes with involutions is a strict equivariant Nisnevich cover if it is
strict and its underlying morphism of schemes with involutions is an equivariant Nisnevich cover in the
sense of Voevodsky [9, §3.1]. See also [14, §2].
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The strict equivariant Nisnevich topology is the topology generated by strict equivariant Nisnevich
covers. Let seNis be the shorthand for this topology. Observe that the strict equivariant Nisnevich topology
is coarser than the strict isovariant étale topology.

Proposition 5.7 Let .A; P / be a finite-dimensional noetherian log ring with involution. Then the presheaf
THR.�; P / on the opposite category of A-algebras of finite type with involution is an equivariant
Nisnevich sheaf of real cyclotomic spectra.

Proof For an equivariant Nisnevich distinguished square Q (see [14, §2.1]) consisting of A-algebras of
finite type with involution, we need to show that THR.Q;P / is a cocartesian square of real cyclotomic
spectra. By Proposition 5.5, it suffices to show that THR.Q;P / is a cocartesian square of Z=2-spectra.
This is a consequence of Proposition 4.1.

Remark 5.8 We do not know whether THR.�; P / in Proposition 5.7 is an isovariant étale sheaf of real
cyclotomic spectra. An affirmative answer would remove the finite-dimensional noetherian assumption in
Theorem 5.12 below.

Proposition 5.9 Let X be a finite-dimensional noetherian separated log scheme with involution. Then
there exists an equivariant Nisnevich covering fUi !Xgi2I such that each Ui is an affine scheme with
involution.

Proof This is a consequence of [14, Lemma 2.20].

Proposition 5.10 The functor THR from the category of log rings with involutions to Z=2-spectra
preserves filtered colimits.

Proof The is a consequence of Propositions 3.8 and 5.5.

Definition 5.11 Let X be a finite-dimensional noetherian separated integral log scheme with involution.
Consider the presheaf THRjX of real cyclotomic spectra given by

THRjX .U / WD THR.�.U;OU /; �.U;MU //

for every strict isovariant étale morphism U !X . Consider

THR.X/ WD .LseNisTHRjX /.X/ 2RCycSp;

where LseNis denotes the strict equivariant Nisnevich sheafification functor.
Observe that THR is a strict equivariant Nisnevich sheaf of real cyclotomic spectra by definition. Further-

more, if we forget the real cyclotomic structure on THR.X/, then we recover THR.X/ in Definition 4.5
by Theorem 5.12 below.

The real topological cyclic homology of X is

TCR.X/ WD TCR.THR.X//:
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Theorem 5.12 Let .A; P / be a finite-dimensional noetherian integral log ring with involution. Then the
induced map

THR.A; P /! THR.Spec.A; P //

is an equivalence of real cyclotomic spectra. In particular , the induced map

TCR.A; P /! TCR.Spec.A; P //

is an equivalence of Z=2-spectra.

Proof Argue as in the proof of Theorem 4.6, but use instead Propositions 5.7, 5.9, and 5.10 to reduce to
the case when A is a local ring. In this case, we need to show that the induced map

THR.A; P /! THR.A; P a/

is an equivalence of real cyclotomic spectra, where P a WD P ˚��1.A�/A
� if � W P ! A is the structure

map. This is a consequence of Theorem 4.6 and Proposition 5.5.

The purpose of the remaining part of this section is to show Proposition 5.30, which is needed for
Proposition 6.17. For this, we will check that various squares commute.

The map of Z=2-spaces q W � ! BS� induces the forgetful functor

q� W .SpZ=2/BS
�

! SpZ=2;

which is conservative by [26, Proposition 3.8] and admits a left adjoint q] and right adjoint q� by
[26, Proposition 3.7].

Proposition 5.13 There are natural equivalences

q�q] '†
1S�C ^ .�/;(5-7)

q�q� '†
��†1S�C ^ .�/:(5-8)

Proof For (5-7), consider the cartesian square

S� �

� BS�

r

r

q

q

where r W S� !� is the unique map. By [28, Lemma 4.3], we have a natural equivalence q�q] ' r]r�.
To obtain (5-7), observe that the projection formula [28, Lemma 5.44] yields a natural equivalence
r]r
� '†1S�

C
^ .�/.

We have fib.id! q�q]/' †
� . By taking right adjoints, we have cofib.q�q�! id/' †�� , which

yields (5-8).

Remark 5.14 We similarly have the conservative forgetful functor

q� W SpBS
1

! Sp
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with a left adjoint q] and right adjoint q�. There are also natural equivalences

q�q] '†
1S1C ^ .�/;

q�q� '†
�1†1S1C ^ .�/:

Proposition 5.15 There are induced commutative squares

SpZ=2 .SpZ=2/BS
�

Sp SpBS
1

i�

q]

i�

q]

SpZ=2 .SpZ=2/BS
�

Sp SpBS
1

i�

q�

i�

q�

Proof We focus on the first square since the proofs are similar. Since q� W SpBS
1

! Sp is conservative,
it suffices to show that the composite natural transformation

q�q]i
�
! q�i�q]

'
�! i�q�q]

is an isomorphism. Using Proposition 5.13 and Remark 5.14, this natural transformation can be identified
with the natural transformation

†1S1C ^ i
�
! i�.†1S�C ^ .�//:

This is an equivalence since i�†1S� '†1S1.

Let v W BS� ! B.S�=C �p /' BS
� be the functor induced by the quotient map S� ! S�=C �p . We

have the induced functor

v� W .SpZ=2/BS
�

! .SpZ=2/BS
�

;

whose left adjoint is .�/hC�p and right adjoint is .�/hC
�
p , which correspond to .�/hC2S1 and .�/hC2S

1

used in [28, Example 5.57]. Similarly, we have the induced functor

v� W SpBS
1

! SpBS
1

;

whose left adjoint is .�/hCp and right adjoint is .�/hCp , which are used in [24, Theorem 1.3].

Proposition 5.16 There are induced commutative squares

SpBS
1

SpBS
1

.SpZ=2/BS
�

.SpZ=2/BS
�

v�

i] i]

v�

SpBS
1

SpBS
1

.SpZ=2/BS
�

.SpZ=2/BS
�

v�

i� i�

v�
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Proof We focus on the first square since the proofs are similar. We have the induced commutative
diagram

i]q
�v� q�i]v

� q�v�i]

i]q
� q�i]

' '

The vertical arrows are equivalences since the composite � q
�! BS�

v
�! BS� agrees with q and the

same claim holds for BS1 too. The lower horizontal and upper right horizontal arrows are equivalences
by Proposition 5.15. Hence the upper left horizontal arrow is an equivalence. To conclude, use the fact
that q� W SpBS

1

! Sp is conservative.

Let u W BS� !� be the unique map. We have the induced functor u� W SpZ=2
! .SpZ=2/BS

�

whose
left adjoint is .�/hS� and right adjoint is .�/hS

1

. Similarly, we have the induced functor u� WSp!SpBS
1

whose left adjoint is .�/hS1 and right adjoint is .�/hS
1

.

Proposition 5.17 There are induced commutative squares

Sp SpBS
1

SpZ=2 .SpZ=2/BS
�

u�

i] i]

u�

Sp SpBS
1

SpZ=2 .SpZ=2/BS
�

u�

i� i�

u�

Proof Argue as in Proposition 5.16.

Proposition 5.18 There are induced commutative squares

.SpZ=2/BS
�

.SpZ=2/BS
�

SpBS
1

SpBS
1

.�/tC
�
p

i� i�

.�/tCp

.SpZ=2/BS
�

SpZ=2

SpBS
1

Sp

.�/tS
�

i� i�

.�/tS
1

Proof Consider the appropriate adjoint squares of the squares in Proposition 5.16, and compare the
cofiber sequences .�/hCp ! .�/hCp ! .�/tCp and .�/hC�p ! .�/hC

�
p ! .�/tC

�
p to obtain the left

square. Argue similarly for the right square, but use Proposition 5.17 instead.

Construction 5.19 The motivic purity transformation [1] can be adapted to the equivariant homotopy
theory as follows. Let f WX ! S be a finite covering in FinGpd. Consider the induced diagram

X X �S X X

X S

a

p1

p2

f

f
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where a is the diagonal morphism, and p1 (resp. p2) is the first (resp. second) projection. We set
†f WD p2]a�. We have the natural transformation

f]
pf
�! f�†f W SH.X/! SH.S/

given by the composite
f]
'
�! f]p1�a�! f�p2]a�:

Recall that i W � ! B.Z=2/ denotes the unique morphism.

Proposition 5.20 The functor †i is equivalent to the identity functor , and the natural transformation
pi W i]! i�†i is an equivalence.

Proof Let r W Z=2!� be the unique map of finite groupoids, and let a W � ! Z=2 be the inclusion to
the first point. The functor a� W Sp! Sp� Sp is .id; 0/, and the functor r] W Sp� Sp! Sp is the direct
sum functor. Hence †i WD r]a� is equivalent to the identity functor.

The pair of functors .i�; ˆZ=2/ is conservative. SinceˆZ=2i]'ˆ
Z=2i�'0 by Proposition A.2.7(3), (5)

in [19], it suffices to show that i�pi is an equivalence. Using Proposition 5.15, it suffices to show that pr
is an equivalence. This can be shown directly using the following description in [19, Proposition A.1.5]:
for a finite set X with n elements, SH.X/ is equivalent to the product of n copies of Sp.

Construction 5.21 Consider the composite functor

(5-9) †i W SpBS
1 a�
�! SpBS

1

�SpBS
1 r]
�! SpBS

1

;

where a� WD .id; 0/, and r] is the direct sum functor. As in Construction 5.19, we have the natural
transformation

(5-10) i]
pf
�! i�†i W .SpZ=2/BS

�

! SpBS
1

:

Proposition 5.22 The functor (5-9) is equivalent to the identity functor , and the natural transformation
(5-10) is an equivalence.

Proof The descriptions of a� and r] show that (5-9) is equivalent to the identity functor. Since
q� W SpBS

1

! Sp is conservative, the second claim is reduced to Proposition 5.20 by Proposition 5.15.

Proposition 5.23 There are induced commutative squares

SpBS
1

SpBS
1

.SpZ=2/BS
�

.SpZ=2/BS
�

.�/hCp

i] i]

.�/hC�p

SpBS
1

SpBS
1

.SpZ=2/BS
�

SpZ=2

.�/hCp

i� i�

.�/hC
�
p

SpBS
1

Sp

.SpZ=2/BS
�

SpZ=2

.�/
hS1

i] i]

.�/hS�

SpBS
1

Sp

.SpZ=2/BS
�

SpZ=2

.�/hS
1

i� i�

.�/hS
�
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Proof The right squares commute since their left adjoint squares commute. Together with Proposi-
tions 5.20 and 5.22, we see that the left squares commute too.

Proposition 5.24 There are induced commutative squares

SpBS
1

SpBS
1

.SpZ=2/BS
�

.SpZ=2/BS
�

.�/tCp

i] i]

.�/tC
�
p

SpBS
1

SpBS
1

.SpZ=2/BS
�

.SpZ=2/BS
�

.�/tCp

i� i�

.�/tC
�
p

Proof Argue as in Proposition 5.18, but use Proposition 5.23 instead.

Proposition 5.25 There is an adjunction

i� WRCycSp� CycSp W i�

satisfying the following properties:

(1) For Y 2 RCycSp, the Frobenius i�Y ! .i�Y /tCp is identified with i�' if ' W Y ! Y tC
�
p is the

Frobenius.

(2) For X 2 CycSp, the Frobenius i�X ! .i�X/
tC�p is identified with i�' if ' W X ! X tCp is the

Frobenius.

(3) i� is symmetric monoidal.

Proof The functor i� WRCycSp!CycSp is obtained by taking lax equalizers to the rows of the diagram

(5-11)

.SpZ=2/BS
� Q

p.SpZ=2/BS
�

SpBS
1 Q

p SpBS
1

idQ
p.�/

tC�p

i� i�

idQ
p.�/

tCp

whose two squares commute by Proposition 5.18. The two squares in the induced diagram

(5-12)

SpBS
1 Q

p SpBS
1

.SpZ=2/BS
� Q

p.SpZ=2/BS
�

idQ
p.�/

tCp

i� i�

idQ
p.�/

tC�p

commute by Proposition 5.24. Hence we see that a right adjoint i� is obtained by taking lax equalizers to the
rows of (5-12) since we can check the counit-unit identities pointwise. This implies the claims (1) and (2).

Recall from [24, Construction IV.2.1(ii)] the following fact: Let C, D, and E be symmetric monoidal
1-categories. If F W C! D (resp. G W C! D) is a symmetric (resp. lax symmetric) monoidal functor,
then having a symmetric monoidal functor E! LEq.F;G/ is equivalent to having a symmetric monoidal
functor H W E! F and a lax symmetric monoidal transformation F ıH !G ıH .
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The canonical functor RCycSp! .SpZ=2/BS
�

is symmetric monoidal by the above paragraph, and one
can show that the forgetful functor i� W .SpZ=2/BS

�

!SpBS
1

is symmetric monoidal using the descriptions
of the symmetric monoidal structures on SpBS

1

and .SpZ=2/BS
�

obtained by [24, Construction IV.2.1(1);
28, Example 5.13]. Hence the composite functor RCycSp! SpBS

1

is symmetric monoidal too. Further-
more, we have the lax symmetric natural transformation of the two composite functors

RCycSp .SpZ=2/BS
�

SpZ=2 Q
p SpBS

1i� idQ
p.�/

tCp

using (5-11) and the above paragraph. We deduce the claim (3) using the above paragraph again.

Proposition 5.26 For X 2 CycSp and Y 2RCycSp, there are natural equivalences

i�TCR.Y /' TC.i�Y /;

i�TC.X/' TCR.i�X/:

Proof Using the descriptions of i�Y ! .i�Y /tCp and i�X ! .i�X/
tC�p in Proposition 5.25, the claim

follows from [24, Corollary 1.5; 27, Theorem C(3)], and Propositions 5.17 and 5.23.

Proposition 5.27 Let .A; P / be a log ring with involution. Then there is a natural equivalence of
cyclotomic spectra

i�THR.A; P /' THH.i�A; i�P /

and hence an equivalence of spectra

i�TCR.A; P /' TCR.i�A; i�P /:

Proof We have a natural equivalence of spectra i�THR.A/ ' THH.i�A/ by [19, Proposition 3.4.7].
Apply i� to (5-1), and compare this with the square in [24, p. 342] to show that i�THR.A/ i�'p

���!

i�.THR.A/tC
�
p / can be identified with THH.A/ 'p�! THH.A/tCp . We also need Proposition 5.18 here.

Together with Proposition 5.25(2), we have an equivalence of cyclotomic spectra i�THR.A/' THH.A/.
On the other hand, if we apply i� to (5-4) and (5-5), then we get 'p for SŒBcyP � and SŒBrepP �

by Proposition 2.15 by Proposition 5.18. Together with Proposition 5.25(2), we have equivalences of
cyclotomic spectra i�SŒBdiP �' SŒBcyP � and i�SŒBdrepP �' SŒBrepP �. Proposition 5.25(3) finishes the
proof.

Proposition 5.28 There is a commutative square

CycSp RCycSp

Sp SpZ=2

i�

i�

where the vertical arrows are the forgetful functors.
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Proof By Proposition 5.16, it suffices to show that there is a commutative square

CycSp RCycSp

SpBS
1

.SpZ=2/BS
�

i�

i�

where the vertical arrows are the forgetful functors. This can be obtained using (5-12).

Proposition 5.29 Let .A; P / be a log ring. Then there is a natural equivalence of real cyclotomic spectra

THR.i�A;P /' i�THH.A; P /:

Proof Argue as in Construction 3.6 but use Proposition 5.27 instead to construct a natural map of real
cyclotomic spectra THR.i�A;P / ! i�THR.A; P /. By Proposition 5.5, it suffices to show that this
becomes an equivalence of Z=2-spectra after applying the forgetful functor RCycSp! SpZ=2. This is a
consequence of Propositions 3.7 and 5.28.

Proposition 5.30 Let X be a finite-dimensional noetherian separated integral log scheme. Then there is a
natural equivalence of real cyclotomic spectra

THR.i]X/' i�THH.X/

and hence an equivalence of Z=2-spectra

TCR.i]X/' i�TC.X/

and an equivalence of spectra
TCR.i]X/

Z=2
' TC.X/:

Proof Argue as in Proposition 4.8, but use Propositions 5.9 and 5.29 to obtain the first equivalence. For
the remaining equivalences, use Proposition 5.26 and [19, Proposition A.2.7(2)].

We will use the notation

THRZ=2.�/ WD THR.�/Z=2; TCRZ=2.�/ WD TCR.�/Z=2:

6 Motivic representability

Throughout this section, we fix a finite-dimensional noetherian separated scheme S (with the trivial log
structure and involution). The purpose of this section is to represent THHZ=2 and TCRZ=2 in logSH.S/
and THR and TCR in a Z=2-equivariant analogue of logSH.S/.

We begin with recalling the ingredients for defining logSH.S/. Let SmlSm=S denote the category of fs
log schemes Y of finite type over S such that Y ! S is log smooth and Y ! S is smooth. A morphism in
SmlSm=S is a strict Nisnevich cover if it is strict and its underlying morphism of schemes is a Nisnevich
cover. We have the1-category of strict Nisnevich sheaves of spectra ShsNis.SmlSm=S;Sp/.
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For a smooth scheme X of finite type over S with a strict normal crossing divisor D, let .X;D/ denote
the fs log scheme with the underlying scheme X and the compactifying log structure associated with the
open immersion X �D!X . By [6, Lemma A.5.10], every object of SmlSm=S arises as this form. We
often regard Pn�1 as a closed complement of An in Pn, and we form .Pn;Pn�1/. We set� WD .P1;1/.

Now, the1-category of logarithmic motivic S1-spectra is defined to be the localization

logSHS1.S/ WD .P
�;P ��1/�1ShsNis.SmlSm=S;Sp/;

where .P �;P ��1/�1 denotes the class of projections .Pn;Pn�1/�X ! X for all X 2 SmlSm=S and
integers n � 1. This is one of the various models of logSHS1.S/ in [7, §3.4]. The 1-category of
logarithmic motivic spectra is defined to be the1-category of P1-spectra in logSHS1.S/, that is,

logSH.S/ WD SpP1.logSHS1.S//:

Remark 6.1 In this section, we often compute THR.X�Y / in terms of THR.X/ for noetherian separated
fs log schemes X and Y such that there is a Zariski covering fSpec.ZŒMi �; Pi / ! Y gi2I for some
homomorphisms of monoids Pi ! Mi . In view of Proposition 3.3, the base X is irrelevant for the
computation. We will often argue as if everything takes place on the spectral scheme Spec.S/ instead
of X for notational convenience.

Recall that S� is S1 with the involution given by ei� 2 S1 7! e�i� . We have the functor

†� WD†1S� ^ .�/ W SpZ=2
! SpZ=2:

Let us recall the computation of THR for the projective spaces with the trivial involutions as follows.

Proposition 6.2 Let X be a noetherian separated fs log scheme. Then there exists a natural equivalence
of Z=2-spectra

THR.X �Pn/'

(
THR.X/˚

Lbn=2c
jD1 i�THH.X/ if n is even;

THR.X/˚
Lbn=2c
jD1 i�THH.X/˚†n.��1/THR.X/ if n is odd:

Proof Following Remark 6.1, we can argue as if everything takes place on S instead of X . Then the
claim is due to [19, Theorem 5.2.6].

Our next goal is to show that THRZ=2 and TCRZ=2 are representable in logSHS1.S/. For this, we
need the notion of cubes [22, Definition 6.1.1.2], which we recall as follows.

For a set I , let P.I / denote the set of subsets of I . We impose the partially ordered set structure
on P.I / with respect to the inclusion, and we regard P.I / as the associated category. For an1-category C,
an I -cube in C is a functor

Q W P.I /! C:

If the cardinal of I is an integer n, then an I -cube is called an n-cube. The total cofiber of Q is

tcofib.Q/ WD cofib.colim.QjP.I /�fI g/!Q.I//;
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whenever the colimit and cofiber exist. The total fiber of Q is

tfib.Q/ WD fib.Q.¿/! lim.QjP.I /�f¿g//;

whenever the limit and fiber exist.

Theorem 6.3 Let X be a noetherian separated fs log scheme with involution. Then the induced map

THR.X/! THR.X � .Pn;Pn�1//

is an equivalence of real cyclotomic spectra , where we impose the trivial involution on .Pn;Pn�1/.

Proof By Proposition 5.5, it suffices to show that the map is an equivalence of Z=2-spectra.
Following Remark 6.1, we will argue for S instead of X . Let U0; : : : ; Un be the standard cover of PnS ,

and we set Ui WD .PnS ;P
n�1
S /�PnS

Ui . For every nonempty subset I � Œn�, we set U.I / WDUI WD
T
i2I Ui .

We also set U¿ WD S. We regard U as an .nC1/-cube. We need to show tcofib.THR.U //' 0.
For notational convenience, we consider the commutative monoids

Pj WD f.x1; : : : ; xn/ 2 Zn W xj � 0g for j D 1; : : : ; n;

P0 WD f.x1; : : : ; xn/ 2 Zn W x1C � � �C xn � 0g;

F0 WD f.x1; : : : ; xn/ 2 Zn W x1C � � �C xn D 0g:

For every subset J � Œn�, we set PJ WD
T
j2J Pj . By convention, we have P¿ WDZn. There is a canonical

equivalence

THR.UI /'
�

THR.SŒPŒn��I �/ if 0 2 I ;
THR.SŒPŒn��I �; PŒn��I \F0/ if 0 … I :

Each PJ is isomorphic to products of finite copies of Z and N. The computations of BdiN and BdiZ in
[19, (4.12), Propositions 4.2.11, 4.2.12] and the fact Bdi preserves finite products [19, Proposition 4.2.4]
yield a natural equivalence of Z=2-spectra

THR.UI /' SŒˆ.I /�

with

ˆ.I / WD
a

.x1;:::;xn/2Zn

ˆ.I I .x1; : : : ; xn//;

ˆ.I I .x1; : : : ; xn// WD

�
ˆ1.I I x1/� � � � �ˆn.I I xn/ if .x1; : : : ; xn/ 2 PŒn��I ;

¿ otherwise;

ˆi .I I xi / WD

�
� if xi D 0 and i 2 I ;
S� otherwise:

Since there is a natural decomposition

tcofib.ˆ/'
a
x2Zn

tcofib.ˆ.�I x//;

it suffices to show tcofib.ˆ.�I x//' 0 for every x 2 Zn.
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If x¤ .0; : : : ; 0/, then there exists i 2 Œn� such that x …Pi . The induced map ˆ.I I x/!ˆ.I [figI x/

is a Z=2-homeomorphism whenever i … I . Together with the categorical result [7, Proposition A.6.5], we
have tcofib.ˆ.�I x//' 0.

If xD .0; : : : ; 0/, then the induced map ˆ.I I x/!ˆ.I [f0gI x/ is a Z=2-homeomorphism whenever
0 … I . We have tcofib.ˆ.�I x//' 0 similarly.

The THH and TC parts of the following result are proved in [7, Theorem 8.4.4].

Theorem 6.4 Let S be a noetherian separated scheme. Then the sheaves

THH;THRZ=2;TC;TCRZ=2
2 ShsNis.SmlSm=S;Sp/

are in logSHS1.S/.

Proof Immediate from Theorem 6.3.

Since THR is not a sheaf of spectra but a sheaf of Z=2-spectra, we cannot directly apply the results
in [6; 7] to THR. Instead, we will often use the fact that the pair .i�; .�/Z=2/ is conservative to reduce to
the case of THH and THRZ=2.

For any vector bundle E!X with X 2 SmlSm=S , the real topological Hochschild homology of the
Thom space Th.E/ is defined to be

(6-1) THR.Th.E// WD fib.THR.E/! THR.BlZE ; E//;

where Z is the zero section of E , and E is the exceptional divisor.

Proposition 6.5 With the above notation , there are natural equivalences of Z=2-spectra

THR.Th.E//' fib
�
THR.P .E ˚O//! THR.P .E//

�
;

TCR.Th.E//' fib
�
TCR.P .E ˚O//! TCR.P .E//

�
:

Proof We focus on the case of THR since the proofs are similar.
Let Y and Y 0 be the blow-up of E and P .E ˚O/ along the zero section, and let E and E 0 be the

exceptional divisors. By the proof of [6, Proposition 7.4.5], there exists a commutative diagram

.Y;E/ .Y 0; E 0/ P .E/

E P .E ˚O/

such that the induced maps

fib
�
F.P .E ˚O//! F.Y 0; E 0/

�
! fib.F.E/! F.Y;E//;

F.Y 0; E 0/! F.P .E//

are equivalences for F 2 logSHS1.S/. In particular, these are equivalences for THH and THRZ=2 by
Theorem 6.4. From this, we obtain the desired equivalence.
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Lemma 6.6 Let E1 ! X1 and E2 ! X2 be vector bundles , where X1; X2 2 SmlSm=S . We regard
T WD E1 �S E2 as a vector bundle over X1 �S X2. We set

T1 WD .BlZ1E1; E1/�S E2; T2 WD E1 �S .BlZ2E2; E2/; T12 WD T1 �S T2;

where Z1 and Z2 are the zero sections of E1 and E2. Then there are natural equivalences of Z=2-spectra

THR.Th.T //' tfib.THR.C3//; TCR.Th.T //' tfib.TCR.C3//;

where C3 is the cartesian square

T12 T1

T2 T

Proof Again, we focus on THR. Consider the fs log schemes TI 2 SmlSm=S for every subset I of
f1; 2; 4g in [6, Construction 7.4.14], and consider the induced squares

C1 WD

T4 T4

T4 T

C2 WD

T124 T14

T24 T

We have the induced maps of squares C1 C2!C3. By Theorem 6.4 and the proof of Proposition 7.4.15
in [6], the induced maps

tfib.F.C1//! tfib.F.C2// tfib.F.C3//

are equivalences for F WD THH;THRZ=2. This implies that we have a natural equivalence

tfib.THR.C1//' tfib.THR.C3//;

which yields the desired equivalence.

Proposition 6.7 For X 2 SmlSm=S and integer n� 0, there are natural equivalences of Z=2-spectra

THR.Th.X �An//'†n.��1/THR.X/; TCR.Th.X �An//'†n.��1/TCR.X/;

where we regard X �An as the rank-n trivial bundle over X .

Proof Again, we focus on THR. We proceed by induction on n. The claim is trivial if nD 0. Assume
n > 0. We set X1 WD X , E1 WD X �An�1, X2 WD S , and E2 WD S �A1. The square C3 in Lemma 6.6
becomes

.BlX .X �An�1/; En�1/� .A1; 0/ .BlX .X �An�1/; En�1/�A1

X �An�1 � .A1; 0/ X �An�1 �A1
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where En�1 is the exceptional divisor. By [19, Proposition 5.2.4], Proposition 3.3, and Lemma 6.6,
we have a natural equivalence

THR.Th.X �An//' THR.Th.X �An�1//^fib.THR.SŒN�/! THR.SŒN�;N//:

Combine this with Example 3.4 and use the induction hypothesis to conclude.

Next, we are concerned about the Gysin cofiber sequence in logarithmic motivic homotopy theory.
For this, we recall the deformation to the normal cone construction in the logarithmic setting as follows.
Assume that X 2 SmlSm=S has the form .X;Z1C � � � CZn/, and let Z be a strict closed subscheme
of X such that Z is strict normal crossing with Z1C � � �CZn in the sense of [6, Definition 7.2.1]. The
blow-up of X along Z is

BlZX WD .BlZX; �Z1C � � �C �Zn/;
where �Zi is the strict transform of Zi for 1� i � n. The normal bundle of Z in X is defined to be

NZX WD NZX �X X;

where NZX denotes the normal bundle of Z in X . The deformation space associated with Z! X is
defined to be

DZX WD BlZ�f0g.X ��/�BlZ�f0g.X � f0g/:

Theorem 6.8 With the above notation , there exist natural cofiber sequences of Z=2-spectra

THR.Th.NZX//! THR.X/! THR.BlZX;E/;

TCR.Th.NZX//! TCR.X/! TCR.BlZX;E/;

where E is the exceptional divisor.

Proof Again, we focus on THR. We have the induced maps

fib.THR.X/! THR.BlZX;E// fib
�
THR.DZX/! THR.BlZ��.DZX/;ED/

�
! fib

�
THR.NZX/! THR.BlZ.NZX/;EN /

�
;

where E, ED , and EN are the exceptional divisors. It suffices to show that the corresponding maps
for THH and THRZ=2 are equivalences of spectra since the pair of functors .i�; .�/Z=2/ is conservative.
This is a consequence of [6, Theorem 7.5.4] (see also [7, Theorem 3.2.14]) and Theorem 6.4.

Recall from [7, Definition 8.5.3] that we have the log motivic spectra

THH WD .THH;THH; : : : /;

TC WD .TC;TC; : : : /;

whose bonding maps THH!�P1THH and TC!�P1TC are obtained by the projective bundle formula.
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Example 6.9 Let X be a scheme, and let E ! X be a rank-n vector bundle. There exists a Thom
equivalence

THH.Th.E//' THH.X/I

see [7, Proposition 8.6.9]. This is a consequence of the fact that THH is an orientable logarithmic motivic
spectrum [7, Definition 7.1.3, Theorem 8.6.7]. Unlike this, in general, we do not have an equivalence

THR.Th.E//'†n.��1/THR.X/;

i.e., THR.Th.E//§ THR.Th.X �An// by Proposition 6.7.
For example, if X WD PnS and Z WD Pn�1S with even n � 2, then Proposition 6.2 and Theorems 6.3

and 6.8 yield

THR.Th.NZX//'
bn=2cM
jD1

i�S:

This is not equivalent to

†��1THR.Z/'†��1
b.n�1/=2cM
jD1

i�S˚†
n.��1/

that is obtained by Proposition 6.2. We have a similar conclusion if n is odd too.

We also obtain the following descent result with respect to blow-ups along smooth centers (with the
trivial involutions).

Theorem 6.10 Let Z!X be a closed immersion of smooth schemes over S . Then the induced squares
of Z=2-spectra

THR.X/ THR.Z/

THR.Z �X BlZX/ THR.BlZX/

TCR.X/ TCR.Z/

TCR.Z �X BlZX/ TCR.BlZX/

are cartesian.

Proof Again, we focus on THR. The corresponding squares of spectra for THH and THRZ=2 are
cartesian by [6, Theorem 7.3.3] (see also [7, Theorem 3.3.5]) and Theorem 6.4. This implies the claim
since the pair of functors .i�; .�/Z=2/ is conservative.

Let P� be the scheme P1 with the involution given by Œx W y� 7! Œy W x�. Let 1 be the base
points of P1 and P� , and then we form the endofunctors �P1 , �P� , and �P1^P� ' �P��P1

on PSh..SmlSm=S/Z=2;Sp/ and PSh..SmlSm=S/Z=2;SpZ=2/.

Proposition 6.11 Let X be a noetherian separated fs log scheme. Then there are natural equivalences of
Z=2-spectra

THR.X/'�P1^P�THR.X/; TCR.X/'�P1^P�TCR.X/:

Proof Again, we focus on THR. Following Remark 6.1, we reduce to [19, Proposition 5.1.5].
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Definition 6.12 The1-category of prelogarithmic motivic Z=2-spectra over S is defined to be

prelogSHZ=2.S/ WD SpP1^P�
�
.P �;P ��1/�1ShseNis..SmlSm=S/Z=2;Sp/

�
:

Remark 6.13 Let Aw denote the affine line A1 with the involution w given by x 7! �x. We have the
A1-homotopy

(6-2) A1 �Aw !Aw

given by .x; y/ 7! xy. Due to this, the projections X �Aw !X are automatically inverted if we invert
the projections X �A1!X for all X 2 .Sm=S/Z=2.

However, this phenomenon is not generalized to the logarithmic setting since there exists no morphism
of fs log schemes

���w !�w

extending (6-2), where �w denotes the fs log scheme � with the involution Œx; y� 7! Œ�x; y�. This
indicates that inverting the projections X ��w!X for all X 2 .SmlSm=S/Z=2 is at least required for a
better behaved1-category of logarithmic motivic Z=2-spectra.

Definition 6.14 The prelogarithmic motivic Z=2-fixed point functor is defined to be the functor

.�/Z=2 W prelogSHZ=2.S/! logSH.S/

sending a P1 ^P� -spectrum .F0;F1;F2; : : : / to the P1-spectrum

.F0; �P�F1; �P2�F2; : : : /

restricting to the objects of the category SmlSm=S with the trivial involutions, where the bonding map
�Pn�Fn!�P1^P .nC1/�FnC1 is induced by the bounding map Fn!�P1^P�FnC1.

Definition 6.15 The motivic real topological Hochschild Z=2-spectrum and motivic real topological
cyclic Z=2-spectrum are the P1 ^P� -spectra

THR WD .THRZ=2;THRZ=2; : : : / 2 prelogSHZ=2.S/;

TCR WD .TCRZ=2;TCRZ=2; : : : / 2 prelogSHZ=2.S/;

whose bonding maps are given by Proposition 6.11. We have the induced motivic spectra

THRZ=2;TCRZ=2
2 logSH.S/:

Definition 6.16 For a strict Nisnevich sheaf of spectra F on .SmlSm=S/Z=2, let i�F be the strict
Nisnevich sheaf of spectra on SmlSm=S given by

i�F.X/ WD F.i]X/:
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Observe that for every integer n� 1, i�F is .Pn;Pn�1/-invariant if F is .Pn;Pn�1/-invariant. We have
the “forgetful” functor

i� W prelogSHZ=2.S/! logSH.S/

sending a P1 ^P� -spectrum .F0;F1;F2; : : : / to the P1-spectrum

.i�F0; �P� i
�F1; �P2� i

�F2; : : : /

with the induced bonding maps.

Proposition 6.17 There are equivalences , in logSH.S/,

i�THR' THH;

i�TCR' TC:

Proof This is a consequence of Corollary 4.9 and Proposition 5.30.

Remark 6.18 In this section, we have considered mainly THR and TCR, but we can similarly show the
analogous results for TCR� WD THRhS

�

, TCRhS� , and TPR WD THRtS
�

.
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A note on the involutive invariants of splices

KRISTEN HENDRICKS, MATTHEW STOFFREGEN AND IAN ZEMKE

A natural family of potentially 2-torsion elements in the integer homology cobordism group consists of
splices of knots with their mirrors. We show that such 3-manifolds have locally trivial involutive Floer
homology. We show some related families of splices also have locally trivial involutive Floer homology.
Our arguments show that many gauge-theoretic invariants also vanish on these 3-manifolds.

1 Introduction

The integer homology cobordism group ‚3
Z is the group of oriented homology three-spheres up to the

equivalence relation of homology cobordism. In 2013, C. Manolescu used a Pin.2/-equivariant version of
Seiberg–Witten Floer homology to show that ‚3

Z contains no element Y of order two whose Rokhlin
invariant �.Y / is 1 [18], which due to previous work of Galewski and Stern [7] and Matumoto [19] was
sufficient to disprove the remaining outstanding cases of the triangulation conjecture. It remains unknown
whether ‚3

Z has any torsion elements; in particular, whether it contains a torsion element of order two.
In order to produce an element of order two, it suffices to exhibit an oriented integer homology sphere Y

with an orientation-reversing diffeomorphism Y Š�Y with the property that Y takes a nontrivial value
under any invariant of homology cobordism.

Three-manifolds obtained by splicing knot complements have attracted attention as a potential source
of examples of elements of order two in ‚3

Z. If K0 � Y0 and K1 � Y1 are two knots, a splice of K0

and K1 is a 3-manifold obtained by gluing Y0 n �.K0/ and Y1 n �.K1/ using an orientation-reversing
diffeomorphism � of their boundaries. (Some authors require � to swap the meridian with the Seifert
longitude, but we consider more general diffeomorphisms �).

In this note, we consider two natural constructions of splices which produce homology 3-spheres with
orientation-reversing diffeomorphisms:

(Type-1) splices of a knot K � Y with its mirror K ��Y such that there is a diffeomorphism of the
splice which swaps Y n �.K/ and �Y n �.K/;

(Type-2) splices of two knots K0, K1 in S3 such that there is a diffeomorphism of the splice which
fixes the subsets S3 n �.K0/ and S3 n �.K1/ setwise, but is orientation reversing on each.

Not all knots or gluing maps will yield a splice which admits such a symmetry. We enumerate all
the requirements in Section 2. In this paper, we will refer to the above families as Type-1 and Type-2
symmetric splices, respectively. We will see in Section 2.1 that Type-1 splices must have .Y;K/ reversible,
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i.e., there must be a diffeomorphism .Y;K/Š .Y;�K/, where �K denotes the knot with the opposite
string orientation. In Section 2.2 we will see that in a Type-2 symmetric splice, one of K0 and K1 must
be negatively amphichiral and the other positively amphichiral. We will also enumerate all possible gluing
maps.

Involutive Heegaard Floer homology is a shadow theory of Pin.2/-equivariant Seiberg–Witten Floer
homology, introduced by Manolescu and Hendricks in 2015 and elaborated by Hendricks and Zemke
with Manolescu [12; 13], which is conjecturally equivalent to Z=4Z-equivariant Seiberg–Witten Floer
homology. Although involutive Heegaard Floer homology does not possess the technical power of a
Pin.2/-equivariant theory, it enjoys the greater computability of the Heegaard Floer invariants, including a
conveniently computable surgery formula [11], and has been a key tool in recent developments regarding
the structure of the homology cobordism group [4; 9; 10; 11].

In this note we show that the homology cobordism involutive invariants of Type-1 and Type-2 splices
are typically trivial. Recall for a homology sphere Z, these invariants consist of a pair .CF�.Z/; �/ a
chain complex together with a homotopy involution, together called an iota-complex; for more details,
see Section 3.

Theorem 1.1 (1) Suppose that K is a knot in an integer homology 3-sphere Y . If Z is a Type-1
symmetric splice of .Y;K/ with .�Y;�K/ then the iota-complex .CF�.Z/; �/ is locally trivial.

(2) If Z is a Type-2 symmetric splice of .S3;K0/ and .S3;K1/ such that CFK�.K0/ and CFK�.K1/

are (noninvolutively) locally trivial , then the iota-complex .CF�.Z/; �/ is locally trivial.

Remark 1.2 (1) It is not clear to the authors whether Theorem 1.1(2) extends to all amphichiral K0

and K1, nor whether it can be extended to knots in homology 3-spheres other than S3.

(2) As we mentioned above, in a symmetric splice of Type-2, one of K0 and K1 must be negative
amphichiral, and the other positive amphichiral. To the best of our knowledge, all known amphichiral
knots have locally trivial (noninvolutive) knot Floer complex CFK�.K/. Also note if K is strongly
negative amphichiral, i.e., if the pair .S3;K/ admits an orientation-reversing diffeomorphism � which
has exactly two fixed points, both of which lie along K, then Kawauchi’s result [15] implies that K is
rationally slice, and hence has locally trivial CFK�.K/.

The key topological input to Theorem 1.1 is the following result:

Proposition 1.3 (1) If Z is a Type-1 symmetric splice of .Y;K/ with .�Y;�K/, then there is a negative
definite Spin cobordism from Z to RP3 which has b�

2
D 1 and b1 D 0.

(2) If Z is a Type-1 symmetric splice of .Y;K/with .�Y;�K/, then there is a negative definite (non-Spin)
filling of Z with b�

2
D 2 and b1 D 0.

(3) If Z is a Type-2 symmetric splice of .Y0;K0/ with .Y1;K1/, then there is a negative definite Spin
cobordism from Z to .Y0 # Y1/�2.K0 # K1/ with b�

2
D 1 and b1 D 0.
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Remark 1.4 In unpublished work, Mike Miller Eismeier independently proved Proposition 1.3(2) and
used it to show that certain instanton-theoretic gauge-theoretic invariants are trivial on such splices.

We now sketch some ideas in the proof of Theorem 1.1, assuming Proposition 1.3. For Type-1 splices,
the negative definite Spin cobordism W from Z to RP3 has a unique self-conjugate Spinc structure s.
Furthermore, the Heegaard Floer grading shift d.W; s/ is equal to the correction term d.RP3; sjRP3/.
Since RP3 is a Heegaard Floer L-space, the cobordism map FW ;s can be viewed as a local map from
.CF�.Z/; �/ to the trivial �-complex. Since Z Š�Z, we can dualize the map FW ;s to get a local map in
the opposite direction.

For Type-2 splices, the cobordism W from Z to S3
�2
.K0 # K1/ also has a unique self-conjugate Spin

structure s. In this case, s restricts to the Spinc structure identified with Œ1�2Z=2Š Spinc.S3
�2
.K0 #K1//

under the standard identification. We use [11, Theorem 1.6(2)], which implies that since CFK�.K0/

and CFK�.K1/ are (noninvolutively) locally trivial, the �-complex
�
CF�.S3

�2
.K0 # K1/; Œ1�/; �

�
is locally

trivial up to an overall grading shift.

1.1 Other gauge-theoretic invariants

We note that the topological argument yielding Theorem 1.1 applies equally well to the Pin.2/-equivariant
Seiberg–Witten Floer spectra:

Proposition 1.5 The Pin.2/-equivariant Seiberg–Witten Floer spectra of symmetric splices of Type-1 are
locally trivial.

The same argument also implies the vanishing of Lin’s invariants ˛.Z/, ˇ.Z/, 
 .Z/ [16] for Type-1
symmetric splices.

Note that Proposition 1.3(2) can be applied to other invariants of gauge theory. In particular if A is a
partially ordered set and

! W‚3
Z!A

is a homology cobordism invariant which is monotonic under negative definite cobordisms with b1D0, then
Proposition 1.3(2) implies that if Z is a Type-1 symmetric splice, then !.Z/�!.S3/ and !.S3/�!.Z/,
so in particular !.Z/D !.S3/. This holds for many gauge-theoretic invariants of homology cobordism.
For example, this argument applies to the rs-invariants of Nozaki, Sato, Taniguchi [21] and Daemi’s
� invariant [1]. Compare also [2].

Organization

This note is organized as follows. In Section 2 we discuss the geometry of splices; in particular, we
classify which symmetric splices of Types 1 and 2 are integer homology spheres and have a natural
orientation-reversing diffeomorphism. In Section 3 we briefly recall relevant aspects of Heegaard Floer
theory, focusing on its interaction with homology cobordism and concordance, for the reader’s convenience.
In Section 4 we conclude with the proof of Theorem 1.1.
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2 Symmetric splices

In this section we recall some background on splices. Let K0 � Y0 and K1 � Y1 be oriented knots
in integer homology 3-spheres. Let � 2 Z2! Z2 be a 2�2 matrix with determinant �1. The map �
determines an orientation-reversing diffeomorphism

� W @.Y0 n �.K0//! @.Y1 n �.K1//;

where we view the first component of Z2 being an oriented meridian of Ki , and the second component
being the oriented Seifert longitude. We define

Sp�.K0;K1/ WD .Y0 n �.K0//[� .Y1 n �.K1//:

In this section, we will be interested in knots that have various symmetries. We use the following
standard terminology:

Definition 2.1 Let K be a knot in an oriented 3-manifold Y .

(1) .Y;K/ is reversible if .Y;K/Š .Y;�K/.

(2) .Y;K/ is negative amphichiral if .Y;K/Š .�Y;�K/.

(3) .Y;K/ is positive amphichiral if .Y;K/Š .�Y;K/.

In the above, Š means orientation-preserving diffeomorphic.

2.1 Type-1 symmetric splices

We now focus on Type-1 splices, i.e., splices of .Y;K/ and .�Y;�K/ which admit orientation-reversing
diffeomorphisms which switch Y n �.K/ with �Y n �.K/ but fix T2 WD @.Y n �.K// setwise. We will
write Sp�.K;mK/ for such splices. In this section we prove the following:

Proposition 2.2 Suppose K is a knot in an integer homology 3-sphere Y , and � 2 GL�2 .Z/. Assume
that K is not an unknot in Y . Then the 3-manifold Sp�.K;mK/ admits an orientation-reversing diffeo-
morphism g which fixes @.Y n�.K// setwise and such that the image of each of Y n�.K/ and �Y n�.K/

is the other , if and only if the following are satisfied :

(1) K is reversible.

(2) � D
�

n
˙.1Cn2/

˙1
n

�
for some n 2 Z. In this case we define � D �˙n .

Proof It will be evident from the proof that if .Y;K/ and � are as in the statement, then Sp�.K;mK/

will have a symmetry g as above. Hence, we assume that Sp�.K;mK/ admits an orientation-reversing
diffeomorphism g, as in the statement, and we will show that K and � have the stated properties.

For our proof, it is somewhat easier write the gluing map in terms of a different basis. Note that if .�; �/
is our oriented basis for @Y n�.K/, then � is written in terms of the basis .�;��/ for �Y n�.K/. For our
purposes, it is more helpful to write � in terms of the basis .�; �/ for both Y n�.K/ and �Y n�.K/, using
the same longitude and meridian for both. Let us write  for the map � in this basis. Note that det. /D 1.
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Additionally, to simplify the notation, we will view Sp�.K;mK/ as the union of two copies of Y n�.K/,
which we denote by X0 and X1. We write

Sp�.K;mK/D
X0 tX1

�
;

where x 2 @X0 is identified with  .x/ 2 @X1. By assumption g is induced by some diffeomorphisms
g10 WX0!X1 and g01 WX1!X0 as

X0 X1:

g10

g01

The diffeomorphism g10 tg01 descends to the quotient if and only if

(2-1) g10.x/D . ıg01 ı /.x/

for all x 2 @X0.
We now claim that

(2-2) g01j@X1
;g10j@X0

2 fid;�idg:

To see this, note that both must map � to ˙�, because they must preserve the kernel of the map
H1.@Xi/! H1.Xi/. Less obviously, they must also send � to ˙�. Homology considerations imply
that g01 and g10 map � to ˙�C j� for some j 2 Z. This would imply that, up to composition with
the elliptic involution, g01j@X0

is an j -fold composition of a Dehn twist parallel to the Seifert longitude,
and similarly for g10. It follows from [20, Theorem 1] that this can only happen if � bounds a disk in
Y n �.K/, i.e., K is an unknot, which we exclude by hypothesis.

Since g01j@X1
;g10j@X0

2 fid;�idg, these maps are central in GL2.Z/, and hence (2-1) implies that
 2 D˙ id.

We now consider the map  in more detail. The Mayer–Vietoris exact sequence reads

H1.T
2/!H1.Y n �.K//˚H1.Y n �.K//!H1.Z/! 0:

In particular, we see that for Y to be a homology sphere, we need  .�/D˙�C n�, for some n 2 Z.
That is, we can write  as a matrix as

 D

�
n1 ˙1

� n2

�
:

The condition that det D 1 imposes the restriction that

(2-3)  D

�
n1 ˙1

�.1�n1n2/ n2

�
:

It is straightforward to see that there are no such matrices of the above form which square to the identity
matrix. On the other hand, the matrix in (2-3) squares to �id if and only if n1 D�n2. Setting nD n1

and then changing to the basis gives the expression for � in the statement.
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Next, we observe that (2-1) now implies that g10j@X0
D�g01j@X1

. Therefore one map is the identity,
while the other is the elliptic involution. Therefore Y n �.K/ admits an orientation-preserving diffeo-
morphism which restricts to the elliptic involution on the boundary. Equivalently, there is a diffeomorphism
of pairs .Y;K/Š .Y;�K/.

Lemma 2.3 Suppose that .Y;K/ is reversible. Then Sp
�
C
n
.K;mK/Š Sp���n

.K;mK/.

Proof Since K is reversible, the elliptic involution of the boundary extends to an orientation-preserving
diffeomorphism of Y n �.K/. Therefore

Sp
�
C
n
.K;mK/Š Sp

��
C
n
.K;mK/D Sp���n

.K;mK/:

2.2 Type-2 symmetric splices

We now consider Type-2 splices. We say that a pair .Y;K/ is negative amphichiral if .�Y;�K/Š .Y;K/,
and we say that .Y;K/ is positive amphichiral if .�Y;K/Š .Y;K/.

Proposition 2.4 Let .Y0;K0/ and .Y1;K1/ be knots and � 2 GL�2 .Z/, and furthermore suppose that
Sp�.K0;K1/ is an integer homology 3-sphere. Then Sp�.K0;K1/ admits an orientation-reversing
diffeomorphism g which preserves the subspaces Yi n �.Ki/ setwise if and only if the following hold :

(1) One of .Y0;K0/, .Y1;K1/ is negative amphichiral and the other is positive amphichiral.

(2) � D˙
�

0
1

1
0

�
.

Proof We write

X0 D Y0 n �.K0/ and X1 D Y1 n �.K1/:

It will follow from the course of our proof that if � and .Yi ;Ki/ are as in the statement, then there is an
orientation-reversing diffeomorphism g as in the statement. Hence we will assume that such a g exists,
and prove that it has the stated form.

We assume that g is induced by a pair of maps, g0 and g1, as

X0;g0 X1 g1:

The maps g0 and g1 induce a map on the quotient space if and only if

(2-4) � ıg0 D g1 ı�:

The proof of (2-2) shows that for i D 0; 1, we have gi j@Xi
2 fe;�eg where

e D

�
1 0

0 �1

�
:

Equation (2-4) implies that

� ı e D˙e ı�:
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It is easy to see that this restricts � to be one of four matrices

� D˙e and � D˙

�
0 1

1 0

�
:

Note that if � D˙e, then the splice Sp�.K0;K1/ has b1 D 1, so we exclude this case and restrict to the
second case. We observe that in the latter case, we have

� ı e D�e ı�:

In particular, we conclude from (2-4) that g0 D�g1. Note that this corresponds exactly to one of K0

and K1 being negative amphichiral, and the other being positive amphichiral.

2.3 Factorizations in SL2.Z/

In this section, we describe some straightforward algebra which will be used in the subsequent section on
Kirby calculus.

We consider the elements  Cn 2 SL2.Z/, given by

 Cn D

�
n 1

�.1Cn2/ �n

�
:

We define the following elements of SL2.Z/:

Tn WD

�
1 n

0 1

�
and H WD

�
0 1

�1 0

�
:

Lemma 2.5 The map  Cn may be written as

 Cn DHT�nHTnH:

The proof is a straightforward computation, which we leave to the reader.

2.4 Kirby calculus

We can now translate Lemma 2.5 into Kirby calculus. Our main result is the following:

Proposition 2.6 Let K � Y be a knot. The manifold Sp
�
C
n
.K;mK/ has a Kirby diagram as shown in

Figure 1.

We begin with the following elementary topological lemma.

Lemma 2.7 Let .Y0;K0/ and .Y1;K1/ be knots with Morse framings �0 and �1, respectively. Let � be
the gluing map which identifies the meridian �0 with �1, and which maps �0 to ��1. (Here , ��2 denotes
the Morse framing �2 with the parametrization reversed ). Then

.Y0 n �.K0//[� .Y1 n �.K1//

is equal to .Y0 # Y1/�0C�1
.K0 # K1/.
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0 0

n �n

K mK

Figure 1: The manifold Sp
�
C
n
.K;mK/. We view the box labeled by K as being inside Y .

See [6, Lemma 6.1; 8, Lemma 7.1] for a proof. See also [26, Section 1.1.7].
The above lemma extends in a straightforward manner to link complements when we take the connected

sum along a single component. We note that the Hopf link has complement T2 � Œ0; 1�. The meridian of
the first component of the Hopf link is equal to the longitude of the second up to sign, and vice versa.
Therefore from a factorization of the gluing diffeomorphism  Cn , as in Lemma 2.5, we may read off
a Kirby calculus description of Sp

�
C
n
.K;mK/. Namely, we start with K, which we give framing 0.

Reading the factorization
 Cn DHT�nHTnH

from right to left we form a Kirby calculus presentation inductively as follows:

(1) Start with K, given framing 0.

(2) For each H , we take the connected sum with a .0; 0/-framed Hopf link.

(3) For each Tn, we add n to the framing of the most-recently added component in this process.

(4) We finish by taking the connected sum of the final unknot, which has framing 0, with mK.

Note that since we are assuming that K is reversible, we do not need to worry about the sign of the
clasps that we add when taking the connected sum with Hopf links.

We now describe some Kirby calculus moves in our description of Sp
�
C
n
.K;mK/ which will be helpful

later on.

Lemma 2.8 Let K be a reversible knot in an integer homology sphere Y , and n 2 Z. Then there are
reversible knots K0 � Y 0 and K00 � Y 00, where Y 0 and Y 00 are also integer homology 3-spheres , so that

Sp
�
C
n
.K;mK/D Sp

�
C

nC1

.K0;mK0/D Sp
�
C

n�1

.K00;mK00/:

Proof The proof is to take the Kirby calculus description in Figure 1, and blow up the clasps between K

and the unknotted component clasped with it and between mK and the unknotted component clasped
with it. In this manner, n can be increased or decreased. Then Y 0 D YC1.K/ and K0 is the dual knot
of K. We give K0 blackboard framing 1 in Figure 2, but note that this corresponds to the Seifert framing
for K0 if we view it as living in YC1.K/. Hence, we obtain a description of the same form as Figure 1,
except with n replaced by nC 1.
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1 �1

nC1

�n�1

K

1

KmK

1

�1
K0

Figure 2: Left: an alternate surgery description of Sp�Cn .K;mK/, obtained by blowing up two
clasps in Figure 1. This identifies Sp�Cn .K;mK/ with Sp�C

nC1
.K0;mK0/ where K0�Y 0DYC1.K/

is the dual knot of K. Right: the knot K0 � YC1.K/.

3 Heegaard Floer invariants of concordance and homology cobordism

In this section, we review some background on Heegaard Floer invariants of homology cobordism and knot
concordance. We focus on Hendricks and Manolescu’s involutive Heegaard Floer homology [12], which
we review in Section 3.1, as well as the notion of a knot-like complex, which we review in Section 3.2.
We presume the reader is familiar with ordinary Heegaard Floer homology for three-manifolds [23; 24]
and knots [22; 25].

3.1 Iota-complexes and involutive Heegaard Floer homology

In this section we briefly introduce the structure of the involutive Heegaard Floer invariants, with a focus
on the properties of local equivalence.

We begin with certain algebraic definitions. Throughout, F denotes the field with two elements, U is a
variable of degree �2, and F ŒU �d is the graded module such that gr.1/D d .

Definition 3.1 An iota-complex (or �-complex) .C; �/ is a chain complex C , which is free and finitely
generated over F ŒU �, equipped with an endomorphism �. Here F is the field of 2 elements, and U is a
formal variable with grading �2. Furthermore, the following hold:

(1) C is equipped with a Z-grading, compatible with the action of U . We call this grading the Maslov
or homological grading.

(2) There is a grading-preserving isomorphism U�1H�.C /Š F ŒU;U�1�.

(3) � is a grading-preserving chain map and �2 ' id.

Given two iota-complexes .C1; �1/ and .C2; �2/, a homogeneously graded F ŒU �-chain map f WC1!C2

is said to be an �-homomorphism if �2 ı f C f ı �1 ' 0. Two iota-complexes .C1; �1/ and .C2; �2/ are
called �-equivalent if there is a homotopy equivalence ˆ W C1! C2 which is an �-homomorphism.

Heegaard Floer homology associates to any closed oriented 3-manifold Y equipped with a Spinc

structure s an F ŒU �-chain complex CF�.Y; s/, well defined up to homotopy equivalence. If s is self-
conjugate, involutive Heegaard Floer homology considers the additional data of a homotopy involution �
on CF�.Y; s/. In the case that Y is a rational homology 3-sphere, .CF�.Y; s/; �/ is an iota-complex.
Hendricks and Manolescu [12] prove that pair .CF�.Y; s/; �/ is well defined up to the notion of iota-
equivalence described above.

Algebraic & Geometric Topology, Volume 26 (2026)



1916 Kristen Hendricks, Matthew Stoffregen and Ian Zemke

Continuing with algebra, the tensor product of iota-complexes .C1; �1/ and .C2; �2/ is given by

(3-1) .C1; �1/˝ .C2; �2/ WD .C1˝F ŒU � C2; �1˝ �2/:

Moreover, Hendricks, Manolescu, and Zemke [13] establish that

.CF�.Y1 # Y2; s1 # s2/; �/' .CF�.Y1; s1/; �1/˝ .CF�.Y2; s2/; �2/;

where ' denotes homotopy-equivalence of iota-complexes.

Definition 3.2 Suppose .C; �/ and .C 0; �0/ are two iota-complexes.

(1) A local map from .C; �/ to .C 0; �0/ is a grading-preserving �-homomorphism F W C ! C 0, which
induces an isomorphism from U�1H�.C / to U�1H�.C

0/.

(2) We say that .C; �/ are .C 0; �0/ are locally equivalent if there is a local map from .C; �/ to .C 0; �0/, as
well as a local map from .C 0; �0/ to .C; �/. We say that .C; �/ is locally trivial if it is locally equivalent
to .F ŒU �0; Id/.

The set of local equivalence classes forms an abelian group, denoted by I, with product given by the
operation ˝ in (3-1) [13, Section 8]. Inverses are given by dualizing both the chain complex C and the
map � with respect to F ŒU �. The map

Y 7! Œ.CF�.Y /; �/�

determines a homomorphism from ‚3
Z to I [13, Theorem 1.8].

The local equivalence classes of nonzero integer surgeries on knots are computed in [11, Theorem 1.6(2)].
For our purposes, the important case is the following.

Lemma 3.3 [11, Theorem 1.6(2)] For n> 0, the local equivalence class of .CF�.S3
2n
.K/; Œn�/; �/ has the

form
A�n .K/ A�n .K/

B�n .K/

v v

where A�n .K/ and B�n .K/ are subcomplexes of the knot Floer complex of K, v is a particular map
between them , and the involution swaps the two copies of A�n .K/, and fixes B�n .K/. The gradings on the
above are induced by the Maslov grading on the knot Floer complex, shifted up by the Heegaard Floer
correction term d.L.2n; 1/; Œn�/ of the lens space L.2n; 1/ in the corresponding Spinc structure.

One straightforward corollary is the following:

Corollary 3.4 For n > 0, if K � S3 is a knot such that d.A�n .K// D 0, then
�
CF�.S3

2n
.K/; Œn�/; �

�
is

locally equivalent to .F ŒU �d ; id/, where d D d.L.2n; 1/; Œn�/.

Proof We note that B�n .K/' F ŒU �, so using the same logic as in the proof of [11, Proposition 3.24], we
may replace it with a copy of F ŒU �. By the classification theorem for finitely generated chain complexes
over F ŒU �, we can write A�n .K/ as a sum of one tower F ŒU �, as well as some number of 2-step complexes
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of the form F ŒU � U i

��! F ŒU �. Write xl and xr for tower generators of the two copies of A�n .K/, which
is to say, generators for the copy of F ŒU � in the basis chosen. The map v sends xl and xr to a nonzero
element of the tower F ŒU �. Since d.A�n .K//D 0, we conclude that v.xl/D v.xr /D 1. On a two step
subcomplex of the left copy of A�n .K/, say with generators a and b such that @.a/ D U ib, we must
have v.b/D 0 because v is a chain map. If v.a/ is nonzero, then perform a change of basis, adding a
multiple of xl to a. After this change of basis, v.a/D 0. We do the same change of basis to the right
copy of A�n .K/. After this change of basis, it becomes apparent that the complex in the statement of
Lemma 3.3 is locally equivalent to

F ŒU �d F ŒU �d

F ŒU �d

1 1

where the involution is reflection, and d denotes d.L.2n; 1/; Œn�/. The above is homotopy equivalent
to .F ŒU �d ; id/.

3.2 Knot-like complexes

We now recall the standard notion of knot-like complexes in Heegaard Floer theory. There are many
different variations on the definition in the literature due to many different authors. The earliest version is
Hom’s notion of "-equivalence [14]. See also [3; 5; 28] for other variations.

Definition 3.5 A knot-like complex C is a finitely generated, free chain complex over a 2-variable
polynomial ring F ŒU;V � satisfying the following:

(1) C is equipped with a Z�Z-valued bigrading, denoted by .grw; grz/, which has the property that
.grw � grz/=2 is integrally valued. The variable U has bigrading .�2; 0/ and the variable V has
bigrading .0;�2/.

(2) There is a grading-preserving isomorphism .U;V /�1H�.C /Š F ŒU;V;U�1;V �1�.

(3) @ has bigrading .�1;�1/.

A local map from C0 to C1 (where Ci are knot-like complexes) consists of a grading-preserving
F ŒU;V � linear chain map F W C0! C1 such that F induces an isomorphism from .U;V /�1H�.C0/ to
.U;V /�1H�.C1/. We say that C0 and C1 are locally equivalent if there exist local maps from C0 to C1

and from C1 to C0. A knot-like complex C is locally trivial if it is locally equivalent to a rank-one
complex F ŒU;V � wherein 1 2 F ŒU;V � is concentrated in grading .0; 0/. Note that C is locally trivial if
and only if there is an isomorphism

C Š F ŒU;V �˚A;

where A is a summand of C such that .U;V /�1H�.A/Š 0.
If K � S3, the full version of the knot Floer complex CFK�.K/ is a knot-like complex. If K is a slice

knot, then CFK�.K/ is locally trivial.
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4 Proofs of the main results

We first observe that if Z is a symmetric splice, since Z has order at most two in ‚3
Z, we must have

d.Z/D 0 since d is a homomorphism.

Lemma 4.1 Suppose that Z is the homology sphere obtained by splicing .Y;K/ and .�Y;�K/ using the
gluing map �C

0
from Proposition 2.2, where Y is a homology 3-sphere. Then there is a negative definite

Spin cobordism W from Z to RP3. The 4-manifold W has a unique self-conjugate Spinc structure s.
Further , letting d.W; s/ denote the grading shift of the map associated to the cobordism .W; s/, we have

d.W; s/D d.RP3; sjRP3/� d.Z/:

Proof We begin with the Kirby calculus presentation from Figure 1. We can blow-down one of the
unknots to obtain a Kirby calculus description of Z as Dehn surgery on a knot K # H #�K � Y #�Y ,
where H denotes a Hopf link. That is, we add a clasp between K and �K. (Note that the sign of the
clasp is not important since .Y;K/ is reversible). The two components are given framing 0. We now
blow up the clasp to obtain the 3-component link K [U [mK with clasps between the components.
Each component is given framing �1. There is a cobordism X from Z to a manifold Z0 by performing
�1 surgery on a meridian of the unknot U , where this knot is given Seifert framing �2 inside of Z.
The result is �2 surgery on K #�K � Y #�Y . The pair .Y #�Y ;K #�K/ is homology concordant
to .S3;U /. Therefore Z0 admits a homology cobordism to RP3, viewed as �2 surgery on the unknot.
Let W denote the composition of these two cobordisms. The cobordism W is shown in Figure 3.

We observe that d.Z/D 0 since Z Š�Z. On the other hand, we compute that the shift in grading for
the Spin structure on W is

1
4
.�2�.W /� 3�.W //D 1

4
:

We note that the d -invariants of the two Spinc structures (D Spin structures) on RP3 are 1
4

and �1
4

. Since
the Maslov grading takes values in a single coset of Q=Z in each Spinc structure, it follows that the Spin
structure on W restricts to the Spinc structure on RP3 which has d -invariant 1

4
.

Using Lemma 4.1, we now prove Theorem 1.1(1), which concerns symmetric splices of Type-1:

Proof of Theorem 1.1(1) Let Z be a symmetric splice of Type-1. By Proposition 2.2, Z can be written as
a splice Sp

�˙n
.K;mK/ for some pair .Y;K/, where Y is a homology sphere and .Y;K/ is reversible. By

Lemmas 2.3 and 2.8, we may assume that nD 0 by changing .Y;K/ appropriately. Applying Lemma 4.1
gives a local map from .CF�.Z/; �/ to .CF�.RP3; s/; �/ for the Spin structure s with d.RP3; s/ D 1

4
.

Since the grading shift of the cobordism map is also 1
4

, and .CF�.RP3; s/; �/ Š .F ŒU �1=4; id/, we
conclude that there is a local map from .CF�.Z/; �/ to the trivial complex. Dualizing and using the fact
that Z Š�Z gives a local map in the opposite direction.

Proof of Theorem 1.1(2) The proof is similar to the proof of Theorem 1.1(1). By Proposition 2.4, the
3-manifold Z can be written as Sp

�
C

0

.K0;K1/ where K0;K1�S3 are positive and negative amphichiral
knots, respectively. By adapting the argument from Theorem 1.1(1), we obtain a negative definite Spin
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K mK

K mK

0 0

�1 �1

�1

D

K mK

�1 �1

0

K mK

�2

X

D

D
‚3

Z

�2

Figure 3: The cobordism W from Z to RP 3.

cobordism from Z to S3
�2
.K0 # K1/ which shifts the Maslov grading by 1

4
. Assuming (up to relabeling)

that K0 is positive amphichiral and K1 is negative amphichiral, we observe that

S3
�2.K0 # K1/Š�S3

C2.K0 #�K1/;

where �K1 denotes K1 with its string orientation reversed. Therefore, Corollary 3.4 implies that�
CF�.S3

C2.K0 #�K1/; Œ1�/; �
�
�loc .F ŒU ��1=4; id/:

Dualizing, we obtain that �
CF�.S3

�2.K0 # K1/; Œ1�/; �
�
�loc .F ŒU �1=4; id/:

It follows that there is a local map from .CF�.Z/; �/ to .F ŒU �; id/. Since Z Š �Z, we conclude that
.CF�.Z/; �/ is locally trivial.

We now prove Proposition 1.3, most of which we have already proven:

Proof of Proposition 1.3 Part (1) follows from Lemma 4.1, above. Part (3) is similar, and is described
in our proof of Theorem 1.1(2). Finally Part (2) is obtained by composing the cobordism from Part (1)
with the natural negative definite cobordism from RP3 to ¿, namely the disk bundle over S2 with Euler
number �2.

Proof of Proposition 1.5 The argument is essentially identical to the proof of Part (1) of Theorem 1.1, but
where the notation is adjusted to be for Seiberg–Witten Floer spectra in the setting of [18]. In particular,
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local equivalence of Pin.2/-equivariant spectra is defined just as in Definition 3.2 above, except Pin.2/-
equivariant spectra take the place of iota-complexes (see [27, Definition 2.7] and surrounding discussion).

Let Z be a symmetric splice of Type-1. Lemma 4.1 gives a local map

†
1

16
H SWF.Z/! SWF.RP3; s/;

with s as in the proof of Theorem 1.1. We refer the reader to [17] for the definition of the (formal)
fractional suspension. Meanwhile, SWF.RP3; s/D S

1
16

H, and so we have a local map SWF.Z/! S0.
Using that Z Š�Z, we have a local map SWF.�Z/! S0; furthermore, for general integer homology
spheres X , we have SWF.X / and SWF.�X / are Spanier–Whitehead dual. As a consequence, if there is
a local map SWF.�Z/! S0 then there is a local map S0! SWF.Z/. Thus S0 � SWF.Z/ � S0 in
local equivalence, and so SWF.Z/ is locally trivial as a Pin.2/-spectrum.
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Lagrangian metric geometry with Riemannian bounds

JEAN-PHILIPPE CHASSÉ

We study collections of exact Lagrangian submanifolds respecting some uniform Riemannian bounds,
which we equip with a metric naturally arising in symplectic topology (e.g., the Lagrangian Hofer metric
or the spectral metric). We exhibit many metric and symplectic properties of these spaces, such that they
have compact completions and that they contain only finitely many Hamiltonian isotopy classes. We then
use this to exclude many unusual phenomena from happening in these bounded spaces. Taking limits
in the bounds, we also conclude that there are at most countably many Hamiltonian isotopy classes of
exact Lagrangian submanifolds in a Liouville manifold. Under some mild topological assumptions, we
get analogous results for monotone Lagrangian submanifolds with a fixed monotonicity constant. Finally,
in the process of showing these results, we get new results on the Riemannian geometry of cotangent
bundles and surfaces which might be of independent interest.

1 Introduction and main results
In [11; 12], the author showed that all the familiar metrics d between Lagrangian submanifolds in
symplectic topology (e.g., the Lagrangian Hofer metric or the spectral metric) behave like the classical
Hausdorff metric when restricted to the space L e

k
of �-exact Lagrangian submanifolds of a Liouville

manifold .M;! D d�/ which are “geometrically bounded by k”. Broadly speaking, being geometrically
bounded by k ensures that all Lagrangian submanifolds considered are contained in the same compact
and have curvature and volume uniformly bounded — we give the precise definition in Section 2.1. In this
paper, we continue the study of the metric spaces .L e

k
; d /. Most notably, we will be concerned with

issues of compacity and local connectedness.
Furthermore, we extend our results to the analogous space L

m.�/

k
of �-monotone Lagrangian sub-

manifolds which “bound enough disks” — the ambient symplectic manifold M is either closed or convex
at infinity in that case. We will give the precise definition of what we mean here by “bounding enough
disks” below — see Section 2.1 — but we note right away that this condition is automatically satisfied if
either the Lagrangian submanifolds or the symplectic manifold we consider are simply connected.

In what follows, L ?
k

will denote either the spaces L e
k

or L
m.�/

k
. We will also denote by L ?

1 the space
of all Lagrangian submanifolds respecting ?. Moreover, the metric d that we consider will be a so-called
Chekanov-type metric [11] and be bounded from above by the Lagrangian Hofer metric. In practice, one
can think of d as one of the following metrics.

� d D dH This is the case of the Lagrangian Hofer metric, which is due to Chekanov [14].

� dD
 This is the case of the spectral metric, originally due to Viterbo [43] for Lagrangian submanifolds
of T �L Hamiltonian isotopic to the zero-section. The metric may be extended to all exact Lagrangian

MSC2020: primary 53D12; secondary 51F99, 53C17, 53C22.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2026.26.1923
http://www.ams.org/mathscinet/search/mscdoc.html?code=53D12
http://www.ams.org/mathscinet/search/mscdoc.html?code=51F99, 53C17, 53C22
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


1924 Jean-Philippe Chassé

submanifolds of T �L by work from Fukaya, Seidel, and Smith [18; 19], Abouzaid [2], and Kragh [30].
In general, it has also been defined for weakly exact Lagrangian submanifolds by Leclercq [31] and
monotone ones with nonvanishing quantum homology by Kislev and Shelukhin [28], following work of
Leclercq and Zapolsky [32].

� d D 
ext This is a variant of the usual spectral metric, as defined by Kislev and Shelukhin [28].

� d D Od
F ;F 0

S These are the shadow metrics appearing in work of Biran, Cornea, and Shelukhin [7; 15].

� d D bDF ;F 0
There are possibly many other weighted fragmentation pseudometrics — as defined by

Biran, Cornea, and Zhang [8] — that belong to this class.

If d D 
 and ?Dm.�/, we make a slight abuse of notation and still denote by L
m.�/

k
the space of all

�-monotone k-geometrically bounded Lagrangian submanifolds which both bound enough disks and
have nonvanishing quantum homology. Otherwise, we also take the convention that if d is not properly
defined between L and L0, then d.L;L0/DC1.

With this notation settled down, we enunciate the main principles that summarise our results.

(1) The space .L ?
k
; d / has nice metric properties, which highly restricts the symplectic phenomena

which can happen within that space.

(2) Metric properties of .L ?
k
; d / induce topological properties on the limit space .L ?

1; d /.

We now explain our main results and how their corollaries showcase the two general principles above. Note
that some of these corollaries are not as direct as others; we will properly prove all of them later in the paper.

Theorem A On L ?
k

, all possible choices of d in the above list induce the same topology and have
homeomorphic completions bL ?

k
. Moreover , that completion bL ?

k
is compact.

In term of the first principle, we get the following two corollaries.

Corollary The subspaces L
L0
k
WD .Ham.M/ �L0/\L ?

k
, where L0 2 L ?

1, have finite diameter in d .
If M D T �L and d D 
 , then the same holds on L e

k
.

Note that there are many cases where it is known that Ham.M/ �L0 DL
L0
1 has infinite diameter in d ,

e.g., L S1

1 .T �S1/DL e
1.T

�S1/ has infinite Hofer diameter [27]. On the other hand, it is conjectured —
and has been proven in a many cases [23; 38; 39; 44] — that L e

1.T
�Q/ has finite diameter in the spectral

metric. Therefore, without any Riemannian bound, the finiteness is highly dependent on L0, M , and d .
Note that we previously proved such a boundedness result [12] on a neighbourhood of some L in L e

k
.

The improvement here is thus in going from a neighbourhood to the whole space.
As we shall see below, we also manage to extend our study to spaces of graphs of Hamiltonian

diffeomorphisms of closed monotone manifolds, whether these graphs bound enough disks or not. Through
this, we can rule out something like Ostrover’s example [35] from happening in the corresponding Lk

spaces.

Corollary Suppose that M is closed and monotone. On the subspace of Hamiltonian diffeomorphisms
' 2 Ham.M/ whose graph has geometry bounded by k in M �M , the Hofer norm k � kH is bounded.

Algebraic & Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1925

Moreover , the Hofer norm on diffeomorphisms and the Lagrangian Hofer distance between their graphs
induce the same topology on that space.

In term of the second principle, we get the following result from Theorem A.

Corollary The limit space .L ?
1; d / is separable , i.e., it admits a countable dense subset.

Following separate discussions with Humilière and with Shelukhin, it seems that this result was
well-accepted folklore on L

L0
1 D Ham.M/ �L0. Therefore, the innovation of the above corollary seems

to be on the number of Hamiltonian isotopy classes of L ?
1; this is precisely what we explore below

through our second theorem.

Theorem B The space L ?
k

contains only finitely many Hamiltonian isotopy classes. Furthermore , there
is an AD A.k/ > 0 such that

d.L;L0/� A;

whenever L;L0 �L ?
k

are not Hamiltonian isotopic.

Obviously, the A-bound is trivial when d D dH — and potentially when d D 
 — as we have taken
the convention that dH .L;L0/D1 whenever L and L0 are not Hamiltonian isotopic. However, there
are examples of Lagrangian submanifolds which are not Hamiltonian isotopic but are a finite distance
apart in a shadow metric [7].

We note that Theorem B already fits within the motif of the first principle. However, we can go even
further in this direction, as the corollaries below show.

First, we get a result on the vanishing of entropy of symplectomorphisms preserving L ?
k

in some form.
We refer the reader to Section 4.4 and the references therein for the definition of barcode and categorical
entropy.

Corollary Let  be a symplectomorphism of M such that  .L ?
1/DL ?

1. If L is such that the sequence
f �.L/g is fully contained in some L ?

k
, then there is some N such that  N .L/ is Hamiltonian isotopic

to L. Furthermore , for such  and L, the barcode entropy „. IL;L0/ vanishes for any L0 2L ?
1.

More generally, if the Lagrangian submanifolds L1; : : : ; L` split-generate the derived Fukaya category
DFuk?.M/ of M and each sequence f �.Li /g is contained in a single L ?

k
, then the categorical entropy

hcat. / of  vanishes.

The latter part on categorical entropy makes maybe more sense when formulated as its contraposition:
if hcat. / > 0, for any set of Lagrangian submanifolds fL1; : : : ; L`g split-generating the derived Fukaya
category, there is some i such that the sequence f �.Li /g is not contained in any L ?

k
. Note that we may

suppose that such a Lagrangian submanifold Li induces a nontrivial object in DFuk?.M/. Therefore, this
means that symplectomorphisms with positive categorical entropy must greatly deform some Lagrangian
submanifold that is important in the Fukaya category, e.g., the norm of the second fundamental form or
the volume of that Lagrangian must explode under iterations by such a symplectomorphism.

Secondly, we get a statement that relates the path-connected component of the completions bL ?
k

to the
Hamiltonian isotopy classes of L ?

1.
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L

L0 �2.L/

Figure 1: The circle L (thin, purple) and its image under two Dehn twists (thick, blue) along L0

(thin, pink) inside some Liouville subdomain of T �S1 #T �S1.

Corollary Let L;L0 2 L ?
1. Suppose that there exists a d -continuous path t 7! Lt from L to L0 in

some bL ?
k

. Then , L is Hamiltonian isotopic to L0.

We contrast this with a recent result from Arnaud, Humilière, and Viterbo [4], which shows that such a
path always exists in the completion of L e

1.T
�N/ if d D 
 . Therefore, our result can be seen as very

slightly reducing the gap between that result and the nearby Lagrangian conjecture.
In terms of the second principle, we get the following new result.

Corollary There are at most countably many Hamiltonian isotopy classes in L ?
1.

Note that a Liouville manifold can have infinitely many Hamiltonian isotopy classes of exact Lagrangian
submanifolds. For example, if M is the plumbing T �S1 #T �S1 of two copies of T �S1, L is the zero-
section in the first copy of T �S1, and � WM !M is the Dehn twist along the second copy L0, then
��.L/ is clearly in a different Hamiltonian isotopy class for each � � 0. See Figure 1 for an illustration.

Likewise, given � > 0, there are infinitely many Hamiltonian isotopy classes of �-monotone tori
in C3 [5]. These automatically bound enough disks since �1.C3/D 0. Therefore, as our approach does
not perceive the topology of M , we cannot expect a better bound.

Remark 1.1 The construction by Ganatra, Pardon, and Shende of the wrapped Fukaya category [20]
involves a choice of a countable set of exact isotopy classes of Lagrangian submanifolds which are
cylindrical at infinity. While it is assumed in the paper that one can pick all exact isotopy classes by such
a set, it is never proved. The above corollary shows that we can always make sure that this set contains
every exact isotopy class of closed Lagrangian submanifolds, so that the wrapped Fukaya category always
contains the full compact Fukaya category.
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Moreover, we expect the techniques presented here to adapt to the cylindrical setting by working in a
fixed sector, with exact Lagrangian submanifolds which extend to cylindrical ones in the completion, and
with Riemannian metrics which have some standard form near the boundary. This would ensure that the
wrapped Fukaya category of a Liouville sector can always be constructed in such a manner as to include
all exact isotopy classes.

We also get a result on the local structure of the L ?
k

spaces in some cases.

Theorem C Given an exact or monotone Lagrangian submanifold L of M , there is a Riemannian
metric g onM making L totally geodesic and such that , for every k > 0, it admits a system of contractible
neighbourhoods in L ?

k
. If dimM D 2, the latter part holds for every metric and every k > 0 such

that L 2L ?
k

.

Though this result does not yield as many direct symplectic applications as the ones before, we can
still use it to estimate the Hofer and spectral distances in some cases. More precisely, it is known [33]
that, for graphs of exact 1-forms in T �L, the Hofer and spectral distances agree and are given by

dH .graph df; graph dg/D 
.graph df; graph dg/Dmaxjf �gj �minjf �gj:

In particular, for every f 2 C1.L/, t 7! graph.tdf / is a minimal geodesic in these metrics. However,
when one embeds a neighbourhood of L in T �L in M via a Weinstein neighbourhood, there could be
a shorter path going through M . Nonetheless, through Theorem C and some estimates on Hausdorff-
geodesics, we get the following estimate on how far from a minimal geodesic t 7! graph.tdf / can be.

Corollary Let ‰ WD�rL!M be a Weinstein neighbourhood of some L 2L ?
1.M/. Suppose either that

the Riemannian metric g onM is as in Theorem C or that dimM D 2. For every k� 1, there are constants
C > 0 and r 0 2 .0; r� with the following property. Whenever f W L!R is such that ‰.graph df / 2L ?

k

and jdf j � r 0, we have that

d.‰.t graph df /;‰.s graph df //� C.t � s/2 maxjdf j2

for every t; s 2 Œ0; 1�.

Organisation of the paper The rest of the paper is divided into four main parts and an appendix.
In Section 2, we first define the objects that we will be working with in the paper and set down some

notation. More precisely, we define what is meant by “geometrically bounded by k”, “bounding enough
disks”, and “being of Chekanov type”. We then move on to recall some prior results of the author which
are central in proving the main results. Finally, we explain how these results cover the case of monotone
Lagrangian submanifolds bounding enough disks and of monotone graphs, as these cases were not directly
covered in the prior papers.

In Section 3, we move to prove (pre)compactness and local contractibility of the L ?
k

spaces, that is,
Theorems A and C. These correspond, respectively, to Sections 3.1 and 3.2. We end this part with
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Section 3.3, which aims to understand local Hausdorff-geodesics in L ?
k

— this will be an essential step
in proving our local Hofer/spectral estimate above. This also allows us to consider some variations of the
Hausdorff metric on L ?

k
and to conclude that they also induce the same topology on these spaces.

In Section 4, we finally prove symplectic properties of the L ?
k

spaces. More precisely, we prove
Theorem B and all corollaries following the first principle appearing in the introduction.

In Section 5, we study the limit space L ?
1 and prove the corollaries following the second principle

in the introduction. We conclude that section with an analysis of an alternate limit space: lim
��!

L ?
k

, the
inductive limit of the L ?

k
. This highlights the shortcomings of trying to study L ?

1 through the L ?
k

spaces.
Finally, we conclude the paper with an appendix which includes all the results in Riemannian geometry

that we will need throughout the paper. As these results do not seem to have appeared in the literature
before — and Lemma A.5 even appeared as a conjecture — we believe that they could be of independent
interest. This is also why they have been compiled as an independent appendix. More precisely,
Section A.1 covers the new results on the Sasaki metric on TN , Section A.2 those on Riemann surfaces,
and Section A.3 those on comparison of Riemannian invariants of Lagrangian submanifolds.

2 Preliminaries

We now lay down the foundations upon which the rest of the paper will be built. More precisely,
in Section 2.1, we give the main definitions that will be used throughout the paper. In Section 2.2, we
enunciate previous results from the author that will be essential for the rest of the paper. We hope that this
will improve the readability of this paper, as the notation here is slightly different than in [11; 12]. We
close things with Section 2.3, where it is shown that both monotone Lagrangian submanifolds bounding
enough disks and monotone graphs fit within the formalism of the prior results.

2.1 Definitions and notation

In this paper, we will sometimes allow our manifolds to be C k for k <1, have boundary, or to be
noncompact, but will always make it explicit when we do so. That is, when there are no mentions of it,
the manifolds are assumed to be C1, connected, and closed.

Let .M;!/ be a symplectic manifold that is either closed or noncompact but convex at infinity. Let J
be an !-compatible almost complex structure. When M is noncompact, we assume that J is convex at
infinity and that the associated Riemannian metric gJ D!. � ; J � / is complete. We also pick an exhaustion
by compacts W1 ¨W2 ¨ � � � of M . When M is compact, we take the convention Wk DM for all k.

We now describe what was meant in the introduction by “geometrically bounded by k”. For every
k 2N, we set

Lk WD fLagrangians L� Int.Wk/ j kBLk< k; L is strictly .kC1/�1-tameg;

where kBLk denotes the maximum of the pointwise operator norm of the second fundamental form of L.
Strict tameness is defined as follows.
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Definition 2.1 Let .M; g/ be a Riemannian manifold, and let L be a submanifold. Let " 2 .0; 1�. We say
that L is strictly "-tame if

inf
x¤y

dM .x; y/

minf1; dL.x; y/g
> ";

where dM is the distance function onM induced by g, and dL is the distance function onL induced by gjL.

In general, this space is too big for our approach, and thus we will instead be studying the following
subspaces. If M is exact with ! D d�, we can consider

L e
k WD fL 2Lk j L is �-exactg

and, if M is monotone,

L
m.�/

k
WD fL 2Lk j L is �-monotone and bounds enough disksg;

where �� 0. By �-monotone, we mean that ! D �� on �2.M;L/, where � is the Maslov index, and that
the minimal Maslov number of L is at least 2. Finally, we introduce the class of Lagrangian submanifolds
bounding enough disks as follows.

Definition 2.2 We say that a Lagrangian submanifold L of M bounds enough disks if the image of the
composition

�2.M;L/
@
�! �1.L/

h
�!H1.LIZ/

has finite cokernel. Here, h is the abelianisation homomorphism.

Remark 2.3 Using the fact that H 1.LIR/D Hom.�1.L/;R/D Hom.H1.LIZ/free;R/, we see that L
bounds enough disks if and only if @� WH 1.LIR/! Hom.�2.M;L/;R/ is injective. In particular, this
condition is automatically satisfied if either H 1.LIR/D 0 or H 1.M IR/D 0.

Example Every contractible loop in an oriented closed surface bounds enough disks. On the other hand,
graphs of closed 1-forms in T �N bound enough disks if and only if H1.N IR/D 0.

Moreover, it will later be of interest to study graphs of Hamiltonian diffeomorphisms. Therefore, when
the symplectic manifold is a product .M �M;�!˚!/, where .M;!/ is closed and monotone, we define

L �
k WD fL 2Lk.M �M/ j LD graph'; ' 2 Ham.M;!/g:

If a result is applicable to L e
k

, L
m.�/

k
, and L �

k
, we will say that it is true for L ?

k
. We will denote the

space without Riemannian bounds by L ?
1, i.e., L ?

1 D
S
k L ?

k
. We will also sometimes write L ?

k
.M/

when we want to make the ambient manifold M more apparent.
Finally, we need to give a precise definition of the family of metrics in which d is allowed to be.

Explicitly, we will ask that d be of Chekanov type and dominated by the Lagrangian Hofer metric. The
former notion was defined in [12], but we recall here the definition. We however refer to [12] for the
proof that the metrics enunciated in the introduction are indeed of Chekanov type.
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Definition 2.4 Let F � L ?.M/. We say that a pseudometric dF on L ?.M/ is of Chekanov type if
for all compatible almost complex structure J , all ı > 0, and all L;L0 2L ?.M/, there exist a finite —
possibly empty — subset fF1; : : : ; Fkg �F with the following property.

For any C 0- and Hofer-small Hamiltonian perturbations zL; zL0; �F1; : : : ; �Fk of the Lagrangian sub-
manifolds above making them pairwise transverse, and for any x 2 zL[ zL0, there exists a nonconstant
J -holomorphic polygon u W Sr !M that

(1) has boundary along zL, zL0 and �F1; : : : ; �Fk;

(2) passes through x;

(3) respects the bound

!.u/� dF .L;L0/C ı:

Let F 0 �L ?.M/ be such that � S
F 2F

F
�
\

� S
F 02F 0

F 0
�

is discrete. We will call OdF ;F 0 WD maxfdF ; dF 0g a Chekanov-type metric if dF and dF 0 are both
Chekanov-type pseudometrics.

For the rest of the paper, we set d D OdF ;F 0 , a metric of Chekanov type associated with families .F ;F 0/
and which is dominated by the Lagrangian Hofer metric dH , i.e., there exists C > 0 such that d � CdH .
In particular, this latter condition ensures that C 1-convergence of a sequence of Lagrangian submanifolds
implies convergence in the metric d [33].

2.2 Useful results from previous work

We now recall some results from previous work for ease of reference later on. We will not write said
results in full generality, but only in the setting which is required for this paper.

Below, we make use of the Hausdorff metric ıH , defined between two compact subsets A and B of M
as

ıH .A;B/ WDmaxfs.AIB/; s.BIA/g;

s.AIB/ WD inff" > 0 j A� B".B/g Dmax
x2A

dM .x; B/;

where B".A/ WD
S
x2AB".x/, i.e., it is the "-neighbourhood of A, and dM is the distance function on M .

Theorem 2.5 [11] There exist constants C1; R1 > 0 with the following property. For all L and L0 in L ?
k

such that d.L;L0/ < R1, we have that

ıH .L;L
0/� C1

p
d.L;L0/;

where ıH denotes the classical Hausdorff distance.
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Theorem 2.6 [12] For all k 2 N and all L in Lk , there exist constants C2; R2 > 0 with the following
property. Whenever L0 2 Lk is such that ıH .L;L0/ < R2, there exists a C 1;˛

0

-small closed 1-form �

of L such that L0 D graph � in a Weinstein neighbourhood of L. Furthermore , if � is exact , then

d.L;L0/� C2ıH .L;L
0/:

Moreover , if a sequence fLig � Lk has Hausdorff limit N , then N is an embedded C 1;˛-Lagrangian
submanifold , and there exist diffeomorphisms fi W N ��! Li for i large such that fi ! 1 in the
C 1;˛

0

-topology, 0 < ˛0 < ˛ < 1.

Remark 2.7 In [12], the limit N was possibly immersed, even in the exact case. However, this was
because we were working with the weaker condition of having bounded volume, instead of being "-tame.
The latter condition ensures that Hausdorff limits are indeed embedded — this is essentially because of
Shen’s compacity result [40].

More precisely, that result ensures that N is the image of an immersion f W L # M that is the
C 1;˛

0

limit of f�i ı 'ig, where �i W Li ,! M is the inclusion and fi W L ��! Li is a diffeomorphism.
It also ensures that .�i ıfi /�gJ converges to f �gJ , which is of class C 1;˛ . Therefore, if x ¤ y 2 L are
such that f .x/ D f .y/, then dM

�
�i .fi .x//; �i .fi .y//

�
tends to 0. Note that dLi

�
�i .fi .x//; �i .fi .y//

�
is equal to dL.x; y/ in the metric .�i ıfi /�gJ , which stays bounded away from 0 since those metrics
converge to f �gJ . Indeed, suppose that these distances tend to 0, and let ci W Œ0; 1�! L be a minimal
.�i ıfi /

�gJ -geodesic from x to y. Then

j Pci jf �gJ �M j Pci j.�iıfi /�gJ DMd
.�iıfi /

�gJ
L .x; y/�D

since .�i ı fi /�gJ ! f �gJ and d .�iıfi /
�gJ

L .x; y/ ! 0. Therefore, up to a subsequence, fcig must
converge in both W 1;1- and C 0-topologies to some path c from x to y. But then,

lim
i
d
.�iıfi /

�gJ
L .x; y/�

Z 1

0
lim
i
j Pci j.�iıfi /�gJ D

Z 1

0
j Pcjf �gJ � d

f �gJ
L .x; y/ > 0

by Fatou’s lemma. Hence, there is a contradiction, and dLi
�
�i .fi .x//; �i .fi .y//

�
must be uniformly

bounded away from 0. But that is not possible if all the Li are strictly "-tame for some " > 0, since
dM

�
�i .fi .x//; �i .fi .y//

�
! 0. Therefore, f must be an embedding.

In the nonexact case, this is also why the additional condition that L0 and L have the same first
Betti number is no longer required here: if a sequence fLig with Betti number b1.Li / D b were to
Hausdorff-converge to a Lagrangian submanifold L with b1.L/ < b, then the limit f above would be a
nontrivial cover onto its image — see Proposition 1 of [12] — and thus not an embedding.

2.3 Applying Theorem 2.6

To study L ?
k

, it will be important to know that the 1-form � appearing in Theorem 2.6 is exact. When L
and L0 are exact and the Weinstein neighbourhood ‰ WD�rL!M is exact, i.e., ‰��D �0C dF for
some F W T �L! R, this is self-evident. We now extend this to monotone Lagrangian submanifolds
bounding enough disks.
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Lemma 2.8 Let L;L0 2L
m.�/

k
. Suppose that L0D graph � in a Weinstein neighbourhood ‰ of L. Then ,

� is exact.

Proof Suppose that � is not exact. Then, there exists a loop 
 WS1!L such that h�; 
i¤ 0. In particular,
it must be that 
 represents a nonzero class in H1.LIZ/free. Since L bounds enough disks, there is thus a
disk D in M whose boundary lies on L and is some iterate 
m of 
 .

Let u W S1 � Œ0; 1�! T �L be the cylinder given by u.t; s/ D
�

.mt/; s�.
.mt//

�
. Note that u has

nonzero area, Z
S1�Œ0;1�

u�!0 D

Z
S1
.� ı 
m/��0 D

Z
S1
.
m/�� Dm

Z
S1

�� ¤ 0;

where we have made use of the fact that the zero-section is �0-exact and of the tautological property of �0,
i.e., ���0 D � . Since ‰ preserves the symplectic form, C D‰.u.S1 � Œ0; 1�// has nonzero area in M .

Then, we have that

!.D/D ��.D/;

but also

!.D/C!.C/D !.D #C/D ��.D #C/D ��.D/;

which is obviously a contradiction. Therefore, � must be exact.

We now show that Theorem 2.6 also applies to the space of graphs L �
k
DL �

k
.M �M/, even when

that space is equipped with the metric

d 0H .graph'1; graph'2/ WD k'1'�12 kH ;

where k � kH is the Hofer norm on M . It is not clear at all that this is the case since Theorem 2.6 requires
that d � dH , but we have here that d D d 0H � dH . However, we have that C 1-close graphs are also
d 0H -close — this is the key to applying Theorem 2.6.

Proposition 2.9 For all L in L �
k

, there exist constants C2; R2 > 0 with the following property. Whenever
L0 2L �

k
is such that ıH .L;L0/ <R2, there exists a C 2;˛

0

-small function f of L such that L0D graph df
in a Weinstein neighbourhood of L.

Furthermore , if a sequence of graphs fLig�L �
k

Hausdorff-converges to another graphL, thenLi!L

in d 0H .

Proof Since LD .1� '/.�/ for some ' 2 Ham.M/ and .1� '/.L �
k
/ �L �

k0
for some k0, it suffices

to prove the statement for LD� and R2 such that BR2.�/ is contained in a small enough Weinstein
neighbourhood of �. The proof follows from the typical flux argument, but we give here the details.

Fix a Weinstein neighbourhood‰ WD�RM!M �M of the diagonal, and let fLi D graph'ig�L �
k

be
such that Li �‰.D�riL/, where frig � .0; R� is a decreasing sequence converging to 0. Then, Li!� in
the Hausdorff metric (see Lemma 1 of [12]), and there are 1-forms �i on M such that Li D‰.graph �i /
for i large by Theorem 2.6.
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In fact, the theorem implies that f�ig must C 1-converge to 0. Therefore, for i large, ‰.graph t�i /
is a graph for all t 2 Œ0; 1�, and we can define f ti gt2Œ0;1� � Symp.M/ via graph ti D ‰.graph t�i /.
A direct computation gives Flux.f ti g/D Œ�i �. But fix a Hamiltonian isotopy f'ti g with '1i D 'i , then the
concatenation ‰i D  i #'i of f ti g with f'1�ti g is a loop in Symp.M/. Therefore,

Flux.‰i /D Flux.f ti g/�Flux.f'ti g/D Œ�i �

is in the flux group �! of M . By the flux conjecture (proved by Ono [34]), �! is discrete. Since �i ! 0,
we must thus have that Œ�i �D 0, i.e., �i D dfi , for i large.

To get the neighbourhood, just note that if such a neighbourhood did not exist, we could construct
a sequence fLig converging to the diagonal, but such that every �i is nonexact, which would be a
contradiction.

The last statement follows directly from what we have already said: Li D graph'i ! LD graph' in
the Hausdorff metric, then it must be that 'i ! ' in the C 1-topology, and thus also in the Hofer norm.

3 Topological and metric properties of the geometrically bounded spaces

We now prove some topological and metric properties of L ?
k

and their various metric completions. More
precisely, in Section 3.1, we prove Theorem A and some of its direct consequences. In Section 3.2, we
then prove Theorem C. We also use some comparison results to get a weaker version of that theorem
which holds in any Riemannian metric. We conclude in Section 3.3 with an analysis of local Hausdorff
geodesics. We also use this to conclude that many natural variations of the Hausdorff on L ?

k
are in fact

equivalent on those spaces.

3.1 Compactness and metric completions

We now move to prove results about the compactness of the various metric completions of L ?
k

.
It follows directly from Theorems 2.5 and 2.6 that every L 2L ?

k
has a neighbourhood where both

metrics are equivalent. We thus get directly the following result.

Corollary 3.1 The topology on L ?
k

induced by ıH is equivalent to the one induced by d .

The new observation is that we can actually extend this equivalence to the completions.

Proposition 3.2 The metric completions of L ?
k

in ıH and d are homeomorphic.

Proof Recall that the metric completion bL ?
k

of L ?
k

in d is defined as the space of Cauchy sequences
in L ?

k
up to equivalence. Two Cauchy sequences fLig and fL0j g are called equivalent if for all " > 0

there exist I 2N such that d.Li ; L0j / < " for all i; j � I . For our result, it thus suffices to show that d
and ıH have the same Cauchy sequences and the same notion of equivalence between them.

By Theorem 2.5, d -Cauchy sequences are also ıH -Cauchy sequences. Likewise, when two d -Cauchy
sequences are d -equivalent, they are also ıH -equivalent.
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Suppose that fLig is a ıH -Cauchy sequence. Denote by N its Hausdorff limit, and fix " > 0. By
Theorem 2.6, we know that N is actually an embedded Lagrangian C 1;˛-submanifold. Therefore, we can
take a sequence fL0ig such that

(1) dH .Li ; L0i /� ";

(2) fL0ig Hausdorff-converges to a smooth submanifold N 0;

(3) ıH .N;N 0/� ".

For example, this can be done by taking a sequence of generic Hamiltonians fHig with kHik � " which
is also C 1-Cauchy and then taking L0i D '

Hi .Li /. If ?D � , we also can suppose that N 0 is a graph.

But since N 0 is smooth, L0i
ıH
��!N 0 implies that L0i

d
�!N 0 by Theorem 2.6 — or by Proposition 2.9

when working with graphs and d D d 0H . Therefore, fL0ig is also d -Cauchy, and we get that

d.Li ; Lj /� dH .Li ; L
0
i /C d.L

0
i ; L
0
j /C dH .L

0
j ; Lj /� 3"

for i and j large. The sequence fLig is thus itself d -Cauchy. The proof that both metrics have the same
notion of equivalence between Cauchy sequences is analogous.

Noting that the space of closed subsets of the compact Wk is compact in the Hausdorff metric (see, for
example, [24]) and that the completion of L ?

k
in the Hausdorff metric can be identified with its closure in

this space, we get directly the following corollary.

Corollary 3.3 The metric completion bL ?
k

of L ?
k

in d is compact.

This thus completes the proof of Theorem A. Note that the compactness result also implies that the
uncompleted space L ?

k
is precompact in bL ?

k
, so that we get from the generalised Heine–Borel theorem

the following.

Corollary 3.4 The space L ?
k

is totally bounded in d , i.e., for every " > 0, every cover of L ?
k

by d -balls
of radius " admits a finite subcover.

As we shall see below, this is the statement that will be useful for the corollaries appearing in the
introduction.

3.2 Local contractibility

We finally show some local path-connectedness properties for L ?
k

and bL ?
k

with some additional hypotheses
on M . In fact, in each case, we end up proving something stronger: the spaces are locally contractible.

Note that this subsection makes heavy use of Riemannian-geometric results, which we have decided to
keep for a dedicated appendix at the end of this paper. This thus makes this part much more readable if
one is willing to accept those technical results.

The Sasaki metric case We first show that given L, the metric may be chosen so that we have a system
of contractible neighbourhoods, i.e., we prove the part of Theorem C that is not specific to dimension 2.
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Proposition 3.5 Suppose that gDgJ is such that , in a Weinstein neighbourhood ofL2L ?
k

, it corresponds
to the Sasaki metric of gjL. Then , L possesses a system of contractible neighbourhoods in L ?

k
.

Proof Given Theorem 2.6, we can identify a sufficiently small neighbourhood ofL to a set of C 1;˛
0

-small
exact forms. Furthermore, as the neighbourhood gets smaller, the C 1;˛

0

-norm of the forms tends to 0 —
this is a consequence of the second part of Theorem 2.6.

Therefore, it suffices to prove that such a set of forms must be star-shaped about the origin. The result
thus follows from Lemmata A.1, A.3, and A.7. For convenience of computation, these lemmata are stated
for vector fields on L instead of forms, but this is equivalent given the musical isomorphisms of gjL.

Note that Proposition 3.5 extends to the metric completion of L ?
k

.

Corollary 3.6 Let L and g be as in Proposition 3.5. The Lagrangian L also possesses a system of
contractible neighbourhoods in the metric completion bL ?

k
in d .

Proof By the proof of Proposition 3.5, we know that if L0 D graph dH is smooth and in a small enough
neighbourhood, then tL0 D graph tdH stays in that neighbourhood for all t 2 Œ0; 1�.

Suppose now that L0 2 bL ?
k

is not smooth but in the (completion of the) same neighbourhood. By
definition, there is thus a sequence fLig �L ?

k
in that neighbourhood such that Li ! L in the Hausdorff

metric. But then, tLi stays in it for all t 2 Œ0; 1�. By continuity of multiplication by a scalar, we have that
tLi ! tL0 in the Hausdorff metric. Therefore, tL0 stays in the same neighbourhood as L0, which gives
the result.

The two-dimensional case Even though we expect any L in L ?
k

to have a system of contractible
neighbourhoods for any metric g, the computations involved quickly become too complex to handle. An
exception to this is when dimM D 2. Namely, we can prove the following, which corresponds to the
second part of Theorem C.

Proposition 3.7 Let dimM D 2 and k 2N. Every Lagrangian L 2L ?
k

admits a system of contractible
neighbourhoods.

To do so, we employ a similar approach to the Sasaki case. We can do this because, in dimension 2,
a tubular neighbourhood of L admits some fairly nice coordinates given by

'W .0; `/� .�r; r/!M; .s; t/ 7! exp
.s/.tJ P
.s//;

where 
 W Œ0; `/! L is a parametrisation such that j P
 j � 1. Note that

'�g D jW j2ds2C dt2;

'�J D jW j
@

@t
˝ ds�

1

jW j

@

@s
˝ dt;

'�! D jW jds ^ dt D d

��
�

Z t

0

jW j d�

�
ds

�
;

Algebraic & Geometric Topology, Volume 26 (2026)



1936 Jean-Philippe Chassé

where W.s; t/ is the value at time t of the unique Jacobi field along the geodesic t 7! '.s; t/ such that
W.s; 0/ D P
.s/ and PW .s; 0/ D ��.s/ P
.s/. Here, � is the (signed) geodesic curvature of L, which is
defined via the relation R
 WD r P
 P
 D �J P
 .

In these coordinates, a graph L0D f.s; �.s// j s 2 Œ0; `/g DW graph � is in the same Hamiltonian isotopy
class in S1 � .�r; r/ as LD graph 0 if and only if s 7!

R �.s/
0 jW j dt admits a primitive, which in turn is

equivalent to

(1)
Z `

0

Z �.s/

0

jW j dt ds D 0:

In particular, even if graph � is exact, one should not expect graph˛� to be for ˛ 2 .0; 1/. We can however
circumvent this problem by slightly adjusting our approach.

Lemma 3.8 Suppose that k�k WD maxj�j < r
2

. Then , for any ˛ 2 Œ0; 1�, there exists a unique real
number c.˛/ in

�
�
r
2
; r
2

�
such that �˛ WD ˛� C c.˛/ defines an exact graph. Furthermore , c depends

continuously on ˛ and jc.˛/j � ˛k�k. In particular , the path ˛ 7! graph �˛ is Hausdorff-continuous and
stays in the image of '.

Moreover , if k�k< r
3

, then

jc.˛/� c.˛0/j � k�k j˛�˛0j:

Proof Fix ˛ 2 Œ0; 1�. For each s 2 Œ0; `/, the map � 7!
R ˛�.s/C�
0 jW j dt is increasing on

�
�
r
2
; r
2

�
. Indeed,

jW j > 0 for all .s; t/ 2 Œ0; `/� .�r; r/ since ' is a chart, and j˛�.s/C � j � k�kC r
2
< r . Furthermore,

the map is positive if � > ˛k�k and negative if � <�˛k�k for the same reason. Therefore, the same holds
for the function � 7!

R `
0

R ˛�.s/C�
0 jW j dt ds. In particular, there is a unique solution � D c.˛/ in

�
�
r
2
; r
2

�
to (1), that is such that Z `

0

Z ˛�.s/Cc.˛/

0

jW j dt ds D 0:

The continuity of c follows directly from the fact that
R `
0

R ˛�.s/C�
0 jW j dt ds depends continuously

on ˛. The estimate on the value of c follows from the fact that this integral is positive if � > ˛k�k and
negative if � < �˛k�k.

The final estimate follows from applying the same logic as above to the function

� 7!

Z `

0

Z .˛�˛0/�.s/C��c.˛0/

0

jW j dt

and noting that � D c.˛/ must be its unique zero in
�
�
r
3
; r
3

�
.

Therefore, we are precisely in the setting of Section A.2, and Proposition 3.7 follows directly from
applying Lemmata A.9 and A.11 to the path ˛ 7! �˛.

The general case We now partially extend the local path-connectedness result to other metrics than the
Sasaki ones. The results are of course weaker in this context, but they still point in the same direction as
the locally Sasaki case. More precisely, we get the following.
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Proposition 3.9 For every k > 0 and L 2 L ?
k

, there are a � 1 and b � 0 with the following property.
The Lagrangian submanifold L possesses a system of neighbourhoods U in L ?

k
such that the inclusion

U ,!L ?
akCb

is nullhomotopic.

This follows directly from combining the Sasaki case (Proposition 3.5) with the comparison results
Lemmata A.12 and A.13 below.

3.3 Local geodesics

We now turn our attention to the geodesics in the Hausdorff metric in a neighbourhood of a Lagrangian
submanifold L 2L ?

k
.

We first recall the definition of a geodesic in a general metric space.

Definition 3.10 Let .X; d/ be a metric space. The length of curve c W Œa; b�!X is given by

`.c/ WD sup
aDt0<���<t`Db

X̀
iD1

d.c.ti�1/; c.ti // 2 Œ0;1�:

We say that c has constant speed if there exist �� 0 such that `.cjŒt;s�/D �jt � sj for all a � t � s � b.
In that case, we call � its speed.

A geodesic is a curve c W Œa; b�!X which has constant speed and is locally minimising in d , i.e., for
every t0 2 Œa; b�, there is some " > 0 such that if t � s 2 Œa; b�\ .t0� "; t0C "/, then

`.cjŒt;s�/D d.c.t/; c.s//:

If the above equality holds for all t; s 2 Œa; b�, then we call c a minimising geodesic.

We begin by describing certain geodesics in the Hausdorff distance in a small enough neighbourhood
of any submanifold.

Proposition 3.11 Let N be a submanifold of a complete Riemannian manifold M with tubular neigh-
bourhood U , i.e., there is a neighbourhood V of the zero-section of TN? such that the exponential gives
a diffeomorphism V ��! U . Suppose that V D B".N / for some " > 0, that is , V is the "-neighbourhood
of the zero-section in TN?. If N 0 � U is a submanifold such that N 0 D exp �.N / for some section �
of TN?, then

ıH .tN
0; sN 0/D jt � sjmaxj� j

for all t; s 2 Œ0; 1�, where tN 0 WD exp t�.N /.

We get directly from this a characterisation of the radial Hausdorff-geodesics.

Corollary 3.12 If N and N 0 are as above , the path defined by c.t/D tN 0 is a minimal geodesic in the
space of submanifolds of M equipped with the Hausdorff metric. In particular , if the Riemannian metric
corresponds to the Sasaki metric on a Weinstein neighbourhood of L 2L ?

k
, then L possesses a system of

geodesically star-shaped neighbourhoods in .L ?
k
; ıH /.
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Proof Take 0� a < b � 1. Then, the length of cjŒa;b� is given by

`.cjŒa;b�/D sup
aDt0<���<t`Db

X̀
iD1

ıH .c.ti�1/; c.ti //

D sup
aDt0<���<t`Db

X̀
iD1

.ti � ti�1/maxj� j

D .b� a/maxj� j

D ıH .c.a/; c.b//;

which proves the first part of the result.
The statement on geodesically star-shaped then follows directly, knowing that tL0 stays in L ?

k
by

Proposition 3.5.

Proof of Proposition 3.11 We first note that, for every t; s 2 Œ0; 1�,

(2) s.tN 0I sN 0/Dmax
x2N

dM .exp t�.x/; sN 0/

Dmax
x2N

inf
y2sN 0

dM .exp t�.x/; y/

�max
x2N

dM .exp t�.x/; exp s�.x//D jt � sjmaxj� j;

since the exponential on V is a radial isometry. By exchanging the role of s and t above, we get that
ıH .tN

0; sN 0/Dmaxfs.tN 0I sN 0/; s.sN 0I tN 0/g � jt � sjmaxj� j.
Suppose that s < t , and let x0 2N be such that j�.x0/j Dmaxj� j. Suppose that there exists y 2N

such that dM .exp t�.x0/; exp s�.y// < dM .exp t�.x0/; exp s�.x0//D .t � s/j�.x0/j. Then,

t j�.x0/j D .t � s/j�.x0/jC sj�.x0/j

� dM .exp t�.x0/; exp s�.x0//C sj�.y/j

> dM .exp t�.x0/; exp s�.y//C dM .y; exp s�.y//

� dM .exp t�.x0/; y/:
This means that

dM .exp t�.x0/; N /� dM .exp t�.x0/; y/ < t j�.x0/j:

Let 
 W Œ0; 1�!M be a minimal geodesic from N to exp t�.x0/. Since N is closed, 
 0.0/2 TN?, so that

.t/D exp.t
 0.0//. But then, j
 0.0/j D dM .exp t�.x0/; N / < t j�.x0/j< ". Therefore, 
 0.0/ and t�.x0/
are two vectors in V whose image under the exponential map is exp t�.x0/, which is a contradiction
with the hypothesis that exp jV be a diffeomorphism onto its image. The inequality (2) is thus in fact an
equality, which proves the lemma.

In the two-dimensional case, things are not as straightforward. Indeed, it is easy to see that the above
proof gives that

ıH .graph �˛; graph �˛0/Dmaxj�˛ � �˛0 j;
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which means that we should not expect ˛ 7! �˛ to be a Hausdorff-geodesic in general. However, the above
equality together with the estimate on the Lipschitz constant of c.˛/ in Lemma 3.8 gives the following.

Lemma 3.13 Suppose that dimM D 2. Every L 2L ?
k

has a neighbourhood U in L ?
k

such that

ıH .graph �˛; graph �˛0/� 2j˛�˛0jmaxj�j D 2j˛�˛0jıH .L; graph �/;

whenever graph � 2 U .

Variations on the Hausdorff metric Following a result of Sosov [42], the Hausdorff metric between L
and L0 is given by the infimum over all ıH -continuous paths of closed subsets from L to L0. In fact, this
infimum is even realised by a geodesic. This is because we have chosen the Riemannian metric onM so that
.M; dM / is a complete, geodesic metric space. Therefore, his definition of a geodesic corresponds to ours.

In this context, it is thus natural to consider what happens when we take the infimum over paths in a
smaller set. More precisely, we are interested in the two following variants of the usual Hausdorff metric
on L ?

k
:

ıMan
H .L0; L1/ WD inff`.c/ j c.i/D Li ; c.t/ is an n-dimensional manifold 8t 2 Œ0; 1�g;

ı
.?;k/
H .L0; L1/ WD inff`.c/ j c.i/D Li ; c.t/ 2L ?

k 8t 2 Œ0; 1�g:

Here, all c’s are ıH -continuous, and all manifolds are smooth, closed, and connected. Note that

ıH � ı
Man
H � ı

.?;k/
H :

The first part of this subsection shows that, at least locally, these inequalities are equalities in good cases.

Proposition 3.14 Every L 2L ?
k

has a neighbourhood U in L ?
k

such that for all L0 2 U , the following
holds.

(i) ıMan
H .L;L0/D ıH .L;L

0/.

(ii) If the Riemannian metric of M corresponds to the Sasaki metric on a Weinstein neighbourhood of L,
then ı.?;k/H .L;L0/D ıH .L;L

0/.

(iii) If dimM D 2, then ı.?;k/H .L;L0/� 2ıH .L;L
0/.

Proof We take U to be a tubular neighbourhood of L. By making U smaller if necessary, we may
suppose that all L0 2 L ?

k
such that L0 � U are graphs by Theorem 2.6. Therefore, (i) and (ii) follow

directly from Corollary 3.12. Likewise, (iii) follows from Lemma 3.13.

In particular, we get the following characterisation of the topologies induced by the variations of the
Hausdorff metric.

Corollary 3.15 The metrics ıMan
H and ıH induce the same topology on L ?

k
. If dimM D 2, then the same

holds for ı.?;k/H and ıH .
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4 Symplectic properties of the geometrically bounded spaces
We now show some symplectic properties of the Lagrangian submanifolds in L ?

k
which derive from the

topological and metric properties proved above. More precisely, we first prove Theorem B in Section 4.1.
The rest of the subsections are then dedicated to proving the many corollaries following the first principle
appearing in the introduction.

4.1 Hamiltonian isotopy classes

We explain how the connected components of L ?
k

are related to the isotopy classes of the Lagrangian
submanifolds they contain.

Proposition 4.1 For each k > 0, there exists A > 0 with the following property. If L;L0 2L ?
k

are not
Hamiltonian isotopic , then

d.L;L0/� A:

Proof Let fLig and fL0ig be sequences in L ?
k

such that d.Li ; L0i / tends to zero, that is, they are equivalent
in d . By Proposition 3.2, they must then be also equivalent in dH . In particular, d.Li ; L0i / is finite for i
large, which implies that they are Hamiltonian isotopic for i large. Thus, such an A > 0 must exist.

Finally, we can similarly get a fairly powerful result on the possible Hamiltonian isotopy classes in L ?
k

.

Proposition 4.2 There are finitely many Hamiltonian isotopy classes in L ?
k

.

Proof Suppose the contrary. Then, there exists a sequence fLig �L ?
k

with Li not Hamiltonian isotopic
to Lj if i ¤ j . By Corollary 3.3, we may pass to a converging subsequence. But by Proposition 4.1
above, we will eventually get d.Li ; Lj / < A, so that Li must be Hamiltonian isotopic to Lj for i and j
large, and we have a contradiction.

We close this section with a simple, but important observation: it is necessary to fix a Liouville form �

when ?D e or a monotonicity constant � for ?Dm.�/. Likewise, we truly need the “bounding enough
disks” condition for our results to hold. Indeed, in each case when one of these conditions is broken, we
get a counterexample to Proposition 4.2.

� On the flat cylinder T �S1, each parallel is a totally geodesic 1-tame Lagrangian submanifold which
is exact for some primitive of the usual symplectic form. However, that primitive is different for each
parallel, i.e., only one of them can belong to L e.T �S1/.

� These parallels can also be seen as monotone Lagrangian submanifold for any � � 0. However, they
bound no disk at all, and thus do not respect the condition of bounding enough disks, i.e., they never
belong to Lm.�/.T �S1/.

� In R2 with its usual structure, the Hamiltonian isotopy class of a circle is determined by the area it
encloses. Clearly, for any k > 0, there is a continuum of possible areas enclosed by a circle in Lk.R

2/.
Furthermore, each of these circles are monotone. However, they are all so for different monotonicity
constants, i.e., only one class can belong to any Lm.�/.R2/.
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Remark 4.3 In dimension 2, Proposition 4.2 follows directly from Proposition 4.1 and Corollary 3.3,
since we then know that bL ?

k
is locally path connected by Proposition 3.7. Indeed, this ensures that the

connected components of bL ?
k

are open, and they are thus in finite number, by compactness of the space.
But by Proposition 4.1, each connected component is contained in a unique Hamiltonian class, so that the
latter must also be in finite number.

4.2 Boundedness of d

We now prove the corollary on the boundedness of d when it is restricted to one Hamiltonian orbit.

Corollary 4.4 For every k� 1, there is some B >0 with the following property. LetL;L0 2L ?
k

. Suppose
that either L and L0 are Hamiltonian isotopic or that M D T �N , ?D e, and d D 
 . Then ,

d.L;L0/� B:

Proof If L;L0 2L
L0
k

for some L0 2L ?
1, then dH .L;L0/ <1 by definition. Since d is dominated

by dH , we thus also have that d.L;L0/ < 1. Therefore, total boundedness of L
L0
k

(as proved in
Corollary 3.4) implies boundedness.

When M D T �N , ?D e, and d D 
 , the same argument works because we then have d.L;L0/ <1
for all L;L0 2L ?

k
.

Remark 4.5 The improvement here, compared to the version of the Viterbo conjecture appearing in [12],
is that the bound on 
.L/ stands for all exact Lagrangian submanifolds in the unit codisk bundle, not
just in a codisk bundle of small enough radius. However, the constant A now explicitly depends on k.
We have however not simply rescaled the previous estimate: the present bound applies to Lagrangian
submanifolds which are not graphs, which was not the case previously.

4.3 Graphs and Ostrover’s example

In [35], Ostrover constructs, for every closed symplectic manifold M such that �2.M/D 0 and any c > 0
small enough, a sequence of Hamiltonian diffeomorphisms f'ci g � Ham.M/ such that

(1) k'ci kH
i!1
���!1;

(2) dH .�; graph'ci /� c,

where ��M �M is the diagonal and dH is the Lagrangian Hofer metric of M �M . In particular, if we
set 'i WD '

1=i
i , we get a sequence of Hamiltonian diffeomorphisms which Hofer-converges to infinity,

but whose graphs Lagrangian–Hofer-converges to the diagonal. In this subsection, we want to show that
such a phenomenon is impossible in the world of geometrically bounded Lagrangian graphs. That is, we
show the second corollary in the introduction.

Note that contrary to all other subsections of this paper, we do not require that our monotone Lagrangian
submanifolds bound enough disks. We recall that

L �
k D fL 2Lk.M �M/ j LD graph'; ' 2 Ham.M/g;

where M is equipped with some Riemannian metric, and M �M , with the resulting product metric.
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From Proposition 2.9, Theorem 2.6 applies to L �
k

equipped with the metric d 0H induced by the Hofer
norm, i.e., defined by

d 0H .graph'1; graph'2/ WD k'1'�12 kH ;

where k � kH is the Hofer norm of M . Since d 0H � dH , Theorem 2.5 also trivially applies. In particular,
we can make use of Corollary 3.4. We thus get the following, since L �

k
contains a unique Hamiltonian

isotopy class.

Corollary 4.6 On L �
k

, dH and d 0H induce the same topology, Furthermore , d 0H is bounded. In particular ,
an example à la Ostrover does not exist in L �

k
.

Note that we have a defined notion of C 1-distance between graphs and of C 1-bounds on them through
the diffeomorphisms that define them. We suspect that the spaces resulting from these bounds also obey a
result analogous to Corollary 4.6 above.

However, working with curvature bounds of the graphs allows the limit in the completion to be
represented by Lagrangian submanifolds of M �M which are not graphs. In particular, we get the
following.

Corollary 4.7 There are elements in the metric completion of .Ham.M/; k � kH / which can uniquely be
represented by nongraphical (C 1;˛) Lagrangian submanifolds of M �M .

It would be quite interesting to be able to detect which elements of the completion have this property.

Remark 4.8 One could ask the same question as above but with the Hofer norm replaced by the spectral
one. However, this is a trivial question: it is known [32] that in the monotone setting, the spectral norm of a
Hamiltonian diffeomorphism in M is equal to the spectral distance of its graph to the diagonal in M �M .

4.4 Order of a symplectomorphism and categorical entropy

We now move on to the first corollary of Theorem B. That result (or more precisely, Proposition 4.2)
directly implies the following.

Corollary 4.9 Let L 2 L ?
k

, and let  be a symplectomorphism of M . If there exist k � 1 such that
 �.L/ 2L ?

k
for all � � 1, then there exist N such that  N .L/ is Hamiltonian isotopic to L.

In fact, we can make the above statement somewhat quantitative through the various notions of entropy.
First of all, we note that we have a criterion for the vanishing of barcode entropy — we refer the reader
to [10; 16] for the definitions.

Corollary 4.10 Let L and  be as in Corollary 4.9. If  is Hamiltonian and L0 is another exact or
monotone Lagrangian submanifold , then the relative barcode entropy „. IL;L0/ vanishes. If L, L0,
and  are all exact , then the same holds for the slow relative barcode entropy „sl. IL;L0/.

Proof By Proposition 4 of [12],  �.L/ 2 L ?
k

for all � implies a universal bound on the volume of
the  �.L/. The result on the usual barcode entropy then follows directly from the proof of Theorem 2.4
of [10]. The result on slow barcode entropy follows instead from the proof of Theorem A of [16].
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Perhaps more interestingly however, we gather from Corollary 4.9 a geometrical criterion for the
vanishing of the so-called categorical entropy of a symplectomorphism, which we define below. We make
use of the definition using multiple generators of [6], instead of the original definition using a single split
generator [17], but it is shown in the former paper that these are equivalent. The reason for this is that we
want to work with actual Lagrangian submanifolds, not abstract twisted complexes or modules over the
Fukaya category.

We first introduce the following notation. Let C be a (nongraded) triangulated category. For a morphism
f W A! B in C , we denote by Cone.f / its cone, i.e.,the unique-up-to-isomorphism object turning
A! B ! Cone.f /! A into a distinguished triangle of C . More generally, we define by induction
Cone.f1; : : : ; fm/ to be the cone of the map fm W Am! Cone.f1; : : : ; fm�1/.

Definition 4.11 Let C be a nongraded triangulated category, and let A;G1; : : : ; G` be objects of C . The
complexity of A with respect to G1; : : : G` is given by

ı.G1; : : : ; G`IA/ WD inffm j A˚A0 D Cone.f1; : : : ; fm/; A0 2 Ob.C /; domfi 2 fG1; : : : ; G`gg:

Furthermore, if G1; : : : G` split-generate C and ˆ is an endofunctor of C , we define its categorical
entropy to be

hcat.ˆ/ WD lim
�!1

ı.G1; : : : ; G`Iˆ
�.G1˚ � � �˚G`//

�
2 Œ0;C1�:

In other words, complexity measures how many iterated cones are needed to get A from G1; : : : ; G`

up to some splitting, whilst categorical entropy measures how much ˆ “complexifies” the generators
of C . As the notation suggests, the definition of categorical entropy is independent of the choice of
split-generators.

Remark 4.12 In the definition of complexity above, we could replace the A˚A0 D Cone.f1; : : : ; fm/
condition by simply AD Cone.f1; : : : ; fm/ and then work with generators to define categorical entropy.
This is perfectly valid but leads to a number which is — in general — larger than what we have defined
here. Since we are interested in a criterion for the vanishing of entropy, it is a more general approach to
work with split-generation.

In the symplectic context, we take C to be the derived Fukaya category DFuk?.M/ generated by L ?
1—

this is well defined in both the exact [37] and monotone [41] settings. Then, any symplectomorphism  

preserving L ?
1 will induce an endofunctor of DFuk?.M/— we will call the categorical entropy of that

functor the categorical entropy of  . The following result follows directly from Corollary 4.9 since
Hamiltonian isotopic Lagrangian submanifolds induce isomorphic objects in the derived Fukaya category.

Corollary 4.13 Suppose that  is a symplectomorphism of M preserving L ?
1 such that , for a set of

generatorL1; : : : L` of DFuk?.M/,  �.Li /2L ?
k

for some k, for every � and every i . Then , hcat. /D 0.

In other words, if hcat. / > 0, then there is some Lagrangian submanifold L which is a factor of
a split-generator G of DFuk?.M/ such that the sequence f �.L/g is not contained in any L ?

k
. Note
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that we may suppose that such a Lagrangian submanifold L induces a nontrivial object in DFuk?.M/.
Thus,  must then deform some Floer-theoretically essential Lagrangian submanifold.

Remark 4.14 There is currently work in progress from Ambrosioni, Biran, and Cornea which defines
weighted versions of categorical entropy coming from the triangulated persistence structure of the derived
Fukaya category [8], which associates to cones an associated weight. Because our spaces are all totally
bounded, we expect that their notion of entropy is also well behaved in our setting, so that we can expect
similar results as above.

Remark 4.15 Lemmata A.12 and A.13 below imply that, for any symplectomorphism  preserving L ?
1

and any L 2L ?
1, the quantity

�. IL/ WD lim sup
�!1

logC
�
k. �.L//

�
�

2 Œ0;C1�;

where k.L/ WD inffk j L 2 L ?
k
g and logC.x/ WD maxf0; log.x/g, is independent on the Riemannian

metric g on M or on the choice of compacts Wk . However, the geometric meaning of this quantity is still
unclear to us.

For example, it is well known that the quantity

�. IL/ WD lim sup
�!1

logC
�
Vol. �.L//

�
�

2 Œ0;C1�

is a lower bound to topological entropy [45] and an upper bound to barcode entropy with anyL0 2L ?
1 [10].

Furthermore, we have shown (Proposition 4 of [12]) that being in Lk implies respecting a volume bound.
However, that volume bound is generally not polynomial in k, so that there is no obvious link between �
and � — and thus between � and entropy.

Even in the case when nD 1, in which case the volume bound reduces to

Vol.B.kC1/�1.Wk//� 2bDiam.L/cminfDiam.L/; .kC 1/�1g;(3)

with Vol.L/D 2 Diam.L/, this only implies that

�. IL/� �. IL/� lim sup
�!1

log.Vol.Wk. �.L////
�

:(4)

But the right-hand side vanishes. Indeed, we have the freedom to choose in (3) any Wk containing  �.L/.
In particular, let Wk be the “smallest” possible choice: the tubular neighbourhood of  �.L/ of radius r
for r small. Then, Vol.Wk/ behaves like Vol. �.L//r — see, for example, Theorem 9.23 of [21] — and
the superior limit is simply �. IL/.

4.5 Connected components of bL ?
k

We now move to the second corollary of Theorem B. In fact, we prove the following slightly stronger
statement.

Algebraic & Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1945

Corollary 4.16 If L and L0 are smooth Lagrangian submanifolds belonging to the same connected
component of L ?

k
or of bL ?

k
, then they are Hamiltonian isotopic.

In particular , L and L0 are Hamiltonian isotopic if there is a d -continuous path in bL ?
k

from L to L0.

Proof Note that the set L
L0
k
D .Ham.M/ �L0/ �L

?
k

must be a clopen of L ?
k

. Indeed, the fact that
d.L;L0/� A > 0 whenever L0 2L ?

k
is not Hamiltonian isotopic to L implies that L

L0
k

contains all of
its limit points in L ?

k
, i.e., L

L0
k

is closed. But that fact also implies that L
L0
k

is equal to the union of
the metric balls of radius A

2
centred at points on LL

k
, so that it must also be open. The conclusion then

follows from the fact that a clopen always fully contains the connected components of its points.
For the last statement, simply note that the path-connected component of a point is always contained

in its connected component.

Remark 4.17 Every exact Lagrangian isotopy fLtgt2Œ0;1� respects the hypotheses of Corollary 4.16.
However, these hypotheses are strictly more general. For example, it is proven in [26] that ifH 1.N IR/D0,
then the Floer barcode is C 0-continuous. That is, if t 7! 't is a C 0-continuous path in the C 0-completion
of the group of symplectomorphisms of T �N and L;L0 � T �N are exact, then the Floer barcode
B.'t .L/; L0/ depends continuously of t in the bottleneck distance. In particular, this means that such
a C 0-continuous path t 7! 't .L/ through Lagrangian submanifolds of L e

k
respects the hypotheses of

Corollary 4.16.

4.6 Hofer geodesics

We now finally move on to the corollary of Theorem C in the introduction.
We recall that it has been proven by Milinković [33] that the Hofer and spectral distances between two

graphs in T �L are both given by

dH .graph df; graph dg/D 
.graph df; graph dg/Dmaxjf �gj �minjf �gj:(5)

In particular, if L0 is a graph, then the path t 7! tL0 is a minimising geodesic from L to L0 in the Hofer
metric of T �L.

However, when T �L is embedded in a symplectic manifold M via a Weinstein neighbourhood ‰ of
some Lagrangian submanifold L, (5) is reduced to a simple bound in the Hofer metric of M . In particular,
we are no longer guaranteed that t 7! ‰.tL0/ is minimising when L0 � T �L is a graph. Note that
it is, however, still a geodesic by Theorem 2 of [25]. Indeed, if L0 D graph df , then t 7! ‰.tL0/ is
generated by some extension of ‰�.��f /, whose extrema along ‰.tL0/ are attained at fixed points inT
t ‰.tL

0/D‰.Crit.f //. Therefore, the isotopy is always locally minimising.
In the case when L is either exact or monotone, we can use the results of Sections 3.2 and 3.3 to give

a lower estimate on how far the path t 7!‰.tL0/ is from being minimising. More precisely, we prove the
following.

Corollary 4.18 Let L be a Lagrangian submanifold of M that is either exact or monotone , and let g be a
metric on M which corresponds to the Sasaki metric of L on a Weinstein neighbourhood ‰ WD�rL!M .
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For every k�1, there are constants C >0 and r 0 2 .0; r�with the following property. Whenever f WL!R

is such that ‰.graph df / 2Lk and jdf j � r 0, we have that

dH .‰.t graph df /;‰.s graph df //� C.t � s/2 maxjdf j2

for every t; s 2 Œ0; 1�, where dH is the Hofer distance in M .

Proof Note that ‰.t graph df / 2Lk for all t 2 Œ0; 1� by Proposition 3.5. Therefore, the bound follows
directly from Theorem 2.5 by using Proposition 3.11 to compute ıH .‰.t graph df /;‰.s graph df //.

Remark 4.19 In [12], the precise C is computed in terms of k and the sectional curvature and injectivity
radius of M . In fact, by choosing r 0 small enough, C can be made to only depend on the values of these
invariants on ‰.D�rL/. However, those values still depend on more than just k— except when L is flat.
For example, the sectional curvature and the injectivity radius in the Sasaki metric are not uniformly
bounded in T �L when L is not flat (see [29]), so that C must depend heavily on r . On the other hand,
we can replace the dependency of C on k for one depending on kd'k, where ' is the Hamiltonian
diffeomorphism generated by ���f and � W T �L! L is the natural projection (see [13]).

5 Properties in the limit

There is a natural question of whether the properties of the L ?
k

’s survive in L ?
1. This is however not a

simple matter to see which properties can be transported to the limit: the sequence fLig �L e
1.T

�S1/

in Figure 2 exemplifies how the relation between ıH and d is not as clear in L ?
1. Indeed, one can easily

convince oneself that such a sequence Hofer-converges but does not Hausdorff-converge to L0 (see [11]
for a more detailed analysis of this example).

This sequence suggests that L ?
k

is a fairly pathological subspace of L ?
1, since it indicates that every

open subset of L ?
1 intersect all L ?

k
with large k. In particular, fL ?

k
gk�1 is far from being an exhaustion

of L ?
1 by compact sets, which complicates things.

L0

L2

L2 D fp D cos.2q/g

L0

L10

L10 D fp D cos.10q/g

Figure 2: The sequence fLig and its Hofer limit L0.
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Nonetheless, we make here an attempt to extract properties. More precisely, Sections 5.1 and 5.2 are
dedicated to proving the two corollaries in the introduction which follow the second principle. That is, in
Section 5.1, we show that L ?

1 is separable and, in Section 5.2, that it contains at most countably many
Hamiltonian isotopy classes. We end this part with Section 5.3, which is a study of another possible limit
space of the L ?

k
’s. Even though that space is better suited to the L ?

k
spaces, we show that it basically

has the C 2-topology, and thus captures mostly metric phenomena rather than symplectic ones.

5.1 Topological and metric properties

We investigate the implications of Section 3 to the space L ?
1 of all Lagrangian submanifolds in M

respecting ? when that space is equipped with the metric d . This corresponds to the second corollary of
Theorem A in the introduction.

Proposition 5.1 The metric space .L ?
1; d /— and thus its completion — is separable.

Proof We first note that every totally bounded metric space X is separable. Indeed, for every m� 1, we
can cover X by a finite number of balls of radius 1

m
. Let x1; : : : ; xNm be the centres of these balls. By

construction,

B WD
1[
mD1

fx1; : : : ; xNmg

is then a countable dense subset of X .
In particular, L ?

k
admits a countable dense subset Bk for all k � 1 by Corollary 3.4. Therefore,

S
k Bk

is the required countable dense subset of L ?
1 D

S
k L ?

k

Owing to the equivalence of many topological properties on metric spaces, we directly get the following.

Corollary 5.2 The metric space .L ?
1; d / and its completion are second countable , paracompact , and

hereditarily Lindelöf , i.e., for every subspace A, an open cover of A admits a countable subcover.

Remark 5.3 It was pointed out to us by Vincent Humilière and Egor Shelukhin that the Hamiltonian orbit
of any LagrangianL is always separable in the Lagrangian Hofer metric dH . This follows from the fact that
C1c .Œ0; 1��M/ is separable in the C 1-norm and that dH .'1H .L/; '

1
G.L//�kH #GkH �CkH �GkC1 .

Therefore, Proposition 5.1 is more of a statement on the behaviour of the Hamiltonian isotopy classes
of L ?

1. We will explore them more in depth below.

5.2 Symplectic properties

We now explore the possible Hamiltonian isotopy classes of L ?
1. This corresponds to the third corollary

of Theorem B in the introduction.

Proposition 5.4 There are at most countably many Hamiltonian isotopy classes in L ?
1.

Proof We construct a sequence which enumerates all Hamiltonian isotopy classes as follows. For k D 1,
let fL1; : : : ; LN1g be a collection of Lagrangian submanifolds such that Li and Lj are not Hamiltonian
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isotopic if i ¤ j and such that any L 2L ?
1 is Hamiltonian isotopic to one of the Li . By Proposition 4.2,

such a N1 <1 exists. Then, fL1; : : : ; LNkC1g is built from fL1; : : : ; LNkg by adding representatives
of the Hamiltonian isotopy classes of L ?

kC1
�L ?

k
is a similar fashion. Since every L 2 L ?

1 must be
contained in L ?

k
for some k, it is clear that fL1; L2; : : : g is in bijection with the Hamiltonian isotopy

classes in L ?
1.

Since every Hamiltonian isotopy class is contained in a single path-connected component of L ?
1,

we also get the following.

Corollary 5.5 The space .L ?
1; d / has at most countably many path-connected components.

5.3 Another limit space

As noted above, we sadly lose many properties of the L ?
k

spaces when we go to the limit space L ?
1.

This is ultimately because the L ?
k

spaces are quite pathological in L ?
1. There is however another natural

topology on the set
S
k L ?

k
which circumvents this issue: the limit lim

��!
L ?
k

of the inductive system
L ?
1 �L ?

2 � � � � . In other words, lim
��!

L ?
k
D
S
k L ?

k
as a set, and a subset U �

S
k L ?

k
is open if and only

if U \L ?
k

is open in L ?
k

for all k. In particular, this means that lim
��!

L ?
k
DL ?

1 as sets, but the topology
on the metric spaces .L ?

1; d / and .L ?
1; ıH / is coarser than that of lim

��!
L ?
k

. Note that by Lemmata A.12
and A.13 below, the topology on lim

��!
L ?
k

is independent of the choice of Riemannian metric.
To exemplify how this topology is better behaved in some regards, we show that its connected

components are much simpler than those of L ?
1.

Proposition 5.6 The connected components and path-connected components of lim
��!

L ?
k

agree , and they
are precisely the Hamiltonian isotopy classes.

Proof First note that a given Hamiltonian isotopy class is always contained in a single path-connected
component of lim

��!
L ?
k

. To see this, suppose that L;L0 2 lim
��!

L ?
k

are Hamiltonian isotopic, and take a
Hamiltonian isotopy f'tg such that '1.L/D L0. By smoothness of the isotopy, the path c.t/D 't .L/
is fully contained in L ?

k
for some k and is Hausdorff-continuous. Therefore, L and L0 are in the same

path-connected component of L ?
k

, and thus of lim
��!

L ?
k

.
On the other hand, given L2 lim

��!
Lk , its connected component in lim

��!
Lk must contain the Hamiltonian

isotopy class LL
1 of L. Indeed, in Corollary 4.16, we have shown that LL

k
DLL

1\L ?
k

is clopen in L ?
k

for all k, so that LL
1 must also be clopen in lim

��!
Lk . But a clopen must contain the connected component

of its elements, which proves the inclusion.
Since each path-connected component is contained in a single connected component, this proves the

result.

We now compare the limit topology with other ones to better understand it. The following example
shows that these topologies are strictly coarser than the limit topology. The example is for M D T �S1,
but it can easily be generalised to any symplectic manifold by using a Darboux chart adapted to a given
Lagrangian submanifold.
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L0

L1=2

L0

L1=15

Figure 3: The behaviour of fLsg as s tends to 0.

Example On M D T �S1, consider the 1-parameter family of Hamiltonian fH sgs>0 defined via

H s.q; p/D s3=2ˇ.q/ sin
q

s
;

where we have identified S1 with R=Z and ˇ W Œ0; 1�! Œ0; 1� is zero near f0; 1g and takes value 1 on
�
1
4
; 3
4

�
.

Set L0 D fp D 0g and Ls D 'H
s

1 .L0/D graph.�dH s/. See Figure 3 for a visualisation.
On the one hand, it is easy to see that s 7! Ls , s 2 Œ0; 1�, defines a path which is continuous with

respect to both ıH and dH (and thus also d ). In particular, the set fLsgs2Œ0;1� �L e
1 is compact in all

these metrics. On the other hand, it is not contained in any L e
k

, since

lim
s!0
kBLsk D lim

s!0
max
q2S1

j.H s/000.q/j�
1C ..H s/00.q//2

�3=2 D lim
s!0

s�3=2 D1;

where we have used that the second fundamental form BLs takes on a particularly simple form for graphs
in the flat cylinder. Therefore, it cannot be compact in the limit topology (see Lemma 5.7 below).

Lemma 5.7 Let fXk � Xg be an increasing sequence of compact subspaces of a Hausdorff space X .
The space lim

��!
Xk is Hausdorff. Moreover , a subset A of lim

��!
Xk is compact if and only if it is closed and

A�Xk for some k.

Proof We first prove the Hausdorffness. If x ¤ y 2 lim
��!

Xk D
S
k Xk , then there are open subsets U

and V of X such that x 2 U and y 2 V , but U \V D¿. But then, the restrictions U \Xk and V \Xk
are open for each k, so that they are also open in lim

��!
Xk . Thus, x and y are also separated in lim

��!
Xk , and

lim
��!

Xk is indeed Hausdorff.
We now prove the equivalence. One direction is obvious. Let thus A be compact in lim

��!
Xk . Since the

limit space is Hausdorff, A must be closed. Suppose however that A is not contained in any Xk . Then,
for every k, there is some xk 2 A�Xk . In particular, the set S D fxkg � A is such that S \Xk is finite
for all k. Therefore, that intersection is closed, since Xk is Hausdorff. By definition of the limit topology,
this thus means that S itself is closed. In fact, this logic shows that every subset of S is closed, i.e., S is a
closed infinite discrete subset of A. But this is impossible if A is compact, hence the contradiction.
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The above lemma allows us to completely characterise the limit topology.

Proposition 5.8 A sequence fLig � lim
��!

L ?
k

converges to some L 2 lim
��!

L ?
k

if and only if there exists
some k 2 N such that fLig � L ?

k
and Li ! L in the Hausdorff topology — or in any of the many

equivalent topology on L ?
k

.

Indeed, the result is a direct consequence of Lemma 5.7 just above and of the following simple fact
from point-set topology.

Lemma 5.9 Let fxigi2N be a sequence in a Hausdorff space X such that none of its elements is a limit
point. The sequence converges to some x 2X if and only if the subspace S D fxigi2N [fxg is compact.

Proof Suppose that xi ! x, and let fUaga2A be an open cover of S . Then, there is some a0 2 A such
that x 2 Ua0 . But by convergence, there is some N 2N such that xi 2 Ua0 for all i > N . It then suffices
to pick ai such that xi 2 Uai for each i �N to get a finite subcover fUai g

N
iD0.

Suppose now that S is compact, and let U0 be an open neighbourhood of x. Note that for each xi , there
is some open Ui such that Ui \S is finite. Indeed, otherwise, xi would be a limit point of the sequence,
which would be a contradiction with the hypothesis on fxig. Since X is Hausdorff, we may suppose that
Ui \S D fxig. Therefore, there must be only a finite number of i such that xi … U0, otherwise fUig1iD0
would be an open cover of S with no finite subcover.

Given Proposition 5.8, we can see where the limit topology sits with regard to the various C k-topologies.

Corollary 5.10 The limit topology is (strictly) finer than the C 1;˛-topology, for any 0 < ˛ < 1, but
coarser than the C 2-topology.

Proof By Theorem 2.6, the C 1;˛-topology is equivalent to the Hausdorff topology on L ?
k

for any
0 < ˛ < 1. Therefore, every convergent sequence in the limit topology is also convergent (with the same
limit) in the C 1;˛-topology. To see that the inclusion of topology is strict, just use the example above, but
replace s3=2 by s2C˛ in the definition of H s .

The C 2-topology is coarser because every C 2-converging sequence has uniformly bounded second
fundamental form (direct computation), is uniformly "-tame (this is the idea of Lemma A.11), and
obviously also converges in the Hausdorff topology to the same limit.

Appendix Some results in Riemannian geometry

This appendix compiles all the results in Riemannian geometry which were required throughout the paper,
but that the author could not find in the literature. We suspect that many of these results are known to
experts, but this is not the case for all of them: at least Lemma A.5 has appeared as a conjecture in a
paper of Albuquerque [3].

Below, Section A.1 compiles the results on the Sasaki metric, Section A.2 on Riemannian surfaces,
and Section A.3 on comparison results between Riemannian invariants of Lagrangian submanifolds.
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A.1 Results on the Sasaki metric

Behaviour along graphs We begin by proving some useful results on the behaviour of some Riemannian
invariants of graphs in TL of vector fields under the transformation .x; v/ 7! .x; tv/. More precisely, we
show that the norm of the second fundamental form and the tameness constant must the nondecreasing
in t if the vector field is (locally) a gradient of a C 2-small function.

We begin by studying the norm of the curvature. The proof is elementary but still subtle.

Lemma A.1 Equip L with a Riemannian metric g D h � ; � i and TL with its associated Sasaki metric. Let
� D gradH 2 X.L/. If j�j and jr�j are sufficiently small , then the function t 7! kBt�k is nondecreasing
for t 2 Œ0; 1�.

Proof For X 2 TxL, we denote by Xh and Xv its horizontal and vertical lifts in T.x;y/TL, respectively.
Then, we have that

T�.x/�.L/D feX DXhC .rX�/v jX 2 TxLg;(6)

T?�.x/�.L/D f
eZ DZv � ..r�/�Z/h jZ 2 TxLg;(7)

where h.r�/�Z; Y i D hZ;rY �i for all Y 2 TxL (see, for example, [1]). Denoting by er the Levi-Civita
connection on TL, by r the Levi-Civita connection on L, and by R the Riemann curvature tensor on L,
we get that erXhY h D .rXY /h� 1

2
.R.X; Y /�/v;erXhY v D .rXY /vC 1
2
.R.�; Y /X/h;erXvY h D 1

2
.R.�;X/Y /h;erXvY v D 0

for all X; Y 2 X.L/. Therefore, the expression for the second fundamental form of �.L/ is

B�.eX; eX;eZ/D
˛‚ …„ ƒ

hr
2
X� �rrXX�;Zi �

ˇ‚ …„ ƒ
hrR.�;rX�/X�;Zi

for all eX 2 T�.x/�.L/ and all eZ 2 T?
�.x/

�.L/.
From (6) and the definition of the Sasaki metric, we have that jeX j2 D jX j2 C jrX�j2. Likewise,

from (7), we have that jeZj2 D jZj2CjrZ�j2; this is because

j.r�/�Zj2 D HessH.Z; .r�/�Z/D h.r�/�Z;rZ�i D HessH.Z;rZ�/D jrZ�j2;

since the Hessian of a function is symmetric. Therefore, for every t 2 Œ0; 1�, the map

T TL! T TL; ..x; y/;eY / 7! �
.x; ty/; .1C .t2� 1/jrY �j

2/�1=2eY �;
sends �.x/ to t�.x/ and sends diffeomorphically the unit sphere of T�.x/�.L/, respectively of T?

�.x/
�.L/,

onto the one of Tt�.x/t�.L/, respectively of T?
t�.x/

t�.L/. Here, Y denotes the sum of the projections of eY
onto the horizontal and vertical distributions, after their identification with TL. Note that, on these spheres,
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jeY j2DjY j2CjrY �j2D 1 so that jY j � 1 and jrY �j<1. In particular, sY .t/ WD .1C.t2�1/jrY �j2/�1=2

is well defined for t 2 Œ0; 1�.
Therefore, it does suffice to prove that the map

t 7!
ˇ̌�
Bt�.sX .t/eX; sX .t/eX; sZ.t/eZ/�ˇ̌D s2XsZt j˛� t2ˇj(8)

is nondecreasing for t 2 Œ0; 1�, for all eX 2 T�.x/�.L/ and all eZ 2 T?
�.x/

�.L/ such that jeX j D jeZj D 1.
Indeed, by the previous discussion, this will imply that the map t 7! jBt� j

op;sym
x — sending t to the

operator norm of Bt� on the subspace of T�.x/t�.L/˝T�.x/t�.L/˝T?�.x/t�.L/ generated by elements
of the form eX ˝ eX ˝eZ— is nondecreasing. Since Bt� is symmetric in its first two entries, this is just
the operator norm on the whole space, and we will get the result.

If ˛D 0, we may suppose that ˇ¤ 0, otherwise (8) is just the zero function, and the statement is trivial.
In that case, (8) looks like 6jˇj.1�jrX�j2/�1.1�jrZ�j2/�1=2t3CO.t4/ near t D 0. In particular, it is
increasing near t D 0. But (8) only possibly has critical points at

t D 0 and t D˙

s
3.1� jrX�j2/.1� jrZ�j2/

jrX�j2jrZ�j2� jrX�j2j � 2jrZ�j2
:

For jr�j small enough, the latter values are not real, and thus (8) is increasing.
Suppose now that ˛ ¤ 0. By changing the sign of eZ if necessary, we may assume that ˛ > 0. Since

jˇj � kRk j�j jr�j2 and ˛ depends only on derivatives of � , we thus have that j˛� t2ˇj D ˛� t2ˇ for all
t 2 Œ0; 1� if j�j is small enough. But the function t 7! s2XsZt .˛� t

2ˇ/ converges with all derivatives to
the function t 7! t˛ as jr�j ! 0. Since that function is increasing, the derivative of (8) is positive for all
t 2 Œ0; 1� for jr�j small enough. Therefore, the function is increasing over the interval for j�j and jr�j
small enough.

Remark A.2 Given the proof of Lemma A.1, it appears that how small we must take j�j and jr�j depends
on eX and eZ. However, since the infimum to get the operator norm kBt�k is taken over the unit sphere,
which is compact, it is in fact a minimum. Therefore, how small we take j�j and jr�j can be made
independent of eX and eZ.

We now move on to studying the tameness constant. This time, the proof is fairly straightforward.

Lemma A.3 Let � 2 X.L/, and equip TL with a Sasaki metric. Define

"� WD inf
x¤y2�.L/

dTL.x; y/

minf1; d�.x; y/g
2 .0; 1�;

where d� denotes the intrinsic distance in �.L/. Then ,

lim
jr�j!0

"� D 1:

In particular , "� > .kC 1/�1 for jr�j small enough.
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Proof Consider a path 
 W Œ0; `�! L such that j P
 j � 1. Define z
 WD � ı 
 . Then, j Pz
 j2 D 1Cjr P
�j2, so
that

`�

Z `

0

j Pz
 j dt � `
p
1Cjr�j2:

Taking the infimum of the above inequality over all paths 
 such that 
.0/D x and 
.`/D y for given
x; y 2 L, we get that

dL.x; y/� d�.�.x/; �.y//�
p
1Cjr�j2dL.x; y/;(9)

since all smooth paths z
 in �.L/ may be parametrised to be of the form z
 D � ı 
 with j P
 j � 1.
On the other hand, take a path z
 W Œ0; z̀�! TL such that j Pz
 j � 1, 
.0/D �.x/, and 
.L/D �.y/ for

given x; y 2 L. Then, we may write Pz
 D P
hC Y v for 
 WD � ı z
 and a vector field Y of L along 
 ,
where � W TL! L is the canonical projection. We thus get

z̀D

Z z̀
0

p
j P
 j2CjY j2 dt �

Z z̀
0

j P
 j dt:

Taking the infimum over all possible z
 , we get that

dTL.�.x/; �.y//� dL.x; y/;(10)

since every path in L from x to y admits a lift to TL from �.x/ to �.y/ (e.g., � ı 
 ).
Putting (9) and (10) together, we thus get

inf
x¤y

dL.x; y/

min
˚
1; dL.x; y/

p
1Cjr�j2

	 � "� � 1;
which implies the result.

Remark A.4 The approaches in the proofs of Lemmata A.1 and A.3 are different, because kB�k depends
on higher derivatives of �, while "� does not. Therefore, just taking a limit in the expression for kB�k
would not lead to 0, and we could not conclude anything. We need to actually understand the behaviour
of kB�k in a C 1;˛

0

-neighbourhood of 0, not just in the limit j�j ! 0.

Behaviour of the geodesics To adapt Lemma A.3 to a metric which is only locally Sasaki — which is
required in Section 3.2 — we will need the following technical results. As far as we know, these results
have not appeared in the literature. This is also why Lemma A.5 is established in such generality: it has
appeared before as a conjecture of Albuquerque [3] and could be of general interest to the Riemannian
geometry community.

Lemma A.5 The space TN is complete in the Sasaki metric associated with .N; g/ if and only if .N; g/
is complete.

Proof One direction is obvious: if TN is complete and v 2 TxN , the exponential of tv 2 TxN � TxTN
exists in TN for all t 2R. However,N is totally geodesic in TN [36], so that the geodesic t 7! expTNx .tv/

must stay in N . It is thus the exponential of tv in N , and N must be complete.
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Suppose now that N is complete. We recall that completeness of a Riemannian manifold M is
equivalent to it having an exhaustion by compact sets fKig such that, if fxig is a sequence with xi …Ki ,
then d.y; xi /!1 for some point y 2M — this is part of the classical Hopf–Rinow theorem; see, for
example, Theorem 7.2.8 in [9].

Let y 2 N and Ki D DiN jBN
i
.y/, where BNi .y/ is the (closed) ball of radius i in N centred at y.

Let fxig be such that xi …Ki . We now study two possible types of subsequences of fxig.

(1) Suppose there is a subsequence, still denoted by fxig, such that none of the subsequences of f�.xi /g
are contained in any of the BNi .y/. Then, the sequence of natural numbers given by

ni Dminfj j �.xi / 2 BNj .y/g

converges to infinity. By completeness of N , this must mean that d.y; �.xi //!1. But since � is a
Riemannian submersion, it is nonexpansive in d , so that

d.y; �.xi //D d.�.y/; �.xi //� d.y; xi /:

Therefore, d.y; xi /!1.

(2) Suppose there is a subsequence, still denoted by fxig, and a R > 0 such that f�.xi /g is contained
in BNR .y/. Since xi … Ki , this forces that xi … DiN for large enough i . Then, let 
i be a minimal
geodesic of N from �.xi / to y. Let x0i WD P
i .xi / be the parallel transport of xi along 
i . Note that the
horizontal lift z
i of 
i starting at xi ends at x0i by construction. Therefore, we have that

d.xi ; x
0
i /� `.z
i /D `.
i /D d.�.xi /; y/�R:

On the other hand, since parallel transport is an isometry on the fibres, the fact that xi …DiN ensures
that x0i …DiN . Since x0i is in the fibre over y, this thus implies that d.y; x0i / > i . Therefore, the triangle
inequality gives that

d.y; xi /� d.y; x
0
i /� d.xi ; x

0
i / > i �R;

and d.y; xi /!1.

Since the original fxig sequence can be written as the union of subsequences of either type, we conclude
that d.y; xi /!1, so that TN is complete.

Lemma A.6 If ˛ W Œ0; `�! TL is a geodesic in the Sasaki metric , then the function t 7! j˛.t/j2 is either
constant or a (strictly) convex parabola. In particular , the disk bundle DrL of radius r is geodesically
convex.

Proof See ˛ as a vector field Y along the path x WD � ı˛ W Œ0; `�! L. Note that j˛j D jY j. Then, the
geodesic on TL is equivalent to two equations on L [36]:�

r Px PxCR.Y;r PxY / Px D 0I

r2
Px
Y D 0:
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But then, this means that

d

dt
jY j2 D 2hr PxY; Y iI

d2

dt2
jY j2 D 2hr2

PxY; Y iC 2jr PxY j
2
D 2jr PxY j

2
I

d

dt
jr PxY j

2
D 2hr2

PxY;r PxY i D 0:

From the last equation, we get that jr PxY j is independent of time. If jr PxY j � 0, then r PxY � 0, so that
the first equation implies that jY j is constant. If jr PxY j > 0, then the middle equation implies that the
second time derivative of jY j2 is a positive constant, thus giving that it is a strictly convex parabola.

As mentioned above, we need to also study metrics which are only locally Sasaki. By this, we mean
that .M;!/ is a symplectic manifold with a compatible almost complex structure J and that gD!. � ; J � /.
We also suppose that L is a Lagrangian submanifold of M . By locally Sasaki, we mean that there is a
diffeomorphism ‰ from a neighbourhood of L in TL to a neighbourhood of L in M such that ‰�g is
the Sasaki metric. This makes sense since J identifies TL with TL? � TM .

In this case, Lemma A.1 obviously still applies, but Lemma A.3 needs to be adapted, as we could have
dTL ¤ dM . In other words, we have to deal with the fact that the minimal geodesic in M between two
points of L0 D �.L/ might not be entirely contained in the neighbourhood of L where g is equal to a
Sasaki metric. In particular, that minimal geodesic could be shorter than one would expect in TL so that
the ratio dM=dL might no longer tend to 1 as jr�j ! 0. We prove that this in fact cannot happen.

Lemma A.7 LetM , L, and g as above. On a small enough neighbourhood of L, we have that dM D dTL.

Proof We first prove that dM .x; y/ D dTL.x; y/ whenever x; y 2 L. Let thus x and y be in L. Let
˛ W Œ0; `�! TL be a minimal geodesic in TL from x to y. Note that it follows from Lemma A.6 that ˛ is
fully contained in L, so that dTL.x; y/D dL.x; y/. In particular, ˛ is also a geodesic of M . Therefore,
it is locally minimising in M , and we can take

`0 WD supft 2 Œ0; `� j dM .x; ˛.s//D s 8s < tg 2 .0; `�:

Suppose that ˛ is not minimising, i.e., `0 < `, and let 
 W Œ0; `0�!M a minimal geodesic in M from x to
y0 WD ˛.`0/ which is different from ˛— nonminimality of ˛ ensures that it exists.

From classical facts from Riemannian geometry (see Proposition 13.2.12 of [9] for example), exactly
one of two things can happen: either there is a 1-parameter family 
s of geodesics from x to y0 with

0D ˛ and 
1D 
 , or 
 and ˛ are the only two minimising geodesic from x and y0 and 
 0.`0/D�˛0.`0/.
In the first case, note that all 
s have the same length since geodesics are critical points of the length
functional. Therefore, for s small enough, 
s is a minimal geodesic not contained in L, but fully contained
in the neighbourhood of L where g is the Sasaki metric. This is of course a contradiction with Lemma A.6,
since 0 and ` would then both have to be strict minima of t 7! j
s.t/j2. In the second case, 
 is then
tangent to L at t D `0. But since L is totally geodesic, 
 must then be fully contained in L, and we again
get a contradiction. Therefore, the result holds on L.
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We now consider x and y close to L in M . Let ˛, 
 , `0, and y0 be defined analogously as above.
From Lemma A.5, ˛ exists and, if we take x and y to be in a neighbourhood of the form ‰.DrL/, then
˛ stays in that neighbourhood by Lemma A.6. Again, we have two possibilities for how 
 and ˛jŒ0;`0�
connect. If 
s is a 1-parameter family, then we still get a contradiction for some s: since 
1 leaves the
Weinstein neighbourhood and 
s always has the same endpoints, there is some s such that 
s is still in
that neighbourhood, but such that t 7! j
s.t/j has a maximum (in contradiction with Lemma A.6).

However, the second possibility — that ˛ and 
 form a geodesic loop in M — does not a priori lead to
a contradiction. Thus take sequences fxig and fyig such that limi dM .xi ; L/D limi dM .yi ; L/D 0, but
such that dM .xi ; yi / < dTL.xi ; yi / for all i . Define ˛i , 
i , `0i , and y0i analogously as before. In particular,
if vi is the unit vector such that expxi .tvi / D ˛.t/ for t 2 Œ0; `i �, then t 7! expxi .tvi /, t 2 Œ2; `

0
i �, is

the geodesic loop ˛i # 
i . Since fxig, fyig, and fvig are all contained in a compact, we may pass to a
subsequence, so that limi xi D x 2 L, limyi D y 2 L, and lim vi D v 2 TxM . But then, t 7! expx.tv/,
t 2 Œ0; 2`0�, is a geodesic loop in M which is fully contained in L over Œ0; `�, but that eventually leaves it.
Therefore, we get a last contradiction, and we must have dM .x; y/D dTL.x; y/ whenever x and y are
close to L.

A.2 Result on Riemann surfaces

We suppose that .M; g; J; !/ is a Riemann surface. Then, a tubular neighbourhood of a curve L admits
some fairly nice coordinates given by

'W .0; `/� .�r; r/!M; .s; t/ 7! exp
.s/.tJ P
.s//;

where 
 W Œ0; `/! L is a parametrisation such that j P
 j � 1. Note that

'�g D jW j2ds2C dt2;

'�J D jW j
@

@t
˝ ds�

1

jW j

@

@s
˝ dt;

where W.s; t/ is the value at time t of the unique Jacobi field along the geodesic t 7! '.s; t/ such that
W.s; 0/ D P
.s/ and PW .s; 0/ D ��.s/ P
.s/. Here, � is the (signed) geodesic curvature of L, which is
defined via the relation R
 WD r P
 P
 D �J P
 .

In these coordinates, we will call L0 D f.s; �.s// j s 2 Œ0; `/g DW graph � the graph of � W Œ0; `�! R.
Because our applications are aimed towards Section 3.2, we will be interest in 1-parameter families of
the form f�˛ D ˛�C c.˛/g˛2Œ0;1�, where k�k< r

2
and c is such that

(1) c.0/D c.1/D 0;

(2) jc.˛/j � ˛k�k.

In particular, graph �˛ stays in the chart defined by ' for all ˛ 2 Œ0; 1�.
Before moving on with the results on �˛, we prove the following lemma on the behaviour of jW j for

small values of jt j, which will be quite useful later on.
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Lemma A.8 Let K W Œ0; `/!R be the pullback of the Gaussian curvature of M along 
 . We have that

jW j2 D 1� 2�t C .�2�K/t2CO.t3/:

Proof As noted above, we have that W.s; 0/D P
.s/ and PW .s; 0/D��.s/ P
.s/. The lemma then follows
directly from

jW j2jtD0 D 1;

@

@t
jW j2jtD0 D 2h PW ;W ijtD0 D�2�;

@2

@t2
jW j2jtD0 D 2j PW j

2
jtD0C 2h RW ;W ijtD0

D 2�2� 2hR.J P
; P
/J P
; P
i D 2.�2�K/;

where the last line follows from the fact that W satisfies the Jacobi equation.

With this in hand, we can estimate the geodesic curvature of graph �˛ in terms of that of L and graph � .
More precisely, we want to prove the following.

Lemma A.9 For every k� 0 and every k0>k, there exists ı > 0 with the following property. If kBLk� k
and L0 D graph � with k�k; k� 0k< ı, then kB˛k WD kBgraph �˛k �maxfk0; kBL0kg for all ˛ 2 Œ0; 1�.

The lemma itself relies on the following computation.

Lemma A.10 The geodesic curvature of graph � at a point is given by

jBj D
jW j

.jW j2Cj� 0j2/3=2

ˇ̌̌̌
� 00C

1

2

@

@t
jW j2�

� 0

jW j2

�
1

2

@

@s
jW j2C � 0

@

@t
jW j2

�ˇ̌̌̌
;

where jW j.s/ WD jW.s; �.s//j.

Proof This is a direct computation, but we give here the important steps. The only nonzero Christoffel
symbols of '�g are

�sss D
1

2jW j2
@

@s
jW j2; �sst D �

s
ts D

1

2jW j2
@

@t
jW j2; � tss D

1

2

@

@t
jW j2:

Therefore, if we set �.s/ WD .s; �.s//, we get that

P� D
@

@s
C � 0

@

@t
;

J P� D jW j
@

@t
�

� 0

jW j

@

@s
;

R� D
1

jW j2

�
1

2

@

@s
jW j2C � 0

@

@t
jW j2

�
@

@s
C

�
� 00C

1

2

@

@t
jW j2

�
@

@t
:

Since the geodesic curvature is given by

jBj D
jh R�; J P�ij

j P�j3
;

this gives the above formula.
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Proof of Lemma A.9 The proof is somewhat tedious but quite elementary. We first combine Lemmata A.8
and A.10 to get the identity

jBj2 D .1CR1/.�
00
� �CR2/

2;(11)

where R1 and R2 are smooth functions of s. Furthermore, at a given s, they only depend on L, M , g,
and the values �.s/ and � 0.s/, and in such a manner that Ri ! 0 as �.s/; � 0.s/! 0.

Note that (11) implies that if kBk � k and k�k; k� 0k � r
2

, then k� 00k is bounded by some constant C
depending only on L, M , g, and the constants k and r . This allows us to write

jB˛j
2
D .˛� 00� �/2C˛ �O.j�j; j� 0j/(12)

for C 1-close graphs with bounded � 00-dependence in the error term. That is, jBgraph �i˛ j
2� .˛.� i /00� �/2

tends uniformly to 0 if f� ig C 1-converges to 0. Here, we have made use of the fact that � 00˛ D ˛� 00,
� 0˛ D ˛�

0, and j�˛j � 2˛j�j— this is part of the hypotheses on c. The rest of the proof then consists of
studying the behaviour of the parabola ˛ 7! .˛� 00� �/2 under small perturbations.

Fix " 2
�
0; 1
2

�
. We break down the analysis into a few subcases.

(1) j�00j � " Then, .˛� 00��/2 � .j�jC"/2 � .kC"/2. By supposing j�j and j� 0j small enough, we may
suppose the error term in (12) to be smaller than ", so that

jB˛j
2
� .kC "/2C ":

(2) j�00j> " There are three subcases (see Figure 4 for a visualisation).

(a) 2�
�00 C " � 1 In this case, �

�00
> 0, and we have that the maximum of ˛ 7! .˛� 00 � �/2 on the

interval
�
0; 2�
�00

�
is reached at ˛ D 0. Therefore, its maximum value on

�
0; 2�
�00

�
is �2 � k2.

On the interval
�
2�
�00
; 2�
�00
C "

�
, the parabola is increasing with derivative

2.˛� 00� �/� 00 D 2j˛� 00� �j j� 00j � 2.˛j� 00jC j�j/j� 00j � 2C.C C k/:

Therefore, the maximum value of the parabola over that subinterval is bounded from above by
k2C 2C.C C k/". Thus, for j�j and j� 0j as in case (1), we get

jB˛j
2
� k2C .2C.C C k/C 1/"

since Œ0; 1��
�
0; 2�
�00
C "

�
.

(b) 2�
�00 C "� 0 In this case, the parabola is increasing over Œ0; 1� with derivative

2.˛� 00� �/� 00 D 2j˛� 00� �j j� 00j � 2j�j j� 00j � "j� 00j2 > "3:

By supposing j�j and j� 0j small enough, we may suppose the ˛-derivative of the error term in (12) to
be smaller than "3

2
. Therefore, ˛ 7! jB˛j is still increasing, and we have that

jB˛j � jB1j D jBL0 j:
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1
2
2�
�00 1

�2

K

case (a)

1

�2

K

case (b)

2�
�00

1
2

2�
�00
C " 1

�2

K

case (c)

Figure 4: Possible graph of jB˛j (solid, purple) with idealised parabola (dashed, pink) and important
values (pointed, grey). We denote by K whichever bound we get in the corresponding case.

(c) 0 < 2�
�00 C " < 1 This case combines the approaches of (a) and (b). Indeed, the estimates of (a) still

hold for ˛ 2
�
0; 2�
�00
C "

�
� Œ0; 1�. Likewise, over the interval

�
2�
�00
C "; 1

�
, the parabola is increasing

with derivative

2.˛� 00� �/� 00 D 2j˛� 00� �j j� 00j � 2j"� 00C �j j� 00j> "j� 00j2 > "3:

Therefore, for j�j and j� 0j as in (b), we have that

jB˛j �maxfk2C .2C.C C k/C 1/"; jBL0 jg:

The result then follows by taking " such that

maxf.kC "/2C "; k2C .2C.C C k/C 1/"g � .k0/2:

We now move on to the analysis of the tameness constant of graph �˛ . The approach that we take here
is similar in spirit to the one taken in the proof of Lemma A.3.

Lemma A.11 Given L0 D graph � � '.Œ0; `�� .�r; r//, denote by d� the distance function on graph �
induced by the Riemannian metric '�gjgraph � . Take

"� WD inf
x¤x02graph �

dM .x; x
0/

minf1; d�.x; x0/g
2 .0; 1�:

We have that "� ! "0 as � C
1

�! 0.

Proof Fix x ¤ x0 2 graph � , and take �.s/D .s; �.s//. Without loss of generality, we may suppose that
x D �.s0/ and x0D �.s1/ for 0 < s1� s0 � `

2
. Therefore, d�.x; x0/ is simply the length `.�/ of � along

the interval Œs0; s1�. Note that

j P�j2 D jW j2Cj� 0j2:
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By Lemma A.8, we thus have that

d�.x; x
0/�

Z s1

s0

.1CC.k�kCk� 0k// ds D .1CC.k�kCk� 0k//.s1� s0/

for some constant C � 0 depending only on M , L, g, and r .
On the other hand, the path t 7! .s; t�.s//, t 2 Œ0; 1�, has length j�.s/j for any s. Therefore, we get that

dM .x; x
0/� dM .
.s0/; 
.s1//� dM .
.s0/; x/� dM .x

0; 
.s1//� dM .
.s0/; 
.s1//� 2k�k:

Combining these two estimates, we get that

dM .�.s0/; �.s1//

minf1; d�.�.s0/; �.s1//g
�

dM .
.s0/; 
.s1//� 2k�k

.1CC.k�kCk� 0k//minf1; dL.
.s0/; 
.s1//g
;

since s1� s0 D dL.
.s0/; 
.s1//. We similarly get

dM .�.s0/; �.s1//

minf1; d�.�.s0/; �.s1//g
�

dM .
.s0/; 
.s1//C 2k�k

.1�C.k�kCk� 0k//minf1; dL.
.s0/; 
.s1//g
:

However, note that both functions on the right-hand side uniformly — in s0 and s1 — converge to the
ratio dM=minf1; dLg. Therefore, the same holds for the left-hand side. Since uniform limits and infima
commute, the result ensues.

A.3 Comparison between metrics

To simplify our computations, we only prove our comparison theorems between metrics of the form
g D !.�; J�/, where J is an !-compatible almost complex structure and g is complete. Thus, in what
follows, g and g0 are two such metrics coming from the same symplectic form !. We however expect
analogous results to hold in full generality.

Lemma A.12 Let W �M be compact. There are a � 1 and b � 0 such that every Lagrangian L�W
with kBLk< k respects kB 0Lk

0 < akC b, where kB 0k0 is the norm in g0 of the second fundamental form
of L in g0.

Proof Let A be the endomorphism of TM such that g.AV;W /D g0.V;W / for all V;W 2 X.M/. We
denote by r and r 0 the Levi-Civita connections of g and g0, respectively. A fairly straightforward
computation — see Lemma 3.1 of [22] for example — gives

2g0.r 0VW;Z/D 2g.rVW;AZ/Cg..rVA/Z;W /Cg..rWA/Z; V /�g..rZA/V;W /

for all V;W;Z 2 X.M/. But it is easy to see that AD�JJ 0. Therefore, we get that

jV j2 D g0.A�1V; V /� jA�1j0 � .jV j0/2 D jJ j0 � .jV j0/2;

jAZj2 D jJ 0Zj2 � jJ j0 � .jJ 0Zj0/2 D jJ j0 � .jZj0/2
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for all V;Z 2 X.M/. Here, the prime on the norm indicates that it is the norm associated with g0, not g.
Finally, note also that A sends the normal bundle of a Lagrangian submanifold L in g to the normal
bundle of that Lagrangian submanifold in g0.

Putting all this together, we finally get, for any Lagrangian submanifold L,

kB 0Lk
0
� kJ k03=2

�
kBLkC

3
2
krA�1k

�
;(13)

which implies the result. The norm symbols k � k and k � k0 here indicate that it is the supremum of the
norms associated with g and g0, respectively, over all of W or all of L.

Lemma A.13 Let W �M be compact. There is a � 1 such that every submanifold N �W which is
(strictly) k�1-tame in g is (strictly) a�1k�1-tame in g0.

Proof Take D WD 1
2

Diam.W; g/, D0D 1
2

Diam.W; g0/ and V WDBD.W /[B 0D0.W /, i.e., V is the union
of the (closure of the) D-neighbourhood of W in g and D0-neighbourhood of W in g0. Therefore, any
path between points in W leaving V have length greater than Diam.W; g/ in g and than Diam.W; g0/
in g0. In particular, no such path is a minimal geodesic in either metric. Since V is compact, there is
C � 1 such that

C�1g0 � g � Cg0

on V .
Let x; y 2W , and let 
 be a minimal geodesic in g0 from x to y. By the above paragraph, it stays

in V . Therefore,
d 0M .x; y/D `

0.
/� C�1`.
/� C�1dM .x; y/;

where dM and d 0M are the distance functions induced on M by g and g0, respectively, and `.
/ and `0.
/
denote the lengths of 
 in g and g0, respectively. We analogously get that d 0M � CdM on W .

But note that whenever N �W , the same argument gives that C�1d 0N � dN � d
0
N if dN and d 0N the

distance functions induced on N by gjTN and g0jTN , respectively. Therefore, we have that

d 0M .x; y/

minf1; d 0N .x; y/g
�

C�1dM .x; y/

minf1; CdN .x; y/g
� C�2

dM .x; y/

minf1; dN .x; y/g

for all x ¤ y 2N , which gives the result.
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