o

Algebraic er Geometric

Topology

Volume 26 (2026)

Issue 5 (pages 1597-1963)

:-msp



ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

Vesna Stojanoska
vesna@illinois.edu
University of Illinois at Urbana-Champaign

BOARD OF EDITORS

Julie Bergner
Steven Boyer
Tara E Brendle
Indira Chatterji

Octav Cornea

University of Virginia
jeb2md@eservices.virginia.edu

Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk

CNRS & Univ. Céte d’ Azur (Nice)
indira.chatterji @math.cnrs.fr

Université” de Montreal

Daniel Isaksen
Thomas Koberda
Markus Land

Christine Lescop

Wayne State University
isaksen @math.wayne.edu

University of Virginia

thomas.koberda@virginia.edu

JGU Mainz
mland @uni-mainz.de

Université Joseph Fourier
lescop @ujf-grenoble.fr

Norihiko Minami ~ OCAMI (Osaka Central Adv. Math. Inst.)
cornea@dms.umontreal.ca norihikominami @gmail.com

Alexander Dranishnikov  University of Florida Andrés Navas  Universidad de Santiago de Chile

Tobias Ekholm
Mario Eudave-Mufioz
David Futer

John Greenlees
Matthew Hedden
Kristen Hendricks
Hans-Werner Henn

Kathryn Hess

dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se

Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk

Michigan State University
mhedden @math.msu.edu
Rutgers University
kristen.hendricks @rutgers.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Ecole Polytechnique Féd. de Lausanne

Jessica S Purcell
Birgit Richter
Jéréme Scherer
Zoltdn Szab6
Maggy Tomova
Daniel T Wise

Lior Yanovski

andres.navas @usach.cl
Monash University

jessica.purcell@monash.edu

Universitit Hamburg

birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne

jerome.scherer @epfl.ch
Princeton University

szabo @math.princeton.edu
University of owa
maggy-tomova@uiowa.edu
McGill University, Canada
daniel.wise@mcgill.ca

Hebrew University of Jerusalem

lior.yanovski @gmail.com

kathryn.hess @epfl.ch

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2026 is US $795/year for the electronic version, and $1170/year (4-$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY

:l mathematical sciences publishers
nonprofit scientific publishing
https://msp.org/
© 2026 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:vesna@illinois.edu
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:kathryn.hess@epfl.ch
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:mland@uni-mainz.de
mailto:lescop@ujf-grenoble.fr
mailto:norihikominami@gmail.com
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

:. Algebraic € Geometric Topology 26:5 (2026) 1597-1634
msp DOL: 10.2140/agt.2026.26.1597
Published: May 29, 2026

On homology concordance in contractible manifolds and two-bridge links

HuGo ZHou

Let Cz be the group which consists of manifold-knot pairs (¥, K) modulo homology concordance, where
Y is an integer homology sphere bounding an integer homology ball, and let Cz be the subgroup consisting
of pairs (S3, K). Dai, Hom, Stoffregen and Truong showed that the quotient group Cz /Cz admits a
Z°°-summand. In this paper, we improve the result by showing that there exists a family {(Y, K;;;) }m>1
generating a Z°°-summand where Y is the boundary of a smooth contractible 4-manifold. In fact, we
give a Z-count of such families.

The examples are constructed using a family of knots obtained by blowing down a component of a
two-bridge link. They are studied in Jonathan Hales’s thesis. Using the algorithm due to Ozsvath, Szabé
and Hales we give a classification of the knot Floer homology of a larger family of such knots that might
be of independent interest.

1 Introduction

The integer homology concordance group Cz, consists of pairs (Y, K) where Y is an integer homology
sphere bounding an integer homology ball and K is a knot in Y, where the group operation is induced
by the connected sum. Two classes (Y, K1) and (Y, K»,) are equivalent if and only if there exists a
pair d(W, X) = (Y1, K;) U —(Y,, K3), where W is an integer homology cobordism and ¥ a smoothly
embedded cylinder in W. The subgroup Cz consists of pairs (S3, K). A class (Y, K) is nonzero in Cz /Cz
if and only if K is not concordant to any knot in S in any homology cobordism, or equivalently if and
only if K does not bound any PL-disk in any homology ball with boundary Y.

The first nontrivial class (Y, K) € Cz, /Cz was found by Levine [13], building on Akbulut’s work [1].
Hom, Levine and Lidman [11] proved that Cz, /Cz is infinitely generated and admits a Z-subgroup. Using
the infinite family found in [20], Dai, Hom, Stoffregen and Truong [6] showed that @Z /Cz admits a
7Z.°°-summand.

Among each infinite family of manifold-knot pairs which gives rise to the Z°°-summand in the
literature so far, the manifolds are always of the form M, # —M,,, such that they bound homology balls,
but not necessarily smooth contractible manifolds. This paper strengthens the existing result by giving an
infinite family of knots in the boundary of a smooth contractible manifold that generates a Z°°-summand
in Cg /Cz. In fact, we give a Z-count of such families.

Imposing that the homology spheres bound smooth contractible manifolds guarantees that every knot
in the boundary has trivial image in the fundamental group of the 4-manifold under the inclusion map.

MSC2020: 57K10, 57K18.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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Figure 1: The two-bridge link L, whose (1, 0)-framed surgery yields the integer homology
sphere Y, that bounds a contractible manifold. The number in the box indicates the number of
right-handed full-twists.

Therefore, there is no homotopic obstruction for the knots to bound PL-disks, making it a more interesting
and more difficult question.

Consider the Mazur-type manifold Y, with n > 1 (see [3]) as depicted in Figure 1, obtained from a
(1, 0)-framed surgery on a two-bridge link L,. From a standard argument that switches the 0-framed two
handle to a dotted circle, we see that Y, bounds a contractible 4-manifold. (Both components of L, are
unknotted and they intersect algebraically once.) Let K,, C S* be the knot obtained from L, by blowing

down the +1-framed unknot component. It follows that 53 2, (Ky) = Yy, bounds a contractible 4-manifold.
(2n

m, 1) be the image of the (m1, 1)-cable of the meridian in the —1-surgery on K»,,.

Let u

ZZ@Z

Theorem 1.1 The family {(Y;,, /Lm 1 )}n>0 m>1 generates a summand in Cyg, /Cgz. In particular,

for each fixedn > 0, {(Y,,, fn ) ym>1 generates a ZZ summand in Cz,/Cy,.

As abelian groups, ZZ®Z is of course isomorphic to ZZ. Here by a Z4®Z summand we would
like to emphasize the existence of a (natural) two-parameter family of linear independent, surjective
homomorphisms from Cz /Cz to Z. In this case the two parameters are given by # and m. (See Lemma 2.6
for the homomorphisms.) Note that the Z% summand in [11; 20] is generated by knots living in infinitely
many different manifolds, while here each family of knots { /,Lgnl)}m>1 lives in the same 3-manifold Y5,
which is the boundary of a smooth contractible 4-manifold. ’

Theorem 1.1 is the direct consequence of the two following theorems. Denote by Cj, the complex
isomorphic to CFK®(S3, T >k +1). First, using the filtered mapping cone formula [21], and with the
help of the concordance homomorphisms defined in [6], we show the following:

Theorem 1.2 Suppose a family of knots {Jj }x~¢ satisfies that CFK*(S?, J,;) = Cy; @ A, where
Hy(A) = 0. Then the family {(S> | (J2x). ijkl))}/po m=1 generates a ZZ®Z summand in Cz,/Cyz,, where
(2 ) is the image of the (m, 1) -cable of the meridian in the —1-surgery on J,j. In particular, for each

ﬁxedk >0, {(S3 1 (J21)s an | )im>1 generates a Z% summand in Cz, /Cy,.

Next, the knot Floer complex of the knot family K, can be explicitly computed as follows. Ozsvath
and Szabo [16, Section 6.2] give a description for a genus-one doubly pointed Heegaard diagram of
any knot that results from blowing down the £1-surgery on one component of a two-bridge link. The

Algebraic & Geometric Topology, Volume 26 (2026)



On homology concordance in contractible manifolds and two-bridge links 1599

Figure 2: Blowing down one component of the closure of a rational tangle [a, a,, @3] with a;
and a3 even yields the knot K*[a;, a»,a3]. The numbers in the boxes indicate the number of
right-handed half-twists.

family of knots K, is studied carefully in Jonathan Hales’s thesis [8, Section 3]. Building on Ozsvith
and Szabd’s description, Hales develops a simple algorithm that outputs a (1, 1) diagram of all the knots
that arise from blowing down the &+ 1-surgery on one component of a two-bridge link. We review the
details of this algorithm in Section 3. In particular, he proves the following theorem.

Theorem 1.3 [8] Forn > 0, CFK*(S?, K,,) = C, ® A, where Hy(A) = 0.

See the k = 1 case of Proposition 4.27 for a more precise statement of Theorem 1.3. It is clear that
Theorem 1.1 is the consequence of Theorems 1.2 and 1.3.

Remark 1.4 The family of knots K, we consider here is the same family used to prove the infinite

(n)
1,1

certain p, the resulting manifolds are Brieskorn spheres. This is also similar to the approach employed

generation in [11], where the d-invariants of 1/ p surgeries on p; ; are computed, using the fact that for

in [2]. Interestingly, with the current computation we do not recover the infinite generation result
with u(lni proved in [11], as it turns out that CFK®(S3 L (Kn), u&ni) is locally equivalent to the trivial
complex. In order to recover their result, one needs to in addition consider the nontrivial flip map over

CFK™(S3 | (Kn), 1")).
1.1 Blowing down two-bridge links

We also explore the algorithm due to Ozsvath, Szab6 and Hales. For a rational tangle [ay, ..., a;] whose
closure is a two-component link, we can always arrange such that £ is odd and each «; is even when i
is odd. (See Lemma 3.2 and the discussion before that.) Denote by K + (lay, ..., ag]) the knot obtained
from blowing down the +1-framed upper component. See Figure 2. It turns out that we can completely
determine the knot Floer homology of K*([a, ..., a,]) when £ < 3. We include this classification result
in the paper, with the expectation that these families of knots will generate more future applications.
The computation of the invariants has always been a main theme in Heegaard Floer homology. Despite
significant development of the theory, there are still only a limited number of knot families whose knot

Algebraic & Geometric Topology, Volume 26 (2026)



1600 Hugo Zhou

Floer complexes can be explicitly determined: L-space knots [17], thin knots [15; 18], (1, 1) almost
L-space knots [4] (all determined by the Alexander polynomial) and certain cables of specific knots (using
say [9], where the computations are already difficult).

Theorem 1.5 The knot Floer complex of any knot K*([a, ..., ay]) with € = 1,3 and a; even for odd i
is classified, including Maslov gradings and filtration levels.

The knot Floer chain homotopy types arise from our examples are novel. Consider the complexes Dy
in Definition 4.20, the complexes C, x in Definition 4.25 and the complexes C ’; * in Definition 4.30.
Recall C, = CFK®(S3, T, 24+1) and let Cy be the complex generated by a single element. We will
show that the knot Floer complexes of various knots K*[n, 1,n + k] with n > 0 and k > 0 consists of
direct summands of the above complexes. (For detailed statements, see Propositions 4.27 and 4.31.)
As mentioned earlier, the case for K when k = 1 has already been done by Jonathan Hales. We include
it into a framework suitable for a slightly larger family.

Moreover, this classification involves interesting techniques. For a general sequence [a1, b, a3], we
observe that changing b by 2 amounts to performing a full Dehn-twist around two basepoints. Concretely,
if we let y be an arc between the two base points, the Dehn-twist is performed along the closed loop yUgoy,
where Y is a copy of y with the reversed orientation. See Figure 7 on page 1614. This is a local
transformation in a neighborhood of y, so we can opt to perform it in the very end. It turns out that
each full Dehn-twist amounts to adding a box summand at the “closest” generator near y. See Figure 8
on page 1616 for the effect on CFK* and see Definition 4.8 for a precise definition of the “closest”
generator. It follows that in order to recover any general sequence [a1, b, a3], we need only consider the
case b = *1 and 0 with a marked basis. See Proposition 4.11 for more details.

This method allows us to reduce the full classification to a handful of cases. For instance, in Section 4.3
we will utilize it to show that the knot Floer complex corresponding to the sequence [a1, b, a3] when b is
even is isomorphic to CFK*°(S 3, Ty n+1) for certain n with a certain number of box summands added to
some marked generators.

Remark 1.6 When £ > 3, even though a closed formula seems unlikely, using similar methods as in this
paper it is still very much feasible to determine the full knot Floer complex for singular examples of
K*([ay. ..., a;]). Moreover, if one opts to compute partial invariants such as the local equivalence class
or the 7 invariant, then I believe the computation should be practical for a larger family of knots, and I
expect the result to be interesting as well.

Organization

We perform the filtered mapping cone computations and prove Theorem 1.2 in Section 2. We review the
algorithm by Ozsvith, Szab6 and Hales in Section 3 and prove our classification result in Section 4. More
detailedly, in Section 4.1, we prove the length-one case; in Section 4.2, we discuss the length-three case
in general and prove some helpful lemmas; in Sections 4.3 through 4.7, we deal with the remaining cases
with length-three.

Algebraic & Geometric Topology, Volume 26 (2026)
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2 Khnot Floer homology of the cables of the knot meridian

In this section we prove Theorem 1.2. We will make use of the concordance invariants ¢; ; defined in [5].
We refer the reader to the original paper for the detailed definitions. See [5, Section 3.2] for a worked
out example. See [21, Example 8.1] for yet another example. Since ¢; ; factors through the group of
knotlike complexes over local equivalence [5, Proposition 4.42], instead of considering —1-surgery on
the knot Jo; with CFK™(S3, J,x) = CFK®(S3, T4x11) ® A, where Hy(A) = 0, it suffices to consider
the —1-surgery on Tyx .-

Theorem 1.2 follows from a computational result, Proposition 2.5. The computational tool is the
filtered mapping cone formula [21], which combines [10; 19] to give a description of the knot Floer
complex of the (m, 1)-cable of the meridian in the image of a surgery along a knot. We include a brief
review of this filtered mapping cone formula in the following subsection.

2.1 Preliminaries on the filtered mapping cone formula

Let K C S3 be a knot with genus equal to g. For a given positive integer m, let Mm,1 denote the
(m, 1)-cable of the meridian of K in the —1-surgery on K. According to [21, Theorem 1.9], the knot
Floer complex CFK*°(S? {(K), tm,1) is filtered chain homotopy equivalent to the doubly filtered chain
complex X, °(K), defined to be the mapping cone of

g+m—1 0o | 100 g+m—1
M D 4 P o

s=—g+1 §s=—g
where each 4° and B are isomorphic to CFK*(S3, K). The map v : A; — By is the identity and
the map /5° : Ag — Bs_; is the reflection along i = j precomposed with U*. Note that in general /4$° is
a graded filtered chain homotopy equivalence with respect to j-filtration on the domain and i -filtration
on the range. For knots in S*, since HF~(S?) is one-dimensional, /4% is unique up to filtered chain
homotopy equivalence and therefore we may take it to be the reflection map. See [10, Lemma 2.18].

Let Z and J be the double filtrations on the filtered mapping cone complex X,0°(K). We have for

[x.i, /1€ As,

(2) I([x’i7j]):max{i7j_s}a

3) j([x,i,j]):max{i—m,j—s}—ms—i—%m(m+1),
and for [x,i, j] € By,

4 I(x.i, j) =1,

5) j([x,i,j])=i—m—ms—|—%m(m+1).

It is straightforward to check that for s < —g + 1, the map /4 induces an isomorphism on the homology;
for s > g +m —1, the map vy (K) induces an isomorphism on the homology, which justifies the truncation
of the mapping cone.

Algebraic & Geometric Topology, Volume 26 (2026)



1602 Hugo Zhou

The general strategy for computation involves finding a reduced basis for X5°(K), where every term
in the differential strictly lowers at least one of the filtrations. This can be achieved through a cancellation
process (see, for example, [14, Proposition 11.57]) as follows: Suppose dx; = y; + lower filtration terms,
where the double filtration of y; is the same as x;. Then the subcomplex of X5°(K) generated by all
such {x;, dx;} is acyclic, and X,5°(K) quotient by this complex is reduced. Alternatively, one can view
the above process as a change of basis that splits off acyclic summands which individually lie entirely in
one double-filtration level.

2.2 Computation

Recall that it suffices to consider the (1, 1)-cable of the knot meridian in the —1-surgery on T4 4. For
k > 1, the complex C,; = CFK®(S3, T, 4k+1) is generated by a; fori = 1,...,2k with coordinate
(0,—2k +2i —1) and b; fori =1,...,2k + 1 with coordinate (0, —2k + 2i —2). The Maslov grading
is supported in byx 41 and the differentials are given by

8a,~=Ub,-+1+b,~ fori =1,...,2k.

Via the isomorphism with CFK*(S3, T 4k +1), denote the generators in A by al@ fori =1,...,2k
and bl@) fori =1,...,2k+1 and the generators in B by a;.(s) and b;(s), where s =—2k+1,...,2k+m—1.
The differential on the mapping cone is given by

8a§s) — bi(S) + Ubl.(s)l +a/(s) Us+2k+1_2i(a/2(/i:;3rl)’

) _ () +2k+2—2i ;3 /(s—1)
3bi — bi Us l(bZk—i—I—Z)’

0d}” = b} + UBY.

We first look to choose a reduced basis for the complex of X,5°(75 4k+1). As a subcomplex of
X5° (T3 4k+1), each By is one dimensional. Indeed, quotienting out {a;.(s), aa;(s) }1<i<ak leaves us
with the sole generator b ') define Bs=0b ") after the change of basis.

2k+1° 2k+1
Next, for the complex A, observe that a( 5) and U b(s) are in the same coordinate if —2k +2i —1>s,
and similarly a(s) and b(s) are in the same coordinate 1f —2k +2i —1 < s —m. So we may quotient out

{a; () Ba(s)} fori >k + 3= s+1 andi <k + %= 'g“ . We have obtained a reduced model of X,5°(7% 4k +1)-
As a notational shorthand, let us define

f(m’S):w_ms’ (t) —mln{k‘i"r 5 —‘ 2k} l(b) :max{k—l—l—l-’V—s_zm—‘,l}

such that in the reduced model each complex Ay is generated by a(s) with l,(nbl <i=< i,g?s and bl.(s) with

(b) <i=< z(t) + 1. The induced differentials on the chain complex are

©) 8a = b + ULY),.

(7) ab(S) U2k+1 ZIB +U2k+l l+5ﬂs .

Algebraic & Geometric Topology, Volume 26 (2026)
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and the filtration level of the generators are

(®) T@®) = f(m,s)—2k —s—1+2i,
) TJObO) = fm,s) =2k —s—2+2i,
(10) J(Bs) = f(m,s+ 1),

(11) @) =2(b®) = T(5) = 0

for =2k +1 <s <2k +m—1 and suitable i as discussed above. For the purpose of computing concordance
invariants, we will show the mapping cone can be further truncated. Let

L l
VO +hS$e
XX (Thur)t) = P A¥=—> H B>
s=—L+m s=—L+m—1

Note that under this notation X7°(7% ax+1) = X0 (T2 4k +1)(2k +m —1).

Lemma 2.1 Forany k > 1 and m > 2, the filtered complex X,5° (T 4k +1){2k +m — 1) is isomorphic to
X2°(T3,4k+1)(m —1) @ D up to a filtered change of basis, where Hyx(D) = 0.

Proof We will show that for m < £ < 2k + m — 1, the complex X °(T3 4x+1)({) is isomorphic
to X2 (T2 4x+1)(¢ — 1) @ D" up to a change of basis, where Hy(D’) = 0. For every such £, in
XS0 (T 4k +1)(€) perform a change of basis

Bttm—1 > Botbmat FU " Bopim. Ber> B+ U Beo.
By (7), as a result the complexes given by

h_pym v
o0 o0 o0 ¢ o0
Zt4em —— B2y A — By

both become summands under the new basis. The change of basis is clearly filtered with respect to the
T filtration. For the J-filtration, we compute

T Btrm-1)=T U B_m) = T Btm—1)~(T (B-tm)—L+m)
= f(m,—L+m)—f(m, —L+m+1)+L—m = £ >0,
T(BO)—T WU Be—1) = T(BO~T Be-1)+L = [(m, t+1)—f(m, £)+€ = t—m = 0.
Therefore the change of basis is filtered. a
We also record the filtration shift between the generators in the complex.

Definition 2.2 Suppose U€y is a nontrivial term in dx, where ¢ is some constant and x, y are both
generators. Define
Az,7(x,y) = (Z.J)(x)—(Z. T)Uy)
and similarly define Az and A 7.
Clearly, AI’j(al(S), bl.(s)) =(0,1) and Az,j(al@, bfj_)l) = (1, 0) for each i,g’,)s <i=< i,gf,)s. We also have:

Algebraic & Geometric Topology, Volume 26 (2026)
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Lemma 2.3 For —2k +1 <5 <2k +m—1andi{?} <i <i{) +1,
(12) Az (b®, Bs 1) =k +1—i+s,i—1),
(13) Ar g (b, Bs) = Qk+1—i,m—s+i—1).
Proof By (7), (9), (10) and (11), we compute
Azg (b Bs—y) = (T. TP~ @ THUHRH1=H5g, )
=(0, f(m,s)—2k—s—2+2i)—(0, f(m,s))+ Rk +1—i+s,2k+1—i+s)
= Qk+1—i+s,i—1),

Azg (b ) = T DG~ (T Uy
=(0, f(m,s)—2k—s—24+2i)—(0, f(m,s+1)+QRk+1—i,2k+1—1i)
=QRk+1-i,m—s+i—1). O
We have all the ingredients to calculate the concordance invariants ¢; j. This will be done in two
steps. First, we translate the complex X,>°(73 4k +1){m — 1) into the ring F[U, V]. Then we further

translate it into the ring X and perform a change of basis, resulting a standard complex, from which the

invariants ¢; ; can be readily read off.
Lemma 2.4 Over the ring F[U, V], the complex X,2°(T3 45 +1){m — 1) is generated by
{Bs |0<s<m—1}U{a(s) [1<s<m-—1, l(b) <i <l(t) }U{b(s) [1<s<m-—1, l(b) <i <l(t) +1}

with differentials

(14) 00 = US| + Vb,
(15) 3b(s) UAz0 By A6 ) g yATGT By A B g
Proof This follows trivially from (6), (7) and the definition of Az and A 7. O

We are ready to prove the following proposition. Compare with [21, Proposition 1.2].

Proposition 2.5 We have

_ b .
i —imx + 1) if (i j) = (1,0),
0i,j (X2 (T 4 41)(m—1)) = 1 if (i, ) €{Agm(s) |1 <s<m—1},
0 otherwise,

where Ay, (s) is given by

(k=351 ] m+k—|S5L]) s <2k

A =
fom (5) { 0,2k +m—s) s > k.
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Proof Continuing from Lemma 2.4, we can further translate the complex X,2°(7% 4+1)(m —

the ring
F[Up.{WB.i}iez. VT.{Wr,i}iez]

X =
(UpVr,UpWgi —Wpgit1. VT Wri—Writ1)

using the maps
Ul—)UB-i-WT,o, Vl—)VT-i-WB’().

The differentials now reads

04\ = (Up + Wr,0)b"), + (Wp o+ V)b,

Az ,Bs_ A BS B,
I W Voo

Az(b Bs) o Ag (B ,Bs) Az .Bs) o, Az(B Bs)
+(Ug " Wgo + V7 Wro )Bs.

Az Bs—1) 1, A Bs1)

1605

1) into

Note that each term in the previous coefficient in F[U, V] becomes two terms in the above expression,

one in the ideal (Upg) and one in the ideal (V7). We perform the change of basis

b + Uz ' Wg (b)) if i =i + 1,

(16) b = {6 + Us W o) + Vi Wr o)) if i) <i <ife +1,
bl-(s) +V771WT’0(bfj_)l) ifi —z,(nb)s,
Bs + VS Wi ey if s =0,

(17) Bs = \Bs+ VP W Byy + U™ Wy (Boir if 1 <s<m=2,
ﬁs+Ulsg_mW§’0,3s+1 ifs=m-—1,

which simplifies the differentials to

(18) da = Upb{), + Vb,
(s) (s)
ypoip) WTAg(” Pg it =i 41,
p6) — 1 Az (b Bs—1)  As B Be—1) 5 e (b
(19) 8bl UBI i 1 WBOJ i 1 ﬂs— if i —lr(n)sw
0 otherwise.

Note that Az’j(bi(S), Bs—1) — AI’j(bl-(S), Bs) = (s, —m) by (12) and (13) which justifies the change of
basis (17). We have obtained a standard complex [5, Definition 5.1], where the sequence of vector length

of each V-edges (starting from BO) is

()

(m, f_lm ) +1) copies
(—(1,0),...,—(1,0),AIJ(1)(§)) B,
1<s<m-—1
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To finish the proof, it suffices to show Ay ,(s) = Az,j(b,((s,)) +1”3s) for 1 <s <m — 1. Recall that
2 Im.s
ir(nt,)s = min{k + [£51],2k}. Therefore

17
l'(t) +1= k+[sT—| if s <2k,
m,s 2k +1 if s > 2k.

By (13), we compute

1 1
Az (6% LB = (2k+1—k—FJ2r —‘,m—s—l-k—l- P; W—1)

i
= (k—’rg—‘,m+k—Ls+1J) if s <2k;
2 2

Aw(bf;?) LB = @k 1=k + Dm—s+ 2k +1-1)

m.,s

=(0,2k+m—ys) if s> 2k. m|

Lemma 2.6 Suppose CFK™(S3, J,;) 2 CFK*®(S?, Tyx11) ® A for k > 0, where Hy(A4) = 0. Let
ufjkl) denote the image of the (m, 1)-cable of the meridian in the —1-surgery on J,;. Then we have

1 if(i,j)=(k,m+k—1),
0i.j (S21(J2k) My 1) 0 ifi>korj>m+k—1.

Proof Since CFK®(S?3, J,;) = CFK®(S3, Tyx41) ® A, by the filtered mapping cone formula, we
have CFK*(S3, (Ja1), 12%)) = CRK™(S3, (T4 1), 1.%%) @ 4’. By Lemma 2.1

m,1 m,1

2k
01,7 (2 (o). 1 2R)) = 01 j (XS (T g 1) im — 1)),

According to Proposition 2.5, the value of ¢; ; is determined by the sequence Ay ,,(s) for I <s <m —1.
Note that Ag ,,,(1) = (k,m+k —1), and as s increases by 1 either the first or the second entry of Ag ,, ()
decreases by 1. a

Proof of Theorem 1.2 Lemma 2.6 shows the @ ,,4—1 are linear independent, and the homomorphism
B vkmir-1:Cz/Ccz—> P Z
k>0,m>1 k>0,m>1
is surjective. In particular, for each fixed k > 0 the homomorphism

P vkmii-1:Cz/Cz— Pz

m>1 m>1
is surjective. |

3 Blowing down two-bridge links

We now turn to the algorithm due to Ozsvéth, Szab6 and Hales. Let R = R; U R, be a two-bridge link,
where R and R, are the two link components. One can view R as two arcs A1 and A, on a fixed S 2 with
two trivial over-arcs C; and C, each intersecting S? transversely at end points, such that R; = 4; U C;.
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Since R, is unknotted, e-framed surgery on R, with € = £1 recovers S*. Let ¥ be the genus-one
surface obtained from S? by attaching a one-handle along the arc C,, and let 115 be the meridian of the
one-handle. Ozsvath and Szabé give a description for a genus-one doubly pointed Heegaard diagram for
the knot Ry in S2(Ry) = S? as follows.

Proposition 3.1 [16, Proposition 6.3] Fore = *1, letaw = C, U (trivial arc in S§?), B = A, UC, Uk i3,
where k is chosen such that « - § = €, and put z and w basepoints at the two end points of Cy. Then
(Z,a, B, z, w) represents (S2(Ry), Ry).

Proof Clearly (X, a, B) represents S3(R;). Connecting z to w in the complement of « traces out C|
while connecting w to z in the complement of B traces out A;. O

In particular, it follows that (S3(R3), Ry) is a (1, 1) knot. Next, view the two-bridge link R as the
numerator closure of a rational tangle p/¢, with p even and ¢ odd. We follow the convention in [12].
Every rational tangle can be obtained from the trivial tangle by performing

o the vertical right-handed half-twist 7 and its reverse 7~ !;

e the horizontal left-handed half-twist o and its reverse 1.

Specifically in the case when the numerator closure is a link, 72 and o (and their reverses) suffice to
generate the rational tangle.! This can be seen from a simple lemma regarding continued fractions, as

follows. For integers ay, ..., ay, denote by [aq, ..., ay] the continued fraction
1
ap +
1 . 1
a
2 1
1
ag—1+—

ag

Lemma 3.2 If p is even and ¢ is odd, we can arrange such that p/q = [ay, . ..,a,] where £ is odd, and

a; is even when i is odd.

Proof Set (pg,q0) = (p,q), and for each i > 1, we will recursively choose integers (a;, pi, gi) with p;

and g; coprime, such that
20) Pl g 42
qdi—1 Pi
Since p;_1/qi—1 is between two consecutive integers, we choose @; simply to be the closest even integer
(resp. the closest integer) when i is odd (resp. when i is even) and choose p;, ¢; according to (20).

It follows that | p;| = |¢;—1| and
Pi—1 =aiqi—1 +¢; mod 2.

n fact 2 and 0% and their reverses suffice, but at the expense of increasing the length of the continued fraction. For our
purpose we will use 2 and 0.
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(@) (b)

Figure 3: On the left, a rational tangle in the standard representation [12] corresponding to
p/q = lai,az,as], where positive numbers indicate crossings of the type X and negative
numbers vice versa. The diagram is alternating if all a; are of the same sign. On the right, the
same tangle in the 3-strand-braid representation [12]. The numbers in the boxes indicate the
number of right-handed half-twists. The numerator closure of the tangle, indicated by the dotted
lines, is a two-bridge link. For even a; and a3, the knot K jE[al ,d7,az] is obtained by doing £1
surgery on one of the components.

From these one can inductively show that for all 0 <i < »n we have

(even,odd) ifi is even,
(pi9 %) = e s
(odd, even) if i is odd.
Note that |¢;| < |pi| = |¢i—1], and therefore this process will terminate in finite number of steps. Also
the last term a, must have n odd, since ¢, = 0 which is an even number. O

Definition 3.3 Denote by K*([a;, ..., a]) the knot obtained by doing +1 surgery on the upper strand
of the numerator closure of tangle p/q = [ay, ..., ay), respectively. One can also write K*(p/q). See
Figure 3(b).

3.1 A diagrammatic algorithm

The following algorithm is due to Jonathan Hales [8]. Let us consider the effect of action 72 and o on the
Heegaard diagram (X, «, §, z, w) inside € = 1 surgery. We depict the result of these actions in Figure 4.
Note that in Figure 4(b) and (c), in order to preserve the framing of B curve, for each added full twist
we need to “double-back” one time such that the intersection points cancel in pairs with sign, and the
framing of the 8 curve remains to be €.

In order to compute the Heegaard Floer homology of a (1, 1) knot, the standard treatment is to lift
the genus-one Heegaard diagram (X, o, 8, z, w) to the universal cover R?, where the bigon counts are
explicit. Therefore we would like to study the actions of 72" and o on the universal cover of X. The
following is interpreted from [8, Lemma 3.2.3]:
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Q

(b)

(a

C 5
(© (d)
Figure 4: (a) and (b) demonstrate the result of applying t2 on the four-punctured sphere and

¥ = 53 U (one-handle) supposing € = +1, respectively. In (d) the two black arcs illustrate the
effect of 0.

First note that all of the following transformations keep the lifts of o unchanged, and deform only the
lifts of B.

For n € Z, t*" has the following effect: In the covering S' xR = [0, 1] x R/{(0,r) ~ (1,r) | r € R},
where the lifts of « are identified with S! x Z, arrange such that the lifts of the z basepoint lie on a vertical
line £, := {1/4} x R and the lifts of the w basepoint lie on a vertical line £, := {3/4} x R. Fixing &, z
and w basepoints, perform an ambient isotopy in a small neighborhood of £, given by the following: fix
a small ¢ > 0,

1_
1) HO(x,r) = (x,r + (1 _ |4sx|)nz) ifxe[f—et+e]

(x,r) otherwise,

for 0 <7 < 1. In the process, a small neighborhood of B near each intersection point ,B~ N £, is shifted
vertically by |»| units and crosses |n| of the z basepoints. Equivalently, t2” can also be interpreted as
follows. Fixing &, z and w basepoints, perform an ambient isotopy in a small neighborhood of £,, given by
the following: fix a small € > 0,

3y . ; .
(22) Ht(w)(X,r): (X,V—(l—}%)n[) leE[Z—g,Z_Fg]’
(x,r) otherwise,

for 0 <t < 1. In the process, a small neighborhood of ,5 near each intersection point B N £y, is shifted
vertically by |n| units and crosses |n| of the w basepoints. Further lift this to the universal cover R2. For
an example, see Figure 6 in Example 4.2 and Figure 11.
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On the other hand, note that o is a local action. See Figure 4(d). In the universal cover, o (resp. o1
corresponds to performing a clockwise (resp. counterclockwise) half-Dehn twist around each lift of z
and w basepoints. See the middle step of Figure 11. As a convention in this paper, after each action of o
we also switch the role of z and w basepoints, such that z is on the left and w is on the right. The switching
induces a chain homotopy equivalence of the resulting Heegaard Floer complex. We include the switching
such that the z basepoint is consistently on the left and w basepoint is consistently on the right in each lift.

According to Lemma 3.2, each rational tangle whose numerator closure is a two-component link can
be obtained from the trivial tangle by applying 2 and o iteratively. Therefore we have described an
algorithm that produces the (1, 1) diagram of any knot that arises from blowing down a two-bridge link.
Here by a (1, 1) diagram, we mean the universal cover of a genus-one doubly pointed Heegaard diagram,
where we fix a preferred parametrization. We have outlined a proof for the following theorem:

Theorem 3.4 [8] The actions t> and o provide an explicit description of the (1, 1) diagram of any knot
that arises from blowing down a two-bridge link.

4 Classifying K *(p/q) with continued fraction length < 3

Using the algorithm due to Ozsvath, Szab6 and Hales, the goal of this section is to give a complete
classification of CFK™®(S3, K*(p/q)) for p/q =la,...,as] where £ = 1 or 3 and g; is even for each
odd i. Note that

(23) K= (p/q)=—K"(-p/q) =—KT(—a1....,—a)).

As a road map for this section, we will first consider the case £ = 1 in the next subsection. Then, in
Section 4.2, we will discuss some general facts about the £ = 3 case, reducing it to five subcases. Finally
we will prove each one of these subcases in Sections 4.3 through 4.7, completing the classification. All five
subcases and their corresponding conclusions are recorded in Proposition 4.13 for the reader’s convenience.

4.1 Case K*([a1])

The following proposition together with (23) classify all the K= ([a;]).
Proposition 4.1 Forn > 0,

(24) KT ([2n) = ~Ty1..

(25) KT ([=2n) = —Tynt1

and KT ([0]) is the unknot.

Proof We will only prove (24). The other case is similar and left for the reader. Recall that the torus
knot —T3, ,,—1 is the braid closure of (w,—1 - -+ w; )*=1 where w; is the braid group element that exchanges
the i-th and (i 4-1)-th strand, with the crossing convention given by Figure 5(b). Note that a left-handed
full twist of the first k strands has a presentation of (wj_1 --- w1)¥.
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n-strands

i i+

J
( »

(a) the knot KT ([2n]) (b) the braid group element w; (c) a braid presentation of KT ([2n])

Figure 5: Illustrations for the proof of Proposition 4.1.
As depicted in Figure 5(c), the knot KT ([2n]) is the braid closure of W@y - -+ wp—1 (Wp—2 - w1 )* L.
Therefore it suffices to show that as elements of the braid group
(26) (@p—10)" " = w103+ Opy (Wp—p - 0))"
From the braid relation
(27) W Wj+10] = Wj+1W;W;+1,
it is straightforward to see that for | <k <i <k + j,
(28) Wi (g Ok+1°+ Okt j) = (OO 41+ Ok j )W 1.
We proceed by induction. For each 1 <i <n — 1, we claim that
(29) (@t 1) = (Opey - 0)" T T (@nmi Ot (@p—z - 01)
This is obviously true for i = 1. Suppose this is true for some 1 <i <n —2. By using (28), we have
(Wp—1 - 07)""!
= (@n—1 - 0" T (Onei g ) (@p—r - 01)
= (-1 ®1)" > wp_1  Oni (Op—im1 Oni * Op—1) Wi+ D1 (W - @1)
= (@n—1 01" 2 (Wnmic 1 @ni  Ope1 ) (Op—2 ** Op—im1 ) Op—i—2 - O (O3 - @)
= (@p—1 - 0)" T @iy g (@n—z 1) L
Thus we have proved (29). Taking i =n — 1 in (29) yields (26). O

Example 4.2 Consider K ([—2n]) for n > 0. Applying the algorithm by Ozsvith, Szabé and Hales,
starting from a (1, 1) diagram for the unknot K ([0]), where the B curve has slope —1, we equivariantly
perform downwards finger moves of 7 units such that a small neighborhood of ,3~ near each intersection
point ,3 N £, crosses n of the z basepoints. The resulting (1, 1) diagram is depicted in Figure 6. For
a chosen lift & of «, we mark the intersection points of & N ,g from left to right by x1, x5, ... in order.
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Figure 6: The (1, 1) diagram for K ([—2n]) with n > 0, where the solid dots indicate (lifts of)
the z basepoint and the hollow dots indicate (lifts of) the w basepoint.

There are 2n — 1 intersection points in total, and for each i € {1,...,n — 1}, there is a bigon from x;;_1
to x,; with i copies of z and a bigon from x;;41 to x5; with n —i copies of w; there are no other bigons.
Therefore we conclude that CFK*(S3, K ([—2n])) is generated by x1,. .., x5,_; with the differentials

0x2i—1 = Xj—2 + X2;
and the filtration shifts
Az,7(x2i—1,X2i—2) =(n—i+1,0),
Az,7(X2i—1,x2;) = (0,1)

fori =0,...,n, where we take x¢g = x5, = 0. For the definition of Az 7, see Definition 2.2.

From Proposition 4.1 we already know K*([—2n]) = =T, ,+1. So this provides another way of
computing the knot Floer complex of 7}, ,4 1 torus knots independent of the structure theorem of L-space
knots [17] and the computation of their Alexander polynomials.

In the other direction, without knowing K ([—2n]) = —T}, ,+1, just by looking at their (1, 1) diagrams
in Figure 6, one can also show they are L-space knots via [7, Theorem 1.2] (the (1, 1) diagram is coherent)
and this gives a shortcut for computing their Alexander polynomials.

4.2 General results on the case { =3

From now on we fix the length of the continued fraction to be 3. Note that K= ([2n,0,2n,]) =
K*([2n1 + 2n5]), and therefore the results here also apply to the knots in the previous section. We will
end up reducing the classification to the case when a; = £1 or 0, so for the following lemma we consider
some relations between this subclass of knots.
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Lemma 4.3 For any integer b, n, ny and n,, we have

(30) K*([2n1,b,2n3]) = K*([2n2,b,2m1)),
31) K*([2n1,1,2m5) = K=([2(n1 + 1), =1, 2(n2 + 1)),
(32) KE([0, £1,2n])) = K*([2n)),
(33) K*([2,-1,2n]) = K*([2n —2)),
(34) K*(-2,1,2n)) = K¥([2n +2)),
]

(35) KT (2n1,1,2n3])) = —K~([<2n1, -1, —2n,)).

Proof The relation (30) can be seen by rotating the paper plane by 180 degrees along a vertical axis. To
show (31), we compute

2(n+1),—1,2(ny+ D]=2mn; + 1)+

14+ —
2(n2+1)
. —4(111 + 1)(7[2 + 1) —|—2(}’ll + 1) +2(l’l2 + 1) _ 41’111’[2 +2l’ll +2l’12
N 1—2(ny+1) N 2ny + 1

= [2n1 ’ 1’ 2n2]

The relation (32) is clear from the link diagram. Relations (33) and (34) are straightforward from the
continued fraction. Relation (35) comes from mirroring. O

4.2.1 Full Dehn twists Let H¥([2n;, b, 2n,]) denote the lifted Heegaard diagram in S xR obtained by

br2m1 gyer the F1 sloped curve ,3 By default, we also fix a preferred lift & of «

applying the action g
and ,3 of B. According to the algorithm discussed in Section 3.1, with the above data, = ([2n1, b, 2n,])
induces a basis B for the knot Floer complex CFK™®(S3, K*([2n1, b, 2n,]))

When b = +1 or 0, after performing 72”1, connect each pair of the z and w basepoint with a horizontal
line segment y. After potentially pulling tight ,5 , we see that y intersects ,3~ at most once. See Figure 7(a)
for the case when b = 1; the other two cases are similar. The action of o2 is given by the local
transformation depicted in Figure 7(b). Since this transformation is defined inside a small neighborhood

of y, we may reverse the order the operations, i.e., ‘52’120')%

T = Uﬁ,tz”%z”l. Here we write 0, to
stress the region where we perform the local transformation, and )’ is the image of y under the ambient
. 2n . . 2n . . 2
isotopy 7"2 given by (21) or (22). In other words, after performing 7="!, instead of performing o,
)%, in a small
neighborhood of y’. This has the same effect as performing 05 first, followed by 72"2. Once the regions

first, we can apply the ambient isotopy 72”2 to ,3 and y at the same time, then apply o

of the operations are understood, we drop them from the indices of o.

Definition 4.4 For an arc y, define p4 to be the conformal transformation in a neighborhood of y
depicted in Figure 7(b). This is to be understood up to rotation in R2. We can similarly define p_, given
by a reflection of p4 along a vertical axis. The action pL is trivial if N yL = @.
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SR

(a) the horizontal segment y

211 strands

\

(c) the result after performing o’ (d) a counterclockwise finger move

Figure 7: In the above diagrams, the x symbol is used to indicate either basepoint.

Remark 4.5 A useful perspective is to view p4 as the reverse of the counterclockwise finger move
depicted in Figure 7(d), where we move both the basepoint and the B curve. Equivalently one can also
perform a counterclockwise finger move on the other basepoint to achieve the same result. Similar
statements are true for p—, with the only difference being that the finger move is clockwise.

We stress that p preserves the angle between B and y. For example p_ o p4 is not well defined.
Nevertheless, this allows us to reduce any H¥([2n;, b, 2n5]) to the case when b = +1 or 0.

For the following, set € = sgn(b), m = |eb/2] and b’ = b — 2em. To understand H*([2n1, b, 2n5]),
it suffices to understand H* ([2n1, b, 2n,]) and the action P2 over certain arcs (the image of all the y
under t2"2).

Definition 4.6 When b’ = 1 or 0, define Y. to be a straight line segment of slope —2#n, from a z basepoint
to a w basepoint in H*([2n;, 1, 2n,)).

When b’ = —1, define y_ to be a straight line segment of slope —2(n, — 1) from a z basepoint to a
w basepoint in HE([2(n; — 1), 1, 2(ny — 1)]).

We abuse the notation and let y4 also denote the line segments with the same slope in H* ([2n1, b, 2n5]).

Lemma 4.7 Givenni, b and n,, form and b’ as above,

o when b > 0, HE([2n;, b, 2n5)) is obtained from H(K*([2ny,b’,2n,])) by performing the local
transformation p'}! over all y;

o when b < 0, H([2n;, b, 2n5]) is obtained from H(K*([2ny,b’,2n,])) by performing the local
transformation p™ over all y_.

Proof The case when b’ = 0 or 1 follows from the fact that 27207211 = g2m2n25b"12n1 4nd the

image of y under 72”2 is y. Consider the case when b’ = —1. We already know that
KE([2n1,—1,2n5)) = KE(2(ny — 1), 1,2(n2 — 1)).
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In fact, one can check that after pulling tight 5, HE([2n1, —1,2n5]) and HE([2(ny — 1), 1,2(n, — 1)])
represent the same diagram. This justifies the definition of y_ in this case and the rest of the proof
follows. O

The maps defined in Lemma 4.7 are equivariant; denote them by o 2"

, respectively. It turns out that
they induce maps on the knot Floer chain complex together with certain marked basis, which we will
now define.

We describe the process of assigning 4+ markings; the — case is parallel.

Definition 4.8 For a given y4, after pulling tight ,é Jetar =y Naand by =y N ,3 . Both a4 and b+
are unique if they exist, as can be seen from the local picture Figure 7(a). From Figure 7(d) we can see
that p4+ does not affect the knot Floer complex if & Ny = &. We give a + marking to the “closest”
intersection point p of @ N 5 to a4+ or b4. Concretely, p is the unique intersection point that forms a
(o, B, p) triangle with a4 and b4. We call p a + marked point.

For the chain complex C = CFK®(S3, K*([2n;,b, 2n5])) with the basis B induced by & and ,B~,
assign markings for every y4. This results in a + marked basis By . Note that it is possible for a basis
element to be assigned more than one + marking.

Similarly define intersection points a—, b_ as the — marked points and B_ as a — marked basis.

Let D be the filtered chain complex over IF[U, U ~!] generated by x, x1, X, and y with differentials

(each with length one) as below
Xo < X1

!

ye—x2
Namely, D, is a length-one box summand.

Lemma 4.9 Givenay, a3 evenand a, > 0, we can obtain a model of (CFK*™(K* ([a1,a>+2.a3))). B,)
from (CFK°°(Ki (la1.az.as))). By) as follows. For each + marked point p, add { copies of D,
summands, where { is the number of + markings of p, such that for each D; summand, y and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign a + marking
to x1 of each added D summand. This gives the new marked basis B;.

Proof Given a intersection point b+ = y4 DB for some y4, let p be the + marked point induced by y4.
In a small neighborhood of y., the transformation p4 is given by Figure 8(a), up to rotation in R2. In the
resulting diagram, label the intersection points by pg, ¢, a, b and p; from left to right (as we will see, this
assignment also only matters up to the symmetry from the middle). They generate a complex depicted
in Figure 8(b). In particular, we can perform a change of basis {a, b, ¢, po, p1} — {a,b,c, po + p1. pi}
where i = 0 or 1. Both choice of the change of basis splits off a summand generated by {a, b, ¢, po + p1}
isomorphic to D;. We then identify either py or p; with p. Fori = 0, 1, clearly poy + p; share the
same filtration level and Maslov grading with p;; moreover observe that p; inherits all the bigons of p
(either incoming or outgoing, with the same filtration shifts). Adopting the perspective of Figure 7(d),

Algebraic & Geometric Topology, Volume 26 (2026)



1616 Hugo Zhou

m copies

@o<——0
b a
-9 -9
ﬂ D1 I
.4.7"6' .04—“
Po
(a) (b) (c) the effect of the map o2

Figure 8: The effect on CFK*°.

performing a counterclockwise finger move will undo the transformation p4+ on the diagram level, and
remove a box summand on the chain complex level. The choice of basepoint with which we perform the
finger move corresponds to identifying p with py or pq.

Over the diagram H¥ ([a;, a, + 2, a3]), following B and record the sequence of b4 in order. Perform
the finger move in Figure 7(d) near each b4 (this amounts to removing an interval of fj’ near by and
gluing it back). The resulting diagram is ¥ ([a;, a5, a3]). This proves the statement regarding the chain
complex. For the new marked basis B’, , simply notice that in the local picture Figure 8(a), the intersection
point a forms a triangle with a4 and b4. |

Lemma 4.10 Givenay, az even and a, <0, we can obtain a model of(CFK°° (K*([ay,az+2, a3))), B’_)
from (CFKOO(K *([ay, az, a3))), B_) as follows. For each + marked point p, add £ copies of D;
summands, where { is the number of — markings of p, such that for each D1 summand, x| and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign a — marking
to y of each added D summand. This gives the new marked basis B’_.

Proof This is parallel to Lemma 4.9. |

Practically, we only need to consider the complex with marked basis (CFK°° (KE([2n1, b, 2n3))). Bi)
with ' = +1 and 0 and consider the map o =2, In general it is not difficult to determine B using
Definitions 4.6 and 4.8. In particular, we have proved the following.

Proposition 4.11 Up to chain homotopy equivalence,

N
CFK™(S?, K*([2n1.b.2n,])) = CFK®(S*, K*([2n,. ', 2n3))) & €P D1
i=1
where b’ = b —2em fore = sgn(b), m = |eb/2], N is the number of markings in the marked basis B
and D is the length-one box complex.

For any n; and n,, by Definition 4.6, y4 and y_ coincide for CEK®(K*(S3,[2n;,0, 2n5])), so
By = B_. In this case it is easy to check that the map o in Lemma 4.9 and the map o2 in Lemma 4.10
induce the same map on the level of filtered chain homotopy type, even though they induce different basis
in the image. In other words, we have the following.
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Lemma 4.12 Up to filtered chain homotopy equivalence, forny,n,,b € 7,
CFK™(K*(S3,[2n1.,2b,2n,])) = CFK®(K*(S3,[2ny, —2b, 2n,))).

Note that the marked bases B4 and B_ are generally different for CFK*® (K *([2n;, 1, 2n,])) since
v+ and y_ have different slopes.

In view of Lemmas 4.3, 4.9, 4.10 and 4.12 we can reduce the £ = 3 case to some subcases as follows.
Suppose we are given [ay, ay,a3] with a1,a3 € 27 and a, € Z. If a, is even, then it suffice to consider
a, > 0, and by mirroring we only need to consider K. If a, is odd, by mirroring we can guarantee that
a; > 0. Next reducing a, to the case a, = £1, we can further restrict to the case a, = 1 and consider
both B and B_ on CFK*®(S3, K*([a;, 1, a3])). Finally note that we can require a3 # —2.

In summary, we have the following five cases, which are the topics of the next five subsections,
respectively. We record the conclusion of each subsection here for the reader’s convenience. This, together
with the £ = 1 case completes the proof of Theorem 1.5.

Proposition 4.13 According to the discussion above, the case £ = 3 is fully classified by the following
cases: fornyi,n, € Z and integer b > 0,

(1) K*([2ny,2b,2n,]), Corollary 4.17,
forny,ny >0,

(2) KT ([2n1,1,2n,]), Proposition 4.27;
(3) K~ ([2ny, 1, 2n;]), Proposition 4.31;
and forn; > 0,n, > 1,

(4) K*([2n;,1,—2n,)), Proposition 4.32;
(5) K~ ([2ny,1,—2n3]), Proposition 4.33.

4.3 Case K*([2n1,2b,2n,]) withb > 0

Since KT ([2n1,0,2n5]) = K ([2n]) for n = ny + n,, with K+ ([2n]) already classified in Section 4.1,
the only extra data we require is a set of markings on CFK®(S3, K™ ([2n])) (which as complexes of
L-space knots, admits a unique basis).

4.3.1 Marked basis for K+ ([-2n]) withn > 0 Fix —n =n +n, and let n, = —k for k € Z. We
seek to decide the marked basis corresponding to K+ ([—2(n —k), 2b, —2k]) for b > 0. By Definition 4.6
Y+ is of slope k. Revisit Figure 6: in a S x R slice, denote the lifts of « that intersect a chosen lift B of B
by «; through «, from bottom to top. Fix a lift & of «. It takes # iterations to cover all the intersections
ofan ,3~, with & being identified with g for 1 < £ <n in each iteration. In total there are 2n — 1 generators
in the complex CFK*®(S3, K+ ([-2n])) = CFK*(S3, Ty n+1). Every iteration covers 2 intersection
points except the last one, which covers 1 intersection point.
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Figure 9: The y; line segment with slope n 4 1 intersects the n sloped ,5 line segment once.

The only intersection points that are marked are the ones in the middle of each S! x R slice. We focus
on the portion of B that travels between z and w basepoints, which is isotopic to a slope n line segment.
The question of how many markings each intersection point receives is a completely combinatorial one:
for each oy we need only count the number of line segments of slope k that intersect both line segments
of slope n and slope 0.

In the below proposition, note that CFK*(S3, Ty n+1) admits a unique basis, and by the symmetry it
does not matter from which end we start counting the generators.

Proposition 4.14 Forn,b >0 and k € Z\ {0, n}, corresponding to K+ ([—2(n—k), 2b, —2k]), the (2£)-th
generator in CFK®(S?, T}, ,+1) receives m(n, k, £) markings for 1 < <n— 1, where

k—n iftk>n+1,
(36) mn,k, ) =n—L€+min{{ —k,0} + min{k +£—n,0} ifl <k<n-—1,
—k ifk <—1.

Proof For 1 </{ <n—1, in the {-th iteration, oty is identified with & and the intersection point depicted
in Figure 9 is the (2¢)-th generator. Label the height of the z and w basepoints by j, such that oy is
between j ={f and j ={—1.

When k > n + 1, y4 intersects the line segment of slope # if and only if it starts from j < —1 and
ends at j > n. There are k — 1 —n 4+ 1 = k — n of such line segments in total.

When k < —1, y4 intersects the line segment of slope 0 if and only if it starts from j > £ and ends at
j <{£—1.Thereare { —1— (£ + k) + 1 = —k of such line segments in total.

When 1 <k <n—1, y4+ intersects both the line segments if only if it starts between 0 < j <£—1 and ends
between £ < j <n—1. In other words, we need only find the length of the interval [k, k +{—1]N[{,n—1],
which is given by

min{k +4—1,n—1} —max{{,k} +1=n—£ + min{{ — k, 0} + min{k + £ —n, 0}. |
Note that the expression m(n, k, £) is symmetric under the transformations
(n,k, )~ (n,k,n—2), (nk, ) n,n—=k7r).
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4.3.2 Marked basis for K+ ([2n]) with n > 0 This is similar to the previous case. Fix n =n +n, and
let ny = —k for k € Z. We seek to decide the marked basis corresponding to K ([2(n + k), 2b, —2k])
for b > 0. Similarly label the lifts of @ by oy through «,—; from bottom to top. It takes n — 1 iterations
to cover all the intersections of & N ,3~ , with & being identified with oy for 1 <£ <n —1 in each iteration.
In total there are 21 — 3 generators in the complex CFK®(S3, K ([2n])) = CFK*(S3, T}, ,—1). Every
iteration covers 2 intersection points except the last one, which covers 1 intersection point.

The only intersection points are the ones in the middle of each S! x R slice and the portion of ,3 that
travels between z and w basepoints is of slope —n. By Definition 4.6 y4 is of slope k. The proof of the
next proposition is similar to the previous case and left to the reader as an exercise.

Proposition 4.15 For n,b > 0 and k € Z \ {0, —n}, corresponding to K¥ ([2(n + k), 2b, —2k]), the
(2¢—1)-th generator in CFK®(S3, T, ,—1) receives m’(n, k,{) markings for 1 < £ <n— 1, where

—k—n ifk <-n-—1,
37) m'(n,k,0) = 3n—L+max{f —n—k,0} +max{k +£,0} if —n+1<k<-1,
k ifk > 1.

4.3.3 Marked basis for K+ ([0]) Again let n, = —k for k € Z.
Definition 4.16 Let C be the complex generated by one element.

We seek to decide the marked basis in Cy corresponding to Kt ([2k, 2b, —2k]) for b > 0. Similar
analysis as from the previous sections shows that the unique generator in Cy is assigned |k| markings
for k € Z. This concludes the discussion of the case K+ ([2n;,2b,2n,]) with b > 0. In particular,
Propositions 4.14—4.15 and the above imply the following.

Corollary 4.17 For any ny,ny € Zyo and b > 0, up to chain homotopy equivalence, the complex
CFK®(S?, K*([2n;,2b,2n,))) is given by,
e ifny+n,=0,
Co @ b[nz|Dy:
e ifny +ny>0,definingn =n; +ny andk = —ny,

n—1

CFK®(S3, Tyyne1) @ b( > m'(n k. 5))131,
=1

where m’(n, k, {) is given by (37);
e ifn; +ny <0, definingn =—(ny +ny) and k = —n,,

n—1

CFK*®(S3, Ty nt1) @b( Zm(n,k,z))Dl,
=1

where m(n, k, £) is given by (36).
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N

Figure 10: The knot K- , = K*([2n1, 1,2n2]). Numbers in the boxes indicate the number of

right-handed full-twists.

4.4 Case K*([2n1,1,2n3]) with ng,ny > 0

From now on let us write K,jl n, for the knot K T ([2n1, 1, 2n,]) for the simplicity of the notation. See

Figure 10 for a depiction of the knot K,Tl n,- Since the corresponding rational tangle has a presentation
[2n1, 1,2n,], by Jonathan Hales’s algorithm we shall consider the action 72"2¢72"1 on the (1, 1) diagram.
The entire procedure is shown in Figure 11.

Fix a lift & (resp. ,3) of the o (resp. B) curve. Consider the final diagram in Figure 11 and suppose
ﬁ travels from left to right. Observe that in one iteration B pass through n; 4+ 1, — 1 consecutive lifts
of « (after isotoping away bigons without basepoint if necessary); denote them a1, ..., 0y, y4,—1 from
bottom to top. To include all intersection points of & N ,5 ,n1 +ny— 1 iterations are needed. Following ,5 ,
denote the diagram of each iteration by H(s) for 1 <s <n; 4+ n, — 1; call it the s-th block. Note that
in H(s), @ is identified with aj.

To further determine the marked points, by Definition 4.6 each y4 is slope —2n;, and viewing
HT([2n1,1,2n5]) as HT([2(n; + 1), —1,2(ny + 1)]), each y_ is of slope —2(ny + 1).

LR
TN SO, R

—

7211 o 212 "
- - 5 U e
(0] ‘\
° o ° o (] o 2 .\“\\u
o1 ) ni

\

b
Figure 11: The action 72”20 72" when n; = 2 and n, = 3, starting from the slope —1. The solid
dots indicate (lifts of) the z basepoint and the hollow dots indicate (lifts of) the w basepoint. The
slope of y+ is —n3 and the slope of y_ is —(ny + 1).

o
O,
o
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(a) the first block H (1) (b) the last block H(ny +n; — 1)

ax{nq —s,0} max{n, —
— —

o ---o . CaY .
min{nq, s} + min{n,, s} —s
/—/%

Lo v [Nyt |-
NN o

mm{nl s} + min{n,, s} —s
® --- @ o...

o

- N
{s —n,,0} max{s —ny,

(c) the s-th block H(s) with2 <s <ny+n, —2

Figure 12: Illustrations of blocks H(s).

Lemma 4.18 For1 <s <n; +n,—1, each block H(s) corresponds to the diagram depicted in Figure 12.
Proof This can be readily read off from the final diagram in Figure 11. |

Remark 4.19 To obtain Figure 12, we are allowed to isotope the curves in the universal cover in the
complement of the basepoints and other curves, and to move the basepoints around as long as they do not
cross the curves. Since both these operations preserve the bigons, Figure 12 can be used to compute the
knot Floer complex. We need to pay some extra attention to keep track of y4 and y_.

We now abuse the notation and denote the complex generated by H(s) in CFK*®(S3, K n o) also
by H(s), for 1 < s < n; + n, — 1. Define the chain complex G(1) = CFK*(S? K " nz) and
Gi+1)=G@G)/(HG)UH(n1+n,—i))for1 <i < L%J Observe that H(s) and H(nq+n,—s)
are both subcomplexes in G(s).

We note that although suppressed from the notation, both G(s) and H(s) depend on s, 11, n, and k.

Definition 4.20 Define a filtered chain complex Dy over F[U, U 1] for s > 1 to be the complex generated
by x; with 0 <i < 2s and y, where differentials are given by

0X2j41 = X2; +X2i42, 0=<i=<s—1,

0x2; =, 0<i <y,
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with the filtration shifts
Az,7(x2i41,X2;) = (1,0),
Az, 7(X2i41,X2i42) = (0, 1), 0<i<s—1,
Az,g(x2i,y) =(,s—1), 0=<i=<s.

We say Dj is supported in Maslov grading a and filtration level (7, ;) if y is supported in Maslov grading a
and filtration level (i, j).

Alternatively, Dy is the complex Cs with the addition of a generator y and the differentials from x;;
to y for 0 < i < s with above filtration shifts. The complex D(3) is shown below as an example:

X < X1
|
Xy < X3
|
X4 < X5
|
y/ X6

Lemma 4.21 When s < min{n1 ,No, L%J }, there exists a filtered change of basis T of G(s), such
that in the image of T, H(s) becomes a summand, and moreover H(s) = D;.

Proof Consider two consecutive blocks H(s) and H(s+1) in G(s) for | <s <min{ny,ny, | 2H2=11}.
See Figure 13. Denote the intersection points of ,B~ Na by xg, ..., X2, ¥, x(’), el x;s,, y' in order, where
s’ =min{n{,s + 1} + min{n,,s + 1} —s — 1, which is the number of small inner arcs in each half plane
in H(s + 1). There are two cases to discuss: when s = min{n,n,} or s < min{n,n,}.

e Suppose s = min{ny,n,}. Then s’ = 5. Observe that the only arrows connected to H(s) are given by
oxs; =y+y, 0<i<s.

Performing the change of basis

Xj > Xj+x;, 0=<i<2s,
splits oft H(s) as a summand. Since the filtration shifts are
(38) Az, g(x2i,y) = (i, 5 —1),
39) Az, 7(xy;,y) = (i,s —i)+ (max{n; —s — 1,0}, max{n, —s —1,0})
for 0 <i <, this change of basis is filtered.
e Suppose s < min{ny,n,}. Then s’ = s + 1. Similarly, the only arrows connected to H (s) are given by
Iy, =y+y., 0<i<s+1
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Figure 13: Two consecutive blocks H(s) (on the left) and H(s + 1) (on the right) in G(s) for
1 <s <min{ny,ny, L%’Q_IJ} There could be other basepoints (at most more of each kind) in
H(s + 1) in the lower half plane.

Performing the change of basis
Xi > xp4x;, 0<i<2s,
xlz(s+1) = x/z(s+1) + X2
splits off H(s) as a summand. Since the filtration shifts are
(40) Az, 7(x2;,y)=({,s—i) for 0<i=<s,
1) Az (x5, y) =@, s+1—=i)+(m—s—1,np—s—1) for 0<i<s+1,
this change of basis is filtered.

And it is clear from the diagram that each H(s) generates a Dy summand (after quotienting out the top
outmost arc). O

Lemma 4.22 When s < min{m JNa, L%J }, there exists a filtered change of basis T’ of G(s), such
that in the image of T', H(n{ + n, — s) becomes a summand, and moreover H(ny +n, —s) = Dj.

Proof This follows from Lemma 4.21 and the symmetry of the knot Floer complex. Equivalently one
can run the similar argument as in the proof of Lemma 4.21 again. |

Lemma 4.23 When s < min{n,n,} — 1, there exists a filtered change of basis such that
GO =G+ 1) HG)DHM +ny—s)=G(s+1)D2D;.

Proof When s < min{n;,n,} — 1, we have H(s) N H(n| +n, — 1) = @. By Lemmas 4.21 and 4.22,
one simply applies the change of basis 7’ o T', and in the resulting complex H(s) and H(ny +n, —1)
both become summands. O

These lemmas allow us to completely determine the complex CFK*®(S3, K ,Tl .n,)- Due to (30), we may

assume 71 < n,. Therefore from now on we only consider knots of the form K;Ln Tk withn > 0and k > 0.
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Proposition 4.24 Forn > 0 and k > 0, we have

n—1

CFK®(S*. K ) =Gn) & 2( a DS).
s=1
Proof This follows from Lemma 4.23. Starting from G(1) =~ CFK*°(S3, K,F | n)> We keep splitting off
pairs of summands of Dy when s < min{n,n,}— 1. |

Therefore it suffices to determine the quotient complex G(n) = Uj‘ o H(n+j)in CFK*®(S3, K +n )
Note that the top outmost arc in H(n) and the bottom outmost arc in H(n + k) are quotiented out. We
discuss several cases for different k.

e Whenk =0, G(n) = C,

e When k = 1, we can use either Lemma 4.21 or 4.22 to split off a D, summand. The remaining
summand G(n)/ D, is isomorphic to Cy,.

e When k& = 2, we can use Lemmas 4.21 and 4.22 to split off a pair of D,, summands. The remaining
summand G (n + 1) is isomorphic to Cj,.

e When k > 3, we again can use Lemmas 4.21 and 4.22 to split off a pair of D, summands. The
remaining summand is G(n + 1).

Definition 4.25 For n > 0, k > 2, define C, x to be the complex generated by
1= j<k—1,0<i <2n}U{y; |1<i<k—2}

For simplicity, let yo = yx—; = 0. For 1 < j <k — 1, the differentials are given by

o _ . ) .
8x2t-|—1 Xoi +X21+2, 0<i<n-1,
8x§§):)ﬁ +¥Vj-1, 0<i<n,

with the filtration shifts
Azg (x5 x5)) = (1.0).

Az,z (X0 ) = (0. 1), 0<i<n-—l,.

AIJ(XZ, Jyi) =+ j,n—i),
Az,j(le. Vic) =G, k—j+n—i), 0<i=<n.
Note that C,, » = C,. See Figure 14(b) for an example when n = 2 and k = 4.
Lemma 4.26 When k > 2, in CFK®(S3, K + a+k) the quotient complex G (n + 1) is isomorphic to Cy .

Proof The quotient complex G(n + 1) =~ 1_1 YH (n+ j) in CFK®(S3, n nt
block H(n + j) for 1 < j <k —1 in Figure 14(a). Again the top outmost arc in H(n + 1) as well as

the bottom outmost arc in H(n + k — 1) are quotiented out. Denoting the generators in H(n + j) by

) (J) )
Xow e DY

) We have drawn the

, yj from left to right in order, note that for each j the 2n+-1 generators x , x(()j ) forma
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3)
*1

3)
XO
3) 2 (@
SR Yo N
X2
) )
Xf) Xy Xq
@
” /)
4N X1
X21) x§1)
1 3
1)
X4
(@) (b)

Figure 14: On the left, the block H(n + j) with 1 < j <k — 1. On the right, the complex C3 4.

staircase, and for each 0 <i <n the generator xéjl ) has a differential to y; and y; _; (taking yo = yx—1 =0).
The filtration shifts can be readily computed by counting the number of basepoints in the bigons. m]

The following proposition describes the knot Floer complex CFK*°(S3, K":n 4x) forn >0,k >0. The
k =1 case of Proposition 4.27 is the content of [8, Thoerem 3.3.14], which in turn implies Theorem 1.3.
(To be precise, [8, Thoerem 3.3.14] describes the mirror of KII . J)
We recall that K,;"l = Kt ([2n1,1,2n3]), Cy = CFK*®(S3, T 24+1), the complexes Dy are defined

in Definition 4.20 and the complexes C,, x in Definition 4.25.

Proposition 4.27 For integers n > 0, k > 0, up to homotopy equivalence the knot Floer complex
CFK®(S3, K;:n L) s given by the following.

e Whenk =0,
n—1
CFK™(S* K;f,) = Cy @2(@1)3).
s=1
e Whenk =1,
n—1
CFK™(S*, K\, 1)) gcn@Dn@z(@Ds),
s=1
e Whenk =2,
n
CFK® (S K}, ,) = CnGBz(@DS)_
s=1
e Whenk > 2,

n
CFK(S®, K, 1) = ot @ 2(@ Ds),
s=1
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Moreover, there exists a choice of basis, such that when k = 0, for each 1 < s < n — 1 both Dy are
supported in filtration level (fu.s, fn,s). When k > 0, for 1 < s < n, each pair of Dy is supported in

filtration levels

uz(k—z),_(n_s + Dk + 1),
(k—=1)(k—-2)

=)

(nss ns) + (

(fn,s, fn,s) + (—(l’l —s+ Dk +1,

respectively, except for when k = 1 the single copy of D, is supported in (0, 0), where

nm—s)(n—s—1)
5 .

Under this basis, each summand Dy is supported in Maslov grading —1; each 0-graded generator has one

(42) fn,s = —

— marking and each +1-graded generator has one + marking.

Proof The statements regarding the homotopy equivalence type of CFK®(S3, K;:n n i) follow from
Proposition 4.24, Lemma 4.26 and the discussion between. We are left with the statements regarding the
Maslov grading, the marked basis and the filtration levels, which can be proved by examining the process
of splitting off Dy summands more closely.

Since we have that for s <n,

Arg($) ym) = Gos+ 1=+ (n—s.n+k—s). Arg(x$) y) = (.5 +1-1),
the filtration shift from ys to ys—; (which supports Dy and D;_1, respectively) is
(43) —(n—s,n+k—s), s=<n.

For a fixed basis B of a complex C, we say B is supported in the filtration level («, b) if the generator
with the lowest i (resp. j) filtration in B is in filtration level a (resp. b).

When k = 0, fix a basis such that the summand C,, is supported in filtration level (0, 0). By (39) both
copies of D,_; are supported in (0, 0). By (43), for 1 <s <n—1 the copy of D that comes from H(s)

is supported in filtration
n—s—1 n—s—1

(_ Z L, — Z E) = (fn,Safn,s)-
=0

£=0
The filtration levels of the remaining complex follows from the symmetry of the knot Floer complex.
When k = 1, fix a basis such that the single copy of D, is supported in (0,0). (The summand C, is
supported in (0, 0) as well.) The filtration levels in this case follows in the exact same way as above.

When k > 2, fix a basis such that the summand C, x is supported in filtration level (0, 0). It is

(1

straightforward to check that x

is supported in the filtration level

k—2
[ k=1)(k-2)
(;E,n) = (—2 ,n).
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(b) the first block H'(1)
IR

ax{s —ny, 0} max{s —n\ 0}
/_/H /_/H

0o ...0 ® ... ©

min{ny, s} + min{n,, s} —s
—

Lo v o |-
Ko Jr- o Jr-

~ @ N
min{ny, s} + min{n,, s} —s

e - ® o -0
~—
x{ny —s,0}

n

_
€
e
&

(a) the (1, 1) diagram of K max{?zr—/s, 0

(c) the s-th block H'(s) with 1 <s <n; +n, —1

Figure 15: Ilustrations of blocks H'(s).

Then by (39) the copy of D, that comes from H () is supported in (w —k + 1). The filtration
levels of the remaining complex follows in the same way as above.

For the statement regarding the Maslov grading, observe (for example, from Figure 13) that every y;

(s)
0

is supported in the same Maslov grading ¢ + 1. On the other hand, the homogeneous element ) _ x(()s) is
a generator of Hy(CFK™(S?3, K;Ln )= HF %°(S3) and therefore is supported in Maslov grading 0.
It follows that # = —1. The statement regarding the marked basis can be readily read off by Figure 12(c),

generator in some H () is supported in the same Maslov grading ¢, and every x, ’ generator in some H (s)

using Definition 4.8. |

4.5 Case K~ (|[2n1,1,2n;3]) withnqy,ny >0

Similarly let us write K, ,,, for the knot K™ ([2n1, 1, 2n;]). We still consider the action 225 72" on
the (1, 1) diagram, with the difference being the starting slope is +1. The resulting (1, 1) diagram is
depicted in Figure 15(a). Compare with the final diagram in Figure 11. The process for determining
CFK®(S3, K n1.n,) 18 almost identical to the process described in the previous section, so we will only
include the key steps, being much less elaborate.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 16: Two consecutive blocks H'(s) (left) and H'(s + 1) (right) in G'(s) for 1 < s < n.
There is either one basepoint or one of each kind in the upper half plane of H'(n + 1) when s = n.

To start, we can similarly define the s-th block H’(s) for 1 < s < n; + n, — 1; we also define
the chain complex G'(1) = CFK*®(S3, K n nz) and G'(G +1) =G’ (l)/(H (i u H (ny +ny—1i)),
where H' (i) = H'(i) \ {right end point} and H (ny +ny—i) = H'(ny +ny—1i) \ {left end point}
forl <i < L%J We add the apostrophe to differentiate from the complexes defined in the
previous section.

Lemma 4.28 For 1| < s < ny + n, — 1, each block H'(s) corresponds to the diagram depicted in
Figure 15(c).

Again due to (30), we have K ,,, = K, , . Therefore from now on we only consider knots of the
form K° ., with n >0, k > 0. Similarly as before, we split off Dy summands iteratively until we
obtain a small complex. This process in the case of K ntk 1S somewhat more straightforward than that
in the previous section. We depicted the two consecutlve blocks in Figure 16, but in fact we need only to

consider the first block H’(s).
Lemma 4.29 Forn >0,k >0,
Gin—1)®2(PIZ) D) ifk =0,
Gn) ®2(Ps—, Ds) ifk=1.
Proof For 1 <s < n, label the generators in H'(s) from left to right by ys, xgss) . ( ) , Ys+1 Where
Vys+1 = H'(s) N H'(s + 1). The differentials are

3 —
CFK™(S?. K,y p) {

(s) (s) (s) .
0X5/ 1 = X3 + X545, 0=i=s—1,

3X§s,-)=ys+ys+1, 0<i<s,
with filtration shifts
Az (). ys) = (s —i),
AI,j(ng,-), Vs+1) =0, s—i)+m+k—s,n—s5)
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for 0 <7 <s. Therefore performing the filtered change of basis

Vs = Vs + Vs+1

splits off ﬁ,(s) = H'(s) \ {¥s+1} = Dy as a summand. We can split off ﬁ,(s) and ﬁ,(2n + k —s) for
1 <s<n—1 at the same time since H /(s) NH /(Zn + k —s) = @. Due to the symmetry of the knot Floer
complex, ﬁ/(2n + k —s) = Ds. When k > 1, we can further split off ﬁ/(n) U ﬁ/(n +k)=2D,. O

Before stating the theorem, we first clarify some notation. Recall that Cy is the complex generated by
one element and the complexes D; are defined in Definition 4.20.

Definition 4.30 Forn >0, k > 2,let C; , be the complex generated by
1 1<j<k—1,0<i <2n}Uly; |15 <k}

with differentials

(0) )] ) .
0xyify = X3 + X534, 0=i=n—1,
8x§§)=yj + Vi+1, 0<i=<n,

with the filtration shifts
Az, (3D, | x$0) = (1,0),
AI,J(Xngl,xéélz)=(0,1), 0<i=<n-—1,
Arg (S yi) = Gon—i + j),
Ars(cP yi) =G +k—jn—i), 0<i=<n.

The complex C| , is shown below as an example:

x(()z) x}z)
V3 Xéz)
3
x(()l) xgl)
/
)2 xﬁ”

Algebraic & Geometric Topology, Volume 26 (2026)
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Proposition 4.31 For integers n > 0, k > 0, up to homotopy equivalence the knot Floer complex
CFK*>(S3, K, .+x) is given by the following.

n

e Whenk =0,

n—1
CFK*™(S°, K, ) = CO@Dn@z(EBDS),

s=1

e Whenk =1,
n

CFK™®(S°. K,F . ) gC0692(@DS).
s=1
e Whenk > 2,

n
CFK®(S*, K, ) =Cry @ 2(@ Ds).
s=1

Moreover, there exists a choice of basis, such that Cy is always supported in the filtration level (0, 0) and
each pair of Dy for 1 < s < n is supported in filtration levels

(($+n_s)k+(n—5)(nz—5+l)’(n—S)(nz—SJrl))’
m—s)y(n—s+1) m—s)(n—s+1) k+1
(o o (t21, )

respectively. Under this basis, each Cy and Dy summand are supported in Maslov grading 0; each
+1-graded generator has one — marking and each +2-graded generator has one + marking.

Proof From the proof of Lemma 4.29 we see that y; and ys41 have a filtration difference of
(44) m+k—s,n—s) for 1 <s=<n.

Each Dy is supported by ys for 1 < s < n. For the first two cases, fix a basis such that Cy is supported
in (0, 0). For the last case, fix a basis such that C ,; « 18 supported in (0, 0), and then it is straightforward
to check that y; € C ,; * has filtration level ((k — 1)k/2,0). By (44) we can determine the support of all
the Dy that come from H (s) for 1 <s < n. The filtration levels of the remaining complex follows from
the symmetry of the knot Floer complex.

Each y; generator has the same Maslov grading ¢, for some integer 7, each xg.) generator has the same

()
2i+1
is supported in some yg, we have ¢ = 0. The statement regarding the marked basis can be read off from

Figure 15(c). O

Maslov grading ¢ 4+ 1 and each x generator has the same Maslov grading ¢ + 2. Since the homology

4.6 Case K*([2ny,1,—2n,]) withny > 0,n, > 1

For suitable orientations of & and B curve in the (1, 1) diagram, the induced orientation for each bigon is
the same. See, for example, Figures 17 and 18. By [7, Theorem 1.2], K¥([2n1, 1, —2n,]) is a (negative)

Algebraic & Geometric Topology, Volume 26 (2026)
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. ////F nz_‘m//f? ez
-5 R
)

d o ni &7’1-14
(c)whenny <s<n,—1

(a) the (1, 1) diagram when n; =2,n, =4

Figure 17: The case n, > ny. The only generators without a marking are given by the circled
intersection point in (c).

(1, 1) L-space knot. Therefore in order to pin down its knot Floer complex, it suffices to record the length
of (say) horizontal arrows.

4.6.1 When ny > nq The (1, 1) diagram in this case is depicted in Figure 17. We proceed as before.
For a fixed lift ,g , label all the lifts of o which intersect B by &y, ..., 0y, 4n,—1. Identify & with oy for
1 <s <n; +ny—1 in the s-th block. There is an ambiguity in defining the end point of each block. We
define the end point of each block to be the first intersection point after ,3 travels above a w basepoint in
the next block. See the right-hand side of Figure 17.

By Definition 4.6, the slope of y+ is n, and the slope of y_ is —(—n, + 1) = n, — 1. Observe also
that aside from the intersection point circled in Figure 17(c), every intersection point is marked exactly
once, where the sign of the marking depends on the parity of the Maslov grading.

We simply count the number of basepoints in the bigons in the upper half plane. This is given by

LI N

1,....,1,ni+ny,—2s for1<s=<n;—1 and 1,....,1,ny—s,1 formn  <s=<n,—1.
When ny # n,, we have ny — 1 > (ny +n, —1)/2, therefore by the symmetry we can fill out the remaining
complex. Specifically, the horizontal-vertical arrows of length (1, —ny, 1) in the (n1)-th block is identified
after reflection with the horizontal-vertical arrows of length (1,7, —n1) in the (n,—1)-th block. It follows
that the remaining horizontal arrows are all of length 1, and there are in total

(Zli)—lz (m1 +2)2(n1—1)

i=1
Algebraic & Geometric Topology, Volume 26 (2026)
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ny+ny;—2s

“Ohp L

WP )

Yw )
IR/

(] o

o4

. (Mb)whenl1 <s<n;—1

ny—1 ny—s
—

—N
0.--0
K w% e o Y+
N

~~
ny—1 s—np +1

h <s<n;—1
(a) the (1, 1) diagram whenny =4,n, =2 (¢) when nz <5 < m

Figure 18: The case n, < n;. The only generators without a marking are given by the intersection
point circled in (c).

of them. In summary, we have shown that the sequence of lengths of horizontal arrows in the knot Floer
complex is given by (1 42)(ny—1)
2

——
—s, 1, 1,...,1.

forni<s<mnp—1

s—1 ni—1
—— ——
I,....1,ny+ny—2s,1,...,1,n,

for 1<s<n;—1
Moreover, the only generators without a marking are those whose outgoing horizontal arrows are of
length n, — s in the s-th block for n; < s <n; — 1. The above analysis does not cover the case when
ni = np, but it is straightforward to check that the conclusion also holds there. (When n; = n,, the
(n1)-th block consists of 71 — 1 bigons in each half plane, where each bigon has exactly one basepoint,
and the rest of the complex follows from symmetry.)

4.6.2 When ny <ny The (1, 1) diagram in this case is depicted in Figure 18. This case is parallel to
the previous case, and one can similarly work out the sequence of length of horizontal arrows using the
right-hand side diagrams in Figure 18. Putting together the discussion on both cases, we have proved
the following.

Proposition 4.32 Forn; > 0,n, > 1, KT ([2ny, 1, —2n,]) is a negative L-space knot, with the length of
horizontal arrows given in order by the follows.

e Whenn, > ny,

1+ =1

s—1 ni—1 -2
Pp—— ~—— P———
1,....1,ny+n,—2s,1,..., 1,0, —5,1,1,...,1.

for1<s<mn1—1
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Given a basis, each generator with odd Maslov grading has one — marking. Each generator whose
outgoing horizontal arrow is marked by the overline has no marking. Apart from them, each generator

with even Maslov grading has one 4+ marking.
e Whenn, <ny,
2 1 (np+2)(npy—1)
s—1 ny—1 I —

——— ——— ——
1,....,1,ny+n,—2s,1,..., 1,07 —=5,1,...,1.

for 1<s<np—1 forny<s<mni—1
Given a basis, each generator whose incoming horizontal arrow is marked by the overline has no marking.
Apart from them, each generator with odd Maslov grading has one — marking. Each generator with even
Maslov grading has one + marking.

4.7 Case K= ([2n1,1,—2n3]) withny > 0,n, > 1

By [7, Theorem 1.2], K~ ([2ny, 1, —2n;]) is a positive (1, 1) L-space knot. It suffices to record (say) the
length of vertical arrows. The process to determine such a sequence is entirely parallel to the process in
Section 4.6. Therefore we will skip the proof, giving only the conclusion, as follows.

Proposition 4.33 Forn, > 0,n, > 1, K~ ([2ny, 1, —2n,]) is a positive L-space knot, with the length of
vertical arrows given in order by the follows.
e Whenn, > n; + 2,

ny(ny+3)
s—1 ni 2

—N— —TN—
1,....1,ny+n,—2s,1,...,1,np—s—1,1,...,1.

for 1<s<n; forn1+1=<s<np—2
Given a basis, each generator with even Maslov grading has one — marking. Each generator whose
outgoing vertical arrow is marked by the overline has no marking. Apart from them, each generator with
odd Maslov grading has one + marking.
e Whenn, <n; + 1,

n2(n2—1)
s—1 ny—2 ny—1 e —
—N— —  ——N—__ A~
1,....1,ny+n,—2s,1,...,1,ny—n+1,1,....1,ny—s+1,1,...,1.
for 1<s<np;—2 forny<s<ni

Given a basis, each generator whose incoming vertical arrow is marked by the overline has no marking.
Apart from them, each generator with even Maslov grading has one — marking. Each generator with odd
Maslov grading has one + marking.
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On the mapping class groups of simply connected smooth 4-manifolds

DAVID BARAGLIA

The mapping class group M (X) of a smooth manifold X is the group of smooth isotopy classes of
orientation-preserving diffeomorphisms of X. We prove a number of results about the mapping class
groups of compact, simply connected, smooth 4-manifolds. For example, we prove that M (X) is
nonfinitely generated for X = 2nCP?# 10nCP2, where n > 3 is odd. Let I'(X') denote the group of
automorphisms of the intersection lattice of X that can be realised by diffeomorphisms. Then M (X)
is an extension of I'(X) by T(X), the Torelli group of isotopy classes of diffeomorphisms that act
trivially in cohomology. We prove this extension is split for connected sums of CP2, but is not split
for 2CPP? #nCP?, where n > 11. We prove that the Nielsen realisation problem fails for certain finite
subgroups of M (pCP?#qCP?) whenever p + g > 4. Lastly we study the extension M (X) — M (X),
where M7 (X) is the group of isotopy classes of diffeomorphisms of X which fix a neighbourhood of
a point. When X = K3 or K3#(S? x S?) we prove that M;(X) — M(X) is a nontrivial extension
of M (X) by Z,. Moreover, we completely determine the extension class of M;(K3) - M(K3).

1 Introduction

Let X be a compact, oriented, smooth, simply connected 4-manifold. Define the mapping class
group M (X) to be the group of smooth isotopy classes of orientation-preserving diffeomorphisms
of X. There is considerable interest in the groups M (X'), although little is known about their structure.
In this paper we will prove a number of new results concerning the structure of mapping class groups of
smooth 4-manifolds.

Recall that the second cohomology group Ly = H?(X;Z) of X equipped with its intersection form
is a unimodular lattice. We let Aut(Ly) denote the automorphism group of the lattice Ly . The group of
orientation-preserving diffeomorphisms of X acts on Ly via f + (f~1)*. This action depends only on
this isotopy class and so defines a homomorphism M (X) — Aut(Ly). Denoting the image of this map
by I'(X) and the kernel by T'(X), we obtain a short exact sequence

(1-1) 1> T(X)—> M(X)—T(X) > 1.

We call T (X) the Torelli group of X . It is the group of isotopy classes of diffeomorphisms of X that act
trivially in cohomology. By a result of Quinn, 7'(X") can also be defined as the group of isotopy classes
of diffeomorphisms which are continuously isotopic to the identity [23]. The group I'(X) is the group of
automorphisms of Ly that can be realised by diffeomorphisms of X.

Understanding the group M (X) necessitates an understanding of the groups 7'(X), I'(X) and the
extension (1-1). The group I'(X) is known for some classes of 4-manifolds. In particular, a theorem
MSC2020: 57TK41, 57R50.
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of Wall implies that I'(X) = Aut(Ly) for a large class of 4-manifolds [31]. In contrast, the Torelli
group 7' (X)) is poorly understood. Ruberman [25] showed that 7'(X') is not finitely generated for certain X .
However this does not imply that M (X) is not finitely generated, since a finitely generated group can
have subgroups which are not finitely generated. Our first main result confirms that M (XX) is not finitely
generated for certain simply connected 4-manifolds.

Theorem 1.1 Let X = 2nCP2# 10nCP?, where n > 3 is odd. Then M (X) is not finitely generated.
More precisely, the following holds:

(1) There is an index-2 subgroup M4 (X) of M(X) and a surjective homomorphism ® : My (X)) — Z*°
from M (X) to Z°°, where Z°° denotes a free abelian group of countably infinite rank.

(2) The mod-2 reduction of ® extends to a surjective homomorphism ® : M (X) — Z5°.

As this paper was nearing completion we received a preprint by Hokuto Konno [15] which also proves
that the mapping class groups of simply connected 4-manifolds can be nonfinitely generated. Konno’s
proof uses essentially the same method as ours, however we obtained our proofs completely independently.

Remark 1.2 It is interesting to contrast Theorem 1.1 with finiteness results for mapping class groups
in other dimensions. Let X be a compact, simply connected smooth manifold of dimension d and
M (X) = mo(Diff(X)) the mapping class group. If d # 4, then M (X) is finitely generated. For d < 3,
finite generation holds for any compact oriented manifold (see [7] for d =2 and [13] ford = 3). If d > 5
then M (X)) is finitely generated [6, Theorem 2.6]. Note that Theorem 2.6 of [6] is only stated for d > 6,
but when X is simply connected, the proof carries over to d = 5. In the proof of [6, Theorem 2.6],
dimension 6 only enters in the point (i) in the proof, but Cerf’s theorem says that in the simply connected
case 1o(CP™ (X)) =0, and in [6, Proposition 2.7] where it is not necessary. This follows from specialising
Triantafillou [30] to simply connected manifolds, where none of the oversights mentioned in [6, §2.2]
cause a problem.!

One may also consider the larger group M’(X) consisting of isotopy classes of diffeomorphisms
which are not necessarily orientation-preserving. Since M (X') has finite index in M’ (X)), it follows from
Schreier’s lemma [28] that if M (X)) is not finitely generated then neither is M’ (X).

Remark 1.3 Let X be a compact, simply connected smooth 4-manifold and M 'P(X) = 7o (Homeo(X))
be the topological mapping class group. By work of Freedman [10] and Quinn [23], the natural map
M©P(X) — Aut(H?(X;Z)) to the group of automorphisms of the intersection lattice H?(X;Z) is an
isomorphism. By a result of Siegel [29], the automorphism group of any lattice is finitely generated.
Hence M'P(X) is finitely generated.

In contrast, we do not know whether the group I'(X) C Aut(H?(X;Z)) is always finitely generated,
although we conjecture that it is.

Our next result concerns the question of whether or not the sequence (1-1) admits a splitting.
11 thank Alexander Kupers for explaining why [6, Theorem 2.6] works for simply connected 5-manifolds.
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Theorem 1.4 (1) Let X = nCIP?, where n > 1. Then there exists a splitting T'(X) — M (X).

(2) Let X = (S? x S?)# X', where by (X') = 1, b_(X’) > 10. Then there does not exist a splitting
T(X)— M(X).

More precise information about the failure of a splitting in case (2) is provided by Theorem 5.1.

Remark 1.5 In [5] it is shown when X is a K3 surface, there is a splitting I'(X) — M (X). Itis also
easy to see that splittings exist for S2 x $% and CP? #CP?2.

Our next result concerns the Nielsen realisation problem. Recall that the Nielsen realisation problem
for a smooth manifold X asks whether a subgroup G of the mapping class group of X can be lifted to a
subgroup of Diff(X'). Recent results of Baraglia and Konno [5], Farb and Looijenga [9], and Konno [14]
show that Nielsen realisation fails for many simply connected spin 4-manifolds. Arabadji and Baykur
showed that there are many nonspin 4-manifolds with finite nontrivial fundamental group for which
Nielsen realisation fails [1] and Konno, Miyazawa, and Taniguchi gave examples with simply connected
indefinite nonspin 4-manifolds [17].

Theorem 1.6 Let X = X'# pCP2#gCP? where X' is a compact, smooth, simply connected 4-manifold
and p + g > 4. Then M (X) contains a subgroup isomorphic to Z‘2t which cannot be lifted to Diff(X).

In particular, Nielsen realisation fails for nCP? for n > 4. As far as we are aware, these are the first
examples of definite, simply connected 4-manifolds where Nielsen realisation fails.

Our last main result concerns a certain extension of M (X). Let X (1) be obtained from X by removing
an open ball and let Diff(X M 9x M)y denote the group of diffeomorphisms of X (1) which are the
identity in a neighbourhood of the boundary. Let M (X) = 7o (Diff(X (), 92X 1)) denote the group of
components of Diff(X (), 9X (). It is known that the map M;(X) — M (X) is surjective and that the
kernel (which is either trivial or has order 2) is generated by a Dehn twist on the boundary (see Section 7
for more details).

In general it is difficult to determine whether the kernel of M{(X) — M (X) is trivial or nontrivial,
or equivalently, whether the boundary Dehn twist is trivial or nontrivial. The extension is known to be
trivial when X is a connected sum of copies of S2 x S2. In contrast we have:

Theorem 1.7 Let X' be a compact, smooth, simply connected 4-manifold which is homeomorphic to K 3.
Let X be X' or X' #(S? x S?). Then the boundary Dehn twist is nontrivial. Moreover, the extension
1 —Zy— M{(X)— M(X)— 1 does not split.

If M (X)— M (X) is anontrivial extension, then it is given by an extension class £y € H>(M (X); Z»)
and the above theorem says that £y % 0 when X is of the stated form. Our final result completely
determines £y in the case that X is homeomorphic to K3. Let Ly be the intersection lattice of X and
Aut(Ly) the group of automorphisms. Over the classifying space BAut(Ly) we have the tautological
flat bundle H = EAut(Ly) Xau(Ly) Lx. Let H T — BAut(Ly) be a maximal positive subbundle. This
defines a characteristic class wo(HT) € H*(Aut(Ly); Z>).
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Theorem 1.8 Let X be a smooth 4-manifold which is homeomorphic to K3. Then the extension class
Ex € H*(M(X); Z») is the pullback of w, (H ) € H*(Aut(Ly): Z5) under the map M (X ) — Aut(Ly).

1.1 Structure of the paper

The structure of the paper is as follows. In Section 2 we review the Seiberg—Witten invariants for the
Torelli group (as in [3; 24; 26]) and show how these invariants can be assembled into cohomology classes
on the mapping class group. In Section 3 we use these cohomology classes to show that M (X) is not
finitely generated for certain X. In Section 4 we construct a splitting I'(X) — M (X) when X is a
connected sum of copies of CIP2. In Section 5 we prove the nonexistence of splittings I'(X) — M (X)
for certain 4-manifolds. The proof uses families Seiberg—Witten theory and more specifically the main
result of [2]. In Section 6 we prove Theorem 1.6. Finally, in Section 7 we study boundary Dehn twists
and the extension M (X) — M(X) and we prove Theorems 1.7 and 1.8.

2 Seiberg—Witten invariants for the mapping class group

In this section we define Seiberg—Witten invariants for the mapping class group, extending the Seiberg—
Witten invariants on the Torelli group which have previously been considered in [3; 24; 26]. These
invariants will be used to show that certain simply connected 4-manifolds have nonfinitely generated
mapping class group.
Let X be a compact, smooth, simply connected 4-manifold and let s be a spin®-structure with d(s) = —1,
where
d(s) = 3(c(s)* =0 (X)) =b1(X) — 1

is the expected dimension of the Seiberg—Witten moduli space for s. Let S(X) denote the set of all
isomorphism classes of spin‘-structures on X for which d(s) = —1. Since X is assumed to be simply
connected, S(X) can be identified with the set of characteristic elements ¢ € L = H?(X; Z) for which
(c?=0(X))/4—by(X)=0.

Let IT denote the space of pairs (g, 1) where g is a Riemannian metric on X and 7 is a 2-form which is
self-dual with respect to g. For any /1 € T1 and any s € S(X) we may consider the Seiberg—Witten equations
on X with respect to the metric g, spin®-structure s and 2-form perturbation 7. Let M (X, s, ) denote
the moduli space of gauge equivalence classes of solutions to the Seiberg—Witten equations for (X, s, /).
Assume b4 (X) > 2. We will say that & € IT is regular if M (X, s, h) is empty for all s € S(X). Since
b+ (X) > 0 and the expected dimension of M (X, s, /) is negative, the regular elements form a subset of TT
of Baire second category with respect to the C®° topology. Let I1"8 C TT denote the set of regular elements.

Suppose that /g, iy € TI™8. If 1 : [0, 1] — IT is a path in IT from /g to /11, we can consider the families
moduli space, which is the union over ¢ € [0, 1] of the Seiberg—Witten moduli spaces for each /4, € I1. For a
sufficiently generic path /4, the moduli space is a compact, smooth, 0-dimensional manifold. A choice of
orientation on a maximal positive definite subspace of H?(X ; R) determines an orientation on the moduli
space and hence we can count with sign the number of points in the moduli space. Fix a choice of such
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an orientation. It can be shown [24] that the number of solutions depends on the endpoints /g, /11, but not
on the choice of generic path /1;. Hence we may denote by SWy(hg, i11) € Z the signed count of points in
the moduli space. From the definition it is clear that this count of points satisfies the following properties:

(D SWs(ho, hl) =+ Sws(hl s hz) = SWs(hO» /’12)-
(2) SWs(ho, h) =sgn (f)SWy)(f(ho), f(hy)) for any orientation-preserving diffeomorphism /.

In (2), sgn, (/) is defined as follows. The space of oriented, maximal positive definite subspaces
of H?(X;R) has two connected components. For an isometry ¢ of H?(X;R) we let sgn (¢) equal
1 or —1 according to whether ¢ preserves or exchanges the two components. If f is an orientation-
preserving diffeomorphism of X, then sgn_ (/) denotes sgn (fx), where fx = (f~1)* is the isometry
of H*(X;R) induced by 1.

Property (1) follows by concatenating a path from /¢ to /4; with a path from /; to /,. Property (2)
follows from diffeomorphism invariance of the Seiberg—Witten equations. In addition, SW;(%¢, /1) obeys,
with respect to charge conjugation, the symmetry

(3) SWe(ho, hy) = (=1)b+ 21 SWe(hg, hy),

where 5 denotes the charge conjugate of s and for & = (g, n) € I, we set h= (g, —n). Property (3) is an
immediate consequence of the charge conjugation symmetry of the Seiberg—Witten equations.

Let f € T(X) be an element of the Torelli group. Fix a spin®-structure s with d(s) = —1. The mapping
cylinder of f defines a smooth family £ — S! over S! with fibres diffeomorphic to X. Since f acts
trivially on cohomology, it preserves the isomorphism class of s. It follows easily that there is a unique
spin-structure on the vertical tangent bundle of E which restricts to s on each fibre. Since b4+ (X) > 2,
there is a single chamber for the families Seiberg—Witten equations for £. Furthermore, the families
moduli space is oriented and so we obtain an integer-valued invariant SW,( /') € Z which depends only
on (X, s) and the isotopy class of f (see [3] for more details). From the definition of SW( f), it is easy
to see that

SWs(f) = SWs(h, f(h))

for any & € T1™. It is instructive to see why SW;(f) is independent of the choice of 4 € I1™8. Let
h' € TI*¢. Then

SWs (', f (') = =SWs(h, 1) +SWs(h, f(h)) +SWs(f (h), [ (1))
= —SW.(h, h/) + SWs(h, f(h)) + Swf_l(s) (h, h/)
= SWs(h, f(h)),

where the last line follows from f~!(s) = s, which holds since f € T'(X).
For f,g€T(X), we have that SW;( fog) =SW,(f)+SW;(g) (this is a special case of Proposition 2.1,
proven below). Therefore SWy defines a homomorphism

SW.:T(X)—>Z
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or equivalently, a cohomology class SW, € H!(T(X);Z). These cohomology classes generally do not
extend to the full mapping class group M (X'), because I' (X') acts nontrivially on the set of spin-structures.

Recall that the compactness of the Seiberg—Witten moduli space follows from a priori bounds. These
bounds depend on the pair 4 € I1, but not on the spin®-structure. This argument also works for families
over a compact base space, hence for fixed f € T(X), SW,(f) is nonzero for only finitely many s € S(X).
Therefore, we can collect the homomorphisms SWj into a single invariant

SW:T(X)—> @ z. @ sw.()).
s€S(X) 5

In what follows, we will see that SW can be extended from 7'(X) to the full mapping class group M (X)
as a cohomology class valued in a certain I'(X')-module.

Recall that each s € S(X) is determined by the corresponding characteristic element ¢(s) € L. Therefore
the group I'(X) acts on S(X) and hence on Z[S(X)], the free abelian group with basis S(X). Let Z
denote 7Z equipped with the action of I'(X') such that /€ I'(X') acts as multiplication by sgn, (/). Let
Z[S X)]= 7®7z Z[S(X)]. Tt will be convenient to regard Z[S (X)] as the group of functions ¢ : S(X) — Z
with finite support. Then the action of f € I'(X) is given by (f¢)(s) = sgn (Ho(f1(s)). We will
show that the families Seiberg—Witten invariant for 1-dimensional families (where b4 (X) > 2) can be
viewed as an element of H' (M (X); z[S X)D.

Recall that for a group G and a G-module M, the group H'(G; M) can be viewed as the set of
equivalence classes of twisted homomorphisms G — M. A twisted homomorphismisamap ¢ : G - M
such that ¢ (gh) = ¢(g) + g¢(h). A trivial twisted homomorphism is a twisted homomorphism of the
form ¢(g) = gm —m for some m € M. Two twisted homomorphisms are considered equivalent if they
differ by a trivial twisted homomorphism.

Let h € T1™2. Define a map ¢y, : Diff (X) — 2[8 (X)] from the group of orientation-preserving
diffeomorphisms to Z[S(X)] by setting

(Pn(f))(s) = SWs(h, f(h)).
Suppose that fq, fi € Diff (X)) are isotopic. Choose an isotopy f;. Then

Pn(f1) = SWs(h. f1(h))
= SW,(h, fo(h)) +SWs(fo(h), f1(h))
= ¢n(fo) +SWs(fo(R), f1(h)).

Consider the path 1, = f;(h) from fo(h) to f1(h). By diffeomorphism invariance of the Seiberg—
Witten equations, the Seiberg—Witten moduli space for /; is empty for each ¢ € [0, 1], and hence
SWs(fo(h), f1(h)) =0 and ¢4 (f1) = ¢p(f2). This shows that ¢ only depends on the underlying isotopy
class and so we may view it as a map ¢y : M(X) — /Z\[S(X)].

Proposition 2.1 The map ¢ : M(X) — /Z\[S (X)] is a twisted homomorphism. Furthermore, the
underlying cohomology class [¢p] € H' (M (X); /Z\[S (X)) does not depend on the choice of h € TI",
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Proof Let f,g € M(X). Then

on(gf)(s) = SWs(h, g f(h))
= SW,(h, g(h)) +SWs(g(h), g(f(h)))
= SWs(h, g(h)) + sgn. (&) SW—14(h, f(h))
= ¢ (2)(s) +sgni (2)n(f) (g 's)
= (¢n(g) + (gPn) (f))(9).

Hence ¢y, is a twisted homomorphism. Next we show that the underlying cohomology class of ¢} does
not depend on the choice of /. Let 4’ € TI*8 be another generic pair. Choose a path /; from & = hy
to 4’ = hy. Then

¢ (f)(s) = SWs(hy, f (1))
= SWs(ho, f(ho)) —SWs(ho, h1) + SWs(f (o), f(h1))
= ¢n(f)(s) +sgny (f) SWr—i,(ho, h1) —SWs(ho, h1)
= ¢n(f)(s) + (fm—m)(s),

where m(s) = SWs(ho, h1). Hence ¢y, and ¢y define the same cohomology class. a

Definition 2.2 We denote by
SW e H' (M (X); Z[S(X)])

the cohomology class SW = [¢] for any /& € T1™#,

Let M (X) denote the subgroup of M (X) consisting of all /€ M (X) for which sgn, (/) = 1. Then
M4 (X)hasindex 1 or2in M (X). Observe that Z|M+(X) =Z;thus SW [p7, (x) € HY (M (X); Z[S(X))).
From SW |7, (x) we can extract Z-valued cohomology classes as follows: let O € S(X) be a I'(X)-
invariant subset of S(X'). Then we obtain a morphism po : Z[S(X)] — Z given by ¢ = ) .., ¢ (s). We
define SWp € H' (M (X):Z) by setting SWo = po(SW s 4 (X))- From this definition it follows that

SWo lrx) = Z SW;.
s€0

Furthermore, for any f € M4+ (X), we have

SWo(f) =) SW(h, f(h)),

s€0
where /1 € T1™5.
Remark 2.3 Ruberman [26] defined an invariant SWL"t which is similar to the definition of SWo given
above. Namely SW : M (X) — Z is given by SW'(f) = >, SWy (h, f(h)) where the sum is
over all spin®-structures s’ such that s’ = f™(s) for some m € Z. However this invariant is not a group
homomorphism and behaves in a complicated manner with respect to composition (see [26, Theorem 3.4]).
For this reason, we find it more useful to work with the invariants SWe.
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Let s € S(X) be a spin®-structure and let / € M (X). Suppose that f preserves s. If sgn, (f) =1,
then the families Seiberg—Witten moduli space for the mapping cylinder of f with spin®-structure s
is oriented, and we obtain an integer families Seiberg—Witten invariant SW;( /) € Z. It is given by
SWs(f) = SWs(h, f(h)), for any h € TI™. If sgn, (f) = —1 then there is no natural choice of
orientation on the families moduli space, hence we only get a mod-2 invariant SW;( /) € Z, which is
given by SW;(f) = SWs(h, f(h)) (mod 2), for any & € TT1™8 (the value of SW, (4, f(h)) depends on 4,
but its mod-2 reduction does not).

We will make use of the following special case of the gluing formula of [3]:

Proposition 2.4 Suppose that X = X' #(S? x S?), where b4 (X') > 1. Let s’ be a spin®-structure on X’
with d(s') = 0 and let 5 denote the spin structure on S% x S2. Lets = s'#s¢. Let f' be a diffeomorphism
on X' that preserves s’ and p a diffeomorphism of S2 x S2. Suppose that f" is trivial in a neighbourhood
of a point x; € X' and that p is trivial in a neighbourhood of a point x, € S? x S2. Set f = f'#p, where
the connected sum is performed by removing balls around x| and x, and identifying boundaries. Then:

(1) Ifsgn (p) = 1, then SW4(f) = 0 (mod 2).

(2) If sgny (p) = —1, then SW,(f) = SW(X’,s’) (mod2), where SW(X’,s") denotes the ordinary
Seiberg—Witten invariant of (X', s").

3 Nonfinitely generated mapping class groups

In this section we prove that M (X)) is not finitely generated for certain 4-manifolds.

Theorem 3.1 Let X = 2nCP? #10nCP2, where n > 3 is odd. Then M (X) is not finitely generated.
More precisely, the following holds:

(1) There is a surjective homomorphism ® : M (X) — Z*° from M1 (X) to Z°°, where Z.°° denotes a
free abelian group of countably infinite rank.

(2) The mod-2 reduction of ® extends to a homomorphism @ : M (X) — Z5°.
(3) M4 (X) has index 2 in M (X).
(4) The short exact sequence 1 - M4 (X) — M (X) — Z, — 0 splits.

Proof First note that X = X’ #(S2 x S2), where X' = (2n — 1)CP? # (10n — 1)CP2. It follows
from [31] that I'(X) = Aut(H?*(X;Z)). Observe that d(s) = (c(s)?> + 8n)/4—2n—1=c(s)?/4—1.
Hence d(s) = —1 if and only if ¢(5)> = 0. For each k > 1, let O3 C S(X) denote the set of spin®-structures
whose characteristic ¢ satisfies ¢ # 0, ¢2 = 0, and ¢ is k times a primitive element. We will show that the
homomorphism

o
=P SWo,,_,_, : My (X) > Z%
qg=1

surjects to a subgroup of Z°° of countably infinite rank.
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The decomposition X = X'#(S? x §?) yields an orthogonal decomposition L = L' @ H, where L, L’
are the intersection forms of X, X’ and H = H?(S? x S?;7Z) is the hyperbolic lattice. Any characteristic
¢ € L decomposes as ¢ = (¢1,¢2), where ¢; € L', ¢, € H are characteristic. The intersection form L’ is
odd, hence ¢ # 0.

We will partition Oy, into two types of subsets:

(1) subsets {s,5}, where s = s’ #5¢ and c(s¢) = 0,
(2) subsets {s1,5,,51,5,}, where 57 = s’ #5”, 6, = ¢/ #5” and where ¢(s”) # 0.
Since b4+ (X) = 2n = 2 (mod 4), we have
SWi(t) = SW;(?)

for all # € T'(X'). Hence a subset of type of Oy of type (1) will contribute 2 SW4(¢) to SWo, (¢) and a
subset of type (2) will contribute 2(SWj, (¢) + SWi, (¢)).

Let E(n)4 be the elliptic surface obtained from E(n) by performing a logarithmic transform of
multiplicity ¢ > 1. Since n is odd, E(n), is not spin and its intersection form is diagonal of signature
(2n —1,10n —1). Hence E(n), has the same intersection lattice as X”. Furthermore, we have that
E(n),#(S?x S?) is diffeomorphic to 2nCP2#10nCP? = X = X'#(S? x S2) [12, page 320]. So there
is an orientation-preserving diffeomorphism v, : E(1)g#(S?x S?) — X'#(S% x S?). We can choose v/,
so that it respects the decomposition H?(E(n)q; Z) ® H*(S?xS%;Z) — H*(X';Z)® H*(S* x S?; 7).
To see this, first let ¥/ : E(n)q #(S* x $?) — X' #(S* x §?) be any diffeomorphism. Then by [31],
every isometry of H2(X’#(S? x S?);Z) can be realised by a diffeomorphism. Hence, composing w;
with a suitable diffeomorphism of X', we obtain the desired diffeomorphism v/,.

Let p be a diffeomorphism of S2 x S? which acts as —1 on H?(S? x §2;7Z) and is trivial in a
neighbourhood of some point. Such diffeomorphisms can easily be constructed, for example, take the
product r x r of two copies of a reflection on S? and then isotopy it to act trivially in a neighbourhood of a
point. Define a diffeomorphism fo € M (X) by setting fo =idy#p, where the connected sum is performed
by removing a ball of (S2 x S?) on which p acts trivially. For each ¢ > 1, define a diffeomorphism
Jq € M(X) by setting f4 = Vg0 (idgw), #p) © wq_l. Note that sgn (fo) = sgn, (fy) = —1. Also
tg = fqo foeT(X).

We claim that

SWo,4q-1(tg) =2 (mod4) and SWo, , ., (tg) =0 (mod4)

for all ¢’ > ¢. This implies that the elements {®(#y)},>; are linearly independent. To see this, first
note that ®(7;) € 2Z*° by charge conjugation symmetry and that the image of {®(t;)/2},>1 is a
basis for Z5°, by the above claim. Now suppose 11 ®(71) + ny®(f2) + --- + n,®(2,) = 0 for some
ni,...,n € Z, not all zero. Without loss of generality we can assume that gcd(ny,...,n,) = 1. Then
n®(t1)/2+ - +n,®(t)/2 = 0. But {®(¢4)/2}4- 1 are linearly independent in Z5°, so ny, ..., n, are
all even, a contradiction.
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Now we prove the claim. Let ¢,¢” > 1 and set k = ng’ — ¢’ — 1. By partitioning Oy, into subsets of
type (1) and (2) as described above, we can then write SWp, (74) as a sum of contributions from sets of
type (1) and (2). Consider a contribution from a subset {s, 5} of type (1). So s = s’ #5¢. The contribution
is 2SW,(#4). Since f4 and fy both preserve s, we have that

SWs(tg) = SWs(fg © fo)
= SW.(f;) + SW.(fo) (mod?2)
=SW(E(n)g,s") (mod?2),

where the last equality is due to Proposition 2.4. Let f € H?(E(n),; Z) denote the class of the multiple
fibre. Then f is nonzero, primitive and f? = 0. From the well-known calculation of the Seiberg—
Witten invariants for elliptic surfaces [21, Chapter 3], we have that SW(E(n)4,s") = 0 unless c(s') is
a multiple of f. More precisely, SW(E(n)g4.5') is zero unless ¢(s') = 2(¢k +a)f —(ng—q —1) f,
where 0 < k <n—2and 0 < a < q. In such a case SW(E(n)q4,s') = (=K (";2). In particular,
SW(E(n)g,s') = £1if c(s') = (ng—q —1)f and SW(E(n)y4,s') =0if c(s) = uf, u >nqg—q—1.
Now suppose that ¢’ > g. We have that SW(E (n)4,s’) = 0 unless c(s) is a multiple of f. But since
s = 5" #50 € Oy, this can only happen if ¢(s') = £k f (recall that Oy, is the set of spin®-structures whose
characteristic ¢ satisfies ¢ # 0, ¢ = 0, and c is k times a primitive element). Hence if ¢’ > ¢, then every
pair {s, 5} of type (1) contributes 0 mod 4 to SWo, (#5). If ¢’ = g, then there is exactly one pair {s, 5} of
type (1) which contributes 2 mod 4 to SWo, (#;) and all other pairs are 0 mod 4.

Now consider the contribution from a set {s1,%,,51,5,} of type (2), where 51 = &' #5”, 5, = 5’ #5"
and where ¢(s”) # 0. As seen above, the contribution is 2(SWj, (#5) + SWs, (¢5)). We will show that
SW;, (14) + SW,, (14) = 0 (mod 2), hence all subsets of type (2) contribute 0 mod 4 and this will prove
the claim.

Observe that s, = f,(s1) = fo(s1). Let & € I1™&. Then

SWs, (tg) = SWs, (h, 14 (h))
= SWs, (1. fq Jo(h))
= SWs, (1, fq(h)) +SWs, (fq(h), fq fo(h))
= SWs, (1, fq(h)) —SWs, (h, fo(h)).
Similarly, SWy, (t5) = SWa, (h, f4(h)) —SWg, (h, fo(h)). Hence

SW;, (1g) + SWs, (14)
= (SWs, (1, fq(h)) +SWs, (B, fq (1)) = (SWs, (B, fo(h)) +SWs, (h, fo(h)))
= (SWy, (h, fq(1) = SWs, (fg(h), f (h)) = (SWs, (1, fo(h)) —SWs, (fo(h), f5 ()
= SWo, (h, 17 (h)) = SWs, (h, /5 ()
= SWo, (/) —SWo, (f5)
=0 (mod 2),
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where the last line follows from Proposition 2.4. This proves the claim. Hence we have proven that there
exists a surjective homomorphism My (X) — Z°.

The fact the mod-2 reduction of ® extends to M (X) follows by notlng that 1 >SWo, € H Y(My(X);Z)
extends to H'(M(X); Z) and then applying the mod-2 reduction map Z— Z 2.

The fact that M (X) has index 2 in M (X) follows immediately from sgn ( fo) = —1. Furthermore,
it is easy to see that f;)z is isotopic to a Dehn twist on the neck of the connected sum X’ # (S? x S?). By
using the circle action on S2 x S2, it follows that this is isotopic to the identity. So f; defines a splitting
Zy — M(X) of the sequence 1 > M4 (X) > M(X) — Z, — 0. a

4 Split extensions

Let L = Z" denote the standard diagonal lattice of rank 7 with orthonormal basis ey, . . ., e,. The isometry
group of L is the hyperoctahedral group Hy, which is also the Coxeter group of type BC,. This group is
easily seen to be generated by permutations of ey, . .., e, and the reflections rq, ..., r, in the hyperplanes
orthogonal to ey, ..., ey. The reflections generate a normal subgroup isomorphic to Z7 and Hy is the
semidirect product Hy = Sy x Z%.

Let X = nCP? be the connected sum of 1 copies of CPP2. Then H?(X; Z) is isomorphic to L with
ey, ..., ey corresponding to generators of H2(CIP?; Z) for the n summands of X . It is not hard to see that
I'(X) is equal to the full isometry group of L. This will also follow from the construction given below.

Theorem 4.1 For X = nCP2, there is a splitting T'(X) — M (X).

Proof We will construct a smooth fibre bundle 7 : E — B with fibres diffeomorphic to X and such
that the monodromy of the local system R%m4Z yields an isomorphism p : m{(B) — Aut(L). The
geometric monodromy of the family defines a lift p : 71 (B) — mo(Diff(X)) = M (X) of p to M(X).
Then pop~!: Aut(L) — M (X) is the desired splitting (this also proves that I'(X) = Aut(L)).

Let Cy, be the space of m-tuples of distinct points on S*. Clearly C; is diffeomorphic to S*. For
m > 1 there is a natural map C,, — C,,—1 given by forgetting the m-th point. This map gives Cy,
the structure of a fibre bundle over C,,_; with fibre F,,_; the 4-sphere with m — 1 points removed.
Since w1 (F—1) = mo(Fu—1) = 1, the long exact sequence in homotopy yields an isomorphism
71(Cm) = 71 (Cy). Since 71 (Cy) = m1(S*) = 1, it follows by induction that 7;(Cy,) = 1 for all n.

Fix an orientation on S*. Let C n denote the space consisting of an n-tuple (xy,..., x;,) of distinct
points of S* together with an n-tuple (/1. .., I,), where [ j 1s a complex structure on T, S 4 which
induces the given orientation. The forgetful map C, n — C, which forgets the complex structures /1, ..., I
gives C, » the structure of a fibre bundle over C,. Since the space of complex structures on R* compatible
with a given orientation is isomorphic to SO(4)/U(2) = §2, it follows that the fibres of Cp — Cy are
isomorphic to (S2)". The long exact sequence in homotopy implies that (5 n) = 1.

Consider the trivial family E 0= C, nxS*— C n- This family is equipped with » sections s, ..., Sy,
where s;((x1,...,xn),(I1,...,In)) = x;j. The normal bundle of s; is N; = Ty; S*. The complex
structure /; gives N the structure of a complex rank 2 vector bundle. Therefore, we can form a family Ey
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by blowing up E, along the sections s, ..., S,. More precisely, consider the fibre bundle over C n With
fibre CIP? given by the projective bundle P(C @ N 7). This bundle has a natural section #; corresponding
to the 1-dimensional subbundle C C C & Nj;. The normal bundle of #; is isomorphic to N;. Since s; and
tj have isomorphic normal bundles, we can attach P (C @ N;) to E, by removing tubular neighbourhoods
of s; and #; and identifying the boundaries.

The hyperoctahedral group H, = Sy x Z% acts on C as follows. The permutation group S, acts
by permuting the points xy,...,x, as well as the corresponding complex structures /q,...,I,. The
group Z7 is generated by reflections ry, ..., r,. We let rj act by fixing xy, ..., Xn, sending I; to —1I;
and fixing the remaining complex structures. The action of H,, is free and we let B = C n/Hy be the
quotient. It follows that ;(B) =~ H,. The action of H, on C n lifts to an action on Eo =C XS4
which acts trivially on the S 4 factor. It is not hard to see that En can be constructed in such a way
that the action of H, extends to it. Now let £ = En /Hy,. This is a family = : £ — B over B with
fibres diffeomorphic to nCIP2. The monodromy of the local system R274Z is easily seen to yield an
isomorphism p : w1 (B) — Aut(L). As explained above, this yields a splitting I'(X) — M (X). |

5 Nonsplit extensions

Let X be a compact, simply connected, smooth 4-manifold with intersection form L = H?(X;Z). Let ©
be a compact surface (orientable or nonorientable). Suppose that p : 71 (¥) — I'(X) is a homomorphism.
Letting I'(X') acton Lr =R®z L, we obtain a flat vector bundle /, — X which has a covariantly constant
bilinear form of signature (b4 (X), b—_(X)). Let H ; denote a maximal positive definite subbundle of H.
The choice of subbundle H l;" is not unique, but all such subbundles are isomorphic. In particular the
Stiefel-Whitney classes w; (H, ;L ) € H/(XZ;Z5) depend only on p.

Theorem 5.1 Let X be a compact, simply connected, smooth 4-manifold with b (X) = 2 and let
p:m1(X) — I'(X) be a homomorphism. Suppose that w, (H, ;r ) # 0 and suppose there exists a character-
istic ¢ € L which is p-invariant and satisfies ¢> > o(X). Then p does not lift to a homomorphism
0:T'(X)—> M(X).

Proof Consider first the case that X is orientable of genus g. Recall that 771 (X) admits a presentation
m(2) =(a1.by,...,ag,bg |[a1,D1]---[ag, bg]).

Suppose that p admits a lift p : 71 (X) — M (X). Let «j be a diffeomorphism of X" whose isotopy class
is p(a;) and let B; be a diffeomorphism of X whose isotopy class is p(b;). Then [, B1]- - [ag. Bg] is
isotopic to the identity. The surface X can be constructed from a wedge of 2g circles by attaching a 2-cell
whose attaching map represents [ay, by]---[ag, bg] in (\/lzi S 1). We will construct a smooth family
7 : E — X whose fibres are diffeomorphic to X as follows. Over the 1-skeleton \/lzi S !, we take the
wedge sum of mapping cylinders associated to the diffeomorphisms o, B1,..., g, Bg. A choice of
isotopy from [aq, B1]- -+ [eg, Bg] to the identity allows us to extend this family over the 2-cell and in this
way we obtain the family 7 : E — ¥. By construction, the local system R?m47Z has monodromy p. Now
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suppose that w, (H ;;" ) # 0 and that there exists a characteristic ¢ € L which is p-invariant and satisfies
¢? > o(X). This contradicts [2, Theorem 1.1], hence p does not lift to M (X).
The case that X is nonorientable is similar. Recall that 771 (X) admits a presentation

2 2
w1 (X) = (ay,...,ax |ay---ay),

where ¥ has Euler characteristic 1 — k. If p lifts to a homomorphism p : 7;(X) — M (X), then we
choose diffeomorphisms oy, ..., ax where the isotopy class of «; is p(a;). Then ozf e ai is isotopic
to the identity. A choice of such an isotopy allows us to construct a smooth family 7 : £ — ¥ with
fibres diffeomorphic to X and such that the monodromy of R?m,Z is p. As before, this contradicts
[2, Theorem 1.1], hence p does not lift to M (X). |

Remark 5.2 A similar argument was used in [16] to prove the nontriviality of the group 7'(X) for the
manifold X = 2CP #nCP?2, n > 11.

Corollary 5.3 Let X = (S2x S?)# X', where b (X’) = 1, b_(X’) > 10. Then there does not exist a
splitting T'(X) - M (X).

Proof Let L = H?(X;Z) and L' = H*(X’;Z) denote the intersection lattices of X and X’ and let
H=H?(S?>xS%7).So L~ H&®L'. Since X = (S?*xS?)#X’, we have that T'(X) = Aut(H?(X; Z))
by [31]. Let x, y € H be a basis with x> = y2 =0, (x, y) = 1. Since b4 (X’) =1 and o (X”) <0, it follows
that X is not spin and it follows that L' = H' @ Eg @ L", where H’ has basis x’, ', (x)> = (3")?2 =0,
(x’,y') =1, Eg is the negative definite Eg lattice and L” is a diagonal lattice with basis eq, ..., ex,
where m = b_(X’) — 9, with ei2 = —1foralli, (e;,ej) =0fori # j.

Letu=x4y,v=x'+y". Thenu? =v*=2, (u, v) =0. Let r, be the reflection r, (x) = x+ (x, u)u and
define r, similarly. Consider the isometry f(x)=r,ry(x). Then f €'(X)and f2? = 1. Hence we obtain a
homomorphism p : 1 (RP?) — I'(X) which sends the generator of 771 (RP?) to f. Since f acts as —1 on
the maximal positive definite subspace of H?(X;R) spanned by « and v, we have that w, (H, ;r ) # 0. Let
¢ =ej+---+e,. Then c is a characteristic that ¢2 > o (X) and (¢, u) = (¢, v) =0. Then r,(¢c) =ry(c) =c
and hence f(c) = ¢. Then Theorem 5.1 implies that p does not lift to M (X). Hence the subgroup
(f) € T'(X) does not lift to M (X), in particular, there does not exist a splitting I'(X) - M(X). O

Remark 5.4 In the above proof u € L can be realised by an embedded 2-sphere in X', namely the diagonal
S2c S*xS2. By a result of Seidel [27], it follows that r,, can be lifted to an element 7, € M (X) of
order 2. Since I'(X') = Aut(L), it follows that there is a diffeomorphism of X sending u to v. It follows
that v can also be realised by an embedded 2-sphere and hence r, can be lifted to an element 7, € M (X))
of order 2. Then 7,7y is a lift of f to M (X). If u, v could be represented by disjoint embedded 2-spheres,
then 7, 7, commute (since 7, 7, can be constructed to have disjoint supports) and then 7,7, would be
an involutive lift of f, contradicting the corollary above. We deduce that u, v can be represented by
embedded spheres, but they cannot be represented by disjoint embedded spheres even though (u, v) = 0.
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6 Nielsen realisation

As explained in the introduction, the following result shows that the Nielsen realisation problem fails for
X = X' # pCP? #qCP? whenever p +¢q > 4.

Theorem 6.1 Let X = X'# pCP?#¢CP? where X' is a compact, smooth, simply connected 4-manifold
and p +q > 4. Then M (X) contains a subgroup isomorphic to Zg which cannot be lifted to Diff(X).

Proof To each summand of CP? or CP? in X, there is a corresponding embedded 2-sphere of self-
intersection +1. Let Eq,..., E4 be any four of them. Let #1,...,%, € M(X) be the corresponding Dehn
twists around these spheres. Then 71, ..., #4 are involutions [27] and they commute since E1, ..., E4 are
disjoint. Hence the group G € M (X) generated by ¢4, ..., 14 is isomorphic to Zg. Now suppose that
G can be lifted to Diff(X). Hence we can find commuting diffeomorphisms o1, ..., 04 such that the
isotopy class of o; is #;.

Consider the fixed point set F of oy. Since o acts on H?(X;Z) as a reflection in a &1 sphere,
it follows from [8, Proposition 2.4] that F consists of a single copy of RIP2, together with some isolated
points and some 2-spheres. Let G be the subgroup of G generated by o,, 03, 04. Since 03, 03, 04
commute with o7, they act on F and in particular must send the copy of RIP? to itself. Hence G acts
on RPP2. We claim that the action is effective. To see this, suppose f € Gy fixes RP? pointwise. Since f
is an orientation-preserving involution, it must act on the normal bundle of RIP? in X as either the identity
or multiplication by —1. Hence either f or oy f fixes RPP? pointwise and acts trivially on the normal
bundle. For a diffeomorphism of finite order, this can only happen if the diffeomorphism is the identity.
Hence f or oy f is the identity, but f € G, so f # o and it must be that f is the identity.

A finite group action on RPP? by diffeomorphisms is conjugate to a subgroup of PO(3) = SO(3). Since
Gy is abelian, its action on the standard representation of SO(3) can be simultaneously diagonalised,
so G is isomorphic to a subgroup of {diag(ey, €;, €3) € SO(3)} = Z%, which is impossible since |G| = 8.
So G does not lift to Diff(.X). |

7 Boundary Dehn twists

Let X ™ be obtained from X by removing # disjoint open balls. So X ™) is a compact 4-manifold with
boundary consisting of n copies of S3. Let Diff(X ™ dX ™) denote the group of diffeomorphisms
of X ™ which are the identity in a neighbourhood of the boundary. Let M, (X) = o (Diff(X ™, 9 x ™)
denote the group of components of Diff(X ™ 39X ). It is known that the map M, (X) — M(X)
is surjective and that the kernel is generated by Dehn twists on the boundary components [11]. More
precisely, if $3 — X is a boundary component, then X " has a tubular neighbourhood [0, 1]x S — X
The Dehn twist on this boundary component is defined by taking a nontrivial loop «; : [0, 1] — SO(4) and
defining ¢ : [0, 1] x S3 — [0, 1]x S by ¢ (¢, x) = (¢, a;(x)), where SO(4) acts on S in the standard way.
We assume that «; is smooth and equals the identity in a neighbourhood of {0, 1}, hence ¢ can be extended
to an element of Diff(X ™, X ™) by taking it to be the identity outside of the tubular neighbourhood.
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Let K, (X) denote the kernel of M,(X) — M (X), so we have an short exact sequence
11— Kuy(X) > My(X) > M(X)— 1.

Furthermore, we have a surjection Z — K,(X) given by Dehn twists on the boundary components
[11, Proposition 3.1].

Proposition 7.1 Let X be a compact, smooth, simply connected 4-manifold.
(1) If X is spin, then K, (X) is either % or 2} | AZ,, for all n, where AZj is the diagonal copy of Z,.
(2) If X is not spin, then K,(X') = 0 for all n, hence M,(X) =~ M(X).

Proof Part (1) is given by [11, Corollary 2.5] and part (2) by [22, Corollary A.5]. a

In light of Proposition 7.1, boundary Dehn twists are only interesting when X is spin. In this case,
we either have Ky (X) = Z7 or K,(X) = Z’/AZ,. Which of these two cases occurs is completely
determined by the n = 1 case. We consider this case in more detail. There is a Serre fibration

(7-1) Diff(X P, 0x V) — Diff(X) — Emb(D*, X),

where Emb(D*, X) is the space of embeddings of a disc in X which can be extended to a diffeomorphism.
Furthermore, there is a homotopy equivalence Emb(D*, X) = F(X), where F(X) is the oriented frame
bundle of X [11]. Since X is simply connected and spin, 7y (F (X)) = Z,. Then the fibration (7-1)
induces an exact sequence

71 (Diff(X)) 25 7, — M (X) — M(X) — 1.

In the absence of a metric we can define the spin bundle of X to be the universal cover F (X)—> F(X) of
F(X). Since 71 (F(X)) = Z,, we have f(X) — F(X) is a double cover. Since Emb(D*, X) = F(X),
it follows that ¢ is the map that measures whether or not a loop of diffeomorphisms of X lifts to a loop
in the spin bundle of X . This leads to an alternative description of the group M7 (X) when X is spin. Let
SpinDiff(X') be the group whose elements consist of a diffeomorphism f € Diff(X) and a choice of lift of
fe:F(X)— F(X)to f(X). We have a short exact sequence 1 — Z, — SpinDiff(X) — Diff(X) — 1 and
the connecting homomorphism 7 (Diff(X)) — Z5 is precisely ¢. The map Diff(X (), 9x (V) — Diff(X)
admits a lift Diff(X (U, 9X () — SpinDiff(X) by taking the unique lift which is the identity over dX (V).
We then have a commutative diagram

71 (Dff(X)) —2— 7, My(X) —— M(X)

Ny |

Z» — mo(SpinDiff(X))

from which it follows that M (X) — 7o (SpinDiff(X)) is an isomorphism. If ¢ is nontrivial, then
Ki(X)=0and M;(X) — M(X) is an isomorphism. This happens for S2 x S2, as seen by taking
a loop of diffeomorphisms given by a circle action which rotates one of the spheres. Similarly, ¢ is

Algebraic & Geometric Topology, Volume 26 (2026)



1650 David Baraglia

nontrivial for X = S* or for a connected sum of copies of S2 x S2. If ¢ is trivial, then K (X) = Z, and
M (X) — M(X) is an extension of M (X) by Z,, hence corresponds to a class £y € H>(M (X); Z>).
It is natural to ask what this class is and in particular, whether or not it is trivial. First, we need some
examples of spin 4-manifolds where ¢ = 0.

Theorem 7.2 Let X be a compact, smooth, simply connected 4-manifold. If X is homeomorphic to K3
then ¢ = 0. Similarly, if X = X' #(S? x S?), where X’ is homeomorphic to K3, then ¢ = 0.
Proof In [4], it is proven that if £ — S? is a smooth family of K3 surfaces over S2, then w,(TE) = 0.
As explained in [18], this implies that the homomorphism ¢ is zero. The same argument works for any X
that is homeomorphic to K3, since by [20], the Seiberg—Witten invariant of the spin structure of X is odd.
Next, suppose X = X' #(S? x S?), where X’ is homeomorphic to K3. Suppose that ¢ is nonzero.
This means that the boundary Dehn twist T € M (X) is trivial. But this would imply that the Dehn twist
on the neck of K3# X’ becomes trivial upon connected sum with S 2 % S2. However this contradicts [19]
(in [19] the theorem is stated only for X’ = K3, but the exact same proof works for any smooth 4-manifold
homeomorphic to K3). m|

Recall that an involution f on a simply connected spin 4-manifold X is called even or odd according

to whether or not /" lifts to an involution on the spin bundle of X.

Proposition 7.3 Suppose X is spin and ¢ = 0, so that the extension class £x € H*(M (X ); Z,) is defined.
Suppose that f is an odd involution. Then £x ( f) # 0. In particular, the extension Z, — M1(X) — M (X)
is nontrivial.

Proof As explained above, the extension 1 — Z, — M;(X) — M (X) — 1 is isomorphic to the extension
1 = Zy — mo(SpinDiff(X)) — M(X) — 1. But f defines a class [ /] € M (X) such that [ /]*> = 1. But
any lift of f to the spin bundle is not an involution. So there is no splitting M (X)) — M;(X) and more

precisely, £x (f) # 0. |
Corollary 7.4 If X = K3 or K3#(S? x S?), then £y € H*(M(X); Z5) is nontrivial.

Proof This is immediate from Theorem 7.2 and Proposition 7.3, since both K3 and K3 # (S? x S?)
admit odd involutions. O

In what follows we will completely determine the class £x € H2(M (X); Z,) when X is homeomorphic
to K3.

Proposition 7.5 Let 7 : E — B be a smooth fibre bundle, where B is a compact surface and the fibres
of E are diffeomorphic to a compact, simply connected, smooth spin 4-manifold X . Then:

(1) There exists a spin®-structure 5 g/ g on the vertical tangent bundle T E / B = Ker(m«) whose restriction
to each fibre is spin.

(2) Letind(D) € K°(B) denote the families index of the Dirac operator D with respect to the spin-
structure s/ g. Then

¢1(ind(D)) = £ (X)wa(TE/B) (mod 2).
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Proof (1) follows from [2, Proposition 2.1]. The Dirac operator D for the spin®-structure s g, p defines
a family of elliptic operators parametrised by B and ind(D) is the families index. Then c;(ind(D))
equals ¢ (L), where £ = det(ind(D)) is the determinant line bundle of D. Suppose that the family E is
determined by transition function v;; valued in Diff(X). Let w ;j be lifts of ¥;; to SpinDiff(X). Then
WU ijl/sz = gijk» Where g;ji is a Z,-valued cocycle, defining a class [g;] € H?*(B:Z,). Clearly
wy(TE/B)=|g;jk]. Observethatc(sg,p) € H?*(B;Z) is alift of [gijk] to integer coefficients. Therefore
we can represent ¢(sg,g) as an integer-valued 2-cocycle ¢;jx such that ¢;jx = g;jx (mod2). Choose
real-valued smooth functions u;; such that ¢;jx = u;j +ujr +ug;. Set fij = e27itij  Then Jij define
transition functions for a complex line bundle whose first Chern class is [c;jx]. Note that f;; = = h? i
where /;; = e™"ii . Then h;jhjxhy; = (—1)8ii%. Define Spin°Diff(X) = U(1) xz, SpinDiff(X). Then
@ij = hij J,- j is a 2-cocycle valued in Spin“Diff(X).

Consider now the transition functions for the determinant line bundle L. Since s g, p restricts to a spin
structure on the fibres, the spinor bundles have a quaternionic structure on each fibre. It follows that % j
induces a trivial action on the determinant line. However, the U(1)-factor /;; in ¢;; J = hij{;; acts on the
spinor bundles as scalar multiplication which then acts on the determinant line by h i where d is the virtual
rank of ind(D), which is d = —a (X)) /8. Therefore £ has transition functions h —o(X)/8 = fii ; o (X716
Recalling that f;; are transition functions for a line bundle with Chern class ¢(s g/ B), it follows that

c1(ind(D)) = ¢1(£) = —i0(X)c(sg/p) = 70 (X)w2(TE/B) (mod 2). o

Proposition 7.6 Let 7w : E — B be a smooth fibre bundle, where the fibres of E are homeomorphic to K3.
Then wy(TE/B) = wo(H™), where HY — B denotes the bundle whose fibre over b is a maximal
positive definite subspace of H?(Ep;R).

Proof Since H?(B;Z,) is detected by maps of compact surfaces into B, it suffices to prove the result
when B is a compact surface. Then by Proposition 7.5, w, (T E/B) = ¢1(ind(D)) (mod 2). On the other
hand, since the fibres are homeomorphic to K3, their Seiberg—Witten with respect to the spin structure is
odd [20]. Then by [4, Corollary 1.3], ¢ (ind(D)) = w,(H ™). |

Let L be a lattice and A = Aut(L) the group of automorphisms. Over the classifying space BA we
have the tautological flat bundle H = EA x4 L. Let HT — BA be a maximal positive subbundle. This
defines a characteristic class wo(HT) € H*(Aut(L); Z,).

Theorem 7.7 Let X be a smooth 4-manifold which is homeomorphic to K3. Let L x be the intersection lat-
tice of X . Then the extension class £x € H>(M (X); Z,) is the pullback of w,(H ) € H>(Aut(Lx); Z,)
under the map M (X) — Aut(Ly).

Proof Let B be a compact surface and consider a map ¢ : B — BM(X). This is equivalent to a
homomorphism p : 1 (B) — M (X). We claim that p is the geometric monodromy of a family £ — B.
We can take B to be given by attaching a 2-cell to a wedge of k circles. Each circle defines a generator
gi € m1(B) and the 2-cell defines a relation r = r(gy,..., gx), which is a word in the g;. Choose
a lift f; € Diff(X) of p(g;) € M(X). Then we can construct a family E; over the 1-skeleton on B
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as a wedge of mapping cylinders corresponding to the diffeomorphisms f1,..., fx. Since g1, ..., gk
satisfy r, it follows that r(f1,..., fx) is isotopic to the identity. Choosing such an isotopy, we can
extend E; over the 2-cell, giving the desired family £ — B. As explained in [4, Remark 4.20], we can
assume that the family £ — B is smooth. Now consider the obstruction to lifting the structure group
of E to SpinDiff(X). This is easily seen to coincide with the obstruction to lifting p : 71 (B) — M (X)
to M, (X), which is 1*(£x) € H?(B;Z5). On the other hand, the obstruction to lifting the structure group
of E to SpinDiff(X) is w,(TE/B), which by Proposition 7.6 equals w, (H ™). Since H*>(M(X); Z>)
is detected by maps of compact surfaces B into BM (X'), the result is proven. a
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Negative-definite spin filling and branched double covers

SOHEIL AZARPENDAR

We investigate the negative-definite spin fillings of branched double covers of alternating knots. We derive
obstructions to the existence of such fillings and characterize special alternating knots using these results.

1 Introduction

Given a nonsplit link K, let £(S3, K) denote the branched double cover of S3 along K. A filling of
(53, K) is a 4-manifold X with 3X = 2(S3, K). A common approach to constructing fillings of
¥ (S3, K) involves taking a spanning surface F of K and forming the branched double cover of D*
over FT, where FT is obtained by pushing the interior of F inside D*. We use the term spanning
filling to distinguish fillings that can be constructed through this method. One of the most important facts
about spanning fillings of branched double covers of links is due to Gordon and Litherland [10]. They
proved that the intersection form of ¥ (D*, F) is equal to the Goeritz form of F. We call a spanning
surface F positive- or negative-definite if the Goeritz form of F (or equivalently X (D#*, F 1)) is positive-
or negative-definite, respectively.

A standard choice for a spanning surface of K comes from a checkerboard coloring of the regions
in a knot diagram. Considering all of the white (resp. black) regions in S? and adding twisted bands
between them around each crossing will result in a spanning surface of K. We refer to this surface as the
white (resp. black) Tait surface and denote it by Fy (resp. Fp). Note that generally Tait surfaces are not
invariants of the knot and depend on the choice of diagram.

A link diagram is alternating if its crossings alternate over and under around each link component, and
a link is alternating if it admits an alternating diagram. One can prove that a diagram is alternating if
and only if the associated Tait surfaces are definite and of opposite signs (see Proposition 4.1 of [14]).
Greene [14] proved that the existence of definite spanning surfaces gives a topological characterization of

alternating links as follows:

Theorem 1.1 [14, Theorem 1.1] If Fp and Fy are positive- and negative-definite spanning surfaces for a
nonsplit link K in S3, then K is an alternating link, and it has an alternating diagram whose Tait surfaces

are isotopic to Fp and Fy .

In the rest of this paper, we only focus on nonsplit alternating links. Whenever we consider an alternating
link K, we are in fact working with an arbitrary reduced alternating diagram of K. For convenience we do
not differentiate between the link and its diagram. Furthermore, to fix a standard checkerboard coloring
of an alternating diagram, we assume that the black Tait surface is a negative-definite spanning surface.
MSC2020: 57K10, 57K18, 57K40, 57K41.
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We call an oriented alternating diagram special if the associated black Tait surface is orientable.
Seifert’s algorithm outputs this surface when applied to such a diagram. An oriented alternating link
is special if it has a special alternating diagram. One can see that the orientability of Fp is equivalent
to evenness of its Goeritz form (see Section 2 for more details). In this paper, whenever we consider a
special alternating link K, we are working with a special alternating diagram of K.

Building on the preceding discussion, for an alternating link K, the 4-manifolds X (D*, FI;) and
S(D* F ; ) are definite fillings of £(S3, K), which we refer to as the white and black Tait fillings,
respectively. Furthermore, if K is a special alternating link, then X (D%, F ; ) is also a spin filling of the
branched double cover.

The existence and properties of definite fillings have been the subject of extensive research, including
works by Ozsvith and Szab6 [19], Scaduto [22], Choe and Park [3], Golla and Scaduto [8], and Aceto,
McCoy, and Park [1]. These works also establish bounds on the Betti numbers using tools from Heegaard
Floer and Seiberg—Witten theories. In this paper, we discuss how definite spin fillings can detect special
alternating links among all alternating links. This is described in Theorem 1.2.

Before we state Theorem 1.2, note that, in the rest of the paper, we assume that all of the diagrams
are decorated, i.e., they have a marked arc between two crossings. We refer to the two regions separated
by the marked arc as marked (adjacent) regions. We use m to represent the number of unmarked white

regions in a reduced alternating diagram.

Theorem 1.2 Let K be a nonsplit alternating link and m be the number of unmarked white regions in a
reduced alternating diagram. If X is a simply connected negative-definite spin filling of % (S3, K), then

by(X) <m.
Furthermore, equality is achieved if and only if K is special alternating.

The existence of simply connected spin negative-definite fillings of the branched double cover of
nonspecial alternating knots is not trivial. Using inequalities from Heegaard Floer and Seiberg—Witten
theories, we develop several obstructions to the existence of such fillings. The main ones are in the form
of Theorems 1.3 and 1.4. First, we need to explain some notation.

Consider a reduced alternating diagram of link K. The white (resp. black) Tait graph, denoted by W
(resp. B), is constructed by considering a vertex for each white (resp. black) region in a diagram and
drawing an edge between two regions if and only if they have a common crossing on their boundary.
Note that W and B are planar duals. Let W be the reduced white Tait graph; i.e., the white Tait graph W
with the vertex associated with the marked region deleted. Both reduced and unreduced Tait graphs
are generally undirected multigraphs with no self-loops or degree-one vertices. This follows from the
assumption that the diagram is reduced.

In this paper, we use Vg to denote the vertex set of a graph G and Eg(-,-) to denote the set of edges
between two disjoint subsets of V. A subgraph C of W is called characteristic if it satisfies

ew(v,C) =degy (v) mod 2 forall v € Vi,

Algebraic & Geometric Topology, Volume 26 (2026)
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where ey (v, C) is defined by the formula

|Ew ({v}, V)| +degy (v) ifveC,

(D WO O= B (oo ifvgc.

Using W, we will build a surgery diagram for the black Tait filling of X(S3, K) in Section 2. One can
see that ey (-, -) is a reformulation of the intersection form of this filling.

Let Cjz denote the set of characteristic subgraphs of W. We will see that these subgraphs classify spin
structures on X (53, K) (see Theorem 4.2). The empty subgraph is characteristic if and only if all of the
vertices of W have even degrees. In this case, the dual plane graph B will be bipartite. The 2-coloring
of B induces an orientation on Fg which means K is special alternating. As a result, if K is a nonspecial
alternating knot, a characteristic subgraph can not be empty.

Theorem 1.3 Let K be a nonspecial alternating knot. If

min [Ew(Ve,Vw \Ve)l = [Vw|—1,
CECW

then X(S3, K) does not have a simply connected negative-definite spin filling.

Theorem 1.4 Let K be a nonspecial alternating link. If

min |Ew Ve, Vw \Ve)l = 9(|Vw|—1),
CGCW

then X(S3, K) does not have a simply connected negative-definite spin filling.

While investigating Theorem 1.4, we identify obstructions preventing 4-manifolds from having chain-
mail Kirby diagrams (see Section 4). This leads to Corollary 4.11 which states that any closed 4-manifold
with a chainmail Kirby diagram is either spin or has a characteristic embedded sphere.

Theorems 1.3 and 1.4 turn out to be generalized versions of a known obstruction of negative-definite
spin fillings given by the Neumann—Siebenmann invariant. See Remark 4.10.

We should point out that both of these theorems result in a twisting phenomenon. Consider a coherent
twist region R in an alternating diagram of the link K. By coherent, we mean a twist region corresponding
to a family of parallel edges between two vertices in the white Tait graph (see Figure 1). Let K(g ;) be
the link obtained by adding 7 full twists to the twist region R. We call this operation enlarging R in K.
In terms of the white Tait graph, the enlarging operation can be defined as adding 2i parallel edges.

The enlarging operation can increase the left-hand side of the inequalities of Theorems 1.3 and 1.4 while
it does not change the right-hand side, i.e., |V |. Hence if you enlarge twist regions of the knot diagram,
you will end up with links whose branched double cover does not have a negative-definite spin filling.

The main condition of Theorem 1.3 can be seen as an analogue of Elkies’s condition [6, Theorem 1]
(i.e., nonexistence of short characteristic vectors) for the Goeritz lattice. This is the content of Corollary 1.5.
See Remark 3.2 for a detailed explanation.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 1: Enlarging a twist region.

Corollary 1.5 Let K be a nonspecial alternating knot. Also let A be the lattice defined by the Goeritz
form of Fpg, and let Char(A) be the set of characteristic vectors of A. If

min  [{w,w)| > |Vw|—1,
weChar(A)

then X(S3, K) does not have a simply connected negative-definite spin filling.

Note that the only difference between Corollary 1.5 and the main result of Elkies is that the Goeritz
lattice is not unimodular.

Generally, there are nonspecial alternating knots with branched double covers that admit simply
connected negative-definite spin fillings. Examples of such knots are provided in Section 5. However,
it turns out that by further restricting the search to the class of plumbed 4-manifolds, one can prove a
nonexistence result explained in Theorem 1.7. First, we need to explain some notation.

Theorem 1.7 is about algebraic (or arborescent) links which are defined as follows.

Definition 1.6 The following algorithm associates a link to a planar weighted tree. Let 7" be a planar tree
with weight w(a;) € Z associated with any vertex a; € V. For each a; € Vr consider a twisted band F;
with w(a;) half twists. If two vertices are connected by an edge in 7', plumb the two corresponding bands
together. Let F be the resulting surface and consider the link dF'. If a link can be constructed using this

algorithm, we call it algebraic (or arborescent).

Following the work of Siebenmann [23], it is known that these are the only links whose branched
double covers admit plumbed filling. We call an algebraic link excessive if it is constructed from a
plumbing tree 7' with weight function w, satisfying

w(a;) <min{—2, —degy(a;)} forall a; € Vr.

Excessiveness is a technical condition defined by Murasugi [16]. We use it to ensure that the algebraic
link is alternating and relate the tree 7" to the Tait graph (see Lemma 5.4).

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 1.7 Let K be an excessive algebraic alternating knot. Then £ (S3, K) admits a simply connected
spin negative-definite plumbed filling if and only if K is special.

This paper is organized as follows. In Section 2, we set our basic notation and recall some of the
theorems from the literature. This section will include the construction of a Kirby diagram for the black
Tait filling, some facts about the Heegaard—Floer homology of ¥ (S3, K), and some inequalities about
fillings of rational homology spheres and closed spin 4-manifolds. In Section 3, we discuss proofs of
Theorems 1.2 and 1.3 which come from a formula for the correction term of the branched double cover.
In Section 4, we discuss an algorithm of Kaplan which helps us to construct spin fillings and combine
it with Furuta’s % theorem to prove Theorem 1.4. In Section 5, we will discuss Neumann’s plumbing
calculus and use it to prove Theorem 1.7.

2 Background and notation

Let K C S3 be an alternating knot and let D be an alternating diagram of K in the plane. Since the
diagram is alternating, one can construct a checkerboard coloring of the diagram such that all the crossings
have u = —1, using the notation of Gordon and Litherland [10]. The coloring will look like Figure 2
around each crossing.

In this setting, one can define white and black Tait graphs and Tait surfaces. Tait graphs are constructed
by considering regions with the same color as vertices and drawing an edge between two regions if and
only if they have a common crossing on their boundary. We use the notation W and B for the graphs and
Fw and Fp for the spanning surfaces. In this paper, we assume that diagrams are always decorated, i.e,
they have a marked arc between two crossings. We refer to the two regions separated by the marked arc
as marked (adjacent) regions. We refer to the graphs resulting from deleting the vertices associated with
the marked regions as the reduced Tait graphs and denote them by B and W. To define the Tait surfaces,
let us first recall the definition of median construction.

Definition 2.1 Given a plane graph G, consider a thickening of G C R2. This thickening has a disc
centered around each vertex of G, together with a band along each edge. Apply a right-handed (resp. left-
handed) half-twist on each of the bands, which gives us a surface (in S3). This construction is called the
positive (resp. negative) median construction.

Now we define the white (resp. black) Tait surface, denoted by Fy (resp. Fg), as the result of negative
(resp. positive) median construction on the Tait graph W (resp. B).

/ D
P T

Figure 2: Standard coloring of a crossing in an alternating link.
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Figure 3: A special alternating knot and its Tait graphs.

An alternating knot is called special if the black Tait surface is orientable, i.e., a Seifert surface. This
is equivalent to the black Tait graph being bipartite. Since black and white Tait graphs are dual planar
graphs, this definition is also equivalent to the white Tait graph having no vertex with odd degree. An
example of a special alternating knot and its Tait graphs can be seen in Figure 3.

As noted in the introduction and in [10], the branched double cover of D* over the black Tait surface Fpg,
which is denoted by X (D#*, Fp), is a negative-definite filling of X(S3, K). The intersection form of
Y (D*, Fp) turns out to be the Goeritz form of Fg. There is a combinatorial description of the Goeritz
form of the black Tait surface of an alternating knot in terms of the white Tait graph. Enumerate the
vertices of W by v1,..., v, and set

gij .= |Ew(vi,v;)| fori# j and g;; = —degy (v;).

Then the white Goeritz matrix Gw := (g;;) represents the Goeritz form. Note that this is the definition of
the Laplacian matrix of the graph W with the row and column associated with the marked vertex deleted.
For the example presented in Figure 3, we have

—4 1
o= 1),

Now we are going to describe a Kirby diagram of X (D*, F ; ) which also acts as a surgery diagram for
the (S3, K). In the rest of the article, we refer to this construction as the Tait surgery diagram. This
diagram originates from work of Ozsvéth and Szab¢ [20].

We consider an unknot component with framing g;; centered around each v; € V5 and then add
a positive clasp between the unknot components corresponding to v; and v; for each edge e € Ey;
between v; and v;. The intersection form of this Kirby diagram is clearly the same as Gy . Applying this
to the example in Figure 3 gives us the surgery diagram in Figure 4.

Algebraic & Geometric Topology, Volume 26 (2026)
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Figure 4: Surgery diagram of the branched double cover.

Greene [13] derives a Heegaard triple 7{; subordinate to this surgery diagram and in combination with
another Heegaard triple 7, originating from the Montesinos trick, he gives a combinatorial description of
ﬁF(E (S3, K)). We only need some of Greene’s results about alternating links which we will summarize
in the following.

Given a Kauffman state x for K, we induce an orientation on the white graph W in the following
way. Given an edge e € Ew, consider the crossing ¢ to which it corresponds, as well as the white region
which abuts ¢ and lies on the same side of the over-strand as x (¢). We direct e to point towards the vertex

corresponding to this white region. This process is illustrated in Figure 5.

Figure 5: Orientation induced by a Kauffman state on the white graph. The Kauffman marker is
depicted by the black star.

Algebraic & Geometric Topology, Volume 26 (2026)
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At a vertex v € Vjz;, we compute the signed degree dx (v) as
de(v) = df (v) —dy (v),

where df (v) (resp. d (v)) denotes the number of edges directed into (resp. out of) v with respect to this
orientation on W.
Define v;)V = (dx (1), ...,dx(vm))T. Define the quadratic form ¢(v) as

q) = vTGﬁ,lv for all v € Z™.
A characteristic covector v € Z™ is defined by the condition that
v; = (Gw);; mod 2 forall 1 <i <m.

The characteristic covectors are useful in studying the space of Spin(C structures of X(S3, K). We
know that Spin(C (2(S83, K)) is an affine space over H?(Z(S3, K)). Using Poincaré duality we have

H*(2(S3,K)) =~ H{(Z(S3, K)).

We can compute this homology using the Tait surgery diagram and Mayer—Vietoris sequence as follows.
Let L = |J/L; L be the underlying m-component link of the Tait surgery diagram. The Tait surgery
diagram and the definition of Dehn surgery give us the decomposition

m
=(SK)=(S*\N(L) Uy | | H:.
i=1
In this decomposition H; = D? x S! is the solid torus glued in a tubular neighborhood of L; using the
gluing map

m
¢:| | 9H; - 9(S>\ N(L)).
i=1
Let p1; and A; respectively be the meridian and longitude of L; in S3. Also let w; and A’ respectively
be the meridian and longitude of dH;. Then the gluing map ¢ induces a map ¢« on the first homology
such that

¢ (i) = gii - il + [Ad]-

Now the Mayer—Vietoris sequence gives us

m

m
Hl( | | aHi) — Hi(SP\N(L)) & H1( | | H,-) — H{(Z(S3, K)) — 0.
i=1 i=1
We can rewrite this sequence as

m m

P il D) = (Ll - [um]) & (A > HI(E(S?, K)).
i=1 i=1

Algebraic & Geometric Topology, Volume 26 (2026)
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The first map in the sequence is defined, for alli =1,...,m, as

] = gii -] + A = gii [l + Y (Li L) [wjl= > gji-luj] and [A]] - [A]].

1<j=m j=1
J#i
As a result, we have
Zm
H{(Z(S3, K)) @ ———— = coker(Gw).
im(Gw)

The combination of these results gives us an identification of H2(X(S3, K)) with coker(Gw).

Now we go back to studying Spin(C (2(S3, K)). Greene [13] proved that Spin(C (Z(S3, K)) can be
identified with 2 - im(Gy )-orbits of characteristic covectors. The identification comes from the first Chern
class

c1:Spin®(2(S3, K)) - HZ(2(S?, K)) = coker(Gw).

Now as before we assume that K is a nonsplit alternating link. Let 7 be the set of Kauffman states
of K. Greene [13] also proved that there is a one-to-one correspondence

x €T «—t(x) =v +2.im(Gw) € Spin® (T (53, K)).

Furthermore, when det(K) is odd, the first Chern class ¢ is a canonical identification of Spin(C (2(S3,K))
and coker(Gw ), and hence we have

c1(t(x)) = [vY] € coker(Gw).

We can now finally state Greene’s computation of the Heegaard Floer homology of %(S3, K) in
Theorem 2.2.

Theorem 2.2 [13] Let K denote a nonsplit alternating link. Then

HF(Z(S?, K)) = P AF(Z(S?, K). t(x)) = P Z.

X€ET X€ET

The correction term can be computed by the formula

w
A(2(S3. K) t(x) = max L0Hm _ax)+m
vEt(x) 4 4

where m = |V | — 1.

Remark 2.3 The notation v )I;V might be a bit confusing. Note that v )I:V is the degree vector of W restricted
to the unmarked vertices {v1, ..., vy} which are also the vertices of w.

We are going to use these formulas to obstruct branched double covers from having spin negative-definite
fillings. To accomplish this, we are going to use known inequalities about fillings of rational homology
spheres and closed spin 4-manifolds. We recall some of the theorems that we are going to use later.

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 2.4 [19, Theorem 9.6] Let Y be a rational homology three-sphere, and fix a Spin(C structure t
over Y. Then, for each smooth, negative-definite filling X of Y, and for each s € Spin(C (X) withs|y =1t,
we have that

c1(8)” +ba(X) < 4d(Y.b).
Theorem 2.5 [7, Theorem 1] If M is a closed spin manifold with indefinite intersection form, then

ba(M) = o (M)| +2.

3 Bounds from correction terms

Now we are ready to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2 Assume X is a simply connected, spin, negative-definite filling of ¥ = X(S3, K).
Recall that Spin(C structures of X correspond to integral lifts of the second Stiefel-Whitney class under
the second map in the exact sequence

HX(X:Z) 225 HA(X:Z) - HA(X: Z3) 2> ..

The first Chern class of a SpinC structure is equal to this integral lift of the Stiefel-Whitney class. Since X
is spin, the second Stiefel-Whitney class vanishes and, as a result, one can find a trivial lift s € Spin(C (X)
with ¢1(s) = 0. Due to Theorem 2.2, there is a Kauffman state x such that [v };V ] € coker(Gw) is identified
with s|y € Spin(c (Z(S3, K)). Using Theorem 2.4, we can write

by(X) <4d(Y,sly) = q¥)+m <m.

The last inequality follows from the fact that g is a negative-definite form as its defined using inverse of
Goeritz matrix.

Now we are going to prove that the last inequality is sharp if K is not special. This again comes from
Theorem 2.2. We only need to show that, for all Kauffman states x on a nonspecial alternating knot,
q(v}éV ) < 0. Since g is negative-definite, we only need to prove that vfév # 0. This follows from the
fact that, for nonspecial knots, W contains at least two vertices with odd degrees, since its dual can not
be bipartite. As a result, there exist v; € Vi such that degyy (v;) is odd. On the other hand, v};V isa
characteristic covector; i.e.,

v = (dx(v)) = (d3f (vi) —dy (v;)) = (degy (v;)) = —gi; mod 2.

Finally, we need to show that, for special alternating knots, there exists a simply connected, spin, and
negative-definite filling of X(S3, K) with b = m. The 4-manifold X = Z(D* F l;" ) satisfies these
conditions. Using the Tait surgery diagram (which is a Kirby diagram of X'), one can see that X is simply
connected with b, (X) = m and negative-definite with intersection form Qy = Gy . Furthermore Qy is
even as g;; = —degy (v;) which is even since K is special. Hence, X is spin as well. |
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Proof of Theorem 1.3 This proof is similar to the previous one. Due to Theorem 2.2, there is a Kauffman
state x such that [v)EV ] € coker(Gw) is identified with s|y € Spin(C (2(S3, K)). Using Theorem 2.4, we
can write

ba(X) <4d(Y.sly) = q)) +m.

Note that s is induced by a Spin structure on X, and, as a result, s|y is also the Spin(C structure induced by
the unique Spin structure on X (S3, K) . The uniqueness of the Spin structure follows from the assumption
that K is a knot. It is known that for a knot K, det(K) = |H{(2(S3, K);Z)| is odd. Consequently,
H{(2Z(S3, K);Z) has no 2-torsion, and H(X(S3, K); Z5) vanishes. Using this argument and the one
made in the first lines of the proof of Theorem 1.2, we can deduce that ¢ (s]y) = 0.

We will show that the inequality in the statement of Theorem 1.3 results in d(Y, s|y) being negative.
We know that Spin(C (2(S83, K)) is identified with coker(Gy) through the first Chern class. As a result

[vX]=[0] = [c1(s]y)] € coker(Gw),
which means that there exists y € Z™ such that Gy = v };V . Note that we can rewrite
q)) =TGR =yTGly=y"Gwy.
We know that v} is a characteristic covector and by definition we have
(3-1) Y )i=—gi mod 2.
We can rewrite (3-1) as

W) = (Gwy)i = Zjgijy; = degy (vi) = —gi;  mod 2.
Let y’ € Z™ be the vector defined by y! = (y; mod2) € {0, 1}. Let J be the support of y’. Let C be the

subgraph of W induced by v; for j € J.
Now one can see that

degy (vi) = (Gwy)i = (Gwy')i = ew(v;,C) mod 2.

The last equality follows from the properties of the Laplacian matrix. Indeed, we have that

Gwyi=) gj= Y g+ gi=y |EQui{v)l—)_ degy ().
jeJ jeJ—{i} iel jeJ iel
which is equal to e(v;, C) mod 2. As aresult, C is a characteristic subgraph. Note that, since we assume
the knot to be nonspecial, C can not be empty.
We can also use the interpretation of Gy as a submatrix of the Laplacian of W to reformulate y7 Gy y
as the following sum. Assume that Ly is the full Laplacian of W with the (m+1)-st (last) row and
column associated to the distinguished vertex and set y,;,+1 = 0. Then we have

(3-2) yGwy =T 0lLw [g] =— > iy
{vi,vj}€eEw
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Due to the definition of C, we will have y; # y; for v; € V¢ and v; € Viy \ V. Combined with (3-2),

gy =yTGwy <—|E(Vc, Vi \ Vo).

Combining this with the statement of Theorem 1.3, we have that q(v}f’ ) < —m, which gives us the result
that we want. O

Remark 3.1 As we will mention in the next section, the definition of characteristic subgraph is an
analogue of the definition of characteristic sublink in a surgery diagram (see Definition 4.1). Characteristic
sublinks in a surgery diagram of Y are in one-to-one correspondence with H1(Y; Z,) and, as a result,
in the setting of Theorem 1.3, there is only one characteristic sublink in the white Tait graph.

Remark 3.2 We can rephrase the main inequality of Theorems 1.3 and 1.4 in terms of the length of
characteristic vectors in Goeritz lattice as follows.
Same as before let m = |V | — 1. The integral Goeritz lattice A C R™ is defined with the symmetric
bilinear form
(x,y)=xTGwy forall x,yeZ™.

A vector w € Z™ is called characteristic if for all x € Z™ we have
(w,x) =(x,x) mod 2.

Let Char(A) be the set of all characteristic vectors in A.

This definition is directly related to our definition of characteristic subgraph. First, let w’ be the mod 2
reduction of w, i.e., foralli € {1,...,m} we have w; = (w; mod2) € {0, 1}. Note that w is characteristic
if and only if w’ is characteristic. Let J C {1, ..., m} be the support of w’, and let C be the subgraph of w
induced by v; for j € J. One can see that w is a characteristic vector if and only if C is a characteristic

subgraph.
Furthermore, similar to (3-2), for all x € Z™ we have
(x,x) = T Gyx=— Z (x; —Xj)z.
{vi,v;}€EW

Now note that for any edge {v;,v;} € Ew(Vc, Vw \ Vc) we have

wi=w; =1 mod2 and w;=w;=0 mod?2 = (w;i —w;)* > 1.
As a result,
wwy=- Y w—w)?<—|EwVc.Vw \ Vo)l = (' w').
{vi,v;}€Ew

Finally we can conclude that

min |Ew Ve, Ve)l= min w, w)|.
Qi |Ew(Ve Vi \Vol = min | [{w. v)]

As a result, we can conclude Corollary 1.5 from Theorem 1.4.
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4 Bound from Furuta’s % theorem

It is well known that the third spin cobordism group vanishes. This means that any spin 3-manifold (Y, t)
has a spin filling; i.e., there exists a spin 4-manifold (W, s) such that W =Y and s|y = t. In fact,
Kaplan [15] built an algorithm that turns any surgery diagram of Y to a Kirby diagram of a spin filling
through Kirby calculus. We will recall this algorithm from its exposition by Gompf and Stipsicz [9]. First,
let us define the notion of a characteristic sublink of a framed link.

Definition 4.1 Let L be a framed link. A sublink L’ C L is called characteristic if and only if for any
sublink L; € L we have
Ik(L', L;) =1k(L;, L;) mod 2.

Now assume that we have a surgery diagram L of a 3-manifold Y. Considering L as a Kirby diagram
gives us a handlebody filling X7, of Y. For any component L; of L, we geta class [H;] € H»(X; Z») from
capping off core of the 2-handle attached along L;. These homology classes give a basis for H» (X ; Z>).
As a result, we have a bijection between sublinks of L and elements of H(Xy; Z>) as

L'CL<+— Z [Hil € Hy(XL:Z>).
L;CL’

Due to Poincaré duality we have H, (X1 ;7Z>) = H?(Xy,Y;Z,). Combining these two facts, we end up
with a bijection between sublinks of L and H?(Xy,Y; Z>).
Now we are ready to state the necessary tools from Gompf and Stipsicz [9] in Theorems 4.2 and 4.3.

Theorem 4.2 [9, Proposition 5.7.11] For any Spin structure t on Y, the nonvanishing of the relative
Stiefel-Whitney class wo(Xp,t) € H*(X1,Y;Z) serves as an obstruction for extending t to X . The map

te Spin(Y) » wa(Xp.t) € H>(X1,Y:7Z)
gives a bijection between the set of Spin structures on Y and characteristic sublinks of L.

Proposition 4.3 [9, Theorem 5.7.14] Assume that we have a surgery diagram L of a 3-manifold Y . Fix
any Spin structure t on Y and assume that L' is the corresponding characteristic sublink. The following
steps will lead to a Kirby diagram of a spin filling of (Y, t):

(1) Slide one component Ly, of L" over the rest of the components of L’. The characteristic sublink
corresponding to t in the new Kirby diagram will be the sublink consisting of one component Ly,.

(2) Unknot Ly, using blow-ups. The blow-up circles can be imagined as connected sum of two small
meridian circles mi1, mj, along a band b; forming D; as in Figure 6, left.
The characteristic sublink will be the union of Ly, and all the blown-up circles.

(3) One can again use blow-ups to change the crossings between the bands and other components of L,
without changing the characteristic sublink; see Figure 6, right. Use an isotopy to turn Ly, into a circle in
the plane and then use the operation of Figure 6, right, to turn the characteristic sublink into Figure 7, left.
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\

Figure 6: Left: Step 2 in Kaplan’s algorithm [9, Figure 5.48]. Right: Step 3 in Kaplan’s algorithm
[9, Figure 5.49].

(4) The operation shown in Figure 7, right, can be done using a blow-up. Use this operation to turn the

characteristic sublink into an unlink.

(5) Consider each component of the characteristic sublink one by one. Blowing up its meridians turns the
framing to 1. Then, by blowing down the characteristic sublink, one can turn it into the empty link.

In the end, you will have a Kirby diagram with even framings. This 4-manifold with its unique Spin

structure is a spin filling of (Y, t).

We are going to show that, in the setting of Theorem 1.4, Kaplan’s algorithm simplifies and, as a
result, one can compute the change in the signature and second Betti number and prove the obstruction of
Theorem 1.4. We will use Lemma 4.5 in the proof.

Before we state the lemma we need to introduce some notation. We call a framed link a chainmail link
if it is constructed in the following way. Let D be a weighted and signed plane multigraph. Assigned to
each v; € Vp, there is an integer weight w; € Z and assigned to each e; € Ep, there is a sign uy € {+, —}.
The framed link L p is constructed by considering an unknot component L; oriented counterclockwise
and with framing w; centered around each v; € Vp and then add a left-handed (resp. right-handed) clasp
between the unknot components corresponding to v; and v; for each edge e¢x € Ep between v; and v;
with g = 4+ (resp. —). This definition generalizes the construction of Tait surgery diagram explained in
Section 2. Further details can be found in the work of Polyak [21].

Now we are going to explain a modification of the first step of Kaplan’s algorithm. This procedure is
called MK1 and is defined in Definition 4.4.

S ] o
||

ny

L/

Figure 7: Left: Step 3 in Kaplan’s algorithm [9, Figure 5.50]. Right: Step 4 in Kaplan’s algorithm
[9, Figure 5.51].
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Figure 8: Handle slides in MK1.

7

Definition 4.4 Let L p be the chainmail link based on the connected plane graph D and T be a spanning
tree of D. Fix an arbitrary orientation (on each edge) and a total order < on E7. Consider the following
procedure:

(1) Take the maximal edge ey, of T in the ordering and assume it is directed from v, to v;. Slide L,
over L; with an orientation-preserving band.

(2) Contract e in T'. The two vertices at two ends of e will form a new vertex which we denote by v,
(this labeling will be important in repeating step (1)).

(3) Repeat the process until |[V7| = 1.
The knot corresponding to the remaining vertex is denoted by MK1(Lp, T'). See Figure 8.

Lemma 4.5 Let Lp be the chainmail link based on the connected plane graph D. There exist a spanning
rooted tree T with a total ordering and direction on edges such that MK1(L p, T) is an unknot.

Proof of Lemma 4.5 We construct 7' by induction on the number of vertices in D. For two adjacent
vertices v;, vj in D, let ER(v;, vj) be the maximal bounded region in the plane enclosed by the edges
between v; and v; with respect to inclusion. If only one edge connects v; and v;, let ER(v;, v;) be that
single edge (as a subset of plane). Among all pairs of adjacent vertices, pick {v,, vs} such that ER(v,, vy)
is minimal, meaning it does not contain ER(v;, v;) for any other adjacent pair {v;, v, }. An example of
such a minimal pair is a pair of adjacent vertices which only have one connecting edge.

Picking this minimal pair guarantees that all the other vertices lie in R? \ ER(v,, v5) and this gives a
standard model (see Figure 9) for the configuration of the clasps between L, and Lg with respect to the
other clasps involving L, or Lg. We use this to control the result of sliding L, over L.
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&= e
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Figure 9: Examples of ER(v;, v;). The green and gray (shaded) regions in the bottom row are minimal.

Without loss of generality assume that r = 1 and s = 2. Figure 8 shows this sliding operation. It is
clear that after a number of R1 moves, L will be an unknot around v; and v, and there will be clasps
associated with each edge between v or v, and any v; for j # 1, 2. This means that, after sliding L
over L, and deleting L,, we will have a chainmail link on the plane graph D/{v1, v2}, which is the plane
graph coming from contracting v and v, to one vertex which we will denote by vy ». This decreases the
size of the vertex set by one. Using induction, we know that there exists a spanning tree 7’ such that
MKI1(Lp/¢v,,v.3- T') is an unknot. Spanning tree 7" can be constructed by replacing vy > with vy and v
and the edge between them, directing the edge from v; to v, and putting it as the new maximal edge in
the total ordering. O

Remark 4.6 As mentioned, the operation MKI1 is designed to be a modification of the first step of
Kaplan’s algorithm for a chainmail link. We explain this in a bit more detail in the following. Note that
we are using the notation of Theorems 4.2 and 4.3.

The main goal of the first step of the Kaplan algorithm is to construct a surgery diagram of ¥ such that
this characteristic sublink only has one component. This can be achieved through handle slides. Note
that the handle slides does not change the isomorphism type of the filling Xz . Sliding a component L/
of L’ over another component L;. can be seen as a change of basis of H 2(X .Y :;Z3). As aresult, for
the purpose of the Kaplan’s algorithm, we only need to find the expansion of w,(Xp,, t) in this new basis.
This expansion shows that the characteristic sublink associated to t in the new surgery diagram (after
handle slide) is just L'\ {L}}.

Due to this fact, one can turn the characteristic sublink into a knot with handle slides in the first step of
Kaplan’s algorithm. The same reasoning shows that MK1 can replace the first step of Kaplan’s algorithm
when L’ is a chainmail link.

Remark 4.7 The operation MKI1 is only defined for chainmail links based on connected planar graphs.
However, we can easily generalize MK1 and Lemma 4.5 to all chainmail links as follows.

If Lp is a chainmail link based on a disconnected graph D = |_|f~€=1 D;, then Lp is also a split link
which splits to chainmail sublinks as

k
Lp=|]Lp,.

i=1
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We apply Lemma 4.5 to the each of Lp,. Foreachi =1, ..., k, there exists a spanning rooted tree 7;
in D; such that MK1(Lp,, T;) is an unknot. Applying all of these operations turns Lp to the unlink
|_|f-€:1 MKI1(Lp,,T;). We can then slide one of the components of this unlink over the other components
such that the final result is an unknot.

Due to Remark 4.6, this generalized operation can also replace the first step of Kaplan’s algorithm.

Remark 4.8 The linking between the components of the link changes under the handle slides. We can
update the linking matrix at each step with the rule

Ik(L1p,L;i) =1k(Ly,L;) +1k(Lo, L;).

Now we are ready to prove Theorem 1.4. In fact, we are going to prove a stronger result stated in
Theorem 4.9.

Theorem 4.9 Let K be a nonspecial alternating link, and t € Spin(C (Z(S3,K)). Let C be the characteristic
subgraph associated to t. If

|Ew(Ve, Vw \ Vo)l =z 9(1Vw| = 1),
then (X(S3, K), t) does not have a simply connected negative-definite spin filling.

Proof of Theorem 4.9 Assume that (X,s) is a simply connected negative-definite spin filling of
Y = (2(53,K).t). Let L be the Kirby diagram of X(D*, Fg) described in Section 2. Let L’ be
the characteristic sublink of L associated with t. We are going to apply the modified version of Kaplan’s
algorithm on L using L’ which will result in a simply connected spin filling (X', s") of (Z(S3, K), t). We
can take — X’ and build the closed 4-manifold W = X Uy (—X’) which is also spin since s|y =s¢'|y =t.
Using Furuta’s inequality (Theorem 2.5) on W gives

4-1) br(X) +ba(—X") > Vo (X) + 0 (—X")| +2.

The right-hand side comes from Novikov additivity. Now we need to compute b (—X’) and o (—X").

Using Lemma 4.5 and Remark 4.6, we know that Steps 2, 3, 4 of Kaplan’s algorithm will not be needed
in our setting, and we can easily compute the change of b, and . First note that in each of the described
handle slides, the framings change in the following way. If we assume that framing of L, L are rp, 1y,
respectively, then the framing of the L, after the sliding will be r, 4 rg + 21k(Lp, L,). Using induction
and Remark 4.8, we can see that framing on the final component of the characteristic sublink (after
finishing Step 1) is equal to

Yogi+2 Y Ik(Li,Lj)= ) gi+2 Y gij.

v;eC i#j v;eC i#]J
v;,v,€C v;,v;€C
Since g;; = —degy (v;) and g;; = | E(v;, v;)|, we will have that
> git+2 Y gij=— > degy(vi)+2 X} |E(vi,vj)
v;eC i#j v;eC i#j
v,j,UjGC vi,ijC
=—[Ew(Vc,Vw \ Vo)l =2|Ec|+2|Ec| = —|Ew(Vc, Vw \ Vo).
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This is the right-hand side of the inequality stated in Theorem 1.4. We denote this value by — /. Note
that in Step 1, we only use handle slides and isotopies which means that the filling will not change.
To calculate the change in b, and signature, we only need to look at Step 5. In this step, we blow up
f — 1 meridians in order to turn the characteristic sublink into an unknot with framing —1 and then blow
down this unknot. These increase b, and o by f —2 and f, respectively. Now we only need to use this
information in Furuta’s inequality. Note that since X is negative-definite o (X) = —b2(X). Assuming
that f > 9m, which is the assumption of Theorem 1.4 (where m = |V | — 1), we can rewrite (4-1),

ba(X)+m+ f—=2>2|—by(X)+m— f|+2 & by(X)+m+ f—2> LX)+ f—m)+2
= Bm=Lf+3h(X)+4.
The final inequality is a clear contradiction to f > 9m.

Note that the equivalence between the first and second inequality follows from the assumption that
f = 9m which means that b,(X) + f —m > 0. |

Remark 4.10 This procedure gives a generalization of a corollary of Ue [24, Theorem 1]. Recall that,
for a plumbed 3-manifold Y, the Neumann—Siebenmann invariant & is defined as follows. Assume that I"
is the plumbing tree and P (I") is the 4-manifold constructed from plumbing sphere bundles based on I.
We know that Y = dP(I"). Let wy be the indicator vector of the characteristic sublink associated with a
Spin structure s on Y. Then

pn(Y,s) = %(U(P(F)) — (ws, ws))v

where (-, -) represents the intersection pairing. Ue proves that a Seifert homology sphere Y with Spin
structure s bounding a negative-definite 4-manifold X with Spin structure sy must satisfy

—S(Y.5) <by(X) < —8u(Y, 5).

Now an obstruction to the existence of simply connected negative-definite spin fillings is (Y, s) > 0.
In cases when W is a star-shaped tree (which is the plumbing tree of a Seifert homology S3) one can
apply this obstruction to our problem. Whenever W is a tree, any characteristic subgraph C will be a
disjoint union of isolated vertices. As a result, if wc € Z™ is the indicator vector of V¢, then

(4-2) (we.we)= Y —gii= Yy —degy (vi) = —|Ew (Ve Vi \ Vo).

v;eC v;eC
This comes from the fact that Ec = &. Combining (4-2) and definition of ji(Y,s) gives us
8u(Y.s) = —m+|Ew(Vc. Vw \ Vo).
This means that Theorem 1.4 generalizes the obstruction (Y, s) > 0.

This simplification of Kaplan’s algorithm and the fact that one can build a characteristic unknot
without blowing up or down is of independent interest. The following corollary easily follows from this
observation.
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erd

Figure 10: Kirby diagram of Pjy.

Corollary 4.11 If a closed 4-manifold X has a chainmail Kirby diagram, then it is either spin or has a
characteristic sphere.

This can act as an obstruction for a manifold to have a chainmail diagram. The following is an explicit
example of this. This example was pointed out to us by Marco Golla.

Example 4.12 Let X be the Akhmedov—Park exotic C P2 #2C P2 [2]. We prove that X does not have a
characteristic sphere as follows.

Note that X is symplectic and minimal. Any embedded sphere S C X satisfies S-S < —2. Adjunction
inequality gives us that S - S < 0, and due to the minimality of X there is no embedded sphere with
self-intersection —1. Let S-S = —m. We use P, to denote the 4-manifold constructed by negative linear
plumbing of m — 1 disk bundles with Euler number 2 over S2. We can construct a Kirby diagram of P,
by considering the path graph on m — 1 vertices and applying the chainmail construction (with all the
weights equal to 2, and all the signs equal to —). We can see an example of this for P4 in Figure 10.

There is an orientation-preserving diffeomorphism between dP,, and dN(S). Using the mentioned
Kirby diagram as a surgery diagram for dP,,, and the iterated slam-dunk move (see [18]), we see that
0Py, = L(m,m—1) since

Finally, N (S) is the circle bundle over S? with Euler number —m. This means that IN(S) ~ —L(m, 1).
We also have that L (m,m — 1) ~ —L(m, 1). The composition of these two gives us the desired diffeo-
morphism.

Now one can form the closed 4-manifold M = (X \ N(S)°) U P,,. We are going to prove that M
is spin. Note that X \ N(S) is spin since S is characteristic. Let s be the Spin structure induced on
(X \ N(S5)°). We need to prove that P, induces the same Spin structure on 0P, = L(m,m—1). If m
is odd, then L(m,m — 1) has a unique Spin structure and we are done. If m is even, then L(m,m — 1)
has two different Spin structures s, s’. Furthermore when m is even, N(S) is spin. However, since X is
not spin, the induced Spin structure on dN(S) must be s'. Now we only need to show that Py, and N(S)
induce different Spin structures on L (m,m — 1) which is equivalent to Py, U —N(S) not being spin. The
closed 4-manifold P,, U—N(S) is positive-definite and b (P, U —N(S)) = m, hence it can not be spin
due to Donaldson’s diagonalization theorem [4].
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Now M is a closed, simply connected, spin 4-manifold. Using Novikov additivity we can deduce that
0 (M) =m— 1. Furthermore, b5 (M) = 1 since the negative-definite part of H> (M) lies inside X \ N(S).
Donaldson’s theorem B [5] tell us that o(M) = 0 which is a contradiction.

5 Spin negative-definite plumbed fillings

The previous results might lead one to ask if there are any nonspecial alternating knots K such that
¥(S3, K) has a simply connected, spin and negative-definite filling. A result such as the following
theorem might further support this.

Theorem 5.1 A nonspecial alternating link K does not have a spanning filling which is spin and negative-
definite.

Proof Assume X (D*, FT) is a negative-definite spin filling. We know that the intersection form of
S(D*, FT) is the Goeritz form of the surface, which means that G is a negative-definite spanning
surface. Using Theorem 1.1, we can conclude that F' must be the black Tait surface in a diagram of K.
Then we know, that for G g to be even, the knot needs to be special, which contradicts the assumption. O

For general fillings, this is far from the truth. We present an example of a nonspecial alternating knot K
with a spin negative-definite filling of £(S3, K). The main tool for the construction of this example
is the lens space realization problem and one can generate a family of examples in the same way. We
must mention that part of the inspiration for the example comes from Aceto, McCoy, and Park [1] which
addresses negative-definite fillings of lens spaces with minimal b,. The main difference is that we need
to use the lens space fillings that emerge as the trace of a surgery on a knot instead of rational homology
ball fillings. We use the notation K™ to denote the result of Dehn surgery on S3 along K with slope m.
We also use Tr(K™) to denote the trace of this surgery. Using this notation we have

dTr(K™) = K™.

Example 5.2 The knot K will be the alternating knot in Figure 11. The white Tait graph is also drawn in
the figure. The reduced white Tait graph will be a single path with framings (—4, —2, —5, —2). Plumbing
along this path with these framings will give us the standard negative-definite filling of £(S3, K). We
use the notation P(ay, ..., ay) to denote the linear plumbing with framings ay, ..., a,. For example,

dP(—4,—2,-5,-2) = £(S3, K).

We have a standard embedding of P(—2,—5,—2) in P(—4,—2,—5, —2) which comes from the embedding
of the plumbing graph of the first 4-manifold in the second. In other words, P(—4,—2,—5, —2) can be
constructed from P(—2,—5, —2) by attaching a 2-handle with framing —4 to its boundary. The integers
(=2, —5,—2) also arise in the fractional expansion

1
16:2_

9 5_1°
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Figure 11: Alternating knot K of Example 5.2.

This means that P(—2, —5,—2) bounds L(16,9). We claim that L (16, 9) also has a filling in the form of
the trace of a knot surgery, i.e.,

L(16,9) = dTr(K19).

This comes from the description of the Berge knots of type I+ (see [12]). Picking i,k € Z such
that gcd(i, k) = 1 and setting p = ik £+ 1 and ¢ = —k? mod p, leads to the lens space L(p,q) which
can be realized by a positive surgery on a knot. Setting i = 3 and k = 5, gives us p = 16 and
g = —25 mod 16, which means that there exists a knot K such that L(16,7) = K 16 which in turn means
that L(16,7) = 0Tr(K T16). By reversing the orientation, we have L(16,9) = —L(16,7) = dTr(K~19).

Leti: P(—2,-5,-2) — P(—4,-2,—5,—2) = X be the aforementioned embedding. Now we
construct a 4-manifold X’ by deleting the interior of Im(i) from X and gluing Tr(K ~!®) in its place.
Then X’ will be the result of attaching a —4-framed 2-handle to Tr(K~'¢), which means it is simply
connected and has b, = 2, as it has a handle decomposition with two 2-handles. The intersection form is
even as the framing of both 2-handles is even, and hence, X’ is spin. Using Novikov additivity we can
also prove that X' is negative-definite. This is again due to the fact that, while constructing X’, we delete
a submanifold of X with signature —3 and replace it with one with signature —1. This finally gives us the

example we need.

Although there is no general nonexistence result for simply connected negative-definite spin fillings,
by imposing suitable combinatorial conditions on the Kirby diagram of the filling we can prove such
results. The first result of this type is Theorem 1.7. This result is directly rooted in Neumann’s plumbing
calculus. In the following theorem we recall the facts we need from [17]. Note that the branched double
covers of links with nonzero determinant are rational homology spheres. As a result, they can be realized
as plumbings of disk bundles over surfaces when the base surfaces are all spheres and the plumbing
graph is a tree. We can describe these plumbings with a tree with integer weights on vertices and + signs
on edges. This means that we do not need Neumann’s plumbing calculus in its full generality. In the
following theorem, we only recall the facts we need.
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S| ) k
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Figure 12: A chain in a plumbing graph [17].

In the rest of the paper, we use the term chain to refer to path subgraphs which contain at most one
leaf of T (see Figure 12).

Theorem 5.3 [17, Theorem 4.1] Any plumbing tree T can be reduced to a unique normal form using the

following moves while keeping the boundary unchanged.
(R0O) Reverse the sign of all the edges adjacent to a vertex v.
(R1a) Delete a component consisting of an isolated vertex with weight 1.
(R1b-R3) These are the moves which are described in Figure 13.
The normal form is defined by the following properties:

(N1) None of the operations can be applied, except that T might contain a component like Figure 14
withk > 1 and e; < —2 foralli.

(N2) The weights e; on all chains of T satisty e; < —2 for alli.

(N3) No portion of T has the form shown in Figure 15, top, unless it is in a component of the form

shown in Figure 15, bottom, withk > 1 and e; < —2 for all i.

e e t+e
/ R3 : 17"2

5

Figure 13: Neumann moves [17].
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Figure 14: Property N1 of Neumann normal form [17].

You might notice that the moves described in Theorem 5.3 do not describe the change in the edge
signs. When we are dealing with trees, the move RO gives us that the edge signs do not matter.

Before we proceed with proving Theorem 1.7, we need to define the excessive property. This definition
comes from Murasugi [16].

Recall that a link is called algebraic (or arborescent) if it can be constructed as the boundary of a
plumbing of twisted bands according to a tree (see Definition 1.6). For a weighted tree 7', we denote the
algebraic link constructed from a plumbing based on 7" by /(T"). The tree T is called negative excessive if

w(a;) <min{—-2,—degr(a;)} forall aq; € V.
The following lemma is proved by Murasugi.

Lemma 5.4 [16, Propositions 3.3 and 4.1] For a negative excessive tree T, the link [(T') is alternating.
Furthermore, there is an alternating diagram of [(T') such that T is isomorphic to the reduced white Tait
graph W . This isomorphism takes the weights of T to g;; (diagonal of the Goeritz matrix).

With this information, we can proceed with proving Theorem 1.7.

Proof of Theorem 1.7 We start by proving that any simply connected negative-definite spin plumbed
filling is automatically in normal form. Due to the spin condition, we will not have framing +1 on any
vertex as all framings are even. Due to the negative-definite condition, we can not have any vertex with
framing O as all framings are negative. This means that conditions N1 and N2 are satisfied. To show that
N3 is satisfied, we use the assumption that K is a knot and hence has an odd determinant. We know that
the determinant of the knot is equal to | H1(X(S3, K); Z)|. When the determinant is odd, the 2-torsion
vanishes and, as a result, H1(Z(S3, K); Z,) = 0, which means that ¥ (S3, K) has a unique Spin structure.
We now use Proposition 4.3 to deduce that the number of characteristic sublinks of the Kirby diagram
is equal to 1. This in turn means that the plumbing tree 7 has a unique characteristic subgraph.

e -2

Figure 15: Property N3 of Neumann normal form [17].
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We use proof by contradiction. Assume 7" violates condition N3, which means it contains the forbidden
subgraph of Figure 15, top. A characteristic subgraph C C T can not contain the parent vertex of the
—2-framed leaves since the number of edges between a —2-framed leaf and C must be even (due to the
definition of characteristic sublink). Let us use the names L = {/1,/>} and p to denote the —2 framed
leaves and their parent vertex. Also define 4 := C N {ly,[>}. Now we consider the subgraph C’ defined
as

C'=(C—-A)U(L-A).

This subgraph is also characteristic. The only change happens with taking the complement of C N L
on L, which means that E(v, C) and E (v, C’) are only different for v € {p, [, [>}. In all three cases,
the parity of |E (v, C)| and |E (v, C’)| are the same as |E(p,C’)| = |E(p,C)| —|A| + (2 —|A]) and
|E(l;,C)|=|E(l;, C")|%2. This construction builds a fixed-point-free bijection on the set of characteristic
subgraphs, which means that the size of this set must be even. This gives us a contradiction with the
argument in the previous paragraph. As a result, 7 must satisfy condition N3.

Let W be the reduced white Tait graph of K. By Lemma 5.4, We know that W is isomorphic to the
plumbing tree associated to K. Using the Tait surgery diagram, we can see that X (D*, F ;’ ) is a plumbed
filling. We are going to prove that this plumbed filling is also in normal form. The excessive condition
forces all weights to be < —2 and as a result N1 and N2 are satisfied. Using the same argument as the
previous paragraph, we can prove that condition N3 is also satisfied.

Now using the uniqueness of Neumann normal form, one can deduce that if a simply connected
negative-definite spin plumbed filling exists, then its plumbing tree is exactly the reduced white Tait graph.
This means that the framings in the white Tait graph; i.e., g;;, must be all even, which is equivalent to the

knot being special. a
The main idea behind Theorem 1.7 can be generalized to some other types of fillings.

Definition 5.5 We call a filling X of a 3-manifold Y a chainmail filling if and only if there exist a Kirby
diagram of X which is a chainmail link

Following the discussion in Section 2, the 4-manifold X (D*, F ];" ) always gives a chainmail filling of
the branched double cover. Unfortunately, there are no known normal forms for chainmail Kirby diagrams
in the literature so the proof of Theorem 1.7 can not be replicated, but we can use the trick described here
which is inspired by Murasugi [16].

Definition 5.6 A weighted planar graph is called accessible if it can be realized as the white Tait graph
of an alternating link K such that the weights are equal to diagonal entries of the Goeritz matrix of K.
We call a chainmail filling accessible if it has a chainmail Kirby diagram which is based on an accessible

planar graph.
The main examples of accessible planar graphs come from the following example:
Example 5.7 Let G be a 2-connected plane graph such that all vertices are adjacent to the unbounded

region, i.e., the boundary of the unbounded region includes all of the vertices of G. Furthermore, assume
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that G is negative excessive; i.e., weights satisfy
w(v;) < min{—2, —degg; (v;)} forall v; € V.
In this setting, one can add a vertex ¥ in the unbounded region and connect it to all v; € Vg such that
|E(0, v;)| + degg (vi) = [w(vi)].

The median construction on G U {0} gives an alternating link such that the reduced white Tait graph is
isomorphic to G and the weights of G will become the diagonal entries of Goeritz matrix.

Theorem 5.8 Let K be an alternating link. Then X (S3, K) admits a simply connected negative-definite
spin accessible filling if and only if K is special alternating.

Proof Assume such a filling X exists and it has a chainmail diagram based on an accessible plane graph
like G. Let K’ be an alternating link with Wks = G. This means that the chainmail Kirby diagram based
on G is also a surgery diagram for X (53, K’), which means that branched double covers of K and K’
are diffeomorphic. By a result of Greene [11, Theorem 1.1], we can deduce that K and K’ are mutants.
Planar mutation of alternating knots preserves the number of white regions of the diagram and as a result

b2(X) = Vel = Vg, | = Vg, |
Using Theorem 1.2, we can deduce that K is special alternating. |
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On local fibrations of (oco, 2)-categories

FERNANDO ABELLAN

We provide a model independent notion of local fibrations of (oo, 2)-categories which generalises the well-
known theory of locally cocartesian fibrations of (0o, 1)-categories. Based on previous work, we construct
a model structure which serves as a specific combinatorial model for this type of fibration. Our main result
is a generalisation of the locally cocartesian straightening and unstraightening construction of Lurie which
yields for any scaled simplicial set S an equivalence of (oo, 2)-categories between the (oo, 2)-category
Fibg,1 (S) of (0, 1)-fibrations over S and the (0o, 2)-category of functors Fun(S, Bicaty). Given an
(00, 2)-category B our Grothendieck construction can be specialised to produce an equivalence between
the (o0, 2)-category of local fibrations over B and the (o0, 2)-category of oplax normalised functors with
values in Bicaty,. Finally, as an application of our results we provide a version of the Yoneda lemma for
(00, 2)-categories.
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1 Introduction

The theory of (0o, 2)-categories is enjoying in recent years a rapid and extensive development. Several
fundamental constructions such as Gray tensor products [11], partially lax colimits [5; 8; 10] and a
2-dimensional theory of fibrations [3; 6; 13] are already available and ready to be used in the study of
homotopy coherent structures. Even more remarkably, we are starting to see specific examples [9; 17]
of how these techniques can be used to categorify existing areas of study and how they can put into
perspective known constructions. In this paper, we continue our study of fibrations of (co, 2)-categories
MSC2020: 18N40, 18N65.
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and provide an additional piece of technology which will be relevant for future applications: a theory of
local fibrations.

In the homotopy-coherent world, fibrations are an essential tool that facilitates the construction of
functors in a context where an infinite amount of coherent-data must be specified. More precisely, given
an (oo, 2)-category C the so-called “Grothendieck construction” (also known in the higher-categorical
world as the straightening-unstraightening equivalence due to Lurie [18]) states that there exists an
equivalence between the (oo, 2)-category of (0, 1)-fibrations! over C and the (oo, 2)-category of functors
F : C — Cat(s,2), With values in (oo, 2)-categories. This result has been realised in several models [3; 7;
19; 20; 21] and it is even available for general fibrations (and functors) of (oo, n)-categories.

However, in many situations we would like to have a version of the Grothendieck construction that
is flexible enough to accommodate the notion of a (op)lax normalised functor, i.e., a functor which only
preserves composition up to noninvertible coherent-data but preserves identity morphisms. This is achieved
by means of the notion of a local fibration of (oo, 2)-categories as demonstrated by our main result.?

Theorem Let$ be an (0o, 2)-category. Then the straightening-unstraightening adjunction
SEP™ : LFib($) 2 Fun®* (S, Cat(so 2)) : UnP™*

yields an equivalence of (oo, 2)-categories between the (0o, 2)-category of local (0, 1)-fibrations over S
and the (00, 2)-category of oplax normalised functors with values in (o0, 2)-categories.

This result had already been proved for functors with values in (oo, 1)-categories by Lurie [19] and
in full generality (in the model of 2-fold Segal spaces) by Ayala, Mazel-Gee and Rozenblyum [7]. Our
theorem can be seen as a direct extension of Lurie’s result. The main motivation for proving the general
version of this result in the scaled simplicial model is due to the tractable description that the Gray tensor
product admits in this setting [11] which can be used to provide further versions of the Grothendieck
construction which are adapted to handle (op)lax natural transformations between functors, as seen in [2].
In the aforementioned work, we extensively exploit this result to produce a general calculus of mates, as
well as providing formulas for computing partially lax (co)limits of functors with values in Cat( 7).

Another advantage of our construction in the scaled simplicial model is that we have full control over
the “laxness” of our functors. This is materialised in the following result.

Theorem Let S be an (oo, 2)-category and letU = {( f;, gi)}ier be a collection of composable morphisms
in S. Then the straightening-unstraightening adjunction

SEOP LRI (S) 2 Fun““PX (8, Cat(g ) : Unf '™

yields an equivalence of (0o, 2)-categories between the (0o, 2)-category of U-local (0, 1)-fibrations over S
and the (00, 2)-category consisting in those oplax normalised functors which preserve the composites
inlU.

1By an (i, j)-fibration we mean a 2-categorical version of the notion of a (co)cartesian fibration which we will define later in

the introduction.
2For more detailed statements and references to the relevant theorems, see the following subsection in the introduction.
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When we specialise to the case where U is precisely the collection of all pairs of composable morphisms
the definition a ¢/-local (0, 1)-fibration collapses to that of an ordinary (0, 1)-fibration and we recover the
usual Grothendieck construction for (0o, 2)-categories.

Local fibrations of (0o, 2)-categories
Let p: X — S be a functor of (o0, 2)-categories. We say that p is a (i, j)-fibration where i, j € {0, 1} if:

(F1) For every a, b € X the induced map X(a, b) — $(p(a), p(b)) on mapping (oo, 1)-categories is a
cocartesian fibration if j = 0 or a cartesian fibration if j = 1.

(F2) For every a, b, ¢ € X the composition functors
X(a,b) x X(b,c) > X(a,c)

preserve cocartesian edges if j = 0 (resp. cartesian edges if j = 1).

(C1) Let i = 0. Given an object ¢ € X and a morphism e : p(a) — y in S, there exists an edge
¢ :a — y over e with the following property: for every z € X precomposition with ¢ induces a pullback
of (o0, 1)-categories

X(y,z) — X(a,2)

! |

$(y. p(2)) —— S(p(a). p(2))

We say that € is a (0, j)-cartesian lift of e. If i = 1 one defines a dual condition (which generalises the
(00, 1)-notion of cartesian edge) and obtains the definition of a (1, j)-cartesian edge.

Let us remind the reader that (0, j)-fibrations appear in the literature [6; 13] under the name of outer
cocartesian when j = 0 (resp. inner cocartesian if j = 1) and similarly (1, j)-fibrations are called outer
cartesian fibrations if j = 0 and inner cartesian fibrations if j = 1.

In [3; 6] we gave a systematic analysis of the theory of (1,0)-fibrations and provided the corre-
sponding Grothendieck construction which identifies this kind of fibrations with contravariant functors
F: 8 — Cat(2). However, the models employed to study these fibrations in the aforementioned works
do not generalise the theory of locally cocartesian fibrations developed in [18; 19]. In order to realise the
local theory of fibrations in the scaled simplicial model [19], we will be working in this paper with the
(0, 1)-variance. Needless to say, in model independent terms these problems do not arise and we can give
the following general definition.

Let p : X — S be a functor of (0o, 2)-categories. We say that p is a local (i, j)-fibration if these hold:

* Conditions (F1) and (F2) are satisfied. In this case, we say that p is cocartesian-enriched if j = 0 and
cartesian-enriched if j = 1.

o For every morphism e : Al — § the pullback X xg {e} — Al is an (i, j)-fibration. We say that an edge
¢: A — Xis alocal (0, 1)-cartesian edge if it is (0, 1)-cartesian after taking the corresponding pullback.
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In order to access the model-independent results mentioned above, we resort to the model of marked-
biscaled simplicial sets constructed in [6], which provides us with a robust combinatorial framework to
model local (0, 1)-fibrations and to implement the desired Grothendieck construction. A marked-biscaled
simplicial set denoted as (X, £, Ty € Cyx) consists of a simplicial set X, together with a subset of
edges E C X containing all degenerate 1-simplices, and two collections of 2-simplices (or triangles),
Tx € Cxy C X3, such that T (and hence Cx) contains every degenerate 2-simplex. The collection E is
used to model the cocartesian 1-morphisms of our fibrations, while Cx models the cartesian 2-morphisms.
The subcollection T is used to represent the invertible 2-morphisms which are always cartesian. Equipped
with this formalism we establish as the first result in this paper the existence a model structure whose fibrant
objects we refer to as U-local (0, 1)-fibrations over a scaled simplicial set (S, U) (see Theorems 3.25
and 3.34).

Theorem 1 Let (S, U) be a scaled simplicial set. Then there exists a left proper, combinatorial, simplicial
model structure® on (Set‘i‘b) J(S.UCE) which is characterised uniquely by the following properties:

(C) A morphism f : X — Y is a cofibration if and only if f induces a monomorphism on the underlying
simplicial sets.

(F) An object p : X — S is fibrant if and only if it is a U -local (0, 1)-fibration.

Moreover, if S = A° then this model structure is Quillen equivalent to Lurie’s model structure (see
Theorem 4.27 in [19]) on Set%, the category of scaled simplicial sets

In the case where $ = (.S, T's) is a fibrant scaled simplicial set and thus models an (oo, 2)-category (here
Ts consists in those 2-simplices representing commuting triangles in $), we can consider a subcollection
of triangles Mg C Ts depicted visually as

where either u or v are equivalences. In Theorem 4.22, we specialise the previous result to (S, Mg) to
obtain a model independent interpretation of the theory of Mg-local (or simply local) (0, 1)-fibrations
over (S, Mg). In order to achieve this, we construct (see Definition 4.4) from every Mg-local (0, 1)-
fibration p: (X, Ex, Tx € Cx)— (S, 1, Ms C f) a fibration among fibrant scaled simplicial sets p : X — S
satisfying (F1), (F2) and (C1) above which we call the bicategorical interpretation of p.

Theorem 2 Let (S, Ts) be a fibrant scaled simplicial set and let p : (X, Ex, Tx € Cx) — (S, §f, Ms € 1)
be an object of (Set‘Xb) J(SHMsCh)” Then p defines a fibrant object if and only if its bicategorical
interpretation p : X — § is a local (0, 1)-fibration of (oo, 2)-categories.

3Here “4#” denotes the maximal collection consisting in all 1-simplices (or all 2-simplices).
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It is well known (see Proposition 2.4.2.8 in [18]) that a locally cocartesian fibration whose locally
cocartesian edges compose must be a cocartesian fibration. We extend this analysis to the (oo, 2)-
categorical case by considering a fibrant scaled simplicial set (S, Ts) and a collection of triangles
Mg C U C Ts which allows us to make the following definition:

e Alocal (0, 1)-fibration p : X — § is said to be U/-local if local (0, 1)-cartesian edges compose along
triangles lying over U.

It then follows from Theorem 4.29 that ¢/-local fibrations can also be characterised as fibrant objects in
our model structure.

Theorem 3 Let (S, Ts) be a fibrant scaled simplicial and let U be a collection of triangles such that
Mg C U C Ts. Then an object p : X — S is fibrant in (Set‘gb)/(s b UCH) if and only if its bicategorical
interpretation p : X — 8 is a local (0, 1)-fibration of (0o, 2)-categories which is in addition U-local.

Once the basics of the local theory of fibrations of (0o, 2)-categories are established we focus our
attention into providing the expected Grothendieck construction which will allow us to interpret our
fibrations as functors with values in Bicats, the co-bicategory (i.e., fibrant scaled simplicial set) of
oo-bicategories.

Let (S,U) = Sy be a scaled simplicial and denote by FFibg 1 (Sy) the oco-bicategory of U-local
(0, 1)-fibrations over S and by Fun(Sy, Bicat,) the functor co-bicategory. Our main construction is
a generalisation of the straightening-unstraightening equivalence of Lurie [19] to the setting of (0, 1)-
fibrations whose fibres are co-bicategories. Combining Theorem 5.52 and Remark 5.54 we obtain:

Theorem 4 Let Sy = (S, U) be a scaled simplicial set. Then the straightening-unstraightening adjunction
Sts,, : Fibg,1(Sy) & Fun(Sy, Bicats) : Ung,,

yields an equivalence of co-bicategories between the co-bicategory of U -local (0, 1)-fibrations over S
and the oo-bicategory of covariant functors with values in oo-bicategories.

The general nature of the theorem above allows us to consider special cases which are of special
interest. Namely, let $ = (S, Ts) be an oo-bicategory and let Spsg = (S, Ms). We can now consider
LFib(S) := Fibg,1 (Sp) and apply our Grothendieck construction to obtain an equivalence between the
oo-bicategory of local (0, 1)-fibrations over $ and the category Fun(Sps,, Bicats,). The latter can be
interpreted using the work of Gagna, Harpaz and Lanari [11] as a model for the oco-bicategory of oplax
normalised functors with values in co-bicategories. Our main theorem then specialises (Corollary 5.57)
to the results presented at the beginning of the introduction.

The oo-bicategorical Yoneda lemma

As an application of our results we give a fibrational proof of the Yoneda lemma for co-bicategories. We
would like to stress that such a result was already present in the work of Hinich [16] where a general
Yoneda lemma for enriched co-categories is established.
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In this work we provide a proof of the Yoneda lemma as a direct application of the Grothendieck
construction. Given an co-bicategory C we consider the (0, 1)-fibration ev; : Fun®&(A!, C) — C (see
Proposition 2.2.6 in [13] for more details) which is sometimes referred as the oplax arrow category of C.
Carefully unwinding this construction reveals that the fibres of this map come equipped with maps

C,. =Fun®(A',€) x¢ {c} - C,

which are in turn (1, 0)-fibrations with co-categorical fibres. Applying the Grothendieck construction
in two steps we obtain a functor V¢ : C — Fun(C°P, Cats,). Moreover, it follows from previous work
(Theorem 3.17 in [4]) that C4 . corresponds under the Grothendieck construction to the representable
functors C(—, ¢). We prove in Theorem 6.16 the final result of this paper.

Theorem 5 For every co-bicategory C the Yoneda embedding
Ve : € — Fun(C®, Cats), ¢+ C(—,c),
is fully faithful. Moreover, given a functor F : C°°? — Cat there is a equivalence of Catoo-valued functors
Natcor (Ve (—), F) = 7,

(where Natgor (—, —) is the mapping co-category in Fun(C°P, Catso)) which is natural in F.

2 Preliminaries

In this section we will mainly gather the main definitions of the theory of scaled simplicial sets as
presented by Lurie [19].

Definition 2.1 A scaled simplicial set (X, Ty ) consists in a simplicial set X together with a collection of
2-simplices (also called triangles) Tx which contains every degenerate triangle. We call the elements
of Ty the thin triangles of X. A morphism of scaled simplicial sets f : (X,Tx) — (Y, Ty) is a map
of simplicial sets f : X — Y such that f(Tx) C Ty. We denote the corresponding category of scaled
simplicial sets by Set’y.

Notation 2.2 Given a simplicial set A we have two canonical ways of viewing it as a scaled simplicial
set:

e We define A, = (A,b) where b is the collection consisting only in the degenerate triangles of A.

» We define Ay = (A, ) where {f is the collection consisting in every triangle of A.

Definition 2.3 The set of generating scaled anodyne maps S is the set of maps of scaled simplicial sets
consisting of

(1) the inner horns inclusions
(A?’{A{l’—l,i,i-{-l}})_)(An’{A{i—l,i,i-i—l}})’ 7’122, 0<i <n:
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(i1) the map

(A*, T) — (A%, T U{A1034 AL0:Ldy)
where we define

ng{A{o,zA}’ A{1’2’3}, A{O,I,S}, A{1’3’4}, A{o,l,z}};

(iii) the set of maps

(AL L g0,y A% {ASLY) 5 (A" T 0.y AO (ALY >3,
A general map of a scaled simplicial set is said to be scaled anodyne if it belongs to the weakly saturated
closure of S.

Definition 2.4 A scaled simplicial set (X, Tx) is said to be an oco-bicategory if it has the right lifting
property against the class of scaled anodyne maps in Definition 2.3. In this case, we view the 2-simplices

of Tx as the collection of commuting triangles.

Definition 2.5 Given an oco-bicategory (X, T ) we can construct an co-category X <! by considering the
subsimplicial set of X given by those n-simplices ¢ : A" — X such that each 2-dimensional face belongs
to Ty. We call X <! the underlying co-category of (X, Ty). We similarly define X = as the underlying
oo-groupoid of X 1.

Definition 2.6 We denote by CatJAr the category of Setlr -enriched categories (i.e., categories enriched
in marked simplicial sets). We note that we can view the category of (strict) 2-categories 2 Cat as a full
subcategory of CatJAr by applying the nerve functor Hom-wise and marking the equivalences in each
mapping category.

Proposition 2.7 There is a left-proper, combinatorial model structure on CatJAr such that:

(W) The weak equivalences are those enriched functors which are essentially surjective on homotopy
categories and induce weak equivalences on all mapping marked simplicial sets.*

(C) The cofibrations are the smallest weakly saturated class containing @ — [0]¢_ +, and each inclusion
A

[1]4 — [1]p where A — B is a generating cofibration for SetZ.
Proof This is a special case of [18, A.3.2.4]. O
Definition 2.8 Let / be a linearly ordered finite set. We define a 2-category Q7 as follows:

e The objects of @7 are the elements of /.

e The category Q7 (i, j) of morphisms between objects i, j € I is defined as the poset of finite sets
S C I such that min(S) =i and max(S) = j ordered by inclusion.

e The composition functors are given, for i, j,/ € I, by
ol jyx0l(,l)—» 0lG1, (S, T)~SUT.
4See [18, Section 3.1] for a model structure on marked simplicial sets.
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When I = [n], we denote O by O”. Note that the O" form a cosimplicial object in 2Cat, which we
denote by O°.
Definition 2.9 The map

A —5 Catf,
which sends [n] to Q" gives us a cosimplicial object in CatJAr. We can moreover send the thin 2-simplex A;
to @[AZ] equipped with maximally marked mapping spaces. The usual machinery of nerve and realisation
then gives us adjoint functors

€ : Set’)y 7— Catf :N*,
which we will call the scaled nerve and scaled rigidification.

Theorem 2.10 There is a left proper, combinatorial model structure on Set in which:

(W) The weak equivalences are the morphisms f : A — B such that &°[f] : C€[A] — ¢€*°[B] is an
equivalence in Catz.

(C) The cofibrations are the monomorphisms.
Moreover, the fibrant objects in this model structure are the co-bicategories, and the adjunction
€ Setiy —— Catf :N*
is a Quillen equivalence.
Proof This is [19, Theorem A.3.2.4]. The characterisation of fibrant objects is [12, Theorem 5.1]. O

Definition 2.11 We say that a map of scaled simplicial sets is a bicategorical equivalence if it is a weak
equivalence in the model structure given in Theorem 2.10. Similarly, call the fibrations in the model
structure of scaled simplicial sets bicategorical fibrations.

Remark 2.12 In [12], the authors characterise the model structure on scaled simplicial sets as a Cisinski—
Olschok model structure. This in turn implies that a map between fibrant scaled simplicial sets is a
bicategorical fibration if and only if it is an isofibration and it has the right lifting property against the
class of scaled anodyne maps.

Definition 2.13 Given a pair of scaled simplicial sets X, ¥ we denote by Fun(X, Y') the scaled simplicial
set determined by the universal property

Homgese (K,Fun(X,Y)) >~ Homges (KxX,Y),

where K x X denotes the cartesian product of scaled simplicial sets.

Definition 2.14 Let C be an oo-bicategory. Given an object y € € we define a scaled simplicial set C ) as
follows. The data of an n-simplices A" — C,, is givenby amap o : A"t1  Csuchthato(n +1) = y.
The inclusion dp, 41 : A — A"T1 induces a map

JTZny—>C,
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which we use to declare a triangle in C 4, to be thin if and only if its image under 7 is thin in C. It follows
from [12, Proposition 2.33] that the fibre of 7 at an object x € C is a model for C(x, y), the mapping
oo-category.

3 The model structure

Definition 3.1 A marked biscaled simplicial set (MB simplicial set) is given by
e a simplicial set X,
e a collection of edges Ex € X containing all degenerate edges,
e a collection of triangles Ty € X, containing all degenerate triangles,

e a collection of triangles Cx € X5 such that Ty C Cy,

where we will refer to the elements of Ty as thin triangles, and we will refer to the elements of Cx as
lean triangles. We will denote such objects as triples (X, Ex, Tx € Cx). Amap (X, Ex,Txy C Cx) —
(Y, Ey, Ty C Cy) is given by a map of simplicial sets f : X — Y compatible with the collections of
edges and triangles above. We denote by Set‘ilb the category of MB simplicial sets.

Notation 3.2 Let (X, Ex, Tx € Cx) be an MB simplicial set. Suppose that the collection Ex consists
only of degenerate edges. Then we fix the notation (X, Ex, Tx € Cx) = (X, b, Tx € Ex) and do similarly
for Tx. If Cx consists only of degenerate triangles we fix the notation (X, Ex, Ty € Cx) = (X, Ex,b).
In an analogous fashion we will use the symbol “f” to denote a collection containing all edges (or all
triangles). Finally if Ty = Cx then we will employ the notation (X, Ex, Tx).

Remark 3.3 We will often abuse notation when defining the collections Eyx (resp. Ty or Cy) and just
specify its nondegenerate edges (resp. triangles).

Definition 3.4 The set of generating marked-biscaled-anodyne maps MB is the set of maps of MB
simplicial sets consisting of

(A1) the inner horn inclusions
(A7.b,b C{ATTLEHY) - (A" b, b A=Y =2, 0<i <n;

(A2) the map
(A*,b,b C T) = (A*,b,b C T U{AI3H Al0L4)

where we define
Tdéf{A{o,zA}’ A{1,2,3}’ A{0=1’3}, A{1’3’4}, A{o,l,z}};

(A3) the set of maps
(Ag, {A{O,l}}’ {A{O,l,n}}) — (A", {A{O,l}}’ {A{O’l’”}}), n=2:
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(A4) the inclusion of the initial vertex

(A% 8, 1) — (AL 1, 1);
(S1) the map
(A% {ATOD AL )y s (A2 1)

(S2) the map
(A2,b,b C ff) = (A2, b, );

(E) for every Kan complex K, the map

(K.b, 1) — (K. 1.8).

A map of MB simplicial sets is said to be MB-anodyne if it belongs to the weakly saturated closure
of MB.

Remark 3.5 Let p: (X, Ex,Txy C Cx) — (S, Es, Ts C Cg) be a morphism of MB simplicial sets. We
will informally think of the collection of Ex as representing p-cocartesian edges. The collection Cy
is understood to represent cartesian 2-morphisms, while the collection Ty is simply interpreted as
representing commuting triangles. Equipped with this intuition let us clarify the meaning of our anodyne
maps:

(A1) Having the right lifting property against this class guarantees the existence of enough cartesian
2-morphisms.
(A2) This class expresses a saturation property of cartesian 2-morphisms.

(A3) This class guarantees the marked morphisms to be p-cocartesian with respect to the given thin
triangles.

(A4) This guarantees the existence of enough p-cocartesian lifts.
(S1) This class enforces that p-cocartesian morphisms compose across thin triangles.

(S82) This expresses that lean triangles lying over thin triangles are themselves thin. In other words,
a cartesian 2-morphism lying over an invertible 2-morphism is itself invertible.

(E) This class simply expresses that equivalences must always be marked.

Remark 3.6 In [6] we also introduced the notion of a MB-anodyne map when dealing with the theory of
(1, 0)-fibrations. We would like to point out that both classes of maps are different but we are using the
same name to avoid the overly cumbersome notation MB®!-anodyne.

Definition 3.7 A map of MB simplicial sets is said to be an MB-fibration if it has the right lifting property
against the class of MB-anodyne maps.
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Lemma 3.8 Let p: X — S be an MB-fibration. Then for every s € S the fibre, over s,

X — X

L b

AP = S
is of the form (X, Es, Ts) (see Notation 3.2), where (X, Ts) is an oco-bicategory and where Es is
precisely given by the equivalences.

Proof Observe that in X the lean and thin triangles coincide since in a MB-fibration a lean triangle
lying over a thin triangle is itself thin. It follows that X has the right lifting property against the class of
scaled anodyne maps and thus it is an co-bicategory. Note that by definition the equivalences must be
marked in Xg. Moreover, since X lifts against the class of maps (A3) one checks easily that marked
morphisms are equivalences. |

Lemma 3.9 The morphism of MB-simplicial sets (A2, {A{0-1} A{0:2\ 'ty 5 (A2 4 1) is MB-anodyne.
Proof The proof is dual to [6, Lemma 3.11]. O

Lemma 3.10 The morphism of MB simplicial sets
(A3, AL (AL ) (A3, A0 (AL g
is MB-anodyne where Uy is the collection of all 2-faces except Al1:2.3}

Proof LetS = (S, Eg, Ts C ) be an MB simplicial set and let p : X — S be an MB-fibration. We will
show that p has the right lifting property against the map ¢. Once this claim is established we will factor
¢ as an MB-anodyne morphism followed by an MB-fibration where B is of the form (S, Eg, Ts C {),
that is,

c (A3 AL (AL gy =4 2 x L (A3 AL (AL oy = B,
It will then follow that we can produce a solution to the lifting problem

A— X
T
2

"'.idB

B —— B

which exhibits ¢ as a retract of the MB-anodyne map « and thus concluding the proof.
In order to complete the proof we must show the claim. Suppose we are given a lifting problem

A—25 X

b b

B—— S
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Leto(1 >2)=u,0(2—3)=vand o(l — 3) =w. Since p is an MB-fibration we can solve the lifting
problem

A —— X

2
do(p(0))

and produce a lean triangle ¢. We consider a subsimplicial set of Q C A* consisting in the

e the face missing the vertex 2,
e the face missing the vertex 4,

e the 2-dimensional face A{2:3:4},
We then produce a map 6 : Q — X as follows:

* We map the face missing the vertex 2 via 0.

e We map the face missing the vertex 4 via s1(d3(0)).

o We map A{2:34 via ¢.

We equip Q with the induced decorations. It follows that we can extend Q to a map E : A* — X lying
over s1(p(0)). Since p has the right lifting property against the morphism (A2) we see that do (o) is lean
if and only if the image of At1-2:4} under Z is thin in X.

We observe that in d (E) every face is lean scaled except possibly the face missing the vertex 2. Again,
as a consequence of (A2) it follows that this face must also be lean scaled. Moreover this face lies over a
thin simplex of S so it must be itself thin. From now on we can focus our attention to d3(&).

In d3(E) = p every face is thin scaled except possibly the face missing the vertex 0 and the edge 0 — 1 is
marked. One checks easily that the pullback of p along the simplex thin d» (p (o)) simplex yields a fibration
of co-bicategories X " (A2, f) where we can identify the image of dg(p) with a morphism in the mapping
oo-category of X ". One easily shows that this morphism is an equivalence and thus it must be thin. O

Definition 3.11 We say that a map of MB simplicial sets is a cofibration if its underlying map of simplicial
sets is a monomorphism. One can easily verify that the class of cofibrations is generated by

(C1) the boundary inclusions (dA”,b,b) — (A”,b,b) forn =0,

(C2) the map (Al,b,b) — (AL, #,b),

(C3) the map (AZ,b,b) — (AZ,b,b C 1),

(C4) the map (A2,b,b C #f) = (AZ,b,1).
Proposition 3.12 Let f : (X, Ex,Tx € Cx) — (Y, Ey, Ty C Cy) be a cofibration of MB simplicial sets
andg: (A, Eq, T4 CCyq)— (B, Eg,Cp C Tp) be an MB-anodyne morphism. Then the pushout-product

fAg: XxBlUyxgAXY —— Y xXB
is again MB-anodyne.
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Proof The proof is almost identical to the proof of [6, Proposition 3.14] and left as an exercise. m|
Remark 3.13 Observe that given a pair of MB simplicial sets X, ¥ we can produce a functor MB
simplicial set Fun™ (X, Y) in an obvious way via the isomorphism

Hom(A, Fun™ (X, Y)) ~ Hom(A4A x X,Y),
where Hom denotes the mapping set in the category Set'gb.

Corollary 3.14 Let p: Y — S be an MB-fibration. Then for every MB simplicial set X the induced map

Fun™(X,Y) —— Fun™(X, S)
is an MB-fibration.
Proof It follows from Proposition 3.12 after looking at the adjoint lifting problems. a

Definition 3.15 Let p: Y — S be an MB-fibration and consider a map of MB simplicial sets ¢ : X — S.
We define an oco-bicategory of functors over S as the pullback

Mapg (X,Y) —— Fun™(X,Y)

| |

A — 2 Fun™ (X, S)
Definition 3.16 Given a scaled simplicial set (S, U) we define the category (Set‘i‘b) J(S.BUCH of MB
simplicial sets over (S, #, U C {) as follows:
e The objects are maps p : (X, Ex,Tx C Cx) — (S, 8, U C}).

e A morphism from p: (X, Ex,Tx CCx) — (S, 5, U Cf)tog: (Y, Ey, Ty CCy)— (S,,U C 1)
is givenby amap f :(X,Ex,Tx CCx) — (Y,Ey,Ty CCy) suchthatgo f = p.

An object of (Setlgb) J(SUCE) is said to be a U-local (0, 1)-fibration if the corresponding map of MB
simplicial sets is an MB-fibration.

Definition 3.17 A morphism f : A — B in (Setlgb) is said to be

/(S 4UCH)
e a cofibration if its underlying map of MB simplicial sets is a cofibration;

e a weak equivalence if for every U -local (0, 1)-fibration p : X — S the associated map of co-bicategories
f*:Mapg(B,X) —— Mapg (4, X)

is a bicategorical equivalence;

* a trivial fibration if it has the right lifting property against every cofibration in (Sety”) JSAUCH

* a trivial cofibration if it is both a weak equivalence and a cofibration.

Lemma 3.18 Let f : A — B be a morphism over S in (Set'Xb)/(S’ﬁ,UC#) such that f is a trivial fibration.

Then f is a weak equivalence.
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Proof Note that since f is a trivial fibration we can construct a section g : B — A such that f og =idp.
Moreover, we can further produce a marked homotopy A x (AY)* — A between the identity morphism
on A and the composite g o f which is compatible with the projection map from A to S. This pair of
homotopy inverse morphisms thus define the desired equivalence on mapping oco-bicategories

f*:Mapg(B, X) —— Mapg (4. X)
and thus f is a weak equivalence. a

Proposition 3.19 Let f : A — B be a morphism in (Setxb) HS.HUCH)" Given a U -local (0, 1)-fibration
p : X — S let us consider the induced functor on mapping co-bicategories

f* :Mapg(B, X) —— Mapg(4, X).
Then it follows that
(i) if f is MB-anodyne then f* is a trivial fibration of scaled simplicial sets;
(ii) if f is a cofibration then f* is a fibration of co-bicategories;
(iii) if f is a trivial cofibration then f* is a trivial fibration of scaled simplicial sets.

Proof The first statement follows directly from Proposition 3.12. To see that (ii) holds we observe that
again by Proposition 3.12 that f/™* has the right lifting property against all scaled anodyne maps. Since the
marked morphisms in the mapping co-bicategories are equivalences it follows that f* is an isofibration.
Therefore by Remark 2.12 it follows that f* is a fibration of scaled simplicial sets. The final claim
follows from (ii) together with the definition of the class of weak equivalences. O

. . . b
Lemma 3.20 Let us consider a pushout diagram, in (Set'x") JSAUCH

A—— B
b
c 5P
where u is a weak equivalence and v is a cofibration. Theni : B — C is also a weak equivalence.

Proof Given a U-local (0, 1)-fibration p : X — S we observe that since v is a cofibration we obtain a
pullback diagram of co-bicategories

Mapg (P, X) —— Mapg(C. X)
l I
Mapg (B. P) —“— Mapg(4, X)

which shows that i * is a bicategorical equivalence and consequently we see that i : B — C is a weak
equivalence in (Set'x”) JSAUCH m|

Proposition 3.21 An object p: X — S in (Set'gb) J(S.BUCH has the right lifting property against the
class of trivial cofibrations if and only if it is a U -local (0, 1)-fibration.
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Proof Observe that due to (i) in Proposition 3.19 it follows that every MB-anodyne morphism is a trivial
cofibration. Therefore, any object having the right lifting property against trivial cofibrations must be a
U-local (0, 1)-fibration. To check the converse we consider a U-local (0, 1)-fibration p : X — S and a
trivial cofibration f : A — B. Then, in order to produce a solution to the lifting problem

A2 X
lf j lp
B——S

we observe that since the map f* : Mapg (B, X) — Mapg(A, X) is a trivial fibration and in particular
surjective, we can pick a preimage of @ € Mapg (A, X)) which yields the solution to our problem. m]

Definition 3.22 Let p: X — S be a U-local (0, 1)-fibration. Consider an object A — S in (Setlgb)
We set the following notation:

/(S U

(1) We denote by Map‘g}(A, X) the underlying oco-category (cf. Definition 2.5) of the mapping oo-
bicategory.

(2) We denote by Mapy (4, X) the underlying groupoid of the mapping oo-bicategory.

Proposition 3.23 Let f : X — Y be a morphism in (Set‘gb) J(S.BUCH where both X and Y are U -local
(0, 1)-fibrations. Then the following are equivalent:

(i) For every U -local (0, 1)-fibration Z — S the induced map f* : Mapg (Y, Z) — Mapg(X, Z) is an
equivalence of co-bicategories.

(ii) For every U -local (0, 1)-fibration Z — S the induced map f* : Map?l(Y, Z)— Map§1 (X,Z)is
an equivalence of co-categories.

(iii) For every U -local (0, 1)-fibration Z — S the induced map f* : Map5 (Y, Z) — Map5 (X, Z) is a
homotopy equivalence of groupoids.

(iv) The exists a morphism g : Y — X over S, which is a homotopy inverse to f .

(v) Forevery s € S the induced morphism on fibres f; : Xy — Y is a bicategorical equivalence.

Proof The implications (i) => (ii) = (iii) are clear. We commence the proof by showing that (iii) => (iv).
We consider the homotopy equivalence Mapy (Y, X) — Mapyg (X, X) and pick an object g € Map (Y, X)
such that go f ~idyx. To show that g is the desired homotopy inverse to f we need to show that fog ~idy.
To see this we see that the map Map3 (Y, Y) — Mapg (X, Y) maps both f o g and idy to morphisms
which are equivalent to f. Consequently we see that f o g ~idy.

Observe that (iv) => (v) follows from the fact that since our homotopies are fibrewise they descend to
equivalences on the corresponding fibres.

In order to exhibit that (v) = (i) we use the small object argument to factor f : X — Y as a
composite X — X L5 v where the first morphism is MB-anodyne (and therefore a weak equivalence)
and the second morphism has the right lifting property against the class of MB-anodyne morphisms.
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In particular it follows that X > Sis again a U-local (0, 1)-fibration and that the induced maps on fibres
f; X s — Yy are bicategorical equivalences. These assumptions imply that f is itself a trivial fibration
(see Proposition 4.24 for a proof) and so the claim follows. a

Lemma 3.24 Given an object A — S in (SetXb)/(S,ﬂ,Ucﬁ)’ the projection map w4 : A x (A", 11,8) — A
is a weak equivalence.

Proof Let:: A? — (A", fi, 1) be the inclusion of the initial vertex. It is an easy exercise to show that ¢
is MB-anodyne. It then follows from Proposition 3.12 that ¢4 : A — A x (A", #, 1) is also MB-anodyne.
We conclude the proof by observing that w4 ot = idy. O

Theorem 3.25 Let (S, U) be a scaled simplicial set. Then there exists a left proper combinatorial simpli-
cial model structure on (Set‘gb) J(S.4UCE)? which is characterised uniquely by the following properties:

(C) A morphism f : X — Y in (Setxb)/(s bUCH) is a cofibration if and only if f induces a monomor-
phism on the underlying simplicial sets.

(F) An object p: X — S in (Set}x”) is fibrant if and only if it is a U -local (0, 1)-fibration.

/(S 4UCh)
Proof The proof is totally analogous to the proof of Theorem 3.42 in [6] where we verify that the
conditions of [18, A.2.6.10] are satisfied. O

Remark 3.26 We will refer to the model structure in the previous theorem as model structure on U -local
(0, 1)-cartesian fibrations over (S, U).

Definition 3.27 Let K = (K, Ex) € Set, and let p : X — S be an object in (Setq”) ;g4 ycp)- We
define the tensor K ® X as I(K)x X — X — § where I(K) = (K, Ek, ). Similarly, we define the
cotensor X X by declaring that a map MB-simplicial sets ¢ : Y — XX over ¢ : ¥ — S to be equivalent
to the data of a commutative diagram

(K,Eg,f)xY — X
[
y — % 5§

Theorem 3.28 The model category (Set‘i‘b) is a SetZ -enriched model category.

/(S4,UCH)
Proof It is clear that the construction Map S G equips (Set A ) J(S.BUCH with the structure of
a Set+ enriched model category. Since the tensor preserves colimits in both variables separately it
will be enough to show that given i : L — K a cofibration in Set} A and a cofibration f : X — Y in
(Se ) J(SHUCH) the corresponding pushout-product map

iNfiLRY U gx K®X > K®Y

is again cofibration which is a weak equivalence whenever i or f is. Note that i A f is clearly a cofibration
so we can focus our attention in proving the weak equivalence part of the claim.
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First, let us recall that given an anodyne morphism of marked simplicial sets A — B it follows that
I(A) — I(B) is MB-anodyne. It then follows as a consequence Proposition 3.12 that we can assume that
i and f are morphisms among fibrant objects in the corresponding model structures.

We note that given a pair of fibrant objects L and p : X — § it follows that L ® X is again fibrant.
To finish the proof we assume that f : X — Y is a weak equivalence (the case for i is totally analogous).
Then it follows that for every s € S the map (L ® X)s — (L ® Y); is identified with the map

LxXg=>LxY;,

which is a bicategorical equivalence by assumption. It follows that the map L ® X — L ® Y is a weak
equivalence in (Set'gb) J(S4UCH" We can now consider a pushout diagram

LRX —= S LY

| !

KX — LYl gx K®X
Moreover, using a similar argument as before we see that K ® X => K ® Y is also a weak equivalence.
The claim now follows from two-out-of-three. |

Proposition 3.29 Let f : (S,U) — (T, V) be a map of scaled simplicial sets. Then postcomposition with
f induces a left Quillen functor

. b b .
Six(8et) s gy < SeR)jrpvep /™
which is left adjoint to the pullback functor f*.

Proof It is clear that f preserves cofibrations. To finish the proof we only need to show that f; preserves
weak equivalences. Given ¢ : A — B and a fibrant object p : Y — S’ we observe that we have a
commutative diagram

Mapg (B, f*Y) —— Mapg(4, f*Y)

Mapy(i1B,Y) — Mapr(i1A,Y)

so the conclusion holds by two-out-of-three. |

We finish this section by comparing the model structure in Theorem 3.25 with the model structure
constructed in Theorem 3.2.6 in [19], and in the case where (S, U) = (A, ff) with the model structure

on scaled simplicial sets given in Theorem 2.10.

Definition 3.30 Let (S, U) be a scaled simplicial set and consider the category (SetX) /(S.U) of marked
simplicial sets over S. We have a functor

. + b
R: (Sety) s.vy = (Seta’) yspvcny: X Ex)— (X.Ex.Tx C ),

where Ty consists in those triangles in X lying over thin triangles in S.
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Theorem 3.31 Let (S, U) be a scaled simplicial set and consider an object (X, Ex) in (SetX) HS.U)
Then X = (X, Ex) is B s-fibred (see Definition 3.2.1 and Example 3.2.9 in [19]) if and only if R(X) is a
U -local (0, 1)-fibration. Moreover, it Y is a U -local (0, 1)-fibration over S such that every triangle of Y
is lean then there exists a3 s -fibred object T' such that R(T) =Y .

Proof Let us suppose that X is P g-fibred and let us show that R(X) defines a U-local (0, 1)-fibration.
We will show that R(X) has the right lifting property against the class of MB-anodyne morphisms. To
this end we recall that an object in (Set}) /s is Ps-fibred if and only if it has the right lifting property
against the class of B g-anodyne morphisms described in Definition 3.2.10 in [19]. We first check that
R(X) has the right lifting property against the class of maps given in (E). Indeed given a map from a Kan
complex K — R(X) we can use the morphisms of type (A1) in [19, Definition 3.2.10] to see that every
morphism of K maps to a marked edge in R(X). Similarly, our construction of R guarantees the R(X)
has the right lifting property against morphisms of type (S2). The rest of the lifting problems follow
immediately from the definition of the class of 3 g-anodyne morphisms.

The converse follows by a similar argument. To finish the proof we suppose that we are given U -local
(0, 1)-fibration of the form Y = (Y, Ey, Ty C {f). Then (S2) implies that 7y is simply the collection
of triangles lying over thin triangles in S. Therefore, it we can consider Y = (Y, Ey) and observe that
R(?) =Y. The previous part of the proof shows that Y must be PBs-fibred. |

Proposition 3.32 Let p : X — S be a U-local (0, 1)-fibration. Then for every s € S the fibre X is an
oo-category if and only if every triangle of X is lean.

Proof It is clear that if every triangle of X is lean the fibres must be co-categories. For the converse,
let us assume that for every s € S the fibre X; is an oco-category. Let o : A2 — X and assume that
p(0) = s1(p(f)) for some edge A! — S. We pick a marked edge lying over p(f) and construct a
3-simplex 6 : A3 — X lying over s1(p (o)) such that (0 — 1) is our chosen marked edge and such that
every face is lean except possibly d1(6) = 0. We conclude that ¢ is lean since p has the right lifting
property against morphisms of type (A2).

For the general case we take a marked edge lying over p(1 — 2) and construct another 3-simplex
E : A® — X such that E(1 — 2) is our chosen marked edge and such that d>(E) = o. It follows that
every face of B is lean except possibly the face skipping the vertex 1 and the face missing the vertex 2.
We conclude that the face missing the vertex 1 is lean since it falls in the previous case. It then follows
that o is lean. d

Definition 3.33 Let (Set‘Xb) JAO 4 ) = Set'Kb. We consider a functor R : Set‘Xb — Sety which sends an
MB simplicial set (X, Ex, Tx € Cyx) to the scaled simplicial set R(X, Ex, Ty € Cx) = (X, Cx). This
functor has a left adjoint L : Set’y — Set'zlb which is given by L(Y, Ty) = (Y,b,b C Ty).

Theorem 3.34 The functor L : Set}y — Set%b is a left Quillen equivalence.

Proof It is clear that L preserves cofibrations and colimits so in order to show that L is a left Quillen
functor it will be enough to show that L preserves weak equivalences. Observe that given an object

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of (00, 2)-categories 1699

(X, Ex, Tx C Cx) we have an anodyne morphism (X, Ex, Ty C Cx) — (X, Ex, Cy) since every triangle
in A9 is thin. Using this observation it is easy to see that L maps scaled anodyne morphisms to trivial
cofibrations in Set‘Xb. This shows that it is enough to show that L preserves weak equivalences among
fibrant scaled simplicial sets. However, this is clear since a weak equivalence between fibrant scaled
simplicial sets has an inverse up to homotopy.

To conclude that L is a left Quillen equivalence we first observe that R o L = id by definition. This
shows that it is only left to show that for any fibrant object (¥, Ey, Ty € Cy) € Setzlb the counit map
LR(Y) — Y is a weak equivalence. Note that since our chosen MB simplicial set is fibrant Cy = Ty
and (Y, Ty) is an oco-bicategory. In particular, we see that LR(Y) — Y is the weakly saturated class of
morphisms of type (E) and (S2) in Definition 3.4. |

3.1 Marked-scaled simplicial sets

We saw in Theorem 3.34 that the model structure of MB simplicial sets over A is Quillen equivalent
to the model structure on scaled simplicial sets given in [19]. While doing this, we observed that the
collection of lean and thin triangles becomes redundant. To deal with this issue we introduce a third
model structure on simplicial sets equipped with a collection of marked edges and one collection of
triangles which we call marked-scaled simplicial sets.

Definition 3.35 A marked-scaled simplicial set denoted by (X, Ey, Ty) is given by
(1) a simplicial set X,
(2) acollection of edges Ex € X1 which contains all degenerate edges,
(3) a collection of triangles Ty € X, which contains all degenerate triangles,

where we refer to the elements of Ex as marked edges, and we refer to the elements of Ty as thin
triangles. A morphism of marked-scaled simplicial sets f : (X, Ex, Tx) — (Y, Ey, Ty) is given by a
map of simplicial sets such that f(Ex) € Ey and f(Tx) € Ty. We denote by Set'y* the category of
marked-scaled simplicial sets.

Definition 3.36 The set of generating marked-scaled anodyne maps MS is the set of maps of marked-
scaled simplicial sets consisting of

(M1) the inner horn inclusions
(A7, b, {AUTLEFI) o (A7 b (AVZLEFEY >0 0 <i <

(M2) the map
(A*,b,T) — (A%,b, T U{AT34 AT0L4),

where we define
T & A02.4) AL1.23) A0.13} A{134) A{01.2h,

(M3) the set of maps
(Ag’ {A{O,l}}, {A{O,l,n}}) — (A", {A{O,l}}’ {A{O,l,n}})’ n=72:
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(M4) the inclusion of the initial vertex

(A% 1, 8) — (AL 1. 1)
(MS1) the map
(A7 (AU AT ) — (A%, 8, 1);
(ME) for every Kan complex K, the map

(Kb, f) — (K. 1.1,
which requires that every equivalence is a marked morphism.
A map of MS simplicial sets is said to be MS-anodyne if it belongs to the weakly saturated closure of MS.

Remark 3.37 Observe that (X, Ey, Ty ) has the right lifting property against the class of MS-anodyne
morphisms if and only if X is an co-bicategory, Ex is the collection of equivalences in X and Tx
is the collection of thin triangles. Consequently, we might call such marked-scaled simplicial sets
oo-bicategories as well.

Definition 3.38 We say that a morphism of marked-scaled simplicial sets is a cofibration if its underlying
map of simplicial sets is a cofibration.

Proposition 3.39 Let f : X — Y be a cofibration in Set\® and g : A — B be an MS-anodyne morphism.
Then the pushout-product

XxBlUyxqgYxA—>YxB
is again MS-anodyne.

Corollary 3.40 Given a marked-biscaled simplicial set X which has the right lifting property against
the class of MS-anodyne morphisms it follows that Fun™® (A, X') (compare to Remark 3.13) has the right
lifting property against the class MS-anodyne morphisms for every A € Set),®.

Definition 3.41 A morphism of marked-scaled simplicial sets i : A — B is said to be a weak equivalence
if for every co-bicategory X the induced map

i*:Fun™(B, X) => Fun™(4, X)
is a bicategorical equivalence.

Remark 3.42 In a similar way as before given K € SetJAr and X € Set))® we define the tensor K x X :=
I(K)x X where I(K) = (K, Eg. ). Similarly, we define the cotensor X X := Fun™(/(K), X).

Theorem 3.43 There exists a left proper combinatorial simplicial model category on Set)®, which is
characterised uniquely by the following properties:

(C) A morphism f : X — Y in Set'y® is a cofibration if and only if f induces a monomorphism on the
underlying simplicial set.
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(F) An object X in Set's® is fibrant if and only if it was the right lifting property against the class of
marked-anodyne morphisms.

Moreover the tensor and cotensor in Remark 3.42 equips Set'y® with the structure of a SetlL -enriched
model category.

Theorem 3.44 The functor L : Set’y — Set'y® sending a scaled simplicial set (X, Tx ) to the marked-scaled
simplicial set (X, b, Tx) is a left Quillen equivalence.

Proof The proof is almost identical to the proof of Theorem 3.34 and thus omitted. |

4 Local fibrations

In this section we will show that the model independent definition of a locally cocartesian fibration of
(00, 2)-categories, or in our terminology a local (0, 1)-fibration, given in the introduction can be realised
within our framework of MB simplicial sets as follows:

Given a fibrant scaled simplicial set (S, Ts) we will construct a subcollection Mg C Ts and show
in Theorem 4.22 that a local (0, 1)-fibration is precisely given by an Mg-local (0, 1)-fibration. This
perspective will allow us to give an easy proof of Proposition 4.24, as promised in Proposition 3.23.

Definition 4.1 Let (S, Ts) be an oco-bicategory we define Mg C Ts as the subcollection of triangles
consisting in those thin triangles such that the edge A1} or the edge A2} g an equivalence in S. We
call the elements of Mg the invertible 2-morphisms of S.

Remark 4.2 The collection Mg has been studied in [11] to give a definition of an oplax normalised

functor of co-bicategories.
Notation 4.3 We will use boldface letters S := (S, T's) to describe fibrant scaled simplicial sets.

Definition 4.4 Let S = (S, T's) be an co-bicategory and let p : X — S be an M g-local (see Definition 4.1)
(0, 1)-fibration. We define a scaled simplicial set X whose underlying simplicial set is the underlying
simplicial set of X and where a triangle is declared to be thin if it is lean in X and its image under p
belongs to Ts. We denote the resulting map of scaled simplicial sets by p : X — § and call it the
bicategorical interpretation of p.

Proposition 4.5 Let S = (S, Ts) be an co-bicategory and let p : X — S be an Mg-local (0, 1)-fibration.
Then its bicategorical interpretation p : X — S (see Definition 4.4) is a bicategorical fibration.

Proof It is clear that p : X — S has the right lifting property against the class of scaled anodyne maps
and thus it follows that X is itself an co-bicategory. To finish the proof we will need to show that p is
an isofibration (see Remark 2.12). Given an equivalence e : A! — § and a lift of the source A? — X
we can produce a marked edge é : A — X lying over e. We observe that the 2-simplices needed for
exhibiting e as an equivalence in $§ are contained in Myg; in particular this can be used to show that € is
an equivalence in X. =]
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Proposition 4.6 Letp : X — S be a bicategorical interpretation as in Definition 4.4. Then for every pair
of objects a, b € X the induced functor on mapping co-categories

X(a,b) —— $(p(a).p(b))

is a cartesian fibration. Moreover, the composition functors X(a, b) x X(b,c) — Xl(a, c¢) preserve
cartesian edges.

Proof We pick a model for the mapping oo-category discussed in Definition 2.14. Given a morphism
a: Al = S(p(a),p(b)) and a lift of the target g : A® — X(a, b) we can consider a morphism of type (A1)
to produce an edge in X(a, b) which is lean in the MB simplicial set X. We can similarly translate lifting
problems of the form

Ay — X(a,b)

A" 5 S(p(a). p(b))

where the last edge in the top horizontal morphism is mapped to a lean 2-simplex to lifting problems of
the form
APl 5 X

A"“.'—) S

where the triangle Aln=Lnnt1} g mapped to a lean triangle in X and thus admits a solution. We conclude
that X(a, b) — S(p(a), p(b)) is a cartesian fibration. To finish the proof we consider the composition
functor

X(a,b) xX(b,c) — Xl(a,c).

Given a pair of cartesian edges @ : f — g and B : u — v the composition map yields a commutative
diagram in X(a, c) of the form
fou —— fou

| |

gou — gov

which tells us that it will suffice to check that precomposition and postcomposition with a 1-morphism
preserves cartesian 2-morphisms. This follows from the fact that p has the right lifting property against
morphisms of type (A2). a

Definition 4.7 A bicategorical fibration (see Notation 4.3) p : X — S of oco-bicategories is said to be
cartesian-enriched if:

e For every a, b € X the morphisms X(a, b) — S(p(a), p(b)) are cartesian fibrations.

e For every a, b, ¢ € X the composite maps X(a, b) x X(b, c) — X(a, c¢) preserve cartesian edges.
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Given two cartesian-enriched bicategorical fibrations p : X — § and q : Y — 3 we say that a functor
f: X — Y is cartesian-enriched if it preserves cartesian edges in the mapping categories.

Definition 4.8 Let p : X — S be a bicategorical fibration of co-bicategories. An edge ¢ :a — b in X is
said to be locally (0, 1)-cartesian (or a local (0, 1)-cartesian edge) if:

(i) Given g :a — ¢ in X and a commutative diagram (represented by a thin simplex), in o : A2 — §,

py p(b)
e x

> ple)

p(a)

p(g)
such that « is an equivalence, there exists a morphism & : 5 — ¢ such that p(&) = « and a thin 2-simplex &
exhibiting e o&@ ~ g such that p(6) = 0.

(i) Given any ¢ : b — ¢ such that ¢ o e >~ g and such that p(¢) = « as above, for any other ¢ : b — c,
precomposition along e induces a pullback diagram of spaces

Mapx p ) (¢, ®) > Mapx(q,c)(¢oe,poe)

! !

Mapg,5).p(c)) P (@), P(©)) —— Mapg(y(a).pic)) PP oe), p(poe))

Remark 4.9 Given a bicategorical fibration p : X — S of co-bicategories, we observe that a local
(0, 1)-cartesian edge lying over an equivalence in $ is necessarily an equivalence in X. Moreover, the
composition of a local (0, 1)-cartesian edge with an equivalence is again locally (0, 1)-cartesian.

Definition 4.10 Let p : X — S be a bicategorical fibration of oco-bicategories. An edge e :a — b is

(0, 1)-cartesian if for every ¢ € X precomposition along e induces a pullback diagram of co-categories

X(b,c) — X(a,c)

! !

S(p(®).p(c)) — S(p(a).p(c))

Proposition 4.11 Letp : X — § be a bicategorical fibration of co-bicategories and suppose further that p
is cartesian-enriched. Given an edge e : a — b in X, the following are equivalent:

(1) The edge e is locally (0, 1)-cartesian.
(ii) For every £ € X such that p(£) = p(b) we have a pullback diagram of co-categories

(o
Xpp) (b, 0) — X(a, )

p(e) l

A% —==— S(p(a). p(b))
where X, (p) is the fibre of p over p(b).
(iii) The edge e is (0, 1)-cartesian in the pullback along p(e), X, o) = X Xs Al > AL
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Proof To show that (i) => (ii) we observe that since

X(a,£) = $S(p(a), p(b))

is a cartesian fibration of co-categories it follows that the strict fibre over p(e) is already a model for the
oo-categorical pullback. Therefore it suffices to show that the map

e*: Xp(b) (b, Z) — Xp(e) (a, Z)

is an equivalence of co-categories. Observe that the first condition in Definition 4.8 guarantees that
e™ is essentially surjective. Given a pair of objects ¢, ¢ € X ()(b, ¢) it follows from condition (ii) in
Definition 4.8 that we have a pullback diagram of spaces

Mapx p.¢) (¢, ¢) > Mapx(q,¢)(poe,poe)

! |

Mapg (). (b)) P(@). P(9)) —— Mapg(y(a) p()) (P(P 0 €). p(@ 0 €))

so in particular after taking fibres we have a homotopy equivalence of spaces

Mapx ) (9. ©)ia = Mapx ¢ (oe, g oe)y(e).

which we identify with the action of e* on mapping spaces which shows our claim.

Note that (ii) <= (iii) follows immediately from the definition so it will suffice to show that (ii)) = (i).

First let us remark that since p : X — 3 is a bicategorical fibration, it is in particular an isofibration. So,
in order to show that e is locally (0, 1)-cartesian, we specialise the conditions in Definition 4.8 to the case
where p(«) is a degenerate edge. Let £ € X such that p(£) = p(b) and consider an edge u : a — £ such
that p(u) >~ p(e) in S(p(a), p()). Since p is cartesian enriched we can pick an equivalence in X(a, £),
u >~ u, such that p(1) = p(e). Then our assumptions guarantee the existence of an object ¢ € X(b, 1)
such that p(¢) is degenerate and such that

poe~ur~u.

This shows that the first condition in Definition 4.8 holds. Let ¢ : b — £ in X such that p(¢) is degenerate
on p(b). To show that we have the necessary pullback square of spaces it will be enough to show that for
every E € Mapg,(p),p(0)) (P(¢), p(¢)) the associated morphism on fibres

Mapx p ¢) (¢, ¢) 2 —> Mapx(4,¢) (P 0 e, 9 0 €)gop(e)

is a homotopy equivalence. Note that our assumptions guarantee that this holds whenever E is the identity
morphism. Since the map X(b, £) — S(p(b), p(b)) is a cartesian fibration we pick a cartesian lift of E
in X(b, £) which we denote by i : ¢ — ¢ and we note that the enrichment of p implies that i o e is again a
cartesian morphism in X(a, £). The fact that i is cartesian allows us to construct a commutative diagram
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of spaces
Mapy p.¢)(#. §)ia ——> Mapx (4.0 (P 0e.P0e)y(e)
Mapxp.0)(#.9)E — Mapx(,.¢)($ 0. ¢ 0e)zop(e)
so the conclusion follows by two-out-of-three. a

Definition 4.12 A bicategorical fibration p : X — S of oco-bicategories is said to be a local (0, 1)-fibration
if the following conditions hold:

(1) The map p is cartesian-enriched (see Definition 4.7).
(2) For every a € X and every e : p(a) — b in S there exists a local (0, 1)-cartesian edge é : a — b such

that p(é) = e.

We say that a commutative diagram
X— 5y
N A
S

where p and q are local (0, 1)-fibrations is a morphism of local (0, 1)-fibrations if f is a morphism of
cartesian-enriched fibrations and it maps local (0, 1)-cartesian edges in p to local (0, 1)-cartesian edges in .

Lemma 4.13 Letp : X — § be a local (0, 1)-fibration of co-bicategories and consider a commutative
diagram, in X,
U

g

b

\
o> — 8

v

such that the horizontal morphisms are equivalences in X. Then f is a local (0, 1)-cartesian edge if and
only if g is.

Proof Left as an exercise. O

Theorem 4.14 Let us consider a commutative diagram of co-bicategories

X =5 C

| Is

S ——=-5D

where the vertical morphisms are bicategorical fibrations and the horizontal morphisms are bicategorical
equivalences. Then p is a local (0, 1)-fibration it and only if q is.

Algebraic & Geometric Topology, Volume 26 (2026)



1706 Fernando Abelldn

Proof Observe that we can view our diagram as an injectively fibrant-cofibrant diagram in the arrow
category of Set’y. This guarantees the existence weak equivalences C — X and ID — $ making the obvious
diagram commute. Therefore we might assume without loss of generality that q is a local (0, 1)-fibration.
After inspecting the associated diagram in mapping categories we learn that p must be cartesian enriched.
To finish the proof we need to show that p has a sufficient supply of local (0, 1)-cartesian edges.

First, we observe that our commutative diagram is in fact a pullback diagram of oco-bicategories.
Therefore we have a weak equivalence ¢ : X — P where G : P — § denotes the strict pullback of q along
the bottom horizontal morphism. It follows that g is a local (0, 1)-fibration. Factoring ¢ as a cofibration
(which is necessary a trivial cofibration) and a trivial fibration we might assume without loss of generality
that ¢ is a trivial cofibration. We conclude that we have a section £ : P — X such that £ o ¢ = id.

Given a € X and an edge e : p(a) — b in S we pick a lift in P of e with source ¢(a) which we denote
by é. We finally consider &(€) = 7. We claim that 7 is a local (0, 1)-cartesian edge of p. To see this we
note that due to Lemma 4.13 we have that ¢(7) is a local (0, 1)-cartesian edge of IP. The existence of a
section £ and the fact that ¢(7) is locally (0, 1)-cartesian shows that condition (i) in Definition 4.8 holds.
The second condition follows immediately from the fact that ¢ is a bicategorical equivalence. a

Lemma 4.15 Letp: X — S be a local (0, 1)-fibration of co-bicategories. Let o : A> — X be a 2-simplex
whose associated 2-morphism in X (0 (0), 0(2)) is cartesian. Given a lifting problem

AP 2 x

A" —— ' §
such that restriction of ¢ to AY=LH+1} equals o, the dotted arrow exists.

Proof In virtue of Theorem 4.14 we might assume that our functor is of the form p : N*¢(C) — N*¢(D).
Then it follows that our lifting problem is equivalent to

EAL](0.n) —— Clp(0). ¢(n)

E[A"](0,1) —— D(pg(0). po(n))

To show that the dotted arrow exists it will suffice to show that the left-hand side can be written as an
iterated pushout of anodyne morphisms in the cartesian model structure. This follows from the (more
general) argument given in [3, Lemma 3.41] by forgetting the scaling. O

Definition 4.16 Let 77 : € — D be a fibration of co-categories. We say that an object x € C is p-initial if
for every y € C the functor & yields a homotopy equivalence

Mape(x, y) = Mapg (7 (x), 7(y)).
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Remark 4.17 An object x € C as above is p-initial if and only if for every n = 1 the lifting problems

IA" L%
Lol
A" — 5D
admit a solution provided ¢(0) = x.

Lemma 4.18 Letp : X — § be a local (0, 1)-fibration of co-bicategories. Then an edge e : A — X is
locally (0, 1)-cartesian if and only if for every n = 2 the lifting problems of the form

Ar 2 x

A —2 s
admit a solution provided (0 — 1) = e, ¢(0 — 1 — n) is thin whenever n = 2 and ¢ (1 — n) is an
equivalence in S. If n = 2 we require ¢(0 — 1 — n) to be thin, ¢ (1 — n) to be an equivalence in S and

that our solution is a thin simplex in X.

Proof First let us remark that if we can produce solutions to those lifting problems, e must be a
(0, 1)-cartesian edge once restricted to A! and the claims follow from Proposition 4.11. We now prove
the converse.

The case n = 2 is precisely the first condition in Definition 4.8. To tackle the cases n = 3 we will
assume once more that p : N*(C) — N*¢(ID). Since ¢(0 — 1 — n) is thin we can solve the lifting problem

C[AG10,n) —— C(p(0), p(n))

A0, 1) —— D(pg(0). pp(n))

To conclude the proof we must show that we can produce the dotted arrow in
¢ [Apl(1, n) ! Cp(1), ¢(n))

C[A](1,n) —— C(p(0), p(n) XD (pe(0),pp(n)) PDP@(1), pp(n))

However, by (ii) in Definition 4.8 the object 1n on the left-hand side gets mapped to a ¢-initial object in
C(p(1), ¢(n)). Since the left-most vertical map can be obtained as an iterated pushout along boundary
inclusions dA” — A", where the initial object is always 1n, we conclude that the dotted arrow above can
be constructed. |

Lemma 4.19 Letp : X — S be a local (0, 1)-fibration of co-bicategories. Suppose that we are given a
simplex o : A* — X such that the collection of triangles

T — {A{092=4}’ A{15253}’ A{05193}’ A{193y4}’ A{Oylyz}}
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gets mapped to 2-simplices representing cartesian 2-morphisms in the corresponding mapping categories.
Then the triangles AL0:L4 gnd A10:3:43 3150 represent cartesian 2-morphisms in X (o (0), 0(4)).

Proof As usual, we will assume that our functor is of the form p : N°¢(C) — N*¢(ID). This allows us to
reduce our problem to show that certain edges in P = ¢5¢[A*#](0, 4) get mapped to cartesian edges in
C(0(0),0(4)). More specifically, we view P as the poset

0134 > 01234
034 y 0234
014 T > 0124
N
04 > 024

where the circled arrows are mapped by assumption to cartesian edges (note that to see this it is crucial
to use that p is cartesian-enriched) and we wish to show that 04 — 014 and 04 — 034 are mapped to
cartesian edges in C(c (0), o (4)).

Since 7 : C(0(0),0(4)) — D(po(0), po(4)) is a cartesian fibration this is equivalent to require that
certain morphisms are equivalences in the fibre over 7(04) = «. Using the functoriality of 7 we can
move the diagram above to a diagram in the fibre over @ where now the circled arrow are equivalences.
It is easy to see that we can produce now an inverse as in Proposition 3.1.13 in [19]. |

Definition 4.20 Let p : X — $ be a local (0, 1)-fibration of oco-bicategories and let X = (X, Tx) and
S = (S, Ts). We define an MB-simplicial set F, as follows:

* The underlying simplicial set of F, is X.

e An edge is declared to be marked if an only if it is a local (0, 1)-cartesian edge in X.

e A triangle is declared to be lean if its associated 2-morphism is a cartesian edge in X(a, b).

* A triangle is declared to be thin if it is lean and its image in $ belongs to M.
This definition clearly yields a map my, : F, — (S, #f, Ms C ff) which we call the MB-model of p.

Lemma 4.21 Letp: X — S be a local (0, 1)-fibration of co-bicategories. Then its associated MB-model

(see Definition 4.20) ry : F, — (S, i, Ms C {f) defines a fibrant object in (SetXb)/(s,ﬁ,MScn)'

Proof We need to show that 7, has the right lifting property against the class of morphisms in
Definition 3.4. It follows from Lemmas 4.15 and 4.18 that 7, has the RLP property with respect
to the morphisms of type (A1) and (A3) in Definition 3.4. Lemma 5.27 shows 7, has the right lifting
property against the class of morphisms of type (A2). The rest of the lifting problems follow immediately
and thus our result is proved. |
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Theorem 4.22 LetS = (S, Ts) be a fibrant scaled simplicial set and let p : X — S be a fibrant object
in (Setgb)/(s,ﬂ,Mscﬂ)' Then its bicategorical interpretation (see Definition 4.4) p : X — 3 is a local
(0, 1)-fibration. Moreover, this assignment admits an inverse given by sending each local (0, 1)-fibration
of oo-bicategories q: Y — S to its MB-model as in Definition 4.20.

Proof Let p: X — S be a fibrant object in (Set'gb) /(S MsCH)" Then it follows from Propositions 4.5
and 4.6 that p : X — § is cartesian-enriched. To show that our map in question defines a local (0, 1)-
fibration it will be enough to show that the marked edges in X are local (0, 1)-cartesian edges. However,
one easily sees that a marked edge e is (0, 1)-cartesian over A! and thus the claim holds.

Note that Lemma 4.21 shows that the MB-model of a local (0, 1)-fibration of oco-bicategories defines a
fibrant object in (Set&‘b) /(S8 MsCH)" To complete the proof, we must show that these two assignments
are mutually inverse. Note that this simply amounts to verifying that the decorations of our simplicial sets
remain unchanged after applying both procedures. This follows by virtue of the following observations:

e Let p: X — S be a fibrant object in (Setxh)/(s’ﬁ,MS ct)- Then a 2-simplex o : A? — X is lean if

and only if the associated 2-morphism in its bicategorical interpretation p : X — § is cartesian.

e Letq:Y — S be alocal (0, 1)-fibration of co-bicategories. Then a 2-simplex o : A% — Y is thin if

and only if its associated 2-morphism is cartesian and its image in S is invertible. a

Proposition 4.23 Let f : X — Y be a morphism of local (0, 1)-fibrations. Then the following are
equivalent:

(i) The map f is a bicategorical equivalence.
(ii) Forevery s € § the map f induces an equivalence on fibres f; : X; => Y.

Proof Let us suppose that f is a bicategorical equivalence and let s € S. First we show that f; is essentially
surjective. Given ys € Y, we use that f is essentially surjective to get some x € X such that f(x) >~ y. We
denote by u the image of the equivalence f(x) >~ y under q: Y — $ and use the fact that p : X — S is an
isofibration to get an equivalence v : x — x5 where p(xs) = s. It follows that f(v) is again an equivalence
and therefore defines a local (0, 1)-cartesian edge in Y which allows to construct an equivalence f(xs) >~ ys
lying over the identity on s. To show fully faithfulness of f; we consider a, b € X; and observe that we
have a map of cartesian fibrations

X(a,b) > Y(f(a). 7(b))

~

S(s, )

which is an equivalence by assumption. It then follows that we have an equivalence after taking the fibre
over the identity map on s. This morphism is then identified using Proposition 4.11 with the map

Xs(a.b) => Ys(f(a). (b)),
which shows that fy is fully faithful.
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To show that the converse holds we note that by assumptions f is already essentially surjective. It will
then be enough to show that for every a, b € X and every « : p(a) — p(b) the induced morphism on fibres

X(a,b)e = Y(f(a). (b))

is a categorical equivalence. By picking a cartesian lifte : a — b such that p(e) = o we can again use
Proposition 4.11 to produce a commutative diagram

X () (b, b) —= Yo (F(D). (b))
X(a.b)e —— Y(§(a). §(b))a

where we use two-out-of-three to conclude that the bottom horizontal morphism is a weak equivalence
and thus our claim holds. d

Proposition 4.24 Let (T, U) be a scaled simplicial set and consider a morphism f : X — Y between
fibrant objects in (Setﬂb) J(THUCE): Suppose further that the following conditions hold:

(1) The map f has the right lifting property against the class of MB-anodyne morphisms.

(2) Foreveryt € T the induced morphism f; : X; — Y; is a bicategorical equivalence.
Then f is a trivial fibration of MB-simplicial sets.

Proof We claim that f is a trivial fibration of MB-simplicial sets if and only if for every minimally
scaled simplex A’ and every morphism o : A} — T the restricted morphism

fio : X xap A =Y xpn Af

is a trivial fibration of MB-simplicial sets. One direction is obviously true. Let us assume that f|, is
always a trivial fibration. Then it is clear that f has the right-lifting property against the morphisms

e (OA",b,b) — (A",b,b),

e (A2,b,b) — (A2,b,b C 1),

« (ALD ) = (AL 1),
Since a thin triangle in X is just a lean triangle lying over a thin triangle in T it follows that f also
detects thin triangles and the claim holds.

Let us assume without loss of generality that T = A’ and consider the associated diagram (see
Theorem 4.22) of local (0, 1)-fibrations co-bicategories

X f .Y

A

Al’l
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First, let us show that § is a trivial fibration of co-bicategories. Observe that our assumptions together
with Proposition 4.23 imply that | is a bicategorical equivalence. Moreover, | has the right lifting property
against the class of scaled anodyne maps given in Definition 2.3. It will then suffice by Remark 2.12
to show that f is an isofibration. Given an equivalence in e : A! — Y it follows that its image in A”
must be degenerate. Since this lifting problem is occurring in a fibre and by our assumptions the maps
fr : Xy — Y, are trivial fibrations of scaled simplicial sets it follows that § is an isofibration.

To finish the proof, we must show that f detects local (0, 1)-cartesian edges. Given an edge e : A! — X
such that §(e) is a local (0, 1)-cartesian edge we consider a local (0, 1)-cartesian edge u : A! — X such
that ©(0) = e(0) and such that f(u) = f(e). It follows that we have an edge o : u(1) — e(1) such that
aou >~ e. Moreover, f(«) is an equivalence and lies over a degenerate morphism in A”. We see then that
o must be an equivalence in X and consequently e is a local (0, 1)-cartesian edge. O

Definition 4.25 Let p : X — § be bicategorical fibration of co-bicategories and let o : A2 — § be a thin
triangle. We say that an edge e : a — b in X lying over o (0 — 1) is o-local if the following conditions
hold:

(i) For every g : a — ¢ in X lying over o(0 — 2) there exists some & : b — ¢ and a thin simplex 6
exhibiting e o@ ~ g such that p(f) = 0.

(ii) For any ¢ : b — ¢ such that e o ¢ >~ g with associated simplex t such that p(z) = ¢ and for any
¢ : b — ¢, precomposition along e induces a pullback diagram of spaces

Mapxp,c) (¢.9) > Mapx(,,¢) (poe,poe)

! |

Maps,(b).5(c)) P (@), P(P)) —— Mapsy(a) p(c)) P(Poe), p(poe))

Remark 4.26 Definition 4.25 implies that an edge is (0, 1)-cartesian if and only if it is o-local for every
thin simplex o : A2 — S. Similarly, an edge is locally (0, 1)-cartesian if and only if it is o-local for every
invertible 2-morphism (see Definition 4.1).

Proposition 4.27 Letp : X — S be a local (0, 1)-fibration of co-bicategories and let o : A*> — S be a thin
triangle. Then a local (0, 1)-cartesian edge e : a — b is o -local if and only if for every local (0, 1)-cartesian
edge u : b — ¢ such that the composite v >~ u o e lies over o then v is also a local (0, 1)-cartesian edge.

Proof Let us assume that e is o-local and suppose that we have u and v as above. Let us suppose that
we have h : @ — d and let us show that condition (i) in Definition 4.8 is satisfied.

Since p is a local (0, 1)-fibration and, in particular, cartesian-enriched, we only need to show that v is
(0, 1)-cartesian once after pulling back along p(v). Therefore, we can assume without loss of generality
that p(h) = p(v). We observe that since e is o-local we can obtain a morphism « : b — d such that
o o e >~ h. Furthermore, we can use that u is a local (0, 1)-cartesian edge to get a morphism ¢ : ¢ — d
such that & >~ ¢ o u. It follows that 7 >~ v o ¢ and so the first condition holds.
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Given ¢ : ¢ — d as above and another ¢ : ¢ — d such that p(¢) = id we construct the commutative
diagram

Mapx c,4)(¢, ) ——— Mapxp q)(Pou,pou) ———— Mapx(,,q)(¢ov,pov)

! ! !

Mapg,(c),p(a)) (1, id) —— Mapg(, ) p(ay) P W), p(1)) —— Mapg,(a) p(a) P ), p(v))

We observe that the outer commutative diagram is obtained by pasting two pullback diagrams so it must
be itself a pullback diagram. It follows that v is a local (0, 1)-cartesian edge.

We wish now to show that the converse holds. Let /1 : a — d be an edge over 6 (0 — 2). We take a local
(0, 1)-cartesian lift u : b — ¢ of o (1 — 2). Since by assumption v >~ u o e is again local (0, 1)-cartesian
we obtain a certain E : ¢ — d such that 7 >~ E o v. We can then set ¢ = E ou. It is then clear that
¢poe=TEouoe~ Eov~h and thus condition (i) in Definition 4.25 holds. Let ¢ : b — d as above and
assume we are given any other ¢ : b — d. We wish to show that the associated commutative diagram
(see (ii) in Definition 4.25) of spaces is cartesian. We note that a totally analogous argument as in
Proposition 4.11 shows that it is enough to show that the associated map of fibres

Mapy p.4)(#: ©)pu) —> Mapx ) (P e, g oe)yw)

is an equivalence whenever p(¢p) = p(¢). Since u is a local (0, 1)-cartesian edge we can find morphisms
(}5, ¢ : ¢ — d such that $o u ~ ¢ and @ ou = ¢. We can then produce the morphisms

Mapy (.a) (. @)ia => Mapx .4y (@, ©)p) = Mapx .o (@ 0e.¢0e)yaw).

We conclude the proof by noting that the composite map must also be a weak equivalence since v is by
assumption a local (0, 1)-cartesian edge. |

Definition 4.28 Let 3 be an co-bicategory and let U be a subcollection of the thin triangles in S which
contains the invertible 2-morphisms of § (see Definition 4.1). We say that a local (0, 1)-fibration p: X — S
is U-local if given a pair of local (0, 1)-cartesian edge u, v : A! — X and a thin 2-simplex o pictured as

such that p(o) € U then we have that w is also locally (0, 1)-cartesian. If ¢/ consists in all thin triangles
we say that p : X — $ is a (0, 1)-cartesian fibration.

Theorem 4.29 Let (S, Ts) be a fibrant scaled simplicial set and let U C Ts be a subset containing
all invertible 2-morphisms. Given a fibrant object (Set'gb) /(S,4,Uct), Its bicategorical interpretation
p : X — $ defines a U-local fibration. Conversely any U-local fibration defines canonically a fibrant object

in (Setlgb)/(s,ﬁ,y ch)-
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Proof Let us assume that we are given a fibrant object in (Set‘Eb) J(S.AUCE): In particular, we can use
Theorem 4.22 to obtain a local (0, 1)-fibration p : X — § of oco-bicategories. Since our original object
has the right lifting property against the class (S1) it follows that our local (0, 1)-cartesian edges compose
across triangles which lie over triangles in ¢/ and the claim follows.

We now show the converse. Note that due to Proposition 4.27 our local (0, 1)-cartesian edges are
o-local with respect to the elements of /. The only thing that we need to prove is that given a /-local
fibration we can produce the dotted arrow in

ar L

=
L)
A" — S
where f(0 — 1) is locally (0, 1)-cartesian and f(0 — 1 — n) lands in /. The proof of this fact is
essentially the same as the proof in Lemma 4.18 and therefore left as an exercise. a

S The Grothendieck construction
5.1 The Quillen adjunction
Let S = (S, Ts) be a scaled simplicial set and let €5¢[S] denote the scaled rigidification (Definition 2.9)
of (S, Ts). The goal of this section is to prove the following theorem.
Theorem 6 Let S be a scaled simplicial set. Then there exists a Quillen equivalence
Stg : (Setxb)/(s,ﬁ,TScn) 2 Fun(¢*[S], Set)t®) : Ung
between the model structure on (0, 1)-cartesian fibrations over S and the projective model structure of
SetjAL -enriched functors with values in marked-scaled simplicial sets.

Our first order of business will be to define the left adjoint Stg which will be given by a 2-categorical
enhancement of the straightening functor constructed in Section 3 of [19]. Before we present our main
construction, we need to give some preliminary definitions.

Definition 5.1 Let X, Y € Set}®. We define the Gray tensor product X ® Y € Set’y (see Definition 4.1.1
in [10]) as follows:

(1) The underlying simplicial set of X ® Y is given by X x Y, the cartesian product of the underlying
simplicial sets.

(2) Given a simplex 0 : A2 — X ® Y let us denote by oy and oy the projections to the corresponding
factors in the cartesian product. We say that o is scaled in X ® Y if and only if the following conditions
hold:

(i) The projection of the simplex o is both scaled in X and in Y.

(ii) The restriction oy (1 — 2) is marked in X or the restriction oy (0 — 1) is marked in Y.
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Given marked scaled simplicial sets X, C we define marked scaled simplicial sets Fun®' (X, C) and
Fun®P# (X, C) by means of the universal properties,

Homges (A4, Fun®'(X, C)) =~ Homgesse (A ® X, C),
Homges (A4, Fun®®'(X,C)) =~ Homgeese (X ® A4, C).
Definition 5.2 Let n > 0. We define a poset P, as follows:
e The objects are given by subsets S C [n] such S # @ and max(S) = n.

e We define a partial order on P, by declaring S < T whenever min(S) < min(7") and there exists
some U such that min(U) = min($) and max(U) = min(7) and such that S CU U T.

Remark 5.3 In the definition above, U < V if and only if min(U) < min(V') and for every x € U such
that x = min(V') then x € V. Moreover, we can identify those inequalities U < V in P, which cannot be
decomposed as U < W < V as:

(0O1) We have U < V with min(U) = min(V') and V = U U {s}.

(02) We have U < V with V =U \ min(U).
Remark 5.4 Given S, T € P, suchthat S <T we can have several subsets U as above such that S CUUT .

Moreover, we can order such subsets by inclusion and define Ug 7 to be the minimal subset such that
SCUsrUT.LetminS = s and let min 7" = ¢. We can then write Us 7 = {s, 1} U{s <i <t |i € S}.
Definition 5.5 Let P,, = N(P,). We promote P, to a scaled simplicial set as follows. Given a 2-simplex o
represented by S < T < W we declare o to be thin if Us w = Us, t UUT,W.

Remark 5.6 Let Al = (A”,b,b) and let Al @, A" = A; ® Al'. We consider C*[A! ®, A"]. Recall
that given (i, j) < (k,£) in A! x A we have that €5[A! ®, A?]((i, j), (k,£)) is given by the nerve of
the poset of chains C,

(i, j) = (o, jo) < (i1, j1) <+ < (ia—1, ja—1) < (ia: ja) = (k. £),
ordered by refinement. Let us suppose that i = 0 and that k = 1. Then, given a chain C = {(iy, ja)}aecAa
we can define m ¢ to be the biggest index in A such that i, = 0. This allows us to define a map
it CA ®, A" (0. ). (1.0) > P, Cr | Jo
azmc

This assignment is clearly a map of posets which sends marked edges in our mapping simplicial set to
identities in P[; ;7. We use the map 7; ¢ to equip the left-hand side with the scaling induced by P[; ;.

Definition 5.7 We define a colimit preserving functor IT : SetXb — Cat’y® with values in the category of
Set)y*-enriched categories by specifying its values on the generators under colimits of SetXb as follows:

(1) Given a minimally marked and biscaled simplex A" = (A”,b,b) we define TI(A”") to have as
underlying Setz—category the scaled rigidification of the Gray tensor product A! ®, A" studied in
Remark 5.6. Given (i, j) < (k,{) in TI(A}') we equip the mapping simplicial sets with a scaling by
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declaring every triangle to be scaled if / # 0 and k # 1. If i = 0 and k = 1 we scale IT(A)((0, j), (1,£))
according to Remark 5.6.

(2) Given a lean scaled 2-simplex, i.e., A2 = (A2,b,b C ff) we define H(A%) from H(AE) by scaling
every triangle in the mapping simplicial sets.

(3) Given a thin scaled 2-simplex, i.e., Aé = (A?,b, 1) we define H(A;) from H(A%) by additionally
marking every morphism in H(Ai)((o, 0), (1,2)) which gets maps under the map in Remark 5.6 to the
morphism 02 — 012 in P,.

(4) Given a marked edge (A1)¥ = (A, 4, #) we can identify TTI((A1)¥) = ¢5[A! x A1].

One easily checks that our choice of decorations is compatible with composition and thus our definition
yields well-defined Set'y*-enriched categories and that our definition is functorial on the set of generators
of Set'Xb. Since Cat® is cocomplete our functor can be extended by colimits and the definition is complete.

Definition 5.8 Let j : Catzr — Cat}® be the functor that scales every 2-simplex in the mapping simplicial
sets. Given a scaled simplicial set S we define a functor

Mg : (SetXb)/(S,ﬁ,TScﬁ) — Caty®, X > II(X) Ljogsepx] j o ©[S],

where €%¢[X] denotes the scaled rigidification of the underlying scaled simplicial set of X and where the
morphism ; o ¢%¢[X] — TI(X) is given by the inclusion of A1} x X.
We define a further functor

Cs : (Setq®) (s.p.rscy = Catn’s X = Ms(X) Wjoexix) A,

where the morphism j o €%[X] — ITg(X) is induced by the inclusion A x X — Al ® X.

Remark 5.9 From this point on we will drop the notation j o €€ and we will view SetX—enriched
categories as a full subcategory of Set'y*-enriched categories consisting in those enriched categories whose
mapping simplicial sets are fully scaled.

Remark 5.10 Let f : S — S’ be a map of scaled simplicial sets. Given p : X — S in (Setrgb)
we claim that we have an isomorphism of Set){*-enriched categories

/(S,4.Ts CH)

Cs(X) Ugseps1 €[] => Cs/(1X).

where f1X denotes the value of the functor Cg at the object f o p : X — S’. The isomorphism on the
underlying Setzr -categories is clear. The only thing to show is that the scaling on mapping simplicial sets
of the form Cs/(/1X)((0,x), (1,5”)) is the same for both Set}*-enriched categories. This follows after a
direct inspection since the scaling on those simplicial sets (which does not factor through some mapping
simplicial set between objects (1, s) and (1,s’)) is independent of the base.

Definition 5.11 Let us denote by v the collapsed point in the definition of Cg(X). Then for every
p: X — S and every morphism of Setzenriched categories ¢ : €5¢[S] — C we can define a functor

Stg(X) : € — Sety’, ¢ = Mapc, (x)(v.c), where Cy(X):= Cs(X) Les[s) €,
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which we call the straightening of p : X — S. This definition extends to a functor

St : (Set‘Xb) — Fun(C, Set}®)

/(S 4. TsCH)
with values in the category of SetJAr -enriched functors. If ¢ is an isomorphism we will use the notation Stg.
Definition 5.12 Let F: C — Set't? where Cis a SetX-enriched category. We define T3 € Catly® as follows:

e The objects of T are those of C in addition to an object v which we call the cone point.

e The mapping marked-scaled simplicial sets are as follows: We declare T3(x,v) = @ unless x = v
in which case T3(v,v) = A®. Let ¢, ¢’ € €. We declare T5(v, ¢) = F(c) and T5(c,c’) = C(c, c’)
(cf. Remark 5.9).

e Given a,b,c € Ty such that a, b, c # v, the composition rule is that of €. If ¢ = v, then the
composition rule is given by functoriality of F, i.e., F(b) x C(b, c) — F(c).

Proposition 5.13 The straightening functor given in Definition 5.11 admits a right adjoint

. b
Ung : Fun(€, Sety®) — (Seth )/(S,ﬂ,TScn) ,

which we call the unstraightening functor.

.. . ce b
Proof By the adjoint functor theorem it suffices to show Sty preserves all colimits in (Setx ) J(SH.TsCH)"

To see this, we observe that by construction the functor

) b
Co: (Set'g )/(S,ﬁ,TSCu) — Cat)y®

preserves all colimits since it is built out of colimit-preserving functors. We now observe that a functor
of Set>-categories Cy(X) — Ty (see Definition 5.12) which preserves cone points and restricts to the
identity on C is precisely the data of a natural transformation Sty(X) = F. The claim now follows since
Cy preserves colimits. |

Proposition 5.14 Let f : S — S’ be a map of scaled simplicial sets and consider the commutative diagram
of SetJAr -enriched categories

exe[s] S g
l‘ﬁ l¢/

c—V ¢

Then
b St
(Set‘;1 )/(S,ﬁ,Tscﬁ) —— Fun(C, Sety®)

% lwg

Sty
mb @ ’ ms
(SetA )/(S’,ﬁ,TS/cﬁ) —— Fun(C’, Set}")
commutes up to invertible natural transformation where V, is the left adjoint to the restriction functor ¥ *.
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Proof Let 8 =1 o¢. We will show that St;5 o fi =~ Sty and that Yy o Sty >~ Stg. We proceed case by case:

e To show that Stﬁp o fy = Sty, we consider the diagram of Sety*-categories

ese[§] —— ¢[§] ———— €

| | |

Cs(X) — Cs/(fiX) — Cy (/1 X)
The left-most square is a pushout by Remark 5.10 and right-most is also a pushout square by definition.
We conclude that Cyg/(f1X) = Cg(X). Since our constructions are natural the claim holds.

e We now show that Yy o Sty =~ Stg. We will show that for every ¢ : €%[S] — C, we have that
Sty = ¢ o Stg which immediately implies the claim. Let J : € — Set}® and recall the construction Ty
given in Definition 5.12. Then it follows that commutative diagrams of the form

Ce[S] —— €

! |

Cs(X) — Cy(X)

where ¢ : € — Ty is the obvious fully faithful functor, correspond to natural transformations Stg (X ) = ¢*&F.
Since Cy(X) is a pushout we conclude that this data is equivalent to natural transformations Sty (X) = F
which provides the desired isomorphism Sty (X) = ¢ Stg(X). Our constructions are natural and so the
claim holds. O

Remark 5.15 In the situation above passing to right adjoints we obtain an isomorphism of functors
Un¢ Olﬂ* = f* OUnqy.

Lemma 5.16 For any simplicial set (S, Ts) the functor Stg preserves cofibrations.

Proof Since Stg preserves colimits it will be enough to prove the claim on the generating class of
cofibrations given in Definition 3.11. Moreover, given a cofibration « : A — B we can use Proposition 5.14
to reduce to the case where S = B. The case @ — A? is obviously true. For the rest of the generators we
have that B = (A”,b) forn > 1 or B = (AZ, ) and that the map Stg A(i) — Stp B(i) is the identity
except when i = n in which case the map is a cofibration. It is immediate to see that the map in this
situation Stg A — Stp B has the left lifting property against the class of trivial fibrations. a

Remark 5.17 Let ¢ : SetJAr — Set)® be the functor defined by «(X, Ex) = (X, Ex, ). Given a scaled
simplicial set (S, Ts) let 1« Stgs : (SetJAr) /s~ Fun(¢5¢[S], Set'y®) be the straightening functor given in
Definition 3.5.4 in [19] postcomposed with the enriched functor ¢. Recalling the definition of the functor R
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(see Definition 3.30), we can then define a functor
Stg oR : (SetZ)/S — Fun(€*°[S], Set'y®).

It follows that 4 Stg and Stg oR differ only in the scaling and thus induce a natural transformation
ns : Sts oR = 14 Stg.

Proposition 5.18 Let (S, Ts) be a scaled simplicial set. Then ng : Stg oR = 1, Stg is an object-wise
weak equivalence.

Proof It is clear that both functors preserve colimits. Moreover, a totally analogous proof to that of
Lemma 5.16 shows that ¢4 Stg preserves cofibrations. It is also not hard to verify that ¢4 Stg satisfies
similar base change properties as those in Proposition 5.14. We conclude that it will be enough to show
that n, = Nk (A¥) is an equivalence for k = 0 and similarly for r]‘i = 1(any (AHH). Itis easy to check
that ng, 11, 72 and n? are all isomorphisms.

For k > 3 let us define L* = HA’b‘ ((A¥,b,b c 1)) and IL’ﬁ‘ by scaling every triangle in the mapping
simplicial categories of IL¥. It is not hard to see that our problem can be reduced to showing that the map

¢ 1 LK > LY

is an equivalence of Set'y*-enriched categories. Using induction on k we can assume that the mapping sim-
plicial sets ]Lk((O, i), (1, j)) are maximally scaled except if i =0 and j = k. Let L5 ((0,0), (1,k)) = A*
and similarly ]L’ﬁ‘((O, 0),(1,k)) = Alﬁc. We observe that for every face d; : A¥~1 — A¥ we have a
commutative diagram

AR = At

o

AF s A

where the top horizontal morphism is a weak equivalence. We can therefore assume inductively that the
triangles of AK which are in the image of the maps «; fori =0,...,k are all scaled.

Leto: Co C Cy C C, be atriangle in A¥ and let us fix the notation Ci= {(8{ , alj }fzo. Lete=CyC C;
be an edge in AK. We define S(e) as the set of nondegenerate simplices with initial vertex Cy and final
vertex C. We finally set |e| = max{dim(¢) | ¢ € S(e)}. Note that this a well-defined number. Given a
2-simplex o as above we define || = |d1(0)|. We will show that we can scale o using a pushout along a
MS-anodyne morphism using induction on |o| = £. The case £ = 2 follows easily after direct inspection.
So we will assume from this point on that £ > 1.

Let us suppose that the claim holds for those 2-simplices t such that |d2(7)| = 1 and for those
2-simplices o such that || < £ — 1. Then given o : Cyp C C; C C; such that |d»(0)| > 1 and such that
|o| = £ we can construct a 3-simplex p: Co C D C C; C C; such that the following holds:

(1) We have |d2d3(p)| = 1; in particular, d; (p) is thin scaled for i = 2, 3.
(2) We have |do(p)| =€ —1 and is therefore scaled.
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It follows that we can fully scale p using a pushout along a morphism of type (M2) in Definition 3.36.
Therefore, we have reduced our problem to proving the claim above.

Let o : Co C Cy C Cy such that |da(0)| = 1. We observe that unless Cyp = (0,0) < (1, k) then o is
scaled. Otherwise we could express o as a certain composition in the category IL* and it would follow
from the induction hypothesis that o is thin.

We can now see that C1 = (0,0) < (g,a) < (1, k) which leads us to consider cases depending on the
parameter ¢ € {0, 1}.

(e =1) Then we can assume without loss of generality that C, contains an element of the form (0, x)
in C with x # 0. This is true since otherwise the maps 7y x in Remark 5.6 would show that o is
already scaled. Moreover, we can further assume that there is only element of the form (0, x) in C».
Indeed, if we had some (0, y) < (0, x) then we can produce a 3-simplex p: Co — C1 — 52 — C, where
Cr=0C, \{(0, y)}. Since dy(p) and d1(p) must be scaled by definition it follows that we can scale d(p)
if and only if we can scale d3(p) and thus the claims follows. Additionally, we note that if x # 1 then o
factors through one of the morphisms «; : Ak=1 5 Ak above. We finally see that in this case ok (0) is
given by a simplex of the form On — Oan — S with min(S) = 1 and it is consequently scaled in P.

(¢ = 0) Observe that if C; contains an element of the form (0, x) with x < a we can define 52 as above
an produce a 3-simplex p: Cp — C; — 52 — C, which shows that we can scale 0 = d»(p) if and only
if we can scale d3(p). In a totally analogous way as in the case ¢ = 1 we can assume that a = 1. If C,
does not contain any element of the form (0, z) with z > 1 then o must be already scaled. Moreover,
we can assume without loss of generality that C» only contains one element of the form (0, z) using a
similar argument as before by constructing a certain C». We can assume that in this case z = 2 since
otherwise, the simplex factors through a certain morphism «; : AK=1 5 Ak _If C, does not contain an
element of the form (1, s) with s # k it follows by direct inspection that ¢ is already scaled. If this is not
the case we consider D which is obtained from C; by discarding every element of the form (1, s) with
s # k. Then we get a 3-simplex E : Co — C; — D — C,. One easily checks that every face of E is
scaled except possibly d>(E) = o and thus our result follows. m|

Corollary 5.19 Let (S, Ts) be a scaled simplicial set. Consider a weak equivalenceu: (A, E4) — (B, Ep)
in (SetZ)/S. Then the functor Stg sends the morphism R(u) : (A, E4, T4 C#) = (B, Eg, Tp C ) (see
Definition 3.30) to a weak equivalence in Fun(€%¢[S], Set's®).

Remark 5.20 Leti : A — B be a cofibration of MB simplicial sets which we view as a morphism in

(Setxb) /B and recall the definition of T in Definition 5.8. We define T1g(A)" as the pushout

jo@e[A] x Al 5 joesc[B] x AL}

l !

Mp(4) ——— )T
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It follows from our definition that in order to check that Stp (A) = Stp(B) is a pointwise weak equivalence
it suffices to check that the induced map Ilp (A)T — I1p(B) is a weak equivalence of Set)y*-categories.

Remark 5.21 Let § : A”t1 — Al x A” be a nondegenerate simplex and let i € A”T! be the biggest
element such that 8(i) = (i,0). We will use the notation § = o; and give an order in the set of
nondegenerate simplices in A! x A” of maximal dimension by declaring o; < ojifi <j.

Definition 5.22 LetK, = Az ((A™,b,b)) and let K, =K, ((0,0), (1,n)). Forevery o; asin Remark 5.21,
define K, as the subposet (with the inherited decorations) of K, consisting in those chains whose elements
are in the image of 0;. Observe that K/, is isomorphic as a simplicial set to C,, = (A!)".

Given 0 < s <n + 1 we define ds(Kj;, J ) as the simplicial set of Kj, J consisting in those chains whose
elements are in the image of d,(o;).

Lemma5.23 LetO< j <nandletd;1(K ,{) CK ,{ be the simplicial subset (with the induced decorations)
consisting in those chains whose elements factor through d; 1(o;). We view Al xd i +1(K ;) as marked-
scaled simplicial set as follows:

e The marking consists in those marked edges in the cartesian product together with the edges contained
in Al x {e} where e : Cy — C; is a marked edge in K;, such that Cy contains the element (0, ).

» The scaling is given by the usual scaling on the cartesian product.
Then we have an isomorphism of marked-scaled simplicial sets A' x d; 41 (K,j,. ) ~ K,{

Proof We only need to check that the decorations agree on each side. To show the claim regarding
the marking we note that the marked edges of K,{ always factor through a face of the cube C, (see
Definition 5.22) and thus the conclusion follows after direct inspection.

To see that the scaling of K,{ is given by the product scaling we consider a triangle o : Co — C; — C»
and we define D; = C; \ {(1, j)} which yields another triangle ¢ : Dy — D1 — D». We claim that o is
scaled in K,Jl if and only if ¢ is. Observe that since ¢ lies always in d; +1(Kj J ) this will be enough to
show the claim regarding the scaling.

We set the notation g, (C;) = S; and 7o ,(D;) = T;. Then we have the following:

(1) We have that S; = T; if (0, j) € C; and T; = S; \ {j } otherwise.
(2) We have min(.S;) = min(7}).
(3) Given C € dj+1(K,f) and setting V = mg ,(C), it follows that min(V) < j.

Our final claim is that for i < j we have that (see Remark 5.4) Ug; s, = Ur;,T;. Observe that j € Us; s;
if and only if j € {min(S;), min(S;)} orif j € §; and min(S;) < j < min(S;). However by (3) above
this cannot be the case. O

Lemma 5.24 Let (A, E4, T4) C (B, Eg, Tp) be an inclusion of marked-scaled simplicial sets such that
E4 = Ep. Suppose that there exists some vertex v € A with the following property:

e For every simplex o : A" — B which does not factor through A, v is the final vertex of o.
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Let M4 (resp. M p) be the collection of marked edges in the cartesian product (of marked-scaled simplicial
sets) Al x A (resp. A' x B) together with the edge A' x {v}. Then the induced morphism

jiAYx Al 04 B— A x B,

where both simplicial sets are equipped with the product scaling and the marking given by M4 and Mp,
respectively, is a trivial cofibration in Set'y®.

Proof First let us assume that the claim holds for E4 = Ep = b. Then it follows that for a general
marking the map j is obtained as a pushout of the map ji, where the latter map is the inclusion associated
to the minimal marking. This shows that the general result will follow.

Working simplex by simplex we can reduce the problem to the cases

(1) (0A™,b,b) — (A",b,b) forn =1,
(i) (AZ,b,b) — (AZ,b, 1),

where v is given by the final vertex.
To check (i) we use an argument analogous to Lemma 3.5.12 in [19] which tells us that in this case the
map j above is in the weakly saturated class of morphisms of type (M1) in Definition 3.36 and of type

(%) (A7, Aln—1.n} A{O,n—l,n}) — (A", Aln—1.n} A{O,n—l,n})

and thus the claim holds. To prove (ii) we note that we can scale the remaining simplices using pushouts
along morphisms of type (M2) in Definition 3.36 together with the morphism

(0) (A3, AL Us) — (A3, A1 ),
where Us is the collection of all triangles except A{0:1:2}, ]

Lemma 5.25 Leti : A — B be a morphism of type (A1) in Definition 3.4. Then the induced natural
transformation St (A) = Stp(B) is a pointwise weak equivalence.

Proof Since Stp preserves colimits and cofibrations it will be enough to prove the claim in the specific
case where A = (A”,b,b C AL+ and B = (A", b,b ¢ AL+ We will show according to
Remark 5.20 that the map I1g(A4)T — [Tz (B) is an equivalence of Set'y*-categories.

We observe that the induced morphism of marked-scaled simplicial sets [Tz (4) T (x, y) — g (B)(x, y)
is an isomorphism except when x = (0, 0) and y = (1, n). Recall the definition of K}, in Definition 5.22
and equip this marked-scaled simplicial set with the decorations induced from I1p((0,0), (1,n)). We

similarly define AT K = Ilp (4)1((0,0), (1,n)). We define a filtration
A'K=A_1— Ag— -+ —> Ap—1 > Ap = Ky,

where A is the subsimplicial set of K; containing every simplex which factors through K,{ for j <s
(see Definition 5.22 for a definition of K,{ ). We will show that each of the steps in this filtration is a weak
equivalence. The case n = 2 follows easily by a direct computation. For the rest of the proof we will
assume that n = 3.
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For 0 < j < n we consider the pullback-pushout diagram

07 — Ki

L

Aj_) — A;

We will show that the top horizontal morphism is a trivial cofibration. First we consider the case 0 < j < n.
We describe Q ,], as a simplicial subset of K,{ which contains every face of the cube C,, except those that
factor through d, (K,{ ) for o ¢ ®(i) where
{j+1i+1} ifj<i,
(i) = {j+1; if j =i,
{j+1i} if j >1i.
We produce a 2-step filtration Q ,J1 —Z ﬁ — K ,4 where Z é is obtained from Q ,]1 by attaching the simplices
in d,g(K,{) where B # j + 1 and 8 € O(i).
We observe that for n > 3 we have that every marked edge in d; 11 (K,{ ) factors through Z ,4 Therefore
we can use Lemma 5.24 with B = dj+1(K,{) and A = (Z,],.
marked-scaled simplicial sets

)| 41 (KD to obtain a trivial cofibration of
J n

w:Alx(Z,{)wj —>A1xdj+1(K,{).

+1(K7)
As a consequence of Lemma 5.23 we see that the scaling of A! x A and the scaling of Z,{ coincide
except possibly in those triangles coming from A¥ 14/ %1} and similarly for A' x B and Kj,. We further
note that every marked edge of K; factors through Z; . After direct inspection we observe that we can
produce a pushout diagram

Al X (Z'J’)ldj+1(K;{) —_— Al de+1(K,{)

! |

Z} s K}

Therefore we can add the remaining decorations via a pushout of ¢ along a cofibration which shows that
the last step in the filtration is a trivial cofibration. To show that Q;, — Z; is a trivial cofibration we
consider a pushout-pullback diagram

Zy 4 — dﬂ(Kf{) =Ky,

0 ——— Zj,
and conclude by the previous argument or by a direct computation if n = 3.
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To finish the proof we will show that Q77 — K]} is a trivial cofibration. In this case Q] contains every
simplex that factors through a face of C,, except those factoring through d; (K};). For every k € [n] we
define a chain

D =(0,00<(0,1)<---<(0,k) < (1,n).

We observe that using morphisms of type (M2) in Definition 3.36 and morphisms of type (¢) as in the
proof of Lemma 5.24 we can scale the triangle D; 1 C D; C D;41 in A,—1 and in A,. Recall that for
every chain C = {(iy, jo)}aca We defined mc to be the biggest element in A such that i, = 0. We
can use this parameter to define a map

rn K — (A" b, AUTLHFY O

Moreover r, admits a section s, which sends j to D; as defined above. It follows that there exists
a marked homotopy between s, o r,, and the identity map on K. Furthermore, r, restricts to a map
n: Qp — A”. One checks that since Q} and A” can be expressed as iterated pushouts along cofibrations
indexed by (n—1)-dimensional faces of O} and the map r, restricts to an equivalence in each of its faces,
that 7, is also a weak equivalence. We conclude that we have a commutative diagram

On » K

(Al’!,b,A{i—l,i,i+1}) — =y (An, b, AUSLLIFL

and so the result follows by two-out-of-three. a

Lemma 5.26 Leti : A — B be a morphism of type (A3) in Definition 3.4. Then the induced natural
transformation Stg(A) = Stp(B) is a pointwise weak equivalence.

Proof The proof will mirror the strategy of the previous lemma. Again, we observe that the induced
morphism of mapping simplicial sets TTg(4)t(x, y) — Iz (B)(x, y) is an isomorphism except when
x =(0,0) and y = (1,n) or when x = (0, 1) and y = (1, n). However we observe that since the edge
(0,0) — (0, 1) will be collapsed in order to define the value of the functor Stp it will suffice to construct
the analogous filtration

AJK=A_1—>Ag— -+ > Ap_1 > A =K,

and show that each step is a trivial cofibration. As before, we will leave the case n = 2 as an easy exercise
and focus our attention to the cases n > 3. Note that in this case, we decorations coming from the marked
edge 0 — 1 and the thin triangle 0 — 1 — n are already contained in A K.

For 0 < j < n we consider pullback-pushout diagrams

07 — Ki

! !

Aj1 —— Aj
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where Q ,J, is the simplicial subset of Kj /" which contains every face of C, except the d;j 1 1(Kj J ) and if
j > 0 the face C consisting in those chains that have the element (0, 1). The proof at this point is totally
analogous to the proof of Lemma 5.25. We construct Z; J by adding to Qj, the face C, 9 and conclude by
Lemma 5.24 that each step in the filtration Q;, — Z; N Ké is given by a trivial cofibration.

To show that A,—1 — Ay, is a trivial cofibration we need to work a little bit harder. First we consider a
commutative diagram where we are using circled arrows to represent marked morphisms

(0,0) < (1,0) < (1,n) —e— (0,0) < (1,0) < (1,1) < (1,n)

t t

0,0) <(I,n) ——— (0,0) < (1,1) < (1,n)

l ¢

(0,0) < (0,1) < (1,n) —e— (0,0) < (0,1) < (1,1) < (1,n)

We note that every 2-simplex in this diagram is scaled and therefore we can mark every morphism via a
pushout along a trivial cofibration. Let us remark that we can mark this morphisms in both A,_; and A,
since n = 3. Recall the definition of D; in Lemma 5.25 and consider a 3-simplex

ow Do C Dy C(0,0)<(0,1)<(0,n)<(1,n) C(0,0)<(0,1)<(0,n) <(1,n)UW,

where W is any chain starting at (0, 1) and ending at (0, n). It follows that every face of py is scaled
except possibly da(pw ). Therefore we might scale that face using a pushout along a morphism of type
(M2) in Definition 3.36. Note that any possible py factors through A,_; except in the case where W is the
maximal chain. A similar argument as in the previous lemma shows that we have a commutative diagram

An—1 s An
(AL (AL (AL L) = 5 (A7 (AL0TH (AL L}
and the claim follows from two-out-of-three. O

Lemma 5.27 Leti : A— B be a morphism of type (M2) in (M2). Then the induced natural transformation
Stg(A) = Stp(B) is a pointwise weak equivalence.

Proof Let L = IT5(A4)"((0,0), (1,4)) and let K4 = IT5(B)((0,0), (1,4)). The only thing we need to
show is that the map L — K4 is a weak equivalence. Using the notation from the previous proofs it
follows that the missing scaled simplices in L are all contained in K:. Therefore if we denote by Li the
restriction of Ki to L we see that it will be enough to show that the induced map Li — Ki is a weak
equivalence. However, one can easily construct a commutative diagram

L —— K§

2 I

(A* b, T) —=— (A*,b,T)
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where vertical maps are weak equivalences and the scaling in the bottom horizontal map is that of (A2) in
Definition 3.4. |

Proposition 5.28 Let (S, Ts) be a scaled simplicial set and leti : A — B be an MB-anodyne morphism
in (Set‘i‘b)/(ssﬂjscﬁ). Then Sts (i) is a weak equivalence in Fun(€5[S], Set'n®).
Proof Using Proposition 5.14 we can assume that S = B. The rest of the proof will consist in verifying

that the claim holds for each of the generators given in Definition 3.4. We proceed case by case:

(A1) This follows from Lemma 5.25.
(A2) This follows from Lemma 5.27.
(A3) This follows from Lemma 5.26.
(A4) This follows from Corollary 5.19.
(S1) This follows from Corollary 5.19.
(S2) This follows by explicit verification.
(E) This follows from Corollary 5.19. O

Proposition 5.29 Let (S, Ts) be a scaled simplicial set and let ¢ : €¢[S] — C be a functor of SetZ-
enriched categories. Then the straightening functor

Stg : (Set'gb) — Fun(C, Sety®)

/(S.B,TsCH)
is a left Quillen functor.

Proof We will show that Sty preserves cofibrations and weak equivalences. First, we point out that due
to Proposition 5.14 it will be enough to consider the case ¢ = id. In this case, we saw in Lemma 5.16
that our functor preserves cofibrations.

To address the claim regarding weak equivalences, we see that Proposition 5.28 implies Stg preserves
MB-anodyne morphisms. We can therefore restrict our attention to showing that Stg preserves weak
equivalences between fibrant objects. To this end it will be enough to show the following:

(x) Let f,g: X — Y be morphisms between fibrant objects such that Stg( f) is a weak equivalence.
Then given a homotopy H : X X (AY)* - Y between f and g it follows that Stg(g) is also a weak
equivalence.

The claim follows after noting that we have an anodyne morphism X x A% — X x (A1) due to
Proposition 3.12 which implies that Stg(H ) is a weak equivalence as well as the map induced by the
projection onto X, Sts(p) : Stg (X x (A)#) — Stg(X). |
5.2 Straightening over a point

The goal of this section is to prove the following result.

Algebraic & Geometric Topology, Volume 26 (2026)



1726 Fernando Abelldn

Proposition 5.30 The straightening-unstraightening adjunction over the point

St : (Setq”) )0 = Seti’: Uny
is a Quillen equivalence.

To do this we will construct a left Quillen equivalence
Ly : (Set‘Xb)/AO — Set}®

and a natural transformation « : St = L which is pointwise a weak equivalence of marked-scaled
simplicial sets.

Proposition 5.31 Let L, : (SetXb) /A0 = Set'y® be the functor that assigns to an MB simplicial set
(X, Ex, Tx € Cyx) the marked scaled simplicial set (X, Ex, Cx). Then L, is a left Quillen equivalence.

Proof The functor L, admits a right adjoint R, which is given by R«(X, Ex, Tx) = (X, Ex, Tx). We
observe that L. o Ry = id and that the unit id = Rx o L4 is given by (X, Ex, Tx C Cx) — (X, Ex, Cx)
which is in the weakly saturated class of morphisms of type (S2) in Definition 3.4.

To finish the proof we observe that L, preserves cofibrations and maps MB-anodyne morphisms to
MS-anodyne morphisms. It is then easy to see that L, preserves weak equivalences between fibrant

objects and the result follows. |

Recall the definition of the maps 7g , in Remark 5.6. Then postcomposing this map with the morphism
my : Pp — (A", b) which assigns to every S € P, the value m,(S) = min(S) we obtain a map of marked
scaled simplicial sets

b Stu((A".b,b)) — (A" b,b).

One can easily produce marked variants of this maps ag and octlt associated to the MB simplicial sets
(AZ%,b, 1) and (A, #, ). We would like to remark that Sty (A2, b,b C f) = St«(AZ, b, ) which justifies
why we are defining only one ag. Since our definitions are functorial with respect to monotone morphisms
[k] — [n] this collection of maps assemble into a natural transformation « : Sty = L.

Proposition 5.32 The natural transformation o : St« = L is a pointwise weak equivalence.

Proof Since both functors are left Quillen and both model categories are left proper, a simplex by simplex

argument shows that it will be enough to show that the components cx,b,, ag and ozit are weak equivalences.

We further observe ag and a? can be obtained from their undecorated countermarks via pushouts along
cofibrations. This shows that we can restrict our attention to o, for n = 0.
Let S = (A",b) and consider I1g(A”,b,b) (see Definition 5.8). Denote by &, the Set)y*-category

obtained from ITg(A”,b,b) by marking every edge in the mapping simplicial sets of the form
s (A", b,b)((1,a), (1,b)).

We will show that the map &Z 1 Ky =9,((0,n), (1,n)) — (A", b) is a weak equivalence. Note that a',), is
obtained from &',’, after identifying certain simplices. It is easy to see that we can mark every edge in K,
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whose image under &Z becomes degenerate using pushouts along MB-anodyne morphisms. We consider
a filtration
A_q =K’?—>A1—>A2—> o= Ap—1 = An = Ky,

where A; is obtained from A;_; by attaching those simplices contained in K jl (see Definition 5.22) where
Kf, has the decorations induced from ®,,. We further denote by A; the image of A; under the collapse
map in the definition of Sty ((A”,b,b))(x) and similarly denote K ﬁl

We will show that the restriction of o, to each A; defines a weak equivalence

oy Ai — (Al b ).

Since weak equivalences are stable under filtered colimits this will imply the result. Assume that az j is

a weak equivalence for j <i — 1 and consider the pullback-pushout square

0, — K,
! l
Ai-1 —— A;

Observe that @, induces a commutative diagram
0, —— K,
! i
Ali—11 ___y Al0.i]
We claim that the vertical morphisms are weak equivalences. Note that we can define, for 0 < j <1,
Ci=(0,0<(0,1)---<(0,j)<,i)<---<(1,n),

which provides us with a section s; : A0l — K,", sending j to C;. One checks that r; os; = id and that
there is a marked homotopy between the identity of Kf, and s; o r;. Moreover, the section s; and the

homotopy restrict to Q 51 It is immediate to see that both the section an the homotopy can be factored
b

through the quotient simplicial sets K i, and Q Z which shows that oy, ;

is again a weak equivalence. 0O

Corollary 5.33 Let S be a scaled simplicial set. Let ¢ : €¢[S] — C be a Set"A' -enriched functor. Assume
that ¢ is essentially surjective, and let o : F — F’ be a map between fibrant objects of Fun(C, Set'y®).
Then the following conditions are equivalent:

(1) The map « is a weak equivalence in (Set'}y*)°.
(2) Forevery C € C the induced map a¢ : F(C) — F'(C) is a weak equivalence.
(3) For every vertex s € S the induced map on fibres
Ung (F)s — Ung (F)y
is a bicategorical equivalence.

(4) The map Ung(c) is a weak equivalence in (Set‘Xb)/(S,ﬁ,TS ch-
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Proof The equivalence (1) <= (2) is immediate from the definition. Since both F and F are fibrant it
follows from Proposition 5.29 that Ung (cr) is a map between fibrant objects in (Set'Xb) /(S,4,Tsct)- Then
the equivalence (3) <= (4) follows from (v) in Proposition 3.23. To finish the proof we need to show
that (2) <= (3). However, the fact that ¢ is surjective allows us to reduce to the case where S = A® and
conclude by Remark 5.15 and Proposition 5.30. |

5.3 Straightening over a simplex
In this section we establish the key element in the proof of our main theorem.

Proposition 5.34 Denote by Al' = (A",b) the minimally scaled n-simplex. Then the straightening-
unstraightening adjunction, over A",

Stap : (Setlgb)(An,f;,bcu) Z Fun(C*[A}], Set}®) Unap
is a Quillen equivalence.

Let us comment on the general structure of the proof before we dive into the details. First, let us observe
that Corollary 5.33 shows that Un Al detects weak equivalences between fibrant objects and thus it descends
to a conservative right adjoint on homotopy categories. Consequently, in order to prove the result we only
need to show that given an object X € (Set'Xb)( An gbct) and an equivalence of SetJAr -enriched functors

StAn(X)i)SF,

where JF is a fibrant functor, the adjoint map X — Unan (F) is a weak equivalence in (Set‘Xb)( A" 4 bCH)-
Using two-out-of-three we can assume without loss of generality that p : X — A” is a fibrant object.
Now, in order to check that our adjoint map is a weak equivalence it suffices by Proposition 3.23 to check
that the induced morphisms on fibres

o : Xi => Unan(5);

are bicategorical equivalences for 0 <i <n. We will use induction on 7, the dimension of our simplex A}.
Let us assume that we have proved Proposition 5.34 for 0 < k < n — 1 and note the base case was already
shown in Proposition 5.30. We claim that for every 0 <i <n —1 the map ¢! is a bicategorical equivalence.

We consider the morphism « : At[)o’"_l] — A} and denote by X the pullback of X along . Similarly
we denote by F = j*J the restriction of F along ¢5[«] = j. We observe the following:

(1) As a direct consequence of the point-wise formula for left (enriched) Kan extensions in terms
of weighted colimits (see [18, Proposition A.3.3.7]) and fully faithfulness of j we see that for every
functor H : (’:SC[AI’)’_I] — Set's® we have an isomorphism ;j* jiJ{ >~ J{. This implies that for every
G : C[A]] — Sety® we have that j)j*G(i) — G(i) is an isomorphism for 0 <i <n.

(2) For every p : X — A" we have that the map StAg (X)) - StAg (X)(i) is an isomorphism for
0 <i < n. This follows from the previous point and Proposition 5.14 since StAg X ~ ji St NG X.
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(3) Using Proposition 5.14 and Remark 5.15 we obtain a commutative diagram

JiStap—1 X —— jij*(9)

! |

Star X ——— F

We conclude from (1)—(3) above that St N X — Fis a weak equivalence. It follows from our induction
hypothesis that X — Un NG (F) is a weak equivalence and thus the maps ¢;, are equivalences for
0<i<n.

We have reduced our problem to showing that ¢/ is a weak equivalence. We claim that is enough to

show the following.
(*) The map Stan(Xy)(n) = Stan(X)(n) is a weak equivalence.

Indeed, let r™ : A® — Al’)’ denote the inclusion of the terminal vertex. Given K € Set’XS it follows that we
have an isomorphism ry' (K)(n) ~ K which in turn shows that the adjoint morphism to

r,"(St* Xn) ~ StAn (Xn) —> StAn (X) —> :T,

which is given by Sty X,, — F(n) is a weak equivalence. We can now use Proposition 5.30 to conclude
that we have a bicategorical equivalence

Xn = Unan (Fn.

Therefore, we will devote the rest of this section to the proof of the claim (x) above.

Definition 5.35 Let [ be a finite linearly ordered set and let i € /. We define simplicial set as the nerve
of a poset (’)l,l 2 whose elements are given by subsets S C I such that S # & and such that min(S) =i.
We declare S < T if S € T. We observe that we have a map

b9 4 :(91.17\ — AT, S +— max(S).

We upgrade 7y : Oz‘lf — A to an object of (Set’&‘b)/A; as follows:

e We declare an edge S — T to be marked if T = S U max(T).

e We declare every triangle of OI,I p to be lean.

¢ We declare a triangle to be thin if its image in A’ is degenerate.
Definition 5.36 To ease the notation we set O™ = €*[A]'] (see Definition 2.8).

Remark 5.37 Let I = [n]. For every i < j we view Q" (i, j) as an MB simplicial set by declaring every
triangle to be thin scaled and only degenerate edges to be marked. We further note that we have functors

@”(i,j)x(?j?f —>(9;17‘, (S, Ty SUT,
which preserve the decorations.
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Definition 5.38 Let J : €°[A]'] — Sety® be a SetZ—enriched functor. We define an MB simplicial
set M(F) over Al as follows:

(1) Leti € [n]. We upgrade the marked-scaled simplicial set F(i) to an MB simplicial set by declaring
the collection of thin triangles and lean triangles to coincide.

(2) We define M(F) as the coequaliser of the diagram in the category of MB simplicial sets
LI FG)xO (l,])XOjf:;]l_.[?(l)XOif, i,j €[n],

i<j
where the maps in the diagram are given by

Fi)x O"(,J) x(’);_lf —F(Jj) x(’)j’.’ Fi)x 0", j) x(’);_lf — F() x(’);’f.

f b
(3) The maps F(i) x O?f — 0?7‘ — A" assemble into a functor M(F) — A”.

Remark 5.39 Given 0 <i < n we have a map (actually an isomorphism) of simplicial sets

Ei:Al)(O’:l_l_)Ofl , EZ(E,S): S %f&‘:o’
7 i SUi{n} ife=1,

which we use to equip Al x (9;1_1 with the induced decorations from (9;’ -
Given a functor J: €*[A]'] — Sety" let us denote by F the restriction of F to (’SSC[AI’}_I] along the
map i : At[)o’n_l] — A}. We can use the maps E' to construct a map of simplicial sets

Eq: Al x M(F) = M(F).
Finally, we equip A x M(F) with the decorations induced (via Eg) from M(F) and denote the resulting
MB simplicial set by A! @ M(F).
Remark 5.40 The construction of M(F) defines a colimit-preserving functor
M(—) : Fun(€*[A], Sety) — (Set'x?) N
which enjoys several properties:
(i) For every j € [n] we have an isomorphism M(F); >~ JF(j).

(ii) Given a functor J : €[A]'] — Set;® let us denote by F as in Remark 5.39. Then we have a pushout
diagram

AL S M(F) —— Fn)

! |

Al @M(TF) —— M(F)
of MB simplicial sets.

(iii) The functor M(—) preserves cofibrations.
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Lemma5.41 Let A— A[! be an object of (Setq”) pn y - Define an MB simplicial set A'® A — A} ™!
as follows:
» The underlying simplicial set is given by the cartesian product.
e The projection map A' x A — AEH is induced by the map
ifi—
riAlx A" — AT r(e,i)= : 11 0.
n ifi =1.
o Let(er,eq): A1 — Al x A be marked if e is marked in A ande; =0 — 0 or if e4 is degenerate.

e A triangle is lean if and only if it is lean in A.

e A triangle is thin if and only if it is lean and its image in A" is degenerate.
Then the map A% x A — A' ® A is MB-anodyne.

Proof The claim follows from a standard simplex by simplex argument and is left as an exercise to the
reader. O

Remark 5.42 The scaling of A! ® M(F) given in Remark 5.39 is precisely that of Lemma 5.41 so in
particular we obtain an anodyne morphism M(F) — A! ® M(F). Moreover, in the particular case where

F is the corepresentable functor on the object 0 it follows M(F) = (’)3 280 applying Lemma 5.41 n times
we obtain an anodyne morphism

0 =~ n
A" = Oy Pr
where the map above selects the subset {0}.

Definition 5.43 Let J : €[A]'] — Set® be a SetZ—enriChed functor. We define a scaled simplicial
set M[(F) whose underlying simplicial set is given by that of M(F) and whose thin triangles are precisely
the lean triangles of M(F).

Lemma 5.44 Let I : C[Al'] — Set)}® be a fibrant SetZ -enriched functor. Given a b-local (0, 1)-fibration
p:X — AI')’ and a morphism, over A",

fFMIF)—-X

such that for every j € [n] the map f induces bicategorical equivalences I(j) >~ X, it follows that f is

a weak equivalence in (Set'Xb)(An’#,bcﬁ).

Proof Since p: X — Al is a b-local (0, 1)-fibration it follows that we can construct its associated
bicategorical interpretation (see Definition 4.4) p : X — A’ by declaring lean triangles to be scaled. We
claim that is enough to show the following:

(¢) The associated map § : M((J) — X is a bicategorical equivalence.
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Indeed, given a b-local (0, 1)-fibration g : Z — A} with associated bicategorical interpretation q: Z. — A"
it follows from our claim that we have a bicategorical equivalence

¢ : Fun®* (X, Z) => Fun**(M(5), Z).

Moreover, we obtain a commutative diagram

v
Mapgxn X, 7)) — MapSX,l M(F),Z2)

l |

Fun®(X,Z) —2— Fun®(M(%),Z)

where Map’y,, (—, —) denotes the full subcategory on maps which preserve the marked edges and commute
with the projection maps. We observe that higher simplices in the aforementioned scaled simplicial set
are also compatible with the projection maps. Since a simplex in M(F) is thin if and only if it is lean
and its image is thin in A’ we see that if ¥ is a bicategorical equivalence it will follow that f is a weak
equivalence (Set‘Xb)( AT #bCH)" It is clear by construction that v is fully faithful so it will suffice to show
that it is essentially surjective.

Given u € Map’y, (M(F),Z) we can find some v € Fun®(X, Z) such that ¢ (v) ~ u. Consequently,
it will be enough to show that v factors through Map’{, (X, Z). Let x € X such that p(x) =i and pick
an equivalence f(y) —=> x. We then see that

v(f() =uly). v(f() =vx) = qx)) =i

Therefore, we can focus our attention into proving the statement (<) above. Let x; € M(J) be an object
represented by a pair (a;, {i}) in F(i) x Ol’,’ ¥ We consider a marked morphism f : x; — X; given by
(ai,{i}) = (a;,{in}). Given an object x,, lying over n, we claim the following:

(») Restriction along f induces a weak equivalence of marked simplicial sets
CEM(I)](Ri, xp) => C[M(P)](xi, Xn).

It is easy to see that (¢) follows from (%) together with a routine inductive argument.
We observe that we have cofibrations of SetJAr -enriched categories

CM(T)] = A xM@)],  CMT)] — €[AT] x CM(T)]
and a diagram

CM(T)] —— €A x M(F)] —— C€[A"] x S [M(T)]

| | |

[T ()] ——— T [M(I)] > P3)

where both squares are pushouts. It is not hard to see using the fact €%°[—] is a left Quillen equivalence
that the top right-most horizontal map is a weak equivalence. We conclude that the bottom right-most

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of (00, 2)-categories 1733

horizontal morphism is also a weak equivalence. It is easy to see by direct inspection that the analogous
claim to (%) holds for P (J). |

Proposition 5.45 Let p: X — A} be ab-local (0, 1)-fibration. Then there exists a projectively fibrant-

cofibrant functor F : €[Al'] — Set)x® and a weak equivalence M(JF) — X in (Setlxb)(m,g,bcﬁ)-

Proof Using Lemma 5.44 it will be enough to construct a map M(F) — X inducing categorical
equivalences on fibres. We proceed using induction on 7, the case n = 0 being clear. Let us suppose that
the claim holds for n — 1 and let i : AIEO’"_I] — A}. We denote by X the restriction of X along i. Using
our induction hypothesis we obtain a projectively fibrant-cofibrant functor J : QSC[Ag_I] — Set® and
fibrewise equivalence M(F) — X. We use Remark 5.42 to provide a solution to the lifting problem

M(F) — X
AT @M(TF) —— A"
which provides us with a map M(F) — X,,. We factor this map as
MTF) 2 X 2 X,
where u is a cofibration and v is a trivial fibration. Note that it follows that X n 18 also an co-bicategory. We
can use the map u to extend F to a fibrant-cofibrant functor F : C[A]'] — Sety” such that F(n) = X, O

Proposition 5.46 Let p : X — A} be a b-local (0, 1)-fibration. Then there exists an equivalence of
marked-scaled simplicial sets
Stan (Xn)(n) => Stan (X)(n),

where X, denotes the fibre overn of X .

Proof We note that due to Proposition 5.45 we have a fibrant-cofibrant functor J: €*[A]'] — Set’s® and
a weak equivalence M(F) — X. We will show that for every projectively cofibrant functor § the map

ng : Stan (§(n))(n) => Star (M(9))(n)
is a weak equivalence of marked-scaled simplicial sets. We observe that we have a pair of functors
L; : Fun(C*[A}'], SetR®) — Set}®, i=1,2,

given by L1(9) = Stan(G(n))(n) and L, = Stan (M(G))(n) which preserve colimits and cofibrations
together with a natural transformation 1 : L1 = L,. We say that a functor § is good if g is a weak
equivalence. To finish the proof we need to show that every cofibrant functor is good.

Forevery —1 < j <nleti;: AIEO’j I A} be the obvious inclusion with the convention A1 = g
Given a functor § we define G; as the result of first restricting G along €%[i;] = f/ and then apply-
ing the left Kan extension along f/. We set §_; to be the initial functor. We further denote by
r/ : ©¢[A% — ¢*[A"] the functor that picks the object j for 0 < j < n.
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Note that given a projectively cofibrant functor G, it follows that the canonical map G;—1(j) — G(j)
is a cofibration for 0 < j < n. We further note that we have a pushout diagram

i G-1) — 1 S(j)

! |

§j-1 ——— G

where r!j denotes the left Kan extension functor along /. Since the top horizontal map is a cofibration it
follows that in order to show that G; is good it is enough to show that r!] Gi-1(J), r!] 9(j)and Gj_1 are
good. We note the following:

e If j > 0 it follows that r!j A(i) = @ for i < j. In particular, it follows that Jv[(r!j A) factors
through AIE] 1 We can now induct on 7 to see that r!j A is good for j > 0.

Finally, we can use induction on j to reduce our problem to show that for every K € Set's® the functor
K C[A]] — Set)l®, i Kx0"(0,i),

is good. Note that we can use further simplify our computation to the cases where K = Allf for k =0,
A§ and (A")#. We will only show the case K = Af for k = 0 the other cases will follow by a totally
analogous argument.

We can identify Sta (A¥ x (’)(’)’ 4 )(n) as a quotient of the (decorated) poset of chains of Al x A x O"

07
starting at (0, 0, {0}) at ending at some element (1, £, S) with max(S) = n. We define a map

¥ : Sta(AF x O () — AF x 0™ (0,n)

by sending a chain C = {(¢;, k;, Si)}if; to (k
index such that ¢; = 0. We consider the map py : Ak A} where A¥ has the minimal decorations and

»Sme U{max(S;)}j=mc) where mc is the biggest

ime
where pg is constant on the vertex 0. We can now look at the commutative diagram

Stan (AF)(n) —2— Sta(ak x 07 )(n) P Stpn(AF x 00, n))(n)
x lllf /
AF x 0"(0,n)
and make the following observations:

(1) It follows from Lemma 5.41, Remark 5.42 and Proposition 3.12 that ¢ is a weak equivalence.

(2) The map u : Stan (AF)(n) >~ Stx(AF) x 0"(0,n) — A’bc x @"(0, n) can be identified with a product
of the natural transformation o at A¥ considered in the proof of Proposition 5.30 and the identity map
on Q" (0, n) and its a consequently a weak equivalence. Tt follows from 1 that ¥ is also a weak equivalence.
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(3) The map v : Stan (A* x 0" (0, n))(n) ~ Stx(A¥ x 0" (0, n)) — A]b‘ x ©"(0, n) can also be identified
with the component of the natural transformation « and thus it is a weak equivalence. We conclude that
¢ is a weak equivalence. |

Our final claim is established. Therefore, Proposition 5.34 is proved.

5.4 The main theorem

Let Set’ be the category of scaled simplicial sets and observe that we have a pair of functors

o

Fi, F>: (Set™)¥ — Seti—Cat, Fi(S) = Fun®(€*[S], Seth), Fa(S) = (Sety?) J(SATsCH

which values in the category of SetX—enriched categories and where the superscript “0” denotes the full
(enriched) subcategory on fibrant-cofibrant objects. Let us remind the reader that it then follows that for
every S € Set’y we have fibrant Set"A'—enriched categories F;(S) fori =1, 2.

We claim that the unstraightening construction Un(_) defines a natural transformation. In virtue of
Remark 5.15 it will be enough to show that for every scaled simplicial set S we have that Ung defines a
SetZ-enriched functor. Given a fibrant-cofibrant functors F, G : €5¢[S] — SetrXS let Nat(&, G) denote the
corresponding mapping marked simplicial set. Then a map K — Nat(F, G) is precisely the data of an
enriched natural transformation K ® ¥ = G where

KRF(s) =K xF(s).
We can consequently define a map K — Mapg(Ung(5), §) as the composite
K xUng(F) - Uny(K) x Ung(F) >~ Ung(K xF) - Ung(9),

which shows that Ung defines a SetJAr -enriched functor. The main goal of this section is to show that for
every scaled simplicial set .S, it follows that Ung is an equivalence of SetZ—enriched categories.

Proposition 5.47 Let S be a scaled simplicial set. Then the following are equivalent:

(i) The functor Ung is a right Quillen equivalence.

(ii) The functor Ung defines an equivalence of fibrant Seti‘r -enriched categories after restriction to the
full subcategories of fibrant-cofibrant objects.

Proof It follows from Proposition 3.1.10 in [18] and our previous discussion that (ii)) = (i). To show
that (i) = (ii) we show that given a marked simplicial set K, Ung induces an isomorphism in the
homotopy category of SetJAr between [K, Nat(F, §)] >~ [K, Mapg(Ung (F, Ung(9))]. This follows from
the chain of isomorphisms

[K, Nat(F, §)] ~ [K ® F, §]™ ~ [Unu(K) x Ung (), Ung(9)]™ =~ [K, Mapg (Uns(F), Uns(9))],
where the second isomorphism is a consequence of (i). |
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Remark 5.48 Let S be a scaled simplicial set and ¢ : €¢[S] — € an equivalence of SetX-enriched
categories. Observe that it follows from Proposition 5.14 that Ung is a right Quillen equivalence if and
only if Ung is a right Quillen equivalence. Therefore for the rest of the section we will let ¢ = id.

Corollary 5.49 Let Aﬁ = (A2, 1) denote a maximally scaled 2-simplex. Then the straightening-
unstraightening adjunction

StAﬁ : (Set'gb)(Azﬂﬁ,ﬁ) pie Fun(Qﬁsc[Aﬁ], Set’) : UnA§

is a Quillen equivalence.
Proof Observe that we have a commutative diagram

UnAz

# b\°
Fun®(€%[AF], Setx®) —— (Setx”) (a2.4.4)

| |

U
Fun®(€[AZ]. Set?) —23 (SetR®)) a2 400

where the vertical maps are fully faithful functors. We conclude that Un A2 is fully faithful. It follows
from Proposition 5.47 that it will be enough to show that Un 2 is essentially surjective.

Let p: X — Aé be a fibrant object and pick a fibrant-cofibrant functor & : (’:SC[Aﬁ] — Set'y® such that
Unp2(F) >~ X. To finish the proof we need to show that J factors through QSC[Aﬁ]. Since Unp2(9) is
equivalent to X it follows that the composition of local (0, 1)-cartesian edges in this fibration remains
(0, 1)-cartesian. Direct inspection reveals that our functor must factor through Qﬁsc[Ag]. |

Remark 5.50 It follows from Lemma A.3.6.17 and Corollary A.3.6.18 in [18] that F; sends homotopy
colimits of scaled simplicial sets to homotopy limits of Set"A'—enriched categories.

Lemma 5.51 Let f : So — S be a cofibration of scaled simplicial sets. Then the functor
. b)© b\©
S (Seth?) g — (Seth )So
is a fibration of SetZr -enriched categories.

Proof Since both SetX—enriched categories are fibrant it follows from Theorem A.3.2.24 in [18] that it
will be enough to show the following:

(*) Given a pair of fibrant objects X, Y € (Setrgb);, the induced morphism on mapping co-categories
Map5'(X,Y) — Maps, (f*X, f*Y)
is a fibration of marked simplicial sets.
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More generally we consider a pair of adjoint lifting problems

A — Mapg(X.Y) AxX Uyupex Bx f*X ——— Y

B —— Mapg, (f*X, f*Y) BxX - , S

where A — B is MB-anodyne. Since f : So — S is a cofibration it follows that the canonical map
f*X — X is a cofibration so we can use Proposition 3.12 to conclude that we can produce the desired
solution to the lifting problem. O

Theorem 5.52 Let S be a scaled simplicial set. Then the functor Ung induces an equivalence of
SetWAL -enriched categories

. b\©
Ung : Fun®(€*[S], Set’}y®) — (Set’y )/(S,ﬁ,Tgcﬁ) .

Proof We say that a scaled simplicial set S is good if the conclusion of the theorem holds. In virtue of
Proposition 5.47 we know that Proposition 5.34 shows that the scaled simplicial sets (A", b) are good for
n = 0. Moreover, it follows from Corollary 5.49 that (A2, #) is also good.

Recall that every scaled simplicial set S can be expressed as a filtered colimit over the natural numbers

SO_)SI_) _)Sk_)

such that each map S; — S;+1 is a cofibration and such that Sy is a disjoint union of points. Moreover, a
simplex by simplex argument shows that each step in this filtration can be obtained via pushouts along
the cofibrations

e (0A™,b) — (A",b) forn = 0,

. (A2, b) — (Az, ).
We saw in Remark 5.50 that F; maps homotopy colimits to homotopy limits. We see that in order to finish
the proof it will be enough to show that F, maps the colimits appearing in our filtration to homotopy

limits. Using Lemma 5.51 we reduce the problem to verifying that F, maps those colimits to ordinary
limits which follows from direct inspection. O

Corollary 5.53 Let S be a scaled simplicial set and let ¢ : €5¢[S] — C be an equivalence of SetZ -enriched
categories. Then the straightening-unstraightening adjunction
. b :
Stg : (Set'y )/(S,ﬂ,TScﬁ) 2 Fun(C, Set}®) : Ung
is a Quillen equivalence.

Remark 5.54 Let N°¢ be as in Definition 2.9. Given a scaled simplicial set S we define Fibg 1 (S) =
Nsc((Set‘Xb)‘/)( S#TsC ﬁ))' We also define Bicato, = N*¢((Set'y*)°) and observe that an analogous discussion
to that of [3] shows that Theorem 5.52 shows that we have an equivalence of co-bicategories

Ung : Fun(S, Bicats,) — Fibg,1(S).
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Definition 5.55 Let S = (S, T's) be an co-bicategory and let Spr¢ = (S, M) (see Definition 4.1). We
denote by ILFib(S) = [Fibg,1 (Sag) the oo-bicategory of local (0, 1)-fibrations over $. Similarly, given
another co-bicategory D we define Fun®®($, D) = Fun(Sy,, D).

Remark 5.56 In [11], the definition of Fun®'® (8§, D) is proposed as a model for oplax normalised
functors. In [1], we establish an equivalence between the aforementioned notion of an oplax normalised
functor and that given in [14; 15].

Corollary 5.57 Let S be an co-bicategory. Then the straightening-unstraightening adjunction, associated
to the scaled simplicial set (S, Mg),

SEP™ : LFib($) = Fun®® (S, Bicateo) : Ung™™

yields an equivalence of co-bicategories between the co-bicategory of local (0, 1)-fibrations over $ and
the oo-bicategory of oplax normalised functors with values in oo-bicategories.

Proof This follows immediately from Theorem 5.52 and Remark 5.54. |

Definition 5.58 Let $ = (S, Ts) be an oco-bicategory and let S;; = (S, /) where Mg CU C Ts. We denote
by ILFib¥(8) = Fibo,1(S/) the co-bicategory of U/-local (0, 1)-fibrations over S (see Definition 4.28 and
Theorem 4.29). Similarly, given another co-bicategory ID we define Fun*°P'&X(§, D) = Fun(S;,, D).

Corollary 5.59 Let S be an co-bicategory. Then the straightening-unstraightening adjunction associated
to the scaled simplicial set (S, U) (see Definition 5.58)

StZ;OPIaX : LFib($) 2 Fun“°P'™(§, Bicaty) : I[Jng{()plax

yields an equivalence of co-bicategories between the oo-bicategory of U-local (0, 1)-fibrations over $ and
the co-bicategory consisting in those oplax normalised functors which preserve the composites in U.

6 The oo-bicategorical Yoneda embedding

In this section, we present a proof of the Yoneda lemma for (00, 2)-categories. We would like to point
out that this result has already appeared in the work of Hinich [16] in the context of enriched co-category
theory. Throughout this section we fix an co-bicategory C.

Definition 6.1 Let C be an co-bicategory and let IF (C) = Fun®¢" (A, C) (see Definition 5.1). We observe
that evaluation at 0 and evaluation at 1 induce maps ev; : F(C) — C for i = 0,1. It follows from
Proposition 2.2.6 in [13] that evaluation at 0 yields a (1, 0)-fibration. One can similarly show that the
map ev; defines a (0, 1)-fibration.

Remark 6.2 Let us recall that a morphism in [F(C) is (0, 1)-cartesian if and only if it is sent to an
equivalence under evg. Similarly, a 2-morphism is cartesian in IF (C)(x, y) if and only if its image in C
under evy is an invertible. The same description holds for the (1, 0)-cartesian morphisms by replacing
evg with evy.

Algebraic & Geometric Topology, Volume 26 (2026)



On local fibrations of (00, 2)-categories 1739

Definition 6.3 Let C be an oo-bicategory. We define an oo-bicategory FFibj o(C) in a manner entirely
analogous to Remark 5.54, that is, as the nerve (see Definition 2.9) of the fibrant SetZ-enriChed category
(Setxb)(/)((E b Tect) (see Section 5.4) associated to the model structure on (1, 0)-fibrations (see [6]).

Remark 6.4 For the rest of this section we will work simultaneously with (0, 1)- and (1, 0)-fibrations and
we will consequently introduce some notation to avoid confusion. Given an (i, j)-fibration, incarnated
as a fibrant MB simplicial set p : (X, Ex,Tx € Cx) — (S,{#,1) and any other MB simplicial set
(A, Eq, T4 C Ey), we will denote by Mapfg’j (A, X) the oco-bicategory obtained (see Definition 3.15) as
the pullback

Map’ (4, X) —— Fun™ (4, X)

| |

A — 2 Fun™P(4,5)
Note that the underlying marked simplicial set of Mapé:’j (—, —) is precisely the mapping marked simplicial
set in Fib; ; (C).
Remark 6.5 Let f : A — C be a functor of oco-bicategories and consider a pullback diagram

F(C) xc A — F(C)

l l/ew

A—L ¢

It follows that evaluation at 0 induces a map [F (C) x¢ A — C which is a (1, 0)-fibration by Proposition 3.8
in [4]. We observe that we have a commutative diagram

A——— 5 F(C)xcA
X‘ A
C

where the horizontal morphism is induced by the map A! ® A — A° ® A ~ A. Moreover, we see as a
consequence of Theorem 3.17 in [4] that for every (1, 0)-fibration 7 : X — C we have a trivial fibration
of co-bicategories

Mapg (F (C€) x¢ A, X) — Func(A, X),

where we are denoting by Mapé’o —, —) the mapping oco-bicategory (as in Remark 6.4) between (1, 0)-
fibrations and by Fung (A, X) the co-bicategory obtained via the pullback

Fung(A,X) —— Fun(A, X)

i lm

A — 7 Fun(a,©)
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We are now ready to define the Yoneda embedding. Let us consider the (0, 1)-fibration ev; : F(C) — C

and observe that we have a commutative diagram, over C,

evo X evy

F(C) — %My cxC
% %
C

where m; is the projection onto the second factor. It follows from our definitions that the map evg x evy
can be seen as a map of (0, 1)-fibrations where C x C is classified by the constant functor with value C.
Let F be the functor classified by [F(C) — C. We make the following observations:

(1) For every ¢ € C we have a functor p. : F(c) — C and for every morphism u : ¢ — ¢’ we have a
commutative diagram p.s o F(u) = pc.

(2) For every ¢ € C it follows that we have a morphism
F(C) xe¢*=C,.—C,

which is a (1, 0)-fibration by Remark 6.5. Furthermore, we note that for every ¢ € C it follows that we
have a morphism

F(C) xc*=C4,—C,

which is a (1, 0)-fibration by Remark 6.5 whose fibres are co-categories. Careful inspection reveals that
for every u : ¢ — ¢’ the induced morphism u : C 2¢c = €4/ preserves (1, 0)-cartesian edges.

(3) Combining (1) and (2) we see that p. : F(c) — C is a (1, 0)-fibration and that F(u) is a functor of
(1, 0)-fibrations.

We conclude that F can be expressed as a composite
F : € — Fiby o(C)"™ — Bicato,

where the second functor is the obvious projection and the superscript “1-fib” denotes the co-bicategory
spanned by (1, 0)-fibrations whose fibres are co-categories. Using a dual version of our main result or
equivalently Corollary 3.90 in [3] we obtain a functor

V¢ : C — Fun(C, Caty),

which we call the bicategorical Yoneda embedding. Dually, using the map evq : F (C) — C we obtain the
co-Yoneda embedding

Ve : €P — Fun(C, Caty).

Definition 6.6 Let f : (A, E4, T4 C C4) — (C, 1, Tc C ) be a map of MB simplicial sets. We define an
MB simplicial set (Q(f), Er, Ty C Cy) over (C,ff, Tec C ff) as follows:
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e The underlying map of simplicial sets is the composite
F(C) x¢c A — F(C) =%,

where the pullback is taken along to the map ev; : F (C) — C.

 An edge is marked if its associated map A!' ® Al — C factors through A! x Al and the restriction
to A x A} is marked in A.

e A triangle is lean if its restriction A} @ A2 js lean in A.

* A triangle is thin if it is lean and its image in C is thin.

The proofs in [4, Theorem 3.17, Corollary 3.20] are of an entirely combinatorial nature and under close
inspection one sees we always have an MB anodyne morphism (A4, E4, T4 CC4q) — (Q(f), Ef. Ty CCy)
(in the model structure for (1, 0)-fibrations) whose definition is induced by A' ® 4 — A as in Remark 6.5.

Proposition 6.7 There exists a functor I : Fiby o(C) ! — Fib; o(C)'® which sends a (1, 0)-fibration
p . 9 — C with co-categorical fibres to the (1, 0)-fibration 1(S) which is defined as the MB simplicial set
characterised uniquely by the isomorphism

MapL®(4,1(9)) = Map-°(Q (). 9),

where [ : (A, Eq, T4 € Cq) — (C, i, Tc C 1) is a map of MB simplicial sets and Q(f) is defined as in
Definition 6.6.

Proof Note that since Q(—) is functorial on (Set'y”)
MB simplicial set over (C, §, T¢c C ).
There are two main things to prove: we need to show that I(§) — C is a (1, 0)-fibration with

J(C.4.TeCt) it follows that our definition yields an

oo-categorical fibres and that the construction I(—) is functorial. We will start by first proving the second
assertion. Note that by Definition 6.3, it suffices to verify that T(—) yields a functor of Setlr -enriched
categories.

Let K € SetJAr (which we view as having the maximal scaling) and consider a map K — Mapé’o(g, F0).
We will construct a morphism K — Map}E’O(I[(S), I(H)) as follows:

Given a simplex A" LAUN I(G) x K we consider a morphism

F(C) x¢ A" 22X0 g« K — %,

where ¢ is given by the composite F (C) x¢ A" — A" %, K. This map is clearly compatible with the
projection and functorial a thus yields a map 1(G) x K — I(H).

To finish the proof we will show that 1(G) € Fiby o(C)!i°. First let us observe that given ¢ € C we
have a canonical isomorphism

1(9) x¢ {¢} ~ Mapg(C,., ),
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which shows that the fibres of 1(9) are in fact co-categories. Let us consider a commutative diagram of

A—*t B
C

where i is an anodyne morphism in the model structure for (1, 0)-fibrations developed in [6]. It follows

MB simplicial sets

from Definition 6.6 that we have a commutative diagram

A —== 0u)
= 1
B —= Q(v)

where the horizontal morphisms are weak equivalences. It then follows by two-out-of-three that the
right-most vertical morphism is also a weak equivalence. We conclude that 1(§) is a (1, 0)-fibration. O

Remark 6.8 By the previous proposition the fibration I(G) corresponds under the straightening equiva-
lence to a functor C°? — Cats, mapping an object ¢ to

Mapg® (€. §) = Natewr (C(—, ¢), Ste(9)).

where Natcop (—, —) is the mapping oco-category in Fun(CP, Cats,). We will omit the explicit verification
of the fact that there exists an equivalence of contravariant functors

Ste(I(9)) >~ Nateer (Ve (=), Ste(9))-

Remark 6.9 The coming proofs will involve using the straightening-unstraightening equivalence for
(0, 1)- and (1, 0)-fibrations. We will employ the notation St S’J to distinguish between both variances.

Definition 6.10 Let C be an oo-bicategory and pick a fibrant replacement s : €5°[C] => C. We consider
a functor of fibrant SetZ -enriched categories

[Un‘D

Ye : €[C] L5 Funge, , (€€[C]°, Catos) 22> Fiby 0(C) — Bicatoo,

where the first functor sends each ¢ € €%¢[C] to the functor C(s(—), s(c)). Now we can consider the
Grothendieck construction and obtain a (0, 1)-fibration p : Q)¢ — C.

The definition above yields another reasonable candidate for the Yoneda embedding. In the next
theorem, we will identify our purely fibrational approach to the Yoneda embedding with the previous
definition, which relies heavily on the model of SetZ—enriChed categories. Before proving the main results
of the section we will need some preliminary work.

Construction 6.11 Let C be an oo-bicategory and let €*[A]'] = O". Let us denote by ¢, : Al — N*(0")
(see Definition 2.9) the canonical trivial cofibration adjoint to the identity map. Then for every o : Al — C
we can pick an extension E, : N*(0Q") — C such that E5 o, = 0. We claim that we can make a
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choice { E5 }s where o runs over the nondegenerate simplices of C which is in addition functorial. This
means that if we are given a map 7 : Af — Al then E; 0 €¢[7] = Egor.

Since N*(0") = A} for n = 0, 1, the choices are already fixed for dimensions n < 1. Suppose we
have made a compatible choice for simplices up to dimension k — 1 and consider A’b‘ — C. Then we can
consider the homotopy pushout diagram

8A’b‘ —= colimypx N*(QK—1)

| |

AP —— =P

where top horizontal (and hence the bottom) map is a weak equivalence the colimits involved are
homotopy colimits. We obtain by the universal property of the pushout a map P — C. Moreover, we
have a factorisation of ¢, as Al — P AN N%¢(0™), so we conclude by two-out-of-three that ; is also a
weak equivalence. The solution of the lifting problem

P —‘)r C
NSC(@II)

provides the desired functorial extension.
Definition 6.12 We define a functor P : €%[A]'] — Set'y® as follows:

e For every i € [n] we declare the value P" (i) to be the scaled poset Pjg ;] given in Definitions 5.2
and 5.5 (equipped with the minimal marking on 1-simplices).

e For every S C [n] with min(S) =i and max(S) = j we consider the functor Po ;] — Po, ;] sending
U € Pjp,)to SUU. Similarly given an inclusion § C T" we consider the natural transformation

Plo.1 X A" = Ppo, 1.
with components given by SUU C T UV (see Remark 5.3).

Remark 6.13 We have functors P[g_;; — N*¢(Q") which are uniquely determined by the assignment
given by S — min(S), S < T +— Ug, 1 (see Definition 5.5 and Remark 5.4 to see why this definition is
compatible with the scaling). These functors allow us to produce a lift P" : €[A]'] — (Set‘Xb) /N ()
by picking the maximal lean scaling.

Lemma 6.14 Let ¢ : €¢[N%¢(Q")] — O" be the counit map associated to the Quillen equivalence €5¢ 4N
(see Definition 2.9) where O™ = €*[A[']. Then there exists a natural transformation o, : P" = Un;’o oT
where T" (i) = C*[A}](—, 7).

Proof By adjunction, it will enough to produce natural transformation St;)’o oP" = T. Leti € O" and

>

let P[DO’ i the scaled simplicial set obtained from the join P[o,

= Ppo,i1 * A9, by scaling those simplices
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of the form u (o) where u : Pjg ;) — P[DO = Ppo,i1 * AY is the canonical map, and o is scaled in Plo,i]-

We consider a pushout diagram
C*[Po,i] —— TPy ]

[ |

r

0" ——— Cp(P(@))

where @ is the adjoint to the map given in Remark 6.13. Let * be the cone point of €€ [P[DO i]]. Then
it follows that Cy(P(i))(r(—), *) = St;;o(IP’(i)) as constructed in [3, Section 3]. Let S € P[g,;] with
min(S) = s. We consider the map

n
& (S) : C PR 4)(S.%) > 0" (s.i), {S=So<S1<--<Sp<#}r>S Ul JUs,s,_,.
i=0

which is compatible with the marking of €*[P[g ;1](S, *) and descends to a map
o (s) : Sty (P (i))(s) > O™ (s.1).

Note that if we are given S < 7 with min(S) = s and min(7") = ¢, then we have a commutative diagram

SC > &ln(T) n ;
[P i I(T- %) —— O"(1.1)

l J/UUs,T

SC > &ln(S) n ;
[Py l(S. %) —— O"(s.1)

which guarantees that the maps {o (s)}sco» assemble into a natural transformation e’ : Sté,’o (P@i)) =
O"(—,1). It is straightforward to verify that the maps {c/' };co» also assemble into the desired natural
transformation " : St;;o oP" = T. |

Proposition 6.15 Let C be an co-bicategory. Then there exists an equivalence of (0, 1)-fibrations, over C,

F(€) ———— Yc
N

Proof We observe that by construction there exists a map of (0, 1)-fibrations )¢ — C x C such that for
every ¢ € C the induced map on fibres

QJC X{C}C—>C

defines a (1, 0)-fibration whose fibres are co-categories. Since the map C — IF(C) is a trivial cofibration
(this is the dual to Theorem 3.17 in [4]) it follows that to produce a map F(C) — )¢ it suffices to
construct a section of p.
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Let o : Al — C. Our goal is to produce an n-simplex in the pullback

Dn — Dc

AP X AP 2% CxC
in a functorial way. Let Sto 1(A”) C[A]'] — Sety" be the straightening of the identity functor A}l — A
The maps defined in Remark 5.6 provide us with a natural transformation St AT (A”) = P” with IP’” as in
Definition 6.12. It then follows from Remark 6.13 that St(o 1)(A”) admits a hft to (Sety by /NS (")

Note that since we have a map €*[o] : C*[A]'] — €€ [C] =N C, it follows that we have a commutative

diagram, for every i € QO",

Uny*(T (i) — Ung®(J(€%[0]()))

| |

N*¢(O") Eo y C

where E, was given in Construction 6.11 and T in Lemma 6.14. This family of maps is natural in i € Q,
thus yielding a natural transformation Un(l’o) oT = Ung’o) oJ o €%[o]. Finally, let us observe that

sty 1(A ) = P" = Uni? ol = Unl>” 0/ 0 ¢*[o]

yields the desired simplex in 7'(0) : A{' —%),. Note that the functoriality of our lifts £ (Construction 6.11)
guarantees that the assignment o +— T'(0) is functorial. It is also straightforward to verify that our
assignment is compatible with the decorations thus yielding the desired map IF (C) — Q)¢ of (0, 1)-fibrations
over C.

To finish the proof we need to show that for every ¢ € C the induced map on fibres

Ce S YexC

N

is a weak equivalence. We note that by construction the horizontal map above sends the object i : A — C Ao
represented to the identity morphism to an object in Q¢ X¢) C also represented by the identity morphism.
We claim that we have a sequence of maps

AOQCTCL)Q‘)CX{C}C

such thati and f oi are weak equivalences of in the model structure of (1, 0)-fibrations. The first map is a
weak equivalence by [4, Theorem 3.17]. Since Y¢ Xy C Un}:’o (C (s(—), s(c))) (see Definition 6.10),
we see that f oi is adjoint to the natural transformation €%¢[C](—, ¢) = C(s(—), s(c)) which is a point-
wise weak equivalence. The result follows by two-out-of-three. O
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Theorem 6.16 For every oo-bicategory C the Yoneda embedding
V¢ : € — Fun(C, Catso), ¢+ C(—,c¢),
is tully faithtul. Moreover, given a functor & : C°° — Caty, there is a equivalence of Cat,-valued functors

Nateor (Ve (), F) = 7,

which is natural in &F.

Proof It follows from Proposition 6.15 that the embedding )¢ is fully faithful if and only if the functor J
in Definition 6.10 induces a weak equivalence of the corresponding mapping marked simplicial sets. This
is equivalent to showing that the composite

e°[C) > ¢ L Fung, ¢ (C°P, Setf) -~ Fung, ¢ (C[C]°P, Set})

induces a weak equivalence of the corresponding mapping marked simplicial sets. This follows easily
as the functor s is an equivalence of SetX—enriched categories, j is the enriched Yoneda embedding
(which is fully faithful in the enriched sense) and s* is also an equivalence of SetX—enriched categories
by [18, A.3.3.8]. We conclude that V¢ is fully faithful.

To prove the final claim we show that the functor I in Proposition 6.7 is naturally equivalent to the
identity. We construct a natural transformation I = 1 to the identity functor which is induced by the
canonical map A — Q(f) (see Definition 6.6). We observe that the induced map on fibres

Mapg®(C .. F) => F(c)

is given by restriction along the anodyne map A? — C Ae selecting the identity morphism and thus is a
weak equivalence. |
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Brauer-Wall groups and truncated Picard spectra of K -theory

JONATHAN BEARDSLEY, KIRAN LUECKE AND JACK MORAVA

We compute the first two k-invariants of the Picard spectra of KU and KO by analyzing their Picard
groupoids and constructing their unit spectra as global sections of sheaves on the category of manifolds.
This allows us to determine the Eo-structures of their truncations Pic(KU)[0, 3] and Pic(KO)[0, 2].
It follows that these truncated Picard spaces represent the Brauer groups of Z /2-graded algebra bundles
of Donovan, Karoubi, Moutuou and Maycock; the Brauer groups of super 2-lines; and the K-theory twists
of Freed, Hopkins and Teleman. Our results also imply that these spaces represent twists of String- and
Spin-structures on manifolds and can be used to twist tmf-cohomology. Finally, we are able to identify
pic(KU)[0, 3] with a cotruncation of the Anderson dual of the sphere spectrum.
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1 Introduction

We study the first two k-invariants of the Picard spectra of KO and KU, or equivalently, the infinite loop
space structures on the 2-truncation of Pic(KO) and the 3-truncation of Pic(KU), which we denote by
Pic(z) (KO) and Pic(3) (KU), respectively. We will also work with their connected covers which we denote
by Pic% (KO) and Pic? (KU), respectively. These last two spectra are of course equivalent to truncations
of BGL(KO) and BGL;(KU), respectively. The homotopy types of Pic(z) (KO) and Picg (KU) are not
particularly interesting. Indeed, they both split as products of Eilenberg—Mac Lane spaces:

Pic(KU) ~ Z/2 x K(Z/2,1) x K(Z, 3),

PicZ(KO) ~ 7./8 x K(Z/2,1) x K(Z/2,2).
What we show below however is that neither the first nor second k-invariants of the associated Picard
spectra picg (KU) and pic(z) (KO) are trivial. In other words, none of the above splittings are splittings of
infinite loop spaces. The first theorems we prove are the computations of these k-invariants:
Theorem The first k-invariant of picg (KU) is Sq* : HZ/2 — %*HZ/2. The second k -invariant can

be taken to be either of the generators of H* (pic(l) (KU); Z) = 7 /4, both of which restrict to the map
BoSq*:XHZ/2 — S*HZ upon taking a connected cover.
MSC2020: 19L50, 55N15, 55P42.
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Theorem The first k -invariant of pic%(KO) isSq*op: HZ/8 — X*HZ/2, where p: HZ/8 — HZ/2
is the reduction mod-2 map. The second k-invariant is one of two classes in H> (pic(l) (KO);Z./2) ~
7./2 x 7,/2, both of which restrict to Sq* upon taking connected covers.

The authors have not been able to find these results in the literature although they do seem to be at
least partially known to experts (see, e.g., the proof of [23, Proposition 7.14]). From these theorems we
can deduce the group structures of pic(z) (KO)°(X) and picg (KU)°(X), which are nontrivial extensions of
ordinary singular cohomology groups:

Corollary There are bijections of sets
pics(KO)*(X) = HO(X;Z/8) x H'(X;Z/2) x H*(X;Z/2),
picg (KU)°(X) = H°(X;Z/2) x H'(X;Z/2) x H* (X Z).
The group laws on these sets, in the same order, are
(a,b,c)+ @ b,y (a+d ,b+b,c+c+bUD"),
(a,b,c)+ (. b,y (a+d.b+b',c+c +B(bUDY),
where B denotes the Bockstein homomorphism.

Knowing these group structures allows us to identify other roles that these spectra play in algebraic
topology, mathematical physics, and the theory of C*-algebras. Almost all of these manifestations are re-
lated to twisted K-theory but in the literature they are not often directly related to Picard spectra and spaces,
which are the universal receptacles for twists of any highly structured cohomology theory. Indeed, because
of the infinite loop space splittings BGL{(KO) >~ BGL(KO)[0, 2] x BGL{(KO)[3, oo] and BGL(KU) >~
BGL(KU)|0, 3] x BGL{(KU)[4, oc], any map from a connected space into Pic% (KO) or Pic(3) (KU) gives
a purely homotopy-theoretic twist of K-theory by either composing with the inclusion or multiplying
by —1 and then including. We now detail the various interpretations of picé (KO) and picg (KU).

The group laws written above imply that the pic% (KO) and picg (KU) cohomology groups of a space
are isomorphic to well-known Brauer groups of C*-algebras over that space:

Theorem If Brg’(X) and Brg®(X) are the Brauer groups of (possibly infinite-dimensional) real and
complex continuous trace graded C*-algebras with spectrum X (see [43; 44]) then there are isomorphisms

Brg (X) = picg (KO)° (X).
Bri’(X) = picg(KU)O(X).

It is a corollary of this fact that pic(z) (KO)°(X) and Tors(picg (KU)°(X)) are also isomorphic to the
graded Brauer groups of Donovan and Karoubi [10], where Tors denotes taking the torsion subgroup.
Elements of both the C *-algebra Brauer groups and the Brauer groups of Donovan and Karoubi are known
to produce twists of K-theory but our isomorphisms allow one to produce such twists as actual maps
of spaces X — BGL{(KO) and X — BGL{(KU). In the case that we replace picg (KU) with Z*HZ,
and use ungraded C*-algebras, the agreement of the two notions of twisted K-theory is shown in [26].
Presumably the same is true in our more general case, but we do not prove it in this paper.
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Our computations also imply that BGL{(KO)[0, 2] and BGL{(KU)|0, 3] are equivalent, as infinite loop
spaces, to certain fibers in the Postnikov tower for BO.

Theorem Let BString — BSO and BSpin — BO be the connective covers in the Postnikov tower of BO.
Then there are equivalences of infinite loop spaces

Pic?(KO) =~ fib(BSpin — BO),

Pic] (KU) ~ fib(BString — BSO).

From this it follows that if M is a manifold (resp. oriented manifold) then the set of Spin-structures
on M (resp. String-structures) is a torsor for [M, Pic% (KO)] = HY (M ;7Z/2) x H*(M;7/2) (resp.
[M, Pic} (KU)] =~ H'(M;Z/2) x H3(M;Z)). This should be compared with the fact that the set of
Spin-structures on an oriented manifold is a torsor for H?(M ; Z/2) and the set of String-structures on a
Spin-manifold is a torsor for H 3 (M ;7Z) (see [45,2.11, 2.16]). Itis claimed in [9, §2.1] that Spin-structures
are a torsor for H' (M ;7 /2) x H*(M ;7 /2) but a proof is not included. Moreover, because there are
equivalences of infinite loop spaces Pic? (KU) ~ BGL{(KO|0, 1]) and Picf (KU) ~ BGL{(KUJ[0, 2]) we
can twist Spin-structures (resp. String-structures) by bundles of KOJ[0, 1] (resp. KU[0, 2]) modules, which
we can interpret as real and complex super 2-line bundles, respectively.

Not surprisingly, our work here is also related to the work on twisted K-theory and mathematical
physics by Freed, Hopkins, Teleman and others [9; 16; 17; 20; 21].

Theorem Let cAlgy and cAlgg be the spectra associated to the Picard 2-groupoids of invertible topolog-
ical R- and C-superalgebras, respectively. Then there are equivalences of spectra

cAlgy ~ picj(KO),

cAlgg ~ pic)(KU).

It follows that gl, (KO)[0, 1] and gl, (KU)|[0, 2] are the Picard spectra of real and complex superlines,
respectively. Again using the fact that gl, (KO)|0, 2] ~ gl, (KO[0, 2]) and gl, (KU)|0, 3] ~ gl, (KUJ0, 3]),
we have that a bundle of real (resp. complex) superlines on a space X is the same data as a bundle of
KO|0, 2]-lines (resp. KUJ[O, 3]-lines). This also identifies picg (KU) with the spectrum R_; of [9] whose
associated cohomology theory is proposed as the container for the flux of the oriented superstring B-field.

The above theorem can be restated in the context of the K-theory twists of [16, 1.80; 21, Corollary 2.25]
assuming we take X to be only a space rather than a topological groupoid.

Theorem Let mo%roistgy(X) and mwoZroistgo(X) be the groups of isomorphism classes of KU and KO
twists on X in the sense of ibid. Then there are group isomorphisms
7o Tistro(X) = pics(KO)° (X),
moTnistgy (X) = picd (KU)°(X).
In related work by the same authors, the Anderson dual of the sphere spectrum, Iz, often arises (see,

for instance, [18, Hypothesis 5.17; 19, Theorem 5.27]). We show that, at least in the complex case, the
truncated Picard spectrum is closely related:
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Theorem There is an equivalence of spectra
¥3(Iz[-3, 00)) = picy (KU).

This suggests a connection between invertible topological field theories (and deformations thereof)
and bundles of truncated KU[0, 2]-lines.

1.1 Conventions and notation

In this paper we will often work with co-categories (in the sense of [36]) of spectra and oco-groupoids,
which we denote by Sp and 8, respectively. There has been some disagreement lately about an efficacious
term for the objects of the co-category 8. We find the term “oco-groupoid” to be too long, the term “anima”
to be unpleasant to pluralize, and the term “space” to be far too ambiguous. Therefore, going forward, we
will use “h-type” to refer to these structures and propose this as an alternative to the terms listed above.
We will still occasionally call them co-groupoids when we want to emphasize their use as co-categories
in which all morphisms are invertible. When we use the term “space” we will specifically be referring to
a compactly generated, weakly Hausdorff topological space, the category of which we will denote by Top.
Recall that if E € 8p is a spectrum then it has an associated cohomology theory E*. This cohomology
theory is defined equally well on & and Top, so we will apply it to both sorts of objects without comment.

The term “infinite loop space” frequently denotes what, in the language of [38], one might call
“grouplike [E,-monoids in 8.” Another commonly used term for such structures, and the one we will
employ, is “abelian co-group,” recognizing that these objects are the higher algebraic analogues of abelian
groups. We emphasize however that being an abelian co-group is a structure rather than a property. If we
wish to refer to an s-type which has an E o -structure without concerning ourselves with whether or not it
is grouplike, we will often say “IEo-type” instead of the unwieldy “Eo-A-type.”

Many of our constructions will involve a field F. We will always assume that IF has a topology which
is accounted for by these constructions, e.g., vector bundles. We will occasionally wish to consider a field
with its discrete topology, in which case we will say so.

We will often be interested in truncations and connective covers of spectra and /-types. For integers
n,m >0 and a spectrum or /i-type X we will write X [r, m] for the n-connective cover of the m-truncation
of X. Note the use of connective here, as opposed to connected, which differs by 1. In the special,
and ubiquitous, case that X is Pic(R) or pic(R) for a commutative ring spectrum R, we will use the
nonstandard notation of Definition 2.2. We do this to keep the names of these frequently used objects
compact.

2 Background

In this section we recall, for an E-ring spectrum R, the construction of the so-called Picard space of R
along with various spectra and /-types which can be built from it. More detailed constructions of these
can be found in [3; 4].
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Definition 2.1 Let R be an E-ring spectrum with symmetric monoidal co-category of left modules
LModg. Then we make the following definitions.

(1) We write Pic(R) for the maximal co-groupoid in LMod g spanned by modules which are invertible
with respect to the tensor product over R. Recall that Pic(R) is an abelian co-group with base point
R € Pic(R). We denote its infinite delooping by pic(R), i.e., 2% pic(R) ~ Pic(R).

(2) We write GL1 (R) for the pullback of the projection £2°° R— 1o (R) along the inclusion 7o (R)* <> mo(R).
Recall that GL; (R) is equivalent, as an abelian co-group, to 2 Pic(R). Equivalently, we could take
BGL (R) to be the base point component of Pic(R). We denote the infinite deloopings of GL; (R)
and BGL(R) by gl; (R) and bgl; (R), respectively.

Definition 2.2 Given an Eo,-ring R, we write Pic);' (R) and pic])' (R) for the m-truncated, n-connective
covers of Pic(R) and pic(R), respectively. In other words, Pic)'(R) and pic) (R) are equivalent to
Pic(R) and pic(R), respectively, in homotopy degrees n through 2, and have trivial homotopy groups
elsewhere. We will use bgl; (R)[0,n] and BGL(R)[0, n] interchangeably with picf(R) and Pic(R).
This notation should not be confused with the notation Pic® of algebraic geometry, which denotes the
identity component of the Picard scheme.

Remark 2.3 Both m-truncating and taking n-connective covers determine symmetric monoidal functors
8§ — § for all n and m, so Pic) (R) has an abelian co-group structure induced by that of Pic(R).

It will also be useful to have the following definition recorded here, though we will not make frequent
use of it. This definition appears, e.g., in [29].

Definition 2.4 Let R be a commutative ring spectrum. Then LMod(R) is an E »-algebra in the symmetric
monoidal co-category of oco-categories, Catss, Which in turn has its own category of modules. We write
Br(R) for the abelian co-group of invertible LMod(R)-modules and equivalences between them.

3 Nontriviality of k-invariants

In this section we show that the k-invariants of pic(l) (KO), pic(l) (KU), pic% (KO) and pic? (KU) are nontrivial.
This will follow from showing that these spectra can be modeled by Picard groupoids, or sheaves thereof,
that have nontrivial symmetries.

3.1 Picard groupoids and symmetries

Recall that there is an equivalence between spectral 1-types, i.e., spectra with homotopy groups only in
degrees n and n + 1 for n € Z, and symmetric monoidal categories in which every morphism is invertible
and every object has a tensor inverse, i.e., Picard groupoids (see [30, Proposition B.12; 32]). In particular,
Picard groupoids are equivalent to spectra with nontrivial homotopy groups only in degrees 0 and 1 by
[32, Theorem 1.5].

Note that the proof of ibid. proceeds by lifting the usual looping/delooping equivalence between
groupoids and homotopy 1-types to their categories of grouplike commutative monoids: Picard groupoids
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and 1-truncated grouplike infinite loop spaces, respectively. It follows immediately that a Picard groupoid,
up to equivalence, is entirely determined by the data of two homotopy groups, 7y and 71, and a single
k-invariant o € Map(H o, ©? H1). However, Picard groupoids are an especially useful model of stable
1-types since, up to symmetric monoidal equivalence, they can always be rigidified to categories that
are permutative and skeletal [32, Theorem 2.2]. In other words we can always assume, up to symmetric
monoidal equivalence, that a Picard groupoid is strictly associative and strictly unital and that its only
morphisms are automorphisms.

Let us be more explicit about the data by which a Picard groupoid P is classified. What follows is
mostly a restatement of [23, Remark 2.12] but we also direct the reader to [15, Lecture 17, Section 27].
We assume that P is permutative and skeletal. It is clear from the preceding paragraph that the group of
objects of P must be ¢ of the associated spectrum. Moreover, one can show that for any x, y € P there
must be an isomorphism Autp(x) = Autp(y). By again invoking the description of stable 1-types as
grouplike 1-truncated infinite loop spaces, we see that the associated spectrum must have 7| = Autp(x)
for any choice of basepoint.

A standard diagram chase shows that the symmetry natural isomorphism of P must be entirely
determined by a choice, for each x € P, of an element ¢ € Autp(x) such that si = idy (since P can
be assumed to have no isomorphic objects which are not identical). This is equivalent to an element
of ¢ € Homap(mo ® Z/2, 7). By assuming permutativity, we have no need to define an associativity
natural transformation. Therefore, the Picard groupoid is entirely determined by the data of gy, 1 and ¢.
Using the isomorphism

(1) Homap(mo ® Z/2, 1) = H?(mo; m1) = [Hrmo, £* Hr |

of [12, Section 27], we see that the symmetry datum ¢ is exactly the k-invariant of the spectrum. Note
that if the k-invariant, equivalently the function &, is trivial, i.e., if the associated spectrum is equivalent
to Hmy Vv ¥ Hmq, then the symmetry natural isomorphism of P is the identity transformation.

The above discussion has a somewhat more modern interpretation. A 1-truncated connective spectrum X
is equivalent to the data of a connective module over the 1-truncation of the sphere S, which in turn is
completely determined by 7o X, 71 X, and the action of the Hopf element € 71S. This is a map

N imeX ®Z/2— m X.

On the other hand, X is completely determined by its k-invariant in H?(rg; 7r1). Therefore the data of
two homotopy groups and a k-invariant can be identified with the data of two homotopy groups and an
action of n, which is precisely an element of Homap (g ® Z/2, 1).

In what follows, we show that the first k-invariants of pic(l, (KO) and pic(l) (KU) are nontrivial. These
are both stable 1-types so it suffices to show that the symmetry isomorphisms of the associated Picard
groupoids are nontrivial. In fact, it turns out that we only need to consider the symmetry isomorphism of
the sphere spectrum. Note that this data is determined at the level of homotopy categories.
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Lemma 3.1 The k-invariant of the Picard spectrum pic(l) (S) is nontrivial.

Proof Leto:S®S — S ® S be the symmetry map of S in Sp. This map is the stabilization of the
“swap” equivalence S! A ST — ST A S in 7,(S?)*, which is not homotopic to the identity. a

Lemma 3.2 The functors pic(S) — pic(KO) and pic(S) — pic(KU) given by tensoring with KO and KU,
respectively, equivalently the maps induced by applying the Picard spectrum functor to the units S — KO
and S — KU, are surjective on mty and isomorphisms on 1.

Proof We only prove the statement for KO as the proof for KU is identical. Recall from [23] that the
objects of pic(KO) are precisely the shifts KO for 0 < i < 7, using the eightfold periodicity of KO.
Each of these is covered by X‘S for 0 <i < 7 under the given functor pic(S) — pic(KO), so the functor
induces a surjection on .

On 7y this is precisely ¢ of the induced map gl; (S) — gl; (KO). Recall that the unit map S — KO is
an isomorphism on g, for instance because it is a ring map Z — Z. Now using the fact that gl; (R) is
the infinite delooping of the pullback of 7g(R)™ — g R < 2°° R for any commutative ring spectrum R,
we have that the induced map gl, (S) — gl, (KO) is also an isomorphism 7. |

Corollary 3.3 The first k-invariants of pic(KO) and pic(KU) are nontrivial.

3.2 Chain bundle models of topological K -theory

In [8, Section 6] it is shown that the commutative ring spectrum ku can be recovered as the homotopification
of the sheaf of groupoids of complex vector bundles, suitably group completed. The constructions below
are similar, but replace vector bundles with Z /2-graded chain complexes of vector bundles. This sheaf is
still not concordance invariant, so we must localize it with respect to R (i.e., make it concordance invariant).
The resulting localized sheaf represents complex topological K-theory by [48, Appendix I]. Moreover,
since it is concordance invariant, the results of [1] imply that it is a constant sheaf determined by its value
at the point, which we show to be ku. This sheaf then has a subsheaf of invertible Z /2-graded chain
complexes (with respect to the usual tensor product) which evaluates to gl (ku) >~ gl, (KU) on the point.

These sheaves are slightly more complicated than those of [8] but give us better access to the k-invariants
of gl; (KU) and therefore the k-invariants of pic(KU). Of course all of our arguments apply equally
well to case of real K-theory. It is worth noting that the sheaf constructed in [8] returns K(C) when
evaluated at the point before localizing, whereas ours most certainly does not. We suspect that K(C)
however, or K(IF') in general for a discrete field IF, can be recovered by a variant of our construction
using principal GL(IF)-bundles instead of vector bundles, i.e., by always equipping ' with the discrete
topology (see Conjecture 3.38).

Throughout this section, Chf’Ferf : Top®? — Gpd will denote the sheaf whose value at a space is the
groupoid of bounded chain complexes of finite-dimensional IF -vector bundles on X with homotopy classes
of homotopy equivalences between them. We assume all the standard structures of this sheaf, e.g., tensor
products and direct sums. For our purposes it will be convenient to work with a slightly different sheaf,
which we define below.

Algebraic & Geometric Topology, Volume 26 (2026)



1756 Jonathan Beardsley, Kiran Luecke and Jack Morava

Definition 3.4 Let [F be a field. We begin by defining chain complexes of I vector spaces which are
graded by Z /2. We call these differential super [F -vector spaces or DSVs for short.

(1) A differential super FF-vector space is a Z /2-graded IF-vector space V = Vy & V7 equipped with two
maps do : Vo — V1 and d; : V1 — Vp such that dyd; = didy = 0. A morphism of differential super
IF-vector spaces is a morphism of Z /2-graded vector spaces which commutes with the differential. These
data form a category which we denote by DSVr.
) IV =(Vo®Vyi.do.dy) and W = (Wo & Wy, d. d}) are DSVs, we will write V ® W for the DSV
whichis (V® W)= (Vo ® Wy) & (V1 ® Wy) in degree zero and (VR W) = (V1 @ Wp) & (Vo ® Wh)
in degree one. The differentials are given in the usual way after reducing all indices modulo 2.
(3) For V= (Vo®V1,dy,d;) aDSV, we define Hy(V') =ker(dy)/im(d,) and H; (V') =ker(d)/im(dp).
We say that a morphism of DSVs is a quasi-isomorphism if it induces isomorphisms of these two homology
groups.
(4) Let V =(Vo®Vi.do.dy) and W = (Wy @ Wy.d;. d}) be DSVs. Given two maps f,g:V — W of
DSVs we say that a chain homotopy between f and g is a pair of maps hg : Vo — Wy and hy : Vi — W
such that fo —go = djho + hidg and fi — g1 = dhy + hod,. If there is a chain homotopy between
and g we write f ~ g.
(5) We say thatamap f : V — W of DSVs is a homotopy equivalence if there exists g : W — V and
chain homotopies f o g ~idy and go f ~idy.
(6) We write ¢ : Ch%enc — DSVy for the functor which takes a bounded and finite-dimensional [F-chain
complex (E,, d) to the DSV whose graded vector space is E = (B, E2i) ® (B, E2i+1) and whose
differential is the obvious restriction of 9.

We leave it to the reader to check the following lemmas which are standard arguments in homological
algebra.

Lemma 3.5 A map f : V — W is a quasi-isomorphism of DSVs if and only if it is a homotopy
equivalence.

Lemma 3.6 The tensor product of DSVs defines a symmetric monoidal structure on DSVE with monoidal
unit (F 6 0, 0, 0). This tensor product distributes over the direct sum of DSVs.

Lemma 3.7 The functor ¢ is symmetric monoidal. Moreover, it takes quasi-isomorphisms to quasi-
isomorphisms and chain homotopies to chain homotopies.

Remark 3.8 As with the classical case, one direction of Lemma 3.5 depends on [ being a field. For a
general ring, homotopy equivalences are strictly stronger than quasi-isomorphisms.

Definition 3.9 Let X be a space and F a field. We write DSV (X) for the groupoid of bundles of DSVs
on X whose morphisms are chain homotopy classes of homotopy equivalences. Because bundles can be
pulled back along maps of spaces this defines a functor DSVy : Top®® — Gpd. The tensor product and
direct sum bundles are defined in the usual way.
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Going forward, many of our results will apply equally well to the functors DSVF and Chf’Ferf. We will
therefore write ¢ to denote either.

The following lemma says that 4 is a sheaf of ring groupoids in the sense of [11], which are a special
case of the ring categories of [35]. These are essentially commutative monoids in the category of Picard
groupoids. Without loss of generality ring groupoids can always be assumed to have underlying strict
Picard groupoid.

Lemma 3.10 The functor 4 is a presheaf of symmetric monoidal groupoids with respect to direct
sum of chain bundles, a presheaf of symmetric monoidal groupoids with respect to tensor product of
chain bundles, and the latter structure distributes over the former. Moreover, the natural transformation
e(X): Chfl’frf(X ) — DSV (X) preserves this structure.

Proof The lemma follows from standard arguments for bundles extended suitably to chain complexes. O

Remark 3.11 It will be convenient to extend the codomain and restrict the domain of 4. By taking
nerves there is an inclusion Gpd C & under which the symmetric monoidal structure of Lemma 3.10
makes Lr%F into a presheaf of E -types. For convenience, we will also restrict ¥ to the subcategory
of smooth manifolds and smooth maps Mfd°® C Top®P.

Lemma 3.12 The functor % is a sheaf of symmetric monoidal groupoids on Mfd with respect to
coverings by families of open embeddings.

Proof To prove that ¢ is a sheaf, it suffices to show that, for a fixed manifold M, it satisfies descent
on the “little” site of open submanifolds of M (indeed by [1, Lemma 3.5.3] it suffices to check only on
Euclidean spaces). This follows immediately from the definitions, as bundles themselves are defined
locally. Further, % is valued in symmetric monoidal co-groupoids (i.e., Eqo-types) as a result of the fact
that the inclusion Gpd C 8 is symmetric monoidal (with respect to the Cartesian product). O

We recall the R-invariantization functor from Definition 4.2.5 and Proposition 5.1.2 of [1].

Definition 3.13 Let A7 denote the hyperplane in R”*+1 spanned by points (x1, X3, ..., X,41) such that
Z:’: 11 x; = 1, also known as the smooth n-simplex. Let A, denote the cosimplicial manifold which is
A" is degree n. Its coface maps A — A™*! are the n + 2 inclusions A” — AF! given by the n + 2
possible intersections of AT ! with the coordinate hyperplanes. The codegeneracies AlF L AL are
given by the n possible ways of adding adjacent coordinates.

Definition 3.14 Let & : Mfd°? — Top be a presheaf of i-types. Then define L& : Mfd°® — Top to be

the presheaf of i-types whose value at X is given by Lr&(X) = |&(X X A;lg)|.

Remark 3.15 If ¢ and &’ are objects of 4 (X) (thought of as a Picard groupoid), b is an object
of % (X x A'), and we have isomorphisms do(h) 2 a and d; (b) = a’, where dy and d; are the face maps,
then a and o’ are equivalent in Lg% (X). Similar statements hold for the % (X x A™) and the relevant
higher face maps. This has the effect of making 4 insensitive to the difference between a space X and
its “stabilizations” X x R ~ X x A!, X x R? ~ X x AZ, and so forth.
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Remark 3.16 In the Appendix of [48], working with Chperf, Segal uses an equivalence relation to identify
bundles which can be homotoped into one another along X x R 2 X x Al. The above construction
can be thought of actually inserting the homotopies (and homotopies between homotopies etc.) between
such bundles, forcing the sheaf to be insensitive to deformations of X. However, after taking connected
components the resulting group is the same as Segal’s (see Proposition 3.18 below).

Lemma 3.17 The presheat of E o -types Lrr is a sheaf of grouplike E,-types, i.e., connective spectra.

Proof It is a general fact that L preserves sheaves (see [1, Remark 4.2.6; 8, Proposition 2.6]). The
symmetric monoidal structure is now grouplike because for any DSVs or chain complex E, — X we can
always find E, — X such that E, @ E is concordant to an acyclic: that is, there exists an E/ — X x[0, 1]
whose restriction to X' x {0} is isomorphic to E, & E. and whose restriction to X x {1} is acyclic. This
is achieved by using the [0, 1] coordinate to turn on differentials killing any nontrivial cohomology. O

Proposition 3.18 There is a group isomorphism g LkDSV ¢ (X) 2 KU®(X) which is natural in X .

Proof By 3.2.3.1 and 1.4.3.9 of [38] the simplicial colimits defining Lg DSV (X) and LRCh%erf can be
taken in spaces. Now, g of a simplicial colimit depends only on the subdiagram (which is a coequalizer)
involving the 0- and 1-simplices. From the definition of LRChf():erf(X ), mo of that coequalizer is the set
of chain-bundles on X up to concordance. Remark 3.16 therefore implies that [48, Proposition A.I]
(in which “concordant” is called “homotopic”) gives an isomorphism nOLRCth{(X ) =5 KU (X).

This isomorphism is given by taking a bundle to its Euler characteristic. Specifically, a bundle of chain
complexes E, is taken to the alternating sum of the K-theory classes of each grade, ¥;cz(—1)'[E’]. This
clearly factors through ¢ (¢(X)) so that we have a composite isomorphism

70 LRChS™ (X) ~£ 719 LDS Ve (X) — KU (X)

in which the last morphism forgets the differential. This implies that ¢ is injective. We have already seen
that it is surjective, so it is an isomorphism. |

Theorem 3.19 There is an equivalence of commutative ring spectra LrDSV ¢ () >~ ku.

Proof This follows from [1, Propositions 4.3.1 and 1.2] and Proposition 3.18. Specifically, we know that
evaluation at a point is an equivalence between concordance invariant sheaves of spectra on Mfd and spectra.
The inverse of this equivalence is given by taking the constant sheaf. Moreover, given a spectrum E, the
value of const(E) at a manifold X is Map(X5° X, E)). Hence LRDSV ¢ (X) ~Map(Z°X, LRDSV (%))
and thus 7o(X, LRDSV (%)) 2 KU®(X) for every manifold X. So LrDSVc (%) ~ ku by Brown
representability. O

The above arguments, along with those of [48], can be repeated mutatis mutandis with chain complexes
of R-vector spaces rather than C-vector spaces. This leads to:

Theorem 3.20 There is an equivalence of commutative ring spectra LrRDSVR (*) >~ ko.
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Corollary 3.21 Consider the full symmetric monoidal subgroupoid gl; DSV (X) of DSV (X) on the
objects which are invertible in the tensor product monoidal structure. Then gl; DSV is a sheaf of
connective spectra and Lrgl; DSV (%) >~ gl (ku) ~ gl, (KU).

Proof The subgroupoid gl; DSV (X)) is the full subgroupoid of DSV (X) on bundles E, such that
dim(E¢) —dim(E;) = £1. The same argument for Lemma 3.12 shows that gl; DSV is a sheaf of
connective spectra (but not ring spectra). Let Z(—) denote the sheaf whose value at X is the discrete
groupoid of continuous Z-valued functions on X. Similarly let Z/2(X) be the discrete groupoid of
continuous =+ 1-valued functions on X . The inclusion iy : gl; DSV¢ (X) < DSV (X) fits (essentially
by definition) into a pullback square of /-types

gl, DSV (X) —* DSVe(X)

| |

Z)2(X) —— Z(X)

where the vertical maps send a DSV to its graded dimension. This extends to a levelwise pullback square
of simplicial s-types

gl DSV (X x Ag,) — DSVe(X x AY,)

| |

7/2(X x A;lg) s Z(X x A;lg)

Forgetting the monoidal structure and considering this as just a diagram of /-types, the diagram is still
a pullback after applying Ly (see [46, Definition 1.1, Proposition 5.4]). When X = x, this gives the
pullback diagram of /-types

Q*®Lgrel; DSVc (%) —— Q®LrDSVc (%) ~Z x BU

| |

Z)2 < s 7

exhibiting Q°°Lgrgl; DSV (%) as GLj ku. Since iy is symmetric monoidal, there is a natural-in-Y
isomorphism of abelian groups

Lrgl; DSVe(%)°(Y) = Map(SY, Lrgl; DSV (%) = ku® (V)

for any space Y (where the right side has the tensor product abelian group structure). Hence by Brown
representability there is an equivalence of spectra Lrgl; DSV (%) =~ gl (ku). |

The same arguments apply to the real case, which gives Corollary 3.22. Our arguments also seem
likely to apply in the case that IF is a discrete field which we codify in Conjecture 3.38.
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Corollary 3.22 Consider the full symmetric monoidal subgroupoid gl; DSVR (X') of DSVR(X) on the
objects which are invertible in the tensor product monoidal structure. Then gl; DSVR is a sheaf of
connective spectra and Lrgl; DSVR (%) =~ gl (ko) ~ gl, (KO).

3.3 The groupoid of Z/2-graded line bundles

We now define a simpler sheaf that will map to DSV and help us to understand its structure. The sheaves
Lr#C and Lr #R that we describe here will end up being truncations of Lgrgly DSVc =~ gl (KU)
and Lrgl; DSVR =~ gl (KO) after evaluating at the point. Some of the ideas of this section exist in [16]
but we go a step further in relating these structures to the unit spectra of K-theory. This is in contrast
to [16, 1.45] in which they are described as truncations of ko itself. Our results are arguably more
conceptually satisfying given that these structures are in fact used for twisting both real and complex
K-theory. Indeed, in [16], Freed remarks that he does not have a conceptual reason for the appearance
of ko in his constructions.

Definition 3.23 Let X be a space, and IF a (topological) field. Let £F (X)) be the groupoid of pairs (£, 1)
where £ : E — X is an F-line bundle and n : X — Z/2 = {0, 1} is a continuous function. The morphisms
between (£, m) and (£/, m’) in ZF (X)) will be the empty set if n # m and the set of bundle isomorphisms
otherwise. We will refer to .#F (X) as the groupoid of F-superline bundles on X .
Definition 3.24 Given two pairs (§,1), (§/,m) € £F (X), we define a symmetric monoidal structure
on .£¥ (X) by declaring that:

(1) The tensor product (&, 1) ® (§/,m) is the object (§ ® &', n + m), where the tensor product of the

left-hand coordinate is the standard tensor product of principal bundles.
(2) The symmetry isomorphism (§,1n) ® (§',m) — (§,m) ® (£,n) is given on the fiber over x by
(v, w) > (w, (—1)1IME) )y,

Remark 3.25 The above definition is almost identical to the sheaf of graded T-bundles BT in
[21, Definition 2.1]. Their definition differs from ours only in their definition of the symmetry isomorphism
which would be written in our notation as (v, w) — (w, vr(x)m(x)). This makes sense if we take
7Z/2 = {—1, 1}, but then the second coordinate in the tensor product formula, i.e., 7 + m, does not make
sense.
Lemma 3.26 The groupoid ¥ (X') does not decompose as a product of symmetric monoidal groupoids.
Proof Let Z/2(X) be the discrete symmetric monoidal groupoid of Z/2-valued functions with the
pointwise group structure. The sign in the second component of the symmetry isomorphism of .ZF (X)
prevents the natural projection .#F (X) — Z/2(X) from having a symmetric monoidal section. a
Remark 3.27 The argument in the proof of Lemma 3.26, along with [32], also shows that the connective
spectrum associated to ¥ (X) has nontrivial k-invariant, though we will not need this fact.

Remark 3.28 Definition 3.23 extends to a presheaf of grouplike symmetric monoidal groupoids on Top
whose domain, following Remark 3.11, we restrict to Mfd and whose codomain we extend to Spx.
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Lemma 3.29 The presheaf ¥ of connective spectra on Mfd is a shea.

Proof Because the inclusion Gpd C § is symmetric monoidal (and the category of connective spectra is
equivalent to the category of grouplike Eoo /-types), it suffices to show that ZF is a sheaf of grouplike
symmetric monoidal groupoids. The fact that it is a sheaf of groupoids, without symmetric monoidal
structure, follows immediately from the fact that it decomposes as a sum of presheaves of groupoids which
are clearly sheaves. The symmetric monoidal structure glues as well since limits of symmetric monoidal
groupoids are computed in Cat. The grouplike condition is certainly satisfied for each X € Mfd. O

Proposition 3.30 With respect to the symmetric monoidal structures given by bundle tensor product,
there is a natural-in-X symmetric monoidal functor £(X) : £¥ (X) — DSV (X) defined by taking (£, n)
to the chain bundle which has line bundle & concentrated in degree n.

Proof It suffices to check for trivial bundles on a path connected space. One checks readily that
LX)((En)RE,m)) =L(X)(E n) QLUX)(E ,m). If n =m, son+m =0, then we obtain the tensor
product line bundle £ ® & in degree 0 and the O-line bundle in degree 1, with the zero differential between
them. If n # m then we have the reverse situation. The definition of the morphisms in .ZF (X) makes it
clear that their tensor product is similarly preserved by £. |

Theorem 3.31 When F equals C the connective spectrum Lg #C (%) fits into a cofiber sequence
Y2HZ — Ly £ (%) — HZ/2 and its k-invariant is nontrivial.

Proof Consider the simplicial colimit of Definition 3.14 used to define Lg -2 (). The connective
spectra ZC(AF) appearing in this colimit have exactly two nonzero homotopy groups, i.e., they are
stable 2-types in the sense of [32] (see the discussion preceding Lemma 3.1). These homotopy groups
are determined by the group of isomorphism classes of objects of #C (A¥) and by the automorphisms
of any one of those objects. In this case we have that o (ZC (A¥)) 2 Z /2 since A¥ is connected and
71 (£ (AK)) = Top(AK, C*) (since that is the group of automorphisms of the trivial bundle on AX),
where C* is considered as a topological group with the usual subspace topology inherited from C.

Again as a result of the analysis of [32], we get that the k-invariant is determined by the element
of H2(HZ/2; Top(A¥,C*)) ~ Homap(Z /2, Top(A¥, C*)) (see (1) and the discussion that follows)
corresponding to the function that assigns to an element in each isomorphism class the symmetry
isomorphism of its tensor square. In this case this is the function that sends n € Z/2 to the constant
function on A* with value (—1)”2.

The ring Z /2 can be thought of as a Picard groupoid with 7wy = Z /2 and 7y = 0. Therefore there is a
forgetful functor of Picard groupoids (£, n) — n, corresponding to a map of spectra .2 (AFY > HZ /2
whose fiber is the Eilenberg—Mac Lane spectrum of 771 (£C (AK)). Therefore there is a cofiber sequence
of simplicial spectra

Y HTop(A®,C*) — 2C(A%) — HZ /2 — £2HTop(A®, C*)

in which the third term is a constant simplicial diagram and the last map is (the amalgam of) the k-invariants
just described.
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Note that the leftmost term is equivalent to X H Sing, (C*), the levelwise suspension of the Eilenberg—
Mac Lane spectrum of the singular simplicial group of C*. Because Q2°° preserves geometric realizations
we can compute the homotopy groups of this colimit in 8, which are trivial except in 7, where they
are C* (with the discrete topology). This implies that the colimit of the above cofiber sequence is the
cofiber sequence SHC* — L £F (x) — HZ/2 — £? HC* with the last map being the element of
H?*(HZ/2;C*) = Homap(Z/2,C*) sending n to (—1)”2 € C*. Now C* ~ BZ so HC* ~ X HZ.
Thus the preceding cofiber sequence can be rewritten as

Y2HZ — Ly % (%) > HZ/2 — S*HZ
and the k-invariant is still nontrivial of course (and therefore represented by 8 Sq?). a

Remark 3.32 Although #C (A¥) has homotopy groups concentrated in degrees 0 and 1 for all k, its
localization Lg £ (%) has homotopy groups concentrated in degrees 0 and 2.

Corollary 3.33 When I equals C the spectrum gl (KU) splits as
Lr Z% (%) ® gl (KU)[3, 00).

Proof After applying L, the functor of Proposition 3.30 induces a morphism of sheaves of commutative
connective ring spectra. By Corollary 3.21, we have a map of spectra

Lr.#% (%) - Lrgl, DSVc (%) ~ gl; (KU)

after evaluating at the point. This map is an isomorphism on my because o of these spectra can be
computed by looking only at the bottom two levels of the simplicial diagram defining Ly (the coequalizer
diagrams). It is of course an isomorphism on 1 because both spectra have trivial homotopy in degree 1.
Even further, it is an isomorphism on 7. To see this, first note that whenever J is a concordance invariant
sheaf there is an equivalence (as in the proof of Theorem 3.19) F(X) >~ Map(X%° X, F(*)). Therefore the
claimed isomorphism on 75 would follow from an isomorphism o L £C (S?) ~ moLrgl; DSVc(S?).
Since the inclusion of spaces induces an isomorphism g Lggl; DSV (S?) — w9 LgDSVc (S?) and
the latter group is ku®(S?2), the desired claim follows from the fact that both generators of ku®(S?) are
represented by line bundles and are therefore in the image of Ly #C. Therefore the composite

Ly 2 (%) — gl (KU) — gy (KU)[0. 2]
is an equivalence, and the lemma follows. |
Corollary 3.34 The first k-invariant of gl, (KU) is nontrivial.
Similar arguments prove the analogous statements for Lg . #R:

Theorem 3.35 When F equals R the connective spectrum Lr .#R (%) fits into a cofiber sequence
YHZ/2 — Lg ¥R (%) - HZ/2 and its k-invariant is nontrivial.
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Corollary 3.36 When F equals R the spectrum gl, (KO) splits as
Lr ZR(x) ® gl (KO)[2, 0).
Corollary 3.37 The first k-invariant of gl, (KO) is nontrivial.

Conjecture 3.38 Let F be a discrete field. Then there are equivalences LrRDSVF(x) >~ K(IF) and
Lrgl, DSVF (%) ~ gl (K(F)). Moreover, there is a splitting Lg ¥ () is a split summand of gl; K(F)
and the first and second k -invariants of pic(K(IF)) are nontrivial.

4 Computations of k-invariants

In this section we compute the possible [ ,-structures on /-types with the same homotopy groups as
Pic(l) (KO), Pic(l) (KU), Pic% (KO), and Pic? (KU). We do this by computing the possible k-invariants of
spectra with the same homotopy groups. It will be useful to recall that Pic% (KO) and Pic? (KU) are
equivalent to BGL{(KO0)[0, 2] and BGL{(KU)|0, 3], respectively. In most cases we can explicitly name
these k-invariants in terms of cohomology operations.

Proposition 4.1 There are equivalences of h-types
PicZ(KO) ~ Z./8 x K(Z/2,1) x K(Z/2,2)
and

Pic)(KU) ~ 7Z/2 x K(Z/2,1) x K(Z,3).

Proof The k-invariant connecting 77 to 771 must be zero, since on each connected component the relevant
cohomology group is clearly zero. From [41, Lemma 3.1] we have that the 1-component of Pic(KO) splits
as K(Z/2,1) x BSO. The fact that BSO[0, 2] ~ K(Z /2, 2) completes the proof. The case of Pic(KU) is
essentially identical (the result of [41] applies to both KO and KU). |

4.1 First k-invariants

Now we determine the possible first k-invariants of the associated spectra pic% (KO) and picg (KU).

Lemma 4.2 The first k-invariant of pic(KO) is either trivial or Sq® o p : HZ/8 — X2 HZ/2, where
p:HZ/8 — HZ/?2 is the reduction mod-2 map, and the first k -invariant of pic(KU) is either trivial or
Sq®>: HZ/2 — X27,)2.

Proof The case for KU is immediate because H?(HZ/2;7/2) = 7Z./2. The case of KO follows from
the fact that H?(HZ/8;7/2) = 7./2, which follows, e.g., from the argument given after (1). m|

Corollary 4.3 The k-invariants of pic(l) (KO) and pic(l, (KU) are Sq? o p and Sq?, respectively, where
p:7Z/8 — 72 is the reduction mod-2 map. Therefore Sq° o p and Sq? are also the first k -invariants of
pic(z)(KO) and picg (KU).

Proof This follows from Lemmas 3.1, 3.2 and 4.2. O
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Next we wish to determine the second k-invariants of picg (KU) and picé (KO). We begin by determining
the k-invariants of their connected covers bgl, (KO)[0, 2] and bgl, (KU)[0, 3]. This is of course equivalent
to determining the k-invariants of gl; (KO)[0, 1] and gl, (KU)[0, 2]. The first is almost trivial, and we
prove it in Proposition 4.4. For the second case, more work is required, and we first prove several lemmas.

Proposition 4.4 The k -invariant of picf (KO) is Sq* : XHZ /2 — X3 HZ/2. Equivalently, there are two
Eoo-structures on K(Z/2,1) x K(Z/2,2) and the one on BGL{(KO)|0, 2] is the one which is not the
product structure.

Proof By considering the Postnikov tower and knowing that H'(HZ/2;7./2) = 7./2 is generated
by Sq® we see that the only two possible k-invariants are 0 and Sq. The result then follows from
Theorem 3.35 and Corollary 3.36. m|

Next we determine the k-invariant of pici (KU). We begin by determining all possible k-invariants of
a spectrum with the same homotopy groups, or equivalently, all possible infinite loop space structures on
the space 2 pic3 (KU) ~ BGL(KU)[0, 3].
Lemma 4.5 There are exactly two h-types whose only nontrivial homotopy groups are w; = 7 /2
and 3 = 7.

Proof The result follows immediately from the computation H*(BZ/2;7) = 7./2. |

Lemma 4.6 Let X be the h-type with w1 (X) = 7Z /2 and 73 (X)) = Z and nontrivial k -invariant. Then X
does not admit an [E o -structure.

Proof If X admitted an Eo-structure then its k-invariant K(Z/2,1) — K(Z,4) would be Q° of a
stable k-invariant © HZ /2 — X* HZ and would therefore induce a map of abelian groups on cohomology.
Lety € H*(K(Z/2;1); Z) = 7/2 be the k-invariant of X and let o« € H?*(K(Z/2;1); Z) be the generator
given by the inclusion BZ/2 — BU(1) = B?Z. Then y must be the cup-square of o.

Now for any /-type Y the cohomology operation induced by y is the map

HY(Y;Z)2) = HYY:Z), as B(a)?,

where B is the Bockstein map. Let Y = K(Z/2,1) x K(Z/2,1). If we take a and b to be the generators
of H'(Y;Z/2) then we see that the cross term in B(a + b)? = B(a)? + 28(a)B(b) + B(b)? is nonzero,
and therefore the above map is not an abelian group homomorphism. In other words, the k-invariant
cannot be 2°° of a stable k-invariant. O

Proposition 4.7 For any n, H"t3(X"HZ7/2;Z) is isomorphic to Z./2, generated by X"(f o Sq?) :
SPTHZ/2 — X"V HZ,/2 — "3 HZ, the appropriate suspension of the composite of the Bockstein
and Sq>.

Proof 1t suffices to calculate H*(SHZ/2;7) ~ H*(HZ/2;7). Note that amap f : X — X3HZ
factors through the Bockstein Y38 : X2HZ /2 — %3 HZ if and only if the composite of f with the
map £32: 23HZ — S3HZ is null, since B is the fiber of multiplication by 2. But the composite
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of any map « : HZ/2 — Y3HZ with £32 : £3H7 — Y3HZ is null because H>(HZ/2;7) is
2-torsion. So every element o € H3(HZ/2; Z) factors as Ba’ for some o’ € H>(HZ/2;7/2). Therefore
Bx:7/2=H?*(HZ/2;7/2) — H*(HZ/2;7) is a surjection and H>(HZ/2; Z) has only two elements,
0 and B o Sq°. Therefore it only remains to check that 8 o Sq? is nonzero.

Suppose that 8 0 Sq? were null. Then Sq? would lift to a map HZ/2 — X?HZ, i.e., there would be a
factorization, through the fiber of %38,

S2HZ7/2

=k

2 %0 52 z? 3
*H7Z —— ¥*H7Z —— Y¥°HZ

where p is reduction mod 2. But, similarly to above, every class in H>(HZ/2; HZ) is 2-torsion and
therefore there is another factorization

HZ)2 —2— 2HZ

sl 4

SHZ/2

Therefore we have a commutative diagram

2
HZ)2 Y 2 HZ)2

Ol
posit|

>2HZ

This however is a contradiction because the composite X2p o 8 o Sq' must be trivial on cohomology
classes in degree greater than 1, whereas Sq? is not. Therefore H3(HZ/2;Z) is isomorphic to Z/2 and
is generated by 8 0 Sq>. m|

Proposition 4.8 Any h-type equivalent to K(7Z /2, 1) x K(Z, 3) admits exactly two E-structures. One
of them is the product structure and the other is the one associated to the stable k -invariant % (f o Sq2) :
YHZ7/2— X*HTZ.

Proof By Proposition 4.7 there are at most two [Eo-structures on K(Z/2,1) x K(Z, 3), one associated
to the coproduct spectrum £ HZ/2Vv £3 HZ and the other associated to the spectrum with the same
homotopy groups but nontrivial k-invariant (8 0Sq?) : SHZ/2 — Z* HZ. By taking Q°°, the latter
yields an infinite loop space, distinct from the product infinite loop space, with homotopy groups 7wy =7 /2
and w3 = Z. By Lemma 4.5 this space has either the trivial or nontrivial k-invariant, and by Lemma 4.6 it
cannot have the nontrivial k-invariant. Thus each element of H*(XH?Z/2;7) induces a distinct infinite
loop space structure on the product K(Z/2,1) x K(Z, 3). |
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Corollary 4.9 The k-invariant of picf (KU) is B o Sq* and therefore the infinite loop space structure on
Pic? (KU) ~ K(Z/2,1) x K(Z, 3) is not the product structure.

Proof This follows from Theorem 3.31, Corollary 3.33 and Proposition 4.8. O

The following proposition is not immediately relevant but will be used later and follows naturally from
Corollary 4.9. We do not know if the splitting also exists at the level of Eso-types.

Proposition 4.10 There is a splitting of £ -types Picg (KU)~7Z/2x Pic? (KU).
Proof Consider the cofiber sequence of spectra
pic; (KU) — picy(KU) — HZ/2.

We will calculate the set of possible k-invariants [HZ /2, X pic? (KU)]. Consider the second cofiber

sequence

2 2
SHZ)2 85 s4 a7 ¥ pic}(KU) — Z*HZ/2 BSe, s 7.
Applying [HZ /2, —] produces an exact sequence
1 BS ;4 2 .3
HY(HZ/2:7/)2) =% HY(HZ/2;7) — [SHZ/2, £* pic} (KU)]
2
s H2(HZ)2:7.)2) B35 g5 (HZ./2: 7).

In order to compute the two relevant integral cohomology groups of HZ /2, we use the exact sequence
HZ7 — HZ)/2 BsHZ 0 identify H k(HZ /2:7Z) as the image of the multiplication-by-Sq'! map

H*Y(HZ/2:7/2) > H*(HZ/2:7/2),

which in turn can be made explicit via the standard generators of the Steenrod algebra and the Adem

relations. We find that our sequence of interest can be rewritten as
1, BSq? 2 gl .3
Z]2{Sq" } —= Z/2{fSq"Sq" } = [HZ /2, ¥ picy (KU)]
2
— 2/2(8q*} 225 2/2(p 5q*}.

From this it immediately follows that the first map in the sequence is surjective, and the final map is zero,
so the third map gives an isomorphism

[HZ/2, X pici(KU)| = [HZ /2, X*HZ/2] = 7./2{Sq*}.

Now recall that Sq? : SHZ/2 — %3 HZ /2 induces the null map on underlying spaces BZ/2 — B37 /2.
Indeed, by the instability relation Sq? kills the (degree-1) generator of HZ/2* BZ /2. Therefore both
infinite-loop maps BZ/2 — BZPic? (KU) are null as maps of spaces, and the claim follows. O
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4.2 Extending to pics(KO) and picy (KU)

So far we have computed the k-invariants of pic(l) (KO), pic(l) (KU), pic% (KO) and pic? (KU). Now we
wish to determine how this data can be glued together to understand the k-invariants of pic(z) (KO) and
picg(K U). Our computations only determine the second k-invariants of these spectra up to isomorphism.
In other words, for KO we determine that the second k-invariant of pic(z)(KO) is one of two elements of
H? (pic(l)(KO); 7]2)=7/2xZ]/2,and for KU it is one of the two generators of H4(pic(1,(KU)) ~ 7/4.
In the latter case there is an equivalence of Postnikov towers which interchanges the two generators, but
in the former case it is less clear which generator one should choose. Ultimately, however, the choice will
not matter because both k-invariants work for the applications of Section 5. In particular, both choices
satisfy the conclusions of Propositions 4.18 and 4.19.

The proof of Lemma 4.12 was sketched for us by Tyler Lawson. Any mistakes are of course due to
our own misunderstanding.

Lemma 4.11 There is an exact sequence
0— H*(HZ/2;Z) — H*(picy(KU); Z) — H*(HZ/2;Z) — 0
in which the first group is generated by B Sq° Sq' and the last group is generated by 8 Sq?.

Proof The generators of the first and last groups are standard computations. The fact that
H*(HZ/2;7) — H*(picy(KU); Z) — H?(HZ/2;7)
is exact follows immediately from applying H*(—; Z) to the cofiber sequence
YHZ/2 - picy(KU) — HZ/2

from the Postnikov tower of pic(KU). The fact that the entire sequence is short exact follows on the left
from the fact that H2(HZ/2;7) = 0. For the right-hand side, first recall that the first k-invariant of
pic(KU), i.e., the only k-invariant of pic(l)(K U),is Sq* : HZ/2 — $?>H7 /2. Therefore there is an exact
sequence

H*(picy(KU); Z) — H*(HZ/2;Z) — H>(HZ/2;7)

in which the last map is Sq®. Since H3*(HZ/2;7) = 7./2 is generated by B Sq? the image of this map is
B Sq? Sq?. Taking the quotient by 2, which is an injection H*(HZ/2;7) — H*(HZ/2;7/?2) (its kernel
is the image of multiplication by 2 between Z /2-modules), we get Sq' Sq? Sq?, which is zero by the
Adem relations. Therefore the image of Sq° : H3(HZ/2;7) — H3(HZ/2;7) is zero. ]

Lemma 4.12 There is an isomorphism H* (pic(l) (KUY, Z) = 7/4.

Proof Consider the cofiber sequence S 2,854, /2, where S/2 is the mod-2 Moore spectrum. Let
f:S—> pic(l) (KU) be the generator of g (pic(l) (KU)) = Z/2. Then since n (pic(l) (KU)) is 2-torsion,
f lifts to a nonzero map f:S/2 — pic(l) (KU). The long exact sequence in homotopy applied to the above
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cofiber sequence shows that 7o (S/2) =~ Z/2, generated by ¢ and 7{(S/2) =~ Z/2, generated by ¢ o 1.
By considering the commutative diagram

»4s
¢l qo¢

s —1 3s)2

17

pic(l) (KU)

in which d = 0,1 and ¢ = id, n, respectively, we have that f must be nonzero on my and m; and
therefore an isomorphism on those two homotopy groups. As a result, the cofiber of f, cofib(f), is
2-connected. Applying the Hurewicz theorem to cofib( f), we find that 73 (cofib( f)) = H3(cofib( f); Z).
Applying the long exact sequence in homotopy to the cofiber sequence S/2 — pic(l) (KU) — cofib(f)
we see that w3 (cofib(f)) = m,(S/2). Now applying the long exact sequence for homology to the
same cofiber sequence, we get 7,(S/2) =~ H 3(pic(1) (KU); 7). The universal coefficient theorem tells us
that H* (pic(l) (KU); 7)) = Ext(m2(S/2), Z) = 75,(S/2)Y = m,(S/2). We conclude by pointing out that
75(S/2) = Z /4. The authors cannot find this final fact in the published literature, but several sketch
proofs of it are provided in [40]. O

Proposition 4.13 The second k -invariant of picg (KU) generates H* (pic(l) (KU);Z) = 7/4.

Proof By Lemma 4.12 and Theorem 3.31 there are three options for the second k-invariant of picg (KU):
any of the nontrivial maps pic(l) (KU) — X* HZ. However, by Corollary 4.9, the actual second k-invariant
must give B Sq? on pic? (KU) after taking a connected cover. This corresponds to asking for maps
pic(l)(K U) — X* HZ which restrict to 8 Sq* when precomposing with the map X HZ /2 — pic(l) (KU) in
the Postnikov tower of pic(KU). Butby Lemma4.11, Z /4= H*(picy (KU); Z) — H*(Z/2; Z)~Z/2isa
surjection, and the codomain is generated by 8 Sq?. Therefore only the two generators of H* (pic(l)(K U);Z)
satisfy the necessary property, so one of them of must be the k-invariant of picg (KU). |

Theorem 4.14 The two generators of 7./4 >~ H* (pic(l) (KU); 7)) yield equivalent Postnikov sections, and
hence both present picg (KU).

Proof Leta and b be the two generators of Z /4~ H* (pic(l) (KU); Z). Since a = —b there is a commutative
diagram

picy(KU) —— E*HZ

bk

pic) (KU) —2— S*H7Z,

The induced map between the fibers of the horizontal maps is an equivalence between the Postnikov
sections corresponding to the k-invariants a and b. |
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Remark 4.15 While we do not have a geometric argument at hand, it seems almost certain that the
automorphism used in the proof of Theorem 4.14 corresponds to the complex conjugation automorphism
on KU.

Proposition 4.16 There is an isomorphism H> (pic(l) (KO);Z./2) =~ 7Z/2 x Z /2. Moreover, pulling
back along the fiber in the Postnikov tower for pic(l) (KO), XHZ]2 — pic(l) (KO), induces a surjection
Z)2x7/2— 7./2{Sq?}.

Proof For readability we do not include the entire proof. We only note that it arises from considering the
long exact sequence in mod-2 cohomology applied to the Postnikov tower X HZ /2 — pic(l) (KO)— HZ./8
and a large number of low-degree cohomology computations for the Eilenberg—Mac Lane spectra HZ /8
and HZ/2. O

Remark 4.17 For the time being, we do not know how to specify the “correct” k-invariant for pic% (KO),
as it could be one of two elements in the preimage of Sq?. In the case of pic(KU) the ambiguity is
irrelevant up to equivalence (see Theorem 4.14), but a similar approach will not work here. It may be
possible to resolve the ambiguity by taking homotopy fixed points of pic(KU) and comparing the second
k-invariant of the resulting fixed point spectrum, via the homotopy fixed points spectral sequence, to the
two possibilities given in Proposition 4.16. Luckily, this uncertainty does not effect the group structure
on the pic(z) (KO)-cohomology of a space.

4.3 Group structures

Now that we know the k-invariants of pic(z) (KO) and picg (KU), we can determine the group laws for
picg(K0)°(X) and pic} (KU)°(X), which we will use in the next section.

Proposition 4.18 For a space X, the group law on the set

pica (KU)*(X) = HY(X:Z/2) x H'(X;Z/2) x H*(X;Z)
is given by (a,b,c)B (d', 0", ') =(a+d',b+b',c+ '+ B(bUDb')), where we abuse notation and use
the symbol + to denote the usual addition in H*(X;Z/2), H'(X;Z/2) and H*(X;Z).

Proof Proposition 4.10 implies that the first coordinate of the group splits off. Therefore it suffices
to prove that the group structure on pic3 (KU)®(X) is (b,¢) + (b',¢") = (b + b',c + ' + B(b U D).
Consider the natural short exact sequence of abelian groups

H*(X;7Z) — pic}(KU)°’(X) — H (X;Z/2).
The cocycle for that group extension (in the sense of [49, Section 6.6]) is a natural map
HY(X:Z/)2)x HY(X:Z/2) - H3(X: Z),

which (since it is natural in X') is represented by some map K(Z/2,1) x K(Z/2,1) — K(Z,3). There
are only two such maps, the trivial one and 8(— U —). The cocycle cannot be trivial, otherwise picf (KU)
would be a direct sum of Eilenberg—Mac lane spectra, which contradicts Corollary 4.9. |
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The proof of the following proposition is similar.

Proposition 4.19 For an h-type X, the group law on the set
picg(KO)°(X) = H(X;Z/2) x H'(X;Z/2) x H*(X;Z/2)

is given by (a,b,c)B (@', b', 'Y= (a+d',b+b',c + ' + b UDb’), where we abuse notation and use the
symbol + to denote the usual addition in H®(X;7Z/8), H'(X;Z/2) and H*(X:7/2).

S What pic[z, (KO) and picg (KU) represent

In the following section we describe several algebraic and geometric interpretations of the cohomology
theories associated to pic(z) (KO) and picg (KU).

5.1 Brauer groups

By determining the group structures of picg(K U)°(X) and pic(z) (KO)°(X) for a space X we now have
that Picg (KU) and Pic% (KO) represent well-known classical Brauer groups whose elements are Morita
classes of bundles of Z/2-graded central simple algebras [10, Theorem 6, Theorem 11]; bundles of
7./ 2-graded continuous trace C*-algebras (as described below); and bundles of super (i.e., Z /2-graded)
2-lines (see Corollary 5.8). All of these data were previously known to be isomorphic, at least at the level
of folks theorems, but interpreting them in terms of Picg (KU) and Pic(z) (KO) is new. However, this is
consistent with the fact that bundles of graded central simple algebras; bundles of graded C*-algebras;
and bundles of super 2-lines; can all be used to twist K-theory.

Definition 5.1 We let GBrO(X) denote the Brauer group of (possibly infinite-dimensional) graded,
continuous trace, complex C *-algebras with spectrum X, as in [44]. We let GBrU(X') denote the Brauer
group of (possibly infinite-dimensional) graded, continuous trace, real C*-algebras with spectrum X, as
in [43].

The following theorems are proven in [43; 44]:

Theorem 5.2 (Maycock) If X is a space homotopy equivalent to a CW-complex then
GBrU(X) = HO(X:Z/2) x HY (X;Z/2) x H*(X:Z)

with group law (a,b,c) + (d',b',c') = (@a+d', b+ b',c + ¢’ + (b Ub')) where B is the Bockstein
homomorphism.

Remark 5.3 In [44] the H° term is mostly ignored, since Maycock requires that her bundles have
isomorphic fibers over every connected component. This assumption is unnecessary, as shown in [43].

Theorem 5.4 (Moutuou) If X is a space homotopy equivalent to a CW-complex then
GBrO(X) =~ HY(X:Z/8) x H'(X:Z/2) x H*(X;Z/2)
with group law (a,b,c) + (a',b', ') = (a+d' . b+b',c+c' + (bUD)).
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Propositions 4.18 and 4.19 now imply the following corollaries:

Corollary 5.5 If X is a space homotopy equivalent to a CW-complex then there is an isomorphism
GBrU(X) = pic} (KU)° (X).

Corollary 5.6 If X is a space homotopy equivalent to a CW-complex then there is an isomorphism
GBrO(X) = picj(K0)° (X).

Remark 5.7 The Brauer group of Z /2-graded continuous trace C *-algebras with spectrum X is equivalent
to the Brauer group of Z /2-equivariant C*-algebras with spectrum X with the property that the induced
7 /2-action on X is trivial. Our constructions of pic? (KU) and pic% (KO), and the fact that they represent
these Brauer groups, should be compared to the construction of the cohomology theory Ec 1 in [14]. Ttis
shown therein that £ (%,T (X) is the group of T-equivariant line bundles on X and that £ <1c,1r (X) is the
Brauer group of T -equivariant C*-algebras with spectrum X where X has trivial induced T -action. Our
constructions on the other hand show that picf (KU)~1(X) is the group of super line bundles on X and
that pic? (KU)°(X) is the Brauer group of Z /2-equivariant C *-algebras with spectrum X having trivial
induced Z/2-action. Moreover, Q¥ Ec 1 ~ Z x K(Z,2) and Q®°x! pic? (KU) ~ 7Z./2 x K(Z,2).
This suggests that Evans and Pennig’s Ec, T spectrum is equivalent to gl; (KU ), the space of units of
T-equivariant complex K-theory.

Propositions 4.18 and 4.19 also give picg (KU) and pic% (KO) the following interpretations in terms of
graded 2-line bundles.

Corollary 5.8 Let X be a smooth manifold. Then
picy (KU)°(X) = sLBdlc(X) and pics(KO)°(X) = sLBdIg (X),

where sLBdl¢ and sLBdlr are the Brauer groups of complex and real super 2-line bundles on X as
defined in [34].
Proof This follows immediately from either [34, Theorem 4.4] or [42, Theorem 2.2.6]. O

Corollaries 5.5 and 5.8 have the following interpretation in terms of parameterized stable homotopy
theory:

Corollary 5.9 If X is connected then there is an isomorphism between the Brauer group of graded,
continuous trace, complex C*-algebras with spectrum X , equivalently the Brauer group of complex super
2-line bundles on X, and [X, B(GL{(KU|0, 2]))], the group of KU[0, 2]-line bundles on X (where the
group structure on the latter arises from the abelian co-group structure of the target). The same holds in
the real case with KU|0, 2] replaced by KO|0, 1].

Proof We have a string of equivalences of infinite loop spaces
Pic3 (KU) ~ BRQ Picj(KU) ~ BGL,(KU)|[0, 3] ~ B(GL,(KU)|0, 2]).
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Therefore it suffices to show that GL; (KU)|0, 2] >~ GL;(KU|0, 2]), which follows from Lemma 5.12
below. The argument for the real case is identical. |

Remark 5.10 The group structure on KU[0, 2]-line bundles over X also arises by interpreting it as the
set of connected components of the symmetric monoidal slice category co-category Top, p(aL, (ku[0,2]))-
Here, the symmetric monoidal structure is given by [3, Proposition 6.12]. This can be interpreted as
applying Lurie’s straightening construction to the slice category and equipping the resulting presheaf
category with the Day convolution monoidal structure.

Remark 5.11 Corollary 5.9 cannot be stated in terms of all of Picg(K U) for the following reason: the
spectrum KU[0, 2] is no longer 2-periodic, so 7y (Pic(KUJ0, 2])) will be at least Z. As a result we cannot
think of maps X — Picg (KU) as bundles of invertible KU|[0, 2]-modules on X.

Lemma 5.12 Let R be a connective commutative ring spectrum and n € 7 a positive integer. Then there
is an equivalence of infinite loop spaces

GL1 (R0, n]) >~ GL; (R)[0, n].
Proof Consider the zigzag of infinite loop maps
GL (R[0,n]) = GL{ (R0, n])[0,n] < GL{(R)[0, n],

where the arrow from left to right is the usual map from a space to its truncation and the arrow from
right to left is obtained by truncating after applying the functor GL; to the ring map R — R[0, n].
Recall that the homotopy groups of GL;(R) are isomorphic to those of R except in degree zero where
79(GL1(R)) = mo(R)*. Therefore GL{(R][0, n]) is an n-truncated space and the left to right map from
itself to its truncation is an equivalence. Because R — R[0,n] is an equivalence through homotopy
degree n, so is GL{(R) — GL(R]0, n]) and therefore the left to right map is also an equivalence. O

Remark 5.13 There is an equivalence of commutative ring spectra KU[0, 2] >~ ku[0, 2] which is the
truncation of the equivalence ku — KU[0, 00). This is essential to the use of Lemma 5.12 in the proof of
Corollary 5.9. In particular we must construct KU|0, 2] by first taking the connective cover of KU and
then truncating, as KU(—o0, 2] is not even a ring spectrum.

Remark 5.14 Recall that there is a C;-action on KU by complex conjugation whose fixed point spectrum
is KO. The C,-equivariant complex K-theory spectrum is often denoted by KR, following Atiyah. One
can show that the second Cj-equivariant Postnikov slice of KR, denoted by P2KR (in the sense of [28])
has underlying spectrum KUJ0, 2] and fixed point spectrum KO[0, 1] [27]. Therefore both perspectives are
encompassed by the space of equivariant units of KR, i.e., GL; (KR). In other words, given the correct
equivariant generalization of Lemma 5.12, both the real and complex Brauer groups described above are
determined by a delooping of P2GL;(KR). This is closely related the operator-theoretic perspective on
real K-theory described in [43]. We will return to this question in later work.
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5.2 Twisting Spin- and String-structures

Recall from [45] that the set of String-structures on a Spin-manifold M is a torsor for H3(M;Z). Our
results admit a similar interpretation, except that we are considering String-structures on a manifold with a
fixed orientation (as opposed to a fixed Spin-structure). Our results imply that the set of String-structures
on M relative to a fixed orientation is a torsor for pici’ (KU)(M)= H (M ;7Z/2)x H3(M; Z). Similarly,
the Spin-structures on a real manifold M are a torsor for pic% (KO (M)=H' (M ;Z/2)yx H>(M;Z/2).

Definition 5.15 Let SO //String denote the abelian co-group arising as the fiber of the connective cover
BString — BSO.

Proposition 5.16 There is an equivalence of abelian co-groups SO //String ~ Pic? (KU).

Proof Let F be the fiber in Sp of the connective cover bstring — bso. Therefore F has 7 (F) = Z/2
and w3 (F) = Z as its only nontrivial homotopy groups. By Proposition 4.8 and Corollary 4.9 it suffices
to show that the k-invariant of F is nontrivial. We will show that the k-invariant of X F is nontrivial,
which is equivalent.

Note that there is a fiber sequence bstring — bso — bso[0,4] ~ X F. By Lemma 4.6, there is an
equivalence of A-types

BSO[0, 4] ~ B(BGL, (KU)[0, 3]) ~ K(Z/2,2) x K(Z,4)

so there is a natural isomorphism of sets bso[0, 4]°(X) =~ H?(X;Z/2) ® H*(X;Z). If the k-invariant
of F were trivial, this would be an isomorphism of abelian groups. We will show that is not the case.

Because of the A-type splitting BSO[0, 4] >~ K(Z /2, 2) x K(Z,4) described above, there is a projection
BSO[0,4] — K(Z/2,2) and the composite of that projection with the truncation BSO — BSO[0, 4] must
be nontrivial. Therefore the second Stiefel Whitney class w, : BSO — K(Z/2,2) can be factored as
BSO — BSO[0,4] — K(Z/2,2). As a result, the composite bso®(X) — bso[0,4]°(X) — H?*(X,Z/2)
must take an oriented vector bundle V' on X to w, (V).

The composite p : BSO — BSO[0,4] — K(Z,4) determines some integral characteristic class
(and is therefore some multiple of the first Pontryagin class p;). We argue that it must be either p;
or — p1. First note that by the computations of [12] and the Kiinneth formula, H4(BSOI0, 4]; Z) splits
as Hy(K(Z/2,2);7) ® H4(K(Z,4);Z) = 7./4 ® 7. This implies that H*(K(Z/2,2) x K(Z,4);Z) =
Homay(Z/4 @ 7Z,7) = 7. Thus the projection BSO[0,4] — K(Z,4) gives an isomorphism in H*.
The restriction along BSO — BSOJ0, 4] is surjective on H* for connectivity reasons, and hence an
isomorphism, so the composite p must be a generator of H*(BSO, Z), which proves the claim.

Since the natural map bso®(X) — bso[0,4]°(X) is a map of abelian groups, if the isomorphism
bso[0,4]°(X) = H?>(X;Z/2)® H*(X;Z) were also one of abelian groups then the map which sends an
oriented vector bundle V to (w,(V'), £ p1(V)) would be a map of abelian groups. But the Whitney sum
formulas that dictate the behavior of w, and p; under the direct sum of bundles make this impossible. O

Corollary 5.17 Let X be a space with an oriented real vector bundle & : X — BSO which lifts to a string
bundle. Then the set of string bundles which lift £ is a torsor for pic} (KU)°(X) = bgl, (KUI[0, 2))°(X).
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Proof This follows from applying the limit preserving functor Map (X, —) to the pullback of /-types

Pic} (KU) —— BString

l |

(x} — % . BSO 0

Remark 5.18 Corollary 5.17 implies that if X is a connected and oriented manifold which admits a
string structure then those string structures can be twisted by elements of bgl(l) (KU[0,2])(X). These are
KUIJO, 2]-line bundles on X and therefore, in light of Corollary 5.8, complex super 2-line bundles.

Remark 5.19 We suspect it is also true that Picg (KU) ~ fib(BString — BO), but we don’t have an
interesting interpretation of this fact, so we do not investigate it here.

The next proposition can be proven by methods similar to those used in the proof of Proposition 5.16:

Proposition 5.20 If O//Spin denotes the fiber of the map BSpin — BO then there is an equivalence of
abelian co-groups O //Spin ~ Picf (KO) ~ BGL{(KOJ0, 1]).

Corollary 5.21 For an h-type X with a real vector bundle £ : X — BO the set of lifts of & to BSpin is a
torsor for bgl(l) (KO[0, 1]).

Remark 5.22 In light of the results of [7; 13], Propositions 5.16 and 5.20 imply that M String — M SO
and M Spin — M O are Hopf—Galois extensions (or co-Galois extensions) in the sense of [47] with Galois
algebras S[BGL{ (KUI0, 2])] and S[BGL (KOJ0, 1]), respectively. In other words, there are morphisms of
affine spectral schemes Spec(M SO) — Spec(M String) and Spec(M O) — Spec(M Spin) which are tor-
sors for the affine commutative group schemes Spec(S[BGL; (KU|0, 2])]) and Spec(S[BGL, (KO|0, 1])],
respectively. We note however that this in no way implies that either M String — M SO or M Spin — M O
is an actual Galois extension. These statements could be made more precise with the language of [39] but
we leave that for another day.

5.3 Twisting cohomology theories

There are maps of /-types Picg (KU) — Pic(KU) and Picg (KU) — Pic(KO), but we do not know if
these are maps of abelian co-groups because we do not know if there are E-splittings Pic(KU) =~
Pic} (KU) x Pic$° (KU) or Pic(KO) ~ Picj(KO) x Pic3°(KO). However, there are E -splittings

BGL;(KU) ~ Pic3(KU) x BGL(KU)[4,00) and BGL,(KO) ~ Pici(KO) x BGL;(KO)|3, c0)

(this is well known, but also follows from our Corollaries 3.33 and 3.36). Therefore for a connected
h-type X there are twists of real and complex K-theory by pic? (KU)°(X) and pic% (KO)°(X).

Question 5.23 Given a class o € pic? (KU)°(X) there is a twisted K -theory group K%(X). On the
other hand, via the isomorphism of Corollary 5.5, « is also a class in GBrU(X), i.e., a Morita class of
graded continuous class C*-algebras with spectrum X. Then, by [44, Section 4.1] there is a twisted
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operator-theoretic KK -theory group KK*(X). Are these two groups always isomorphic? This question,
for the comparison between ungraded C*-algebras and H3 (X ; Z) is answered in the affirmative in [26)].

More generally, using the results of Section 5.2, we may repeat the constructions of [2] to obtain twists
of other cohomology theories that now can be interpreted as coming from KUJ[0, 2] and KOJ0, 1] line
bundles.

Example 5.24 By taking Thom spectra of the fiber sequence BGL, (KO0, 1]) — BSpin — BO of
Proposition 5.20 and composing with the Eo, Atiyah—Bott—Shapiro orientation of [31], we obtain a
composite of maps of E,-ring spectra

$%° BGL, (KO|0, 1]) — M Spin — KO.

The gl; F X9°Q adjunction then induces a map of abelian co-groups BGL{(KOI0, 1]) — GL;(KO)
which deloops to
B*GL,(KO0I0, 1]) = BGL;(KO).

Recall that B>GL;(KO[0, 1]) is the base space component of Br(KO[0, 1]) and BGL;(KO[0, 1]) ~
Q BGL(KOI0, 1]) classifies super 2-line bundles. We think it reasonable to interpret this map as giving
twists of KO-theory by real super 3-line bundles (though there does not appear to be an agreed upon
definition of 3-line bundles in the literature).

Remark 5.25 Note that the fiber of the composite BSpin® — BSO — BO is, as an /i-type, equivalent
to Z/2x K(Z,2). Under the assumption that this fiber has nontrivial [E-structure, Theorem 3.35 implies
that it is equivalent as an abelian co-group to the A-type classifying complex superline bundles. In other
words, Spin‘-structures on manifolds can be twisted by complex superline bundles. We believe that this
fact has an interpretation in terms of Clifford algebra bundles which is the subject of joint work of the
first two authors and Pacheco-Tallaj.

Example 5.26 Similarly to Example 5.24, we can use the fiber sequence in the proof of Proposition 5.16,
BGL, (KU|0, 2]) — BString — BSO, along with the E-orientation M String — KU of Ando, Hopkins
and Rezk [5] to obtain twists

B*GL,(KU[0,2]) — BGL; (tmf).

Again one might interpret such twists as twists of tmf-theory by complex super 3-line bundles, or maps
to the connected component of Br(KUJ0, 2]).

Remark 5.27 Recall that, for a commutative ring spectrum R, the base point component of Br(R) is
the space of LModg-modules (in Cats,) which are equivalent to LModg and equivalences between
them. Moreover, there is a canonical map of spectra bgl; (R) — gl;(K(R)), and hence a map of
abelian oo-groups B>GL(R) — BGL(K(R)), by which we may think of maps X — B?GL,(R) as
K(R)-line bundles. Example 5.26 then suggests that our twists B>GL; (KUJ[0, 2]) — BGL (tmf) are
related to K(KU) being a form of elliptic cohomology (see, for instance, [6]).
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5.4 Mathematical physics

In this section we describe how our work is connected to work in mathematical physics of Freed, Hopkins
and others. In [16, 1.34, 1.38], Freed describes four spectra: cAlgg, cAlge, Algg and Alge. These are
each Picard spectra of Morita 2-categories of invertible algebras, bimodules between them, and intertwiners
between bimodules. In the first two cases Freed requires that the bimodule structures and the intertwiners
are all continuous with respect to the topologies of R and C, respectively. In the second two cases,
everything is with respect to the discrete topologies on R and C. Freed computes the homotopy groups
and k-invariants of each of these spectra (implicitly using results which are made concrete in [24; 32]).
Each of these have a finite number of nonzero homotopy groups, all of which we exhibit below:

740,1,2,33CAlge ={Z/2,2/2,0,Z}, w1, 23cAlgg ={Z/8,7/2,72/2},
my0,1,23Algc ={Z/2,7/2,C*}, 70,1,20Algg = {Z/8,2/2,R™}.

In the last two cases, C* and R™ both have the discrete topology. Freed also computes the k-invariants
of these spectra to all be nontrivial. Freed’s computations when combined with ours (as well as
Conjecture 3.38) yield the following:

Theorem 5.28 There are equivalences of spectra
cAlgd ~ picy(KU), cAlgy ~ pica(KO), Algg[l,2] ~ pic2(K(C)),! Alggll,2] ~ pic}(K(R)).!

Note that the second and last spectra above are essentially the same because there is no nondiscrete
topology to put on Z /2.

In [17, 4.3, 4.4] Freed again introduces these spectra, though with different names (and of course
ignoring the difference between cAlgy and Algy). Specifically, he writes R~ for cAlgg., R]?R? z for Alg¢,
and E for cAlgg. However, Freed is also interested in the connective covers of the one-fold desuspensions
of these spectra, which he denotes by R2, RI?R;Z and E~'. This immediately implies the following.

Corollary 5.29 There are equivalences of spectra
R~ gl (KU)[0,2], Rgjz~e(K©)[0,1],2 E~'~gl (KO0, 1].

The spectra R™2, RH_JZ and E~! are explained by Freed to be the Picard spectra of the groupoids of
complex superlines, flar complex superlines, and real superlines. This should not be surprising in light of
the identifications made in Corollaries 3.33 and 3.36.

In [17; 16], Freed identifies cAlgfé with £~ 1ko[1, 4], which is abstractly equivalent to picg (KU), but
remarks that he does not have a conceptual reason for this identification. Similarly, for cAlgg ~ Algg,
Freed mentions that there is not an “off the shelf” spectrum representing it. We claim that the constructions
of this paper, and the identifications made in this section, provide spectra which naturally arise in stable
Wethenontriviality of the k-invariants of these spectra relies on Conjecture 3.38, they do have the correct homotopy

groups in the correct degrees (see [33]).
2 Again, conjecturally.
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homotopy theory (they are “off the shelf”’) which are the Picard spectra of these Morita categories.
Moreover, the constructions of Sections 3.2 and 3.3 essentially prove that the Picard and unit spectra of
interest in this paper have the desired geometric interpretations.

5.5 The Anderson dual of S

Recall that there is a spectrum called the Anderson dual of S, denoted by Iz, which defines a functor
on 8p, Map(—, Iz) : Sp®® — 8p (see, e.g., [25, §2; 37, 4.3.9]). Given a spectrum E we will write Iz E
for Map(E, Iz) and refer to this as the Anderson dual of E.

We now show that there is a close relationship between the truncated Picard spectrum picg (KU) and
the Anderson dual of the sphere spectrum. This is consistent with the results of the prior section as the
Anderson dual often appears in the mathematical physics work of Freed, Hopkins and others (see, for
instance, [18, Hypothesis 5.17; 19, Ansatz 5.26, Theorem 5.27]).

We will be particularly interested in X" (/z[—n, 00)), the n-fold suspension of the —n-connective cover
of I7. We will simplify notation by writing this as , /7.

Lemma 5.30 The spectrum 3 Iz has homotopy groups g = 7Z./2, w1 =2 /2, wy =0, w3 = Z.

Proof The uppermost homotopy groups of Iz (which is coconnective) are well known, see again
[37, 4.3.9], and the result follows by suspending. O

Lemma 5.31 The unique k -invariant of the spectrum 517 is f Sq* and the bottom k -invariant of 31z,
is Sq°.

Proof By [37, 4.2.7(1)] the functor Map(—, Iz) is a contravariant equivalence on the full subcategory
of spectra with finitely many homotopy groups all of which are finitely generated. The first k-invariant
of S is nontrivial and therefore so is the map Sq® o p : HZ — %2HZ7/2. This is also of course the
k-invariant of S[0, 1]. It follows that the uppermost k-invariant of /7, hence the k-invariant of I7[—2, 0],
or equivalently of 51z, is a nontrivial map HZ/2 — 3 HZ, and therefore must be B Sq?, the generator
of H¥*(HZ/2;7) = 7/2. By a similar argument the bottom k-invariant of 317 is nontrivial and
therefore Sq>. a

Theorem 5.32 There is an equivalence of spectra picg (KU) ~ 317.

Proof The spectra have the same homotopy groups and both have Sq? as their bottom k-invariant. The
calculations of Lemmas 4.11 and 4.12 and Propositions 4.13 and 4.14 proceed identically for 3/z and
show that although it has two possible second k-invariants they yield equivalent spectra, both of which
must be equivalent to picg (KU). |

Corollary 5.33 There is an equivalence of spectra gl (KU[0,2]) >~ ,17.

We recall the hypothetical characterization of topological field theories given by Freed and Hopkins
[16, Ansatz 5.26]:
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Ansatz 5.34 A continuous, invertible, n-dimensional extended topological field theory with symmetry
group Hy, is a map
¢ : S"MTH,, - ="t (Iz[-n,0)),

where MTH,, is the Madsen-Tillman spectrum for H, of [22].

If we believe Ansatz 5.34 then a topological field theory determines a map, for a manifold X,
¢* : MTH(X) — 1 % (X). The domain of this map is, by [22], a set of submersions £ — X with
n-dimensional fibers, up to cobordism, and therefore essentially a bundle of cobordism classes of
n-dimensional manifolds on X. If we let n = 1, 2 then Theorem 5.32 and Corollary 5.8 imply that we
have a map whose input is bundles of 1- or 2-dimensional manifolds over X and whose output is either
super lines bundles on X or super 2-line bundles on X, which is the behavior one would expect of a fully
extended, invertible topological field theory (especially in the case that X = ). This also suggests that
super n-lines in general should be classified by maps into , Iz (or rather, should be defined as such, as
the authors are not aware of any generally accepted definition of super n-line).

The following conjecture is a 2-local and real version of Theorem 5.32, but the indeterminacy of the
k-invariants of picg (KO) in our calculations prevents us from proving it. Recall that 7_4(I7) = Z /24
which becomes 7Z /8 after 2-localizing. Therefore the left-hand spectrum below has homotopy groups
{Z/8,7./2,7/2,0, Z(y)}, which agree with the homotopy groups of the right-hand side.

Conjecture 5.35 There is an equivalence of spectra 4(1z,)(2) = picg (KO(2)).

We conclude with an attempt to collect the ideas of Sections 5.4 and 5.5, at least in the complex case,
in the following table:

gl, (KU)[0, 2] ~ gl, (KUJ0, 2]) picy(KU) br(KU)[0, 4]

n/a central simple C-superalgebras | central simple KU[0, 2]-algebras?

invertible sVectc-modules

invertible (super) C-modules ) )
(= invertible KU[0, 2]-modules?)

invertible LMod(KU[0, 2])-modules?

complex superlines complex super 2-lines complex super 3-lines?

2% (Iz[-2. 00)) 23 (Iz[-3. 00)) 24 (Iz[-4, 00))?

Certain entries are conjectural, and therefore ended with question marks. Note that the passage from the
first row to the second is obtained by applying the functor LMod(—) and that the third row is essentially
just a renaming of the second row.
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Polyhedral coproducts

STEVEN AMELOTTE, WILLIAM HORNSLIEN AND LEWIS STANTON

Dualising the construction of a polyhedral product, we introduce the notion of a polyhedral coproduct
as a certain homotopy limit over the face poset of a simplicial complex. We begin a study of the basic
properties of polyhedral coproducts, surveying the Eckmann—Hilton duals of various familiar examples
and properties of polyhedral products. In particular, we show that polyhedral coproducts give a functorial
interpolation between the wedge and cartesian product of spaces which differs from the one given by
polyhedral products, and we establish a general loop space decomposition for these spaces which is dual
to the suspension splitting of a polyhedral product due to Bahri, Bendersky, Cohen and Gitler.

1 Introduction

Polyhedral products are natural subspaces of cartesian products defined as certain colimits over the
face poset of a finite simplicial complex K. This construction generalises and unifies into a common
combinatorial framework many familiar methods of constructing new topological spaces from given
ones — for example, products, wedge sums, joins, half-smash products and the fat wedge construction
are all special cases. Since their introduction by Bahri, Bendersky, Cohen and Gitler [2], the topology of
polyhedral products has become a growing topic of investigation within homotopy theory and has made
fruitful contact with many other areas of mathematics. Notable examples include toric topology, following
Buchstaber and Panov’s [4] formulation of moment-angle complexes and Davis—Januszkiewicz spaces
as polyhedral products; commutative algebra, where polyhedral products give geometric realisations of
Stanley—Reisner rings and their Tor algebras; and geometric group theory, where polyhedral products
model the classifying spaces of right-angled Artin and Coxeter groups. For more on the history and
far-reaching applications of polyhedral products, we recommend the excellent survey [1].

Motivated by the ubiquity and utility of polyhedral products, the purpose of this paper is to propose a
definition for the dual notion of a polyhedral coproduct and begin a study of its basic properties. Before
describing the main results, we first review the construction of polyhedral products more precisely.

Let (X, A) = {(X;, A;)}7L, be an m-tuple of pointed CW-pairs, SCpx,,, be the category of simplicial
complexes on the vertex set [m] = {1, ..., m} with morphisms given by simplicial inclusions, and Top,
be the category of pointed topological spaces. For a simplicial complex K, let cat(K) denote the face
poset of K, regarded as a small category with objects given by faces o € K and morphisms given by face
inclusions 7 C 0. We denote the initial object of cat(K) by &, which corresponds to the empty face of K.

MSC2020: primary 55P10, 55P35; secondary 18 A30, 55P30.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
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The polyhedral product associated to (X, A) is the functor
(X, A)(_) : SCpx,,, — Top,,

which associates to each simplicial complex K the (homotopy) colimit
m
X, )X = hocolim [ | ¥; (o),
(. )% = hocotim [ ¥y

where Y; : cat(K) — Top, is defined for each i € [m] by
X; ifieoao,
A; ifiéo.

As has been pointed out in [13; 16; 21], for example, the homotopy colimit above agrees up to homotopy

m<a)={

with the usual colimit | J g [[7=; Yi(0) since each (X;, A;) is an NDR-pair. In particular, each map in
the diagram defining the polyhedral product is a cofibration, and the polyhedral product (X, 4)X is a
cellular subcomplex of [ 7=, X; forall K. In the case that A; = « for all i € [m], this subcomplex (X, %)K
naturally interpolates between the wedge \/7—; X; (when K consists of m disjoint vertices) and the
product [/, X; (when K = A™1 is the simplex on m vertices).

Dualising the definition of a polyhedral product as a homotopy colimit of products, we define a
polyhedral coproduct as a homotopy limit of coproducts, as follows.!

Definition 1.1 Let f = (f1,..., fm) be an m-tuple of maps f; : X; — A; of pointed spaces. Define the
polyhedral coproduct associated to I as the functor

Igo_) : SCpx,,, — Top,,
which associates to each simplicial complex K with m vertices the homotopy limit

7% — holim D(o0)

Cco

- cat(K)op
of a diagram D : cat(K)° — Top,, where D(0) = \/]~, Yi(0) and
X; ifieo,
Yiey=1"" 1"'°°
A; ifi ¢o.

Note that for a face inclusion t C o € K, there are maps Y; (o) — Y;(t) defined for each i € [m] by f;
if i € o\t and by the identity map otherwise, and hence there is an induced map

m m
\/ Yilo) — \/ Yi (o).
i=1 i=1
For a family (X, A) of pairs of spaces, if the maps f; : X; — A; are clear from context, we will
sometimes denote f gg by (X, A)CKO. One example is the case that A; = * is a point, and f; is the constant

1Since we work only with homotopy limits, we define polyhedral coproducts with respect to any set of maps f;, rather than
insisting on fibrations.
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map for all i € [m]. In this case, as we show in Section 2, the polyhedral coproduct (X, f)gg naturally
interpolates between \/;-"=1 X; (when K = A™ 1) and ]_[?;1 X; (when K is m disjoint vertices).

For polyhedral products, the relationship between the combinatorics of K and the homotopy type
of the space (X, %)X interpolating between the m-fold wedge and m-fold product is made clear after
suspending. By [3, Theorem 2.15], there is a natural homotopy equivalence

(1) SX. 0K~ \/ =x7,
geK
where X" = X;; A--- A X, for each face 0 = {iy,...,ix} € K. Notice that this generalises the

well-known splitting of =(]]/~, X;) when K = A™~1, in which case the wedge above is indexed over
all subsets of the vertex set [m]. For polyhedral coproducts, we dualise the suspension splitting (1) by
establishing a loop space decomposition for (X, f)clg, which similarly generalises a product decomposition

due to Porter [18] for SZ(\/;"=l Xi) when K = A™ 1,

Theorem 1.2 (Theorem 4.3) Let K be a simplicial complex on [m] and let X1, ..., X, be pointed, simply
connected CW-complexes. Then there is a homotopy equivalence

m
a.of = [Tax < [Tes( A o).
i=1 bel TEF
As with the splitting (1), the indexing set I above is defined in terms of the faces of the simplicial

complex K, and made explicit in Section 4. The equivalence (1) is a special case of the more general
Bahri-Bendersky—Cohen—Gitler splitting (henceforth, BBCG splitting) which identifies the homotopy
type of any polyhedral product (X, A)X as a certain wedge after suspending once. In the case that
each X; is contractible, the authors of [3] obtain their splitting using a lemma regarding homotopy
colimits of certain diagrams due to Welker, Ziegler and Zivaljevi¢ [21, Proposition 3.5]. We first dualise
the Welker—Ziegler—Zivaljevi¢ lemma (see Lemma 3.7), and then use this to dualise the BBCG splitting
to obtain the following result. This is a simplified version of the full statement of Theorem 4.5 where the
indexing sets are made explicit in terms of the underlying simplicial complex.

Theorem 1.3 (Theorem 4.5) Let K be a simplicial complex on [m] and let f; : X; — A; be a map
of pointed, simply connected CW-complexes where X; is contractible for 1 <i < m. Then there is a
homotopy equivalence

QIK = 1_[ QMap, (Z[Ky,,|, EQA?ll(b) /\"'/\QAr/;\zlm(b))-

co —

bel

Both Theorems 1.2 and 1.3 are special cases of a general loop space decomposition of an arbitrary
polyhedral coproduct (see Theorem 4.2), dual to the suspension splitting of a polyhedral product.

Definition 1.1 is alternate to Theriault’s definition of a dual polyhedral product, which was introduced
in [20] and used to identify the Lusternik—Schnirelmann cocategory of a simply connected space X with
the homotopy nilpotency of its loop space €2X . Although the two notions coincide in some special cases
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(see Remark 2.2), the diagrams defining polyhedral coproducts and dual polyhedral products are very
different in general, and our definition is more suitable for dualising the BBCG splitting of (X, 4)X
(see Section 4).

Although we restrict our attention to constructions in Top, in this paper, note that polyhedral
(co)products could be defined more generally in any model category C, for example, by replacing
the category of pointed spaces with C in the definitions above. Since any (closed) model category has
an initial object and a terminal object, the polyhedral products and coproducts of the form (X, %)X and
(X, %) CKO can be defined in this setting to yield functorial interpolations between the categorical product
and coproduct in C.

2 Basic properties
2.1 Basic examples

We begin by computing some basic examples of polyhedral coproducts, in each case illustrating the
Eckmann-Hilton duality between these constructions and their corresponding polyhedral products.

Example 2.1 (the A = x case) (1) Let K be m disjoint vertices. In this case, the polyhedral product

associated to the m-tuple of pairs (X, x) = {(X;, *)}7_, is the wedge

X, 08~ X vV X

Dually, if f; : X; — * is the constant map for each i = 1,...,m, then by definition the corresponding
polyhedral coproduct is given by
(X, 9K ~ X x-- x X
(2) On the other extreme, let K = A™~!. The polyhedral product associated to (X, ) in this case is
(X, )K ~ X - x Xpp.
Since the diagram defining (X, »_ﬁ){g has an initial object corresponding to the maximal face of the
simplex A1,
(X, 55 = X1 VeV X,

co —
(3) Let K = dA™ 1. The polyhedral product (X, %)X in this case is precisely the far wedge of the spaces
X1,...,Xm, which is defined as
FW(X1,..., Xm) ={(x1,...,Xm) | xi = = for at least one i }.
Dual to the fat wedge is the thin product of X1, ..., X, as defined by Hovey in [10, Definition 1]. This
construction is realised by the polyhedral coproduct (X, f)CKo

Remark 2.2 The dual polyhedral product, denoted by (X, A)g , defined by Theriault [20] also models
some of the spaces in Example 2.1. In particular, when K is m disjoint points, (X, *) g is equal to the
thin product of X1, ..., X,,. When K = dA™~!, we have (X, f)g ~ X1 X -+ X Xp. Outside of these
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cases, it is not clear whether there is any correspondence between the dual polyhedral product, and the
polyhedral coproduct. Theriault also used the dual polyhedral product to give a loop space decomposition
of the thin product. An alternate loop space decomposition of the thin product can be recovered in the
context of polyhedral coproducts by Theorem 4.3.

Just like the polyhedral product (X, %)X, the polyhedral coproduct (X, f)CIg interpolates between the
categorical product X1 X -+ x X, and coproduct X1 Vv ---V X;, as K interpolates between a discrete
set of vertices and a full simplex. Next, we compute two further examples of f C’g where the m-tuple f
involves maps other than the constant map X; — *. An important class of poTyhedral products (whial
includes generalised moment-angle complexes (D", S n=1)Ky ig given by those associated to CW-pairs
(CX, X)={(CX;, X;)}/_, consisting of cones and their bases. The first example below dualises this
case by replacing the cofibrations X; < CX; with path space fibrations PX; — X;.

Example 2.3 (dual of the join) Let K = dA! be two disjoint vertices so that the only faces of K are @,
{1} and {2}, and its face poset is given by {1} <— & — {2}. In this case the polyhedral product (CX, X)X
recovers the join of X; and X» as a pushout:

(CX, X)X = CX; x X2 Uy, xx, X1 x CX2 ~ X1 * Xa.

Fori € {1,2},let f; : PX; — X; be the path space fibration over X;. Since each PX; is contractible, the
polyhedral coproduct L{g = (PX, X);E =holim(PX; VvV X2 = X1V X2 < X1 VvV PX5) agrees with the
homotopy limit of the middle column of the commutative diagram

> X1 .6

| |

— Xi1vXy — X1 x X3

[ [

> X2 > Xo

¥ ——> M %

where the vertical maps are inclusions and the rows are homotopy fibrations. The homotopy limit of
the right column is contractible, so by taking homotopy limits of the columns we obtain a homotopy
equivalence (Q(,X)Clg ~ QF. By [6, p.302], F ~ X (X1 A Q2X>3), and so there is a homotopy

equivalence (PX, X)X ~ Q¥ (QX; A QX5). This space is known as the cojoin of X and X.

co —

Example 2.4 (dual of the half-smash) Let K = dA! be two disjoint vertices and let (X, A) consist of the
CW-pairs {(X1, A1), (X2, 42)} ={(CX, X), (Y, %)}. As in the previous example, the polyhedral product
is a pushout (X, A)X = CX x % Uyxs X x Y. Since CX X * is contractible, this is simply the cofibre of
the inclusion X x % < X x Y, which by definition is the half-smash product

X. X ~xxvy.
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To dualise this example, let f = (f1, f2) where fi: PX — X is the path space fibration and f> : ¥ —
is the constant map. Then by definition, the polyhedral coproduct is given by

S =holim(PX v — X v < XVY)xhofib(X vY 5 X),

the expected Eckmann—Hilton dual of the cofibre (X, A)X = hocofib(X X, X x Y') above. The homotopy
fibre of the projection onto a wedge summand can be identified using Mather’s cube lemma [14], and we
therefore obtain that the dual of the half-smash is given by

fE~axxy.

co —
Moreover, by Mather’s cube lemma or [6, Theorem 1.1], there is a homotopy fibration

YQXAQY - QX XY =Y,

where the right map is the projection map. The projection has a right homotopy inverse, implying there is
a homotopy equivalence
QX XY) = QY xQXEQX AQY).

This result can be recovered in the context of polyhedral coproducts by Theorem 4.2.

2.2 Functorial properties

The polyhedral product is a bifunctor (see [3, Remark 2.3]). Namely, it defines a functor from the category
of (m-tuples of) CW-pairs to the category of CW-complexes, and it also defines a functor from the category
of simplicial complexes to the category of CW-complexes. In this section, we prove that the polyhedral
coproduct enjoys similar functorial properties. First, we show naturality with respect to maps of spaces.
Theorem 2.5 Let K be a simplicial complex on [m]. For 1 <i <m, let f; : X; — A; and f] : X! — A
be maps. If there are maps g; : X; — X/ and h; : A; — A} such that the diagram

X/

) l 5 |7

Al %A/

homotopy commutes, then there is an induced map f ¢, K_, Jeo 'K

Proof Let Dg and D} be the diagrams defining I and f" 'K
map Fy : Dg(0) — D) (o), defined by

<o Tespectively. For a face o € K, define a

m m
Fy:Dx(0) = \/ ¥ Y=1% \/ v/ = Dj (o),

i=1 i=1
where ¢; = g; ifi €0, and ¢; = h; if i ¢ 0. By (2), F, induces a natural transformation Dg — D',

which in turn induces a map fX — f/K. O
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The definition of f CIg is also natural with respect to simplicial inclusions.

Theorem 2.6 Let K be a simplicial complex on [m], and let L be a subcomplex of K on [n] withn < m.
Then the simplicial inclusion L — K induces a map f K f L

Proof Let Dk and Dy be the diagrams defining f Clg and f 50, respectively. Let D 1{< : cat(L)°P — Top,,
be the diagram with Df(o) = V7L, Yi(o), where Y,-(U)_= X;ifi €eo,and Y;(0) = A; ifi ¢ 0. By
definition of f CIg as a homotopy limit, there are canonical maps f CIg — D 5 (o) for all o € L, and so the
inclusion (:at(_L)"p — cat(K) induces a map f CIg — holimg,( L_)up D I{< .

Now define a natural transformation of diagrams D f — Dy, by the pinch map

Df@)=\/Yi— \/Yi=DL(o).

i=1 i=1
This induces a map holim,(z,yor D f - f CLO Therefore, the simplicial inclusion induces the composite

fK — holim DX — (L. m
- cat(L)op -

Remark 2.7 The map f Clg - f CLO can be represented as the homotopy limit of a map of diagrams
Dg — Dy. For each o e L, we have a pinch map Dk (o) = \/j=,; Yi = \/i=; Yi = Dr(0). By
computing holim Dk, one can see that the maps CIg — Dy (o) for o € L are the maps described in the
proof of Theorem 2.6. B

2.3 Retractions

Let K be a simplicial complex and L a full subcomplex of K. For polyhedral products, by [5, Lemma 2.2.3],
there is a map (X, A)X — (X, A)L which is a left inverse for the map (X, A)L — (X, A)X. In the case
of polyhedral coproducts, there is an analogous statement.

Theorem 2.8 Let K be a simplicial complex on [m] and L be a full subcomplex of K on [n], withn < m.

Then there is a right homotopy inverse for the map f CIg - f CI;) induced by the simplicial inclusion L — K.

co?
Theorem 2.6 the diagram D 1{( indexed by cat(L)°P, which is defined by D Ilf (0) =\, Yi(0), where
Yi(o) =X, ifi €0, and Y;(0) = A; if i ¢ 0. Define a natural transformation Dy — D ]{( by the inclusion

Proof Let Dk and Dy be the diagrams defining I gg and I L respectively. Recall from the proof of

n m
D) =\/Yi = \/ Yi = D[ (o).
i=1 i=1
This induces a map f fo L, holimey(z)or D ]{( . Define a functor F :cat(K)°P — cat(L)°P by sending 0 € K
to the face t € L, where 7 is obtained from ¢ by removing any instances of the vertices {n + 1, ...,m}.
Since L is a full subcomplex, F' is well defined. The functor F induces a map holimy(z,yor D f £, I CKO
Therefore, we obtain a composite
7L L, holim DK £, 7K
- cat(L)°p -
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Now consider the composite

¢: fX L5 holim DX £, K ", polim DK £, fL

- cat(L)op - cat(L)op -
where the composite k o1 : fX — fL is defined as in Theorem 2.6. By definition of the functor F, the
composite cat(L)°P — cat(I_()Op F, cat(L)P is the identity, and so the composite % o g is the identity.
For a face o, the natural transformation inducing the composite k o f is the identity on D II,( (o), and so
k o f is the identity. Hence, ¢ is the identity map, and so the composite g o f is a right homotopy inverse
for the map induced by L — K. O

2.4 Homotopy cofibrations

For polyhedral products, if K is a simplicial complex on [m], it was shown in [5, Lemma 2.3.1] that there
exists a homotopy fibration

m
cex, e - x, »* > []x,
i=1
which splits after looping. More generally, it was shown in [8, Theorem 2.1] that there is a homotopy
fibration

m
Y. Nf -, H% -] x,
i=1
where Y; is the homotopy fibre of the inclusion 4; — X;. Note that the map (X, A)K — ]_[:-"=1 X; is

induced by the inclusion K — A™~!. Moreover, the second homotopy fibration above also splits after
looping, giving a homotopy equivalence

m
Qx. HX ~ ] exi xecy. vk
i=1
This implies that to understand the loop spaces of polyhedral products, and therefore their homotopy
groups, it suffices to study polyhedral products of the form Q(CY,Y YK Loop space decompositions of
certain polyhedral products of this form have been studied, for example, in [17; 19].
For polyhedral coproducts, by considering the map induced by the inclusion K — A”™~!, one might
hope there is a homotopy cofibration

m
\ Xi > X. 0 - (Pzx. 2x)K

co’
i=1
or more generally,

m
V Xi—>X. K-> @y.nk

co’
i=1

where Y; is the homotopy cofibre of f; : X; — A;. This would allow us to understand the suspension of
polyhedral coproducts, and therefore their homology. However, if K is two disjoint points, by part (1) of
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Example 2.1, the map X; Vv X, — (X, E)CKO is the inclusion X7 vV X3 — X1 X X5. The homotopy cofibre
of this map is X1 A X3, but Example 2.3 implies that (PX X, Q()Clg ~ QY (XX AQRXX5). This is
reminiscent of how Ganea’s theorem [6, Theorem 1.1] does not dualise canonically; see [6, Remark 3.5].
This gives rise to the following problem.

Problem 2.9 For certain classes of polyhedral coproducts, find a decomposition for their suspensions.

3 Preliminary results
3.1 Preliminary decompositions

To decompose the loop space of a polyhedral coproduct, we will use a result known as the Porter
decomposition. Let K be m disjoint points. By [5, Lemma 2.3.1], there is a homotopy fibration

m m
3) cex. 2% - \/x; —[]x.
i=1 i=1

A result of Porter [18, Theorem 1] identifies the homotopy type of (CQX, QX)X in the case that each X;
is simply connected. For a pointed space X and k > 1, let X Vk be the k-fold wedge of X.

Theorem 3.1 Let X1, ..., X,y be pointed, simply connected CW-complexes, and let K be m disjoint
points. There is a homotopy equivalence

m
cex.ex)f~\/ \/ (X, A-AQX)VED.

k=2 1<i1<-<ix<m
Moreover, this homotopy equivalence is natural for maps X; — Y;. m|

There is a special case of the naturality in Theorem 3.1 which will be important. Let n < m and let
Yi=X;forl <i <n,andlet Y; = CX; forn + 1 <i <m. In this case, we obtain the following.

Proposition 3.2 Letn <m, and let X1, ..., Xy be pointed, simply connected CW-complexes. There is a
homotopy commutative diagram

\/Zl=2 \/1§i1<-~-<ik§m E(S-Z)(ll AN QXik)V(k_l) —_— \/:n=1 Xl — H:n=1 Xl
|~ [ J
V=2 Vi<i)<w<ip<n 22X, A AQXOVED — 5 X —— [T X

where p and p’ are pinch maps and 7 is the projection. |

After looping the homotopy fibration (3), there is a natural right homotopy inverse s of the canonical
inclusion 7, given by multiplying the inclusions X; — []/=; X;. The naturality of s and the homotopy
fibration in Theorem 3.1 imply the following.
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Theorem 3.3 Let X1, ..., X;, be pointed, simply connected spaces. There is a homotopy equivalence
m m m
Q(\/X,-) :]_[szx,-xsz(\/ \/  (ex, /\--./\szx,-k)v(k—l)).
i=1 i=1 k=21=ij<-<ig=m
Moreover, this homotopy equivalence is natural for maps X; — Y;. |
For a subset I = {iy,...,i;} C [m] and pointed spaces X1, ..., X, define X" = Xiy N AN Xy

Remark 3.4 In Theorem 3.3, the wedge summand in the right-hand product term can be indexed as

\/ (Z(QX)AI)V(III_I).

I<[m]
[1]=2

Now we recall the Hilton—Milnor theorem. Let L be the free (ungraded) Lie algebra over Z on the
elements X1, ..., X;, and let B be a Hall basis of L. For a bracket b € B, let k; (b) be the number of
instances of x; in b. For a space X and k > 0, denote by X" the k-fold smash of X. The following is
from [15, Theorem 4], which is a generalisation of [9, Theorem A]. We will define the 0-fold smash of X
to be omission of the corresponding term, rather than a trivial space.

Theorem 3.5 Let X1, ..., Xy, be connected topological spaces. Then there is a homotopy equivalence
m
sz( \/ zxi) ~ [T ez ® A q xpkm®)),
i=1 beB
Moreover, this homotopy equivalence is natural for maps X; — Y;. O

As in the case of the Porter decomposition, there is a special case which will be important. Let n < m
andlet Y; = X; for 1 <i <n,and let ¥; = CX; forn 4+ 1 <i <m. By contracting out the CX; terms,

we obtain the following.

Corollary 3.6 Letn < m, let B, be a Hall basis on the free Lie algebra generated by x1, ..., X,, and let
B, be a Hall basis on the free Lie algebra generated by x1, ..., Xn,. Then the diagram

~ k1(b km (b
QE(ViLy Xi) = [lyep, QEE O A A x5O
lﬂp lﬂ
k1(b kn(d
Q2 (Vi) Xi) —= [pes, QEX] O p A xR B
homotopy commutes. |

3.2 Preliminary homotopy limit decompositions

In this section, we prove some decompositions of certain homotopy limits indexed by the opposite of the
face category of a simplicial complex. The first lemma is the dual statement of the “wedge lemma” from
[21, Proposition 3.5].
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Lemma 3.7 Let K be a simplicial complex. Let X be a space and let D : cat(K)°® — Top,, be a diagram
with D(@) = X and D(0) = = forall 0 # &. Then

holim D ~ Map,. (2| K|, X
holim, p«(Z|K], X).

Proof Let cat(K)(;pg denote the subposet category consisting of all 0 € K where 0 # &. For a
topological space A4, let A : cat(K)°P — Top,, be the diagram with constant value A. The opposite category
(cat(K )(;pg)Op is the category cat(K)<g and its geometric realisation coincides with the realisation of K
as a topological space

| K| ~ hocolim x.
cat(K) <z

Thus there are homotopy equivalences

Map(|K|, X) ~ Map(hocohm* X) ~ hohm Map(*, X) ~ hohm X.
at(K) <g cat(K) cat(K)

Let X : cat(K)°P — Top,, be the diagram with X (&) = % and X (o) = X for all 0 # &. The diagram D
can be written as the (homotopy) pullback

“4) x> X <« X,

where the right-hand map is the constant map to the basepoint for 0 = &, and the identity on X for
o # @. The left-hand map is the inclusion of the basepoint for each ¢ € K.

Let Z be the category with two objects, 1 and 2, and a morphism f : 2 — 1 in addition to the identity
morphisms. Consider the diagram ) : cat(K)O>pg x Z — Top,, with Y(o, 1) = x and Y(0,2) = X for
all 0 # @. Let Fy : cat(K)(;pg x Z — cat(K)P be the functor sending (o, 1) =~ @ and (0,2) — 0. Let
F: cat(K)(;pg x Z — cat(A%)°P be the functor sending (o, 1) — 1 and (0,2) + 2 for all o # @. The
right Kan extension of ) along F; is X’ and the right Kan extension of ) along F> is the diagram

Map(|K|, X) — Map(| K|, *).
Since homotopy limits are preserved by right Kan extensions, we obtain the equivalences

h(()}él)n X ~ holim(Map(| K|, X) — Map(| K|, *)) >~ Map(|K|, holim(X — *)) >~ Map(| K|, X).
cat °p

Recall that the diagram D was equivalent to diagram (4). Using that holimg,g)er * is contractible and
the previous observations about X’ yields the homotopy equivalence

5) holim D ~ holim(* — Map(| K|, X) < X).
cat(K)°P

The map X — Map(| K|, X) is a section for the evaluation map
evi : Map(|K|, X) — X,
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where k € |K|. In particular, there is a homotopy fibration diagram

QMap, (|K|, X) —— * —— Map, (| K|, X)

I | |

F > Map(| K|, X)

> X
| X
Y ——

X

where the top right square is a homotopy pullback and F is the homotopy limit of (5). Hence, there are
homotopy equivalences

h(zlir)n D~ F >~ QMap, (|K|, X) ~ Map, (|K|, X) ~ Map, (2| K|, X). m|
cat(K)°P

Lemma 3.8 Let K be a simplicial complex on [m]. Let I C [m], and let D : cat(K)°®? — Top, be a
diagram. Suppose that all maps induced by o C t, where o is obtained from t by removing a single vertex

not contained in I, are identity maps. Then the homotopy limit of D is equivalent to the homotopy limit
of a diagram D' : cat(Kj) — Top,, where D'(o7) = D(0).

Proof The inclusion of K; C K induces a map of face categories i : cat(Kjy)°®® — cat(K)°?. The
diagram D is the right Kan extension of D’ along i. Hence, D and D’ have the same homotopy limit since
right Kan extensions preserve homotopy limits. O

4 Loop spaces of polyhedral coproducts
4.1 A general loop space decomposition

In [3, Definition 2.2], for a simplicial complex K, a construction known as the polyhedral smash product
is defined and denoted by (X, A)X. By [3, Theorem 2.10], there is a homotopy equivalence

S(X. 45~ \/ . H5.

I1<[m]

In this subsection, we show a dual statement for polyhedral coproducts. Recall that for spaces X and Y
there is a (homotopy) cofibration X VY — X xY — X AY. To dualise this, by [6, p. 302], there is a
homotopy fibration £ (QX AQY) — X VY — X x Y. This motivates the following definition.

Definition 4.1 The polyhedral smash coproduct is defined as the homotopy limit

X; ifieo,

m
AR _ N ~
= holim XD, here D = QY; d Yi(o)=
feo olim where /\ i an i (0) A ifido

— . op
cat(K) i=1
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For a set of positive integers N = {k1(N), ...,k (N)}, we define the weighted polyhedral smash

coproduct as

m

fﬁ,co = CEEE}}I){}F =DV, where DV = /\(QYi)’\k"(N) and Y;(0) =
i=1

X; ifieo,

A; ifi ¢o.
Before stating the result, we set up some notation which will be used throughout the rest of Section 4.

For a subset I = {iy,...,i;} C [m], let St be the set

fag; | JCI |J|=2,1<i<|J|-1}

Denote by By a Hall basis of the free ungraded Lie algebra on the set Sy. For a bracketb € By and J C I,
let (/) be the sum of the number of instances of @y ; in b foreach 1 <i <|J|—1. For1 <i <m and a
bracket b € By, define

li(b):= ) b(I).
1S[m]
iel
which counts the number of instances of each vertex i in the faces in b. Let Ly = (I1(b), ..., ln(b)). For

any I C [m] and b € By, define
Ip=1N{j|1=<j<m,ljb)#0}.

This set contains the elements of / which appear in the subsets in b. To ensure that QX; is connected in
order to apply Theorem 3.5, we need the hypothesis that each X; is simply connected.

Theorem 4.2 Let f; : X; — A; be a map of pointed, simply connected CW-complexes for all 1 <i <m.
There is a homotopy equivalence

m
K K1
asf~[oxi< [] 2/fn,
i=1 bEB[m]

Proof Since loops commute with homotopy limits, €2 f gg >~ holimgyg)or £2D. By Theorem 3.3 and
Remark 3.4, 2D decomposes as a product

QD ~ [ QY x QE( \/ ((QY)“)V(”H)).

i=1 I1<[m]
[1]>2

We can apply the Hilton—Milnor theorem (Theorem 3.5) to the right-hand product term to obtain the

g
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Note that for any b € By, by definition

E( /\ ((QY)/\I)/\b(I)) — ZﬁLb.

IC[m]
[1]>2

Using the loop space decomposition of D we obtain a new description of 2 f ({g

QK ~ holim D ~ holim QY; x QxDL»
f cat(K)°p cat(K)OP( 1_[ bel;[ )
[m]

~ | [(holim QY;) x holim Q¥ DE»
.lj (cat(K)"P ) b l;[ (cat(K)"p )
- [m]

Fix i € [m] and consider the term holimg, gy 2Y;. By Lemma 3.8 in the case I = {i}, there is an

equivalence

holim QY; >~ holim(QX; — QA4;) ~ QX;.
cat(K)°op

For any b € B,,] and any pair of simplices o C t where o is obtained from 7 by removing a vertex not
in Iy, the induced maps 2 sDL» (o) > QxDLe () are identity maps. Therefore, Lemma 3.8 implies

~ ~ ~K
holim QX D%? ~ holim QED™ ~Qf " . O
cat(K)op cat(Klb)"P =5b>

4.2 Loop space decompositions of (X, %) c’g
For polyhedral products of the form (X, %)X, by [3, Theorem 2.15], there is a homotopy equivalence

SX. 0K~ \/ x
oek
In this subsection, we prove a dual statement for polyhedral coproducts of the form (X, f)CKo. Let 7
and M be the set of faces and maximal faces of K on two or more vertices, respectively. The following
result could be shown using Theorem 4.2 by showing that certain polyhedral smash coproducts are
contractible in this case. However, this would require a technical argument involving choices of vector
space bases for free Lie algebras. To avoid these technicalities, and make clearer the connection to Hall
bases, we provide a proof using Corollary 3.6.

Theorem 4.3 Let X1,..., X,y be pointed, simply connected CW-complexes. There is a homotopy
equivalence

QX 5K ~ ]‘[ Qxix ] QE( /\((QX)“)’\b(’)).
i=1 beUoer Bo TeF

Proof By definition of the polyhedral coproduct,

X, * K — holim D,
(_ _)CO cat(K)op

Algebraic & Geometric Topology, Volume 26 (2026)
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where, if 0 = {i1,...,i}, D(0) = \/j?:1 Xi;, and for each o’ C o, the map D(0) — D(o’) is given

by the pinch map p: \/;c, Xi =V jeor Xj. Since looping commutes with homotopy limits, we obtain

K’\/
co —

i€o
a homotopy equivalence (X, %) holimg,(g)or £2D. By Theorem 3.3 and Remark 3.4, there is a

natural homotopy equivalence

k k
6) Q( \/ Xij) ~ l_[ QXZ.]_ X Q( \/ (E(QX)/\T)Vlfl_l).
Jj=1 Jj=1

1Co
[T[>2

Under this equivalence, it follows from Proposition 3.2 that for 6’ C o, the maps QD(c) — QD(c”) are
given by 7 x Qp’ up to homotopy, where 7 is the projection and p’ is the pinch map.

Applying the Hilton—Milnor theorem to the second factor on the right-hand side in (6), we obtain a
natural homotopy equivalence

Q( \/ (E(QX)/\r)vlrI—l) ~ l_[ QZ( /\ ((QX)r)/\b(f))_

tCo beBy tCo
[z|=2 |T]|>2

By Corollary 3.6, for 6’ C o, there is a homotopy commutative diagram

(Vo ez2 E @)Y —=— Tpcp Q5(Arco =2 (RX)DHNPD)

lszp’ l,,/

Q(VI’EU’,Ir’lzz(E(QX)M/)VII/l_I) — [lpes,, QE(/\f/ga/,|r/|zz((9X)T/)Ab(r/))
where 7’ is the projection. Summarising, for 6’ C o, there is a homotopy commutative diagram

QVieo Xi) — [lico Xi X [Toen, Q=(Arcofejz2 (X))

lQP l/yr/ ’
Q(\/jE(T/ Xj) i} njea’ Xj X l—[bGBU/ QZ(/\‘E’EO’/,|‘E/|22((QX)I )/\b(‘L' ))
Hence (X, f)f) > holimgy k) 2D is the product of each of the distinct factors that appear in the
diagram. For o’ C o, the product terms appearing in the decomposition for D (o) strictly contain the
product terms in the decomposition for D (c”). Therefore, enumerating the distinct factors that appear
for the maximal faces, we obtain the desired equivalence. |

Example 4.4 Let K be a 1-dimensional simplicial complex on [m]. In this case, the set M consists of
all the 1-simplices in K. For each o0 = {i, j} € M, we have B, = {0}. Therefore, Theorem 4.3 implies
there is a homotopy equivalence

m
QX. oK ~T]exi x [] ez@Xx; rQX)).
i=1 oOEM

Algebraic & Geometric Topology, Volume 26 (2026)



1796 Steven Amelotte, William Hornslien and Lewis Stanton

4.3 Loop space decompositions when the domain is contractible

For a simplicial complex K, let |K| be the geometric realisation of K as a topological space. For
polyhedral products of the form (CX, X)X, by [3, Theorem 2.21], there is a homotopy equivalence

(7 2(CX. X)K >~ \/ (K | A X)),

I¢K
In this subsection, we prove a dual statement for polyhedral coproducts of the form f CIg where the domain
of each f; is contractible.

Theorem 4.5 Let K be a simplicial complex on [m] and f; : X; — A; where X; is contractible and A; is
a pointed, simply connected CW-complex for 1 <i < m. Then there is a homotopy equivalence

QfE~ ] eMap. (1K, 5QA P A AQapm®),

beBy
I,¢K

To prove Theorem 4.5, we will use the following consequence of Theorem 4.2.

Lemma 4.6 Assume that X; is contractible and A; is a pointed, simply connected CW-complex for all i
and N € N™. There is a homotopy equivalence

fﬁ’co ~ Map, (Z|K]|, EQAlAkl(N) Ao AQANm(NDY

Proof By definition, DV (@) = QAN A . A QA ™) and DN (0) ~ « for all o # @ since
all the X; are contractible. Thus, we may apply Lemma 3.7 to the diagram defining f ﬁ o Which yields
the claimed result. a

With the lemma above, it is straightforward to prove Theorem 4.5

~K
Proof of Theorem 4.5 By Lemma 4.6, if /; € K, then f L;bco is contractible. One can then apply
Lemma 4.6 to the decomposition in Theorem 4.2 to prove the statement. |

Example 4.7 Let K = dA™ 1. In this case, the only missing face of K is {1,...,m}. By Theorem 4.5,
there is a homotopy equivalence

efo~ |1 QMap, (2| K7, |, SQAM O Ao A QAN ®)),

co —
bGB[m]
Ip,={1,..., m}

where the indexing set of the product consists of brackets b such that for each i € [m], there is a face
o € K in b which contains i.

In the case of polyhedral products, it is known that the decomposition in (7) desuspends in certain
cases. For example, when K is a shifted complex [7; 11], a flag complex with chordal 1-skeleton
[17, Theorem 6.4], or more generally, a totally fillable simplicial complex [12, Corollary 7.3]. Specialising,
polyhedral products of the form (D2, S1)X are known as moment-angle complexes, which are denoted
by Zk. In the aforementioned cases, Zx is homotopy equivalent to a wedge of spheres.
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Consider the case where K is a simplicial complex on [m], and is either a shifted complex, or a flag com-
plex with chordal 1-skeleton. The dual of the polyhedral product (CX, X)X is the polyhedral coproduct
(PX, X )CKO. In the first case, | K| is homotopy equivalent to a wedge of spheres for all / C [m], and in the
second case, | K| is homotopy equivalent to a set of disjoint points for all / C [m]. Therefore, in the case
where each X; is a simply connected sphere, Theorem 4.5 implies Q(PX, X) Clg is homotopy equivalent to a
product of iterated loop spaces of spheres. Dual to the polyhedral product case, we give the next conjecture.

Conjecture 4.8 Let K be a shifted complex or a flag complex with chordal 1-skeleton. Then the
decomposition in Theorem 4.5 deloops.

S Polyhedral coproducts under operations on simplicial complexes
5.1 Joins of simplicial complexes

For any polyhedral product, if K = K1 K> is the join of K and K>, then (X, A)X = (X, A)X1x (X, 4)X2.
Therefore, we may expect a homotopy equivalence (X, A) CKO ~(X,A) CKO‘ V(X,A) £2. However, this does
not hold in general for polyhedral coproducts.

For 1 <i <4,let X; = CP, and let K = {1,2} x {3,4} be the boundary of a square. Since
(CPee, *)i(l)’Z} and (C P°°, *)ES"” are homotopy equivalent to C P°° x C P°° by Example 2.1, suppose
that (C P°°, *)Clg > (CP®xCP>®)Vv (CP® xCP>). Since the space C P is simply connected and
QC P> ~ S!, by Theorem 4.3, there is a homotopy equivalence

4
QCP® )&~ TS xQs?).

co —
i=1
Now by Theorem 3.3 applied to (CP*>° x CP ) Vv (C P> x C P), there is a homotopy equivalence

4
QU(CPP®xCP®)V(CP®xCP®)) ~ ]_[ ST QST xSHA(SExSY).
i=1
For spaces X and Y, there is a well-known homotopy equivalence (X xY) >~ XX VXY VE(X AY).
By shifting the suspension coordinate, we obtain homotopy equivalences
4 4 4 4
[[S'xQ=(S'vS'vS)a(stvs v ~]s! XQE(\/ s2v\/ S3v54).
i=1 i=1 i=1 i=1
By Theorem 3.5, 2% (\/?=1 S2v \/?=1 S3vS 4) decomposes as an infinite, finite-type product of spheres
and loops on spheres. However, since Q(C P, %) gg is homotopy equivalent to a finite product of spheres
and loops on spheres,

QCP®, %)X £ QU(CP®xCP®) v (CP®xCP®)),

which implies that
(CP%®, %K L (CP®xCP®) v (CP®xCP®).
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However, it is possible to say something about certain joins. Let K be a simplicial complex on [m] and
for 1 <i <m,let (X;, A;) be CW-pairs. If (X;+1, Am+1) is a CW-pair where X, 4+ is contractible,
then there are homotopy equivalences (X, A)K*m+1h ~ (x| 4)K x X,,,1 1 ~ (X, A)X. The following
dualises this case.

Proposition 5.1 Let K be a simplicial complex on the vertex set [m] and let f CKO be any polyhedral
coproduct. Let K' = K x {m + 1} where f,+1 :* — Y for some space Y. Then IK/ -~ ICIg

co —

Proof There is an equivalence of categories cat(K’)°P = cat(K)P x cat({m + 1})°? and a projection map
p : cat(K')°P — cat(K)°P. Geometrically, the map p deletes vertex m + 1 from any simplex in K’. Let
D’ : cat(K')°P — Top, (resp. D : cat(K)°® — Top,) be the diagram defining fclg/ (resp. fclg). By right
Kan extending D’ along p, we recover D. Note that had we not placed the agsumption on the domain
of fm+1 then the Kan extension would not recover D. Since right Kan extensions preserve homotopy

limits, we get the equivalence f CIg’ ~ f gg |

5.2 Pullbacks of polyhedral coproducts

Let K1 be a simplicial complex on {1,...,n} and K> be a simplicial complex on {/,...,m} withn <m
and / <m, and let L be a subcomplex (possibly empty) of K; and K> on{/,...,n}. Define K = KU K>,
and for M one of K1, K» or L, let M be the simplicial complex considered on the vertex set {1, ..., m}.
For polyhedral products, by [7, Proposition 3.1], there is a pushout

X, A —— (x, K

! |

X, % — &, K
For polyhedral coproducts, we can prove a dual statement.

Proposition 5.2 Let K; be a simplicial complex on {1,...,n} and K, be a simplicial complex on
{l,...,m} withn < m and | < m, and let L be a subcomplex (possibly empty) of K; and K, on
{l,...,n}. Define K = Ky U, K,. Then there is a homotopy pullback of polyhedral coproducts

18— 18
L

f&— 1%

where the maps f CKj - f CL; and f CKZZ - f CL; are induced by the simplicial inclusions.
Proof Let C be the category associated to the diagram
cat(K1)® — cat(L)°P < cat(K,)P,

Algebraic & Geometric Topology, Volume 26 (2026)



Polyhedral coproducts 1799

where the maps are induced by the inclusions of L into K; and K,. By Remark 2.7, one may write the
elements of the pullback

as diagrams and we are left with a diagram D’ : C — Top,,. For each o € L, let 0k, , 0k, denote the copies
in C. The objects of C are the same as cat(K)°P, but with three copies of each o € L. For each ¢ € L, the
maps D'(ok,) — D’(0) and D(ok,) — D(0) are the identity map. Let D : cat(K)°P? — Top, be the
diagram defining f CIg There’s a projection map p : C — cat(K)°P collapsing the tripled simplices. The
right Kan extension of D’ along p recovers the diagram D. As right Kan extensions preserve homotopy
limits, the homotopy pullback diagram has the desired limit. |

Let K; and K» be simplicial complexes and let K = K; LI K5. By definition of the polyhedral product,
(X, %)X = (X, )& v (X, *)X2. In the case of a polyhedral coproduct (X, f)CKO, using Proposition 5.2,
we show that the dual holds.

Theorem 5.3 Let K; and K, be simplicial complexes, and let K = K; U K». There is a homotopy
equivalence
(X0 = (X 0E x (X052,

co —

Proof By definition, since each 4; = *, we have (X, *)? = * and (X, f)z‘ = (X, %Ki fori e {1,2}.
Therefore, Proposition 5.2 implies there is a homotopy pullback

X, 0K —— (X, %k

L |

(X, 05— *
Hence, there is a homotopy equivalence

X, 0K~ (x, 0K (x, 0Kz, O
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Homoclinic leaves, Hausdorff limits and homeomorphisms

IAN BIRINGER AND CYRIL LECUIRE

We show that except for one exceptional case, a lamination on the boundary of a handlebody H is
commensurable to a Hausdorff limit of meridians if and only if it is commensurable to a lamination with a
“homoclinic leaf”. This is an “if and only if” version of a theorem called Casson’s criterion. Applications
of our techniques include a characterisation of when a nonminimal lamination is a Hausdorff limit of
meridians, in terms of properties of its minimal components, and a related characterisation of which
reducible self-homeomorphisms of dH have powers that extend to subcompression bodies of H.

1 Introduction

Let H be a 3-dimensional handlebody! with genus g > 2 and let S := dH, which we usually equip
with a reference hyperbolic metric. A simple closed curve m on S is called a meridian if it bounds an
embedded disk in H but not in S. These curves play a fundamental role when studying the topology and
geometry of handlebodies and more general 3-manifolds with compressible boundary. Our work here is
centred around geodesic laminations A C S that are Hausdorf{f limits of meridians, i.e., > where there is
a sequence of geodesic meridians (171;) on S such that m; — A in the Hausdorff topology on the set of
closed subsets of S. See Section 2.8 for definitions.

Limits of meridians are important in the geometry and topology of hyperbolic 3-manifolds [2; 13; 42],
convergence of sequences of Kleinian groups [12; 35; 38] and the action of Out(F}) on the character
variety y(Fy,,PSL,(C)); see [31; 36]. In many of the above references, the focus is on a closely related
set called the “Masur domain”, defined in [46], but to work with that one usually has to understand
Hausdorff limits of meridians too.

We have three main goals. First, we investigate the relationship between Hausdorff limits of meridians
and “homoclinic leaves”, defined by Casson in unpublished notes and later exploited by Otal [56] in
his thesis. Using this analysis, we study Hausdorff limits of meridians that are nonminimal laminations,
in essence reducing their classification to the minimal case. Finally, using similar techniques we charac-
terise when a reducible homeomorphism f : S — S extends (partially, up to a power) into H, in terms
of extension properties of its Nielsen—Thurston components.

Another motivation for writing this paper is that it provides all the technical topological machinery
necessary for our forthcoming follow-up paper, called Iterations in Schottky space. In that paper, we

I'The body of this paper is written in greater generality, with (H, S) replaced by a compact, orientable, 3-manifold M with
hyperbolisable interior, together with an essential connected subsurface S C dM such that the multicurve dS is incompressible
in M. However, everything we do is just as interesting in the handlebody case.
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fix a point [X] € T(S) and describe the geometric limits of sequences of convex cocompact hyperbolic
structures on H whose conformal boundaries are the iterates f"([X]) € 7(S). This is a compressible
version of Jeff Brock’s thesis [8]. Brock’s result was a first step toward work of Minsky [52] and Brock,
Canary and Minsky [9], in which they developed bilipschitz models for hyperbolic structures on S x R in
terms of their end invariants. Our work on iterations in Schottky space will likewise be a step toward a
bilipschitz model theory for hyperbolic structures on a handlebody.

1.1 Homoclinic leaves

Let H be the universal cover of H, which is homeomorphic to a thickened infinite tree. We equip H with
any Riemannian metric, and equip H with the lift of this metric. A geodesic £ C S is called homoclinic?
if it has a (possibly periodic) parametrisation /1 : R — A C .S = dH that lifts to a path h:R — dH where
there are sequences s;, #; € R such that

|si —ti| — oo and sup dﬁ(f(s,-),Z(ti)) < 0.
i

Intuitively, £ is homoclinic if it travels very inefficiently in H, even though on the boundary of H it is a

geodesic. As an example, one can check that a simple closed geodesic £ on S is homoclinic if and only

if £ is a meridian. Similarly, a biinfinite geodesic that spirals onto a meridian will also be homoclinic.
The following was first written by Otal [56], building on work in an unpublished manuscript of Casson.

Theorem 1.1 (“Casson’s criterion”) Let A be a geodesic lamination on S. If A is a Hausdorff limit of
meridians, then A contains a homoclinic leaf.

The converse of Theorem 1.1 is not true. Of course, any Hausdorff limit of meridians is connected,
and there are disconnected laminations on .S that have homoclinic leaves, e.g., the union of two disjoint
simple closed curves, one of which is a meridian. There are also connected laminations containing a
meridian as a leaf (say) that are not even Hausdorff limits of simple closed curves. And there are also
some more interesting examples that are related more intimately to the structure of H; see the beginning
of Section 7.

Nevertheless, in certain particular cases homoclinic leaves have been used to construct limits of
sequences of meridians (or annuli) in H; see [41; 43; 56] and particularly [38; 42]. And in Otal’s thesis,
Casson’s criterion was even stated (incorrectly) in passing as an “if and only if”. Our goal is to state
precisely a result that is closest to a converse of Theorem 1.1. This will tie together, extend and explain
the partial results in the papers above.

We say that pq, u, are strongly commensurable if they contain a common sublamination v such that
for both i, the difference w; \ v is the union of finitely many isolated leaves, none of which are simple
closed curves. Additionally, let’s say that a lamination A on S is exceptional if S has genus 2, there is a

2This is not quite what Casson and Otal call “homoclinic” (in French, “homoclinique”), but rather what Otal calls “faiblement

homoclinique”, or “weakly homoclinic”. However, the definition we give has been adopted in almost all subsequent papers. See
Section 5.1 for an explanation of the difference between the two definitions.
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separating meridian m on S that does not intersect A transversely, and A intersects transversely the two
nonseparating meridians disjoint from m.

Theorem 1.2 (a bidirectional Casson’s criterion; see Theorem 7.2) If A is a geodesic lamination on S
that is not exceptional, then A is strongly commensurable to a Hausdorff limit of meridians if and only if
it is strongly commensurable to a lamination with a homoclinic leaf.

This is the first part of Theorem 7.2. In our view, it is the strongest converse for Casson’s criterion that
is likely to be true for arbitrary laminations.

The main tool in the proof of Theorem 1.2 is a complete characterisation of the minimal laminations
onto which the two ends of a homoclinic simple geodesic on .S can accumulate.

Theorem 1.3 (limits of homoclinic geodesics; see Corollary 6.2) Suppose that  is a homoclinic simple
biinfinite geodesic on S and that the two ends of h limit onto minimal laminations A—, A4+ C S. Then
either

(1) the two ends of h are asymptotic on S,
(2) one of A—, A4+ is an intrinsic limit of meridians, or

(3) A—, A4 are contained in incompressible subsurfaces S—, S+ C S that bound an essential interval
bundle B C H through which A_ and A 4+ are homotopic.

Here, a minimal lamination A C S is an intrinsic limit of meridians if it is strongly commensurable to
the Hausdorff limit of a sequence of meridians that are contained in the smallest essential subsurface
S(A) C S containing A; see Proposition 5.12 for a number of equivalent definitions. We refer the reader
to Theorem 6.1 and Corollary 6.2 for more precise and more general versions of the above that apply
both to homoclinic biinfinite geodesics, and also to pairs of “mutually homoclinic” geodesic rays on S,
as well as many examples.

Interval bundles as in (3) are essential to the study of meridians on handlebodies, and it is no surprise
that they appear in Theorem 1.3. For example, subsurfaces bounding such interval bundles are the
“incompressible holes” studied by Masur and Schleimer [49], and interval bundles appear frequently in
Hamenstéddt’s work on the disk set; see, e.g., [25; 26; 27]. We note that the interval bundles B appearing
in Theorem 1.3 may be twisted interval bundles over nonorientable surfaces, in which case A— = A4 and
S_ = S4. See Proposition 4.5 for background on interval bundles, and Section 6 for examples of (3).

1.2 Hausdorff limits via their minimal sublaminations

The previous two theorems suggest that if a lamination A that is a Hausdorff limits of meridians, one might
expect to see minimal sublaminations of A that are intrinsic limits of meridians, or pairs of components
that are homotopic through essential interval bundles in H. In fact, we show the following.

Theorem 1.4 (the second part of Theorem 7.2) Suppose that A C S is a nonexceptional geodesic
lamination that is a finite union of minimal components. Then A is strongly commensurable to a Hausdorff
limit of meridians if and only if either
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(1) A is disjoint from a meridian on S,
(2) some component of A is an intrinsic limit of meridians, or

(3) there are components A+ C A that fill incompressible subsurfaces S+ C S, such that S1. bound an
essential interval bundle B C H, the laminations A+ are essentially homotopic through B, and there
is a compression arc o for B that is disjoint from A.

In (3), a compression arc for B is an arc from dS_ to 0.5+ that is homotopic in H, keeping its endpoints
in 0S4, to a fibre of the interval bundle B. See Section 2.7 and Figure 2 for more explanation.

Note that Theorem 1.4 does not say anything interesting about which minimal filling laminations A on .S
are strongly commensurable to Hausdorff limits of meridians. Indeed, for minimal filling laminations,
it is not clear that there should be an easy way to “identify”” Hausdorff limits of meridians. The point
of Theorem 1.4, though, is that it reduces the characterisation of Hausdorff limits of meridians to the
minimal filling case. We note that one should also be able to replace the part of the proof of Theorem 1.4
that references homoclinic geodesics with arguments inspired by Masur and Schleimer’s paper [49].

1.3 Extension of reducible maps to compression bodies

Lackenby [39] studied a generalisation of Dehn filling in which one starts with a compact 3-manifold M
with (say, connected) genus-g boundary X, and glues a genus-g handlebody H via a homeomorphism
¢ : X — S := dH. Among other results, he showed that when an arbitrary ¢ is precomposed by a high
power of a sufficiently “generic” homeomorphism of S, the gluing is hyperbolic:

Theorem 1.5 (Lackenby [39]) Suppose that M is hyperbolisable and acylindrical with incompressible
boundary, and f : S — S is a homeomorphism such that no nonzero power of f extends to a nontrivial
subcompression body of H. Then for infinitely many n, the gluing M Ugo rn H is hyperbolic.?

See also the work of Namazi and Souto [55] and Brock, Minsky, Namazi and Souto [10] for more
general hyperbolisation theorems inspired by Lackenby’s result.

Above, a subcompression body of H is a 3-dimensional submanifold C C H with S C dC that is
obtained by choosing a finite collection I" of disjoint meridians on S, taking a regular neighbourhood of S
and a collection of discs in H with boundary I', and adding in any complementary components that are
topological 3-balls. We say C is obtained by compressing I'. We usually consider subcompression bodies
only up to isotopy, and we allow the case that I' = &, in which case we recover the trivial subcompression
body, which is just a regular neighbourhood of S. See Section 2.4 for details.

In light of Lackenby’s theorem, it is natural to investigate which homeomorphisms f : S — S have
powers that extend to a nontrivial subcompression body of H. Biringer, Johnson and Minsky [2] showed
that for pseudo-Anosov f, this condition is equivalent to the attracting lamination A 4+ being a (projective)
limit of meridians. In fact, Lackenby also proved a version of his theorem for pseudo-Anosovs with the
latter condition on A4+, not knowing the equivalence of the two properties at that time.

3Lackenby’s paper was written pregeometrisation, so he actually proves that the hypotheses of the hyperbolisation theorem
are satisfied, not that the gluing is hyperbolic.
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Here, we show that extension of powers of a homeomorphism f : S — S to subcompression bodies can
be detected by looking at extension of powers of its components in the Nielsen—Thurston decomposition.
More precisely, recall that f is pure if there are disjoint, nonisotopic,* essential subsurfaces S; C S, such
that / =id on Siq := S\ |UJ; Si, and where for each i, if we set f; := f|s;, then either

(1) S; is an annulus and f; is a nonzero power of a Dehn twist, or
(2) f; is a pseudo-Anosov map on .S;.

It follows from the Nielsen—Thurston classification [21] that every homeomorphism of .S has a power
that is isotopic to a pure homeomorphism.

Theorem 1.6 (partial extension of reducible maps; see Theorem 9.2) Let f : S — S be a pure homeo-
morphism. Then f has a power that extends to a nontrivial subcompression body of H if and only if
either

(1) there is a meridian in Siq,

(2) for some i, the map f; : S; — S; has a power that extends to a nontrivial subcompression body of H
that is obtained by compressing a set of meridians in S;, or

(3) there are (possibly equal) indices i, j such that S;, S bound an essential interval bundle B in H,
such that some power of f|s;us; extends to B, and there is a compression arc a for B whose interior
lies in Sid.

Moreover, Theorem 8.1 says that when f; is a pseudo-Anosov map on S;, then (2) above is equivalent
to the condition that the attracting lamination of f; is a (projective) limit of meridians in S;. This is
a relative version of Biringer, Johnson and Minsky’s article [2], that generalises their theorem from
pseudo-Anosov maps on S to partial pseudo-Anosovs.

In (3), note that if (for simplicity) B is a trivial interval bundle, then f[s,us; extends to B exactly when
Jfi, Jj become isotopic maps when S;, S; are identified through B. More generally, a power of f/[s;us;
extends to B when f; is obtained from f; by multiplying by a periodic map that commutes with f;.

1.4 Other results of interest

There are two other theorems in this paper that we should mention in the introduction.

In Section 3 we study the disk set D(S, M) of all isotopy classes of meridians in an essential subsurface
S C OM with 9 incompressible, where here M is a compact, irreducible 3-manifold with boundary.
We show in Proposition 3.1 that either D(S, M) is small, meaning that it is either empty, has a single
element, or has a single nonseparating element and infinitely many separating elements that one can
explicitly describe, or D(S, M) is large, meaning that it has infinite diameter in the curve complex C(S).
This result will probably not surprise any experts, but we have never seen it in the literature.

In Section 4 we show how essential interval bundles in a compact 3-manifold with boundary M can
be seen in the limit sets in JH? associated to hyperbolic metrics on int(M ). This picture was originally

4This is only important for annuli.
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known to Thurston [59], and was studied previously under more restrictive assumptions by Walsh [60]
and Lecuire [40]. We need a more general theorem in the proof of Theorem 6.1: in particular, we need a
version that allows accidental parabolics. This is Theorem 4.1. Our proof is also more direct and more
elementary than those of [40; 60]. See Section 4 for more context and details.

1.5 Outline of the paper

Section 2 contains all the necessary background for the rest of the paper. We discuss the curve complex, the
disc set, compression bodies, interval bundles, the Jaco—Shalen and Johannson characteristic submanifold
theory, compression arcs, and geodesic laminations. Sections 3 and 4 are described in the previous
subsection. Section 5 contains a discussion of homoclinic geodesics, intrinsic limits of meridians, and
some of their basic properties. In Section 6 we explain how to build essential discs and annulus from a
homotopic leaf. Section 7 is devoted to Theorem 7.2, which characterises Hausdorff limits of meridians and
their structure; see Theorem 1.2 above. Section 8 contains our extension of [2] to partial pseudo-Anosovs,
and Section 9 contains the proof of Theorem 9.2, which generalises Theorem 1.6 above.

2 Preliminaries
2.1 Subsurfaces with geodesic boundary

Suppose S is a finite-type hyperbolic surface with geodesic boundary. A connected subsurface with
geodesic boundary in S is by definition either

(1) a simple closed geodesic X on S, which is the degenerate case, or

(2) an immersed surface X — S such that the restriction to int(.X') and to each component of d.X is an
embedding, and where each component of dX maps to a simple closed geodesic on S.

In (2), the point is that our surface is basically an embedding, except that we allow two boundary
components of X to map to the same geodesic in .S. We will usually suppress the immersion and write
X C S, abusing notation. We consider X,Y C S to be equal if they are either the same simple closed
geodesic, or if they are both immersions as in (2) and the interiors of their domains have the same images.
We say X, Y are essentially disjoint if either

e X, Y are disjoint simple closed geodesics,

e X is a simple closed geodesic, Y is not, and X is disjoint from int(Y'), or vice versa with X, Y
exchanged, or

e X, Y have nonempty disjoint interiors.

More generally, we define a (possibly disconnected) subsurface with geodesic boundary in S to be a
finite union of essentially disjoint connected subsurfaces with geodesic boundary.

Any connected essential subsurface 7" C S that is not an annulus homotopic into a cusp of .S’ determines
a unique connected subsurface with geodesic boundary X such that the images of 717 and 7; X in 7S
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are conjugate. Here, we say that X is obtained by tightening T. More generally, we can tighten a
disconnected T to a disconnected X by tightening all its components.

Tightening is performed as follows. If 7 is an annulus, then we let X be the unique simple closed
geodesic homotopic to the core curve of 7'. Otherwise, we obtain X by homotoping 7" so that every
component of 7 is either geodesic or bounds a cusp in S \ 7, and then adding in any components of
S\ T that are cusp neighbourhoods. Alternatively, let T bea component of the preimage of T in the
universal cover S , which is isometric to a convex subset of HZ, let A7 C dH? be the set of limit points
of T on dsoH?2, and let X be the convex hull of A7 within S. Then X projects to an X as desired.

Conversely, suppose X is a subsurface with geodesic boundary in S. Then there is a compact essential
subsurface 7' < S, unique up to isotopy and called a resolution of X, that tightens to X'. When X is a
simple closed geodesic, we take 7' to be a regular neighbourhood of X'. Otherwise, construct 7" by deleting
half-open collar neighbourhoods of all boundary components of X', and deleting open neighbourhoods of
all cusps of T'.

Note that subsurfaces with geodesic boundary X, Y are essentially disjoint if and only if they admit
disjoint resolutions.

2.2 The curve complex

Let S be a compact orientable surface, possibly with boundary, and assume that S is not an annulus.

Definition 2.1 The curve complex of S, written C(S), is the graph whose vertices are homotopy classes
of nonperipheral, essential simple closed curves on S and whose edges connect homotopy classes that
intersect minimally.

When S is a 4-holed sphere, minimally intersecting simple closed curves intersect twice, while on
a punctured torus they intersect once. Otherwise, edges in C(S) connect homotopy classes that admit
disjoint representatives.

Masur and Minsky [47] have shown that the curve complex is Gromov hyperbolic, when considered
with the path metric in which all edges have unit length. Klarreich [37] (see also [24]) showed that
the Gromov boundary doC(S) is homeomorphic to the space of ending laminations of S: i.e., filling,
measurable geodesic laminations on S with the topology of Hausdorff superconvergence.

2.3 The disc set

Suppose S C dM is an essential subsurface of the boundary of a compact, irreducible 3-manifold M, and
that S is incompressible in M . An essential simple closed curve y on M is called a meridian if it bounds
an embedded disc in M . By the loop theorem, y is a meridian if and only if it is homotopically trivial in M .

Definition 2.2 The disc set of S in M, written D(S, M), is the (full) subgraph of C(S) whose vertices
are the meridians of S in M.

When convenient, we will sometimes regard D(S, M) as a subset of the space of projective measured
laminations PML(S), instead of as a graph.
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The following is an extension of a theorem of Masur and Minsky [48, Theorem 1.1], which they prove
in the case that S is an entire component of dM .

Theorem 2.3 (Masur—Minsky) The subset D(S, M) of C(S) is quasiconvex.

To prove Theorem 2.3 as stated above, one follows the outline of [48]: given a, b € D(S, M), the goal
is to construct a well-nested curve replacement sequence froma = ay, . .., a, = b consisting of meridians,
which must be a quasigeodesic by their Theorem 1.2. The sequence (a;) is created by successive surgeries
along innermost discs, and the only difference here is that one needs to ensure that none of the surgeries
create peripheral curves. However, the surgeries create meridians and S has incompressible boundary.

2.4 Compression bodies

We refer the reader to Section 2 of [3] for a more detailed discussion of compression bodies, and state
here only a few definitions that will be used later on.

A compression body is a compact, orientable, irreducible 3-manifold C with a 7;-surjective boundary
component 04+ C, called the exterior boundary of C. The complement dC \ 04 C is called the interior
boundary, and is written d_C. Note that the interior boundary is incompressible. For if an essential
simple closed curve on d_C bounds a disk D C C, then C \ D has either one or two components, and in
both cases, Van Kampen’s theorem implies that d4+ C, which is disjoint from D, cannot 7y -surject.

Suppose M is a compact irreducible 3-manifold with boundary, let £ be a component of dM. A
subcompression body of (M, X)) is a compression body that is embedded as a submanifold C C M with
exterior boundary 2. Up to isotopy, any such subcompression body can be constructed as follows. Choose
a set I' of disjoint, pairwise nonhomotopic simple closed curves on X that are all meridians in M. Let
C’ C M be the union of ¥ with a set of disjoint disks in M whose boundaries are the components of T,
and define C C M to be the union of a regular neighbourhood of C’ C M together with any components
of the complement of this neighbourhood that are topological 3-balls. Here, we say that C C M is
obtained by compressing I'. Note that the irreducibility of M implies that no component of dC is a
2-sphere, and hence that C is irreducible, and therefore a compression body. See [3, Section 2] for details
about this construction. More generally, if S C X is an essential subsurface, a subcompression body
of (M, S) is a subcompression body of (M, ) obtained by compressing a multicurve I C S.

Two subcompression bodies of a handlebody H are illustrated in Figure 1. On the left, we com-
press a separating meridian I" = {m} and obtain a subcompression body of H that has two “interior”
boundary components contained in int(H); these are the tori drawn in grey. On the right, we compress
a nonseparating meridian I' = {m,} and obtain a subcompression body with a single torus interior
boundary component. Note that compressing I' = {m,m,} gives the same subcompression body as
compressing m1,, because we fill in complementary components that are balls.

When the compressing set I" is empty, we obtain the trivial subcompression body of (M, S), which is
just a regular neighbourhood of ¥ C dM . (In other words, the trivial compression body X x [0, 1] can be
considered as a subcompression body of (M, S) for any subsurface S C X.) At the other extreme, we
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mp my

Figure 1: Compression bodies inside a genus-2 handlebody.

can compress a maximal I' C S, which gives the “characteristic compression body” of (M, S), defined

via the following fact.

Fact 2.4 (the characteristic compression body) Suppose M is an irreducible compact 3-manifold, that ¥ is
a component of M and that S C X is an essential subsurface such that the multicurve 0. is incompressible

in M . Then there is a unique (up to isotopy) subcompression body
C=C(M,S)ycM

of (M, S), called the characteristic compression body of (M, S), such that a curve y in S is a meridian
in C if and only if it is a meridian in M .

Moreover, C can be constructed by compressing any maximal set of disjoint, pairwise nonhomotopic
meridians in S'.

This is a version of a construction of Bonahon [5], except that he only defines the characteristic
compression body when §' is an entire boundary component of M. In that case, the interior boundary
components of M are incompressible in M, so Bonahon’s construction can be used to reduce problems
about 3-manifolds to problems about compression bodies and about 3-manifolds with incompressible
boundary.

The reader can also compare Fact 2.4 to Lemma 2.1 in [3], which is the special case of the fact where M
is a compression body and S is its exterior boundary, so that C = M is obtained by compressing any
maximal set of disjoint, nonhomotopic meridians in M .

Proof Let I be a maximal set of disjoint, pairwise nonhomotopic M -meridians on S, and define C
by compressing I'. We have to check that any curve in .S that is an M -meridian is also a C-meridian.
Suppose not, and take an M -meridian m C S that is not a C-meridian, and that intersects I" minimally.
Since I' is maximal, m intersects some component y C I'. Then there is an arc « C y with endpoints
on m and interior disjoint from m, that is homotopic rel endpoints in M to the arcs B’, B C m with
the same endpoints. (Here « is an “outermost” arc of intersection on a disk bounded by y, where the
intersection is with the disk bounded by m; see, e.g., Lemma 2.8 in [3].) Since m is in minimal position
with respect to T, the curves m’ = o U 8’ and m” = o« U " are both essential, and are M -meridians in S
that intersects I' fewer times than 71. So by minimality of m, both m’, m”” are C-meridians, implying that
« is homotopic rel endpoints to 8’ and 8” in C. This implies m is a C-meridian, contrary to assumption.

Algebraic & Geometric Topology, Volume 26 (2026)



1810 Ian Biringer and Cyril Lecuire

For uniqueness, suppose we have two subcompression bodies Cy, C of (M, .S) in which all curves
in S that are meridians in M are also meridians in Cy, C;. Since C;, C, are subcompression bodies
of (M, S), the kernels of the maps

T —m G

induced by inclusion are both normally generated by the set of all elements of 1 X that represent simple
closed curves in S that are meridians in M. Hence, the disk sets D(XZ, C;) are the same for i = 1, 2.
It follows that Cy, C, are isotopic in M, say by Corollary 2.2 of [3]. |

2.5 Interval bundles

In this paper, an interval bundle always means a fibre bundle B — Y, where Y is a compact surface
with boundary, and where all fibres are closed intervals /. Regarding the fibres as “vertical”, we call
the associated 0/ -bundle over Y the horizontal boundary of B, written dg B. An interval bundle that is
isomorphic to Y x [—1, 1] is called frivial, and we often call nontrivial interval bundles twisted.

All 3-manifolds in this paper are assumed to be orientable, but even when the total space B of an
interval bundle is orientable, the base surface Y may not be. Indeed, let ¥ be a compact nonorientable
surface and let 7 : ¥ — Y be its orientation cover. Then the mapping cylinder

B:=Y x[0,1]/~, (x,])~((".1) < n(x)=n(),

is orientable, and is a twisted interval bundle over Y, where the fibre over y € Y is obtained by gluing
together the two intervals {x} x [0, 1] and {x’} x [0, 1] along (x, 1) and (x’, 1), where 7~ !(y) = {x, x'}.
The horizontal boundary dg B here is Y x {0}, which is homeomorphic to the orientable surface Y. Note
that B is double covered by the trivial interval bundle Y x [—1,1].

Fact 2.5 Suppose that B — Y is an interval bundle and B is orientable. If Y is orientable, then B is
a trivial interval bundle. If Y is nonorientable, then B is isomorphic to the mapping cylinder of the
orientation cover of Y.

Proof If Y and B are orientable, so is the line bundle, so the bundle is trivial. If Y is nonorientable, the
horizontal boundary dg B C 0B is an orientable surface that double covers Y, and from there it’s easy to
construct the desired isomorphism to the mapping cylinder of the projection dgg B — Y. |

An interval bundle B — Y comes with a canonical involution o, which is well defined up to isotopy,
and which is defined as follows. If B = Y x [0, 1] is a trivial interval bundle, we define

o:Yx[-1,1]=>Y x[-1,1], o(y,t)=(y,—t).
And if B is the twisted interval bundle B =~ Y x [0, 1]/~ above, we define
o:Y x[0,1]/~— Y x[0,1]/~, o(.1)=(D).1).
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where ¢ is the nontrivial deck transformation of the orientation cover. Note that o is always an orientation
reversing involution of B, so in particular, when we give the surface dz B its boundary orientation, the
restriction 0|3, p is also orientation reversing.

We also recall the following well-known fact.

Fact 2.6 Suppose B — Y is an interval bundle (as always, over a compact surface with boundary) and B
is orientable. Then B is homeomorphic to a handlebody.

It’s a nice topology exercise to visualise the homeomorphism. Regard Y as the union of a polygon and
a collection of bands (long, skinny rectangles), each of which is glued along its short sides to two sides of
the polygon. Thickening, the picture becomes a ball with 1-handles attached, so since B is orientable,
it is a handlebody.

Note that if S = S, 5 has genus g and b boundary components, then the handlebody S x [—1, 1] has
genus 2g + b — 1, since that is the rank of the free group 71 (S x[—1,1]) = 7, S.

Finally, suppose 7 : B — Y is an interval bundle and f : 0y B — dg B is a homeomorphism. We
say that f extends to B if there is a homeomorphism F': B — B such that F|y,, p = f. We leave the
following to the reader.

Fact 2.7 The following are equivalent:
(1) f extendsto B.
(2) f oo isisotopicto f ondg B.
(3) After isotoping f, there is a homeomorphism f :Y -> Y suchthatwo f = f om.
(4) There is a homeomorphism from B to either
Y x[-1,1] or Y x[0,1]/~,
taking horizontal boundary to horizontal boundary, such that f = F|,,, p, and where either
F:Yx[-1,1]>Y x[-1,1], F(y.0)=(f(»).1),
for some homeomorphism f Y =Y, or
F:Y x[0.1]/~ =Y x[0. 1)/~ F(y.)=(f(»).1),
for some homeomorphism VE Y >Y commuting with the deck group of Y — Y, and hence covering a
homeomorphism of Y.
2.6 The characteristic submanifold of a pair

Suppose that M is a compact, orientable 3-manifold and that S C dM is an incompressible subsurface.
In the late 1970s, Jaco and Shalen [30] and Johannson [32] described a ‘“‘characteristic”” submanifold
of (M, S) that contains the images of all nondegenerate maps from interval bundles and Seifert fibred
spaces.
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Theorem 2.8 (Jaco—Shalen [29, page 138]) There is a perfectly embedded Seifert pair (X, X) C (M, S),
unique up to isotopy and called the characteristic submanifold of (M, S), such that any nondegenerate
map (B, F) — (M, S) from a Seifert pair (B, F) is homotopic as a map of pairs into (X, X).

A Seifert pair is 3-manifold pair that is a finite disjoint union of interval bundle pairs (B, dg B)
and S'-bundle pairs. Here, an S!-bundle pair (B, F) is a 3-manifold B fibred by circles, where
F C 0B is a compact subsurface saturated by fibres. A Seifert pair (X, X) C (M, S) is well embedded if
X NJIM =X C S and the frontier of X in M is a m{-injective surface, and is perfectly embedded if it is
well embedded, no component of the frontier of X in M is homotopic into .S, and no component of X is
homotopic into another component.

When (B, F) is a connected Seifert pair, amap f : (B, F) — (M, S) is essential if it is not homotopic
as a map of pairs into S. Notice that this only depends on the image of /" and not on f itself. One says
f is nondegenerate if it is essential, its 71 -image is nontrivial, its 7r1-image is noncyclic when F = &,
and no fibre of B is nullhomotopic in (M, S). For disconnected (B, F'), one says f is nondegenerate if
its restriction to every component is nondegenerate.

The following is very well known.

Fact 2.9 Ifint(M) is hyperbolisable and (B, F) is an S ! -bundle pair that is perfectly embedded in (M, S),
then either

(1) (B, F) is a “fibred solid torus™, i.e., B is an S'-bundle over a disk, and F C dB = T? is a collection
of fibred parallel annuli, or

(2) (B, F) is a “thickened torus”, i.e., B is an S 1_bundle over an annulus, so is homeomorphic to
T2 x [0, 1], and each component of F is either a torus or a fibred annulus.

So in particular, the components of the characteristic submanifold of (M, S) are either interval bundles,
solid tori, or thickened tori.

Proof Suppose that (B, F) is a perfectly embedded S'-bundle pairin M. Then B — Y is an S'-bundle,
where Y is a compact 2-orbifold, and the cyclic subgroup Z C m; B corresponding to a regular fibre
is normal in 77 B. In a hyperbolic 3-manifold, any subgroup of 7; that has a cyclic normal subgroup
is elementary, say by a fixed point analysis on dooH?>. So, 71 B is either cyclic or isomorphic to Z2.
It follows that Y is a disc, in which case B is a fibred solid torus, or Y is an annulus, in which case B is

a thickened torus. O

In this paper we will mostly be interested in interval bundles. For brevity, we’ll use the following
terminology, which differs slightly from the terminology above used by Jaco and Shalen.

Definition 2.10 An essential interval bundle in (M, S) is an essential, well-embedded interval bundle
pair (B,dg B) — (M, S).

Note that the horizontal boundary of any essential interval bundle is an incompressible subsurface of S.
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The definition above differs from a well-embedded interval bundle pair in that we are excluding
boundary-parallel interval bundles over annuli, and differs from a perfectly embedded interval bundle
pair in that we are allowing components of the frontier of an interval bundle over a surface that is not an
annulus to be boundary parallel. For instance, if Y is a surface with boundary and Y’ C Y is obtained
by deleting collar neighbourhoods of the boundary components, and we set M = Y x [—1, 1], which
is a handlebody, then (Y’ x [—1, 1], Y/ x {—1, 1}) is an essential interval bundle in (M, dM), but is not
perfectly embedded. However, note that any essential interval bundle (B, dg B) <— (M, S) is perfectly
embedded in (M, dg B).

2.7 Compression arcs

Suppose (B, dg B) C (M, S) is an essential interval bundle. An arc @ C S with endpoints on d(dg B)
and interior disjoint from dg B is called a compression arc if it is homotopic in M to a fibre of B, while
keeping its endpoints on d(dg B). See Figure 2. To link this definition with more classical ones, it is
easy to see that there is a compression arc for B if and only if Fr(B) is boundary compressible; see
[29, pages 36-37] for a definition.

Write our interval bundle as 7w : B — Y. Let o be a compression arc for B. After isotoping the bundle
map 7, we can assume that & is homotopic rel endpoints to a fibre 7 ~1()), where y € Y. Suppose c is an
oriented, two-sided, essential, simple closed loop Y based at y, and suppose that either ¢ is nonperipheral
in Y, or that Y is an annulus or M&bius band. Write 771 (¢) = c_ U ¢4, where c are disjoint simple
closed oriented loops in X based at y.4, and where the orientations of ¢+ project to that of c.

1

Claim 2.11 The concatenation m(c) := c—-a-c -~ is homotopic to a meridian on S.

So, a compression arc « allows one to make compressible curves on S from essential curves on Y.
See Figure 2.

Proof Since o is homotopic rel endpoints to the fibre 77 =1 (), the curve m(c) is homotopic in M to a
curve in B that projects under 7 to ¢-¢ ™!, and hence m(c) is nullhomotopic in M . Checking orientations,
one can see that m(c) is homotopic to a simple closed curve on S. So, we only have to prove that m(c)
is homotopically essential on S

Suppose that c_, c4 are freely homotopic on dg B as oriented curves. (This happens exactly when the
curve ¢ C Y bounds a M&bius band in Y.) Then m(c) is homotopic to the commutator of two essential
simple closed curves on S that intersect once, and hence is essential since S is not a torus.

We can now assume that ¢+ are not freely homotopic in dg B as oriented curves. If m(c) is inessential,
then ¢+ are freely homotopic on S, so ¢+ are homotopic in 3z B to boundary components ¢/, C 3y B
that bound an annulus in S \ dg B. In this case c are peripheral, so we may assume that Y is either an
annulus or a Mobius band. If ¥ is a Mobius band, we are in the situation of the previous paragraph and are
done. So, Y is an annulus, and 07 B is a pair of disjoint annuli on S, where ¢/, lie in different components
of 3 B. Since ¢/, bound an annulus in S\ g B, the interval bundle B is inessential, contrary to our
assumption. |
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Zxy N

M=Yx[-1,1]

yo

m(c)\

Figure 2: Z C Y is a compact surface, the interval bundle B = Z x[—1, 1] embeds in the manifold
M =Y x[—1,1], and @ above is a compression arc. Also pictured in light grey is a meridian as
described in Claim 2.11.

In fact, more is true.

Fact 2.12 (arcs that produce meridians) Suppose (B, dg B) C (M, S) is an essential interval bundle and
let o C S be an arc with endpoints on d g B and interior disjoint from dg B. Let X C S be a regular
neighbourhood of « U d gy B within S. Then there is a meridian in X if and only if we have either

(1) the endpoints of « lie on the same component ¢ of d(dg B), and there is an arc B C ¢ such that o U 8
is a meridian, or

(2) « is a compression arc.

Note that in the second case the endpoints of « lie on distinct components of d(dg B), so in particular
the two cases are mutually exclusive.

The reason we say X ‘“contains a meridian” instead of “is compressible” is that X may not be an
essential subsurface of S, and we want to emphasise that the essential curve in X that is compressible
in M is actually essential in S. For example, let Y be a compact surface with boundary, Y’ C Y be
obtained by deleting a collar neighbourhood of 9Y, set B =Y’ x[—1,1]and M =Y x[—1, 1], and let
be a spanning arc of B in dM .

Proof The “if” direction is immediate: in case (1) we are essentially given a meridian in X, and in
case (2) we can appeal to Claim 2.11.

We now work on the “only if” direction. Write our regular neighbourhood of dg BUx as X =dg BUR
where R is a rectangle with two opposite “short” sides on the boundary of dg B. Let D C M be an essential
disc whose boundary is contained in X, and where D intersects the frontier Fr(B) C M in a minimal
number of components. Let @ C D NFr(B) be an arc that is “outermost” in D, i.e., there is some arc
a’ C 0D with the same endpoints as @ such that @, @’ bound an open disk in D that does not intersect Fr(B).

We claim that ¢’ C R. If not, then @’ C dg B, and bounds a disk in B with the arc @ C dB. Writing
the interval bundle as 7 : B — Y, the projection 7(a Ud’) in Y is then also nullhomotopic, so 7 (a’) is
homotopic rel endpoints into Y. Lifting this homotopy through the covering map dgz B — Y we get that
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a' is inessential in g B, i.e., is homotopic in dg B rel endpoints into d(d g B). Lifting this homotopy
through the covering map dgY — Y m(a) C dY, it follows that 7(a’) is an inessential arc in Y. We can
then decrease the number of components of D N Fr(B), contradicting that this number is minimal.

So, @’ C R. Again by minimality of the intersection, the endpoints of &’ lie on opposite short sides
of R, so & is homotopic to @’ through arcs in R with endpoints on Fr(B). Since &’ is homotopic rel
endpoints to a C Fr(B), it follows that « is homotopic rel endpoints into Fr(B). If the two endpoints of
« lie on the same component of d(dg B), we are in case (1), and otherwise we are in case (2). O

2.8 Laminations

We assume the reader is familiar with geodesic and measured laminations on finite-type hyperbolic
surfaces. See, e.g., [16; 33].

Suppose A is a connected geodesic lamination on a finite-type hyperbolic surface S with geodesic
boundary. We say that A fills an essential subsurface 77 C S if A C T and A intersects every essential,
nonperipheral simple closed curve in 7.

Fact 2.13 For every connected A, there is a unique subsurface with geodesic boundary (as in Section 2.1)
that is filled by A, which we denote by S()). It is the minimal subsurface with geodesic boundary in S
that contains A.

Here, S(1) can be constructed by taking a component A C S C H? of the preimage of A, letting
C C H? be the convex hull of the set of endpoints of leaves of A in 9H?2, and projecting C into S.

Suppose that M is a compact, orientable irreducible 3-manifold let S C dM be an essential subsurface.
The limit set of (S, M) is the closure

A(S, M) = {meridians y C S} C PML(S),

where PML(S) is the space of projective measured laminations on S. The limits set was first studied by
Masur [46] in the case that M is a handlebody, with S its entire boundary. In this case, Kerckhoff [34]
later proved that the limit set has measure zero in PML(S), although a mistake in his argument was
later found and fixed by Gadre [23].

In some ways, A(S, M) acts as a dynamical limit set. For instance, let Map(.S) be the mapping class
group of S, and let Map(S, M) C Map(S) be the subgroup consisting of mapping classes represented
by restrictions of homeomorphisms of M. Then we have:

Fact 2.14 (1) If A(S, M) is nonempty, it is the smallest nonempty closed subset of PML(S) that is
invariant under Map(S, H).
(2) If Map(S, M) contains a pseudo-Anosov map on S, then A(S, M) is the closure of the set of the

attracting and repelling laminations of pseudo-Anosov elements of Map(S, M ).

Note that Map(S, M) contains a pseudo-Anosov map on S if and only if the disk set D(S, M)
has infinite diameter in the curve complex C(S), where the latter condition was discussed earlier in
Proposition 3.1. See also [2; 41].
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Proof For the first part just note that Dehn twist 7}, around meridians m C S are in Map(S, M), so if
A C PML(S) is nonempty and invariant, A € A and m is a meridian, then m = lim; T}},()) is also in 4,
implying A(S, M) C A.

For the second part, take a pseudo-Anosov f € Map(S, M) with attracting lamination A 4, say. If m
is a meridian in S, then T}, o f o T,," are pseudo-Anosov maps on S and their attracting laminations
converge to m, and then the argument finishes as before. O

2.9 Laminations on interval bundles

Suppose that Y is a compact hyperbolisable surface with boundary, and that B — Y is an interval bundle
over Y. Endow Y and the horizontal boundary dg B with arbitrary hyperbolic metrics such that the
boundary components are all geodesic.

Suppose we have two geodesic laminations A4 on dg B.

Definition 2.15 We say that A are essentially homotopic through B if there is a lamination A and a
homotopy 4 : A — B, t € [—1, 1], such that 4 is a homeomorphism onto A, and where (/) is not
homotopic into dg B.

When B is a trivial interval bundle, A1 are essentially homotopic through B if and only if we can
write B >~ Y x [0, 1] in such a way that A1 = A x {£1} for some geodesic lamination on Y. This is an
easy consequence of the fact that on a surface, homotopic laminations are isotopic. In general:

Fact 2.16 Suppose that A+ are disjoint or equal geodesic laminations on d gy B. Then these are equivalent:
(1) AL are essentially homotopic through B.
(2) A4 is isotopic on 0y B to o (As), where o is the canonical involution of B discussed in Section 2.5.
Moreover, (1) and (2) imply
(3) there is a geodesic lamination A on Y such that A_ U A is isotopic on dg B to (= |8HB)_1 ().

Here, (3) does not always imply (1) and (2), since it could be that A has two components, (7 | - B) (V)
has four, and these components are incorrectly partitioned into the two laminations A . However, that’s
the only problem, so, for instance, if A1 are minimal then (1)—(3) are equivalent.

While we have phrased things more generally in the section, we can always assume in proofs that our
hyperbolic metrics have been chosen so that the covering map 7|y, p : g B — Y is locally isometric.
Here, we’re using the fact that given two hyperbolic metrics with geodesic boundary on a compact surface,
a geodesic lamination with respect to one metric is isotopic to a unique geodesic lamination with respect
to the other hyperbolic metric. In this case, we can remove the word “isotopic” from (2) and (3).

Proof The fact is trivial when B is a trivial interval bundle. When B is nontrivial, lift the homotopy to
the trivial interval bundle B’ — B that double covers B, giving homotopic laminations A’ C g B’. The
statement (1) <= (2) follows since the canonical involution on B’ covers that of B. For (2) = (3), note
that since A4 are disjoint or equal and differ by o, their projections w (A1) C Y are the same, and are a
geodesic lamination A on Y. m|
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3 Large and small disk sets and compression bodies

Suppose that S C dM is an essential subsurface of the boundary of a compact, irreducible 3-manifold M,
and that 0.5 is incompressible in M. The following is probably known to some experts, but we don’t
think it appears anywhere in the literature, so we give a complete proof.

Proposition 3.1 (diameters of disk sets) With M, S as above, either
(1) D(S, M) has infinite diameter in C(.S),
(2) S has one nonseparating meridian §, and every other meridian is a band sum of §,
(3) S has a single meridian, which is separating, or
4 DS, M) =2.

In case (1) we will say that D(S, M) is large, and in cases (2)—(4), we will say that D(S, M) is small.
Similarly, if C(S, M) is the characteristic compression body defined in Fact 2.4, then C(S, M) is said
to be large or small depending on whether D(S, M) is large or small. See also the discussion of small
compression bodies in Section 3 of [3].

Here, recall that a band sum of a meridian § is the boundary of a regular neighbourhood of § U 3,
where B is a simple closed curve on S that intersects § once. Any such band sum must be a meridian:
for instance, as an element of 771 M it is a commutator with a trivial element. Also, (3) includes the
case when M is a solid torus and S = dM, in which case there is only one (nonseparating) meridian.
When M is not a solid torus, though, every nonseparating curve has infinitely many band sums. Similarly,
a band sum of two disjoint meridians § and y over an arc k joining § to y is the boundary of a regular
neighbourhood of § Uk U y.

Before beginning the proof, we first establish the following:

Claim 3.2 Suppose S is not a torus, y C S is a meridian on S and § is a meridian that lies in a component
T Cc S\y. If y is not a band sum of §, there is a pseudo-Anosov f : T — T that extends to a
homeomorphism of M .

The condition that y is not a band sum is necessary. For if M is a handlebody with S = dM, and y
is a separating meridian that bounds a compressible punctured torus 7' C .S, then T has only a single
meridian §. This § is nonseparating and y is a band sum of §. Any map T — T that extends to a
homeomorphism of M must then fix §, so cannot be pseudo-Anosov.

Similarly, if S is a torus and y is a meridian, the complement of y is an annulus, which does not admit
any pseudo-Anosov map.

Proof of Claim 3.2 Suppose first that y is not separating. Any simple closed curve that intersects y
once can be used to create a band sum. Now S is not a torus, and cannot be a punctured torus either,
since then its boundary would be compressible. So, there are a pair «, 8 of band sums of y that fill S\ y.
By a theorem of Thurston [22, II1.3 in 13], the composition of twists Ty o T 5 1 is pseudo-Anosov. Each
twist extends to M, because twist about meridians can be extended to twists along the disks they bound.
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Figure 3: The surfaces R and R’ fill T'.

Now suppose y separates S, and suppose that R is the component of 7"\ (y U d) adjacent to y and §.
Any curve in R that bounds a pair of pants with y and § is also a meridian. Such curves are constructed
as the boundary of a neighbourhood of the union of y, § and any arc in R joining the two. Therefore,
there is a pair «, B of such curves that fills R. As before, f = Ty o Tﬂ_ !'is a pseudo-Anosov on R that
extends to M .

However, there was nothing special about § in the above construction. So if there is some (nonperipheral)
meridian §' C T with § # §’, there is also a pseudo-Anosov f” on the corresponding surface R’, such that f”
extends to M. Since R and R’ fill T, [19, Theorem 6.1] says that for large i the composition f7( /')’ is
a pseudo-Anosov on 7. See Figure 3.

The only case left to consider is when § is the only (nonperipheral) meridian in 7'. Since new meridians
can be created by taking a band sum of § and y over any arc joining them, the only possibility here is
that 7" is a punctured torus, in which case this construction always just produces y again. But then y is a
band sum of §. O

Proof of Proposition 3.1 When S is a torus, distinct curves have nonzero algebraic intersection number,
so either there are no meridians or there is a single meridian. So, we assume S # T2 below.

It follows easily from Claim 3.2 that if .S contains two disjoint meridians, neither of which is a band sum
of the other, then D(S, M) has infinite diameter in the curve complex. We first claim that if there are two
disjoint meridians in S, neither of which is a band sum of the other, then D(S, M) has infinite diameter
in the curve complex. To see this, suppose y1, y» are such meridians. Claim 3.2 gives two pseudo-Anosov
maps f1, f2, each defined on the component of S'\ y; that contains y;, where i # j. Since the component
of S\ y1 containing y, and the component of S \ y, containing y; together fill S, for large k the
composition flk fzk is a pseudo-Anosov map on the entire surface .S, by [19, Theorem 6.1]. Any such
composition extends to M, so maps meridians to meridians. As pseudo-Anosovs act with unbounded
orbits on the curve complex [47], this implies that the set of meridians has infinite diameter in C(.S).
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Y
Figure 4: A surgery of a curve § along a nonseparating y cannot produce a curve § that is a band
sum of y.

Starting now with the proof of the proposition, suppose there are no nonseparating meridians in S.
If y, § are distinct (separating) meridians, then an innermost disk surgery produces another separating
meridian y, disjoint from y;; see [3, Lemma 2.8]. By the previous paragraph, D(S, M) has infinite
diameter in the curve complex. So, the only other options are if D(S, M) = @, or if the only meridian is
a single separating curve.

Suppose now that there is a nonseparating meridian y in S. By Claim 3.2, unless the disc set has
infinite diameter in the curve complex, any meridian disjoint from y must be a band sum of y. So, either
we are in case (2) of the proposition, or there is some meridian § that intersects y. Any innermost disk
surgery of § along y must produce a band sum 8 of y. However, this 8 must then bound a punctured
torus 7" containing y, and § is then forced to lie inside 7', which gives a contradiction; see Figure 4. O

4 Windows from limit sets

Let N = I'\H? be an orientable, geometrically finite hyperbolic 3-manifold, let A C 9H? be the limit
set of I', and let
CC(N):=T\CH(A)C N

be the convex core of N. Equip dCC(NN) with its intrinsic length metric, which is hyperbolic; see, for
instance, [58, Proposition 8.5.1].

Let S+ be (possibly degenerate) incompressible subsurfaces with geodesic boundary in dCC(NV ) that
are either equal or are essentially disjoint, as in Section 2.1. Let

S+ C ICH(A) C H?

be lifts of S4, where if S_ = S, we require that S_ #* §+. Let I't C I' be the stabilisers of §j:, let
A+ C OH3 be their limit sets and A =T NT_.

The lift Sy is isometric to a convex subset of H2. Let doo S+ C dH? be the boundary of St. By
[53, Theorem 5.6], say, the inclusion St <> H? extends continuously to a 'y -equivariant quotient map

I 300:5::;: — A4 C O3,
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Theorem 4.1 (windows from limit sets) We have A_ N A = Aa. Next, suppose A is nonempty and
is not a cyclic group acting parabolically on either S_ or §+, and let E’i C S be the convex hulls
of the subsets L;l (Aa) C dooS+. Then gi are A-invariant, the quotients Cy := A\a;b are (possibly
degenerate) subsurfaces with geodesic boundary in S+, and there is an essential homotopy from C_
to C+ in CC(N) that is the projection of a homotopy from C_to 5+.

Above, C1 are (possibly degenerate) subsurfaces with geodesic boundary in S4, as defined in
Section 2.1, but it follows from the above and Theorem 2.8 that there are “resolutions” (see Section 2.1)
C! C St such that C) bound an interval bundle in CC(M). So informally, the theorem says that the
intersection A_ N Ay is exactly the limit set of the fundamental group of some essential interval bundle
in (CC(M), S” U S! ). The term “window” comes from Thurston [59] and refers to interval bundles; for
example, one can “see through” a trivial interval bundle from one horizontal boundary component to the
other.

The assumption that A is not cyclic and acting parabolically on either Sy is just for convenience in
the statement of the theorem. (Just to be clear, note that an element y € A can act parabolically as an
isometry of H3, but hyperbolically on the convex subsets SicC H?2.) If A is cyclic and acts parabolically
on S + the subset 5+ in the statement of the theorem will be empty. However, using the same proof one
can construct a homotopy from a simple closed curve on S+ bounding a cusp of S+ to some simple
closed curve on S_.

As mentioned in the introduction, a version of Theorem 4.1 was known to Thurston; see his discussion
of the only windows break theorem in [59]. Precise statements for geometrically finite N without
accidental parabolics were worked out in Lecuire’s thesis [40] and by Walsh [60]; note that Walsh uses
the conformal boundary instead of the convex core boundary, but the two points of view are equivalent.
However, for our applications in this paper, we need to allow accidental parabolics in S+, which are not
allowed in those theorems. Also, our proof is more direct and natural® than those in [40; 60], despite the
extra complication coming from parabolics.

Finally, the assumption that N is geometrically finite is not really essential for the theorem statement.
With a bit more work dealing with degenerate ends, one can prove the theorem for all finitely generated I'.
Essentially, the point is to use Canary’s covering theorem [14] to show that degenerate NP-ends in the
covers N4 := '+ \H? have neighbourhoods that embed in N, and then to use this to prove that geodesic
rays in H? that converge to points in A_ N A cannot exit degenerate ends in N. After showing this, the
proof of Claim 4.3 extends to the general case. However, we don’t have an application for that theorem
in mind, so we’ll spare the reader the details.

Proof of Theorem 4.1
We first focus on proving that A_ N Ay = A . For each £ € 9H?3, let ' (§) C I'+ be the stabiliser of &.
5In both [40; 60], the authors focus on proving that the boundary components of Ej: project to simple closed curves in Sy,

but that isn’t sufficient to say that C1 projects to a subsurface with geodesic boundary in S, which is what they then claim.
E.g., in [60] it is stated that under a covering map, the boundary of a subset goes to the boundary of the image, but this isn’t true.
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Claim 4.2 Let £ € 9H? and suppose that T_(£) and T (£) are both nontrivial. Then they are equal.

Proof By the tameness theorem [1; 11], we can identify CC(/N) topologically with a subset of a
3-compact manifold with boundary M, where

(1) CC(N) Dint(M), CC(N)NIM = ICC(N),

and where dCC(N) is a collection of essential subsurfaces of dN. Let dy—oM be the union of
all torus boundary components of M, and let (X, X) be the characteristic submanifold of the pair
(M,S-US4Udy—oM), as in Section 2.6.

Since I'1 are both contained in a discrete group I', both 'y (£) are contained in the stabiliser I'(£),
which is either infinite cyclic, or rank-2 parabolic.

Suppose first that I'(£) is rank-2 parabolic. The groups ' (§) are both cyclic, since S4 are incom-
pressible hyperbolic surfaces, so their fundamental groups do not contain Z2 subgroups. So, we can
write ['+(§) = (y+) for closed curves y+ on S+. Both y+ are homotopic into some fixed component
T C dy—oM, the component whose fundamental group can be conjugated to stabilise &. So, there is a
component (Xg, X¢o) C (X, X) of the characteristic submanifold such that X intersects 7" and both y4
are homotopic on S+ into X¢. Since M 2 T2 x[0, x], the component (X, Z¢) is either an interval bundle
over an annulus (so, a fibred solid torus), or an S !-bundle pair, so by Fact 2.9, Xj is either a fibred solid
torus or a thickened torus. In either case, X intersects each of S in a fibred annulus, and these annuli
are disjoint, so they are parallel on a torus boundary component of Xy, implying that y+ are homotopic
in M, and hence I'1 (§) are conjugate in I'. But since 'y (£) have the same fixed point at infinity, the
conjugating element must fix &, and therefore commute with the two groups, implying I'_(§) = '+ (§).

Now assume I'(£) is cyclic. Pick a basepoint p € S_, say, and let y— C S_ be a loop based at p
representing a generator of I'_(£). Represent a generator of ['1 (£) as & - y4 -a~ !, where « is an arc from
p € S_toapointin Sy, and y+ is a loop in S4. Since "1 stabilise distinct components Sy, the arc o
is not homotopic into S— U S4. So, « is a spanning arc of an essential map from an annulus, where the
boundary components of the annulus map to powers of y.. It follows that the loops y+ are homotopic
on St into X, for some component (Xy, Xg) C (X, X).

If Xy is an 7-bundle with horizontal boundary X, then as Y4 are not proper powers in 1.5+, they are
both primitive in 71 X, and hence y+ (rather than their powers) are homotopic in Xy C M. Similarly,
if (Xo, Xo) is a fibred solid torus, ¥ is a collection of parallel annuli on d.X, so since y4 are primitive
in 711 S+, they are homotopic on S+ to simple closed curves in these annuli, and hence are homotopic to
each other in Xj.

It follows that there are generators for 'L (£) that are conjugate in T, but since these generators both
fix &, they are equal. a

Claim 4.3 Forall £ e A_N A4, we have T_(§) = ' (§). Moreover,
Aa=A_NAL.
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Proof Let Ni C H?3 be the I-neighbourhood of the convex hull of Ay, and for small € > 0, let
T+ (e) C H? be the set of all points that are translated less than € by some parabolic element of I'y. If €
is at most the Margulis constant g, then T4 (¢) is a disjoint union of horoballs in H?3.

The sets N1 and 71 (¢) are I'y invariant. Since 'y is a finitely generated subgroup of I', which is
geometrically finite, 'L is geometrically finite as well by [14]. So, the action of 't on Ni \ T (¢) is
cocompact, see, e.g., Theorem 3.7 in [50], implying that either the function

Dy :H?® - R.g, Di(x)=min{d(x,y(x))|y € 'y loxodromic},

is bounded above on N4 \ T (¢) by some B(¢) > 0, or 'y is elementary parabolic. A similar statement
holds for — instead of +. With €, the Margulis constant, the Margulis lemma then implies that if € > 0 is
sufficiently small with respect to B(€y), and I is not elementary parabolic, then

2 T—(e) N Ny C T4 (€o),

and similarly with —, + exchanged. Indeed, if not then we have (say) a point p € H?3 that is translated by
less than € by some parabolic y— € I'_ and by at most B by some loxodromic y4+ € I'y. If € is small
with respect to B, then both y_ and [y, y—] translates p by at most €g, so they generate an elementary
discrete group by the Margulis lemma applied to I', implying that y fixes the fixed point of y_, which
contradicts that they generate a discrete group.

Fix £ e Ayf N A_. We claim that ['_(§) = I'1.(§). By Claim 4.2 it suffices to show that whenever
I'_(§) is nontrivial, say, so is '+ (§).

First, assume that I'_(§) is elementary parabolic. We claim that 'y (£) is elementary parabolic as
well. Assume not, and let & be a geodesic ray in H? converging to £. Then a(t) lies in 7—(¢) N N4 for
large ¢, and therefore in T4 (eg) for large ¢ by (2), which implies £ is a parabolic fixed point of '} as
well, a contradiction.

Next, suppose that I'_(£) is elementary loxodromic. If £ is a parabolic fixed point of I';, we are done,
so let’s assume this isn’t the case. Let o be the axis of I'_(§), parametrised so «(¢) — & as t — oo. Since
£ is not a '} parabolic fixed point, there are #; — oo such that «(#;) & T+ (¢) for all i. Since the action
of I'y on Ny \ T4 (¢) is cocompact, if p € H? is a fixed basepoint, there are elements yl.+ e I'y such
that sup; d ()/i+ (p),a(t;)) < oo. Since the action of I'_(£) on « is cocompact, there are then elements
y; € I'—(§) with

supd " (p).vi (p) < 0.

By discreteness of I', after passing to a subsequence we can assume Vi+ =y; o g for some fixed g € I'.
Hence, for all i we have

v o) T =y ey T €T N(T=(§) C T4 (4),
so we are done.
Finally, we want to show that A_ N Ay = Aa. The inclusion Ap C A_ N A4 is clear. So, take
£ e A_NA4+. We can assume that 'y (§) = 1, since otherwise we’re in the cases handled above. Let « be
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a geodesic ray in H3 converging to £&. As in the previous case, since £ is not a parabolic fixed point of 'y,
there are #; — oo such that «(#;) & T+ (€p) for all i. Discarding finitely many i, we have «(#;) € N4, so it
follows from (2) that (#;) & T—(e€). Fixing a base point p € H?3, as T'_ acts cocompactly on N_\ T—(€)
and 'y acts cocompactly on N4 \ T4 (€p), there are elements )/l.jE € I'1 such that

sup d (" (p), a(t7)) < oo.

So passing to a subsequence, )/i"' =y; o g for some fixed g € ', and then
viie T =y o) e NI =A

for all i. But applying this sequence to p and letting i — oo gives a sequence of points in the orbit A(p)
that converge to £, s0 £ € Ax. |

Now assume that A % 1. We want to construct the interval bundle W mentioned in the statement of
the theorem. After an isotopy on dCC(N ), let’s assume that S is a subsurface of ICC(N) with geodesic
boundary. Consequently, we allow degenerate subsurfaces, where S is a simple closed geodesic, as well as
subsurfaces where only the interior is embedded and two boundary components can coincide. As dCC(N)
may have cusps, we also must allow S1 to be noncompact with finite volume, rather than compact.

Recall that §i is isometric to a convex subset of HZ, and that if 900 S+ C 0H? is the boundary of §j:
the inclusion S+ < H3 extends continuously to a I't--equivariant quotient map

[N 8oo§:i: — A4 C 8H3.

Moreover, if £, &' € 000 §+, say, we have (4 (§) = 1 (&) if and only if there is an element y € 'y that
acts hyperbolically on S4 Udso Sy with fixed points &, &’ € 0o S, but acts parabolically on H?. By
discreteness of the action I'y ~, §+, each £ € 0o §+ has the same image under (4 as at most one other &’.
Similar statements holds with — instead of +. All this is a consequence (for instance) of Bowditch’s
theory of the boundary of a relatively hyperbolic group [6]: since the action T'+ ~, H? is geometrically
finite, A 4 is a model for the Bowditch boundary of the group I'y relatively to its maximal parabolic
subgroups, so the statement above follows from Theorem 1.3 of [44], say.5

Let L;l (AA) COoo S.. Since A Z 1 and is not cyclic parabolic, L;l (A A) has at least two points, so it
has a well-defined convex hull 6; C St

Claim 4.4 (convex hulls) One of the following holds.

(1) A is cyclic and acts hyperbolically on §+. The convex hull a_ is its geodesic axis, which is precisely
invariant under A C I', so that the quotient C4 := A\5+ embeds as a simple closed geodesic in S .

2) 5+ is a subsurface of §+ with geodesic boundary, int(5+) is precisely invariant under A C I', and
the quotient C4 := A\a,. is a generalised subsurface of S with compact geodesic boundary.

A similar statement holds with — instead of +.

6See also Theorem 5.6 of [53], which says that there is a continuous equivariant extension ¢4 of the inclusion §ﬂ: < H?3 as
above. This theorem is stated in a much more general setting, though, and our statement is a trivial case.
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Proof Let’s work with + for concreteness. If g € A, then g(AaA) = A, so g leaves Ljrl (A A) invariant
by equivariance of (4. Hence g leaves E+ invariant.

Let’s suppose first that 5+ has nonempty interior, since that is the more interesting case. We’ll address
the case that 5+ is a biinfinite geodesic at the end of the proof. Let g € 'y \ A. We want to show

g(int(C4)) Nint(Cy) = @

Assume this is not the case. By Claim 4.3, the fixed points of g in do0S+ lie outside LI_l (A(A)). So, we
cannot have g(a;_) C 5+, as then we’d have g" (5.,.) C 5+ for all n, contradicting that points of §+
converge to the fixed points of g under iteration. Considering backwards iterates, we also cannot have
5+ C g(5+). Therefore, 85+ and 8g(5+) intersect transversely.

Since 5+ has nonempty interior, A is nonelementary, and therefore the fixed points of loxodromic
isometries of A are dense in A o. Loxodromic fixed points of A are in particular not parabolic fixed
points in "4, so any biinfinite geodesic in 5.4_ is a limit of biinfinite geodesics in 5.,. whose endpoints
are not fixed points of parabolic isometries of I'1.. By the previous paragraph, there are then biinfinite
geodesics a4, B+ in 5+ such that g(«@+) and B4+ intersect transversely, and where the endpoints of
a4, B+ project under ¢4 to pomts Eu. .68, &, € A A that are not parabolic fixed points in ['y.

Let o— be the geodesic in S_ whose endpoints in dooS_ map to the points &, &, under (_. Define f_
similarly. Then

a=oy Ul £t U, Bi=py Ulkp EptUB-

are two simple closed curves on the closure cl(0CH(Ar)) C H? U 9H?3, which is homeomorphic to a
sphere. For instance, the arcs a4 are disjoint and &, # &, since the endpoints of a4 are not parabolic
fixed points.

Now consider how the two simple closed curves g(«), 8 intersect. The arcs B_ and g (w4 ) are disjoint
since S_ #* §+. The arcs g(x—), f— are disjoint since g ¢ I'— and hence g(x—) lies on a different
translate of S_ than B- C S_. Moreover, since g(a4), B+ intersect transversely in §+, the endpoints
of g(a4) and B+ are distinct in aoo§+, and since none of them are parabolic fixed points, the points
g(&a), (&) &g, S}} are all distinct. But by assumption, g(oy) intersects S transversely in a single
point! This shows that g(«) and B intersect exactly once, transversely, which is a contradiction.

By precise invariance of the action on the interior, the quotient int(Cy+) = A\ int(a,.) embeds in the
finite volume surface S, so Cy has finite volume itself. So if dC+ is noncompact, it must have two
noncompact boundary components that are asymptotic. Lifting, we get two boundary components 81, >
of 5+ that are asymptotic. Since 5+ is convex, it is contained in the subset of H? bounded by B1, 5,
and hence the common endpoint of 81, B is an isolated point of A A, which is a contradiction since A is
not elementary.

The case when C+ is a biinfinite geodesic is similar. Here, A must be cyclic, actmg on S+ with
axis C. +, and acting either parabolically or loxodromically on H?3. In the parabolic case, C+ compactifies
to a simple closed curve on the sphere cI(CH(Ar)) C H? U dH?, so no translate g(C+), geTl4, can
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intersect 6+ transversely, since if it did we’d get two simple closed curves on the sphere that intersect
once. In the loxodromic case, we get a similar contradiction by looking at the simple closed curve
c1(5+ U 5_) - 01(8]17 ) and its g-image. So, 5+ is precisely invariant under A C I". The quotient
Cy = A\& is obviously compact, and is therefore a simple closed geodesic in S. a

We claim that C_ and C4 are homeomorphic. If C are isotopic in dCC(M ) this is clear, and otherwise
we argue as follows. The subgroups 7 C4 are both represented by A, so are conjugate in 7wy M. The
fact that every curve in C_ is homotopic to a curve in C4+ (and vice versa) implies that C1 are isotopic
to subsurfaces C, C X in the boundary X of a component (X, X) of the characteristic submanifold” of
(CC(M), S—U S4), see Section 2.6, and that even within X every closed curve in C” is homotopic to a
closed curve in C _/,_ and vice versa. When X is a solid torus or thickened torus, C/ are annuli, while
if X is an interval bundle, C :/I: bound a vertical interval bundle in X, and are homeomorphic.

So, let f: C_ — C4 be a homeomorphism, lift /" to a A-equivariant homeomorphism f C- — 5+
and let

F:C_x[0,1] > CH(A),

where F(x,-) parametrises the geodesic from x to f(x). Then F is A-equivariant, and projects to an
essential homotopy from C_ to Cy, as desired.

4.1 An annulus theorem for laminations

Suppose M is a compact, orientable, hyperbolisable 3-manifold with nonempty boundary and let
S = 0,<oM be the union of all nontorus boundary components of M. When o, B C S are disjoint
simple closed curves that are essential and homotopic in M, but not homotopic in S, the annulus theorem
says that there is an essential embedded annulus A C M with 4 = o U B; see Scott’s paper [57].

More generally, equip S with an arbitrary hyperbolic metric. An essential homotopy between two
geodesic laminations A4 on S is a map

H:(Ax[-1,1,Ax{-1,1}) > (M, S),

where A is a lamination, such that H maps A x {1} homeomorphically onto A, and where H is not
homotopic rel A x {—1, 1} into M .
Here is an “annulus theorem” for minimal laminations.

Proposition 4.5 (an annulus theorem for laminations) Let A_, A4 be two minimal geodesic laminations
on S that are either disjoint or equal, and assume that S(AL) are incompressible in M. If Ay are
essentially homotopic in (M, S), there is an essential interval bundle (B, dgr B) C (M, S) such that A1
fill dg B, and where AL are essentially homotopic through B, as in Section 2.9.

Here, S(A 1) are the subsurfaces with geodesic boundary filled by A1, as in Section 2.8. The assumption
that they are incompressible generalises the assumption that o, 8 are homotopically essential in A in the
annulus theorem.

7Really, we need to be using resolutions of our subsurfaces with geodesic boundary, as discussed in Section 2.1.
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Proof Identify M \ d,—oM with the convex core of a geometrically finite hyperbolic 3-manifold. Set
S4 := S(Ay). Lift the essential homotopy from A_ to A4 to a homotopy from lifts A_CS_to )ur C S+
in H3. Under the homotopy, which has bounded tracks, corresponding leaves of A+ have the same
endpoints in 9H 3. The endpoints of ki are dense in 0 Si, so this means that the subsurfaces C4+ C S+
constructed in Theorem 4.1 are just C+ = S.. Passing to disjoint or equal resolutions S’, of S+ and
applying Theorem 2.8 gives an interval bundle B where A fill 0y B = S” U S’

We claim that A1 are essentially homotopic through B. By Fact 2.16, it suffices to show that if ¢ is the
canonical involution of B, as described in Proposition 4.5, then o'(A+) is isotopic to A% on S%.. Using
the notation of Theorem 4.1, o lifts to a A-equivariant involution & of B that exchanges S’ and S,
where here A = I'_ N I'1.. By equivariance, ¢ extends continuously to the identity on A A, so 6()1_) is a
lamination on §+ with all the same endpoints at infinity as )Lr, and hence equals 5\,4_. O

S Laminations on the boundary

Suppose M is a compact, orientable 3-manifold with hyperbolisable interior and nonempty boundary oM .
Equip M with an arbitrary Riemannian metric and lift it to a Riemannian metric on the universal cover M.
As in the introduction, a biinfinite path or ray /& on dM is called homoclinic if there are points s, t/ with
|s —t!| — oo such that

sup dﬁ(h(si), h(th) < oo.

Two rays i, h— on dM are called mutually homoclinic if there are parameters s"i — oo such that

sup d g7 (h4-(s), h—(s1)) < oo.

Here, a ray is a continuous map from an interval [a, 00), and a biinfinite path is a continuous map from R.
We will also call rays and paths on dM (mutually) homoclinic if they have lifts that are (mutually)
homoclinic paths on 9M . We refer the reader to Section 5.1 for some comments on alternate definitions
of homoclinic that exist in the literature.

Note that if we divide a biinfinite homoclinic path into two rays, then either one of the two rays is
itself homoclinic, or the two rays are mutually homoclinic. Also, these definitions are metric independent:
since M is compact, any two Riemannian metrics on M lift to quasi-isometric metrics on M, and a path
is homoclinic or mutually homoclinic with respect to one metric if and only if it is with respect to the
other metric.

Here are some examples.

Example 5.1 (1) Suppose that D is a properly embedded disc in M, and & : R — dM is a path that
covers D C dM . Then / is homoclinic: indeed, D lifts homeomorphically to M, so h lifts to a path in
M with compact image.
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(2) Suppose that ¢ : (ST x [0, 1], ST x {0, 1}) — (M, M) is an essential embedded annulus. Then rays
covering the two boundary components of the annulus are mutually homoclinic: indeed, ¢ lifts to

¢:Rx[0,1]> M,

and we have sup;cg d (q~5(t, 0), ¢~5(t, 1)) < o0, so restricting to ¢ € [0, o0) we get two mutually homoclinic
rays in M.

It will be convenient below to work with a particular choice of metric on M .

Definition 5.2 (an explicit metric on M) Let 9, oM be the union of all components of dM that have
negative Euler characteristic, i.e., are not tori. Thurston’s Haken hyperbolisation theorem, see [33],
implies that there is a hyperbolic 3-manifold N = H?/I" homeomorphic to the interior of M, where
every component of d, oM corresponds to a convex cocompact end of N. A torus 7" C dM, on the
other hand, determines a cusp of N. So, in other words, N is “minimally parabolic”: the only parabolics
come from torus boundary components of M. For each T, pick an open neighbourhood N7 C N of the
associated cusp that is the quotient of a horoball in H? by a Z?-action. Then

3) Mx=ccn)\ |J N,
tori T COM

and we will identify M with the right-hand side everywhere below. Then

e M CH3 is obtained from the convex hull CH(T") C H? of the limit set of I" by deleting an equivariant
collection of horoballs, and

e the path metric induced on d, <o M is hyperbolic [58, Proposition 8.5.1], and the path metric induced
on every torus 7 C dM is Euclidean.

We now specialise to the case of paths that are geodesics on dM . Recall from Example 5.1(1) above
that one can make homoclinic paths by running around the boundaries of disks in dM . The following
shows that discs are essential in such constructions.

Fact 5.3 Suppose that S C dM is an essential subsurface. Then the inclusion of any lift ScoMisa
quasi-isometric embedding into M . Moreoverif S is incompressible then any pair of mutually homoclinic
infinite rays on S are asymptotic and no biinfinite geodesic y in S is homoclinic.

Proof Think of M as embedded in a complete hyperbolic 3-manifold N as in (3), write N = I'\H?3,
and let M C H? be the preimage of M, so that M is obtained from the convex hull CH(T") be deleting an
equivariant collection of horoballs. Fix a subgroup A < I’ that represents the conjugacy class associated
to the image of the fundamental group of S C M. To show that

S oM
is a quasi-isometric embedding, it suffices to show that A is undistorted in I". But since M is geometrically
finite and A is finitely generated, it follows from a result of Thurston (see Proposition 7.1 in [54]) that
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the group A is geometrically finite, and geometrically finite subgroups of (say, geometrically finite)
hyperbolic 3-manifold groups are undistorted; see Corollary 1.6 in [28].

For the “moreover” statement, assume S is incompressible, so that S is simply connected, and consider
a pair of infinite rays

Wt RT - S

that are geodesic for the induced hyperbolic metric and 7 — +o0 such that d i (h* (6;7). h= (1)) is
bounded. Since S C 9M is a quasi-isometric embedding, d §(h+(t,;" ), h™(t,)) is also bounded. Since
S is simply connected and hyperbolic, this is possible only if 27 and 4~ are asymptotic on S. Taking
h* = h™ we get that a geodesic ray on S cannot be homoclinic. Taking h+ # h™, we get that any pair
of mutually homoclinic infinite rays on S are asymptotic. In particular two disjoint geodesic rays in
a homoclinic geodesic should be asymptotic. This is impossible for a geodesic in a simply connected
hyperbolic surface. O

Example 5.1(2) above shows how embedded annuli in M can be used to create mutually homoclinic
rays. In analogy to Fact 5.3, one can show that annuli are essential in such a construction. For instance,
suppose M is acylindrical. Then work of Thurston, see [33] and more generally [42], says that we can
choose the hyperbolic manifold N so that ICC(N) = d,<oM is totally geodesic. Hence, the preimage
of dy<oM in M C H3 is a collection of hyperbolic planes. Any geodesic ray on d,<oM then lifts to a
geodesic in H?, and two geodesic rays on 9 x<0M are mutually homoclinic if and only if their geodesic
lifts are asymptotic in H?3, which implies that they were asymptotic on dy<oM.

5.1 Alternate definitions of homoclinic

Above, we defined a path
hol— oM

to be homoclinic if there is are s,/ € I with |s' —*| — oo such that

sup dﬂ(h(si), h(th) < oo.

Some other papers use slight variants of this definition. For example, the definition of (faiblement)
homoclinique in Otal’s thesis [56] is almost the same as what is written above, except that distances are
computed in the intrinsic metric on dM instead of in M. This is equivalent to our definition, though:
the nonobvious direction follows from Fact 5.3, which says that boundary components of M quasi-
isometrically embed in M . And in the definition of homoclinique in Lecuire’s earlier work [42], distances
are computed not in M, but within H?, with respect to a given identification of M with the convex core
of some minimally parabolic hyperbolic 3-manifold, as discussed in Definition 5.2. When M has tori in
its boundary, the inclusion M < H?isnota quasi-isometric embedding, but the following lemma says
that dygs is bounded if and only if d 7 is bounded, so Lecuire’s earlier definition is equivalent to ours.
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Lemma 5.4 Whenever x, y € M , we have
st(X, y) < dM(X, y) < edH3(X,y)/2dH3 (x, ).

Proof Set N :=T'\H?, so that M is obtained from the convex hull CH := CH(A(T")) of the limit set
of I' by deleting horoball neighbourhoods around all rank-two cusps. Take a H3-geodesic y from x
to y. Then y lies inside CH, and it can only penetrate the deleted horoball neighbourhoods to a depth of
d(x,y)/2. Now, whenever B D B’ are horoballs in H? such that dyg3 (0B, B') < d(x, y)/2, the closest
point projection

7:B\B — 0B

is well defined and e9*-)/ 2_lipschitz. (Indeed, it suffices to take B as the height 1 horoball in the upper
half space model and B’ as the height e4:2)/2 horoball, and then the claim is obvious.) So, the parts
of y above that penetrate the deleted horoballs can be projected back into dM , and if we do this the
resulting path has length at most e?®*%)/24(x, ). |

We should mention the version of homoclinic defined in Casson’s original unpublished notes. There,
M 1is a handlebody, and if we regard dM <> H3 as above, then a simple geodesic i : I — 9 M is called
homoclinic if when we subdivide / into two rays /., these rays limit onto subsets A+ C H?* N dH?3 such
that A4+ N A— # @. This definition is stronger than all the ones mentioned above: if A4+ N A_ contains
a point on 9M , rather than at infinity, then the definition of homoclinic above is obviously satisfied.
Otherwise, 4+ have to have a common accumulation point in 9H?, which corresponds to an end £ of M,
and one can use the treelike structure of the universal cover M of the handlebody M to say that 1 have
to both intersect a sequence of meridians (72;) on M that cut off smaller and smaller neighbourhoods of &.
The times tI’;m when A4 intersects m; then work in the definition of homoclinic above. In fact, Casson’s
definition is strictly stronger. For instance, if 1 both spiral around disjoint meridians Y1 C d M, then
h is homoclinic by our definition but not by Casson’s. However, Theorem 1.1 still fails using Casson’s
original definition, due to the examples in Figure 13 on page 1849.

5.2 Waves, tight position, and intrinsic limits

As in the previous section, let M be a compact, orientable hyperbolisable 3-manifold with nonempty
boundary dM , which we think of as the convex core of a hyperbolic 3-manifold with horoball neighbour-
hoods of its rank-2 cusps deleted.

Definition 5.5 (waves and tight position) Suppose that 7 is a meridian multicurve on dM , and let y C dM
be a simple closed geodesic, a simple geodesic ray, or a simple biinfinite geodesic. An m-wave is a
segment B C y that has endpoints on 72, and is homotopic rel endpoints in M to an arc of m. If y has no
m-waves, and every infinite length segment of y intersects m, then we say that y is in tight position with
respect to m.

Waves and tight position were discussed previously in [38; 42], for instance. Note that in our definition,
an m-wave B can intersect m in its interior. More generally, an m-wave of a lamination is an m-wave of

Algebraic & Geometric Topology, Volume 26 (2026)



1830 Ian Biringer and Cyril Lecuire

one of its leaves, and a lamination is in tight position with respect to m if all of its leaves are. Note that
from this perspective, if a geodesic y is in tight position with respect to some multicurve m (regarded as
a lamination), then it is in tight position with respect to some component of #1.

As an example, a meridian y can never be in tight position with respect to another meridian m: taking
discs with boundaries y and m that are transverse and intersect minimally, any arc of intersection of these
disks terminates in a pair of intersection points of y and m that bound a m-wave of y.

More generally, we have the following fact.

Fact 5.6 (tight position = H? quasigeodesic) Let y be a simple geodesic ray or biinfinite geodesic
on OM . If y is in tight position with respect to some meridian m then any lift y C dM of y is a
quasigeodesic in H3. In particular, y is an M -quasigeodesic, and is not homoclinic.

Proof Intersecting with m breaks y into a union of finite arcs. By simplicity of y, these arcs fall into
only finitely many homotopy classes rel m2, and there is a universal upper bound L = L(y, m) on their
lengths. Let D be a disc with boundary »2 and let D be the entire preimage of D in M. Tightness means
that the path y intersects infinitely many components of D, and intersects no single component more
than once.

In the notation of Definition 5.2, we have that M C H? is obtained from CH(I") by deleting an
equivariant collection of horoballs. Each component of D separates CH(T"), so if y’ is a segment of y,
any geodesic in H? joining the endpoints of ’ must intersect each of the discs that y’ intersects. Hence, if
€ > 0 is the minimum distance between any two components of D, then yisa (L/e, L)-quasigeodesic. O

Given a lamination, we now describe how to create a system of meridians with respect to which the
lamination is in tight position.

Definition 5.7 (surgery) Suppose that A is a geodesic lamination on dM and m = |_|;-':1 m; is a geodesic
meridian multicurve on dM, and f is an m-wave in A whose interior is disjoint from m. Then the pair of
points df separates some component /; of m into two arcs ml1 ml2 both of which are homotopic to
rel endpoints in M. We perform a A-surgery on m by replacing m ll (say) with B, thus constructing a new
multicurve m’ := (B Um?) U Ly mj

This notion of surgery appears in many other references, e.g., [3; 18; 38; 42]. We summarise its
elementary properties here:

Fact 5.8 Suppose that A is a geodesic lamination.

(1) If m is a meridian and A has an m-wave, it also has an m-wave whose interior is disjoint from m, so
a A-surgery can be performed.

(2) Any curve m’ obtained by A-surgery on a meridian m as above is a meridian.

(3) Ifm is a cut system for M , i.e., a multicurve of meridians bounding discs that cut M into balls and
3-manifolds with incompressible boundary, then some A-surgery on a component of m is another cut
system.
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Proof For (1), suppose that A has an m-wave . Let /1 be the entire preimage of m in the cover IM,
and lift B to an arc ,g starting and ending on some fixed component m¢ C /7. Since each component of 7
separates aM , there is some “outermost” subarc ,3’ that has endpoints on the same component of 72, and
that has interior disjoint from 7. This ,g/ projects to an m-wave of A whose interior is disjoint from m.

For (2), note that if m’ := B U m, is obtained by A-surgery on m, as above, then m, m’ are homotopic
in M, and hence m’ is nullhomotopic. Also, if m’ is inessential in dM, then B is homotopic on dM
to m,, implying that A and m were not in minimal position, a contradiction since they are both geodesic.
Hence m’ is a meridian.

For (3), consider an m-wave in A whose interior is disjoint from m and say that 8 C m;. Then
0p separates m; into two arcs m%, m% It is not difficult to see that either (8 U m%) UL £y mj or

(BUm?)U[];4, m; is a cut system. m|

The following lemma is a modification of a result of Kleineidam and Souto [38, Lemmas 7 and 8] that
is essential for everything below.

Lemma 5.9 (no waves, or a sequence of meridians) Suppose A is a geodesic lamination on S = dM and
m is a meridian multicurve. Then either

(1) there exists a finite sequence of A-surgeries on m that terminates in some meridian multicurve m’
where A has no m’-waves,

(2) S(X) contains a sequence of meridians (y;) such thati (A, y;) — 0, with respect to every transverse
measure on A.

Here, (2) makes sense even when A admits no transverse measure of full support. Note that if A is a
minimal lamination and dS(A) is incompressible, then (2) implies that A is an intrinsic limit of meridians.

Proof of Lemma 5.9 The two cases depend on whether A contains infinitely many homotopy classes of
m-waves, or not. Here, our homotopies are through arcs on S, keeping their endpoints on .

If there are only finitely many classes of m-waves in A, then a finite sequence of A-surgeries converts
m into a multicurve m’ such that A has no m’-waves, as each surgery decreases the number of waves
by at least one. If there are infinitely many homotopy classes of m-waves in A, then we can choose a
sequence of parameterised m-waves «; : [0, 1] = R such that

(1) the two sequences of endpoints (; (0)) and («; (1)) both converge, and if either sequence converges
into a simple closed curve y C A, then it approaches y from only one side,

(2) no «; and «; are homotopic keeping their endpoints on m, for i # j.

To construct the desired sequence of meridians, let ﬂ? be the shortest geodesic on S from «; (0) to ;41 (0),
and define ﬂil similarly. Since (¢;(0)) C m and («; (1)) C m converge, we have ,319, ,Bil C m for i large
enough. For large 7, the union j ? Ua;UPB l.l Ua; 41 is an essential closed curve in S(A) that is nullhomotopic
in M . It may not be simple, since ,319 and ,31.1 may overlap, but it has at most one self intersection. So by
the loop theorem [29], one of the three simple closed curves obtained by surgery on it is a meridian ;.
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Now, the fact that the endpoints can approach a simple closed curve in A only from one side implies that
for large i, the curves y; do not intersect any simple closed curve contained in A. Since y; only intersects A
along the arcs ,319 and ,Bil, whose hyperbolic lengths converge to zero, it follows that i (3, A) — 0 for any
transverse measure on A. d

Here is an important application of Lemma 5.9.

Lemma 5.10 (quasigeodesic or a sequence of meridians) Suppose A C d,<oM is a minimal geodesic
lamination and that dS(A) is incompressible in M . Let h C S(X) be a simple geodesic ray or biinfinite
geodesic that is disjoint from A or contained in A. Then either

(1) any lifth C 9M ofh is a quasigeodesic in M, or

(2) S(X) contains a sequence of meridians (y;) such thati (A, y;) — 0, with respect to every transverse
measure on A.

In particular, if h is homoclinic, then A satisfies (2).

Proof Assume that (2) does not hold. If / is a geodesic ray, it is asymptotic to a geodesic ray /™ C A
and any lift of / is a quasigeodesic if and only if any lift of /T is quasigeodesic. Let u = A U & if & is
biinfinite and = A otherwise. Given a cut system m for M, Lemma 5.9 and Fact 5.8(3) say that we can
perform p-surgeries until we obtain a new cut system m such that p has no m-waves. If m intersects pu,
then u is in tight position with respect to m, so (1) follows from Fact 5.6. Therefore, we can assume m
does not intersect . A. Up to isotopy, we can also assume that S(A) does not intersect 7. Since d.S(A) is
assumed to be a collection of incompressible curves, it follows that S (1) is itself incompressible, so (1)
follows from Fact 5.3. |

We now come to the central definition of the section.

Definition 5.11 A minimal geodesic lamination A C d,<oM is an intrinsic limit of meridians if there
is a transverse measure® on A and a sequence of meridians (;) contained in S(A) such that y; — A
in PML(S(X)).

Using Lemma 5.10, we can prove the following proposition, which gives several equivalent character-
isations of intrinsic limits.

Proposition 5.12 (intrinsic limits) Suppose A C S = dM is a minimal geodesic lamination and .S (A) is
incompressible. The following are equivalent:

(1) A is an intrinsic limit of meridians.
(2) Given (some/any) transverse measure on A, there is a sequence of meridians (y;) in S(\) such that

i(yi,A)—>0.

81t is currently unknown whether the particular transverse measure matters: we might suspect that a measured lamination is a
projective limit of meridians if and only if the same is true for any other measured lamination with the same support, but there
could also very well be a counterexample.
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(3) There is a homoclinic geodesic in S(A) that is either a leaf of A, or is disjoint from A.

(4) Given any transverse measure on A, there is a sequence of essential (possibly nonsimple) closed
curves (y;) in S(A) such that each y; is nullhomotopic in M, and i (y;, L) — 0.

Note that when we say dS(A) is incompressible, we mean that no closed curve that is a boundary
component of S(A) is nullhomotopic in M. This condition is mainly here to make statements and proofs
easier. For instance, without this assumption our proof of (4) = (2) may produce peripheral meridians,
but peripheral meridians can’t be used in (2) = (1).

Proof (2) = (1) Fix some transverse measure on A. By (2),

i (yi,A)/length(y;) — 0,

so after passing to a subsequence we can assume that (y;) converges to a measured lamination & in S(A)
that does not intersect A transversely. As A fills S(), u is supported on A.

(1) = (3) After passing to a subsequence, we can assume that (y;) converges in the Hausdorff topology
to some lamination, which must then be an extension of A by finitely many leaves. The statement (3)
follows from an unpublished criterion of Casson, see Lecuire [42, Théoréme B.1] for a proof, that states
that any Hausdorff limit of meridians has a homoclinic leaf.

(3) = (2) This is an immediate corollary of Lemma 5.10.

(4) < (2) The direction < is immediate, so suppose (¥;) is a sequence of essential closed curves
in S(A) that are nullhomotopic in H and i (A, y;) — 0. By Stallings’ version of the loop theorem, for
each i there is a meridian y/ that is obtained from y; by surgery at the self intersection points. Such
surgeries can only decrease the intersection number with A, so (2) follows. |

We will also need the following criterion in the next section.

Lemma 5.13 (intrinsic limits of annuli) Suppose A C 0, <o M is a minimal lamination such that S(1) is
compressible but dS (1) is incompressible, and that there is a sequence (A;) of essential embedded annuli
in (M, S(A)) withi(dA;,A) — 0. Then A is an intrinsic limit of meridians.

Proof Pick a meridian m C S()). For each i, let T; : M — M be the Dehn twist along the annulus 4;.
Then for any sequence n; € Z, the curves Tl."i (m) are meridians, and if n; grows sufficiently fast, then

i(T;" (m), 1) /length(T;" (m)) — 0.

Hence, after passing to a subsequence Tl."i (m) converges to a lamination A" supported in S(A) with
zero intersection number with A, implying A’ and A have the same support, so A is an intrinsic limit of
meridians. o
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6 Limits of homoclinic rays

In this section we characterise the laminations onto which pairs of disjoint mutually homoclinic rays can
accumulate.

Theorem 6.1 (mutually homoclinic rays) Let M be a compact orientable hyperbolisable 3-manifold and
equip 0, <o M with an arbitrary hyperbolic metric. Let h+ be two disjoint, mutually homoclinic simple
geodesic rays on dy <o M that accumulate onto (possibly equal) minimal laminations A, and where the
multicurve 0.S(A+) is incompressible in M . Then one of the following holds:

(1) one of A4 or A_ is an intrinsic limit of meridians,
(2) h4 and h— are asymptotic on d,<oM , and either
(a) any two mutually homoclinic lifts h+ to M are asymptotic on M, or

(b) A :=A_ = Ay is a simple closed curve that is homotopic in M to a nontrivial power y", n > 1 of
some closed curve y in M,

(3) h+ are not asymptotic on dy<oM , and there is an essential (possibly nontrivial) interval bundle
B C M such that A4 each fill a component of 0gy B, and A+ are essentially homotopic through B, as in
Section 2.9.

The proof of Theorem 6.1 is given in Section 6.1. One can construct examples of mutually homoclinic
rays in (1)—(3), as follows.

For (1), pick two meridians A—, A4+ on M and let &4 spiral onto A+. One can also produce similar
examples by letting A+ be arbitrary laminations in disjoint subsurfaces S(A ) that are spheres with at
least 4 boundary components, all of which are compressible in M, and letting /74 accumulate onto A 4.
In case (1), we expect it is possible that S(A_) is incompressible, say, while A+ is an intrinsic limit of
meridians. For instance, suppose C is a compression body with connected, genus-at-least-two interior
boundary d_C, and exterior boundary d+C. Let f : C — C be a homeomorphism such that /|3, ¢
and f|y_c are both pseudo-Anosov, with attracting laminations A4 and A_, respectively. We expect that
there are rays £4 C A4 that are mutually homoclinic. But A4 is an intrinsic limit of meridians, while
S(A-) is incompressible.

For (2)(a), take M to be a handlebody, let A be any simple closed curve on dM that is essential in M
but has no nontrivial roots in 771 M, and let /1 spiral around A in the same direction. For (2)(b), take A to
be the two ends of the homoclinic geodesic / on the left in Figure 5. In the picture, we have drawn a solid
torus that is a boundary-connect-summand of M, which (say) is a handlebody. The rays /. both spiral
onto a simple closed curve A, the (2, 1)-curve on the solid torus. This A is homotopic to the square of the
core curve of the solid torus. Although /4 are asymptotic on dM, any lift h in 9M will have ends that
are mutually homoclinic, but nonasymptotic. On the right, we have drawn the preimage A of A, and two
lifts ﬁl h » of . Note that, since /4 are asymptotic on dM , one end of };1 is asymptotic to an end of h 2.

When M is a compression body, Casson and Gordon [17, Theorem 4.1] proved that any simple closed
curve A C dM that has a nontrivial root in 711 M lies on the boundary of a solid torus that is a boundary
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A ’

Figure 5: An example of (2)(b) in Theorem 6.1.

connect summand of M, exactly as in Figure 5. When M has incompressible boundary, such A come
from components of the characteristic submanifold of M, see Section 2.6, that are either solid tori or
twisted interval bundles over nonorientable surfaces.

Examples of (3) are shown in Figure 6, with /4 being the two ends of a homoclinic geodesic /4. On
the left, A_, A4 are simple closed curves that bound an embedded annulus A4 in M and B is a regular
neighbourhood of A. The rays A+ are mutually homoclinic since the annulus A lifts to an embedded
infinite strip R x [—1, 1] C H and the hy are asymptotic to R4 x {—1} and R4+ x {1}, respectively. On
the right, we write M =Y x[—1, 1] where Y is a genus-two surface with one boundary component. The
laminations A+ are minimal (in the picture they are drawn as “train tracks”) and fill Z x {41}, where
Z C Y is atorus with two boundary components. Here, B = Z x [—1, 1]. One can also construct similar
examples of (3) where the interval bundle B is twisted.

The assumption that d.S(A+) is incompressible is necessary in Theorem 6.1. For instance, suppose M
is a compression body with exterior boundary a genus-3 surface .S, where the only meridian on § is a
single separating curve y. Let T be the component of S\ y that is a punctured genus-2 surface. Then there
are distinct minimal geodesic laminations A, A’ C T', each of which fills 7', that are properly homotopic
in M : just take distinct laminations that are identified when we cap off the puncture of 7 to get a closed
genus-2 surface. Corresponding ends of corresponding leaves of A, A’ are mutually homoclinic rays
that accumulate onto A, A/, respectively, but none of (2)—(3) hold. One could write down a version of
Theorem 6.1 that omits the assumption that dS(Ay) is incompressible, but the conclusion would be
relative to capping off S(A4), and the statement would be more complicated.

M=Yx[-1,1]

Figure 6: Examples of homoclinic geodesics (in grey) satisfying (3) in Theorem 6.1.
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Figure 7: Homoclinic geodesics % as in cases (i) and (ii) in Corollary 6.2, respectively.

Here is a slightly more refined version of Theorem 6.1 that applies to homoclinic biinfinite geodesics
on dy<oM.

Corollary 6.2 (homoclinic biinfinite geodesics) Suppose that M is as in Theorem 6.1, that h is a
homoclinic biinfinite simple geodesic on some component S C 0, <o M, that h4 are the two ends of h,
that h limit onto Ay, and that S (A1) is incompressible in M .

Suppose case (2) of Theorem 6.1 holds, in which case the two limiting laminations are equal, and we
can set A := Ay. If this A is not an intrinsic limit of meridians then either

(i) after reparametrising h, we have that for all large s, the points h(—s) and h(s) are joined by a geodesic
segment ¢ with h Nint(c) = @, such that ¢, h|(—so,—s) and h|[s o) bound an embedded geodesic
triangle A C S with one ideal vertex, and ¢ U h([—s, s]) is a meridian in M , or

(ii) A is a simple closed curve on S, the two ends of h spiral around A in the same direction, and any
neighbourhood of the union h U A C S contains a meridian.

See Figure 7. From this dichotomy, one can alternatively deduce that either
(i") any neighbourhood of h U A contains a meridian disjoint from A, or
(ii") A is a simple closed curve and h+ spiral around ) in the same direction but from opposite sides.

Finally, if case (3) of Theorem 6.1 holds, we can choose the interval bundle B such that h contains a
subarc o C h that is a compression arc for B.

Proof Let /i be a homoclinic lift of 4 on M . By Lemma 5.10, either one of AL is an intrinsic limit of
meridians in M, in which case we’re in case (1) and are done, or both ends of h are quasigeodesic in M.
Since / is homoclinic, it follows that its two ends are mutually homoclinic, so we’re in the setting of
Theorem 6.1 and one of (2)—(3) holds.

Assume we’re in case (2) of Theorem 6.1, and set A := A 1. Assume first that A := AL is a simple
closed curve. Since the two ends of / are asymptotic, they spiral around A in the same direction. Let U
be a neighbourhood of #U A on d,<oM . Then £ is a homoclinic geodesic contained in U, so Fact 5.3
implies that U is compressible as desired in (ii).

Now suppose that A is not a simple closed curve, in which case we’re in case (2)(a) of Theorem 6.1. We
show (i) holds. Let’s start by constructing the desired geodesic triangle. Parametrise %, pick a universal
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covering map H? — S, lift /1 to a parametrised geodesic h in H2, and let

E= lim h(f) € dooH2.

t—>—+o00

Note that since A is not a simple closed curve, £ is not a fixed point of any deck transformation of H? — S
The two ends of / are asymptotic on S, so there is then a unique deck transformation y : H? — H? such
that

£= lim yoh().
—>—00

It follows that if we use a particular arc-length parametrisation of /1, we may assume that for each ¢ € R,
the points h (t),yo hA(—t) lie on a common horocycle tangent to £. Fix a parameter ¢ = s large enough
such that the geodesic segment ¢ joining };(s) and y o };(—s) is shorter than the injectivity radius of .S,
and therefore projects to a simple geodesic segment ¢ in .

Let A C H? be the triangle bounded by ¢ and the two rays fz([s, o0)) and y o l;((—oo,s]). Let
g : H? — H? be a deck transformation. We claim that g o h R)N int(A) = @. If not, then since A has
geodesic sides, two of which are disjoint from g o hA, it follows that one of the two endpoints of g oh is £
If it’s the positive endpoint, then g fixes &, and the axis of g projects to a (simple) closed curve on S,
around which the two ends of / spiral, contradicting that A isn’t a simple closed curve. If the negative
endpoint of g ohis £, then goy~! fixes £ and we get a similar contradiction.

Next, we claim that we have g(int(A)) N int(A) = & as long as g # id. Suppose that for some g # id
the intersection is nonempty. Then g(&) # &, since otherwise we have a contradiction as in the previous
paragraph. The previous paragraph implies that the sides of the triangles g(A), A that are lifts of rays
of i do not intersect the interior of the other triangle. So, the only way the interiors of g(A), A can
intersect is if ¢ and g(¢) intersect. However, this does not happen since we chose s large enough so that ¢
projects to a simple geodesic segment in S.

The previous two paragraphs imply that A projects to an embedded geodesic triangle A in S whose
interior is disjoint from /, as desired in (i). By construction, ¢ and 4 ([—s, s]) are simple geodesic segments,
and since g o i;(IR{) N int(A) = @ for any g # id, they are disjoint. It follows that ¢ U i([—s, s]) is an
essential simple closed curve on S.

We need to show that ¢ U h([—s, s]) is nullhomotopic in M . For this, remember that since A is not a
simple closed curve, it cannot be that two distinct lifts of /([s, 00)) to H? are asymptotic, for if so they
would differ by a deck transformation fixing the endpoint £ € dH?. Therefore, no two distinct lifts of
h([s, 00)) to dM canbe asymptotic, and similarly for 4((—o0, s]). But the two ends of any lift of hc oM
of & are mutually homoclinic, and hence asymptotic by the assertion in case (2) of Theorem 6.1. So, the
projection A — A factors through a geodesic triangle A C 9M bounded by h (s, 00)), h ((—o00, —s]) and
a geodesic segment ¢. The curve ¢ U i([—s, s]) is the projection of the closed curve ¢ U h ([—s,s]) C M,
and so is nullhomotopic in M.

For the (i) versus (ii’) dichotomy, note that if we’re in case (i) then by taking s large, we can ensure
that ¢ U h([—s, s]) is inside a given neighbourhood of /1 U A. Moreover, as / is disjoint from the interior
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of the geodesic triangle A mentioned in (i), so is A, and hence after increasing s slightly we can assume
¢ U h([—s, s]) is disjoint from A. If we’re in case (ii), and /s spiral onto A from the same side, then
A is a peripheral curve in the specified regular neighbourhood of /2 U A, so the meridian given in that
neighbourhood can be taken disjoint from A. Otherwise, we’re in case (ii’).

Now assume we are in case (3). Let S+ be the components of dg B containing A1. We may assume
that / is in minimal position with respect to dS4+. Since /% is simple and the ends of / limit onto minimal
laminations that fill S+, we have that / intersects dS— U 0S4+ at most twice. Furthermore, in the case
that S_ = S, the homoclinic geodesic / cannot be contained entirely in the incompressible surface S4,
by Fact 5.3. So, & is the concatenation of two rays in St and an arc « such that int(«) lies outside S.

Let X C S be the union of S+ and a regular neighbourhood of «. Since / is homoclinic, there is a
meridian on X by Fact 5.3. If the two endpoints of « lie on different boundary components of dg B, then
« is a compression arc for B by Fact 2.12. So, we may assume that the two endpoints of « lie on the
same boundary component ¢ of dg B. Fact 2.12 then says that « is homotopic rel endpoints in M to an
arc of ¢. So, if we make a new path 4’ C dg B from & by replacing @ with that arc of ¢, then 4’ is still
homoclinic, so it cannot be boundedly homotopic to a geodesic in dg B by Fact 5.3, which implies that
its ends /4 are asymptotic, a contradiction to the assumption in (3). O

If /1 is a parametrised biinfinite geodesic, let’s denote by /4 the associated positive and negative rays,
namely /14 := h|[9,00) and h— := h|(_oo,0]-

Definition 6.3 (mutually bihomoclinic) We say that two biinfinite geodesics 4, 4’ on some component
ScCo x<0M are mutually bihomoclinic if they have distinct lifts f;, ' on M such that the associated
rays /i1, fl/_i_ are mutually homoclinic, as are the rays i_, /’_.

Above, we allow hg = hq, but we require the two lifts to be distinct. Here is a variant of Corollary 6.2
for pairs of mutually bihomoclinic rays that we will use in a sequel to this paper. For simplicity, we’ll
state only the analogue of (i’) versus (ii’) in Corollary 6.2.

Corollary 6.4 Suppose that M is as in Theorem 6.1, that h, h' are simple biinfinite geodesics on a
component S C d,<oM that are either disjoint or equal, and that h, h’ are mutually bihomoclinic.

Suppose case (2) of Theorem 6.1 holds both for the positive rays h, h’+, and for the negative rays
h_, h'_. Then either

(i") in any neighbourhood of h U h' U A_ U A4, there is a meridian m disjoint from A_ and Ay, or

(ii’) for either + or —, say +, we have that Ay is a simple closed curve and h, h', spiral around A4 in
y + p +,h sp +
the same direction but from different sides.

The proof is similar to the proof of Corollary 6.4.

6.1 Proof of Theorem 6.1

The proof proceeds in a few cases. As in Definition 5.2, we identify M with the convex core CC(/V) of a
geometrically finite hyperbolic 3-manifold N = H?3/ T, and we identify the universal cover M with the
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preimage of CC(N) in H?3, which is the convex hull of the limit set of I'. Note that the closure of M in
H? U 9H?3 is a ball.

There are four cases to consider:

(A) Both AL are simple closed curves. We show that either (2) or (3) holds.

(B) Both A are distinct, in which case the surfaces S(A1) are disjoint, but one of these surfaces is
compressible, say S(A4+). We show (1).

(C) Atleast one of A is not a simple closed curve, and both S(A 1) are incompressible. We show (2)(a)
or (3) holds.

(D) A— = A4, which is not a simple closed curve, and S(A+) is compressible. We show either (1)
or (2)(a) holds.

Cases (A) and (B) above are the easiest. Our proof in case (C) involves a hyperbolic geometric interpretation
of the characteristic submanifold of a pair, as discussed in Section 3 of [40] and by Walsh [60]; our argument
is a bit more complicated than theirs, since we have to deal with accidental parabolics. In case (D),
our argument adapts and fills some gaps in a surgery argument of Kleineidam and Souto [38] and
Lecuire [42, Appendix C].

Proof of (A) Assume that both A1 are simple closed curves. Since S(A4) is assumed to be incompress-
ible, both A+ are incompressible in M . If A_ 7% A, they have mutually homoclinic lifts and hence are
homotopic. Then we are in case (3) by the annulus theorem. So we may assume the two curves are the
same, and write A := A 4.

We claim that /i1 spiral around A in the same direction, so that they are asymptotic on dM . Suppose
not, and pick mutually homoclinic lifts h+ in M. Then /i_ and h + are asymptotic to lifts A and oz():) of A,
where « € I is a deck transformation. Any lift of A is a quasigeodesic in M , and hence in H3, so & 1+ are
quasigeodesic rays, and therefore have well-defined endpoints in dH?, which must be the same since the
two rays are mutually homoclinic. Since /4 spiral around A in opposite directions, this means that o« € T’
takes one endpoint of A in 9H? to the other endpoint of X. Since A is stabilised by a loxodromic isometry
in I', and T is torsion-free and discrete, this is impossible.

Suppose we are not in case (2)(a), so there are mutually homoclinic lifts i;i that are not asymptotic
on dM. As in the previous paragraph, we may assume that h_ and };+ are asymptotic to lifts A and
05(5\) for some deck transformation « € T. Since /i are not asymptotic, A #* a(i). As before, a fixes
the common endpoint of h+ in 9H3, which is a fixed point of the cyclic group (B) C I' of loxodromic
isometries fixing L. As T is discrete and torsion-free, and o ¢ (B), we have that « is a root of 8 or B!
in I", and (2)(b) follows. O

Proof of (B) Suppose that A 1 are distinct, in which case the surfaces S(A 1) are disjoint, but that one of
these surfaces is compressible, say S(A4+). We claim that A4 is an intrinsic limit of meridians, in which
case (1) holds and we are done. If not, take a meridian m C S(A4+) and apply Lemma 5.9. We obtain
a new meridian m’ C S(A4) such that A4 has no m-waves. Since Ay fills S(A+) and the boundary
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components dS (AL ) are incompressible, it follows that A4 is in tight position with respect to m. So after
possibly restricting the domains, /i is in tight position with respect to m’, while /i never intersects m’.
This contradicts the fact that 24 are mutually homoclinic, since if h+ are homoclinic lifts in M, for
large ¢ the point };+(t) is separated from the image of h_ by arbitrarily many lifts of m’. |

Proof of (C) Assume that at least one of A+ is not a simple closed curve, and that S1 := S(Ay) are
incompressible. Note that St are equal or have disjoint interiors. We want to prove that we’re in case (2)
or (3). Lift 41 to mutually homoclinic rays hi C M. Fact 5.3 implies that each inclusion Si M
is a quasi-isometric embedding, so if S. =8 +, then the two mutually homoclinic rays hy are actually
asymptotic on 9M . Tf this is true for all lifts hi, we are in case (2)(a) and are done. So, we can assume
below that S_ % §+. Note that it may still be that A = A4 and S_— = S.

Let '+ C T be the stabiliser of S + and let A4 C 0H? be the limit set of I'y.. Since 'y acts cocompactly
on Sy, the inclusion S4 <> H? extends continuously to a map deo St — Ay COHS3, by the main result
of [53]. In particular, h+ have well-defined endpoints in dH?3, and since they’re mutually homoclinic,
they have the same endpoint £ € A_ N Ay C 9H3.

We now apply Theorem 4.1. Since £ € A_ N A4, using the notation of Theorem 4.1, the rays hs
are either eventually contained in the convex hulls 6; C Si,orare asymptotic onto their boundaries.
But 5¢ project to (possibly degenerate) generalised subsurfaces C4 with geodesic boundary in S, and
the rays &4 limit onto filling laminations in S, so it follows that actually C = S, and that there is a
homotopy from S_ to S+ in M that is the projection of a homotopy from S_to S+ Since one of AL is
not a simple closed curve, this means they are both not simple closed curves and the (a priori degenerate)
subsurfaces with geodesic boundary St are not simple closed geodesics.

Let S/, Cint(S+) be obtained by deleting small collar neighbourhoods of dS+, so that S’ are both
actually embedded, still contain A, and are either disjoint or equal. Since S’, are incompressible and
homotopic in M, Theorem 2.8 implies that they bound an essential interval bundle B C M. Moreover,
the fact that the homotopy from S—_ to Sy is the projection of a homotopy from S_toS + means that we
can assume that there is a component B C M of the preimage of B that intersects M in S ’. Note that
B is invariant under A = I'_ N I'4, since any element of A preserves S’ , and hence B.

We claim that A1 are essentially homotopic through B. By Fact 2.16, it suffices to show that if ¢ is
the canonical involution of B, as described in Proposition 4.5, then o' (A ) is isotopic to Ax on SQE. Well,
o lifts to a A-equivariant involution G of B that exchanges S’ and S’ , where here A =T_NT,. By
equivariance, ¢ extends continuously to the identity on A A, so in particular its extension fixes &, and
hence 6 (/) is properly homotopic to 2+ on S+, which implies 6 (A4 ) is isotopic to A as desired.

If iy are not asymptotic on dM, then we are in case (3) and are done. So, assume /14 are asymptotic.
Then there is some y € I' such that y(ﬁ ) C §/ and is asymptotic to ft.,. This y fixes the endpoint
£ € OH3 of h+. Moreover, )/(B) isa component of the preimage of B that contains S’_, and therefore
equals B. So, y exchanges S S’ , and therefore y2 € A. But then h are asymptotic to the axes of y2 ~, Sy,
implying that 44 accumulate onto simple closed curves in dM, contradicting our assumption in (C). O
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Proof of (D) Assume that A_ = A4, write A = A4 for brevity, assume that A is not a simple closed
curve, and that S(A) is compressible. We want to prove that either A is an intrinsic limit of meridians,
or iy are asymptotic, as are any pair of mutually homoclinic lifts hy.

If A is an intrinsic limit of meridians, we are done, so since S(1) is compressible with incompressible
boundary, by Lemma 5.9 we can choose a meridian m C S(A) with respect to which A is in tight position.
Let /m be its full preimage in dM, and let / + be any pair of mutually homoclinic lifts in IM. Truncating
if necessary, we can assume that /i1 are in tight position with respect to m, and hence the lifts hy are
quasigeodesic rays in H3, by Fact 5.6. Since they are mutually homoclinic, h— and h+ converge to
the same point £ € dooH?, and tightness further implies that after restricting to appropriate subrays, h_
and + intersect exactly the same components of 77, in the same order. Reparametrising, we have

};i:[O,oo)—>8]\7, };+(i),};_(i)eﬁ’1,- forall i € N,
where each /7; is a component of 777, and where /4 (¢) &/ when 7 & N. Let
d; := dii(h+(0). h—(i))
be the distance along /7 between h +(i) and h_ @@). |
Claim 6.5 There is some uniform € > 0, independent of the particular chosen lifts h, such that either
(1) hy are asymptotic on dM , and hence h are asymptotic on oM , or
(2) liminf; d; > €.

Proof Let’s assume that fz.,. and h_ are not asymptotic on dM , and write d = lim inf; d;. Fix some
transverse measure on A. If d is small, we will construct meridians y C S(A) with very small intersection
number with A. Since A is not an intrinsic limit of meridians, there is some fixed lower bound for such
intersection numbers, which will give a contradiction for small 4.

Suppose d is small and pick 0 < i < j such that

d,',dj < 2d,

let b; be the (unique) shortest path on 772 from h_ (i) to h +(7), and define b; similarly. Let y;; be the loop
on dM obtained by concatenating the four segments fz.,.([i ,JDs h_ ([i, j]), bi and b; in the obvious way.

We first claim that after fixing 7, it is possible to choose j such that y;; is homotopically essential
on dM. Assume not, let S C 9M be the component containing /;i, fix a universal covering map

H? - S,
and lift the rays hi I[i,00) to rays
b :[i, 00) — H?

in such a way that b; lifts to a segment connecting h—_(i) to h4 (7). Now, there are infinitely many j > i
with dj < 2d. For each such j, we know that y;; is homotopically inessential on dM , so the points h_(j)
to h (/) are at most 2d away from each other in H?. This gives a sequences of points exiting the rays b+
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Figure 8: Two rays spiralling onto a simple closed curve (which is not allowed below), where the
points in Claim 6.6 are linked.

that are always at most 2d apart, so h_ is asymptotic to h. Hence, h_is asymptotic to h +, contrary to
our assumption.

We now fix large i, j such that d;, d; < 2d and y := y;; is homotopically essential on dM . Then P
projects to a homotopially essential loop y C dM that is homotopically trivial in M (y is homotopically
trivial in the simply connected space M ). Note that if 7, j are chosen large enough and d is small, then
Yy C S(A). Furthermore, since the segments b;, b; are the only parts of y that intersect A, and these
segments have hyperbolic length less than 2d, the intersection number i (y, A) is small when d is small.
(Recall that A is a minimal lamination that is not a simple closed curve, so no leaves have positive weight,
and hence hyperbolic length can be compared to intersection number.) But A is not an intrinsic limit of
meridians, so Proposition 5.12(4) says that there is some positive lower bound for the intersection numbers
of A with essential curves that are nullhomotopic in M. Hence, we get a contradiction if ¢ is small. O

Suppose we have two pairs {a, b} and {c, d} of points in m, all four of which are distinct. We say the
two pairs are unlinked in m if in the induced cyclic ordering on {a, b, c,d} C m, a is adjacent to b and ¢
is adjacent to d, and we say that the two pairs are linked otherwise.

Claim 6.6 Ifi, j € N,i < j, then the pairs {h4 (i), h_(i)} and {h(j), h—(j)} are unlinked in m.

For an example where the pairs are linked, see Figure 8. The proof below works in general whenever
h4 are simple geodesic rays on dM in tight position with respect to m, where neither /4 nor /_ spirals
onto a simple closed curve.

Proof The essential observation used in the proof is that the closure
cl(dM) c H? U 9H?

is homeomorphic to a sphere: indeed, the closure of M in H3 U 9H? is a ball, since M C H? is convex
with nonempty interior, and the closure of the boundary is the boundary of the closure. We obtain the
unlinking property above by exploiting separation properties of arcs and curves on 01(8]\7 ).

Since A4 are in tight position with respect to m, both lifts h+ cross im; exactly once. Since J+ limit to
the same point in JH?, they must then cross 77; in the same direction. In other words, the tangent vectors
h4 (i)', h—(i) point to the same side of m. The same statement holds for j. This allows us to break into
the following two cases:
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Figure 9: The cases (a) and (b) in the proof of Claim 6.6.

(a) the arcs /14 |[; ;1 start and end on the same side of m, i.e., the vectors /14 (i)’ point to the opposite
side of m as the vectors 24 (j)', or

(b) the arcs h+|j; ;1 start and end on different sides of m, i.e., all four velocity vectors i+ (i), h+(j)’
point to the same side of m;

see Figure 9.
First, assume we’re in case (a). Let

ot = hali ),

which we regard as oriented arcs in IM starting on 777; and ending on /71;. Let y : M — M be the deck

transformation taking 772; to /7;. Then the arcs
B+ =y oh+lyj

start on y(7;) and end on y (/1;) = /m;, and since we’re in case (a) they end on the same side of in;
as the arcs o+ start. Note that y (772;) is not 7; or ;. Indeed, if y(i;) = im; then we’d have y = id,
contradicting that y (i7;) = ;. And if y (/;) = /7, then 2 would leave 7; invariant, implying that
¥? = id, which is impossible since 7; M has no torsion.

We claim the interiors of the arcs B+ do not intersect im; or imj, and the arcs o+ do not intersect y (in;).
Indeed, the interiors of 84+ don’t intersect /72; because the arcs S+ end on 772; and intersect each component
of 7 at most once, by tight position. The interiors of B+ don’t intersect 772; because any arc from 7;
to /; intersect at least j —i + 1 components of 71 (counting /72; and 771j), while any proper subarc of S
intersects at most j — i components of 7. Here, for the j —i 4+ 1 bound we are using tight position
of h4, the definitions of /7;, /m;, and the fact that each component of 772 separates dM . The fact that the
arcs o+ don’t intersect y (#771;) is similar: any arc from m1; to y(2;) must pass through at least j —i + 1
components of 71, while any proper subarc of a4 intersects at most j —i components, and ¢+ do not
end on y(m;) # m;.

Let A C 01(8117 ) 2 S? be the annulus that is the closure of the component of 01(81\7 )\ (m; Umj)
that contains the side of 772; on which the arcs o start and the arcs f+ end. Then 4 are two disjoint
arcs in A that join 772; to 771, and therefore o4 separate A into two rectangles. The component y (77;) on
which the arcs B4 start is contained in the interior of one of these two rectangles. Therefore, the two
arcs B+ must lie in the same component of 4 \ (¢+ Ua—). Looking at endpoints, this means the pairs
{}Lr(i), fl_(i)} and {y o };+(j), y o fl_(j)} are unlinked in 77;, and the claim follows.
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Now assume that we’re in case (b). The curve 7; separates oM ,and we let X C dM be the closure of
the component of IM \ m; into which the velocity vectors };/ﬂ: (i) and (y o hi)'( j) all point. The closure

c(X) c H3 uoH?

is homeomorphic to a disk, since 01(8]\7 ) is a sphere. As before, we let y : M — M be the deck
transformation taking 772; to 7n;. Then the rays

oy =hy([i,00)), Pi:i=yohi(j,o0))

are all contained in X. Note that a4 both limit to a point £ € dH?3, while B limit to y(£) € 0H?>.

The union o U 4 compactifies to an arc in cl(X), since the two rays limit to the same point in H?3.
The same is true for f— U B4. Hoping for a contradiction, suppose that the points in the statement of the
claim are linked. Then the pairs of endpoints of «— Uy and f_ U 4 are also linked on 772; = dcl(X).
We now have two arcs on the disk cl(.X") with linked endpoints on dcl(X), so the two arcs must intersect.
As a4, B+ are all disjoint, the only intersection can be on dH?, so their endpoints at infinity must all
agree, i.e., y(§) =&.

Since y (&) = £, all the rays yk oh + limit to &, where k € Z. Hence, all these (quasigeodesic) rays are
pairwise mutually homoclinic, and for each pair k, /, the rays yko h yandylo h + eventually intersect the
same components of 772, in the same order, although their initial behaviour may be different. In analogy
with the setup of Claim 6.5, let di ; be the liminf of the distances from yk ) ﬁ+ to yl o ﬁ+ along the
components of 7 that they both intersect.

We claim that there are k, / such that dk,l < €, where ¢ is the constant from Claim 6.5. Indeed, for
N > length(m)/e, it is impossible to pack N points at least € apart in any component of 771. So if we
let k range over a set F' C Z of size N, whenever a component of 7 intersects all yk oh +,k € F,two
such intersections must be within € of each other. There are infinitely many such components of 72 and F
is finite, so we can pick k,/ € S such that y¥ o fz.,. and y! o fz_,_ are within € on infinitely many such
components.

Finally, y* o h~+ and y' o E+ are mutually homoclinic lifts of h~+, and dj ; < €, so the exact same
argument as in Claim 6.5 shows that yk Ol;+ and yl o};+ are asymptotic on dM . Tt follows that h4 spirals
onto a (simple) closed curve in M in the homotopy class of (a primitive root of) y!7*. (Indeed, y'*
lifts to a deck transformation of the universal cover H2 — M, and the axis of this deck transformation is
asymptotic to suitably chosen lifts of both )/k oh + and yl oh +.) This is a contradiction, though, since /i
limits onto A, which is not a simple closed curve. a

Assume now that our mutually homoclinic rays J+ are not asymptotic on dM , as otherwise we're in
case (2) of the theorem and are done. By Claim 6.5, there is some € > 0 such that d (ﬁ+(i), h_ (i) =€
for all ;. We will show that A is an intrinsic limit of annuli, in the sense of Lemma 5.13, which says that
then A is an intrinsic limit of meridians.
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Figure 10: Above, the horizontal curve is always m.

The proof is an adaptation and correction of a surgery argument of Lecuire [42, Affirmation C.3]. As
there are two gaps® in Lecuire’s earlier argument, we give the proof in full detail below, without many
citations of [42].

Claim 6.7 Given 0 < § < ¢, there are choices of i < j such that either:

(I) The points h4 (i) and h4(j) bound a segment I+ C m of length less than §, and similarly with —
instead of +. The four velocity vectors h', (i), h’,(j), h”_(i), h’_(j) all point to the same side of m,
and the four segments h4([i, j]), h—([i, j]), I+ and I- have disjoint interiors. Therefore, the curves
v+ :=hy([i, j])U I+ C OM are simple and disjoint.

(Il) The points h4 (i) and h—(j) bound a segment I C m of length less than &, and similarly the points
h—(i) and h(j) bound a segment I C m of length less than §. The four velocity vectors h’, (i), I’ (),
h'_(i), h’_(j) all point to the same side of m, and the four segments h+([i, j]), h—([i, j]), I— and I+ have
disjoint interiors. Therefore, the curve y C dM obtained by concatenating all four segments is simple.

See Figure 10 for a very useful picture. Note that in the picture, the velocity vectors of all paths
intersecting m point to the same side of m, i.e., “up”, and all 4-tuples of points are unlinked as in Claim 6.6.

Proof Start by fixing a circular order on m. Define “the right” to be the direction in 2 that is increasing
with respect to the circular order, and define “the left” similarly. Since A is minimal and not a simple
closed curve, it has infinitely many leaves £ that are not boundary leaves. Fix some such £, making sure
that 44 ¢ £ if the given rays happen to lie inside the lamination A. The ray /4 accumulates onto both
sides of £, so if we fix p € £ Nm, the set A4 (N) accumulates onto p from both sides, and similarly with
— instead of +. Fix an interval J C m of length § centred at p, and write J = J; U J, as the union of
the closed subintervals to the “left” and to the “right” of p. Note that p &€ h(N), so each intersection
of hy with J lies in exactly one of J; or J,.

9The first gap is that the sentence “Quitte a extraire, la suite (gh_l)z”g(il) converge vers une géodésique 7 C p~1(ay)
dont la projection | C OM est une courbe fermé.” at the end of the proof of Affirmation C.3 isn’t adequately justified; this is fixed

in Claim 6.5. The second is that the assumption d (/ _zi_ i), [ _zi_ (j)) < € in the statement of Affirmation C.3 is never actually
verified, and does not come trivially from a compactness argument. This is fixed in Claim 6.7.
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Let’s call an index i left-closest if either hy (i) or h_(i) lies in J; and is closer to p than any
previous Ay (k), k < i, that lies in J;. Right-closest is defined similarly using J,, and we call an index i
closest if it is either left or right closest. Note that since § < € we can never have both /44 (i), h—(i) in J
simultaneously, so no 7 is both right-closest and left-closest at the same time. Since there are infinitely
many I of both types, at some point there will be a transition where some i; is left-closest, some i, > ij is
right-closest, and there are no closest indices in between.

Let i, be the smallest closest index that is bigger than i,. (Here, ¢ stands for “centre”, since the
corresponding point on J will lie between the points we get from the indices i; and i,.) We now
have three points in J, so two of the corresponding velocity vectors point to the same side of m. Let
i,j € i, ir,ic} be the two corresponding indices, and for concreteness, let’s assume for the moment
that h (i) and h4(j) are the corresponding points in J, deferring a discussion of the other cases to the
end of the proof. Note that since the rays 4+ are mutually homoclinic and are in tight position with
respect to m, the velocity vectors 4’ (i) and h”_(j) point to the same sides of m as 4’ (i) and 4/, (),
respectively, and so all four vectors point to the same side. That is,

(@) h! (i), ' (j), h_(i), h”_(j) all point to the same side of m,

(b) the segment I+ C J bounded by /4 (i) and /4 (j) contains no element /4 (k) or h_(k) where k is
between i and ;.

Let I_ C m\ J be the segment that is bounded by the points 4_(i) and h_(j). Suppose for a moment
that we knew that I_ had length less than 6. Then for each k, it is impossible that both hy (k) or h—_(k)
lie in /_, as we’re assuming that corresponding intersections of 1 with m stay at least € > § apart.
In particular, if k is between i, j and we apply the unlinking condition of Claim 6.6 twice, once to i, k
and once to j, k, we get from this and (b) above that neither element sy (k) or h_(k) is contained in /_.
So, the four segments /44 ([i, j1), h—([i, j]), I+ and I_ have disjoint interiors, and we’re in the situation
of case (I) in the claim, as desired.

As constructed above, however, there is unfortunately no reason to believe that the interval /_ has
length less than §. To rectify this, recall that A actually has infinitely many nonboundary leaves £". For
each such £" and p" € £" N'm, we can repeat the above construction using constants §” — 0, producing
points (say) /4 (i"), h4+(j") that lie within the length §"-interval J” 3 p” and that satisfy properties (a)
and (b) above. Choose the sequence p" € £" Nm so that it is monotonic in the circular order induced
on m, and let §"” — 0 fast enough so that the associated intervals I’} are all disjoint, so that in the circular
order on m we have

hi(i') <hy () <hy (%) <hy(j?) <o <hy (™),

and where each I is the interval [/ (i"), h4(j")], rather than the complementary arc on m that has
endpoints /14 (i"), h(j"). Then Claim 6.6 implies that

hoGY > ho(GY > h_(i?) > h_(j?) > ---> h_(i").
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Figure 11: On the left, the two paths drawn in heavy ink project to the two simple closed curves y4
in Claim 6.7(I), shown on the left in Figure 10. The shaded region is a rectangle embedded in M
that projects to an embedded annulus 4 < M with boundary y_ U y4. On the right, the union of
the two paths projects to the simple closed curve y on M of Claim 6.7(Il), and the shaded region
projects to a Mobius band B < M with boundary y.

Discarding finitely many #n, we can assume all the point 44 (i), A4 (;j") lie in an interval U C m of
length less than §. Since the points 4_(i"), h—_(j") are at least € > § away from the corresponding
+ points, they all lie in m \ U. Then since the interval I” is defined to be disjoint from I’} C U, we must
have 1" = [h_(j"), h—(i")], rather than the other interval with those endpoints. It follows that at least
for large n, all the intervals I” are disjoint. Since m is compact, we can then pick some n where I” has
length less than 6, as desired. Therefore, we are in case (I) in the statement of the claim, and are done.

In the argument above we simplified the notation by assuming that we have points 44 (i"), h4-(j"*) e J"
satisfying conditions (a) and (b), which put us in case (I) at the end. Up to exchanging 4, —, the only
other relevant case is when our chosen points are 21— (i"), h4(j") € J". After passing to a subsequence
in n, if we are not in the case already addressed, then we may assume that our chosen points are
h_(i"),h+(j") € J" for all n. And after exchanging + with — and passing to a further subsequence, we
may assume

ho(i') <hy(GY) <h-(i®) <hy(j?) <---<h_(i")

in the circular order on m, and that the interval 1! = [A_(i"), h4+(j")]. Everything from then on works
exactly as above: if we set I" to be the interval bounded by /4 (i), h—(;j™) that is disjoint from I,
then for some 7 we have that the length of 7” is less than §, and it is easy to verify that we are in case (II)

of the claim. O

We now finish the proof of Theorem 6.1. Suppose we are in case (I) of Claim 6.7. Then the two simple
closed curves y+ drawn on the left in Figure 10 are the projections to M of the paths in M obtained
by concatenating the arcs it |12, 71 with lifts Iy C i ; of the intervals 4+ C m; see Figure 11. We can
homotope one path to the other in M while preserving the fact that the endpoints are points on 71;, 7;
that differ by the unique deck transformation taking 772; to /71j. So projecting down, the simple closed
curves y+ are freely homotopic in M, and hence bound an annulus 4 < M . See the left part of Figure 11.
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Figure 12: The two curves o and 8 are homotopic through the handlebody pictured, and therefore
bound an essential singular annulus. The only annuli one can produce from surgery are inessential,
but one can surger to obtain the “obvious” disc in the picture that separates the handlebody into
two solid tori.

There is a uniform lower bound (depending on A, m) for the angle at any intersection point of any leaf
of A with m, and the points /14 (i) are at least € away from each other in 7. This implies that there is a
uniform lower bound for the Hausdorff distance between /4 |[; jj on dM . As long as the bound 6 on the
lengths of /4 is small enough, the geodesics in the homotopy classes of y stay very close to h|[; j]
and are therefore distinct. So, the curves y4 are not homotopic in dM, and hence bound an essential
annulus 4 — M.

Choosing 7, j to be large and § to be very small, d4 is contained in S(A) and its intersection number
with A is small. Hence, A is an intrinsic limit of annuli, in the sense of Lemma 5.13, so we’re done.

Case (II) is similar. Here, the single simple closed curve y described in Claim 6.7(II) bounds a M&bius
band B — M ; see the right side of Figure 11. Since dM is orientable, B is not boundary parallel, and
hence by JSJ theory the boundary of a regular neighbourhood of B is an essential annulus A < M whose
boundary consists of two disjoint curves that are both homotopic to y on dM . As in case (I), we can make
the intersection number of dA4 with A arbitrarily small, so A is an intrinsic limit of annuli, and we are done.

Remark 6.8 The proof (D) above is quite delicate. Most of this delicacy comes from Claims 6.5 and 6.7,
which are needed to ensure that the annuli approximating A that are produced immediately afterward
are embedded. But while we are able to prove these claims using arguments involving the planarity of
the closure of M in H3 U dooH >, one would not have to worry about these annuli being embedded if
there was a strong “annulus theorem” guaranteeing that any essential singular annulus in an irreducible
3-manifold M can be surgered to give an essential embedded annulus. If this were true, Claims 6.5
and 6.7 could be replaced by a one paragraph compactness argument. Here, a singular annulus is a map
f:(A,04)— (M,dM) where A= S!x[0, 1]. We say f is essential if it is not homotopic rel 94 into dM .

Such an annulus theorem follows from the JSJ decomposition when M has incompressible boundary.
When M has compressible boundary, there is a similar theorem as long as the original singular annulus
has a spanning arc that is not homotopic rel d into dM ; see Cannon and Feustel’s article [15]. However,
our proof above does not provide such annuli, and indeed such annuli do not exist in compression bodies
(the M of most interest to us), since any proper arc in a compressionbody M is homotopic rel 9 into dM .

In fact, in a general M, one cannot always surger essential singular annuli to produce embedded
essential annuli. For instance, the two curves in Figure 12 bound an essential singular annulus that cannot
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be surgered to give an embedded essential annulus. However, in that example, one can surger to get a
meridian in the handlebody, so maybe an essential singular annulus can always be surgered to give either a
meridian or an essential embedded annulus? This also turns out not to be true. Suppose P is a pair of pants
and let M = P x [0, 1], which is homeomorphic to a genus-two handlebody. If y — P is an immersed
figure-8 whose image forms a spine of P, then the singular annulus y x [0, 1] — P x [0, 1] is essential,
but the three embedded annuli that one can obtain from it by surgery are all inessential, and no meridian
can be created by surgery either. However, we expect this is the only counterexample. The first author of
this paper has spent considerable time trying to prove this with a tower argument, but pushing down the
tower is very subtle, since if the obvious constructions fail, one has to characterise the figure-8 example.

7 Hausdorff limits of meridians

Let M be an orientable hyperbolisable compact 3-manifold, and equip 9, <o M with a hyperbolic metric.
Lecuire [42, Theorem B.1] showed that every lamination A on d,<oM that is a Hausdorff limit of
meridians contains a homoclinic leaf that is a homoclinic geodesic. This is a more general version of
Casson’s criterion for handlebodies, which was stated in the introduction.

The converse is not true: certainly in order to be a Hausdorff limit of meridians p needs to be connected.
And there are even connected laminations that contain homoclinic leaves but are not commensurable to
Hausdorff limits of meridians. One way to do this is to just take a lamination that contains a meridian,
but is not a limit even of simple closed curves, as on the left in Figure 13. There are also more subtle
examples in genus 2, as pictured on the right in Figure 13: the reason they are not limits of meridians is
as follows.

Lemma 7.1 Suppose that S is a closed, genus-two surface, and A is a geodesic lamination on S such
that there is a separating meridian u that does not intersect A transversely, and A intersects transversely
the two nonseparating meridians disjoint from . Then A is not a Hausdorff limit of meridians.

Proof Let 7. C S\ u be the two components of S\ . Hoping for a contradiction, take a sequence of
meridians (72,) that Hausdorff converges to A. We can assume after passing to a subsequence that m1, has
a u-wave in T4 (say) for all n. Since T+ is a compressible punctured torus, there is a unigue homotopy
class rel u of u-wave in T4, so A contains a leaf £ that either intersects 7 in an arc in this homotopy
class, or is contained in 7+ and is obtained by spinning an arc in this homotopy class around y. But then £

=

Figure 13: Two laminations on the boundary of a handlebody that have a meridian m as a leaf,
but are not Hausdorff limits of meridians.
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intersects nontrivially every nonperipheral minimal lamination in 7 other than the unique nonseparating
meridian p4+ of T4, so A is disjoint from p4, contrary to assumption. O

In the examples in Figure 13, the problem is the spiralling leaves. So, maybe being a Hausdorff limit
of meridians is the same as containing a homoclinic leaf if we ignore spiralling leaves? We say that two
laminations (1, (o are commensurable if they contain a common sublamination v such that for both 7,
the difference u; \ v is the union of finitely many leaves. p; and pi, are strongly commensurable if they
contain a common v such that for both 7, the difference p; \ v is the union of finitely many leaves, none
of which are simple closed curves.

Theorem 7.2 (Hausdorff limits of meridians) Suppose that S C 0,9 M is a connected subsurface with
geodesic boundary, such that S is incompressible, and that the disc set D(S, M) is “large”, i.e., it has
infinite diameter in the curve graph C(S). Let A be a geodesic lamination in int(.S) that is a finite union
of minimal laminations, and assume that the following does not hold:

() S is a closed, genus-two surface, there exists a separating meridian p that does not intersect A
transversely, and A intersects transversely the two nonseparating meridians disjoint from .

Then A is strongly commensurable to a Hausdorff limit of meridians in S if and only if A is strongly
commensurable to a lamination containing a homoclinic leaf, and this happens if and only if one of the
following holds:

(1) A is disjoint from a meridian on S,
(2) some component of A is an intrinsic limit of meridians, or

(3) there is an essential (possibly nontrivial) interval bundle B C M over a compact surface Y that
is not an annulus or Mobius band, and there are components A4+ C A that each fill a component
of 0 B (possibly the same component, if d; B is connected), such that A1 are essentially homotopic
through B, as in Section 2.9, and there is a compression arc « for B that is disjoint from A.

The case () above really is exceptional. Here, one should imagine a picture like the example on the
right in Figure 13, but with the spiralling leaves replaced with minimal laminations in the two punctured
tori. At least when i C A we have that A contains a homoclinic leaf, but one can see that A is not strongly
commensurable to a Hausdorff limit of meridians, by using Lemma 7.1.

Recall from Proposition 3.1 that when D(S, M) does not have infinite diameter in C(.S), it is either
empty, consists of a single separating meridian, or consists of a single nonseparating meridian » and
all separating curves that are band sums of m. In these cases, it is obvious what the Hausdorff limits
of meridians are. For instance, in the last case a finite union A of minimal laminations in S is strongly
commensurable to a Hausdorff limit of meridians if and only if either A = m or A C S \ m. For the “if”
direction, note that if A C S \ m then it can be approximated by an arc with endpoints on opposite sides
of m, and doing a band sum with m gives a curve that approximates A. For the “only if” direction, just
note that all meridians are either equal to m or are contained in S \ m.
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7.1 The proof of Theorem 7.2

Most of the proof of Theorem 7.2 is contained in the following results. Assume that S C 0, oM isa
connected subsurface with geodesic boundary, dS' is incompressible, and D(S, M) is large.

Lemma 7.3 Suppose A C S is a lamination, there is a meridian j that does not intersect A transversely,
and that it S is a closed surface of genus 2 then (. is nonseparating. Then A is strongly commensurable to
a Hausdorff limits of meridians on S.

The proof of Lemma 7.3 uses some ideas that the first author developed with Sebastian Hensel, whom
we thank for his contribution.

Proof We may assume that A is a finite union of minimal components. It suffices to assume p is not a
leaf of A, as long as we prove the conclusion both for such a A and for A U p.

Assume first that p is nonseparating in S. Let (¢;) be a sequence of simple closed curves on S that
Hausdorff-converges to A. One can do this by constructing for each component Ao C A a simple closed
geodesic approximating A, by taking an arc that runs along a leaf of A for a long time, and then closing
it up the next time it passes closest to its initial endpoint in the correct direction. Let o be a simple
closed curve on S that intersects i once, and intersects all the components of A. For each k, let ]/ik be
the geodesic homotopic to the “band sum” of u and 7, Zf (o), where T¢, is the twist around ¢; and a band
sum of two curves intersecting once is the boundary of a regular neighbourhood of their union. Note
that yl.k is a meridian for all i, k. If (k;) is a sequence that increases quickly enough, (yl.ki ) converges
to a lamination strongly commensurable to A. And if we pick a meridian 8 on S that intersects both u
and A, then T;; oT in/ci (B) Hausdorff converges to a lamination strongly commensurable to A U .

Now suppose p is separating. We claim that there is another separating meridian in S that is disjoint
from p. Let m be a maximal multicurve of meridians in .S that contains p as a component. Since
D(S, M) is large, m # w. If m has a separating component distinct from u, we are done. So, suppose
we have a nonseparating component 719 C m. We can make a (separating) band sum of 71 that is disjoint
from p unless m lies in a punctured torus component of S \ @. So, we assume the latter is true. Since
D(S, M) is large, it cannot be that m = p U my, since then all meridians are disjoint from m1y. So, there
is another component m1; of m, which we can assume is also nonseparating. This #2; must lie on the
opposite side of u from mg, and as before we’re done unless the component of S \ @ containing 1 is
also a punctured torus. But in this case, S is a genus-two surface contrary to assumption.

Let T C S\ 1 be a component that contains a nonperipheral separating meridian, which we call u’.
Let V be the other component. Write A = Ay U Ay, where Ay C T and Ay C S\ T. Let C be the
compression body with exterior boundary equal to the component of dM that contains S, that one obtains
by compressing the meridian u.

We claim that there are sequences of simple closed curves («;), (8;) in T such that

e (@) and (B;) both Hausdorff converge to a geodesic lamination strongly commensurable to A7, and

e for all i, @; and B; bound an essential annulus in C.
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To construct these sequences, start by picking a simple closed curve ¢ in 7" such that & and each component
of At together fill 7. Let 8 be a simple closed curve on 7 such that «, 8, i bound a pair of pantsin 7. In C,
we can compress the boundary component u of this pair of pants, so ¢, 8 bound an annulus in C. Moreover,
this annulus is essential, since otherwise &, f bound an annulus in 7', implying 7 is torus with the one
boundary component 1, contradicting the fact that there is a separating nonperipheral meridian in 7. Then
find a sequence (¢;) of simple closed curves in 7" that Hausdorff converge to a geodesic lamination strongly
commensurable to A7, take k; to be a fast increasing sequence and set o; = T, clj" () and B; := TCI? (B).
Since « fills with every component of A7, the curve § intersects every component of A7. It follows that
(a;) and (B;) Hausdorff converge to a geodesic lamination strongly commensurable to A7. And since
each ¢; is nonperipheral in 7, each component of ¢; bounds an annulus in C with a curve on the interior
boundary of C, so the twist T¢; extends to C, implying that «;, B; bound an annulus in C as desired above.

Now let C’ be the compression body obtained by compressing both  and u’, so C € C’ € M. Note
that since both curves are separating and are disjoint, Proposition 3.1 says that D(S, C’) is large, so we
can pick a meridian m € D(S, C’) that intersects  and every component of A. Fix a sequence of geodesic
multicurves (d;) in V' that Hausdorff converges to Ap. As with the twists T¢; in C, the twists T, extend
to C’. And the compositions Ty, o Tﬂ_i I extend to C’ because the curves bound annuli in C C C’. We
then define y; := (Ty, o T 5 hyki o TU]Z," (m) for some fast increasing k; — oco. These y; are all meridians
and Hausdorff converge to a lamination strongly commensurable to A. To obtain A U u instead, hit y;
with high powers of twists around p. |

Here is a more powerful version of Lemma 7.3. The idea of the proof is more or less the same, but
more complicated.

Proposition 7.4 (promoting Hausdorff limits) Suppose that v, n are disjoint geodesic laminations on S
that are finite unions of minimal components. Suppose also that no component of v is a meridian.

Let X be the union of the subsurfaces with geodesic boundary that are filled by the components of v.
Suppose that there are disjoint, nonhomotopic meridians jt, i’ on S that are disjoint from 7, and a
sequence of homeomorphisms

fi:S—=8.  fils\in(x) =1id,

such that p; := fi (i) and ) := fi(u') are both sequences of meridians that Hausdorff converge to
laminations strongly commensurable to v. Then v U 1 is strongly commensurable to a Hausdortf limit of
meridians in S'.

Before proving the proposition, we record the following application.

Corollary 7.5 Suppose that X is a geodesic lamination on S that is a finite union of minimal components.
If either

e some component v C A that is not a simple closed curve is an intrinsic limit of meridians,

e there are (possibly equal) components A4+ C A, neither of which is a simple closed curve, and where
each fills a component of the horizontal boundary (possibly the same component if d; B is connected) of
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an essential interval bundle

(B,0gB) — (M, S),

where A are essentially homotopic through B, and where there is a compression arc o for B that is
disjoint from A,

then A is strongly commensurable to a Hausdorff limit of meridians.

Proof Suppose some component v C A that is not a simple closed curve is an intrinsic limit of meridians.
Setting X := S(A) we can take (u;) to be any sequence of meridians in X that Hausdorff converges to
a lamination strongly commensurable to v. Moreover, since v fills X and is a limit of meridians, the
disc set D(X, M) is large, so for each i there is some meridian y disjoint from y;. Since there are only
finitely many topological types of pairs of disjoint curves in X up to the pure mapping class group of X,
after passing to a subsequence we can assume that all ji;, i) are of the form in the proposition. The
desired conclusion follows.

In the second case, we let X be the subsurface with geodesic boundary obtained by tightening 0z B
and set v = A_— U A4. Write the interval bundle as 7 : B — Y, where Y is a compact surface with
boundary. We can assume without loss of generality that ¢ is a strict compression arc, i.e., that it is
homotopic rel endpoints to a fibre 7~ (y), y € 3Y. Note that since A are not simple closed curves, Y is
not an annulus or Mobius band.

Since A are essentially homotopic through B, Fact 2.16 says that if our reference hyperbolic metrics
are chosen appropriately, we have that A_ UA4 = (r|y, 5)~1(A) for some geodesic lamination A on Y.
Since A+ together fill dg B, the lamination X is minimal and fills Y. So in particular, it has no closed,
one-sided leaves, and therefore if we pick a nonzero transverse measure on )_\, we have that A is the
projective limit of a sequence of two-sided nonperipheral simple closed curves (¢;) in Y, by Theorem 1.2
of [20]. Homotope the ¢; on Y to be based simple loops at y € Y, let m(c;) be the associated compressible
curves on S constructed in Claim 2.11, and let u; be the geodesic meridians on .S in their homotopy
classes. Then (;) Hausdorff converges to a lamination strongly commensurable to A— UA . After passing
to a subsequence, we can assume that all the ¢; differ by pure homeomorphisms of Y, in which case the
meridians ; are as required in Proposition 7.4, for some u, f;. Note that since our compression arc is
assumed to be disjoint from A, all the w; are disjoint from 1 := A \ A1, and hence so is our . We create
disjoint meridians 4} similarly, by taking some ¢; on Y disjoint from c;, and letting j; be the geodesic
meridian homotopic to m(c;). It then follows from Proposition 7.4 that A is strongly commensurable to a
Hausdorff limit of meridians as desired. |

We now prove the proposition.

Proof of Proposition 7.4 Assume that u, 1’ are disjoint meridian on S that are disjoint from 7, that
fi S — S are homeomorphisms that are the identity outside of X, and that p; := f; (1) and ) := f; (1)
are sequences of meridians that Hausdorff converge to laminations strongly commensurable to v.
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We want to show that v U 7 is strongly commensurable to a Hausdorff limit of meridians on S. We
now basically repeat the argument in Lemma 7.3, so the reader should make sure that they understand
that argument before continuing here.

Suppose p (say) is nonseparating in S. Choose a simple closed curve « on S that intersects . once
and intersects essentially each component of 1. Let «; := f;(«), and note that «; intersects p; once,
and also intersects essentially each component of 7. Let (¢;) be a geodesic multicurve that Hausdorff
converges to 7, and let ]/ik be the geodesic homotopic to the “band sum”

“ B(ui, TE (i) = TE(B(ui ) = T o fi(B(1. ),

where here B(-,-) takes in two simple closed curves that intersect once and returns the boundary of
the regular neighbourhood of their union. If one of the inputs in a band sum is a meridian, then so is
the output, so yl.k is a meridian for all i, k. The given equalities are true at least for large i. The first
equality holds because u is disjoint from 71, f; = id on the subsurfaces filled by the components of 7, and
therefore u; is disjoint from ¢; for large i. The second equality is obvious from the definitions of w;, ;.

Let (k;) be a fast increasing sequence. After passing to a subsequence, we can assume that (yl.ki )
Hausdorff converges to a lamination A. We claim that A is strongly commensurable to v U 1.

First, using the second term in (4), if k; is huge with respect to i, then ¢; is contained in a small
neighbourhood of yl.ki, and so since (¢;) Hausdorff converges to 1, we have A D 1.

We claim that each )/iki essentially intersects each component Xy C X. If not, then from the third term
in (4) it follows that B(u, ) is disjoint from Xy. But p essentially intersects X, since otherwise the
Hausdorff limit of the w; will not contain the associated component vy C v. So, i, @ and Xj all lie in
the punctured torus 7" C S bounded by B(u,«). But since « intersects every component of 7, we have
that n intersects 7" as well, in a collection of arcs disjoint from p. Since Xy is disjoint from 1, Xo = u,
so Vg = M is a meridian, contrary to our standing assumption.

It now follows that the Hausdorff limit A essentially intersects each component of X . Since )/l.ki is
disjoint from p; and (u;) Hausdorff converges to a lamination containing v, The laminations A, v cannot
intersect transversely. Since each component of X is filled by a component of v, we have A D v.

Finally, if Y is the union of all the subsurfaces with geodesic boundary that are filled by the components
of n, then as f; =id outside X and ¢; C Y for large i, the intersection of yl.k" with S\ (X' UY) is properly
homotopic to the intersection of B(u, «), which is independent of i. It follows that A \ (v U n) is a finite
collection of nonclosed leaves, so we are done.

We can now assume that both p, ' are separating, so that j;, i) are also separating for all i. Let
T; C S\ n; be the component containing 1}, and let V; be the other component. Note that 7; is not a
punctured torus, since it contains a nonperipheral separating curve. Since d7; N n = &, we have

n=nruny,

where the first term is the intersection of 1 with 7;, and the second term is defined similarly. Note that
since f; =id on S\ X, all the y; induce the same two-element partition of the components of S \ X, so
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at least after passing to a subsequence the decomposition of 1 above is actually independent of 7, which
is why we have omitted the 7 in the notation.

Let C be the compression body whose exterior boundary is the component of dM containing S, and
which is obtained by compressing the curve p. Let C’ be similarly obtained by compressing both u
and p/, so that C € C' € M. Since C’ admits two nonhomotopic disjoint separating meridians, the
disc set D(S, C) is large by Proposition 3.1, so we can pick a meridian m € D(S, C’) that intersects
every component of v U, as well as u, u’. Let C; C C;/ C M be the compression bodies obtained by
compressing /i;, jt;. Then f; extends to a map C" — C/, implying that m; := f;(m) is a meridian in C;.

As in the proof of Lemma 7.3, we can pick sequences («;), (8;) of simple closed curves in 7; such
that (o;) and (B;) both Hausdorff converge to nr, and where «;, 8; bound an essential annulus in C;
for all i. As in the lemma, Ty; o Tﬁ; I extends to Ci/ . Let (¢;) be a sequence of multicurves in V; that
Hausdorff converges to 3. Each component of ¢; bounds an annulus in C/ with a curve on the interior
boundary of C;, and hence the multitwist T, extends to a homeomorphism of C;. For any given k, set

yF = (T, 0 T Y o TE (my).

We claim that for fast increasing k;, the curves yl.ki Hausdorff converge to a lamination that is strongly
commensurable to v U7 as desired. This is proved using the same types of arguments we employed in the
nonseparating case above. In particular, recall that m was selected to intersect all components of v U 7.
Since f; is supported on subsurfaces filled by components of v, all the m; = f; (m) intersect all components
of v U, and hence for large k; they intersect o, B, . So, )/l.k" is twisted many times around ay; , By, ,
and hence its Hausdorff limit contains v. Similarly, the m; intersect ¢y, for large i. Since ¢y lies in Vi,
it is disjoint from o« C Ty and By C T}, and thus the Hausdorff limit of yiki contains 1. Finally, the
Hausdorff limit has no other minimal components because oy, 8%, ¢ are contained in subsurfaces filled
by components of v Un, and m; = f;(m) is constant outside this subsurfaces. a

We can now start the proof of the theorem.

Proof of Theorem 7.2 Suppose that A C S is a lamination and () does not hold, so that it is not the
case that S is a genus-two surface and A is disjoint from a separating meridian y, but intersects the
two nonseparating meridians disjoint from . We want to show that A is strongly commensurable to a
Hausdorff limit of meridians if and only if it is strongly commensurable to a lamination containing a
homoclinic leaf, which happens if and only if either

(1) A is disjoint from a meridian,
(2) some component of A is an intrinsic limit of meridians, or

(3) there is an essential (possibly nontrivial) interval bundle B C M over a compact surface Y that is not
an annulus or Mobius band, and there are components A+ C A that each fill a component of dg B,
such that A1 are essentially homotopic through B, as in Section 2.9, and there is a compression
arc o for B that is disjoint from A.
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Hausdorff limit = homoclinic leaf Suppose first that A is strongly commensurable to a Hausdorff
limit of meridians A’. Then by [42, Theorem B.1], there is a homoclinic leaf # C 1/, so A is strongly
commensurable to a lamination with a homoclinic leaf as desired.

Homoclinic leaf = (1), (2) or (3) We now assume we have a homoclinic leaf / in some lamination
strongly commensurable to A.

The two ends of / limit onto (possibly equal) components A+ C A. If one of S(A+) has compressible
boundary, there is a meridian disjoint from A, so we are in case (1) and are done. So, dS(Ay) is
incompressible, and we’re in the situation of Theorem 6.1 and Corollary 6.2. We now break into cases.

If one of A4 is an intrinsic limit of meridians, we’re in case (2) and are done. If we’re in case (3) of
Theorem 6.1 and Corollary 6.2, we’re in case (3) of the theorem and are done, unless the given interval
bundle B — Y is over an annulus or Mobius band. But in that case, letting ¢ be a boundary component of Y,
we can consider the geodesic meridian 1 on S homotopic to the m(c) constructed in Claim 2.11, using
the compressing arc given by Corollary 6.2. This u is disjoint from A, so we’re in case (1) of the theorem.

Finally suppose that the two ends of / are asymptotic on S, so that A_ = A. Let’s separate further
into the cases (i) and (ii) in Corollary 6.2. In case (i), using the notation of the corollary, the curve
¢ U h([—s, s]) is a meridian disjoint from A. So, we’re in case (1) of the theorem. In case (ii), let 7 be a
neighbourhood of /# U A 1 that is either a punctured torus or a pair of pants, depending on whether the
two ends of / limit onto opposite sides of A1, or onto the same side. Because we’re in case (ii), there is a
meridian in 7". Hence, whether T is a pair of pants or a punctured torus, one of the boundary components
of T is a meridian, and is disjoint from A so we’re done.

(1), (2) or (3) = Hausdorff limit Suppose (1), (2) or (3) holds. We want to show A is strongly
commensurable to a Hausdorff limit of meridians. If A is disjoint from a meridian, then we’re done
by Lemma 7.3. If a component of A is an intrinsic limit of meridians, we’re done by the first part of
Corollary 7.5. In case (3) above, we’re done by the second part of Corollary 7.5. |

8 Extending partial pseudo-Anosovs to compression bodies

Let M be a compression body with exterior boundary ¥. Let S C X be an essential subsurface such that
dS is incompressible. In this section, we prove:

Theorem 8.1 (extending partial pseudo-Anosovs) Suppose that f : ¥ — X is a partial pseudo-Anosov
supported on S. Then f has a power that extends to a nontrivial subcompression body of (M, S) if and
only if the attracting lamination of f is a projective limit of meridians that lie in S

When S = %, this is a theorem of Biringer, Johnson and Minsky [2]. The proof of Theorem 8.1 is
basically the same as their proof, but we need to go through it anyway, to note the places that parabolics
appear, and to deal with the fact that we are looking at subcompression bodies of (M, S) rather than
of M. Also, before starting on the bulk of the proof in Section 8.2, we isolate part of the argument
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into a separate purely topological subsection, Section 8.1. This separation of the argument into distinct
topological and geometric parts makes it more understandable than the original version, we think.

8.1 Dynamics on the space of marked compression bodies

Let ¥ be a closed, orientable surface, and let S C X be an essential subsurface. The space of marked
S-compression bodies is defined to be

CBod(S) ={(C,h: ¥ — 0+C)}/~,
where here C is a compression body, / is a homeomorphism, and

e the multicurve /2(0.S) C 9+ C is incompressible,

e there is a multicurve m on S such that 4 (m) is a cut system for C, i.e., #(m) bounds a collection of
disks that cut C into balls and trivial interval bundles over the interior boundary components.

We declare (Cj, h;: S — 04+C;),i =1, 2, to be equivalent (written ~ as above) if there is a homeomorphism
¢ : C; — C, that respects the boundary markings: that is, ¢ o 11 and /4, are homotopic maps S — 94+ C5.

We write (Cq, h1) C (Cy, hy) if there is an embedding ¢ : (Cy, 04+ C1) = (C,, 04 C,) that respects the
boundary markings. This gives a partial ordering on CBod(.S). We often identify ¥ with 04+ C instead
of specifying the boundary marking, and simply write C for an element of CBod(S). So CBod(S) is
the set of all compression bodies with exterior boundary X that one obtains by compressing curves in S
(without compressing boundary curves) up to the obvious equivalence.

A marked S'-compression body (C, /) has a disk set D(C) CC(S), where a simple closed curve y € C(SS)
lies in the disc set if /1(y) is a meridian in C. In fact, the disk set D(C) determines (C, /) up to equivalence,
say by an argument similar to the last paragraph of the proof of Fact 2.4. The set CBod(S) can then
be identified with the “set of all disk sets” in C(.S). It then inherits a topology as a subset of the power
set P(C(S)), wherein D, — D if and only if for every ¢ € C(S), we have either ¢ € D and ¢ € D,, for
all large n, or ¢ ¢ D and ¢ & Dy, for all large n.

Lemma 8.2 If C,, — C in CBod(S), then C C C, for large n.

Proof Suppose that C is obtained by compressing a finite set I of disjoint simple closed curves on S.
For large n, we have I' C D(Cy), so C C Cy,. O

Lemma 8.3 CBod(S) is compact.

Proof As P(C(S)) is compact, we want to show that CBod(SS) is closed. Suppose C,, is a sequence of
marked compression bodies with disk sets

Dy =D(Cn) CC(S),

and that D,, — D C C(S). Let I" be a maximal set of disjoint, pairwise nonhomotopic elements of D.
Compressing I' yields a marked compression body C. Since I" is finite, ' C D, for large n, so D(C) C Dy,.
Thus, D(C) C D.
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It therefore suffices to show D C D(C). Suppose this is not the case, and pick f € D\ D(C) such that
the intersection number of 8 and I' is minimal. By maximality of I', this intersection number cannot
be zero. Since B € D, if n is large we have B € D(Cy). By an outermost disk argument, if y € T is
a component that intersects f, there is an arc ¢ C y with endpoints on 8 and interior disjoint from S,
that is homotopic rel endpoints in C, to the two arcs by, b, C B into which f is cut by dc. Passing
to a subsequence, we can assume that ¢, by, b, are independent of n. Then ¢ U by and ¢ U b, are both
meridians in C, for all large n, and hence lie in D. Since they intersect I fewer times than 8 does, they
lie in D(C). But then 8 (which is a band sum of the two curves) also lies in D(C), a contradiction. 0O

Let f: ¥ — X be a homeomorphism with /' =id on X\ S. Then f acts on the space CBod(S) by
f+(C,h)=(C,ho f~1). When we regard marked S-compression bodies as compression bodies with
exterior boundary equal to X, we’ll just write C and f(C) for a marked compression body and its image.
Note that f(C) = C if and only if f extends to a homeomorphism of C.

Fixing M € CBod(S) and f as above, let A be the set of accumulation points in CBod(S) of the
f-orbit of M, and let

Amin ={C € A| 3D € Asuch that D € C}

be the subset consisting of all minimal elements of .A.

Theorem 8.4 (existence of maximal subcompression body) The set A, is a finite f-orbit that contains
a single element C¢ such that Cy C M .

Moreover, Cy is the unique maximal element of CBod(S) such that Cy C M and a power of f extends
toC -

This result was proved in [2] when S = X. Our proof follows the same general lines, but is topological
instead of hyperbolic geometric.
We proceed with a series of lemmas.

Lemma 8.5 The set A, is nonempty, finite and f -invariant.

Proof The set A is nonempty, since CBod(.S) is compact. This implies that A, is nonempty, for
example, since the “height” of a compression body is nonnegative and decreases under strict containment;
see Section 3 of [3].

By Lemma 8.2, Ani, is discrete. But An, is closed in A, which is closed in CBod(.S), which is
compact. So, Amin is compact, and must be finite. Finally, A, is f-invariant since A is and the f-action
respects containment. m|

Lemma 8.6 Suppose that fori = 1,2 we have C; € CBod(S) with C; C M, and that f*(C;) = C; while
f7(C,) = C,. Then there is an element C € Apiy such that C;,C, CC C M.

Proof Every element of A is the image under a power of f of an accumulation point of the sequence
[ (M), so since Apin is f-invariant there is some C’ € Api, to which a subsequence of 7/ (M)
limits. As Cy, C, C f™ (M) for all n, we must have Cy, C, € C'.
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By Lemma 8.2, there is some 7 such that "%/ (M) > C’. Then C := ™" (C’) € Apin is contained
in M and must contain Cy, C, as well. O

Lemma 8.7 There is a unique element Cy € Api, that is contained in M, and Ay, is an f -orbit.

Proof Applying the previous lemma to two copies of the trivial compression body X x I shows that
Amin has an element that is contained in M .

So, suppose that C, D € Ap, are both contained in M. By the previous lemma, there is another
element of A, that contains them both, which contradicts the minimality assumption unless C = D.
Therefore, there is a unique element Cy € Api, that is contained in M.

To show that Ap, is an f-orbit, suppose that C € Apin. Since C is an accumulation point, there is
some n such that (M) D C. Then f~"(C) C M, implying that /~"(C) = Cy by uniqueness. O

This finishes the proof of Theorem 8.4, since Lemma 8.5 shows that a power of f extends to Cy
and Lemmas 8.6 and 8.7 imply that any subcompression body of M to which a power of f extends is
contained in Cy.

8.2 The proof of Theorem 8.1

Let S C ¥ = 0M4 be a compact essential subsurface, with dS incompressible in M, and let f : ¥ — X
be a pseudo-Anosov map on S.

The “only if” direction of the theorem is trivial. Namely, suppose that some power f k extends to a
nontrivial subcompression body C of (M, S). Pick a meridian m C S for C. Then ( f*(m)) is a sequence
of meridians in M that lie in S, and converge to the attracting lamination of f.

For the “if” direction of the theorem, assume that no nonzero power of f extends to a nontrivial
subcompression body of (M, S). We must show that the attracting lamination A™ is not in the limit
set A(S, M). The argument is similar to the proof of the main theorem in [2]. As such, we will sketch
the argument in places and refer to [2] for details.

Consider the sequence M, = f~"(M) of marked S-compression bodies, where we consider the
exterior boundary of each M, as identified with the surface X. Fix a base point [X] € T(X) and give the
interior of each M}, a geometrically finite hyperbolic metric such that the end adjacent to the exterior
boundary ¥ = d4+ M is convex cocompact, and when its conformal boundary is identified with X, the
conformal structure is [X]. Let

pn:mE—PSLyC,  Ny:=H?/p, (7 3),

be a representation (unique up to conjugacy) uniformising the interior of M, and compatible with our
markings, in the sense that p, is the composition of the map 71X — 7y M, = 7y N, induced by inclusion
and a faithful uniformising representation of 1 /V,. Note that the kernel of p,, is

ker(pn) = £ (ker(ty £ — 7y M)).
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By Theorem 8.4 and the assumption that no power of f extends to a nontrivial subcompression body
of M, the only minimal accumulation point of (M}) in CBod(.S) is the trivial compression body. So
in particular, we can choose a subsequence (My;) that converges to the trivial compression body. By
the compactness of generalised Bers slices (see [2, Theorem 4.3]), we may assume after appropriate
conjugations and passing to a further subsequence that (pop; ) converges algebraically to a representation

oo :T1E = PSLy C,  Noo 1= H*/poo(m1 2),

and that N, can be identified with the interior of a compression body M, with exterior boundary ¥ in
such a way that the end of N, adjacent to X is convex cocompact with conformal structure [X] and the
representation poo is compatible with the marking in the same way as before.

The disk set D(S, M) consists of all simple closed curves on S represented by elements y € 71 X
with peo(y) = 1. By Chuckrow’s theorem (see [2, Lemma 2.11]), poo(y) = 1 if and only if pp; (y) =1 for
all sufficiently large i. Since (My; ) converges to the trivial compression body in the topology of CBod(.S),
it follows that the surface S C ¥ = 04+ Mo is incompressible in M.

Claim 8.8 The repelling lamination A~ of f is unrealisable in Noo.

Proof The proof is almost identical to that of [2, Lemma 6.2], so we offer a sketch and we refer the
reader to their paper for details.

Fixing an M -meridian y C S, the sequence f " (y) converges in the Hausdorff topology to a lamina-
tion Az that is the union of A~ and finitely many leaves spiralling onto it. It suffices by [7, Theorem 2.3]
to show that Az is unrealisable. So, hoping for a contradiction, assume Az is realisable; then Ay is
carried by a train track t that maps nearly straightly into N (see [2]).

By algebraic convergence, t also maps nearly straightly into N,,; when j is large. Since /™" (y) — Apr,
for large j the curve /™" (y) is carried by 7. This implies that /™" () is geodesically realisable in Ny,
for large j, contradicting the fact that it is homotopically trivial. |

By work of Thurston [58, Proposition 9.7.1], the m1-injective surface S C 04+ M is isotopic into a
degenerate end of Ny, with ending lamination A ™. In particular, the peripheral curves of S represent
cusps in N and every nonperipheral curve on S has hyperbolic type in Noo. Any pair of disjoint
nonperipheral simple closed curves on S can then be realised geodesically by a pleated surfaces S — N
in the given homotopy class, and Thurston’s compactness of pleated surfaces (see [50, Lemma 6.13])
implies the following.

Lemma 8.9 (compare with [2, Lemma 6.3]) Leta C S be a simple closed curve. Then for every k, there
is some K such that for any other simple closed curve f in S, we have

deesy(@, f) =k = dn (X0, Poo) = K,
where o and B are the geodesics in Noo in the homotopy classes of « and 3.

Hoping for a contradiction, suppose now that A+ € A(S, M). When regarded as an element of dooC(S),
the support of A is then an accumulation point of D(S, M) C C(S). If « € C(S), then forn = 1,2, . ..
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the sequence ( /" («)) is a quasigeodesic path that limits to A1 € 05,C(S); see [47]. Since D(S, M) is a
quasiconvex subset (see Theorem 2.3, due to Masur and Minsky), there is a constant C and for each n a
meridian y, € D(S, M) with

dees)(f" (), yn) < C.

Translating the points f”(«) and y,, by f ", this becomes
degs)(e. [ (D(S. M) < C.

By Lemma 8.9, an element y,; € /™" (D(S, M)) at distance at most C from « in C(S) can be geodesically
realised in some fixed compact subset A C No. Algebraic convergence implies that for sufficiently
large j this geodesic can be pulled back and tightened to a geodesic in Ny;. But by construction, yy; is a
meridian in Mp;, so it cannot possibly be realised geodesically in Ny, , which is a contradiction.

9 Extending reducible maps to compression bodies

We present here a generalisation of [2, Theorem 1.1] that characterises which (possibly reducible) mapping
classes of the boundary of a 3-manifold M have powers that extend to subcompression bodies.

In what follows, let M be a compression body with exterior boundary o4 M. Let S C d+ M be an
essential subsurface such that S is incompressible. Let f : 04+ M — 04+ M be a homeomorphism that is
“supported” in S, meaning that f =id on d4 M \ S.

Definition 9.1 We say f is pure if there are disjoint, compact, essential f-invariant subsurfaces S; C S,
i=1,...,n,suchthat f =idon Siq:=S\{J; Si, and where for each 7, if we set f; := f|s;, then either

(1) S; is an annulus and f; is a power of a Dehn twist, or
(2) f; is a pseudo-Anosov map on .S;.
It follows from the Nielsen-Thurston classification, see [21], that every f has a power that is isotopic
to a pure homeomorphism.
When f is pure, with associated restrictions f; : S; — S; as above, we define a geodesic lamination
A =J;Ai on S, where A; C S; as follows. If f; is pseudo-Anosov, we let A; be the support of the

attracting lamination of f;. If f; is a Dehn twist, we let A; be the core curve of the annulus S;. So defined,
A is called the attracting lamination of the pure homeomorphism f.

Theorem 9.2 Suppose that S C d4+ M is an essential subsurface such that the multicurve dS is incom-
pressible. Let f : 0+ M — 34+ M be a pure homeomorphism supported in S. Then f has a power that
extends to a nontrivial subcompression body of (M, S) if and only if either

(1) there is a meridian in Sjq,

(2) for some i, the map f; has a power that extends to a nontrivial subcompression body of (M, S;), or
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(3) there are (possibly equal) indices i, j such that S;, S; bound an essential interval bundle B in M,
such that some power of f|s;us; extends to B, and there is a compression arc o for B whose interior lies
in Sid~

Note that by Theorem 8.1, if f; is pseudo-Anosov then (2) above is equivalent to the condition that A;
is an intrinsic limit of meridians.

Recall from Section 2.7 that a “subcompression body of (M, S)” is a compression body obtained
from d4 M by compressing some meridian multicurve in S. In (3), the condition that a power of f|s,us;
extends to B is easier to check. Indeed, if o : dg B — 0 B is the canonical involution, as defined in
Section 2.5, then by Fact 2.7 we have that 1%/, ;B extends to B exactly when o o fl.k is isotopic to fjk.
When B is a twisted interval bundle, f;, f; are both pseudo-Anosovs on dg B and this means that as
mapping classes we have f; = g o f; for some finite order g commuting with both f;, f;; see, e.g.,
McCarthy’s thesis [S1]. When B is a trivial interval bundle, o identifies S; and S, and we have similarly
that f; = g oo ( f;) for some g commuting with both.

Proof of Theorem 9.2 Let’s start with the “if”” direction, since that’s easier. If there is a meridian in Sjq,
then f extends to the compression body obtained by compressing that meridian. Suppose (2) holds, so
that some power fl.k extends to a nontrivial subcompression body C of (M, S;). Then f also extends
to C, since all the S;, where j # i, bound trivial interval bundles with subsurfaces of the interior boundary
of C. So we’re done.

The only interesting case is if (3) holds, so that some Sj, S; bound an essential interval bundle B in M
such that some power of f k |s;us; extends to B, and there is a compression arc & for B whose interior
lies in Sjq. Here, let S” C S be the smallest essential subsurface containing S;, S j and a; so, S "is obtained
from a regular neighbourhood of the union of these three subsets of S by capping off any inessential
boundary components with discs. Let C be the characteristic compression body of the pair (M, S’), as
defined in Fact 2.4.

We claim that f k extends to C. To see this, note that we can construct C as follows. For concreteness,
first assume that the boundary components of S;, S; that contain the endpoints of o bound an annulus 4 D «
on S. Then S’ = S; U S} U A, the annulus A4 is parallel in M to component A’ C Fr(B) that is an annulus
with the same boundary curves as 4, and C is the union of the interval bundle B, the solid torus bounded
by A, A’, and a trivial interval bundle over 94+ M \ S’. We can then extend /¥ to C by letting it be
the given extension of f k |s;us; on B, the identity on the solid torus, and the obvious fibre preserving
extension of /%, 4 M\s to the adjacent interval bundle. The case that the boundary components of S, Sj
that contain the endpoints of o do not bound an annulus on S is similar, except that instead of the solid
torus above we take a thickened disk bounded by a rectangular neighbourhood of & on S'\ (S; U S;), and
a rectangular neighbourhood of the homotopic arc on the frontier of B.

We now work on the “only if” direction. Passing to a power, suppose that f extends to a nontrivial
subcompression body C of (M, S). We may assume that there is no proper, f-invariant essential
subsurface S” C S such that f'|g/ extends to a nontrivial subcompression body of (M, S’). If there were
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such a subsurface S’, we could replace S by a minimal such S’, therefore reducing the argument to the
minimal case we are assuming we are in above.

If f =id on §, the fact that there is a nontrivial subcompression body of (M, S) means there is a
meridian in § = Sjq, so we’re in case (1) and are done. This case may seems silly, but observe that if /" is
some complicated pure homeomorphism where there’s a meridian in Sjq, the associated “minimal” case
that we pass to in the previous paragraph is where S is an annular neighbourhood of some such meridian,
and f =idon S.

Assume from now on that f is not the identity map of S.

We claim that every meridian m € D(C, S) intersects every component of A. Indeed, suppose some A;
is disjoint from some such 7 and let S’ be the component of S \ S; containing m. Since f extends to C
and S’ C 9C, is fK-invariant, f extends to the characteristic subcompression body C” of the pair (C, S’),
defined by starting with d4+ M and compressing all meridians of C that lie in S’; see Fact 2.4. Since m is
a meridian in C’, this C’ is nontrivial, which contradicts the minimality assumption in the first paragraph.

Pick a meridian m € D(C, S). Since m intersects all components of A, the sequence of meridians
m; := f*(m) Hausdorff converges to a lamination A strongly commensurable to A. Applying Theorem 7.2
to the pair (C, S) and using that all meridians in C intersect all components of A, we have that either

e some component A, is an intrinsic limit of meridians lying in S(A4), in which case Theorem 8.1

(applied to f4 : S; — S;) says we’re in case (2), or

e there are indices a, b such that S,, Sp bound an essential interval bundle B C C, where A4, Ap
are essentially homotopic in B, and where there is a compression arc o« C S for B that is disjoint
from A, and hence can be isotoped so that its interior lies in Sjg.

Let’s assume we’re in the last case, since otherwise we’re done. We want to show that some power of
faU fp:0g B — 0 B extends to B.

First, suppose that B is a twisted interval bundle, so that S, = Sp, fo = fp, Aq = Ap. Using just the
index @ from now on, if o is the canonical involution of B, then Fact 2.16 implies that o () is isotopic
to Ag. Let A C T(S) be the axis of f; on the Teichmiiller space 7(S). By Theorem 12.1 of [22] and
Theorem 2 of [45], we have that A, 0 (A) are asymptotic, so as they are both pseudo-Anosov axes they
must be equal by discreteness of the action of the mapping class group. Since o has finite order, it then
fixes A pointwise. Now the group I' = (o, f,} C Mod(dg B) is isomorphic to the direct product of a
finite group fixing A pointwise and a cyclic group of pseudo-Anosovs, so for some positive k& we have
oo fak = fak in Mod(dg B). By Theorem 3 of [4] we may isotope fak, o so that they commute, while
preserving that 02 = id; we can then alter the bundle map 7 : B — Y so that the new o is still the
canonical involution. It follows that fak is a lift to dgz B of a pseudo-Anosov map g : Y — Y, and hence
/¥ extends to B as desired, see Fact 2.7.

Next, assume B is a trivial interval bundle, with canonical involution ¢ that switches S,, Sp. As in the
previous paragraph, we have that o (1) is isotopic to A4, so I' = (fg, 00 fpoo™ 1) C Mod(S,) is a direct
product I" = F x (¢) of a finite group F and a cyclic group generated by a pseudo-Anosov ¢, where if we
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quotient by F then f; and o o f; oo ~! both project to positive powers of ¢. It suffices to show that they
project to the same positive power of ¢, for then we are done by the same argument as in the previous
paragraph. For this, recall that all meridians of C intersect S,, Sp, so these surfaces are “holes” for the
disk set of C, as discussed in [49]. So with m; = f i (m) the sequence of meridians in C constructed
above, Lemma 12.20 of [49] says that for each i, the distance in the arc complex of S, between

m;NS,; = f;f(m NS, and o(m;iNSy) = (00 froo HNia(mNSy)

is at most 6. However, if f, and o o f; oo~ ! project to different positive powers of ¢, their stable
translation lengths on the arc complex of .S, are different, which is a contradiction. O
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Motivic real topological Hochschild spectrum

DOOSUNG PARK

We define real topological Hochschild homology of separated log schemes with involutions. We show
that real topological Hochschild homology is (P”, P"~!)-invariant, which leads to the definition of the
motivic real topological Hochschild spectrum living in a certain Z/2-equivariant logarithmic motivic
category. We explore properties of real topological Hochschild homology that can be deduced from the
logarithmic motivic homotopy theory. We also define the motivic real topological cyclic spectrum.

1 Introduction

Topological Hochschild homology THH and its cousin TC have a deep connection with algebraic K-theory
via the cyclotomic trace of Bokstedt, Hsiang, and Madsen [8]. The Dundas—Goodwillie-McCarthy
theorem [11] provided a computational tool for algebraic K-theory. It was also discovered that THH
contains arithmetic data. Bhatt, Morrow, and Scholze [3] studied filtrations on the S !-homotopy fixed
point spectrum TC™ of THH, whose graded pieces are closely related to the prismatic cohomology of
Bhatt and Scholze according to [4, §13].

Hesselholt and Madsen [15] defined real algebraic K -theory, which refines both algebraic and hermitian
K-theories in a uniform manner via equivariant homotopy theory. They also defined real topological
Hochschild homology THR of rings. For further developments on THR, we refer to [10; 18; 27].
A forthcoming work of Harpaz, Nikolaus, and Shah will show a real refinement of the Dundas—Goodwillie—
McCarthy theorem, which would justify the real trace method as a computational tool for real or hermitian
K-theory.

One feature of THH different from algebraic K-theory is that THH is not A !-invariant even for regular
schemes, i.e., the induced map THH(X) — THH(X x A!) is not an equivalence of spectra for every
nonempty scheme X . The definition of THH of schemes is due to Geisser and Hesselholt [13]. Hence
the motivic methods in A!-homotopy theory initiated by Morel and Voevodsky [23] are not directly
applicable to THH.

Non-A!-invariance of THH is related to the fact that the sequence of spectra

THH(Z) > THH(X) > THH(X — Z)

is not a fiber sequence wheni : Z — X is a closed immersion of regular schemes and j : X —Z — X is
its open complement. On the other hand, the localization sequence in algebraic K-theory can be read as
the fiber sequence of spectra

K(Z) 5 K(X) 2> K(X — Z).
MSC2020: primary 19D55; secondary 11E70, 14A21, 16E40, 55P91.
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Hesselholt and Madsen [16] and Rognes, Sagave, and Schlichtkrull [30] studied localization sequences
for THH in the logarithmic setting.

The author’s joint work with Binda and @stveer [7] introduced the co-category of logarithmic motivic
spectra logSH(S) for fs log schemes S, which aims to incorporate various non-A !-invariant cohomology
theories into the motivic framework using logarithmic geometry. We refer to Ogus’s book [25] for
logarithmic geometry. For a closed immersion of schemes Z — X, let (X, Z) denote the log scheme with
the underlying scheme X and with the compactifying log structure associated with the open immersion
X —Z — X. In the construction of logSH(S) when § is a scheme (with the trivial log structure), the
interval A! is replaced with the set of log schemes (P”, P"~1) for all integers n > 1, and the Nisnevich
topology is replaced with the strict Nisnevich topology in [6]. To construct a motivic spectrum in
logSH(S) that represents an existing cohomology theory of schemes, one can take the following two

steps:

Step 1. Extend the cohomology theory to fs log schemes.

Step 2. Show that the extension is (P”, P”~1)-invariant for all integers n > 1 and satisfies strict Nisnevich
descent.

Rognes [29] defines THH of log rings. According to [7, §8], it is possible to define THH and TC of log
schemes based on Rognes’ definition and to construct a P!-spectrum THH and TC (written as logTHH
and logTC in loc. cit.) representing THH and TC. The author’s joint work with Binda, Lundemo, and
@stver [5, §8] constructed a P!-spectrum representing Hochschild homology.

In this article, we employ this strategy for THR. We define THR of log rings with involutions, where
an involution means an automorphism o such that 0 oo = id. With the aid of the author’s joint work with
Hornbostel [19], we define THR of separated log schemes with involutions. Then we prove that THR
is (P", P"~1)-invariant for all integers n > 1. This allows us to apply motivic methods in logarithmic
motivic homotopy theory to THR. We also consider real topological cyclic homology, which is a variant
of THR. One way to obtain TCR is to impose the real cyclotomic structure on THR, which is due to
Quigley and Shah [27]. The following two results are examples of this.

Theorem 1.1 (special case of Theorem 6.8) Let Z — X be a closed immersion of smooth schemes over
a noetherian separated scheme S. Then there exist fiber sequences of 7 /2-spectra

THR(Th(Nz X)) - THR(X) - THR(BIz X, E),
TCR(Th(NzX)) - TCR(X) - TCR(BIz X, E),
where E is the exceptional divisor.

We refer to (6-1) for the notation THR(Th(Nz X)). Proposition 6.5 implies that THR(Th(Nz X)) can
be written in terms of THR of schemes. This sequence can be considered as the localization sequence for
THR. The map THR(Th(Nz X)) — THR(X) is called the Gysin map.

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 1.2 (Theorem 6.10) Let Z — X be a closed immersion of smooth schemes over a finite-
dimensional noetherian separated scheme S. Then the induced squares of Z./2-spectra

THR(X) —  THR(Z) TCR(X) ——  TCR(Z)
THR(Z xx BlzX) —— THR(BlzX) TCR(Z xx BlzX) —— TCR(BIzX)
are cartesian, where Blz X denotes the blow-up of X along Z.

The statement in this theorem involves no log schemes, but the proof uses log schemes.

Hu, Kriz, and Ormsby [20] considered P! A P?-spectra instead of IP!-spectra to define a motivic
7./ 2-spectrum, where P? is the scheme P! with the involution given by [x : ]+ [y : x]. In Definition 6.12,
we analogously introduce the co-category of prelogarithmic motivic Z/2-spectra prelogSHZ/ 2(8) for
any scheme S, which is helpful for constructing logarithmic motivic spectra using the fixed point functor

(—)Z/2 : prelogSHZ/z(S) — logSH(S)
in Definition 6.14. We also construct the “forgetful” functor
i* : prelogSHZ/2(S) — logSH(S)

in Definition 6.16. The reason why we add “pre” in the notation prelogSHZ/ 2(S) is that a further
localization is desired to obtain a better behaved oco-category of logarithmic motivic Z /2-spectra; see
Remark 6.13 for an explanation.
Together with the P! A P9 -periodicity of THR in [19, Proposition 5.1.5], we can define the periodic

P! A PY-spectra

THR := (THRZ/2, THR%/2, .. ) € prelogSHZ/2(S),

TCR := (TCR%/2, TCR?%/2, . ..) € prelogSHZ/?(S)
for every finite-dimensional noetherian separated scheme S. The construction of THR resembles the

construction of the motivic real K-theory Z /2-spectrum [20, §4.3]. We obtain new PP !-spectra THRZ/2
and TCR%/2, while we show i *THR ~ THH and i *TCR ~ TC in Proposition 6.17.

Organization of the article
To define the P! A P?-spectrum THR, we need the following ingredients:
(1) the definition of THR of log rings with involutions,
(2) isovariant étale descent property for THR,
(3) invariance of THR under passing to the associated log structure,
(4) P! A P-periodicity of THR,
(5) (P", P"~!)-invariance of THR.
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Due to [19], we have (2) and (4). In Section 3, we deal with (1). This requires dihedral replete
bar constructions in Section 2, which is an equivariant analogue of Rognes’ replete bar constructions
[29, Definition 3.16]. In Section 4, we show (3) for separated log schemes. The strategy is to work in a
sufficiently local situation. In Section 5, we review the notion of real cyclotomic spectra following Quigley
and Shah [27]. Then we generalize many results in the previous sections to real cyclotomic spectra so that
we can define TCR of finite-dimensional noetherian separated log schemes. In Section 6, we show (5)
by providing an explicit computation of THR(P”, P”~!) using cubes in co-categories. Then we discuss
properties of THR that can be deduced from [7], and we construct the Pl A P9 -spectra THR and TC.

2 Dihedral replete bar constructions

Rognes [29, Definition 3.16] defined the replete bar construction of a commutative monoid, which is a
key input to define topological Hochschild homology of log rings. In this section, we discuss a dihedral
refinement of this construction.

We refer to [19, Example 4.1.3] for a review of real simplicial sets and dihedral sets, which are defined
using crossed simplicial groups of Fiedorowicz and Loday [12]. A real simplicial set X is a simplicial set
equipped with involutions wg : X4 — X4 (i.e., an automorphism such that w, o wg = id) for all simplicial
degrees ¢ satisfying the relations

for 0 <i < ¢g. Note that a real simplicial set is different from a simplicial set with involution, i.e.,
a simplicial object in the category of sets with involution. A dihedral simplicial set X is a real simplicial
set equipped with automorphisms 7, : X4 — X, for all simplicial degrees ¢ satisfying certain relations.

Let & denote the coproduct in the category of commutative monoids. For commutative monoids P
and Q, the coproduct P & Q is naturally isomorphic to the product P x Q.

Definition 2.1 Let Al be the real simplicial set whose underlying simplicial set is Al and whose
involution w : (A'), — (A1), in simplicial degree ¢ sends the g-simplex ag - -+ ag to (1—ag) -+ (1—ay).
For a commutative monoid P with involution w, let P ® Al be the real simplicial set whose underlying
simplicial set is the tensor product P ® A! defined by

PeAY),= P P

ie(Al),

and whose involution is given by (xo, ..., Xg+1) = (W(Xg+1), ..., w(xp)) in simplicial degree g, where
the indices 0, 1, ..., g + 1 correspond to the g-simplices 0---00,0---01,...,1---11in Al

Proposition 2.2 Let P be a commutative monoid with involution. Then the map of real simplicial sets
PRAL—P
given by (X, ..., Xxq) = Xo + - + x4 in simplicial degree q is a 7 /2-weak equivalence.

Algebraic & Geometric Topology, Volume 26 (2026)
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Proof Let sds be the Segal subdivision functor [33]. We have an isomorphism of simplicial sets with
involutions

sdo (Ag) = A Iy AL,

where the involution on the right-hand side switches the factors. This induces an isomorphism of simplicial
sets with involutions

sde(PR A ~ (PR A @p (PO AY),

where the involution on the right-hand side is obtained by the formula (x, y) = (w(y), w(x)) with w
in Definition 2.1. Since A is contractible, the map P — P ® A! induced by {1} — A! is a homotopy
equivalence. This yields a Z /2-homotopy equivalence

P=(PoAY®p (PRAY,
which implies the claim. |
We review the oo-categorical formulation of equivariant homotopy theory due to Bachmann and

Hoyois [2, §9]. See [19, §A.1] for a more detailed review. Let FinGpd denote the 2-category of finite
groupoids. Bachmann and Hoyois constructed the functor

SH : Span(FinGpd) — CAlg(Catso), (X Jyer, Z)— peofr;

see [2, §C] for the notation Span. For a morphism f in FinGpd, f* admits a right adjoint fy. If f isa
finite covering, then f* admits a left adjoint fj.

For a finite groupoid X, let NAlg(SH(X)) be the co-category of normed X -spectra [2, Definition 9.14],
and let CAlg(SH(X)) be the oo-category of Eso-rings in SH(X). We have the forgetful functor
NAIg(SH(X)) — CAlg(SH(X)). We use the notation A for the coproduct in NAlg(SH(X)) and
CAlg(SH(X)). For a morphism of finite groupoids f : X — S, we have the induced adjoint functors

CAlg(SH(S)) —>f CAlg(SH(X)).

If f:X — S is a finite covering of finite groupoids, we have the induced sequence of adjoint functors

S
NAIg(SH(S)) = /* = NAlg(SH(X)).
S

On the other hand, if f has connected fibers, then the induced functor

fo : CAlg(SH(X)) — CAlg(SH(S))
preserves colimits.

For a finite group G, the co-category of G-spectra is
Sp® := SH(BG).
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We also set NAlgG := NAlg(SH(BG)) and CAlgG := CAlg(SH(BG)). We omit the superscripts G in
this notation if G is trivial. There is an equivalence of co-categories CAlg >~ NAlg.

Consider the obvious functors pt RN B(Z/2) £ pt. Observe that i is a finite covering and p has
connected fibers. We often use the alternative notation

(—)22 .= p,, NZ/2:=ig, @L12:.=pg.

The functor NZ/2 is the norm functor of Hill, Hopkins, and Ravenel [17], and the functor ®ZL/2 ig the
geometric fixed point functor. We have the induced functors

i*:SpZ/? — Sp, NZ/2 iy i : Sp — Sp2/2,
i* :NAlgZ/? — CAlg,  NZ/% iy iy : CAlg — NAIgZ/2,
p* . Sp _ SpZ/Z’ q)Z/Z’ (_)Z/Z . SpZ/Z — Sp,

p*:CAlg — CAlgZ/2 ®2/2 ()Z/2 . CcAlg?/? — CAlg.

We refer to [19, Proposition A.2.7] for fundamental relations among these functors. We note that the pair
of functors (i *, ®%/2) is conservative.

Let f : X — S be a morphism of finite groupoids. For every map R — A4 in NAIg(SH(S)) and map
f*R — B in NAIg(SH(X)), we have the natural map

ANR f«B — fi(f*AAsxgr B)
given by the composite
ANR JoB 5 fuf*(ANR fuB) =5 fu(f*ANpsr S fxB) *5 fu(f* Anp+p B).
where ad (resp. ad’) denotes the map obtained by the unit (resp. counit).

Lemma 2.3 Letr : Z /2 — pt be the obvious morphism of finite groupoids. Then the natural map
A ART«B — r*(r*A Ar*R B)
is an equivalence for every map R — A in CAlg and map r* R — B in NAlg(SH(Z/2)).

Proof As observed in [2, Example 9.15], we have an equivalence of co-categories NAIg(SH(Z/2)) ~
CAlg(SH(Z/2)). We additionally have an equivalence of co-categories SH(Z /2) ~ SH(pt) x SH(pt) by
[2, Lemma 9.6]; hence CAlg(SH(Z/2)) ~ CAlg x CAlg. The functors i, i : NAlg(SH(Z/2)) — CAlg
induced by the inclusions ig, i1 : pt — Z/2 can be identified with the two projections CAlgx CAlg — CAlg.
Using rig = riy, we see that the functor r* : CAlg — NAlg(SH(Z/2)) can be identified with the diagonal
functor CAlg — CAlg x CAlg, and the functor r« : NAlg(SH(Z/2)) — CAlg can be identified with the
direct sum functor & : CAlg x CAlg — CAlg. Use these explicit descriptions to show the claim. a

Lemma 2.4 For R, A € NAng/ 2 and B € CAlg, the natural map
2-1) A/\RZ*B—>Z*(I*A/\I*R B)
is an equivalence.
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Proof It suffices to show that (2-1) becomes equivalences after applying i * and ®Z/2_ With the aid

of the forgetful functor NAng/2 — CAng/Z, we obtain ®Z/2(A AR ixB) ~ ®Z/24 A@Z/2R ®Z/2;,B.

By [19, Proposition A.2.7(3), (5)], ®Z/2j, ~ 0. Hence both sides of (2-1) vanish after applying oL/,
Apply [19, Proposition A.1.9] to the cartesian square

72 —— pt

pt —— B(Z/2)
to obtain a natural equivalence ryr* ~ i *i,. We have natural equivalences
Pt (2) Ay (9) 21 (=) Aoy 17 (2) 2 (2) Aoy 11 (),
where the second one is due to Lemma 2.3. We have the induced commutative diagram

I*(AARIwB) — 5 i*i i *(AARIxB) —=— i *ix(i* A Ni=Ri*ixB) —2— i*i,(i* A Ai=R B)

| I I

/
i*AN«Ri*ixB ad s rer (¥ A Ai=R i *ix B) =2 ror*(i*A Aj+r B)
x I= I=

I*AN*RT«T* i 4B LSS Ni*R T« B
Hence to show that (2-1) becomes an equivalence after applying i *, it suffices to show that the composite

of the upper vertical maps in this commutative diagram is an equivalence:
Cxkoe ad * ok ad’ *
114 B —— rer™i*iuy B —— r«r™B
* ad * * ad’ *
relr™ B ——— ryer*rer™B —— r«r™B
This is true since the composite of the lower horizontal maps is an equivalence by the counit-unit identity. O

For a simplicial set (resp. real simplicial set) X, we use the notation S[X] := ¥*° X4, which is a
spectrum (resp. Z/2-spectrum). If P is a commutative monoid, then S[P] is an object of CAlg. If P
is a commutative monoid with involution, then S[P] is a commutative monoid in the model category
of orthogonal Z /2-spectrum in the sense of [19, Definition A.2.2]. Due to [19, Remark A.2.6], we can
regard S[P] as an object of NAIgZ/ 2,

For a commutative monoid P with involution, we denote by N4 P the dihedral nerve of P in
[19, Definition 4.2.2], and by BY P its dihedral geometric realization. In simplicial degree ¢, we have
(NdiP)q := P>*@+D_ We obtain the cyclic nerve N%;i* P [34, §2.3] of i * P if we forget the involution
structure on N4 P, There is a map of dihedral sets

(2-2) Nip - p
sending (xo, ..., Xq) to X + - -+ 4+ x4 in simplicial degree g.

Algebraic & Geometric Topology, Volume 26 (2026)



1874 Doosung Park

Definition 2.5 Let C be an ordinary category. An object of C with involution is an object of the category
Cz/2 :=Fun(B(Z/2),C). Let

i* :Fun(B(Z/2),C) - C
be the forgetful functor, and let iy (resp. ix) be its left adjoint (resp. right adjoint) if it exists.

Example 2.6 If P is a commutative monoid, then i P is the commutative monoid P x P with the
involution w given by w(x, y) := (w(y), w(x)). Furthermore, there is a natural isomorphism iy P >~ i, P.
We have a similar description of i, A for any commutative ring A, but iy 4 % i« A.

If X is a scheme, then iy X is the scheme X LI X with the involution switching the two components.

Lemma 2.7 Let P — Q be a map of commutative monoids with involutions. Then there is a natural
equivalence of 7./2-spectra

S[P U P] Asip) S[Q] > S[(P U P)®p O],
where the involution on P 11 P in the formulation switches the components.

Proof There is a natural isomorphism of sets with involutions
(PUP)dpQO~QLO,

where the involution on the right-hand side switches the components. By the explicit description of the
functors i * and i« in terms of orthogonal spectra in [19, Construction A.2.4], we have natural equivalences

S[P U P] ~ixi*S[P] and S[Q L Q] ~i«i*S[Q].
Lemma 2.4 yields a natural equivalence

ixi*S[P] Asp) S[Q] = ix (i *S[P] Ajxspyi*S[Q]).
Combine what we have discussed above to obtain the desired equivalence. |

Proposition 2.8 Let P be a commutative monoid with involution. Then there is a natural equivalence of
Z./2-spectra
S[BY P] = S[P] Asji,i+p S[PI.

where the homomorphism iyi* P — P in the formulation is obtained by the counit of the adjunction
pair (iy,i%).
Proof There is an isomorphism of real simplicial sets

(2-3) (P®AL) ®jyixp P =NIP,

where the map iyi*P — P ® Al is given by (x,y) = (x,0,...,0,y) in simplicial degree ¢q. The
composite
igi*P > PR®AL— P
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coincides with the counit homomorphism. Since P ® A<17 is degreewise the disjoint union of finitely
many copies of iyi * P and iyi* P Ll iyi * P with the switching involution as an iyi * P-set, Lemma 2.7
yields a natural equivalence

S[P ® Ag] Aspiyi*P1 S[P] = S[(P ® A}) @i+ p Pl.
Use Proposition 2.2 and (2-3) to finish the proof. a

For a commutative monoid P, let PP denote its group completion.

Definition 2.9 Let P be a commutative monoid with involution. The dihedral replete nerve of P is the
dihedral set

(2-4) NIeP p .= NUPEP oy P,

where the map N4 P& — P2P in this formulation is given by (2-2) for P#P. The dihedral replete bar
construction of P, denoted by B4 P is the dihedral geometric realization of NP P

We obtain the replete bar construction B4 * P [29, Definition 3.16] of i * P if we forget the involution
structure on BIeP P

Proposition 2.10 Let P and Q be commutative monoids with involutions. Then there is a natural
isomorphism of dihedral sets
Ndrep(P % Q) ~ NdrepP % NdrepQ.

Proof By [19, Proposition 4.2.4], we have a natural isomorphism of dihedral sets
NU(PE x Q) X puwxgw (P x Q) =~ (N PE x N Q&) x pupy gww (P x Q).
The left side is isomorphic to N9P(P x Q), and the right side is isomorphic to NP P x N¥PQ 0

For a commutative monoid P with involution, let N° P denote the real nerve of P [19, Definition 4.2.1].

Proposition 2.11 Let P be a commutative monoid with involution. Then there is a natural isomorphism
of dihedral sets

NIP P ~ P x NO P&,
Proof Immediate from [19, Proposition 4.2.6] and (2-4). O

Definition 2.12 For a commutative monoid P with involution w, let (igi* P)®* denote the commutative
monoid P @ P#P with the involution w given by

w(x, y) = (w(x), wx) —w(y)).
We have the commutative triangle

(lul * P)ex

V X

igi* P a > P
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such that u(x, y) :=x+y, u®(x,y) :=x, and y(x,y) := (x + y, y) for x, y € P. We note that y is
the counit homomorphism. The construction of (igi* P)®* is an equivariant analogue of the exactification
in [25, Proposition 1.4.2.19].

Proposition 2.13 Let P be a commutative monoid with involution. Then there is a natural equivalence of
7 /2-spectra
S[Bdrepp] >~ S[P] /\S[(iui*P)c"] S[P]

Proof Let EP®P denote the total simplicial set of P&P, and let Q be the real simplicial set whose
underlying simplicial set is P x EP&P, and whose involution is given by

(X, gOa ] gq) € P X (ng)X(q+1) = (U)(X), U)(X) - w(gq), ) U)(.x) - U)(g()))
in simplicial degree ¢ for every integer ¢ > 0. Consider the maps of real simplicial sets
(igi* P)™* — Q — P xN° p#P

given by (x,g)—(x,g,...,g)and (x, go, ..., 8¢) > (X, 81—8&o, ..., 8¢ —8q—1) in simplicial degree g.
There is a real simplicial isomorphism

Q @(iﬁi*P)ex P~P XNUng.

Since Q is degreewise the disjoint union of finite copies of (iyi * P)** and (igi * P)** LI (iyi* P)™ with
the switching involution as an (iyi * P)®*-set, Lemma 2.7 yields a natural equivalence of Z/2-spectra

(2-5) S[Q] /\S[(ini*P)ex] S[P] ~ S[P X NUng].
Let us show that the map Q — P given by

(x,80,....8¢) > x

in simplicial degree ¢ is a Z/2-homotopy equivalence. Its underlying map of simplicial sets is the
projection P x EP8 — P, which is a homotopy equivalence. The Z/2-fixed point of the Segal
subdivision sdg Q is in simplicial degree ¢ the set

{(x,80,-...8¢, w(x)—w(gg). ..., w(x)—w(go)):x € PZI2 gq.... .8q € P#P}.
From this description, we see that the induced map
(sdo 0)*/2 — (sd P)*/?

can be identified with the projection P x EP8 — P. Hence the map Q — P is a Z/2-homotopy
equivalence. Combine this with Proposition 2.11 and (2-5) to obtain the desired equivalence. |

Remark 2.14 For a commutative monoid P with involution, we can regard S[B% P] and S[BP P] as
objects of NAng/ 2 by Propositions 2.8 and 2.13.
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Proposition 2.15 Let P be a commutative monoid with involution. Then there are natural equivalences
of 7. /2-spectra
i*S[BYP] ~ S[BYi*P] and i*S[B¥PP]~ S[B™Pi*P].

Proof Observe that we obtain BYi* P (resp. B®Pi * P) by forgetting the involution structure on B% P
(resp. BIP P), O

3 THR of log rings with involutions
For R € NAng/ 2 the real topological Hochschild homology of R is defined to be
THR(R) ‘=R /\NZ/Zi*R R,

where the maps N Z/2j* R — R in the formulation are the counit of the adjunction pair (N ZI2 i*) If A is
a commutative ring with involution, then the equivariant Eilenberg—Mac Lane spectrum HA can be realized
as a commutative orthogonal Z /2-ring spectrum by [31, Example 11.12], so we have HA € NAng/ 2
together with [19, Remark A.2.3]. We set THR(A) := THR(HA). For a commutative monoid P with
involution, there is a natural equivalence of Z /2-spectra

(3-1) THR(S[P]) ~ S[BY P];

see [18] and also [10, Proposition 5.9]. One can also show this using Proposition 2.8 and the natural
equivalence of Z /2-spectra NZ/2j*S[P] ~ Sliyi* P].

Recall from [25, Definition II1.1.2.3] that a log ring! (A, P) is a commutative ring A equipped with a
homomorphism P — A of commutative monoids, where the monoid operation on A is the multiplication.
A homomorphism of log rings (A, P) — (B, Q) is a pair of homomorphisms A — B and P — Q such
that the square

o

P —
0 ——
commutes. We regard a commutative ring A as a log ring (A4, {1}).

Rognes [29, Definition 8.11, Remark 8.12] defined the fopological Hochschild homology of a log
ring (A, P) as the coproduct, in CAlg,

(3-2) THH(A, P) := THH(A) Ag[ges p] S[B™P P],

where the map S[B? P] ~ THH(S[P]) — THH(A) in the formulation is obtained by applying THH to
the induced map S[P] — HA.

LA log ring is often called a prelog ring in the literature; see, e.g., [29, Definition 2.1].
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Definition 3.1 The real topological Hochschild homology of a log ring (A, P) with involution is the

coproduct, in NAng/ 2,

(3-3) THR(A, P) = THR(A) AS[B P] S[Bdrepp]’

where the map S[BY P] ~ THR(S[P]) — THR(A) in this formulation is obtained by applying THR to
the induced map S[P] — HA.

We obviously have THR(A, {1}) >~ THR(A) for every commutative ring A.

Definition 3.2 Let P — M be a homomorphism of commutative monoids with involutions. For notational
convenience, we set

THR(S[M]. P) := S[BY M] Ag[ga p) SB*P P].

Proposition 3.3 Let Q — M be a homomorphism of commutative monoids with involutions. Then there
is a natural equivalence of 7./2-spectra

THR(A[M], P & Q) >~ THR(A, P) ATHR(S[M], Q).
Proof By [19, Proposition 4.2.4] and Proposition 2.10, there are natural isomorphisms of dihedral sets
N4 (P @ Q) ~NUP xNUQ and N¥™P(P @ Q) ~ NP P x NIP().
Apply S[—] to these, and use (3-3) to obtain the desired equivalence. d
Let S be S! with the involution given by e’? € S > ¢~19.

Example 3.4 By [19, (4.12)], we have an equivalence of Z/2-spectra
o0
THR(S[N], N) ~ @5 S[5°].
d=0

Furthermore, [19, Propositions 4.2.11 and 4.2.12] implies that the induced map
THR(S[N]) - THR(S[N], N)

can be written as the componentwise induced map

se @ sis1— @ sisl.
d=1 d=0

In the remaining part of this section, we investigate how THH and THR interact with the functors i *
and 7.
Proposition 3.5 Let (A, P) be a log ring with involution. Then there is a natural equivalence of spectra

i*THR(A, P) ~ THH(i*4,i* P).
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Proof We have a natural equivalence i *THR(A) ~ THH(i * A) by [19, Proposition 3.4.7]. Since the
functor i * : NAng/ 2 s CAlg preserves colimits, we have a natural equivalence

i*THR(A, P) ~ i *THR(A) A;+gpap) i *S[BTP P].
Together with Proposition 2.15, we obtain the desired equivalence. |
For a commutative monoid P, let P denote the commutative monoid P with the trivial involution.

Construction 3.6 Let (A, P) be a log ring. We have the composite map of spectra
i*THR(i«A, P) => THH(A ® A, P) — THH(A, P),

where log structure homomorphism P — i« A sends p € P to (a(p),a(p)), where @ : P — A is the log
structure homomorphism. and the first arrow is obtained by Proposition 3.5, and the second arrow is
induced by the summation homomorphism 4 & A — A. By adjunction, we obtain a map of Z /2-spectra

(3-4) THR(ix A, P) — ixTHH(A, P).
Proposition 3.7 Let (A, P) be a log ring. Then (3-4) is an equivalence.

Proof Lemma 2.4 and Proposition 2.15 yield natural equivalences of Z /2-spectra

ixTHH(A, P) ~i,(THH(A) Aj+spsi py i *S[BY P])
~i, THH(A) Ag[ps p) S[BYP P].

By [19, Propositions 2.1.4, 2.3.3], we have a natural equivalence of Z/2-spectra
i« THH(A) ~ THR(i«A).
Combine these with the definition of THR (i« A, P) to conclude. a

Proposition 3.8 The functor THR from the category of log rings with involutions to 7 /2-spectra preserves
filtered colimits.

Proof One can directly check that the endofunctors P > iyi* P, (igi* P)** on the category of com-
mutative monoids with involutions preserve colimits. By Propositions 2.8 and 2.13, the functors
P + S[BY P],S[B¥P P] from the category of commutative monoids with involutions to NAlg, /2
preserve colimits.

On the other hand, the functor A +— THR(A) from the category of commutative rings with involutions
to NAlgz , preserves filtered colimits since the Eilenberg-Mac Lane functor preserves filtered colimits,
NZ/2 and i * preserve colimits, and A is the coproduct. It follows that the functor (4, P) — THR(A, P)
from the category of commutative rings with involutions to NAlgz /, preserves filtered colimits. The
forgetful functor NAlgyz ,, — Spgz/, preserves filtered colimits as observed in [19, §1], which finishes
the proof. |
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4 THR of log schemes with involutions

So far, we have discussed THR of log rings (A, P) with involutions. The purpose of this section is to
define THR(X) for every separated log scheme X and to show that a canonical map
THR(A, P) — THR(Spec(A4, P))
is an equivalence of Z/2-spectra.
Let us briefly review basic notation and terminology in log geometry. We refer to Ogus’s book [25] for

the details. For a commutative monoid P, let P* denote its submonoid of units. We set P := P/P*. We
say that P is integral if the induced homomorphism P — P*#P is injective.

e For a log scheme X, let X be its underlying scheme, and let My be its structure sheaf of monoids.

* A morphism of log schemes f : Y — X is strict if the induced morphism ¥ — X xx Y is an
isomorphism.

e Foralogring (A, P), let Spec(A4, P) denote its associated log scheme in the sense of Definition I11.1.2.3
in [25].

¢ For a commutative monoid P, we set A p := Spec(Z[P], P), whose structure homomorphism P — Z[ P]
sends p € P to p.

e A chart P of a log scheme X is a commutative monoid P together with a strict morphism X — Ap of
log schemes.

* A log scheme X is integral if My is a sheaf of integral monoids.

e A log scheme X is fine saturated (or simply fs) if X admits strict étale locally a chart P such that P is
a fine saturated monoid.

Let G be a finite group. For a point x of a G-scheme X, the scheme-theoretic stabilizer of X at x is
Gy = ker({g €EG:gx=x}— Aut(k(x))).

A morphism of G-schemes Y — X is an isovariant étale cover if the induced homomorphism Gy, — G (x)
is an isomorphism for every point y € Y and f is étale and surjective after forgetting the G-action.

For a commutative ring A with involution, an A-algebra with involution is a commutative ring B with
involution equipped with a Z/2-equivariant map A — B.

Proposition 4.1 Let (A, P) be a log ring with involution. Then the presheaf THR(—, P) on the opposite
category of A-algebras with involution is an isovariant étale hypersheaf.

Proof Let B — C be an isovariant étale homomorphism of A-algebras with involutions. By Theorem 3.2.3
of [19], there are natural equivalences of Z/2-spectra

THR(B, P) Aug HC ~ THR(B, P) Ay, gz H(CZ/?) ~ THR(C, P),

where ¢t M denotes the commutative monoid with the trivial involution for a commutative monoid M .
Argue as in the proof of [19, Theorem 3.4.3] to show the claim. O
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Lemma 4.2 Let 6 : P — Q be a homomorphism of integral monoids. If 6 : P — Q is an isomorphism,
then the induced homomorphism of monoids

(-1 n:P@pe 0F =0
is an isomorphism.

Proof Since 6 is an isomorphism, 7 is surjective. To show that 7 is injective, assume 7(p, v) = n(p’, v')
with p, p’ € P and v, v’ € Q*. This implies 8(p)+v = 6(p’)+v'. Since 6 is an isomorphism, there exists
u € P* satisfying p = p’ 4+ u. Together with the assumption that Q is integral, we have v/ = v + 6(u).
Use [25, Proposition I.1.1.5(3)] to see that (p,v) = (p’,v’) in P ®p+ Q*. Hence 7 is an isomorphism. O

Lemma 4.3 Let6 : P — Q be a homomorphism of integral monoids with involution. If 6 : P — Q is
surjective, then the induced map

THR(S[Q], P) — THR(S[Q]. Q)

is an equivalence of 7 /2-spectra.

Proof Due to Propositions 2.8 and 2.13, it suffices to show that the induced map
(S[Q] Asliyi*01 SIOD AIPIrgp, i+ p1SIPY (SIP] As[(yi+ Py SIP]) — S[Q] As[4i+ 0)1 SIQ]
is an equivalence of Z /2-spectra. The left-hand side is equivalent to
SIOIASIizi* 01nsiyi mSIGi* YD SO
Hence it suffices to show that the induced map
S[igi ™ Q1 Astiyix P S[(gi ™ P)™] — S[(iyi ™ 0)™]

is an equivalence of Z/2-spectra. Since P is integral, ¥ + x = x implies u =0 foru € P* and x € P.
It follows that i * P is a free i * P *-set, so the induced map

is an equivalence of Z/2-spectra. Hence it suffices to show that the induced map
(4-2) Sligi™ Q*] Asligi+ p+1 S[(igi ™ P)™] — S[(igi ™ 0)*]

is an equivalence of Z /2-spectra.

Consider the localization Pr with respect to the face F := 0~1(Q*) of P. By [25, Theorem 1.4.5.7,
Proposition 1.4.6.3(3), Remark 1.4.6.6], i * P is a filtered colimit of free i * P-sets. This implies that
Sliyi* Pr] is a filtered colimit of free S[iyi * P]-modules. It follows that the induced map

Sligi™ Pr] Asizi+ p1 S[(igi ™ P)™] — S[(iyi ™ Pr)™]

is an equivalence. Replace P — Q with Pr — O to reduce to the case when 6 is an isomorphism. Then
we have Q >~ P ®p+ Q* by Lemma 4.2.
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We have the induced cocartesian square

I*P*@i*P* —% 5 (*P @i*P®

| |

where « sends (p, p’) to (p+ p’, p’). Observe that i * P @i* PP is afree i* P* @i ™ P*-set. Apply S[—]
to this square to see that the induced map

Sli*Q @™ Q) Asji+paei+p) S[i*P ©i* P2] - S[i* 0 @i Q%]

is an equivalence of spectra, i.e., (4-2) becomes an equivalence after applying i *. Hence it remains to
show that (4-2) becomes an equivalence after applying ®Z/2,
We claim that 6 is exact, i.e., the induced square

p —1 per

of s

0 —1 Qe

is cartesian. Assume that '(g) = 0(p’) for some ¢ € Q and p’ € PP, Using [25, Proposition I.1.1.5(3)]
for Q ~ P @p+ O, we can write ¢ = (p, v) for some p € P and v € Q*. Since the group completion
functor is a left adjoint, we have an isomorphism Q& ~ P& @p« Q*. Using [25, Proposition I.1.1.5(3)]
for this, we have (n(p),v) = (p’,0) in Q’®, and hence we have v = 6(u) for some u € P*. This implies
that g = 6(p +u) and p’ = n(p + u), so 6 is exact.

Observe that the Z /2-fixed point monoids of igi* P* and iyi * Q™ are isomorphic to i*P* and i* Q*.
Let w denote the involutions on P and Q, and let M and N be the Z /2-fixed point monoids of (igi* P)**
and (iyi * Q)®*. Observe that N is a submonoid of Q & Q#P consisting of (¢, y) such that n'(q) = y +w(y).
We have a similar description for M too. Using Q¢ ~ P& @p« O*, we can find x € P and v € Q*
such that y = 6(x) + v. Since 6 is exact, there exists a unique p € P such that n(p) = x + w(x) and
0(p) = g — v —w(v). This implies that the induced homomorphism M @;+p+i*Q* — N is surjective.

On the other hand, if (p,x) € M and v € Q™ satisfies (A(p), 0(x)) = (v + w(v),v) in N, then we
have p € ~1(Q*). By [25, Proposition 1.1.1.5(3)] for Q = P @p+ O*, we have 71 (Q*) = P*, so we
have p € P*. This implies that the induced homomorphism M @;xp=i*Q* — N is injective and hence
an isomorphism. Since M is a free i * P *-set, we deduce that the induced map

S[i* Q] Asji+ p) S[M] — S[N]
is an equivalence of spectra, i.e., (4-2) becomes an equivalence after applying PZL/2, a

A morphism of log schemes with involutions f : Y — X is a strict isovariant étale cover if f is strict
and its underlying morphism of schemes with involutions f : Y — X is an isovariant étale cover. The
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strict isovariant étale topology is the topology generated by strict isovariant étale covers. Let sisoét be
the shorthand for this topology.

Proposition 4.4 Let X be a separated integral log scheme with involution. Then there exists a strict
isovariant étale covering {U; — X };e1 such that each Ui is an affine scheme with involution.

Proof Let w be the involution on X. Choose an open neighborhood Uy of x in X such that Uy is
an affine scheme. If x = w(x), then the underlying scheme of U, N w(Uy) is an affine scheme with
involution since X is separated. If x # w(x), then the underlying scheme of U, I w(U,) is an affine
scheme with involution. We finish the proof using [14, Corollary 2.19]. |

Let 1Sch denote the category of separated integral log schemes. Following Definition 2.5, we obtain
the category 1Schgz/,, and we have the forgetful functor i * : 1Schz, — 1Sch with a left adjoint 7.

Definition 4.5 Let X be a separated integral log scheme with involution. Consider the presheaf THR|x
of 7 /2-spectra given by
THR|x (U) := THR(I'(U, Oy ), I'(U, My))

for every strict isovariant étale morphism U — X. The real topological Hochschild homology of X is
THR(X) := (Lyoa THRIx)(X) € Sp?/2,

where Lgo¢ : PSh(ISchgz 5, SpZ/ 2) — Shy;sox(ISchyz /2 SpZ/ 2) denotes the strict isovariant étale sheafi-
fication functor; see [21, Lemma 1.3.4.3] for sheafification functors.
Observe that THR is a strict isovariant étale sheaf by definition.

Theorem 4.6 Let (A, P) be an integral log ring with involution. Then the induced map of 7 /2-spectra
THR(A, P) — THR(Spec(A4, P))
is an equivalence.

Proof Consider the presheaf THR|(4, p) of Z/2-spectra given by
THR|(4, py(B) := THR(B, P)

for every A-algebra B with involution such that Spec(4) — Spec(B) is isovariant étale. We have the
induced map of presheaves

THR|(A,P) - THR|Spec(A,P)-

Observe that the left-hand side is an isovariant étale sheaf by Proposition 4.1. It suffices to show that this
map of presheaves becomes an equivalence after sheafification since taking the global sections produces
the desired equivalence.

For this, it suffices to show that the map of stalks is an equivalence. For every sheaf F and a point x
of X, the stalk F, is given by the filtered colimit colimy sy F(U). Hence by Propositions 3.8 and 4.4, we
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reduce to the case when 4 is a local ring with involution. In this case, we need to show that the induced
map
THR(A, P) — THR(A, P%)

is an equivalence, where P is the logification of P, which is given by P%:= P @g—1(4x)A™if 0: P — A
is the structure map. This is a consequence of Lemma 4.3 for P — P¢. O

In the next results, we explain how THR is related with THH under the functors i * and ix. We review
the definition of THH of schemes in [7, Definition 8.3.7] as follows. We consider the presheaf of spectra
THH|x on X given by

THH|x (U) := THH(I" (U, Op), I'(U, My))

for U € X¢. The topological Hochschild homology of X is
THH(X) := (L& THH|x)(X) € Sp,
where L denotes the étale sheafification functor. The induced map
THH(A, P) >~ THH(Spec(4, P))
is an equivalence of spectra for every integral log ring (A, P) as Theorem 4.6.

Proposition 4.7 Let X be a separated integral log scheme with involution. Then there is a natural
equivalence of spectra

THH(i *X) ~ i *THR(X).

Proof By Proposition 4.4, we reduce to the case when X = Spec(A4, P) for some log ring (A, P) with
involution. Proposition 3.5 finishes the proof. |

Proposition 4.8 Let X be a separated integral log scheme. Then there is a natural equivalence of
Z./2-spectra

THR (i3 X) ~ i, THH(X).
Proof As above, we reduce to the case when X = Spec(A4, P) for some log ring (A, P). In this case,
there is a natural isomorphism

iy Spec(A, P) ~ Spec(ixA, P).
Proposition 3.7 finishes the proof. |

Corollary 4.9 Let X be a separated integral log scheme with involution. Then there is a natural equiva-
lence of spectra

THR (i3 X )%/? ~ THH(X).
Proof Combine Proposition 4.8 with [19, Proposition A.2.7(2)] to conclude. O
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S TCR of log schemes with involutions

Throughout this section, p is a prime number. This section is relying on [27; 28] due to Quigley and
Shah, which we review as follows. Keep in mind that our C, and Z/2 correspond to their , and C.
See [26, §3] for another review.

A 7 /2-c0-category (resp. Z/2-co-space) is a presheaf of co-categories (resp. spaces) on the orbit
category Oz /,. Recall that Oz, can be described as the diagram

w7 @/D/e s 2/2)/(2)2).

Observe that we can naturally view a Z /2-space as a Z/2-category. A Z /2-functor of Z /2-categories
is a morphism of presheaves. For Z/2-categories C and D, let Fung,(C, D) be the oo-category of
7 /2-functors C — D.

Consider the Z /2-co-categories SpZ/ 2 and NAng/ 2 in [26, Example 3.2]. We have the equations
SpZ/2((2./2)/e) = Sp, SpZ/z((Z/2)_/(Z/2)) =TpZ/2, and SpZ/2(res) = i*. We also have a similar
cEscription for NAng/ 2 Let BS® and BC 5 be the classifyi;g Z/2-spaces of S and C;J, where C;
denotes the Z/2-subspace of S whose underlying space is C,. We have the co-categories

(Sp™/%)P5” := Fung »(BS7 . 8p*/?),
(Sp2/?)BCs .= Fung,(BC, , S_pZ/Z).
We similarly have the co-categories (NAng/ 2)BS? and (NAng/ 2)BCy
For equivariant homotopy theory, we refer to [32, §3] for the model-categorical approach (the group G
can be a compact Lie group) and [2, §9] for the co-categorical approach (G is only a profinite group). For

a compact Lie group G, let SpG be the co-category of G-spectra, which is the underlying co-category of
orthogonal G-spectra. According to [28, Theorem A, Remark 1.8], we have the forgetful functors

i 5p0@ (SPZ/Z)BS"’
J* i SpPr — (spP/H P,
which admit right adjoints j«. We have the fixed point functors
(—)Cr :SpP2®@ _; 5p0@/Cp ~ g0
(=) : SpP2r — §p?/2,
We have the norm functor

D>,

.QnZ/2
NZ/2 :Sp

— SpDzP.

We have the geometric fixed point functors
q)CI’ : Spo(z) — Spo(z)/cp ~ Spo(z)’

o7 - SpDzl’ — SpZ/z.
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Recall from [28, Definition 1.6, Remark 1.8] that the parametrized Tate constructions are
(_)th — j*q)ij* . (SPZ/Z)BS(7 N (SPZ/Z)BSU,

For X € SpZ/ 2 we often use the notation X ®¢7 := '*NZZZ;’ X . We have the parametrized Tate diagonal

given by the composite natural map

A:X = @O N

2 X > O L N X = (XS )CE.

Z/2

A real cyclotomic spectrum X is an object of (SpZ/ 2)BS?

equipped with maps

op: X — X'C5
in (SpZ/ 2)BS? for all primes p. In [27, Definition 1.20], the co-category of real cyclotomic spectra is
defined to be the lax equalizer

o id o
RCycSp := LEq((Sp%/?)BS %ﬁ [1,(Sp%/?)BS).
Hp(_) P

See [27, Remark 1.21] for the Z/2-oco-category of real cyclotomic spectra RCycSp. We refer to
[27, Remark 4.3] for the functor
TCR : RCycSp — SpZ/2.

By [26, Proposition 3.7], the forgetful functor
q* : (NAIgZ/2)BS? _ NA1gZ/?

admits a left adjoint gg. For A € NAng/z, following [27, §5] (see also [26, Definition 3.11 and
Proposition 3.12], we set

THR(A) :=qgA.
Recall from [27, §5] the following facts:

(1) There exists a unique map
¢p : THR(A) — THR(A)'S7

such that the induced square

A —— 5 THR(A)

5-1) Al o

(A®Cg)lcg — THR(A)th

commutes, where the lower horizontal map is induced by the inclusion C, — S L

(2) ¢p is amap in NAng/z.
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(3) As a consequence of (2), THR(A) is an object of NAlg(RCycSp), where NAlg(RCycSp) denotes
the oco-category of normed algebras in RCycSp defined as in [2, Definition 9.14]. We write down the
definition as follows. For X € FinGpd, let Finy denote the category of finite coverings of X in FinGpd.
We have a functor

RCycSp® : Span(Fing(z/2)) — Catso

in [27, Point 3 after Remark 4.3]. A normed algebra in RCycSp is a section of RCycSp® over

Span(Finp(z/2)) that is cocartesian over the backward morphisms in Span(Fing(z/2)). Recall that a
backward morphism in a span oo-category is a morphism of the form X <Y 445y see [2, Appendix C].

Proposition 5.1 Let P be a commutative monoid with involution. Then for every prime p, there exists a
natural equivalence of 7Z./2-spaces

(5-2) BYP)Cr ~ Blip,

Proof Let sd, be the p-fold subdivision functor in [8]. For every integer ¢ > 0, the set of g-simplices in
(sdediP)Cﬂ is the set

{(x0,...,Xg,....X0,...,Xq): X0,...,Xq € P},

which is isomorphic to the set of g-simplices in N4 P. This isomorphism is also compatible with the
involutions, so we obtain the desired equivalence. |

Proposition 5.2 Let P be a commutative monoid with involution. Then for every prime p, there exists a
natural equivalence of 7Z./2-spaces

(5-3) (Bder p)Cr ~ BdreP p,

Proof The isomorphism N4 PP ~ (sdedinp)CP obtained by the proof of Proposition 5.1 can be
restricted to an isomorphism NP P ~ (sdedrepP)Cﬂ. This produces the desired equivalence. |

Proposition 5.3 Let P be a commutative monoid with involution. Then the Frobenius ¢, : THR(S[P]) —
THR(S[P])!C? is equivalent to the composite

(5-4) S[BYP] => S[(BY P)Cr] = ¢CrS[BU P] - S[BY P'C7
where the first map is obtained by (5-2).

Proof Consider the commutative square

p— yBip

:T T"V

(P®CP)CP SN (BdiP)Cp
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where the right vertical arrow is obtained by (5-2), and the lower horizontal arrow is induced by the
inclusion C, — S!. After taking S[—], we obtain the commutative square

S[P] ———— S[BYP]

=] Tz

®Cr N, 2 S[P] — ®CrS[BYP]

Using the natural transformation ®¢» — ®C» j, j*, we obtain the commutative square

S[P] ——— S[BYP]
(S[P]oz»cg)tcg s S[BdiP]th
Compare this with (5-1) to conclude. O

Definition 5.4 Let P be a commutative monoid with involution. We have the Frobenius ¢ : S[BYP P] —
S[BYP PJ*C7 given by the composite

(5-5) S[B¥*P P] = S[(BYP P)Cr] =5 @CrS[BUIP P] — S[BUP PIICF

where the first map is obtained by (5-3). Since the canonical map B P — B9®P P is a map of commutative
monoids in the category of topological O(2)-spaces, we obtain a natural map

(5-6) S[BY P] — S[B¥P P]

in (NAng/ 2)BS?  Compare (5-4) and (5-5) to see that (5-6) is compatible with ¢p. Hence we can
promote (5-6) to a map in NAlg(RCycSp).
Let (A4, P) be a log ring with involution. We take the coproduct

THR(A, P) := THR(A) Ag[ga p S[B"P P]
in NAlg(RCycSp). The real topological cyclic homology of (A, P) is
TCR(A, P) := TCR(THR(A, P)).
Proposition 5.5 The forgetful functor
RCycSp — SpZ/2
is conservative, exact, symmetric monoidal, and preserves colimits and finite limits.

Proof We refer to [27, Remark 4.3]. O

Definition 5.6 A morphism of log schemes with involutions is a strict equivariant Nisnevich cover if it is
strict and its underlying morphism of schemes with involutions is an equivariant Nisnevich cover in the
sense of Voevodsky [9, §3.1]. See also [14, §2].
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The strict equivariant Nisnevich topology is the topology generated by strict equivariant Nisnevich
covers. Let seNis be the shorthand for this topology. Observe that the strict equivariant Nisnevich topology
is coarser than the strict isovariant étale topology.

Proposition 5.7 Let (A, P) be a finite-dimensional noetherian log ring with involution. Then the presheaf
THR(—, P) on the opposite category of A-algebras of finite type with involution is an equivariant
Nisnevich sheaf of real cyclotomic spectra.

Proof For an equivariant Nisnevich distinguished square Q (see [14, §2.1]) consisting of A-algebras of
finite type with involution, we need to show that THR(Q, P) is a cocartesian square of real cyclotomic
spectra. By Proposition 5.5, it suffices to show that THR(Q, P) is a cocartesian square of Z /2-spectra.
This is a consequence of Proposition 4.1. a

Remark 5.8 We do not know whether THR(—, P) in Proposition 5.7 is an isovariant étale sheaf of real
cyclotomic spectra. An affirmative answer would remove the finite-dimensional noetherian assumption in
Theorem 5.12 below.

Proposition 5.9 Let X be a finite-dimensional noetherian separated log scheme with involution. Then
there exists an equivariant Nisnevich covering {U; — X };e; such that each U; is an affine scheme with
involution.

Proof This is a consequence of [14, Lemma 2.20]. O

Proposition 5.10 The functor THR from the category of log rings with involutions to Z./2-spectra
preserves filtered colimits.

Proof The is a consequence of Propositions 3.8 and 5.5. a

Definition 5.11 Let X be a finite-dimensional noetherian separated integral log scheme with involution.
Consider the presheaf THR |y of real cyclotomic spectra given by

THR|x (U) := THR(I'(U, Op), I'(U, My))
for every strict isovariant étale morphism U — X. Consider
THR(X) := (Lyenis THR [ )(X) € RCycSp,

where Lgenis denotes the strict equivariant Nisnevich sheafification functor.

Observe that THR is a strict equivariant Nisnevich sheaf of real cyclotomic spectra by definition. Further-
more, if we forget the real cyclotomic structure on THR(X), then we recover THR(X) in Definition 4.5
by Theorem 5.12 below.

The real topological cyclic homology of X is

TCR(X) := TCR(THR(X)).
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Theorem 5.12 Let (A, P) be a finite-dimensional noetherian integral log ring with involution. Then the
induced map
THR(A, P) — THR(Spec(4, P))

is an equivalence of real cyclotomic spectra. In particular, the induced map
TCR(A, P) — TCR(Spec(4, P))
is an equivalence of 7./2-spectra.

Proof Argue as in the proof of Theorem 4.6, but use instead Propositions 5.7, 5.9, and 5.10 to reduce to
the case when A is a local ring. In this case, we need to show that the induced map

THR(A, P) — THR(4, P9)

is an equivalence of real cyclotomic spectra, where P¢ := P @g-1(4+) A™ if 6 : P — A is the structure
map. This is a consequence of Theorem 4.6 and Proposition 5.5. a

The purpose of the remaining part of this section is to show Proposition 5.30, which is needed for
Proposition 6.17. For this, we will check that various squares commute.
The map of Z/2-spaces ¢q : * — BS? induces the forgetful functor

q* . (SpZ/Z)BS” N SpZ/Z,
which is conservative by [26, Proposition 3.8] and admits a left adjoint gy and right adjoint g« by
[26, Proposition 3.7].
Proposition 5.13 There are natural equivalences
(5-7) q"qy =~ I*ST A (-),
(5-8) g qx 2 TTIECST A ().
Proof For (5-7), consider the cartesian square
§7 —— %
rl l/q
* —1 5 BSO
where r : §7 — x is the unique map. By [28, Lemma 4.3], we have a natural equivalence g*gy >~ ryr*.
To obtain (5-7), observe that the projection formula [28, Lemma 5.44] yields a natural equivalence
rﬁr* ~ 2]""Sj‘Ir A ().
We have fib(id — ¢*gy) ~ X°. By taking right adjoints, we have cofib(¢*gx — id) >~ X7, which
yields (5-8). O

Remark 5.14 We similarly have the conservative forgetful functor
q*:Sp? st Sp
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with a left adjoint gy and right adjoint g«. There are also natural equivalences

q*qy ~ T®°S} A (-).

q%qx =~ E_lEooSi A (—).
Proposition 5.15 There are induced commutative squares

q (o3 * o
SpZ/Z u; (SpZ/Z)BS SPZ/Z q 3 (SpZ/Z)BS

N [ |

Sp q4 SpBSl Sp qx SpBSl

. _ . 1 . .
Proof We focus on the first square since the proofs are similar. Since ¢* : SpB 5 Sp is conservative,
it suffices to show that the composite natural transformation

q gyt —qi"qy =>i"q"qy

is an isomorphism. Using Proposition 5.13 and Remark 5.14, this natural transformation can be identified
with the natural transformation

TOST AT = (TSI A(-)).
This is an equivalence since i ¥*£®°S? ~ %®° g1, d

Letv: BS? — B(S?/C;) >~ BS? be the functor induced by the quotient map S — S7/C;. We
have the induced functor

v* - (SpZ/Z)BSU N (SpZ/Z)BSU’

whose left adjoint is (—),cg and right adjoint is (_)hcg , which correspond to (—)y, o, 8! and (—)hCZS '
used in [28, Example 5.57]. Similarly, we have the induced functor

BS!

BS! — Sp ,

v*:Sp
whose left adjoint is (—)c,, and right adjoint is (—=)"Cr which are used in [24, Theorem 1.3].
Proposition 5.16 There are induced commutative squares

SpBSl v* s SpBSl SpBSl v* s SpBSl

R

(Sp2/2)BST Ly (SpI2)BST  (spBI2)BST 2y (5p?/2)BST
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Proof We focus on the first square since the proofs are similar. We have the induced commutative
diagram
igg*v* —— qrigv* —— g v*iy

:l l:

*

ixq 5 q*iﬂ

The vertical arrows are equivalences since the composite * 4, Bs® 25 BS° agrees with g and the
same claim holds for BS! too. The lower horizontal and upper right horizontal arrows are equivalences
by Proposition 5.15. Hence the upper left horizontal arrow is an equivalence. To conclude, use the fact
that g™ : SpB st Sp is conservative. a

Let u : BS® —  be the unique map. We have the induced functor u* : Sp%/? — (Sp%/2)BS? whose
left adjoint is (—)j, 50 and right adjoint is (—)"*S g Similarly, we have the induced functor u* : Sp — Sp? §!
whose left adjoint is (—); g1 and right adjoint is (—)hS "

Proposition 5.17 There are induced commutative squares

Sp v SpBSl Sp v SpBSl
iﬁl l/in i*l l/i*
SpZ/Z u* s (SPZ/Z)BSU SPZ/2 u* s (SpZ/Q,)BSO_
Proof Argue as in Proposition 5.16. O

Proposition 5.18 There are induced commutative squares

(sp?/2)8s” O (sp2/2yps” (sprizysT O, gz

- i .| |+

_\tC AL
Sszl (=)'er ; SpBSl Sszl =) s Sp

Proof Consider the appropriate adjoint squares of the squares in Proposition 5.16, and compare the
cofiber sequences (—)nc, — (—)"Cr — (=) and (Dncg — (=)"C5 — (=)' to obtain the left
square. Argue similarly for the right square, but use Proposition 5.17 instead. |

Construction 5.19 The motivic purity transformation [1] can be adapted to the equivariant homotopy
theory as follows. Let f : X — § be a finite covering in FinGpd. Consider the induced diagram

X 9y xxgX 2 x

pll lf

x —L 5
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where a is the diagonal morphism, and p; (resp. p») is the first (resp. second) projection. We set
> f = Doflx. We have the natural transformation

fi 25 fiZy : SH(X) — SH(S)
given by the composite
Sy = fﬁpl*a* - f*Pzﬁa*-

Recall that i : * — B(Z/2) denotes the unique morphism.
Proposition 5.20 The functor X; is equivalent to the identity functor, and the natural transformation
pi : iy —> ix2; Is an equivalence.
Proof Letr:7Z/2 — x be the unique map of finite groupoids, and let a : * — Z /2 be the inclusion to
the first point. The functor a« : Sp — Sp x Sp is (id, 0), and the functor ry : Sp x Sp — Sp is the direct
sum functor. Hence X; := ryax is equivalent to the identity functor.

The pair of functors (i *, ®Z/2) is conservative. Since ®Z/ Ziﬁ ~ L2}, ~0 by Proposition A.2.7(3), (5)
in [19], it suffices to show that i *p; is an equivalence. Using Proposition 5.15, it suffices to show that p,

is an equivalence. This can be shown directly using the following description in [19, Proposition A.1.5]:
for a finite set X with n elements, SH(X) is equivalent to the product of n copies of Sp. O

Construction 5.21 Consider the composite functor

(5-9) %1 SpBS' 2, gpBS' x gpBSt 1, gpBS!

where ax := (id, 0), and ry is the direct sum functor. As in Construction 5.19, we have the natural
transformation

(5-10) iy 25 0,3 1 (Sp2/2)BST > gpBS

Proposition 5.22 The functor (5-9) is equivalent to the identity functor, and the natural transformation

(5-10) is an equivalence.

Proof The descriptions of ax and ry show that (5-9) is equivalent to the identity functor. Since
q*: SpB st Sp is conservative, the second claim is reduced to Proposition 5.20 by Proposition 5.15. O

Proposition 5.23 There are induced commutative squares

_\iC
Sp Sszl Ssz' ()—"> Sszl

i [ I

(SPZ/z)BS(’ Oneg (SpZ/Z)BS” (SPZ/Z)BS" (—)hc’q; SpZ/z

BS! (_)th

— _yas!

i [ I

(SpZ/2)BS° s, SpZ/2  (spE/?)BS° (—)hsaé SpZ/?
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Proof The right squares commute since their left adjoint squares commute. Together with Proposi-
tions 5.20 and 5.22, we see that the left squares commute too. |

Proposition 5.24 There are induced commutative squares

SpBS! o, SpBS! SpBS! o, sp?S’

i [ I

(sp2/2y857 L (spzizypst (it D (gpzisT

Proof Argue as in Proposition 5.18, but use Proposition 5.23 instead. |

Proposition 5.25 There is an adjunction
i*:RCycSp = CycSp : i«

satistying the following properties:

(1) For Y € RCycSp, the Frobenius i*Y — (i*Y)'Cr is identified with i*¢ if ¢ : Y — Y'C5 is the
Frobenius.

(2) For X € CycSp, the Frobenius ixX — (ix+X)'C7 is identified with ivp if ¢ : X — X'Cr is the
Frobenius.

(3) i* is symmetric monoidal.

Proof The functor i* : RCycSp — CycSp is obtained by taking lax equalizers to the rows of the diagram

o id o
(Sp™/?)BST ——= ], (Sp?/*)BS

[,(=)?
(5-11) ,-*l ’ I
1 id N 1
Sp° [1,(=)cr ’ np 5%
(=
whose two squares commute by Proposition 5.18. The two squares in the induced diagram
1 id N 1
sp?S a1 sp?*
(5-12) i*l ’ 2
id
SpZ/2)BS° ! SpZ/2)BS°
(Sp™*) ﬁ [1,(Sp™%)

commute by Proposition 5.24. Hence we see that a right adjoint i is obtained by taking lax equalizers to the
rows of (5-12) since we can check the counit-unit identities pointwise. This implies the claims (1) and (2).

Recall from [24, Construction IV.2.1(ii)] the following fact: Let C, D, and £ be symmetric monoidal
oo-categories. If F :C — D (resp. G : C — D) is a symmetric (resp. lax symmetric) monoidal functor,
then having a symmetric monoidal functor £ — LEq(F, G) is equivalent to having a symmetric monoidal
functor H : £ — F and a lax symmetric monoidal transformation F o H — G o H.
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Z/Z)BS”
Z/Z)BSU

The canonical functor RCycSp — (Sp is symmetric monoidal by the above paragraph, and one

can show that the forgetful functor i * : (Sp — SpB 57 is symmetric monoidal using the descriptions

of the symmetric monoidal structures on SpB ' and (SpZ/ 2)BS? obtained by [24, Construction IV.2.1(1);
28, Example 5.13]. Hence the composite functor RCycSp — SpB 5'is symmetric monoidal too. Further-
more, we have the lax symmetric natural transformation of the two composite functors
o j* id
RCycSp —— (SpZ/z)BS — SpZ/2 1:C§ [, SpBS1
Hp (_)t p
using (5-11) and the above paragraph. We deduce the claim (3) using the above paragraph again. m]

Proposition 5.26 For X € CycSp and Y € RCycSp, there are natural equivalences
i*TCR(Y) ~TC(i*Y),
i+TC(X) ~ TCR(i«X).

Proof Using the descriptions of i*Y — (i*Y)!C» and i X — (ixX)’ €7 in Proposition 5.25, the claim
follows from [24, Corollary 1.5; 27, Theorem C(3)], and Propositions 5.17 and 5.23. O

Proposition 5.27 Let (A, P) be a log ring with involution. Then there is a natural equivalence of
cyclotomic spectra

i*THR(A, P) ~ THH(i *A,i* P)
and hence an equivalence of spectra
i*TCR(A, P) ~ TCR(i*A,i*P).

Proof We have a natural equivalence of spectra i *THR(A) ~ THH(i * A) by [19, Proposition 3.4.7].
Apply i* to (5-1), and compare this with the square in [24, p.342] to show that i *THR(A) LAL7IN
i*(THR(A)! Cy ) can be identified with THH(A) LN THH(A)! Cr. We also need Proposition 5.18 here.
Together with Proposition 5.25(2), we have an equivalence of cyclotomic spectra i *THR(A) >~ THH(A).

On the other hand, if we apply i* to (5-4) and (5-5), then we get ¢, for S[B® P] and S[B"P P]
by Proposition 2.15 by Proposition 5.18. Together with Proposition 5.25(2), we have equivalences of
cyclotomic spectra i *S[BY P] ~ S[B® P] and i *S[BY°P P] ~ S[B™P P]. Proposition 5.25(3) finishes the
proof. |

Proposition 5.28 There is a commutative square

CycSp l—*> RCycSp

| |

Sp l—*> SpZ/ 2
where the vertical arrows are the forgettul functors.
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Proof By Proposition 5.16, it suffices to show that there is a commutative square

CycSp LN RCycSp
1 1% o
SpBS s (spZ/Z)BS
where the vertical arrows are the forgetful functors. This can be obtained using (5-12). a

Proposition 5.29 Let (A, P) be a log ring. Then there is a natural equivalence of real cyclotomic spectra
THR(i«A, P) ~ i« THH(A, P).

Proof Argue as in Construction 3.6 but use Proposition 5.27 instead to construct a natural map of real
cyclotomic spectra THR(i« A4, P) — i«THR(A, P). By Proposition 5.5, it suffices to show that this
becomes an equivalence of Z /2-spectra after applying the forgetful functor RCycSp — SpZ /2. This is a
consequence of Propositions 3.7 and 5.28. |

Proposition 5.30 Let X be a finite-dimensional noetherian separated integral log scheme. Then there is a
natural equivalence of real cyclotomic spectra

THR(iy X) ~ i, THH(X)
and hence an equivalence of 7./2-spectra
TCR(iyX) ~ ixTC(X)
and an equivalence of spectra
TCR(ip X)%/? ~ TC(X).
Proof Argue as in Proposition 4.8, but use Propositions 5.9 and 5.29 to obtain the first equivalence. For
the remaining equivalences, use Proposition 5.26 and [19, Proposition A.2.7(2)]. O

We will use the notation

THRZ/?2(-) := THR(—)%/?, TCRZ%/?(-):=TCR(-)%/2.

6 Motivic representability

Throughout this section, we fix a finite-dimensional noetherian separated scheme S (with the trivial log
structure and involution). The purpose of this section is to represent THHZ/2 and TCR%/2 in logSH(S)
and THR and TCR in a Z /2-equivariant analogue of logSH(S).

We begin with recalling the ingredients for defining logSH(S). Let SmlSm/S denote the category of fs
log schemes Y of finite type over S such that Y — S is log smooth and ¥ — § is smooth. A morphism in
SmISm/S is a strict Nisnevich cover if it is strict and its underlying morphism of schemes is a Nisnevich
cover. We have the oo-category of strict Nisnevich sheaves of spectra Shg;s(SmISm/S, Sp).
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For a smooth scheme X of finite type over S with a strict normal crossing divisor D, let (X, D) denote
the fs log scheme with the underlying scheme X and the compactifying log structure associated with the
open immersion X — D — X. By [6, Lemma A.5.10], every object of SmlSm/ S arises as this form. We
often regard P"~! as a closed complement of A” in P”, and we form (P”, P"~1). We set (0 := (P!, c0).

Now, the co-category of logarithmic motivic S'-spectra is defined to be the localization
logSHg1(S) := (P*, P*~") ™' Shyxis(SmISm/ S, Sp),

where (P*, P*~1)~! denotes the class of projections (P”,P"~1) x X — X for all X € SmISm/S and
integers n > 1. This is one of the various models of logSHg1(S) in [7, §3.4]. The oco-category of
logarithmic motivic spectra is defined to be the co-category of P!-spectra in logSH g1 (S), that is,

logSH(S) := Spp1 (logSHg1(S)).

Remark 6.1 In this section, we often compute THR(X x Y) in terms of THR (X)) for noetherian separated
fs log schemes X and Y such that there is a Zariski covering {Spec(Z[M;], P;) — Y }ies for some
homomorphisms of monoids P; — M;. In view of Proposition 3.3, the base X is irrelevant for the
computation. We will often argue as if everything takes place on the spectral scheme Spec(S) instead
of X for notational convenience.

Recall that S7 is S! with the involution given by ¢'% € S+ 7% We have the functor
%% := %87 A (—): Sp?/? — sp?/2.
Let us recall the computation of THR for the projective spaces with the trivial involutions as follows.

Proposition 6.2 Let X be a noetherian separated fs log scheme. Then there exists a natural equivalence
of 7./2-spectra

THR(X) & ®}"/? i, THH(X) if n is even,

THR(X x P") ~ /2] . n(o—1) S
THR(X) ® P;=;" ixTHH(X) & THR(X) ifn is odd.

Proof Following Remark 6.1, we can argue as if everything takes place on S instead of X. Then the
claim is due to [19, Theorem 5.2.6]. O

Our next goal is to show that THRZ%/2 and TCR%/? are representable in logSHg1(S). For this, we
need the notion of cubes [22, Definition 6.1.1.2], which we recall as follows.

For a set I, let P(/) denote the set of subsets of /. We impose the partially ordered set structure
on P(7') with respect to the inclusion, and we regard P(7') as the associated category. For an co-category C,
an I -cube in C is a functor

0:P()—C.

If the cardinal of [ is an integer n, then an [-cube is called an n-cube. The total cofiber of Q is

tcofib(Q) := cofib(colim(Q|p(1)—{1}) — Q)),
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whenever the colimit and cofiber exist. The fotal fiber of Q is

tfib(Q) := fib(Q(2) — im(Q|p(1)—(z})).
whenever the limit and fiber exist.
Theorem 6.3 Let X be a noetherian separated fs log scheme with involution. Then the induced map
THR(X) — THR(X x (P",P"" 1))
is an equivalence of real cyclotomic spectra, where we impose the trivial involution on (P", P"~1).

Proof By Proposition 5.5, it suffices to show that the map is an equivalence of Z /2-spectra.

Following Remark 6.1, we will argue for S instead of X. Let Uy, ..., Uy be the standard cover of Pé’,
and we set U; := (P&, Pé’_l) xpz Ui For every nonempty subset / C [n],weset U(I):=Ur:=();e; Ui-
We also set Ug := S. We regard U as an (n+1)-cube. We need to show tcofib(THR(U)) ~ 0.

For notational convenience, we consider the commutative monoids

Pji={(x1,....xn) €Z" :x; =0} for j=1,....n,
Po:={(x1,....xp) €2" : x1 +---+ x, <0},
Fo:={(x1,...,%n) €Z" : X1 + -+ X, = 0}.

For every subset J C [n], we set Py :=(");¢; P;. By convention, we have Pg :=Z". There is a canonical

equivalence

THR(S[ Py if0el,
THR(S[P1—1]. Plaj—1 N Fo) ifO& 1.

Each Py is isomorphic to products of finite copies of Z and N. The computations of BN and B4Z in
[19, (4.12), Propositions 4.2.11, 4.2.12] and the fact BY preserves finite products [19, Proposition 4.2.4]

yield a natural equivalence of Z /2-spectra

THR(Ur) ~ S[®(])]
with
d(1) := ]_[ D1 (x1,....%n)).
(X1 50eesxn)EZN
d(7; e x Oy (1 if Pri—r1,
O3 (x1, . gy o | PHT 0 X Pllin) (i (1) € Plas
10} otherwise,
* ifx;=0andiel,
Q;(I;x;):=
i) {S" otherwise.
Since there is a natural decomposition
tcofib(®) ~ [ ] teofib(®(—: x)).
xezZn"

it suffices to show tcofib(®(—; x)) ~ 0 for every x € Z".
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If x # (0, ...,0), then there exists i € [n] such that x ¢ P;. The induced map ®(/;x) — &(1 U{i}; x)
is a Z /2-homeomorphism whenever i ¢ I. Together with the categorical result [7, Proposition A.6.5], we
have tcofib(®(—; x)) ~ 0.

If x =(0,...,0), then the induced map ®(7;x) — ®(1 U{0}; x) is a Z/2-homeomorphism whenever
0 ¢ I. We have tcofib(P(—; x)) ~ 0 similarly. |

The THH and TC parts of the following result are proved in [7, Theorem 8.4.4].
Theorem 6.4 Let S be a noetherian separated scheme. Then the sheaves
THH, THR%/2, TC, TCR%/? € Shynis(SmISm/ S, Sp)
are in logSHg1(S).
Proof Immediate from Theorem 6.3. |

Since THR is not a sheaf of spectra but a sheaf of Z /2-spectra, we cannot directly apply the results
in [6; 7] to THR. Instead, we will often use the fact that the pair (i *, (—)Z/ 2) is conservative to reduce to
the case of THH and THR%/2.

For any vector bundle £ — X with X € SmISm/S, the real topological Hochschild homology of the
Thom space Th(E) is defined to be

6-1) THR(Th(E)) := fib(THR(E) — THR(BIZE, E)),

where Z is the zero section of £, and E is the exceptional divisor.

Proposition 6.5 With the above notation, there are natural equivalences of 7 /2-spectra
THR(Th(£)) ~ fib(THR(P (€ & 0)) — THR(P())),
TCR(Th(€)) ~ fib(TCR(P (£ & 0)) — TCR(P(£))).

Proof We focus on the case of THR since the proofs are similar.
Let Y and Y’ be the blow-up of £ and P(€ @ O) along the zero section, and let E and E’ be the
exceptional divisors. By the proof of [6, Proposition 7.4.5], there exists a commutative diagram

Y.E) —— (Y',E') +——— P(&)

| |

E—PEDO)
such that the induced maps

fib(F(P (€ ® 0)) - F(Y', E")) — fib(F(E) - F(Y, E)),
FY', E"Y— F(P(€))

are equivalences for F € logSHg1(S). In particular, these are equivalences for THH and THRZ/2 by
Theorem 6.4. From this, we obtain the desired equivalence. |
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Lemma 6.6 Let &, — Xy and & — X, be vector bundles, where X1, X2 € SmISm/S. We regard
T := &1 x5 &> as a vector bundle over X1 X5 X,. We set

Th:=Blz,&1, E1) x5 &, Tr:=&1 X5 Blz,&, Ez), Tia:=T1 x5 T,
where Z1 and Z, are the zero sections of £1 and &. Then there are natural equivalences of 7. /2-spectra
THR(Th(T)) >~ tib(THR(C3)), TCR(Th(T)) >~ tfib(TCR(C3)),

where C3 is the cartesian square
T, — T

I

T, —— T

Proof Again, we focus on THR. Consider the fs log schemes 77 € SmlSm/S for every subset / of
{1,2,4} in [6, Construction 7.4.14], and consider the induced squares

Ty —— Ts T124 —— Tha
a-| [ e[ ]
Ty —— T Ty — T

We have the induced maps of squares C; <— C> — C3. By Theorem 6.4 and the proof of Proposition 7.4.15
in [6], the induced maps

tiib(F(C1)) — tib(F(C3)) < tfib(F(C3))
are equivalences for F := THH, THRZ/2. This implies that we have a natural equivalence
tfib(THR(C1)) =~ tfib(THR(C3)),
which yields the desired equivalence. |
Proposition 6.7 For X € SmISm/S and integer n > 0, there are natural equivalences of 7 /2-spectra
THR(Th(X x A")) ~ £"@~DTHR(X), TCR(Th(X x A")) ~ £*~DTCR(X),
where we regard X x A" as the rank-n trivial bundle over X .

Proof Again, we focus on THR. We proceed by induction on n. The claim is trivial if n = 0. Assume
n>0 Weset X;:=X,E :=XxA""!, X,:=8,and & := § x Al. The square C3 in Lemma 6.6
becomes

(Bly (X x A"1), Ey_1) x (A1,0) —— (Bly(X x A"1), Ey_y) x A

| |

X x A1 x (Al,0) s X x AP x Al
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where E,_; is the exceptional divisor. By [19, Proposition 5.2.4], Proposition 3.3, and Lemma 6.6,

we have a natural equivalence
THR(Th(X x A™)) >~ THR(Th(X x A"~ 1)) A fib(THR(S[N]) — THR(S[N], N)).
Combine this with Example 3.4 and use the induction hypothesis to conclude. O

Next, we are concerned about the Gysin cofiber sequence in logarithmic motivic homotopy theory.
For this, we recall the deformation to the normal cone construction in the logarithmic setting as follows.
Assume that X € SmISm/S has the form (X, Z; +--- 4+ Z,), and let Z be a strict closed subscheme
of X such that Z is strict normal crossing with Z1 4 --- + Z, in the sense of [6, Definition 7.2.1]. The
blow-up of X along Z is

BlzX := BlzX.,Z1+--+ Zn),

where Z, ; 1s the strict transform of Z; for 1 <i < n. The normal bundle of Z in X is defined to be
Nzx = sz( Xx X,

where Nz X denotes the normal bundle of Z in X. The deformation space associated with Z — X is
defined to be

Dz X := Blzxoy(X x O) — Blzx 03 (X x{0}).

Theorem 6.8 With the above notation, there exist natural cofiber sequences of Z./2-spectra

THR(Th(Nz X)) - THR(X) — THR(BlzZ X, E),

TCR(Th(Nz X)) - TCR(X) - TCR(Blz X, E),
where E is the exceptional divisor.
Proof Again, we focus on THR. We have the induced maps
fib(THR(X) — THR(Blz X, E)) < fib(THR(Dz X) — THR(Blzxn(Dz X), EP))

— fib(THR(Nz X) — THR(BIz(Nz X), EV)),

where E, EP, and EV are the exceptional divisors. It suffices to show that the corresponding maps
for THH and THRZ/2 are equivalences of spectra since the pair of functors (i *, (—=)Z/2) is conservative.
This is a consequence of [6, Theorem 7.5.4] (see also [7, Theorem 3.2.14]) and Theorem 6.4. O

Recall from [7, Definition 8.5.3] that we have the log motivic spectra

THH := (THH, THH, ...),
TC := (TC,TC,...),

whose bonding maps THH — Qp1 THH and TC — Qp1 TC are obtained by the projective bundle formula.
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Example 6.9 Let X be a scheme, and let £ — X be a rank-n vector bundle. There exists a Thom

equivalence
THH(Th(E)) ~ THH(X);

see [7, Proposition 8.6.9]. This is a consequence of the fact that THH is an orientable logarithmic motivic
spectrum [7, Definition 7.1.3, Theorem 8.6.7]. Unlike this, in general, we do not have an equivalence

THR(Th(E)) ~ =" ~DTHR(X),

i.e., THR(Th(E)) 22 THR(Th(X x A")) by Proposition 6.7.
For example, if X := IP’é’ and Z = ]P’é’_1 with even n > 2, then Proposition 6.2 and Theorems 6.3

and 6.8 yield

ln/2]

THR(Th(Nz X)) ~ @] i.S.

j=1

This is not equivalent to
L(n—1)/2]
S°ITHR(Z) ~ 27! @ iSezreD
i=1
that is obtained by Proposition 6.2. We have a similar conclusion if 7 is odd too.
We also obtain the following descent result with respect to blow-ups along smooth centers (with the

trivial involutions).
Theorem 6.10 Let Z — X be a closed immersion of smooth schemes over S. Then the induced squares

of 7,/2-spectra
THR(X) ——  THR(Z) TCR(X) ——  TCR(Z)
THR(Z xx BlzX) —— THR(Blz X) TCR(Z xx BlzX) —— TCR(Blz X)
are cartesian.

Proof Again, we focus on THR. The corresponding squares of spectra for THH and THRZ/2 are
cartesian by [6, Theorem 7.3.3] (see also [7, Theorem 3.3.5]) and Theorem 6.4. This implies the claim
since the pair of functors (i *, (—)Z/ 2) is conservative. O

Let P° be the scheme P! with the involution given by [x : y] — [y : x]. Let 1 be the base
points of P! and P?, and then we form the endofunctors Qp1, Qpo, and Qpipo =~ QpoQp:
on PSh((SmISm/S)z,, Sp) and PSh((SmISm/S)z/», SpZ/?).

Proposition 6.11 Let X be a noetherian separated fs log scheme. Then there are natural equivalences of
7 /2-spectra
THR(X) >~ Qpi,ps THR(X), TCR(X) ~ Qpi,poTCR(X).

Proof Again, we focus on THR. Following Remark 6.1, we reduce to [19, Proposition 5.1.5]. |
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Definition 6.12 The oco-category of prelogarithmic motivic 7./ 2-spectra over S is defined to be
prelogSHZ/2(S) := Spp1 \po ((P*, P*~") ! Shyenis (SmISm/S) 72, Sp)).

Remark 6.13 Let AY denote the affine line A! with the involution w given by x — —x. We have the
Al-homotopy

(6-2) Al X AY > AY

given by (x, y) - xy. Due to this, the projections X x A% — X are automatically inverted if we invert
the projections X x A — X forall X € (Sm/S)z/2.

However, this phenomenon is not generalized to the logarithmic setting since there exists no morphism
of fs log schemes

OxO% - 0Ov

extending (6-2), where (0" denotes the fs log scheme O with the involution [x, y] — [—x, y]. This
indicates that inverting the projections X x 0% — X for all X € (SmlSm/S)z/, is at least required for a
better behaved oo-category of logarithmic motivic Z /2-spectra.

Definition 6.14 The prelogarithmic motivic 7./ 2-fixed point functor is defined to be the functor
(—)Z/2 : prelogSHZ/z(S) — logSH(S)
sending a P! A P9-spectrum (Fo, Fi, Fa,...) to the P!-spectrum
(Fo, Qpo F1, Qp20Fa,...)

restricting to the objects of the category SmlSm/S with the trivial involutions, where the bonding map
Qpno Fp = Qpi apni+1o Fnt1 1s induced by the bounding map F, — Qpipo Fnt1-

Definition 6.15 The motivic real topological Hochschild 7./ 2-spectrum and motivic real topological
cyclic 7./ 2-spectrum are the P! A P -spectra

THR := (THRZ/2, THR%/2, .. ) € prelogSHZ/2(S),
TCR := (TCR%/2, TCR?/2, .. .) € prelogSHZ/2(S),

whose bonding maps are given by Proposition 6.11. We have the induced motivic spectra
THR%/2, TCR?%/? € 10gSH(S).

Definition 6.16 For a strict Nisnevich sheaf of spectra 7 on (SmISm/S)z/>, let i*F be the strict
Nisnevich sheaf of spectra on SmlSm/S given by

i*F(X) 1= F(isX).
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Observe that for every integer n > 1, i * F is (P”, P”~D)-invariant if F is (P”, P?*~!)-invariant. We have

the “forgetful” functor

i* : prelogSHZ/2(S) — logSH(S)

sending a P! A P-spectrum (Fo, Fi, Fa,...) to the P1-spectrum

(i*Fo, Qpoi*F1, Qpaoi*Fa,...)

with the induced bonding maps.

Proposition 6.17 There are equivalences, in logSH(S),

i*THR ~ THH,
i*TCR ~ TC.

Proof This is a consequence of Corollary 4.9 and Proposition 5.30. |

Remark 6.18 In this section, we have considered mainly THR and TCR, but we can similarly show the
analogous results for TCR™ := THR"S?, TCR},s0, and TPR := THR! 57,
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A note on the involutive invariants of splices

KRISTEN HENDRICKS, MATTHEW STOFFREGEN AND IAN ZEMKE

A natural family of potentially 2-torsion elements in the integer homology cobordism group consists of
splices of knots with their mirrors. We show that such 3-manifolds have locally trivial involutive Floer
homology. We show some related families of splices also have locally trivial involutive Floer homology.
Our arguments show that many gauge-theoretic invariants also vanish on these 3-manifolds.

1 Introduction

The integer homology cobordism group ®3Z is the group of oriented homology three-spheres up to the
equivalence relation of homology cobordism. In 2013, C. Manolescu used a Pin(2)-equivariant version of
Seiberg—Witten Floer homology to show that ®3Z contains no element Y of order two whose Rokhlin
invariant @ (Y') is 1 [18], which due to previous work of Galewski and Stern [7] and Matumoto [19] was
sufficient to disprove the remaining outstanding cases of the triangulation conjecture. It remains unknown
whether ® % has any torsion elements; in particular, whether it contains a torsion element of order two.
In order to produce an element of order two, it suffices to exhibit an oriented integer homology sphere ¥
with an orientation-reversing diffeomorphism ¥ =~ —Y with the property that Y takes a nontrivial value
under any invariant of homology cobordism.

Three-manifolds obtained by splicing knot complements have attracted attention as a potential source
of examples of elements of order two in ®3Z. If Ko €Yy and K C Y; are two knots, a splice of K
and K is a 3-manifold obtained by gluing Yy \ v(Kj) and Y7 \ v(K7) using an orientation-reversing
diffeomorphism ¢ of their boundaries. (Some authors require ¢ to swap the meridian with the Seifert
longitude, but we consider more general diffeomorphisms ¢).

In this note, we consider two natural constructions of splices which produce homology 3-spheres with
orientation-reversing diffeomorphisms:

(Type-1) splices of a knot K € Y with its mirror K € —Y such that there is a diffeomorphism of the
splice which swaps Y \ v(K) and —Y \ v(K);

(Type-2) splices of two knots K, K; in S* such that there is a diffeomorphism of the splice which
fixes the subsets S3 \ v(Kp) and S3 \ v(K) setwise, but is orientation reversing on each.

Not all knots or gluing maps will yield a splice which admits such a symmetry. We enumerate all
the requirements in Section 2. In this paper, we will refer to the above families as Type-1 and Type-2
symmetric splices, respectively. We will see in Section 2.1 that Type-1 splices must have (Y, K) reversible,
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i.e., there must be a diffeomorphism (Y, K) = (Y, —K), where — K denotes the knot with the opposite
string orientation. In Section 2.2 we will see that in a Type-2 symmetric splice, one of K¢ and K; must
be negatively amphichiral and the other positively amphichiral. We will also enumerate all possible gluing
maps.

Involutive Heegaard Floer homology is a shadow theory of Pin(2)-equivariant Seiberg—Witten Floer
homology, introduced by Manolescu and Hendricks in 2015 and elaborated by Hendricks and Zemke
with Manolescu [12; 13], which is conjecturally equivalent to Z/47Z-equivariant Seiberg—Witten Floer
homology. Although involutive Heegaard Floer homology does not possess the technical power of a
Pin(2)-equivariant theory, it enjoys the greater computability of the Heegaard Floer invariants, including a
conveniently computable surgery formula [11], and has been a key tool in recent developments regarding
the structure of the homology cobordism group [4; 9; 10; 11].

In this note we show that the homology cobordism involutive invariants of Type-1 and Type-2 splices
are typically trivial. Recall for a homology sphere Z, these invariants consist of a pair (CF~(Z),() a
chain complex together with a homotopy involution, together called an iota-complex; for more details,
see Section 3.

Theorem 1.1 (1) Suppose that K is a knot in an integer homology 3-sphere Y. If Z is a Type-1
symmetric splice of (Y, K) with (—Y, —K) then the iota-complex (CF~ (Z), ) is locally trivial.

(2) If Z is a Type-2 symmetric splice of (S, K¢) and (S3, K1) such that CFK™ (K) and CFK™ (K )
are (noninvolutively) locally trivial, then the iota-complex (CF~ (Z), () is locally trivial.

Remark 1.2 (1) It is not clear to the authors whether Theorem 1.1(2) extends to all amphichiral K
and K, nor whether it can be extended to knots in homology 3-spheres other than S3.

(2) As we mentioned above, in a symmetric splice of Type-2, one of Ky and K; must be negative
amphichiral, and the other positive amphichiral. To the best of our knowledge, all known amphichiral
knots have locally trivial (noninvolutive) knot Floer complex CFK™ (K). Also note if K is strongly
negative amphichiral, i.e., if the pair (S*, K) admits an orientation-reversing diffeomorphism ¢ which
has exactly two fixed points, both of which lie along K, then Kawauchi’s result [15] implies that K is
rationally slice, and hence has locally trivial CFK™ (K).

The key topological input to Theorem 1.1 is the following result:

Proposition 1.3 (1) If Z is a Type-1 symmetric splice of (Y, K) with (—Y, —K), then there is a negative
definite Spin cobordism from Z to RPP* which has by =1andb; = 0.

(2) If Z is a Type-1 symmetric splice of (Y, K) with (—Y, —K), then there is a negative definite (non-Spin)
filling of Z withb, =2 and by = 0.

(3) If Z is a Type-2 symmetric splice of (Yy, Ko) with (Y1, K1), then there is a negative definite Spin
cobordism from Z to (Yo #Y1)—2(Ko# K1) withb; =1 and by = 0.
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Remark 1.4 In unpublished work, Mike Miller Eismeier independently proved Proposition 1.3(2) and
used it to show that certain instanton-theoretic gauge-theoretic invariants are trivial on such splices.

We now sketch some ideas in the proof of Theorem 1.1, assuming Proposition 1.3. For Type-1 splices,
the negative definite Spin cobordism W from Z to RP? has a unique self-conjugate Spin€ structure s.
Furthermore, the Heegaard Floer grading shift d (W, s) is equal to the correction term d (RP3, S|pp3)-
Since RP3 is a Heegaard Floer L-space, the cobordism map F w,s can be viewed as a local map from
(CF™(Z), 1) to the trivial t-complex. Since Z = —Z, we can dualize the map Fyy ; to get a local map in
the opposite direction.

For Type-2 splices, the cobordism W from Z to Siz(Ko # K1) also has a unique self-conjugate Spin
structure s. In this case, s restricts to the Spin® structure identified with [1] € Z /2 >~ Spinc(Si2 (Ko#K1))
under the standard identification. We use [11, Theorem 1.6(2)], which implies that since CFK™ (Kj)
and CFK™ (K ) are (noninvolutively) locally trivial, the ¢-complex (CF_(S 3 ,(Ko# K1), [1]), L) is locally
trivial up to an overall grading shift.

1.1 Other gauge-theoretic invariants

We note that the topological argument yielding Theorem 1.1 applies equally well to the Pin(2)-equivariant
Seiberg—Witten Floer spectra:

Proposition 1.5 The Pin(2)-equivariant Seiberg—Witten Floer spectra of symmetric splices of Type-1 are
locally trivial.

The same argument also implies the vanishing of Lin’s invariants a(Z), 8(Z), y(Z) [16] for Type-1
symmetric splices.
Note that Proposition 1.3(2) can be applied to other invariants of gauge theory. In particular if 4 is a
partially ordered set and
w: ®3Z — A

is ahomology cobordism invariant which is monotonic under negative definite cobordisms with 5; =0, then
Proposition 1.3(2) implies that if Z is a Type-1 symmetric splice, then w(Z) < (S?) and w(S3) < w(Z),
so in particular w(Z) = w(S?3). This holds for many gauge-theoretic invariants of homology cobordism.
For example, this argument applies to the rg-invariants of Nozaki, Sato, Taniguchi [21] and Daemi’s
I invariant [1]. Compare also [2].

Organization

This note is organized as follows. In Section 2 we discuss the geometry of splices; in particular, we
classify which symmetric splices of Types 1 and 2 are integer homology spheres and have a natural
orientation-reversing diffeomorphism. In Section 3 we briefly recall relevant aspects of Heegaard Floer
theory, focusing on its interaction with homology cobordism and concordance, for the reader’s convenience.
In Section 4 we conclude with the proof of Theorem 1.1.
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2 Symmetric splices

In this section we recall some background on splices. Let Ky € Yy and K; C Y7 be oriented knots
in integer homology 3-spheres. Let ¢ € Z? — Z? be a 2x2 matrix with determinant —1. The map ¢
determines an orientation-reversing diffeomorphism

¢ :9(Yo \ v(Ko)) = (Y1 \ v(K1)),

where we view the first component of Z? being an oriented meridian of K;, and the second component
being the oriented Seifert longitude. We define

Spg (Ko, K1) := (Yo \ v(Ko)) Up (Y1 \ v(K1)).

In this section, we will be interested in knots that have various symmetries. We use the following
standard terminology:

Definition 2.1 Let K be a knot in an oriented 3-manifold Y.
(1) (Y, K) is reversible if (Y, K) = (Y, —K).

(2) (Y, K) is negative amphichiral if (Y, K) =~ (=Y, —K).
(3) (Y, K) is positive amphichiral it (Y, K) = (-7, K).

In the above, = means orientation-preserving diffeomorphic.

2.1 Type-1 symmetric splices

We now focus on Type-1 splices, i.e., splices of (Y, K) and (—Y, —K) which admit orientation-reversing
diffeomorphisms which switch ¥ \ v(K) with —Y \ v(K) but fix T? := 9(Y \ v(K)) setwise. We will
write Spy (K, mK) for such splices. In this section we prove the following:

Proposition 2.2 Suppose K is a knot in an integer homology 3-sphere Y, and ¢ € GL; (Z). Assume
that K is not an unknot in Y. Then the 3-manifold Sp, (K, m K) admits an orientation-reversing diffeo-
morphism g which fixes d(Y \ v(K)) setwise and such that the image of each of Y \ v(K) and —Y \ v(K)
is the other, if and only if the following are satisfied:

(1) K is reversible.

2) ¢ = (i(l-:nz) irll) for some n € Z. In this case we define ¢ = ¢,;t.

Proof It will be evident from the proof that if (¥, K) and ¢ are as in the statement, then Sp, (K, mK)
will have a symmetry g as above. Hence, we assume that Spy (K, m K) admits an orientation-reversing
diffeomorphism g, as in the statement, and we will show that K and ¢ have the stated properties.

For our proof, it is somewhat easier write the gluing map in terms of a different basis. Note that if (i, A)
is our oriented basis for Y \ v(K), then ¢ is written in terms of the basis (i, —A) for —Y \ v(K). For our
purposes, it is more helpful to write ¢ in terms of the basis (i, A) for both Y \ v(K) and —Y \ v(K), using
the same longitude and meridian for both. Let us write 1 for the map ¢ in this basis. Note that det(y) = 1.
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Additionally, to simplify the notation, we will view Sp,, (K, m K) as the union of two copies of ¥ \v(K),
which we denote by X and X;. We write

XoU X
Spy(K.mK) = —=——.
where x € 0X) is identified with ¥ (x) € dX;. By assumption g is induced by some diffeomorphisms

g10: Xo — X1 and go1 : X1 — Xp as
10

Xo X,
X<l —
g01

The diffeomorphism g¢ LI g¢1 descends to the quotient if and only if

(2-1) g10(x) = (¥ o go1 oY) (X)

for all x € 0.X).
We now claim that

(2-2) gotlox, . g1olax, € tid, —id}.

To see this, note that both must map A to £A, because they must preserve the kernel of the map
H,;(0X;) — H;(X;). Less obviously, they must also send u to +u. Homology considerations imply
that go; and g9 map i to £ + jA for some j € Z. This would imply that, up to composition with
the elliptic involution, g¢1 5y, is an j-fold composition of a Dehn twist parallel to the Seifert longitude,
and similarly for gq¢. It follows from [20, Theorem 1] that this can only happen if A bounds a disk in
Y \ v(K), i.e., K is an unknot, which we exclude by hypothesis.

Since go1lax, . &10lax, € {id, —id}, these maps are central in GL,(Z), and hence (2-1) implies that
V2 = +id.

We now consider the map i in more detail. The Mayer—Vietoris exact sequence reads

H\(T?) — Hi (Y \v(K)) ® H; (Y \v(K)) > H{(Z) - 0.

In particular, we see that for Y to be a homology sphere, we need ¥ (A) = +u + nA, for some n € Z.

ni +1
=17
2
The condition that det ¥ = 1 imposes the restriction that

i ni +1
-3) V= (:F(l—nlnz) ”2)'

That is, we can write ¥ as a matrix as

It is straightforward to see that there are no such matrices of the above form which square to the identity
matrix. On the other hand, the matrix in (2-3) squares to —id if and only if n; = —n,. Setting n = n;
and then changing to the basis gives the expression for ¢ in the statement.

Algebraic & Geometric Topology, Volume 26 (2026)



1912 Kristen Hendricks, Matthew Stoffregen and lan Zemke

Next, we observe that (2-1) now implies that g10/5x, = —go1lax, . Therefore one map is the identity,
while the other is the elliptic involution. Therefore Y \ v(K) admits an orientation-preserving diffeo-
morphism which restricts to the elliptic involution on the boundary. Equivalently, there is a diffeomorphism
of pairs (Y, K) = (Y, —K). |

Lemma 2.3 Suppose that (Y, K) is reversible. Then Sp¢+ (K,mK) = Spy— (K,mK).

Proof Since K is reversible, the elliptic involution of the boundary extends to an orientation-preserving
diffeomorphism of Y \ v(K). Therefore

Spy+ (K. mK) =Sp_,+(K.mK) = Spy-, (K, mK). O

2.2 Type-2 symmetric splices

We now consider Type-2 splices. We say that a pair (Y, K) is negative amphichiral it (-Y, —K) = (¥, K),
and we say that (Y, K) is positive amphichiral if (-Y, K) = (Y, K).

Proposition 2.4 Let (Yo, Ko) and (Y1, K1) be knots and ¢ € GL; (Z), and furthermore suppose that
Spy (Ko, K1) is an integer homology 3-sphere. Then Spy(Ko, K1) admits an orientation-reversing
diffeomorphism g which preserves the subspaces Y; \ v(K;) setwise if and only if the following hold:

(1) One of (Yy, Kg), (Y1, K1) is negative amphichiral and the other is positive amphichiral.
01
@ ¢ ==(75).
Proof We write
Xo=Yo\v(Ko) and X;=7Y;\v(Ky).

It will follow from the course of our proof that if ¢ and (Y;, K;) are as in the statement, then there is an
orientation-reversing diffeomorphism g as in the statement. Hence we will assume that such a g exists,
and prove that it has the stated form.

We assume that g is induced by a pair of maps, go and g, as

goC Xo, X1 D

The maps go and g; induce a map on the quotient space if and only if

(2-4) $pogo=g100.

The proof of (2-2) shows that for i = 0, 1, we have g;i|yx, € {e,—e} where
o 1 0
S \0 —1)

poe==xeog.

Equation (2-4) implies that
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It is easy to see that this restricts ¢ to be one of four matrices
01
¢ =+e and ¢=j:(1 0).

Note that if ¢ = e, then the splice Sp, (Ko, K1) has by = 1, so we exclude this case and restrict to the
second case. We observe that in the latter case, we have

poe=—eog.
In particular, we conclude from (2-4) that gg = —g1. Note that this corresponds exactly to one of K
and K being negative amphichiral, and the other being positive amphichiral. |

2.3 Factorizations in SL;(Z)

In this section, we describe some straightforward algebra which will be used in the subsequent section on
Kirby calculus.
We consider the elements v, € SL,(Z), given by

n 1
W;T - (—(1—|—n2) —n)'

We define the following elements of SL,(Z):

Lemma 2.5 The map v, may be written as
v =HT_,HT,H.

The proof is a straightforward computation, which we leave to the reader.

2.4 Kirby calculus
We can now translate Lemma 2.5 into Kirby calculus. Our main result is the following:

Proposition 2.6 Let K C Y be a knot. The manifold Sp oF (K,mK) has a Kirby diagram as shown in
Figure 1.

We begin with the following elementary topological lemma.

Lemma 2.7 Let (Yy, K¢) and (Y7, K;) be knots with Morse tramings Ao and A1, respectively. Let ¢ be
the gluing map which identifies the meridian py with w1, and which maps Ao to —\. (Here, —A, denotes
the Morse framing X, with the parametrization reversed). Then

(Yo \ v(Ko)) Ug (Y1 \ V(K1)
is equal to (Yo #Y1)y,42, (Ko # K1).

Algebraic & Geometric Topology, Volume 26 (2026)



1914 Kristen Hendricks, Matthew Stoffregen and lan Zemke

JIIRE:

0

Figure 1: The manifold Sp o (K,mK). We view the box labeled by K as being inside Y.

See [6, Lemma 6.1; 8, Lemma 7.1] for a proof. See also [26, Section 1.1.7].

The above lemma extends in a straightforward manner to link complements when we take the connected
sum along a single component. We note that the Hopf link has complement T2 x [0, 1]. The meridian of
the first component of the Hopf link is equal to the longitude of the second up to sign, and vice versa.
Therefore from a factorization of the gluing diffeomorphism v,', as in Lemma 2.5, we may read off
a Kirby calculus description of Sp oF (K,mK). Namely, we start with K, which we give framing 0.
Reading the factorization

v =HT_,HT,H

from right to left we form a Kirby calculus presentation inductively as follows:

(1) Start with K, given framing 0.
(2) For each H, we take the connected sum with a (0, 0)-framed Hopf link.
(3) For each Ty, we add n to the framing of the most-recently added component in this process.

(4) We finish by taking the connected sum of the final unknot, which has framing 0, with m K.

Note that since we are assuming that K is reversible, we do not need to worry about the sign of the
clasps that we add when taking the connected sum with Hopf links.
We now describe some Kirby calculus moves in our description of Sp oF (K, mK) which will be helpful

later on.

Lemma 2.8 Let K be a reversible knot in an integer homology sphere Y, and n € Z. Then there are
reversible knots K' CY" and K" C Y”, where Y’ and Y are also integer homology 3-spheres, so that

Spg+ (K.mK) = Sp,+ (K',mK') = Spy+ (K", mK").
n n+1 n—1

Proof The proof is to take the Kirby calculus description in Figure 1, and blow up the clasps between K
and the unknotted component clasped with it and between m K and the unknotted component clasped
with it. In this manner, n can be increased or decreased. Then Y’ = Y, {(K) and K’ is the dual knot
of K. We give K’ blackboard framing 1 in Figure 2, but note that this corresponds to the Seifert framing
for K’ if we view it as living in Y (K). Hence, we obtain a description of the same form as Figure 1,
except with n replaced by n + 1. |
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K/
OO0k E D
N/ 1 nt _
1 -1 1
Figure 2: Left: an alternate surgery description of Spy+ (K, mK), obtained by blowing up two
clasps in Figure 1. This identifies Sp,+ (K, m K) with Sp¢++1 (K',mK’) where K' CY' =Y, (K)
n n
is the dual knot of K. Right: the knot K’ € Y (K).

3 Heegaard Floer invariants of concordance and homology cobordism

In this section, we review some background on Heegaard Floer invariants of homology cobordism and knot
concordance. We focus on Hendricks and Manolescu’s involutive Heegaard Floer homology [12], which
we review in Section 3.1, as well as the notion of a knot-like complex, which we review in Section 3.2.
We presume the reader is familiar with ordinary Heegaard Floer homology for three-manifolds [23; 24]
and knots [22; 25].

3.1 Iota-complexes and involutive Heegaard Floer homology

In this section we briefly introduce the structure of the involutive Heegaard Floer invariants, with a focus
on the properties of local equivalence.

We begin with certain algebraic definitions. Throughout, I denotes the field with two elements, U is a
variable of degree —2, and F[U]; is the graded module such that gr(1) = d.

Definition 3.1 An iota-complex (or t-complex) (C,t) is a chain complex C, which is free and finitely
generated over F[U], equipped with an endomorphism ¢. Here [ is the field of 2 elements, and U is a
formal variable with grading —2. Furthermore, the following hold:

(1) C is equipped with a Z-grading, compatible with the action of U. We call this grading the Maslov

or homological grading.
(2) There is a grading-preserving isomorphism U ~! H,(C) = F[U, U],
(3) ¢ is a grading-preserving chain map and ¢ ~ id.

Given two iota-complexes (Cy, t1) and (Cs, t5), a homogeneously graded F[U]-chain map f : Cy — C,
is said to be an (-homomorphism if 1,0 f + f o1 ~ 0. Two iota-complexes (Cy,t1) and (C5, ,) are
called t-equivalent if there is a homotopy equivalence ® : C; — C, which is an (-homomorphism.

Heegaard Floer homology associates to any closed oriented 3-manifold Y equipped with a Spin®
structure s an F[U]-chain complex CF (Y, s), well defined up to homotopy equivalence. If s is self-
conjugate, involutive Heegaard Floer homology considers the additional data of a homotopy involution ¢
on CF(Y,s). In the case that Y is a rational homology 3-sphere, (CF™ (Y, s),t) is an iota-complex.
Hendricks and Manolescu [12] prove that pair (CF (Y, s), ) is well defined up to the notion of iota-
equivalence described above.
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Continuing with algebra, the tensor product of iota-complexes (Cy,t1) and (Cs, t) is given by
(3-1) (C1,11) ® (G2, 12) := (C1 Bp[y] C2, 11 R 12).
Moreover, Hendricks, Manolescu, and Zemke [13] establish that
(CE (Y1 #Y2,81 #52),1) > (CF (Y1.51),11) ® (CF (Y2, 52), 12),
where >~ denotes homotopy-equivalence of iota-complexes.
Definition 3.2 Suppose (C, ) and (C’, (') are two iota-complexes.

(1) A local map from (C, 1) to (C’,) is a grading-preserving (-homomorphism F : C — C’, which
induces an isomorphism from U~ Hy(C) to U~ H,(C").

(2) We say that (C,t) are (C’, (') are locally equivalent if there is a local map from (C, ) to (C’, (), as
well as a local map from (C’, ') to (C, t). We say that (C, v) is locally trivial if it is locally equivalent
to (F[U]o, 1d).

The set of local equivalence classes forms an abelian group, denoted by J, with product given by the
operation ® in (3-1) [13, Section §]. Inverses are given by dualizing both the chain complex C and the
map ¢ with respect to F[U]. The map

Y = [(CF (Y),1)]

determines a homomorphism from ®3Z to J [13, Theorem 1.8].
The local equivalence classes of nonzero integer surgeries on knots are computed in [11, Theorem 1.6(2)].
For our purposes, the important case is the following.

Lemma 3.3 [11, Theorem 1.6(2)] Forn > 0, the local equivalence class of (CF (S 23n(K ), [n]), ¢) has the
form
4, (K) 4, (K)
\ /
v v
N

B, (K)
where A, (K) and B, (K) are subcomplexes of the knot Floer complex of K, v is a particular map
between them, and the involution swaps the two copies of A, (K), and fixes B,  (K). The gradings on the
above are induced by the Maslov grading on the knot Floer complex, shifted up by the Heegaard Floer
correction term d(L(2n, 1), [n]) of the lens space L(2n, 1) in the corresponding Spin® structure.

One straightforward corollary is the following:

Corollary 3.4 Forn > 0, if K € S* is a knot such that d(A;; (K)) = 0, then (CF™ (S} (K).[n]).1) is
locally equivalent to (F[U],4,1d), where d = d(L(2n, 1), [n]).
Proof We note that B, (K) >~ F[U], so using the same logic as in the proof of [11, Proposition 3.24], we

may replace it with a copy of IF[U]. By the classification theorem for finitely generated chain complexes
over F[U], we can write 4, (K) as a sum of one tower F[U], as well as some number of 2-step complexes
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of the form F[U] v, F[U]. Write x; and x, for tower generators of the two copies of 4, (K), which
is to say, generators for the copy of F[U] in the basis chosen. The map v sends x; and x, to a nonzero
element of the tower F[U]. Since d(4,,(K)) = 0, we conclude that v(x;) = v(x,) = 1. On a two step
subcomplex of the left copy of A, (K), say with generators a and b such that d(a) = U’b, we must
have v(h) = 0 because v is a chain map. If v(a) is nonzero, then perform a change of basis, adding a
multiple of x; to a. After this change of basis, v(a) = 0. We do the same change of basis to the right
copy of A, (K). After this change of basis, it becomes apparent that the complex in the statement of
Lemma 3.3 is locally equivalent to
F[U]a F[U]a
\ /

1 1
N ¥

F[U]a
where the involution is reflection, and d denotes d(L(2n, 1), [n]). The above is homotopy equivalent
to (F[U]y4,1d). |

3.2 Khnot-like complexes

We now recall the standard notion of knot-like complexes in Heegaard Floer theory. There are many
different variations on the definition in the literature due to many different authors. The earliest version is
Hom’s notion of e-equivalence [14]. See also [3; 5; 28] for other variations.

Definition 3.5 A knot-like complex C is a finitely generated, free chain complex over a 2-variable
polynomial ring F[U, V] satisfying the following:

(1) C is equipped with a ZxZ-valued bigrading, denoted by (gr,,, gr,), which has the property that
(gr,, —gr,)/2 is integrally valued. The variable U has bigrading (—2, 0) and the variable V' has
bigrading (0, —2).

(2) There is a grading-preserving isomorphism (U, V)™ H,(C) = F[U, V, U~ !, V1]

(3) 0 has bigrading (—1, —1).

A local map from Cy to C; (where C; are knot-like complexes) consists of a grading-preserving
F[U, V] linear chain map F : Cy — C; such that F induces an isomorphism from (U, V)™ H,(Cy) to
(U, V)" H4(C;). We say that Cy and C; are locally equivalent if there exist local maps from Cy to C;
and from C; to Cy. A knot-like complex C is locally trivial if it is locally equivalent to a rank-one
complex F[U, V] wherein 1 € F[U, V] is concentrated in grading (0, 0). Note that C is locally trivial if
and only if there is an isomorphism

CxF[U, V| A,

where A is a summand of C such that (U, V)~! Hy(A4) = 0.
If K € S3, the full version of the knot Floer complex CFK™ (K) is a knot-like complex. If K is a slice
knot, then CFK™ (K) is locally trivial.

Algebraic & Geometric Topology, Volume 26 (2026)



1918 Kristen Hendricks, Matthew Stoffregen and lan Zemke

4 Proofs of the main results

We first observe that if Z is a symmetric splice, since Z has order at most two in ©3,, we must have
d(Z) = 0 since d is a homomorphism.

Lemma 4.1 Suppose that Z is the homology sphere obtained by splicing (Y, K) and (—Y, —K) using the
gluing map ¢6" from Proposition 2.2, where Y is a homology 3-sphere. Then there is a negative definite
Spin cobordism W from Z to RP3. The 4-manifold W has a unique self-conjugate Spin® structure s.
Further, letting d(W, s) denote the grading shift of the map associated to the cobordism (W, s), we have

d(W.s) = dRP?, s|pp3) —d(Z).

Proof We begin with the Kirby calculus presentation from Figure 1. We can blow-down one of the
unknots to obtain a Kirby calculus description of Z as Dehn surgery on aknot K# H#—-K C Y #-Y,
where H denotes a Hopf link. That is, we add a clasp between K and —K. (Note that the sign of the
clasp is not important since (Y, K) is reversible). The two components are given framing 0. We now
blow up the clasp to obtain the 3-component link K U U Um K with clasps between the components.
Each component is given framing —1. There is a cobordism X from Z to a manifold Z’ by performing
—1 surgery on a meridian of the unknot U, where this knot is given Seifert framing —2 inside of Z.
The result is —2 surgery on K#—K C Y #—Y. The pair (Y #—Y, K #—K) is homology concordant
to (S3, U). Therefore Z’ admits a homology cobordism to RIP3, viewed as —2 surgery on the unknot.
Let W denote the composition of these two cobordisms. The cobordism W is shown in Figure 3.

We observe that d(Z) = 0 since Z = —Z. On the other hand, we compute that the shift in grading for
the Spin structure on W is

H—2xW) =30(W)) = 4.

We note that the d-invariants of the two Spin€ structures (= Spin structures) on RP3 are % and —%. Since
the Maslov grading takes values in a single coset of Q/Z in each Spin® structure, it follows that the Spin
structure on W restricts to the Spin® structure on RPP3 which has d-invariant %. |

Using Lemma 4.1, we now prove Theorem 1.1(1), which concerns symmetric splices of Type-1:

Proof of Theorem 1.1(1) Let Z be a symmetric splice of Type-1. By Proposition 2.2, Z can be written as
a splice Sp o (K,mK) for some pair (¥, K), where Y is a homology sphere and (Y, K) is reversible. By
Lemmas 2.3 and 2.8, we may assume that n = 0 by changing (Y, K) appropriately. Applying Lemma 4.1
gives a local map from (CF(Z), 1) to (CE~(RIP3, s), ) for the Spin structure s with d(RP?,s) = %.
Since the grading shift of the cobordism map is also %, and (CF~(RP3,s),1) =~ (F[U] /4,1d), we
conclude that there is a local map from (CF~ (Z), ¢) to the trivial complex. Dualizing and using the fact
that Z = —Z gives a local map in the opposite direction. |

Proof of Theorem 1.1(2) The proof is similar to the proof of Theorem 1.1(1). By Proposition 2.4, the

3-manifold Z can be written as Sp 6T (Ko, K1) where K¢, K; € S? are positive and negative amphichiral
0

knots, respectively. By adapting the argument from Theorem 1.1(1), we obtain a negative definite Spin
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Figure 3: The cobordism W from Z to RP3.

cobordism from Z to S3 , (Ko # K1) which shifts the Maslov grading by %. Assuming (up to relabeling)
that K is positive amphichiral and K is negative amphichiral, we observe that

S3,(Ko# K1) = —S3,(Ko#—K),
where — K denotes K| with its string orientation reversed. Therefore, Corollary 3.4 implies that
(CF(S3,(Ko#—K1).[1]). 1) ~oc (F[U]-1/4.1d).
Dualizing, we obtain that
(CF(S2,(Ko # K1). [1]). 1) ~1oc (F[U]1/4.1d).

It follows that there is a local map from (CF (Z), ) to (F[U],id). Since Z =~ —Z, we conclude that

(CF(Z),1) is locally trivial. |
We now prove Proposition 1.3, most of which we have already proven:

Proof of Proposition 1.3 Part (1) follows from Lemma 4.1, above. Part (3) is similar, and is described

in our proof of Theorem 1.1(2). Finally Part (2) is obtained by composing the cobordism from Part (1)

with the natural negative definite cobordism from RIP* to @, namely the disk bundle over S2 with Euler
number —2. |

Proof of Proposition 1.5 The argument is essentially identical to the proof of Part (1) of Theorem 1.1, but
where the notation is adjusted to be for Seiberg—Witten Floer spectra in the setting of [18]. In particular,
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local equivalence of Pin(2)-equivariant spectra is defined just as in Definition 3.2 above, except Pin(2)-
equivariant spectra take the place of iota-complexes (see [27, Definition 2.7] and surrounding discussion).
Let Z be a symmetric splice of Type-1. Lemma 4.1 gives a local map

162 SWF(Z) — SWE(RP3, 5),

with s as in the proof of Theorem 1.1. We refer the reader to [17] for the definition of the (formal)
fractional suspension. Meanwhile, SWF(RP3,s) = S TIGH, and so we have a local map SWF(Z) — S°.
Using that Z =~ —Z, we have a local map SWF(—Z) — S©; furthermore, for general integer homology
spheres X', we have SWF(X) and SWF(—X') are Spanier—Whitehead dual. As a consequence, if there is
a local map SWF(—Z) — S° then there is a local map S® — SWF(Z). Thus S® < SWF(Z) < S° in
local equivalence, and so SWF(Z) is locally trivial as a Pin(2)-spectrum. O
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Lagrangian metric geometry with Riemannian bounds
JEAN-PHILIPPE CHASSE

We study collections of exact Lagrangian submanifolds respecting some uniform Riemannian bounds,
which we equip with a metric naturally arising in symplectic topology (e.g., the Lagrangian Hofer metric
or the spectral metric). We exhibit many metric and symplectic properties of these spaces, such that they
have compact completions and that they contain only finitely many Hamiltonian isotopy classes. We then
use this to exclude many unusual phenomena from happening in these bounded spaces. Taking limits
in the bounds, we also conclude that there are at most countably many Hamiltonian isotopy classes of
exact Lagrangian submanifolds in a Liouville manifold. Under some mild topological assumptions, we
get analogous results for monotone Lagrangian submanifolds with a fixed monotonicity constant. Finally,
in the process of showing these results, we get new results on the Riemannian geometry of cotangent
bundles and surfaces which might be of independent interest.

1 Introduction and main results

In [11; 12], the author showed that all the familiar metrics d between Lagrangian submanifolds in
symplectic topology (e.g., the Lagrangian Hofer metric or the spectral metric) behave like the classical
Hausdorff metric when restricted to the space .Z; of A-exact Lagrangian submanifolds of a Liouville
manifold (M, w = dA) which are “geometrically bounded by k. Broadly speaking, being geometrically
bounded by k ensures that all Lagrangian submanifolds considered are contained in the same compact
and have curvature and volume uniformly bounded — we give the precise definition in Section 2.1. In this
paper, we continue the study of the metric spaces (Z¢, d). Most notably, we will be concerned with
issues of compacity and local connectedness.

Furthermore, we extend our results to the analogous space 3,:" ) of p-monotone Lagrangian sub-
manifolds which “bound enough disks” — the ambient symplectic manifold M is either closed or convex
at infinity in that case. We will give the precise definition of what we mean here by “bounding enough
disks” below — see Section 2.1 — but we note right away that this condition is automatically satisfied if
either the Lagrangian submanifolds or the symplectic manifold we consider are simply connected.

In what follows, .2 will denote either the spaces £ or ,,2”,;" ) We will also denote by .Z% the space
of all Lagrangian submanifolds respecting x. Moreover, the metric d that we consider will be a so-called
Chekanov-type metric [11] and be bounded from above by the Lagrangian Hofer metric. In practice, one
can think of d as one of the following metrics.

e d =dpg This is the case of the Lagrangian Hofer metric, which is due to Chekanov [14].

e d =y Thisis the case of the spectral metric, originally due to Viterbo [43] for Lagrangian submanifolds
of T* L Hamiltonian isotopic to the zero-section. The metric may be extended to all exact Lagrangian
MSC2020: primary 53D12; secondary 51F99, 53C17, 53C22.
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submanifolds of 7* L by work from Fukaya, Seidel, and Smith [18; 19], Abouzaid [2], and Kragh [30].
In general, it has also been defined for weakly exact Lagrangian submanifolds by Leclercq [31] and
monotone ones with nonvanishing quantum homology by Kislev and Shelukhin [28], following work of
Leclercq and Zapolsky [32].

e d =y This is a variant of the usual spectral metric, as defined by Kislev and Shelukhin [28].
e d= ﬁf’y' These are the shadow metrics appearing in work of Biran, Cornea, and Shelukhin [7; 15].

e d = D77 There are possibly many other weighted fragmentation pseudometrics — as defined by
Biran, Cornea, and Zhang [8] — that belong to this class.

If d =y and * = m(p), we make a slight abuse of notation and still denote by .Z,:” ®) the space of all
p-monotone k-geometrically bounded Lagrangian submanifolds which both bound enough disks and
have nonvanishing quantum homology. Otherwise, we also take the convention that if d is not properly
defined between L and L', then d(L, L) = +oc.

With this notation settled down, we enunciate the main principles that summarise our results.

(1) The space (£, d) has nice metric properties, which highly restricts the symplectic phenomena
which can happen within that space.

(2) Metric properties of (£, d) induce topological properties on the limit space (£, d).

We now explain our main results and how their corollaries showcase the two general principles above. Note
that some of these corollaries are not as direct as others; we will properly prove all of them later in the paper.

Theorem A On £, all possible choices of d in the above list induce the same topology and have
homeomorphic completions :2}]: Moreover, that completion .:5?,; is compact.

In term of the first principle, we get the following two corollaries.

Corollary The subspaces .,%kLO := (Ham(M) - Lo) N %}, where Lo € £%,, have finite diameter in d .
If M =T*L andd =y, then the same holds on ;.

Note that there are many cases where it is known that Ham(M)- Lo = ,,2”0%0 has infinite diameter in d,
e.g., ,,2”0%1 (T*S1) = 28 (T*S") has infinite Hofer diameter [27]. On the other hand, it is conjectured —
and has been proven in a many cases [23; 38; 39; 44] —that .£¢ (T* Q) has finite diameter in the spectral
metric. Therefore, without any Riemannian bound, the finiteness is highly dependent on Lo, M, and d.
Note that we previously proved such a boundedness result [12] on a neighbourhood of some L in .
The improvement here is thus in going from a neighbourhood to the whole space.

As we shall see below, we also manage to extend our study to spaces of graphs of Hamiltonian
diffeomorphisms of closed monotone manifolds, whether these graphs bound enough disks or not. Through
this, we can rule out something like Ostrover’s example [35] from happening in the corresponding %
spaces.

Corollary Suppose that M is closed and monotone. On the subspace of Hamiltonian diffeomorphisms
@ € Ham(M) whose graph has geometry bounded by k in M x M, the Hofer norm || - || g is bounded.
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Moreover, the Hofer norm on diffeomorphisms and the Lagrangian Hofer distance between their graphs
induce the same topology on that space.

In term of the second principle, we get the following result from Theorem A.
Corollary The limit space (£, d) is separable, i.e., it admits a countable dense subset.

Following separate discussions with Humiliere and with Shelukhin, it seems that this result was
well-accepted folklore on gLo = Ham(M) - L. Therefore, the innovation of the above corollary seems
to be on the number of Hamiltonian isotopy classes of £ ; this is precisely what we explore below
through our second theorem.

Theorem B The space . contains only finitely many Hamiltonian isotopy classes. Furthermore, there
isan A = A(k) > 0 such that
d(L,L") > A,

whenever L, L’ C ,i”k* are not Hamiltonian isotopic.

Obviously, the A-bound is trivial when d = dg — and potentially when d = y — as we have taken
the convention that dg (L, L") = oo whenever L and L’ are not Hamiltonian isotopic. However, there
are examples of Lagrangian submanifolds which are not Hamiltonian isotopic but are a finite distance
apart in a shadow metric [7].

We note that Theorem B already fits within the motif of the first principle. However, we can go even
further in this direction, as the corollaries below show.

First, we get a result on the vanishing of entropy of symplectomorphisms preserving . in some form.
We refer the reader to Section 4.4 and the references therein for the definition of barcode and categorical
entropy.

Corollary Let be a symplectomorphism of M such that  (£%)) = .£%,. If L is such that the sequence
{¥" (L)} is fully contained in some £, then there is some N such that ¥ (L) is Hamiltonian isotopic
to L. Furthermore, for such ¥ and L, the barcode entropy h(y; L, L") vanishes for any L' € £%..

More generally, if the Lagrangian submanifolds L1, ..., L, split-generate the derived Fukaya category
DFuk* (M) of M and each sequence {y*(L;)} is contained in a single .#,*, then the categorical entropy
heat (W) of Y vanishes.

The latter part on categorical entropy makes maybe more sense when formulated as its contraposition:
if hear(Y) > 0, for any set of Lagrangian submanifolds {L, ..., Ly} split-generating the derived Fukaya
category, there is some i such that the sequence {1"(L;)} is not contained in any .#;". Note that we may
suppose that such a Lagrangian submanifold L; induces a nontrivial object in DFuk* (M'). Therefore, this
means that symplectomorphisms with positive categorical entropy must greatly deform some Lagrangian
submanifold that is important in the Fukaya category, e.g., the norm of the second fundamental form or
the volume of that Lagrangian must explode under iterations by such a symplectomorphism.

Secondly, we get a statement that relates the path-connected component of the completions :2\”]: to the
Hamiltonian isotopy classes of £%.
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t3(L)

Figure 1: The circle L (thin, purple) and its image under two Dehn twists (thick, blue) along L’
(thin, pink) inside some Liouville subdomain of T*S! # T*S1.

Corollary Let L, L’ € £%. Suppose that there exists a d -continuous path t — L; from L to L’ in
some .:?]’; Then, L is Hamiltonian isotopic to L’.

We contrast this with a recent result from Arnaud, Humiliére, and Viterbo [4], which shows that such a
path always exists in the completion of .2 (T*N) if d = y. Therefore, our result can be seen as very
slightly reducing the gap between that result and the nearby Lagrangian conjecture.

In terms of the second principle, we get the following new result.

Corollary There are at most countably many Hamiltonian isotopy classes in £%,.

Note that a Liouville manifold can have infinitely many Hamiltonian isotopy classes of exact Lagrangian
submanifolds. For example, if M is the plumbing T*S! #T*S! of two copies of T*S!, L is the zero-
section in the first copy of T*S!, and 7 : M — M is the Dehn twist along the second copy L', then
V(L) is clearly in a different Hamiltonian isotopy class for each v > 0. See Figure 1 for an illustration.

Likewise, given p > 0, there are infinitely many Hamiltonian isotopy classes of p-monotone tori
in C3 [5]. These automatically bound enough disks since 771 (C3) = 0. Therefore, as our approach does
not perceive the topology of M, we cannot expect a better bound.

Remark 1.1 The construction by Ganatra, Pardon, and Shende of the wrapped Fukaya category [20]
involves a choice of a countable set of exact isotopy classes of Lagrangian submanifolds which are
cylindrical at infinity. While it is assumed in the paper that one can pick all exact isotopy classes by such
a set, it is never proved. The above corollary shows that we can always make sure that this set contains
every exact isotopy class of closed Lagrangian submanifolds, so that the wrapped Fukaya category always
contains the full compact Fukaya category.
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Moreover, we expect the techniques presented here to adapt to the cylindrical setting by working in a
fixed sector, with exact Lagrangian submanifolds which extend to cylindrical ones in the completion, and
with Riemannian metrics which have some standard form near the boundary. This would ensure that the
wrapped Fukaya category of a Liouville sector can always be constructed in such a manner as to include
all exact isotopy classes.

We also get a result on the local structure of the .#}* spaces in some cases.

Theorem C Given an exact or monotone Lagrangian submanifold L of M, there is a Riemannian
metric g on M making L totally geodesic and such that, for every k > 0, it admits a system of contractible
neighbourhoods in Zf. If dim M = 2, the latter part holds for every metric and every k > 0 such
that L € £

Though this result does not yield as many direct symplectic applications as the ones before, we can
still use it to estimate the Hofer and spectral distances in some cases. More precisely, it is known [33]
that, for graphs of exact 1-forms in 7* L, the Hofer and spectral distances agree and are given by

dp (graph df, graph dg) = y(graph df, graph dg) = max| f — g| —min| f — g|.

In particular, for every f € C*°(L), t — graph(¢df’) is a minimal geodesic in these metrics. However,
when one embeds a neighbourhood of L in T*L in M via a Weinstein neighbourhood, there could be
a shorter path going through M. Nonetheless, through Theorem C and some estimates on Hausdorft-

geodesics, we get the following estimate on how far from a minimal geodesic ¢ — graph(zdf’) can be.

Corollary Let W : DXL — M be a Weinstein neighbourhood of some L € £} (M ). Suppose either that
the Riemannian metric g on M is as in Theorem C or that dim M = 2. For every k > 1, there are constants
C > 0 andr’ € (0, r] with the following property. Whenever f : L — R is such that ¥ (graph df’) € 57
and |df| <r’, we have that

d(W(t graph df’), ¥(s graph df)) > C(t — s)?® max|df|?
foreveryt,s € [0, 1].

Organisation of the paper The rest of the paper is divided into four main parts and an appendix.

In Section 2, we first define the objects that we will be working with in the paper and set down some
notation. More precisely, we define what is meant by “geometrically bounded by k£, “bounding enough
disks”, and “being of Chekanov type”. We then move on to recall some prior results of the author which
are central in proving the main results. Finally, we explain how these results cover the case of monotone
Lagrangian submanifolds bounding enough disks and of monotone graphs, as these cases were not directly
covered in the prior papers.

In Section 3, we move to prove (pre)compactness and local contractibility of the ;" spaces, that is,
Theorems A and C. These correspond, respectively, to Sections 3.1 and 3.2. We end this part with
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Section 3.3, which aims to understand local Hausdorff-geodesics in £} — this will be an essential step
in proving our local Hofer/spectral estimate above. This also allows us to consider some variations of the
Hausdorff metric on .} and to conclude that they also induce the same topology on these spaces.

In Section 4, we finally prove symplectic properties of the .Z;* spaces. More precisely, we prove
Theorem B and all corollaries following the first principle appearing in the introduction.

In Section 5, we study the limit space £}, and prove the corollaries following the second principle
in the introduction. We conclude that section with an analysis of an alternate limit space: lim . ¥, the
inductive limit of the ;. This highlights the shortcomings of trying to study Z3; through the . spaces.

Finally, we conclude the paper with an appendix which includes all the results in Riemannian geometry
that we will need throughout the paper. As these results do not seem to have appeared in the literature
before — and Lemma A.5 even appeared as a conjecture — we believe that they could be of independent
interest. This is also why they have been compiled as an independent appendix. More precisely,
Section A.1 covers the new results on the Sasaki metric on TN, Section A.2 those on Riemann surfaces,
and Section A.3 those on comparison of Riemannian invariants of Lagrangian submanifolds.

2 Preliminaries

We now lay down the foundations upon which the rest of the paper will be built. More precisely,
in Section 2.1, we give the main definitions that will be used throughout the paper. In Section 2.2, we
enunciate previous results from the author that will be essential for the rest of the paper. We hope that this
will improve the readability of this paper, as the notation here is slightly different than in [11; 12]. We
close things with Section 2.3, where it is shown that both monotone Lagrangian submanifolds bounding
enough disks and monotone graphs fit within the formalism of the prior results.

2.1 Definitions and notation

In this paper, we will sometimes allow our manifolds to be C¥ for k < oo, have boundary, or to be
noncompact, but will always make it explicit when we do so. That is, when there are no mentions of it,
the manifolds are assumed to be C*°, connected, and closed.

Let (M, w) be a symplectic manifold that is either closed or noncompact but convex at infinity. Let J
be an w-compatible almost complex structure. When M is noncompact, we assume that J is convex at
infinity and that the associated Riemannian metric gy = w(-, J-) is complete. We also pick an exhaustion
by compacts Wi € W, € --- of M. When M is compact, we take the convention Wy, = M for all k.

We now describe what was meant in the introduction by “geometrically bounded by k”. For every
k € N, we set

% = {Lagrangians L C Int(Wy) | | BL|| < k. L is strictly (k+1)"!-tame},

where || Bz || denotes the maximum of the pointwise operator norm of the second fundamental form of L.
Strict tameness is defined as follows.
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Definition 2.1 Let (M, g) be a Riemannian manifold, and let L be a submanifold. Let € € (0, 1]. We say
that L is strictly e-tame if
. dm(x,y)
x#y min{l,dp(x, y)}

’

where djy is the distance function on M induced by g, and dy, is the distance function on L induced by g|z..

In general, this space is too big for our approach, and thus we will instead be studying the following
subspaces. If M is exact with w = d A, we can consider

2 ={L € % | L is A-exact}

and, if M is monotone,
fé" ®) .= {L € %4 | L is p-monotone and bounds enough disks},

where p > 0. By p-monotone, we mean that w = pu on (M, L), where i is the Maslov index, and that
the minimal Maslov number of L is at least 2. Finally, we introduce the class of Lagrangian submanifolds
bounding enough disks as follows.

Definition 2.2 We say that a Lagrangian submanifold L of M bounds enough disks if the image of the
composition
72(M, L) < 71 (L) 2> Hi(L; Z)

has finite cokernel. Here, 4 is the abelianisation homomorphism.

Remark 2.3 Using the fact that H'(L;R) = Hom(sr (L), R) = Hom(H;(L;Z)™ R), we see that L
bounds enough disks if and only if 0* : H!(L;R) — Hom(m2(M, L), R) is injective. In particular, this
condition is automatically satisfied if either H!(L;R) =0 or H!(M;R) = 0.

Example Every contractible loop in an oriented closed surface bounds enough disks. On the other hand,
graphs of closed 1-forms in 7* N bound enough disks if and only if H;(N;R) = 0.

Moreover, it will later be of interest to study graphs of Hamiltonian diffeomorphisms. Therefore, when
the symplectic manifold is a product (M x M, —w @ w), where (M, w) is closed and monotone, we define

.,?kr ={L e L (MxM)|L =graphg, ¢ € Ham(M, w)}.

If a result is applicable to .Z7, .,2”];" (e ), and fkr, we will say that it is true for .Z*. We will denote the
space without Riemannian bounds by £%,, i.e., £, = Uy £ We will also sometimes write .2} (M)
when we want to make the ambient manifold M more apparent.

Finally, we need to give a precise definition of the family of metrics in which d is allowed to be.
Explicitly, we will ask that d be of Chekanov type and dominated by the Lagrangian Hofer metric. The
former notion was defined in [12], but we recall here the definition. We however refer to [12] for the
proof that the metrics enunciated in the introduction are indeed of Chekanov type.
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Definition 2.4 Let .# C .#*(M). We say that a pseudometric d7 on .Z*(M) is of Chekanov type if
for all compatible almost complex structure J, all § > 0, and all L, L" € #* (M), there exist a finite —
possibly empty — subset { Fy, ..., Fi} € % with the following property.

For any C°- and Hofer-small Hamiltonian perturbations L.L' Fi,..., Fk of the Lagrangian sub-
manifolds above making them pairwise transverse, and for any x € LUlL’ , there exists a nonconstant
J -holomorphic polygon u : S, — M that

(1) has boundary along L.,I and Fy..... Ec;
(2) passes through x;
(3) respects the bound
o) <d”(L,L")+3§.

Let &' C #*(M) be such that

(UR)n( U F)

= max{d”,d”"} a Chekanov-type metric if d” and d7  are both

/7

is discrete. We will call d7+7

Chekanov-type pseudometrics.

For the rest of the paper, we set d = d77 ', a metric of Chekanov type associated with families (%, )
and which is dominated by the Lagrangian Hofer metric dp, i.e., there exists C > 0 such that d < Cdp.
In particular, this latter condition ensures that C !-convergence of a sequence of Lagrangian submanifolds

implies convergence in the metric d [33].

2.2 Useful results from previous work

We now recall some results from previous work for ease of reference later on. We will not write said
results in full generality, but only in the setting which is required for this paper.
Below, we make use of the Hausdorff metric §z7, defined between two compact subsets A and B of M

as
S (A, B) :=max{s(A; B),s(B; A)},

s(A; B) :=inf{e >0| A C B;(B)} = majli dy (x, B),
xe
where Bg(A) 1=, c4 Be(x), i.e., it is the e-neighbourhood of A4, and djy is the distance function on M.

Theorem 2.5 [11] There exist constants C1, Ry > 0 with the following property. For all L and L' in Zk*
such that d(L, L") < Ry, we have that

Su(L,L") <Civ/d(L, L),

where 8 denotes the classical Hausdorff distance.
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Theorem 2.6 [12] For all k € N and all L in %}, there exist constants C», Ry > 0 with the following
property. Whenever L' € %, is such that §i (L, L") < R, there exists a C 1% -small closed 1-form o
of L such that L' = graph o in a Weinstein neighbourhood of L. Furthermore, if o is exact, then

d(L,L") <C8u(L,L)).

Moreover, if a sequence {L;} C .%; has Hausdorff limit N, then N is an embedded C **-Lagrangian
submanifold, and there exist diffeomorphisms f; : N => L; for i large such that f; — 1 in the
C1 _topology, 0 <o’ <o < 1.

Remark 2.7 In [12], the limit N was possibly immersed, even in the exact case. However, this was
because we were working with the weaker condition of having bounded volume, instead of being &-tame.
The latter condition ensures that Hausdorff limits are indeed embedded — this is essentially because of
Shen’s compacity result [40].

More precisely, that result ensures that N is the image of an immersion f : L & M that is the
C1®" Jimit of {i; o ¢;}, where ¢; : L; < M is the inclusion and f; : L => L; is a diffeomorphism.
It also ensures that (1; o f;)* gy converges to f*gy, which is of class C 1%, Therefore, if x # y € L are
such that f(x) = f(y), then dp (Ll‘ (fi(x)), i (fi (y))) tends to 0. Note that dy; (l,'(fj ), G (fi (y)))
is equal to dr (x, y) in the metric (i; o f;)* g, which stays bounded away from 0 since those metrics
converge to f*gy. Indeed, suppose that these distances tend to 0, and let ¢; : [0, 1] — L be a minimal
(t; o fi)*gs-geodesic from x to y. Then

(G lpgy < MIéilosy g, =Mdl 78 (x,y) < D

since (1; o f;)*g; — f*gs and dgiofi)*g] (x,y) — 0. Therefore, up to a subsequence, {c¢;} must
converge in both W :1- and C°-topologies to some path ¢ from x to y. But then,

;o fi)* 1 . . 1 . *
liimdg’ i) gf(x,y)z/o lim|é: 103y =/0 (lfeg, = di & (x,y) >0

by Fatou’s lemma. Hence, there is a contradiction, and dj, (L,- (fi(x)),u(fi (y))) must be uniformly
bounded away from 0. But that is not possible if all the L; are strictly e-tame for some ¢ > 0, since
dy (Li (fi(x)),u(fi (y))) — 0. Therefore, f must be an embedding.

In the nonexact case, this is also why the additional condition that L” and L have the same first
Betti number is no longer required here: if a sequence {L;} with Betti number b;(L;) = b were to
Hausdorff-converge to a Lagrangian submanifold L with by (L) < b, then the limit f above would be a
nontrivial cover onto its image — see Proposition 1 of [12] — and thus not an embedding.

2.3 Applying Theorem 2.6

To study .£}", it will be important to know that the 1-form o appearing in Theorem 2.6 is exact. When L
and L’ are exact and the Weinstein neighbourhood W : D¥L — M is exact, i.e., ¥*A = Ao + dF for
some F : T*L — R, this is self-evident. We now extend this to monotone Lagrangian submanifolds
bounding enough disks.
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Lemma 2.8 LetL,L’ € .,2”;" 28 Suppose that L' = graph o in a Weinstein neighbourhood W of L. Then,
o is exact.

Proof Suppose that o is not exact. Then, there exists a loop y : S' — L such that (o, y) # 0. In particular,
it must be that y represents a nonzero class in Hy(L; Z)™¢. Since L bounds enough disks, there is thus a
disk D in M whose boundary lies on L and is some iterate Y™ of y.

Letu : S! x [0,1] = T*L be the cylinder given by u(z,s) = (y(mt),sa(y(mt))). Note that u has
nonzero area,

[ o= [aormia= [Lg7ra=n [, s
S1x[0,1] s1 st s1

where we have made use of the fact that the zero-section is Ag-exact and of the tautological property of A,
i.e., 0*1o = 0. Since W preserves the symplectic form, C = W(u(S! x [0, 1])) has nonzero area in M.
Then, we have that

w(D) = pu(D),
but also
o(D) +w(C) = w(D#C) = pp(D#C) = pu(D),
which is obviously a contradiction. Therefore, o must be exact. |

We now show that Theorem 2.6 also applies to the space of graphs ! = fkr (M x M), even when
that space is equipped with the metric

d}y (graph 1, graph o) := |l@195 ' | m,

where | - || is the Hofer norm on M. Tt is not clear at all that this is the case since Theorem 2.6 requires
that d < dg, but we have here that d = d 1/’1 > dy. However, we have that C!-close graphs are also
d;-close —this is the key to applying Theorem 2.6.

Proposition 2.9 For all L in £, there exist constants C5, R, > 0 with the following property. Whenever
L' e Ekr is such that g (L, L") < Ro, there exists a C%* -small function f of L such that L’ = graph df
in a Weinstein neighbourhood of L.
Furthermore, if a sequence of graphs {L;} C .Z,f Hausdorff-converges to another graph L, then L; — L
indp.
Proof Since L = (1 x ¢)(A) for some ¢ € Ham(M ) and (1 x ¢) (.,S”kr) C .,iﬂkr, for some k', it suffices
to prove the statement for L = A and R such that Bg,(A) is contained in a small enough Weinstein
neighbourhood of A. The proof follows from the typical flux argument, but we give here the details.
Fix a Weinstein neighbourhood W : D% M — M x M of the diagonal, and let {L; = graph ¢; } C .,%kr be
such that L; C W(Dy: L), where {r;} C (0, R] is a decreasing sequence converging to 0. Then, L; — A in
the Hausdorff metric (see Lemma 1 of [12]), and there are 1-forms ¢; on M such that L; = W(graph o;)
for i large by Theorem 2.6.
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In fact, the theorem implies that {o;} must C !-converge to 0. Therefore, for i large, W(graphto;)
is a graph for all ¢ € [0, 1], and we can define {{//},¢[0,1] € Symp(M) via graph v/ = W(graphto;).
A direct computation gives Flux({{//}) = [0;]. But fix a Hamiltonian isotopy {¢} } with gpl-l = ¢;, then the
concatenation W; = v; #@; of {y!} with {(pil_’} is a loop in Symp(M ). Therefore,

Flux(¥;) = Flux({y{}) — Flux({¢}}) = [o1]

is in the flux group I'y, of M. By the flux conjecture (proved by Ono [34]), I, is discrete. Since o; — 0,
we must thus have that [0;] =0, i.e., 0; = df;, for i large.

To get the neighbourhood, just note that if such a neighbourhood did not exist, we could construct
a sequence {L;} converging to the diagonal, but such that every o; is nonexact, which would be a
contradiction.

The last statement follows directly from what we have already said: L; = graph ¢; — L = graph¢ in
the Hausdorff metric, then it must be that ¢; — ¢ in the C !-topology, and thus also in the Hofer norm. 0

3 Topological and metric properties of the geometrically bounded spaces

We now prove some topological and metric properties of % and their various metric completions. More
precisely, in Section 3.1, we prove Theorem A and some of its direct consequences. In Section 3.2, we
then prove Theorem C. We also use some comparison results to get a weaker version of that theorem
which holds in any Riemannian metric. We conclude in Section 3.3 with an analysis of local Hausdorff
geodesics. We also use this to conclude that many natural variations of the Hausdorff on .}* are in fact
equivalent on those spaces.

3.1 Compactness and metric completions

We now move to prove results about the compactness of the various metric completions of £
It follows directly from Theorems 2.5 and 2.6 that every L € .Z}* has a neighbourhood where both
metrics are equivalent. We thus get directly the following result.

Corollary 3.1 The topology on £ induced by 8y is equivalent to the one induced by d.
The new observation is that we can actually extend this equivalence to the completions.
Proposition 3.2 The metric completions of £} in 8y and d are homeomorphic.

Proof Recall that the metric completion .@]: of £ in d is defined as the space of Cauchy sequences
in .2 up to equivalence. Two Cauchy sequences {L;} and {L}} are called equivalent if for all & > 0
there exist / € N such that d(L;, L}) <eforalli, j > I. For our result, it thus suffices to show that d
and §y have the same Cauchy sequences and the same notion of equivalence between them.

By Theorem 2.5, d-Cauchy sequences are also §g-Cauchy sequences. Likewise, when two d-Cauchy
sequences are d-equivalent, they are also §f -equivalent.
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Suppose that {L;} is a §-Cauchy sequence. Denote by N its Hausdorff limit, and fix ¢ > 0. By
Theorem 2.6, we know that N is actually an embedded Lagrangian C !**-submanifold. Therefore, we can
take a sequence {L}} such that

(1) du(L;, L)) <&

(2) {L]} Hausdorff-converges to a smooth submanifold N’;

(3) du(N.N') <e.
For example, this can be done by taking a sequence of generic Hamiltonians { H;} with || H; || < & which
is also C'-Cauchy and then taking L= i (L;). If » =T, we also can suppose that N’ is a graph.

But since N’ is smooth, L’ LIV implies that L’ 4, N’ by Theorem 2.6 — or by Proposition 2.9
when working with graphs and d = d,. Therefore, {L}} is also d-Cauchy, and we get that

d(Li. Lj) <dg(Li, L)) +d(L}. L) +dg (L}, Lj) <3¢

for i and j large. The sequence {L;} is thus itself d-Cauchy. The proof that both metrics have the same
notion of equivalence between Cauchy sequences is analogous. |

Noting that the space of closed subsets of the compact W}, is compact in the Hausdorff metric (see, for
example, [24]) and that the completion of . in the Hausdorff metric can be identified with its closure in
this space, we get directly the following corollary.

Corollary 3.3 The metric completion :?]: of £ ind is compact.

This thus completes the proof of Theorem A. Note that the compactness result also implies that the
uncompleted space -} is precompact in 2%, so that we get from the generalised Heine—Borel theorem
the following.

Corollary 3.4 The space .2} is totally bounded in d, i.e., for every & > 0, every cover of £ by d -balls
of radius ¢ admits a finite subcover.

As we shall see below, this is the statement that will be useful for the corollaries appearing in the
introduction.

3.2 Local contractibility

We finally show some local path-connectedness properties for .£;* and :?]; with some additional hypotheses
on M. In fact, in each case, we end up proving something stronger: the spaces are locally contractible.

Note that this subsection makes heavy use of Riemannian-geometric results, which we have decided to
keep for a dedicated appendix at the end of this paper. This thus makes this part much more readable if
one is willing to accept those technical results.

The Sasaki metric case We first show that given L, the metric may be chosen so that we have a system
of contractible neighbourhoods, i.e., we prove the part of Theorem C that is not specific to dimension 2.
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Proposition 3.5 Suppose that g = g is such that, in a Weinstein neighbourhood of L € .¢;*, it corresponds
to the Sasaki metric of g|r.. Then, L possesses a system of contractible neighbourhoods in £} .

Proof Given Theorem 2.6, we can identify a sufficiently small neighbourhood of L to a set of C Le’ _small
exact forms. Furthermore, as the neighbourhood gets smaller, the C Le"_norm of the forms tends to 0 —
this is a consequence of the second part of Theorem 2.6.

Therefore, it suffices to prove that such a set of forms must be star-shaped about the origin. The result
thus follows from Lemmata A.1, A.3, and A.7. For convenience of computation, these lemmata are stated
for vector fields on L instead of forms, but this is equivalent given the musical isomorphisms of g|z. O

Note that Proposition 3.5 extends to the metric completion of .%}.

Corollary 3.6 Let L and g be as in Proposition 3.5. The Lagrangian L also possesses a system of
contractible neighbourhoods in the metric completion :?I: ind.

Proof By the proof of Proposition 3.5, we know that if L’ = graph d H is smooth and in a small enough
neighbourhood, then " = graphtd H stays in that neighbourhood for all 7 € [0, 1].

Suppose now that L' € .:?I’; is not smooth but in the (completion of the) same neighbourhood. By
definition, there is thus a sequence {L;} € £/ in that neighbourhood such that L; — L in the Hausdorff
metric. But then, 7L; stays in it for all ¢ € [0, 1]. By continuity of multiplication by a scalar, we have that
tL; — tL’ in the Hausdorff metric. Therefore, 1L’ stays in the same neighbourhood as L', which gives
the result. 0O

The two-dimensional case Even though we expect any L in 3,: to have a system of contractible
neighbourhoods for any metric g, the computations involved quickly become too complex to handle. An
exception to this is when dim M = 2. Namely, we can prove the following, which corresponds to the

second part of Theorem C.

Proposition 3.7 Letdim M =2 and k € N. Every Lagrangian L € £ admits a system of contractible

neighbourhoods.

To do so, we employ a similar approach to the Sasaki case. We can do this because, in dimension 2,
a tubular neighbourhood of L admits some fairly nice coordinates given by

<p:(0,£)><(—r,r)—>M, (S,l‘)l—)CXpy(s)(l‘J)}(S)),
where y : [0, £) — L is a parametrisation such that |y| = 1. Note that
o*g = |W|*ds? + dr?,

9 1 8
= \W— @ds— —— ~ @1,
o =IWlg @ds —mras ®©

t
o w =|W|ds ndt = d((—/ |[W| dr)ds),
0
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where W(s, t) is the value at time ¢ of the unique Jacobi field along the geodesic ¢ + ¢(s, ) such that
W(s,0) = y(s) and W (s,0) = —k(s)p(s). Here, « is the (signed) geodesic curvature of L, which is
defined via the relation y := V;y = «Jy.

In these coordinates, a graph L' = {(s, £(s)) | s € [0, £)} =: graph & is in the same Hamiltonian isotopy
class in S x (—r,r) as L = graph0 if and only if s — foé(s) |W|dt admits a primitive, which in turn is
equivalent to

L rEGs)
(1) / / [W|dtds =0.
0 Jo

In particular, even if graph £ is exact, one should not expect graph «£ to be for & € (0, 1). We can however
circumvent this problem by slightly adjusting our approach.

Lemma 3.8 Suppose that ||£| := max|§| < 5. Then, for any o € [0, 1], there exists a unique real
number c(a) in (—% %) such that &, := af + c(«) defines an exact graph. Furthermore, ¢ depends
continuously on « and |c(«)| < «||&||. In particular, the path « — graph &y is Hausdorff-continuous and
stays in the image of ¢.

. r
Moreover, if ||| < 3, then

lc(@) —c(a)] < ||| | — o).

Proof Fix « € [0, 1]. For each s € [0, £), the map t — f(;xg(s)+r|W| dt is increasing on (—%, %) Indeed,

W[ >0 forall (s, 1) € [0,£) x (=r,r) since ¢ is a chart, and |@&(s) + 7| < ||| + 5 < r. Furthermore,
the map is positive if T > «||€]| and negative if T < —«||&]| for the same reason. Therefore, the same holds

for the function t /Oe g §6)+e |W|dt ds. In particular, there is a unique solution t = c () in (—% %)
to (1), that is such that
L pak(s)+c(a)
/ / |W|dtds=0.
0 Jo
The continuity of ¢ follows directly from the fact that foz (;x §6)+e |W|dt ds depends continuously

on «. The estimate on the value of ¢ follows from the fact that this integral is positive if 7 > «||&|| and
negative if T < —«||€].
The final estimate follows from applying the same logic as above to the function

L ple—a)E(s)+T—Cc(a’)
7> / f \W|dt
0 JO

and noting that t = ¢(«) must be its unique zero in (—% g) |

Therefore, we are precisely in the setting of Section A.2, and Proposition 3.7 follows directly from
applying Lemmata A.9 and A.11 to the path o — &,.

The general case We now partially extend the local path-connectedness result to other metrics than the
Sasaki ones. The results are of course weaker in this context, but they still point in the same direction as
the locally Sasaki case. More precisely, we get the following.

Algebraic & Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1937

Proposition 3.9 For every k > 0 and L € £}, there are a > 1 and b > 0 with the following property.
The Lagrangian submanifold L possesses a system of neighbourhoods U in %} such that the inclusion
U < .2} ., is nullhomotopic.

This follows directly from combining the Sasaki case (Proposition 3.5) with the comparison results
Lemmata A.12 and A.13 below.

3.3 Local geodesics

We now turn our attention to the geodesics in the Hausdorff metric in a neighbourhood of a Lagrangian
submanifold L € .Z}.
We first recall the definition of a geodesic in a general metric space.

Definition 3.10 Let (X, d) be a metric space. The length of curve ¢ : [a, b] — X is given by

12
Ueyr= sup d(c(ti-).c(t)) €[0.00).
a=ty<--<ty=b i=1
We say that ¢ has constant speed if there exist A > 0 such that £(c|[;51) = Alt —s| foralla <t <s <b.
In that case, we call A its speed.
A geodesic is a curve ¢ : [a, b] — X which has constant speed and is locally minimising in d, i.e., for
every fg € [a, b], there is some ¢ > 0 such that if t < s € [a, b] N (t9 — &, tg + €), then

£(cle,sp) = d(c(r). ¢(s)).
If the above equality holds for all ¢, s € [a, b], then we call ¢ a minimising geodesic.

We begin by describing certain geodesics in the Hausdorff distance in a small enough neighbourhood
of any submanifold.

Proposition 3.11 Let N be a submanifold of a complete Riemannian manifold M with tubular neigh-
bourhood U, i.e., there is a neighbourhood V of the zero-section of TN such that the exponential gives
a diffeomorphism V = U. Suppose that V = B¢(N) for some ¢ > 0, that is, V is the e-neighbourhood
of the zero-section in TN+. If N' C U is a submanifold such that N' = exp o (N) for some section ¢
of TN, then

Sg(tN',sN') = |t —s| max|o]|

forallt,s € [0, 1], where tN' := expto(N).
We get directly from this a characterisation of the radial Hausdorff-geodesics.

Corollary 3.12 If N and N’ are as above, the path defined by ¢(t) = tN' is a minimal geodesic in the
space of submanifolds of M equipped with the Hausdorff metric. In particular, if the Riemannian metric
corresponds to the Sasaki metric on a Weinstein neighbourhood of L € £, then L possesses a system of
geodesically star-shaped neighbourhoods in (£}, 8gr).
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Proof Take 0 <a < b < 1. Then, the length of c|[, 5] is given by

{
Uelap) = sup Y Su(c(tim), ct;)

a=to<-<tg=b;_;
L

= sup Z(li —ti—1) max|o|

a=ty<--<tg=b i=1
= (b —a) max|o|
=3dn(c(a),c(D))
which proves the first part of the result.

The statement on geodesically star-shaped then follows directly, knowing that L’ stays in £7 by
Proposition 3.5. ]

Proof of Proposition 3.11 We first note that, for every z,s € [0, 1],
) s(tN';sN") =ma]¢<dM(expto(x),sN/)
X€

=max inf dy(expt ,
max inf M (expto(x),y)

< mz}i’c dy(expto(x),expso(x)) = |t —s| max|o]|,
xXe

since the exponential on V is a radial isometry. By exchanging the role of s and ¢ above, we get that
Sg(N',sN') =max{s(tN';sN'),s(sN’;tN’)} < |t —s| max|o|.

Suppose that s < ¢, and let xo € N be such that |o(xo)| = max|o|. Suppose that there exists y € N
such that dys (expta(xp),expso(y)) < dy(expto(xg),expsa(xg)) = (t —s)|a(xo)|. Then,

tlo(xo)| = (t = s)|o(x0)[ + 5[0 (x0)|
> dp(expto(xo). expso(xo)) +slo(y)]
> dp(expto(xo).expso(y)) + du (y.expso(y))

> dp(expto(xop), y).
This means that

dyr(expta(xg), N) < dp(expto(xop),y) <tlo(xg)l.

Let y : [0, 1] — M be a minimal geodesic from N to exp o (xo). Since N is closed, y’(0) € TN L, so that
y(t) = exp(ty’(0)). But then, |y’ (0)] = das(expto(xg), N) <t|o(xg)| < €. Therefore, y’(0) and 1o (x)
are two vectors in V' whose image under the exponential map is exp to(xg), which is a contradiction
with the hypothesis that exp |y be a diffeomorphism onto its image. The inequality (2) is thus in fact an
equality, which proves the lemma. O

In the two-dimensional case, things are not as straightforward. Indeed, it is easy to see that the above
proof gives that

Sp (graph &y, graph £/) = max|&y — &o|,
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which means that we should not expect o — &, to be a Hausdorff-geodesic in general. However, the above
equality together with the estimate on the Lipschitz constant of ¢(«) in Lemma 3.8 gives the following.

Lemma 3.13 Suppose that dim M = 2. Every L € .4 has a neighbourhood U in .%}} such that
S (graph &, graph £o) < 2| —o'| max|§| = 2| — |6 (L, graph§),
whenever graph & € U.

Variations on the Hausdorff metric Following a result of Sosov [42], the Hausdorff metric between L
and L’ is given by the infimum over all §z -continuous paths of closed subsets from L to L’. In fact, this
infimum is even realised by a geodesic. This is because we have chosen the Riemannian metric on M so that
(M, dyr) is a complete, geodesic metric space. Therefore, his definition of a geodesic corresponds to ours.

In this context, it is thus natural to consider what happens when we take the infimum over paths in a
smaller set. More precisely, we are interested in the two following variants of the usual Hausdorff metric
on .

§Ma (Lo, L) :=inf{l(c) | ¢(i) = L;, c(t) is an n-dimensional manifold V¢ € [0, 1]},
559 (Lo, L) == inf{l(c) | ¢(i) = Ly, ¢(r) € & Vi €0, 1]}.

Here, all ¢’s are §g-continuous, and all manifolds are smooth, closed, and connected. Note that
Man (*.k)
0y <6y <oy,
The first part of this subsection shows that, at least locally, these inequalities are equalities in good cases.

Proposition 3.14 Every L € £} has a neighbourhood U in £} such that for all L' € U, the following
holds.

(i) ML, L") =8u(L,L").

(ii) If the Riemannian metric of M corresponds to the Sasaki metric on a Weinstein neighbourhood of L,
then §5F) (L, L) = 85 (L, L").

(i) If dim M =2, then 83 (L, L") < 285 (L, L").

Proof We take U to be a tubular neighbourhood of L. By making U smaller if necessary, we may
suppose that all L' € % such that L' C U are graphs by Theorem 2.6. Therefore, (i) and (ii) follow
directly from Corollary 3.12. Likewise, (iii) follows from Lemma 3.13. O

In particular, we get the following characterisation of the topologies induced by the variations of the
Hausdorff metric.

Corollary 3.15 The metrics 5%“ and 8y induce the same topology on ;. If dim M = 2, then the same
holds for 81(1;”() and 8y .
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4 Symplectic properties of the geometrically bounded spaces

We now show some symplectic properties of the Lagrangian submanifolds in .#}* which derive from the
topological and metric properties proved above. More precisely, we first prove Theorem B in Section 4.1.
The rest of the subsections are then dedicated to proving the many corollaries following the first principle
appearing in the introduction.

4.1 Hamiltonian isotopy classes

We explain how the connected components of .#}* are related to the isotopy classes of the Lagrangian
submanifolds they contain.

Proposition 4.1 For each k > 0, there exists A > 0 with the following property. If L, L’ € &y are not
Hamiltonian isotopic, then
d(L,L") > A.

Proof Let{L;}and {L}} besequencesin £ such that d(L;, L) tends to zero, that is, they are equivalent
in d. By Proposition 3.2, they must then be also equivalent in d . In particular, d(L;, L}) is finite for i
large, which implies that they are Hamiltonian isotopic for i large. Thus, such an 4 > 0 must exist. O

Finally, we can similarly get a fairly powerful result on the possible Hamiltonian isotopy classes in .Zk* .
Proposition 4.2 There are finitely many Hamiltonian isotopy classes in £ .

Proof Suppose the contrary. Then, there exists a sequence {L;} C .,?k* with L; not Hamiltonian isotopic
to L; if i # j. By Corollary 3.3, we may pass to a converging subsequence. But by Proposition 4.1
above, we will eventually get d(L;, L;) < A, so that L; must be Hamiltonian isotopic to L; for i and j
large, and we have a contradiction. O

We close this section with a simple, but important observation: it is necessary to fix a Liouville form A
when * = e or a monotonicity constant p for x = m(p). Likewise, we truly need the “bounding enough
disks” condition for our results to hold. Indeed, in each case when one of these conditions is broken, we
get a counterexample to Proposition 4.2.

e On the flat cylinder T*S!, each parallel is a totally geodesic 1-tame Lagrangian submanifold which
is exact for some primitive of the usual symplectic form. However, that primitive is different for each
parallel, i.e., only one of them can belong to .#¢(T*S1).

e These parallels can also be seen as monotone Lagrangian submanifold for any p > 0. However, they
bound no disk at all, and thus do not respect the condition of bounding enough disks, i.e., they never
belong to ™) (T*S1),

o In R? with its usual structure, the Hamiltonian isotopy class of a circle is determined by the area it
encloses. Clearly, for any k > 0, there is a continuum of possible areas enclosed by a circle in .%; (R?).
Furthermore, each of these circles are monotone. However, they are all so for different monotonicity
constants, i.e., only one class can belong to any m () (R?).
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Remark 4.3 In dimension 2, Proposition 4.2 follows directly from Proposition 4.1 and Corollary 3.3,
since we then know that .,A%]: is locally path connected by Proposition 3.7. Indeed, this ensures that the
connected components of .} are open, and they are thus in finite number, by compactness of the space.
But by Proposition 4.1, each connected component is contained in a unique Hamiltonian class, so that the
latter must also be in finite number.

4.2 Boundedness of d

We now prove the corollary on the boundedness of d when it is restricted to one Hamiltonian orbit.

Corollary 4.4 Forevery k > 1, there is some B > 0 with the following property. Let L, L’ € ;. Suppose
that either L and L’ are Hamiltonian isotopic or that M = T*N, x = e, and d = y. Then,

d(L,L") <B.
Proof If L,L € ;kaO for some Lo € £, then dg (L, L") < oo by definition. Since d is dominated
by dp, we thus also have that d(L, L") < oco. Therefore, total boundedness of ka 0 (as proved in
Corollary 3.4) implies boundedness.

When M = T*N, x = ¢, and d = y, the same argument works because we then have d(L, L") < oo
forallL,L’e.f]:. m]
Remark 4.5 The improvement here, compared to the version of the Viterbo conjecture appearing in [12],
is that the bound on y(L) stands for all exact Lagrangian submanifolds in the unit codisk bundle, not
just in a codisk bundle of small enough radius. However, the constant A now explicitly depends on k.
We have however not simply rescaled the previous estimate: the present bound applies to Lagrangian
submanifolds which are not graphs, which was not the case previously.

4.3 Graphs and Ostrover’s example
In [35], Ostrover constructs, for every closed symplectic manifold M such that 7>(M) =0 and any ¢ > 0
small enough, a sequence of Hamiltonian diffeomorphisms {¢{} € Ham(M) such that

(1) llgf llir =2 oo

(2) du (A, graph¢f) =c,
where A C A/d x M is the diagonal and dg is the Lagrangian Hofer metric of M x M. In particular, if we
set ¢; 1= (pl.l

but whose graphs Lagrangian—Hofer-converges to the diagonal. In this subsection, we want to show that

', we get a sequence of Hamiltonian diffeomorphisms which Hofer-converges to infinity,

such a phenomenon is impossible in the world of geometrically bounded Lagrangian graphs. That is, we
show the second corollary in the introduction.

Note that contrary to all other subsections of this paper, we do not require that our monotone Lagrangian
submanifolds bound enough disks. We recall that

;’fkr ={L e % (MxM)|L =graphg, ¢ € Ham(M )},

where M is equipped with some Riemannian metric, and M x M, with the resulting product metric.
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From Proposition 2.9, Theorem 2.6 applies to fkr equipped with the metric dy, induced by the Hofer
norm, i.e., defined by

d}y (graph @1, graph 2) := [l@195 | m,

where | - ||z is the Hofer norm of M. Since dy; > dp, Theorem 2.5 also trivially applies. In particular,
we can make use of Corollary 3.4. We thus get the following, since ,,kar contains a unique Hamiltonian
isotopy class.

Corollary 4.6 On %!, dy and d y induce the same topology, Furthermore, dy; is bounded. In particular,
an example a la Ostrover does not exist in ,Zkr.

Note that we have a defined notion of C!-distance between graphs and of C !-bounds on them through
the diffeomorphisms that define them. We suspect that the spaces resulting from these bounds also obey a
result analogous to Corollary 4.6 above.

However, working with curvature bounds of the graphs allows the limit in the completion to be
represented by Lagrangian submanifolds of M x M which are not graphs. In particular, we get the
following.

Corollary 4.7 There are elements in the metric completion of (Ham(M), || - || z) which can uniquely be
represented by nongraphical (C1'%) Lagrangian submanifolds of M x M.

It would be quite interesting to be able to detect which elements of the completion have this property.

Remark 4.8 One could ask the same question as above but with the Hofer norm replaced by the spectral
one. However, this is a trivial question: it is known [32] that in the monotone setting, the spectral norm of a
Hamiltonian diffeomorphism in M is equal to the spectral distance of its graph to the diagonal in M x M.

4.4 Order of a symplectomorphism and categorical entropy

We now move on to the first corollary of Theorem B. That result (or more precisely, Proposition 4.2)
directly implies the following.

Corollary 4.9 Let L € ¢, and let ¥ be a symplectomorphism of M. If there exist k > 1 such that
VY (L) € £} forallv > 1, then there exist N such that ¥ (L) is Hamiltonian isotopic to L.

In fact, we can make the above statement somewhat quantitative through the various notions of entropy.
First of all, we note that we have a criterion for the vanishing of barcode entropy — we refer the reader
to [10; 16] for the definitions.

Corollary 4.10 Let L and ¥ be as in Corollary 4.9. If v is Hamiltonian and L’ is another exact or
monotone Lagrangian submanifold, then the relative barcode entropy h(vy; L, L") vanishes. If L, L',
and  are all exact, then the same holds for the slow relative barcode entropy h*!(y; L, L").

Proof By Proposition 4 of [12], V(L) € £} for all v implies a universal bound on the volume of
the ¢V (L). The result on the usual barcode entropy then follows directly from the proof of Theorem 2.4
of [10]. The result on slow barcode entropy follows instead from the proof of Theorem A of [16]. O
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Perhaps more interestingly however, we gather from Corollary 4.9 a geometrical criterion for the
vanishing of the so-called categorical entropy of a symplectomorphism, which we define below. We make
use of the definition using multiple generators of [6], instead of the original definition using a single split
generator [17], but it is shown in the former paper that these are equivalent. The reason for this is that we
want to work with actual Lagrangian submanifolds, not abstract twisted complexes or modules over the
Fukaya category.

We first introduce the following notation. Let % be a (nongraded) triangulated category. For a morphism
f : A — B in %, we denote by Cone( f) its cone, i.e.,the unique-up-to-isomorphism object turning
A — B — Cone(f) — A into a distinguished triangle of 4. More generally, we define by induction
Cone( f1, ..., fm) to be the cone of the map f,, : Ay — Cone(f1, ..., fm—1)-

Definition 4.11 Let ¢ be a nongraded triangulated category, and let 4, G1, ..., G be objects of ¢’. The
complexity of A with respect to G1, ... Gy is given by

8(G1,...,Gyp; A):=inf{m | A® A’ = Cone(f1,..., fm), A € Ob(¥), dom f; € {G1,...,Gy}}.

Furthermore, if Gy, ... Gy split-generate ¥ and ® is an endofunctor of ¥, we define its categorical

entropy to be
85(G1,...,Gp; OV (G1®--- D Gy))

heat(®) := lim € [0, 400].
V—>00 v
In other words, complexity measures how many iterated cones are needed to get A from Gy, ..., Gy

up to some splitting, whilst categorical entropy measures how much ® “complexifies” the generators
of €. As the notation suggests, the definition of categorical entropy is independent of the choice of
split-generators.

Remark 4.12 In the definition of complexity above, we could replace the A ® A’ = Cone( f1, ..., fm)
condition by simply A = Cone( f1, ..., fm) and then work with generators to define categorical entropy.
This is perfectly valid but leads to a number which is—in general — larger than what we have defined
here. Since we are interested in a criterion for the vanishing of entropy, it is a more general approach to
work with split-generation.

In the symplectic context, we take ¢’ to be the derived Fukaya category DFuk™ (M) generated by .-£% —
this is well defined in both the exact [37] and monotone [41] settings. Then, any symplectomorphism
preserving .5 will induce an endofunctor of DFuk™ (M) — we will call the categorical entropy of that
functor the categorical entropy of . The following result follows directly from Corollary 4.9 since
Hamiltonian isotopic Lagrangian submanifolds induce isomorphic objects in the derived Fukaya category.

Corollary 4.13 Suppose that  is a symplectomorphism of M preserving £}, such that, for a set of
generator L1, ... Ly of DFuk* (M), y*(L;) € %} for some k, for every v and every i. Then, hea () = 0.

In other words, if /() > 0, then there is some Lagrangian submanifold L which is a factor of
a split-generator G of DFuk™* (M) such that the sequence {y¥” (L)} is not contained in any ;. Note
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that we may suppose that such a Lagrangian submanifold L induces a nontrivial object in DFuk™(M).
Thus, ¥ must then deform some Floer-theoretically essential Lagrangian submanifold.

Remark 4.14 There is currently work in progress from Ambrosioni, Biran, and Cornea which defines
weighted versions of categorical entropy coming from the triangulated persistence structure of the derived
Fukaya category [8], which associates to cones an associated weight. Because our spaces are all totally
bounded, we expect that their notion of entropy is also well behaved in our setting, so that we can expect
similar results as above.

Remark 4.15 Lemmata A.12 and A.13 below imply that, for any symplectomorphism v preserving .£5
and any L € .£%, the quantity

log* (k(y* (L)) .
Vv

n(y; L) :=limsup [0, +o¢],

V—>00

where k(L) :=inf{k | L € £} and log™ (x) := max{0, log(x)}, is independent on the Riemannian
metric g on M or on the choice of compacts Wj. However, the geometric meaning of this quantity is still
unclear to us.
For example, it is well known that the quantity
log™ (Vol(y” (L
I'(y; L) :=limsup g ( S ))) €
%

V—>00

[0, +00]

is a lower bound to topological entropy [45] and an upper bound to barcode entropy with any L’ € £ [10].
Furthermore, we have shown (Proposition 4 of [12]) that being in .}, implies respecting a volume bound.
However, that volume bound is generally not polynomial in k, so that there is no obvious link between 7
and I' —and thus between 7 and entropy.

Even in the case when n = 1, in which case the volume bound reduces to

(3) Vol(B 1 1)-1 (W) = 2| Diam(L) ] min{Diam(L), (k + 1)~}

with Vol(L) = 2 Diam(L), this only implies that

@) 2 L) = (s L) —limsup 20 e @),

v—00 v

But the right-hand side vanishes. Indeed, we have the freedom to choose in (3) any W}, containing ¥V (L).
In particular, let Wy be the “smallest” possible choice: the tubular neighbourhood of ¥¥ (L) of radius r
for » small. Then, Vol(W;) behaves like Vol(y”(L))r — see, for example, Theorem 9.23 of [21] —and
the superior limit is simply I"(y; L).

4.5 Connected components of 3”,’;

We now move to the second corollary of Theorem B. In fact, we prove the following slightly stronger
statement.
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Corollary 4.16 If L and L’ are smooth Lagrangian submanifolds belonging to the same connected
component of .Z;* or of .:?,:, then they are Hamiltonian isotopic.
In particular, L and L are Hamiltonian isotopic if there is a d -continuous path in .:S?,: from L to L.

Proof Note that the set ,ZkL ¢ = (Ham(M) - Lo) - & must be a clopen of .Z}*. Indeed, the fact that
d(L,L")> A >0 whenever L' € £ is not Hamiltonian isotopic to L implies that .,iﬂkl‘ 9 contains all of
its limit points in .£}", i.e., ka 9 is closed. But that fact also implies that ,iﬂkL 9 is equal to the union of
the metric balls of radius % centred at points on 2L, so that it must also be open. The conclusion then
follows from the fact that a clopen always fully contains the connected components of its points.

For the last statement, simply note that the path-connected component of a point is always contained
in its connected component. a

Remark 4.17 Every exact Lagrangian isotopy {L;}e[o,1] respects the hypotheses of Corollary 4.16.
However, these hypotheses are strictly more general. For example, it is proven in [26] that if H1(N;R) =0,
then the Floer barcode is C°-continuous. That is, if # > ¢, is a C °-continuous path in the C °-completion
of the group of symplectomorphisms of 7*N and L,L" C T*N are exact, then the Floer barcode
B(p:(L), L") depends continuously of 7 in the bottleneck distance. In particular, this means that such
a C%-continuous path ¢ — ¢, (L) through Lagrangian submanifolds of %y respects the hypotheses of
Corollary 4.16.

4.6 Hofer geodesics

We now finally move on to the corollary of Theorem C in the introduction.
We recall that it has been proven by Milinkovi¢ [33] that the Hofer and spectral distances between two
graphs in 7* L are both given by

(5) dp (graph df, graphdg) = y(graph df, graph dg) = max| f — g| —min| f — g|.

In particular, if L’ is a graph, then the path ¢ +> L’ is a minimising geodesic from L to L’ in the Hofer
metric of T*L.

However, when T*L is embedded in a symplectic manifold M via a Weinstein neighbourhood ¥ of
some Lagrangian submanifold L, (5) is reduced to a simple bound in the Hofer metric of M. In particular,
we are no longer guaranteed that ¢ +— W(zL') is minimising when L’ € T*L is a graph. Note that
it is, however, still a geodesic by Theorem 2 of [25]. Indeed, if L’ = graphdf, then ¢t > WU(tL’) is
generated by some extension of W, (7™ f), whose extrema along W(zL') are attained at fixed points in
(; W(tL') = W(Crit(f)). Therefore, the isotopy is always locally minimising.

In the case when L is either exact or monotone, we can use the results of Sections 3.2 and 3.3 to give
a lower estimate on how far the path ¢ — W(¢L’) is from being minimising. More precisely, we prove the
following.

Corollary 4.18 Let L be a Lagrangian submanifold of M that is either exact or monotone, and let g be a
metric on M which corresponds to the Sasaki metric of L on a Weinstein neighbourhood W : DL — M.
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For every k > 1, there are constants C >0 and r’ € (0, r] with the following property. Whenever f : L — R
is such that W(graphdf) € % and |df| < r’, we have that

dy (W(t graph df), W(s graph df)) > C(t — s)* max|df |?
for every t, s € [0, 1], where dy is the Hofer distance in M .

Proof Note that W(¢ graphdf) € % for all t € [0, 1] by Proposition 3.5. Therefore, the bound follows
directly from Theorem 2.5 by using Proposition 3.11 to compute §g (W (¢ graph df), W(s graphdf)). O

Remark 4.19 In [12], the precise C is computed in terms of k and the sectional curvature and injectivity
radius of M. In fact, by choosing r’ small enough, C can be made to only depend on the values of these
invariants on W (D} L). However, those values still depend on more than just k — except when L is flat.
For example, the sectional curvature and the injectivity radius in the Sasaki metric are not uniformly
bounded in 7* L when L is not flat (see [29]), so that C must depend heavily on r. On the other hand,
we can replace the dependency of C on k for one depending on || d¢|, where ¢ is the Hamiltonian
diffeomorphism generated by —z* f and 7 : T*L — L is the natural projection (see [13]).

5 Properties in the limit

There is a natural question of whether the properties of the .Z*’s survive in .Z%,. This is however not a
simple matter to see which properties can be transported to the limit: the sequence {L;} C .Z% (T*S!)
in Figure 2 exemplifies how the relation between g and d is not as clear in £ . Indeed, one can easily
convince oneself that such a sequence Hofer-converges but does not Hausdorff-converge to L¢ (see [11]
for a more detailed analysis of this example).

This sequence suggests that .Z* is a fairly pathological subspace of .#%,, since it indicates that every
open subset of .Z%, intersect all . with large k. In particular, {.Z }x> is far from being an exhaustion
of £% by compact sets, which complicates things.

Lo

Lo Lo

Lyo={p =cos(109)}
Figure 2: The sequence {L;} and its Hofer limit L.
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Nonetheless, we make here an attempt to extract properties. More precisely, Sections 5.1 and 5.2 are
dedicated to proving the two corollaries in the introduction which follow the second principle. That is, in
Section 5.1, we show that .Z% is separable and, in Section 5.2, that it contains at most countably many
Hamiltonian isotopy classes. We end this part with Section 5.3, which is a study of another possible limit
space of the .Z/*’s. Even though that space is better suited to the ./ spaces, we show that it basically
has the C2-topology, and thus captures mostly metric phenomena rather than symplectic ones.

5.1 Topological and metric properties

We investigate the implications of Section 3 to the space £ of all Lagrangian submanifolds in M
respecting * when that space is equipped with the metric d. This corresponds to the second corollary of
Theorem A in the introduction.

Proposition 5.1 The metric space (£}, d) —and thus its completion — is separable.

Proof We first note that every totally bounded metric space X is separable. Indeed, for every m > 1, we
can cover X by a finite number of balls of radius % Let x1,...,xy,, be the centres of these balls. By
construction,

o0
B:= U {x1,....xN,,}
m=1

is then a countable dense subset of X.
In particular, £} admits a countable dense subset By for all k > 1 by Corollary 3.4. Therefore, Uk Bk
is the required countable dense subset of £, = |y £ O

Owing to the equivalence of many topological properties on metric spaces, we directly get the following.

Corollary 5.2 The metric space (£}, d) and its completion are second countable, paracompact, and
hereditarily Lindeldf, i.e., for every subspace A, an open cover of A admits a countable subcover.

Remark 5.3 It was pointed out to us by Vincent Humiliére and Egor Shelukhin that the Hamiltonian orbit
of any Lagrangian L is always separable in the Lagrangian Hofer metric dg. This follows from the fact that
C2°([0, 1] x M) is separable in the C '-norm and that dg (¢}, (L), 95 (L)) < |H#G |g <C|H—G||c1.
Therefore, Proposition 5.1 is more of a statement on the behaviour of the Hamiltonian isotopy classes
of £% . We will explore them more in depth below.

5.2 Symplectic properties

We now explore the possible Hamiltonian isotopy classes of .Z% . This corresponds to the third corollary
of Theorem B in the introduction.

Proposition 5.4 There are at most countably many Hamiltonian isotopy classes in -£%,.

Proof We construct a sequence which enumerates all Hamiltonian isotopy classes as follows. For k = 1,
let {L1,...,Lp,} be acollection of Lagrangian submanifolds such that L; and L; are not Hamiltonian
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isotopic if i # j and such that any L € ¢} is Hamiltonian isotopic to one of the L;. By Proposition 4.2,
such a N; < oo exists. Then, {L1,..., LNk+1} is built from {L1, ..., Ly, } by adding representatives
of the Hamiltonian isotopy classes of .27 1
contained in .}* for some k, it is clear that {L1, L2, ...} is in bijection with the Hamiltonian isotopy

— % is a similar fashion. Since every L € £, must be

: *
classes in .£%,. d

Since every Hamiltonian isotopy class is contained in a single path-connected component of £},
we also get the following.

Corollary 5.5 The space (£}, d) has at most countably many path-connected components.

5.3 Another limit space

As noted above, we sadly lose many properties of the .2 spaces when we go to the limit space £,
This is ultimately because the -7} spaces are quite pathological in Z%,. There is however another natural
topology on the set ( J; % which circumvents this issue: the limit h_r)n,fk* of the inductive system
LS. C---. Inother words, 11_11)1 .,ka* =Uk .,%k* as a set, and a subset U C |, ,,iﬂk* is open if and only
ifUN ;’fk* is open in .Zk* for all k. In particular, this means that lim .%* = £ as sets, but the topology
—

on the metric spaces (£%,, d) and (£, §g) is coarser than that of lim.Z*. Note that by Lemmata A.12
and A.13 below, the topology on lim .Z* is independent of the choice of Riemannian metric.

To exemplify how this topology is better behaved in some regards, we show that its connected
components are much simpler than those of .Z% .

Proposition 5.6 The connected components and path-connected components of lim £ agree, and they
—
are precisely the Hamiltonian isotopy classes.

Proof First note that a given Hamiltonian isotopy class is always contained in a single path-connected
component of h_n)l.i”k* . To see this, suppose that L, L’ € h_n)lfk* are Hamiltonian isotopic, and take a
Hamiltonian isotopy {¢;} such that ¢1(L) = L’. By smoothness of the isotopy, the path ¢(¢) = ¢;(L)
is fully contained in £ for some k and is Hausdorff-continuous. Therefore, L and L' are in the same
path-connected component of 7, and thus of lim ..

On the other hand, given L € lim Ly, its connected component in lim Lz must contain the Hamiltonian
isotopy class DZOI;D of L. Indeed, in Corollary 4.16, we have shown that £l = 92”015 N.Z; is clopen in .2
for all k, so that 50% must also be clopen in lim L. But a clopen must contain the connected component
of its elements, which proves the inclusion.

Since each path-connected component is contained in a single connected component, this proves the
result. |

We now compare the limit topology with other ones to better understand it. The following example
shows that these topologies are strictly coarser than the limit topology. The example is for M = T*S!,
but it can easily be generalised to any symplectic manifold by using a Darboux chart adapted to a given
Lagrangian submanifold.
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NI

Figure 3: The behaviour of {L°} as s tends to 0.

Example On M = T*S!, consider the 1-parameter family of Hamiltonian { /% }s~o defined via
s _.3/2 . q
H(q.p) =s""p(q) sin _.

where we have identified S! with R /Z and B : [0, 1] — [0, 1] is zero near {0, 1} and takes value 1 on [%, %]
Set L°={p=0}and L = (p{ls (L%) = graph(—d H®). See Figure 3 for a visualisation.

On the one hand, it is easy to see that s — L%, s € [0, 1], defines a path which is continuous with
respect to both g and dy (and thus also d). In particular, the set {L*}¢[0,1] € -Z5, is compact in all
these metrics. On the other hand, it is not contained in any .7, since

i L |(H%)"(q)] o
im || Brs|| = lim max 372 = lim s
. 0aSST (14 (H)(@))?)"" *7

—3/2

= 00,

where we have used that the second fundamental form By s takes on a particularly simple form for graphs
in the flat cylinder. Therefore, it cannot be compact in the limit topology (see Lemma 5.7 below).

Lemma 5.7 Let {X; C X} be an increasing sequence of compact subspaces of a Hausdorff space X .
The space lim X is Hausdorff. Moreover, a subset A of lim X} is compact if and only if it is closed and
A C X}, for some k.

Proof We first prove the Hausdorffness. If x # y € lim Xp = Uk Xk, then there are open subsets U
and V of X suchthat x € U and y € V, but U NV = &. But then, the restrictions U N X and V N Xy
are open for each k, so that they are also open in lim Xp. Thus, x and y are also separated in lim X, and
lim X} is indeed Hausdorff.

We now prove the equivalence. One direction is obvious. Let thus A be compact in lim Xy. Since the
limit space is Hausdorff, A must be closed. Suppose however that A4 is not contained in any Xj. Then,
for every k, there is some x; € A — Xj. In particular, the set S = {x;} C A is such that S N X} is finite
for all k. Therefore, that intersection is closed, since X is Hausdorff. By definition of the limit topology,
this thus means that § itself is closed. In fact, this logic shows that every subset of S is closed, i.e., S is a
closed infinite discrete subset of A. But this is impossible if A is compact, hence the contradiction. O
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The above lemma allows us to completely characterise the limit topology.

Proposition 5.8 A sequence {L;} C h_r)nfk* converges to some L € h_r)nfk* if and only if there exists
some k € N such that {L;} € % and L; — L in the Hausdorff topology —or in any of the many
equivalent topology on £} .

Indeed, the result is a direct consequence of Lemma 5.7 just above and of the following simple fact
from point-set topology.

Lemma 5.9 Let {x;};cN be a sequence in a Hausdorff space X such that none of its elements is a limit
point. The sequence converges to some x € X if and only if the subspace S = {x;};en U {x} is compact.

Proof Suppose that x; — x, and let {U,},ec4 be an open cover of S'. Then, there is some ag € A such

that x € Ug,. But by convergence, there is some N € N such that x; € Uy, for all i > N. It then suffices
N

Vi i=0"

Suppose now that S is compact, and let Uy be an open neighbourhood of x. Note that for each x;, there

to pick a; such that x; € Uy; for each i < N to get a finite subcover {Uy, }

is some open U; such that U; N S is finite. Indeed, otherwise, x; would be a limit point of the sequence,
which would be a contradiction with the hypothesis on {x;}. Since X is Hausdorff, we may suppose that
U; NS = {x;}. Therefore, there must be only a finite number of i such that x; ¢ Uy, otherwise {U; 120
would be an open cover of S with no finite subcover. |

Given Proposition 5.8, we can see where the limit topology sits with regard to the various C k -topologies.

Corollary 5.10 The limit topology is (strictly) finer than the C 1*-topology, for any 0 < o < 1, but
coarser than the C ?-topology.

Proof By Theorem 2.6, the C **-topology is equivalent to the Hausdorff topology on & for any
0 < a < 1. Therefore, every convergent sequence in the limit topology is also convergent (with the same
limit) in the C 1"%-topology. To see that the inclusion of topology is strict, just use the example above, but
replace s3/2 by s2® in the definition of H*.

The C?-topology is coarser because every C2-converging sequence has uniformly bounded second
fundamental form (direct computation), is uniformly e-tame (this is the idea of Lemma A.11), and
obviously also converges in the Hausdorff topology to the same limit. a

Appendix Some results in Riemannian geometry

This appendix compiles all the results in Riemannian geometry which were required throughout the paper,
but that the author could not find in the literature. We suspect that many of these results are known to
experts, but this is not the case for all of them: at least Lemma A.5 has appeared as a conjecture in a
paper of Albuquerque [3].

Below, Section A.1 compiles the results on the Sasaki metric, Section A.2 on Riemannian surfaces,
and Section A.3 on comparison results between Riemannian invariants of Lagrangian submanifolds.
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A.1 Results on the Sasaki metric

Behaviour along graphs We begin by proving some useful results on the behaviour of some Riemannian
invariants of graphs in 7'L of vector fields under the transformation (x, v) — (x, tv). More precisely, we
show that the norm of the second fundamental form and the tameness constant must the nondecreasing
in ¢ if the vector field is (locally) a gradient of a C2-small function.

We begin by studying the norm of the curvature. The proof is elementary but still subtle.

Lemma A.1 Equip L with a Riemannian metric g = (-,-) and T L with its associated Sasaki metric. Let
& =grad H € X(L). If |§| and |V&]| are sufficiently small, then the function t — | B;¢|| is nondecreasing
fort €0, 1].

Proof For X € T, L, we denote by X h and X"V its horizontal and vertical lifts in T(x,y)TL, respectively.
Then, we have that

(©6) Tené(L) = {X = X" + (Vx§)" | X e T L},
(M TinE(L) ={Z = 2"~ (V§)*2)" | Z € Ty L},

where ((VE)*Z,Y) = (Z,Vyé€) forall Y € Ty L (see, for example, [1]). Denoting by V the Levi-Civita
connection on TL, by V the Levi-Civita connection on L, and by R the Riemann curvature tensor on L,

we get that
Vn¥" = (Vx V)" = L(R(X. 19",
Vn ¥V = (VxY)" + 3(RE V)X,
VoY = 2(RE X)),
VoYV =0
for all X,Y € X(L). Therefore, the expression for the second fundamental form of £(L) is
o B
B(X.X.Z) = (Vg§ — Vv x§. Z) = (VR vy x6. Z)
forall X € Te(x)€(L) and all Z € TeonE (L) N
From (6) and the definition of the Sasaki metric, we have that | X|?> = |X|?> + |Vx£|?. Likewise,
from (7), we have that |’Z|2 = |Z|? + |Vz£|?; this is because

((VE)*Z|? = Hess H(Z, (VE)*Z) = ((V§)*Z,Vz§) = Hess H(Z,Vz§) = |VzE[%,
since the Hessian of a function is symmetric. Therefore, for every ¢ € [0, 1], the map
TTL—TTL, ((x,),Y) ((x,29),(1+ (2 —1)|Vy£|?)"V?Y),

sends £(x) to 2§ (x) and sends diffeomorphically the unit sphere of Tg ()& (L), respectively of TEJEx)E (L),
onto the one of Ty¢(y)t& (L), respectively of Té( x)té (L). Here, Y denotes the sum of the projections of Y
onto the horizontal and vertical distributions, after their identification with 7'L. Note that, on these spheres,
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|f/¥|2 =|Y2+|Vyé|2 =1sothat |Y| <1and |Vy&| < 1. In particular, sy (1) := (1+ (12 —1)|Vy£[?) /2
is well defined for ¢ € [0, 1].
Therefore, it does suffice to prove that the map

(8) t e |(Bie(sx ()X, sx ()X, 52(1)Z))| = s§szt|oa—1*B]

is nondecreasing for ¢ € [0, 1], for all X e Te(x)6 (L) and all Ze TEL(X)E(L) such that |f| = |§| =1.

,sym

Indeed, by the previous discussion, this will imply that the map ¢ +— |Bté|?c —sending ¢ to the
operator norm of E, g on the subspace of Tg ()16 (L) ® Tg(x)15(L) ® TSJ(_x)Zs (L) generated by elements
of the form X ® X ® Z —is nondecreasing. Since B¢ is symmetric in its first two entries, this is just
the operator norm on the whole space, and we will get the result.

If « = 0, we may suppose that 8 # 0, otherwise (8) is just the zero function, and the statement is trivial.
In that case, (8) looks like 6|8](1—|Vx&[2)~1(1 —|Vz&|2)™1/2¢3 + O(1*) near t = 0. In particular, it is

increasing near ¢ = 0. But (8) only possibly has critical points at

) - 3(1—|Vx&[2)(1—|VZEP)
t=0 and = i\/IVX$|2|V25|2_ |Vx€|2| —2|VZE]2

For |V&| small enough, the latter values are not real, and thus (8) is increasing.

Suppose now that « # 0. By changing the sign of Z if necessary, we may assume that o > 0. Since
IB] < |IR|| |€] |VE|? and « depends only on derivatives of £, we thus have that |o — 28| = o — 2 for all
t €0, 1] if || is small enough. But the function ¢ — s)z(szt(oc —t2B) converges with all derivatives to
the function ¢ > ta as |[VE| — 0. Since that function is increasing, the derivative of (8) is positive for all
t € [0, 1] for |V&| small enough. Therefore, the function is increasing over the interval for |¢| and | V]
small enough. a

Remark A.2 Given the proof of Lemma A.1, it appears that how small we must take |£| and |V&| depends
on X and Z. However, since the infimum to get the operator norm || B¢|| is taken over the unit sphere,
which is compact, it is in fact a minimum. Therefore, how small we take |£| and |V&| can be made
independent of X and Z.

We now move on to studying the tameness constant. This time, the proof is fairly straightforward.
Lemma A.3 Let & € X(L), and equip T L with a Sasaki metric. Define

. drp(x,y)
x#yeg(L) min{l, dg(x, y)}

where dg denotes the intrinsic distance in §(L). Then,

lim g = 1.
|VE|—>0

In particular, e¢ > (k + 1)™! for | V| small enough.
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Proof Consider a path y : [0,£] — L such that || = 1. Define 7 := £ o y. Then, |§|> = 1 4 |V;£?, so

that
e .
25/ 5] dt < V1 + [VEP.
0

Taking the infimum of the above inequality over all paths y such that y(0) = x and y(£) = y for given
x,y € L, we get that

€)) dp(x, ) < dg(€(x),£(y)) = V1 +|VEPdL(x, y),

since all smooth paths ¥ in £(L) may be parametrised to be of the form ¥ = £ o y with |y| = 1.

On the other hand, take a path ¥ : [0, Z] — TL such that |)"7| =1,y(0) =&(x),and y(L) = &(y) for
given x,y € L. Then, we may write )7 = )'/h + YV for y := mw oy and a vector field Y of L along y,
where 7 : TL — L is the canonical projection. We thus get

l ¢
= [ ViP+YPar= [ 17dr.
0 0
Taking the infimum over all possible y, we get that

(10) drp(§(x),§(y)) = dp(x. ),

since every path in L from x to y admits a lift to 7L from &(x) to £(y) (e.g., Eo p).
Putting (9) and (10) together, we thus get

inf dL(x»)’)
x#y min{1,dr (x, y)v'1 +|VE[?}

which implies the result. |

<eg =1,

Remark A.4 The approaches in the proofs of Lemmata A.1 and A.3 are different, because || Bg|| depends
on higher derivatives of £, while g¢ does not. Therefore, just taking a limit in the expression for || B ||
would not lead to 0, and we could not conclude anything. We need to actually understand the behaviour
of || Bg| in a C 1 _peighbourhood of 0, not just in the limit |£] — 0.

Behaviour of the geodesics To adapt Lemma A.3 to a metric which is only locally Sasaki — which is
required in Section 3.2 — we will need the following technical results. As far as we know, these results
have not appeared in the literature. This is also why Lemma A.5 is established in such generality: it has
appeared before as a conjecture of Albuquerque [3] and could be of general interest to the Riemannian
geometry community.

Lemma A.5 The space TN is complete in the Sasaki metric associated with (N, g) if and only if (N, g)
is complete.

Proof One direction is obvious: if TN is complete and v € Tx N, the exponential of fv € Ty N C T, TN
exists in TN for all t € R. However, N is totally geodesic in TN [36], so that the geodesic epo;N (tv)
must stay in N. It is thus the exponential of v in N, and N must be complete.
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Suppose now that N is complete. We recall that completeness of a Riemannian manifold M is
equivalent to it having an exhaustion by compact sets { K; } such that, if {x;} is a sequence with x; ¢ K;,
then d(y, x;) — oo for some point y € M — this is part of the classical Hopf—-Rinow theorem; see, for
example, Theorem 7.2.8 in [9].

Let y € N and K; = DiNlB[N (y)» Where Bl.N (y) is the (closed) ball of radius i in N centred at y.
Let {x;} be such that x; ¢ K;. We now study two possible types of subsequences of {x;}.

(1) Suppose there is a subsequence, still denoted by {x; }, such that none of the subsequences of {m(x;)}
are contained in any of the Bl.N (y). Then, the sequence of natural numbers given by

ni =min{j | 7(x;) € BY (y)}

converges to infinity. By completeness of N, this must mean that d(y, 7 (x;)) — oco. But since r is a
Riemannian submersion, it is nonexpansive in d, so that

d(y,m(xi)) =d@(y), 7 (xi)) < d(y, x;).
Therefore, d(y, x;) — oo.
(2) Suppose there is a subsequence, still denoted by {x;}, and a R > 0 such that {7 (x;)} is contained
in Bg (y). Since x; ¢ K;j, this forces that x; ¢ D; N for large enough i. Then, let y; be a minimal

geodesic of N from 7(x;) to y. Let x] := Py, (x;) be the parallel transport of x; along y;. Note that the
horizontal lift p; of y; starting at x; ends at x by construction. Therefore, we have that

d(xi,xj) <L(F;) = L(yi) =d(w(x;),y) < R.

On the other hand, since parallel transport is an isometry on the fibres, the fact that x; ¢ D; N ensures
that x] ¢ D; N. Since x/ is in the fibre over y, this thus implies that d(y, x]) > i. Therefore, the triangle
inequality gives that

d(y,x;)>d(y,x))—d(xi,xj)>i—R,

and d(y, x;) — oo.

Since the original {x; } sequence can be written as the union of subsequences of either type, we conclude
that d(y, x;) — oo, so that TN is complete. m|

Lemma A.6 If o : [0,{] — TL is a geodesic in the Sasaki metric, then the function t — | (t)|? is either
constant or a (strictly) convex parabola. In particular, the disk bundle D, L of radius r is geodesically

convex.

Proof See « as a vector field Y along the path x :=moa : [0,£] — L. Note that |¢| = |Y|. Then, the
geodesic on T'L is equivalent to two equations on L [36]:

ViX + R(Y, V;Y)x = 0;
VY =0.
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But then, this means that
d v 2
—|Y|F=2(V,.Y, Y);
TV 2= 2(VeY, Y);

d2
W|Y|2 =2(VIY,Y) +2|V;Y > =2|V;Y %

d
E|V,CY|2 =2(V2Y,V;Y) =0.

From the last equation, we get that |V; Y| is independent of time. If |[V;Y| =0, then V;Y = 0, so that
the first equation implies that | Y| is constant. If |V;Y | > 0, then the middle equation implies that the
second time derivative of |Y |2 is a positive constant, thus giving that it is a strictly convex parabola. O

As mentioned above, we need to also study metrics which are only locally Sasaki. By this, we mean
that (M, w) is a symplectic manifold with a compatible almost complex structure J and that g = w(-, J-).
We also suppose that L is a Lagrangian submanifold of M. By locally Sasaki, we mean that there is a
diffeomorphism W from a neighbourhood of L in T'L to a neighbourhood of L in M such that ¥*g is
the Sasaki metric. This makes sense since J identifies TL with TL+ C TM.

In this case, Lemma A.1 obviously still applies, but Lemma A.3 needs to be adapted, as we could have
drp # dpy. In other words, we have to deal with the fact that the minimal geodesic in M between two
points of L’ = £(L) might not be entirely contained in the neighbourhood of L where g is equal to a
Sasaki metric. In particular, that minimal geodesic could be shorter than one would expect in 7L so that
the ratio dps /dy, might no longer tend to 1 as |[VE| — 0. We prove that this in fact cannot happen.

Lemma A.7 Let M, L, and g as above. On a small enough neighbourhood of L, we have thatdy; = dry. .

Proof We first prove that dps(x, y) = drr(x, y) whenever x,y € L. Let thus x and y be in L. Let
a :[0,£] = TL be a minimal geodesic in 7L from x to y. Note that it follows from Lemma A.6 that « is
fully contained in L, so that dry (x, y) = dy (x, y). In particular, « is also a geodesic of M. Therefore,
it is locally minimising in M, and we can take

0 :=sup{t €[0,4] | dy(x,a(s)) =s Vs <t} €(0,4£].

Suppose that « is not minimising, i.e., £’ < £, and let y : [0, '] — M a minimal geodesic in M from x to
y":= a(¢’) which is different from o — nonminimality of « ensures that it exists.

From classical facts from Riemannian geometry (see Proposition 13.2.12 of [9] for example), exactly
one of two things can happen: either there is a 1-parameter family y; of geodesics from x to y’ with
Yo =« and y1 =y, or y and « are the only two minimising geodesic from x and y” and y'({') = —a/({').
In the first case, note that all y; have the same length since geodesics are critical points of the length
functional. Therefore, for s small enough, y; is a minimal geodesic not contained in L, but fully contained
in the neighbourhood of L where g is the Sasaki metric. This is of course a contradiction with Lemma A.6,
since 0 and £ would then both have to be strict minima of ¢ — |ys(#)|%. In the second case, y is then
tangent to L at r = £’. But since L is totally geodesic, y must then be fully contained in L, and we again

get a contradiction. Therefore, the result holds on L.
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We now consider x and y close to L in M. Let «, y, £/, and y’ be defined analogously as above.
From Lemma A.5, o exists and, if we take x and y to be in a neighbourhood of the form W(D, L), then
a stays in that neighbourhood by Lemma A.6. Again, we have two possibilities for how y and a/|[g ¢/
connect. If y is a 1-parameter family, then we still get a contradiction for some s: since y; leaves the
Weinstein neighbourhood and y; always has the same endpoints, there is some s such that y; is still in
that neighbourhood, but such that 7 — |y, (¢)| has a maximum (in contradiction with Lemma A.6).

However, the second possibility — that « and y form a geodesic loop in M — does not a priori lead to
a contradiction. Thus take sequences {x;} and {y;} such that lim; dps (x;, L) = lim; dps(y;, L) = 0, but
such that dps (x;, yi) <drp(x;, y;) forall i. Define o;, y;, £}, and y! analogously as before. In particular,
if v; is the unit vector such that exp, (fv;) = «(t) for ¢ € [0, £;], then ¢ > exp, (tvi), I € [2.£]], is
the geodesic loop «; # ;. Since {x;}, {y;}, and {v;} are all contained in a compact, we may pass to a
subsequence, so that lim; x; = x € L,limy; =y € L, and limv; = v € Ty M. But then, ¢ — exp, (tv),
t €10,24'], is a geodesic loop in M which is fully contained in L over [0, £], but that eventually leaves it.
Therefore, we get a last contradiction, and we must have das(x, y) = drr(x, y) whenever x and y are
close to L. |

A.2 Result on Riemann surfaces

We suppose that (M, g, J, w) is a Riemann surface. Then, a tubular neighbourhood of a curve L admits
some fairly nice coordinates given by
<p:(0,£)><(—r, r)—>M, (S’t)HeXpy(s)(tJy(s)),
where y : [0,£) — L is a parametrisation such that |y| = 1. Note that
o*g = |W|*ds? +dr?,
a ad
¥ =|W|—Qds— —— ®dt,
at s
where W (s, t) is the value at time ¢ of the unique Jacobi field along the geodesic ¢ — ¢(s, t) such that
W(s,0) = y(s) and W (s,0) = —k(s)p(s). Here, « is the (signed) geodesic curvature of L, which is
defined via the relation y := V;y = «Jy.
In these coordinates, we will call L' = {(s,£(s)) | s € [0,£)} =: graph £ the graph of & : [0,{] — R.

Because our applications are aimed towards Section 3.2, we will be interest in 1-parameter families of
the form {£, = a& + c(@)}4efo,1]- Where [[£]| < 5 and c is such that

(1) ¢(0) = c(1) =0
2) le(@)] = allg].

In particular, graph &, stays in the chart defined by ¢ for all @ € [0, 1].
Before moving on with the results on &y, we prove the following lemma on the behaviour of |W| for
small values of |¢|, which will be quite useful later on.

Algebraic & Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1957

Lemma A.8 Let K : [0,£) — R be the pullback of the Gaussian curvature of M along y. We have that
W% =1-2t + (k2 — K)t? + O(3).

Proof As noted above, we have that W(s, 0) = y(s) and W (s, 0) = —«(s)(s). The lemma then follows

directly from
W Pi=0 = 1,

ad .
§|W|2|t=0 - 2<W, W>|t=0 = —2/("

2
W|W|2|t=0 =2|W[*i=0 + 2(W. W)|i=o
=22 =2(R(Jy,7)J7,7) =2(k* = K),
where the last line follows from the fact that W satisfies the Jacobi equation. a

With this in hand, we can estimate the geodesic curvature of graph &, in terms of that of L and graph £.
More precisely, we want to prove the following.

Lemma A.9 Forevery k > 0 and every k' > k, there exists § > 0 with the following property. If || Br| <k
and L' = graph £ with |||, ||§'|| <, then || By || := || Bgraph &, | < max{k’, | Br||} for all a € [0, 1].
The lemma itself relies on the following computation.
Lemma A.10 The geodesic curvature of graph £ at a point is given by
/
1= Gy € 3 e (P )
where |W|(s) := |W(s, £(s))|.

’

Proof This is a direct computation, but we give here the important steps. The only nonzero Christoftel
symbols of ¢p*g are

1 0 0 10
s 2 s s 2 t 2
=" ., Iy = =———|W|", Ty=-=—|W|".
Ss 2|le s | St ts 2|le ot | sSs 28t| |
Therefore, if we set I'(s) := (s, £(s)), we get that
. 0 0
=—+§—,
as T8
. 0 g a
J=|W|———=——,
| |8t |W| ds
1 10 5 ., 0 5\ 0 , 10 5\ 0
N'=s—=\-=—|W —|\W|" )= ——|W|" )=
|W|2(28s| eIV )5 T Haa Vg
Since the geodesic curvature is given by
(I, JT)]
Bl= 2
T
this gives the above formula. |

Algebraic & Geometric Topology, Volume 26 (2026)



1958 Jean-Philippe Chassé

Proof of Lemma A.9 The proof is somewhat tedious but quite elementary. We first combine Lemmata A.8
and A.10 to get the identity

(11) |B|> = (14 R1)(E" —k + R2)?,

where R; and R, are smooth functions of s. Furthermore, at a given s, they only depend on L, M, g,
and the values £(s) and &’(s), and in such a manner that R; — 0 as £(s), £'(s) — 0.

Note that (11) implies that if || B|| < k and [|£]|, [|£’|| < . then [|£”]| is bounded by some constant C
depending only on L, M, g, and the constants k and r. This allows us to write

(12) |Bo|* = (" —k)* + - O(§]. |€'])

for C!-close graphs with bounded £”-dependence in the error term. That is, | Braph £/, |* — ((§ 0" —k)?
tends uniformly to 0 if {£'} C!-converges to 0. Here, we have made use of the fact that £/ = a&”,
g = af’, and |&;| < 2a|é| —this is part of the hypotheses on ¢. The rest of the proof then consists of
studying the behaviour of the parabola « — (a£” — k)? under small perturbations.

Fix ¢ € (0, %) We break down the analysis into a few subcases.

(1) |€”| <e Then, (af” —k)? < (x| +€)? < (k +¢£)?. By supposing |£| and |£’| small enough, we may
suppose the error term in (12) to be smaller than &, so that

|Bo|? < (k + €)% +¢.

(2) |€”| > & There are three subcases (see Figure 4 for a visualisation).

(a) % + & > 1 In this case, i% > 0, and we have that the maximum of « — (a£” — k)? on the
interval [0, %] is reached at o« = 0. Therefore, its maximum value on [0, %] is k2 < k2.
2k 2k

On the interval [?, 7t 8], the parabola is increasing with derivative
2(at” —i)E" =2|at” — k| [€"] <2(c|§"| + [k ]DIE"] <2C(C +k).

Therefore, the maximum value of the parabola over that subinterval is bounded from above by
k% +2C(C + k)e. Thus, for |£| and |£’| as in case (1), we get

|Bo|? <k? + (2C(C +k)+ 1)e
. 2
since [0, 1] < [0, 5_5 +¢].
(b) % + & <0 In this case, the parabola is increasing over [0, 1] with derivative
2" —)E" =2|at” — k| |§"] = 2/x| |§"] = el&"|? > &7

By supposing |&| and |¢’| small enough, we may suppose the a-derivative of the error term in (12) to
be smaller than § Therefore, o — | By| is still increasing, and we have that

|Ba| < |Bi] = |BL|.

Algebraic & Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1959

1\ 1\ 1\
K K K
k2 e
. L Al .
case (a) case (b) case (c)

Figure 4: Possible graph of | By | (solid, purple) with idealised parabola (dashed, pink) and important
values (pointed, grey). We denote by K whichever bound we get in the corresponding case.

(c) 0< % + & <1 This case combines the approaches of (a) and (b). Indeed, the estimates of (a) still
hold for a € [0, % + e] C [0, 1]. Likewise, over the interval [% + ¢, 1], the parabola is increasing
with derivative

2" —K)E" =2|at” — k| |§"] = 2/e8" + k| |E"] > elE"|? > &7
Therefore, for |&| and |£’| as in (b), we have that
|Bo| < max{k? + (2C(C + k) + 1)e, |Br/|}.
The result then follows by taking & such that
max{(k +&)> +¢&, k% + 2C(C + k) + e} < (k). o

We now move on to the analysis of the tameness constant of graph &,. The approach that we take here
is similar in spirit to the one taken in the proof of Lemma A.3.

Lemma A.11 Given L’ = graph& C ¢([0,{] x (—r,r)), denote by d¢ the distance function on graph &
induced by the Riemannian metric ¢ g |grapn ¢ . Take
dpy(x, x')

= inf € (0, 1].
o x;éx’lggraphé‘ min{l,dg(x,x’)} ( ]

1
We have that eg — g as § <, 0.

Proof Fix x # x’ € graph £, and take I"(s) = (s, £(s)). Without loss of generality, we may suppose that
x = TI'(s0) and x’ = I'(s1) for 0 < 51 — s < £. Therefore, dg(x, x") is simply the length £(T") of I along
the interval [sg, s1]. Note that

TP =W+ €7
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By Lemma A.8, we thus have that

ds (x.x') < / At CAEN+ 1E1) ds = (1 + CEN + €)1 — 50)

for some constant C > 0 depending only on M, L, g, and r.
On the other hand, the path t — (s,2£(s)), ¢ € [0, 1], has length |£(s)| for any s. Therefore, we get that

dm (x,x") = dpr (v (s0), y(s1)) = dpr (¥ (50), X) — dpr (X', y(s1)) = dar (y(0). ¥ (s1)) = 2[[&].
Combining these two estimates, we get that

dm(T(s0), T(s1) dpm (y(s0), y(s1)) — 2| €]
min{1, dg(T'(s0). T'(s1))} — (1 + C(IE]l + I€"]))) min{1, dr (y(s0). ¥ (s1))}’

since 51— S0 = dr.(y(50), y(s1)). We similarly get

dm (T(s0), T(s1) dy (y(s0). y(s1)) + 2| €]l
min{1, dg(T'(s0). T'(s1))} = (1= C (&1l + [1§'1D) min{1. dz(y(s0). y(s1)}

However, note that both functions on the right-hand side uniformly —in s and s; — converge to the

ratio dps /min{1, dy }. Therefore, the same holds for the left-hand side. Since uniform limits and infima
commute, the result ensues. ad

A.3 Comparison between metrics

To simplify our computations, we only prove our comparison theorems between metrics of the form
g = w(—, J—), where J is an w-compatible almost complex structure and g is complete. Thus, in what
follows, g and g’ are two such metrics coming from the same symplectic form w. We however expect
analogous results to hold in full generality.

Lemma A.12 Let W C M be compact. There are a > 1 and b > 0 such that every Lagrangian L C W
with || B || < k respects || B || < ak + b, where || B'||" is the norm in g’ of the second fundamental form
of Ling’.

Proof Let A be the endomorphism of TM such that g(AV, W) = g'(V, W) forall V, W € X(M). We
denote by V and V' the Levi-Civita connections of g and g’, respectively. A fairly straightforward
computation —see Lemma 3.1 of [22] for example — gives

28'(VyW.2) =2g(Vy W, AZ) + g(Vv A)Z. W) + g(Vw A Z, V) —g(VzA)V. W)
forall V, W, Z € X(M). But it is easy to see that A = —JJ'. Therefore, we get that

V2 =g (AT vy A7 -(v)? = 1V
AZP =1J'ZP < I (1021 = 1J]"-(1Z2])?
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for all V, Z € X(M). Here, the prime on the norm indicates that it is the norm associated with g’, not g.
Finally, note also that A sends the normal bundle of a Lagrangian submanifold L in g to the normal
bundle of that Lagrangian submanifold in g’.

Putting all this together, we finally get, for any Lagrangian submanifold L,

(13) IBLI < 11”2 (IBLI + 31V A~H),
which implies the result. The norm symbols || - || and || - ||" here indicate that it is the supremum of the
norms associated with g and g’, respectively, over all of W or all of L. a

Lemma A.13 Let W C M be compact. There is a > 1 such that every submanifold N C W which is
(strictly) k—-tame in g is (strictly) a='k~-tame in g’.

Proof Take D := Diam(W, g), D’ = 3 Diam(W, g’) and V := Bp (W)U B}, (W), i.e., V is the union
of the (closure of the) D-neighbourhood of W in g and D’-neighbourhood of W in g’. Therefore, any
path between points in W leaving V have length greater than Diam(W, g) in g and than Diam(W, g’)
in g’. In particular, no such path is a minimal geodesic in either metric. Since V' is compact, there is
C > 1 such that
C'g'<g=cCg

onV.

Let x,y € W, and let y be a minimal geodesic in g’ from x to y. By the above paragraph, it stays
in V. Therefore,

diy(x,y) =) >C () > Cldy(x,y),

where dyy and d}, are the distance functions induced on M by g and g’, respectively, and £(y) and £'(y)
denote the lengths of y in g and g’, respectively. We analogously get that dj, < Cdps on W.

But note that whenever N C W, the same argument gives that C~'d}, < dn <d}, if dy and d}; the
distance functions induced on N by g|7n and g’| 7w, respectively. Therefore, we have that

dyxy)  CTluGy) o du(x.y)

min{1, d} (x,y)} = min{l, Cdy(x,y)} ~ min{1, dn (x, y)}
for all x # y € N, which gives the result. O
Acknowledgements

I would like to express gratitude to Octav Cornea for pushing me to write this paper. I would also like
to thank both him and Paul Biran for uncountably many interesting discussions during the research
process that led to this paper. Finally, I would like to thank Jean-Francois Barraud for some interesting
exchanges on entropy and the nearby Lagrangian conjecture, and Daniil Mamaev for pointing out to me
the countability assumption in the construction of the wrapped Fukaya category. Thank you also to the
referee for a careful reading of the paper.

The author is partially supported by the Swiss National Science Foundation (grant 200021_204107).

Algebraic & Geometric Topology, Volume 26 (2026)



1962 Jean-Philippe Chassé

References
[1] M TK Abbassi, A Yampolsky, Transverse totally geodesic submanifolds of the tangent bundle, Publ. Math. Debrecen
64:1-2 (2004) 129-154 MR

[2] M Abouzaid, Nearby Lagrangians with vanishing Maslov class are homotopy equivalent, Invent. Math. 189:2 (2012)
251-313 MR

[3] R Albuquerque, Notes on the Sasaki metric, Expo. Math. 37:2 (2019) 207-224 MR
[4] M-C Arnaud, V Humiliére, C Viterbo, Higher dimensional Birkhoff attractors (2024) arXiv 2404.00804
[5] D Auroux, Infinitely many monotone Lagrangian tori in R®, Invent. Math. 201:3 (2015) 909-924 MR

[6] H Bae, D Choa, W Jeong, D Karabas, S Lee, On categorical entropy from the viewpoint of symplectic topology (2022)
arXiv 2203.12205

[7] P Biran, O Cornea, E Shelukhin, Lagrangian shadows and triangulated categories, Astérisque 426, Soc. Math. France,
Paris (2021) MR

[8] P Biran, O Cornea, J Zhang, Triangulation, persistence, and Fukaya categories (2023) arXiv 2304.01785
[9] MP do Carmo, Riemannian geometry, Birkhduser, Boston, MA (1992) MR
[10] E Cineli, VL Ginzburg, B Z Giirel, On the growth of the Floer barcode, J. Mod. Dyn. 20 (2024) 275-298 MR

[11] J-P Chassé, Convergence and Riemannian bounds on Lagrangian submanifolds, International Journal of Mathematics 34:5
(2023) art. id. 2350024 MR

[12] J-P Chassé, Hausdorff limits of submanifolds of symplectic and contact manifolds, Differential Geom. Appl. 94 (2024)
art.id. 102123 MR

[13] J-P Chassé, R Leclercq, A Hilder-type inequality for the Hausdorf{f distance between Lagrangians, J. Fixed Point Theory
Appl. 27:2 (2025) art.id. 28 MR

[14] YV Chekanov, Invariant Finsler metrics on the space of Lagrangian embeddings, Math. Z. 234:3 (2000) 605-619 MR
[15] O Cornea, E Shelukhin, Lagrangian cobordism and metric invariants, J. Differential Geom. 112:1 (2019) 1-45 MR
[16] A Dawid, Floer barcode growth in the component of a Dehn—Seidel twist, Master’s thesis, ETH Ziirich (2023)

[17] G Dimitrov, F Haiden, L. Katzarkov, M Kontsevich, Dynamical systems and categories, from “The influence of Solomon
Lefschetz in geometry and topology” (L Katzarkov, E Lupercio, FJ Turrubiates, editors), Contemp. Math. 621, Amer. Math.
Soc., Providence, RI (2014) 133-170 MR

[18] K Fukaya, P Seidel, I Smith, Exact Lagrangian submanifolds in simply-connected cotangent bundles, Invent. Math. 172:1
(2008) 1-27 MR

[19] K Fukaya, P Seidel, I Smith, The symplectic geometry of cotangent bundles from a categorical viewpoint, from “Homo-
logical mirror symmetry” (A Kapustin, M Kreuzer, K-G Schlesinger, editors), Lecture Notes in Phys. 757, Springer (2009)
1-26 MR

[20] S Ganatra, J Pardon, V Shende, Covariantly functorial wrapped Floer theory on Liouville sectors, Publ. Math. Inst.
Hautes Etudes Sci. 131 (2020) 73-200 MR

[21] A Gray, Tubes, 2nd edition, Progress in Mathematics 221, Birkhéuser, Basel (2004) MR

[22] Y Groman, J P Solomon, J-holomorphic curves with boundary in bounded geometry, J. Symplectic Geom. 14:3 (2016)
767-809 MR

[23] S Guillermou, N Vichery, Viterbo’s spectral bound conjecture for homogeneous spaces (2022) arXiv 2203.13700

[24] J Henrikson, Completeness and total boundedness of the Hausdorff metric, MIT Undergraduate Journal of Mathematics 1
(1999)

[25] H Iriyeh, T Otofuji, Geodesics of Hofer’s metric on the space of Lagrangian submanifolds, Manuscripta Math. 122:4
(2007) 391406 MR

[26] A Jannaud, Dehn—Seidel twist, C° symplectic topology and barcodes (2021) arXiv 2101.07878
[27] M Khanevsky, Hofer’s metric on the space of diameters, J. Topol. Anal. 1:4 (2009) 407416 MR

Algebraic & Geometric Topology, Volume 26 (2026)


https://doi.org/10.5486/pmd.2004.2909
http://msp.org/idx/mr/2035893
https://doi.org/10.1007/s00222-011-0365-0
http://msp.org/idx/mr/2947545
https://doi.org/10.1016/j.exmath.2018.10.005
http://msp.org/idx/mr/3992487
http://msp.org/idx/arx/2404.00804
https://doi.org/10.1007/s00222-014-0561-9
http://msp.org/idx/mr/3385637
http://msp.org/idx/arx/2203.12205
https://smf.emath.fr/publications/ombres-des-sous-varietes-lagrangiennes-et-categories-triangulees
http://msp.org/idx/mr/4340068
http://msp.org/idx/arx/2304.01785
https://doi.org/10.1007/978-1-4757-2201-7
http://msp.org/idx/mr/1138207
https://doi.org/10.3934/jmd.2024007
http://msp.org/idx/mr/4799465
https://doi.org/10.1142/S0129167X23500246
http://msp.org/idx/mr/4583181
https://doi.org/10.1016/j.difgeo.2024.102123
http://msp.org/idx/mr/4719181
https://doi.org/10.1007/s11784-025-01177-4
http://msp.org/idx/mr/4881081
https://doi.org/10.1007/PL00004814
http://msp.org/idx/mr/1774099
https://doi.org/10.4310/jdg/1557281005
http://msp.org/idx/mr/3948226
https://doi.org/10.3929/ethz-b-000628118
https://doi.org/10.1090/conm/621/12421
http://msp.org/idx/mr/3289326
https://doi.org/10.1007/s00222-007-0092-8
http://msp.org/idx/mr/2385665
https://doi.org/10.1007/978-3-540-68030-7_1
http://msp.org/idx/mr/2596633
https://doi.org/10.1007/s10240-019-00112-x
http://msp.org/idx/mr/4106794
https://doi.org/10.1007/978-3-0348-7966-8
http://msp.org/idx/mr/2024928
https://doi.org/10.4310/JSG.2016.v14.n3.a5
http://msp.org/idx/mr/3548485
http://msp.org/idx/arx/2203.13700
https://doi.org/10.1007/s00229-007-0076-4
http://msp.org/idx/mr/2300051
http://msp.org/idx/arx/2101.07878
https://doi.org/10.1142/S1793525309000187
http://msp.org/idx/mr/2597651

Lagrangian metric geometry with Riemannian bounds 1963

(28]
[29]

(30]
(31]
(32]
(33]

[34]
(35]

(36]

[37]

(38]
[39]
[40]
(41]

[42]
[43]
[44]
[45]

A Kislev, E Shelukhin, Bounds on spectral norms and barcodes, Geom. Topol. 25:7 (2021) 3257-3350 MR

O Kowalski, Curvature of the induced Riemannian metric on the tangent bundle of a Riemannian manifold, J. Reine
Angew. Math. 250 (1971) 124-129 MR

T Kragh, Parametrized ring-spectra and the nearby Lagrangian conjecture, Geom. Topol. 17:2 (2013) 639-731 MR
R Leclercq, Spectral invariants in Lagrangian Floer theory, J. Mod. Dyn. 2:2 (2008) 249-286 MR
R Leclercq, F Zapolsky, Spectral invariants for monotone Lagrangians, J. Topol. Anal. 10:3 (2018) 627-700 MR

D Milinkovi¢, Geodesics on the space of Lagrangian submanifolds in cotangent bundles, Proc. Amer. Math. Soc. 129:6
(2001) 1843-1851 MR

K Ono, Floer-Novikov cohomology and the flux conjecture, Geom. Funct. Anal. 16:5 (2006) 981-1020 MR

Y Ostrover, A comparison of Hofer’s metrics on Hamiltonian diffeomorphisms and Lagrangian submanifolds, Commun.
Contemp. Math. 5:5 (2003) 803-811 MR

S Sasaki, On the differential geometry of tangent bundles of Riemannian manifolds, Tohoku Math. J. (2) 10 (1958) 338-354
MR

P Seidel, Fukaya categories and Picard—Lefschetz theory, EMS Zurich Lectures in Advanced Mathematics 10, European
Mathematical Society (2008)

E Shelukhin, Symplectic cohomology and a conjecture of Viterbo, Geom. Funct. Anal. 32:6 (2022) 1514-1543 MR
E Shelukhin, Viterbo conjecture for Zoll symmetric spaces, Invent. Math. 230:1 (2022) 321-373 MR
Z M Shen, A convergence theorem for Riemannian submanifolds, Trans. Amer. Math. Soc. 347:4 (1995) 1343-1350 MR

N Sheridan, On the Fukaya category of a Fano hypersurface in projective space, Publ. Math. Inst. Hautes Etudes Sci. 124
(2016) 165-317 MR

E N Sosov, On Hausdorff intrinsic metric, Lobachevskii J. Math. 8 (2001) 185-189 MR

C Viterbo, Symplectic topology as the geometry of generating functions, Math. Ann. 292:4 (1992) 685-710 MR
C Viterbo, Inverse reduction inequalities for spectral numbers and applications (2022) arXiv 2203.13172

Y Yomdin, Volume growth and entropy, Israel J. Math. 57:3 (1987) 285-300 MR

JEAN-PHILIPPE CHASSE jean-philippe.chasse @umontreal.ca
CRM, Université de Montréal, C.P. 6128 Succ. Centre-Ville, Montréal, QC H3C 3J7, Canada

Received: August 1, 2024 Revised: May 16, 2025

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


https://doi.org/10.2140/gt.2021.25.3257
http://msp.org/idx/mr/4372632
https://doi.org/10.1515/crll.1971.250.124
http://msp.org/idx/mr/286028
https://doi.org/10.2140/gt.2013.17.639
http://msp.org/idx/mr/3070514
https://doi.org/10.3934/jmd.2008.2.249
http://msp.org/idx/mr/2383268
https://doi.org/10.1142/S1793525318500267
http://msp.org/idx/mr/3850107
https://doi.org/10.1090/S0002-9939-00-05851-2
http://msp.org/idx/mr/1814118
https://doi.org/10.1007/s00039-006-0575-6
http://msp.org/idx/mr/2276532
https://doi.org/10.1142/S0219199703001154
http://msp.org/idx/mr/2017719
https://doi.org/10.2748/tmj/1178244668
http://msp.org/idx/mr/112152
https://doi.org/10.4171/063
https://doi.org/10.1007/s00039-022-00619-2
http://msp.org/idx/mr/4536469
https://doi.org/10.1007/s00222-022-01124-x
http://msp.org/idx/mr/4480149
https://doi.org/10.2307/2154814
http://msp.org/idx/mr/1254853
https://doi.org/10.1007/s10240-016-0082-8
http://msp.org/idx/mr/3578916
https://eudml.org/doc/223956
http://msp.org/idx/mr/1846122
https://doi.org/10.1007/BF01444643
http://msp.org/idx/mr/1157321
http://msp.org/idx/arx/2203.13172
https://doi.org/10.1007/BF02766215
http://msp.org/idx/mr/889979
mailto:jean-philippe.chasse@umontreal.ca
http://msp.org
http://msp.org




Guidelines for Authors

Submitting a paper to Algebraic & Geometric Topology

Papers must be submitted using the upload page at the AGT website. You will need to choose a suitable editor
from the list of editors’ interests and to supply MSC codes.

The normal language used by the journal is English. Articles written in other languages are acceptable,
provided your chosen editor is comfortable with the language and you supply an additional English version of
the abstract.

Preparing your article for Algebraic & Geometric Topology

At the time of submission you need only supply a PDF file. Once accepted for publication, the paper must be
supplied in IKTEX. More information on preparing articles in I&IEX for publication in AGT is available on the
AGT website.

arXiv papers

If your paper has previously been deposited on arXiv, we will need its arXiv number at acceptance time.
This allows us to deposit the DOI of the published version on the paper’s arXiv page.

References

Bibliographical references should be listed alphabetically at the end of the paper. All references in the
bibliography should be cited at least once in the text. Use of BibTgX is preferred but not required. Any
bibliographical citation style may be used, but will be converted to the house style (see a current issue for
examples).

Figures

Figures, whether prepared electronically or hand-drawn, must be of publication quality. Fuzzy or sloppily
drawn figures will not be accepted. For labeling figure elements consider the pinlabel IXIEX package, but other
methods are fine if the result is editable. If you’re not sure whether your figures are acceptable, check with
production by sending an email to graphics @msp.org.

Proofs

Page proofs will be made available to authors (or to the designated corresponding author) in PDF format.
Failure to acknowledge the receipt of proofs or to return corrections within the requested deadline may cause
publication to be postponed.


http://dx.doi.org/10.2140/agt
http://dx.doi.org/10.2140/agt
https://www.ctan.org/pkg/pinlabel
mailto:graphics@msp.org

ALGEBRAIC & G

Volume 26 Issue 5 (page

On homology concordance in contractible
HuGo ZHOoU

On the mapping class groups of simply con
DAVID BARAGLIA

Negative-definite spin filling and branched ¢
SOHEIL AZARPENDAR

On local fibrations of (oo, 2)-categories
FERNANDO ABELLAN

Brauer—Wall groups and truncated Picard sp
JONATHAN BEARDSLEY, KIRAN LU

Polyhedral coproducts
STEVEN AMELOTTE, WILLIAM HOR!

Homoclinic leaves, Hausdorff limits and ho
IAN BIRINGER and CYRIL LECUIRE

Motivic real topological Hochschild spectru
DOOSUNG PARK

A note on the involutive invariants of splices
KRISTEN HENDRICKS, MATTHEW S

Lagrangian metric geometry with Riemanni
JEAN-PHILIPPE CHASSE




	 vol. 26, no. 5, 2026
	Masthead and Copyright
	On homology concordance in contractible manifolds and two-bridge links
	1. Introduction
	1.1. Blowing down two-bridge links
	Organization

	2. Knot Floer homology of the cables of the knot meridian
	2.1. Preliminaries on the filtered mapping cone formula
	2.2. Computation

	3. Blowing down two-bridge links
	3.1. A diagrammatic algorithm

	4. Classifying K(p/q) with continued fraction length 3
	4.1. Case K([a1])
	4.2. General results on the case =3
	4.2.1. Full Dehn twists

	4.3. Case K+([2n1,2b,2n2]) with b>0
	4.3.1. Marked basis for K+([-2n]) with n>0 
	4.3.2. Marked basis for K+([2n]) with n>0 
	4.3.3. Marked basis for K+([0]) 

	4.4. Case K+([2n1,1,2n2]) with n1,n2>0
	4.5. Case K-([2n1,1,2n2]) with n1,n2>0
	4.6. Case K+([2n1,1,-2n2]) with n1 >0, n2>1
	4.6.1. When n2 n1
	4.6.2. When n2 < n1

	4.7. Case K-([2n1,1,-2n2]) with n1>0, n2>1

	Acknowledgements
	References

	On the mapping class groups of simply connected smooth 4-manifolds
	1. Introduction
	1.1. Structure of the paper

	2. Seiberg–Witten invariants for the mapping class group
	3. Nonfinitely generated mapping class groups
	4. Split extensions
	5. Nonsplit extensions
	6. Nielsen realisation
	7. Boundary Dehn twists
	Acknowledgements
	References

	Negative-definite spin filling and branched double covers
	1. Introduction
	2. Background and notation
	3. Bounds from correction terms
	4. Bound from Furuta's 108 theorem
	5. Spin negative-definite plumbed fillings
	Acknowledgements
	References

	On local fibrations of (,2)-categories
	1. Introduction
	Local fibrations of -categories
	The -bicategorical Yoneda lemma

	2. Preliminaries
	3. The model structure
	3.1. Marked-scaled simplicial sets

	4. Local fibrations
	5. The Grothendieck construction 
	5.1. The Quillen adjunction 
	5.2. Straightening over a point
	5.3. Straightening over a simplex
	5.4. The main theorem

	6. The -bicategorical Yoneda embedding
	Acknowledgements
	References

	Brauer–Wall groups and truncated Picard spectra of K-theory
	1. Introduction
	1.1. Conventions and notation

	2. Background
	3. Nontriviality of k-invariants
	3.1. Picard groupoids and symmetries
	3.2. Chain bundle models of topological K-theory
	3.3. The groupoid of Z/2-graded line bundles

	4. Computations of k-invariants
	4.1. First k-invariants
	4.2. Extending to `3́9`42`"̇613A``45`47`"603Apic02(KO) and `3́9`42`"̇613A``45`47`"603Apic03(KU)
	4.3. Group structures

	5. What `3́9`42`"̇613A``45`47`"603Apic02(KO) and `3́9`42`"̇613A``45`47`"603Apic03(KU) represent
	5.1. Brauer groups
	5.2. Twisting Spin- and String-structures
	5.3. Twisting cohomology theories
	5.4. Mathematical physics
	5.5. The Anderson dual of S

	Acknowledgements
	References

	Polyhedral coproducts
	1. Introduction
	2. Basic properties
	2.1. Basic examples
	2.2. Functorial properties
	2.3. Retractions
	2.4. Homotopy cofibrations

	3. Preliminary results
	3.1. Preliminary decompositions
	3.2. Preliminary homotopy limit decompositions

	4. Loop spaces of polyhedral coproducts
	4.1. A general loop space decomposition
	4.2. Loop space decompositions of (X,*)co
	4.3. Loop space decompositions when the domain is contractible

	5. Polyhedral coproducts under operations on simplicial complexes
	5.1. Joins of simplicial complexes
	5.2. Pullbacks of polyhedral coproducts

	Acknowledgements
	References

	Homoclinic leaves, Hausdorff limits and homeomorphisms
	1. Introduction
	1.1. Homoclinic leaves
	1.2. Hausdorff limits via their minimal sublaminations
	1.3. Extension of reducible maps to compression bodies
	1.4. Other results of interest
	1.5. Outline of the paper

	2. Preliminaries
	2.1. Subsurfaces with geodesic boundary
	2.2. The curve complex
	2.3. The disc set
	2.4. Compression bodies
	2.5. Interval bundles
	2.6. The characteristic submanifold of a pair
	2.7. Compression arcs
	2.8. Laminations
	2.9. Laminations on interval bundles

	3. Large and small disk sets and compression bodies
	4. Windows from limit sets
	Proof of 0=theorem.801=Theorem 4.1
	4.1. An annulus theorem for laminations

	5. Laminations on the boundary
	5.1. Alternate definitions of homoclinic
	5.2. Waves, tight position, and intrinsic limits

	6. Limits of homoclinic rays
	6.1. Proof of 0=theorem.1281=Theorem 6.1

	7. Hausdorff limits of meridians
	7.1. The proof of 0=theorem.1561=Theorem 7.2

	8. Extending partial pseudo-Anosovs to compression bodies
	8.1. Dynamics on the space of marked compression bodies
	8.2. The proof of 0=theorem.1711=8.1

	9. Extending reducible maps to compression bodies
	Acknowledgements
	References

	Motivic real topological Hochschild spectrum
	1. Introduction
	Organization of the article

	2. Dihedral replete bar constructions
	3. THR of log rings with involutions
	4. THR of log schemes with involutions
	5. TCR of log schemes with involutions
	6. Motivic representability
	Acknowledgements
	References

	A note on the involutive invariants of splices
	1. Introduction
	1.1. Other gauge-theoretic invariants
	Organization

	2. Symmetric splices
	2.1. Type-1 symmetric splices
	2.2. Type-2 symmetric splices
	2.3. Factorizations in SL2(Z)
	2.4. Kirby calculus

	3. Heegaard Floer invariants of concordance and homology cobordism
	3.1. Iota-complexes and involutive Heegaard Floer homology
	3.2. Knot-like complexes

	4. Proofs of the main results
	Acknowledgements
	References

	Lagrangian metric geometry with Riemannian bounds
	1. Introduction and main results
	2. Preliminaries
	2.1. Definitions and notation
	2.2. Useful results from previous work
	2.3. Applying 0=thm.341=Theorem 2.6

	3. Topological and metric properties of the geometrically bounded spaces
	3.1. Compactness and metric completions
	3.2. Local contractibility
	3.3. Local geodesics

	4. Symplectic properties of the geometrically bounded spaces
	4.1. Hamiltonian isotopy classes
	4.2. Boundedness of d
	4.3. Graphs and Ostrover's example
	4.4. Order of a symplectomorphism and categorical entropy
	4.5. Connected components of L0;090d"0362 LL0;090d"0362 LL0;090d"0362 LL0;090d"0362 Lk
	4.6. Hofer geodesics

	5. Properties in the limit
	5.1. Topological and metric properties
	5.2. Symplectic properties
	5.3. Another limit space

	Appendix Some results in Riemannian geometry
	A.1. Results on the Sasaki metric
	A.2. Result on Riemann surfaces
	A.3. Comparison between metrics

	Acknowledgements
	References

	Guidelines for Authors
	Table of Contents

