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On homology concordance in contractible manifolds and two-bridge links

HuGo ZHou

Let Cz be the group which consists of manifold-knot pairs (¥, K) modulo homology concordance, where
Y is an integer homology sphere bounding an integer homology ball, and let Cz be the subgroup consisting
of pairs (S3, K). Dai, Hom, Stoffregen and Truong showed that the quotient group Cz /Cz admits a
Z°°-summand. In this paper, we improve the result by showing that there exists a family {(Y, K;;;) }m>1
generating a Z°°-summand where Y is the boundary of a smooth contractible 4-manifold. In fact, we
give a Z-count of such families.

The examples are constructed using a family of knots obtained by blowing down a component of a
two-bridge link. They are studied in Jonathan Hales’s thesis. Using the algorithm due to Ozsvath, Szabé
and Hales we give a classification of the knot Floer homology of a larger family of such knots that might
be of independent interest.

1 Introduction

The integer homology concordance group Cz, consists of pairs (Y, K) where Y is an integer homology
sphere bounding an integer homology ball and K is a knot in Y, where the group operation is induced
by the connected sum. Two classes (Y, K1) and (Y, K»,) are equivalent if and only if there exists a
pair d(W, X) = (Y1, K;) U —(Y,, K3), where W is an integer homology cobordism and ¥ a smoothly
embedded cylinder in W. The subgroup Cz consists of pairs (S3, K). A class (Y, K) is nonzero in Cz /Cz
if and only if K is not concordant to any knot in S in any homology cobordism, or equivalently if and
only if K does not bound any PL-disk in any homology ball with boundary Y.

The first nontrivial class (Y, K) € Cz, /Cz was found by Levine [13], building on Akbulut’s work [1].
Hom, Levine and Lidman [11] proved that Cz, /Cz is infinitely generated and admits a Z-subgroup. Using
the infinite family found in [20], Dai, Hom, Stoffregen and Truong [6] showed that @Z /Cz admits a
7Z.°°-summand.

Among each infinite family of manifold-knot pairs which gives rise to the Z°°-summand in the
literature so far, the manifolds are always of the form M, # —M,,, such that they bound homology balls,
but not necessarily smooth contractible manifolds. This paper strengthens the existing result by giving an
infinite family of knots in the boundary of a smooth contractible manifold that generates a Z°°-summand
in Cg /Cz. In fact, we give a Z-count of such families.

Imposing that the homology spheres bound smooth contractible manifolds guarantees that every knot
in the boundary has trivial image in the fundamental group of the 4-manifold under the inclusion map.
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Figure 1: The two-bridge link L, whose (1, 0)-framed surgery yields the integer homology
sphere Y, that bounds a contractible manifold. The number in the box indicates the number of
right-handed full-twists.

Therefore, there is no homotopic obstruction for the knots to bound PL-disks, making it a more interesting
and more difficult question.

Consider the Mazur-type manifold Y, with n > 1 (see [3]) as depicted in Figure 1, obtained from a
(1, 0)-framed surgery on a two-bridge link L,. From a standard argument that switches the 0-framed two
handle to a dotted circle, we see that Y, bounds a contractible 4-manifold. (Both components of L, are
unknotted and they intersect algebraically once.) Let K,, C S* be the knot obtained from L, by blowing

down the +1-framed unknot component. It follows that 53 2, (Ky) = Yy, bounds a contractible 4-manifold.
(2n

m, 1) be the image of the (m1, 1)-cable of the meridian in the —1-surgery on K»,,.

Let u

ZZ@Z

Theorem 1.1 The family {(Y;,, /Lm 1 )}n>0 m>1 generates a summand in Cyg, /Cgz. In particular,

for each fixedn > 0, {(Y,,, fn ) ym>1 generates a ZZ summand in Cz,/Cy,.

As abelian groups, ZZ®Z is of course isomorphic to ZZ. Here by a Z4®Z summand we would
like to emphasize the existence of a (natural) two-parameter family of linear independent, surjective
homomorphisms from Cz /Cz to Z. In this case the two parameters are given by # and m. (See Lemma 2.6
for the homomorphisms.) Note that the Z% summand in [11; 20] is generated by knots living in infinitely
many different manifolds, while here each family of knots { /,Lgnl)}m>1 lives in the same 3-manifold Y5,
which is the boundary of a smooth contractible 4-manifold. ’

Theorem 1.1 is the direct consequence of the two following theorems. Denote by Cj, the complex
isomorphic to CFK®(S3, T >k +1). First, using the filtered mapping cone formula [21], and with the
help of the concordance homomorphisms defined in [6], we show the following:

Theorem 1.2 Suppose a family of knots {Jj }x~¢ satisfies that CFK*(S?, J,;) = Cy; @ A, where
Hy(A) = 0. Then the family {(S> | (J2x). ijkl))}/po m=1 generates a ZZ®Z summand in Cz,/Cyz,, where
(2 ) is the image of the (m, 1) -cable of the meridian in the —1-surgery on J,j. In particular, for each

ﬁxedk >0, {(S3 1 (J21)s an | )im>1 generates a Z% summand in Cz, /Cy,.

Next, the knot Floer complex of the knot family K, can be explicitly computed as follows. Ozsvath
and Szabo [16, Section 6.2] give a description for a genus-one doubly pointed Heegaard diagram of
any knot that results from blowing down the £1-surgery on one component of a two-bridge link. The
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Figure 2: Blowing down one component of the closure of a rational tangle [a, a,, @3] with a;
and a3 even yields the knot K*[a;, a»,a3]. The numbers in the boxes indicate the number of
right-handed half-twists.

family of knots K, is studied carefully in Jonathan Hales’s thesis [8, Section 3]. Building on Ozsvith
and Szabd’s description, Hales develops a simple algorithm that outputs a (1, 1) diagram of all the knots
that arise from blowing down the &+ 1-surgery on one component of a two-bridge link. We review the
details of this algorithm in Section 3. In particular, he proves the following theorem.

Theorem 1.3 [8] Forn > 0, CFK*(S?, K,,) = C, ® A, where Hy(A) = 0.

See the k = 1 case of Proposition 4.27 for a more precise statement of Theorem 1.3. It is clear that
Theorem 1.1 is the consequence of Theorems 1.2 and 1.3.

Remark 1.4 The family of knots K, we consider here is the same family used to prove the infinite

(n)
1,1

certain p, the resulting manifolds are Brieskorn spheres. This is also similar to the approach employed

generation in [11], where the d-invariants of 1/ p surgeries on p; ; are computed, using the fact that for

in [2]. Interestingly, with the current computation we do not recover the infinite generation result
with u(lni proved in [11], as it turns out that CFK®(S3 L (Kn), u&ni) is locally equivalent to the trivial
complex. In order to recover their result, one needs to in addition consider the nontrivial flip map over

CFK™(S3 | (Kn), 1")).
1.1 Blowing down two-bridge links

We also explore the algorithm due to Ozsvath, Szab6 and Hales. For a rational tangle [ay, ..., a;] whose
closure is a two-component link, we can always arrange such that £ is odd and each «; is even when i
is odd. (See Lemma 3.2 and the discussion before that.) Denote by K + (lay, ..., ag]) the knot obtained
from blowing down the +1-framed upper component. See Figure 2. It turns out that we can completely
determine the knot Floer homology of K*([a, ..., a,]) when £ < 3. We include this classification result
in the paper, with the expectation that these families of knots will generate more future applications.
The computation of the invariants has always been a main theme in Heegaard Floer homology. Despite
significant development of the theory, there are still only a limited number of knot families whose knot
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Floer complexes can be explicitly determined: L-space knots [17], thin knots [15; 18], (1, 1) almost
L-space knots [4] (all determined by the Alexander polynomial) and certain cables of specific knots (using
say [9], where the computations are already difficult).

Theorem 1.5 The knot Floer complex of any knot K*([a, ..., ay]) with € = 1,3 and a; even for odd i
is classified, including Maslov gradings and filtration levels.

The knot Floer chain homotopy types arise from our examples are novel. Consider the complexes Dy
in Definition 4.20, the complexes C, x in Definition 4.25 and the complexes C ’; * in Definition 4.30.
Recall C, = CFK®(S3, T, 24+1) and let Cy be the complex generated by a single element. We will
show that the knot Floer complexes of various knots K*[n, 1,n + k] with n > 0 and k > 0 consists of
direct summands of the above complexes. (For detailed statements, see Propositions 4.27 and 4.31.)
As mentioned earlier, the case for K when k = 1 has already been done by Jonathan Hales. We include
it into a framework suitable for a slightly larger family.

Moreover, this classification involves interesting techniques. For a general sequence [a1, b, a3], we
observe that changing b by 2 amounts to performing a full Dehn-twist around two basepoints. Concretely,
if we let y be an arc between the two base points, the Dehn-twist is performed along the closed loop yUgoy,
where Y is a copy of y with the reversed orientation. See Figure 7 on page 1614. This is a local
transformation in a neighborhood of y, so we can opt to perform it in the very end. It turns out that
each full Dehn-twist amounts to adding a box summand at the “closest” generator near y. See Figure 8
on page 1616 for the effect on CFK* and see Definition 4.8 for a precise definition of the “closest”
generator. It follows that in order to recover any general sequence [a1, b, a3], we need only consider the
case b = *1 and 0 with a marked basis. See Proposition 4.11 for more details.

This method allows us to reduce the full classification to a handful of cases. For instance, in Section 4.3
we will utilize it to show that the knot Floer complex corresponding to the sequence [a1, b, a3] when b is
even is isomorphic to CFK*°(S 3, Ty n+1) for certain n with a certain number of box summands added to
some marked generators.

Remark 1.6 When £ > 3, even though a closed formula seems unlikely, using similar methods as in this
paper it is still very much feasible to determine the full knot Floer complex for singular examples of
K*([ay. ..., a;]). Moreover, if one opts to compute partial invariants such as the local equivalence class
or the 7 invariant, then I believe the computation should be practical for a larger family of knots, and I
expect the result to be interesting as well.

Organization

We perform the filtered mapping cone computations and prove Theorem 1.2 in Section 2. We review the
algorithm by Ozsvith, Szab6 and Hales in Section 3 and prove our classification result in Section 4. More
detailedly, in Section 4.1, we prove the length-one case; in Section 4.2, we discuss the length-three case
in general and prove some helpful lemmas; in Sections 4.3 through 4.7, we deal with the remaining cases
with length-three.
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2 Khnot Floer homology of the cables of the knot meridian

In this section we prove Theorem 1.2. We will make use of the concordance invariants ¢; ; defined in [5].
We refer the reader to the original paper for the detailed definitions. See [5, Section 3.2] for a worked
out example. See [21, Example 8.1] for yet another example. Since ¢; ; factors through the group of
knotlike complexes over local equivalence [5, Proposition 4.42], instead of considering —1-surgery on
the knot Jo; with CFK™(S3, J,x) = CFK®(S3, T4x11) ® A, where Hy(A) = 0, it suffices to consider
the —1-surgery on Tyx .-

Theorem 1.2 follows from a computational result, Proposition 2.5. The computational tool is the
filtered mapping cone formula [21], which combines [10; 19] to give a description of the knot Floer
complex of the (m, 1)-cable of the meridian in the image of a surgery along a knot. We include a brief
review of this filtered mapping cone formula in the following subsection.

2.1 Preliminaries on the filtered mapping cone formula

Let K C S3 be a knot with genus equal to g. For a given positive integer m, let Mm,1 denote the
(m, 1)-cable of the meridian of K in the —1-surgery on K. According to [21, Theorem 1.9], the knot
Floer complex CFK*°(S? {(K), tm,1) is filtered chain homotopy equivalent to the doubly filtered chain
complex X, °(K), defined to be the mapping cone of

g+m—1 0o | 100 g+m—1
M D 4 P o

s=—g+1 §s=—g
where each 4° and B are isomorphic to CFK*(S3, K). The map v : A; — By is the identity and
the map /5° : Ag — Bs_; is the reflection along i = j precomposed with U*. Note that in general /4$° is
a graded filtered chain homotopy equivalence with respect to j-filtration on the domain and i -filtration
on the range. For knots in S*, since HF~(S?) is one-dimensional, /4% is unique up to filtered chain
homotopy equivalence and therefore we may take it to be the reflection map. See [10, Lemma 2.18].

Let Z and J be the double filtrations on the filtered mapping cone complex X,0°(K). We have for

[x.i, /1€ As,

(2) I([x’i7j]):max{i7j_s}a

3) j([x,i,j]):max{i—m,j—s}—ms—i—%m(m+1),
and for [x,i, j] € By,

4 I(x.i, j) =1,

5) j([x,i,j])=i—m—ms—|—%m(m+1).

It is straightforward to check that for s < —g + 1, the map /4 induces an isomorphism on the homology;
for s > g +m —1, the map vy (K) induces an isomorphism on the homology, which justifies the truncation
of the mapping cone.
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The general strategy for computation involves finding a reduced basis for X5°(K), where every term
in the differential strictly lowers at least one of the filtrations. This can be achieved through a cancellation
process (see, for example, [14, Proposition 11.57]) as follows: Suppose dx; = y; + lower filtration terms,
where the double filtration of y; is the same as x;. Then the subcomplex of X5°(K) generated by all
such {x;, dx;} is acyclic, and X,5°(K) quotient by this complex is reduced. Alternatively, one can view
the above process as a change of basis that splits off acyclic summands which individually lie entirely in
one double-filtration level.

2.2 Computation

Recall that it suffices to consider the (1, 1)-cable of the knot meridian in the —1-surgery on T4 4. For
k > 1, the complex C,; = CFK®(S3, T, 4k+1) is generated by a; fori = 1,...,2k with coordinate
(0,—2k +2i —1) and b; fori =1,...,2k + 1 with coordinate (0, —2k + 2i —2). The Maslov grading
is supported in byx 41 and the differentials are given by

8a,~=Ub,-+1+b,~ fori =1,...,2k.

Via the isomorphism with CFK*(S3, T 4k +1), denote the generators in A by al@ fori =1,...,2k
and bl@) fori =1,...,2k+1 and the generators in B by a;.(s) and b;(s), where s =—2k+1,...,2k+m—1.
The differential on the mapping cone is given by

8a§s) — bi(S) + Ubl.(s)l +a/(s) Us+2k+1_2i(a/2(/i:;3rl)’

) _ () +2k+2—2i ;3 /(s—1)
3bi — bi Us l(bZk—i—I—Z)’

0d}” = b} + UBY.

We first look to choose a reduced basis for the complex of X,5°(75 4k+1). As a subcomplex of
X5° (T3 4k+1), each By is one dimensional. Indeed, quotienting out {a;.(s), aa;(s) }1<i<ak leaves us
with the sole generator b ') define Bs=0b ") after the change of basis.

2k+1° 2k+1
Next, for the complex A, observe that a( 5) and U b(s) are in the same coordinate if —2k +2i —1>s,
and similarly a(s) and b(s) are in the same coordinate 1f —2k +2i —1 < s —m. So we may quotient out

{a; () Ba(s)} fori >k + 3= s+1 andi <k + %= 'g“ . We have obtained a reduced model of X,5°(7% 4k +1)-
As a notational shorthand, let us define

f(m’S):w_ms’ (t) —mln{k‘i"r 5 —‘ 2k} l(b) :max{k—l—l—l-’V—s_zm—‘,l}

such that in the reduced model each complex Ay is generated by a(s) with l,(nbl <i=< i,g?s and bl.(s) with

(b) <i=< z(t) + 1. The induced differentials on the chain complex are

©) 8a = b + ULY),.

(7) ab(S) U2k+1 ZIB +U2k+l l+5ﬂs .

Algebraic & Geometric Topology, Volume 26 (2026)
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and the filtration level of the generators are

(®) T@®) = f(m,s)—2k —s—1+2i,
) TJObO) = fm,s) =2k —s—2+2i,
(10) J(Bs) = f(m,s+ 1),

(11) @) =2(b®) = T(5) = 0

for =2k +1 <s <2k +m—1 and suitable i as discussed above. For the purpose of computing concordance
invariants, we will show the mapping cone can be further truncated. Let

L l
VO +hS$e
XX (Thur)t) = P A¥=—> H B>
s=—L+m s=—L+m—1

Note that under this notation X7°(7% ax+1) = X0 (T2 4k +1)(2k +m —1).

Lemma 2.1 Forany k > 1 and m > 2, the filtered complex X,5° (T 4k +1){2k +m — 1) is isomorphic to
X2°(T3,4k+1)(m —1) @ D up to a filtered change of basis, where Hyx(D) = 0.

Proof We will show that for m < £ < 2k + m — 1, the complex X °(T3 4x+1)({) is isomorphic
to X2 (T2 4x+1)(¢ — 1) @ D" up to a change of basis, where Hy(D’) = 0. For every such £, in
XS0 (T 4k +1)(€) perform a change of basis

Bttm—1 > Botbmat FU " Bopim. Ber> B+ U Beo.
By (7), as a result the complexes given by

h_pym v
o0 o0 o0 ¢ o0
Zt4em —— B2y A — By

both become summands under the new basis. The change of basis is clearly filtered with respect to the
T filtration. For the J-filtration, we compute

T Btrm-1)=T U B_m) = T Btm—1)~(T (B-tm)—L+m)
= f(m,—L+m)—f(m, —L+m+1)+L—m = £ >0,
T(BO)—T WU Be—1) = T(BO~T Be-1)+L = [(m, t+1)—f(m, £)+€ = t—m = 0.
Therefore the change of basis is filtered. a
We also record the filtration shift between the generators in the complex.

Definition 2.2 Suppose U€y is a nontrivial term in dx, where ¢ is some constant and x, y are both
generators. Define
Az,7(x,y) = (Z.J)(x)—(Z. T)Uy)
and similarly define Az and A 7.
Clearly, AI’j(al(S), bl.(s)) =(0,1) and Az,j(al@, bfj_)l) = (1, 0) for each i,g’,)s <i=< i,gf,)s. We also have:

Algebraic & Geometric Topology, Volume 26 (2026)
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Lemma 2.3 For —2k +1 <5 <2k +m—1andi{?} <i <i{) +1,
(12) Az (b®, Bs 1) =k +1—i+s,i—1),
(13) Ar g (b, Bs) = Qk+1—i,m—s+i—1).
Proof By (7), (9), (10) and (11), we compute
Azg (b Bs—y) = (T. TP~ @ THUHRH1=H5g, )
=(0, f(m,s)—2k—s—2+2i)—(0, f(m,s))+ Rk +1—i+s,2k+1—i+s)
= Qk+1—i+s,i—1),

Azg (b ) = T DG~ (T Uy
=(0, f(m,s)—2k—s—24+2i)—(0, f(m,s+1)+QRk+1—i,2k+1—1i)
=QRk+1-i,m—s+i—1). O
We have all the ingredients to calculate the concordance invariants ¢; j. This will be done in two
steps. First, we translate the complex X,>°(73 4k +1){m — 1) into the ring F[U, V]. Then we further

translate it into the ring X and perform a change of basis, resulting a standard complex, from which the

invariants ¢; ; can be readily read off.
Lemma 2.4 Over the ring F[U, V], the complex X,2°(T3 45 +1){m — 1) is generated by
{Bs |0<s<m—1}U{a(s) [1<s<m-—1, l(b) <i <l(t) }U{b(s) [1<s<m-—1, l(b) <i <l(t) +1}

with differentials

(14) 00 = US| + Vb,
(15) 3b(s) UAz0 By A6 ) g yATGT By A B g
Proof This follows trivially from (6), (7) and the definition of Az and A 7. O

We are ready to prove the following proposition. Compare with [21, Proposition 1.2].

Proposition 2.5 We have

_ b .
i —imx + 1) if (i j) = (1,0),
0i,j (X2 (T 4 41)(m—1)) = 1 if (i, ) €{Agm(s) |1 <s<m—1},
0 otherwise,

where Ay, (s) is given by

(k=351 ] m+k—|S5L]) s <2k

A =
fom (5) { 0,2k +m—s) s > k.
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Proof Continuing from Lemma 2.4, we can further translate the complex X,2°(7% 4+1)(m —

the ring
F[Up.{WB.i}iez. VT.{Wr,i}iez]

X =
(UpVr,UpWgi —Wpgit1. VT Wri—Writ1)

using the maps
Ul—)UB-i-WT,o, Vl—)VT-i-WB’().

The differentials now reads

04\ = (Up + Wr,0)b"), + (Wp o+ V)b,

Az ,Bs_ A BS B,
I W Voo

Az(b Bs) o Ag (B ,Bs) Az .Bs) o, Az(B Bs)
+(Ug " Wgo + V7 Wro )Bs.

Az Bs—1) 1, A Bs1)

1605

1) into

Note that each term in the previous coefficient in F[U, V] becomes two terms in the above expression,

one in the ideal (Upg) and one in the ideal (V7). We perform the change of basis

b + Uz ' Wg (b)) if i =i + 1,

(16) b = {6 + Us W o) + Vi Wr o)) if i) <i <ife +1,
bl-(s) +V771WT’0(bfj_)l) ifi —z,(nb)s,
Bs + VS Wi ey if s =0,

(17) Bs = \Bs+ VP W Byy + U™ Wy (Boir if 1 <s<m=2,
ﬁs+Ulsg_mW§’0,3s+1 ifs=m-—1,

which simplifies the differentials to

(18) da = Upb{), + Vb,
(s) (s)
ypoip) WTAg(” Pg it =i 41,
p6) — 1 Az (b Bs—1)  As B Be—1) 5 e (b
(19) 8bl UBI i 1 WBOJ i 1 ﬂs— if i —lr(n)sw
0 otherwise.

Note that Az’j(bi(S), Bs—1) — AI’j(bl-(S), Bs) = (s, —m) by (12) and (13) which justifies the change of
basis (17). We have obtained a standard complex [5, Definition 5.1], where the sequence of vector length

of each V-edges (starting from BO) is

()

(m, f_lm ) +1) copies
(—(1,0),...,—(1,0),AIJ(1)(§)) B,
1<s<m-—1

Algebraic & Geometric Topology, Volume 26 (2026)



1606 Hugo Zhou

To finish the proof, it suffices to show Ay ,(s) = Az,j(b,((s,)) +1”3s) for 1 <s <m — 1. Recall that
2 Im.s
ir(nt,)s = min{k + [£51],2k}. Therefore

17
l'(t) +1= k+[sT—| if s <2k,
m,s 2k +1 if s > 2k.

By (13), we compute

1 1
Az (6% LB = (2k+1—k—FJ2r —‘,m—s—l-k—l- P; W—1)

i
= (k—’rg—‘,m+k—Ls+1J) if s <2k;
2 2

Aw(bf;?) LB = @k 1=k + Dm—s+ 2k +1-1)

m.,s

=(0,2k+m—ys) if s> 2k. m|

Lemma 2.6 Suppose CFK™(S3, J,;) 2 CFK*®(S?, Tyx11) ® A for k > 0, where Hy(A4) = 0. Let
ufjkl) denote the image of the (m, 1)-cable of the meridian in the —1-surgery on J,;. Then we have

1 if(i,j)=(k,m+k—1),
0i.j (S21(J2k) My 1) 0 ifi>korj>m+k—1.

Proof Since CFK®(S?3, J,;) = CFK®(S3, Tyx41) ® A, by the filtered mapping cone formula, we
have CFK*(S3, (Ja1), 12%)) = CRK™(S3, (T4 1), 1.%%) @ 4’. By Lemma 2.1

m,1 m,1

2k
01,7 (2 (o). 1 2R)) = 01 j (XS (T g 1) im — 1)),

According to Proposition 2.5, the value of ¢; ; is determined by the sequence Ay ,,(s) for I <s <m —1.
Note that Ag ,,,(1) = (k,m+k —1), and as s increases by 1 either the first or the second entry of Ag ,, ()
decreases by 1. a

Proof of Theorem 1.2 Lemma 2.6 shows the @ ,,4—1 are linear independent, and the homomorphism
B vkmir-1:Cz/Ccz—> P Z
k>0,m>1 k>0,m>1
is surjective. In particular, for each fixed k > 0 the homomorphism

P vkmii-1:Cz/Cz— Pz

m>1 m>1
is surjective. |

3 Blowing down two-bridge links

We now turn to the algorithm due to Ozsvéth, Szab6 and Hales. Let R = R; U R, be a two-bridge link,
where R and R, are the two link components. One can view R as two arcs A1 and A, on a fixed S 2 with
two trivial over-arcs C; and C, each intersecting S? transversely at end points, such that R; = 4; U C;.
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Since R, is unknotted, e-framed surgery on R, with € = £1 recovers S*. Let ¥ be the genus-one
surface obtained from S? by attaching a one-handle along the arc C,, and let 115 be the meridian of the
one-handle. Ozsvath and Szabé give a description for a genus-one doubly pointed Heegaard diagram for
the knot Ry in S2(Ry) = S? as follows.

Proposition 3.1 [16, Proposition 6.3] Fore = *1, letaw = C, U (trivial arc in S§?), B = A, UC, Uk i3,
where k is chosen such that « - § = €, and put z and w basepoints at the two end points of Cy. Then
(Z,a, B, z, w) represents (S2(Ry), Ry).

Proof Clearly (X, a, B) represents S3(R;). Connecting z to w in the complement of « traces out C|
while connecting w to z in the complement of B traces out A;. O

In particular, it follows that (S3(R3), Ry) is a (1, 1) knot. Next, view the two-bridge link R as the
numerator closure of a rational tangle p/¢, with p even and ¢ odd. We follow the convention in [12].
Every rational tangle can be obtained from the trivial tangle by performing

o the vertical right-handed half-twist 7 and its reverse 7~ !;

e the horizontal left-handed half-twist o and its reverse 1.

Specifically in the case when the numerator closure is a link, 72 and o (and their reverses) suffice to
generate the rational tangle.! This can be seen from a simple lemma regarding continued fractions, as

follows. For integers ay, ..., ay, denote by [aq, ..., ay] the continued fraction
1
ap +
1 . 1
a
2 1
1
ag—1+—

ag

Lemma 3.2 If p is even and ¢ is odd, we can arrange such that p/q = [ay, . ..,a,] where £ is odd, and

a; is even when i is odd.

Proof Set (pg,q0) = (p,q), and for each i > 1, we will recursively choose integers (a;, pi, gi) with p;

and g; coprime, such that
20) Pl g 42
qdi—1 Pi
Since p;_1/qi—1 is between two consecutive integers, we choose @; simply to be the closest even integer
(resp. the closest integer) when i is odd (resp. when i is even) and choose p;, ¢; according to (20).

It follows that | p;| = |¢;—1| and
Pi—1 =aiqi—1 +¢; mod 2.

n fact 2 and 0% and their reverses suffice, but at the expense of increasing the length of the continued fraction. For our
purpose we will use 2 and 0.
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(@) (b)

Figure 3: On the left, a rational tangle in the standard representation [12] corresponding to
p/q = lai,az,as], where positive numbers indicate crossings of the type X and negative
numbers vice versa. The diagram is alternating if all a; are of the same sign. On the right, the
same tangle in the 3-strand-braid representation [12]. The numbers in the boxes indicate the
number of right-handed half-twists. The numerator closure of the tangle, indicated by the dotted
lines, is a two-bridge link. For even a; and a3, the knot K jE[al ,d7,az] is obtained by doing £1
surgery on one of the components.

From these one can inductively show that for all 0 <i < »n we have

(even,odd) ifi is even,
(pi9 %) = e s
(odd, even) if i is odd.
Note that |¢;| < |pi| = |¢i—1], and therefore this process will terminate in finite number of steps. Also
the last term a, must have n odd, since ¢, = 0 which is an even number. O

Definition 3.3 Denote by K*([a;, ..., a]) the knot obtained by doing +1 surgery on the upper strand
of the numerator closure of tangle p/q = [ay, ..., ay), respectively. One can also write K*(p/q). See
Figure 3(b).

3.1 A diagrammatic algorithm

The following algorithm is due to Jonathan Hales [8]. Let us consider the effect of action 72 and o on the
Heegaard diagram (X, «, §, z, w) inside € = 1 surgery. We depict the result of these actions in Figure 4.
Note that in Figure 4(b) and (c), in order to preserve the framing of B curve, for each added full twist
we need to “double-back” one time such that the intersection points cancel in pairs with sign, and the
framing of the 8 curve remains to be €.

In order to compute the Heegaard Floer homology of a (1, 1) knot, the standard treatment is to lift
the genus-one Heegaard diagram (X, o, 8, z, w) to the universal cover R?, where the bigon counts are
explicit. Therefore we would like to study the actions of 72" and o on the universal cover of X. The
following is interpreted from [8, Lemma 3.2.3]:
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Q

(b)

(a

C 5
(© (d)
Figure 4: (a) and (b) demonstrate the result of applying t2 on the four-punctured sphere and

¥ = 53 U (one-handle) supposing € = +1, respectively. In (d) the two black arcs illustrate the
effect of 0.

First note that all of the following transformations keep the lifts of o unchanged, and deform only the
lifts of B.

For n € Z, t*" has the following effect: In the covering S' xR = [0, 1] x R/{(0,r) ~ (1,r) | r € R},
where the lifts of « are identified with S! x Z, arrange such that the lifts of the z basepoint lie on a vertical
line £, := {1/4} x R and the lifts of the w basepoint lie on a vertical line £, := {3/4} x R. Fixing &, z
and w basepoints, perform an ambient isotopy in a small neighborhood of £, given by the following: fix
a small ¢ > 0,

1_
1) HO(x,r) = (x,r + (1 _ |4sx|)nz) ifxe[f—et+e]

(x,r) otherwise,

for 0 <7 < 1. In the process, a small neighborhood of B near each intersection point ,B~ N £, is shifted
vertically by |»| units and crosses |n| of the z basepoints. Equivalently, t2” can also be interpreted as
follows. Fixing &, z and w basepoints, perform an ambient isotopy in a small neighborhood of £,, given by
the following: fix a small € > 0,

3y . ; .
(22) Ht(w)(X,r): (X,V—(l—}%)n[) leE[Z—g,Z_Fg]’
(x,r) otherwise,

for 0 <t < 1. In the process, a small neighborhood of ,5 near each intersection point B N £y, is shifted
vertically by |n| units and crosses |n| of the w basepoints. Further lift this to the universal cover R2. For
an example, see Figure 6 in Example 4.2 and Figure 11.
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On the other hand, note that o is a local action. See Figure 4(d). In the universal cover, o (resp. o1
corresponds to performing a clockwise (resp. counterclockwise) half-Dehn twist around each lift of z
and w basepoints. See the middle step of Figure 11. As a convention in this paper, after each action of o
we also switch the role of z and w basepoints, such that z is on the left and w is on the right. The switching
induces a chain homotopy equivalence of the resulting Heegaard Floer complex. We include the switching
such that the z basepoint is consistently on the left and w basepoint is consistently on the right in each lift.

According to Lemma 3.2, each rational tangle whose numerator closure is a two-component link can
be obtained from the trivial tangle by applying 2 and o iteratively. Therefore we have described an
algorithm that produces the (1, 1) diagram of any knot that arises from blowing down a two-bridge link.
Here by a (1, 1) diagram, we mean the universal cover of a genus-one doubly pointed Heegaard diagram,
where we fix a preferred parametrization. We have outlined a proof for the following theorem:

Theorem 3.4 [8] The actions t> and o provide an explicit description of the (1, 1) diagram of any knot
that arises from blowing down a two-bridge link.

4 Classifying K *(p/q) with continued fraction length < 3

Using the algorithm due to Ozsvath, Szab6 and Hales, the goal of this section is to give a complete
classification of CFK™®(S3, K*(p/q)) for p/q =la,...,as] where £ = 1 or 3 and g; is even for each
odd i. Note that

(23) K= (p/q)=—K"(-p/q) =—KT(—a1....,—a)).

As a road map for this section, we will first consider the case £ = 1 in the next subsection. Then, in
Section 4.2, we will discuss some general facts about the £ = 3 case, reducing it to five subcases. Finally
we will prove each one of these subcases in Sections 4.3 through 4.7, completing the classification. All five
subcases and their corresponding conclusions are recorded in Proposition 4.13 for the reader’s convenience.

4.1 Case K*([a1])

The following proposition together with (23) classify all the K= ([a;]).
Proposition 4.1 Forn > 0,

(24) KT ([2n) = ~Ty1..

(25) KT ([=2n) = —Tynt1

and KT ([0]) is the unknot.

Proof We will only prove (24). The other case is similar and left for the reader. Recall that the torus
knot —T3, ,,—1 is the braid closure of (w,—1 - -+ w; )*=1 where w; is the braid group element that exchanges
the i-th and (i 4-1)-th strand, with the crossing convention given by Figure 5(b). Note that a left-handed
full twist of the first k strands has a presentation of (wj_1 --- w1)¥.
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n-strands

i i+

J
( »

(a) the knot KT ([2n]) (b) the braid group element w; (c) a braid presentation of KT ([2n])

Figure 5: Illustrations for the proof of Proposition 4.1.
As depicted in Figure 5(c), the knot KT ([2n]) is the braid closure of W@y - -+ wp—1 (Wp—2 - w1 )* L.
Therefore it suffices to show that as elements of the braid group
(26) (@p—10)" " = w103+ Opy (Wp—p - 0))"
From the braid relation
(27) W Wj+10] = Wj+1W;W;+1,
it is straightforward to see that for | <k <i <k + j,
(28) Wi (g Ok+1°+ Okt j) = (OO 41+ Ok j )W 1.
We proceed by induction. For each 1 <i <n — 1, we claim that
(29) (@t 1) = (Opey - 0)" T T (@nmi Ot (@p—z - 01)
This is obviously true for i = 1. Suppose this is true for some 1 <i <n —2. By using (28), we have
(Wp—1 - 07)""!
= (@n—1 - 0" T (Onei g ) (@p—r - 01)
= (-1 ®1)" > wp_1  Oni (Op—im1 Oni * Op—1) Wi+ D1 (W - @1)
= (@n—1 01" 2 (Wnmic 1 @ni  Ope1 ) (Op—2 ** Op—im1 ) Op—i—2 - O (O3 - @)
= (@p—1 - 0)" T @iy g (@n—z 1) L
Thus we have proved (29). Taking i =n — 1 in (29) yields (26). O

Example 4.2 Consider K ([—2n]) for n > 0. Applying the algorithm by Ozsvith, Szabé and Hales,
starting from a (1, 1) diagram for the unknot K ([0]), where the B curve has slope —1, we equivariantly
perform downwards finger moves of 7 units such that a small neighborhood of ,3~ near each intersection
point ,3 N £, crosses n of the z basepoints. The resulting (1, 1) diagram is depicted in Figure 6. For
a chosen lift & of «, we mark the intersection points of & N ,g from left to right by x1, x5, ... in order.
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Figure 6: The (1, 1) diagram for K ([—2n]) with n > 0, where the solid dots indicate (lifts of)
the z basepoint and the hollow dots indicate (lifts of) the w basepoint.

There are 2n — 1 intersection points in total, and for each i € {1,...,n — 1}, there is a bigon from x;;_1
to x,; with i copies of z and a bigon from x;;41 to x5; with n —i copies of w; there are no other bigons.
Therefore we conclude that CFK*(S3, K ([—2n])) is generated by x1,. .., x5,_; with the differentials

0x2i—1 = Xj—2 + X2;
and the filtration shifts
Az,7(x2i—1,X2i—2) =(n—i+1,0),
Az,7(X2i—1,x2;) = (0,1)

fori =0,...,n, where we take x¢g = x5, = 0. For the definition of Az 7, see Definition 2.2.

From Proposition 4.1 we already know K*([—2n]) = =T, ,+1. So this provides another way of
computing the knot Floer complex of 7}, ,4 1 torus knots independent of the structure theorem of L-space
knots [17] and the computation of their Alexander polynomials.

In the other direction, without knowing K ([—2n]) = —T}, ,+1, just by looking at their (1, 1) diagrams
in Figure 6, one can also show they are L-space knots via [7, Theorem 1.2] (the (1, 1) diagram is coherent)
and this gives a shortcut for computing their Alexander polynomials.

4.2 General results on the case { =3

From now on we fix the length of the continued fraction to be 3. Note that K= ([2n,0,2n,]) =
K*([2n1 + 2n5]), and therefore the results here also apply to the knots in the previous section. We will
end up reducing the classification to the case when a; = £1 or 0, so for the following lemma we consider
some relations between this subclass of knots.
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Lemma 4.3 For any integer b, n, ny and n,, we have

(30) K*([2n1,b,2n3]) = K*([2n2,b,2m1)),
31) K*([2n1,1,2m5) = K=([2(n1 + 1), =1, 2(n2 + 1)),
(32) KE([0, £1,2n])) = K*([2n)),
(33) K*([2,-1,2n]) = K*([2n —2)),
(34) K*(-2,1,2n)) = K¥([2n +2)),
]

(35) KT (2n1,1,2n3])) = —K~([<2n1, -1, —2n,)).

Proof The relation (30) can be seen by rotating the paper plane by 180 degrees along a vertical axis. To
show (31), we compute

2(n+1),—1,2(ny+ D]=2mn; + 1)+

14+ —
2(n2+1)
. —4(111 + 1)(7[2 + 1) —|—2(}’ll + 1) +2(l’l2 + 1) _ 41’111’[2 +2l’ll +2l’12
N 1—2(ny+1) N 2ny + 1

= [2n1 ’ 1’ 2n2]

The relation (32) is clear from the link diagram. Relations (33) and (34) are straightforward from the
continued fraction. Relation (35) comes from mirroring. O

4.2.1 Full Dehn twists Let H¥([2n;, b, 2n,]) denote the lifted Heegaard diagram in S xR obtained by

br2m1 gyer the F1 sloped curve ,3 By default, we also fix a preferred lift & of «

applying the action g
and ,3 of B. According to the algorithm discussed in Section 3.1, with the above data, = ([2n1, b, 2n,])
induces a basis B for the knot Floer complex CFK™®(S3, K*([2n1, b, 2n,]))

When b = +1 or 0, after performing 72”1, connect each pair of the z and w basepoint with a horizontal
line segment y. After potentially pulling tight ,5 , we see that y intersects ,3~ at most once. See Figure 7(a)
for the case when b = 1; the other two cases are similar. The action of o2 is given by the local
transformation depicted in Figure 7(b). Since this transformation is defined inside a small neighborhood

of y, we may reverse the order the operations, i.e., ‘52’120')%

T = Uﬁ,tz”%z”l. Here we write 0, to
stress the region where we perform the local transformation, and )’ is the image of y under the ambient
. 2n . . 2n . . 2
isotopy 7"2 given by (21) or (22). In other words, after performing 7="!, instead of performing o,
)%, in a small
neighborhood of y’. This has the same effect as performing 05 first, followed by 72"2. Once the regions

first, we can apply the ambient isotopy 72”2 to ,3 and y at the same time, then apply o

of the operations are understood, we drop them from the indices of o.

Definition 4.4 For an arc y, define p4 to be the conformal transformation in a neighborhood of y
depicted in Figure 7(b). This is to be understood up to rotation in R2. We can similarly define p_, given
by a reflection of p4 along a vertical axis. The action pL is trivial if N yL = @.
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SR

(a) the horizontal segment y

211 strands

\

(c) the result after performing o’ (d) a counterclockwise finger move

Figure 7: In the above diagrams, the x symbol is used to indicate either basepoint.

Remark 4.5 A useful perspective is to view p4 as the reverse of the counterclockwise finger move
depicted in Figure 7(d), where we move both the basepoint and the B curve. Equivalently one can also
perform a counterclockwise finger move on the other basepoint to achieve the same result. Similar
statements are true for p—, with the only difference being that the finger move is clockwise.

We stress that p preserves the angle between B and y. For example p_ o p4 is not well defined.
Nevertheless, this allows us to reduce any H¥([2n;, b, 2n5]) to the case when b = +1 or 0.

For the following, set € = sgn(b), m = |eb/2] and b’ = b — 2em. To understand H*([2n1, b, 2n5]),
it suffices to understand H* ([2n1, b, 2n,]) and the action P2 over certain arcs (the image of all the y
under t2"2).

Definition 4.6 When b’ = 1 or 0, define Y. to be a straight line segment of slope —2#n, from a z basepoint
to a w basepoint in H*([2n;, 1, 2n,)).

When b’ = —1, define y_ to be a straight line segment of slope —2(n, — 1) from a z basepoint to a
w basepoint in HE([2(n; — 1), 1, 2(ny — 1)]).

We abuse the notation and let y4 also denote the line segments with the same slope in H* ([2n1, b, 2n5]).

Lemma 4.7 Givenni, b and n,, form and b’ as above,

o when b > 0, HE([2n;, b, 2n5)) is obtained from H(K*([2ny,b’,2n,])) by performing the local
transformation p'}! over all y;

o when b < 0, H([2n;, b, 2n5]) is obtained from H(K*([2ny,b’,2n,])) by performing the local
transformation p™ over all y_.

Proof The case when b’ = 0 or 1 follows from the fact that 27207211 = g2m2n25b"12n1 4nd the

image of y under 72”2 is y. Consider the case when b’ = —1. We already know that
KE([2n1,—1,2n5)) = KE(2(ny — 1), 1,2(n2 — 1)).
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In fact, one can check that after pulling tight 5, HE([2n1, —1,2n5]) and HE([2(ny — 1), 1,2(n, — 1)])
represent the same diagram. This justifies the definition of y_ in this case and the rest of the proof
follows. O

The maps defined in Lemma 4.7 are equivariant; denote them by o 2"

, respectively. It turns out that
they induce maps on the knot Floer chain complex together with certain marked basis, which we will
now define.

We describe the process of assigning 4+ markings; the — case is parallel.

Definition 4.8 For a given y4, after pulling tight ,é Jetar =y Naand by =y N ,3 . Both a4 and b+
are unique if they exist, as can be seen from the local picture Figure 7(a). From Figure 7(d) we can see
that p4+ does not affect the knot Floer complex if & Ny = &. We give a + marking to the “closest”
intersection point p of @ N 5 to a4+ or b4. Concretely, p is the unique intersection point that forms a
(o, B, p) triangle with a4 and b4. We call p a + marked point.

For the chain complex C = CFK®(S3, K*([2n;,b, 2n5])) with the basis B induced by & and ,B~,
assign markings for every y4. This results in a + marked basis By . Note that it is possible for a basis
element to be assigned more than one + marking.

Similarly define intersection points a—, b_ as the — marked points and B_ as a — marked basis.

Let D be the filtered chain complex over IF[U, U ~!] generated by x, x1, X, and y with differentials

(each with length one) as below
Xo < X1

!

ye—x2
Namely, D, is a length-one box summand.

Lemma 4.9 Givenay, a3 evenand a, > 0, we can obtain a model of (CFK*™(K* ([a1,a>+2.a3))). B,)
from (CFK°°(Ki (la1.az.as))). By) as follows. For each + marked point p, add { copies of D,
summands, where { is the number of + markings of p, such that for each D; summand, y and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign a + marking
to x1 of each added D summand. This gives the new marked basis B;.

Proof Given a intersection point b+ = y4 DB for some y4, let p be the + marked point induced by y4.
In a small neighborhood of y., the transformation p4 is given by Figure 8(a), up to rotation in R2. In the
resulting diagram, label the intersection points by pg, ¢, a, b and p; from left to right (as we will see, this
assignment also only matters up to the symmetry from the middle). They generate a complex depicted
in Figure 8(b). In particular, we can perform a change of basis {a, b, ¢, po, p1} — {a,b,c, po + p1. pi}
where i = 0 or 1. Both choice of the change of basis splits off a summand generated by {a, b, ¢, po + p1}
isomorphic to D;. We then identify either py or p; with p. Fori = 0, 1, clearly poy + p; share the
same filtration level and Maslov grading with p;; moreover observe that p; inherits all the bigons of p
(either incoming or outgoing, with the same filtration shifts). Adopting the perspective of Figure 7(d),
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(a) (b) (c) the effect of the map o2

Figure 8: The effect on CFK*°.

performing a counterclockwise finger move will undo the transformation p4+ on the diagram level, and
remove a box summand on the chain complex level. The choice of basepoint with which we perform the
finger move corresponds to identifying p with py or pq.

Over the diagram H¥ ([a;, a, + 2, a3]), following B and record the sequence of b4 in order. Perform
the finger move in Figure 7(d) near each b4 (this amounts to removing an interval of fj’ near by and
gluing it back). The resulting diagram is ¥ ([a;, a5, a3]). This proves the statement regarding the chain
complex. For the new marked basis B’, , simply notice that in the local picture Figure 8(a), the intersection
point a forms a triangle with a4 and b4. |

Lemma 4.10 Givenay, az even and a, <0, we can obtain a model of(CFK°° (K*([ay,az+2, a3))), B’_)
from (CFKOO(K *([ay, az, a3))), B_) as follows. For each + marked point p, add £ copies of D;
summands, where { is the number of — markings of p, such that for each D1 summand, x| and p share
the same filtration level and Maslov grading. Remove all the previous markings and assign a — marking
to y of each added D summand. This gives the new marked basis B’_.

Proof This is parallel to Lemma 4.9. |

Practically, we only need to consider the complex with marked basis (CFK°° (KE([2n1, b, 2n3))). Bi)
with ' = +1 and 0 and consider the map o =2, In general it is not difficult to determine B using
Definitions 4.6 and 4.8. In particular, we have proved the following.

Proposition 4.11 Up to chain homotopy equivalence,

N
CFK™(S?, K*([2n1.b.2n,])) = CFK®(S*, K*([2n,. ', 2n3))) & €P D1
i=1
where b’ = b —2em fore = sgn(b), m = |eb/2], N is the number of markings in the marked basis B
and D is the length-one box complex.

For any n; and n,, by Definition 4.6, y4 and y_ coincide for CEK®(K*(S3,[2n;,0, 2n5])), so
By = B_. In this case it is easy to check that the map o in Lemma 4.9 and the map o2 in Lemma 4.10
induce the same map on the level of filtered chain homotopy type, even though they induce different basis
in the image. In other words, we have the following.
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Lemma 4.12 Up to filtered chain homotopy equivalence, forny,n,,b € 7,
CFK™(K*(S3,[2n1.,2b,2n,])) = CFK®(K*(S3,[2ny, —2b, 2n,))).

Note that the marked bases B4 and B_ are generally different for CFK*® (K *([2n;, 1, 2n,])) since
v+ and y_ have different slopes.

In view of Lemmas 4.3, 4.9, 4.10 and 4.12 we can reduce the £ = 3 case to some subcases as follows.
Suppose we are given [ay, ay,a3] with a1,a3 € 27 and a, € Z. If a, is even, then it suffice to consider
a, > 0, and by mirroring we only need to consider K. If a, is odd, by mirroring we can guarantee that
a; > 0. Next reducing a, to the case a, = £1, we can further restrict to the case a, = 1 and consider
both B and B_ on CFK*®(S3, K*([a;, 1, a3])). Finally note that we can require a3 # —2.

In summary, we have the following five cases, which are the topics of the next five subsections,
respectively. We record the conclusion of each subsection here for the reader’s convenience. This, together
with the £ = 1 case completes the proof of Theorem 1.5.

Proposition 4.13 According to the discussion above, the case £ = 3 is fully classified by the following
cases: fornyi,n, € Z and integer b > 0,

(1) K*([2ny,2b,2n,]), Corollary 4.17,
forny,ny >0,

(2) KT ([2n1,1,2n,]), Proposition 4.27;
(3) K~ ([2ny, 1, 2n;]), Proposition 4.31;
and forn; > 0,n, > 1,

(4) K*([2n;,1,—2n,)), Proposition 4.32;
(5) K~ ([2ny,1,—2n3]), Proposition 4.33.

4.3 Case K*([2n1,2b,2n,]) withb > 0

Since KT ([2n1,0,2n5]) = K ([2n]) for n = ny + n,, with K+ ([2n]) already classified in Section 4.1,
the only extra data we require is a set of markings on CFK®(S3, K™ ([2n])) (which as complexes of
L-space knots, admits a unique basis).

4.3.1 Marked basis for K+ ([-2n]) withn > 0 Fix —n =n +n, and let n, = —k for k € Z. We
seek to decide the marked basis corresponding to K+ ([—2(n —k), 2b, —2k]) for b > 0. By Definition 4.6
Y+ is of slope k. Revisit Figure 6: in a S x R slice, denote the lifts of « that intersect a chosen lift B of B
by «; through «, from bottom to top. Fix a lift & of «. It takes # iterations to cover all the intersections
ofan ,3~, with & being identified with g for 1 < £ <n in each iteration. In total there are 2n — 1 generators
in the complex CFK*®(S3, K+ ([-2n])) = CFK*(S3, Ty n+1). Every iteration covers 2 intersection
points except the last one, which covers 1 intersection point.
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Figure 9: The y; line segment with slope n 4 1 intersects the n sloped ,5 line segment once.

The only intersection points that are marked are the ones in the middle of each S! x R slice. We focus
on the portion of B that travels between z and w basepoints, which is isotopic to a slope n line segment.
The question of how many markings each intersection point receives is a completely combinatorial one:
for each oy we need only count the number of line segments of slope k that intersect both line segments
of slope n and slope 0.

In the below proposition, note that CFK*(S3, Ty n+1) admits a unique basis, and by the symmetry it
does not matter from which end we start counting the generators.

Proposition 4.14 Forn,b >0 and k € Z\ {0, n}, corresponding to K+ ([—2(n—k), 2b, —2k]), the (2£)-th
generator in CFK®(S?, T}, ,+1) receives m(n, k, £) markings for 1 < <n— 1, where

k—n iftk>n+1,
(36) mn,k, ) =n—L€+min{{ —k,0} + min{k +£—n,0} ifl <k<n-—1,
—k ifk <—1.

Proof For 1 </{ <n—1, in the {-th iteration, oty is identified with & and the intersection point depicted
in Figure 9 is the (2¢)-th generator. Label the height of the z and w basepoints by j, such that oy is
between j ={f and j ={—1.

When k > n + 1, y4 intersects the line segment of slope # if and only if it starts from j < —1 and
ends at j > n. There are k — 1 —n 4+ 1 = k — n of such line segments in total.

When k < —1, y4 intersects the line segment of slope 0 if and only if it starts from j > £ and ends at
j <{£—1.Thereare { —1— (£ + k) + 1 = —k of such line segments in total.

When 1 <k <n—1, y4+ intersects both the line segments if only if it starts between 0 < j <£—1 and ends
between £ < j <n—1. In other words, we need only find the length of the interval [k, k +{—1]N[{,n—1],
which is given by

min{k +4—1,n—1} —max{{,k} +1=n—£ + min{{ — k, 0} + min{k + £ —n, 0}. |
Note that the expression m(n, k, £) is symmetric under the transformations
(n,k, )~ (n,k,n—2), (nk, ) n,n—=k7r).
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4.3.2 Marked basis for K+ ([2n]) with n > 0 This is similar to the previous case. Fix n =n +n, and
let ny = —k for k € Z. We seek to decide the marked basis corresponding to K ([2(n + k), 2b, —2k])
for b > 0. Similarly label the lifts of @ by oy through «,—; from bottom to top. It takes n — 1 iterations
to cover all the intersections of & N ,3~ , with & being identified with oy for 1 <£ <n —1 in each iteration.
In total there are 21 — 3 generators in the complex CFK®(S3, K ([2n])) = CFK*(S3, T}, ,—1). Every
iteration covers 2 intersection points except the last one, which covers 1 intersection point.

The only intersection points are the ones in the middle of each S! x R slice and the portion of ,3 that
travels between z and w basepoints is of slope —n. By Definition 4.6 y4 is of slope k. The proof of the
next proposition is similar to the previous case and left to the reader as an exercise.

Proposition 4.15 For n,b > 0 and k € Z \ {0, —n}, corresponding to K¥ ([2(n + k), 2b, —2k]), the
(2¢—1)-th generator in CFK®(S3, T, ,—1) receives m’(n, k,{) markings for 1 < £ <n— 1, where

—k—n ifk <-n-—1,
37) m'(n,k,0) = 3n—L+max{f —n—k,0} +max{k +£,0} if —n+1<k<-1,
k ifk > 1.

4.3.3 Marked basis for K+ ([0]) Again let n, = —k for k € Z.
Definition 4.16 Let C be the complex generated by one element.

We seek to decide the marked basis in Cy corresponding to Kt ([2k, 2b, —2k]) for b > 0. Similar
analysis as from the previous sections shows that the unique generator in Cy is assigned |k| markings
for k € Z. This concludes the discussion of the case K+ ([2n;,2b,2n,]) with b > 0. In particular,
Propositions 4.14—4.15 and the above imply the following.

Corollary 4.17 For any ny,ny € Zyo and b > 0, up to chain homotopy equivalence, the complex
CFK®(S?, K*([2n;,2b,2n,))) is given by,
e ifny+n,=0,
Co @ b[nz|Dy:
e ifny +ny>0,definingn =n; +ny andk = —ny,

n—1

CFK®(S3, Tyyne1) @ b( > m'(n k. 5))131,
=1

where m’(n, k, {) is given by (37);
e ifn; +ny <0, definingn =—(ny +ny) and k = —n,,

n—1

CFK*®(S3, Ty nt1) @b( Zm(n,k,z))Dl,
=1

where m(n, k, £) is given by (36).
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N

Figure 10: The knot K- , = K*([2n1, 1,2n2]). Numbers in the boxes indicate the number of

right-handed full-twists.

4.4 Case K*([2n1,1,2n3]) with ng,ny > 0

From now on let us write K,jl n, for the knot K T ([2n1, 1, 2n,]) for the simplicity of the notation. See

Figure 10 for a depiction of the knot K,Tl n,- Since the corresponding rational tangle has a presentation
[2n1, 1,2n,], by Jonathan Hales’s algorithm we shall consider the action 72"2¢72"1 on the (1, 1) diagram.
The entire procedure is shown in Figure 11.

Fix a lift & (resp. ,3) of the o (resp. B) curve. Consider the final diagram in Figure 11 and suppose
ﬁ travels from left to right. Observe that in one iteration B pass through n; 4+ 1, — 1 consecutive lifts
of « (after isotoping away bigons without basepoint if necessary); denote them a1, ..., 0y, y4,—1 from
bottom to top. To include all intersection points of & N ,5 ,n1 +ny— 1 iterations are needed. Following ,5 ,
denote the diagram of each iteration by H(s) for 1 <s <n; 4+ n, — 1; call it the s-th block. Note that
in H(s), @ is identified with aj.

To further determine the marked points, by Definition 4.6 each y4 is slope —2n;, and viewing
HT([2n1,1,2n5]) as HT([2(n; + 1), —1,2(ny + 1)]), each y_ is of slope —2(ny + 1).

LR
TN SO, R

—

7211 o 212 "
- - 5 U e
(0] ‘\
° o ° o (] o 2 .\“\\u
o1 ) ni

\

b
Figure 11: The action 72”20 72" when n; = 2 and n, = 3, starting from the slope —1. The solid
dots indicate (lifts of) the z basepoint and the hollow dots indicate (lifts of) the w basepoint. The
slope of y+ is —n3 and the slope of y_ is —(ny + 1).

o
O,
o
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|
N (N

(a) the first block H (1) (b) the last block H(ny +n; — 1)

ax{nq —s,0} max{n, —
— —

o ---o . CaY .
min{nq, s} + min{n,, s} —s
/—/%

Lo v [Nyt |-
NN o

mm{nl s} + min{n,, s} —s
® --- @ o...

o

- N
{s —n,,0} max{s —ny,

(c) the s-th block H(s) with2 <s <ny+n, —2

Figure 12: Illustrations of blocks H(s).

Lemma 4.18 For1 <s <n; +n,—1, each block H(s) corresponds to the diagram depicted in Figure 12.
Proof This can be readily read off from the final diagram in Figure 11. |

Remark 4.19 To obtain Figure 12, we are allowed to isotope the curves in the universal cover in the
complement of the basepoints and other curves, and to move the basepoints around as long as they do not
cross the curves. Since both these operations preserve the bigons, Figure 12 can be used to compute the
knot Floer complex. We need to pay some extra attention to keep track of y4 and y_.

We now abuse the notation and denote the complex generated by H(s) in CFK*®(S3, K n o) also
by H(s), for 1 < s < n; + n, — 1. Define the chain complex G(1) = CFK*(S? K " nz) and
Gi+1)=G@G)/(HG)UH(n1+n,—i))for1 <i < L%J Observe that H(s) and H(nq+n,—s)
are both subcomplexes in G(s).

We note that although suppressed from the notation, both G(s) and H(s) depend on s, 11, n, and k.

Definition 4.20 Define a filtered chain complex Dy over F[U, U 1] for s > 1 to be the complex generated
by x; with 0 <i < 2s and y, where differentials are given by

0X2j41 = X2; +X2i42, 0=<i=<s—1,

0x2; =, 0<i <y,
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with the filtration shifts
Az,7(x2i41,X2;) = (1,0),
Az, 7(X2i41,X2i42) = (0, 1), 0<i<s—1,
Az,g(x2i,y) =(,s—1), 0=<i=<s.

We say Dj is supported in Maslov grading a and filtration level (7, ;) if y is supported in Maslov grading a
and filtration level (i, j).

Alternatively, Dy is the complex Cs with the addition of a generator y and the differentials from x;;
to y for 0 < i < s with above filtration shifts. The complex D(3) is shown below as an example:

X < X1
|
Xy < X3
|
X4 < X5
|
y/ X6

Lemma 4.21 When s < min{n1 ,No, L%J }, there exists a filtered change of basis T of G(s), such
that in the image of T, H(s) becomes a summand, and moreover H(s) = D;.

Proof Consider two consecutive blocks H(s) and H(s+1) in G(s) for | <s <min{ny,ny, | 2H2=11}.
See Figure 13. Denote the intersection points of ,B~ Na by xg, ..., X2, ¥, x(’), el x;s,, y' in order, where
s’ =min{n{,s + 1} + min{n,,s + 1} —s — 1, which is the number of small inner arcs in each half plane
in H(s + 1). There are two cases to discuss: when s = min{n,n,} or s < min{n,n,}.

e Suppose s = min{ny,n,}. Then s’ = 5. Observe that the only arrows connected to H(s) are given by
oxs; =y+y, 0<i<s.

Performing the change of basis

Xj > Xj+x;, 0=<i<2s,
splits oft H(s) as a summand. Since the filtration shifts are
(38) Az, g(x2i,y) = (i, 5 —1),
39) Az, 7(xy;,y) = (i,s —i)+ (max{n; —s — 1,0}, max{n, —s —1,0})
for 0 <i <, this change of basis is filtered.
e Suppose s < min{ny,n,}. Then s’ = s + 1. Similarly, the only arrows connected to H (s) are given by
Iy, =y+y., 0<i<s+1
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Figure 13: Two consecutive blocks H(s) (on the left) and H(s + 1) (on the right) in G(s) for
1 <s <min{ny,ny, L%’Q_IJ} There could be other basepoints (at most more of each kind) in
H(s + 1) in the lower half plane.

Performing the change of basis
Xi > xp4x;, 0<i<2s,
xlz(s+1) = x/z(s+1) + X2
splits off H(s) as a summand. Since the filtration shifts are
(40) Az, 7(x2;,y)=({,s—i) for 0<i=<s,
1) Az (x5, y) =@, s+1—=i)+(m—s—1,np—s—1) for 0<i<s+1,
this change of basis is filtered.

And it is clear from the diagram that each H(s) generates a Dy summand (after quotienting out the top
outmost arc). O

Lemma 4.22 When s < min{m JNa, L%J }, there exists a filtered change of basis T’ of G(s), such
that in the image of T', H(n{ + n, — s) becomes a summand, and moreover H(ny +n, —s) = Dj.

Proof This follows from Lemma 4.21 and the symmetry of the knot Floer complex. Equivalently one
can run the similar argument as in the proof of Lemma 4.21 again. |

Lemma 4.23 When s < min{n,n,} — 1, there exists a filtered change of basis such that
GO =G+ 1) HG)DHM +ny—s)=G(s+1)D2D;.

Proof When s < min{n;,n,} — 1, we have H(s) N H(n| +n, — 1) = @. By Lemmas 4.21 and 4.22,
one simply applies the change of basis 7’ o T', and in the resulting complex H(s) and H(ny +n, —1)
both become summands. O

These lemmas allow us to completely determine the complex CFK*®(S3, K ,Tl .n,)- Due to (30), we may

assume 71 < n,. Therefore from now on we only consider knots of the form K;Ln Tk withn > 0and k > 0.
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Proposition 4.24 Forn > 0 and k > 0, we have

n—1

CFK®(S*. K ) =Gn) & 2( a DS).
s=1
Proof This follows from Lemma 4.23. Starting from G(1) =~ CFK*°(S3, K,F | n)> We keep splitting off
pairs of summands of Dy when s < min{n,n,}— 1. |

Therefore it suffices to determine the quotient complex G(n) = Uj‘ o H(n+j)in CFK*®(S3, K +n )
Note that the top outmost arc in H(n) and the bottom outmost arc in H(n + k) are quotiented out. We
discuss several cases for different k.

e Whenk =0, G(n) = C,

e When k = 1, we can use either Lemma 4.21 or 4.22 to split off a D, summand. The remaining
summand G(n)/ D, is isomorphic to Cy,.

e When k& = 2, we can use Lemmas 4.21 and 4.22 to split off a pair of D,, summands. The remaining
summand G (n + 1) is isomorphic to Cj,.

e When k > 3, we again can use Lemmas 4.21 and 4.22 to split off a pair of D, summands. The
remaining summand is G(n + 1).

Definition 4.25 For n > 0, k > 2, define C, x to be the complex generated by
1= j<k—1,0<i <2n}U{y; |1<i<k—2}

For simplicity, let yo = yx—; = 0. For 1 < j <k — 1, the differentials are given by

o _ . ) .
8x2t-|—1 Xoi +X21+2, 0<i<n-1,
8x§§):)ﬁ +¥Vj-1, 0<i<n,

with the filtration shifts
Azg (x5 x5)) = (1.0).

Az,z (X0 ) = (0. 1), 0<i<n-—l,.

AIJ(XZ, Jyi) =+ j,n—i),
Az,j(le. Vic) =G, k—j+n—i), 0<i=<n.
Note that C,, » = C,. See Figure 14(b) for an example when n = 2 and k = 4.
Lemma 4.26 When k > 2, in CFK®(S3, K + a+k) the quotient complex G (n + 1) is isomorphic to Cy .

Proof The quotient complex G(n + 1) =~ 1_1 YH (n+ j) in CFK®(S3, n nt
block H(n + j) for 1 < j <k —1 in Figure 14(a). Again the top outmost arc in H(n + 1) as well as

the bottom outmost arc in H(n + k — 1) are quotiented out. Denoting the generators in H(n + j) by

) (J) )
Xow e DY

) We have drawn the

, yj from left to right in order, note that for each j the 2n+-1 generators x , x(()j ) forma
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3)
*1

3)
XO
3) 2 (@
SR Yo N
X2
) )
Xf) Xy Xq
@
” /)
4N X1
X21) x§1)
1 3
1)
X4
(@) (b)

Figure 14: On the left, the block H(n + j) with 1 < j <k — 1. On the right, the complex C3 4.

staircase, and for each 0 <i <n the generator xéjl ) has a differential to y; and y; _; (taking yo = yx—1 =0).
The filtration shifts can be readily computed by counting the number of basepoints in the bigons. m]

The following proposition describes the knot Floer complex CFK*°(S3, K":n 4x) forn >0,k >0. The
k =1 case of Proposition 4.27 is the content of [8, Thoerem 3.3.14], which in turn implies Theorem 1.3.
(To be precise, [8, Thoerem 3.3.14] describes the mirror of KII . J)
We recall that K,;"l = Kt ([2n1,1,2n3]), Cy = CFK*®(S3, T 24+1), the complexes Dy are defined

in Definition 4.20 and the complexes C,, x in Definition 4.25.

Proposition 4.27 For integers n > 0, k > 0, up to homotopy equivalence the knot Floer complex
CFK®(S3, K;:n L) s given by the following.

e Whenk =0,
n—1
CFK™(S* K;f,) = Cy @2(@1)3).
s=1
e Whenk =1,
n—1
CFK™(S*, K\, 1)) gcn@Dn@z(@Ds),
s=1
e Whenk =2,
n
CFK® (S K}, ,) = CnGBz(@DS)_
s=1
e Whenk > 2,

n
CFK(S®, K, 1) = ot @ 2(@ Ds),
s=1
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Moreover, there exists a choice of basis, such that when k = 0, for each 1 < s < n — 1 both Dy are
supported in filtration level (fu.s, fn,s). When k > 0, for 1 < s < n, each pair of Dy is supported in

filtration levels

uz(k—z),_(n_s + Dk + 1),
(k—=1)(k—-2)

=)

(nss ns) + (

(fn,s, fn,s) + (—(l’l —s+ Dk +1,

respectively, except for when k = 1 the single copy of D, is supported in (0, 0), where

nm—s)(n—s—1)
5 .

Under this basis, each summand Dy is supported in Maslov grading —1; each 0-graded generator has one

(42) fn,s = —

— marking and each +1-graded generator has one + marking.

Proof The statements regarding the homotopy equivalence type of CFK®(S3, K;:n n i) follow from
Proposition 4.24, Lemma 4.26 and the discussion between. We are left with the statements regarding the
Maslov grading, the marked basis and the filtration levels, which can be proved by examining the process
of splitting off Dy summands more closely.

Since we have that for s <n,

Arg($) ym) = Gos+ 1=+ (n—s.n+k—s). Arg(x$) y) = (.5 +1-1),
the filtration shift from ys to ys—; (which supports Dy and D;_1, respectively) is
(43) —(n—s,n+k—s), s=<n.

For a fixed basis B of a complex C, we say B is supported in the filtration level («, b) if the generator
with the lowest i (resp. j) filtration in B is in filtration level a (resp. b).

When k = 0, fix a basis such that the summand C,, is supported in filtration level (0, 0). By (39) both
copies of D,_; are supported in (0, 0). By (43), for 1 <s <n—1 the copy of D that comes from H(s)

is supported in filtration
n—s—1 n—s—1

(_ Z L, — Z E) = (fn,Safn,s)-
=0

£=0
The filtration levels of the remaining complex follows from the symmetry of the knot Floer complex.
When k = 1, fix a basis such that the single copy of D, is supported in (0,0). (The summand C, is
supported in (0, 0) as well.) The filtration levels in this case follows in the exact same way as above.

When k > 2, fix a basis such that the summand C, x is supported in filtration level (0, 0). It is

(1

straightforward to check that x

is supported in the filtration level

k—2
[ k=1)(k-2)
(;E,n) = (—2 ,n).
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(b) the first block H'(1)
IR

ax{s —ny, 0} max{s —n\ 0}
/_/H /_/H

0o ...0 ® ... ©

min{ny, s} + min{n,, s} —s
—

Lo v o |-
Ko Jr- o Jr-

~ @ N
min{ny, s} + min{n,, s} —s

e - ® o -0
~—
x{ny —s,0}

n

_
€
e
&

(a) the (1, 1) diagram of K max{?zr—/s, 0

(c) the s-th block H'(s) with 1 <s <n; +n, —1

Figure 15: Ilustrations of blocks H'(s).

Then by (39) the copy of D, that comes from H () is supported in (w —k + 1). The filtration
levels of the remaining complex follows in the same way as above.

For the statement regarding the Maslov grading, observe (for example, from Figure 13) that every y;

(s)
0

is supported in the same Maslov grading ¢ + 1. On the other hand, the homogeneous element ) _ x(()s) is
a generator of Hy(CFK™(S?3, K;Ln )= HF %°(S3) and therefore is supported in Maslov grading 0.
It follows that # = —1. The statement regarding the marked basis can be readily read off by Figure 12(c),

generator in some H () is supported in the same Maslov grading ¢, and every x, ’ generator in some H (s)

using Definition 4.8. |

4.5 Case K~ (|[2n1,1,2n;3]) withnqy,ny >0

Similarly let us write K, ,,, for the knot K™ ([2n1, 1, 2n;]). We still consider the action 225 72" on
the (1, 1) diagram, with the difference being the starting slope is +1. The resulting (1, 1) diagram is
depicted in Figure 15(a). Compare with the final diagram in Figure 11. The process for determining
CFK®(S3, K n1.n,) 18 almost identical to the process described in the previous section, so we will only
include the key steps, being much less elaborate.
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Figure 16: Two consecutive blocks H'(s) (left) and H'(s + 1) (right) in G'(s) for 1 < s < n.
There is either one basepoint or one of each kind in the upper half plane of H'(n + 1) when s = n.

To start, we can similarly define the s-th block H’(s) for 1 < s < n; + n, — 1; we also define
the chain complex G'(1) = CFK*®(S3, K n nz) and G'(G +1) =G’ (l)/(H (i u H (ny +ny—1i)),
where H' (i) = H'(i) \ {right end point} and H (ny +ny—i) = H'(ny +ny—1i) \ {left end point}
forl <i < L%J We add the apostrophe to differentiate from the complexes defined in the
previous section.

Lemma 4.28 For 1| < s < ny + n, — 1, each block H'(s) corresponds to the diagram depicted in
Figure 15(c).

Again due to (30), we have K ,,, = K, , . Therefore from now on we only consider knots of the
form K° ., with n >0, k > 0. Similarly as before, we split off Dy summands iteratively until we
obtain a small complex. This process in the case of K ntk 1S somewhat more straightforward than that
in the previous section. We depicted the two consecutlve blocks in Figure 16, but in fact we need only to

consider the first block H’(s).
Lemma 4.29 Forn >0,k >0,
Gin—1)®2(PIZ) D) ifk =0,
Gn) ®2(Ps—, Ds) ifk=1.
Proof For 1 <s < n, label the generators in H'(s) from left to right by ys, xgss) . ( ) , Ys+1 Where
Vys+1 = H'(s) N H'(s + 1). The differentials are

3 —
CFK™(S?. K,y p) {

(s) (s) (s) .
0X5/ 1 = X3 + X545, 0=i=s—1,

3X§s,-)=ys+ys+1, 0<i<s,
with filtration shifts
Az (). ys) = (s —i),
AI,j(ng,-), Vs+1) =0, s—i)+m+k—s,n—s5)
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for 0 <7 <s. Therefore performing the filtered change of basis

Vs = Vs + Vs+1

splits off ﬁ,(s) = H'(s) \ {¥s+1} = Dy as a summand. We can split off ﬁ,(s) and ﬁ,(2n + k —s) for
1 <s<n—1 at the same time since H /(s) NH /(Zn + k —s) = @. Due to the symmetry of the knot Floer
complex, ﬁ/(2n + k —s) = Ds. When k > 1, we can further split off ﬁ/(n) U ﬁ/(n +k)=2D,. O

Before stating the theorem, we first clarify some notation. Recall that Cy is the complex generated by
one element and the complexes D; are defined in Definition 4.20.

Definition 4.30 Forn >0, k > 2,let C; , be the complex generated by
1 1<j<k—1,0<i <2n}Uly; |15 <k}

with differentials

(0) )] ) .
0xyify = X3 + X534, 0=i=n—1,
8x§§)=yj + Vi+1, 0<i=<n,

with the filtration shifts
Az, (3D, | x$0) = (1,0),
AI,J(Xngl,xéélz)=(0,1), 0<i=<n-—1,
Arg (S yi) = Gon—i + j),
Ars(cP yi) =G +k—jn—i), 0<i=<n.

The complex C| , is shown below as an example:

x(()z) x}z)
V3 Xéz)
3
x(()l) xgl)
/
)2 xﬁ”
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Proposition 4.31 For integers n > 0, k > 0, up to homotopy equivalence the knot Floer complex
CFK*>(S3, K, .+x) is given by the following.

n

e Whenk =0,

n—1
CFK*™(S°, K, ) = CO@Dn@z(EBDS),

s=1

e Whenk =1,
n

CFK™®(S°. K,F . ) gC0692(@DS).
s=1
e Whenk > 2,

n
CFK®(S*, K, ) =Cry @ 2(@ Ds).
s=1

Moreover, there exists a choice of basis, such that Cy is always supported in the filtration level (0, 0) and
each pair of Dy for 1 < s < n is supported in filtration levels

(($+n_s)k+(n—5)(nz—5+l)’(n—S)(nz—SJrl))’
m—s)y(n—s+1) m—s)(n—s+1) k+1
(o o (t21, )

respectively. Under this basis, each Cy and Dy summand are supported in Maslov grading 0; each
+1-graded generator has one — marking and each +2-graded generator has one + marking.

Proof From the proof of Lemma 4.29 we see that y; and ys41 have a filtration difference of
(44) m+k—s,n—s) for 1 <s=<n.

Each Dy is supported by ys for 1 < s < n. For the first two cases, fix a basis such that Cy is supported
in (0, 0). For the last case, fix a basis such that C ,; « 18 supported in (0, 0), and then it is straightforward
to check that y; € C ,; * has filtration level ((k — 1)k/2,0). By (44) we can determine the support of all
the Dy that come from H (s) for 1 <s < n. The filtration levels of the remaining complex follows from
the symmetry of the knot Floer complex.

Each y; generator has the same Maslov grading ¢, for some integer 7, each xg.) generator has the same

()
2i+1
is supported in some yg, we have ¢ = 0. The statement regarding the marked basis can be read off from

Figure 15(c). O

Maslov grading ¢ 4+ 1 and each x generator has the same Maslov grading ¢ + 2. Since the homology

4.6 Case K*([2ny,1,—2n,]) withny > 0,n, > 1

For suitable orientations of & and B curve in the (1, 1) diagram, the induced orientation for each bigon is
the same. See, for example, Figures 17 and 18. By [7, Theorem 1.2], K¥([2n1, 1, —2n,]) is a (negative)

Algebraic & Geometric Topology, Volume 26 (2026)



On homology concordance in contractible manifolds and two-bridge links 1631

. ////F nz_‘m//f? ez
-5 R
)

d o ni &7’1-14
(c)whenny <s<n,—1

(a) the (1, 1) diagram when n; =2,n, =4

Figure 17: The case n, > ny. The only generators without a marking are given by the circled
intersection point in (c).

(1, 1) L-space knot. Therefore in order to pin down its knot Floer complex, it suffices to record the length
of (say) horizontal arrows.

4.6.1 When ny > nq The (1, 1) diagram in this case is depicted in Figure 17. We proceed as before.
For a fixed lift ,g , label all the lifts of o which intersect B by &y, ..., 0y, 4n,—1. Identify & with oy for
1 <s <n; +ny—1 in the s-th block. There is an ambiguity in defining the end point of each block. We
define the end point of each block to be the first intersection point after ,3 travels above a w basepoint in
the next block. See the right-hand side of Figure 17.

By Definition 4.6, the slope of y+ is n, and the slope of y_ is —(—n, + 1) = n, — 1. Observe also
that aside from the intersection point circled in Figure 17(c), every intersection point is marked exactly
once, where the sign of the marking depends on the parity of the Maslov grading.

We simply count the number of basepoints in the bigons in the upper half plane. This is given by

LI N

1,....,1,ni+ny,—2s for1<s=<n;—1 and 1,....,1,ny—s,1 formn  <s=<n,—1.
When ny # n,, we have ny — 1 > (ny +n, —1)/2, therefore by the symmetry we can fill out the remaining
complex. Specifically, the horizontal-vertical arrows of length (1, —ny, 1) in the (n1)-th block is identified
after reflection with the horizontal-vertical arrows of length (1,7, —n1) in the (n,—1)-th block. It follows
that the remaining horizontal arrows are all of length 1, and there are in total

(Zli)—lz (m1 +2)2(n1—1)

i=1
Algebraic & Geometric Topology, Volume 26 (2026)
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ny+ny;—2s

“Ohp L

WP )

Yw )
IR/

(] o

o4

. (Mb)whenl1 <s<n;—1

ny—1 ny—s
—

—N
0.--0
K w% e o Y+
N

~~
ny—1 s—np +1

h <s<n;—1
(a) the (1, 1) diagram whenny =4,n, =2 (¢) when nz <5 < m

Figure 18: The case n, < n;. The only generators without a marking are given by the intersection
point circled in (c).

of them. In summary, we have shown that the sequence of lengths of horizontal arrows in the knot Floer
complex is given by (1 42)(ny—1)
2

——
—s, 1, 1,...,1.

forni<s<mnp—1

s—1 ni—1
—— ——
I,....1,ny+ny—2s,1,...,1,n,

for 1<s<n;—1
Moreover, the only generators without a marking are those whose outgoing horizontal arrows are of
length n, — s in the s-th block for n; < s <n; — 1. The above analysis does not cover the case when
ni = np, but it is straightforward to check that the conclusion also holds there. (When n; = n,, the
(n1)-th block consists of 71 — 1 bigons in each half plane, where each bigon has exactly one basepoint,
and the rest of the complex follows from symmetry.)

4.6.2 When ny <ny The (1, 1) diagram in this case is depicted in Figure 18. This case is parallel to
the previous case, and one can similarly work out the sequence of length of horizontal arrows using the
right-hand side diagrams in Figure 18. Putting together the discussion on both cases, we have proved
the following.

Proposition 4.32 Forn; > 0,n, > 1, KT ([2ny, 1, —2n,]) is a negative L-space knot, with the length of
horizontal arrows given in order by the follows.

e Whenn, > ny,

1+ =1

s—1 ni—1 -2
Pp—— ~—— P———
1,....1,ny+n,—2s,1,..., 1,0, —5,1,1,...,1.

for1<s<mn1—1
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Given a basis, each generator with odd Maslov grading has one — marking. Each generator whose
outgoing horizontal arrow is marked by the overline has no marking. Apart from them, each generator

with even Maslov grading has one 4+ marking.
e Whenn, <ny,
2 1 (np+2)(npy—1)
s—1 ny—1 I —

——— ——— ——
1,....,1,ny+n,—2s,1,..., 1,07 —=5,1,...,1.

for 1<s<np—1 forny<s<mni—1
Given a basis, each generator whose incoming horizontal arrow is marked by the overline has no marking.
Apart from them, each generator with odd Maslov grading has one — marking. Each generator with even
Maslov grading has one + marking.

4.7 Case K= ([2n1,1,—2n3]) withny > 0,n, > 1

By [7, Theorem 1.2], K~ ([2ny, 1, —2n;]) is a positive (1, 1) L-space knot. It suffices to record (say) the
length of vertical arrows. The process to determine such a sequence is entirely parallel to the process in
Section 4.6. Therefore we will skip the proof, giving only the conclusion, as follows.

Proposition 4.33 Forn, > 0,n, > 1, K~ ([2ny, 1, —2n,]) is a positive L-space knot, with the length of
vertical arrows given in order by the follows.
e Whenn, > n; + 2,

ny(ny+3)
s—1 ni 2

—N— —TN—
1,....1,ny+n,—2s,1,...,1,np—s—1,1,...,1.

for 1<s<n; forn1+1=<s<np—2
Given a basis, each generator with even Maslov grading has one — marking. Each generator whose
outgoing vertical arrow is marked by the overline has no marking. Apart from them, each generator with
odd Maslov grading has one + marking.
e Whenn, <n; + 1,

n2(n2—1)
s—1 ny—2 ny—1 e —
—N— —  ——N—__ A~
1,....1,ny+n,—2s,1,...,1,ny—n+1,1,....1,ny—s+1,1,...,1.
for 1<s<np;—2 forny<s<ni

Given a basis, each generator whose incoming vertical arrow is marked by the overline has no marking.
Apart from them, each generator with even Maslov grading has one — marking. Each generator with odd
Maslov grading has one + marking.
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