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On local fibrations of .1; 2/-categories

FERNANDO ABELLÁN

We provide a model independent notion of local fibrations of .1; 2/-categories which generalises the well-
known theory of locally cocartesian fibrations of .1; 1/-categories. Based on previous work, we construct
a model structure which serves as a specific combinatorial model for this type of fibration. Our main result
is a generalisation of the locally cocartesian straightening and unstraightening construction of Lurie which
yields for any scaled simplicial set S an equivalence of .1; 2/-categories between the .1; 2/-category
�ib0;1.S/ of .0; 1/-fibrations over S and the .1; 2/-category of functors Fun.S;�icat1/. Given an
.1; 2/-category � our Grothendieck construction can be specialised to produce an equivalence between
the .1; 2/-category of local fibrations over � and the .1; 2/-category of oplax normalised functors with
values in �icat1. Finally, as an application of our results we provide a version of the Yoneda lemma for
.1; 2/-categories.
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1 Introduction

The theory of .1; 2/-categories is enjoying in recent years a rapid and extensive development. Several
fundamental constructions such as Gray tensor products [11], partially lax colimits [5; 8; 10] and a
2-dimensional theory of fibrations [3; 6; 13] are already available and ready to be used in the study of
homotopy coherent structures. Even more remarkably, we are starting to see specific examples [9; 17]
of how these techniques can be used to categorify existing areas of study and how they can put into
perspective known constructions. In this paper, we continue our study of fibrations of .1; 2/-categories
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1682 Fernando Abellán

and provide an additional piece of technology which will be relevant for future applications: a theory of
local fibrations.

In the homotopy-coherent world, fibrations are an essential tool that facilitates the construction of
functors in a context where an infinite amount of coherent-data must be specified. More precisely, given
an .1; 2/-category � the so-called “Grothendieck construction” (also known in the higher-categorical
world as the straightening-unstraightening equivalence due to Lurie [18]) states that there exists an
equivalence between the .1; 2/-category of .0; 1/-fibrations1 over � and the .1; 2/-category of functors
F W �! �at.1;2/, with values in .1; 2/-categories. This result has been realised in several models [3; 7;
19; 20; 21] and it is even available for general fibrations (and functors) of .1; n/-categories.

However, in many situations we would like to have a version of the Grothendieck construction that
is flexible enough to accommodate the notion of a (op)lax normalised functor, i.e., a functor which only
preserves composition up to noninvertible coherent-data but preserves identity morphisms. This is achieved
by means of the notion of a local fibration of .1; 2/-categories as demonstrated by our main result.2

Theorem Let � be an .1; 2/-category. Then the straightening-unstraightening adjunction

Stoplax
�
W �Fib.�/! Funoplax.�;�at.1;2// WUnoplax

�

yields an equivalence of .1; 2/-categories between the .1; 2/-category of local .0; 1/-fibrations over �
and the .1; 2/-category of oplax normalised functors with values in .1; 2/-categories.

This result had already been proved for functors with values in .1; 1/-categories by Lurie [19] and
in full generality (in the model of 2-fold Segal spaces) by Ayala, Mazel-Gee and Rozenblyum [7]. Our
theorem can be seen as a direct extension of Lurie’s result. The main motivation for proving the general
version of this result in the scaled simplicial model is due to the tractable description that the Gray tensor
product admits in this setting [11] which can be used to provide further versions of the Grothendieck
construction which are adapted to handle (op)lax natural transformations between functors, as seen in [2].
In the aforementioned work, we extensively exploit this result to produce a general calculus of mates, as
well as providing formulas for computing partially lax (co)limits of functors with values in �at.1;2/.

Another advantage of our construction in the scaled simplicial model is that we have full control over
the “laxness” of our functors. This is materialised in the following result.

Theorem Let � be an .1; 2/-category and let UDf.fi ; gi /gi2I be a collection of composable morphisms
in �. Then the straightening-unstraightening adjunction

StUoplax
�

W �FibU .�/! FunUoplax.�;�at.1;2// WUnUoplax
�

yields an equivalence of .1; 2/-categories between the .1; 2/-category of U-local .0; 1/-fibrations over �
and the .1; 2/-category consisting in those oplax normalised functors which preserve the composites
in U .

1By an .i; j /-fibration we mean a 2-categorical version of the notion of a (co)cartesian fibration which we will define later in
the introduction.

2For more detailed statements and references to the relevant theorems, see the following subsection in the introduction.
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When we specialise to the case where U is precisely the collection of all pairs of composable morphisms
the definition a U-local .0; 1/-fibration collapses to that of an ordinary .0; 1/-fibration and we recover the
usual Grothendieck construction for .1; 2/-categories.

Local fibrations of .1; 2/-categories

Let p W�! � be a functor of .1; 2/-categories. We say that p is a .i; j /-fibration where i; j 2 f0; 1g if:

(F1) For every a; b 2� the induced map �.a; b/! �.p.a/; p.b// on mapping .1; 1/-categories is a
cocartesian fibration if j D 0 or a cartesian fibration if j D 1.

(F2) For every a; b; c 2� the composition functors

�.a; b/��.b; c/!�.a; c/

preserve cocartesian edges if j D 0 (resp. cartesian edges if j D 1).

(C1) Let i D 0. Given an object a 2 � and a morphism e W p.a/ ! y in �, there exists an edge
Oe W a! Oy over e with the following property: for every z 2� precomposition with Oe induces a pullback
of .1; 1/-categories

�. Oy; z/ �.a; z/

�.y; p.z// �.p.a/; p.z//

We say that Oe is a .0; j /-cartesian lift of e. If i D 1 one defines a dual condition (which generalises the
.1; 1/-notion of cartesian edge) and obtains the definition of a .1; j /-cartesian edge.

Let us remind the reader that .0; j /-fibrations appear in the literature [6; 13] under the name of outer
cocartesian when j D 0 (resp. inner cocartesian if j D 1) and similarly .1; j /-fibrations are called outer
cartesian fibrations if j D 0 and inner cartesian fibrations if j D 1.

In [3; 6] we gave a systematic analysis of the theory of .1; 0/-fibrations and provided the corre-
sponding Grothendieck construction which identifies this kind of fibrations with contravariant functors
F W �op!�at.1;2/. However, the models employed to study these fibrations in the aforementioned works
do not generalise the theory of locally cocartesian fibrations developed in [18; 19]. In order to realise the
local theory of fibrations in the scaled simplicial model [19], we will be working in this paper with the
.0; 1/-variance. Needless to say, in model independent terms these problems do not arise and we can give
the following general definition.

Let p W�! � be a functor of .1; 2/-categories. We say that p is a local .i; j /-fibration if these hold:

� Conditions (F1) and (F2) are satisfied. In this case, we say that p is cocartesian-enriched if j D 0 and
cartesian-enriched if j D 1.

� For every morphism e W�1! � the pullback ��� feg!�1 is an .i; j /-fibration. We say that an edge
Oe W�1!� is a local .0; 1/-cartesian edge if it is .0; 1/-cartesian after taking the corresponding pullback.

Algebraic & Geometric Topology, Volume 26 (2026)
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In order to access the model-independent results mentioned above, we resort to the model of marked-
biscaled simplicial sets constructed in [6], which provides us with a robust combinatorial framework to
model local .0; 1/-fibrations and to implement the desired Grothendieck construction. A marked-biscaled
simplicial set denoted as .X;E; TX � CX / consists of a simplicial set X , together with a subset of
edges E �X1 containing all degenerate 1-simplices, and two collections of 2-simplices (or triangles),
TX � CX �X2, such that TX (and hence CX ) contains every degenerate 2-simplex. The collection E is
used to model the cocartesian 1-morphisms of our fibrations, while CX models the cartesian 2-morphisms.
The subcollection TX is used to represent the invertible 2-morphisms which are always cartesian. Equipped
with this formalism we establish as the first result in this paper the existence a model structure whose fibrant
objects we refer to as U -local .0; 1/-fibrations over a scaled simplicial set .S; U / (see Theorems 3.25
and 3.34).

Theorem 1 Let .S; U / be a scaled simplicial set. Then there exists a left proper , combinatorial , simplicial
model structure3 on

�
Setmb

�

�
=.S;];U�]/

, which is characterised uniquely by the following properties:

(C) A morphism f WX ! Y is a cofibration if and only if f induces a monomorphism on the underlying
simplicial sets.

(F) An object p WX ! S is fibrant if and only if it is a U -local .0; 1/-fibration.

Moreover , if S D �0 then this model structure is Quillen equivalent to Lurie’s model structure (see
Theorem 4.27 in [19]) on Setsc

�, the category of scaled simplicial sets

In the case where �D .S; TS / is a fibrant scaled simplicial set and thus models an .1; 2/-category (here
TS consists in those 2-simplices representing commuting triangles in �), we can consider a subcollection
of triangles MS � TS depicted visually as

b

a c

u v
'

where either u or v are equivalences. In Theorem 4.22, we specialise the previous result to .S;MS / to
obtain a model independent interpretation of the theory of MS -local (or simply local) .0; 1/-fibrations
over .S;MS /. In order to achieve this, we construct (see Definition 4.4) from every MS -local .0; 1/-
fibration p W .X;EX ; TX �CX /! .S; ];MS � ]/ a fibration among fibrant scaled simplicial sets p W�!�
satisfying (F1), (F2) and (C1) above which we call the bicategorical interpretation of p.

Theorem 2 Let .S; TS / be a fibrant scaled simplicial set and let p W .X;EX ; TX �CX /! .S; ];MS � ]/

be an object of
�
Setmb

�

�
=.S;];MS�]/

. Then p defines a fibrant object if and only if its bicategorical
interpretation p W�! � is a local .0; 1/-fibration of .1; 2/-categories.

3Here “]” denotes the maximal collection consisting in all 1-simplices (or all 2-simplices).
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It is well known (see Proposition 2.4.2.8 in [18]) that a locally cocartesian fibration whose locally
cocartesian edges compose must be a cocartesian fibration. We extend this analysis to the .1; 2/-
categorical case by considering a fibrant scaled simplicial set .S; TS / and a collection of triangles
MS � U � TS which allows us to make the following definition:

� A local .0; 1/-fibration p W�! � is said to be U-local if local .0; 1/-cartesian edges compose along
triangles lying over U .

It then follows from Theorem 4.29 that U-local fibrations can also be characterised as fibrant objects in
our model structure.

Theorem 3 Let .S; TS / be a fibrant scaled simplicial and let U be a collection of triangles such that
MS � U � TS . Then an object p WX ! S is fibrant in

�
Setmb

�

�
=.S;];U�]/

if and only if its bicategorical
interpretation p W�! � is a local .0; 1/-fibration of .1; 2/-categories which is in addition U-local.

Once the basics of the local theory of fibrations of .1; 2/-categories are established we focus our
attention into providing the expected Grothendieck construction which will allow us to interpret our
fibrations as functors with values in �icat1 the 1-bicategory (i.e., fibrant scaled simplicial set) of
1-bicategories.

Let .S; U / D SU be a scaled simplicial and denote by �ib0;1.SU / the 1-bicategory of U -local
.0; 1/-fibrations over S and by Fun.SU ;�icat1/ the functor1-bicategory. Our main construction is
a generalisation of the straightening-unstraightening equivalence of Lurie [19] to the setting of .0; 1/-
fibrations whose fibres are1-bicategories. Combining Theorem 5.52 and Remark 5.54 we obtain:

Theorem 4 Let SU D .S; U / be a scaled simplicial set. Then the straightening-unstraightening adjunction

StSU W �ib0;1.SU /! Fun.SU ;�icat1/ WUnSU

yields an equivalence of1-bicategories between the1-bicategory of U -local .0; 1/-fibrations over S
and the1-bicategory of covariant functors with values in1-bicategories.

The general nature of the theorem above allows us to consider special cases which are of special
interest. Namely, let � D .S; TS / be an1-bicategory and let SMS D .S;MS /. We can now consider
�Fib.�/ WD �ib0;1.SMS / and apply our Grothendieck construction to obtain an equivalence between the
1-bicategory of local .0; 1/-fibrations over � and the category Fun.SMS ;�icat1/. The latter can be
interpreted using the work of Gagna, Harpaz and Lanari [11] as a model for the1-bicategory of oplax
normalised functors with values in1-bicategories. Our main theorem then specialises (Corollary 5.57)
to the results presented at the beginning of the introduction.

The 1-bicategorical Yoneda lemma

As an application of our results we give a fibrational proof of the Yoneda lemma for1-bicategories. We
would like to stress that such a result was already present in the work of Hinich [16] where a general
Yoneda lemma for enriched1-categories is established.
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In this work we provide a proof of the Yoneda lemma as a direct application of the Grothendieck
construction. Given an1-bicategory � we consider the .0; 1/-fibration ev1 W Funopgr.�1;�/! � (see
Proposition 2.2.6 in [13] for more details) which is sometimes referred as the oplax arrow category of �.
Carefully unwinding this construction reveals that the fibres of this map come equipped with maps

�

!c
D Funopgr.�1;�/�� fcg ! �;

which are in turn .1; 0/-fibrations with1-categorical fibres. Applying the Grothendieck construction
in two steps we obtain a functor Y� W �! Fun.�op;�at1/. Moreover, it follows from previous work
(Theorem 3.17 in [4]) that �

!c
corresponds under the Grothendieck construction to the representable

functors �.�; c/. We prove in Theorem 6.16 the final result of this paper.

Theorem 5 For every1-bicategory � the Yoneda embedding

Y� W �! Fun.�op;�at1/; c 7! �.�; c/;

is fully faithful. Moreover , given a functor F W�op!�at1 there is a equivalence of �at1-valued functors

Nat�op.Y�.�/;F/
'
H) F;

(where Nat�op.�;�/ is the mapping1-category in Fun.�op;�at1/) which is natural in F.

2 Preliminaries

In this section we will mainly gather the main definitions of the theory of scaled simplicial sets as
presented by Lurie [19].

Definition 2.1 A scaled simplicial set .X; TX / consists in a simplicial set X together with a collection of
2-simplices (also called triangles) TX which contains every degenerate triangle. We call the elements
of TX the thin triangles of X . A morphism of scaled simplicial sets f W .X; TX /! .Y; TY / is a map
of simplicial sets f W X ! Y such that f .TX /� TY . We denote the corresponding category of scaled
simplicial sets by Setsc

�.

Notation 2.2 Given a simplicial set A we have two canonical ways of viewing it as a scaled simplicial
set:

� We define A[ D .A; [/ where [ is the collection consisting only in the degenerate triangles of A.

� We define A] D .A; ]/ where ] is the collection consisting in every triangle of A.

Definition 2.3 The set of generating scaled anodyne maps S is the set of maps of scaled simplicial sets
consisting of

(i) the inner horns inclusions�
ƒni ; f�

fi�1;i;iC1g
g
�
!
�
�n; f�fi�1;i;iC1gg

�
; n> 2; 0 < i < nI

Algebraic & Geometric Topology, Volume 26 (2026)
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(ii) the map
.�4; T /! .�4; T [f�f0;3;4g; �f0;1;4gg/;

where we define
T

def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(iii) the set of maps

.ƒn0q�f0;1g �
0; f�f0;1;ngg/! .�nq�f0;1g �

0; f�f0;1;ngg/; n> 3:

A general map of a scaled simplicial set is said to be scaled anodyne if it belongs to the weakly saturated
closure of S.

Definition 2.4 A scaled simplicial set .X; TX / is said to be an1-bicategory if it has the right lifting
property against the class of scaled anodyne maps in Definition 2.3. In this case, we view the 2-simplices
of TX as the collection of commuting triangles.

Definition 2.5 Given an1-bicategory .X; TX / we can construct an1-category X61 by considering the
subsimplicial set of X given by those n-simplices � W�n!X such that each 2-dimensional face belongs
to TX . We call X61 the underlying1-category of .X; TX /. We similarly define X' as the underlying
1-groupoid of X61.

Definition 2.6 We denote by CatC� the category of SetC�-enriched categories (i.e., categories enriched
in marked simplicial sets). We note that we can view the category of (strict) 2-categories 2Cat as a full
subcategory of CatC� by applying the nerve functor Hom-wise and marking the equivalences in each
mapping category.

Proposition 2.7 There is a left-proper , combinatorial model structure on CatC� such that :

(W) The weak equivalences are those enriched functors which are essentially surjective on homotopy
categories and induce weak equivalences on all mapping marked simplicial sets.4

(C) The cofibrations are the smallest weakly saturated class containing ¿! Œ0�SetC�
, and each inclusion

Œ1�A! Œ1�B where A! B is a generating cofibration for SetC�.

Proof This is a special case of [18, A.3.2.4].

Definition 2.8 Let I be a linearly ordered finite set. We define a 2-category OI as follows:

� The objects of OI are the elements of I .

� The category OI .i; j / of morphisms between objects i; j 2 I is defined as the poset of finite sets
S � I such that min.S/D i and max.S/D j ordered by inclusion.

� The composition functors are given, for i; j; l 2 I , by

OI .i; j /�OI .j; l/!OI .i; l/; .S; T / 7! S [T:

4See [18, Section 3.1] for a model structure on marked simplicial sets.
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When I D Œn�, we denote OI by On. Note that the On form a cosimplicial object in 2Cat, which we
denote by O�.

Definition 2.9 The map

� CatC�;
C

which sends Œn� to On gives us a cosimplicial object in CatC�. We can moreover send the thin 2-simplex�2
]

to CŒ�2� equipped with maximally marked mapping spaces. The usual machinery of nerve and realisation
then gives us adjoint functors

Csc W Setsc
� CatC� W N

sc;

which we will call the scaled nerve and scaled rigidification.

Theorem 2.10 There is a left proper , combinatorial model structure on Setsc
� in which :

(W) The weak equivalences are the morphisms f W A! B such that CscŒf � W CscŒA�! CscŒB� is an
equivalence in CatC�.

(C) The cofibrations are the monomorphisms.

Moreover , the fibrant objects in this model structure are the1-bicategories , and the adjunction

Csc W Setsc
� CatC� W N

sc

is a Quillen equivalence.

Proof This is [19, Theorem A.3.2.4]. The characterisation of fibrant objects is [12, Theorem 5.1].

Definition 2.11 We say that a map of scaled simplicial sets is a bicategorical equivalence if it is a weak
equivalence in the model structure given in Theorem 2.10. Similarly, call the fibrations in the model
structure of scaled simplicial sets bicategorical fibrations.

Remark 2.12 In [12], the authors characterise the model structure on scaled simplicial sets as a Cisinski–
Olschok model structure. This in turn implies that a map between fibrant scaled simplicial sets is a
bicategorical fibration if and only if it is an isofibration and it has the right lifting property against the
class of scaled anodyne maps.

Definition 2.13 Given a pair of scaled simplicial sets X , Y we denote by Fun.X; Y / the scaled simplicial
set determined by the universal property

HomSetsc
�
.K;Fun.X; Y //' HomSetsc

�
.K �X; Y /;

where K �X denotes the cartesian product of scaled simplicial sets.

Definition 2.14 Let � be an1-bicategory. Given an object y 2� we define a scaled simplicial set �

!y
as

follows. The data of an n-simplices �n! �

!y
is given by a map � W�nC1! � such that �.nC1/D y.

The inclusion dnC1 W�n!�nC1 induces a map

� W �

!y
! �;

Algebraic & Geometric Topology, Volume 26 (2026)
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which we use to declare a triangle in �

!y
to be thin if and only if its image under � is thin in �. It follows

from [12, Proposition 2.33] that the fibre of � at an object x 2 � is a model for �.x; y/, the mapping
1-category.

3 The model structure

Definition 3.1 A marked biscaled simplicial set (MB simplicial set) is given by

� a simplicial set X ,

� a collection of edges EX 2X1 containing all degenerate edges,

� a collection of triangles TX 2X2 containing all degenerate triangles,

� a collection of triangles CX 2X2 such that TX � CX ,

where we will refer to the elements of TX as thin triangles, and we will refer to the elements of CX as
lean triangles. We will denote such objects as triples .X;EX ; TX � CX /. A map .X;EX ; TX � CX /!
.Y;EY ; TY � CY / is given by a map of simplicial sets f W X ! Y compatible with the collections of
edges and triangles above. We denote by Setmb

� the category of MB simplicial sets.

Notation 3.2 Let .X;EX ; TX � CX / be an MB simplicial set. Suppose that the collection EX consists
only of degenerate edges. Then we fix the notation .X;EX ; TX �CX /D .X; [; TX �EX / and do similarly
for TX . If CX consists only of degenerate triangles we fix the notation .X;EX ; TX � CX /D .X;EX ; [/.
In an analogous fashion we will use the symbol “]” to denote a collection containing all edges (or all
triangles). Finally if TX D CX then we will employ the notation .X;EX ; TX /.

Remark 3.3 We will often abuse notation when defining the collections EX (resp. TX or CX ) and just
specify its nondegenerate edges (resp. triangles).

Definition 3.4 The set of generating marked-biscaled-anodyne maps MB is the set of maps of MB
simplicial sets consisting of

(A1) the inner horn inclusions

.ƒni ; [; [� f�
fi�1;i;iC1g

g/! .�n; [; [� f�fi�1;i;iC1gg/; n> 2; 0 < i < nI

(A2) the map

.�4; [; [� T /! .�4; [; [� T [f�f0;3;4g; �f0;1;4gg/;

where we define

T
def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(A3) the set of maps

.ƒn0; f�
f0;1g
g; f�f0;1;ngg/! .�n; f�f0;1gg; f�f0;1;ngg/; n> 2I

Algebraic & Geometric Topology, Volume 26 (2026)
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(A4) the inclusion of the initial vertex

.�0; ]; ]/! .�1; ]; ]/I

(S1) the map

.�2; f�f0;1g; �f1;2gg; ]/! .�2; ]; ]/I

(S2) the map

.�2; [; [� ]/! .�2; [; ]/I

(E) for every Kan complex K, the map

.K; [; ]/! .K; ]; ]/:

A map of MB simplicial sets is said to be MB-anodyne if it belongs to the weakly saturated closure
of MB.

Remark 3.5 Let p W .X;EX ; TX � CX /! .S;ES ; TS � CS / be a morphism of MB simplicial sets. We
will informally think of the collection of EX as representing p-cocartesian edges. The collection CX
is understood to represent cartesian 2-morphisms, while the collection TX is simply interpreted as
representing commuting triangles. Equipped with this intuition let us clarify the meaning of our anodyne
maps:

(A1) Having the right lifting property against this class guarantees the existence of enough cartesian
2-morphisms.

(A2) This class expresses a saturation property of cartesian 2-morphisms.

(A3) This class guarantees the marked morphisms to be p-cocartesian with respect to the given thin
triangles.

(A4) This guarantees the existence of enough p-cocartesian lifts.

(S1) This class enforces that p-cocartesian morphisms compose across thin triangles.

(S2) This expresses that lean triangles lying over thin triangles are themselves thin. In other words,
a cartesian 2-morphism lying over an invertible 2-morphism is itself invertible.

(E) This class simply expresses that equivalences must always be marked.

Remark 3.6 In [6] we also introduced the notion of a MB-anodyne map when dealing with the theory of
.1; 0/-fibrations. We would like to point out that both classes of maps are different but we are using the
same name to avoid the overly cumbersome notation MB01-anodyne.

Definition 3.7 A map of MB simplicial sets is said to be an MB-fibration if it has the right lifting property
against the class of MB-anodyne maps.

Algebraic & Geometric Topology, Volume 26 (2026)
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Lemma 3.8 Let p WX ! S be an MB-fibration. Then for every s 2 S the fibre , over s,

Xs X

�0 S

p

s

is of the form .Xs; Es; Ts/ (see Notation 3.2), where .Xs; Ts/ is an 1-bicategory and where Es is
precisely given by the equivalences.

Proof Observe that in Xs the lean and thin triangles coincide since in a MB-fibration a lean triangle
lying over a thin triangle is itself thin. It follows that Xs has the right lifting property against the class of
scaled anodyne maps and thus it is an1-bicategory. Note that by definition the equivalences must be
marked in Xs . Moreover, since Xs lifts against the class of maps (A3) one checks easily that marked
morphisms are equivalences.

Lemma 3.9 The morphism of MB-simplicial sets .�2; f�f0;1g; �f0;2gg; ]/! .�2; ]; ]/ is MB-anodyne.

Proof The proof is dual to [6, Lemma 3.11].

Lemma 3.10 The morphism of MB simplicial sets

� W .�3; �f0;1g; f�f0;1;3gg � U0/! .�3; �f0;1g; f�f0;1;3gg � ]/

is MB-anodyne where U0 is the collection of all 2-faces except �f1;2;3g.

Proof Let S D .S;ES ; TS � ]/ be an MB simplicial set and let p WX! S be an MB-fibration. We will
show that p has the right lifting property against the map �. Once this claim is established we will factor
� as an MB-anodyne morphism followed by an MB-fibration where B is of the form .S;ES ; TS � ]/,
that is,

� W .�3; �f0;1g; f�f0;1;3gg � U0/ WD A X .�3; �f0;1g; f�f0;1;ngg � ]/D B:
˛ p

It will then follow that we can produce a solution to the lifting problem

A X

B B

�

idB

which exhibits � as a retract of the MB-anodyne map ˛ and thus concluding the proof.
In order to complete the proof we must show the claim. Suppose we are given a lifting problem

A X

B S

�

�

p
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Let �.1! 2/D u, �.2! 3/D v and �.1! 3/D !. Since p is an MB-fibration we can solve the lifting
problem

ƒ21 X

�2 S
d0.p.�//

'

and produce a lean triangle '. We consider a subsimplicial set of Q ��4 consisting in the

� the face missing the vertex 2,
� the face missing the vertex 4,
� the 2-dimensional face �f2;3;4g.

We then produce a map � WQ!X as follows:

� We map the face missing the vertex 2 via � .
� We map the face missing the vertex 4 via s1.d3.�//.
� We map �f2;3;4g via '.

We equip Q with the induced decorations. It follows that we can extend Q to a map „ W�4!X lying
over s1.p.�//. Since p has the right lifting property against the morphism (A2) we see that d0.�/ is lean
if and only if the image of �f1;2;4g under „ is thin in X .

We observe that in d1.„/ every face is lean scaled except possibly the face missing the vertex 2. Again,
as a consequence of (A2) it follows that this face must also be lean scaled. Moreover this face lies over a
thin simplex of S so it must be itself thin. From now on we can focus our attention to d3.„/.

In d3.„/D� every face is thin scaled except possibly the face missing the vertex 0 and the edge 0!1 is
marked. One checks easily that the pullback of p along the simplex thin d2.p.�// simplex yields a fibration
of1-bicategoriesX

0

! .�2; ]/where we can identify the image of d0.�/with a morphism in the mapping
1-category of X

0

. One easily shows that this morphism is an equivalence and thus it must be thin.

Definition 3.11 We say that a map of MB simplicial sets is a cofibration if its underlying map of simplicial
sets is a monomorphism. One can easily verify that the class of cofibrations is generated by

(C1) the boundary inclusions .@�n; [; [/! .�n; [; [/ for n> 0,

(C2) the map .�1; [; [/! .�1; ]; [/,

(C3) the map .�2; [; [/! .�2; [; [� ]/,

(C4) the map .�2; [; [� ]/! .�2; [; ]/.

Proposition 3.12 Let f W .X;EX ; TX �CX /! .Y;EY ; TY �CY / be a cofibration of MB simplicial sets
and g W .A;EA; TA�CA/! .B;EB ; CB � TB/ be an MB-anodyne morphism. Then the pushout-product

f ^g WX �BqX�AA�Y Y �B

is again MB-anodyne.
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Proof The proof is almost identical to the proof of [6, Proposition 3.14] and left as an exercise.

Remark 3.13 Observe that given a pair of MB simplicial sets X , Y we can produce a functor MB
simplicial set Funmb.X; Y / in an obvious way via the isomorphism

Hom.A;Funmb.X; Y //' Hom.A�X; Y /;

where Hom denotes the mapping set in the category Setmb
� .

Corollary 3.14 Let p W Y ! S be an MB-fibration. Then for every MB simplicial set X the induced map

Funmb.X; Y / Funmb.X; S/

is an MB-fibration.

Proof It follows from Proposition 3.12 after looking at the adjoint lifting problems.

Definition 3.15 Let p W Y ! S be an MB-fibration and consider a map of MB simplicial sets q WX! S .
We define an1-bicategory of functors over S as the pullback

MapS .X; Y / Funmb.X; Y /

�0 Funmb.X; S/
q

Definition 3.16 Given a scaled simplicial set .S; U / we define the category
�
Setmb

�

�
=.S;];U�]/

of MB
simplicial sets over .S; ]; U � ]/ as follows:

� The objects are maps p W .X;EX ; TX � CX /! .S; ]; U � ]/.

� A morphism from p W .X;EX ; TX � CX /! .S; ]; U � ]/ to q W .Y;EY ; TY � CY /! .S; ]; U � ]/

is given by a map f W .X;EX ; TX � CX /! .Y;EY ; TY � CY / such that q ıf D p.

An object of
�
Setmb

�

�
=.S;];U�]/

is said to be a U -local .0; 1/-fibration if the corresponding map of MB
simplicial sets is an MB-fibration.

Definition 3.17 A morphism f W A! B in
�
Setmb

�

�
=.S;];U�]/

is said to be

� a cofibration if its underlying map of MB simplicial sets is a cofibration;

� a weak equivalence if for every U -local .0; 1/-fibration p WX!S the associated map of1-bicategories

f � WMapS .B;X/ MapS .A;X/
'

is a bicategorical equivalence;

� a trivial fibration if it has the right lifting property against every cofibration in
�
Setmb

�

�
=.S;];U�]/

;

� a trivial cofibration if it is both a weak equivalence and a cofibration.

Lemma 3.18 Let f WA!B be a morphism over S in
�
Setmb

�

�
=.S;];U�]/

such that f is a trivial fibration.
Then f is a weak equivalence.
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Proof Note that since f is a trivial fibration we can construct a section g WB!A such that f ıgD idB .
Moreover, we can further produce a marked homotopy A� .�1/]! A between the identity morphism
on A and the composite g ı f which is compatible with the projection map from A to S . This pair of
homotopy inverse morphisms thus define the desired equivalence on mapping1-bicategories

f � WMapS .B;X/ MapS .A;X/
'

and thus f is a weak equivalence.

Proposition 3.19 Let f W A! B be a morphism in
�
Setmb

�

�
=.S;];U�]/

. Given a U -local .0; 1/-fibration
p WX ! S let us consider the induced functor on mapping1-bicategories

f � WMapS .B;X/ MapS .A;X/:

Then it follows that

(i) if f is MB-anodyne then f � is a trivial fibration of scaled simplicial sets;

(ii) if f is a cofibration then f � is a fibration of1-bicategories;

(iii) if f is a trivial cofibration then f � is a trivial fibration of scaled simplicial sets.

Proof The first statement follows directly from Proposition 3.12. To see that (ii) holds we observe that
again by Proposition 3.12 that f � has the right lifting property against all scaled anodyne maps. Since the
marked morphisms in the mapping1-bicategories are equivalences it follows that f � is an isofibration.
Therefore by Remark 2.12 it follows that f � is a fibration of scaled simplicial sets. The final claim
follows from (ii) together with the definition of the class of weak equivalences.

Lemma 3.20 Let us consider a pushout diagram , in
�
Setmb

�

�
=.S;];U�]/

,

A B

C P

u

v

i

where u is a weak equivalence and v is a cofibration. Then i W B! C is also a weak equivalence.

Proof Given a U -local .0; 1/-fibration p WX ! S we observe that since v is a cofibration we obtain a
pullback diagram of1-bicategories

MapS .P;X/ MapS .C;X/

MapS .B; P / MapS .A;X/

i�

v�

u�

which shows that i� is a bicategorical equivalence and consequently we see that i W B ! C is a weak
equivalence in

�
Setmb

�

�
=.S;];U�]/

.

Proposition 3.21 An object p W X ! S in
�
Setmb

�

�
=.S;];U�]/

has the right lifting property against the
class of trivial cofibrations if and only if it is a U -local .0; 1/-fibration.
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Proof Observe that due to .i/ in Proposition 3.19 it follows that every MB-anodyne morphism is a trivial
cofibration. Therefore, any object having the right lifting property against trivial cofibrations must be a
U -local .0; 1/-fibration. To check the converse we consider a U -local .0; 1/-fibration p WX ! S and a
trivial cofibration f W A! B . Then, in order to produce a solution to the lifting problem

A X

B S

˛

f p

we observe that since the map f � WMapS .B;X/! MapS .A;X/ is a trivial fibration and in particular
surjective, we can pick a preimage of ˛ 2MapS .A;X/ which yields the solution to our problem.

Definition 3.22 Letp WX!S be aU -local .0; 1/-fibration. Consider an objectA!S in
�
Setmb

�

�
=.S;];U�]/

.
We set the following notation:

(1) We denote by Mapth
S .A;X/ the underlying 1-category (cf. Definition 2.5) of the mapping 1-

bicategory.

(2) We denote by Map'S .A;X/ the underlying groupoid of the mapping1-bicategory.

Proposition 3.23 Let f WX ! Y be a morphism in
�
Setmb

�

�
=.S;];U�]/

where both X and Y are U -local
.0; 1/-fibrations. Then the following are equivalent :

(i) For every U -local .0; 1/-fibration Z! S the induced map f � WMapS .Y;Z/! MapS .X;Z/ is an
equivalence of1-bicategories.

(ii) For every U -local .0; 1/-fibration Z! S the induced map f � WMap61
S .Y;Z/! Map61

S .X;Z/ is
an equivalence of1-categories.

(iii) For every U -local .0; 1/-fibration Z! S the induced map f � WMap'S .Y;Z/! Map'S .X;Z/ is a
homotopy equivalence of groupoids.

(iv) The exists a morphism g W Y !X over S , which is a homotopy inverse to f .

(v) For every s 2 S the induced morphism on fibres fs WXs! Ys is a bicategorical equivalence.

Proof The implications .i/D) .ii/D) .iii/ are clear. We commence the proof by showing that .iii/D) .iv/.
We consider the homotopy equivalence Map'S .Y;X/! Map'S .X;X/ and pick an object g2Map'S .Y;X/
such that gıf ' idX . To show that g is the desired homotopy inverse to f we need to show that f ıg' idY .
To see this we see that the map Map'S .Y; Y /! Map'S .X; Y / maps both f ı g and idY to morphisms
which are equivalent to f . Consequently we see that f ıg ' idY .

Observe that .iv/D) .v/ follows from the fact that since our homotopies are fibrewise they descend to
equivalences on the corresponding fibres.

In order to exhibit that .v/ D) .i/ we use the small object argument to factor f W X ! Y as a
composite X ! bX Of

�! Y where the first morphism is MB-anodyne (and therefore a weak equivalence)
and the second morphism has the right lifting property against the class of MB-anodyne morphisms.
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In particular it follows that bX ! S is again a U -local .0; 1/-fibration and that the induced maps on fibres
Ofs W bXs! Ys are bicategorical equivalences. These assumptions imply that Of is itself a trivial fibration

(see Proposition 4.24 for a proof) and so the claim follows.

Lemma 3.24 Given an object A! S in
�
Setmb

�

�
=.S;];U�]/

, the projection map �A W A� .�n; ]; ]/! A

is a weak equivalence.

Proof Let � W�0! .�n; ]; ]/ be the inclusion of the initial vertex. It is an easy exercise to show that �
is MB-anodyne. It then follows from Proposition 3.12 that �A W A! A� .�n; ]; ]/ is also MB-anodyne.
We conclude the proof by observing that �A ı �A D idA.

Theorem 3.25 Let .S; U / be a scaled simplicial set. Then there exists a left proper combinatorial simpli-
cial model structure on

�
Setmb

�

�
=.S;];U�]/

, which is characterised uniquely by the following properties:

(C) A morphism f WX ! Y in
�
Setmb

�

�
=.S;];U�]/

is a cofibration if and only if f induces a monomor-
phism on the underlying simplicial sets.

(F) An object p WX ! S in
�
Setmb

�

�
=.S;];U�]/

is fibrant if and only if it is a U -local .0; 1/-fibration.

Proof The proof is totally analogous to the proof of Theorem 3.42 in [6] where we verify that the
conditions of [18, A.2.6.10] are satisfied.

Remark 3.26 We will refer to the model structure in the previous theorem as model structure on U -local
.0; 1/-cartesian fibrations over .S; U /.

Definition 3.27 Let K D .K;EK/ 2 SetC� and let p W X ! S be an object in
�
Setmb

�

�
=.S;];U�]/

. We
define the tensor K ˝X as I.K/�X ! X ! S where I.K/ D .K;EK ; ]/. Similarly, we define the
cotensor XK by declaring that a map MB-simplicial sets ' W Y !XK over ' W Y ! S to be equivalent
to the data of a commutative diagram

.K;EK ; ]/�Y X

Y S

p

'

Theorem 3.28 The model category
�
Setmb

�

�
=.S;];U�]/

is a SetC�-enriched model category.

Proof It is clear that the construction Map61
S .�;�/ equips

�
Setmb

�

�
=.S;];U�]/

with the structure of
a SetC�-enriched model category. Since the tensor preserves colimits in both variables separately it
will be enough to show that given i W L! K a cofibration in SetC� and a cofibration f W X ! Y in�
Setmb

�

�
=.S;];U�]/

the corresponding pushout-product map

i ^f W L˝Y qL˝X K˝X !K˝Y

is again cofibration which is a weak equivalence whenever i or f is. Note that i^f is clearly a cofibration
so we can focus our attention in proving the weak equivalence part of the claim.
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First, let us recall that given an anodyne morphism of marked simplicial sets A! B it follows that
I.A/! I.B/ is MB-anodyne. It then follows as a consequence Proposition 3.12 that we can assume that
i and f are morphisms among fibrant objects in the corresponding model structures.

We note that given a pair of fibrant objects L and p W X ! S it follows that L˝X is again fibrant.
To finish the proof we assume that f WX ! Y is a weak equivalence (the case for i is totally analogous).
Then it follows that for every s 2 S the map .L˝X/s! .L˝Y /s is identified with the map

L�Xs
'
�! L�Ys;

which is a bicategorical equivalence by assumption. It follows that the map L˝X ! L˝Y is a weak
equivalence in

�
Setmb

�

�
=.S;];U�]/

. We can now consider a pushout diagram

L˝X L˝Y

K˝X L˝Y qL˝X K˝X

'

'

Moreover, using a similar argument as before we see that K˝X '
�!K˝Y is also a weak equivalence.

The claim now follows from two-out-of-three.

Proposition 3.29 Let f W .S; U /! .T; V / be a map of scaled simplicial sets. Then postcomposition with
f induces a left Quillen functor

fŠ W
�
Setmb

�

�
=.S;];U�]/

!
 

�
Setmb

�

�
=.T;];V�]/

W f �;

which is left adjoint to the pullback functor f �.

Proof It is clear that fŠ preserves cofibrations. To finish the proof we only need to show that fŠ preserves
weak equivalences. Given � W A ! B and a fibrant object p W Y ! S 0 we observe that we have a
commutative diagram

MapS .B; f
�Y / MapS .A; f

�Y /

MapT .iŠB; Y / MapT .iŠA; Y /

'

'

'

so the conclusion holds by two-out-of-three.

We finish this section by comparing the model structure in Theorem 3.25 with the model structure
constructed in Theorem 3.2.6 in [19], and in the case where .S; U /D .�0; ]/ with the model structure
on scaled simplicial sets given in Theorem 2.10.

Definition 3.30 Let .S; U / be a scaled simplicial set and consider the category
�
SetC�

�
=.S;U /

of marked
simplicial sets over S . We have a functor

R W
�
SetC�

�
=.S;U /

!
�
Setmb

�

�
=.S;];U�]/

; .X;EX / 7! .X;EX ; TX � ]/;

where TX consists in those triangles in X lying over thin triangles in S .
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Theorem 3.31 Let .S; U / be a scaled simplicial set and consider an object .X;EX / in
�
SetC�

�
=.S;U /

.
Then X D .X;EX / is PS -fibred (see Definition 3.2.1 and Example 3.2.9 in [19]) if and only if R.X/ is a
U -local .0; 1/-fibration. Moreover , if Y is a U -local .0; 1/-fibration over S such that every triangle of Y
is lean then there exists a PS -fibred object T such that R.T /D Y .

Proof Let us suppose that X is PS -fibred and let us show that R.X/ defines a U -local .0; 1/-fibration.
We will show that R.X/ has the right lifting property against the class of MB-anodyne morphisms. To
this end we recall that an object in

�
SetC�

�
=S

is PS -fibred if and only if it has the right lifting property
against the class of PS -anodyne morphisms described in Definition 3.2.10 in [19]. We first check that
R.X/ has the right lifting property against the class of maps given in (E). Indeed given a map from a Kan
complex K!R.X/ we can use the morphisms of type .A1/ in [19, Definition 3.2.10] to see that every
morphism of K maps to a marked edge in R.X/. Similarly, our construction of R guarantees the R.X/
has the right lifting property against morphisms of type (S2). The rest of the lifting problems follow
immediately from the definition of the class of PS -anodyne morphisms.

The converse follows by a similar argument. To finish the proof we suppose that we are given U -local
.0; 1/-fibration of the form Y D .Y;EY ; TY � ]/. Then (S2) implies that TY is simply the collection
of triangles lying over thin triangles in S . Therefore, it we can consider bY D .Y;EY / and observe that
R.bY /D Y . The previous part of the proof shows that bY must be PS -fibred.

Proposition 3.32 Let p W X ! S be a U -local .0; 1/-fibration. Then for every s 2 S the fibre Xs is an
1-category if and only if every triangle of X is lean.

Proof It is clear that if every triangle of X is lean the fibres must be1-categories. For the converse,
let us assume that for every s 2 S the fibre Xs is an 1-category. Let � W �2 ! X and assume that
p.�/ D s1.p.f // for some edge �1 ! S . We pick a marked edge lying over p.f / and construct a
3-simplex � W�3!X lying over s1.p.�// such that �.0! 1/ is our chosen marked edge and such that
every face is lean except possibly d1.�/D � . We conclude that � is lean since p has the right lifting
property against morphisms of type (A2).

For the general case we take a marked edge lying over p.1! 2/ and construct another 3-simplex
„ W�3! X such that „.1! 2/ is our chosen marked edge and such that d2.„/D � . It follows that
every face of „ is lean except possibly the face skipping the vertex 1 and the face missing the vertex 2.
We conclude that the face missing the vertex 1 is lean since it falls in the previous case. It then follows
that � is lean.

Definition 3.33 Let
�
Setmb

�

�
=.�0;];]/

D Setmb
� . We consider a functor R W Setmb

� ! Setsc
� which sends an

MB simplicial set .X;EX ; TX � CX / to the scaled simplicial set R.X;EX ; TX � CX /D .X; CX /. This
functor has a left adjoint L W Setsc

�! Setmb
� which is given by L.Y; TY /D .Y; [; [� TY /.

Theorem 3.34 The functor L W Setsc
�! Setmb

� is a left Quillen equivalence.

Proof It is clear that L preserves cofibrations and colimits so in order to show that L is a left Quillen
functor it will be enough to show that L preserves weak equivalences. Observe that given an object
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.X;EX ; TX �CX /we have an anodyne morphism .X;EX ; TX �CX /! .X;EX ; CX / since every triangle
in �0 is thin. Using this observation it is easy to see that L maps scaled anodyne morphisms to trivial
cofibrations in Setmb

� . This shows that it is enough to show that L preserves weak equivalences among
fibrant scaled simplicial sets. However, this is clear since a weak equivalence between fibrant scaled
simplicial sets has an inverse up to homotopy.

To conclude that L is a left Quillen equivalence we first observe that R ıLD id by definition. This
shows that it is only left to show that for any fibrant object .Y;EY ; TY � CY / 2 Setmb

� the counit map
LR.Y /! Y is a weak equivalence. Note that since our chosen MB simplicial set is fibrant CY D TY
and .Y; TY / is an1-bicategory. In particular, we see that LR.Y /! Y is the weakly saturated class of
morphisms of type (E) and (S2) in Definition 3.4.

3.1 Marked-scaled simplicial sets

We saw in Theorem 3.34 that the model structure of MB simplicial sets over �0 is Quillen equivalent
to the model structure on scaled simplicial sets given in [19]. While doing this, we observed that the
collection of lean and thin triangles becomes redundant. To deal with this issue we introduce a third
model structure on simplicial sets equipped with a collection of marked edges and one collection of
triangles which we call marked-scaled simplicial sets.

Definition 3.35 A marked-scaled simplicial set denoted by .X;EX ; TX / is given by

(1) a simplicial set X ,

(2) a collection of edges EX �X1 which contains all degenerate edges,

(3) a collection of triangles TX �X2 which contains all degenerate triangles,

where we refer to the elements of EX as marked edges, and we refer to the elements of TX as thin
triangles. A morphism of marked-scaled simplicial sets f W .X;EX ; TX /! .Y;EY ; TY / is given by a
map of simplicial sets such that f .EX / � EY and f .TX / � TY . We denote by Setms

� the category of
marked-scaled simplicial sets.

Definition 3.36 The set of generating marked-scaled anodyne maps MS is the set of maps of marked-
scaled simplicial sets consisting of

(M1) the inner horn inclusions�
ƒni ; [; f�

fi�1;i;iC1g
g
�
!
�
�n; [; f�fi�1;i;iC1gg

�
; n> 2; 0 < i < nI

(M2) the map
.�4; [; T /! .�4; [; T [f�f0;3;4g; �f0;1;4gg/;

where we define
T

def
D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2ggI

(M3) the set of maps

.ƒn0; f�
f0;1g
g; f�f0;1;ngg/! .�n; f�f0;1gg; f�f0;1;ngg/; n> 2I
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(M4) the inclusion of the initial vertex

.�0; ]; ]/! .�1; ]; ]/I

(MS1) the map

.�2; f�f0;1g; �f1;2gg; ]/! .�2; ]; ]/I

(ME) for every Kan complex K, the map

.K; [; ]/! .K; ]; ]/;

which requires that every equivalence is a marked morphism.

A map of MS simplicial sets is said to be MS-anodyne if it belongs to the weakly saturated closure of MS.

Remark 3.37 Observe that .X;EX ; TX / has the right lifting property against the class of MS-anodyne
morphisms if and only if X is an 1-bicategory, EX is the collection of equivalences in X and TX
is the collection of thin triangles. Consequently, we might call such marked-scaled simplicial sets
1-bicategories as well.

Definition 3.38 We say that a morphism of marked-scaled simplicial sets is a cofibration if its underlying
map of simplicial sets is a cofibration.

Proposition 3.39 Let f WX ! Y be a cofibration in Setms
� and g W A! B be an MS-anodyne morphism.

Then the pushout-product

X �BqX�A Y �A! Y �B

is again MS-anodyne.

Corollary 3.40 Given a marked-biscaled simplicial set X which has the right lifting property against
the class of MS-anodyne morphisms it follows that Funms.A;X/ (compare to Remark 3.13) has the right
lifting property against the class MS-anodyne morphisms for every A 2 Setms

� .

Definition 3.41 A morphism of marked-scaled simplicial sets i WA!B is said to be a weak equivalence
if for every1-bicategory X the induced map

i� W Funms.B;X/ '�! Funms.A;X/

is a bicategorical equivalence.

Remark 3.42 In a similar way as before given K 2 SetC� and X 2 Setms
� we define the tensor K �X WD

I.K/�X where I.K/D .K;EK ; ]/. Similarly, we define the cotensor XK WD Funms.I.K/;X/.

Theorem 3.43 There exists a left proper combinatorial simplicial model category on Setms
� , which is

characterised uniquely by the following properties:

(C) A morphism f WX ! Y in Setms
� is a cofibration if and only if f induces a monomorphism on the

underlying simplicial set.
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(F) An object X in Setms
� is fibrant if and only if it was the right lifting property against the class of

marked-anodyne morphisms.

Moreover the tensor and cotensor in Remark 3.42 equips Setms
� with the structure of a SetC�-enriched

model category.

Theorem 3.44 The functorL WSetsc
�! Setms

� sending a scaled simplicial set .X; TX / to the marked-scaled
simplicial set .X; [; TX / is a left Quillen equivalence.

Proof The proof is almost identical to the proof of Theorem 3.34 and thus omitted.

4 Local fibrations

In this section we will show that the model independent definition of a locally cocartesian fibration of
.1; 2/-categories, or in our terminology a local .0; 1/-fibration, given in the introduction can be realised
within our framework of MB simplicial sets as follows:

Given a fibrant scaled simplicial set .S; TS / we will construct a subcollection MS � TS and show
in Theorem 4.22 that a local .0; 1/-fibration is precisely given by an MS -local .0; 1/-fibration. This
perspective will allow us to give an easy proof of Proposition 4.24, as promised in Proposition 3.23.

Definition 4.1 Let .S; TS / be an 1-bicategory we define MS � TS as the subcollection of triangles
consisting in those thin triangles such that the edge �f0;1g or the edge �f1;2g is an equivalence in S . We
call the elements of MS the invertible 2-morphisms of S .

Remark 4.2 The collection MS has been studied in [11] to give a definition of an oplax normalised
functor of1-bicategories.

Notation 4.3 We will use boldface letters � WD .S; TS / to describe fibrant scaled simplicial sets.

Definition 4.4 Let �D .S; TS / be an1-bicategory and let p WX!S be anMS -local (see Definition 4.1)
.0; 1/-fibration. We define a scaled simplicial set � whose underlying simplicial set is the underlying
simplicial set of X and where a triangle is declared to be thin if it is lean in X and its image under p
belongs to TS . We denote the resulting map of scaled simplicial sets by p W � ! � and call it the
bicategorical interpretation of p.

Proposition 4.5 Let �D .S; TS / be an1-bicategory and let p WX ! S be an MS -local .0; 1/-fibration.
Then its bicategorical interpretation p W�! � (see Definition 4.4) is a bicategorical fibration.

Proof It is clear that p W�! � has the right lifting property against the class of scaled anodyne maps
and thus it follows that � is itself an1-bicategory. To finish the proof we will need to show that p is
an isofibration (see Remark 2.12). Given an equivalence e W �1! � and a lift of the source �0!�
we can produce a marked edge Oe W �1! X lying over e. We observe that the 2-simplices needed for
exhibiting e as an equivalence in � are contained in MS ; in particular this can be used to show that Oe is
an equivalence in �.
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Proposition 4.6 Let p W�! � be a bicategorical interpretation as in Definition 4.4. Then for every pair
of objects a; b 2� the induced functor on mapping1-categories

�.a; b/ �.p.a/; p.b//

is a cartesian fibration. Moreover , the composition functors �.a; b/ � �.b; c/ ! �.a; c/ preserve
cartesian edges.

Proof We pick a model for the mapping1-category discussed in Definition 2.14. Given a morphism
˛ W�1! �.p.a/; p.b// and a lift of the target g W�0!�.a; b/ we can consider a morphism of type (A1)
to produce an edge in �.a; b/ which is lean in the MB simplicial set X . We can similarly translate lifting
problems of the form

ƒnn �.a; b/

�n �.p.a/; p.b//

where the last edge in the top horizontal morphism is mapped to a lean 2-simplex to lifting problems of
the form

ƒnC1n X

�nC1 S

where the triangle�fn�1;n;nC1g is mapped to a lean triangle inX and thus admits a solution. We conclude
that �.a; b/! �.p.a/; p.b// is a cartesian fibration. To finish the proof we consider the composition
functor

�.a; b/��.b; c/ �.a; c/:

Given a pair of cartesian edges ˛ W f ! g and ˇ W u! v the composition map yields a commutative
diagram in �.a; c/ of the form

f ıu f ı v

g ıu g ı v

which tells us that it will suffice to check that precomposition and postcomposition with a 1-morphism
preserves cartesian 2-morphisms. This follows from the fact that p has the right lifting property against
morphisms of type (A2).

Definition 4.7 A bicategorical fibration (see Notation 4.3) p W �! � of1-bicategories is said to be
cartesian-enriched if:

� For every a; b 2� the morphisms �.a; b/! �.p.a/; p.b// are cartesian fibrations.

� For every a; b; c 2� the composite maps �.a; b/��.b; c/!�.a; c/ preserve cartesian edges.
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Given two cartesian-enriched bicategorical fibrations p W �! � and q W �! � we say that a functor
f W�! � is cartesian-enriched if it preserves cartesian edges in the mapping categories.

Definition 4.8 Let p W�! � be a bicategorical fibration of1-bicategories. An edge e W a! b in � is
said to be locally .0; 1/-cartesian (or a local .0; 1/-cartesian edge) if:

(i) Given g W a! c in � and a commutative diagram (represented by a thin simplex), in � W�2! �,

p.b/

p.a/ p.c/

p.e/ ˛

p.g/

such that ˛ is an equivalence, there exists a morphism y̨ W b! c such that p.y̨/D ˛ and a thin 2-simplex y�
exhibiting e ı y̨ ' g such that p.y�/D � .

(ii) Given any � W b! c such that � ı e ' g and such that p.�/D ˛ as above, for any other ' W b! c,
precomposition along e induces a pullback diagram of spaces

Map�.b;c/.�; '/ Map�.a;c/.� ı e; ' ı e/

Map�.p.b/;p.c//.p.�/; p.'// Map�.p.a/;p.c//.p.� ı e/; p.' ı e//

Remark 4.9 Given a bicategorical fibration p W � ! � of 1-bicategories, we observe that a local
.0; 1/-cartesian edge lying over an equivalence in � is necessarily an equivalence in �. Moreover, the
composition of a local .0; 1/-cartesian edge with an equivalence is again locally .0; 1/-cartesian.

Definition 4.10 Let p W �! � be a bicategorical fibration of 1-bicategories. An edge e W a! b is
.0; 1/-cartesian if for every c 2� precomposition along e induces a pullback diagram of1-categories

�.b; c/ �.a; c/

�.p.b/; p.c// �.p.a/; p.c//

Proposition 4.11 Let p W�! � be a bicategorical fibration of1-bicategories and suppose further that p
is cartesian-enriched. Given an edge e W a! b in �, the following are equivalent :

(i) The edge e is locally .0; 1/-cartesian.

(ii) For every ` 2� such that p.`/D p.b/ we have a pullback diagram of1-categories

�p.b/.b; `/ �.a; `/

�0 �.p.a/; p.b//

.�/ıe

p.e/

where Xp.b/ is the fibre of p over p.b/.

(iii) The edge e is .0; 1/-cartesian in the pullback along p.e/, �p.e/ D����
1!�1.
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Proof To show that .i/D) .ii/ we observe that since

�.a; `/! �.p.a/; p.b//

is a cartesian fibration of1-categories it follows that the strict fibre over p.e/ is already a model for the
1-categorical pullback. Therefore it suffices to show that the map

e� W�p.b/.b; `/!�p.e/.a; `/

is an equivalence of 1-categories. Observe that the first condition in Definition 4.8 guarantees that
e� is essentially surjective. Given a pair of objects �; ' 2�p.b/.b; `/ it follows from condition .ii/ in
Definition 4.8 that we have a pullback diagram of spaces

Map�.b;`/.�; '/ Map�.a;`/.� ı e; ' ı e/

Map�.p.b/;p.b//.p.�/; p.'// Map�.p.a/;p.b//.p.� ı e/; p.' ı e//

so in particular after taking fibres we have a homotopy equivalence of spaces

Map�.b;`/.�; '/id
'
�!Map�.a;`/.� ı e; ' ı e/p.e/;

which we identify with the action of e� on mapping spaces which shows our claim.
Note that .ii/() .iii/ follows immediately from the definition so it will suffice to show that .ii/D) .i/.
First let us remark that since p W�! � is a bicategorical fibration, it is in particular an isofibration. So,

in order to show that e is locally .0; 1/-cartesian, we specialise the conditions in Definition 4.8 to the case
where p.˛/ is a degenerate edge. Let ` 2� such that p.`/D p.b/ and consider an edge u W a! ` such
that p.u/' p.e/ in �.p.a/; p.b//. Since p is cartesian enriched we can pick an equivalence in �.a; `/,
yu' u, such that p.yu/D p.e/. Then our assumptions guarantee the existence of an object � 2�.b; `/
such that p.�/ is degenerate and such that

� ı e ' yu' u:

This shows that the first condition in Definition 4.8 holds. Let � W b! ` in � such that p.�/ is degenerate
on p.b/. To show that we have the necessary pullback square of spaces it will be enough to show that for
every „ 2Map�.p.b/;p.b//.p.�/; p.'// the associated morphism on fibres

Map�.b;`/.�; '/„
'
�!Map�.a;`/.� ı e; ' ı e/„ıp.e/

is a homotopy equivalence. Note that our assumptions guarantee that this holds whenever „ is the identity
morphism. Since the map �.b; `/! �.p.b/; p.b// is a cartesian fibration we pick a cartesian lift of „
in �.b; `/ which we denote by i W y'! ' and we note that the enrichment of p implies that i ıe is again a
cartesian morphism in �.a; `/. The fact that i is cartesian allows us to construct a commutative diagram
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of spaces

Map�.b;`/.�; y'/id Map�.a;`/.� ı e; y' ı e/p.e/

Map�.b;`/.�; '/„ Map�.a;`/.� ı e; ' ı e/„ıp.e/

'

'

'

so the conclusion follows by two-out-of-three.

Definition 4.12 A bicategorical fibration p W�! � of1-bicategories is said to be a local .0; 1/-fibration
if the following conditions hold:

(1) The map p is cartesian-enriched (see Definition 4.7).

(2) For every a 2� and every e W p.a/! b in � there exists a local .0; 1/-cartesian edge Oe W a! Ob such
that p. Oe/D e.

We say that a commutative diagram

� �

�

f

p q

where p and q are local .0; 1/-fibrations is a morphism of local .0; 1/-fibrations if f is a morphism of
cartesian-enriched fibrations and it maps local .0; 1/-cartesian edges in p to local .0; 1/-cartesian edges in q.

Lemma 4.13 Let p W �! � be a local .0; 1/-fibration of1-bicategories and consider a commutative
diagram , in �,

a u

b v

'

f g

'

such that the horizontal morphisms are equivalences in �. Then f is a local .0; 1/-cartesian edge if and
only if g is.

Proof Left as an exercise.

Theorem 4.14 Let us consider a commutative diagram of1-bicategories

� �

� �

'

p q

'

where the vertical morphisms are bicategorical fibrations and the horizontal morphisms are bicategorical
equivalences. Then p is a local .0; 1/-fibration if and only if q is.
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Proof Observe that we can view our diagram as an injectively fibrant-cofibrant diagram in the arrow
category of Setsc

�. This guarantees the existence weak equivalences �!� and�!�making the obvious
diagram commute. Therefore we might assume without loss of generality that q is a local .0; 1/-fibration.
After inspecting the associated diagram in mapping categories we learn that p must be cartesian enriched.
To finish the proof we need to show that p has a sufficient supply of local .0; 1/-cartesian edges.

First, we observe that our commutative diagram is in fact a pullback diagram of 1-bicategories.
Therefore we have a weak equivalence ' W�! � where Oq W �! � denotes the strict pullback of q along
the bottom horizontal morphism. It follows that Oq is a local .0; 1/-fibration. Factoring ' as a cofibration
(which is necessary a trivial cofibration) and a trivial fibration we might assume without loss of generality
that ' is a trivial cofibration. We conclude that we have a section � W �!� such that � ı' D id.

Given a 2� and an edge e W p.a/! b in � we pick a lift in � of e with source '.a/ which we denote
by Oe. We finally consider �. Oe/D � . We claim that � is a local .0; 1/-cartesian edge of p. To see this we
note that due to Lemma 4.13 we have that '.�/ is a local .0; 1/-cartesian edge of �. The existence of a
section � and the fact that '.�/ is locally .0; 1/-cartesian shows that condition .i/ in Definition 4.8 holds.
The second condition follows immediately from the fact that ' is a bicategorical equivalence.

Lemma 4.15 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Let � W�2!� be a 2-simplex
whose associated 2-morphism in �.�.0/; �.2// is cartesian. Given a lifting problem

ƒni �

�n �

'

q

such that restriction of ' to �fi�1;i;iC1g equals � , the dotted arrow exists.

Proof In virtue of Theorem 4.14 we might assume that our functor is of the form p W Nsc.�/! Nsc.�/.
Then it follows that our lifting problem is equivalent to

CscŒƒni �.0; n/ �.'.0/; '.n//

CscŒ�n�.0; n/ �.p'.0/; p'.n//

To show that the dotted arrow exists it will suffice to show that the left-hand side can be written as an
iterated pushout of anodyne morphisms in the cartesian model structure. This follows from the (more
general) argument given in [3, Lemma 3.41] by forgetting the scaling.

Definition 4.16 Let � W C!D be a fibration of1-categories. We say that an object x 2 C is p-initial if
for every y 2 C the functor � yields a homotopy equivalence

MapC.x; y/'MapD.�.x/; �.y//:
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Remark 4.17 An object x 2 C as above is p-initial if and only if for every n> 1 the lifting problems

@�n C

�n D

'

�

admit a solution provided '.0/D x.

Lemma 4.18 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Then an edge e W�1!� is
locally .0; 1/-cartesian if and only if for every n> 2 the lifting problems of the form

ƒn0 �

�n �

'

p

�

admit a solution provided '.0! 1/ D e, '.0! 1! n/ is thin whenever n > 2 and �.1! n/ is an
equivalence in �. If nD 2 we require �.0! 1! n/ to be thin , �.1! n/ to be an equivalence in � and
that our solution is a thin simplex in �.

Proof First let us remark that if we can produce solutions to those lifting problems, e must be a
.0; 1/-cartesian edge once restricted to �1 and the claims follow from Proposition 4.11. We now prove
the converse.

The case n D 2 is precisely the first condition in Definition 4.8. To tackle the cases n > 3 we will
assume once more that p WNsc.�/! Nsc.�/. Since '.0! 1! n/ is thin we can solve the lifting problem

CscŒƒn0�.0; n/ �.'.0/; '.n//

CscŒ�n�.0; n/ �.p'.0/; p'.n//

To conclude the proof we must show that we can produce the dotted arrow in

CscŒƒn0�.1; n/ �.'.1/; '.n//

CscŒ�n�.1; n/ �.'.0/; '.n/��.p'.0/;p'.n//�.p'.1/; p'.n//

�

However, by .ii/ in Definition 4.8 the object 1n on the left-hand side gets mapped to a �-initial object in
�.'.1/; '.n//. Since the left-most vertical map can be obtained as an iterated pushout along boundary
inclusions @�n!�n, where the initial object is always 1n, we conclude that the dotted arrow above can
be constructed.

Lemma 4.19 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Suppose that we are given a
simplex � W�4!� such that the collection of triangles

T D f�f0;2;4g; �f1;2;3g; �f0;1;3g; �f1;3;4g; �f0;1;2gg
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gets mapped to 2-simplices representing cartesian 2-morphisms in the corresponding mapping categories.
Then the triangles �f0;1;4g and �f0;3;4g also represent cartesian 2-morphisms in �.�.0/; �.4//.

Proof As usual, we will assume that our functor is of the form p W Nsc.�/! Nsc.�/. This allows us to
reduce our problem to show that certain edges in P D CscŒ�4�.0; 4/ get mapped to cartesian edges in
�.�.0/; �.4//. More specifically, we view P as the poset

0134 01234

034 0234

014 0124

04 024

where the circled arrows are mapped by assumption to cartesian edges (note that to see this it is crucial
to use that p is cartesian-enriched) and we wish to show that 04! 014 and 04! 034 are mapped to
cartesian edges in �.�.0/; �.4//.

Since � W �.�.0/; �.4//!�.p�.0/; p�.4// is a cartesian fibration this is equivalent to require that
certain morphisms are equivalences in the fibre over �.04/ D ˛. Using the functoriality of � we can
move the diagram above to a diagram in the fibre over ˛ where now the circled arrow are equivalences.
It is easy to see that we can produce now an inverse as in Proposition 3.1.13 in [19].

Definition 4.20 Let p W �! � be a local .0; 1/-fibration of1-bicategories and let � D .X; TX / and
�D .S; TS /. We define an MB-simplicial set Fp as follows:

� The underlying simplicial set of Fp is �.

� An edge is declared to be marked if an only if it is a local .0; 1/-cartesian edge in �.

� A triangle is declared to be lean if its associated 2-morphism is a cartesian edge in �.a; b/.

� A triangle is declared to be thin if it is lean and its image in � belongs to MS .

This definition clearly yields a map �p W Fp! .S; ];MS � ]/ which we call the MB-model of p.

Lemma 4.21 Let p W�! � be a local .0; 1/-fibration of1-bicategories. Then its associated MB-model
(see Definition 4.20) �p W Fp! .S; ];MS � ]/ defines a fibrant object in

�
Setmb

�

�
=.S;];MS�]/

.

Proof We need to show that �p has the right lifting property against the class of morphisms in
Definition 3.4. It follows from Lemmas 4.15 and 4.18 that �p has the RLP property with respect
to the morphisms of type (A1) and (A3) in Definition 3.4. Lemma 5.27 shows �p has the right lifting
property against the class of morphisms of type (A2). The rest of the lifting problems follow immediately
and thus our result is proved.
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Theorem 4.22 Let �D .S; TS / be a fibrant scaled simplicial set and let p W X ! S be a fibrant object
in
�
Setmb

�

�
=.S;];MS�]/

. Then its bicategorical interpretation (see Definition 4.4) p W �! � is a local
.0; 1/-fibration. Moreover , this assignment admits an inverse given by sending each local .0; 1/-fibration
of1-bicategories q W �! � to its MB-model as in Definition 4.20.

Proof Let p WX ! S be a fibrant object in
�
Setmb

�

�
=.S;];MS�]/

. Then it follows from Propositions 4.5
and 4.6 that p W �! � is cartesian-enriched. To show that our map in question defines a local .0; 1/-
fibration it will be enough to show that the marked edges in X are local .0; 1/-cartesian edges. However,
one easily sees that a marked edge e is .0; 1/-cartesian over �1 and thus the claim holds.

Note that Lemma 4.21 shows that the MB-model of a local .0; 1/-fibration of1-bicategories defines a
fibrant object in

�
Setmb

�

�
=.S;];MS�]/

. To complete the proof, we must show that these two assignments
are mutually inverse. Note that this simply amounts to verifying that the decorations of our simplicial sets
remain unchanged after applying both procedures. This follows by virtue of the following observations:

� Let p WX ! S be a fibrant object in
�
Setmb

�

�
=.S;];MS�]/

. Then a 2-simplex � W�2!X is lean if
and only if the associated 2-morphism in its bicategorical interpretation p W�! � is cartesian.

� Let q W �! � be a local .0; 1/-fibration of1-bicategories. Then a 2-simplex � W�2! � is thin if
and only if its associated 2-morphism is cartesian and its image in � is invertible.

Proposition 4.23 Let f W � ! � be a morphism of local .0; 1/-fibrations. Then the following are
equivalent :

(i) The map f is a bicategorical equivalence.

(ii) For every s 2 � the map f induces an equivalence on fibres fs W�s '�! �s .

Proof Let us suppose that f is a bicategorical equivalence and let s 2�. First we show that fs is essentially
surjective. Given ys 2�s , we use that f is essentially surjective to get some x 2� such that f.x/' y. We
denote by u the image of the equivalence f.x/' y under q W �! � and use the fact that p W�! � is an
isofibration to get an equivalence v W x! xs where p.xs/D s. It follows that f.v/ is again an equivalence
and therefore defines a local .0; 1/-cartesian edge in� which allows to construct an equivalence f.xs/'ys
lying over the identity on s. To show fully faithfulness of fs we consider a; b 2�s and observe that we
have a map of cartesian fibrations

�.a; b/ �.f.a/; f.b//

�.s; s/

which is an equivalence by assumption. It then follows that we have an equivalence after taking the fibre
over the identity map on s. This morphism is then identified using Proposition 4.11 with the map

�s.a; b/
'
�! �s.f.a/; f.b//;

which shows that fs is fully faithful.
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To show that the converse holds we note that by assumptions f is already essentially surjective. It will
then be enough to show that for every a; b 2� and every ˛ W p.a/! p.b/ the induced morphism on fibres

�.a; b/˛! �.f.a/; f.b//˛

is a categorical equivalence. By picking a cartesian lift e W a! Ob such that p.e/D ˛ we can again use
Proposition 4.11 to produce a commutative diagram

�p.b/. Ob; b/ �p.b/.f. Ob/; f.b//

�.a; b/˛ �.f.a/; f.b//˛

'

' '

where we use two-out-of-three to conclude that the bottom horizontal morphism is a weak equivalence
and thus our claim holds.

Proposition 4.24 Let .T; U / be a scaled simplicial set and consider a morphism f W X ! Y between
fibrant objects in

�
Setmb

�

�
=.T;];U�]/

. Suppose further that the following conditions hold :

(1) The map f has the right lifting property against the class of MB-anodyne morphisms.

(2) For every t 2 T the induced morphism ft WXt ! Yt is a bicategorical equivalence.

Then f is a trivial fibration of MB-simplicial sets.

Proof We claim that f is a trivial fibration of MB-simplicial sets if and only if for every minimally
scaled simplex �n

[
and every morphism � W�n

[
! T the restricted morphism

fj� WX ��n
[
�n[ ! Y ��n

[
�n[

is a trivial fibration of MB-simplicial sets. One direction is obviously true. Let us assume that fj� is
always a trivial fibration. Then it is clear that f has the right-lifting property against the morphisms

� .@�n; [; [/! .�n; [; [/,

� .�2; [; [/! .�2; [; [� ]/,

� .�1; [; ]/! .�1; ]; ]/.

Since a thin triangle in X is just a lean triangle lying over a thin triangle in T it follows that f also
detects thin triangles and the claim holds.

Let us assume without loss of generality that T D �n
[

and consider the associated diagram (see
Theorem 4.22) of local .0; 1/-fibrations1-bicategories

� �

�n
p

f

q
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First, let us show that f is a trivial fibration of1-bicategories. Observe that our assumptions together
with Proposition 4.23 imply that f is a bicategorical equivalence. Moreover, f has the right lifting property
against the class of scaled anodyne maps given in Definition 2.3. It will then suffice by Remark 2.12
to show that f is an isofibration. Given an equivalence in e W �1! � it follows that its image in �n

must be degenerate. Since this lifting problem is occurring in a fibre and by our assumptions the maps
ft W�t ! �t are trivial fibrations of scaled simplicial sets it follows that f is an isofibration.

To finish the proof, we must show that f detects local .0; 1/-cartesian edges. Given an edge e W�1!�
such that f.e/ is a local .0; 1/-cartesian edge we consider a local .0; 1/-cartesian edge u W�1!� such
that u.0/D e.0/ and such that f.u/D f.e/. It follows that we have an edge ˛ W u.1/! e.1/ such that
˛ ıu' e. Moreover, f.˛/ is an equivalence and lies over a degenerate morphism in �n. We see then that
˛ must be an equivalence in � and consequently e is a local .0; 1/-cartesian edge.

Definition 4.25 Let p W�! � be bicategorical fibration of1-bicategories and let � W�2! � be a thin
triangle. We say that an edge e W a! b in � lying over �.0! 1/ is �-local if the following conditions
hold:

(i) For every g W a! c in � lying over �.0! 2/ there exists some y̨ W b ! c and a thin simplex �
exhibiting e ı y̨ ' g such that p.�/D � .

(ii) For any � W b! c such that e ı � ' g with associated simplex � such that p.�/ D � and for any
' W b! c, precomposition along e induces a pullback diagram of spaces

Map�.b;c/.�; '/ Map�.a;c/.� ı e; ' ı e/

Map�.p.b/;p.c//.p.�/; p.'// Map�.p.a/;p.c//.p.� ı e/; p.' ı e//

Remark 4.26 Definition 4.25 implies that an edge is .0; 1/-cartesian if and only if it is � -local for every
thin simplex � W�2! �. Similarly, an edge is locally .0; 1/-cartesian if and only if it is � -local for every
invertible 2-morphism (see Definition 4.1).

Proposition 4.27 Let p W�! � be a local .0; 1/-fibration of1-bicategories and let � W�2! � be a thin
triangle. Then a local .0; 1/-cartesian edge e W a! b is � -local if and only if for every local .0; 1/-cartesian
edge u W b! c such that the composite v ' u ı e lies over � then v is also a local .0; 1/-cartesian edge.

Proof Let us assume that e is �-local and suppose that we have u and v as above. Let us suppose that
we have h W a! d and let us show that condition .i/ in Definition 4.8 is satisfied.

Since p is a local .0; 1/-fibration and, in particular, cartesian-enriched, we only need to show that v is
.0; 1/-cartesian once after pulling back along p.v/. Therefore, we can assume without loss of generality
that p.h/ D p.v/. We observe that since e is �-local we can obtain a morphism ˛ W b ! d such that
˛ ı e ' h. Furthermore, we can use that u is a local .0; 1/-cartesian edge to get a morphism � W c! d

such that ˛ ' � ıu. It follows that h' v ı� and so the first condition holds.
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Given � W c! d as above and another ' W c! d such that p.'/D id we construct the commutative
diagram

Map�.c;d/.�; '/ Map�.b;d/.� ıu; ' ıu/ Map�.a;d/.� ı v; ' ı v/

Map�.p.c/;p.d//.id; id/ Map�.p.b/;p.d//.p.u/; p.u// Map�.p.a/;p.d//.p.v/; p.v//

We observe that the outer commutative diagram is obtained by pasting two pullback diagrams so it must
be itself a pullback diagram. It follows that v is a local .0; 1/-cartesian edge.

We wish now to show that the converse holds. Let h W a! d be an edge over �.0! 2/. We take a local
.0; 1/-cartesian lift u W b! c of �.1! 2/. Since by assumption v ' u ı e is again local .0; 1/-cartesian
we obtain a certain „ W c ! d such that h ' „ ı v. We can then set � D „ ı u. It is then clear that
� ı eD„ıuı e'„ıv' h and thus condition .i/ in Definition 4.25 holds. Let � W b! d as above and
assume we are given any other ' W b! d . We wish to show that the associated commutative diagram
(see .ii/ in Definition 4.25) of spaces is cartesian. We note that a totally analogous argument as in
Proposition 4.11 shows that it is enough to show that the associated map of fibres

Map�.b;d/.�; '/p.u/
'
�!Map�.a;e/.� ı e; ' ı e/p.v/

is an equivalence whenever p.�/D p.'/. Since u is a local .0; 1/-cartesian edge we can find morphisms
z�; z' W c! d such that z� ıu' � and z' ıuD '. We can then produce the morphisms

Map�.c;d/.z�; z'/id
'
�!Map�.b;d/.�; '/p.u/! Map�.a;e/.� ı e; ' ı e/p.v/:

We conclude the proof by noting that the composite map must also be a weak equivalence since v is by
assumption a local .0; 1/-cartesian edge.

Definition 4.28 Let � be an1-bicategory and let U be a subcollection of the thin triangles in � which
contains the invertible 2-morphisms of � (see Definition 4.1). We say that a local .0; 1/-fibration p W�!�

is U-local if given a pair of local .0; 1/-cartesian edge u; v W�1!� and a thin 2-simplex � pictured as

b

a c

vu

w

such that p.�/ 2 U then we have that w is also locally .0; 1/-cartesian. If U consists in all thin triangles
we say that p W�! � is a .0; 1/-cartesian fibration.

Theorem 4.29 Let .S; TS / be a fibrant scaled simplicial set and let U � TS be a subset containing
all invertible 2-morphisms. Given a fibrant object .Setmb

� /=.S;];U�]/, its bicategorical interpretation
p W�! � defines a U-local fibration. Conversely any U-local fibration defines canonically a fibrant object
in .Setmb

� /=.S;];U�]/.
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Proof Let us assume that we are given a fibrant object in
�
Setmb

�

�
=.S;];U�]/

. In particular, we can use
Theorem 4.22 to obtain a local .0; 1/-fibration p W�! � of1-bicategories. Since our original object
has the right lifting property against the class (S1) it follows that our local .0; 1/-cartesian edges compose
across triangles which lie over triangles in U and the claim follows.

We now show the converse. Note that due to Proposition 4.27 our local .0; 1/-cartesian edges are
�-local with respect to the elements of U . The only thing that we need to prove is that given a U-local
fibration we can produce the dotted arrow in

ƒn0 �

�n �

f

p

where f .0! 1/ is locally .0; 1/-cartesian and f .0! 1! n/ lands in U . The proof of this fact is
essentially the same as the proof in Lemma 4.18 and therefore left as an exercise.

5 The Grothendieck construction
5.1 The Quillen adjunction

Let S D .S; TS / be a scaled simplicial set and let CscŒS� denote the scaled rigidification (Definition 2.9)
of .S; TS /. The goal of this section is to prove the following theorem.

Theorem 6 Let S be a scaled simplicial set. Then there exists a Quillen equivalence

StS W
�
Setmb

�

�
=.S;];TS�]/

!
 Fun.CscŒS�;Setms

� / WUnS

between the model structure on .0; 1/-cartesian fibrations over S and the projective model structure of
SetC�-enriched functors with values in marked-scaled simplicial sets.

Our first order of business will be to define the left adjoint StS which will be given by a 2-categorical
enhancement of the straightening functor constructed in Section 3 of [19]. Before we present our main
construction, we need to give some preliminary definitions.

Definition 5.1 Let X; Y 2 Setms
� . We define the Gray tensor product X ˝Y 2 Setsc

� (see Definition 4.1.1
in [10]) as follows:

(1) The underlying simplicial set of X ˝Y is given by X �Y , the cartesian product of the underlying
simplicial sets.

(2) Given a simplex � W�2!X ˝Y let us denote by �X and �Y the projections to the corresponding
factors in the cartesian product. We say that � is scaled in X ˝Y if and only if the following conditions
hold:

(i) The projection of the simplex � is both scaled in X and in Y .

(ii) The restriction �X .1! 2/ is marked in X or the restriction �Y .0! 1/ is marked in Y .
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Given marked scaled simplicial sets X , C we define marked scaled simplicial sets Fungr.X; C / and
Funopgr.X; C / by means of the universal properties,

HomSetsc
�
.A;Fungr.X; C //Š HomSetsc

�
.A˝X;C/;

HomSetsc
�
.A;Funopgr.X; C //Š HomSetsc

�
.X ˝A;C /:

Definition 5.2 Let n> 0. We define a poset Pn as follows:

� The objects are given by subsets S � Œn� such S ¤¿ and max.S/D n.

� We define a partial order on Pn by declaring S 6 T whenever min.S/ 6 min.T / and there exists
some U such that min.U /Dmin.S/ and max.U /Dmin.T / and such that S � U [T .

Remark 5.3 In the definition above, U 6 V if and only if min.U /6 min.V / and for every x 2 U such
that x > min.V / then x 2 V . Moreover, we can identify those inequalities U < V in Pn which cannot be
decomposed as U <W < V as:

(O1) We have U < V with min.U /Dmin.V / and V D U [fsg.

(O2) We have U < V with V D U nmin.U /.

Remark 5.4 Given S; T 2Pn such that S 6T we can have several subsetsU as above such that S�U[T .
Moreover, we can order such subsets by inclusion and define US;T to be the minimal subset such that
S � US;T [T . Let minS D s and let minT D t . We can then write US;T D fs; tg[ fs < i < t j i 2 Sg.

Definition 5.5 Let PnDN.Pn/. We promote Pn to a scaled simplicial set as follows. Given a 2-simplex �
represented by S 6 T 6W we declare � to be thin if US;W D US;T [UT;W .

Remark 5.6 Let �n
[
D .�n; [; [/ and let �1˝[�n D �1[ ˝�

n
[
. We consider CscŒ�1˝[�

n�. Recall
that given .i; j /6 .k; `/ in �1 ��n we have that CscŒ�1˝[�

n�..i; j /; .k; `// is given by the nerve of
the poset of chains C ,

.i; j /D .i0; j0/ < .i1; j1/ < � � �< .i˛�1; j˛�1/ < .i˛; j˛/D .k; `/;

ordered by refinement. Let us suppose that i D 0 and that k D 1. Then, given a chain C D f.i˛; j˛/g˛2A
we can define mC to be the biggest index in A such that imC D 0. This allows us to define a map

�j;` W C
scŒ�1˝[�

n� ..0; j /; .1; `//! PŒj;`�; C 7!
[
˛>mC

j˛:

This assignment is clearly a map of posets which sends marked edges in our mapping simplicial set to
identities in PŒj;l�. We use the map �j;` to equip the left-hand side with the scaling induced by PŒj;l�.

Definition 5.7 We define a colimit preserving functor … W Setmb
� ! Catms

� with values in the category of
Setms

� -enriched categories by specifying its values on the generators under colimits of Setmb
� as follows:

(1) Given a minimally marked and biscaled simplex �n
[
D .�n; [; [/ we define ….�n/ to have as

underlying SetC�-category the scaled rigidification of the Gray tensor product �1 ˝[ �n studied in
Remark 5.6. Given .i; j / < .k; `/ in ….�n

[
/ we equip the mapping simplicial sets with a scaling by
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declaring every triangle to be scaled if i ¤ 0 and k¤ 1. If i D 0 and kD 1 we scale ….�n
[
/..0; j /; .1; `//

according to Remark 5.6.

(2) Given a lean scaled 2-simplex, i.e., �2
�
D .�2; [; [� ]/ we define ….�2

�
/ from ….�2

[
/ by scaling

every triangle in the mapping simplicial sets.

(3) Given a thin scaled 2-simplex, i.e., �2
]
D .�2; [; ]/ we define ….�2

]
/ from ….�2

�
/ by additionally

marking every morphism in ….�2
]
/..0; 0/; .1; 2// which gets maps under the map in Remark 5.6 to the

morphism 02! 012 in P2.

(4) Given a marked edge .�1/] D .�1; ]; ]/ we can identify …..�1/]/D CscŒ�1 ��1�.

One easily checks that our choice of decorations is compatible with composition and thus our definition
yields well-defined Setms

� -enriched categories and that our definition is functorial on the set of generators
of Setmb

� . Since Catms
� is cocomplete our functor can be extended by colimits and the definition is complete.

Definition 5.8 Let j WCatC�! Catms
� be the functor that scales every 2-simplex in the mapping simplicial

sets. Given a scaled simplicial set S we define a functor

…S W
�
Setmb

�

�
=.S;];TS�]/

! Catms
� ; X 7!….X/qjıCscŒX� j ıC

scŒS�;

where CscŒX� denotes the scaled rigidification of the underlying scaled simplicial set of X and where the
morphism j ıCscŒX�!….X/ is given by the inclusion of �f1g �X .

We define a further functor

CS W
�
Setmb

�

�
=.S;];TS�]/

! Catms
� ; X 7!…S .X/qjıCscŒX��

0;

where the morphism j ıCscŒX�!…S .X/ is induced by the inclusion �0 �X !�1˝X .

Remark 5.9 From this point on we will drop the notation j ı Csc and we will view SetC�-enriched
categories as a full subcategory of Setms

� -enriched categories consisting in those enriched categories whose
mapping simplicial sets are fully scaled.

Remark 5.10 Let f W S! S 0 be a map of scaled simplicial sets. Given p WX! S in
�
Setmb

�

�
=.S;];TS�]/

we claim that we have an isomorphism of Setms
� -enriched categories

CS .X/qCscŒS� C
scŒS 0� '�! CS 0.fŠX/;

where fŠX denotes the value of the functor C 0S at the object f ıp WX ! S 0. The isomorphism on the
underlying SetC�-categories is clear. The only thing to show is that the scaling on mapping simplicial sets
of the form CS 0.fŠX/..0; x/; .1; s

0// is the same for both Setms
� -enriched categories. This follows after a

direct inspection since the scaling on those simplicial sets (which does not factor through some mapping
simplicial set between objects .1; s/ and .1; s0/) is independent of the base.

Definition 5.11 Let us denote by v the collapsed point in the definition of CS .X/. Then for every
p WX ! S and every morphism of SetC�enriched categories � W CscŒS�! C we can define a functor

St�.X/ W C! Setms
� ; c 7!MapC�.X/.v; c/; where C�.X/ WD CS .X/qCscŒS� C;

Algebraic & Geometric Topology, Volume 26 (2026)



1716 Fernando Abellán

which we call the straightening of p WX ! S . This definition extends to a functor

St� W
�
Setmb

�

�
=.S;];TS�]/

! Fun.C;Setms
� /

with values in the category of SetC�-enriched functors. If � is an isomorphism we will use the notation StS .

Definition 5.12 Let F WC! Setmb
� where C is a SetC�-enriched category. We define TF 2Catms

� as follows:

� The objects of TF are those of C in addition to an object v which we call the cone point.

� The mapping marked-scaled simplicial sets are as follows: We declare TF.x; v/D¿ unless x D v
in which case TF.v; v/D�0. Let c; c0 2 C. We declare TF.v; c/D F.c/ and TF.c; c0/D C.c; c0/

(cf. Remark 5.9).

� Given a; b; c 2 TF such that a; b; c ¤ v, the composition rule is that of C. If a D v, then the
composition rule is given by functoriality of F, i.e., F.b/�C.b; c/! F.c/.

Proposition 5.13 The straightening functor given in Definition 5.11 admits a right adjoint

Un� W Fun.C;Setms
� /!

�
Setmb

�

�
=.S;];TS�]/

;

which we call the unstraightening functor.

Proof By the adjoint functor theorem it suffices to show St� preserves all colimits in
�
Setmb

�

�
=.S;];TS�]/

.
To see this, we observe that by construction the functor

C� W
�
Setmb

�

�
=.S;];TS�]/

! Catms
�

preserves all colimits since it is built out of colimit-preserving functors. We now observe that a functor
of Setms

� -categories C�.X/! TF (see Definition 5.12) which preserves cone points and restricts to the
identity on C is precisely the data of a natural transformation St�.X/) F. The claim now follows since
C� preserves colimits.

Proposition 5.14 Let f WS!S 0 be a map of scaled simplicial sets and consider the commutative diagram
of SetC�-enriched categories

CscŒS� CscŒS 0�

C C
0

CscŒf �

� �0

 

Then �
Setmb

�

�
=.S;];TS�]/

Fun.C;Setms
� /

�
Setmb

�

�
=.S 0;];TS0�]/

Fun.C0;Setms
� /

St�

fŠ  Š

St�0

commutes up to invertible natural transformation where  Š is the left adjoint to the restriction functor  �.
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Proof Let � D ı�. We will show that St0� ıfŠ'St� and that  ŠıSt� 'St� . We proceed case by case:

� To show that St0� ıfŠ ' St� , we consider the diagram of Setms
� -categories

CscŒS� CscŒS 0� C
0

CS .X/ CS 0.fŠX/ C�0.fŠX/

The left-most square is a pushout by Remark 5.10 and right-most is also a pushout square by definition.
We conclude that C�0.fŠX/Š C� .X/. Since our constructions are natural the claim holds.

� We now show that  Š ı St� ' St� . We will show that for every ' W CscŒS� ! C, we have that
St' Š 'Š ıStS which immediately implies the claim. Let F W C! Setms

� and recall the construction TF
given in Definition 5.12. Then it follows that commutative diagrams of the form

CscŒS� C

CS .X/ C'.X/

TF

�

where � WC!TF is the obvious fully faithful functor, correspond to natural transformations StS .X/)'�F.
Since C'.X/ is a pushout we conclude that this data is equivalent to natural transformations St'.X/)F

which provides the desired isomorphism St'.X/Š 'Š StS .X/. Our constructions are natural and so the
claim holds.

Remark 5.15 In the situation above passing to right adjoints we obtain an isomorphism of functors
Un� ı � Š f � ıUn�0 .

Lemma 5.16 For any simplicial set .S; TS / the functor StS preserves cofibrations.

Proof Since StS preserves colimits it will be enough to prove the claim on the generating class of
cofibrations given in Definition 3.11. Moreover, given a cofibration ˛ WA!B we can use Proposition 5.14
to reduce to the case where S DB . The case ¿!�0 is obviously true. For the rest of the generators we
have that B D .�n; [/ for n > 1 or B D .�2; ]/ and that the map StB A.i/! StB B.i/ is the identity
except when i D n in which case the map is a cofibration. It is immediate to see that the map in this
situation StB A! StB B has the left lifting property against the class of trivial fibrations.

Remark 5.17 Let � W SetC� ! Setms
� be the functor defined by �.X;EX /D .X;EX ; ]/. Given a scaled

simplicial set .S; TS / let �� StS W
�
SetC�

�
=S
! Fun.CscŒS�;Setms

� / be the straightening functor given in
Definition 3.5.4 in [19] postcomposed with the enriched functor �. Recalling the definition of the functor R
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(see Definition 3.30), we can then define a functor

StS ıR W
�
SetC�

�
=S
! Fun.CscŒS�;Setms

� /:

It follows that �� StS and StS ıR differ only in the scaling and thus induce a natural transformation
�S W StS ıR) �� StS .

Proposition 5.18 Let .S; TS / be a scaled simplicial set. Then �S W StS ıR) �� StS is an object-wise
weak equivalence.

Proof It is clear that both functors preserve colimits. Moreover, a totally analogous proof to that of
Lemma 5.16 shows that �� StS preserves cofibrations. It is also not hard to verify that �� StS satisfies
similar base change properties as those in Proposition 5.14. We conclude that it will be enough to show
that �k D ��k

[
.�k/ is an equivalence for k > 0 and similarly for �]1 D �.�1/]..�

1/]/. It is easy to check
that �0, �1, �2 and �]1 are all isomorphisms.

For k > 3 let us define Lk D…�k
[
..�k; [; [ � ]// and Lk

]
by scaling every triangle in the mapping

simplicial categories of Lk . It is not hard to see that our problem can be reduced to showing that the map

'k W L
k
! Lk]

is an equivalence of Setms
� -enriched categories. Using induction on k we can assume that the mapping sim-

plicial sets Lk..0; i/; .1; j // are maximally scaled except if i D 0 and j D k. Let Lk..0; 0/; .1; k//DAk

and similarly Lk
]
..0; 0/; .1; k// D Ak

]
. We observe that for every face di W �k�1 ! �k we have a

commutative diagram

Ak�1 Ak�1
]

Ak Ak
]

'

˛i

where the top horizontal morphism is a weak equivalence. We can therefore assume inductively that the
triangles of Ak which are in the image of the maps ˛i for i D 0; : : : ; k are all scaled.

Let � WC0�C1�C2 be a triangle inAk and let us fix the notation Cj Df."
j
i ; a

j
i g
`
iD0. Let eDC0�C1

be an edge in Ak . We define S.e/ as the set of nondegenerate simplices with initial vertex C0 and final
vertex C1. We finally set jej Dmaxfdim.�/ j � 2 S.e/g. Note that this a well-defined number. Given a
2-simplex � as above we define j� j D jd1.�/j. We will show that we can scale � using a pushout along a
MS-anodyne morphism using induction on j� j D `. The case `D 2 follows easily after direct inspection.
So we will assume from this point on that ` > 1.

Let us suppose that the claim holds for those 2-simplices � such that jd2.�/j D 1 and for those
2-simplices � such that j� j< `� 1. Then given � W C0 � C1 � C2 such that jd2.�/j> 1 and such that
j� j D ` we can construct a 3-simplex � W C0 �D � C1 � C2 such that the following holds:

(1) We have jd2d3.�/j D 1; in particular, di .�/ is thin scaled for i D 2; 3.

(2) We have jd0.�/j D `� 1 and is therefore scaled.
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It follows that we can fully scale � using a pushout along a morphism of type (M2) in Definition 3.36.
Therefore, we have reduced our problem to proving the claim above.

Let � W C0 � C1 � C2 such that jd2.�/j D 1. We observe that unless C0 D .0; 0/ < .1; k/ then � is
scaled. Otherwise we could express � as a certain composition in the category Lk and it would follow
from the induction hypothesis that � is thin.

We can now see that C1 D .0; 0/ < ."; a/ < .1; k/ which leads us to consider cases depending on the
parameter " 2 f0; 1g.

(" D 1) Then we can assume without loss of generality that C2 contains an element of the form .0; x/

in C2 with x ¤ 0. This is true since otherwise the maps �0;k in Remark 5.6 would show that � is
already scaled. Moreover, we can further assume that there is only element of the form .0; x/ in C2.
Indeed, if we had some .0; y/ < .0; x/ then we can produce a 3-simplex � WC0!C1! eC 2!C2 whereeC 2DC2 nf.0; y/g. Since d0.�/ and d1.�/ must be scaled by definition it follows that we can scale d2.�/
if and only if we can scale d3.�/ and thus the claims follows. Additionally, we note that if x ¤ 1 then �
factors through one of the morphisms j̨ W A

k�1! Ak above. We finally see that in this case �0;k.�/ is
given by a simplex of the form 0n! 0an! S with min.S/D 1 and it is consequently scaled in Pk .

(" D 0) Observe that if C2 contains an element of the form .0; x/ with x < a we can define eC 2 as above
an produce a 3-simplex � W C0! C1! eC 2! C2 which shows that we can scale � D d2.�/ if and only
if we can scale d3.�/. In a totally analogous way as in the case "D 1 we can assume that aD 1. If C2
does not contain any element of the form .0; z/ with z > 1 then � must be already scaled. Moreover,
we can assume without loss of generality that C2 only contains one element of the form .0; z/ using a
similar argument as before by constructing a certain eC 2. We can assume that in this case z D 2 since
otherwise, the simplex factors through a certain morphism j̨ W A

k�1! Ak . If C2 does not contain an
element of the form .1; s/ with s ¤ k it follows by direct inspection that � is already scaled. If this is not
the case we consider D which is obtained from C2 by discarding every element of the form .1; s/ with
s ¤ k. Then we get a 3-simplex „ W C0! C1!D! C2. One easily checks that every face of „ is
scaled except possibly d2.„/D � and thus our result follows.

Corollary 5.19 Let .S; TS / be a scaled simplicial set. Consider a weak equivalence u W .A;EA/! .B;EB/

in
�
SetC�

�
=S

. Then the functor StS sends the morphism R.u/ W .A;EA; TA � ]/! .B;EB ; TB � ]/ (see
Definition 3.30) to a weak equivalence in Fun.CscŒS�;Setms

� /.

Remark 5.20 Let i W A! B be a cofibration of MB simplicial sets which we view as a morphism in�
Setmb

�

�
=B

and recall the definition of …B in Definition 5.8. We define …B.A/" as the pushout

j ıCscŒA���f0g j ıCscŒB���f0g

…B.A/ …B.A/
"
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It follows from our definition that in order to check that StB.A/) StB.B/ is a pointwise weak equivalence
it suffices to check that the induced map …B.A/"!…B.B/ is a weak equivalence of Setms

� -categories.

Remark 5.21 Let � W�nC1!�1 ��n be a nondegenerate simplex and let i 2�nC1 be the biggest
element such that �.i/ D .i; 0/. We will use the notation � D �i and give an order in the set of
nondegenerate simplices in �1 ��n of maximal dimension by declaring �i < �j if i < j .

Definition 5.22 Let KnD…�n
[
..�n; [; [// and letKnDKn..0; 0/; .1; n//. For every �i as in Remark 5.21,

defineKin as the subposet (with the inherited decorations) ofKn consisting in those chains whose elements
are in the image of �i . Observe that Kin is isomorphic as a simplicial set to Cn D .�1/n.

Given 0 < s < nC 1 we define ds.K
j
n / as the simplicial set of Kjn consisting in those chains whose

elements are in the image of ds.�j /.

Lemma 5.23 Let 0<j <n and let djC1.K
j
n /�K

j
n be the simplicial subset (with the induced decorations)

consisting in those chains whose elements factor through djC1.�j /. We view �1 � djC1.K
j
n / as marked-

scaled simplicial set as follows:

� The marking consists in those marked edges in the cartesian product together with the edges contained
in �1 � feg where e W C0! C1 is a marked edge in Kjn such that C0 contains the element .0; j /.

� The scaling is given by the usual scaling on the cartesian product.

Then we have an isomorphism of marked-scaled simplicial sets �1 � djC1.K
j
n /'K

j
n

Proof We only need to check that the decorations agree on each side. To show the claim regarding
the marking we note that the marked edges of Kjn always factor through a face of the cube Cn (see
Definition 5.22) and thus the conclusion follows after direct inspection.

To see that the scaling of Kjn is given by the product scaling we consider a triangle � WC0!C1!C2

and we define Di D Ci n f.1; j /g which yields another triangle ' WD0!D1!D2. We claim that � is
scaled in Kjn if and only if ' is. Observe that since ' lies always in djC1.K

j
n / this will be enough to

show the claim regarding the scaling.
We set the notation �0;n.Ci /D Si and �0;n.Di /D Ti . Then we have the following:

(1) We have that Si D Ti if .0; j / 2 Ci and Ti D Si n fj g otherwise.

(2) We have min.Si /Dmin.Ti /.

(3) Given C 2 djC1.K
j
n / and setting V D �0;n.C /, it follows that min.V /6 j .

Our final claim is that for i < j we have that (see Remark 5.4) USi ;Sj DUTi ;Tj . Observe that j 2USi ;Sj
if and only if j 2 fmin.Si /;min.Sj /g or if j 2 Si and min.Si / < j <min.Sj /. However by (3) above
this cannot be the case.

Lemma 5.24 Let .A;EA; TA/� .B;EB ; TB/ be an inclusion of marked-scaled simplicial sets such that
EA DEB . Suppose that there exists some vertex v 2 A with the following property:

� For every simplex � W�n! B which does not factor through A, v is the final vertex of � .
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LetMA (resp.MB ) be the collection of marked edges in the cartesian product (of marked-scaled simplicial
sets) �1 �A (resp. �1 �B) together with the edge �1 � fvg. Then the induced morphism

j W�1 �Aq�f1g�AB!�1 �B;

where both simplicial sets are equipped with the product scaling and the marking given by MA and MB ,
respectively, is a trivial cofibration in Setms

� .

Proof First let us assume that the claim holds for EA D EB D [. Then it follows that for a general
marking the map j is obtained as a pushout of the map j[ where the latter map is the inclusion associated
to the minimal marking. This shows that the general result will follow.

Working simplex by simplex we can reduce the problem to the cases

(i) .@�n; [; [/! .�n; [; [/ for n> 1,

(ii) .�2; [; [/! .�2; [; ]/,

where v is given by the final vertex.
To check .i/ we use an argument analogous to Lemma 3.5.12 in [19] which tells us that in this case the

map j above is in the weakly saturated class of morphisms of type (M1) in Definition 3.36 and of type

(�) .ƒnn; �
fn�1;ng; �f0;n�1;ng/! .�n; �fn�1;ng; �f0;n�1;ng/

and thus the claim holds. To prove .ii/ we note that we can scale the remaining simplices using pushouts
along morphisms of type (M2) in Definition 3.36 together with the morphism

(˘) .�3; �fn�1;ng; U3/! .�3; �fn�1;ng; ]/,

where U3 is the collection of all triangles except �f0;1;2g.

Lemma 5.25 Let i W A! B be a morphism of type (A1) in Definition 3.4. Then the induced natural
transformation StB.A/) StB.B/ is a pointwise weak equivalence.

Proof Since StB preserves colimits and cofibrations it will be enough to prove the claim in the specific
case where AD .ƒni ; [; [��

fi�1;i;iC1g/ and B D .�n; [; [��fi�1;i;iC1g/. We will show according to
Remark 5.20 that the map …B.A/"!…B.B/ is an equivalence of Setms

� -categories.
We observe that the induced morphism of marked-scaled simplicial sets…B.A/".x; y/!…B.B/.x; y/

is an isomorphism except when x D .0; 0/ and y D .1; n/. Recall the definition of Kn in Definition 5.22
and equip this marked-scaled simplicial set with the decorations induced from …B..0; 0/; .1; n//. We
similarly define ƒni K D…B.A/

"..0; 0/; .1; n//. We define a filtration

ƒni K D A�1! A0! � � � ! An�1! An DKn;

where As is the subsimplicial set of Kn containing every simplex which factors through Kjn for j 6 s

(see Definition 5.22 for a definition of Kjn ). We will show that each of the steps in this filtration is a weak
equivalence. The case nD 2 follows easily by a direct computation. For the rest of the proof we will
assume that n> 3.
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For 06 j 6 n we consider the pullback-pushout diagram

Q
j
n K

j
n

Aj�1 Aj

We will show that the top horizontal morphism is a trivial cofibration. First we consider the case 06 j <n.
We describe Qjn as a simplicial subset of Kjn which contains every face of the cube Cn, except those that
factor through d˛.K

j
n / for ˛ …ˆ.i/ where

ˆ.i/D

8<:
fj C 1; i C 1g if j < i;
fj C 1g if j D i;
fj C 1; ig if j > i:

We produce a 2-step filtrationQjn!Z
j
n!K

j
n where Zjn is obtained fromQ

j
n by attaching the simplices

in dˇ .K
j
n / where ˇ ¤ j C 1 and ˇ 2ˆ.i/.

We observe that for n> 3 we have that every marked edge in djC1.K
j
n / factors through Zjn . Therefore

we can use Lemma 5.24 with B D djC1.K
j
n / and AD .Zjn /jdjC1.Kjn / to obtain a trivial cofibration of

marked-scaled simplicial sets

' W�1 � .Zjn /jdjC1.K
j
n /
!�1 � djC1.K

j
n /:

As a consequence of Lemma 5.23 we see that the scaling of �1 �A and the scaling of Zjn coincide
except possibly in those triangles coming from �fi�1;i;iC1g and similarly for �1�B and Kjn . We further
note that every marked edge of Kjn factors through Zjn . After direct inspection we observe that we can
produce a pushout diagram

�1 � .Z
j
n /jdjC1.K

j
n /

�1 � djC1.K
j
n /

Z
j
n K

j
n

Therefore we can add the remaining decorations via a pushout of ' along a cofibration which shows that
the last step in the filtration is a trivial cofibration. To show that Qjn ! Z

j
n is a trivial cofibration we

consider a pushout-pullback diagram

Zun�1 dˇ .K
j
n /DK

u
n�1

Q
j
n Z

j
n

and conclude by the previous argument or by a direct computation if nD 3.
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To finish the proof we will show that Qnn!Knn is a trivial cofibration. In this case Qnn contains every
simplex that factors through a face of Cn except those factoring through di .Knn /. For every k 2 Œn� we
define a chain

Dk D .0; 0/ < .0; 1/ < � � �< .0; k/ < .1; n/:

We observe that using morphisms of type (M2) in Definition 3.36 and morphisms of type .˘/ as in the
proof of Lemma 5.24 we can scale the triangle Di�1 �Di �DiC1 in An�1 and in An. Recall that for
every chain C D f.i˛; j˛/g˛2A we defined mC to be the biggest element in A such that imC D 0. We
can use this parameter to define a map

rn WK
n
n ! .�n; [;�fi�1;i;iC1g/; C 7! jmC :

Moreover rn admits a section sn which sends j to Dj as defined above. It follows that there exists
a marked homotopy between sn ı rn and the identity map on Knn . Furthermore, rn restricts to a map
Orn WQ

n
n!ƒni . One checks that since Qnn and ƒni can be expressed as iterated pushouts along cofibrations

indexed by .n�1/-dimensional faces of Qnn and the map rn restricts to an equivalence in each of its faces,
that Orn is also a weak equivalence. We conclude that we have a commutative diagram

Qnn Knn

.ƒni ; [;�
fi�1;i;iC1g/ .�n; [;�fi�1;i;iC1g/

' '

'

and so the result follows by two-out-of-three.

Lemma 5.26 Let i W A! B be a morphism of type (A3) in Definition 3.4. Then the induced natural
transformation StB.A/) StB.B/ is a pointwise weak equivalence.

Proof The proof will mirror the strategy of the previous lemma. Again, we observe that the induced
morphism of mapping simplicial sets …B.A/".x; y/!…B.B/.x; y/ is an isomorphism except when
x D .0; 0/ and y D .1; n/ or when x D .0; 1/ and y D .1; n/. However we observe that since the edge
.0; 0/! .0; 1/ will be collapsed in order to define the value of the functor StB it will suffice to construct
the analogous filtration

ƒn0K D A�1! A0! � � � ! An�1! An DKn

and show that each step is a trivial cofibration. As before, we will leave the case nD 2 as an easy exercise
and focus our attention to the cases n> 3. Note that in this case, we decorations coming from the marked
edge 0! 1 and the thin triangle 0! 1! n are already contained in ƒn0K.

For 06 j < n we consider pullback-pushout diagrams

Q
j
n K

j
n

Aj�1 Aj
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where Qjn is the simplicial subset of Kjn which contains every face of Cn except the djC1.K
j
n / and if

j > 0 the face C 0n consisting in those chains that have the element .0; 1/. The proof at this point is totally
analogous to the proof of Lemma 5.25. We construct Zjn by adding to Qjn the face C 0n and conclude by
Lemma 5.24 that each step in the filtration Qjn!Z

j
n !K

j
n is given by a trivial cofibration.

To show that An�1!An is a trivial cofibration we need to work a little bit harder. First we consider a
commutative diagram where we are using circled arrows to represent marked morphisms

.0; 0/ < .1; 0/ < .1; n/ .0; 0/ < .1; 0/ < .1; 1/ < .1; n/

.0; 0/ < .1; n/ .0; 0/ < .1; 1/ < .1; n/

.0; 0/ < .0; 1/ < .1; n/ .0; 0/ < .0; 1/ < .1; 1/ < .1; n/

We note that every 2-simplex in this diagram is scaled and therefore we can mark every morphism via a
pushout along a trivial cofibration. Let us remark that we can mark this morphisms in both An�1 and An
since n> 3. Recall the definition of Di in Lemma 5.25 and consider a 3-simplex

�W WD0 �D1 � .0; 0/ < .0; 1/ < .0; n/ < .1; n/� .0; 0/ < .0; 1/ < .0; n/ < .1; n/[W;

where W is any chain starting at .0; 1/ and ending at .0; n/. It follows that every face of �W is scaled
except possibly d2.�W /. Therefore we might scale that face using a pushout along a morphism of type
(M2) in Definition 3.36. Note that any possible �W factors throughAn�1 except in the case whereW is the
maximal chain. A similar argument as in the previous lemma shows that we have a commutative diagram

An�1 An

.ƒn0; f�
f0;1gg; f�f0;1;ngg/ .�n; f�f0;1gg; f�f0;1;ngg/

' '

'

and the claim follows from two-out-of-three.

Lemma 5.27 Let i WA!B be a morphism of type (M2) in (M2). Then the induced natural transformation
StB.A/) StB.B/ is a pointwise weak equivalence.

Proof Let LD…B.A/"..0; 0/; .1; 4// and let K4 D…B.B/..0; 0/; .1; 4//. The only thing we need to
show is that the map L! K4 is a weak equivalence. Using the notation from the previous proofs it
follows that the missing scaled simplices in L are all contained in K44 . Therefore if we denote by L44 the
restriction of K44 to L we see that it will be enough to show that the induced map L44!K44 is a weak
equivalence. However, one can easily construct a commutative diagram

L44 K44

.�4; [; T / .�4; [; T 0/

' '

'
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where vertical maps are weak equivalences and the scaling in the bottom horizontal map is that of (A2) in
Definition 3.4.

Proposition 5.28 Let .S; TS / be a scaled simplicial set and let i W A! B be an MB-anodyne morphism
in
�
Setmb

�

�
=.S;];TS�]/

. Then StS .i/ is a weak equivalence in Fun.CscŒS�;Setms
� /.

Proof Using Proposition 5.14 we can assume that S D B . The rest of the proof will consist in verifying
that the claim holds for each of the generators given in Definition 3.4. We proceed case by case:

(A1) This follows from Lemma 5.25.

(A2) This follows from Lemma 5.27.

(A3) This follows from Lemma 5.26.

(A4) This follows from Corollary 5.19.

(S1) This follows from Corollary 5.19.

(S2) This follows by explicit verification.

(E) This follows from Corollary 5.19.

Proposition 5.29 Let .S; TS / be a scaled simplicial set and let � W CscŒS�! C be a functor of SetC�-
enriched categories. Then the straightening functor

St� W
�
Setmb

�

�
=.S;];TS�]/

! Fun.C;Setms
� /

is a left Quillen functor.

Proof We will show that St� preserves cofibrations and weak equivalences. First, we point out that due
to Proposition 5.14 it will be enough to consider the case � D id. In this case, we saw in Lemma 5.16
that our functor preserves cofibrations.

To address the claim regarding weak equivalences, we see that Proposition 5.28 implies StS preserves
MB-anodyne morphisms. We can therefore restrict our attention to showing that StS preserves weak
equivalences between fibrant objects. To this end it will be enough to show the following:

(�) Let f; g W X ! Y be morphisms between fibrant objects such that StS .f / is a weak equivalence.
Then given a homotopy H WX � .�1/]! Y between f and g it follows that StS .g/ is also a weak
equivalence.

The claim follows after noting that we have an anodyne morphism X � �f0g ! X � .�1/] due to
Proposition 3.12 which implies that StS .H/ is a weak equivalence as well as the map induced by the
projection onto X , StS .p/ W StS .X � .�1/]/! StS .X/.

5.2 Straightening over a point

The goal of this section is to prove the following result.
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Proposition 5.30 The straightening-unstraightening adjunction over the point

St� W
�
Setmb

�

�
=�0
!
 Setms

� WUn�

is a Quillen equivalence.

To do this we will construct a left Quillen equivalence

L� W
�
Setmb

�

�
=�0
! Setms

�

and a natural transformation ˛ W St� ) L which is pointwise a weak equivalence of marked-scaled
simplicial sets.

Proposition 5.31 Let L� W
�
Setmb

�

�
=�0
! Setms

� be the functor that assigns to an MB simplicial set
.X;EX ; TX � CX / the marked scaled simplicial set .X;EX ; CX /. Then L� is a left Quillen equivalence.

Proof The functor L� admits a right adjoint R� which is given by R�.X;EX ; TX /D .X;EX ; TX /. We
observe that L� ıR�D id and that the unit id)R� ıL� is given by .X;EX ; TX �CX /! .X;EX ; CX /

which is in the weakly saturated class of morphisms of type (S2) in Definition 3.4.
To finish the proof we observe that L� preserves cofibrations and maps MB-anodyne morphisms to

MS-anodyne morphisms. It is then easy to see that L� preserves weak equivalences between fibrant
objects and the result follows.

Recall the definition of the maps �0;n in Remark 5.6. Then postcomposing this map with the morphism
mn WPn! .�n; [/ which assigns to every S 2Pn the value mn.S/Dmin.S/ we obtain a map of marked
scaled simplicial sets

˛[n W St�..�n; [; [//! .�n; [; [/:

One can easily produce marked variants of this maps ˛]2 and ˛]1 associated to the MB simplicial sets
.�2; [; ]/ and .�1; ]; ]/. We would like to remark that St�.�2; [; [� ]/D St�.�2; [; ]/ which justifies
why we are defining only one ˛]2. Since our definitions are functorial with respect to monotone morphisms
Œk�! Œn� this collection of maps assemble into a natural transformation ˛ W St�) L�.

Proposition 5.32 The natural transformation ˛ W St�) L� is a pointwise weak equivalence.

Proof Since both functors are left Quillen and both model categories are left proper, a simplex by simplex
argument shows that it will be enough to show that the components ˛[n, ˛]2 and ˛]1 are weak equivalences.
We further observe ˛]2 and ˛]1 can be obtained from their undecorated countermarks via pushouts along
cofibrations. This shows that we can restrict our attention to ˛[n for n> 0.

Let S D .�n; [/ and consider …S .�n; [; [/ (see Definition 5.8). Denote by ˆn the Setms
� -category

obtained from …S .�
n; [; [/ by marking every edge in the mapping simplicial sets of the form

…S .�
n; [; [/..1; a/; .1; b//:

We will show that the map y̨[n WKnDˆn..0; n/; .1; n//! .�n; [/ is a weak equivalence. Note that ˛[n is
obtained from y̨[n after identifying certain simplices. It is easy to see that we can mark every edge in Kn
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whose image under y̨[n becomes degenerate using pushouts along MB-anodyne morphisms. We consider
a filtration

A�1 DK
0
n! A1! A2! � � � ! An�1! An DKn;

where Ai is obtained from Ai�1 by attaching those simplices contained in Kin (see Definition 5.22) where
Kin has the decorations induced from ˆn. We further denote by xAi the image of Ai under the collapse
map in the definition of St�..�n; [; [//.�/ and similarly denote Kin.

We will show that the restriction of ˛[n to each xAi defines a weak equivalence

˛[n;i W
xAi ! .�Œ0;i�; [; [/:

Since weak equivalences are stable under filtered colimits this will imply the result. Assume that ˛[n;j is
a weak equivalence for j 6 i � 1 and consider the pullback-pushout square

Qin Kin

Ai�1 Ai

Observe that y̨[n induces a commutative diagram

Qin Kin

�Œ0;i�1� �Œ0;i�

ri

We claim that the vertical morphisms are weak equivalences. Note that we can define, for 06 j 6 i ,

Cj D .0; 0/ < .0; 1/ � � �< .0; j / < .1; i/ < � � �< .1; n/;

which provides us with a section si W�Œ0;i�!Kin sending j to Cj . One checks that ri ı si D id and that
there is a marked homotopy between the identity of Kin and si ı ri . Moreover, the section si and the
homotopy restrict to Qin. It is immediate to see that both the section an the homotopy can be factored
through the quotient simplicial sets Kin and Qin which shows that ˛[n;i is again a weak equivalence.

Corollary 5.33 Let S be a scaled simplicial set. Let � W CscŒS�! C be a SetC�-enriched functor. Assume
that � is essentially surjective , and let ˛ W F! F0 be a map between fibrant objects of Fun.C;Setms

� /.
Then the following conditions are equivalent :

(1) The map ˛ is a weak equivalence in .Setms
� /

C.

(2) For every C 2 C the induced map ˛C W F.C /! F0.C / is a weak equivalence.

(3) For every vertex s 2 S the induced map on fibres

Un�.F/s!Un�.F0/s
is a bicategorical equivalence.

(4) The map Un�.˛/ is a weak equivalence in .Setmb
� /=.S;];TS�]/.
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Proof The equivalence .1/() .2/ is immediate from the definition. Since both F and F0 are fibrant it
follows from Proposition 5.29 that Un�.˛/ is a map between fibrant objects in .Setmb

� /=.S;];TS�]/. Then
the equivalence .3/() .4/ follows from .v/ in Proposition 3.23. To finish the proof we need to show
that .2/() .3/. However, the fact that � is surjective allows us to reduce to the case where S D�0 and
conclude by Remark 5.15 and Proposition 5.30.

5.3 Straightening over a simplex

In this section we establish the key element in the proof of our main theorem.

Proposition 5.34 Denote by �n
[
D .�n; [/ the minimally scaled n-simplex. Then the straightening-

unstraightening adjunction , over �n
[

,

St�n
[
W .Setmb

� /.�n;];[�]/
!
 Fun.CscŒ�n[ �;Setms

� / WUn�n
[

is a Quillen equivalence.

Let us comment on the general structure of the proof before we dive into the details. First, let us observe
that Corollary 5.33 shows that Un�n

[
detects weak equivalences between fibrant objects and thus it descends

to a conservative right adjoint on homotopy categories. Consequently, in order to prove the result we only
need to show that given an object X 2 .Setmb

� /.�n;];[�]/ and an equivalence of SetC�-enriched functors

St�n.X/ '�! F;

where F is a fibrant functor, the adjoint map X !Un�n.F/ is a weak equivalence in .Setmb
� /.�n;];[�]/.

Using two-out-of-three we can assume without loss of generality that p W X ! �n is a fibrant object.
Now, in order to check that our adjoint map is a weak equivalence it suffices by Proposition 3.23 to check
that the induced morphisms on fibres

'ni WXi
'
�!Un�n.F/i

are bicategorical equivalences for 06 i 6 n. We will use induction on n, the dimension of our simplex�n
[

.
Let us assume that we have proved Proposition 5.34 for 06 k 6 n�1 and note the base case was already
shown in Proposition 5.30. We claim that for every 06 i 6 n�1 the map 'ni is a bicategorical equivalence.

We consider the morphism ˛ W�
Œ0;n�1�

[
!�n

[
and denote by X the pullback of X along ˛. Similarly

we denote by FD j �F the restriction of F along CscŒ˛�D j . We observe the following:

(1) As a direct consequence of the point-wise formula for left (enriched) Kan extensions in terms
of weighted colimits (see [18, Proposition A.3.3.7]) and fully faithfulness of j we see that for every
functor H W CscŒ�n�1

[
� ! Setms

� we have an isomorphism j �jŠH ' H. This implies that for every
G W CscŒ�n

[
�! Setms

� we have that jŠj �G.i/! G.i/ is an isomorphism for 06 i < n.

(2) For every p W X ! �n we have that the map St�n
[
.X/.i/! St�n

[
.X/.i/ is an isomorphism for

06 i < n. This follows from the previous point and Proposition 5.14 since St�n
[
X ' jŠ St�n�1

[
X .
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(3) Using Proposition 5.14 and Remark 5.15 we obtain a commutative diagram

jŠ St�n�1
[

X jŠj
�.F/

St�n
[
X F

We conclude from (1)–(3) above that St�n�1
[

X! F is a weak equivalence. It follows from our induction
hypothesis that X ! Un�n�1

[
.F/ is a weak equivalence and thus the maps 'in are equivalences for

06 i < n.
We have reduced our problem to showing that 'nn is a weak equivalence. We claim that is enough to

show the following.

(�) The map St�n.Xn/.n/! St�n.X/.n/ is a weak equivalence.

Indeed, let rn W�0!�n
[

denote the inclusion of the terminal vertex. Given K 2 Setms
� it follows that we

have an isomorphism rn
Š
.K/.n/'K which in turn shows that the adjoint morphism to

rnŠ .St�Xn/' St�n.Xn/! St�n.X/! F;

which is given by St�Xn! F.n/ is a weak equivalence. We can now use Proposition 5.30 to conclude
that we have a bicategorical equivalence

Xn
'
�!Un�n.F/n:

Therefore, we will devote the rest of this section to the proof of the claim .�/ above.

Definition 5.35 Let I be a finite linearly ordered set and let i 2 I . We define simplicial set as the nerve
of a poset OI

i !

whose elements are given by subsets S � I such that S ¤¿ and such that min.S/D i .
We declare S 6 T if S � T . We observe that we have a map

�I WOIi !

!�I ; S 7!max.S/:

We upgrade �I WOIi !

!�I to an object of
�
Setmb

�

�
=�I
[

as follows:

� We declare an edge S ! T to be marked if T D S [max.T /.

� We declare every triangle of OI
i !

to be lean.

� We declare a triangle to be thin if its image in �I is degenerate.

Definition 5.36 To ease the notation we set On D CscŒ�n
[
� (see Definition 2.8).

Remark 5.37 Let I D Œn�. For every i 6 j we view On.i; j / as an MB simplicial set by declaring every
triangle to be thin scaled and only degenerate edges to be marked. We further note that we have functors

On.i; j /�On
j !

!On
i !

; .S; T / 7! S [T;

which preserve the decorations.
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Definition 5.38 Let F W CscŒ�n
[
� ! Setms

� be a SetC�-enriched functor. We define an MB simplicial
set M.F/ over �n

[
as follows:

(1) Let i 2 Œn�. We upgrade the marked-scaled simplicial set F.i/ to an MB simplicial set by declaring
the collection of thin triangles and lean triangles to coincide.

(2) We define M.F/ as the coequaliser of the diagram in the category of MB simplicial sets`
i<j

F.i/�On.i; j /�On
j ! ì

F.i/�On
i !

; i; j 2 Œn�;

where the maps in the diagram are given by

F.i/�On.i; j /�On
j !

! F.j /�On
j !
; F.i/�On.i; j /�On

j !

! F.i/�On
i !

:

(3) The maps F.i/�On
i !

!On
i !

!�n assemble into a functor M.F/!�n.

Remark 5.39 Given 06 i < n we have a map (actually an isomorphism) of simplicial sets

„i W�1 �On�1
i !

!On
i !

; „i ."; S/D

�
S if "D 0;

S [fng if "D 1;

which we use to equip �1 �On�1
i !

with the induced decorations from On
i !

.
Given a functor F W CscŒ�n

[
�! Setms

� let us denote by F the restriction of F to CscŒ�n�1
[

� along the
map i W�Œ0;n�1�

[
!�n

[
. We can use the maps „i to construct a map of simplicial sets

„F W�
1
�M.F/!M.F/:

Finally, we equip �1�M.F/ with the decorations induced (via „F) from M.F/ and denote the resulting
MB simplicial set by �1˝M.F/.

Remark 5.40 The construction of M.F/ defines a colimit-preserving functor

M.�/ W Fun.CscŒ�n[ �;Setms
� /!

�
Setmb

�

�
=�n
[

;

which enjoys several properties:

(i) For every j 2 Œn� we have an isomorphism M.F/j ' F.j /.

(ii) Given a functor F W CscŒ�n
[
�! Setms

� let us denote by F as in Remark 5.39. Then we have a pushout
diagram

�f1g �M.F/ F.n/

�1˝M.F/ M.F/

of MB simplicial sets.

(iii) The functor M.�/ preserves cofibrations.
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Lemma 5.41 LetA!�n
[

be an object of
�
Setmb

�

�
.�n;];[�]/

. Define an MB simplicial set�1˝A!�nC1
[

as follows:

� The underlying simplicial set is given by the cartesian product.

� The projection map �1 �A!�nC1
[

is induced by the map

r W�1 ��n!�nC1; r."; i/D

�
i if i D 0;
n if i D 1:

� Let .e1; eA/ W�1!�1 �A be marked if eA is marked in A and e1 D 0! 0 or if eA is degenerate.

� A triangle is lean if and only if it is lean in A.

� A triangle is thin if and only if it is lean and its image in �nC1 is degenerate.

Then the map �f0g �A!�1˝A is MB-anodyne.

Proof The claim follows from a standard simplex by simplex argument and is left as an exercise to the
reader.

Remark 5.42 The scaling of �1˝M.F/ given in Remark 5.39 is precisely that of Lemma 5.41 so in
particular we obtain an anodyne morphism M.F/!�1˝M.F/. Moreover, in the particular case where
F is the corepresentable functor on the object 0 it follows M.F/DOn

0 !

so applying Lemma 5.41 n times
we obtain an anodyne morphism

�0 '�!On
0 !

;

where the map above selects the subset f0g.

Definition 5.43 Let F W CscŒ�n
[
�! Setms

� be a SetC�-enriched functor. We define a scaled simplicial
set M.F/ whose underlying simplicial set is given by that of M.F/ and whose thin triangles are precisely
the lean triangles of M.F/.

Lemma 5.44 Let F W CscŒ�n
[
�! Setms

� be a fibrant SetC�-enriched functor. Given a [-local .0; 1/-fibration
p WX !�n

[
and a morphism , over �n

[
,

f WM.F/!X

such that for every j 2 Œn� the map f induces bicategorical equivalences F.j /'Xj , it follows that f is
a weak equivalence in

�
Setmb

�

�
.�n;];[�]/

.

Proof Since p W X ! �n
[

is a [-local .0; 1/-fibration it follows that we can construct its associated
bicategorical interpretation (see Definition 4.4) p W�!�n by declaring lean triangles to be scaled. We
claim that is enough to show the following:

(˘) The associated map f WM.F/!� is a bicategorical equivalence.
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Indeed, given a [-local .0; 1/-fibration q WZ!�n
[

with associated bicategorical interpretation q W�!�n

it follows from our claim that we have a bicategorical equivalence

� W Funsc.�;�/ '�! Funsc.M.F/;�/:

Moreover, we obtain a commutative diagram

Mapsc
�n.�;�/ Mapsc

�n.M.F/;�/

Funsc.�;�/ Funsc.M.F/;�/

 

�

where Mapsc
�n.�;�/ denotes the full subcategory on maps which preserve the marked edges and commute

with the projection maps. We observe that higher simplices in the aforementioned scaled simplicial set
are also compatible with the projection maps. Since a simplex in M.F/ is thin if and only if it is lean
and its image is thin in �n

[
we see that if  is a bicategorical equivalence it will follow that f is a weak

equivalence
�
Setmb

�

�
.�n;];[�]/

. It is clear by construction that  is fully faithful so it will suffice to show
that it is essentially surjective.

Given u 2Mapsc
�n.M.F/;�/ we can find some v 2 Funsc.�;�/ such that �.v/' u. Consequently,

it will be enough to show that v factors through Mapsc
�n.�;�/. Let x 2X such that p.x/D i and pick

an equivalence f .y/ '�! x. We then see that

v.f .y//' u.y/; v.f .y//' v.x/D) q.v.x//D i:

Therefore, we can focus our attention into proving the statement .˘/ above. Let xi 2M.F/ be an object
represented by a pair .ai ; fig/ in F.i/�On

i !

. We consider a marked morphism f W xi ! Oxi given by
.ai ; fig/! .ai ; fing/. Given an object xn, lying over n, we claim the following:

(?) Restriction along f induces a weak equivalence of marked simplicial sets

CscŒM.F/�. Oxi ; xn/
'
�! CscŒM.F/�.xi ; xn/:

It is easy to see that .˘/ follows from .?/ together with a routine inductive argument.
We observe that we have cofibrations of SetC�-enriched categories

CscŒM.F/�! CscŒ�1 �M.F/�; CscŒM.F/�! CscŒ�1��CscŒM.F/�

and a diagram

CscŒM.F/� CscŒ�1 �M.F/� CscŒ�1��CscŒM.F/�

CscŒF.n/� CscŒM.F/� P .F/

where both squares are pushouts. It is not hard to see using the fact CscŒ�� is a left Quillen equivalence
that the top right-most horizontal map is a weak equivalence. We conclude that the bottom right-most
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horizontal morphism is also a weak equivalence. It is easy to see by direct inspection that the analogous
claim to .?/ holds for P .F/.

Proposition 5.45 Let p WX !�n
[

be a [-local .0; 1/-fibration. Then there exists a projectively fibrant-
cofibrant functor F W CscŒ�n

[
�! Setms

� and a weak equivalence M.F/!X in
�
Setmb

�

�
.�n;];[�]/

.

Proof Using Lemma 5.44 it will be enough to construct a map M.F/ ! X inducing categorical
equivalences on fibres. We proceed using induction on n, the case nD 0 being clear. Let us suppose that
the claim holds for n� 1 and let i W�Œ0;n�1�

[
!�n

[
. We denote by X the restriction of X along i . Using

our induction hypothesis we obtain a projectively fibrant-cofibrant functor F W CscŒ�n�1
[

�! Setms
� and

fibrewise equivalence M.F/!X . We use Remark 5.42 to provide a solution to the lifting problem

M.F/ X

�1˝M.F/ �n

p

which provides us with a map M.F/!Xn. We factor this map as

M.F/
u
�! bXn v

�!Xn;

where u is a cofibration and v is a trivial fibration. Note that it follows that bXn is also an1-bicategory. We
can use the map u to extend F to a fibrant-cofibrant functor F W CscŒ�n

[
�! Setms

� such that F.n/D bXn.

Proposition 5.46 Let p W X ! �n
[

be a [-local .0; 1/-fibration. Then there exists an equivalence of
marked-scaled simplicial sets

St�n.Xn/.n/ '�! St�n.X/.n/;

where Xn denotes the fibre over n of X .

Proof We note that due to Proposition 5.45 we have a fibrant-cofibrant functor F W CscŒ�n
[
�! Setms

� and
a weak equivalence M.F/!X . We will show that for every projectively cofibrant functor G the map

�G W St�n.G.n//.n/ '�! St�n.M.G//.n/

is a weak equivalence of marked-scaled simplicial sets. We observe that we have a pair of functors

Li W Fun.CscŒ�n[ �;Setms
� /! Setms

� ; i D 1; 2;

given by L1.G/D St�n.G.n//.n/ and L2 D St�n.M.G//.n/ which preserve colimits and cofibrations
together with a natural transformation � W L1) L2. We say that a functor G is good if �G is a weak
equivalence. To finish the proof we need to show that every cofibrant functor is good.

For every �16 j 6 n let ij W�
Œ0;j �

[
!�n

[
be the obvious inclusion with the convention �Œ0;�1� D¿.

Given a functor G we define Gj as the result of first restricting G along CscŒij � D f
j and then apply-

ing the left Kan extension along f j . We set G�1 to be the initial functor. We further denote by
rj W CscŒ�0�! CscŒ�n

[
� the functor that picks the object j for 06 j 6 n.
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Note that given a projectively cofibrant functor G, it follows that the canonical map Gj�1.j /! G.j /

is a cofibration for 06 j 6 n. We further note that we have a pushout diagram

r
j
Š
Gj�1.j / r

j
Š
G.j /

Gj�1 Gj

where rj
Š

denotes the left Kan extension functor along rj . Since the top horizontal map is a cofibration it
follows that in order to show that Gj is good it is enough to show that rj

Š
Gj�1.j /, r

j
Š
G.j / and Gj�1 are

good. We note the following:

� If j > 0 it follows that rj
Š
A.i/ D ¿ for i < j . In particular, it follows that M.rj

Š
A/ factors

through �Œj;n�
[

. We can now induct on n to see that rj
Š
A is good for j > 0.

Finally, we can use induction on j to reduce our problem to show that for every K 2 Setms
� the functor

K W CscŒ�n[ �! Setms
� ; i 7!K �On.0; i/;

is good. Note that we can use further simplify our computation to the cases where K D�k
[

for k > 0,
�2
]

and .�1/]. We will only show the case K D�k
[

for k > 0 the other cases will follow by a totally
analogous argument.

We can identify St�.�k �On0 !

/.n/ as a quotient of the (decorated) poset of chains of �1��k �On
0 !

starting at .0; 0; f0g/ at ending at some element .1; `; S/ with max.S/D n. We define a map

 W St�.�k[ �On
0 !

/.n/!�k[ �On.0; n/

by sending a chain C D f."i ; ki ; Si /giD`iD0 to .kimC ; SmC [ fmax.Sj /gj>mC / where mC is the biggest
index such that "i D 0. We consider the map p0 W�k!�n

[
where �k has the minimal decorations and

where p0 is constant on the vertex 0. We can now look at the commutative diagram

St�n.�k/.n/ St�.�k[ �On
0 !

/.n/ St�n.�k �On.0; n//.n/

�k
[
�On.0; n/

u

'

 

�

v

and make the following observations:

(1) It follows from Lemma 5.41, Remark 5.42 and Proposition 3.12 that ' is a weak equivalence.

(2) The map u W St�n.�k/.n/' St�.�k/�On.0; n/!�k
[
�On.0; n/ can be identified with a product

of the natural transformation ˛ at �k considered in the proof of Proposition 5.30 and the identity map
on On.0; n/ and its a consequently a weak equivalence. It follows from 1 that is also a weak equivalence.
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(3) The map v WSt�n.�k�On.0; n//.n/'St�.�k�On.0; n//!�k
[
�On.0; n/ can also be identified

with the component of the natural transformation ˛ and thus it is a weak equivalence. We conclude that
� is a weak equivalence.

Our final claim is established. Therefore, Proposition 5.34 is proved.

5.4 The main theorem

Let Setsc
� be the category of scaled simplicial sets and observe that we have a pair of functors

F1; F2 W .Setsc/
op
� ! SetC��Cat; F1.S/D Funo.CscŒS�;Setms

� /; F2.S/D
�
Setmb

�

�o
=.S;];TS�]/

;

which values in the category of SetC�-enriched categories and where the superscript “o” denotes the full
(enriched) subcategory on fibrant-cofibrant objects. Let us remind the reader that it then follows that for
every S 2 Setsc

� we have fibrant SetC�-enriched categories Fi .S/ for i D 1; 2.
We claim that the unstraightening construction Un.�/ defines a natural transformation. In virtue of

Remark 5.15 it will be enough to show that for every scaled simplicial set S we have that UnS defines a
SetC�-enriched functor. Given a fibrant-cofibrant functors F;G W CscŒS�! Setms

� let Nat.F;G/ denote the
corresponding mapping marked simplicial set. Then a map K! Nat.F;G/ is precisely the data of an
enriched natural transformation K˝F) G where

K˝F.s/DK �F.s/:

We can consequently define a map K! MapS .UnS .F/;G/ as the composite

K �UnS .F/! Un�.K/�UnS .F/'UnS .K �F/!UnS .G/;

which shows that UnS defines a SetC�-enriched functor. The main goal of this section is to show that for
every scaled simplicial set S , it follows that UnS is an equivalence of SetC�-enriched categories.

Proposition 5.47 Let S be a scaled simplicial set. Then the following are equivalent :

(i) The functor UnS is a right Quillen equivalence.

(ii) The functor UnS defines an equivalence of fibrant SetC�-enriched categories after restriction to the
full subcategories of fibrant-cofibrant objects.

Proof It follows from Proposition 3.1.10 in [18] and our previous discussion that .ii/D) .i/. To show
that .i/ D) .ii/ we show that given a marked simplicial set K, UnS induces an isomorphism in the
homotopy category of SetC� between ŒK;Nat.F;G/�' ŒK;MapS .UnS .F;UnS .G//�. This follows from
the chain of isomorphisms

ŒK;Nat.F;G/�' ŒK˝F;G�Fun
' ŒUn�.K/�UnS .F/;UnS .G/�Fib

' ŒK;MapS .UnS .F/;UnS .G//�;

where the second isomorphism is a consequence of .i/.
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Remark 5.48 Let S be a scaled simplicial set and � W CscŒS�! C an equivalence of SetC�-enriched
categories. Observe that it follows from Proposition 5.14 that Un� is a right Quillen equivalence if and
only if UnS is a right Quillen equivalence. Therefore for the rest of the section we will let � D id.

Corollary 5.49 Let �2
]
D .�2; ]/ denote a maximally scaled 2-simplex. Then the straightening-

unstraightening adjunction

St�2
]
W
�
Setmb

�

�
.�2;];]/

!
 Fun.CscŒ�2] �;Setms

� / WUn�2
]

is a Quillen equivalence.

Proof Observe that we have a commutative diagram

Funo.CscŒ�2
]
�;Setms

� /
�
Setmb

�

�o
.�2;];]/

Funo.CscŒ�2
[
�;Setms

� /
�
Setmb

�

�o
=.�2;];[�]/

Un
�2
]

Un
�2

where the vertical maps are fully faithful functors. We conclude that Un�2
]

is fully faithful. It follows
from Proposition 5.47 that it will be enough to show that Un�2

]
is essentially surjective.

Let p WX !�2
]

be a fibrant object and pick a fibrant-cofibrant functor F W CscŒ�2
[
�! Setms

� such that
Un�2.F/'X . To finish the proof we need to show that F factors through CscŒ�2

]
�. Since Un�2.F/ is

equivalent to X it follows that the composition of local .0; 1/-cartesian edges in this fibration remains
.0; 1/-cartesian. Direct inspection reveals that our functor must factor through CscŒ�2

]
�.

Remark 5.50 It follows from Lemma A.3.6.17 and Corollary A.3.6.18 in [18] that F1 sends homotopy
colimits of scaled simplicial sets to homotopy limits of SetC�-enriched categories.

Lemma 5.51 Let f W S0! S be a cofibration of scaled simplicial sets. Then the functor

f � W
�
Setmb

�

�o
S
!

�
Setmb

�

�o
S0

is a fibration of SetC�-enriched categories.

Proof Since both SetC�-enriched categories are fibrant it follows from Theorem A.3.2.24 in [18] that it
will be enough to show the following:

(�) Given a pair of fibrant objects X; Y 2
�
Setmb

�

�o
S

, the induced morphism on mapping1-categories

Map61
S .X; Y /! Map61

S0
.f �X; f �Y /

is a fibration of marked simplicial sets.
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More generally we consider a pair of adjoint lifting problems

A MapS .X; Y /

B MapS0.f
�X; f �Y /

!
A�X qA�f �X B �f

�X Y

B �X S

where A! B is MB-anodyne. Since f W S0 ! S is a cofibration it follows that the canonical map
f �X !X is a cofibration so we can use Proposition 3.12 to conclude that we can produce the desired
solution to the lifting problem.

Theorem 5.52 Let S be a scaled simplicial set. Then the functor UnS induces an equivalence of
SetC�-enriched categories

UnS W Funo.CscŒS�;Setms
� /!

�
Setmb

�

�o
=.S;];TS�]/

:

Proof We say that a scaled simplicial set S is good if the conclusion of the theorem holds. In virtue of
Proposition 5.47 we know that Proposition 5.34 shows that the scaled simplicial sets .�n; [/ are good for
n> 0. Moreover, it follows from Corollary 5.49 that .�2; ]/ is also good.

Recall that every scaled simplicial set S can be expressed as a filtered colimit over the natural numbers

S0! S1! � � � ! Sk! � � �

such that each map Si ! SiC1 is a cofibration and such that S0 is a disjoint union of points. Moreover, a
simplex by simplex argument shows that each step in this filtration can be obtained via pushouts along
the cofibrations

� .@�n; [/! .�n; [/ for n> 0,

� .�2; [/! .�2; ]/.

We saw in Remark 5.50 that F1 maps homotopy colimits to homotopy limits. We see that in order to finish
the proof it will be enough to show that F2 maps the colimits appearing in our filtration to homotopy
limits. Using Lemma 5.51 we reduce the problem to verifying that F2 maps those colimits to ordinary
limits which follows from direct inspection.

Corollary 5.53 Let S be a scaled simplicial set and let � W CscŒS�! C be an equivalence of SetC�-enriched
categories. Then the straightening-unstraightening adjunction

St� W
�
Setmb

�

�
=.S;];TS�]/

!
 Fun.C;Setms

� / WUn�
is a Quillen equivalence.

Remark 5.54 Let Nsc be as in Definition 2.9. Given a scaled simplicial set S we define �ib0;1.S/D
Nsc..Setmb

� /o
=.S;];TS�]/

/. We also define�icat1DNsc..Setms
� /

o/ and observe that an analogous discussion
to that of [3] shows that Theorem 5.52 shows that we have an equivalence of1-bicategories

UnS W Fun.S;�icat1/! �ib0;1.S/:
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Definition 5.55 Let �D .S; TS / be an1-bicategory and let SMS D .S;MS / (see Definition 4.1). We
denote by �Fib.�/D �ib0;1.SMS / the1-bicategory of local .0; 1/-fibrations over �. Similarly, given
another1-bicategory � we define Funoplax.�;�/D Fun.SMS ;�/.

Remark 5.56 In [11], the definition of Funoplax.�;�/ is proposed as a model for oplax normalised
functors. In [1], we establish an equivalence between the aforementioned notion of an oplax normalised
functor and that given in [14; 15].

Corollary 5.57 Let � be an1-bicategory. Then the straightening-unstraightening adjunction , associated
to the scaled simplicial set .S;MS /,

Stoplax
�
W �Fib.�/! Funoplax.�;�icat1/ WUnoplax

�

yields an equivalence of1-bicategories between the1-bicategory of local .0; 1/-fibrations over � and
the1-bicategory of oplax normalised functors with values in1-bicategories.

Proof This follows immediately from Theorem 5.52 and Remark 5.54.

Definition 5.58 Let �D .S; TS / be an1-bicategory and let SU D .S;U/whereMS �U �TS . We denote
by �FibU .�/D �ib0;1.SU / the1-bicategory of U-local .0; 1/-fibrations over � (see Definition 4.28 and
Theorem 4.29). Similarly, given another1-bicategory � we define FunUoplax.�;�/D Fun.SU ;�/.

Corollary 5.59 Let � be an1-bicategory. Then the straightening-unstraightening adjunction associated
to the scaled simplicial set .S;U/ (see Definition 5.58)

StUoplax
�

W �FibU .�/! FunUoplax.�;�icat1/ WUnUoplax
�

yields an equivalence of1-bicategories between the1-bicategory of U-local .0; 1/-fibrations over � and
the1-bicategory consisting in those oplax normalised functors which preserve the composites in U .

6 The 1-bicategorical Yoneda embedding

In this section, we present a proof of the Yoneda lemma for .1; 2/-categories. We would like to point
out that this result has already appeared in the work of Hinich [16] in the context of enriched1-category
theory. Throughout this section we fix an1-bicategory �.

Definition 6.1 Let � be an1-bicategory and let F.�/D Funopgr.�1;�/ (see Definition 5.1). We observe
that evaluation at 0 and evaluation at 1 induce maps evi W F.�/ ! � for i D 0; 1. It follows from
Proposition 2.2.6 in [13] that evaluation at 0 yields a .1; 0/-fibration. One can similarly show that the
map ev1 defines a .0; 1/-fibration.

Remark 6.2 Let us recall that a morphism in F.�/ is .0; 1/-cartesian if and only if it is sent to an
equivalence under ev0. Similarly, a 2-morphism is cartesian in F.�/.x; y/ if and only if its image in �
under ev0 is an invertible. The same description holds for the .1; 0/-cartesian morphisms by replacing
ev0 with ev1.
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Definition 6.3 Let � be an1-bicategory. We define an1-bicategory �ib1;0.�/ in a manner entirely
analogous to Remark 5.54, that is, as the nerve (see Definition 2.9) of the fibrant SetC�-enriched category�
Setmb

�

�o
=.�;];T��]/

(see Section 5.4) associated to the model structure on .1; 0/-fibrations (see [6]).

Remark 6.4 For the rest of this section we will work simultaneously with .0; 1/- and .1; 0/-fibrations and
we will consequently introduce some notation to avoid confusion. Given an .i; j /-fibration, incarnated
as a fibrant MB simplicial set p W .X;EX ; TX � CX / ! .S; ]; ]/ and any other MB simplicial set
.A;EA; TA �EA/, we will denote by Mapi;jS .A;X/ the1-bicategory obtained (see Definition 3.15) as
the pullback

Mapi;jS .A;X/ Funmb.A;X/

�0 Funmb.A; S/
q

Note that the underlying marked simplicial set of Mapi;j
�
.�;�/ is precisely the mapping marked simplicial

set in �ibi;j .�/.

Remark 6.5 Let f W�! � be a functor of1-bicategories and consider a pullback diagram

F.�/��� F.�/

� �

ev1
f

It follows that evaluation at 0 induces a map F.�/���!� which is a .1; 0/-fibration by Proposition 3.8
in [4]. We observe that we have a commutative diagram

� F.�/���

�

f ev0

where the horizontal morphism is induced by the map �1˝�!�0˝�'�. Moreover, we see as a
consequence of Theorem 3.17 in [4] that for every .1; 0/-fibration � W�! � we have a trivial fibration
of1-bicategories

Map1;0
�
.F.�/���;�/! Fun�.�;�/;

where we are denoting by Map1;0
�
.�;�/ the mapping1-bicategory (as in Remark 6.4) between .1; 0/-

fibrations and by Fun�.�;�/ the1-bicategory obtained via the pullback

Fun�.�;�/ Fun.�;�/

�0 Fun.�;�/

��

f
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We are now ready to define the Yoneda embedding. Let us consider the .0; 1/-fibration ev1 W F.�/!�
and observe that we have a commutative diagram, over �,

F.�/ ���

�

ev0 � ev1

ev1 �2

where �2 is the projection onto the second factor. It follows from our definitions that the map ev0 � ev1
can be seen as a map of .0; 1/-fibrations where ��� is classified by the constant functor with value �.
Let F be the functor classified by F.�/! �. We make the following observations:

(1) For every c 2 � we have a functor pc W F.c/! � and for every morphism u W c ! c0 we have a
commutative diagram pc0 ıF.u/D pc .

(2) For every c 2 � it follows that we have a morphism

F.�/�� � D �

!c
! �;

which is a .1; 0/-fibration by Remark 6.5. Furthermore, we note that for every c 2 � it follows that we
have a morphism

F.�/�� � D �

!c
! �;

which is a .1; 0/-fibration by Remark 6.5 whose fibres are1-categories. Careful inspection reveals that
for every u W c! c0 the induced morphism u� W �

!c
! �

!c
0 preserves .1; 0/-cartesian edges.

(3) Combining (1) and (2) we see that pc W F.c/! � is a .1; 0/-fibration and that F.u/ is a functor of
.1; 0/-fibrations.

We conclude that F can be expressed as a composite

F W �! �ib1;0.�/1-fib
!�icat1;

where the second functor is the obvious projection and the superscript “1-fib” denotes the1-bicategory
spanned by .1; 0/-fibrations whose fibres are1-categories. Using a dual version of our main result or
equivalently Corollary 3.90 in [3] we obtain a functor

Y� W �! Fun.�op;�at1/;

which we call the bicategorical Yoneda embedding. Dually, using the map ev0 W F.�/! � we obtain the
co-Yoneda embedding

Yco
� W �

op
! Fun.�;�at1/:

Definition 6.6 Let f W .A;EA; TA � CA/! .�; ]; T� � ]/ be a map of MB simplicial sets. We define an
MB simplicial set .Q.f /; Ef ; Tf � Cf / over .�; ]; T� � ]/ as follows:
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� The underlying map of simplicial sets is the composite

F.�/��A! F.�/
ev0
��! �;

where the pullback is taken along to the map ev1 W F.�/! �.

� An edge is marked if its associated map �1˝�1! � factors through �1 ��1 and the restriction
to �1 ��f1g is marked in A.

� A triangle is lean if its restriction �f1g˝�2 is lean in A.

� A triangle is thin if it is lean and its image in � is thin.

The proofs in [4, Theorem 3.17, Corollary 3.20] are of an entirely combinatorial nature and under close
inspection one sees we always have an MB anodyne morphism .A;EA; TA�CA/! .Q.f /; Ef ; Tf �Cf /

(in the model structure for .1; 0/-fibrations) whose definition is induced by �1˝A!A as in Remark 6.5.

Proposition 6.7 There exists a functor � W �ib1;0.�/1-fib! �ib1;0.�/1-fib which sends a .1; 0/-fibration
p W G! � with1-categorical fibres to the .1; 0/-fibration �.G/ which is defined as the MB simplicial set
characterised uniquely by the isomorphism

Map1;0
�
.A; �.G//ŠMap1;0

�
.Q.f /;G/;

where f W .A;EA; TA � CA/! .�; ]; T� � ]/ is a map of MB simplicial sets and Q.f / is defined as in
Definition 6.6.

Proof Note that since Q.�/ is functorial on
�
Setmb

�

�
=.�;];T��]/

it follows that our definition yields an
MB simplicial set over .�; ]; T� � ]/.

There are two main things to prove: we need to show that �.G/ ! � is a .1; 0/-fibration with
1-categorical fibres and that the construction �.�/ is functorial. We will start by first proving the second
assertion. Note that by Definition 6.3, it suffices to verify that �.�/ yields a functor of SetC�-enriched
categories.

Let K 2 SetC� (which we view as having the maximal scaling) and consider a map K! Map1;0
�
.G;H/.

We will construct a morphism K! Map1;0
�
.�.G/; �.H// as follows:

Given a simplex �n ��'
��! �.G/�K we consider a morphism

F.�/���
n f��'
���! G�K!H;

where ' is given by the composite F.�/���n!�n
'
�!K. This map is clearly compatible with the

projection and functorial a thus yields a map �.G/�K! �.H/.
To finish the proof we will show that �.G/ 2 �ib1;0.�/1-fib. First let us observe that given c 2 � we

have a canonical isomorphism

�.G/�� fcg 'Map1;0
�
.�

!c
;G/;
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which shows that the fibres of �.G/ are in fact1-categories. Let us consider a commutative diagram of
MB simplicial sets

A B

�

u

i

v

where i is an anodyne morphism in the model structure for .1; 0/-fibrations developed in [6]. It follows
from Definition 6.6 that we have a commutative diagram

A Q.u/

B Q.v/

'

'

'

where the horizontal morphisms are weak equivalences. It then follows by two-out-of-three that the
right-most vertical morphism is also a weak equivalence. We conclude that �.G/ is a .1; 0/-fibration.

Remark 6.8 By the previous proposition the fibration �.G/ corresponds under the straightening equiva-
lence to a functor �op! �at1 mapping an object c to

Map1;0
�
.�

!c
;G/' Nat�op.�.�; c/;St�.G//;

where Nat�op.�;�/ is the mapping1-category in Fun.�op;�at1/. We will omit the explicit verification
of the fact that there exists an equivalence of contravariant functors

St�.�.G//' Nat�op.Y�.�/;St�.G//:

Remark 6.9 The coming proofs will involve using the straightening-unstraightening equivalence for
.0; 1/- and .1; 0/-fibrations. We will employ the notation Sti;jS to distinguish between both variances.

Definition 6.10 Let � be an1-bicategory and pick a fibrant replacement s W CscŒ�� '�!C. We consider
a functor of fibrant SetC�-enriched categories

Y� W C
scŒ��

J
�! FunSet

�C
.CscŒ��op;�at1/

Un1;0���! �ib1;0.�/!�icat1;

where the first functor sends each c 2 CscŒ�� to the functor C.s.�/; s.c//. Now we can consider the
Grothendieck construction and obtain a .0; 1/-fibration p WY�! �.

The definition above yields another reasonable candidate for the Yoneda embedding. In the next
theorem, we will identify our purely fibrational approach to the Yoneda embedding with the previous
definition, which relies heavily on the model of SetC�-enriched categories. Before proving the main results
of the section we will need some preliminary work.

Construction 6.11 Let � be an1-bicategory and let CscŒ�n
[
�DOn. Let us denote by �n W�n[ !Nsc.On/

(see Definition 2.9) the canonical trivial cofibration adjoint to the identity map. Then for every � W�n
[
!�

we can pick an extension E� W Nsc.On/! � such that E� ı �n D � . We claim that we can make a
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choice fE�g� where � runs over the nondegenerate simplices of � which is in addition functorial. This
means that if we are given a map � W�`

[
!�n

[
then E� ıCscŒ� �DE�ı� .

Since Nsc.On/D�n
[

for nD 0; 1, the choices are already fixed for dimensions n 6 1. Suppose we
have made a compatible choice for simplices up to dimension k� 1 and consider �k

[
! �. Then we can

consider the homotopy pushout diagram

@�k
[

colim@�k Nsc.Ok�1/

�n
[

P

'

'

where top horizontal (and hence the bottom) map is a weak equivalence the colimits involved are
homotopy colimits. We obtain by the universal property of the pushout a map P ! �. Moreover, we
have a factorisation of �n as �n

[
! P

j
�! Nsc.On/, so we conclude by two-out-of-three that j is also a

weak equivalence. The solution of the lifting problem

P �

Nsc.On/

j

provides the desired functorial extension.

Definition 6.12 We define a functor Pn W CscŒ�n
[
�! Setms

� as follows:

� For every i 2 Œn� we declare the value Pn.i/ to be the scaled poset PŒ0;i� given in Definitions 5.2
and 5.5 (equipped with the minimal marking on 1-simplices).

� For every S � Œn� with min.S/D i and max.S/D j we consider the functor PŒ0;i�! PŒ0;j � sending
U 2 PŒ0;i� to S [U . Similarly given an inclusion S � T we consider the natural transformation

PŒ0;i� ��1! PŒ0;j �;

with components given by S [U � T [V (see Remark 5.3).

Remark 6.13 We have functors PŒ0;j �! Nsc.On/ which are uniquely determined by the assignment
given by S 7!min.S/, S 6 T 7! US;T (see Definition 5.5 and Remark 5.4 to see why this definition is
compatible with the scaling). These functors allow us to produce a lift Pn W CscŒ�n

[
�!

�
Setmb

�

�
=Nsc.On/

by picking the maximal lean scaling.

Lemma 6.14 Let � WCscŒNsc.On/�!On be the counit map associated to the Quillen equivalence CscaNsc

(see Definition 2.9) where OnD CscŒ�n
[
�. Then there exists a natural transformation ˛n WPn)Un1;0� ıT

where Tn.i/D CscŒ�n
[
�.�; i/.

Proof By adjunction, it will enough to produce natural transformation St1;0� ıP
n) T . Let i 2On and

let PF
Œ0;i�

the scaled simplicial set obtained from the join P F
Œ0;i�
D PŒ0;i� ��

0, by scaling those simplices
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of the form u.�/ where u W PŒ0;i�! P F
Œ0;i�
D PŒ0;i� ��

0 is the canonical map, and � is scaled in PŒ0;i�.
We consider a pushout diagram

CscŒPŒ0;i�� CscŒPF
Œ0;i�

�

On C�.P .i//

ˆ

r

where ˆ is the adjoint to the map given in Remark 6.13. Let � be the cone point of CscŒPF
Œ0;i�

�. Then
it follows that C�.P .i//.r.�/;�/ D St1;0� .P .i// as constructed in [3, Section 3]. Let S 2 PŒ0;i� with
min.S/D s. We consider the map

˛ni .S/ W C
scŒPFŒ0;i��.S;�/!On.s; i/; fS D S0 < S1 < � � �< Sn < �g 7! Sn[

n[
iD0

USi ;Si�1 ;

which is compatible with the marking of CscŒPŒ0;i��.S;�/ and descends to a map

˛ni .s/ W St1;0� .P .i//.s/!On.s; i/:

Note that if we are given S < T with min.S/D s and min.T /D t , then we have a commutative diagram

CscŒPF
Œ0;i�

�.T;�/ On.t; i/

CscŒPF
Œ0;i�

�.S;�/ On.s; i/

˛n
i
.T /

[US;T

˛n
i
.S/

which guarantees that the maps f˛ni .s/gs2On assemble into a natural transformation ˛ni W St1;0� .Pn.i//)

On.�; i/. It is straightforward to verify that the maps f˛ni gi2On also assemble into the desired natural
transformation ˛n W St1;0� ıP

n) T .

Proposition 6.15 Let � be an1-bicategory. Then there exists an equivalence of .0; 1/-fibrations , over �,

F.�/ Y�

�

ev1

'

p

Proof We observe that by construction there exists a map of .0; 1/-fibrations Y�! ��� such that for
every c 2 � the induced map on fibres

Y� �fcg �! �

defines a .1; 0/-fibration whose fibres are1-categories. Since the map �! F.�/ is a trivial cofibration
(this is the dual to Theorem 3.17 in [4]) it follows that to produce a map F.�/! Y� it suffices to
construct a section of p.
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Let � W�n
[
! �. Our goal is to produce an n-simplex in the pullback

Yn Y�

�n
[
��n

[
���

���

in a functorial way. Let St0;1
�n
[

.�n
[
/ WCscŒ�n

[
�!Setms

� be the straightening of the identity functor�n
[
!�n

[
.

The maps defined in Remark 5.6 provide us with a natural transformation St1;0
�n
[

.�n
[
/) Pn with Pn as in

Definition 6.12. It then follows from Remark 6.13 that St.0;1/
�n
[

.�n
[
/ admits a lift to .Setmb

� /=Nsc.On/.
Note that since we have a map CscŒ�� W CscŒ�n

[
�! CscŒ�� '�!C, it follows that we have a commutative

diagram, for every i 2On,

Un1;0� .T .i// Un1;0
�

�
J.CscŒ��.i//

�
Nsc.On/ �

E�

where E� was given in Construction 6.11 and T in Lemma 6.14. This family of maps is natural in i 2O,
thus yielding a natural transformation Un.1;0/� ıT )Un.1;0/

�
ıJ ıCscŒ��. Finally, let us observe that

St0;1
�n
[

.�n[ /) Pn)Un.1;0/� ıT )Un.1;0/
�
ıJ ıCscŒ��

yields the desired simplex in T .�/ W�n
[
!Yn. Note that the functoriality of our liftsE� (Construction 6.11)

guarantees that the assignment � 7! T .�/ is functorial. It is also straightforward to verify that our
assignment is compatible with the decorations thus yielding the desired map F.�/!Y� of .0; 1/-fibrations
over �.

To finish the proof we need to show that for every c 2 � the induced map on fibres

�

!c
Y� �fcg �

�

ev0

f

is a weak equivalence. We note that by construction the horizontal map above sends the object i W�0!�

!c
,

represented to the identity morphism to an object in Y��fcg� also represented by the identity morphism.
We claim that we have a sequence of maps

�0
i
�! �

!c
f
�!Y� �fcg �

such that i and f ı i are weak equivalences of in the model structure of .1; 0/-fibrations. The first map is a
weak equivalence by [4, Theorem 3.17]. Since Y� �fcg �'Un1;0

�

�
C.s.�/; s.c//

�
(see Definition 6.10),

we see that f ı i is adjoint to the natural transformation CscŒ��.�; c/)C.s.�/; s.c// which is a point-
wise weak equivalence. The result follows by two-out-of-three.
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Theorem 6.16 For every1-bicategory � the Yoneda embedding

Y� W �! Fun.�op;�at1/; c 7! �.�; c/;

is fully faithful. Moreover , given a functor F W�op!�at1 there is a equivalence of �at1-valued functors

Nat�op.Y�.�/;F/
'
H) F;

which is natural in F.

Proof It follows from Proposition 6.15 that the embedding Y� is fully faithful if and only if the functor J
in Definition 6.10 induces a weak equivalence of the corresponding mapping marked simplicial sets. This
is equivalent to showing that the composite

CscŒ��
s
�!C

j
�! FunSetC�

.Cop;SetC�/
s�
�! FunSetC�

.CscŒ��op;SetC�/

induces a weak equivalence of the corresponding mapping marked simplicial sets. This follows easily
as the functor s is an equivalence of SetC�-enriched categories, j is the enriched Yoneda embedding
(which is fully faithful in the enriched sense) and s� is also an equivalence of SetC�-enriched categories
by [18, A.3.3.8]. We conclude that Y� is fully faithful.

To prove the final claim we show that the functor � in Proposition 6.7 is naturally equivalent to the
identity. We construct a natural transformation �) 1 to the identity functor which is induced by the
canonical map A!Q.f / (see Definition 6.6). We observe that the induced map on fibres

Map1;0
�
.�

!c
;F/ '�! F.c/

is given by restriction along the anodyne map �0! �

!c
selecting the identity morphism and thus is a

weak equivalence.
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