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A note on the involutive invariants of splices

KRISTEN HENDRICKS, MATTHEW STOFFREGEN AND IAN ZEMKE

A natural family of potentially 2-torsion elements in the integer homology cobordism group consists of
splices of knots with their mirrors. We show that such 3-manifolds have locally trivial involutive Floer
homology. We show some related families of splices also have locally trivial involutive Floer homology.
Our arguments show that many gauge-theoretic invariants also vanish on these 3-manifolds.

1 Introduction

The integer homology cobordism group ‚3
Z is the group of oriented homology three-spheres up to the

equivalence relation of homology cobordism. In 2013, C. Manolescu used a Pin.2/-equivariant version of
Seiberg–Witten Floer homology to show that ‚3

Z contains no element Y of order two whose Rokhlin
invariant �.Y / is 1 [18], which due to previous work of Galewski and Stern [7] and Matumoto [19] was
sufficient to disprove the remaining outstanding cases of the triangulation conjecture. It remains unknown
whether ‚3

Z has any torsion elements; in particular, whether it contains a torsion element of order two.
In order to produce an element of order two, it suffices to exhibit an oriented integer homology sphere Y

with an orientation-reversing diffeomorphism Y Š�Y with the property that Y takes a nontrivial value
under any invariant of homology cobordism.

Three-manifolds obtained by splicing knot complements have attracted attention as a potential source
of examples of elements of order two in ‚3

Z. If K0 � Y0 and K1 � Y1 are two knots, a splice of K0

and K1 is a 3-manifold obtained by gluing Y0 n �.K0/ and Y1 n �.K1/ using an orientation-reversing
diffeomorphism � of their boundaries. (Some authors require � to swap the meridian with the Seifert
longitude, but we consider more general diffeomorphisms �).

In this note, we consider two natural constructions of splices which produce homology 3-spheres with
orientation-reversing diffeomorphisms:

(Type-1) splices of a knot K � Y with its mirror K ��Y such that there is a diffeomorphism of the
splice which swaps Y n �.K/ and �Y n �.K/;

(Type-2) splices of two knots K0, K1 in S3 such that there is a diffeomorphism of the splice which
fixes the subsets S3 n �.K0/ and S3 n �.K1/ setwise, but is orientation reversing on each.

Not all knots or gluing maps will yield a splice which admits such a symmetry. We enumerate all
the requirements in Section 2. In this paper, we will refer to the above families as Type-1 and Type-2
symmetric splices, respectively. We will see in Section 2.1 that Type-1 splices must have .Y;K/ reversible,

MSC2020: 57K18, 57K31, 57R58.
© 2026 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2026.26.1907
http://www.ams.org/mathscinet/search/mscdoc.html?code=57K18, 57K31, 57R58
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


1908 Kristen Hendricks, Matthew Stoffregen and Ian Zemke

i.e., there must be a diffeomorphism .Y;K/Š .Y;�K/, where �K denotes the knot with the opposite
string orientation. In Section 2.2 we will see that in a Type-2 symmetric splice, one of K0 and K1 must
be negatively amphichiral and the other positively amphichiral. We will also enumerate all possible gluing
maps.

Involutive Heegaard Floer homology is a shadow theory of Pin.2/-equivariant Seiberg–Witten Floer
homology, introduced by Manolescu and Hendricks in 2015 and elaborated by Hendricks and Zemke
with Manolescu [12; 13], which is conjecturally equivalent to Z=4Z-equivariant Seiberg–Witten Floer
homology. Although involutive Heegaard Floer homology does not possess the technical power of a
Pin.2/-equivariant theory, it enjoys the greater computability of the Heegaard Floer invariants, including a
conveniently computable surgery formula [11], and has been a key tool in recent developments regarding
the structure of the homology cobordism group [4; 9; 10; 11].

In this note we show that the homology cobordism involutive invariants of Type-1 and Type-2 splices
are typically trivial. Recall for a homology sphere Z, these invariants consist of a pair .CF�.Z/; �/ a
chain complex together with a homotopy involution, together called an iota-complex; for more details,
see Section 3.

Theorem 1.1 (1) Suppose that K is a knot in an integer homology 3-sphere Y . If Z is a Type-1
symmetric splice of .Y;K/ with .�Y;�K/ then the iota-complex .CF�.Z/; �/ is locally trivial.

(2) If Z is a Type-2 symmetric splice of .S3;K0/ and .S3;K1/ such that CFK�.K0/ and CFK�.K1/

are (noninvolutively) locally trivial , then the iota-complex .CF�.Z/; �/ is locally trivial.

Remark 1.2 (1) It is not clear to the authors whether Theorem 1.1(2) extends to all amphichiral K0

and K1, nor whether it can be extended to knots in homology 3-spheres other than S3.

(2) As we mentioned above, in a symmetric splice of Type-2, one of K0 and K1 must be negative
amphichiral, and the other positive amphichiral. To the best of our knowledge, all known amphichiral
knots have locally trivial (noninvolutive) knot Floer complex CFK�.K/. Also note if K is strongly
negative amphichiral, i.e., if the pair .S3;K/ admits an orientation-reversing diffeomorphism � which
has exactly two fixed points, both of which lie along K, then Kawauchi’s result [15] implies that K is
rationally slice, and hence has locally trivial CFK�.K/.

The key topological input to Theorem 1.1 is the following result:

Proposition 1.3 (1) If Z is a Type-1 symmetric splice of .Y;K/ with .�Y;�K/, then there is a negative
definite Spin cobordism from Z to RP3 which has b�

2
D 1 and b1 D 0.

(2) If Z is a Type-1 symmetric splice of .Y;K/with .�Y;�K/, then there is a negative definite (non-Spin)
filling of Z with b�

2
D 2 and b1 D 0.

(3) If Z is a Type-2 symmetric splice of .Y0;K0/ with .Y1;K1/, then there is a negative definite Spin
cobordism from Z to .Y0 # Y1/�2.K0 # K1/ with b�

2
D 1 and b1 D 0.
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Remark 1.4 In unpublished work, Mike Miller Eismeier independently proved Proposition 1.3(2) and
used it to show that certain instanton-theoretic gauge-theoretic invariants are trivial on such splices.

We now sketch some ideas in the proof of Theorem 1.1, assuming Proposition 1.3. For Type-1 splices,
the negative definite Spin cobordism W from Z to RP3 has a unique self-conjugate Spinc structure s.
Furthermore, the Heegaard Floer grading shift d.W; s/ is equal to the correction term d.RP3; sjRP3/.
Since RP3 is a Heegaard Floer L-space, the cobordism map FW ;s can be viewed as a local map from
.CF�.Z/; �/ to the trivial �-complex. Since Z Š�Z, we can dualize the map FW ;s to get a local map in
the opposite direction.

For Type-2 splices, the cobordism W from Z to S3
�2
.K0 # K1/ also has a unique self-conjugate Spin

structure s. In this case, s restricts to the Spinc structure identified with Œ1�2Z=2Š Spinc.S3
�2
.K0 #K1//

under the standard identification. We use [11, Theorem 1.6(2)], which implies that since CFK�.K0/

and CFK�.K1/ are (noninvolutively) locally trivial, the �-complex
�
CF�.S3

�2
.K0 # K1/; Œ1�/; �

�
is locally

trivial up to an overall grading shift.

1.1 Other gauge-theoretic invariants

We note that the topological argument yielding Theorem 1.1 applies equally well to the Pin.2/-equivariant
Seiberg–Witten Floer spectra:

Proposition 1.5 The Pin.2/-equivariant Seiberg–Witten Floer spectra of symmetric splices of Type-1 are
locally trivial.

The same argument also implies the vanishing of Lin’s invariants ˛.Z/, ˇ.Z/, 
 .Z/ [16] for Type-1
symmetric splices.

Note that Proposition 1.3(2) can be applied to other invariants of gauge theory. In particular if A is a
partially ordered set and

! W‚3
Z!A

is a homology cobordism invariant which is monotonic under negative definite cobordisms with b1D0, then
Proposition 1.3(2) implies that if Z is a Type-1 symmetric splice, then !.Z/�!.S3/ and !.S3/�!.Z/,
so in particular !.Z/D !.S3/. This holds for many gauge-theoretic invariants of homology cobordism.
For example, this argument applies to the rs-invariants of Nozaki, Sato, Taniguchi [21] and Daemi’s
� invariant [1]. Compare also [2].

Organization

This note is organized as follows. In Section 2 we discuss the geometry of splices; in particular, we
classify which symmetric splices of Types 1 and 2 are integer homology spheres and have a natural
orientation-reversing diffeomorphism. In Section 3 we briefly recall relevant aspects of Heegaard Floer
theory, focusing on its interaction with homology cobordism and concordance, for the reader’s convenience.
In Section 4 we conclude with the proof of Theorem 1.1.

Algebraic & Geometric Topology, Volume 26 (2026)



1910 Kristen Hendricks, Matthew Stoffregen and Ian Zemke

2 Symmetric splices

In this section we recall some background on splices. Let K0 � Y0 and K1 � Y1 be oriented knots
in integer homology 3-spheres. Let � 2 Z2! Z2 be a 2�2 matrix with determinant �1. The map �
determines an orientation-reversing diffeomorphism

� W @.Y0 n �.K0//! @.Y1 n �.K1//;

where we view the first component of Z2 being an oriented meridian of Ki , and the second component
being the oriented Seifert longitude. We define

Sp�.K0;K1/ WD .Y0 n �.K0//[� .Y1 n �.K1//:

In this section, we will be interested in knots that have various symmetries. We use the following
standard terminology:

Definition 2.1 Let K be a knot in an oriented 3-manifold Y .

(1) .Y;K/ is reversible if .Y;K/Š .Y;�K/.

(2) .Y;K/ is negative amphichiral if .Y;K/Š .�Y;�K/.

(3) .Y;K/ is positive amphichiral if .Y;K/Š .�Y;K/.

In the above, Š means orientation-preserving diffeomorphic.

2.1 Type-1 symmetric splices

We now focus on Type-1 splices, i.e., splices of .Y;K/ and .�Y;�K/ which admit orientation-reversing
diffeomorphisms which switch Y n �.K/ with �Y n �.K/ but fix T2 WD @.Y n �.K// setwise. We will
write Sp�.K;mK/ for such splices. In this section we prove the following:

Proposition 2.2 Suppose K is a knot in an integer homology 3-sphere Y , and � 2 GL�2 .Z/. Assume
that K is not an unknot in Y . Then the 3-manifold Sp�.K;mK/ admits an orientation-reversing diffeo-
morphism g which fixes @.Y n�.K// setwise and such that the image of each of Y n�.K/ and �Y n�.K/

is the other , if and only if the following are satisfied :

(1) K is reversible.

(2) � D
�

n
˙.1Cn2/

˙1
n

�
for some n 2 Z. In this case we define � D �˙n .

Proof It will be evident from the proof that if .Y;K/ and � are as in the statement, then Sp�.K;mK/

will have a symmetry g as above. Hence, we assume that Sp�.K;mK/ admits an orientation-reversing
diffeomorphism g, as in the statement, and we will show that K and � have the stated properties.

For our proof, it is somewhat easier write the gluing map in terms of a different basis. Note that if .�; �/
is our oriented basis for @Y n�.K/, then � is written in terms of the basis .�;��/ for �Y n�.K/. For our
purposes, it is more helpful to write � in terms of the basis .�; �/ for both Y n�.K/ and �Y n�.K/, using
the same longitude and meridian for both. Let us write  for the map � in this basis. Note that det. /D 1.
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Additionally, to simplify the notation, we will view Sp�.K;mK/ as the union of two copies of Y n�.K/,
which we denote by X0 and X1. We write

Sp�.K;mK/D
X0 tX1

�
;

where x 2 @X0 is identified with  .x/ 2 @X1. By assumption g is induced by some diffeomorphisms
g10 WX0!X1 and g01 WX1!X0 as

X0 X1:

g10

g01

The diffeomorphism g10 tg01 descends to the quotient if and only if

(2-1) g10.x/D . ıg01 ı /.x/

for all x 2 @X0.
We now claim that

(2-2) g01j@X1
;g10j@X0

2 fid;�idg:

To see this, note that both must map � to ˙�, because they must preserve the kernel of the map
H1.@Xi/! H1.Xi/. Less obviously, they must also send � to ˙�. Homology considerations imply
that g01 and g10 map � to ˙�C j� for some j 2 Z. This would imply that, up to composition with
the elliptic involution, g01j@X0

is an j -fold composition of a Dehn twist parallel to the Seifert longitude,
and similarly for g10. It follows from [20, Theorem 1] that this can only happen if � bounds a disk in
Y n �.K/, i.e., K is an unknot, which we exclude by hypothesis.

Since g01j@X1
;g10j@X0

2 fid;�idg, these maps are central in GL2.Z/, and hence (2-1) implies that
 2 D˙ id.

We now consider the map  in more detail. The Mayer–Vietoris exact sequence reads

H1.T
2/!H1.Y n �.K//˚H1.Y n �.K//!H1.Z/! 0:

In particular, we see that for Y to be a homology sphere, we need  .�/D˙�C n�, for some n 2 Z.
That is, we can write  as a matrix as

 D

�
n1 ˙1

� n2

�
:

The condition that det D 1 imposes the restriction that

(2-3)  D

�
n1 ˙1

�.1�n1n2/ n2

�
:

It is straightforward to see that there are no such matrices of the above form which square to the identity
matrix. On the other hand, the matrix in (2-3) squares to �id if and only if n1 D�n2. Setting nD n1

and then changing to the basis gives the expression for � in the statement.
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Next, we observe that (2-1) now implies that g10j@X0
D�g01j@X1

. Therefore one map is the identity,
while the other is the elliptic involution. Therefore Y n �.K/ admits an orientation-preserving diffeo-
morphism which restricts to the elliptic involution on the boundary. Equivalently, there is a diffeomorphism
of pairs .Y;K/Š .Y;�K/.

Lemma 2.3 Suppose that .Y;K/ is reversible. Then Sp
�
C
n
.K;mK/Š Sp���n

.K;mK/.

Proof Since K is reversible, the elliptic involution of the boundary extends to an orientation-preserving
diffeomorphism of Y n �.K/. Therefore

Sp
�
C
n
.K;mK/Š Sp

��
C
n
.K;mK/D Sp���n

.K;mK/:

2.2 Type-2 symmetric splices

We now consider Type-2 splices. We say that a pair .Y;K/ is negative amphichiral if .�Y;�K/Š .Y;K/,
and we say that .Y;K/ is positive amphichiral if .�Y;K/Š .Y;K/.

Proposition 2.4 Let .Y0;K0/ and .Y1;K1/ be knots and � 2 GL�2 .Z/, and furthermore suppose that
Sp�.K0;K1/ is an integer homology 3-sphere. Then Sp�.K0;K1/ admits an orientation-reversing
diffeomorphism g which preserves the subspaces Yi n �.Ki/ setwise if and only if the following hold :

(1) One of .Y0;K0/, .Y1;K1/ is negative amphichiral and the other is positive amphichiral.

(2) � D˙
�

0
1

1
0

�
.

Proof We write

X0 D Y0 n �.K0/ and X1 D Y1 n �.K1/:

It will follow from the course of our proof that if � and .Yi ;Ki/ are as in the statement, then there is an
orientation-reversing diffeomorphism g as in the statement. Hence we will assume that such a g exists,
and prove that it has the stated form.

We assume that g is induced by a pair of maps, g0 and g1, as

X0;g0 X1 g1:

The maps g0 and g1 induce a map on the quotient space if and only if

(2-4) � ıg0 D g1 ı�:

The proof of (2-2) shows that for i D 0; 1, we have gi j@Xi
2 fe;�eg where

e D

�
1 0

0 �1

�
:

Equation (2-4) implies that

� ı e D˙e ı�:
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It is easy to see that this restricts � to be one of four matrices

� D˙e and � D˙

�
0 1

1 0

�
:

Note that if � D˙e, then the splice Sp�.K0;K1/ has b1 D 1, so we exclude this case and restrict to the
second case. We observe that in the latter case, we have

� ı e D�e ı�:

In particular, we conclude from (2-4) that g0 D�g1. Note that this corresponds exactly to one of K0

and K1 being negative amphichiral, and the other being positive amphichiral.

2.3 Factorizations in SL2.Z/

In this section, we describe some straightforward algebra which will be used in the subsequent section on
Kirby calculus.

We consider the elements  Cn 2 SL2.Z/, given by

 Cn D

�
n 1

�.1Cn2/ �n

�
:

We define the following elements of SL2.Z/:

Tn WD

�
1 n

0 1

�
and H WD

�
0 1

�1 0

�
:

Lemma 2.5 The map  Cn may be written as

 Cn DHT�nHTnH:

The proof is a straightforward computation, which we leave to the reader.

2.4 Kirby calculus

We can now translate Lemma 2.5 into Kirby calculus. Our main result is the following:

Proposition 2.6 Let K � Y be a knot. The manifold Sp
�
C
n
.K;mK/ has a Kirby diagram as shown in

Figure 1.

We begin with the following elementary topological lemma.

Lemma 2.7 Let .Y0;K0/ and .Y1;K1/ be knots with Morse framings �0 and �1, respectively. Let � be
the gluing map which identifies the meridian �0 with �1, and which maps �0 to ��1. (Here , ��2 denotes
the Morse framing �2 with the parametrization reversed ). Then

.Y0 n �.K0//[� .Y1 n �.K1//

is equal to .Y0 # Y1/�0C�1
.K0 # K1/.
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0 0

n �n

K mK

Figure 1: The manifold Sp
�
C
n
.K;mK/. We view the box labeled by K as being inside Y .

See [6, Lemma 6.1; 8, Lemma 7.1] for a proof. See also [26, Section 1.1.7].
The above lemma extends in a straightforward manner to link complements when we take the connected

sum along a single component. We note that the Hopf link has complement T2 � Œ0; 1�. The meridian of
the first component of the Hopf link is equal to the longitude of the second up to sign, and vice versa.
Therefore from a factorization of the gluing diffeomorphism  Cn , as in Lemma 2.5, we may read off
a Kirby calculus description of Sp

�
C
n
.K;mK/. Namely, we start with K, which we give framing 0.

Reading the factorization
 Cn DHT�nHTnH

from right to left we form a Kirby calculus presentation inductively as follows:

(1) Start with K, given framing 0.

(2) For each H , we take the connected sum with a .0; 0/-framed Hopf link.

(3) For each Tn, we add n to the framing of the most-recently added component in this process.

(4) We finish by taking the connected sum of the final unknot, which has framing 0, with mK.

Note that since we are assuming that K is reversible, we do not need to worry about the sign of the
clasps that we add when taking the connected sum with Hopf links.

We now describe some Kirby calculus moves in our description of Sp
�
C
n
.K;mK/ which will be helpful

later on.

Lemma 2.8 Let K be a reversible knot in an integer homology sphere Y , and n 2 Z. Then there are
reversible knots K0 � Y 0 and K00 � Y 00, where Y 0 and Y 00 are also integer homology 3-spheres , so that

Sp
�
C
n
.K;mK/D Sp

�
C

nC1

.K0;mK0/D Sp
�
C

n�1

.K00;mK00/:

Proof The proof is to take the Kirby calculus description in Figure 1, and blow up the clasps between K

and the unknotted component clasped with it and between mK and the unknotted component clasped
with it. In this manner, n can be increased or decreased. Then Y 0 D YC1.K/ and K0 is the dual knot
of K. We give K0 blackboard framing 1 in Figure 2, but note that this corresponds to the Seifert framing
for K0 if we view it as living in YC1.K/. Hence, we obtain a description of the same form as Figure 1,
except with n replaced by nC 1.
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1 �1

nC1

�n�1

K

1

KmK

1

�1
K0

Figure 2: Left: an alternate surgery description of Sp�Cn .K;mK/, obtained by blowing up two
clasps in Figure 1. This identifies Sp�Cn .K;mK/ with Sp�C

nC1
.K0;mK0/ where K0�Y 0DYC1.K/

is the dual knot of K. Right: the knot K0 � YC1.K/.

3 Heegaard Floer invariants of concordance and homology cobordism

In this section, we review some background on Heegaard Floer invariants of homology cobordism and knot
concordance. We focus on Hendricks and Manolescu’s involutive Heegaard Floer homology [12], which
we review in Section 3.1, as well as the notion of a knot-like complex, which we review in Section 3.2.
We presume the reader is familiar with ordinary Heegaard Floer homology for three-manifolds [23; 24]
and knots [22; 25].

3.1 Iota-complexes and involutive Heegaard Floer homology

In this section we briefly introduce the structure of the involutive Heegaard Floer invariants, with a focus
on the properties of local equivalence.

We begin with certain algebraic definitions. Throughout, F denotes the field with two elements, U is a
variable of degree �2, and F ŒU �d is the graded module such that gr.1/D d .

Definition 3.1 An iota-complex (or �-complex) .C; �/ is a chain complex C , which is free and finitely
generated over F ŒU �, equipped with an endomorphism �. Here F is the field of 2 elements, and U is a
formal variable with grading �2. Furthermore, the following hold:

(1) C is equipped with a Z-grading, compatible with the action of U . We call this grading the Maslov
or homological grading.

(2) There is a grading-preserving isomorphism U�1H�.C /Š F ŒU;U�1�.

(3) � is a grading-preserving chain map and �2 ' id.

Given two iota-complexes .C1; �1/ and .C2; �2/, a homogeneously graded F ŒU �-chain map f WC1!C2

is said to be an �-homomorphism if �2 ı f C f ı �1 ' 0. Two iota-complexes .C1; �1/ and .C2; �2/ are
called �-equivalent if there is a homotopy equivalence ˆ W C1! C2 which is an �-homomorphism.

Heegaard Floer homology associates to any closed oriented 3-manifold Y equipped with a Spinc

structure s an F ŒU �-chain complex CF�.Y; s/, well defined up to homotopy equivalence. If s is self-
conjugate, involutive Heegaard Floer homology considers the additional data of a homotopy involution �
on CF�.Y; s/. In the case that Y is a rational homology 3-sphere, .CF�.Y; s/; �/ is an iota-complex.
Hendricks and Manolescu [12] prove that pair .CF�.Y; s/; �/ is well defined up to the notion of iota-
equivalence described above.
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Continuing with algebra, the tensor product of iota-complexes .C1; �1/ and .C2; �2/ is given by

(3-1) .C1; �1/˝ .C2; �2/ WD .C1˝F ŒU � C2; �1˝ �2/:

Moreover, Hendricks, Manolescu, and Zemke [13] establish that

.CF�.Y1 # Y2; s1 # s2/; �/' .CF�.Y1; s1/; �1/˝ .CF�.Y2; s2/; �2/;

where ' denotes homotopy-equivalence of iota-complexes.

Definition 3.2 Suppose .C; �/ and .C 0; �0/ are two iota-complexes.

(1) A local map from .C; �/ to .C 0; �0/ is a grading-preserving �-homomorphism F W C ! C 0, which
induces an isomorphism from U�1H�.C / to U�1H�.C

0/.

(2) We say that .C; �/ are .C 0; �0/ are locally equivalent if there is a local map from .C; �/ to .C 0; �0/, as
well as a local map from .C 0; �0/ to .C; �/. We say that .C; �/ is locally trivial if it is locally equivalent
to .F ŒU �0; Id/.

The set of local equivalence classes forms an abelian group, denoted by I, with product given by the
operation ˝ in (3-1) [13, Section 8]. Inverses are given by dualizing both the chain complex C and the
map � with respect to F ŒU �. The map

Y 7! Œ.CF�.Y /; �/�

determines a homomorphism from ‚3
Z to I [13, Theorem 1.8].

The local equivalence classes of nonzero integer surgeries on knots are computed in [11, Theorem 1.6(2)].
For our purposes, the important case is the following.

Lemma 3.3 [11, Theorem 1.6(2)] For n> 0, the local equivalence class of .CF�.S3
2n
.K/; Œn�/; �/ has the

form
A�n .K/ A�n .K/

B�n .K/

v v

where A�n .K/ and B�n .K/ are subcomplexes of the knot Floer complex of K, v is a particular map
between them , and the involution swaps the two copies of A�n .K/, and fixes B�n .K/. The gradings on the
above are induced by the Maslov grading on the knot Floer complex, shifted up by the Heegaard Floer
correction term d.L.2n; 1/; Œn�/ of the lens space L.2n; 1/ in the corresponding Spinc structure.

One straightforward corollary is the following:

Corollary 3.4 For n > 0, if K � S3 is a knot such that d.A�n .K// D 0, then
�
CF�.S3

2n
.K/; Œn�/; �

�
is

locally equivalent to .F ŒU �d ; id/, where d D d.L.2n; 1/; Œn�/.

Proof We note that B�n .K/' F ŒU �, so using the same logic as in the proof of [11, Proposition 3.24], we
may replace it with a copy of F ŒU �. By the classification theorem for finitely generated chain complexes
over F ŒU �, we can write A�n .K/ as a sum of one tower F ŒU �, as well as some number of 2-step complexes
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of the form F ŒU � U i

��! F ŒU �. Write xl and xr for tower generators of the two copies of A�n .K/, which
is to say, generators for the copy of F ŒU � in the basis chosen. The map v sends xl and xr to a nonzero
element of the tower F ŒU �. Since d.A�n .K//D 0, we conclude that v.xl/D v.xr /D 1. On a two step
subcomplex of the left copy of A�n .K/, say with generators a and b such that @.a/ D U ib, we must
have v.b/D 0 because v is a chain map. If v.a/ is nonzero, then perform a change of basis, adding a
multiple of xl to a. After this change of basis, v.a/D 0. We do the same change of basis to the right
copy of A�n .K/. After this change of basis, it becomes apparent that the complex in the statement of
Lemma 3.3 is locally equivalent to

F ŒU �d F ŒU �d

F ŒU �d

1 1

where the involution is reflection, and d denotes d.L.2n; 1/; Œn�/. The above is homotopy equivalent
to .F ŒU �d ; id/.

3.2 Knot-like complexes

We now recall the standard notion of knot-like complexes in Heegaard Floer theory. There are many
different variations on the definition in the literature due to many different authors. The earliest version is
Hom’s notion of "-equivalence [14]. See also [3; 5; 28] for other variations.

Definition 3.5 A knot-like complex C is a finitely generated, free chain complex over a 2-variable
polynomial ring F ŒU;V � satisfying the following:

(1) C is equipped with a Z�Z-valued bigrading, denoted by .grw; grz/, which has the property that
.grw � grz/=2 is integrally valued. The variable U has bigrading .�2; 0/ and the variable V has
bigrading .0;�2/.

(2) There is a grading-preserving isomorphism .U;V /�1H�.C /Š F ŒU;V;U�1;V �1�.

(3) @ has bigrading .�1;�1/.

A local map from C0 to C1 (where Ci are knot-like complexes) consists of a grading-preserving
F ŒU;V � linear chain map F W C0! C1 such that F induces an isomorphism from .U;V /�1H�.C0/ to
.U;V /�1H�.C1/. We say that C0 and C1 are locally equivalent if there exist local maps from C0 to C1

and from C1 to C0. A knot-like complex C is locally trivial if it is locally equivalent to a rank-one
complex F ŒU;V � wherein 1 2 F ŒU;V � is concentrated in grading .0; 0/. Note that C is locally trivial if
and only if there is an isomorphism

C Š F ŒU;V �˚A;

where A is a summand of C such that .U;V /�1H�.A/Š 0.
If K � S3, the full version of the knot Floer complex CFK�.K/ is a knot-like complex. If K is a slice

knot, then CFK�.K/ is locally trivial.
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4 Proofs of the main results

We first observe that if Z is a symmetric splice, since Z has order at most two in ‚3
Z, we must have

d.Z/D 0 since d is a homomorphism.

Lemma 4.1 Suppose that Z is the homology sphere obtained by splicing .Y;K/ and .�Y;�K/ using the
gluing map �C

0
from Proposition 2.2, where Y is a homology 3-sphere. Then there is a negative definite

Spin cobordism W from Z to RP3. The 4-manifold W has a unique self-conjugate Spinc structure s.
Further , letting d.W; s/ denote the grading shift of the map associated to the cobordism .W; s/, we have

d.W; s/D d.RP3; sjRP3/� d.Z/:

Proof We begin with the Kirby calculus presentation from Figure 1. We can blow-down one of the
unknots to obtain a Kirby calculus description of Z as Dehn surgery on a knot K # H #�K � Y #�Y ,
where H denotes a Hopf link. That is, we add a clasp between K and �K. (Note that the sign of the
clasp is not important since .Y;K/ is reversible). The two components are given framing 0. We now
blow up the clasp to obtain the 3-component link K [U [mK with clasps between the components.
Each component is given framing �1. There is a cobordism X from Z to a manifold Z0 by performing
�1 surgery on a meridian of the unknot U , where this knot is given Seifert framing �2 inside of Z.
The result is �2 surgery on K #�K � Y #�Y . The pair .Y #�Y ;K #�K/ is homology concordant
to .S3;U /. Therefore Z0 admits a homology cobordism to RP3, viewed as �2 surgery on the unknot.
Let W denote the composition of these two cobordisms. The cobordism W is shown in Figure 3.

We observe that d.Z/D 0 since Z Š�Z. On the other hand, we compute that the shift in grading for
the Spin structure on W is

1
4
.�2�.W /� 3�.W //D 1

4
:

We note that the d -invariants of the two Spinc structures (D Spin structures) on RP3 are 1
4

and �1
4

. Since
the Maslov grading takes values in a single coset of Q=Z in each Spinc structure, it follows that the Spin
structure on W restricts to the Spinc structure on RP3 which has d -invariant 1

4
.

Using Lemma 4.1, we now prove Theorem 1.1(1), which concerns symmetric splices of Type-1:

Proof of Theorem 1.1(1) Let Z be a symmetric splice of Type-1. By Proposition 2.2, Z can be written as
a splice Sp

�˙n
.K;mK/ for some pair .Y;K/, where Y is a homology sphere and .Y;K/ is reversible. By

Lemmas 2.3 and 2.8, we may assume that nD 0 by changing .Y;K/ appropriately. Applying Lemma 4.1
gives a local map from .CF�.Z/; �/ to .CF�.RP3; s/; �/ for the Spin structure s with d.RP3; s/ D 1

4
.

Since the grading shift of the cobordism map is also 1
4

, and .CF�.RP3; s/; �/ Š .F ŒU �1=4; id/, we
conclude that there is a local map from .CF�.Z/; �/ to the trivial complex. Dualizing and using the fact
that Z Š�Z gives a local map in the opposite direction.

Proof of Theorem 1.1(2) The proof is similar to the proof of Theorem 1.1(1). By Proposition 2.4, the
3-manifold Z can be written as Sp

�
C

0

.K0;K1/ where K0;K1�S3 are positive and negative amphichiral
knots, respectively. By adapting the argument from Theorem 1.1(1), we obtain a negative definite Spin
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K mK

K mK

0 0

�1 �1

�1

D

K mK

�1 �1

0

K mK

�2

X

D

D
‚3

Z

�2

Figure 3: The cobordism W from Z to RP 3.

cobordism from Z to S3
�2
.K0 # K1/ which shifts the Maslov grading by 1

4
. Assuming (up to relabeling)

that K0 is positive amphichiral and K1 is negative amphichiral, we observe that

S3
�2.K0 # K1/Š�S3

C2.K0 #�K1/;

where �K1 denotes K1 with its string orientation reversed. Therefore, Corollary 3.4 implies that�
CF�.S3

C2.K0 #�K1/; Œ1�/; �
�
�loc .F ŒU ��1=4; id/:

Dualizing, we obtain that �
CF�.S3

�2.K0 # K1/; Œ1�/; �
�
�loc .F ŒU �1=4; id/:

It follows that there is a local map from .CF�.Z/; �/ to .F ŒU �; id/. Since Z Š �Z, we conclude that
.CF�.Z/; �/ is locally trivial.

We now prove Proposition 1.3, most of which we have already proven:

Proof of Proposition 1.3 Part (1) follows from Lemma 4.1, above. Part (3) is similar, and is described
in our proof of Theorem 1.1(2). Finally Part (2) is obtained by composing the cobordism from Part (1)
with the natural negative definite cobordism from RP3 to ¿, namely the disk bundle over S2 with Euler
number �2.

Proof of Proposition 1.5 The argument is essentially identical to the proof of Part (1) of Theorem 1.1, but
where the notation is adjusted to be for Seiberg–Witten Floer spectra in the setting of [18]. In particular,
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local equivalence of Pin.2/-equivariant spectra is defined just as in Definition 3.2 above, except Pin.2/-
equivariant spectra take the place of iota-complexes (see [27, Definition 2.7] and surrounding discussion).

Let Z be a symmetric splice of Type-1. Lemma 4.1 gives a local map

†
1

16
H SWF.Z/! SWF.RP3; s/;

with s as in the proof of Theorem 1.1. We refer the reader to [17] for the definition of the (formal)
fractional suspension. Meanwhile, SWF.RP3; s/D S

1
16

H, and so we have a local map SWF.Z/! S0.
Using that Z Š�Z, we have a local map SWF.�Z/! S0; furthermore, for general integer homology
spheres X , we have SWF.X / and SWF.�X / are Spanier–Whitehead dual. As a consequence, if there is
a local map SWF.�Z/! S0 then there is a local map S0! SWF.Z/. Thus S0 � SWF.Z/ � S0 in
local equivalence, and so SWF.Z/ is locally trivial as a Pin.2/-spectrum.
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