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Lagrangian metric geometry with Riemannian bounds
JEAN-PHILIPPE CHASSE

We study collections of exact Lagrangian submanifolds respecting some uniform Riemannian bounds,
which we equip with a metric naturally arising in symplectic topology (e.g., the Lagrangian Hofer metric
or the spectral metric). We exhibit many metric and symplectic properties of these spaces, such that they
have compact completions and that they contain only finitely many Hamiltonian isotopy classes. We then
use this to exclude many unusual phenomena from happening in these bounded spaces. Taking limits
in the bounds, we also conclude that there are at most countably many Hamiltonian isotopy classes of
exact Lagrangian submanifolds in a Liouville manifold. Under some mild topological assumptions, we
get analogous results for monotone Lagrangian submanifolds with a fixed monotonicity constant. Finally,
in the process of showing these results, we get new results on the Riemannian geometry of cotangent
bundles and surfaces which might be of independent interest.

1 Introduction and main results

In [11; 12], the author showed that all the familiar metrics d between Lagrangian submanifolds in
symplectic topology (e.g., the Lagrangian Hofer metric or the spectral metric) behave like the classical
Hausdorff metric when restricted to the space .Z of A-exact Lagrangian submanifolds of a Liouville
manifold (M, w = dA) which are “geometrically bounded by k. Broadly speaking, being geometrically
bounded by k ensures that all Lagrangian submanifolds considered are contained in the same compact
and have curvature and volume uniformly bounded — we give the precise definition in Section 2.1. In this
paper, we continue the study of the metric spaces (Zf, d). Most notably, we will be concerned with
issues of compacity and local connectedness.

Furthermore, we extend our results to the analogous space ,,Sf,:" ®) of p-monotone Lagrangian sub-
manifolds which “bound enough disks” — the ambient symplectic manifold M is either closed or convex
at infinity in that case. We will give the precise definition of what we mean here by “bounding enough
disks” below —see Section 2.1 — but we note right away that this condition is automatically satisfied if
either the Lagrangian submanifolds or the symplectic manifold we consider are simply connected.

In what follows, 2" will denote either the spaces .Z; or .,2”,;" ) We will also denote by 2% the space
of all Lagrangian submanifolds respecting x. Moreover, the metric d that we consider will be a so-called
Chekanov-type metric [11] and be bounded from above by the Lagrangian Hofer metric. In practice, one
can think of d as one of the following metrics.

e d =dpg This is the case of the Lagrangian Hofer metric, which is due to Chekanov [14].

e d =y Thisis the case of the spectral metric, originally due to Viterbo [43] for Lagrangian submanifolds
of T* L Hamiltonian isotopic to the zero-section. The metric may be extended to all exact Lagrangian
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submanifolds of 7* L by work from Fukaya, Seidel, and Smith [18; 19], Abouzaid [2], and Kragh [30].
In general, it has also been defined for weakly exact Lagrangian submanifolds by Leclercq [31] and
monotone ones with nonvanishing quantum homology by Kislev and Shelukhin [28], following work of
Leclercq and Zapolsky [32].

e d = yext This is a variant of the usual spectral metric, as defined by Kislev and Shelukhin [28].
o d= ci‘f’j, These are the shadow metrics appearing in work of Biran, Cornea, and Shelukhin [7; 15].

e d=D77" There are possibly many other weighted fragmentation pseudometrics — as defined by
Biran, Cornea, and Zhang [8] — that belong to this class.

If d = y and * = m(p), we make a slight abuse of notation and still denote by .Z,;" ©) the space of all
p-monotone k-geometrically bounded Lagrangian submanifolds which both bound enough disks and
have nonvanishing quantum homology. Otherwise, we also take the convention that if d is not properly
defined between L and L', then d(L, L") = +oc.

With this notation settled down, we enunciate the main principles that summarise our results.

(1) The space (%", d) has nice metric properties, which highly restricts the symplectic phenomena
which can happen within that space.

(2) Metric properties of (£, d) induce topological properties on the limit space (£, d).

We now explain our main results and how their corollaries showcase the two general principles above. Note
that some of these corollaries are not as direct as others; we will properly prove all of them later in the paper.

Theorem A On .}, all possible choices of d in the above list induce the same topology and have
homeomorphic completions .3”,: Moreover, that completion :?,: is compact.

In term of the first principle, we get the following two corollaries.

Corollary The subspaces .i”kL O:= (Ham(M) - Lo) N &, where Lo € £, have finite diameter in d .
If M =T*L andd = y, then the same holds on .Z;{.

Note that there are many cases where it is known that Ham(M)- Lo = .,2”0%0 has infinite diameter in d,
e.g., .Zo‘%l (T*S') = 22 (T*S?!) has infinite Hofer diameter [27]. On the other hand, it is conjectured —
and has been proven in a many cases [23; 38; 39; 44] —that .Z2< (T * Q) has finite diameter in the spectral
metric. Therefore, without any Riemannian bound, the finiteness is highly dependent on L¢, M, and d.
Note that we previously proved such a boundedness result [12] on a neighbourhood of some L in .
The improvement here is thus in going from a neighbourhood to the whole space.

As we shall see below, we also manage to extend our study to spaces of graphs of Hamiltonian
diffeomorphisms of closed monotone manifolds, whether these graphs bound enough disks or not. Through
this, we can rule out something like Ostrover’s example [35] from happening in the corresponding %
spaces.

Corollary Suppose that M is closed and monotone. On the subspace of Hamiltonian diffeomorphisms
@ € Ham(M) whose graph has geometry bounded by k in M x M, the Hofer norm || - || g is bounded.
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Moreover, the Hofer norm on diffeomorphisms and the Lagrangian Hofer distance between their graphs
induce the same topology on that space.

In term of the second principle, we get the following result from Theorem A.
Corollary The limit space (£}, d) is separable, i.e., it admits a countable dense subset.

Following separate discussions with Humiliere and with Shelukhin, it seems that this result was
well-accepted folklore on ,,2”0150 = Ham(M) - L¢. Therefore, the innovation of the above corollary seems
to be on the number of Hamiltonian isotopy classes of £ ; this is precisely what we explore below
through our second theorem.

Theorem B The space £ contains only finitely many Hamiltonian isotopy classes. Furthermore, there
isan A = A(k) > 0 such that
d(L,L") > A,

whenever L, L' C £ are not Hamiltonian isotopic.

Obviously, the A-bound is trivial when d = dg — and potentially when d = y — as we have taken
the convention that dgy (L, L) = oo whenever L and L’ are not Hamiltonian isotopic. However, there
are examples of Lagrangian submanifolds which are not Hamiltonian isotopic but are a finite distance
apart in a shadow metric [7].

We note that Theorem B already fits within the motif of the first principle. However, we can go even
further in this direction, as the corollaries below show.

First, we get a result on the vanishing of entropy of symplectomorphisms preserving .,%k* in some form.
We refer the reader to Section 4.4 and the references therein for the definition of barcode and categorical
entropy.

Corollary Let y be a symplectomorphism of M such that  (£})) = £%,. If L is such that the sequence
{YV (L)} is fully contained in some £, then there is some N such that " (L) is Hamiltonian isotopic
to L. Furthermore, for such ¥ and L, the barcode entropy h(; L, L") vanishes for any L' € ..

More generally, if the Lagrangian submanifolds L1, ..., Ly split-generate the derived Fukaya category
DFuk* (M) of M and each sequence {y*(L;)} is contained in a single .¢;*, then the categorical entropy
heat (W) of Y vanishes.

The latter part on categorical entropy makes maybe more sense when formulated as its contraposition:
if heat (W) > 0, for any set of Lagrangian submanifolds {L1, ..., Lg} split-generating the derived Fukaya
category, there is some i such that the sequence {1/¥(L;)} is not contained in any .#}*. Note that we may
suppose that such a Lagrangian submanifold L; induces a nontrivial object in DFuk™* (M ). Therefore, this
means that symplectomorphisms with positive categorical entropy must greatly deform some Lagrangian
submanifold that is important in the Fukaya category, e.g., the norm of the second fundamental form or
the volume of that Lagrangian must explode under iterations by such a symplectomorphism.

Secondly, we get a statement that relates the path-connected component of the completions .:5?,: to the
Hamiltonian isotopy classes of £ .
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t3(L)

Figure 1: The circle L (thin, purple) and its image under two Dehn twists (thick, blue) along L’
(thin, pink) inside some Liouville subdomain of T*S! #T*S!.

Corollary Let L, L’ € £%. Suppose that there exists a d -continuous path t — L; from L to L' in
some .:2\”]: Then, L is Hamiltonian isotopic to L'.

We contrast this with a recent result from Arnaud, Humiliére, and Viterbo [4], which shows that such a
path always exists in the completion of 2% (T*N) if d = y. Therefore, our result can be seen as very
slightly reducing the gap between that result and the nearby Lagrangian conjecture.

In terms of the second principle, we get the following new result.

Corollary There are at most countably many Hamiltonian isotopy classes in £%,.

Note that a Liouville manifold can have infinitely many Hamiltonian isotopy classes of exact Lagrangian
submanifolds. For example, if M is the plumbing T*S! # T*S! of two copies of T*S!, L is the zero-
section in the first copy of 7*S!, and r : M — M is the Dehn twist along the second copy L’, then
V(L) is clearly in a different Hamiltonian isotopy class for each v > 0. See Figure 1 for an illustration.

Likewise, given p > 0, there are infinitely many Hamiltonian isotopy classes of p-monotone tori
in C3 [5]. These automatically bound enough disks since 71 (C3) = 0. Therefore, as our approach does
not perceive the topology of M, we cannot expect a better bound.

Remark 1.1 The construction by Ganatra, Pardon, and Shende of the wrapped Fukaya category [20]
involves a choice of a countable set of exact isotopy classes of Lagrangian submanifolds which are
cylindrical at infinity. While it is assumed in the paper that one can pick all exact isotopy classes by such
a set, it is never proved. The above corollary shows that we can always make sure that this set contains
every exact isotopy class of closed Lagrangian submanifolds, so that the wrapped Fukaya category always
contains the full compact Fukaya category.
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Moreover, we expect the techniques presented here to adapt to the cylindrical setting by working in a
fixed sector, with exact Lagrangian submanifolds which extend to cylindrical ones in the completion, and
with Riemannian metrics which have some standard form near the boundary. This would ensure that the
wrapped Fukaya category of a Liouville sector can always be constructed in such a manner as to include
all exact isotopy classes.

We also get a result on the local structure of the .Z}* spaces in some cases.

Theorem C Given an exact or monotone Lagrangian submanifold L of M, there is a Riemannian
metric g on M making L totally geodesic and such that, for every k > 0, it admits a system of contractible
neighbourhoods in Z. If dim M = 2, the latter part holds for every metric and every k > 0 such
that L € £

Though this result does not yield as many direct symplectic applications as the ones before, we can
still use it to estimate the Hofer and spectral distances in some cases. More precisely, it is known [33]
that, for graphs of exact 1-forms in 7* L, the Hofer and spectral distances agree and are given by

dp (graph df, graph dg) = y(graph df, graph dg) = max| f — g| —min| f — g|.

In particular, for every f € C°°(L), t — graph(¢df’) is a minimal geodesic in these metrics. However,
when one embeds a neighbourhood of L in T*L in M via a Weinstein neighbourhood, there could be
a shorter path going through M. Nonetheless, through Theorem C and some estimates on Hausdorft-
geodesics, we get the following estimate on how far from a minimal geodesic ¢ — graph(¢df’) can be.

Corollary Let W : D)L — M be a Weinstein neighbourhood of some L € £} (M ). Suppose either that
the Riemannian metric g on M is as in Theorem C or that dim M = 2. For every k > 1, there are constants
C >0 andr’ € (0, r] with the following property. Whenever f : L — R is such that ¥(graph df) € £}
and |df | <r’, we have that

d(W(r graph df), W(s graph df)) > C(t — 5)? max|df|?
foreveryt,s € [0, 1].

Organisation of the paper The rest of the paper is divided into four main parts and an appendix.

In Section 2, we first define the objects that we will be working with in the paper and set down some
notation. More precisely, we define what is meant by “geometrically bounded by k£, “bounding enough
disks”, and “being of Chekanov type”. We then move on to recall some prior results of the author which
are central in proving the main results. Finally, we explain how these results cover the case of monotone
Lagrangian submanifolds bounding enough disks and of monotone graphs, as these cases were not directly
covered in the prior papers.

In Section 3, we move to prove (pre)compactness and local contractibility of the .Z}* spaces, that is,
Theorems A and C. These correspond, respectively, to Sections 3.1 and 3.2. We end this part with
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Section 3.3, which aims to understand local Hausdorff-geodesics in .#}* — this will be an essential step
in proving our local Hofer/spectral estimate above. This also allows us to consider some variations of the
Hausdorff metric on .,ka* and to conclude that they also induce the same topology on these spaces.

In Section 4, we finally prove symplectic properties of the .Z)* spaces. More precisely, we prove
Theorem B and all corollaries following the first principle appearing in the introduction.

In Section 5, we study the limit space £, and prove the corollaries following the second principle
in the introduction. We conclude that section with an analysis of an alternate limit space: lim £, the
inductive limit of the .. This highlights the shortcomings of trying to study .Z%; through the .2} spaces.

Finally, we conclude the paper with an appendix which includes all the results in Riemannian geometry
that we will need throughout the paper. As these results do not seem to have appeared in the literature
before — and Lemma A.5 even appeared as a conjecture — we believe that they could be of independent
interest. This is also why they have been compiled as an independent appendix. More precisely,
Section A.1 covers the new results on the Sasaki metric on TN, Section A.2 those on Riemann surfaces,

and Section A.3 those on comparison of Riemannian invariants of Lagrangian submanifolds.

2 Preliminaries

We now lay down the foundations upon which the rest of the paper will be built. More precisely,
in Section 2.1, we give the main definitions that will be used throughout the paper. In Section 2.2, we
enunciate previous results from the author that will be essential for the rest of the paper. We hope that this
will improve the readability of this paper, as the notation here is slightly different than in [11; 12]. We
close things with Section 2.3, where it is shown that both monotone Lagrangian submanifolds bounding
enough disks and monotone graphs fit within the formalism of the prior results.

2.1 Definitions and notation

In this paper, we will sometimes allow our manifolds to be C¥ for k < oo, have boundary, or to be
noncompact, but will always make it explicit when we do so. That is, when there are no mentions of it,
the manifolds are assumed to be C*°, connected, and closed.

Let (M, ®) be a symplectic manifold that is either closed or noncompact but convex at infinity. Let J
be an w-compatible almost complex structure. When M is noncompact, we assume that J is convex at
infinity and that the associated Riemannian metric g7 = w(-, J-) is complete. We also pick an exhaustion
by compacts W; € W, C --- of M. When M is compact, we take the convention Wy, = M for all k.

We now describe what was meant in the introduction by “geometrically bounded by k. For every
k € N, we set

% := {Lagrangians L C Int(Wy) | | BL|| <k, L is strictly (k+1)"!-tame},

where || Bz || denotes the maximum of the pointwise operator norm of the second fundamental form of L.
Strict tameness is defined as follows.
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Definition 2.1 Let (M, g) be a Riemannian manifold, and let L be a submanifold. Let ¢ € (0, 1]. We say
that L is strictly e-tame if
dm(x.y)
inf — > g,
x#y min{l, dr(x, y)}

where djy is the distance function on M induced by g, and d, is the distance function on L induced by g|r..

In general, this space is too big for our approach, and thus we will instead be studying the following
subspaces. If M is exact with w = d A, we can consider

& i={L € % | L is A-exact}
and, if M is monotone,

f:’ ®). = {L € %4 | L is p-monotone and bounds enough disks},

where p > 0. By p-monotone, we mean that w = pu on (M, L), where u is the Maslov index, and that
the minimal Maslov number of L is at least 2. Finally, we introduce the class of Lagrangian submanifolds
bounding enough disks as follows.

Definition 2.2 We say that a Lagrangian submanifold L of M bounds enough disks if the image of the
composition
w2(M, L) 2> 7y (L) 2> Hi(L; 2)

has finite cokernel. Here, / is the abelianisation homomorphism.

Remark 2.3 Using the fact that H!(L;R) = Hom(xr{ (L), R) = Hom(H,(L; Z)™, R), we see that L
bounds enough disks if and only if 9* : H!(L;R) — Hom(m2(M, L), R) is injective. In particular, this
condition is automatically satisfied if either H'(L;R) =0 or H'(M;R) = 0.

Example Every contractible loop in an oriented closed surface bounds enough disks. On the other hand,
graphs of closed 1-forms in 7* N bound enough disks if and only if H;(N;R) = 0.

Moreover, it will later be of interest to study graphs of Hamiltonian diffeomorphisms. Therefore, when
the symplectic manifold is a product (M x M, —w @ w), where (M, ) is closed and monotone, we define

,fkr ={L e H(MxM)|L =graphg, ¢ € Ham(M, w)}.

If a result is applicable to #¢, .i”,;n (o ), and .i”kr, we will say that it is true for ,,Zk* . We will denote the
space without Riemannian bounds by .25, i.e., £%, = Uy £ We will also sometimes write ;" (M)
when we want to make the ambient manifold M more apparent.

Finally, we need to give a precise definition of the family of metrics in which d is allowed to be.
Explicitly, we will ask that d be of Chekanov type and dominated by the Lagrangian Hofer metric. The
former notion was defined in [12], but we recall here the definition. We however refer to [12] for the
proof that the metrics enunciated in the introduction are indeed of Chekanov type.
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Definition 2.4 Let .7 C .#*(M). We say that a pseudometric d” on .2* (M) is of Chekanov type if
for all compatible almost complex structure J, all § > 0, and all L, L’ € #*(M), there exist a finite —
possibly empty — subset { F1, ..., Fi} € .% with the following property.

For any C°- and Hofer-small Hamiltonian perturbations L.L.F...., Fk of the Lagrangian sub-
manifolds above making them pairwise transverse, and for any x € L UL, there exists a nonconstant
J -holomorphic polygon u : S, — M that

(1) has boundary along L,L'and Fy,..., 1?;(;
(2) passes through x;
(3) respects the bound
o) <d”(L,L")+3§.

Let %/ C £* (M) be such that

<FL€J<¢ F) " (F’Lejy/ F/)

= max{d”,d”"} a Chekanov-type metric if d7 and d”  are both

4

is discrete. We will call d7+7
Chekanov-type pseudometrics.

/7

For the rest of the paper, we set d = 77 , a metric of Chekanov type associated with families (%, ")

and which is dominated by the Lagrangian Hofer metric dp, i.e., there exists C > 0 such that d < Cdp.
In particular, this latter condition ensures that C !-convergence of a sequence of Lagrangian submanifolds

implies convergence in the metric d [33].

2.2 Useful results from previous work

We now recall some results from previous work for ease of reference later on. We will not write said
results in full generality, but only in the setting which is required for this paper.
Below, we make use of the Hausdorff metric §z, defined between two compact subsets A and B of M

as
0 (A, B) :=max{s(A; B),s(B; A)},

s(A;B):=inf{e >0| A C B:(B)} = maj(dM(x, B),
xe
where Bg(A) 1=, c4 Be(x), ie., it is the e-neighbourhood of A, and djy is the distance function on M.

Theorem 2.5 [11] There exist constants C1, Ry > 0 with the following property. For all L and L' in 5
such that d(L, L") < Ry, we have that

Su(L,L") <C1v/d(L,L),

where 8 denotes the classical Hausdorff distance.
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Theorem 2.6 [12] For all k € N and all L in %, there exist constants C, Ry > 0 with the following
property. Whenever L' € %, is such that 8 (L, L") < R», there exists a C* -small closed 1-form o
of L such that L’ = graph o in a Weinstein neighbourhood of L. Furthermore, if o is exact, then

d(L,L") < Cabu (L, L).

Moreover, if a sequence {L;} C .%; has Hausdorff limit N, then N is an embedded C '-*-Lagrangian
submanifold, and there exist diffeomorphisms f; : N => L; for i large such that f; — 1 in the
C1 _topology, 0 < o’ <o < 1.

Remark 2.7 In [12], the limit N was possibly immersed, even in the exact case. However, this was
because we were working with the weaker condition of having bounded volume, instead of being e-tame.
The latter condition ensures that Hausdorff limits are indeed embedded — this is essentially because of
Shen’s compacity result [40].

More precisely, that result ensures that N is the image of an immersion f : L & M that is the
C 1% limit of {ti o @i}, where (; : L; — M is the inclusion and f; : L = L; is a diffeomorphism.
It also ensures that (i; o f;)*g converges to f*g, which is of class C 1**. Therefore, if x # y € L are
such that f(x) = f(y), then das (1 (fi (x)). i (fi(»))) tends to 0. Note that dr, (t; (fi (x)). 1 (fi (¥)))
is equal to dr (x, y) in the metric (¢; o f;)* gy, which stays bounded away from 0 since those metrics
converge to f*g . Indeed, suppose that these distances tend to 0, and let ¢; : [0, 1] — L be a minimal
(tj o fi)* g s-geodesic from x to y. Then

(Cilprg, < Mlcilosy e, =Md ™8 (x,y) < D

since (1; o f;)*gy — f*gs and dlg“of")*gj (x,y) — 0. Therefore, up to a subsequence, {c¢;} must
converge in both W11 and C°-topologies to some path ¢ from x to y. But then,

iofi)* 1 . 1 *
lil;11d£" ) gf(x,y)z/O lim|é: |0 3)es =/O (élfeg, = di & (x,y) >0

by Fatou’s lemma. Hence, there is a contradiction, and dj, (t,- (fi(x)), ;i (fi (y))) must be uniformly
bounded away from 0. But that is not possible if all the L; are strictly e-tame for some & > 0, since
dm (L,- (fi(x)),u(fi (y))) — 0. Therefore, f must be an embedding.

In the nonexact case, this is also why the additional condition that L’ and L have the same first
Betti number is no longer required here: if a sequence {L;} with Betti number b;(L;) = b were to
Hausdorff-converge to a Lagrangian submanifold L with b1 (L) < b, then the limit f above would be a
nontrivial cover onto its image — see Proposition 1 of [12] — and thus not an embedding.

2.3 Applying Theorem 2.6

To study .£}", it will be important to know that the 1-form ¢ appearing in Theorem 2.6 is exact. When L
and L’ are exact and the Weinstein neighbourhood W : D¥L — M is exact, i.e., ¥*A = Ao + dF for
some F : T*L — R, this is self-evident. We now extend this to monotone Lagrangian submanifolds
bounding enough disks.
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Lemma2.8 LetL,L € .,2”]:” @), Suppose that L" = graph o in a Weinstein neighbourhood ¥ of L. Then,
o is exact.

Proof Suppose that o is not exact. Then, there exists a loop y : S — L such that (o, y) # 0. In particular,
it must be that y represents a nonzero class in Hy(L; Z)™¢. Since L bounds enough disks, there is thus a
disk D in M whose boundary lies on L and is some iterate y"* of y.

Letu : S! x [0,1] — T*L be the cylinder given by u(t,s) = (J/(mt), sa(y(mt))). Note that u has
nonzero area,

f W = / (0 0y™) Ao = / ") o =m / Vo #0,
S1x[0,1] st st st

where we have made use of the fact that the zero-section is Ag-exact and of the tautological property of A,
i.e., 0*1o = 0. Since ¥ preserves the symplectic form, C = W(u(S! x [0, 1])) has nonzero area in M.
Then, we have that

(D) = pu(D),
but also
(D) +w(C) =w(D#C) = pu(D #C) = pu(D),
which is obviously a contradiction. Therefore, o must be exact. O

We now show that Theorem 2.6 also applies to the space of graphs . = ko (M x M), even when
that space is equipped with the metric

d}y (graph @1, graph 2) := [|o1905 | o1,

where || - ||z is the Hofer norm on M. It is not clear at all that this is the case since Theorem 2.6 requires
that d < dpy, but we have here that d = dj; > dy. However, we have that C _close graphs are also
d;-close —this is the key to applying Theorem 2.6.

Proposition 2.9 For all L in £}, there exist constants C», R > 0 with the following property. Whenever
L' e .i”kr is such that §g (L, L") < Ro, there exists a C%® -small function f of L such that L' = graph df
in a Weinstein neighbourhood of L.
Furthermore, if a sequence of graphs {L;} C ZkF Hausdorff-converges to another graph L, then L; — L
indp.
Proof Since L = (1 x ¢)(A) for some ¢ € Ham(M) and (1 x go)(.i”kr) - .Z,f, for some k', it suffices
to prove the statement for L = A and R such that Bg,(A) is contained in a small enough Weinstein
neighbourhood of A. The proof follows from the typical flux argument, but we give here the details.
Fix a Weinstein neighbourhood W : D M — M x M of the diagonal, and let { L; = graph ¢; } C .i”kr be
such that L; € W(D;: L), where {r;} C (0, R] is a decreasing sequence converging to 0. Then, L; — A in
the Hausdorff metric (see Lemma 1 of [12]), and there are 1-forms o; on M such that L; = W(graph o;)
for i large by Theorem 2.6.
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In fact, the theorem implies that {o;} must C !-converge to 0. Therefore, for i large, W(graphto;)
is a graph for all ¢ € [0, 1], and we can define {¥//};c[0,1]  Symp(M) via graph ! = W(graphto;).
A direct computation gives Flux({y/}) = [0;]. But fix a Hamiltonian isotopy {¢!} with ¢} = ¢;, then the
concatenation W; = v; #@; of {y!} with {(pil_t } is a loop in Symp(M ). Therefore,

Flux(¥;) = Flux({y; }) — Flux({¢; }) = [0i]

is in the flux group I'y, of M. By the flux conjecture (proved by Ono [34]), I, is discrete. Since o; — 0,
we must thus have that [0;] =0, i.e., 0; = df;, for i large.

To get the neighbourhood, just note that if such a neighbourhood did not exist, we could construct
a sequence {L;} converging to the diagonal, but such that every o; is nonexact, which would be a
contradiction.

The last statement follows directly from what we have already said: L; = graph¢;, — L = graph¢ in
the Hausdorff metric, then it must be that ¢; — ¢ in the C !-topology, and thus also in the Hofer norm. 0

3 Topological and metric properties of the geometrically bounded spaces

We now prove some topological and metric properties of . and their various metric completions. More
precisely, in Section 3.1, we prove Theorem A and some of its direct consequences. In Section 3.2, we
then prove Theorem C. We also use some comparison results to get a weaker version of that theorem
which holds in any Riemannian metric. We conclude in Section 3.3 with an analysis of local Hausdorff
geodesics. We also use this to conclude that many natural variations of the Hausdorff on .£}* are in fact
equivalent on those spaces.

3.1 Compactness and metric completions

We now move to prove results about the compactness of the various metric completions of .Zk* .
It follows directly from Theorems 2.5 and 2.6 that every L € .#}" has a neighbourhood where both
metrics are equivalent. We thus get directly the following result.

Corollary 3.1 The topology on .Zk* induced by 8y is equivalent to the one induced by d .
The new observation is that we can actually extend this equivalence to the completions.
Proposition 3.2 The metric completions of £} in 8y and d are homeomorphic.

Proof Recall that the metric completion .:2\”,: of .Zk* in d is defined as the space of Cauchy sequences
in .2} up to equivalence. Two Cauchy sequences {L;} and {L}} are called equivalent if for all € > 0
there exist / € N such that d(L;, L}) <eforalli, j > I. For our result, it thus suffices to show that d
and g have the same Cauchy sequences and the same notion of equivalence between them.

By Theorem 2.5, d-Cauchy sequences are also §z-Cauchy sequences. Likewise, when two d-Cauchy
sequences are d-equivalent, they are also §-equivalent.
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Suppose that {L;} is a §g-Cauchy sequence. Denote by N its Hausdorff limit, and fix ¢ > 0. By
Theorem 2.6, we know that N is actually an embedded Lagrangian C **-submanifold. Therefore, we can
take a sequence {L/} such that

(1) du(Li, L)) <&

(2) {L]} Hausdorff-converges to a smooth submanifold N';

3) du(N.N') <e.
For example, this can be done by taking a sequence of generic Hamiltonians { H; } with || H;|| < & which
is also C !-Cauchy and then taking L) = oHi(L;). If x =T, we also can suppose that N/ is a graph.

But since N’ is smooth, L’ LNy Y, implies that L’ 4, N’ by Theorem 2.6 — or by Proposition 2.9
when working with graphs and d = d},. Therefore, {L]} is also d-Cauchy, and we get that

d(Li,Lj) <dy(Li, L)) +d(Li, L) +dg (L}, Lj) <3¢

for i and j large. The sequence {L;} is thus itself d-Cauchy. The proof that both metrics have the same
notion of equivalence between Cauchy sequences is analogous. a

Noting that the space of closed subsets of the compact W}, is compact in the Hausdorff metric (see, for
example, [24]) and that the completion of .Zk* in the Hausdorff metric can be identified with its closure in
this space, we get directly the following corollary.

Corollary 3.3 The metric completion .:5?,; of £ ind is compact.

This thus completes the proof of Theorem A. Note that the compactness result also implies that the
uncompleted space -} is precompact in 2%, so that we get from the generalised Heine—Borel theorem
the following.

Corollary 3.4 The space ;" is totally bounded in d, i.e., for every & > 0, every cover of £} by d-balls
of radius ¢ admits a finite subcover.

As we shall see below, this is the statement that will be useful for the corollaries appearing in the
introduction.

3.2 Local contractibility

We finally show some local path-connectedness properties for £, and :?]: with some additional hypotheses
on M. In fact, in each case, we end up proving something stronger: the spaces are locally contractible.

Note that this subsection makes heavy use of Riemannian-geometric results, which we have decided to
keep for a dedicated appendix at the end of this paper. This thus makes this part much more readable if
one is willing to accept those technical results.

The Sasaki metric case We first show that given L, the metric may be chosen so that we have a system
of contractible neighbourhoods, i.e., we prove the part of Theorem C that is not specific to dimension 2.
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Proposition 3.5 Suppose that g = gy is such that, in a Weinstein neighbourhood of L € ", it corresponds
to the Sasaki metric of g|r.. Then, L possesses a system of contractible neighbourhoods in £} .

Proof Given Theorem 2.6, we can identify a sufficiently small neighbourhood of L to a set of C Lo/ _small
exact forms. Furthermore, as the neighbourhood gets smaller, the C L’ _norm of the forms tends to 0 —
this is a consequence of the second part of Theorem 2.6.

Therefore, it suffices to prove that such a set of forms must be star-shaped about the origin. The result
thus follows from Lemmata A.1, A.3, and A.7. For convenience of computation, these lemmata are stated
for vector fields on L instead of forms, but this is equivalent given the musical isomorphisms of g|z. O

Note that Proposition 3.5 extends to the metric completion of .Z.

Corollary 3.6 Let L and g be as in Proposition 3.5. The Lagrangian L also possesses a system of
contractible neighbourhoods in the metric completion :?]: ind.

Proof By the proof of Proposition 3.5, we know that if L’ = graph d H is smooth and in a small enough
neighbourhood, then 71" = graphtd H stays in that neighbourhood for all 7 € [0, 1].

Suppose now that L’ € :?]: is not smooth but in the (completion of the) same neighbourhood. By
definition, there is thus a sequence {L;} C £ in that neighbourhood such that L; — L in the Hausdorff
metric. But then, 7L; stays in it for all ¢ € [0, 1]. By continuity of multiplication by a scalar, we have that
tL; — tL’ in the Hausdorff metric. Therefore, tL’ stays in the same neighbourhood as L', which gives
the result. O

The two-dimensional case Even though we expect any L in .#}' to have a system of contractible
neighbourhoods for any metric g, the computations involved quickly become too complex to handle. An
exception to this is when dim M = 2. Namely, we can prove the following, which corresponds to the
second part of Theorem C.

Proposition 3.7 Letdim M =2 and k € N. Every Lagrangian L € £ admits a system of contractible
neighbourhoods.

To do so, we employ a similar approach to the Sasaki case. We can do this because, in dimension 2,
a tubular neighbourhood of L admits some fairly nice coordinates given by

:(0,0) x (=r,r) > M, (s,1) = exp, )Ty (s)),
where y : [0, £) — L is a parametrisation such that |y| = 1. Note that
9 g = |Wds® +dr?,

0 d
*J = |W|—Z®ds———s®dt,

t
*w =|W|ds ndt = d((— |W|dr)ds),
0
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where W (s, t) is the value at time ¢ of the unique Jacobi field along the geodesic ¢ — ¢(s, ) such that
W(s,0) = y(s) and W (s,0) = —k(s)y(s). Here, « is the (signed) geodesic curvature of L, which is
defined via the relation y := V;y =«Jy.

In these coordinates, a graph L' = {(s, £(s)) | s € [0, £)} =: graph & is in the same Hamiltonian isotopy
class in S! x (=r,r) as L = graph 0 if and only if s — foS ®) |W|dt admits a primitive, which in turn is
equivalent to

£ r&(s)
(1) / / [W\dtds=0.
0o Jo

In particular, even if graph £ is exact, one should not expect graph a£ to be for o € (0, 1). We can however
circumvent this problem by slightly adjusting our approach.

Lemma 3.8 Suppose that |£| := max|§| < 5. Then, for any o € [0, 1], there exists a unique real

number c(«) in (—% %) such that &y := o + c(«) defines an exact graph. Furthermore, ¢ depends

continuously on « and |c(«)| < «||&||. In particular, the path o — graph &y is Hausdorff-continuous and
stays in the image of ¢.

Moreover, if ||§]| < %, then

le(@) —c(@)] < 1]l | —'].

Proof Fix « € [0, 1]. For each s € [0, £), the map 7 > f(;xg(s)+r|W| dt is increasing on (—%, ). Indeed,

|W|> 0 forall (s, 1) € [0,£) x (=r,r) since ¢ is a chart, and |a&(s) + | < ||§]| + 5 < r. Furthermore,
the map is positive if 7 > «||€]|| and negative if T < —«||&]| for the same reason. Therefore, the same holds

for the function t foz (;x ()t |W|dt ds. In particular, there is a unique solution t = c (&) in (—% %)
to (1), that is such that
L pat(s)+c(a)
/ / [W|dtds =0.
o Jo
S . L rak(s)+t .
The continuity of ¢ follows directly from the fact that [ [, |W|dt ds depends continuously

on «. The estimate on the value of ¢ follows from the fact that this integral is positive if > «||&|| and
negative if T < —«||€].
The final estimate follows from applying the same logic as above to the function

L pla—a)E(s)+T—c(2))
T &—>/ / |W|dt
0 JO

and noting that t = ¢(«) must be its unique zero in (—g %) |
Therefore, we are precisely in the setting of Section A.2, and Proposition 3.7 follows directly from

applying Lemmata A.9 and A.11 to the path o > &,.

The general case We now partially extend the local path-connectedness result to other metrics than the
Sasaki ones. The results are of course weaker in this context, but they still point in the same direction as
the locally Sasaki case. More precisely, we get the following.
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Proposition 3.9 Forevery k > 0 and L € ¢}, there are a > 1 and b > 0 with the following property.
The Lagrangian submanifold L possesses a system of neighbourhoods U in £} such that the inclusion
U < £} ., is nullhomotopic.

This follows directly from combining the Sasaki case (Proposition 3.5) with the comparison results
Lemmata A.12 and A.13 below.

3.3 Local geodesics

We now turn our attention to the geodesics in the Hausdorff metric in a neighbourhood of a Lagrangian
submanifold L € Z}*.
We first recall the definition of a geodesic in a general metric space.

Definition 3.10 Let (X, d) be a metric space. The length of curve ¢ : [a,b] — X is given by

14
te):== sup Y d(c(ti-1).c(1)) €[0.00].
a=to<-<tg=b;_1
We say that ¢ has constant speed if there exist A > 0 such that £(c|[; 1) = A|t —s| foralla <t <s <D.
In that case, we call A its speed.
A geodesic is a curve ¢ : [a, b] = X which has constant speed and is locally minimising in d, i.e., for
every tg € [a, b], there is some & > 0 such that if t < s € [a,b] N (tg — &, to + €), then

£(clie,s)) = d(c(1), c(s)).
If the above equality holds for all ¢, s € [a, b], then we call ¢ a minimising geodesic.

We begin by describing certain geodesics in the Hausdorff distance in a small enough neighbourhood
of any submanifold.

Proposition 3.11 Let N be a submanifold of a complete Riemannian manifold M with tubular neigh-
bourhood U, i.e., there is a neighbourhood V of the zero-section of TN~ such that the exponential gives
a diffeomorphism V' =~ U. Suppose that V = B.(N) for some ¢ > 0, that is, V is the e-neighbourhood
of the zero-section in TNL. If N’ C U is a submanifold such that N' = exp o (N) for some section o
of TN, then

Sg(tN',sN') = |t —s| max|o]|

forallt,s € [0, 1], where tN' := expto(N).
We get directly from this a characterisation of the radial Hausdorff-geodesics.

Corollary 3.12 If N and N’ are as above, the path defined by ¢(t) = t N’ is a minimal geodesic in the
space of submanifolds of M equipped with the Hausdorff metric. In particular, if the Riemannian metric
corresponds to the Sasaki metric on a Weinstein neighbourhood of L € £, then L possesses a system of
geodesically star-shaped neighbourhoods in (£, §p).
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Proof Take 0 <a < b < 1. Then, the length of c|[, ] is given by

L
Uelap) = sup Y Sulcti-n),ct))

a=to<--<t¢=b i=1

l
= sup Z(ti —ti—1) max|o]|

a=ty<--<tg=b i=1
= (b —a) max|o]|
= 8n (c(a).c(D)).
which proves the first part of the result.

The statement on geodesically star-shaped then follows directly, knowing that ¢L’ stays in £ by
Proposition 3.5. |

Proof of Proposition 3.11 We first note that, for every ¢, s € [0, 1],
() s(tN';sN') =ma]3]<dM(expt0(x),sN/)
xXe

=max inf dy(expto(x),
max inf, Mm(expto(x),y)

< ma&( dys(expto(x),expso(x)) = |t —s| max|o]|,
xe

since the exponential on V is a radial isometry. By exchanging the role of s and ¢ above, we get that
Sg(N',sN') =max{s(tN';sN'),s(sN’;tN’)} < |t —s| max|o|.

Suppose that s < ¢, and let xo € N be such that |0 (xo)| = max|o|. Suppose that there exists y € N
such that dps (expto(xg),expsa(y)) < dar(expto(xg),expsa(xg)) = (t —s)|o(xo)|. Then,

tlo(xo)| = (t = s)|o(x0)| + 5[0 (x0)]
> dp (expto(xo), expso(xo)) + s|o(y)]
> dp(expto(xo).expso(y)) + du(y.expso(y))

> dy (expto(xo), y).
This means that

dyr(expta(xg), N) <dp(expto(xop),y) <tlo(xo)|.

Let y : [0, 1] = M be a minimal geodesic from N to exp o (xg). Since N is closed, y’(0) € TN L, so that
y(t) = exp(ty’(0)). But then, |y’ (0)| = dps(expto(xg), N) <t|o(xg)| < &. Therefore, y’'(0) and 20 (x¢)
are two vectors in V' whose image under the exponential map is expto (xg), which is a contradiction
with the hypothesis that exp |y be a diffeomorphism onto its image. The inequality (2) is thus in fact an
equality, which proves the lemma. O

In the two-dimensional case, things are not as straightforward. Indeed, it is easy to see that the above
proof gives that

Su (graph &y, graph £4/) = max|&y — £u/|,
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which means that we should not expect « — £, to be a Hausdorft-geodesic in general. However, the above
equality together with the estimate on the Lipschitz constant of ¢(«) in Lemma 3.8 gives the following.

Lemma 3.13 Suppose that dim M = 2. Every L € £} has a neighbourhood U in %} such that
8p (graph &y, graph £qr) < 2| —o'| max|§| = 2]a — /|8 (L, graph £).
whenever graph & € U.

Variations on the Hausdorff metric Following a result of Sosov [42], the Hausdorff metric between L
and L' is given by the infimum over all g -continuous paths of closed subsets from L to L’. In fact, this
infimum is even realised by a geodesic. This is because we have chosen the Riemannian metric on M so that
(M, dyr) is a complete, geodesic metric space. Therefore, his definition of a geodesic corresponds to ours.

In this context, it is thus natural to consider what happens when we take the infimum over paths in a
smaller set. More precisely, we are interested in the two following variants of the usual Hausdorff metric
on £

§Ma (Lo, L1) :=inf{€(c) | ¢(i) = L;, c(t) is an n-dimensional manifold V¢ € [0, 1]},
59 (Lo, Ly) :=inf{l(c) | c(i) = Ly, c(t) € ZF Vi € [0, 1]}.

Here, all ¢’s are § g -continuous, and all manifolds are smooth, closed, and connected. Note that
S < SMm < 500,
The first part of this subsection shows that, at least locally, these inequalities are equalities in good cases.

Proposition 3.14 Every L € )" has a neighbourhood U in 7} such that for all L' € U, the following
holds.

(i) $¥*™(L, L") =8g (L. L.

(i1) If the Riemannian metric of M corresponds to the Sasaki metric on a Weinstein neighbourhood of L,
then 8" (L, L'y = 8u (L, L).

(iii) If dim M =2, then 8% (L, L') < 285 (L, L").

Proof We take U to be a tubular neighbourhood of L. By making U smaller if necessary, we may
suppose that all L” € £ such that L' C U are graphs by Theorem 2.6. Therefore, (i) and (ii) follow
directly from Corollary 3.12. Likewise, (iii) follows from Lemma 3.13. O

In particular, we get the following characterisation of the topologies induced by the variations of the
Hausdorff metric.

Corollary 3.15 The metrics 5%““ and 8y induce the same topology on ;. If dim M = 2, then the same
(*.k)
holds for 5™ and 8.
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4 Symplectic properties of the geometrically bounded spaces

We now show some symplectic properties of the Lagrangian submanifolds in .Z* which derive from the
topological and metric properties proved above. More precisely, we first prove Theorem B in Section 4.1.
The rest of the subsections are then dedicated to proving the many corollaries following the first principle
appearing in the introduction.

4.1 Hamiltonian isotopy classes

We explain how the connected components of .#}* are related to the isotopy classes of the Lagrangian
submanifolds they contain.

Proposition 4.1 For each k > 0, there exists A > 0 with the following property. If L, L' € &} are not
Hamiltonian isotopic, then
d(L,L") > A.

Proof Let{L;}and {L;} besequencesin ;" suchthatd(L;, L}) tends to zero, that is, they are equivalent
in d. By Proposition 3.2, they must then be also equivalent in dg7. In particular, d(L;, L}) is finite for i
large, which implies that they are Hamiltonian isotopic for i large. Thus, such an 4 > 0 must exist. 0O

Finally, we can similarly get a fairly powerful result on the possible Hamiltonian isotopy classes in .Z}*.
Proposition 4.2 There are finitely many Hamiltonian isotopy classes in £} .

Proof Suppose the contrary. Then, there exists a sequence {L;} € . with L; not Hamiltonian isotopic
to L; if i # j. By Corollary 3.3, we may pass to a converging subsequence. But by Proposition 4.1
above, we will eventually get d(L;, L;) < A, so that L; must be Hamiltonian isotopic to L; for i and j
large, and we have a contradiction. a

We close this section with a simple, but important observation: it is necessary to fix a Liouville form A
when * = e or a monotonicity constant p for x = m(p). Likewise, we truly need the “bounding enough
disks” condition for our results to hold. Indeed, in each case when one of these conditions is broken, we
get a counterexample to Proposition 4.2.

e On the flat cylinder T*S!, each parallel is a totally geodesic 1-tame Lagrangian submanifold which
is exact for some primitive of the usual symplectic form. However, that primitive is different for each
parallel, i.e., only one of them can belong to .2¢(T*S1).

¢ These parallels can also be seen as monotone Lagrangian submanifold for any p > 0. However, they
bound no disk at all, and thus do not respect the condition of bounding enough disks, i.e., they never
belong to ™) (T*S1).

o In R? with its usual structure, the Hamiltonian isotopy class of a circle is determined by the area it
encloses. Clearly, for any k > 0, there is a continuum of possible areas enclosed by a circle in % (R?).
Furthermore, each of these circles are monotone. However, they are all so for different monotonicity
constants, i.e., only one class can belong to any M) (R2).
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Remark 4.3 In dimension 2, Proposition 4.2 follows directly from Proposition 4.1 and Corollary 3.3,
since we then know that .:2\”]: is locally path connected by Proposition 3.7. Indeed, this ensures that the
connected components of .:S?,: are open, and they are thus in finite number, by compactness of the space.
But by Proposition 4.1, each connected component is contained in a unique Hamiltonian class, so that the
latter must also be in finite number.

4.2 Boundedness of d

We now prove the corollary on the boundedness of d when it is restricted to one Hamiltonian orbit.

Corollary 4.4 Forevery k > 1, there is some B > 0 with the following property. Let L, L’ € <} . Suppose
that either L and L are Hamiltonian isotopic or that M = T*N, x = e, and d = y. Then,

d(L,L) < B.

Proof If L,L' € .ZkL © for some Lg € £, then dy (L, L") < oo by definition. Since d is dominated
by dg, we thus also have that d(L, L") < oco. Therefore, total boundedness of .ZkL 9 (as proved in
Corollary 3.4) implies boundedness.

When M = T*N, x = e, and d = y, the same argument works because we then have d(L, L") < oo
forallL,L’e.Zk*. m]

Remark 4.5 The improvement here, compared to the version of the Viterbo conjecture appearing in [12],
is that the bound on y (L) stands for all exact Lagrangian submanifolds in the unit codisk bundle, not
just in a codisk bundle of small enough radius. However, the constant A now explicitly depends on k.
We have however not simply rescaled the previous estimate: the present bound applies to Lagrangian
submanifolds which are not graphs, which was not the case previously.

4.3 Graphs and Ostrover’s example

In [35], Ostrover constructs, for every closed symplectic manifold M such that 7> (M) = 0 and any ¢ > 0
small enough, a sequence of Hamiltonian diffeomorphisms {¢f} € Ham(M) such that

(D) o€l —> oo;

(2) du (A, graphgf) = c,

where A € M x M is the diagonal and dg is the Lagrangian Hofer metric of M x M. In particular, if we

set ¢; 1= <pl.1/i

but whose graphs Lagrangian—Hofer-converges to the diagonal. In this subsection, we want to show that

, we get a sequence of Hamiltonian diffeomorphisms which Hofer-converges to infinity,

such a phenomenon is impossible in the world of geometrically bounded Lagrangian graphs. That is, we
show the second corollary in the introduction.

Note that contrary to all other subsections of this paper, we do not require that our monotone Lagrangian
submanifolds bound enough disks. We recall that

ko ={Le 4 (MxM)| L =graphg, ¢ € Ham(M)},

where M is equipped with some Riemannian metric, and M x M, with the resulting product metric.
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From Proposition 2.9, Theorem 2.6 applies to .i”kr equipped with the metric dy, induced by the Hofer
norm, i.e., defined by

d}y (graph @1, graph 2) := @195 | mr,

where | - ||z is the Hofer norm of M. Since dy; > dp, Theorem 2.5 also trivially applies. In particular,
we can make use of Corollary 3.4. We thus get the following, since .,?kr contains a unique Hamiltonian
isotopy class.

Corollary 4.6 On %}, dy and d  induce the same topology, Furthermore, dy; is bounded. In particular,
an example a la Ostrover does not exist in .Zkr.

Note that we have a defined notion of C !-distance between graphs and of C !-bounds on them through
the diffeomorphisms that define them. We suspect that the spaces resulting from these bounds also obey a
result analogous to Corollary 4.6 above.

However, working with curvature bounds of the graphs allows the limit in the completion to be
represented by Lagrangian submanifolds of M x M which are not graphs. In particular, we get the
following.

Corollary 4.7 There are elements in the metric completion of (Ham(M), || - || g) which can uniquely be
represented by nongraphical (C %) Lagrangian submanifolds of M x M .

It would be quite interesting to be able to detect which elements of the completion have this property.

Remark 4.8 One could ask the same question as above but with the Hofer norm replaced by the spectral
one. However, this is a trivial question: it is known [32] that in the monotone setting, the spectral norm of a
Hamiltonian diffeomorphism in M is equal to the spectral distance of its graph to the diagonal in M x M.

4.4 Order of a symplectomorphism and categorical entropy

We now move on to the first corollary of Theorem B. That result (or more precisely, Proposition 4.2)
directly implies the following.

Corollary 4.9 Let L € £, and let ¥ be a symplectomorphism of M. If there exist k > 1 such that
VY (L) € £ forallv > 1, then there exist N such that ¥ (L) is Hamiltonian isotopic to L.

In fact, we can make the above statement somewhat quantitative through the various notions of entropy.
First of all, we note that we have a criterion for the vanishing of barcode entropy — we refer the reader
to [10; 16] for the definitions.

Corollary 4.10 Let L and ¥ be as in Corollary 4.9. If  is Hamiltonian and L' is another exact or
monotone Lagrangian submanifold, then the relative barcode entropy h(vy; L, L") vanishes. If L, L',
and  are all exact, then the same holds for the slow relative barcode entropy h*'(yr; L, L").

Proof By Proposition 4 of [12], V(L) € £} for all v implies a universal bound on the volume of
the ¥V (L). The result on the usual barcode entropy then follows directly from the proof of Theorem 2.4
of [10]. The result on slow barcode entropy follows instead from the proof of Theorem A of [16]. O
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Perhaps more interestingly however, we gather from Corollary 4.9 a geometrical criterion for the
vanishing of the so-called categorical entropy of a symplectomorphism, which we define below. We make
use of the definition using multiple generators of [6], instead of the original definition using a single split
generator [17], but it is shown in the former paper that these are equivalent. The reason for this is that we
want to work with actual Lagrangian submanifolds, not abstract twisted complexes or modules over the
Fukaya category.

We first introduce the following notation. Let € be a (nongraded) triangulated category. For a morphism
f A — B in %, we denote by Cone(f) its cone, i.e.,the unique-up-to-isomorphism object turning
A — B — Cone(f) — A into a distinguished triangle of ¥. More generally, we define by induction
Cone( f1, - .., fm) to be the cone of the map f;, : Ay — Cone( f1,..., fm—1)-

Definition 4.11 Let ¢ be a nongraded triangulated category, and let A, G1, ..., G, be objects of ¢. The
complexity of A with respectto Gy, ... Gy is given by

8(G1,...,Gyg; A):=inf{im | A® A" = Cone(f1,..., fm), A’ € Ob(¥), dom f; € {G1,...,Gy}}.

Furthermore, if Gy, ... Gy split-generate ¥ and ® is an endofunctor of ¥, we define its categorical
entropy to be

8(G1,...,Gp; PV (G1 D --- D Gy)) c

hea(®) := lim [0, +o0].
V—>00 Vv
In other words, complexity measures how many iterated cones are needed to get A from Gy, ..., Gy

up to some splitting, whilst categorical entropy measures how much ® “complexifies” the generators
of €. As the notation suggests, the definition of categorical entropy is independent of the choice of
split-generators.

Remark 4.12 In the definition of complexity above, we could replace the A ® A’ = Cone( f1, ..., fm)
condition by simply A = Cone( f1, ..., fm) and then work with generators to define categorical entropy.
This is perfectly valid but leads to a number which is—in general — larger than what we have defined
here. Since we are interested in a criterion for the vanishing of entropy, it is a more general approach to
work with split-generation.

In the symplectic context, we take €’ to be the derived Fukaya category DFuk* (M) generated by £} —
this is well defined in both the exact [37] and monotone [41] settings. Then, any symplectomorphism
preserving £ will induce an endofunctor of DFuk* (M) — we will call the categorical entropy of that
functor the categorical entropy of . The following result follows directly from Corollary 4.9 since
Hamiltonian isotopic Lagrangian submanifolds induce isomorphic objects in the derived Fukaya category.

Corollary 4.13 Suppose that  is a symplectomorphism of M preserving £} such that, for a set of
generator L1, ... Ly of DFuk*(M), vY(L;) € £ for some k, for every v and every i. Then, hea(¥) = 0.

In other words, if /g () > 0, then there is some Lagrangian submanifold L which is a factor of
a split-generator G of DFuk™ (M) such that the sequence {y/”(L)} is not contained in any .Z;*. Note
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that we may suppose that such a Lagrangian submanifold L induces a nontrivial object in DFuk* (M).
Thus, ¢ must then deform some Floer-theoretically essential Lagrangian submanifold.

Remark 4.14 There is currently work in progress from Ambrosioni, Biran, and Cornea which defines
weighted versions of categorical entropy coming from the triangulated persistence structure of the derived
Fukaya category [8], which associates to cones an associated weight. Because our spaces are all totally
bounded, we expect that their notion of entropy is also well behaved in our setting, so that we can expect
similar results as above.

Remark 4.15 Lemmata A.12 and A.13 below imply that, for any symplectomorphism v preserving £
and any L € .Z%, the quantity

log™ (k(y" (L))
Vv

n(y; L) := lim sup € [0, +o0],

V—=>00

where k(L) :=inf{k | L € £} and log™ (x) := max{0, log(x)}, is independent on the Riemannian
metric g on M or on the choice of compacts Wy. However, the geometric meaning of this quantity is still
unclear to us.
For example, it is well known that the quantity
log™ (Vol(y” (L
I'(y; L) :=limsup g ( S )))
v

V—>00

€ [0, +o0]

is a lower bound to topological entropy [45] and an upper bound to barcode entropy with any L’ € £ [10].
Furthermore, we have shown (Proposition 4 of [12]) that being in ¢}, implies respecting a volume bound.
However, that volume bound is generally not polynomial in k, so that there is no obvious link between 7
and I' — and thus between 7 and entropy.

Even in the case when n = 1, in which case the volume bound reduces to

3) Vol(B 4 1)-1 (Wg)) > 2| Diam(L) ] min{Diam(L), (k + 1)~'},

with Vol(L) = 2 Diam(L), this only implies that

@ 2 L) = T L) —lim sup 200w @)

00 V

But the right-hand side vanishes. Indeed, we have the freedom to choose in (3) any Wj containing ¥ (L).
In particular, let W, be the “smallest” possible choice: the tubular neighbourhood of ¥ (L) of radius r
for r small. Then, Vol(W},) behaves like Vol(¥¥ (L))r — see, for example, Theorem 9.23 of [21] —and
the superior limit is simply I'(y; L).

4.5 Connected components of 3”,’:

We now move to the second corollary of Theorem B. In fact, we prove the following slightly stronger
statement.

Algebraic € Geometric Topology, Volume 26 (2026)



Lagrangian metric geometry with Riemannian bounds 1945

Corollary 4.16 If L and L’ are smooth Lagrangian submanifolds belonging to the same connected
component of %} or of .:5?,:, then they are Hamiltonian isotopic.
In particular, L and L’ are Hamiltonian isotopic if there is a d -continuous path in .3”]: from L to L.

Proof Note that the set ka 9 = (Ham(M) - Lg) -.£ must be a clopen of .Z}. Indeed, the fact that
d(L,L")> A >0 whenever L' € 7 is not Hamiltonian isotopic to L implies that .,%kLO contains all of
its limit points in %", i.e., ka 9 is closed. But that fact also implies that ka 9 is equal to the union of
the metric balls of radius % centred at points on #L 50 that it must also be open. The conclusion then
follows from the fact that a clopen always fully contains the connected components of its points.

For the last statement, simply note that the path-connected component of a point is always contained

in its connected component. a

Remark 4.17 Every exact Lagrangian isotopy {L;};¢[0,1] respects the hypotheses of Corollary 4.16.
However, these hypotheses are strictly more general. For example, it is proven in [26] that if H1(N;R) =0,
then the Floer barcode is C°-continuous. That is, if 7 > ¢; is a C°-continuous path in the C °-completion
of the group of symplectomorphisms of 7*N and L,L’ € T*N are exact, then the Floer barcode
B(g: (L), L") depends continuously of 7 in the bottleneck distance. In particular, this means that such
a CY-continuous path ¢ — ¢, (L) through Lagrangian submanifolds of £y respects the hypotheses of
Corollary 4.16.

4.6 Hofer geodesics

We now finally move on to the corollary of Theorem C in the introduction.
We recall that it has been proven by Milinkovié [33] that the Hofer and spectral distances between two
graphs in T* L are both given by

5) dp (graph df, graphdg) = y(graph df, graph dg) = max| f — g| —min| f — g|.

In particular, if L’ is a graph, then the path ¢ > 7L’ is a minimising geodesic from L to L’ in the Hofer
metric of T*L.

However, when T*L is embedded in a symplectic manifold M via a Weinstein neighbourhood ¥ of
some Lagrangian submanifold L, (5) is reduced to a simple bound in the Hofer metric of M. In particular,
we are no longer guaranteed that ¢ > W(¢L’) is minimising when L’ C T*L is a graph. Note that
it is, however, still a geodesic by Theorem 2 of [25]. Indeed, if L’ = graphdf, then ¢t — W(¢tL’) is
generated by some extension of Wy (7™ f), whose extrema along W(¢L’) are attained at fixed points in
(N, Y(L") = W(Crit(f')). Therefore, the isotopy is always locally minimising.

In the case when L is either exact or monotone, we can use the results of Sections 3.2 and 3.3 to give
a lower estimate on how far the path  — W(7L’) is from being minimising. More precisely, we prove the
following.

Corollary 4.18 Let L be a Lagrangian submanifold of M that is either exact or monotone, and let g be a
metric on M which corresponds to the Sasaki metric of L on a Weinstein neighbourhood ¥ : DXL — M.
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For every k > 1, there are constants C >0 and r’ € (0, r] with the following property. Whenever f : L — R
is such that W(graphdf) € % and |df| < r’, we have that

dp (W(t graph df), (s graph df)) > C(t — 5)* max|df|?
forevery t,s € [0, 1], where dg is the Hofer distance in M .

Proof Note that W(z graph df) € % for all t € [0, 1] by Proposition 3.5. Therefore, the bound follows
directly from Theorem 2.5 by using Proposition 3.11 to compute 6z (W(z graph df'), V(s graph df)). O

Remark 4.19 In [12], the precise C is computed in terms of k and the sectional curvature and injectivity
radius of M. In fact, by choosing r’ small enough, C can be made to only depend on the values of these
invariants on W(D L). However, those values still depend on more than just k —except when L is flat.
For example, the sectional curvature and the injectivity radius in the Sasaki metric are not uniformly
bounded in 7* L when L is not flat (see [29]), so that C must depend heavily on r. On the other hand,
we can replace the dependency of C on k for one depending on ||d¢||, where ¢ is the Hamiltonian
diffeomorphism generated by —z* f and 7 : T*L — L is the natural projection (see [13]).

5 Properties in the limit

There is a natural question of whether the properties of the .Z*’s survive in .Z%,. This is however not a
simple matter to see which properties can be transported to the limit: the sequence {L;} € .22 (T*S?!)
in Figure 2 exemplifies how the relation between §g and d is not as clear in .Z . Indeed, one can easily
convince oneself that such a sequence Hofer-converges but does not Hausdorff-converge to Lg (see [11]
for a more detailed analysis of this example).

This sequence suggests that .£* is a fairly pathological subspace of .#%,, since it indicates that every
open subset of £ intersect all . with large k. In particular, {-Z]* }x> is far from being an exhaustion
of £ by compact sets, which complicates things.

Lo Lo

Lo = {p =cos(10q)}
Figure 2: The sequence {L;} and its Hofer limit L.
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Nonetheless, we make here an attempt to extract properties. More precisely, Sections 5.1 and 5.2 are
dedicated to proving the two corollaries in the introduction which follow the second principle. That is, in
Section 5.1, we show that £ is separable and, in Section 5.2, that it contains at most countably many
Hamiltonian isotopy classes. We end this part with Section 5.3, which is a study of another possible limit
space of the .Z/’s. Even though that space is better suited to the £ spaces, we show that it basically
has the C2-topology, and thus captures mostly metric phenomena rather than symplectic ones.

5.1 Topological and metric properties

We investigate the implications of Section 3 to the space £ of all Lagrangian submanifolds in M
respecting * when that space is equipped with the metric d. This corresponds to the second corollary of
Theorem A in the introduction.

Proposition 5.1 The metric space (£}, d) — and thus its completion — is separable.

Proof We first note that every totally bounded metric space X is separable. Indeed, for every m > 1, we
can cover X by a finite number of balls of radius n% Let x1,...,xy,, be the centres of these balls. By
construction,

o0
B:= U {x1,....xN,,}
m=1

is then a countable dense subset of X.
In particular, 2} admits a countable dense subset By for all k > 1 by Corollary 3.4. Therefore, Uk Bx
is the required countable dense subset of £}, = | J; £} O

Owing to the equivalence of many topological properties on metric spaces, we directly get the following.

Corollary 5.2 The metric space (£}, d) and its completion are second countable, paracompact, and
hereditarily Lindeldf, i.e., for every subspace A, an open cover of A admits a countable subcover.

Remark 5.3 It was pointed out to us by Vincent Humiliere and Egor Shelukhin that the Hamiltonian orbit
of any Lagrangian L is always separable in the Lagrangian Hofer metric dg . This follows from the fact that
C2°([0, 1] x M) is separable in the C '-norm and that dg (¢}, (L), o5 (L)) < |H#G|g <C|H -G ||c1.
Therefore, Proposition 5.1 is more of a statement on the behaviour of the Hamiltonian isotopy classes
of Z%. We will explore them more in depth below.

5.2 Symplectic properties

We now explore the possible Hamiltonian isotopy classes of .£%,. This corresponds to the third corollary
of Theorem B in the introduction.

Proposition 5.4 There are at most countably many Hamiltonian isotopy classes in £} .

Proof We construct a sequence which enumerates all Hamiltonian isotopy classes as follows. For k =1,
let {L1,...,Ly,} be a collection of Lagrangian submanifolds such that L; and L; are not Hamiltonian
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isotopic if i # j and such that any L € ¢}" is Hamiltonian isotopic to one of the L;. By Proposition 4.2,
such a Nj < oo exists. Then, {Lq,..., LNk+1} is built from {L1, ..., Ly, } by adding representatives
of the Hamiltonian isotopy classes of .} e 7 is a similar fashion. Since every L € £, must be
contained in .Z;* for some k, it is clear that {L1, L2, ...} is in bijection with the Hamiltonian isotopy
classes in .Z%,. O

Since every Hamiltonian isotopy class is contained in a single path-connected component of 2%,
we also get the following.

Corollary 5.5 The space (£, d) has at most countably many path-connected components.

5.3 Another limit space

As noted above, we sadly lose many properties of the .2 spaces when we go to the limit space .£5,.
This is ultimately because the £} spaces are quite pathological in Z;. There is however another natural
topology on the set |, % which circumvents this issue: the limit h_I)n.f,: of the inductive system
L C &y C---. Inother words, lim £ = |, 7 as a set, and a subset U C | J; £ is open if and only
it U N2 is open in £ for all k. In particular, this means that lim £ = £ as sets, but the topology
on the metric spaces (£}, d) and (£, 8g) is coarser than that of lim 7. Note that by Lemmata A.12
and A.13 below, the topology on h_r)n.,i”k* is independent of the choice of Riemannian metric.

To exemplify how this topology is better behaved in some regards, we show that its connected
components are much simpler than those of .Z%.

Proposition 5.6 The connected components and path-connected components of h_n)l.,"f,: agree, and they
are precisely the Hamiltonian isotopy classes.

Proof First note that a given Hamiltonian isotopy class is always contained in a single path-connected
component of h_r)n.,i”k* . To see this, suppose that L, L’ € h_n)l.,%k* are Hamiltonian isotopic, and take a
Hamiltonian isotopy {¢;} such that ¢1 (L) = L’. By smoothness of the isotopy, the path ¢ (1) = ¢;(L)
is fully contained in £ for some k and is Hausdorff-continuous. Therefore, L and L’ are in the same
path-connected component of .#}*, and thus of h_r)nfl: .

On the other hand, given L € h_)m Ly, its connected component in h_r)n L, must contain the Hamiltonian
isotopy class 3015 of L. Indeed, in Corollary 4.16, we have shown that % = 5015 N.Z} is clopen in ;’fk*
for all k, so that fo% must also be clopen in lim L. But a clopen must contain the connected component
of its elements, which proves the inclusion.

Since each path-connected component is contained in a single connected component, this proves the
result. d

We now compare the limit topology with other ones to better understand it. The following example
shows that these topologies are strictly coarser than the limit topology. The example is for M = T*S!,
but it can easily be generalised to any symplectic manifold by using a Darboux chart adapted to a given
Lagrangian submanifold.
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Figure 3: The behaviour of {L} as s tends to 0.

Example On M = T*S!, consider the 1-parameter family of Hamiltonian { H*};-¢ defined via
H'(q, p) = 5*/B(q)sin L,
s

where we have identified S! with R/Z and B : [0, 1] — [0, 1] iis zero near {0, 1} and takes value 1 on [, 3].
Set LY ={p=0}and L® = golHS (L®) = graph(—d H*). See Figure 3 for a visualisation.

On the one hand, it is easy to see that s — L5, s € [0, 1], defines a path which is continuous with
respect to both §g and dy (and thus also d). In particular, the set {L*}¢[9,1] € -Z%, is compact in all
these metrics. On the other hand, it is not contained in any .7, since

HS n
lim || Brs || = lim max ()@ 377 = lim s73/2 = o0,
. OaEST (L4 ((H)"(9))2)"" >0

where we have used that the second fundamental form By s takes on a particularly simple form for graphs
in the flat cylinder. Therefore, it cannot be compact in the limit topology (see Lemma 5.7 below).

Lemma 5.7 Let {X; C X} be an increasing sequence of compact subspaces of a Hausdorff space X .
The space lim Xy is Hausdorff. Moreover, a subset A of lim X is compact if and only if it is closed and
A C Xy, for some k.

Proof We first prove the Hausdorffness. If x # y € lim Xj = Uk Xk, then there are open subsets U
and V of X suchthat x e U and y € V, but U NV = &. But then, the restrictions U N X and V N X
are open for each k, so that they are also open in lim Xj. Thus, x and y are also separated in lim X, and
lim Xy is indeed Hausdorff.

We now prove the equivalence. One direction is obvious. Let thus A be compact in lim Xy. Since the
limit space is Hausdorff, A must be closed. Suppose however that A is not contained in any Xj. Then,
for every k, there is some x; € A — Xi. In particular, the set S = {x;} C A is such that S N X} is finite
for all k. Therefore, that intersection is closed, since X is Hausdorff. By definition of the limit topology,
this thus means that § itself is closed. In fact, this logic shows that every subset of S is closed, i.e., S is a
closed infinite discrete subset of A. But this is impossible if A is compact, hence the contradiction. O
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The above lemma allows us to completely characterise the limit topology.

Proposition 5.8 A sequence {L;} C lim .} converges to some L € lim £ if and only if there exists
some k € N such that {L;} € ¢ and L; — L in the Hausdorff topology — or in any of the many
equivalent topology on £} .

Indeed, the result is a direct consequence of Lemma 5.7 just above and of the following simple fact
from point-set topology.

Lemma 5.9 Let {x;};cN be a sequence in a Hausdortf space X such that none of its elements is a limit
point. The sequence converges to some x € X if and only if the subspace S = {x;};en U {x} is compact.

Proof Suppose that x; — x, and let {U, }4c 4 be an open cover of S. Then, there is some ag € A such
that x € U,,. But by convergence, there is some N € N such that x; € Uy, for all i > N. It then suffices
to pick a; such that x; € Uy, for each i < N to get a finite subcover {U,; }lN= 0

Suppose now that S is compact, and let Uy be an open neighbourhood of x. Note that for each x;, there
is some open U; such that U; N S is finite. Indeed, otherwise, x; would be a limit point of the sequence,
which would be a contradiction with the hypothesis on {x;}. Since X is Hausdorff, we may suppose that
U; NS = {x;}. Therefore, there must be only a finite number of i such that x; ¢ Uy, otherwise Ui,
would be an open cover of S with no finite subcover. |

Given Proposition 5.8, we can see where the limit topology sits with regard to the various C*-topologies.

Corollary 5.10 The limit topology is (strictly) finer than the C '**-topology, for any 0 < o < 1, but
coarser than the C?-topology.

Proof By Theorem 2.6, the C **-topology is equivalent to the Hausdorff topology on &z for any
0 < a < 1. Therefore, every convergent sequence in the limit topology is also convergent (with the same
limit) in the C *-topology. To see that the inclusion of topology is strict, just use the example above, but
replace s3/2 by 5212 in the definition of H.

The C2-topology is coarser because every C2-converging sequence has uniformly bounded second
fundamental form (direct computation), is uniformly e-tame (this is the idea of Lemma A.11), and
obviously also converges in the Hausdorff topology to the same limit. a

Appendix Some results in Riemannian geometry

This appendix compiles all the results in Riemannian geometry which were required throughout the paper,
but that the author could not find in the literature. We suspect that many of these results are known to
experts, but this is not the case for all of them: at least Lemma A.5 has appeared as a conjecture in a
paper of Albuquerque [3].

Below, Section A.1 compiles the results on the Sasaki metric, Section A.2 on Riemannian surfaces,
and Section A.3 on comparison results between Riemannian invariants of Lagrangian submanifolds.
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A.1 Results on the Sasaki metric

Behaviour along graphs We begin by proving some useful results on the behaviour of some Riemannian
invariants of graphs in 7'L of vector fields under the transformation (x, v) — (x, tv). More precisely, we
show that the norm of the second fundamental form and the tameness constant must the nondecreasing
in ¢ if the vector field is (locally) a gradient of a C?-small function.

We begin by studying the norm of the curvature. The proof is elementary but still subtle.

Lemma A.1 Equip L with a Riemannian metric g = (-,-) and T L with its associated Sasaki metric. Let
§ =grad H € X(L). If |£| and |V§| are sufficiently small, then the function t > || B¢ | is nondecreasing
fort €0, 1].

Proof For X € Ty L, we denote by X" and X7 its horizontal and vertical lifts in T(x,y)TL, respectively.
Then, we have that

(©6) Ten§(L) = {X = X" + (Vx§)" | X € TxL}.
(M Tio§(L) ={Z = 2"~ (V§)*2)" | Z € Ty L},

where ((VE)*Z,Y) = (Z,Vyé&) forall Y € Ty L (see, for example, [1]). Denoting by V the Levi-Civita
connection on 7L, by V the Levi-Civita connection on L, and by R the Riemann curvature tensor on L,

we get that
Vn Y = (Vx V)" — L(R(X, V)§),

VinYV = (Vx Y)Y + L(RE V)X,
VY =2(RE XY,
VYV =0
for all X,Y € X(L). Therefore, the expression for the second fundamental form of &(L) is
a B
Be(X.X.Z) = (V& — Vvyx§. Z) — (Ve vy x§ Z)
forall X € Tg(y)€(L) and all Z € TieoE(L).

From (6) and the definition of the Sasaki metric, we have that |X|2 = |X|? + |Vx&|?. Likewise,
from (7), we have that |fZJ|2 = |Z|? 4 |Vz£|?; this is because

((VE)*Z|* =Hess H(Z, (VE)*Z) = ((V§)*Z,Vz§E) = Hess H(Z,Vz§) = |VzE[,
since the Hessian of a function is symmetric. Therefore, for every ¢ € [0, 1], the map
TTL—TTL, ((x,).Y) ((x,29),(1+ (> —1)|Vy£|?)V?Y),

sends £(x) to #£(x) and sends diffeomorphically the unit sphere of Tg ()& (L), respectively of TSJ(-x)E (L),
onto the one of T;g(x)2& (L), respectively of Tti_:(x)tf;‘ (L). Here, Y denotes the sum of the projections of Y
onto the horizontal and vertical distributions, after their identification with 7'L. Note that, on these spheres,
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|Y|2 |Y |24 |VyEl2=1sothat |Y|<1and |Vy&| < 1. In particular, sy (¢) := (1+ (12— 1)|Vy £|?)~1/2
is well defined for ¢ € [0, 1].
Therefore, it does suffice to prove that the map

(8) t |(Bie(sx ()X, sx()X ,52(1)2))| = sEsztla —12B|

is nondecreasing for ¢ € [0, 1], for all X e Te(x)6 (L) and all 7 e TEJ(-x)g(L) such that |3?| = |7| =1.

| sending ¢ to the

Indeed, by the previous discussion, this will imply that the map 7 — |B;¢
operator norm of B, g on the subspace of Tg(x)1§(L) ® Tgx)16(L) ® T, £ (x)té (L) generated by elements
of the form X @ X ® Z —is nondecreasing. Since B;¢ is symmetric in its first two entries, this is just
the operator norm on the whole space, and we will get the result.

If @« = 0, we may suppose that 8 # 0, otherwise (8) is just the zero function, and the statement is trivial.
In that case, (8) looks like 6|8](1—|Vx£[2) (1 —|VZ£[2)™1/2¢3 + O(t*) near t = 0. In particular, it is

increasing near ¢t = 0. But (8) only possibly has critical points at

B - 3(1—|Vx &2 (1 —|VZE?)
t=0 and = i\/IVX§|2|VZS|2_ |Vx£|2| —2|VZE]2

For |V&| small enough, the latter values are not real, and thus (8) is increasing.

Suppose now that o # 0. By changing the sign of Z if necessary, we may assume that o > 0. Since
IB] < IR |€| |V£|? and « depends only on derivatives of £, we thus have that |o —28| = o — 2 for all
t €0, 1] if |&| is small enough. But the function ¢ — s)zfs 7t (o —t?B) converges with all derivatives to
the function 7 +— to as |[VE| — 0. Since that function is increasing, the derivative of (8) is positive for all
t € [0, 1] for | V€| small enough. Therefore, the function is increasing over the interval for |£| and |V§|
small enough. a

Remark A.2 Given the proof of Lemma A.1, it appears that how small we must take |&| and |VE&| depends
on X and Z. However, since the infimum to get the operator norm || B¢|| is taken over the unit sphere,
which is compact, it is in fact a minimum. Therefore, how small we take |£| and |V&| can be made
independent of X and Z.

We now move on to studying the tameness constant. This time, the proof is fairly straightforward.
Lemma A.3 Let§ € X(L), and equip T L with a Sasaki metric. Define

drp(x,y)
xaéyes(L) min{l, de(x, y)}

85 = (0, 1],

where dg denotes the intrinsic distance in §(L). Then,

lim g = 1.
|VE|—0

In particular, eg > (k + 1)~ for |V&| small enough.
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Proof Consider a path y : [0, £] — L such that |y| = 1. Define ¥ := £ o y. Then, |j;/|2 =1+ |VJ;§|2, o)

that
Z .
es/ 51 dr < V1 + |VEP.
0

Taking the infimum of the above inequality over all paths y such that y(0) = x and y({) = y for given
x,y € L, we get that

(€)) dp(x,y) < dg(€(x),§(») = V14 |VEPdL(x, ),

since all smooth paths ¥ in £ (L) may be parametrised to be of the form ¥ = £ o y with |y| = 1.

On the other hand, take a path ¥ : [0, E] — TL such that |)7| =1, y(0) = £&(x), and y(L) = &(y) for
given x,y € L. Then, we may write )7 = )'/h + YV for y := mw oy and a vector field Y of L along y,
where 7 : TL — L is the canonical projection. We thus get

l l
= [ Vif+rPar= [ 1jdr
0 0
Taking the infimum over all possible ¥, we get that

(10) drr(§(x).§(y)) = dL(x. y),

since every path in L from x to y admits a lift to TL from £(x) to £(y) (e.g., Eop).
Putting (9) and (10) together, we thus get

- dp(x.y)
x#y min{1, dp (x, y)V/1+|VE[?}

which implies the result. |

<eg =1,

Remark A.4 The approaches in the proofs of Lemmata A.1 and A.3 are different, because || B¢ | depends
on higher derivatives of £, while &¢ does not. Therefore, just taking a limit in the expression for || B |
would not lead to 0, and we could not conclude anything. We need to actually understand the behaviour
of || Bgl| in a Cl’“/-neighbourhood of 0, not just in the limit |§| — 0.

Behaviour of the geodesics To adapt Lemma A.3 to a metric which is only locally Sasaki — which is
required in Section 3.2 — we will need the following technical results. As far as we know, these results
have not appeared in the literature. This is also why Lemma A.5 is established in such generality: it has
appeared before as a conjecture of Albuquerque [3] and could be of general interest to the Riemannian

geometry community.

Lemma A.5 The space TN is complete in the Sasaki metric associated with (N, g) if and only if (N, g)
is complete.

Proof One direction is obvious: if TN is complete and v € Tx N, the exponential of fv € T,y N C T, TN
exists in T'N for all t € R. However, N is totally geodesic in TN [36], so that the geodesic ¢ expgN (tv)
must stay in N. It is thus the exponential of v in N, and N must be complete.
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Suppose now that N is complete. We recall that completeness of a Riemannian manifold M is
equivalent to it having an exhaustion by compact sets { K;} such that, if {x;} is a sequence with x; ¢ K;,
then d(y, x;) — oo for some point y € M — this is part of the classical Hopf—-Rinow theorem; see, for
example, Theorem 7.2.8 in [9].

Let y e N and K; = DiN|Bl-N (y)» Where BiN () is the (closed) ball of radius i in N centred at y.
Let {x;} be such that x; ¢ K;. We now study two possible types of subsequences of {x;}.

(1) Suppose there is a subsequence, still denoted by {x;}, such that none of the subsequences of {7 (x;)}
are contained in any of the Bl.N (y). Then, the sequence of natural numbers given by

ni =min{;j | 7(x;) € B ()}

converges to infinity. By completeness of N, this must mean that d(y, 7 (x;)) — co. But since 7 is a
Riemannian submersion, it is nonexpansive in d, so that

d(y,m(xi)) = d(m(y), w(x;)) < d(y, xi).
Therefore, d(y, x;) — oo.
(2) Suppose there is a subsequence, still denoted by {x;}, and a R > 0 such that {7 (x;)} is contained
in Bg (y). Since x; ¢ K;, this forces that x; ¢ D; N for large enough i. Then, let y; be a minimal

geodesic of N from 7(x;) to y. Let x] := Py, (x;) be the parallel transport of x; along y;. Note that the
horizontal lift J; of y; starting at x; ends at xlf by construction. Therefore, we have that

d(xi,xj) <L(F;) = L(y;) =d(n(xi).y) < R.

On the other hand, since parallel transport is an isometry on the fibres, the fact that x; ¢ D; N ensures
that x; ¢ D; N. Since x/ is in the fibre over y, this thus implies that d(y, x;) > i. Therefore, the triangle
inequality gives that

d(y,xi) > d(y,x;)—d(x;,x{) >i—R,

and d(y, x;) — oo.

Since the original {x;} sequence can be written as the union of subsequences of either type, we conclude
that d(y, x;) — o0, so that TN is complete. |

Lemma A.6 If « : [0, {] — TL is a geodesic in the Sasaki metric, then the function t — |a(¢)|? is either
constant or a (strictly) convex parabola. In particular, the disk bundle D, L of radius r is geodesically
convex.

Proof See o as a vector field Y along the path x := m o : [0,£] — L. Note that |«| = |Y|. Then, the
geodesic on 7T'L is equivalent to two equations on L [36]:

Vik + R(Y,ViY)x = 0;
V2y =0.
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But then, this means that
d yi2
—|Y|" =2(V;Y,Y);
CIY]? =2ViY,¥);
Dy P = VYY) 42V Y P = 2V Y
IV =2(V3Y,Y) +2V:Y 2 =2V, Y P
d
d—t|v)-€1/|2 =2(V3Y,V;Y)=0.

From the last equation, we get that |V; Y| is independent of time. If [V;Y | =0, then VY = 0, so that
the first equation implies that |Y| is constant. If |V;Y| > 0, then the middle equation implies that the
second time derivative of |Y |2 is a positive constant, thus giving that it is a strictly convex parabola. O

As mentioned above, we need to also study metrics which are only locally Sasaki. By this, we mean
that (M, w) is a symplectic manifold with a compatible almost complex structure J and that g = w(-, J-).
We also suppose that L is a Lagrangian submanifold of M. By locally Sasaki, we mean that there is a
diffeomorphism W from a neighbourhood of L in T'L to a neighbourhood of L in M such that U*g is
the Sasaki metric. This makes sense since J identifies 7L with TL+ CTM.

In this case, Lemma A.1 obviously still applies, but Lemma A.3 needs to be adapted, as we could have
drp # dpr. In other words, we have to deal with the fact that the minimal geodesic in M between two
points of L’ = £(L) might not be entirely contained in the neighbourhood of L where g is equal to a
Sasaki metric. In particular, that minimal geodesic could be shorter than one would expect in T'L so that
the ratio djps /dy, might no longer tend to 1 as |[VE| — 0. We prove that this in fact cannot happen.

Lemma A.7 Let M, L, and g as above. On a small enough neighbourhood of L, we have that dyy = dt[ .

Proof We first prove that dps(x, y) = drp(x,y) whenever x,y € L. Let thus x and y be in L. Let
a :[0,£] = TL be a minimal geodesic in 7L from x to y. Note that it follows from Lemma A.6 that « is
fully contained in L, so that dry,(x, y) = dr(x, y). In particular, « is also a geodesic of M. Therefore,
it is locally minimising in M, and we can take

0 :=sup{t €[0,4] | dy(x,a(s)) =s Vs <t} e (0,4£].

Suppose that « is not minimising, i.e., ' < £, and let y : [0, £'] — M a minimal geodesic in M from x to
y":= a(¢’) which is different from o — nonminimality of « ensures that it exists.

From classical facts from Riemannian geometry (see Proposition 13.2.12 of [9] for example), exactly
one of two things can happen: either there is a 1-parameter family y; of geodesics from x to y’ with
yo =« and y; = y, or y and « are the only two minimising geodesic from x and y’ and y’(¢) = —a’'({').
In the first case, note that all y; have the same length since geodesics are critical points of the length
functional. Therefore, for s small enough, y; is a minimal geodesic not contained in L, but fully contained
in the neighbourhood of L where g is the Sasaki metric. This is of course a contradiction with Lemma A.6,
since 0 and £ would then both have to be strict minima of ¢ — |ys(¢)|2. In the second case, y is then
tangent to L at r = £’. But since L is totally geodesic, y must then be fully contained in L, and we again

get a contradiction. Therefore, the result holds on L.
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We now consider x and y close to L in M. Let «, y, £/, and y’ be defined analogously as above.
From Lemma A.5, o exists and, if we take x and y to be in a neighbourhood of the form W (D, L), then
a stays in that neighbourhood by Lemma A.6. Again, we have two possibilities for how y and a9 ¢/
connect. If yg is a 1-parameter family, then we still get a contradiction for some s: since y; leaves the
Weinstein neighbourhood and y, always has the same endpoints, there is some s such that y; is still in
that neighbourhood, but such that # + |ys(¢)| has a maximum (in contradiction with Lemma A.6).

However, the second possibility — that o and y form a geodesic loop in M — does not a priori lead to
a contradiction. Thus take sequences {x;} and {y;} such that lim; dps (x;, L) = lim; dps (y;, L) = 0, but
such that dps (x;, yi) < drp(x;, y;) for all i. Define o;, y;, £}, and y; analogously as before. In particular,
if v; is the unit vector such that exp, (fv;) = a(t) for ¢ € [0, {;], then t > exp,, (fvi), I € [2. €[], is
the geodesic loop «; # y;. Since {x;}, {yi}, and {v;} are all contained in a compact, we may pass to a
subsequence, so that lim; x; = x € L,limy; =y € L, and limv; = v € Ty M. But then, ¢ — exp, (tv),
t €10,24'], is a geodesic loop in M which is fully contained in L over [0, £], but that eventually leaves it.
Therefore, we get a last contradiction, and we must have dps(x, y) = drr(x, y) whenever x and y are
close to L. |

A.2 Result on Riemann surfaces

We suppose that (M, g, J, ®) is a Riemann surface. Then, a tubular neighbourhood of a curve L admits
some fairly nice coordinates given by

:(0,0) x (=r,r) > M, (s.1) > exp, )Ty (s)),
where y : [0, £) — L is a parametrisation such that |y| = 1. Note that
¢ g = |Wds® +dr?,

0 1 d
*J = |W|§ ®ds— Wios ®dt,

where W (s, t) is the value at time ¢ of the unique Jacobi field along the geodesic ¢ — ¢(s, ) such that
W(s,0) = p(s) and W (s,0) = —k(s)p(s). Here, « is the (signed) geodesic curvature of L, which is
defined via the relation y := Vy,y =«Jy.

In these coordinates, we will call L’ = {(s, £(s)) | s € [0,£)} =: graph & the graph of £ : [0, {] — R.
Because our applications are aimed towards Section 3.2, we will be interest in 1-parameter families of
the form {&, = a§ + c(a)}qeqo,1]> Where [|€]| < 5 and ¢ is such that

(1) ¢(0) =c(1) =0;
2) |e(@)] < cllg].

In particular, graph &y stays in the chart defined by ¢ for all & € [0, 1].
Before moving on with the results on &y, we prove the following lemma on the behaviour of |W | for
small values of |¢|, which will be quite useful later on.
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Lemma A.8 Let K : [0,{) — R be the pullback of the Gaussian curvature of M along y. We have that
W|? =1-2«t + (k2= K)t*> + O@t3).

Proof As noted above, we have that W(s, 0) = y(s) and W (s, 0) = —k(s)y(s). The lemma then follows

directly from
W Pli=o =1,

d .
E|W|2|t=0 =2(W,W)|t=0 = =2k,

92 . ..
81_2|W|2|t=0 =2|W|?|i=0 + 2(W.W)|i=0
=2 =2R(J7.9)7.7) =2(* = K),
where the last line follows from the fact that W satisfies the Jacobi equation. a

With this in hand, we can estimate the geodesic curvature of graph &, in terms of that of L and graph &.
More precisely, we want to prove the following.

Lemma A.9 Forevery k > 0 and every k' > k, there exists § > 0 with the following property. If || Br| <k
and L' = graph§ with |||, |§']] <, then || Ball := || Bgraph g, I| < max{k’, || Br/||} for all o € [0, 1].
The lemma itself relies on the following computation.

Lemma A.10 The geodesic curvature of graph & at a point is given by

4 y o 10 2 & 10 2 , 0 2
Wi w2\ 20s i +§az|W|

BI= e reperef T
where |W|(s) := |W(s, £(s))|.

Proof This is a direct computation, but we give here the important steps. The only nonzero Christoffel

’

symbols of ¢p*g are

19 19 |9

=W, T§=Ti=-————|W? Ti=_—|W>
ss 2|W|2 8S| | st ts 2|W|2 8t | ss 28t| |
Therefore, if we set I'(s) := (s, £(s)), we get that
. d d
=—+§&—,
as & at
. 0 g 0
JD=|W|—=——=—,
| lat |W| 0s
1 10 5 ., 0 5\ 0 , 10 5\ 0
=——|-=—|W —\W|* )= ——|W|" =
|W|2(28s| IV )5 T eV g
Since the geodesic curvature is given by
([, JT)|
B =~
Tl
this gives the above formula. O
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Proof of Lemma A.9 The proof is somewhat tedious but quite elementary. We first combine Lemmata A.8
and A.10 to get the identity

(11) |BI*> = (14 R1)(E" —k + R2)?,

where R; and R, are smooth functions of s. Furthermore, at a given s, they only depend on L, M, g,
and the values &(s) and &’(s), and in such a manner that R; — 0 as £(s), &'(s) — 0.

Note that (11) implies that if | B|| < k and [|£]|, ||| < 5, then ||§”]| is bounded by some constant C

depending only on L, M, g, and the constants k and r. This allows us to write
(12) |Bal? = (@&” — ) + - O(I&]. [E"])

for C'-close graphs with bounded §”-dependence in the error term. That is, | Bgraph &7, |* — (@(§")"” — k)?
tends uniformly to 0 if {£’} C!-converges to 0. Here, we have made use of the fact that £ = a&”,
g, = at’, and |&y| < 2a|&| —this is part of the hypotheses on ¢. The rest of the proof then consists of
studying the behaviour of the parabola « — (e&” — k)% under small perturbations.

Fix ¢ € (O, %) We break down the analysis into a few subcases.

(1) |€”] <& Then, (¢f” —k)? < (|| +¢)? < (k +&)?. By supposing |£| and |£’| small enough, we may
suppose the error term in (12) to be smaller than ¢, so that

|Ba|? < (k + )% +e.
(2) |€”] > & There are three subcases (see Figure 4 for a visualisation).

(a) % + e > 1 In this case, ? > 0, and we have that the maximum of « — (a£” — k)? on the

interval [O, %] is reached at « = 0. Therefore, its maximum value on [O, %] is k2 < k2.

On the interval [%, % + 8], the parabola is increasing with derivative

2at" —)§" = 2lat” — k| "] < 2(lE" + [kIE"| = 2C(C + k).

Therefore, the maximum value of the parabola over that subinterval is bounded from above by
k% +2C(C + k)s. Thus, for |£| and || as in case (1), we get

|Be|?> < k% + (2C(C +k)+ 1)e
. 2
since [0, 1] C [(), E—ﬂf + 8].
(b) % + ¢ <0 In this case, the parabola is increasing over [0, 1] with derivative
2ag” —i)E" = 2lat” — k| |§"] = 2| |€"] = elE"|? > &,

By supposing |&| and |€’| small enough, we may suppose the a-derivative of the error term in (12) to
be smaller than % Therefore, @ — | By | is still increasing, and we have that

|Ba| < |B1] = [BL|.
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Figure 4: Possible graph of | By | (solid, purple) with idealised parabola (dashed, pink) and important
values (pointed, grey). We denote by K whichever bound we get in the corresponding case.

(©) 0< % + & <1 This case combines the approaches of (a) and (b). Indeed, the estimates of (a) still

hold for @ € [O, % + 8] C [0, 1]. Likewise, over the interval [% + &, 1], the parabola is increasing

with derivative
20" —Kk)§" = 2lat" — k| |€"] = 2/e8" + k| |E"] > elE"|? > &°.
Therefore, for |£| and |£’| as in (b), we have that
|Bo| < max{k? + (2C(C + k) + 1), |Br/|}.
The result then follows by taking ¢ such that
max{(k + ¢)% + &, k? + 2C(C + k) + )&} < (k)>. o

We now move on to the analysis of the tameness constant of graph &,. The approach that we take here
is similar in spirit to the one taken in the proof of Lemma A.3.

Lemma A.11 Given L’ = graph& C ¢([0,{] x (—r,r)), denote by dg the distance function on graph £
induced by the Riemannian metric ¢* g |grapn ¢ - Take
dp (x, x")

= inf € (0, 1].
i x;éx’lggraph‘g' min{l, d;’:(x, X/)} ( ]

1
We have that g — o as § <o

Proof Fix x # x’ € graph &, and take I'(s) = (s, £(s)). Without loss of generality, we may suppose that
x =T'(s9) and x’ = T'(s1) for 0 < s7 —s0 < % Therefore, dg(x, x’) is simply the length £(T") of I" along
the interval [sg, s1]. Note that

D =W+ €%
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By Lemma A.8, we thus have that

dg(x,x") < / 1(1 + CUEN+1E'D) ds = (1 + CEN+ IED) (51— 50)

for some constant C > 0 depending only on M, L, g, and r.
On the other hand, the path ¢ — (s,2£(s)), ¢ € [0, 1], has length |£(s)| for any s. Therefore, we get that

dy (x,x") = dp (y(50), ¥ (s1)) — da (v (s0), x) — dp (x', y(s1)) = dp (y(s0), y(s1)) = 2|| €]
Combining these two estimates, we get that

dm (L(s0), T(s1)) dy (y(s0). y(s1)) = 2||¢]|
min{1, dg(T"(s0). T'(s1))} — (1 + C([€] + 1§")) min{1, dz(y(s0). ¥ (s1))}’

since 51 — S0 = dr(Y(s0), y(s1)). We similarly get

dm(L(s0), TGs1)) dp (y(50). y(s1)) + 2||¢]|
min{1, dg(T'(s0). T'(s1))} = (1= C([[§]l + [1§"[)) min{1. dL(y(s0). ¥(s1))}

However, note that both functions on the right-hand side uniformly —in so and s; — converge to the

ratio dpy / min{1, dy }. Therefore, the same holds for the left-hand side. Since uniform limits and infima
commute, the result ensues. O

A.3 Comparison between metrics

To simplify our computations, we only prove our comparison theorems between metrics of the form
g = w(—, J—), where J is an w-compatible almost complex structure and g is complete. Thus, in what
follows, g and g’ are two such metrics coming from the same symplectic form . We however expect
analogous results to hold in full generality.

Lemma A.12 Let W C M be compact. There are a > 1 and b > 0 such that every Lagrangian L C W
with || B || < k respects || B} || < ak + b, where || B"|" is the norm in g’ of the second fundamental form
of Ling’.

Proof Let A be the endomorphism of TM such that g(AV, W) = g'(V,W) forall V,W € X(M). We
denote by V and V’ the Levi-Civita connections of g and g’, respectively. A fairly straightforward
computation — see Lemma 3.1 of [22] for example — gives

28" (VyW.2) =2¢g(VyW.AZ) + g(Vv A)Z. W) + g(Yw A Z. V) = g(VZ A)V. W)
forall V,W,Z € X(M). But it is easy to see that A = —JJ'. Therefore, we get that

VI2=g AT V) s1A7 -V =11 (V)%
AZP? = |J'ZP < I/ (I ) = 1J]"-(12])?
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for all V, Z € X(M). Here, the prime on the norm indicates that it is the norm associated with g’, not g.
Finally, note also that A sends the normal bundle of a Lagrangian submanifold L in g to the normal
bundle of that Lagrangian submanifold in g’.

Putting all this together, we finally get, for any Lagrangian submanifold L,

(13) IBLI" < 17132 (IBLI+ 31V AT,
which implies the result. The norm symbols || - || and || - ||” here indicate that it is the supremum of the
norms associated with g and g’, respectively, over all of W or all of L. O

Lemma A.13 Let W C M be compact. There is a > 1 such that every submanifold N C W which is
(strictly) k—-tame in g is (strictly) a= 'k~ -tame in g’.

Proof Take D := 1 Diam(W,g), D’ = 1 Diam(W, g’) and V := Bp (W)U B}, (W), i.e., V is the union
of the (closure of the) D-neighbourhood of W in g and D’-neighbourhood of W in g’. Therefore, any
path between points in W leaving V have length greater than Diam(W, g) in g and than Diam(W, g’)
in g’. In particular, no such path is a minimal geodesic in either metric. Since V is compact, there is
C > 1 such that
C'g'<g=cCg

onV.

Let x, y € W, and let y be a minimal geodesic in g’ from x to y. By the above paragraph, it stays
in V. Therefore,

diy(x,y) = (y) > C M (y) > C dy(x,y),

where dyy and d, are the distance functions induced on M by g and g, respectively, and £(y) and £'(y)
denote the lengths of y in g and g’, respectively. We analogously get that dy, < Cdp on W.

But note that whenever N C W, the same argument gives that C~'d < dy <d}, if dy and d}; the
distance functions induced on N by g|rn and g’|7n, respectively. Therefore, we have that

dy(x.y) - Cldu(x,y) S 2 du(x.y)

min{1,dy (x,y)} ~ min{l, Cdn(x,y)} ~ min{1, dy (x, y)}
for all x # y € N, which gives the result. a
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