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Let 2" = [X/G] be a smooth Deligne-Mumford quotient stack. In a previ-
ous paper we constructed a class of exotic products called inertial products on
K(IZ), the Grothendieck group of vector bundles on the inertia stack /.2". In
this paper we develop a theory of Chern classes and compatible power operations
for inertial products. When G is diagonalizable these give rise to an augmented
A-ring structure on inertial K-theory.

One well-known inertial product is the virtual product. Our results show that
for toric Deligne—Mumford stacks there is a A-ring structure on inertial K-theory.
As an example, we compute the A-ring structure on the virtual K-theory of the
weighted projective lines P(1, 2) and P(1, 3). We prove that, after tensoring
with C, the augmentation completion of this A-ring is isomorphic as a A-ring
to the classical K-theory of the crepant resolutions of singularities of the coarse
moduli spaces of the cotangent bundles T*[P(1, 2) and T*[P(1, 3), respectively.
We interpret this as a manifestation of mirror symmetry in the spirit of the hyper-
Kéhler resolution conjecture.

1. Introduction

The work of Chen and Ruan [2002], Fantechi and Gottsche [2003], and Abramovich,
Graber, and Vistoli [Abramovich et al. 2002; 2008] defined orbifold products
for the cohomology, Chow groups and K-theory of the inertia stack /.2" of a
smooth Deligne-Mumford stack 2. Moreover, there is an orbifold Chern character
C¢h: K(IZ) - A*(I1Z)g which respects these products [Jarvis et al. 2007]. In
[Edidin et al. 2016] we showed that the orbifold product and Chern character fit
into a more general formalism of inertial products, which are discussed below.

In this paper, we are motivated by mirror symmetry to find examples of elements
in orbifold and inertial algebraic K-theory that play a role analogous to classes
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of vector bundles in the ordinary algebraic K-theory. Each such element should
possess orbifold Euler classes analogous to the classically defined classes A_{(E*)
and ¢, (€) for vector bundles of rank r. This leads us to introduce the notions of
an orbifold A-ring and associated Adams (or power) operations which are suitably
compatible with orbifold Chern classes, as we now explain.

Let K (%) be the Grothendieck group of locally free sheaves on 2~ with multi-
plication given by the ordinary tensor product. By definition, K (:2") is generated
by classes of vector bundles and each such class possesses an Euler class. In
the context of mirror symmetry we may be given a ring K which is conjectured
to be the ordinary K-theory of some unknown variety. From the ring structure
alone there is no way to solve the problem of identifying the elements of K which
correspond to Chern classes of vector bundles on this unknown variety. However,
a partial solution arises from observing that ordinary K-theory has the additional
structure of a A-ring. Every A-ring has an associated invariant — the semigroup
of A-positive elements (Definition 6.11), which share many of the properties of
classes of vector bundles in ordinary K-theory. In particular, A-positive elements
have Euler classes defined in terms of the A-ring structure. In the case of ordinary
K-theory of a scheme or stack, classes of vector bundles are always A-positive, but
there are other A-positive classes as well.

Endowing the orbifold K-theory ring with the structure of a A-ring with respect to
its orbifold product allows one to identify its semigroup of A-positive elements. Fur-
thermore, defining suitably compatible orbifold Chern classes, should give these
A-positive elements orbifold Euler classes in orbifold K-theory, orbifold Chow the-
ory, and orbifold cohomology theory. These A-positive elements can be regarded
as building blocks of orbifold K-theory.

We prove the following results about smooth quotient stacks 2" = [X/G] where
G is a linear algebraic group acting with finite stabilizer on a smooth variety X.

Main results. (a) Suppose 2 is Gorenstein, then there is an orbifold Chern class
homomorphism ¢, : K(I1 2°) — A*(I 2")ollt] (see Definition 5.1 and Theorem 5.18).

(b) Suppose X is strongly Gorenstein (see Definition 2.29); then there are Adams
Yr-operations and A-operations defined on K (1%") and K (1.2 )q compatible with
the Chern class homomorphism (see Definitions 5.4 and 5.7 and Theorem 5.18).

(c) Suppose G is diagonalizable and X" is strongly Gorenstein; then the Adams
and A-operations make K (12 )g := K(IZ") @ Q with its orbifold product into a
rationally augmented A-ring (see Theorem 5.23).

(d) Suppose the orbifold Z is strongly Gorenstein; then there is an inertial dual
operation ¥ — F' on K(Z') which is an involution and a ring homomorphism
and which commutes with the orbifold Adams operations and the orbifold augmen-
tation (see Theorem 6.4).
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Our method of proof is based on developing properties of inertial pairs defined
in [Edidin et al. 2016]. An inertial pair (Z, ) consists of a vector bundle & on the
double inertia stack 122" together with a class . € K(2")qg, where # and .7 sat-
isfy certain compatibility conditions. The bundle & determines associative inertial
products on K(I2") and A*(1Z), and the class . determines a Chern character
homomorphism of inertial rings ¢h : K(IZ") - A*(I1Z)q.

The basic example of an inertial pair (%, .¥) is the orbifold obstruction bundle %
and the class . defined in [Jarvis et al. 2007]. This pair corresponds to the usual
orbifold product. However, this is far from being the only example. Each vector
bundle V on 2" determines two inertial pairs, (Z*V,.#TV)and (#~V,. " V).
For example, if we denote the tangent bundle of 2" by T, then the inertial pair
(2~ T, .~ T) produces the virtual orbifold product of [Gonzalez et al. 2007].

We prove that the main results listed above hold for many inertial pairs. As a
corollary, we obtain the following:

Corollary. (a) The virtual orbifold product on K(IZ") admits a Chern series
homomorphism ¢; : K(1Z) — A*(IZ)glt] as well as compatible Adams
Yr-operations and A-operations on K (I12")q.

) If  =[X/G] with G diagonalizable, then the virtual orbifold A-operations
make K (12 )q with its orbifold product into a rationally augmented \-ring
with a compatible inertial dual.

Whenever an inertial K-theory ring has a A-ring structure compatible with its
inertial Chern classes and inertial Chern character, then its semigroup of A-positive
elements will have an inertial Euler class in K, Chow, and cohomology theory
(see (6.23)), but where all products, rank, Chern classes, and the Chern character
are the inertial ones. Furthermore, in many cases, the semigroup of A-positive
elements in inertial K-theory can be used to give a nice presentation of both the
inertial K-theory ring and inertial Chow ring.

A major motivation for the work in this paper is mirror symmetry. Beginning
with the work of Ruan, a series of conjectures have been made that relate the
orbifold quantum cohomology and Gromov—Witten theory of a Gorenstein orb-
ifold to the corresponding quantum cohomology and Gromov—Witten theory of a
crepant resolution of singularities of the orbifold [Coates and Ruan 2013]. When
the orbifold also has a holomorphic symplectic structure, these conjectures predict
that the orbifold cohomology ring should be isomorphic to the usual cohomology
of a crepant resolution. In the literature this conjecture is often referred to as
Ruan’s hyper-Kihler resolution conjecture (HKRC), because in many examples
the holomorphic symplectic structure is in fact hyper-Kéhler.

In view of Ruan’s HKRC conjecture, it is natural to investigate whether there
is an orbifold A-ring structure on orbifold K-theory that is isomorphic to the usual
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A-ring structure on K (Z). One place to look is on the cotangent bundles of complex
manifolds and orbifolds. These naturally carry a holomorphic symplectic structure,
and in many cases these are hyper-Kihler. In [Edidin et al. 2016] we prove that,
if 2" =[X/G], then the virtual orbifold Chow ring of /2" (as defined in [Gonzélez
et al. 2007]) is isomorphic to the orbifold Chow ring of 7*12". Since the inertial
pair defining the virtual orbifold product is strongly Gorenstein, we expect that
the A-ring structure on K (/2") should be related to the usual A-ring structure
on K(Z).

When 2" is an orbifold, K (/2") typically has larger rank as an abelian group
than the corresponding Chow group A*(IZ"), while K(Z) and A*(Z) have the
same rank by the Riemann—Roch theorem for varieties. Thus, it is not reasonable
to expect an isomorphism of A-rings between K (/.2") with the virtual product and
K (Z) with the tensor product.

But the Riemann—Roch theorem for Deligne-Mumford stacks implies that a
summand K (IZ)q, corresponding to the completion at the classical augmenta-
tion ideal in K (I2")q, is isomorphic as an abelian group to A*(12")g. We prove
the remarkable result (Theorem 4.3) that, if (%, ) is any inertial pair, then the
classical augmentation ideal in K (1.2 )g and inertial augmentation ideal generate
the same topology on the abelian group K (/.27). It follows that the summand
K (IZ) inherits any inertial A-ring structure from K (1.2").

This allows us to formulate a A-ring variant of the HKRC for orbifolds 2" =
[X/G] with G diagonalizable. Precisely, we expect there to be an isomorphism of
A-rings (after tensoring with C) between K (12) with its virtual orbifold product
and K (Z), where Z is a hyper-Kihler resolution of the cotangent bundle T*.2".

We conclude by proving this conjecture for the weighted projective line P(1, n)
for n = 2, 3. We also obtain an isomorphism (A*(/P(1, n))c, *vir) = A*(Z)¢
of Chow rings commuting with the corresponding Chern characters. Furthermore,
we show that the semigroup of inertial A-positive elements induces an exotic in-
tegral lattice structure on (K (IP(1, n))¢, *virt) and (A*(IP(1, n))c, *virr) Which
corresponds to the ordinary integral lattice in K (Z)¢ and A*(Z)c, respectively.

Finally, our analysis suggests the following interesting question:

Question 1.1. Is there a category associated to the crepant resolution Z whose
Grothendieck group (with C-coefficients) is isomorphic as a A-ring to the virtual
orbifold K-theory (K (I Z')c, *virt) before completion at the augmentation ideal?

Remark 1.2. It has subsequently been shown [Kimura and Sweet 2013] that the
results (namely Propositions 7.59 and 7.64 and Theorem 7.69) in this paper for
the virtual K-theory of P(1, n) for n = 2, 3 generalize to all n. This verifies the
conjectured relationship between the virtual K-theory ring and the K-theory of the
crepant resolution Z,, of T*P(1, n) for all n.
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Outline of the paper. We begin by briefly reviewing the results of [Edidin et al.
2010; 2016] on inertial pairs, inertial products, and inertial Chern characters.

We then briefly recall the classical A-ring and -ring structures in ordinary equi-
variant K-theory, including the Adams (power) operations, Bott classes, Grothen-
dieck’s y-classes, and some relations among these and the Chern classes.

For Gorenstein inertial pairs we define a theory of Chern classes and, for strongly
Gorenstein inertial pairs, power (Adams) operations on inertial K-theory. Since
the inertial pair associated to the virtual product of [Gonzdlez et al. 2007] is al-
ways strongly Gorenstein, this produces Chern classes and power operations in
that theory.

We show that, for strongly Gorenstein inertial pairs, the inertial Chern classes
satisfy a relation like that for usual Chern classes, expressing the Chern classes in
terms of the orbifold -operations and A-operations. Finally we prove that, if G is
diagonalizable, the orbifold Adams operations are homomorphisms relative to the
inertial product. This shows that the virtual K-theory of a toric Deligne—Mumford
stack has 1-ring and A-ring structures. We also give an example to show that the
diagonalizability condition is necessary for obtaining a A-ring structure.

We then develop the theory of A-positive elements for a A-ring and show that
A-positive elements of degree d share many of the same properties as classes of
rank-d vector bundles; for example, they have a top Chern class in Chow theory
and an Euler class in K-theory. We also introduce the notion of an inertial dual,
which is needed to define the Euler class in inertial K-theory.

We conclude by working through some examples, including that of B, and the
virtual K-theory of the weighted projective lines P(1, 2) and P(1, 3).

The A-positive elements, and especially the A-line elements in the virtual theory,
allow us to give a simple presentation of the K-theory ring with the virtual product
and a simple description of the virtual first Chern classes. This allows us to prove
that the completion of this ring with respect to the augmentation ideal is isomorphic
as a A-ring to the usual K-theory of the resolution of singularities of the cotangent
orbifolds T*P(1, 2) and T*P(1, 3), respectively.

2. Background material

To make this paper self-contained, we recall some background material from [Edidin
et al. 2010; 2016], but first we establish some notation and conventions.

Notation. We work entirely in the complex algebraic category. We will work
exclusively with a smooth Deligne-Mumford stack 2" with finite stabilizer, by
which we mean the inertia map /2" — 2 is finite (see Definition 2.1 for the
formal definition and more detail). We will also assume that every stack 2" has
the resolution property. This means that every coherent sheaf is the quotient of
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a locally free sheaf. This assumption has two consequences. The first is that the
natural map K(Z2") - G(Z) is an isomorphism, where K (%) is the Grothendieck
ring of vector bundles and G (2") is the Grothendieck group of coherent sheaves.
The second consequence is that 2" is a guotient stack [Totaro 2004]. This means
that 2" = [X/G], where G is a linear algebraic group acting on an affine scheme X.

If 2 is a smooth Deligne—Mumford stack, we will explicitly choose a presenta-
tion Z° = [X/G]. This allows us to identify the Grothendieck ring K (£") with the
equivariant Grothendieck ring K (X), and the Chow ring A*(2") with the equivari-
ant Chow ring Af;(X). We will use the notation K (2") and K¢ (X) (respectively
A*(Z) and Af; (X)) interchangeably.

Definition 2.1. Let G be an algebraic group acting on a scheme X. We define the
inertia scheme
IcX ={(g,x) | gx=x}C G x X.

There is an induced action of G on I X given by g - (m, x) = (gmg~"', gx). The
quotient stack 12" = [I5 X/ G] is the inertia stack of the quotient 2" := [X/G].
More generally, we define the higher inertia spaces to be the k-fold fiber products

IEX =16X xx - xx I6X.
The quotient stack /%2 := [IéX / G1] is the corresponding higher inertia stack.

The composition i : G x G — G induces a composition  : I(Z;X — IgX. This
composition makes /X into an X-group with identity section X — Iz X given
by x — (1, x). Furthermore, for i = 1, 2, the projection map e; : ICZ;X — IgX is
called the i-th evaluation map, since it corresponds to the evaluation morphism in
Gromov—Witten theory.

Definition 2.2. Let ¥ C G be a conjugacy class. We define
I(W) ={(g,x) | gx=x, ge W} C G xX.

More generally, let ® C G be a diagonal conjugacy class. We define I'(®) =
{my,...,my,x)|(my,...,m;) € ® and myx =x forall i =1,...,1}.

By definition, I (V) and [ (®) are G-invariant subsets of /X and Ié (X), re-
spectively. Since G acts with finite stabilizer on X, the conjugacy class 7 (W) is
empty unless U consists of elements of finite order. Likewise, I'(®) is empty
unless every [-tuple (m1, ..., m;) € ® generates a finite group. Since conjugacy
classes of elements of finite order are closed, I (V) and I'(®) are closed.

Proposition 2.3 [Edidin et al. 2010, Propositions 2.11 and 2.17]. The conjugacy
class 1 (V) is empty for all but finitely many ¥V, and each I (V) is a union of con-
nected components of IgX. Likewise, I'(®) is empty for all but finitely many
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diagonal conjugacy classes ® C G', and each I'(®) is a union of connected com-
ponents of Ié (X).

Definition 2.4. In the special case that ¥ = (1) is the class of the identity element
1 € G, the locus I((1)) ={(1,x) | x € X} C I X, often written X', is canonically
identified with X. It is an open and closed subset of /X, but is not necessarily
connected. We often call X! the untwisted sector of I X and the other loci I (W)
for W # (1) the twisted sectors.

Similarly, the groups A*C‘;(Xl) and Kg(X!) are summands of A (IgX) and
K (1 X), respectively, and each is called the untwisted sector of Af;(IgX) or
K¢ (IgX), respectively. The summands of Af;(IgX) and K¢ (IgX) corresponding
to the twisted sectors of I X are also called twisted sectors.

Definition 2.5. If E is a G equivariant vector bundle on X, the element A_;(E*) =
Zl-oio(—l)i[AiE*] € K (X) is called the K-theoretic Euler class of E. (Note that
this sum is finite.)

Likewise, we define the Chow-theoretic Euler class of E to be the element
ctop(E) € AF(X), corresponding to the sum of the top Chern classes of E on each
connected component of [ X/G] (see [Edidin and Graham 1998] for the definition
and properties of equivariant Chern classes). These definitions can be extended
to any nonnegative element by multiplicativity. It will be convenient to use the
symbol eu(.#) to denote both of these Euler classes for a nonnegative element
ZF € Kg(X).

Rank and augmentation homomorphisms. 1f [X/G] is connected, then the rank
of a vector bundle defines an augmentation homomorphism € : Kg(X) — Z. If
we denote by 1 the class of the trivial bundle on X, then the decomposition of an
element x = €(x)1+ (x — e(x)1) gives a decomposition of K (X) into a sum of
K (X)-modules K (X) =27Z+1, where I =ker(¢) is the augmentation ideal. From
this point of view, we can equivalently define the augmentation as the projection
endomorphism Kg(X) — Kg(X) given by x +— rk(x)1, where rk is the usual
notion of rank for classes in equivariant K-theory.

Since we frequently work with a group G acting on a space X where the quotient
stack [X/G] is not connected, some care is required in the definition of the rank
of a vector bundle. Note that, for any X, the group A% (X) satisfies A((); X)=17,
where [ is the number of connected components of the quotient stack 2" = [X/G].
Since £ has finite type, [ is finite.

Definition 2.6. Any o € K5 (X) uniquely determines an element oy of K(U) on
each connected component U of [X/G]. If we fix an ordering of the components,
then we define the rank of « to be the I-tuple in Z! = A% (X) whose component
in the factor corresponding to a connected component U is the usual rank of oy .
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This agrees with the degree-zero part of the Chern character:
rk(a) := Ch%(a) € A% (X) =Z".

In this paper, where we study exotic A and -ring structures on equivariant
K-theory of K¢ (IgX), we will need to define corresponding exotic augmentations.
To facilitate their definitions we introduce the more general notion of an augmented
ring.

Definition 2.7 (compare [Cartan and Eilenberg 1956, p. 143]). An augmentation
homomorphism of a ring R is an endomorphism € of R that is a projection, i.e.,
€ o€ = €. The kernel of € is called the augmentation ideal of R. The ring R is said
to be a ring with augmentation.

Remark 2.8. In the language of [loc. cit.], the image of € is called the augmen-
tation module. Our definition is more restrictive than that of [loc. cit.], since it
requires that R split as R = €(R) + I, where €(R) is the augmentation module and
I is the augmentation ideal.

Note that all rings have two trivial augmentations coming from the identity and
zero homomorphisms. However, in our applications, € will preserve unity in R.

We illustrate the use of this terminology by defining an augmentation homomor-
phism on K (Y) when [Y/G] is not necessarily connected.

Definition 2.9. In equivariant K-theory we define the augmentation homomor-
phism € : KG(Y) - Kg(Y) to be the map which, for each connected component
[U/G] of [Y/G], sends each .# in Kg(Y) supported on U to the rank of .# times
the structure sheaf oy :

e(Z|y) :=Ch(Z|y)oy.

Thus, for equivariant K-theory, the image of ¢ is isomorphic as a ring to Z%,
where [ is the number of connected components of [Y/G]. However, we will see
that this property need not hold for inertial K-theory.

Inertial products, Chern characters, and inertial pairs. We review here the re-
sults from [Edidin et al. 2016], defining a generalization of orbifold cohomology,
obstruction bundles, age grading, and stringy Chern character, by defining inertial
products on Kg(IgX) and Ay;(IgX) using inertial pairs (%, /), where Z is a
G-equivariant vector bundle on IéX and .¥ € Kg(IgX)g is a nonnegative class
satisfying certain compatibility properties.

For each such pair, there is also a rational grading on the total Chow group,
and a Chern character ring homomorphism. There are many inertial pairs, and
hence there are many associative inertial products on K (/g X) and Af;(IgX) with
rational gradings and Chern character ring homomorphisms. The orbifold products
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on K(IZ) and A*(1%") and the Chern character homomorphism of [Jarvis et al.
2007] are a special case, as is the virtual product of [Gonzélez et al. 2007].

Definition 2.10. If Z is a vector bundle on I(z;X , we define products on AF; (I X)
(resp. Kg(IgX)) via the formula

X%z y = (e]x - €3y -eu(Z)) (2.1D)

for x, y € A5 (IgX) (resp. Kg(IgX)), where pu : I(z;X — Ig X is the composition
map, and ey, e : ICZ;X — I X are the evaluation maps.

To define an inertial pair requires a little more notation from [Edidin et al. 2010],
which we recall here. Consider (m;, m», m3) € G such that m;moms = 1, and
let &1, 3 be the conjugacy class of (m1, my, m3). Let @123 be the conjugacy
class of (mym2, m3) and @ »3 the conjugacy class of (my, mom3). Let ®; ; be the
conjugacy class of the (m;, m;) with i < j. Finally, let ®;; be the conjugacy class
of m;m, and let ®; be the conjugacy class of m;. There are composition maps
pi23 : IP(@123) = I7(@123) and w03 : 13(P123) — 1*(P123). The various
maps we have defined are related by the following Cartesian diagrams, where all
maps are local complete intersection morphisms:

I3 (®123) ERLIN 1?(®15) I3 (®123) ERCEN 1?(®3)
lum l“ lu l" (2.12)
12(®1p3) —2— 1(P12) 12(®)23) —2— 1(dp3)

Let E; 7 and E; 3 be the respective excess normal bundles of the two diagrams (2.12).

Definition 2.13. Given a nonnegative element . € K¢ (IgX)g and G-equivariant
vector bundle # on IéX we say that (#, ) is an inertial pair if the following
conditions hold:

(a) The identity
R=e]S+eS — S +T, (2.14)
holds in K(;(IéX), where T), = TIéX — w*(TIgX) is the relative tangent
bundle of .

(b) Z|12(@) = 0 for every conjugacy class @ C G x G such that ¢;(®) =1 or
er(®) =1.

(c) i*% =%, where i : IZX — IZX is the isomorphism
i(my, ma, x) = (mymamy ', my, x).

(d) 67’2%’ + MTM%’ +Eip= 623.@ + “7,23% + E, 3 for each triple m, my, m3
with mymymsz = 1.
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Proposition 2.15 [Edidin et al. 2010, §3]. If (Z, .*) is an inertial pair, then the x4
product is commutative and associative with identity 1x, where 1y is the identity
class in the untwisted sector A, (X Y (respectively Kg(X1)).

Proposition 2.16 [Edidin et al. 2016, Proposition 3.8]. If (#, %) is an inertial
pair, then the map
¢h: Ko X)a — AL X)a,

defined by %(V) = Ch(V) - Td(—.%), is a ring homomorphism with respect to the
*g-inertial products on Kg(IgX) and Af;(I6X).

It is shown in [Edidin et al. 2016] that there are two inertial pairs for every
G-equivariant vector bundle on X. Most of our results in this paper apply to gen-
eral inertial pairs, but we have a special interest in the inertial pair associated to
the orbifold product of [Chen and Ruan 2004; Abramovich et al. 2002; Fantechi
and Gottsche 2003; Jarvis et al. 2007; Edidin et al. 2010] and in the inertial pair
associated to the virtual product of [Gonzélez et al. 2007].

Definition 2.17. Let p: X — 2  be the quotient map, T be the tangent bundle of
Z,and T = p*Ty in Kg(X). In [Edidin et al. 2010, Lemma 6.6] we proved that
T = Tx — g, where g is the Lie algebra of G and Ty is the tangent bundle on X.

Definition 2.18. The inertial pair associated to the orbifold product is given by the
element . = Y (T) € Kg(IgX)q, defined as follows. For any m € G of finite
order r, the element ., when restricted to X" = {(x, m) | mx = x} C IgX, is

r—1
k
I = ; “Tnk. (2.19)

where T,  is the eigenbundle of T on which m acts as e?**/"_ The first property

of inertial pairs (see Definition 2.13(a)) then gives an explicit formula for Z:
R=e1S +eS — S +1T,.

Definition 2.20. The inertial pair associated to the virtual product is given by
# = N, where N is the quotient ¢*Tx /T;,x and g : IcX — X is the canonical
morphism, and

Z=Tlpx+ T2y —eiTiux —es T, x. (2.21)

Here T|;2x is the pullback of the bundle T to I(z;X via the natural map / éX —- X
and T;,x (resp. T,é x) 1s the pullback to I X (resp. IéX ) of the tangent bundle to
12 =[1GX/G] (resp. the stack 122" = [12X/G]).

Remark 2.22. By abuse of notation we will refer to the bundle N defined above
as the normal bundle to the morphism /g X — IX.
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Remark 2.23. In [Edidin et al. 2016] we showed that the pairs for both the orbifold
product and the virtual orbifold product are indeed inertial pairs.

Definition 2.24. Given any nonnegative element .¥ € K5 (I X)g, we define the
#-age on a component U of I X corresponding to a connected component [U/G]
of [IgX/G] to be the rational rank of . on the component U:

age , (U) =1k(S)y.

We define the .7-degree of an element x € Af;(IgX) on such a component U of
I X to be

deg o, x|y = degx|y +age,(U),

where deg x is the degree with respect to the usual grading by codimension on
AL (IgX). Similarly, if # € Kg(IgX) is supported on U, then its .7-degree is

deg, .# =age,(U) mod Z.
This yields a Q/Z-grading of the group K¢g(IgX).

Proposition 2.25 [Edidin et al. 2016, Proposition 3.11]. If (%, .”) is an iner-
tial pair, then the Z-inertial products on Af(IgX) and Kg(IgX) respect the
S-degrees. Furthermore, the inertial Chern character homomorphism

“h:Kc(IgX) — A5G X)
preserves the #-degree modulo Z.

Definition 2.26. Let Ag}(lg X) be the subspace in AF; (I X) of elements with an
S-degree of ¢ € @', where [ is the number of connected components of 1.2".

Definition 2.27. Given a nonnegative .’ € K (I X)g, the homomorphism @LO :
Kc(gX) — AW (16 X) is called the inertial rank for . or just the .-rank.

The inertial augmentation homomorphism € : Kg(IgX) — Kg(IgX) is the
map which, for each connected component [U/G] of [({5X)/G], sends each &
in K (IgX) supported on U to

- ~0
€(Fly) =Ch (Flv)Oy.

Hence, if % is an inertial product associated to an inertial pair (%, .7), then
(Kg(IgX), *, 1, €) is a ring with augmentation.

... =0 .
Remark 2.28. Note that the restriction $h (%)|y of the inertial rank to a com-
ponent is equal to the classical rank if the .”-age of that component is zero, and
~0 . . . ~0
€¢h (F)|y vanishes if the age is nonzero. Hence the product €h (% |y) Oy makes
sense.
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Definition 2.29. An inertial pair (%, .¥) is called Gorenstein if .7 has integral
rank and strongly Gorenstein if . is represented by a vector bundle.

The Deligne—-Mumford stack 2" = [X/G] is strongly Gorenstein if the inertial
pair associated to the orbifold product (as in Definition 2.18) is strongly Gorenstein.

Note that the inertial pair for the virtual product is always strongly Gorenstein.

3. Review of A-ring and ¥ -ring structures in equivariant K-theory

In this section, we review the A-ring and 1-ring structures in equivariant K-theory
and describe the Bott cannibalistic classes 8/, as well as the Grothendieck y-classes.
The main theorems about these classes are the Adams—Riemann—Roch theorem
(Theorem 3.34) and Theorem 3.25, which describes relations among the Chern
character, the 1-classes, the Chern classes, and the y-classes.
Recall that a A-ring is a commutative ring R with unity 1 and amap A, : R — R[[¢]],
where
Ml@)=:) Nt (3.1

i>0
such that the following are satisfied for all x, y € R and for all integers m, n > 0:

MWoy=1, M =1+1 M =x, AE+y)=r10)A0),
A(xy) = Po(A (), .., AT, A (), L A(), (3.2)
AT (X)) = P (), L. A (), (3.3)

where P,, and P, , are certain universal polynomials, independent of x and y (see
[Fulton and Lang 1985, §1.1]).

Definition 3.4. If a A-ring R is a K-algebra, where K is a field of characteristic 0,
then we call (R, -, 1, A) a A-algebra over K if, for all « in K and all a in R, we
have

Ar(aa) = A (a)® :=exp(alog i, (a)). (3.5)
Note that log A, makes sense because any series for A, starts with 1.

Remark 3.6. The significance of the universal polynomials in the definition of a
A-ring is that one can calculate A" (xy) and A" (A" (x)) in terms of A'(x) and A/ (y)
by applying a formal splitting principle.

For example, suppose we wish to express A;(x - y) in terms of A,(x) and A,(y).
First, replace x by the formal sum x — Z:’i | Xi,» where we assume that A;(x;) =
1+ 1x; for all i, and similarly replace y by the formal sum y > > 12 y; in A (x - y),
where we assume that A;(y;) = 1 +ty; for all i. The fact that A;(x;) = 1 +tx; and
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At(yj) =1+1ty; means that A,(x;y;) = 1 +1x;y;, and multiplicativity gives us

o
MGoyy =[]0+,
i,j=1
Therefore, A" (x - y) corresponds to the n-th elementary symmetric function e, (xy)
in the variables {x; y; };?j.: 1» but e, (xy) can be uniquely expressed as a polynomial P,
in the variables {e;(x), ..., e,(x), e1(y), ..., e (y)}, where e, (x) denotes the g-th
elementary symmetric function in the variables {x;};2, and e,(y) denotes the r-th
elementary symmetric function in the variables {y;}72,. Replacing e, (x) by A9(x)
and e, (y) by A" (y) in P, for all ¢, r € {1, ..., n} yields the universal polynomial
P, (), ..., A (x), A (y), ..., A%(y)) appearing in the definition of a A-ring.
A similar analysis holds for P, ;.

A closely related structure is that of a y-ring.

Definition 3.7. A commutative ring R with unity 1 together with a collection of
ring homomorphisms ¥" : R — R for each n > 1 is called a v -ring if, for all
x y € R and all integers n > 1, we have

Yyl(x)=x and Y"@"(x)) =y (x).

The map v : R — R is called the i-th Adams operation (or power operation).

If the {-ring (R, -, 1, ¥) is a K-algebra, then (R, -, 1, ¥) is said to be a -
algebra over K if, in addition, ¥" is a [K-linear map.
Theorem 3.8 (cf. [Knutson 1973, p. 49]). Let (R, -, 1, A) be a commutative A-ring
and let yr; : R — R[[t]] be given by

td logA_;
dt

Expanding v, as V; = anl Y"'t" defines y" : R — R for all n > 1, and the
resulting ring (R, -, 1, V) is a Y-ring.

Conversely, if (R, -, 1,v) isa ¥-ring and A, : Rg — Rqllt] is defined by

Ar =exp(Z(—1)’_1wr§>, (3.10)

r>1

Y = (3.9

then (Rq, -, 1, A) is a A-algebra over Q.

It follows from the definition of the ir-operations in terms of A-operations, (3.9),
and (3.3) that

Moyl =ylod (3.11)

foralli >0 and j > 1 as maps from R — R.
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Remark 3.12. As in Remark 3.6, the k-th A-operation A¥ corresponds to the k-
th elementary symmetric function. Equation (3.10) implies that the k-th power
operation, ¥, corresponds to the k-th power sum symmetric function, since this
equation is nothing more than the well-known relationship between the elementary
symmetric functions and the power sums.

Let G be an algebraic group acting on an algebraic space X. The Grothendieck
ring (Kg(X), -, 1) of G-equivariant vector bundles on X is a unital commutative
ring, where - is the tensor product and 1 is the structure sheaf &y of X.

It is well known that (nonequivariant) K-theory with exterior powers is a A-ring,
and the associated y-ring satisfies ¥* (.Z) = £®* for all line bundles .#. A lengthy
but straightforward argument shows that an equivariant version of the splitting
principle holds. One can then use the splitting principle with the fact that exte-
rior powers (and the associated yr-operations) respect G-equivariance to prove the
following proposition:

Proposition 3.13 (cf. [Kock 1998, Lemma 2.4]). For any G-equivariant vector
bundle V on X, define AK([V) 1o be the class [A*(V)] of the k-th exterior power.
This defines a A-ring structure (Kg(X), -, 1, X) on Kg(X). For any line bundle
¥ and any integer k > 1, the corresponding homomorphisms ¥ on (Kg(X), -, 1)
satisfy

vk (¥) = 2%k (3.14)

Remark 3.15. The A-ring K (X) has still more structure, since any element can be
represented as a difference of vector bundles. The collection E of classes of vector
bundles in Kg(X) endows the A-ring Kg(X) with a positive structure [Fulton
and Lang 1985]. Roughly speaking, this means that E is a subset of the A-ring
consisting of elements of nonnegative rank such that any element in the ring can
be written as a difference of elements in E, and, for any .% of rank d in E, A,(%) is
a degree-d polynomial in ¢ and A4(ZF) is invertible (i.e., A4(%) is a line bundle).
Furthermore, E is closed under addition (but not subtraction) and multiplication,
E contains the nonnegative integers, and there are special rank-one elements in E,
namely the line bundles; various other properties also hold. A positive structure on
a A-ring, if it exists, need not be uniquely determined by the A-ring structure, nor
does a general A-ring possess a positive structure.

For example, if G = GL,,, then the representation ring R(G) can be identified
as a subring of Weyl-group-invariant elements in the representation ring R(T),
where T is a maximal torus and the A-ring structure on R(T) restricts to the usual
A-ring structure on R(G). However, the natural set of positive elements in R(T') is
generated by the characters of T, and this restricts to the set of positive symmetric
linear combinations of characters, which contains, but does not equal, the set of
irreducible representations of G.
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In Section 6 we will introduce a different but related notion, called a A-positive
structure, which is a natural invariant of a A-ring. This notion will play a central
role in our analysis of inertial K-theory.

The A- and i-ring structures behave nicely with respect to the augmentation on
equivariant K-theory (Definition 2.9).

Proposition 3.16. For all % in Kg(X) and integers n > 1, we have
e(W"(F) =¥ " (e(F)) = e(F) (3.17)

and
€M (F)) = h(e(F)) = (1 + )P, (3.18)

Proof. Assume that [X/G] is connected. Equation (3.18) holds if .% is a rank-d,
G-equivariant vector bundle on X since A/(.%) has rank ((f) Since K (X) is gen-
erated under addition by isomorphism classes of vector bundles, the same equation
holds for all .# in K (X) by multiplicativity of A;.

If [ X/ G1]is not connected, we have the ring isomorphism K¢ (X) =, K¢ (Xqa),
where the sum is over « such that [X,/G] is a connected component of [X/G].
Equation (3.18) follows from multiplicativity of A;. Equation (3.17) follows from
(3.18) and (3.9). O

This motivates the following definition:

Definition 3.19. Let (R, -, 1, €) be a ring with augmentation. Then (R, -, 1, i, €)
is said to be an augmented r-ring if (R, -, 1, ¥) is a {-ring and, for all integers
n > 0, we have € o " = ¢" o € = € as endomorphisms of R. If R is an augmented
¥-ring, we define ¥/° :=e.

Remark 3.20. The definition ¥ = € is consistent with all the conditions in the
definition of a i-ring (Definition 3.7).

Definition 3.21. Let (R, -, 1, A) be a A-algebra (Definition 3.4) over Q (respec-
tively C). Let € : R — R be an augmentation which is also a Q-algebra (respectively
C-algebra) homomorphism. We say that (R, -, 1, A, €) is an augmented A-algebra
over Q (respectively C) if €(A;(F)) = A (e(F)) = (1 +1)¢P) for every .Z € R.
Here the expression (1 + ¢)* for an element x of the (-algebra R means

/X X TT'=d(x —i)
X . n . i=0
I+ = Z(n)t , Wwhere (n) =
n=
The previous proposition implies that ordinary equivariant K-theory is an aug-
mented 1 -ring. In fact, the equivariant Chow ring is also an augmented -ring.

Definition 3.22. For all n > 1, the map ¥" : Aj;(X) — Af;(X) defined by
Y (v) =nv (3.23)
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for all v in A‘é;(X ) endows A7 (X) with the structure of a v/-ring and, therefore,
AY;(X)q with the structure of a A-ring. The augmentation € : AG;(X) — A%(X) is
the canonical projection.

Associated to any A-ring there is another (pre-A-ring) structure, usually denoted
by y. These are the Grothendieck y-classes y; : R — R[[t]], given by the formula

00
Ve i= Z )/iti = )\t/(l—t)' (3.24)
=0

Theorem 3.25 (see [Fulton and Lang 1985]). If Y is a connected algebraic space
with a proper action of a linear algebraic group G, and if, for each nonnegative
integer i, Ch' is the degree-i part of the Chern character and ¢' is the i-th Chern
class, then the following equations hold for all integers n > 1 and i > 0 and all &
in Kg(Y):

Ch’ oy = n' Ch', (3.26)

o (F) = exp( > =D m—1)ch” (32):”), 3.27)
n>1

(F) =Ch' (Y (F —e(F))). (3.28)

Remark 3.29. Equation (3.26) is precisely the statement that the Chern character
Ch: Kg(X)g — A (X)q is a homomorphism of v/-rings and therefore of A-rings.

In order to define inertial Chern classes and the inertial A-ring and v -ring struc-
tures, we will need the so-called Bott cannibalistic classes.

Definition 3.30. Let Y be an algebraic space with a proper action of a linear alge-
braic group G. Denote by K| (J; (Y) the semigroup of classes of G-equivariant vector
bundles on Y.

For each j > 1, the j-th Bott (cannibalistic) class 6/ Kz;’(Y) — Kg(Y) is the
multiplicative class, defined for any line bundle ¥ by

) 1— ) j-1 .
07 (L) = =Y 7" (3.31)
-y &

By the splitting principle, we can extend the definition of 6/ (.%) to all . in K g ¥).

Definition 3.32. Let ay denote the kernel of the augmentation € : Kg(Y) — Kg(Y).
It is an ideal in the ring (K (Y), - ), where - denotes the usual tensor product, and
a defines a topology on K (Y). We denote the completion of K (Y)g with respect
to that topology by fG(Y)@.

Remark 3.33. We will need to define Bott classes on elements of integral rank in
rational K-theory. This can be done in a straightforward manner, but the resulting
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class will live in the augmentation completion of rational K-theory. Stated pre-
cisely, if . is a line bundle, then we can expand the power sum for ¥/ (.%) as
Vi) =jd+a(L—1)+ - +a;_1 (£ — 1)) for some rational numbers
ai,...,aj_1. Since (£ — 1) lies in the augmentation ideal, any fractional power
of the expression 1 +a1(Z —-1)+---+a; (L — 1)/~! can be expanded using
the binomial formula as an element of Eg(Y)@. It follows that, if @ = ), ¢; %
with ), ¢; € Z, then the binomial expansion of the expression

T+ ai( & =D+ +a (2 — DI

l
defines 6/ («) as an element of I/(\G(Y)@.
We will also need the following result:

Theorem 3.34 (the Adams—Riemann—Roch theorem for equivariant regular em-
beddings [Kock 1991; 1998]). Lett: Y — X be a G-equivariant closed regular
embedding of smooth manifolds. The following commutes for all integers n > 1:

0" (NHY™
Kg(Y) —— Kg(Y)

l‘* l (3.35)

Ke(X) — Kg(X)

where N is the conormal bundle of the embedding t.

4. Augmentation ideals and completions of inertial K-theory

We will use the Bott classes of . to define inertial A- and ¥ -ring structures as well
as inertial Chern classes. Since . is generally not integral, we will often need to
work in the augmentation completion K ¢(UgX)g of Kg(IgX)g. However, it is
not a priori clear that the inertial product behaves well with respect to this comple-
tion, since the topology involved is constructed by taking classical powers of the
classical augmentation ideal instead of inertial powers of the inertial augmentation
ideal. The surprising result of this section is that, when G is diagonalizable, these
two completions are the same.

Definition 4.1. Given any inertial pair (#, %), define a» to be the kernel of the
inertial augmentation € : Kg(IgX) = Kg(IgX). It is an ideal with respect to the
inertial product x := x4. Define a;4- to be the kernel of the classical augmentation
€:Kg(IgX) - Kg(IgX). Itis an ideal of K;(IgX) with respect to the usual
tensor product instead of the inertial product.

Each of these two ideals induces a topology on K¢ (I X), and we also consider
a third topology induced by the augmentation ideal aps of R(G). By [Edidin and
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Graham 2000, Theorem 6.1(a)] the agg-adic and a4 -adic topologies on K¢ (I X)
are the same. In this section we will show that the a o -adic topology agrees with
the other two.

Lemma4.2. If (%, .7) is an inertial pair, then (K (I X), x2) is an R(G)-algebra.
Moreover, for any x € R(G), if By € Kg(I(V)), we have xBy = x1 x5 By.

Proof. By definition of an inertial pair, if o) € K (X) is supported in the untwisted
sector, then a1 x By = fy o - B, where fy : I (V) — X is the projection. The lemma
now follows from the projection formula for equivariant K-theory. (]

Theorem 4.3. When G is diagonalizable the apg-adic, aj,x-adic, and a.y-adic
topologies on K (IgX) are all equivalent. In particular, the apg-adic, aj,x-adic,
and a »-adic completions of K¢ (IgX)q are equal.

Proof. To prove that the topologies are equivalent we must show the following:

(1) For each positive integer n there is a positive integer r such that
aSrKG(IgX) C (ax)™.

(2) For each positive integer n there is a positive integer r such that
(a)" CajsKeUoX)a.

Condition (1) follows from Lemma 4.2 and observing that apg Kg(IgX) C a.
In particular, we may take r = n.

Condition (2) is more difficult to check. Given a G-space Y, we denote by ay
the subgroup of K (Y) of elements of rank 0. This is an ideal with respect to the
tensor product.

For each connected component [U/G] of [Ig X/ G], the inertial augmentatlon
satisfies %ho(oe)h/ =0ifage,(U) > 0and %ho(a)h] =Cho(a)|y if age , (U) =
[Edidin et al. 2016, Theorem 2.3.9]. So a_»~ has the following decomposition as an

abelian group:
= P we @ K.

U U
age o (U)=0 age o» (U)>0
Lemma 4.4. Ifm € G with o € Kg(X™) Nay and B € Kg(X™ ') N ay, then
axfBeary.

Proof. Since mm ! =1, we have a x B € Kg(X') C Kg(IgX), so we must show
axp eay. If age ,(X™) =0, then «,, € ayn, so the inertial product

pilefa - e3p - eu( @)

would automatically be in ax because the finite pushforward p, preserves the clas-
sical augmentation ideal. Thus we may assume that age ,(X"™) and age ., (X ’"71)
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are both nonzero and that « and 8 have nonzero rank as elements of Kg(X™)
and Kg(X m! ), respectively. If the fixed locus X mm~! hag positive codimension,
then . (Kg(X ’"”"71)) C Kg(X") is also in the classical augmentation ideal, since
it consists of classes supported on subspaces of positive codimension. On the other
hand, if X mm~ _ x , then 7 [y, -1 =0. By definition of an inertial pair, .7 |y1 =0,
80 Zlymm—1 = (€1 + €57 )| ymm-1 is a nonzero vector bundle. It follows that

eu(f%’lxm,m_l) € Uypm—1, and once again o x 8 € ay. U

Since G is diagonalizable and acts with finite stabilizer on X, there is a finite
abelian subgroup H C G such that X8 =@ forallg¢ H. Lets =),y (ord(h)—1).

Lemma 4.5. The (s+1)-fold inertial product (a.5)*“tY is contained in arsX-

Proof. By the definition of s, any list m, ..., msy1 of nonidentity elements of H
contains at least one 4 with multiplicity at least ord(/). It follows that such a list
contains subsets my, ..., m; and myyq, ..., m; withmy -« -myp = (Mgy1 - - -my)~ L.

Since the inertial product is commutative, we may write any product of the form
Oy * -+ -k Oy With € K (X™) as oy, * fB,,-1 * Yy for some &, € Kg(X™),
Bm € K(;(mel), and y,y € K¢ (X’”/). Lemma 4.4 now gives the result. O

To complete the proof of Theorem 4.3, observe first that we may use the equiv-
alence of the agg-adic and the a 2 -adic topologles in the ring (K¢ (/5 2X), ®) to
see that, for any n, there is an r such that u y Cag GK cUg 2X). This implies that
u*(a ) C a cKc(IgX). It follows that 1

@O a8 K G (16 X). 0

Since the three topologies are the same we will not distinguish between them
from now on, and will use the term augmentation completion to denote the com-
pletion with respect any one of these augmentation ideals. The completion of
K¢ (I X)g will be denoted by K. 6 UgX)q- Note that this completion is a summand
in Kg(IgX)g [Edidin and Graham 2005, Proposition 3.6].

5. Imertial Chern classes and power operations

In this section we show that for each Gorenstein inertial pair (#, .) and corre-
sponding Chern character %h, we can define inertial Chern classes. When (%, .%)
is strongly Gorenstein, there are also yr-operations, A-operations, and y-operations
on the corresponding inertial K-theory K¢ (IgX). These operations behave nicely
with respect to the inertial Chern character and satisfy many relations, including
an analog of Theorem 3.25. When G is diagonalizable these operations make the
inertial K-theory ring K (IgX) into a ¢-ring and Kg(IgX) ® Q into a A-ring.
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Inertial Adams (power) operations and inertial Chern classes. We begin by defin-
ing inertial Chern classes. We then define inertial Adams operations associated to
a strongly Gorenstein pair (%, .¥) and show that, for a diagonalizable group G,
the corresponding rings are i -rings with many other nice properties.

Definition 5.1. For any Gorenstein inertial pair (%, .%°) the .-inertial Chern series
¢ Kg(UgX) — A;(IgX)ollt]l is defined, for all .# in K (IgX), by

G(F) = e’;q)( Z(—l)"_l(n — 1! ‘ﬁl"(f)t"), (5.2)

n>1

where the power series €xp is defined with respect to the x4 product, and Ch"(F)
is the component of €h(.%) in A*(IgX) with .-age equal to n. For all i > 0, the
i-th -inertial Chern class ¢'(Z) of .Z is the coefficient of t' in ¢;(.%).

Remark 5.3. The definition of inertial Chern classes could be extended to the non-
Gorenstein case by introducing fractionally graded .#-inertial Chern classes, but
the latter do not behave nicely with respect to the inertial yr-structures.

Definition 5.4. Let (#, .”) be a strongly Gorenstein inertial pair. We define the
J-th inertial Adams (or power) operation 1}1' : Kg(UgX) > Kg(IgX) for each
integer j > 1 by the formula

VI(F) =9I (F)-67(7) (5.5)
for all # in Kg(IgX). (Here - is the ordinary tensor product on K (I X).)

We show in Theorem 5.23 that, in many cases, these inertial Adams operations
define a v -ring structure on (K¢ (IgX), *%).

Remark 5.6. If (%, .7) is Gorenstein, then .# has integral rank and 6/ (.*) may
be defined as an element of the completion K¢ (I X)g (see Remark 3.33). Thus we
can still define inertial Adams operations as maps ¥/ : Kg(IgX) = Kg(IgX)q.

Definition 5.7. Let (%, ) be a strongly Gorenstein inertial pair. We define A, :
Kc(UgX) — Kg(IgX)olt] by (3.10) after replacing ¥, A, and exp by their re-
spective inertial analogs v/, A, and €xp:

~ ~ r
%, :@(Z(—l)"‘w’%). (5.8)
r>1
Define A’ to be the coefficient of ¢/ in A,. We call A! the i-th inertial A operation.

We now prove a relation between inertial Chern classes, the inertial Chern char-
acter, and inertial Adams operations, but first we need two lemmas connecting the
classical Chern character, Adams operations, Bott classes, and Todd classes.
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Lemma 5.9. Let &% € Kg(IgX) be the class of a G-equivariant vector bundle
on IgX. For all integers n > 1, we have the equality, in AE(IGX),

Ch(6"(F*)) Td(—.F) = n" @) Td(—y" (F)). (5.10)

More generally, if 7 € Kg(IgX)q is such that F = Zf:l o;V;, where ¥; is a vec-
tor bundle, a; € Q witha; > 0 foralli =1, ..., k, and Ch%(%) € 7! ¢ A%(I6X)q
(I is the number of connected components of [IgX/G]), then (5.10) still holds
in AG;(IgX)q, where 0" (F*) is an element in the completion I/(\G (IcX)o.

Proof. Let £ in K (I X) be aline bundle with ordinary first Chern class c:=c' (.%).
For all n > 1 we have

i 1— (g -1
Ch(0" (") Td(—.%) = Ch(w) (Td(,,?))

1—e"¢ c -1
T\ l—e—c 1—ec¢
()
=n
1 —e ¢

=nTd(¥" !,

and we conclude that Ch(6"(£*)) Td(—%) = n Td(—y"(¥)). Equation (5.10)
now follows from the splitting principle, the multiplicativity of 6" and Td, and the
fact that Ch is a ring homomorphism.

The more general statement follows from the fact that Ch and Td factor through
K¢ (IgX)q together with the fact that Ch® (67 (F) — j€)) = 0. O

This lemma yields the following useful theorem:

Theorem 5.11. Let (%, .7) be a strongly Gorenstein inertial pair. For any o € N
and integer n > 1, we have

Che (" (F) =n® Gh° (F) (5.12)
in Agx}(IGX)@, where the grading is the .7-age grading.
Proof. We have
Ch(y" (#)) = Ch(y" (F)0" (™)) Td(—)
= Ch(y" (7)) Ch(6" (")) Td(—5)
= Ch(y"(F)) Td(—y" (7))n**
=Y n*h" (),

aeN
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where the third equality follows from (5.10), and the final equality follows from
the definition of ¢h”, (3.26), and the fact that, for all j >0 and k > 1,

Td’ oy* =k/ Td/, (5.13)

where Td =) >0 Td/ is such that Td/ belongs to Aé(IC;X )o. Equation (5.13) is
proved in the same fashion as (3.26). O

Remark 5.14. If (#, .”) is a Gorenstein inertial pair, then (5.12) also holds in
A{C‘;"}(Ic;X)@, where 1" is interpreted as a map

V" KegX) — Ko(IgX)a
(see Remark 5.6). This follows as %h factors through the completion K ¢UcX)g.

Definition 5.15. Let (#Z, .) be a strongly Gorenstein inertial pair. We define the
inertial operations y; on inertial K-theory as in (3.24), that is,

oo
Po= Y Pi= k. (5.16)
i=0

Remark 5.17. If (#, ) is only Gorenstein, then we may still define y, as a map
Kg(IgX) — Kg(IgX)allt]l.

Theorem 5.18. Let (%Z,.7) be a Gorenstein inertial pair. The #-inertial Chern
series ¢; : Kg(IgX) — Ag(Ig X)qllt] satisfies the following properties:

Consistency with y: For all integers n > 1 and all F in K (IgX)qg, we have the
following equality in AF,(Ig X)q:

ENF) =Gh" (P(F —E(F))), (5.19)

where v, is interpreted as a map Kg(IgX)g — fg(IGX)@[[t]].
Multiplicativity: Forall v and % in Kg(IgX)q,

GV +W)=c(V)rq & (V).

Zeroth Chern class: For all ¥ in K¢(IgX)qg, we have ¢°(%) = 1.

Untwisted sector: For all # € Kg(X") € Kg(IgX) (i.e., supported only on the
untwisted sector), the inertial Chern classes agree with the ordinary Chern classes,
i.e., C(F) = ci(F).

Classes of unity: All the inertial Chern classes of unity vanish, except for ¢°(1), so
we have ¢;(1) = 1.

Remark 5.20. The theorem shows that (5.19) yields an alternative, but equivalent,
definition of inertial Chern classes.
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Proof. Multiplicativity and ¢°(%) = 1 follow immediately from the exponential
form of (5.2) and the fact that his a homomorphism.

On the untwisted sector, inertial products reduce to the ordinary products, and
the inertial Chern character reduces to the classical Chern character, and this shows
that (5.2) agrees with (3.27), which implies that the untwisted sector agrees with
ordinary Chern classes. The classes of unity condition will follow immediately
from (5.19).

The hard part of this proof is the consistency (5.19) of the inertial Chern classes
with 7. To prove this, it will be useful to first introduce the ring homomorphism
h : Ko(IgX) — AL(I6X)glt] via Gh(F) := Y,- Ch" (F)1". For the re-
mainder of the proof, all products are understood to be inertial products. We have
the equality, in AF;(I6 X)oll],

(=D

Chi (R (F)) =éxvp<2

k>1

— (Dt
exp(Z . Chi (F)u >

k>1

—~ (_1)k_1 1.2 ok
exp(Z p > Ch*(F) (k) u)

k>1 a>0

— éif;( > eh® () Z(—l)k_lk”‘_luk),

a>0 k>1

%(Mﬁ))u")

where the first equality follows from the definition of A and the fact that %h, is
a ring homomorphism, and the second equality follows from (5.12). From the
definition of y,, it follows that

Chy(Ju(F — E(F))) = éif)< Z Ch" (F — e(F)1* Z(_l)k—lk“—l <L>k)

a>0 n>1 k=

—_~

Xp

Il
¢

a>0 k=1 e
:%<ZZ<—1>“/¢“1%“<%W 2;“"@:}))
a>0 k=1 nz
(S b
1

Z Gh’ (F)t* Z (=) n—1D)!S(a, n)),
a>0 n>1

where

S@om =3 =0 (7)
j=0
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are the Stirling numbers of the second kind. Projecting out those terms which are
not powers of z := ut yields the equality

S G (71 F e = «%( Y FEH () (D" (= DIS(, n)).

>0 5>0
The identity S(n, n) = 1 and (5.2) yield (5.19). O

Even when an inertial pair (%, .%) is not Gorenstein, there are natural subrings
of Kg(IgX) and AY;(IgX) where things behave well (as if (%, .7) were Goren-
stein).

Definition 5.21. Let (%, ) be an inertial pair, and let / be the number of con-
nected components of /2" = [IzX/G]. The subring of K5 (IgX) consisting of
all elements of .-grading 0 € (Q/Z)' is called the Gorenstein subring K cUcX)
of KG(IgX), and the subring of Af;(IgX) consisting of all elements of .-degree
in 7! € @' is called the Gorenstein subring Ac(IX) of AL X).

Remark 5.22. The previous theorem holds for a general inertial pair of a G-space X
provided that K (IgX) and Ay;(/gX) are replaced by their Gorenstein subrings
Kg(IgX) and Af;(IgX), respectively.

Y-ring and A-ring structures on inertial K-theory. The main result of this section
is the following:

Theorem 5.23. If G is a diagonalizable group and (%, .7) is a strongly Gorenstein
inertial pair on I X, then (Kg(IgX), *%, 1, €, 1/~/) is an augmented \-ring.

Moreover, for general (possibly nondiagonalizable) G and any inertial pair
(%2, ), the augmentation completion of the Gorenstein subring K cUgX)q of
Ks(UgX)g is an augmented \-ring.

Remark 5.24. The hypothesis that G is diagonalizable is necessary, as is demon-
strated later in this section (see Example 5.37).

With a little work we get the following corollary:

Corollary 5.25. Let (%, .”) be a strongly Gorenstein inertial pair with G diago-
nalizable. Then (Kg(IgX)q, *%, 1, 1) is an augmented i-algebra over Q.

Moreover, for general (possibly nondiagonalizable) G and any inertial pair
(Z%,S), the augmentation completion of the Gorenstein subring kg(IGX)@ of
Kc(IgX)g is an augmented A-algebra over Q.

Proof of Corollary 5.25. Combining Theorem 5.23 with Theorem 3.8, all that we
must prove is that

EG (F)) = A (E(F)) = (1 + 1), (5.26)
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Here we have omitted the » from the notation, but all products are the inertial
product , and exponentiation is also with respect to the product .
For all # € Kg(IgX), we have

EQ () =Y _HEG (),

i>0
but
~Y (o ~ s (_l)n_] ning o
E0u(F) =&(&Rp( ) —1"I"(F)
n>1
—1n—1 ~
- 6@( > %r%(w"(ﬁ)))
n>1
=€@(Z(_1n$t"€(9))
n>1

where the third line follows from € o " = & (by Theorem 5.23). Finally, we have
that 1, ((Z)) = (1 +1)¢%), since € commutes with ¥ by Theorem 5.23. O

Proof of Theorem 5.23. It is straightforward from the definition that ¥" (% + %) =
VN(F) +U(9), and also ¥ (F) = .7, since 6! (¢) =1 for any ¢. We also have
¥ (1) =1, since 1 is supported only on K (X'), and .%1 = 0 (because (%, .%*)
is an inertial pair). Now, to show for all % in Kg(IgX) that

VW) =9 (),
we observe that
V(T = 9" (PO () =" (P 0 (S)0"(I).
Hence, we need to show that
YO (70" (%) = 0" ().

This follows from the splitting principle in ordinary K-theory, the fact that the Bott
classes are multiplicative, and the fact that for any line bundle . we have

o T A N
v"(0°(£))0 (3)—w(1_$)1_$
l—gl -z

===y =D (5.27)

It remains to show that ¥ preserves the inertial product defined by %, i.e.,

V(T *9) =P (F) P (@), (5.28)



98 DAN EDIDIN, TYLER J. JARVIS AND TAKASHI KIMURA

where « is understood to refer to the x4-product. It is at this point in the proof that
we need to use the hypothesis that G is diagonalizable.

Lemma 5.29. Let G be a diagonalizable group. For each (m1,m3) € G X G let
XMom ={(my,my, x) | mix =mox =x} C IéX. Then X™V"™2 js open and closed
(but possibly empty) and the restriction of |1 to X" is a regular embedding.

Proof. There is a decomposition of [ éX into closed and open components indexed
by conjugacy classes of pairs in G x G. However, since G is diagonalizable, each
conjugacy class consists of a single pair. If ¥ = {(m, m;)}, then [2(W) = xmm
and the multiplication map restricts to the closed embedding p : X" — X"M"2,
where X2 = {(mimy, x) | mimyx = x} C IgX. Since X is smooth, the fixed
loci X™1-™2 and X2 are also smooth, so the map is a regular embedding. [

Let us prove that v is compatible with the inertial product. First,

Y x W) =0"(TT) AV * )
=0" () Y (uslelV - 3H - A_1(ZY))). (5.30)
By our lemma / éX decomposes as a disjoint sum | [ X" with p|xm1.m a closed
regular embedding. Since an element o € K(;(I(Z;X ) decomposes as a sum o =
Z(ml’mz) Uy my With ot m, € K (X™"?), we may invoke the equivariant Adams—
Riemann—Roch theorem for closed embeddings (Theorem 3.34) on each &, p, to

conclude that " pya = . (0" (N;)¥" ), where Ny is the conormal bundle of w.
Writing Nj; = =T} (see Definition 2.13) we obtain the equalities

I *W) = 0"(I) k(0" (=T " eV W A1 (2)"))
= 0" (S (0" (= T) €Y (V) -E5Y" (F) " (o1 (%))
= 0" (S (0" (= T)- €Y (V) - 5Y" (#) A1 (Y™ (FY)))
=0"(") (0" (—T,)- 59" (1) - 5" (W) A1 (F*)-0" (%))
= 0" (St (efY" (V) - SY" W) -1 (B 0" (#*=T})),  (5.31)

where the second equality follows from the fact that ¥ respects the ordinary mul-
tiplication -, the third from the definition of the Euler class and the fact [Knutson
1973, p. 48] that, for all i and n,

v/n O)Li :)Li Own’
the fourth from the fact that for any nonnegative element .# in K (/g X) we have

0" (F)A-1(F) = A (Y™ (F)),
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and the fifth from the multiplicativity of 6”. Since tﬂ”(ﬁ ) =Y (F)O"(SF), we
may express the last line of (5.31) as

0" (S s (efU" (V) - 0" W) A\ (B) 0" (Z* =T — e} 7% —e5.9%)). (5.32)
Applying the projection formula to (5.32) yields
V'O > W) = 9" 0 - " ) - A1 (B
OB T — e} S — e+t ).
Now because (#, .%) is an inertial pair, we have

R=elS +eS — S+ Ty,

SO
VI W) = (e V) - S W) - A (ZD)) = F (D) * Y (W),

as claimed.

Finally, from the definition of ¢/ and the fact that the ordinary augmentation
in ordinary equivariant K-theory is preserved by and commutes with the ordinary
Yr-operations, we have

EP ) =Y E)) =E). (5.33)

When G is not diagonalizable, p is a finite local complete intersection mor-
phism, but in general it does not restrict to a closed embedding on each compo-
nent of I(Z;X . In this case the equivariant Adams—Riemann—Roch theorem holds
[Kock 1998, Theorem 4.5] after completing K (IgX)c and Kg(IéX)@ at the
augmentation ideal. Restricting to the augmentation completion of the Gorenstein
subring ensures that the Bott class 0k (.7*) takes values in that subring (which
has @Q coefficients), whereas the Bott class in general would take values in the
augmentation completion of K¢ (I X) ® Q. The rest of the above argument goes
through verbatim. (]

Remark 5.34. Suppose G is not abelian, but the fixed locus X¢ is empty if g
is not in the center of G. Then, since the conjugacy classes of central elements
are singletons, the argument of Lemma 5.29 shows that / éX is a disjoint sum of
components such that the restriction of u to each of them is a regular embedding.
Arguing as in the proof of Theorem 5.23 shows that in this case the inertial product
would also commute with the inertial Adams operations.

Remark 5.35. If G is finite then, for each conjugacy class ® CG x G and ¥ C G
such that u(I2(®)) C I (W), the pushforward map g, : Kg(I2(®)) - Kg(I(V))
can be identified as a combination of pushforward along a regular embedding with
an induction functor. Precisely, if (11, m») € ® is any element, then K (I2(®D))
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can be identified with K7, ,(X™""2), where Z; ; is the centralizer of m; and m;
in G. Likewise, K¢ (I (W)) can be identified with Kz ,(X"™'"?), where Z;; is
the centralizer of the element mm,. Let i : XM < X™"2 be the inclu-
sion. Via these identifications the pushforward ., is the composition of the push-
forward i, : Kz, ,(X""") — Kz, ,(X™"™2) with the induction functor Indgf2 :
Kz,(X""2) — Kz ,(X™"2). In this case, determining whether the equality
Ul (a* B) = ¥ () » ¥/ (B) holds in Kg(IgX)g boils down to the question of
whether the classical Adams operations ¥/ commute with induction. This ques-
tion has been studied in Section 6 of [Kock 1998], where it is proved that Adams
operations commute with induction after completion at the augmentation ideal.

Remark 5.36. Let (%, .) be a Gorenstein inertial pair on /g X. For each integer
k>1,let g : AG(IgX) — A (IgX) be defined by (3.23). If

& ALUGX) - ADUsx)

is the canonical projection, then the inertial Chow theory (Af;(IgX), *, 1, 1&, €) is
an augmented ¥ -ring.

Moreover, if G is a diagonalizable group and (#, .¥) is a strongly Gorenstein
inertial pair on /; X, then the summand Kg (I X)g inherits an augmented -ring
structure from K¢ (IgX)g. In addition, (5.12) means that the inertial Chern char-
acter homomorphism h - K c(UcX)a — Aj(IgX)q preserves the augmented
Y-ring structures and factors through an isomorphism K cUcX)a — AL(UgX)a
of augmented -rings. In particular, if G acts freely on X, then the inertial Chern
character is an isomorphism of augmented -rings.

Example 5.37. The hypothesis of Theorem 5.23 that G is diagonalizable is nec-
essary, as demonstrated by the following example: Let G = S3 be the symmetric
group S3 on three letters, and consider the classifying stack BS; = [pt/S3]. The
inertia stack /BS3 is the disjoint union of three components, corresponding to the
conjugacy classes of (1), (12), and (123) in S3. The component corresponding
to class W is the stack [W/S3], which is isomorphic to the classifying stack BZ,
where Z is the centralizer of any element of W. So the components of the inertia
stack are isomorphic to BSs, By, and Bus.

The double inertia /2B S5 is the disjoint union of eleven components: three
isomorphic to a point (B{e}), corresponding to the conjugacy classes of the pairs
((12), (13)), ((12), (123)), and ((123), (12)), respectively; three isomorphic to
Bu,, corresponding to the conjugacy classes of the pairs ((1), (12)), ((12), (1)),
and ((12), (12)); four isomorphic to Bus, corresponding to the conjugacy classes
of ((1), (123)), ((123), (1)), ((123), (123)), and ((123), (132)); and the identity
component, isomorphic to BS3. Consider the inertial product with # =0 and .7 =0.
(This is just the usual orbifold product on B S3.)
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Let x € R(u2) = K (B2) be the defining character. Denote by x|, € K (1B S3)
the class which is x on the sector isomorphic to B, (corresponding to the con-
jugacy class of a transposition in S3) and O on all other sectors. Likewise, let
134, € K(IBS3) be the class which is the trivial representation on the sector iso-
morphic to By, and 0 on all other sectors. We will compare 2 (x| Bus * 1 Buy)
and Y2y [Br * v2x | B, and show that they are not equal in K (/BS3).

Since % = 0, the orbifold product is given by the formula

a*x B =p(efa-ep).

To compute the product, we note that if « is supported on the sector corresponding
to the conjugacy class of (12) then ef« is supported on the components of / ’BS;
corresponding to the conjugacy classes of pairs

((12), (1)),  ((12),(13)), ((2),(12)), ((12), (123)).

Similarly, eJo is supported on the components corresponding to the conjugacy
classes of the pairs

(D), A2)), ((12),(13)), ((12),(12)), ((123), (12)).

So if o and B are both supported on the sector corresponding to (12), then the
classical product eja - e« is supported on components of / 2B S3, corresponding to
the conjugacy classes of the pairs ((12), (13)) and ((12), (12)). The multiplication
map u takes the component corresponding to the conjugacy class of ((12), (13))
to the twisted sector isomorphic to Bus corresponding to the conjugacy class of
3-cycles. Likewise, u maps the component corresponding to the conjugacy class
of ((12), (12)) to the untwisted sector BS3, which corresponds to the conjugacy
class of the identity.

Identifying K (BG) = R(G), we see that K (IBS3) = R(S3) @ R(u2) ® R(u3),
while K (I’BS3) = R(S3) @ R({e})® ® R(u2)? ® R(u3)*. Under this identifi-
cation the pullbacks e’ : K(IBS3) — K (I ’BS3) correspond to restriction func-
tors between the various representation rings. Likewise, the pushforward . :
K (I’?BS3) — K (IBS3) corresponds to the induced representation functor. Hence,

X1Bus * U, = (Ind3} )| s, + (Indjy) Res() x) sy = (sgn+ Va)lss; + Vil s

where the sign representation of S3 is denoted by sgn, the 2-dimensional irreducible
representation of S3 is denoted by V,, and the regular representation of u3 is de-
noted by V3. The character of 1//2(sgn + V3) has value 3 at the identity and at the
conjugacy class of a 2-cycle, and it has value 0 on 3-cycles. On the other hand,

¥v2(x) =¥2(1) = 1in R(u), so

V2 (X Bua) * U (U Bus) = Uy * Upu, = (1+ Va)|ps, + Vil gy,
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The character of 1 + V, has value 1 on 2-cycles, so 1//2(sgn + Vo) # (14 Vy).
Therefore,

Y2 (X B> * 1Bus) 7 VX Bs * V2 1 By

6. A-positive elements, the inertial dual, and inertial Euler classes

Every A-ring contains the semigroup of A-positive elements, which is an invariant
of the A-ring structure. In the case of ordinary equivariant K-theory, every class
of a rank-d vector bundle is a A-positive element, although the converse need not
be true. Nevertheless, A-positive elements of degree d share many of the same
properties as classes of rank-d vector bundles; for example, they have a top Chern
class in Chow theory and an Euler class in K-theory. This is because the ordi-
nary Chern character and Chern classes are compatible with the A-ring and ¥ -ring
structures.

In this section, we will introduce the framework to investigate the A-positive
elements of inertial K-theory for strongly Gorenstein inertial pairs. We will see
that the A-positive elements of degree d in inertial K-theory satisfy the inertial
versions of these properties. We will also introduce a notion of duality for inertial
K-theory, which is necessary to define the inertial Euler class in inertial K-theory.

For the examples (1, 2) and P(1, 3), we will see that the set of A-positive ele-
ments yield integral structures on inertial K-theory and inertial Chow theory, which
will correspond, under a kind of mirror symmetry, to the usual integral structures
on ordinary K-theory and Chow theory of an associated crepant resolution of the
orbifold cotangent bundle.

Remark 6.1. All results in this section hold for possibly nondiagonalizable G, pro-
vided that K (IgX) is replaced by the augmentation completion of its Gorenstein
subring K¢ (IgX).

We begin by defining the appropriate notion of duality for inertial K-theory.

Definition 6.2. Consider the inertial K-theory (Kg(IgX), », 1, €, &) of a strongly
Gorenstein pair (#, .”’) associated to a proper action of a diagonalizable group G
on X. The inertial dual is the map D : Kg(IgX) — Kg(IgX) defined by

D)=y =9 p(),
where
o(F) = (=) det(F*) (6.3)

for all classes of locally free sheaves .# in Kg(IgX) and det(F) = AP Z is the
class of the usual determinant line bundle of .%#. Note that in this definition the
dual *, as well as both € and det, are the usual, noninertial forms.
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Theorem 6.4. Consider the inertial K-theory (Kg(IgX), x, 1, €, 1&) of a strongly
Gorenstein pair (%, ) for a diagonalizable group G with a proper action on X.

(1) D? is the identity map, i.e., 1T = F for all F € Kg(IX).

(2) For alll > 1, the inertial dual satisfies
Doé=¢éoD=¢ and V'oD=Do7 . (6.5)
(3) The inertial dual is a homomorphism of unital rings.

Before we give the proof of the theorem, we need to recall one fact from [Ful-
ton and Lang 1985] about the ordinary dual in K-theory, and we need to prove a
Riemann—Roch-type result for the ordinary dual.

Lemma 6.6 [Fulton and Lang 1985, Lemma 1.5.1]. Let F be any locally free sheaf
of rank d. Then for all i with 0 <i <d we have

A(F) = 27 (70 ( 7). (6.7)

Theorem 6.8 (Riemann—Roch for the ordinary dual). Using the hypotheses and
notation from Theorem 3.34, and the definition of p given in (6.3), for all ¥
in Kg(Y) we have

L (FN* =w(p(N]) - F7). (6.9)

Proof. We first observe, using Lemma 6.6, that for any locally free sheaf .# € Kg(Y)
we have

A 1(F) =1 1(F)p(F). (6.10)

We also observe that ordinary dualization commutes with pullback and is a ring
homomorphism. Because of these properties, the ordinary dual is a so-called naru-
ral operation, and the desired result follows immediately from Kock’s “Riemann—
Roch theorem without denominators” [1991, Satz 5.1]. U

Proof of Theorem 6.4. Part (1) follows from the identity p(Z*) = (p(%))~.

The first equation of (2) is follows from the definition of €. The second equation
of (2) follows from the identity 6" (.%) = 6" (.7*)(det(.’))¢“")~!, which follows
from the splitting principle in ordinary K-theory.

The proof of (3) is identical to the proof that ¥ is a homomorphism for all n > 1,
but where the Bott class 6" is replaced by the class p and Theorem 3.34 is replaced
by Theorem 6.8. U

Definition 6.11. Let (K, -, 1, 1) be a A-ring. For any integer d > 0, an element
¥ € K is said to have A-degree d if A,(¥') is a degree-d polynomial in ¢. The
element ¥ is said to be a A-positive element of degree d of K if it has A-degree d
for d > 1 and A%(¥) is a unit of K. A A-positive element of degree 1 is said to
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be a A-line element of K. Let P; := P,(K) be the set of A-positive elements of
degree d in K, and let P =), P; C K be the semigroup of positive elements.

Remark 6.12. If the A-ring (K, -, 1, 1) has an involutive homomorphism K — K
taking .# to .#" that commutes with A’ for all i > 0, then it may be useful in the
definition of a A-positive element of degree 1 to assume, in addition, that ¥ ! =¥V,
However, we will later see that this condition automatically holds for the vir-
tual K-theory of Bu, (Proposition 7.2), P(1, 2) (Proposition 7.45), and P(1, 3)
(Proposition 7.64).

Proposition 6.13. Let (K, -, 1, A) be a A-ring.
(1) Addition in K induces a map Py, X Py, = Py, +a, for all integers dy, dy > 1.

(2) Multiplication in K induces a map Py, X Py, = Pa,a, for all integers dy, dp > 1.
In particular, the set Py of A-line elements of K forms a group.

(3) If K is torsion-free, then an element ¥ in K has A-degree 1 if and only if

vi(¥) =< (6.14)
for all integers | > 1.
(4) Forall ¥ in Py,
d
n( —d)y=>_ r(1—=n?"A). (6.15)
i=0

(5) Forallintegersi > 0andd > 1, we have NP, —>P @y- Furthermore, if K
is an augmented A-algebra over Q with augmentation € and ¥ belongs to P,
then, in K,

(V) =d, (6.16)
and thus

cGi(1)) = (‘ll) (6.17)
Proof. Part (1) follows from the fact that the product of invertible elements is invert-
ible. Part (2) follows from properties of the universal polynomials P, appearing
in (3.2) of the definition of a A-ring. Part (3) follows immediately from (3.9) and
the fact that K is torsion-free.

Equation (6.15) holds since, for all " in P;, we have

A ) d i 4 o
O —d) =" = (=0l (T ) Ao = 3o da -0t i,
i=0

i=0
To prove (5), the properties of the universal polynomials P, , (see Remark 3.6)
imply that N:iPy— 73({1) for all i > 0. Hence, if ¥ has )»d—dlegree d,whered,i>1,
i d . _
then, since A% is invertible, so is A() (Ai(¥)) = 17 (=0
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To prove (6.16) let us first suppose that .% := £ belongs to P;. Applying €
to (6.14) for [ =2, we obtain € (Y2(.Z)) = €(£?) = €(£)?, but € (Y2(L)) = €(L).
Thus €(£)? = €(¥) but, since & is invertible and € is a homomorphism of unital
rings, € (%) is invertible. Therefore, € ((¥) = 1. More generally, if .# belongs to Py
for some integer d > 1, then (3.18) implies that (e(f)) =1 and

0= (e(ﬁ)) _ (e(ﬁ‘))e(y)_d _eP)—d

d+1)=\ 4 d+1 ~—  d+1

Therefore, (%) =d.
Finally, (6.17) follows from equations (3.18) and (6.16). O

In ordinary equivariant K-theory (K¢ (X), ®, 1, €), it is often useful to assume
that [X/G] is connected. This is not an actual restriction, since Kg(X) can be
expressed as the direct sum of A-rings or -rings of the form K (U), where [U/G]
is a connected component of [X/G]. The condition that [X/G] is connected is
equivalent to the condition that the image of the augmentation is Z times the unit
element 1, i.e., one may interpret the augmentation as a map € : Kg(X) — Z.

For an inertial K-theory (Kg(IgX), x, 1, €), an additional condition must be
imposed in order for the inertial augmentation to have image equal to Z.

Definition 6.18. Let X be an algebraic space with an action of G and let (#Z, .¥)
be an inertial pair. For each m € G, the restriction of . to X" is denoted by .7},.

We say that the action of G on X is reduced with respect to the inertial pair
(Z, ) if %, =0 implies m = 1.

The following proposition is immediate:

Proposition 6.19. Consider the inertial K-theory (Kg(IgX), %, 1, €) (respectively
the rational inertial K-theory (K¢ (IgX)a, *, 1, €)) for some inertial pair (#, .7).
The image of the inertial augmentation € is equal to Z (respectively Q) times the
unit element 1 of Kg(IgX) if and only if [X/G] is connected and the action of G
on X is reduced with respect to (%, .7).

In ordinary equivariant K-theory any vector bundle of rank d has A-degree d.
Thus, if [X/G] is connected then, by definition, (Kg(X), -, 1, €, A) (respectively
(Kc(X)ag, -, 1, €, 1)) is generated as a group (respectively Q-vector space) by the
classes of vector bundles and hence by elements of P.

In inertial K-theory (Kg(IgX)g, *, 1, €, 1), the situation is more complicated.
Equation (6.17) implies that if ¥ is in PP, then, for any connected component U
of IcX ~ X! which has .#-age equal to 0, the restriction |y must have ordi-
nary rank equal to O on U. Therefore, the QQ-linear span of P, cannot be equal
to Kg(Ig X)q. Furthermore, even if [ X/ G] is connected and the action of G on X
is reduced with respect to the inertial pair (#, ), there is no a priori reason that
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(KeUgX)K, -, 1,€, 5») is generated as a K-vector space by its A-positive elements
for any field K containing Q.

Corollary 6.20. The Gorenstein subring (g (IgX)q, *, 1, X is a A-subring of
the inertial K-theory which is preserved by the inertial dual.

Proof. The proof follows from Proposition 6.13(2) and (4) and the fact that the
inertial dual maps P, to P, for all d. O

One thing that makes the elements P; in (Kg(IgX)aq, -, 1, €, X) interesting is
that in many ways they behave as though they were rank-d vector bundles. In
particular, they have inertial Euler classes in both K-theory and Chow rings.

Proposition 6.21. Let (Kg(IgX)a, *, 1, €, 1) be the inertial K-theory of a strongly
Gorenstein pair (%, .7) associated to a diagonalizable group G with a proper
action on X.

(1) The inertial Chern class ¢' : Py — Ag}(l(;X)@ is a group homomorphism.
(2) Forall ¥ in Py and & in Py,

Gh(Z) = &pE'(2)) (6.22)
and 4
G (V) = Z AL (6.23)
i=0

50 ¢i(¥) =0 foralli >d.

Proof. Part (1) follows from the fact that Gh(. A *.%) = Ch(L) * Ch(.2) for all
£ and % in Py. Picking off terms in A{Gl}(l(;X)@ and using “h' = ¢ and (6.17)
yields the desired result.

Equation (6.22) follows from (5.2) and (6.23), which yields

1+c'(2) = %(Z(—l)"—%n — D" %"cz)),

n>1

which implies that &h" (L) =¢cl ()" /n!, as desired. Equation (6.23) follows from
(5.19) and (6.15). O

The inertial dual allows us to introduce a generalization of the Euler class.

Definition 6.24. Let (K (IgX)a, *, 1, €, 1) be the inertial K-theory associated to
(%, 7). Let ¥ belong to P,;. The inertial Euler class in Kg(IgX)g of ¥ is
d
(=Y (=D)RE.

i=0

The inertial Euler class of ¥ in A (I6X)q is defined to be &4 (7).
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The inertial Euler classes are multiplicative by Proposition 6.13(1) and the mul-
tiplicativity of & and A,.

Finally, we observe that P is preserved by the action of certain groups. This
will be useful in our analysis of the virtual K-theory of P(1, n).

Definition 6.25. Let (K, -, 1, ¥, €) be a torsion-free, augmented ¥ -ring. A trans-
lation group of K is an additive subgroup J of K such that, foralln > 1, j € J,
and x € K, the following identities hold:

(D) ¥"(j) =nj,
(2) x-j=€x)/,
(3) e(x)j e J.

Proposition 6.26. Let (K, -, 1, Y, €) be a torsion-free augmented -ring. If J is a
translation subgroup of K, then €(J) =0, J> =0, and J is an ideal of the ring K.
Furthermore, J acts freely on Py, where J x Py — P is (j, L) — j+ Z.

Proof. For all j in J and integers n > 1, e(¥"(j)) = €(j) by the definition
of an augmented 1-ring. On the other hand, €(Y"(j)) = e(nj) = ne(j) for all
integers n > 1 by condition (1) in the definition of a translation group. Therefore,
€(j) =0 since K is torsion-free. The fact that J> =0 and J is an ideal of K follows
from conditions (2) and (3) in the definition of a translation group.

Consider . in P; and j in J. We have

VL + ) =Y (D) +Y" () =L +nj =L+ )",

where the second equality is by (6.14) and condition (1) in the definition of a
translation group, and the last is from the binomial theorem and the fact that J?> =0
since €(.¥) = 1. Hence, by (6.14), .Z + j has A-degree 1. Also, notice that
(L V= )L+ j)=1,50 L+ j is invertible and thus an element of P;. ([

7. Examples

In this section, we work out some examples of inertial {-rings and A-rings.

The classifying stack of a finite abelian group. In this section we discuss the case
where X is a point with a trivial action by a finite group G and the trivial inertial
pair Z = 0 and . = 0. Since G is zero-dimensional, its tangent bundle is 0, so the
orbifold and virtual inertial pairs (Definitions 2.18 and 2.20) are both trivial. We
begin with some general results and conclude with explicit computations for the
special case of the cyclic group G = u; of order 2.
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General results. Let X be a point with the trivial action of a finite abelian group G.
The inertia scheme is I X = G, which also has a trivial G action. The orbifold K-
theory of BG :=[X/G] is additively the Grothendieck group K (IgX) = Kg(G)
of G-equivariant vector bundles over G; however, the orbifold product on K (G)
differs from the ordinary one, as we now describe.

The double inertia manifold is I(z;X = G x G with the diagonal conjugation
action of G (again, trivial); the evaluation maps e¢; : G x G — G are the projection
maps onto the i-th factor fori =1, 2; and i : G x G — G is the multiplication map.
Let .# and ¢ be G-equivariant vector bundles on G; then 7 x¥ := . (F X ¥) is
the G-equivariant vector bundle over G whose fiber over the point m in G is

(F*xDm= P Fn, @G, (7.1)

mimay=m

where the sum is over all pairs (m, m;) € G? such that m;m, = m.

The orbifold K-theory (K (G), x, 1) of BG can naturally be identified with
two better-known rings: first, the group ring R(G)[G] of G with coefficients in the
representation ring R(G) of G, and second, the representation ring Rep(D(G))
of the Drinfeld double D(G) of the group G (see [Kaufmann and Pham 2009,
Theorem 4.13]). The ring Rep(D(G)) has been studied in some detail in [Dijkgraaf
et al. 1990; Kaufmann and Pham 2009; Witherspoon 1996].

In this case the orbifold Chern classes are all trivial, i.e., ¢;(%#) = 1 for all .Z.
This follows from two facts. First, . =0, so @z,(ﬁ ) = Ch; (%) is the classical
Chern character. Second, A(BG)g =0 for i > 0 because BG is a zero-dimensional
Deligne-Mumford stack. Thus, Ch,(#) = k(%) for every # € K¢ (I X).

Since . = 0 on I X, the orbifold Adams operations in K5 (G) agree with the
ordinary ones, i.e., &i = W foralli > 1.

The classifying stack Bu,. We now consider the special case where G = u; is
the cyclic group of order 2. For each m € G and each irreducible representation
a € Irrep(up) = {£1}, let V¥ denote the bundle on G which is 0 away from the
one-point set {m} € I X = u, and which is equal to « on {m}. In this case the free
abelian group K, (12) decomposes as

K(IBu2) = Ky, (12) = Ky, ({1}) © Ky, (1=1})
and has a basis consisting of the four elements V!, V,"!, V! , and V.
Proposition 7.2. The orbifold A-ring (K (IBu>)a, *, 1, 1) satisfies the following:

(V) =141, (1.3)
MV =147 (74)
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2

2(1+41)
2

I3
2(1 —12)

(VI =1+1v! + (1-v'y, (7.5)

MV h=1+V ]+ (I—tvi =v +rvh. (7.6)

There are four elements in Py, namely Vlil and
o= WV + Vv £V -V,
with multiplication given by
Ot %04 = VI], Vfl x04 =0g, and op*0_ = Vfl.

Proof. Equations (7.3) and (7.4) hold since { 728 Vl_l} generates a subring of
(K1, (2)@, *) isomorphic as a A-ring to the ordinary representation ring K (Bt2).
Let us introduce some notation. If f(¢) is a formal power series in #, let

fe@) = 3(f @) £ f(—1).

In order to prove (7.5), we observe that ¥ = % = y*+2 for all k > 1. This can be
seen from (3.14) and the fact that any irreducible representation V of G is a line
element satisfying V2 = 1.

Let A, :=exp(D g0, (=D /k)t*yk). Since

ykvip=vl, forall k>1, (7.7)

we obtain

k-1
X,(vjl):exp(z( lk) th_ll):exp(V_lllog(l+t)).
k=1

Since we have (Vl )k {V—ll if & is odd,
1 =

Vl1 =1 ifkiseven,
we obtain

exp(V,ll log(l1+1)) = exp+(V,11 log(1+1)) + exp_(Vil log(1+1))
= exp, (log(1+1)) + V!, exp_(log(1 +1))

1 _ 1

:l—l—t—i-(l—l—t) +V‘ 1+t—141)"
2 2

_ﬁ 1 oyl

= 5 U+ Vi + 5550 - Vo,

which agrees with (7.5).
The proof of (7.6) is similar. Since, for all k > 1,
v ifkis odd,

7.8
V_l1 if k is even, (7:8)

yhvh = {
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we obtain A, (V") = exp(y, (V) =exp(V_| log_(14+1)+ V!, log, (1+1)) and

(Vo =exp(V og_(141)) exp(V! log, (1 +1)). (7.9)

Since

exp(V_ ' log_(1+1))
= exp, (V7 log_(141) +exp_(V 7 log_(1+1))
= exp,, (log_(141) + V| exp_(log_(1+1))
= 1(exp(% (log(1+1) —log(1—1))) +exp(—3 (log(1+1) — log(1—1))))
+ 3V (exp(3 log(1+1) —log(1—1))) — exp(—4 (log(1+t) — log(1—1))))

1 1+t>% (1—t)%) 1 _1< 1+t)%_<1—t>%>
_2<(1—t + 1+t +2V*1 <1—t 1+t ’
we obtain

14tV

exp(V_) log_(1+1) = .
(1—12):2

(7.10)
Also, since

exp(V!, log, (141))
=exp_ (V! log, (1+41)) +exp_(V!, log, (1+1))
=exp, (log, (1+1)) + V_ll exp_(log, (141))
= 1(exp(% (log(1+1) +log(1—1))) + exp(—4 (log(1+1) + log(1—1))))
+ 1V (exp(L (log(1+1) +log(1—1))) — exp(— 1 (log(1+1) + log(1-1))))
= L=+ =AD )+ v (=D 1=,
we obtain
2—12—v!

exp(V,ll log_(1+4+1)) = :
2(1 —12)2

(7.11)
Plugging equations (7.10) and (7.11) into (7.9) and then expanding using (7.1)
yields (7.6).

The fact that VljEl is in P; is immediate, since the orbifold A-ring structure
reduces to the ordinary A-ring structure on the untwisted sector. The fact that oy is
in P; follows from (6.14) as follows: Since Y% = X = **2 for all k > 1, it suffices

to check that wz(ai) =01 *x04 = Vll. But this is immediate from equations (7.7)
and (7.8):

Y2 (ow) = L2+ (v 22V = Vi) = v O
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The virtual K-theory and virtual Chow ring of P(1, n). Let X := C*> ~ {0} and
G :=C*, with the action C* x X — X defined by taking (¢, (a, b)) to (ta, "b). In
this section, we first develop some general results about the virtual K-theory and
virtual Chow theory of the weighted projective line P(1, n) := [X/C*]. Recall
(see Definition 2.20) that the inertial pair associated to the virfual product is given
by . = N, where N is the normal bundle of the projection morphism Igx X — X,
and & is given by (2.21). We work out the full inertial K-theory and Chow theory
for the weighted projective spaces P(1, 2) and P(1, 3), and we compare our results
with the usual K-theory and Chow theory of the resolution of singularities of the
coarse moduli spaces of the cotangent bundles to these orbifolds.

General results on the K-theory of P(1, n) and its inertia. Since the action of C*
on C \ {0} has weights (1, n), the only elements of C* with nonempty fixed loci
are the n-th roots of unity. For m € {0, ..., n — 1}, let X" denote the fixed locus
of the element ¢>*/" in X.

With this notation, X = X, so [X°/C*] =P, n). For m > 0,

X" ={0,b) | b#0}=C".

For each m > 0, the action of C* on X" has weight n, so the quotient [X"/C*] is
the classifying stack Bu,. The inertia variety is Icx X = ]_[2;10 X™, so the inertia
stack /P (1, n) decomposes as P(1, n) L ]_[z;l] Bu,.

We now compute the classical equivariant Grothendieck and Chow rings of the
inertia variety, or equivalently the Grothendieck and Chow rings of the inertia stack.

Notation 7.12. Let x be the defining character of C*. We can associate to y a C*-
equivariant line bundle on X. It is the trivial bundle X x C with C* action given
by B(a, b, v) = (Ba, p"b, Bv). For each m, denote by y,, the class in K¢x(X™)
corresponding to the pullback of this C*-equivariant line bundle to X™.

The character x has a first Chern class c;(x) € AJ:X (pt), and we denote by
¢m the pullback of ¢;(x) to Aéx (X™) under the projection X™ — pt. With this
notation, ¢{(};) = Cm.

Proposition 7.13. We have the following isomorphisms forallm € {1, ..., n —1}:
Z{xo]
Kex (X% = K(P(1,n) = : 7.14
=R = = Do =y 719
m ~  ZlXm]

Kex<(X™) = K(Bun) = ——, (7.15)

{Xm =1
AL (X% = A*(P(1,n)) = Z[—CZO], (7.16)

(ncg)

AL (X™)=A"(Bu,) = (7.17)

(ncw) .
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Proof. Since C? is smooth, Thomason’s equivariant resolution theorem [1987a]
identifies the equivariant K-theory of vector bundles with the equivariant K-theory
of coherent sheaves. It follows that there is a four-term localization exact sequence
for equivariant K-theory [Thomason 1987b]

Ko (0)) =25 Ko (C?) <255 Kox (X0) —s 0, (7.18)

where i : {0} < C? is a closed embedding and j : X° — C? is an open immersion.
Equation (7.18) implies that K¢x (X9 is the quotient of K¢x (C? by the image
of K¢~ ({0}) under the pushforward induced by the inclusion i. Since C? is a
representation of C*, the homotopy property of equivariant K-theory implies that
Kex(CH = Rep(C*) =Z[yx, x ~11. The projection formula implies that i, Kcx ({0})
is anideal in Z[x, x '], and K¢~ (X°) is the quotient of Z[ x, x 1 by this ideal. By
the self-intersection formula in equivariant K-theory [Kock 1998, Corollary 3.9],
i*i.Kcx ({0}) = eu(N) Kcx ({0}), where Ny is the normal bundle to the origin
in C2. Since C* acts with weights (1, n), the class of the normal bundle is x + x"
and eu(Nyy) = (1 — x (1 — x™™). Since the pullback i* : K¢x (C?) - Kcx({0)
is an isomorphism, i,(Kcx({0})) is the ideal generated by (1 — x DO —x™).
Thus, Kex (X)) = Z[x, x~"1/((1 — x ") (1 — x™)). Clearing denominators and
observing that the relation already implies that x is a unit, we have the presentation
Kex(X9) = Zlx1/{(x — D(x™ —1)). Since xo is our notation for the pullback of
x to X°, we obtain the presentation Z[xol/{(xo — D (xg — ).

For m > 0 observe that, if C* acts on C* = C ~\ {0} by A - v = A"v, then the
C*-equivariant normal bundle to {0} in C is x". The same argument as above
implies that Kox (C*) = Z[y, X_l]/(l — x ™). Clearing denominators and using
the notation y,, for x on X" gives the desired presentation.

The proof in Chow theory is similar. We again use the five-term localization se-
quence for equivariant Chow groups [Edidin and Graham 1998] to see that A%, (X™)
is a quotient of AZ‘:X (pt) = Z]c1(x)]. We can again apply the self-intersection for-
mula. In Chow theory, eu(x) =c1(x), while eu(x + x"*) =ca(x + x"*) =n(c; ()2,
which gives the relations in (7.17) and (7.16). O

Remark 7.19. As a consequence of the relations in Proposition 7.13, an additive
basis for K (IP(1, n)) is given by n?+1 classes of the form X,]ﬁ,» where the subscript
refers to the sector while the superscript is an exponent. Including the untwisted
sector X© there are n sectors, so 0 <m <n — 1. If m > 0, then the exponent k is
in [0, n — 1], while if m = O then the exponent £ is in [0, n].

Similarly, the classes {Cf,,}keN for 0 <m < n — 1 generate A}, (Icx(X)) =
A*(IP(1, n)). Again, in the notation cfn the subscript refers to the sector and the
superscript to the exponent. Note the relations in the presentation imply that only ¢
and the fundamental classes c,% = [X™] are nontorsion.
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Remark 7.20. If f : X — Y is any morphism of G-varieties, then the pullback
f*:Kg(Y)— Kg(X) is a homomorphism of A-rings, since, for any G-equivariant
vector bundle, AK(f*V) = f*(A¥V). Applying this observation to the pullbacks
Kex(C?) — Kex (X9 and Kex (C) = Kex (X™), this means that for all m > 0 the
classical A-ring structure on K¢cx(X™) is induced from the usual A-ring structure
on Z[xm, Xrgl] defined by setting )»z(X,ﬁ) =14+ tx,’jl.

Remark 7.21. For any m > 0 the map X" — X is an embedding of codimension 1,
so the .-age of X™ is 1 and the age of X? is 0. Hence the virtual degree of ¢y is 1,
as is the virtual degree of the fundamental class c = [X"] form > 0.

The virtual Chern character homomorphlsm is very simple: in A*(IP(1, n))q,
c0 =0 fork > 1 and, if m > 1, then ¢! = 0 for [ # 0. Stated more precisely, the
map @h K({P(1,n)) - A*(IP(1, n))g satisfies

Ch(xg) = ) +ac} (7.22)
for all a € Z and, form € {1, ..., n — 1}, we have %(X;ﬁ) = c,‘;.

We now compute the virtual product.

Theorem 7.23. The virtual product on K (IP(1, n)) satisfies

X::llliil‘;z lf mi) = 0 or my = O,
+ -1 -2 .
Xm1 Xy‘:lzz_ al a2(1—2X0 +XO ) lf‘m]—f—mzzn’
a +a -1 .
Xm11+niz(1 = Xomy+m,) otherwise,

and the virtual product in A*(I1P(1, n)) satisfies

ai+a

Cmyam, Y mi=0o0rmy=0,
a a a)+az+2 .
Cony * Corty Co if mi+my=n,
ay+ax+1 .
Cmyom,  Otherwise.

Here the sum m| + my is understood to be reduced modulo n and all products on
the right-hand side are the classical product in Kcx (X™1™2) (or AL (X mitmay)
In particular, the classes X*I are defined via (7.14) and (7.15).

Remark 7.24. Since c0 0in A*(IP(1, n))g@, and since for all m > 0 we have
¢ = 0in A*(IP(1, n))g, Theorem 7.23 1mp11es that all products cm1 * Cp)are
equal to 0 unless one of the classes is the identity cO. It follows that the ratlonal Vir-
tual Chow ring is isomorphic to the graded ring @[to, Hy ooy th—1]/(t0, - - -, tn_l)z,
where #y corresponds to Co and ¢,, corresponds to c for all mefl,...,n—1}.

Before proving Theorem 7.23, we first need some notation for K¢x (1 2x X) and
AL (I3 X).

Notation 7.25. Given a pair (m, my) € (Z,)? let X™-m2 = X™ N X" We have
Xmm2 = {(0,b) | b #0} C X unless m; = my =0, and X*® = X. The double
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inertia decomposes as I2, X = o, myyecz,y2 X™™2. For each pair (my, m,), let
Xmy.m, € Kex(X™1™2) be the class corresponding to the character x € Rep(C*).
With this notation, Proposition 7.13 implies that

ZUimy mo ) Kmymy — 1) if (my, my) # (0, 0),

Kox (X™MM2) =
e . {Z[XO,O]/<(XO,O —D(xpo—1D) if (my,mz)=1(0,0).

Similarly, we let ¢,,, », be the class in Aqu (X™em2y corresponding to c1(x).

Proof of Theorem 7.23. We first use (2.14) with ¥ = N and compute the re-
striction of #Z to X™!"""2. With our additive notation, the multiplication map u :
IéXX — Icx X maps X™1™M2 — X™+M2 g0 in Kex (X™1°™2) we have

<%|X”‘l*’”2 = (eTNWH +€;Nm2 - M*le-i-mz + T/L’ )|X”‘1*m2’ (726)

where N,, denotes the normal bundle to X™ in X.

First suppose that m; = 0. Then X2 = X™2 = X™*m2_ ]t follows that
wo: Xmeme s xmitms g the identity map, so (T,)| xmimy = 0. Also, Ny, =0 and
Niy+my = Ny, 50 plugging into (7.26) gives Z|xm.m = 0. In this case, x| * x,,3
corresponds to the usual product y % x% = x*'*%_but viewed as an element of
Kcx (X™m2) In our notation, this class is x, 152 .

Next suppose that m; and m, are nonzero, but m| + m, = n. In this case,
Xmom = xm = X" = {(0, b) | b # 0}, while X1+t = X0 = C% < {0}. Since
C* acts with weights (1, n), the normal bundle to {(0,b) | b # 0} C C?> . {0}
is the bundle determined by the character x, so in our notation N,,, = X, and
Ny, = Xmy» and Ny i, = 0. The map p : X™1-™2 — X™+™M ig the inclusion
and (7},)|xmim» = —(N|xmi.m2) corresponds to the class —y, which on X2 we
denote by — X, .m,. Since

* *
R xmimy = €] Yomy | xmima 4+ €5 Xomy | xm1m2 — Xmy ma

= Xmy,m; + Xmi,mo — Xmy,my = Xmy,my»

it follows that

oy __ a)tan

XL * A2 = (2 s X2 €Uy my)) = e (X2 (1= X L))

Since the class xn,.m, is pulled back from the character x € Rep(C*), the projection
formula yields the further simplification ! * x2 = Xglli‘;’,fz(l - anll),u*(l). To
compute (. (1) consider the diagram of inclusions

c—1L ¢

] I

X = CN {0} < C2N [0} = X,
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Then 14(1) is the restriction to Kcx (X™!1™2) of the image of j,(1). By the
self-intersection formula, j* j.(1) =eu(N;) = (1 — %~ 1) under the identification of
Kcx (C)=Rep(C>). Since j* is an isomorphism, we conclude that j, (1) =(1—x 1)
and then, restricting to K¢x (X™77"2), we obtain p,(1) = (1 — er_l]1+m2)- Hence

o] ary __ o1t —1 2
Xm] *sz - Xm|+m2(1 - Xm1—|-m2) .

If my, my #0 and m| +my #0, then X™172 = XM = X™2 = X"™M1TM2 g0 ¢}, e,
and p are all identity maps. In this case,

ES k k
R xmimy = €1 Xm [ xmim +€2Xm2|X”‘|’”’2 — M Xm1+m2|X”’1~’"2 = Xmy,m,
and

oy ay ot _ -1
Xm1 *Xm2 - Xm1+m2(1 Xm1+mz)‘

The proof in Chow theory is similar. If m, my # 0, then eu(#) = ¢, m, is in
Aclcx (xX™mvm2) and, if my 4+ my = n, then u.(1) = ¢, +m,, which gives the factors

of c,znI +m, and Cm,+m, appearing above. U
In order to calculate the virtual yr-operations, for all m € {1, ..., n — 1} we need

the /-th Bott class QZ(X:) in Kcx (X™), which satisfies

-1

0 () =0 ) =D X'
i=0

Applying (5.5) gives the virtual i -operations 1}" :K({P(,n)) — KUP(1, n)).

Definition 7.27. Let K be Q or C. Forallm € {1,...,n—1},let A, = Y13 x/,
in Kcx(X™) (respectively Kox (X™)k) and Ag = —xJ + x{ in Kcx (X°) (respec-
tively Kcx (X% ). Let J (respectively Ji) be the additive group (respectively
[<-vector space) generated by {A;}7_,. Let ¥ be the inertial augmentation €.

Lemma 7.28. Let (K(I P(1,n)), %, 1, €, 1]/) be the virtual K-theory ring.

(1) Forallm € {0, ...,n— 1} and %,, in Kcx(X™), we have the identity with
respect to the ordinary product

Ay - Ty = €n(Fm)Anp. (7.29)
(2) Forall jin J and F in the virtual K-theory ring K (I1P(1, n)),
Fxj=€(F)j, JxJ=0, and €(J)=0. (7.30)
(3) Foralll > 1 and j € J, we have the identity
V=1 (7.31)

In particular, J is a translation group of the virtual K-theory K (IP(1, n)).
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Proof. Equation (7.29) follows from the identity (x; —1)(xj —1) =0 in K¢x (X9),
and x,;, —1=0in K¢x(X™) for all m # 0.

Equation (7.30) follows from Theorem 7.23 and (7.29). The fact that J xJ =0
follows from (7.30) and the fact that €(A,,) = 0 for all m.

To prove (7.31), we first consider

FHA) =Y (=14 x) = =1+ xt =1+ 1+ =)

=—1+{+1(xy— 1) =1Ao,

where we have used the binomial series and the relation (x; — 1)( X& —1)=0in the
fourth equality. Let m # 0, ¢, := e*™/" and x = x!, and assume in the following
that all products are ordinary products. By definition,

n—1 n—1
Vaw =y A0 =y (Z )Z(x f)—Zoc >le J.
i=0

To prove (7.31), consider the algebra isomorphism

Q[x]
(x"—1)

defined by Y (f) := (f(1), f(&))- Then Y('(Ap)) = (nl,0) =IT(A,). O

Kex (XM = L QxQl/A+t+---4+"h

Proposition 7.32. Let ¢g : K(IP(1, n)) — Z be the additive map that is supported
on Kex (X°) such that @o(xy) =s forall s €{0, ..., n}.

Forallk > 0and a € {0, ...,n — 1}, we have the identity in virtual K-theory
(KUIP(1,n), %, 1,€, V),

n
YU =+ kAogo+ Y kAmen, (7.33)
m=1
where €,,(F) denotes the ordinary augmentation of %, in Kcx(X™) of %.

Proof. For all k > 1, let Y% (#) := ¥*(Z,) for all F =" _ P, where .7,
belongs to K¢x (X™).
Ifae{0,...,n—1},k>0,5€{0,...,n}, and x = x4, then

wnk-ﬁ-a(XS) — (xn)ksxas =(1 +(X 1))ks as __ (1+ks(xn _ l))xas — +ksAo,

where we have used the relation (x” — 1)(x — 1) = 0 in K¢~ (X°) in the third and
fourth equalities. Therefore, for all n, k > 0 and a € {0, ..., n — 1}, we have

Y = gl + kAogo. (7.34)
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If m e {1,...,n—1}, then, adopting the convention that #°(0) = 1 and 90()(;:1) =0
for all s, we obtain

U O) = U T 00" ()
= YL () kA +0(L0) = kPl (X5) Am + Y2 (20 ()
= kem (WL N Am + V(X2 = kAm + U2 (x5,

where we have used periodicity of i, the fact that ., = th forallme{l,...,n—1},
the relation ( an1)” —1=01in Kg(X™) (with respect to the ordinary multiplication),
(7.29), and the fact that €, = €,. Consequently, we have

Y = G L kA e (7.35)
foralln,k>0,ae{0,...,n—1},andme{l,...,n—1}.
Equations (7.34) and (7.35) yield (7.33). O

Proposition 7.36. In the virtual K-theory (K(I[P’(l, n))g, x, 1, €, 1[/) an invertible
element £ is a A-line element with respect to its inertial L-ring structure if and only
if €(Z)=1and (6.14) holds foralll € {1, ..., n}.

Proof. First, (6.14) holds for / = 1 by definition of a ¢ -ring. Suppose that .¥
in K(IP(1, n))g satisfies (6.14) for all [ € {1, ..., n}. We now prove that (6.14)
holds for all /. We do this by induction on k in the expression nk + a, as follows:
Suppose for each a € {1, ..., n} there exists k > 0 such that (6.14) holds for all
lefa,n+a,..., nk+a}. Equation (7.33) implies that

YT L) = UL + (k+ 1D j(2), (7.37)
where j(£) := @o(L) Ay + 22:1 Ap€n(Z) belongs to J. However,
nrlta = gt = (L) (O G(L) +(2))
= WD)+ k(L) +j (L)
=YL +kj (L) + V(D) j (L) +kj(L)
=D+ k+1)j(2)
— 1ﬁn(k+l)+a (g)’

where we have used the induction hypothesis and (7.37) in the second equality,
the definition ¥° = € in the third equality, Lemma 7.28 in the fifth, the fact that
€ o4 = € in the fifth, and (7.37) in the sixth. O

Remark 7.38. Proposition 7.36 reduces the problem of finding A-line elements
of K(IP(1, n))g to solving a finite number of equations for n?+ 1 (the rank of
K (IP(1, n))) unknowns. Furthermore, since the action of the translation group J,
which is of rank n, respects P; by Proposition 6.26, it is enough to solve for only
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n? —n + 1 variables satisfying (6.14) for all [ € {0, ..., n — 1}, as all other A-line
elements will be their J-translates.

Corollary 7.39. Let P; be the semigroup of A-line elements of the virtual K-theory
(K(I[P’(l, n))o, *x, 1, €, A). Each Jg-orbit in Py contains a unique representative
& such that " = 1.

Proof. Given . in P;, we have .Z*" = §/"(#) = 1 + j for some j in Jg by
Proposition 7.32. If ¥ = .% — j/n, then by (7.30) we have Z*" = (¥ — j/n)*" =
Fh—j=14+j—j=1 (]
The virtual K-theory and virtual Chow ring of P(1, 2). We now study the virtual
K-theory and virtual Chow theory (with either Q or C coefficients) of the weighted
projective line P(1, 2) := [X/C*]. By [Edidin et al. 2016, Theorem 4.2.2] they are
isomorphic to the orbifold K-theory and orbifold Chow theory, respectively, of the
cotangent bundle 7*P(1, 2).

Remark 7.40. For the remainder of this section, unless otherwise specified, all
products are the virtual products.

Let A : K(IP(1, 2))g — K(IP(1,2))g denote the induced virtual A-ring struc-
ture. In order to describe the group of A-line elements P; of (K (P, 2)g, -, 1, X),
it will be useful to introduce the injective map f : Q% - K(IP(l1, 2))q defined by

fla, B) :=aAo+ BA, (7.41)

whose image is the translation group Jg of K (IP(1, 2))g.
Consider the following injective maps from Q2 to K(IP(1,2))q:

po(a, B) := x5 + f(a, B, (7.42)
pi(a, B) :=xg + f(a, B), (7.43)
pi(at, B) = 2(x5 + xg £x)) + f (e, B). (7.44)

Proposition 7.45. In the virtual K-theory (K(I[F"(l, 2o, *, 1, X), the group of
A-line elements Py is the disjoint union of the images of the four maps py, p1,
and p4, and the restriction of the inertial dual Py — P agrees with the operation
of taking the inverse. In particular, K (IP(1, 2))g is spanned as a Q-vector space
by Pi. The multiplication in P, is given by the equations

po(a, Bpo(a’, B) = pola +a', B+ B, (7.46)
polee, B)pi1(@’, ) = pr(a+a', B+ ), (7.47)
po(a, B)p+(a, B) = pr(a+a', B+ ), (7.48)
pi(a, Bp1(@’, ) =pola+a' +1, 8+ ), (7.49)

pi(e, Bp@’, B)) = pz(a+a' + 3, B+ B +3), (7.50)
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p(a, Bps(a’, B = pola+o' + 1, g+ 5 +1), (7.51)
pi(a. B)p—(a, B) = pi(a+a', B+ B). (7.52)
The inverses are given by the equations
poler, )~ = po(—a, —B). (7.53)
pr(a, B~ = pi(—(1+a), —p), (7.54)
pr(e, )~ = pu(—(a+3), —BF3). (7.55)

Proof. We first show that the set of line elements P; in the virtual K-theory
K := K(IP(1,2))g is the union of the images of the maps pg, p1, and p+. Since
{ X(()) , X&, X 11, Ay, A1} is a Q-basis for K, it follows from Proposition 6.26 that every
element of P; can be uniquely written as L + f (o, 8), where L is an element in P
of the form L = chg + c(l)xé +C}X11, for some 08, cé, c%, a, B € Q. We will now
find all such elements L in P;. By Proposition 7.36, L belongs to P; if and only
if it is invertible with €(L) = 1 and ¥2(L) = L2. Using the definition of {2, we
obtain
V(L) = cQxg +chxg + el )+ xb).

and the virtual multiplication yields
L?=(coxo+eoxote1x)’

= (c0)* X0 +(c0)* Xg+(e1)* () *+2¢heo xo +2¢0e1 X1 +2¢0¢1 X Xi

= (08)2Xg+(cé)2xg+(ci)2()(8—2)(6+X§)+2c8c6x6 +2cgc}x11+206cixlo

= () (D) xg +2(cgeg— (€D xg +((cg) >+ P xg+2coet 1 +2¢0¢1 X1 »
s0 2(L) — L? = 0 is equivalent to the simultaneous equations

0=c)(1—c)—(c])? =—cheg+(c])? =ch(1—ch)—(c))* =c] (1-2¢)) =} (1-2c).

It follows that ¥2(L) = L? if and only if L =0, po(0, 0), p1(0, 0), p+(0, 0). How-
ever, the virtual augmentation satisfies € (0) = 0, while € (0y(0, 0)) = €(p1(0, 0)) =
€(p+(0,0)) = 1. Finally, po(0, 0), p1(0, 0) are invertible, being classes of ordi-
nary line bundles on the untwisted sector (1, 2), while a calculation shows that
p=(0,0)7" = pi(—73, F5)-

Therefore, by Proposition 6.26, P; is the union of images of the maps 0o, 01,
and p4. It is easy to see that these images are disjoint. Furthermore, K is spanned
by P, since {py(0, 0), po(1, 0), p1(0, 0), p+(0, 1)} is a Q-basis. Also, equations
(7.53)—(7.55) follow from (7.46)—(7.52).

We will now write out a detailed proof of (7.51) to give the reader a feel for the
calculation, noting that the proofs for (7.46)—(7.52) are similar. We first show that
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(7.51) holds when @« =o' = B = 8’ =0, since

(0+(0,00)% = ((x + x¢ £ xD)’

(0 )2+(x0)2+(x )2+2xoxo £2x9x) £2x0x7)
=%(X0+X0+(Xo y X ) 4 200 £2x) £2x1)
=L+ + O+ %3 - 2X&) +2x0 £2x7 £2x1)

%(xo +x0 £ 00 +x1)
= x5+ jAO + §A1
= po(3. £3).
where the third equality follows from Theorem 7.23 while the fourth is from the
relations

X' =xd4ad—xd and  xg 2 =2x0 - 1. (7.56)
Now, (7.51) follows for all , 8, o', and B/, since

p+(e, B)os(e’, B)
= (p£(0,0) + f(a, B))(p£(0,0) + f (', B))
= p+(0,0)p+(0,0) + (f (o, B) + f (@', ))p+(0,0) + f (e, B) f (&', B)
=p+(3. £3) + fla+a', B+ B)p+(0,0)
=p+(3, £3) + fla+d, B+ B)E(p=(0, 0))
= px(3.£3) + fla+a, B+ B) = pe(ato' +5. B+ +5).
Here, the third equahty follows from the fact that J? = 0 in Lemma 7.28(2), from
(7.51) when « = B =«’ = 8/ =0, and from the definition of f. The fourth equality
is from (7.30), the fifth is from Proposition 7.36, and the sixth is from the definition
of py. This finishes the proof of (7.51).
Finally, we write details of the proof that pg(a, B)T = Py Ya, B). The proof of
the analogous statements for p; (o, 8), p+(c, B), and, hence, for all elements in P

is similar. The definition of the inertial dual, together with the fact that .y =0
and .7 = Xll, yields the following identities for all a, b € Z:

O =xg" and (X)) =—x;"7" (7.57)
It follows that
polat, B)' = ()" +a(Ag) + B(A)T
= DT+ (AT = GDH+BOGDT+ Y
= x0+a( =1 =B+
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= xJ+a(2xd —x3) — x) — B+ x1)
= xJ—alAo—BA;
= po(—at, —B) = pole, B)~",

where the third equality follows from (7.57), the fourth from (7.56), and the last
from (7.53). O

A direct calculation yields the following:

Proposition 7.58. The inertial first Chern class for virtual K-theory is a homomor-
phism of groups ¢! : P — AWM (IP(1,2))q, where

¢! (po(a, B)) = 2acy +2B¢Y,
&' (pi(a, B)) = Qe+ Deg +26¢],
¢ ps(a, B) = 20+ 3)co+ (2B £ 3) ).

The virtual K-theory ring has a simple form in terms of these A-line elements.
Proposition 7.59. Let (K(IIP(I, 2)g, *, 1 :=X8) be the virtual K-theory ring. We
have two isomorphisms of Q-algebras (and -rings)

Qlo, 7]

(t=D(2=1), (6 —=1(0?=1), (6 —1)(r—1))
where @4 (o) :=p1 (0, 0)= x4 and D+ (1) := p+(0, 0) =3 (x0+xd£x}). Here, the
V-ring structure of the domain of ® is given by ' (0™ =o* and ' (z*") =¥
for alll > 1. Similarly, we have two isomorphisms of graded Q-algebras

Qfu, v]
{w, v)?
where p, v € ANIP(1,2)g with W1(v) == ¢'(p+(0,0)) = 3(c) £ ) and
W () = ¢l(p1(0,0) = c(l). Under the identifications ®+ and V., the iner-

tial Chern character €h K({P(,2)) - A*(IP(1, 2))g corresponds to the map
or—exp(n)=14+pandt— exp(v) =1+v.

Proof. Since (x))? = xZ, x0=1and p4(0,0)> = %((x8+x§) +(x)+x;)), the set
{Xg, X(}, xé, 0+(0,0), p4(0, 0)?} is a basis for the Q-vector space K (IP(1, 2))q.
Thus, K (IP(1, 2))g is generated as a (D-algebra by X(} and p4(0, 0). A calculation
shows that the following three polynomials are zero:

(X — D((x0)* = 1) = (p+(0,0) — 1)(04(0, 0)* — 1)
= (xg — p+(0,0))(p+(0,0) — 1) =0.

A dimension count shows that these are the only relations. Therefore, & is an
isomorphism of (-algebras. The previous analysis holds verbatim if p4 (0, 0) is
replaced by p_(0, 0) everywhere.

(D:ti

— K(P(1,2))q, (7.60)

Wy — A*(IP(1,2))aq, (7.61)
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A similar analysis holds for the Chow theory. (]

Remark 7.62. The presentation in the previous proposition yields an exotic inte-
gral structure in virtual K-theory and Chow theory, as we now explain.

Consider the subring K (/[P(1, 2)) (not sub-Q-algebra) of K(IP(1,2))g gener-
ated by {p1(0, 0), p+(0, 0) }. Under the isomorphism @ in Proposition 7.59, the
ring K (/P(1, 2)) is isomorphic to

Zlo, ]
(t=D@E2=1), (0 = )02 =1), (c —1)(r = 1))
under the identification o = (0, 0) and T = p (0, 0).
We will now show that the group P; of A-line elements of K(/P(1,2)) is

equal to Py N K(IP(1,2)). To see this, notice that, since Ay = 02 —1 and
Ay =212 —02—1,

fla, B) =27+ (@ —B)o” — (@ +p).
Hence, p; (o, B) belongs to K (IP(1, 2)) if and only if (o, B) belongs to

D:={(p+1iq.39)1p.qeZ}
for s =0, 1, and +, noting that p_(0, 0) = ot~ !. Thus, by Proposition 7.59,
PiNKIP(1,2)) = po(D)Up1(D)U pi (D) U p—(D),

but (7.53)—(7.55) imply that P; N K (IP(1, 2)) is closed under inversion. It follows
that P, =P N K(IP(1, 2)).

We will now show that Pj is the subgroup generated by o and t. Notice that,
since 0% = py(1, 0) and 7% = py (3, 1), the element 0t = po(k+ 11, 11) belongs
to (o, t) forall k,l € Z, i.e., po(D) C (o, T). Similarly, p1(0, 0)po(D) = p1(D),
0+(0,0)p0(D) = p(D), and p_(0, 0)09(D) = p—(D) are all subsets of (o, 7). It
follows that (o, ) = Pj.

Consider the subring A*(IP(1, 2)) := %(K(IIP(I, 2))) of the virtual Chow
ring of A*(I[P(1, 2))g. From this we obtain (see Proposition 7.58)

AYUIP(1,2)=2¢) and AMUP(1,2) = {veh +wel | (v, w) € D}.

It follows that the first virtual Chern class ¢! : P, — A!(IP(1, 2)) is a group
isomorphism by Proposition 7.58, since, for all p, g in Z,

¢loPe?) = pelo) +qé (1) = (p+ 1q)ch + Lqcb.

The virtual K-theory and virtual Chow ring of P(1,3). We now study the virtual
K-theory and virtual Chow ring of P(1, 3). Unlike the case of (1, 2), the formula
of [Edidin et al. 2016, Theorem 4.2.2] implies that the rational virtual K-theory
and rational virtual Chow rings of P(1, 3) differ from the orbifold K-theory and
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the orbifold Chow rings of the cotangent bundle 7*P(1, 3), respectively. Indeed the
formula of [Edidin et al. 2016, Definition 4.0.11] shows that the class .7 TT*P(1, 3)
is not integral, so the inertial pair from the orbifold theory of T*P(1, 3) is Goren-
stein but not strongly Gorenstein. We will now describe the A-positive elements
of the virtual K-theory of P(1, 3). Unlike the case of P(1, 2), we need to work
with coefficients in C, so that the set of A-line elements generate the entire virtual
K-theory group.

Remark 7.63. For the remainder of this section, unless otherwise specified, all
products are the virtual products.

Proposition 7.64. Let (K(I P(1, 3))c, *, 1::)(8, 1/7) be the virtual K-theory ring
with its virtual \-ring structure. The set of its A-line elements Py spans the C-vector
space K(IP(1, 3))¢. The restriction of the inertial dual Py — P) agrees with the
operation of taking the inverse. The space P\ consists of 27 orbits of the action of
the translation group Jc, where each orbit has a unique representative' in the set

[z, u ]_[ D; ;U ]_[ Tik

i=1,2,3 i=1,...6
j=1.2 k=0,1,2

given by the following, where {3 = exp(%m’), je{l,2},and k € {0, 1,2}:

Ti=x, Da=2x5. Z3=x5

Dij=xd+ xd+ =1 x¥+ dud = 17w+ 1xd,
Daj=3x0+3x0 + 365 — 3x0+ 36 xd — 3x3 + 367 %3,

Dy =3x0+3x0 + 306 — 367 x0 + 3¢l — 368 + 3637 3,
Tik =3x8 + 208 + 38540+ Se X3,

Tok =3x8 + 308 — 36540 — SeF X3,

Tik = 2x8 +3x0 + 3854 + 3e¥ X3,

Tak = 3x0+3x0 — 30 x1 — e x5,

Tsk = 3x0 +3xd + 3¢ x) + 2kl + 1e¥ xd + L¢3 s,

Tox =50 + 56 — 36500 — 3600 — 3600 — 365 03+
Proof. The A-line elements in P; are calculated by applying the algorithm in
Remark 7.38 and by showing that these A-line elements are invertible. The fact

I This representative need not be the same as the one defined in Corollary 7.39.
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that the elements of P; span K (P(1, 3))c is also a calculation. We omit the details
to all of these calculations, which are straightforward but lengthy. (]

Proposition 7.65. Let K (IP(1, 3))c be the virtual K-theory with its virtual \-ring
structure. We have an isomorphism U : Clo*!, t#!, ?il]/l — K{P(,3))c of
C-algebras with V(o) = Xy, V(1) = T1.1, and VY (T) = T1 2, where the ideal I is
generated by the following ten relations:

R1 :=03—202+o—t2+rf+r—?2+f—1,
Ry:=(—1DE*—0), Ry:=GF—-DE*-0),
Riy:=(t—1(0>—1), R3:=(F—-1(6>-17),
Ry =02 —0T—0T+1T—T1T4+T°—T+1,
Ra :=02—ar—0?+r2+r%2—rf—r+1,

Rs:=(t—1D(ot—1), Rs:=T—1D(T-1),
Re:=—0"+01T+0 — 1>+ 717 — 7.
It follows that (o — 1)(0> — 1) belongs to I, which is the relation on the untwisted
sector. Furthermore, every element K (IP(1, 3))c can be uniquely presented as a
polynomial {0, T, T} of degree less than or equal to 2. In particular, we have

o l=—6’+0—?+1T+T—-T 47,

t'=—0ct+0+1, and T '=—-0T+o0+1.
Proof. K(IP(1, 3))c is a 10-dimensional C-vector space. A calculation shows that
the set of all monomials in {o, 7, T} of degree less than or equal to 2 is a basis of this
vector space. The ten relations correspond to the ten cubic monomials in {o, T, T}.
The expression for the inverses can be verified by computation. We omit the details
of these straightforward but lengthy calculations. U

Remark 7.66. Restricting W to Z[o*!, t*!, 1]/ yields an exotic integral struc-
ture on the virtual K-theory K (/[P(1, 3))c. The inertial Chern character homo-
morphism Ch : K{P(,3))c — A*(IP(1, 3))¢ induces an exotic integral structure
on virtual Chow theory.

The resolution of singularities of T*P(1, n) and the HKRC. We now connect the
virtual A-ring to the usual A-ring structure on a crepant resolution of singularities
of the coarse moduli space of the cotangent bundle stack T*P(1, n).

Proposition 7.67. The cotangent bundle T*P(1, n) of P(1, n) is the quotient stack
[(X x A1) /C*], where C* acts with weights (1, n, —(n + 1)).
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Proof. Since dim P(1, n) = 1 the cotangent bundle stack is a line bundle. Con-
sider the quotient map 7 : X® — P(1, n) = [X°/C*]. We begin by determining
7*T*P(1, n) as an C*-equivariant bundle L on X°. Once we do this, we can
identify T*P(1, n) with the quotient stack [L/C*].

The restriction map Picgx (C?) — Picex (XY) = Pic(P(1, n)) is surjective, so
any C*-equivariant line bundle on X° is determined by a character £ of C*, so
L =X"xA!and C* acts on L by A(a, b, v) = (Aa, A"b, E(A\)v).

To find the character &, note that, for any algebraic group G and any G-torsor
m : P — X, there is an exact sequence of G-equivariant vector bundles on P

0— P xLie(G) > TP - n*TX — 0,

where TP is the tangent bundle to P [Edidin and Graham 2005, Lemma A.1].
Applying this fact to the C*-torsor 7 : X — P(1, n), we obtain an exact sequence
of vector bundles

X% C— 7X° > 7*TPq, n).

The action of C* is as follows: Since C* is abelian, the Lie algebra is the triv-
ial representation, while 7X% = X% x C?, where C* acts on the C? factor with
weights (1,n). Taking the determinant of this sequence shows 7*TP(1, n) is
the C*-equivariant line bundle X° x C, where C* acts on C with weight n + 1.
Hence, 7*T*P(1, n) is the C*-equivariant bundle X 0 % C, where C* acts on C
with weight —(n + 1). O

By Proposition 7.67, the coarse moduli space of T*P(1, n) is the geometric
quotient ((Cz\{O}) X C)/CX, where C* acts by A(a, b, v) = (Aa, A"b, A™""'v). By
the Cox construction [Cox et al. 2011, Section 5.1], this quotient is the toric surface
associated to the simplicial fan 3, with two maximal cones 0,41 ,—1 and oy, ;+1.
The cone o0y,41,,—1 has rays p,_; generated by (—n,n + 1) and p,4; generated
by (0, 1). The cone o, ,+1 has rays p,41 and p, spanned by (1, 0). The fan is as
follows:

(—n,n+1)
On+1,n—1
2
/\/ Ontl On,n+1
Pn

The cone 0,41 ,-1 has multiplicity » 4+ 1 and, by the method of Hirzebruch—
Jung continued fractions [Cox et al. 2011, Section 10.2], the nonsingular toric
surface determined by the fan X;, where 0,_1 ,1 is subdivided along the rays
00, P1, - - -» Pn—2 With p; generated by (—(i + 1),i + 2), is a toric resolution of
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singularities of X (X,):

(=n,n+1)
(—n+1,n)
(=1,2)
2
el
\, 5\9
2
Gnn

Pn+1 it
Pn

By [Cox et al. 2011, Exercise 8.2.13], X (X,) is Gorenstein, so by [Cox et al. 2011,
Proposition 11.28] the resolution of singularities X (X,) — X (X%,) is crepant.

By the Cox construction, we can realize the smooth toric variety X (X)) as
the quotient of A2 Z (%)) with coordinates (xo, ..., x,+1) by the free action
of (C*)" with weights

2.3 —(n+1
(X0s -+ s Xn1s XOXT " " Xo_1s Xo X, ---xnf7 ),

where y; is the character of (C*)" corresponding to the i-th standard basis vector
of 7" and

/
Z(E;) = V(x2X3 Xpg1, X0X3 *+* X1, XOX1 X4+ * X - - -

X0+ Xn—3XnXni1, X0+ +* Xn—1, X1X2 "+ Xp).
Proposition 7.68. The following isomorphisms hold, where t; = c1(x;):

Z1X0: Xg '+ -+ X1y Xp) Zlto, 11, -y ta—1]

{eu(xo), ..., eu(xn—1))2 (to, b1y ey ty1)?
Proof. The action of the torus is free, so K(X (X)) = Kcxy (C"*2 Z(%))) and
AYX (X)) = A’(“Cx)n (C™2Z(%})). Asin the proof of Proposition 7.13, the local-
ization exact sequence in equivariant K-theory implies that K cxy (C"2 N Z(Z)))
is a quotient of R((C*)") = Z[xo, Xo_l, ooy Xn—1, Xn__11]- Because Z(X,) is the
union of intersecting linear subspaces, we use an inductive argument to establish
the relations. The ideal

K(X ()= and A*(X(Z))=

1=(xzx3"'Xn+1,xox3"'Xn+1,xoxlx4--'xn+1,---,
X0+ Xn—3XnXnl, X0+ ** Xn—1, X1X2 -+ * Xp)

has a primary decomposition as the intersection of the ideals of linear spaces (x;, x)
forie{0,...,n—1}andi+2 < j <n+1. Thus Z(X,) is the union of the linear
subspaces L; ;, where L; j = Z(x;, x;). Order the pairs (i, j) lexicographically and
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set U j = C? (U(k’l)i(i,j) Liy),sothat C"2 N Z(2)) = Up—i 1. If j <n+1,
we have a localization sequence

K(CX)" (Li,j+1 \ ( U L],k)) —> K(CX)n(Ui’j) —> K(CX)H (Ui,j+1) —> O
(k) <@, j+1)

The same self-intersection argument used in the proof of Proposition 7.13 shows
that K(Cx)n(Ui’j—‘r]) = K(@x)n(U,-‘j)/(eu(Ni,jH)), where Ni,j—i—l is the normal bun-
dleto L; j+1 in C"*2. Similarly, K cxy (Uit1,i+2) = Kxyr (Ui is2)/(€u(Lig1,i42)).
Hence, by induction we have that

Koy (Un—t1.011) = ZIX05 Xg s - -+ » Xn—1 X 1/ {{eu(N: )i 1)

The K-theoretic Euler class of the bundle N; ; can be read off from the weights of
the (C*)" action. We have

(=% HA =% if j <n,
eu(N; ;) = (1—Xfl)(l—(Xoxlz...xr’z_l)*l) if j=n,
(I=—x DA =x3d - xth  if j=n+1.

We wish to show that the ideal b generated by these Euler classes is the same
as the ideal a = (eu(xo), . .., eu(xn—1))2. If we set ¢; = eu(y;) = (1 — Xl._l), then
a = ({ejejlo<i<j<n—1). Note that the ideal (e, ..., e,) is the ideal of Laurent
polynomials in xo, ..., x, that vanish at (1, 1,...,1). If j < n, then eu(N; ;) =
e;ej € a. Also note that, since the expression (1—(xo X12 e X ;’_1)_1) vanishes when
each y; is set to 1, it must be in the ideal generated by ey, ..., e,, so eu(N; ) =
(1—x, DA = CGoxZ - x" D" € e, ..., ex)? = a. Similarly, eu(N; ,41) € a.

Ifi <n—1and j >i+1, then the generators ¢;e; are the Euler classes of
the bundles N; ;. The remaining generators of a are of the form el.2 and e;e;11.
Since the x; are units, the fact that e;e; is in b implies that, for all k¥ > 0 and
|i — j| > 2, all expressions of the form ¢; (1 — Xj_k) and (1 — Xi_l)(xj.‘ — 1) are
in b. We can then perform repeated eliminations with the expression for eu(; )
to show that ¢; (1 — Xi_(iH) Xi_(i+2)) € b for any i. A similar set of eliminations
using the expression for eu(N; ,4+1) shows that e; (1 — Xi(i+2)x;(f+3)) € b. Since
the x; are units, e; (1 — x; D x(*?) € b. Hence
ei(_Xi—(i+2)(i+1)x;({'+2)2 + Xi—(i+1)(i+2)Xi(j_-il-l)(i+3))

— le(t+2)(z+1)Xl_;(i+l)(z+3)eiei+l'
A similar calculation shows that el.z €b.

The calculation for Chow groups is analogous, where the Chow-theoretic Euler

class of the bundles N; ; are
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litj if j <n,
eu(N; ;) = 1ti(to+2t1 +---+nt,—1) if j=n,
b(=210 =3t — -+ — (n+ Dty_1) if j=n+1. 0

Theorem 7.69. Let X (X)) be the crepant resolution of singularities of the moduli
space of T*P(1, n) indicated by the toric diagram above. Then for n = 2, 3 there
are isomorphisms of augmented A-algebras over C.

KUP1,n)c — KX (Z)e

where the augmentation completion K (IP(1, n))c has the inertial A-ring structure
described above.

Proof. We have calculated K (IP(1, 2))c and K(IP(1, 3))¢c, and in both cases we
obtain an Artin ring that is a quotient of a coordinate ring of a torus of rank 2
and 3, respectively. The inertial augmentation ideal corresponds to the identity in
the corresponding torus. Thus for n = 2, 3 the ring K (IP(1, n))¢ is simply the
localization of K (I[P(1, n))c at the corresponding maximal ideal. A calculation,
which we omit as it is straightforward but lengthy, shows that

KUP1,2)c=Clo,0 1,77 /(0 — 1,7 —1)?
KUIP1,3)c=Clo,o ', r, v 5,2 o —1,1—1,T—1)%,

which are readily seen to be isomorphic as A-rings to K (X (X5))c and K (X (2}))c,
respectively. (]
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