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Let A be a local ring in which 2 is invertible. It is known that the localization of
the cohomology ring H; (A, Z/2) with respect to the class (—1) € Hé‘t(A, 7/2)is
isomorphic to the ring C(sper A, Z/2) of continuous Z/2-valued functions on the
real spectrum of A. Let I"(A) denote the powers of the fundamental ideal in the
Witt ring of symmetric bilinear forms over A. The starting point of this article
is the “integral” version: the localization of the graded ring @,,., I"(A) with
respect to the class ((—1)) := (1, 1) € I (A) is isomorphic to the ring_C(sper A,7)
of continuous Z-valued functions on the real spectrum of A.

This has interesting applications to schemes. For instance, for any algebraic
variety X over the field of real numbers R and any integer n strictly greater than
the Krull dimension of X, we obtain a bijection between the Zariski cohomology
groups H, (X, Z") with coefficients in the sheaf Z" associated to the n-th power
of the fundamental ideal in the Witt ring W (X) and the singular cohomology
groups H: (X(R), Z).

sing

1. Introduction

Let X be an algebraic variety over the field of real numbers and let d denote
the Krull dimension of X. Let " denote the Zariski sheaf associated to the
presheaf U — HZ(U, Z/2), where H (U, Z/2) denotes the étale cohomology
of U with Z/27-coefficients. Under the hypotheses that X is smooth, integral,
and quasiprojective, a classic theorem of Jean-Louis Colliot-Thélene and Raman
Parimala [1990, Theorem 2.3.1] states that the sections of " are in bijection with
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358 JEREMY A. JACOBSON

Smg(X (R), Z/2) when n > d + 1; it follows from this that there is a bijection of
cohomology groups

Hy (X, H") = Hipy (X (R), 2/2) (1.1)

smg

when n > d + 1, where X (R) denotes the real points of X equipped with the
Euclidean topology (defined in Remark 4.4) and H:ng(X (R), Z/2) denotes the
singular cohomology groups of the real points with Z/27-coefficients.

Let W(X) denote the Witt ring of symmetric bilinear forms over X and 1" (X)
the powers of the fundamental ideal; see [Knebusch 1977]. Let Z" denote the
Zariski sheaf associated to the presheaf U +— I"(U). Let 7" denote the sheaf
associated to the presheaf U — Z"(U)/Z"'(U). The short exact sequence of
sheaves

07" 571" 57" >0
induces a long exact sequence in Zariski cohomology
o= HP (X, T"TY — HZL (X, T")
> HE(X, T S B (X, Y S L (12)
The introduction to [Fasel 2013] made the following assertions:

o the Zariski cohomology groups Hy (X, I") are the analogue of the singular
cohomology groups H (X (R), Z), while H}, (X, Z") are the analogue of
(X(R), 2/2);

smg

s1ng

e the map H;, (X, 7y — Hj (X, I") corresponds to the homomorphism

(X(R).2) > H}\ (X (R), 2)

qmg smg

induced by the multiplication by 2 on the coefficients;
e the connecting homomorphism H;, (X, I”) LN Hj (X, 7"+ is analogous to
the Bockstein homomorphism

(XR).Z/2) 5 HIH (X ®R), 2).

Sll’lg sing

Under the additional hypothesis that X is affine, smooth, and has trivial canonical
sheaf, Fasel [2011, Proposition 5.1] proved that Hgar(X VI ~ H:fng(X (R), Z) for
alln >d.

We prove these assertions as a consequence of our more general results on
real cohomology and the powers of the fundamental ideal. Precisely, we show
in Corollary 8.11 that when n > d + 1, the global signature induces an isomor-
phism Hj (X,ZI") ~sign gm (X (R), Z) for all m > 0, which in turn induces an

sing
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isomorphism of long exact sequences from (1.2) to

o HIL(X®R), Z) > HEL(XR), Z)
(X[R),2/2) 5 H" (X ®R), 2) > - -- .

m
— H, sing

sing
Real cohomology is a cohomology theory for schemes that globalizes singular
cohomology to any scheme X in the sense that when X is a real variety, the real
cohomology groups H" (X, Z) may be identified with the singular cohomology
groups H;;’ng(X (R), Z). For details, see Remark 4.4. The foundations and funda-
mental results on real cohomology are due to Claus Scheiderer [1994]. There
is a close relationship between real and étale cohomology: the étale cohomol-
ogy of X with 2-primary coefficients stabilizes in high degrees against the real
cohomology of X with 2-primary coefficients [Scheiderer 1994, Corollary 7.19,
Proposition 19.8]. Scheiderer also obtained a generalization to schemes of the
bijection (1.1). To introduce it, first recall that for any scheme X, multiplication by
cup product with (—1) e H '(X&, Z/2) induces a morphism of sheaves H" — HHL
Consequently, one may consider the colimit lim H" over the system

20 E0 g1 D o D

The signature modulo 2 induces an isomorphism of sheaves lim %" — supp, Z/2
which induces an isomorphism of cohomology groups

HEL (X, limH") =~ H™(X,, Z/2) (1.3)

for all m > 0, where H" (X,, Z/2) denotes the real cohomology of X with coeffi-
cients in the constant sheaf Z/2 [Scheiderer 1994, Corollary 19.5.1].

Note that one cannot obtain integral coefficient versions of the isomorphisms
(1.1) and (1.3) by simply replacing everywhere Z/2 with Z, because when n > d
the étale cohomology groups H (U, Z) are always torsion for any open subscheme
U of X [Scheiderer 1994, Corollary 7.23.3].

Here, we obtain integral versions by demonstrating in Theorem 8.6 that for any
scheme X with 2 invertible in its global sections, the signature induces an isomor-
phism of sheaves lim 7" — supp, Z which induces an isomorphism of cohomology
groups .

sign
Hy, (X, lim7") =~ H"(X,, Z)

for all m > 0, where lim Z" denotes the Zariski sheaf on X obtained by taking the
colimit of the system of sheaves

-1 -1 -1
w e 2 e o e
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-1 . .
and 7" AN 7"*+! denotes the map induced by tensor product with the Pfister form

(=1) = (1, 1).
These global results follow from the local case, that is, the statement on the
localization of the graded ring /*(A) from the abstract. Another way of stating

this is to say that
sign : lim /" (A) — C(sper A, Z) (1.4)

is bijective for any local ring A with 2 invertible. Injectivity of (1.4) is well-known
and follows from the local ring version of Pfister’s local-global principal (for in-
stance [Knebusch 1977, Chapter II, §5], or directly in terms of the signature used
in this article [Mahé 1982, Théoreme 2.1 and Corollaire]). The statement that (1.4)
is surjective is stronger than Mahé’s theorem, which states that the cokernel of
sign: W(A) — C(sper A, Z) is 2-primary torsion for any commutative ring with 2
invertible. We believe that surjectivity of (1.4) when A is local is known as well,
but we don’t know of a reference in the literature. We give a proof of bijectivity
of (1.4) in Proposition 7.2 in a much different way using cohomological methods.
For instance, in Theorem 5.3 we prove the Gersten conjecture for the Witt groups
with 2 inverted of any regular excellent local ring. From this we deduce injectivity
of (1.4) for any local ring with 2 invertible using “Hoobler’s trick”. Similarly, in
Proposition 6.3 we prove a purity result for lim /" (A) in “geometric” cases and
deduce surjectivity in general from this.

2. Total signature

Throughout this section, let F' be a field of characteristic different from 2, though
the hypothesis on the characteristic is not necessary for the definitions.

Definition 2.1. An ordering on F is a subset P C F satisfying

(1) P+PCP,PPCP;

(2 PN(=P)=0;

(3) PU—-P=F.

If b—a e P, then we write a <p b. If a € P and a # 0, then a >p 0. It follows
from the axioms that if F is nontrivial, then 1 > p 0. Also, for any a # 0 we write
sgnp(a) =1ifa € P and sgnp(a) = —1 if a € —P. From the axioms one has
that sgnp(ab) = sgnp(a) sgnp(b) for any a, b € F*; consequently, assigning any
a € F* to sgnp(a) determines a homomorphism sgnp : F* — {£1} of groups. The

pair (F, P) is called an ordered field [Knebusch and Scheiderer 1989, Kapitel I,
Definition 1 and Bemerkungen].

Definition 2.2. The real spectrum of F, denoted sper F, is the topological space
formed by equipping the set of all orderings on F with the topology generated by
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the subbasis consisting of subsets H(a) C sper F, a € F, where H(a) denotes the
set of all orderings P satisfying a >p O.

Definition 2.3. Let P be an ordering on F. Any nondegenerate quadratic form ¢
over F splits as an orthogonal sum ¢ >~ ¢, L ¢_, where the form ¢ is positive
definite with respect to the ordering (for all 0 # v, g(v) > 0 with respect to P) and
the form ¢_ is negative definite with respect to the ordering (i.e., —¢_ is positive
definite). The numbers n, := dim ¢ and n_ := dim ¢_ do not change under an
isometry of ¢ [Knebusch and Scheiderer 1989, Kapitel I, §2, Satz 2]. The integer
signp([¢]) := ny — n_ is called the signature of [¢] with respect to P. As the
signature of the hyperbolic form is trivial, assigning to an isometry class [¢] its
signature signp ([¢]) defines a map

signp : W(F) = Z

which is a homomorphism of rings [loc. cit.]. Let C(sper F, Z) denote the set of
continuous integer-valued functions on the real spectrum of F. The total signature
is the ring homomorphism

sign: W(F) — C(sper F, 7)

which assigns to an isometry class [¢] the continuous function P +— signp([¢])
[Knebusch and Scheiderer 1989, Kapitel III, §8, Satz 1]. If F has no ordering, then
sign is trivial.

The following lemma is obtained directly from the definition of the signature
and the fact that the signature is a ring homomorphism.

Lemma 2.4. Let P be an ordering on F.

(1) If ¢ is a diagonalizable form, ¢ ~ (a1) L --- L {a,) for some ay, ...,a, € F*,
then

signp ([¢]) := Y _ sgnp(ar).

i=1
(2) Let a € F*. The Pfister form {{a)) := (1, —a) has total signature
sign({(a))) = 21(a<0}-
(3) Letay,ay, ..., a, € F*. The n-fold Pfister form
((ar, ..., an) = (@) ® - Q ({(an))
has total signature

Sign(«ala cean) = 2nl{al<0 ..... a,<0}-
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Definition 2.5. As hyperbolic forms have even rank, assigning a quadratic form to
its rank modulo 2 determines a ring homomorphism W (F) — Z/2Z. The kernel
is denoted I (F) and is called the fundamental ideal of F'. The powers of the
fundamental ideal 1/ (F) are additively generated by Pfister forms (a1, ..., a i
so it follows from Lemma 2.4 that the signature induces a group homomorphism

sign: I/ (F) — C(sper F, 2/ 7)
and the diagram ‘
1(F) —2 C(sper F, 2/7)

l((—l» lz

1+ () 225 C(sper F, 27+17)
commutes. So after identifying
h_r)n(C(sper F,7) i C(sper F,27) i C(sper F, 222) i) . ) ~ C(sper F, Z),

one obtains the map

im(w(F) S pory S 20py B ) 28 csper 7). (26)

where lim denotes the colimit of the directed system of groups.
—

The following result first appeared in a paper of J. Arason and M. Knebusch.
Injectivity follows from A. Pfister’s local-global principal [Pfister 1966, Satz 22],
and surjectivity follows immediately from the “normality theorem” of R. Elman
and T.Y. Lam [1972, 3.2].

Proposition 2.7 [Arason and Knebusch 1978, Satz 2a]. The morphism (2.6) is a
bijection.

3. Residues

Throughout this section A denotes a discrete valuation ring with fraction field K
and residue field k = A/m of characteristic different from 2. Let 7 be a uniformiz-
ing parameter for A. The following lemma restates well-known facts on the second
residue for Witt groups; see [Milnor and Husemoller 1973, Chapter IV (1.2)—(1.3)].

Lemma 3.1. (1) Every rank one quadratic form over K is isometric to some {c),
where ¢ = br", b is a unit in A, and either n =0 orn = 1.
(2) The second residue 0, : W(K) — W (k) has the description
(by ifn=1,
0 =
7 ({c)) {0 =0,

on rank one forms (c) as in (1).
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(3) The second residue respects the powers of the fundamental ideal, that is, for
any integer n > 1, it induces a homomorphism of groups

3y I'"(K) — I '(k),
where 1°(k) := W (k).

Definition 3.2. Let P be an ordering on the fraction field K. One says that A is
convex in K (with respect to P) when for all x, y,z € K,

{x<pz=<pyandx,yeA}=z€A;

see [Knebusch and Scheiderer 1989, Kapitel II, §1, Definition 1 and §2, Satz 3;
Bochnak et al. 1998, Definition 10.1.3(ii), Proposition 10.1.4]. If A is convex
in K, then the subset P := o (P N A) C k, where o : A — k is the surjection onto
the residue field, defines an ordering on k called the induced ordering [Knebusch
and Scheiderer 1989, Kapitel II, §2, Bemerkungen]. For any ordering & € sperk,
let Y: C sper K denote the subset consisting of orderings such that A is convex in
K and & = P is the induced ordering. The assignment

P — sgnp(m)

defines a bijection from Y¢ to the set {£1} [Knebusch and Scheiderer 1989, Kapi-
tel II, §7, Theorem (Baer—Krull)], cf. [Bochnak et al. 1998, Theorem 10.1.10 and
its proof]. That is to say, there are exactly two orderings in Yg, say n4 and n_,
where sgn, () =1 and sgn, () = —1. The group homomorphism

Br :C(sper K, Z) — C(sper A/m, Z)
is defined by assigning s € C(sper K, Z) to the map & — B, (s)(§), where

Br ($)(€) :=5(n1) —s(n-).
If sper A/m = @, then it is defined to be zero.

Lemma 3.3. Let © be a uniformizing parameter for A. The morphism B, of
Definition 3.2 has the following description on elements sign({c)), where ¢ = br",
b is a unit in A, and eithern =0 orn = 1:

2sign((b)) ifnis 1,

B (sign((c))) = {() if nis 0.

Proof. Let ¢ = b, where b is a unit in A, and either n = 0 or n = 1. For any
& esperA/m,
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B (sign((c))) (§)

= Slgnr]+ (<C>) - Signn, ((C))
=sgn, (c) — sgn, (c)

_ {sgns (c) — sgn () if n = 0 (both orderings induce &),
sgn,, (brr) —sgn, (brw) ifn=1,
0 ifn=0,
= 1sgn, (b) sgn,, (1) _—
—sgn, (b) sgn,, ()
o ifn=0,
~ |sgn,, (®)+sgn, (b))  if n=1 (by definition of 5, and 5_),
10 ifn=0,
N sgng b) + sgng () if n =1 (both orderings induce &),
_]o ifn=0,
N 2sgn§(l;) ifn=1.
The above equalities prove the lemma. ([

The next lemma follows from Lemmas 3.1 and 3.3.

Lemma 3.4. The diagram of abelian groups below is commutative:

lim /" (K) —— lim,__, I" (k)

lsign J/Z sign

Csper K, 7) ——s C(sperk, 7)

where lim ns1 1" (k) denotes the colimit over
W(k) W(k) I(k) —= (k)

4. Real cohomology

C. Scheiderer [1994] developed a theory of real cohomology for schemes. It “glob-
alizes” to schemes the singular cohomology of the real points of a real variety in
the same way that étale cohomology globalizes the singular cohomology of the
complex points of a complex variety. Following [Scheiderer 1994], we recall the
definition and some needed properties.

Definition 4.1. The real spectrum of a ring A is a topological space denoted
by sper A. As a set it consists of all pairs & = (p, P) with p € spec A and P
an ordering of the residue field k(p). For any point & € sper A, let k(§) denote
the real closure of the ordered field k(p) with respect to P. For a € A, write
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a(&) > 0 to indicate that the image of a in k(§) is positive. The sets of the form
D(a) :={& esper A:a(&) > 0} for a € A are a subbasis for the topology on sper A.
The real spectrum of a scheme X is the topological space X, formed by glueing the
real spectra of its open affine subschemes. This does not depend on the open cover
of X that was chosen. Furthermore, any map of schemes f : ¥ — X induces a
continuous map of real spectra f; : ¥, — X,. The assignment (p, P) — p defines
a continuous map of topological spaces sper A — spec A, and similarly one has a
continuous map supp : X, — X called the support map.

Definition 4.2. Let X be a scheme. First we recall the definition of the real site
of X, which we also denote by X,. It is the category O(X,) of open subsets of X,
equipped with the “usual” coverings, i.e., a family of open subspaces {U, — U}
is a covering of U € O(X,) if U = | U,.! The category of sheaves of abelian
groups on X, is denoted Ab(X,) and the category of abelian groups by Ab. For
any F € Ab(X,), the real cohomology groups of X with coefficients in F are the
right derived functors of the global sections functor I" : Ab(X,) — Ab. They are
denoted by
H?(X,,F) = RTF,
where RPT" is the p-th derived functor of I'. When X = spec A is affine, we may
write H” (sper A, F) instead of H”(X,, F). For any abelian group M, we also
denote by M the sheaf on X, associated to the presheaf U +— M for U any open
set in X,. Such a sheaf is called a constant sheaf. Moreover, when the group
M is equipped with the discrete topology we may write C(sper A, M) instead of
HOsper A, M). If i : S — X, is a closed subspace, then for any abelian sheaf F
on X,, define 0
H¢(X,, F) :=ker(F(X,) — F(X,\9)).
The functor F — H S(X r, F) is left exact and its right derived functors
H{(X,, F):= RTH)(X,, F)

are called the relative cohomology of F with support in S [Scheiderer 1995, No-
tations] see [SGA 43 1973, Exposé V, 6.3] or [SGA 2 2005, Exposé I, §2, Defini-

IThe real étale site, denoted Xy¢t» 18 obtained by equipping the category of étale X-schemes
with coverings given by the real surjective families, that is, { f; : U, — U} is a covering if the real
spectrum U, equals the union of the images (f3 ), ((Uy)r). For any sheaf F on X,

(X' L x} mOX.. 7 F)
defines a sheaf on X;¢ denoted F°. This determines a functor from the category X, of sheaves
on X, to the category )?;t of sheaves on X4, which is an equivalence of categories compatible with
morphisms ¥ — X of schemes [Scheiderer 1994, Theorem 1.3, Theorem 1.14, and Remark 1.16].
We follow [Scheiderer 1995, Notation] in defining real cohomology and cohomology with supports
as sheaf cohomology on the topological space X.



366 JEREMY A. JACOBSON

tion 2.1]. Additionally, i'F is defined to be the sheaf
SNU +—ker(F(U) - F(U\ (SNU)))
on S (U open in X,) and one has that
HY(X,, F) = H(X,, i,i'F)
using the exact sequence
0— iyi'F - F — j*j,F —> i,R''F > 0; (4.3)

see [SGA 45 1973, Exposé V, Proposition 6.5] or [SGA 2 2005, Exposé I, Corol-
laire 2.11], noting that RYii'F ~ i RYi'F since i, is exact [Scheiderer 1994,
Corollary 3.11.1].

Remark 4.4. Let X be an algebraic variety over R, by which we mean an R-
scheme that is separated and of finite type. We explain in this remark how to equip
X (R) with a topology and identify its singular cohomology with the real cohomol-
ogy of X,. For any affine scheme U = spec R[T}, T3, ..., T,]/1, we consider the
R-points U (R) as a topological space by equipping U (R) C R" with the subspace
topology, where R" has the Euclidean topology. The Euclidean topology on the
set of R-points X (R) is the topological space formed by glueing the U (R) of the
open affine subschemes U taken from an open cover of X. This does not depend on
the open cover of X that was chosen. The inclusion map i : X (R) — X, sending
an R-point x to the pair (x, R>¢), is continuous and i ~! induces a bijection from
connected components of X, to connected components of X (R) and from con-
nected components of any basic open D(ay, ay, ..., a,) in X, to connected com-
ponents of i~Y(D(ay, aa, ..., a,)) [Coste and Roy 1982, Corollaire 3.7 ]. Hence,
the functor i, determines an equivalence from the category of constant sheaves of
abelian groups on X (R) to the category of constant sheaves of abelian groups on
X,. Consequently, for any abelian group M, the sheaf cohomology H*(X (R), M)
coincides with the real cohomology groups H*(X,, i,M) and H*(X,, M). Also,
singular cohomology H;ng(X (R), M) is canonically isomorphic to sheaf coho-
mology H*(X (R), M); see [Scheiderer 1994, Remark 13.6]. In particular, the
real cohomology groups H*(X,, Z) are finitely generated groups, isomorphic to
HS";ng(X([R), 7).

Definition 4.5. Let Ab(Xz,:) denote the category of sheaves of abelian groups on
the Zariski site Xz,,. Since the support map is a continuous map of topological
spaces, it induces the direct image functor

supp, : Ab(X,) — Ab(Xzar),

and this functor is faithful and exact [Scheiderer 1994, Theorem 19.2].
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Lemma 4.6. Let X be a scheme. For any sheaf F € Ab(X,),
HP(X,, F) ~ Hy, (X, supp, F).

Proof. Using the Grothendieck spectral sequence for the composition of the func-
tors supp,. and the global sections functor I', we obtain a spectral sequence with
El? = H) (X, R supp, F) that abuts to H?™4(X,, F). For g > 0, the sheaves
R4 supp, F vanish [Scheiderer 1994, Theorem 19.2]. Therefore the edge maps
in this spectral sequence determine isomorphisms H”(X,, F )i>HZpar(X , supp, F)
for p > 0. ([

Next we recall the work of C. Scheiderer [1995], in which he constructs a
“Bloch—Ogus” style complex that computes real cohomology. The codimension
of support filtration on X determines a spectral sequence abutting to real coho-
mology. Scheiderer shows that for regular excellent schemes the E;-page is zero
except for the complex ET’O, and hence obtains the result below. Recall that a
locally noetherian scheme is called excellent if X can be covered by open affine
subschemes spec Ay, where the A, are excellent rings [EGA IV, 1965, 7.8.5]. For
a point x € X of a scheme, we denote sper k(x) by x,.

Proposition 4.7 [Scheiderer 1995, Theorem 2.1]. Let X be a noetherian regular
excellent scheme. Let W be an open constructible subset of X,, and let F be a
locally constant sheaf on W. Then there is a complex of abelian groups

P W > P HW.F)> P HW.F)—> - (48

xeX©® xex® xeX®

natural in W and F, whose q-th cohomology group is canonically isomorphic to
HY (W, F), q > 0. Here H{ (W, F) := H{ -, (sper Ox . N W, F) are the relative
cohomology groups of sper Ox_, with support in x, N W (Definition 4.2) and X®
denotes, for i > 0, the set of codimension i points (dim Oy , = i) of X. This
complex is contravariantly functorial for flat morphisms of schemes.

The following lemma is based on the proof of [Scheiderer 1995, Proposition 2.6],
where M =7/27.

Lemma 4.9. Let X be a noetherian regular excellent scheme which is integral with
function field K. Let x € XV and let = denote a choice of uniformizing parameter
for Ox . Fix an integer n > 0 and let M denote the constant sheaf Z. Denote by

0 the map
Ho(sper K,M)— Hxlr(sper(’)X,X, M)

induced by first differential of the complex (4.8) from Proposition 4.7. Then there
is an isomorphism (5 : Hxlr (sper Ox x, M) — HO(x,, M) for which t; 00 = By,
where B is the map of Definition 3.2.
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Proof. Let X' = sper O x.x and Z =x,.Leti:Z — X denote the inclusion, and
let j :sper K — X " denote the inclusion of the complement to Z'. For any abelian
sheaf M on X' the sequence

M= j.j*M — i,R'i'(M) — 0
is exact (Definition 4.2, (4.3)). By [Scheiderer 1995, Lemma 1.3], for any locally
constant sheaf M on X' the sequence
M — ]*]*Mi i«i"M — 0

is exact, where B is defined on stalks as (Bs); = s(n4) —s(n-) € M. Hence we
get an isomorphism ¢, of cokernels and a commutative diagram

G MX) — i RV M (X))

X l (4.10)

ii*M(X)
Tracking down all the definitions, one finds that (4.10) is equal to the diagram
HOX —Z M) —— HL(X. M)
X l
[
H(Z', M)
where the vertical map is the isomorphism ¢, the diagonal map is the map S, of

Definition 3.2, and sper K equals X ' — Z'. This finishes the proof of the lemma. [

Lemma 4.11. Let A be a regular excellent local ring with fraction field K. Let
X = spec A, and for any x € XV, let 7, be a choice of uniformizing parameter
for Ox . Then the sequence

0 — C(sper A, Z) — C(sper K, Z) ea_ﬂn) @ C(sperk(x), Z)
xex®

is exact, where B is the map of Definition 3.2.

Proof. To prove the lemma, choose isomorphisms (¢, for each x € XV as in
Lemma 4.9, and then use Proposition 4.7. ([

5. On the Gersten conjecture with 2 inverted

Definition 5.1. Let A be a regular local ring with 2 invertible and let X = spec A.
Let d denote the Krull dimension of A and K the fraction field of A. We work
with the Gersten complex for the Witt groups of X as found for instance in [Balmer
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et al. 2002, Definition 3.1], which we denote by C*(A, W). Recall that for any
integer p > 0, after choosing local parameters for Oy . for each x € X”) one may
write down isomorphisms ¢, : CP(A, W) = D, cx» Wk(x)). Then C*(A, W) is
isomorphic to the complex

CUA W, 0= WEK) S D W) -5 @D Wk,

xexX® xeX@

where the differentials are 9, := ;4100 0 L;l and 0 is the differential leaving
CP(A, W). The differentials 9, may differ for different choices of isomorphisms ¢,
but the resulting complexes will all be isomorphic. For all x € X" we may choose
parameters 7 € Oy , so that 9, : W(K) — W(k(x)) equals the second residue
0, of Lemma 3.1; see [Balmer and Walter 2002, Lemma 8.4], cf. [Gille 2007,
Proposition 6.5]. It was proved by J. Arason that the second residue 9, respects
the filtration by powers of the fundamental ideal, that is, 0, (I"(K)) C I =1k (x))
[Arason 1975] and similarly one may show that all the differentials 9, respect this
filtration; for instance, this was shown by S. Gille [2007, Corollary 7.3] for coherent
Witt groups, which gives the same complex since A is regular [Balmer et al. 2002,
Section 3]. So one may obtain a subcomplex

CA I 0= DIk S @ ke S @ k),

xeX©® xex® xeX@

where we set I (k(x)) = W (k(x)) when m < 0. Define
C*(A,W/I"):=C*(A,W)/C*(A, I", 1)
to be the quotient complex. The exact sequence of complexes
0——C*(A, I",)) —— C* (A, W) —— C*(A,W/I") —— 0
lz lz lz
0——C*(A, " ) — = C*(A, W) —— C*(A, W/I"T1) —— 0
determines an exact sequence of colimits
0— C*(A,limI") — C*(A,lim W) — C*(A,lim W/I") — 0, 5.2)

where we define
C*(A,lim I") :=1im C*(A, I", 1),
C*(A, lim W/I") := lim C*(A, W/I"),
C* (A, W[A]) :=tim(C* (A, W) S c*a, W) S c* A, W) S ).
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Theorem 5.3. If A is a regular excellent local ring with 2 invertible, then the
Gersten complex C'(A, W[%]) is exact and HO(C’(A, W[%])) = W(A)[%].

Proof. We proceed by induction on the Krull dimension of A. The Gersten complex
without inverting 2 is exact already in low dimensions for any regular local ring
[Balmer et al. 2002, Lemma 3.2]. Fix A and assume that the statement of the
proposition is known for regular excellent local rings of Krull dimension less than
that of A. It is sufficient to show that the cohomology of C*(A, W[4]) vanishes
in degrees 2 and higher: one may use the Balmer—Walter spectral sequence with
2 inverted for Witt groups to show that this implies H*(C*(A, W[3])) = 0 in
positive degree and HO(C° (A, W[%])) = W(A)[%]; see, e.g., [Balmer et al. 2002,
Lemma 3.2]. For any regular parameter f € A, there is a short exact sequence of
complexes

0—C*(A, W)= C*(Af, W) — C*(A/f, W)[-1] — 0

see, for instance, [Balmer et al. 2002, Lemma 3.3 and proof of Theorem 4.4].
Taking colimits it remains exact. As dim A/f is strictly less than dim A and A/f
is again regular and excellent we have that C ‘(A /f W[%])[— 1] is exact.

Hence it remains to see that C*(A s, W) is exact in degrees 2 and higher. Note
that for any p € spec Ay, dim(Ay), is strictly less than dim A and (Ayf), is
again regular and excellent, hence the cohomology of C '(Af, W[%]) agrees with
Hj, (spec Ay, lim W), where lim W denotes the colimit over the sheaves

For any point p in spec A, using the induction hypothesis we have that the top
row in the commutative diagram

0 —— lim W((Af)p) —— lim W(K) — 5 @y lim W (k(x))

l lsign JZ sign

0 — C(sper(Ay)p, Z[1]) — C(sper K, Z[3]) o By C(sperk(x), Z[%])
is exact, and using Lemma 4.11 we have that the bottom row is exact, where
Y :=spec(Ay),. Proposition 2.7 implies the middle vertical map is a bijection
and the rightmost vertical map is an injection, from which it follows that the left-
most vertical map is bijective. Thus we get an isomorphism lim WS supp, Z[%]
of sheaves on A as it is an isomorphism on stalks, where we use Lemma 4.6
to identify the sheaf supp, Z[%] as the sheaf U — C(U,, Z[%]) Then the real
cohomology groups H *(sper Ay, Z[%]) are isomorphic to Hy, (spec Ay, im W),
so0 it remains to prove their vanishing in degree 2 and higher. This is true since the
real cohomology of local rings vanish in positive degree (in fact, semilocal too)
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[Scheiderer 1994, Proposition 19.2.1] and the real cohomology of sper A ¢ sits in
a long exact sequence with that of sper A/f and sper A whenever A is regular
excellent [Scheiderer 1995, Corollary (1.10)]. This finishes the proof. O

Since the diagram
lim 7" (A) —— W(A)[1]

| l

lim 7" (K) —— W(K)[1]

is commutative and the horizontal maps in the diagram are injective, we have the
following corollary to Theorem 5.3.

Corollary 5.4. Let A be a regular excellent local ring with 2 invertible. The map

lim 1" (A) — lim 7" (K)
is injective.
We will also need the following result later.

Lemma 5.5. Let A be a regular excellent local ring with 2 invertible. The coho-
mology groups H™ (C*(A, lim I")) vanish when m > 2.

Proof. Consider the long exact sequence in cohomology
= H™(C*(A,lim ")) — H™ (C*(A, lim W)) — H" (C*(A, lim W/I")) — - -

associated to the short exact sequence of complexes (5.2). The cohomology groups
H™(C*(A, lim W)) vanish when m > 0 by Theorem 5.3. Then H™ (C*(A, lim I"))
is isomorphic to H"~1(C*(A, lim W/I™)) for all m > 2. The cohomology groups
H™(C*(A, lim W/I")) are 2-primary torsion since the complex C*(A, lim W/I")
is, while the groups H" (C*(A, lim /")) have no 2-primary torsion since multipli-
cation by 2

C*(A,lim I") > C*(A, lim I")

is an isomorphism of complexes. Thus both groups vanish proving, the lemma. [J

6. Purity of the limit in the local ‘“‘geometric” case

For any prime p, we use Z ;) to denote the localization of Z at the prime ideal
(p) € specZ. In this section we prove purity of lim /" (A) in the case that A is
essentially smooth over either Q or Z,) (Proposition 6.3). When A is a local ring
of mixed characteristic (0, p) with p # 2 (that is to say, the characteristic of the
fraction field K is 0 and the characteristic of the residue field is p) we say that A
is essentially smooth over Z,, if A = R, is the localization at a prime p € spec R
of a smooth and finite type Zy-algebra R = Z,) [T\, T>, ..., T,1/1.
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Lemma 6.1. If A is essentially smooth over Z, for some prime p # 2 or over Q,
then the sequence

I"(A)/ 1" (A) — ")/ 1K) 2 @) 17 k(o) /17 (k(x)

xex®
is exact, where X = spec A and K is the fraction field of A.

Proof. Let KM (A)/2 denote the “naive” Milnor K-theory defined exactly as for a
field. Kummer theory gives a “symbol map” KM (A)/2 — H (A, Z/2), and in the
commutative diagram

KMA))2 —— KM(K) /2 —— D, cxo Kﬁl(k(x))/2

l l l

0—— H4(A,Z/2) — Hl(K,Z/2) — D, cx0 Hgt_l(k(x), Z/2)

t

where X = spec A and K is the fraction field of A, the lower row is exact as a
consequence of Gillet’s Gersten conjecture for étale cohomology in the Z case,’
and Bloch—-Ogus in the QQ case. Furthermore, the Galois symbol

KM(A)/2 — HL(A,Z)2)

is surjective when A is essentially smooth over @ [Kerz 2009; 2010] and when
A is essentially smooth over a discrete valuation ring?; see [Kahn 2002, p. 114,
surjectivity of the Galois symbol]. Applying the Milnor conjecture as proved by
V. Voevodsky, we have that the vertical maps in the middle and on the right are
bijections. It follows that the upper row is exact in the middle. Since {(a, 1 —a)) =0
in W(A) for a € A* such that 1 —a € A*, there is a well-defined homomorphism
K,]l” (A)/2 — I"(A)/I"t1(A). Hence, in the commutative diagram

KY(A)/2 ——— K, (K)/2 D exo KN (k(x))/2

l l |

I"(A)/ 1" THA) —— 1"(K) /TN (K) —— @ exn I" k() /1" (k(x))

)

2Manuscript notes titled “Bloch—Ogus for the étale cohomology of certain arithmetic schemes’
distributed at the 1997 Seattle algebraic K-theory conference. Also, this follows from Thomas
Geisser’s proof of the Gersten conjecture for motivic cohomology [Geisser 2004]. This is explicitly
stated in the sentence after Geisser’s Theorem 1.2, because R" e, is the Zariski sheaf associated
to the presheaf U — H ef’t(U , 42), and the affirmation of the Milnor conjecture allows one to identify
the Gersten complex for motivic cohomology with the Gersten complex for étale cohomology.

3Ina correspondence with the author, B. Kahn explained that the passage from surjectivity in the
essentially smooth over a field case to this case is easy and goes back to Lichtenbaum, if you grant
Gillet’s Gersten conjecture for étale cohomology.
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after using again the Milnor conjecture, by which the vertical maps in the middle
and on the right are bijections, we have that the lower row is exact in the middle. [J

Lemma 6.2. Let A be essentially smooth over Zp, (p # 2) or Q.

(1) There exists an integer N such that C*(A, I°, 1) 3) C*(A, I’ 1) is an iso-
morphism of complexes for all s > N.

(2) The groups H™ (C*(A, W)) are 2" -torsion for all m > 2.

(3) There exists an integer B > 0 such that 28 HO(C*(A, W)) C i, (W (A)), where
i*: W(A) - W(K) denotes the map induced by i : spec K — spec A.

@) 25TV HO(C* (A, W) C ix(IV (A)).

Proof. To prove (1), note that the cohomological 2-dimension of k(x)[v/—1] is
finite and, for all points x, bounded strictly less than some integer n. Using
the Arason—Pfister Hauptsatz and the Milnor conjecture for fields it follows that
I (k(x)[+~/—1]) vanishes for all x, and from this it follows that, for all x, we have
an isomorphism 7°(k(x)) i> 15+ (k(x)) for all s > n [Elman et al. 2008, Corollary
35.27]. Hence C*(A, I, 1) = C*(A, I*t!, 1) is an isomorphism of complexes for
all s > N, where N :=n +dim X. Then C*(A, li_r)nl”) and C*(A, IV, 1) are iso-
morphic complexes, so the cohomology group H™(C*(A, I, 1)) vanishes when
m > 2 by Lemma 5.5. It follows that the groups H™(C*(A, W)) are 2" -torsion
when m > 2 since H"(C*(A, W)) —> H™(C*(A, W)) factors

H™(C*(A, W)) 2 H™(C*(A, W))

H™(C*(A, IV, 1)

proving (2).

Now to prove (3), letg € H 0(C*(A, W)). From the Balmer—Walter spectral se-
quence for Witt groups [Balmer and Walter 2002] we have that W (A) surjects onto
E 250, which consists of the elements in H*(C*(A, W)) mapped to zero under all the
differentials in the spectral sequence leaving H 0(C*(A, W)). So it suffices to show
that some 2-power of ¢ maps to zero under all of these finitely many nontrivial dif-
ferentials. The first nontrivial differential is d : H(C*(A, W)) — H>(C*(A, W)).
Since 2V H3(C*(A, W)) =0, we have that (2" ¢) = 0. Repeating this argument for
each nontrivial differential d : H(C*(A, W)) — H**1(C*(A, W)) we eventually
find some 2-power 22, which does not depend on ¢, such that 284 is in the kernel of
all differentials, hence is in E2. Finally, to prove (4), let ¢ € 257N HO(C*(A, W)).
Write it as ¢ = 28%Vg,,, for some q,,, € HO(C*(A, W)). By (3), we have that
28 Gunr = i5(Q) for some Q € W(A). So i,(2YN Q) = g and 2V Q € IV (A). This
proves 2BENHO(C* (A, W) C ix(IVN (A)), finishing the proof of the lemma. [
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Proposition 6.3. Let A be essentially smooth over either Z ) (p # 2) or Q. The
sequence

lim 1" (A) —> lim 1" (K) <5 €D lim,. | I"(k(x))
xeXx®

is exact, where lim _— 1" (k(x)) denotes the colimit over
—>n

W) S wke) S 1) S Paey) S

Proof. Let g be in the kernel of the residue, hence ¢ € H(C*(A, IV, 1)) for
some N > 0. We may assume that N is the integer N from Lemma 6.2(1) by
either multiplying by 2 or dividing by 2 as needed. Using Lemma 6.1 we find
On € IN(A)/IN*1(A), which we may then lift to obtain Qy € IV (A) satis-
fying ¢ — i,(Qn) € H(C*(A, INt1 1)). By repeating this argument we find
that ¢ — ix(Qn + Ony1 + -+ + Qpran—1) € HY(C*(A, 152N 1)), where B
is the integer from Lemma 6.2(3). Since we are in the “stable” range we have
that HO(C*(A, 18BN 1)) = 2BHNHO(C* (A, IV, 1)) c 28BN HO(C* (A, W)) C
iv(IV(A)), where we used Lemma 6.2(4) to obtain the rightmost inclusion. Hence
we have Q;\, e IV (A) such that

q=ix(On+On+1+ -+ Qpyon—1 + Oy,
where Oy + Ons1+ -+ Opionv—1+ Q;\, € IV (A). This finishes the proof. [

7. On the signature: local case

In this section we use “Hoobler’s trick”, which is a method due to R. Hoobler
[2006] for passing from the smooth geometric case to the geometric case for many
questions involving cohomological invariants satisfying “rigidity” in the sense of
the following lemma.

Lemma 7.1. If B is a local ring and (B, 1) a henselian pair such that 2 is invertible
in both B and B/ 1, then for all integers n > 0, the homomorphisms of groups

I"'(B) — I'"'(B/I),
I"(B)/ 1"\ (B) — I"(B/D)/I"*'(B/1)
induced by the surjection B — B/I are bijections.

Proof. Let B be a local ring and (B, I) a henselian pair such that 2 is invertible in
both B and B/I. Considering the diagram

0 ["+1(B)—)In(B)—>In(B)/In+1(B)—>0

L] l

0 ]n+1(B/I)—)In(B/I)—)In(B/I)/1n+1(B/I)—>O
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we see, by the two out of three lemma, that it suffices to prove 1" (B) — I"(B/I)
is a bijection for all n > 0. To prove injectivity for all n > 0, note that as /" (B) is
contained in W (B), it suffices to prove that W(B) — W (B/I) is injective.

We now claim that the assignment b + / +— b determines a well-defined map
(B/I)X/(B/I)X2 — BX/BXZ. This claim follows from rigidity for étale coho-
mology due to Strano [1984] and Gabber [1994] (independently), but one may also
prove it directly from the definition of Henselian pair*: let by, b, € B> be such that
b1+ 1 = by + I; the polynomial T2 — b1 /by has image T?—1in B/I[T];as (B, 1)
is a henselian pair, from the factorization 72 — 1 = (T — 1)(T 4+ 1) in B/I[T] we
obtain a factorization 72 — b1/by = (T —a)(T +a) in B[T], for some a € B; hence
by = a%b, for some a € B*, that is, b; = b, in Bx/(BX)z. The claim follows.

Next recall that for any semilocal ring A, the Witt group W (A) is a quotient of
the group ring Z[A*/ sz] modulo the set of relations R additively generated by

[1]+[—1] and all elements
h h

D lail =) (b
i=1 i=1
h h
ity > | (b
with & = 4 [Knebusch 1977, Chapter 2, §4, Theorem 2]. Hence, the rows are exact
in the commutative diagram

satisfying

0 R Z[B*/B** ] ———— > W(B) —— 0

| I

0——R —)Z[(B/I)X/(B/I)Xz] — W(B/I) ——0

Thus we obtain a well-defined map of cokernels W (B/I) — W (B) such that the
composition W(B) — W(B/I) — W(B) is the identity. This proves the desired
injectivity. The composition W(B/I) — W(B) — W(B/I) is the identity, hence
W(B) — W(B/I) is surjective. To prove surjectivity of 1" (B) — I"(B/I) for all
n >0, recall that /" (B/1) is additively generated by Pfister forms ((l; b, ..., l_)n)),
where 131, 132, R l;,, are units in B/I [Baeza 1978, Chapter V, Section 1, Remark
1.3]. For any Pfister form (b1, ba, ..., b)) we may lift the b; to units b; of B to
obtain an element ((b1, b, ..., by)) € I"(B) mapping to it, proving surjectivity of
I"'(B) — I"(B/I) and finishing the proof of the lemma. [l

Proposition 7.2. If A is a local ring with 2 € A, then the signature map
lim /" (A) — C(sper A, Z)
is a bijection.

4The author learned this from a recent preprint of Stefan Gille [2015].
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Proof. As both groups respect filtered colimits, it suffices to consider the case
where A is a localization of a finite type Z-algebra: any local ring may be written
as a union of its finitely generated subrings A, ; pulling back the maximal ideal of
A over A, — A yields a prime ideal p, € spec Ay; localizing the A, with respect
to these primes yields a directed system of local rings A, and taking the direct
limit yields A.

From now on we assume A =R, where p espec Rand R=Z[T, T>», ..., T,1/1
for some ideal /. We obtain a henselian pair (B, I) for A as follows: let s denote
the quotient map Z[Ty, T2, ..., T,]1 — R, and let By := Z[T1, Tz, . . ., Tuls-1(p)
and similarly Iy := I;-1(p); also let B denote the henselization of By along Iy
and [ := IyB. Recall that the henselization along Ij is obtained by taking the
colimit over the directed category consisting of those étale By-algebras C having
the property that By/Ily — C/IyC is an isomorphism. The map By — B induces
on quotients A = By/lp — B/I an isomorphism of local rings. In the commutative

diagram
lim /" (B) ———— lim 1" (A)

lsign lsign

C(sper B, Z) —— C(sper A, Z)

the horizontal maps induced by the surjection B — B/l ~ A are isomorphisms
for the powers of the fundamental ideal (Lemma 7.1) and for real cohomology.’
Therefore it suffices to prove bijectivity for B.

We claim that the local ring B is a filtered colimit of local rings which are essen-
tially smooth over either Z,) (p # 2) or over Q. To prove the claim, first note that
the pullback of s‘l(p) especZ[T\, T, ..., Ty]over Z — Z|T\, T>, ..., T,] yields
a prime (p) € spec Z, and localizing with respect to this prime induces Z,, < Bj.
When (p) = 0 it follows that By contains Q, otherwise By contains Z,, p # 2.
The morphisms Z,y — By and By — B are both flat with geometrically regular
fibers, hence the composition Z,) — B has these properties. Then it follows from
Popescu’s theorem that B is a filtered colimit of either smooth Z,-algebras or
(D-algebras A, . Pulling back the maximal ideal over A, — B and localizing, one
obtains the statement of the claim. Thus, we may assume that B is essentially
smooth over @ or Z,). Then we may apply Lemma 4.11 to get exactness of the
lower row in the commutative diagram

5The following proof was communicated to the author by C. Scheiderer: every point in sper B
specializes to a point in sper B/I by the henselian property; since any real spectrum is a “normal”
spectral space, meaning that every point of X, specializes to a unique closed point, the restriction
map in sheaf cohomology H* (X, F) — H*((X;)max, F) is an isomorphism for every sheaf F on
any scheme X; thus restriction gives isomorphisms

H*(sper(B), F) — H*(sper(B)max, F) z H*(sper(B/I), F).
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0 — lim /" (B) —— lim I"(K) — @,y lim,_, 1" (k(x))

—=n>—1
l lsign

lZsign
0 —— C(sper B, Z) —— C(sper K, Z) EB—/S”> D,y C(sperk(x), Z)

where Y = spec B. We have exactness of the upper row by Proposition 6.3 and
Corollary 5.4. Using the bijection of Proposition 2.7 we get that the middle vertical
map in the diagram above is bijective and the rightmost vertical map is injective.
The square on the right commutes by Lemma 3.4. Hence lim /" (B) — C(sper B, Z)
is bijective, finishing the proof of the theorem. ([

The following corollary is well-known, as mentioned in the introduction.

Corollary 7.3. Let A be a local ring with 2 € A*. Then the signature induces an
isomorphism
W(A)[%] — C(sper A, Z)[%].

Proof. From the preceding theorem, any f € C(sper A, Z) has 2" f = sign(Q)
for some Q € I"(A) C W(A), proving surjectivity, and for any Q, e W(A), if
sign(Q) = 0 then 2" Q" = 0 for some n, proving injectivity. ([
Remark 7.4. Let A = @, A, be a Z,-graded ring and let s € A; be a ho-
mogeneous element of degr_ee 1. Recall that the homogeneous localization Ay
is the subring of degree zero elements in the localization of A with respect to
{1,5,5%,...}, and that A¢) >~ A/(s — 1)A as rings. Furthermore A(s) may be
obtalned by taking the direct limit of the sequence Ag S A S AS.

Corollary 7.5. Let A be a local ring with 2 invertible.

(1) Let I*(A) -1y be the homogeneous localization of the graded ring @nzo I"(A)
with respect to the element ((—1)) = (1, 1) € I (A). The signature defines an
isomorphism of rings

I*(A) -1y =~ C(sper A, Z).
(2) Let I_*(A)<<_ 1y be the homogeneous localization of the graded ring @nzo I"(A)

with respect to ((—1)) = (1, 1) € I_I(A), where I"(A) := I"(A)/1"Y(A). The
signature defines an isomorphism of rings

I*(A) -1y =~ C(sper A, Z/2).

Proof. Recall (Remark 7.4) that one may identify lim /" (A) with I*(A)—1): using
the direct sum construction of the direct limit lim /" (A), the relations one finds
are the same as the relations defining the localization I*(A)_1y; explicitly, the
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isomorphism ¢ : lim /" (A) — I*(A)(-1y is given by @, : I"(A) — I*(A) -1y

defined by q

(=1

and consequently we obtain using the preceding proposition that the assignment

q —

q sign(q)
H b
(=1)" 2"

for g € I"(A), defines an isomorphism from /*(A)_1y to C(sper A, Z). To prove
(2), we obtain the desired isomorphism as an isomorphism of cokernels in the
commutative diagram

0 —— lim,_, I"(A) — lim I" (A) —— lim I"(4) ——— 0

0 —— C(sperA,27) —— C(sper A, Z) —— C(sper A, Z/2) —— 0

where lim, _, — C(sper A, 27) is an isomorphism since in the commutative dia-
—n=
gram

lim _, I"(A) —— C(sper A, 27)

—n>1

<<—1>>T zT

lim " (A) — C(sper A, Z)

the vertical maps and the lower horizontal map are isomorphisms. O

Corollary 7.6. Let A be a local ring with 2 invertible. Let H;;(A, Z/2)(_1) denote
the homogeneous localization of the cohomology ring @nzo HZ(A, Z/27) with
respect to (—1) € Hé]t(A, Z7]27). Then the n-th cohomological invariant

e, 1" — HL(A,Z)2),

which assigns the class of a Pfister form {(a1, ..., a,)) to the cup product (a;) U
---U(ay), determines a well-defined homomorphism

ey . I_*(A)((_l» x>~ Hé*[(A, Z/2)(_1)
which is an isomorphism of rings.

Proof. For any local ring A essentially smooth over Z,y or Q, the diagram

I"(A) ——— I"(K) —— @, cxa) I (k(x))/2

l | |

0 —— H!(A, Z/2) — H(K) — @, ya HY ' (k(x))
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commutes and the lower row is exact as the Gersten conjecture is known for étale
cohomology in this case.

As the diagram commutes it follows that 1" (A) /1" (A) maps into H" (A, Z/2).
Let e, denote this map. As the lower row is exact, it has the description asserted on
Pfister forms. Using rigidity and the fact that both groups respect filtered colimits
as in the proof of Theorem 8.6, we obtain the map e, for any local ring, and after
localizing, we obtain the map in the commutative diagram

_ e,
I*(A)—1y —— HG(A, Z/2) (1)

C(sper A, Z/2)

where we use the fact that for any semilocal ring A with 2 invertible, the signature
modulo 2 defines an isomorphism

H(A,Z/2)(_1) — C(sper A, Z/2) (1.7)

of rings. This is due to J. Burési and L. Mahé in the semilocal case [Burési 1995;
Mahé 1995] and C. Scheiderer in general [Scheiderer 1994, Corollaries 7.10.3 and
7.19]. From the isomorphisms in the diagram, the desired isomorphism follows. [J

8. Globalization

In this section X always denotes a scheme. Let W(X) denote the Witt ring of
symmetric bilinear forms over X; see [Knebusch 1977].

Definition 8.1. Recall that the global signature is the ring homomorphism
sign: W(X) - H’(X,, Z)

that assigns an isometry class [¢] of a symmetric bilinear form ¢ over X to the
function on X, defined by

sign([¢]) (x, P) :=signp([iye]),
where i, : x — X is any point and P is any ordering on k(x); see [Mahé 1982].

Definition 8.2. There exists a well-defined ring homomorphism on the Witt ring
W(X) - Hg(X ,Z/27), called the rank, which assigns an isometry class of a
symmetric bilinear form [£, ¢] over X to the rank of its underlying vector bundle
&€ modulo 2; see [Knebusch 1977, Chapter 1, §7]. The kernel of the rank map is

called the fundamental ideal and is denoted by I (X).
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It follows from the definitions that the diagram

W(X) —= 5 H%(X,,Z)

lrankmod 2 l (8.3)

HY(X.2/22) — HO(X,.2/27)

commutes, where hy denotes the signature modulo 2 defined as follows: given
oE HO(X 7/27), if &€ : x — X is the inclusion of a “real” point (that is, for some
(x, P) € X,), then ho(c) evaluated at & is £*a € H(xg, 2]27) = Z7]27; write
(&) for this element of Z/27, so ho(a) is the locally constant map X, — Z/2Z,
& — a(§); see [Scheiderer 1994, (7.19.1)].

Definition 8.4. As there is an exact sequence
0— HX,,22) - H°(X,,7) - H*(X,,Z/27)

one finds using commutativity of (8.3) that the restriction of the signature to 7 (X)
defines the homomorphism of groups

1(X)— HY(X,,22).

For n >0, let I" (X) denote the powers of the fundamental ideal and 0(X)=W(X).
Since the global signature is a ring homomorphism that maps elements of 7 (X) into
H O(X r, 242), it follows that for any n > 0 it induces a homomorphism

1"(X) — H°(X,,2"7)

of groups. Moreover multiplication by 2 = ((—1)) € I(X) induces a homomor-
phism I (X ) == r+1(X) such that the diagram

1x) 22, gO(x,.217)

l((—l» l2

1(x) 22 gOx,, 2/+17)
commutes. Hence, we obtain a homomorphism
lim 1"(X) — H"(X,, 2),
where lim /" (X) denotes the direct limit of the sequence of groups

1) 1))

wx) 0 roo D 2oy 20

Definition 8.5. It follows from Lemma 4.6 that supp, Z is the Zariski sheaf U +—
H°(U,,Z) on X. Recall that Z" denotes the Zariski sheaf on X associated to the
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presheaf U +— ["(U). For any integer n > 0, the restriction of the global signature
to the powers of the fundamental ideal of Definition 8.4 induces a homomorphism

" — supp, 2"'Z

of Zariski sheaves on X. Similarly, /" (X) (D g (X) induces a homomor-
phism Z" AZU), 741 of sheaves for any n > 0, and a homomorphism of sheaves

lim /" — supp, Z,
where lim /" denotes the direct limit of the sequence of sheaves

-1 -1 -1
LR VNI VR

Similarly, the signature induces a morphism of sheaves
W[5] = supp. 7[5],

where W[ 1] is the sheaf associated to the presheaf U — W (U)[%] and supp, Z[3]
is the sheaf U — H(U,, Z[1]).

Theorem 8.6. Let X be a scheme with 2 invertible in its global sections.
(1) The signature morphism of sheaves
limZ" — supp, Z 8.7)

of Definition 8.5 is an isomorphism.

(2) The signature morphism of sheaves

W[3] = supp, Z[1] (8.8)
of Definition 8.5 is an isomorphism.

(3) The signature induces an isomorphism of short exact sequence of sheaves
on X,

0 ——1limZ" ——— W] ——— limW/T" ———0

| |

0 —— supp, Z —— supp, Z[%] —— supp, (Z[%]/Z) —0

where W /T" denotes the sheaf associated to the presheaf U — W(U)/Z"(U).
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(4) The signature induces an isomorphism of short exact sequence of sheaves
on X,

_1 -
00— 1im7" - lim 7~ lim 77 0
- = =

L

0 —— supp, Z 2, supp, Z — supp, Z/2 —— 0

where I" denotes the sheaf associated to the presheaf U — T"(U) /IZ"T1(U).

Proof. Statements (1) and (2) follow immediately from the local case, Proposition 7.2
and Corollary 7.3 respectively, as it is sufficient to prove that they induce an iso-
morphism on stalks. As supp, is exact, statements (3) and (4) may be obtained by
applying supp, to the analogous short exact sequences of groups and then using
the two out of three lemma to conclude. For (4), one should also note that

. -1 .
limZ" 2 fim L I"
— —n>
is an isomorphism to obtain exactness of the top row of the diagram in (4). U

The next corollary is an immediate consequence of the previous theorem and
Lemma 4.6.

Corollary 8.9. Let X be a scheme with 2 invertible.

(1) For any m > 0, the morphism (8.7) induces an isomorphism of cohomology

groups
HY (X, imT") — H™(X,,Z).

(2) For any m > 0, the morphism (8.8) induces an isomorphism of cohomology

groups . .
Hzoo (X W[3]) = H" (X, 2[5]).

Corollary 8.10. Let X be a scheme with 2 invertible which is quasiseparated and
quasicompact. Then there is an isomorphism of cohomology groups for all m > 0,

D Hy (X, lim T = lim HY (X, Z/2).
m=>0

Proof. Under the hypotheses stated C. Scheiderer [1994, Corollary 7.19] has proved
that there is an isomorphism

lim H;(X. Z/2) = P H" (X,.Z/2),
m>0

and from Theorem 8.6 one has an isomorphism H;, (X, ") = g (X, 72/2) for
all m > 0. Thus one obtains the isomorphism stated. U
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Corollary 8.11. If X is a real variety (by which we mean a scheme which is sepa-
rated and of finite type over R) and the Krull dimension of X is d, then whenever
n > d + 1, the signature induces an isomorphism in cohomology

m n sign m
H7,(X,1") =~ Hg,,(X(R), Z)

sing

for all integers m > 0 and an isomorphism of long exact sequences as stated in the
introduction.

Proof. 1t suffices to see that the morphism of sheaves Z" L=U), 741 s an isomor-
phism for n > d + 1, for then multiplication by 2¢*! defines an isomorphism of
sheaves 74! ~ lim 7" and hence we obtain the statement of the corollary using
Theorem 8.6 in view of Remark 4.4. When n > d + 1, for any U open in X we
have an isomorphism of kernels in the diagram of residues

0—— 7"(U) 1"(K) Bexar 1" (k(x))

LT

0 I"+1(U) - ]"+1(K) —_— @xexm 1" (k(x))

since the two rightmost vertical maps are isomorphisms for n > d + 1, which proves
the desired isomorphism. ([
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