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Rational mixed Tate motivic graphs

Susama Agarwala and Owen Patashnick

We study the combinatorics of a subcomplex of the Bloch—Kriz cycle complex
that was used to construct the category of mixed Tate motives. The algebraic
cycles we consider properly contain the subalgebra of cycles that correspond to
multiple logarithms (as defined by Gangl, Goncharov and Levin). We associate
an algebra of graphs to our subalgebra of algebraic cycles. We give a purely
combinatorial criterion for admissibility. We show that sums of bivalent graphs
correspond to coboundary elements of the algebraic cycle complex. Finally, we
compute the Hodge realization for an infinite family of algebraic cycles repre-
sented by sums of graphs that are not describable in the combinatorial language
of Gangl et al.

1. Introduction

Let Jil7 denote the category of mixed Tate motives and denote its associated Galois
group by Gr. This Galois group has been defined in the literature in at least two
distinct contexts, first by [Bloch 1991; Bloch and Kriz 1994] but also by [Levine
1993] in what turned out to be Voevodsky’s formalism (see [Deligne and Goncharov
2005], for example). Note that Spitzweck [2001; n.d.] and Levine [2005] have
shown that the two definitions are equivalent.

We will take the Bloch—Kriz construction as our definition of My and Gr.

Although a significant amount of work has gone into understanding G, there is
still much that is unknown about Tate motives, even over a number field k. In partic-
ular, the connection between G and the unipotent completions 77 ' (P ,i —n points)MiP
of Jrl(l]j’,lc — n points) is still of current interest.

For N > 1, let ky be the cyclotomic field over Q generated by an N-th root of
unity, and Oy, its ring of integers. Let M7 n denote the full Tannakian subcategory
of Mr generated by the motivic fundamental group of [P’}{N — {0, oo, un}, with
associated motivic Galois group Gr n and algebra of periods Pr . Here uy
denotes the set of the N-th roots of unity, though geometrically it could just be a
set of N distinct points of C*. A question, probably going back to Grothendieck, is
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how much of the motivic fundamental group Gr is measured by G y, in particu-
lar Gr,1. This subcategory, and its integral analogues, were studied by Deligne and
Goncharov [2005]. They showed that, over a number field, 7 (O, ) is generated
as a Q) vector space by values of multiple polylogarithms. There is a natural categor-
ical inclusion M7 y < M7, which induces surjections ¢y : G1(Ok,) = G N (Oky)
(equivalently an injection Pr y < Pr). Brown [2012], in the case N = 1, and
Deligne [2010], in the cases N € {2, 3, 4, 6, 8}, showed that ¢ was an isomorphism.
Conversely, and more interestingly, Goncharov [2001a] showed that for most N, ¢
has a nontrivial kernel. Little is known about this kernel. Even less is known about
this kernel if the ground field is a cyclotomic extension of a general number field
(as opposed to a cyclotomic extension of Q). In particular, all known constructions
of elements of M7 lie in the subcategory M7 .

What is sorely needed is an approach to construct more general elements of My,
especially ones that do not come from the motivic fundamental groups of G,,, — iy .
This paper is motivated in part by the desire to find a suitable framework to study
this kernel. We do not claim to have found such a framework here, but are hopeful
that we have taken a first step in the right direction.

The Bloch—KTriz definition of M7 relies heavily on the theory of algebraic cy-
cles. While general enough to capture all mixed Tate motives, traditional methods
of representing algebraic cycles (such as in terms of formal linear combinations of
systems of polynomial equations) are notoriously difficult to work with, so progress
in capitalizing on this description of the category to illuminate outstanding conjec-
tures in the field has been slow. Gangl, Goncharov and Levin [Gangl et al. 2009]
suggest a simpler way to understand a subcategory of M7 by relating specific alge-
braic cycles to rooted, decorated, binary trees. This approach necessarily restricts
focus to motives generated by the motivic fundamental groups of G,, — . Any
attempt to study the kernel of ¢ defined above requires a more general framework.

Souderes [2016a; 2016b] extends the family of algebraic cycles studied by Gangl
et al. to include those over a more general base scheme, in particular giving a rigor-
ous construction of unital values of the multiple polylogarithms, i.e., multiple zeta
values, as periods (and not just nonunital values of the multiple logarithms). The
combinatorial properties of these algebraic cycles, however, are as yet unexplored.

Let o be the differential graded algebra (DGA) of cycles introduced by Bloch
and Kriz [1994]. In this paper we generalize the Gangl-Goncharov—Levin con-
struction as follows: We define a subalgebra of cycles, i}, C s, that properly
contains the subalgebra associated to multiple logarithms studied in [Gangl et al.
20091, and reinterprets si{; in terms of graphs. By considering graphs, as opposed
to trees, and by loosening the valence restriction on the vertices, we enrich the
tools available to study algebraic cycles. Therefore, we are able to consider a
larger subcomplex of cycles. We hope this will lead to a better understanding of
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the complexity and richness underlying the Bloch—Kriz cycle complex, even in the
restricted subclass we consider. In particular, in Section 4, we describe several
examples of classes of algebraic cycles that define motives. Most of these cycles
cannot be described by the trees presented in [Gangl et al. 2009]. In Section 5, we
compute the Hodge realization of an infinite family of such classes. Furthermore, in
Section 3, we present a purely graphical interpretation of admissibility for the fam-
ily of algebraic cycles we consider. We also give valency requirements for which
classes of algebraic cycles will always be coboundaries in H O(B(%;.)). There is a
lot of interesting combinatorial structure in the types of underlying graphs — and
their linear combinations — that give rise to allowable classes of motives. We have
barely begun to explore this structure and feel strongly that it deserves further study.

The plan for the paper is as follows. In Section 2, we review mixed Tate
motives a la [Bloch and Kriz 1994] and introduce the subalgebra, &i]XL, of IP,lc—linear
parametrizable cycles of the algebra s of admissible cycles. This subalgebra is the
focus of our attention. We then define a subcomplex B(sd{; ) of the bar construction
on admissible cycles, B(s). The category of comodules over H O(B(ﬂTL)) is the
(sub)category of motives we wish to study.

Section 3 introduces an algebra of graphs, %, that corresponds to the alge-
bra 54, . Theorem 3.63 shows that the two algebras are isomorphic as DGAs. Since
S| is a subalgebra of s, this implies that there is an injection from the algebra of
graphs developed in this paper to the full Bloch Kriz cycle complex. In the process,
we show, in Theorem 3.59, that the conditions for an arbitrary irreducible P ,i—linear
cycle to be admissible, that is, a generator of ([, , can be defined and computed
completely from the graphical properties of the corresponding graph in 9 .

In Section 4, we give examples of classes in and results about H O(B(%;1)). In
addition we show, in Corollary 4.14, that in any completely decomposable (sum
of) graphs either each summand has a valence-two vertex, or none do. We further
show, in Theorem 4.16, that if a completely decomposable (sum of) graphs has
valence-two vertices, it is a coboundary in B(%;).

In Section 5, following the algorithm as outlined in [Bloch and Kriz 1994; Gangl
et al. 2009] and especially [Kimura 2013], we compute the Hodge realization of
a projective system of classes whose defining cycles are not describable by trees.
(All previously known explicit computations of the Bloch—Kriz Hodge realization
have been of cycles that can be described by trees.)

2. A subcomplex of algebraic cycles

In this section, we define a particular subcomplex of the Bloch—Kriz cycle complex
that we develop in this paper. We begin with a review of the general mixed Tate
motive construction via algebraic cycles. Then we proceed to describe parametrized
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cycles, and finally define the subcomplex of P -cycles that we use in the remain-
der of this paper.

2A. A review of mixed Tate motives. We work with the category of mixed Tate
motives over a field k, M(T), as constructed by [Bloch 1991; Bloch and Kriz
1994]. When £ is a number field, this construction does not depend on any conjec-
tures. In [Bloch and Kriz 1994], two conjectures are stated: that gr, K, (F) @ Q =
CH’ (Spec(F), n) ® Q, and that a certain algebra is quasiisomorphic to its Sullivan
1-model. The first conjecture was subsequently proved more generally for all va-
rieties X independently by Bloch [1994; 1986], Levine [1994] and Spivakowsky
(unpublished). The second conjecture, which is a strengthening of the Beilinson—
Soulé conjecture for fields, is known for number fields by the work of Borel and
Yang [1994] on the rank conjecture. (The Beilinson—Soulé conjecture was already
known to be true for number fields by the work of Borel [1974]).

In the rest of this section we review some details of their construction, following
[Bloch and Kriz 1994] closely.

We assume the reader is familiar with the concepts of algebraic cycles, higher
Chow groups, minimal models, 1-minimal models and the bar construction for a
commutative differential graded algebra (DGA) A. For the reader who wishes to
refresh her memory: The concept of a generalized minimal model is due originally
to Quillen (see [Quillen 1970], for example). In the form used here (extensions
by free one-dimensional models) it is due originally to Sullivan [1977, discussion
starting p. 316]. A good reference for the applications of minimal models we have
in mind is the treatment in [Kriz and May 1995, Part IV]. The bar construction is
due originally to Eilenberg and Mac Lane. Good references for the use of the bar
construction in this paper are [Chen 1976; Bloch and Kriz 1994, Section 2].

In order to define the category of mixed Tate motives, M(T), it suffices to define
its motivic Galois group G [Bloch and Kriz 1994]. Equivalently, one may work
with its dual Hopf algebra, #7. This is defined from the DGA, s, of admissible
algebraic cycles.

Below, following [loc. cit.], we define how to derive a Hopf algebra from a com-
mutative graded DGA, A, which is cohomologically connected. That is, H°(A) =Q
and H7"(A) = 0 for n > 0. Our DGA, A, is not a Hopf algebra in general,
as the differential does not decompose. The strategy, therefore, is to “linearize”
A, i.e., form the minimal model #(A) of A, which, by construction, is a Hopf
algebra which is quasiisomorphic to A. The minimal model can be constructed
quite explicitly via the bar construction. We start with a few definitions.

Definition 2.1. (1) Consider the commutative DGA, A = P, A;. Here, we refer
to the grading on A by degree: deg(a) =i < a € A;. The tensor algebra,
T(A) =P, A®", is a commutative algebra under the shuffle product, III.
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(2) Let D(A) be the ideal in T (A) of degenerate tensor products, defined by
{a1®---®a,|a; € A, aj € k for some j}.
(3) The bar construction on A is defined as
B(A)=T(A)/D(A).

It is a bigraded algebra, with grading given by tensor degree and algebraic
degree. The total degree of a monomial a; ® - - - @ a, € B(A) is defined by a
shift in the degree of the tensor components in A. That is,

n
totdeg(a1 ® -+ ®a,) = Y _(deg(a;) — 1).
i=1
Hence, the total degree of an element of the bar construction is the difference

between the algebraic degree and the tensor degree. Write the bar construction
as B(A) =@, ; B(A)., where

BA,= P A;,©--04;

Y Ge=D=j
has total degree ;.

Since A is a DGA, it is endowed with a differential structure 0 : A — A and a
product structure ;1 : A® A — A. These both extend to define differential structures
on the bar construction B(A), called the algebraic and multiplicative differentials,
respectively. Thus (B(A), d + ) is the following bicomplex:

d]\ a 0

o B(A 1 B(A)? L BA)) — 0

BT 9 a
L BA? s BAR —25 B(A)! — 0
A 2.2)
3T a9 a

L5 BAY, 5 B(A)?, 5 BA)) 0

i o ;

25 B(A?, 5 B(A)?, 5 B(A)L, =50

J aT aT

Further details and calculations involving the bar complex can be found in Section 4.
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When A is connected, cohomologically connected and generated in degree one
(a K(m, 1) in the sense of Sullivan), then its minimal model is isomorphic to
#(A):= H°(B(A)), where the cohomology is taken under the total derivative d+ .
Note that B(A) is a Hopf algebra, with a product structure given by the signed
shuffle product and a coproduct structure given by deconcatenation, which satisfy
all the axioms for a Hopf algebra. Note that while the product introduces a degree-
dependent sign fact, the coproduct has no such sign. This induces a well-defined
product, coproduct, and Hopf algebra structure on #(A).

Bloch and Kriz study a bar construction of a DGA of admissible cycles, s =
D; si;, defined below. The Hopf algebra Hr dual to the motivic Galois group Gr
is exactly the Hopf algebra defined above for the algebra of admissible cycles.

Definition 2.3. (1) Denote P} \ {1} by [J. Then we may write (1" = (P} \ {1})".
The boundary of this space is defined when one of the coordinates is set to 0
or 0o.

(2) For 1, J C{1,...,n} two disjoint subsets, write F; ; to indicate the codimen-
sion-|/ U J| face of (0" with the coordinates in / set to 0 and the coordinates
in J set to co. Write Fz o = [1" to indicate the entire space.

(3) As usual, let %7 ([1") be the free abelian group generated by algebraic cycles
of codimension p in [1". These are the elements of weight p.

(4) Write #P(Speck, n) C #P(LJ") for the free abelian subgroup generated by
admissible algebraic cycles. A cycle # € %7 (Spec k, n) is one that intersects
each face F; ; of [J" in codimension p, or not at all.

(5) Let Alt be the alternating projection with respect to the action of the group
&, % (Z/2Z)" on %7 (Speck, n). Here the symmetric group &, acts by permu-
tation of coordinates, and the i-th copy of (Z/27)" acts by taking a coordinate
to its multiplicative inverse.

(6) Write
A7 = Alt(%" (Speck, 2n —i) ® Q),

where i is the degree of the algebraic cycle and n the codimension. This is
a bigraded algebra, by weight and degree. The weight-graded pieces, «" :=
P, A =P, Alt(%"(Speck, 2n — i) ® Q), define a complex by the differen-
tial operator defined in (2.6). Each degree-graded piece is o; := P, A =
D, Alt(Z" (Speck,2n —i) @ Q).
Remark 2.4. The main result of Section 3C is to identify which cycles are elements
in 4. In order to determine which algebraic cycles are admissible, we must consider
the space of all algebraic cycles, including those that are not admissible. Therefore,
when we write %7 ((J"), we mean the entire space of algebraic cycles. We denote
admissible cycles by the notation ¥”(Speck, n).
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We now define the DGA structure of . Consider two admissible cycles,
Z; e %" (Speck,2n—i) and Z; € Z"(Speck,2m — j).

Write (Z;, Z;) € gn+m(Spec k, 2(n+m) — (i + j)) to indicate the admissible cycle
defined by Z; on the first 2n — i coordinates and Z; on the last 2m — j coordinates.
The product on the associated elements in o is given by

LAt ® Alt%;) = Alt(®;, %) = (1) Alt(&;, %)),

where we drop the ®Q notation for simplicity. The last inequality comes from the
properties of Alt, and defines a graded commutative structure on .

Definition 2.5. An element Z € o is decomposable if it can be expressed as the
product of two nontrivial cycles.

Next, we define the differential structure on «. Consider Z € si. Let 9; 0%
indicate the intersection of % with the face F; 5. Similarly, let 0; % indicate the
intersection of & with the face F ;. These two operators define the differential 9
on -

2n—i

0% =Y (=1))7'(9j,0— 9j.00)%. (2.6)
j=1

Remark 2.7. It is difficult to identify elements of <, that is, to classify the cycles
that satisfy the condition of admissibility. One of the achievements of this paper
is to give a clear, simple condition for identifying admissible cycles for a large
subclass of cycles, called [P’,l—linear cycles. In particular, see Theorem 3.59.

For an element ¢ € ), B(s)! to define a class in H {(B(s)), each graded com-
ponent must have decomposable algebraic boundary. This comes from the fact that
(0 + 1) (e) = 0. In order to define what it means for a cycle to have decomposable
boundary, let 7, be the projection of & onto the m-th tensor component. That is,
m(e) € B(A)". Then, for each m, d(m,,¢) is a decomposable element.

Definition 2.8. Consider an element ¢ € B().

(1) The projection, 7;(¢) € B(s)}, is decomposable if it has a decomposable al-
gebraic boundary. That is, if there exists an &’ € B(&i)?:ll such that 9 (7; (¢)) =
—u(g"). That is, the coboundary of the projection ;(¢) is in the image of the
product map .

(2) Anelement ¢ € B(sA) is completely decomposable if 7;(¢) is decomposable
for all i, with

omi(e) = —umit1(€).
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Definition 2.9. We say that the element ¢ € @, B(s4)! is minimally decomposable
if it is completely decomposable, and cannot be written as a sum of two nontrivial
completely decomposable elements. That is, one cannot write € = &1 + &, where
each ¢; # 0 and is completely decomposable.

Remark 2.10. Notice that if ¢ is minimally decomposable, it is determined (up to
shuffle products) by m,,(¢), where ng is the smallest integer for which 7, (e) # 0.
Therefore, by abuse of notation, we say that m,,(¢) defines a class in H H(B(sA)).
In all examples in this paper, ng = 1.

Next we give an example of an admissible cycle that defines a class in H 0(B(A)).

Example 2.11. Consider the cycle Zr(a) = Alt(¢, 1 —¢,1—a/t) € &d%. This is a
parametric representation of the algebraic cycle determined by the system of equa-
tions {x +y =1, xz = x + a}. This is the Torato cycle [1992] with codimension 2
in[3. Itisa degree-one element in &, Zr(a) € sﬁ%,

We check that Z7(a) has a completely decomposable boundary. Therefore, it
defines a class in HY(B(#)). To see this, compute dZ7(a). The intersections
0c0.i Z1 (a) give the empty cycles for i € {1, 2, 3}. This is because setting one of
the coordinates of Z7(a) to oo sets a different coordinate to 1. The same holds for
00,1Z71(a) and dp 2 Z7 (a). Therefore,

dZ7(a) = d3Z7(a) = Alt(a, 1 —a) = u[Alt(a) | Alt(1 — a)].

The last equality comes from the product structure on . Since (a) and (1 —a)
are constant cycles, d[Alt(a) | Alt(1 — a)] = 0 by the Leibnitz rule. Therefore,
Zy(a) ® —[Alt(a) | Alt(1 — a)] € ker(d + w). Since Zr(a) has total degree 0
in B(sA), it defines a class in HO(B(«)).

The Hodge realization functor associates the period Li;(a) to the cycle Z7(a)
[Bloch and Kriz 1994]. To do this, consider the s module, I, defined by maps
from n-simplices, A,, to [J". There is an element ¢ (a) in the circular bar construc-
tion B(J, o) such that ¢{(a) + 1 ® Z7(a) defines a class in HO(B(T, $)). The
summands of ¢ (a) that are supported completely on A, define the integrand of the
associated period.

This example hints at another shortcoming of the current state of technology
surrounding algebraic cycles. We are interested in defining elements of B(s{) that
define classes of H*(B(s{)). In particular, we are interested in cycles with bound-
aries that can be written as products of other cycles, as is the case for the Torato
cycle in Example 2.11. In Section 4B1, we provide several examples of such sums
of cycles in weight 4. However, we have not yet addressed this issue of how to
find such sums in general. We hope that the graphical point of view presented here
will shed light on the problem of identifying cycles with completely decomposable
boundaries. We leave this for future work.
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2B. A subalgebra of 4. Unfortunately, the standard parametric notation for cycles
as represented in [Bloch and Kriz 1994; Gangl et al. 2007; 2009; Totaro 1992]
is rather misleading. For example, consider the usual form for the Totaro cycle,
Zr(a) =Alt(t, 1 —t,1 —a/t) € 42, defined in Example 2.11, and in the literature
[Totaro 1992; Gangl et al. 2009]. It is technically defined on [J} = (P} — {1})*, but
is written as if it is defined on Ag = ([F"}c —{oo})3. In actuality, the Totaro cycle
(for a € k*) is an algebraic cycle defined by the system of equations

{x+y:l, xz=x—a:(x,y,z)e(ﬂj’;i—{l}f}

together with a parametrization map [P’}( — (I]j’,i —{1})3. However, when manipu-
lated in practice, the cycle is understood

» to come equipped with a parametrization map, and

 to be defined at the hyperplanes with one coordinate equal to co, and not
defined at the hyperplanes with one coordinate equal to 1.

This is unnecessarily obtuse. It can be described as the intersection of the image
of

Pl @), e (4,52 T2,

Uu T
with the complement of the hyperplanes of (I]3’,£)3 defined by setting some coordi-

nate equal to 1.
In light of this example, we work with parametrized cycles.

Definition 2.12. A parametrized cycle is a pair, (Z, ¢), consisting of an algebraic
cycle Z e #P([J") and a parametrization ¢ : IP’Z*p — (IP,]()” satisfying the following:
¢ induces a map on the group of algebraic cycles,

bu 1 L) = EP (P,
Then, given the inclusion i : (0" < (P})", we have
Z =i (P "),

where P} 7 is the generator of Z° (P} 7).

For Z € %7([J"), write the parametrizing map ¢ = (¢y, ..., ¢,), where each
¢; corresponds to the image in a coordinate of [1". There are, of course, multiple
possible parametrizations of any cycle Z € %7 (LJ"). Here we are interested in the
algebraic cycles themselves, not the particular parametrizations. If the same cycle
Z can be represented by two different parametrizations, (Z, ¢) and (Z, ¢'), we say
that ¢ and ¢’ are equivalent parametrizations. We are interested in cycles that can
be endowed with a [P’,lc—linear parametrization.
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Definition 2.13. A cycle Z € Z7(LJ") is I]:Dllc—linear if it can be parametrized by a ¢
such that each component can be written as

¢ e e
t t t
¢je{<l 1)’<1 2)’(1)}’
a;t a;t a;b

with aj € k™ and ¢ € {£1}. In particular, writing the j-th [P’,i in the image of ¢ as
[Uj: V;], we define ¢; = U;/V;, using the standard affine representation. Such a
¢ is called a [P’}( -linear parametrization, and can be written as a map on [F",i via the
following commutative diagram:

1 n—p
Pk Pk

o

[|Zl>]1c (_l> (H:D]i)n
i

The top arrow is given by a map
t:)—~>@O:---:0:6,:0:---:0:80:0:---:0),
and the bottom arrow is given by inclusion into the j-th coordinate.

Definition 2.14. Denote the free abelian groups of I]j’,lc—linear cycles by 7, (I").
Write %" (Spec k, m) for the free abelian group of [P’}( -linear admissible cycles.

The goal of this section is to define a sub-DGA of o, the algebra of admissible
cycles, that is generated by %" (Speck, 2n —i). Call it

Ay = @ Aipi= @Alt%lL"(Spec k,2n—i)®Q.

n,i

The graded commutative structure on 17 comes from the product structure
on #, along with the fact that the product of two parametrizable cycles is still
parametrizable. It remains to check that the differential structure on # is well-
defined on ;. The differential on s comes from intersecting each coordinate
of an element Alt Z € o} with the appropriate 0 and oo face of D,%”_i. Consider
Z €%,."(Speck,2n —i). Let ¢ be a parametrization on Z. Then the intersection
of Z with a particular face corresponds to the pullback of ¢ by the appropriate face
map. Therefore, the differential of Z is also a P,ﬁ—linear parametrizable cycle.

If Alt Z € s is a decomposable cycle of codimension i, write

AltZ = Alt(Z,, ..., Z,)

as above. The Leibnitz rule and properties of Alt show that d Alt(Zy, ..., Z,) is
also parametrizable.
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The algebra |, contains all the Totaro cycles. Moreover, it contain a large class
of cycles which correspond to the multiple logarithms [Gangl et al. 2009]. There-
fore, conjecturally, it contains all the cycles necessary to define the full category of
mixed Tate motives. There has been some effort to understand subalgebras of &,
in terms of polylogarithms and multiple logarithms [Gangl et al. 2009; Souderes
2016a]. Here we study a subalgebra s{]; C s that specifically excludes the
Totaro cycles, but still contains the multiple logarithms.

Definition 2.15. Let 5|, be the algebra of I]j’,lc-linear cycles, where

¢ ¢
I 15
i 1__ b 1__ 9y
v e {( ailz) ( aﬂl) }
with a; € k™ and ¢ € {£1}.

The combinatorics of the cycles in &, are studied in Section 3. The graphs
introduced in Section 3 correspond to the subalgebra 5[ , which excludes cycles
with coordinates of the form a;t; /t;.

3. Motivic graphs

The first graphical description of some of the algebraic cycles that arise in the
category JL(T) of mixed Tate motives was given by [Gangl et al. 2007; 2009] in
their description of R-deco trees. These provide a description of a particular proper
sub-DGA of o[ .

In particular, they represent a subalgebra of cycles by labeled oriented trees. For
example,

F
4 9[1—1,1—5,1—3,1—2,1—9].

>y u a v b ¢
Pt
a b” N

Note that this assignment depends on several choices, such as a choice of root
vertex as well as a choice of affine patch.

In this section we give a more general graphical depiction that encapsulates all
s|; cycles using decorated, oriented, non-simply connected graphs.

For example, the tree and cycle above come from the labeled oriented graph

c
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by taking the affine patch at z = 1. Graphically this amounts to removing the vertex
labeled z and changing the labels from the edges of the graph to the leaves and root
of the tree.

Our approach produces far more algebraic cycles that are not seen via the ap-
proach given in [Gangl et al. 2007; 2009]. In particular, we can study cycles
represented by graphs that cannot be represented by a tree in any affine patch.
For example, the graph

in this paper corresponds to the algebraic cycle
Alt[l—— TR S DU D S A U 1——]
az Z aw w asy apx
Yet there is no affine patch one can take (i.e., a vertex one can remove) that will
result in a tree of the form studied in [Gangl et al. 2009].

The aim of Section 3 is to construct an algebra of graphs, 4;; = @.,* 915 that
is isomorphic to the algebra of admissible cycles 4, as DGAs. The definition of
this algebra is given at the end of Section 3D. Most of Sections 3A-3D are devoted
to building up 9, step by step. We begin with a general set of oriented graphs
with labeled and ordered edges, (k). This corresponds to the set of generators of
the free abelian group %3 L(Dz‘**). We define a monoid structure on the set so that
%G(k™) generates an algebra, (Q[%]. Then we consider the alternating representation
on the graphs, by imposing an equivalence relation on them by the ordering of their
edges. This gives an algebra homomorphism from Q[%];/~4 to the algebra of
cycles AltZy, (O%™).

However, we wish for a DGA homomorphism to the algebra of admissible,
[P’,lc—linear cycles, &QTL C %*(Speck,2 « —x). To do this, we define a subset of
Gaa (k™) C4(k™), which we show corresponds to admissible graphs in Theorem 3.59.
We write ([%,4] to indicate the algebra generated by §,q(k*). In order to estab-
lish a DGA isomorphism between &QTL and Q[%,q], we must define a differential
operator on graphs. To do this, we need two further equivalence relations among
graphs, which we call ~, and ~;. In Section 3C, we show that Q[9]/(~ord, ~v)
is a DGA of graphs.

In Section 3D, we show one of the main findings of this paper, that admissibility
of [P’,](—linear cycles can be encoded purely by labeled oriented graphs. In particu-
lar, there is no further algebraic input necessary. Imposing the third equivalence
relation gives the desired isomorphism

Y11 = Q[Gaal/ (~ord> ~vs ~ori) = ‘ﬂﬁ-
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3A. An interesting algebra of graphs. In this section, we introduce a general set
of biconnected graphs with oriented, labeled, and ordered edges. We impose a
product structure on it. This defines an algebra of graphs that corresponds to the
algebra of general (not necessarily admissible) algebraic cycles.

We work over a number field k.

Definition 3.1. Let §(k*) be the set of graphs with biconnected connected compo-
nents, with oriented and ordered edges, each labeled by an element of k* x Z/27.

In practice, we say that the edges of G are labeled by a nonzero number and
a sign.

For a graph G € 4(k™), let V(G) be the set of vertices of G, and E(G) be the
unordered set of edges of the graph. However, we are working with graphs with
ordered edges. Therefore we must consider the ordered set of edges.

Definition 3.2. Let w(G) be the ordered set of edges of G, where w(e) expresses
the ordinality of the edge e € E(G) in w(G). Write sgn,,(, to indicate the sign
associated the edge e.

The loop number, or first Betti number, of a graph G € 4(k*™) is
h'(G) = |E(G)|—|V(G)|+h"(G), (3.3)

where 1°(G) counts the number of connected components of the graph. The vector
space H!(G) is spanned by graphical cycles of the unoriented graph underlying G.

Remark 3.4. There are multiple conventions regarding the definition of cycles in
graphs in the literature. We take L C E(G), together with an orientation (possibly
different from the orientation on the individual edges in £ (L)) is a graphical cycle
of the graph G if it defines a path in G that starts and ends at the same vertex.
Specifically, the path in G defined by the edges of L does not need to respect the
orientation of the edges in L. A graphical loop is a graphical cycle that does not
intersect itself until the final vertex.

We will concern ourselves only with graphical loops of G € 4(k™).
Example 3.5. Consider the disconnected graph G given by

N‘<
b,2,=

s .
e, 7,+
d,5,—

These are in 4(k>), assuming a, ..., g are all in k*. The second labels indicate
the ordering of the edges; the final label give the signs.

8.8,—

G N

= ———>——e 3+

W

h,6,—
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We impose a product structure on the set §(k*). For G, G’ € §(k*), let GLG' be
the disjoint union of the graphs, without an overall ordering imposed on the union
of the edges. The product of two graphs G - G’ is the graph G LI G’, with the edges
of G appearing before the edges of G’. In particular, this is a noncommutative
product,

G-G' #G'-G,

as the ordering of the edge set, E(G U G’), in the two cases is not the same.

Example 3.6. In this example, we concern ourselves primarily with the ordering
of the edges in the product. Therefore, we write label the edges with elements of
k> and the ordering, and neglect to indicate the sign. One may assume, without
loss of generality, that the signs are all positive in the graphs below.

Consider the graphs

a,l
g,1
= /9_\
and G» .—>—.\iy
h,2

e,5 b2

d,4

First, notice that the graph in Example 3.5 cannot be written as the product of
G and G, since the edges of one connected component do not precede the edges
of the other, as written.

The product in one order is

Gy G =4

It is the ordering on the two graphs that distinguishes the two products. Every-
thing else about the labeled oriented graphs G - G’ and G’ - G is the same.

This noncommutative product gives (4(k*), -) a free monoidal structure. The
unit in the monoid is given by the empty graph, which has no loops and no edges,
and therefore no labels.

Definition 3.7. Let QQ[9] be the free algebra generated by the monoid (4(k>), -).
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Just as with the cycles, we are not interested in the order of the coordinates,
but their image under Alt. Therefore, we are also only interested in an alternating
projection on the edges of the graphs. There is a &, x (Z/2Z)" action on the
edges of a graph G € %(k™). This action permutes the order of the edges in the
graph, and changes the assigned signs. An element g € G,, x (Z/27)" is of the
form g = (o, sgn), where o € &g and sgn € (Z/27)" is an ordered set of signs.
Write sgn ; for the j-th entry of the ordered set. Furthermore, write

sgn(g) = sgn(o) [ [ sén;.
J
where sgn(o) indicates the sign of the permutation o € G|g(g)|.
The action of &,, X (Z/2Z)" on the algebra of graphs is as follows: gG =0 if
|E(G)| # n, and otherwise gG is given by

{a)(gG) =0 (w(G)),
sgn, (gG) = sgn;sgn; (G).

That is, if | E(G)| = n, the ordering and signs of the edges in gG for g = (o, sgn)
are determined by o and sgn, respectively.
The action of &, x (Z/27)" defines an equivalence relation on Q[%4].

Lemma 3.8. Letting n vary, any two monomials G and G’ € Q[%] are equivalent
if and only if there is an element g € G, X (Z/24)" relating the two:

G ~ora 5gn(g)gaG.

The proof comes from the identity, inverse and composition laws of the group
S\E) % (Z/22)", and we omit it.

In Lemma 3.14, we show that Q[%9]/~q4 is generated as an algebra by connected
graphs. In other words, under the equivalence ~q, any disconnected element of
@[] is no longer primitive.

First we give an example.

Example 3.9. To illustrate the equivalence relations from Lemma 3.8, consider the
graph G in Example 3.5 as a monomial in Q[¥4]:

with the edges ordered as indicated by the subscripts, as usual. This graph is a
primitive element of Q[4].
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However, in the ring quotiented by the equivalence relation, (0[%9]/~qq, We see
that G ~og G1 - G2, where G| and G, are the graphs defined in Example 3.6:

which is not primitive. Notice that both signs and orderings have been changed in
this example.

As an algebra, Q[4] is bigraded by first Betti number, or weight, and degree of
the graphs. That is, if G € Q[¥9]}, then 7 (G) =e, while x=h{(G) — V (G)+ho(G).
From the formula for the first Betti number of a graphs in (3.3), if G € Q[9]Z,

|E(G)|=2¢—x. (3.10)

As the equivalence relation ~4 does not affect the underlying topology of the
graph, Q[9]/~q is also bigraded by weight and degree of the graphs.

Remark 3.11. The unit of this algebra is in @[2’3]8. It is represented by the empty
graph.

Example 3.12. For instance, consider the graph in Examples 3.5 and 3.9:

This graph has five loops, five vertices and two connected components. There-
fore, it is in Q[Y]2/~ord.

Definition 3.13. Let %y(k™) C %(k>) be the subset of biconnected graphs with or-
dered, labeled, oriented edges. That is, there are no disconnected graphs in 9y (k™).

Lemma 3.14. The algebra Q[9]/~owq is generated by the set Gy(k™)/~ora as a
skew symmetric bigraded algebra.

Proof. For any disconnected graph G € Q[4]’,, there is an element g = (o, id) in
Gon—i X (Z/27)" that rearranges the order of the edges of each connected compo-
nent consecutively. Since sgn(g) = sgn(o), by Lemma 3.8 we obtain

G ~ora 8gn(g)(gG) = sgn(g)G1 -Gy -+ - Gy,

with each G; € §y(k™).
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The product preserves the bigrading, as the zeroth and first Betti numbers as
well as the sizes of the edge and vertex sets are additive under disjoint union. For
G € Q[Y],/~on and G’ € Q[Y]!, /~oma, We have

G-G e QY9I /~o.

To see that this is skew symmetric, as above, write
GG ~org (—)IEONEDNG . G = (-1)"G - G.

The last equality comes from the fact that |E(G)| =2n —i and |E(G")| =2n' —1i’.
O

Since

Q[]1/~ora = Q[%0]/~ora;
for the rest of this paper we consider only elements of Gy (k™).

3B. A brief interlude on algebraic cycles. In this section we introduce the rela-
tionship between the graphs defined above and algebraic cycles generating fo L @m.
As of yet, we make no claims on admissibility of cycles.

Definition 3.15. Define Q% to be the group ring generated by the free abelian
group of P} -linear cycles

0% =P AE@;, @) @ Q).

p.i
This is a skew symmetric algebra. Write Q% Lip = Al(&}, (O~ ®Q).

There is a homomorphism, Z, from Q[9]/~ g to Q% . Note that &ﬁle CQ%,,.
In Section 3E, we show that Z is a DGA homomorphism onto |, that becomes
an isomorphism of DGAs when Q[¥]? is subjected to more equivalence relations.
That is the isomorphism we seek. In this section, we only show that elements of
@[] correspond to parametrizations of [I:D,l -linear algebraic cycles on DLE(G”.

Definition 3.16. Each connected graph G € %(k*), with loop number p and n
edges, defines a parametrization, ¢ : IJJ’}(V(G”_1 — ([P’,l)", of an algebraic cycle
Z(G) e Zif 1 (0"). The w(e)-th coordinate of the cycle Z(G) is

S8, (e)

X

¢a) (e) ( 1 O ) 9
A Xt (e)

where x;() and x; (. are variables assigned to the vertices at the source and target
of the edge e € E(G), and a, is the label of edge e.

Recall from Definition 2.13, each ¢, is the ratio of the projective coordinates
defining the w(e)-th copy of P/1< in the image.
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Thus we have, for e = h(G) and x = h(G) — |V(G)| 4+ ho(G), a set map

Z:% k) > PLiL O, G (b ... PG (3.17)

L1 4

from graphs to parametrized [Py-linear cycles.

To make this map concrete, we explicitly derive the system of polynomials de-
fined by a graph G. First we introduce a function that relates edges of a graph to
the loops of G.

Definition 3.18. For ¢ € E(G), and L a loop of G, define

1 if e € E(L), oriented as L is,
ele,L)y=10 ifed E(L),
—1 ifee E(L), oriented opposite to L.

Given this notation, we are ready to define the system of polynomials defined
by a graph G € 9y (k™).

Theorem 3.19. For a graph G € 9y(k™)/~owd, indicate the label of the edge
e € E(G) as a, € k™. Suppose h1(G) = p and |[E(G)| =n. Let B={Ly, ..., L}
be a loop basis of H|(G). The algebraic cycle Z(G) is defined by the system of p
polynomial equations, each associated to an element of the loop basis, and induced
from the rational relations

I= ] @ =¢ue) . (3.20)

ecE(G)

Proof. Given a loop basis 8 for H;(G), begin with a loop, call it L. Subsequent
elements of the system of equations are similarly defined.

Consider an edge e € E(L1). The w(e)-th coordinate of the cycle Z(G) is
defined by the function ¢,)(x, y), where x and y are the variables associated to
the vertices at the endpoints of e € E(G). Suppose that, in the orientation inherent
in L; as an element of a loop basis, L; flows from the vertex associated to x
directly to the vertex associated to y. This is not necessarily the orientation of the
edge connecting the vertices associated to x and y, but the second orientation on
the edges induced by the orientation of L;. Since we are working over Q[94]*/~ord,
we may choose G such that all the signs on the edges of G are all positive. Then
one can associate to the edge e € E(G) the equation

x = (e (1 — o) . (3.21)

There is a unique edge ¢’ # e in L; with an endpoint at the vertex associated to
the variable y. As above, associate to the edge ¢’ the equation

Y = 2(@e (1 = puye)) <LV,
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Substituting this into (3.21) gives

x = 2(ae(1 = Go@) " (@ (1 = doe)) 1.
Continuing along the entire loop in this manner gives
x=x [ @ =¢oe)
e€E(G)
which simplifies to an expression of the form in (3.20):
I= ] @1 =¢ue) .
¢€E(G)

Since B is a loop basis, the function ¢, (), associated to each edge of G is used
in the system of equations defined in (3.20), and the functions thus derived are
independent of each other. (]

Notice that the specific form of this system of equations depends on the loop
basis for H;(G). However, a different loop basis will give an equivalent system of
polynomials.

Example 3.22. Recall the graph in Example 3.5:

-\(’"1\
r

r3y rs )

B=1371 F2, 13 \rz‘\—‘,”S °
/m/ /M/
[ ] [

where all the loops in 8 are oriented counterclockwise.
A system of equations for this graph is given by the polynomials
I=rirn(-¢)l—¢),
i (1= gs)(1— )

Define a basis

1
r 1—¢)
L (I =91 —¢4)
rs (I —as) '

This brings us to an important invariant of the graphs in Q[%]’/~rq, the loop
coefficient:
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Definition 3.23. Given a loop L of G, the loop coefficient of L is defined by

xo@) =] re@". (3.24)
E(G)
In this notation, we can restate the image of the map Z. For G € Q[e1? /~ord
with B ={Ly, ..., L,} abasis of HY(G), the cycle Z(G) is defined by the system
of polynomial equations

{1 =xe(L) J] - ¢>w(e))f<€‘Lf>} : (3.25)
ecE(L;) Liep
We can extend the set map Z thus defined to the algebra Q[%]}/~c4, Where
Z(G) maps a graph to an algebraic cycle under the alternating projection.

Theorem 3.26. The set map Z in (3.17) induces a grading-preserving algebra
homomorphism

Z:Q[9Y]/~oa = Q%1, G Altl¢y,....PE@G)]

Proof. The equivalence relation ~q equates different orderings of edges of graphs
as Alt combines different orderings of coordinates into a single generator of Q% .
Therefore, Z maps generators of Q[%9]/~q to generators of Q%,;. Lemma 3.14
shows that the algebra structure of Q[%9]/~rq matches the algebra structure of Q% .
It remains to check that if G € @[(Q]; /~ord then Z(G) € Q% L;. First notice
that by the parametrization given in Definition 3.16, Writing G = G| --- G, in
terms of its connected components, the cycle Z(G) is parametrized by the map

m
b 1_[ H;DLV(GI')I—I s D}(E(G)l.
i=1
Therefore, the cycle Z(G) has codimension
E(G) = V(G)+ho(G) =hi(G) =p
in 01 By (3.10) this implies that Z(G) € %7, (02P). O

Finally, in conjunction with Theorem 3.19, this allows for a statement about
irreducible cycles.

Corollary 3.27. If G is a generator of Q[9]/~od, i.e., a disconnected graph, then
Z(G) is a reducible cycle.

Proof. Recall that a reducible cycle is one that arises from a reducible variety. [

3C. The DGA structure on graphs. In this section, we define a differential struc-
ture on the algebra of graphs. In order to do this, we need to define an additional
equivalence relation on 9y (k™).

In particular, we consider graphs that differ only by a rescaling of the labels of
the edges attached to a particular vertex.



RATIONAL MIXED TATE MOTIVIC GRAPHS 471

Definition 3.28. Consider o € k™ and v € V (G). The vertex rescaled graph v, (G)
is the labeled oriented graph G with labels changed as follows: for each edge e
of G, if an edge terminates (starts) at v, multiply (divide) its label by « to get
the label of the edge in v, (G); otherwise, keep the same label for e. The signs
associated to and the ordering of the edges of G by w do not change.

Vertex rescaling a graph corresponds to rescaling all instances of a variable
in the parametrized Pj-linear cycle Z(G) by a constant multiple. This does not
affect the cycle at all. In other words, G and v, (G) correspond to two different
parametrizations of Z(G). We call this procedure label rescaling with respect to a
vertex, or label rescaling at v.

Example 3.29. For the graph G in Example 3.5, one can rescale the rightmost
vertex by o to obtain the graph

where the ordering of the edges is given by the subscripts.

Remark 3.30. Vertex rescaling is an equivalence relation on the set 6y(k>*). We
write it as ~y.

In the sequel, we consider the algebra of graphs up to this equivalence set. We
are interested in graphs only as a tool to understand their corresponding algebraic
cycles. We work with graphs up to this rescaling since two graphs that differ by
a vertex rescaling correspond, under the homomorphism Z defined in Section 3B,
to different parametrizations of the same cycle.

To see this, notice that vertex rescaling does not change the loop coefficient of
the graph.

Lemma 3.31. Loop coefficients are invariant under rescaling at vertices.

Proof. Let L be aloop in G, with G € §y(k*). For v € V(L), avertex in L, v is
attached to exactly two edges e; and e, of L. We compare xg(L) and xy, ) (L).

There are three cases to consider. If v is the terminal vertex of e¢; and the source
vertex of ey, then the respective coefficients are r; and r, in G, and rj« and rp /o
in v, (G). Both numbers either appear in the numerator or the denominator of the
coefficient of L. Thus the contributions of « cancel in x,,(G)(L).

The other two cases are as follows. The vertex v is either the source or target
vertex of both e; and e;. Then the coefficients are r; /a and r, /« (or ria and roa).
One label appears in the numerator of the loop, the other in the denominator, so
the contribution of « cancels yx,,(c)(L).
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Therefore,
X6 (L) = xvy ) (L),

as desired. O

Therefore, given the form of the system of polynomials defined by each of these
graphs in (3.25), Z(G) = Z(v4(G)).

Theorem 3.32. The parametrized cycles Z(G) and Z(vy,(G)) correspond to the
same cycle, under different parametrizations

Z(G) = Z(v,(G)) € %13\ D @E©),

Proof. Since, by Lemma 3.31, loop coefficients are invariant under vertex rescaling,
from the system of equations defined in (3.25), we see that the cycles defined are
the same. |

Therefore, the algebra homomorphism, Z, defined in Section 3B passes to an
algebra homomorphism under the quotient ~

Z: Q91 (~ords ~v) — Alt@; (077 @ Q).

As we mentioned before, the algebra Alt%5, (O2~*) does not have a DGA struc-
ture. However, the algebra Q[9]/(~owd, ~v) does. On individual graphs, this is
defined by a modified contraction of the edges. We devote the rest of this subsection
to developing this differential.

Definition 3.33. Consider G € %y(k*). For ¢ € E(G), define the graph G/e to
be that formed by contracting the edge ¢ and identifying the vertices s, and ¢, as
a new vertex v. If the edge ¢ € E(G) has the same source and target vertex, then
G /e = 0. If contracting the edge e leads to a one connected graph, split the graph
into its biconnected components at the articulation vertex.

The above definition is not the standard definition of an edge contraction in
graphs. The standard definition has been modified to fit the algebraic properties
of the graphs we need, namely the splitting of graphs at the articulation vertex.
Furthermore, the ordering of G/e € Q[%] is induced from the ordering of G.

Definition 3.34. Let @ (G) be the ordering of the edges of the graph G. Then
@.(G/e) is the ordering of the graph G/e which is the same as w(G) with the
w (e)-th element removed.

We are now ready to define a differential operator on G € Q[9]}/(~ord, ~v)-

Theorem 3.35. Consider a monomial G € Q[9]}/(~ord, ~v). For e € E(G) an
edge, let r, denote the label of this edge and let s, denote the source vertex. There
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is a degree-1 differential operator
81 QIGL/ (~ora. ~v) = QLGLT/ (~ora, ~),
(@, G) > Y (=D, ((50)r, (G)) /o).

ecE(G)

By direct calculation, one sees that this operator satisfies the Leibnitz rule
30(G-GN=093(G)-G'+(-1)*G-3(G). (3.36)

We prove this theorem in steps. Before starting the proof, we give an example
of the action of 9. Recall that the notation (s.),, in Theorem 3.35 is the vertex
rescaling from Definition 3.28.

Example 3.37. For example, for the graph in Example 3.5, with @ ordered accord-
ing to the numbering of the labels,

r1 r . rir
%}\ Q} r3< Y ] O
F3 rs r3rs

First, we define a contraction operator on graphs with labeled edges.
Definition 3.38. For ¢ € E(G), we write the contraction of an edge as 0,(G) =
(se)r, (G)/e.

In this notation, the operator defined in Theorem 3.35 can be rewritten as

3(G)= Y (=D"O73,(G).
e€E(G)

Notice that if r, = 1 then 9,(G) = (G/e). This further implies that the loop coeffi-
cient is invariant under contraction.

Lemma 3.39. Consider G € Q[4]/(~od, ~v). Let L be a loop in G with more
than one edge, and e € E(L). Then

x6 (L) = xs,6(L/e).

Proof. Tt is sufficient to consider G connected. If s is the source vertex of e, and r
the label, the equivalent graph s,.(G) is such that the label of e equals 1.
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In Lemma 3.43, we show that contraction is well-defined on Q[9]/(~ord, ~v).
Therefore, d,(G) ~ 9.(s,(G)). Since the label of e is 1, the contraction 9, (s, (G))
equals s,(G)/e, and

X6 (L) = Xs,6)(L) = xa,s,(G)(L\ e) = xa,6(L \ e).

The first equality comes from Lemma 3.31. The second equality comes from the
form of d.(s,(G)). Finally, the third equality comes from the equivalence of the
two contractions (Lemma 3.43). O

Working under the equivalence relations ~, gives an important representation
of graphs that simplifies the calculation of the derivatives.

Lemma 3.40. For any given G € 4y(k™), and any subtree T C G, there is a graph
G such that the labels of the edges in T are 1 and G ~, Gr. In particular, any
monomial G € Q[9]/(~od, ~v) can be rescaled such that any spanning forest of

G is labeled by 1.

Proof. Without loss of generality, assume that the graph G € 9 (k>) is a connected
graph. Otherwise, the following arguments apply to each connected component
of G.

Let T be a spanning tree of G. Label the vertices {v1, ..., vjy(G)} € V(G) such
that vy has valence 1in T'. Let {rp, ..., rjy(r)} be the labels of the edges in E(T),
where r; labels the edge connected to v;.

Rescale the graph G at the vertex v, by ry (resp. 1/r;) if v, is a source (resp.
target) vertex of the edge labeled by r,. In the rescaled graph (v2),,(G) (resp.
(v2)1/r,(G)) the edge connecting vy and v; is labeled by 1. By similar logic, there
is a series of rescaling coefficients, {a1, ..., ®|v(G)—1}, where each «; is a rational
function of the r; such that edges of the spanning tree T in

(U\V(G)|—1)(X‘V(G)|_| ( o ((Ul)al (G)) e )
are all labeled by 1. U
Example 3.41. Consider again the graph in Example 3.5. The loop coefficient of

the loop defined by the inner triangle of legs, oriented clockwise, is rors/rs. The
same graph can be relabeled to have a spanning tree labeled with ones as follows:

t

t
\”’1\ \%
G=rn3 I 21/r (G) =137 I'sqnf, R
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tryjra (217, (G)) = ""/r2

Contrary to appearance, we have made no choice in our definition of the deriv-
ative d,. We could just as easily have written

0:(G) = (=D 7 1)1/, (G) e,
where f, is the target vertex of the edge e. This is because the two graphs are
equivalent under vertex rescaling.
Lemma 3.42. For G € Q[9], let t and s be the target and source vertices, respec-
tively, of the edge e € E(G). Then
'/a (G)/e~ysq4(G)/e.

Proof. We show that there is a vertex rescaling such that

117a(G) /e ~ 5,(G)/e.

By construction, e ¢ E(G/e), and the vertices ¢, s € V(G) are replaced by a single
vertex v € V(G/e).

In the graph #1,,(G), the label of e is multiplied by 1/a, as are all the edges
terminating on ¢. All edges starting at ¢ are multiplied by a. The edges attached to
s and not ¢ are unaffected. Similarly, in the graph s,(G), the label of e is multiplied
by 1/a, as are all the edges starting at s. All edges terminating at s are multiplied
by a. The edges attached to ¢ and not s are unaffected.

Therefore, contracting e and identifying s with ¢ at the new vertex in the con-
tracted graph, we get a unique vertex v = V(G/e) \ V(G),

Vi/a(sa(G)/e) =11/a(G)/e.
Similarly, one may also write
$a(G)/e =v4(t1/a(G)/e). O

Choosing a = r,, the label of the edge e, shows that, in Q[9]/(~crd, ~v), it does
not matter if 9, is defined according to the source vertex of e or the target vertex.
Next we show that the operator 9 is well-defined under vertex rescaling.

Lemma 3.43. The operator 0 defined above is well-defined on Q[4]/(~ord, ~v)-
Proof. Since 8 = )" ,cp(g)(—1@ '8, for any g € S|E(G)| x Z/22'F©)

0G =0gG
in the quotient space Q[9]/(~qa, ~v) for all G € Gy(k™).
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It remains to check that, for G € §y(k™),
3(G) ~ d(ve(G)) (3.44)

for any v € V(G). Before proceeding, we note that vertex rescaling is multiplicative.
That is, for v € V(G),
Vo (v8(G)) = vap(G). (3.45)

Fix v € V(G). For any edge e not incident upon v,
0e (V4 G) = V4,0,(G) ~ 9.(G).

Therefore, consider only the edges e € E(G) that are incident upon v. They are
labeled by r,. By Definition 3.38 and Lemma 3.42,
v, (G)/e, v a source of e,

0.(G) ~
e(G) v{vl/re(G)/e, v a target of e.

Recall, by the definition of 9,, that if v is the source of e, the above equivalence is
an exact equality.

Similarly,
Vr,/a (Ve (G))/e, v asource of e,

0e (Vg (G)) ~y {v]/reoc(vol (G))/e’ v a target of e.

By the multiplicativity of vertex rescaling (3.45), we rewrite this

v, (G)/e, v a source of e,
0e (Ve (G)) ~v { (@)
v, (G)/e, v atargetof e,
~y 0.(G).
Therefore, 3(G) ~y (v, (G)) for any G € Gy(k™) and v € V(G). [l

Thus far, we have shown that the operator 9 is well-defined on Q[%]/(~ord, ~v)-
Next we show that the operators d, commute.

Lemma 3.46. Contractions along different edges commute in Q[4]/(~ord, ~v)»
that is, 0, © 3y = 0y © 0.

Proof. There are two cases to consider: when the edges e and ¢’ form a cycle in G,
and when they do not.

If e Ue' is a union of loops in G, then, by Definition 3.33, .G = 0,G = 0. If
eU¢ is aloop in G, then ¢’ defines a loop in 9.G, and e a loop in 8, G. Therefore,
0,00y G = g 009,G = 0.

If eUe' is not a cycle in G, there is a spanning tree T such that e, ¢’ C E(T).
By Lemma 3.40, write G such that the edges of T are labeled by 1. In this case,
9,00,G =(G/e))e=G/{e' Ue} =0, 00,G. (|

We are now ready to prove Theorem 3.35.
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Proof of Theorem 3.35. Lemma 3.43 shows that the operator

0: @[(g]/('\“orda Nv) - @[(g]/('\“orda '\’v)
1s well-defined.
To see that d 0 9 = 0, write

dod= Yy <—1>w<e>—lae( 2 <—1>‘“<f’)‘18;<G>>~

ecE(G/e) e'eE(G)
Assume without loss of generality that w(e) < w(e’). Then the term 9, o 9,
appears in 9 o 9 with sign (—1)?©(—1)?©) while 9, o 9, appears with sign
(—)*@-1(=1)*€) By Lemma 3.46, 3, 0y’ = 9 0 d,. Thus the two contributions
cancel.
To see that d is a degree-one operator, note that if G /e is not 0, then

hi(G) =hi(G/e).
However,
IV(G/e)| =|V(G)| — 1+ (ho(G/e) — ho(G)).
Recall from (3.10) that if G € 9., the degree is given by
i =hi(G)—|V(G)|+ho(G).
Similarly, the degree of (&., G/e) is given by

hi(G/e) —|V(G/e)|+ ho(G/e)
=h1(G) — (IV(G)| — 1+ (ho(G/e) — ho(G))) 4+ ho(G /e)
=hi(G) = |V(G)|+ho(G)+1=i+1. O

So far, we have shown that Q[%9]/(~o4, ~v) is a bigraded DGA and that Z is a
homomorphism of algebras from Q[9]}/(~ow, ~v) to AltZ; L(Dz'_*). However,
we are ultimately interested in graphs %, that correspond to s{{; under the algebra
homomorphism Z defined in Section 3B. In Section 3D, we define the algebra of
admissible graphs, and show that 9, is a DGA under the differential defined in
this section. In Section 3E, we show that % is isomorphic to &Q?L as a DGA.

3D. Admissible graphs. So far, we have said nothing about admissible cycles. By
the arguments presented in Sections 3B and 3C, there is an algebra homomorphism

Z QY]] (~ow, ~v) = Alt%, (0>,

Theorem 3.32 shows that generators of Q[9]/(~qd, ~v) Map to generic Pi-linear
cycles under Z, not necessarily to admissible ones. In this section, we define a
subalgebra of admissible graphs, which, in Section 3E, we show corresponds to
admissible cycles.
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There is a compact way of reading off loop coefficients for graphs if the graph
is parametrized as in Lemma 3.40, by setting each label of a spanning tree to 1.

Lemma 3.47. Consider a connected graph G € Q[9]/(~owd, ~v). Each spanning
tree T of G defines a loop basis of H'(G), the loop coefficients of which are the
labels of the edges E(G) \ E(T).

Proof. Each spanning tree of a connected graph defines a set of loops in G as
follows: For a spanning tree 7', each oriented edge e € E(G) \ E(T) defines a
graphical loop, L., in conjunction with a subset of E(7"). The orientation of the
graphical loop is determined by the orientation of e. The rank of the loop space
of Gistk H'(G) = |E(G)|—|V(G)|+1. Since |[E(T)| = |V(G)| — 1, we see that
tk H'(G) =|E(G) \ E(T)|. Furthermore, UeeE(G)\E(T) E(L,) = E(G). Therefore,
the set {L.}ecr(G)\E(r) defines a basis of H'(G).

By choosing a parametrization where T is labeled by ones, the graphical loop
coefficient L, is exactly the label of e. U

We are now ready to define a class of graphs called admissible graphs. We show
in Section 3E that these correspond to admissible cycles under the homomorphism
Z defined in Section 3B.

Definition 3.48. A graph G € (k™) is admissible if:
(1) The connected components of G are strongly connected.

(2) There is no graphical loop in G that has loop coefficient 1.

We recall the definition of a strongly connected graph in the first condition.

Definition 3.49. An oriented graph is strongly connected if, for any two vertices
v, w € V(G), there is a path from v to w and one from w to v which respect the
orientation of the edges of G.

By Lemma 3.47, Definition 3.48 implies that, if a graph G € 9(k™) can be
parametrized such that there exists a loop with all edged labeled by ones, then G
is not admissible.

Finally we add one more equivalence relation among graphs that is useful in
Section 3E.

Definition 3.50. For G €, let G € % be the graph with the same underlying labled
unoriented graph structure, but with the orientations of every edge switched. De-
fine an equivalence relation ~,; that relates graphs with all orientations switched:
G ~ori G.

Example 3.51. G =
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Switching the orientation of all edges of a graph corresponds to a reparametriza-
tion of Z(G). If the w(e)-th edge of G corresponds to the parametrization ¢, ) =
1 —ti/(aw(etj), then the w(e)-th edge of G corresponds to the parametrization
éw(e) =1—1;/(aw(eti), which differs from ¢,, () by the change of variables t; — 1/1;.
We show that these two are both parametrizations of the same cycle in Section 3E,
Corollary 3.61.

Definition 3.52. There is a subalgebra
G C QI]/(~ords ~vs ~ori)
generated over Q by admissible graphs.
G =Q[G | G €% admissible]/(~ord, ~v, ~ori)-
Lemma 3.53. The differential operator 0 restricts to a differential operator on 4 .

Proof. By the Leibnitz rule, it is sufficient to consider connected graphs. We show
that if G is an admissible graph, then so is 9,(G) for any e € E(G).

First, we check that if G is strongly connected, then G /e is as well. If v, w e V(G)
are in the same connected component of G /e, then the paths between v and w are
either shortened by the contraction of the edge e, or unaffected. Therefore, the
connected components of G/e are strongly connected, as desired.

As taking the derivative along any edge does not affect the loop coefficient of
any loop in G, we have 3,(G) € G;.;, for G € G;. O

Therefore, 9, is a sub-DGA of Q[]/(~ord, ~v> ~ori)- We show that the homo-
morphism Z defined in Section 3B is well-defined on Q[9]/(~ord, ~v, ~ori)-
Theorem 3.54. Let G be as in Definition 3.50. The graphs G, G € Q[9]* map to
the same algebraic cycle in Alt%], (O>*) under Z.

Proof. Recall from Theorem 3.19 and (3.25) that, given a basis 8 ={L, ..., L.}
of H'(G), the cycle Z(G) is defined by the set of equations

{1=xG(Ll~) I1 (1—¢w<e>>6<“”}
e€E(L;) Liep

Note that the set 8 also defines a basis of H'(G), and that xg(Li) = (xc (L)~
for each L; € B, as the only difference between G and G is the orientation of the
edges. Similarly, the function €(e, L;) defined on G is the negative of the same
defined on G. Therefore, the cycle Z(G) is defined by the set of equations

{1 = (X6 (L)™' l_[ (1- (pw(e))—e(e,L.-)}

ecE(L}) Liep

That is, Z(G) and Z(G) are defined by the same algebraic cycles. (]
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Therefore, Z : Q] /(~ord> ~v, ~ori) — Alt %]L(Dz’_*) is a well-defined alge-
bra homomorphism. In the following section, we show that this sub-DGA is iso-
morphic to 47 .

3E. From graphs to admissible cycles. We now return to the homomorphism de-
fined in Section 3B. In this section, we show that the map Z defined in (3.17),
restricts to an isomorphism of DGAs between %, and (&QTL).

To compare the DGA of admissible cycles to the DGA of admissible graphs, we
show that the homomorphism Z, when restricted to %;; is compatible with both
the differential on (sdi(L), defined in (2.6), and the differential on %9;,}, defined in
Theorem 3.35.

Recall from Definition 2.3 the faces Fy ; of [1".

Lemma 3.55. For G € 4, the derivative is

Z(G)NFye),o If SN, () = +»
ZG)NFzwe) i sgye =—-
Proof. Consider G to be a connected graph. We consider two cases, when 9,(G)

is connected, and when it is a disconnected graph.
The cycle Z(G) is equipped with a parametrization

Z(0.(G)) = {

¢: PO L (phEG),

where the coordinate of Z(G) corresponding to the w(e)-th edge is

Sgnw(e)
¢w(e) = <1 _xaa)(e)y> .

Recall from Definition 2.12 that Z(G) is the cycle defined by intersecting the image
of ¢ with O/E@I. In other words, Z(G) = i*¢,, where i : OIE(@l s (P1IEG,

Let ¢y : Fr.; — 0" be the injection into the appropriate face of codimension
[IUJ]. If 88N, ) = + (resp. sgn,, ) = —), the intersection Z(G) N Fy (), & (resp.
Z(G) N Fg, () is the further pullback Lz(e),g(i*(ﬁ*) (resp. L*Q’w(e) (I*py)).

For the remainder of this proof, we assume that sgn,,,, = +. The calculation
for sgn,, ) = — is similar, and left to the reader.

The intersection Z(G) N F, (). imposes the restriction x = a,y. Therefore, it
can be parametrized by

¢y, : P D1 PHIE@E (3.56)

formed by removing the w (e)-th coordinate of ¢ and replacing each instance of x
with a.y. If 9.(G) is connected, this is exactly the parametrization defined by the
contracted graph. Therefore, the lemma holds when 9,G is connected.
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If 0.(G) = ]_[f:l G, is disconnected, then the parametrization defined by this
disconnected graph,

k
V(G)|—-1 _
¢/ : HPL (Gi)l N (Pi)\E(GH 1’
i=1

is different from the parametrization, ¢;,, defined by the contraction 9, in (3.56).
However, consider the affine space A,LV(G”*Z defined by setting x = a,y = 1
in IP’LV(G”*I. Then there is a product of corresponding affine spaces, ]_[f:1 A,LV(G" =t
associated to the disconnected parametrization, each formed by setting the variable
of the new vertex defined by the contraction to 1. The two parametrizations ¢,
and ¢’ agree on these affine spaces. On the hyperplanes at infinity, at least one of
the parametrizing variables is 0. Since G is strongly connected, none of the coordi-
nates correspond to purely sink vertices in either G or d,(G). Therefore, setting a
parametrization variable to O corresponds to setting a coordinate of the image of ¢’
or ¢, to 1. However, J/E(@I=1 omits precisely the points of I]j’LE(G)I_1 where one
of the coordinates is set to 1. Therefore, the parametrized cycles Z(9,G) = (i*¢),)

and 0, Z(G) = i*¢y, , agree on the pullback to [P’LE(G)‘*I, as desired. O

This is the key step to understanding the relationship between the differential
on graphs and the differential on cycles.

Theorem 3.57. If G € 4, then
0Z(G) = Z(9(G)).
Proof. Recall from (2.6) that

0Z[G)= Y (=D" Bue).0 — .06 Z(G).
ecE(G)
From Lemma 3.55,

0Z(G) =Y (=1D)*NZ0:C) = d5.0 Z(G))

sgn(e)=+
+ Y (=DONZ@G) — B2 Z(G)).
sgn(e)=—
The theorem follows from the fact that 04 4 ) Z(G) is empty if sgn(e) = 4 and
Ow(e),oZ(G) = @ if sgn(e) = —.
As above, we only do the calculation for sgn(e) = +, as the calculation for
sgn(e) = — is similar. By definition,

02,0 Z(G) = Z(G) N Fz o).

That is, the coordinate ¢, ) = 1 —x/(a.y) = oo. This implies that x/y = oo.
Since G is strongly connected, there is another edge ¢’ such that t, = s5,,. Then
@w(en =1—y/(arsx) = 1. Therefore, 0z, 4 Z(G) = 2. O
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For any two edges e, ¢’ € E(G), with G € %, the derivatives 9, and 9., com-
mute, by Lemma 3.46. Therefore, we can talk about contracting a subgraph of
another graph, without noting the order in which the edges are contracted.

Definition 3.58. Let G’ C G, with E(G’) ={ey, ..., e,}. We write

96/ (G) = 0, (- - (3¢, (G)) - - +),
where e¢; € E(G).

Notice that if the contracted graph G’ is not a subtree of G, then 3¢/ (G) = 0.

We use this shorthand to show that the graphs in % correspond exactly to
admissible cycles in (s4{;);. Recall that an algebraic cycle in %*(Speck, %) is
admissible if it intersects all faces of [(1**~* in codimension s or not at all.

Theorem 3.59. For G € Q[9]/(~ords ~v, ~ori), the cycle Z(G) is admissible if
and only if G € §;;.

Proof. 1t is sufficient to look at connected graphs.

Consider a G € Q[9]/(~ord> ~v, ~ori) such that there exists a loop, L with
loop coefficient 1 in G. Specifically, chose a graph G ¢ 9;.;. By Lemma 3.40,
we can label the edges of any spanning tree of L by ones. Since rescaling does
not change the loop coefficient by Lemma 3.31, all edges of L can be labeled by
ones. Let T C L be a subgraph of the loop L consisting of all but two of the
edges of L. Suppose E(L\T) ={ej,e2}. Let I ={ee E(T) | sgn, =+} and J =
{ee E(T)|sgn,=—}. The graph 97 (G), formed by taking the derivative of G along
the edges in 7', corresponds to intersecting Z(G) with the face Fj ;. The w(eq)-th
and w(e;)-th coordinate of Z(d7(G)) are of the form sgn(e;)(1 — x/y)%™¢) for
i € {1, 2}. This cycle is not admissible.

To see this, notice that the intersection of Z(d7(G)) with the face F, () o (if
sgn(er) = +) or Fg () (if sgn(e;) = —) also sets the w(ez)-th coordinate to 0,
giving it the wrong codimension.

Conversely, suppose G € 4, ;. Specifically, G is strongly connected. Let G’
be a (not necessarily connected) subgraph of G. Let [ = {e € E(G’) | sgn, = +}
and J ={e € E(G’) | sgn, = —}. Consider D/ (G). By Lemma 3.53, D/ (G) is
also in ;5. If G’ is not a forest, then D/ (G) = 0. Therefore, we only consider
the case when G’ is a forest (possibly consisting of a single tree). By Lemma 3.55
D¢/ (G) amounts to intersecting Z(G) with the face F; ;. Since G’ is a forest,
h1(G") =0, and h(G) = h(Dg/(G)). Therefore Z(G) N F; ; has codimension *
in F, making it admissible.

Finally, if G is not strongly connected, then there exists two vertices v; and v,
such that there is not an orientation-respecting path in G from v; to v,. Let G| be
the largest subgraph of G defined by the vertices that can be reached by orientation-
respecting paths from v;. Let G, be the largest subgraph of G defined by the
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vertices that can reach v, by orientation-preserving paths in G. By construction,
G and G, are disjoint subgraphs:

In particular, the subgraph G; has i edges flowing into its vertices from the
rest of the graph, G \ G;. Let T be a subtree of G| connecting all the sink ver-
tices of these incoming edges. The derivative d7(G) has at least two connected
components. Write

37 (G) = £G'3r(Gy),

with G’ the (possibly disconnected) subgraph of 37 (G) that contains G, as a
subgraph. The graph G’ has a sink vertex in the connected component contain-
ing (G,). Therefore, the cycle Z(G’) has at least two coordinates of the form
¢i = (1 —x/(ay))*®" and ¢; = (1 —z/(by))*®". Setting the coordinate ¢; = 0(c0)
sets the coordinate ¢; = 0(00), by the arguments above. Since the derivative o7 (G)
has the wrong codimension intersecting the face F; (g ), the cycle Z(G) is not
admissible. U

It follows from Theorems 3.26, 3.32, 3.54 and 3.59, that the homomorphism Z
is surjective:
Corollary 3.60. The homomorphism
Z: CQIL: — (‘ﬂ?L):
is a surjection of DGAs.
Proof. By Theorems 3.26, 3.32, 3.54 and 3.59, we see that Z is a homomorphism

of DGAs with image contained in (s4;);. We check surjection of this map. By

definition, if Z € (#,);, there is a parametrization ¢ : P} * — (P})?>*™*, with
¢; =1 —x;/(a;y;). Assuming that Z is reducible, Corollary 3.27 states that this
defines a connected graph G with 2 e —x edges and « — x + 1 vertices. Since Z is

admissible, by Theorem 3.59, G € 4. O

It remains to show that Z is an isomorphism.
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Corollary 3.61. Any cycle in (s1{;) remains invariant under inverting all the
parametrizing variables, or scaling some of them by a constant multiple.

Proof. This follows from Theorem 3.19.

Let % € (s}, ) be the cycle parametrized by the variables {vi, ..., v,} such that
each coordinate is of the form ¢, &% with
¢l =1-
a; vl,
and v; , v;, € {v1,...,v,}. Let ¥ € (&Q 1) be the cycle with coordinates
bi,vi
- ] _ Y B
b= a; bl, v;,

for b;; € k*, and % e (s1};) be the cycle with coordinates

i=1- o,

a;v;,

The claim of this corollary is that
¥ =%=%. (3.62)

Algebra and writing the cycles out in the form of (3.20) shows that these equal-
ities hold. (]

In terms of graphs, the first equality in (3.62) corresponds to rescaling at vertices
to pass from G to vip, (- (vyp,(G))---). The second equality corresponds to
changing the orientations of all the edges in the graph.

We are now ready to show that the two algebras % and (s4; ); are isomorphic.

Theorem 3.63. The map Z : 4.5 — (&ﬁ 1) defined in (3.17) is an isomorphism
of DGAs.

Proof. Theorem 3.57 shows that Z is a homomorphism of DGAs. Corollary 3.60
shows that this map is surjective.

Rescaling a vertex on a graph G, that is passing from G to v, (G), corresponds
to rescaling the corresponding parametrizing variable in Z(G). Similarly, inverting
the orientations of all the edges, passing from G to G, corresponds to inverting all
the parametrizing variables in Z(G). Since, by Corollary 3.61, neither of these
reparametrizations changes the underlying cycle, the map Z is one-to-one.

Explicitly, define a map

G: (A7) — %L
that is a left inverse of Z. For any cycle parametrized in a [P’}(—linear form,

sgn

G(Altg*™, ..., 5" ])
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is a graph constructed as follows: Write each ¢; as 1 — x/(a;y). If ¢; is a constant,
write it as 1 — 1/(a;). Each independent variable in Alt[¢y, ..., ¢,] corresponds
to a vertex. For each ¢;, draw an oriented edge of G, oriented from the numerator
variable to the denominator variable, labeled by a;. In this scheme, constant coor-
dinates correspond to one edge loops. The term w is defined by the ordering and
signs of the ¢;. ([

4. Elements of H® (B(%1L))

In the previous section, we establish an isomorphism between the DGA of [FD}{—
linear cycles, (&QIXL);, and the DGA of admissible graphs %;;;. We use this to
establish that everything that needs to be done for (s4];); cycles can be done on
the algebra of graphs ;. ;. For the rest of this paper, we restrict our attention to
the DGA of graphs.

In particular, to define the category of motives, we are interested in studying the
Hopf algebra

Ho(B(%11)) > Ho(B(sd})).

We maintain the definition of the bar construction B(%;;) as in Definition 2.1,
with A = % . Following convention, we indicate the tensor product in the bar
construction by |.

As in Definition 2.1, write the degree and tensor graded components of B(%9;)
as

BGn= & [l 1%05,] (4.1)
Yl (wi—1)=m

Note that, as in Definition 2.1, the degree of a graph in the bar construction is shifted
from the degree of a graph in the algebra. Thatis, if G € 9;.5, then G € B(‘@lL)}il.

Definition 4.2. Due to the multiple degrees assigned to graphs in an algebraic and
bar construction context, we write deg (as opposed to simply deg) for the shifted
degree of a graph as it contributes to the total degree in the bar construction.

Explicitly, if G € 4.5, deg(G) = j then degg(G) = j — L.

To set notation, we define differentials that make the bar complex (B(%9), 0+u)
a bicomplex. Write dq and ¢ for the derivatives and product on the graphs. Then
d and p are the degree-one operators on B(%;) induced by d¢ and u, calculated
by the degree of graphs in the bar construction under the Leibnitz rule. Let 9; be the
differential operator that acts by (—1)9%8s Gi id on the first j — 1 tensor components,
by d¢ on the j-th tensor component, and by id on the remaining tensor components.
Then for [G1|---| G,] € B(%11)),, write
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G- 1Gul = Zaj[Gl|“'|Gn]
j=1

n
= S ()T EGOOG | 8g(G) |- |Gl (43)
j=1
is a degree-one differential operator 0 : B(%9;.),,, — B(%.)), 4l Similarly, let u ;
be the differential operator that acts by (—1)9%s i id on the first j — 1 tensor
components, by (—1)925Gj 1 on the j-th and (j+1)-st components, and as id on
the remaining components. Then

pIGi| -+ 1Guli= > ujlGi |-+ Gl
j=1

n—1 )
= Y (=DZ GG [ |Gy Gyr |1 Gal. (44
Jj=1

2
mi+mo—

This is a degree-one differential operator, as [G | G2] € B(%91L)
ulG1| G2l =1G1Gal € B($iL),, 4, for Gi € G1); .
In order to study elements of H'(B(%;.)), identify elements in the kernel of

D+pu: P BG; — P B

n>1 n>1

, while

By Definition 2.8, we see that elements of this kernel are exactly the elements
with completely decomposable boundaries.

Remark 4.5. Very few generators of % as an algebra have a decomposable
boundary. The completely decomposable objects in B(%;) correspond to linear
combinations of tensor products of graphs.

In this paper, we wish to study H°(B(%;;)). Therefore, we study completely
decomposable elements of @),., B(%; L)f) defined by completely decomposable
elements of B(%; L)é. From Definition 2.8, a completely decomposable element,
g, of B(<§1L)(1) defines a trivial cycle in H°(B(%;})) if it can be written as the
coboundary of another sum of graphs ) ; G; € 9.5,

) Gi=¢
i
or if it can be written as the sum of a product of graphs,

1Y [Gri|Gail=¢.
i

In this section, we first give a result that greatly reduces the number of algebraic

cycles in &QIXL'I one needs to construct H%(B(%;1)).
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Theorem 4.6. If ¢ € s L; is a completely decomposable algebraic cycle which
can be written as Z()_ G j), where each G j € 9.}, and some G j have valence-
two vertices, then ¢ defines a coboundary element of B(sd{).

In particular, taking i = 1, we see that sums of graphs involving valence-two
vertices have trivial motivic contributions. This is a major calculational aid in that
it identifies a large class of cycles that we need not consider for motivic content.
The proof of this theorem is the subject of Section 4A. See Theorem 4.16 for the
graphical version of this statement. In Section 4B1 we give examples of some
completely decomposable graphs.

Since we are only interested in the zeroth cohomology henceforth, for the re-

mainder of this paper we only consider graphs in %; 1, that is, cycles in &QIXL'I.

4A. Valence-two vertices. In this section we show that there is a large class of
graphs in 9 that correspond to the trivial cycles in H “(B(%1)). Namely, we
show that completely decomposable sums of graphs with two valent vertices can
be written as the coboundary of an element of 4;7;_,. We start by studying the
properties of decomposable graphs in 9;; with two valent vertices.

Definition 4.7. A handle of length n > 1 is a linear subgraph & € G defined by n

edges and n+1 vertices {vo, ..., v,} labeled as follows: The vertex v; has valence 2
if 1 <i <n. The vertex vy and v, have valence 1 in the handle A, but strictly greater
than 2 in G. Write E(h) ={e', ..., "}, with ¢’ the edge in & connecting v;_ and v;.

Write H(G) to the be set of handles of a graph G. Further, write Hyqq(G) for the
set of handles of odd lengths and Heyen(G) for the set of handles of even length.

Minimally decomposable sums of graphs can be classified by the number of
handles they have.

Lemma 4.8. Consider G € 9, a connected graph with handles, H(G) # 0. Then

0 if h € Heyen(G),
Z (—1)?©O15,G = { w1 lf € Heven(G)
ecE(h) (=D 0,0G if h € Hoaa(G).

Proof. The essence of this proof comes from showing the relation
(—1)*@3,,G = —(=1)*“ 3,1 G. 4.9)

To see this, choose a representation of G such that the edges of / are labeled by
ones.

Write c(e’, eiT') € &g as the cyclic element of order |w(e!™!) — w(e)|.
Write this as

ce, ™) = (wE)N(@E) + 1) ... (@eE T - DE ™).
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The sign of this permutation is given by sgn(c(e’, e/ 1)) = (_1)w(e"+1)_w(ei)+1_ In
this notation, the orderings of the contracted graphs can be related by
R c(e, etHd, if w(e)) < w(eth),
W,i+1 = . . . .
e c(e, e 1o, if w(e) > w(eth).

Since the underlying contracted graphs, G/e! = G/e'™!, are the same, we have, by
Lemma 3.8, _ _
(— 1)@=+ 1 (G) = 0,6,

which is equivalent to (4.9).
Summing over all edges in a fixed handle & gives

Z (_l)a)(e)ae(G) — 0 | lf n even,
ceE(h) (—=D®€)5,1(G) if n odd. O

Call edges of G that are not handles, interior edges of G.

Definition 4.10. By abuse of notation, write G to indicate the interior graph of G.
This is the graph G with all its handles removed (not contracted). More precisely,

G=G\le|ee Eh), he HG)).

In this section, we write

(@, G)= Y (=D”“7"9,(G), (4.11)
ecH(G)
3|6(G) =Y (=1)*719,(G), (4.12)
eeG

so that d = 9|y + d|g. This allows for a neat reorganizing of the terms in the
derivative G by interior edges and edges with valence-two endpoints.

Corollary 4.13. The derivative is
3G = ) D"+ Y (DO, (6.
ecE(G) ech, he Hygd(G)

As a direct corollary, we see that graphs with valence-two vertices form a sep-
arate class of graphs in themselves. If ¢ € B(%;) is a minimally decomposable
sum of graphs, then either all the summands involve a valence-two vertex, or none
of them do. In fact, one can be more specific than this.

Corollary 4.14. Consider a minimally decomposable sum of graphs € =) ;G
in 91; of fixed degree. The summand graph G ; has a valence-two vertex if and
only if the graphs in each of the summand have the same number of handles:

|H(G))|=|H(Gj)| forall j+#j'
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Proof. If 9.(G ) is not decomposable, then it must cancel with a sum of another
derivative 9,/ (G /). By Lemma 4.8 and Corollary 4.13, applying 0 does not change
the number of handles on a graph. Since ¢ has a minimally completely decompos-
able boundary, there are no summands that do not contribute to the cancellation of
the terms in 9,. Therefore, G; and G/j must have the same number of handles. [J

Finally, we show that sums of graphs with decomposable boundaries and valence-
two vertices characterize trivial classes in H°(B(%;)). In the proof of this theo-
rem, we work up to products of graphs. For this, we establish some notation.

Definition 4.15. For G a connected graph in %, if 9,G is decomposable, we

write
3.G =0.

In general, we write 3G = G’, where G’ is a linear sum of connected graphs,
that is, G’ is the sum of graphs corresponding to edge differentials that do not split
the graph into two connected components.

Theorem 4.16. Let ¢ = Z/- (Gj) € 411; be a sum of graphs with minimally com-
pletely decomposable boundary, such that each graph has bivalent vertices. Then
there exists a sum of graphs n € 9 ;_, such that [0n] = [¢]. In other words, [€] is
exact.

Translated into the language of algebraic cycles, instead of graphs, this theorem
gives Theorem 4.6.

Proof. Let ¢ be a minimal completely decomposable sum of graphs. Write ¢ =
Y Ges G, where S is the set of summands (not including multiplicity). By Corollary
4.14, each G € § has the same number of total handles. That is, H(G) = m for all
G € S. It suffices to work with sums of connected graphs.

We can partition the underlying set of graphs S by the number of odd handles
they have. Write &; = Zces,- G, where S; = {G € S | Hogq(G) = i}. In this way,

we may write
n
&= E E;.
i=j

In other words, while every graph in S has m handles, they all have between j and
n handles of odd length. From equations (4.11) and (4.12), write the differential
operator as d = d|y + d|5. Then the sum d(¢) decomposes into n — j + 1 sums
that evaluate to 0, up to decomposable elements. By collecting terms according to
the number of odd handles are present in the graph:

8|G°8l’l = 05
a|H8n'|‘a|(°;‘9n—1 %0, 4.17)

dlge; =0,
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with j > 0.
In order to better understand the cancellations represented by the equations
in (4.17), further classify the handles with odd length of the graphs G € §;. Write

Hg(G) = {h € Hoga(G) | 3]1(G) +3|w(G') =0 for some G’ € S;, h' € Hoaa(G')}.

This is the set of handles that cancel with other handles of other graphs in S;. Notice
that G and G’ must be different graphs, otherwise G would be a torsion element
and thus 0. Similarly, write

H;(G)={h€ Hoga(G)|3|n(G)+(—1)*©"19e(G’)=0 for some G’ S;_;, ecG'}.

This is the set of handles that cancel with interior edges of graphs in S;_;. Thus
defined, Hyqqa(G) = Hr(G) U H; G.

By construction, no graph in S has fewer than j handles of odd length. Since
d|lnej =0, for every G € §; we have Hr(G) = Hyqa(G).

We define the n = > 1 Mt desired in the theorem by extending specific even
handles, & € Heven(G), of summands of ¢ (G € S). The specifics of which handles
are extended is described below.

The construction proceeds by induction on the number of odd handles. For j > 0,
Ho4q = Hr(G) # @ for all G € S;. For every graph handle pair, (G, h) and (G', '),
for G, G’ € Sj and h € Hr(G), h’ € Hr(G") such that 9|,(G) + 9| (G) =0, there
isaGeS j+1 with odd handles corresponding both to /2 and /’. Namely, this is the
graph constructed by extending the even handle of G correspond to the odd handle
h' € Hogq(G') to an odd handle. Order the edges of & and i’ € Hoaa(G) so that
311(G) = (=1)/G and 3|y (G) = (—=1)/ G

Write
Nj+1= Z G
GES/’_H

with S j+1 the set of summands of 7;. This is a minimal set of the G's constructed
above to satisfy 0|pnjy1 =¢;.
If j = n, this concludes the proof, as, by construction,

A &Mnt1 =0.

Therefore, 07,11 = &,, as desired.

If j =0, then Hg(G) = @ for all G € Sy, and d|geg = 0. Therefore, we may
construct 1; by extending an arbitrary even handle per graph. This construction
is not unique. However, there is a restriction on the choice of edge to extend, as
outlined towards the end of this proof. As above, d|gn; = &o.

To understand 9|gn ;41 for n > j > 0, note that

udlgnj+1 =—0|50unjr1=—0|ge; =03|nejt1.
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The first equality comes from the anticommuting of derivatives (as argued in the
proof of Theorem 3.35, the second from the construction of 9|57 ;1 and the last
from (4.17). This implies that

dudlgnjsi= p_ D, ddlgG= D Y G =0dlnejs1.

GeSjy1 heH(G) GeS;11 heH(G)

By the middle equality, we may divide the summands of 9|37, in two groups:
those that correspond to elements of S;1 (¢;41(1)) (the G € S;41 such that
H;(G) # @), and those that differ from elements of S;; by the position of one
handle of odd length R; ;. Write

degnj+1=Rjr1+ej1(D),

where R; 1 is a sum of terms that differ from summands of ¢; by the placement of
one odd handle, and ¢;(1) are the summands of 9|7, that are also summands
of g;.

We continue constructing 7; by induction on i.

Define ¢;(2) = ¢; — ¢;(1) to be the difference between ¢; and the quantity ¢&; (1)
defined in the previous inductive step. Consider the sum of graphs —R; + ¢;(2),
with R; as defined in the previous inductive step. Let 7; be the underlying set of
graphs in the sum — R; 4 ¢;(2). By construction each summand in R; differs from a
summand of &;(2) by the placement of one odd handle. The remaining summands
of &;(2) (those that do not have a corresponding summand in R;) are precisely the
G € §; such that H;(G) = &. Construct 5;4+; as before, comparing graphs in 7;
instead of §;.

As above, we have

Nudlgni = —0lgdluni = —0lg(—Ri—1+€i-1(2))
= —0|g(—(Ric1+ei—1(1)+ei—1) = =05 (=3 gni—1+&i—1) = 3| n&i.
Therefore, we may write

degni = Ri +&i(1).

Forn > i > 1, R; cannot be 0. If R; =0, then ¢(1) = ¢;, as every graph G € §;
is such that Hg(G) # <. In this case, dn; = &;+1 + &;(2) — R;. Therefore, we may
write 9 le L1k = Z'j &x, which contradict that ¢ is a minimal sum. However, for
n > i =1, one must be careful to extend even handles of &g so that R; #~ 0, otherwise
the induction can’t continue. This choice can always be made by comparing &g
to €1.

Finally, if i = n + 1, note that

8|(°;77n-i-1 =0.

Therefore, the process terminates. (]
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So far we have shown a class of minimally decomposable sums of graphs (al-
gebraic cycles) that give rise to trivial motives. We have said nothing about how
to find such minimally decomposable sums. There is as yet a short yet significant
selection of literature on trying to understand this structure [Gangl et al. 2007;
2009; Souderes 2015; 2016a]. In the next section we give some examples of min-
imally decomposable sums in degree 4, only one of which has been previously
studied [Gangl et al. 2009]. As of yet, we do not claim to add to the existing
knowledge about the structure of, and relations between, minimally decomposable
sums, other than identifying further examples. In future work, we hope to return
to this larger class of example to better understand which sums of graphs define
classes in HO(B(%;1)).

4B. Examples. In this section, we give several examples of classes of H O(B(%4;1)).
Generally speaking, it is nontrivial to find linear combinations of graphs which
define classes in H°(B(%;1)). Individual graphs do not have decomposable bound-
aries. It is only when summed with appropriate graphs with whom the boundaries
cancel does one find classes in H%(B(%9;1)).

In the following subsection, we give examples of several sums in weight four.

Remark 4.18. In all of these examples in this section, we write only a sum of
graphs in 4 L‘l‘, and not the full representative in B(%;;). We can do this since the
indecomposable graphs in a completely decomposable sum of graphs determines
its class in B(%;1) (see Remark 2.10).

After giving examples in weight 4, we turn our attention to an particularly nice
infinite family of graphs for which we compute the Hodge realization functor in
Section 5.

4B1. Some minimally decomposable examples in degree 4. In this section we give
several examples of minimally decomposable sums of graphs in weight four. One
of these, Example 4.19, corresponds exactly to the decomposable cycles identi-
fied in [Gangl et al. 2009] that correspond with Lil,l,l,l(g, %, %, %) We also
find a different minimally decomposable sum of graphs that involves the same
unoriented graphs, but with different coefficients and orientations on the edges. In
Example 4.22 we give two minimally decomposable sums that involve a different
underlying graph, though closely related to the underlying graph of the previous
example. Example 4.23 gives the degree-four example of the family of graphs
studied in detail in Section 4B2. (In Section 5C we calculate the Hodge realiza-
tion of these graphs.) Finally, Example 4.24 gives a more complicated minimally
decomposable sum in degree four involving several distinct underlying graphs.
The reader is encouraged to play with these examples and construct others.
There seems to be a lot of variety as to the type and number of underlying graphs



RATIONAL MIXED TATE MOTIVIC GRAPHS 493

in a sum that is decomposable. It would be very interesting to understand this
structure better.

Example 4.19. Gangl et al. [2009] define a family of five binary graphs that corre-

spond to Lij 1 11 (Z %, %’., %) In the notation developed here, we depict this same

minimally decomposable sum of trees as

cd+1 Cd+1

_I_
q</
S
S}</
S —
QU

Example 4.20. There is another decomposable sum of graphs involving the same
underlying unoriented graphs:

1
c d+l\d 1,1
c
N
a
1
\:/
a

Remark 4.21. For G € ;. a connected graph, and 8 = {Ly, ..., L,} a loop

basis of H(G), let 8 index the system of polynomial equations f7, that define the
admissible cycle Z(G) in Theorem 3.19. Namely, f; is the equation

I=J] @l = gue)©”.

ecE(L)

_.
Q</
S —_
— <//
a 3
Q h—
—
Y

cld 1

&
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Then reversing the orientation of an edge e in graph G without changing its label
replaces every factor of a.(1 — @y)) With (a.(1 — ¢w(6)))_1. In other words,
such graphs represent closely related algebraic cycles. For instance, in the above
example, the first graph in Example 4.19 and the first graph in Example 4.20 differ
by changing the orientations of the edge labeled b and the edge labeled d. This
is also true of the last graph in the first sum and the second graph in the second
sum. The second graph in the first sum and the fifth graph in the second sum differ
by the orientation of the edges labeled b and d, along with the orientation of two
of the edges labeled 1. Presumably these two sums of graphs give rise to closely
related sums of algebraic cycles.

While the motive associated to the first sum has been studied (see [Gangl et al.
2009], for example) the other appears to be new. We suspect that they define
dependent classes in H O(B(%;1)). It would be interesting to use the Hodge real-
ization techniques developed in Section 5 and/or other graphical tools to analyze
the motives they represent.

There is a related family of graphs, defined by changing the labelings and ori-
entations of

<

Example 4.22. The following sum of six diagrams is minimally decomposable:

1+1

D
)

+1 1+1

<
<
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as is this sum of five related diagrams:

<\\>
<\>
<\>
<\\>
<\\>

Next we present the weight-four example of the necklace graphs that are the
subject of (4.26).

Example 4.23. The following sum of graphs is minimally decomposable:

a
l/a
cy L1 Uyb —c4 1 1/4b
1 1
Y Y

Example 4.24. We end this section with a complicated minimally decomposable
sum that, unlike the previous examples, involves several different types of unori-
ented graphs:

d
-/_<1\A
1,1 ’
a
N : /I;\
\1—%/
d d d,
T
1 ¢ 1
1 1.1
+ 171 + 1

- L &

It is highly likely that the classes defined by all of the above examples are related.
It would be very interesting to work out the precise dependencies.
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These examples illustrate that, even in the vastly simplified case of 54 , there is
a richness and complexity amongst the minimally decomposable classes of B(9;y).
By further studying these minimally decomposable sums of graphs, we hope to gain
a better understanding of the structure of (our subcategory of) mixed Tate motives.

4B2. The n-beaded necklace graph. In this section, we introduce an infinite family
of terms in H°(B(%,1)), which we refer to as necklace diagrams. In Section 5, we
show that these correspond to trivial classes.

Definition 4.25. The necklace graph with n beads is the graph of the form

G*(ag, ..., an) = a1,< > <>an (4.26)

with % € {L, R} (left, right) to indicate the orientation of the marked edge. The
ordering is given as follows: each edge labeled a; is in the (2i+1)-st position;
for i > 0 the “parallel edge” labeled 1 (which shares vertices with that labeled a;)
is in the 2i-th position. The signs associated to the edges are all positive.

When n = 0, we write

a
G(a)=G"(a)=G"(a) = C) (4.27)
We consider the following linear combination of n-beaded necklace graphs:
e"(ag, ..., ay) = Gl (ag, ai, ...,a,,)—GR<a—1o,a1, ...,an>
l/ao

w5 Qe e e

To avoid extreme notational complex1ty in keeping track of labels of graphs, we
introduce some notation.

Definition 4.29. Define a set n = {1,...,n}. We define a, to be the n-tuple
(ai,...,a,). Forany S Cn, ans = (ar, ..., ds, ..., a,) is the n—|S|-tuple with
the elements labeled by s € S removed.

Lemma 4.30. The sum of graphs " (ag, an) is completely decomposable.

Proof. By direct calculation,

n

9&" (ag, an) = Y _(¢"' (@0, an\i) — " (aoar, an\)) - G (ay).
i=1

The proof follows by induction. (]
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We explicitly write the entire minimally decomposable element of B(%) de-
fined by " (ap, an).
Recall that
lay |-~ lan ) IL[by |-~ - | bm]

is the shuffle product of the ordered sets (ay, ..., a,) and (by, ..., by).
In particular, for a, b € 9,

alllb=1a|b]l+1[b]|al.
The shuffle product @ 1T b is in ker w. That is
u(aI1b) =0. 4.31)

Lemma 4.32. The element

e"(ag.an) =Y (=D Y (= [s""s' (ao [ an\S)

scn JcS jed

H_SI G(as)]

is in HY(B(%1)).

Proof. Recall that, since &" € 4, L’f“, it defines an element of degree 0 in B(%;).

Consider the component of £"(ag, an) in B(%; L)g +1- We compute d + p on this
term. By Lemma 4.30,

2y (=n! [e”" (ao [Ta: an\s)

|§|C=Sk jel

= Z(_l)\ll |:<8n—k—1 <a0 l_[ aj, an\(SUi))

IS|=k jed

ien\S
JCS§ —h—
— gk 1((610 l_[a])ai, an\(Sui))) -G(a;)

jedJ

H_S[G(as)]

seS

1 G (a, )}.
Collecting terms, the right-hand side becomes

Z (=Dl |:8"_k_1 (ao l_[ aj, an\(SUi)) -G(a;)

|S|=k jedJ
ien\S
JCSUi

However, by (4.31), this is

111 G(“.v)]-

ses

w Z (—1)J||:8n_k_1(aol_[aj,an\(SUi)) ‘ G(ai) HIG(as)]-
|S|=k+1 jel s€s
jcs
Therefore,

(3 + 1) (e" (a0, an)) = 0. g
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Therefore, £"(ag, an) defines a class in H°(B(%,1)), as stated in Remark 2.10.
Definition 4.33. Let [¢"(ao, an)] € HY(B(%.)) be the class defined by £"(ag, an).

This choice of notation emphasizes that this is the class in H O(B(%;1)) associ-
ated to an element in 97 ] with completely decomposable boundary.

5. Hodge realization

In this section we describe the Hodge realization for a number field k for our
category and compute some examples. We follow the approach to constructing a
Hodge realization described in [Bloch and Kriz 1994, Sections 7 and 8; Kimura
2013]. Namely, we first note that the Hodge realization as constructed in Section 7
of [Bloch and Kriz 1994] can be defined independently of choice. However, as
noted at the beginning of [ibid., Section 8], this construction is not very amenable
to computation, and a second description of the Hodge realization functor is given.
Here we restrict to this second description of the Hodge realization. Namely, we
explicitly construct a comodule J of #;y = H 9(B(%;1)) and construct a natural
mixed Tate Hodge structure on J. This, as in [Gangl et al. 2009], provides the
Hodge realization for our graphical structure as J associates a natural mixed Tate
Hodge structure on any graded comodule Al of F7.

In the context of the graphs, the Q mixed Tate Hodge structure is given by the
rational lattice

Hg = HY (BT, 41)),

where Jﬁlvzi“ is a right 9;; module, and B(gtl"f“, %,1) is the corresponding cyclic

bar construction. Both filtrations are induced from the weights of graphs (or the
codimension of the corresponding cycles), as defined in Section 3A. These are
introduced in detail in Section 5A.

5A. Topologically augmented admissible graphs. As in [Bloch and Kriz 1994],
in order to create the construction outlined above, one must define a set of topolog-
ically supported cycles in [1".

Definition S.1. Let %} (A., [0%*~*) be the free abelian group (vector space) gen-
erated by admissible algebraic cycles supported on the image of a smooth map
o : A, = P;(C)>*~* of codimension » and algebraic degree . Then define a vector

space Fiop = P, , AltZ; (A, 02+—*).

top

These topological cycles define a means of passing from the algebraic cycles to
integrals by considering the supports. In particular, given a completely decompos-
able element € € B (&QTL), with [e]e H O(B(sdﬁ)), one considers the element 1 ® &
in the circular bar construction, B(%0p, 4, ). This does not define a cohomology
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class. Namely, it is not completely decomposable. The task then is to find an
element £ € B(%0p, 4], ) such that 1 ® € + & is completely decomposable, that is,

[1®e+&]€ HY(BEiop, 4],)).

It is worth noting that, while the cohomology class thus defined is unique, the
element & need not be. In particular, in the example worked out in Section 5C2,
the given £ is by no means the only possible construction.

In the context of graphs, we parallel this construction by defining topologically
augmented admissible graphs, which, under a natural extension of the homomor-
phism Z defined in Section 3B, correspond to elements of %3, (A,, [0?~*). These
topologically augmented graphs generate a §;; module, which we develop in this
section. First we establish some notation.

Let A, C R" be the standard real n-simplex. Let C*°(n, m) be the set of smooth

maps from A, to (Px(C)")V of dimension m. Here N is an arbitrary integer N > n.
Definition 5.2. We say that m is the simplicial dimension of maps in C*°(n, m).

Note that o need not be injective, that is, m may be less than n. In particular,
C®(n, 0) consists of all constant maps from A,. We view C°°(n, m) as a chain
complex, C(n),.

We parametrize A, by an ordered set as usual, 0 <#; <--- <f, <1, sometimes
writing 0 = #gp and 1 = t,41. Then any o € C(n),, is a continuous function of
{t,..., ;).

Definition 5.3. Given the standard face maps s; and degeneracy maps d; on A,,, for
any subset I € {tg, ..., t,} of size |I| = p we write d; for the standard codimension-
p degeneracy map.

Let n={1, ..., n} as before. Any continuous map o € C(n),, can be written in
terms of codimension-n—m face maps. That is, there is a set / € n with |I| =m
and o’ € C(n), such that

o =d.o. 5.4

The degeneracy maps define a differential on the chain complex C(n),,. In partic-
ular, we write

8;i :C(m)py = C(M)pm—1, 0 > djs8i40,
with § = Zl'-"zo(—l)ié,-. More generally, for o € C(n),,, where o = dj,0’, write
8 :C(n)y — CM)pm—1, o> 8idpso’. (5.5)
Therefore, we have shown:

Lemma 5.6. For a fixed n, (C(n)y, 8) is a chain complex.
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Remark 5.7. As in the prequel, the symbol « will always correspond to the codi-
mension of a cycle (loop number of a graph). The symbol » will always correspond
to the algebraic degree, and the symbol * always the simplicial dimension of the
graph.

Given this notation, we define the right module of topologically augmented ad-
missible graphs. Generators of this algebra are given by the pair o € C(n), and
an admissible graph G € %;,}. In particular, the topologically augmented graph
(G, o) has edges labeled, not by elements of k™ as usual, but by the image of .
For t € A,, write o(¢) as the 2n—i)-tuple o(¢t) = (o1(¢), ..., 02,-i(¢)). The
coordinate o; (¢) labels the edge e € E(G) that is in the i-th position, that is, such
that w(e) = i. There is a natural extension of the vector space homomorphism Z
defined in Section 3B to the topologically augmented admissible graphs such that
each graph maps to a topologically supported cycle in Zqp.

For each G € 91}, 0 € C(s)« and t € A, such that o,)(t) # 0, co for
any e € E(G), the pair (G, o(t)) defines a graph in Q[9]/(~ord, ~ori> ~v)- If
Ow(e)(t) = 0, 0o, we say that (G, o(¢)) is the trivial graph. As we show below,
in Lemma 5.15, graphs with such labels correspond to algebraic cycles with 1 in
the appropriate coordinate. In particular, for a general o, the labels o (¢) need
not correspond to an admissible labeling of the underlying graph G. We wish to
consider pairs (G, o (t)) which evaluate to admissible graphs almost everywhere
on A,. Such o € C(e), are called admissible simplices for G.

Definition 5.8. A map o € C(e), is admissible for a graph G if the following hold:

(1) Let §; (o) indicate the degeneracy map onto the face opposite that defined by
J in A,. For all J, each loop of the augmented graph (G, §;0) does not have
loop coefficient 1 almost everywhere on A,.

(2) Forall e € E(G), if there exists a t € A, such that o, (t) = 0, there exists an

¢’ € E(G) such that o, (t) = co. Therefore, the cycle Z(G, o (1)) is trivial.

(3) Writing §o = Z;:O(—l)i(Sio, there is some i for which no coordinate of §;0
is co.

We are now ready to define the vector space of admissible topologically aug-

mented graphs.

Definition 5.9. Let 7.5, _, be the vector space of topologically augmented graphs
(G, 0), with h1(G) = and o € C(»), an admissible labeling.

Example 5.10. Consider the necklace graph GL(aO, ..., ay) €9 L”+1

G (ay, ... an)—“1<> ‘<>an
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There is a constant map o € C(n+ 1) of the form o (A, 11) = (ao, 1, ay, ..., 1, a,).
As this has 0-dimensional topological support, this is the constant map. The
pair (GY,0) € T, Lg: iz is a trivially topologically augmented graph. That is,
(GL, O') GL e (g n+1

Consider a dlfferent map, o’ € C(n + 1),, of the form

a th+1a
U/(An—i-l):(t a1 ")

n+1 In

Then the pair

_ap
tn+|

G (,)_m{} <>a,,f,,+l

is an element of Jo_ng:l.

Note that J.5,_, is not an algebra. In particular, there is no natural product
structure on C(n),. For general (G,o0) € 9115, , and (G',0’) € T 115, _,, the
product is given by the graph (GG’, 0 x¢”). Asin (5.4), write o and o’ as degenera-
cies dy6 and d;,.6’ for some ¢ € C(n), and 6’ € C(n'),,. However, d;.6 x d;.6'
does not correspond to a smooth map restricted to some face of A, ., . Therefore,
we consider J1.5,_, as a 9, module.

There is an inclusion of the algebra of admissible nonaugmented graphs into I,

Example 5.11. There is an inclusion 97, < J15,. Any graph G € 9;; can be
written as (G, dj.09) via the constant map

oo(A,) = (a1, ..., aE@),
where a,, () is the label of edge e € E(G).
Proposition 5.12. The vector space I 11 is a 411 module.

Proof. As done in Example 5.11, Write Ge <§1L;, as (G,0) € T35, with o € C(e)o.
Further consider (G',0") € I 1L2. _n Witho' € C(«'),.

In general, we cannot write (G, 0)(G’, 0’) =(GG’, 0 x¢') as an element in T .
However, since o € C(s)o, we can rewrite this as (GG’, d(;7)+0,,), where I” is the
appropriate face in A, ;..

Therefore, the product of a non-topologically augmented graph G € %, with
an augmented one (G', 0’) € 9‘1L§/.,_m is

(G.00)-(G'.0")=(G-G', (00.0") € T35y

This gives the module structure. ]
The vector space J1.5,_, is a bigraded vector space. We may write

JiL = @ glLé.—*'

0<e,*
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Finally, we consider .5, _, as a complex. The module has two natural dif-
ferential structures on it, induced by the topological differential § on A, and the
algebraic differential 0 on %, . Before defining these explicitly and the associated
bicomplex structure on augmented graphs, it is necessary to introduce a shifted
vector space, TS,

Definition 5.13. For (G, o) € 9, we define a twisted module I tl"zl“, where the

grading of each element is shifted from that of J;; by the dimension of the
range of o, i.e, the number of edges of the graph G. That is, for G € 9;.} and
(G,0) € T115,_,. the same element is in (C’J‘W'SI s =T, forn=2e—x
Henceforth define a topologically twisted degree x, := x — * to be the difference
between the algebraic degree and topological dimension. Write

tw1st twist
T =PI

o, %

For o,, € C(n),,, write o,, = d;,c’ for some o’ € C(m),,. The topological
differential, § is induced by the differential on the chain C(n),, defined in (5.5):

S (Lg]—twmt) — (c‘twmt)*ﬁ_l, (G, o) — Z( 1) (G, $iop). (5.14)
i=0

This is a degree-one differential operator on (TW‘“ .

The algebraic differential 9 is induced from the differential 9 on 9;;. On J O'tl“z‘“,
vertex rescaling is a direct generalization of rescaling on %, allowing one to
rescale by functions o € C*(|E(G)|, |E(G)]). For s, and ¢, the source and terminal
vertices of e € G, write
1 if e=¢,

Ow(e) if s, is not a vertex of ¢/,

(aea)w(e’) = @ . ¢
Ow(e)Ow(e) if 5o =1,
O'w(e/)/o—w(e) if 5o =5,

as one expects from vertex rescaling and Definition 3.38. Then

a (O“thSt) N (gtWIS[ *t+1’ (G O,m) — Z ( 1)60(8) 1(3 G 8 O,)
ecE(G)
which is a degree-one differential operator on Q'tlvzi“.
The topologically augmented graphs correspond to the vector space of topolog-

ically supported admissible algebraic cycles %:. (A, 0%7*).

Lemma 5.15. The map Z defined in Section 3B extends to a module homomor-
phism

top

7 (@'[Wlst) N gztop’
as defined in Definition 5.1.



RATIONAL MIXED TATE MOTIVIC GRAPHS 503

Proof. Each edge of the augmented graph (G, o,,) defines a coordinate ¢y ) =
1 —x¢/(Om,w(e)Ye)> Where x, and y, are the variables associated to the source and
the target vertices of the edge e as usual. Then ¢ = (¢y, ..., ¢,) parametrizes an
algebraic cycle supported on an m-simplex in [1".

It remains to check that Z(G, o,,) is an admissible topologically supported cy-
cle. By Definition 5.8, the loop number of any loop in (G, o;,) is not 1 almost
everywhere in A,, or on any of its faces. If o,)(#) = 0 for some ¢ € o, then
the cycle Z(G, 0,,()) is trivial, as the corresponding coordinate is 1. Therefore,
by condition (2) of Definition 5.8, if there is some ¢ € 0, and an edge e € E(G),
Z(G, 0, (1)) is trivial. Therefore, by Theorem 3.59, Z(G, o0,,) is admissible almost
everywhere on A,,. U

The third condition in Definition 5.8 gives rise to the following statement:
Lemma 5.16. The image of I mw‘“ under Z is an acyclic chain complex under §.

Proof. Equation (5.14) shows that & tW‘“ is a chain complex under §. In particular,

8 (gtWISt) N (gtwmt Ll

The third condition of Definition 5.8 imposes acyclicity. By Lemma 5.15, if §;0
has a coordinate set at oo, then Z(G, §;0) is a trivial cycle. Requiring that there is
some face of A, such that (8;0)) 7 oo forall e € E(G) implies that §Z(G, o) #0.
In other words, the image of Z(J tWISt) is an acyclic chain complex under §. [

Example 5.17. In this example, we augment the sum of graphs &"(ay, ..., a,)
defined in (4.28) by a 2-dimensional support, as in Example 5.10. First, recall
notation from Definition 4.29. Writing h = {1, ..., n}, define an n-tuple ap =
(ai, ..., ay). Similarly, for any S C n, write an\s = (a1, ..., ds, ..., a,) for the
same n-tuple with the elements {a; | s € S} removed. Then write the augmented
sum of graphs

aO/thrl /a()tn-H

(e". 0 (ap, an)2) = “1< } v< >u . 1{ } { >u .

Here, o (ap, an\s)2 € C(n — |S| + 1)2 is a labeling on the decomposable sum of the
n—|S|-beaded necklace.
Then the topological differential is

ao/t”H 1/aotn+1

— ¢ o — 5
o=t [afly egu-al), e
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4o Int1 ! aplty+1
.—/(—I I%/—.
e S T S
ao ]/ao
— ¢ e — e
+ (_1)2 a1<> 1 1<>‘an/tn - al{} 1 1<>an/tn

The first two terms in this sum correspond to trivial graphs.
Recall from (4.27) that G (a) is the graph with a single edge and a single loop
labeled by a.
The algebraic differential on this graph is
n—1
d(e", o (ap, an)2) = Z ("', o (ag, an\)2) — ("7, o (aoai, ami)2)) G(a;)
i=1

ao/[n 1/aOtn
.—(—. .+'

e e e
aoan/tn l/a()an In

_01<W>al+al<>1—>_l<>al G(ay).

Due to the form of the augmentation o (n + 1), chosen in this example, we may
write the second and third lines above as

("7, 84—10 (a0, an-1)2) — ("', 84—1(aon, @n—1)2)) - G(ay).

5B. A comodule and Hodge structure. We are now ready to define the Hodge
comodule J.

First we build the circular bar construction B(J ‘&i“, Y11, Q). In the sequel, we
take the last entry as given, and simply write B (Tl"f“, %1r). As in [Bloch and Kriz
1994; Kriz and May 1995] and references therein, we define the B(J ‘1"?“, %11) on
the tensor algebra T ® T(9;1)/D(%;1.) as in Definition 2.1.

Consider (Go, 0)®G1®- - @Gy € B(T)™, Gk with G; €G,.}) for0<i <k,
and o € C(rg),. The total degree of this bar element is w = Zf:o w;, —(k+1)—m.

We define the bicomplex structure on it by extending the differentials from (4.3)
and (4.4) for the bar construction (B(%;1), i, 9).

As before, for j > 0 write 9; to indicate the operator on B(J"_‘&i“, %,1) that
acts as 0 on the j-th tensor component of 7' (9 ), as (—1)%2sGi id on Tl“f“ and
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the first j — 1 tensor components of 7' (%), and as id on the rest. As before,
degy G; refers to the graphical bar degree of the component, excluding any topo-
logical considerations. Hence, for (Gg, o) € (9‘“““) with o € C(e),, we have
degg(Go,0) = % +x — 1 = x— 1. Define 3y as 9 + 8 on J mWISt and the identity
on the other tensor components of the bar element. In this shlfted notation, dy is a
degree-one operator on J° tW‘“.

For the product, with (Go, o) as above, define 1 ; as the degree-one operator on
B(T&m, %, 1) that acts as (—1)4¢€s o= id on the zeroth tensor component and as
(—1)%25Gijd on the next j — 1 tensor components of 7 (%)), as (—1)%esGiy on
the j-th and (j-+1)-st components, and as the identity on the remaining elements.

Then, in parallel to (4.4), for o € C(e),, write
pl(Go, o) |G-+ Gnl
=Y 1;[(Go.0) |Gy |-+ |Gyl
j=0
n—1 )
J
= D (D&Y TGy, ) |G|+ Gy G |-+ 1 Gal. (5.18)
j=0
Similarly, in parallel to (4.3), write
3[(Go,0) |G|+ 1Gyl
=Y _9;[(Go,0)|G1|---1 Gl
Jj=0
n—1 -
i
= Y (=)Z=0 %G [(Gy,0) |Gy |-+ 180G |-+ | Gyl (5.19)
Jj=0
In parallel to (2.2), we explicitly draw a few terms of (B(TV™,4;;), i, d)
(recall that P, (ertW“t "= BTN, G1)?):

] il | ]
S = BEWL 91005 —— BENN, G —— BEWS, G103 —— D@,
n
dl dl dl dl

123 o n .
— ; B(ajtwut (glL)il _ B(gtl“lf‘lst’cglL)(Z) = B(GJ‘t]\Zlqv(glL)l _) @(gtwm

il dl dl ol

Iz ; n Iz .
= BE G = BET G0 — BAT G —— S

dl o dl il

w . m .
L BTN, Gy1)? - BTN, 4y)2, — BT, 4 )L, — DI,

1 1 T
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Definition 5.20. We may now define the comodule J = H(B(T'%,4;,)) and
Jc=J®C.

Following [Kimura 2013, Proposition 3.3], the weight filtration W, = Wy,_1 is
induced by the algebraic weight (codimension) filtration on B(gtl“im, %11). Write
BEIN, %) =T ®@B@GLn =" @ e oGk

k2l 3o ri=r

Here, B(%9;.)(r) is the tensor product of unaugmented graphs with total codimen-
sion r. That is, we may write

W (BT, 41.) = EP B@T™. 411)(9).

q=r

This induces the weight filtration on J in the usual way, gr?ﬁ] = grg‘;_lj =
HO(B(TWS, Gy1)(r)). Similarly, gry¥ Jo = gt Jo = HO(B(TWS, G11)(r)).

Definition 5.21. Let

= A A
Qri" z; Zn
be the logarithmic n-form on [1".

Definition 5.22. For (G,0) € (9‘1"21“); and o € C(e)4, we define an evaluation
map
$9:J9—-C, (G,0)— Qs
(G,0)
This integral is only well-defined if % = 2 e —. That is, o € C(e)2,_.. However,
since * < e < 2 e —x, this implies that x = e = «.
Explicitly,

/ Q, =/ 04(2p) = 1. / dd —1/ov) /\.../\M’
(G.0) An Qriym Ja, 1—1/0 1—1/on

where the ordering of the coordinates of o are given by the ordering of the edges
of G.

We call $(G, o,,) the period associated to (G, 0,,). The evaluation map induces
a quasiisomorphism between B(T1*, 4;;)® C and B(91.) ® C:

$id: BTN, 4,)®C — C® B(%1), (523)
[(Go,0) | G1 |-+ | Gul > $(Go, )G |- | Gl. '

Thus (again following [Kimura 2013]) we can define the Hodge filtration by

Fe =@ H'(B(G1.) () ®C.

r>k
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Remark 5.24. The realization functor appears to depend on choices of simplices.
However, it is in fact well-defined and independent of choice, as our complex is
isomorphic to a subcomplex (via the equivalence with algebraic cycles) of the full
realization map on the category of mixed Tate motives as defined in Section 7 of
[Bloch and Kriz 1994].

5C. Hodge realization for necklace diagrams. For the remainder of this paper,
we study the Hodge realization of the specific class [¢"(ag, an)] € H O(B(%;1)).
This is defined in Definition 4.33 by the sum of graphs

ao Yay
L e — & e
e"(ao, an) =al<}1 1{} an—al<}1 1{} an
As always, ap is the n-tuple (ay, ..., a,) that labels the beads of the completely

decomposable sum of necklace graphs. Section 5C calculates the period of the class
[e"(ag, an)] € H°(B(%;1)) defined by this graph. In Section 5C1, we construct an
element [§"(ag, an) +1®&"(ag, an)] € HO(B(Q”‘IV?“, %11)) that defines the period.
For ease of notation, we drop the arguments (ag, an) whenever possible.

The current state of art for Hodge realization functor calculates the periods as-
sociated to elements of H°(B(A.)) that can be represented by binary trees. See
[Bloch and Kriz 1994; Kimura 2013] for cycles that map to classical polyloga-
rithms, and [Gangl et al. 2007; 2009] for cycles that map to multiple polylogarithms.
In this section, we compute the period associated to an algebraic cycle that is not
in this small family of [P’,]{ linear cycles.

5C1. Corresponding element of B(gtlvzi“, %1.). By Lemma 4.30, the sum of graphs
&" is completely decomposable. Therefore, by Lemma 4.32, the sum

N — Z(_l)m Z(_nm |:g”—|S| (ao l_[ aj, a,,\5> HEI G(as)i|

scn Jcs jed

is a representative element defining the class [¢"(ag, an)] € H O%(B(%11)).

In this section, we define an element &" € @f:ll B(T', 4y1)}) such that
E"+1®e" defines a class in HO(B(TW™, 4;;)). Since (u+3)e" =0 in B(G11),
we see that (11 + )1 ® e" = ", seen as an element in @_; B(T, 4;,)i. Here,
as in Example 5.11, we write

g" = (¢", o' (ap, an)o) € T4/ (n)'.
It is sufficient to identify an element £" € @?Ll B(Tl“zi“, 4, L)f) such that

@+ " =—e". (5.25)
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The remainder of this section is devoted to identifying £", which is a compli-
cated sum of elements in the circular bar construction. We introduce it in stages,
starting with the easiest to state, then breaking each sum into component pieces
in order to demonstrate the appropriate properties. We state what criteria these
summands need to satisfy, and provide proofs along the way.

Write £" = Y 7_ (= D¥&" 7k with "% € B(TN, G, )% defined as

EF =) & a0, ans) ® ] G(a).

Scn
IS|=k

Here Et’f);k (ao, an\s) 1s a topologically augmented graph in (gtl"fs‘)g_kJrl such that

(0 +8)9& " (a0, an\s) + M( Z gt a0, anysui) ® G(ai))
ien\S
= —&"(ap, an\s).  (5.26)

This is the key condition that we prove explicitly in Theorem 5.30.
In order to define &{,,, we begin with a family of disconnected sums of unaug-
mented graphs

5:,; (ao, an) = €""(aop, an—m)G (an—m+1) - - - G(ap).
Each graph &), € 4; L”mfrl] consists of m + 1 connected components, with graphical

degree m + 1. We impose upon this family of graphs two topological augmentations
o (ap, an) and p(ag, an) € C(n+ 1),,+1 of the form

(S]ZL’ o (a07 an))

ag 1 a p
—m+1tn—m+2
In—m+1 aoln—m+1 aoin a
o In—m+1 n/tn

— ¢ o e
= |ai 1 h—m+19n—m — ag 1 h—m+1n—m T
1 In—m 1 In—m '3 (

and

(g;:p P(GO» an))

ag 1
th—m+1 aotn—m+1

An—m41In—i42 An—m+2tn—m+3 a
® tn—m In—m+2 "/tn

“lof} ffnall il OO O
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Note that the only difference between the labeling o (ag, an), and p(ag, an)m
is the label on the last bead of the first connected component, "~ (ag, an—m),
and that of the second connected component. This distinction is necessary for the
appropriate cancellations between algebraic and topological differentials needed to
satisfy condition (5.26). Before writing down the expression for St’f);k, we introduce
some further notation to simplify the expression.

We define two new terms as sums of £,' with variants of o and p:

(ag,an) = Y (—1)”(;70(001_[“%%)), (5.27)
}

Jc{n—m+1,...,n jeJ
XmGa.an) = Y (=D (s,;’,, p(ao [[a a)) (5.28)
I1c{n—m+2,...,n} iel

Under this notation, we write

n n
Et}Z)p = Z )‘21 - Z X}Z‘
m=0 m=1

Note that sum for x,, starts at m = 1 whilst the sum for A}, starts at m = 0.
Furthermore, the sets / and J differ. Namely, the first argument for p, augment-
ing x,., never contains a,_,+1, while this label appears in the first argument of o
summands of A} . The terms A}, x, and g{gp are constructed so that the summands
of the differentials of A}, cancel with terms in the differentials of x,; . ; and terms of
the form ), _, S{(’)gl (ao, an\;) leaving the term &". This is how St’(’);k satisfies (5.26).
We show this cancellation explicitly in Theorem 5.30.

The unaugmented graphs &, are in 9 an-:ll' Therefore the augmented graphs
An and x" are in TV (n 4 1)°. Furthermore, §iop 1 @ sum of admissible aug-
mented graphs. If #,_,,4+x = O, then t,_,,4+; = 0 for all i < k. Therefore, the
edges labeled ag/t,—m+1 and 1/(apt,—m+1) are labeled by oo, making the graphs
&, om+1)uy1)(ao, ..., a,)and (&), p(n+1),+1)(ao, . . ., a,) trivial at this point.

Remark 5.29. Recall that, as shown in Lemma 5.15, the labels on the edges of
these graphs correspond to the coefficients of the coordinates of the cycles. That
is, the augmented cycle is parametrized ¢o,4+1 = 1 — xagt,—n+1/y. Therefore, if
h—m+1 = 0, then ¢2n+l =1.

It remains to check that £ defined above satisfies the necessary conditions.
Theorem 5.30. The element E" +1Q &M € @lr-’:]l BT tl"ziSt, 4, L)f) defines a class
in HO(B(T, y1)).

Proof. By the arguments presented in this section, it is sufficient to check that &,
satisfies (5.26). It is enough to show this for k = 0.



510 SUSAMA AGARWALA AND OWEN PATASHNICK

We proceed by computing the four terms of (§ + 9) (A, — x,,) to show that

(8+ )&, = —&" — u(Zs{gp%ao, an\/) ® G(a»),
i€n
as required. l
When m = 0, the graph (&7, o (ap, an)) = A, is augmented by a 1-simplex with
topological boundary
Sap = —8"A0 = —&".

For more general m, the algebraic boundary of the augmented sum of graphs A",
is
n—m—1

Oy, = —u( > anNao, any) — Ay (aoai, an) ® G(a»)
i=1

+ 82 %21 (a0, an) — 8" %21 (@0an—m, an). (5.31)

The algebraic boundary of the augmented sum of graphs x;* is

—0 )y = u( D xm (@0, an) — o (aoai, any) © G(a»). (5.32)

i=1

For m > 1, the topological boundary of the augmented sum of graphs A} is
82y, = —8" (@0, @n) +8' Xy, (@0dn—m+1, @n)

—u( 3 Af,,:H(ao,an\i)@G(ai)). (5.33)

i=n—m+1

The topological boundary of the augmented sum of graphs yx;, is
—8xp = 8" x/ (a0, an) — 8% X, (a0, an)

+u( 3 x,;zj(ao,an\,)@G(ai)). (5.34)

i=n—m+1

Adding up equations (5.31), (5.32), (5.33) and (5.34), we see that

(8+ )&y = —8n — u(Zst?,;‘ (a0, an\)) ® G(a,->),
ien
which matches (5.26). O
5C2. Integrals associated to necklace diagrams. This section is devoted to calcu-
lating the period associated to £". We show that this is O for n > 1.
By abuse of notation, in this section we write the augmented graphs A/, and
X aS
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_ a Li—m=+1 th—m+2 a
)\‘nm =g" m( > An—m—1, An—m nomt )G<an—m+l nome G2 ,
In—m+1 In—m In—m+1 Iy

_ ap In—m+2 th—m+3 an
X,:;:Sn m( ’anm>G(anm+1 )G<anm+2 Gl
i—m+1 h—m h—m+2 Iy

Theorem 5.35. The period associated to €" + 1 ® &" is 0 for all n. Therefore,
[e"(ap, an)] € H(B(%1)) defines a trivial cohomology class.

Proof. We apply the map $ ® id from (5.23) to the element £" + 1 ® &". This
integral is only well defined when m, the simplicial dimension of the augmented
graph, is equal to n, the loop number of the graph. Therefore,

56 = Y1 Y 5 @id3 L0, ams) — x0-L @, )| ILL Gla)]

k=0 scn s€§
IS|=k

Since $(1) = 0, the evaluation map is ($ ® id)(1 ® ") = 0.
Recall that g9(ag) = G(ap) — G(1/ag). Therefore, from equations (5.27) and
(5.28), we have

1 1
)\,Z(a()»an): Z (—1)|]|80(a01_[aj5>G<a1;—?>...G(ant_)’

n

Jc{l,...,n} jeJ
1 5] 1
— _1)I L Z)... —
Xni@,an) =Y (=1 eo(ao]"[a,t])c(alto) G(antn).
1c{2,...,n} iel
Collecting like terms, we write
( Z ( 1)"'eo<aol_[aj ) (al—)
Jcll,..., jeJ
- 1)"'eo(aogal ) <a15>)

13 1
X G(a2—> - G(an—). (5.36)
15 ty

To evaluate this integral, we recall a few facts about the iterated integrals asso-
ciated to multiple polylogarithms. First of all, for a constant cycle supported on a
1-simplex,

_(tdad =ty (N ar 1
Q(G(a/t))_/(; 1—t/a - 0 E__h(a)'

Inverting the label of the edge gives

G — Yd(1—a/1) U adt
o= [ N [ = [
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Subtracting the second expression from the first gives $(eo(a/t)) = fol(l /t)dt.
We may write this as Lij (1) = 0, by standard renormalization of polylogarithms
[Goncharov 2001b].

Similarly, for the cycle supported on a two-simplex,

ot I dty 1
$Gla/mGem == [ (/0 ) )dn ~ ().

The last equality in this equation comes from the shuffle product on iterated inte-

)L )

By the standard regularization arguments above, the left-hand side is 0. Therefore,

‘1 ds vl
/0 E(/o s)m Lio(1). (5.37)

This does not depend on the first argument, a. Therefore, the alternating signs in
the sums for A] and x| force $(A{(a, b)) = $(x/(a, b)) = 0.
For cycles supported on a three-simplex, there are two terms to check:

1 1) 1
2 12 1 1 dto 1\,. (1
J(As5(a, b, c))=(—1) ) 1 </0 —btz—tl (/0 o )dt1) dtz—L11<c>L12<b)

and

1 t t
2 ) 1 21 ' odn ra (g (1
s =02 o [TH( [N Y an) an—tis (L ;)

As before, since neither integral depends on a, the alternating signs in the sums for
23 and x3 force both $(A3(a, b, ¢)) = $(x3(a, b, ¢)) =0.
For a general n+1-simplex, we have

F(EL, 0 (ap, an)ut1) = (— 1>”l—[L11( )LIZ( 1>

ai
Similarly,

3, p(ao, an)p+1) = (=D)" HLII( >L12< 11>

Since neither of these expressions depend on ap we have that $(A))(ap, an) =
$(x,;)(ao, an) = 0. Therefore, $(&, tOp) = 0 for all n. This is the period associated
to &".

This implies that

FRIdE"+1®") =0
for all n. Therefore this defines a trivial class in H*(B(%;.)). O
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6. Outlook and future work

This paper is a first step in a program to understand the cohomology of (part of) the
Bloch—KTriz cycle complex, and by extension to understand the motives associated
to these cycles. By introducing a graphical representation of certain cycles, we
pave the way for graph-theoretic methods to be added to the list of tools used to
tackle the problem of understanding mixed Tate motives, the algebra of multiple
zeta values, and the relations between such values.

Some topics for future study include:

(1) We have not yet dealt systematically with relations between closely related
minimally decomposable sums. In particular, we expect the examples listed in
Section 4B1 to all be related. A further analysis of these classes, their Hodge real-
izations, and generalizations of these classes, should give insight into constructing
relations among motives and hopefully corresponding relations among the associ-
ated periods.

(2) We excluded graphs with edges labeled by 0, i.e., precisely the graphs needed
to correspond to the classical polylogarithms. There is an unwritten conjecture of
Brown and Gangl that only the multiple logarithms are necessary to generate the
entire space of multiple polylogarithms (including the standard polylogarithms). If
one assumes this conjecture, then our inability to label our edges with O is not a
significant setback. However, in future work, we hope to devise a way of encoding
edges labeled by Os, possibly by including colored, unoriented edges, so that all
the results of this paper hold in the new general setting.

(3) The graphs we study lend themselves easily to study via the language of ma-
troids. Roughly speaking, a matroid is a combinatorial way of encoding the inde-
pendence data of a matrix or graph (in this case, the subtrees of a graph). While
simple to define, this is a powerful tool when it comes to studying boundaries of
geometric objects. We hope that this will lead to some insight for an algorithm for
finding, or a classification of, sums of algebraic cycles that lead to elements with
completely decomposable boundary.

(4) The Hodge realization functor is admittedly difficult to compute explicitly. The
computation of the Hodge realization in the section above, though comparable to
previous computations using algebraic cycles, does not really use the graphical
machinery developed earlier. We hope in future work to give a simpler and more
graphically intuitive description of the Hodge realization.
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Stable operations and cooperations
in derived Witt theory with rational coefficients

Alexey Ananyevskiy

The algebras of stable operations and cooperations in derived Witt theory with
rational coefficients are computed and an additive description of cooperations
in derived Witt theory is given. The answer is parallel to the well-known case
of K-theory of real vector bundles in topology. In particular, we show that sta-
ble operations in derived Witt theory with rational coefficients are given by the
values on the powers of the Bott element.

1. Introduction

Derived Witt theory, introduced by Balmer [1999] (see also [Balmer 2005] for
an extensive survey), immerses Witt groups of (commutative, unital) rings and,
more generally, Witt groups of schemes, into the realm of generalized cohomology
theories, producing for a smooth variety X a sequence of groups W (X). This
sequence is 4-periodic in n with W% (X) and W?1(X) being canonically identified
with the Witt group of symmetric vector bundles and the Witt group of symplec-
tic vector bundles, respectively. The latter groups were introduced by Knebusch
[1977]. All the groups WI1(X) are presented by generators and relations: roughly
speaking, one should repeat the classic definition of the Witt group of a field in the
setting of derived categories of coherent sheaves (or perfect complexes), carefully
treating the notion of metabolic objects. The above-mentioned periodicity yields
that in a certain sense we do not have “higher” derived Witt groups, in contrast to
the case of algebraic K-theory.

Another approach to derived Witt theory is given by higher Grothendieck—Witt
groups GWi["](X ) (also known under the name of hermitian K-theory) defined for
schemes by Schlichting [2010b]; see also [Schlichting 2010a; 2017]. For an affine
scheme these groups coincide with hermitian K-groups introduced by Karoubi. It
turns out [Schlichting 2017, Proposition 6.3] that negative higher Grothendieck—
Witt groups coincide with the derived Witt groups defined by Balmer:

GW"(x) =wlhh=il(x) fori <O0.

MSC2010: 14F42, 14F99, 19G12.
Keywords: derived Witt groups, operations, cooperations.
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If the characteristic of the base field is not 2, then higher Grothendieck—Witt
groups of smooth varieties are representable in the stable motivic homotopy cat-
egory; see [Hornbostel 2005] or [Schlichting and Tripathi 2015] for a geometric
model. It is well-known that derived Witt theory can be obtained from higher
Grothendieck—Witt groups inverting the Hopf element n; see, e.g., [Ananyevskiy
2016, Theorem 6.5]. The Hopf element 7 is the element in the motivic stable homo-
topy group 711 (k) corresponding to the projection A2 — {0} — P!, (x, y) > [x : y]
(see Definition 7.1). Thus derived Witt theory is represented in the stable motivic
homotopy category by a spectrum representing higher Grothendieck—Witt groups
with n inverted. We denote the latter spectrum KW. This spectrum is not only
(1, 1)-periodic via n but also (8, 4)-periodic with the periodicity realized by cup
product with a Bott element 8 € KW ™8 ~#(pt). In this paper we compute the alge-
bras of operations and cooperations in derived Witt theory with rational coefficients,
that is, KW ;" (KWg) and (KWg)..«(KWg), and give an additive description of
the cooperations in derived Witt theory, KW, .(KW) (see Definition 2.12 for the
notation). The answer is as follows (see Theorems 9.4, 10.2 and 10.4).

Theorem 1.1. Let k be a field of characteristic not 2. Then the homomorphism of
left KWg;°(Spec k) = W (k)-modules

Ev:KWg'(KWg) > [ [ Watk)
meZ

given by
Ev(g) = (..., B¢ (B, o (B~ ). (1), B 0 (B). B0 (B, ...)

is an isomorphism of algebras. Here the product on the left is given by composition
and the product on the right is the componentwise one.

Moreover, KWg’q (KWgq) =0 when 41 p—q and the above isomorphism induces
an isomorphism of left KWS *(Speck) = Wq (k)[n™!, BE!1-modules

KW (KWo) = @B Bn' [ | Watk)

r,seZ meZ

withdeg B = (-8, —4), degn = (—1, —1).

Theorem 1.2. Let k be a field of characteristic not 2. Then the homomorphism of
Wo (k) [n™1= @ KW (Spec k)-algebras

nez
Wao B, B2 — (KWg).«(KWg)

given by

8,4 8,4
B> X578 Aukwg, Br > uxwo AN LB
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is an isomorphism of rings. Here uxwg : S — KWq is the unit map and

2348 A ukwg, tkwg A 4B
€ (KWg)s.4(KWg) = Homsy ) (S A S34, KWg A KWq).

Theorem 1.3. Suppose that k is a field of characteristic not 2 and let M be the
abelian subgroup of Q[v, v~'] generated by polynomials

v T2, (0 — i +1)2)
fj,n =

47 (2))! ’

j >0, n €Z. Then there are canonical isomorphisms of left KW (Spec k) = W (k)-

modules
Wk)®@zM, 4|p—q,

KW, ,(KW) =
ra(KW) {0, otherwise.

These theorems show that the algebras of stable operations and cooperations
in derived Witt theory with rational coefficients have structure similar to the well-
known case of (topological) K-theory of real vector bundles KO™P. This is not an
accidental coincidence; these theories have quite a lot in common. KO'"P is built
out of real vector bundles and every real vector bundle over a compact space admits
a scalar product providing an isomorphism with the dual bundle. Derived Witt
theory, roughly speaking, is built out of vector bundles with a fixed isomorphism
with the dual bundle. In the motivic setting the element 7 is invertible in derived
Witt theory. Real points of the Hopf map give a double cover of S', i.e., real points
of n correspond to 2 € Z = n’. Thus KOtlo/p2 (K-theory of real vector bundles with
inverted 2) should be a nice approximation to derived Witt groups. It is well-known
that (KO\,)" is 4-periodic in n with

(KOtlo/pz)O(pt) =7[31]. (Kot;’/g)"(pt) =0, n=1,2,3.
The same holds for derived Witt theory: W!"! is 4-periodic in n with
WOl(pt) = W(k), wllpy =0, n=1,2,3.

In fact, over the real numbers one can show that the (real) realization functor takes
the motivic spectrum KW to the spectrum KOtlo/p2 and there are deep theorems
comparing W (X) to (KO'™P)"(X (R)) for an algebraic variety X over the field
of real numbers; see [Brumfiel 1984; Karoubi et al. 2016]. Moreover, in a private
communication Oliver Rondigs outlined to me a strategy for obtaining a description
of (KW ® Z[%])*’*(KW ® Z[%]) and KW (KWg) over a base field of charac-
teristic zero applying Brumfiel’s theory [1984] to the well-known computation of
cooperations and rational operations in topology [Adams et al. 1971].
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The algebras of stable operations and cooperations in KOEp can be described as
follows. Denote by B'P € (KOEP)_4 (pt) the element inducing periodicity

(KOH"™™* = (KOgH".

Every stable operation is uniquely determined by its values on the powers of 8P,
yielding an isomorphism

(KOH* KON =PB" ] @
neZ meZ

while for the cooperations one has
(KOgN+ (KOG = Q" B,

where B, and g; are similar to the ones from Theorem 1.2.

Computations of (KOg")*(KOg") and (KOZ").(KOG") could be carried out
quite easily using Serre’s theorem about finiteness of stable homotopy groups of
spheres. In the motivic setting the analogous result on stable homotopy groups is
not completely settled; moreover, our motivation is just the opposite one. It was
pointed out to me by Marc Levine that the above computations of stable operations
and cooperations in KWg combined with the technique developed by Cisinski and
Déglise [2012] could possibly yield the motivic version of Serre’s finiteness. This
problem is addressed in a forthcoming paper [Ananyevskiy et al. 2017].

Our approach to the computation of stable operations and cooperations in KWgq
and cooperations in KW is straightforward. The spectrum KW is obtained by
localization from the spectrum KO representing higher Grothendieck—Witt groups,
hence

KW " (KWg) = KW (KO),
(KWo)«(KWq) = (KWg), «(KO),

KW, (KW) = KW, ,(KO).

The odd spaces in the spectrum KO are all the same and coincide with the infinite
quaternionic Grassmannian HGr. Derived Witt theory of HGr is known to be given
by power series in characteristic classes [Panin and Walter 2010a, Theorem 9.1].
The pullbacks along the structure maps of KO can be described explicitly using the
following computation of characteristic classes of triple tensor products of rank 2
symplectic bundles (Lemma 8.2).

Lemma 1.4. Let Ey, E; and E3 be rank 2 symplectic bundles over a smooth variety
X. Put & = bXV(E;) e KW*2(X) and denote by &(n, ny, n3) the sum of all the
monomials lying in the orbit of &]''&)°&° under the action of S3. Then
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PV(E| ® E2® E3) = BE(1, 1, 1),
byV(E1 ® E2 ® E3) = BE(2,2,0) — 26(2,0,0),
VXV(E| ® E, ® E3) = B3, 1, 1) — 86(1, 1, 1),
by (E\ ® E; ® E3) = B£(2,2,2) +£(4,0,0) — 25(2,2,0).
This computation is a derived Witt analogue of the equality
(L1 ® Ly) = ¢ (L) 4+ (Lo) — cF (L) (Lo)

in K-theory, i.e., an analogue of a formal group law. It turns out that the inverse
limit l(iﬂlKW&J’E;”JFAL’*H"+2 (HGr) can be easily computed yielding the desired an-
swer, while the l(iLn1 term vanishes. For the cooperations we employ a strategy
similar to the one used for operations, the main difference being that in place of the
result by Panin and Walter on the derived Witt theory of HGr we use Theorem 5.10,
which provides the following description of derived Witt homology of HGr (see
Definitions 5.8 and 5.9 for the details).

Theorem 1.5. Let k be a field of characteristic not 2. Then there is a canonical
isomorphism of KW**(Speck) = W(k)[n*!, B£'1-algebras

KW, .(HGry) = WK%, g x1, x2, ... 1.

The paper is organized in the following way. In Section 2 we recall the well-
known definitions and constructions in generalized (co)homology theories repre-
sentable in the stable motivic homotopy category introduced by Morel and Voevod-
sky. The next section deals with the definitions and basic properties of cup and cap
products in the motivic setting. In Section 4 we recall the theory of symplectic ori-
entation in generalized motivic cohomology developed by Panin and Walter [2010a;
2010c]. Section 5 is dual to Section 4 and deals with symplectically oriented
homology theories. In Sections 6 and 7 we recall various representability prop-
erties of higher Grothendieck—Witt groups and derived Witt theory. In Section 8
we compute characteristic classes of triple tensor products of rank 2 symplectic
bundles. In the last two sections we compute the algebras of stable operations and
cooperations in KWg and give an additive description of cooperations in KW.

2. Recollection on generalized motivic (co)homology

In this section we recall some basic definitions and constructions in the unstable
and stable motivic homotopy categories H, (k) and SH (k). We refer the reader
to the foundational papers [Morel and Voevodsky 1999; Voevodsky 1998] for an
introduction to the subject. We use the version of stable motivic homotopy category
based on HPl—spectra introduced in [Panin and Walter 2010b].

Throughout this paper k is a field of characteristic different from 2.
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Definition 2.1. Let Sm/k be the category of smooth varieties over k. A motivic
space over k is a simplicial presheaf on Sm/k. Each X € Sm/k defines an un-
pointed motivic space Homgy, «(—, X) constant in the simplicial direction. We
often write pt for Spec k regarded as a motivic space. Inverting all the weak motivic
equivalences in the category of the pointed motivic spaces, we obtain the pointed
motivic unstable homotopy category He (k).

Definition 2.2. Define S""! = (A! — {0}, 1), S!"0 =S! = Al/3(A!) and
SP-HI,(] — (Sl,l)/\q A (Sl,O)/\p

for the integers p,q > 0. Let T = Al/(A! —{0}) be the Morel-Voevodsky object,
which is canonically isomorphic to S*! in #H,(k) [Morel and Voevodsky 1999,
Lemma 3.2.15].

Definition 2.3. Let V = (k®*, ¢), ¢ (x, y) = x1y2 — x2y1 + X3y4 — x4)3, be the
standard symplectic vector space over k of dimension 4. The guaternionic pro-
jective line HP! is the variety of symplectic planes in V. Alternatively, it can be
described as HP! = Sp, /Sp, x Sp,. Write * = (e, e;) € HP! (k) for the standard
basis ey, e, e3, e4 of V. If not otherwise specified we consider HP! as a pointed
motivic space (HP!, %). Let P! be the pushout of

Al & pt 5 HpL.
There is an obvious isomorphism HP! = HP'in H,o (k) given by a contraction of

A and we usually identify these two objects in H, (k).

Remark 2.4. The only reason that we need %P! is Definition 6.7, since the mor-
phisms that we use there do no exist for HP!.

Lemma 2.5 [Panin and Walter 2010b, Theorem 9.8]. There exists a canonical
isomorphism HP! X TAT in Ho (k).
Corollary 2.6. There exists a canonical isomorphism HP' = $*2 in H, (k).

Proof. This follows from the lemma by applying the canonical isomorphism T = §2!
[Morel and Voevodsky 1999, Lemma 3.2.15]. O

Definition 2.7. An HP'-spectrum A is a sequence of pointed motivic spaces
(Ao, A1, Az, ..0)

equipped with structural maps o, : HP'A A,, — A, ;1. A morphism of HP!-spectra
is a sequence of morphisms of pointed motivic spaces compatible with the struc-
tural maps. Inverting the stable motivic weak equivalences as in [Jardine 2000], we
obtain the motivic stable homotopy category SH (k) = SH,p1 (k). This category
has a canonical symmetric monoidal structure. From now on, by a spectrum we
mean an HP'-spectrum.
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Lemma 2.8 [Panin and Walter 2010b, Theorem 12.1]. The stable homotopy cate-
gories of T-spectra and of HP'-spectra are equivalent.

Definition 2.9. Every pointed motivic space Y gives rise to a suspension spectrum
DY =Y, HP'AY, (HPY P AY, ).

Put S = Z;’_?Plpt 4 for the sphere spectrum.

Definition 2.10. Let A = (Ag, Ay, ...) be an HPl—spectrum and m be an integer.
Denote by A{m} = (A{m}o, A{m}, ...) the spectrum given by

Apan, m+n=>0,

A =
il {pt, m+n <0,

with the structure maps induced by the structure maps of A.

Definition 2.11. It follows from Corollary 2.6 that in SH (k) there is a canonical
isomorphism (A A S§*2){—1} = A. The suspension functors — A SPT49, p g >0,
become invertible in SH(k), so we extend the notation to arbitrary integers p, g in
an obvious way.

Definition 2.12. For A, B € SH(k) put

AM (B) =Homgy (B, AAS™), A**(B) =P A (B),
i,jeZ

Ai.j(B) =Homsyw) (SAS™, AAB),  Aw.(B)= P Ai;(B).
i,jeZ

Let f : B — B’ be a morphism in SH (k). Denote by
fA: A (B) —> A**(B), fa:Ass(B) = Ay (B
the natural morphisms given by composition with f.

Remark 2.13. Using suspension spectra we may treat every pointed motivic space
as a spectrum; in particular, we may treat a smooth variety X as a suspension
spectrum Z;’_fp, (X4, +). Thus all the definitions involving A**(B) and A, .(B)
are applicable to the case of B being a pointed motivic space or a smooth variety.

Definition 2.14. For A, B € SH (k) we have suspension isomorphisms

P9 ANH(B) = AXTPITI(B A SP),
TP Ay y(B) = Aggpaig(B ASPD),
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given by smash product — A idgp.«. The isomorphisms from [Morel and Voevodsky
1999, Lemma 3.2.15] and Corollary 2.6 induce suspension isomorphisms

Sr: AT (B) = AT BAT), ST As s (B) > Asin a1t (BAT),
St : AYH(B) = AT TL(BAHPY),  Sypt i Awn(B) = Astania(BAHPY,
Syt i AV (B) = ATHHZBAHPY), Tt Aws(B) = Arania(BAHPY.

We write X7, EI';PI and E;’wl for the n-fold composition of the respective suspen-

sion isomorphisms.

Definition 2.15. Let A = (Ag, A1, ...) be an HP'-spectrum. Denote Tr, A the
spectrum given by
Am, m<n,

Tr,A)y =
(T Al {(’HPI)A’”” ANAp, m>n,
with the structure maps induced by the structure maps of A.

Remark 2.16. The obvious map Z;’{O,PIA,I{—n} — Tr, A clearly becomes an iso-

morphism in SH (k).

Lemma 2.17. Consider A € SH(k) and let B = (By, By, ...) be an ’HPl-spectrum
with structure maps oy, : HP'A B, > By +1. Then:

(1) The canonical homomorphism
lim Ay an st20(Bn) = As «(B)
is an isomorphism, where the limit is taken with respect to the morphisms
(00)a 0 Zgypt - Asqdn 420 (Bn) = Asanrt) s12(+1) (Brg1).
(2) There is a short exact sequence
0—> lgLnl AFHIn=Latdn gy Ay @A*+4n,*+2n(8n) 0.

where the limit is taken with respect to the morphisms

n

E*l | OO'A . A*+4(n+1),*+2(n+1)(Bn+1) N A*+4n,*+2n(Bn)
HP ' !

Proof. Straightforward, using B = lim Tr, B and a mapping telescope. In the
motivic setting see, for example, [Panin et al. 2009, Lemma A.34]. O

3. Cup and cap product on generalized motivic (co)homology

In this section we recall the well-known constructions of cup and cap product
in generalized (co)homology. A classic reference for this theme in (nonmotivic)
stable homotopy theory is [Adams 1974, I11.9].
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Definition 3.1. A commutative ring spectrum A is a commutative monoid
(A,mp:ANA—> A uy:S— A)
in (SHk), A, S).

Definition 3.2. Let (A, m4, u4) be acommutative ring spectrumand f: B — CA D
a morphism in SH (k). The cup product

Us: AP4(C) x A"/ (D) — APFH4TI(B)
is given by a Uf b=(mygANo)o (idA/\‘Esp,q,A/\ idsi,j) o(anb)o f,
anb

B CAD -5 AASPIANAANSH

a Uf b = idg /\ISI”q,A/\idsi,j

manNoc

ANAANSPAASH A A SPHLat]

where tsp.a 4 : SPIA A = AASP9 and o : SP4ASH = SPH4F] gre permutation
isomorphisms. We usually omit the subscript f from the notation when the mor-
phism is clear from the context. The cup product is clearly bilinear and associative.
We are going to use this product in the following special cases:

(1) Let Uy, U, C X be open subsets of a smooth variety X and
f:X/(U1UUy) > X/ U ANX/Uy

be the morphism induced by the diagonal embedding. Then the above con-
struction gives a cup product

U: AP9(X/Up) x AN (X/Up) — APTHIT (X /(U U U)).
In particular, for U; = U, = @ we obtain a product
U: AP (X) x AW (X) — APTHaTT(X)

endowing A™*(X) with a ring structure.

(2) Consider B € SH (k) and let
fi=id:B— BAS, Hh=id:B—>SAB
be the identity maps. Then we obtain cup products
U: AP 9(B) x A" (pt) — APTH4TI(B),
U: AP 9(pt) x A™/(B) — APTH4T/(B)

endowing A*™*(B) with the structure of an A**(pt)-bimodule.
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Definition 3.3. Let 1521 21 : S2IA 821 =5 821 A 821 be the permutation isomor-
phism and let (A, m4, u4) be a commutative ring spectrum. Put

—4,-2_A 4,2
e=3"1H, i ua € A%(po).
Note that ¢2 = 1.

Lemma 3.4. Let (A, ma, uys) be a commutative ring spectrumand f : B— C A D
a morphism in SH(k). Write f* =10 f:B— DACwitht:CAD — DAC
being the permutation isomorphism. Then

aUpb=(=1)Pe¥bUsae APT4(B)
for every a € AP4(C) and b € A"J (D).
Proof. Examining the definition one notices that

aUpb= (E—p—i,—q—j Tgra si) UbUyo a,

where Tgy.q g : S”9 A SH/ = SiJ A SP+4 is the permutation isomorphism. By clas-
sical homotopy theory one has 2_2*0(151,0’31.0) = —1, so the claim follows. O

Definition 3.5. Let (A, my4, u4) be acommutative ring spectrumand f: B — CA D
be a morphism in SH (k). The cap product

ﬂf : qu(C) X A,',j(B) — Ai—p,j—q(D)
is given by a Nfx = X7P79((myg A tsra,p)o(idaAa Aidp) o (idg Af) ox),

. id
SAS AN B-" L ANCAD

aﬂfx=E—P~—q idAM )

MANTSP-4. D

ANANSPYIAD ANDASPY

where tsp.a p :SPIAD = DASP is the permutation isomorphism. The subscript
f is usually omitted from the notation when the morphism is clear from the context.
We are going to use this product in the following special cases:

(1) Let Y be a pointed motivic space and let f = A :Y — Y A'Y be the diagonal
embedding. Then we obtain the cap product

N:APIY) x Ai j(Y) = Aj_p j—q(Y).

One can easily check that (¢ Ua’) Nx =a N (a’ Nx). This product endows
A, «(Y) with a left A**(Y)-module structure.
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(2) Let U be an open subset of a smooth variety X and f: X/U — (X/U)A X+
the morphism induced by the diagonal embedding. Then we obtain the cap
product

N:APUX/U) x A j(X/U) = Ai—p, j—qg(X).

(3) Consider B € SH(k) and let f =id: B — B A'S be the identity morphism.
Then we obtain the Kronecker pairing

(=, =) AP9U(B) X A; j(B) = Ai_p j—q(pt) = AP~H97J (pt).

(4) Consider B € SH(k) and let f =id: B — S A B be the identity morphism.
Then we obtain a cap product

N: AP 9(pt) x A j(B)—> Ai_p j—q(B)
endowing A, .(B) with a left A**(pt)-module structure.

Lemma 3.6. Let A be a commutative ring spectrum. Then for a commutative
square
rAS , ,
CAD——=C'AD

1

B— " _p

in SH(k) and a € A**(C"), x € A, «(B) we have
sA(rA(a) Nx)=aNts(x).
Proof. Straightforward. ([l

Definition 3.7. Let A be a commutative ring spectrum and let p : X — Y be a
morphism of pointed motivic spaces. Then the pairing

pao(=N=): AM(X) x Ay (X)) = Ay (Y)
is A**(Y)-bilinear. Denote by

Dy Ay «(X) = Homgex(v) (A**(X), Ay 5(Y))
the adjoint homomorphism of left A**(X)-modules.

Definition 3.8. Let (A, m4,ua) and (B, mp, ug) be commutative ring spectra.

The product
—x—1Ap 4(B) X A; j(B) = Aitp,j+q(B)
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isgiven by x xy = (mg Amp) o (idg Atp 4a Aldg)o(y Ax)o0,

SASITPItE 7 SASIASASP Y s ANBAAAB

Xy = ity ’
ma/Amp

ANAANBAB ANB

where o : SiTPi+a =5 §ii A SP4 and T3 A:BAA = A A B are the permutation
isomorphisms. This product endows A, .(B) with a ring structure. Moreover, one
immediately checks that it agrees with the cap product introduced in the end of
Definition 3.5 under the homomorphism

(uB)a

APty = A, ,(pt) —— A, 4(B).

4. Symplectically oriented cohomology theories

In this section we provide a list of results from the theory of symplectic orientation
in generalized motivic cohomology developed in [Panin and Walter 2010c].

Definition 4.1. We adopt the following notation dealing with Grassmannians and
flags of symplectic spaces (see [Panin and Walter 2010c]).

e H_= (k$2, (7? (1))) is the standard symplectic plane.

e HGr(2r, 2n) = Sp,,, / Spy, X Spy,,_», 18 the quaternionic Grassmannian. Alter-
natively, it can be described as the open subscheme of Gr(2r, H®") parametriz-
ing subspaces on which the standard symplectic form is nondegenerate.

* Uy, ,, is the tautological rank 2r symplectic vector bundle over HGr(2r, 2n).
o HP" = HGr(2, 2n + 2) is the quaternionic projective space.
» H(1) =U, ,,, is the tautological rank 2 symplectic vector bundle over HP".

« HFlag(2", 2n) = Sp,, / (Spy X - - - X Spy X Sp,,,_»,) is the quaternionic flag
variety. Alternatively, it can be described as the variety of flags V, < V4 <
.-+ < V,, < H®" such that dim V»; = 2i and the restriction of the symplectic
form is nondegenerate on V,; for every i.

« HGr(2r, E), HP(E), HFlag(2", E) are the relative versions of the above vari-
eties defined for a rank 2n symplectic bundle E over a smooth variety X.

Definition 4.2 [Panin and Walter 2010c, Definition 14.2; 2010a, Definition 12.1].
A symplectic orientation of a commutative ring spectrum A is a rule which assigns
to each rank 2n symplectic bundle E over a smooth variety X an element

th(E) = th*(E) € A*">"(E/(E — X))

with the following properties:
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(1) For an isomorphism u : E = E’, one has th(E) = u® th(E").

(2) For a morphism of varieties f : X — Y, symplectic bundle E over Y and
pullback morphism fr : f*E — E, one has fg‘ th(E) = th(f*E).

(3) The homomorphisms — U th(E) : A%*(X) — AT 20(E /(E — X)) are
isomorphisms.

(4) We have th(E® E') = qlA th(E) U qf th(E’), where g1, g, are the projections
from E @ E’ to its factors.

We refer to the classes th(E) as Thom classes. A commutative ring spectrum A
with a chosen symplectic orientation is called a symplectically oriented spectrum.

Lemma 4.3. Let A be a symplectically oriented spectrum, X be a smooth variety
and let p : X — pt be the projection. Identify H®" J(H®" — {0}) = T"*". Then

th(p*H®) =aZ¥ 1%
for some invertible element a € AO’O(pt).

Proof. We have the following isomorphisms:
—USZ 1 ~Uth(H®")
A0,0(pt) #) A4r,2r(TA2r) ~ A4}’,2r(H€EI’/(H€_BV _ {0})) L A0,0(pt)’

and thus th(H®") = aE%r 1, for some invertible a € A%0(pt). The claim follows
from the functoriality of Thom classes. U

Remark 4.4. There is a canonical bijection between the sets of symplectic orien-
tations satisfying the additional condition of normalization (th(H_) = E%l) and
homomorphisms of monoids MSp — A. See [Panin and Walter 2010a, Theorems
12.2 and 13.2] for the details.

Remark 4.5. The main example of a symplectically oriented cohomology theory
that we are interested in is that of higher Grothendieck—Witt groups (hermitian
K-theory). See Definition 6.7 and Theorems 6.8 and 6.10 for the details.

Definition 4.6 [Panin and Walter 2010c, Definition 14.1]. A theory of Borel classes
on a commutative ring spectrum A is a rule assigning to every symplectic bundle E
over a smooth variety X a sequence of elements b; (E) = biA(E ) e A¥2(X),i>1,
satisfying:

(1) For E = E’ we have b; (E) = b; (E’) for all i.

(2) For a morphism of varieties f : X — Y and symplectic bundle E over ¥ we
have f4b;(E) = b;(f*E) for all i.

(3) For every variety X the homomorphism

ASH(X) @ A 2(X) > A*(HP! x X)
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given by a + a’ — pA(a) + pA(a’) U by (#(1)) is an isomorphism. Here
p :HP! x X — X is the canonical projection.

@) bi(H-) =0¢€ A*(py).
(5) For E of rank 2r we have b;(E) =0 fori > r.

(6) For symplectic bundles E, E’ over X we have b,(E)b,(E’) = b;(E & E'),
where

b(E)=14b1(E)t +by(E)t> +--- € A¥*(X)[1].
We refer to b; (E) as Borel classes of E and b,(E) is the total Borel class.

Remark 4.7. In [Panin and Walter 2010c] the above classes were called Pontryagin
classes, but as I learned from 1. Panin, it was noted by V. Buchstaber that these
classes act much more like symplectic Borel classes than Pontryagin classes in
topology, so we prefer to adopt this new notation. See also [Ananyevskiy 2015,
Definition 7].

Theorem 4.8 [Panin and Walter 2010c, Theorem 14.4]. Let A be a commutative
ring spectrum. Then there is a canonical bijection between the set of symplectic
orientations of A and the set of Borel class theories on A.

Proof. We give a sketch of the definition of a Borel class theory on a symplectically
oriented spectrum. First one defines b (E) = z4 th(E) for a rank 2 symplectic
bundle E over a smooth variety X and morphism z : X — E/(E — X) induced by
the zero section. Then the higher Borel classes are introduced using Theorem 4.9
below. In particular, we have b, (E) = z4 th(E) for a rank 2r symplectic bundle E.
See [Panin and Walter 2010c] for the details, but note that we omit the minus sign
in front of by (E). O

Theorem 4.9 [Panin and Walter 2010c, Theorem 8.2]. Let A be a symplectically
oriented spectrum and E a rank 2r symplectic bundle over a smooth variety X.
Denote by HP(E) the relative quaternionic projective space associated to E and

put £ =b1(H(1)) € A*2(HP(E)). Then the homomorphism of left A**(X)-modules

r—1
@A*—M,*—Zi(x) — A®*(HP(E))
i=0

given by Y170 a; > Y2y a; UE' is an isomorphism.

Corollary 4.10. Let A be a symplectically oriented spectrum and let E be a rank
2r symplectic bundle over a smooth variety X. Denote by Uy, Uy, . . ., Uy the tauto-
logical rank 2 symplectic bundles over HFlag(2*, E) and put & = by (U;). Then the
homomorphism of left A**(X)-modules
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P artmEo a2t (X)  A**(HFlag(2', E))

0<n; <(r—i)
i=1s

given by
nis«ny N
E Ay inymy > Z Anynyomy VE] &y - &

0=n;<(r—i) O=n;<(r—i)
i=1--s i=1-s

is an isomorphism.

Proof. This follows from the theorem, since one can present HFlag(2%, E) as an
iterated quaternionic projective bundle

HFlag(2®, E) — HFlag(2*~!, E) — - .- — HFlag(2, E) = HP(E). ([

Theorem 4.11 [Panin and Walter 2010c, Theorem 10.2]. Let A be a symplectically
oriented spectrum and E a rank 2r symplectic bundle over a smooth variety X.
Then there exists a canonical morphism of smooth varieties f : Y — X such that

(1) fA4:A%*(X) — A®*(Y) is injective,

Q) fFEEEI D E,®---® E, for some canonically defined rank 2 symplectic
bundles E;. In particular,

bi(E) = 0i(b1(E1), bi(E2), ..., bi(E}))

for the elementary symmetric polynomials o;.
Definition 4.12. Let E be a rank 2r symplectic bundle over a smooth variety X.
In the notation of Theorem 4.11 we refer to {b;(E}), b1(E>), ..., bi(E,)} as Borel
roots of E and denote & = &;(E) = b1(E;). Write s,(E) for the power sums of
Borel roots of E,
sn(E) =& +& +- - +§ € A" (X),
and let
si(E) = s1(E)t +s2(E)t> +- - - € A*(X)[[t].

It follows from the standard relations between power sums and elementary sym-
metric polynomials that

d
s1(E) = 1 5 Inb_(E).

Theorem 4.13 [Panin and Walter 2010c, Theorem 11.2]. Let A be a symplectically
oriented spectrum. Then the homomorphism of A**(pt)-algebras

A OB, ba, . .. by 1) (hueyits - - - hy) — A®*(HGr(2r, 2n))

induced by b; — b; (ugr,Zn) is an isomorphism. Here hj = h (b1, by, ..., b,) is the
polynomial representing the j-th complete symmetric polynomial in r variables via
elementary symmetric polynomials.
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Definition 4.14. We have the following ind-objects considered as pointed motivic
spaces:

« HGr(2r) = lim(HGr(2r, 2n), %),
n

o HGr = lim(HGr(2r, 2n), *),

rn

where ¥ = HGr(2, 2) € HGr(2r, 2n).

Definition 4.15. We have the following classes over the infinite Grassmannians:
o bj(Us,) € A% (HGr(2r)) satisfying b; Us,) luGr2r,2n) = bi U, 5,
o bi(t*) € A% (HGr) satisfying b; (t*)[uGrr.2n) = bi U3, 5,)-

The next theorem yields that these elements are uniquely defined by the given
restrictions.

Definition 4.16. Let R be a graded ring and let b; be variables of degree d; € N.
We denote by R[[by, by, .. .1, the ring of homogeneous power series.

Theorem 4.17 [Panin and Walter 2010a, Theorem 9.1]. Let A be a symplectically
oriented spectrum. Then the following homomorphisms of A**(pt)-algebras are
isomorphisms:

(1) A*(pO[lb1. by, . ... bl — A**(HGr(2r).), induced by b; — b;(Us,),
(2) A**(pv)[by, by, ... — A**(HGr,), induced by b; — b;(t*).

5. Symplectically oriented homology theories

The results of this section are dual to the results of the previous one: we compute
symplectically oriented homology of quaternionic Grassmannians and flag vari-
eties. Throughout this section A denotes a symplectically oriented commutative
ring spectrum in the sense of Definition 4.2.

Lemma 5.1. Let E be a rank 2r symplectic bundle over a smooth variety X. Then
th(E) N — : Ay (E/(E — X)) = Ayaruar(X)
is an isomorphism.

Proof. Using a standard Mayer—Vietoris argument we may assume that E is a
trivial bundle, i.e., E = p*H®" for the projection p : X — pt. By Lemma 4.3
th(E) = aE%r 1x, and thus th(E) N — coincides up to an invertible scalar with the
suspension isomorphism X = (]
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Definition 5.2. Leti : Y — X be a codimension 2r closed embedding of smooth
varieties. Suppose that the normal bundle N; is equipped with a symplectic form.
The transfer map in homology i** is given by composition

i!A:A*,*(X)ﬂ)A*,*(X/(X—Y)) d_A)A*,*(Ni/(N,'—Y)) th(N;)N -

A*74r,*72r (Y)
Here
e xbB x /(X —Y) is the canonical quotient morphism,

e d: X/(X-Y) = N;/(N; —Y) is the deformation to the normal bundle iso-
morphism [Morel and Voevodsky 1999, Theorem 3.2.23].

With this notation the localization sequence in homology could be rewritten as

3 Ja it 3
> Ak (X =Y) = A (X)) — A grsor (V) > -0

Lemma 5.3. Leti : Y — X be a codimension 2r closed embedding of smooth
varieties. Suppose that the normal bundle N; is equipped with a symplectic form.
Then the transfer map i** is a homomorphism of A**(X)-modules, i.e.,

i"*(anx)=i%a)Ni(x)
forevery x € A, «(X) and a € A**(X).

Proof. The morphisms p4 and d4 are homomorphisms of A**(X)-modules by
Lemma 3.6, while cap product with the Thom class induces a homomorphism of
A**(X)-modules by Lemma 3.4. ([l

Lemma 5.4 (cf. [Panin and Walter 2010c, Proposition 7.6]). Let E be a rank 2r
symplectic bundle over a smooth variety X and let s : X — E be a section meeting
the zero section 7 : X — E transversallyin Y. Leti : Y — X be the closed em-
bedding. Equip the normal bundle N; with a symplectic form using the canonical
isomorphism i* E = Nj. Then for every x € A «(X) we have

iai"t(x) =b,(E)Nx.

Proof. Consider the following diagram:
Ay« (Ni/(N; = Y))

th(N;)N—

pPA

A*,*(X) A*,*(X/(X - Y)) . A*—4r,*—2r(Y)

JA

SA ZA TA SA A

qaA th(E)N-—
A (E) — Ay (E/(E — 2(X)))

A*—4r,>|<—2r (X)
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Here

 the morphisms p4 and g4 are induced by the quotient maps,

e d4 is induced by the deformation to the normal bundle isomorphism,

e 14 is induced by the canonical projection 7 : £ — X,

e ja is induced by the isomorphism i*E = N;.
In the left side of the diagram, s4 and z4 are homomorphisms inverse to an isomor-
phism 74, so s4 = z4 and the left square commutes. The middle triangle commutes

by the functoriality of the deformation to the normal bundle isomorphism. The
right side commutes by the functoriality of Thom classes. Hence

iai'(x) = ia(th(N;) Ndapa(x)) =th(E) N (qaza(x)).
By Lemma 3.6 we have
th(E) N (qaza(x)) = z*¢* (th(E)) Nx = b, (E) Nx. O

Theorem 5.5. Let E be a symplectic bundle of rank 2r +2 over a smooth variety X.
Denote by p : HP(E) — X the canonical projection and set &€ = b1 (H(1)). Then
the homomorphism of left A**(X)-modules

Awx(HP(E)) > @D Asanv2a(X)
n=0

given by x > pa(x) + paENx)+---+ pa(§" Nx) is an isomorphism.

Proof. A usual Mayer—Vietoris argument yields that it is sufficient to treat the case
of a trivial symplectic bundle E, i.e., HP(E) = HP" x X. The proof does not depend
on the base X, so we omit it from the notation.

By [Panin and Walter 2010c, Theorems 3.1, 3.2 and 3.4] there is a closed sub-
variety ¥ C HP" satisfying
e Y is a transversal intersection of a section s : HP" — (1) and the zero section
z :HP" — H(1),
« HP” — Y is A'-homotopy equivalent to a point,

« there is a morphism 7 : ¥ — HP"~! which is an A%-bundle such that 7*# (1) =
i*H(1), where i : Y — HP” is the closed embedding.

Equip the normal bundle N; with the symplectic form induced by the isomorphism
i*H(1) = N;. Identifying A, ,(HP" —Y) = A, ,(pt) and A, ,(Y) = A, .(HP" 1),
we obtain a long exact sequence in homology

il Jja N r—1y 9
oo Aei(pt) > Ay (HP") — Ay 4 o(HP' ™) > oo
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Here j is the composition pt = HP” — Y — HP". The projection HP" — pt splits
the first morphism, thus i*4 is surjective. Denote by g : HP"~! — pt the canonical
projection and consider the following diagram:

i!A

j —
Ay (pt) — > Ay J(HP") —— > A4 o(HP' )

l= L iopA@"m—) lf 4a€"N-)
r "= r—1 n=0
A*,*(Pt) L> @A*74n,*72n (Pt) —U> @A*74n,*72n(pt)
n:O n=1

Here u is the injection on the zeroth summand and v is the projection forgetting
about the zeroth summand. The left square commutes by Lemma 3.6:

. —0

nm . — A n m — ]A(-x)a n ’
§7Njax) =ja(G7(E") Nx) {jA(Oﬂa)zO, 150
The right square commutes by Lemmas 3.6 and 5.4:

qaGE" M) = paiaE" Ni'x) = paE" Niai™x) = paE" Nx).
The claim follows by induction. ([

Corollary 5.6. Let E be a symplectic bundle of rank 2r over a smooth variety X
and Uy, Us, . .., Us the tautological rank 2 symplectic bundles over HFlag(2°, E).
Set & = b (U;) and let p : HFlag(2®, E) — X be the canonical projection. Then
the homomorphism of A**(X)-modules

Av+(HFlag(2’ E)) > @B  Av—antnyttng s tnstming (X)

0<n;<(r—i)
i=1--s

given by
x> Y palEER £ Nx)

0<n; <(r—i)
i=l--s

is an isomorphism.

Proof. This follows from Theorem 5.5, since one can present HFlag(2*, E) as an
iterated quaternionic projective bundle

HFlag(2®, E) — HFlag(2*~!, E) — ... — HFlag(2, E) = HP(E). O

Theorem 5.7. Let E be a symplectic bundle of rank 2r over a smooth variety X.
Denote by p : HFlag(2*®, E) — X and q : HGr(2s, E) — X the canonical pro-
Jjections. Then the following duality homomorphisms, given by Definition 3.7, are
isomorphisms:

D, : A, «(HFlag(2’, E)) — Homgxx(x)(A™*(HFlag(2*, E)), A, (X)),

D, : A, ,(HGr(2s, E)) — Hom e (x)(A**(HGr(2s, E)), A, .(X)).
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Proof. The first morphism is an isomorphism by Corollaries 4.10 and 5.6.

Denote by p’ : HFlag(2*, E) — HGr(2s, E) the canonical projection and abbre-
viate HF = HFlag(2*, E), HG = HGr(2s, E). Recall that HF is a quaternionic flag
bundle over HG. Thus,

Dy : Ay «(HF) — Homgs» ) (A™*(HF), A, «(HG))

is an isomorphism by the above. Since A**(HF) is a free A**(HG)-module by
Corollary 4.10, it is sufficient to check that the composition

D I%

A, «(HF) Hom g+ gy (A** (HF), A, «(HG))

~

(Dq)*ODp’ l(Dq)*
Hom gy (A** (HF), Hom =+ (x)(A**(HG), A+ (X))

is an isomorphism. The claim follows from the commutativity of the following
diagram, which is straightforward.

Hom g+ ) (A**(HF), Hom g+.+(x) (A**(HG), A4 (X))
(Dy)oD, T;
A, «(HF) Hom g+ (x) (A**(HF) ® g++ gy A" (HG), Ay +(X))
X TE
Hom g+« (x) (A**(HF), Ay +(X)) g

Definition 5.8. The operation of orthogonal sum of symplectic bundles yields a
morphism HGry AHGr; — HGr; endowing A, . (HGry) with a ring structure

Ay (HGry) X A, (HGrL) — A, (HGr).

Definition 5.9. For n > 0 denote by x, € A4n.2n (HPio) the unique collection of
elements satisfying ]
{ , m=n,

(", xn) = 0. m#n.

for & = b (H(1)). The existence and uniqueness of these elements is guaranteed by
Theorem 5.7 (consider s = 1). Also, by the same theorem we know that A*,*(HP?:’)
is a free A™*(pt)-module with a basis given by {1, xi, x2, ... }. Abusing the nota-
tion, we denote by the same letters the elements x, =is(xn) € A4n 2, (HGr,) for
the canonical embedding i : HPS® — HGr.

Theorem 5.10. Identify

A**(HGry) = A* (pv)[[b1, by, .. T = A**(pO[l&1, &2, .. I3
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by Theorems 4.11 and 4.17 via b; (t°) < b; < 0;(&1, &, ...). Given a partition
= (A1 > Ay > - > Ay > 0) denote by £(A) € A**(pO[IE1, &, .. 10> the sum of
all the elements in the orbit of 5?1 2“ e S,?k. Then

I, lj=#X =j} forall j >1,

0, otherwise,

(D) EQ) 30 x5 3 = {
(2) the homomorphism of A**(pt)-algebras
A" (pY[x1, x2, ... ] = As «(HGry)
induced by x; — x; is an isomorphism.
Proof. Put |I| =11 + 1, + - - - 4+, and consider the canonical embedding
i : (HP® x HP*™ x --- x HP*); — HGr,

|11

given by orthogonal sum. Identify
AT ((HP® x HPY x -+ x HP%),) = (D A" (p)£" @£ @ - ® £,
ijZO
A (HP® x HP® 5 -+ x HP®) 1) = @D A** (0 xi, ® %1 ® -+ ® Xir-
ijZO

Put

X =l xlr K= 0®.. R ®N® RN ® RN BB X,
—_—
I 15 Ly

and denote by £g (1) the sum of all the elements in the orbit of £* @EN ® - - - @ EM
under the action of §;. Here A; =0 for j > k.
We have iA(Xf@) = x! and
{ k> ],
Eo(A), k=l
By Lemma 3.6 we have (§(A), x hy={( A(é(k)) x®)

If k > |l| then i*(£(X)) =0 and (£(1), x') =0 by the above.
If k < |/| then we have

ED), x') = (Ea (M), xb)
= Y M ) () E, xa) - (61, o) - (64, o).

Y

=g (l)s--sro@))
for some o € §;

i*(EO)) =

This expression equals 1 if /; = #{A; = j} for every j > 1 and equals zero otherwise,
so the first claim follows.
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Lemma 2.17 together with Theorem 5.7 yield
Ay «(HGry) =lim A, (HGr(2r, 2n))
= lim Hom 4.+ g (A**(HGr(2r, 2n)), A, . (pt)).

We have an explicit computation of A**(HGr(2r, 2n)) given by Theorem 4.13, so
the second claim follows from the first one. U

6. Preliminaries on KO

In this section we gather the representability results for higher Grothendieck—Witt
groups (also known as hermitian K-theory) and fix a symplectic orientation on it.
Recall that the characteristic of the base field is assumed to be different from 2.

Definition 6.1. Let X be a smooth variety and U C X an open subset. Forn,i € Z
denote by GWi["](X , U) higher Grothendieck—Witt groups defined by Schlicht-
ing [2010b, Definition 8]; see also [Schlichting 2010a; 2017]. Recall that by
[Schlichting 2017, Proposition 6.3] (cf. [Walter 2003, Theorem 2.4]) for i < 0
there is a canonical identification GWI.["](X , U) = W—il(X, U), where the latter
groups are derived Witt groups defined by Balmer [1999]. Moreover, GW([)O](X )
and GW([)Z](X ) coincide with the Grothendieck—Witt group of X introduced by
Knebusch [1977] and its symplectic version respectively.

For an orthogonal (resp. symplectic) bundle E over a smooth variety X we
denote by

e (E) € GW([)O](X ) (resp. (E) € GWE)Z](X )) the corresponding element in the
Grothendieck—Witt group,
e [E]1e WI(X) (resp. [E] € WPI(X)) the corresponding element in the Witt
group.
Definition 6.2. We need the following notation complementary to the one intro-
duced in Definition 4.1 (see [Panin and Walter 2010b]).
« H = (k@z, ((1) (1))) is the standard hyperbolic plane.

e RGr(2r,2n) = Oy, /(03 x Oy,_2,) is the real Grassmannian. Here the
orthogonal groups are taken with respect to the hyperbolic quadratic form
X1X2+X3X4+- - -+ X2,—1X2,. Similarly to the quaternionic case, the real Grass-
mannian could be described as the open subscheme of Gr(2r, Hf") parametriz-
ing subspaces on which the standard hyperbolic quadratic form is nondegen-
erate.

* Uy, ,, is the tautological rank 2r orthogonal vector bundle over RGr(2r, 2n).

e RGr= li_r)nryn(RGr(2r, 2n), *) is the infinite real Grassmannian considered as
a pointed motivic space. Here x = RGr(2, 2) € RGr(2r, 2n).
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Theorem 6.3 ([Schlichting and Tripathi 2015, Theorem 1.1]; see also [Panin and
Walter 2010b, Theorem 8.2]). Let X be a smooth variety and U an open subset
of X. Denote by Z the sheaf associated to the presheaf Z. Then there are natural
isomorphisms

Homy, 4, (X/U, Z x RGr) = GW (X, U),

Homy,, 1) (X/ U, Z x HGr) = GW2\(X, U).
Under these isomorphisms the tautological morphisms
RGr(2r, 2n) — {m} x RGr,

HGr(2r, 2n) — {m} x HGr
correspond to
(U3, 5,) + (m —r)(Hy) € GWY (RGr(2r, 2n)),
(U5, ) + (m —r)(H_) € GW ' (HGr(2r, 2n)),
respectively.

Remark 6.4. Let A be a symplectically oriented spectrum. Then this theorem via
the Yoneda lemma allows us to interpret characteristic classes, i.e., elements of
A**(HGr), as natural transformations GW([)Z](X ) — A**(X).

Definition 6.5. Let Y be a pointed motivic space. Put
GW(Y) = Homy, (Y, Z x RGr),
GW{(Y) = Homy, (Y, Z x HGr).

For a family of pointed smooth varieties (X1, x1), (X2, x2), ..., (X, xn) andn=0
or 2, we identify GW([)"]((Xl, XA (X2, 0) A+ A( Xy, X)) with the subgroup
of GW([)"](X 1 X X2 X - -+ x X,,) consisting of all the elements « satisfying

O5|X1><~-~><Xj,1><{xj}ij+1><-~~><Xm =0
for all j.

Definition 6.6. Let 7° € GW([)Z] (HGr) and 1° € GW([)O] (RGr) be the tautologi-
cal elements over the infinite Grassmannians represented by identity morphisms
HGr — {0} x HGr and RGr — {0} x RGr and satisfying

T [HGr@r.2n) = (Usy0,) — 1 (H-), T?IRGr2r.2n) = (Usy 0,) — 1 (H4).
Definition 6.7. The periodic P'-spectrum KO is given by the spaces
KO = (RGr, HGr, RGr, HGr, .. .)

and structure maps

080 HP'ARGr — HGr, o3y : HP' AHGr — RGr



540 ALEXEY ANANYEVSKIY

satisfying
(U]go)GW(TX)|7-[731/\RGr(zr,2n) = ((H())—-H_) KX TOlRGr(Zr,Qn)a

020) Y () lyp AtiGrar.om = (H(D) — (H-) B 7° [HGr(2r,20) -

Here X is induced by the external tensor product of vector bundles,
E\XE,=piEQ® p;E>

for vector bundles E; over X| and E; over X, with projections p; : X1 x X, — X;.
Note that an (external) tensor product of two symplectic vector bundles has a canon-
ical orthogonal structure, while an (external) tensor product of a symplectic and an
orthogonal bundle is symplectic.

The above morphisms oy, and oy, exist as morphisms of pointed sheaves by
[Panin and Walter 2010b, Proposition 12.4, Lemmas 12.5 and 12.6]. This defined
spectrum is canonically isomorphic in SH (k) to the spectra BO*°™ and BO con-
structed in [Panin and Walter 2010b].

Theorem 6.8 [Panin and Walter 2010b, Theorems 1.3 and 1.5]. The spectrum KO
can be endowed with the structure of a commutative ring spectrum (KO, mgo, uko)-
Moreover, this commutative ring spectrum represents higher Grothendieck—Witt
groups, i.e., for every smooth variety X and an open subset U C X there exist
canonical functorial isomorphisms
® : KO (X/U) = GWY! (X, U)
satisfying
(1) © commutes with the connecting homomorphisms 9 in localization sequences,

(2) the U-product on KO**(-) induced by the monoid structure of KO agrees
with the Gille-Nenashev right pairing (see [Gille and Nenashev 2003, Theo-
rem 2.9]) lifted to GW{(~) (as in [Panin and Walter 2010b, §41),

(3) ©) =1,0() =(-1).
Remark 6.9. In view of the above theorem we identify KOO*O(X ) = GW([)O](X )
and KO*2(X) = GW{7 (X).

Theorem 6.10. The rule which assigns to a rank 2 symplectic bundle E over a
smooth variety X class bFO(E )=(E)—(H_)e KO4’2(X ) can be uniquely extended
to a Borel class theory and by Theorem 4.8 induces a symplectic orientation of KO.

Proof. Existence of the Borel class theory follows from [Panin and Walter 2010b,
Theorem 5.1], while uniqueness follows from [Panin and Walter 2010c, Theo-
rem 14.4b] O

The next two lemmas follow immediately from the construction of ®.
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Lemma 6.11. Let X be a smooth variety. Then the following diagram commutes:

o0

Homgy,, 1) (X +, HGr)

Homgq.[(k)(Eoo X+,EOO HGI’)

HP! HP!
i =|¢
Homy, 1) (X4, Z x HGr) Homgy (255, X4, TriKO A HP')
j
fl= Homgyay (259, X+, KOAHPY)
GWi (x) © KO*2(X)

1R

Here
e i is induced by the identity morphism HGr — {0} x HGr,
o ¢ is induced by the canonical isomorphisms
£ HGr < T2 HGr{—1} AHP' = TriKO AHP',
e j is induced by the canonical morphism Tri KO — KO,
o f and © are given by Theorems 6.3 and 6.8, respectively.

Lemma 6.12. The following diagram commutes:

00 1 ¢
T HPH-1} ?

UKo

KO
Here

o uxo is the unit morphism,
o ¢ is an isomorphism which is identity starting from the first space,
o U = (fo. fi, for .. ) with f, 0 (HPY" — KO, satisfying

ol (7% = (H(D)) — (H_) R - K (H(D) — (Ho)),

2m—1
(T = (H(1)) = (H_)) R - - - B ((H(1)) — (H))

2m

forn > 1.
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Corollary 6.13. Let H(1) be the tautological rank 2 symplectic bundle over HP',
Then

(1) Sypt 1 =bXO(1)) € KO*?(HPY),

(2) Zypt 1 = x1 € KOy o (HPY).

Proof. With our definition b{(O (H(1)) = (H(Q)) — (H_), the first claim is straight-
forward from the above two lemmas. The second claim follows from the first one

since (X}, 1, X! 1) = 1 for the Kronecker product. O

Definition 6.14. The cohomology theory KO**(-) is (8, 4)-periodic with the pe-
riodicity isomorphism induced by

KO A S%* = KO A (HP')"? = KO{2} = KO.

Here the first isomorphism is given by Corollary 2.6, the second isomorphism is
the canonical one identifying double #P'-suspension with shift by 2 and the third
isomorphism is given by the identity map.

One may identify these periodicity isomorphisms with

‘B

_ 8,
KO ASH* 222 ko,

where 8 € KO~ ~#(pt) is the element corresponding to 1 € KO*(pt) under the
categorical periodicity isomorphism

KO (pt) = GWY (pt) = GWL* (pt) = KO=*~*(py),
i.e., B is the unique element satisfying
Spp B = (H()) — (H_) R ((H(1)) — (H-)) € KO*°(HP' AHP").
We refer to 8 as the Bott element.

Remark 6.15. PEor a spectrum K representing algebraic K-theory there exists a
morphism KO — K that induces forgetful maps

F:GW(X) = KO™(X) — K*0(X) = Ko(X).

Recall that K is (2, 1)-periodic with the periodicity realized by cup product with
the element fx € K=2~!(pt) satisfying

Zpifk = [0(=D] =1 € K*(P', 00).
One can show that F(8) = ,Bfé.
Remark 6.16. Let E|, E; be symplectic bundles over a smooth variety X. Then

PU(E) U(E2) = (E| ® E).
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Here, on the left side we consider E, E; as elements of KO4’2(X ) and on the right
side we consider them as symplectic bundles, so E; ® E is an orthogonal bundle
which we treat as an element of KOO’O(X ).

7. Hopf element and KW

In this section we recall the definition of the Hopf element and identify KO[5~!]
as a spectrum representing derived Witt groups.

Definition 7.1. The Hopf map is the projection
H:A?—{0} > P!
given by H (x, y) =[x, y]. Pointing A% — {0} by (1, 1) and P! by [1 : 1] and taking
the suspension spectra we obtain a morphism
SoooH € Homsyp (25551 (A% — {0, (1, 1)), 95, (P, [1:1])).

The Hopf element n = £~ 72 E;fle e S~L=1(pt) is the element corresponding

to E%OPI H under the suspension isomorphism and canonical isomorphisms
L =s>, (A2 ={0), (1, 1) =532

given by [Morel and Voevodsky 1999, Lemma 3.2.15, Corollary 3.2.18 and Exam-
ple 3.2.20].

Definition 7.2. Define
SIy~'] = hocolim(S —> SAS™ 1 2 sag722 L),
KW =KO AS[n'].

This spectrum inherits the structure of an (8, 4)-periodic symplectically oriented
commutative ring spectrum from KO.

Remark 7.3. We clearly have
KW**(KW) = KW**(KO), KW, .(KW) = KW, .(KO).

It is well-known that the spectrum KW represents derived Witt groups defined
by Balmer [1999] (see, for example, [Ananyevskiy 2016, Theorem 6.5]).

Theorem 7.4. For every smooth variety X there exists an isomorphism functorial
in X, Ow : KW (X) = WU—I(X), such that the square

KO (X) —— GW}(X)

€]
KW (X) ——= Wnl(X)
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commutes for all n. Here the left vertical morphism is the canonical one arising
Jrom localization and the right vertical morphism is given by killing metabolic
elements.

Remark 7.5. With the above theorem in mind we identify KW9(X) with W (X)
and KW4’2(X) with WE2I(X). In particular, we have b{(W(E) =[E] e KW4’2(X)
for a rank 2 symplectic bundle E over X.

8. Borel classes of triple tensor products in KW

In this section, in Lemma 8.2 we compute characteristic classes of a triple tensor
product of rank 2 symplectic bundles. This computation is a derived Witt analogue
of the equality

(L1 ® Ly) = ef (L1) + ¢} (L) — cf (L1)ef (L)
in K-theory, where L; are line bundles and c{((Li) =1- [LI.V] is the first Chern

class in K-theory. As an intermediate step we show how to express Borel classes
in derived Witt groups using external powers.

Lemma 8.1. Let E be a symplectic bundle of rank 8 over a smooth variety X. Then
bV (E) =[E], Bby " (E) = [A°E]-3[E],
BOXV(E) =[A’E1—4,  B*b{V(E)=[A*E]—2[AE]+2.
Proof. Using Theorem 4.11 we may assume that £ = E| @ E» @ E3 @ E4 for rank

2 symplectic bundles E;. Then g"/2pXW(E) = 6,,(E|, Ea, E3, Ey).
Expanding

NEGESE®E)= @O ANEQAEQAE®AE
i1 +ix+iz+ig=j
and using the given trivializations A’E; = 1x, we obtain

A'E =0\(Ey, Ez, E3, Ey),

N’E = 05(Ey, E», E3, Eq) +4,

NE = 03(Ey, Ez, E3, E4) +301(E1, Ez, E3, Ey),
A*E = 04(E), Ez, E3, E4) +205(E1, Ea, E3, E4) +6.

The claim follows. |

Lemma 8.2. Let Ey, E; and E3 be rank 2 symplectic bundles over a smooth variety
X. Put & = bXV(E;) e KW*2(X) and denote by &(n, ny, n3) the sum of all the
monomials lying in the orbit of &' &)°&.° under the action of S3. Then
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PV(E| ® E2® E3) = BE(1, 1, 1),

byV(E1 ® E2 ® E3) = BE(2,2,0) — 26(2,0,0),

VXV(E| ® E, ® E3) = B3, 1, 1) — 86(1, 1, 1),

bV (E1 ® E2 ® E3) = BE(2,2,2) +£(4,0,0) —2£(2,2,0).

Proof. Consider the representation ring

Rep(Sp, X Sp, x Spy) = Z[xi!, x5, xif' /<422
=ZIxi+x L xetx s+ xg

with the action of the i-th copy of Z/2 given by x; < Xi_l- The exterior powers of
representations give rise to the operations

A" ZUxa+x " ot xs s et 1= Zho+x s etag Lot meN,,
which are compatible with the operations
Z[X17X2,X3 ]_>Z[X1,X2,X3] m € N,

characterized by the following properties:

(1) A™(0) =0,

1, m=20,
Q) A" ) = 4 aiaE B, m=1,
0, otherwise,

(3) A" (f +8) =By g (A" [H(A"2g).

Sete; = x; + Xl._l. A straightforward computation in Z[ Xlil, X;d, X3i1] shows that
Al(e1e203) = ejezes,
A (ejeres) = etes +ele3 +eze3 2(e? + 5+ 63) +4,
N (e1eze3) = eleze3 + 616283 + 616263 Seqezes,

At(ereres) = el +e5 + ey +eleses —4(el +e3 +e3) +6.

Thus

ANEI® Ex® E3) = E1 ® E2 ® Es,

A(EI®EQE)=Ei®E;+Ei®E;+E;®E; —2(Ef + E5 + E3) +4,

A(EIQE;RE;)=E;®E2QE;+EQE; QE;
+EI®E®E; —5E,® E2® Es,

AEI®E,® E3;)=E}+ E3+ E3+ E} @ E3 ® E3 —4(E} 4+ E5 + E3) +6.

The claim of the lemma follows by Lemma 8.1. (]
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9. Stable operations in KWg

In this section, we compute the algebra of stable operations in KWg, that is,
KWS*(KW@). The computation is straightforward and based on Lemma 2.17
combined with Theorem 4.17.

Lemma 9.1. Let B € Homy,, () (HP' A HP! A HGr, HGr) be the morphism charac-
terized by the property
BV (%) = ((H(1)) — (H_)) K ((H(1)) — (H_)) R 7*.
Then
BV sV (%) = [H) RHMIU (@isiV (2%) + cisiH (79))
for
wjr=Qj+17 e =—p718j2j+1),  ay=c2=0.

KwW

Proof. As noted in Remark 6.4, we may interpret s;~" as a natural transformation

GW([)2] — KW*2" whence
BV (5/V (2°) = 5fN (B ().
Thus we need to compute s (((H(1)) — (H-)) K ((H(1)) — (H-)) W t*). The
classes sl.KW are additive and sl.KW((H_)) =0, so it is sufficient to show that
sEV(((H)) = (HO)) R ((H(D) — (H_)) K ((H(D) — (H-)))
=[HORHDIU (arsfY (HD) + cisiS (HD)))
for
(H(1)) — (H_)) B ((H(1)) — (H_)) B ((H(1)) — (H-))
€ GW (HP' A HP' A HP™).
Define
x=bpVHOHRIKD, y=pVARHDKL), &= VARIKH()),
bi(x, y, &) = bV (H) RH) KH(D)),
516, v, &) = sKV (- BHO) RH)).

In this notation the claim is equivalent to

Sl(-xa y’ S) _Sl(ov )’» S) —St(X,O, g) —S[(X, y’ 0)
+51(0,0,8) +5,0,,0) +5:(x,0,0) = 5,(0,0,0) = Bxy Y (@& + ;& )i’

i>1

The main summand on the left side is s;(x, y, §) and the other summands just
cancel from s;(x, y, &) all the terms that do not contain xy&. Since x> = y> =0,
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Lemma 8.2 yields

bi(x,y, ) = 1+ Bxy€r — 2671 + (Bxyg® — 8xy€)r® + &4,

Thus d
S[()C, Y, g): _tﬁlnb—t(xv y’S)
_ L((1— &%) — xy&E(Bt + (BE* — 8)17))
B (1 —&22)2 — xy&(Br + (BE2 = 8)13)
Put

A, D) =1-E"2  BE, 1) =EBt+ (BE —8)1).
Recall that x> = y? = 0, whence (xy)?> =0 and
L(AE, 1) —xyB(E, 1)
A(E, 1) —xyB(, 1)

(£ (A, 1) —xyB(E, 0))(AE, 1) +xyB(&, 1)
A, 1)? '

St(xay?é:): —1

= —1

Expanding the numerator, applying x>y? = 0 and omitting all the terms that do
not contain xy§ we obtain

(LAE D)xyBE, 1) — AE, DL (xyBE, 1)

S;()C, y’é): —1

AE.1)?
. ti(B(s’t))—ﬂx ti($t+(€3—8ﬂ‘lé)t3)
= \ae ) TP ar (1—£212)2
= By S ((ét +(E - 8,3—15);%(;(]- + 1)5%2!'))
JZ

= ﬂxyt%(Z((zj + 1)52j+1 _ Sﬁ_ljSZj_l)t2j+1>

j=0

=Bxy Y _(2j+ DY =87 j2j+ D&)Xt O
j=0

Lemma 9.2. The following diagram commutes:

Kwa* (KO) l(gn Kwa+8n+4,>k+4n+2 (HGI‘)

| |

Kwa+8,*+4 (KO) l(gl Kwa+8(n+l)+4,*+4(n+l)+2 (HGr)

Here the horizontal homomorphisms are the canonical ones given by Lemma 2.17,
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T is induced by the shift

[ [KWo S+ 2 (HGr) — [ [ KWq 8+ D440t D 2 (HGr),

n>0 n>0
(t1, 13, 85, .. ) > (B3, Is, .. )
and R is given by R(y) = (28'4)/) o(—UB™.

Proof. Straightforward from the commutativity of the diagram

Try,4 1 KO (Tr2(441)+1KO) {2}
-Up~! 8,4 -
KO KO A S® KO{2} |

Lemma 9.3. Let y € KW%’O(KO) be a stable operation such that
y > (1, s, - ) € im KW 2 (HGr)

under the canonical morphism given by Lemma 2.17. Let X be a pointed motivic
space and let

f=fo. fi, far o) Z 0 X{—1} > KO

be a morphism of spectra. Then

y() =%, n (),

where fi € Homy, ) (X, HGr) is treated as an element of GW([)Z](X ) and y is
treated as an operation GW([)Z] — KWED’Z.

Proof. This follows from Lemma 6.11. ([l
Theorem 9.4. The homomorphism of left KW&O(pt) = Wg(k)-modules

Ev:KWg (KWg) > [ [ Wa(k)
meZ

given by
Ev($) = (.... B2 (B, B (B, (1), B0 (B), B0 (B, ...)

is an isomorphism of algebras. Here the product on the left is given by composition
and the product on the right is the componentwise one.

Moreover, KW&’ 1(KWq) =0when 41 p—q and the above isomorphism induces
an isomorphism of left KW " (pt) = Wa k) [nE!, pE1-modules

KW5*(KWo) = € 80" [ | Wak)

r,seZ meZ

with deg f = (—8, —4), degn = (=1, —1).
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Proof. Having in mind the canonical identifications
KWG"(KWg) = KW (KOg) = KW (KO),

we focus on the computation of KW " (KO).
Lemma 2.17 yields the short exact sequence

0— 1(iLn1 Kwa+8n+3,*+4n+2 (HGr) — KWS*(KO)
N l(iLnKWaJFS"M’*H"H(HGr) 50
with the limit taken with respect to the morphisms
E;ﬂil o BKV . Kwa+8n+12,*+4n+6(HGr) N KWa%"H’*H"H(HGr),

where B = oy, o (idyp1 Aog) is the same morphism as in Lemma 9.1 up to the
canonical identification HP' = HP'.
Consider the following diagram:

l BKW
|
HP!
KWED+8n+4,*+4n+2 (HGI‘) b4 IQB+8n+4,*+4n+2 (HGI')
Here
« 1Qg"(HGr) =lim,  IQ(KWG*(HGr(2m, 2n), %)) is the indecomposable quo-

tient (i.e., the ring modulo the reducible elements) of KW (HGr). The New-
ton identities yield

(=D™ipfY (z5) = 5KV (29)
in the indecomposable quotient, and thus Theorem 4.17 allows us to identify

1Q%* (HGr) = (]_[ KW 4 (pt)b,KW(rs)) = (1_[ Kwg (Pt)§i>
h

i>1 i>1 h
for s; = siKW(rs).
7 is the canonical projection.
o Sg is given by S¢,(5;) = Ba;s; + cisi—> with
arj =c2; =0, azjr1 = (2j+ 17, c2j+1=—8j(2j +1).

e So=moSg.
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The ring KWEJ *(HP'AHP'AHGr) has trivial multiplication by Theorem 4.13
(since b?w (#(1))> =0 on HP'). Thus BXW factors through the indecomposable
quotient and Lemma 9.1 yields commutativity of the diagram. It follows that the
canonical homomorphisms

P @KWSS"H’*H”H(HGQ i) @IQZD+8n+4'*+4n+2(HGr),

are isomorphisms.
The morphism

h

i>1 i>1 h

is given by the matrix

Ba; 0 ¢z 0 O O\
0O 00 0 O0O---
0 0Baz 0 ¢s O

0 00 0 0O ,
0 0 0 0BasO

0 00 0 0O

where a;;1 and ¢ are invertible. Clearly we have

j=0 h

so the 1(131l term vanishes. For 44 p — g we have
ng+8(n_.i)sq+4(”_j)(pt) o~ Wg—q+4(ﬂ—j)] (k) — 0’

whence the limit is trivial and ng’q(KW@) =0. In view of the periodicities
given by n and B, from now on we deal with KW&’O(KW@). Moreover, it is suffi-
cient to show that the homomorphism Ev from the statement of the theorem is an
isomorphism, since it clearly agrees with the products.

In order to compute the above limit for Sg we may drop all the terms involving
52 and consider

8(n—j),4(n—j — 8(n—j),4(n—j —
S@ . l_[ KW@(n J).4n J)(pt)SZj—‘,-l N 1_[ KW®(7’ J).4(n J)(pt)SZj-i-l-
j=0 j=>0
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For every j > 0, choose

_ - —8j.—4j
Pajr1 =Y @y amSus € [ [KWq (P52 +1
Izj j=0

such that

() Sa(p1) =0,
(2) Sa(p2j+1) = Bp2j-1,
(3) o111 = 1.

The kernel of Sg is a free module of rank 1. Thus (1) and (3) uniquely determine p.
Item (2) together with the condition that the sum for py;,1 does not contain 5
uniquely determines p;41. One can easily see that ay;11 ;41 is invertible for
every j, whence

8(n—j),4(n—j — 8n,%+4 —
l_[ KW@(n J),4n ])(pt)SZj-i-l — 1_[ KWE; 7,k n(pt)p2j+1-
Jj=0 j=0

In the new basis consisting of the p;; 1, the morphism Sq is just a shift multiplied
by B. Thus we can easily compute the inverse limit, obtaining

1(i1_nKW%"+4’4"+2(HGr) _ @IQ?;E:M,MH(HGD _ 1—[ KW&’O(pt)pf,f,
meZ
where deg p3! = (0, 0) and the structure morphisms

1_[ KW%O(pt)p’snt N ngn+4,4n+2(HGr)
meZ
are given by
P B~ P2miny+1, m+n=0,
" 0, m+n <0,

4,2
for Pamtn)+1 = D _ismin @2mt+ny+1.20+1521+1 € KW (HGr).
In order to obtain the claim of the theorem it is sufficient to check that

1, n=m,

B~ "o, (B") = {0, ntm

It follows from Lemma 9.2 that p3/ (8") = " psl_, (1), so it is sufficient to check

that
1, m=0,
oy (1) =
0, m=#0.

Lemma 9.3 yields

oy (D) =T 2 oot ((H(D) — (H-)).
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By the definition of py,,+; we have

> iom Comt1 241550 (H(1) — (HZ)), m >0,
0, m < 0.

All the higher characteristic classes of (#(1)) — (H_) vanish while

sV ((H(D) — (H2)) = [H(D)].

P (1)) — (H_)) = {

Thus

H()] =%, i1 =0,
,02m+1(<7'l(1))—(H_)):{£) =23, Z#O

and the claim follows. O

Remark 9.5. One can restate Theorem 9.4 as follows. Let
B= (ESmAmlgm)meZ . @ S A SSm,4m N KW@
meZ

be the morphism induced by X847 gm : S A §8m4m _ KWq. Then the pullback
homomorphism

BEVa  KW5 " (KWq) — KW§™ (@ SA ss'"""")
meZ
is an isomorphism.

10. Stable cooperations in KWg and KW

In this section we compute the algebra of cooperations in KW and give an additive
description of the cooperations in KW. The approach is dual to the one used in the
proof of Theorem 9.4 and based on Lemma 2.17 and Theorem 5.10.

Lemma 10.1. The following diagram commutes:

~

lim(KW@)t+8n+4,+-+4n+2 (HGr) (KW@) «(KO)
w e
Hm(KWa) s48(14+1)+4, 44+ 1)+2(HGr) —— (KW@) 48 44(KO)

Here the horizontal isomorphisms are the canonical ones given by Lemma 2.17, T
is induced by the shift

@ (KW@)+8n+4,x+4n+2(HGr) — @ (KW @) s48(n+1)+4,5+4(n+1)+2 (HGT),

n>0 n>0

(t1, 13,15, ...) > (I3, 15, .. .),

Br = uxwg A 28’4,3 € (KWq)3.4(KO) and — x B, is given by Definition 3.8.
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Proof. This follows from the commutativity of the diagram

Tr2n+1KO — (TrZ(n+1)+1KO){_2}
7Uﬂ 8 —4 ~
KO KOAS™ KO{-2} [l

Theorem 10.2. Let uxw, : S — KWq be the unit map. Then the homomorphism
of Wa () [nF'1 = @, KW (pv)-algebras
Wa I, 8711 — (KWa).«(KWq)
given by
B> =58 Aukwe, Br > ugwo AT

is an isomorphism. Here the product on the right is given by Definition 3.8.

Proof. Abusing the notation, put

Br=E8B Aukwy, Br = ugwo A Z3B.
We need to show that
(KWg). «(KWo) = €D KW (p0s/ + .
n,p,qez

Identifying (KWg). «(KWg) = (KWg). «(KO) and applying the reasoning dual
to the one used in the proof of Theorem 9.4 we obtain that

(KW@)« «(KWgq) = li_r)n(PE@)*+8n+4,*+4n+2 (HGr),

where
(PEq).«(HGr) = ED(KWa)s—4i «2i (PS5

i>1
is the subspace of (KWg). (HGr) dual to IQg;" (HGr) (see Theorem 5.10). Here

5. € PE4; 2; (HGr) satisfies (5;,5) =1 and (5, 5;") =0 for / % i. The limit is taken
with respect to the morphisms

S8 - D EWa)s8n—ai+4.54n-2i+2 (PO
[ >1 —
= — DKWt 8n-ai+12.5 14120 16(POS)
i>1

given by S¢/(5;) = Ba;5; + ¢i125, ., for

i+2

ayj =c2j =0, arjp1 = (25 +1)% cj+1=—8j2j+1)
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just as in the proof of Theorem 9.4. The matrix of Sg is

ar 0.0 0 0 0.\
0 0 0 0 0 O0...
c3 0Baz 0 0 O ..
0 0 00 0 O..
0 O Cs5 O,Ba50..
00 0 0 0 O..

\

We can drop all the terms involving 5 j» obtaining

(KWq)+ +(KWg) = lim @(KWQ)*+8(n—j),*+4(n—j)(Pt)gzvj-l-l'

" j=0

For 41 p — g the group (KWgq), ,(KWq) vanishes, and in view of the periodicity

realized by cap product with n and cap product with 8 (that coincides with multi-

plication by f;; see Definition 3.8) from now on we deal with (KWg)o.0(KWq).
Let 7y =5 and 1pj 41 = ﬂ_lSé(rzj_l). One can easily check that

B EW)sin—jyam-jPVFS ;41 = EDEW)gnan (PO T2 41
Jj=0 Jj=0

In this basis Sg) is a shift composed with multiplication by 8, so the limit is easily
computed:

1im @D (KWa)sn 42 (P 7211 = EDKWa)o.0 ()T,
>0 mez
with the structure morphisms
P EW)sn.40(POT2j 41 > EDEWa)o.0(pt)Ts
j=0 meZ

given by 1241 > ,B_"rjs.t_n. Lemma 10.1 yields that

TSt — ,Bl_l *T,:::Lt_l */Sr,

whence 7/ = ;" x 73" x B and
(KWa)o.0(KWa) = DHEWa)oo(pt) B " * 15" * B
meZ

In order to check that 73" = ukw, A ukw, (Whence B, x 7j' » B = B, "  BI")
recall that 5" = x; and consider the following diagram:
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o 1 idKW@ AL o
KWa A (22, HP{—1}) KW A (358, HGr{—1})
MKW@/\E;LI,P]XI l; L;
uKW@ /\id§
S KWoAS KW A Tr KO
\ lidKW@ /M
174 idkwg AJ
KWg A KO
Here

« i is induced by the canonical embedding HP! — HGr,
« j is the canonical morphism Tr; KO — KO.
The right half of the diagram commutes by Lemma 6.12, the upper triangle com-

mutes by Corollary 6.13 and the outer contour commutes by the definition of ;'
Thus the lower triangle commutes as well and the claim follows. ([

Remark 10.3. One can restate Theorem 10.2 as follows. Let

B= (ESmAm,Bm)meZ . @ S A SSm,4m N KW@

meZ

be the morphism given by L3747 gm . § A §8m4m . KW, Then the induced
homomorphism in homology

BKW@ :(KWg)y « <@ SA SSm,4m> — (KWq). «(KWq)

meZ

is an isomorphism.
Now we turn to the description of integral cooperations.

Theorem 10.4. Let M be the abelian subgroup of Q[v, v™'] generated by polyno-

mials 1

o v TS, (v —(2i + 1))
e 42 ’

j=0,ne”.

Then there are canonical isomorphisms of left KWq o(pt) = W (k)-modules

Wk)®zM, 4]p—gq,

KW, ,(KW) =
rog(KW) {O, otherwise.

Rationally Wq (k) @z M = (KWq), r—4: (KW) is given by
BN nr—Stﬁlt—m *ﬂ;n

in the notation of Theorem 10.2.
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Proof. Applying the reasoning dual to the one used in the beginning of the proof
of Theorem 9.4, we obtain that

KW o (KW) = lim ) KWt sn—si 4, can2i-12(PDB; -

i>1

Here l;l.v belongs to the submodule of KW, ,(HGr) dual to the indecomposable
quotient IQ**(HGr) and satisfies (b;, b)) = 1, (b, bY) =0 for [ # i. The limit
is computed along the morphisms S dual to the corresponding morphisms S be-
tween indecomposable quotients. Recall that S is induced by a desuspension of an
appropriate morphism HP! A HP' A HGr — HGr.

It follows from Lemma 8.2 that S(b;) is a Z[B, B ~1]-linear combination of prod-
ucts of Borel classes b; (cf. Lemma 9.1), thus there exists a linear map

Sz:[ 218, 8716 — [ 218, 8710

i>1 i>1
inducing
S - l_[ KW*+8n74l‘+12,*+4n72i+6(pt)5i — l_[ Kw*+8n74l’+4,*+4n72i+2(pt)Ei‘
i>1 i>1

Moreover, Sz gives rise to the dual map

Sy @ zip. 716y — P zip. 710y
i>1 i>1

and

SV @ KWt 8n—di+4.5+4n—2i+2(pt)bY — @ KWt 8n—4i+12.5-+4n—2i+6 (YD,

i>1 i>1

is given by SV =idkw, , v ®z1.6-1157 -
The proof of Lemma 9.1 yields

S7(52;) =0, S7(52j11) = BQ2j 4+ 1)%52;41 — 85 (2j + 1)52,_1.

From the Newton identities we have (5;, b)) = (—1)"*!i and (5, b)) = 0 for [ #1i.
Combining this with the above, we obtain

(52, Sy (b)) = (Sz(52)), b}y = 0,

B12j+ 1), i=2j+1,
(52j41, S7 (b)) = (S2(52j11), b)) =1 =8 2j — DQ2j+ 1), i=2j—1,
0, otherwise.

Hence Sy (by;) = 0 and Sy (b3, ) = (2j + 1)*Bby;, | —8(j + D(2j + )by, 5.
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We may therefore drop all of the EVJ., obtaining
KW, . (KW) = lim @) KW .80 ) «tam— ) (PVDY 1.
Jj=0

Specifying to the degree (p, ¢), 4{ p — ¢, we obtain KW, ,(KW) = 0 since
KW, 180 j).g-+4(n—j) (pt) = WI=P=40=DI () = 0.

In view of the periodicities given by cap-product with 1 and g, from now on we
deal with KW o(KW).
We have

KWo,0(KW) = lim D) KWy (o) 40— ) (P34 = lim @D W) " 7b3,
"jz0 "j=z0
where the colimit is computed with respect to the morphism
SV P Wk by > PWERB T b,
Jj=0 Jj=0
given by

SY(B"Iby; ) = Qj+ 1B by — 8+ D(Q2j+ DB DY, 5.

Colimit commutes with tensor product, so

KW o(KW) =W (k) ®z (h_r)n @ Zﬂn—jl;gj_i_])
n >0
with the morphisms

S; P zp by, — Pzpt by,

Jj=0 j=0

in the bases {,B"*fl;zvjﬂ}jZO and {ﬁ"“*jl;;”l}jzo given by

a 0 0 0 ---
cyaz 0 0 ---
0 c;as 0 ---
0 0 ¢ ay---

where a1 = (2j +1)* and ¢}, | = —8/(2j — ).
The terms in the last colimit are torsion-free, so the canonical morphism

lim (D Zp" /b3,y — lim P @B" /b3

"j=0 "j=0
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is injective. One computes the right-hand side colimit as in the proof Theorem 10.2.
Let . .
) =B"'N-)oS; @Pzp /by, > EPzp b3,
Jj=0 j=0

and choose a basis of B @ﬂ”‘jl;zij to be

[B"BY, T (B"DY), (Tg)*(B"bY), ...}
In these bases Sé is a shift, so
lim (P Q" /53, =D Q- 167"+ £
n j=0 meZ
with the canonical morphisms
D Qs by — DB B
Jj=0 meZ

given by (Ty )m(ﬂ"l;}/) — B, " * B (the notation is consistent with the one used
in the proof of Theorem 10.2). The limit lim (P, Zﬂ"‘jEZVjH is the union of the
images for the canonical morphisms "
bn @Z,B"_U;ZHI — @ QB " * B
j=>0 meZ
We claim that these morphisms are given by
_m i—1,
on(BTBY ])_(ﬂ, * B [T 20 (B % Br — anig1)
n ]+ - 7 )

J /
i=1€2i41

where the multiplication on the right-hand side is componentwise, i.e.,

B " * BB " B =B B

Indeed, for j = 0 we have ¢, (ﬁ”l;\l/) = B;' » B, ". The general case follows from
the equalities

¢n+1(a2j—1/3"+1_j[_’¥j—1 +C/2j+1/3n_jl;gj+1)
= i1 (7 (B"TH1B3,_ ) = ¢a (B H1B3, ).
The claim of the theorem follows. U

Remark 10.5. It follows from the above theorem applied to k = R (or any other
field satisfying W(k) = Z) that M is an algebra for the usual multiplication of
polynomials, i.e., that products f;, ., fj,.n, can be expressed as linear combinations
of the f;,. For example we have

flo=9f11+198f 1 +720f5 .
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