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In this paper we construct an equivariant Poincaré duality between dual tori
equipped with finite group actions. We use this to demonstrate that Langlands du-
ality induces a rational isomorphism between the group C*algebras of extended
affine Weyl groups at the level of K-theory.
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Introduction

Let T be a compact torus and let W be a finite group acting on 7" with fixed point.
We construct a W-equivariant degree-0 Poincaré duality between C(T') and C(T"),
where T denotes the dual torus equipped with the dual action of W.

Moreover we show that there is a nonequivariant Poincaré duality between the
crossed product algebras C(T) x W and C(T") x W. Indeed we provide a general
mechanism to descend equivariant Poincaré duality to Poincaré duality for crossed
products. As far as we are aware this does not appear elsewhere in the literature.

In the case when W is trivial, our degree-0 duality is connected to the Baum—
Connes assembly map in the following way: Let T be a compact torus (equipped
with the structure of a Lie group), and let X*(T"), X, (T) be the groups of characters
and cocharacters respectively. By definition the dual torus 7 is the torus such that
X*(TV) = X(T) and X,(T") = X*(T). Whence the Pontryagin dual of X,(T)
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is the torus 7. The Baum—Connes assembly map for X,(7T) gives a degree-0
isomorphism

K (T) => K. (C*X.(T)) Z K*(T).

This isomorphism agrees with our Poincaré duality, though this is not immediate
from the definition of the two maps, see Section 4D.

For an isometric action of a group W on a closed Riemannian manifold M”,
Kasparov’s [1988] Poincaré duality, by contrast with our Poincaré duality, provides
an isomorphism from KKy (C(M), C) to KKw (C, C;(M)), where C, (M) denotes
the algebra of continuous sections of the Clifford bundle for the cotangent bundle
7 of M. See also [Echterhoff et al. 2008]. If the action is trivial and M is a spin
manifold, then the twisting by the Clifford algebra simply induces a dimension
shift so Kasparov’s Poincaré duality has degree n modulo 2. In the case where M
is a torus and W is trivial, this is connected to our Poincaré duality via the Dirac-
dual-Dirac method, which addresses the dimension shift. In the equivariant case
the group acts nontrivially on the Clifford bundle, so the appearance of this bundle
no longer simply gives a dimension shift. Indeed, for example, letting Z/27 act by
complex conjugation on the 1-dimensional torus U (1), then KKy (C, C:(U(1))) is
73 in dimension 0 and 0 in dimension 1, which agrees with the unshifted K-theory
group KKw (C, C(U(1))).

In this paper, in order to describe the KK-cycles defining our Poincaré dualities
explicitly, we have given direct proofs of the relevant properties of these cycles and
their pairings. As remarked by the referee, it is in principle possible to obtain these
elements by combining Kasparov’s Poincaré duality elements with the Dirac and
dual-Dirac cycles. Providing full details of this reduction to the known results is in
itself somewhat complicated and we have opted to give the direct, self-contained
argument.

As an application of our Poincaré duality we consider the case where T is the
maximal torus in a compact connected semisimple Lie group and W is the Weyl
group. The dual torus is then the maximal torus in the Langlands dual Lie group.
In general there is no W-equivariant homeomorphism between the two tori, hence a
priori one would not expect them to have the same equivariant K-theory. However
our Poincaré duality gives a canonical pairing between these two equivariant K-
theory groups, and hence ignoring torsion these groups are isomorphic. Moreover
our Poincaré duality also provides a canonical pairing between the K-theory of
the extended affine Weyl groups of the original Lie group and its Langlands dual.
This again yields an isomorphism up to torsion in K-theory, although these discrete
groups are not typically isomorphic. In [Niblo et al. 2016] we explore this phenom-
enon in further detail and give detailed computations of these K-theory groups in
a number of cases.
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The connection between T-duality and Langlands duality has been studied by
Daenzer and van Erp [2014], who showed that Langlands duality for complex
reductive Lie groups can be implemented by 7-dualization for groups whose simple
factors are of type A, D or E. This was generalised by Bunke and Nikolaus [2015].
The study of T-duality in these papers, involves examining the Lie group viewed
as a principal bundle of tori via the action of the maximal torus on the group.
Here by contrast we study the Weyl group action on the maximal torus, instead of
the maximal torus action on the Lie group. In both cases there is a natural duality
arising from Langlands duality of root systems and the possible unification of these
two perspectives would provide an interesting future project.

1. Statement of results

Let W be a finite group acting isometrically with a global fixed point on a flat
Riemannian torus 7, and let t denote the universal cover of 7. The notation reflects
the observation that 7 can be equipped with the structure of an abelian Lie group
with identity at the fixed point, and t is then its Lie algebra which inherits a linear
isometric action of W. Denote by I' the lattice in t mapping to the identity in 7, or
equivalently the fundamental group of 7. This inherits an action of W from t.

Now let TV be the dual torus of 7, that is, the group of characters of I'. We
similarly denote by t* the Lie algebra of T (which is the dual space of t) and
denote by I'V the fundamental group of 7. The action of W on T induces dual
actions on TV, t* and I'V.

Let P € KKw(C, C(T) ® C(T")) denote the class of the Poincaré line bundle.
To construct our Poincaré duality we will, in Section 3B, define an element Q €
KKw(C(TY)® C(T), C) given by a triple (L2(t) ® S, p, Qo). for which P, Q is a
Poincaré duality pair. The operator is

9 . .
_ J i e,
Qo= 3yi ®e/ —2miy’' ®e;,

where {&/, e;:j=1,...,n} denotes a suitable basis for t* x t acting on a space
of spinors S. The representation p is defined by

p(Zayezmm’y) ®f)§ ®s = Zay)/ (f&)®s,
yel vel

where y acts by translation on L2(t), f denotes the lift of f to a periodic function
on t and 1 denotes a variable in t*

Theorem 1.1. Let T be a torus with flat Riemannian metric and T" its dual.
Suppose that W is a finite group acting isometrically on T with a global fixed
point. The elements P, Q define a W-equivariant Poincaré duality in KK-theory



494 GRAHAM A. NIBLO, ROGER PLYMEN AND NICK WRIGHT

from C(T) to C(T") and there is a “descended” nonequivariant Poincaré duality
Sfrom Co(t) x (' x W) to Co(t*) x (I'Y x W). This is natural in the sense that there
is a commutative diagram

1§

KKy, (C(T), C) — KK, (C, C(TY)).

: |

KK*(Co(t) % (T x W), C) ——> KK*(C, Co(t*) x (TV % W))
where

o the top and bottom maps are induced by the Poincaré dualities,

o the left-hand map is the composition of the W-equivariant Morita equivalence
C(T) ~ Co(t) x I" with the dual Green—Julg isomorphism in K-homology,

o the right-hand map is its dual, i.e., the composition of the Morita equivalence
C(TY) ~ Co(t*) x TV with the Green—Julg isomorphism in K-theory.

The vertical maps factor through KK(C(T) x W, C) and KK(C, C(T") x W) on

the left and right, respectively, and these may be identified (by Fourier—Pontryagin
duality) with the groups KK*(C*(I'Y x W), C) and KK*(C, C*(I" x W)) respec-
tively.
Theorem 1.2. Let T be a torus with flat Riemannian metric and TV its dual.
Suppose that W is a finite group acting isometrically on T with a global fixed
point. The Poincaré duality from C(T) to C(T") descends to give a nonequivariant
Poincaré duality as follows:

KK%,(C(T),C) —— KK%(C,C(TY)).

KK*(C*(TY x W), C) —— KK*(C,C*(T x W))
where

o the top and bottom maps are induced by the Poincaré dualities,
o the left-hand map is the composition of the W-equivariant Fourier—Pontryagin
duality C(T) = C*(I'V) with the dual Green—Julg isomorphism in K-homology,
e the right-hand map is its dual, i.e., the composition of the W-equivariant
Fourier—Pontryagin duality C(T") = C*(I") with the Green—Julg isomorphism
in K-theory.
In Section 4D we turn to the question of the relationship between the Baum—
Connes assembly map and our Poincaré duality. In particular, we show that the
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following diagram of isomorphisms commutes.

Baum—Connes

KKT oy (Co(H), ©) S KK*(C,C*(I' x W)
ldual Green—Julg lMorita equivalence

Poincaré duality

KK*(Co(t) x (I' x W), C) KK*(C, Co(t*) x (I'V x W))

Given the definitions of the maps this is, in some sense surprising since both the
Baum—Connes and the dual Green—Julg maps factor through the descent map,
which has target KK (C, Co(t*) x ('Y x W) ® C*(I" x W)). The corresponding
square with this latter group in the top left corner as illustrated in Section 4D, does
not commute.

A case of particular interest is provided by the action of a Weyl group W
on a torus, provided by a root datum (X*, R, X, RY). Let W) =X, x W be
the corresponding extended affine Weyl group. The Langlands dual root system
(X, RY, X*, R) gives rise to a dual extended affine Weyl group (W))" = X* x W,
which is not usually isomorphic to W,. However the Poincaré duality in Theorem 1.2
provides an isomorphism between K*(C*((W,)")) and K, (C*(W))).

The Langlands duality between W, and (W))" is further amplified by the fol-
lowing theorem.

Corollary 1.3. Let G be a compact connected semisimple Lie group and G its
Langlands dual, with W/, (W))" the corresponding extended affine Weyl groups.
Then there is a rational isomorphism

K (C* (W) = KL (CT(Wy)).

In particular we obtain a duality between affine and extended affine Weyl groups
of the following form:

Corollary 1.4. Let W be the extended affine Weyl group of G, and let W,, W, be
the affine Weyl groups of G and its Langlands dual G”. If G is of adjoint type then
rationally

K. (C* (W) = K. (CH(W,)).
If additionally G is of type A,, D, E¢, E7, Eg, F4, G, then rationally
K. (C*(Wy) = K. (CH(W,)).

Recall that the extended affine Weyl group W/ is an extension of W, by the cyclic
group m1(G) so the content of Corollary 1.4 is that, surprisingly, this particular
extension does not change the K-theory.
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In a companion paper [Niblo et al. 2016] we explore this phenomenon in further
detail and give detailed computations of these K-theory groups in a number of
cases.

2. Background

2A. Real Langlands duality. Recall that a connected complex reductive Lie group
H is classified by its root datum. That is a 4-tuple (X*, R, X,, RY) where X* is the
lattice of characters on a maximal torus in H, and X, is the lattice of cocharacters,
or equivalently the fundamental group of the maximal torus. The set of roots R C
X* is in bijection with the reflections in the Weyl group W and in bijection with
the set of coroots RY C X,. Root data classify connected complex reductive Lie
groups, in the sense that two such groups are isomorphic if and only if their root
data are isomorphic (in the obvious sense). The Langlands dual of H, denoted H"
is then the unique connected complex reductive Lie group associated to the dual
root datum (X, RV, X*, R). See [Bourbaki 2002; 2005] for details.

One of the key motivations of this paper is that for extended affine Weyl groups
the Baum—Connes correspondence should be thought of as an equivariant duality
between maximal tori in a compact connected semisimple Lie group and its real
Langlands dual. As in the complex case these are classified by their root data, and
we can define the (real) Langlands dual by dualising the root datum as before. Since
the real case is not as well known we recall the relationship with the complex case.

For a Lie group G, the complexification G¢ is a complex Lie group together
with a morphism from G, satisfying the universal property that for any morphism
of G into a complex Lie group L there is a unique factorisation through G¢.

For T a maximal torus in G, the complexification S := T¢ of T is a maximal
torus in H := G, and so the dual torus S is well-defined in the dual group H".
Then T is defined to be the maximal compact subgroup of SV, and satisfies the
condition

(T")e=S8".

The groups X™, X, in the root datum are again the groups of characters and
cocharacters of the torus T respectively. Dually X, X* are the groups of characters
and cocharacters on the dual torus 7Y, giving the T-duality equation

X*(TY) = X.(T). 2.1

The torus T is given explicitly by TV = Hom(X,(T), U). The Langlands dual
of G, denoted GV, is defined to be a maximal compact subgroup of H" containing
the torus 7.

The process of passing to a maximal compact subgroup is inverse to complexi-
fication in the sense that complexifying GV recovers H".
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2A1. A table of Langlands dual groups. Given a compact connected semisimple
Lie group G, the product |7;(G)| - |Z(G)| is unchanged by Langlands duality,
i.e., it agrees with the product |1 (G")| - |Z(G"Y)|. This product is equal to the
connection index, denoted f, (see [Bourbaki 2005, Chapter IX, p. 320]), which is
defined in [Bourbaki 2002, Chapter VI, p. 240]. The connection indices are listed
in [Bourbaki 2002, Chapter VI, Plates I-X, p. 265-292].

The following is a table of Langlands duals and connection indices for compact
connected semisimple groups:

G GY f
Ay =SUps1 | PSUppy n+1
B, = S02+1 Sp2n 2
Cp= Sp2n SOont+1 2
D, =S50, SOy, 4
E¢ E¢ 3
E; E; 2
Eg Eg 1
Fy Fy 1
G, G, 1

In this table, the simply connected form of E¢ (resp. E7) dualises to the adjoint
form of Eg (resp. E7).
The Lie group G and its dual G¥ admit a common Weyl group

W =N(T)/T=N(T")/T".

The T-duality Equation (2.1) identifies the action of the Weyl group of 7" on X, (T')
with the dual action of the Weyl group of 7Y on X*(T").

Remark 2.2. In general, T and T" are not isomorphic as W-spaces. For example,
let G =SUj and take T = {(z1, 22, 23) : 2j € U, 212223 = 1}. Then in homogeneous
coordinates we have TV ={(z1:22:23) : zj €U, z1z20z3 = 1}. The Weyl group W is
the symmetric group S3; which acts by permuting coordinates in both cases. Note
that the torus 7' admits three W-fixed points whereas the unique W-fixed point in 7
is the identity (1:1:1) € TY, hence T and T are not W-equivariantly isomorphic.

The nodal group of the torus T is defined to be I'(T') := ker(exp:t— T) and
differentiating the action of the Weyl group W we obtain a linear action of W on
the Lie algebra t which restricts to an action on the nodal group I'(7"). Indeed there
is a W-equivariant isomorphism X, (T) = I'(T).

We remark that by definition 7" is the Pontryagin dual of the nodal group I'(T).
Moreover the natural action of W on T is the dual of the action on I'(T). Hence
we have the following:
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Lemma 2.3. Let T denote the Pontryagin dual of T' = I'(T'). Then we have a
W-equivariant isomorphism
r=rv

and hence an isomorphism of W-C*-algebras
c*)y=c(T).

2B. Affine and extended affine Weyl groups. In this section we will give the def-
initions of the affine and extended affine Weyl groups of a compact connected
semisimple Lie group. As noted in the introduction these are semidirect products
of lattices in the Lie algebra t of a maximal torus 7" by the Weyl group W. The
affine Weyl group W, is a Coxeter group while the extended affine Weyl group
contains W, as a finite index normal subgroup and the quotient is the fundamental
group of the Lie group G.

Let p: G — G denote the universal cover and let T be the preimage of 7 which
is a maximal torus in G. We consider the following commutative diagram:

(T t T 0
lz lid llﬂ’f
0 —— I'(T) t T

By the snake lemma the sequence

ker(id) —— ker(p|7) — coker(t) ——— coker(id)

I I I I
0 71(G) r(T)/T(T) 0

is exact, hence I'(T)/ F(f) is isomorphic to 71(G). We thus have a map from
['(T) onto 71 (G). The kernel of this map (more commonly denoted N (G, T)) is
the nodal lattice I"(T") for the torus 7" and we have:

Definition 2.4. The affine Weyl group of G is
Wao(G) =T(T) x W
and the extended affine Weyl group of G is
W, (G) =T(T) x W,
where W denotes the Weyl group of G.

The following is now immediate:
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Lemma 2.5. Let G denote the universal cover of G and let T denote a maximal
torus in G. Then we have

Wa(G) = WL(G) = W,(G).

We remark that the extended affine Weyl group W/ (G) is a split extension of
Wa(G) by m1(G).

3. Equivariant Poincaré duality between C(T) and C(T")

We begin by recalling the general framework of Poincaré duality in KK-theory. For
®-C*algebras A, B a Poincaré duality is given by elements a € KKg(B® A, C)
and b € KKg(C, A® B) with the property that

bQ®aa=1pcKKs(B,B), bQpa=14€KKgs(A, A). 3.1

These then yield isomorphisms between the K-homology of A and the K-theory
of B (and vice versa) given by

1—>b®areKKg(C, B) forre KK(A,C),
n—>n®pacKKgs(A,C) forye KK(C, B).

Throughout this section 7 will denote a torus with flat Riemannian metric, 7Y
its dual torus and W a finite group acting by isometries on 7 (and dually on 7).
We will construct elements

Qe KKw(C(TV)®C(T),C) and P eKKw(C,C(T)RC(TY))
satisfying (3.1).

3A. The Poincaré line bundle. Recall that the Poincaré line bundle over T x T
is the bundle with total space given by the quotient of t x T x C under the action of
I" defined by y (x, x, z) = (¥ +x, x, x(¥)z). The projection onto the base T x T
maps the I' orbit of (x, x, z) to the I orbit of (x, x). Here we are identifying
elements of 7 with characters on I. We note that the bundle is W-equivariant
with respect to the diagonal action of W on t x T, hence it defines an element in
W-equivariant K-theory allowing it to play the role of the element P in our Poincaré
duality.

To place this in the language of KK-theory we consider sections of this bundle,
which are given by functions o : t x T — C such that o (y +x, x) = x (y)o (x, ).
They naturally form a module over C(T x T") and given two such sections we
define (o1, 02) = 6107. We note that this is a I" periodic function in the first variable,
hence the inner product takes values in C(T x T"), giving the space of sections
the structure of a Hilbert module.
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We will now give an alternative construction of this Hilbert module. Let C.(t)
denote the space of continuous compactly supported functions on t and equip this
with a C(T)®C(T")-valued inner product defined by

(¢1,¢2) (e, ) = Y i(x —a)alx — p)e i1

o,Bel’

We remark that the support condition ensures that this is a finite sum, and that it is
easy to check that (¢, ¢)(x, n) is I'-periodic in x and I"*-periodic in 7.
The space C.(t) has a C(T) ® C[I"']-module structure

- (fRYD)) =d(x+y)f(x),

where we view the function f in C(T) as a I'-periodic function font.
Completing C,(t) with respect to the inner product norm, the module structure
extends by continuity to give C.(t) the structure of a C(T) RC* (M X C(TRC(TY)
Hilbert module. We denote this Hilbert module by £ and give this the trivial grad-
ing.
The group W acts on t and hence on C.(t) by (w - ¢)(x) = ¢(w'x). We have

(w- @ (fRYM) @) = 'x+y) fw 'x)=(w-¢) (w- f[wy)))x)

so the action is compatible with the module structure. Now for the inner product
we have

(g, w-g) (M= D (W-d)x —a)(w-po)(x — B 1F =

o, Bel’

= 3 i - w Taga(w = w )

o, Bel

= Z b1 (w=1x —a)pa(w ' x — B)e2rimw B —a)
o', plel

- Z B (wx — oo (w ™ 'x — pyeFTitw  np )
o', prel

= (w- {¢1, $2))(x, n).

Hence £ is a W-equivariant Hilbert module.

The identification of the module £ with the sections of the Poincaré line bundle
is given by the following analogue of the Fourier transform. For each element
¢ € C.(t) set

o, )= dx =X

yell
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It is routine to verify that o (x 4+ 38, x) = x(8)o (x, x) hence o is a section of the
Poincaré line bundle, and that the W action on C.(t) corresponds precisely to the
W action on the bundle.

Theorem 3.2. The triple (€, 1,0), where 1 denotes the identity representation of
C on &, is a W-equivariant Kasparov triple defining an element P in

KKy (C.C(T)®C(TY)).

We remark that there is a connection with Fourier—Mukai duality. We recall that
Fourier—-Mukai duality is given by the map

r— pr(pir®P),

where pi, p» are the projections of 7 x T onto the first and second factors. From
the point of view of K-theory the subtlety is to interpret the wrong-way map ps..
This should give a map from the W-equivariant K-theory of T x TV to the W
equivariant K-theory of T, but to make this well defined we must twist by the
Clifford algebra C£(t). Specifically we can take

P2 :=[DI® lervy € KKw (C(T x TY) @ CL(Y), C(TY)),

where [ D] is the Dirac class in KKy (C(T) @ CL(t), C). The Fourier—Mukai map is
then given by taking the Kasparov product with the element piPi* p2, =P p}i* po«
where i is the diagonal inclusion of 7 x T" into (T x T")%. We note that Pii* s
is the tensor product of Kasparov’s Poincaré duality element for T (given by its
Dirac element) with the identity on C(T").

3B. Construction of the element Q in KKy (C(TY)® C(T), C). We consider the
differential operator Q¢ on t with coefficients in the Clifford algebra C£(t x t*)
defined using Einstein summation convention by

Qo= % Qe —2miy’ Qe;.
Here {ej = %} is an orthonormal basis for t, {¢/} denotes the dual basis of t* and
we regard these as generators of the Clifford algebra C£(t x t¥).

We view Qy as an unbounded operator on the Hilbert space L2(t) ® S, where S
denotes the space of spinors S = C£(t x t*) P with P the projection ]_[j %(1 — iejsj)
in the Clifford algebra. (The space S is naturally equipped with a representation
of CL(t x t*) by left multiplication inducing the action of Qy.)

The subtlety in constructing an element in equivariant KK-theory is the need to
ensure that P is W-invariant with respect to the diagonal action of W on t x t* and
hence that the action of W on C£(t x t¥) restricts to a representation on S. The
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corner algebra PCL(t x t*) P is CP, which we identify with C, and this gives S a
canonical inner product given by (a P, bP) = Pa*bP.

As a simple example consider the 1-dimensional case. Here C£(t x t*) = M>(C)
and the two generators are e; = (0 (’)) ande! = ((1) 0 ) The projection P is therefore
( (1) 8) so S is the space of matrices of the form ( 8) and the operator is

0 —di—i—Znyl
QOZ 9 1 .
W—I—Zny 0

The off-diagonal elements are of course the 1-dimensional annihilation and creation
operators.

For the general case we must now construct a representation of C(T") ® C(T)
on L2(t) ® S. It suffices to define commuting representations of C(T) ®1 and
1 ® C(T). The representation of C(T) is the usual pointwise multiplication on
L?(t) viewing elements of C(T') as I'-periodic functions on t. The representation
of C(T") involves the action of " on t.

For a an affine isometry of t, let L, be the operator on L?(t) induced by the
action of a on t:

(La§)() =&@" - y).
For the function n — ¢**/™7) in C(T") we define
p(ezm(n,)/)) =L,®ls.

Identifying C(T") with C*(I") and identifying L?(t) with £>(T") ® L*(X), where
X is a fundamental domain for the action of I', the representation of the algebra is
given by the left regular representation on £2(I").

Consider the commutators of Qg with the representation p. For f € C(T), the
operator p( f) commutes exactly with the second term 27iy/ ® 2 in Qp, while, for
J smooth, the commutator of p(f) with 575 ® ¢/ is given by the bounded operator
;)yfj ® &/. Now for the function n ez’”<77 Y} in C(TV) we have p(e?7iin17)y =
L, ® ls. This commutes exactly with the differential term of the operator, while

Ly(ZJTiyj)L; =2mi(y/ —y’)

hence the commutator [L, ® 15, 27i v/ ® ej] is again bounded.
We have verified that Q¢ commutes with the representation p modulo bounded
operators, on a dense subalgebra of C(T") ® C(T). Thus to show that the triple

(L*®®S, p, Qo)
is an unbounded Kasparov triple it remains to prove the following:

Theorem 3.3. The operator Qo has compact resolvent. It has a 1-dimensional
kernel with even grading.
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Proof. In the following argument we will not use summation convention. We
consider the following operators on L2(t) ® S:

9 . .
= Qe — _orivi®e.
pj_ayj@)e, xj=-2miy’ Qe;,

1
27
Since A; anticommutes with 1 ® iejsj we have g;A; = A;j(1 —gq;), hence we can
think of A; as an off-diagonal matrix with respect to g;. We write A; as a; + aj,
where aj =qjA; = A;(1 —q;) and hence a;? =Ajq;=(1—q;)A;. We think ofa;f
and a; as creation and annihilation operators respectively and we define a number
operator N; = a*a;. The involution i ¢/ intertwines ¢ j with 1 —g;. We define

j .
A%, N’ to be the conjugates of A;, N; respectively by ie/. Note that

qj=3(1+1®ieel), Aj= (pj+x)).

1
Aj =5z i)
and hence
1 ie.cl

Aj = (AP +2 L), pjl = (A)* + 1 ®ie;e’.

We have
Nj = Aj(1—q))A} = q;(A)?.

Thus

Hence the spectrum of a ja}? (viewed as an operator on the range of ¢g;) is the
spectrum of N j’ shifted by 1. However N ]’ is conjugate to N; = a}‘a j so we conclude
that

Sp(ajaj) = Sp(ata;) + 1.
But Sp(aja;‘) \ {0} = Sp(a;‘aj) \ {0} so we conclude that the spectrum is
Sp(ata;) ={0,1,2,...} while Sp(a;a})={1,2,...}.
Now since the operators A; pairwise gradedly commute we have

Q(z):4rrZA]2:4n Za;'-‘aj+aja;f
J J

and noting that the summands commute we see that Q% has discrete spectrum.
To show that (1 + Q%)_1 is compact, it remains to verify that ker Qg is finite
dimensional (and hence that all eigenspaces are finite dimensional). We have

ker Qg = ker 0§ = ﬂkerAf = ﬂkerAj.
J J
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Multiplying the differential equation (p; +x;) f =0 by —exp(w (y/)* ®ie’e;)s/
we see that the kernel of A; is the space of solutions of the differential equation

5,7 (xRN @icTe) f) =

whence for f in the kernel we have

FOL LYY =exp(—n () @icle) f(y .y L0y Ly,

Since the solutions must be square integrable the values of f must lie in the +1
eigenspace of the involution ig/ e;, that is, the range of the pI'O_]eCtIOIl I—g;.On
this subspace the operator exp(— 7r(y/)2 ®zefe ) reduces to e 707 (I—g;). Since
the kernel of Qy is the intersection of the kernels of the operators A; an element
of the kernel must have the form

fy)=ebF H(l —q,)f(0)

so the kernel is 1-dimensional. Indeed the product ]_[ (I —g;) is the projection P
used to define the space of spinors & = C£(t x t*) P, and hence ]_[ (1—-¢g,) 10
lies in the 1-dimensional space PS = PCE(t x t*) P which has even grading. [J

We have shown that (L2() ® S, 0, Qo) defines an unbounded Kasparov triple.
It remains to establish W-equivariance.

Let V be a finite dimensional vector space and equip V ® V* with the natu-
ral diagonal action of GL(V). If V is equipped with a nondegenerate symmetric
bilinear form g then we can form the Clifford algebra C£(V') and dually C£(V*).
The subgroup O(g) of GL(V), consisting of those elements preserving g, acts
diagonally on C£(V) ® CL(V*), which we identify with C£(V x V*).

We say that an element a of CL(V x V*) is symmetric if there exists a g-

orthonormal' basis {e j=1,...,n} with dual basis {¢/ : j = 1,...,n} such
that a can be written as p(e18 .., e,e") where p(xi,...,x,) is a symmetric
polynomial.

Proposition 3.4. For any basis {e } of V with dual basis {’} for V*, the Einstein
sum e; ® e/ inV®V*is GL(V)- mvarlant

Suppose moreover that V is equipped with a nondegenerate symmetric bilinear
form g and that the underlying field has characteristic zero. Then every symmetric
element of CL(V) RCL(V*) XUV x V*) is O(g)-invariant.

Proof. 1dentitfying V ® V* with endomorphisms of V in the natural way, the action
of GL(V) is the action by conjugation and eQ® &/ is the identity, which is invariant
under conjugation.

Twe say that {ej} is g-orthonormal if g jx = £ j; for each j, k.
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For the second part, over a field of characteristic zero the symmetric polynomials

are generated by power sum symmetric polynomials p(xy, ..., x,) = x’l‘ 4+ —{—x,’f ,
so it suffices to consider
pleie', ... e.c") = (e1e") + - + (e,

= (=DM ) 4+ e ).

When £ is even, writing (e Y= (ez)k/2 (gjj N)k/2 and similarly (eHk = (g”)k/2
we see that each term (e )k(sf ) is 1 since g = = g// = +1 for an orthonormal basis.
Thus p(e18 , e,& ”) = n(—1)*&=D/2 \which is invariant.

Similarly when k is odd we get (ej)k(sf)k = ejsf SO

plerel, ... ene™) = (=DXD2(e el 4. e,e™).

As the sum €® g/ in V ® V* is invariant under GL(V), it is in particular invariant
under O(g), and hence the sum 2 e/ is O(g)-invariant in the Clifford algebra. [J

Returning to our construction, the projection P is a symmetric element of the
Clifford algebra and hence is W-invariant by Proposition 3.4. It follows that S
carries a representation of W. The space L?(t) also carries a representation of W
given by the action of W on t and we equip L?(t) ® S with the diagonal action
of W.

To verify that the representation p is W-equivariant it suffices to consider the
representations of C(T) and C(T") separately. As the exponential map t — T
is W-equivariant it is clear that the representation of C(7T") on L2(¥) by pointwise
multiplication is W-equivariant.

For 2™/} ¢ C(TV) we have w - (e271{17)) = e2riw™lny) — p2mitnwy) thyg
p(w - (eFHmryy = Ly, ®ls=LyL,L,-1 ®ls. Thus the representation of
C(TV) is also W-equivariant.

It remains to check that the operator Qg is W-equivariant. By definition

9 .
— 7 el v ®e.
Qo= 3y ®e! —2miy’ ®e;.
Now by Proposition 3.4 7 ® gl = e ® &/ is a GL(t)-invariant element of t® t*
and so in particular it is W—mvarlant Wrmng y/ = (e/, y) the W-invariance of the
second term again follows from invariance of €® el
Hence we conclude the following:

Theorem 3.5. The triple (L*(%) ® S, p, Qo) constructed above defines an element
Q of KKy (C(TY) ® C(T), .

3C. The Kasparov product P ®crvy Q. We will compute the Kasparov product
of the Poincaré line bundle P € KKy (C, C(T) ® C(T")) with our inverse Q €
KKw(C(TY)®C(T), C), where the product is taken over C(T") (not C(T)®C(T")).
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Recall that P is given by the Kasparov triple (£, 1, 0), where £ is the completion
of C.(t) with the inner product

(P, p2)x, )= Y p1(x —a)ga(x — B)e”™ A~
o, el
in C(T)® C(TV). As above, Q is given by the triple (L2(t) ® S, p, Qo).

To form the Kasparov product we must take that tensor product of £ with
L*(t) ® S over C(T"V) and as the operator in the first triple is zero, the operator
required for the Kasparov product can be any connection for Q.

We note that the representation p is the identity on S and hence

ERcirvy (L* B S) = (E®cav) L*(1) B S.

Thus we can focus on identifying the tensor product £ @C(Tv) L?(t). By abuse of
notation we will also let p denote the representation of C(7T') Q C(TY) on L*(¥).

As we are taking the tensor product over C(T"V), not over C(T) ® C(T"V), we
are forming the Hilbert module

(E®C(T) Beraeaae (C(T) @ LA(1),

however, since the algebra C(T') is unital, it suffices to consider elementary tensors
of the form (¢ ® 1) ® (1®&). Where there is no risk of confusion we will abbreviate
these as ¢ ® &.

Let ¢1, ¢ € Cc (V) and let &1, &, be elements of L?(t). Then

(1 ®&, ¢ ®E)=(10&, 1®p)(d1,¢2) @ D1 R E)).
The operator (1 ® p)({(P1, ¢2) ® 1) corresponds to a field of operators

1@ Up1, p2) @ D)= Y d1(x —a)palx — B) @ p(e™ " @ 1)

a,Bel

=Y hx—a)p(x—p®LELy
a,Bel’
and so

(D1 ®&1, 2 R8)(x) = Z d1(x —a)pa(x — B)(Lyé1, Lgéa)

o, Bel
= <Z ¢1(x —a)Lod1, Y dalx — ﬂ)Lﬁsz>.
ael pel’

We note that x — ), er $1(x —a) Ly is a continuous I'-equivariant (and hence
bounded) function from ¢ to L>(t). Let C(t, L(t))" denote the space of such func-
tions equipped with the C(7")-module structure of pointwise multiplication in the
first variable and give it the pointwise inner product (g, g2)(x) = (g1(x), g2(x)).
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We remark that equivariance implies this inner product is a I'-periodic function
on t.

The above calculation shows that £ @C(Tv) L% (%) is mapped isometrically into
C, L2(t))" via the map

PRE Y Plx —a)Lok.

ael

Moreover this map is surjective. To see this, note that if ¢ is supported inside a
single fundamental domain then for x in that fundamental domain we obtain the
function ¢ (x)&. This is extended by equivariance to a function on t, and using
a partition of unity one can approximate an arbitrary element of C (t, L2(t))" by
sums of functions of this form.

We now remark that C(t, L2(t))" is in fact isomorphic to the Hilbert module
C(T, L%(t)) via a change of variables. Given g € C(t, L2(t))", let h(x) = L _ g (x).
The I'-equivariance of g ensures that g(y +x) = L, g(x), whence

h(y+x)=L gy +x) =Ly yL,g(x) =L _,g(x)=h(x).

As h is a [-periodic function from t to L2(t), we identify it via the exponential
map with the continuous function 4 from T to L2(%) such that fz(x) = h(exp(x)).
Hence g — h defines the isomorphism C(t, L2(t))T = C(T, L?(¥)).

We now state the following theorem.

Theorem 3.6. There is an isomorphism from the Hilbert module é@c(rv)(LZ(t)@S )
10 C(T,L2(H) ® S) given by the map

PRERs) > ) px—a) Lo £ ®s.

ael’

The representation of C(T) on L*(t) induces a representation, o, of C(T) on
C(T, L*(t) ® S) defined by

[0 (f)h](exp(x), y) = f(exp(x + y))h(exp(x), y).

Here the notation h(exp(x), y) denotes the value at the point y € t of h(exp(x)) €
L’H)®S.

Proof. We recall that 5®C(TV) (L2)®S) is isomorphic to (£ @c(Tv) L2(t)®S and
we have established that € ®c(rvy L2(t) = C(T, L?(t)). This provides the claimed
isomorphism.

It remains to identify the representation. Given f € C(T) let f (x) = f(exp(x))
denote the corresponding periodic function on t. By definition the representation
of C(T) on € ®c(rvy (L*(t) ® S) takes ¢ ® & @ 5 to ¢ ® f& ®s. This is mapped
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under the isomorphism to the I'-periodic function on t whose value at x is

Y dx—a)Le(fE)®s €L H)BS.

ael

Evaluating this element of L) ®Sata point y € t we have

Y dx—a) fx—a+NEx—a+)®s=fx+y) Y $x—a) Lo rEl(y)®s

ael’ ael’

by I'-periodicity of . Thus o (f) pointwise multiplies the image of ¢ @ £ ® s in
C(T, L () ®S) by f(x +y) = f(exp(x + )) as claimed. O

We now define an operator Q on C(T, L) ®S) by
(Qh)(exp(x)) = Qo(h(exp(x)))
forh e C(T, L*(H) ® S).

Theorem 3.7. The unbounded operator Q is a connection for Qy in the sense that

1 1
the bounded operator F = Q(1 + Q%)™ 2 is a connection for Fy = Qo(1 + Q(ﬁ‘;)*f,
after making the identification of Hilbert modules as in Theorem 3.6.

Proof. Let O, = (Ly ® 15)Qo(L_, ® 1s) and correspondingly define

Fy=0:,(14+0%"7=(L,®1s5)Fo(L_y ® l5).

The commutators [L, ® ls, Qp] are bounded (the argument is the same as for
[L, ®1s, Qo] in Section 3B). It follows (in the spirit of Baaj and Julg [1983]) that
the commutators [L, ® 1s, Fy] are compact. Thus Fy — Fj is a compact operator
for all x e t.

To show that F is a connection for Fy we must show that for ¢ € £, the diagram

200 S Fo 200 S
L QS ——— L H)R®S

ol ol

EQRL*HRS EQRL*HRS

% %

C(T, L) ®S) —— C(T.L* () ®S)

commutes modulo compact operators.
Following the diagram around the right-hand side we have

E@s> Y ¢x—a)(Larx®1s)Fo(E ®5)

ael
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while following the left-hand side we have

F[qu(x — ) (Lax ® 15)(E ®s>} = 60— ) FoLaes ® 15)(E ®5).

ael’ ael

As [Fy, Ly—x ®1s] is a compact operator for each x and the sum is finite for each x,
the difference between the two paths around the diagram is a function from 7" to
compact operators on L2(t) ® S. It is thus a compact operator from the Hilbert
space L?(%) ® S to the Hilbert module C (T, L*(%) ® S) as required. O

Theorem 3.8. The Kasparov product P @c(rvy Q is the identity 1¢(r) in
KKw(C(T), C(T)).
Proof. We define a homotopy of representations of C(T") on C(T, L) ®S) by

[02(f)h](exp(x), y) = f(exp(x + Ay))h(exp(x), y)

and note that oy = o while oy is simply the representation of C(7") on C(7, L’ (HR®S)
by pointwise multiplication of functions on 7. It is easy to see that these represen-
tations are W-equivariant.

Let f be a smooth function on 7 and let & € C(T, L*(t) ® S). Let f(x) =
f(exp(x)) and let fz(x, y) = h(exp(x), y). Then

(1Q. 0:.(£)1h)(exp(x), y)
= [%(ai Fe+ah(x, y) —2miyle; f(x +iy)h(x, y)}
- [ﬂx +Ay>%<sfﬁ<x, W) = FGc+An2rivie i, y)}
= %(f(x + ) (e h(x, y)).

For each XA the operator Q thus commutes with the representation ¢, modulo
bounded operators on a dense subalgebra of C (7). Hence for each A

(C(T, L*() ®S), 03, Q)

defines an unbounded Kasparov triple.

This is true in particular for A = 1 and thus (C (T, L?(%) ®S), o, Q) is a Kasparov
triple so, as the operator in the triple P is zero while @ is a connection for Qy, it
follows that P ®c(rvy @ = (C(T, L2 () ® S), o, Q) in KKy (C(T), C(T)).

Now applying the homotopy we have P ®c(rvy Q = (C(T, L*(t) ®S), 00, Q).
Since oy commutes exactly with the operator @, the representation oy respects the
direct sum decomposition of C(T, L%(t) ®S) as C(T, ker(Qg)) ® C (T, ker(Qo)™b).
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The operator @ is invertible on the second summand (and commutes with the
representation) and hence the corresponding Kasparov triple

L
(C(T, ker(Qo)™M), 00lc(r xer(0o)t)s @le(r ker(0o)t))

is zero in KK-theory.

We thus conclude that P @c(rv) @ = (C(T, ker(Qo)), 00l (T ker(Qy))» 0). Since
ker Qg is 1-dimensional (Theorem 3.3), the module C (T, ker(Qy)) is isomorphic
to C(T) and the restriction of oy to this is the identity representation of C(7") on
itself. Thus P ®crvy @ = (C(T), 1,0) = 1¢(71). ]

3D. The Kasparov product P ®cry Q. We begin by considering the dual picture,
which exchanges the roles of 7 and 7'V. There exist elements

Q¥ e KKw(C(T)®C(TY),C) and P eKKw(C,C(T")®C(T))

for which the result of the previous section implies P ®cr) Q" = lervy in
KKw(C(TY), C(TY)).
We will show that there is an isomorphism

0:C(TVYRC(T)— C(T)RC(TY)
such that @ =6*Q" and P = 6 'P". This will imply that
P®ca) Q=P Qcr Q" =lcav) in KKy (C(T"), C(T"))

and hence will complete the proof of the Poincaré duality between C(T') and C(T").
We recall that Q is represented by the (unbounded) Kasparov triple

(L2®)® S, p, o),
where S = CL(t x t*) P, for P the projection P = ]_[j %(l — iel.sj) and

9 . .
— % i —ngivi .
Qo= 2y Q¢! —2miy’ ®e;.
For y €T, x € I'V and correspondingly e>™! {17} in C(T"V), *™{(x-*) in C(T), the
representation p of C(T") ® C(T) is defined by
p(ezm(n,y))(é- ®S)=Ly§®s, and p(€27ri<x,x>)(%-®s):eZm'(X,x)%-(X)S.

By definition Q is represented by the triple (L2(t*)®SY, pY, Qy), where S¥ =
CL(t* x t)PY, for P the projection PY = ]_[j %(l — iz—:jej) and

9 .
v o_ .
Qo _Wj®8j_ZNan®8].
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For y €T, x € I'V and correspondingly e>™! (¥} in C(T"V), >™{(x-*) in C(T), the
representation p¥ of C(T) ® C(T") is now defined by

PN (E @) = Ly ®s”,
p\/(eZJTi(n,y))(é\/ ®s\/) — eZm'(n,y)é\/ ®s\/.

Here L} denotes the translation action of x € I'” on L2 ().

In our notation, ¢/ is again an orthonormal basis for t* and e is an orthonormal
basis for . We can canonically identify C£(t x t*) with C£(t* x t), and hence think
of both § and S as subspaces of this algebra.

We can identify L?(t) with L?(¢*) via the Fourier transform: let F : L> () — L2 (t*)
denote the Fourier transform isomorphism

[FE1(n) = ft £y gy,

It is easy to see that this is W-equivariant.
To identify S with SV, let u € CL(t x t*) be defined by u = &' ---&" when
n =dim(t) is even and u = eje; - - - ¢, when n is odd.

Lemma 3.9. Conjugation by u defines a W-equivariant unitary isomorphism U :
S — SY. Fora € CL(t x t*) (viewed as an operator on S by Clifford multiplication)
Uau* is Cliﬁ‘qrd multiplication by uau™ on 8" and in particular Z/{eju* = e;, while
UeU* = —¢’.

Proof. We first note that u respectively commutes and anticommutes with €, Y

(there being respectively an even or odd number of terms in # which anticommute

with e;, g/). It follows that u Pu* = P, hence conjugation by u maps S to S".
Denoting by 7 : CP — C the identification of CP with C, the inner product

on § is given by (si, s2) = m(s]s2) while the inner product on SV is given by

(s),8)) =m(u*(s)*sy'u). Thus

)

(usu™, sV) = w(u*(usu™)*sVu) = w(s*u*s"u) = (s, u™s"u)

so U* is conjugation by u* which inverts I/ establishing that I/ is unitary.

We now check that I/ is W-equivariant. In the case that t is even-dimensional,
we note that identifying C£(t*) with the exterior algebra of t* (as a W-vector space),
u corresponds to the volume form on t* so w - u = det(w)u. Similarly in the odd
dimensional case u corresponds to the volume form on t and again the action of w
on u is multiplication by the determinant. Thus

w-US) =w- (usu®) = (w-u)(w-s)(w-u*) =det(w)? u(w-)u* =Uw - s5)

since det(w) = %1.
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Finally for s¥ € §¥ and a € C£(t x t*) we have
Uall*s” =U(au™s"u) = uau™s"

and hence Ue,U* = ue;u* =e;, UsTU* = us/u* = —¢g/. O

Since FQU is a W-equivariant unitary isomorphism from L2)®Sto L2 ()RS,
the triple (L%(t) ® S, p, Qo) representing Q is isomorphic to the Kasparov triple

(L) ®S8Y, (FQU)p(F* @U*), (F @ u) Qo(F* @U™)).
Theorem 3.10. Let 6 : C(TY)® C(T) — C(T)® C(TV) be defined by

0(ER®f)=f®(go¢),

where ¢ is the involution on T" defined by ¢ (exp(n)) = exp(—n). Then Q = 6*Q"
in KKy (C(TV)® C(T), C).

Proof. We will show that p¥080 = (FQU) p (F*QU™*) and (F®u) Qo(F*@U*) = Q.
We begin with the operator.
The operator Qy is given by

i Qe —2miy/ ®e;
ay/ 7
Conjugating the operator 6% by the Fourier transform we obtain the multiplication
by 2min;, while conjugating —27mi y/ by the Fourier transform we obtain the mul-
tiplication by —Zni( Lo ) 9

. . ]
37 am) = o Conjugation by U negates ¢/ and preserves e;
hence

)
(FQu)Qo(F* @U*) =2min; ® (—&) + o 6= Q4.
J

For the representation, 0 (eFFHXADY g multiplication by e2™6X) on L2(t) (with
the identity on S) and conjugating by the Fourier transform we get the transla-
tion LY, hence (F @ U)p(e*™ 1)) (F* @ U*) = p (¢*™1%*)). On the other hand
p (2™ 7)Y s the translation L, and Fourier transforming we get the multiplication
by e 27i1:¥) Thus (F @ U) p (e¥" WYY (F* @ U*) = pV (217D,

We conclude that (F @ U)p(F* QU*) = p" o 0 as required. O

Theorem 3.11. The Kasparov product P Qc(ry Q is 1¢c(rvy in the Kasparov group
KKw (C(TY), C(TY)).

Proof. We have P ®c(rvy Q@ = l¢(r) in KKw (C(T), C(T)) by Theorem 3.8 while
PY®cr) QY =levyin KKw(C(TY), C(T")) by Theorem 3.8 for the dual group.
By Theorem 3.10 we have Q¥ = (#~")*Q, whence

learvy =PY @cry Q¥ = 0 ) PY ®car) Q.
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Let P’ = (0~ 1,PY in KKw(C, C(T)® C(T")). Then
P=PQcav) lcavy =P &cav) (P ®cr Q).

By definition P’ ®¢ry @ = (P’ ® lervy) @ Q and hence

C(T)®C(TY)

P=PRP)® Q

C(TV)®C(T)

by associativity of the Kasparov product. Here P ® P’ is the “external” product
and lives in KKy (C, C(T) ® C(T) ® C(TV) ® C(T")), with P appearing in the
first and last factors, and P’ in the second and third. The product with Q is over
the second and last factors. Similarly

P' =P ®ca)y(P®cav) Q) =P QP)® Q,

C(TY®C(TY)

where P’ now appears as the first and last factors and the product with Q is over
the first and third factors. Up to reordering terms of the tensor product,

(PRPH® Q=(P'®P)® Q.

C(TV)®C(T) C(THRC(TY)

Thus (by commutativity of the external product) P =P’ = (6~"),P" and hence
P&cry Q= lcavy. O

Corollary 3.12. The elements
Qe KKw(C(TY)®C(T),C) and P eKKy(C,C(T)RC(TY))

exhibit a W-equivariant Poincaré duality between the algebras C(T) and C(T").

4. Poincaré duality between Cy(t) x (I' x W) and Co(t*) x (I'V x W)

4A. Descent of Poincaré duality. For W a group, a Poincaré duality between two
W-C™*algebras A, B induces a natural family of isomorphisms

KKw(A® Dy, D2) = KKw (D, B® Ds)

for W-C*algebras D;, D;. In other words the functor AR is left-adjoint to B® on
the KKy category when there is a Poincaré duality from A to B. (The symmetry
of Poincaré dualities means that B® is also left-adjoint to A® ). The element in
KKw(C, AQ B) defining the Poincaré duality is precisely the unit of the adjunction,
while the counit is given by the element in KKy (B ® A, C). This categorical view
of Poincaré duality appears in [Echterhoff et al. 2008; Emerson 2011; Emerson
and Meyer 2010].

Now let Dy, D, be C*algebras (without W-action). Let 7 denote the trivial-
action functor from KK to KKy, i.e., t D, t D, are W-C*algebras with trivial
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action of W. In the case that W is a finite group, a Poincaré duality yields isomor-
phisms
KK(AXW ® D1, D2) = KKw(A® D1, D2)

~KKw(tDy, B®tD))
=~ KK(Dy, BXW Q D»).

The first and last isomorphisms are the dual Green—Julg and Green—Julg isomor-
phisms respectively, and in categorical terms these amount to the fact that the
functor is (right and left) adjoint to the descent functor x W, see [Meyer 2008]. We
denote the unit and counit by « and B, for the left-adjunction from 7 to x W, and
by @ and Efor the left adjunction from x W to t.

Since this is natural Ax W@ is left-adjoint to B x W ®, hence there must exist a
unit and a counit providing this descended Poincaré duality. We will identify these
elements explicitly.

Theorem 4.1. Let a € KKyw(B® A,C) and b € KKw(C, A ® B) define a W-

equivariant Poincaré duality between W-C*algebras A, B, with W finite. Then
T=Fr(axW)Bc € KK(BXW & AxW, C),
b=ac(bx W)A € KK(C, AxW & BxW)

define a Poincaré duality such that the following diagram commutes:

KK%, (A, C) —2"—_, KK%,(C. B)

dual Green—Julg El lGreen—Julg =

4w —
KK*(AxW,C) —2Y s KK*(C, BxW)

Here A € KK((A® B)xW, AxW ® BxW) is given by the diagonal inclusion
of W into W x W and Tv € KK(BxW ® AxW, (B® A)xW) is dual to this: We
define a positive linear map Tr: (B® A) x (W x W) — (B® A) x W by

(@a®Db)[w] if wy =wo,

Tr: (a @ D)[wy, wa] i
(a MNwi, wa] {0 otherwise.

This is a (B ® A) x W-module map and we equip the algebra (B ® A)x (W x W)
with inner product in (B ® A) x W defined by
(ba)wr, wal, @ ®@a)[w], wil), =Tr(lw; ", wy ' 1(0* ®a™) (B’ @) [w], whl).

The completion of this as a Hilbert module, equipped with the left multiplication
representation of (B ® A) x (W x W) provides the required element

Tre KK((B®A) x (W x W), (B® A) x W).



EXTENDED AFFINE WEYL GROUPS 515

To identify the unit and counit b and & one proceeds as follows. The unit b
is the image of the identity 14w under the isomorphism KK(AXW, AxW) =
KK(C, BxW ® AxW). This is the composition of the dual Green—Julg, equi-
variant Poincaré duality, and Green—Julg maps. The first two yield the Poincaré
dual of the unit &4. One must then descend this and pair with the unit ac. Hence
b=ac (b(@s®1p))xW =ac(bxW)((@a ® 15)xW) by naturality of descent. It
is not hard to identify (@4 ® 15)x W as the element A.

Similarly the counit @ is the image of the identity 1gw under the isomorphism
KK(BXW, BxW) = KK(AxW ® BxW,C). This is the composition of the
Green-Julg, equivariant Poincaré duality, and dual Green—Julg maps, hence d is
obtained by taking the Poincaré dual of the counit S, descending, and applying
the counit Bc. We have @ = ((Bg ® 14)a)x W)Be = (Bg ® 14) xW)(axW)Be. A
change of variables identifies (,B\B ® 14)x W with v,

Remark 4.2. Given a Kasparov triple (£, 1, D) representing b we can describe
explicitly a triple (£, &¢, D ® 1) for b.

The module € is given by descending £ and inflating the action of W to W x W.
Explicitly £ is the completion of £ ® C[W x W] with respect to the inner product

(£ @ [wi, wal, & ® [w], whl) = (wi ', wi") - (&, &N wy 'w), wy 'w)l.

The operator is simply D ® 1 on g

The representation a¢ of C on € takes 1 to the projection corresponding to
the trivial representation of W, where W acts diagonally on & —the unit o¢ €
KK(C, (rC)x W) is given by inclusion of C as the trivial representation in C[W] =
(TCO)xW.

4B. Proof of Theorem 1.1. The theorem follows from Theorem 4.1 by consider-
ation of the following diagram:

P@c(r) —

KKy, (C(T), C) KK, (C, C(TY))
ElMorita %lMorita
N b@co(tmr— N " v
KK, (Co(t) x T, C) KKy, (C, Co(t*) » I'Y)
Eldual Green-Julg ;lGreen—Julg
E@Co(t)x(r‘m W) —
KK*(Co(t) x (I' x W), C) KK*(C, Co(t*) x ('Y x W))

Composition of P with the Morita equivalences and of Q with the inverse
Morita equivalences, yields a W-equivariant Poincaré duality between Co(t) < I
and Co(t*) x I'V inducing the middle arrow.

To determine the element b explicitly, recall that P is given by the Hilbert mod-
ule of functions o : t x t* — C which are 'V periodic in the second variable and
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satisfy
oy +x,m) =g (x, ).

This module is equipped with the inner product

(o1, 02)(x, n) = 01(x, N)oa(x, n).

The Morita equivalence from C(T) to Cy(t) x I' is given by the completion of
C.(t) with respect to the inner product

(¢1,2) =Y _ b1 (v - p2)l¥],

yell
and similarly for C(T").
It follows that b is given by the Hilbert module completion of C.(t x t*) with
respect to the inner product

Or6)= Y G0 e (. 0]
(y,x)er'xrv

Applying Theorem 4.1 yields the bottom arrow. Here we identify

(Co®) xTHYyxW with Co(t) x (I' x W)
and
(Co() xTY)x W) with Co(t") x (T'Y x W).

As noted in Remark 4.2 the element b has Hilbert module obtained by descending
the module and inflating the W action to W x W.

In conclusion we obtain the module by completing C.(t x t*) x (W x W) with
respect to the inner product

(Olwy, wal, '[w), whl) = (Wi, wa) ™" - (0, 0" [wy 'wi, wy 'whl,

where (0, 0’) is the inner product on C,(t x t*) defined above which is equipped
with the representation of C given by the trivial projection in C[W], where W acts
diagonally on all factors.

4C. Proof of Theorem 1.2. The result follows from Theorem 4.1 by the consider-
ation of the following diagram:

PRc(r)—

KK} (C(T), ©) — KK} (C, C(TV))
Fourier—Pontryaginl; ElFourier—Pontryagin
b@c*(rv) —

KK, (C*(TY), C) KKy, (C, C*(T)
dual GreenJulglE ElGreenJulg

(R —

KK*(C*('Y x W), C) KK*(C, C*(I' x W))




EXTENDED AFFINE WEYL GROUPS 517

Composition of P and of Q with the Fourier—Pontryagin isomorphisms yields a W-
equivariant Poincaré duality between C*(I'V) and C*(I") inducing the middle ar-
row. Applying Theorem 4.1 yields the bottom arrow. Here we identify C*(I"V) x W
with C*(I'Y x W) and C*(I") x W with C*(T" x W).

4D. The connection with the Baum—Connes assembly map. The Poincaré dual-
ity isomorphism appearing in Theorem 1.1

KK*(Co(t) x (I' x W), C) = KK*(C, Co(t*) x (I'V x W))
can be identified with the Baum—Connes assembly map for the group I' ¥ W in a

sense made explicit by the following diagram. Note that while we have suppressed
the indices, these are degree-0 maps of Z;-graded groups.

KKt w(Co(t), C) Baum-Connes > KK(C, C*(T'xW))

dual Green-Julg Morita equivalence

~ ~

KK(Co()x(Tx W), C) —— e dullty - pk (€, Co(#*) i (T 3 W)

N y

xBc xBc

KK(Co() x(Tx W), C*(TxW)) 245 KK(C, Co(t)x (T x W) ® C*(T' x W))

The curved arrow is the descent map. Note that since I' x W is amenable, the
full and reduced C*algebras agree. The counit E@ € KK((tCO)xI'xW),C) =
KK(C*(I'xW), C) is given by the trivial representation of the group I" x W. This
element has the effect of collapsing the coefficients C*(I" x W).

The upper and lower Poincaré dualities in the diagram are both provided by
Theorem 1.1, in the lower case with the coefficients C*(I" x W), and the element in-
ducing the map from K-homology to K-theory is described in detail in Section 4B.

Clearly the lower square commutes by associativity of the Kasparov product,
while the left-hand triangle commutes by definition. Therefore, to show that the
Baum—Connes assembly map corresponds to the upper Poincaré duality it suffices
to show that the outer pentagon is commutative.

By definition the assembly map is the composition of descent with a Kasparov
product. We denote by Ac, ) the relevant element of KK(C, Co(t) xI" x W), which
is given by the Hilbert module obtained by completing C.(t) with respect to the
inner product

(f Y= Fyw)- Hlywl.

yv,w
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We thus have the following diagram, where the bottom arrow is our Poincaré
duality:

KKt 5w (Co(t), C) Baum-Connes s KK(C, C*(T' x W))

Morita equivalence

~

KK(C, Co(t*) x ('Y x W))

N

descent

KK(Co(t) x (T' x W), C*(I' x W)) —— KK(C, Co(t*) x (I'V x W) ® C*(T" x W))

The upper triangle commutes by definition of the assembly map, however, it should
be noted that the lower quadrilateral does not commute: the two directions around
the quadrilateral collapse different algebras. It is thus not entirely obvious that the
outer pentagon itself commutes. However we will show that the quadrilateral does
commute on the image of the descent map so that the outer pentagon commutes as
required.

We start with a Kasparov cycle (H, p, T) € KKrw(Co(t), C). Note that since
the action of I x W on t is proper we may, without loss of generality, take 7' to be
exactly invariant and of finite propagation. Now we descend to get (£, 0, T ® 1),
where £ = H® C*I" x W and p is a representation defined by

p(flg) =p(fHm(g) ®lgl,

(r denotes the representation of I' x W on H).

Applying our Poincaré duality, given by the completion of C.(t x t*) x (I' x ')
described in Section 4B, along with the representation of C given by the trivial
representation of W, we obtain a Kasparov triple as follows:

Let H. = p(C.(t))H. The module in our triple is the completion of

H® Cc(t) ® C[(I x W) x W]
with respect to the inner product

(@ flg, w1, &'® f1(g", wH])
=Y > (& 8-8)Mg "8I fTw]. [x1e ) £w']),

el yerv

where the last inner product in the formula is taken in the algebra Co(t*) x (I'Y x W)
viewed as a module over itself. The representation of C is once again given by the
trivial projection in C[W], where W acts diagonally on H,, C.(t*), ' x W and W
itself. The operator is given by 7 on H, and by the identity on the other factors.
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This is a well-defined adjointable operator as we took 7 to be exactly invariant
under the action of I' x W and of finite propagation.

Applying the element ,B\@ reduces this to a module over Co(t*) x (I'V x W),
where the inner product is

(E® fllg, w1, & ® I, wHl)=)_ D (6, 8-&)flw], [x1e ™ f'Tw']),

sell yelv

Note that as this no longer depends on g and g’, vectors of the form & ® f[(g1, w)]
and £ ® f[(g2, w)] are identified. Thus the module, which we will denote &,
is really a completion of H, ® C.(t9) ® C[W]. Once again the representation
is provided by the trivial representation of W, and we denote the corresponding
projection on £} by pw. The operator on & is givenby T @ 1 ® 1.

We now trace the other route around the diagram. As before, starting with a
Kasparov triple (H, p, T) we obtain the descended triple (£, o, T ® 1). We next
apply the element A, which is given by the completion of C¢(t) described earlier
in this section. We obtain the completion of H, ® C[T" x W] with respect to the
inner product

(gl 'Ig = D (£.h-&)g " hg'].

hel'xW

The representation of C is given by the identity while the operator, once again, is
given by T on H, and the identity on the other factor.

The Hilbert module realising the descended Morita equivalence is given by com-
pleting the module C(t*) x W with respect to the inner product

(flwl, fTw'l) =D [w'1f (- fHlxw']
xerv
in Co(t*) x W.

The representation of C*(I" x W) on this module is given by the representation
of I' x W, where ((yw')- f[w])(n) =e>™ 1) (w'- £)(n)[w'w]. Hence, applying the
Morita equivalence we obtain a Kasparov triple where the module is the completion,
which we denote by &, of H, ® Co (t*) ® C[W] with respect to the inner product

(@ flwl & @ fTwl)=>"Y" > (& Gu)-&)flwl, ¥ " [xul f'Tw']),

sel’ ueWw yerv

the representation of C is given by the identity and the operator is given by 7' on
H, and the identity elsewhere.

To identify this triple with the Kasparov element obtained via the first route,
we note that the module &; is isomorphic to the range of the projection pyw on &.
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Indeed,

(u(é ® LD, pu€' ® 10D, = e ® Flwl € @ 1)),

This completes the proof.

5. Langlands duality and K-theory

In this section we will consider the K-theory of the affine and extended affine Weyl
groups of a compact connected semisimple Lie group.

As remarked in the introduction an extended affine Weyl group and its Langlands
dual (W)Y need not be isomorphic. For example the extended affine Weyl groups
of PSU3 and its Langlands dual SU3 are nonisomorphic. However their group
C*algebras have the same K-theory, see [Niblo et al. 2016].

In this section we will show that this is not a coincidence, indeed passing to the
Langlands dual always rationally preserves the K-theory for the extended affine
Weyl groups. In particular, where the extended affine Weyl group of the dual of G
agrees with the affine Weyl group of G (as for PSU3) the K-theory for the affine
and extended affine Weyl groups of G agrees up to rational isomorphism.

Corollary 1.3. Let G be a compact connected semisimple Lie group and G its
Langlands dual, with W, (W))" the corresponding extended affine Weyl groups.
Then there is a rational isomorphism

K (C*((W))")) = K« (C*(W,)).

Proof. The proof combines the universal coefficient theorem with our Poincaré
duality as follows.
We start by writing W, =T x W and (W))" =T x W. By the Green—Julg
theorem and Fourier—Pontryagin duality,
K. (C* W)= K (CcH () = KV (C(T)) = Ky (T). (5.1)
Applying the universal coefficient theorem, we have the exact sequence

0 — Exty (K3 (T), Z) — K (T) — Hom(K},(T), Z) — 0.

In particular the torsion-free part of KV (T) agrees with the torsion-free part of
K3, (T) therefore rationally we have

K (T)=KY(T). (5.2)

As in Theorem 1.2, we can identify KW (T) = K3, (C(T)) with K*(C*(W,)").
The theorem now follows by applying our Poincaré duality from Theorem 1.2 to
obtain

K*(C*(Wp)") = K (C*(W,)). 4
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In a subsequent paper, [Niblo et al. 2016] we construct the admissible duals
for the extended affine Weyl groups of all Lie groups of type A,, exhibiting these
spaces as varieties which decompose as a union of spaces indexed by the partitions
of n+ 1. Furthermore we show that the rational isomorphism given above is induced
by a homotopy equivalence between the varieties which respects the decomposition.
The special case of SU(n) itself was considered by Solleveld [2007].

For the affine Weyl groups we have the following:

Corollary 1.4. Let W, be the extended affine Weyl group of G, and let W,, W, be
the affine Weyl groups of G and its Langlands dual G”. If G is of adjoint type then
rationally

KL (CH(W)) = KL (CH(W))).

If additionally G is of type A,, D,, E¢, E7, Eg, F4, G, then rationally
K. (C*(W,)) = Ko (C*(W,)).

Proof. If G is a compact connected semisimple Lie group of adjoint type then its
Langlands dual G is simply connected, so (W,)" = W,

In the case that G is additionally of type A,, D,, E¢, E7, Eg, F4, G, the group
G" is the universal cover of G and hence W, = W, a

Acknowledgements

We would like to thank Maarten Solleveld for his helpful comments on the first
version of this paper. We would also like to thank the editor Jonathan Rosenberg
and the referee, whose careful reading of our paper led to the examination, in
Section 4D, of the relationship between our Poincaré duality and the Baum—Connes
conjecture. We are also grateful to the referee for suggesting the simplified proof
of Theorem 4.1 presented here.

References

[Baaj and Julg 1983] S. Baaj and P. Julg, “Théorie bivariante de Kasparov et opérateurs non bornés
dans les C*-modules hilbertiens”, C. R. Acad. Sci. Paris Sér. I Math. 296:21 (1983), 875-878. MR
Zbl

[Bourbaki 2002] N. Bourbaki, Lie groups and Lie algebras: Chapters 4—6, Springer, 2002. MR Zbl
[Bourbaki 2005] N. Bourbaki, Lie groups and Lie algebras: Chapters 7-9, Springer, 2005. MR Zbl

[Bunke and Nikolaus 2015] U. Bunke and T. Nikolaus, “T-duality via gerby geometry and reduc-
tions”, Rev. Math. Phys. 27:5 (2015), 1550013, 46. MR Zbl

[Daenzer and van Erp 2014] C. Daenzer and E. van Erp, “T-duality for Langlands dual groups”, Adv.
Theor. Math. Phys. 18:6 (2014), 1267-1285. MR Zbl

[Echterhoff et al. 2008] S. Echterhoff, H. Emerson, and H. J. Kim, “K K -theoretic duality for proper
twisted actions”, Math. Ann. 340:4 (2008), 839-873. MR Zbl


http://msp.org/idx/mr/715325
http://msp.org/idx/zbl/0551.46041
http://msp.org/idx/mr/1890629
http://msp.org/idx/zbl/0983.17001
http://msp.org/idx/mr/2109105
http://msp.org/idx/zbl/1139.17002
http://dx.doi.org/10.1142/S0129055X15500130
http://dx.doi.org/10.1142/S0129055X15500130
http://msp.org/idx/mr/3361543
http://msp.org/idx/zbl/1339.53026
http://dx.doi.org/10.4310/ATMP.2014.v18.n6.a2
http://msp.org/idx/mr/3285609
http://msp.org/idx/zbl/1309.22016
http://dx.doi.org/10.1007/s00208-007-0171-6
http://dx.doi.org/10.1007/s00208-007-0171-6
http://msp.org/idx/mr/2372740
http://msp.org/idx/zbl/1147.19006

522 GRAHAM A. NIBLO, ROGER PLYMEN AND NICK WRIGHT

[Emerson 2011] H. Emerson, “Lefschetz numbers for C*-algebras”, Canad. Math. Bull. 54:1 (2011),
82-99. MR Zbl

[Emerson and Meyer 2010] H. Emerson and R. Meyer, “Dualities in equivariant Kasparov theory”,
New York J. Math. 16 (2010), 245-313. MR Zbl

[Kasparov 1988] G. G. Kasparov, “Equivariant K K -theory and the Novikov conjecture”, Invent.
Math. 91:1 (1988), 147-201. MR Zbl

[Meyer 2008] R. Meyer, “Categorical aspects of bivariant K -theory”, pp. 1-39 in K-theory and
noncommutative geometry, edited by G. Cortifias et al., Eur. Math. Soc., Ziirich, 2008. MR Zbl

[Niblo et al. 2016] G. A. Niblo, R. Plymen, and N. Wright, “Stratified Langlands duality in the A,
tower”, preprint, 2016. To appear in J. Noncommut. Geom. arXiv

[Solleveld 2007] M. Solleveld, Periodic cyclic homology of affine Hecke algebras, Ph.D. thesis,
Korteweg-de Vries Institute for Mathematics (KdVI), 2007, Available at http://hdl.handle.net/11245/
1.271180.

Received 23 Feb 2017. Revised 10 Nov 2017. Accepted 26 Nov 2017.

GRAHAM A. NIBLO: g.a.niblo@soton.ac.uk
Mathematical Sciences, University of Southampton, United Kingdom

ROGER PLYMEN: r.j.plymen@soton.ac.uk
Mathematical Sciences, University of Southampton, United Kingdom

NICK WRIGHT: n.j.wright@soton.ac.uk
Mathematical Sciences, University of Southampton, United Kingdom

:'msp


http://dx.doi.org/10.4153/CMB-2010-084-5
http://msp.org/idx/mr/2797970
http://msp.org/idx/zbl/1215.19002
http://nyjm.albany.edu:8000/j/2010/16_245.html
http://msp.org/idx/mr/2740579
http://msp.org/idx/zbl/1244.19004
http://dx.doi.org/10.1007/BF01404917
http://msp.org/idx/mr/918241
http://msp.org/idx/zbl/0647.46053
http://dx.doi.org/10.4171/060-1/1
http://msp.org/idx/mr/2513331
http://msp.org/idx/zbl/1157.19004
http://msp.org/idx/arx/1611.05218
http://hdl.handle.net/11245/1.271180
mailto:g.a.niblo@soton.ac.uk
mailto:r.j.plymen@soton.ac.uk
mailto:n.j.wright@soton.ac.uk
http://msp.org

ANNALS OF K-THEORY

msp.org/akt
EDITORIAL BOARD
Paul Balmer  University of California, Los Angeles, USA
balmer @math.ucla.edu
Guillermo Cortifias  Universidad de Buenos Aires and CONICET, Argentina
gcorti@dm.uba.ar
Hélene Esnault  Freie Universitit Berlin, Germany
liveesnault@math.fu-berlin.de
Eric Friedlander ~ University of Southern California, USA
ericmf@usc.edu
Max Karoubi Institut de Mathématiques de Jussieu — Paris Rive Gauche, France
max.karoubi @imj-prg.fr
Huaxin Lin ~ University of Oregon, USA
livehlin@uoregon.edu
Alexander Merkurjev ~ University of California, Los Angeles, USA
merkurev @math.ucla.edu
Amnon Neeman  Australian National University
amnon.neeman @anu.edu.au
Birgit Richter  Universitit Hamburg, Germany
birgit.richter @uni-hamburg.de
Jonathan Rosenberg  (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu
Marco Schlichting  University of Warwick, UK
schlichting@warwick.ac.uk
Charles Weibel  (Managing Editor)
Rutgers University, USA
weibel @math.rutgers.edu
Guoliang Yu  Texas A&M University, USA
guoliangyu@math.tamu.edu
PRODUCTION

Silvio Levy  (Scientific Editor)
production@msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2018 is US $475/year for the electronic version, and $535/year (4$30, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://msp.org/akt/
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:merkurev@math.ucla.edu
mailto:amnon.neeman@anu.edu.au
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/

ANNALS OF K-THEORY

2018 vol. 3 no. 3

Triple linkage 369
Karim Johannes Becher

Al-equivalence of zero cycles on surfaces, IT 379
Qizheng Yin and Yi Zhu

Topological K-theory of affine Hecke algebras 395
Maarten Solleveld

On a localization formula of epsilon factors via microlocal geometry 461
Tomoyuki Abe and Deepam Patel

Poincaré duality and Langlands duality for extended affine Weyl groups 491
Graham A. Niblo, Roger Plymen and Nick Wright

Geometric obstructions for Fredholm boundary conditions for manifolds with corners 523

Paulo Carrillo Rouse and Jean-Marie Lescure

Positive scalar curvature and low-degree group homology 565
Noé Bércenas and Rudolf Zeidler



	Introduction
	1. Statement of results
	2. Background
	2A. Real Langlands duality
	2A1. A table of Langlands dual groups

	2B. Affine and extended affine Weyl groups

	3. Equivariant Poincaré duality between C(T) and C(T)
	3A. The Poincaré line bundle
	3B. Construction of the element Q in KKW(C(T)"0362C(T),C)
	3C. The Kasparov product PC(T)Q
	3D. The Kasparov product PC(T)Q

	4. Poincaré duality between C0(t)(W) and C0(t*)(W)
	4A. Descent of Poincaré duality
	4B. Proof of 0=equation.41=Theorem 1.1
	4C. Proof of 0=equation.51=Theorem 1.2
	4D. The connection with the Baum–Connes assembly map

	5. Langlands duality and K``-theory
	Acknowledgements
	References
	
	

