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We examine the slice spectral sequence for the cohomology of singular schemes
with respect to various motivic T -spectra, especially the motivic cobordism
spectrum. When the base field k admits resolution of singularities and X is a
scheme of finite type over k, we show that Voevodsky’s slice filtration leads to
a spectral sequence for MGLy whose terms are the motivic cohomology groups
of X defined using the cdh-hypercohomology. As a consequence, we establish
an isomorphism between certain geometric parts of the motivic cobordism and
motivic cohomology of X.

A similar spectral sequence for the connective K-theory leads to a cycle class
map from the motivic cohomology to the homotopy invariant K-theory of X. We
show that this cycle class map is injective for a large class of projective schemes.
We also deduce applications to the torsion in the motivic cohomology of singular

schemes.
1. Introduction 657
2. A descent theorem for motivic spectra 660
3. Motivic cohomology of singular schemes 669
4. Slice spectral sequence for singular schemes 671
5. Applications I: Comparing cobordism, K-theory and cohomology 681
6. The Chern classes on KH-theory 687
7. Applications II: Intermediate Jacobian and Abel-Jacobi map for
singular schemes 695
8. Applications III: Roitman torsion and cycle class map 701
Acknowledgements 704
References 704

1. Introduction

The motivic homotopy theory of schemes was put on a firm foundation by Voevod-
sky and his coauthors beginning with the work of Morel and Voevodsky [1999] and
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its stable counterpart [Voevodsky 1998]. It was observed by Voevodsky [2002b]
that the motivic T-spectra in the stable homotopy category SH x over a noetherian
scheme X of finite Krull dimension can be understood via their slice filtration. This
slice filtration leads to spectral sequences, which then become a very powerful tool
in computing various cohomology theories for smooth schemes over X.

The main problem in the study of the slice filtration for a given motivic 7T'-
spectrum is twofold: the identification of its slices and the analysis of the conver-
gence properties for the corresponding slice spectral sequence. When k is a field
which admits resolution of singularities, the slices for many of these motivic 7T'-
spectra in SHy are now known. In particular, we can compute these generalized
cohomology groups of smooth schemes over k using the slice spectral sequence.

In this paper, we study a descent property of the motivic 7T -spectra in SHx when
X is a possibly singular scheme of finite type over k. This descent property tells
us that the cohomology groups of a scheme Y € Smy, associated to an absolute
motivic T-spectra in SHy [Déglise 2014, §1.2], can be computed using only SHy.

Even though our methods apply to any of these absolute T -spectra, we restrict
our study to the motivic cobordism spectrum MGLy. We show using the above
descent property of motivic spectra that MGLy can be computed using the mo-
tivic cohomology groups of X. Recall from [Friedlander and Voevodsky 2000,
Definitions 4.3 and 9.2] that the motivic cohomology groups of X are defined to
be the cdh-hypercohomology groups H” (X, Z(q)) = [H]fd;zq (X, Cizequi(AL, 0)cdn)-
Using these motivic cohomology groups, we show the following:

Theorem 1.1. Let k be a field which admits resolution of singularities and let X
be a separated scheme of finite type over k. Then for any integer n € Z, there is a
strongly convergent spectral sequence

E}" = H' (X, Z(n - q)) ®2 L = MGLP ™" (X), (12)
s Ep-l—r,q—r-H
f .

and the differentials of this spectral sequence are given by d, : EP*?
Furthermore, this spectral sequence degenerates with rational coefficients.

If k is a perfect field of positive characteristic p, we obtain a similar spectral
sequence after inverting p, except that we can not guarantee strong convergence
unless X is smooth over k (see Remark 4.25).

As a consequence of Theorem 1.1 and its positive characteristic version, we get
the following relation between the motivic cobordism and cohomology of singular
schemes.

Theorem 1.3. Let k be a field which admits resolution of singularities (resp. a
perfect field of positive characteristic p). Then for any separated (resp. smooth)
scheme X of finite type over k and dimension d and every i > 0, the edge map in
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the spectral sequence (1.2)
vy : MGLXH44 (xy . HY+ (X 7(d + 1))

(resp. vy : MGL* 4+ (X) ®; Z[%] — H*(X,Z(d+1) ®z Z[%] )

is an isomorphism.

We apply our descent result to obtain a similar spectral sequence for the con-
nective KH-theory, KGL? (see Section 5). We use this spectral sequence and the
canonical map CKH(-) — KH(—) from the connective KH-theory to obtain the
following cycle class map from the motivic cohomology of a singular scheme to
its homotopy invariant K-theory.

Theorem 1.4. Let k be a field of exponential characteristic p and let X be a
separated scheme of dimension d which is of finite type over k. Then the map
KGL(})( — 50 KGLx = HZ induces, for every integeri > 0, an isomorphism
CKH> M (X) @7 Z[ 4] = H*T/(X, Z(d +1) ®2 Z[5].
In particular, there is a natural cycle class map
cye; s H*™V(X, Z(d +1) ®2 Z[ 3] = KH;(X) @2 Z[1].

We use this cycle class map and the Chern class maps from the homotopy
invariant K-theory to the Deligne cohomology of schemes over C to construct
intermediate Jacobians and Abel-Jacobi maps for the motivic cohomology of sin-
gular schemes over C. More precisely, we prove the following. This generalizes
intermediate Jacobians and Abel-Jacobi maps of Griffiths and the torsion theorem
of Roitman for smooth schemes.

Theorem 1.5. Let X be a projective scheme over C of dimension d. Assume that
either d < 2 or X is regular in codimension one. Then there is a semiabelian
variety J¢(X) and an Abel-Jacobi map AJ§ s H2 (X, Z(d))deg0 —> J4(X) which
is surjective and whose restriction to the torsion subgroups is an isomorphism.

In a related work, Kohrita [2017, Theorem 6.5] has constructed an Abel-Jacobi
map for the Lichtenbaum motivic cohomology HLZd (X, Z(d)) of singular schemes
over C using a different technique. He has also proven a version of the Roit-
man torsion theorem for the Lichtenbaum motivic cohomology. The natural map
H?* (X, Z(d)) — H? (X, Z(d)) is not an isomorphism in general if d > 3. Note
also that the Roitman torsion theorem for H* (X, Z(d)) is a priori a finer statement
than that for the analogous Lichtenbaum cohomology.

Using Theorem 1.5, we prove the following property of the cycle class map of
Theorem 1.4, which is our final result. The analogous result for smooth projective
schemes was proven by Marc Levine [1987, Theorem 3.2]. More generally, Levine
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shows that a relative Chow group of 0-cycles on a normal projective scheme over
C injects inside Ko(X).

Theorem 1.6. Let X be a projective scheme of dimension d over C. Assume
that either d < 2 or X is regular in codimension one. Then the cycle class map
cycy : H*(X, Z(d)) — KHo(X) is injective.

We end this section with the comment that our motivation behind this work was
to exploit powerful tools of the motivic homotopy theory to study several questions
about the motivic cohomology and K-theory of singular schemes which were previ-
ously known only for smooth schemes. We hope that the methods and techniques of
our proofs can be advanced further to answer many other cohomological questions
about singular schemes. We refer to [Krishna and Pelaez 2018] for more results
based on the techniques of this text.

2. A descent theorem for motivic spectra

In this section, we set up our notation, discuss various model structures used in our
proofs and show the Quillen adjunction property of many functors among these
model structures. The main objective of this section is to prove a cdh-descent
property of the motivic T-spectra; see Theorem 2.14.

2.1. Notations and preliminary results. Let k be a perfect field of exponential
characteristic p; in some instances we require that the field & admits resolution of
singularities [ Voevodsky 2010, Definition 4.1]. We write Schy, for the category of
separated schemes of finite type over k and Smy, for the full subcategory of Schy
consisting of smooth schemes over k. If X € Schy, let Smy denote the full sub-
category of Schy consisting of smooth schemes over X. We write (Smy )nis (resp.
(Smy)nis, (Schyg)can, (Schy)nis) for Smy equipped with the Nisnevich topology
(resp. Smy equipped with the Nisnevich topology, Sch; equipped with the cdh-
topology, Schy equipped with the Nisnevich topology). The product X Xgpeck Y is
denoted by X x Y.

Let M (resp. My, M) be the category of pointed simplicial presheaves
on Smy, (resp. Smy, Schy) equipped with the motivic model structure described
in [Isaksen 2005] considering the Nisnevich topology on Smy (resp. Nisnevich
topology on Smy, cdh-topology on Schy) and the affine line A,l as an interval. A
simplicial presheaf is often called a motivic space.

We define 7' in M (resp. My, M_cgn) as the pointed simplicial presheaf repre-
sented by S! A S}, where S} is Al \ {0} (resp. AL\ {0}, A} \ {0}) pointed by 1, and S
denotes the simplicial circle. Given an arbitrary integer r > 1, let S7 denote the iter-
ated smash product S! A+ - - A S! of S! with r factors, and S” the iterated smash prod-
uct S} A+~ A SHof S with r factors; SY = S? is by definition equal to the pointed
simplicial presheaf represented by the base scheme Spec k (resp. X, Spec k).
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Since T is cofibrant in M (resp. Mx, Mcqn) We can apply freely the results in
[Hovey 2001, §8]. Let Spt(M) (resp. Spt(Mx), Spt(M.qn)) denote the category
of symmetric T-spectra on M (resp. Mx, M_qn) equipped with the motivic model
structure defined in [Hovey 2001, Definition 8.7]. We write SH (resp. SHx, SHecdn)
for the homotopy category of Spt(M) (resp. Spt(Myx), Spt(M.an)), which is a
tensor triangulated category. For any two integers m, n € Z, let ¥"™" denote the
automorphism X" o X1 : SH — SH (this also makes sense in SHx and SHcdn).
We write X7 for »2n and E A F for the smash product of E, F € SH (resp.
SHx, SHean)-

Given a simplicial presheaf A, we write A, for the pointed simplicial presheaf
obtained by adding a disjoint base point (isomorphic to the base scheme) to A. For
any B € M, let £7°(B) denote the object (B, T A B, ...) € Spt(M). This functor
makes sense for objects in Mg and My as well.

If F: A— Bis a functor with right adjoint G : B— A, we say that (F, G): A— B
is an adjunction. We freely use the language of model and triangulated categories.
We write X! for the suspension functor in a triangulated category, and X" is the
suspension (or desuspension in case n < 0) functor iterated n (or —n) times.

We use the following notation in all the categories under consideration: * de-
notes the terminal object, and = denotes that a map is an isomorphism or that a
functor is an equivalence of categories.

2.2. Change of site. Let X € Schy and let v : X — Spec k denote the structure
map. We write Prey and Pre, for the categories of pointed simplicial presheaves
on Smy and Schy, respectively. If X = Spec k, where £ is the base field, we write
Pre; instead of Prex. These categories are equipped with the objectwise flasque
model structure [Isaksen 2005, §3]. To recall this model structure, we consider a
finite set / of monomorphisms {V; — U};c; for any U € Smy. The categorical
union Uie ; Vi is the coequalizer of the diagram

VixV; ; Vi
T U .
i,jel iel

formed in Prex. We denote by i; the induced monomorphism | J;_; Vi = U. Note
that @ — U arises in this way. The pushout product of maps of i; and a map
between simplicial sets exists in Prey. In particular, we may form the sets

M (Smy) = {i; O BA" C A") } 100,

clo

T3 Smy) = {i; O(A] C A"} 1n=0.0i<n,

clo \WHEX) — W =5y = = J+J[,n>0,0=1=<

where [ is a finite set of monomorphisms {V; — U};c; with U € Smy, and
ir:U; ¢; Vi = U is the induced monomorphism defined above.
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A map between simplicial presheaves is called a closed objectwise fibration if it
has the right lifting property with respect to J Cslcoh (Smy). Amapu: E — F between
simplicial presheaves is called a weak equivalence if E(U) — F(U) is a weak
equivalence of simplicial sets for each U € Smy. A closed objectwise cofibration is
a map having the left lifting property with respect to every trivial closed objectwise
fibration. Note that this notion of weak equivalence, cofibrations and fibrations
makes sense for simplicial presheaves in any category with finite products (e.g.,
Smy, Schy). It follows from [Isaksen 2005, Theorem 3.7] that the above notion of
weak equivalence, cofibrations and fibrations forms a proper, simplicial and cellular
model category structure on Prey, Prex and Pre,. We call this the objectwise flasque
model structure. Our reason for choosing this model structure is the following
result.

Lemma 2.3 [Isaksen 2005, Lemma 6.2]. If V — U is a monomorphism in Smy
(resp. Smy, Schy), then U, / V. is cofibrant in the flasque model structure on Prey,
(resp. Prex, Pre,). In particular, T" A Uy is cofibrant for any n > Q.

It is clear that Prex and Pre; are cofibrantly generated model categories with
generating cofibrations / Csfoh (Smy) and [ Cslcoh (Schy) and generating trivial cofibra-

tions Jslcoh(SmX) and Jcsfoh(Schk), respectively.
Let 7 : (Schy)ean — (Smy)nis be the continuous map of sites considered in
[Voevodsky 2010, §4]. We write (7™, m,) : Prexy — Pre, and (v*, v,) : Prey — Prey
for the adjunctions induced by 7 and v, respectively.
We also consider the morphism of sites wx : (Schy)cgn — (Smy)nis and the
corresponding adjunction (7%, wx) : Prex — Pre,. These adjunctions are related

by the following lemma.

Lemma 2.4. The following diagram commutes:

j'[*
Prey —— Pre,

e

Pre X

Proof. We first notice that for every simplicial set K, Y € Sm; and Z € Smy, one
has TH(K®Y))=K®Y, €Pre,,

2.5
V'(K®Y,)=KQ® (Y x X), €Prey,

and i
nx(K®Zy)=K®Z; €Prey.
We observe that 7* and v* commute with colimits since they are left adjoint,
and that wy, also commutes with colimits since it is a restriction functor. Hence,
it suffices to show that for every simplicial set K and every ¥ € Smy, we have
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Tx(T*(K ® Y1) = v*(K ® Y ). Finally, a direct computation shows that
Tx«(K®Y:) =K ® (Y x X)4 € Prex
and we conclude by (2.5). U

Lemma 2.6. The adjunctions (7*, m,) : Prex — Pre;, (v*, vy) : Prey — Prex and
(g, mx+) : Prex — Pre, are all Quillen adjunctions. Moreover, mx, and
preserve weak equivalences.

Proof. We have seen above that all the three model categories (with the objectwise
flasque model structure) are cofibrantly generated. Moreover, it follows from (2.5)
that

7 (I (Smp) € IG5 (Sehe), (50 (Smy)) S I (Sehy),

clo = “clo clo clo

V(IS Smy)) C I3 (Smy), V(I3 (Smy)) € IS (Smy),

clo clo o clo

E (N Smy)) C IS (Sehy), 7 (IS (Smy)) C IS (Schy).

clo = Yclo

Hence, it follows from [Hovey 1999, Lemma 2.1.20] that (7*, 7,), (v*, v4) and
(¥, mx+) are Quillen adjunctions. The second part of the lemma is an immediate
consequence of the fact that wx, and m, are restriction functors and the weak
equivalences in the objectwise flasque model structure are defined schemewise. [J

To show that the Quillen adjunction of Lemma 2.6 extends to the level of motivic
model structures, we consider a distinguished square o [Voevodsky 2010, §2]

7 —Y

l l 2.7)

Z—Y

in (Smy)nis, (Smy)nis or (Schy)cqn, and write P («) for the pushoutof Z <— 2" — Y’
in Prey, Prex or Pre,, respectively.

The motivic model category M (resp. My, Mecan, My) is the left Bousfield
localization of Prey (resp. Prex, Pre,, Pre,) with respect to the following two sets
of maps:

e P(a) — Y indexed by the distinguished squares in (Smy)nis (resp. (Smy)nis,
(Schy)can, (Sehi)nis),
e py:Y xAl > Y for Y € Smy (resp. ¥ € Smy, Y € Schy, Y € Schy).
Notice that as we are working with the flasque model structures, by [Isaksen 2005,

Theorems 4.8—4.9] it is possible to consider maps from the ordinary pushout P («)
instead of maps from the homotopy pushout of the diagram Z < Z' — Y’ in (2.7).

Remark 2.8. We also consider the Nisnevich (resp. cdh) local model structure, i.e.,
the left Bousfield localization of Pre; (resp. Pre; ) with respect to the set of maps
P(a) — Y indexed by the distinguished squares in (Smy)nis (resp. (Schy)can)-
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We abuse notation and write (7%, my) : M — Mcgn, (v*, v4) : M — My and
(ry, wx+) : Mx — Meap for the adjunctions induced by 7, v and 7y, respectively.

Proposition 2.9. The adjunctions (*, mty) : M — Mcgn, (V*, vy) : M — Mx and
(%, wx+) : Mx — Mecan are Quillen adjunctions.

Proof. We give the argument for (7*, 7,), since the other cases are parallel. Con-
sider the commutative diagram

«

Pre; AN Pre,

idl lid
T[*

M == 5 Mean

where the solid arrows are left Quillen functors by [Hirschhorn 2003, Lemma
3.3.4(1)] and Lemma 2.6. Thus, it follows from [Hirschhorn 2003, Definition
3.1.1(1)(b), Theorem 3.3.19] that it suffices to check that 7#*(P(«x) — Y) and
a*(Y x A,i — Y) are weak equivalences in M.qp.

On the one hand, it is immediate that 7*(Y x A,i —-Y)=(Y x A,l — Y) € Mcan,
and is hence a weak equivalence in M_gy. On the other hand, 7* commutes with
pushouts since it is a left adjoint functor. It thus follows from (2.5) that

n*(P(@) — Y) = (P(a) = Y) € Mcan,
and is hence a weak equivalence in M.qp. O

We write H (resp. Hx, Hcdn) for the homotopy category of M (resp. Mx, Mcan)
and (L7*, Rm,) : H — Hean, (Lv*, Rvy) :H— Hy, (L, Rrxy): Hx — Hean for
the derived adjunctions of the Quillen adjunctions in Proposition 2.9; see [Hirschhorn
2003, Theorem 3.3.20].

2.10. A cdh-descent for motivic spectra. 1t follows from (2.5) that the adjunctions
between the categories of motivic spaces induce levelwise adjunctions

(7™, 7,) : Spt(M) — Spt(Mean),
(v*, vs) : Spt(M) — Spt(Myx),
(s Txs) : Spt(Mx) — Spt(Medn)
between the corresponding categories of symmetric 7 -spectra such that the follow-

ing diagram commutes (see Lemma 2.4):

SptM) —— Spt(Mean)

\ lm{* (2.11)

Spt(Mx)



THE SLICE SPECTRAL SEQUENCE FOR SINGULAR SCHEMES 665

We further conclude from Proposition 2.9 and [Hovey 2001, Theorem 9.3] the
following:

Proposition 2.12. The pairs

(1) (", 75) : SptM) — Spt(Mean),

(2) (v*, vy) : Spt(M) — Spt(My) and

(3) (mx, Txs) 1 Spt(Mx) — Spt(Medn)

are Quillen adjunctions between stable model categories.

We deduce from Proposition 2.12 that there are pairs of adjoint functors

(L7*, Rmy) : SH — SHcdn,
(Lv*, Rv,) : SH — SHx,
(LJT;, RTL’X*) . SHX —> SHcdh

between the various stable homotopy categories of motivic 7-spectra. We observe
that for @ > b > 0, the suspension functor »%b in SH (resp. SHy, SHean) is the
derived functor of the left Quillen functor E +— S;’_b A S,b A E in Spt(M) (resp.
Spt(Mx), Spt(Mcgn)). Since the functors 7, v*, 7y are simplicial and symmetric
monoidal, we deduce that they commute with the suspension functors ™", i.e.,
for every m, n € Z,

Lt o™ (=)= X™" o Lu*(-),
Lv* o X" (=)= X™" o Lv*(-),
Lo £7 (=) = £ o Lk (-).

Recall that My is the motivic category for the Nisnevich topology in Schy. We
write Spt(My) for the category of symmetric T-spectra on My equipped with the
stable model structure considered in [Hovey 2001, Definition 8.7].

It is well known [Jardine 2003, p. 198] that Spt(My,) and Spt(Mx) (for X € Schy)
are simplicial model categories [Hirschhorn 2003, Definition 9.1.6]. For E, E’ in
Spt(My) or Spt(My), we write Map(E, E’) and Mapy (E, E’) for the simplicial
set of maps from E to E’, i.e., the simplicial set with n-simplices of the form
Homspiat) (E @ A", E’) or Homgpiaty) (E @ A", E’), respectively.

For f: X — X', note that the Quillen adjunction ( f*, fi):Spt(Mx/) — Spt(Myx)
[Ayoub 2007b, Théoreme 4.5.14] is enriched on simplicial sets, i.e., we have
Mapy (f*E’, E) = Mapy/ (E’, f+E) for E € Spt(My), E’ € Spt(Mx).

The following result is a direct consequence of the proper base change theorem
in motivic homotopy theory [Ayoub 2007a, Corollaire 1.7.18; Cisinski and Déglise
2012, Proposition 2.3.11(2); Cisinski 2013, Proposition 3.7].

Proposition 2.13. Lv* is naturally equivalent to the composition Rmy, o L™,
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Proof. We observe that the following diagram of left Quillen functors commutes:

Spt(M) —— Spt(Mean)

* }d
Tt

Spt(Mi)

Let E be a motivic T-spectrum in Spt(M). Without any loss of generality, we can
assume that E is cofibrant in Spt(M). Let v : ngE — E ’ be a functorial fibrant
replacement of 7z E in Spt(My).

The argument in [Jardine 2003, pp. 198—199] shows that the restriction functor
mxs maps weak equivalences in Spt(Mpg) into weak equivalences in Spt(M).
Combining this with (2.11), we deduce that

Txx(V) : Txs(THE) = nx (¥ E) = vV'E — 7y E’

is a weak equivalence in Spt(Mx). Since E is cofibrant in Spt(M), Lv*E = v*E.
Hence, to conclude it suffices to show that E’ is fibrant in Spt(Mgp).

For the rest of the proof, for Y € Schy we write vy : ¥ — Spec (k) for the structure
map. Notice that we have proved that Lvy E = vy E = ny.E’ in SHy. Consider
a distinguished abstract blow-up square in Schy, i.e., a distinguished square in the
lower cd-structure defined in [Voevodsky 2010, §2]:

7y

b

i

Let j =io f’. Then
RfALf*(LViE)= Rf.L(vyo f)'E=RfmynE = fury E'

in SHy. In particular, the last isomorphism above follows from the fact that 7y, E’
is fibrant in Spt(My), since E’ is fibrant in Spt(My) and the restriction functor
wyr : Spt(Myg) — Spt(My) is a right Quillen functor (using the same argument as
in Proposition 2.12). Similarly, we conclude that Ri,Li*(Lvy E) = iynz.E " and
Rj.Lj*(LvyE) = jumzE"in SHy.

Thus, by [Cisinski 2013, Proposition 3.7] we conclude that the commutative

diagram
wys B —— fumyE’

| I

iy Tz B/ —— j*nZ’*E/

is a homotopy cofiber square in Spt(My) [Hirschhorn 2003, Definition 13.5.8], and
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thus also a homotopy fiber square since Spt(My) is a stable model category, i.e.,
its homotopy category is triangulated. Since X7°Y is cofibrant in Spt(My) and
wy«E', fumtyE, ixzE' and j,mzE’ are fibrant, combining [Hirschhorn 2003,
Definition 9.1.6(M7)] and [Hirschhorn 2003, Corollary 9.7.5(1)] we conclude that
the induced commutative diagram is a homotopy fiber square of simplicial sets:

Mapy (Y, myE') ——— Mapy (EZ°Y,, fumyE’)

| |

Mapy (XY, ixwz4E') —— Mapy (2°Y,, jurz4E')
Since the adjunction (f*, f;) is enriched in simplicial sets, we conclude that
Mapy (S3°Y4, furtyE) =Mapy (f*E7Y4, nyE') = Mapy (SFYL, wyE)

and by definition Mapy (X3°Y., , my« E") = Map(27°Y/, E'). Similarly, we con-
clude that
Mapy (27°Y,, ny<E') = Map(£7°Y4, E'),
Mapy (2°Y 4, isxtz+E') =Map(27°Z,, E'),
Mapy (7Y, jszE) = Map(S3°Z, E').

Therefore, the following is a homotopy fiber square of simplicial sets:

Map(S°Yy, E') —— Map(E°Y.,, E')

| |

Map(X°Z,, E') —— Map(2°Z/,, E')

Since X°Z!, — XY, is a cofibration in Spt(My) and E’ is fibrant in Spt(My),
we deduce that Map(22°Y",, E') — Map(X9°Z/,, E’) is a fibration of simplicial
sets; see [Hirschhorn 2003, Definition 9.1.6(M7)]. We observe that the functor
Map(—, E’) maps pushout squares in Spt(My) into pullback squares of simpli-
cial sets [Hirschhorn 2003, Proposition 9.1.8]; thus, by [Hirschhorn 2003, Corol-
lary 13.3.8] we conclude that the map

Map(22°Y4, E') — Map(Z¥ P(«), E')

induced by P(«x) — Y is a weak equivalence of simplicial sets, where P () is the
pushout of Z <~ Z’ — Y’ in Pre,. Finally, by [Hirschhorn 2003, Theorem 4.1.1(2)]
we conclude that E’ is fibrant in Spt(M.qn), since by construction Spt(Mqap) is
the left Bousfield localization of Spt(My) with respect to the maps of the form
X2 (P(a) — Y, ) indexed by the abstract blow-up squares in Schy. [l

The following result should be compared with [Cisinski 2013, Proposition 3.7].
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Theorem 2.14. Let v : X — Spec (k) be in Schy. Given a motivic T-spectrum
E € SH,Y € Smy and integers m, n € Z, there is a natural isomorphism

Homsy, (2°Y,, ™" Lv*E) = Homgy,, (S°Y,, &"" L *E).

Proof. By Proposition 2.13, Lv*(-) = (Rnxs o Lx*)(—) in SHx. Thus, by
adjointness,
Homgy, (27°Y4, ™" Lv*E) = Homgy, (27°Y4, Lv*(X™"E))
= Homgy,, (L7 EXYy, La*(X™"E))
= Homgy,, (LnxEXY,, S "La*E).
Finally, it follows from Lemma 2.3 that X2°Y, is cofibrant in the levelwise

flasque model structure and hence in any of its localizations. In particular, it is
cofibrant in the stable model structure of motivic T -spectra. We conclude that

The corollary now follows. U

Remark 2.15. The above result could be called a cdh-descent theorem because it
implies cdh-descent for many motivic spectra; see [Cisinski 2013, Proposition 3.7].
In particular, it implies cdh-descent for absolute motivic spectra (for example, KGL
and MGL). Recall from [Déglise 2014, §1.2] that an absolute motivic spectrum E
is a section of a 2-functor from Schy to triangulated categories such that for any
f X’ — X in Schy, the canonical map f*Ex — Ex’ is an isomorphism.

Lemma 2.16. Let f : Y — X be a smooth morphism in Schy. Let v: X — Spec (k)
be the structure map and u =v o f. Given any E € SH, the map

Homgy, (29°Y4, Lv*E) — Homgy,, (25°Y4, Lu*E)
is an isomorphism.

Proof. The functor L f*: SHy — SHy admits a left adjoint L f; : SHy — SHx by
[Ayoub 2007b, Proposition 4.5.19]; see also [Ayoub 2007a, Scholium 1.4.2]. Since
f 1Y — X is smooth, we have L f;(X7°Y,) = X7°Y by [Morel and Voevodsky
1999, Proposition 3.1.23(1)] and we get

Homgy, (X7°Y4, Lv*E) = Homgy, (L f3(X7°Y4), Lv'E)
= Homgy, (X7°Y4, Lf* o LV'E)
= Homgy, (X7°Y4, Lu™E),
and the lemma follows. (]

A combination of Lemma 2.16 and Theorem 2.14 yields the following corollary:
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Corollary 2.17. Under the same hypotheses and notation of Theorem 2.14, assume
in addition that X € Smy. Then there are natural isomorphisms

Homgsy (27°Y4, ™" E) = Homgy, (27 Y4, E""Lv*E)

= Homgy,, (X7 Y4+, E™"La*E).

3. Motivic cohomology of singular schemes

We continue to assume that k is a perfect field of exponential characteristic p. In
this section, we show that the motivic cohomology of a scheme X € Schy, defined
in terms of a cdh-hypercohomology (see Definition 3.1), is representable in the
stable homotopy category SHcdn-

Recall from [Mazza et al. 2006, Lecture 16] that given T € Schy, and an integer
r > 0, the presheaf z¢qui(T, r) on Smy is defined by letting zequi (7', 7)(U) be the
free abelian group generated by the closed and irreducible subschemes Z C U x T
which are dominant and equidimensional of relative dimension » (any fiber is either
empty or all its components have dimension r) over a component of U. It is known
that zequi(7', ) is a sheaf on the big étale site of Smy.

Let Cyzequi(T, r) denote the chain complex of presheaves of abelian groups
associated via the Dold—Kan correspondence to the simplicial presheaf on Smy
given by Cpzequi(T, r)(U) = zequi(T, r)(U x A}). The simplicial structure on
CiZequi(T, r) 1s induced by the cosimplicial scheme Aj. Recall the following
definition of motivic cohomology of singular schemes from [Friedlander and Vo-
evodsky 2000, Definition 9.2].

Definition 3.1. The motivic cohomology groups of X € Schy are defined as the
hypercohomology

H"™ (X, Z(n)) = Hlip?" (X, CaZequi (A7, 0)ean) = Ao 2n—m (X, A).
We also need to consider Z[1/ p]-coefficients. In this case, we write
H" (X, Z[$](0) = B (X, Cazequi (AL, O[1])-
Forn <0, we set H"(X, Z(n)) = H"(X, Z[1/p](n)) = 0.

3.2. The motivic cohomology spectrum. In order to represent the motivic coho-
mology of a singular scheme X in SHy, let us recall the Eilenberg—MacLane
spectrum

H7 =(K(0,0),K(1,2),...,K(n,2n),...)

in Spt(M), where K (n, 2n) is the presheaf of simplicial abelian groups on Smy
associated to the presheaf of chain complexes C.zequi(A}, 0) via the Dold—Kan
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correspondence. The external product of cycles induces product maps
Km,2m)AK(n,2n) — K(m+n,2(m +n)).

Notice K(1,2) = Q*(zequi(ﬂj’l, 0) /zequi([P’O, 0)) [Mazza et al. 2006, Theorem 16.8],
so composing the product maps with the canonical map

g: T =P/PY — Culzequi(P}, 0)/zequi(PY, 0) = K (1,2)

(where the first map assigns to any morphism U — [P’,i its graph in U x P}(), we
obtain the bonding maps. HZ is a symmetric spectrum whose symmetric structure
is obtained by permuting the coordinates in A;’. We shall not distinguish between a
simplicial abelian group and the associated chain complex of abelian groups from
now on in this text and will use them interchangeably.

3.3. Motivic cohomology via SHcan. Let 1= E%o(S?) be the sphere spectrum in
SH, and let 1[1/p] € SH be the homotopy colimit [Neeman 2001, Definition 1.6.4]
of the filtering diagram in SH:

p p p

1 1 1

where 1> 1 s the composition of the sum map with the diagonal 1 =N b1 Z1.
For E € SH, we define E[1/p] € SH to be E A1[1/p]. This also makes sense in
S'HX and SHcdh-

The following is a reformulation of the main result in [Friedlander and Voevod-
sky 2000] when k admits resolution of singularities, and the main result in [Kelly
2012] when k has positive characteristic.

Theorem 3.4 [Cisinski and Déglise 2015]. Let k be a perfect field of exponential
characteristic p, and let v : X — Spec (k) be a separated scheme of finite type.
Then for any m, n € Z, there is a natural isomorphism

Ox : H™ (X, Z[1](n)) = Homgy, (B7°X ¢, ™" Lv*HZ[1]). (3.5)
Proof. Recall that H™ (X, Z[1/pl(n)) = Ao 2n—m (X, A") (Definition 3.1). We
observe that C,.zequi (A}, 0) is the motive with compact supports M“(A}) of A} [Vo-
evodsky 2000, §4.1; Mazza et al. 2006, Definition 16.13]. Combining [Voevodsky
2000, Corollary 4.1.8] (or [Mazza et al. 2006, Theorem 16.7, Example 16.14]) with
[Cisinski and Déglise 2015, 4.2, Proposition 4.3, Theorem 5.1 and Corollary 8.6],
we conclude that

H™(X, Z[5](m) = Homsy, (529X 1), 2" Lv* HZ[ 1),
which finishes the proof. [l

As a combination of Theorem 2.14 and Theorem 3.4, we get a corollary:
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Corollary 3.6. Under the hypothesis and with the notation of Theorem 3.4, there
are natural isomorphisms

H™ (X, Z[%](”)) = HomSHcdh (E%OX-F’ Em’nLJT*HZ[%])
= Homgyy (27° X+, ™" Lv*HZ[]).

4. Slice spectral sequence for singular schemes

Let k be a perfect field of exponential characteristic p. Given X € Schy, recall that
Voevodsky’s slice filtration of SHy is given as follows. For an integer g € Z, let
E;S?—[}ff denote the smallest full triangulated subcategory of SHx which contains
Cgff and is closed under arbitrary coproducts, where

Cli={(Z""SFY, :m,neZ n>gq, Y €Smy). (4.1)

In particular, S”H}ff is the smallest full triangulated subcategory of SHy which
is closed under infinite direct sums and contains all spectra of the type L7°Y
with Y € Smy. The slice filtration of SHyx [Voevodsky 2002b] is the sequence of
full triangulated subcategories

ceositley e pisu e wi s e

It follows from [Neeman 1996; 2001] that the inclusion i, : 27 SHS — S?x ad-
mits a right adjoint r,, : SHx — X7SHS! and the functors f,, s—,, s, : SHx — SHx
are triangulated, where r, oi, is the identity, f, =i,0r, and s, s, are characterized
by the existence of the distinguished triangles

f1E E s<¢E,

Jqr E fqE sq E

in SHy for every E € SHy.

4.2)

Definition 4.3. Leta, b, n € Z and Y € Smy. Let F" E*?(Y) be the image of the
map induced by f,E — E in (4.2):

Homgy, (S°Y, £4° f, E) — Homgy, (S°Y,, T4PE).

This determines a decreasing filtration F* on E®b(y) = Homgy, (27°Y, »abE),
and we write gr’" F* for the associated graded F" E“?(Y)/F"t E4(Y).

The following result is well known; see [Voevodsky 2002b, §2].

Proposition 4.4. The filtration F* on E a.b(yY is exhaustive (in the sense of [Board-
man 1999, Definition 2.1]).
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Proof. Recall that SH y is a compactly generated triangulated category in the sense
of [Neeman 1996, Definition 1.7], with set of compact generators [Ayoub 2007b,
Théoreme 4.5.67] quz Ceqff (see (4.1)). Therefore amap f : E; — E; in SHy
is an isomorphism if and only if for every Y € Smy and every m, n € Z the
induced map of abelian groups Homgsy,, (XY, E1) — Homgy, (Z™"Y,, Es)
is an isomorphism. Thus, we conclude that £ = hocolim f, E in SHy.
Therefore, we deduce that for every a, b € Z and every Y € Smy, there exist the

isomorphisms

colim F"E“*(Y) = colim Homgy,, (Z3°Y,, 240 £, E)

n——00 n——00

= Homgy, (XY, 24P hocolim f, E) = E“P(Y)

[Neeman 1996, Lemma 2.8; Isaksen 2005, Theorem 6.8], so the filtration F* is
exhaustive. O

4.5. The slice spectral sequence. Consider Y € Smy a smooth X-scheme and
G € SHyx. Since SHy is a triangulated category, the collection of distinguished
triangles { f,11G — f,G — 5,G} ez determines a (slice) spectral sequence

E{"" =Homgy, (E23°Y4, £P7s,G)

with G**(Y) as its abutment and differentials d, : EY — EPT47" 1,

In order to study the convergence of this spectral sequence, recall from [Voevod-
sky 2002b, p. 22] that G € SHy is called bounded with respect to the slice filtration
if for every m, n € Z and every Y € Smy, there exists ¢ € Z such that

Homgy, (""" 27°Y4, f4+iG) =0 (4.6)

for every i > 0. Clearly the slice spectral sequence is strongly convergent when G
is bounded.

Proposition 4.7. Let k be a field with resolution of singularities. Let F € SH
be bounded with respect to the slice filtration and let G = Lv*F € SHy with
v: X — Speck. Then G is bounded with respect to the slice filtration.

Proof. Since the base field k£ admits resolution of singularities, we deduce by
[Pelaez 2013, Theorem 3.7] that f,G = Lv*f, F in SHx for every g € Z. It
follows from Theorem 2.14 that for every m, n € Z and every Y € Smy, we have

Homgy, (™" E7°Y4, f4+iG) = Homgy (™" E7°Y4, La*(fy4i F))
for every i > 0. If X € Smy, then Y € Sm; and we have

Homsyy,, (™" 7Y, L™ (fy+i F)) = Homsy (X" " XYy, fy4i F)
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for every i > 0 by Corollary 2.17. Since F is bounded with respect to the slice

filtration, we deduce from (4.6) that G is also bounded in SHy in this case.
Finally, we proceed by induction on the dimension of Y, and assume that for

every m, n € Z and every Y’ € Schy with dim(Y’) < dim(Y), there exists ¢ € Z

such that
Homs, (E" " £}, La*(f+:F)) =0

for every i > 0. Since the base field k admits resolution of singularities, there
exists a cdh-cover {X' I Z — Y} of Y such that X’ € Smy, dim(Z) < dim(Y) and
dim(W) < dim(Y), where we set W = X' xy Z.

Let g1, g2 and g3 be the integers such that the vanishing condition (4.6) holds
for (X', m,n), (Z,m,n) and (W, m + 1, n), respectively. Let g be the maximum
of g1, g2 and g3. Then by cdh-excision, for every i > 0, the following diagram is
exact:

Homsy,, (2" " SPW, L™ (fy4:F))
— Homgsyy, g, (X" Z7°Yy, L™ (fy4i F))
— Homgyy,, (™" S X, L™ (fy4i F))
® Homayy, (Z"" SR Z . L* (fy4iF).

By choice of ¢, both ends in the diagram vanish. Hence the group in the middle
also vanishes as we wanted. U

In order to get convergence results in positive characteristic, we need to restrict
to spectra E € SH which admit a structure of traces [Kelly 2012, Definitions 4.2.27
and 4.3.1].

Lemma 4.8. With the notation of (2.11), let X € Schy.

L) ~ 1 17\ ~ 1
(1) Forevery E € SH, Lﬂ*(E[F]) = (Ln*E)[F] and Lv*(E[F]) = (Lv*E)[F].
(2) Forevery E € SHcan and every a, b € 7,

Homgsy,,, (S 2 (X4), E[%]) = Homgy,, (222 (X,), E) ®Z[%].
Proof. (1): It follows from the definition of homotopy colimit [Neeman 2001,
Definition 1.6.4] that Lz * and Lv* commute with homotopy colimits since they
are left adjoint. This implies the result since E[1/p] is given in terms of homotopy
colimits.

(2): Since E“’bZ%’(X +) is compact in SHcqn [Ayoub 2007b, Théoreme 4.5.67],
the result follows from [Neeman 1996, Lemma 2.8]. O

Lemma 4.9. Let X € Schy and E € SHy. Then for everyr € Z,
HEGD=(B[5] and s (E[5]) = 6 B3]
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Proof. Since the effective categories E;S”H}ff are closed under infinite direct sums,
we conclude that the functors f;, s, commute with homotopy colimits. U

Proposition 4.10. Let F € SH and G =Lv*F € SHx withv: X — Spec k. Assume
that for everyr € Z, s,(F[1/pl) has a weak structure of smooth traces (in the sense
of [Kelly 2012, Definition 4.2.27]), and that F[1/p] has a structure of traces (in
the sense of [Kelly 2012, Definition 4.3.1]). If F[1/p] is bounded with respect to
the slice filtration, then G[1/p] is bounded as well.

Proof. Since the base field & is perfect and F[1/p] is clearly Z[1/ p]-local, combin-
ing [Kelly 2012, Theorem 4.2.29] and Lemma 4.9, we conclude that f,G[1/p] =
Lv* f,F[1/p] in SHx for every g € Z.

It follows from Theorem 2.14 that for every m, n € Z and every Y € Smy, we
have

Homsyy (E" " S2°(Y+), f4+iG[5]) =Homsy, (™" 55 (Y1), L™ (fy+: F[5]))

for every i > 0. If X € Smy, then Y € Sm; and we have
Homgsyg, (E"" £ (Y4), L™ (fy+i F[5])) = Homsy (S™" 2 (Y), fyvi F[])

for every i > 0 by Corollary 2.17. Since F[1/p] is bounded with respect to the
slice filtration, we deduce from (4.6) that G[1/p] is also bounded with respect to
the slice filtration in SH x in this case.

Finally, we proceed by induction on the dimension of Y, and assume that for
every m, n € Z and every Z € Schy with dimy(Z) < dimg(Y), there exists g € Z
such that

Homsyyy, (5™ £8°(Z+), La*(fy+i F[5])) =0
for every i > 0.

Since k is perfect, by a theorem of Gabber [Illusie et al. 2014, Théoréme 3(1)]
and Temkin’s strengthening [2017, Theorem 1.2.9] of Gabber’s result, there exists
W € Smy and a surjective proper map h : W — Y, which is generically étale of
degree p", r > 1. In particular, s is generically flat, and thus by a theorem of
Raynaud and Gruson [1971, Théoréme 5.2.2], there exists a blow-up g : Y’ — Y
with center Z such that the following diagram commutes, where &’ is finite flat
surjective of degree p” and g’ : W' — W is the blow-up of W with center h~!(Z):

4

W —Y

g’l lg @.11)

Thus we have a cdh-cover {Y' L1 Z — Y} of Y such that dimy(Z) < dimy(Y) and
dimg (E) < dimg(Y), where we set E =Y’ xy Z.
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Let g; (resp. g2, g3) be the integers such that the vanishing condition (4.6) holds
for (W, m, n) (resp. (Z, m,n), (E,m+ 1,n)). Let g be the maximum of g, ¢
and g3. Then by cdh-excision, for every i > 0, the following diagram is exact:
Homgy,, (" S5 (E4), LJT*(quriF[%]))

— Homgy, (Z"" 27 (Y+), L7T*(fq+iF[%]))

— Homsgcdh(Em’"E?O(Yﬁr)a LJT*(quF[%]))
@Homsﬂcdh(z’"’”E%‘)(ZJr), Lﬂ*(quriF[%]))'

By the choice of ¢, this reduces to the exact diagram

0— HomSHcdh(EmynE%O(Y'i‘)’ Ln*(fQ'HF[%]))
LN Homgy,, (S " 2 (Y)), L”*(fqﬂ'F[%]))'

So it suffices to show that g* = 0. In order to prove this, we observe that the
diagram (4.11) commutes. Therefore, by the choice of ¢,

Homgy, (™" Z8° (W), Ln*(qur,-F[%])) =0,
and we conclude that A" o g* = ¢’* o h* = 0. Thus, it is enough to see that

1"* : Homsy,, (S"" £ (V). L (fy1i F[3]))

— Homgy, (S"" ¥ (W}). Lr*(f,4:F[1])

is injective. Let v' : Y — Speck, and let
. 1 1
€ Lv"™*(fy+i F[5]) = RRLA™LV™(f1i F[])

be the map given by the unit of the adjunction (LA"*, Rh,). By the naturality of
the isomorphism in Proposition 2.13 we deduce that 42'* gets identified with the
map induced by €:
€. : Homgy,, (E”“"E%OYJ’F, Lv’*fq+,-F[%])

— Homgy,, (Z™" YL, RR,LILv™ f,1: F[]).
Since F[1/p] has a structure of traces and s,(F[1/p]) has a weak structure of
smooth traces for every r € Z, it follows from [Kelly 2012, Proposition 4.3.7] that
fq+i (F[1/p]) has a structure of traces in the sense of [Kelly 2012, Definition 4.3.1].
Thus, we deduce from [Kelly 2012, Definition 4.3.1(Deg), p. 101] that €, is injec-
tive, since 4’ is finite flat surjective of degree p”. This finishes the proof. (]

If we only assume that the slices s, E have a structure of traces, then we get the
weaker conditions of Proposition 4.15.
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Corollary 4.12. Let F € SH and G = Lv*F € SHx, where v : X — Speck is the
structure map. Assume that the following hold.

(1) Foreveryr € Z, s, (F[1/p]) has a structure of traces (in the sense of [Kelly
2012, Definition 4.3.1]).

(2) F[1/p]is bounded with respect to the slice filtration.
Then for every m, n in Z, there exists q € Z such that

Homsyy (™" 2 X+, 84+:G[3]) =0

for everyi > 0 (see (4.6)).

Proof. Since s,(F[1/p]) has a structure of traces, we observe that in particular
s (F[1/p]) has a weak structure of smooth traces [Kelly 2012, Definition 4.2.27].
Thus, combining Lemma 4.8, Lemma 4.9 and [Kelly 2012, Theorem 4.2.29] we
conclude that for every r € Z,

sG] = Lv*s, F[5] and  f£,G[;]= Lo f,F[1].

If X € Smy, we have

Homss, (5" S8 X4, Lv* (544 F[5])) = Homsy (E" " S X+, 54+ F[5])

for every i > 0 by Corollary 2.17. Since F[1/p] is bounded with respect to the slice
filtration, there exist ¢ and g, € Z such that the vanishing condition (4.6) holds for
(X, m,n)and (X, m—1, n), respectively. Let g be the maximum of ¢; and g,. Then
using the distinguished triangle f,; F[1/p] — 544 F[1/p] — x! fa+ir1 F[1/p]
in SH we conclude that Homgsy (2™ £2°(X 1), s4+i F[1/p]) = 0 for every i > 0,
as we wanted.

When X € Schy, the argument in the proof of Proposition 4.10 works mutatis
mutandis replacing f,4; F[1/p] with s,1; F[1/p], since for every j € Z, s; F[1/p]
has a structure of traces. (]

Corollary 4.13. Assume the conditions (1) and (2) of Corollary 4.12 hold. Then
foreverym,ne€Z, there exists q € Z such that the map fq4;11G[1/pl— f4+iG[1/p]
induces an isomorphism

Homss, (2" 25X+, fy+i+1G[]) = Homsy, (2" S X+, f34iG[5])
foreveryi > Q.

Proof. Let q1,q> € Z be the integers corresponding to (m,n), (m 4+ 1,n) in
Corollary 4.12, respectively. Let g be the maximum of ¢; and g,. Then the re-
sult follows by combining the vanishing in Corollary 4.12 with the distinguished
triangle

= gri[5] = farin1Gl3] = fe4iGl5] = s4+iG[5]
in S'H X. O
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Remark 4.14. Combining Definition 4.3 and Corollary 4.13, we deduce that for
every a, b € Z, there exists m € Z such that

FnG[%]a'b(X) — FmG[%]u’b(X)

for every n > m.

Proposition 4.15. Assume the conditions (1) and (2) of Corollary 4.12 hold. Then
for every n € Z, the slice spectral sequence

E‘l"b(X, n) = HomSHX (E%OX_F’ Ea-}—b-ﬁ-n,nsaG[ ]) N G[ ]a+b+n,n

5 5 (X)

(see Section 4.5) satisfies the following.

(1) Foreverya, b € Z, there exists N > 0 such that Ef’b = Egéb forr > N, where

Egéb is the associated graded gr® F* with respect to the descending filtration
F* on G[1/p]¢tt+m7(X) (see Definition 4.3).

(2) For everym,n € Z, the descending filtration F* on G[1/p]™"(X) is exhaus-
tive and complete (see [Boardman 1999, Definition 2.1]).

Proof. (1): It suffices to show that for every a, b € Z only finitely many of the differ-
entials d, : E“? — E¢*"b=r+1 are nonzero. But this follows from Corollary 4.12.

(2): By Proposition 4.4, the filtration F* on G[1/p]™"(X) is exhaustive. Finally,
the completeness of F* follows by combining Remark 4.14 with [Boardman 1999,
Propositions 1.8 and 2.2(c)]. |

4.16. The slice spectral sequence for MGL(X). Our aim here is to apply the re-
sults of the previous sections to obtain a Hopkins—Morel type spectral sequence
for MGL™*(X) when X is a singular scheme. For smooth schemes, the Hopkins—
Morel spectral sequence has been studied in [Levine 2009; Hoyois 2015], and over
Dedekind domains in [Spitzweck 2014].

Recall from [Voevodsky 1998, §6.3] that for any noetherian scheme S of finite
Krull dimension, the scheme Grg(/NV, n) parametrizes n-dimensional linear sub-
spaces of NSV , and one writes BGL;s , = colimy Grg(N, n). There is a universal
rank n bundle Us , — BGLjg ,, and one denotes the Thom space Th(Ugs ;) of this
bundle by MGLg ,. Using the fact that the Thom space of a direct sum is the smash
product of the corresponding Thom spaces and 7' = Th(Oyg), one gets a T-spectrum
MGLgs = (MGLg g, MGLg 1, . ..) € Spt(Mjy). There is a structure of symmetric
spectrum on MGLyg, for which we refer to [Panin et al. 2008, §2.1].

We now let k be a field of characteristic zero and let X € Sch,. We use MGL as
a short hand for MGL;, throughout this text. It follows from the above definition
of MGLy (which shows that MGLy is constructed from presheaves represented by
smooth schemes) and Proposition 2.12 that the canonical map Lv*(MGL) - MGLy
is an isomorphism.
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Definition 4.17. We define MGL**(X) to be the generalized cohomology groups
MGL”9(X) := Homgy, (X7° X4, 79 MGLY)
= Homgy, (27 X4+, 274 Lv* MGL).
It follows from Theorem 2.14 that
MGL??(X) = Homgy,,, (27 X4, 27 9La* MGL). (4.18)

We now construct the spectral sequence for MGL**(X) using the exact couple
technique as follows. For p, g, n € Z, define

API(X, n) = [ZF Xy, BPTITEN(f, MGLy)],
EPU(X,n):=[2°X 4, 2PTI" 5, MGLy].

Here, [—, —] denotes the morphisms in SHy. It follows from (4.2) that there is an
exact sequence

p.q P.q c,l,)’q
APFLOTNX, ) S AP(X ) s EPUX, ) S APTR(X ). (4.19)
Set D1 (X, n) := EBp’q AP4(X,n) and E{(X,n) := @p’q EP9(X,n). Write

al == @ay?, bl = @bl and ¢} := Pcl?. This gives an exact couple
{DLE} al b}, cl}and the map d! =bloc!: E} — E! shows that (E|, d)) is a

complex. Thus, by repeatedly taking the homology functors, we obtain a spectral
sequence.

For the target of the spectral sequence, let A™ (X, n) :=colim;_, o A" ~79(X, n).
Since X is a compact object of SHyx (see [Voevodsky 1998, Proposition 5.5; Ayoub
2007b, Théoreme 4.5.67]), the colimit enters into [ —, —] so that

A™(X,n) =[Z¥X,, 2" "2 MGLx] = MGL " (X).
The formalism of exact couples then yields a spectral sequence
EPY(X,n) = E]? = MGLY"(X). (4.20)
We now have
EPN(X,n)= [EFX4, ZPT" 55, MGLy]
=l (22X, BPH R, Lu* MGL]
=2 (22X, BPHR Ly* (s, MGL)]
=3 [EXX,, PR Lo (R H(L7P))]
= [ZPXy, ZPHTEIEI LV (H L)) 4.21)

In this sequence of isomorphisms, ~! is shown above, =2 follows from [Pelaez
2013, Theorem 3.7] and =3 follows from the isomorphism s, MGL = E?H L=r),
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as shown, for example, in [Hoyois 2015, (8.6)], where L = P, _, L' =P,
is the Lazard ring. - -

Since L is a torsion-free abelian group, it follows from Corollary 3.6 that the
last term of (4.21) is the same as H>?14 (X, Z(n+ p)) @7 LP.

The spectral sequence (4.20) is actually identical to an E»-spectral sequence
after reindexing. Indeed, letting

MU>;

BV = oY~ (X, Z(n — ¢')) ®2 19

and using (4.21), an elementary calculation shows that the invertible transformation
Bp+g,n+p)— (p'—q',n—q') yields

EPtM = xex, sptatlonsng | MGLy]
= HPH-G DX, 7(n— (¢ = 1) @z 197 = EFT 4.22)

It is clear from (4.19) that the E-differential of the above spectral sequence is
df 4 E f 4 5 E lp 14 and (4.22) shows that this differential is identified with the
differential v R ~p+2.q -1
dy” =d" E," - E; 7 .

Inductively, it follows that the c[}lam complex {Ef N E? +r’q_r+1} is transformed
to the chain complex {E EPd - E? Frtla’— . Combining this with (4.18), we

r+1 r+1
conclude the following.

Theorem 4.23. Let k be a field which has characteristic zero and let X € Schy.
Then for any integer n € Z, there is a strongly convergent spectral sequence

E]? = H' (X, Z(n — q)) ®7 19 = MGLP 4" (X). (4.24)

The differentials of this spectral sequence are given by d, : EI"! — E} trg-rtl

and for every p, q € Z, there exists N > 0 such that EP"" = EL? forr > N,
where EXY is the associated graded gr—9 F* with respect to the descending filtra-
tion on MGLPT9" (X)) (see Definition 4.3). Furthermore, this spectral sequence
degenerates with rational coefficients.

Proof. The construction of the spectral sequence is shown above. Since MGL is
bounded by [Hoyois 2015, Theorem 8.12], it follows from Proposition 4.7 that the
spectral sequence (4.24) is strongly convergent. Thus, we deduce the existence of
N > 0 such that E*? = EE? forr > N.

As for the degeneration with rational coefficients, we observe that the maps
fpMGL — s, MGL = ZPH(I]_ P) rationally split to yield an isomorphism of
spectra MGLg EN & p>02p H(Lg ~7) in SH [Naumann et al. 2009, Theorem 10.5
and Corollary 10.6(i)]. The desired degeneration of the spectral sequence now
follows immediately from its construction above. (]
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Remark 4.25. If £ is a perfect field of positive characteristic p, we observe that
sr(MGL[1/p]) = X7 H(L™")[1/p] for every r € Z [Hoyois 2015, (8.6)], and so
s, (MGLI[1/p]) has a weak structure of smooth traces [Kelly 2012, Corollary 5.2.4].
Thus, we can apply [Kelly 2012, Theorem 4.2.29] to conclude Lv*s, (MGL[1/p]) =
sy (Lv*MGL[1/p]). Except for this identification, the proof of Theorem 4.23 does
not depend on the characteristic of k. We thus obtain a spectral sequence as in
(4.24):

ESY = HP(X, Z(n — b)) ®2 L’[1] = MGL " (x0)[£].
But we can only guarantee strong convergence when X € Smy, [Hoyois 2015, The-
orem 8.12]. In general, for X € Schy, the spectral sequence satisfies the weaker
convergence of Proposition 4.15(1)—(2). In this case, the strong convergence would

follow if one knew that MGL has a structure of traces.

4.26. The slice spectral sequence for KGL. For any noetherian scheme X of fi-
nite Krull dimension, the motivic T -spectrum KGLy € Spt(Mx) was defined by
Voevodsky [1998, §6.2]. It has the property that it represents algebraic K-theory
of objects in Smy if X is regular. It was later shown by Cisinski [2013] that for X
not necessarily regular, KGLx represents Weibel’s homotopy invariant K-theory
KH.(Y) for Y € Smy. Like MGLY, there is a structure of symmetric spectrum on
KGLYy, for which we refer to [Jardine 2009, pp. 157 and 176].

Let k be a field of exponential characteristic p. The map Lv*(KGL;) — KGLy
is an isomorphism by [Cisinski 2013, Proposition 3.8]. It is also known that
sr KGLy = X HZ for r € Z; see [Levine 2008, Theorem 6.4.2] if k is perfect
and [Rondigs and @stver 2016, §1, p. 1158] in general. It follows from [Pelaez
2013, Theorem 3.7] (in positive characteristic we use [Kelly 2012, Theorem 4.2.29]
instead) that Lv*(s, KGL[1/pli) = s, (Lv*KGL[1/p]li) = s, KGL[1/p]lx. One
also knows that (KGL;)g = @pez E?H@ in SH [Riou 2010, Definition 5.3.17
and Theorem 5.3.10]. We can thus use the Bott periodicity of KGLy and repeat
the construction of Section 4.16 mutatis mutandis (with n = 0) to conclude the
following.

Theorem 4.27. Let k be a field that admits resolution of singularities (resp. a field
of exponential characteristic p > 1), and let X € Schy. Then there is a strongly
convergent spectral sequence

ES" = H P (X, Z(—b)) = KH_o_1(X) (4.28)
(resp. E5"=H""(X,Z(~b) ®7Z[L] = KH_ ,(X) ®2Z[1]). (4.29)

The differentials of this spectral sequence are given by d, : Ef'b — Ef“*b_r“,
and for every a, b € Z, there exists N > 0 such that Ef’b = Egc’)b forr > N, where
Egc’)b is the associated graded gr=" F* with respect to the descending filtration on
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KH_,_p(X) (resp. KH[1/pl—4—p(X)) (see Definition 4.3). Furthermore, this spec-
tral sequence degenerates with rational coefficients.

Proof. If k admits resolution of singularities, we just need to show that the spectral
sequence is convergent. For this, we observe that KGLy is the spectrum associated
to the Landweber exact L-algebra Z[ 3, B~ that classifies the multiplicative formal
group law [Spitzweck and @stveer 2009, Theorem 1.2]. Thus [Hoyois 2015, The-
orem 8.12] implies that KGL; is bounded with respect to the slice filtration (this
argument also applies in positive characteristic). Hence, the convergence follows
from Proposition 4.7.

In the case of positive characteristic, the existence of the spectral sequence fol-
lows by combining the argument of Section 4.16 with Lemmas 4.8 and 4.9. To
establish the convergence, it suffices to check that KGL[1/p] satisfies the condi-
tions in Proposition 4.10.

We have already seen that KGL; is bounded with respect to the slice filtration.
Thus, by Lemma 4.8(2) we conclude that KGL[1/p]; is bounded with respect
to the slice filtration as well. On the other hand, it follows from [Kelly 2012,
Proposition 5.2.3] that KGL[1/p]i has a structure of traces in the sense of [Kelly
2012, Definition 4.3.1]. Finally, since s, KGL; = X} HZ for r € Z, combining
[Kelly 2012, Corollary 5.2.4] and Lemma 4.9, we deduce that s, (KGL[1/p]) has
a weak structure of smooth traces in the sense of [Kelly 2012, Definition 4.2.27].
This finishes the proof. U
Remark 4.30. For char k = 0, the spectral sequence of Theorem 4.27 is not new
and was constructed by Haesemeyer [2004, Theorem 7.3] using a different ap-
proach. However, the expected degeneration (rationally) of this spectral sequence
and its positive characteristic analogue are new.

As a combination of Theorem 4.27 and [Thomason and Trobaugh 1990, The-
orems 9.5 and 9.6], we obtain the following spectral sequence for the algebraic
K-theory K B(-) of singular schemes [Thomason and Trobaugh 1990].
Corollary 4.31. Let k be a field of exponential characteristic p > 1. Let £ # p be a
prime and m > 0 any integer. Given any X € Schy, there exist strongly convergent
spectral sequences

ESY = HP (X 2(-b) @ 2[ L] = KB, (X) @2 2[ 1], (4.32)
ESY = HP (X, Z/0™ (b)) = K2 /0" _o_p(X). (4.33)

5. Applications I: Comparing cobordism, K-theory and cohomology

In this section, we deduce some geometric applications of the slice spectral se-
quences for singular schemes. More applications will appear in the subsequent
sections.
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Consider the edge map MGL = fy MGL — 5o MGL = HZ in the spectral se-
quence (4.24). This induces a natural map vy : MGL"/(X) — H'(X, Z(j)) for
every X € Schy and i, j € Z.

The following result shows that there is no distinction between algebraic cycles
and cobordism cycles at the level of O-cycles.

Theorem 5.1. Let k be a field which admits resolution of singularities (resp. a
perfect field of positive characteristic p). Then for any X € Schy of dimension d,
we have H*7°(X,Z(a)) = 0 (resp. H**~"(X, Z(a)) ®z Z[1/p] = 0) whenever
a > d+b. In particular, for every X € Schy (resp. X € Smy), the map

vX:MGLZd-i-i,d—i-i(X) s H2d+l(X,Z(d+l)) (52)

(resp.  vx:MGLX* 4 (X) @7 7[1] - H**(X, Z(d +1) ®2Z[1]) (53)

is an isomorphism for all i > 0.

Proof. Using the spectral sequence (4.24) (resp. Remark 4.25) and the fact that
L>% = 0, the isomorphism of (5.2) (resp. (5.3)) follows immediately from the
vanishing assertion for the motivic cohomology.

To prove the vanishing result, we note that for X € Smy, there is an isomorphism
H?*~b(X,7Z(a)) = CH“(X, b) by [Voevodsky 2002a], and the latter group is clearly
zero if a > d + b by definition of Bloch’s higher Chow groups.

If X is not smooth and k admits resolution of singularities, our assumption on
k implies that there exists a cdh-cover {X' I Z — X} of X such that X’ € Smy,
dim(Z) < dim(X) and dim(W) < dim(X), where we set W = X’ xx Z. The
cdh-descent for the motivic cohomology yields an exact sequence

H2==L (W, Z(a)) &> H*™b(X, Z2(a)) > H* (X', Z(a)) & H*(Z, Z(a)).

The smooth case of our vanishing result shown above and an induction on the
dimension together imply that the two end terms of this exact sequence vanish.
Hence, the middle term vanishes too.

If X is not smooth and k is perfect of positive characteristic, we argue as in
Proposition 4.10. Namely, by a theorem of Gabber [Illusie et al. 2014, Théoréme
3(1)] and Temkin’s strengthening [2017, Theorem 1.2.9] of Gabber’s result, there
exists W € Smy, and a surjective proper map i : W — X, which is generically
étale of degree p”, r > 1. Then by a theorem of Raynaud and Gruson [1971,
Theorem 5.2.2], there exists a blow-up g : X’ — X with center Z such that the
diagram

W’L)X/

g’l lg 5.4
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commutes, where 4’ is finite flat surjective of degree p” and g’ : W — W is the
blow-up of W with center h1(2).

Thus we have a cdh-cover {X' 11 Z — X} of X, such that dimy(Z) < dimy(X)
and dimy (E) < dimg(X), where we set E = X’ x x Z. Then by cdh-excision, the
following diagram is exact:

H* "N E, Z(@) ®2Z[ 1] — H* ™" (X, Z(@) ®2 2[5 ]
- H* (X', Z(@) 2 Z[ ] @ H* (2, Z(@) ®2 Z[ 1 ].

By induction on the dimension, this reduces to the exact sequence

0— H* (X, 2(a) @ Z[1] > H* ™" (X', Z(a)) ®7 Z[1].
So it suffices to show that g* = 0. In order to prove this, we observe that (5.4)
commutes. Therefore, since W € Smy, H>***(W, Z(a)) ®7 Z[1/p] = 0. We
conclude that A'* o g* = g’* o h* = 0. Thus, it is enough to see that

W HY X Z(a) @2 2[5 ] — H* (W', Z(a) ®2 7] 5]
is injective. Let v’ : X’ — Speck, and € : Lv"*HZ[1/p]— Rh_Lh'*Lv'*HZ[1/p]
be the map given by the unit of the adjunction (Lh"*, Rh)). By the naturality of
the isomorphism in Proposition 2.13, we deduce that 2'* gets identified with the
map induced by € (see Corollary 3.6):
€« : Homgy,, (™" 23°(X), Ly HZ[])

— Homsy,, (™" S7°(X},), RW LI Lv"*HZ[]).

By [Kelly 2012, Corollary 5.2.4], HZ[1/ p] has a structure of traces in the sense
of [Kelly 2012, Definition 4.3.1]. Thus, we deduce from [Kelly 2012, Definition
4.3.1(Deg), p. 101] that €, is injective since /' is finite flat surjective of degree p”.
This finishes the proof. O

Remark 5.5. For X € Sm; and i = 0, the isomorphism of (5.2) was proved by
Déglise [2013, Corollary 4.3.4].

When A is a field, the following result was proven by Morel [2012, Corol-
lary 1.25] using methods of unstable motivic homotopy theory. Taking for granted
the result for fields, Déglise [2013] proved Theorem 5.6 using homotopy mod-
ules. Spitzweck [2014, Corollary 7.3] proved Theorem 5.6 for localizations of a
Dedekind domain.

Theorem 5.6. Let k be a perfect field of exponential characteristic p. Then for
any regular semilocal ring A which is essentially of finite type over k, and for any
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integer n > 0, the map

MGL™"(A) ®z Z[ ] = H" (A, Z(n)) ®2 Z[ ] (5.7)
is an isomorphism. In particular, there is a natural isomorphism

s 171~ M 1
MGL""(A) ®z Z[;] = KM (A)®z z[;]
if k is also infinite.
Proof. Using the spectral sequence (4.24) and the fact that L>% = 0, it suffices
to prove that E5™' 7/ 7'(A) =0 for every j > 0 and i > 1. In positive charac-
teristic, we can use Remark 4.25 since A is regular. Notice that (4.24) and the
spectral sequence in Remark 4.25 are strongly convergent for A by [Hoyois 2015,
Lemmas 8.9 and 8.10].
On the one hand, we have isomorphisms

EyFIT (A) = HY (A, Z(n + 1)) @2 Z[ ]
=CH'"™(A, 2n+2i —n—2i — j) @2 7]

— +i . 1

=CH""(A,n —])®ZZ[E].

On the other hand, letting F denote the fraction field of A, the Gersten resolu-

tion for the higher Chow groups (see [Bloch 1986, Theorem 10.1]) shows that

the restriction map CH"" (A, n — j) — CH"™(F,n — j) is injective. But the

term CH”+i(F ,n — j) is zero whenever j > 0,i > 1 for dimensional reasons. We

conclude that E;HH i (A) = 0. The last assertion of the theorem now follows
from the isomorphism CH" (A, n) = K ,f/’ (A) by [Kerz 2009, Theorem 1.1]. [l

5.8. Connective K-theory. Let k be a field of exponential characteristic p and let
X € Schy. Recall that the connective K-theory spectrum KGL())( is defined to be
the motivic T-spectrum fy KGLyx in SHx (see (4.2)). Strictly speaking, KGL())(
should be called effective K-theory. Nevertheless, we follow the terminology of
[Dai and Levine 2014].

In particular, there is a canonical map uy : KGL())( — KGLyx which is univer-
sal for morphisms from objects of S’H‘}ff to KGLy. For any Y € Smy, we let
CKHP1(Y) =Homgy, (27°Y,, BP9 KGL(})(). Using an analogue of Theorem 4.23
for KGL())(, one can prove the existence of the cycle class map for the higher Chow
groups as follows.

Theorem 5.9. Let k be a field of exponential characteristic p and let X € Schy have
dimension d. Then the map KGL())([I/p] — 50 KGLx[1/p]l = HZ[1/ p] induces
for every integer i > 0, an isomorphism

CKHX 4% (X) @, 2[ 1] 5 B (X, 2(d +1) @2 Z[1]. (5.10)
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In particular, the canonical map KGL())( — KGLyx induces a natural cycle class
map

cyc, : H*(X, Z(d + 1)) ®z Z[%] — KH;(X) ®7 Z[%]. (5.11)
Proof. First we assume that k admits resolution of singularities. It follows from
the definition that KGL())( is a connective T'-spectrum, and Lv*(KGLg) = KGL())(
by [Pelaez 2013, Theorem 3.7]. One also knows that s, KGLg =Xy HZforr >0
[Levine 2008, Theorem 6.4.2] and is zero otherwise. The proof of Theorem 4.23
can now be repeated verbatim to conclude that for each n € Z, there is a strongly
convergent spectral sequence

ESY = HP(X, Z(n — b)) ®7 Zy<o = CKH " (X), (5.12)

where Z;,<o = Z if b <0 and is zero otherwise. Furthermore, this spectral sequence
degenerates with rational coefficients.

One now repeats the proof of Theorem 5.1 to conclude that the edge map
CKH*id+i(X) — H** (X, Z(d+1i)) is an isomorphism for every i > 0. Finally,
to get the desired cycle class map, we compose the inverse of this isomorphism with
the canonical map CKH> 4+ (X) — KH;(X).

If the characteristic of k is positive, then s, (KGLg) = X} HZ forevery r > 0 and
is zero otherwise [Levine 2008, Theorem 6.4.2]. So s, (KGL%[I /p]) has a weak
structure of traces [Kelly 2012, Corollary 5.2.4]. By Lemma 4.9, we deduce that
Sy (KGLg[l/p]) = X5 HZ[1/p] for every r > 0 and is zero otherwise. Thus, we can
apply [Kelly 2012, Theorem 4.2.29] to conclude Lv*(KGL{[1/p]) = KGL%[1/p].
Then the argument of Theorem 4.27 applies, and we conclude that for each n € Z,
there is a strongly convergent spectral sequence

ESY = HO (X, Z(n—b))@zZ[%] = CKH™""(X)®zZ[1].  (5.13)

1
b<0 p
By Theorem 5.1, H?*= (X, 7Z(a)) ®7 Z[1/p] = 0 whenever a > d + b. Thus,
combining the spectral sequence (5.13) and the fact that L>° = 0, we deduce the
isomorphism of (5.10) with Z[1/ p]-coefficients:
CKH> M (X) @7 Z[ 1] = H* (X, Z(d +1) ®2 Z[5]. O
An argument identical to the proof of Theorem 5.6 shows that for any regular
semilocal ring A which is essentially of finite type over an infinite field £ and any
integer n > 0, there is a natural isomorphism

CKH™"(A) = KM(A) (5.14)

(notice that in positive characteristic, the spectral sequence is also strongly conver-
gent integrally since A is regular).
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Moreover, the canonical map CKH"™"(A) — K, (A) respects products [Pelaez
2011, Theorem 3.6.9], and hence coincides with the known map K,i” (A) —> K, (A).
This shows that the Milnor K-theory is represented by the connective K-theory,
and one gets a lifting of the relation between the Milnor and Quillen K-theory
of smooth semilocal schemes to the level of SH. In particular, it is possible to
recover Milnor K-theory and its map into Quillen K-theory from the 7'-spectrum
KGL (which represents Quillen K-theory in SH for smooth k-schemes) by passing
to its (—1)-effective cover fo KGL; — KGL.

As another consequence of the slice spectral sequence, one gets the following
comparison result between the connective and nonconnective versions of the ho-
motopy K-theory. The homological analogue of this result was shown in [Dai and
Levine 2014, Corollary 5.5].

Theorem 5.15. Let k be a field of exponential characteristic p and let X € Schy
have dimension d. Then the canonical map
2n, 1 1

CKH™""(X) ®7 Z[ ;] = KHo(X) ®7 Z[ ]
is an isomorphism for every integer n < Q.
Proof. If k admits resolution of singularities, we observe that the slice spectral se-
quence is functorial for morphisms of motivic T-spectra. Since H>4(X, Z(g)) =0
for g < 0, a comparison of the spectral sequences (4.28) and (5.12) shows that it
is enough to prove that for every r > 2 and g <0, eitherg +r —1 <0 or

H™7 @ 0(X, 2(1—r —q) = H'™ (X, Z(1 —r - ¢)) = 0.

But this is true because H'=2~24(X, Z(s)) =0 if s < 0.
In positive characteristic, we use the same argument as above for the spectral
sequences (4.29) and (5.13). U

Yet another consequence of the above spectral sequences is the following direct
verification of Weibel’s vanishing conjecture for negative KH-theory and negative
CKH-theory of singular schemes. For KH-theory, there are other proofs of this
conjecture by Haesemeyer [2004, Theorem 7.1] in characteristic zero and Kelly
[2014, Theorem 3.5] and Kerz and Strunk [2017] in positive characteristic using
different methods. We refer the reader to [Cisinski 2013; Cortifias et al. 2008a;
Geisser and Hesselholt 2010; Kerz et al. 2018; Krishna 2009; Weibel 2001] for
more results associated to Weibel’s conjecture. The vanishing result below for
CKH-theory is new in any characteristic.

Theorem 5.16. Let k be a field of exponential characteristic p and let X € Schy,
have dimension d. Then CKH™"(X) ®7 Z[1/p] = KHy,,_,(X) ®7 Z[1/p] =0
whenever 2n —m < —d and KH_4(X) ®z Z[1/p] = Hc‘fjh(X, 7)®z Z[1/p].
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Proof. When k admits resolution of singularities, using the spectral sequences (4.28)
and (5.10), it suffices to show H?~9(X, Z(n—q)) =0 whenever 2n— p —q +d <O.

If n — g < 0, then we already know that this motivic cohomology group is zero.
So we can assume n —qg > 0. Weseta =n —¢q and b = 2n — p — g so that
2a—b=2n—-2g—-2n+p+qgq=p—q.Since2n—p—qg+d<0andn—qg >0
by our assumption, we get

b+d—a=2n—p—q+d—n+q=n—p+d=Q2n—p—qg+d)—(n—q) <0.

The theorem now follows because we have shown in the proof of Theorem 5.1
that H?~9(X,Z(n — q)) = H* %X, Z(a)) =0 as a > b+d. This argument also
shows that KH_,(X) = H(X, Z(0)) = H%, (X, Z).

In positive characteristic, the same argument with the spectral sequences (4.29)
and (5.13) gives that CKH™"" (X) ®z Z[1/p]l = KH2,—m(X) ®z Z[1/ p] = 0 when-
ever2n —m < —d and KH_4(X) @z Z[1/p] = Hccfih(X, 7)®z Z[1/p]. O

Weibel’s conjecture on the vanishing of certain negative K-theory was proven
(after inverting the characteristic) by Kelly [2014]. Using our spectral sequence
(which uses the methods of [Kelly 2012]), we can obtain the following result
(which follows as well from [Kelly 2014] via the cdh-descent spectral sequence).
The characteristic zero version of this computation was proven in [Cortifias et al.
2008b, Theorem 0.2], and for arbitrary noetherian schemes, we refer the reader to
[Kerz et al. 2018, Corollary D].

Corollary 5.17. Let k be a field of exponential characteristic p and let X € Schy
have dimension d. Then

KE,(X)®2Z[ 5] = Hgn(X, 2) @2 Z[ 5]

6. The Chern classes on KH-theory

In order to obtain more applications of the slice spectral sequence for KH-theory
and the cycle class map (see Theorem 5.9), we need to have a theory of Chern
classes on the KH-theory of singular schemes.

Gillet [1981] showed that any cohomology theory satisfying the projective bun-
dle formula and some other standard admissibility axioms admits a theory of Chern
classes from algebraic K-theory of schemes over a field. These Chern classes
are very powerful tools for understanding algebraic K-theory groups in terms of
various cohomology theories such as motivic cohomology and Hodge theory. The
Chern classes in Deligne cohomology are used to define various regulator maps on
K-theory and they also give rise to the construction of intermediate Jacobians of
smooth projective varieties over C.
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For a perfect field k of exponential characteristic p > 1, Kelly [2012, Corollary
5.5.10] showed that the motivic cohomology functor X > {H (X, 2N/ plhijez
satisfies the projective bundle formula in Schy. This implies in particular by Gillet’s
theory that there are functorial Chern class maps

cijt Kj(X) = H* (X, 2G))[ 5] (6.1)

In this section, we show that in characteristic zero, Gillet’s technique can be
used to construct the above Chern classes on the homotopy invariant K-theory of
singular schemes. Applications of these Chern classes to the understanding of
the motivic cohomology and KH-theory of singular schemes will be given in the
following two sections.

Let k be a field of characteristic zero and let Schz,,/x denote the category of
separated schemes of finite type over k equipped with the Zariski topology. Let
Smy,, /i denote the full subcategory of smooth schemes over k equipped with the
Zariski topology. For any X € Schy, let Xz, denote the small Zariski site of X. A
presheaf of spectra on Sch; or Sm; means a presheaf of S!-spectra.

Let Pre(Schz,./ ) be the category of presheaves of simplicial sets on Schza/ ¢
equipped with the injective Zariski local model structure, i.e., the weak equiva-
lences are the maps that induce a weak equivalence of simplicial sets at every
Zariski stalk and the cofibrations are given by monomorphisms. This model struc-
ture restricts to a similar model structure on the category Pre(XZar) of presheaves
of simplicial sets on Xz, for every X € Sch;. We write HZQI(k) and H%‘;‘rl (X) for
the homotopy categories of Pre(Schz,/x) and Pre(Xz,), respectively.

6.2. Chern classes from KH-theory to motivic cohomology. For any X € Schy, let
QBQP(X) denote the simplicial set obtained by taking the loop space of the nerve
of the category QP(X) obtained by applying Quillen’s Q-construction to the exact
category of locally free sheaves on Xz,:. Let K denote the presheaf of simplicial
sets on Schz,/x given by X > QBQP(X). One knows that K is a presheaf of
infinite loop spaces so that there is a presheaf of spectra K on Schy such that

= (Tc‘)o. Let KB denote the Thomason—Trobaugh presheaf of spectra on Schy
such that K2 (X)=KB(X) for every X € Schy. There is a natural map of presheaves
of spectra K — K® which induces isomorphism between the nonnegative homotopy
group presheaves.

Recall from [Jardine 1997, Theorem 2.34] that the category of presheaves of
spectra on Schz,/x has a closed model structure, where the weak equivalences
are given by the stalkwise stable equivalence of spectra, and amap f : E — F
is a cofibration if fp is a monomorphism and E, 4 Ugi g, S'AF, = F,q is
a monomorphism for each n > 0. Let H7,.(k) denote the associated homotopy
category. There is a functor X° : HZar(k) — H7,.(k) which has a right adjoint. We
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can consider the above model structure and the corresponding homotopy categories
with respect to the Nisnevich and cdh-sites as well.

Let I%th — IEfdh denote the map between the functorial fibrant replacements
in the above model structure on presheaves of spectra on Sch; with respect to the
cdh-topology. Let KH denote the presheaf of spectra on Schy such that KH(X) is
Weibel’s homotopy invariant K-theory of X [Weibel 1989].

The following is a direct consequence of the main result of [Haesemeyer 2004].

Lemma 6.3. Let k be a field of characteristic zero. For every X € Schy and integer
p € Z, there is a natural isomorphism KH ,(X) = I]-I];dfl(X, Kedh)-

Proof. We have a natural isomorphism
7p (Kean (X)) = Homygs, 4y (55°(S2 A X), K)
= Homy, k) (S? A X, K)
= Hogn (X, Kedn)- (6.4)

It is well known that the natural maps K ,(X) — 7, (k‘cdh (X)) — m, (l%fdh(X))
are isomorphisms for all p € Z when X is smooth over k. In general, let X € Schy.
We can find a Cartesian square

7z —— X

| |7 6.5)

zZ—— X

where X’ € Smy and f is a proper birational morphism which is an isomorphism
outside the closed immersion Z < X. Induction on dimension of X and cdh-
descent for Tc‘cdh as well as szdh now show that the map ), (Ecdh(X ) =T (I%gih(X )
is an isomorphism for all p € Z. Composing the inverse of this isomorphism with
the map in (6.4), we get a natural isomorphism 7, (lzgh(X)) =N [}-I]C_dfl(X, Kedn)-
On the other hand, it follows from [Haesemeyer 2004, Theorem 6.4] that the
natural map KH(X) — l%f;lh(X ) is a homotopy equivalence. We conclude that
there is a natural isomorphism vy : KH ,(X) EN I]-I]gdfl(X , Kedn) for every X € Schy
and p € Z. ([

Let BGL be the simplicial presheaf on Schy with BGL(X) =colim, BGL, (O(X)).

It is known (see [Gillet 1981, Proposition 2.15]) that there is a natural sectionwise

weak equivalence K|x = 7x Z5BGL|x in Pre(Schz,, i) (see Section 6.2), where

Z 5 (—) is the Z-completion functor of Bousfield—Kan.

To simplify the notation, for any integer g € Z, we write ['(g) for the presheaf
on Schyz,,/ given by

T(q)(U) = {Q*Zequi('&z» 0)(U)[-24] lf q=>0,

0 ifg <O.
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(see Section 3). It is known that the restriction of I'(¢) on Smz,,/, is a sheaf (see,
for instance, [Mazza et al. 2006, Definition 16.1]). We let '(¢)[2g9] — K(I'(q), 2q)
denote a functorial fibrant replacement of I"'(g)[2¢g] with respect to the injective
Zariski local model structure.

It follows from [Asakura and Sato 2015, Section 3.1] that K(I'(¢), 2g9) is a
cohomology theory on Smyz,./, which satisfies all of the conditions of [Gillet
1981, Definitions 1.1 and 1.2]. We conclude from Gillet’s construction [1981,
§2, p. 225] that for any X € Smz,,/, there is a morphism of simplicial presheaves
C, Bgﬁlx — K(T'(q),29)|x in Hsml(X) which is natural in X. Composing with
ICIX = 7 X Z~oBGL|x and using the isomorphism Z K (I'(¢), 2¢9) =K (I'(q), 2q9),
we obtain a map

Cq 1 Klx = Zx ZoBGL|x - Z x K(I'(), 29)|x = K(T'(q). 29)|x

in Hbmrl (X), where the last arrow is the projection.

Since K(I'(g), 2q) is fibrant in Pre(Schz,/«), it follows from [Jardine 2015,
Corollary 5.26] that the restriction K(I'(g), 2q)|x is fibrant in Pre(Xz,). Since
K|x is cofibrant (in our local injective model structure), Gillet’s construction [1981,
p. 225] yields a map of simplicial presheaves C, : K|x — K(I'(q),2q)|x in
Pre(Xz,). In particular, a map K(X) — K(I'(q), 2¢)(X). Furthermore, the natu-
rality of the construction gives, for any morphism f : ¥ — X in Smy, a diagram
that commutes up to homotopy

KX~ K(T(g). 29)(X)
rl L (6.6)
K(Y) —— K(T'(q), 2¢)(Y)

(see, for instance, [Asakura and Sato 2015, (5.6.1)]). Equlvalently, there is a mor-
phism of simplicial presheaves C, : K — K(I'(¢g), 2¢) in HZ (k) and hence a
morphism in (Smy)y;is (see Section 2.1). Pulling back C, via the morphism of
sites 7 : (Schy)can — (Smy)nis [Jardine 2015, p. 111], and considering the co-
homologies of the associated cdh-sheaves, we obtain for any X € Schy, closed
subscheme Z C X and p, g > 0, the Chern class maps

Ci,ﬁ,q Z, cdh(X Kean) :=H,! Cdh(X, L™ (K))
— H R (X, L7 *(K(T(g), 2)))
= H," (X, Cszequi(AY, O)ean) := HL "(X, Z(q)). (6.7)
It follows from Lemma 6.3 that H}ﬁdh(X, Kedn) = KH[Z7 (X), where the KHZ (X)

is the homotopy fiber of the map KH(X) — KH(X \ Z). Let (X, Z) denote the
pair consisting of a scheme X € Schy and a closed subscheme Z € X. A map of
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pairs f: (Y, W) — (X, Z) is a morphism f : ¥ — X such that Y Z)cW. We
have then shown the following.

Theorem 6.8. Let k be a field of characteristic zero. Then for any pair (X, Z) in
Schy and for any p > 0, q € Z, there are Chern class homomorphisms

20—
Kopq  KHS(X) —> H7P(X, Z(q))

such that the composition of c§’0’0 with Ko(X) — KHy(X) is the rank map. For
any map of pairs f : (Y, W) — (X, Z), there is a commutative diagram

T L
KH,(X) — Hy “(X, Z(q))

f*l ) l £ (6.9)

Woyy _re pr2g—p
KH; (Y) — Hy, “(Y, Z(q))

6.10. Chern classes from KH-theory to Deligne cohomology. Let Cz,: denote the
category of schemes which are separated and of finite type over C with the Zariski
topology. We denote by Cnis the same category but with the Nisnevich topology.
Let C4, denote the category of complex analytic spaces with the analytic topology.
There is a morphism of sites € : Cyy — Czy. For any g € Z, let I'(¢) denote the
complex of sheaves on Cz,, defined as

I )_{Fp(q) ifg >0,
V= | Re.(@nv=D)7) ifq <0,

where I'p(q) is the Deligne—Beilinson complex on Cz,; in the sense of [Esnault
and Viehweg 1988]. Then I'(g) is a cohomology theory on Sm¢ satisfying Gillet’s
conditions for a theory of Chern classes; see, for instance, [Asakura and Sato 2015,
Section 3.4]. Applying the argument of Theorem 6.8 in verbatim, we obtain the
Chern class homomorphisms

6.11)

% g KHZ(X) = HY L (X, (TD(q))ean) 6.12)

for a pair of schemes (X, Z) in Sch¢ which is natural in (X, Z).

Let us now fix a scheme X € Sch¢. Recall from [Deligne 1974, §6.2.5-6.2.8]
that a smooth proper hypercovering of X is a smooth simplicial scheme X, with a
map of simplicial schemes pyx : X, — X such each map X; — X is proper and py
satisfies the universal cohomological descent in the sense of [Deligne 1974]. The
resolution of singularities implies that such a hypercovering exists. The Deligne
cohomology of X is defined in [Deligne 1974, §5.1.11] to be

Hp(X, Z(q)) := Hp, (X, Rpx«Tp(q)) = HE, (X., T'n(q)). (6.13)
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Gillet’s theory of Chern classes gives rise to the Chern class homomorphisms
€% p.g 1 Kp(X) > Hp! ™M (X. Z()) (6.14)

for any X € Sch¢ which is contravariant functorial, where K;(X) = m; (RQBQOP(X))
is the Quillen K-theory (see, for instance, [Barbieri-Viale et al. 1996, §2.4]). Our
objective is to show that these Chern classes actually factor through the natural
map K,.(X) — KH.(X).

The construction of the Chern classes from KH-theory to the Deligne cohomol-
ogy (see Theorem 6.20 below) will be achieved by the cdh-sheafification of Gillet’s
Chern classes at the level of presheaves of simplicial sets, followed by considering
the induced maps on the hypercohomologies. Therefore, in order to factor the
classical Chern classes c}% g O Quillen K-theory through KH-theory, we only
need to identify the target of the Chern class maps in (6.12) with the Deligne
cohomology.

To do this, for any X € Sche we let Hj, (X, F) denote the cohomology of the
analytic space X,, with coefficients in the sheaf F on C,,. Let Z — Sing* denote
a fibrant replacement of the sheaf Z on Cy, so that Re,(Z) = €4(Sing*). Set

Z(q) = 2 /—1)?€,(Sing*) = Re,.(Z).

Lemma 6.15. For any X € Smc, the map HL (X, 7) — I]-I]fdh(X, Z(q)can) is an
isomorphism.

Proof. Since HL(X,7) = I]-I]Qar(X ,Z(q)), it is sufficient to show that the map
[H]gar(X, 7(q)) — I]-I]deh(X, Z(q)cqn) 1s an isomorphism.

Let Cjoc denote the category of schemes which are separated and of finite type
over C. We consider Cj,. as a Grothendieck site with coverings given by maps
Y’ — Y where the associated map of the analytic spaces is a local isomorphism
of the corresponding topological spaces [SGA 43 1973, Exposé XI, p. 9]. Since
a Nisnevich cover of schemes is a local isomorphism of the associated analytic
spaces, there is a commutative diagram of morphisms of sites:

)
Cloc —— Can

l l (6.16)

T
CNis I CZar

Since every local isomorphism of analytic spaces is refined by open coverings,
it is well known that the map HL, (X, F*) — Hl‘gc (X, F*) is an isomorphism for
any complex of sheaves on Cy,; see, for instance, [Milne 1980, Proposition 3.3,
Theorem 3.12].

We set (Z(q))nis =T *(Z(q)) = v,08*(Sing™). We observe that for every i € Z, the
cohomology sheaf ' associated to the complex Z(g) is isomorphic to the Zariski
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(or Nisnevich) sheaf on Sch¢ associated to the presheaf U +— H;H(U , 7). But this

latter presheaf on Smg is homotopy invariant with transfers. It follows from [Suslin

and Voevodsky 2000, Corollary 1.1.1] that [I-I]gar(X Z(q)) — Hle(X’ (Z(g))nis) is

an 1s0morphlsm We are thus reduced to showing that for X € Sm¢, the map
le (X, (Z(Q))le) - Hcdh(X’ (Z(Q))cdh) is an isomorphism-

But this follows again from [Suslin and Voevodsky 2000, Corollary 1.1.1, 5.12.3,
Theorem 5.13] because each #' = R'v,.(Z) is a Nisnevich sheaf on Sm¢ associated
to the homotopy invariant presheaf with transfers U +— H;H(U ,Z). The proof is
therefore complete. (|

For any X € Schg, there are natural maps

HE(X, Z(q)) = 7, (X, (@) ~ H (X, (To(@)nis)
— H)p (X., (Tp(@))ean)-  (6.17)

Lemma 6.18. For a projective scheme X over C, the map

HJ(X, Z(¢)) — Hyy(X.., (Tp(@))ean)

is an isomorphism.

Proof. Our assumption implies that each component X, of the simplicial scheme
X, is smooth and projective. Given a complex of sheaves F.* (in the Zariski or
cdh-topology), there is a spectral sequence

Ef q Hanr/cdh(Xp’ (]: )Zar/cdh) = lH] ar/cdh(X-’ (]: )Zar/cdh)

see, for instance, [Asakura and Sato 2015, Appendix]. Using this spectral sequence
and (6.17), it suffices to show that the map Hzpar(X I'p(g)) — [H]th(X, (T'p(g))cdn)
is an isomorphism for any smooth projective scheme X over C. For g < 0, this
follows from Lemma 6.15. So we assume g > 0.

Since X is smooth and projective, the analytic Deligne complex Z(q)p is the
complex of analytic sheaves Z(q) — Ox, — Qﬁ(an—> e Qi’(:nl. In particular,
there is a distinguished triangle

Re.(23![-1D) — T'p(q) —> Z(g) > Rex(25)

in the derived category of sheaves on Xz,;.

As X is projective, it follows from GAGA that the natural map 5 x/c™ Re, (22
is an isomorphism in the derived category of sheaves on Xz,.. In particular, we get
a distinguished triangle in the derived category of sheaves on Xz:

<q)

Qxlcl=11— I'nl(g) = Z(g) — Q- (6.19)
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We thus have a commutative diagram of exact sequences

Hy (X, Z(q)) —— WL (X, Q3%) ——— HJ,(X. T'n(q))

l | |

HO (X, (Z(q))ean) — HIp (X, (R2570)can) — HE (X, (Dp(q))ean)

—— MY, (X, Z(q)) —— WY, (X, 25%0)

| |

— Hcdh(X (Z2(q))cdan) — Hcdh(X (QX/@)cdh)

It follows from Lemma 6.15 that the first and the fourth vertical arrows from the
left are isomorphisms. The second and the fifth vertical arrows are isomorphisms
by [Cortifias et al. 2008b, Corollary 2.5]. We conclude that the middle vertical
arrow is also an isomorphism and this completes the proof. O

As a combination of Lemma 6.3, (6.14) and Lemma 6.18, we obtain a theory of
Chern classes from KH-theory to Deligne cohomology as follows.

Theorem 6.20. For every projective scheme X over C, there are Chern class ho-
momorphisms
20—
Cx,p,q  KHp(X) — HDq (X, z(9))

such that for any morphism of projective C-schemes f : Y — X, one has

f* OCX,p,q = Cy,p,q o f*

Proof. We only need to show that there is a natural isomorphism

ax : HEL (X, (Tp(@)ean) = HA(X, Z(q)).

Given a morphism of projective C-schemes f : Y — X, there exists a commu-
tative diagram
f.
,— X.
l[’x
f
—

X

*<<—~<

where the vertical arrows are the simplicial hypercovering maps. In particular,
there is a commutative diagram
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HL (X, Tp(q)) HZ,.(Y, T'n(q))

Hfdh(X, (T'p(g))can) Hfdh(Y, ('p(g))cdn)

HE(X,Z(¢)) l HE(Y, Z(q))

T T~

[H]fdh(Xu ('p(g))cdn) |]-|]deh(Y” (T'p(g))cdn)

Using Lemma 6.18, we get a map ax : Hy (X, (T'p(q))ean) = HH(X, Z(q))
such that f*oay =ayo f* forany f:Y — X as above. Moreover, we have shown
in the proof of Lemma 6.18 that this map is an isomorphism if X € Sm¢. Since the
source as well as the target of ax satisfy cdh-descent by Lemma 6.18 (see [Suslin
and Voevodsky 2000, Lemma 12.1]), we conclude as in the proof of Lemma 6.3
that oy is an isomorphism for every projective C-scheme X. (]

7. Applications II:
Intermediate Jacobian and Abel-Jacobi map for singular schemes

Recall that a very important object in the study of the geometric part of motivic
cohomology of smooth projective varieties is an intermediate Jacobian. The in-
termediate Jacobians were defined by Griffiths and they receive the Abel-Jacobi
maps from certain subgroups of the geometric part H>*(X, Z(x)) of the motivic
cohomology groups.

A special case of these intermediate Jacobians is the Albanese variety of a
smooth projective variety. The most celebrated result about the Albanese variety
in the context of algebraic cycles is that the Abel-Jacobi map from the group of
O-cycles of degree zero to the Albanese variety is an isomorphism on the torsion
subgroups. This theorem of Roitman tells us that the torsion part of the Chow
group of O-cycles on a smooth projective variety over C can be identified with the
torsion subgroup of an abelian variety.

Roitman’s torsion theorem has had enormous applications in the theory of alge-
braic cycles and algebraic K-theory. For example, it was predicted as part of the
conjectures of Bloch and Beilinson that the Chow group of 0-cycles on smooth
affine varieties of dimension at least two should be torsion-free. This is now a
consequence of Roitman’s torsion theorem. We hope to use the Roitman’s torsion
theorem of this paper to answer the analogous question about the motivic cohomol-
ogy H?¥(X, Z(d)) of a d-dimensional singular affine variety in a future project.
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It was predicted as part of the relation between algebraic K-theory and motivic
cohomology that the Chow group of O-cycles should be (integrally) a subgroup
of the Grothendieck group. This is also now a consequence of Roitman’s theorem.
We shall prove the analogue of this for singular schemes in the next section. Recall
that the Riemann—Roch theorem says that this inclusion of the Chow group inside
the Grothendieck group is always true rationally. For applications concerning the
relation between Chow groups and étale cohomology, see [Bloch 1979].

In this section, we apply the theory of Chern classes from KH-theory to Deligne
cohomology from Section 6 to construct the intermediate Jacobian and Abel-Jacobi
map from the geometric part of the motivic cohomology of any singular projective
variety over C. In the next section, we shall use the Abel-Jacobi map to prove
a Roitman torsion theorem for singular schemes. As another application of our
Chern classes and the Roitman torsion theorem, we shall show that the cycle map
from the geometric part of motivic cohomology to the KH groups, constructed
in Theorem 5.9, is injective for a large class of schemes.

7.1. The Abel-Jacobi map. In the rest of this section, we consider all schemes
over C and mostly deal with projective schemes. Let X be a projective scheme
over C of dimension d. Let Xjne and Xy denote the singular (with the reduced
induced subscheme structure) and the smooth loci of X, respectively. Let r denote
the number of d-dimensional irreducible components of X. We fix a resolution of
singularities f : X > Xandlet E = f _I(Xsing) throughout this section. The fol-
lowing is an immediate consequence of the cdh-descent for Deligne cohomology.

Lemma 7.2. For any integer q¢ > d + 1, one has ngd“ (X,7Z(q))=0fori > 1.

Proof. If X is smooth, this follows immediately from (6.19). In general, the cdh-
descent for Deligne cohomology (see Lemma 6.18 or [Barbieri-Viale et al. 1996,
Variant 3.2]) implies that there is an exact sequence
HEUE, 29) — HE™ (X, 2(9))
— HE (X, 2(9) ® HE ™ (Xang, Z(@)).

We conclude the proof by using this exact sequence and induction on dim(X). [J

It follows from the definition of the Deligne cohomology that there is a natu-
ral map of complexes I'n(g)|x — Z(q)|x (see (6.19)) and in particular, there is
a natural map HDp(X, 7(q)) x HI\(X,Z(q)). For any integer 0 < g < d, the
intermediate Jacobian J9(X) is defined so that we have an exact sequence

0— J9(X) > HY (X, Z(q)) 2> HX(X, Z(q)).
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It follows from Theorem 6.20 that there is a commutative diagram

KHo(X) 2% H2 (X, 7(d)) —= H24 (X, Z(d))

f*l lf* l £ (1.3)

~ Cx.d, ~ Ky ~
KHy(X) 2% H2 (X, Z(d)) —— HX(X, Z(d))

It follows from (6.19) that «% is surjective. The cdh-descent for the Deligne
cohomology and Lemma 7.2 together imply that the middle vertical arrow in (7.3)
is surjective. The cdh-excision property of singular cohomology (see [Deligne
1974, 8.3.10]) yields an exact sequence

Hal ™M (E, Z(d)) — H (X, 2(d))

— Hal (X, Z(d)) ® Hayl (Xsing, Z(d)) — Hel™'(E, Z(a)).

n

Since Xine and E are projective schemes of dimension at most d — 1, it follows
that the right vertical arrow in (7.3) is an isomorphism. We conclude that there is
a short exact sequence

0— J4X) - HX(X,Z(d)) =5 HX (X, Z(d)) — 0. (7.4)

A similar Mayer—Vietoris property of the motivic cohomology yields an exact
sequence

H*YE,7(d)) — H**(X,Z(d))
— H™(X, Z(d)) ® H* (Xsing, Z(d)) — H* Y (E, Z(d)).

It follows from Theorem 5.1 that H?¢(Xing, Z(d)) = H*T(E, Z(d)) = 0. In
particular, there exists a short exact sequence

H*~Y(E, Z(d))
0— ~
H¥=1(X, Z(d)) + H*~ 1 (Xsing, Z(d))
— H¥(X,Z(d)) —» H¥(X,Z(d)) — 0. (1.5)

Since the map H* (X, Z(d)) = CHY(X) — H2! (X, Z(d)) is the degree map,
which is surjective, we deduce that the “degree” map H M(x,7(d))— Haznd (X, Z(d))
is also surjective. We let A%(X) denote the kernel of this degree map.

It follows from Theorem 6.20 that there is a Chern class map (take p = 0)
cx,q : KHo(X) — Héq (X, Z(q)). Theorem 5.9 says that the spectral sequence (4.28)
induces a cycle class map cycy o : H*/(X, Z(d)) — KHo(X). Composing the two
maps, we get a cycle class map from motivic to Deligne cohomology

& H* (X, Z(d)) — HX (X, Z(q)) (7.6)
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and a commutative diagram of short exact sequences:

0 —— AYX) —— H*(X,Z(d)) — HX(X,Z(d)) —— 0

AJ;’(l le;’( H (1.7)

0 — J9(X) — HX(X, Z(q)) — HX (X, Z(d)) — 0

It is known that J¢(X) is a semiabelian variety whose abelian variety quotient is
the classical Albanese variety of X ; see [Biswas and Srinivas 1999, Theorem 1.1]
or [Barbieri-Viale and Srinivas 2001]. The induced map AJ% : A%(X) — J¥(X) is
called the Abel-Jacobi map for the singular scheme X. We shall prove our main
result about this Abel-Jacobi map in the next section. Here, we recall the following
description of J 4(X) in terms of 1-motives. Recall from [Barbieri-Viale and Kahn
2016, §12.12] that every projective scheme X of dimension d over C has a 1-motive
Alb™ (X) associated to it. This is called the cohomological Albanese 1-motive of X.
This is a generalization of the Albanese variety of smooth projective schemes.

Theorem 7.8 [Barbieri-Viale and Srinivas 2001, Corollary 3.3.2]. For a projective
scheme X of dimension d over C, there is a canonical isomorphism

J4X) = AlbT(X).

7.9. Levine—Weibel Chow group and motivic cohomology. In order to prove our
main theorem of this section, we need to compare the motivic cohomology of
singular schemes with another “motivic cohomology”, called the (cohomological)
Chow-group of 0-cycles, introduced by Levine and Weibel [1985]. We assume
throughout our discussion that X is a reduced projective scheme of dimension d
over C. However, we remark that the following definition of the Chow group of
0-cycles makes sense over any ground field. Let Zy(X) denote the free abelian
group on the closed points of Xeg.

Definition 7.10. Let C be a pure dimension one reduced scheme in Sche. We say
that a pair (C, Z) is a good curve relative to X if there exists a finite morphism
v:C — X and a closed proper subscheme Z C C such that the following hold.

(1) No component of C is contained in Z.
(2) 1)_l(Xsing) U Csing € Z.

(3) v is a local complete intersection morphism at every point x € C such that

V(x) € Xing.
Let (C, Z) be a good curve relative to X and let {ny, ..., n,} be the set of generic
points of C. Let O¢,z denote the semilocal ring of C at S =Z U {ny, ..., n,}. Let

C(C) denote the ring of total quotients of C and write (’)é’  for the group of units
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in Oc¢, z. Notice that Oc¢ z coincides with k(C) if |Z| = @. As C is Cohen—
Macaulay, Oé,z is the subgroup of k(C)™ consisting of those f which are regular
and invertible in the local rings O¢ , for every x € Z.

Given any f € (’)é , <> C(C)*, we denote by div(f) the divisor of zeros
and poles of f on C, which is defined as follows. If Cy,..., C, are the irre-
ducible components of C, we set div(f) to be the O-cycle > ;_, div(f;), where
(fi,..-, fr) = 0c,z)(f) and div(f;) is the usual divisor of a rational function
on an integral curve in the sense of [Fulton 1998]. Let Zy,(C, Z) denote the free
abelian group on the closed points of C \ Z. As f is an invertible regular function
on C along Z, div(f) € 2o(C, Z).

By definition, given any good curve (C, Z) relative to X, we have a pushforward
map Zy(C, Z) N Zo(X). We write Ro(C, Z, X) for the subgroup of Zy(X) gener-
ated by the set {v,.(div(f)) | f € Oé’ 2. Let REK(X ) denote the subgroup of Zy(X)
generated by the image of the map Zy(C, Z, X) — Z¢(X), where Zy(C, Z, X) runs
through all good curves. We let CHEX (X) = Zo(X)/REK(X).

If we let RgW(X ) denote the subgroup of Zy(X) generated by the divisors of
rational functions on good curves as above, where we further assume that the map
v:C — X is a closed immersion, then the resulting quotient group Zo(X)/ R'O“W(X )
is denoted by CH](;W(X ). There is a canonical surjection CH]5W(X ) —» CHgK(X ).
However, we can say more about this map in the present context. This comparison
will be an essential ingredient in the proof of Theorem 8.4.

Theorem 7.11. For a projective scheme X over C, the map CHI(jW (X) —» CHgK(X )
is an isomorphism.

Proof. By [Binda and Krishna 2018, Lemma 3.13], there are cycle class maps
CH%W(X) —» CHEK(X) — Kp(X), and one knows from [Levine 1987, Corol-
lary 2.7] that the kernel of the composite map is (d — 1)!-torsion. It follows that
Ker(CH](jW(X ) — CHgK(X )) is torsion. In particular, it lies in CH(L)W(X )deg 0-

On the other hand, it follows from [Binda and Krishna 2018, Proposition 9.7]
that the Abel-Jacobi map CHI(;W(X deg0 —> J 4(X) (see [Biswas and Srinivas 1999,
Theorem 1.1]) factors through CHI(;W(X)ngO —» CHEK(X)degO — J4(X). More-
over, it follows from [Biswas and Srinivas 1999, Theorem 1.1] that the composite
map is an isomorphism on the torsion subgroups. In particular,

Ker(CHG™ (X)deg0 — CHE ™ (X)deg0)
is torsion-free. It must therefore be zero. O

In the rest of this text, we identify the above two Chow groups for projective
schemes over C and write them as CH? (X). There is a degree map

degy : CHY(X) - H2(X,Z(d) =7".

n
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Let CHY (X)dego denote the kernel of this degree map. In order to obtain ap-
plications of the above Abel—-Jacobi map, we connect CHY (X) with the motivic
cohomology as follows.

Lemma 7.12. There is a canonical map yx : CHd(X) — H*(X,Z(d)) which
restricts to a map yx : CH? (X)dego —> AY(X).

Proof. We let U denote the smooth locus of X and let x € U be a closed point. The
excision for the local cohomology with support in a closed subscheme tells us that
the map

HYe).cah X: CuZequi (AL, 0) g) = HYyy can (U CaZequi(AL, 0) gy

is an isomorphism. On the other hand, the purity theorem for the motivic cohomol-
ogy of smooth schemes and the isomorphism between the motivic cohomology and
higher Chow groups [Voevodsky 2002a] imply that the map

H({)x},cdh (U, CiZequi (Af;, O)cdh) - H(c)dh (U, Cizequi (Ad ’ O)cdh)

is same as the map of the Chow groups Z = CHy({x}) — CHyp(U). In particular,
we obtain a map

yx . Z — H({)x},cdh(X’ C*Zequl(Ad, O)th)
— Hy (X, Cizequi(AL, 0) ) = HX (X, Z(d)).

We let yx ([x]) be the image of 1 € Z under this map. This yields a homomorphism
vx : Z0(X) = H* (X, Z(d)). We now show that this map kills Ro(X).

We first assume that X is a reduced curve. In this case, an easy application of
the spectral sequence of Theorem 4.27 and the vanishing result of Theorem 5.1
shows that there is a short exact sequence

0— H*(X,Z(1)) > KHy(X) — H°(X, Z(0)) — 0. (7.13)

Using H(X, Z(0)) = H? (X, Z) and the natural map K,(X) — KH,(X), we
have a commutative diagram of the short exact sequences

0 —— Pic(X) —— Ko(X) — H2(X,Z) — 0

l l (7.14)

0 — H*(X,Z(1)) — KHo(X) — HO(X,Z) — 0

It follows from [Binda and Krishna 2018, Lemma 3.11] that the map Zy(X) — Ko (X)
given by cycy ([x]) = [Oyy] € Ko(X) defines an isomorphism CH'(X) = Pic(X).
Note that x € U and hence the class [Oyy] in Ko(X) makes sense. We conclude
from this isomorphism and (7.14) that the composite map Z¢(X) — Ko(X) —KHo(X)
has image in H?*(X, Z(1)) and it factors through CH'(X).
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We now assume d >2 and v: (C, Z) — X be a good curve and let f € Oé,z- We
need to show that yx (v, (div(f))) = 0. By [Binda and Krishna 2018, Lemma 3.4],
we can assume that v is an Ici morphism. In particular, there is a functorial push-
forward map v, : H>(C, Z(1)) — H*?(X, Z(d)) by Corollary 3.6 and [Navarro
2018, Definition 2.32, Theorem 2.33]. We thus have a commutative diagram

Yc

/\)
Z20(C. Z) — D¢z H'({x}, Z(0)) —— H*(C, Z(1))

l l l (7.15)

20(X) = Dy, HOUx), 2(0) — H¥ (X, Z(d))

sing

124

The two horizontal arrows on the right are the pushforward maps on the motivic
cohomology since the inclusion {x} < X is an Ici morphism for every x ¢ Xging. We
have shown that y¢(div(f)) = 0 and hence yx (v« (div(f))) = v« (yc(div(f))) =0.
Furthermore, the composite

Zy(X) = HX (X, Z(d)) - H* (X, Z(d)) - HX* (X, Z(d)) = 7"

is the degree map. This shows that yx (Z0(X)geg0) © AY(X). O

8. Applications III: Roitman torsion and cycle class map

We now consider a projective scheme X of dimension d over C. Using the map
yx : CHY(X) — H?! (X, Z(d)) and the Abel-Jacobi map AJ4 of (7.7), we now
prove our main result on the Abel-Jacobi map and Roitman torsion for singular
schemes. We shall use the following lemma in the proof.

Lemma 8.1. Let X be a reduced projective scheme of dimension d over C. There
is a cycle class map cycg’0 : CHd(X ) = Ko(X) and a commutative diagram

d cyc)%0
CHY(X) —— Ko(X)

V"l l (8.2)

HY (X, Z(d)) = KHo(X)
Proof. Every closed point x € U defines the natural map
7= Ko({x) = K¢ (X) > Ko(X)

and hence a class [Oyyy] € Ko(X). This defines a map cyc}Q(’0 1 Zo(X) — Ko(X)
and it factors through CH¢ (X) by [Levine and Weibel 1985, Proposition 2.1]. Since
CHY(X) is generated by the closed points in U, it suffices to show that for every
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closed point x € U, the diagram

K& (X) —— Ko(X)

l (8.3)

KH™ (X) —— KHy(X)

commutes. But this is clear from the functorial properties of the map of presheaves
K(-) — KH(-) on Sch¢. [l

We can now prove:

Theorem 8.4. Let X be a projective scheme over C of dimension d. Assume that
either d < 2 or X is regular in codimension one. Then there is a semiabelian
variety J¢(X) and an Abel-Jacobi map AJ;’I( : AY(X) — J4(X) which is surjective
and whose restriction to the torsion subgroups Al ff t AN X iors = T4 X ors is an
isomorphism.

Proof. We can assume that X is reduced. We first consider the case when X has
dimension at most two but has arbitrary singularity. In this case, we only need
to prove that AJ 31( is surjective and its restriction to the torsion subgroups is an
isomorphism.

The map AJ;I( is induced by the Chern class map cx 4.0 : KHo(X) — H%d(X, Z(d))
and the composite map Ko(X) — KHo(X) — szjd(X, Z(d)) is Gillet’s Chern
class map C g 4.0 of (6.14). Composing these maps with the cycle class maps and
using Lemma 8.1, we get a commutative diagram

CHY (X)gego —— A4(X)

AJX lmg{ 8.5)

J4(X)

The map AJ ;?Q is surjective and is an isomorphism on the torsion subgroups by
[Barbieri-Viale et al. 1996, Main Theorem]. It follows that AJ f( is also surjective.
To prove that it is an isomorphism on the torsion subgroups, we apply Theorem 7.8
and [Barbieri-Viale and Kahn 2016, Corollary 13.7.5]. It follows from these results
that there is indeed an isomorphism ¢§I( TN X ) or = Ad (X)or- Since J4(X) is a
semiabelian variety, we know that for any given integer n > 1, the n-torsion sub-
group ,J 4(X) is finite. It follows that , A?(X) and ,J¢(X) are finite abelian groups
of the same order. We conclude that the Abel-Jacobi map AJ4 : A4(X) — J4(X)
induces the map AJ ;1( ‘A4 (X) = , J9(X) between finite abelian groups which have
same order. Therefore, this map is an isomorphism if and only if it is a surjection.

But this is true by (8.5) because we have seen above that the composite map AJ ?(’Q
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is an isomorphism between the n-torsion subgroups. Since n > 1 is arbitrary in
this argument, we conclude the proof of the theorem.

We now consider the case when X has arbitrary dimension but is regular in
codimension one. Let f : X — X be a resolution of singularities of X. It is then
known that J9(X) = J4(X) = Alb(X); see [Mallick 2009, Remark 2, p. 505]. We
have a commutative diagram

CH? (X)gego —— A4(X) L A4(X)

X

J4X) =5 J4(X)

Since the lower horizontal arrow in this diagram is an isomorphism, it uniquely
defines the Abel-Jacobi map AJ )d(. The map f* o yx is known to be surjective by
the moving lemma for O-cycles on smooth schemes. In particular, f* is surjective.
The map AJ% is also known to be surjective. It follows that AJ ?( is surjective.

To prove that this is an isomorphism on the torsion subgroups, we can argue
exactly as in the first case of the theorem. This reduces us to showing that AJ 3’1{ is
surjective on the n-torsion subgroups for every given integer n > 1. But this follows
because AJ';(W (and also AJ%) is an isomorphism on the n-torsion subgroups by
[Biswas and Srinivas 1999, Theorem 1.1], finishing the proof of the theorem. [l

Remark 8.7. For arbitrary d > 1, the map AJ?(’Q in (8.5) is known to be an
isomorphism only up to multiplication by (d — 1)!. This prevents us from ex-
tending Theorem 8.4 to higher dimensions if X has singularities in codimension
one. We also warn the reader that unlike AJ f{’Q in (8.5), the map AJI;(W in (8.6) is
not defined via the Chern class map on Ko(X). These maps coincide only up to
multiplication by (d — 1)!.

8.8. Injectivity of the cycle class map. Like the case of smooth schemes, the Roit-
man torsion theorem for singular schemes has many potential applications. Here,
we use this to prove our next main result of this section. It was shown by Levine
[1987, Theorem 3.2] that for a smooth projective scheme X of dimension d over C,
the cycle class map H>4 (X, Z(d)) — Ko(X) (see (5.11)) is injective. We generalize
this to singular schemes as follows.

Theorem 8.9. Let X be a projective scheme of dimension d over C. Assume
that either d <2 or X is regular in codimension one. Then the cycle class map
cycy : H*4(X, Z(d)) — KHo(X) is injective.

Proof. We note that cyc, : H 2d(x. 7(d)) — KHo(X) is induced by the spectral
sequences (4.28) and (5.11), both of which degenerate with rational coefficients.
In particular, Ker(cyc) is a torsion group.
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On the other hand, if dim(X) < 2, (7.7) and Theorem 8.4 tell us that the compos-
ite map ¢ : H*(X, Z(d)) <% KHo(X) 224 H2(X, Z(d)) is an isomorphism
on the torsion subgroups. We must therefore have Ker(cyc,) = 0.

If X is regular in codimension one, we let X — X be a resolution of singularities
and consider the commutative diagram

HX (X, Z(d)) -2 KHy(X)

-l |

H¥(X, 2(d)) =22 Ko(X)

We have shown in the proof of Theorem 8.4 that the left vertical arrow is an
isomorphism on the torsion subgroups. The bottom horizontal arrow is injective
by [Levine 1987, Theorem 3.2]. It follows that cycy , is injective on the torsion
subgroup. We must therefore have Ker(cycy () = 0. This finishes the proof.  [J

Acknowledgements

The authors would like to thank Shane Kelly for having read an earlier version
of this paper and pointing out some missing arguments. The authors would also
like to thank the referee for very carefully reading the paper and suggesting many
improvements.

References

[Asakura and Sato 2015] M. Asakura and K. Sato, “Chern class and Riemann—-Roch theorem for
cohomology theory without homotopy invariance”, preprint, 2015. arXiv

[Ayoub 2007a] J. Ayoub, Les six opérations de Grothendieck et le formalisme des cycles évanescents
dans le monde motivique, I, Astérisque 314, Société Mathématique de France, Paris, 2007. MR Zbl

[Ayoub 2007b] J. Ayoub, Les six opérations de Grothendieck et le formalisme des cycles évanescents
dans le monde motivique, 11, Astérisque 315, Société Mathématique de France, Paris, 2007. MR
Zbl

[Barbieri-Viale and Kahn 2016] L. Barbieri-Viale and B. Kahn, On the derived category of 1-motives,
Astérisque 381, Société Mathématique de France, Paris, 2016. MR Zbl

[Barbieri-Viale and Srinivas 2001] L. Barbieri-Viale and V. Srinivas, Albanese and Picard 1-motives,
Mém. Soc. Math. Fr. (N.S.) 87, Société Mathématique de France, Paris, 2001. MR Zbl

[Barbieri-Viale et al. 1996] L. Barbieri-Viale, C. Pedrini, and C. Weibel, “Roitman’s theorem for
singular complex projective surfaces”, Duke Math. J. 84:1 (1996), 155-190. MR Zbl

[Binda and Krishna 2018] F. Binda and A. Krishna, “Zero cycles with modulus and zero cycles on
singular varieties”, Compos. Math. 154:1 (2018), 120-187. MR Zbl

[Biswas and Srinivas 1999] J. Biswas and V. Srinivas, “Roitman’s theorem for singular projective
varieties”, Compos. Math. 119:2 (1999), 213-237. MR Zbl

[Bloch 1979] S. Bloch, “Torsion algebraic cycles and a theorem of Roitman”, Compos. Math. 39:1
(1979), 107-127. MR Zbl


http://msp.org/idx/arx/1301.5829v7
http://msp.org/idx/mr/2423375
http://msp.org/idx/zbl/1146.14001
http://msp.org/idx/mr/2438151
http://msp.org/idx/zbl/1153.14001
http://msp.org/idx/mr/3545132
http://msp.org/idx/zbl/1356.19001
http://msp.org/idx/mr/1891270
http://msp.org/idx/zbl/1085.14011
http://dx.doi.org/10.1215/S0012-7094-96-08405-7
http://dx.doi.org/10.1215/S0012-7094-96-08405-7
http://msp.org/idx/mr/1394751
http://msp.org/idx/zbl/0864.14026
http://dx.doi.org/10.1112/S0010437X17007503
http://dx.doi.org/10.1112/S0010437X17007503
http://msp.org/idx/mr/3719246
http://msp.org/idx/zbl/06810466
http://dx.doi.org/10.1023/A:1001793226084
http://dx.doi.org/10.1023/A:1001793226084
http://msp.org/idx/mr/1723130
http://msp.org/idx/zbl/0969.14005
http://www.numdam.org/item?id=CM_1979__39_1_107_0
http://msp.org/idx/mr/539002
http://msp.org/idx/zbl/0463.14002

THE SLICE SPECTRAL SEQUENCE FOR SINGULAR SCHEMES 705

[Bloch 1986] S. Bloch, “Algebraic cycles and higher K -theory”, Adv. in Math. 61:3 (1986), 267-304.
MR Zbl

[Boardman 1999] J. M. Boardman, “Conditionally convergent spectral sequences”, pp. 49-84 in
Homotopy invariant algebraic structures (Baltimore, 1998), edited by J.-P. Meyer et al., Contemp.
Math. 239, American Mathematical Society, Providence, RI, 1999. MR Zbl

[Cisinski 2013] D.-C. Cisinski, “Descente par éclatements en K-théorie invariante par homotopie”,
Ann. of Math. (2) 177:2 (2013), 425-448. MR Zbl

[Cisinski and Déglise 2012] D.-C. Cisinski and F. Déglise, “Triangulated categories of mixed mo-
tives”, preprint, 2012. arXiv

[Cisinski and Déglise 2015] D.-C. Cisinski and F. Déglise, “Integral mixed motives in equal char-
acteristic”, Doc. Math. Extra volume: Alexander S. Merkurjev’s sixtieth birthday (2015), 145-194.
MR Zbl

[Cortifias et al. 2008a] G. Cortifas, C. Haesemeyer, M. Schlichting, and C. Weibel, “Cyclic homol-
ogy, cdh-cohomology and negative K-theory”, Ann. of Math. (2) 167:2 (2008), 549-573. MR Zbl
[Cortifias et al. 2008b] G. Cortifias, C. Haesemeyer, and C. Weibel, “K-regularity, cdh-fibrant Hoch-
schild homology, and a conjecture of Vorst”, J. Amer. Math. Soc. 21:2 (2008), 547-561. MR Zbl
[Dai and Levine 2014] S. Dai and M. Levine, “Connective algebraic K-theory”, J. K-Theory 13:1

(2014), 9-56. MR Zbl

[Déglise 2013] F. Déglise, “Orientable homotopy modules”, Amer. J. Math. 135:2 (2013), 519-560.
MR Zbl

[Déglise 2014] F. Déglise, “Orientation theory in arithmetic geometry”, preprint, 2014. arXiv

[Deligne 1974] P. Deligne, “Théorie de Hodge, 111", Inst. Hautes Etudes Sci. Publ. Math. 44 (1974),
5-77. MR Zbl

[Esnault and Viehweg 1988] H. Esnault and E. Viehweg, “Deligne—Beilinson cohomology”, pp.
43-91 in Beilinson’s conjectures on special values of L-functions, edited by M. Rapoport et al.,
Perspect. Math. 4, Academic Press, Boston, 1988. MR Zbl

[Friedlander and Voevodsky 2000] E. M. Friedlander and V. Voevodsky, “Bivariant cycle cohomol-
ogy”, pp. 138-187 in Cycles, transfers, and motivic homology theories, Ann. of Math. Stud. 143,
Princeton University Press, 2000. MR Zbl

[Fulton 1998] W. Fulton, Intersection theory, 2nd ed., Ergebnisse der Mathematik (3) 2, Springer,
1998. MR Zbl

[Geisser and Hesselholt 2010] T. Geisser and L. Hesselholt, “On the vanishing of negative K-groups”,
Math. Ann. 348:3 (2010), 707-736. MR Zbl

[Gillet 1981] H. Gillet, “Riemann—Roch theorems for higher algebraic K-theory”, Adv. in Math.
40:3 (1981), 203-289. MR Zbl

[Haesemeyer 2004] C. Haesemeyer, “Descent properties of homotopy K-theory”, Duke Math. J.
125:3 (2004), 589—-620. MR Zbl

[Hirschhorn 2003] P. S. Hirschhorn, Model categories and their localizations, Mathematical Surveys
and Monographs 99, American Mathematical Society, Providence, RI, 2003. MR Zbl

[Hovey 1999] M. Hovey, Model categories, Mathematical Surveys and Monographs 63, American
Mathematical Society, Providence, RI, 1999. MR Zbl

[Hovey 2001] M. Hovey, “Spectra and symmetric spectra in general model categories”, J. Pure Appl.
Algebra 165:1 (2001), 63-127. MR Zbl

[Hoyois 2015] M. Hoyois, “From algebraic cobordism to motivic cohomology”, J. Reine Angew.
Math. 702 (2015), 173-226. MR Zbl


http://dx.doi.org/10.1016/0001-8708(86)90081-2
http://msp.org/idx/mr/852815
http://msp.org/idx/zbl/0608.14004
http://dx.doi.org/10.1090/conm/239/03597
http://msp.org/idx/mr/1718076
http://msp.org/idx/zbl/0947.55020
http://dx.doi.org/10.4007/annals.2013.177.2.2
http://msp.org/idx/mr/3010804
http://msp.org/idx/zbl/1264.19003
http://msp.org/idx/arx/0912.2110v3
http://msp.org/idx/mr/3404379
http://msp.org/idx/zbl/1357.19004
http://dx.doi.org/10.4007/annals.2008.167.549
http://dx.doi.org/10.4007/annals.2008.167.549
http://msp.org/idx/mr/2415380
http://msp.org/idx/zbl/1191.19003
http://dx.doi.org/10.1090/S0894-0347-07-00571-1
http://dx.doi.org/10.1090/S0894-0347-07-00571-1
http://msp.org/idx/mr/2373359
http://msp.org/idx/zbl/1173.19002
http://dx.doi.org/10.1017/is013012007jkt249
http://msp.org/idx/mr/3177817
http://msp.org/idx/zbl/1326.19001
http://dx.doi.org/10.1353/ajm.2013.0019
http://msp.org/idx/mr/3038720
http://msp.org/idx/zbl/1275.14020
http://msp.org/idx/arx/1111.4203v2
http://www.numdam.org/item?id=PMIHES_1974__44__5_0
http://msp.org/idx/mr/0498552
http://msp.org/idx/zbl/0237.14003
http://msp.org/idx/mr/944991
http://msp.org/idx/zbl/0656.14012
http://msp.org/idx/mr/1764201
http://msp.org/idx/zbl/1019.14011
http://dx.doi.org/10.1007/978-1-4612-1700-8
http://msp.org/idx/mr/1644323
http://msp.org/idx/zbl/0885.14002
http://dx.doi.org/10.1007/s00208-010-0500-z
http://msp.org/idx/mr/2677901
http://msp.org/idx/zbl/1203.19001
http://dx.doi.org/10.1016/S0001-8708(81)80006-0
http://msp.org/idx/mr/624666
http://msp.org/idx/zbl/0478.14010
http://dx.doi.org/10.1215/S0012-7094-04-12534-5
http://msp.org/idx/mr/2166754
http://msp.org/idx/zbl/1079.19001
http://msp.org/idx/mr/1944041
http://msp.org/idx/zbl/1017.55001
http://msp.org/idx/mr/1650134
http://msp.org/idx/zbl/0909.55001
http://dx.doi.org/10.1016/S0022-4049(00)00172-9
http://msp.org/idx/mr/1860878
http://msp.org/idx/zbl/1008.55006
http://dx.doi.org/10.1515/crelle-2013-0038
http://msp.org/idx/mr/3341470
http://msp.org/idx/zbl/1382.14006

706 AMALENDU KRISHNA AND PABLO PELAEZ

[[lusie et al. 2014] L. Ilusie, Y. Laszlo, and F. Orgogozo, “Introduction”, pp. Xiii—xix in Travaux de
Gabber sur I'uniformisation locale et la cohomologie étale des schémas quasi-excellents, edited by
L. Illusie et al., Astérisque 363-364, 2014. MR Zbl

[Isaksen 2005] D. C. Isaksen, “Flasque model structures for simplicial presheaves”, K-Theory 36:3-
4 (2005), 371-395. MR Zbl

[Jardine 1997] J. F.Jardine, Generalized étale cohomology theories, Progress in Math. 146, Birkhiuser,
Basel, 1997. MR Zbl

[Jardine 2003] J. F. Jardine, “The separable transfer”, J. Pure Appl. Algebra 177:2 (2003), 177-201.
MR Zbl

[Jardine 2009] J. F. Jardine, “The K-theory presheaf of spectra”, pp. 151-178 in New topological
contexts for Galois theory and algebraic geometry (Banff, AB, 2008), edited by A. Baker and B.
Richter, Geometry and topology monographs 16, Geometry & Topology Publications, Coventry,
UK, 2009. MR Zbl

[Jardine 2015] J. F. Jardine, Local homotopy theory, Springer, 2015. MR Zbl

[Kelly 2012] S. Kelly, Triangulated categories of motives in positive characteristic, Ph.D. thesis,
Université Paris 13, 2012. arXiv

[Kelly 2014] S. Kelly, “Vanishing of negative K-theory in positive characteristic”, Compos. Math.
150:8 (2014), 1425-1434. MR Zbl

[Kerz 2009] M. Kerz, “The Gersten conjecture for Milnor K-theory”, Invent. Math. 175:1 (2009),
1-33. MR Zbl

[Kerz and Strunk 2017] M. Kerz and F. Strunk, “On the vanishing of negative homotopy K-theory”,
J. Pure Appl. Algebra 221:7 (2017), 1641-1644. MR Zbl

[Kerz et al. 2018] M. Kerz, F. Strunk, and G. Tamme, “Algebraic K-theory and descent for blow-
ups”, Invent. Math. 211:2 (2018), 523-577. MR Zbl

[Kohrita 2017] T. Kohrita, “Deligne—Beilinson cycle maps for Lichtenbaum cohomology”, preprint,
2017. arXiv

[Krishna 2009] A. Krishna, “On the negative K-theory of schemes in finite characteristic”, J. Alge-
bra 322:6 (2009), 2118-2130. MR Zbl

[Krishna and Pelaez 2018] A. Krishna and P. Pelaez, “Motivic spectral sequence for relative homo-
topy K-theory”, preprint, 2018. arXiv

[Levine 1987] M. Levine, “Zero-cycles and K-theory on singular varieties”, pp. 451-462 in Al-
gebraic geometry (Brunswick, ME, 1985), edited by S. J. Bloch, Proc. Sympos. Pure Math. 46,
American Mathematical Society, Providence, RI, 1987. MR Zbl

[Levine 2008] M. Levine, “The homotopy coniveau tower”, J. Topol. 1:1 (2008), 217-267. MR Zbl

[Levine 2009] M. Levine, “Comparison of cobordism theories”, J. Algebra 322:9 (2009), 3291—
3317. MR Zbl

[Levine and Weibel 1985] M. Levine and C. Weibel, “Zero cycles and complete intersections on
singular varieties”, J. Reine Angew. Math. 359 (1985), 106-120. MR Zbl

[Mallick 2009] V. M. Mallick, “Roitman’s theorem for singular projective varieties in arbitrary char-
acteristic”, J. K-Theory 3:3 (2009), 501-531. MR Zbl

[Mazza et al. 2006] C. Mazza, V. Voevodsky, and C. Weibel, Lecture notes on motivic cohomology,
Clay Mathematics Monographs 2, American Mathematical Society, Providence, RI, 2006. MR Zbl

[Milne 1980] J. S. Milne, Etale cohomology, Princeton Mathematical Series 33, Princeton Univer-
sity Press, 1980. MR Zbl


http://msp.org/idx/mr/3329769
http://msp.org/idx/zbl/1320.14002
http://dx.doi.org/10.1007/s10977-006-7113-z
http://msp.org/idx/mr/2275013
http://msp.org/idx/zbl/1116.18008
http://dx.doi.org/10.1007/978-3-0348-0066-2
http://msp.org/idx/mr/1437604
http://msp.org/idx/zbl/0868.19003
http://dx.doi.org/10.1016/S0022-4049(02)00177-9
http://msp.org/idx/mr/1954332
http://msp.org/idx/zbl/1053.14016
http://dx.doi.org/10.2140/gtm.2009.16.151
http://msp.org/idx/mr/2544389
http://msp.org/idx/zbl/1189.18006
http://dx.doi.org/10.1007/978-1-4939-2300-7
http://msp.org/idx/mr/3309296
http://msp.org/idx/zbl/1320.18001
http://msp.org/idx/arx/1305.5349
http://dx.doi.org/10.1112/S0010437X14007301
http://msp.org/idx/mr/3252025
http://msp.org/idx/zbl/1301.19001
http://dx.doi.org/10.1007/s00222-008-0144-8
http://msp.org/idx/mr/2461425
http://msp.org/idx/zbl/1188.19002
http://dx.doi.org/10.1016/j.jpaa.2016.12.021
http://msp.org/idx/mr/3614971
http://msp.org/idx/zbl/1372.19003
http://dx.doi.org/10.1007/s00222-017-0752-2
http://dx.doi.org/10.1007/s00222-017-0752-2
http://msp.org/idx/mr/3748313
http://msp.org/idx/zbl/06838396
http://msp.org/idx/arx/1703.09493
http://dx.doi.org/10.1016/j.jalgebra.2009.05.038
http://msp.org/idx/mr/2542834
http://msp.org/idx/zbl/1186.19002
http://msp.org/idx/arx/1801.00922
http://msp.org/idx/mr/927992
http://msp.org/idx/zbl/0635.14007
http://dx.doi.org/10.1112/jtopol/jtm004
http://msp.org/idx/mr/2365658
http://msp.org/idx/zbl/1154.14005
http://dx.doi.org/10.1016/j.jalgebra.2009.03.032
http://msp.org/idx/mr/2567421
http://msp.org/idx/zbl/1191.14023
http://msp.org/idx/mr/794801
http://msp.org/idx/zbl/0555.14004
http://dx.doi.org/10.1017/is008007021jkt054
http://dx.doi.org/10.1017/is008007021jkt054
http://msp.org/idx/mr/2507728
http://msp.org/idx/zbl/1178.14006
http://msp.org/idx/mr/2242284
http://msp.org/idx/zbl/1115.14010
http://msp.org/idx/mr/559531
http://msp.org/idx/zbl/0433.14012

THE SLICE SPECTRAL SEQUENCE FOR SINGULAR SCHEMES 707

[Morel 2012] F. Morel, A! -algebraic topology over a field, Lecture Notes in Math. 2052, Springer,
2012. MR Zbl

[Morel and Voevodsky 1999] E. Morel and V. Voevodsky, “Al—homotopy theory of schemes”, Inst.
Hautes Etudes Sci. Publ. Math. 90 (1999), 45-143. MR Zbl

[Naumann et al. 2009] N. Naumann, M. Spitzweck, and P. A. @stvear, “Motivic Landweber exact-
ness”, Doc. Math. 14 (2009), 551-593. MR Zbl

[Navarro 2018] A. Navarro, “Riemann—Roch for homotopy invariant K-theory and Gysin morphisms”,
Adv. Math. 328 (2018), 501-554. MR Zbl

[Neeman 1996] A. Neeman, “The Grothendieck duality theorem via Bousfield’s techniques and
Brown representability”, J. Amer. Math. Soc. 9:1 (1996), 205-236. MR Zbl

[Neeman 2001] A. Neeman, Triangulated categories, Annals of Math. Studies 148, Princeton Uni-
versity Press, 2001. MR Zbl

[Panin et al. 2008] I. Panin, K. Pimenov, and O. Rondigs, “A universality theorem for Voevodsky’s
algebraic cobordism spectrum”, Homology Homotopy Appl. 10:2 (2008), 211-226. MR Zbl

[Pelaez 2011] P. Pelaez, Multiplicative properties of the slice filtration, Astérisque 335, Société
Mathématique de France, Paris, 2011. MR Zbl

[Pelaez 2013] P. Pelaez, “On the functoriality of the slice filtration”, J. K-Theory 11:1 (2013), 55-71.
MR Zbl

[Raynaud and Gruson 1971] M. Raynaud and L. Gruson, “Criteres de platitude et de projectivité:
Techniques de “platification” d’un module”, Invent. Math. 13 (1971), 1-89. MR Zbl

[Riou 2010] J. Riou, “Algebraic K-theory, Al—homotopy and Riemann—Roch theorems”, J. Topol.
3:2(2010), 229-264. MR Zbl

[Rondigs and @stveer 2016] O. Rondigs and P. A. @stver, “Slices of hermitian K-theory and Mil-
nor’s conjecture on quadratic forms”, Geom. Topol. 20:2 (2016), 1157-1212. MR Zbl

[SGA 43 1973] M. Artin, A. Grothendieck, and J. L. Verdier, Théorie des topos et cohomologie
étale des schémas, Tome 3: Exposés IX—XIX (Séminaire de Géométrie Algébrique du Bois Marie
1963-1964), Lecture Notes in Math. 305, Springer, 1973. MR Zbl

[Spitzweck 2014] M. Spitzweck, “Algebraic cobordism in mixed characteristic”, preprint, 2014.
arXiv

[Spitzweck and @stveer 2009] M. Spitzweck and P. A. @stver, “The Bott inverted infinite projective
space is homotopy algebraic K-theory”, Bull. Lond. Math. Soc. 41:2 (2009), 281-292. MR Zbl

[Suslin and Voevodsky 2000] A. Suslin and V. Voevodsky, “Bloch—Kato conjecture and motivic
cohomology with finite coefficients”, pp. 117-189 in The arithmetic and geometry of algebraic
cycles (Banff, AB, 1998), edited by B. B. Gordon et al., NATO Sci. Ser. C Math. Phys. Sci. 548,
Kluwer Acad. Publ., Dordrecht, 2000. MR Zbl

[Temkin 2017] M. Temkin, “Tame distillation and desingularization by p-alterations”, Ann. of Math.
(2) 186:1 (2017), 97-126. MR Zbl

[Thomason and Trobaugh 1990] R. W. Thomason and T. Trobaugh, “Higher algebraic K-theory of
schemes and of derived categories”, pp. 247-435 in The Grothendieck Festschrift, vol. 111, edited
by P. Cartier et al., Progress in Math. 88, Birkhduser, Boston, 1990. MR Zbl

[Voevodsky 1998] V. Voevodsky, “Al—homotopy theory”, pp. 579-604 in Proceedings of the Inter-
national Congress of Mathematicians (Berlin, 1998), vol. 1, edited by G. Fischer and U. Rehmann,
Documenta Mathematica, Bielefeld, 1998. MR Zbl

[Voevodsky 2000] V. Voevodsky, “Triangulated categories of motives over a field”, pp. 188-238 in

Cycles, transfers, and motivic homology theories, Ann. of Math. Stud. 143, Princeton University
Press, 2000. MR Zbl


http://dx.doi.org/10.1007/978-3-642-29514-0
http://msp.org/idx/mr/2934577
http://msp.org/idx/zbl/1263.14003
http://www.numdam.org/item?id=PMIHES_1999__90__45_0
http://msp.org/idx/mr/1813224
http://msp.org/idx/zbl/0983.14007
http://msp.org/idx/mr/2565902
http://msp.org/idx/zbl/1230.55005
http://dx.doi.org/10.1016/j.aim.2018.01.001
http://msp.org/idx/mr/3771136
http://msp.org/idx/zbl/06850690
http://dx.doi.org/10.1090/S0894-0347-96-00174-9
http://dx.doi.org/10.1090/S0894-0347-96-00174-9
http://msp.org/idx/mr/1308405
http://msp.org/idx/zbl/0864.14008
http://dx.doi.org/10.1515/9781400837212
http://msp.org/idx/mr/1812507
http://msp.org/idx/zbl/0974.18008
http://projecteuclid.org/euclid.hha/1251811074
http://projecteuclid.org/euclid.hha/1251811074
http://msp.org/idx/mr/2475610
http://msp.org/idx/zbl/1162.14013
http://msp.org/idx/mr/2807904
http://msp.org/idx/zbl/1235.14003
http://dx.doi.org/10.1017/is013001013jkt196
http://msp.org/idx/mr/3034283
http://msp.org/idx/zbl/1319.14029
http://dx.doi.org/10.1007/BF01390094
http://dx.doi.org/10.1007/BF01390094
http://msp.org/idx/mr/0308104
http://msp.org/idx/zbl/0227.14010
http://dx.doi.org/10.1112/jtopol/jtq005
http://msp.org/idx/mr/2651359
http://msp.org/idx/zbl/1202.19004
http://dx.doi.org/10.2140/gt.2016.20.1157
http://dx.doi.org/10.2140/gt.2016.20.1157
http://msp.org/idx/mr/3493102
http://msp.org/idx/zbl/06578603
http://www.msri.org/publications/books/sga/sga/pdf/sga4-3.pdf
http://www.msri.org/publications/books/sga/sga/pdf/sga4-3.pdf
http://msp.org/idx/mr/0354654
http://msp.org/idx/zbl/0245.00002
http://msp.org/idx/arx/1404.2542
http://dx.doi.org/10.1112/blms/bdn124
http://dx.doi.org/10.1112/blms/bdn124
http://msp.org/idx/mr/2496504
http://msp.org/idx/zbl/1213.55006
http://msp.org/idx/mr/1744945
http://msp.org/idx/zbl/1005.19001
http://dx.doi.org/10.4007/annals.2017.186.1.3
http://msp.org/idx/mr/3665001
http://msp.org/idx/zbl/1370.14015
http://dx.doi.org/10.1007/978-0-8176-4576-2_10
http://dx.doi.org/10.1007/978-0-8176-4576-2_10
http://msp.org/idx/mr/1106918
http://msp.org/idx/zbl/0731.14001
https://www.mathunion.org/fileadmin/ICM/Proceedings/ICM1998.1/ICM1998.1.ocr.pdf
http://msp.org/idx/mr/1648048
http://msp.org/idx/zbl/0907.19002
http://msp.org/idx/mr/1764202
http://msp.org/idx/zbl/1019.14009

708 AMALENDU KRISHNA AND PABLO PELAEZ

[Voevodsky 2002a] V. Voevodsky, “Motivic cohomology groups are isomorphic to higher Chow
groups in any characteristic”, Int. Math. Res. Not. 2002:7 (2002), 351-355. MR Zbl

[Voevodsky 2002b] V. Voevodsky, “Open problems in the motivic stable homotopy theory, I, pp. 3—
34 in Motives, polylogarithms and Hodge theory, Part I (Irvine, CA, 1998), edited by F. Bogomolov
and L. Katzarkov, Int. Press Lect. Ser. 3, International Press, Somerville, MA, 2002. MR Zbl

[Voevodsky 2010] V. Voevodsky, “Unstable motivic homotopy categories in Nisnevich and cdh-
topologies”, J. Pure Appl. Algebra 214:8 (2010), 1399-1406. MR Zbl

[Weibel 1989] C. A. Weibel, “Homotopy algebraic K-theory”, pp. 461488 in Algebraic K-theory
and algebraic number theory (Honolulu, HI, 1987), edited by M. R. Stein and R. K. Dennis, Con-
temp. Math. 83, American Mathematical Society, Providence, RI, 1989. MR Zbl

[Weibel 2001] C. Weibel, “The negative K-theory of normal surfaces”, Duke Math. J. 108:1 (2001),
1-35. MR Zbl

Received 10 Nov 2017. Revised 10 May 2018. Accepted 31 May 2018.

AMALENDU KRISHNA: amal@math.tifr.res.in
School of Mathematics, Tata Institute of Fundamental Research, Mumbai, India

PABLO PELAEZ: pablo.pelaez@im.unam.mx
Instituto de Matematicas, Ciudad Universitaria, UNAM, México

:'msp


http://dx.doi.org/10.1155/S107379280210403X
http://dx.doi.org/10.1155/S107379280210403X
http://msp.org/idx/mr/1883180
http://msp.org/idx/zbl/1057.14026
http://msp.org/idx/mr/1977582
http://msp.org/idx/zbl/1047.14012
http://dx.doi.org/10.1016/j.jpaa.2009.11.005
http://dx.doi.org/10.1016/j.jpaa.2009.11.005
http://msp.org/idx/mr/2593671
http://msp.org/idx/zbl/1187.14025
http://dx.doi.org/10.1090/conm/083/991991
http://msp.org/idx/mr/991991
http://msp.org/idx/zbl/0669.18007
http://dx.doi.org/10.1215/S0012-7094-01-10811-9
http://msp.org/idx/mr/1831819
http://msp.org/idx/zbl/1092.14014
mailto:amal@math.tifr.res.in
mailto:pablo.pelaez@im.unam.mx
http://msp.org

ANNALS OF K-THEORY

msp.org/akt
EDITORIAL BOARD

Paul Balmer  University of California, Los Angeles, USA
balmer@math.ucla.edu
Guillermo Cortifias ~ Universidad de Buenos Aires and CONICET, Argentina
georti@dm.uba.ar
Hélene Esnault  Freie Universitit Berlin, Germany
liveesnault@math.fu-berlin.de
Eric Friedlander ~ University of Southern California, USA
ericmf@usc.edu
Max Karoubi Institut de Mathématiques de Jussieu — Paris Rive Gauche, France
max.karoubi @imj-prg.fr
Huaxin Lin ~ University of Oregon, USA
livehlin@uoregon.edu
Alexander Merkurjev ~ University of California, Los Angeles, USA
merkurev@math.ucla.edu
Amnon Neeman  Australian National University
amnon.neeman@anu.edu.au
Birgit Richter ~ Universitit Hamburg, Germany
birgit.richter @uni-hamburg.de
Jonathan Rosenberg  (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu
Marco Schlichting  University of Warwick, UK
schlichting@warwick.ac.uk
Charles Weibel ~ (Managing Editor)
Rutgers University, USA
weibel @math.rutgers.edu
Guoliang Yu  Texas A&M University, USA
guoliangyu @math.tamu.edu
PRODUCTION

Silvio Levy  (Scientific Editor)
production@msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2018 is US $475/year for the electronic version, and $535/year (+$25, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://msp.org/akt/
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:merkurev@math.ucla.edu
mailto:amnon.neeman@anu.edu.au
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/

ANNALS OF K-THEORY

2018 vol. 3 no. 4

The Aoo-structure of the index map 581
OLIVER BRAUNLING, MICHAEL GROECHENIG and JESSE
WOLFSON

Localization C*-algebras and K-theoretic duality 615
MARIUS DADARLAT, RUFUS WILLETT and JIANCHAO WU

Hecke modules for arithmetic groups via bivariant K-theory 631
BRAM MESLAND and MEHMET HALUK SENGUN

The slice spectral sequence for singular schemes and applications 657

AMALENDU KRISHNA and PABLO PELAEZ

K-theory, local cohomology and tangent spaces to Hilbert schemes 709
SEN YANG

Droites sur les hypersurfaces cubiques 723
JEAN-LOUIS COLLIOT-THELENE


http://dx.doi.org/10.2140/akt.2018.3.581
http://dx.doi.org/10.2140/akt.2018.3.615
http://dx.doi.org/10.2140/akt.2018.3.631
http://dx.doi.org/10.2140/akt.2018.3.657
http://dx.doi.org/10.2140/akt.2018.3.709
http://dx.doi.org/10.2140/akt.2018.3.723

	1. Introduction
	2. A descent theorem for motivic spectra
	2.1. Notations and preliminary results
	2.2. Change of site
	2.10. A cdh-descent for motivic spectra

	3. Motivic cohomology of singular schemes
	3.2. The motivic cohomology spectrum
	3.3. Motivic cohomology via SHcdh

	4. Slice spectral sequence for singular schemes
	4.5. The slice spectral sequence
	4.16. The slice spectral sequence for MGL(X)
	4.26. The slice spectral sequence for KGL

	5. Applications I: Comparing cobordism, K-theory and cohomology
	5.8. Connective K-theory

	6. The Chern classes on KH-theory
	6.2. Chern classes from KH-theory to motivic cohomology
	6.10. Chern classes from KH-theory to Deligne cohomology

	7. Applications II: Intermediate Jacobian and Abel–Jacobi map for singular schemes
	7.1. The Abel–Jacobi map
	7.9. Levine–Weibel Chow group and motivic cohomology

	8. Applications III: Roitman torsion and cycle class map
	8.8. Injectivity of the cycle class map

	Acknowledgements
	References
	
	

