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We construct algebraic unoriented and oriented cobordism, named MGLO and
MSLO, respectively. MGLO is defined and its homotopy groups are explicitly
computed, giving an answer to a question of Jack Morava. MSLO is also defined
and its coefficients are explicitly computed after completing at a prime p. Sim-
ilarly to MSO, the homotopy type of MSLO depends on whether the prime p is
even or odd. Finally, a computation of a localization of the homotopy groups of
MGLR is given.
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1. Introduction

Motivic homotopy theory on smooth schemes over a field was introduced by Morel
and Voevodsky [1999] with the purpose of proving the Bloch—Kato conjecture,
which was accomplished by Voevodsky [2003a]. Motivic analogues of well known
spectra of algebraic topology carry additional deep algebraic information. For
example, motivic “ordinary” homology computes Bloch’s higher Chow groups,
motivic K-theory is algebraic K-theory, and motivic cobordism has a geometric
interpretation as algebraic cobordism [Levine and Morel 2007].

In [Hu et al. 2011], Hu, Kriz, and Ormsby (following notes of Deligne [2009])
introduced equivariant stable motivic homotopy theory, and motivic real K-theory
(an analogue of Atiyah’s KR) to solve Thomason’s homotopy limit problem on
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346 DONDI ELLIS

algebraic Hermitian K-theory. A follow-up paper [Berrick et al. 2015] generalized
their result.

The authors of [Hu et al. 2011] introduced a motivic analogue of MR, which
they denote by MGLR. The computation of the coefficients of MGLR remains a
difficult problem.

In this paper we introduce a nonequivariant motivic spectrum MGLO which is
related to MGLR and analogous to unoriented (topological) cobordism MO. We
prove MGLO is a wedge of suspensions of ordinary motivic homology with coef-
ficients in C,. Although our result is similar to the analogous result for MO, the
pattern of suspensions in MGLO is more subtle due to the Tate twist. Our result is
stated in Theorem 3.12. This answers a question of Jack Morava.

An important subtlety arises in the construction of MGLO, and a new concept is
developed in the process. The point is that in topology MO can be obtained from
MR by a construction called geometric fixed points [Lewis et al. 1986, Chapter 2,
Definition 9.7]. In more detail, let EC, be a free contractible C,-equivariant CW
complex. Then we have a cofiber sequence

ECy, — S — EC,.

For a C,-equivariant topological spectrum E, we define the geometric fixed points
of E as _
®C(E) = (EC, AE).

In particular,
MO = ®“2(MR),

and this is the spectrum we compute with. A similar point is also relevant in
[Hill et al. 2016]. There is also a motivic geometric fixed point functor CIDéCt2 (see
Section 6). Applying this functor to MGLR gives

MGLO = ®$* (MGLR).

Extending this construction, we also define a motivic analogue of oriented cobor-
dism MSO, which we denote by MSLO. In Theorem 4.12 we compute the coef-
ficients of MSLO completed at an odd prime, and in Theorems 4.25 and 4.23 we
show that the 2-completion of MSLO splits as a wedge sum of copies of motivic
homology.

We would like to point out that the spectrum MSLO is not the same as the
spectrum MSL defined by Panin and Walter [2010]. The topological realization of
MSL is MSU, the special unitary cobordism spectrum. The topological counterparts
of MSLO and MSL (i.e., MSO and MSU, respectively) are discussed in [Pengelley
1982]. Furthermore, using almost the same construction used to form MGLR [Hu
et al. 2011], one can form a spectrum MSLR, which we call special hermitian
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algebraic cobordism. The underlying nonequivariant spectrum of MSLR is MSL,
and the underlying geometric fixed points spectrum of MSL is MSLO.

In Sections 5 and 6 we use our computation of MGLO to obtain some results on
the coefficients of MGLR. In particular, we compute the coefficients of 2-completed
MGLR localized at two elements 6 and A in Theorem 6.6. In Theorem 5.5 and
Corollary 5.6 we show that MGLR is not motivically real-oriented, solving a ques-
tion asked in [Hu et al. 2011].

Notation and conventions. Throughout the paper, k is a field of characteristic 0.
The stable motivic homotopy category of Morel and Voevodsky, as constructed
in [Morel and Voevodsky 1999], is denoted by SH(k). An important feature of
motivic homotopy theory is that we have two circles. These we denote as S' and
5S¢, as opposed to the other common notation of S':* and S':!, respectively. The
topological circle S' is formed in the usual way as A!/dA!, which we point at 1.
The geometric sphere S is G,, >~ Spec(k[z, z~']) pointed at 1.

For a finite group G, let GSm/k denote the category of smooth schemes of
finite type over k with left G actions and equivariant maps. The construction of
the stable G-equivariant motivic homotopy category SH¢ (k) can be found in [Hu
et al. 2011]. We write [—, —]¢ for maps in SHg (k). An important feature of the
C-equivariant motivic homotopy category SHc, (k) is that we have four circles.
These are denoted S!, S%, S°, and S°%. The topological sphere S! is the usual
simplicial sphere and S° the simplicial sphere with action z — —z. The geometric
sphere S* is the pointed scheme (G,,, 1) equipped with trivial action and S°¢ is
the pointed scheme (G,,, 1) equipped with the inversion action z — z~!. For this
reason we often use the notation Gn,% * instead of §°.

We adopt the convention that * refers to an integer grading of homotopy or
(co)homology groups while » refers to multidimensional grading. In more detail,
» grading refers to either Z2 grading in the cases of SH(k) and the classical stable
C,-equivariant category, or to Z* grading in the case of SHc, (k).

2. A motivic analogue of MO

In this section, we give a detailed account of how to construct a motivic analogue of
the unoriented cobordism spectrum MO. In Section 3, we give a full computation
of the coefficients of this spectrum, which we call MGLO, up to knowledge of
the coefficients of motivic HZ /2. In particular, one can compute the coefficients
explicitly for the fields R and C. Moreover, the topological realization of MGLO
over the field C is MO.

The construction of MGLO. The idea behind our definition of MGLO is that, just
as the geometric fixed points of MO is MR, the geometric fixed points of MGLR
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should be MGLO. The definition presented in this paper is different from the def-
inition given in [Hu et al. 2011]. Using simplicial EC,, the authors of [Hu et al.
2011] define MGLO as ~

(EC> AMGLR)2. 2.1

However, the functor _
(ECyA (=)

in (2.1) fails to satisfy a crucial property for general motivic spectra. Topologically,
given a G-equivariant spectrum E, the functor

Y (=) :=(EG A (-))°

applied to E produces a nonequivariant spectrum ®¢ (E), which is equivalent to
forgetting E to the prespectrum level and then simultaneously taking G-fixed points
of the spaces making up the prespectrum of E and the connecting maps to form a
nonequivariant prespectrum. One can then promote this to a nonequivariant spec-
trum in the usual way. Similarly, in our definition, MGLO is defined by forgetting
MGLR to the level of prespectra and then taking C,-fixed points of the spaces
and connecting maps to form a nonequivariant prespectrum. Promoting this to a
spectrum defines MGLO.

We suspect this alternative definition of MGLO to be different than (2.1), the
reason being that simplicial EC, is a model for $%7. This only takes into account
the o grading. However, we need to also take into account the o« grading. In
other words, our Eéz should really be a model of $°°°T°°°% [t turns out that there
is an alternative version of EC,, whose definition was originally given in [Morel
and Voevodsky 1999, Chapter 4.2], and which we redefine in Section 6. We refer
to this alternative as the geometric model. Our primary definition for MGLO is
Definition 2.19. By Theorem 6.1 our primary definition of MGLO is equivalent to

(MGLR A §0°0 To00e)Ca, (2.2)

While we do not have a proof that (2.2) and (2.1) are different spectra, the nonequiv-
alence of the geometric and simplicial classifying spaces for C, imply a general
nonequivalence of (2.2) and (2.1) whenever MGLR is replaced by a general C,-
equivariant motivic spectrum E. For this reason, we do not assume an equivalence
between (2.2) and (2.1) in this paper. For more detail, see Section 6.

Quadratic forms. The classical Milnor spectrum MO has as its prespectrum the
Thom spaces, defined as the quotient BO, / BO,_; induced by inclusion into the
zero section. This is well defined because of the well known equivalence of the
geometric realization of the two-sided bar construction

|B(%, O, S" 1| = |B(%, Oy_1, %) ~BO,_; .
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In other words, a key ingredient in the construction of MO is the orthogonal groups
O, along with their associated transitive action on an appropriate model of a sphere.
It is well known that the classical orthogonal group O, is a special case of a gener-
alized class of orthogonal groups which are defined in terms of symmetric bilinear
forms. In more detail, given a symmetric bilinear form b : k" x k" — k, we can
define the transpose of a matrix A € GL,, (k) to be the unique matrix A’ such that

b(Ax,y) =b(x, ATy) Vx,yek'
Using this, we can then define the group of orthogonal matrices by
0" :={A eGL,(k) | AAT = I},

We often suppress b in our notation whenever the underlying symmetric bilinear
form b is understood from context.

While MGLO is supposed to be a motivic version of MO, it is also supposed to
be the geometric fixed points of the Co-motivic spectrum MGLR, which in turn is a
motivic version of the Cp-equivariant spectrum MR. The C; action on MR comes
from an action on the group GL, (C) given by complex conjugation,

A< A.

However, complex conjugation is trivial over fields which do not contain v/—1.
This motivates the discussion which follows.

Following [Hu et al. 2011, Section 6.1], we instead consider the hyperbolic
quadratic form on k*':

q(x1, ..., Xon) = x1X2+ - -+ X2p—1X2-

The associated symmetric bilinear form is
n
DKL, -+ X20)s (V1o Yon)) = D X2i¥2io1 + Xoi 1Y
i=1
The b-adjoint of a matrix A = (a;, j)?,rj':o is a 2nx2n matrix A’ such that
b(Ax, y) = b(x, ATy). (2.3)

Explicitly, putting AT> = (biz';zl), one has

bripj =azj—12i-1, bripj—1=azji-1,

byi_12j-1=azj i, bri_12j =azj_172i.

Notice that there is a C; action on the quadric

Qn:=V(x,y|b(x,y)=1)
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given by
X<y,

where V(x; | E) (sometimes abbreviated to V(E)) denotes the locus of the equa-
tions E in the variables x;.
Taking C, fixed points of the quadric under this action, we have

(@) =V(x,y | bx,y)=1,x=y)
n
= W(sziy2i1 +x2i-1y2i — 1, x = y). 2.4)
i=1

The projection from (2.4) onto the x coordinate scaled by a factor of 2 gives an
equivalence to Qj,—1 = V(x € K2 | x1X2 4+ X3X4 4+ - - - + X2p_1X2, — 1). But the
projection from (2.4) onto the x-axis gives the same thing as projecting Q,, onto
the x-axis. So long as x # 0O there exists a y such that b(x, y) = 1. But this
means that the image of the projection map is A" \. 0. It is a standard result that
A?" ~ 0 has the homotopy type of $¥'~1" = §7~14"« Using (2.3) we can define
the even-dimensional orthogonal groups by

O, '={A € GL,, (k) | AAT? =TI},
The group O», acts on the quadric O, in a natural way. We can write Q5,1 as
V(3b(x,x) = 1).
The action on @»,_ is given elementwise by A -x = Ax. Notice that
b(Ax, Ax) = b(x, A" Ax) = b(x, x).
Therefore we have defined an O, action on Q»,_;. We define O,,_; to be
Oy—1:={A€ 0y, ] A(1,1,0,...,00=(1,1,0,...,0)}.

Lemma 2.5. For each positive integer n, the even-dimensional orthogonal group
Oy, acts transitively on the motivic sphere Qo,_1.

Proof. The quadratic form

n
q(x) =Y xpi 1%

i=1
is uniquely defined by a 2n x2n symmetric matrix A consisting of all zeros, except
for n copies of the 2x2 matrix

01

|:1 0:| (2.6)
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along its diagonal. The matrix A is in turn congruent to the matrix B consisting of
all zeros except for n copies of the matrix

1 0
Y] @

along its diagonal. Therefore, the claim about transitivity is equivalent to prov-
ing transitivity with respect to the orthogonal group and sphere induced from the
symmetric bilinear form induced by the matrix B. The symmetric bilinear form
represented by B is given by,

n
Z X2i—1Y2i—1 — X2i Y2i-
i=1
Under this symmetric bilinear form bp, orthogonal matrices consist of a set of
vectors B = {b,-}l.zi , such that
+1 ifi =,

bp(bi,b;) =
5(bi. b)) { 0 otherwise.

Under our equivalent symmetric bilinear form b, our sphere is given by

n
1+ (x5, —xg,.)).
i=l1

Now, to prove our claim about transitivity, let {e; l.zil denote the standard basis
2 . o e e . . . . B

for k“". Proving transitivity is equivalent to proving that for any point p € O, _,
there exists a matrix M such that Me; = p. Under this assumption, the set of vectors
A={plU{p+e }lzi Il are linearly independent. Using the Gram—Schmidt process
with respect to the inner product induced by bp, we can form an orthonormal set

. . n—
of vectors with respect to the basis A= {p} U {p +¢;};;
the rows of M, and our claim will be proven. However, we need to show that the
points obtained from the Gram—Schmidt process still live inside of k>, rather than

some potentially bigger field k' D k. To this end, note that

o8 = \/(x ek

! The basis will become

proj,(a+e;)) =a— Ma = (1 —b(e;, a))a.
b(a,a)

Therefore,
bg (proj,(a + e;), proj, (a +e;)) = (1 — b(e;, a))* - bp(a, a) = (1 — b(e;, a))*.
This proves the claim. (]

Definition 2.8. The odd-dimensional orthogonal groups O, are defined to be
the stabilizer of the point (1, 1,0, ..., 0).
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Next we define the even-dimensional quadrics as

Q212 :=V(x € K" | b(x, x%), b(x, x) + 1)
={xe K" | x1x0+ -+ x0_1x2, + 1 = x1 +x, =0}.

We would like to make analogous statements to Lemma 2.5 for Oy,—; and Qo,-2,
but first we show that Q»,_» is homotopy equivalent to a familiar space.

Lemma 2.9. The motivic space Q7,7 is homotopy equivalent to the motivic sphere
Sn—l—}—(n—l)ot.

Proof. We have that
Q22 =V(x € k" | x1x2 + -+ -+ X2n_1X20 + 1, X1 +X2).
We note that this space is homotopy equivalent to
V((y, 23, 04, -y x2n) €K [ =y b asag o x2n-1000 + 1)
But this is easily seen to be equivalent to
Spec(kly, x3, x4, ..., X2p—1, X221/ (L = y)(1 + y) +x3x4 + - - -+ + x20-1X20)).
Now, by [Asok et al. 2017, Theorem 2], we notice that
"D ~ Spec(klz, a3, da, - ., Azt @2/ (@3a4+- - +az,-1a2, = 2(142)).
Using the change of variables z —%(1 +y), a;i — %xi, we have that

Spec(klz, a3, a4, ..., aon—1, az)/(a3a4 + - - - + azn_1a2, — 2(1 + 2)))

~ Spec(k[—%(l + ), %X3, %x4, e %xz,,,l, %xz,l]
/(G(axa 4+ 2201200, + (1= ) (1 +1))))
=~ Spec(K[y, X3, X4, . . ., X2p—1, X2n]
J(x3x4+ -+ xop1x00 + (1= y)(1 4+ y))). U

The O, action on Q»,_; induces an Oy, action on Qj,_», which we prove
presently. Recall that Oy, acts pointwise on the quadric Q5,2 by A-x — Ax.
Notice that Q,,—» is induced from the form by, (x, ¥), and x € Q,,_» implies that
%bzn(x, x) = —1. Since

b(Ax, Ax) = b(x, AT Ax) = b(x, x),

it only remains to show that if x; = —x; and y = (y1, 2, . . ., ¥2,) is the image of x,
then y; = —y,. But notice that for x € Q,,_» we have that b(x, (1, 1,0, ...,0))=0.
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Let A € Oy,—1 and let y = (y1, y2, ..., y2,) be the image of x. Then

yl+y2=b(yv (17 1,0,...,0)):b(AX, (17 1707»0))
=b(x, AT(1,1,0,...,0) =b(x, (1,1,0,...,0) =x; +x, =0.

This proves that Oy, _1 acts on the quadric Qr,_».

Lemma 2.10. Oy,_; acts transitively on Qy,—_», and the fixed point subgroup of
yo =(,—-1,0,...,0) can be naturally identified with O2,_>.

Proof. We prove the transitivity claim in a similar manner to Lemma 2.5. It is
enough to show that for any x € Q,,_, there is a matrix A € Oy,_; such that
Ax =0,

Notice that technically our O,,_ lives inside of O,,. We choose orthonormal
bases

xO yO
81: _07_Oye3a~~-762n )
[P I N

XO X
By={t—gr 7o U3 Vg
X1

Notice there exists a change of basis matrix P from 5, to 3] which sends xY to x9
and x to y°/[1y°].
This implies that for x € Q,—» we have that Px = Ayy. We have that

—1=1b(x,x) =1b(Px, Px) = b0, 1y") = 132 (3°, y0) = 2> = A = £1.

If > = 1 then we are done. If A = —1 then we have that (—P)x = y°. This proves
the transitivity claim.

Now notice that the subgroup of O,,_; which fixes y* = (1, —1,0,...,0) € k"
is

(A€ 0y, | Ax®=x"and Ay’ =y} ={A € 0s,_| | Ae; = ¢; and Ae; = e,).

But this is just matrices A € O,,, of the form

10 O 0
o1r o ... O
A= 00 X33 ... X372
_0 0 Xm,3 -+« X2n2n_|

This shows that O,,_, can be naturally identified with the subgroup of O,,_i,
which fixes the point y°. (]
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Cellularity. The following definition is due to [Dugger and Isaksen 2005, Defini-
tion 2.1]. Let M be a pointed model category, and let A be a set of objects in M.

Definition 2.11. The class of .A-cellular objects is the smallest class of objects of
M such that

(1) every object of A is A-cellular;
(2) if X is weakly equivalent to an A-cellular object, then X is cellular;

(3) if D: I — M is a diagram such that D is .A-cellular, then so is hocolim D.
Choosing M to be the stable motivic homotopy category, and choosing A to be
{§"* | m,n €7},
we obtain the cellular stable motivic homotopy category.

Adapting the proof of [Dugger and Isaksen 2005, Proposition 4.1], we prove the
following.

Proposition 2.12. The variety O,, is stably cellular for every n > 1.

Proof. We first suppose that n = 2k. Let x = (1, 1,0, ..., 0). Now consider the
fiber bundle 0, — P"~! given by

0, m_)r)An_)An/An\Oz[pn—l‘

Here m, denotes the map A — Ax. Notice that m, induces a transitive action of
O, on the motivic sphere Q,_;. The fiber over the point (1, 0,0, ..., 0) consists
of all A € O, such that aj; # 1, and a;; =0 for j > 2. Recall that

On_1={A€0,|A(,0,0,...)=(1,0,0,...)}.
But this is just {A € m;1((1,0,0,...)) | a;; = 1}. Since
det(AAT) = det(A) det(AT) = det(A)> =1,

it follows that a;; = =1, and so m;l((l, 0,0,...)) = 0,1 x {£1}. As a scheme,
but not as a group, this is isomorphic to

(£1} x A" x 0,_4,

which is stably cellular by induction and [Dugger and Isaksen 2005, Lemma 3.4].
The usual cover of P" by affines is a completely trivializing cover for the bundle,
so [Dugger and Isaksen 2005, Lemma 3.8] applies. (]
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Two-sided bar construction. Recall that we have the following equivalences,
0, ~ sktkeif n =2k,
TSk i =2k — L.

The groups O, act on the quadrics Q,_;, allowing us to form the two-sided bar
construction, which we now discuss.

Let G be a finite group and X and Y motivic spaces. If X x G — X is aright G
action and G x Y — Y is a left G action, then we form the two-sided bar construc-
tion B(X, G, Y) as the left derived functor of the coequalizer of X xG xY = X x Y.
We denote the geometric realization of B(X, G, Y) by |B(X, G, Y)|.

Definition 2.13. In the special case X = Y = %, we define BG := |B(x, G, *)|.

Lemma 2.14. The geometric realization of B(O,, O,_1, %) is homotopy equiva-
lent to Q,_1.

Proof. 1t is well known for H < G an inclusion of groups that the left coset G/ H
is isomorphic to |B(G, H, *)|. Taking G = O, and H = O,,_1, this gives

On/Op—1 = |B(On, Op—1, %)|.

Notice that by the above discussion, O, acts on Q,_, and the stabilizer of a point
is O, —1. This induces an isomorphism between O,/0O,_| and Q,_1, proving that

Qn—l EIB(OnaOrL—la>")|- O

Lemma 2.15. The geometric realization of the two-sided bar B(G, G, *) is con-
tractible. In particular, we have |B(O,,, O,, *)| = .

Proof. Notice that * = G/G = |B(G, G, %)|. O

Proposition 2.16. The geometric realization of the two-sided bar construction
B(x, Oy, Q,—1) is homotopy equivalent to BO,_;.

Proof. We have that
|B(*, O, Qu-1)| 2= | B(¥, Op, |B(On, 01, %))
=~ |B(IB(*, Op, On)|, Op1,%)| = |B(*, Op—t, %)|. O
The prespectrum for MGLO. We define a motivic prespectrum as follows.

Definition 2.17. A motivic prespectrum E is defined to be a collection of based
spaces Ey, Ez, ... equipped with connecting maps St A E, 2 E,.q. If the
adjoint maps E, 2 [S!'**, E, ;] are homotopy equivalences, then we say that E
is a motivic spectrum.
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The identifications from Proposition 2.16 imply that we have a canonical map

BO, i, % BO,, (2.18)

TTm

which is defined by projection maps (BO,—_1),, — (BO,,),, given by
O, x0,x X0, xQu_ 1= 0, x0, x--x0y.

m times m times

Therefore, we can think of (2.18) as a sphere bundle. This allows us to define
Thom space-like objects as the homotopy cofiber of 7. The Thom space of BO,,
which we denote as Thom(BO,,), is defined to be the pushout of the diagram

BO, i, — BO,,

| !

* ——— Thom(BO,)

The spaces Thom(BO,,) form the spaces for the prespectrum of MGLO.
Definition 2.19 (MGLO). At the level of prespectra, MGLO is defined by
(MGLO),, := Thom(BOy,).
Notice the natural inclusions O,_; x O,,—1 C O, x O,, induce maps
B(O,_1 X Op—1) = B(O, x Oy).
We define Thom(B(0,, x Oy,)) to be
B(O02, X O21)/B(02,—1 X Ogpu—1) =~ Thom(BO,,) A Thom(BO,,;,).
The structure maps
S+ A Thom(BO,,) 2 Thom(BO2,12)

are defined by
§'*% A Thom(BO,,,) ~ £G,, A Thom(BO,)

— |B(*, 03, G,;,)| . AThom(BOy,) — BO>4 A Thom(BO>,)

— Thom(BO,) A Thom(BO,,) = Thom(BO, x BO,,) — Thom(BOy,7).

This defines the prespectrum MGLO and we can promote it to a spectrum in the
usual way.

Notice that since the orthogonal groups are stably cellular by Proposition 2.12,
it follows that the classifying spaces BO,, are also stably cellular. Since each of the
Thom spaces Thom(BO,,) is constructed as the homotopy cofiber of the inclusion
BO,,_1 — BO,, it follows that the spaces Thom(BO,,) are also cellular. Since these
are the spaces defining the prespectrum of MGLO, it follows that MGLO is cellular.
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3. Computing the coefficients of MGLO

Combining Proposition 2.16 with a Mayer—Vietoris argument as in [Milnor and
Stasheff 1974] gives us two Thom isomorphisms in motivic HZ /2 (co)homology:

H*(BO,,) = H***"(Thom(BO,)),
H,(BO,,) = H,.,, (Thom(BO,)).

Here wy; :=k + ko and wyp+1 :=k + 1 + ka.

For each space BO,,, we get a unique Thom class Thom(BO,,) —> X HZ/2.
Composing w, with the homotopy cofiber of the map BO, 1, — BO,, we get
a class w, € H*"(BO,_). The following theorem has essentially been proved by
A. Smirnov and A. Vishik [2014, Theorem 3.1.1] using different language from
the present paper. The biggest difference between [Smirnov and Vishik 2014] and
the theorem presented here is that the former only applies to fields of character-
istic O for which +/—1 € k, whereas the present theorem holds for any field k of
characteristic 0.

Theorem 3.1. There is a unique set of classes wy, wa, ..., w, belonging to motivic
Z]2 cohomology for which

H*(BO, ) = H*[wy, ..., w,].
Here deg(wy;) =i +ia and deg(woi+1) =i+ 1+ic.

Proof. Notice that the cofibration BO,,_, — BO,, . — Thom(BO,,) induces a long
exact sequence in cohomology given by

-+« — H*(Thom(BO,))
— H*(BO,,) — H*(BO,_{,) — H**'(Thom(BO,)) — - - - .

Using the Thom isomorphism H*(BO, ;) = grton (Thom(BO,,)) we get the long
exact sequence

= H*(BO,,) L2 H* (B0, ) &5 H* 1 (BO,_1 ) 2 H* 1 (BO, ) — - .
Notice that f,* is multiplication by some nonzero class w,. By induction,
H*(BO,_1,) =H*[wy, ..., wy—1].

Since BO,, is cellular, we have that H?19%(BO,,, ) = 0 for ¢ < 0. It is also clear
that the map f* is injective on Z/2 = H°(BO,). We can start with the case n = 0
by identifying BOg with |B(*, O1, Qo)|, which is contractible. Therefore, we have
that 2} (w;) =0fori =0,...,n— 1. It follows that each of the w; can be uniquely
lifted to H*(BO,, ).
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Moreover, since i) (w;) =0 fori =0, ...,n — 1, it follows that 4} = 0. Thus,
the long exact sequence splits and we get the short exact sequence

0— H*(BO,.) 2 H** (BO,,) & H** (BO,_,,)— 0.

The key point is that f,* is multiplication by the cohomology class w, € H*"(BO,, ;).
In other words, f,f =— w,.
From this the claim follows. We have
H*(Bon-i-) ; H*[wlv AR ] wn—l] @ H*[wl7 AR ] wn—l] ~ wl’l

=~ H*[wy, ..., wy]. O

A quick word is in order. We have a Thom isomorphism in (co)homology. We
have computed the cohomology of BO,,, but there is a motivic universal coeffi-
cient theorem, and so the (co)homologies are essentially the same and there is a
duality between the (co)homology classes. Motivically, this is not always the case.
However, BO,, . A HZ/2 is a wedge sum of suspensions of HZ/2 of dimensions
p +ga with p > g and so we can show that the (co)homology classes are dual to
one another [Hoyois 2015, Section 5.1]. This gives us the following theorem.

Theorem 3.2. There is a unique set of classes wy, wa, ..., w, belonging to motivic
Z]2 homology for which

H*(Bon-',-) = HJwy, ..., wy].
Here deg(wy;) =i +ia and deg(wo;ir1) =i+ 1+ic.

Using analogous arguments to those found in [Milnor and Stasheff 1974], we
get the corollary below.

Corollary 3.3. We have
H,(MGLO) = H,[w;, wa, ...].
Here deg(wy;) =i +ia and deg(wo;i+1) =i+ 1 +ia.
Since MGLO A HZ/2 is a wedge sum of suspensions of HZ /2 of dimensions

p+qa with p > g, it follows that the (co)homology classes are dual to one another

Dual motivic Steenrod algebra. We review some results on the dual motivic Steen-
rod algebra. These results can be found in [Kylling 2017].

The dual motivic Steenrod algebra Ay, is defined to be HZ/2 A HZ/2. As an
H,-algebra, the coefficients of Ay, are given by

Hilt0, Tt ..., &1, 60, .. 1/ (TF — TEig1 — PTig1 — PTOEI11)- (3.4)

Here & = ' — D(1 + ), || = 2" — 1)(1 + ) + 1, 7 is the generator of
Hi_q = uo(k), and p is the class of —1in H_q = k*/(k*)%. Let E = (e, . . ., €n),
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€ €{0,1}, and R = (r(,...,ry). The dual motivic Steenrod algebra is a free
H,-module with basis consisting of the monomials,

t(ER) =[] []&"
E R

By comparing the H,-module basis for the coefficients of MGLOA HZ /2 and Ay,
we see that MGLO A HZ/2 is a wedge sum of suspensions of Ay, ,. Consider the
submodule M of H,(MGLO) obtained by deleting all generators of degree |&;|
and squaring all generators of degree |7;|. Let 90t be an H,-module basis for this
submodule. Then

MGLOA HZ/2~ \/ B Ay,
m,-eim

The equivalence between MGLO and MGLO/ (2, ). We begin with the defini-
tions of the mod 2 Moore spectrum, and the motivic Hopf map.

Definition 3.5. The mod 2 Moore spectrum is defined to be the stable cofiber M(2)
of the following map induced by multiplication by 2:

$0 2 50 5 M(Q2).
Notice that the map 2 is induced by the stable homotopy class represented by
2 €7 C mp(S%), where 2 =1+1 and 1 is the class representing the unit map.

It is a well known fact that HZ AM(2) >~ HZ /2. Recall that classically 2 =0
in the coefficients of MO. The analogous statement is true for MGLO.

Proposition 3.6. We have 2 = 0 in the coefficients of MGLO.

Proof. We have a map
M1+ (BO2) = 7144 (Thom(BOy)) — mo(MGLO).
The unit is the image of 1 € w144 (BG,,) via the map
h:mi4o(BGy) — m144(BOy).

The map z — 7z lsends 1+~ —1¢€ T1+¢(BGy,), but becomes identified with the
identity under 4. Thus, 1 = —1 € m11,(BOy). O

Consider the Hopf map given by the projection 4 : A2 ~. 0 — P!. Recall that
A0~ §1H2¢ and P! ~ s+« Tt follows that / induces a stable map 7: £*S° — 9.
We denote the cokernel of this map by S°/#. For a general spectrum E, we denote
the cokernel of the map n A E by E/#.

Proposition 3.7. We have n = 0 in the coefficients of MGLO.
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Proof. 1t is well known that n = 0 in the coefficients of MGL. We stably prove
MGLO is an Es.-ring spectrum in Corollary 6.2. Therefore, it is enough to produce
a map of ring spectra from MGL to MGLO. We accomplish this by producing a
surjective map GL,, — O,. This map is given by

A A AT,
This in turn induces a map MGL — MGLO as desired. (]

Applying the motivic Hurewicz theorem. We use a modified version of the motivic
Hurewicz theorem of [Bachmann 2018]. We recall what it means to be (n — 1)-
connected in the motivic sense.

Definition 3.8. A motivic spectrum E is finite type (n — 1)-connected if the follow-
ing hold:
(1) miyjo(E)=0forall 0 <i <n.

(2) For each fixed i € Z, ;4 jo(E) = 0 for all but at most a finite number of j € Z.

Theorem 3.9. Let k have characteristic 0, and suppose that E is a finite type
(n—1)-connected cellular stable motivic spectrum for which 2 and n are 0. Then

Hn-‘r*a(E; Z/Z) = 7Tn+*a(E)-
Proof. This follows from [Bachmann 2018, Theorem 3]. O

Consider the basis elements v; € 9t C H,(MGLO). Then each of the v; is dual
to a cohomology class ¢; € H*(MGLO), and so there exists a map

MGLO L \/ ="l HZ/2 (3.10)
m,-eim
which induces an equivalence on homology.

Theorem 3.11. The map f in (3.10) is a homotopy equivalence, and so MGLO
splits as a wedge sum of HZ /2.

Proof. Taking the cofiber of the map f we obtain a cofibration

MGLO L \/ =™IHZ/2 - F.
m;eM
The idea is that we know that F is cellular, and the coefficients of FA HZ/2 are 0
by construction. Since 2 and 5 are 0 in \/m,-eim xmil H7/2, it follows that 2> and
n? are 0 in F. Then the motivic Hurewicz theorem combined with the Nakayama
lemma implies that F =0, and so f is an equivalence. (]
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MGLO, and a comparison with MO,. Combining everything, we have:
Theorem 3.12. As an H, algebra,

MGLO, = H.[tpsna: Uni14nas Uoi—n(iqar2 | 1.0 €270, n #£20 = 1],
Let t© denote the complex topological realization functor. Then
Csh=s"  CsH=s',  “(HZ/)2yy) =HZ)2.
From this it follows that 1©(MGLO) = MO. Over k = C, we have that

MGLO, = HZ/2\jo, [X2, X0420s X342 Wai2as Udtdas UStdas X54+5as - - - |
=Z/2[0)[u2, ur120, X3420s Ud420> Udtda, USday US45as - - - |
=7/2[0, uz, ur42a, 3120, Ud2a, Udtdas UStdas USH5as - - - ]

Recall that
MO, = Z/2ay, as, as, as, ag, ag, aio, - . . |. (3.13)

So the generators of MO, correspond to generators in MGLO, twisted by powers
of 6.

4. A motivic analogue of MSO

Recall that the classical oriented cobordism spectrum MSO is closely related to MO.
Similarly to MO, the spectrum MSO can be constructed from the Thom spaces of
the classifying spaces of SO,,, which we denote by BSO,,. Recall that the group
SO, is defined as

{A €0, |det(A) =1}.

Although many results found in the this section can be generalized to more
general fields, many of the proofs rely on the coefficients of the motivic Z/p coho-
mology of the mod p Eilenberg—Mac Lane spectrum being equal to Z/ p[t], where
7 denotes the Tate twist of degree o — 1. Therefore, for the entirety of Section 4,
the reader should always assume that k is a field of characteristic O containing all
p-th roots of unity, and for which all its elements are p-th powers.

Computing the coefficients of MSLO. Having constructed a motivic analogue
of MO, it becomes apparent that it would be possible to construct a motivic ana-
logue of MSO by mimicking the construction of MGLO. The simple observation
is that we can again consider the quadratic form,

q(X1, X2, ..., X2n) = X1X2 +X3X4 + - -+ X2p_1X2y.

To this we can associate a unique orthogonal group O,,. Since the determinant
function is algebraic, we can define the 2n-dimensional special orthogonal groups as

SOy, :={A € Oy, | det A = 1).
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Again, for n > 1 we get a transitive group action of SO,, on
Q21 :=V(x €k | g(x) — 1) = 5",

Letting =q,1,0,..., 0), the stabilizer of x¥ with respect to the group action of
SOy, on Qr,_ is defined to be SO,,_;. One easily sees that this is exactly equal

to
{A € Ogy—1 | det(A) = 1}.

Defining, as before,
Qa2 :=V(x ek [ q(x) + 1, x1 +xp) = §"~ 1= D,

we get a group action of SO,,_; on Q»,_». This action is transitive, and defining
yo ek tobe (1,—1,0,...,0), we can show that the stabilizer of y0 is SOy, _».

In the lower-dimensional cases, we note that SO, >~ G,,, and SO; >~ *. The later
equivalence is obvious. For the former, we have to do a bit of work.

Proposition 4.1. SO, >~ G,,.

Proof. We consider the symmetric bilinear form b((x1, x2), (y1, ¥2)) to see how A
is related to A”. Recall that A7 is defined to be the unique matrix A € GL, (k) for
which b(Ax, y) = b(x, ATy). We write

b b
A= [CCZ d] : AT = [i, d’] . x=(x1,x), y=01y). (42

Recall that b(x, y) = x1y2 + x2y1. Therefore,

b(Ax,y) = ax1yy +bxays +cx1y) +dxay;

and
b(x, ATy) = c/x1y1 +d'x1y2 +a'xay1 +b'x2y5.

AT d b
cal’
Now notice that we have the further relations det(A) =1 and AA” = I. Explicitly
multiplying the matrices, we see that

r_|ad+bc 2ab
A4 _[ 2¢cd ad-+bc|’

Since det(A) = ad — bc = 1, we have that ad + bc = (ad — bc) +2bc = 1+ 2bc.
Therefore, we get the relations 2bc = 2ab = 2cd = 0. It follows, from these
relations alone, that eithera =c=0,b=c =0, or b =d = 0. But we also have

Comparing, we see that

the relation ad — bc = 1. Therefore, it must be the case that b = ¢ = 0. Therefore,

SO, ={(a,b,c,d)ek* |b=c=0,ad =1} ~{(v, w) €k’ |vw =1} ~G,,. [
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Using a two-sided bar construction as before, we have
|B(SOyp, SOu—1, #)| = Qp—1.
Moreover, we are able to show that
|B(, SOpn, Qp—1)] = BSO,—1 .

Definition 4.3 (MSLO). The n-th Thom space defining the prespectrum for MSLO
is given by the homotopy cofiber of the map

BSO,_1, — BSO, .
Notice that in particular we have the following lemma.
Lemma 4.4. P> ~ BG,, >~ BSO; >~ Thom(BSO,).

Proof. Since SO; =~ *, we have BSO; >~ *. By definition of Thom(BSO,), the
statement follows. U

Calculating the C, cohomology of MSLO. The goal of this section is to calculate
the motivic C, cohomology of MSLO. To do this, we first note that O, acts on the
unit sphere S° ~ {£1} by A - g — (det(A))g for A € O,, g € {&1}. This action is
easily seen to be transitive, and the stabilizer of 1 € S is

{A € 0O,|det(A) =1} =S0,.
It follows that |B(x, O,, S°)| ~ BSO,,. As before, we get a Thom isomorphism
H*(BO, )= H**'(BO, /BSO,).
We can use this to get a Gysin sequence. We consider the long exact sequence
...— H*(BO, /BSO,) - H*(BO,.,) - H*(BSO, ) — H**!(BO, /BSO,) — - - -
Substituting in the Thom isomorphism gives us

... — H*'(BO,,) - H*(BO,,) — H*(BSO, )
— H*(BO,,) — H*''(BO,,) — ---.

Proposition 4.5. There exists a surjective map
H*(BO, ) — H*(BSO, ),
with kernel generated by w as an H*-module. Hence,
H*(BSO,,,) = H*[wa, w3, ..., Wy]

with |wy;| =i +ia, and |wyiv1| =i+ 1+ic.
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Proof. Letxe H ! (BO,, ;) be the composition of the Thom class u € H 1(BO, /BSO,)
with the homotopy cofiber of the map

BSO,, — BO,,.

This gives a nonzero class x € H ! (BO,, ). Since there is only one nonzero class
H*(BO,, ) of degree 1, it is clear that x is the same class as w; € H'! (BO, ) from
Theorem 3.1.

Thus, we can write

...— H*(BO,,) - H*(BSO, ) - H*(BO,,) — H**'(BO, ) — --- .
Since H*(BO, ) = H*[wy, ..., w,], the map — w; is injective in all dimensions,
and so the Gysin sequence breaks up into short exact sequences

0— Hr-i—Sa—l(BOn+) v_wl) Hr—{—soz (Bon+) s Hr-i—sa (Bson+) 0.
The conclusion follows. O

Calculating the 7| p cohomology of MSLO for p an odd prime.

Definition 4.6. The Euler class x,, € H*"(BSO,, ) is defined to be the composition
of the Thom class ¢ € H*"(Thom(BSO,,)) with the homotopy cofiber f of

BSO,,_1, — BSO, EN Thom(BSO,,).

Theorem 4.7. H*(BSO,,,; Z/p) is the polynomial ring HZ/p*[xlz, cees x,f] for
n=2k—+1and HZ/p*[xlz, ... ,x,fil,xk] for n = 2k.

Proof. The sphere bundle S(n — 1) — BSO,,_; — BSO,, induces a Gysin sequence
with Z/ p coefficients

... — H'(BSO, ) — H'™® (BSO,)
S, HFO (BSO, 1) 2> H (BSO,,) — - .

Now, if n = 2k, then by induction we have that H*(BSO,_1,) = H*[xlz, N x,f_l].
Recall that by [Voevodsky 1999], HZ/p™+"*(BO,,,.) = 0 for n < 0. Using the fact
that — x, is an isomorphism on H°(BSO, ;) = Z/p, we see that hy =0and so g;
is surjective and the map breaks into short exact sequences. The proof then follows
that of Theorem 3.1.

If n =2k 4+ 1, then x,, is zero in H*"(BSO,,,) since it has order 2. To see that
Xy, has order 2, we note that x,, is the element corresponding to x,, — x,, under the
Thom isomorphism. Therefore, x, — x,, = —x, — x,, by the commutativity relation
of the cup product. It follows that — x, = 0, and so the Gysin sequence splits into
short exact sequences

0— H** (BSO,.) &> HI** (BSO,_;,) “ H'*!(BSO, ) — 0.
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Therefore g injects H*(BSO,,,) as a subring of
H*(BSO,_1,) = H*[w}, ..., w}_|, wil.

The subring im(g}’) contains H *[xlz, ey x,%], and we can show it equals this ring
by comparing ranks in each dimension. ([

Calculating the coefficients of MSLO,, for p an odd prime. Recall that the com-
putation of MSO at an odd prime is more or less the same as the computation of
complex cobordism MU. Similarly, the computation of MSLO will be no harder
than the computation of MGL.

We denote the Milnor primitives by Q; € A*, |Q;| = p'(1 +«) — «. Recall that
if p is odd, then the mod p motivic cohomology of MSLO is generated by classes
x; of degree 2(1 + «)i as a free H*-module.

The following proof is based on the proof of a similar result due to S. Borghesi
[2003, Proposition 6].

Theorem 4.8. Let p be an odd prime. The mod p cohomology of MSLO takes the
form

H*(MSLO) = (A*/(Qo, Q1, .. )Im; | i # p" —1]
as an A*-module, where \m;| = 2i (1 + ).

Proof. For ¢ a cohomology class of degree p + ga, we define ||c|| := p —gq. We
call the number ||c|| the invariance of the cohomology class c. Now note that the
motivic Steenrod algebra .4* acts on the cohomology of MSLO. Let Q; denote the
Milnor primitives in degree 2/ (1 + o) — «. Notice that || Q;|| = 1. Recall that as an
H* module, the cohomology of MSLO has a basis in monomials whose invariance
is equal to 0. Call this basis 901. Therefore, || Q;c|| = 1 implies that Q;c = 0. The
reason is because for any x € H*, ||x|| < 0. Putting this together, we have that
if m € N, and y is a basis element of A* as an H* module, then the action of y
on m sends m to a sum of elements in 91 with coefficients in Z/2. Now, since
Qic = 0 for all ¢ € M, it follows that the action of A* on H*(MSLO) factors
through A*/(Qo, Q1,...). By discussion of the A* action on the cohomology
of MSLO, it now follows that the action produces an H* linear map in which there
is no interplay between the H* coefficients. Therefore, any dependencies must be
topologically induced. But topologically, there are no dependencies, and so the
theorem is proved. ([

Corollary 4.9. Let p be an odd prime. The mod p cohomology of MSLO takes the

form
H*(MSLO) = H*(BPGL)[m; | i # p" — 1]

as an A*-module, where \m;| = 2i (1 + ).
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For the remainder of this subsection, we work over the field k = C. By [Stahn
2016], we know that over C, the motivic Z/p cohomology of a point is equal
to Z/plt], where |t| =« — 1. Dually, the motivic Z/p homology of a point is equal
to Z/p[0], where || = 1 — . Furthermore, we have that 4, = Ai()p ®z/p L/ plo].

Definition 4.10. Let £(n), 0 <n < oo, denote the quotient Hopf algebroid

En) = A/ (€1 & ooy Tutts Tngas - 2) = Hil0, ..., Ta]/(t |0 < i <n).

If n =00, let

E(00) i= A J)(E1, &, ...) = Hylr, T, ... 1/(t7 | 0 < ).

There is a way of switching between A* structures on cohomology and A, struc-
tures on homology. In our case we have the following.

Proposition 4.11. As an A,-comodule algebra, H,BPGL = A, Ug(oc) H.

Using a change of rings isomorphism, we have
EXtAk(H,,, H,(BPGL)) = EXtA*(H,, A, Dg(oo) H)= Eth(oo)(H*, H,).

If we let £(00)P and H,” denote the topological analogues of £(co0) and H,,
respectively, then it follows that over k = C,

EXte (o0) (H» Hy) = Exte(ooyor (HyY, HyP) ®7,, 2/ pl6].
From here the proof proceeds classically, and so we have the following theorem.

Theorem 4.12. After completing at an odd prime p, the coefficients of MSLO are

given by
1. (MSLO,) = Z(p[0, x1, X2, X3, ... ],

where |x;| = 2i (1 4+ ).
H7[2,-algebra structure of H,(HZ; 7/2). By [Voevodsky 2003b], the map
w* : -A* - A* ®H, -A*

is given by

V) =) &, ®& Yt =) &, ®u+udl

i=0 i=0

As in [Milnor 1958], we define the conjugates of &; and t; inductively as

k k
Zg,f’_i@)c(s,-) =0 and Zé,fli®c(ri)+rk®1=o,
i=0 i=0

respectively.
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This gives us

c(E) = —& —c(ENEL — - —cEB_EY

k—1
c(n) =~ — c(w)ée — c(T)gi_y — - — c(m-D&
respectively.
As in topology, motivically we have a cofibration

HZ % H7Z =42, H7/)2
induced from the short exact sequence
0>272%75242,7/20.
Taking motivic HZ /2 homology of HZ, we get a long exact sequence
oo HYHZ) > H*(HZ) =22, g*(HZ/2) % ... .

This gives us an exact couple and so induces a Bockstein spectral sequence. In
particular, we get the diagram

B

H.(HZ) s H,(HZ) s H,(HZ)
H,(HZ/2) d s H,(HZ/2)

Notice that 2 =0 in H,(HZ), and so we have that
H,(HZ) 292, [, (HZ/2)
is injective. Thus we have a short exact sequence
0— H,(HZ) 242, H,(HZ/2) % H,(HZ/2) — 0.
Here d is the dual of the Steenrod operation Sql. Notice that H,(HZ) = ker(d).

Lemma 4.13. The motivic cohomology of H,(HZ) over k = C is isomorphic to

Z/2[0, 71, T2, ..., E1, &0y .. 1/(TF — Oi41).

Proof. First, one observes that d(tg) = 1 and d(t;) = & for i € Z>°. Next, one
observes that since d commutes with the Tate twist 6, and since rl.z =0&4+1, we

have
0=27d(t;) =d(t?) = 0d(&i11).

Therefore d(§;+1) =0. Now, as a Z/2[6]-algebra, the classes {&;}7°, and the classes
{c(&)}:2, both generate the same algebra. Looking now at the inductive formula
for the conjugate of t;, and acknowledging that 2 = 0O in the coefficients, we have

(1) = T + c(r)Ek + c(TEE | + -+ c(me_EZ .



368 DONDI ELLIS

First we notice that c¢(tg) = 19, and so d(c(tp)) = 1. We claim that d(c(t;)) =0
for i € Z>°. For 11, we have that ¢(1;) = 7; + 10&1. Taking the differential of each
side, we have that

d(c(t1)) =d(t1) + 10d(§1) +&1d(10) = d (1) +&1 =61+ & =0.

Now, by induction we can assume d(c(t,—1)) = 0. Therefore,

d(c(1y)) = d(T,) +d(c(10)E) +d(c(T)EX ) +- -+ d(c(t,_EY )

=d(ty) +d(c(t0)§n) =d(ty) +& =&, + &, =0.
Thus,
ker(d) = 7/2[0, c(11), c(12), ..., c(&1), c(&2), ... ].

One can show that ¢(7;)? = 0c(&41). This proves the claim. U

The Sq' cohomology. Notice that the motivic Steenrod operation Sq' has the
property that Sq' 0Sq' = 0. Therefore, we can think of Sq! as a differential
of H*(MSLO). We use the notation H*(M; Sq') to denote the cohomology of
the A* module M with respect to the differential Sq'.

Following [Voevodsky 2003b], let I = (e, 51, €1, 2, . - - , Sk, €¢) be a sequence
where ¢; € {0, 1} and s; are nonnegative integers. Denote by P! the product

PI — ﬂeopsl . Pskﬂek.

A sequence [ is called admissible if s; > 25,4 + €¢;. Monomials P! corresponding
to admissible sequences are called admissible monomials. Here 8 = Sq.

Lemma 4.14. Admissible monomials generate A* as a left H*-module.

Proof. See [Voevodsky 2003b]. U
Lemma 4.15. Suppose that I = (0, sy, ...,5¢,0) and J = (0,11, ...,t,0) with
Slsvves Skl ..., ty €270 Then BP! # P/ B. Also, BPS # P!B fors,t € Z7°.

Proof. This follows immediately from Lemma 4.14. (]

Lemma 4.16. H*(A*; Sq') = 0 and H*(A*/A*Sq'; Sq') = H*.

Proof. To prove the first statement, note that im(Sq') = ker(Sq') = Sq' .A*. For the
second statement, we notice that im(Sq') = Sq' A*/A* Sq'. Since Sq' A*/A* Sq!
is clearly in both the kernel and image of Sq', and using Lemma 4.15, we know
that if 7 = (0, s1, ..., sk, 0) with s1, ..., s, € Z7% or I = (s) with s € Z>°, then
Sq' P! ¢ A*Sq'. We have shown what happens to admissible monomials. We
only have to look at what happens to elements of H*. Clearly these elements get
sent to zero since they commute with the Sq' operation. Since elements of H* are
clearly not in the image of Sq', it follows that H*(A*/A*Sq'; Sq') = H*. (]

We need the following proposition from [Smirnov and Vishik 2014].
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Proposition 4.17. Recall that H*(BO, ) = H*[w;, ..., w,] as an H*-module. If
—1 is a square in k, then

k

m—k
Sq* (wp) = Z ( i )wk—jwm+j-

j=0
The Cartan formula over k = C gives the following.
Proposition 4.18. Ler t be the Tate twist of degree oo — 1 in H*, and suppose
H*(BO,,) = H*[wy, ..., w,]. We define
1 ifkisevenandi, j are odd,
€i,j = .
0 otherwise.

If —1is a square in k, then

Sq* (w,wy) = Y 799 Sq' (wy) Sq’ (wy).
i+j=k

Proof. This follows from the formulas given in [Voevodsky 2003b], along with
relations between the geometric and simplicial classifying spaces of O, found in
[Smirnov and Vishik 2014]. O

Lemma 4.19. Sq1 t, =0, where t, € H*(Thom(BSO,)) is the Thom class.

Proof. Let H*(BO,,) = H*[wy, ..., w,]. Recall that by Proposition 4.5, we
can identify H*(BSO,, ) with H*[wa, w3, ..., w,] C H*(BO, ). Recall also that
there is a Thom isomorphism

H*(BSO, ) — w, = H*(Thom(BSO,, ). (4.20)

Therefore, Sq1 (t,) can be identified with Sq1 (w,,) under (4.20) and so we can work
out the Steenrod operation on H*(Thom(BSO,)) by comparison with H*(BO,, ).
In particular, Sq1 (wy) =wywi. Since w; =01in H*(BSO,,, ), the claim follows. [

Since H*(MSLO) is an .A* module, we can compute its Sq' cohomology.
Proposition 4.21. H*(H*(MSLO); Sq') = H*[u3, u2, u?, .. ..

Proof. By Lemma 4.19, Sq' commutes with the Thom isomorphism. Therefore, it
is enough to show that H*(H*(BSO); Sql) = H*[w%, wi, wé, ...]. We note that
Sql(wzn) = wy,+1. From this it follows that H*[u3, us, u7,...] C im(Sql). This
implies that the only elements which can be in the kernel but not in the image of
Sq' are H*[w3, w}, w2, ...]1 C H*(BSO). Noting that Sq' (w3,) = 0 for all n, the
claim follows. ([l
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A motivic version of Wall’s theorem.

Lemma 4.22. The morphism of A*-modules
A* — H*(MSLO)

given by a +— a - 1, where 1 denotes the Thom class tg € H%O(MSLO), has kernel
J =A*Sq.

Proof. To simplify notation, we write A*/8 := A*/A*Sq'.

First, it is clear that Sqi(wj) = 0if i > j by Proposition 4.17. If i < j, then
Sq'(w;) is a sum of monomials wyw; with k, [ < 2j. The monomials Sq™ - - - Sq’*
with i, > 2i,_; and i; > 1 form an H*-module basis for A*/8. Therefore, it
is enough to show that the polynomials Sq™ - - - Sq'! (¢) are linearly independent in
H*(MSLO). Let I = (iy, ..., i) with iy >2i,_ and i; > 1. We order the monomials
w! = wikwi-1 ... w" lexicographically. For example, wgw, is of higher order
than waw, and wgw,, but lower order than wgw4sw, and wipw,. By induction, we
assume that Sq“l*‘ e Sq"1 (t) =w;,_, - - - w;,t + lower order terms.

Now suppose wj, , ---wj,t € H*(MSLO) is such that j,_1 > j,—1 >---> ji. If
i >2j,—_1, then we show Sq"(wjn_l cewjt)=w;wj,_, -+ - w;j t+lower order terms.
Using the Cartan formula, we have

Sq"(u)jrkl cewjit) = Sq' (1) - wj,_, - wj + lower order terms
=w;wj, , ---wjt+lower order terms.

This proves the lemma. O

Theorem 4.23. Over k =C, H*(MSLO) is a wedge sum of suspensions of A* and
A*JA*Sq'.

Proof. Our approach is to define a map from a wedge sum of suspensions of .A*/f
to M which induce an isomorphism in Sq' cohomology.

Choose classes {xy}qec; € M whose images in H*(M; Sql) form a basis of
H*(M; Sql) as a Z/2[f]-module. By Proposition 4.21, we can choose the classes
u%, uﬁ, ... € H*(MSLO) = H*[uy, u3, u4, ...]. The x, are killed by Sq1 and so
we can define a map

¢1: @D A"/ Bl deg(xa)] - M.
ael
Next, we define

A* := {admissible monomials x € A* | |x| > 0}.

Using this definition, we define

M :=M/AM.
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Notice that P,; A*/Bl— deg(x,)] = A*/B @+ C for C = Z/2[01[u3, u3, ...].
We consider the projection map

M3 M.
We then choose a Z/2[6]-submodule Z C M such that 7|, is injective, and

M Z 7 (p1(A*/B @+ C) ®m(Z).
Now set
N=A/B@uCO®A @y Z.
The natural map
o A QuZ > M

gives a map
=1 Pp: N—> M.

Writing N = A* /B Qp~ C & A* @y~ Z, we let N; denote the A*-submodule of
N given by N; = A* /B Qp+ C; & A* @~ Z;. Here C; and Z; denote all elements
in C and Z, respectively, of total degree i. We say the class x with degree n + mo
has total degree n + m. We define M; to be the image of N; under the map . We
then define N™ and M™ to be ,_, N; and €p,_,, ®(N;), respectively.

We show by induction that the maﬁ ®:N® — M®™ is an isomorphism. Starting
with n = 0, N©® = A*/8 and M© = A* . ¢, where ¢ is the Thom class. By
Lemma 4.22 this map is an isomorphism.

Suppose we have proved ® : N®=D — M= j5 an isomorphism and let
L:N/NO®D — M/M@=D be the map induced by ®. We show )"l(N('l)/N('l—l)) is in-
jective. Let P be the Z/2[6]-module generated by elements of the form c, z, Sq] (2)
force C,, z € Z,. We can regard P as a Z/2[8]-submodule of the Z/2[6]-module
N/NO—D,

We first prove that A, is injective. Notice that since H*(A*; Sq!) =0, the map

i<n

®*: H*(N; Sq') — H*(M; Sq")
is still an isomorphism. Since
®:N"D 5 pe=D
is an isomorphism by induction, it follows that
A H*(N/N®D:8q"y — H*(M/M"V; sq")

is also an isomorphism.

Suppose v € P and A(v) = 0. Notice that the total dimension of v is n or n + 1.
We consider the two cases separately. If the total dimension of vis n, thenv=c+z
force C,,z€ Z,. Now A(v) =0 implies ®(c+z) € MOV for @ : N — p),
However, by choice of Z, A(z) € M,,, and so z =0. Then v = ¢, and so A(c) = 0.
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Since A* is an isomorphism, it follows that Sq' (¢) = 0, and ¢ = Sq'(¢’) for some
¢’ € N/N®=D with total degree n. But every element in N/N "~ has total degree
> n (or = 0), and so ¢ = 0, which implies ¢ = 0.

Now, suppose that the total dimension of v is n + 1. Then v = Sq'(z) for some
z € Z,,. Suppose A(v) = 0. By definition of v, it follows that A(v) = )L(Sq1 (z)) =0.
Since Sq1 commutes with A, it follows that Sq1 (A(z)) = 0. Now, notice that in Sq1
homology, Sq' (A(z)) = 0. But this means A(z) = A(c) + Sq' (z’) for some ¢ € C,,,
and 7/ € (M/M®~V) of total degree n — 1. Thus 7’ = 0, and we reduce to the
previous case.

Now, returning to the induction step, we have that the multiplication map

®: MSLO A MSLO — MSLO

induces a coproduct map

w* : H*(MSLO) — H*(MSLO) ® g~ H*(MSLO).
We define a projection map

p:M—> M/M"D,

Letu e N, and ®: N® — M™ . Then

wWdw)=1®y ®u) modulo M @y M"V,
Therefore, for any v € P we have

(1®u pu*®(v) =1Qp+ A(v).

Now choose a Z/2[6#]-basis ¢y, c2, ..., ¢, for Cy, and z1, 22, ..., zs for Z,. Then
we can give P a Z/2[0]-basis

fvit=A{c1,...,cr, 21,22, ..., Zs, Sql(zl), Sql(zz), cee Sq](zs)}.

Any v € N /N@=D = N, then has a unique expression in the form v = Yo aiv;

for a; € A\ A* Sq1 U{0}. Now, we let m denote the maximum total dimension of

all of the a;. Next, let {a,,, am,, . . ., am,} denote all of the a; of total dimension m.
Notice that if A(v) =0, then ®(v) € M~V and hence

0=(1®u PR P@) =) dp; - 1@ 2(Vn) + ) bi- 1 @pemy

for some my; € M, b, € A* with total dim by < m.

The fact ) apm; - 1Q@p+A (V) =) _ bp- 1@ y+my implies ) ap, - 1@ g« A(vy;) =0.
However, we showed that 1|, is injective, and so the A(v;;) are linearly indepen-
dent. This then implies a;,; - 1 = 0 for all j. But then a,,, € A* Sq', which is a
contradiction, and so A(v) = 0 implies v = 0. (]
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Corollary 4.24. Over the field k = C,
H,(MSLO) = H,(HZ/2) ®z7/2161 C ® Ax ®7/2161 Z.-

Here C is the algebra 7/2]60, x4, x3, . .., where the x4; are generators of degree
2(1+w)i. Z is a Z/2[0] polynomial algebra.

The homotopy type of MSLO.

Theorem 4.25. For k = C, 2-completed MSLO splits as a wedge sum of suspen-
sions of motivic homology with coefficients in Z /2 and Z,.

Proof. Once we know that the motivic Z/2 homology of MSLO is a wedge sum of
suspensions of .A* and .A*/A* Sq!, we can again construct a map

MSLO — \/ HZ/2[r;1v \/ HZIs,]
iel jeJ
which is an equivalence on motivic Z/2 homology. Then, by applying the Nakayama
lemma and the motivic Hurewicz theorem [Bachmann 2018], one can show that
the map is a homotopy equivalence. (]

The dimension of the HZ |2 suspensions. We already showed in Corollary 4.24
that the HZ suspensions of MSLO must live in degrees generated by monomials xy4;
of degrees 2i (1 + «). It remains to describe the degrees of the HZ/2 suspensions.
To answer this question we use well known combinatorial counting techniques,
as this question very much resembles the coin change problem well known to
combinatorists [Harris et al. 2008, Section 2.6.3] and computer scientists [Abelson
et al. 1996, Section 1.2.2] alike.

Definition 4.26. Let M be a bigraded module with basis ‘B. Let B3, ,, denote all
elements of ‘B with bidegree (n, m). The basis B is said to be a special basis if
the following conditions hold:

1) B, ,={}ifn<0.
2) B, m={}ifm<0.
(3) The size of the set B, ,, is finite for all (n,m) € Z x Z.

4 B= U Bun
(n,m)eZxZ
Clearly H,(MSLO), HZ/2,(HZ/2), and HZ/2,(HZ) each have a special basis

under their induced n + mo grading.

We can associate a unique polynomial fiz(x,y) =Y cpmx"y™ € Z[[x, y]] to
any special basis 8. Here ¢, ,, represents the number of elements in B of bi-
degree (n, m). Notice that we can order the words x”y™ by the length of the word
followed by the alphabetical order of the word. For example, x?y = xxy comes
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before xy? = xyy, and y> = yy comes before x* = xxxx. Let By, msLo be an H,
basis for H,(MSLO), By, yz an H, basis for H,(HZ), and By, 7,2 an H, basis
for H.(HZ/2).

Proposition 4.27. Let fymsio(x, y), fu,uz(x,y),and fu,uz,2(x,y) be the asso-
ciated formal polynomials for the special bases ‘B y,msLo, B, nz, and By, yz)2,

respectively. The number of HZ /2 suspensions of H,(MSLO) in dimension n + m«a
is given by the coefficient ¢, , in

_ wom  JrMsL0(, Y) — frunz(x, y) [Ti2o(1 — (xy)*)~!
f _ch’mx n faHz2(X,Y) :

Proof. The function a(x, y) = fu,msLo(x, y) represents the number of basis ele-
ments of H,MSLO in each degree. The function

oo
b(x,y) = fuuz(x, ) [ [A = @y
i=0
represents all elements in a(x, y) generated by an HZ suspension. Therefore,
a(x,y) — b(x, y) represents all basis elements of H,MSLO generated by HZ/2
suspensions. Thus, dividing by fy, nz/2(x, y) gives the number of HZ/2 suspen-
sions in each degree after applying a Taylor expansion around the point (0, 0). [J

5. MGLR, an analogue of MR

There is a Cy-equivariant spectrum belonging to classical topology, which was
constructed by Landweber. The coefficients of this spectrum were computed by
Hu and Kriz [2001]. The coefficients are bigraded. While the bigrading given in
[Hu and Kriz 2001] is MRy, we use o grading instead of «. The reason for
this is that Hu and Kriz used the « to signify the relationship between motivic
homotopy theory and classical C,-equivariant homotopy theory. The topological
realization functor over R sends motivic o grading to the C, grading. However, in
the present case, we want to stress the relationship between C, motivic homotopy
theory and C; classical homotopy theory using the topological realization over C.

In this section we discuss a C»-equivariant motivic spectrum MGLR which was
constructed by Hu, Kriz, and Ormsby [Hu et al. 2011]. There is a complex topologi-
cal realization functor tgz for C,-equivariant motivic spectra, and tgz (MGLR) = MR.

One should think of MGLR as a motivic analogue of MR. Roughly speaking,
the spectrum MR can be thought of as complex cobordism MU endowed with a
C, action. At its heart, MU is built from the classifying spaces BU,, where U,
denotes the n-dimensional unitary group. We get an involution on this group given
by A <> AT. The groups U, equipped with this involution action determine the
construction of MR. If one wanted to mimic this construction motivically, one
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would immediately be faced with a problem: complex conjugation is not algebraic.
A priori this means that the groups U, are not definable; however, it turns out that
over the complex numbers, U,, = GL, (C). In fact, the motivic analogue of MU is
the well known algebraic cobordism MGL.

In analogy with MR, MGLR should be thought of as algebraic cobordism MGL
endowed with a C, action. Consider the symmetric bilinear form

n
b((x1, ..., x20)s (V15 -y Y2u)) = ZXZiYZifl +x2i-1Y2i-
i=1
For any A € GL,, (k), there is a unique matrix A”> for which b(Ax, y) =b(x, ATy)

for all x, y € k?*. The C; action of MGLR is induced from the involution action
A< (ATr)~1,

The A twist. In [Hu and Kriz 2001], the authors show that MR completed at 2
splits as a wedge sum of suspensions of a spectrum BPR whose suspensions are in
degrees m; (1 4 o) for m; # 2i+1 _ 1, ®©2(BPR) = HZ/2, and nonequivariantly
BPR = BP. This splitting comes from applying the Quillen idempotent to the
formal group law on MRy(14+). From this, it follows that MR, is freely gener-
ated by generators x, of degree n(1 + o) for n # 2/*! — 1 as a BPR, algebra.
One could ask whether MGLR splits as a wedge sum of suspensions of BPGLR,
with ®©2(BPGLR) = HZ/2 and BPGLR = BPGL nonequivariantly, in such a way
that MGLR, is free as a BPGLR, algebra. Unfortunately, there does not appear
to be any way to construct such a splitting. However, there exists an element
A€ M—otoa—a(MGLR). If we invert this element, then we get a formal group law
and we can use the Quillen idempotent construction to get a splitting. First, let us
elaborate on this mysterious element A.

In the topological setting there is the notion of real-oriented spectra and it turns
out that MR is universal among real-oriented spectra. There is also a notion of real
orientation found in [Hu et al. 2011]. Following that paper’s notation, we define
X to be the functorial fibrant replacement of X, the reduced suspension of X.

Definition 5.1. A C,-equivariant ring spectrum E is real-oriented if the follow-
ing two conditions are satisfied. Here MGLR(1) denotes the first term of the pre-
spectrum defining MGLR.

(1) The unit in E*(S!To¢+o+) restricts to the unit ¢ of E*(MGLR(1)).
(2) The map

§21200 ~ G A G — G x Gy* — B(GY* x G1/%) > BGL, — MGLR(1),

with representative @ € w4254, cOmposes with ¢ to give a unit Ag.
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Whenever this is satisfied we get many results analogous to those found in [Hu
and Kriz 2001].

Theorem 5.2. [f the Cy-equivariant ring spectrum E is real-oriented, then we have
E*(BGy®) = E*[ul], where deg(u) = —(1 + o).

Unfortunately, it is not clear whether or not MGLR satisfies Definition 5.1. Clearly
MGLR satisfies condition (1) of Definition 5.1. However, it is not clear that AymgLr
is invertible. Using the methods of [Elmendorf et al. 1997] we can “invert” AmcLr
to construct a spectrum A~'MGLR satisfying both conditions of Definition 5.1. The
formal group law of Theorem 5.2 then gives a canonical map

L — 27 '"MGLR.(110a)-

Here L denotes the Lazard ring.
Notice that the topological realization functor over C, which we denote by ¢,
is a symmetric monoidal functor, and so if it is applied to the spectrum MGLR, we

get a ring homomorphism
MGLR, — MR,.

One can show that ApgLr is sent to the unit 1 under this ring homomorphism, and
so we get a ring homomorphism

A" 'MGLR, — MR,. (5.3)

Since the homomorphism ¢ sends 1 4+ o grading to 1+ o grading, and since
A1 MGLRy(146a) C A~'MGLR, and MR (1+¢) C MR, are commutative rings, we
have the following result.

Lemma 5.4. The restriction of the ring homomorphism (5.3) to A~ MGLR(140a)
induced by the topological realization functor t© sends the formal group law on
L~'MGLR, to the formal group law on MR,.

Proof. This is clear since tC(BG,/*) = BS°. O

Since MGLR is an E-ring spectrum, we may apply constructions as in [Elmen-
dorf et al. 1997]. In particular, we may “kill” or “invert” the image of any sequence
of elements of L in the spectrum A~IMGLR. The ring MGLy(14«) = MUa, is the
universal formal group law, and so the generator x; of degree i (1 4 «) is sent to an
element of degree i (1 + o).

Theorem 5.5. The spectrum CI>;2 (A~'MGLR) is equivalent to 6~ 'MGLO.
Proof. Recall that A is the map

§2200 ~ G)F A G — Gy* x Gy* — B(GY* x G1/%) > BGL,
N MGLR(I) _ 21+U+UQ+QMGLR.
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After taking geometric fixed points, this becomes a map
§?~S'AS' > ' x S!' > B(Z/2 xZ/2) — BO; — MGLO(1) — Z!**MGLO.

This map is nonzero, and it realizes as an element of degree 1 — « in 7, (MGLO).
Notice that there exists exactly one element in 77, (MGLO) of degree 1 — «, the Tate
twist. Therefore, the coefficients of ®¢2(A"!MGLR) are

7.(07'MGLO) = 7, (MO)[65]. O
Corollary 5.6. The spectrum MGLR is not equivalent to A~"MGLR.

Proof. Since MGLR and A~'MGLR are not equal on geometric fixed points, they
cannot possibly be equal equivariantly. U

It is interesting to note that while inverting A has the effect of inverting the Tate
twist 6 under the geometric fixed points map, it is not the case that 6 is inverted
under the forgetful map MGLR — MGL, which thinks of the structure nonequivari-
antly. The reason for this is the forgetful map sends o and o« grading to 1 and «,
respectively. Therefore, A gets sent to the unit under this map. The next theorem
gives more detail.

Theorem 5.7. Nonequivariantly, »~'"MGLR ~ MGL.
Proof. Notice that nonequivariantly, A realizes as

§72% ~ 3G,y A Gy — Gy X 26, — B(Gyy, X Gyy)
— BGL, - MGL(1) - Z?>T**MGL.

Notice that this map is clearly nonzero, and represents an element in 7, (MGL) of
degree 0. Notice that the only nonzero element in 7, (MGL) of degree O is the
identity element. Therefore, A~'MGLR is nonequivariantly equivalent to MGL. [J

Theorem 5.8. Localizing at p = 2, we have that

MGL = \/ ="+ BPGL
m;
for integers m;. There exists a spectrum BPGLR such that

MGLR = \/ »mi(l+o)BPGLR,

m;

Furthermore, CDgtz(BPGLR) =0"'HZ)2.
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6. Calculating the coefficients of §~'A~IMGLR

The main difficulty in computing the coefficients of MGLR is the lack of a Tate
diagram. One would like to use simplicial EC; to get a motivic Tate diagram,

ECy, AMGLR — MGLR — EC, A MGLR.

However, the C, fixed points of EC> A MGLR is not the geometric fixed points
of MGLR in the sense of [Lewis et al. 1986, Chapter 2, Definition 9.7]. In other
words, taking C» fixed points of MGLR at the level of prespectra does not form a
nonequivariant spectrum equivalent to

(EC, AMGLR)®.
To fix this, we need to use a different model of EC,. The model we use is
EC; :=1limA(no) \ 0,

where A(no)\. 0 denotes A" \.0 with a C; action z — —z. This gives us cofibrations

A(no) 0, — 8O — gnotnoe,
These piece together to give us a cofibration
EC,, — S > EC>.

The space EC, takes into account the entire equivariant grading in the C, equivari-
ant stable category, and so we have the following.

Theorem 6.1.  ®52(MGLR) := (EC, A MGLR)©2 ~ MGLO.

Proof. By construction, the n-th term of the prespectrum defining MGLO is equal
to the C,-fixed points of the n-th term of the prespectrum defining MGLR [Hu
et al. 2011, Section 6]. Let MGLR(n) denote the n-th term of the prespectrum
defining MGLR. Notice that (MGLR A P?@)CZ is a nonequivariant spectrum with
prespectrum (MGLR(1))¢2, (MGLR(2))¢?, ..., and connecting maps given by

P! A (MGLR(1))©? - (MGLR(1 + 1))©2.
The claim follows. O
Corollary 6.2. MGLO is a motivic Ex-ring spectrum.

Proof. In [Hu et al. 2011, Section 6] it is proved that MGLR is a Cy-equivariant
motivic Ex-ring spectrum. Being an E,-ring spectrum is preserved by smashing
with §9°91°99¢ and taking C, fixed points. O

The author would like to acknowledge the work of the authors of [Heller et al.
2019], who are the first to have written about the geometric classifying space EC»
in the context of C-equivariant motivic spectra. The unfortunate reality is that
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calculating F(EC;, MGLR) via a Borel cohomology spectral sequence involves
developing new tools which do not currently exist. The solution presented in this
paper, however, is to restrict to a field k of characteristic 0, for which all elements
in k are squares. Then after completing at the prime p = 2 and inverting two twists
in MGLR, we can show

(EC2 AMGLR) 2 ~ (EC; A MGLR)2.
We can then apply the tools of [Hu and Kriz 2001].

Proposition 6.3. There exists an element 6 of order 1 — « in the Borel cohomology
and the Tate cohomology of A~ 'MGLR.

Proof. Using simplicial EC,, we can set up a Borel cohomology spectral se-
quence for A"!MGLR as follows. First we note that since we have inverted A,
we can choose to ignore all oo grading, and instead only consider the grading
* + #'0 + #’«a. Moreover, we filter by « twists. In other words, we consider
the grading * + o + ko for fixed k. Now for each k < 0, we have a bijection
between the motivic Borel cohomology spectral sequence of A~'MGLR and the
classical Borel cohomology spectral sequence of MR. This is true since A~'MGLR
is nonequivariantly MGL, and over C, there is a bijection between 7,4y (MGL)
and 7, (MU). It follows that the motivic Borel cohomology spectral sequence
associated to A"'MGLR vy 4+7a, Where %, %' € Z and %" € Z=°, converges to
Tsiwotsa(F(ECay, A"IMGLR)) = 7, (MR)[6]. It follows that § € A~'MGLR.
The same argument works for the Tate cohomology of A~'MGLR. (]

Corollary 6.4. There exists an element, again denoted 0, of degree 1 — « in the
coefficients of " '"MGLR.

Proof. This follows by considering the following square originating from the Tate
diagram:
A" IMGLR > S%7 AATIMGLR

| !

F(ECy,, \"'"MGLR) —— §°°° A F(ECy,, A"'MGLR)

It is easy to see that the element 6 € 7, (F(EC,, A~IMGLR)) is mapped to
6 € m,(S°°° A F(ECy,, A""MGLR)). This is true since the topological realization
of 6 is just 1, and since the Borel and Tate cohomology spectral sequences of
A"!MGLR and MR are isomorphisms for a fixed alpha twist ko, k < 0. Now,
notice that there is an easily described twist in 7,(S®° A A"'MGLR) of degree
1 — o, which we also call 6. If s is the Euler class s € n_,(MGLR), and ¢ is
the Euler class f € 7_yo(MGLR), then 6 € m;_o(S%° A L"!MGLR) is given by
As~'t. By comparison with topology, and in view of the fact that the topological
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realization of @ is 1, it follows that 8 € m;_4(5%°° A A"'MGLR) is mapped to
0 em_o(S*° ANF(ECy,, 2~ 'MGLR)). Therefore, the element named 6 commutes
in the bottom row and rightmost column of the above diagram. Since that diagram
is a pullback, there must exist an element 6 € 7.(A"'MGLR) which is sent to
6 € 1, (F(ECy, »"'MGLR)). a

As we inverted A € T|_gtoa—o (MGLR), so too can we invert 6 € m;_, (MGLR).
This gives us a spectrum #~'A"!MGLR. In its coefficients, the element A~'6 has
degree 0 — o« and is invertible.

Proposition 6.5. (S°7+°9% A =13 "IMGLR)®> ~ (§°° A9~ !A"IMGLR)®2,
Proof. To simplify notation, we write
E :=58% A07'ATIMGLR, F := §°°°+%9% A 9~ 13 ~IMGLR.

Notice that 7%~ E ~ E since A~ € 7, _,(E) is invertible. Also, it is clear that
¥ E ~ E. Putting this together, we have that ¥°“E ~ E. Therefore, it follows
that F = X°“E ~ E. O

Theorem 6.6. We have m,(9~'BPGLR) = m,(BPR)[A*!, 6%!]. Here, 7, (BPR) is
Zoylvps,aln=>0,1€Z]

/ (vo.0 =2, a®" "V, =0 for n < m, vk Vpnon = Vsl - Un,0):
la| = —0, and v, | = 2" = D)(14+0) + 12" (6 — 1).

Proof. The claim is clear by comparison with topology [Hu and Kriz 2001]. In
more detail, considering the commutative square of Corollary 6.4, the C, fixed
points of the top right corner is easily seen to be equal to 7, (MO)[6%!]. The bottom
right corner is calculated by comparing the Tate cohomology spectral sequence for
6~'A~'MGLR to topology. One deduces from the calculation that the C, fixed
points of the top and bottom right-hand column are equal. From this it follows that
6~'A"'MGLR is equal to its Borel cohomology. By comparing with topology, the
claim follows. (]
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