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Let G be a Lie group with finitely many connected components and let K be a
maximal compact subgroup. We assume that G satisfies the rapid decay (RD)
property and that G/K has a nonpositive sectional curvature. As an example, we
can take G to be a connected semisimple Lie group. Let M be a G-proper mani-
fold with compact quotient M /G. Building on work by Connes and Moscovici
(1990) and Pflaum et al. (2015), we establish index formulae for the C*-higher
indices of a G-equivariant Dirac-type operator on M. We use these formulae
to investigate geometric properties of suitably defined higher genera on M. In
particular, we establish the G-homotopy invariance of the higher signatures of
a G-proper manifold and the vanishing of the A\—genera of a G-spin G-proper
manifold admitting a G-invariant metric of positive scalar curvature.

1. Introduction

The aim of this paper is to introduce certain geometric invariants associated to
proper actions of Lie groups, generalizing the (higher) signatures and A-genera.
Let G be a Lie group satisfying the following assumptions:

e G has finitely many components.

» Because |79(G)| < 0o, G has a maximal compact subgroup K, unique up to
conjugation, and we assume that the homogeneous space G /K has nonposi-
tive sectional curvature with respect to the G-invariant metric induced by an
Adg -invariant inner product { , ) on the Lie algebra g.

o G satisfies the rapid decay (RD) property.

We explain these last two hypothesis in the course of the paper; it suffices for now
to remark that natural examples of groups satisfying our assumptions are given
by connected semisimple Lie groups. The homogeneous space G/K is a smooth
model for EG, the classifying space for proper actions of G [Baum et al. 1994]:
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for any smooth proper action of G on a manifold M, there exists a smooth G-
equivariant classifying map yjs : M — G /K, unique up to G-equivariant homotopy.
Assuming in addition that the action is cocompact, i.e., that the quotient M /G
is compact, we can fix a cut-off function xy; for M. This is a smooth function
xm € C2°(M) satisfying

fXM(g_lx)dgzl forall x € M.
G

For any proper action of G on M, we consider Q2 (M), the complex of G-
invariant differential forms on M, and its cohomology denoted by H;; (M). In
the universal case this cohomology can be identified with the K-relative Lie alge-
bra cohomology of the Lie algebra g of G: H;; (G/K) = Hig(g; K), where CE
stands for Chevalley—Eilenberg. For any o € Q2 (G/K), consider its pull-back

mnv

Yy € Q2 (M). The higher signature associated to « is the real number

o(M,a) :=/MXML(M)A%T4(0!), (1.1)

where L(M) is the invariant de Rham form representing the L-class of M. The
insertion of the cut-off function yx,s, which has compact support, ensures that the
integral is well-defined, and it can be shown that it only depends on the class
[L(M) Ay ()] € He (M). The numbers in the collection

inv

{oM,a):[a] € H;,(G/K)} (1.2)

nv

are called the higher signatures of M. Similarly, the higher X—genus associated to
M and to [«] € HJ (G/K) is the real number

AM.a) = fM S A A (@), (13)

where Al (M) is the de Rham class associated to the A-differential form for a G-
invariant metric. The numbers in the collection

{(AM, o) :a € H2 (G/K)} (1.4)

nv

are called the higher A\-genera of M.
In this paper we establish the following result:

Theorem 1.5. Let G be a Lie group with finitely many connected components sat-
isfying property RD, and such that G/K is of nonpositive sectional curvature for
a maximal compact subgroup K. Let M be an orientable manifold with a proper,
cocompact action of G. Then the following hold true:

(1) each higher signature o (M, @), a € H? (G/K), is a G-homotopy invariant

inv
of M;
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(i1) if M admits a G-invariant spin structure and a G-invariant metric of posi-

tive scalar curvature, then each higher A\-genus Z(M, a), a € Hy (G/K),

vanishes.

We prove this result by adapting to the G-proper context the seminal paper of
Connes and Moscovici on the cyclic cohomological approach to the Novikov con-
jecture for discrete Gromov hyperbolic groups. Crucial to this program is the proof
of a higher index formula for higher indices associated to elements in Hj(G) and
to the index class Indcx(G) (D) € K+ (C;(G)) of a G-equivariant Dirac operator on
an even-dimensional M acting on the sections of a complex vector bundle E. Here
are the main steps for establishing this result (for this introduction we expunge
from the notation the vector bundle E):

(1) First, we remark that for any almost connected Lie group G there is a van Est
isomorphism H(G) ~ Hy (G/K) = H (EG).

(2) Under the assumption of nonpositive sectional curvature for G/K we prove
that each a € Hj;(G) has a representative cocycle of polynomial growth.

(3) If G is unimodular then for each o € H3"(G) we define a cyclic cocycle taG
for the convolution algebra C2°(G), and thus a homomorphism

(8, ) 1 Ko(CX(G)) — C.

(4) For each a € H3"(G) we also consider a cyclic cocycle tM for the algebra
of G-equivariant smooth kernels of G-compact support Ag; (M); this defines

a homomorphism (7, -) : Ko(A5(M)) — C.
(5) We show that if in addition G satisfies the RD property, for example, if G

is semisimple connected, then r(f extends to Ko(C;(G)) and TOI{W extends
to Ko(C*(M)%), with C*(M)® denoting the Roe algebra of M.

(6) If D is a G-equivariant Dirac operator we consider its index class Indcx)(D) in
Ko(C;(G)) and its Morita equivalent index class Indc«(yryc (D) in Ko(C*(M Y9)
and show that

(z¥, Indc:(Gy(D)) = (t, Indc=(ppy6 (D)) -

(7) We apply the index theorem of Pflaum, Posthuma and Tang [Pflaum et al.
2015b] in order to compute (t M, Indc+(pry6 (D)), thus establishing our higher
C*-index formula in the even-dimensional case.

We remark that item (2) above is of independent interest, and should be compared
with the literature on bounded cohomology of Lie groups; see [Hartnick and Ott
2012; Kim and Kim 2015]

The geometric applications in Theorem 1.5 are then a direct consequence of
the G-homotopy invariance of the signature index class established by Fukumoto
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[2017] and, for the higher A- genera, of the vanishing of the index class Indc: () (D) €
K.(C}(G)) of the spin Dirac operator 0 of a G-spin G-proper manifold endowed
with a G-metric of positive scalar curvature, established by Guo, Mathai and Wang
[Guo et al. 2017]. In the odd-dimensional case we argue by suspension. Notice that
for (certain) 2-degree classes «, the G-proper homotopy invariance of the higher
signatures o (M, o) had already been established by Fukumoto.

2. Preliminaries: proper actions and cohomology

2A. Proper actions. In this section we introduce the geometric setting for this
paper, and list some basic tools that we will need at several points later on. Let
G be a Lie group with finitely many connected components. Recall that a smooth
left action of G on a manifold M is called proper if the associated map

GXM—->MxM, (gx)—(x,gx), g€G,xeM,

is a proper map. This implies that the stabilizer groups G, of all points x € M are
compact and that the quotient space M /G is Hausdorff. The action is said to be
cocompact if the quotient is compact.

The class of manifolds equipped with a proper action of G can be assembled
into a category where the morphisms are given by G-equivariant smooth maps. It
is a basic fact that this category has a final object EG, meaning that any proper
G-action on M is classified by a G-equivariant map ¥ : M — EG, unique up
to G-equivariant homotopy. This EG is called the classifying space for proper
G-actions, and in fact we can take EG := G /K, where K is a maximal compact
subgroup. Then, by writing S := ¥~ !(eK) we see that the S is in fact a global
slice: it is a K-stable submanifold for which there is a diffeomorphism

GxxgS=EM, |[g,x]—gx, geG,xeS.

The existence of such a global slice for proper Lie group actions with finitely many
connected components was first proved in [Abels 1974]. When the action is co-
compact, S is compact as well. Closely related to the global slice is the existence
of a cut-off function. This is a smooth function x € C*°(M) satisfying

/ x(g"'x)dg=1 forallx e M.
G

Here we have chosen, for the rest of the paper, a Haar measure which we nor-
malized so that the volume of the maximal compact subgroup K C G is equal
to 1. When the action of G is cocompact, we can even choose x to have compact
support. The cut-off function is constructed from the global slice S C M as follows:
Choose a smooth function 4 € C°°(M) which is equal to 1 on S and 0 outside an
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open neighborhood of S in M. Then the function

x(x) = </ h(g_1X)dg>
G

is a cut-off function for the action of G.
Choosing a G-invariant Riemannian metric g on M we can refine this construc-
tion as follows: Choose the initial function % to have support inside the tube of

1
h(x)

distance 1 in M around S. Then, rescaling by € > 0 along the radial coordinate
near S, we obtain a family of functions /. satisfying

1 forxesS,

he(X)={
0 ford(x,S) > e.

Using this as input for the construction of the cut-off function above gives a family
of cut-off functions y. approaching xs:
Lemma 2.1. The family of cut-off functions xe, € > 0, satisfies
lim x. = xg,
cJ0 Xe = XS
distributionally.
Proof. We begin by remarking that pointwise

1 forxels,

li =
elf(}xe(x) {0 forx ¢ S.

This is because for fixed x € S the family /. (g~'x) of functions on G converges
pointwise to the characteristic function of K C G, and therefore by dominated
convergence we have

lim/he(g_lx)dg:/ limhé(g_lx)dg:/ dg =1,
el0 Jg G €30 K

by our normalization of the Haar measure on G. With this pointwise limit of y¢ (x)
we have, once again by dominated convergence, that

im [ geoseac= [ timgcosede= [ fooa
€l0 Jm M €40 S
for any test function f € C2°(M). (]

2B. Invariant cohomology and the van Est map. The main point of this subsec-
tion is to define the van Est map associated to a proper action of a Lie group G on M,
and to reinterpret this map as the pull-back in cohomology along the classifying
map Yy : M — G/K.
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Let M be a smooth manifold equipped with a smooth proper action of G. We

define
QM) :={weQ*(M): g'o=o, foral g e G},

the vector space of invariant differential forms. The de Rham differential restricts to
this space of invariant forms and its cohomology, called the invariant cohomology,
is denoted by H (M). Taking the invariant cohomology defines a contravariant
functor on the category of proper G-manifolds with an equivariant map f: M — N
acting on cohomology by pull-back of differential forms as usual. It is not difficult
to see that the induced map f* : Hy (N) — H; (M) depends only on the G-
homotopy class it is in. Given the choice of a cut-off function yx, it is shown in
[Pflaum et al. 2015b] that for a closed form « € Qiim(M) (M), the integral

il’lV,Cl
M

only depends on the cohomology class [«¢] € Hiiivm(M)(M ).

For any manifold M equipped with a proper action of G, the van Est map is a
map Hj(G) — Hgy (M), where H3(G) is the so-called smooth group cohomol-
ogy of G. Let us first recall the definition of this smooth group cohomology. For
G a Lie group, the space of smooth homogeneous group k-cochains is given by

Chu(G) :={c: G**D — C smooth,
(880, -, 88K) = (8o, ..., gk), forall g, go, ..., g € G}.
The differential § : C(G) — CAE!(G) is defined as

k+1

(86)(g0’ C) gk+1) = Z(_l)ic(gls SRR gi’ C) gk+1)a (22)
i=0

where the © means omission from the argument of the function. The cohomology of
the resulting complex is called the smooth group cohomology, written as Hj(G).

With this, the van Est map is constructed as follows: given a smooth group
cochain c € C giff(G), define the differential form

wl = (di - di fo)a, (2.3)

where d; means taking the differential with respect to the i-th variable of the func-
tion f. € C®°(M***D) defined as

fC(x()v e ,Xk)

= _/;;x(k+1) X(go—lxo) e X(gk—lxk)C(go, ooy go) di(go) - - du(gr). o
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Proposition 2.5. The map c — o} defines a morphism of complexes

D} 1 (Cgir(G), 8) — (2, (M), dyg).

mv
On the level of cohomology, it is independent of the choice of cut-off function .

Remark 2.6. Because of this last property, we often omit the superscript x and
write w, and ®3; when the context only refers to the cohomological meaning of
the differential form and the van Est map.

Proof of Proposition 2.5. We start by giving the abstract cohomological definition
of the map @, following [Crainic 2003] using a double complex, after which we
show how to obtain the explicit chain morphism by constructing a splitting of the
rows. The double complex is given as follows. We define

CP4 = C®(G*PHD, Q1(M)).

The vertical differential 8, : C”¢ — CP9*t! is simply given by the de Rham
differential, leaving the G-variables untouched. As for the horizontal differential
8p 1 CP9 — CPT14 this is given by the differential computing the smooth groupoid
cohomology of the action groupoid G x M = M with coefficients in A? T*M,
viewed as a representation of this groupoid. Since the G-action is proper, the
groupoid G x M = M is proper by definition. Therefore, the vanishing theorem
for the groupoid cohomology of proper Lie groupoids in [Crainic 2003] applies,
and we see that the rows in this double complex are exact. There are obvious
inclusions Cg;(G) — C*Y, and Q2 (M) — C%*, and now we see that by finding
the appropriate splittings we can “zig-zag” from one end to the other in the double
complex:

S ) S
1 0,1 h 1,1 h 2,1 h
Ql (M) o - + C C
dT S 51 o I
Q0 (M) co0 % eto_ 20 %
inv ” |5

— —

52

P 5 5
C((i)iff(G) — C(}iff(G) - Cc%iff(G) —

So it remains to find an appropriate splitting s, : CP** — CP*Le. Given a choice
of cut-off function y, the formula

(5p)(80s - -+ » &p—1) :=/ x(g 'x0) (g, g0 - gp-1)|,, @ €CP
G
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does the job: a straightforward computation shows that
Spos+so0d, =id.

With this choice of contraction map, one obtains exactly (2.3) for the invariant
differential form associated to a group cochain. The preceding argument therefore
shows that the map ¢ — . is indeed a morphism of cochain complexes. ([

Remark 2.7 (the van Est isomorphism). The main theorem of [Crainic 2003] states
that if M is cohomologically n-connected, the map @, induces an isomorphism in
cohomology in degree < n and is injective in degree n + 1. In the universal case for
the action of G on G/K, which is contractible, we therefore find an isomorphism
H3+(G) = H¢ (G/K). This is one version of the classical van Est theorem [1955a;

1955b]. In this case we have by left translation

. K
Qi (G/K) = (/\(g/@*) : (2.8)

under which the de Rham differential identifies with the Chevalley—Filenberg dif-
ferential computing the relative Lie algebra cohomology H((g; K). With this, the
van Est isomorphism is written as

Hiw(G) = Hlg(g; K). 2.9
Proposition 2.10. Let f : M — N be an equivariant smooth map between proper
G-manifolds. Then the following diagram commutes:

D
H}o(G) —— H? (N)

T

H (M)

mv
Proof. Let x) be a cut-off function for the G-action on M. Then the pull-back
f*xm is a cut-off function for the G-action on N. For this cut-off function we
obviously have a)Z M f*wX". The result now follows from the fact that the
van Est map is independent of the choice of cut-off function. (]

Corollary 2.11. Under the van Est isomorphism H}(G) = H; (G/K), the van Est

inv

map is identified with the pull-back along the classifying map ¥y : M — G/K, i.e.,
Dy =Yy

2C. Group cocycles of polynomial growth. In a later stage of the paper, in the
discussion of the extension properties of cyclic cocycles associated to smooth group
cocycles, it will be important to control the growth of these group cocycles. To this
end, we shall prove below a criterion guaranteeing that we can represent classes
in Hg(G) by cocycles that have at most polynomial growth. For this, we begin
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by recalling Dupont’s inverse [1976] of the van Est map ®¢,x establishing the
isomorphism (2.9). Choose an Adg-invariant inner product ( , ) on g, which, by
left translations, induces a G-invariant Riemannian metric on G/K. This metric
defines an orthogonal decomposition g = p @ € with p = T,x(G/K). Since K
is maximal compact, the (Riemannian) exponential map induces an isomorphism
p = G/K (with inverse denoted by log), and we can define the contraction

@s(x) :=exp(s log(x))

of G/K to its basepoint eK € G/K, i.e., | =idg,/gx and ¢y(x) = eK. Now, given
k+1 points goK, ..., grK € G/K, also denoted gy, . .., gk, we can consider the
geodesic simplex A*(goK, ..., g«K) C G/K defined inductively as the cone over
A*1(gy, ..., gr) with tip point go. More precisely, define the singular simplex
o%(g0,.... &) : AF > G/K, where AV :={ (19, ..., 1) eR* 11,20, Y, 1, =1},
by

o (goK, ..., gk K)(to, ..., tr)

1, — _ n 173
= gov [0 (8o 1K, .., 85 ' &k K) . (2.12)
1—1 1—1

and aO(gK) =g K. We write AF (goK, ..., grK) for the image of this simplex. By
construction, this k-simplex is G-invariant: gAX(go, ..., gx) = A (%0, ..., 88k)-
With these simplices we define a map

J: Q2 (G/K) — C3(G), ar— J(@)(8go,---,8) :=f a, (2.13)
Ak(goK,....g K)
which is easily checked to be a morphism of cochain complexes. Since &g, xoJ =id,
J is a quasi-isomorphism.

Theorem 2.14. Let G be a Lie group with finitely many connected components.
Let K be a maximal compact subgroup and assume that G/K is of nonpositive
sectional curvature with respect to the G-invariant metric induced by an Adg-
invariant inner product ( , ) on g. Then the group cocycle associated to a closed
o€ anv(G/K) has polynomial growth. More precisely, if we write d(g) for the

distance from eK to gK in G/K, there exists a constant C > 0 and a natural
number N € N such that the following estimate holds true:

1 (@)(g0s - 8| < C+d(g)N --- (1 +d(g).

Proof. Denote by ||| the norm of the Lie algebra cocycle o € CgE(g; K)= Qfﬂv(G/ K)
defined by the K-invariant metric on the Lie algebra g of G that defines the met-
ric on G/K. Since o is a G-invariant differential form we obviously have the
inequality

17 (@)(g0, - --» )| < ller]] VOI(A¥ (o, ..., &)
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We now prove that, under the assumptions of the theorem, the volume of the geo-
desic k-simplex on G/K has at most polynomial growth in the geodesic distance
of its vertices, thus completing the proof. For this we adapt an argument from
[Inoue and Yano 1982, Proposition 1]; we thank Andrea Sambusetti for very useful
discussions on this point and for bringing this article to our attention.

Let t: AM"1(g1K, ..., gtK) x[0,1] = AX(eK, g 1K, ..., grK) be defined by

T(-xv t) = (pl—l(-x)‘

With this we can write

T* dVOIAk(eK,glK aK) = d)(x, t) dt N 7T* dVOIAk_l(glK,...,ng)

.....

for some function ¢ (x, t), where
7 AN @K, aK) < [0, 11— AN (@K, L @iK)

is the projection.

Choose xg € AF~! (81K, ..., gxK) and let y,, (¢) := @s(x0) be the geodesic start-
ing in yy,(0) = xp and ending in the basepoint yy,(1) =eK. Let X((0), ..., X,—1(0)
be an orthonormal frame of 7, (G/K) such that X((0) =y (0)/L, with L =d(eK, x)
the length of yy,, and such that X¢(0), ..., Xzx—1(0) span TxOAk(eK, g1k, ..., gK).
We denote by X;(¢) the unique extension to parallel vector fields along yy, ().

We now choose local coordinates (yl, R yk_l) on A"_l(gl K, ..., gxK)around
xo satisfying

d
a—y,-(XO) = X;(0) + b; X0(0), (2.15)
for some constants b; € R. We then get local coordinates (y', ..., y*~!, ¢) around
the image of y, such that (yé, ey yéfl, 0) corresponds to the point xo. Comparing

the vector fields 3/9y’ with X ; defines functions a;; : [0, 1] — R by

n—1
0
3y 7O =2 ay X, ). (2.16)
j=0
The normal projection of /3y’ along y,, (¢) is then the vector field

n—1
Yi(6):=) ay(OX;@), i=1....k-1,

Jj=l

satisfying Y;(0) = X;(0) and Y;(1) = 0. Now note that the vector field 9/ Byi is a
Jacobi field along the geodesic yy, (), because by its definition we have

.....
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where y(,1 -1y (7) is the geodesic ¢ (0, y!', ..., ¥*) connecting
oLy he AR gik, L g K)
with eK, and xo = (yé, e, y(])‘_l) in local coordinates. It follows that Y;(¢) is also a

Jacobi field along yy, (f) because it is the normal projection of 9/ dy'. (The normal
and tangential projections of a Jacobi vector field are Jacobi.)
We define the (k—1) x (k—1) matrix A(¢) with entries

n—1

Vi), Y;(0) =Y ai(t)ayj (1)

k=1

Now, computing the inner products of the vector fields 3/9y’ we get from (2.15)
and an elementary computation that

It follows that
@ (xp, 1) = M < L./det(A(2)).
(1+3,57)

Consider now the Jacobi field U (¢) = Zf;ll u'Y; (t), for a vector u = (u' )f:ll e RK1,
By the Jacobi equation we now have

d? . 2 9\ 9
O =20V U O =2(R(V @), ) 55 UD) 2 0.

Together with the fact that |[U(0)||> = |lu||> and ||[U(1)||> = 0, it follows that
UM < lul*(1—1).
We obviously have

( qu(r)u)"“
det(A(t)) < (sup ——=— )

uro  Null?
and u’ A(t)u = |U (1), so that we can conclude that
det(A(t)) < (1 =)L,

This is the crucial estimate that we use below. Before we complete the proof of
the theorem, we prove the following lemma:

Lemma 2.17. For x € Ak_l(glK, .., 8 K)C Ak(goK, ..., 8k K), we have

d(goK, x) < max{d(goK, g1K), ...,d(goK, gK)}.



484 PAOLO PIAZZA AND HESSEL B. POSTHUMA

Proof. We prove this by induction. For k = 1, the statement is obvious. Suppose
now that we have proved the lemma for k — 1. Consider

xe AN @K, ..., aK) C Af(goK, ..., &1 K).

Let y(¢) be the geodesic connecting g; K and x, but continued until it hits the
simplex AK=2(g,K, ..., gxK) in a point that we call y. Using convexity of the
distance function on a manifold with nonpositive sectional curvature, we see that
d(goK, x) <max{(d(goK, g1K),d(goK, y)}. To estimate the distance d(goK, y),
we now consider the geodesic simplex AK~!(goK, 22K, ..., grK) and apply the
induction hypothesis. U

The final step in the proof of the theorem is an induction argument: First observe
that for k = 1, the statement of the theorem is obviously true because A'(goK, g1 K)
is simply the geodesic connecting goK and g; K. Suppose now that we have
proved the statement for k — 1. Then we compute the volume of the simplex
Ak(eK, g1K, ..., gK) as follows:

Vol(A¥(eK, g1K, ..., grK))

= / AVolak ek g K. ..., 01 K)
AK(eK,g1K,....gkK)

.....

1
= Ak_l(g Ko K)</O o(x,1) dt) Avolpi-t (g k. g k) (X)
1 k

.....

1
5/ L(x)</ (1—t)<k—1>/2dt> dvol pk-1(g k... gy i) (X)
A1(giK,... .8k K) 0

.....

.....

k
<C[]a+d(gn) Vol(A* ' (a1K, ..., gk K)).
i=1
By the induction assumption,
k—1
Vol(A* " (g1K, ..., g K)) < C'[ (1 +d(giK. giK)).
i=1
Together with the inequality d(g1K, g;K) < d(goK, g1K) + d(goK, g:K), this
completes the proof of the theorem. ([

Example 2.18. As an example, consider the abelian group G = R? with maximal
compact group given by the trivial group {0} C R?. In this abelian case we have that
Hi;v([R{Z) = A°®R?2, and a generator in degree 2 is given by the area form dx A dy,
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so that we find
J(dx Ady)(x, y, z) = Areage (A% (x, y, 2)), (2.19)

which evidently grows polynomially in the norm of x, y and z.

Remark 2.20. (i) When G is a connected semisimple Lie group, G/K is a non-
compact symmetric space and has nonpositive sectional curvature [Helgason 2001].
Therefore the curvature assumptions in the lemma are automatically satisfied in this
case. In fact, the conjecture in [Dupont 1979] is that for semisimple Lie groups all
these cocycles are bounded. For recent work on this conjecture, see [Hartnick and
Ott 2012; Kim and Kim 2015]. In this last reference, different simplices are used,
given by the barycentric subdivision of the geodesic ones, to prove boundedness
of the top-dimensional cocycle for general connected semisimple Lie groups.

(ii) In general, the polynomial bounds of the lemma above are not sharp, as ex-
pected from the conjecture mentioned in (i). For example, when G = SL(2, R),
the maximal compact subgroup is given by K = SO(2) so that G/K = H?, the
hyperbolic 2-plane. Again, we have Hifw([l-l]z) = R, with generator the hyperbolic
area form. This leads to a smooth group cocycle given by the same formula as
(2.19) above, replacing the Euclidean area by the hyperbolic one, but this time the
cocycle is bounded because the area of a hyperbolic triangle does not exceed 7,

confirming the boundedness in top-degree mentioned in (i).

3. Algebras of invariant kernels

3A. Smoothing kernels of G-compact support. Let M again be a closed smooth
manifold carrying a smooth proper action of a Lie group G with |mo(G)| < oo
and with compact quotient. We choose an invariant complete Riemannian metric,
denoted &, with associated distance function denoted by dys(x, y) for x,y € M,
and volume form dvol(x). We fix a left-invariant metric on G and we denote by
dg the associated distance function.

Definition 3.1. Consider a G-equivariant smoothing kernel k € C*°(M x M); thus
k is an element in C®(M x M)®. We say that k is of G-compact support if the
projection of supp(k) C M x M in (M x M)/G, with G acting diagonally, is
compact.

We denote by A¢; (M) the set of G-equivariant smoothing kernels of G-compact
support. It is well known that Ag; (M) has the structure of a Fréchet algebra with
respect to the convolution product

(kxk)(x,2) =/ k(x, y)k'(v, z) dvol(y).
M

It is also well known that each element k € Ag (M) defines an equivariant linear
operator S : CX°(M) — C2°(M), the integral operator associated to the kernel k,
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and that S o Sy = Si.’. Moreover, S extends to an equivariant bounded operator
on L2(M). We have therefore defined a subalgebra of B (L*(M)), which we denote
as Sg;(M); by definition,

SE(M) := {Si - k € AL (M), (3.2)

The case in which there is an equivariant vector bundle £ on M is similar, in that
we start with G-equivariant elements in C*°(M x M, E X E*) and then proceed
analogously, defining in this way the Fréchet algebra Ag (M, E) and S;; (M, E) :=
{Sk : k € A5 (M, E)}, a subalgebra of B(L*(M, E)).

Notation. Keeping with a well-established abuse of notation, we often identify
Ag (M, E) with S;,(M, E), thus identifying a smoothing kernel & in A (M, E)
with the corresponding operator S € S;;(M, E).

3B. Holomorphically closed subalgebras. Using the remarks at the end of the pre-
vious subsection we see that S;;(M, E) is in an obvious way a subalgebra of the re-
duced Roe C*-algebra C*(M, E)°. Recall that C*(M, E)© is defined as the norm
closure in B(L?*(M, E)) of the algebra CX(M, E )¢ of G-equivariant bounded oper-
ators of finite propagation and locally compact. In fact, S (M, E) C CX(M, E )C.
The Roe algebra is canonically isomorphic to K(£), the C*-algebra of compact
operators of the Hilbert C;(G)-Hilbert module £ obtained by closing the space
C2°(M, E) of compactly supported sections of E on M, endowed with the C}G-
valued inner product

(e.e)crg(x) :=(e,x-€)2.p), e, € €CFP(M,E), x €G. (3.3)
See for example [Hochs and Wang 2018], where the Morita isomorphism
K.(K()) = Ko(C*(M, E)9) %> K.(C}G)

is explicitly discussed. We shall come back to this important point in a moment.
The subalgebra S;; (M, E) is not holomorphically closed in C*(M, E )G, On the
other hand, such a subalgebra of C*(M, E)¢ is implicitly constructed in [Hochs
and Wang 2018, Section 3.1] by making use of the slice theorem. We recall the es-
sential ingredients, following [Hochs and Wang 2018, Section 3.1] (we also extend
the context slightly for future use).

As already remarked in the previous section, under our assumptions on G, there
exists a global slice for the action of G on M. Thus if K is a maximal compact
subgroup of G there exists a K-invariant compact submanifold S C M such that
the action map [g, s] > gs, g € G, s € §, defines a G-equivariant diffeomorphism

GXKS£>M,
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where S is compact because the action is cocompact. Corresponding to this diffeo-
morphism we have an isomorphism E = G x g (E|yg), and thus isomorphisms

CX(M, E) = (CX(G)®C™(S, E|s)X,
C®(M, E) = (C®(G) & C™(S, E|s))X.

See [Hochs and Wang 2018, Section 3.1]. Here we are taking the projective tensor
product ®, of the two Fréchet algebras; however, since C*°(S, E|s) is nuclear,
the injective ®. and projective ®, tensor products coincide, which is why we do
not use a subscript. Consider now W ~°°(S, E|s), also a nuclear Fréchet algebra,

and let - A
A%(M, E) = (CX(G) ® ¥™°(S, Els) K.

Z‘& (M, E) is a Fréchet algebra, with product denoted by *. Let ke ZE; (M, E) and
consider the operator T; on L*(M, E) given by

(Toe)(gs) = /G fs k(g 5,58 e(g's))ds dg. (3.4)

This is a bounded G-equivariant operator with smooth G-equivariant Schwartz
kernel given by _
K(gs, g's") = gk(g™'¢,s, 58’ 7,

where the g and g’ ~! on the right-hand side are used in order to identify fibers on

the vector bundle E. The assignment k — T, is injective and satisfies
To Ty = Tiup-
Consider the subalgebra of the bounded operators on L>(M, E) given by
{T: 1k € A% (M, E))

endowed with the Fréchet algebra structure induced by the injective homomor-
phism k — T7. It is easy to see that this algebra is precisely equal to the algebra
we have considered in the previous subsection, S;;(M, E) := {8y : k € A; (M, E)}.

Thus, -~
SG¢(M,E)=(T; :k e A;(M, E)}. 3.5)

In summary, using the slice theorem we have realized S; (M, E) as a projective
tensor product of convolution operators on G and smoothing operators on S. This
preliminary result puts us in the position of enlarging the algebra S¢;(M, E) and

obtaining a subalgebra dense and holomorphically closed in C*(M, E)©. To this
end we give the following definition.

Definition 3.6. Let A(G) a set of functions on G. We say that A(G) is admissible
if the following properties are satisfied:
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(1) A(G) is a Fréchet space and there are continuous inclusions
C®(G) C A(G) C L*(G);
(2) the action by convolution defines a continuous injective map A(G) — C*(G)
which makes A(G) a subalgebra of C(G);
(3) A(G) is holomorphically closed in C;(G).

We can then consider
AG(M, E) == (A(G) @ W™°(S, E|5))K*K,

a Fréchet algebra, and for ke AVG (M, E), the bounded operator T} on L*(M, E)
given by

(Tre)(gs) = fG /S gk(g7'g',s,5))g le(g's) ds' dg'. (3.7)

The operator T} is an integral operator with G-equivariant Schwartz kernel « given
by K (gs, g's') = gk(g~'g',s,s)g’~!. Since A(G) — C*(G), with A(G) acting
by convolution, we see that T is L?-bounded.

Definition 3.8. We define Ag (M, E) as the subalgebra of the bounded operators
on L>(M, E) given by

AG(M, E) :={T; :k € Ag(M, E)).

We endow Ag (M, E) with the structure of a Fréchet algebra induced by the injec-
tive homomorphism k — T7.

Proposition 3.9. Under the assumptions (1)-(3) for A(G) in Definition 3.6, the
following hold:

(i) We have a continuous inclusion of Fréchet algebras
SG(M,E)C Ag(M, E). (3.10)

(i) Ag(M, E) is a dense subalgebra of C*(M, E)® and it is holomorphically
closed.

Proof. (i) The continuous inclusion of Fréchet algebras S¢,(M, E) C Ag(M, E)
follows immediately from (3.5).

(i) The fact that Ag(M, E) is a dense subalgebra of C*(M, E)Y is proved pre-
cisely as in [Hochs and Wang 2018, Lemma 3.3]; the property of being holomor-
phically closed follows easily from the hypothesis that .A(G) is holomorphically
closed in C}G and the well-known fact that W~°°(S, E|s) is holomorphically
closed in the compact operators of L?(S, E|s). U
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Definition 3.11. Let G be a Lie group and let L be a length function on G. We
consider

HX(G) = {f e L*(G): / (14 L)X f(x)> dx < +oo for all k € N} (3.12)
G

endowed with the Fréchet topology induced by the sequence of seminorms

ve(f) == (L + LY £l o (3.13)

We say that the pair (G, L) satisfies the rapid decay property (RD) if there is a
continuous inclusion H;°(G) < C(G).

For conditions equivalent to the one given here, see [Chatterji et al. 2007]. We
also recall that if G satisfies (RD) then G is unimodular [Ji and Schweitzer 1996].

Proposition 3.14. Let G be a Lie group with |my(G)| < 00; we can and shall
choose L to be the length function associated to a left-invariant Riemannian metric.
Assume additionally that G satisfies (RD) (with respect to this L). Then

HX(G) = {f e L*(G): / 1+ L) f )P dx < -1—00} (3.15)
G

satisfies the properties (1)—(3) given in Definition 3.6. Consequently, for G with
|70(G)| < 0o and with the (RD) property, there exists a subalgebra of C*(M, E)Y,
denoted S’ (M, E), which consists of integral operators, is dense and holomorphi-
cally closed in C*(M, E)° and contains S¢ (M, E) as a subalgebra.

Proof. The fact that H;°(G) is not only contained in C(G), via convolution, but
is in fact a subalgebra of it, follows from [Jolissaint 1990]. Hence H;°(G) satisfies
the properties (1) and (2) given in Definition 3.6. The fact that this subalgebra is
holomorphically closed is proved as in [Jolissaint 1989]. The rest of the proposition
then follows from Proposition 3.9. (]

Example 3.16. Here are two examples of Lie groups that satisfy property (RD),
and to which our theory applies:

(1) The abelian group R" satisfies (RD). In this case the algebra H°(R") associ-
ated to the length function defined by the Euclidean metric is the algebra of
rapidly decaying functions on R".

(2) Connected semisimple Lie groups satisfy property (RD) [Chatterji et al. 2007],
for example G = SL(2, R). In this case the algebra H;°(G) is closely related
to Harish—Chandra’s Schwartz algebra C(G) (see below).

Remark 3.17. We have just seen that for G semisimple, by taking A(G) = H;°(G)
we obtain a holomorphically closed subalgebra Sg°(M, E) C C*(M, E )¢. Notice
that there are other algebras that can be considered. For example, we can consider
as in [Hochs and Wang 2018] the Harish-Chandra Schwartz algebra C(G) C C}(G).
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This is a holomorphically closed subalgebra of C;(G) [Latforgue 2002], which
is made of smooth functions acting by convolution. The corresponding algebra
Cg(M, E) C C*(M, E) is a subalgebra of C*(M, E)° with elements that are in
fact smoothing operators. One can prove that C(G) C H;°(G) [Varadarajan 1977,
§1L.9] and consequently, Cg (M, E) C SF(M, E). Notice that Hochs and Wang
have proved that the heat operator exp(—¢D?) is an element in Cg(M, E). Hence
exp(—tD?) € S¥(M, E).

4. Index classes

From now on we make constant use of the identification A; (M, E) = S;;(M, E).

4A. The index class in K,.(C*(M, E)¢). We consider as before a closed even-
dimensional manifold M with a proper cocompact action of G. Let D be a G-
equivariant odd Z;-graded Dirac operator. Recall, first of all, the classical Connes—
Skandalis idempotent. Let O, be a G-equivariant parametrix of G-compact sup-
port with remainders Sy ; here the subscript o stands for symbolic. Consider the

2x2 matrix 82 S.I1S)0
o oo+ 494
P, '_(S_D+ I—s2 ) “4.1n
This produces a class

Ind.(D) :=[Ps] —[e1] € Ko(A;(M, E)) withe; := (8 ?) 4.2)

To understand where this definition comes from, see for example [Connes and
Moscovici 1990]. Recall now that A (M, E) C C*(M, E)C.

Definition 4.3. The C*-index associated to D is the class
Indc-(m.5) (D) € Ko(C*(M, E)?)

obtained by taking the image of the Connes—Skandalis projector in Ko(C*(M, E )6).
Unless absolutely necessary, we denote this index class simply by Ind(D).

Remark 4.4. If we are in the position of considering a dense holomorphically
closed subalgebra Ag (M, E) of C*(M, E )C as in the previous section, then we can
equivalently take the image of the Connes—Skandalis projector in Ko(Ag(M, E))
(recall that, by construction, A (M, E) CAg(M, E) CC*(M, E )9). For example,
if G satisfies (RD) and |79(G)| < o0, then we can take the C*-index class as the
image of the Connes—Skandalis projector in Ko(Sg (M, E)).

Remark 4.5. There are other representatives of Ind(D) € Ko(C*(M, E )¢) that
can be of great interest. For example, as in [Connes and Moscovici 1990], we can
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choose the parametrix (which is not of G-compact support)

I —exp(—iD~ D™
Qv = P( )D+,
D—D+*
obtaining I — Qy D" = exp(—31D~D*), I — D*Qy = exp(—3DTD~). This
particular choice of parametrix produces the idempotent

_ _ _p— Dt
e~D DY ,—iD D‘*'(If[e)fl’)f )D~
Vp = . o . (4.6)
e—3DD D+ [ — DD

We call this the Connes—Moscovici idempotent. One can also consider the graph-
projection [ep] — [e1] € Ko(C*(M, E)%) with ep given by

( (I+D~-D*H)~! (I+D~D")~"'D- )
ep = .

DY*(I+D~DY)! DY +D D" 'D~ “.7)

Finally, following [Moscovici and Wu 1994], we can consider the projector

S3 Sy +SPP )

S Dt [-§2 (4.8)

P(D) := (
with P = a(D~DT)D~, S, =1 —PD*V, S_ =1 — DtP and i(x) := u(x?)
with u € C*°(R) an even function with the property that w(x) =1 — x2u(x) is a
Schwartz function and w and u have compactly supported Fourier transform. One
proves easily that P(D) € M3, 2(Ag (M, E)) (with the identity adjoined). It is not
difficult to prove that

Ind(D) :=[P5]—[ei]
=[Vpl—leil=lepl —[er] = [P(D)] —[e1] in Ko(C*(M, E)Y).

The advantage of using the Connes—Moscovici projection, the graph projection or
the Moscovici—Wu projection is that Getzler rescaling can be used in order to prove
the corresponding higher index formulae. This is crucial if one wishes to pass, for
example, to manifolds with boundary. However, in this paper we concentrate solely
on closed manifolds and use the approach to the index theorem given in [Pflaum
et al. 2015b]; this employs the algebraic index theorem in a fundamental way.

4B. The index class in Ko(C;(G)). There is a canonical Morita isomorphism M
between K,.(C*(M, E)°) and K.(C}(G)). This is clear once we bear in mind
that C*(M, E)° is isomorphic to KK(&); however, for reasons connected with the
extension of cyclic cocycles, we want to be explicit about this isomorphism. We
assume the existence of a dense holomorphically closed subalgebra A(G) C C}(G)
and follow [Hochs and Wang 2018]. Let Ag (M, E) be the dense holomorphically
dense subalgebra of C*(M, E)° corresponding to A(G), as defined in Section 3B.
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Define a partial trace map Trg : Ag(M, E) — A(G) associated to the slice S as
follows: if f ® k € (A(G)) ® W~2(S, E|s))X*X then

Trs(f ®k) := fTr(Ty) = fftrk(s,s) ds,
s

with T denoting the smoothing operator on S defined by k and Tr(7}) its functional
analytic trace on L(S, E|s). It is proved in [Hochs and Wang 2018] that this map
induces the Morita isomorphism M between K,(C*(M, E)Y) and K.(C}(G)).
We denote the image through M of the index class Ind(D) € Ko(C*(M )C) in the
group Ko(C;(G)) by Indcs(G)(D). There are other well-known descriptions of
the latter index class: one, following [Kasparov 1980], describes the C;(G)-index
class as the difference of two finitely generated projective C;(G)-modules, using
the invertibility modulo C(G)-compact operators of (the bounded transform of) D;
the other description is via assembly and KK-theory, as in [Baum et al. 1994]. All
these descriptions of the class IndcxG)(D) € Ko(C}(G)) are equivalent. See [Roe
2002; Piazza and Schick 2014, Proposition 2.1].

5. Cyclic cocycles and pairings with K-theory

5A. Cyclic cohomology. In this subsection we briefly review the basic complex
computing cyclic cohomology. Let A be a unital algebra. The space of reduced
Hochschild cochains is defined as

C24(A) :=Homc(A® (A/C1)*, C)

and is equipped with the Hochschild differential b : C fed(A) - C f;gl (A) given by
the standard formula

k
br(ag, ..., aks1) =) (=D'tlao. ..., didis1, ... a)+DH e (agan, ).
i=0

The cyclic bicomplex is given by

1o

(A) 25 ¢l (A) 25 0 (A)

red
b bT

CL(A) 25 (A)

red

b
Ch4(4)
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where B : Cfed(A) —-C feﬁl (A) denotes Connes’ cyclic differential
k—1
Br(ag, ... ax-1) =) (=D V(L a ... a1.ap, ..., ai-).
i=0

We denote the total complex associated to this double complex by CC*®(A). When
A is not unital, we consider the unitization A = A @ C, and compute cyclic coho-
mology from the complex CC*(A) := CC’(Z)/CC'(C).

Finally, let us close by mentioning that the structure underlying the definition
of cyclic cohomology is that of a cocyclic object. This is a cosimplicial object
(X*, 0% 0°) equipped with an additional cyclic symmetry " : X" — X" of order
n + 1 satisfying well-known compatibility conditions with respect to the coface
operators d and degeneracies o; see [Loday 1998]. For the cyclic cohomology of an
algebra the underlying cosimplicial object is given by X* = C¥(A) with coface and
degeneracies controlling the Hochschild complex. The additional cyclic symmetry
t underlying cyclic cohomology is simply the operator which in degree k cyclically
permutes the k + 1 entries in a cochain 7 € C kca).

5B. The van Est map in cyclic cohomology. Let G be a unimodular Lie group
with |m9(G)| < oco. In this subsection we describe, following [Pflaum et al. 2015a;
2015b], how to obtain cyclic cocycles from smooth group cocycles. In this, we can
work with two algebras: C2°(G), the convolution algebra of the group, and A¢; (M),
the algebra of invariant smoothing operators with cocompact support. In order to
simplify the notation we take the vector bundle E to be the product bundle of
rank 1.

We start by recalling a well-known fact: inspection of the differential (2.2)
shows that the cochain complex (Cg;(G), §) computing smooth group cohomol-
ogy Hg«(G) comes from an underlying cosimplicial structure given by coface
maps 9’ and codegeneracies o/ defined on the vector space of homogeneous smooth
group cochains C§,(G). This simplicial vector space can be upgraded to a cocyclic
one by the cyclic operator ¢ : C* — C* given by

)80, -+ 8k) = [(8ks 805 -+ - 8k—1)s [ € Chi(G).

As seen above, the Hochschild theory of this cocyclic complex is just the smooth
group cohomology. The associated cyclic theory is given by &P, Hd'itTfZi (G).

Let us now describe the associated cyclic cocycles on the convolution algebra
C2°(G). Instead of using the full complex of smooth group cochains, we restrict
to the quasi-isomorphic subcomplex Cd.iff, ,(G) C C3i(G) of cyclic cochains, i.e.,
cochains ¢ € Cé‘iff(G) satisfying

(80, ---» 8k) = (=D*c(gr, g0, - - - 8k-1)-
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Let ¢ € CX.(G) be a smooth homogeneous group cochain. Define the cyclic
cochain 7, € CK(C°(G)) by

TCG(ao,---,ak):/ kC(e, 81, 81825 -+ 81" 8k)
G><
~ap((g1 -+ g0~ ar(g) -+~ ax(gi) dg1 - - dgk.  (5.1)
Next up is the algebra Ag, (M) of invariant smoothing operators with cocompact

support. Again given a smooth homogeneous group cochain ¢ € C, é‘iff(G), we now
define a cyclic cochain on this algebra by the formula

™ ko, ..., ky)

:=/ / X (x0) -+ x (xn)ko(x0, g1X1) - - - kn (X, (81 -+~ g2) ™' %0)
Gxk J ppxk+1)
cle, 81,8182, -, 81" &) dxg---dx,dgy---dg,. (5.2)

Proposition 5.3. (i) The map ¢ — t° defined above is a morphism of cochain
complexes, and therefore induces a map

W : H3x(G) — HC*(CX(G)).

(i) The map c +— 1:CM defined above is a morphism of cocyclic complexes, and
therefore induces a map

Wy Hy(G) — HC®(AG(M)).

Proof. Both of the statements are already known: for the first one, see [Pflaum
et al. 2015a, §1.3], and for the second, [Pflaum et al. 2015b, §2.2]. U

Example 5.4. In Example 2.18 we discussed the smooth group 2-cocycles for
G =RZ?, G=SL(2, R), associated to the area forms of the homogeneous space G/K,
equal to R and H?, respectively. Let us now consider the cyclic cocycles defined
by these forms via the construction (5.1) above. For G = SL(2, R) this gives the
following cyclic 2-cocycle on C°(SL(2, R)):

SFER (o, fis f) = / fo((g1g2) ™M fi(g1) f(g2)
SL(2,R)

SL2,R)
- Areay (A%(, 81, 82)) dg1 dgo.
This is exactly the cyclic cocycle considered in [Connes 1985, §9]. For G = R? we
get a cyclic 2-cocycle on C°(R?) (with convolution product) given by the same
formula with the hyperbolic area replaced by the Euclidean area, and integrations
being over R? instead of SL(2, R), again considered in [Connes 1985, §9]. After
Fourier transform f — f this cocycle takes the usual form

to(for fis f2) = /R odfindps for fo, fi, fre CEE).
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5C. Extension properties. In the previous subsection we constructed cyclic co-
cycles T8 on C°(G) and tM on A (M) from a homogeneous smooth group co-
cycle c. (Recall, once again, that for notational convenience we are taking E to be
the product rank 1 bundle.) In Section 3B we have given sufficient conditions on G
ensuring that these algebras embed into holomorphically closed subalgebras A(G)
and Ag (M) of the reduced group C*-algebra and of the Roe algebra. Now we want
to discuss the extension properties of these cocycles. Assume, quite generally, that
we are given a subalgebra A(G) as in Definition 3.6, with associated algebra of
operators on L*(M) denoted, as usual, as Ag(M). First, we have:

Proposition 5.5. Letc € C é‘iff ,(G) be a smooth group cocycle. Then

‘[cG extends to A(G) — t(f” extends to Ag(M).

Proof. Recall that the algebra Ag (M) is constructed from the choice of subset
A(G) C C}(G) by the slice theorem: an invariant kernel k belongs to Ag (M) if
the function ~

k(g, s1, $2) == k(s1, g52)

belongs to .
(AG) ®W=(S, E|s)) kK.

These functions IE,-(g,-, Xi, Xit1),1=0,...,n—1, and lzn((gl o gn) 7Y xa, x0) are
used in the formula (5.2) for the cocycle ‘ECM . Since the cut-off function x has
compact support, performing the integrations over M in (5.2), we end up with the
pairing of an element in A(G)®**D with the group cocycle ¢ as defined in (5.1).
But then it is clear that ‘ELM is well-defined on Ag (M) if rcG is well-defined on
A(G). O

For the following, recall from Section 2C the explicit form (2.13) of the van
Est isomorphism mapping a closed invariant form o € Q{‘nv(G /K) to a smooth
group cocycle J(x) € Cgiff(G). For notational convenience, we drop the J in the
description of the associated cyclic cocycles, writing 7¢ and t instead of rJG(a)

M
and T )

Proposition 5.6. Let G be a Lie group with finitely many connected components
and satisfying the rapid decay property (RD). Assume that G/K is of nonpositive
sectional curvature. Then the cocycle tf associated to a closed invariant differ-
ential form a € Q{‘nv(G/ K) extends continuously to H{°(G). Consequently, the
cyclic cocycle T extends to S (M).

Proof. Recall the definition of the smooth group cocycle J(«) € C giff(G) defined
in (2.13), satisfying the polynomial estimates of Theorem 2.14. This, together with

the rapid decay property of G, ensures we can follow the line of proof of [Connes
and Moscovici 1990, Proposition 6.5], where the analogous extension property is
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proved for certain discrete groups. To show that the cyclic cocycle 7, extends con-
tinuously to the algebra H;°(G), we need to show that it is bounded with respect
to the seminorm vy in (3.13) defining the Fréchet topology, for some k € N. Let
aop, ..., a € H°(G), and write ap := |ag|, a; (g) := (1+d(g))k|a,-(g)|, i=1,...,k
Then we can make the following estimate:

7 (@, a)l < C |~ (A+d(g)) - (1+d(@) lao((g1- g0 ™)l
G><
lai(gol- -+ lai(gr)l dgi - - - dg
=C(ap*---*a)(e)
<Cllag*---*alcxc)
< Cllaolicx) - - - lakllcx6)
< CD**'v,(ao) - - vp(@r) = CD** v, k(o) - - vpra(ar).
In this computation we have used the fact that the Plancherel trace a — a(e) on the
convolution algebra has a continuous extension to C;(G), together with the rapid

decay property: ||a|cx) < DII(1 +d)Pal|2, for some p. Altogether, this proves
the proposition. ([

5D. Pairing with K-theory. Cyclic cohomology was first developed by Connes
to pair with K-theory via the Chern character. Let us recall this construction. Let
1=(10, T2, ..., Tox) ECC**(A) be a cyclic cocycle of degree 2k on a unital algebra A,
and [p] —[¢] an element in Ko(A) represented by idempotents p, g € My (A). The
number

(lrl1=1Igql.7)

= i(—l)"%(ﬁn(tr([? - % Pseeos P)) - TZn(“(‘I - % q4---> q)))
n=0

where tr: My (A)®0+D — A®+D g the generalized matrix trace, is well-defined
and depends only on the (periodic) cyclic cohomology class of 7.

Proposition 5.7. Let ¢, A(G) and Ag(M) be as in Proposition 5.5, and assume
that tCG , and therefore rCM , extends. Then, under the Morita isomorphism

M : Ko(C*(M, E)9) = Ko(C}(G)),
we have the equality

([p]—[q]. T} = IM(p] - [q]). T&).

Proof. Recall that the isomorphism M : K(C*(M, E)¢) — K (C}(G)) is imple-
mented by the partial trace map Trg : Ag(M, E) — A(G) on the respective dense
subalgebras. By the abstract Morita isomorphism M, it suffices to consider a
simple idempotent e = e; ® e € M,,(Ag (M, E)), so that Trg(e) = Trs(ep)e; yields



HIGHER GENERA FOR PROPER ACTIONS OF LIE GROUPS 497

an idempotent in M, (A(G)), where we have extended Trg to matrix algebras in
the usual way by combining with the matrix trace.

Because we know that the cyclic cohomology class of 7. is independent of the
choice of a cut-off function, the pairing with K-theory does not depend on this
choice either, so we can choose the family x. constructed in Lemma 2.1 and take
the limit as € | O:

([e], T)
! (2k)!
= lim / / Xe(X0) - - - Xe (Xn)e(x0, g1X1) - - - e(xn, (g1 -+ - gu) "' x0)
elo k! G ¥k J ppxk+1)

cle, 81,8182, -, 81" &) dxo---dx,dgy---dg,

(Zk)'
. (H])e(xo g1x1) - e(Xn, (g1 gn) ' X0)
G*KkJ §%
cle, 81,8182, -, 81" &) dxg---dx,dgy---dg,

(2k) T »
i rs(es---e2) GXkel(gl)...el((gl...gn) )
c(e, 81,8182 ----81 &) dg1---dgy
= (IM(e)], °),

where, to go to the last line, we have used the fact that e% = ey is an idempotent.
This completes the proof. ([

6. Higher C*-indices and geometric applications

6A. Higher C*-indices and the index formula. 1.et M and G be as above, with
M even-dimensional. Hence G is a unimodular Lie group with |7(G)| < oo. (For
the time being we do not put additional hypotheses on G.) Let E be an equivariant
complex vector bundle. Consider an odd Z,-graded Dirac type operator D acting
on the sections of E. We have then defined the compactly supported index class
Ind (D) € Ko(AG (M, E)). Leta € H3"(G) and let Wy (o) € HC®" (A (M, E))
be the cyclic cohomology class corresponding to «. We know that, in general, we
have a pairing

Ko(AG(M, E)) x HC®*"(AG(M, E)) — C. 6.1
We thus obtain, through Wy, : H3i(G) — HC*(A; (M, E)), a pairing
Ko(AG (M, E)) x Hi"(G) — C. (6.2)

In particular, by pairing Ind.(D) € Ko(Ag (M, E)) with a € HZ{"(G) we obtain
the higher indices

Ind; (D) := (Ind.(D), ¥y (), o€ H;"(G).



498 PAOLO PIAZZA AND HESSEL B. POSTHUMA

On the other hand, we can also take the image of « through the van Est map
Dy Hiy(G) — Hyp (M); recall that this is nothing but the pull-back through the

inv
classifying map ¥y : M — G/K once we identify Hj(G) with H? (G/K). The

inv
following theorem is proved in [Pflaum et al. 2015b]:

Theorem 6.3 (Pflaum—Posthuma-Tang). Let M, G and D be as above. In partic-
ular, M is even-dimensional. Let a € Hgg"(G). Then the identity

Indc,a(D)=/ xm (m) AS(M) A @ () (6.4)
M

holds true, where AS(M) is the Atiyah—Singer integrand on M:

AS(M) := A(M, VM) ACN(E, V).
Equivalently,
Ind;o (D) = / xm (m) AS(M) Ay () (6.5)
M

if we identify Hg(G) and H,

inv

(G/K) via the van Est isomorphism (see Remark 2.7).

We now make the fundamental assumption that G satisfies the rapid decay
property and that G/K is of nonpositive sectional curvature. Consider the dense
holomorphically closed subalgebra SZ°(M, E) C C*(M, E )¢ defined by the rapid
decay algebra H;°(G) C C;(G). Thanks to the results of the previous section we
can extend the pairing (6.2) to a pairing

Ko(SX (M, E)) = Ko(C*(M, E)®) x HS"(G) — C, (6.6)

obtaining in this way the higher C*-indices of D, denoted Ind, (D). These numbers
are well-defined and can be computed by choosing a suitable representative of the
class Ind(D) € Ko(C*(M, E)%). Choosing the Connes—Skandalis projector, we
can apply again the index formula of Pflaum—Posthuma-Tang, obtaining for each
a € Hiz"(G) the C*-index formula

Indy (D) = /MXM(m) AS(M) A Dy (). (6.7)
Notice that we also have a pairing
Ko(C(G)) x HC®*"(CF(G)) — C (6.8)
and thus, through the homomorphism V¢ : H};(G) — HC*(C°(G)), a pairing
Ko(CZ(G)) x H3"(G) — C. (6.9)
According to the results of the previous section this pairing extends to a pairing

Ko(CH(G)) x HSN(G) — C (6.10)
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if G satisfies (RD). In particular, we can define the C;(G)-indices Indc:(G),o (D) by
pairing Indcx () (D) € Ko(C[(G)) with o € Hig"(G). Further, from Proposition 5.7
we get the equality

(Ind(D), ¥ (a)) = (Indcy ) (D), Vg (@)), (6.11)
which means that
Indcj(G),a(D) =Ind,(D) foralla e Hgi‘;?“(G) (6.12)

and thus, thanks to (6.7), we can state the following fundamental result:

Theorem 6.13. Let G be a Lie group satisfying the properties stated in the intro-
duction: |o(G)| < 00, (RD) and EG of nonpositive curvature. Let o € HgZ"(G).
Then there is a well-defined associated higher C}(G)-index Indcs ().« (D), and the

formula
Indcs ().« (D) :/ xm (m) AS(M) A @y (o) (6.14)
M

holds. Equivalently, if we identify H3y(G) and H,

5.(G/K) = Hy
van Est isomorphism, then

inv

(EG) via the

Indcs (6.« (D) =/ xm(m) AS(M) Ay a.
M

For o =1, the associated cyclic cocycle (5.1) is the Plancherel trace 79( )= f(e)
on C#*(G), and the theorem reduces to the L2-index theorem first proved by Wang
[2014]. Remark that in this case the trace extends to C(G) without problems, so
the assumptions on the curvature of G/K and property (RD) are unnecessary.

6B. Higher signatures and their G-homotopy invariance. Let M and N be two
orientable G-proper manifolds and let f : M — N be a G-homotopy equivalence.
Let us denote by D;}gn and D}g\l,gn the corresponding signature operators. Then,
according to the main result in [Fukumoto 2017] we have that

Indc: () (DLE") = Inder () (DR in Ko(CF(G)). (6.15)

Consequently, from (6.14), we obtain the following result, stated as item (i) in
Theorem 1.5 in the introduction:

Theorem 6.16. Let G be a Lie group satisfying the properties stated in the intro-
duction: |my(G)| < 00, (RD) and EG of nonpositive curvature. Let M and N be
two orientable G-proper manifolds and assume that there exists an orientation pre-
serving G-homotopy equivalence between M and N. Let us identify H3;(G) and
H? (G/K)= H? (EG) via the van Est isomorphism. Then for each o € H? (EG),

inv inv inv

foMm)L(M)Aw;Qa=fNXN(n)L(N)Aw;;a.
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Proof. For even-dimensional manifolds, this follows immediately from the previ-
ous discussion. For the odd-dimensional case we argue by suspension. Thus, let
M be an orientable odd-dimensional G-proper manifold. We endow M with a G-
invariant Riemannian metric gj;. Consider R and the natural action of Z on it by
translations (this is a free, proper and cocompact action). Taking the product of
M and R we obtain the even-dimensional (G x Z)-proper manifold M x R; it has
compact quotient equal to M/G x S'. We endow M x R with the (G x Z)-invariant
metric gy + dt?>. Consider the dual group T'!:=Hom(Z, U(1)). The signature
operator on M x R defines an index class in the group Ko(C*(M x R)“*%), which
is isomorphic to Ko(C*(G) ® C(T")). Consider the generator d’ of H'(Z; Z) C
H*(Z; C) and let d := (v/—1/(27))d’ € H*(Z; C). We know that H*(Z; C) can
be identified with H;(EZ; C) and that EZ = R; we denote this isomorphism by
E:H*(Z; C) —> H;(R; C) = H'(S"). Consider EG x EZ=EG xR=G/K xR.
To o € HYN(G) = HX(EG) = H2(G/K) we associate

inv inv

B:=a®EWd) e HG/K)® H}(R) = HY(G/K) @ H'(S").

inv inv
Now, on the one hand, we have natural homomorphisms

Woxz : Hyy'(G/K)® H'(S') — HC®*(CF(G) & C¥(Sh)
and

Wyrnr : HYYG/K) @ H'(S") — HC®" (A, (M x R)),
noting that A%, (M x R) = A5 (M) & AS(R) and A, (M xR) = CH(M xR)“*Z.
On the other hand, the classifying map vrj; and the classifying map for the Z-action
on R together give a smooth (G xZ)-equivariant map ¥y xr: M xR — G/K x R.
We can apply the Pflaum—Posthuma-Tang index theorem and obtain, for the signa-

ture operator,
(Indcs (pr xryoz (Durx), Yarxw(B)) =/Gfsl X L(M x R)yry (a) A E(d)
=/GXML(MWX4(<X)=0(M,01)-

If G satisfies (RD), then this formula remains true for the C*(M x R)¢*“-index,
because Sg7(M) ® S7(R), with Sz(R) denoting the smooth Z-invariant kernels of
R x R of rapid polynomial decay, is a dense holomorphically closed subalgebra of
C*(M x R)¢*Z to which the pairing with W), r(8) extends. Consequently,

<Indc*(6)®c(sl)(DMxR), Veuz(B))=0(M,a).

Now, if M and N are G-homotopy equivalent, then M x R and N x R are
G x Z homotopy equivalent. Hence the corresponding signature index classes in
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Ko(C*(G) ® C(T")) are equal; thus

(Indc- a5 (Pmrxr). Woxz(B)) = (Indcegypc(sh (Dnxm). Woxz(B))-

This gives us
o(M,a)=0(N,a),

which is what we wanted to prove in odd dimension. ([

6C. Higher X-genera and G-metrics of positive scalar curvature. Let S be a
compact smooth manifold with an action of a compact Lie group K. In general, the
existence of a K-invariant metric of positive scalar curvature on S is a more refined
property than the existence of a positive scalar curvature metric on S; indeed, as
shown in [Bérard-Bergery 1981], averaging a positive scalar curvature metric on S
might destroy the positivity of the scalar curvature. For sufficient conditions on K
and S ensuring the existence of such metrics, see [Lawson and Yau 1974; Hanke
2008].

If M is a G-proper manifold we can try to built a G-invariant positive scalar
curvature metric on M through a K-invariant positive scalar curvature metric on
the slice S. This is precisely what is achieved in [Guo et al. 2017]:

Theorem 6.17 (Guo—Mathai—Wang). Let G be an almost connected Lie group and
let K be a maximal compact subgroup of G. If S is a compact manifold with a K-
invariant metric of positive scalar curvature, then the G-proper manifold G x g S
admits a G-invariant metric of positive scalar curvature.

This result shows that the space of positive scalar curvature G-metrics on a
G -proper manifold can be nonempty.

We can ask for numerical obstructions to the existence of a positive scalar cur-
vature G-metric. Assume that M has a G-equivariant spin structure and let d be
the associated spin-Dirac operator. Then one can show that

Indc;f((;) (6) =0 in K*(C;kG), (618)

see again [Guo et al. 2017]. The following result was item (ii) in Theorem 1.5 in
the introduction:

Theorem 6.19. Let G be a Lie group satisfying the properties stated in the in-
troduction: |mo(G)| < 0o, (RD) and EG of nonpositive curvature. Let M be
a G-proper manifold admitting a G-equivariant spin structure. Let us identify
H3(G) and Hy; (G/K) = Hy (EG) via the van Est isomorphism. If M admits a
G-invariant metric of positive scalar curvature, then

AM, ) ::/MXM(m)Z(M)Amazo

foreach o € H? (EG).

inv
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Proof. The even-dimensional case follows directly from our C*-index formula and
from (6.18). In the odd-dimensional case we argue by suspension, as we did for
the signature operator. It suffices to observe that if M is an odd-dimensional G-
proper manifold admitting a G-equivariant spin structure and a G-invariant metric
of positive scalar curvature g, then M x R is an even-dimensional (G x Z)-proper
manifold with a (G x Z)-equivariant spin structure and with a (G x Z)-invariant
metric g + dt* which is of positive scalar curvature too. Consequently, the ana-
logue of (6.18) holds for the spin Dirac operator on M x R and so, arguing as for
the signature operator, we finally obtain that

AM, ) ::/MXM(m)X(M)/\w]T,,a:O,

as required. ([

Acknowledgements

Part of this research was carried out during visits by Posthuma to Sapienza Uni-
versita di Roma and by Piazza to the University of Amsterdam. Financial support
for these visits was provided by Istituto Nazionale di Alta Matematica (INDAM),
through the Gruppo Nazionale per le Strutture Algebriche e Geometriche e loro
Applicazioni (GNSAGA), by the Ministero Istruzione Universita Ricerca (MIUR),
through the project PRIN 2015 Spazi di Moduli e Teoria di Lie, and by NWO TOP
grant no. 613.001.302.

We thank Andrea Sambusetti, Filippo Cerocchi, Nigel Higson, Varghese Mathai,
Xiang Tang and Hang Wang for many informative and useful discussions. We also
thank the referee for valuable comments on the paper.

References

[Abels 1974] H. Abels, “Parallelizability of proper actions, global K-slices and maximal compact
subgroups”, Math. Ann. 212 (1974), 1-19. MR Zbl

[Baum et al. 1994] P. Baum, A. Connes, and N. Higson, “Classifying space for proper actions and K-
theory of group C*-algebras”, pp. 240-291 in C*-algebras: 1943-1993 (San Antonio, TX, 1993),
edited by R. S. Doran, Contemp. Math. 167, Amer. Math. Soc., Providence, RI, 1994. MR Zbl

[Bérard-Bergery 1981] L. Bérard-Bergery, “La courbure scalaire des variétés riemanniennes”, pp.
30-45 in ERA Conferences, Inst. Elie Cartan 4, Univ. Nancy, 1981. MR Zbl

[Chatterji et al. 2007] I. Chatterji, C. Pittet, and L. Saloff-Coste, “Connected Lie groups and property
RD”, Duke Math. J. 137:3 (2007), 511-536. MR Zbl

[Connes 1985] A. Connes, “Noncommutative differential geometry”, Inst. Hautes Etudes Sci. Publ.
Math. 62 (1985), 257-360. MR Zbl

[Connes and Moscovici 1990] A. Connes and H. Moscovici, “Cyclic cohomology, the Novikov
conjecture and hyperbolic groups”, Topology 29:3 (1990), 345-388. MR Zbl

[Crainic 2003] M. Crainic, “Differentiable and algebroid cohomology, van Est isomorphisms, and
characteristic classes”, Comment. Math. Helv. 78:4 (2003), 681-721. MR Zbl


http://dx.doi.org/10.1007/BF01343976
http://dx.doi.org/10.1007/BF01343976
http://msp.org/idx/mr/0375264
http://msp.org/idx/zbl/0276.57019
http://dx.doi.org/10.1090/conm/167/1292018
http://dx.doi.org/10.1090/conm/167/1292018
http://msp.org/idx/mr/1292018
http://msp.org/idx/zbl/0830.46061
http://msp.org/idx/mr/725678
http://msp.org/idx/zbl/0469.53035
http://dx.doi.org/10.1215/S0012-7094-07-13733-5
http://dx.doi.org/10.1215/S0012-7094-07-13733-5
http://msp.org/idx/mr/2309152
http://msp.org/idx/zbl/1119.22006
http://www.numdam.org/item/PMIHES_1985__62__41_0/
http://msp.org/idx/mr/823176
http://msp.org/idx/zbl/0592.46056
http://dx.doi.org/10.1016/0040-9383(90)90003-3
http://dx.doi.org/10.1016/0040-9383(90)90003-3
http://msp.org/idx/mr/1066176
http://msp.org/idx/zbl/0759.58047
http://dx.doi.org/10.1007/s00014-001-0766-9
http://dx.doi.org/10.1007/s00014-001-0766-9
http://msp.org/idx/mr/2016690
http://msp.org/idx/zbl/1041.58007

HIGHER GENERA FOR PROPER ACTIONS OF LIE GROUPS 503

[Dupont 1976] J. L. Dupont, “Simplicial de Rham cohomology and characteristic classes of flat
bundles”, Topology 15:3 (1976), 233-245. MR Zbl

[Dupont 1979] J. L. Dupont, “Bounds for characteristic numbers of flat bundles”, pp. 109-119 in
Algebraic topology (Aarhus, 1978), edited by J. L. Dupont and I. H. Madsen, Lecture Notes in Math.
763, Springer, 1979. MR Zbl

[van Est 1955a] W. T. van Est, “On the algebraic cohomology concepts in Lie groups, I, Indag.
Math. 17 (1955), 225-233. MR Zbl

[van Est 1955b] W. T. van Est, “On the algebraic cohomology concepts in Lie groups, II”, Indag.
Math. 17 (1955), 286-294. MR Zbl

[Fukumoto 2017] Y. Fukumoto, “G-homotopy invariance of the analytic signature of proper co-
compact G-manifolds and equivariant Novikov conjecture”, preprint, 2017. arXiv

[Guo et al. 2017] H. Guo, V. Mathai, and H. Wang, “Positive scalar curvature and Poincaré duality
for proper actions”, preprint, 2017. arXiv

[Hanke 2008] B. Hanke, “Positive scalar curvature with symmetry”, J. Reine Angew. Math. 614
(2008), 73-115. MR Zbl

[Hartnick and Ott 2012] T. Hartnick and A. Ott, “Surjectivity of the comparison map in bounded
cohomology for Hermitian Lie groups”, Int. Math. Res. Not. 2012:9 (2012), 2068-2093. MR Zbl

[Helgason 2001] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Graduate
Studies in Math. 34, Amer. Math. Soc., Providence, RI, 2001. Corrected reprint of the 1978 original.
MR Zbl

[Hochs and Wang 2018] P. Hochs and H. Wang, “A fixed point formula and Harish-Chandra’s char-
acter formula”, Proc. Lond. Math. Soc. (3) 116:1 (2018), 1-32. MR Zbl

[Inoue and Yano 1982] H. Inoue and K. Yano, “The Gromov invariant of negatively curved mani-
folds”, Topology 21:1 (1982), 83-89. MR Zbl

[Ji and Schweitzer 1996] R.Ji and L. B. Schweitzer, “Spectral invariance of smooth crossed prod-
ucts, and rapid decay locally compact groups”, K-Theory 10:3 (1996), 283-305. MR Zbl

[Jolissaint 1989] P. Jolissaint, “K-theory of reduced C*-algebras and rapidly decreasing functions
on groups”, K-Theory 2:6 (1989), 723-735. MR Zbl

[Jolissaint 1990] P. Jolissaint, “Rapidly decreasing functions in reduced C*-algebras of groups”,
Trans. Amer. Math. Soc. 317:1 (1990), 167-196. MR Zbl

[Kasparov 1980] G. G. Kasparov, “The operator K-functor and extensions of C*-algebras™, Izv.
Akad. Nauk SSSR Ser. Mat. 44:3 (1980), 571-636. In Russian; translated in Math. USSR-Izv. 16:3
(1981), 513-572. MR Zbl

[Kim and Kim 2015] S. Kim and I. Kim, “Simplicial volume, barycenter method, and bounded
cohomology”, preprint, 2015. arXiv

[Lafforgue 2002] V. Lafforgue, “K-théorie bivariante pour les algebres de Banach et conjecture de
Baum—Connes”, Invent. Math. 149:1 (2002), 1-95. MR Zbl

[Lawson and Yau 1974] H. B. Lawson, Jr. and S. T. Yau, “Scalar curvature, non-abelian group
actions, and the degree of symmetry of exotic spheres”, Comment. Math. Helv. 49 (1974), 232-244.
MR Zbl

[Loday 1998] J.-L. Loday, Cyclic homology, 2nd ed., Grundlehren der Math. Wiss. 301, Springer,
1998. MR Zbl

[Moscovici and Wu 1994] H. Moscovici and F.-B. Wu, “Localization of topological Pontryagin
classes via finite propagation speed”, Geom. Funct. Anal. 4:1 (1994), 52-92. MR Zbl


http://dx.doi.org/10.1016/0040-9383(76)90038-0
http://dx.doi.org/10.1016/0040-9383(76)90038-0
http://msp.org/idx/mr/0413122
http://msp.org/idx/zbl/0331.55012
http://msp.org/idx/mr/561216
http://msp.org/idx/zbl/0511.57018
http://dx.doi.org/10.1016/S1385-7258(55)50029-1
http://msp.org/idx/mr/0070959
http://msp.org/idx/zbl/0067.26202
http://dx.doi.org/10.1016/S1385-7258(55)50040-0
http://msp.org/idx/mr/0070959
http://msp.org/idx/zbl/0067.26202
http://msp.org/idx/arx/1709.05884
http://msp.org/idx/arx/1609.01404v5
http://dx.doi.org/10.1515/CRELLE.2008.003
http://msp.org/idx/mr/2376283
http://msp.org/idx/zbl/1144.53048
http://dx.doi.org/10.1093/imrn/rnr100
http://dx.doi.org/10.1093/imrn/rnr100
http://msp.org/idx/mr/2920824
http://msp.org/idx/zbl/1246.22013
http://dx.doi.org/10.1090/gsm/034
http://msp.org/idx/mr/1834454
http://msp.org/idx/zbl/0993.53002
http://dx.doi.org/10.1112/plms.12066
http://dx.doi.org/10.1112/plms.12066
http://msp.org/idx/mr/3747042
http://msp.org/idx/zbl/1391.58008
http://dx.doi.org/10.1016/0040-9383(82)90043-X
http://dx.doi.org/10.1016/0040-9383(82)90043-X
http://msp.org/idx/mr/630882
http://msp.org/idx/zbl/0469.53038
http://dx.doi.org/10.1007/BF00538186
http://dx.doi.org/10.1007/BF00538186
http://msp.org/idx/mr/1394381
http://msp.org/idx/zbl/0854.46052
http://dx.doi.org/10.1007/BF00538429
http://dx.doi.org/10.1007/BF00538429
http://msp.org/idx/mr/1010979
http://msp.org/idx/zbl/0692.46062
http://dx.doi.org/10.2307/2001458
http://msp.org/idx/mr/943303
http://msp.org/idx/zbl/0711.46054
http://mi.mathnet.ru/izv1739
http://dx.doi.org/10.1070/IM1981v016n03ABEH001320
http://dx.doi.org/10.1070/IM1981v016n03ABEH001320
http://msp.org/idx/mr/582160
http://msp.org/idx/zbl/0448.46051
http://msp.org/idx/arx/1503.02381
http://dx.doi.org/10.1007/s002220200213
http://dx.doi.org/10.1007/s002220200213
http://msp.org/idx/mr/1914617
http://msp.org/idx/zbl/1084.19003
http://dx.doi.org/10.1007/BF02566731
http://dx.doi.org/10.1007/BF02566731
http://msp.org/idx/mr/0358841
http://msp.org/idx/zbl/0297.57016
http://dx.doi.org/10.1007/978-3-662-11389-9
http://msp.org/idx/mr/1600246
http://msp.org/idx/zbl/0885.18007
http://dx.doi.org/10.1007/BF01898361
http://dx.doi.org/10.1007/BF01898361
http://msp.org/idx/mr/1254310
http://msp.org/idx/zbl/0813.57023

504 PAOLO PIAZZA AND HESSEL B. POSTHUMA

[Pflaum et al. 2015a] M. J. Pflaum, H. Posthuma, and X. Tang, “The localized longitudinal index
theorem for Lie groupoids and the van Est map”, Adv. Math. 270 (2015), 223-262. MR Zbl

[Pflaum et al. 2015b] M. J. Pflaum, H. Posthuma, and X. Tang, “The transverse index theorem for
proper cocompact actions of Lie groupoids”, J. Differential Geom. 99:3 (2015), 443-472. MR Zbl

[Piazza and Schick 2014] P. Piazza and T. Schick, “Rho-classes, index theory and Stolz’ positive
scalar curvature sequence”, J. Topol. 7:4 (2014), 965-1004. MR Zbl

[Roe 2002] J. Roe, “Comparing analytic assembly maps”, Q. J. Math. 53:2 (2002), 241-248. MR
Zbl

[Varadarajan 1977] V. S. Varadarajan, Harmonic analysis on real reductive groups, Lecture Notes
in Math. 576, Springer, 1977. MR Zbl

[Wang 2014] H. Wang, “L2-index formula for proper cocompact group actions”, J. Noncommut.
Geom. 8:2 (2014), 393-432. MR Zbl

Received 19 Jun 2018. Revised 21 Feb 2019. Accepted 12 Mar 2019.

PAOLO PIAZZA: piazza@mat.uniromal.it
Dipartimento di Matematica, Universita degli Studi di Roma “La Sapienza”, Roma, Italy

HESSEL B. POSTHUMA: h.b.posthuma@uva.nl
Kortweg—de Vries Institute for Mathematics, University of Amsterdam, Amsterdam, Netherlands

:'msp


http://dx.doi.org/10.1016/j.aim.2014.11.007
http://dx.doi.org/10.1016/j.aim.2014.11.007
http://msp.org/idx/mr/3286536
http://msp.org/idx/zbl/06380403
http://dx.doi.org/10.4310/jdg/1424880982
http://dx.doi.org/10.4310/jdg/1424880982
http://msp.org/idx/mr/3316973
http://msp.org/idx/zbl/1328.58017
http://dx.doi.org/10.1112/jtopol/jtt048
http://dx.doi.org/10.1112/jtopol/jtt048
http://msp.org/idx/mr/3286895
http://msp.org/idx/zbl/1320.58012
http://dx.doi.org/10.1093/qjmath/53.2.241
http://msp.org/idx/mr/1909514
http://msp.org/idx/zbl/1014.46045
http://msp.org/idx/mr/0473111
http://msp.org/idx/zbl/0354.43001
http://dx.doi.org/10.4171/JNCG/160
http://msp.org/idx/mr/3275037
http://msp.org/idx/zbl/1338.19008
mailto:piazza@mat.uniroma1.it
mailto:h.b.posthuma@uva.nl
http://msp.org

ANNALS OF K-THEORY

msp.org/akt
EDITORIAL BOARD

Joseph Ayoub  ETH Ziirich, Switzerland
joseph.ayoub@math.uzh.ch
Paul Balmer  University of California, Los Angeles, USA
balmer@math.ucla.edu
Guillermo Cortifias  Universidad de Buenos Aires and CONICET, Argentina
georti@dm.uba.ar
Hélene Esnault  Freie Universitit Berlin, Germany
liveesnault@math.fu-berlin.de
Eric Friedlander ~ University of Southern California, USA
ericmf@usc.edu
Max Karoubi  Institut de Mathématiques de Jussieu — Paris Rive Gauche, France
max.karoubi @imj-prg.fr
Moritz Kerz ~ Universitit Regensburg, Germany
moritz.kerz@mathematik.uni-regensburg.de
Huaxin Lin ~ University of Oregon, USA
livehlin@uoregon.edu
Alexander Merkurjev ~ University of California, Los Angeles, USA
merkurev@math.ucla.edu
Birgit Richter ~ Universitit Hamburg, Germany
birgit.richter @uni-hamburg.de
Jonathan Rosenberg  (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu
Marco Schlichting ~ University of Warwick, UK
schlichting@warwick.ac.uk
Charles Weibel ~ (Managing Editor)
Rutgers University, USA
weibel @math.rutgers.edu
Guoliang Yu Texas A&M University, USA
guoliangyu @math.tamu.edu
PRODUCTION

Silvio Levy  (Scientific Editor)
production @msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $550/year (+$25, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/akt/
mailto:joseph.ayoub@math.uzh.ch
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:moritz.kerz@mathematik.uni-regensburg.de
mailto:merkurev@math.ucla.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/

ANNALS OF K-THEORY

2019 vol. 4 no. 3

Motivic analogues of MO and MSO 345
DoNDI ELLIS

The IA-congruence kernel of high rank free metabelian groups 383
DAVID EL-CHAI BEN-EZRA

Vanishing theorems for the negative K-theory of stacks 439
MARC HOYOIS and AMALENDU KRISHNA

Higher genera for proper actions of Lie groups 473
PAOLO P1AZZA and HESSEL B. POSTHUMA

Periodic cyclic homology and derived de Rham cohomology 505
BENJAMIN ANTIEAU

Linkage of Pfister forms over C(xq, ..., x,) 521

ADAM CHAPMAN and JEAN-PIERRE TIGNOL



	1. Introduction
	2. Preliminaries: proper actions and cohomology
	2A. Proper actions
	2B. Invariant cohomology and the van Est map
	2C. Group cocycles of polynomial growth

	3. Algebras of invariant kernels
	3A. Smoothing kernels of G-compact support
	3B. Holomorphically closed subalgebras

	4. Index classes
	4A. The index class in K* (C*(M,E)G)
	4B. The index class in K(C*r (G))

	5. Cyclic cocycles and pairings with K-theory
	5A. Cyclic cohomology
	5B. The van Est map in cyclic cohomology
	5C. Extension properties
	5D. Pairing with K-theory

	6. Higher C*-indices and geometric applications
	6A. Higher C*-indices and the index formula
	6B. Higher signatures and their G-homotopy invariance
	6C. Higher A-genera and G-metrics of positive scalar curvature

	Acknowledgements
	References
	
	

