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Let ku be the connective complex K -theory spectrum. The underlying infinite
loop space �∞ku = Z× BU of ku classifies virtual complex vector bundles. The
cohomology theory associated to the algebraic K -theory spectrum K (ku), the sub-
ject of much recent research in homotopy theory [Ausoni and Rognes 2002], has
a geometric interpretation as a Grothendieck group of 2-vector bundles [Baas et al.
2004; 2011; Lind 2016]. A 2-vector bundle is a bundle whose fiber is a 2-vector
space, which is a categorified form of a vector space introduced by Kapranov and
Voevodsky [1994]. Forming equivalence classes of 2-vector bundles over X leads
to a bimonoidal category 2Vect(X). By [Baas et al. 2011], the Grothendieck group
completion of 2Vect(X) is represented by the infinite loop space �∞K (ku) under-
lying the algebraic K -theory of ku.

Applying the functor K ( · ) again, one is naturally led to imagine that the iterated
algebraic K -theory spectrum

an := K (n−1)(ku)= K (K (· · · K︸ ︷︷ ︸
n−1

(ku) · · · ))
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has an interpretation in terms of categorified bundles native to n-category theory.
It is expected that algebraic K -theory in many cases increases chromatic complex-
ity by one, i.e., that it produces a constant “red-shift” by one chromatic layer in
stable homotopy theory [Ausoni and Rognes 2002]. In this paper, we study a
Bott-periodic form An := K (n−1)(ku)[β−1

n ] of iterated algebraic K -theory. While
our results do not provide direct evidence either for or against the Ausoni–Rognes
red-shift conjectures [2008], our interest in the relationship between the geometric
content of iterated algebraic K -theory and chromatic homotopy theory is a primary
motivation for the study of T-duality in K (n−1)(ku)[β−1

n ]-theory.
Much as line bundles are the fundamental building blocks of vector bundles, and

hence play an essential role in the K -theory of vector bundles, (n− 1)-gerbes are
the simplest forms of n-vector bundles. For a general definition of n-gerbes as n-
truncated and n-connected objects, see [Lurie 2009a, §7.2.2]. For example, when
n = 2, a 1-gerbe (also known as a gerbe with band U (1)) gives rise to a rank-one
2-vector bundle. This fact is witnessed at the level of classifying spaces by a map

K (Z, 3)→ B GL1(ku)→�∞K (ku).

This is the 2-categorical analog of the map CP∞→ Z× BU representing the in-
clusion of line bundles into the Grothendieck group of vector bundles. The adjoint
map 6∞CP∞

+
→ ku is a map of E∞ ring spectra. We study here a family of

analogous E∞ ring maps

6∞K (Z, n+ 1)+→ an := K (n−1)(ku) (0.1)

that we think of as representing the inclusion of (n−1)-gerbes into the Grothendieck
group of n-vector bundles.

These maps are adjoint (under the adjunction described in [Ando et al. 2014b;
May 2009]) to maps of spectra 6n+1 HZ → gl1(an) or, equivalently, maps of
E∞ spaces K (Z, n + 1)→ GL1(an). Delooping once, we obtain E∞-twistings
of the cohomology theory an by (n+ 2)-dimensional cohomology1 classes: each
class H ∈ H n+2(X;Z) in the cohomology of a topological space X gives rise to
twisted cohomology groups a∗n(X; H). When n = 1, this returns the usual notion
of connective complex K -theory twisted by a gerbe (or rather, a representative
of its Dixmier–Douady class in H 3). The new twists that we study have the same
degree as the twists of Morava K -theory and E-theory studied previously [Sati and
Westerland 2015]; we hope that further understanding of the red-shift conjecture
will relate the results of that paper and this one.

1A caveat is in order: the twisted cohomology group a∗n(X; H) depends upon the representative
map H : X → K (Z, n + 2). Just as is the case for twisted K -theory, homotopic maps (i.e., coho-
mologous classes) yield isomorphic twisted cohomology groups; however, the isomorphism is not
canonical.
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Notice that the element β ∈π2ku, given as the composite S2
→CP∞→Z×BU

of the fundamental class of CP∞ = K (Z, 2) and its inclusion as BU (1)× {1},
is the Bott class. Localizing ku at this class yields periodic complex K -theory:
KU := ku[β−1

]. Our first goal is an analog of this construction for an:

Theorem 0.2. The composite of the fundamental class of K (Z, n + 1) with the
map in (0.1) yields an essential class βn ∈ πn+1an . Further, when n is odd, βn is
nonnilpotent, and none of its powers are torsion.

This is proven as Corollary 1.7 and Theorem 1.10, below. For odd n, we will
notate the localized spectrum an[β

−1
n ], i.e., the Bott-inverted iterated algebraic

K -theory, by An . Theorem 0.2 suggests that this is a nontrivial object of study.
However, it is a consequence of a theorem of Arthan [1983] that An is a rational
spectrum whenever n > 1. We may regard it as a higher categorical analog of
periodic topological K -theory, or perhaps an étale form of iterated K -theory.

The twisting of an by cohomology classes in degree n+ 2 extends in a natural
way to a twisting of An via the composite

6n+1 HZ→ gl1 an→ gl1 An,

where the second map is induced by the E∞ ring map given by localization an→ An .
Our second main purpose in this paper is to prove an analog of the topological T-
duality isomorphism of [Bouwknegt et al. 2004; Bunke and Schick 2005] in this
context.

Given a base space X , Bouwknegt, Evslin, and Mathai give a criterion for two
sets of data (E, H) and (Ê, Ĥ) to be T-dual [Bouwknegt et al. 2004]. Here E and Ê
are principal S1-bundles over X , and H and Ĥ are cocycles representing cohomol-
ogy classes in H 3(E) and H 3(Ê), respectively. The criterion in [Bouwknegt et al.
2004] is given in terms of relations among various characteristic classes. Bunke
and Schick [2005] reinterpret this criterion as amounting to the existence of a Thom
class on a certain S3-bundle over X into which both E and Ê embed. When (E, H)
and (Ê, Ĥ) are a T-dual pair, there is an isomorphism of twisted K -theory groups
K ∗(E; H)∼= K ∗−1(Ê, Ĥ) called the T-duality isomorphism.

Let E and Ê be fiber bundles over X with fiber the q-sphere Sq , and let H
and Ĥ be classes in H 2q+1(E) and H 2q+1(Ê), respectively. In Definition 3.2, we
will give a Thom class criterion for (E, H) and (Ê, Ĥ) to be T-dual in the higher
(dimensional and categorical) context, similar to Bunke and Schick’s. We then
prove the following extension of the T-duality isomorphism in this setting.

Theorem 0.3. Let n = 2q − 1, and assume that (E, H) and (Ê, Ĥ) are a T-dual
pair. Let τE : E → B GL1 An denote the orientation twisting determined by the
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vertical tangent bundle of E→ X. Then there is an isomorphism of twisted coho-
mology groups

T := p̂! ◦3 ◦ p∗ : A∗n(E; τE ⊗ H)→ A∗n(Ê; Ĥ)

given in terms of a Fourier–Mukai push-pull construction on the correspondence
space E ×X Ê . Given an A-orientation of the fiber bundle E→ X , the T-duality
isomorphism takes the form

T : A∗+q
n (E; H)→ A∗n(Ê; Ĥ).

This is proven as Theorem 3.3. In fact, we prove the result for a larger class
of cohomology theories R than just An , namely those which may be twisted by
n-gerbes in such a fashion that the analog of the class βn is invertible in π∗R. One
consequence of this invertibility assumption (again via [Arthan 1983]) is that R is a
rational spectrum when n> 1. We will show in Theorem 3.9 that this is no accident:
every cohomology theory R for which the T-duality map T of the previous theorem
is an isomorphism must be rational.

Additionally, we study criteria to ensure the orientability requirement of the
previous result, and analyze the homotopy type of the classifying spaces for T-dual
pairs, much as in [Bunke and Schick 2005] in the case q = n = 1.

For q = 3, T-duality for S3-bundles in rational cohomology, and in twisted K -
theory under some conditions on the cohomology and dimensions of the underlying
manifolds, was considered recently in [Bouwknegt et al. 2015a]. The authors dis-
cuss twistings of topological K -theory by a 7-dimensional class. It is known that
B GL1(ku) splits as BZ/2× K (Z, 3)× B B SU⊗. Furthermore, B B SU⊗ has a
7-dimensional homotopy group isomorphic to Z; this is visible via the k-invariant
B B SU⊗〈6〉→ K (Z, 7) in a Postnikov tower for B B SU⊗. An essential map in the
other direction — which is necessary for there to be a twist of K -theory by H 7 —
does not exist [Antieau et al. 2014]; hence, that degree cannot be “isolated” in
general, as highlighted in [Sati 2009] and clarified further in [Sati and Westerland
2015]. The conditions imposed by [Bouwknegt et al. 2015a] evade the obstructions
for dimension reasons and allow one to isolate such a twist in special cases. If
one rationalizes, as done for the most part in [Bouwknegt et al. 2015a], one gets
periodic cohomology, which does have a degree-seven twist. We recover this result
and analogs for all sphere bundles as a consequence of the variant of Theorem 0.3
for periodic rational cohomology. Indeed, it is a consequence of Theorem 3.9 that
such a T-duality result must be rational outside of the case q = 1.

Our general result also provides a recipe for determining whether there exists a
T-dual for (E, H), where E is an Sq -bundle with structure group G→Homeo(Sq)

equipped with an n-gerbe H , and whether the T-dual is unique. This is determined
by analyzing the connectivity of the Euler class map BG→ K (Z, q + 1). For the
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case q = 1, this recovers some of the results of Baraglia [2014] and Mathai and
Rosenberg [2014] for existence and uniqueness of T-dual bundles for nonprincipal
circle bundles.

The paper is organized as follows. In Section 1A, we describe the multiplicative
behavior of the algebraic K -theory functor and consider generalities about twisted
cohomology theories. In Section 1B, we construct and analyze the twisting of
iterated algebraic K -theory K (n−1)(ku) by higher gerbes. We prolong some com-
putations of the homotopy of K (ku) due to [Ausoni et al. 2008] to the higher
setting in Section 1C. Then in Section 1D we consider a higher analog of Snaith’s
construction of KU , which in turn admits the universal periodic twist.

In order to obtain concrete expressions and with an eye for applications to T-
duality, we study Chern characters and orientations in Section 2. We introduce
two Chern characters associated to the new twisted theories, one in Section 2A
and one in Section 2B, and then we describe orientations with respect the new
theories in Section 2C.

The general setup and the proof of the main T-duality theorem and its converse
are given in Section 3. Section 4 is concerned with the question of the existence and
the uniqueness of T-dual pairs, which we analyze homotopy-theoretically in terms
of classifying spaces. In particular, in Section 4A we introduce a space Pn(G)
which classifies the possible T-dual pairs. Then in Section 4B we classify, via a
space Rn(G), bundles and Thom classes that can arise in our context of T-duality.
The two constructions are related in Section 4C by constructing a forgetful map
from Pn(G) to Rn(G), where we also show how our results reproduce earlier results
on T-duality.

The final section, Section 5, is a speculative account of the relationship between
the iterated algebraic K -theory considered earlier in the paper and a proposed
model for the algebraic K -theory of n-vector spaces defined in terms of enriched
higher category theory.

1. Iterated algebraic K -theory and its twistings by n-gerbes

We recall here the multiplicative behavior of the algebraic K -theory functor and
describe the twisting of iterated algebraic K -theory by higher gerbes.

1A. Generalities on twistings of algebraic K-theory. Given an E∞ ring spectrum
A, the algebraic K -theory spectrum K (A) is once again an E∞ ring spectrum.
There is a natural map B GL1 A → �∞K (A) coming from the inclusion of A-
lines into all cell A-modules. It is not the case that this is an infinite loop map:
the multiplication on B GL1 A is by tensor products of A-lines, whereas that in
�∞K (A) is from the sum of modules. However, this map has image in GL1 K (A)
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(since A-lines are invertible A-modules), and in fact the induced map B GL1 A→
GL1 K (A) is an infinite loop map.

We explain the above in detail. Let A be a connective commutative ring spec-
trum and let K (A) denote the connective algebraic K -theory spectrum of A. The
underlying infinite loop space of the spectrum K (A) receives a map

B GL1 A→
∐
n≥0

B GLn A→�∞K (A) (1.1)

from the classifying space of the space of units GL1 A via the classifying space of
finite-rank free A-module spectra. This is the analog in algebraic K -theory of the
map CP∞→ Z× B U into topological K -theory classifying the homomorphism
from the Picard group into the Grothendieck group of vector bundles. As in the
classical case, the source and target both inherit E∞ space structures from the
multiplication on A.

Proposition 1.2. The map (1.1) has image in SL1 K (A); the result is a map of E∞
spaces and so lifts to a map of spectra

µ :6 gl1 A→ gl1 K (A).

Proof. We employ the∞-categorical model for algebraic K -theory developed by
Gepner, Groth, and Nikolaus [Gepner et al. 2015] using the language of quasi-
categories. Let PerfA denote the stable∞-category of compact A-module spectra.
Let LineA denote the∞-category of rank-one A-module spectra. Both of these∞-
categories admit symmetric monoidal structures under the smash product ∧A of A-
modules. Writing ι0 for the groupoid core functor which takes a quasicategory to its
maximal sub-Kan complex, the inclusion of LineA into PerfA induces a symmetric
monoidal functor i : ι0LineA→ ι0PerfA of symmetric monoidal∞-groupoids. The
∞-category PerfA admits an additional symmetric monoidal structure under the
coproduct of A-modules and the two monoidal structures combine to give the Kan
complex ι0PerfA the structure of an E∞ ring space [Gepner et al. 2015, Corollary
8.11]. The algebraic K -theory K (A) is the connective E∞ ring spectrum for which
�∞K (A) is the group completion of ι0PerfA as an E∞ ring space [Gepner et al.
2015, Definition 8.3 and Theorem 8.6]. The resulting composite

ι0LineA→ ι0PerfA→�∞K (A)

is a map of E∞ spaces, where we use the multiplicative structure on ι0PerfA and
�∞K (A). This map is a model for the map (1.1), as can be verified along the lines
of [Ando et al. 2014a, Proposition 2.9], so the map in question is E∞.

The source of the map is a connected Kan complex and its image lies in the
component of the unit object A ∈ ι0PerfA, hence in the component SL1 K (A) of the
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unit in the E∞ ring space �∞K (A). In particular, the map factors as an E∞ map
through the space GL1 K (A) of units, which deloops to the map of spectra µ. �

We now recall how to construct twisted forms of the cohomology theory repre-
sented by the ring spectrum A, following [Ando et al. 2010; 2018; 2014b]. Given
a space X and a map ω : X→ B GL1 A, let E→ X be the GL1(A)-fibration pulled
back from B GL1 A via ω. Define an A-module spectrum

A(X;ω) := A∧L
6∞ GL1 A+ 6

∞E+.

This is the Thom spectrum associated to the parametrized spectrum of A-lines
over X classified by ω.

Definition 1.3. The ω-twisted A-homology and A-cohomology groups of X are
defined by

Aq(X;ω) := πqA(X;ω) and Aq(X;ω) := π−q FA(A(X;−ω), A).

Notice that in the definition of twisted cohomology we use the inverse twist −ω
under the monoidal structure induced by the smash product of invertible A-modules.
Sometimes the opposite convention is used, but we prefer this choice because it
ensures that twisted cohomology agrees with homotopy classes of sections of the
parametrized spectrum associated to ω [Lind 2016], and conforms with grading
conventions when ω carries a topological dimension, for example when it arises
from a classifying map for a virtual vector bundle via the J-homomorphism.

Suppose that h is a spectrum, and that τ : h→6 gl1 A is a map of spectra. We
regard the map τ as an E∞ twisting of A, because the infinite loop map �∞τ :
�∞h→ B GL1 A allows us to twist the A-cohomology of a space X by elements
[H ] ∈ h0(X). To do so, we represent the class [H ] as a map H : X → �∞h
and define the H -twisted cohomology of X to be the twisted A-homology and
A-cohomology groups associated to the twist �∞τ ◦ H : X → B GL1 A, i.e., we
make the abbreviation Aq(X; H) = Aq(X;�∞τ ◦ H). Different representatives
for the same cohomology class give isomorphic twisted cohomology groups, so
the twisted cohomology theory associated to H only depends on the underlying
cohomology class [H ], but only up to noncanonical isomorphism.

We can use the map µ : 6 gl1 A→ gl1 K (A) considered in Proposition 1.2 to
construct E∞ twists of the algebraic K -theory spectrum K (A) from (shifts of) E∞
twists of A, and we would like to know whether or not the twists constructed in
this way are essential, i.e., homotopically nontrivial.

Proposition 1.4. For every E∞ twisting τ : h→6 gl1 A, the composite

6(µ ◦ τ) :6h→6 gl1 K (A)
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is an E∞ twisting of K (A). Further, if the rationalization of τ is essential, so too
is the rationalization of 6(µ ◦ τ).

Proof. Only the latter statement needs to be proved. One can see this via the
rational determinant detQ, defined by Ausoni and Rognes [2012, Proposition 5.4].
This is a map of spaces

detQ :�∞K (A)→ (B GL1 A)Q

whose composite with �∞µ is the rationalization map of B GL1 A. Therefore,
�∞6(µ ◦ τ) factorizes the rationalization of �∞τ , which yields the result. �

Remark 1.5. There is not an integral determinant map lifting detQ. In fact, the
obstruction to the existence of a continuous map �∞K (ku)→ B GL1(ku) with
determinant-like properties leads to the notion of oriented 2-vector bundles, and
gives rise to an oriented version of K -theory of 2-vector bundles with a lift of the
natural map from K (Z, 3), called the determinant gerbe map [Kragh 2013].

1B. Twisting the iterated algebraic K-theory of ku. Our main example arises via
connective complex topological K -theory, ku. There is a well known E∞ twisting
of ku by 3-dimensional cohomology classes; the map

τ :63 HZ→6 gl1 ku

is the delooping of the map of E∞-spaces CP∞→ GL1 ku that regards a complex
line as an invertible C-module.

Definition 1.6. Write an for the iterated algebraic K -theory spectrum K (n−1)(ku).
Let

τn :6
n+2 HZ→6 gl1 an

be the E∞ twisting of an obtained by an (n− 1)-fold iteration of the procedure in
Proposition 1.4 applied to τ = τ1.

Since the original map τ was rationally essential in homotopy, so too are the
maps τn:

Corollary 1.7. The composite of τn and the fundamental class ι of 6n+2 HZ de-
fines a nontorsion element τn ◦ ι ∈ πn+26 gl1 an .

Definition 1.8. We write �∞+1τn ◦ ι : Sn+1
→GL1 an for the map of spaces repre-

senting the image of the class τn◦ι under the canonical isomorphism πn+26 gl1 an∼=

πn+1 gl1 an . The map �∞+1τn carries Sn+1 into the component of GL1 an corre-
sponding to 1 ∈ π0an . Subtracting 1 gives a based map into �∞an , and thus a class
βn ∈ πn+1an . In other words, we define βn := [�τn ◦ ι]−1, where [�τn ◦ ι] denotes
the image of �τn ◦ ι under the isomorphism πn+1 gl1 an ∼= πn+1an induced by the
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inclusion of components GL1 an ⊂�
∞an . Equivalently, βn is represented by the

composite map of spectra

βn : Sn+1 ι
−→6∞K (Z, n+ 1)+

tn
−→ an, (1.9)

where ι is the fundamental class and tn is adjoint to �τn in the adjunction

[6∞K (Z, n+ 1)+, an]E∞ring ∼= [6
n+1 HZ, gl1 an]Sp.

Note that β1 ∈π2a1=π2ku is the usual Bott class which we invert to obtain KU .

Theorem 1.10. If n is even, 2β2
n = 0. However, if n is odd, then βn is not nilpotent

and all powers βm
n are nontorsion, for any positive integer m.

Proof. The first claim is simply that βn is an odd-dimensional element of a graded-
commutative ring. For the second, consider the composite map (1.9) and note that
the Hurewicz image of ι : Sn+1

→6∞K (Z, n+ 1)+ is essential. In fact, whenever
n is odd, the homology ring H∗(K (Z, n+ 1);Q) is the rational polynomial ring on
the Hurewicz image of ι. In particular, all powers of ι are rationally essential.

We recall from [Segal 1973] that the natural map of ring spectra 6∞CP∞
+
→ ku

adjoint to τ is a rational equivalence. Therefore, the iterated Dennis trace map,
which is a transformation from algebraic K -theory to topological Hochschild ho-
mology THH [Bökstedt et al. 1993; Dundas et al. 2013], followed by rationaliza-
tion, may be written as

an = K (n−1)(ku)
trn−1

−−→ THH(n−1)(ku)

→ THH(n−1)(kuQ)
'
←− THH(n−1)((6∞CP∞

+
)Q).

However, for a loop space G, one has THH(6∞G+) ' 6∞L BG+. When G is
an m-fold loop space, BG (and hence L BG) is an (m − 1)-fold loop space. We
iteratively observe that

THH(m)(6∞G+)'6∞(L B)m(G)+ '6∞Map(T m, BmG)+

if G is connected. In the second equivalence, we employ the fact that for connected
G, L BG ' BLG. The space of constant functions T m

→ BmG is homeomorphic
to BmG, and so THH(m)(6∞G+) contains a copy of 6∞BmG+ as a wedge sum-
mand.

In the case G =CP∞= K (Z, 2), it follows that 6∞K (Z, n+1)+ is a summand
of THH(n−1)(6∞CP∞

+
). Since rationalization is a smashing localization,

THH(AQ)' (THH(A))Q

for ring spectra A. Thus, the target of the iterated trace map above splits off a
wedge factor of (6∞K (Z, n+ 1)+)Q.
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We claim that the composite of tn with the iterated trace map and the projection
to this wedge summand is the map from 6∞K (Z, n+ 1)+ to its rationalization;
then we may conclude that tn is an injection on rational homotopy. To see the
claim, note that if G is an infinite loop space, there is a homotopy commutative
diagram

6∞BG+ //

id
--

6∞B GL1(6
∞G+)+

(1.1)
// K (6∞G+)

tr
// THH(6∞G+)
'6∞L BG+

ev��
6∞BG+

yielding Waldhausen’s splitting [1979] of Q(BG+) off of A(BG)=�∞K (6∞G+).
Then the claim follows by iteration (taking G = K (Z,m) for m = 1, . . . , n) and
rationalization (to accommodate the rational Segal equivalence). �

Definition 1.11. When n is odd, define An := an[β
−1
n ].

One could of course make this construction for n even, but the nilpotence of βn

away from the prime 2 in that case will force the resulting spectrum to have 2-
torsion homotopy. In fact, these spectra are contractible when n is even; this
follows from Theorem 1.14, below.

The E∞ twisting τn of an induces an E∞ twisting K (Z, n + 2)→ B GL1 An

by composition with the localization map. By the phrase “n-gerbe” we mean
a generic term for any geometric structure classified by the Eilenberg–MacLane
space K (Z, n + 2) (for a more general discussion, see [Lurie 2009a, Example
7.2.2.2]). Thus, a complex line bundle is a 0-gerbe, and a gerbe with band U (1)
is a 1-gerbe. We say that the E∞ twisting of an and An constructed in this section
are twistings by n-gerbes, since an n-gerbe over X gives rise to a map H : X →
K (Z, n+ 2) by which we can twist these theories.

1C. Some relations in the homotopy of an. Although the following observations
will not be used in our work with the periodic spectrum An , they provide the first
known results about the homotopy type of iterated algebraic K -theory of ku. In
[Ausoni et al. 2008], it is shown that for n = 2 there is a class ζ ∈ π3K (ku) with
the property that

β2 = 2ζ − ν,

where ν is the image of the quaternionic Hopf fibration ν ∈ π3(S0) under the unit
map to K (ku)= a2. One may iteratively prolong this equation to one in πn+1an in
a natural fashion, as we now explain. Following the recipe given in Proposition 1.2,
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we have a homomorphism2

πn+1an ∼= πn+1 gl1 an→ πn+16
−1 gl1 K (an)∼= πn+2an+1

for each n > 0. By construction, this map carries βn to βn+1; it also allows us to
define classes Zn and Nn in πn+1an as the iterated images of ζ and ν. Since this
is a group homomorphism, the relation β2 = 2ζ − ν persists:

Proposition 1.12. The class βn is given in terms of the iteratively defined classes Zn

and Nn by
βn = 2Zn − Nn.

Furthermore, since 24ν = 0, we also have 24Nn = 0. Additionally, ν is nilpotent.
Since the map above is not a ring homomorphism (in fact, it behaves in some sense
more like a derivation), we cannot conclude the same for Nn . However, if Nn is
actually nilpotent, then a sufficiently large power of βn is 2-divisible (at least after
inverting 3).

1D. Higher Snaith spectra. When n = 1, Definition 1.11 tautologically yields
periodic complex K -theory: A1 = KU . In this case, there is an alternative con-
struction of KU due to Snaith [1981]. The map 6∞K (Z, 2)+[ι−1

]→ KU induced
by the localization of the map t1 : 6∞K (Z, 2)+ → ku studied in the proof of
Theorem 1.10 is an equivalence of spectra. In this section, we consider generaliza-
tions of this construction using the domain of the map tn :6∞K (Z, n+ 1)+→ an

and discuss their relationship with the twistings from the previous section.
Guided by Snaith’s theorem, we make the following definition.

Definition 1.13. For n odd, define the Arthan spectrum Sn to be the localization

Sn :=6
∞K (Z, n+ 1)+[ι−1

]

of the suspension spectrum of K (Z, n+ 1) at its fundamental class.

The E∞ twisting map tn :6∞K (Z, n+1)+→ an carries ι to βn , and so descends
to a map between the periodic spectra Tn :Sn→ An . Snaith’s theorem indicates
that this is an equivalence when n = 1. When n > 1, these spectra were studied by
Arthan [1983], where they were found to display remarkably different behavior:

Theorem 1.14 (Arthan). If n is even, Sn is contractible. If n is odd and greater
than 1, Sn is (n+ 1)-periodic rational cohomology:

Sn ∼= HQ[ι±1
].

2Here we identify πk R=πk�
∞
0 R with πk gl1 R=πk GL1 R for k> 0 via the shift in components

by 1.
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Let R be an A∞ ring spectrum which receives an A∞ ring map φ : Sn → R.
The case R = An is our main example. From φ, we obtain a natural composite of
maps of spaces

K (Z, n+ 2)→ B GL1(6
∞K (Z, n+ 1)+)→ B GL1(Sn)→ B GL1(R),

and so, for a topological space X , we may form the twisted cohomology R∗(X; H)
associated to a class [H ] ∈ H n+2(X). Furthermore, since ι is invertible in Sn , the
element φ(ι) must be invertible in R.

Definition 1.15. We will call the data of the A∞ map φ : Sn → R a periodic
twisting of R by n-gerbes. An equivalent (if less colorful) term is: R is an Sn-
algebra spectrum.

The spectrum R = Sn obviously admits the universal periodic twisting by n-
gerbes. Theorem 1.10 ensures that An is another nontrivial example. An immediate
consequence of being an algebra spectrum over a rational algebra is the following:

Proposition 1.16. If R admits a periodic twisting by n-gerbes for n > 1, then it is
rational.

2. Chern characters, A-orientations, and Umkehr maps

Many approaches to T-duality involve cohomological expressions. In order to
deduce T-duality isomorphisms in ordinary cohomology, we investigate Chern
characters and orientations associated with the spectra an and An introduced in
Section 1B. These are, of course, also interesting in their own right.

2A. The Chern–Dold character. The Chern character in complex topological K -
theory of a manifold X is a ring homomorphism from KU 0(X) to even rational co-
homology H even(X;Q) and from KU 1(X) to odd rational cohomology H odd(X;Q).
This periodicity can be encoded by the homomorphism of Z-graded rings

KU∗(X)→ H∗(X;Q[u±1
]),

where the latter is rational cohomology with coefficients in KU∗(pt)⊗Q∼=Q[u±1
],

and u−1 is the Bott generator. The Chern character may be regarded as a map of
spectra

ch : KU → HQ[u±1
],

where HQ[u±1
] is 2-periodic rational cohomology. The target is a priori for-

mal power series over Q, but becomes polynomials when evaluating on finite-
dimensional manifolds.

The above Chern character has a generalization to any generalized cohomology
theory. The standard Chern–Dold character (see, e.g., [Adams 1972, Chapter 14])
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is based upon the Eilenberg–MacLane spectrum for the rationalization of the co-
efficients of our theory. Let a∗n(pt) = π∗(an) = R∗ =

∑
j R j . Unfortunately, we

have little understanding of an explicit formula for these coefficients. Further, the
results of [Ausoni 2010] suggest that R∗ is most likely a very complicated ring
even for n = 2. Nonetheless, we may make the following construction.

Definition 2.1. The Chern–Dold character for the theory an is the map of coho-
mology theories

chan : a
∗

n→ H∗( · ; R∗⊗Q)

induced by the rationalization map

chan : an→ (an)Q ' H(R∗⊗Q),

where we identify the rationalization of an with the generalized Eilenberg–MacLane
spectrum associated to the graded ring R∗⊗Q.

The following properties of the above character are evident from the definition
and follow similarly to those of the standard Chern–Dold character [Buhštaber
1970; Adams 1972].

Lemma 2.2 (properties of the Chern–Dold character). (1) Over a point, chan is
the canonical homomorphism R∗→ R∗⊗Q.

(2) For a finite complex X the homomorphism

chan ⊗Q : a∗n(X)⊗Q→ H∗(X; R∗⊗Q)

is an isomorphism.

(3) chan is a ring homomorphism.

2B. A (twisted) higher Chern character via THH. Although we do not have a
good understanding of the ring R∗ or its rationalization, there is a stand-in for the
Chern–Dold character with target a recognizable generalized Eilenberg–MacLane
spectrum.

Let n be odd, and consider the composite ch≥0
n :

an = K (n−1)(ku)

ch≥0
n

))

trn−1
// THH(n−1)(ku) // THH(n−1)(kuQ)

THH(n−1)((6∞CP∞
+
)Q)

'

OO

ev
��

(6∞K (Z, n+ 1)+)Q
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described in the proof of Theorem 1.10 with ev the basepoint evaluation projection
from THH(n−1)(6∞CP∞

+
)=6∞Map(T n−1, K (Z, n+ 1))+ to 6∞K (Z, n+ 1)+.

The target of this map is the generalized rational Eilenberg–MacLane ring spectrum
(6∞K (Z, n+ 1)+)Q ' HQ[βn] whose homotopy is the ring Q[βn].

Definition 2.3. For n odd, define the higher Chern character chn :An→ HQ[β±1
n ]

as the localization (at βn) of the map ch≥0
n : an→ HQ[βn].

We note that when n = 1, this is the usual Chern character, which may be
alternatively described as the map KU → KUQ ' (6

∞CP∞
+
[β±1
])Q induced

by rationalization and Snaith’s (or Segal’s) theorem. More generally, chn factors
the Chern–Dold character and evidently forgets some information regarding the
rational homotopy of An = an[β

−1
n ]:

an
chan

//

��

H(R∗⊗Q)

��

An chn

// HQ[β±1
n ]

(the right vertical map is induced by ch≥0
n in rational homotopy). Nonetheless, it

is useful on account of the fact that the coefficients of the codomain of chn are
computed. Furthermore, this map is highly structured:

Proposition 2.4. The higher Chern character chn : An → HQ[β±1
n ] is a map of

E∞ ring spectra. Further, the composite Sn→An→ HQ[β±1
n ] is an equivalence,

and splits HQ[β±1
n ] off of An .

Proof. The work of [Blumberg et al. 2014] ensures that the Dennis trace is an E∞
map. The original map3 ch≥0

n : an→ (6∞K (Z, n+ 1)+)Q in the definition of chn

may then be seen to be E∞: it is a composite of iterates of tr, rationalizations, an
equivalence induced by a map of ring spectra, and the map ev, which is easily seen
to be E∞. Finally chn is also E∞, being obtained from this by localization at βn .

To obtain the second statement, it suffices to note that ι ∈ πn+1An is carried
to βn , which was shown in the proof of Theorem 1.10. �

Consequently chn induces a map of spectra chn : gl1(An) → gl1(HQ[β±1
n ]).

Further, since the composite

6∞K (Z, n+ 1)+
tn
−→ an

ch≥0
n
−−→ (6∞K (Z, n+ 1)+)Q

3This need not agree with the connective cover of the map chn!
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is the rationalization map, it follows that chn carries the twisting tn of An by H n+2

to the standard4 twisting of periodic cohomology by H n+2.

Corollary 2.5. For each H ∈ H n+2(X), the higher Chern character chn is a natu-
ral transformation of twisted cohomology theories,

chn : A
∗

n(X; H)→ HQ∗(X; H)[β±1
n ],

which splits the target off of the source.

2C. A-orientations and Umkehr maps. In order to construct the T-duality iso-
morphism in twisted An-theory via a Fourier–Mukai push-pull formula, we will
need to have an Umkehr map in An-theory. Here we set out a framework for
constructing and analyzing the Umkehr map associated to a sphere bundle. We
will work with an arbitrary ring spectrum R equipped with a periodic twisting of
n-gerbes φ :Sn→ R, but we have R = An in mind throughout.

Let π : E→ X be a smooth fiber bundle with fiber the q-sphere Sq and V → E
denote the vertical tangent bundle of the fiber bundle π . Consider the unit map
η : S→ R from the sphere spectrum, and the J -homomorphism J : O→ GL1(S)
to the space of units of S, with B J its delooping. Choose a map V : E→ BO that
classifies the vertical tangent bundle and let

τE : E
V
−→ BO

B J
−→ B GL1(S)

B GL1(η)
−−−−−→ B GL1(R)

be the twist of R-theory that it determines. The structure of an R-orientation of V ,
i.e., a Thom class in R-theory for the Thom spectrum E V , is equivalent to the
datum of the homotopy class of a nullhomotopy of the map τE .

Definition 2.6. We call τE the orientation twist of E , since it is the obstruction to
the R-orientability of the vertical tangent bundle V .

Associated to the sphere bundle π : E→ X is a Pontrjagin–Thom collapse map
π ! : 6∞X+ → E−V . Applying R-cohomology, we get a twisted Umkehr map
π! : R∗(E−V )→ R∗(X). Since the Thom spectrum associated to the twist −τE is
the R-module spectrum R ∧ E−V , we may rewrite the twisted Umkehr map as

π! : R∗(E; τE)→ R∗(X).

More generally, if ω : X→ B GL1(R) is a twist of R over X , then there is a product
twist τE ⊗ π

∗ω induced by the action of B GL1 S on B GL1 R coming from the

4Traditionally when considering twisted periodic cohomology, the period of the theory is 2, but
of course higher degrees also arise [Sati 2010]. In this setting, the period is somewhat longer, since
βn has dimension n+ 1. Since n is odd, the period is still even, so the two are naturally comparable.
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S-algebra structure of R. The Pontrjagin–Thom collapse map induces a twisted
Umkehr map of the form

π! : R∗(E; τE ⊗π
∗ω)→ R∗(X;ω).

In the presence of an orientation, we can recover the usual Umkehr map along π .

Proposition 2.7. A trivialization of τE , or equivalently an R-orientation of V , de-
termines an (untwisted) Umkehr map

π! : R∗(E)∼= R∗−q(E; τE)→ R∗−q(X),

defined as the composite of the resulting Thom isomorphism in R-theory for E−V

with the twisted Umkehr map.

Remark 2.8. If R admits a periodic twisting by n-gerbes for n = 1, then V is
R-orientable if and only if it admits a spinC structure. In the case of odd n > 1, the
spectrum R is an HQ-algebra (Proposition 1.16) and the virtual tangent bundle V
is R-orientable if and only if it is an orientable vector bundle in the usual sense.

The twisted Umkehr map π! is natural in the variable X , meaning that if

E ′
f̃
//

π ′

��

E

π

��

X ′
f
// X

is a pullback diagram of bundles, then there is a commutative diagram

R∗(E ′; τE ′ ⊗π
′∗ f ∗ω)

π ′
!
//

f̃ ∗

��

R∗(X ′; f ∗ω)

f ∗

��

R∗(E; τE ⊗π
∗ω)

π!
// R∗(X;ω)

(2.9)

relating the Umkehr maps along π and π ′ with the contravariant functoriality of the
twisted cohomology theory R∗( · ;ω). Notice that we use the canonical equivalence
of twists

f̃ ∗(τE ⊗π
∗ω)' f̃ ∗τE ⊗ f̃ ∗π∗ω ' τE ′ ⊗π

′∗ f ∗ω

to identify the target of f̃ ∗ with the source of π!.
We will also need the following lemma on Mayer–Vietoris sequences.

Lemma 2.10. The Umkehr map π! is natural for the boundary operator δ in Mayer–
Vietoris sequences for twisted R-theory; i.e., if X =U ∪ V is a decomposition of X
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into open subsets, and we write EU∩V for the restriction of the bundle E to the
open subset U ∩ V , then the following diagram commutes:

R∗(EU∩V ; τEU∩V ⊗π
∗ω)

δ
��

π |U∩V !
// R∗(U ∩ V ;ω)

δ
��

R∗+1(E; τE ⊗π
∗ω)

π!
// R∗+1(X;ω)

Proof. We first construct the Mayer–Vietoris boundary operator δ in R-theory
twisted by ω. We write X−ω and U−ω, for the R-module Thom spectra associated
to the inverse of the twist ω : X→ B GL1(R) and to the restriction of ω to U , where
the latter is a slight abuse of notation. The functoriality of the Thom spectrum
functor gives the commutative square of spectra on the left, which we extend to a
morphism of cofiber sequences

(U ∩ V )−ω //

��

U−ω

��

c1
// C1

φ

��

∂
// 6(U ∩ V )−ω

��

V−ω // X−ω
c2
// C2

∂
// 6V−ω

The induced morphism φ on cofibers is an equivalence by the excision property
of the parametrized cohomology theory associated to the parametrized R-module
spectrum over X determined by ω [May and Sigurdsson 2006, §20]. Another point
of view is that the Thom spectrum functor ( · )−ω preserves homotopy pushouts
[Ando et al. 2014a, Corollary 3.13]5, such as X =U ∪U∩V V , and thus the induced
map on cofibers is an equivalence. The Mayer–Vietoris sequence boundary oper-
ator δ is defined to be the composite δ = c∗2 ◦ (φ

−1)∗ ◦ ∂∗ of the induced maps in
R-cohomology, where φ−1 is a homotopy inverse to the equivalence φ.

There is a similar diagram defining the Mayer–Vietoris boundary operator asso-
ciated to the decomposition E = EU ∪EU∩V EV and the naturality of the Pontrjagin–
Thom construction constructs a commutative square of cofiber sequences relating
the displayed diagram to the one for E . This gives the desired relation between δ
and the twisted Umkehr map π!. �

3. T-duality for sphere bundles in theories twisted by n-gerbes

In this section, we define T-duality for sphere bundles and prove the T-duality iso-
morphism for cohomology theories admitting periodic twisting by n-gerbes. The

5The cited work uses an∞-categorical model for the Thom spectrum functor and so the relevant
result is expressed using the language of colimits in∞-categories. It is a consequence of their work
and the identification of homotopy colimits with∞-colimits that any model for the Thom spectrum
functor preserves homotopy colimits.
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material closely follows that of [Bunke and Schick 2005] in the setting of T-duality
for circle bundles. We will also prove that when n > 1, any cohomology theory for
which such an isomorphism holds must be rational.

3A. Formulation of T-duality for sphere bundles. Let X be a topological space,
and π : E→ X and π̂ : Ê→ X be Sq -bundles over X . For simplicity, we work with
smooth fiber bundles, but the arguments can be adapted to the case of topological
fiber bundles. Note that we do not require the sphere bundles to be orientable. In
the analysis of classifying spaces in Section 4, we will work with a chosen structure
group for our bundles, but for now that choice is not relevant.

Define E ∗X Ê to be the fiberwise join of E and Ê over X . Note that this is
a bundle with fiber the join Sq

∗ Sq
= S2q+1, and that there are natural fiberwise

embeddings
i : E ↪→ E ∗X Ê and î : Ê ↪→ E ∗X Ê

given by inclusion of each factor in the join.

Definition 3.1. A bundle Thom class6 for an Sm-bundle p : Y → X is an element
Th ∈ H m(Y ;Z) with the property that its restriction to each fiber is a generator of
H m(Sm

;Z). Equivalently, p!(Th)=±1 ∈ H 0(X;Z).

We let n = 2q − 1, which is evidently odd, and consider representatives

H : E→ K (Z, n+ 2) and Ĥ : Ê→ K (Z, n+ 2)

for cohomology classes

[H ] ∈ H n+2(E;Z) and [Ĥ ] ∈ H n+2(Ê;Z).

Definition 3.2. We say that the pairs (E, H) and (Ê, Ĥ) are T-dual if there exists
a bundle Thom class Th ∈ H n+2(E ∗X Ê) with i∗ Th= [H ] and î∗ Th= [Ĥ ].

Consider the correspondence space E×X Ê , which is an Sq
× Sq -bundle over X :

E ×X Ê
p

{{

p̂

##

E

π
##

Ê

π̂
{{

X

6This is simply called a Thom class in [Bunke and Schick 2005]; this usage conflicts with the
usual notion of a Thom class as a generator θ for the cohomology of a Thom space. The two notions
are closely related, since θ is carried to Th under the collapse map from a sectioned sphere bundle to
its Thom space.
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There is a tautological homotopy h : I × (E ×X Ê)→ E ∗X Ê from i ◦ p to î ◦ p̂
that is given by the formula ht(e, ê) = (t, e, ê) and recognizes the fiberwise join
E ∗X Ê as a quotient of I × (E ×X Ê).

Pulling the twisting classes back over p and p̂ gives cohomology classes p∗[H ]
and p̂∗[Ĥ ], respectively, on the correspondence space. But since i∗ Th = [H ]
and î∗ Th= [Ĥ ], we have a homotopy between the maps representing p∗[H ] and
p̂∗[Ĥ ]:

3= Th ◦h : H ◦ p = Th ◦i ◦ p→ Th ◦î ◦ p̂ = Ĥ ◦ p̂.

The T-duality transformation T is the composite

R∗(E; τE ⊗ H)
p∗
// R∗(E ×X Ê; p∗τE ⊗ p∗H)

3∼=

��

R∗(E ×X Ê; τE×X Ê ⊗ p̂∗ Ĥ)
p̂!
// R∗(Ê; Ĥ)

where the middle isomorphism is induced by the homotopy 3 and the canonical
isomorphism of the pullback along p of the vertical tangent bundle of π : E→ X
with the vertical tangent bundle of p̂ : E ×X Ê→ Ê . We may now state our main
theorem.

Theorem 3.3. Let R be an A∞ ring spectrum, and let φ : Sn → R be a peri-
odic twisting of R by n-gerbes. Suppose that X is homotopy equivalent to a finite
CW complex, that (E, H) and (Ê, Ĥ) are T-dual, and write τE : X → B GL1(R)
for the orientation twist of the vertical tangent bundle of E. Then the T-duality
transformation

T := p̂! ◦3 ◦ p∗ : R∗(E; τE ⊗ H)→ R∗(Ê; Ĥ)

is an isomorphism.

Recall that our main examples of such an R are Sn itself (Definition 1.13), and
An (Definition 1.11).

3B. Proof of Theorem 3.3. We will establish Theorem 3.3 through a series of
lemmata.

Lemma 3.4. Theorem 3.3 holds when X is a point.

Proof. In this case, the Atiyah–Hirzebruch spectral sequence for the R-cohomology
of E× Ê = Sq

× Sq contains R∗(E) and R∗(Ê) as direct summands on every page,
and thus cannot have any nonzero differentials. This gives an isomorphism of rings

R∗(E × Ê)∼= R∗[x, x̂]/(x2, x̂2),
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where x and x̂ are represented by singular cohomology classes of dimension q.
Write β = φ∗(ι) ∈ πn+1(R) for the periodicity class; when R = An , β = βn . We
claim that 3 is given by multiplication by the degree-0 class 1 ± βx x̂ , where
we are regarding β as a −2q = −(n+ 1)-dimensional cohomology class via the
identification R∗(pt)= π−∗R.

Granting that, the result follows: p̂! ◦3 ◦ p∗(1)= p̂!(1±βx x̂)=±β x̂ , and

p̂! ◦3 ◦ p∗(x)= p̂![(1±βx x̂)x] = p̂!(x)= 1

since the Umkehr map p̂! is given by division by the class x if possible, and is 0
otherwise.

To see the claim, we first recall that for a trivial cohomology class α = 0 ∈
H m(Y ;Z), represented by a map α : Y → K (Z,m), the set of homotopy classes of
nullhomotopies of α is a torsor for

[Y, �K (Z,m)] = H m−1(Y ;Z)= H m(6Y,Z),

by concatenation of homotopies. In particular, it is in bijection with this group.
We note that since H n+2(E) = 0 = H n+2(Ê), we have H = Ĥ = 0. So p∗H

and p̂∗ Ĥ are necessarily null. Further, since H n+1(E) = 0 = H n+1(Ê), there is
a unique homotopy class of trivialization (nullhomotopy) of H and Ĥ , yielding
preferred nullhomotopies of p∗H and p̂∗ Ĥ . Note that the nullhomotopies of the
pulled-back classes are not unique, since the group H n+1(E× Ê)=Z affords many
possibilities.

Indeed, the homotopy 3 of Theorem 3.3 is a nontrivial homotopy between the
trivialized twists p∗H and p̂∗ Ĥ . We may therefore regard it as being represented
through the action of an element of the group H n+1(E × Ê)∼= H n+26(E × Ê) on
the trivial twist. But by construction, 3 is given as a composite

6(E × Ê)→ E ∗ Ê = Sn+2 Th
−→ K (Z, n+ 2).

Here the first map arises from the tautological homotopy I × E × Ê→ E ∗ Ê ; the
factorization through 6(E × Ê) uses the fact that the inclusions of E and Ê into
E ∗ Ê are nullhomotopic. In particular, this map induces an isomorphism in H n+2.
By assumption, this composite is a generator of H n+26(E × Ê). The map that 3
induces in R∗ is therefore given by multiplication by the invertible class

E × Ê //

##

�Sn+2 �Th
// K (Z, n+ 1)

GL1 φ
// GL1 R

Sn+1

;;

±ι

33

1±β

22
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The result follows, since the top-dimensional cohomology class of Sn+1 pulls back
to x x̂ on E × Ê . �

We now establish the naturality properties of the T-duality transformation that
we need to prove Theorem 3.3 by cellular induction.

Lemma 3.5. Let f : Y → X be a continuous map, and define F : f ∗E→ E and
F̂ : f ∗ Ê→ Ê to be induced maps from the pullbacks of E and Ê along f . Then
the T-duality map for the bundles E and Ê on X pulls back over f ; that is, the
following diagram commutes:

R∗(E, τE ⊗ H) T
//

F∗

��

R∗(Ê, Ĥ)

F̂∗
��

R∗( f ∗E, F∗(τE ⊗ H)) T
// R∗( f ∗ Ê, F̂∗ Ĥ)

Proof. The maps p∗ and 3 commute with F∗ and F̂∗ by the contravariant functori-
ality of twisted cohomology theories. The twisted Umkehr map p̂! also commutes
with F∗ and F̂∗ by diagram (2.9). �

Lemma 3.6. If X is decomposed as the union X = U ∪ V of open subsets, we
may restrict E and Ê to these subsets, obtaining E = EU ∪ EV and Ê = ÊU ∪ ÊV .
Further, let δ and δ̂ be the boundary operators in the Mayer–Vietoris sequences for
these decompositions of E and Ê , respectively. Then the T-duality transformation
preserves these Mayer–Vietoris sequences; that is,

T ◦ δ = δ̂ ◦ T : R∗(EU∩V , (τE ⊗ H)|EU∩V )→ R∗+1(Ê, Ĥ).

Proof. We argue that each component of T = p̂!◦3◦ p∗ commutes with the relevant
boundary operator. The pullback map p∗ is induced by a map of spectra over E
and hence extends to a natural transformation of parametrized cohomology theories
on spaces over E [May and Sigurdsson 2006, §20]. The data of the boundary
map ∂ in the cofiber sequence associated to a pair of spaces over E , such as in a
Mayer–Vietoris sequence, is preserved by such a natural transformation. Similarly,
the map 3 is induced by a map of spectra over E ×X Ê , so commutes with the
boundary operators. The twisted Umkehr map p̂! commutes with the boundary
operators by Lemma 2.10. �

The proof of Theorem 3.3 immediately follows by cellular induction, using the
previous three results, Lemmas 3.4–3.6.

Remark 3.7. Note that if R′ is an A∞ ring spectrum and ψ : R→ R′ an A∞ map,
the composite ψ ◦φ is a periodic twisting of R′ by n-gerbes, and so the results of
this theorem also hold for R′. Further, it is evident from the proof that ψ throws
the T-duality isomorphism for R onto that for R′.
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Summarizing this result in the case that R = An , R′ = HQ[β±1
n ], and ψ = chn ,

we have:

Corollary 3.8. The higher Chern character chn throws the T-duality isomorphism
for An onto that of periodic rational cohomology, in the sense that the following
diagram commutes:

A∗n(E; τE ⊗ H)
TAn

∼=

//

chn
��

A∗n(Ê; Ĥ)

chn
��

HQ∗(E; τE ⊗ H)[β±1
n ]

∼=

T
HQ[β

±1
n ]

// HQ∗(Ê; Ĥ)[β±1
n ]

3C. A T-duality isomorphism implies rationality. Let R be an A∞ ring spectrum
which admits a twisting by n + 2-dimensional cohomology classes. That is, we
take as given a map

τ : K (Z, n+ 2)→ B GL1(R),

whence we may define twisted cohomology groups R∗(X, H) for H ∈ H n+2(X,Z).
Note we do not assume that this twisting is periodic in the sense of Definition 1.15.
In other words, the map

t :6∞
+

K (Z, n+ 1)→ R

of ring spectra adjoint to τ is not assumed to factor through the Arthan spectrum
Sn =6

∞
+

K (Z, n+ 1)[ι−1
]. In particular, we may not immediately conclude from

Proposition 1.16 that R is a rational spectrum.
One may ask whether a T-duality isomorphism holds in this setting. That is, if

(E, H) and (Ê, Ĥ) are T-dual Sq-bundles7 over X in the sense of Definition 3.2,
we may, as before, form the T-duality transformation T as the composite

R∗(E; τE ⊗ H)
p∗
// R∗(E ×X Ê; p∗τE ⊗ p∗H)

3∼=

��

R∗(E ×X Ê; τE×X Ê ⊗ p̂∗ Ĥ)
p̂!
// R∗(Ê; Ĥ)

and ask whether T is an isomorphism.

Theorem 3.9. The following are equivalent:

(1) The T-duality transformation T is an isomorphism for all base spaces X of
the homotopy type of a finite CW complex.

(2) The T-duality transformation T is an isomorphism for X a point.

7We still require n = 2q + 1.
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(3) The twisting τ is periodic.

In particular, any cohomology theory which admits a T-duality isomorphism for
Sq -bundles with q > 1 must be a rational cohomology theory.

Proof. Clearly the first statement implies the second. Conversely, the proof of
Theorem 3.3 showed that the general case reduced to the case X a point using
naturality (Lemma 3.5) and the Mayer–Vietoris sequence (Lemma 3.6) — note that
these results do not require the twisting to be periodic. We have shown that the
T-duality isomorphism holds when X is a point under the assumption of a periodic
twisting (Lemma 3.4), so the third statement implies the second. So we need only
show that the second statement implies the third.

Let us define β : Sn+1
→ R as we have done in Section 1B, via the composite

Sn+1 ι
−→6∞K (Z, n+ 1)+

t
−→ R

where t is adjoint to τ . We will show that β is an invertible element of π∗R under
the assumption that T-duality holds over a point. This then implies that the map of
ring spectra t factors through the Arthan spectrum Sn , and in particular makes R
an algebra spectrum over Sn .

As in the proof of Lemma 3.4, we may write R∗(E × Ê) = R∗[x, x̂]/(x2, x̂2)

and compute the T-duality map to be the R∗-linear operation given by

1 7→ ±β x̂ and x 7→ 1.

This can only be an isomorphism if β is invertible. �

4. Classifying spaces for T-dual pairs

We continue to insist that n = 2q − 1 be odd. In this section, we introduce spaces
Rn(G) and Pn(G) that classify the objects considered in the previous section, at
least in the case where the bundles E and Ê are oriented. More precisely, let G be
a topological group equipped with a homomorphism to Homeo+(Sq), the group of
orientation-preserving homeomorphisms of the q-sphere Sq .

We will construct natural isomorphisms that give the following identifications:

• [X, Rn(G)] is the set of equivalence classes of pairs (E, H), where E→ X is
an Sq -bundle with structure group G, and H is a map representing a twisting
class [H ] ∈ H n+2(E).

• [X, Pn(G)] is the set of equivalence classes of triples (E, Ê,Th), where E
and Ê are Sq-bundles with structure group G, and Th ∈ H n+2(E ∗X Ê) is a
bundle Thom class.

There is a map Pn(G)→ Rn(G) that induces the natural transformation which
carries (E, Ê,Th) to (E, i∗ Th) (where we make a slight abuse of notation and
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write i∗ Th for a choice of representing map). We will analyze the homotopy type
of the spaces involved and show that this map is an equivalence precisely when
q = 1.

Remark 4.1. We may regard [X, Pn(G)] as the set of T-dual pairs over X . The
failure of this map to be an equivalence for q > 1 shows that it is not the case that
every pair (E, H) has a T-dual (Ê, Ĥ), and that when a T-dual exists, there is no
guarantee that it is unique. However, we will encounter special cases towards the
end of Section 4C where T-duals do exist and can be unique.

4A. Euler classes and the classifying space Pn(G). Let p : E → X be a fiber
bundle with fiber Sm . If E is the subsphere bundle E = S(V ) of an oriented real
vector bundle V over X of rank m+ 1, then there is an Euler class

e(E)= e(V ) ∈ H m+1(X)

which is the pullback of the (usual notion of the) Thom class of X V under the
zero-section.

More generally, if E is an oriented Sm-bundle, then the fiberwise unreduced
suspension

6X E := I × E/∼, where (t, e)∼ (t, e′) for t = 0, 1 when p(e)= p(e′),

is a topological Sm+1-bundle over X which inherits an orientation from E . There
are two canonical sections st : X→6X E , where t = 0, 1, given by st(x)= [t, e]
for any e in the fiber over x . The associated Thom space

X E⊕1
:=6X E/s1(X)

is obtained by collapsing the image of s1 to a point. Since 6X E is oriented, there
is a Thom class θE ∈ H m+1(X E⊕1) in integral cohomology with the property that
the map

H∗(X)→ H̃∗+m+1(X E⊕1) given by α 7→ (6X p)∗(α)∪ θE

is an isomorphism. We define the Euler class of E by the formula e(E)= s∗0 (θE).
The following is a straightforward application of the Leray–Hirsch theorem and the
Gysin sequence; in the case m = 1, see [Bunke and Schick 2005, §2.2; Bouwknegt
et al. 2004, §3.1].

Proposition 4.2. The following are equivalent:

(1) E admits a bundle Thom class Th ∈ H m(E).

(2) H∗(E) is a free H∗(X)-module on 1,Th.

(3) e(E)= 0.
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The set of homotopy classes of nullhomotopies of a representative cocycle for
e(E) ∈ H m+1(X), if trivial, is a torsor under H m(X). The same is true of bundle
Thom classes Th∈ H m(E): for any α ∈ H m(X), Th+p∗(α) is another such bundle
Thom class. This structure is indeed a torsor (as it arises from a free and transitive
action of H m(X)) by virtue of point (2) in the above proposition. Thus we may in
fact conclude:

the set of homotopy classes of trivializations of e(E) is naturally in bijec-
tion with the set of bundle Thom classes Th ∈ H m(E).

The next result implies that our definition of T-duality may be described in terms
of characteristic classes, as in the cases q = 1, 3 [Bouwknegt et al. 2004; Bunke
and Schick 2005; Bouwknegt et al. 2015a].

Proposition 4.3. Suppose that E and Ê are orientable Sq-bundles over X , and
that (E, H) and (Ê, Ĥ) are T-dual. Then the equations

e(E)=±π̂![Ĥ ] and e(Ê)=±π![H ]

hold in Hq+1(X).

Proof. Let 6X E and 6X Ê be the oriented Sq+1-bundles over X formed by taking
the fiberwise unreduced suspension. Form the fiberwise smash product 6X E ∧X

6X Ê with respect to the canonical sections s1 on either side. This is an S2q+2-
bundle and that inherits an orientation from E and Ê . In other words, we equip
the Thom space

X E⊕Ê⊕2
:= (6X E ∧X 6X Ê)/s1(X)

with the Thom class θE ·θÊ ∈ H 2q+2(X E⊕Ê⊕2). Consequently, the associated Euler
class satisfies

e(E ∗X Ê)= e(E) · e(Ê).

The S2q+1-bundle E ∗X Ê also inherits an orientation from E and Ê ; the Thom
class on the associated Thom space agrees with θE · θÊ under the homeomorphism

X (E∗X Ê)⊕1 ∼= X E⊕Ê⊕2.

Using these orientations to define Thom isomorphisms and their associated Umkehr
maps, the inclusion i : E→ E ∗X Ê induces a commutative diagram relating the
Gysin sequences for ρ : E ∗X Ê→ X and π : E→ X :

· · · // H 2q+1(X)
ρ∗
// H 2q+1(E ∗X Ê)

ρ!
//

i∗
��

H 0(X)

e(Ê)
��

e(E∗X Ê)
// H 2q+2(X) // · · ·

· · · // H 2q+1(X)
π∗
// H 2q+1(E)

π!
// Hq+1(X)

e(E)
// H 2q+2(X) // · · ·
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Now suppose that (E, H) and (Ê, Ĥ) are T-dual. In particular, we are given a
bundle Thom class Th ∈ H 2q+1(E ∗X Ê) satisfying i∗ Th= [H ] and î∗ Th= [Ĥ ].
We do not know if (the suspension of) Th is the pullback of our preferred Thom
class θE ·θÊ , but we do know that ρ! Th=±1, and consequently that π![H ]=±e(Ê).
The relation π̂![Ĥ ] = ±e(E) follows from the analogous diagram involving the
Gysin sequence for π̂ . �

We now construct the space Pn(G) which parametrizes triples (E, Ê,Th), where
E and Ê are Sq-bundles with structure group G, and Th is a bundle Thom class
on E ∗X Ê .

Definition 4.4. Let Pn(G) be the homotopy fiber of the composite

BG× BG
B join
−−−→ B Homeo+(Sq

∗ Sq)
e
−→ K (Z, 2q + 2)= K (Z, n+ 3).

Here join :G×G→Homeo+(Sq
∗Sq) is the join of a pair of orientation-preserving

homeomorphisms and e classifies the Euler class.

By construction, homotopy classes of maps X → Pn(G) are in bijection with
the set of equivalence classes of the following data:

• a pair (E, Ê) of Sq -bundles over X with structure group G, and
• the homotopy class of a trivialization of the Euler class of the fiberwise join

E ∗X Ê .

Applying Proposition 4.2 (or rather, its subsequent refinement) in this setting yields:

Proposition 4.5. There is a bijection between [X, Pn(G)] and the set of equiva-
lence classes of triples (E, Ê,Th), where Th ∈ H n+2(E ×X Ê) is a bundle Thom
class.

Remark 4.6. Up to equivalence, the data of a triple (E, Ê,Th) may be iden-
tified with the data of two T-dual pairs (E, H) and (Ê, Ĥ) via (E, Ê,Th) 7→
(E, i∗ Th), (E, î∗ Th). Thus, Pn(G) is the classifying space for T-dual pairs.

4B. The classifying space Rn(G). We now work with slightly more generality.
Let F be a topological space and suppose that G is a topological group equipped
with a continuous homomorphism G→ Homeo(F). Consider pairs (E, H) con-
sisting of a fiber bundle π : E→ X with fiber F and structure group G, along with
a map H : E→ K (Z, n+ 2) representing a cohomology class [H ] ∈ H n+2(E;Z)
on the total space that is fiberwise trivial, i.e., for every x ∈ X , the restriction
of [H ] to H n+2(Ex ;Z) is zero. We will construct a classifying space Rn(G) for
such pairs (E, H). Our construction is a generalization of Bunke and Schick’s
classifying space for principal circle bundles equipped with a U (1)-gerbe [2005].

Let Map0(F, K (Z, n+2)) be the connected component of Map(F, K (Z, n+2))
containing the basepoint. In other words, Map0(F, K (Z, n+ 2)) is the subspace of
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nullhomotopic maps. The group G acts on Map(F, K (Z, n+ 2)) by (g · f )(x)=
f (g−1x).

Proposition 4.7. Equivalence classes of pairs (E, H) are classified by the space

Rn(G) := EG×G Map0(F, K (Z, n+ 2)).

Proof. Starting with a group G, one can extend the G-Borel construction EG×G ( · )

to the two-sided bar construction B( · ,G, · ), where the first and last entries are
right and left G-spaces, respectively. Applying this to the space of functions from
F to K = K (Z, n + 2) gives R = B(∗,G,Map0(F, K )). The total space of the
universal pair over R is

Euniv = B(F,G,Map0(F, K ))→ B(∗,G,Map0(F, K ))= R

with projection to R induced by F→∗. Note the evaluation map F×Map0(F, K )→
K is G-invariant and hence descends to the homotopy quotient:

Huniv : B(F,G,Map0(F, K ))→ K .

This map represents the universal cohomology class [Huniv] ∈ H n+2(Euniv;Z). The
pair (Euniv, Huniv) is the universal pair.

Given a pair (E, H), we now construct a classifying map X→ R. Let P→ X be
the principal G-bundle associated to E . The usual contracting simplicial homotopy
shows that the projection B(G,G, P)→ P induced by the action of G on P is a
homotopy equivalence. Now form the following diagram of principal G-bundles:

P

��

B(G,G, P)

��

'
oo // B(G,G,Map0(F, K ))

��

X // B(∗,G, P)
'
oo // B(∗,G,Map0(F, K ))= R

The map on the lower left is an equivalence by the five lemma, so we may choose a
wrong-way homotopy inverse as indicated by the dashed arrow. The maps pointed
to the right are induced by the G-map P→Map0(F, K ) adjoint to the map H :
P ×G F = E→ K . The composite along the bottom gives the classifying map for
the pair (E, H).

To see that the fiber bundle E→ X is the pullback of the fiber bundle Euniv→ R
along this classifying map, apply F ×G ( · ) to the total spaces of the principal G-
bundles in the diagram. �

Remark 4.8. More generally, if we replace K (Z, n+ 2) by any space K , then R
classifies equivalence classes of pairs (E, H) consisting of a fiber bundle E→ X
with fiber F and structure group G and a map H : E→ K that is fiberwise null-
homotopic.
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4C. Comparing Rn(G) and Pn(G). We now return to the usual setting of oriented
Sq-bundles with structure group G and set n = 2q − 1. We will analyze the map
f : Pn(G)→ Rn(G) that represents the forgetful functor taking a T-dual pair (E, H)
and (Ê, Ĥ) to the first item (E, H). Abbreviate P = Pn(G) and R = Rn(G) and
note that by construction R fits into a fiber sequence

Map(Sq , K (Z, n+ 2))→ R→ BG.

Also note that, by the connectivity of the Eilenberg–MacLane space, Map(Sq ,

K (Z, n+ 2)) is connected, so we are automatically restricting to nullhomotopic
maps as in the construction of R.

The classifying space P also participates in a fiber sequence, which we extend
to the left by one entry:

· · · → K (Z, n+ 2)→ P→ BG× BG
e( · ∗ · )
−−−→ K (Z, n+ 3).

The composite of the map from P with the projection pri : BG× BG→ BG to the
first or second factor classifies a principal G-bundle with fiber Sq over P , which
we call E and Ê , respectively. The fiberwise join E ∗ Ê carries a canonical bundle
Thom class by Proposition 4.5. Pulling it back along the inclusion i1 : E→ E ∗ Ê
gives a class [H ] ∈ H n+2(E). Choose a representing map H : E→ K (Z, n+ 2).
By Proposition 4.7, the pair (E, H) over P is classified by a map f : P→ R which
fits into a map of fiber sequences

K (Z, n+ 2)

��

// P

f
��

// BG× BG

pr1

��

Map(Sq , K (Z, n+ 2)) // R // BG

(4.9)

Consider the new fibration P→ BG given by passing from the upper middle
to lower right of this diagram; this now has fiber BG × K (Z, n+ 2). There is a
morphism of fiber sequences over BG:

BG× K (Z, n+ 2)

��

// P

f
��

// BG

Map(Sq , K (Z, n+ 2)) // R // BG

(4.10)

To compare the homotopy types of P and R, we may then compare the homotopy
type of their fibers. Define a function ẽ : BG → Map(Sq , K (Z, n + 2)) as the
composite

BG
e
−→ K (Z, q + 1)'�q K (Z, n+ 2)→Map(Sq , K (Z, n+ 2)).
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Here, e is the Euler class of an Sq bundle with structure group G, and the second
map is the inclusion of the space of based maps into all maps. Note that the
fiber Map(Sq , K (Z, n + 2)) of the bottom fibration in (4.10) is an H-space, via
multiplication of maps in the target.

Lemma 4.11. In the comparison between the fibers over P and R:

(1) The induced map of fibers K (Z, n + 2)→Map(Sq , K (Z, n + 2)) in (4.9) is
homotopic to the inclusion x 7→ constx of constant maps.

(2) The fiber map BG× K (Z, n+ 2)→Map(Sq , K (Z, n+ 2)) in (4.10) is homo-
topic to the product of the maps ẽ and const.

Proof. The fundamental class ι : Sn+2
→ K (Z, n+ 2) represents the bundle Thom

class of the trivial sphere bundle over a point. Thus, the induced map of fibers in
(4.9) is adjoint to the composite

Sq
× K (Z, n+ 2)

i1×1
−−→ S2q+1

× K (Z, n+ 2)
ι×1
−−→ K (Z, n+ 2)× K (Z, n+ 2)

+
−→ K (Z, n+ 2).

This composite is homotopic to the projection to the second factor, which proves
the first claim.

The second claim is a parametrized form of the first. The identity map of the
space P classifies a triple (E, Ê,Th) over P of Sq -bundles E and Ê , and a bundle
Thom class Th∈ H n+2(E∗P Ê). In these terms, f carries this to the map f : P→ R
representing the pair (E, i∗1 (Th)), where i1 : E→ E ∗P Ê is the natural inclusion.

Write Xb ∼= BG×K (Z, n+2) for the fiber over b, and Jb for the fiber inclusion
Jb : Xb → P in the top row of (4.10). Then the composition f ◦ Jb represents
the pair (J ∗b E, i∗1 J ∗b (Th)) over Xb. However, J ∗b E is trivial, since its classifying
map factors through {b}. Therefore, the fiberwise join J ∗b (E ∗P Ê)=6q+1

Xb
Ê is

the (q + 1)-th fiberwise suspension of Ê . Then the pullback of the bundle Thom
class i∗1 J ∗b (Th) is the composite

Sq
× BG×K (Z, n+2)= Sq

× Xb ∼= J ∗b E
i1
−→6

q+1
Xb

Ê
Jb
−→ E ∗P Ê

Th
−→ K (Z, n+2).

Now, the Euler class of the Sn+2-bundle 6q+1
Xb

Ê is precisely the restriction of the
bundle Thom class J ∗b Th along the zero section. Restricting along i1 gives an Sq -
parametrized form of this fact: i1 ◦ Jb ◦Th : Sq

× Xb→ K (Z, n+ 2) is the Euler
class of 6q+1

Xb
Ê when restricted to any point in Sq . Via adjunction, this is precisely

ẽ in the BG variable. �

Now the following result provides special cases when T-duals exist and are
unique.
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Corollary 4.12. If the Euler class map e : BG→ K (Z, q + 1) is m-connected, so
too is the comparison map f : P → R. Thus, over complexes of dimension less
than m, there exists a unique T-dual (Ê, Ĥ) for any (E, H). In dimension m, such
duals exist, but are not necessarily unique.

Proof. The result then follows from Lemma 4.11 and the fact that for an H-space
such as K (Z, n+ 2), the product of the constant maps and based maps gives an
equivalence K (Z, n+ 2)×�q K (Z, n+ 2)'Map(Sq , K (Z, n+ 2)). �

Example 4.13 (principal circle bundles). When n = q = 1 and G = U (1), the
Euler class e : BU (1)→ K (Z, 2) is a weak homotopy equivalence; therefore, the
map f is as well. This recovers the result of Bunke and Schick [2005] that in the
case of circle bundles and U (1)-gerbes, T-dual pairs exist and are unique up to
equivalence.

Example 4.14 (principal SU(2)-bundles). Suppose that n = 5, i.e., q = 3, and G =
SU(2), and consider pairs (E, H) consisting of a principal SU(2)-bundle π : E→ X
and a 5-gerbe H : E→ K (Z, 7) on E . The Euler class e : B SU(2)→ K (Z, 4) is
5-connected, and so the same holds for f . This recovers the result of Bouwknegt
et al. [2015a] that when the base X has dim≤ 4, the T-dual of (E, H) exists and
is unique.

We can, furthermore, lift this statement to one of our newly constructed theories.
Still when n = 5, the spectrum a5 = K (4)(ku) is the fourth iterated algebraic K -
theory of ku and A5 = K (4)(ku)[β−1

5 ] is the localization at the higher Bott element
β5 of degree 6. The map

τ5 : K (Z, 7)→ B GL1 K (4)(ku)[β−1
5 ] = B GL1 A5

defines a twisting of A5 by 5-gerbes and we now consider the T-duality isomor-
phism. Since the total space of the universal principal SU(2)-bundle is contractible,
the vertical tangent bundle of E is trivializable. Hence, the associated twist τE

of A5 is trivial and the T-duality isomorphism takes the form

T = p̂! ◦3 ◦ p∗ : A∗5(E, H)→ A∗−3
5 (Ê, Ĥ).

By Corollary 3.8, the Chern character throws this T-duality isomorphism onto a
T-duality isomorphism

T : HQ∗(E; H)[β−1
5 ]

∼=
−→ HQ∗−3(Ê; Ĥ)[β−1

5 ]

in ordinary cohomology. This recovers the T-duality isomorphism for principal
SU(2)-bundles studied by Bouwknegt et al. [2015a, Theorem 5.2].
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Example 4.15 (nonprincipal SU(2)-bundles). We again suppose that n = 5, i.e.,
q = 3, and that G = SO(4) acts on S3 via the inclusion

SO(4)= Isom+(SU(2))→ Homeo+(SU(2))∼= Homeo+(S3).

In this case, the map on fibers in the map of fiber sequences comparing P and R
(4.10) is

ẽ · const : B SO(4)× K (Z, 7)→Map(S3, K (Z, 7))' K (Z, 4)× K (Z, 7).

The effect on π4 is the projection + :Z⊕Z→Z. This means that over S4, each pair
(E, H) of an S3 bundle with structure group SO(4) and a 5-gerbe H has an infinite
rank-one lattice of possible T-duals (Ê, Ĥ). In particular, spherical T-duals are not
unique in this case. This analysis recovers the construction of spherical T-duals
given by Bouwknegt et al. [2015b] in the case of M = S4. They construct an infinite
family of T-duals over any compact, oriented, simply connected, 4-dimensional
manifold M , but in this case the classification of all possible T-dual pairs is a more
intricate problem. Given a T-dual pair (E, H) and (Ê, Ĥ), we have a T-duality
isomorphism in A5-cohomology and Bott-inverted rational cohomology as in the
previous example.

Example 4.16 (nonorientable bundles). Baraglia [2014] extended topological T-
duality, as an isomorphism in twisted K -theory, to the case of general circle bundles.
Via a geometric approach, he proves existence and uniqueness of T-duals. This
requires considering a twist using real line bundles, i.e., arising from the factor
K (Z/2, 1) ⊂ B GL1(K ), in addition to the usual determinantal factor K (Z, 3).
Specifically: the map O(2) → Homeo(S1) is a homotopy equivalence (this is
a theorem of Kneser [1926]), so a general S1-bundle fails to be equivalent to a
principal bundle only on the basis of orientability.

This was put in the homotopy-theoretic framework of Bunke and Schick by
Mathai and Rosenberg [2014, Theorem 2.2], who constructed a classifying space
for T-dual pairs in the not necessarily oriented setting. When we defined the classi-
fying space Pn(G), we needed our sphere bundles to be oriented to define the Euler
class. We may extend Mathai and Rosenberg’s construction of the classifying space
for T-dual pairs to the case of higher dimensional sphere bundles by considering not
necessarily oriented Sq-bundles E and Ê with structure group G over a space X .
Let X̃ be the double cover of X which orients E ∗X Ê , and Q the oriented Sn+1-
bundle over X̃ to which E ∗X Ê pulls back. One may show that triples (E, Ê,Th),
where Th ∈ H n+2(Q), are classified by a space P̃n(G), which is defined as the
homotopy fiber of the composite

BG× BG
B join
−−−→ B Homeo(Sq

∗ Sq)
(w1,e)
−−−→ EZ/2×Z/2 K (Z, n+ 3).
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Here Z/2 acts on K (Z, n+ 3) by negating the fundamental class. The Borel con-
struction fibers over K (Z/2, 1), with fiber K (Z, n+3); (w1, e) is the data of the first
Stiefel–Whitney class of the Sq

∗ Sq bundle E ∗X Ê (i.e., w1 maps into K (Z/2, 1)),
and e is the Euler class of the oriented cover Q.

The construction of the classifying space Rn(G) for pairs (E, H) is applicable in
the case where E is a not necessarily oriented sphere bundle with structure group G.
As in the oriented case, there is a comparison map f : P̃n(G)→ Rn(G), and we
may study its connectivity to determine the existence and uniqueness of T-dual
pairs in this setting. In the case where n = q = 1 and G = O(2), the map f is an
equivalence, so we recover Baraglia’s theorem on the existence and uniqueness of
T-duality for nonprincipal circle bundles.

Our proof of the T-duality isomorphism applies to nonorientable bundles: look-
ing back to the definition of what it means for (E, H) and (Ê, Ĥ) to be T-dual,
we allow E and Ê to be arbitrary smooth bundles with fiber Sq . This is enough to
prove the T-duality isomorphism; indeed, the orientation twist τE precisely carries
the correction term for nonorientable sphere bundles.

Lastly, we recall Smale’s conjecture that the inclusion O(q + 1)→ Diff(Sq)

is a homotopy equivalence; this has been verified by Smale [1959] for q = 2 and
Hatcher [1983] for q = 3. These results allow us to extend to dimensions two and
three the results described above for S1-bundles, yielding a similar construction
and analysis of the classifying space P̃n(G) of pairs (E, H), where E is a not
necessarily orientable Sq -bundle with structure group G, and H ∈ H n+2(E).

5. Higher categories, n-vector spaces, and iterated algebraic K -theory

In this section we return to the question raised in the introduction on the relationship
between the iterated algebraic K -theory an = K (n−1)(ku), the Bott-inverted iterated
algebraic K -theory An = K (n−1)(ku)[β−1

n ], and n-vector spaces. The discussion is
entirely speculative and is independent of the results proved in the paper. Our aim is
to sketch a conceptual framework that might be useful for analyzing the geometric
content of T-duality for iterated algebraic K -theory. Making this material rigorous
would, at a minimum, require a good theory of weighted colimits for enriched
∞-categories. Also, for the sake of clarity, we ignore the size issues that arise.

We start with the concept that one should be able to associate an object like
a vector bundle to a principal K (Z, n)-bundle. We call such an object a (rank-
one) n-vector bundle. Often the structure group K (Z, n) is written Bn−1U (1) to
highlight the categorical level: the notion of an n-vector bundle is an (n− 1)-fold
categorification of the notion of a vector bundle. The association of an n-vector
bundle to a principal K (Z, n)-bundle works similarly to the classical theory, via an
action of the group K (Z, n) on some structure. We take the point of view that the



TWISTED ITERATED ALGEBRAIC K -THEORY FOR SPHERE BUNDLES 33

canonical object to act on is the linear (n−1)-category (n−1)VectC of (n−1)-vector
spaces. The iterative definition of n-vector space given below is arranged so that
the (n−1)-category (n−1)VectC is the basic example of a rank-one n-vector space.

For small values of n this is completely rigorous. When n= 1 one has the canoni-
cal action of K (Z, 1)=U (1) on the complex vector space C. When n= 2 the group
K (Z, 2) = BU (1) is equivalent to the Picard groupoid of the category of vector
spaces, i.e., to the symmetric monoidal groupoid of 1-dimensional complex vector
spaces under the tensor product. As such, BU (1) acts on the category VectC of
finite-rank complex vector spaces via the tensor product. So to a BU (1)-principal
bundle is canonically associated a bundle with fiber VectC. The 2-category 2VectC
of 2-vector spaces is defined to be the 2-category of finite-rank VectC-modules in
C-linear categories, as in [Kapranov and Voevodsky 1994]. Since VectC is a rank-
one object in 2VectC, the bundle associated to a principal K (Z, 2)-bundle is a line
2-vector bundle.

The first few values of n have explicit applications [Kapranov and Voevodsky
1994; Sati et al. 2009; Freed et al. 2010]. Intuitively, the pattern continues to
higher n, but the situation becomes successively more complicated and less clear
as n grows.

We will sketch an approach to n-vector spaces using enriched higher categories.
If V is a monoidal ∞-category, let us write CatV

∞
for the (∞, 1)-category of V-

enriched∞-categories and V-functors. Although our arguments are merely heuris-
tics, much of what we say can be implemented in the model developed by Gepner
and Haugseng [2015]. For example, CatSp

∞ denotes the∞-category of∞-categories
enriched in the monoidal∞-category Sp of spectra. Since Sp carries the additional
structure of a symmetric monoidal∞-category, the∞-category CatSp

∞ is also sym-
metric monoidal. We can iterate this procedure further. Let

CatSp
(∞,n) = CatCat ···CatSp

∞
∞

∞

be the∞-category of∞-categories enriched in CatSp
(∞,n−1), where CatSp

(∞,1) = CatSp
∞

[Gepner and Haugseng 2015, Remark 5.7.13]. We think of objects of CatSp
(∞,n) as

(∞, n)-categories where the collection of n-morphisms between a pair of (n− 1)-
morphisms forms a spectrum.

There is not currently a well developed theory of weighted limits and weighted
colimits in enriched ∞-categories, but we proceed as if there were, using the
corresponding notions from ordinary enriched category theory as a guide for our
intuition. We write St(n)∞ for the full subcategory of CatSp

(∞,n) consisting of those
objects admitting all CatSp

(∞,n−1)-weighted colimits. Assuming that this is a sensible
notion, there is a localization adjunction

CatSp
(∞,n)

L(n)
// St(n)∞oo (5.1)
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where the left adjoint freely adds all such colimits and the right adjoint is the inclu-
sion. The case n = 1 was studied by Blumberg, Gepner, and Tabuada [Blumberg
et al. 2013] and takes the form

CatSp
∞

L(1)
// St∞,oo

where St∞ = St(1)∞ is the full subcategory of CatSp
∞ consisting of those spectrally

enriched∞-categories admitting small Sp-weighted colimits, i.e., the cocomplete
stable∞-categories. This explains the notation St(n)∞ .

Suppose that R is an E∞ ring spectrum. There is an object bR of CatSp
∞ with

a single object •0 whose endomorphism spectrum is Hom(•0, •0)= R. The image
of the object bR under the localization functor L(1) is the presentable stable∞-
category

L(1)bR =ModR

of R-modules. The functor L(1) admits a symmetric monoidal structure and we
write (ModR,⊗) for the induced symmetric monoidal structure on the image of bR.
For the purposes of defining K -theory, we restrict to the full subcategory (ModR,⊗)

◦

of dualizable R-modules under the symmetric monoidal structure. It is here that
we use the commutativity assumption. We could equivalently restrict to the subcat-
egory of perfect R-modules, meaning the objects which span the thick subcategory
generated by R after passage to the homotopy category. It is the dualizability notion
that we will generalize below, so we concentrate on that here.

The (∞, 1)-category (ModR,⊗)
◦ is pointed and admits finite colimits, so we

may use the∞-categorical version of Waldhausen’s K -theory construction [Blum-
berg et al. 2013; Barwick 2016] to define its algebraic K -theory:

K (R)= K (ModR) := K ((L(1)bR,⊗)◦).

Notice that “K (R)” and “K (ModR)” are synonyms. Soon we will consider the K -
theory of other module categories, but in that case we will never write the K -theory
in terms of the underlying “ring”, only in terms of the category used to construct
the K -theory.

When n = 2, adjunction (5.1) takes the form

CatSp
(∞,2) = CatCatSp

∞

∞

L(2)
// St(2)∞oo

where the left adjoint L(2) freely adjoins all CatSp
∞ -weighted colimits. There is an

object b2 R of CatCatSp
∞

∞
which has a single object •0 and a single 1-morphism •1

whose endomorphism spectrum is Hom(•1, •1)= R. The image of b2 R under the
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localization functor L(2) is the (∞, 2)-category

L(2)b2 R =ModModR

of ModR-module categories. An object of ModModR may be described as a pre-
sentable stable ∞-category C equipped with a suitable action ModR ⊗ C → C
of ModR , defined with respect to the symmetric monoidal structure ⊗ on stable
presentable ∞-categories. When considering dualizable ModR-modules, as we
will do below, it is natural to restrict to the action of the subcategory Mod◦R of
perfect R-modules. If A and B are ModR-module categories, the (∞, 1)-category
of morphisms from A to B is the category of exact R-linear functors

ModModR (A,B)' Funex
R (A,B).

So far, the constructions we have made would still make sense if R were an E2

ring spectrum, but as in the n = 1 case, we now restrict to the full subcategory
spanned by the dualizable objects. The spectral (∞, 2)-category ModModR inherits
a symmetric monoidal structure by virtue of the symmetric monoidal structure
on the functor L(2). We write (L(2)b2 R,⊗)◦→ L(2)b2 R for the inclusion of the
subcategory spanned by the fully dualizable objects, as defined by Lurie [2009b,
Claim 2.3.19]. This has the effect of discarding 1-morphisms that do not admit
adjoints in the underlying homotopy bicategory and then discarding objects that
are not dualizable in the underlying symmetric monoidal homotopy category. We
define the K -theory of ModR-module categories to be the Waldhausen K -theory
of the (∞, 1)-category truncation of the (∞, 2)-category of the fully dualizable
objects of ModModR

K (ModModR ) := K (ι1(L(2)b2 R,⊗)◦).

In the case of symmetric monoidal bicategories with no higher morphisms, the
analogous K -theory functor was constructed explicitly by Osorno [2012].

When R = Hk is the Eilenberg–MacLane spectrum associated to a field k, the
(∞, 2)-category ModModHk is equivalent to the (∞, 2)-category of k-linear dg-
categories. The fully dualizable objects of ModModHk are precisely the smooth
and proper dg-categories [Toën and Vaquié 2007; Antieau and Gepner 2014], and
π0K (ModModHk ) is isomorphic to the secondary K -theory K {2}0 (k) of the field k
defined by Toën [2011; Tabuada 2016]. We also expect that K (ModModHk ) is re-
lated to the K -theory of varieties studied by Campbell, Wolfson, and Zakharevich
[Campbell 2019; Campbell et al. 2019].

Remark 5.2. A slight variation allows us to consider 2-vector spaces instead of
dg-categories. We replace ModR with the category VectC of finite-dimensional
complex vector spaces, considered as an (∞, 1)-category enriched in spectra by de-
looping the usual enrichment in topological abelian groups. In this case, ModVectC
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is the (∞, 2)-category of VectC-module categories. In particular, the 2-category
2VectC of 2-vector spaces, as defined by Kapranov and Voevodsky [1994], em-
beds in the subcategory (ModVectC,⊗)

◦ of dualizable objects, and K (ModVectC) is
equivalent to the bicategorical K -theory of 2-vector spaces K (2VectC) studied by
Baas, Dundas, and Rognes [Baas et al. 2004; Osorno 2012].

Instead of applying L(2) to b2 R, we could add colimits in a two-step process.
Write CatSt∞

∞ for the∞-category of∞-categories enriched in stable∞-categories.
There is a localization adjunction

CatCatSp
∞

∞

bL(1)
// CatSt∞
∞oo

where the left adjoint applies L(1) to the hom objects. In other words, we’ve only
added colimits at the top level. In the case of b2 R, we get the category

(bL(1))(b2 R)= bModR

with a single 0-cell whose endomorphism object is the stable ∞-category of R-
modules. Notice that composition in this category uses the symmetric monoidal
structure ⊗ on ModR . Next, we apply K ( · ), taking care to first restrict to the du-
alizable objects. Formally, we are using the fact that bR is a commutative monoid
in CatSp

∞ and that the functors L(1) and K induce functors on categories enriched in
commutative monoid objects. We have now associated to b2 R the spectral category

bK (R)= (bK )(ι1((bL(1))b2 R,⊗)◦)

with one object and K (R) as its endomorphism spectrum. Here ι1 denotes the
truncation functor bι0 taking an (∞, 2)-category to the underlying (∞, 1)-category
that removes the noninvertible 2-morphisms. After applying the same procedure
one categorical level down by adding all spectral colimits, restricting to dualizable
objects and taking K -theory, we get the twice-iterated algebraic K -theory spectrum

K (K (R))= K ((L(1)bK (R),⊗)◦).

Both the K -theory of ModR-modules K (ModModR ) and the iterated K -theory
K (K (R)) map to the spectral enhancement K {2}(R) of Toën’s secondary K -theory
defined by Hoyois, Scherotzke, and Sibilla [Hoyois et al. 2017], as we now explain.
They consider a variant of the Blumberg–Gepner–Tabuada category of noncommu-
tative motives [Blumberg et al. 2013] that is the recipient of the universal additive
invariant of stable Mod◦R-module categories. More precisely, there is a functor

U : 〈Mod◦R-modules in Catperf
∞ 〉 →MotR
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from the ∞-category of small, stable, idempotent complete Mod◦R-module cate-
gories to the∞-category of R-linear motives that preserves filtered colimits, pre-
serves zero objects, sends split exact sequences to cofiber sequences, and is uni-
versal among functors with these three properties. The (∞, 1)-category MotR and
the functor U admit compatible symmetric monoidal structures, and we define the
K -theory of MotR to be the Waldhausen K -theory of the full subcategory of MotR

generated under finite colimits and retracts by the images of dualizable objects
under U :

K (MotR) := K ((MotR,⊗)
◦).

K -theory becomes corepresentable after passing to the∞-category MotR , meaning
that if A and B are Mod◦R-module categories, and A is compact, then there is a
natural equivalence of spectra

MotR(U(A),U(B))' K (Funex
R (A,B)).

When A and B are both fully dualizable as ModR-module categories, which in
particular implies that they are compact [Hoyois et al. 2017, Proposition 4.19],
then their associated motives are dualizable in MotR . Applying the natural trans-
formation ι0→ K from the groupoid core functor to Waldhausen K -theory to the
spectrally enriched (∞, 1)-categories Funex

R (A,B) gives a map

ι1ModModR (A,B)' ι0 Funex
R (A,B)→ K (Funex

R (A,B))'MotR(U(A),U(B))

which assembles into a symmetric monoidal functor of (∞, 1)-categories

ι1(ModModR )
◦
→Mot◦R.

Applying Waldhausen K -theory gives a map of E∞ ring spectra

K (ModModR )→ K (MotR). (5.3)

On the other hand, the motive associated to the category Mod◦R of perfect R-
modules is the unit of the symmetric monoidal category MotR of R-linear motives,
and so the thick subcategory that it generates is equivalent to the category of mod-
ules over the endomorphism ring

MotR(U(Mod◦R),U(Mod◦R))' K (Mod◦R)= K (R).

The inclusion of this thick subcategory induces a map of E∞ ring spectra

K (K (R))→ K (MotR), (5.4)

as observed by Hoyois et al. [2017, Remark 6.23].

Question 5.5. To what extent do the images of the maps (5.3) and (5.4) coincide
in K (MotR)?
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When R = Hk is the Eilenberg–MacLane spectrum associated to a field k, the
work of Baas, Dundas, Richter, and Rognes [Baas et al. 2011] implies that K (K (k))
is equivalent to the K -theory of the full subcategory of ModModHk spanned by the
free 2-vector spaces of finite rank. Equivalently, these are the dg-categories with
a single object and the free algebras kn as the ring of morphisms. Similarly, if
we replace ModR with VectC, as in Remark 5.2, then K (ku) is equivalent to the
K -theory K (2VectC)' K (ModVectC) of 2-vector spaces.

We would like to ask a similar question about the iterated algebraic K -theory
spectrum K (n)(R) for higher values of n. Let bn R ∈CatSp

(∞,n) be the (∞, n)-category
enriched in spectra with a single k-morphism for 0≤ k ≤ n− 1 and for which the
endomorphism spectrum of the (n− 1)-morphism is the ring R. Let

Mod(n)R = L(n)bn R =ModMod···ModR

denote the image of bn R under the localization functor L(n). The fully dualizable
part

Mod◦Mod···ModR
= (Mod(n)R ,⊗)◦

of the symmetric monoidal (∞, n)-category Mod(n)R is our higher categorical ana-
log of the category of perfect R-modules, and in the case of R = Hk we consider
this to be a reasonable definition of the (∞, n)-category of n-chain complexes
over k. Similarly, we define the (∞, n)-category of complex n-vector spaces to be
the symmetric monoidal (∞, n)-category

nVectC = (L(n)bn−1VectC,⊗)◦ =Mod◦Mod···VectC
.

Remark 5.6. We do not know how to construct the appropriate analog of the cat-
egory of noncommutative R-local motives MotR that would accept maps from the
spectra K (n)(R) and K ((Mod(n)R ,⊗)◦), and we do not know how to ask the analog
of Question 5.5 when n > 2 (compare with [Hoyois et al. 2017, Remark 6.22]).
Our results on T-duality for An-algebras suggest that a good understanding of the
relationship between K (n)(R) and K ((Mod(n)R ,⊗)◦) would connect T -duality for
Sq -bundles and the theory of n-vector spaces for n = 2q + 1.
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