THE OMEGA SPECTRUM FOR MOD 2 KO-THEORY: APPENDIX

W. STEPHEN WILSON

ABSTRACT. In the main paper we compute the homology Hopf algebras for the 8 spaces
in the Omega spectrum for mod 2 KO-theory, which is the same as the first real Morava
K-theory. There are a lot of maps into and out of these spaces and the spaces for KO-
theory, KU-theory and the first Morava K-theory. For every one of these 98 maps (counting
suspensions) there is a spectral sequence. It wasn’t necessary to know all of these maps
and spectral sequences for the main paper, but it often helped. So, for my own purposes,
this appendix describes all 98 maps and spectral sequences. 48 of these maps involve our
new spaces and 56 of the spectral sequences do. In addition, the maps on homotopy are all
written down, again, just so I have them somewhere.

1. HOMOLOGIES

To make this appendix somewhat more self contained, we write down all of the homolo-
gies we need. In the main paper we write ®; P(x;) to be clear that we are taking the poly-
nomial algebra on generators z; for all 7. The tensor products clutter up the notation. That
kind of precision isn’t necessary in this appendix, so here, when we write P(x;), we mean
®;P(x;). The tensor product is understood. This simplifies the notation significantly.

Theorem 1.1. The homology of the connected component of K'R(1) is as follows. If the Ver-
shiebung isn’t described, it is zero.

1=0 E(xy) @ P(yakt2) V(wak) = xy,

i=1 P(zok11) @ P(Yags2) V (Yart2) = Toptr

i=2 P(rgri2) @ P(Yagss)

i=23 E(rspi3) @ P(ysksa)

i=4 E(z4) ® E(Yskts) V(zsy) = zap

i=5 E(zak41) @ E(ya) V(ya) = yar.  V(Ysk2)= Tart1
1=6 T Py(xy) V(zor) = xy,

1=17 E(xor) ® P(y2k41) V(zar) = woi

Theorem 1.2. The homology of the connected component of KU ; is as follows.

1=0 P(x9;) V(24i) = 2o
1=1 E($2¢+1)
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Theorem 1.3. The homology of the connected component of KO , is as follows.

1=1 P(ZL’QH_l)
1= 2 P(ZE4Z‘+2
1=3 E(IL‘4,‘+3)
1=4 P(I4l) V(Z[‘gz) = T4;
1=209 E($4i+1)
1=6 E(x9;) V(za) =z
Theorem 1.4. The homology of the connected component of K(1) is as follows.
=0 TPy(xar+3) @ E(yar) @ E(28k+2)

V<y8k> = Y4k V(y16k+4) = Z8k+2 V(y16k+12> = ($4k+3)2

=1 E(Tar+1) @ P(Yagt2) V(Ysk+2) = Tak+1
2. INTRODUCTION AND GROUND RULES

We will not reproduce computations done in the main paper, [Wil19], hereafter referred
to as the “main paper.” Previous to the main paper, the maps, homologies, and spectral
sequences of the spaces KU ;, KO ;, and K(1) were all known. We will not recompute
these but only describe them Many of the ma maps and spectral sequences associated with
KR(1) , are not computed in the main paper. However, relying on the main paper, we do
know H (KR(1) l) as well as the homologies for all of the previously known spaces. Some
of the maps and spectral sequences have already been computed in the main paper, but
not, by any means, all. When we have a new map or spectral sequence we will do more
than just describe it, but we will give details of the proof of what is new. For every spectral
sequence we study here, we know the answer, which is often quite helpful. In fact, often
the argument for a differential or the solution to an extension problem is “because we
know the answer.” Rather than keep repeating this phrase, we will just assert differentials
and extension problem solutions if they must come about "because we know the answer.”

Because there are 98 spectral sequences, we developed self-explanatory notation for them
so we can refer to them if necessary. The general form is a sequence of fibrations

X, —Y, —Z, —X,,, —Y, W —Z;y — X, 95—

First we compute the map H.(X ;) — H.(Y ;) and from that we compute the spectral
sequence for H,(Z ;). With the exception of one spectral sequence out of 98, this gives the
map H.(Y ;) — H.(Z,). When we move to the next spectral sequence, i.e. for Y, —
Z ; — X ;.1, we already know the first map and we can repeat the story and move on to
the next. Knowing the first map of each spectral sequence and the answer makes most of

them quite easy to deal with.

Of the 4 such sequences we describe, only one requires some work to start with the first
map, namely H,(KR(1) 1) s H,(KR(1) O). The only second map that doesn’t come
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out of the spectral sequence is the map for H,(K(1) 5) — H.(KR(1) 7) from the spectral
sequence RKR557. The problem is solved in the very next spectral sequence, KRR576.

We have also labeled the infrequent short exact sequences so the curious can find them
easily.

3. H.(KO,) => H,(KO,,,) OOi(i+1)

We use the bar spectral sequence for
KO; —*—KO,;,

i=0, 0001

H.(KQ,) = P(x;) => H.(KO ) = P(y2i+1)
Tor of P(x;) is E(y;) with y; in filtration 1. Solving all extension problems, (y;)* = v,
gives P(yai+1)-

i=1, 0012

H (KO ,) = P(z2i41) => H(KO,) = P(Ysit+2)
Tor of P(x2;41) is E(ys;) with s, in filtration 1. Solving all extension problems, (ys;)? = v,
gives P(y4i+2)-

i=2, 0023
H.(KO,) = P(z4i2) => H (KO 3) = E(yai13)
Tor of P(z4i12) is E(yaiy3) With yy; 45 in filtration 1. This gives E(yy;43).

i=3, 0034

H. (KO ;) = E(z4iy3) => H.(KO ) = P(ya)
Tor of E(x43) is T'[yy] with yy, in filtration 1. We have (y4;)? = ys; and corresponding
formulas on the ~vs. This gives P(y;).

i=4, 0045
H.(KO,) = P(z4) => H.(KO ;) = E(Yy1i+1)
Tor of P(x4;) is E(yai+1) with y4;1; in filtration 1. This gives E(y4;+1).

i=5, 0056
H. (KO ;) = E(z4i+1) => H (KO ) = E(ya)
Tor Of E(JI4Z’+1) is F[y4i+2] = E(y21>

i=6, 0067
H.(KO ) = E(y) => H.(KO ;) = E(y;)
Tor of E(.ﬁlj’gl) is F[y2i+1] = E(yz)

i=7, 0070

H.(KO ;) = E(x;) => H.(K
Tor of E(x;) is I'[y;] with y; in filtration 1. We have (i
on the vy generators. This gives P(y;).

)()

y2; and corresponding formulas
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4. H,(KU,)=> H,(KU,,,) UUi(i+1)

We use the bar spectral sequence for

KU, — * — KU, 4

i=0, UU01
H.(KU ) = P(xg;) => H (KU ) = E(yai11)
Tor of P(z4;) is E(ygi4+1) With ye; 41 in filtration 1. This gives E(y;41).

i=1, UU10

H. (KU ) = E(x9i41) => H.(KU () = P(y2)
Tor of E(xa;41) is T'[y2i] with ys; in filtration 1. Solving all extension problems, (y2;)? = Y4
and similar formulas on the v generators, gives P(ys;).

5. H.(K(1) ) => H.(K(1) ) KKi(i+1)

— 2

We use the bar spectral sequence for

@i X —>ﬂi+1

i=0, KKO01
H.(K(1) 0) = TPy(24i43) ® E(ys) ® E(2zgip2) => H.(K(1) 1) = E(z4i+1) @ P(Yais2)
Tor of
TPy (24i43) ® E(yai) @ E(28i+2)

is

E(x4;) @ T@16i414] @ T[yais1] @ Tzsits)]
with 24, Y411, and zg;43 in filtration 1 and 14,414 in filtration 2. We rewrite I'[yy;11] as
E(y4i+1) X F[ygiJrQ] with the Y8i+2 in filtration 2. We rewrite F[ngrg} as E(Zgi+3) (%9 F[Zl6i+6]
with the y4;46 in filtration 2. Our Tor is now

E(xy) @ E(z4i11) ® E(2si43) ® I'[24549]

where the exterior generators are in filtration 1 and the I' generator is in filtration 2. Now
we rewrite I'[24; 2] as E(24i42) @ ['[25;+4] with the I' generator in filtration 4. We now have
a d3/

d3(28i+4) = T8i+3-
We are left with
E(r4) ® E(24i11) ® E(24i42)
Solve the extension problems to get the known result H,(K(1) ) = E(z4i41) ® P(Yaiv2).
Those solutions are (z4;)* = xg; and (24542)? = Tgi 4.

i=1, KK10
H.(K(1) ) = E(z4i41) @ P(ysire) => H(K(1) ) = TPy(%443) @ E(yai) ® E(zsi12)
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Tor is
U[z4iy2] ® E(Yairs)
Rewrite I'[z4;42] as
[Magive) @ E(xsite) @ Iz16i412]

There is one extension problem, (y4;13)* = xs;+¢. After this we have

T Py(Yaits) @ Usio] @ [T16i412]
Continuing to rewrite, this is

TPy(Yairs) @ E(xgiya) @ I'[gitd]
and the F[l’8i+4] is E(l’4l)

6. THE SEQUENCE KO, - KO, — KU, — KO, -5 KO, — ---

e« KO, % KO,— KU, O0U100

i+1 Y24 i i
P(wi11) =255 P(y;) % P(22)

The spectral sequence is just a short exact sequence

S.ES. H,(KO, X H,(KO, — H,(KU,).

e KO,—» KU,— KO,  OUO002

P(x;) Rl L P(y2i) == P(24i+2)
z2i41—0

There is nothing in the cokernel. The kernel is P(z;11) so Tor is E(ws;). Solving
the extension problems, (wy;)? = wy;, gives P(24i42).

e« KU,— KO, KO, U00021

)Mp(

P(fzz) =% P(y4z-+2 Z2¢+1)

The cokernel is P(y412) in filtration 0 and the kernel is P(xs;). Tor on this is
F(wsq;,1) with generators in filtration 1. We get (wg;11)?* = Yai o

e« KO, % KO, — KU, o0oU211

) ) 2 . .
P(l’4i+2) $41+2_>(y21+1) P(y2i+1) Y2i+1—722i41 E(Z%Jrl)
(y2i+1)2—0

We get a short exact sequence
S.E.S. H.(KO,) — H.(KO,) — H.(KU,).

e KO, > KU, — KO, OUO113

P(z211) % E(yaig1) =2 F(24143)
it

The cokernel is zero and the kernel is P((z9;41)?). Tor of this is F(ws;3), our an-
swer.
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e KU, - KO, -5 KO, U0O0132

E(x9i41) — E(yaiy3) — P(24i42)

The cokernel in filtration zero is E(y4;+3) and the kernel is F(x5;,1). Tor of this is
[[wy;]. There is a differential

dz(’Y(wzi)) = Y4i—1

leaving only E(wy;). Solving the extension problems, (ws;)? = wy;, gives P(z4;12).

e« KO, % KO, — KU, 00U322

E($4z‘+3) = P(y4z-+2) M P(Z%)
The cokernel in filtration zero is P(z4;12). The kernel is E(x4;3). Tor of this is I'[wy;]
starting in filtration 1. There are no differentials and everything in I'[wy;] squares
non-trivially to something in the same filtration, i.e. (wy)? = wg; and all of the
corresponding v’s do the same, giving P(24;).

e KO, —+ KU, — KO, 0Ou0224

P(Q34i+2) M P(yzz‘) % P(Z4i>

We get a short exact sequence

SES. H.(KO,) — H.(KU,) — H,(KO,).

e« KU, -+ KO, KO, U00243

P(22;) = P(yai) Z2% E(24i43)
T4i42—0

There is no cokernel. The kernel is P(z4;,2). Tor on this is E(wy;,3) and we are
done.

e« KO, 5 KO, — KU, 0o0U433

P(-TC4¢) = E(y4i+3) w E(ZQiJrl)

The cokernel is E(y4;13) and the kernel is P(z4;). Tor on this is E(y411) and we
have our answer.

¢« KO, + KU, KO, OUO335

i+3Y4i i i
E(24ivs) =" E(yis1) % E(24i41)

This gives a short exact sequence
S.E.S. H.(KO,) — H, (KU ;) — H.(KO3).
e KU, — KO, - KO, U0O0354

E($2i+1) % E(y4i+1) AN P(Z4i)
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There is no cokernel and the kernel is £(z4;13). Tor of this is I'[wy;]. Solving exten-
sions, (w4,»)2 = wg; and corresponding formulas on the 7 generators, gives P(zy4;).

KO, % KO,— KU, 0O0U544

ero 44 22i 2
E(134z'+1) — P(yzu) M P<Z2i)

The cokernel is P(y4;) and the kernel E(x4;11). Tor of this is T'[wy; 2] = FE(ws;). We
have (wgz‘)Z = Yu;.

KO,— KU, — KO OUO0446

T44 7 2 7 Z24
Play) 220 plyy,) 22020 By,
(y24)2—=0

We get a short exact sequence
S.E.S. H.(KO,) — H.(KU,) — H.(KOy).

KU,— KOs KO, U0O0465

P(x9) s N E(y2i) == E(z4i41)
(Igi)2—>0

There is no cokernel. The kernel is P((x9;)?). The Tor of this is E(w4;41), our an-
swer.

KOs - KOy — KU, 0O0U655

ZEero ZEro

E(z5;) = E(yais1) — E(z2i41)
The cokernel is F(y4;11) and the kernel is F(zy;). Tor of this is I'[ws;,1]. We must
have a differential
d2(V2(w2i+1)) = Yait
All that is left is the E(ws; 1), our answer.

KO, KU, KO,  OUO557

B(z4i41) 2% E(yais) 25720 B(z)

The cokernel is E(y2;4+1) and the kernel is E(x4;41). Tor of this is I'[wy; 2] = E(ws;).

KU;— KO, -+ KO,  UOU576

i+17Y24 i i
E(r2i41) R E(yl) % E(22)

We get a short exact sequence

SES. H.(KU.) — H.(KO.) —s H.(KO,).

KO, KO,— KU,  00U766

E(.%'Z) le_m) E(ygl) ﬂ) P(ZQZ)
Z2i41—0
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There is no cokernel. The kernel is E(x9;41). Tor of this is I'[wy;]. Solving the
extension problems we get our answer, P(zy;).

KO, — KUy, — KO, OUO660

zero Z/2i*>(zz‘)2

The cokernel is P(y,;) and the kernel is E(xs;). Tor of this is I'[we;11] = E(w;). The
extension problem is solved by (w;)? = ya;.

KU, — KO, KO, U00607

P(:L’2,L) x214)(yi) P(yl) Yi—rZ4 E ZZ)
(y:)2—0

We get a short exact sequence

SES. H, (KU, — H.(KO,) — H.(KO.).

KO, % KO,— KU, o0u077

ZETO

P(x;) —> E(y;) — E(22i41)

The cokernel is zero and the kernel is P((x;)?). Tor of this is E(ws;1).

KO, — KU, — KO, Oou0771

ZETO

E(z;) == E(yaiy1) —> P(z2i+1)

The cokernel is E(y9;1+1) and the kernel is E(z;). Tor of this is I'[w;]. There is a
differential, da(y2(w;)) = yo;_1 leaving F(w;). Solving extensions, (w;)? = wy;, we

get our P(way;i1).

KU, — KO, " KO, UOO710

E($2i+1) zero P(y2i+1) Y2i4+1—722i41 P(ZZ)
The cokernel is P(z;+1) and the kernel is E(z;11). Tor of this is I'[wy;]. To get our
answer we must have (wy;)? = wy, in filtration 1 and F'V = VF will give us the
squares in all the higher filtrations ending with P(zy;).

7. THE SEQUENCE KU, —3 KU, — K(1) — KU, = KU, — - --

0 EL 5= EL 5=

KU, — KU , — K(1) UUK000

—20

T4 i)? i %44, i+2 28
P(z9;) ) P(y2) LA TPy(z24i43) @ E(z4) @ E(28i42)

Z4i42—0 Ygi+6—>(224i43)2

The cokernel is E(ys;) and the kernel is P(x4;42). Tor of this is F(w4;3). We have
only the one extension problem, (wy;13)* = Zg; 6.
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« KU,— K(1) — KU, UKU001

T4i—Y4i,  T8I+27Y8i42
P(ZL’QZ)

x8; 16— (Yyait3)?

i—0, i 24
TPy(yysirs) @ E(ys) @ E(ysita) T e RS E(z2i11)

ygi+2—0,  (yyai4+3)2—0

The cokernel is F(yy,;43) and the kernel is P((z2;)?). Tor of this is F(wy;;1)-

« K1), — KU, —» KU,  KUU0I

TP4(LC.T4¢+3) & E(SUM) ® E(Q:Sl”r?)

T4;—0,  TT4i43Y4i+3 zero
- - — E(yziﬂ) — E(22i+1)
7381’-&-2%07 (Z‘Z‘4i+3)2%0

The cokernel is E(y411) and the kernel E(zy;). Tor of the kernel is I'wsg; 1] ~
E(wi11) @ I'wyito]. We get a differential

dy (ww4i+2) = Y4i+1

All that is left is E(wq;41).

o« KU, 2 KU, — K(1) UUK111

— 1

zero Y4i+1—724i4+1
_

E(z2i11) — E(Y2i41) E(z4i11) ® P(224i12).

Y4i+3—0

The cokernel is E(ys;+1) and the kernel is E(x9;41). Tor of this is I'[wy;]. We have a
differential

dz(%(wm')) = Y4i—1
We are left with E(y4;41) in filtration zero, and E(ws;) with generators in filtration

1. This last all have squares, (w;)? = wy;, giving P(wai42).

« KU, —»K(1) — KU,  UKU110

B(woir1) 2 Blygien) @ P(yyaire) 22272 P2y,

Z4i43—0 Yai+1—0

The cokernel is P(yys;+2) and the kernel is E(x4;43). Tor of this is I'[wy;]. Squaring
everything in I" gives P(wy;).

e K(1) = KU, KU,  KUU100

N T L CON T

Z4i41—0 Yai+2—0

E(z4i41) @ P(x4i42)

The cokernel is P(y4;) and the kernel is E(x4;41). Tor of this is 'wa;io] = E(ws;).
We have (wq;)? = yu giving our answer.
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8. THE SEQUENCE K_Ooi>K_OO—>KR(1)O—>K_Oli>K_01%---

e KO, KO, — KR(1) OORO000

—0

P(x;) P29 ply) L7 B2 @ P(2zags)

2i4+1—0 (y:)2—0

The cokernel is F(y;) and the kernel is P(xq;11). Tor of this is E(ws;). We have
(wo;)? = wy; giving P(wyy2).

K_OO—>KR(1)O—>K_O1 ORO001

, N2
Pz ;=Y E(y; p . Yyai+2— (22i41) P2
(i) o0 (i) ® P(yyait2) —>yi_>0 (22i41)

The cokernel is P(yy4;12) The kernel is P((x;)?). Tor of this is F(ws;,1). We have
(wait1)? = Yyaira:

KR(1) — KO, =+ KO,  ROO011

TL44 ( i )2 zero
E(x;) ® P(x4i12) % P(y2i41) — P(22i11)

The cokernel is F(ys;1+1) and the kernel is E(xz;). Tor of this is I'[w;]. We have
differentials

d2(’Y2(wi)) = Y2i—1-
We are left with E(w;). We have (w;)? = ws; so we get P(wa;41).

KO, -2 KO, — KR(1) OOR111

—_— 1

zero Y2i+1—722i41
—

P(z2i11) — P(Y2i11) P(z9i41) ® P(zz4i12)
The cokernel is P(y,;11) and the kernel is P(x9;.1). Tor of this is F(w,;) and We
have (ws;)? = wy; s0 we get P(waiy2).

KO,— KR(1) — KO,  OROI12

P(wgi1) 20 Plygin) @ P(yyaiys) 2720 Plagiro)

y2i+1—0
There is no kernel so this is a short exact sequence

SES.  H.(KO,) — H(KR(1) ) — H(EO,).

KR(1) — KO, KO, ROO122

TL4i4-2—Y4i42
—>

P(22i41) ® P(x74i42) P(ysiv2) = P(z4i42)

T2i+1 —0

The cokernel is zero and the kernel is P(x;.1). Tor of this is F(wy;). We have
(wo;)? = wy; SO we get P(way;i2)-
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KO, = KO, — KR(1) OOR222
P(934i+2) L P(y4i+2) Gkt P(28k+2) ® P(Zz4i+3)
ygi+6—(224i43)2

The cokernel is P(y4;+2) and the kernel is P(x4;.2). Tor of the kernel is E(w4;13)
and we have (wy;3)% = g6

KO, — KR(1), —» KO, ORO223

P(x4i42) P(ysk+2) ® P(yyaits) Yo TR > E(24i43)

z8i+6—>(YYait3)> ygi+2—0,  (yyaiy3)?—0

TRi+2Y8i+2

The cokernel is E(yy4;+3) and there is no kernel. We get a short exact sequence.
S.E.S. H,(KO,) — H(KR(1) ) — H.(KO;).

KR(1), = KOy~ KOy RO0233

TLL4i4+3Y4i43 E(y4¢+3) = E(Z4z‘+3)

P(xgpi2) @ P(xx4i43)

$81‘+2—)0, (I‘$4i+3)2—)0

There is no cokernel. The kernel is P(xg;12) ® P((zx4i13)%). Tor of this is F(ws; 3) ®
E (ww8i+7)-

KO, 2 KO 4 — KR(1) OOR333

— 73

Y8i+3728i+3

E(z4i43) = E(Yait3) E(zgit3) ® P(228i14)

ygi+7—0

The cokernel is E(y,;13) and the kernel is E(x4;43). Tor of this is I'[wy;]. We must
have a differential

da(V2(wai)) = Ysi1
This leaves E(ygi_i_g) X E(U)4Z> We have (U)4i)2 = ws; glvmg P(ZZ&'_,.;;).

K_O3—>KR(1)3—>K_O4 ORO334
E($4z‘+3) w E(y8i+3) ® P(?/ysi+4) w P(Z4z')
xgi+7—0 ygi+3—0

The cokernel is P(yys;+4) and the kernel is E(xg; 7). Tor of this is I'[ws;]. We have
(wg;)? = wg; and with FV = V'F, this T becomes P(zg;).

KR(1), - KO, = KO, ROO344

Tosa s p o OGP b

z8;+3—0 ysi+4—0

E(xsi13) @ P(228i44)

The cokernel is P(ys;) and the kernel is F(zg;;3). Tor of this is ['ws;14] = E(wy;).
We have (wy;)? = ys; to get P(z4:).

KO, 2 KO, — KR(1) OOR444

— 74

Tgq 7 2 7 244
P(w4s) S Plyy) 22 Bz © E(22015)
zgi+4—0 (y4i)2—0
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The cokernel is E(yy;). The kernel is P(xg;14). Tor of this is F(ws;5).

¢ KO, — KR(1), -+ KO,  ORO445

P($4i) M E(y4i) X E(yy8i+5) M E(Z4i+1)

(24:)2—0 Y4;—0

The cokernel is F(yys;15). The kernel is P((x4;)?). Tor of this is F(ws;;1).

° KR(1)4—>K_05 i>K_O5 ROO455

E(mi) ® E(IE$8¢+5) % E(y4i+1) = E(Z4¢+1)
T44

The cokernel is E(ys;+1) and the kernel is E(xy;). Tor of this is I'[wy;1] with
da(V2(Wait1)) = Ysit1
What is left is F(wy;11)-

e KO, 2 KO, — KR(1) OOR555

— 75

E(374z‘+1) AN E(y4i+1) M E(Z4i+1> & E(Zz%)

The cokernel is E(yy;11) and the kernel is E(x4;11). Tor of this is I'[wy; 2] = E(wy;).
« KO, KR(1) — KO,  ORO556

B(wai1) == Byin) © B(yys) 222 B(o)
4i41

The cokernel is E(yy»;) and there is no kernel. We get a short exact sequence
S.E.S. H (KO ;) — H(KR(Q) ) — H.(KOg).

e KR(1) .+ KOy —>KO;  ROOS566

E(x4i11) @ E(xxs;) % E(y2i) = E(z)
T4i+4+1

There is no cokernel. The kernel is F(z4;11). Tor of this is I'[wy; o] = E(wy;).

¢ KOz —» KOz — KR(1) OOR666
E(ZEQZ) ﬂ} E(ygl) m TP4<ZZ)

The cokernel is E(y2;) and the kernel is E(xy;). Tor of this is I'[wg; 1] = E(w;). We
have (U}Z>2 = Y.
« KO4— KR(1) —KO.  ORO667

Yi—Zq

() 22200 1, (y,) 225 B(z,)
The cokernel is E(y;) and there is no kernel. We get a short exact sequence
S.E.S. H.(KO4) — H.(KR(1) ) — H.(KO-).



THE OMEGA SPECTRUM FOR MOD 2 KO-THEORY: APPENDIX 13

« KR(1) — KO, KO, ROO677

Ti—Yi zero

TPy(z;) — E(y;) — E(z)

The cokernel is zero and the kernel is E((z;)?). Tor of this is '[wg; 1] = E(w;).

e KO. -2 KO.— KR(1) OOR777

B

E(x;) 2% B(y) 2725 B(2) @ P(229i11)

Y2i+1—0
The cokernel is F(y;) and the kernel is E(z;). Tor is I'[w;]. We need
da(ya(wi)) = yai-1.
We are left with E(y2;) ® F(w;). We must have (w;)? = wy; to get our P(2z9;41).

e KO;— KR(l) — KO, ORO770

E(xz) M E<y2z) @ P(yy2i+1> w) P(Zz)

T2i41—0 y2;—0

The cokernel is P(yy2;11) and the kernel is E(x;11). Tor of this is I'[wsy;]. We have
(wa;)?* = wy;, which, along with FV = V F gives P(zy).

e KR(1) —KO,—KO,  ROO700

E(5) © P(wagyy) S2H700 pyy PG by
wgiﬁo y27;+1*>0
The cokernel is P(ys;) and the kernel is E(xy;). Tor of this is I'[we; 1] = E(w;). We
have (w;)? = yo; to get P(w;).

9. H.KR(1) ) => H.(KR(1)

(2

i+1) RRi(i+1)

We use the bar spectral sequence for
KR(1) —« — KR(1)

i+1

i=0, RR01

H.(KR(1) )= FE(x;) ® P(xx4342) — * — H.(KR(1) 1) = P(y2i41) ® P(yyait2)

—0

Tor is I'w;] ® E(wwy;y3). We have a differential
d3(v4(wi)) = wwai
This leaves E(w;) with generators in filtration 1 and E(v;(w;)) with generators in filtration
2. We have (w;)? = wo; giving P(ys;11) and (y2(w;))? = y2(w) giving P(yyaii2)-
i=1, RR12

H(KR(1) ) = P(22i41) ® P(x24i42) — * — H(KR(1) ) = P(ysi+2) @ P(yyai+s)

— 71

Tor is E(wgz) (%9 E(ww4i+3). We have (wzi)2 = Wy; and (ww4i+3)2 = Wg;+6-
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i=2, RR23

H,(KR(1) ) = P(wgi12) ® P(xx4i43) — x — H . (KR(1) ) = E(ysi+3) @ P(yysi+a)

2 — 3

Tor is E(ws;+3) ® E(wwy;). We have (wwy;)? = wws; giving P(yysit4)-
i=3, RR34

H.(KR(1) ) = E(xsi3) ® P(aasiva) — * — H(KR(Q) ) = E(yai) © E(yysi+s)

Tor is F[w8i+4] & E(wwgi+5) with F[w8i+4] = E(w4z)
i=4, RR45

H(KRQ) ) = E(z4) ® E(xasiys) — « — H(KR(1) ) = E(yait1) @ E(yya:)

Tor is I'wyit1] ® INwws;+6]. Rewrite this as E(wy;+1) ® I'[wwyio] and then again as our
answetr.

i=5, RR56

H.(KR(1) 5) = E(24i41) ® E(yy2) — x — H.(KR(1) 6) = TPy(y;)

Tor is T'[wy;t 2] ® T[wwg;y1]. Rewritten, this is E(wy;) and E(ww;). We have (ww;)? = wy;.
i=6, RR67

H.(KR(1) ) = TPy(w;) — * — H.(KR(1) ) = E(y2) ® P(yyait1)

6 e

Tor is F(w;) ® Twwy;12]. We have (w;)? = wy; giving P(yysi+1) and T'wwy; o] is just E(ya;).
i=7, RR70

H.(KR(1) )= E(ry) ® P(xw2i41) — * — H(KR(1) )= E(yi) ® P(yyair2)

7 — 0

Tor is T'[w41] ® E(wwsy;). We have T'wyy1] is E(y;) and after (wwsy;)? = wy;, we get
P(yysis2)-

10. THE SEQUENCE  KR(1) — KR(1) — K(1) — KR(1), = KR(1) — ---

o KR(1)  — KR(1) — K(1), RRK100

TX4i4+2Y4i+2FYY4i+2

P(22i41) ® P(x24i12) » B(yi) @ P(YYaiv2)

ZT2it1—Y2i+1,  (T2i41)2—0

ysi+6—(24i+3)%,  Ysi42 222842,  Y4i—r2Z4s

? TP4(Z4Z'+3) & E(ZZ41) & E<2228i+2)

Y2i+1—0,  Yait2+tyYyait2—0
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We are in new territory now because we don’t know the first map. To compute it,
we use
KO, KO,

| |

KR(1) ——= KR(1)

— 1 —20

l l

KO, KO,
We know all of the maps in homology except the horizontal one in the middle. We
know the top horizontal map from OOU100 and the bottom horizontal map from

OOU211 . The left vertical maps are from ORO112 and the right from ORO001.
Algebraically, we have

T2i4+1—2Y2i+1

P($2i+1) P(y:)
lx2i+1_>1’2i+1 lyi—ﬂli
P(x2i41) ® P(xx4i12) — E(y;) ® P(yyait2)
L TT4i42YYdit2 l Yyair2— (yy2ir1)?
P(yy4i+2) s i) P(yy2is1)

A diagram chase gives the first map as listed above including the unusual xx4; 1o —
Ysite + YYsire. The extra term, y4;,2, comes about because V(xxy;40) = 2i41, SO
the image of zx4, > must have V of it be the image of x5,,1 and we know how V'
behaves on H, (K R(1) 0). This odd map is, in some sense, dual to the problem we
have in KRR576.

The cokernel is E(ys;) and the kernel is P((x9;41)?). Tor of this is E(wwy;3). We
have (ww4z-+3)2 = Y8i+6-

KR(1), — K(1) = KR(1),  RKR002

x8i+6_>(y4i+3)2a T8i4+2YYY8i+2,  Tadi—YY4i
E(2;) @ P(124i42) ’

Z2i+1—0,  Taiy2+TT4i42—0

TPi(yairs) @ E(yys) ® E(yyysite) — Pl(zsivo) ® P(224i43)
The cokernel is E(y4;13) and the kernel is F(z2;11) ® P(x4i419 + Tx4i12). Tor of this
is F[wgz] & E(ww4z-+3). We need
d2(72(w2i)) = Ysi—1

This leaves us with E(ws;) @ E(wwy;,3). We have (ws;)? = wy; and (wwyy3)* = wsite
to get our answer.

K(1) — KR(1)_ - KR(1) KRR021
0 2 1

zero

TPy(x4i43) ® E(xxy) ® E(xaagips) —
P(y8i+2> ® P(yy4i+3) Yo TR P(22¢+1) ® P(ZZ4i+2)

ygi+2—(z4i41)?
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The cokernel is P(ys;12) ® P(yys+3) and we know the kernel. Tor of the kernel,
when you combine all 3 of the terms, is I'[wwwwy; o] starting in filtration 2, with
exterior generators in filtration 1 given by wy;, wwy;+1, and wwwsg; ;3. We know from
the main paper that the yy,;.3 inject to /1,(KR(1) ) so can’t be hit by a differential.
So, we have
d3 (Y2 (Wwwwyi2)) = WwWws; 43

This leaves us with an exterior algebra with generators in filtration 1, F(ws) ®
E(wwy;41) and an exterior algebra with generators in filtration 2, E(wwwwa;ts).
We have (w4,~)2 = Wsg;, (wwww4i+2)2 = Wgi+4, and (ww4i+1)2 = Ygi+2-

KR(1). % KR(1) — K(1) RRK211
2 1 1

P(xgi12) ® P(xx4i43) el P(y2i+1) @ P(YYaita)

zgit2—(Yait1)?

YY4i42 7224042, y4z‘+1—>24i+1> E(Z4i+1) ®P(ZZ4Z-+2)
Yai+3—0,  (yai41)?—0
The cokernel is E(ysi+1) ® P(yysi+2) and there is no kernel. We get a rare short
exact sequence.
S.E.S. H.(KR(1) ) — H.(KR(1) ) — H.(K(1) ).

2 1 — 1

KR(1) — K(1) — KR(1) RKR113
1 1 3

TT4i4+2YY4i+2,  T4i+1Y4i+1
P(x2i41) ® P(224i12) >

©4i+3—0,  (T4i41)2—0

ZETOo

E(Yait1) ® P(yyaiv2) — E(zsiv3) @ P(228i44)
There is no cokernel and the kernel is P(z443) ® P((4i41)?). Tor is E(wy) ®
F(wws;13). We have (wy;)? = ws; giving the P(22g;14)-

K(1) — KR(1)_ -~ KR(1) KRR132
1 3 — 72

ZETO

E(x4i41) ® P(vx4i42) — E(ysits) @ P(yysita)

YY16i+4— (28i+2)2, y916i+12‘>(zz4i+3)4\ P(
7

a0 zsi+2) ® P(224i13)
X3

The cokernel is F(ys;13) @ P(yysi+4) and the kernel E(xy;41) ® P(zx412). Tor is
F[w4i+2] X E(ww4z-+3). We have
dz(’Vz(w4i+2)) = Y8i+3,

(w4i+2)2 = YYQi+4, and (ww4i+3)2 = W8;+6-

KR(1), == KR(1) — K(1), RRK322

TT16i i 27 TT164 i 4
E<I8i+3) ® P(xx8i+4) 16i+4— (Ysi+2) 16i+12— (YY1i+3) N P<y8z‘+2) ® P(yy4¢+3)

zgi+3—0

Y8i+272228i+2,  YY4i+3724i+3
; S > TPy(24i43) ® E(2245) ® E(2228i42)
(yyai+3)2—0,  (ysi+2)?—0

The cokernel is F(ys;12) ® T Py(yysi+3) and the kernel is E(xg;13). Tor of this is
F[w8i+4] = E(w4i)'
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e« KR(1), = K(1), = KR(1), ~ RKR224

T8i+2YYYgi+2,  TT4i43 _>y4i+3\

P(xsi12) ® P(174i43)

(mc4¢+3)4—>0, (x8¢+2)2—>0
T Py(yaiv3) @ E(yyai) @ E(yyysit2) e » B(24i) @ E(228i45)
Yai+3—0,  yyysi42—0
The cokernel is E(yy,;) and the kernel is P((zg;12)?) ® P((xz443)*). Tor of this is
E(wisits) @ E(wwigis13)-

o K(1), = KR(1) , — KR(1), KRR243

TPy(x4i43) @ E(xxy) @ E(rxasiss) TT4i—Yas .

:B4H_3~>0, x:p:psi+2~>0

ZEro

E(ys) ® E(yysivs) — E(z8i43) ® P(228i44)
The cokernel is E(yys;+5) and the kernel is T'Py(x4;13) ® E(xrxs;so). Tor is

E(wy;) @ Fwwigi14] @ Twwws; 3]
There is no E(yys;i+5) so it must be hit by a differential. Rewrite Tor as
E(wy;) ® NNwwsiye] ® E(wwws;ys)
where the wwg; ¢ is in filtration 2. The differential is now obvious
d2(ww8i+6) = YYsi+5
This leaves
E(w4l) & E(www8i+3)
We must have (wy;)? = wg; giving us our P(wg;4).

o KR(1), — KR(1), — K(1), RRK433

E(z4) ® E(vxsiys) = E(ysits) @ P(yysi+a)

yy8'+4—>(224'+2)2
X3 T N E(

Zaip1) @ P(224i12)
ygi+3—0

The cokernel is E(ysi13) ® P(yysi+4) and the kernel is E(zy;) ® E(xws;y5). Tor is
[Mwyip1] ® Mwws;+6). Rewriting the spectral sequence we have

E(ysit+s) ® P(yysita) @ E(wyit1) @ E(wsiy2)®

[Mwipita] @ E(wwsite) @ Iwwieit12)

where the generating terms are in filtrations 0, 0, 1, 2, 4, 1, 2, respectively. To kill
ysi+3 we need two differentials

d2(ww16i+12) = Y16i+11 and d4(ww16i+4) = Y16i+3
After this, what is left is
P(yysita) ® E(wait1) @ E(wsir2) @ E(wws;iig)

Combining the last two terms we get E(2z4;42) with extension (z24;12)* = yysi+4 to
get our answer.
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« KR(1), —+ K(1), » KR(1)_  RKR335

) zgi 14— (yyait2)? E(

E(xsi13) @ P(128i44 Yaiv1) @ P(Yyair2)

3381'«}»3_)0

Yai+1—724i+1,  YY4i4+2 7224542
> B(

Zair1) @ E(z29;)

(yyai+2)2—0
The cokernel is F(y441) ® E(yysis2) and the kernel is E(xg; 3). Tor is I'[wg;4] =
E(w4,)

K(1), - KR(1) - KR(1) KRR354
3 5 4

Tai41—Y4i+1,  TX4422YY4i4-2

E(z441) @ P(x24i42)

(zz4i+2)2—>0

E(ysi11) @ E(yya) Youi R > B (z4) @ E(228i45)

Yai+1—0,  yyai42—0

The cokernel is F(yy4;) and the kernel is P((z4;42)?). Tor is E(wg;ys)-

KR(1), — KR(1) — K(1), RRK544

TX45—Y44

E(2441) ® E(z29;)

T4i4+1 *}0, .’E:L'4i+2~>0

ZEero

E(yai) ® E(yysivs) — TPi(24i43) ® E(224i) @ E(222gi12)
The cokernel is E(yys;+5) and the kernel is E(x4;11) ® E(x24;42). Tor is I'wy; o] ®
['wwy;+3]. There is no yys; 15 in our answer and the only differential that could hit
itis
do (Vo (wwaiys)) = YYsiss
This leaves us with F[w4i+g]®E(ww4i+3) = E(w21)®E(w1U4Z+3) We need (’UJUJ47;+3)2 =
W46+

KR(1) — K(1) — KR(1) RKR446
— 74 4 6

E(z4) ® E(xwsi45) = TPy(yaivs) @ E(yys) @ E(yyysi2)
Y4i+3—724i+3 y TP4(ZZ)
yyai—(23,),  yyysi+2—(24i41)?
The cokernel is T' Py (y4i+3) R E(yy1: ) QE (yyysi+2) and the kernel is E(z4;)QE(xxg;45).
Tor is T'[wy;11] QT [wws; y6). We have (w4iy1)* = yyysit2 leaving, in Tor, [wwwa; o] =
E(wwwsy;). We have (wwwa;)? = yyu;.

K(1) — KR(1) -5 KR(1) KRR465
4 6 5

TPy(x4i43) @ E(xxy) @ E(rrrsiio) T4i43—Yai+3 )

zx4;—(y2:)%,  zxx8iro—(Yaiy1)?

TP4(yz) Y2: 72224, y4i+14>24i+1/ E(Z4i+1) ®E(ZZQZ)

Yai+3—0,  (y:)?—0
The cokernel is E(y2;) ® E(y4,4+1) and there is no kernel, giving us another rare short
exact sequence

SES. H.(K(1),) — H.(KR(),)— H.(KRQ) ).
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o KR(1)  — KR(1)_— K(1)_ RRK655

T4i+3 —>07 (Ii)Q—)O

There is no cokernel. The kernel is
TPy(24i43) ® E((22)?) ® E((24i41)°)
Tor, in filtration 1, is
E(wy) ® B(wwyiy1) ® E(wwwsiys)

and in filtration 2, combining all of the I', we get I'lwwwwa;15]. (This takes some
manipulation.) The E(wwy;+1) must stay and the E(wwws;+3) must go. To make it
go, we have a

d3(”¥2(’wwww4i+2)) = WWWg;+3

All we have left now is
E(wsi) ® E(wwyipr) ® E(wwwwsiio)

We have (w4i)2 = Wsg; and (wwww4i+2)2 = Wgi+4-

o« KR(1)_ — K(1)_ = KR(1) RKR557
5 5 7

E(z4i11) ® E(12;) =% E(ysis1) @ P(yyair2)

YYsitr2—r2ai+2+(222i41 )2 E(

29;) ® P(222i41)

Yai+1—0

We have cokernel E(y4;11)®P(yysi+2) and kernel E(z4;+1)QE (xxy;). Toris I'wy;2]®
['wwa;t1]. We have

d2(V2(WWwai41)) = Yaiv1
and (wwsg;11)* = yyair2. The second map is unusual and doesn’t come from this.
We'll pick it up in the next spectral sequence, KRR576.

Remark. So little interesting happens that I should point out when something
does. The last spectral sequence did not completely describe the second map. The
differential is correct, and we get the correct answer from the stated extension.
However, what really happens is and (wwg;11)* = Yysir2 + wairo. This doesn’t
change our answer, but if you look at the cokernel of the second map, we get a
T Py(wwq;+1) this way. We can’t see that in the last spectral sequence, but we'll see
it in the next.

e K(1) = KR(1)  — KR(1) KRR576

) wxgiro—ysita+(yy2it1)?

E(r441) @ P(x24i42 > E(y2:) @ P(yyaiv1)

T4i+1 —0

y2i_>(zi)2: YY2i41—722i+1
TP4 (Zz>

Yair2+(yy2i41)2—0
We have a new problem here, and that is that the previous spectral sequence,
RKR557, didn’t pick up the details of the second map there, i.e. the first map
of this spectral sequence. We didn’t need it there, but do here. All we really know
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from the previous spectral sequence is that the P(zx4;;2) injects, but there are two
ways to do that. (1) 22412 — (yY2i+1)? O (2) TTair2 = Yaive + (YY2it1)*

If we try the first, our cokernel is E(ys;) ® E(yy2i11) and the kernel is E(x4;41).
Taking Tor of this gives I'[w4;;2]. There can be no E(yys;+1) as a subalgebra of

H,(KR(1) ). The only possibilities for differentials are on o (wsi+2) (With j > 0).

These elements are all in degrees divisible by 4 so can never hit a yy,;+1. Version
(1) cannot be correct, so try (2). The cokernel now is TP (yy2i+1) ® E(y4;) and the
kernel is still E(z4;41) giving Tor as T'[wy; 2] = we;. We have (ws;)? = yu;.

This computes the first map here and the second map in the previous spectral
sequence, RKR557.

KR(1) —= KR(1) — K(1) RRK766

zoi—(yi)?,  xToy i
E(.ng) 2 P(:Bl‘2i+1) 20— (yi) 2i41—Y2 +1, TP4(yZ-)

4542+ (222i41)%2—0

. ) . . 2)2
YRi+2—Fr2R228i+2, y81+6_>(z41+5) TP4(Z4Z+3) ® E(zz4z) ® E(ZZZS,L+2)

y2i41—0,  (¥:)2—=0, yai—zz4

The cokernel is E(yo;) and the kernel is P(z4;12 + (229;41)?). Tor of this is F(wa;3).
We have (w4i+3)2 = Y8i+6-

KR(1) — K(1) — KR(1 RKR660
e 6 0

rg; i+2 T84 T44 2
TP4($¢) 8i+2 P YYYRit2 8i+6—>(T4i+3) TP4(y4i+3) ® E(yy4,~) ® E(yyy8i+2)

T2i11—20,  (224)2—0, Tai—yyas

Y4i+3—>24i+3,  YYa4;—0
b \ E(

(Y4i+3)2—0,  yyysi+2—0 ZZ) ® P(ZZ4Z+2)
The cokernel is F(yy;,3) and the kernel is T Py(z9;11) ® FE((x2;)?). Tor of this is
E(wsy;) ® INwws;+6] @ INwwwa;1]. We can rewrite this as algebras to be E(wy;) ®
E(www4i+1) ®F[U)U)4i+2], which is E(U}Ql) ®E(www4i+1) ®E(ww2z) We have (’wgi)2 =
wy;. This conclusion is a bit tricky. The ww,; are all in higher filtrations and for
degree reasons, they could only square to wy;. However, if that were the case, we
would not have enough even degree exterior generators.

K(1) = KR(1) — KR(1)_ KRR607

TPy(74iy3) @ E(v74) ® E(1278i12) Tais PYaiks,  Tai0

(1’4i+3)2~>0, Z"E{L’siJFQ*)O

Yyaita—(222i11)2

E(yi) @ P(yyaiv2) oz, 10 E(29;) ® P(z22i41)

The cokernel is E(y4i11) ® E(y2;) ® P(yysire). The kernel is E(xxy;) @ E(xrrgiio) ®
E((24i13)?). Tor of this is I'[wy;1]. We need

d2(72(w2i+1)) = Yai+1

To finish things off we have (w2;11)* = yYyaito.
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o KR(1)  — KR(1)_ — K(1)_ RRK077

B(x;) ® P(ataiss) ——22 0200”3 ) @ P(yysiss)

T2;—Y2i, T2i+1—0

YY4i+1—24i+1

> E(z4i11) @ P(z24412)

y2i—0,  yyai+3—0,  (yyaiy1)2—0
The cokernel is E(yy9;+1) and the kernel is E(x9;,1). Tor of this is I'[wy;]. We have
dz(’Yz(in)) = YYs4i1

This leaves F(z4;11) ® E(wo;). We have (wy;)? = wy, to get our answer.

e KR(1) — K(1)_ —KR(1) ~ RKR771

TX4i4+17Y4i+1
E(l’QZ) X P($$21+1) >
in—)O, :ECE4,L'+3—)0, (CECE41‘+1)2—)0

i (22i41)?
E(ysi1) @ P(yyaipo) 22200 po

The cokernel is P(yy4;+2). The kernel is E(z2;) @ P(xz4i43) ® P((zx4;11)?). Tor of
this is I'[we; 1] ® E(wwy,;) ® E(wwws;13). The way to untangle this mess is to have

Z9i41) ® P(224i42)
Yai+1—0

d3(’74(w2i+1)) = WWWgi+3

leaving P(yyai+2) in filtration zero, E(ws;11) ® E(wwy;) with generators in filtration
1, and E(w4;+2) with generators in filtration 2.
The only way this can work out is

(w21‘+1)2 = YY4i42 (ww4i+2)2 = WWsi+4 (ww4¢)2 = Wwsg;

e K(1) = KR(1)  — KR(1) KRR710

TT4; it1)?
E(24i41) ® P(224i42) Zoaca ), P(y2i+1) ® P(YYsiv2)

x4¢+14>0

Y2i+1722i4+1,  YY4i+2 722442
: — - =% B(2) ® P(224142)

(Y2i+1)2—0

The cokernel is F(y911) ® P(yysii2) and the kernel is FE(xy;11). Tor of this is
F[w4i+2] = E(w2i)-

11. APPENDIX TO THE APPENDIX: HOMOTOPY LONG EXACT SEQUENCES

Just for my purposes, I want to write down all the homotopy exact sequences associated
with the fibrations from the main paper once and for all.

) Wi(ﬂo)—%ﬂi(ﬂo)*ﬂi(@o)
1 0 0 0

0 Z—2> 7 7./(2)
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Wi(K_O 1) R 7Ti<K_Oo) 971(@0)

0 0 0
0 0 Z
Z / 0
0 Z—=2 7
7/(2) ‘o/ 0
Z/(2) —=12/(2) Z
Z % 0
0 Z———>17

0 0 0
0 0 0
0 0 0
7Z—>2 -7 Z)(2)
0 0 Z/(2)
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i m(KR() ) S m(KR() )~ m(K(1),)

1 0 0

7 0 0 0

6 0 0 Z/(2)
5 7)(2) / 0

4 Z/(2) ———1Z/(2) Z/(2)
3z 4

2 Z)(2) ——Z/(4) Z/(2)
| 7)(2) — = 17/(2) 0

0 0 Z/(2) ——Z/(2)
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