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Finite descent obstructions and
rational points on curves

Michael Stoll

Let k be a number field and X a smooth projective k-variety. In this paper, we
study the information obtainable from descent via torsors under finite k-group
schemes on the location of the k-rational points on X within the adelic points.
Our main result is that if a curve C/k maps nontrivially into an abelian variety
A/k such that A(k) is finite and III(k, A) has no nontrivial divisible element,
then the information coming from finite abelian descent cuts out precisely the
rational points of C. We conjecture that this is the case for all curves of genus at
least 2. We relate finite descent obstructions to the Brauer—Manin obstruction;
in particular, we prove that on curves, the Brauer set equals the set cut out by
finite abelian descent. Our conjecture therefore implies that the Brauer—-Manin
obstruction against rational points is the only one on curves.

An errata was posted on 20 March 2017 in an online supplement.

1. Introduction

In this paper we explore what can be deduced about the set of rational points on a
curve (or a more general variety) from the knowledge of its finite étale coverings.

Given a smooth projective variety X over a number field k£ and a finite étale,
geometrically Galois covering  : ¥ — X, standard descent theory tells us that
there are only finitely many twists 7; : ¥; — X of 7 such that ¥; has points
everywhere locally, and then X (k) =] | IE j(Y;(k)). Since X (k) embeds into the
adelic points X (Ay), we obtain restrictions on where the rational points on X can
be located inside X (Ay), that is, we must have

X (k) c | (Dj(A0) =: X (A" .
j

Putting the information from all such finite étale coverings together, we arrive at
X (AT =) X (A)™ .
T
MSC2000: primary 11G30; secondary 14G05, 11G10, 14H30.
Keywords: rational point, descent obstruction, covering, twist, torsor under finite group scheme,

Brauer—Manin obstruction.
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Since the information we get cannot tell us more than on which connected compo-
nent a point lies at the infinite places, we make a slight modification by replacing
the v-adic component of X (A;) with its set of connected components, for infinite
places v. In this way, we obtain X (A;), and X (Ak)f‘cov.

We can be more restrictive in the kind of coverings we allow. We denote the
set cut out by restrictions coming from finite abelian coverings only by X (A;)fab
and the set cut out by solvable coverings by X (A;)°!, Then we have the chain of
inclusions

X (k) € X (k) C X (Ap)Fe ¢ XA ¢ X (A0 c X (Ap).

where X (k) is the topological closure of X (k) in X (Ag),; see Section 5 below.

It turns out that the set cut out by the information coming from finite étale abelian
coverings on a curve C coincides with the “Brauer set”, which is defined using the
Brauer group of C,

C(ANE® = (AP,

This follows easily from the descent theory of Colliot-Thélene and Sansuc; see
Section 7. It should be noted, however, that this result seems to be new. It says that
on curves, all the information coming from torsors under groups of multiplicative
type is already obtained from torsors under finite abelian group schemes.

In this way, it becomes possible to study the Brauer—Manin obstruction on curves
via finite étale abelian coverings. For example, we provide an alternative proof of
the main result in Scharaschkin’s thesis [1999] characterizing C (Ak)?r in terms
of the topological closure of the Mordell-Weil group in the adelic points of the
Jacobian; see Corollary 7.4.

Let us call X “good” if it satisfies X (k) = X (A;)F° and “very good” if it
satisfies X (k) = X (Ay)E2.

Then another consequence is that the Brauer—Manin obstruction is the only ob-
struction against rational points on a curve that is very good. More precisely, the
Brauer—Manin obstruction is the only one against a weak form of weak approxima-
tion, namely weak approximation with information at the infinite primes reduced
to connected components.

An abelian variety A/k is very good if and only if the divisible subgroup of
I (k, A) is trivial. For example, if A/Q is a modular abelian variety of analytic
rank zero, then A(Q) and ITI(Q, A) are both finite, and A is very good. A prin-
cipal homogeneous space X for A such that X (k) = @ is very good if and only
if it represents a nondivisible element of T11(k, A). See Corollary 6.2 and the text
follows it.

The main result of this paper says that if C/k is a curve that has a nonconstant
morphism C — X, where X is (very) good and X (k) is finite, then C is (very) good
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(and C (k) is finite); see Proposition 8.5. This implies that every curve C/Q whose
Jacobian has a nontrivial factor A, namely a modular abelian variety of analytic
rank zero, is very good; see Theorem 8.6. As an application, we prove that all
modular curves Xo(N), X1(N) and X(N) (over Q) are very good; see Corollary
8.8. For curves without rational points, we have the following corollary.

Corollary. If C/Q has a nonconstant morphism into a modular abelian variety
of analytic rank zero, and if C(Q) = &, then the absence of rational points is
explained by the Brauer—Manin obstruction.

This generalizes a result due to Siksek [2004] by removing all assumptions
related to the Galois action on the fibers of the morphism over rational points.

The paper is organized as follows. After a preliminary section (Section 2) setting
up the notation, we prove in Section 3 some results on abelian varieties, which will
be needed later on, but are also interesting in themselves. Then, in Section 4, we
review torsors and twists and set up some categories of torsors for later use. Section
5 introduces the sets cut out by finite descent information, as sketched above, and
Section 6 relates this to rational points. Next we study the relationship between our
sets X (Ak)fcov/ fsol/Fab 2 nd the Brauer set X (A¢)Br together with its variants. This
is done in Section 7. We then discuss certain inheritance properties of the notion
of being “excellent” (which is stronger than “good”) in Section 8. This is then the
basis for the conjecture formulated and discussed in Section 9.

2. Preliminaries

In the following, k will always denote a number field.
Let X be a smooth projective variety over k. We modify the definition of the set
of adelic points of X in the following way.'

X(Ae =[] X k) x [ [roX (ko)) .

vfoo v]oo

In other words, the factors at infinite places v are reduced to the set of connected
components of X (k,). We then have a canonical surjection X (Ay) —> X (Ag)e-
Note that for a zero-dimensional variety (or reduced finite scheme) Z, we have
Z(Ar) = Z(Ar).. We will occasionally be a bit sloppy in our notation, pretending
that canonical maps like X (Ax)e — X (Ag). (for a finite extension K D k) or
Y(Ap)e — X (Ay)e (for a subvariety ¥ C X) are inclusions, even though they in
general are not at the infinite places. For example, the intersection X (K)NX (Ay),
means the intersection of the images of both sets in X (Ag),.

IThis notation was introduced by Bjorn Poonen.
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If X = A is an abelian variety over k, then

[T0) x [ ] AG)° = AR aiv

vfoo v]oo
is exactly the divisible subgroup of A(Ay). This implies that

A(Ar)e/nAAr)e = A(AL) /nA(A)
and then that

A . = Tim A(B)./n AR, =lim AR /nAR) = AR

is (isomorphic to) its own componentwise profinite completion and also the com-
ponentwise profinite completion of the usual group of adelic points.

We will denote by A/@) =A(k) ®z7Z the profinite completion l{in A(k)/nA(k) of
the Mordell-Weil group A(k). By a result of Serre [1971, Thm. 3], the natural map
A/(E) — m = A(Ay), is an injection and therefore induces an isomorphism with
the topological closure A(k) of A(k) in A(Ay).. We will reprove this in Proposition
3.7 below, and even show something stronger than that; see Theorem 3.10. (Our
proof is based on a later result of Serre.) Note that we have an exact sequence

0 — A(k)iors — AGk) —> 77 —> 0,
where r is the Mordell-Weil rank of A(k); in particular,
A/@)tors = A(k)tors .

Let Sel™ (k, A) denote the n-Selmer group of A over k, as usual sitting in an
exact sequence

0 — A(k)/nA(k) —> Sel™ (k, A) —> 1L(k, A)[n] —> 0.

If n | N, we have a canonical map of exact sequences

0 —— A(k)/NA(k) — Sel™ (k, A) —— LI(k, A)IN] —— 0

I

0 — A(k)/nA(k) — Sel™ (k, A) — T1l(k, A)[n] —— 0

and we can form the projective limit
Sel(k, A) = lim Sel ™ (k, A),

which sits again in an exact sequence

0 —> A(k) —> Sel(k, A) — T 1lI(k, A) —> 0,
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where TII(k, A) is the Tate module of III(k, A) (and the exactness on the right
follows from the fact that the maps A(k)/NA(k) — A(k)/nA(k) are surjective).
If II(k, A) is finite, or more generally, if the divisible subgroup III(k, A)giy is
trivial, then the Tate module vanishes, and S/gl(k, A) = A/@). Note also that since
T II1(k, A) is torsion-free, we have

Sel(k, Ators = A)iors = AK)rors -
By the definition of the Selmer group, we get maps
Sel™ (k, A) —> AAY)/nAAY) = AAe/n AR
that are compatible with the projective limit, so we obtain a canonical map
Sel(k, A) — A(A).

through which the map A/(?) — A(Ay). factors. We will denote the elements of
Sel(k, A) by P, O and the like, and we will write P,, Q. and the like for their
images in A(k,) or mo(A(ky)), so the map §\el(k, A) = A(Ap). is specified as
P —> (Py),. (It will turn out that this map is injective; see Proposition 3.7.)

If X is a k-variety, then we use notation like Picy, NSy, and so forth, to denote
the Picard group, Néron—Severi group, and so forth, of X over k, as a k-Galois
module.

Finally, we will denote the absolute Galois group of k by ;.

3. Some results on abelian varieties

In the following, A is an abelian variety over k of dimension g. For N > 1, we set
kny = k(A[N]) for the N-division field, and ko, = |, kn for the division field.

The following lemma, based on a result due to Serre on the image of the Galois
group in Aut(Ays), forms the basis for the results of this section.

Lemma 3.1. There is some m > 1 such that m kills all the cohomology groups
H'(ky/k, AN]).

Proof. By a result of Serre [2000, p. 60], the image of 9, in Aut(Aors) = GLog (Z)
meets the scalars Z* in a subgroup containing S = (2)4 for some d > 1. We can
assume that d is even.

Now we note that in

H' (kn/k, AINT) &> H' (koo / ks AINT) —> H' (koo/k. Ators) .

the kernel of the second map is killed by #A (k)rs. Hence it suffices to show that
H'(kso /k, Awors) 18 killed by some m.
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Let G = Gal(koo/ k) C GLog (2), then S C G is a normal subgroup. We have the
inflation-restriction sequence

HY(G/S, AS ) — HY (G, Awor) — H'(S, Ators) -

tors
Therefore it suffices to show that there is some integer D > 1 killing both A5 and

H'(S, Awrs) = H'(Z*), Q/2)%%.
For a prime p, we define

v, = min{vp(ad —1:ace Z;}.

It is easy to see that when p is odd, we have v, = 0 if p — 1 does not divide d,
and v, = 1+ v,(d) otherwise. Also, v, =1 if d is odd (which we excluded), and
vy = 2+ v (d) otherwise. In particular,

D =l_[p”"
p

is a well-defined positive integer.
We first show that A3 is killed by D. We have

tors
s 7% d 2g
Ators = (@(QP/ZP)( p) ) ’
p
and for an individual summand, we see that

(@,/Z,) % ={x €Q,/Z,: (@’ —Dx =0 VaeZy)
={xeQp/Z,: prx=0}

is killed by p"», whence the claim.
Now we have to look at H'(S, Ars). It suffices to consider H' ((Z*)?, Q/7).
We start with

H'(Z})*,Qp/Z,) =0.
To see this, note that (Z;)d is procyclic (for odd p, Z is already procyclic; for
p=2,7 is {%1} times a procyclic group, and the first factor goes away under ex-

ponentiation by d, since d was assumed to be even). Leta € (Z )¢ be a topological
generator. By evaluating the cocycles at o, we obtain an injection

Qp/Z, _ Qy/Z, _
(= 1)(Qp/2,)  p'r(Qp/Zp)

H'(Z)'. Q,/Z,) —

We then can conclude that H'! ((2X)d ,Q,/7Z,) is killed by p'r. To see this, write

2! = @) < T,
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where T = []
sequence

a£p (Z;)d. Then, by inflation-restriction again, there is an exact

0=H'(Z)% Q,/Z,) — H(Z*), Qp/Z,) — H(T,0,/2,)%"
and we have (note that T" acts trivially on Q,/Z )
HN(T,Q,/Z,)?" =Hom(T, (@,/Z,)""").
This group is killed by p», since (Q,/Z,)%>" is. It follows that
H' (2, Q/7) =P H'(2*)", Q,/Z,)
p

iskilled by D =[], p".
We therefore find that H' (G, Ay) is killed by D?, and that H' (ky /k, A[N])
is killed by D? #A (k) o, for all N. O

Remark 3.2. A similar statement is proved for elliptic curves in [Viada 2003,
Prop. 7].

Lemma 3.3. For all positive integers N, the map
Sel™ (k, A) — Sel™ (ky, A)
has the kernel killed by m, where m is the number from Lemma 3.1.

Proof. We have the following commutative and exact diagram.

0 0

0 ker H'(kyn/k, A[N])

inf
0 —— Sel™(k, A) — H'(k, A[N])

res

0 — Sel™ (ky, A) —— H'(ky, A[N)).

So the kernel in question injects into H'(ky/k, A[N1), and by Lemma 3.1, this
group is killed by m. (]

Lemma 34. Ler Q € Sel™) (k, A), and let n be the order of mQ, where m is
the number from Lemma 3.1. Then the density of places v of k such that v splits
completely in ky [ k and such that the image of Q in A(ky)/N A(ky) is trivial is at
most 1/(nlky : k]).
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Proof. By Lemma 3.3, the kernel of Sel™ (k, A) — Sel™ (ky, A) is killed by m.
Hence the order of the image of Q in Sel™ (ky, A) is a multiple of n, the order
of mQ. Now consider the following diagram for a place v that splits in kx and a
place w of ky above it,

Sel™ (k, A) —— Sel™ (ky, A)—— H'(ky, AIN]) === Hom(Gy, . A[N])

L] l |

A(k,)/NA(k,) — A(kn.w)/NA(ky. ) & H'(ky ., AIN]) == Hom(Gy,, . A[N]).

Let o be the image of Q in Hom(Gy,,, A[N]). Then the image of Q is trivial in
A(ky)/N A(ky) if and only if « restricts to the zero homomorphism on Gy, , . This
is equivalent to saying that w splits completely in L/ky, where L is the fixed field
of the kernel of «. Since the order of « is a multiple of n, we have [L : ky] > n,
and the claim now follows from the Chebotarev Density Theorem. (]

Recall the definition of §\el(k, A) and the natural maps
A(k) > A(k) = Sel(k, A) — A(Ap).
where we denote the rightmost map by
Pr—s (Py),.

Also recall that S’,gl(k, A)tors = A(k)tors under the identification given by the inclu-
sions above.

Lemma 3.5. Let Ql, e QY € S/\el(k, A) be elements of infinite order, and let
n > 1. Then there is some N such that the images of Q1, ..., Qs in Sel™ (k, A)

all have order at least n.

Proof. Forafixed 1 < j <s, consider (n— 1)!Q j #0. There is some N; such that the
image of (n—1)! Q jin Sel™?) (k, A) is nonzero. This implies that the image of Q j
has order at least n. Because of the canonical maps Sel!N) (k, A) — Sel™)(k, A),
this will also be true for all multiples of N;. Therefore, any N that is a common
multiple of all the N; will do. ]

Proposition 3.6. Let Z C A be a ﬁmte subscheme of an abelian variety A over k
such that Z (k) = Z(k) Let P Sel(k A) be such that P, € Z(k, ) = Z(k) for a
set of places v of k of density 1. Then Pisinthei image of Z (k) in Sel(k A).

Proof. In the following, we identify A(k) with its image in Sel(k, A). We first
show that P € Z (k) + A(k)tors- Assume the contrary. Then none of the differences
pP— Q for Q € Z (k) has finite order. Let n > #Z (k). Then by Lemma 3.5, we can
find a number N such that the image ofm(l6 — @) under S/\el(k, A) — Sel™) (k, A)
has order at least n, for all Q € Z(k).
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By Lemma 3.4, the density of places of k such that v splits in ky and at least
one of P — 0, for Q € Z(k), maps trivially into A(k,)/N A(k,) is at most
#7Z (k) 1
nlky k1 Tky k]
Therefore, there is a set of places v of k of positive density such that v splits
completely in k / k and such that none of P— QO maps trivially into A(k,)/N A(ky).
This implies P, # Q for all Q € Z(k), contrary to the assumption on P and the
fact that Z(k,) = Z (k).

It therefore follows that P € Z (k) + A(k)ors C A(k). Take a finite place v of k
such that P, € Z(k) (the set of such places has dens1ty 1 by assumption). Then
A(k) injects into A(k,). But the image P, of P under Sel(k A) — A(ky) isin Z;
therefore we must have P € Z (k). O

The following is a simple, but useful consequence.

Proposition 3.7. If S is a set of places of k of density 1, then
Sel(k, A) — [ [ Atk)/AGk)°

vesS

is injective. (Note that A(k,)? = 0 for v finite.) In particular,

Ak) — [[AG)/AGk)°

vesS

is injective, and the canonical map A/(;) — A(Ay)e induces an isomorphism be-
tween A(k) and A(k), the topological closure of A(k) in A(Ay),.

This is essentially Serre’s result in [Serre 1971, Thm. 3].

Proof. Let P be in the kernel. Then we can apply Proposition 3.6 with Z = {0},
and we find that P = 0.

In the last statement, it is clear that the image of the map is A(k), whence the
result. ([

From now on, we will identify S/\el(k, A) with its image in A(Ag).. We then
have a chain of inclusions

A(k) C A(k) C Sel(k, A) C A(Ay)., and Sel(k, A)/A(k) = T1II(k, A)

vanishes if and only if the divisible subgroup of I1I(k, A) is trivial.

We can prove a result stronger than the above. For a finite place v of k, we
denote by [, the residue class field at v. If v is a place of good reduction for A,
then it makes sense to speak of A(F,), the group of F,-points of A. There is a
canonical map

Sel(k, A) — A(k,) —> A(F,).
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Lemma 3.8. Ler 0 # Q € §\el(k, A). Then there is a set of (finite) places v of k
(of good reduction for A) of positive density such that the image of Q in A(F,) is
nontrivial.

Proof. First assume that Q ¢ A(k)iors- Then m Q = 0, so there is some N such that
mQ has nontrivial image in Sel™ (k, A) (where m is, as usual, the number from
Lemma 3.1). By Lemma 3.4, we find that there is a set of places v of k of positive
density such that O, ¢ N A(k,). Excluding the finitely many places dividing N oo
or of bad reduction for A does not change this density. For v in this reduced set,
we have A(k,)/NA(k,) = A(F,)/N A(F,), and so the image of Q in A(F,) is not
in NA(F,), let alone zero.

Now consider the case that Q € A(k)ors \ {0}. We know that for all but finitely
many finite places v of good reduction, A (k) injects into A(F,), so in this case,
the statement is even true for a set of places of density 1. (]

Remark 3.9. Note that the corresponding statement for points Q € A(k) is trivial;
indeed, there are only finitely many finite places v of good reduction such that Q
maps trivially into A(F,). To see this, consider some projective model of A; then
0 and 0 are two distinct points in projective space. They will reduce to the same
point mod v if and only if v divides certain nonzero numbers (2 x 2 determinants
formed with the coordinates of the two points). The lemma above says that things
can not go wrong too badly when we replace A(k) by its completion A/(?) or
even §\el(k, A).

Theorem 3.10. Let S be a set of finite places of k of good reduction for A and of
density 1. Then the canonical homomorphisms

Sel(k, A)— []AF) and A’(?)—>1_[A([FU)

vesS ves

are injective.

Proof. Let Q be in the kernel. If Q #0, then by Lemma 3.8, there is a set of places v
of positive density such that the image of Q in A(F,) is nonzero, contradicting the
assumptions. So Q = 0, and the map is injective. (]

For applications, it is useful to remove in Proposition 3.6 the requirement that
all points of Z have to be defined over k.

Theorem 3.11. Let Z C A be a finite subscheme of an abelian variety A over k.
Let P € Sel(k A) be such that P, < Z(ky) for a set of places v of k of density 1.
Then P is in the i image of Z (k) in Sel(k A).

Proof. Let K/k be a finite extension such that Z(K) = Z(k). By Proposition
3.6, we have that the image of P in A(Ag), is in Z(K). Since P is k-rational,
this implies that the image of P in A(Ak), is in Z(k). Now the canonical map
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A(Ar)e — A(Ak), is injective except possibly at some of the infinite places, so
P, € Z(k) for all but finitely many places. Now, replacing Z by Z (k) and applying
Proposition 3.6 again (this time over k), we find that P € Z(k), as claimed. ([l

We have seen that for zero-dimensional subvarieties Z C A, we have
Z(A)e NAK) = Z(K),
or even more generally,
Z(Ay) NSel(k, A) = Z(k)

(writing intersections for simplicity). One can ask if this is valid more generally
for subvarieties X C A, that do not contain the translate of an abelian subvariety
of positive dimension.

Question 3.12. Is there such a thing as an “Adelic Mordell-Lang Conjecture”?

A possible statement is as follows. Let A/k be an abelian variety and X C A
a subvariety not containing the translate of a nontrivial subabelian variety of A.
Then there is a finite subscheme Z C X such that

X (Ax)e NSel(k, A) C Z(Ap)s .
If this holds, Theorem 3.11 above implies that
X (k) C X(Ap)e NSel(k, A) C Z(Ar)e NSel(k, A) = Z(k) C X (k)

and therefore X (k) = X (Ay)e N S/\el(k, A). In the notation introduced in Section 5
below and by the discussion in Section 6, this implies

X (k) C X (AL C X (ADe NARDT® = X (A, NSel(k, A) = X (k) ,
and so X is excellent with respect to the abelian coverings (and hence “very good”).

Remark 3.13. Note that the Adelic Mordell-Lang Conjecture formulated above is
true when k is a global function field, A is ordinary, and X is not defined over k”
(where p is the characteristic of k); see [Voloch 1991]. (The result is also implicit
in [Hrushovski 1996].)

4. Torsors and twists

We now introduce torsors (under finite étale group schemes) and twists, and de-
scribe various constructions that can be done with these objects.

Let X be a smooth projective (reduced, but not necessarily geometrically con-
nected) variety over k.

We will consider the following category €ov(X). Its objects are X-torsors Y
under G (see for example [Skorobogatov 2001] for definitions), where G is a finite
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étale group scheme over k. More concretely, the data consist of a k-morphism
n Y x G — Y describing a right action of G on Y, together with a finite étale k-
morphism 7 : ¥ — X such that the following diagram is cartesian, id est, identifies
Y x G with the fiber product ¥ xx Y,

YXGM—>Y

TT

Yy —X.

We will usually just write (¥, G) for such an object, with the maps p and 7 being
understood. Morphisms (Y’, G') — (Y, G) in 6ov(X) are given by a pair of maps,
as k-morphisms of (group) schemes, ¢ : Y' — Y and y : G’ — G such that the
obvious diagram

XG/—>Y’—>X

S

YxG—>Y—>X

commutes. Note that y is uniquely determined by ¢: if y' € Y’, g’ € G/, there is a
unique g € G such that ¢(y')-g =¢(y'- g’), so we must have y(g') = ¢

We will denote by Fol(X) and b (X) the full subcategories of €ov(X) whose
objects are the torsors (¥, G) such that G is solvable or abelian, respectively.

If X’ — X is a k-morphism of (smooth projective) varieties, then we can pull
back X-torsors under G to obtain X’-torsors under G. This defines covariant func-
tors Gov(X) — Gov(X'), Pol(X) — Fol(X') and sdb(X) — Ab(X').

The following constructions are described for 6ov(X), but they are similarly
valid for ol (X) and Ab(X).

If (Y1, Gy), (Y, Gy) € €ov(X) are two X-torsors, then we can construct their
fiber product (Y, G) € €ov(X), where Y =Y| xx ¥ and G = G| x G,. More gen-
erally, if (Y1, G1) — (¥, G) and (Y», G2) — (Y, G) are two morphisms in Gov(X),
there is a fiber product (Z, H) € €ov(X), where Z =Y xy Y, and H = G| X G».

If (Y, G) € €ov(X) is an X -torsor, where now everything is over K with a finite
extension K /k, then we can apply restriction of scalars to obtain

(Ri kY, Rg/xG) € 6ov(Rk /1 X).

If (Y, G) € 6ov(X) is an X-torsor and £ is a cohomology class in H'(k, G),
then we can construct the twist (Yg, G¢) of (¥, G) by &. Here G¢ is the inner
form of G corresponding to £ (compare, for example, [Skorobogatov 2001, pp. 12,
20]). We will denote the structure maps by g and me. Usually, H Yk, G) is just
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a pointed set with distinguished element corresponding to the given torsor; if the
torsor is abelian, H!(k, G) is a group, and G = G forall § € H'(k, G).
If (¢, y): (Y, G') = (Y, G) is a morphism and £ € H'(k, G'), then we get an
induced morphism
(Y}, G}) = (Ve Groe)

where y, is the induced map H'(k, G') — H'(k, G). Similarly, twists are com-
patible with pull-backs, fiber products and restriction of scalars.

Twists are transitive in the following sense. If (¥, G) € ¥ov(X) is an X-
torsor and & € H'(k, G), n € H'(k, G¢), then there is a ¢ € H'(k, G) such that
((Ye)y, (Ge)y) = (Yr, G¢). Conversely, if & and ¢ are given, then there is an
neH k, G¢) such that the relation above holds.

The following observation does not hold in general for o/(X) and «db(X). If
Y5 Xis any finite étale morphism, then there is some (17 , G) € 6ov(X) such that
7 : Y — X factors through w. Also, if we have (Y, G) € €ov(X) and (Z, H) €
“%ov(Y), then there is some (Z, I') € 6ov(X) such that Z maps to Z over X and
such that the induced map Z—>Y gives rise to a Y-torsor (Z, H) € 6ov(Y). This
last statement is also valid with $ol(X) and Fol(Y) in place of €ov(X) and Gov(Y)
(since extensions of solvable groups are solvable).

5. Finite descent conditions

In this section, we use torsors and their twists, as described in the previous section,
in order to obtain obstructions against rational points. The use of torsors under
finite abelian group schemes is classical; it is what is behind the usual descent
procedures on elliptic curves or abelian varieties (and so one can claim that they
go all the way back to Fermat). The nonabelian case was first studied by Harari
and Skorobogatov [2002]; see also [Harari 2000].

The following theorem (going back to Chevalley and Weil [1932]) summarizes
the standard facts about descent via torsors. Compare also [Harari and Skoroboga-
tov 2002, Lemma 4.1] and [Skorobogatov 2001, pp. 105, 106].

Theorem 5.1. Let (Y, G) € %ov(X) be a torsor, where X is a smooth projective
k-variety. Then

M) Xk =[I m@:k):

EcHY(k,G)
(2) the (Y, G)-Selmer set
Sel" Ok, X)={& e H'(k, G) : Y: (Ar). # D)

is finite: there are only finitely many twists (Ye, G¢) such that Y has points
everywhere locally.



362 Michael Stoll

At least in principle, the Selmer set in the second statement can be determined
explicitly, and the union in the first statement can be restricted to this finite set.

The idea behind the following considerations is to see how much information
one can get out of the various torsors regarding the image of X (k) in X (Ag),.
Compare Definition 4.2 in [Harari and Skorobogatov 2002] and Definition 5.3.1 in
Skorobogatov’s book Skorobogatov [2001].

Definition 5.2. Let (Y, G) € 6ov(X) be an X-torsor. We say that a point P €
X (Ar)e survives (Y, G), if it lifts to a point in Yg(Ay), for some twist (Y, Gg)
of (Y, G).

There is a cohomological description of this property. An X-torsor under G
is given by an element of Hélt(X , G). Pull-back through the map Speck — X
corresponding to a point in X (k) gives a map

X (k) — H'(k, G).

Note that it is not necessary to refer to nonabelian étale cohomology here: the map
X (k) — H'(k, G) induced by a torsor (Y, G) simply arises by associating to a
point P € X (k) its fiber 7~ 1(P) C Y, which is a k-torsor under G and therefore
corresponds to an element of H Lk, G).

We get a similar map on adelic points,

X(A)e — [[H' (k. G).

There is the canonical restriction map

H'(*k, G)— [[H' (k. G),

and the various maps piece together to give a commutative diagram

X (k) —— H'(k, G)

| |

X(AYe — ], H' (ky, G).

A point P € X (Ay), survives (Y, G) if and only if its image in [ [, H L(ky, G) is in
the image of the global set H L(k, G). The (Y, G)-Selmer set is then the preimage
in H!(k, G) of the image of X (A).; this is completely analogous to the definition
of a Selmer group in case X is an abelian variety A, and G = A[n] is the n-torsion
subgroup of A.

Here are some basic properties.
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Lemma 5.3. (1) If (¢,y) : (Y, G") — (Y, G) is a morphism in éov(X), and if
P € X(Ay), survives (Y', G'), then P also survives (Y, G).

) If (Y, G) € 6ov(X') is the pull-back of (Y, G) € @ov(X) under a morphism
Y X' — X, then P € X'(Ay)e survives (Y', G) if and only if ¥ (P) sur-
vives (Y, G).

3) If (Y1, G1), (Y, Go) € Gov(X) have fiber product (Y, G), then P € X (Ag),
survives (Y, G) if and only if P survives both (Y1, G1) and (Y3, G»).

(4) Let X be over K, where K [ k is a finite extension, and let (Y, G) € 6ov(X) be
an X-torsor. Then P € (Ri 1k X)(Ar)e survives (Rg Y, Rk /xG) if and only
if its image in X (Ag)e survives (Y, G).

(5) If (Y, G) € 6ov(X) and &€ € H'(k, G), then P € X(Ay)o survives (Y, G) if
and only if P survives (Yg, G¢).

Proof. (1) By assumption, there are & € H'(k, G') and Q € Yé(Ak). such that
né(Q) = P. We have the morphism ¢ : YE/ — Y,,¢ over X; hence 7, ¢ (¢ (Q)) =
né(Q) = P, whence P survives (Y, G).

(2) Assume that P survives (Y', G). There are £ € H'(k,G) and Q € Yé(Ak).
such that JTS,(Q) = P. There is a morphism W¢ : Yé — Y¢ over v, and hence
we have that ¢ (W (Q)) = ¥ (P), so ¥ (P) survives (Y, G). Conversely, assume
that ¥ (P) survives (Y, G). Then there are & € H'(k,G) and Q € Ye(Ay)e such
that 7z (Q) = ¥ (P). The twist (Y/, G¢) is the pull-back of (Yz, G¢) under v; in
particular, Y; = Y¢ xx X', and so there is Q" € Y;(Ar), mapping to Q in Y and
to P in X’. Hence P survives (Y, G).

(3) We have obvious morphisms (Y, G) — (¥;, G;). So by part (1), if P survives
(Y, G), then it also survives (Y1, G) and (Y2, G2). Now assume that P survives
both (Y1, G1) and (Y2, G»). Then there are &, € H' (k, G1) and & € H' (k, G,) and
points Q1 € Y1 ¢, (Ar)e, Q2 € Y2 ¢, (Ar),e such that 1 ¢, (Q1) = P and mp ¢, (Q2) =
P. Consider & = (&1, &) € H'(k, G) = H'(k, G1) x H'(k, G,). We have that
Ye = Y1 Xx Yo hence there is Q € Ye(Ay), mapping to Q1 and Q> under
the canonical maps Yz — Y; ¢ (i =1, 2), and to P under ¢ : Y¢ — X. Hence P
survives (Y, G).

(4) We have H!(k, Rk /G) = H'(K, G), and the corresponding twists are com-
patible. For any & in this set, we have Rg /i Ye = (Rg /Y )¢, and the adelic points
(Rk/kYe)(Ar)e and Yz (Ag), are identified. The claim follows.

(5) This comes from the fact that every twist of (¥, G) is also a twist of (Y, G¢)
and vice versa. O
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By the Descent Theorem 5.1, it is clear that (the image in X (A), of) a rational
point P € X (k) survives every torsor. Therefore it makes sense to study the set of
adelic points that survive every torsor (or a suitable subclass of torsors) in order to
obtain information on the location of the rational points within the adelic points.
Note that the set of points in X (Ay), surviving a given torsor is closed —it is a
finite union of images of compact sets Yz (A;), under continuous maps.

We are led to the following definitions.

Definition 5.4. Let X be a smooth projective variety over k.

(1) X (ALY =P e X(Ar), : P survives all (Y, G) € 6ov(X)}.

(2) XA = (P e X(Ay), : P survives all (Y, G) € Fol(X)} .

(3) X(AE® ={P e X(Ay), : P survives all (Y, G) € sdb(X)} .

(The “f” in the superscripts stands for “finite”, since we are dealing with torsors

under finite group schemes only.)
By the remark made before the definition above, we have

X (k) € X(k) € X(AE ¢ X (A ¢ x At c x (A, .

Here, X (k) is the topological closure of X (k) in X (A),.
Recall the “evaluation map” for P € X (Ay)e and G a finite étale k-group scheme,

evp. : Hy(X, G) — [ [ H' (kv G)
v

(the set on the left can be considered as the set of isomorphism classes of X-torsors
under G) and the restriction map

resg : H'(k, G) —> HHl(kv, G).

v

In these terms, we have

X (AT =({P € X(Ap), : im(evp ) C im(resg)} .
G

where G runs through all finite étale k-group schemes. We obtain X (A;)L*°! and
X (A)E? in a similar way, by restricting G to solvable or abelian group schemes.

In the definition above, we can restrict to (Y, G) with Y connected (over k) if
X is connected: if we have (Y, G) with Y not connected, then let Y by a con-
nected component of Y, and let Gy C G be the stabilizer of this component. Then
(Yo, Go) is again a torsor of the same kind as (Y, G), and we have a morphism
(Yo, Go) — (¥, G). Hence, by Lemma 5.3, (1), if P survives (Yo, Go), then it also
survives (Y, G).
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However, we cannot restrict to geometrically connected torsors when X is ge-
ometrically connected. The reason is that there can be obstructions coming from
the fact that a suitable geometrically connected torsor does not exist.

Lemma 5.5. Assume that X is geometrically connected. If there is a torsor
(Y, G) € €ov(X) such that Y and all twists Ye¢ are k-connected, but not geomet-
rically connected, then X (Ay)S = @. The analogous statement holds for the

solvable and abelian versions.

Proof. If Y is connected, but not geometrically connected, then Yz (Ay)e = &
(this is because the finite scheme 7o(Yz) is irreducible and therefore satisfies the
Hasse Principle, compare the proof of Proposition 5.12). Hence no point in X (&),
survives (Y, G). O

Let us briefly discuss how this relates to the geometric fundamental group of X
over k, assuming X to be geometrically connected. In the following, we write
X = X x k and so forth, for the base-change of X to a variety over . Every torsor
(Y, G) e Cov(X) (Fol(X) or Ab(X), respectively) gives rise to a covering Y > X
that is Galois with (solvable or abelian) Galois group G (k). The stabilizer " of a
connected component of Y is then a finite quotient of the geometric fundamental
group 771 (X). If we fix an embedding k — C, then 77, (X) is the profinite comple-
tion of the topological fundamental group 1 (X (C)), so I" is also a finite quotient
of m1(X(C)). If T" is trivial, then my(Y) is a k-torsor under G, and (Y, G) is the
pull-back of (79(Y), G) under the structure morphism X — Spec k. We call such
a torsor frivial. Note that all points in X (Ay), survive a trivial torsor (since their
image in (Spec k) (Ax)e = (Spec k) (k) = {pt} survives everything); therefore trivial
torsors do not give information.

Conversely, glven a finite quotient I" of | (X) or of 1 (X (C)), there is a corre-
sponding covering ¥ — X that will be defined over some finite extension K of k.
Let 7 : Y — Xk be the covering over K; it is a torsor under a K -group scheme G
such that G(k) = I'. We now construct a torsor (Z, Rk /kG) € %ov(X) that
over K factors through . By restriction of scalars, we obtain (Rk /Y, Rk /kG) €
“6ov(Rg kX k). We pull back via the canonical morphism X — Rk Xk to obtain
(Z, Rk /kG) € 6ov(X). Over K, we have the following diagram

Zx — (Rx )k —=—y

l(RK/kG)K l(RK/kG)K J/G

Xx — (Rx/kXK)k —= Xg.

(Here the right hand horizontal maps come from the identity morphism W — W of
a K-variety W, under the identification of Mor (V, Rg W) with Morg (Vg, W),
taking V = Rk, W; for W =Y and W = Xk, respectively.) The composition
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of the lower horizontal maps is the identity morphism; hence (Zg, (Rx/xG)k) €
“©%ov(Xg) maps to (¥, G). Note that the torsor we construct is in Fol(X) (respec-
tively, #b(X)) when I' is solvable (respectively, abelian).

Lemma 5.6. Let X be geometrically connected, (Y, G), (Y', G') € Gov(X) such
that Y is geometrically connected and such that (Y, G) maps to (Y', G') as torsors
of X. Then there is a twist (Y, Gé) of (Y', G") such that (Y, G) maps to (Y/, Gé).

Proof. Let (¢,y) : (Y,G) — (Y', G) be the given morphism. Note that by as-
sumption, the covering maps 7 : ¥ — X and 7’ : Y/ — X are defined over k. For
o € %y, this implies that (°¢, °y) is also a morphism (Y, G) — (Y, G’). We can
then consider the composite morphism

= (9.7¢)
—

Y

?/x;(?/i)Y’xG’gé’.

Since Y is connected and G’ is discrete, this morphism must be constant. Let
& € G'(k) be its image. It can then be checked that & = (&§,)seq, is a G'-valued
cocycle and that after twisting (Y’, G’) by &, the morphism ¢ becomes defined
over k; since y is uniquely determined by ¢, the same is true for y. ([

We still assume X to be geometrically connected. Let us call a family of tor-
sors (Y;, G;) € Gov(X) (Yol(X) or db(X), respectively) with Y; geometrically
connected a cofinal family of coverings of X (respectively, of solvable or abelian
coverings of X) if for every (respectively, every solvable or abelian) connected
(Y, G) € 6ov(X) (respectively, Fol(X) or db(X)), there is a torsor (¥;, G;) such
that (Y;, G;) maps to (Y, G). We then have the following.

Lemma 5.7. Let X be geometrically connected.

(1) If X (ALY £ &, then there is a cofinal family of coverings of X. A similar
statement holds for X (Ak)i'“’l and solvable coverings, and for X (Ak)’:'ab and
abelian coverings.

2) If (Y;, G)); is a cofinal family of coverings of X, then P € X(Ay), is in
X(Ak)t:cov if and only if P survives every (Y;, G;). Similarly for the solvable
and abelian variants.

Proof.

(1) Let P € X(Ap)EeY, and let Y — X be a finite étale Galois covering with
Galois group I'. Then by the discussion before Lemma 5.6, there is a torsor
(Z, G) € ov(X), which we can assume to be k-connected, such that (Z, G)
maps to (¥, I"). Without loss of generality (after perhaps twisting (Z, G)), we
can assume that (Z, G) lifts P. This implies that Z is geometrically connected
(compare Lemma 5.5). So if we take all torsors (Z, G) obtained in this way,
we obtain a cofinal family of coverings of X. The proof in the solvable and
abelian cases is analogous.
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(2) The “only if” part is clear. So assume that P survives all (¥;, G;), and let

(Z,T) e 6ov(X) be arbitrary. Let Z be a connected component of Z, and let

Iy be the stabilizer of Z,. Then there is some (Y;, G;) such that (I?i, (_}i) —

(Zoy, T9) — (Z, T); hence by Lemma 5.6, there is a twist (Z¢, ['¢) such that

(Y;, G;) maps to it. Since P survives (Y;, G;) by assumption, it also survives

(Zg, I'e) and therefore (Z, I'), by Lemma 5.3. The proof in the solvable and
abelian cases is again analogous.

([l

Lemma 5.8. Let X be geometrically connected.

) If my (X) is trivial (that is, X is simply connected), then X (Ak)f'“’v = X (Ap)e.

(2) If the abelianization w1 (X)® is trivial, then X (A)5® = X (Ay)..

(3) If m1(X) is abelian (respectively, solvable), then X (A)5¢V = X (Ap)E® (re-
spectively, X (Ap)5e = X (Ay)fsoh,

Proof.

(1) In this case, all torsors are trivial and are therefore survived by all points
in X (Ag),.

(2) Here the same holds for all abelian torsors.

(3) We always have X (Ax)L C X (A)5™. Solet P € X (A)L™; then by Lemma
5.7, (1), there is a cofinal family (Y;, G;) of abelian coverings of X, and since
m1(X) is abelian, this is also a cofinal family of coverings without restriction.
By part (2) of the same lemma, it suffices to check that P survives all (¥;, G;),
which we know to be true, in order to conclude that P € X (A;)5c". Similarly
for the solvable variant.

O

We now list some fairly elementary properties of the sets X (A)52*/Fsol/feov,

Proposition 5.9. If X' % X is a morphism, then ¥ (X'(ADE®) C X (A)E.
Similarly for the solvable and abelian variants.

Proof. Let P € X/(Ak)fmv, and let (Y, G) € Yov(X) be an X-torsor. By as-
sumption, P survives the pull-back (Y’, G) of (Y, G) under v, so by Lemma 5.3,
part (2), ¥ (P) survives (Y, G). Since (Y, G) is arbitrary, ¥ (P) € X (A;)5. The
same proof works for the solvable and abelian variants. U

Lemma 5.10. Let Z = Spec k LI Spec k = { Py, P»}. Then
(P, Py} = Z(k) = Z(Ap)E™®.

Proof. Let Q € Z(Ay). and assume that Q ¢ Z(k). We have to show that Q ¢
Z (Ak)ﬁ'ab. By assumption, there are places v and w of k such that Q, = Py and
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0w = P,. We will consider torsors under G = Z/27Z. Pick some « € k* such
that o ¢ (k)% and o ¢ (kX)%. Let Y = Speck(y/a) LI (Spec k LI Spec k); then
(Y, G) € s4b(Z) in an obvious way. We want to show that no twist (Yg, G) for
£ € H'(k, G) = k*/(k*)? lifts Q. Such a twist is of one of the following forms:

(Ye, G) = Spec k (/o) LI (Spec k LI Spec k),
(Ye, G) = (Spec k LI Spec k) L Spec k(+/a),

(Ye, G) = Spec k(/B) L Speck(,/7).

where in the last case, 8 and y are independent in k< /(k*)?. In the first two cases,
Q does not lift, since in the first case, the first component does not lift Q,, and
in the second case, the second component does not lift Q,, (by our choice of «).
In the third case, there is a set of places of k of density 1/4 that are inert in both
k(+/B) and k(\/¥), s0 Ye(Ar)e = @. In particular, Q does not lift to any of these
twists. ([l

Proposition 5.11. I[f X = X, U X, LI - - - I X,, is a disjoint union, then

n
XACY =T [ X805,
j=1

and similarly for the solvable and abelian variants.

Proof. 1t is sufficient to consider the case n = 2. We have maps X; — X and
X, — X, so by Proposition 5.9, X (Ak)f'c"v X, (Ak)f'c"v cX (Ak)i'cov (same for
the solvable and abelian variants). For the reverse inclusion, consider the morphism
X — Spec kLISpec k = Z mapping X to the first point and X» to the second point.
If Q € X(A;)E®, then its image is in Z(A;)5%® = Z(k) (by Proposition 5.9 again
and Lemma 5.10). This means that Q € X;(Ar)e LI X2(A;)s. The claim then
follows easily. U

Proposition 5.12. If Z is a (reduced) finite scheme, then Z(Ay)5® = Z (k).

Proof. By Proposition 5.11, it suffices to prove this when Z = Spec K is connected.
But in this case, it is known that Z satisfies the Hasse Principle. On the other hand,
if Z(k) # @, then Z = Speck and Z(Ay), has just one point, so Z(k) = Z(Ag)s.

(The statement that Spec K as a k-scheme satisfies the Hasse Principle comes
down to the following fact.

Fact. If a group G acts transitively on a finite set X such that every g € G fixes at
least one element of X, then #X = 1.

To see this, let n =#X and assume (without loss of generality) that G C S,,. The
stabilizer G of x € X is a subgroup of index n in G. By assumption, G =,y G,
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s0 G\ {1} =J,cx (G, \{1}). Counting elements now gives #G—1 <n(#G/n—1)=
#G — n, which implies n = 1.) U
Remark 5.13. Note that the Hasse Principle does not hold in general for finite
schemes. A typical counterexample is given by the Q@-scheme

Spec @(«/B) LI Spec @(«/ﬁ) LI Spec @(m) .
Proposition 5.14. We have
(X X V)AL = X (AT x ¥ (A5
Similarly for the solvable and abelian variants.

Proof. Proposition 5.9 implies that
(X X V) (A0 C X (A x Y (A

(and similarly for the solvable and abelian variants).

For the other direction, we can assume that X and Y are k-connected, compare
Proposition 5.11. If X (say) is not geometrically connected, then X (A;), = &, and
hence (X x Y)(Ag)e = @ as well, and the statement is trivially true. So we can
assume that X and Y are geometrically connected.

We now use the fact that 71(X x Y) = 71(X) x 71(Y). Let P € X(Ak)ﬁ'“’v
and Q € Y(Ak)f'“’v. By Lemma 5.7, (1), there are cofinal families of coverings
(Vi, G;) of X and (W;, H;) of Y, which we can assume to lift P, respectively,
Q. Then the products (V; x W;, G; x Hj) form a cofinal family of coverings
of X x Y, and it is clear that they lift (P, Q). By Lemma 5.7, (2), this implies that
(P, Q) € (X x Y)(Ap)e.

The solvable and abelian variants are proved similarly, using the corresponding
product property of the maximal abelian and solvable quotients of the geometric
fundamental group. ([

Proposition 5.15. If K / k is a finite extension and X is a K -variety, then
(R /1 X) (A = X (Ag) e

(under the canonical identification (Rx;xX)(Ar)e = X (Ak).), and similarly for
the solvable and abelian variants.

Proof. Let P € (RK/kX)(Ak)f‘COV, and let (Y, G) € €ov(X). By assumption,
P survives (Rg /Y, Rx/kG) € 6ov(Rg,rX), so by Lemma 5.3, part (4), P also
survives (Y, G). Since (Y, G) was arbitrary, P € X (AK)ECOV, so the left hand side
is contained in the right hand side.

For the proof of the reverse inclusion, we can reduce to the case that X is
K-connected, by Proposition 5.11. If X is K-connected, but not geometrically
connected, then (Rx /1 X)(Ar)e = X (Ag)e = &, and there is nothing to prove. So
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we can assume that X is geometrically connected. Take P € X (Ag)Ec. Then
by Lemma 5.7, there is a cofinal family (Y;, G;) of coverings of X. We show that
(Rk/1Yi, Rk kG}) is then a cofinal family of coverings of Rk, X. Indeed, it is
known that Rg /1 X = XKk (with the factors coming from the various embeddings
of K into k), so 71 (Rg/xX) = 1 (X)K. This easily implies the claim. Now,
viewing P as an element of (Rk /x X)(Ay)., we see by Lemma 5.3 that P survives
every (Rk/kYi, Rk/kG;), and hence P € (Rg/xX)(Ag)Eeov.

The same proof works for the solvable and abelian variants. O

Proposition 5.16. If K / k is a finite extension, then
X (AT C X (Ae N X (Ag)

and similarly for the solvable and abelian variants. Note that the intersection is to
be interpreted as the pullback of X (AK)E'COV under the canonical map X (Ay)e —
X (Ag)e, which may not be injective at the infinite places.

Proof. We have a morphism X — Ry ;X g, inducing the canonical map
X(Ar)e — (Rx/k Xk)(Ar)e = X (Ak)e -
The claim now follows from combining Propositions 5.9 and 5.15. ]

We also have an analogue of the Descent Theorem 5.1.

Proposition 5.17. Let (Y, G) € 6ov(X) be an X-torsor. Then
X (AT = me (Ye (A7)

where the union is extended over all twists (Ye, G¢) of (Y, G), or equivalently, over
the finite set of twists with points everywhere locally. A similar statement holds for
the solvable variant, when G is solvable.

Proof. Note first that by Proposition 5.9, the right hand side is a subset of the left
hand side.
For the reverse inclusion, take P € X (Ak)f'wv. To ease notation, we will sup-

press the group schemes when denoting torsors in the following. Let Y7, ..., Y, €
“©%ov(X) (or Fol(X)) be the finitely many twists of Y such that P lifts.
Define 7(j) C {1, ..., s} to be the set of indices i such that for every X-torsor Z

mapping to Y; (or an X-torsor Z over Y; for short), there is a twist Zg that lifts P
and induces a twist of Y; that is isomorphic to ¥;. We make a number of claims
about this function.

(1) t(j) is nonempty. To see this, note first that for any given Z, the corresponding
set (call it T(Z)) is nonempty, since by assumption P must lift to some twist of Z,
and this twist induces a twist of ¥; to which P also lifts, and hence this twist
must be one of the ¥;. Second, if Z maps to Z’ (as X-torsors over Y;), we have
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7(Z) C ©(Z'). Third, for every pair of X-torsors Z and Z’ over Y;, their relative
fiber product Z x y; Z" maps to both of them. Taking these together, we see that 7 ()
is a filtered intersection of nonempty subsets of a finite set and hence nonempty.

(i) Ifi € T(j), then t(i) C (j). Let h € T(i), and let Z be an X-torsor over Y;.
By definition of (), there is a twist Z¢ of Z lifting P and inducing the twist ¥;
of Y;. Now by definition of 7 (i), there is a twist (Z¢), of Z lifting P and inducing
the twist Y, of Y;. By transitivity of twists, this means that we have a twist of Z
lifting P and inducing the twist Y}, of Y;. Since Z was arbitrary, this shows that
het(j).

(iii) For some j, we have j € T(j). Indeed, selecting for each j some o (j) € 7(j)
(this is possible by (i)), the map o will have a cycle: ¢ (j) = j for some m > 1
and j. Then by (ii), it follows that j € 7(j).

For this specific value of j, we have therefore proved that every X-torsor Z
over Y; has a twist that lifts P and induces the trivial twist of ¥;. This means in
particular that this twist is also a twist of Z as a Y;-torsor.

Now assume that P does not lift to ¥; (A,)5 (or ¥; (Ax)E°). Since the preim-
ages of P in Y;(Ay), form a compact set and since surviving a torsor is a closed
condition, we can find a Y;-torsor V that is not survived by any of the preimages
of P. We can then find an X-torsor Z mapping to V, staying in ¥ol when working
in that category. (Note that this step does not work for s{b, since extensions of
abelian groups need not be abelian again.) But by what we have just proved, Z
has a twist as a Y;-torsor that lifts a preimage of P, a contradiction. Hence our
assumption that P does not lift to Y (Ap)Ee (or Y f (Ap)Esol) must be false. O

Remark 5.18. The analogous statement for X (Ak)f‘ab and G abelian is not true
in general: it would follow that X (Ak)f'ab =X (Ak)f's‘)l, but Skorobogatov (see
[Skorobogatov 2001, § 8] or [Skorobogatov 1999]) has a celebrated example of a
surface X such that

@ = X (A C x (AL,

In fact, there is an abelian covering 7 : ¥ — X such that Ug e (Ye Aty = g,
which therefore gives a counterexample to the abelian version of the statement.

Skorobogatov shows that the “Brauer set” X (A;)E" is nonempty. In a later paper,
Harari and Skorobogatov [2002, § 5.1] show that there exists an obstruction coming
from a nilpotent, nonabelian covering (arising from an abelian covering of Y). The
latter means that X (A;)%°! = @, whereas the former implies that X (A;)f% £ &,
since X (Ak)lfr cX (Ak)i'ab; see Section 7 below. The interest in this result comes
from the fact that it is the first example known of a variety where there is no
Brauer—Manin obstruction, yet there are no rational points.
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6. Finite descent conditions and rational points

The ultimate goal behind considering the sets cut out in the adelic points by the
various covering conditions is to obtain information on the rational points. There
is a three-by-three matrix of natural statements relating these sets; see the diagram
below. Here, X (k) is the topological closure of X (k) in X (Ag)s,.

XAEY = X () == X (A5 =X (k) = X(h) = 0 <= XA =2

X (A5l = X () == X(AEP =X (k) = X () = 2 <= X(Af© = | (6-1)

XAOS® =X () =1 XAIP =X®) —=1 X =2 <= XAi* =2

We have the implications shown. If X (k) is finite, then we obviously have
X (k) = X (k), and the corresponding statements in the left and middle columns are
equivalent. In particular, this is the case when X is a curve of genus at least 2.

Let us discuss these statements. The ones in the middle column are perhaps the
most natural ones, whereas the ones in the left column are better suited for proofs
(as we will see below). The statements in the right column can be considered as
variants of the Hasse Principle; in some sense they state that the Hasse Principle
will eventually hold if one allows oneself to replace X by finite étale coverings.
Note that the weakest of the nine statements (the one in the upper right corner),
if valid for a class of varieties, would imply that there is an effective procedure to
decide whether there are k-rational points on a variety X within that class or not:
at least in principle, we can list all the X-torsors and for each torsor compute the
finite set of twists with points everywhere locally. If this set is empty, we know that
X (k) = @. In order to obtain the torsors, we can for example enumerate all finite
extensions of the function field of X (assuming that X is geometrically connected,
say) and check whether such an extension corresponds to an étale covering of X
that is a torsor under a finite group scheme. On the other hand, we can search for
k-rational points on X at the same time, and as soon as we find one such point, we
know that X (k) # &. The statement X (k) = @ <—= X (Ak)fmv = O guarantees
that one of the two events must occur. (Note that X (Ak)f'“"’ can be written as a
filtered intersection of compact subsets of X (Ay),, each coming from one specific
torsor, so if X (Ak)f'c"" = ¢, then already one of these conditions will provide an
obstruction.)



Finite descent obstructions and rational points on curves 373

For X of dimension at least two, none of these statements can be expected to
hold in general. For example, a rational surface X has trivial geometric fundamen-
tal group, and so X (A;)E = X (A;),. On the other hand, there are examples
known of such surfaces that violate the Hasse principle, so we have @ = X (k) C
X (Ak)fc‘w = X (Ag)e. The first example (a smooth cubic surface) was given by
Swinnerton-Dyer [1962]. There are also examples among smooth diagonal cubic
surfaces, see [Cassels and Guy 1966], and in [Colliot-Thélene et al. 1980], an
infinite family of rational surfaces violating the Hasse principle is given.

Let us give names to the properties in the left two columns in the diagram (6-1)
above.

Definition 6.1. Let X be a smooth projective k-variety. We call X
(1) good with respect to all coverings or simply good if X (k) = X (Ay)Ee,
(2) good with respect to solvable coverings if X (k) = X (Ap)Esol,
(3) good with respect to abelian coverings or very good if X (k) = X (Ak)fab,
(4) excellent with respect to all coverings if X (k) = X (Ak)f'cov,
(5) excellent with respect to solvable coverings if X (k) = X (Ak)f'”l,
(6) excellent with respect to abelian coverings if X (k) = X (Ak)f'ab.

Now let us look at curves in more detail. When C is a curve of genus 0, then it
satisfies the Hasse Principle, so

CAYe=90 = Clk)y=9,

and then all the intermediate sets are equal and empty. On the other hand, when
C (k) # @, then C = P!, and C(k) is dense in C(Ay)., SO

C(k) = CADL = CAYT = C(ADE™ = C(AY. .

So curves of genus 0 are always very good.
Now consider the case of a genus 1 curve. If A is an elliptic curve, or more
generally, an abelian variety, then 77; (A) is abelian, so by Lemma 5.8 we have

AR = AR = AR .

Furthermore, among the abelian coverings, we can restrict to the multiplication-
by-n maps A 2 A. (In the terminology used earlier, these coverings are a cofinal
family.) This shows that

ABQ)S™® = Sel(k, A).

Since the cokernel of the canonical map

k) = A(k) —> Sel(k, A)
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is the Tate module of II1(k, A), we get the following.
Corollary 6.2. (1) A is very good if and only if lLl(k, A)giy = 0.

(2) A is excellent with respect to abelian coverings if and only if A(k) is finite and
l(k, A)giv =0.

See [Wang 1996] for a discussion of the situation when one works with A (Ay) in-
stead of A(Ay).. Note that Wang’s discussion is in the context of the Brauer—-Manin
obstruction, which is closely related to the “finite abelian” obstruction considered
here, as discussed in Section 7 below.

Corollary 6.3. If A/Q is a modular abelian variety of analytic rank zero, then A
is excellent with respect to abelian coverings. In particular, if E/Q is an elliptic
curve of analytic rank zero, then E is excellent with respect to abelian coverings.

Proof. In [Kolyvagin 1988; Kolyvagin and Logachév 1989], it is proved that A(Q)
and I11(Q, A) are both finite. Corollary 6.2 then implies that A(Ag)E®® = A(Q).
For elliptic curves E/Q, Wiles [1995], Taylor and Wiles [1995], and Breuil,
Conrad, Diamond and Taylor [Breuil et al. 2001] have proved that E is modular,
and so the first assertion applies. ([

Now let X be a principal homogeneous space for the abelian variety A. If
X (Ar)e = 9, then all statements in (6—1) are trivially true. So assume X (A), # I,
and let £ € TTI(k, A) denote the element corresponding to X. By Lemma 5.8, we
have

X (A = X (A = X (A0 ™,

and X(Ak)’:'ab = @ if and only if & ¢ I11(k, A)giv. So for & # 0, X is very good if
and only if & ¢ II1(k, A)giv (since X (k) = @ in this case).

For curves C of genus 2 or higher, we always have that C (k) is finite, and so
the statements in the left and middle columns in (6-1) are equivalent. In this case,
we can characterize the set C(Ak)f‘ab in a different way.

Theorem 6.4. Let C be a smooth projective geometrically connected curve over k.
Let A = Alb% be its Albanese variety, and let V = Alblc be the torsor under A that
parametrizes classes of zero-cycles of degree 1 on C. Then there is a canonical
map ¢ : C — V, and we have

CAOT® = (V(A)T®).

Of course, since C is a curve, A is the same as the Jacobian variety Jacc = Pic%,
and V is its torsor Piclc, parametrizing divisor classes of degree 1 on C.

Proof. We know by Proposition 5.9 that ¢ (C (Ak)fab) C V(Ak)fab. It therefore
suffices to prove that o I( V(Ak)fab) ccC (Ak)fab.
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By [Serre 1988, § VI.2], all (connected) finite abelian unramified coverings
of C = C x; k are obtained through pull-back from isogenies into V = A. From
this, we can deduce that the induced homomorphism ¢* : Hét(V, G)— ét(C , G)
is an isomorphism for all finite abelian k-group schemes G. Since the map ¢
is defined over k, we obtain an isomorphism as k-Galois modules. The spectral
sequence associated to the composition of functors H°(k, H)(V, —)) = H(V, —)
(and similarly for C) gives a diagram with exact rows,

0 — H'(k, G) — HL(V,G) —— H %k, H\(V, G)) —— H*(k, G)

| l- 2| |

0 — H'(k, G) — HA(C, G) —— H (k, H)(C, G)) — H?(k, G).

By the 5-lemma, ¢* : H}(V, G) - HJ(C, G) is an isomorphism.

Let P € C(Ay), such that ¢(P) € V(A;)E®, and let (Y, G) € sdb(C). Then
by the above, there is (W, G) € db(V) such that Y is the pull-back of W. By
assumption, ¢ (P) survives (W, G); without loss of generality, (W, G) already
lifts ¢ (P). (G is abelian, hence equal to all its inner forms.) Then (¥, G) lifts P,
so P survives (Y, G). Since (Y, G) was arbitrary, P € C (Ak)f'ab. O

Remark 6.5. The result in the preceding theorem will hold more generally for
smooth projective geometrically connected varieties X instead of curves C, pro-
vided all finite étale abelian coverings of X can be obtained as pullbacks of isoge-
nies into the Albanese variety of X. For this, it is necessary and sufficient that the
(geometric) Néron—Severi group of X is torsion-free; see [Serre 1988, VI.20].

For arbitrary varieties X, we can define a set X (Ak)flb consisting of the adelic
points on X surviving all torsors that are pull-backs of V-torsors (where V is the
k-torsor under A that receives a canonical map ¢ from X), and then the result above
will hold in the form

X (AP = ¢~ (VAT

We trivially have X (A)5% ¢ X (Ap)A®,

In particular, we get that X (Ak)Alb X (Ag)e if X has trivial Albanese variety.
For example, this is the case for all complete intersections of dimension at least 2
in some projective space. (By Exercise II1.5.5 in [Hartshorne 1977], H' (X, 0) =
in this case, so the Picard variety and therefore also its dual AlbO(X ) are trivial.)
If in addition NSy is torsion-free, then X (A;)F% = X (A;), as well.

Corollary 6.6. Let C be a smooth projective geometrically connected curve over k.
Let A be its Albanese (or Jacobian) variety, and let V = Alblc = Piclc as above.

(1) If C(A)e = @, then C(A)J* = C (k) =
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) If C(Ap)e #= I and V (k) # O (so that C has a k-rational divisor class of
degree 1), then there is a k-defined embedding ¢ : C — A, and we have

C(ANE® = ¢~ (Sel(k, A)).
If I(k, A)giv = 0, we have
CANE® =71 (AK)) .

3) If C(Ar)e # D and V (k) = O, then, using the canonical map ¢ : C — V, we
have

CANE® =~ (v (AE™®).

Let & € Ill(k, A) be the element corresponding to V. By assumption, & # 0.
Then if & ¢ 111(k, A)giv (and so in particular when I1(k, A)giy = 0), we have
C(k) = C(AE® =g

Similar statements are true for more general X in place of C, with X (Ay)2® in
place of C(Ay)E®.

Proof. This follows immediately from Theorem 6.4, taking into account the de-
scriptions of A(Ak)f‘ab and V(Ak)f‘ab in Corollary 6.2 and the text following it. [J

Let X be a smooth projective geometrically connected k-variety, let A be its Al-
banese variety, and denote by V the k-torsor under A such that there is a canonical
map ¢ : X — V. (V corresponds to the cocycle class of o — [P° — P] € A(k)
for any point P € X (k).) If V(k) # @, then V is the trivial torsor, and there is
an n-covering of V, that is, a V-torsor under A[n]. So the nonexistence of an
n-covering of V is an obstruction against rational points on V and therefore on X.

If an n-covering of V exists, we can pull it back to a torsor (Y, A[n]) € db(X),
and we will say that a point P € X (Ay), survives the n-covering of X if it survives
(Y, A[n]). If there is no n-covering, then by definition no point in X (A;), survives
the n-covering of X. If we denote the set of adelic points surviving the n-covering
of X by X (A;)"%, then we have

XA =) X AT,

n>1

In particular, for a curve C, we get

CANT® = CAar™.

n>1
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7. Relation with the Brauer—-Manin obstruction

In this section, we study the relationship between the finite covering obstructions
introduced in Section 5 and the Brauer—Manin obstruction. This latter obstruction
was introduced by Manin [1971] in 1970 in order to provide a unified framework
to explain violations of the Hasse Principle.

The idea is as follows. Let X be, as usual, a smooth projective geometrically
connected k-variety. We then have the (cohomological) Brauer group

Br(X) = HZ(X, Gy) .

If K/k is any field extension and P € X(K) is a K-point of X, then the corre-
sponding morphism Spec K — X induces a homomorphism ¢ p : Br(X) — Br(X).
If K =k, is a completion of k, then there is a canonical injective homomorphism

inv, : Br(k,) — Q/Z

(which is an isomorphism when v is a finite place). In this way, we can set up a
pairing

X(Ar)e x Br(X) — Q/Z,  ((Py), b) —> ((Py), b)pr = Zinvv(qﬁpu ().

By a fundamental result of Class Field Theory, k-rational points on X pair trivially
with all elements of Br(X). This implies that

X (k) C X(A)B = {P e X(Ap)s : (P, b)p; =0 for all b € Br(X)}.

The set X (A;)B is called the Brauer set of X. If it is empty, one says that there
is a Brauer—Manin obstruction against rational points on X. More generally, if
B C Br(X) is a subgroup (or subset), we can define X (A;)? in a similar way as
the subset of points in X (A;), that pair trivially with all b € B.

The main result of this section is that for a curve C, we have

CANE =capi™,

see Corollary 7.3 below. This implies that all the results we have deduced or
will deduce about finite abelian descent obstructions on curves also apply to the
Brauer—Manin obstruction.

We first recall that the (algebraic) Brauer—-Manin obstruction is at least as strong
as the obstruction coming from finite abelian descent. For a more precise statement,
see [Harari and Skorobogatov 2002, Thm. 4.9]. We define

Br; (X) = ker(Br(X) —> Br(X xy k)) C Br(X)

and set X (A;)Bn = X(Ak)?rl(x).
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Theorem 7.1. For any smooth projective geometrically connected variety X, we
have

X (AOB c X (ADBT c x(ApE®P.

Proof. The main theorem of descent theory of Colliot-Théleéne and Sansuc [1987],
as extended by Skorobogatov (see [Skorobogatov 1999] and [Skorobogatov 2001,
Thm. 6.1.1]), states that X (Ak)]f“ is equal to the set obtained from descent ob-
structions with respect to torsors under k-groups G of multiplicative type, which
includes all finite abelian k-groups. This proves the second inclusion. The first one
follows from the definitions. O

It is known that (see [Skorobogatov 2001, Cor. 2.3.9]; use that H 3k, k) =0)

Br; (X)

>~ H'(k, Picy),
Bro(X) (k, Picx)

where Brg(X) denotes the image of Br(k) in Br(X). We also have the canonical
map H'(k, Pic?() — H'(k, Picy). Define Br2(X) to be the subgroup of Br;(X)
that maps into the image of H I(k, Pic()){) in H'(k, Picy). (Manin [1971] calls it
Br/1 (X).) In addition, for n > 1, let Bry ,(X) be the subgroup of Bri(X) that
maps into the image of H'(k, Pic})[n]. Then

B Brijan
Brijn(X) = JBripa(X), and XA, =[]XA0. "

n>1 n>1

Recall the definition of X (Ak)flb from Remark 6.5 and the fact that

X(AOT® C XA = [ X (AT,

n>1

Theorem 7.2. Let X be a smooth projective geometrically connected variety, and
letn > 1. Then

X(Ak)lz-ab C X(Ak)}jrl/ln )

In particular,
Bry 2

XA C XADI"® C X (A,
Proof. Given the first statement, the second statement is clear.
The first statement follows from Theorem 7.5 below. However, since our proof
of the inclusion given here is fairly simple, we include it.
So consider P € X(Ak)’f'ab and b € Bry;; ,(X). We have to show that (b, P)g;,
vanishes, where (-, -)g; is the Brauer pairing between X (Ay), and Br(X).
Let b’ be the image of b in

Br(X)/Bro(X) = H'(k, Picy),
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and let " € H'(k, Pic?()[n] be an element mapping to b’ (which exists because
be Brl/z,n(X)).

Let A be the Albanese variety of X, and let V be the k-torsor under A that
has a canonical map ¢ : X — V. Then we have Pic} = Pic} = Pic). Since

PeX (Ak)f'ab i V(Ak)f‘ab, the latter is nonempty, and hence V admits a torsor
of the form (W, A[n]).

Since P maps into V(Ak)’."ab, there is some twist of (W, A[n]) such that ¢ (P)
lifts to it. Without loss of generality, (W, A[n]) is already this twist, so there is
Q' € W(Ay), such that 7/(Q") = ¢(P), where &’ : W — V is the covering map
associated to (W, A[n]).

Let (Y, A[n]) € db(X) be the pull-back of (W, A[n]) to X. Then there is some
Q € Y(Ag)e such that 7(Q) = P. Now the left hand diagram below induces the
one on the right, where the rightmost vertical map is the multiplication by #.

— Picy +—— Pic% +—— Pic), PicY

A

Picxy +—— Pic())( — Pic(‘), Picg

><<—"<

¢
—

Chasing b” around the diagram on the right, after applying H'(k, —) to it, we see
that 7*(b’) = 0 in Br(Y)/ Bro(Y). Finally, we have

(b, P)pe = (b, m(Q))pr = (" (D), Q)B: =0.

So we have the chain of inclusions

X(A0F € X(AET € X (AT c X (AP c X (A"
It is then natural to ask to what extent one might have equality in this chain of
inclusions. We certainly get something when Br; /> (X) already equals Br;(X) or
even Br(X).

Corollary 7.3. If X is a smooth projective geometrically connected variety such
that the canonical map H'(k, Picg)() — H'(k, Picy) is surjective, then

X(A)I = X AT = X A"
In particular, if C is a curve, then C(Ay)B" = C (AL,

Proof. 1In this case, Bry»(X) = Br;(X), and so the result follows from the two
preceding theorems.

When X = C is a curve, then we know that Br(C xj k) is trivial (Tsen’s The-
orem); also H' (k, Pic%) surjects onto H 1 (k, Picc), since the Néron—Severi group
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of C is Z with trivial Galois action, and H'!(k, Z) = 0. Hence Br(C) = Br2(C),
and the assertion follows. U

The result of Corollary 7.3 means that we can replace C(A;)5 by C(A)E"
everywhere. For example, from Corollary 6.6, we obtain the following.

Corollary 7.4. Let C be a smooth projective geometrically connected curve over k,
and let A be its Albanese (or Jacobian) variety. Assume that I11(k, A)giy = 0.

(1) If C has a k-rational divisor class of degree 1 inducing a k-defined embedding
C — A, then

CAY =~ (AK)),
where ¢ denotes the induced map C(Ar)e — A(Ay)e -
(2) If C has no k-rational divisor class of degree 1, then C(A)B" = @.

These results can be found in Scharaschkin’s thesis Scharaschkin [1999]. Our
approach provides an alternative proof, and the more precise version in Corollary
6.6 shows how to extend the result to the case when the Shafarevich—Tate group of
the Jacobian is not necessarily assumed to have trivial divisible subgroup.

We can strengthen Theorem 7.2.

Theorem 7.5. Let X be a smooth projective geometrically connected variety. Then

XA = X (A"

forall n > 1. In particular,

X (A3 = X (A0

Proof. This follows from the descent theory of Colliot-Théléne and Sansuc. Let
M = Pic?([n], and let A : M — Picy be the inclusion. Then the n-coverings
of X are exactly the torsors of type A in the language of the theory; compare for
example [Skorobogatov 2001]. (Note that the dual of M is A[n], where A is the
Albanese variety of X.) We have Br), = Bry 2 ,, and the result then follows from
Thm. 6.1.2,(a) in [Skorobogatov 2001]. O

Remark 7.6. Since X (A;)B" X (Ap)F® c x (A, it is natural to ask whether
there might be a subgroup B C Br;(X) such that X (Ak)f'ab =X (Ak)f. As Joost
van Hamel pointed out to me, a natural candidate for B is the subgroup mapping
to the image of H l(k, Picy) in H I(k, Picy), where Pic} is the saturation of Pic?{
in Picy, that is, the subgroup of elements mapping into the torsion subgroup of the
Néron—Severi group NSx. It is tempting to denote this B by Bry/3, but perhaps
Br, is the better choice. Note that Br; = Bry,» when NSy is torsion free, in which

case we have X (A0)F% = X (A)A = X ()"
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Corollary 7.7. If C/ k is a curve that has a rational divisor class of degree 1, then
CAYT™ = CAYM.

In words, the information coming from n-torsion in the Brauer group is exactly the
information obtained by an n-descent on C.

Proof. Under the given assumptions, H ! (k, Pic%) = H'(k, Picc) = Br(C)/ Br(k),
and Br(k) is a direct summand of Br(C). Therefore, the images of Br/; ,(C) and
of Br(C)[n] in Br(C)/ Bro(C) agree, and the claim follows. O

Corollary 7.8. If X is a smooth projective geometrically connected variety such
that the Néron—Severi group of X (over k) is torsion-free, then there is a finite field
extension K [k such that

XApM =X A0
Proof. We have an exact sequence
H'(k, Pic%) — H'(k, Picx) — H'(k,NSy).

Since NSy is a finitely generated abelian group, the Galois action on it factors
through a finite quotient Gal(K / k) of the absolute Galois group of k. Then

H'(K,NSyx) =Hom(Gg,Z") =0,
and the claim follows from Theorem 7.2. O

Note that it is not true in general that X (Ak)]f“ =X (Ak)fab (even when the
Néron—Severi group of X over k is torsion-free). For example, a smooth cubic
surface X in P3 has X (A;)°® = X (Ay), (since it has trivial geometric fundamental
group), but may well have X (A;)B" = @, even though there are points everywhere
locally. See [Colliot-Thélene et al. 1987a], where the algebraic Brauer—-Manin
obstruction is computed for all smooth diagonal cubic surfaces

X:a x13+a2x§+a3x§+a4x2=0

with integral coefficients 0 < a; < 100, thereby verifying that it is the only ob-
struction against rational points on X (and thus providing convincing experimental
evidence that this may be true for smooth cubic surfaces in general). This compu-
tation produces a list of 245 such surfaces with points everywhere locally, but no
rational points, since X (Ag)E" = @.

It is perhaps worth mentioning that our condition that H! (k, Picg)() surjects onto
H'(k, Picx), which leads to the identification of the “algebraic Brauer—Manin ob-
struction” and the “finite abelian descent obstruction”, is in some sense orthogonal
to the situation studied (quite successfully) in [Colliot-Thélene and Sansuc 1987;
Colliot-Thélene et al. 1980; 1987b], where it is assumed that Picy is torsion-free
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(and therefore Pic())( is trivial), and so there can be a Brauer—Manin obstruction only
when our condition fails. There is then no finite abelian descent obstruction, and
one has to look at torsors under tori instead.

In general, we have a diagram of inclusions:

o XADF C XA
C X(Ak)f—cov C X(Ak)i—sol C

Bry 2

X (k) € X (k) X(ADE® C X (A" C XA, -

We expect that every inclusion can be strict. We discuss them in turn.

(1) X =P" has X (k) C X (k) = X (Ap)..

(2) Skorobogatov’s famous example (see [Skorobogatov 1999; Harari and Sko-
robogatov 2002]) has X (A;)B" £ &, but X (A;)E*°! = &, showing that X (k) C
X (Ap)Br and X (Ap)Esol C X (A are both possible.

(3) As mentioned above, Colliot-Théléne et al. [1987a] have examples such that
X (A = @, but X (Ay)Ev = X (A),. This shows that X (k) C X (Ag)Eeo
and X (A)B" C X (Ar)E2 are both possible.

(4) [Harari 1996] has examples, where there is a “transcendental”, but no “al-
gebraic” Brauer—Manin obstruction, which means that X(Ak)lfr = J, but
X(Ak)]fr' # . Hence we can have X(Ak)]f’r - X(Ak)?“.

(5) If we take a finite nonabelian simple group for 7| (X) in Cor. 6.1 in [Harari
2000], then the proof of this result shows that X (Ak)fcov C X(Ag)e. On the
other hand, X (Ak)fs‘)l = X (Ar)e, since there are only trivial torsors in Fol(X);
compare Lemma 5.8.

(6) A construction using Enriques surfaces like that in [Harari and Skorobogatov
2005] should produce an example such that X (Ak)?r” ‘=X (Ak)/.“b =X(A)e,
since the Albanese variety is trivial, but X (Ak)fab C X (Ag)., since there is a
nontrivial abelian covering.

(7) Finally, in Section 8 below, we will see many examples of curves X that have
Bry 2

X(k) = XAr)e "~ C X(Ag)e.
A new obstruction? For curves, we expect the interesting part of the diagram of
inclusions above to collapse: X (k) = X (A)E"”: see the discussion in Section 9
below. For higher-dimensional varieties, this is far from true; see the discussion
above. So one could consider a new obstruction obtained from a combination of
the Brauer—Manin and the finite descent obstructions, as follows. Define

X (Ag)FeovBr _ N U me@en?.

(Y,G)e%6ov(X) EcH(k,G)
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(This is similar in spirit to the “refinement of the Manin obstruction” introduced
in [Skorobogatov 1999].)

It would be interesting to find out how strong this obstruction is and whether it is
strictly weaker than the obstruction obtained from all torsors under (not necessarily
finite or abelian) k-group schemes. Note that the latter is at least as strong as the
Brauer—Manin obstruction by [Harari and Skorobogatov 2002, Thm. 4.10] (see
also Prop. 5.3.4 in [Skorobogatov 2001]), at least if one assumes that all elements
of Br(X) are represented by Azumaya algebras over X.

8. Finite descent conditions on curves

Let us now prove some general properties of the notions, introduced in Section 6
above, of being excellent with respect to all, solvable, or abelian coverings in the
case of curves. In the following, C, D, and so forth, will be (smooth projective
geometrically connected) curves over k. We will use ¢ to denote an embedding
of C into its Jacobian (if it exists). Also, if C(A;)E" = & (and therefore C (k) = @,
too), we say that the absence of rational points is explained by the Brauer—-Manin
obstruction. Note that by Corollary 7.3, C(Ay)B" = C(Ay)E2, which implies that
the absence of rational points is explained by the Brauer—-Manin obstruction when
C is excellent with respect to abelian coverings and C(k) = &. We will use this
observation below without explicit mention.

Corollary 8.1. Let C/k be a curve of genus at least 1, with Jacobian J. Assume
that U1(k, J)giv = 0 and that J (k) is finite. Then C is excellent with respect to
abelian coverings. If C (k) = @, then the absence of rational points is explained by
the Brauer—Manin obstruction.

Proof. By Corollary 6.6, under the assumption on II(k, J), either C (Ak)fab =0,
and there is nothing to prove, or else

CAYP =T E) =T k) =Ch).
]

The following result shows that the statement we would like to have, namely
that C (Ak)f"‘lb = C(k), holds for finite subschemes of a curve.

Theorem 8.2. Let C/k be a curve of genus at least 1, and let Z C C be a finite
subscheme. Then the image of Z(Ay)e in C(Ay), meets C (Ak)i'ab in Z(k). More
generally, if P € C(Ay)E® is such that P, € Z(k,) for a set of places v of k of
density 1, then P € Z (k).

Proof. Let K/k be a finite extension such that C has a rational divisor class of
degree 1 over K. By Corollary 6.6, we have that

CAK)E® =71 (Sel(K, J)),
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where ¢ : C(Ak)e = J(Ak), is the map induced by an embedding C <— J over K.
Now we apply Theorem 3.11 to the image of Z in J. We find that «(P) € §\el(K, J)
and so ((P) € «(Z(K)). Since ¢ is injective (even at the infinite places!), we find
that the image of P in C(Ag), is in (the image of) Z (k). Now if Z (k) is empty, this
gives a contradiction and proves the claim in this case. Otherwise, C (k) D Z (k) is
nonempty, and we can take K = k above, which gives the statement directly. [

The following results show that the “excellence properties” behave nicely.

Proposition 8.3. Let K/ k be a finite extension, and let C / k be a curve of genus at
least 1. If Ck is excellent with respect to all, solvable, or abelian coverings, then
sois C.

Proof. By Proposition 5.16, we have
C (k) C CADE € C(AY N CAK)TY = C(ADNC(K) = C(k).

Similarly for C(A;)Es°! and C(A;)E®. Strictly speaking, this means that C (k)
and C (A;)Ec°Y have the same image in C(Ak).. Now, since C (K) has to be finite
in order to equal C (Ag ), C (k) is also finite, and we can apply Theorem 8.2 to
Z = C(k) C C and the set of finite places of k. ([l

Proposition 8.4. Let (D, G) € €ov(C) (or ol (C)). If all twists D¢ of (D, G) are
excellent with respect to all (respectively, solvable) coverings, then C is excellent
with respect to all (respectively, solvable) coverings.

Proof. By Theorem 5.1, C (k) = ]—[é‘ e (Dg (k)). Now, by Proposition 5.17,

C) € CADT = me (De(AT) = | e (D (k) = C k).
& 3

If G is solvable, the same proof shows the statement for C (Ak)f's"l. [l

Proposition 8.5. Let C i)) X be a nonconstant morphism over k from the curve C
into a variety X. If X is excellent with respect to all, solvable, or abelian coverings,
then so is C. In particular, if X (Ak)f'ab = X (k) and C (k) = @, then the absence of
rational points on C is explained by the Brauer—Manin obstruction.

Proof. First assume that C is of genus zero. Then either C (A;), = @, and there is
nothing to prove, or else C (k) is dense in C(Ay),, implying that X (k) C X (k) C

X (A)ECY and thus contradicting the assumption.
f-cov/f-sol/f-ab

Now assume that C is of genus at least 1. Let P € C(A). . Then by
Proposition 5.9, ¢(P) € X (A,)5Y/ ™V _ ¥ (k). Let Z C C be the preimage

(subscheme) of ¢ (P) € X (k) in C. This is finite, since ¢ is nonconstant. Then
we have that P is in the image of Z(Ay)e in C(Ax)s. Now apply Theorem 8.2 to
conclude that P € C(A)E® N Z(Ay)e = Z (k) C C(k). O
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As an application, we have the following.

Theorem 8.6. Let C — A be a nonconstant morphism over k of a curve C into
an abelian variety A. Assume that 111(k, A)qiy = 0 and that A(k) is finite. (For
example, this is the case when k = Q and A is modular of analytic rank zero.) Then
C is excellent with respect to abelian coverings. In particular, if C (k) = &, then
the absence of rational points on C is explained by the Brauer—Manin obstruction.

Proof. By Corollary 6.2, we have A(Ak)fab = A(k). Now by Proposition 8.5, the
claim follows. O

This generalizes a result proved by Siksek [2004] under additional assumptions
on the Galois action on the fibers of ¢ above k-rational points of A, in the case that
C (k) is empty. A similar observation was made independently by Colliot-Thélene
[2004]. Note that both previous results are in the context of the Brauer—Manin
obstruction.

Examples 8.7. We can use Theorem 8.6 to produce many examples of curves C
over Q that are excellent with respect to abelian coverings. Concretely, let us look
at the curves C, : y> = x®+a, where a is a nonzero integer. C, maps to the two el-
liptic curves E, :y?=x34a and E > (the latter by sending (x, y) to (a/x?, ay/x>)).
So whenever one of these elliptic curves has (analytic) rank zero, we know that C,
is excellent with respect to abelian coverings. For example, this is the case for all
a such that |a| < 20, with the exception of a = —15, —13, —11, 3, 10, 11, 15, 17.
Note that C,(Q) is always nonempty (there are two rational points at infinity).

We can even show a whole class of interesting curves to be excellent with respect
to abelian coverings.

Corollary 8.8. If C/Q is one of the modular curves Xo(N), X1(N), X(N) and
such that the genus of C is positive, then C is excellent with respect to abelian
coverings.

Proof. By a result of Mazur [1977], every Jacobian Jy(p) of Xo(p), where p =11
or p > 17 is prime, has a nontrivial factor of analytic rank zero. Also, if M | N,
then there are nonconstant morphisms X{(N) — Xo(N) — Xo(M). Hence the
assertion is true for all Xo(N) and X (N) such that N is divisible by one of the
primes in Mazur’s result. For the other minimal N such that Xq(NV) (respectively,
X1(N)) is of positive genus, William Stein’s tables [> 2007] prove that there is a
factor of Jo(N) (respectively, J; (N)) of analytic rank zero. So we get the result for
all Xo(N) and X (N) of positive genus. Finally, X (N) maps to Xo(N?), and so we
obtain the result also for X (N) (except in the genus zero cases N =1, 2, 3,4, 5).

O

For another example, involving high-genus Shimura curves, see [Skorobogatov
2005].
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Remark 8.9. There is some relation with the “Section Conjecture” from Grothen-
dieck’s anabelian geometry [Grothendieck 1997]. Let C/k be a smooth projective
geometrically connected curve of genus > 2. One can prove that if C has the
“section property”, then C is excellent with respect to all coverings, which in turn
implies that C has the “birational section property”. See [Koenigsmann 2005]
for definitions. For example, all the curves Xo(N), X{(N) and X(N) have the
birational section property if they are of higher genus.

9. Discussion

In the preceding section, we have seen that we can construct many examples of
higher-genus curves that are excellent with respect to abelian coverings. This leads
us to the following conjecture.

Conjecture 9.1 (Main Conjecture). If C is a smooth projective geometrically con-
nected curve over a number field k, then C is very good.

By what we have seen, for curves of genus 1, this is equivalent to saying that
the divisible subgroup of ITI(k, E) is trivial, for every elliptic curve E over k. For
curves C of higher genus, the statement means that C is excellent with respect to
abelian coverings. We recall that our conjecture would follow in this case from the
“Adelic Mordell-Lang Conjecture” formulated in Question 3.12.

Remark 9.2. When £ is a global function field of characteristic p, then the Main
Conjecture holds when J = Jac¢ has no isotrivial factor and J (k*°P)[ p°°] is finite.
See recent work by Poonen and Voloch [2006].

If the Main Conjecture holds for C and C (k) is empty, then (as previously dis-
cussed) we can find a torsor that has no twists with points everywhere locally and
thus prove that C(k) is empty. The validity of the conjecture (even just in case
C(k) is empty) therefore implies that we can algorithmically decide whether a
given smooth projective geometrically connected curve over a number field k has
rational points or not.

In Section 7 above, we have shown that for a curve C, we have

CANE™® = (AP,

where on the right hand side, we have the Brauer subset of C(Ay),, that is, the
subset cut out by conditions coming from the Brauer group of C. We say that, if
C(Ay)B" = &, there is a Brauer-Manin obstruction against rational points on C. A
corollary of our Main Conjecture is that the Brauer—Manin obstruction is the only
obstruction against rational points on curves over number fields (which means that
C(k) = @ implies C (Ak)?r = ). To our knowledge, before this work (and Poo-
nen’s heuristic, see his conjecture below, which was influenced by the discussions
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we had at the I[HP in Paris in Fall 2004) nobody gave a conjecturally positive answer
to the question, first formulated on page 133 in [Skorobogatov 2001], whether the
Brauer—Manin obstruction might be the only obstruction against rational points on
curves. No likely counterexample is known, but there is an ever-growing list of
examples, for which the failure of the Hasse Principle could be explained by the
Brauer—Manin obstruction; see the discussion below (which does not pretend to be
exhaustive) or also Skorobogatov’s recent paper Skorobogatov [2005] on Shimura
curves.

Let v be a place of k. Under a local condition at v on a rational point P € C, we
understand the requirement that the image of P in C(k,) is contained in a specified
closed and open (‘“clopen”) subset of C (k). If v is an infinite place, this just means
that we require P to be on some specified connected component(s) of C(k,); for
finite places, we can take something like a “residue class”. With this notion, the
Main Conjecture above is equivalent to the following statement.

Let C/k be a curve as above. Specify local conditions at finitely many places
of k and assume that there is no point in C (k) satisfying these conditions. Then
there is some n > 1 such that no point in [ [, X, C C(Ay), survives the n-covering
of C, where X, is the set specified by the local condition at those places where a
condition is specified, and X, = C (ky) (or my(C (ky))) otherwise.

This says that the “finite abelian” obstruction (equivalently, the Brauer—-Manin
obstruction) is the only obstruction against weak approximation in C(Ay),.

We see that the conjecture implies that we can decide if a given finite collection
of local conditions can be satisfied by a rational point. Now the question is how
practical it might be to actually do this in concrete cases. For certain classes of
curves and specific values of n, it may be possible to explicitly and efficiently
find the relevant twists. For example, this can be done for hyperelliptic curves
and n = 2; compare [Bruin and Stoll 2007a]. However, for general curves and/or
general n, this approach is likely to be infeasible.

On the other hand, assume that we can find J (k) explicitly, where J, as usual, is
the Jacobian of C. This is the case (at least in principle) when II1(k, J)4ijy =0. Then
we can approximate C(A;)5® more and more precisely by looking at the images
of C(Ay)e and of J (k) in [ ],.g J (ky)/N J (k,) for increasing N and finite sets S of
places of k. If C(k) is empty and the Main Conjecture holds, then for some choice
of § and N, the two images will not intersect, giving an explicit proof that C (k) =
<. An approach like this was proposed (and carried out for some twists of the
Fermat quartic) by Scharaschkin [1999]. See [Flynn 2004] for an implementation
of this method and [Bruin and Stoll 2007b] for improvements. In [Poonen et al.
2007], this procedure is used to rule out rational points satisfying certain local
conditions on a genus 3 curve whose Jacobian has Mordell-Weil rank 3.
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In order to test the conjecture, Nils Bruin and the author conducted an experi-
ment; see [Bruin and Stoll 2006]. We considered all genus 2 curves over Q of the
form

V2= fexC+ fsx 4+ fix+ fo (9-1)

with coefficients fy, ..., fe € {—3, —2,...,3}. For each isomorphism class of
curves thus obtained, we attempted to decide if there are rational points or not.
On about 140,000 of these roughly 200,000 curves (up to isomorphism), we found
a (fairly) small rational point. Of the remaining about 60,000, about half failed
to have local points at some place. On the remaining about 30,000 curves, we
performed a 2-descent and found that for all but 1,492 curves C, C (A@)E'ab =J,
proving that C(Q) = & as well. For the 1,492 curves that were left over, we found
generators of the Mordell-Weil group (assuming the Birch and Swinnerton-Dyer
Conjecture for a small number of them) and then did a computation along the lines
sketched above. This turned out to be successful for all curves, proving that none
of them has a rational point. The conclusion is that the Main Conjecture holds for
curves C as in (9-1) if C(Q) = &, assuming II(Q, J)4iy = O for the Jacobian J
if C is one of the 1,492 curves mentioned, and assuming in addition the Birch and
Swinnerton-Dyer Conjecture if C is one of 42 specific curves.

At least in case C(k) is empty, there are heuristic arguments due to Poonen
[2006] that suggest that an even stronger form of our conjecture might be true.

Conjecture 9.3 (Poonen). Let C be a smooth projective geometrically connected
curve of genus > 2 over a number field k, and assume that C (k) = &. Assume
further that C has a rational divisor class of degree 1, and let 1 : C — J be the
induced embedding of C into its Jacobian J. Then there is a finite set S of finite
places of good reduction for C such that the image of J (k) in [],.¢ J(Fy) does not

meet [ [,cgt(C(Fy)).

vesS

Note that under the assumption IT1(k, J)4iy = 0, we must have a rational divisor
(class) of degree 1 on C whenever C (Ak)fab # &, compare Corollary 6.6, so the
condition above is not an essential restriction.

Let us for a moment assume that Poonen’s Conjecture holds and that all abelian
varieties A/k satisfy III(k, A)giy = 0. Then for all curves C/k of higher genus,
C(k) = @ implies C(A;)E® = @. If we apply this observation to coverings of C,
then we find that C must be excellent with respect to solvable coverings. The
argument goes like this. Let P € C(A;)5°!, and assume P ¢ C (k). There are only
finitely many rational points on C, and hence there is an n such that P lifts to a
different n-covering D of C than all the rational points. (Take n such that P — Q
is not divisible by n in J(A),, for all O € C(k), where J is the Jacobian of C.)
In particular, D(k) must be empty. But then, by Poonen’s Conjecture, we have
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D(Ak)fab = &, so P cannot lift to D either. This contradiction shows that P must
be a rational point.

In particular, this would imply that all higher-genus curves have the “birational
section property”; compare Remark 8.9.

A more extensive and detailed discussion of these conjectures, their relations to
other conjectures, and evidence for them will be published elsewhere.
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Del Pezzo surfaces and
representation theory

Vera V. Serganova and Alexei N. Skorobogatov

To Yuri Ivanovich Manin on his seventieth birthday

The connection between del Pezzo surfaces and root systems goes back to Cox-
eter and Du Val, and was given modern treatment by Manin in his seminal book
Cubic forms. Batyrev conjectured that a universal torsor on a del Pezzo surface
can be embedded into a certain projective homogeneous space of the semisimple
group with the same root system, equivariantly with respect to the maximal torus
action. Computational proofs of this conjecture based on the structure of the Cox
ring have been given recently by Popov and Derenthal. We give a new proof
of Batyrev’s conjecture using an inductive process, interpreting the blowing-up
of a point on a del Pezzo surface in terms of representations of Lie algebras
corresponding to Hermitian symmetric pairs.

Introduction

Del Pezzo surfaces, classically defined as smooth surfaces of degree d in the pro-
jective space P4, d > 3, are among the most studied and best understood algebraic
varieties. Over an algebraically closed ground field such a surface is the quadric
P! x P! or the projective plane P? with r =9 —d points in general positions blown
up. In this definition, d can be any integer between 1 and 9. Despite the apparent
simplicity the enumerative geometry of these surfaces displays amazing symme-
tries and puzzling coincidences. The 27 lines on a smooth cubic surface were
discovered by Cayley and Salmon, and the symmetries of their configurations were
explored by Schoutte, Coxeter and Du Val. Manin [1986] gave a modern exposition
of this subject, with many geometric and arithmetic applications. He showed that
the Picard group of a del Pezzo surface X of degree d =9—r, where d < 6, contains
a root system R, of rank r in such a way that the automorphism group of the inci-
dence graph of the exceptional curves on X is the Weyl group W(R,). These root
systems are embedded into one another: Rg = Eg, and as r decreases one chops one
by one the nodes off the long end of the Dynkin diagram of Eg, until the diagram
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becomes disconnected. Let o, be the simple root of R, corresponding to the node
which must be removed from the Dynkin diagram of R, in order to obtain that of
R,_1; let @, be the fundamental weight dual to «,.. For r =4, 5, 6, 7 the number of
exceptional curves on X is [W(R,)/W(R,_1)| = 10, 16, 27, 56, respectively, and
this is also the dimension of the irreducible minuscule representation V (w,) of
the Lie algebra g, of type R, with the highest weight w,. It is tempting to try to
recover the Lie algebra directly from a del Pezzo surface, but one has to bear in
mind that the del Pezzo surfaces of degree d < 5 depend on 10 — 2d moduli, so
the Lie algebra should somehow take into account all del Pezzo surfaces of given
degree; see [Manivel 2006], and also [Friedman and Morgan 2002; Leung 2000].

Universal torsors were introduced by Colliot-Thélene and Sansuc in the 1970’s
in a seemingly unrelated line of research; see [Colliot-Thélene and Sansuc 1987]
or [Skorobogatov 2001]. If X is a smooth projective variety over a field k, then an
X-torsor under a torus T is a pair (Y, f), where Y is a variety over k with a free
action of 7', and f is an affine morphism Y — X whose fibres are the orbits of T'.
An X-torsor is universal if all invertible regular functions on Y are constant, and
the Picard group of Y is trivial (see Section 1 for details). Then T is isomorphic
to the Néron—Severi torus of X, that is, the algebraic torus dual to the Picard lat-
tice of X over an algebraic closure of k. In the work of Colliot-Thélene, Sansuc,
Swinnerton-Dyer, Salberger and the second named author (see the references in
[Skorobogatov 2001]) the birational geometry of universal torsors on del Pezzo
surfaces of degrees 3 and 4 played a crucial role in gaining some understanding
of the rational points on these surfaces over number fields, for example, the Hasse
principle, weak approximation, the Brauer—Manin obstruction, and R-equivalence.
The work of Batyrev, Tschinkel, Peyre, Salberger, Hassett, de la Bretéche, Heath-
Brown, Browning and others on the Manin—-Batyrev conjecture on the number of
rational points of bounded height, highlighted the importance of explicitly describ-
ing universal torsors as algebraic varieties, and not merely their birational structure.
However, in the most interesting cases such as those of (smooth) del Pezzo surfaces
of degrees 3 and 4, the explicit equations of universal torsors turned out to be quite
complicated to write down.

Around 1990, Victor Batyrev told one of us (Skorobogatov) about his conjecture
relating universal torsors on del Pezzo surfaces to certain projective homogeneous
spaces. Let G, be a simply connected semisimple group of type R,. We fix a max-
imal torus H, C G,, and a basis of simple roots in the character group of H,. Let
P, C G, be the maximal parabolic subgroup defined by the root ¢, (the stabilizer
of the line spanned by the highest weight vector of V (w,)). Batyrev conjectured
that a universal torsor J on a del Pezzo surface X of degree d = 9 — r over an
algebraically closed field can be embedded into the affine cone (G,/P,), C V(w,)
over G,/ P,, equivariantly with respect to the action of the Néron—Severi torus 7,
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of X, identified with an extension of H, by the scalar matrices G,,. Moreover, the
exceptional curves on X should be the images of the weight hyperplane sections
of 7, that is, the intersections of & with the H,-invariant hyperplanes in V (w,).
Inspired by these ideas, one of us showed in [Skorobogatov 1993] that the set of
stable points of the affine cone over the Grassmannian G (3, 5) with respect to the
action of the diagonal torus of SL(5), is a universal torsor over the del Pezzo surface
of degree 5 which is the geometric invariant theory (GIT) quotient by this action.
Batyrev’s line of attack on the general case of his conjecture uses the Cox ring of
X, which can be interpreted as the ring of regular functions on a universal torsor
over X. Indeed, Batyrev and Popov [2004] (see also [Derenthal 2006]) found the
generators and the relations of the Cox ring, which enabled Popov in his thesis
[2001] in the case d = 4 and Derenthal [2007] in the cases d = 3 and d = 2
to prove Batyrev’s conjecture by identifying the generators with the weights of
V (w,), and comparing the relations with the well-known equations of G,/ P,. The
proofs of [Popov 2001] and [Derenthal 2007] are based on a substantial amount of
calculation which grows rapidly with r, and do not seem to give much insight into
why things work this way.

Here we prove Batyrev’s conjecture for del Pezzo surfaces of degrees 2 to 4 using
a totally different approach, the representation theory of Lie algebras. We start with
the known case of a del Pezzo surface of degree 5. (Alternatively, one could start
with the simpler though somewhat irregular case of degree 6; see [Batyrev and
Popov 2004].) Let p, be the Lie algebra of P, C G,. We build an inductive process
based on the fact that the pair (R,, «,) for r =4, 5, 6,7 is a Hermitian symmetric
pair, that is, the complementary nilpotent algebra of p, in g, is commutative. We
show that V (w,), as a g,_;-module, has a direct factor isomorphic to V (w,_1), and
that the restriction of the projection V(w,) — V(w,_1) to a certain open subset
U C (G,/P,), is the composition of a G,,-torsor and a morphism inverse to the
blowing-up of V(w,—1) \ {0} at (G,—1/Pr—1)a \ {0} (see Corollary 4.2). Now we
can explain the main idea of our proof. Suppose that a universal torsor & over
a del Pezzo surface X of degree 9 — (r — 1) is 7,_;-equivariantly embedded into
the affine cone (G,_1/P,—1)q C V(w,—1). Let M be a point on X outside of the
exceptional curves, and Bl (X) the blowing-up of X at M. The space V (w,_1) is
a direct sum of 1-dimensional weight spaces of H,_1, so the torus consisting of the
diagonal matrices with respect to a weight basis of V (w,_1) does not depend on
the choice of this basis. We show how to choose an element ¢, of this torus so that
the translation tA_,Il (Gr—1/Pr_1), intersects I exactly in the fibre of f:J — X over
M. Then the closure of the inverse image of 7, (I \ f ~1(M)) in U is a universal
torsor over Bly;(X). This yields a 7,-equivariant embedding of this universal torsor
into (G,/ P,),. We then show that the image of this embedding is contained in the
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open subset of stable points with a free action of the Néron—Severi torus, so Bl;(X)
embeds into the corresponding quotient.

Here is the structure of the paper. In Section 1 we recall equivalent definitions
and some basic properties of universal torsors. In Section 2 we prove that the left
action of a maximal torus of G on G/ P, where P is a maximal parabolic subgroup
of a semisimple algebraic group G, turns the set of stable points with free action
of the maximal torus into a universal torsor on an open subset of the GIT quotient
of G/P by this action (with an explicit list of exceptions, see Theorem 2.7 for
the precise statement). In Section 3 we recall the necessary background from the
representation theory of Lie algebras. The implications for the structure of the
projection of (G,/P,), to V(w,_1) are studied in Section 4. In Section 5 we list
some well-known properties of del Pezzo surfaces. Our main result, Theorem 6.1,
is stated and proved in Section 6.

1. Universal torsors

Let k be a field of characteristic O with an algebraic closure k. Let X be a geo-
metrically integral variety over k. We write X for X x; k. We denote by k[X]
the k-algebra of regular functions on X, and by k[X]* the group of its invertible
elements.

Let T be an algebraic k-torus, that is, an algebraic group such that T ~ Gl
for some n. Let T ~ Z" be the group of characters of 7. The Galois group
I' = Gal (k/ k) naturally acts on T.

For generalities on torsors the reader is referred to [Skorobogatov 2001]. An
X-torsor under T is a pair (I, f), where J is a k-variety with an action of T,
and f : J — X is a morphism such that locally in étale topology & — X is T'-
equivariantly isomorphic to X x; 7. The following lemma is well known.

Lemma 1.1. Suppose that a k-torus T acts on a k-variety Y with trivial stabilizers,
and g : Y — X is an affine morphism of k-varieties, whose fibres are orbits of T.
Then g:Y — X is a torsor under T.

Proof. The property of g to be a torsor can be checked locally on X. Let U be an
open affine subset of X. Since g is affine, g~!(U) is also affine [Hartshorne 1977,
II, 5, Exercise 5.17]. Since the stabilizers of all k-points of g~ (U) are trivial, by
a corollary of Luna’s étale slice theorem [Mumford et al. 1994, p. 153] the natural
map g_1 (U) — U is a torsor under 7. The lemma follows. O

Colliot-Thélene and Sansuc associated to a torsor f : J — X under a torus 7'
the exact sequence of I"-modules [Colliot-Théléne and Sansuc 1987, 2.1.1]

1 — k[X]*/k* — k[T /k* > T — Pic X — PicT — 0. (1)
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Here the second and fifth arrows are induced by f. The fourth arrow is called
the type of I — X. To define it, consider the natural pairing compatible with the
action of the Galois group I',

U: H'(X,T)x T —» H' (X, G,,) = Pic X,

where the cohomology groups are in étale or Zariski topology. The > type sends
X € T to [T]U X, where [T] € H' (X, T) is the class of the torsor T — X. A
torsor J — X is called universal if its type is an isomorphism. If X is projective,
Equation (1) gives the following characterization of the universal torsors: an X-
torsor under a torus is universal if and only if Pic J =0and k[T]* = k*, thatis, T
has no nonconstant invertible regular functions.

We now give an equivalent definition of type which does not involve coho-
mology Let K = k(X) be the function field of X, and T the generic fibre of

T X. By Hilbert’s Theorem 90, the K -torsor J g is trivial, that is, is isomorphic
to Tx =T xi K. By Rosenlicht’s lemma we have an isomorphism of I'-modules

KTk /K*=K[Tx"/K*=T.

This isomorphism associates to a character xy € T a rational function ¢ € k(T)*
such that ¢ (tx) = x ()¢ (x); the function ¢ is well defined up to an element of

* = k(X)*. The divisor of ¢ on J does not meet the generic fibre Jg, and
hence comes from a divisor on X defined up to a principal divisor. We obtain a
well-defined class 7(x) in Pic X.

Lemma 1.2. The map t : T — Pic X coincides with the typeof f:T — X up to
sign.

Proof. According to [Skorobogatov 2001, Lemma 2.3.1 (ii)], the type associates
to x the subsheaf O, of x-semiinvariants of the sheaf f.(Og). The function ¢ is a
rational section of O ; hence, the class of its divisor represents 0, € Pic X. O

For the sake of completeness we note that if f : J — X is a universal torsor, then
the group of divisors on X is naturally identified with K[J g]*/k*; this identifies
the semigroup of effective divisors on X with (K[T x1* Nk[T])/k*.

We have
=P kiTy,

xel

where k[T ] x 1s the set of regular functions ¢ on 7, satisfying ¢ (tx) = x (1)¢ (x) for
any ¢ in T. We also define k(7) » as the set of rational functions on J, satisfying
the same condition. Since l;(g)x is the group of rational sections of the sheaf 0, ,
we have k[T ] x = HO(X, 0,). Hence if the sheaf O, defines a morphism

X — PH(X,0,)"),
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we obtain a commutative diagram
T — k[TT; \ {0} =H'(X, 0,)"\ {0}
| o)
X ~ P(HY (X, 0,)%).

Here the asterisk denotes the dual vector space.

2. G /P and the torus quotient

Let G be a split simple simply connected algebraic group over k, with a split max-
imal torus H C G; in this case the root system R of G relative to H is irreducible.
Write A for the character group of H. We use the standard notation Q(R) for the
lattice generated by the simple roots, then P(R) = H is the dual lattice generated
by the fundamental weights. We denote the Weyl group by W = W(R).

Let G — GL(V) be an irreducible representation of G with a fundamental high-
est weight w € H.LetveVbea highest weight vector. The stabilizer of the line
kv is a maximal parabolic subgroup P C G. The homogeneous space G/ P is thus
a smooth projective subvariety of IP(V) which is indeed the only closed orbit of G
in P(V). We write P (respectively, G) for the character group of P (respectlvely,
of G). Lete: P — PicG /P be the map associating to the character x € P the
G/ P-torsor under G, defined as the quotient of G x G, by P, where p € P sends
(g,1) to (gp~", x(p)t). This map fits into the exact sequence

0—>é—>13—>PicG/P—>PiCG—>O.

Since G is semisimple and simply connected we have G =PicG =050 ¢ is
an isomorphism; see, for example, [Popov 1974]. Since P is the subgroup of H
generated by w, we see that Pic G/ P is generated by the hyperplane section class.
This fact implies the following elementary statement from projective geometry.

Lemma 2.1. Let L and L, be distinct hyperplanes in the projective space P(V).
Then (G/P)N Ly N Ly has codimension 2 in G/ P.

Proof. Since Pic G/ P is generated by the class of a hyperplane section, for any
hyperplane L C P(V) the closed subset (G/P) N L is irreducible of codimension
1, and the intersection has multiplicity 1. If the codimension of (G/P)N LN Ly
inG/Pis1,wehave (G/P)NL;NLy,=(G/P)NL forany L in the linear family
spanned by L and L,. Choosing L passing through a point of G/ P not contained
in L, we deduce a contradiction. O

By the irreducibility of V the center Z(G) acts diagonally on V, and hence it
acts trivially on P(V). For a l;—point x € P(V) we denote the stabilizer of x in
H by Sty (x). We now show that for x in a dense open subset of G/P we have
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Sty (x) = Z(G), and determine the points such that Sty (x) is strictly bigger than
Z(G).

Proposition 2.2. Let x be a k-point of G/ P, and let K be the connected compo-
nent of the centralizer of Sty (x) in G. Then we have the following properties.

(1) K is a reductive subgroup of G, H C Kj;
(i) x € Kywv = Kx/(wPuF1 N K,) for some w € W;
(iii) Z(Ky) = Stp(x);

(iv) Sty (x) is finite if and only if K, is semisimple, in which case the ranks of K
and G are equal.

Proof. 1f Sty (x) = Z(G), then Ky = G, and all the statements are clearly true.
Assume that Sty (x) is bigger than Z(G), then K, is a closed subgroup of G,
K. #G.

Let £, be the Lie algebra of K ; explicitly €, C g is the fixed set of Ad(Sty (x)).
Since £, contains the Cartan subalgebra b, it has a root decomposition

Ex :@gaa

aeS

where S C R. Let exp, € H be the multiplicative character defined by the root
a € R. The space g, consists of y € g such that Ad(h)y =exp,(h)y forallh € H.
Thus g, C €, if and only if Sty (x) C H is in the kernel of exp,,. Therefore § = — S,
so &, is reductive, and hence so is K.

The fixed points of H in G/P come from the points wv, where w € W. One of
these, say xo = wv, is contained in the closure of the orbit Hx. The stabilizer of
xo in G is the parabolic subgroup wPw~'. To prove (ii) we need to show that x
belongs to the K ,-orbit of xy. Let N C G be the unipotent subgroup complementary
to wPw™!, such that the corresponding Lie algebras satisfy g = n@@ wpw~!.
Then N NwPw~"' = {1}, and the N-orbit of the line kxq is the open Schubert cell
Nxo C G/wPw~! ~ G/P. The intersection of this open Schubert cell with Hx
is a nonempty open subset of Hx; thus there is a k-point x; € Hx N Nxg. We
can write x; = u.xg for some u € N. The complement to the union of connected
components of the centralizer of Sty (x) other than K, is an open neighborhood
of 1 in G. We choose x; in such a way that u belongs to this open set. Since
H C K, the points x and x; are in the same K,-orbit, so it is enough to show
that x; € K,xo. Any ¢ € Sty (x) fixes both x; and xo; thus x| = u.xg =t~ ut.x.
Therefore, u~'t~'ut fixes xo; hence u~'t~'ut € wPw™'. On the other hand, H
normalizes N; thus t~'ut € N, implying u~'t~'ut € N. Since the intersection
of wPw~! and N is {1}, we see that u and r commute. By the choice of x; we
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see that u is in the connected component of 1 of the centralizer of Sty (x), that is,
u € K. This completes the proof of (ii).

The center of K is contained in every maximal torus, in particular, in H. Any
element of Z(K,) fixes x, since x € Kx/(wa_1 NK,),so Z(K,) CStg(x). On
the other hand, every element of Sty (x) commutes with K, by the definition of
K. But Sty(x) C H C K,; hence Sty (x) C Z(K,). This proves (iii).

The rank of the semisimple part of K, equals the rank of G if and only if Z(K)
is finite. If Z(K,) is finite, then K, is semisimple by definition. Thus (iv) follows
from (iii). O

Fix a weight basis in V, that is, a basis in which H is diagonal. The weight
of a coordinate is the character of H by which H acts on it. Denote by A the set
of weights of H in V, and by wt(x) the set of weights of x € G/P, that is, the
weights of the nonvanishing coordinates of x.

Corollary 2.3. Assume that R is simply laced. Then the codimension of the set of

k-points x € G/ P such that Sty (x) is finite, and Sty (x) £ Z(G), is at least 2.

Proof. By Proposition 2.2 and W-invariance it is sufficient to show that the codi-
mension of Kv in Gv is at least 2 for any proper connected semisimple subgroup
K C G containing H. The set of such subgroups is clearly finite.

For any x € G/ P the property wt(x) = A implies Sty (x) = Z(G). Let V' C V
be the irreducible representation of K generated by v. Denote by A’ the set of
weights of V’/, and write V. = V' @ U, where U is another K-invariant subspace.
First, we claim that A’ # A because otherwise one can find x € P(Kv) such that
wt(x) = A, and Sty (x) = Z(G) = Z(K) would imply K = G. In particular, U #0.
If dim U > 1, then the codimension of Kv C Gv NV’ is at least 2 by Lemma 2.1.

If dimU =1, then U is a trivial representation of K and 0 is not a weight of
V’. But then U is invariant under the action of the Weyl group W. Therefore
wKw™! acts trivially on U for any w € W. If @ € R is a root of K, then w(a) is a
root of wKw~'. But in the simply laced case W acts transitively on R; hence, the
subgroups wKw~!, w € W, generate the whole group G. Thus, U is G-invariant,
but that contradicts the irreducibility of V. O

Recall that a k-point x € V is called stable for the action of H if the orbit Hx
is closed, and the stabilizer of x in H is finite [Mumford et al. 1994, p. 194]. We
always consider the stability with respect to the action of H, and drop the reference
to H when it causes no confusion.

For a subset M C H we write Conv(M) for the convex hull of M in the vector
space H ®R. It is well known that Conv(A) = Conv(Ww) [Gel’fand and Serganova
1987; Flaschka and Haine 1991]; see [Dabrowski 1996, Proposition 2.2 (i)] for a
short proof. The Hilbert—-Mumford numerical criterion of stability says that x is
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stable if and only if 0 belongs to the interior of Conv(wt(x)) [Dolgachev 2003,
Theorem 9.2].

In the following statement and thereafter the numeration of the nodes of Dynkin
diagrams, simple roots and fundamental weights follows the conventions of [Bour-
baki 1981].

Proposition 2.4. Assume that the pair (R, w) is not in the following list:

(Rr’ C()]), (Arv wr)v (A37 (!)2), (B27 (!)2), (C29 (!)2), (D4v a)3)’ (D47 (,()4), (3)

where R, is Ay, By, C,, or D,. Let x be a point of V @y k such that no two elements
of Ww \ wt(x) are adjacent vertices of Conv(Ww). Then x is stable. In particular,
the set of unstable points of G/ P has codimension at least 2.

Proof. Since ), .w ww =0, the point 0 is contained in the interior of
Conv(Ww) = Conv(A)

in H ® R. Thus if all the coordinates of x with weights in Ww are nonzero, then
x is stable.

Now assume that exactly one such coordinate of x is zero; because of the action
of W it is no loss of generality to assume that it corresponds to w. The dimension of
the corresponding eigenspace is 1, so to check that x is stable it is enough to show
that O lies in the interior of Conv(Ww \ {w}). The vertices of Conv(Ww) adjacent
to w are w — wa, where « is the root dual to w, for all w in the stabilizer of w in
W [Flaschka and Haine 1991, Lemma 3 and Cor. 2]. All these are contained in the
hyperplane L = 0, where

L) =, 0) — (@) + (@, a) =y, 0) — (@) + 1 (@?).

We have L(w) > 0. Thus 0 belongs to the interior of Conv(Ww \ {w}) if and only if
w and 0 are separated by this hyperplane, that is, if and only if L (0) < 0. Therefore,
we need to check the condition

(%) > 1(a?).

Note that the numbers 2(w?) / (a?), for all possible fundamental weights, are the
diagonal elements of the inverse Cartan matrix of R. A routine verification using
the tables of [Bourbaki 1981] or [Onishchik and Vinberg 1990] shows that this
inequality is satisfied for the pairs (R, ) not in the list (3).

Finally, let Wow \ wt(x) = {A1, ..., A,}. By assumption Ay, ..., A, correspond
to pairwise nonadjacent vertices of Conv(Ww). Thus

Conv(Waor \ {i1, ..., An}) =) Conv(Wao \ {A;}).
i=1
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Since 0 is in the interior of each convex hull on the right hand side, it is also in the
interior of Conv(wt(x)).
The last statement is an application of Lemma 2.1. U

Definition 2.5. Let 7 C GL(V) be the torus generated by the image of H in GL(V)
and the scalar matrices G,, C GL(V). We write (G/P), for the affine cone over
G/PinV,and (G/ P)Zf for the open subset of stable points with trivial stabilizers
inT.

By the irreducibility of V, the stabilizer of x € V ®; k, v # 0, in T is trivial if
and only if Sty (pr(x)) = Z(G), where pr(x) is the image of x in P(V).
Lemma 2.6. There exist a smooth quasiprojective variety Y and an affine mor-
phism f : (G/ P)flf — Y which is a torsor with structure group T with respect to
its natural left action on G/ P.

Proof. By geometric invariant theory there exist a quasiprojective variety ¥ and
an affine morphism f : (G/ P)Zf — Y such that every fibre of f is an orbit of T
[Mumford et al. 1994, Theorem 1.10 (iii)]. Since the stabilizers of all %—points of
(G/P)S are trivial, Lemma 1.1 implies that f : (G/P)S — Y is a torsor under
T. The smoothness of Y follows from the smoothness of (G/P),, since a torsor
is locally trivial in étale topology. ([

Theorem 2.7. Assume that the root system R is simply laced, and the pair (R, w)
is not in the list (3). Then the only invertible regular functions on (G/ P)flf are
constants, so f : (G/ P)Zf — Y is a universal torsor.

Proof. By Lemma 2.6 we need to show that PicT = 0 and k[T ]* = k* where we
write T =(G/ P)f,f (see Section 1). The Picard group of (G/ P), is trivial since that
of G/ P is generated by the class of a hyperplane section. Thus it suffices to show
that the complement to (G/ P)f,f in (G/P), has codimension at least 2. The set of
unstable points has codimension at least 2, by Proposition 2.4. The closed subset
of its complement consisting of the stable points with nontrivial (finite) stabilizers
in T also has codimension at least 2, as follows from Corollary 2.3. O

3. Hermitian symmetric pairs

Let g be a semisimple Lie algebra over the field k£ with Chevalley basis {Hg, X, },
where y is aroot of R, and Hg = [Xg, X_g], where B is a simple root of R.

A simple root @ of g defines a Z-grading on g in the following way. We set
deg(Xy) =1, deg(X_o) = — 1, deg(X+p) = O for all other simple roots 8 # «a,
and deg(Hpg) = 0 for all simple roots 8. Then

()

o= P . @

i=—l(a)
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where /() is the label of «, that is, the coefficient of « in the decomposition of
the maximal root as a linear combination of the simple roots. The Lie algebra
p=EP,-( 9i is the parabolic subalgebra defined by o, and n =P, _, g; is the com-
plementzlry nilpotent algebra. The center of the Lie algebra gg is one-dimensional,
s0 go = Z(go) D g, where g’ is the semisimple Lie algebra whose Dynkin diagram
is that of g with the node corresponding to « removed.

It is clear from (4) that (o) = 1 if and only if [n, n] = 0. The following ter-
minology has its origin in the theory of symmetric spaces; see [Helgason 2001,
Chapter VIII].

Definition 3.1. The pair (R, «) is a Hermitian symmetric pair if /(@) = 1, or,
equivalently, if n is a commutative Lie algebra.

If R is simply laced, then (R, ) is a Hermitian symmetric pair if and only if
R = A,, or if it is one of the following pairs: (D,, «;), where i =1, n — 1 or n,
(Es, a1), (Es, ), and (E7, a7).

We now assume that n is commutative. Our next goal is to explore the impli-
cations of this assumption for the restriction of the g-module V to the semisimple
subalgebra g’. We write U([) for the universal enveloping algebra of the Lie al-
gebra [, and S(W) for the symmetric algebra of the vector space W. Since n is
commutative we have U(n) = S(n).

The line kv is a 1-dimensional p-submodule of V; hence the g-module V is
the quotient of the induced module U(g) ®up kv by the submodule generated by
X2 v. (This follows from the construction of V as the quotient of the Verma mod-
ule by the submodule generated by X_guv for the simple roots B # o, and X 30[1).)
By the Poincaré-Birkhoff—-Witt theorem we have U(g) = U(p) ®; U(n). The line
kv is a trivial g’-module. Therefore, the g’-module U(g) ®up) kv is isomorphic
to U(n) = S(n), so the finite dimensional vector space V inherits the Zo-graded
commutative k-algebra structure from S(n), V =@, _, V". We turn this grading
into a Z-o-grading by setting V,, = V™", Since ¢’ has grading 0, the direct sum
V =0P,-( Vu is the direct sum of g’-modules, and we can write

V=kon® (S2m)/SmUE)X%,),

where k = Vj, n = Vj. Note that 1 € Vj is a highest weight vector; it generates V
as a S(n)-module.

Lemma 3.2. Let (R, o) be a Hermitian symmetric pair. Then the adjoint represen-
tation of ¢’ on Vi = n = g_1 is the irreducible representation such that X _ is a
highest weight vector. If R is simply laced, then the highest weight ' of Vi is the
sum of the fundamental weights corresponding to the nodes of the Dynkin diagram
of R adjacent to the node «.
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Proof. We have [Xg, X_,] = 0 for all simple roots 8 # «, so X_, is annihilated
by the positive roots of g’. Every root of n is the sum of —« and a root of g/, so
n is generated by X_, as a g’-module. The computation of the weight of X_, is

immediate from the defining relations among the elements of the Chevalley basis.
O

We have the exponential map

exp:n— S(n), eXP(M)=1+u+%u2+%u3+---.

Let G be the simply connected semisimple algebraic k-group with Lie algebra g,
P C G the parabolic subgroup with Lie algebra p, and N the unipotent k-group
with Lie algebra n. By the Chevalley construction of the Lie group from its Lie
algebra, N acts on V by the rule 1+x — exp(x). Recall that the open Schubert cell
of G/P C P(V) is the N-orbit of the highest weight vector, and hence is identified
with exp(n). (In particular, dim G/P = dim V|.) Thus exp(x) is a polynomial
G’-equivariant map, where G’ is the simply connected semisimple k-group with
Lie algebra g’
exp: Vi > (G/P), CV = @ V.
n>0

Let p: Vi =n — V, be the degree 2 graded component of exp(x).

Lemma 3.3. Let G’ be the simply connected semisimple k-group with the Lie
algebra g¢', and P’ C G’ the parabolic subgroup which is the stabilizer of the
line spanned by the highest weight vector X_, € n. The restriction of exp(x)
to (G'/ P')4 coincides with (1,1id, 0,0, ...). We have (G'/P"),s = p~(0), and the
ideal of (G'/ P'), is generated by the coordinates of p(x).

Proof. It is clear that every graded component of exp(x) of degree at least 2 sends
the orbit (G'/P’), of the highest weight vector X_, to 0. Indeed, X", is in the
kernel of the natural map S (n) — V,,, for m > 2 . To prove the second statement
let us observe that the symmetric square S?(n) decomposes as the direct sum of V»
and the g’-submodule generated by X2, which is the irreducible representation
V (2e') with highest weight 2. It is well known from [Lancaster and Towber
1979, proof of Theorem 1.1] or [Batyrev and Popov 2004, Proposition 4.2] that
the orbit of the highest weight vector is the intersection of the second Veronese
embedding with V (2’). This completes the proof. U

Consider the following series of root systems,
A4 C Ds C Eg C Es. 5
Let (R, o) be one of the Hermitian symmetric pairs

(As,a3), (Ds,as), (Eg, a6), (E7,0a7), (6)
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where the roots are numbered as in [Bourbaki 1981]. By Lemma 3.2 the pair
(G’, P’) is defined by (R’, ") which is the previous pair to (R, @) in (6). In other
words, P’ corresponds to the only node of the smaller diagram adjacent to «. (If
G is of type A4, then G’ is of type A| x Ay, G'/P' ~ P! x P?, but we shall not
have to consider this case.)

We note that the fundamental weight @ dual to « is minuscule, that is, the
weights of V are Ww, and Wv is a basis of V; see [Bourbaki 1981, VIII.7.3].
We also note that the G-module V defined by w is faithful (this follows from the
fact that w generates P(R)/Q(R), which can be checked from the tables). Thus
the faithful representation of G in V defines a faithful representation of G’, and
this implies that G' C G (in fact, G’ is the Levi subgroup of P).

Let us identify the graded components of V in various cases. Let d, = dim V.
We have

dy =10, ds =16, deg =27, d7 =56.

The details given below show that for r =4, 5, 6 the graded components of exp(x)
of degree at least 3 are zero.

Let R = A4. Then G = SL(5), and G/ P is the Grassmannian G (2, 5). Denote
by E, the standard n-dimensional representation of SL(n). We have V = A?(Es),
dim V =10=1+6+3. The group G’ = SL(2) x SL(3) is embedded into SL(5) in
the obvious way, and the graded factors of V are Vi = E;® E3, Vo = A2 (E3) = E%‘
The map p : Vi — V, sends x to the AZ(Eg)—component of

x Ax € A2(Es) = A2(Ea) @ (Ex ® E3) © AX(E3).

Let R = Ds. Then V is a spinor representation of G = Spin(10) of dimension
16 =14+ 1045, and G/P is the isotropic Grassmannian (one of two families
of maximal isotropic subspaces of the nondegenerate quadric of rank 10), and
dim G/ P = 10. The graded components are V| = A2(Es) and Vo = A*(Es5) = E:.
The map p: Vi — V, sends x to x A x.

Let R =E¢. Then dimV =27 =14 16+ 10, V| is the spinor representation of
Spin(10) as above, and V> is the standard 10-dimensional representation of SO(10).
We have dim G/ P = 16.

Let R = E;. Then dimV =56 =14 27+ 27 + 1, V; is the 27-dimensional
representation of the group of type Eg considered above, V, = (V})*, and V3 =k is
the trivial 1-dimensional representation. (The graded components of degree at least
4 are zero.) We have dim G/ P =27. We define g : Vi =n— V3 =k as the degree 3
graded component of exp(x). This is a Eg-invariant cubic form in 27 variables. The
27 weight coordinates of p(x) are partial derivatives of g (x). This identifies the
space G/ P of type E¢ with the singular locus of the cubic hypersurface g(x) = 0.



406 Vera V. Serganova and Alexei N. Skorobogatov

Define a symmetric bilinear form p(x, y) on V| with values in V; by the formula

p(x+y) = p(x)+2p(x,y)+ p(y). Then exp(x + y) = exp(x)exp(y) implies
that

2p(x,y)=x-y (7

is the product of x € V| and y € V; in the commutative k-algebra V.

We have a decomposition of S?(V;) as the direct sum of V, and the represen-
tation with highest weight 2w’ (see the proof of Lemma 3.3). In the notation of
[Bourbaki 1981] the representation V; is irreducible with highest weight w;; in
particular, it is minuscule. Thus the eigenspaces for the action of the maximal
torus H' = H NG’ are 1-dimensional, so on V,, in the same way as on V;, we have
weight coordinates well defined up to a multiplicative constant. The coordinates
p,.(x,y) of p(x, y) are symmetric bilinear forms of degree 2 with values in k. We
can write

pa(x,y) = Z PuvXuYv, (8)
A=u+v
where p and v are weights of Vi, p,, € k, and x, is a nonzero linear form on
the weight p subspace (V1), C Vi (and similarly for y,). One checks that for
r =4,5, 6,7 the ranks of the quadratic forms p; (x) are 4, 6, 8, 10, respectively.
If »r = 7 we associate to the cubic form

X)) = D quuexuxxg
u+v+E=0

the symmetric trilinear form

9063, 0= D) QuueXuyeie.

ut+v+£=0

In this case the weights of V, are the negatives of the weights of V. Moreover,
P—pu(x) =09q(x)/0x,, so

Sq(xv Vs Z) = Z p—M(x7 )’)ZM,

nw

&)
P—pu(x,y)= Z 3quveXy e -
—n=v+§

For future reference we note that if p, (x, y) = 0 for all A, then g(x, y,y) =0. It
follows from exp(x + y) = exp(x)exp(y) that

3g(x,x,y)=p(x)-y (10)

is the product of p(x) € V, and y € V| in the commutative k-algebra V.
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4. G/P and blowing-up
Let : (G/P), — V; be the restriction to (G/ P), of the natural projection
V=k®oVidV,d Vs —> V.

We have exp(x) = (1, x, p(x), g(x)); hence o exp=1id. Here and in what follows
we write our formulae for the case r = 7, with the convention that if » < 7 the last
coordinate must be discarded.

We now describe the fibres of 7.

Lemmad4.1. Let g, = (¢, 1, 1=, 172), t €k*. Forx € Vi Qrk we have the following
statements.

(@) If x ¢ (G'/P')q, then w~' (x) = {g; -exp(x) | € k*}.
() If x € (G'/ P')y \ {0}, then

7 ) = {(t, x,0,0) [t € k*}U{(0, x, 2ps(x, u), 3q(x, u,u)) | u € Vi @ k).

Proof. Recall that the torus T is generated by the maximal torus H C G and the
scalar matrices (z,1,¢,1), t € k*. Let h € h be an element of the Lie algebra of
H such that B(h) = 0 for all simple roots 8 of G, B8 # «, and a(h) = 1. The
1-parameter subgroup G,, C H whose tangent vector at the identity is %, acts on V
as (™, "1 =2 m=3) where m = w(h), and w is the fundamental weight dual
to a. Hence g, € T for any t € k*.

Every lz—point y=(yo, y1, Y2, y3) of the closed set (G/ P),, satisfies the equations

yoy2 = pO), Yoz =qOn), (11)

since these are satisfied on the affine cone over exp(V;) which is dense in (G/P),.
Therefore, if 7 sends a k-point y of (G/P), to x = y;, and yg # 0, we can write
y=g - (1,x, p(x),q(x)) = g -exp(x) fort = yp € k*. All such points are in
(G/ P), since the action of T preserves (G/P)q, and exp(V1) C(G/P),. If yo=0
we see from (11) and Lemma 3.3 that x € (G’/P’),. This proves (a).

To prove (b), assume x € (G'/P')q, x # 0. If yy # 0, then y = (7, x, 0, 0), by
(11D).

We need some preparations for the case yg = 0. Recall that Vj is identified
with k by the choice of a highest weight vector v € Vj, and V] is identified with
n. Consider g; = n™, the opposite nilpotent algebra of n. Any nonzero element
X € g; sends V; to V;_; because of the grading. Hence we can write

exp(X1) (50, Y1, 2, ¥3) = (Yo+s (1. X)t+z117 201>, yi+urt+ust®, yo+wt, y3),
where z1, z2 € k, uy, up € Vi, w € Vo, and s(y1, X) € k is defined by

s(yr, X)v=Xyjv=[X, yi]v.
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For any nonzero y; € n ®; k = Vi ® k one can find X € g1 Ok k such that
s(y1, X) = 1. Otherwise g;y;v =0, and so yjv is a highest vector of the g-module
V ®: k, which is not a multiple of v. This contradicts the irreducibility of V ®; k.
Fix such an element X € g ® k.

Now let yg = 0. Then

g1 exp(X1)(0, y1, v2, y3) = (1 4+ 211 4+ 2212, y1 +uit +ust?, yot +wt?, y3t?)

is a k[t]-point of (G/P),, and hence its coordinates satisfy (11) identically in
t. Equating to O the coefficient at ¢ in the first equation in (11) we obtain y, =
2p(y1, u), where u = u;. Equating to O the coefficient at 12 in the second equation,
and using that g(y, y1, v) = 0 for all v € V| according to (9), we obtain y3 =
3q(yy, u, u). ~

To complete the proof of (b) we need to show that for any k-point x € (G'/P’),
and any u € V| Qrk the point (0, x,2pa(x,u),3q(x,u, u)) is contained in (G/ P),.
We note that

(0, x,2ps(x, u),3q(x, u, u)) =exp(u) - (0, x, 0, 0),

as immediately follows from (7) and (10). Since exp(u) is in the unipotent group
N C G it is enough to show that (0, x, 0, 0) is in (G/P),. Clearly (1, x,0,0) =
exp(x) isin (G/P),. Choosing X € g; ®x k as above such that s(x, X) = — 1 we
obtain exp(X)(1, x,0,0) = (0, x, 0, 0). U

Corollary 4.2. Let U C (G/P), be the complement to the intersection of (G/P),
with (Vo @ V1) U (Vo @ Vi3). The restriction of w to U is a morphism U — V1 \ {0},
which is the composition of a torsor under the torus G,, = {g; | t € k*}, and the
morphism inverse to the blowing-up of V1 \ {0} ar (G'/P"), \ {0}.

Proof. The set U is covered by the open subsets Uy : yo #0, and U, : y, # 0, where
v, are the weight coordinates in V;. Indeed, if yg = y; = 0 for all A, then we are in
case (b) of Lemma 4.1, but p; (x, u) =0 for all A implies g(x, u, u) =0, and such
points are not in U. Each of these open subsets is G,,-equivariantly isomorphic to
the direct product of G,, and the closed subvariety of (G/P), given by y; = 1 with
trivial G,,-action. Gluing them together we obtain the quotient U

The equations (11) show that 7~ 10)NU = @; thus projects U to V1 \{0}. The
action of G,, preserves the fibres, hence 7 factors through a morphism U — V;\ {0}.
It is an isomorphism outside (G’/ P’),,, whereas the inverse image of (G’/P"),\ {0}
is the projectivisation of the normal bundle to (G'/P’),\ {0} in V;\ {0}, by Lemma
4.1 (b). It is not hard to prove (and is well known to experts) that this implies that
U is the blowing-up of V; \ {0} at (G'/P")4 \ {0}. O
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5. Del Pezzo surfaces

For the geometry of exceptional curves on del Pezzo surfaces the reader is referred
to [Manin 1986, Chapter IV]; see also [Friedman and Morgan 2002, Section 5]. Let
My, ..., M., 4 <r <7,be k-points in general position in the projective plane P2,
which says that no three points are on a line and no six on a conic. The blowing-up
X of P2 in My, ..., M, is called a split del Pezzo surface of degree d =9 —r. The
surface X contains exactly d, exceptional curves, that is, smooth rational curves
with self-intersection —1. For r < 6 the exceptional curves on X arise in one of
these ways: the inverse images of the M;; the proper transforms of the lines through
M; and M;, i # j; the proper transforms of the conics through five of the M;. For
r =7 one also has the proper transforms of singular cubics passing through all 7
points with a double point at some M;. The intersection index defines an integral
bilinear form (.) on Pic X. The opposite of the canonical class —Kx is an ample
divisor, (K )2() =d. The Picard group Pic X = Pic X is generated by the classes of
exceptional curves (the complement to the union of these curves is an open subset
of A?). The triple (Pic X, K, (.)) coincides, up to isomorphism, with the triple
(N,, K,, (.)) defined as [Manin 1986, Theorem 23.9]

r r
N=EZti, Kr==300+> €. (€)=1, ) =—1,i=1, (t;£;)=0,i#].
i=0 i=1

Moreover, the exceptional curves are identified with the elements £ € N, such that
(¢?) = (¢.K,) = — 1, which are called the exceptional classes [Manin 1986, Theo-
rem 23.8]. By definition, a geometrically integral conic on X is a smooth rational
curve with self-intersection 0. By the Riemann—Roch theorem each conic belongs
to a 1-dimensional pencil of curves which are fibres of a morphism X — P!, called
a conic bundle. We refer to the fibres of such a morphism as conics. In particular,
through every point of X passes exactly one conic of a given pencil. The classes
of conic bundles can be characterized by the properties (> =0, (c.K,)= —2.

Let K;- be the orthogonal complement to K, in N,. The elements « € K;- such
that («?) = — 2 form a root system R in the vector space K- ® R >~ R" with the
negative definite scalar product (.). In fact, R is a root system of rank r in the
series (5). Moreover, the lattice K,L is generated by roots so KrL >~ Q(R). For
example, we can choose

Bi=—bi+Ll ..., 1= =L+ 4, Br=—Lo+ (1 +L2+L3)

as a basis of simple roots of R. The relation to our standard numeration, which
follows [Bourbaki 1981], is «, = B,_1, a1 = Bi.

The Weyl group W = W(R) generated by the reflections in the roots, is the
automorphism group of the triple (N,, K, (.)). It operates transitively on the set
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of exceptional curves, and also on the set of conic bundle classes; see, for example,
[Friedman and Morgan 2002, Lemma 5.3]. Let

PR)={ne K,L QR : (n.m) € Z for any m € Q(R)}
be the lattice dual to Q(R); we have Q(R) C P(R). The image of the map
N, - N, ®R=RK, ® (K: ®R)
is contained in the orthogonal direct sum %ZK » @ P(R) as a subgroup of index d.

Lemma 5.1. Let o = ,_1 € R be the simple root such that (R, a) is one of the
pairs in (6), and let w € P(R) be the dual fundamental weight, (a.w) = — 1.

(1) The exceptional classes in N, are —%K, + ww, for all w € W.

(i) Two distinct exceptional curves intersect in X if and only if the corresponding
weights are not adjacent vertices of the convex hull Conv(Ww).

(iii) Let wy be the fundamental weight dual to the root B1. The conic bundle classes
in N, are —%Kr + wwi, for all w € W.

Note that since W acts transitively on the set of bases, the choice of a basis of
simple roots is not important for the conclusion of this lemma.

Proof. (1) and (iii) The image of the exceptional class ¢, in P (R) is the fundamental
weight = w,_1, and the image of the conic bundle class £y—¢; is the fundamental
weight w;. The statement now follows from the transitivity of action of W on these
classes. See [Friedman and Morgan 2002, Lemma 5.2].

(i1) By the transitivity of W on the exceptional classes it is enough to check this
for the classes —%Kr + w and —51{, + x, where x = ww for some w € W. The
intersection index

1 1 1
(—EKr—l—x.—gKr—i—a))_z—i—(x.w) (12)

equals —L(x) in the notation of the proof of Proposition 2.4 (with the opposite
sign of the scalar product). In the simply laced case this proof shows that L(x) =1
when x = w, L(x) = 0 if x is a vertex of the convex hull Conv(Ww) adjacent to
w, and L(x) < O for all other x € Ww. O

We observe that for any conic bundle class x there exists a conic bundle class
y such that (x.y) = 1. Indeed, by the transitivity of W on conic bundle classes we
can assume that x = £y — £;. For y = £y — £, we have (x.y) =1.

6. Main theorem

We recall our notation.

e (R, @) is the pair in (6) such that R has rank r;
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» G is the simply connected semisimple group with a split maximal torus H
and a maximal parabolic subgroup P D H, such that (G, P) is defined by the
pair (R, a);

V is the fundamental representation of G such that P is the stabilizer of the
line spanned by a highest weight vector (this representation is faithful);

T C GL(V) is the torus generated by the image of H in GL(V'), and the scalar
matrices;

Y is the geometric quotient of (G/ P)Zf C (G/ P), with respect to the natural
left action of T

o the morphism f : (G/ P)flf s Y is a universal torsor (see Theorem 2.7).

Let A C H be the set of weights of H in V, and let V,, C V be the subspace of
weight A, so that V = @AE A Va. Inour case dim V) =1 (since V is minuscule;
see Section 3). Let 7 : V — V) be the natural projections, and let L) =, ! (0) be
the weight coordinate hyperplanes. For a subset A C V we write A* for the set of
points of A outside U, L. For a subset B C Y we write B> for f(f_l(B)X).

We now state our main theorem, whose proof occupies the rest of the paper.

Theorem 6.1. Forr =4,5,6 or 7 let My, ..., M, be k-points in general position
in P? (no three on a line, no six on a conic). Let X be the blowing-up of P? in
My, ..., M,. There exists an embedding X — Y such that X \ X is the union
of exceptional curves on X. For such an embedding f~'(X) — X is a universal
torsor.

We write S;(V) for the H-eigenspace of §"(V) of weight x € ﬁ, and S;(V)*
for the dual space of functions. Let I(7) C k[V] = S(V*) be the ideal of J. We
shall prove the following statement from which the main theorem will follow.

There exists an embedding of a universal torsor I over X into (G/ P)flf C V such
that the restriction of f to T is the structure morphism J — X, and f(T*) is the
complement to the union of exceptional curves on X. Moreover, for r <7 the ideal
1(T*) C k[V*] is generated by the graded components of degree 2 and weight
wwy, forallw e W.

The last statement will be used in the case r = 7, and can be ignored by the
reader interested in the cases r = 5 and r = 6 only. Recall that w; is the highest
weight of a nontrivial irreducible g-module of least dimension.

Proof. The proof is by induction on r starting from r = 4. In this case Y is a del
Pezzo surface of degree 5, G/ P is the Grassmannian variety G(3,5) >~ G(2, 5),
and G(3, 5)f = G(3, 5)° is a universal torsor over Y; see [Skorobogatov 1993] or
[Skorobogatov 2001, Lemma 3.1.6]. It is well known that the ideal of G(3, 5), C V
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is generated by the (quadratic) Pliicker relations, and it is easy to see that their
weights are of the form ww;, so our statement is true in this case.

Suppose we know the statement for » — 1 > 4. This means that we are given the
following data.

e (R, &) is the “previous” pair to (R, @) in (6);

e W =W(R) is the Weyl group;

e G’ and P’ are defined by (R’, '), so that (G'/P"), C V; (see Section 3);
e H' = HN G/, so that R’ is the root system of G’ with respect to H';

o T/ C GL(V)) is the torus generated by the image of H’ in GL(V)) and the
scalars (7" is also the image of H in GL(V}));

* x, is a nonzero linear form on the weight p subspace of Vi;

« Y/ is the quotient of (G’/P") by T';

o« [ (G//P/)Zf — Y’ is a universal torsor;

o X' is the blowing-up of P? in My, ..., M,_; (it is a del Pezzo surface of
degree d' =8 —r);

« there exists an embedding X’ < Y’ satisfying the conditions of the theorem,
in particular,

e J' = f'~1(X') — X’ is a universal torsor.

The general position assumption implies that M, does not belong to the excep-
tional curves of X’. Thus, by Hilbert’s Theorem 90, we can find a k-point xo € I’
such that f/(xo) = M,.

Let T : 7/ — Pic X’ be the map defined in Section 1; up to the sign, T co-
incides with the type of the torsor f': 9" — X’ (Lemma 1.2). Since the torsor
f': 9’ — X’ is universal, T is an isomorphism of 7" = K[T%1"/K* and Pic X’
as abelian groups. To account for the duality between vectors and linear forms
on V| we identify these groups by the isomorphism —7. Recall that the Weyl
group W’ acts on 7’ via the normalizer of H' in G’, permuting the weights of V.
By induction assumption —t sends these weights bijectively onto the exceptional
classes in Pic X'. If we transport the action of W’ from 7" to Pic X’ using —1,
then the action of W’ so obtained preserves the intersection index of exceptional
curves; see (12). Thus —t is a homomorphism of W’-modules, where W’ acts on
Pic X’ as the automorphism group of the triple (N,_1, K,_1, (.)). In particular,
—1 identifies the W’-(co)invariants on both sides (isomorphic to Z). This implies
that if x is a weight of 77 in $”(V}), then the restriction of x to the scalar matrices
G,, C T’ coincides with the intersection index of —7(x) and —K x/, that is,

(t(x).Kx)=n (13)
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(the sign is uniquely determined by the fact that effective divisors intersect posi-
tively with —Kx/). The isomorphism —t also identifies the quotients by the W’-
invariants, that is, P(R’) and H'. We fix these identifications from now on.

For ¢ (x) € Sy (V)*, x € 7', let Cy C X' be the image of the intersection of J’
with the 7'-invariant hypersurface ¢ (x) = 0. If Cy # X', then the class [Cy] in
Pic X" is —t()x), and (13) can be written as

([Cy]l.(=Kx)) =n. (14)
We have (see the end of Section 1 for the first equality)
HO (X', O0_y) =k[T']-y = S;(Vl)*/l(gf’) NSy (V)™ (15)

Apart from the weights of V| which correspond to the exceptional curves, the
following two cases will be particularly relevant. For n = 2 let A be a weight of
T’ in V,. The restriction of A to H' is ww; € H = P(R'), where w € W' (see
the end of Section 3). If ¢ € Sf(Vl)* is such that Cy # X', then by (14) we see
that [Cy] = — %KX/ + wwy, so Cy is a conic on X’ by Lemma 5.1 (iii). The
Riemann—Roch theorem implies that dim H(X’,0_,) = 2, where 0_, = 0 (Cyp)
is the invertible sheaf associated to Cy. Thus 7(J") N S%(Vl)* has codimension
2 in S%(Vl)*. Note that by Lemma 3.3 we have p;(x) € I(J') N S%(Vl)*. For
r =7 and n = 3 the space V3 is a trivial 1-dimensional representation of G’, hence
of weight 0 € H'. Thus for ¢ € S3(V1)* we have [C4] = — Ky, by (14). If
Cy # X', then Cy is a plane section of the cubic surface X’ C P3. The vector space
HO(X’,0(C4)) = H*(X’, 0(—Kx/)) has dimension 4; thus Iy = 1(J") N S3(V)*
has codimension 4 in SS(Vl)*. It is clear that g (x) € Ip; see, for example, (10).

The following proposition is a crucial technical step in the proof of our main
theorem.

Proposition 6.2. There exists a nonempty open subset Q(xo) C (G'/P")) such
that for any yy € Q2(xg) we have px(x()_lyox) ¢ 1(THN S%(Vl)*for all weights A
of Va, and q(xq ' yox) & Lo if r =7.

Proof. 'We begin with pointing out the following useful fact. Let Ver, be the
composition of the second Veronese embedding V; — S%(V;) with the projection
of S2(V}) to its direct summand S%(Vl). By Lemma 3.3, p;(x) = 0 is the only
quadratic equation of G’/ P’ of weight A; thus Ver, ((G'/P’),) spans a codimension
1 subspace of S/%(Vl), namely, the zero set of the linear form p; (x) € Sf(Vl)*.

Next, we claim that the quadratic forms p; (x, 'y0x), o € (G'/P’ )., span a
codimension 1 subspace of S%(Vl)*. Using (8) we write

Py yor) = D puw

A=p+v

YouYov
XouXov

XpXy.
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Suppose that for some coefficients c,, we have a linear relation

YouYov
E Crv P e =0.
A=ptv OpA0v

This can be read as a relation with coefficients ¢, Puvxo_ﬂl x(;)l satisfied by all the
vectors (Yo, yov), Where yo € (G'/P’) and + v = A. The set of these vectors is
precisely Ver; ((G'/P’))). The linear span of Ver, ((G'/P’))) is the same as the
linear span of Ver, ((G’/ P’),). By the argument in the beginning of the proof, up to
a multiplicative constant there is only one linear relation satisfied by the elements
of Ver, ((G'/P')4), namely the one with coefficients p,,,. Therefore, c,,, = xo, X0y
is uniquely determined up to a multiplicative constant. This proves our claim. Note
that the linear span under discussion is thus the space of forms vanishing at x.

It follows that the set of k-points y € (G’/P’)¢ such that pa(xy 1yx) belongs to
the codimension 2 subspace / (9")05%(%)*, is a proper closed subset of (G'/P’) *.
For r < 7 we define ©2(xg) as the complement to the union of these closed subsets
for all weights A of V.

For the rest of the proof we let r = 7. Let

Verg Vi — SS(Vl)

be the composition of the natural map V; — S3(V,) with the projection §3(V;) —
Sg(Vl). The map Verg sends x = (x,,) to the vector (x,x,x¢), for all i, v, & such
that u +v + & = 0. If we write the invariant cubic form (defined up to a scalar
multiple) as
q(x) = Z quveXpXvXe,
n+v+£=0
then it is well known that all the coefficients g,,,¢ are nonzero; see, for example,
[Faulkner 2001]. Recall that the singular locus of the cubic hypersurface g(x) =0
is (G'/P),.

LetL,, C SS(Vl)* be the subspace of forms such that all their (first order) partial
derivatives vanish at xo. We claim that L, coincides with the linear span of the
forms q(xo_lygu), where yo ranges over (G'/P’),,.

Let us prove this claim. The partial derivatives of ¢(x) vanish on (G'/P’),;
hence q(xo_lyou) € L, for any yo € (G'/P’),. Thus the linear span of the forms
q(xo_lyou), where yg € (G'/P’),, is contained in L,,. We now prove that these
spaces have the same dimension.

Let f(x) =3,y +e=0 fuveXuXvxs be aformin Ly,. The partial derivative with
respect to xg is

3 Z SuveXuxy.

utv=—§
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It vanishes at xo € V,* if and only if

-1
Xg E SuveXpxy = E qwgf/AVS'CIu%xuxvxé
nt+v=—~& u+v=—E&

does. Hence (q;V]E L)CO)L is spanned by the 27 vectors (q,.ve X0 XovXog), Where & is
fixed, and u, v are arbitrary. Since the coordinates of x( are not zero, this space
has the same dimension as the space M C SS (V1) spanned by the 27 vectors (g, ),
where £ is fixed, and @, v are arbitrary weights satisfying 4 +v +& = 0. The fact
that the ideal of (G’/P’), is generated by the partial derivatives of ¢g(x), implies
that M~ is the linear span of Verg((G’ /P")q). We conclude that dim Ly, equals
the dimension of this linear span. Since all the coefficients g,,¢ are nonzero, the
forms g (x, 1you), where yy € (G'/P’),, span the space of the same dimension.
This proves our claim.

We complete the proof of the proposition in the case r = 7. A cubic form
f € S83(Vi)*isin Ly, if and only if f(x) =0 is singular at xo € V,*. This is the
case if and only if the corresponding hyperplane Hy C SS (V1) contains the tangent
space @ to Verg(Vl) at the point m = Verg(xo). We have a commutative diagram
(compare (15) and (2))

/

| I

PH (X', 0(—Kx))*) ~— H°(X', 0(—Kx))"\ {0} = S3(V1)

where the left-hand vertical map is the anticanonical embedding of X’, and the
other two are Verg. The image of I in the 4-dimensional vector space

HO(X', 0(=Kx))" = (K[T1N S (VD))" = (S3(V)*/Ip)* =~ A* C S3(V1)

is the affine cone X/, (without 0) over the cubic surface X’ C P>.

By the induction assumption I (9*) is generated by its graded components [ of
degree 2 and weight A, for all weights A of V,. The weights of V; are the negatives
of the weights of V,, so x_, I, has degree 3 and weight 0. Since the coordinates
x_, are invertible on J'*, the ideal 1 (7'*) is generated by its graded component
of degree 3 and weight 0. Hence locally in the neighborhood 7> of x( the ideal
1(J") is generated by I, that is, by the equations of A* in Sg( Vi).

This implies that the tangent space Tx/ , C A*is ® NA*. Thus for any f in a
dense open subset of Ly, we have Hy NA* = Tx, ,,. Since X’ C P? is a smooth
cubic surface, X, \ Tx: ,, is dense and open in X. Therefore, for the general
f € Ly, we have X, N Hy # X, so f ¢ Ip. Now the above claim implies the
statement of the proposition. (]
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Corollary 6.3. For any k-point yg € Q2(x0) and any weight A of V, the closed
subset of J' given by p;h(xo_1 yox) = 0 is the preimage '~'(C;) of a geometrically
integral k-conic C; C X' passing through M,. For r =7 the closed subset of
g’ given by q(xo_lyox) = 0, for any yo € Q(xo), is the preimage f/_l(Q) of a
geometrically integral cubic k-curve Q with a double point at M, (the intersection
of the cubic surface X' with its tangent plane at M.,).

Proof. To check that M, € C,, set x = xp; then pk(xo_lyox) = p,(yo) = 0 by
Lemma 3.3 since yy € (G'/P’),. If the conic Cj is not geometrically integral,
then its components must have intersection index 1 with — K/, so there are two of
them. It is well known that a curve on X’ has such a property if and only if it is an
exceptional curve. However, M, does not belong to the exceptional curves of X'.
Thus C, is geometrically integral.

If r =7, by substituting x = xo one shows as before that Q contains M7 (the
cubic form ¢ vanishes on G’/ P’). Since the p; (x) are partial derivatives of g (x),
and M7 € C,, we see that Q has a double point at M7. If Q is not geometrically
integral, then it is the union of a geometrically integral conic and an exceptional
curve, or the union of three exceptional curves. In each of these cases the singular
point M7 C Q will have to lie on an exceptional curve, and this is a contradiction.

O

Corollary 6.4. For any yy € Q2(xo) the scheme-theoretic intersection of x, 10T
and (G'/ P"), is the orbit T yy.

Proof. By Lemma 3.3 the ideal of (G’/P’), is generated by p; (x), for all weights
A of V,. As was remarked at the end of Section 5, there exist weights A and v
such that the intersection index of C; and C, on X’ is 1, that is, M, is the scheme-
theoretic intersection C; N C,. Thus the orbit T"yy is the closed subscheme of
xo_lyog’ given by p; (x) = p,(x) =0, and our statement follows. O

Let o : X =Bly, (X’) — X’ be the morphism inverse to the blowing-up of M,.
Then o induces an isomorphism ofX\a_1 (M,) with X'\ M, and o~ (M,) =P!.
The proper transform of a curve D C X’ is defined as the closure of o ~'(D \ M,)
in X. The comparison of intersection indices on X’ and X shows that the proper
transforms of the conics C; and the singular cubic Q (for r = 7) are exceptional
curves on X. By comparing the numbers we see that these curves together with
o~ 1(M,) and the inverse images of the exceptional curves on X' give the full set
of exceptional curves on X.

End of proof of Theorem 6.1 Consider the open set U C (G/P), and the mor-
phism 7 : U — Vi \ {0}; see Corollary 4.2. Choose any yp € €2(xp), and define
J C U as the “proper transform” of x,’ 1y0T" with respect to 7. Explicitly, T c U
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is defined as the Zariski closure of
7 (3 30T \(G'/P)a) =77 (xg 30T\ T o),

where the equality is due to Corollary 6.4. The torus 7’ acts on 7', and 7 is T’-
equivariant; hence T’ acts on J. But G, = {g;} (see Lemma 4.1) also acts on J.
The torus T is generated by T’ and G,, = {g;}, so T acts on J.

Corollaries 4.2 and 6.4 imply that the restriction of 7 to & is the composition of
a torsor under G, = {g;} and the morphism Bl 7/ (x, %I — X 'y inverse to
the blowing-up of the orbit 7"y in x 1y0F". The blowing-up of 7"y in X LT’
is naturally isomorphic to the pullback I’ x x» X of the torsor 7’ — X' to X. This
can be summarized in the commutative diagram

T — I xxyX —X

l la (16)
g’ X'

where the horizontal arrows are torsors under tori, and the vertical arrows are con-
tractions. The composed morphism f : J — X is a composition of two torsors
under tori, and hence is an affine morphlsm whose fibres are orbits of 7. Therefore
g is an X-torsor under 7, by Lemma 1.1. We obtain a T-equivariant embedding
T — (G/P)g.

For r <7 we note that I(J*) C k[V*] is generated by I (x, yOJ’X) and the
equations of (G/ P),; moreover, for each weight ww;, w € W, there is exactly one
quadratic equation, by Lemma 3.3. The restriction of @ € H=P®R)to H'is again
the weight w; € H' = P(R’). By the induction assumption 7(9%) is generated
by its graded components of degree 2 of such weights; hence the same is true for
1(T™).

It remains to prove that I C (G/ P) , and that the torsor f :J — X is universal.
The action of T on J is free; we show that every point of I is stable. We claim that
f sends the weight hyperplane sections of I to the exceptional curves on X. By
the results of Section 4 this follows from the induction assumption for the weights
of V1, and from Corollary 6.3 for the weights of V, @ V3. Corollary 6.4 implies
that the highest weight hyperplane x,, = 0 corresponds to o ~!' (M,). By Lemma 5.1
(ii) the set of exceptional curves of X is identified with the set Ww in such a way
that two distinct exceptional curves intersect in X if and only if the corresponding
weights are not adjacent Vertices of the convex hull Conv(Ww). Now Proposition
2.4 implies that J C (G/ P) . We thus obtain an embedding X — Y.

The pull-back of the torsor (G/ P)a — Y to X gives rise to the following com-
mutative diagram, where the horizontal arrows represent the types of corresponding
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torsors
T —~ .+ Picy
T Pic X.

The upper horizontal arrow is an isomorphism since the torsor (G/ P)Zf — Y is
universal, by Theorem 2.7. Since the exceptional curves on X are cut by divisors
on Y, the restriction map Pic Y — Pic X is surjective. However, the ranks of Pic Y
and Pic X are equal, so this map is an isomorphism. Now it follows from the
diagram that the type of the torsor f : 9 — X is an isomorphism, so this torsor is
universal as well. The theorem is proved. ]
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The zeta function of monomial
deformations of Fermat hypersurfaces

Remke Kloosterman

This paper intends to give a mathematical explanation for results on the zeta
function of some families of varieties recently obtained in the context of mirror
symmetry. In the process we obtain concrete and explicit examples for some re-
sults recently used in algorithms to count points on smooth hypersurfaces in P".

In particular, we extend the monomial-motive correspondence of Kadir and
Yui and we give explicit solutions to the p-adic Picard—Fuchs equation associ-
ated with monomial deformations of Fermat hypersurfaces.

As a byproduct we obtain Poincaré duality for the rigid cohomology of certain
singular affine varieties.

1. Introduction

One of the families under consideration in this paper is the famous one-parameter
family (Dwork family) of quintic threefolds X5 C [P’ﬁq given by
xg +x15 —|—x§ —I—x35 +x2 + Axox1x2x3x4 = 0, (1

where 1 € [, is a parameter. Candelas et al. [2003] observed that the zeta function
of this variety can be written as

Rl(l‘, I)Rz(l‘, I)ZOR3(Z‘, 1)30
(1=0)(1—=g0)(1 =g*)(1 —g31)°

where the R; are of degree 4. Candelas et al. gave expressions in A for the zeroes

of the R;: to explain this, note that we can lift this family to a family over the ring
Z4 of Witt vector over [,. This enables us to consider this family as a family in p*
over the field of fractions Q, of Z,. Assume that A€ [, is chosen such that X7 is
smooth. Denote by A the Teichmiiller lift of 1. Specifically, Candelas et al. show
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that the zeroes of the zeta function of X7 can be expressed in certain solutions of
the p-adic Picard—Fuchs equation (associated with the family X7) evaluated at /.

This fact was proved in a more general context, but less explicitly, by N. Katz
[1968]. His description of the zeta function in terms of the Picard—Fuchs equation
is exploited by Lauder [2004] in order to give an algorithm to count points on
smooth hypersurfaces in P".

Some other families are investigated by Kadir [2004]. She obtained similar
results. From this, one might conjecture that various factors of the zeta function are
enumerated by so-called (admissible) monomial types modulo certain equivalence
relations. We come back to this in Section 1.3.

Kadir and Yui [2006] noticed that monomial types are occurring in the study
of several objects related to (1), for example in the Picard—Fuchs equation or in
the enumeration of the factors of the zeta function. In the case 4 = 0, they also
appear in the enumeration of the Jacobi sums needed to compute the number of
points of the variety at A = 0. They proved a certain correspondence between these
monomial types for Fermat varieties. Our aim is to present a different view on the
above mentioned phenomena.

We should mention that N. Katz [2007] and Rojas-Leon and Wan [2007] stud-
ied the zeta function of families similar to (1) by using (£-adic) hypergeometric
sheaves. We recommend [Katz 2007] for a discussion on previous results on the
Dwork family.

The main object of study in this paper are families X7/, defined by the van-
ishing of polynomials of the form

7 - .
Fpi= > x4 I« )
i=0 i
in a weighted projective space P := P(wy, ..., wy,), with w;d; = d for all i, the

a; are nonnegative and > w;a; = d; moreover, we assume that gcd(q,d) = 1.
Such families will be called one-parameter monomial deformations of a Fermat
hypersurface. For the rest of the introduction fix such a weighted projective space,
and such a one-parameter deformation of a Fermat hypersurface. Let @ denote the
vector (wodg, W1di, . .., Waay) € (Z/dZ)"T'. We call a the deformation vector.

The main technical result of this paper implies that the p-adic Picard—Fuchs
equation associated with such a family is a generalized hypergeometric differential
equation. We refer to Sections 1.2 and 5 for more on this.

Let U7 := P\ X3. Since

Z(X7,)Z(Uz,t) = Z(P, 1),

the value of Z (X7, t) is uniquely determined by Z (U7, t). Hence from now on we
will only discuss how to calculate Z (U7, t).
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1.1. Choice of the cohomology theory. The Lefschetz fixed point formula allows
us to prove statements on the zeta function by considering the action of geometric
Frobenius on certain cohomology groups. Very often one uses étale cohomology.
This is particularly useful when one wants to compare results in characteristic p > 0
with results in characteristic 0, or if one wants to consider Galois-representations
on certain ¢-adic vector spaces.

However, for our purposes it seems more natural to use p-adic cohomology
theories instead. One can represent cohomology classes of a variety over a finite
field [, by differential forms with coefficients in Q. This allows us to perform
several (basic) analytic tricks when computing with cohomology classes.

To be more precise, let 4 be a lift of 1 to Qy, let F; be a lift of F; and U;.
Since U, is affine, we can define Monsky—Washnitzer groups cohomology (see
Section 3) H' (U, Q). The elements in H HU,, Q) are differential forms with
Qg-coefficients. There is a lift Frob, of the Frobenius acting on these groups.

To illustrate how explicitly one can compute with Monsky—Washnitzer coho-
mology, we proceed to produce a basis for H' (U;). Let

. dxo d dx; dx,
Q;:(ij)Z(_l)lwiﬁ/\%/\.../\_x/\.../\ x.

7 X0 1 Xi Xn

Proposition 1.1. Let X7 be quasismooth. Then the cohomology groups H'(U;, Q,)
are zero except fori =0, n. The group H*(U;, Qy) is one-dimensional and Frobe-
nius acts trivially on it. The following set is a basis for H" (U, Q,):

n ki
{1_[(1';—;’)?9:05& <d; —1Vi, Zwi(k,~+1)=rd}.

This basis will be called the standard basis. We are not aware of a proper refer-
ence for this standard fact in our context. We prove this proposition in Section 3.
Proposition 1.1 is a combination of Theorem 3.8 and Proposition 3.16.

The proof is based on the fact that for quasismooth X7, de Rham cohomology
of U, with Q, coefficients is isomorphic to the Monsky—Washnitzer cohomology
of U; [Baldassarri and Chiarellotto 1994]. By a theorem of Steenbrink [1977] we
have the isomorphism

Hi (U3 = @) HO@ (X)) [dHO @ (¢t — 1)X ).

t>0

The vector space on the right-hand side is very well understood.

However, if X7 is not quasismooth then the dimension of the right-hand side
depends on the choice of the lift 4. If we choose 4 in such a way that X is not
quasismooth then the right-hand side is infinite-dimensional. In that case one needs
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to add more relations to get an isomorphism with H"(U,). Which relations one
needs to add is not very well understood.
A vector

k= (wotko + 1), ..., wa(ky + 1)) € [ [(wiZ/d2Z)

is called an admissible monomial type if for all i, we have k; # —1 mod d; and
> wi(ki+1) = 0mod d. Fix an admissible monomial type k. Take elements
k; € Z satisfying 0 <k; <d; —2 and k; = k; mod d;. Then with k we associate the
standard basis vector
ki
f = Hxi Q
(Fy)

Remark 1.2. The results mentioned in Section 3 imply that

(det (1 — g" (Frob?)~!t | H"(U, @q)))(_l)w
(1—g"1) '

From here on we formulate our results in terms of the characteristic polynomial of
q”(FrobZ’;)_1 on H"(U;, Qy), rather than in terms of Z(Uy, t).

Z(UI, l) =

1.2. Deformation behavior. We produce a solution to the p-adic Picard—Fuchs
equation that turns out to give us a description of the dependence of A of the action
of Frobenius on H"(U}), where A is in the p-adic unit disc.

Following [Katz 1968], we consider the commutative diagram

*

Frol 4
H"(Ujys) — H"(U,)

A(M)l A(A)l
Frobf[
H"(Up) —— H"(Uy)

where 1 is on a small p-adic disc around the origin, and A is a solution to the
Picard-Fuchs equation associated with the family X ;. Using p-adic analytic con-
tinuation we can extend A(1)~! Frobz,0 A(A?) to the closed unit disc, although
A(A) itself cannot be extended to the p-adic unit disc.

Let A9 € Q, be the Teichmiiller lift of some element lo € [F,. Then /lg = Ao,
hence the above diagram implies that the action of Frob, on H" (U, ) can be recov-
ered from the p-adic analytic continuation of A(A)~! FrobZ,0 A(A?). Therefore,
to determine the zeta function of X; we need to know the Frobenius action in
the Fermat-case (see 1.3) and compute the correct solution of the Picard—Fuchs
equation.
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We describe the action of A(1) on the standard basis. We call two monomial
types k and m strongly equivalent if and only if there is a jj such that k —m = jya,
where a is the deformation vector (see above).

Theorem 1.3. Let k be an admissible monomial type. Write A(L) wg =2, ¢y (1) O,
where the sum is taken over all admissible monomial types. Then c,, (1) is nonzero
only if k and m are strongly equivalent. If this is the case then c,, (1) is of the form
coANF (a5 By /Idcf), with F a p-adic generalized hypergeometric function with
parameters a;, f; and jo € {0, 1, ...,d — 1} is chosen such that k —m = joa.

Explicit formulas for the a;, B}, co and ¢ are given in Lemma 5.1 and Proposi-
tion 5.3. See Section 5 for a proof of Theorem 1.3.

In our proof we exploit the fact that there is a straightforward way of computing
in groups like H" (U,), relying on the fact that this group is a quotient of a module
of differentials over a power series ring. This allows us to perform some easy
analytic operations that would be impossible in a module of differentials over a
polynomial ring.

1.3. Factorization of the zeta function. We call the case 1 = 0 the Fermat case.
One can show that Frobj; on H"(Up, Q) sends the standard basis vector wy to
a constant cg , times the standard basis vector wgx. Hence, if ¢ = 1 mod d then
the standard basis is a basis of eigenvectors for Frobj;. In this case Theorem 1.3
tells us that for every admissible monomial type k the operator Frob, ; fixes the
subspace spanned by the w,,, where m is strongly equivalent to k.

The general case is slightly different, for this we introduce another equivalence
relation: we call two monomial types k and m weakly equivalent if jo€ Z/dZ and
invertible s, t € (Z/dZ)* exists such that sk +tm = jya.

Theorem 1.4. Let k be an admissible monomial type. Write

Frob, ; wx = Z cm(A) o,

where the sum is taken over all admissible monomial types. Then cy, (1) is nonzero
only if k and m are weakly equivalent.

This is a weak form of Theorem 6.4. Theorem 1.4 implies that the zeta function of
U, can be factored (as a rational function with Q(4)-coefficients) in such a way that
each factor corresponds to a weak-equivalence class. If one only considers the zeta
function over fields containing all d-th roots of unity, then there is a factorization
of the zeta function of U, such that each factor corresponds to a strong-equivalence
class.

Explicitly determining the constants ci 4 is actually very hard. In some cases it
is known that the eigenvalues of Frobj; correspond to the Fourier coefficients of a
modular form. For example if n =2, w = (1, 1, 1) and d = 3, then X is the j =0
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elliptic curve xg -|—x13 +x3. Also the case n =3, w = (1,1,1,1), d = 4 and the
casen=5,w=(1,1,1,1), d =3 are known to correspond to modular forms; see
[Hulek and Kloosterman 2007; Shioda and Inose 1977].

A more general result on ¢ 4 is due to Weil: Assume that F, D F,(¢4). Let x
be the d-th power residue symbol. Let k be an admissible monomial type. Let k;
be the i-th entry of k, i.e., w; (k; +1). Then

Jk,q = (—1)’1+1 Z X(Ul)kIX(DZ)kZ o X(Dn)k"-
(0150.,0)EFL:S 0 =—1

The following theorem coincides with Corollary 6.9.

Theorem 1.5. Assume q is chosen such that F, O F,(¢4). Let k be an admissible
monomial type. Let S be the set of monomial types that are weakly equivalent to k.
Then the sets {q"*l/cm,q :m € S} and {Jp,q - m € S} coincide.

1.4. Monomial-motive correspondence. We call b (Z/dZ)"*' an admissible au-
tomorphism type if b = (wobo, w1by, . .., w,b,) € (Z/dZ)"*" is such that

Z w;b;a; =0 mod d.

Define o to be the automorphism

[x0:x1: 1 x,] [(;)Oboxo : (flblxl IR (;’”b”xn].
We call two monomial types k and m distinguishable by automorphisms if there
exists an admissible automorphism type b € (Z/dZ)"*! such that

op (fo")znxfi and op (Hxlm‘);énxlm’

Theorem 1.6. Two monomial types k and m are weakly equivalent if and only if k
and m are not distinguishable by automorphisms.

This result enables us to give a different proof for the monomial-motive corre-
spondence of Kadir and Yui [2006], and to generalize it as follows: fix an admis-
sible monomial type k. Let G be the group of automorphisms of the form o that
fix wg. Then the subspace of H"(U) fixed by Gy is the spanned by the w,, such
that m is weakly equivalent to k. This can be also extended to the level of motives,
i.e., we find a submotive h(U,/Gy) of the (Chow-)motive h(U,). Moreover, we
obtain that

h(U) =W,/ Gw),
[k]
where we sum over all the weak-equivalence classes.

Kadir and Yui decompose (U / Gy) further. To explain this, we need to change

our context, and consider our family X over the field Q of rational numbers. Then
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the Galois group Gal(Q(¢y)/Q) acts nontrivially on Gy, and this enables us to
find correspondences in CH" (U, /Gy x U;/Gy) that decompose h(U,/Gy) into
smaller motives. It is easy to see that each such motive corresponds to a strong-
equivalence class of monomial types. This correspondence between admissible
monomial types and submotives of h"(U,) is called by Kadir and Yui monomial-
motive correspondence. They also relate monomial types with the Picard—Fuchs
equation. For this issue we refer to Section 1.2.

Kadir and Yui [2006] could only prove their monomial-motive correspondence
if X, is a Calabi—Yau hypersurface of dimension 3 and 4 = 0. The above discus-
sion extends this correspondence to any quasismooth member of a one-parameter
monomial deformation of a Fermat hypersurface in a weighted projective space,
for any degree d such that w;|d for all i and provided that the characteristic does
not divide d.

Kadir and Yui prove the monomial-motive correspondence using Jacobi sums.
We take a more direct approach using subgroups of the automorphism group.

This paper is organized as follows: in Section 2 we fix some notation and list
some standard definitions. In Section 3 we discuss Monsky—Washnitzer cohomol-
ogy groups and recall some of the properties of these groups. In Section 4 we
recall Katz’ result on the deformation of the zeta function of a hypersurface in P".
In Section 5 we make Katz’ result explicit. In Section 6 we discuss the Frobenius
action on the cohomology of a Fermat hypersurface and prove some results on the
structure of the zeta function of a monomial deformation of a Fermat hypersurface.

2. Notation

Fix once and for all :

o a prime p (the characteristic) and a positive integer r,
« an integer n (the dimension of the ambient space),
« a vector (wg, w1, ..., wy,) € Z"! such that none of the w; is divisible by p.

« an integer d divisible by all the w; and p does not divide d.

Set ¢ = p” and d; :=d /w;. Let Q, denote the unique unramified extension of de-
greer of Q,. Let w := > w; denote the total weight. Let [P’[Fq = qu(u)o, ceey W)
be the associated weighted projective space over the finite field [, .

Definition 2.1. A monomial type m = (my, ..., m,) is an element of [ [, w;Z/dZ
such that > m; = 0 in Z/dZ. Choose representatives m; € Z of m; such that
0 <m; <d. The relative degree of m is > m;/d.

Fix once and for all a monomial type a of relative degree 1, with at least 2
nonzero entries. We call a the deformation vector. Let a; be integers such that
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0<a; <d; and a = (wpay, ..., wya,). Set

._ d; aj

F,:= in +1ijj.
Let F := Fy. If 2 € [, denote by X; the zero set of F; in P. If 2 € Q,, denote by
X, the zero set of F;. Let U; be the complement P\ X7. Let U, be the complement

P\ X;. —
dx;

Let Q:= Hx,Z( l)fw]%/\ /\%/\%.
J

Definition 2. 2 A monomlal type k is called admissible if there exist integers k;,
fori =0,...,n,suchthat 0 <k; <d; —2 and k = (wo(ko + 1), ..., w,(k, + 1)).
Let ¢ be the relative degree of k. With k we associate the differential form
W = Hx —Q.
F;
Denote by (a),, the Pochhammer symbol a(a +1)...(a+m —1).

Definition 2.3. Let 7 : P"* — P be the natural quotient map sending x; to x;”. Let
G = xp,, /A be the Galois group associated with this quotient. We call 7 the
standard quotient map and G the group associated with 7 .

3. Monsky—Washnitzer cohomology

We will not define rigid cohomology in complete detail, but give a simplified pre-
sentation for the case of quasismooth hypersurfaces. For a good introduction to
the theory of rigid cohomology we refer to [Berthelot 1983; 1997b].

Since U, is affine, we can write U; = Spec R,, with

R, =Qql4, Yo, ..., Yul/(G1,2, ..., Gk2).

Definition 3.1. Fix 4 in the closed p-adic unit disc and set
{H € Qu[[Yo, ..., Y]l : the radius of convergence of H is at least r > 1}
(G295 -+ > G29)

Then R;fo is called the overconvergent completion (or weak completion) of R),,.
If  is the standard quotient map, G is its associated group (Definition 2.3), and
S:= S:{O is the overconvergent completion of the coordinate ring of P"\ 7 ~1(X;,),

T
Rio_

there is on the module of differential forms Qf a natural G-action. Set Q% =
(Q YC. The i-th Monsky—Washnitzer cohomology group H'(U,,, Q,) is the i-th
cohomology group of the complex Q.

Notation 3.2. Let X C P be a quasiprojective variety. Denote by H i (X ) the i-th

rigid cohomology group of X and by H e L(X ) the i-th rigid cohomology group
with compact support of X, as defined in [Berthelot 1983].
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There exists a second, equivalent, definition of H'(U,,, Q). This goes as fol-
lows: since U, sing 18 affine, there is a ring S such that U, sing = Spec S. Let ST be
an overconvergent completion of S. Let 1 : Spec RIO \ Spec ST — Spec R;O be the

inclusion. Let Q! be the sheaf 1, Q st Then define the Monsky—

Spec Rj»o Spec RIO \Spec

Washnitzer cohomology groups H'(U,,, Q) as the cohomology groups of the

complex obtained by taking global sections. The proof that these two definitions
are equivalent is very similar to [Dolgachev 1982, 2.2.4].

Definition 3.3. Let R be a ring over Z,. Let 7 be the maximal ideal of Z,. A lift
of Frobenius is a ring homomorphism Frob’; : R — R whose reduction modulo 7,

Frob’;l modz : R®z, F, - R®z, Fy,
is well-defined and equals x +— x9.

Fix a lift of Frobenius Froby to Rzo, such that Frobj (1) = A9. By abuse of
notation we denote by Frobj also the induced morphism on H' (U, Q).

Proposition 3.4. There is a natural isomorphism
Hy(U3,, Q) = H' (Uz,, Q)
which is compatible with the action of Frobenius.
Proof. Similar to the proof of [Berthelot 1997b, Proposition 1.10]. ([

Definition 3.5. Let K be a field. Let G € K|[xo, ..., x,] be a weighted homoge-
neous polynomial (with weights (wy, ..., w,)). Let Y be the hypersurface G = 0
in P. Then Y is said to be quasismooth if the affine cone Spec K[Xo, ..., X,]1/G
is smooth or has exactly one singular point, namely (0, 0, ..., 0).

Remark 3.6. If P = P” then a hypersurface X C P is quasismooth if and only if
it is smooth.

An easy calculation shows:

Lemma 3.7. Let [ ={i € {0, 1,...,n}:a; #0 mod p}. Let g = gcd;;(a;w;) and
d' :=d/g. If there is a nonzero a; such that a; = 0 mod p then X is quasismooth
for all i. Otherwise, X7 is quasismooth if and only if

r—=d’

—d -1)%d
e DT
[1ic,@iw;)4wile

Proof. Consider the partial derivative of F' with respect to x;. If a; = O then this

. di—1 . . .
derivative equals x j’ and vanishes if and only if x; = 0.
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Suppose there is a j such that a; # 0 and x; = 0. Then for all for all k # j we
have

oF;  — 4_ | A
0=—i=dkx]i1k l—l-c_lk/lH : :dkx,fk 1.
OXy, Xk
This implies that all the x; would vanish. Hence if X is singular at (xg : - - - : x,,)

then x; =0ifa; =0 and x; # 0 if a; # 0. If there is a j such that p divides a
nonzero a; then X7 is quasismooth.
Suppose now that p does not divide any of the positive a;.
Suppose a; # 0. Consider now the derivative with respect to x;:
0F; _ 5 a1 —]l X"

=dix. +a;i
ax]‘ I J Xj

This derivative vanishes if and only if

— . d
/Ifo’ =Ly
aj ’

In particular,

dj ¢, d
—_—Jx;l’_ 2K ,fk for j,kel.
aj ak
Fix d-th roots a; of d j/a;. Let ¢ be a primitive d’-th root of unity. A solution
of the above set of equations is of the form

— ywj kjw; fi k
xj—Tg or some y, k.
J
Substituting gives
_ (kiw,a,-
A —=-1,
iel o
which is equivalent with
r=d’
—d’ ’ ’ —1 d d
7 = (—1)! Haajd __ =D . 0

Hiel(aiwi)aiwi/g

Let X C P be a hypersurface. Let U = P\ X. Recall that we have a Gysin-type
exact sequence (see [Berthelot 1983, Section 3])

_)Hrllglc(X’@q)_) rlgc(U @ )_) rlgc(l]:l> @ )_) rlgc(X @ )_> 3)

Theorem 3.8. Let Ao € Z4 be such that X is quasismooth. Then the groups
H'(Uy,, Q) are zero except fori =0, n.
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Proof. Set X =X, and U = U,,,. Consider first the case P = P". From Remark 3.6
it follows that U and X are smooth. Since Q‘k =0fori >n wehave H (U, Q,) =0
for i > n. Proposition 3.4 implies that Hriig(U , Q) is trivial for i > n. Using
Poincaré duality [Berthelot 1997a] it follows that

(U,Qy) =0fori <n.

rlg c

From (3) it follows that

(X,Q) = H, (P,Q) fori <n—1.

r1g c rlg c

Using Poincaré duality, it follows that

(X, Q) = H. (P,Q,) forn—1<i<2n.

r1 g rig

Using that X is compact, it follows that

rlgc(X@)_ rlg(X@)N (P@) (P, Q) forn—1<i <2n.

rig rlg c

ng C(U, Qy) =0fori & {n,2n}.
Applying Poincaré duality yields rlg(U, Q) =H"(U,Q4)=0fori ¢{0,dimU}.

The general case can be deduced from this as follows: consider the standard
quotient map z : P" — P sending x; to xiw". Let Y be 7 ~!(X). Let G be the group
associated with 7. From Lemma 3.7 it follows that X is quasismooth if and only if
Y is smooth. Let V be the complement of Y in P". Then from the above it follows
that H'(V) = 0 except for i = 0, n. In particular, de L Q{,’T. One easily

shows that (a’Q{, b T)G = d((Q{, b T)G). This implies that

Using the sequence (3) again, we obtain that H

) ] T, CI)G
Hf(U)=—=O if j #£0,n. ]

(dey, e
Remark 3.9. One might try to prove the vanishing of H(U) for the complement
of an arbitrary quasismooth hypersurface along the lines of the above proof. This
fails if the following happens: Let Hy, ..., H; be the coordinate hyperplanes cor-
responding to coordinates with weight w; > 1. Suppose there is a subset of {H,}
such that X N H;, N H;,N - - - N Hj, is not quasismooth. Then 7 ~!(X) is singular, so
the strategy of the above proof does not apply. Conversely, if 7 ~!(X) is singular

then such a set of coordinate hyperplanes exists.

Theorem 3.10 (Poincaré duality for H' (U;, Q). Let Ao € F, be such that X o IS
quasismooth. There is a nondegenerate pairing

Uz, Qg) x H' 7! (Uy,, Q) — Hit (U, Q)

r1g ¢ rig rig,c

respecting the Frobenius action.
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Proof. Set X = X, and U = U,,. Consider first the case P = P". Then from
Lemma 3.7 it follows that U and X are smooth. The main theorem of [Berthelot
1997a] asserts the existence of such pairings.

The general case can be obtained as follows: consider the standard quotient map
7 :P" — P sending x; tox;”. Let Y be & ~1(X). Let G be the group associated with
7. From Lemma 3.7 it follows that X is quasismooth if and only if ¥ is smooth.
Let V be the complement of Y in P”. Since Poincaré duality is G-equivariant, one

obtains a pairing

Hi,(V, Q)% x Hit (V. Q)% — Hil

rig,c rig,c

(V, Q).
Using the isomorphism (Q’f,)G = Q’l‘], we obtain isomorphisms

Hi,(V,Q)° = Hi (U, Q) and  Hi'(V,Q)% = H (U, Q).

rig rig,¢ rig,c
This yields the proof. U

Theorem 3.11 (Lefschetz trace formula). Let ¢ € F, be such that X;, is quasi-
smooth. Then

> (= 1) trace((g" (Frob*) ") H' (U,,)) = #U7, (Fy).

Proof. Combine the Lefschetz trace formula for rigid cohomology with compact
support [Etesse and Le Stum 1993, théoréme I] with Poincaré duality (Theorem
3.10) and Proposition 3.4. U

Proposition 3.12. The group HO(U;, Q) is one-dimensional, and Frobenius acts
trivially on H(U;, Q).

Proof. Straightforward. U
Let Hjp (U, Q) denote the algebraic de Rham cohomology of Uj;.

Theorem 3.13 (Baldassarri and Chiarellotto). Suppose A is chosen such that X7 is
quasismooth. Then the natural map

Han(U)” Qq) - Hn(Uia @q)
is an isomorphism.

Proof. Consider first the case P = P"*. Then this is precisely the main theorem of
[Baldassarri and Chiarellotto 1994].

The general case can be obtained as follows: consider the standard quotient map
7 : P" — P sending x; to xl.w" .LetY; be n*I(X 2). Let G be the group associated
with 7. From Lemma 3.7 it follows that X, is quasismooth if and only if Y, is
smooth. Let V; be the complement of Y, in P”. Then we have an isomorphism

HC;IILR(V/% G;Dq) - Hn(V/ls @q)
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There is a natural G-action on both groups and it is easy to see that this isomor-
phism is G-equivariant. Moreover, using [Dolgachev 1982, Lemma 2.2.2] we ob-
tain that 7 induces isomorphisms Hé’R(Vi)G = HRx (U;) and H"(V;)° = H"(U;);
hence the natural map

H(’le(U/la @q) - Hn(U/% @q)
is an isomorphism. O

Let G be the defining equation of a quasismooth hypersurface ¥ C P. Let
V :=P\Y. Similar to the case of ordinary projective space, the algebraic de Rham
cohomology of V can be computed using the complex C/ = QP ((k + p)Y). Le.,
the hypercohomology group H" (P, C?) equals H(P, C,t’)/dHO([P’, C,f_l) and

Hip(V)=EP H(P, 1) /dH (P, C}7M).
k

(A proof of this equality can be obtained as follows. After fixing an embedding
Q4 < C and tensoring both sides with C, we obtain that it suffices to prove this
result over C. This is precisely the main result of [Steenbrink 1977].)

More explicitly, the vector space H"(V, Q,) can be identified with the quotient
of the infinite-dimensional vector space spanned by

H
—Q
Gl
with deg(H) =t deg(G) — >_ w;, by the relations

(t—1)HG, — GH,

Q,
GZ‘

where the subscript x means the partial derivative with respect to a coordinate x
on P.
If G = F (the polynomial whose zero-set is the Fermat hypersurface) then this

formula reads as
di—1
(t—l)dini O Hy, 0
F! Ft—l
in H"(U). This motivates the following definition:

Definition 3.14. Let w € Q" (Uy) be a form of the type

H
—Q
Ff
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with H a monomial. Let x; be a coordinate of P such that xl.d i~ divides H. Then
the reduction of w with respect to x; is the form

0 H
0Xx; xl,‘li_l
G- DdF 1

The complete reduction redw := H'/F*Q of w is the form obtained by suc-
cessively reducing with respect to the coordinates x; of P, such that for all i the
exponent of x; in H’ is at most d; — 2.

Note that @ and the reduction with respect to x; of @ represent the same class in
H"(Uyp, Qg ), and that the complete reduction of  cannot be further reduced.

Definition 3.15. Let P* be the pole order filtration on H"(U)), that is w € P’ if
w= %Q for some G € Qg[xp, ... x,].
A

Let k be an admissible monomial type. Recall that we can associate a differential
form wy with it. By definition wy lies in P’, where ¢ is the relative degree of k.

Proposition 3.16. Let A be such that X is quasismooth. Then the set
{wr : k an admissible monomial type}
is a basis for H" (U, Q,).
Proof. The above discussion implies the statement for 1 = 0.
We start by proving that for every integer ¢ the set

{wg : k an admissible monomial type of relative degree ¢}

is linearly independent in P’/P'~ !,
The relations in P’/P'~! are generated by (cf. the discussion before Definition
3.14)

e T
F/{ o d,‘ Xi F){ '
Suppose i is chosen such that a; # 0. Let
()= L
o; = ,
I Aai [ x?’

If G is a monomial of degree td — > w; such that all the exponents of the x; are
at least a; — ¢; j, then
G 0i(G)

F; F;

Qmod P!,
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Note that g; is defined if the exponent of x; is at least a; —d; ;d;, but o; corresponds
to a relation in P’ only if the exponent x; is at least a; — ¢; ;. Similarly, if the
exponent of x; in G is at least d; — 1, then

G o (G

—Q= I—E)Q mod P!,

F F;

Take a nontrivial expression Y brwy that is zero modulo P’ —1. Since the o;

generate the relations, and the o; map monomials to monomials, there exists two

distinct admissible monomial types k, m of relative degree ¢ and a sequence of o;
and o j_l such that

t(wx) =07 ..o (W) = coom,

with

® (o € @q,

o € € {£l},

* a;; #0forall j,

« for all j such that €; = 1 and for all k, the exponent of x; in a;j_ ’1' -..of (or)
is at least a; — d;, «, and

« for all j such that €; = —1I, the exponent of x;; in ij’; _11 . Jfl' (wg) is at least
di. — 1.

J
We will prove below that given such a 7, we can always shorten the length of this
expression by 2, and that this expression cannot consist of one ¢;. Hence the only
possibility for 7 is to be the identity and k; = m; for all i, a contradiction.

We claim that ) = 1 and ¢, = —1. If €; were —1, then in order to apply o;, we
would need that the exponent x;, in wy is at least d;, — 1, contradicting that wy is
associated with an admissible monomial type. Similarly, if €, = 1 we obtain that
the exponent of x;, in w,, is at least d;, — 1, contradicting that w,, is associated with
an admissible monomial type.

Let j be the smallest integer such that €; = —1. This implies that the exponent
of x;; ino;,_,...o5(]] xf") is at least d;; — 1, hence at least for one of the j’ < j
we have i; =i;. Let j’ be the largest integer smaller than j such thati; =i;.

Note that the o; commute as operators on Q, (xo, .. ., x,). Hence, if we consider
the o; as operators on Q (xo, . .. x,) then we have the identities

—1 kiy -1 ki
O-i_,' O-Ij—l . O-lj’o-lj’—l ... 0 (H'xi ) = O-i_,' 0-1.,./0-1]_1 .. O-lj’-HO-l_j/—l -2 0j (H'xi )

— ki
= 0','1;1 e O-i_//+10-i,-/_| ... 0 (Hxl. )
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We need to show that the latter expression corresponds to a series of relations in
P'/P'~! ie., we need to show that for each j” such that j' < j” < j, if

kiy e
Oiyev0iyy Oy - Oy (H X; ) =c[]xS

with c € Q, then e, > a, — 6,,,-j,,+1 for all r.
Suppose that » #i;. Since

ki ’ e,
Tiy - 0y (Hxi’) =c[]x"

with ¢’ € Q, and e. > ay _5r,i_,-~+1 and i lowers the exponent of x, by a, we obtain
e, = e, —a,, Whence e, > a, — o,
Suppose that » =i ;. Since

ki Y
i,y ([Tx7) =" TTx
with ¢” € Q, and e/ > d, — 1, it follows that

ki\ __ e
Oij 01y Oiy -0y (H xX; ) =" []x

n
r

RVES

with ¢’ € Q, and e,” > 0. Since the o;, for j” <k < j’ lower the exponent of x,

by a, we obtain e, = ¢, + (j — j")a, > a,.
We need to show that

{wg : k an admissible monomial type}

spans H"(U;, Q,). If A = 0 then this follows from the discussion before this
proposition. If 1 # 0 and all the weights equal 1 then [Katz 1968, Theorem
1.10] shows that dim H"~1(X, Q) is independent of 4. Using (3) we obtain
that dim H" (U, Q) is independent of 4. The general case follows from this case
by applying the standard quotient map and [Dolgachev 1982, Lemma 2.2.2]. [J

4. Deformation theory

Assume for the moment that [P = P". Following N. Katz, consider the commutative
diagram

*

Frobq,/—L
H"(Ujq) — H"(U;)

A()ﬂ)l A(i)l
FrobZ’0
H"(Up) — H"(Up),

where Frob, ; is the Frobenius acting on the complete family. Since it maps the
fiber over O to the fiber over O this map can be restricted to Uy. Katz studied
the differential equation associated to A(4). He remarked in a note that A(4) is
actually the solution of the Picard—Fuchs equation.
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We first give a way of computing a map B(4) such that
Frob , B(7) = B(4) Froby ;

on a small neighborhood of 0. This matrix B(/) is enough to deduce Frobz’ ; from

FrobZ’O.
Fix a basis
G
F/l
for H"(U}) and write
Gi [ j+t—1\ Gi(F—F))l
F! - j Fi+t

Since F — F) is the product of A with a polynomial with integral coefficients, the
above power series in the x; converges on a small disc. By choosing 4 sufficiently
small, we obtain an overconvergent power series in the x;, hence % defines an
element of H"(Uyp). Let B(A) : H"(U,;) — H"(Uy) be the analytic continuation of

the operator mapping
Yo
F/l
to the complete reduction of (4) in H"(Uy).
In this way we obtain a local expansion of the matrix B(A4) around A = 0. In the

following section we will make this more explicit.
Proposition 4.1 (Katz). We have B(1) Frob, ; = Frob;;’o B(2%) and B(A) = A(A).

Proof. The case P = P" is a combination of [Katz 1968, Lemma 2.10, Lemma
2.13, Theorem 2.14]. The general case is a formal consequence of the special case
by Lemma 3.7, Proposition 4.1 and the definition of H"(U,, Q,) in terms of the
standard quotient map = : P" — P. ]

Remark 4.2. Proposition 4.1 is particularly interesting in the case when we special-
ize to A = 1 where A is the Teichmiiller lift of some element Ay. Then /lg = Ao,
hence Frobz’ 4, 1s a lift of Frobenius on H"(U,,, @;). Using Theorem 3.11 and
Theorem 3.8 we obtain that

_1yn !

(det(I —1g" | A(/lq)‘l(FrobZ’O)‘lA(l)))
1—qg"t

251) = Jim

5. Actual computation of the deformation matrix

In order to compute the matrix A(4) we need to reduce the right hand side of (4)
in H"(Up). We start with a very useful lemma.
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Lemma 5.1. Fix nonnegative integers b; such that > b;jw; + w = td for some

bi
integer t. The complete reduction of ® := l_[;[,- Q equals
[1;((ci + Dw;/d),, Hxiq o
(8)s—s Fs ’

where 0 < c¢; <d; and q;, s are integers such that b; = q;d; +c;, and sd = c;w; +
w,ie,t—s =Y g, provided that c¢; # d; — 1 for all i. If for one of the i we have
¢; =d; — 1 then w reduces to zero in H(Up, Q).

Proof.
The reduction with respect to xo of

bo n b;
xo” [Tizy % 0
t

F
(cf. Definition 3.14) equals

(t — l)dOthl o (t—l)dthl

(provided by > dj). After reducing g; times with respect to x; fori =0, ..., n, we
obtain that w reduces to

(s = DU (1950 (s + Doy + b)) T
(t—Dldi=sFs Q

This in turn equals

(s = D24 (¢ + Dw; fd)g, T o
N (t— D\di=sFs '

If none of the ¢; equals d; — 1 then this is a complete reduction. Using > ¢, =t —s
the first formula follows.

If ¢; = d; — 1 then we can write 7 as (Fy,G/F*)Q, where G does not contain
the variable x;. The reduction of this form is a constant times

G.,
Fs—l

Since G, = 0, this reduction is zero. O

Fix an admissible monomial type k = (wo(ko+1), . .., w,(k, +1)) € (Z/dZ)"+!
of relative degree ¢. We want to calculate the reduction of

[1xf
a2
(F+ ][y



The zeta function of monomial deformations of Fermat hypersurfaces 439

in H"(Up). In order to find a power series expression, we assume that / is suffi-
ciently small, then by (4) this form equals

[ ! (- 1) ™
i —— =2 B =S G R C)
(1_#) j

Note that at most d distinct monomials occur in the reduction of the form.

Definition 5.2. Let 7, s be nonnegative integers, let a; € Qg, fori € {1,2,...,r},
let B; € Qy\Z o for j€{1,2,...,s}. We define the (generalized) hypergeometric

Sfunction
ap o ... Oy
F 3 2
' s(ﬁlﬂz oo Ps )

oo
E bjzja
k=0

to be

with b = 1, and
bjivi  (+a)...(j+oar)
b GHA)...(G+BIG+D)]
for all positive integers j.

Let dl.’ be the order of ¢; mod d; in Z/d;Z. Let d’ be the least common multiple
of all the d;. Set b; =a;d'/d;. In the following proposition and its proof we identify
elements in a € Z/mZ with their representative a € Z such that 0 <a <m — 1.

Proposition 5.3. Let k be an admissible monomial type. Let t be the relative degree
of k. Write A(AD)wx = D cm(A) wm, where the sum is taken over all admissible
monomial types. Then cp (1) is nonzero only if there is a jo € Z with0 < jo<d'—1
and such that m — k = joa. If this is the case then

cm(4)
Hxlflfjo-i-ki
red WQ
equals
. Oi.s
t+jo—1 : ’ 1\ /
( J0 )(—/1)]°d/Fdf_1(j0+1 o2 5 gtds [ (%) (—2)? )
Jo —d/ —d/ —d/ i1 £0 i
with

—1Dd; +1 i jo + ki )
ais:(s )i +1+aijo+ ,s=1,...,b;;i=0,...n
’ aid’
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This proposition almost gives a complete reduction of the form Frob, ; (wx), in the
sense that cx(4) is described as the product of a hypergeometric function and the
reduction of a rational function in the x; multiplied by Q. The latter form can be
easily reduced using Lemma 5.1. )
HE-PgH

A

Proof. 1Tt suffices to compute explicitly a complete reduction of @ :=
H"(Up). We can write @ as

. ki+aij
> () e
- j Ft—i—}
J

r+j—1 . .
Set ¢;,j = ( tJ ) ) Since each reduction step decreases the exponent of x;
J

by d;, we split this sum as follows: write

d'-1 k +a; (jo+d' j)

Jotd'j
Z Z Ctjotd j Ft+jo+d’ EE e e Q.
Jo=0 Jj

For0 < jo<d' —1 set
I ki+ai (jo+d'j)
R . ) i —)Jotd'j
Wjo += th,Joer’J Fitjotd] (=17 Q.
J
From Lemma 5.1 it follows that if k; +a; (jo+d'j) = —1 mod d; for some i, then
wj, reduces to zero. Otherwise, we claim that the reduction of w; is a generalized
hypergeometric function. In order to prove this and to calculate the parameters, we
need to show that
ki+ai(jo+d' j)+aid’

1
cl‘,]0+d,]+d/ red Fl+j()+d/j+d/ Q

(6)

xk i+a;i (jo+d'j)

Ct ]O+d/ red Ft+]0+d/

is a rational function in j. If we reduce with respect to x; then the exponent of x;
is lowered by d;. So if we reduce the numerator b; = a;d’/d; times with respect to
xi, then the exponent of x; in the numerator and denominator coincide. Now
kai+ai(j0+d/j)+aid/

i Q

T - -
ed Fi+jo+d j+d'

equals

H HS 1(k +al(]0+d/])+(s—1)d +1) ednx;(i-l‘ai(jo-l‘d’j)
(t-i—]()-i-d’])Zb H d i Fitjo+d'j
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and
Crjordj+a _ (t+ jo+d ja
Ct,jo+d'j (o+d'j+ Da

Putting this together we conclude that (6) equals

TL T2 i+ aiGo+d'j) + (s — Ddi + 1)
Go+d'j+Dal; d,-bi

This equals

b (., =Ddi+1+a;jo+ki
Hi:ai ;ﬁO(aid/)bi Hi Hszl ('] + aid’ )
nd’ b; ’ . 1
(@) TTirgy 0 i I (5 + 227

Since > b; = d’ the first factor simplifies to
)
. di)
ia;#0

From the second factor we can read off the hypergeometric parameters.
Since the first summand of wj, equals

Hx:l1]0+ i

_ o XX
( /1) Cf,j() Ft+j0 s

by collecting everything together, we obtain that

redw;
Ct,jo(_i)jo
equals
Qs b a; jo+ki
/ . i X
oFoi( jo+1 jot2 o jotkd 3R TT () )red H—ﬂn
77... ...T i:ai#o 1 F
as desired. |

Example 5.4. Consider the family X* + Y> 4+ Z> + 1XY Z. Then we obtain the
following matrix A(A) (with respect to the basis {®(1,1,1), ®2,2,2)})

11 3 2 4 4 3

R 33. =4

3 3. 3.3.
2F‘(%’m) 542F‘(§’27)
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Example 5.5. Another famous example is C; : X* + Y* + Z* + 1X2Y2.
Note thatd' =2,d| =d),=2,d;=0,b; =by =1,b3 =0.
One easily obtains

1 2 1 )2
A(D)we, 1,1y = 1Fy (i ; E) oo, Al oaazn =1Fo (i ; E) ®(1,2,1)>
302 32
A(D) w33 = 1Fy (j ; 1_6) ©02,3,3), Al)owa3) =1Fo (i ; E) 03,2,3)-

A(Z) acts as follows on the basis {®(1,1,2), ©(3,3,2)}

11 2 2 55 2

1L Y 33 )

44 .4 r 4 4.2
2F1( i ’16) 162F1( 2 ’16)

It is classically known that the Jacobian of C; is isogenous to the product of two
elliptic curves with j-invariant 1728 and one elliptic curve E; whose j-invariant
depends properly on A. This factor can also be obtained from the above informa-
tion:

When we restrict A(4) to the subspace spanned by (1,1,2),3,2,2), We find the
same operator as the operator A’ (1) associated with the family E, : X*+ Y%+ 7%+
2X?Y? considered in P(1, 1, 2). One easily shows that this is a family of elliptic
curves, with j-invariant depending on 4. The curve Ey has an automorphism of
order 4 with fixed points, hence j(Ey) = 1728.

In the next section we prove that if ¢ = 1 mod 4 then all the wy, are eigenvectors
for Frob? , let ¢k 4 be the corresponding eigenvalue. Then, for k = (2, 1, 1),

q,0°
1 2
£ l q
1Fo (i e

L 92
7.4
4 .

1£o (_ ; 16)

One easily shows that the factor in front of cg 4, is a fourth root of unity, which
implies that we have twisted the Frobenius action on wy by a quartic character.
Something similar happens when k € {(1, 2, 1), (2, 3, 3), (3, 2, 3)}. This implies
that on a 4-dimensional subspace V, of H 1(X 2, Q) the Frobenius action is a
quartic twist of the Frobenius action on Vo C H'(X, Q). The curve X has
the automorphism [X, Y, Z] +— [Z, X, Y]. From this we obtain that the action of
Frobenius on Vj is isomorphic to two copies of the Frobenius action on Ej.

Froby ; o = A Frob, o A(A7) wy = Ch,qg Ok

Example 5.6. Consider now the quintic threefold X(S) + X ? + Xg + Xg + X 2 +
AX0X1X2X3X4. This family is studied for example by Candelas, de la Ossa, and



The zeta function of monomial deformations of Fermat hypersurfaces 443

Rodriguez-Villegas [Candelas et al. 2003]. We discuss another aspect of this family
in Example 6.11.

One can distinguish between the following five types of subspaces:

We start with V; = span{a)(l,l,l,l,l), (2,2,2,2,2)> ©(3,3,3,3,3) 5 (1)(4,4’4,4,4)}. The cor-
responding matrix is

®(2;4) #4.55@(729) 2;;-355@(438) 22-/132-55(1)(3‘6‘7)
oGl o) S0l wEell) |
ca() ey o(3) Faell)
_'13q)(647l8) 312(1)(34617) _3“1)(2?6) CD(14213)

where we used the shorthand

a $99%
(] ( ) = 4F3 b d N e K
bed 555 O
The other four spaces are less interesting: on V, = span{w(i,1,1,3,4), ©(4,4,4,1,2)}»
A(A) acts as
11 5 2 66 5
=z —A A =z —A
55. 4 ) A 55. 4
21 ( z 3125) 500 21 ( o 3125)

3 ‘Slé )5 é;l )5
_ 5. 5 .
i 2F‘( § ’3125) ZF‘( 3 ’3125)

On V3 = span{®w(2,2,2,1,3), ©¥(3,3,3,2,4)}, A(4) acts as

1) (1
F i ——) —F L
2 1( 3 ’3125) 6250 * 1( 2 ’3125)

12 5 3 67 5

T A ) ¢l -1

55. 55.
ZFl( 2 ’3125) 1875 2Fl( § ’3125)
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On Vs = span{w3 3,1,1,2), ©4,4,2,2,3)}, A(4) acts as
13 5 4 6 8 5
e AN §8 4
55. 55.
21 ( - 3125) 25000 2" ( A 3125)

i, = i, -
20n(igs) (%)
Example 5.7. The final example is the family X* + Y* + Z* + W* + AXYZW.
This is a family of K3-surfaces. This family is also studied in [Dwork 1969, pp.
73-77].

Considered over a number field, every smooth member of this family has geo-
metric Picard number 19 or 20. This implies that when we consider this family
over a finite field, then every smooth member has geometric Picard number at least
20. From the Tate conjecture (which is proven in this case [Nygaard and Ogus
1985] if p > 5) it follows that every smooth member has Picard number 20 or 22.
This implies that at least 19 of the eigenvalues of FrobZ’ , on H*(U,) are of the
form g¢, with ¢ a root of unity. We will indicate how one can obtain this result
from the methods described in this section.

First we calculate the operator A(4). We obtain that

L4
AL = 1F| ?2;,— .
Dowaa23 = 1F (_ 256) ©(1,2,2,3)

The operator A(4) leaves the space spanned by @(;,13,3) and (3 3,1,1) invariant.
Its action is as follows:

13 4 2 35 4

P3O0 2 232

4 4. AT 44.
2Fl( ! ’256) 322F1( 3 ’256)

One easily computes that
L3 )4 )2 35 )4 L 42
2F1(414;—)ﬂ:—2F1(434;—)= 11”0(2 ;—)
5 256 32 5 256 - 16

R
A(D) w133 03311 = 1F0 (i ?) o(1,1,33) £ 0E3,1,1)-

hence

As explained in the previous example, this implies that if g = 1 mod 4 then Frob} q
restricted to the subspace generated by the (12,2 3), ®(1,1,3,3) and all the coordinate
permutations of these forms, is a (quartic) twist of Froba 4+ Using Jacobi sums one
can show that the Frobz';, o restricted to this subspace has only eigenvalues of the
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form g ¢, with { a root of unity. This yields 18 eigenvalues of Frob; , of this form.
Since the number of eigenvalues of Frobj , that are not of this form is even, and
the complementary subspace has dimension 3, there is a nineteenth eigenvalue of
the form g¢ .

The final subspace under consideration is span{w(i,1,1,1), ©(2,2,2,2), ¥3,3,3,3)}-
We obtain the following matrix with respect to this basis:

LLLo a4\ 53 555 54\ 2 555 4
3F2(41434§—) 3}72(43474;_) 3172(43434;_)
13 °256) 1536 3 7725) 1024 237256
111 4 111 4 3 333 4
533. 4 355 A -y 333
_/13F2(23252’ ) 3F2(21232,—) —3F2(25272,—)
227256 13°25) 192 277256
SIS I EEI
A 3F2( % 3 ’256) —24 3F2( é 5 ’256) 3F2< }1 é ’ﬁ)

6. Fermat hypersurfaces and equivalence relations

In the previous sections it is shown how to calculate the deformation matrix A(A).
In this section we discuss the Frobenius action on the central fiber.

Lemma 6.1. Let k be an admissible monomial type. Let m = qk. We have
Frobg , wkx = ¢k gwm for some cg 4.

Proof. Take as a lift of Frobenius the morphism x; x? . Then

qu itq-1 .qki (F9—F(x]))/
F(x (1)[ th J Faj+t

Frob ol@) =

One can easily show that any exponent of x; in this sum is congruent to gk; +¢g —
1 mod d;. Hence there is only one monomial type m occurring in the reduction,
namely gk. (]

Remark 6.2. Suppose ¢ = 1 mod d. It is well-known that the eigenvalues of
Frobenius on H"(U) are of the form ¢"~!/ Ji,q4, where Jy 4 is a so-called Jacobi
sum. Note that the assumption on g implies that gk = k. So the set of Jacobi
sums coincides with the set of ¢ 4 (cf. the Introduction). A stronger result will be
proved in the sequel.

Definition 6.3. Two monomial types are called strongly equivalent if and only
if their difference is a multiple of the deformation vector. Two monomial types
are called weakly equivalent if and only if there exists nonzero multiples of both
monomial types that differ by the deformation vector.

The characteristic polynomial of Frobenius on the cohomology can be factorized
in factors corresponding to the weak-equivalence classes of monomial types:



446 Remke Kloosterman

Theorem 6.4. Let k be an admissible monomial type. Let S be the set of monomial
types that are weakly equivalent to k and let S" be the set of monomial types that
are strongly equivalent to k. Then

/
Frob; , o = E Cim,q®m

meS

for some c;n’ ¢ € Qq. In particular, the characteristic polynomial P (T of Frobenius
on H"(U) can be factored as P(T) =[]y P (T), where the product is taken over
all weak-equivalence classes, and Py(T) is an element of Q [T of degree equal
to the number of distinct admissible monomial types in the weak-equivalence class
[k].

If, moreover, g = 1 mod d then

/
Frob; , wp = E Cin,q@m

meS’

for some c, 4 € Qq. Inparticular, the characteristic polynomial P(T) of Frobenius
on H"(U) can be factored as P(T) = H[k] P (T), where the product is taken over
all strong-equivalence classes, and Py(T) is an element of Qg [T '] of degree equal
to the number of distinct admissible monomial types in the strong-equivalence class

[k].

Proof. Since Frob; , = A(L)~! Frob, o A(A%), it suffices to prove that all these
three operators leave the subspace span,, . g(wn) (if ¢ # 1 mod d) or the subspace
span,, s (wm) (if g =1 mod d) invariant. For A(4)~! and A(A9) this follows from
Proposition 5.3. For Frob, ¢ this follows from Lemma 6.1. O

Remark 6.5. In Corollary 6.10 we show that the factorization mentioned above
gives factors which are polynomials with Q-coefficients rather then with Q,-coef-
ficients.

It remains to show that weak equivalence is the same relation as “indistinguish-
able by automorphisms”.

Definition 6.6. We call b € (Z/dZ)"*" an admissible automorphism type if b can be
written as (wobg, w1b1, ..., w,b,) € (Z/dZ)”“, such that D" w;b;a; = 0 mod d.
Define o3 to be the automorphism

wob wib wpb,
[Xo:x1 i 1x 0> [& " %0 1y Xy s 18y X

We call two monomial types k and m distinguishable by automorphisms if there
exists an admissible automorphism type b € (Z/dZ)"*! such that

ab(foi):foi and ab(Hx?”);éHx:"".
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Theorem 6.7. Two monomial types k and m are weakly equivalent if and only if k
and m are not distinguishable by automorphisms.

Proof. One easily sees that o(;,) fixes wy if and only if Hxlk i*1 s fixed by o).
This in turn is equivalent with

> biki + 1)w; =0 mod d,

and similarly for m.
(‘="). Suppose k and m are weakly equivalent. Then we have a relation

sk+tm=ra,

with s, ¢ € (Z/dZ)*. 1t suffices to show that if b is an admissible automorphism
type then

> bitki+ Dw; =0modd <= D b;(m; + 1)w; =0 mod d.
Since k and m are weakly equivalent we have
N Zbiwi(ki + 1) —f—th,’wl‘(Wli + 1) =r Zb,-a,-wi =0modd.

Hence
s> biwi(m; +1)=—t > bjw;(k; + 1) mod d.
Since s and ¢ are invertible, the above claim follows.

(‘<"). Suppose k and m are not distinguishable by automorphisms. Take b
such that o3 (wr) = wy and op (W) # @, Hence

Zbi(k,- + 1Dw; =0mod d,

and
> bi(m; + 1)w; # 0 mod d.

Suppose k and m are weakly equivalent, i.e., we have a relation
sk+tm=ra
where s and ¢ are invertible in Z/dZ. Then
s D biwi(ki +1)+1 D> bigi(m;+1)—r > bjajq; =0mod d.

Since the first and third summand are zero, the same holds for the second summand.
Contradicting that it should be nonzero. So we cannot have a relation

sk+tm=ra.

Hence k and m are not weakly equivalent. (]



448 Remke Kloosterman

Definition 6.8. Assume that g = 1 mod d (i.e., F; D [F,(¢4)). Let x be the d-th
power residue symbol. Let k be an admissible monomial type. Let k; be the i-th
entry of k, i.e., w; (k; + 1). Then the Jacobi-sum associated with k is defined as

Jig = (=)™ > 2Dy 2%y (o).

Corollary 6.9. Assume g =1 mod d. Let k be an admissible monomial type. Let S
be the set of monomial types that cannot be distinguished by automorphisms from
k. Then the sets Sy :=1{q" /cm,q :m € S} and Sy := {Jjm,4 : m € S} coincide.

Proof. Let G C [[Z/d;Z be the group of automorphisms that fixes wg. Then
Xo/G is a Fermat variety in a different weighted projective space ', It is well-
known that the eigenvalues of Frobenius on the primitive part of Hr’i‘f; Cl (Xo/G) are
Jacobi-sums appearing in Sy; see [Gouvéa and Yui 1995], for example.

The group H"(U/G) is canonically isomorphic with the subspace of H"(U)
generated by the forms w,,, where m € S (this follows from [Dolgachev 1982,
Lemma 2.2.2]). This implies that all the ¢" /¢, 4 With m € § are eigenvalues of

Frob on H" !(X(/G). Hence S| = S». O

rig,c

Corollary 6.10. Let 1 € F,. Let P(t) be the characteristic polynomial of Frob; on
H"(U;, Qq). Then
Py =[] Pu,
[k]

where the product is taken over all weak-equivalence classes of admissible mono-
mial types. Let k be an admissible polynomial type. Then Py (t) is an element
of Q[t] and its degree equals the number of admissible monomial types that are
weakly equivalent with k.

Proof. Fix for the moment a monomial type k. Let Gy C []|Z/d;Z be the group
of automorphisms that fixes wg. Then X/ Gy is a Fermat variety in a different
weighted projective space P’ and H" (Uy/ G, Q) is canonically isomorphic with
the subspace of H" (Uy, Q) generated by the form w,,, where m is weakly equiv-
alent with k. This enables us to write

H"(U)=ED H"(U/Guy.
[k]

For every weak-equivalence class of monomial types, set P (t) € Q[¢] to be
the characteristic polynomial of Frobenius acting on H"(U/Gxj). Then P(t) =
H P[k] (l), we have P[k] (t) € Q[¢] and

deg( P (1)) =dim H"(U/Gx)) =#{m : k and m are weakly equivalent},
which finishes the proof. (]
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Example 6.11. Consider the case of the quintic threefold in P*, with deformation
vector a = (1, 1, 1, 1, 1). Up to interchanging coordinates we have the following
five strong equivalence classes:

(1) [0,0,0,0,0],[1,1,1,1,1],[2,2,2,2,2],[3, 3, 3,3, 3].
(2) [0,0,0,2,3],[3,3,3,0, 1]. (20 Permutations possible)
3 [1,1,1,0,2],[2,2,2, 1, 3]. (20 Permutations possible)
“) [0,0,1,1,3],[2,2,3,3,0]. (30 Permutations possible)
) [2,2,0,0,1],[3,3,1, 1, 2]. (30 Permutations possible)

The classes (2) and (3) form one weak-equivalence class, the same holds for (4)
and (5). Over an arbitrary finite field we obtain three distinguishable factors of
the zeta function, all three of degree 4. One factor is occurring with multiplicity
30, one factor is occurring with multiplicity 20, and one factor is occurring with
multiplicity one. This is in agreement with [Candelas et al. 2003].
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Dual graded graphs for Kac—Moody
algebras

Thomas F. Lam and Mark Shimozono

Motivated by affine Schubert calculus, we construct a family of dual graded
graphs (I, I',) for an arbitrary Kac—-Moody algebra g. The graded graphs have
the Weyl group W of geh as vertex set and are labeled versions of the strong
and weak orders of W respectively. Using a construction of Lusztig for quivers
with an admissible automorphism, we define folded insertion for a Kac—Moody
algebra and obtain Sagan—Worley shifted insertion from Robinson—Schensted
insertion as a special case. Drawing on work of Proctor and Stembridge, we
analyze the induced subgraphs of (T, I',,) which are distributive posets.

1. Introduction

The Robinson—Schensted correspondence is perhaps the most important algorithm
in algebraic combinatorics. It exhibits a bijection between permutations and pairs
of standard Young tableaux of the same shape. Stanley [1988] investigated the
class of differential posets (also studied in [Fomin 1986]). Fomin [1994] studied
the more general notion of a dual graded graph to formalize local conditions which
guarantee the existence of a Robinson—Schensted style algorithm.

In this article, we construct a family of dual graded graphs (I's, I',)) associated
to each Kac—Moody algebra g. These graded graphs have as vertex set the Weyl
group W of g. The pair (I'y, ') = (I's(A), 'y, (K)) depends on a pair (A, K)
where A is a dominant integral weight and K is a “positive integral” element of
the center Z(g). In every case I',, is obtained by labeling the left weak order of W
and I'y is obtained by labeling the strong Bruhat order of W.

These labelings are motivated by the Schubert calculus for homogeneous spaces
associated to the Kac—-Moody group G with Lie algebra g. For w € W, let ¢ €
H*(G/B) denote the cohomology Schubert classes of the flag manifold of G. If
A = A; is the i-th fundamental weight, then an edge v << w in I';(A) is labeled with
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Keywords: dual graded graphs, Schensted insertion, affine insertion.
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the coefficient of £* in the product % &, also called a Chevalley coefficient. When
g is of affine type and K = K4, is the canonical central element, the analogous
statement holds (Proposition 2.17) for I',(K) with the homology Schubert classes
¢w € H,(Gr) of the affine Grassmannian corresponding to g replacing the coho-
mology classes. Thus the combinatorics of these graphs encode computations in
Schubert calculus, and the duality of the graded graphs (I'y, I',,) is a combinatorial
skeleton of the duality between cohomology and homology of homogeneous spaces
of G.

In the case of the affine Grassmannian, the dual graded graph structure arises
from the pair of dual graded Hopf algebras given by H,(Gr) and H*(Gr): one may
define the down operator by the action of the homology class ¢, on the Schubert
basis of H*(Gr) and the up operator by multiplication by &% for any fixed simple
reflection s;. It is a general phenomenon that pairs of dual graded combinatorial
Hopf algebras yield dual graded graphs; we shall pursue this in a separate publi-
cation [Lam and Shimozono > 2007].

Chains in the graded graphs (I'y, I';)), which we call strong and weak tableaux,
are natural generalizations of standard Young tableaux. To go one speculative step
further, we believe that the generating functions of an appropriate semistandard
notion of strong and weak tableaux would give polynomials which represent cer-
tain homology and cohomology Schubert classes, in particular for homogeneous
spaces corresponding to maximal parabolics, generalizing Schur functions, Schur
Q-functions and the like. While this statement is vague in general, it can be made
much more precise when g is of affine type, and has already been achieved in one
case.

In the case that g is of the affine type A,(L)l our construction recovers the dual
graded graphs that were implicitly studied in our joint work with Lapointe and
Morse [2006]. The weak and strong tableaux in [Lam et al. 2006] are semistan-
dard generalizations of the corresponding objects here; in the same work, an affine
insertion algorithm was explicitly constructed for semistandard weak and strong
tableaux, and from [Lam 2006; Lam et al. 2006] we know that the corresponding
generating functions do indeed represent Schubert classes of the affine Grassman-
nian of type A. In the limit n — oo of the A,(L)l case, our construction reproduces
Young’s lattice, which is the self-dual graded graph that gives rise to the Robinson—
Schensted algorithm.

Having constructed the Kac—Moody dual graded graphs we study two further
aspects of these graphs in detail.

The first aspect is motivated by the relation between the Robinson—Schensted
insertion and Sagan—Worley shifted insertion. Using Lusztig’s construction [1993]
which associates to each symmetrizable generalized Cartan matrix A, a symmetric
generalized Cartan matrix B equipped with an admissible automorphism 7z, we
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show that any dual graded graph of the form (I'2, T'4) for g(A) can be realized in
terms of one of the form (I'2, T'2) for g(B). In particular, for any affine algebra,
any of the dual graded graphs (I'y, I';,) can be realized using a dual graded graph
for a simply-laced affine algebra. In particular we obtain a Schensted bijection for
type c,§ ), using the insertion algorithm of [Lam et al. 2006] for type A(l) .Asn
goes to infinity, the type C( ) insertion converges to Sagan—Worley insertion [Sagan
1987; Worley 1984]. As a related result, we define a notion of mixed insertion
for dual graded graphs equipped with a pair of automorphisms. This generalizes
Haiman’s variants of Schensted insertion known as left-right, mixed, and doubly
dual insertion [Haiman 1989].

The second aspect we investigate are the induced subgraphs of the pair (I, ')
which are distributive lattices when considered as posets. These are precisely the
conditions under which one may describe our strong and weak tableaux by “fill-
ing cells with numbers” as in a usual standard Young tableau. Here we draw on
[Proctor 1984; 1999; Stembridge 1996], which classify the parabolic quotients
of Weyl groups of simple Lie algebras whose left weak orders (or equivalently
Bruhat orders) are distributive lattices. We sharpen these results slightly to show
that in these cases, the distributivity is compatible with the edge labels of the graphs
([s, T'y); see Section 6B. These distributive parabolic quotients have also appeared
recently in the geometric work [Thomas and Yong 2006]. They show that in these
cases one may use the jeu-de-taquin to calculate Schubert structure constants of
the cohomology of (co)minuscule flag varieties. We do not recover this result, but
we note that their notion of standard tableau, fits into our framework as strong
(or weak) tableaux for the distributive parabolic quotients, with the edge labels
forgotten.

2. Dual graded graphs for Kac—-Moody algebras

2A. Dual graded graphs. We recall Fomin’s notion of dual graded graphs [Fomin
1994]. A graded graph is a directed graph

T =(V,E,h,m)

with vertex set V and set of directed edges E C V2, together with a grading function
h:V — Z-¢, such that every directed edge (v, w) € E satisfies h(w) =h(v)+1 and
has a multiplicity m (v, w) € Z>(. Forgetting the edge labels m, I' may be regarded
as the Hasse diagram of a graded poset. We shall interpret m (v, w) as making I’
into a directed multigraph in which there are m (v, w) distinct edges from v to w.

I' is locally finite if, for every v € V, there are finitely many w € V such that
(v, w) € E and finitely many u € V such that (u,v) € E; we shall assume this
condition without further mention. For a graded graph I' = (V, E, h, m) define the
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Z-linear down and up operators D, U : ZV — ZV on the free abelian group ZV
of formal Z-linear combinations of vertices, by

Ur() = Z m(@,w)w and Dr(w)= Z m(v, w)v.

(v,w)EE (v,w)eEE

A pair of graded graphs (I', I'") is dual if T and T’ have the same vertex sets and
grading function but possibly different edge sets and edge multiplicities, such that

DrlUr—UrDr/ =rld (1)

as Z-linear operators on ZV, for some fixed r € Z.o. We call r the differential
coefficient. When I' = I'” and all the edges have multiplicity one, we obtain the
r-differential posets of [Stanley 1988].

Remark 2.1. The duality property implies that V is infinite.

Example 2.2. Let ' =Y be Young’s lattice, with (4, i) € E if the diagram of the
partition u is obtained from that of 4 by adding a single cell (in which case we
say that the cell is A-addable and p-removable), all edge multiplicities are 1, and
h(A) = |A| is the number of cells in the diagram of A. Then (Y, Y) is a pair of dual
graded graphs with differential coefficient 1.

2B. The labeled Kac—Moody weak and strong orders. In this section a new fam-
ily of dual graded graphs is introduced.

Let I be a set of Dynkin nodes and A = (a;;);, je1 be a generalized Cartan matrix
(GCM), that is, one with integer entries which satisfies a;; =2 for all i € I, and for
all i # j,a;; <0and a;; <0if and only if a;; <0. Let g = g(A) denote the Kac—
Moody algebra over C associated to A [Kac 1990], h C g the Cartan subalgebra,
and h* the dual. Let {a; | i € I} C h* be the simple roots, {a, | i € I} C b the
simple coroots, and {A; | i € I} C h* the fundamental weights, with a;; = (o’ , a;)
where (-, -) : h x h* — C is the natural pairing. We assume that the simple roots
are linearly independent and the dimension of ) is chosen to be minimal. Let W
be the Weyl group of g: it has generators s; for i € I and relations si2 =1foriel
and (s;s;)"7 =1 for i, j € I with i # j, where m;; is 2, 3,4, 6 or co according
as ajjaj; i 0,1,2,3 or > 3. Let £ : W — Z- be the length function on W. Let
A = W -{a; | i € I} be the set of real roots and Art = AN @ie] Zsoa; the
positive real roots. The associated coroot a¥ of a € AL is defined by a¥ = ua’,
where u € W and i € I are such that @ = ua;. For a € A, let s, = us;u~" denote the
reflection associated to a. The strong order (or Bruhat order) < on W is defined
by the cover relations w < ws, whenever {(ws,) =€(w)+ 1 for some a € A} and
w € W. The left weak order (W, <) is the subposet of (W, <) generated by the
cover relations w < s;w whenever £(s;w) = £(w) + 1 for some i € I and w € W.
The left descent set of v is defined by Des(v) ={i € I | s;v < v}.
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Given A in the set P™ of dominant integral weights, let I';(A) be the graded
graph with vertex set W and edges (v, w) € W? such that v < w, with multiplicity
ma(@, w)={a",A), where a € Art is such that w =vs,. Leti € I and u € W be
such that & = ua;. Then

mA(v,u))z(ual-v,A)=(a,-v,u_1A). )

Let Z+ = Z*(a(A)) = Z(a(A) N D
g(A). If K € ZT, writing K = >
dependence amongst the rows of A.

Given K € Z*, let T',,(K) be the graded graph with vertex set W and edges
(v, w) € W? such that v < w = s;v, with multiplicity

ng (@, w) =k =(K,A;). 3)

Both I';(A) and I',,(K) are graded by the length function.
Theorem 2.3. Let (A, K) € P x Zt. Then (I's(A), T (K)) is a pair of dual
graded graphs with differential coefficientr = (K , A).

Proof. Let U = Ur,(a) and D = Dr, (k). The coefficient of u # v in (DU —U D)v
is given by

Z>oa , where Z(g(A)) is the center of
, the vector (k;);c; defines a linear

l€1

zeI

w

> ki@ A= D k(e A).

(,0)el x AL (i,0)el x AL
D<VSy Si0 =<0
U=S; DSy <DSy $i0 <8V Sq=U

This quantity is zero because the indexing sets of both sums coincide, by two
versions of [Humphreys 1990, Lemma 5.11].

For every i € [ and v € W, either v < s;0 or s;u < v is a covering relation. It
follows that the coefficient of v in (DU — U D)v is

Z ki(o™ ey, A) — Z ki{(siv) e

iel\Des(v) ieDes(v)
=D k') A) =D kilo) ,vA)
iel iel
= (K, vA)= ('K, A)=(K,A),
We have used the W-invariance of (-, -) and K. O

Remark 2.4. Fori € I and v € W, the multiplicity of the edge (v, vs,) in I['(A;),
is the Chevalley multiplicity, given by the coefficient of £« in the product &% &7,
where ¢” € H*(G/ B) is the Schubert cohomology class for the flag manifold G/B
associated with the Kac—-Moody algebra g [Kostant and Kumar 1986].

In Proposition 2.17 we will relate the multiplicities of the weak graph I',,(K)
with the homology multiplication of the affine Grassmannian, in the case that g(A)
is of untwisted affine type.
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2C. Tableaux and enumeration. Let I' = (V, E, h, m) be a graded graph and
v,weV.AT-tableau T of shape v/w is a directed path

miy my my
=(w=v9g—>v] —> -+ —> 0y =)

from w to v in I', where m; is an element taken from a set of m(v;_1, v;) possible
markings of the edge (v;—1,v;). In the multigraph interpretation, m; indicates
which of the m(v;_1, v;) edges going from v;_ to v;, is traversed by the path.

Let v = out(T) and w = in(T) the outer and inner shapes of T respectively, and
denote by J(I") the set of I'-tableaux, and J(I', v /w) the subset of those of shape
v/w.

Example 2.5. For Y as in Example 2.2, Y-tableaux are standard Young tableaux.
If I has a unique minimum element 0, we say T has shape v if in(T) =

Theorem 2.6 [Fomin 1994]. Let (I',T) be a pair of dual graded graphs with
differential coefficient r. Then

=D fift @)

veV
h(v)=n

where £ =1|J(I,v)| and f£ =TI, v)|.

Example 2.7. Let ' =T’ =Y. Then by Examples 2.2 and 2.5, Equation (4) is the
well known identity n! =3, f f, where A ranges over the partitions of n and f; is
the number of standard Young tableaux of shape A.

The graphs I',,(K) and I'5(A) both have minimum element id € W. We call
I',(K)-tableaux (standard) K -weak tableaux and I'i(A)-tableaux (standard) A-
strong tableaux.

Corollary 2.8. Let g be a Kac—Moody algebra and (A, K) € P+ x Z™. Then for
each n € Z>y we have

r'n!= Z fweak trong (5)

[(w):n

w

where r = (K , A), fyeq is the number of K-weak tableaux of shape w and f o

is the number of A-strong tableaux of shape w.

In Section 3 standard Young tableaux are realized as special cases of both K-
weak and A-strong tableaux using affine algebras of type AW,
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2D. From dual graded graphs to Schensted bijections. A differential bijection
for the pair of dual graded graphs (I, I'’) is one that exhibits the equality (1); we
give a precise definition below. By [Fomin 1995], a differential bijection induces
a Schensted bijection (see (8)) which describes the enumerative identity (4).

We recall Fomin’s theory in more detail. Given r € Zx¢, let S(r) be a set
of cardinality r. Sometimes we may write S(r) for a particular set of cardinal-
ity . Let (I, ') be a pair of dual graded graphs with I' = (V, E, h, m) and
I'"=(V, E’, h,m") and differential coefficient r. Given x, y € V, define U%D,, =
{(z,m,m)eVxZ*,|(z,y) €E,(z,x) €E',m <m(z,y),m <m'(z,x)} and let
DUy = {(w, M, M) € V x Zio | (x,w) € E,(y,w) € E',M <m(x,w), M’ <
m'(y, w)}. UD,, represents the set of marked paths going down one step in I"
from x to some z € V and then up one step in I' from z to y. Similarly, 9U,,
represents the set of marked paths going up one step in I' from x to some w € V,
and then down one step in I’ from w to y. To cancel the off-diagonal terms in (1),
for every (x, y) € V2 with x # y, there must be a bijection

Dy UD yy = DUy, (6)

and to obtain agreement of diagonal terms in (1), for each x € V there must be a
bijection
D, : Sr)LUD, — DU, @)

where U, = DUy, and UD, = UD,,. By definition, a differential bijection for
(', T), is a collection ® = (D,,; d,) of such bijections d, and D,.

Example 2.9. Let I' =Y with dual graded graph structure on (Y, Y) as in Example
2.2. For 4 € Y, since all edges have multiplicity 1, 99U, is in bijection with A-
addable corner cells and U%) is in bijection with A-removable corner cells. The A-
addable and A-removable corner cells of 4 are interleaved. Let ®, send the unique
element of the set S(1), to the A-addable corner cell in the first row of 4, and send
a A-removable corner to the nearest 1-addable corner with higher row index. For
A # u the sets 9U,, and UL, , have the same cardinality, which is either O or 1,
so there is no choice for the definition of ®@;,. This defines a differential bijection
@ for (Y, Y).

Let P,(r) be the set of r-colored permutations of n elements. We realize o €
P, (r) as an n x n monomial matrix (one with exactly one nonzero element in each
row and in each column, whose nonzero entries must be taken from a set S(r) of
cardinality r such that 0 ¢ S(r)).

We assume that I” and T have a common minimum element 0 such that & (6) =0.
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A Schensted bijection 1 for (I, T') is a family of bijections (for all n € Z-)

P,(r) — |_| T[T, 0) x T, 0)
hl()ne)‘;n (8)
o~ (P, Q).

We fix a differential bijection @ for (I', I'") and define the induced Schensted bi-
jection lgp.

Given 0 € P,(r), we shall define a directed graph G with vertices G;; € V
for 0 < i, j < n, which is depicted matrix-style. It shall have the property that
(1) adjacent vertices G; j_1, G;; in a row, are either equal, or they form an edge
(Gi,j-1, Gij) € E with marking m € S(m(G,,j—1, G;;)), and (2) adjacent vertices
Gi-1,j, Gij in a column, are either equal, or they form an edge (G, ;, G;j) €
E' with marking m’ € S(m'(G;_1,j, Gi;j)). Moreover, (3) G;_1,; # G;; (resp.
Gi j—1 # G;j) if and only if the unique p such that o,; # O (resp. g such that
oiq # 0) satisfies p < i (resp. ¢ < j). In particular (ignoring the equalities), for
each i, the i-th row G, is a I'-tableau and for each j, the j-th column G,; is a
['-tableau. For the sake of uniform language we shall always imagine that there
is a marked edge G, ;1 — G;j and G;_; — G,;, but when the vertices coincide
the marked edge degenerates.

G is defined inductively as follows. The north and west edges G, and G4 of
G are initialized to the empty tableau: G;o = Go; = 0 for all 0 <i, j <n. To define
the rest of G, it suffices to give a local rule, which, given the marked edges

m m’
Gi-1,j-1—~> Gi—1; and Gy -1 —> G;j_1,

and the value o;;, determines G;; € V with markings M € S(m(G; j—1, G;;)) and
M e S(m/(G,',I,j, G,’j)).

This is depicted below. Use z, y, x, w to denote G;_1 1, Gi—1,j, Gi j—1, Gij
for convenience and write ¢ = ¢;;. In later examples we shall indicate o;; = 1 by
the symbol ® and ¢;; = 0 by a blank.

m m
Gi1,j-1—=Gi-1, z—> ©)
| I
m’j Oij I M m’ c | M

G G :
jji—1————>0jj X— — >Ww
i,j—1 ; ij v

The local rule is defined using ©.
) Ifz=x=y:

(@) If c=0, set w =z.
(b) If ¢ #£0, let @, (c) = (w, M, M').
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(2) If z£x =y thenlet ®,(z, m,m") = (w, M, M’).
(3) If z=yand z #x thenlet w=x and M' =m’.
4 Ifz=xandz# ythenletw =y and M = m.
(5) If z, x, y are all distinct, then let (w, M, M") = O, (z, m, m").
This uniquely determines G [Fomin 1995]. Its south edge G,, is a I'-tableau P
and its east edge G,, is a ['-tableau Q, both of a common shape v = G,,, € V
with i (v) = n. This well-defines a map I as in (8).

For the inverse of 1o, let » € V be such that 2(v) =n, and let (P, Q) € T(I', v) x
J(T’,v). To recover ¢ € P,(r), we initialize the south and east edges of G to P

and Q respectively. Then for each 7, j and two by two subgraph as above, we apply
the inverse of the above local rule. Given labeled edges

M M’
x—>w and y— w,
it determines z € V and marked edges
m m’
z—y and z—>x

and a value ¢ € {0} U S(r), such that ¢ # 0 if and only if z =x = y # w and
CDZ*l(w, M, M") = c. The inverse local rule is defined as follows.

1) Ifx=y:
(@) fw=x,letz=x.
(b) If w # x:

() Ifc:= 0 (w, M, M’) € S(r): let z = x.
(ii) Otherwise ®;'(w, M, M') = (z, m, m’).

Q) Ifw=x#y,letz=yandm' =M.
B Hw=y#x,letz=xandm=M.
(4) If x, y, w are all distinct, let (z, m, m") = @} (w, M, M’).

In all cases but (1)(b)(i) let ¢ = 0. Using the inverse local rule the rest of G is
defined [Fomin 1995] and one obtains a well-defined element ¢ € P, (7).

Theorem 2.10 [Fomin 1995]. Let (I, ') be a dual graded graph with differential
coefficient r. Then for any differential bijection ® for (', "), the above construc-
tion defines a Schensted bijection 1o of the form (8).

We call I is the Schensted bijection induced by the differential bijection ®.

Example 2.11. The differential bijection ® of Example 2.9 induces Schensted’s
row insertion bijection [1961].
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Remark 2.12. For the Kac-Moody dual graded graphs (I',,(K), I';(A)) there is a
natural choice for the off-diagonal part of the differential bijection. If v # w with
v, w € W then @, is essentially obtained from [Humphreys 1990, Lemma 5.11],
just as in the proof of Theorem 2.3. For i € Des(v), the marked down-then-up path

!

m m
D —> S;0 —> S;VSy = W

maps to the marked up-then-down path

’

m m
D —> 0S; —> SiUS, = W.

Here m and m’ denote edge markings, which in either case are selected from sets
of size ma (s;jv, sivs,) = (a" , A) =mx (v, vs,) and ng (A;) respectively.

Currently we are not aware of a general rule for ®, which exhibits the coefficient
of v in (DU — U D)v as (K , A). In Section 3 we shall give a special case where
the bijection @, has been constructed explicitly.

2E. Automorphisms and mixed insertion. This section is a natural synthesis of
the ideas of [Fomin 1994] and [Haiman 1989] which does not seem to have been
written down before. We believe this construction is particularly interesting for
Kac—Moody dual graded graphs (see also Section 4).

Let (I, T'’) be a pair of dual graded graphs with I' = (V, E,m,h) and I =
(V, E',m’, h). Say that a permutation 7 : V — V is an automorphism of (T', I'")
if (1) hor =h, (2) (x,y) € E if and only if (z(x), t(y)) € E, and in this case,
m(x,y) =m(z(x), 7(y)), and (3) (x, y) € E’ if and only if (z(x), 7(y)) € E’, and
in this case, m’(x, y) = m'(z (x), t(y)).

Given a differential bijection ® for (T, I'’), we define its twist ®* by 7 as fol-
lows. For every x, y € V there are natural bijections 7 : ULy, — UD; (x)¢(y) given
by (z, m,m’")— (t(z),m, m’) and 7 : DUy, — DU, (x)z () given by (w, M, M') —
(t(w), M, M’). Let r : S(r) — S(r) be the identity permutation. Then define
CI);y =7lo D (x)e(y)o 7. It is easy to verify that ®° is also a differential bijection
for (', ).

Example 2.13. Let ' =T’ =Y and tr : Y — Y the automorphism of (T', ') that
transposes partition diagrams. Let @ be the differential bijection in Example 2.9.
Then Igr is Schensted’s column insertion bijection [Schensted 1961].

For the sequel we assume that 7 has finite order x. A I'-tableau whose edges
have an auxiliary marking parameter p € S(x) = {0, 1,...,x — 1} is called a z-
mixed T'-tableau. Let I, (") be the set of 7-mixed I'-tableaux. Suppose 7’ is an
automorphism of (I, I'’) of order x’. Let (I', I"/; z, /) denote the pair of dual
graded graphs given by I and I'" except that I'-edges (resp. I'’-edges) are labeled
by (m, p) with p € S(x) (resp. (m’, p") with p’ € S(x’)) and m (resp. m’) is a usual
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edge label for " (resp. I'’). This multiplies the number of markings for each edge
of I' (resp. I'”) by x (resp. ). The differential coefficient of (I, I'’; 7, t’) is rxx’
where r is the differential coefficient of (I, I').

Let @ be a differential bijection for (I', I'"). Then there is an obvious differential
bijection (also denoted @) for (I', I'’; 7, t’), defined by a trivial scaling by x in T’
and by " in T".

We define another bijection

Po(e'r) > | | Te (T, x) x T (I, x), (10)
hfxe)zn
called (z, t)-mixed insertion by modifying the process in which we construct the
matrix G;; from the colored permutation ¢ . Instead of using the same differential
bijection ® to compute each G;;, we use twists of ® by automorphisms that depend
on (i, j).

Let o € P,(xx'r). Regard o as a monomial matrix in which each nonzero entry
has three labels (c, p, p’) € S(r) x S(x) x S(x’), where S(x) ={0,1,...,x — 1}
and S(x")=1{0, 1, ..., k" —1}. Each horizontal (resp. vertical) edge is marked by a
pair (m, p) (resp. (m’, p’)) where m (resp. m’) is the usual marking and p € S(x)
(resp. p’ € S(x')). Let (z, y, x, w) = (Gi_1,j—1, Gi—1,j, Gi,j—1, Gij) and suppose
that

(m,p) (m',p)
z——>y and z——x

are given, where it is understood that if z = y (resp z = x) then (m, p) (resp.
(m’, p")) need not be specified. Then G;; is determined as before, except that
instead of using ®,, we use the twist

q);;(r’)k’

2

where k and k' are as follows. Let (¢, p, p’) be the nonzero entry of ¢ in the i-th
row, say, o;;. We set k' = p’. Separately, let (¢, p, p’) be the nonzero entry of ¢ in
the j-th column, say, o,;. We set k = p. Note that in the case g > i (resp. [ > j)
the bijection ®,, is not used in the local rule so the value of k (resp. k") does not
affect the algorithm.

In other words, if g;; = (c, p, p’) is a nonzero entry, then (7’ )p/ acts everywhere
to the right in the i-th row and all vertical edges to the right (those of the form
Gi—1; — Gy for | > j) are given the auxiliary marking p’, and 77 acts every-
where below in the j-th column, and all horizontal edges below (those of the form
Gy, j—1 — Gyj for [ > i) are given the auxiliary marking p. The output is the pair
(P,0) e J,.(T,0) x T (I,v) where v = G, and P and Q are obtained from
the south and east edges of G respectively.

Proposition 2.14. (z, t’)-mixed insertion gives a well-defined bijection (10).
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Example 2.15. In the context of Example 2.13, (7, ’)-mixed insertion specializes
to the following kinds of insertion algorithms, the first from [Schensted 1961] and
the other three from [Haiman 1989].

(1) (z,7") = (id, id): Schensted row insertion
(2) (z,7’) = (id, tr): left-right insertion
(3) (r, ') = (tr, id): mixed insertion

4) (z,t’) = (tr, tr): doubly mixed insertion

2F. Restriction to parabolics. Let J C I. We say that a weight A is supported on
Jift A= Zje] ajA;. The Kac-Moody dual graded graphs (I's(A), I',,(K)) are
compatible with restriction to parabolics. Let W; C W be the parabolic subgroup
generated by {s; | j € J} and let W be the set of minimal length coset repre-
sentatives in W/ W;. Note that W inherits weak and strong orders from W by
restriction.

Proposition 2.16. Fix J C 1. If A is supported on I\J then the restriction of
(Ts(A), T (K)) to W is a pair of dual graded graphs with differential coefficient
(K, A).

Proof. Suppose v < w is a weak cover. If w € W7 then v € W’ since W/ C W is
a lower order ideal for <.

Suppose w < v and w € WY and v ¢ W’. Since v has a reduced expression
ending in s; for some j € J and w is obtained from this reduced expression by
omitting a simple generator, we conclude that v = ws;. But A is supported on
I\J, so (a]V,A) =0.

Combining these two facts we see that the proof of Theorem 2.3 restricts to
w. O

We shall use the following notation for maximal parabolic subgroups of W. For
i € I we shall write W' for W/ where J =1\{i}. We denote by (I';(A), I',,(K))' =
(TI(A), T (K)), the dual graded graph given by restricting (I'y (A), T, (K)) to W°.

w

2G. The affine case. 1If the GCM A is of finite type, then Z* = {0} and all of the
edges of ', (K) are labeled 0.

In this section let A be of untwisted affine type. Let O € I be the distinguished
Kac 0 node and J = I \ {0}. Then W is the affine Weyl group, W; = Wy, is the
finite Weyl group, and we write W° = W”/. By Proposition 2.16 the restriction
of the Kac—Moody dual graded graph to WY, is a dual graded graph. In this case
the weak graph I',, (K) has an interpretation involving the Schubert calculus of the
homology of the affine Grassmannian, and the duality is a combinatorial expression
of the pairing between the homology and cohomology of the affine Grassmannian.
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For affine algebras, Z* =7-0K where K = K¢y = Ziel
central element; the vector (k;);<; is the unique linear dependence of the rows of A
given by positive relatively prime integers [Kac 1990]. In this case, since the labels
of I',(K) are linear in K, without loss of generality we shall only work with K,
and define I';, := I',(Kcan). The edge labels of T',, are related to the homology
multiplication in affine Grassmannians, as follows.

Let g = g(A) be an untwisted affine algebra. Let Gr = Grg denote the affine
Grassmannian of the simple Lie group G whose Lie algebra gg, is the canonical
simple Lie subalgebra of the affine algebra g. For w € W° we let &, € H,(Gr)
denote the corresponding homology Schubert class. Recall the constants n(w, v)
from (3).

kia,’ is the canonical

Proposition 2.17. Let &y = ¢, be the Schubert class indexed by the unique simple
generator sy & Wen. Then for every w € W°, we have in H,(Gr) the identity

& éw= nw,0)é

[
where v € WO runs over the weak covers w < v of w.

Proof. We rely on the results of [Lam 2006] which in turn are based on unpublished
work of Peterson. Let S =Sym((h%)sin) = H '™ (pt) denote the symmetric algebra in
the weights of the ga, and ¢ : S — Z denote the evaluation at 0. Let Ay denote the
affine nilCoxeter algebra corresponding to W. As a free Z-module Ay is spanned
by elements {A,, | w € W} with multiplication given by

Ay If C(w) 4+ €(v) = €(wv)
Aw Av = .
0 otherwise.

The affine nilHecke algebra A is the Z-algebra generated by Ay and S with the
additional relation [Lam 2006, Lemma 3.1]

Apd=-DAy+ D (A, a")Au,, (11)
W rg<<w

where o is always taken to be a positive root of W.
Now let

B ={a €Ay | polas) = ¢o(s)a for any s € S} C Ag

denote the affine Fomin—Stanley subalgebra, where ¢y : A — Ag is given by
$0 (D, aw Aw) = 2, dolaw)Ay. Let jo : Ho(Grg) — B denote the ring iso-
morphism [Lam 2006, Theorem 5.5] from the homology of Grg to the affine
Fomin-Stanley algebra B. We first show that jo (&) = Zi < kiAi, where A; are
the generators of the nilCoxeter algebra and K¢sn = ; k,-al.v .
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By [Lam 2006, Proposition 5.4], the element jy(&y) is characterized by having
unique Grassmannian term Ag, and the property that it lies in B. Since ko = 1, the
unique Grassmannian term property is immediate. Using (11), we calculate that

¢0(aaj) = Zki<aiv s aj) = <Kcan 5 aj) =0.
iel
Since the a; span (h})sn, over Q, we deduce that ¢g(as) = ¢o(s)a for any s € S,
and thus jo(&) = Zie 1 ki A;. (This was first pointed out to us by Alex Postnikov.)
By [Lam 2006, Lemma 4.3, Theorem 5.5], we thus have

Géw =G G = (D k) -Go= D kidyu

iel w<S; W

where we have used the action of Ay on H,(Grg) given by

Eow ifsiw > w,
A Ep=1"
iCw {O otherwise;
see [Lam 2006, (3.2)]. Recalling the definition n(w, s;w) = k; of the weak graph

I', from (3) this completes the proof. O

3. Affine type A and LLMS insertion

For this section let g(A) be the affine algebra of type A,(ll_)l. In this case the com-
binatorics of the pair of dual graded graphs (I's(A;), I',,) was studied extensively
in [Lam et al. 2006] and was one of the main motivations of the current work.
The affine insertion algorithm of [Lam et al. 2006] (which we shall call LLMS
insertion) furnishes an explicit differential bijection for (I's(A;), I',). LLMS in-
sertion involves nontrivial extensions of the notion of tableaux to semistandard
weak and strong tableaux, and proves Pieri rules (formulae for certain Schubert
structure constants) in the homology H,(Gr) and cohomology H*(Gr) of the affine
Grassmannian of SL(#z, C) [Lam et al. 2006].

For type Afll_)] the coefficients of the canonical central element K are all 1.
Therefore the weak graph I',, has all edge multiplicities equal to 1. Using the
rotational symmetry of the Dynkin diagram A,(ilzl, we may assume that A = Ay
and for brevity we write ' for [';(Ag).

Let/={0,1,...,n—1} and let the Cartan matrix be defined by a; ; +1 =a;41,; =
—1 for all i, with indices taken modulo n, a;; =2 for all i € 1, and a;; =0 otherwise.
As in Section 2B the Weyl group is defined by m; ;1 =3 and m;; =2 for |i — j| > 2.

3A. Affine permutations. We use the following explicit realization of the affine
symmetric group W = §,. A bijection w : Z — Z is an affine permutation with
period n if w(i+n) =w(i) foreachi € Zand > ;_, (w(i)—i) =0. The set of affine
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permutations with period n form a group isomorphic to S, with multiplication
given by function composition. The reflections 7;; in S, are indexed by a pair
of integers (i, j) satisfying i < j and i # j mod n. Suppose v < vt;; = w is
a cover in §n. Then the edge (v, w) in 'y has multiplicity equal to #{k € Z |
v(i) <k <v(j)and k =0 mod n} [Lam et al. 2006].

3B. Action of §,, on partitions. Given a partition 4, one may associate a bi-infinite
binary word p(1) = p = --- p_1pop1--- called its edge sequence. The edge
sequence p(4) traces the border of the (French) diagram of 4, going from northwest
to southeast, such that every letter O (resp. 1) represents a south (resp. east) step,
and some cell in the i-th diagonal is touched by the steps p;—; and p;. Here the
cell (i, j) lies in row i (where row indices increase from south to north), column
J (where column indices increase from west to east), and diagonal j —i.

The affine symmetric group S, acts on partitions, since elements of S, are certain
permutations Z — Z and partitions can be identified with their edge sequences,
which are certain functions Z — {0, 1}. Then for i € Z/nZ, s;1 is obtained by
removing from A every A-removable cell of residue i, and adding to 1 every A-
addable cell of residue i. Here the residue of a box (i, j) is the diagonal index
Jj — i taken modulo 7.

3C. Cores and affine Grassmannian permutations. Using the language of cores,
we shall describe the combinatorics of the dual graded graph (T, T',,)° afforded
by Proposition 2.16.

An n-ribbon is a skew partition diagram 4/ u (the difference of the diagrams of
the partitions 4 and ) consisting of n rookwise connected cells, all with distinct
residues. We say that this ribbon is A-removable and u-addable. An n-core is a
partition that admits no removable n-ribbon. Since the removal of an n-ribbon is
the same thing as exchanging bits p; = 0 and p;;, = 1 in the edge sequence for
some i, it follows that /A is a core if and only if for every i, the sequence p® (1) :=
-+ Di—2nPi—n Pi Pi+nPi+2n - - - consisting of the subsequence of bits indexed by i
mod 7, has the form --- 1111100000 - - - . We denote the set of n-cores by €,,.

Proposition 3.1 [Lam et al. 2006; Misra and Miwa 1990]. The map w +— w - S
is a bijection c : §2 — €,. Moreover, forv, w € 52, we have v < w if and only if
c(®) € c(w), and if v < w then c(w)/c(v) is a disjoint union of translates of some
ribbon R, and the number of components of c(w)/c(v) is equal to the multiplicity
m(v, w) in Iy,

We say that u € 6, covers A € 6, if ¢! (x) > ¢~'(1). Thus a standard strong
tableau in Ty is a sequence 2 = A% C A! € --- C ! = p such that A’ covers 2/}
and one of the components of A/ /2’ ~! has been marked.



466 Thomas F. Lam and Mark Shimozono

It is easy to show that a core cannot have both an addable and a removable cell
of the same residue. Thus, in the special case that v < s;0 = w for some i € I, c(w)
is obtained from c¢(v) by adding all ¢(v)-addable cells of residue i, and the ribbon
R of Proposition 3.1 must be a single box. In this case we say that c¢(v) C c(w) is
a weak cover.

3D. LLMS insertion. In [Lam et al. 2006], for the affine symmetric group S,
semistandard analogues of weak and strong tableaux were defined (for all of S,
not just E,?), and an RSK correspondence was given between a certain set of bi-
words or matrix words, and pairs of tableaux, one semistandard weak and the other
semistandard strong. Let us consider the following restriction of this bijection. We
first restrict to “standard” tableau pairs, that is, the case in which the tableaux are
weak and strong tableaux as defined in Section 2C. Next we take the parabolic
restriction from S, to §,? . Let us denote the restricted bijection by I ms.-

Let @ be the differential bijection for (I, Fw)o such that I = Iipms. We
describe it explicitly.

For u,v € :S",? with u # v, the off-diagonal part ®@,, of ® coincides with the
natural definition given in Remark 2.12. The diagonal part @, forov € §,? is specified
as follows. Let 1 = c(v) be the n-core corresponding to ». If A C u is a weak cover
then u /A consists of all the A-addable cells of 4 which have a fixed residue. As u
varies over all the weak covers of 4 we obtain all the A-addable cells in this way.
Thus there is a natural identification of the set 29, with the set of A-addable cells.
Similarly U%, may be identified with the set of A-removable cells. This given, we
may use the differential bijection denoted @, in Example 2.9 for Young’s lattice.
This defines a differential bijection @ for (T, Fw)o.

Example 3.2. Figure 1 shows the calculation of ;g of the permutation ¢ =
412635 (written here in one-line notation; it corresponds to the permutation matrix
with ones located positions (i, o (i)) for 1 <i <6) for S3. The symbols ® encode o
as described above Equation (9). Each arrow indicates a marked strong cover; the
subscript 2 indicates that the marked component is the second from the southeast,
and no subscript means the marked component is the southeastmost. Stars in the
P tableau indicate the marked components.

Remark 3.3. As n goes to infinity, (I'y, I',,)° converges to the dual graded graph
(Y, Y) of Example 2.2 and LLMS insertion converges to Schensted row insertion
[Lam et al. 2006] because the respective differential bijections coincide in the limit.

4. Folding

An automorphism of the GCM B = (b;; | i, j € J) is a permutation 7 of J such
that by i)z (j) = bij for all i, j € J. The automorphism 7 is admissible if b;; = 0
for all i and j in the same 7 -orbit.
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Figure 1. Growth diagram for LLMS insertion of 412635 for Ss.

A GCM A = (a;j | i, j € I) is symmetric if it is a symmetric matrix. It is
symmetrizable if there are positive integers o; for i € I, such that D A is symmetric,
where D is the diagonal matrix with diagonal entries o;.

Lusztig [1993] showed that every symmetrizable GCM A can be constructed
from a symmetric GCM B that is equipped with an admissible automorphism 7z .
We call this construction folding.

For A and B related in this manner, we show that the structure of every dual
graded graph of the form (I'A(A;), TA(K)) for g(A), is encoded by some dual
graded graph for g(B). Thus the combinatorics for g(A) is reduced to that of g(B).
In particular, for any affine algebra g(A) there is a simply-laced affine algebra g(B)
related by folding, so that all affine Schensted bijections can be realized using only
the simply-laced affine algebras.
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4A. Folding data. Let B = (b;; |i, j € J) be a GCM and 7 an admissible auto-
morphism of B. Let I be a set which indexes the x -orbits of J; we write O; C J
for the 7 -orbit indexed by i € I. Let o; = | O;|. It is easy to show that the matrix
A = (a;y |i',i €I) defined by

ay =2 z by;  forany j € Oy, (12)

is a well-defined GCM. We say that A is obtained from (B, 7 ) by folding.

Proposition 4.1 [Lusztig 1993, Proposition 14.1.2]. Given any symmetrizable
GCM A, there is a symmetric GCM B with admissible automorphism w, such that
A is obtained from (B, ) by folding. In particular, if A is of affine type then B
can be taken to be of simply-laced affine type.

For the Kac—Moody algebras g(A) and g(B), we denote their weight lattices
by P4 and Pg, their coweight lattices by P, and P, and their coroot lattices by
Q) and Q}. For simplicity, we let A;, a;, a,’ be the fundamental weights, simple
roots, and simple coroots for g(A) and write w;, £, 5, for the corresponding data
for g(B).

Let Py = Pa/(D;; Zo.Y)° be the weight lattice of A modulo the annihilator of
the coroots {a,’}. Similarly define Pj. Note that

o = Zai/i A,'/ and ﬁj = Z bj/j wj, (13)
i'el jel
where a;, A; and f;, ; also denote their respective images inside PA and Pl’g. Set

k =lcm;es(0;), and define y : P, — Pp by

w(A) = — &, (14)
=

1

where 0; =3 o, @) and f§; = 2. jeco, Bj fori € I. We have

l//(a)—Za,,l//(A)—Za” ZCUJ

]60/
:—ZZ Z b]]wj/— ,Bl, (15)
i" jeO; j'eOy
by (13) and (12). Define ¢ : Oy — Q}, by
o) =B =D B (16)

J€0;
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4B. Weyl groups. For i € I define
fsy= ] s? e ws. (17)

J€O;

Since 7 is admissible the reflections {s jB | j € O;} commute with each other so that
the product in (17) is independent of the order of its factors.

Steinberg [1968] showed that there is an embedding of Weyl groups W4 — Wp.
By [Nanba 2005] it respects the Bruhat order.

Theorem 4.2.

(1) [Steinberg 1968] There is an injective group homomorphism f : Wy — Wp
defined by (17), whose image is the subgroup Wg of n -fixed elements in Wpg,
where m acts on Wg by 7 (s;) = Sz (i)

(2) [Nanba 2005, Proposition 3.3 and Theorem 1.2] v < w in W4 if and only if
f) < f(w) in Wg. Moreover, if w =s;, - - - i\, is a reduced decomposition
in Wy then f(w) = f(si,)f(si,) - f(siy) is a length-additive factorization
in WB.

Corollary 4.3.
(1) 7 acts on AL (g(B)).

(2) Suppose v < w = vs, in Wy for o € AL(g(A)). Then there is a unique -
orbit O C AL(g(B)) such that the reflections {s, | y € O} commute, f(s,) =
HV <o Sy, and there is an isomorphism of the boolean lattice of subsets O of
O with the interval [ f (v), f(w)] in (Wg, <) given by O" +— f(v) HyeO/ Sy.
We call O the orbit associated with the cover v < w.

(3) Let w € W4 and y € AL(g(B)) be such that f(w)s, < f(w) in Wg, and let
O C Af(g(B)) be the -orbit of y. Then there is a covering relation v < w
of w in Wy of which O is the associated orbit.

(4) Letv € Wy, y € AL(g(B)) be such that f(v) < f(v)sy, and O C AL (g(B))
the w-orbit of y. Then there is a covering relation v < w in Wy of which O is
the associated cover.

Proof. For (1), let y € A(g(B)), with y =iif3; for some it € Wg and j € J. Then
m(y)=m(u)Br(j) € Awe(g(B)) and 7 clearly preserves the set of positive roots, so
that 7 acts on AL (g(B)).

For (2), there is a unique length-additive factorization w = us;u, in W, such
that v = u u>. We have o = ua; and s, = us;u~! where u = uz_l. Define O =
{f()B;|]e€ O;};since f(u)ism-invariant, we have 7 (f (u)f;) =n (f(u))frj)=
fW)prj) € O(a), so that O is a m-orbit. For j € O; we have the relation
Sfwp; = f(u)sjf(u)_l, so the reflections {s, | y € O} commute, being conjugate
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to commuting reflections {s; | j € O;}. Since f is a homomorphism we have
f(sa) = f(u)(l_[,-eo,. Sj)f(”)_l = HjeO,- f(”)sjf(”)_l = HyeO(a) Sy -

By Theorem 4.2 f(w) = f(u)([1jco, s))f (u2) and f(v) = f(u1) f(u2) are
length-additive factorizations. It follows that there is an isomorphism of the boolean
lattice of subsets S C O; with [f(v), f(w)] where S = f(u1)([];cs5)).f w2).
The desired isomorphism is given by sending S — O’ where O' ={f(u)pf; | j € S}.

For (3), let w =, - - - 5;, be a reduced decomposition. Then the image f(w) =
f(si)) -+ f(s;) is length-additive by Theorem 4.2. Therefore the cover f(w)s, <
f(w) is obtained by removing some unique reflection in f(s;,) for some unique .
Letuy=si, -+ 8i, i =ip,andu~ ' =up=s; ,, - - - 5;,. Letting a =ua; € A (g(A))
we find that the 7 -orbit O of y is the orbit associated with the cover v < w where
0 =uUs.

The proof of (4) is similar. U

The following result is proved similarly.

Corollary 4.4. Let v < sjv in Wy for some i € 1. Then there is a poset isomor-
phism from the boolean lattice of subsets O of O;, to the interval [ f (v), f(s;iv)]

of (Wg, <X) given by O’ (Hjeo, s;) f ().
4C. Pairings. The action of Wg on Pg descends to Py, and similarly for Wy.
Theorem 4.5.

(1) Foralla" € Q) and . € P} we have

(9@, w()) =« (0", 2). (18)
(2) Forall A € PA and w € W4 we have
p(wA) = f W)y (A). (19)
(3) Letw e Wa, A€ Pyandi € 1. Then
(p(@), f)y(A) =x(a”, wA) (20)
and in particular we have
(BY . fFw)w(N) =x(a; , wA). 1)

(4) The map ¢ sends Q; N Z(g(A)) into Z(g(B)).
Proof. By linearity it suffices to check (18) for a” = a,” and A = Ay for i,k € I.
We have

K ~, ~ K
(@), w(Ap) = 0—k<ﬂ,~v s W) = aoiéik =Kok = x(a; , A).

This implies (18).
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It suffices to prove (19) for v = sl.*,‘ and A = A;. Fori =i’ we have

wsiN) =y (N —o;) = g@i —B)

]

by (14) and (15). Since 7 is admissible, ([];cp, s7)®i = @i — B:, giving the
required result. The case that i # i’ is even easier.

Equation (20) follows immediately from (19) and (18) with A = wA. Equation
(21) is implied by (20) with a = a; and (16).

Let K € QX. For any i € I and j € O;, by (18), (15), and the x-invariance of
¢ (K), we have

Klo(K) fi) = (o (K) . i) = k(K o). (22)
It follows that ¢ sends Z(g(A)) into Z(g(B)). U

Remark 4.6. Let A be a GCM of affine type, obtained as in [Lusztig 1993] by
folding (B, 7). Then the canonical central elements and null roots are related by
9(K4) = K8 and w(d4) = rVo8 where r" is the “twist” of the dual affine root
system X I(GV) to that of A in the nomenclature of [Kac 1990].

4D. Folding and insertion. Let A= (a;;|i, j € I) be a GCM with associated Kac—
Moody algebra g(A), i’ € I, and K € ZT(g(A)). Suppose A is obtained by folding
the GCM B = (b;; | i, j € J) with admissible automorphism 7. Choose j' € O;.
We shall construct the dual graded graph (T'2(A;), T2(K)) from the dual graded
graph (I'3(w i) I'3(p(K))). The construction only requires the subset Wg C Wp
of m-invariant vertices, and the edges incident to them, grouped according to their
7 -orbits.

Remark 4.7. The choice of j' € O; is immaterial; if one chooses another element
of Oy then the resulting type B structures are transported to each other by a power
of the automorphism 7.

Proposition 4.8. Let v < w in Wy with a € AL (g(A)) such that w = vs, and let
O C AL(g(B)) be the associated orbit of the cover v < w, defined in Corollary
4.3. Then the following sets have the same cardinality.

(1) Marked edges v 5 win F;‘ (Ay).

(2) The disjoint union over y € O of the sets { f (w)s, Y f(w)} of marked edges
going into f(w) in the interval [ f (v), f(w)]in TE(w;).

(3) The disjoint union over y € O of the sets { f (v) i f(©)s,} of marked edges
coming out of f(v) in the interval [ f (v), f(w)]in TB(w;).
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Proof. By Corollary 4.3 the last two sets are in bijection. Let u € W4 and i € [
be such that & = ua;. Then O = {f(u)p; | j € O;}. Using Theorem 4.5 and the
m-invariance of >, 7 ', we have

D m (f@)sy, fw) =D (7" 0p)=— > ", @) (23)
ye0 ye€0 oir ye€0
1 1
=2 0w @A) =— > (FB] y(An)
7€0 Jj€0;
1 ~
= (B F@) ™y (M)
= (a;, u A =0V, Ay) = mﬁi/ (wsg, w). O

By definition the graded graph I'5(w;)™ has vertex set f(W,) = Wi C Wp,
grading function 2 (f (v)) = €(v) for v € Wy, and for every cover v < w in Wy, an
edge from f(v) to f(w) whose multiplicity is the common number in Proposition
4.8. It is completely specified by the 7 -invariant elements of I'? (@ /) and their
incident edges.

Corollary 4.9. The graded graphs T2 (Ay) and T B(w;))™ are isomorphic.

Proof. By Theorem 4.2 the map f : W4 — Wy is a grade- and edge-preserving
bijection. The edge multiplicities agree by Proposition 4.8. O

We call T3 (w /)" the folded strong graph and its tableaux folded strong tableaux.
Proposition 4.10. Let v € W4 and i € I \ Des(v) so that v < w = s;v. Fix any
J € O;. Then the following sets have the same cardinality.

(1) The marked edges v m w in TA(K).
(2) The marked edges f(v) o s;f ) inTB(p(K)).
(3) The marked edges s f (w) Ll fw) in TB(p(K)).

Proof. By a proof similar to the one for (22) and recalling the definition (3) we
have

ni (0, 5i0) = (K, Ai) = (p(K), 0j) = nl) (f ©), 55 f (). (24)
This proves the proposition. U
By definition the graded graph I'2 (¢ (K))™ has vertex set f(W4)= W2, grading

function 2 (f(w)) = €(w), and for each v € W4 and i € I \ Des(v), an edge from
f () to f(s;v) whose multiplicity is the common multiplicity in Proposition 4.10.

Corollary 4.11. The graded graphs TA(K) and T B (p(K))™ are isomorphic.

w w



Dual graded graphs for Kac-Moody algebras 473

We call T'3(p(K))™ the folded weak graph. lts tableaux are called folded weak

w
tableaux.

Corollary 4.12. (I'2(w;)™, T8(p(K))™) and (TA(A), TA(K)) are isomorphic
dual graded graphs.

Proof. This follows immediately from Corollaries 4.9 and 4.11. ]

Using a differential bijection ®% for (I'?(w;/), T2 (p(K))), we construct a dif-
ferential bijection for the folded dual graded graph (I'3 (w,;))™, T2 (9 (K))™), which,
by the identifications given in Propositions 4.8 and 4.10, yields a differential bi-
jection @4 for (T'A(Ay), TA(K)).

By Remark 2.12 the off-diagonal part ®*  for v # w in Wy, has already been
specified.

For the diagonal terms, since Des(f (v)) = |_|; €Des(r) O;, by (23) in the special
case of a cover of the form s;v =vs, >0 witha =0~ 'a; € A;g and (24) we have

> my, . si0) ng o, siv)
iel\Des(v)
' = 3w (@ fO) g (f0). s, f0). (25)

JjeJ\Des(f ()

For i € Des(v) and j € O;, we have vs, = s;v < v where a =0 'a; € —A}l, and
an analogous computation yields

Z mﬁi/(siv,v)n’;}(siv,v)
e = >l (5 £ ) FO) (5 £, FO)). (26)

Jj€Des(f (v))

Using the bijections of Propositions 4.8 and 4.10, we obtain bijections @%f —
gzjouﬁ(v) and UTA — OILQZ)?-(U). Under these identifications we obtain a differential
bijection ®*4 for (TA(A;), TA(K)).

Proposition 4.13. Let the GCM A = (a;; | i, j € I) be obtained by folding from
the GCM B = (b;; | i, j € J) with admissible automorphism m. Then for any
i' € I and j' € Oy, a differential bijection ®® for (TB(w;/), TB(p(K)) restricts to
a differential bijection ®* for the pair of dual graded graphs (T2 (A, TA(K)).

We shall give an extensive example in Section 5.

Remark 4.14. It is possible to axiomatize conditions for an arbitrary pair of dual
graded graphs (I', I'") and an automorphism z of (I', T'") to give rise to a folded
insertion in the manner we have described for Kac-Moody graded graphs. The
key properties needed are abstract graph-theoretic formulations of Theorem 4.2
and Corollary 4.3. Since we have no interesting examples that do not come from
Kac—Moody dual graded graphs, we will not make this precise.
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5. Affine type C combinatorics

In this section we consider folded insertion for the affine root system Cr(,l). Folding
works for the entire Weyl group. However here we shall restrict our discussion to
the explicit description of folded insertion for the maximal parabolic quotient of
the affine Weyl group given by the dual graded graphs (I'y(A;7), T, (K))" using
2n-cores, where i’ € I is any Dynkin node. In the limit n — 0o one obtains a new
Schensted bijection for every integer i, which for i = 0 coincides with “standard”
Sagan—Worley insertion into shifted tableaux.

Let I ={0, 1, ..., n} be the Dynkin node set and (a;;) the GCM, with a;; =2 for
i€l,aijy1=aiy;=—1forl<i<n—-2,ap=ap,-1=—1,a10=ap-1,n=-2,
and other entries zero. Using the recipe in Section 2B, the Weyl group W, has
generators s; for i € [ satisfying sl.2 =1fori €I and (s;s;)"7 =1fori, j € I with
i # j, where moy =m,_1, =4, m;;jy1 =3for1 <i <n-2,and m;; =0 for
i —jl=2.

S5A. Folding for C,(,l). Let A = C,(,l) and B = Agl)_l denote the two GCMs. We
use the notation of Section 4.

Let = be the admissible automorphism of B given by j + 2n — j where indices
are taken modulo 2n. We index the z-orbits by Og = {0}, O, = {n}, and O; =
{i,2n —i} fori € I\ {0, n}. It is easy to check that A is obtained from (B, 7) by
folding.

Let K be the canonical central element for C,(ll). Leti’ € I and j' € O;. We
define folded insertion for the dual graded graph (I'A(A;), TA(K))", realized by
LLMS insertion for (I'3(w;), TB(p(K))). We call this induced folded insertion
the “LLMS insertion for W,;'/” (even though it also depends on j').

5B. 2n-cores. As before, fix i’ € I and j' € O;y. The elements of the parabolic
quotient W,’;/ may be realized by 2n-cores as follows.

By Proposition 3.1 there is a bijection c : §gn — 46,,. Using a rotational auto-
morphism of the Dynkin diagram of type Ag}_l, for any k € J one may define the
k-action of §2n on 65, denoted w -; 4, which is the same as before except that the
diagonal of the cell (i, j) is j —i + k. Since the stabilizer of @ under the k-action
of §2n on 6,, is (§2n)1\{k}, there is a bijection ¢y : E’z‘n — §2n/(§2n)1\{k} — Bo,
defined by cx(w) = w - @.

Define the map sc;' : W, — 62, by w — f(w)-j &, where f : W, — Syp is the
Weyl group homomorphism of Section 4. Note that f (W,’;,) C §21n\0i’.

Denote by %é; the image of sc; .

The following result is the C,Sl)-analogue of (part of) Proposition 3.1.

Proposition 5.1. The map sc;: restricts to a bijection W,i/ — ‘Gén. Forv,w e W,’;/
we have v < w if and only if sciy(v) C sc;(w).
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Proof. The stabilizer of W = W, acting on & is equal to W;_y;, so the first
statement is immediate. Let v, w € W,;'/. The following are equivalent: (1) v <
w; (2) f) = f(w); B) fFO)S2) )y = fW)(Sam) gy for all j € O (4)
F@)(S2) gy = f(w)(S20) 1\jrys (5) scir(v) Csci(w). (1) and (2) are equivalent
by Theorem 4.2. (2) and (3) are equivalent by Proposition 5.2 below applied to the
data f(v), f(w), and J\ Oy in S,,. Since f(v) and f(w) are r -invariant, (3) and
(4) are equivalent, because j' € O, and the condition for j is invariant as j runs
over a w-orbit. (4) and (5) are equivalent by Proposition 3.1. O

For a Coxeter group W and a parabolic subgroup W, the strong (Bruhat) order
denoted < on the quotient W/ W is the partial order naturally induced from the
strong order on W . The following result is due to [Deodhar 1977].

Proposition 5.2. Let W be a Coxeter group with simple generators indexed by P
and let Q C P. Suppose x,y € WC. Then x <y if and only if xWgo < yWy for
every maximal parabolic subgroup Wor O Wo.

We describe ‘63,1 explicitly in Section 5D, together with an explicit description
of LLMS insertion for W,?. It would be interesting to obtain an explicit description
of %é; for arbitrary j'. The explicit description of the Chevalley coefficients in a
manner similar to Proposition 3.1, and of LLMS insertion for W,’;/ appears to be
rather subtle.

5C. Large rank limit of folded LLMS insertion. We now consider the limit of
LLMS insertion for W,’;/ as n goes to 0o, in such a way that the nodes near 0 in

Agl)_l are stable; for this purpose we label these nodes ..., —2,—1,0,1,2,....
Let A+o be the Kac—Moody algebra! whose Dynkin diagram has vertex set
Joo = Z, with Cartan matrix (b;;) such that b;; =2 and b; ;41 = biy1,; = —1, and

bij = 0 otherwise. Let S+ be its Weyl group: it has generators s; for j € Joo,
with relations sf. =1, (sjsj41)° = 1, and (s;5;)> = 1 for |i — j| > 2. Then Sis
acts on partitions: s; - 4 is obtained from A by adding the unique 4-addable cell in
diagonal j if it exists, and removing the unique A-removable cell in diagonal j if
it exists (remembering the shift in diagonal index by j’). Then S1,,@& =Y is the
set of all partitions and there is a bijection ¢ : Sf_:oo =Y.

Let C be the Kac—Moody algebra with Dynkin node set I, = Z>( and Cartan
matrix aij with a;; =2 fori € I, i j+1 =0ajt1,i = —1fori € I\ {0}, ap; = —1
and aj9 = —2. Then its Weyl group W, has generators s; for i € I, with relations
s?=1, (sos1)* =1, (s;s141)° = 1 fori € Ino\ {0}, and (s;5;)> =1 for |i — j| > 2. As
before, there is an injective homomorphism f : Woo — S1oo given by f(sg) = s
and f(s;) = s;s_; fori > 0.

IWe allow infinite Dynkin diagrams in a formal manner.
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Then W, acts on partitions via f. Define Y!' = Wy, -@. The limit of Proposmon
5.1 gives a bijection sc;/ W’ = Y¥. The strong and weak orders on €, = 52n
both converge to Young s lattice Y. The weak order on %én = W’ converges to the
weak order on Y/ = W!_, in which a cover 1 C s;/ adds cells in diagonals i and
—i if i > 0 or just the cell in diagonal 0 if i = 0.

Proposition 5.3. Suppose . C u is a strong cover in Y = W’ with sc; /1(/1) =
W<WSy = SC;/ Yw). If s, is conjugate to s then the Chevalley coefficient (o , Air)
is equal to 1 and p /A has a single connected component which is necessarzly a
ribbon. Otherwise suppose f (s,) =spsp. Then the Chevalley coefficient (o, Ajr)
is equal 1 or 2 depending on whether one or both of sc(wsg) and sc(wsp) strictly
contain A. Furthermore, each strict containment has a single connected component
which is a ribbon.

Proof. That the skew partitions in question contain a single connected component
which equals a ribbon follows from the fact that they are obtained by the action
of a reflection on a partition, which always changes the shape by a ribbon. This
follows from the edge sequence discussion in Section 3.

Suppose s, is conjugate to so and f(s,) = sz. Every strong cover in Y has
Chevalley coefficient equal to 1 or O (since a single box is added). Now write
f(w) = xy so that f(ws,) = xsoy in S+oo. The Chevalley coefficient (o, A;/)
is equal to the Chevalley coefficient (", w;) which is equal to the Chevalley
coefficient of the cover y <spy in S1 (With respect to ;). Since u # A, we must
have y - @ C (soy) - @. Thus the required Chevalley coefficient must be nonzero,
and hence equal to 1. We have used the calculation (y~! By wi)=(fy ,yw;) =
(B, Y wj), where y' = c;l (v - ©) is the parabolic component” of y.

The proof for f(ss) = spsp follows in a similar manner. The only delicate
issue is to show that if (", wj) = 1 then 1 C sc(wsp) is a strict inclusion. But
(B, wjry =1 implies that (sg - &) # @ so that (wsg - D) # (w - D). O

Figure 3 shows the case of a domino appearing in the strong tableau P, corre-
sponding to the strong cover s,505| << $25150S1 1n Wolo.

In the case the Chevalley coefficient described in Proposition 5.3 is equal to 2,
the difference u /4 is a union of two ribbons, since sz and sg commute. We have
not shown that these ribbons do not touch, so the difference u/A can potentially
be written as the union of the two ribbons in two ways, corresponding to the left
action of s 7(w)pS f(w)p and S rw)p'S fw)p- To obtain a strong tableau in Y, we
must mark a ribbon for each strong cover which consists of two ribbons.

For the differential bijection, we note that for A € Y, once again, UD; is in
natural bijection with the set of 1-addable corners and %9, is in natural bijection
with the set of 1-removable corners; in this context the corners are grouped by diag-
onals of the form =i for various i. Using the differential bijection in Example 2.9,
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Figure 2. Folded insertion of 0 = 2431 fori’ = j' = 1.

we obtain a folded insertion for the limit Y of %é; It defines a bijection from
permutations P, (1) to pairs (P, Q) where P and Q are n-step strong and weak
tableaux with respect to Y?'.

For example, we let i’ = j = 1 and compute the folded insertion of ¢ = 2431;
see the graph G in Figure 2. For the meaning of ® see (9) and Example 3.2. The
arrows represent strong covers, and an arrow is labeled with — if the strong cover
adds two nonadjacent cells and the marked cell is in a more negative diagonal. The
unique arrow labeled with —, corresponds to the entry 4’ in P. Strictly speaking
we should mark one ribbon for each number used, but when there is no choice we
have omitted the marking.

Again, with /" = j' = 1 we compute the folded insertion of 4213; see the graph
G in Figure 3. Note that there is a unique strong cover that is not a weak cover,
corresponding to the domino in P containing 4s.

5D. Sagan—Worley insertion. We now consider the important case that i’ =0. We
must have j* = 0. The following result is straightforward.
Lemma 5.4. The set %gn is the subset of 6, of elements fixed by the transpose tr.

Using the fact that f (W,?) C §On, the next result is an easy consequence of
Propositions 4.13 and 3.1. A similar statement holds for i’ = n.

Proposition 5.5. Suppose 1 C u is a strong cover in ‘ng = W with sco_l(,u) =
sCqy ! (A)s4. Then the Chevalley coefficient (a.” , Ag) is equal to the total number of
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Figure 3. Folded insertion of 0 = 4213 fori’ = j' = 1.

components of v/ for a strong cover A C v in 6y, = Egn satisfying A Cv C u. In
particular, if 2 C u is also a left weak cover in (ng = W,? with u = s;A fori €1,
then (0", Ao) is equal to the number of A-addable corner cells of residue i or —i
modulo 2n.

Thus for i’ =0, a folded strong tableau of shape 1 € ‘ng is a sequence of strong
covers in (6(2)’1 = WY from @ to A, such that every cover has a marked component.
A folded weak tableau of shape 1 € %gn is a sequence of weak covers in %gn =w?
going from & to 4; no marking is necessary. With these explicit descriptions we
have the following:

Corollary 5.6. LLMS insertion induces a bijection from the set of permutations
P, (1) to pairs (P, Q) of tableaux of the same shape 1 € ‘égn, where f(sca1 (1) =n,
P is a folded strong tableau and Q a folded weak tableau.

Again we now consider the n — oo limit. In this case the limit of %gn is the
set YO of partitions fixed under the transpose. The strong and weak orders both
converge to the same order on Y. Since added cells are in transpose-symmetric
positions, when marking a strong cover of the form 4 < s;/4, one must mark either
the added cell in diagonal i or —i if i > O.

Folded weak tableaux Q are in obvious bijection with standard shifted tableaux
Q*, given by taking only the part on one side of the diagonal. A similarly obvious
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bijection exists from folded strong tableaux to standard shifted tableaux in which
off-diagonal entries may or may not have a mark; we choose the bijection so that
a mark in a shifted tableau P* indicates that the corresponding cell with negative
diagonal index is marked in the folded strong tableau P.

Thus we have the correct kinds of tableaux to compare with Sagan—Worley in-
sertion.

Example 5.7. Let n = 7 and ¢ = 2673541. See Example 3.2 for the way to
interpret ¢ and the symbols ®. We draw the graph G;; for the folded insertion of
o. We draw arrows to represent strong covers and place an asterisk on an edge
if the marked cell is on a negative diagonal. P and Q are the folded strong and
weak tableaux respectively. P* and Q* are the shifted tableaux corresponding to
P and Q.

By reformulating Sagan—Worley insertion using Fomin’s setup, we obtain the
following theorem. Note the exchange of P* and Q*.

Theorem 5.8. Let o map to (P, Q) under folded insertion. Then the pair (Q*, P*)
of shifted tableaux, is the image of o~ under Sagan—Worley insertion.

Remark 5.9. In [1989, Proposition 6.2], Haiman relates Sagan—Worley shifted
insertion with left-right insertion. It is natural to ask whether one can connect
Sections 2E and 4D in a similar manner. Unfortunately, a straightforward general-
ization of Haiman’s result does not appear to be possible. For example when 7 has
order 2, one would need to relate the left-right (or mixed) insertion of a colored
permutation on 2r letters with folded insertion of a permutation on r letters. Length
considerations show that this can be done only if each orbit of # on J has order 2,
which nearly never happens in our setup.

6. Distributive parabolic quotients

6A. Proctor’s classification. Let W be a finite irreducible Weyl group with simple
generators {s; | i € I} and set of reflections T. Recall the notations W; and W~/
from before Proposition 2.16. We have

WJ={w€W|w<ws,-foranyieJ}.

Proctor [1984] classified the cases when W is a distributive lattice under the weak
order. In all such cases, Stembridge [1996] showed that the weak and strong orders
agree on W and that W, is a maximal parabolic subgroup of W, that is, J = I'\ {i}
for some i € 1. We call such W” := W' distributive parabolic quotients.

Theorem 6.1 [Proctor 1984]. The distributive parabolic quotients are:
) WA, J=I\{i}foranyiel.
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Figure 4. Growth diagram illustrating Theorem 5.8.

2 WxB, Wy~B, 1orWy~A,_;.
BYWx~D,; Wy~D,_1orW;>~A,_1.
@) WGy J=1\{i}foranyiel.
In [Stembridge 1996], it is shown that these cases are also exactly the parabolic
quotients W of Weyl groups such that every element w € W is fully commutative,

that is, every two reduced decompositions of w can be obtained from each other
using just the relations of the form s;s; = s;s; fori, j € I.
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6B. Distributive labeled posets. We need a slightly more precise form of the re-
sults of Proctor and Stembridge. If Q is a finite poset we let J(Q) denote the
poset of (lower) order ideals of Q. The poset J(Q) is a distributive lattice and
the fundamental theorem of finite distributive posets [Stanley 1999] says that the
correspondence Q — J(Q) is a bijection between finite posets and finite distribu-
tive lattices. Suppose P is a finite poset and w : {x < y} — A is a labeling of the
edges of the Hasse diagram of P with elements of some set A. We call (P, ) an
edge-labeled poset. We say that (P, ) is a distributively labeled lattice if

(1) P = J(Q) is a distributive lattice; and

(2) there is a vertex (element) labeling 7 : O — A such that

o(I\{q}<I)=7(q)
for any I € J(Q) and ¢ maximal in /.

If W is a Weyl group, we may label the edges of the Hasse diagram of the weak
order (W, <) with simple reflections: the cover w < s;w is labeled with s;. We
denote the resulting edge-labeled poset by Wyeak. Similarly define Wigong to be the
strong order where w < wt is labeled with r € T'. These labeled posets restrict to
give labeled posets W! _, and Wsitrong. Note that each cover relation in W' under

either order is itself a cover relation in W. Thus W/ _, and W} are induced

wea trong
subgraphs of Wyeax and Wygong.

Theorem 6.2. Suppose W' is a distributive parabolic quotient. Then the strong

and weak orders on W' coincide. In particular W\fveak and W are distributively

strong
labeled lattices.

Stembridge [1996, Theorem 2.2] proved that W\fveak is a distributively labeled lat-
tice. For the sake of completeness we give a self-contained proof of Theorem 6.2.

6C. Cominuscule parabolic quotients. Let ® be an irreducible finite root system
and W be its Weyl group. Let ® = @ L1 ®~ denote the decomposition of the roots
into the disjoint subsets of positive and negative roots. Let 8 = >
the highest root of ®. We say that i € I is cominuscule if a; = 1.

It can be checked case-by-case using Theorem 6.1 that the distributive parabolic
quotients W' correspond to cominuscule nodes i € I except in the cases W =
Gy, Wi = B,/A,_1 or Wi = C,/C,_;. In the latter two cases, one may use
the isomorphic quotients given by their duals C,,/A,—; and B, /B,_1, which are
cominuscule.

For now we suppose that a cominuscule node i € [ has been fixed. If a and S
are two roots, we say o > f if @ — f is a sum of positive roots. Recall that 8 is the
unique maximal root under this order. Let @) denote the poset of positive roots

;e @ia; denote
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which lie above a;. Clearly # € @), The inversion set of w € W is defined by
Inv(w) = {aa € " | wa < 0}.

Lemma 6.3. Suppose a, f € ®. Write s, = p +ka where k = —(a" , B). Then
k € {0, —1, —2} and the following facts hold:

(1) If a and B are incomparable then s, = f5.

) If o > p then s,p is equal to one of the following: (i) f; (ii) —y where
y € @\ ®D; or (iii) —y where y > a.

Proof. To obtain the bounds on k we observe that for all roots y € @, —0 <y <4,
so that the coefficient of a; in y, lies between the corresponding coefficients in —8
and 9, which are —1 and 1 by the assumption that i is cominuscule.

Suppose that o and § are incomparable. Then f — a is neither positive nor
negative and hence not a root. Since the roots in ® occur in strings, we must have
k=0.

If & > p, the three cases correspond to k =0, k = —1, and k = —2. U

For our results on distributive parabolic quotients, we require the following re-
sult, which is a slight strengthening of [Thomas and Yong 2006, Proposition 2.1,
Lemma 2.2]. We include a self-contained proof, part of which is the same as the
proof of [Thomas and Yong 2006, Proposition 2.1]. In particular we prove directly
that the edge labeled poset WS"trong defined in Section 6B is a distributively labeled
lattice.

Proposition 6.4. The map w —— Inv(w) defines an isomorphism of posets Inv|y: :
(Wi, <) — J(DD). Moreover, if u < w for u, w € W', then writing w = us,, for
a € ®F, we have o € ®D and Inv(w) = Inv(u) U {a}.

Proof. Let w € W'. First we show that Inv(w) C @@, Suppose that y € Inv(w) \
@O If y = a; where k # i this means ws; < w which contradicts the assumption
that w € W'. Otherwise y = J 4+ p where 8, p € @\ ®?. Since wy < 0 we
have wo < 0 or wp < 0 so the same argument applies. Repeating we obtain a
contradiction.

Now we show that Inv(w) € J(®®). Suppose a € Inv(w) and f < a. Then
y =a—p € @\ @O since the coefficient of ¢; in y is zero. Since Inv(w) C O,
we have y ¢ Inv(w), that is, wa — wf = wy > 0. Since wa < 0 this shows that
wp < 0 as desired. Thus Inv|y: is well-defined.

Next we show that Inv|y,: sends covers to covers. Let u < w with u, w € W'
and o € ®* such that w = us,. Then 0 > wa = —ua so a € Inv(w) \ Inv(u).
For all § € Inv(u), since Inv(u) € J(®D), @ > f or a > . Either way we
have wf = us,pf < 0, since by Lemma 6.3, s,/ is either equal to f or —y for
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y € @\ Inv(u). That is, Inv(x) C Inv(w). Since |Inv(w)| = [Inv(u)|+ 1 it follows
that Inv(w) = Inv(u)U{a}, so that Inv(x) C Inv(w) is a covering relation in J (&),
Next we show that every covering relation in J (®)) is the image of a covering
relation in W', and in particular, that Inv|y;: is onto. An arbitrary covering relation
in J(®®) is given by S\ {a} C S where S € J(®®) and a is maximal in S.
By induction there is a u € W' such that Inv(u) = S\ {a}. Let w = us,. It
suffices to show that

Inv(w)=S and we W'

The second claim follows from the first since none of the ay for k # i lie in Inv(w).
For the first claim, since a € ®® \ Inv(x), we may argue as before to show that
S=Inv(u)u{a} C Inv(w).

For the opposite inclusion, suppose f € ®* \ S. We must show that wp > 0.
Write s, 8 = f + ko for k € Z. If k = 0 then we are done as before. If £ > 0 then
sqf > a, so that s, € ®T \ S since S is an order ideal. But then s, ¢ Inv(u) so
wp > 0. So we may assume that k < 0.

Suppose first that f € ®. We may assume that a and S are comparable by
Lemma 6.3. Since S is an order ideal we have f > a. If k=—1thens,f=f—a €
@+ \ Y since the coefficient of a; is 1 in both & and S. In particular s, 5 & Inv(u)
so wf > 0. Otherwise k = —2. Then s, = —2a <0. Wehave 0 < f —a < a
and —s,f=2a —f=a —(f —a) <a. Since S is an order ideal it follows that
—Sqf € Inv(u) and wf = usyp > 0 as desired.

Otherwise f € @1\ ®¥. Since i is cominuscule we have k € {—1,0, 1}. We
assume k = —1 as the other cases were already done. Then s, = f —a < 0 since
its coefficient of a; is —1. Moreover a — f§ € @Y, Since a0 > a0 — S and S is an
order ideal, it follows that a — f € Inv(u). Therefore wf = us, f > 0 as desired.

We have shown that every cover in J (@) is the image under Inv|y: of a cover
in (W', <).

The bijectivity of Inv|y,: follows by induction and the explicit description of the
image of a cover under Inv|y:. U

Proof of Theorem 6.2. For the case W = G», both labeled posets W' . and wi

weal strong
are chains, so the result follows immediately. Thus we may assume that W' is a

cominuscule parabolic quotient.

For WS"trong the result follows from Proposition 6.4. We label the vertices of @)
by reflections, defining 7 : ) — T by 7 (a) = s4. Each cover w <ws, in Wy

corresponds to adding a € ®“) to Inv(w). Thus the edge label of w < ws, agrees
with the vertex label 7 (o) = 5.

For the weak order W@eak let us consider two covers w <ws, =sgw and v <vs, =
spv which have the same label s, in Wsitmng. We claim that s = 55 = s; for some
k € I. The elements w and v differ by right multiplication by some s, ’s where
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y € ® is incomparable with «; this is accomplished by passing between w or v
to the element u € W' such that Inv(x) = Inv(w) NInv(v). By Lemma 6.3 these
s,’s commute with s,, and so wa =va. This gives us amap f : OO — @+ defined
by f(a) = = wa, which does not depend on w € W' as long as w < ws,.

To show that f(a) is simple for each a € ®®, consider a reduced word ws, =
Sk, Sk, - - - Sk, We know that w) = s; -5, € W' and that Inv(w®) differs from
Inv(w”*Y) by some root in @@ since w*+) < w. For some value r = r*,
this root is a and by the well-definedness just proved f(a) = o ., since w) =
w""tDs,. This shows that the strong order and weak order on W' coincide, and
that W\;eak is isomorphic to the poset of order ideals of ® where ®® is labeled
with 7 (a) = f(a). O

7. Distributive subgraphs of Kac-Moody graded graphs

In this section we apply Theorem 6.2 to the dual graded graphs constructed in
Section 2.

Let g = g(A) be the Kac—-Moody algebra associated to the generalized Cartan
matrix A and let W be its Weyl group. Let W5, C W be a finite parabolic subgroup
corresponding to some index set I’ C I. Now suppose that Wy, has a distributive
parabolic quotient as in Theorem 6.1 corresponding to J = I'\ {i} C I’. We let
WY C Wiy, denote the distributive parabolic quotient (we use W instead of W' in
this section since W is not a maximal parabolic quotient of W, but of Wgy).

Now let (A, K) € PT x Z* and (I';(A), I',(K)) be the pair of dual graded
graphs constructed in Section 2. By restricting to the set of vertices W’ € Wg, C
W we obtain the induced pair of graded graphs (I's(A), I',,(K))’. These graded
graphs are not dual (see Remark 2.1) but they still have rich combinatorics.

The distributive lattice (W”, <) has two edge labelings. Recall that in W,
the edge v <w =vs, is labeled either by the reflection s,, while in the strong Kac—
Moody subgraph 'Y (A), the edge v < w = vs, is labeled by the integer (o, A).
Similarly the distributive lattice (W7, <) has two edge labelings; in W“J/eak, the
edge v < s;v is labeled by the simple reflection s;, while in the weak Kac—-Moody
subgraph I'/ (K), the edge v < s ;jv is labeled by the integer (K , A j). The following
result is an immediate consequence of Theorem 6.2.

Theorem 7.1. The induced graded subgraphs T (A) and T (K') are distributively
labeled lattices.

Thus 'Y (A) (resp. T’} (K)) can be thought of as the poset of order ideals in
some integer labeled poset P/ (resp. Q7). The A-strong and K-weak tableaux
can be thought of as linear extensions of P’/ and Q7 with additional markings.

In the rest of the paper, we give examples of the posets P/ and Q7 and relate
them to classically understood tableaux. In each case we let g be of untwisted affine
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H Root system Dynkin Diagram H

o—o0—0——e—0—o0
An 12 i n
oO—O0—0—0—0=e

Co,nz3 || 5 n
o—o—o—o—o<on

D,,n>4 °
1 2 ... ...2¥1
2
E¢ '—O—E—O—O
1 3 4 5 6

2
E7 O—O—i—o—o—'

1 3 4 5 6 7

Figure 5. Some cominuscule parabolic quotients.

type, Iin = I\ {0} and J = I \ {i} for a fixed node i € I, to be specified. We use
the canonical central element Kcan = > ;; @ for K and A; for the dominant
weight. In this case P’ and Q7 are both labelings of the poset @@ c ®* for
the simple Lie algebra gg, whose Dynkin diagram is the subdiagram of that of g
given by removing the 0 node. These examples, with the exception of G,, can
be viewed as providing some additional data for the posets ®®, whose unlabeled
versions were given explicitly in [Thomas and Yong 2006]. As in that reference,
we rotate the labeled Hasse diagrams clockwise by 45 degrees so that the minimal

element is in the southwest corner. In the following, we let V., ., Vs{rong denote

the vertex-labeled posets such that Wy, = J (Vi) and Wil = J (Vo)

w

7A. Type A,(,l). Let i € Ig, be arbitrary. The poset @@ consists of elements « P =
0p+---+a, for 1 <p <i<gq <n. The weak labeling of ®© is given by
A p,q > Sptq—i. For example, for n =7 and i = 3 and abbreviating o, , by pqg and
s; by j, the labelings of @ by positive roots and simple reflections are given by

13[14]15]16]17 1[2[3]4]5
Virong = 232412526[27]  Vilou =[2[3[4[5]6
33[34[35[36/37 3(4]5/6]7

All labelings in P’ and Q7 are given by the constant 1. The resulting strong and
weak tableaux are usual standard tableaux.

7B. Type C,(,l). Leti =n.Leto; =¢; —¢;j+| for 1 <i <n—1 and a, = 2e, where
e; is the i-th standard basis element of the weight lattice Z”. Then ® consists of
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the roots a; j = e; +ej for 1 <i < j <n. We have aiv =1 foralli. Forn =4 we
have

14]13[12]11] 1]2]3]4] 2[2]2]1] 11]1]1]
J 24[23[22 J 2[3]4 s _[2]2]1 J_[1]1]1
Varone = 34[33 Vieak =373 P=nn Q" =N

44 4] 1] 1]

The strong tableaux are shifted standard tableaux with two kinds of markings on
off-diagonal entries; these are the standard recording tableaux for shifted insertion
[Sagan 1987]. The weak tableaux are standard shifted tableaux.

7C. Type D,(,l). Leti=n. Lettinga; =¢;—e¢;1 forl1 <i <n—1and a, =e€,_1+e¢,,
the roots of ®™ are given by Opg=¢ep+eyforl < p<g=<n.Wehave ajy =1
for j € {0,1,n—1,n} and aJY = 2 otherwise. For n =5 we give the labelings of
@™ below. Note the 1 in the upper left corner of Q.

15[14]13]12] 1[2]3]4] 1[1]1]1] 1[2]2]1]
J 25)24[23 J 213]5 J_[1]1]1 7 _[2]2]1
Varong = 3534 Vaeak =375 Pr=mn 2 =T

45 5] 1] 1]

7D. Type E. The computations in this section were made using Stembridge’s Cox-
eter/Weyl package [Stembridge 2004]. In both of the following cases, P has all

labels 1.

For Eél) and i = 1 with the Dynkin labeling in Figure 5, we have

Wi

J o _
Veak_

4

5]6]

2

2

[1]3

4

Nk |W|=
AN~ |W

0’ =

3]2]

L

2

2

[1]2][3

NN [—

— DN WD

For Eél) and i =7 with the Dynkin labeling in Figure 5, we have

Wi

eak

7]
16
5
2[4
7]6]5]4]3
6[5[4]3]1
5[4]2
2[4]3
[7]6]5]4]3]1

[\

W
~

N

2

[1]2]3

4

WA W |—

N |W|A W[

7E. Type G;l). This case does not correspond to a cominiscule root. Pick i =1
and let a1, ay be the two simple roots, so that the highest root is 3a| + 2a;. Then
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ay =1 and a;/ = 2. Abbreviating the reflection s,4, 144, by pg, we have:

Vitong = P’ =
Vileak = 0’ =
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