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Let E be an elliptic curve. An irreducible algebraic curve C embedded in E¢ is
called weak-transverse if it is not contained in any proper algebraic subgroup of
E%, and transverse if it is not contained in any translate of such a subgroup.

Suppose E and C are defined over the algebraic numbers. First we prove
that the algebraic points of a transverse curve C that are close to the union of all
algebraic subgroups of E¢ of codimension 2 translated by points in a subgroup
[" of ES of finite rank are a set of bounded height. The notion of closeness is
defined using a height function. If T" is trivial, it is sufficient to suppose that C is
weak-transverse.

The core of the article is the introduction of a method to determine the finite-
ness of these sets. From a conjectural lower bound for the normalized height of a
transverse curve C, we deduce that the sets above are finite. Such a lower bound
exists for g < 3.

Concerning the codimension of the algebraic subgroups, our results are best
possible.

1. Introduction

Let A be a semiabelian variety over Q of dimension g. An irreducible algebraic
subvariety V of A defined over Q is weak-transverse if V is not contained in any
proper algebraic subgroup of A, and transverse if it is not contained in any translate
of such a subgroup.

Given an integer r with 1 <r < g and a subset F of A(@), we define the set

S(V.F)=v@ n J B+F),

codim B>r

where B runs over all semiabelian subvarieties of A of codimension at least » and
B+F={b+f:beB, feF}
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For r > g, we define S, (V, F) to be the empty set. We denote the set S, (V, Ator)
simply by S, (V). Note that

Sr+1(V, F) CS(V, F).

A natural question to ask would be: For which sets F' and integers r is the set
S, (V, F) not Zariski-dense in V?

Sets of this kind, for » = g, appear in the literature in the context of the Mordell—
Lang, Manin—Mumford and Bogomolov conjectures. More recently Bombieri,
Masser and Zannier [Bombieri et al. 1999] proved that S,(C) is finite for a trans-
verse curve C in a torus. They investigated, for the first time, intersections with
the union of all algebraic subgroups of a given codimension. This opens a vast
number of conjectures for subvarieties of semiabelian varieties.

In this article we consider the elliptic case for curves. Let E be an elliptic curve
and C an irreducible algebraic curve in E$, both defined over Q. Let | -] bea
seminorm on E£(Q) induced by a height function. For & > 0, we set

Oc = (§ € EX(@): |I§]| <e).
Let ' C E4(Q) be a subgroup of finite rank. Define ', = I" 4 O,.
Conjecture 1.1. Let C C ES.
(1) If C is weak-transverse, S>(C) is finite.
(i) If C is transverse, S>(C, I') is finite.
(ii1) If C is weak-transverse, there exists € > 0 such that S>(C, O,) is finite.

(iv) If C is transverse, there exists € > 0 such that S>(C, I'y) is finite.

The transversality hypothesis is crucially stronger than weak transversality. One
should note carefully which hypothesis is assumed in each of the four statements.

Clearly (iv) implies (ii) by setting € = 0, and similarly (iii) implies (i).

The union of all algebraic subgroups of codimension g is exactly the torsion of
ES. Then, CNT, C S,(C,T'¢) C $2(C, T'). So, Conjecture 1.1(iii) implies the
Bogomolov Theorem [Ullmo 1998; Zhang 1998], and (iv) implies Mordell-Lang
plus Bogomolov [Poonen 1999].

Partial results related to (i) and (ii) have been proved. In [Viada 2003] we solved
a weak form of (i), namely we assumed the stronger hypothesis that C is transverse.
If £ has CM (complex multiplication) then S, (C) is finite. If £ has no CM then
S(g/2)+2(C) is finite. In [Rémond and Viada 2003] a weak version of (ii) was pre-
sented. Again if £ has CM the result is optimal. If E has no CM the codimension
of the algebraic subgroups depends on I'. In addition, we show that (i) and (ii) are
equivalent. There are no trivial implications between (iii) and (iv), because of the
different hypotheses on C.
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These known proofs rely on Northcott’s theorem: a set is finite if and only if
it has bounded height and degree. To prove that the degree is bounded one uses
Siegel’s Lemma and an essentially optimal generalized Lehmer’s Conjecture. Up
to a logarithmic factor, the generalized Lehmer conjecture is presently known for
a point in a torus [Amoroso and David 1999] and in a CM abelian variety [David
and Hindry 2000]. This method has some disadvantages: it is only known to
work for transverse curves and for ¢ =0, and a quasioptimal generalized Lehmer’s
Conjecture is not likely to be proved in a near future for a general abelian variety.

In this article we introduce a different method. First, we bound the height also
for weak-transverse curves.

Theorem 1.2. There exists € > 0 such that:
(1) If C is weak-transverse, S>(C, O) has bounded height.
(1) If C is transverse, S>(C, I's) has bounded height.

The proof of both statements uses a Vojta inequality, as stated in Proposition 2.1
of [Rémond and Viada 2003]. The second assertion is proved in Theorem 1.5 of
the same paper. To prove the first assertion (see Section 7), we embed S>(C, 0,)
into two sets associated to a transverse curve. We then manage to apply a Vojta
inequality on each of these two sets.

As a second result, we prove:

Theorem 1.3. Forr > 2, the following statements are equivalent:
(1) If C is weak-transverse, there exists € > 0 such that S, (C, O,) is finite.
(i1) If C is transverse, there exists € > 0 such that S, (C, ') is finite.

That (i) implies (ii) is elementary, but the converse implication is not as easy
as the equivalence of (i) and (i1) in Conjecture 1.1. In particular we make use of
Theorem 1.2 (see Section 7).

In the third instance, we show how to avoid the use of the Siegel Lemma and
the generalized Lehmer Conjecture. Instead, we use Dirichlet’s Theorem and a
conjectural effective version of the Bogomolov Theorem. Bogomolov’s Theorem
states that the set of points of small height on a curve of genus at least 2 is finite. We
define (£ (C) as the supremum of the reals € (C) such that S, (C, O¢(c)) = CNO¢(c) is
finite. The essential minimum of C is 1 (C)?2. (Often in the literature the notation
O, corresponds to what we write as O,2; thus in the references given below the
bounds are given for the essential minimum and not for its square root u(C) as we
do here.)

Nonoptimal effective lower bounds for w(C) are given by S. David and P.
Philippon [2002, Theorem 1.4; 2007, Theorem 1.6]. The lower bound we need
is the elliptic analogue of [Amoroso and David 2003, Theorem 1.4], which gives
a quasioptimal lower bound for the essential minimum of a variety.
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The following conjecture is a weak form of [David and Philippon 2007, Con-
jecture 1.5(ii)] where the line bundle is fixed.

Conjecture 1.4. Let A= E| X --- X E; be a product of elliptic curves defined over
a number field k. Let L be the tensor product of the pullbacks of symmetric line
bundles on E; via the natural projections. Let C C A be an irreducible transverse
curve defined over Q. Let 1 be any positive real. Then there exists a constant
c(g, A, n) =c(g,deg; A, hi(A), [k:Q], n) such that, for

G(C’ n) = C(g» Av r))(degL C)—l/(Z(g—l))—n,

the set
C(@Q)NO¢c,y

is finite.
In Section 11, we prove:
Theorem 1.5. Conjecture 1.4 implies Conjecture 1.1.

Conjecture 1.4 can be stated for subvarieties of A. Galateau [2007] proved that
such a conjecture holds for varieties of codimension 1 or 2 in a product of elliptic
curves. Then, for g < 3, Conjecture 1.1 holds unconditionally.

Theorems 1.2 and 1.5 are optimal with respect to the codimension of the alge-
braic subgroups; see Remark 9.2.

We have already pointed out that Conjecture 1.1 implies the Bogomolov Con-
jecture and the Mordell-Lang plus Bogomolov Theorem. Let us emphasize that
our Theorem 1.5 does not give a new proof of the Bogomolov Conjecture, as we
assume such an effective result. On the other hand, it gives a new proof of the
Mordell-Lang plus Bogomolov Theorem, under the assumption of Conjecture 1.4.

The proof of Theorem 1.5 is based on the observation that a union of sets is
finite if and only if

(1) the union can be taken over finitely many sets, and
(2) all sets in the union are finite.

Showing (1) is a typical problem of Diophantine approximation. The proof
relies on Dirichlet’s Theorem on the rational approximation of reals. The fact that
we consider small neighborhoods enables us to move the algebraic subgroups “a
bit”. So we can consider only subgroups of bounded degree, of which there are
finitely many; see Proposition A, Section 12.

Step (2) takes place in the context of height theory. Its proof relies on Conjecture
1.4. The bound €(C, n) depends on the invariants of the ambient variety and on the
degree of C. A weaker dependence on the degree of C would not be enough for
our application. Also the independence of the bound from the field of definition
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of C proves useful. Playing on Conjecture 1.4, we produce a sharp lower bound
for the essential minimum of the image of a curve under certain morphisms (see
Proposition B and Section 13).

The effectiveness aspect of our method is noteworthy; the use of a Vojta in-
equality makes Theorem 1.2, and consequently Theorem 1.5, ineffective. Though,
the rest of the method is effective. Indeed, in Section 14, we prove a weaker, but
effective analogue of Theorem 1.5.

Theorem 1.6. Assume Conjecture 1.4. If C is transverse, there exists an effective
& > 0 such that the set S;(C, O,) is finite.

A bound for the number of points of small height on the curve would then imply
a bound on the cardinality of S, (C,O,) for C transverse and & small (Theorem 14.3).

The toric version of Theorem 1.6 was independently studied by P. Habegger in
his Ph.D. thesis [2007]. He follows the idea of using a Bogomolov-type bound,
proved in the toric case in [Amoroso and David 2003, Theorem 1.4]. He proves
the finiteness of S,(C, 0,.), for € > 0 and C a transverse curve in a torus.

2. Preliminaries

Morphisms and their height. Let (R, |-|) be a hermitian ring, that means R is a
domain and | - | an absolute value on R.

We denote by M, ,(R) the module of r x g matrices with entries in R.

For F = (fij) € M, ¢(R), we define the height of F as the maximum of the
absolute value of its entries

H(F)=rr§';1XIﬁj|-

Let E be an elliptic curve defined over a number field. The ring of endomor-
phism End E is isomorphic either to Z (if E does not have CM) or to an order in
an imaginary quadratic field (if £ has CM). We consider on End E the standard
absolute value of C. This absolute value does not depend on the embedding of
End E in C. An intrinsic definition of absolute value on End E can be given using
the Rosati involution.

We identify a morphism ¢ : E¥ — E” with a matrix in M, ,(End E). The set of
morphisms of height bounded by a constant is finite.

In the following, we aim to be as transparent as possible, polishing statements
from technicality. Therefore, we principally present proofs for E without CM
Then End E is identified with Z and a morphism ¢ with an integral matrix. In the
final section, we explain how to deal with the technical complication of a ring of
endomorphisms of rank 2 and with a product of elliptic curves instead of a power.
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Small points. On E, we fix a symmetric very ample line bundle £. On E&, we
consider the bundle L which is the tensor product of the pullbacks of & via the
natural projections on the factors. Degrees are computed with respect to the polar-
ization L.

Usually E2(Q) is endowed with the L-canonical Néron—Tate height 4’. Though,
to simplify constants, we prefer to define on E¢ the height of the maximum

h(xy, ..., xg) =max(h(x;)).

where A(-) on E(Q) is the $-canonical Néron-Tate height. The height 4 is the

square of a norm | - || on E$(Q)® R. For a point x € E$(Q), we write ||x|| for
llx & 1].

Note that 2(x) < h'(x) < gh(x). Hence, the two norms induced by 4 and i’ are
equivalent.

For a € End E, we denote by [a] the multiplication by a. For y € E$(Q) we
have
[taly | = lal- 1yl
The height of a nonempty set S C E¢(Q) is the supremum of the heights of its
elements. The norm of S is the nonnegative square root of its height.
For ¢ > 0, we denote

Op =0, ps = (£ € E5(Q): |E] <&}

Subgroups. Let M be a R-module. The R-rank of M is the supremum of the
cardinality of a set of R-linearly independent elements of M. If M has finite rank
s, a maximal free set of M is a set of s linearly independent elements of M. If M
is a free R-module of rank s, we call a set of s generators of M, integral generators
of M.

Note that a free Z-module of finite rank is a lattice; in the literature, what we
call integral generators can be called basis, and what we define as maximal free set
is a basis of the vector space given by tensor product with the quotient field of R.

We say that (M, || - ||) is a hermitian R-module if M is an R-module and || - ||
is a norm on the tensor product of M with the quotient field of R. For an element
p € M we write || p| for |p ®1].

Let E be an elliptic curve. In the following, we will simply say module for an
End E-module.

Note that any subgroup of E2(Q) of finite rank is contained in a submodule of
finite rank. Conversely, a submodule of E¢ of finite rank is a subgroup of finite
rank.

Let " be a subgroup of finite rank of E¢(Q). We define

I'e=T+0,.
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The saturated module I'y of the coordinates group of I' (in short of I") is a sub-
module of E(Q) defined as

Co={¢p(y) e Efor¢: E¢$ — E and Ny € I" with N € Z*}. 2-1)

Note that Fg =Ty x ---x g is a submodule of E¢ invariant via the image or
preimage of isogenies. Furthermore, it contains I" and it is a module of finite rank.
Thus to prove finiteness statements for I' it is enough to prove them for Fg .

We denote by s the rank of I'g. Let y1, ..., y; be a maximal free set of ['g. We
denote the associated point of E* by

Yy =W ¥s)-
For p=(pi, ..., ps) € E® we define T'; as the saturated module of (py, ..., ps).

3. Some geometry of numbers

We present a property from the geometry of numbers and extend it to points of
E#(Q). The idea is that, if in R” we consider n linearly independent vectors and
move them within a “small” angle, they will still be linearly independent. The norm
of a linear combination of such vectors depends on the norm of these vectors, on
their angles, and on the norm of the coefficients of the combination. Such estimates
are frequent in the geometry of numbers.

Lemma 3.1 (compare [Schlickewei 1997, Theorem 1.1; Viada 2003, Lemma 3]).
Every hermitian free Z-module of rank n admits integral generators p1, ..., Py

such that
za,p,

for all integers o;, where co(n) is a constant dependlng only on n.

co(n) Z EAR =

Proof. A hermitian free Z-module (T, || - ||) of rank 7 is a lattice in the metric space
I'r given by tensor product with R. The proof now follows that of [Viada 2003,
Lemma 3] (page 57, from line 19 onwards), with n instead of r and p; instead
of 8i. O

This lemma allows us to explicit the comparison constant for two norms on a

finite-dimensional vector space over the quotient field of R.

Proposition 3.2. Let (M, || - ||) be a hermitian R-module, where R is a finitely
generated free Z-module. Let pi, ..., ps be R-linearly independent elements of
M. Then there exists an effective positive constant c1(p, r) such that

ci(p, ) Z bilRlpill* < i Pi
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forallby,...,b; € R,where p=(p1,...,ps)andt=(1, 1, ..., 1,) are integral
generators of R.

Proof. The submodule of M defined by 'z = (p1, ..., Ps, -+ +» Tt Pls---» Tt Ps)Z
has rank sz over Z. Clearly, for 1 <i <t and 1 < j < s the elements 7;p; are
integral generators of I'z. Consider the normed space (M ®z R, || - ||), in which I'z
is embedded, and endow I"7 with the induced metric.

Apply Lemma 3.1 to (I'z, || -||) with n = st. Then, there exist integral generators
P1, - .., ps of ['z satisfying

2
HZami = cotst) ) leilil*z colst) 3 lea P min ol (3-1)
L 4 l
forall oy, ..., a5 €Z.
We decompose the elements by, ..., bs € R as

t
b,'= E ;T
j=1

with o;; € Z. We set
t
O = (0], vvs AUy, Ol,y...,0) €L,
Next we write

T t
pr=(Tlpl’---,Ttpl,TIPZ»---aTtPZ»---»TIPs»---aTtps) GF%,

p=(p1,...,ps)t €T,

where the superscript T indicates the transpose, as usual. Let P € SLg,(Z) be the
base change matrix such that

pt = Pp.
Then
D bipi=) aytipi=a-p’=a-(Pp)=(aP)-p.
i ij
Passing to the norms and using relation (3-1) with the coefficients («1, . . ., 0t5) =

o P, we deduce

2
= @P)-plI* = co(st)|aP3 min w1,

> bipi
i
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where | - |5 is the standard Euclidean norm. On the other hand, the triangle inequal-
ity gives

t 2 t
2 2 2 2
bilk < mkax|rk|R<Z |aij|) < rmax |zl ) lou .
Jj=1 j=l1
We deduce

: 2
1>, bi pill? - co(st)  min; || o] Pl
> 1bil%lpill2 ~ tmax; T3 max; [pill? el

We shall still estimate |« P |§ yare |§ independently of «. For a linear operator A and
a row vector 3, there holds the classical norm relation |BA|, < H(A)|B|,. For
A= P "and B =aP, we deduce

|l P|3 1
= .
|3 H(P~1)?
Then
1> bipill? co(st)  min; || p; 2 1
>
> 1bil%llpill?> — tmax;|t;|; max; |[p;||* H(P~!)?
or equivalently
szipi

2
"z a0 Y biliplR,
i

where
co(st)  min; || p;]|? 1

tmax; |t;|% max; [|p;||> H(P~1)2

ci(p, )= O]

The following unsurprising proposition has some surprising implications; it al-
lows us to prove Theorems 1.2 and 1.3.

Proposition 3.3. Let py, ..., ps be linearly independent points of E(Q) and p =

(p1, ..., ps). Let T be a set of integral generators of End E. Then, there exist
positive reals cy(p, T) and eo(p, T) such that

2

ca(p, ) Y IbilPllpil* < | D bipi — &) —b¢
i i
forall by, ..., bs, beEndE with |b| <max; |b;| and for all &, ..., &, ¢ € E(Q)
with ||& |, IS 1] < €o(p, ).
In particular p1 — &1, ..., ps — & are linearly independent points of E.

Proof. Recall that the norm on End E is compatible with the height norm on E(Q),
that is, ||b; pi|| = |bilend E|lpill. Thus (End E, | - |) is a hermitian free Z-module of
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rank 1 if £ has no CM or 2 is E has CM. Furthermore, (E, || - ||) is a hermitian
End E-module.

Apply Proposition 3.2 with R=EndE, M = E andt = (1) if EndE = Z or
t=(,n)ifEndE =7+ 1nZ. For by, ..., by € End E, we obtain

szipi

Let |& I, I¢]| < e. Since |b| < max |b;| the triangle inequality implies

Hbepi—a)—b;H HZbip,-‘—sDbA—um
‘Zbip,-’ ~2¢ ) |bil.
Squaring and keeping in mind that (}_;_, |b; |)2 <5 i, |bi|*, we deduce
2
> Hmei Zbip,-‘ > bl + 482<Z|bi|)
1 ) 1 1 1
HZbipi - 4se(2 |bl~|2) max | il

2
> ci(p. ) Y Ibil*llpill*. (3-2)
i

v

v

2 2
— 4e

“sz’(]?i —&)—b¢

(A%

Choose
c1(p, T) min; || p;|?
8s  max; || p;ll

e < e(p, 1) = (3-3)

Using relation (3-2), we deduce

2
‘ > c1(p. 1) Y _ Ibil*llpill* =i (. r)(vaz) min|| p;
: .

1
Set, for example,

> bi(pi—&)—b¢

> 3ei(p, ) ) IbiPllpill*.
i

2(p. 7) = z¢1(p, 0), (3-4)

where ¢ (p, 7) is defined at the end of the previous proof (page 257).
The preceding relation, with b = 0, implies in particular that only the trivial
linear combination of p; — &y, ..., py — & is zero. Il

We next state a lemma that will enable us to choose a nice maximal free set of I,
the saturated module of a submodule I' of E(Q) of finite rank, as defined in relation
(2-1). There is nothing deep here, as we are working with finite-dimensional vector
spaces.
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Lemma 3.4 (Quasiorthonormality). Let I'g be the saturated module of I". Let s be
the rank of T'g. Then for any real K > 0, there exists a maximal free set y1, ..., Vs
of Ty, with ||y;|| = K, such that for all by, ..., b; € End E

2
Hme > %Z 16 211112

Proof. Recall that End E is an order in an imaginary quadratic field k. Furthermore,
the height norm ||-|| makes I'y a hermitian End E-module. Let I'''®® be a submodule
of Ty isomorphic to its free part. Then '’ is a k vector space of dimension s. Its
tensor product with C over k is a normed C vector space of dimension s, and "’ is
isomorphic to I'™ ® 1. Using for instance the Gram—Schmidt orthonormalization
algorithm in I''™® ®; C, we can choose an orthonormal basis

Vi =8 ® pi.
So
2
sziv,- =Y bl

Decompose p; = ri1 + trip for 1, T integral generators of End E and r;; € R.
Choose 8 = (2(1 + |7|) max; ||g;||) " and rationals gij such that g;; =r;; +d;; with
|d;j| <& (use the density of the rationals).

Define

Vi=8® @i+t = (g +19)81®1eT™®1,

and
3 = gi ® (di1 + tdi2).
Then v; = y/ +8;, with [|§;]] < [lgi (1 +|z])§ < % The triangle inequality gives

2
> by > biv _2H2bi3i

The orthonormality of v; and ||§; || < % implies that

2
Yobe| = b -2) bl = 5 Y bl

Finally [|y/]| < Ilv;ll + 1181l < 3, so

’ Zbi)’i/
i

2 2
> .

d

d

2
1
> 5 2 1Bl IR,
i
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It is evident that for any integer ng the same relation holds:

2
1
H E binOVi/‘ > 9 E |bi|2||n03/i/||2-
l l

Let ng be an integer such that ng > 2K . Note that

1
I/ 1= Nl = 181l = 5.
SO
lnoyill = K.
Thus the maximal free set y; = noyl/ satisfies the desired conditions. O

We cannot directly choose an orthonormal basis in '™, because the norm has
values in R and not in (2. What one can prove is that for any small positive real §,
there exists a maximal free set yy, ..., y; such that

2
H S bi| =
i

(1-8)°
= 053y > b Pl

4. Gauss-reduced morphisms

The aim of this section is to show that we can consider our union over Gauss-
reduced algebraic subgroups, instead of over all algebraic subgroups.

Let B be an algebraic subgroup of E¢ of codimension r. Then B C ker ¢ g for a
surjective morphism ¢ : E§ — E". Conversely, we denote by By the kernel of a
surjection ¢ : E¢ — E". Then By is an algebraic subgroup of E¢ of codimension r.

The matrices in M, »¢(End E) of the form

a ... 0 arr+1 ... al,g
¢p=C(al|L)=| : Do e
0 ... a arpq1 ... ary
with H(¢) = |a| and entries having no common factors (up to units), will play a
key role in this work. For r = g, such a morphism becomes the identity, and L
shall be forgotten. These matrices have three main advantages:

o The restriction of ¢ to the set E” x {0}8~" is just the multiplication by a.

 The image of O, C E¢ under ¢ is contained in the image of O, N (E" x{0}$7").
Similarly, the image of Fg under ¢ is contained in the image of I'g x {0}57".

e The matrix ¢ has small height compared to other matrices with same zero
component of the kernel.



The intersection of a curve with a union of translated subgroups 261

Definition 4.1 (Gauss-reduced morphisms). We say that a surjective morphism
¢ : E8 — E" is Gauss-reduced of rank r if the following conditions are satisfied:

(i) There exists a € (End E)* such that al, is a submatrix of ¢, with I, the r-
identity matrix.

(i) H(¢) = lal.

(iii) If there exists f € End E and ¢’ : E¢ — E” such that ¢ = f¢' then f is an
isomorphism.

We say that an algebraic subgroup is Gauss-reduced if it is the kernel of a Gauss-
reduced morphism.

Remark 4.2. If End E = Z, condition (iii) simply says that the greatest common
divisor of the entries of ¢ is 1 and f = £1. Also when End E = Z, we make
condition (ii) more restrictive, requiring that H (¢) = a, instead of H (¢) = |a|; this
assumption simplifies the notation. Obviously By = B_g, so all lemmas below
hold with this “up to units” definition of Gauss-reduced.

A morphism ¢’ given by a reordering of the rows of a morphism ¢, has the same
kernel as ¢. Saying that al, is a submatrix of ¢ fixes one permutation of the rows
of ¢.

A reordering of the columns, on the other hand, corresponds to a permutation
of the coordinates. Statements will be proved for Gauss-reduced morphisms of the
form ¢ = (al|L). For any other reordering of the columns the proofs are analogous.
Since there are finitely many permutations of g columns, the finiteness statements
will follow.

The following lemma is a simple useful trick to keep in mind.

Lemma 4.3. Let ¢ : E8 — E” be Gauss-reduced of rank r.

(i) For & = (&1,...,&g) € O, there exists a point &' = (§”,{0}87") € O, such
that

(&) =9 (") =[alg".
(i) Fory=(y1,...,yg) € Fg, there exists a point y' = (y", {0}7") e T x {0}8~"
such that

d(y) =) =Ilaly”.

Proof. Up to a reordering of the columns, the morphism ¢ has the form

a ... 0 arr4+1 ... al,g
0...a aypq1 ... arg

with H(¢) = |a].
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(i) Consider a point £&” € E” such that [a]€” = ¢ (§). Since

N 2GR DV

|al i lal
and |a| = max;; |a;;|, we obtain
IE"] < ge.
Define &’ = (¢”, {0}87"). Clearly

¢ ') =lalg" = ¢ (&).

(i) Note that ¢ (y) € I'j. Since I'y is a division group, the point y” such that

[aly” = ¢(y),
belongs to T'j. Define y' = (y”, {0}¥"). Then ¢(y') = [aly” = ¢ (). O

In the next result we show that the zero components of By, for ¢ ranging over
all Gauss-reduced morphisms of rank r, are all possible abelian subvarieties of E¢
of codimension r. This is proved using the classical Gauss algorithm, where the
pivots have maximal absolute values.

Lemma 4.4. Let i : E&¢ — E" be a morphism of rank r. Then:
(i) Forevery N € End E*,

BN¢ C B¢ + (E{“or x {0}87").
(i1) There exists a Gauss-reduced morphism ¢ : E8 — E" of rank r such that
By C By + (Ex,, x {0}¥77).

Proof. (i) Let b € Byy,. Then Ny (b) =0, so ¥ (b) =t with t a N-torsion point in
E". Let | be an invertible r-submatrix of . Up to a reordering of the columns,
we can suppose ¥ = (¥1|¥»). Let t’ be a torsion point in E” such that ¥ (t') =1t.
Then ¢ (b — (t',0)) = 0. Thus b € By + (Ef. x {0}¢7").

(i1) The Gauss algorithm gives an invertible integral »-matrix A such that, up to
the order of the columns, A is of the form

a ... 0ay,q1 ... aiy
Ay =1 : Do N
0...a ayq1 ... ang

with H(Av) = |a| (potentially there are common factors of the entries).
Let b € By. Then y(b) =0, so Ay (x) =0. It follows that

B¢ C BAI//-
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Take N € End E* such that N|Av and such that if f|(Ay/N) then f is a unit (if
End E = Z, then N is simply the greatest common divisor of the entries of Ayr).
Define

¢=AYy/N.

Clearly ¢ is Gauss-reduced and By C Bay = Byg. By part (i) of this lemma
applied to N¢, we conclude

By C By + (Ehy, x {0})677). O

Note that, in the previous lemma, a reordering of the columns of i or ¢ induces
the same reordering of the coordinates of Ep . x {0}$7".

Taking intersections with the algebraic points of our curve, part (ii) of the pre-
vious lemma translates immediately as

Lemma 4.5. Let C C E8 be an algebraic curve (transverse or not). For any real
e>0
S/ (C, (T§)e) = U C(@Q) N (Bg+ (TH)e).

¢ Gauss-reduced

tk(¢p)=r
Proof. By definition
SC.THH2 U ca@n®y+Tde.

¢ Gauss-reduced

rk(¢p)=r
On the other hand, by Lemma 4.4(ii), we see that
C(@N(By +(T5)e) CC@Q) N (By+ (Ef, x {0177+ (TH)e),

with ¢ Gauss-reduced of rank r. Moreover (Ep . x {0}¥7") C 0, C (Fg)g. O

5. Relation between transverse and weak-transverse curves

We discuss here how we can associate to a couple (C, I'), where C is a trans-
verse curve and I" a subgroup of finite rank, a weak-transverse curve C’ and vice
versa. There are properties which are easier for C and others for C’. Using this
association, we will try to gain advantages from both situations.

From transverse to weak-transverse. Let C be transverse in E8. If I" has rank O,
we set C' = C. If tk T’ > 1, consider the saturated module I'g of rank s associated
to I', as defined in relation (2-1). Let yy, ..., ¥s be a maximal free set of I'y. We
denote the associated point of E® by

Y= ..., V).
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We define

C'=Cxy.
Since C is transverse and the y; are End E-linearly independent, the curve C’ is
weak-transverse. For suppose to the contrary that C’ were contained in an algebraic
subgroup By of codimension 1, with ¢ = (ay, ..., ag,). Take a point y; € E such
that ayyy = Y527 | a;yi—g and define y = (31,0, ..., 0) € E¥. Then C C By, +
with ¢ = (ay, ..., ag), contradicting that C is transverse.

From weak-transverse to transverse. Let C' be weak-transverse in E". If C’ is
transverse, we set C = C’ and I' = 0. Suppose that C’ is not transverse. Let
Hyj be the abelian subvariety of smallest dimension g such that C' C Hy + p for
p € HOL (@) and let HOL be the orthogonal complement of Hy with respect to the
canonical polarization. Then E" is isogenous to Hy x HOL. Furthermore H is
isogenous to E$ and HOL is isogenous to E*, where s =n — g. Let jo, j; and j, be
such isogenies. We fix the isogeny

j= (i x j2)ojo: E" — Hyx Hy — E¢ x E*,
which sends Hy to ES x 0 and HOL to 0 x E®. Then
J(C) C(E® x0)+ j(p),

with j(p) =(,...,0, p1,..., ps).
We consider the natural projection on the first g coordinates

T:E$xE*— E8, j(C)w n(j(C)).
We define
C=n((C)) and T = (p1,..., ps)S.
Since Hj has minimal dimension, the curve C is transverse in E$.
Note that
J(C)=Cx(p1,...,ps).

In addition j(C') is weak-transverse, because C’ is. Therefore, (p1, ..., ps) has
rank s; indeed if Y }_, a;p; =0, then j(C’) C By for ¢ = ({0}%, ay, ..., ay).

Weak-transverse up to an isogeny. Statements on boundedness of heights or finite-
ness of sets are invariant under an isogeny of the ambient variety. Namely, given
an isogeny j of E&, Theorems 1.2 and 1.5 hold for a curve if and only if they
hold for its image via j. Thus, the previous discussion shows that without loss of
generality, we can assume that a weak-transverse curve C" in E" is of the form

C'=Cxp,

where
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(1) C is transverse in E8,
(i) p=(p1,..., ps) € E® is such that the module (py, ..., ps) has rank s, and
(i) n =g +s.
This simplifies the setting for weak-transverse curves.
Implying Mordell-Lang plus Bogomolov for curves. Note that
Se(C,0,)=CN0O, and S,(C(T§)e)=CN(TH),.

Moreover $>(C, -) D S¢(C, ). This immediately shows that Conjecture 1.1 implies
the Bogomolov Theorem for weak-transverse curves and the Mordell-Lang and
Bogomolov Theorems for transverse curves. We want to show that Conjecture 1.1
implies these theorems for all curves of genus > 2.

In E¢ a curve of genus 2 is a translate of an elliptic curve isogenous to E. If
C is not transverse, then C C Hy + p with Hy an algebraic subgroup of minimal
dimension satisfying such inclusion. Let : E8 — E&/ HOL be the natural projection
and let y : E¢/H;- — E* be an isogeny. Then |7 (x)|| < |x]|. In E¥, consider
the transverse curve C' =y w(C—p) and " =7 (I", I',). Note that Yy (Torgs) C
Torgx. Then

S¢(C, (T§)e) Cric! Si(C', (T'H)e).

The map n‘_cl has finite fiber. Applying Conjecture 1.1 to C’ C E* we deduce that
Se(C, (I'§)e) is finite.

Note that such a proof works only for S, (C, -), because the projection Y7 (B) C
E* of an algebraic subgroup B of E# of codimension » may not have codimension
r in E*. Tt could even be all of EF.

6. Quasispecial morphisms

Just as Gauss-reduced morphisms play a key role for transverse curves, quasi-
special morphisms play a key role for weak-transverse curves. In particular, for
small &, quasispecial morphisms are enough to cover the whole of S, (C x p, 0;);
this is Lemma 6.2 below.

To motivate quasispecialness, suppose that C x p is weak-transverse in E8*S
with C transverse in E$. A point of C x p is of the form (x, p). The last s-
coordinates are constant and just the x varies. This two parts must be treated
differently. Saying that a morphism ¢ = (¢|¢’) is quasispecial ensures that the
rank of ¢ is maximal (note that ¢ acts on x). In particular, this allows us to apply
the Gauss algorithm on the first g columns of b.

Definition 6.1 (Quasispecial morphism). A surjective morphism ¢ : E$™* — E” is
quasispecial if there exist N € End E*, morphisms ¢ : E¢ — E" and ¢’ : E* — E”
such that
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D) = (Nglg",
(i1) ¢ = (al,|L) is Gauss-reduced of rank r, and
(iii) if there exists f € End E and ¢’ : E8T* — E” such that ¢ = f¢’, then f is an
isomorphism.

We do not require that ¢ be Gauss-reduced; the fact is that H(¢') might not

be controlled by NH (¢). This extra condition will define special morphisms (see
Definition 10.1).

Lemma 6.2. Let C x p be weak-transverse in ES** with C transverse in ES. Then,
there exists € > 0 such that

S/(Cxp.0)c |J (€@ xp)n(B;+0.).
$ quasispecial
tk g=r
We can choose € < ey(p, T), where go(p, T) is as in Proposition 3.3.

Proof. Take (x, p) € S,(C x p,0,). Then (x, p) € (C(Q) x p) N (B +0,) for a
morphism ¥ = (¥|y/') : E8T5 — E” of rank r. In other words, there exists a point
(&, &) € O, such that

1p(()‘:’ P)+($»$/)) :O

First, we show that ¥ has rank r. Suppose, on the contrary, that the rank of
were less than r. Then a linear combination of the rows of i is trivial, namely

Oty oy )W = 0.

Since ¥ (x + &)+ /' (p+£&') =0, the same linear combination of the r coordinates
of ¥'(p +¢&’) is trivial, namely

Oty MY (p+8) =0.

Apply Proposition 3.3 with (by,...,bs) = (A1,..., A)Y, (&1,...,&) = —&/,
¢ =0 and b = 0. This implies that, if ¢ < go(p, t), then the points p; + S{, el
ps + &, are linearly independent. It follows that

iy )Y =0.

Hence, the rank of vy would be less than r, contradicting the fact that the rank of
Visr.

Since the rank of ¥ is r, we can apply the Gauss algorithm using pivots in v of
maximal absolute values in ¥ (clearly we cannot require that they have maximal
absolute values in 7). Let A be an invertible matrix, given by the Gauss algorithm,
such that Ayr = (¢1|¢,) with 1, a submatrix of ¢;.
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We next get rid of possible common factors. Take Ny, n; € End E* such that
Ni|¢1 and n1|Avr. Further suppose that, if f|(¢1/Ny) or f|(Avy/ny) then f is a
unit of End E (if End E = Z, then N is the greatest common divisor of the entries
of ¢; and n; the greatest common divisor of the entries of AV ). Then

Ay =n1(N¢lg')
with N = Ny/ny, ¢ = ¢1/N; and ¢’ = ¢o/n1. We define
¢ = (Nolg).

Clearly ¢ is quasispecial. In addition
By C Bry =B, ;-
By Lemma 4.4(i), with = ¢ and N = n;, we deduce that
By C By + Exqo x {0)$7° 7

Since (x, p) € By + 0, we obtain (x, p) € B¢~7 + O, with ¢~> quasispecial. O

7. Estimates for the height: the proof of Theorem 1.2

As mentioned, Theorem 1.2(ii) is part of Theorem 1.5 in [Rémond and Viada 2003].
In this section, we adapt the proof given there to part (i) of Theorem 1.2.

In view of Section 5, we can assume, without loss of generality, that a weak-
transverse curve C’ in E™ has the form

C'=Cxp,
where C and p satisfy conditions (i)—(iii) on page 265.

Definition 7.1. Let p be a point in E® and ¢ a nonnegative real. We define G*, as
the set of points 6 € E? for which there exist a matrix A € M, ;(End E), an element
a € End E with 0 < |a| < H(A), points £ € E* and ¢ € E* of norm at most & such
that

[al0 = A(p+§)+[ald.
We identify G, with the subset G, x {0}872 of EZ.

Recall that I', is the saturated module of the coordinates of p.
Now we embed S, (C x p, O,) in two sets related to the transverse curve C. We
then use the Vojta inequality on these new sets.

Lemma 7.2. The natural projection on the first g coordinates,

E®E X E* —> E%, (x,y)r x,
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defines an injection

$1(C % p.Ocppgs) = HC.THHU (] C@NBy+Go.

¢:E$—>E?
Gauss-reduced

Proof. Let (x, p) € $2(C x p, Og2¢s). By Lemma 6.2, (x, p) € Bq; + 0245, With
q~> = (N¢|¢) : E8T — E? quasispecial of rank 2. Hence

$((x. p)+ (5,60 =0,
for (§,&") € O, /2¢s- We can write the equality as
No(x)+N¢©E)+¢'(p+&)=0.
By the definition of quasispecialness ¢ is Gauss-reduced, so
¢ = (ab|L).
By Lemma 4.3(i) applied to ¢ and &, we can assume that
§=(61,6,0,...0) € Og .
Suppose first that NH (¢) > H (). Let ¢ be a point in E2 x {0}¢~2 such that
Nlal¢ = (¢'(€"),0...,0).

Then

l" DI _ &
NH(¢) — 2
Let y be a point in E2 x {0}8~2 such that

¢l =

Nlaly = @'(p),0,...,0).
Since I, is saturated, y € Fj x {0}872. Then
Nop(x+&E+¢+y)=0
with y +& +¢ € I'§ +0,. So
x € $2(C, (T3)e).

Now suppose that NH (¢) < H (¢) or, equivalently, NH (¢) < H(¢'). Let 6’ be
a point in E? such that

Nl[al6'=¢'(p+E&) + N[a]@),
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and 6 = (0", {0}*™"). Then 6 € G?,. Moreover

Np(x+60)=N¢(x)+ No(®)
=N¢(x)+Nl[al¢'=Nop(x)+¢'(p+§) +N[a]@)
=Nop(x)+Nop()+¢'(p+8&)
= ¢((x, p)+(£,8)) =0.

Thus x € Byg + G%,, and by Lemma 4.4(1),
x € By + (Egy x {05 7%) + G5,
Note that GE + (ETor X {o}ng) C Gsp. Hence,
xeC(@NBy+G,. 0

Lemma 7.3 (Counterpart to [Rémond and Viada 2003, Lemma 3.2]). For¢: ES —
E? Gauss-reduced of rank 2, we have the set inclusion

(By+G5) C {P+0: PeBy, 0eGand max(|]. |P|) < 28] P +0]l}.

Proof. Take x € (By + G;) with ¢ = (al,|L) Gauss-reduced of rank 2. Then
x=P+60 with Pe By and 6 € Gsp and ¢ (x—0) =0. By definition Gsp C E*x{0}872,
so ¢ (0) =[a]6. Then

16| = le@I _ el _ < gllxl.
H(¢) H(¢)
So
IPll=llx—0ll<(g+Dlxl=(g+DIP+0I. O

Lemma 3.3(1) of [Rémond and Viada 2003] is a statement on the morphism;
therefore it holds with no need for any remarks.

Lemma 7.4 (Counterpart to [Rémond and Viada 2003, Lemma 3.3(2)]). There
exists an effective €5 > 0 such that, for all ¢ < &,, any sequence of elements in G;
admits a subsequence in which every two elements 0, 0’ satisfy

1
< 9
~ 16gcy

H T

where c| depends on C and is as defined in [Rémond and Viada 2003, Proposition
2.1].

Proof. We decompose two elements 6 and 6’ in a given sequence of elements of
G, as
[al0 = A(p+8&) +lal¢, [a'10'=A(p+&)+a'¢,
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with A, A" € M5 (End E) and 0 < |a| < H(A), 0 < |a’| < H(A"). Define y and y’
such that
l[aly=A(p) and [d']ly’=A'(p).

Since the sphere of radius 1 is compact in ({py, ..., ps) X (p1, ..., ps)) @ R, we
can extract a subsequence such that, for any two elements y and y’,

’L_ Y ’< L
Iyl WY~ 48gc
Note that
-l =l sl
ey el A(p+§)+lal¢
and
H_____szﬂmW4mw+®+wkn<H A®) +lalg
el iyl I1A(p+8&) +[al¢ll A(p+8)+lalg

and the same relations for primed variables. We deduce that

” 1] ||e’||‘ H Iyl Hm_ny_nH H ||e'|| ;n‘
HM_W‘ H 1] ||9/||
H 2“ A(§) +al¢ H H /A(S)/Ha’]/{’/.
Iyl A(p+8) + lal¢ A (p+&) +1a'1¢
Choose
g < & =min(go(p, 1), £(p, 7)), (7-1)

where go(p, t) is defined in (3-3), c2(p, 7) is defined in (3-4) and

c2(p, ©)*min| p; ||
96(s + e

g(p, 1) =

Note that |A(p +&) + [a]¢ || = [ Ax(p +&) +agl for k = 1 or 2 and A = (})).
Proposition 3.3 applied with by, ..., by = Ay, § = —§&, { = —¢ and b = a, implies

IA(p +&) +[al¢|l = H(A)ea(p, T)"*min| p; ||

(same relation with /).
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It follows that

“ o] |9’||

_ 1 N 2H(A)(s + 1) 2H(A)(s+1)
< € : & -
48gcr  H(A)ea(p, )2 min|pi|  H(A)ca(p, 1)/ min | p; |
1 1 1

< + + ,
~ 48gc;  48gc;  48gc
where in the last inequality we use & < g;,(p, 7). U
We are ready to conclude.

Proof of Theorem 1.2(i). In view of Lemma 7.2, we shall prove that there exists
& > 0 such that $;(C, (T'5),) and | $ ES— E? cC@n By + G¢, have bounded
height. Gauss-reduced

By Theorem 1.2(ii), there exists ¢; > 0 such that for ¢ < ¢}, the first set has
bounded height.

It remains to show that there exists g, > 0 such that, for ¢ < &, the second set
has bounded height. The proof follows, step by step, the proof of [Rémond and
Viada 2003, Theorem 1.5]. In view of Lemma 7.3 and 7.4, all conditions for the
proof of that theorem are satisfied. The proof is then exactly equal to the one in
[Rémond and Viada 2003, p. 1927-1928]. O

Remark 7.5. In Theorem 1.5 of [Rémond and Viada 2003] we showed that for

g1 = 1/(28¢y), the set S2(C, I';,) has bounded height. The constant ¢; depends

on the invariants of the curve C. This constant is defined in Proposition 2.1 of the

same reference and it is effective. On the other hand, the height of S>(C, I')) is

bounded by a constant which is not known to be effective, unless I" has rank 0.
For C x p, we have shown that for

min(1, c2(p, 7)) min || p; ||

28g(s + 1)? max || pillci
the set S>(C x p, @s;) has bounded height; see relation (7-1) and Lemma 7.2. As

in the previous case, the height of S>(C x p, O;) is bounded by a constant which,
in general, is not known to be effective.

/
&

8. Summary of notation

We stop to recapitulate and fix the notations for the rest of the article.

For simplicity, we assume that End £ = Z. In this case the saturated module
of a group coincides with its division group. According to Remark 4.2, we use
H(¢) = a in the definition of a Gauss-reduced morphism and N € N* in the
definition of quasispecialness.
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Let E be an elliptic curve without CM over Q.
Let C be a transverse curve in E€ over Q.
Let

¢1 a ... 0 L]

o= =|: i

o 0...alL,
be a Gauss-reduced morphism of rank 1 <r < g, with L; € Z87" and H (¢) =a.
Let " be a subgroup of finite rank of E2(Q).
Let I'g be the division group of I' and s its rank (the definition is given in
relation (2-1)).
Choose ¢; > 0 so that S>(C, (Fg)gl) has bounded height; the definition is
consistent in view of Theorem 1.2 (ii).

Let K be the norm of $;(C, (I'§)¢,)-

Lety = (y1, ..., ¥s) be a point of E*(Q) such that Y1, ..., Ys 1S a maximal
free set of 'y satisfying the conditions of Lemma 3.4 with K =3¢ K. Namely,
for all integers b;

2

1
5 2 bl < (8-1)

Z biyi

and

min [[y; || = 3gK;. (8-2)
Let C x y be the associated weak-transverse curve in ES15,
Let = (Np|¢'): ESTS — E" be a quasispecial morphism with N € N*,

Choose €2 > 0 so that S>(C x y, O,,) has bounded height; this definition is
consistent in view of Theorem 1.2(1).

Let K, be the norm of $>(C x y, O,).

Let p = (p1, ..., ps) € E® be a point such that the rank of (py, ..., ps) is s.
Let I', be the division group of (p1, ..., ps) (in short the division group of
p).

Let ¢, and ¢, be the constants (c2(p, 7))'/2 and gy(p, 7) defined in Proposi-
tion 3.3 for the point p and T = 1 (please note the square root in c).

Let C x p be the associated weak-transverse curve in E85,

Choose €3 > 0 so that $>(C x p, O,) has bounded height; the definition is
consistent in view of Theorem 1.2 (i).

Let K3 be the norm of S>(C x p, Og,).
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9. Equivalence of the strong statements: the proof of Theorem 1.3

The following theorem implies Theorem 1.3 immediately; in addition it gives ex-
plicit inclusions. Once more, we emphasize that we need to assume that S, (C x
p, 0;) has bounded height in order to embed it in a set of the type S,(C, I'y).
Therefore we assume r > 2 and € < g3 in part (ii).

Theorem 9.1. Let ¢ > 0.
(i) The map x — (x, y) defines an injection
S (C,Te) = §:(C xy,0;).

(Recall that y is a maximal free set of I'y.)

(i1) For?2 <r and ¢ <min(e,, €3), the map (x, p) — x defines an injection
p

S:(C x p, 0g) = S:(C, (T'§)sk,)s
(1 g(K3+e)

- ) (Recall that I', is the division
cp min; || p; ||

where K4 = (g + §) max
group of p.)
Proof. (i) Let x € S,(C, ;). There exists a surjective ¢ : E¢ — E” and points
y €I and & € O, such that

¢(x+y+E&)=0.

Since y = (y1, ..., ¥s) is a maximal free set of [y, there exists a positive integer
N and a matrix G € M, ((Z) such that
[N]y =Gy.
We define
¢ =(N¢|pG).

Then ¢((x, ¥) +(§,0)) = Nop(x +8) +9G(y) = Np(x +£+y) =0, 50
(x,y) € $:(C xy,0).

(i1) Take (x, p) € S,(C x p, O;). Thanks to Lemma 6.2, the assumption ¢ < ¢,
implies
(x, p) € (B3 +0)
with ¢ = (N¢|¢') quasispecial. Hence
$((x, p)+(£.8)) =0
for (&, &’) € O,. Equivalently,

No(x +&)=—¢'(p+&. -1
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By the definition of quasispecialness, ¢ is Gauss-reduced of rank r. Let

¢1 a...OLl
o= :|=: [
o 0... alL,

with L; € 787" and H(¢) = a.
Since I, is the division group of p, the point y’ defined by

Nlaly' = ¢'(p)

belongs to I';.
Let ¢’ be a point of E” such that

Nlal¢' = (&, &).
We define
y=(".0,...,00 €T, x{0}¥", ¢=(.0,...,0)€ E" x {0}¥".
We have
N¢(y) = Nlaly' = ¢'(p)N()= Nlal¢' = ¢ (5, §).
It follows that
Np(x+y+1) = Nop(x)+¢'(p) + (&)= d((x, p)+(£,&)) = 0.

Thus
x € C(@Q N (Byg+T8+0)).

In order to finish the proof, we shall prove

12l < eKa.
By the definition of ¢ we see that
7 , !/ H / ,N ,
Il =1¢'l = ”‘”fvﬂ < (g+5)XH@) Na) oy,
a Na
= gty MH@) NG
Na

We claim that
max(H ('), Na) _ Ky

Na T g+s
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Let ¢/ = (b;;). We shall prove that H(¢') = max;; [bi;| < %Na. Let [by| =
H (¢’). Consider the k-th row of the system (9-1) g

Ne(x) + Nw (&) ==Y bij(pj +E)).
J

The triangle inequality gives

I Ol 4 k23l > 12, bij(pj +$})||'

a a Na

(9-2)

Since ¢ < g3 and r > 2, we have (x, p) € $(C x p, Og,), which has norm K3.
Hence
lxll < Ix, pII < K3.

Since a = H (¢), we see that
l| &k (X))
a

<(g—-r+1HK;3 and (g —r+1e.

1P Il _
Y, =
Substituting in (9-2),

(g—r+1D(K3+e)> ”Zi bij (pj +5})||.

Na
Recall that ¢ < ¢,. Hence, Proposition 3.3 with (b1, ..., by) = (b1, ..., bis),
(&1,...,&)=—¢&" and ¢ =0, implies that
1 2 2 2 V2 cpH(9) .
(g—r+1D(Ks+e) > m(% ;wm Ip;l ) > == min | ]l

Whence X

H@) < —* Na. 0

g§+s

The inclusion in Theorem 9.1(ii) has been proved only for a set S, (C x p, O,)
known to have bounded height. If the norm K3 of S,(C x p, O;) goes to infinity,
the set (Ff,)sK4 tends to be the whole of ES.

Remark 9.2. We would like to show that our Theorems 1.2 and 1.5 are optimal.
Take I' = ((y1,0,...,0)), where y; is a nontorsion point in E(Q). Since C is
transverse, the projection m; of C (Q) on the first factor E(Q) is surjective. Let
X, € C(@) such that 7y (x,) = ny;. So x, —n(y1,0, ...,0) has first coordinate
zero, and belongs to the algebraic subgroup 0 x E€~!. Then, for all n € N we have

X, € B¢:(170,n_70) +T.

This shows that x, € §1(C,TI'), so §1(C, I') does not have bounded height. By
Theorem 9.1(i), neither does S1(C x y1).
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10. Special morphisms and an important inclusion

We can actually show a stronger inclusion than the one in Theorem 9.1(i). The set
S, (C, I'y) can be included in a subset of S,(C x y, 0,), namely the subset defined
by special morphisms.

Definition 10.1 (Special morphisms). A surjective morphism ¢ : E¢tS — E” is
special if (,5 = (N¢|¢') is quasispecial and satisfies the further condition

H($) = NH(9).
Equivalently, b is special if and only if

@) q~> is Gauss-reduced, and

(ii) H(¢)I, is a submatrix of the matrix consisting of the first g columns of b.

Proof of the equivalence of the two definitions. That the first definition implies
the second is clear. For the converse, take the decomposition é = (Al¢"), with
A€ My, y(Z) and ¢' € M,(Z). Let N be the greatest common divisor of the
entries of A. Define ¢ = A/N and a = H(¢)/N. Then ¢ = (al,|L’) is Gauss-
reduced and ¢ = (N¢|¢'). 0

A nice remark is that the obstruction to showing unconditionally that S, (C x p, O;)
is included in S, (C, (FL;g )er) 1s exactly due to the nonspecial morphisms. Sets of
the form

(C(@) x p)N (Bz+0;)
not having bounded height can be included in S, (C, (F};’ )er) if g5 is special; indeed
in general
H($)
H(A)

g =c(g,s) e

for any ¢ = (A|¢).

Proposition 10.2. Let 2 <r and ¢ < min(ey, K1/g). The map x — (x, y) defines
an injection

U ca@nB+Tf:) = |J (€@ xy)nB;+00).

¢ Geu;(ss-r_educed ¢=(N¢|<é’) special
rk g=r rk p=r

Proof. LetxeC (@)H(B¢+Fg +0,), with ¢ Gauss-reduced of rank r. Equivalently,
there exist y € Fg and £ € O, C E¢ such that

d(x+y+E&)=0.
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Since y1, ..., ¥s is a maximal free set of Iy, there exists an integer N and a matrix
G € M, (Z) such that

[Ny =G(y).
Let n be the greatest common divisor of the entries of (N¢|¢G). We define

~ 1
¢ =_(NoIpG).
Clearly

(N@pG) ((x, ) +(§,0) =No(x) +¢G(y) + Np(E)=Np(x +y+§) =0.

Thus
ng((x,y)+ (£ 0) =0. (10-1)
Equivalently,
(x,¥) € (C(@) x ) N (B, +0p).

By Lemma 4.4(i) with ¥ = ¢ and N = n, it follows
(x,¥) € (C(@) x y) N (Bj +0p).

We next show that ¢ is special. By assumption, the morphism ¢ is Gauss-
reduced. By the definition of ¢, the greatest common divisor of its entries is 1. In
order to conclude that ¢ is special, we still have to show that

H($) = Na

or equivalently
H(¢') < Na.

The proof is similar to the last part of the proof of Theorem 9.1(ii).
Let ¢’ = (bij) = ¢G. Let |byy| = max;; |b;j| = H(¢'). Let ¢ be the k-th row of
¢. Consider the k-th row of the system (10-1):

nN (¢ (xX) + ¢ (E) = —nY_ bi;.
J

Then

léx (O e Gl 1
(X + k > mHZbkﬂ/]’
J

a a

Clearly x € S,(C, (I'§)s). Since & < &1, we have x € S»(C, (T'§),,), which has
norm bounded by K. So
lxll < K.

Since H(¢y) < H(¢) =a,
[l ()l

a

<(g—r+1DKj.
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Furthermore,
12O _ (i1
a
Then
1
(g—D(Ki+¢e) > m“Zbijj .
j
From relations (8-1) with (by, ..., by) = (byy, ..., brs) and (8-2), we deduce

1 (1 5 o\ H@) . H(¢")
(g—D(Ki+e) > m(g?lbml vl ) > NG rnjm lyill = 3Na 3gK;.

We assumed that ¢ < Ky /g, so H(¢') < Na. O

This inclusion is important; the Bogomolov-type bounds are given for inter-
sections with O, and not with I';. Actually there exist bounds for ¢ such that
C N T is finite. They are deduced using the Bogomolov-type bounds and their
dependence on the degree of the curve is not sharp enough for our purpose. To
overcome this obstacle and solve the problem with I';, we use Proposition 10.2
and the Bogomolov-type bounds for C x y intersected with B; + 0., where b is
special of rank 2.

11. Proof of Theorem 1.5: Structure

Sections 12 and 13 below will develop the core of the proof of Theorem 1.5. In
Proposition A we show that the union can be taken over finitely many sets, while
in Proposition B we show that each set in the union is finite.

We prefer to present first the proof of Theorem 1.5 assuming Propositions A and
B, and then to prove them. We hope that, knowing a priori the aim of sections 12
and 13, the reader gets the right inspiration to handle the proofs.

Proof of Theorem 1.5. Assuming Conjecture 1.4, we prove Conjecture 1.1(iv). In
view of Theorem 1.3, part (iii) is also proved. Parts (i) and (ii) are then obtained
by setting ¢ = 0.

Choose
n=2g+s)—3,
min(&g, € ) ) "
61 = (—422), where ¢4 is as in Proposition B,
(g+s)

§ = 51M/_1_1/(2"), where M’ = max (2, (Kz/Sﬂz)n.
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Recall that I's C (I'§ )s. Apply Lemma 4.5, replacing ¢ by 8. Then

SKC.THc | ca@nBy+ @)

¢ Gauss-reduced
rk p=2

Observing that § < §; < min(e, K1/g) and applying Proposition 10.2 (again with
& = §) we obtain an injection

U caanB+THs — |J (€@ xy)n(B;+0s).
Gauss-red d T / .
¢ aﬁ:;:z uce ¢_(N<fllq; ):;pemal
Note that § = §; M'~ /@) and §, < &,. Then, Proposition A(ii) in Section 12
below, with ¢ = §;, r =2 (and n already defined as 2(g +s) —4 + 1), shows that

U €@ xy)n(B;+05)
é spE:cial
rk ¢=2

is a subset of

U (C(@) X )/)m(B¢”,+©(g+s)51/1_1(¢;)1+|/(2n>). (11-1)

é special
H(@)<M'
k=2

Observe that in (11-1), ¢ ranges over finitely many morphisms, because H (¢) is
bounded by M.

We have chosen 8; < €4/(g + 5)°. Proposition B(ii) in Section 13 below with
& = (g +5)d1, implies that for all $ = (N¢|¢') special of rank 2, the set

(C(@) xy)n (Bq; + @(g+s)31/[_1(¢)1+1/(2n))
is finite. Note that H(¢) < H ((/5), thus also the sets

(C@ x ¥)N(Bs+0g 45, 1)1 )

appearing in (11-1) are finite.
It follows that, the set S»(C, I's) is contained in the union of finitely many finite
sets. So it is finite. O

Despite our proof relying on Dirichlet’s Theorem and a Bogomolov-type bound,
a direct use of these two theorems is not sufficient to prove Theorem 1.5. Using
Dirichlet’s Theorem in a more natural way, one can prove that, for r > 2,

S/(C.Ty) ¢ | ) c@n(By+T.).

H(p)<M(e)
rk p=r
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On the other hand, a direct use of the Bogomolov type bound shows that

is finite, for ¢ of rank at least 2. Even if we forget I', the discrepancy between &
and &/ H (¢)? does not look encouraging, and it took us a long struggle to overcome
the problem. In Propositions A and B, we succeed in overcoming the mismatch;
in both statements we obtain neighborhoods of radius ¢/ H ()1 H1/@m)

Warning: One might think that, since we consider only morphisms ¢ such that
H(¢) < M, it might be enough to choose &' = e/M?. However, M = M (¢) is an
unbounded function of ¢ as ¢ tends to O.

12. Proof of Theorem 1.5:
The box principle and the reduction to a finite union

In Lemma 12.2, we approximate a Gauss-reduced morphism by a Gauss-reduced
morphism of bounded height. Such an approximation allows us to restrict our
attention to unions over finitely many algebraic subgroups, instead of over all al-
gebraic subgroups; this is Proposition A, already mentioned. We start by recalling
Dirichlet’s Theorem on the rational approximation of reals.

Theorem 12.1 (Dirichlet, 1842; see [Schmidt 1980, p. 24, Theorem 1]). Suppose
that oy, . .., a, are real numbers and that Q > 2 is an integer. There exist integers
£, fi, .., fn such that

I<f<Q" and |Olif—f,‘|§é for1<i<n. (12-1)

Lemma 12.2. Let Q > 2 be an integer. Let ¢ = (al,|L) € M,«¢(Z) be Gauss-
reduced. There exists a Gauss-reduced y = (f1,|L") € My ¢(Z) such that

Q) Hy)=f < Q"+ and
IR
Here the norm | - | of a matrix is the maximum of the absolute values of its entries.

2 . . . . . .
Proof. If a < Q"8 *! no approximation is needed, since ¢ itself satisfies the
conclusion. So we can assume that

a ... OL[
0... alL,

is a Gauss-reduced morphism such that H(¢) = a > Q’g*’ZH. Consider the
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element

L, L, 2
—ro+1
O[:<1,7,...,; :(Oll,Olz,...,Olrg_r2+1)ERrgr .

Setn=rg—r?+1. Apply Dirichlet’s Theorem to « to select integers f, fi, ..., fx
satisfying (12-1); they can be assumed to have greatest common divisor 1. Define

1 _1
f f

with L] € Z8~". We claim that

fi=1, [fil = f.
Indeed, (12-1) for i =1 yields

(fl’---»fn) (flsL/l"“’L:')a

w =

1
=of
so | f — fil < 1. Since f and f; are integers, we must have f = f;. Similarly,
by (12-1) for i = 2,...,n, we have |f;/f —a;| < 1/(Qf). This implies that
|fil < f+1/0. We deduce that | f;| < f.

It follows that

fi_
‘f !

f ... 0L
v=1: :
0... f L
is a Gauss-reduced morphism of rank r with H(y/) = f.

Relation (12-1) immediately gives

f=<0"
and
v eyt
f — Qf — Q1/2f1+1/(2n) ’
where in the last inequality we have used the inequality Q'/? > f1/@m, O

At last we can prove our first main proposition; the union can be taken over
finitely many algebraic subgroups. If ¢ has large height and By is close to x,
with x in a set of bounded height, then there exists i with height bounded by a
constant such that By, is also close to x. One shall be careful that, in the following
inclusions, on the left-hand side we consider a neighborhood of By of fixed radius,
while on the right-hand side the neighborhood becomes smaller as the height of
grows. This is a crucial gain with respect to the simpler approximation (obtained
by a direct use of Dirichlet’s Theorem) where the neighborhoods have constant
radius on both sides.
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Proposition A. Assume r > 2.

(1) If 0 < e <e¢y, then

U c@n (B¢> + (Fg)s/M'+1/<2n>)
¢ Gauss-reduced _ g
rk p=r C U cC(@n (Bw + (FO)gS/H(W)'+'/(2”))’
¥ Gauss-reduced
ky=r
HW)<M
where n =rg —r*>+ 1 and M = max (2, |'K1/£]2)n.

(1) If 0 < e < &, then

U (C(@) xy)n (qu +©£/M/1+1/(2n))

& special —
kd=r c | €@ xy)N(By+0rpe mgyrven).
¥ special
tk §r=r
H(@J)=M'

where n =r(g +s) —r>+ 1 and M’ = max (2, [Kz/ﬂz)n.

Proof. (1) Let ¢ = (al,|L) be Gauss-reduced of rank r.
First consider the case H(¢) < M. Then ¢/M 't/ < ¢/H (¢)! 1/ Obvi-
ously

C(@) ﬂ (B¢ + Fg + ©£/M|+l/(2")) C C(@) ﬂ (B¢ + Fg + OE/H(¢)]+'/(2"))

is contained in the right-hand side.
Secondly consider the case H (¢) > M. We shall show that there exists ¥ Gauss-
reduced with H (y) < M such that

C@ N (By+T§ 40, pp+1/00) CC@) N (By +T§ + O iy yreven) -

We fix Q0 = max (2, |'K1/8]2). Recall that n =rg — r> + 1. By Lemma 12.2,
there exists a Gauss-reduced morphism

f ... 0L
Y= : :
0... f L
such that
HYy)=f=<M
and
¢ 1

(12-2)

vy_ o 1
f al — Q1/2f1+1/(2n)'
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Let x € C(Q) N (By + Fg + Oy jpi+1/en). Then there exist y € Fg and £ €
©£/M1+1/(2n) such that

px—y—§)=0.
We want to show that there exist y’ € Fg and &' €0 ge/f1+1/2m such that
Y(x—y —¢&)=0.
Let y” be a point such that
[aly” = ¢ (y).

Since Iy is a division group, y” € I';. We define
Y =0"0elyx {0},
whence
v =11y"
Let £” be a point such that
[f1E" =y (x =),
and define &’ = (£”, 0). Then
vE)=1f1"=¢y(x~y) and Y(x—)y —£&)=0.
It follows that
X € C(@) N (By + Fg + 0.
In order to finish the proof, we are going to prove that

/ 8¢

By definition
Iy (x =)l

11 =171 = 7

Consider the equivalence
ay(x —y) =ay(x) —ay(y) =ay(x) —alf1y”
=ay(x)— fo(y)=ay(x)— fo(x)+ fP(&).
Then

181 = 51 £0© — 1000 +av )] < L1l + zav ) - fow)].

ey
af

We estimate separately each norm on the right.
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On the one hand,

— —1
—||¢(§)|| <@-r+Dl5ll = A(;,H-]/()Zn) = J(cé17+1/(3:)’

because ||£]| <&/M'TV/@ and f < M.
On the other hand, since the rank of ¢ is at least 2 and € < £, we have x €
$2(C, (T'$)e,), which has norm K. Thus

Ixll = K.

Using relation (12-2) and that Q > [K/e]?, it follows that

—Ilaxlf(X) —fo()ll = 7

af llxl

8IIXI| €
< < .
= K, fIH/@n = fii/an

We obtain ( H
g— e € ge
€] < + < ,
FLr/@) I/ @n) = f1k1/@n)

concluding the proof of part (i) of the proposition.

(i) We fix Q = max(2, [K»/e]%). Let q~§ = (N¢|¢'): ET5 — E" be special. From
conditions (i) and (ii) of Definition 10.1 we know that

¢ = (bI,|%)

is Gauss-reduced and H (¢) =

As in part (i) of the proof, if H(¢) < M’ then /M V" < ¢/H ($)1+1/@m
and the set

(C@) x y)N(By+0, ps1/00)

is contained in the right-hand side.

Now, suppose that H(¢) > M'. Recall that n = r(g +s) —r2 + 1. By Lemma
12.2 (applied with ¢ = ¢ and ¥ = V) there exists a Gauss-reduced ¥ = (£ I,|%)
such that H(/) = f < M’ and

1
‘ (12-3)

Q1/2f1+1/(2n)
Then v is special, since it satisfies (i) and (ii) in Definition 10.1.
The proof is now similar to that of part (i). We want to show that, if d~>((x, y)+£€)

vanishes for & €0, 1+1/20, then ¥ ((x, y)+E&’) vanishes for £’ € 0
Let &” be a point in E” such that

[f1E" == (x, p).

(g+s)e/H)1+1/2
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We define &' = (£”, {0}8~"*%). Then

U((x,y)+(E,0)=0.
It follows that
(x,y) € (C(@) x y) N (By +Oper),

where v is special and H(¥) < M.
It remains to prove that

g = S
— H(‘/})1+l/(2n)'

Obviously
b (x,y) = f(x, ) — d(x, ¥)) +bF (x, y).
According to the definition of &’,

1€ = 1"l = M = %Hf(é(x, Y) = de ) + b )|

1, -~ 1 - -
< |G, |+ ﬁﬂwa, y)— féx, v

We estimate the two norms on the right.
On the one hand,

ldCe, I 1d®)]l (g—r+1+s)e  (g—r+1+s)e
=, = @rtl+sliEl = e S e

where in the last inequality we have used that f < M’.

On the other hand, by the definition of &, we know that the norm of the set
S$2(C x y, Og,) is bounded by K». Since ¢ < g, we have (x, y) € 52(C x y, Og,).
Therefore

e, I < K.

Using relation (12-3) and the inequality Q > [K,/g]%, we estimate

Lo - b b ,
o0 = s = |2 - L = Al

_ el e
— (Kz)fl—i-l/(Zn) — f1+1/(2n)'

Since r > 2, we conclude that

1€ < (g—1+s)e € (g ts)e
= f/en FIH/Cn T g (e
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13. Proof of Theorem 1.5:
The essential minimum and the finiteness of each intersection

Up until now we have used, several times, the boundedness of the height of our
sets. In this section we often use the fact that we are working with a curve.
In the following, we set

n=2(g+s)—3.

We would like to use Conjecture 1.4 to provide ¢ > 0 such that, for all ¢ Gauss-
reduced of rank r = 2, the set

(C@) x ¥) N (By + O (gy1+17m) (13-1)
is finite. This set is simply

¢|_Cl><y (¢(C Xy) m¢(©g/]—[(¢)l+l/(2n))) .
Further
& (O m(gy+1/em) C Oggpgyrien,

because if § € O,/ pgy1+1/en then @) < gH (@)L < geH(¢)~/?. Thus,
the set (13-1) is contained in the preimage of

H(C xy)NOg i (gyr/om-

If we can ensure that there exists & > 0 such that, for all morphisms ¢ Gauss-
reduced of rank r = 2,

geH(p) ™/ < u(@(C x y)), (13-2)

then the set (13-1) is finite.

The direct use of a Bogomolov-type bound, even an optimal one, is not suc-
cessful in the following sense: For a curve X C E¢ and any n > 0, Conjecture
1.4 provides an invariant € (X, 1) such that (X, n) < u(X). To ensure (13-2), we
could naively require that

geH ()™ <e(@(C xy),n)

for all ¢ Gauss-reduced of rank r = 2. But this can be fulfilled only for ¢ = 0.

We need to throw new light on the problem in order to prove (13-2); via some
isogenies, we construct a helping curve D and then we relate its essential minimum
to C x y. We then apply Conjecture 1.4 to D. In this way we manage to provide
a good lower bound for the essential minimum of C x y. We take advantage of
the fact that u([b]C) = bu(C), while e([b]C, n) = €(C, n)/b"/€=D+21 for any
positive integers b.
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¢ . ¢1 _ [ a 0 L1
"\ /) \0a L
be a Gauss-reduced morphism of rank 2 with H (¢) = a. We introduce the notation

X =(x3,...,Xg), and recall that n =2(g +s) — 3.
We define

Let

ap = |a'/@®m].

We associated to the morphism ¢ an isogeny
O:ESE— ES,  (X1,...,Xq) > (o (X), X3, ..., Xg).
We then relate it to the isogenies
AE® — E&, (X1,...,Xq) > (X1, X2,ax3,...,aX,),
Ao :E® — E&, (x1,...,Xq) > (X1, X2, a0X3, ..., aoXg),
L:E® — E®%, (x1,...,xg) > (X1 +L1(X), x4+ Lao(X), X3, ..., Xg).

Definition 13.1 (Helping curve). We define the curve D to be an irreducible com-
ponent of A 'LA=Y(C), where (-)~! simply means the inverse image.

The obvious relation
[apa]lD = ®(C)
is going to play a key role in the following.
We need to estimate degrees, since the Bogomolov-type bound depends on the
degree of the curve.

Lemma 13.2. (i) The degree of the curve ¢(C) in E? is bounded by 6ga® deg C.
(ii) The degree of the curve D in E& is bounded by 12g2a§(g_2)a2(g_1) deg C.
Proof. (i) Consider

2
degp(C) = _¢(C)- H,
i=1
where H; is the coordinate divisor given by 3x; = 0. The intersection number
#(C) - H; is bounded by the degree of the morphism ¢;. : C — E. Recall that
¢ = (‘;2) By Bézout’s Theorem, deg ¢; . is at most 3ga’ deg C; see [Viada 2003,
p. 61]. Therefore
deg ¢ (C) < 6ga’deg C.

(i1) Let X be a generic transverse curve in E¢. By [Hindry 1988, Lemma 6(i)],

we deduce that

deg A7 (X) <2a*®Ddeg X, deg Ay'(X) <2a0®? deg X.
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To estimate the degree of L(X), we proceed as in part (i). We write

8
deg L(X) =)  L(X)- H;,
i=1

where H; is given by 3x; =0. The intersection number L (X)- H; is bounded by the
degree of the morphism L;lx : X — E, where L! is the ith. row of L. By Bézout’s

Theorem, deg L;‘X is at most 3ga® deg X. Therefore
deg L(X) <3g%a*deg X.
We conclude that
deg D <deg A;'LA™'(C) <2a]* > deg LA™ (C)
< 65)2613(”7_2)(12 deg A~1(C) < 12g2a§(g_2)a2a2(g_2) deg C. O

The next proposition is a lower bound for the essential minimum of the image of
a curve under Gauss-reduced morphisms. It reveals the dependence on the height
of the morphism. While the first bound is an immediate application of Conjecture
1.4, the second estimate is subtle. Our lower bound for w(®(C + y)) grows with
H(¢). On the contrary, the Bogomolov-type lower bound €(®(C + y)) goes to
zero as (agH (¢))~1/6~D="_a nice gain.

Potentially, this suggests an interesting question; to investigate the behavior of
the essential minimum under a general morphism.

Proposition 13.3. Assume Conjecture 1.4 and take y € E4(Q) and n > 0. Then:

@) w(@(C+y) > € (C,ma= 1420,
where € (C, n) is an effective constant depending on C and n. (Recall that
a=H(®))

(ii) 1 (®(C+y)) > e (C, n)acl)/(g—l)—S(g-i-S)(g—l)ﬂ,

where €,(C, 1) is an effective constant depending on C, g and n. (Recall that
ap = |a"/"])

Proof. Recall the Bogomolov-type bound given in Conjecture 1.4: for a transverse
irreducible curve X in E¢ over Q and any 5 > 0,

c(g, E, n)
deg Xl/(2 codim X)+n

e(X,n) = u(X).

(i) Observe that ¢ (C) C E? has codimension 1.
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Letg' =¢(y). So ¢(C+y)=¢(C)+q’. Since C is irreducible, transverse and
defined over Q, so is ¢ (C) + ¢’. Conjecture 1.4 gives

c(2,E,n)
(deg(¢(C) + g/ )+

Degrees are preserved by translations; hence Lemma 13.2(i) implies that

w(@(C+y) =u@C)+4")>e@C)+q',n =

deg(#(C) +q') = deg(C) < 9ga” deg C.

If follows that

GO +q'm) = el
€ ,n) > .
T = 9442 deg C)1/2+1
Define
c(2,E,n)
C.nN=—""—"—"—+-—.
(C D = G deg 0177
Then
€1(C,n)
M(¢(C+)’))Zw-

(ii) Let g € E8 be a point such that [aga]g = ®(y). Then
®(C +y) = [aoal(Ay ' LA™ (C) + ) = [aoal(D + q).

Therefore
u (®(C +y)) = (apa)u(D +q). (13-3)

We now estimate (D +¢q) using Conjecture 1.4. The curve D +¢q is irreducible
by the definition of D. Since C is transverse and defined over Q, so is D+¢g. Thus

c(g, E,m)

w(D+qg)>e(D+q,n) = deg(D + ¢)V/C&=D)+n°

Translations by a point preserve degrees, so Lemma 13.2(ii) gives

deg(D +¢q) =deg D < 12g2a§(g72)a2(g_1) degC.

Then
c(g, E,n) 28-2)_2(g—1)\~ 2= 7
g—D

«Drq.m= (12g% deg C)1/e=)+n (ao a ) * '

Define
_ c(g, E,n)
e(C,n) = (122 deg C)1/@G&=D)+n"

So

—1+ L5 2(g-2)
a

w(D +q) > €2(C, n)a, 8 —1-2(g—D)n_
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Substitute into (13-3), to obtain
ﬁ*Z(ng)n
w(@(C +y)) > eC, nag a

Recall that qy is the integral part of a'/®"® where n =2(g+s) —3. So 2ag > a'/@"
and

—2(g=Dn

q2&—bn < (200)4”(5’—1)77.
Further, 2(g —2)+4n(g—1) <8(g+s)(g — 1), so
M(CD(C +y)) - GZ(C, n)aé/(g_l)_g(g‘i‘s)(g—l)’?‘ 0

We now come to our second main proposition: each set in the union is finite.
The proof of (i) case (1) below is delicate. In general u(7(C)) < u(C), for 7 a
projection on some factors. We shall rather find a kind of reverse inequality. On a
set of bounded height this will be possible.

Proposition B. Assume Conjecture 1.4. There exists 4 > 0 with the following
propetrties:

(i) Fore <ey4,forall y € FS x {0}¢~2 and for all Gauss-reduced morphisms ¢ of
rank 2, the set

(C(@) + y) N (B¢ + @g/H(¢)1+1/<2n))

is finite.
(ii) For e < e4/(g+ s) and for all special morphisms ¢ = (N¢|¢') of rank 2, the
set
(C@ xy)N (qu + O 1 (gy1+1/Cm) )
is finite.

(Recall thatn =2(g +s) — 3.)
Proof. (i) Choose

1
n=no= .
2%(g+9)(g—1?
Define
g—1
( K, )1—8(g+s)(g—1>2n
m = max |2, ,
€(C,n)

and choose

: Ky e (C,n)
€& = min &1, —, an ’
8 gm

where €{(C, ) and €, (C, n) are as in Proposition 13.3.
Recall that H (¢) = a. We distinguish two cases:

(1) ap = a'/®] > m,
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(2) ag = a/®" ] <m.

Case (1):ap>m.Letx+y¢€ (C(Q) +y)N(By + O jg1+1/00), Where

y=(1,20,...,0) €T3 x {0}

Then
dpx+y)=¢(&)
for |||l < &/a' /M.
We have chosen ¢ < ¢, s0 x € $(C, (Fg)sl) which is a set of norm K;. Then

Ixll < K.
Recall that ®(z1, ..., zg) = (aoP(2), 23, - . ., Zg). SO

Q(x +y) = (aop(x +y), x3, ..., xg) = (aop(§), x3, ..., xg).

Therefore

[®(x + VIl = [[(ao@ (&), x3, ..., xo) || = max (aollpE) I, [lx1]) -

Since ||€]| < ea~IH/C) gy < a'/@ and ¢ < K, /g, we have

€
aollo )|l <ao(g—r+ I)W < K.

Also ||x|| < K. Thus
[®(x+ I < K.

In view of the hypothesis ag > m, we have

1 ,
K| <e(C, n)aop—S(gﬂ)(g—l)n‘

In Proposition 13.3(ii) we have proved that

1

€(C., M)ags—" 8(g+s)(g—Dn

< u(@(C+y)).
So

[®(x+ W < K1 < pu(P(C+y)).
We deduce that & (x + y) belongs to the finite set

CD(C—F}))O@K].

The morphism C + y — ®(C + y) has finite fiber. We can conclude that since
e <min(e;, K /g), for every ¢ Gauss-reduced of rank 2 with ag = [a'/@®" | > m,
the set

(C(@) +y)n (B¢ + @g/H(¢)1+1/(2n))

is finite.



292 Evelina Viada

Case (2): ap <m.Letx+ye (C(@)+y)ﬂ(B¢+©€/a|+|/<zn>), where y € FS x {0}872.
Then

¢p(x+y)=0()

for ||€|| < &/a't1/@V . However we have chosen ¢ < €;(C, n)/gm™*". Hence

_ 8¢ €1(C,n)
lpx+ =1l = e = pangijen

We are working under the hypothesis ag = |a'/®"] <m and m > 2, so a <
(2a0)2” < m*". Furthermore, n<ny< ﬁ implies that a? < a'/Cm_ Thus

a2 < ping1/en)

And consequently

a(C.p)  a(Cn)
G+ »ll = s < b

In Proposition 13.3(i) we proved that

€1(C,n)

pIES TR u(@(C +y)).

We deduce that ¢ (x + y) belongs to the finite set

p(C+y)N @el(cm)m—zma—l/(zn).

The morphism C 4+ y — ¢(C + y) has finite fiber. Since ¢ < €, (C, n)/(gm*"), we
conclude that for all ¢ Gauss-reduced of rank 2 with ag = [a'/®" | < m, the set

(C(@) + y) N (B¢ + Ge/H(¢)1+1/(2"))

is finite.
For the curve C, define

€(C) =min(e1 (C, no), €2(C, no)).

Note that

€@\ _e(Com)
gk T ogmt

Thus, we could for instance choose

. K (e(@)“ﬁs)g
E4=min|{ &y, —, .
g \gky

Proof of (ii). We want to show that, for every ¢ = (N¢|¢') special of rank 2,
there exists ¢ Gauss-reduced of rank 2 and y € l"g x {0}~ such that the map
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(x,y) = x + y defines an injection

(C(@) X y)N (Bd; + ©8/H(¢)1+1/(2”)) — (C(@) +y)N (B¢ + ©(g+s)s/H(¢)l+l/(2n)) .
(13-4)
We then apply part (i) of this proposition; if (g + s)e < &4, then

(C(@) + y) N (B¢ + ©(g+s)e/H(¢)1+]/(2”))
is finite. So if € < &4/(g +5), the set
(C@) x ¥) N (B + Oy gyv/en)

is finite too.
Let us prove the inclusion (13-4). Let ¢ = (N¢|¢’) be special of rank 2. By
definition of special ¢ = (al,|L) is Gauss-reduced of rank 2. Let

(x, ¥) € (C(Q) x ¥) N (Bj+ 0, g pyr+1/0m).

Then, there exists § € Oy (g)1+1/en such that

$((x,¥)+£)=0.
Equivalently,
No(x)+6'(y)+ () =0.
Let y’ € E? be a point such that
Nlaly'=¢'(y).
Since I'y is a division group,
y=(",0,...,0) €} x {0}572
and
N¢(y) = Nlaly'=¢'(y).
Therefore
No(x+y)+ (&) =0.
Let £” € E? be a point such that
Nlal§" = $().
We define &’ = (§”, {0}¢~2). Then
N (&) = Nlals" = $(&),

and
Nop(x+y+&)=0.
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Since qg is special H(q;) = Na. Furthermore ||£|| < &/a't1/®" We deduce

6@ _ (s+s)e

Na — aqlti/en:

1€ = 11E"1I =

In conclusion
Np(x+y+£)=0
with [|€']| < (g +s)e/a' /@ and y € I'3 x {0}472. Equivalently,

(x+y e (C(@) +y)N (BN¢ +@(g+s)8/]_1(¢)1+1/(2n)) .
By Lemma 4.4(i), with ¢ = ¢, we deduce that
(X + y) € (C(@) + y) N (B¢ + ©(g+s)8/H(¢)l+l/(2")) s

with y € F% x {0}¢~2 and ¢ Gauss-reduced of rank 2.
This proves relation (13-4) and concludes the proof. U

14. The effectiveness aspect

An effective weak height bound. We give an effective bound for the height of
S1(C, 0,) for C transverse.

Theorem 14.1. Let C be transverse. For every real ¢ > 0, the norm of the set
S1(C, Oy) is bounded by Ky max(1, €), where Ky is an effective constant depending
on the degree and the height of C.

Proof. If x € §1(C, O,), there exist ¢ : E& — E and & € O, such that ¢ (x — &) =0.
Now the proof follows that of [Viada 2003, Theorem 1, p. 55], where we replace &
by h, y by ¢, p by x and h(y(p)) =0 by h(¢(x)) = co(deg §) h(§) with h(§) < &.

O
The strong hypotheses and an effective weak theorem.

Proof of Theorem 1.6. The proof is similar to the proof of Theorem 1.5 given in
Section 11.

Theorem 14.1 implies that for » > 1 the norm of the set S, (C, O;) is bounded
by an effective constant K. Define

1

770=24—gz,

€(C)= min(el(C, no), €2(C, no)), where €1, €, are as in Proposition 13.3,

82
51=1min( &(@)g>
8 g \gKo

RV B 2\283
=M  2@g-3) where M = max (2, ’7—0—‘ ) .
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In Section 12, Proposition A(i) with ' =0, ¢; =1 and K| = K/, we have shown
that

U C(@) N (B¢ + @5) C U C(@) N (B¢ + ©g51/H(¢)1+1/(2(2g73))) .

¢ Gauss-reduced ¢ Gauss-reduced
rk(¢)=2 tk(¢)=2 H($)<M

In Section 13, Proposition B(i) with y =0, s =0 and n =2g — 3, K| = Ky, we
have shown that for all ¢ Gauss-reduced of rank 2, the set

C(@) n (B¢ + Ggal/H(¢)]+]/(2(2g—3)))

is finite. It follows that
U c@n,+0s)

¢ Gauss-reduced

k(¢)=2

is finite. By Lemma 4.5(1) we deduce that S»>(C, Os) is finite. This shows that
Theorem 1.6 holds for

2

1 )\ \*

8§—min(1,K0_1)4gmin 1, Ko, €©) . O
g gKo

An effective bound for the cardinality of the sets. We have just shown that for C
transverse, ¢ can be made effective. The purpose of this section is to indicate an
effective bound for the cardinality of S»(C, 0,), under the following conjecture:

Conjecture 14.2 (S. David; personal communication). Let C be a transverse curve
in A. There exist constants ¢’ and c”, each depending on g, deg; A, hy(A), [k:Q],
such that, for

c/

(degL V)l/(2 codim V)

€(C) = and ©(C) =c"(deg; C)8,

the cardinality ofC(@) N O¢(c) is bounded by O (C).
This is the abelian analogue to [Amoroso and David 2003, Conjecture 1.2].

Theorem 14.3. Let C be transverse. Assume that Conjecture 14.2 holds. Then,
there exists an effective ¢ > 0 such that the cardinality of S2(C, O¢) is bounded by
an effective constant.

Proof. Let 6 and §; be as defined in the previous proof.
By Proposition A(i) in Section 12 we deduce that

$HC.0C | C@N(By+0g mgyees).

¢ Gauss-reduced
H(p)<M
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Note that, for any curve D and positive integers n, the cardinality of [n]D N0O,¢(p)
is still ®(D). Going through the proofs of Proposition B(i) in Section 13, we see
that
#52(C.0) < Y #(9.' (#(C) NOcpic)).
H(@¢)<M
where ¢ : C — ¢(C) is the restriction of ¢ to C. Recall from [Viada 2003, p. 61]
that the fiber of ¢). has cardinality at most 3g H (¢)? <3gM?. We set

A = #((C)NO .
max H{ggM (@(C)NOc(cy)

We deduce
#5,(C, 05) <3gM>Amax.

By Lemma 13.2(i), deg ¢ (C) < (BgH(¢))? deg C. Conjecture 14.2 implies that
Amix < 3¢ H($)*0(0),
with ®(C) explicitly given. We conclude that
#5,(C, 05) < 3)*¥ T M*$30(0). (14-1)

By Theorem 14.1 the constant Ky is effective. So M is also effective. Thus the
bound (14-1) is effective, for C transverse. O

Similar computations imply a bound for the cardinality of S;(C, I's).
For & < e4(g +5) 2 M/~ 71/ E8H4576) o obtain

#5,(C, T'5) < c1(9)M' V0 (C).

Here c;(g) (and c2(g, s)) are effective constants depending only on g (and s). The
number M’ depends explicitly on C, g and K;, while &4 depends explicitly on C,
g, s and K. In view of Theorem 9.1, the above bound also implies a bound for
the cardinality of S>(C X v, O5/(g+5)k4)-

However, Theorem 1.2 does not give effective K| or K,. Consequently neither
M’ nor g4 are effective. An effective estimate for K or K, would imply an effective
Mordell Conjecture. This gives an indication of the difficulty to extend effective
height proofs from transverse curves to weak-transverse curves.

15. Final remarks

The CM case. The proofs in 2—7 hold whether or not £ has CM. Since Conjecture
1.4 is stated for any E, Proposition B holds unchanged for E with CM.

We can extend Proposition A to Gauss-reduced ¢ € M, ,(Z + tZ) as follows.
Decompose ¢ = ¢ + 1¢; for ¢; € M, ¢(Z), then let the morphism ¢ = (¢ [¢2)
acton (x, 7x) + (y, ty) + (§, ©&) for x € S, (C, (T'§).), y € T§ and & € O,. Apply
Proposition A to . Constants will depend on t.
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From powers to products. In a power there are more algebraic subgroups than in
a product where not all the factors are isogenous. If we consider a product of non-
CM elliptic curves, then the matrix of a morphism ¢ is simply an integral matrix
where the entries corresponding to nonisogenous factors are zeros. So nothing
changes with respect to our proofs.

If the curve is in a product of elliptic curves in general, we extend the definition
of Gauss-reduced, introducing constants ¢ (t) and c»(7), such that the element a
on the diagonal has norm satisfying ¢ (v) H(¢) < |a| < c2(t)H (¢).

We leave the details to the reader.
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