4

]

il

Algebra &
Number
Theory

Volume 2

2008

No. 8

Smooth curves having
a large automorphism p-group
in characteristic p> 0

Michel Matignon and Magali Rocher

" JJJ J] : _J JJ i JJ
al e Dt jJJJ 115N
JJ'I JJJJ J r JJJJ JJ ] JJ . _I J& @&
T J 1 L T J“J |
JJJJ JQJ JJJ T
11 uli I!i I' CIENCCES PUl
JJ'J'JJHQ }‘L‘ '“TLJ JJJ ) Jj
a5 4 JJ J JJ d






ALGEBRA AND NUMBER THEORY 2:8(2008)

Smooth curves having
a large automorphism p-group
in characteristic p> 0

Michel Matignon and Magali Rocher

Let k be an algebraically closed field of characteristic p > 0 and C a connected
nonsingular projective curve over k with genus g > 2. This paper continues
our study of big actions, that is, pairs (C, G) where G is a p-subgroup of the
k-automorphism group of C such that |G|/g > 2 p/(p—1). If G, denotes the
second ramification group of G at the unique ramification point of the cover
C — C/G, we display necessary conditions on G, for (C, G) to be a big action,
which allows us to pursue the classification of big actions.

Our main source of examples comes from the construction of curves with
many rational points using ray class field theory for global function fields, as
initiated by J.-P. Serre and continued by Lauter and by Auer. In particular, we
obtain explicit examples of big actions with G, abelian of large exponent.

1. Introduction

This is the first of a set of three papers (together with [Rocher 2008a; 2008b]) whose
main object is to study G-actions on connected nonsingular projective curves of
genus g > 2 defined over an algebraically closed field of characteristic p > 0, when
G is a p-group such that |G| > 2 g p/(p—1). One of our aims is to display some
universal families and discuss the corresponding deformation space.

For more than a century, the study of finite groups G acting faithfully on smooth
complete curves defined over an algebraically closed field k of characteristic p >0
has produced a vast literature. Already back in the nineteenth century progress
was made in the case of characteristic zero, with the works of Schwartz, Klein,
Hurwitz, Wiman and others. The full automorphism group of a compact Riemann
surface of genus g > 2 was proved by Hurwitz [1892] to be finite and of order at
most 84 (g—1).

MSC2000: primary 14H37; secondary 11R37, 11G20, 14H10.
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An open question concerns the classification of full automorphism groups of
compact Riemann surfaces C of fixed genus g > 2. This classification has been
partially achieved for large automorphism groups G, “large” meaning that the order
of G is greater than 4 (g — 1) [Kulkarni 1997]. This lower bound imposes strict
restrictions on the genus gy of the quotient curve C/G, namely go = 0, on the
number r of points of C/G ramified in C, namely r € {3,4}, and on the cor-
responding ramification indices; see [Kulkarni 1997; Breuer 2000, Lemma 3.18].
Following this work, Magaard et al. [2002] exhibited the list of large groups Aut(C)
of compact Riemann surfaces of genus g up to g = 10, determining in each case
the dimension and number of components of the corresponding loci in the moduli
space of genus g curves.

General results on Hurwitz spaces and other moduli spaces parametrizing de-
formations have been obtained in the case of characteristic zero and extended to
positive characteristic p > 0 when p does not divide the order of the automor-
phism group; see [Bertin and Romagny 2008], for instance. For instance, if C is a
compact Riemann surface with genus g > 2 and G an automorphism group of C,
the deformations of the cover ¢ : C — C/G are parametrized by a moduli space
of dimension 3gg — 3 + |B| + dim Aut(C/G — B), where g is the genus of C/G
and % the branch locus of ¢. By the Hurwitz genus formula, gg only depends on
|G|, g, |%B| and the orders of the inertia groups. All these results are no longer true
in positive characteristic p > 0 when ¢ is wildly ramified. Likewise, in positive
characteristic p > 0, the Hurwitz bound is no longer true for automorphism groups
G whose order is not prime to p. The finiteness result still holds [Schmid 1938] but
the Hurwitz linear bound is replaced with biquadratic bounds [Stichtenoth 1973a;
1973b]. These biquadratic bounds are optimal: so, in positive characteristic, the
automorphism groups may be very large compared with the case of characteristic
zero, as a result of wild ramification.

Wild ramification points also contribute to the dimension of the tangent space
to the global infinitesimal deformation functor of a curve C together with an au-
tomorphism group G, and it is precisely this that makes computations difficult.
Following [Bertin and Mézard 2000], in the case where G is cyclic of order p,
Pries [2005] and Kontogeorgis [2007] have obtained lower and upper bounds for
the dimension of the tangent space, with explicit computations in some special
cases, in particular when G is an abelian p-group. (See also [Cornelissen and
Kato 2003]).

To rigidify the situation in characteristic p > 0 as has been done in characteristic
zero, one idea is to consider large automorphism p-groups. From [Nakajima 1987]
we deduce that if G is a p-subgroup of Aut;(C) such that |G| > 2 p g/(p—1), the
Hasse—Witt invariant of C is zero. The Deuring—Shafarevich formula (see [Bouw
2000], for instance) then implies that the genus of the quotient curve C/G is zero
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and that the branch locus of the cover C — C/ G is reduced to one point. From now
on, we define a big action as a pair (C, G) where G is a p-subgroup of Aut;(C)
such that |G|/g > 2 p/(p—1).

Outline of the paper. Let (C, G) be a big action with g > 2. As shown in [Lehr
and Matignon 2005], there is a point of C, say 0o, such that G is equal to the wild
inertia subgroup G| of G at co. Let G, be the second ramification group of G
at co in lower notation. The quotient curve C /G is isomorphic to the projective
line IP,i and the quotient group G/ G, acts as a group of translations of [Ij’,i fixing
00, through X — X + y, where y runs over a subgroup V of k. In this way, the
group G appears as an extension of G, by the p-elementary abelian group V via
the exact sequence

0—G,—G=G,— V~(Z/pZ)’ — 0.

The purpose of this paper is twofold: to give necessary conditions on G, for (C, G)
to be a big action, and to display realizations of big actions with G, abelian of large
exponent. We gather here the main results of the first part (Sections 2-5):

Theorem. Let (C, G) be a big action with g > 2.

1. Let H be a subgroup of G. Then C/H has genus 0 if and only if H D G,
(Lemma 2.4.1).

2. Let H be a normal subgroup of G such that H C G,. Then (C/H,G/H) is a
big action with second ramification group (G/H), = G,/H (Lemma 2.4.2).

3. The group G, is equal to D(G), the commutator subgroup of G (Theorem 2.7).
In particular, G cannot be abelian.

4. The group G, cannot be cyclic unless G, has order p (Theorem 5.1).

5. If|G|/g* = 4/(p? — 1)2, then G, is an elementary abelian p-group with order
dividing p* (Proposition 4.1).

These results highlight the major role played by G, in the study of big actions.
They are also crucial in pursuing the classification of big actions initiated in [Lehr
and Matignon 2005]. The companion paper [Rocher 2008a] is devoted to big ac-
tions with a p-elementary abelian G,, and its results led to the classification of the
big actions satisfying |G|/g? > 4/(p* — 1), in [Rocher 2008b].

After exploring restrictions on G, the second part of the paper is devoted to ex-
amples of big actions with G, abelian, knowing that we do not know yet examples
of big actions with a nonabelian G,.

In Section 6, following [Lauter 1999] and [Auer 1999], we consider the maximal
abelian extension K¢' of K := [F,(X) (where ¢ = p®) that is unramified outside
X = oo, completely split over the set S of the finite rational places and whose
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conductor is smaller than m oo, with m € N. Class field theory gives a precise
description of the Galois group G s(m) of this extension. Moreover, it follows from
the uniqueness and the maximality of K¢ that the group of translations X — X +y
(y € Fy) extends to a p-group of F,-automorphisms of K¢', say G(m), with the
exact sequence
0— Gs(m) — G(m) — F, — 0.

This provides examples of big actions whose G, = G s(m) is abelian of exponent
as large as we want, but it also relates the problem of big actions to the search of
algebraic curves with many rational points compared with their genera.

In Section 7 we use the Katz—Gabber theorem to highlight the link between
big actions on curves and an analogous ramification condition for finite p-groups
acting on k((2)).

Notation and preliminary remarks. Let k be an algebraically closed field of char-
acteristic p > 0. We denote by F the Frobenius endomorphism for a k-algebra.
Then ¢ means the Frobenius operator minus identity. We denote by k{F'} the k-
subspace of k[X] generated by the polynomials F'(X), with i € N. It is a ring
under the composition. Furthermore, for all « in k, F oo = a” F. The elements of
k{F'} are the additive polynomials, i.e. the polynomials P(X) of k[X] such that
forall o and fink, P(aa+ f) = P(a)+ P(f). A separable polynomial is additive
if and only if the set of its roots is a subgroup of k [Goss 1996, Chapter 1].

Let f(X) be a polynomial of k[X]. There is a unique polynomial red( f)(X)
in k[ X], called the reduced representative of f, which is p-power free, (meaning
that red(f)(X) € @(i,p):l k X'y and such that red( £)(X) = f(X) mod g (k[X]).
We say that the polynomial f is reduced mod g (k[X]) if and only if it coincides
with its reduced representative red(f). The equation W?” — W = f(X) defines
a p-cyclic €tale cover of the affine line that we denote by C,. Conversely, any
p-cyclic €tale cover of the affine line Spec k[X] corresponds to a curve Cy where
f is a polynomial of k[ X]; see [Milne 1980, 111.4.12, p. 127]. By Artin—Schreier
theory, the covers C; and Cieq( ) define the same p-cyclic covers of the affine line.
The curve C is irreducible if and only if red(f) # 0.

Throughout the text, C always denotes a nonsingular smooth projective curve
with genus g and Aut;(C) means its k-automorphism group. Our main references
for ramification theory are [Serre 1968] and [Auer 1999].

2. First results on big actions

To pinpoint the background of our work, we begin by collecting and completing
the first results on big actions already obtained in [Lehr and Matignon 2005]. A
big action is a curve endowed with a big automorphism p-group. The first task is
to recall what we mean by big.
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Definition 2.1. Let G be a subgroup of Aut,(C). We say that the pair (C, G) is a
big action if G is a finite p-group, if g # 0 and if

IGI _ 2p
—_—>
g pr-l
Proposition 2.2 [Lehr and Matignon 2005]. Assume that (C, G) is a big action
with g = 2. Then there is a point of C (say oo) such that G is the wild inertia
subgroup G of G at 0co. Moreover, the quotient C/G is isomorphic to the pro-
Jjective line IP’,]( and the ramification locus (respectively branch locus) of the cover
. C — C/G is the point oo (respectively w (00)). For all i > 0, we denote by G;
the i-th lower ramification group of G at oo.

(2-1)

1. Gy is nontrivial and it is strictly included in G .

2. The Hurwitz genus formula applied to C — C/G reads
2g= D (G| —1). (2-2)

i>2
Thus, (2—-1) can be written as |G| > 2 g/(p—1) p, with2 g/(p—1) € N*,

3. The quotient curve C /G is isomorphic to the projective line [P’,l. Moreover, the
quotient group G /G, acts as a group of translations of the affine line C/G, —
{oo} = Spec k[ X], through X +— X + y, where y runs over a subgroup V of k.
Then V is an [ ,-vector subspace of k. We denote by v its dimension. Thus, we
obtain the exact sequence

0—G,—G=G, -V~ pZ)’ —>0,

where T : G — V is defined by g — g(X) — X.

4. Let H be a normal subgroup of G such that gc;g > 0. Then (C/H,G/H) is
also a big action. Moreover, the group G/ H fixes the image of oo in the cover
C — C/H. In particular, if gc/g =1, then p =2, C/H is birational to the
curve W? + W = X3 and G/H is isomorphic to Qg, the quaternion group of
order 8 (see [Silverman 1986, Appendix A, Proposition 1.2]).

Remark 2.3. 1. For g = 1, one can find big actions (C, G) such that G is not
included in a decomposition group of Aut,(C) as in Proposition 2.2.

2. Let (C, G) be a big action. Call L the function field of C and k(X) = L%2. As
seen above, the Galois extension L /k(X) is only ramified at X = oco. Therefore,
the support of the conductor of L/k(X), as defined in [Serre 1968, chapitre 15,
corollaire 2] reduces to the place co. So, in what follows, we systematically
confuse the conductor m oo with its degree m. In this case, one can also see m
as the smallest integer n > 0 such that the n-th upper ramification group G" of
G at oo is trivial; see [Auer 2000, 1.3].
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The following lemma generalizes and completes the last part of Proposition 2.2.

Lemma 2.4. Let G a finite p-subgroup of Auty(C). We assume that the quotient
curve C/G is isomorphic to [P’,i and that there is a point of C (say 00) such that G
is the wild inertia subgroup G of G at oco. We also assume that the ramification
locus of the cover m : C — C/G is the point 0o, and the branch locus is 7 (00).
Let G, be the second ramification group of G at co and H a subgroup of G. Then:

1. C/H is isomorphic to [P’,l{ ifand only if H D G».

2. In particular, if (C, G) is a big action with g > 2 and if H is a normal subgroup
of G such that H C G, then gc/y > 0 and (C/H, G/H) is also a big action.
Moreover, its second ramification group is (G/H), = Go/H.

Proof. Applied to the cover C — C/G ~ P!, the Hurwitz genus formula (see for
instance [Stichtenoth 1993]) yields 2(g — 1) =2|G| (gc/c — D+ 2 -0 (IGil — 1).
When applied to the cover C — C/H, it yields 2(g — 1) = 2|H| ((_gc/H -1+
> -0 (IHNG;|—1). Since H C G = Gy = G, it follows that

2|Hgem = —2(G|— |H)+ > (G| —[HNGi)) = > (G| — |[HN Gy).

i>0 i>2

Therefore, gc/y =0 if and only if foralli > 2, G; = HN G, i.e.,, G; C H, which
is equivalent to G, C H, proving 1.

Together with part 1, Proposition 2.2.4 shows that (C/H, G/H) is a big ac-
tion. Then G = G| 2 G, and G/H = (G/H); 2 (G/H),. Since the first jump
always coincides in lower and upper ramification, it follows that G, = G? and
(G/H), = (G/H)?. By [Serre 1968, chapitre IV, proposition 14], we obtain
(G/H); =(G/H)>*=G*H/H =G,H/H = G,/H. O

The very first step in studying big actions is to give a precise description of them
when G, >~ 7/ pZ. The following proposition collects and reformulates the results
already obtained for this case.

Proposition 2.5 [Lehr and Matignon 2005, Propositions 5.5, 8.1, 8.3]. Let (C, G)
be a big action, with g > 2, such that G, >~ 7/ pZ.

1. Then C is birational to the curve Cy: WP —W = f(X) =X S(X)+c X ek[X],
where S in k{F} is an additive polynomial with degree s > 1 in F. If we denote
by m the degree of f,then m =1+ p* =iy, where iy > 2 is the integer such that

G:GO:GI2G2:G3:...:G103G10+1:,,,

=
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2. Write S(F) = Zj‘:o aj FJ, with ag # 0. Define (following [Elkies 1999b, Sec-
tion 4]) the palindromic polynomial of f as the additive polynomial

s
Adj:=a "' F* (Z aj F/ 4 F~ a,-).
j=0
The set of roots of Ady, denoted by Z(Ady), is an [F,-vector subspace of k,
isomorphic to (Z/ pZ)*. Moreover,

Z(Ady)={y ek, f(X+y)— f(X)=0 mod @ (k[X])}.

3. Let A1 be the wild inertia subgroup of Auty(C) at co. Then A1 is a central
extension of Z/pZ by the elementary abelian p-group Z(Ady) which can be
identified with a subgroup of translations {X — X +y, y € k} of the affine line.
Furthermore, if we denote by Z(Ax,1) the center of As,1 and by D(Aw 1)
its commutator subgroup, Z(Ax 1) = D(Ax,1) = (0), where o (X) = X and
o (W) =W + 1. Thus, we get the exact sequence

0—> Z(Aco1) = D(Aco1) =2/ pZ —> Acs1 —> Z(Ady) =~ (Z/pZ)* —> 0,

where m : Aog 1 — Z(Adf) ~(Z/ pZ)* is defined by g+ g(X)—X. For p > 2,
Aco,1 IS the unique extraspecial group with exponent p and order p>*l (The
case p = 2 is more complicated; see [Lehr and Matignon 2005, 4.1]).

4. There exists an F,-vector space V. C Z(Ady) >~ (Z/ pZ)* such that G =
' (V) c Acso,1 and such that we get the exact sequence

O—>G2:Z/pZ—>GL>V—>O.

Remark 2.6. Proposition 2.5 still holds for big actions (C, G) with g =1 when G
is included in a decomposition group of Aut;(C); see [Lehr and Matignon 2005,
Proposition 8.3]. In particular, this is true for the pair (C/H, G/H) when (C, G)
is a big action with g > 2 and H a normal subgroup of G such that gc,z =1 (see
Proposition 2.2.4).

Therefore, the key idea in studying big actions is to use Proposition 2.2.4 and
Lemma 2.4.2 to go back to the well-known situation described above. This moti-
vates the following result:

Theorem 2.7. Let (C, G) be a big action with g > 2. Let § be a normal subgroup
in G such that § is strictly included in G,. There exists a group H, normal in G,
such that ¢ C H C Gy and (G, : H] = p. In this case, (C/H, G/H) enjoys the
following properties.

1. The pair (C/H, G/H) is a big action and the exact sequence

0—G,—> G-V —0
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of Proposition 2.2 induces the following one:
0—> G»/H=(G/H),~7/pZ — G/H >V —> 0.

2. The curve C/H is birational to Cy: WP — W = f(X) = XS5(X) +cX €
k[X], where S is an additive polynomial of degree s > 1 in F. Let Ady be the
palindromic polynomial related to f (Proposition 2.5). Then V C Z(Ady) =~
(Z/pz)™.

3. Let E be the wild inertia subgroup of Auty(C/H) at co. We denote by D(E) its
commutator subgroup of E and by Z(E) its center. Then E is an extraspecial

group of order p**! and

0— D(E)=Z(E)~7/pZ — E - Z(Ady) ~ (Z/pZ)* —> 0.

4. G/H is a normal subgroup in E. It follows that G, is equal to D(G), the
commutator subgroup of G, which is also equal to the Frattini subgroup of G.

Proof. The existence of the group H comes from [Suzuki 1982, Chapter 2, The-
orem 1.12]. The first assertion now follows from Lemma 2.4.2. The second and
third derive directly from Proposition 2.5.

We now prove part 4. By Proposition 2.5, Z(E)=(G/H),=G,/H CG/H. So,
G/H is a subgroup of E containing Z(E). Moreover, since (Z/pZ)* is abelian,
7(G/H) isnormal in E/Z(E). It follows that G/ H is normal in E. We eventually
show that G, = D(G). Since G/G; is abelian, D(G) is included in G;,. Now
assume that D(G) is strictly included in G,. Then the first point applied to % =
D(G) ensures the existence of a group H, normal in G, with D(G) C H C G»,
[G2: H] = p and such that (C/H, G/H) is a big action. Since D(G) C H, G/H
is an abelian subgroup of E. As G/H is also a normal group in E, [Huppert 1967,
Satz 13.7] implies |G/H| < p**'. Furthermore, by Proposition 2.5.1 (and Remark
2.6), C/H is birational to a curve W” — W = X §(X) +c¢ X € k[ X], where S is an
additive polynomial of k[X] with degree p*. It follows that gc/p = %(p —1) p'.
Combined with the bound on |G /H |, this gives |G/H|/gc/u <2 p/(p—1), which
contradicts condition (2-1) for the big action (C/H, G/H). Hence D(G) = G».

It remains to prove the statement about the Frattini subgroup of G. As G is a
p-group, its Frattini subgroup, Fratt(G), is equal to D(G)G?, where G” means
the subgroup generated by the p powers of elements of G [Leedham-Green and
McKay 2002, Proposition 1.2.4]. As G/ G is an elementary abelian p-group, then
G? = G{ € G, = D(G). As a consequence, G, = D(G)G? = Fratt(G). O

Remark 2.8. When applying Theorem 2.7 to § = G 41, where ij is defined as
in Proposition 2.5, one obtains [Lehr and Matignon 2005, Theorem 8.6(i)]. In
particular, for all big actions (C, G) with g > 2, there exists a subgroup H of index
p in G, with H normal in G, such that (C/H, G/H) is a big action with C/H
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birational to W? — W = f(X) = X S(X) + ¢ X € k[X], where S is an additive
polynomial of degree s > 1 in F. Note that, in this case, ip = 1 + p®.

Since G, cannot be trivial for a big action, we gather from the last part of
Theorem 2.7 the following result.

Corollary 2.9. Let (C, G) be a big action with g > 2. Then G cannot be abelian.

It is natural to wonder whether G, can be nonabelian. Although we do not
know yet the answer to this question, we can mention a special case in which G»
is always abelian, namely:

Corollary 2.10. Let (C, G) be a big action with g > 2. If the order of G, divides
PS, then G is abelian.

Proof. There is actually only one case to study, namely |G| = p3. We denote
by Z(G,) the center of G,. The case |Z(G;)| = 1 is impossible since G, is a
p-group. If | Z(G»)| = p, then Z(G>) is cyclic. G, is a p-group, normal in G and
included in D(G) (see Theorem 2.7); hence, by [Suzuki 1986, Proposition 4.21,
p- 751, G, is also cyclic, which contradicts the strict inclusion of Z(G>) in G,. If
|Z(G3)| = p?, then G,/ Z(G>) is cyclic and G, is abelian, which leads to the same
contradiction as above. This leaves only one possibility: |Z(G3)| = p?, which
means that G, = Z(G,). O

Corollary 2.11. Let (C, G) be a big action with g > 2. Let A1 be the wild inertia
subgroup of Aut;(C) at 0o. Then (C, A1) is a big action whose second lower
ramification group is equal to D(Aw1) = D(G). In particular, G is equal to A
if and only if |G/D(G)| = |Acs,1/D(Aco,1)-

Proof: As G is included in A 1, then D(G) C D(Aw,1). If the inclusion is
strict, one can find a subgroup % such that G C 9 C A1, with [§: G] = p; see
[Suzuki 1982, Chapter 2, Theorem 19]. Note that D(G) C D(%). We now prove
that D(G) D D(%). As |G| < |¥9|, the pair (C, 9) is also a big action. So, by
Theorem 2.7.4, 9, = D(9). Since (C, G) is a big action, g(C/D(G)) vanishes by
Proposition 2.2.3. It follows from Lemma 2.4.1 that D(G) D %, = D(%), hence
D(G) = D(%9). The claim follows by reiterating the process. [

Remark 2.12. Let (C, A1) be a big action as in Corollary 2.11. Then A
is a p-Sylow subgroup of Aut;(C). Moreover, we deduce from [Giulietti and
Korchmaros 2007, Theorem 1.3] that A1 is the unique p-Sylow subgroup of
Aut;(C) except in four special cases: the hyperelliptic curves W»" — W = X2
with p > 2, the Hermitian curves and the Deligne—Lusztig curves arising from the
Suzuki groups and the Ree groups; see the equations in [Giulietti and Korchmdros
2007, Theorem 1.1].
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3. Base change and big actions

Starting from a given big action (C, G), we now display a way to produce a new
one, (C, G), with G, ~ G, and gz = p*gc. The chief tool is a base change
associated with an additive polynomial map [P’,i — C/Gy = [P’,lc.

Proposition 3.1. Let (C, G) be a big action with g > 2. We denote by L := k(C)

the function field of the curve C, by k(X) := LS the subfield of L fixed by G,

and by k(T) := LC, with T =[],y (X —v). Write X = S(Z), where S(Z) is a

separable additive polynomial of k| Z] with degree p*, s € N. Then:

1. L and k(Z) are linearly disjoint over k(X).

2. Let C be the smooth projective curve over k with function field k(C) := L[Z].
Then k(C)/k(T) is a Galois extension with group G >~ G x (Z/pZ)°. Further-
more, gz = p* gc. It follows that |G|/gs = 1G|/g. So, (C, G) is still a big
action with second ramification group G> ~ G, x {0} C G x (Z/ pZ)®. This can
be illustrated by the diagram

C «— C
\ \
C/Gy~P! < p!

The proof requires two preliminary lemmas.

Lemma 3.2. Let K := k((2)) be a formal power series field over k. Let K1/K be
a Galois extension whose group G is a p-group. Let Ko/ K be a cyclic extension of
degree p. Assume that Ky and K are linearly disjoint over K. Put L := KoK:

K L =KoK;
|
K Ko

Suppose that the conductor of Ko/ K (see Remark 2.3.2) is 2. Then L/K; also has
conductor 2.

Proof. Consider a principal series of ¢, that is, a sequence
GY=%2%...2%,=1{0},

with %; normal in % and [%;_; : %;] = p. One shows, by induction on i, that the
conductor of each extension KoK ;g,. /K ;gi is 2. Therefore, it is sufficient to prove
the result for 9~ Z/pZ. By induction on i, it can be extended to the general case.

So, assume 4 >~ Z/pZ. Then L/k((z)) is a Galois extension with group G =~
(Z/pZ)?. Write the ramification filtration of G in lower notation:

G:GO:"‘:GiQDGi0+1:"':Gi1DGi1+l:"'

- =



Smooth curves having a large automorphism p-group in characteristic p 897

First assume that G;,+1 = {0}. An exercise shows that, for any subgroup H of index
pin G, the extensions L/L* (case (a)) and L /K (case (f)) are cyclic extensions
of degree p, with conductor ig + 1. When applied to H = Gal(L/K)), case (f)
gives ig = 1. Therefore, one concludes by applying case («) to H = Gal(L/K/).

Now assume instead that G;,41 7 {0}. As above, let H be a subgroup of index p
in G. An exercise using the classical properties of ramification theory (see [Serre
1968, chapitre IV], for instance) shows that

(@) If H = Gjy4+1, then L/LH (resp. L¥ /K) is a cyclic extension of degree p,
with conductor ig +i; + 1 (resp. ip + 1).

(b) If H # Gjy11, then L/LH (resp. L /K) is a cyclic extension of degree p,
with conductor ig + 1 (resp. iop + (i1/p) + 1).

Apply this result to H := Gal(L/Kj). Since Ko/ K has conductor 2, it follows that
io+1=2,s0ip=1and Gal(L/Ky) = Gj,+1. Therefore, Gal(L/K) # Gi,+1 and
we infer from case (b) that L /K has conductor ig + 1 = 2. O

Lemma 3.3. Let W be a finite [ ,-vector subspace of k. Let Wi and W, be two
F,-subvectors spaces of W such that W = Wi @ W». Define T :=[],,cy (Z — w)
and T; := [],cw,(Z — w), fori in {1,2}. Then k(T) C k(T;) C k(Z). Moreover:

1. The extensions k(T1)/k(T) and k(T»)/ k(T) are linearly disjoint over k(T).

2. For all i in {1,2}, k(Z2)/k(T) (resp. k(Z2)/k(T;)) is a Galois extension with
group isomorphic to W (resp. W;).

3. Foralliin{1,2}, k(T;)/ k(T) is a Galois extension with group isomorphic to
W/W;.

This induces the diagram
Wy

k(Tv) k(Z)
W/W, ‘ W
W/ W,
k(T) k(T2)
Proof. Use for example [Goss 1996, (1.8)]. O

Proof of Proposition 3.1. Statement 1 derives from Lemma 2.4.1. For 2, we put
W := S~1(V), with V defined as in Proposition 2.2.3, and W := S~!({0}); then
W1~ (Z/pZ)*, since S is an additive separable polynomial of k[ Z] with degree p*
(see [Goss 1996, Chapter 1], for instance). Let W, be any [ ,-vector subspace of
W such that W = W @@ W,. Then Lemma 3.3 applied to the extension k(Z)/k(T)
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induces the diagram

L =k(C) ——— k(C)
o
LO = k(X) = k(Z)" —— k(Z)
W/W; ‘ W>
Lo = k(T) =k(Z)" L2 k(zyW:

In particular, Lemma 3.3 implies that k(Z)"V1Nk(Z)"2 =k(T). Since k(C)Nk(Z) =
k(X) (see statement 1 of the proposition), we deduce that k(C) and k(Z)"> are
linearly disjoint over k(7). As k(Z)"2/k(T) is a Galois extension with group
W/Wsy ~ W, ~ (Z/pZ)*, it follows that k(C)/k(T) is a Galois extension with
group G ~ Gal(k(C)/k(T)) x Gal(k(Z2)"2/k(T)) ~ G x (Z/pZ)*.

Now, consider a flag of [ ,-vector subspaces of Wi:

wi=wowP o owit =(0)
such that [Wl(i_l) : Wl(i) ] = p. It induces the inclusions
(s s (
KZ) = k@)™ 2@ 2. k@M = k(X).

We now prove the claim by induction on the integer s > 1, p® being the degree of
the additive polynomial S. Considering the flag above, it is sufficient to solve the
case s = 1. Let K| /K be the completion at co of the extension k(C)/k(X), whose
group G, is a p-group and let Ko/ K be the completion at oo of the cyclic extension
of degree p and conductor 2: k(Z)/k(X). To apply Lemma 3.2, we need to show
that the two completions are linearly disjoint. Otherwise, K1 N K¢y = Ko, which
gives the inclusion K C K¢ C K. Consider a subgroup H of index p in G, such
that Ko= K. Let k(X) Ck(C)¥ C k(C) be the corresponding extension of k(X).
Then k(C)" /k(X) is an étale p-cyclic cover of the affine line with conductor 2.
It follows from the Hurwitz genus formula that the genus gc,y of the quotient
curve C/H is 0, which contradicts Lemma 2.4.1. As a consequence, Ky and K
are linearly disjoint over K and, by Lemma 3.2, the extension k(C)/k(C) has
conductor 2. We deduce from the Hurwitz genus formula that g= = p gc. Finally,
the last statement on G, is a consequence of Theorem 2.7.4. (]

Remark 3.4. Under the conditions of Proposition 3.1, it can happen that G is a
p-Sylow subgroup of Aut(C) without G being a p-Sylow subgroup of Auty(C).

Indeed, take C : WP —W = X'*? and §(Z)=Z?—Z. Then C is parametrized by
WP—W =(ZP—2Z)(ZP"—ZP)=—Z2+2 Z'*P— Z1+P" mod p (k[ Z]). We denote
by Aso.1(C) (resp. Aso.1 (C‘)) the wild inertia subgroup of Auty (C) (resp. Auty (C‘))
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at X = oo (resp. Z = oo). Note that Ay ;(C) (resp. Aoo’l(é‘)) is a p-Sylow
subgroup of Auty (C) (resp. Auty(C)). Take G := A1 (C). From Proposition 2.5,
we deduce that |G| = p |G| = p |Ax.1(C)| = p*, whereas |A 1 (C)| = p°.

4. A new step towards a classification of big actions

If big actions are defined through the value taken by the quotient |G|/g, it turns
out that the key criterion to classify them is the value of another quotient, |G|/g>.
Indeed, the quotient |G|/g? has, to some extent, a sieve effect among big actions.
If (C, G) is a big action, we first deduce from [Nakajima 1987, Theorem 1] that
|G|/g> <4 p/(p — 1)%. In what follows, we pursue the work of Lehr and Matignon
who describe big actions for the two highest possible values of this quotient,
namely |G|/g> =4 p/(p — 1)? and |G|/g> =4/(p — 1)?; see [Lehr and Matignon
2005, Theorem 8.6]. More precisely, we investigate the big actions (C, G) that
satisfy

4 G|
- < —
(P?—1?* " g
The choice of the lower bound M can be explained as follows: as shown in the
proof of [Lehr and Matignon 2005, Theorem 8.6], a lower bound M on the quotient
|G|/g? produces an upper bound on the order of the second ramification group,
namely

(4-1)

|G2|§i G2/ Gigr .
M (IG2/Gip11 = 1)
where i is defined as in Proposition 2.5. Therefore, we have to choose M small
enough to obtain a wide range of possibilities for the quotient, but meanwhile large
enough to get serious restrictions on the order of G;. The optimal bound seems to
be M :=4/(p> — 1)?, insofar as, for such a choice of M, the upper bound on G,

implies that its order divides p3, and then that G is abelian (Corollary 2.10).

(4-2)

Proposition 4.1. Let (C, G) be a big action with g > 2 satisfying condition (4-1).
Then the order of G, divides p>. It follows that G, is abelian.

Proof. Put p™ :=1G2/Gj,+1|, withm > 1, and

0 _4 16/ Gigul 4 p
"M (1G2/Gigp1 | = 12 M (pm— 12

Then inequality (4-2) becomes 1 < |G2| = p™|Giy+1| < p" Qm, which gives 1 <
|Gip+1| < Qm. Since (Qn)m>1 is a decreasing sequence with Q4 < 1, we conclude
that m € {1, 2, 3}.

Ifm=3,then 1 <|G;41| < Q3 < p. S0 |Gjy+1| =1 and |G,| = p>. If m =2,
then 1 <|Gj 11| < Q2 = p*. S0 |Ga| = p* |Gig11, With |Gipp1| € {1, p, p?}. This
leaves only one case to exclude, namely |G 41| = p?. In this case, |G»| = p* and
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formula (2-2) yields a lower bound on the genus, namely 2 g > (ip — 1)(p* — 1).
Let s be the integer defined in Remark 2.8. Then ip = 14 p®. Besides, by Theorem
2.7,V C (Z/pZ)*. Consequently, |G| = |G,| |V| < p*** and

|G| - 4p4+2s 4 p4 4
R = <
g T prpt-1D2 (P’-DX(p*+D?  (pP-D¥

which contradicts inequality (4-1).
If m=1,then 1 < |Gjy+1| < Q1, with

4

if p>3
Q1:=,D(P-i-1)2<[p5 Hp=2
14

if p=2.

Because G;,11 is a p-group, we get 1 < |G 11| < p3 if p>3,0rl <|Gjp41| < p4
if p =2. Since |G2| = p |Giy+1/, there are two cases to exclude: |G 41| = p3re,
with e =0if p>3and e €{0, 1} if p=2. Then |G»| = p**€. If e =0, we are in the
same situation as in the previous case. If € = 1, (2-2) yields 2 g > (i — 1)(p° — 1).
Since this case only occurs for p =2, we eventually get the inequality

Gl __ 4p™ 128 4 4
_ —_—m —m - m =" — Ll = —
g2~ pr(p-1* 9%l 9 (pP-D¥

which contradicts condition (4—1). Therefore, the order of G, divides p>. Then
we conclude from Corollary 2.10 that G, is abelian. (]

But we can even prove better:

Proposition 4.2. Ler (C, G) be a big action with g > 2 satisfying condition (4-1).
Then G, is abelian with exponent p.

Proof. By Proposition 4.1, G, is abelian, with order dividing p>. As a consequence,
if G, has exponent greater than p, either G, is cyclic with order p? or p3, or G,
is isomorphic to Z/p?Z x Z/pZ. We begin with a lemma excluding the second
case. Note that one can find big actions (C, G) with G, abelian of exponent p2.
Nevertheless, it requires the p-rank of G, to be large enough (see Section 6).

Lemma 4.3. Let (C, G) be a big action with g > 2 satisfying condition (4—1). Then
G» cannot be isomorphic to 7/ p*Z x 7/ pZ.

Proof. Assume G, ~ 7/ p>*7Z x 7Z/pZ. The lower ramification filtration of G has
one of the following forms:

1. G=G12G,~=7Z/p*Z xZ/pZ > Gjgy1 =7Z/pZ D Giyiy+1 = {0}
2. G=G12G,=7Z/p*Z xZ/pZ > Giyy1 = (Z)pZ)?* D Giyyi; 11 = {0}.

3. G=G12 Gy ~Z/p*L XL/ pL > Gigr1 ~ Z)pL)> > Gigsiys1 ~Z/pZ >
Gigti+ir+1 = {0}.
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4. G=G12Gy~=Z/p*ZxZ/pZ > Giyy1 =~ Z/p*Z D Giyyiy11 =~ Z/pZ D
Gio+i1+i2+l = {0}

We now focus on the ramification filtration of G, temporary denoted by H for
convenience. For all i > 0, the lower ramification groups of H are H; = H N G;.
In case (i), the lower ramification of H =: Hy reads

Hy=---= Hio ZZ/pZZXZ/pZ o Hio+1 == Mijy+iy ZZ/pZ ) Hi0+i1+1 ={0}.

Consider the upper ramification groups H" = H?(0) = Hj,and H"" = H plioti) —
H;,+i,, where ¢ denotes the Herbrand function [Serre 1968, IV.3]. Then the rami-
fication filtration in upper notation reads

H'=...=H"~7/p*Zx7Z/pZ>H" ' =...= H" ~7/pZ > H" ' ={0}.

Since H is abelian, it follows from the Hasse—Arf theorem (loc. cit.) that vy and
vp are integers. Consequently, the equality

1 m
@(m)+1 =m Z|H,-| for all m e N
ol 4
i=0

gives vg = ip and v = iy + i1/p2. By [Marshall 1971, Theorem 6] we have
HY™ D HP™ > (H™)? with (H")? = H? = G} ~7Z/pZ. Thus, HP™ D> H",
which implies pvg < vy and i > p?(p — 1)ip. Then the Hurwitz genus formula
appliedto C — C/H =~ [P’,i yields a lower bound for the genus:

2g=(o— D(H|—= D) +i1(|Hipr11— 1) = (p — Do+ D(p* + p+1).

Let s be the integer defined in Remark 2.8. Then iy = 1 + p°. Moreover, by
Theorem 2.7, |G| = |G»| |V| < p>T%. It follows that

IGl_ 4 P+
g T (P-1D)2(P3+p+ 1D

Since p*(p + 1)?/(p> + p+1)? < 1 for p > 2, this contradicts condition (4—1).

In case (ii), the lower ramification filtration of H = H, reads
Hy=-+ =H;~7/p*ZxZ/pZ> Hjyy1=""+ Hii, ~(Z/ pZ)* D Hprir+1 ={0}.
Keeping the notation of case (i), the upper ramification filtration is
HO=...=H"~7/p*ZxZ/pZ>H"" =...= H" ~(Z/pZ)* > H"'*' ={0},

with vg =@ (ig) = ip and vi = @(i9+i1) =ip+i1/p. Once again, H?"0 > (H")P ~
Z/pZ implies H?" > H"', which involves pvy <vj and i} > ig p (p — 1). Then
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the Hurwitz genus formula yields
2g=(>o—D(H|=D~+ii(|Hj+11 = 1)
>(p-Dp P+ + D)= (p-Dp (P’ +p+1).

Thus we get the same lower bound on the genus as in the preceding case, hence
the same contradiction.

In case (iii), the lower ramification filtration of H becomes

Hiy~7/p*Z xZ/pZ D Higp1 = --

= Hig+iy = (Z/pZ)* D Higviy11 = - - = Higiy i, = Z/pZ D {0}.
Keeping the same notation as above and introducing H" = H?(oti+2) =g, . .. |
the upper ramification filtration is
H" ~7/p*Z xZ/pZ > H"*' =...

=H" ~(Z/p7)* > H""'=...=H"™ ~7/p7 > H""' = {0},
with vo = @ (io) = io, v = @(ip +1i1) = io +i1/p and v2 = ¢(ip + i1 +i2) =
io+i1/p +iz/p*. Since HP* > (H™)P ~ 7/ pZ, we obtain H?" > H"?. Then
pvo < va, which involves p? (p — 1)ig < i p + i>. With such inequalities, the
Hurwitz genus formula gives a new lower bound for the genus, namely

2g=C(>o—DUH|=D~+i1(|Hiy+11 = D) + i2(IHig4iy 411 — 1)
>(p-D@P PP +p+ D+ +D(p—1)p?).

From the inequalities 2 g > (p—1) (P> +p' P+ p*+p>—p?) > (p—1) p* (P> +p),
we infer that

IGl_ 4 p*Pe+1)? 4 plp+l)
g2 T (P12 pE(pP+p)? (pPP-D* (pPP+ 1D

Since p (p +1)2/(p> +1)> < 1 for p > 2, this contradicts condition (4—1).

In case (iv), the lower ramification filtration of H, namely
Hi,~7/p’7 xZ/pZ D Hjyy1 ="
= Hiiy = (Z/p*Z) D Higiys1 =+ = Higir i, ~ 7/ pZ > {0}
induces the upper ramification filtration

HY ~7/p*Z xZ/pZ > H" ' =...
—H" ~@/p*D) > H"' = ... = H" =7/pZ > H"* = (0},
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This is almost the same situation as in case (iii), except that H; 4 is isomorphic to
7/ p*Z instead of (Z/pZ)?>. But, since the only thing that plays a part in the proof
is the order of Hj,,1 , which is the same in both cases, namely p?, we conclude
with the same arguments as in case (iii). O

Remark 4.4. The preceding method, based on the analysis of the ramification
filtration of G, fails to exclude the case G, ~ Z/p>Z for a big action satisfying
(4-1). Indeed, if H :=G,>~7/ pZZ, the lower ramification filtration of H,

Hy=-- =Hy~7/p°Z D Hiyy1 =+ Higtiy =~ Z/pZ D Higiy11 = {0}
induces the upper ramification filtration
H'=...=H"~7/p’Z>H" ' =...= H" ~7/p7 > H"*' = {0}.

with vy =@ (ip) =ip and vi = ¢ (ig+i1) =io+i1/p. Since HP D (H™)P ~7/pZ,
we obtain pvg <vy, hencei; > (p—1) pioy. Let s be the integer defined in Remark
2.8. The Hurwitz genus formula yields
2g=C(>o—DUH|=D+ii(|Hj+1l— 1)
>(p-D@ P +D+p —p) = (-1 p° (P +1).

If we denote by v the dimension of the [F,-vector space V, we ultimately get

Gl __ 4 pPp+1)y

g~ (p*— 1?2 pF (p*+ 1
In this case, condition (4—1) requires p'+*®/2=5(p 4 1) > p>. Since v/2 < s, this
implies p+1> p!T$7%/2> p_ hence v/2 =s. This means that V = Z(Ady), where
f 1s the function defined in Remark 2.8 and Ady its palindromic polynomial as
defined in Proposition 2.5. Therefore, one does not obtain yet any contradiction.

Accordingly, to exclude the cyclic cases G, ~ 7/ p>Z and G, >~ Z/ p>Z and thus
complete the proof of Proposition 4.2, we need to shift from a ramification point
of view on G, to the embedding problem G, C G;. This enables us to prove the
more general result on big actions formulated later.

5. Big actions with a cyclic second ramification group G,

The aim of this section is to prove that there does not exist any big action whose
second ramification group G is cyclic, except for the trivial case G, >~ Z/pZ.
For Witt vectors and Artin—Schreier—Witt theory, our main reference is [Bourbaki
1983, chapitre IX].

Theorem 5.1. Let (C, G) be a big action. If G, >~ (Z/p"Z), then n = 1.
Proof. Let (C, G) be a big action with G, >~ 7Z/p"Z. We proceed in steps.
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1. We first prove that we can assume n = 2. Indeed, for n > 2, ¥ := Gé’W2 is a
normal subgroup in G, strictly included in G,. So Lemma 2.4.2 asserts that the
pair (C/¥, G/¥) is a big action. Besides, the second lower ramification group of
G /% is isomorphic to Z/ p*Z.

Notation and preparatory remarks. We denote by L := k(C) the function field of C
and by k(X) := L©? the subfield of L fixed by G,. Following Artin—Schreier—Witt
theory [Bourbaki 1983, chapitre IX, exercice 19], we define the W>(F,)-module

1 L) W)
CIUATI0S)

where W, (L) denotes the ring of Witt vectors of length 2 with coordinates in L.
The inclusion k[ X] C k(X) induces an injection

_ W@ NWokIX]) -
o (W2 (k[X1))

Since L/ L2 is étale outside X = oo, it follows from [Milne 1980, III, 4.12] that
we can identify A with A. Consider the Artin—Schreier—Witt pairing

G2 XA —> Wz([Fp),
(g’m)'—> [&W) =gX — X,

where g € G, C Autg (L), x € L such that gox € k[ X] and gx denotes the class of
g¢x mod g (k[X]). This pairing is nondegenerate, which proves that, as a group,
A is dual to G».

As a Z-module, A is generated by (fp(X), go(X)) in Wa(k[X]), and then, L =
k(X, Wy, Vo) with o (Wy, Vo) = (fo(X), go(X)). An exercise left to the reader
shows that one can choose fi(X) and go(X) reduced mod g (k[ X]) (see the def-
inition of a reduced polynomial on page 890). We denote by mg the degree of
fo and by ng that of go. Note that they are prime to p. The p-cyclic cover
LO? /LO? is parametrized by Wé’ — Wy = fo(X). We deduce from Proposition
2.5 that fo(X) = XS(X) + ¢ X, where S is an additive polynomial with degree
s > 1in F. After an homothety on X, we can assume S to be monic. Further-
more, note that s > 2. Indeed, if s = 1, the inequalities |G| < p2+25 < p4 and
2= (p—1)(p* (P*+ 1)+ p*—p)=(p—1)(p* + p?) of Remark 4.4 imply

Gl _2p P 2p
PRS— = < ,
g ~p-1p3+p* p-l
which contradicts (2-1).

2. The embedding problem. Let V be the [ ,-vector space defined in Proposition
2.2.3. For any y € V, the class of (fo(X + y), go(X + y)) in A induces a new
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generating system of A, which means that

Z(fo(X), go(X)) = Z(fo(X +¥), go(X +y)) mod o (W2(k[X])).  (5-1)

Since A is isomorphic to Z/p*Z, (5-1) ensures the existence of an integer n(y)
such that

(fo(X 4+ ), go(X +y)) =n(y) (fo(X), go(X)) mod o (Wr(k[X])), (5-2)

where n(y) := ao(y)+bo(y) p for integers ag(y) and bo(y) such that 0 < ap(y) < p

and 0 < bo(y) < p. We calculate n(y) (fo(X), g0(X)) = ao(y) (fo(X), go(X)) +
bo(¥)p (fo(X), go(X)). On the one hand, we have

ao(y) (fo(X), g0(X)) = (a0(y) fo(X), ao(y)go(X) + c(ao(»)) fo(X)),

where c(ao(y)) is given by the recursion

c)=1, cli+1) =c(i)+%(1+i”—(l+i)”) mod p forall i €N.
On the other hand,
bo(y) p (fo(X), 80(X)) =bo(¥) (0, fo(X)?) =(0,b0(y) fo(X)) mod @ (W2(k[X])).

Consequently, (5-2) becomes

(fo(X + ), go(X + y)) = (a0 (¥) fo(X), ao(y)go(X) + Lo (¥) fo(X))

mod p (W2 (k[X])), (5-3)
where €o(y) := c(ap(y)) + bo(y). We notice that ap(y) = 1 mod p for all y in
V. Indeed, the equality of the first coordinate of Witt vectors in (5-3) implies
that fo(X +y) = ap(y) fo(X) mod g (k[X]). Thus, by induction, fo(X + py) =
ao(y)? fo(X) mod @ (k[X]). Since V is an elementary abelian p-group we get
JSo(X + py) = fo(X), which entails ap(y)? = 1 mod p and ap(y) = 1 mod p. So
(5-3) becomes

(fo(X +¥), go(X +y))
= (fo(X), go(X) + Lo(y) fo(X)) + (PP(X), QP (X)) — (P(X), Q(X)), (54

with P(X) and Q(X) polynomials of k[X]. In order to circumvent the problem
related to the special formula giving the opposite of Witt vectors for p = 2, we
would rather write (5-4) as

(fo(X + ), go(X +y)) + (P(X), Q(X))
= (fo(X), go(X) + €o(y) fo(X))+ (P(X)F, Q(X)P). (5-5)
The first coordinate of (5-5) reads

JoX+y) + P(X) = fo(X) + P(X)". (5-6)
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On the second coordinate of (5-5), the addition law in the ring of Witt vectors
gives in k[ X] the equality

go(X +y)+ O0(X)+yw(fo(X +y), P(X))
= go(X) +Lo(y) fo(X)+ Q(X)? + w(fo(X), P(X)P), (5-7)

where y is defined by

p-l . .

w(a,b):=—(a’+b’ —(a+b)") = —% > (p) a' b’
i=1 \l

GV ai pPi
1 i

35—

mod p.

As a consequence, (5-7) gives

Ay (80) := go(X +y) — go(X) =Lo(y) fo(X)+6 mod p(k[X]),  (5-8)

with
0:=y(fo(X), P(X))—w(fo(X+y), P(X))

-1 —1) ) . ) )
=5 CX ) PO - x4y OO
i=1

Lemma 5.2. With the notation defined above, o is equal to

p—1 i
0= Z (_il) y[’_"X"J”’SJrl + lower-degree terms in X. (5-9)
i=1

Proof. We search for the monomials in ¢ that have degree at least p**! + 1 in X.
We first focus on fo(X)' P(X)P?(P~). We can infer from equality (5-6) that P (X)
has degree p*~! and that its leading coefficient is y!/?. By [Lehr and Matignon
2005, proof of Proposition 8-1], P(X) — P(0) is an additive polynomial. So we
can write P(X) = y!/? X4 P (X), where P;(X) is a polynomial of k[X] of
degree at most p*~2. Then, for all i in {1,..., p — 1}, fo(X)' P(X)??P~) =
FoX)! (v XV Py (X)P)P = = fo(X) (X525 (77) »7 X7 Py ()P =i=D). Since
fo(X) has degree 1+ p?, this gives in  a monomial of degree at most i (1+ p*) +
ip+p(p—i—)p r=p+@i+))(p—1) p*~'+i. If j < p—i—1, this degree is at
most p*+(p—1)2 p*~'4+i = (p—1) p*+ p*~'+i, which is strictly less than p**!41,
fors>2and 1 <i < p—1. As a consequence, monomials of degree at least p*+!1 41
can only occur when the index j is equal to p —i, namely in fo(X)! y?=i X7'(P=1),
As fo(X)=XS(X)+cX, where S is a monic additive polynomial of degree s in F,
foreads fo(X)=X 44 p(X ) where P,(X) is a polynomial in k[ X] with degree
at most 1+ p*~!. Then, foralli in {1, ..., p—1}, we have fo(X) y?~i XP'(P=0) =
yPrix P = (30 () X 0+P)T Py (X)PF). Accordingly, we get a monomial of
degree at most to p* (p—i)+k (14 p*)+ (i —k)(1+ p*~1), a number we can rewrite
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as p*(p—i)+i(1+p* " H+k(p*—p*~!). When 0 <k <i—1, the maximal degree
obtained in this way is i + p*~! — p* + p**! which is strictly lower than p**!' 4 1.
Therefore, for all i in {1, ..., p — 1}, the only contribution to take into account is
k =i, which produces in ¢ the sum

p—1 i
> e
i=1

i

We now search for monomials with degree greater or equal to p**! + 1 in the
second part of §, namely fo(X +y)’ P(X)?~. This has degree at most i (14 p*)+
(p—i)p*~'=ip*+(p—i) p*~' +i, which is strictly less than p**! +1, for s > 2
and 1 <i < p — 1. Therefore, fo(X +y)" P(X)?~' does not give any monomial in
J with degree greater or equal to p**! 4 1. Thus, we get the expected formula. [J

3. We next show that go(X) cannot be of the form X £ (X)+y X, with £ e k{F} and
y € k. Otherwise, the left-hand side of (5-8) reads A ,(go) := go(X +y) —go(X) =
X 2(y)+y Z2(X)+y Z(y)+yy, which only gives a linear contribution in X after
reduction mod g (k[X]). By Lemma 5.2, deg fo =14 p* <degd=p**' 4+ p—1,
which involves that the degree of the right-hand side of (5-8) is p — 1+ p**! > 1,
hence a contradiction.

Therefore, we can define an integer a <ng=deg go such that X is the monomial
of go(X) with highest degree which is not of the form 1+ p”, with n € N. Note that
since go is reduced mod g (k[ X]), a #0 mod p. We also notice that the monomials
in go(X) with degree greater than a are of the form X'*7"; hence, as explained
above, they only give linear monomials in A, (go) mod g (k[X]). Therefore, after
reduction mod @ (k[ X]), the degree of the left-hand side of (5-8) is at most a — 1.
Since the degree of the right-hand side is p**! 4 p — 1, it follows that

a—1>p ' +p—1. (5-10)

4. We show that p divides a — 1. Assume that p does not divide a — 1. In this
case, the monomial X“~! is reduced mod g (k[ X]). Since the monomials of go(X)
with degree greater than a only give a linear contribution in A ,(go) mod g (k[X]),
(5-8) reads as follows, for all y in V:

ca(go)ayX* 1+ lower-degree terms

=—y xP i p-l + lower-degree terms mod @ (k[X]),
where ¢, (go) # 0 denotes the coefficient of X% in gg. If a — 1 > p**' + p— 1, the
coefficient c,(go) a y =0, for all y in V. Since ¢ # 0 mod p, it leads to V = {0}, so

G1 = G,, which is impossible for a big action (see Proposition 2.2.1). We gather
from (5-10) that a — 1 = p**! + p — 1, which contradicts a # 0 mod p.



908 Michel Matignon and Magali Rocher

Thus p divides a — 1. So, we can write a = 1+ p’, with 7 > 0, A prime to p and
A > 2 because of the definition of a. We also define jo:=a—p' =1+ —1) p.
Note that pjyo > a. Indeed,
] 1— + t+1 —1
pio<as p(+G-pH<itip eis— LTl " P P o
p'ip=1  p' p-1 p-Il
which is impossible since 1 > 2.

5. We determine the coefficient of X/° in the left hand-side of (5-8). Since p does
not divide jy, the monomial X Jo is reduced mod @ (k[X]). On the left-hand side of
(5-8), namely A, (go) mod g (k[X]), the monomial X/° comes from monomials of
20(X) of the form X?, with b in {jo+1,...,a}. Asamatter of fact, the monomials
of go(X) with degree greater than a only give a linear contribution mod @ (k[X]),
whereas jo=14+(1—1)p’ > 1. Forall b € {jo+1, ..., a}, the monomial X of
go(X) generates (}l;) yb=Jo X Jo in Ay (go). Since p jo > a > b (see above), these
monomials X do not produce any X/° 7", with n > 1, which would also give X/
after reduction mod g (k[X]). It follows that the coefficient of X Jo in the left-
hand side of (5-8) is T'(y) with T(Y) :=>"y_. | ¢5(g0) (]1;) Yb=J_ where ¢} (go)
denotes the coefficient of X? in go(X). As the coefficient of Y*~/0 in T(Y) is

ca(g0) (]‘j)) = cq(g0) (Hl(jfpl;p,) =c,(go) 2 %0 mod p, the polynomial T (Y) has
degree a — jo = p'.

6. We identify with the coefficient of X’° in the right-hand side of (5-8) and obtain
a contradiction. We first assume that the monomial X/° does not occur in the right-
hand side of (5-8). Then 7'(y) =0 for all y in V, which means that V is included
in the set of roots of 7. Thus, |V| < p’. To compute the genus g, put My := my
and M, := max{p mg, no}. Then, by [Garuti 2002], the Hurwitz genus formula

applied to C - C/G, =~ [P’,l yields
2(g =) =2|G2l(8c/6, — ) +d =-2p* +d,

withd :=(p—1) (Mo+1)+p (p—1) (Mi+1). From pmo=p (p*+1)=p**'+p
and p‘“rl + p — 1 < ng, we infer M| = ng. Moreover, since no >a =1+ 1p' >
1 +2p' > 2p', we obtain the lower bound 2g = (p — 1) p (ng — 1 + p*~) >
2 p't1(p — 1) for the genus. Since |G| = |G| |V| < p>*’, this entails

Gl _2p p™ _12p
g ~p—l2pitt 2 p-1’

which contradicts (2—-1).
As a consequence, the monomial X/° appears in the right-hand side of (5-8),
which implies that jo < p*T! + p — 1. Using (5-10), we get jo=1+ (A —1)p' <
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Pl 4 p—1<a=1+2p'. This yields

A—lgps+1—f+p_[2<1. (5-11)
p

Ifs+1—¢t<—1,sincer>1, (5-11) givesi—1=<1/p+(p—-2)/p <1,
which contradicts 4 > 2. It follows that s +1 — ¢ > 0. Then (5-11), combined
with the inequalities 0 < (p —2)/p’ < 1, leads to A — 1 = p**!~. We gather that
jo=1+(—=1) p' =14+p**! > deg fy =1+ p°. Therefore, in the right-hand side of
(5-8), the monomial X/0 =X 1+p*! only occurs in 6. By Lemma 5.2, the coefficient
of X/ = X"P"" in § is —yP~1. By equating the coefficient of X/ in each side
of (5-8), we get T(y) = —y”~!, forall y in V. Put T(Y) =T(Y)+YP~! Since
degT =p'> p—1,the polynomlal T has still degree p' and satisfies T (y) =0 for
all y in V. Once again, it leads to |V | < p’, which contradicts (2-1) as above. [J

Therefore, when (C, G) is a big action, G, >~ (Z/p"Z) implies n = 1. More
generally, if G, is abelian of exponent p", with n > 2, there exists a subgroup H of
index p in G2, with H normal in G, such that the pair (C/H, G/H) is a big action
with (G/H)y = Go/H ~7/p*7Z x (Z/pZ)', with t € N*. A natural question is to
search for a lower bound on the p-rank ¢ depending on the genus g of the curve.
As seen in the proof of Theorem 5.1, the difficulty lies in the embedding problem,
i.e. in finding an extension which is stable under the translations by V. In the
next section, we exhibit big actions with G, abelian of exponent at least p?. In
particular, we construct big actions (C, G) with G, ~ Z/p>Z x (Z/pZ)' where

t=0(log, g).

6. Examples of big actions with G, abelian of exponent greater than p

In characteristic 0, an analogue of big actions is given by the actions of a finite
group G on a compact Riemann surface C with genus gc > 2 such that |G| =
84(gc—1). Such acurve C is called a Hurwitz curve and such a group G a Hurwitz
group [Conder 1990]. In particular, the lowest genus Hurwitz curves are the Klein’s
quartic with G >~ PSL,(F7) (cf. [Elkies 1999a]) and the Fricke-Macbeath curve
with genus 7 and G >~ PSL;(Fg) [Macbeath 1965].

Let C be a Hurwitz curve with genus g.. Let n > 2 be an integer and let C,
be the maximal unramified Galois cover whose group is abelian, with exponent 7.
The Galois group of the cover C,,/C is isomorphic to (Z/nZ)?¢¢. We infer from
the uniqueness of C, that the C-automorphisms of C have n?& prolongations to
C,. Therefore, gc, — 1 = n8 (gc — 1). Consequently, C, is still a Hurwitz curve;
see [Macbeath 1961].

Now let (C, G) be a big action. Then C — C/G is an étale cover of the affine
line whose group is a p-group. From the Deuring—Shafarevich formula (see [Bouw
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2000], for example), it follows that the Hasse—Witt invariant of C is zero. This
means that there are no nontrivial connected étale Galois covers of C with group a
p-group. Therefore, if we want to generalize the method mentioned above to pro-
duce Galois covers of C corresponding to big actions, it is necessary to introduce
ramification. A means to do so is to consider ray class fields of function fields, as
studied by K. Lauter [1999] and R. Auer [1999]. Since the cover C — C/G> is
an étale cover of the affine line Spec k[ X] totally ramified at co, we focus on the
special case of ray class fields of the rational function field [F,(X), where g = p*
[Auer 1999, I11.8]. Such ray class fields allow us to produce families of big actions
(C, G) (where C is defined over k = [F;lg) with specific conditions imposed on
ramification and endowed with an abelian G, of exponent as large as we want.

Definition 6.1 [Auer 1999, Part II]. Let K := [F,(X) be the rational function field,
with ¢ = p® and e € N*. Let S be the set of all finite rational places, namely
{(X —y), y eF;}. Let m > 0 be an integer. Fix K alg an algebraic closure of K in
which all extensions of K are assumed to lie. We define K¢' C K alg a5 the largest
abelian extension L/K with conductor < m oo, such that every place in § splits
completely in L.

Remarks 6.2. 1. We define the splitting set of any finite Galois extension L/K,
denoted by S(L), as the set consisting of the places of K that split completely
in L. If K¢ /K is the extension defined in Definition 6.1, then S C S(KY').

2. In what follows, we only consider finite Galois extensions L /K that are unram-
ified outside X = oo and (totally) ramified at X = oo. Therefore, the support of
the conductor of L /K is reduced to the place co. So, we systematically confuse
the conductor m oo with its degree m.

3. We could more generally define Kg' for S a nonempty subset of the finite ra-
tional places, i.e. S:={(X —y), y € V C F,}. However, to get big actions, it
is necessary to consider the case where V' is a subgroup of [F,. In what follows,
we focus on the case V =T, as announced in Definition 6.1.

Remarks 6.3. We keep the notation of Definition 6.1.

1. The existence of the extension K§' /K is based on global class field theory; see
[Auer 1999, Part II].

2. K§'/K is a finite abelian extension whose full constant field is F,.

3. The reason why Lauter and Auer are interested in such ray class fields is that
they provide for examples of global function fields with many rational places,
or what amounts to the same, of algebraic curves with many rational points.
Indeed, let C(m)/[F, be the nonsingular projective curve with function field
K¢'. If we denote by N, := |C(m)(F,)| the number of [, -rational points on the
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curve C(m), then N, = 1 +¢ [K¢' : K]. The main difficulty lies in computing
[K¢' : K]. We first wonder when K¢’ coincide with K. Here are partial answers.

4. Let g = p°, with e € N. If e is even, put r := ,/q and if e is odd, put r :=
Jqp. Then, foralli in {0, ..., r + 1}, Ki=K= F,(X); see [Auer 1999, 111,
Lemma 8.7 and formula (13)]. Note that the previous estimate N, = 1+¢ [K§' :
K], combined with the Hasse—Weil bound (see [Stichtenoth 1993, V.2.3], for
instance), furnishes another proof of Ki = K wheni < 14r.

5. More generally, Lauter displays a method to compute the degree of the extension
K¢'/K via a formula giving the order of its Galois group G s(m) [Lauter 1999,
Theorem 1]. Lauter’s proof starts from the following presentation of G g(m):

1+ZF,Z]

1+2Z"F[Z],1-yZ, y € [Fq)’

Gs(m) ~ <

where Z = X!, which indicates that G () is an abelian finite p-group. Then
she transforms the multiplicative structure of the group into an additive group
of generalized Witt vectors. In particular, she deduces from this theorem the
smallest conductor m such that G s(m) has exponent stricly greater than p (see
next proposition).

Proposition 6.4 [Lauter 1999, Proposition 4]. We keep the notation defined above.
If g = p¢, the smallest conductor m for which the group G s(m) is not of exponent
pismy = pl¢/217 4+ p 4 1, where [ -] is the ceiling function.

We now emphasize the link with big actions. Let F be a function field with full
constant field [,. Let C/[F, be the smooth projective curve whose function field is
F and C*8 :=C xf, k with k = [F?,lg. If G is a finite p-subgroup of Autg, C, then
G can be identified with a subgroup of Aut,C%2. In this case, (C*¢, G) is a big
action if and only if gcae = gc > 0 and |G|/gc > 2 p/(p—1). For convenience, in
the sequel, we shall say that (C, G) is a big action if (C*¢, G) is a big action.

In what follows, we consider the curve C(m)/F, whose function field is K¢’ and,
starting from this, we construct a p-group G(m) acting on C(m) by extending the
translations X — X + y, with y € [,. In particular, we obtain an upper bound
for the genus of C(m), which allows us to circumvent the problem related to the
computation of the degree [K¢' : K] when checking whether (C(m), G(m)) is a
big action.

Proposition 6.5. We keep the notation defined above.

1. Let C(m)/F, be the nonsingular projective curve with function field K¢'. Then
the group of translations X — X +y, y € F,, extends to a p-group of F,-
automorphisms of C(m), say G (m), with the exact sequence

0— Gs(m) — G(m) — F, — 0.
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2. Let L be an intermediate field of K§' /K. Assume L = (K g’)H , L.e. the extension
L/K is Galois with group: Gs(m)/H. For all i > 0, we define L' as the i-
th upper ramification field of L, i.e. the subfield of L fixed by the i-th upper
ramification group of Gs(m)/H at oo: Gis (m)H/H, where Gis(m) denotes the
i-th upper ramification group of G s(m) at co. Then, foralli > 0,

L'=LNK;S.
In particular, when L = K¢ and i <m, L= Kg, ie. GiS(m) = Gal(K?/Kg).

3. Let L be an intermediate field of K§'/K. Define n :==min{i € N, L C Ké}. The
genus of the extension L/K is given by the formula

1 n—1 )
gr=1+I[L:K](=1+n/2) - > ILNK: K],
j=0

where the sum is empty for n = 0. In particular, g; vanishes if and only if
L C K in all other cases, g1 < [L: K] (—=14n/2).

4 Ifm>r+2, then|G(m)|/gxn > q/(—1+5m). It follows that if ¢ / (= 1+ 3m) >
2 p/(p—1), the pair (C(m), G(m)) is a big action. In this case, the second
lower ramification group Go(m) of G(m) is equal to Gs(m). In particular,
with my as in Proposition 6.4, if p > 2 and e > 4 or p =2 and e > 6, the
pair (C(my), G(my)) is a big action whose second ramification group Gs(m»)
is abelian of exponent p>.

Proof. 1. The set S is globally invariant under the translations X — X +y, y € [,.
That is the same for oo, so the translations by [, do not change the conditions
imposed on ramification. As a consequence, owing to the maximality and the
unicity of K¢', they can be extended to [ -automorphisms of K<¢'. This proves the
first assertion.

2. This follows directly from [Auer 1999, II, Theorem 5.8].

3. The genus formula is obtained by combining the preceding results, the Hurwitz
genus formula and the discriminant formula [Auer 1999, I, 3.7]. Now assume that
n=0.Then L C K= F,(X) and g7 = 0. Conversely, assume g; = 0. If n # 0,
Remark 6.3.4 implies that n > r 42 > 3. Using the preceding formula and Remark
6.3.4, g; =0 reads

n—1 n—1
24+(n—2)[L:K]=> [KINL:K]=2+ > [KINL:K]<2+(n—2)[L:K].
j=0 j=2

It follows that, for all jin {2,...,n—1}, Ké NL = L. In particular, L C K2= K(S),
hence a contradiction. Finally, since n > 0 implies n > 3 and since K = K O'=K ;,
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one notices that

n—1

sL=IL:K1(=1+n/@) =5 D ILNK{: KT <[L:K](=1+n/@2)).
Jj=2

Assume that m > r 4 2. We gather from Remark 6.3.4 that n := min{i e N, K¢ C
K&} > r+2> 3. It follows from the third point that

gky <[Kg :K1(=1+n/(2) <[Kg : K1(=1+m/(2)).

As |G(m)| = q[K{' : K], we deduce the expected inequality. In particular, when
q/(—1+ %m) > 2 p/(p—1), the pair (C(m), G(m)) is a big action. It remains
to show that, in this case, G,(m) is equal to Gg(m). Lemma 2.4.2 first proves
that Gg(m) D Go(m). Let L := (K?)GZ(’") be the subfield of L fixed by G,(m)
and define n := min{i € N, L C Kg}. Assume Gg(m) 2 Go(m). Then L 2
(K g")GS (m) — K . We infer from Remark 6.3.4 that n > r+2, which proves, using the
previous point, that g; > 0. But, since (C(m), G(m)) is a big action, C/G,(m) =~
IP,]{, so gr = 0, hence a contradiction. We eventually explain the last statement.
By Proposition 6.5.2, G?Z_l(mz) = Gal(K?z/Kgfz_l), which induces the exact
sequence

0 — G~ (my) — Gs(my) — Gs(my—1) —> 0.

We infer from Proposition 6.4 that G g(m, — 1) has exponent p whereas the expo-
nent of Gg(m») is at least p2. It follows that GVS"Z_1 (my) cannot be trivial. Since
G's* (m2) = {0} (use Proposition 6.5.2), we deduce from the elementary properties
of the ramification groups that G'gz_](mz) is p-elementary abelian. Therefore,
G s(m>) has exponent smaller than p? and the claim follows. [l

Remark 6.6. Let N, be the number of [,-rational points on the curve C(m) as
defined in Remark 6.3.3. Then N, = 1+4¢ |Gs(m)| = 1+|G(m)|. This highlights
the equivalence of the two ratios: |G(m)|/gc(m) and N,,/gc(m)- In particular, this
equivalence emphasizes the link between the problem of big actions and the search
of algebraic curves with many rational points.

As seen in Remark 6.3.4, K_ig = K forall i in {0,...,r + 1}, where r = /g
or ./qp according to whether ¢ is a square or not. The following extensions K¢,
for m > r 4 2, are partially parametrized, at least for the first ones, in [Auer 1999,
Proposition 8.9]. The table on the next page gives a complete description of the
extensions K¢' for m varying from 0 to m; = pl¢21*1 4 p 41, in the special case
p =5 and e = 4. This involves ¢ = p* =625, s =e¢/2 =2, r = p* =25 and
mo = 131. The table below should suggest the general method to parametrize such
extensions.
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conductor m [K¢':K] new equations
O0<m=< r+1=26 1

27<m<2r+1=51 52 Wi+ Wo = X't
m=2r+2=>52 56 Wi — Wy =X (X7-X)

53<m<3r+1=76 58 Wy + W, = X2+
m=3r+2="77 512 Wi —Ws = X3 (X1-X)
m=3r+3="78 516 Wi — Wy = X3 (X% —X?)

79<m <4r+1=101 518 W+ Ws = X314+
m=4r+2=102 5% Wi —We = X* (X1 - X)
m=4r+3 =103 5% Wi — Wy = X% (X% — X?)
m =4r +4 =104 530 Wi — Ws = X* (X3 — X?)

105<m <5r+1=126 5% W5+ Wo = X447

m=>5r+2=127 5% Wi —Wip = X (X1 - X)
m=>5r+3=128 540 Wi — Wi = X (X% — X?)
m=>5r+4=129 5% Wi, — Wi = X5 (X3 — X3)
m=>5r+5=130 548 Wi — Wiz = X (X4 — X4
m=my =131 550 [Wo, Wial” +[Wo, Wial = [X1F7, 0]

In this case,

G
GmIl g 6929 (6-1)
gK;"Z
Comments on the construction of the table. For all i in {0,..., 14}, put L; :=

KW, ..., W)).

1.

We first prove that the splitting set of each extension K(W;)/K (see Remark
6.2.1) contains S. Indeed, fix y in F, and call P, the corresponding place
in §: (X —y). We have to distinguish three cases. By [Stichtenoth 1993,
Proposition VI. 4.1], P, completely splits in the extension K(W)/K, where
W'+ W = X*U+) with | <u < 4, if the polynomial 77 + T — y* 1+ has
a root in K, which is true since y*(+") = (F* + I) (% y“(+1) | Likewise, P,
completely splits in the extension K (W)/K, where W9 —W = X" (X?9—X"),
with 1 <o <u <35, since y*? — y* = 0. Finally, P, completely splits in the
extension K (W, W)/K, where [W, W1 + (W, W1 =[X"t",0], since
Y01 = (P + D301, —% y e,

To conclude, we remark that L; = L;_; K(W;) for all i in {1, ..., 14}. Then
S(L;) = S(Li—1) N S(K(W))), by [Auer 1999, Corollary 3.2.b], which allows
us to conclude, by induction on i, that the splitting set of each L; contains S.
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2. We now compute the conductor m (K (W;)) of each extension K (W;)/K. As
above, we must distinguish three kinds of extensions. The extension K (W) /K,
where W + W = X“U+") with 1 < u < 4, has conductor ur + u + 1 [Auer
1999, Proposition 8.9a]. The extension K(W)/K, where now W9 — W =
X4 (Xv4 — X¥), with 1 <o <u <5, has conductor ur + v + 1 [Auer 1999,
Proposition 8.9b]. Finally, the conductor of the extension K (W, W)/K, where
(W, W]’+[W, W] =[X"" 0]is given by the formula 1+max{p(1+r), —oo}=
14+p+p?f +1 = m, [Garuti 2002, Theorem 1.1]. As a conclusion, since m(L;)=
max{m(L;_1), m(K(W;))} [Auer 1999, Corollary 3.2b], an induction on i al-
lows us to obtain the expected conductor for L;.

3. We obtain from 1 and 2 the inclusions K (Wy) C K27, K(Wy, W)) C K32, ...
KWy, ..., Wi4) C K¢?. Equality is finally obtained by calculating the degree
of each extension K§g'/K via [Lauter 1999, Theorem 1] or [Auer 1999, (13),
pp. 54-55]. U

We deduce from the foregoing an example of big actions with G, abelian of
exponent p2, with a small p-rank. More precisely, we construct a subextension of
K¢ with the commutative diagram

0 — Gs(my) — G(my) — F, — 0

@l 2 Il

0 — H — G — F, — 0
2 2
0 0

such that the pair (C(m»)/Ker(p), G) is a big action where G> ~Z/p*Z x (Z/ pZ)'
with # = O(log, g), g being the genus of the curve C(m2)/Ker(p). Contrary to
the previous case where the stability under the translations by [, was ensured by
the maximality of K, the difficulty now lies in producing a system of equations
defining a subextension of K ¢> which remains globally invariant through the action
of the group of translations X — X +y, y € F,. Write ¢ = p°. We have to
distinguish the case e even and e odd.

Proposition 6.7. Assume that p > 2. We keep the notation defined above. In
particular, K = F,(X) with g = p°®. Assume that e = 2s, with s > 1, and put
r := p°. Define

fo(X):=a X" with a #0, aeT:={y €F,,y"+y =0},
F(X): =X/ (X1 - X)= X" (X1 —X) forallie{l,...,p—1).

Let L := K(W;)o<i<p be the extension of K parametrized by the Artin—Schreier—
Witt equations W(f — Wy = fo(X), Wl.q — W= fi(X)foralli e{l,...,p—1},
and [Wo, W17 — [Wo, W1 = [ fo(X), 0].
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Foralli in {0,1,...,p — 1}, put L; := KWy, ..., W;). Let Cr/F, be the
nonsingular projective curve with function field L.

1. L is an abelian extension of K c]md every place in S completely splits in L.
Moreover, Ly C K§+2, L;C ng JriJr]for allie{l,...,p—1},and L C K",
where my = p**! + p + 1 is the integer defined in Proposition 6.4. (See table
on the next page.)

2. L/K has degree [L : K] = p>T P~V and its Galois group G satisfies
G ~Z/p*Z x (Z/pZ)' witht=(p—1)e.

3. The extension L/K is stable under the translations X — X +y, with y € [F,.
Therefore, the translations by [, extend to form a p-group of F,-automorphisms
of L, say G, with the exact sequence

0—GL—G—F;, —0.
4. Let g1 be the genus of the extension L/ K. Then

1 (p— ) ) p—2 .
gL = §(pz-i-ZJx (p—1) (p“+1 +p _ 1) _ps (pZ _p+ 1) _p2S+1 z q )
i=0

In particular, when e grows large, g ~ %p(2p_1)6/2+3 andt = O(log, gr).

5. Fors > 2, (Cr, G) is a big action with G, = G. (Note that, for p = 5 and
e =4, one gets |G|/gr ~9,7049 .. ., which is slightly bigger than the quotient
obtained for the whole extension K ?2 in (6-1).)

Proof. 1. Fix y in F, and call Py := (X — y), the corresponding place in S.
As fi(y) =0forall i in {1, ..., p — 1}, the place P, completely splits in each
extension K (W;) with Wiq — W; = fi(X). Therefore, to prove that P, completely
splits in L, it is sufficient to show that [ fo(y), 0] € g (W»(F,)). By [Bourbaki 1983,
chapitre IX, exercice 18], this is equivalent to show that Tr([ fo(y), 0]) = 0, where
Tr means the trace map from W>(F,) to W»(F,). We first notice that, when y is in
Fy. 7 == fo(y) =a y'* lies in T. It follows that

2s—1 . s—1 ; s—1 ;
Tr([y,0) = > F'ly,01=2> [y",01+ > [y'",0]
i=0

i=0 i=0

s—1 ; s—1 ;
= Z [Vp 5O]+Z [_Vp 50]

i=0 i=0

As p > 2, [—y Pi, 0] = —[y pi, 0] and Tr([y, 0]) = 0. To establish the expected
inclusions, it remains to compute the conductor of each extension L;. First of all,
[Auer 1999, 1, exercise 3.3] together with [Stichtenoth 1993, Proposition 111.7.10]
shows that the conductor of Ly is r+2. Thus, Lo C K §+2. Moreover, since f; (X)=
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s+1 s—1

X — X P mod g (Fy[X]), we infer from [Auer 1999, I, Exercise 3.3 and
Corollary 3.2] that the conductor of L; is 1 4+i 4+ p**!. So, L; C K;J”J“pw. To
complete the proof, it remains to show that L has conductor m,, which follows
from [Garuti 2002] (see comments above).

The equations, conductor and degree of each extension L; are as follows:

ext’n conductor m [L;i:K] new equations

K O<m<r+l1=p°+1 1

Lo r+2§m§ps+1+1:m2—p p Wé)—W():f()(X)

L m=p42=my—(p—1)  p'* Wi =W = fi(X)

L, m=pt43=my—(p-2) p't? Wil —Wa= f2(X)

L; m=pSttit1=my—(p—i) p'tie Wi—W; = f;(X)

L, m=ptl4p=my—1 pltp=De ngl— p—1=Jfp-1(X)

L m=p* ! 4ptl=m; prrr=he [Wo, W, 17— [Wo, W, ]
=[/fo(X), 0]

2. See preceding table.

3. Fix y in F,. Consider ¢ in G(m3) (defined as in Proposition 6.5) such that
c(X)=X+y.

(a) We prove that 0 (Wy) € Lo. Indeed,as y e Fy andae ' ={y ey, y"+y =0},
# (0 (Wo) — Wo) = a (9 (Wp)) —  (Wo) = fo(X +y) — fo(X)
=ayX' +ay X+ foy)=—d"y" X" +ay X+ fo(y)
= (Py(X)) + fo(y),

where P, (X) =+ F + F?4 ...+ F~ 1 (—ay" X). Since fy(y) € () (see
proof of part 1), it follows that ¢ (P, (X))+ fo(y) belongs to ¢ (F,[X]). Therefore,
O'(W()) € Lyg= [Fq(X, Wo).

(b) We now prove that o (W;) € L; foralli in {1, ..., p—1}. Indeed,
(FC=id) (c(W) = W) =a (W = W) — (W = W) = fi(X +y) — fi(X)
— (X +y)P (X1 —X)— X" (X1 X)
= (X7 (X - X) - X (X - X)

i-1 . o
=3 ()27 £x) mod (F¢ —id) (F,[XD),
j=1
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where the sum is empty for i = 1. It turn, the right-hand side equals

(Fe—id)( iil (;) yi=p Wj) mod (F° —id) (Fy[X]).

j=1
It follows that ¢ (W;) € L; = F, (X, Wo, Wy, ..., W;).
(c) We next show, using Remark 6.3.4, that ¢ (W) € L. To this end, set
A= @ (o [Wo, Wpl—[Wo, Wpl),
SO
A =0 (o (Wo, Wp1) — o ([(Wo, Wp]) =[fo(X + y), 0] = [fo(X), O].

We know from the proof of part 1 that [ fo(y), 0] lies in g (W>([F,)). Then

A =[fo(X +), 0] = [fo(X), 0] = [fo(¥), 0] — [Py(X), O] + [Py (X), 01"
mod o (W (F4[XT1)),

with y in F, and P, defined as above. Let W([F,) be the ring of Witt vectors
with coefficients in F,. Then, for any y € [F,, we denote by y the Witt vector
5 :=(y,0,0,...) € W(k). Forany P(X):=>'_,a X' € F,[X], set P(X) :=
> di X' € W(F,)[X]. Addition in the ring of Witt vectors yields

A =1[0,A] mod o (W(F,[X])),
where A is the reduction modulo p W>(F,)[X] of
SR 5 = X = oG+ P07 = By(x)”
— (fo(X +73) — fo(X) = fo(F) — Py(X) + Py(X)")"}.

Since fo(X + ) — fo(X) — fo(3) + P,(X) — P,(X)? = 0 mod p W (F,)[X], we
get

A= LfoX+5) = HoX) = fo3)7 + Py(X)" = Py (X)) mod p W (LX),
We observe that, modulo mod p? W(F)I[X],
foX+3)P =" (X+35)P (X457 =ar (X +F)P (X7 +37)"

_ap 5 % (P (P xitint sp—itp (i)
al > >\~ )X y
i=0 j=0 \t/ \J
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Since (i’) (?) =0 mod p?> when 0 <i < pand 0 < j < p, one obtains

X+ = o7 = foGy =ar 3 (F) (1) xrw grrer oo
el mod p* W (F,)[X],

where 1 is the set of (i, j) € {0, 1, ..., p}>*\ {(0,0), (p, p)} such that
ij=0 mod p, (i, ).
Again modulo mod p? W (F,)[X], we have

a Nr > 5 ~r i+1
(Z( X)P) (Eo( X)P )

p < ~rp =r? ~
=—aly"? X +a"?y" P X" + p T\ (X),

a0

v o~

with T,,(X) € W(F,)[X]. Since y € F, and a € T, we get
By(X)? = Py(X)" = —aP 5P XP—al §7 X"+ p Ty(X) mod p* W(F,)[X].

Asa consequence,

A=aP Z ( )( )Xj+ip“ yp—j+p‘y(p—i) + Ty(X) mod ng(qu[X]),
@, J)Ell

where I1 = 1\ {(0, p), (p,0)}. Thus

A=al z ( )( )Xj+tp p—i+p' (p— D4 T, (X),

@, J)€11

with T, € F,[X]. We first consider the sum. Since, for j =0, j = p andi =0, one
gets monomials whose degree (possibly after reduction mod g ([F,[X])) is lower
than 14 p®, one can write

A=a Z ( ) X7 VP L R (X) + Ty(X) mod o (F, LX),

where R, (X) is a polynomial of F,[X] of degree lower than 1+ p* =1+r. We
now focus on the polynomial 7\ (X) € F,[X]. It is made of monomials of the
forms Xiotipt-tia1r™ with g+ i) + -+ +is_y = p, and XPHHP' | with
i1+iz+---4iy = p. Since X1+ p' = xi++ir"™ mod o (F,[X]), it follows
that 7, does not have any monomial with degree higher than 1+ p* after reduction
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mod ¢ (F,[X]). Hence

p—1
1 s i
A=a? ;( )X”P“y”‘f+R£”(X) mod o (Fy[X]),
j=1

where R[l](X ) is a polyn0m1a1 of F,[X] with degree strictly lower than 1 + r.
Since fJ(X) xJ+pt_ x 1+t mod @ (F,[X]) forall jin{l,..., p—1}, we
conclude that

<
|

A=a’ (’? ) V£ + RP(X) mod o (F,[X]),

J

S| =

1

~.
Il

where R;Z] (X) is a polynomial of [, [X] of degree lower than 1 +r. Then

p—1
A=>"c;j(y) fi(X)+ RI(X) mod p(Fy[X]),
j=1

with ¢;(y) :=a? L (f ) y?=J € F,. It follows that, modulo ¢ (F,[X1),

p—1 p—1
A= (F—id) (c;(y) W) + RP(X) = (F —id) D_ Pj(W))+RP(X),
j=1 j=1

where P;(W;) = (id+F +---+ F* V) (c;(y) W;) € F,[W;]. We gather that
(@(U [WOa Wp] - [W(): W ])

= ([0, z PiW)]) +10. RFGOT  mod o (Wa(Fy[XD).

As a consequence, [0, R[Z] (X)] lies in o (W2 (K (?)), so there exists V € K¢ such
that V? —V = R (X) Accordingly, K (V) is a K-subextension of K¢? with
conductor 1+ deg(RI?!(X)) < 1 +r. In particular, K(V) C K¢ = K =F,(X),
which implies that R;z] (X) € p(K). Therefore,

p—1
0 (0 Wo, Wyl = [Wo, W, = ([0. 32 P;Wp) ) mod p(W2(k)),
j=1

which allows us to conclude that o (W) is in L = K(Wy, Wy, ..., W,). This
finishes the proof of Proposition 6.7.3.
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4. Since LC K{* and L ¢ K?z_l, the formula in Proposition 6.5.3 yields

1m21

ngl—I-[LZK](—l—i-%)—E > [LNKL: K]
Jj=

s+1
=14 p2+(P—1)e (_1 + %}H‘l)

p—1 .
—3(r 24—+ +Dp+ 3 P

i=1

_ , 1 5. Pl s
_ %p2+(p De(ps*l 4 p 1) — _(pa 42 st Zl p1+123)
4

=30 O (P e p— )3 p* (P = p+ 1) =3 P (I g +g >+ P 7).
5. See Proposition 6.5.4. O
Remark 6.8. For p =2, the equations given in Proposition 6.7 become
Wy = Wo = fo(X) :=X""",
Wi — Wi = fi(X):= X" (X1 - X),
[Wo, Wa]” — [Wo, Wa] = [ fo(X), 0].

This last equation is no longer totally split over F,. One can circumvent this by
replacing it with

[Wo, Wal? — [Wo, Wal =[c" X7, 0] = [c X'7",0] with ¢ +c=1.

In this case, we obtain the same results as in Proposition 6.7. The proof is left to
the reader.

Proposition 6.7 can be generalized to construct a big action whose second ram-
ification group G is abelian of exponent as large as we want.

Proposition 6.9. We keep the notation of Proposition 6.7. In particular, g = p°,
with p > 2, e =2s and s > 1. Letn > 2. Putm, := 1+ p"~ ' (1 4+ p*). If
q/(—=14+m,/2) > 2 p/(p—1), the pair (C(m,), G(my,)), as defined in Proposition
6.5, is a big action with a second ramification group Gs(m,) abelian of exponent
at least p".

Proof. Proposition 6.5.4 first ensures that (C(m,), G(m,) is a big action. Con-
sider the p"-cyclic extension K (Wi, ..., W,)/K parametrized with Witt vectors
of length n as

(Wi, ..., W12 —[Wy, ..., W, ]1=[f0(X),0,...,0]
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where fy(X) = a X'*" is defined as in Proposition 6.7, i.e.,r = p*,a" +a =0,
a #0. The same proof as in Proposition 6.7.1 shows that all places of S completely
splitin K (W1, ..., W,). Moreover, by [Garuti 2002] (Theorem 1.1) the conductor

of the extension K (W, ..., W,) is 1 +max{p"~! (14 p*), 0} =m,,. It follows that
KWy, ..., W,)isincluded in K g"". Therefore, G s(m,,) has a quotient of exponent
p" and the claim follows. O

The next proposition is an analogue of Proposition 6.7 in the case where e is
odd. We do not spell out the proof, which is in the main similar to the proof of
Proposition 6.7. Note that, contrary to the case where e is even, the equations still
work for p = 2.

Proposition 6.10. We keep the notation defined above. In particular, K = F,(X)
with g = p°. Assume that e =25 — 1, with s > 2, and put r := /qp = p*. We
define

X)) =X (X1 —X)=X"P" (X1—X) foraliell,...,p—1},
g(X)=X"P (X1 —X)= X" (X1~ X) forallie{l,...,p—1).

=t=pPl =)=

Schreier—Witt equations

Wi —W;, = fi(X)forall i €{1,...,p—1},
VJ? —Vi=gi(X)forall j €{l,...,p—1},

s—1

[Wy, W,1P — [Wy, W,1 =X, 0] — (X7, 0].

Finally, put Li,() = K(Wk)lgkgi and Lp_1,j = K(Wi, Vk)lsifp—l,lskfj,for alli

and jin{l,...,p—1}.

1. L is an abelian extensison of K such that every place in S completely ;vglits in
L, satisfying L; o C Ké’ J”Hforalli, Jell,...,p—=1}, L1, C Ké’ LA
and L C K¢?, where my = Pt p + 1 is the integer defined in Proposition
6.4. (See table below on the next page.)

2. The extension L/K has degree [L : K1 = p>P=Vetl Let G be its Galois
group. Then

GL~7/p*Zx (Z/pZ) witht=2(p—1)e—1.

3. The extension L/K is stable under the translations X — X +y, with y € [F,.
Therefore, the translations by [, extend to form a p-group of F,-automorphisms
of L, say G, with the exact sequence

0—GL—G—TF;, —0.
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4. Let g1 be the genus of the extension L /K. Then

1

2p—3
2 (pm(”_”e (P Hp—D—pP V(P —p —p+ )= p +p¢ D ql)'

8L = 2 .
i=0

In particular, when e grows large, g ~ % prrHP=D+s gpd t = O(log, gr).

We gather here the conductors, degrees and equations of each extension:

ext’n conductor m [L;,;:K] new equations

K O<m<r+l1=p°+1 1

Liyo m=r+2=ps+2 P qu—W1=f1(X)

Lio m= p‘+z+1 pi Wi —W; = fi(X)

Ly—10 P+P<m<Pq+l+1 pr=he szl_ p—1=fp—1(X)

L,_11 m= PS+1+2 my— (P 1) pre v — 81(X)

Ly1; m= p‘+1+1+1—m2 (p J) plrti=he Vi-v; gJ(X)

Lp_l,p—1m=p“+1+p=m2—1 prp—De V[’,’fl— 1 =8p— 1(X)

L m=p* T4 p+l=m, plTeThe (Wi, W, 1P =W, W=
(X147 01— [x 147" 0]

7. A local approach to big actions

Let (C, G) be a big action. We recall that there exists a point co € C such that
G is equal to G(oo) the wild inertia subgroup of G at oo, which means that
the cover 7 : C — C/G is totally ramified at co. Moreover, the quotient curve
C/G is isomorphic to the projective line |]3’1 and 7 is étale above the affine line
Al |]3>1 — (00) = Speck[T]. The 1nclu510n k[T] C k((T~")) induces a Galois
extension k(C) ®ry k(T 1)) =: k((Z)) over k(T 1)), with group equal to G and
ramification groups in lower notation equal to G; := G;(00). Then the genus of C
is given by (2-2) as g = % 2532(|Gi| — 1) > 0. It follows that

_ et 6l p
2.i=2(Gil=1) 2g  p-1
This leads to:

Definition 7.1. A local big action is any pair (k((Z)), G) where G is a finite p-
subgroup of Aut (k((Z)) whose ramification groups in lower notation at oo satisfy



924 Michel Matignon and Magali Rocher

the inequalities
G| 2p
_—
g(G) p-
It follows from the Katz—Gabber Theorem (see [Katz 1986, Theorem 1.4.1] or
[Gille 2000, corollaire 1.9]) that big actions (C, G) and local big actions (k((Z)), G)

are in one-to-one correspondence via the following functor induced by the inclusion
kIT] C k(T

1
3(G) =5 >(GiI-1)>0  and

i>2

finite étale Galois covers finite étale Galois covers
of Spec k[T] — of Spec k((T~"))
with Galois group a p-group with Galois group a p-group

Thus we can infer from the global point of view properties related to local ex-
tensions that would be difficult to prove directly. For instance, if (k((Z)), G) is a
local big action, we deduce that G is stricly included in G|. Moreover, we obtain

G| < 4p .
g(G)* ~ (p—1
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