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The behavior of Hecke L-functions of real
quadratic fields at s = 0

Byungheup Jun and Jungyun Lee

For a family of real quadratic fields {K,, = Q(+/f (n))},en, a Dirichlet character
x modulo ¢, and prescribed ideals {b, C K, }, we investigate the linear behavior
of the special value of the partial Hecke L-function Lk, (s, x, := x o Nk,, b,) at
s = 0. We show that for n =gk +r, L, (0, x,, b,) can be written as

1
1247
where A, (r), B, (r) € Z[x(1), x(2), ..., x(g)] if a certain condition on b, in
terms of its continued fraction is satisfied. Furthermore, we write A, (r) and
B, (r) explicitly using values of the Bernoulli polynomials. We describe how
the linearity is used in solving the class number one problem for some families
and recover the proofs in some cases.

(Ay(r) +kBy(r)),
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1. Introduction

In this paper, we are mainly concerned with linear behavior of the special values
of the Hecke L-function at s = 0 for families of real quadratic fields.

Let {K, = Q(/f(n))}nen be a family of real quadratic fields where f(n) is
a positive square free integer for each n. For example f(x) can be a polynomial
with integer coefficients.
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through the National Foundation of Korea (NRF) funded by the ministry of Education, Science and
Technology (Jun: 2012-007726; Lee: 2011-0023688).
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For a Dirichlet character x modulo ¢, we have a ray class character x, := xoNg,
for each n. Fixing an ideal b, in K, for each n, one obtains an indexed family of
partial Hecke L-functions {Lg, (s, x», bn)}, where the partial Hecke L-function for
(K, x, b) is defined as

Lk(s.x.0):= ) x@N@~.
a~b integral
(g, m=1
and a ~ b means that a = b for totally positive o € K.
Roughly speaking, if Lk, (0, x,, b,) can be written as linear polynomial in k
with coefficients depending only on r for n = gk 4 r, we say that Lk, (0, x,, b,)
is linear.

Definition 1.1 (linearity). When the special values of Lk, (s, xx, bs) at s = 0 are

expressed as
1

1242

forn=qk+r, Ay(r), By(r)eZ[x(1), x(2), ..., x(q)], we say that Lk, (0, x», b,)
18 linear.

Lk, (0, Xn, bp) = (Ay(r) +kBy ()

Linearity was originally observed by Bir6 in his proof of Yokoi’s conjecture.
Theorem 1.2 [Bir6 2003b). If the class number of Q(v/n*>+4) is 1, thenn < 17.

In Yokoi’s conjecture, we take K, = Q(+/n?>+4) and b, = Ok, . Biré [2003b,
pp. 88, 89] expressed the special value of the Hecke L-function for (K, x,, Ok,)
ats =0forn=qgk+r

1
Lk, (0, xu, bp) = ZI(AX(F) +kBy(r)), (1-1)
where
A=Y x0-ct—rep)[ L),
0<C,D<q-1 q
B,(r) = Z x(D*—C?>—rCD)C(C —q).
0<C,D<q-1

When K, is of class number 1, the unique ideal class can be represented by any
ideal b,. A priori the partial Hecke L-function equals the total Hecke L-function
up to multiplication by 2 (that is,

Lk, (0, xn) =cLg,(0, xn, Ok,)

where c¢ is the number of narrow ideal classes).
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From this identification, one can find the residue of n by sufficiently many
primes p for which the class number of Q(+/n?+4) is one. Moreover, by the
linearity, this residue depends only on r. Consequently, one can tell whether or
not p is inert in @(+/n%2+4). As we have a bound for a smaller prime to inert
depending on n, finally we have enough conditions to list all K,, of class number 1.

Other families (K, x,, b,) that have linearity were discovered in [Bir6 2003a;
Byeon et al. 2007; Byeon and Lee 2008; Lee 2009a; 2009b]. Similarly, developing
Biro’s method, one can solve the associated class number one problems.

In this paper, we give a criterion on (K,,, x,, b,) for Lg, (0, x,, b,) to be linear.
The criterion is in terms of the continued fraction expression of §(n), where b;l =
[1,6(n)] := Z+ 6(n)Z. Let [ag, ay,...,a,] be the purely periodic continued
fraction

[00’ al’a27 "'7al1’a07 alv ~~~]7
where
1
lag, a1, az,...]1:=ap+ 1
a +
a;+---

Our main theorem is as follows:

Theorem 1.3 (linearity criterion). Let {K, = Q(y/f(n))}nen be a family of real
quadratic fields where f(n) is a positive square free integer for each n. Let x
be a Dirichlet character modulo q for a positive integer q and x, be a ray class
character modulo q defined by x o Nk,. Suppose b, is an integral ideal relatively
prime to q such that b;l = [1, 6(n)]. Assume the continued fraction expansion of
d(n)—1

d(n) —1=[ao(n),a(n),...,a;_1(n)]

is purely periodic and of a fixed length s independent of n and a;(n) = a;n + B; for
some fixed o;, B; € Z.

If Nk, (b,(C + D5(n))) modulo q is a function only depending on C, D and r
forn =gqk+r,then Lk, (0, x,, b,) is linear.

Furthermore, we give a precise description of A, (r) and B, (r) using values
of the Bernoulli polynomials (Proposition 3.8). From this description, for n with
h(K,)=1, as in Biré’s case, one can compute the residue of » modulo p depending
on the mod-q residue r of n. There are possibly many (g, p) pairs. The more pairs
of (g, p) we have, the more we can restrict possible n. There are many known
families for which the class number one problem can be solved in this way. Many
known results can be recovered by using the continued fraction expansion to show
linearity and finding enough (g, p).
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There are still other families of real quadratic fields with linearity whose class
number one problems are not yet answered. Morally, once we obtain a reasonable
class number one criterion, finding sufficiently many (g, p)-pairs should solve it.

This paper is composed as follows. In Section 2, we describe the special value
at s = 0 of the partial Hecke L-function in terms of values of the Bernoulli polyno-
mials. Section 3 is devoted to the proof of our main theorem. In Section 4, Bird’s
method is sketched as a prototype to apply the linearity. Section 5 concludes the
paper with a possible generalization of the linearity criterion to a polynomial of
higher order.

Notation and conventions. Throughout this article, we keep the following general
notation and conventions. If necessary, we rewrite the notation at the place where
it is used.

(1) K is areal quadratic field.

(2) For a real quadratic field K, we fix an embedding ¢ : K — R. If there is no
danger of confusion, we denote ((«) by an element « € K. o’ denotes the
conjugate of « as well as ((a’).

(3) For o € K, Ng(a) denotes the norm of « over Q). If there is no danger of
confusion, we simply write N («) to denote Nk («). For an integral ideal a
of K, we let N(a) := [0k, a] denote the norm of a.

(4) For two linearly independent elements «, 8 € K viewed as a vector space over
Q, [«, B] denotes the lattice (ie. free abelian group) generated by « and .
The lattice defined by a fractional ideal a of K is denoted by [«, 8] if {«, B}
is a free basis of a.

(5) For a subset A of K, we denote by A™ the set of totally positive elements
in A.

(6) x is a fixed Dirichlet character of modulus q.
(7) For a real number x,

x—[x] forx¢Z,
(x) :={

1 forx € Z.

Equivalently, (—) is the composition R L R /Z — R, where R/Z — R is
the unique map so that the composition is the identity on (0, 1].

(8) For areal x, [x]; :=x — (x).

(9) For an integer m, (m), denotes the residue of m by ¢ taken in [1, g] (i.e.,
m =gk + (m), fork € Z, (m), € [1,q]1NZ).
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(10) For positive integers a;, [ag, a1, az, . . . ] denotes the usual continued fraction:

1
lag, ar, az,...]:==ap+ "
ay +
ar + e
lao, a1, ..., ai—1,4a;,ait1, ..., a;i1;] denotes the continued fraction with pe-
riodic part (a;, @j41, ..., Gitj).
[ao, a1, - .., a,] is the purely periodic continued fraction
[a07 a17 .. ’an7a07 al’ .. ']‘

(11) (ag, ay, az, ...) denotes the minus continued fraction:

1
(ao,al,az,...)::ao— 1
ay —
a2 —_ . e .
((ag, a1, ..., ay)) is the purely periodic minus continued fraction:
(ao, ar, a, ..., an, ap,ai, ...)

(12) For an integer s, u(s) =1 if s is odd and u(s) = % if s is even.

2. Partial Hecke L-function

Throughout this section, K denotes a real quadratic field and b is a fixed integral
ideal of K relatively prime to ¢ such that b—! =[1, §] for § € K satisfying 0 <8’ < 1
and 6 > 2.

A ray class character modulo ¢ is a homomorphism

x :Ix(q)/Px(g) - C*

where Ik (g) is a group of fractional ideals of K which is relatively prime to g and
Pk (q) is a subgroup of principal ideals («) for totally positive « = 1 (mod gq).
Define

F:={(C,D)eZ?|0<C,D<qg—1,((C+D38b,q)=1}.

Let E* be the set of totally positive units in K, and E(j the set of totally positive
units congruent to 1 mod g. Then € € E* acts on the set F by the rule

ex(C+D8)=C'+D's,
where C’ and D’ are given by

€-(C+D8)+qb '=C'"+D's+gb~' forecE".
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Lemma 2.1. (C, D) in F is fixed by the action of € if and only if € is in E;.

Proof. (C, D) is fixed by € € ET if and only if (C + D8)(e — 1) € qb_l. Since
(b(C + Dé§), g) =1, the condition (C + Dd)(e — 1) € qb_1 is equivalent to

€ =1 (mod q). ([l
Lemma 2.2. Suppose 0 < C, D < g — 1. Then the following are equivalent:
() (C,D)isin F.

(2) Forevery a € (C+ D8)/q +b~!, the ideal qab is relatively prime to q.
(3) Foraa € (C+ D§8)/q +b~", the ideal qab is relatively prime to q.

Proof. Suppose that (g, (C + D§)b) = 1.

We have
q¢ el+ q p!
C+Ds C+Dé

for o € (C + D8)/q 4+ b~'. Thus (g, b(C + D§)) = 1 implies that
qo

=1 dqg).
cyps | (meda)
Since
qo
ba =b6(C + D$ ,
qba =b(C + )C+D8
we have
(gba, q) = 1.

If (g, (C + D8)b) # 1, then (¢, gba) # 1 for o € (C + D8)/q + b~!, since for
a € (C+D8)/q+b~!, we have

qba C (C+ D§)b+qOk. O

Let F/ = F/E* be the orbit space of the action of Et on F. Let F’ be a
fundamental set of F’. Let € be the totally positive fundamental unit. The order of
the action of € is A :=[E™ : E;] by Lemma 2.1. Then we can decompose F as
follows:

=1
F=| |€F. -1
i=0

According to this decomposition of F, we can further decompose the partial Hecke
L-function:
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Proposition 2.3. Let g be a positive integer. Given an ideal b C K as specified at
the beginning of this section and a ray class character y modulo q, we have

Lx(s, x.0)= Y  x@N(@*
a~b integral
(g,0)=1

= ) x(C+Ddy) T N(gba)™.

(C,D)eF’ ae(C"’Tm-l—b*l)*/E;'

Proof. For ay, ay € (g6~ , o b = gasb if and only if oy /as € ET.
So we have

Z x(a) . Z x(a) . Z x(qob)

s s K

a~b integral N(Cl) a~qb integral N(Cl) ac(g o Ht/ET N(qab)
(g, m=1 (g.m=1 (g,qab)=1

For a totally positive fundamental unit € > 1, we also have

Z x(gba) Z Z x (gbae)

N(gba)s b P
welqg™ o)/ E} (gba) welg-1b /B =0 N(gbaet)
(g,qba)=1 (g,qba)=1

b
ae(q_'b_l)+/E+ (q a)

(q.qba)=1
And from Lemma 2.2, we have
Z X (gba) _ Z Z X (gba)
)S N(gba)*

N(gba
wetqivryey (CDIEF ae(SE+07h T /ES

(g,qba)=1 (q,qba)=1
-y o
N s
(C.D)EF qe(CDb 4y-ly+ /B (gba)
By equation (2), the above is equal to
A—1
D DD DR
U £ , N(gba)s’
(C.D)EF =0 g (DI 4 potyr /it
Since
)3 x(gbo) _ 3 x(qbae’)
N(gba)* N(gbae')s’

ae({CHDE L p-tyt B ae({CEPDLp- 1yt /ES
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the above also equal to

x (gba)
A Z Z N(q bOt)S '
(C.D)eF ae(“EP2+b=1)*/ES

Note that for a € (% + b1+, gba and (C + D§)b are in the same ray class
modulo g. Thus x (gba) = x ((C + D$)b). This completes the proof. O

Shintani-Zagier cone decomposition. We review briefly the decomposition of
(R%)* into cones due to Shintani [1976] and Zagier [1975] (see also [van der Geer
1988]). This depends on a real quadratic field K and a fixed ideal a inside. Here
for the sake of computation, we fix a = b~! where b is set as in the beginning of
this section.

K is embedded into R? by ¢t = (1, 12), where 11, T; are two real embeddings of
K. In particular, the totally positive elements of K land on (R?)*. We are going
to describe the fundamental domain of (C+Tm +6-Ht/ E. embedded into (RH)*.

The multiplicative action of EqJr on KT induces an action on (R?)* by coordi-
natewise multiplication:

€o(x,y) = (ti(e)x, 2(€)y).

A fundamental domain Dg of (R?)*/ E is given by
D = {xt() +yi(e ™) [ x>0,y =0} C (R*)* (2-2)

where E; =(e*) for an integer A and € > 1 is the unique totally positive fundamental
unit.

If we take the convex hull of ((b~!1)N(R?)* in (R?)™, the vertices on the bound-
ary are {P;}icz for P; € 1(6~ 1), and determined by the conditions Py =t(1), P_1 =
t(8) and x(P;) < x(P;—1) where x (P;) denotes the first coordinate of Py for k € Z.
Since any two consecutive boundary points make a basis of ¢(b~!), we find that

(o) (3)=():

for an integer b;. It is easy to see that b; > 2 from the convexity. Thus we obtain

x(Pi_1) +x(Piy1) = bix(P;). (2-3)

x(Pi—1)
x(P;)

Put §; .= > 1. Note that §o = §. §; satisfies a recursion relation:

1
Sl‘zbi—ﬁ fori eZ.
i+
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Therefore

1
8 =b; — 1 = (bi, bit1,biy2,...).

bit1—
ity —

Let € > 1 be the totally positive fundamental unit. Then € moves a boundary
point to another boundary point, preserving the order. Thus, there exists a positive
integer m so that for alli € Z

€eobP,=PF_,,. (2-4)
Therefore we obtain the following proposition.

Proposition 2.4. (1) §;4, = d; foralli € 7.

(2) 8 =((bi, bit1, ..., biym—1)) =b; —

bigt—-+

(3) e H=P,.

@) e o P =P,

(5) (€)= Pyp.

X(Piym—1) _ ex(Pi-1) _s..
X(Piym) ex(P;)

(2) This is an immediate consequence of (1).
(3) From (2-4),

Proof. (1) 8jym =

P,=¢'oP,,

since Py =(1) and e ' o1 (1) = (e ).
(4) This is immediate from (2-4).
(5) This follows trivially from (3) and (4). O
Using (2-2) and Proposition 2.4(4), the fundamental domain D of (R?)*/ ES
is further decomposed into the disjoint union of Am smaller cones:

Am
©R=|_|{xPi_1+yP,- |x >0, y>0}.

i=1

Clearly, the fundamental set of the quotient (¢((C + D8)/q + b~ N (RH)T)/ Ef
inside ®p, which we denote by D, is given by a disjoint union:

rm
D= | (L(C+D8 +b‘1) N(xPi_i+yP |x>0,y> 0}).
i=1 q
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Since {P;_;, P;} is a Z-basis of ((b~1), there is a unique (xé+D8, yic+D5) €
(0, 1] x [0, 1) such that

C+Ds

XepsPic1 + Yoy ps P E‘( "‘b_l)’

foreach i, C, D € Z. Thus
(SERS o) NP4y P x>0, y20)

={(xtops + D) Pict + Vb ps +12) P | ni,na € Zsg). (2-5)

Yamamoto [2008, (2.1.3)] found that (xé D> yé +ps) satisfy the following re-
currence relations:

i+1
xcps = (bi xC+D8 + yC+D8> (2-6)
i+1
le—i—DS 1- xc+Da-

Let A; :=x(P;) for all i € Z. Then from (2-5), we obtain the following:

1

Z N(a)*

ae(cf]m—',-b*‘)*/E*

_Z Z (XC-i-D:S +n1)A;_ 1+(y(j+D5+l’l2)A ) §

i=1 ny,ny>0

—Z > N ((byps 108 + Gy ps +12) AT @)

i=1 ny,ny>0
Shintani [1976] evaluated Y, , _o N((x +n1)8 + (y +n2)) " for nonpositive

integers s. In particular, the value at s =0 is expressed by first and second Bernoulli
polynomials as follows:

Lemma 2.5 (Shintani).

> N(x+n)s+(y+n)”

n1,n2>0

1,1

=B+ BB + (5 + 5 ) B0,

4
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Using this, we have

1
Z N(a)

ac(ER oyt /ES

8; 43! 1,1 '
—Z LBy (x4 ps) + BI(XEy ps) BIOE 1 ps) + 5 ( 5 +§)Bz(ylc+m)- (2-8)
1y

1

This simplifies further:

Lemma 2.6 [ Yamamoto 2008, proof of Theorem 4.1.1].

8+ iy S
Z o BGcips) + 4 ( 8,> B2(csps) = D 5 B2y pw)-
i=1 i=1

Finally, we have

1
Z N(a)*

ae(ER 4ot /ES

. . b; ;
0T Z Bi(x¢4ps) B1 (Ve yps) + EIBZ(XIC‘+D«3)'
t i=1

Lemma 2.7. Let € be the totally positive fundamental unit of K. Then

mz+j _ j mi+j
Xetps = Xiycrpsy A Yeips

forj=0,1,2,..., m—1.

_
= Veiw(C+Ds)

Proof. From (4) of Proposition 2.4, we have A, ; = €A j» for any integer i.

Thus
; C+Ds  _
xC++DBAml+J 1+yC+D8Aml+J _xgl:;)(;e Aj 1+y’cnr;)]a€ 'Aj € +b7h.
Therefore,
- (C+D8)  _
WG+ € T :
From Lemma 2.7 and the periodicity of b;, we have:
1
Lemma 2.8.
2 Nk
ae(ﬂ+b—l)+/5+
= b;
Z Z By (xef*(c+m))Bl (yef*(C-‘rDS)) + BZ(er*(CJrDa))

i=1 j=0

Finally, we have:
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Proposition 2.9. For a ray class character x modulo q and an ideal b of K such
that
b= =1[1,4]

for§ € K with§ >2and 0 < §' < 1, we have

m ) . bi )
Lk(0, . b) =1<§<qx((C + Dé)b) ; Bi (Xc1.03)) B 0c1p) + 5 B2 (x4 py)-

Proof. From Proposition 2.3, we obtain
Lg(0,x,0)= Y x((C+Dd)b) Y. N(gba) 0.
(C,D)eF’ ac(SER o=yt /ES
Lemma 2.8 implies that this is equal to

r—1 m

Z X ((C+D8)b) Z Z B (xéj*(c+Da))Bl (yéf*(c+Da)) + EBZ(x;f*(C-i-DS))'
(C,D)eF’ j=0i=1

Since (C + D8)eb = (C + D3§)b, this expression can be rewritten as

A—1
Z Z (X((C + D8)e’b)

(C,D)eF’ J=0 .
X D B0 p5) BI Oiacrps) + EBZ(XQf*(cwa)))'
i=1

In view of the decomposition of F in (2-1), the preceding expression equals

m
E x((C+ Dé)b) E Bl(XEC+D5))Bl(yEc+D5))+EIBZ(XEC+D3))-
(C,D)eF i=1

If ((C+ Dd)b, g) # 1 then x((C + D§)b) =0. Thus we complete the proof. [

Remark 2.10. The summation running over C, D € [1, q] is actually supported
on F. This is justified by the twist of the mod ¢ Dirichlet character. Obviously, F
depends on § in K, but the twisted sum has an invariant form of § and K. This is
a subtle point in the proof of the main theorem where we deal with values of the
Hecke L-function with respect to a family (K, x», b).

3. Proof of the main theorem

In this section, we compute special values of the Hecke L-function for a family
of real quadratic fields. The computation is made using the expression for the L-
value from the previous section. After the computation, it will be apparent that the
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linearity property comes from the shape of the continued fractions in the family.
This will complete the proof of Theorem 1.3.

This gives a criterion that will recover several approaches of class number prob-
lems for some families of real quadratic fields.

Consider a family of real quadratic fields K,, = Q(/d, ), where d,, is a positive
square free integer. For a fixed Dirichlet character x of modulus g, we associate
a ray class character x, := x o Nk, o for each n. Let us fix an ideal b, of K, for
each n. Then we have a family of Hecke L-functions associated to (K, x,, bn):

Xn (@)
N(a)*

LK, (s, Xn> bu) =Y

a

where a ranges over integral ideals in the ray class represented by b,,.

Plan of the proof. Assume that
b, =11, 8(n)]

with §(n) > 2,0 < 8(n)’ < 1. As discussed in Proposition 2.4, §(n) has a purely
periodic minus continued fraction expansion:
8(n) = ((bo(n), bi(n), ..., bumu)-1(n)))

1
= bo(n) — ,

1 (3-1)
bin) =+

bm(n)—l(n) - W

with by (n) > 2.

We extend the definition of b;(n) to all i € Z by requiring that b; 4 ,,(n)(n) =
bi(n) fori € Z, and take &;(n) = (bx(n), bg+1(n), ..., bigmm—1(n))). We define
{Ak(n)}kez by

A_1(n)=48(m), Aom)=1, ..., Agpi(n)=Ar(n)/Sk1(n).

Then for fixed C, D and n, there is a unique (x"CJrDB(n), yic+D5(n)) such that

0<xcipsm =1 0=Yeipse < 1. (3-2)

and
. . C+ Dé(n) _
Xe 403 Ai-1 (M) + Yo i psny Ai (n) € g +b, ", (3-3)

for each i € Z, as described in the previous section. This (xé D)’ yé D5 ( n))
satisfies Yamamoto’s recursive relation (2-6) as follows:

i+1 _ j i i+1 _ ;
xlc+05(n> = (b (”)xlc+Da(n) + ylc+Da(n))’ yLC—i-DS(n) =1 _xlC-I—DzS(n)‘ (3-4)
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Now recall a standard conversion formula from a continued fraction expansion
to a minus continued fraction expansion:

Lemma 3.1. Let 6 — 1 be a purely periodic continued fraction:

[[a()’ al’ e 7aS—1]]'

Then the minus continued fraction expansion of § is

((bo, b1, ..., bp—1)),
where

[

b e aj+2 fori=S§j,
2 otherwise,

where

Sj:{O for j =0,

Sj—1+azj—1 forj=1,
and the period m is given by

_fairtazstas---+a,—1 =S50 forevens,
B ap+ay+ay---+as_1 =S8, forodds.

Proof. (See [Zagier 1975, pp. 177, 178].) If s is an odd integer, the period m is
S
Zazi—l =ay+az+---+ay-_1==25;.
i=1

Since a; has period s, we find that
s—1
al+a3+-'-+azs—1=ao+a1+az“-+as—1=zai- O
=0

For the family of §(n) € K, we assumed that
d(n) —1=[ao(n), ai(n), ax(n), ..., as—1(n)ll

has the same period for every n.
Then 6(n) has a purely periodic minus continued fraction expansion

8(n) = ((bo(n), bi(n), ..., byuw-1(n))),

with b;(n), S;(n) and m(n) defined in the same manner as in the previous lemma.
One should be aware that m(n) varies with n, while the period s of the positive
continued fraction is fixed.
From Proposition 2.9 and the recursion (3-4) for (xé +D8(n)> yé D 5(n)), we have
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Lg, 0, xn, b)) = > ( 2((C+ D3(n))by)

1=C,D=q

m(n)

b;
XZ Bl(xC-‘rDS(n))Bl(yC-i-DB(n))+ ;)BZ(XC+D8(n)))>' (3-5)

i=1
To check the linear behavior, it suffices to show that

m(n)

bi(n)
Z (Bl(xc+Da(n))Bl(yc+Da(n))+ 3 BZ(XC+Da(n))) (3-6)

i=1

is linear in k with the coefficients depending only on r.
Because b;(n) =2 if i # §;(n) for every j, we can divide the sum above into
two parts:

sp(s)
Bi(xS® g S ay (n) + ZB Si(n)
Z (= B1(x¢ Do) BIE psiny) + 0 20 Do)
=1
sp(s)—1 Spp1(n)—1

+ Z Z F (X4 psnys ¥ psy)s BT

=0 i=S;(n)+1
where p(s) = % or 1 for s even or odd, respectively, and
F(x,y) = —Bi(x)Bi(y) + Bz (x).

We will use the following fact to be proved later. Here and wherever there is no
danger of misunderstanding, x; (n) means xé +D5(n) for fixed C, D.

Claim. The sequence {x;(n)} is a piecewise arithmetic progression, in the sense
that it satisfies these properties:

1. {x; (n)}gj ()<i<Sj,1(n) IS AN arithmetic progression mod Z with common differ-
ence (xs,m+1(n) — xs,m (n)).

2. {xi(m)}s;(m)<i<S; .1 (n) has period q.

3. x5, (M), Xs;()—1(n) and xg;n)+1(n) are independent of k, where n = gk +r.

Because of the constraint a; (n) = a;n + f;, the value of (a;(n)), is independent
of k for n = gk 4+ r and depends only on i and r. We can thus set

vi(r) :=(ai(n))g, (3-8)

where n = gk +r. In particular, y; (r) = {(a;(r)),-
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Since {F (x;(n), x;_1 (n))}Sj(n)-i-lgisSjH(n)—l has period ¢ (item 2 of the claim),
we obtain

Si+1(m)—1
> Fxi(), xioi(n)
i=S(n)+1
S1(n)+y2u4+1(r)—1 Si(n)+q
= Y Fim.xia@m)+kup) Y Fxi), xioi (),
i=S8(n)+1 i=8(n)+1

where a; (n) = k;(n)q + y; (r) for an integer «; (n). Written precisely,

ey 2 G =7 0) 39)
Since
o;ir + fi = qti(r) +yi(r)
for some integer 1;(r), we can write for n = gk +r
ki(n) = ka; +7;(r) (3-10)

Using 3, we see that xg,(,) (1) and xg,(»)+1(n) are determined by the residue r of
n by g. A priori the sums

S (m)+ya+1(r)—1 Si(n)+q
Y Fai(m),xm) and Y F(xi(n),xi-1(n)
i=S(n)+1 i=S;(n)+1

are completely determined by xg,,)(n) and xs,)+1(n) and remain unchanged
while k varies.
Thus we conclude:

Factl. Forn =qk+r,

Sir1(m)—1
Y Fin), xioi(n)

i=S8;(n)+1
is a linear function of k.
Using (3-9) and (3-10), we have

ax(n)+2
2

= —B1(x5,(0)(n)) By (x5,(n)—1(n)) +

— B (x5,(n)(n)) By (x5,(1)—1(n)) + B (x5,(n) (1))

aygk +tu(r)g + yu(r) +2
2

Ba(x5,(n)(n)).

Again using item 3 of the Claim we conclude:
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FactIl. Forn =qk+r,

=B (x5,(n) (1)) B1 (x5,(m)—1 (1)) + %Bz(xs,(n)(n))
is a linear function of k.
Additionally, we have:
Fact IIL. s and (s) are independent of n.
Together, Facts I, IT and III imply that
- bi(n)

Y —Bi(xi(n) Bi(xi—1(m) + —— Ba(xi (n)) (3-11)

i=1

2

is linear in k and the coefficients are functions of r for fixed C, D.
There remains to prove properties 1, 2, and 3 of {x;(n)}. We will also give a
precise description of the expression (3-11) to finish the proof of Theorem 1.3.

Periodicity and invariance. We now prove the Claim above about the sequence

{xi(n)}.

Proposition 3.2. For j >0, {x;(n)} S;(n)<i<S;41(n) IS AN arithmetic progression mod
Z with common difference (Xs;n)+1(n) — Xs;n)(n)).

Proof. Since b;(n) =2 for S;(n) +1 <i < §;;1(n) — 1, we have that
xi41(n) = (2x;(n) — x;—1(n)).
This implies that for S;(n) +1<i < S;;1(n) — 1,
(Xig1(n) —xi(n)) = ((2x; (n) — xi—1(n)) — x; (M) = (x;(n) —x;—1(n)). O
Lemma 3.3. Fori > —1, we have gx;(n) € Z and 0 < x;(n) < 1.

Proof. Since Ag(n) =1 and A_;(n) = §(n), we find from (3-2), (3-3), and (3-4)

that

xo(n) = <§>, x_1(n)=1- %

We also note that b; (n) € Z for any i > 0. Thus (3-4) implies this lemma. U

Proposition 3.4. For j > 0 and azj+1(n) > q, {xi(n)}s;@m)<i<s; 1 () has period q.
Explicitly, we have

X8, (n)+q+i (M) = Xs5,0)+i () for 0 <i <azjy1(n) —q.
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Proof. Note that {x;(n) mod 1}s;u)<i<s;,,@) is an arithmetic progression. Thus

X8, n)4q+i () = (X5, )4+ (1) 4+ G (X5, )+ () — X5,y +i—1(1) ),

for0 <i <asj;1(n) —q. From Lemma 3.3, we find that

q{(xs;my+i(n) — xs5;)+i—1(n)) € Z.
Thus
(xs; )+ (1) +q (x5, 1)+ (1) — X5;m)+i—-1(1))) = (X5;m)+i ().

Since 0 < x5,(n)+i(n) < 1, we finally have

(xXs;(m)+i (1)) = X5, (n)+i (n).

For 0 <r <g — 1, we define

Ti(r):= 0 for j =0,
e Li(r)+y2j—1(r) forj>1"

where y; (r) is defined as in (3-8). For i > 0, we put

2j(r)+2 fori="T;(r),
2 otherwise.

¢i(r)= {

Consider a sequence {vé p(r)}i=—1 with the initial value and the recursion rela-

tion as follows:
D

L5 o=(])

-1
v (r)=—9
CD q

and
vl () = (e (Ve p (r) = vep ().

If C, D are fixed and clear from the context, we omit the subscript and abbreviate
Vep () to v (r).

Proposition 3.5. Using the above notation, we have, for j > 0andn =gk +r
xs;m)+i (M) =vr;)+i(r)  for 0 <i <ypj41(r)

Proof. We use induction on j.
When j =0, So(n) =To(r) =0. We need to show x; (n) =v; (r) fori € [0, y1(r)].
As we saw in the proof of Lemma 3.3,

xo(n) = <§> —vo(r), xi(m)=1- % — V1 ().
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Since ag(n) — yo(r) € qZ, using (3-4) and the recursive relation of v;(r), one can
easily check that

w1 = (@0 + D7)+ &) = 000) + 200) = v () = 0 ).

For 1 <i <yi(r) — 1, x;(n) and v;(r) satisfy the same recursion relation
Xip1(n) = 2xi(n) —x;—1(n)),  vip1(r) = QRui(r) —vi_1(r)).

Thus we have x;(n) = v;(r) for 0 <i <y, (r).
Now assume that the proposition holds true for j < jo. From Proposition 3.4,
we find that if aj,—1(n) > g then

Xs-1m+q+i (M) = X5, ny+i(n) for 0 <i <azj,—1(n) —q. (3-12)
Since azj,—1(n) — y2j,—1(r) € gZ, we obtain
X85, m—1(1) = X8, (m)+arjy—1(m—1 1) = X5 (m)+y2j5-1(r)—1 (1)
= VL jo— 1)+ 1001 (1) = Vrj o)—1(r)
and
X85, 00 (M) = X5 (m)+azjy—1 (m) (1)
= XS, 1M +y2j9-1 () (1) = VL jo—1(r)4y2j-1 (1) (F) = Ve (i (F).
Moreover from (3-4), we find that
xs;, m+1(n) = ((a2j,(n) + 2)x5; 0y (n) — X5, (-1 (1))
= ((r2jo(r) +2)vr o) (r) = vrj (1)) = vr; )+1(r).
Since
Xip1(n) = (2x;(n) — x;—1(n)) for Sj;(n) +1<i < Sj4+1(n)—1

and
vip1(r) = Qui(r) —vi—1(r))

for Fjo(l") +1<i< Fjo(r) +)/2j0+1(l”) —1= Fj0+1(r) — 1, we have
x5 m+i (M) =vr, )+ (r)  for 0 <i < yzj+1(r). U
Summations. Next we express (3-11), that is,

= i i—1 bi(n) i
§ —Bi1(X¢c1psm) B1(Xcipsny) T - B (X4 psn))
i=1

in terms of {véD(r)}.
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Lemma 3.6. Let di(r) := (vr,;)+1(r) — v, (1)) and [x]y := x — (x). Then for
1 <y <qandn such that y < ay+1(n) and n = gk +r, we have

Si(n)+y
D i) —xi ) = ydi(r)* + (1= 2di (")) [vry ) () + di(r) v 1
i=S(n)+1

Proof. Since 0 < x;(n) < 1, we have

—1<x;(n)—x;_1(n) <1.

Thus
xi(n) — xi—1(n) = (x;(n) — x;—1 (n)) + ¥ (n),
where
-1 ifx(n) < xi-1(n),
viln) = { 0 ifx;i(n)>x,_1(n).
Since

(xig1(n) —x;(n)) = ((2x;(n) — x;i1(0)) — x;(n)) = (x;(n) — x;_1(n))
for S;(n) +1 <i < 8§4+1(n) — 1, we have
(xi(n) —xi—1(n)) = (x5,00)+1 (M) — X5,(0) (1)) = (Vr; ()41 () — vry ) (1)) = dy (r).

Hence we have
xi(n) —xi—1(n) =d;(r) +v¥; (n).

Thus we obtain

S (n)+y Si(n)+y
> @) —xia M) =yd () + A =24(r) YY)’
i=8;(n)+1 i=S;(n)+1

Note that the sum on the right equals the number of i’s satisfying x; (n) < x;_1(n)
for SS(n)+1<i <8(n)+vy.
Therefore

Si(n)+y

> i) = [xsm () +di()y] = [vrye () +di(r)y L O
i=S(n)+1

For simplicity, we let

F(x.y)=—Bi0)Bi(y)+Bax) = (x — 1) (A —y) +x —x + L.
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Lemma 3.7. If] > 0 and ay+1(n) > q, then

Si(n)+q

Y Flam), xia ()
i=S(n)+1 1 )
= 55[6(qdi(r)” + (1 = 2d;(r))[vr, i () + di(P)g ) — q].
Andif1 <y <q—1landaysi(n) >y,

Si(n)+y
3" Fin), xim1 ) = 5[6(ydi(r)> + (1= 2 () v (7) + di )y i

i=Si(n)+1
+ Ba(x5,(n)+y () — Ba(x5,0n)(n)) — 7],
where By(x) is the second Bernoulli polynomial.

Proof. We note that

F(x,y) =1 =) — &+ 2(B2(x) — Bo(y)).

Thus
Si(n)+y
Y Fi(n), xioi(n)
i=8;(n)+1
Si(n)+y
= Z [4Cxi(n) = xi-1(0)* — &5 + S(Ba(xi(n)) — Ba(xi—1(n)))].
i=S;(n)+1

We note that for 1 <y <gq —1,

Si(n)+y

Y Baxi(m) — Ba(xi—1(n)) = Ba(x5,0m4y (1)) — Ba(xs,any ().
i=8(n)+1

and, from the periodicity of x;(n), we have that for y = ¢

Si(m)+q

Y Baxi(n) — Ba(xi_1(n) =0. m

i=S(n)+1

Proposition 3.8. Suppose §(n)—1=[lao(n), ax(n), ..., a;—1 (M1, a;(n) =a;n+p;
Jor a;, Bi € Z and a;(r) = qti(r) + yi(r) for yi(r) = (ai(r))q. Let dlCD(r) =
(v Fz(r)—H( ) — vFl(r)(r)> Then, for n = gk +r, we have

m(n)

b;
> B 5 i) B1 O i)+ e Ba(xe psin) = (A (1) +kBen(r),

i=1
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where

Acp(r)
sp(s)

_ Z —12B, (vl () B 0RO T ) 4 6(an (r) + 2) Ba (vl ()
spu(s)—1 )
> [6(0m10) = Dl ()
=0
+ (1 =2dL, (M) WeS (r) + dbpy () (a1 (7) = D1
+ B 7N ) = Bavgly o)) = o () + 1

+ 720111 (6@ p () + (1 = 2L, NS () +diep (g1 — ) |

and
sp(s)
Bep(r) =y 6qaaBa(vely (1)
I=1
su(s)—1 -
+ 3 g (6(gdlp () + (1= 2db p (ML + dbp (gl — )
1=0
Proof. From (3-7), we have
m(n) i i b (l’l)
ZBl(xC+D8(n))B1(yC+D8(n))+ ) B2(X¢ 4 psny)
i=1

(s)
S(n) Sim)—1 a1qk+72(r)q+ya(r)+2 Si(n)
= Z (_Bl(xC]-i-nD(S(n))Bl(xCI—I—nD(S(n)) + 5 B2(xc[+n05(n))>
I=1

Si(n)+qay i1k
sp()—1 +qrus1 () +yaur1(r)—1

+l§ >

i=S(n)+1

F(XC-i-DB(n)’ xC+D8(n))
From Lemma 3.7, we have

Si(n)+qon+1k
+q a1 () ya+1(r)—1

12 Z F(XC+D8(n)’ xC+D6(n))
i=S;(n)+1
Si(m)+yaut1(r)—1
=12 Z F(xC+D8(n)’ xc+D8(n))
i=S(n)+1 Si(n)+q

+ 12(0r 41k + T2141 (7)) Z F (X4 Doy *C4 Do)
i=S)(m)+1
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=6( (241" = D p () +(1 =2 (N[0 )+ (a1 () = D],

Si(n)+ -1 S
Bl = Baed ) = (s () = 1)

2 r
o1k + 11 (M) (6(qdlp (1) 4+ (= 2d5, W) VG (1) +dbp (g 1) — q).
Since
N T N —1 r -1 S -1 r -1
c]inz)n(n) =vcp (1), xclinzga(n) =vep’ " (), and xclq(un;srg:f)m(r) =vep' 7
we complete the proof. O

End of the proof. Since vF’(r)(r) F’(r) ') and ! cp(r) are in %Z, we find that

q*Acp(r), q*Bep(r) € Z.

Moreover, we have

Lk, (0. . by) = Z X0 (C + DS (g Acp(r) + kg Bep(r).

12¢q 1242
Since y is a Dirichlet character of modulus ¢, if n = gk 4+ r, we can write
Xn(bn(C+ Dé(n))) = Fep(r)
for a function F¢p. Note that, if K, is defined,
Xn(bx(C + Dé(n))) = xr(b,(C + D8(r))) = Fep(r).

(This expression does not make sense if K, and §(r) are undefined.)
If we set
Ay(r) = Fep(r)g*Acp(r)
C,D
and

By(r):=Y_ Fcp(r)g*Bep(r),
C,D
we obtain the proof. ([

4. Biro’s method

Let K, be a family of real quadratic fields such that the special value of the Hecke
L-function at s = 0 has linearity. Bird [Bir6 2003a; 2003b] developed a method
using linearity to find the residue of n such that #(K,) = 1 by certain primes. In
this section, we sketch Bir6’s method.

Let K, = Q(+/d ) for a square free integer d = f(n) and D, be the discriminant
K,. For an odd Dirichlet character x : Z/qZ — C*, let x, denote the ray class
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character defined as x, = x o Nk, : I,(q)/P,(¢)* — C*, and let xp = (2) denote
the Kronecker character. Then the special value of the Hecke L-function at s =0
has a factorization

qDn

Z bx ()X, (b))

Let b, = Ok,. Suppose that Lk, (0, x,, b,) is linear in the form

1 q
Lk, (0, xn) = L0, x)L(O, x xp,) = (5_1 > ax (a)> <
a=1

LK,,(O» Xns bn) = (Ax(r)+kBX(r))

1
1242
for A, (r), By (r) € Z[x (1), x(2) - - - x(q)]. Let €, be the fundamental unit of K.
From Proposition 2.2 in [Byeon and Lee 2011], we find that Lk, (0, x4, b,) =
Lk, (0, xu, (€n)by,). Thus if the class number of K, is one, then we have for n =
gk +r

Lk, (0, xn) = -5 (Ay(r) +kBy(r))

122

where c is the number of narrow ideal classes.
Then we have
q D,

B (r)k+ A (r) = 4 (Zax(a)) ( be(b)XDn(b)>

Let L, be the cyclotomic field generated by the values of x. Since

is integral in L, for a prime ideal / of L, dividing 22:1 ay(a), we have
By (r)k+A,(r)=0 (mod I).

And if I does not divide B, (r), then

A
— A ed 1.
Bx(r)
Since n = gk +r, we have
Ay (r)
n=-—-qg—=—+r (modl).
qu(r)

Moreover, if O, /1 =Z/pZ, the residue of n modulo p is expressed only in terms
of A,(r), B,(r), and r as above.
We now list the necessary conditions on g and p:
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Condition (x). g is an odd integer; p is an odd prime; x is a character with
conductor q; I is prime ideal in L, lying over p, with I|(ZZ:161X(61)) and
OL,/l=12/pZ.

When linearity holds, these conditions are independent of the family {K,,}.
Let S be the set of (g, p) satisfying Condition (x). We partition S as follows:

s= |J S, where S;:={(q.p)eS})

g odd integer

Finally, for (g, p) € S, we obtain the residue of n = gk +r modulo p for which
the class number of K, is 1.

The above method has been used to find an upper bound on the discriminant of
real quadratic fields with class number 1 in some families of Richaud—-Degert type
where the linearity criterion is satisfied [Biré 2003a; 2003b; Byeon et al. 2007;
Lee 2009a]. This information, together with a properly developed class number
one criteria for each case, could be used to solve the class number problems.

It is easily checked that the criterion is fulfilled by general families of Richaud—
Degert type. Furthermore, there are abundant examples of families of real quadratic
fields satisfying the linearity criterion [McLaughlin 2003]. For these, we have
controlled behavior of the special values of the Hecke L-function at s = 0, and
Biro’s method is directly applicable in each case. We expect this method can be
used to study many meaningful arithmetic problems for families of real quadratic
fields, in addition to the class number problem.

5. A generalization

We conclude with a possible generalization of the linearity of the special value of
the Hecke L-function. This generalization will be dealt in [Jun and Lee 2012].

As in the criterion for linearity, we set K, = Q(4/f(n)) and let b, an integral
ideal of K,,. We assume b;l =[1,8(n)] for §(n) — 1 =[a1(n), ax(n), ...,a;(n)],
with a; (x) € Z[x].

For a given conductor g, write n = gk +r forr =0,1,2,...,g — 1. Suppose
N = max;{deg(a; (x))}. Then the special value of the partial ¢-function of the ray
class of b, mod g at s =0 can be written as

1
8Knq(0, (C + D8(n))by) = qu(Ao(r) + ANk 4+ Ay (k)
for some rational integers A; depending only on r.
We have no application of this property in arithmetic, but it will be very inter-
esting if one applies it in a similar fashion as Bir6’s method.
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