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ALGEBRA AND NUMBER THEORY 6:2(2012)

Arithmetic of singular Enriques surfaces
Klaus Hulek and Matthias Schiitt

Dedicated to the memory of Eckart Viehweg

We study the arithmetic of Enriques surfaces whose universal covers are singular
K3 surfaces. If a singular K3 surface X has discriminant d, then it has a model
over the ring class field H(d). Our main theorem is that the same holds true
for any Enriques quotient of X. It is based on a study of Néron—Severi groups
of singular K3 surfaces. We also comment on Galois actions on divisors of
Enriques surfaces.

1. Introduction

Enriques surfaces have formed a vibrant research area over the last 30 years. In
many respects, they share the properties of K3 surfaces, yet in other aspects they
behave differently. This twofold picture is illustrated in this paper which investi-
gates arithmetic aspects of Enriques surfaces.

The arithmetic of Enriques surfaces is only partially well-understood. For in-
stance, Bogomolov and Tschinkel [1998] proved that potential density of rational
points holds on Enriques surfaces. The cited work predates all substantial progress
on K3 surfaces in the same direction. In fact, until now the corresponding statement
for K3 surfaces has not been proved in full generality.

In this paper, we investigate the arithmetic of those Enriques surfaces whose uni-
versal covers are singular K3 surfaces, i.e., K3 surfaces with Picard number p = 20.
We will refer to them as singular Enriques surfaces. Singular K3 surfaces are
closely related to elliptic curves with complex multiplication (CM). These struc-
tures will be crucial to our investigations; often they explain arithmetic properties
of singular K3 surfaces (see Sections 3 and 6).

We point out one particular property that illustrates these relations: the field
of definition. A singular K3 surface of discriminant ¢ has a model over the ring
class field H(d) just like elliptic curves with CM in an order of discriminant d, by
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[Schiitt 2007, Proposition 4.1]. Our main theorem states how this property carries
over to Enriques surfaces:

Theorem 1.1. Let Y be an Enriques surface whose universal cover X is a singular
K3 surface. Let d < 0 denote the discriminant of X. Then Y admits a model over
the ring class field H(d).

The proof of Theorem 1.1 consists in two steps: first we establish a general result
for automorphisms of K3 surfaces over number fields (Proposition 2.1); then we
extend the afore-mentioned results for fields of definition of singular K3 surfaces
to include their Néron—Severi groups (Theorem 2.4). Here we combine two ap-
proaches that both rely on elliptic fibrations. In Section 3 we review the theory of
singular K3 surfaces and use Inose’s pencil and the theory of Mordell-Weil lattices
to deduce Theorem 2.4 for most singular K3 surfaces (see Remark 3.8). On the
other hand, Section 4 provides a direct approach for those singular K3 surfaces
which are Kummer (Corollary 4.2). Through Shioda—Inose structures, we then
connect the two partial results and are thus able to give a full proof of Theorem 2.4
(see 4F).

In Section 5 we address explicit questions. Lattice theoretically one can deter-
mine all singular K3 surfaces that admit an Enriques involution. With 61 or 62
exceptions, we give an explicit geometric construction of an Enriques involution
on these singular K3 surfaces. This construction combines Shioda—Inose structures
(3B) and the base change approach from [Hulek and Schiitt 2011, §3].

In Section 6 we discuss the problem of Galois action on Néron—Severi groups.
In this context, a different picture arises for Enriques surfaces than for K3 sur-
faces. The paper concludes with a formulation of several interesting classification
problems for Enriques surfaces and K3 surfaces.

2. Automorphisms of K3 surfaces

2A. Basics about K3 surfaces and Enriques surfaces. This paper is concerned
with complex algebraic K3 surfaces and Enriques surfaces. Here we briefly review
their basic properties. For details the reader is referred to [Barth et al. 2004, Chapter
VIII]; information and examples relevant for this paper can also be found in [Hulek
and Schiitt 2011].

A K3 surface X is a smooth projective surface with trivial canonical bundle
wyx = Oy that is simply connected. The classical example consists in a smooth
quartic in P3; here we will mostly work with elliptic K3 surfaces and Kummer
surfaces.

In terms of the Enriques—Kodaira classification of algebraic surfaces, a com-
plex Enriques surface Y is a smooth projective surface with vanishing irregularity
q(Y)= h'(Y,0y) =0 and a)?z = Oy, but wy # Oy. Equivalently Yis the quotient



Arithmetic of singular Enriques surfaces 197

of a K3 surface X by a fixed point free involution t. Conversely the K3 surface X
can be recovered as the universal covering of Y.

The Néron—Severi group NS(S) of an algebraic surface S is the group of divisors
up to algebraic equivalence. Here we identify divisors moving in families such as
fibres of a fibration. The Néron—Severi group is finitely generated abelian; its rank
is called the Picard number and denoted by p(S). In essence, NS(S) encodes the
discrete structure of the Picard group of S. The intersection pairing endows NS(S)
with a quadratic form that also induces the notion of numerical equivalence.

On a K3 surface algebraic and numerical equivalence coincide, and NS(S) is
torsion-free. Equipped with the intersection form, it becomes an even lattice of
signature (1, p(S)—1), the Néron—Severi lattice. On an Enriques surface, however,
algebraic and numerical equivalence do not coincide, as in NS(Y) there is two-
torsion represented by the canonical divisor Ky. The quotient gives the torsion-free
group of divisors up to numerical equivalence:

Num(Y) = NS(¥)/{0, Ky}.

The intersection pairing endows Num(Y') with a lattice structure. Contrary to the
K3 case, this lattice has always the same rank and abstract shape:

Num(Y) =U + Eg(—1), rank(Num(Y)) =10

where U denotes the hyperbolic plane Z> with intersection pairing <(1) é) and Eg

is the unique even unimodular positive-definite lattice of rank 8. The —1 indicates
that the sign of the intersection form is reversed so that Num(Y) has signature
(1, 9) as predicted by the Hodge index theorem.

The Torelli theorem [Piatetski-Shapiro and Shafarevich 1971] reduces many
investigations of complex K3 surfaces X to a study of H?(X) with its different
structures as lattice or Hodge structure. By the cycle class map, H*(X) contains
an algebraic part coming from NS(X). The orthogonal complement of NS(X) in
H?(X, Z) is called the transcendental lattice:

T(X) =NS(X)' c H*(X, 7).

As another characterisation, 7' (X) is the smallest primitive sublattice of H 2(X,2)
that contains the (up to scalar unique) 2-form ny after complexifying.

2B. Surfaces over number fields. We will consider complex surfaces S that admit
a model over some number field. This arithmetic setting brings up the natural
question whether geometric objects such as NS(S) or the automorphism group
Aut(S) are defined over the same field. The problem is as follows:
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Let X be a complex K3 surface defined over a number field L. The action of its
absolute Galois group G = Gal(L /L) on NS(X) factors through a finite extension
M/L. We say that NS(X) is defined over L if M = L, i.e., if G acts trivially
on NS(X). Throughout this paper, we will verify this property by exhibiting a
set of generators of NS(X) each of which is defined over L. In fact, for elliptic
surfaces with section (which we will mostly be concerned with), both conditions
are equivalent.

The same terminology is employed for an Enriques surface Y by saying that
NS(Y) or Num(Y) is defined over a number field L if G acts trivially.

Let ¥ be an automorphism of a complex K3 surface X. Since we assumed X
to be algebraic, the induced automorphism * acts as multiplication by a root of
unity ¢ on the holomorphic 2-form nx. We assume that X is defined over some
number field. The next proposition gives a criterion for the field of definition of
Y. This criterion will be crucial for the proof of Theorem 1.1.

Proposition 2.1. Let X be a K3 surface over some number field L. Let € Aut(X)
and ¢ € Q such that ¥*nx = ¢nx. Assume that NS(X) is defined over L and ¢ € L.
Then  is defined over L.

Proof. We first need to show that v is defined over some number field. Essentially
this holds true because the automorphism group of any algebraic K3 surface is
discrete by [Sterk 1985, Theorem 0.1]. The general idea is well-known: if the
field of definition of i were to require a transcendental extension of L, then the
transcendental generators of this extension could be turned into parameters, so that
Y would come in a nondiscrete family of automorphisms.

Now suppose that ¢ is defined over some finite extension M /L. We want to
apply the Torelli theorem [Piatetski-Shapiro and Shafarevich 1971] to v and its
conjugates to deduce that M = L. For this purpose, we assume without loss of
generality that M /L is Galois. Let 0 € Gal(M/L). Then {° € Aut(X), and we
claim that ¢ = 1. Explicitly we can write

Yo =coyoo .

By the Torelli theorem, it suffices to verify the claim for the induced action on
NS(X) and T(X). For NS(X) this follows directly from the fact that o and o !
act trivially by assumption. For T (X), it suffices to check the action on the holo-
morphic 2-form. One has

W) *(x) = (@ H*oy*(nx) = (0" H*(¢nx) = tnx = ¥*(x)

since ¢ € L. Hence ¥* = (¥°)* on H?(X, Z), and the claim ¢ = y° follows from
the Torelli theorem [Piatetski-Shapiro and Shafarevich 1971]. In consequence,
is defined over L. O
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Remark 2.2. The conditions of Proposition 2.1 are sufficient, but not necessary.
For instance, we exhibited a K3 surface with an Enriques involution over @, but
with NS(X) defined over Q(+/—3) in [Hulek and Schiitt 2011, §5.3] (see also 6C).

2C. Enriques involutions. Proposition 2.1 has an immediate impact on involu-
tions, and in particular on Enriques involutions. Namely for an involution v, the
eigenvalue of nx can only be { = +£1, so Proposition 2.1 only requires the Néron—
Severi group of the covering K3 surface to be defined over L:

Corollary 2.3. Let X be a K3 surface over some number field L. If NS(X) is
defined over L, then so is every involution on X. In particular, this holds for
Enriques involutions.

Theorem 1.1 requires some concepts that we will discuss in detail in the next
section. It concerns K3 surfaces with Picard number 20, the so-called singular
K3 surfaces (see 3A). By definition, the discriminant of a singular K3 surface X
is the determinant of the intersection form on NS(X). For a singular K3 surface,
the discriminant d gives rise to a very particular number field, the ring class field
H (d) as we discuss in 3D. In order to deduce Theorem 1.1, it suffices to combine
Corollary 2.3 with the following result for any singular K3 surface (admitting an
Enriques involution):

Theorem 2.4. Let X be a singular K3 surface of discriminant d. Consider the
ring class field H(d). Then X admits a model over H (d) with NS(X) defined over
H(d).

The statement about a model over the ring class field H(d) has been known
before (cf. [Schiitt 2007, Proposition 4.1]), but the extension for the Néron—Severi
group seems to have gone unnoted until now. A proof will be given in the next two
sections after reviewing the previous relevant results on singular K3 surfaces. We
conclude this section with a direct corollary:

Corollary 2.5. Let Y be an Enrigues surface whose universal cover X is a singular
K3 surface. Let d < 0 denote the discriminant of X. Then Y admits a model over
the ring class field H(d) with Num(Y) defined over H(d).

The corresponding statement for NS(Y') does not hold true in general, as we will
discuss within the framework of Galois actions on divisors in 6D. See Example 6.10
and Corollary 6.14.

3. Arithmetic of singular K3 surfaces

This section will review those parts of the theory of singular K3 surface that are
relevant to our issues. The section culminates in Lemma 3.7, the main step towards
the proof of Theorem 2.4. It is based on Shioda—Inose structures and Inose’s fibra-
tion. All the required techniques will be explained along the way.



200 Klaus Hulek and Matthias Schiitt

3A. Singular K3 surfaces. A complex K3 surface X is called singular if its Picard
number p(X) = rank NS(X) equals the maximum number allowed by Lefschetz’s
theorem:

p(X)=h"1(X) =20.

Singular K3 surfaces involve no moduli, so the terminology "singular” should be
understood in the sense of exceptional (just like for singular j-invariants of elliptic
curves with complex multiplications, a similarity that will become clear very soon).
We will discuss fields of definition of singular K3 surfaces in 3D. Recently singular
K3 surfaces over Q have gained some prominence due to modularity; namely,
in analogy with the Eichler—Shimura correspondence between modular forms of
weight 2 and elliptic curves over Q, for any suitable modular form of weight 3
there is a singular K3 surface over Q) associated (cf. [Elkies and Schiitt 2008b]).

By the Torelli theorem [Piatetski-Shapiro and Shafarevich 1971; Shioda and
Inose 1977], singular K3 surfaces are classified up to isomorphism by their tran-
scendental lattices. For a singular K3 surface, the transcendental lattice is even and
positive definite of rank two and endowed with an orientation. Up to conjugation
in SL;(Z), we identify it with the quadratic intersection form

o= (3 ) 1)

with integer entries a,c € N, b € Z and discriminant d = b? — 4ac < 0. This
number equals the determinant of the intersection form on NS(X); we refer to it as
the discriminant of X. By the Torelli theorem [Piatetski-Shapiro and Shafarevich
1971; Shioda and Inose 1977] two singular K3 surfaces are isomorphic if and
only if the transcendental lattices admit an isometry preserving the orientation (or
equivalently the quadratic forms are conjugate in SL,(Z)).

The classical example for a singular K3 surface is the Fermat quartic in P, Here
we give an alternative example in terms of an elliptic fibration that will reappear
later in another context (5G). Our treatment draws on the theory of elliptic surfaces;
all relevant concepts can be found in [Schiitt and Shioda 2010] for instance.

Example 3.1. Consider the universal elliptic curve for I';(6):
€y 4t —2xy—t(t—1)y=x>—1x%

Here a point of order six is given by (0,0). € gives rise to a rational elliptic
surface S over P!, By Tate’s algorithm [1975], S has the following singular fibres
in Kodaira’s notation:

fibre 16 13 12 11
t oo 0 1 -8
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Any quadratic base change f of P! gives rise to a K3 surface X. We generally
have p(X) > 18 by the Shioda—Tate formula [Shioda 1990, Corollary 5.3], but one
can increase the Picard number conveniently by inferring ramification points at
singular fibres. For instance, setting t = —8s2 /(s> — 1) yields an elliptic K3 surface
X with three singular fibres of type I, and I each, and thus p(X) = 20 over C
again by the Shioda—Tate formula and the Lefschetz inequality p(X) < hb1(X).
On X, there are two additional two-torsion sections with x-coordinate

—4s2Bs £ D(s F1)/(s*> = 1>

General theory shows that the singular fibres do not allow any further torsion in the
Mordell-Weil group. Over C one obtains MW (X) =27/27 x 7 /6Z. 1t follows that
X is the universal elliptic curve for the group I'{(6) NI"(2). By [Schiitt and Shioda
2010, 11.10 (22)], NS(X) has discriminant —12. With the discriminant form a la
Nikulin [1980, Proposition 1.6.1 and Corollary 1.9.4], one can then compute the
transcendental lattice with intersection form Q(X) = diag(2, 6) (in agreement with
the tables in [Shimada and Zhang 2001]).

3B. Shioda-Inose structure. In order to prove the surjectivity of the period map,
mathematicians first considered Kummer surfaces. However, singular abelian sur-
faces (with p(A) = 4) cannot possibly yield all singular K3 surfaces as Kummer
surfaces because the transcendental lattice of a Kummer surface is always two-
divisible as an even lattice. In detail, the intersection form is obtained from 7 (A)
by multiplication by 2:

T(Km(A)) =T (A)(2).

This problem of nonprimitivity was overcome by Shioda and Inose [1977]. Gener-
ally they considered two elliptic curves E, E’. Their product is an abelian surface
A = E x E' and yields the Kummer surface X’ = Km(E x E’). Over C, the Picard
numbers depend on whether E and E’ are isogenous (E ~ E’) or have complex
multiplication (CM):

2 fEAE,
p(A) =13 if E ~ E’ without CM,
4 if E ~ E’ with CM,
p(X) = p(A) + 16.

2

The Kummer surface X’ admits several jacobian elliptic fibrations. For instance,
the projections onto the factors £ and E’ induce two isotrivial elliptic fibrations
on the Kummer surface X’ that we will analyse in Section 4. In [Shioda and Inose
1977, §2], a jacobian elliptic fibration with a fibre of type I7* was found on X'. It
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has exactly two further reducible fibres of the following types:

21 EZE,
I}, 1} EZE,j(E)#0,12%,
217 J(E)=j(E) =12

15 IV* j(E)=j(E)=0.
Starting from this elliptic fibration, we proceed with the quadratic base change
f:pP' - p!

that ramifies exactly at the above two reducible singular fibres. Since both ramified
fibres are nonreduced, the base change applied to X’ results in another elliptic K3
surface X. By construction, the elliptic K3 surface X has two fibres of type I7*
and possibly some reducible fibres of type I; or /V depending on the above cases.
The Kummer surface X’ can be recovered from X as (the desingularisation of) the
quotient by the involution of the double cover X --» X’. (In [Hulek and Schiitt
2011] we abused terminology by referring to this involution as deck transformation,
but here we will call it base change involution.) The base change involution is a
Nikulin involution that composes the involution on the base curve P! with the
hyperelliptic involution on the fibres:

Km(A) = X’

The gist of this construction is that the K3 surface X recovers the transcendental
lattice of the abelian surface A:

T(X)=T(X"(1/2) =T(A). 3)

Morrison coined the terminology Shioda—Inose structure for such a setting: abelian
surface and K3 surface with the same transcendental lattice such that Kummer
quotient and Nikulin involution yield the same Kummer surface. He developed
lattice theoretic criteria to decide which K3 surfaces of Picard number p > 17
admit a Shioda—Inose structure [Morrison 1984, §6].

3C. Surjectivity of the period map. The surjectivity of the period map requires
to exhibit singular K3 surfaces for any quadratic form Q as in (1). By the above
considerations, this can be achieved by exhibiting a singular abelian surface A with
Q(A) = QO because then the Shioda—Inose structure provides a suitable singular
K3 surface X with Q(X) = Q.
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Chronologically, the corresponding surjectivity statement for singular abelian
surfaces was already established before Shioda—Inose’s work by Shioda and Mitani
[1974]. Namely, it was shown that any singular abelian surface has product type.
Given the quadratic form Q(A) with coefficients as in (1), the abelian surface A
admits the representation A = E x E’ with the following elliptic curves given as
complex tori E; =C/(Z+ t2Z):

_—b+Vd b+d

E=E,;, 1= PR E =E,, = 5 4)

Note that this representation need not be unique, and in fact there can be arbitrarily
many distinct representations for the same singular abelian surface (and thus also
for singular K3 surfaces).

Example 3.2. The K3 surface X from Example 3.1 is not a Kummer surface, since
T (X) is not two-divisible as an even lattice. Through the Shioda—Inose structure,
X arises from the self-product of the elliptic curve E ,— with j-invariant 243353,

3D. Fields of definition. We have seen that every singular abelian surface A is the
product of two elliptic curves with CM in the same field. CM elliptic curves are
well-understood thanks to the connection to class field theory (cf. [Shimura 1971,
§5]). Indeed both curves in (4) are defined over the ring class field H(d). This
field is an abelian Galois extension of the imaginary quadratic field K = Q(+/d)
with prescribed ramification and Galois group isomorphic to the class group CI(d)
(see [Cox 1989, §9]). We recall one way to describe CI(d): it consists of SL,(Z)-
conjugacy classes of primitive 2 x 2 matrices Q as in (1) of discriminant d < 0
together with Gauss composition (cf. [Cox 1989, §3] for instance). By [Shimura
1971, Theorem 5.7], H(d) is generated over K by adjoining the j-invariant of E’,
or in fact of any elliptic curve with CM by the given order in K of discriminant
d. Here Cl(d) acts naturally as a permutation on all these CM elliptic curves —
abstractly on the complex tori, but also in a compatible way through the Galois
action on H (d) permuting j-invariants.

Shioda—Inose used these CM properties to deduce that any singular K3 surface
is defined over some number field. Namely, the Kummer quotient X’ respects the
base field (a property that we will exploit in Section 4). Hence the only step in
the Shioda—Inose structure that may require increasing the base field concerns the
elliptic fibration with a fibre of type /1*.

Subsequently Inose [1978] exhibited an explicit model for X over a specific
extension of H(d). This model is expressed purely in terms of the j-invariants
J, j' of the elliptic curves E, E’ from (4):

X: yZ:x3—3Al4x+ZS(IZ—2Bt+1), (5)
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where A3 = jj’/12% and B> = (1 — j/12%)(1 — j'/123). Thus we know that any
singular K3 surface X of discriminant d admits a model over a degree six extension
of H(d). In [Schiitt 2007, Proposition 4.1] it was then noted that the above fibration
can be twisted in such a way that it is defined over H(d) (cf. (14) in case AB # 0):

Theorem 3.3. Let X be a singular K3 surface of discriminant d. Then X has a
model over the ring class field H (d).

In practice, the given field of definition can be far from optimal, that is, X may
admit a model over a much smaller number field. In fact, the modularity converse
in [Elkies and Schiitt 2008b] required to exhibit models of singular K3 surfaces
over Q@ where the ring class field had degree as large as 32 over Q0. We can already
detect a similar behaviour on the level of the elliptic curves E, E’ in (4): because
of the Galois action of the class group CI(d), the elliptic curve E’ can at best be
defined over a quadratic subfield of H (d). The factor E, however, may be defined
over Q even for large d by inspection of the denominators in (4).

3E. Néron—Severi group. In the remainder of this section, we derive an important
intermediate result for the proof of Theorem 2.4. The remaining steps will be done
in 4F. We have recalled in Theorem 3.3 that any singular K3 surface X admits a
model over the ring class field H (d). Here d denotes the discriminant of 7(X) as
usual. It remains to show that there always is a model of X with NS(X) defined
over H(d) as well.

The basic idea for the proof is to work with a model of Inose’s pencil (5) over
H (d) as in the proof of [Schiitt 2007, Proposition 4.1]:

X: Y=xX3+at*x+2Gat> +bit+by), a,b; € Hd). (6)

Note that fibres of type II* do not admit any inner Galois action (i.e. on fibre
components). Hence these two singular fibres of X together with the zero section
generate a sublattice U + 2Eg(—1) C NS(X) that is fully defined over the base
field H(d). It remains to study the Galois action on the remaining generators of
NS(X) (there are two generators remaining, since p(X) = 20). Looking at the
other reducible singular fibres, we distinguish four cases as in 3B:

Reducible fibres other than I7*  rank(MW)  case

— 2 EZE

1) 1 E=FE' j(E)#0,123
21, 0 E=E j(E)=12°
1A% 0 EZE . j(E)=0

Table 1. Singular fibres and MW-rank of Inose’s pencil.
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Lemma 3.4. If the singular K3 surface X admits an Inose pencil (5) of MW-rank
at most one, then X has a model with NS(X) defined over H (d).

Proof. For the last two surfaces in Table 1 (MW-rank zero), there are explicit
models with NS(X) defined over Q (cf. [Schiitt 2010, §10]). For the case of MW-
rank one with an I, fibre, it is also easy to see that NS(X) can be defined over
L = H(d). The fibre does not admit any Galois action, since the identity component
is fixed by Galois. By the formula of Shioda-Tate, the Mordell-Weil group has
rank one. The Mordell-Weil generator P can only be either fixed or mapped to its
inverse by Galois. But if the latter is the case, then the section P is defined over
some quadratic extension of L. More precisely, it is given in x, y-coordinates as
P=U,,/yV) forsome y € L,U,V € L(t). Consider the quadratic twist of X
with respect to this quadratic extension of L:

yy2 =x>t+at*x+ t5(l72t2 + byt + by).

This is an alternative model of the fixed elliptic fibration (6) on X over L such that
both models become isomorphic over L(,/y). This quadratic twist transforms the
section to (U, V) (defined over L) without introducing any Galois action on the
singular fibres (since they only have types Iy, I, 11, I1*). Thus the Néron—Severi
group of the new model of X is defined over L = H(d). ]

Remark 3.5. If 7 (X) is primitive and lies in the principal genus, then it is possible
to replace the CM-curves E, E’ by opposite Galois conjugates that are isomorphic:
E°= (E/)"fl. By [Schiitt 2007, §6] (which combines [Shimura 1971] and [Shioda
and Mitani 1974]), one has T (E? x (E’)"fl) =T(E x E'). According to Table 1,
the induced Inose pencil on X has MW-rank one. By Lemma 3.4 this produces a
model of X with NS(X) defined over H (d).

3F. Mordell-Weil lattices. A similar argument goes through for almost all in-
stances of the case where E 2 E’. Here we can argue with the Mordell-Weil lattice
MWL(X) of the fibration. In general, the Mordell-Weil lattice of an elliptic surface
S — C with section was defined in [Shioda 1990] as follows. In NS(S) consider
the trivial lattice Triv(S) generated by the zero section and fibre components. By
[Shioda 1990, Theorem 1.3] there is an isomorphism

MW (S) = NS(S)/ Triv(S).

The torsion in MW (S) is contained in (and determined by) the primitive closure
Triv(S)" of Triv(S) inside NS(S). The quotient MW (S)/ MW(S), is endowed
with a lattice structure by means of the orthogonal projection ¢ in NS(S)g with
respect to Triv(S). Here tensoring with @ is required unless Triv(S)’ is unimodu-
lar. By construction oMW (S))(—1) is a positive definite, though not necessarily
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integral lattice that one refers to as Mordell-Weil lattice MWL(S). The Mordell-
Weil lattice satisfies functorial properties for base change and Galois actions. For
details the reader is referred to [Shioda 1990] or the survey paper [Schiitt and
Shioda 2010].

In the present situation the only reducible fibres have type I7*. The nonidentity
fibre components generate the root lattice Eg(—1), so Triv(X) = U 4+ 2Eg(—1).
Hence MWL(X) is a positive definite even integral lattice of rank two that fits into
the decomposition

NS(X) = U 4+ 2Eg(—1) + MWL(X)(—1).

Since Triv(X) is unimodular, the discriminant forms of NS(X) and MWL(X)
agree up to sign. By [Nikulin 1980, Corollary 1.9.4], this implies that 7 (X) and
MWL(X) lie in the same genus (or in the same isogeny class).

3G. Binary even quadratic forms. To understand the possible Galois actions on
MWL(X), we shall need a simple observation about the automorphisms of such
lattices. It will be phrased in terms of the corresponding quadratic form Q as in
(1). Multiplication by 1 gives the trivial automorphisms of Q; any other au-
tomorphism will be called nontrivial. The problem whether Q admits nontrivial
automorphisms depends on its order in the class group of even positive definite
binary quadratic forms with given discriminant and degree of primitivity:

Lemma 3.6. The positive-definite quadratic form Q admits a nontrivial automor-
phism if and only if it is two-torsion in its class group.

The proof is elementary, so we will omit it here although we did not find a
concise reference. For later use, we shall give the possible automorphism groups.
Recall that any quadratic form Q as in (1) can be transformed by conjugation in
SL(Z) to areduced form where the coefficients satisfy —a <b <a <c (and b >0
if a = ¢). The inverse of a quadratic form is obtained by replacing b by —b. A
reduced quadratic form is two-torsion if and only if

b=0 or a=b or a=c.

We obtain the following nontrivial automorphism groups where D,, denotes the
dihedral group of order 2n:

3H. Intermediate step. We conclude this section with an intermediate result to-
wards the proof of Theorem 2.4. In the next section, we will use the Shioda—Inose
structure to complete the proof.

Lemma 3.7. In all cases of MW-rank two in Table 1, the model (5) admits a twist
such that there is an H (d)-rational section.



Arithmetic of singular Enriques surfaces 207

0 2a 0 2a a 2a b 2a 0 2a a
0 2c a 2c b 2a 0 2a a 2a
a<c a<c O<b<a

Aut(Q) 2/22° (222 (Z/22) Dy Dy,

Table 2. Quadratic forms with nontrivial automorphisms groups.

Proof. If the automorphism group of MWL is only two-torsion, then the lemma
follows after a quadratic twist for one of the MW generators. This leaves the cases
of the last two quadratic forms in Table 2. Here the class number of Q is one. Hence
T (X) has exactly the intersection form Q. In the Shioda—Inose structure, we can
choose E by (4) with j-invariant j = 123 resp. j = 0. The extra automorphism of
E induces an extra automorphism on X that respects the elliptic fibration (5):

(xvy’t)}_)(_x’lyv_t) resp' (x,y,t)*_)(vath)

where o, i denote primitive third resp. fourth roots of unity. The respective auto-
morphism makes MWL(X) into a module of rank one over Z[i] resp. Z[p]. This
identification is compatible with the Galois action over H (d), since the automor-
phisms are defined over H(d). Hence it suffices to study the Galois action on
the given modules of rank one. Their only automorphisms are the units in Z[i]
resp. Z[p], i.e. the group of fourth resp. sixth roots of unity. On the elliptic curves
with CM by these rings, it is well-known that such a Galois action can be accounted
for by biquadratic or sextic twisting (see [Silverman 1994, §II, Example 10.6 and
Exercises 2.33, 2.34] or [Schiitt 2008, §8]). Thanks to the special shape of the
present Weierstrass form (5) with A = 0 or B = 0, this translates directly into
twists of X. Thus there is a twist with MWL(X) defined over H (d). O

Remark 3.8. If MWL admits no nontrivial automorphisms, then Lemma 3.7 al-
ready settles Theorem 2.4 completely. By the proof of Lemma 3.7, this also holds
for MWL with nonabelian automorphism group (the last two entries in Table 2). It
is the two-torsion cases of Table 2 that require an extra argument.

In the next section, we will use the Shioda—Inose structures and study Kummer
surfaces of product type in detail. In this case, although we may not have any
automorphisms on the Kummer surface to relate the MW-generators, we can use
the endomorphisms of the abelian surface instead. This approach will enable us to
complete the proof of Theorem 2.4 in 4F.

4. Singular Kummer surfaces of product type

Let E, E’ be isogenous complex elliptic curves with CM. Then the abelian surface
A = E x E’ is singular (p(A) = 4)). Let d denote its discriminant (that is the
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discriminant of 7'(A)). Then E, E’ have models over the ring class field H(d)
(obtained from the CM-field by adjoining the j-invariants).

Throughout this section, we only consider the case where E % E’ (MW-rank
two) and no j-invariant equals 0 or 123 (no extra automorphisms). The same results
hold in the other cases, but we would have to distinguish more subcases and also
consider biquadratic/sextic twisting etc. Note that for the excluded cases we have
already given a full proof of Theorem 2.4 in Lemma 3.4 (for E = E’) and in the
proof of Lemma 3.7 (for j or j’ € {0, 123}; cf. Remark 3.8). Thus the cases con-
sidered explicitly in this section will suffice to complete the proof of Theorem 2.4.

4A. Consider the Kummer surface X’ = Km(A). Recall the isotrivial elliptic fi-
brations on X' that are induced by the projections onto E and E’ from 3B. These
are naturally defined over H (d) as follows. Fix Weierstrass models

E: y'=f()., E':y =gk (7)
with cubic polynomials f, g € H(d)[x]. Then X’ admits a birational model
X't f0)y*=gw) ®)

with the structure of an elliptic curve over the function field H(d)(¢). We denote
the corresponding elliptic fibration by the pair (X', 7). This fibration has singular
fibres of type I at oo and at the zeroes of f(z). Over Q we have MW (X', ) =
7% x (Z/27)* with torsion sections given by the roots of g(x).

Proposition 4.1. The elliptic fibration (X', ) admits a model over H (d) such that
MW is generated by two-torsion and sections defined over H(d). In particular,
MWL is generated by sections defined over H (d).

Proof. By the Shioda—Tate formula, the Mordell-Weil lattice has rank two since
p(X’) = 20. Due to the singular fibre types MWL(X’, 7r) will not be integral, but
it is positive-definite. Hence the results from 3G and 3H apply directly to prove
the claim with the exception of the first three special cases from Table 2. Here we
pursue an alternative uniform approach based on the fact that as in Lemma 3.7 we
can find a quadratic twist with at least one MW-generator P over H (d).

The crucial ingredient is the following lattice isomorphism which Shioda estab-
lished in [Shioda 2007, Proposition 3.1]:

Hom(E, E') =MWL(X', ). 9)

Here Hom(E, E’) is endowed with a norm given by the degree. The isomorphism
takes a homomorphism ¢ : E — E’ as input. Via its graph Iy in A and the image
I_“¢ in X', one associates to ¢ the element R(p in MWL(X', ) corresponding to ﬁp
under the orthogonal projection NS(X') — MWL(X’, ) (see 3F).
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Shioda [2007] worked over an algebraically closed field, so that the isomorphism
(9) is independent of the chosen model. However, for the specified models in (7),
(8) the isomorphism (9) is clearly Galois-equivariant.

Following Lemma 3.7, we apply a quadratic twist on X’ such that there is an
H (d)-rational section P (nontorsion). That is, for some ¢ € H(d) we consider the
H (d)(4/c)-isomorphic model

X' cf()y* =gx).

In terms of the elliptic curves E, E’, this is accounted for by twisting one elliptic
curve by /c, say:

E: y’=f(x), E': cy*=gx). (10)

For these models, the isomorphism (9) is by construction again Galois-equivariant.
Hence the section P corresponds to a homomorphism ¢ : E — E’ over H(d). Now
pick any endomorphism € of E’ that is not multiplication by an integer. By CM-
theory, € is defined over H (d), and together ¢, €o¢ generate the lattice Hom(E, E’)
up to finite index. In conclusion, (9) gives a section R..4 over H(d) that is inde-
pendent of P. By construction, these sections generate MWL(X', ) up to finite
index. Proposition 4.1 thus follows. ]

4B. Néron—Severi group of Kummer surfaces. We collect a few consequences of
Proposition 4.1. We start with a version of Theorem 6.3 for singular Kummer sur-
faces. Note that since T (X’) = T (A)(2), the Kummer surface X’ has discriminant
4d.

Corollary 4.2. The singular Kummer surface X' has a model over H(d) with
NS(X') defined over H (4d).

Proof. Fix the model of the elliptic fibration (X', ) from Proposition 4.1 with
MW-rank two over H(d). In order to generate NS(X’), we have to add to these
H (d)-rational sections the two-torsion sections and the components of the I fi-
bres. These rational curves are defined over the splitting field of the polynomials
f(), g(x) over H(d). That is, we adjoin to H (d) the x-coordinates of the two-
torsion points of E and E’. By the analogue of the Kronecker—Weber theorem
for imaginary quadratic number fields [Silverman 1994, §II Theorem 5.6], these
algebraic numbers generate exactly H (4d) over H(d). ([

4C. Isogenous CM-elliptic curves. Before continuing with the proof of Theorem
2.4, we note another implication of Proposition 4.1. Here we are concerned with
the field of definition of the isogeny between E and E’. By the classical theory, any
two elliptic curves with CM in the same field K have models over some minimal
ring class field H; moreover they are isogenous over Q. Here we ask whether they
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admit H-isogenous models, i.e. models over H with isogeny defined over H as
well. When the CM-curves are Q-curves, this property comes for free, but this
situation does not always persist (cf. Remark 4.4). The following result might be
well-known to the experts, but we could not find a reference.

Corollary 4.3. Let E, E' be elliptic curves with CM by orders in the same imagi-
nary quadratic field K. Let H = K(j(E), j(E")). Then E, E' have H-isogenous
models.

Proof. We can start with any two Weierstrass forms over H as in (7). The proof of
Proposition 4.1 exhibits a quadratic twist of E’ with a nontrivial homomorphism
¢:E— E'. O

Remark 4.4. Corollary 4.3 only seemingly conflicts with a result of Gross [1980,
§11]. Namely, Gross found that there are CM-elliptic curves which are not Q-
curves, i.e. E is not H-isogenous to all its conjugates. Here we let £’ = E° be a
conjugate of E. If E, E° are not H-isogenous (so that E is not a (D-curve), then
Corollary 4.3 provides us with a quadratic twist of E° which is H-isogenous to E.
But then the quadratic twist of £ and E are not conjugate any more, so there is
no contradiction to E’s failure of being a Q-curve.

4D. Auxiliary elliptic fibration. Recall the singular K3 surface X with Inose’s
elliptic fibration (5). By [Shioda 2006] the quadratic base change t = u? recovers
the Kummer surface X’. Since X also dominates X’ by the Shioda—Inose structure,
Shioda alluded to this picture as X being sandwiched by the Kummer surface X'.
In the base change, the two fibres of type II* are replaced by fibres of type IV*.
Let us explain how to find this base changed fibration on the previous model of X'

X't cf()y* =gx).

Projection onto the affine coordinate u = y endows X’ with the structure of an
elliptic fibration 7’ since the fibres are plane cubics in x, . Write (X', ') for X’
with this fixed elliptic fibration. Visibly (X', 7r’) is the quadratic base change of
the rational elliptic surface S’ obtained by setting > = v. S’ has singular fibres of
type IV at v =0, co; in X’ they are replaced by fibres of type I V* as alluded to
before. Here S’ is given as a cubic pencil whose base points form sections. Recall
that these sections are all defined over H (4d).

By base change MWL(S)(2) embeds into MWL (X', r’). Consider the orthog-
onal complement

L = [MWL(S)(2)]* c MWL(X', 7).

By construction, L is exactly the invariant sublattice of MWL(X’, 7r”) for the in-
volution corresponding to the base change X' — X, i.e. L = MWL(X)(2).
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Over @ (or in fact algebraically closed fields of characteristic # 2, 3), Shioda
used a similar argument as for the isomorphism (9) to derive an isomorphism

L =Hom(E, E")(4), sothat MWL(X) = Hom(E, E')(2). an

Compared to the previous argument that gave (9), there is one subtlety here: For
¢ € Hom(E, E'), the orthogonal projection onto Lg maps the divisor f¢ to %L.
This holds true since the quotient MWL(X’, ') /(L+L") need not be trivial (hence
we tensor L with @Q a priori), but due to the quadratic base change the quotient is
always isomorphic to a finite number of copies of Z/27. Now instead of 1:‘¢,, one
takes the image of the divisor 2Ty in L. Computing intersection numbers using
the theory of Mordell-Weil lattices, Shioda verifies the isomorphism (11). In our
setting, the main problem is to find models which make the isomorphisms (11)
Galois-equivariant over a suitable field.

4E. Galois equivariance. We know that E, E’ admit H (d)-isogenous models, so
that Hom(E, E’) is generated by isogenies over H (d). The elliptic fibration 7’ on
X' is defined over H(d) as well, but in order to endow it with a section (a base
point of the cubic pencil), we may have to increase the base field to H(4d). This
makes the isomorphisms in (11) for the specified models Galois-equivariant over
H(4d). For X, however, we need a model with MWL over H(d), so we have to
throw in some more information. We distinguish two cases according to the degree
h of the Galois extension H (4d)/H (d). Note that with the Legendre symbol (-/2)
at 2, one obtains from the class number formula

1 if(d/2)=10ord=-3,—4;
h=deg(H(4d)/H(d)) =132 if2|d, d# —4;
3 if (d/2)=-1, d # 3.

4E.1. First case: h = 1, 2. This case is very simple. By assumption, both poly-
nomials f, g have a root over H(d). A base point of the cubic pencil gives an
H (d)-rational section of the elliptic fibration (X', 7”). Due to the singular fibre
types and the involution u — —u, we obtain a Weierstrass form

X' y? =x" = 3au*x" +u*(bru* — 2b1u® + by). (12)

As quotient by the base change involution u — —u of X’ — S’ composed with the
hyperelliptic involution y’ — —y’, we obtain a model of X over H (d). Compared
to (5), this Weierstrass form is not yet normalised with respect to by, b;.

By construction, the isomorphisms (11) are H (d)-Galois equivariant for these
specific models of E, E’, X/, X. That is, we have exhibited a model of X over
H (d) with fibration of type (5) and MW-rank two over H (d). It follows that this
model has NS(X) defined over H (d).
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4E.2. Second case: h = 3. In this case, we compare two Q-isomorphic models
that we denote by X, X». From (12), we obtain a model over H (4d) as quotient
by the Nikulin involution (x', ¥/, u) — (x’, —y’, —u):

X1 y?=x" = 3au*x" + u® (byu® — 2byu + by) (13)

with MWL(X) defined over H (4d) by the Galois-equivariant isomorphism (11).
From (5), we derive a model over H (d)

Xy ¥y =x>=3c2B2 A% x4+ A BX A (B*? — 2Bt 4 1). (14)

Here B2, A3 € H(d) as given in 3B. By Lemma 3.7, we can choose ¢ € H(d) in
such a way that X, has an H(d)-rational section P and an orthogonal section Q
defined over some quadratic extension M of H(d). We assume that M # H (d) and
derive a contradiction from the above two models. Essentially, this works because
we compare a quadratic and a cubic extension of H (d).

By assumption, we can choose Q anti-invariant under conjugation in M/H (d)
(so that P, Q generate MW (X>) up to finite index). Hence there are rational func-
tions xg, yo € H(d)(t) and some constant cg € H(d) such that

0 = (xg. /Cgyg) and M= H(d)(\/cp).

We work out an isomorphism of the two elliptic fibrations X, X;. This can only
take the shape

x,y, D) > &',y u) = (yoix, >y 2y, at). (15)

Thus we require
a=y2(*B*A%), by =y (A B*A?), aby =y (*B*A?), by = ay’ (P B*A?).

The first two relations give y = bl/(ach) € H(4d), so that also @ € H(4d). The
section P on X, with H(d)-rational y-coordinate yp(¢) pulls back to a section
Py with y’-coordinate y3/?a>yp(at). By construction, P; is H (4d)-rational, so
y3/? € H(4d). But here H (4d) has degree three over H(d), so y3? e H(d). In
other words, the isomorphism (15) is defined over H (4d).

In consequence, Q pulls-back to a section on X with y’-coordinate ,/cg times
an H (4d)-rational function. The same argument as for ¥3/% then shows that JCoE
H (d). This gives the required contradiction.

4F. Proof of Theorem 2.4. We collect all results necessary to prove Theorem 2.4.
Let X be a singular K3 surface of discriminant d. We decided to work with Inose’s
pencil over H(d) as in (14). Thus it suffices to check the field of definition of
MW(X) to verify Theorem 2.4. In many cases, this was achieved in Lemma 3.4
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or in the intermediate Lemma 3.7 (as explained in Remark 3.8). For the remain-
ing K3 surfaces, we considered the Kummer surface X’ from the Shioda—Inose
structure which actually sandwiches X (4D). Note that for Kummer surfaces we
exhibited a proof of Theorem 2.4 that only uses the techniques from Lemma 3.7
(Proposition 4.1, Corollary 4.2). Thanks to the interplay between H (d) and H (4d),
this suffices to deduce that MW (X) is defined over H(d) by 4E. This completes
the proof of Theorem 2.4. ([

5. Enriques surfaces of base change type

This section provides a technique to construct explicit examples of Enriques sur-
faces whose covers are singular K3 surfaces. In the sequel, we refer to them as
singular Enriques surfaces. The main idea is to invoke the base change construc-
tion from [Hulek and Schiitt 2011, §3] for singular K3 surfaces. We will review
the concept in 5B and then relate it to the Shioda—Inose structures from 3B.

S5A. Singular K3 surfaces with Enriques involution. Our first problem concerns
K3 surfaces: Which singular K3 surfaces admit an Enriques involution? Keum’s
result [1990] gives a partial answer for all singular K3 surfaces that are Kummer
surfaces (i.e. with transcendental lattice two-divisible). The full problem can also
be solved by purely lattice-theoretic means in terms of the transcendental lattice. In
fact, one finds that the discriminant almost suffices to reach a decision: it suffices
for non-Kummer surfaces while for Kummer surfaces we know the answer any-
way from [Keum 1990]. Sertoz [2005] gave the solution based on the techniques
developed by Keum:

Theorem 5.1. Let X be a singular K3 surface of discriminant d. Then X does not
admit an Enriques involution exactly in the following cases:

(i) d =-3 mod 8,
(ii) d = —4, -8,
(iii)) d = —16 and X is not Kummer, i.e. Q(X) = diag(2, 8).

Note that the discriminants in case (ii) determine unique singular K3 surfaces up to
isomorphism. In case (iii), we have to exempt the Kummer surface Km(E; x E;)
with transcendental lattice of intersection form Q = diag(4, 4) which admits an
Enriques involution by [Keum 1990].

Sertoz’s proof is purely lattice theoretic and based on machine computations.
In particular, for those singular K3 surfaces admitting some Enriques involution, it
does not give any explicit geometric description of any such involution. Here we
shall combine the ideas from [Hulek and Schiitt 2011, §3] and Section 3 to derive
explicit Enriques involutions on almost all singular K3 surfaces possible according
to Theorem 5.1.
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5B. Enriques involutions of base change type. We start by reviewing the set-up
from [Hulek and Schiitt 2011, §3]:

S rational elliptic surface

f quadratic base change of P! (not ramified at nonreduced fibres of S)
X base change of S by f: K3 surface

1 base change involution

(=1 hyperelliptic involution
BHP translation by a section P € MW (X)

In this situation, the composition j =10 (—1) defines a Nikulin involution on X,
i.e. ; has eight isolated fixed points and leaves the holomorphic two-form invariant.
The quotient X/ has a resolution X’ that is again K3. X’ is the quadratic twist of
S at the ramification points of the base change f: The induced action of ¢ and ;
gives a decomposition of MW (X) up to some 2-power index:

MW (X)g = MW(S)g +MW(X')g. (16)

Let P/ e MW(X’) and P denote the induced section on X. By construction, P is
anti-invariant for ¢*. In consequence,

T:=HPo:

is an involution on X. By definition, this involution can only have fixed points on
the fixed fibres of :. If these fibres are smooth, one has

Fix(t) =9 < PNONFix(t) =2.

The latter condition can be checked with P’ on the ramified fibres of X’ (generally
of type I;). Here P’ has to meet nonidentity components.

Example 5.2. The prototype example for this construction is a two-torsion section
P induced from X’ (or equivalently from S since two-torsion is not affected by
quadratic twisting). Outside characteristic two, such a section is always disjoint
from O. For 7 to have fixed points, one of the ramified fibres has to be singular
such that it is additive or P meets the identity component.

The latter occurs for Example 3.1: There is exactly one two-torsion section
induced from S. This section (¢ — 1, t — 1) meets both ramified fibres (at 0 and c0)
at their identity components. The other two-torsion sections are interchanged by ¢
(which is why (16) only holds after tensoring with (D).

5C. We ask which singular K3 surfaces admit an Enriques involution of base
change type. For now we only exclude 62 or 63 singular K3 surfaces as specified
in Exception 5.5 (62 assuming some special cases of ERH; see SE).
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Proposition 5.3. Let X be a singular K3 surface admitting an Enriques involution.
Assume that X is not among the 62 or 63 K3 surfaces from Exception 5.5. Then X
has an Enriques involution t of base change type where the Nikulin quotient X' is
a Kummer surface.

The proof of the proposition will be given in 5E and SF. It is based on the
Shioda—Inose structure of singular K3 surfaces to that we will return next.

One word about Exception 5.5: we do not believe this exception to be necessary,
but we have not found a general argument to overcome it (cf. Remark 5.6). To
illustrate this, we will show in 5G that Example 3.1 which falls under Exception 5.5
does indeed admit an Enriques involution of base change type (but we did not check
whether the quotient X’ is a Kummer surface).

5D. Enriques involutions and Shioda—Inose structures. Let E, E’ denote elliptic
curves and consider the corresponding Shioda—Inose structure as in 3B. Then X' =
Km(E x E’) admits an Enriques involution by [Keum 1990], but how about the K3
surface X from 3B that recovers the transcendental lattice of the abelian surface
E x E"?

If E and E’ are not isogenous, then X has Picard number p(X) = 18 and the
fibration (5) of Mordell-Weil rank zero yields

NS(X) =U +2Eg(—1).

This lattice does not admit any primitive embedding of the Enriques lattice U (2) +
Eg(—2) because of the 2-length. Hence the K3 surface X cannot have an Enriques
involution. We now consider the case where E and E’ are isogenous, possibly with
CM.

Here is our main tool to construct explicit Enriques involutions: the Shioda—
Inose structure falls under the settings studied in 5SB. We already chose the notation
to indicate this: there is a K3 surface X with a Nikulin involution yielding the
Kummer surface X’. Conversely, X is obtained from X’ by a quadratic base change.
In terms of the elliptic fibration (5) on X, the Nikulin involution is given as

71y, 0 (e/tt =y 18 10,

Thus the quotient X/ attains singularities in the fibres at t = &1 whose minimal
resolution is X’. In general, the quotient results in fibres of type I¥, but there
are other possibilities as sketched in 3B. Concretely, there is another involution
corresponding to the base change P! — P! induced by X — X:

1=j0(=1):(x,y, 1) (x/t*, y/t% 1/1).

The quotient X /1 gives a rational elliptic surface S. It extends the Shioda—Inose
structure to the following diagram (where we could also add the induced elliptic
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fibrations):

A
Km(E x E') = X' S

By construction, S has a singular fibre of type //*. From the Shioda—Tate formula
[Shioda 1990, Corollary 5.3], it follows that S is extremal, i.e., it has finite Mordell—
Weil group. Since a singular fibre of type //* does not admit any torsion sections
(of order relatively prime to the characteristic), we infer that MW (S) = {O}. By
[Shioda 1990, Proposition 8.12] (cf. (16)), this implies that

MWL(X) = MWL(X')(2).

Hence as soon as the Mordell-Weil rank of X is positive, there is a section P
(induced from X’) and an involution t as in 5B. In order to exhibit an Enriques
involution on X, it remains to determine whether 7 is fixed point free. In general
there are three cases of positive Mordell-Weil rank to be distinguished according
to the types of singular fibres. For nonsingular K3 surfaces, i.e., Mordell-Weil
rank one with E 2 E’ and p = 19, this has been done in [Hulek and Schiitt 2011,
§4.2] (without referring to Shioda—Inose structures). The property whether t is
fixed point free or not depends on the parity of the height of the Mordell-Weil
generator modulo 4. In the next sections, we will treat the singular cases and thus
prove Proposition 5.3.

Remark 5.4. There is a natural continuation of this connection between Enriques
involutions of base change type and Shioda—Inose structures. Recall from Section 4
that the K3 surface X is sandwiched by the Kummer surface X’ in the following
sense: X’ can also be recovered from X by the quadratic base change u — ¢ = u?
applied to (5). As in 5B, each section of X induces an involution t of base change
type on the Kummer surface X’. Here we ask whether 7 is an Enriques involution.
We have seen that the base change replaces the fibres of type 17* by type IV* (so
these are fixed by 7). However, none of these fibre types admits a free involution,
so there cannot be an Enriques involution on X’ as in 5B for the specified base

change.

5E. Mordell-Weil rank one and E = E’'. In this case, E is a CM elliptic curve
with j(E) # 0, 123. The elliptic fibration (5) on X has exactly one reducible fibre
of type I, at t+ = 1 in addition to the two fibres of type I1*. Together with the
Mordell-Weil generator P, we can write

NS(X) =U +2Es(—=1) + (Ai(=1), P).
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We consider two cases according to the intersection behaviour of the section P and
the fibre of type 1.
If P meets the nonidentity component of the I, fibre, then P has height

h(P)=4+2(P-0)—1/2.

Equivalently, the discriminant d = —2A(P) of X is odd. Clearly, P and O do not
intersect on the /I, fibre which is one of the two fixed fibres of the base change
involution . Here translation by P exchanges the fibre components including the
nodes, so it acts freely on the singular fibre. It remains to check for the specialisa-
tion of P on the other fixed fibre at 1 = —1. Note that P is induced from a section
P’ on the Nikulin quotient X', so

P-0=2(P'-0)+#PNONFix().

Since P and O can only possibly intersect on the irreducible fixed fibre of : at
t = —1, the parity of the intersection number P - O depends only the intersec-
tion behaviour at that fibre. In consequence, the discriminant d of X satisfies the
congruence

d=-7Tmod8 < PNONFix(1) =9 < Fix(r)=4.

In comparison, Theorem 5.1 states that a singular K3 surface of odd discrimi-
nant d admits an Enriques involution if and only if d = —7 mod 8. This proves
Proposition 5.3 for all odd discriminants and MW rank one cases. (As explained
in 3H such fibrations exist on X if and only if the transcendental lattice is primitive
and lies in the principal genus.)

We now consider the case where X has even discriminant, i.e., the section P
meets the identity component of the I, fibre. Then t fixes both fibre components.
As they are isomorphic to P!, there are fixed points. (In fact one can see that T
fixes one component pointwise.) In conclusion, the given elliptic fibration (5) on
X does not admit an Enriques involution of base change type.

This failure to produce an Enriques involution poses the problem how it can be
overcome for the singular K3 surfaces in consideration for Proposition 5.3. Recall
that we are in the special case where the fibration (5) corresponds to E = E’. The
principal idea now is to choose an alternative elliptic fibration of the same kind
on X, but for a pair (E, E’) such that E 2 E’ (resembling our approach in 3H).
Whenever this is possible, the new fibration falls under the next case of Mordell—
Weil rank two, and Proposition 5.3 can be proved along those lines. Here we can
vary the pair (E, E”) by conjugates (E°, (E’ )~ 1). This fails to return a fibration of
MW rank two if and only E° = E o' for all Galois elements o Equivalently, the
class group is only two-torsion. Note that E = E" implies that T(E X E') =T (X) is
primitive and lies in the principal genus. Since the same applies to all conjugates,
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we derive the following abstract characterisation of the singular K3 surfaces where
the Shioda—Inose structure does not produce an Enriques involution of base change

type:

Exception 5.5. A singular K3 surface X of even discriminant d does not admit an
elliptic fibration (5) of Mordell-Weil rank two if and only if 7(X) is primitive
and gives the full principal genus of its class group. In other words Q(X) =
diag(2, |d|/2) and the class group Cl/(d) is only two-torsion.

There are 101 known discriminants d < 0 such that C/(d) is only two-torsion;
the discriminant of biggest absolute value is d = —7392. By [Weinberger 1973],
there could be one more such discriminant of size > 10'°, but this is ruled out by
the extended Riemann hypothesis for odd real Dirichlet characters. Out of the 101
known discriminants, 65 are even (they were already studied by Euler, cf. [Cox
1989]) and —4, —8, —16 are ruled out by Theorem 5.1, so the above exception
concerns 62 or 63 singular K3 surfaces. We consider one of them in detail in 5G
after completing the proof of Proposition 5.3.

Remark 5.6. For each of the 62 known singular K3 surfaces from Exception 5.5,
one could try to exhibit an Enriques involution as in 5B for a different base change
than in the Shioda—Inose structure. However, there does not seem to be a universal
way to achieve this. Notably, the general K3 surface X arising from the Shioda—
Inose structure for the present case E = E’ only admits four essentially different
jacobian elliptic fibrations. To see this, one can argue with a gluing technique
of Kneser—Witt that has been successfully applied to K3 surfaces in [Nishiyama
1996]. For these four fibrations, the fibre types reveal that only (5) and one other
fibration can arise through a quadratic base change. The latter pulls back from the
unique rational elliptic surface with a singular fibre of type Iy and MW = Z/37 by
the one-dimensional family of quadratic base changes that ramify at the reducible
fibre. A case-by-case analysis (exactly as above) shows that a singular elliptic K3
surface within this family can only have an Enriques involution of base change
type if it does not fall under Exception 5.5.

5F. Mordell-Weil rank two. In this case, E and E’ are isogenous, but nonisomor-
phic elliptic curves with CM. Both fixed fibres for the base change involution 1 at
t = %1 are smooth. On the Nikulin quotient X', they correspond to fibres of type
I;. As explained, the fibration (5) on X has integral even Mordell-Weil lattice
MWL(X) =MWL(X")(2) = Hom(E, E’)(2), and

NS(X) = U +2Eg(—1) + MWL(X)(—1).

For an Enriques involution t on X, we ask that some section P € MWL(X) meets
both fixed fibres at nonidentity components. Equivalently, there is a section P’ €
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MWL(X’) (inducing P) that meets both ramified fibres (type 1) at nonidentity
components.

Assumption: There is no such section P’ € MWL(X’). Equivalently, since the
simple components of a fibre admit a group structure, the nonidentity components
of one of the I fibres are fully avoided by MW (X"). Correspondingly, NS(X")
admits an orthogonal summand D4(—1) which we single out in the following de-
composition:

NS(X') = U + Eg(—1) + Da(—=1) + (D4(—1), MWL(X") (- 1)).

Hence the discriminant group of NS(X’) contains two copies of Z/27Z (coming
from D)/ Dy). Indeed, since the length is bounded by the rank of the transcendental
lattice, which is two, this gives the full 2-part of the discriminant group:

2-part(NS(X)/NS(X")) = D) /D4 = (Z/27). (17)

Right away, we deduce that NS(X’) has discriminant d’ equalling four times an
odd integer. By (3), this odd integer is exactly the discriminant d = d’/4 of X. In
particular, if d is even, MWL(X’) cannot fully avoid the nonidentity components
of either of the ] fibres. Thus there is a section of the fibration (5) inducing an
Enriques involution 7 on X.

To complete the proof of Proposition 5.3, we return to the case of odd discrim-
inant d. The isomorphism (17) gives an equality of discriminant forms

—4p, = qp, = (qNsx) [2-part-

By [Nikulin 1980], there is an equality gnsx’) = —qr(x). Hence it suffices to
compare the discriminant forms of 7(X’) and Djy. In the present situation, 7'(X")

has the quadratic form
4a 2b
2b 4c

with odd b. Hence its discriminant form takes the following values on a set of
representatives of the 2-part of T(X")Y /T (X'):

0,a,c,a+b+c mod 2Z.

In comparison, gp, does exclusively attain the value 1 mod 2Z on the nonzero
elements of D) /Dy. For T (X'), this can only happen if all a, b, ¢ are odd. Equiv-
alently, the discriminant satisfies d = —3 mod 8. This is exactly the main case
excluded by Theorem 5.1.

Conversely, we deduce that a singular K3 surface X admits an Enriques invo-
lution if it has an elliptic fibration (5) of Mordell-Weil rank two and if either d is
even or d = —7 mod 8. The latter can be achieved unless 7' (X) is primitive and
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corresponds to the principal class in its class group which is only two-torsion (cf.
Exception 5.5). This completes the proof of Proposition 5.3.

5G. Appendix: More on Example 3.1. In this subsection, we will show that the
singular K3 surface X from Example 3.1 (which falls under Exception 5.5) does
admit an alternative elliptic fibration with an Enriques involution of base change
type. We will pursue an abstract approach following ideas of Kneser and Witt as
worked out for elliptic K3 surfaces by Nishiyama [1996].

Lemma 5.7. X has an elliptic fibration with Z /37 C MW and two fibres of type
Iy.

Proof. By [Nishiyama 1996, §6] the elliptic fibrations on X are classified by primi-
tive embeddings of a certain partner lattice M of T (X) into Niemeier lattices. Here
we can take M = A (—1)+ As(—1) since M and T (X) have the same discriminant
form. Consider the Niemeier lattice N with root lattice

Nroot = Ag(—1)> and quotient N /Nyoo = (Z/37)°.

Embedding M primitively into one summand Ag(—1), we obtain the essential lat-
tice of an elliptic fibration of X as orthogonal complement M C N. The singular
fibres of this fibration are encoded in the roots of ML, i.e., in (M1);o0t = Ag(—1)2.
The torsion in MW for this fibration is isomorphic to the quotient of the primitive
closure of (M1)o0r in N by (M) 100, i.€., MWy = 7 /37. O

The given elliptic fibration is not isotrivial due to the singular fibres of type
ly. The torsion in MW then implies that X is a base change of the universal
elliptic curve with 3-torsion section and j-invariant not identical zero. This el-
liptic surface has singular fibres Iy, I3, I V*, so necessarily the base change factors
through the intermediate rational elliptic surface S’ with configuration Iy, I, I1, Iy
and MW (S’) = Z/37Z. In particular, X arises from S’ by a quadratic base change.
Hence we are in the set-up of 5B with base change involution : etc.

Now we consider the quadratic twist X’. It is the desingularisation of the quo-
tient of X by the Nikulin involution j =1 o (—1). We claim that this quotient
exhibits another Shioda—Inose structure on X:

Lemma 5.8. X' is a Kummer surface with T (X") = T (X)(2).

Proof. 1t suffices to prove that j is a Morrison—Nikulin involution; i.e., j* ex-
changes two copies of Eg(—1) in NS(X). Here we argue with the above elliptic
fibration: j exchanges the two reducible fibres of type Iy and the three-torsion
sections Q, HQ. Consider these 20 rational curves on X. Omitting the component
of one g fibre met by Q and the component of the other Iy fibre met by HQ, we
find two disjoint configurations of type Eg(—1) that are interchanged by j. The
lemma now follows from [Morrison 1984, Theorem 5.7]. O
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The induced elliptic fibration on X’ has singular fibres Iy, Iy, Iy, Iy, 16", 16*. Since
p(X) =20, both X and X’ have MW-rank two. In particular, there are plenty of
1*-anti-invariant sections on X (induced from X’). As in 5B, each such section
gives an involution t.

Lemma 5.9. There is a fixed-point free involution T on X as above.

Proof. We verify the claim on X’ by assuming the contrary. This means that for one
of the I fibres all nonidentity components are avoided by MW (X"). As in 5F, this
implies that X’ has discriminant four times an odd integer. But we have seen that
X' has T(X') = T(X)(2) with discriminant —48. This gives a contradiction. [J

Remark 5.10. This example also shows that not every singular Enriques surface
arises by the canonical Shioda—Inose structure from 5D. This fact can also be seen
in terms of Enriques surfaces with finite automorphism group. Kondo classified
these exceptional Enriques surfaces in [Kondo 1986]. Some are singular, but do
not admit an elliptic fibration with a I7* fibre.

SH. Brauer groups. In [Hulek and Schiitt 2011], we also answered a question by
Beauville about Brauer groups. Namely Beauville asked for explicit examples of
complex Enriques surfaces ¥ where the Brauer group Br(Y) = Z/27 pulls back
identically zero to the covering K3 surface X via the universal cover 7 : X — Y.
He also raised the question whether such an example exists over Q.

In [Hulek and Schiitt 2011, §5], we gave affirmative solutions for both questions.
Our basic objects were the singular K3 surfaces X with

NS(X) =U +2Eg(—1) + (—=4M) + (=2N) (18)

where M, N € N and N > 1 is odd. The above decomposition corresponds to an
elliptic fibration (5) on X with MW-rank two. As in 5B, the section P of height 4 M
induces an Enriques involution 7 on X. Clearly the orthogonal section of height
2N gives an anti-invariant divisor for t*. By [Beauville 2009], this implies the
vanishing of 7* Br(Y).

Previously we determined one surface (for M = 1, N = 3) with a model of (5)
and Enriques involution t defined over (2. Here we want to point out that for any
other surface X as above, this can be achieved over the class field H(—8M N) by
Theorem 1.1.

6. Classification problems

We conclude this paper by formulating classification problems for singular En-
riques surfaces. In addition to fields of definition, we also consider Galois actions
on divisors. First we review the situation for singular K3 surfaces.
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6A. Obstructions for singular K3 surfaces. Although singular K3 surfaces can
often be descended from the ring class field H(d) to some smaller number field,
there are certain obstructions to this descent. In this section we shall discuss two of
them. The first comes from the transcendental lattice. Since the Néron—Severi lat-
tice of a general K3 surface is determined by intersection numbers, it is a geometric
invariant; that is, conjugate surfaces have the same NS. Since 7 (X) and NS(X)
are related as orthogonal complements in the K3 lattice A, they share the same
discriminant form up to sign by [Nikulin 1980, Proposition 1.6.1]. In particular,
this fixes the genus of 7'(X) (sometimes also called the isogeny class).

Theorem 6.1 [Shimada 2009; Schiitt 2007]. Let X be a singular K3 surface X
over some number field. The transcendental lattices of X and its Galois conjugates
cover the full genus of T (X).

This result has an immediate consequence on the fields of definition:

Corollary 6.2. Let X be a singular K3 surface X of discriminant d over a number
field L. Let K = Q(v/—d) and L the Galois closure of L over K. Denote by 4(X)
the genus of T (X). Then

#4(X) | degg L.

In particular, one deduces that a singular K3 surface X can only be defined over Q
if the genus of 7'(X) consists of a single class.

The second obstruction stems from the Galois action on the divisors. Namely,
even if a singular K3 surface X admits a model over a smaller field than H (d), the
ring class field is preserved through the Galois action on NS(X):

Theorem 6.3 [Schiitt 2010]. Let X be a singular K3 surface of discriminant d over
some number field L. Assume that NS(X) is generated by divisors defined over L.
Then the extension L(~/d) contains the ring class field H (d).

In other words, Theorem 2.4 is not far from being optimal: at best, there is a
model with NS(X) defined over a quadratic subfield of H (d).

Theorem 6.3 provides a direct proof of the following natural generalisation from
CM elliptic curves, from [Shafarevich 1996]: Fixing n € N, there are only finitely
many singular K3 surfaces over all number fields of degree bounded by n (up
to complex isomorphism). The problem of explicit classifications, however, is
still wide open. Even in the simplest case, it is not clear yet how many singular
K3 surfaces there are over (0 —only that there are many, cf. [Elkies and Schiitt
2008b]. In contrast, the restrictive setting of Theorem 6.3 is much more accessi-
ble. For instance there are exactly 13 singular K3 surfaces up to Q-isomorphism
with NS defined over Q. By [Schiitt 2010, Theorem 1], they stand in bijective
correspondence with the discriminants d of class number one.
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We shall now discuss how these obstructions turn out for singular Enriques
surfaces. Then we formulate analogous classification problems.

6B. Fields of definition of singular Enriques surfaces. We start by pointing out
that Theorem 6.1 carries over to singular Enriques surfaces directly. This fact is
due to the universal property that defines the covering K3 surface X of an Enriques
surface Y. Explicitly, X can be defined universally as

X = Spec(Oy & ¥Hy).

As this construction respects the base field, the obstructions from Theorem 6.1 on
the field of definition of a singular K3 surface X carry over to each singular En-
riques surface that is covered by X. Recall that a K3 surface may admit (arbitrarily)
finitely many distinct Enriques quotients by [Ohashi 2007, Theorem 0.1], while the
universal cover associates a unique K3 surface to a given Enriques surface.

Corollary 6.4. Let n € N. There are only finitely many singular Enriques surfaces
over all number fields of degree at most n up to complex isomorphism.

Problem 6.5. The following two questions concern singular Enriques surfaces up
to Q-isomorphism:

(1) For n e N, find all singular Enriques surfaces over number fields L of degree
at most n over Q.

(2) Specifically classify all singular Enriques surfaces over Q.

6C. Galois action on divisors. Upon translating the obstructions for singular K3
surfaces from 6A to singular Enriques surfaces, we saw in 6B that Theorem 6.1 and
its corollary carry over directly to the Enriques quotients. In contrast, Theorem 6.3
has to be weakened on the Enriques side. Generally speaking, this weakening is
due to the fact that (part of) the Galois action can be accommodated by a sublattice
of NS(X) that is killed by the Enriques involution. In support of these ideas, we
shall review an example from [Hulek and Schiitt 2011] (which draws heavily from
[Elkies and Schiitt 2008a]).
Consider the following family ¥ of elliptic K3 surfaces

%: Y =X+ 451 —a)’x, a#0. (19)

This elliptic fibration has reducible singular fibres of type I/7* at 0 and oo and 4
at t = a. The general member has Picard number p(¥) = 19 with

MW(X) = {0, (0, 0)} = 7/2Z.
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Note that & is of base change type — apply the base change s = (t — a)?/t to the
rational elliptic surface S with Weierstrass form

S:= y*=x>+x*+sx.

As in 5B, the two-torsion section induces an Enriques involution 7 (unless the other
singular fibres degenerate, i.e., unless a = —1/16). Denote the family of Enriques
quotients by %Y. We first study the Galois action on Num(%):

Lemma 6.6. Let Y, € Y (a # —1/16). Then Num(Y,,) is defined over Q(a).

Proof. Since Num(Y,) is torsion-free, the Galois action on Num(Y,) coincides
with that on the invariant part of NS(X,). In the present situation, the /4 fibre of &
is split-multiplicative, i.e., all fibre components are defined over Q(a). The same
holds trivially for the fibres of type /11*. Together with the sections O and (0, 0),
these rational curves generate NS(X,)® up to finite index. As this holds regardless
of the Picard number of X, (being 19 or 20), the lemma follows. O

Remark 6.7. It is crucial that the lemma holds for all members of the family %,
including the singular ones. Compare the situation for singular K3 surfaces in the
family & where Theorem 6.3 will often enforce a Galois action on the additional
generator of NS. For the specialisations over Q@ with p = 20, see 6E.

6D. Néron—Severi group. We point out that in this specific setting, Lemma 6.6
gives a stronger statement than Corollary 2.5. The situation gets more complicated
if we consider NS (%) with its two-torsion because this can admit a quadratic Galois
action. In particular, we can only conjecture an analogue of Corollary 2.5 for
NS(Y) that is more precise than saying that NS(Y) is defined over some quadratic
extension of H(d) (Conjecture 6.11).

The main problem here lies in similar subtleties as encountered in the context of
cohomologically and numerically trivial involutions (see [Hulek and Schiitt 2011,
§4] and the references therein). Namely, to decide about NS(Y) it is necessary to
work out generators of the full group (see Remark 6.9). We work this out for the
family % in detail:

Proposition 6.8. If Y, € Y (a = —1/16), then NS(Y,,) is defined over Q(a, /—a).

Proof. The next remark will indicate that it is not sufficient to argue with the elliptic
fibration (19) on &. Instead, we consider Inose’s fibration (5) for the given family.
The following Weierstrass form was derived in [Hulek and Schiitt 2011, §5.3]:

% y2=x3+0a—Dx'/9+ (27<u - ‘5) +8la +2)/27.
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There is a section P of height 4 (thus disjoint from the zero section) with x’-
coordinate

Py (u) = Gu* + 12ua + 6u’a® + 4u*a® — 12ua® + 3a%) / (124%u?).

The section P is anti-invariant for the base change involution ¢ of the Shioda—Inose
structure on X:

Ly u) e (Y, —ad ).

The base change involution composed with translation by P defines an Enriques
involution 7’ on ¥ by 5B. Denote the family of Enriques quotients by %¥’. By
Kondd’s classification in [Kondo 1986], %’ has finite automorphism group, and in
particular T and t’ are conjugate in Aut(%¥) so that Yy = Y’,

We continue by determining an explicit basis of NS(%’). The induced elliptic
fibration on %’ has a singular fibre of type /7*, a bisection R (the push-down of O
and P) and two multiple smooth fibres F; =2G1, F, = 2G;. We claim that these
twelve curves generate NS(%’). To see this, note that by construction R meets the
simple component of the /7* fibre twice. The remaining fibre components form
the root lattice of type Eg(—1). Orthogonally in NS(%’), we find R, G, G,. Since
R?>=-2, R-G,; =1, we know that R, G| generate the hyperbolic plane U. Thus we
have determined a unimodular lattice L = U + Eg(—1) inside NS(%’) — necessarily
of index two due to its rank being ten. Since G, ¢ L, it follows that L and G»
generate all of NS(¥').

We now consider the Galois action on these generators of NS(Y) for some
Y, € ¥'. Clearly the II* fibre and the bisection R are defined over Q(a). The
multiple fibres sit at the ramification points of the base change on the base curve P!,
i.e., at the roots of u” + a>. Proposition 6.8 follows and cannot be improved since
the conjugation of Q(4/—a)/Q(a) permutes the multiple fibres if /—a ¢ Q(a),
and thus gives a nontrivial Galois action on NS(Y}). O

Remark 6.9. Note that the above Galois action is not visible on the elliptic fi-
bration (19) of ¥ yielding . The multiple fibres of the induced elliptic fibration
on % have different type 21y, 21;. Hence they cannot be interchanged by Galois.
Nonetheless there can be a nontrivial Galois action on NS(Y,). This goes unde-
tected in the above model because the push-down of fibre components and torsion
sections from & to Y generate NS(¥) only up to index two.

6E. CM-points. Concretely, the family & is parametrised by the Fricke modular
curve Xo(2)™". In [Elkies and Schiitt 2008a], we list all @-rational CM-points. Two
of them give singular K3 surfaces without Enriques involution (discriminant —8 at
a = —1/16 and discriminant —4 at a = 0 for a suitable alternative model of &).
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The other 14 discriminants are:
-7, —12, —16, —20, —24, —28, —36, —40, —52, —72, —88, —100, —148, —232.

For the discriminants of class number two, the additional section can only be de-
fined over a quadratic extension of Q2 by Theorem 6.3. So there are indeed singular
Enriques surfaces with Num defined over Q where the same does not hold for
the covering K3 surfaces. A detailed example where this holds even for NS is
provided by the surfaces at a = —1/144 which corresponds to the discriminant
—24 (as mentioned in 5SH). Details can be found in [Hulek and Schiitt 2011, §5.3].
We work out one example from the list where Num is defined over @, but NS is
neither defined over Q nor over H (d):

Example 6.10. The specialisation X with discriminant d = —12 sits at a = 1/9.
In terms of the elliptic fibration (19), there is a section of height 3 over H(d) =
Q(+/—3) with x-coordinate —1273 /9t — 1)2. One finds that X has transcenden-
tal lattice two-divisible, so X is the Kummer surface of £ x E for E with j-
invariant zero. In particular X is different from the singular K3 surface studied
in Example 3.1 and 5G.

The Enriques quotient ¥ has multiple fibres at 4+/—1/27. Compared with
Num(Y) which is defined over Q, complex conjugation acts on NS(Y) as nontrivial
Galois action. Note that H (d)(~/—1) = H(4d) in the present situation.

6F. In the above example (and in fact for all specialisations over Q@ with p = 20),
we have seen that NS(Y) is defined over the ring class field H (4d). We conjecture
that this is always the case which would give an analogue of Corollary 2.5:

Conjecture 6.11. Let Y be an Enriques surface whose universal cover X is a sin-
gular K3 surface. Let d < 0 denote the discriminant of X. Then Y admits a model
over the ring class field H (d) with NS(Y) defined over H (4d).

The above one-dimensional family provides small evidence for this conjecture.
Our main motivation stems from the base change construction of Enriques involu-
tions in the framework of Shioda—Inose structures as investigated in Section 5. By
Proposition 5.3, almost every possible singular K3 surface admits such an Enriques
involution. In terms of the model (14), the Enriques quotient Y attains multiple
fibres at the ramification points of the underlying base change, i.e., at =2B. Re-
call from (5) that B> = (1 — j/123)(1 — j’/12%), so there is a quadratic Galois
action on NS(Y) unless B € H(d). Note that B can be interpreted in terms of the
Weber function y/j — 123 where j now denotes the usual modular function. The
values of Weber functions at CM-point have been studied extensively starting from
Weber. In the present situation, Schertz [1976] proved that for singular j-values,

Vv j — 123 € H(4d). This implies:
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Lemma 6.12 (Schertz). In the above setting, one has B € H (4d).

We sketch an alternative proof of Lemma 6.12. It is based on a geometric
approach that will also carry information about the Enriques surface Y (and its
elliptic fibration with fibre of type IT7*). Consider the Kummer surface X’ from
the Shioda—Inose structure. In general, it has fibres of type I; where Y has the
multiple fibres (if E = E’, there could be fibres of type I} or /V*; see 3B). By
Corollary 4.2, X’ has a model with NS(X’) defined over H(4d). In particular,
every elliptic fibration of X’ can be defined over H (4d) with all of NS defined
there as well. We apply this argument to the elliptic fibration on X’ induced from
(14):

X': y?=x>=3c*B*A%(* —4B*)x + ¢ B*A*(t —2B*) (" —4B*)’.  (20)

Assume that B ¢ H(d) and denote L = H(d)(B). By [Shioda 2006], the singular
fibres of X’ predict the Weierstrass form (20) (in case A B # 0) up to Mobius trans-
formation. This property holds generally for constants A, B, ¢, but in the present
situation, A and B are related to the j-invariants of E, E’ by (5). Upon applying
Mobius transformations, one can thus show that the above jacobian elliptic fibration
does not admit a model over H (d) without Gal(L/H (d))-action interchanging the
I fibres. By Corollary 4.2, one obtains that B € H (4d). This proves Lemma 6.12.

Corollary 6.13. Conjecture 6.11 holds true for any singular Enriques surface aris-
ing from the Shioda—Inose structure as in Section 5.

The geometric proof of Lemma 6.12 is of particular interest to us, since the
statement about the Galois action on the /] fibres of X’ carries over to the multiple
fibres of the corresponding elliptic fibration of the Enriques surface Y and vice
versa. Centrally, we use once again that a model of a K3 or Enriques surface with
NS defined over a fixed field has all elliptic fibrations (with or without section)
defined over this field as well. Hence we can move freely between models and
elliptic fibrations. Thus we obtain:

Corollary 6.14. If B ¢ H(d), then any model over H (d) of the Enriques surface
Y admits a nontrivial Galois action of Gal(H (4d)/H (d)) on NS(Y).

We have seen an instance of this phenomenon in Example 6.10. The same
reasoning implies a nontrivial action of Gal(Q(a, v/—a)/Q(a)) on NS(Y,,) for all
(Q(a)-models of members Y, of the family Y.

The above results allow us to draw an analogy to the study of automorphisms
of Enriques surfaces; cf. [Barth and Peters 1983; Mukai and Namikawa 1984].
Namely we have exhibited two kind of singular Enriques surfaces over H(d) —
one with cohomologically trivial Galois action and one with numerically, but not
cohomologically trivial Galois action.
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6G. We conclude this paper with the corresponding classification problem for sin-
gular Enriques surfaces. Note that by the above reasoning, at least the second
problem is more complicated than for K3 surfaces (as solved in [Schiitt 2010]).

Problem 6.15. The following two questions concern singular Enriques surfaces
either up to Q- or up to L-isomorphism:

(1) For a given number field L (or all number fields of bounded degree), classify
all singular Enriques surfaces with Num or NS defined over L.

(2) Determine all singular Enriques surfaces over L = Q with trivial Galois action
on Num or NS.
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An upper bound on the Abbes—Saito
filtration for finite flat group schemes
and applications

Yichao Tian

Let Ok be a complete discrete valuation ring of residue characteristic p > 0, and
G be a finite flat group scheme over O of order a power of p. We prove in this
paper that the Abbes—Saito filtration of G is bounded by a linear function of the
degree of G. Assume O has generic characteristic 0 and the residue field of Ok
is perfect. Fargues constructed the higher level canonical subgroups for a “near
from being ordinary” Barsotti—Tate group % over Og. As an application of our
bound, we prove that the canonical subgroup of 4 of level n > 2 constructed by
Fargues appears in the Abbes—Saito filtration of the p”-torsion subgroup of 4.

Let O be a complete discrete valuation ring with residue field k of characteristic
p > 0 and fraction field K. We denote by v, the valuation on K normalized by
Uy (K*)=/Z. Let G be a finite and flat group scheme over Ok of order a power of
p such that G® K is étale. We denote by (G¢, a € Qx() the Abbes—Saito filtration
of G. This is a decreasing and separated filtration of G by finite and flat closed
subgroup schemes. We refer the readers to [Abbes and Saito 2002; 2003; Abbes
and Mokrane 2004] for a full discussion, and to Section 1 for a brief review of
this filtration. Let wg be the module of invariant differentials of G. The generic
étaleness of G implies that w¢ is a torsion Ox-module of finite type. Thus, there
exist nonzero elements ay, ..., a; € Ok such that

d
wG EB@K/(CH)-

i=1
We put deg(G) = Zflzl vy (a;), and call it the degree of G. The aim of this note is

to prove the following:

Theorem 1. Let G be a finite and flat group scheme over Ok of order a power of
p such that G @ K is étale. Then we have G* =0 fora > p/(p — 1) deg(G).

This research was supported by a grant DMS-0635607 from the National Science Foundation.
MSC2000: primary 14L15; secondary 14G22, 11S15.
Keywords: finite flat group schemes, ramification filtration, canonical subgroups.
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Our bound is optimal when G is killed by p. Let E5 = Spec(Og[X]/(X? —6X))
be the group scheme of Tate—Oort over Og. We have deg(Es) = v, (8), and an easy
computation by Newton polygons gives [Fargues 2009, Lemme 5]:

£ — Es if0<a<p/(p—1)deg(Es),
5710 ifa> p/(p—1)deg(Es).

However, our bound may be improved when G is not killed by p or G contains
many identical copies of a closed subgroup. In [2006, Theorem 7], Hattori proves
that if K has characteristic 0 and G is killed by p”, then the Abbes—Saito filtration
of G is bounded by that of the multiplicative group f,», i.e., we have G* = 0 if
a > en+e/(p—1) where e is the absolute ramification index of K. Compared with
Hattori’s result, our bound has the advantage that it works in both characteristic 0
and characteristic p, and that it is good if deg(G) is small.

The basic idea used to prove Theorem 1 is approximation of general power
series over Ok by linear functions. First, we choose a “good” presentation of the
algebra of G such that the defining equations of G involve only terms of total
degree m(p — 1) + 1 with m € Z-¢; see Proposition 1.6. The existence of such a
presentation is a consequence of the classical theory on p-typical curves of formal
groups. With this good presentation, we can prove in Lemma 1.9 that the neutral
connected component of the a-tubular neighborhood of G is isomorphic to a closed
rigid ball for a > p/(p — 1) deg(G), and the only zero of the defining equations of
G in the neutral component is the unit section.

The motivation of our theorem comes from the theory of canonical subgroups.
We assume that K has characteristic 0, and the residue field & is perfect of charac-
teristic p > 3. Let G be a Barsotti—Tate group of dimension d > 1 over Ok. Abbes
and Mokrane [2004] were the first to construct the canonical subgroup of level 1 of
G in the case where G comes from an abelian scheme over Ok . Then, Tian [2010]
generalized their result to the Barsotti—Tate case. More specifically, it was shown
that if a Barsotti—Tate group G over Ok is “near from being ordinary”, a condition
expressed explicitly as a bound on the Hodge height of G (see Section 2.1), then
a certain piece of the Abbes—Saito filtration of G[p] lifts the kernel of Frobenius
of the special fiber of G [Tian 2010, Theorem 1.4]. Later on, Fargues [2009] gave
another construction of the canonical subgroup of level 1 using Hodge—Tate maps,
and his approach also allowed us to construct by induction the canonical subgroups
of level n > 2, i.e., the canonical lifts of the kernel of the n-th iteration of the
Frobenius. He proved that the canonical subgroup of higher level appears in the
Harder—Narasimhan filtration of G[p"], which was introduced by him in [Fargues
2007]. It is conjectured that the canonical subgroup of higher level also appears
in the Abbes—Saito filtration of G[p"]. In this paper, we prove this conjecture
as a corollary, Theorem 2.5, of Theorem 1. Fargues’s result on the degree of the
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quotient of G[p"] by its canonical subgroup of level n (see Theorem 2.4(i)) will
play an essential role in our proof.

Notation. In this paper, Ox will denote a complete discrete valuation ring with
residue field k of characteristic p > 0 and fraction field K. Let 7 be a uniformizer
of Ok, and v, be the valuation on K normalized by v, () = 1. Let K be an
algebraic closure of K, K*P be the separable closure of K contained in K, and
%k be the Galois group Gal(K*°?/K). We also denote by v, the unique extension
of the valuation to K.

1. Proof of Theorem 1

First, we recall the definition of the filtration of Abbes—Saito for finite flat group
schemes according to [Abbes and Mokrane 2004; Abbes and Saito 2003].

1.1. We denote the Jacobson radical of a semilocal ring R by mg. An algebra R
over Ok is called formally of finite type if R is semilocal, complete with respect
to the mg-adic topology, Noetherian, and R/mpg is finite over k. We say an Og-
algebra R formally of finite type is formally smooth if each of the factors of R is
formally smooth over Ok.

Let FEAg, be the category of finite, flat, and generically étale Ok -algebras, and
Setg, be the category of finite sets endowed with a discrete action of the Galois
group 9x. We have the fiber functor

% :FEAq, — Setg, ,

which associates to an object A of FEAg, the set Spec(A)(K) equipped with the
natural action of 9. We define a filtration on the functor & as follows. For each
object A in FEAg, , we choose a presentation

0—>I1I—->4A—>A—0, @)

where o is an Og-algebra formally of finite type and formally smooth. For any
a =m/n € Q¢ with m prime to n, we define s to be the m-adic completion
of the subring A[I" /7] C A ®g, K generated over ${ by all the f/n™ with
f € 1". The Og-algebra s{“ is topologically of finite type, and the tensor product
A* ®¢, K is an affinoid algebra over K [Abbes and Saito 2003, Lemma 1.4]. We
put X¢ = Sp(s4“ ®¢, K), which is a smooth affinoid variety over K [Abbes and
Saito 2003, Lemma 1.7]. We call it the a-th tubular neighborhood of Spec(A)
with respect to the presentation (1). The G -set of the geometric connected com-
ponents of X“, denoted by 7o(X“(A)g), depends only on the Og-algebra A and
the rational number a, but not on the choice of the presentation [Abbes and Saito
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2003, Lemma 1.9.2]. For rational numbers b > a > 0, we have natural inclu-
sions of affinoid varieties Sp(A Q¢ K) — X b'<s X which induce natural mor-
phisms Spec(A)(I?) — T[()(Xb(A)I?) — mo(X“(A) ). For a morphism A — B in
FEAg, , we can choose presentations of A and B so that we have a functorial map
mo(X*(B)g) — mo(X“(A)g). Hence we get, for any a € Q. , a (contravariant)
functor

F . FEA@K —> Setch

given by A — mo(X“(A)z). We have natural morphisms of functors ¢, : F — F¢
and ¢, : Fb — F for rational numbers b > a > 0 with P = Pp.q © ¢p. For any
A in FEAg,, we have
F(A) > lim F(A)
a€@>o

[Abbes and Saito 2002, 6.4]; if A is a complete intersection over Ok, the map
F(A) = F(A) is surjective for any a [Abbes and Saito 2002, 6.2].

1.2. Let G = Spec(A) be a finite and flat group scheme over Ok such that G ® K
is étale over K, and a € (.. The group structure of G induces a group structure
on #%(A), and the natural map G(K) = F(A) — F4(A) is a homomorphism of
groups. Hence, the kernel G* (K) of G(K) — F4(A) is a G -invariant subgroup of
G(K), and it defines a closed subgroup scheme G% of the generic fiber GR K. The
scheme theoretic closure of G% in G, denoted by G“, is a closed subgroup of G
finite and flat over Ok . Putting G® = G, we get a decreasing and separated filtration
(G, a € Qsp) of G by finite and flat closed subgroup schemes. We call it the
Abbes—Saito filtration of G. For any real number a > 0, we put G** =J req., G*-
Assume G is connected, i.e., the ring A is local. Let

0—>1—0k[Xy,....Xq]l > A—0 2)

be a presentation of A by the ring of formal power series such that the unit section
of G corresponds to the point (X1, ..., Xg)=(0, ..., 0). Since A is a relative com-
plete intersection over Ok, [ is generated by d elements fi, ..., f;. Fora € Q-+,
the K -valued points of the a-th tubular neighborhood of G are given by

XUK)={(x1.....xp) emE | v (fi(x1,....xg)) = afor 1 <i<d}, (3

where mg is the maximal ideal of Og. The subset G(K) C X“(K) corresponds
to the zeros of the f;’s. Let X{j be the connected component of X“ containing 0.
Then the subgroup G%(K) is the intersection of X 3(1? ) with G(K).

The basic properties of Abbes—Saito filtration that we need are summarized as
follows.



An upper bound on the Abbes—Saito filtration for finite flat group schemes 235

Proposition 1.3 [Abbes and Mokrane 2004, 2.3.2, 2.3.5]. Let G and H be finite
and flat group schemes, generically étale over Ok, and f : G — H be a homomor-
phism of group schemes.

(i) The closed subgroup G°F is the connected component of G, and we have
(GO = G* for any a € Q.
(i) Given a € Q-+, f induces a canonical homomorphism f* : G* — H® If f
is flat and surjective, then f*(K) : G*(K) — H“(K) is surjective.
Now we return to the proof of Theorem 1.

Lemma 1.4. Let R be a Z,-algebra, X be a formal group of dimension d over R
such that Lie(¥X) is a free R-module of rank d. Then

(i) the ring Z, acts naturally on %, and its image in Endg (X) lies in the center of
Endg (%);

(ii) there exist parameters (X1, ..., Xg) of X such that

[C](le cees Xd) = (é.Xl’ DRI CXd)
for any (p—1)-st root of unity ¢ € Z,,.

Proof. This is actually a classical result on formal groups. In the terminology
of [Hazewinkel 1978], the formal group ¥ comes from the base change of %"V
defined by the d-dimensional universal p-typical formal group law (denoted by
Fy(X,Y) in [Hazewinkel 1978, 15.2.8]) over

where the V;(j, k) are free variables. So we are reduced to proving the lemma
for %"V, If X and Y stand for the column vectors (X1, ..., Xy4) and (Y1, ..., Yy)
respectively, the formal group law on #""" is determined by

o0
Fy (X, V)= f; (fr(X)+ fr(¥)),  with fy(X)=> a:(V)X",

i=0
where the g; (V) are certain d x d matrices with coefficients in Q,[V] with a;(V)
invertible, X?' stands for (X7, .. , X7 'y and fy ! is the unique d-tuple of power
series in (Xq,..., Xg) with coefﬁments in Q,[V] such that fv o fvy = 1; see
[Hazewinkel 1978, 10.4]. We note that Fy (X ,Y) is a d-tuple of power series
with coefficient in Z,[ V], although fy (X) has coefficients in Q,[V] [Hazewinkel
1978, 10.2(1)]. Via approximation by integers, we see easily that the operation
of multiplication by an element § € Z, given by [§](X) = fv Efv (X)) is well
defined. This proves (i). Statement (i1) is an immediate consequence of the fact
that fy (X) contains only p-powers of X. O
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Remark 1.5. The referee gives the following alternative proof of this lemma via
the Cartier theory of formal groups. Let & be the formal group over R as in the
lemma. We denote by X (R[[T]]) the group of R[[T ]l-valued points of ¥ whose
reduction modulo T is the neutral element 0 € ¥(R). A formal group law over
& is a datum (X; yq, ..., Yq), where y1, ..., vqs € X(R[T]) are such that their
image in X(R[T] /T2) forms a basis for Lie(¥). In particular, (y;)1<i<q estab-
lish an isomorphism & ~ Spf(R[ X, ..., X4]) of formal schemes over R. Recall
that X (R[[T]) is the Cartier module associated with & over the big Cartier ring
(denoted by Cart(R) in [Chai 2004, 2.3]). Since R is a Z,-algebra, the Cartier
theory [Chai 2004, 4.3, 4.4] implies that there exists a p-typical formal group law

(&; v1, ..., va) over &, i.e., we have €, - y; =0, where
€p= 1_[ (11— %VZFZ)
£ prime
¢, p)=1

is Cartier’s idempotent in Cart(R); see [Chai 2004, 4.1]. Let A : Z, = W(F,) —
W(Z,) be the Cartier homomorphism given by (xo, x1,...) = ([xol, [x1],...),
where x, € F), and [x,] denotes its Teichmiiller lift. Then we get a natural map
u:2Zp AW(Z[,) — W(R). For a (p—1)-stroot of unity ¢ € Z,,, we have u(¢) =
[¢] € W(R). Note that for any a € R and 1 <i <d, the p-typical curve [a]-y; is the
image of y; under the map X(R[T]) — X (R[T]) induced by T +— aT. Applying
this fact to u(¢) - y; = [¢] - ¥i, one obtains the lemma immediately.

Proposition 1.6. Let G = Spec(A) be a connected finite and flat group scheme
over Ok of order a power of p. Then there exists a presentation of A of type (2)
such that the defining equations f; for 1 <i < d have the form

fiXo, Xy = aia Xt withai, =0 if (p— 1D (ol = 1),

|n|>1

wheren = (ny,...,ng) € (Zzo)d are multiindexes, |n| = Z;Ll n;,and X" is short
d nj

Sfor]] To X

Proof. By a theorem of Raynaud [Berthelot et al. 1982, 3.1.1], there is a projective

abelian variety V over Ok, and an embedding of group schemes j : G — V. Let

V' be the quotient of V by G. Let ¥, ¥ be, respectively, the formal completions

of V and V' along their unit sections. They are formal groups over Og. Since

G is connected, it is identified with the kernel of the natural isogeny ¢ : X — Y.

Let (X1, ..., Xq) (respectively (Y1, ..., Y;)) be parameters of & (respectively V)

satisfying the preceding lemma. The isogeny ¢ is thus given by

(X],...,Xd)l—> (fl(Xl, ...,Xd),...,fd(Xl,...,Xd)),
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where f; = Zlylzl a;n X" € Og[[ X1, ..., Xqll. Since for any (p — 1)-th root of
unity ¢ € Z, we have f;(¢ Xy, ..., X)) = fi(Xy, ..., Xy), it’s easy to see that
ain=0if (p =D 1 (n] = D). u
Remark 1.7. As pointed out by the referee, we can avoid using Raynaud’s deep
theorem to realize G as the kernel of an isogeny of formal groups over Og. In fact,
by the biduality formula G ~ (G?)?, where G denotes the Cartier dual of G, we
have a canonical closed embedding u : G < U = Resgp5(Gy,) of group schemes
over § = Spec(Ok). Here, “Resgn, " means Weil’s restriction of scalars, so U is
an affine smooth group scheme over S. Since the quotient of an affine scheme by a
finite flat group scheme is always representable by a scheme [Raynaud 1967], we
can consider the quotient U’ = U/G and the formal groups %, % associated with
U and U’, so that G is the kernel of the natural isogeny ¢ : ¥ — %.

1.8. Proof of Theorem 1. Let H = G be the connected component of G. By
1.3(i), we have G* = H“ for a € (.. The exact sequence of finite flat group
schemes 0 - H — G — G/H — 0 induces a long exact sequence of finite Og-
modules

0— H '(bg/u) = H ' (L) - H ' () = wo/m — w6 — oy — 0,

where £ means the co-Lie complex of G [Berthelot et al. 1982, 3.2.9]. Since
the generic fiber of G/H is étale, it’s easy to see that Thus, it follows that 0 —
wG/H —> wg — wp — 0is exact. Since G/ H is étale, we have wg,y =0 and hence
deg(G) =deg(H). Up to replacing G by H, we may assume that G = Spec(A) is
connected.

We choose a presentation of A as in Proposition 1.6 so that we have an isomor-
phism of Ok -algebras

A=Og[Xy, ..., Xqall/(f1,--) f2)

where

d
f,'(X], ...,Xd) =Za,-,ij+ Z a,-,,le’.
j=1

ln|=p

As A is finite as an Og-module, we have
d
o, = Lo, = (@A dX,-)/(dfl, s dfa).
i=1

Since wg >~ e*(Q}V@K), where e is the unit section of G, we get

d
wG = (EBGKdXi) / ( Z ai’jde>1<i<d'
i=1 o

1<j<d
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In particular, if U denotes the matrix (a; j)1<i, j<a, then deg(G) = v, (det(U)).
For any rational number A, we denote by D?(0, | |*) (respectively 14 (0, | |*))
the rigid analytic closed (respectively open) disk of dimension d over K consisting
of points (x1, ..., x4) with v; (x;) > A (respectively v, (x;) > A) for 1 <i <d; we
put D4(0, 1) =D?(0, ||°) and D4(0, 1) =D9(0, |7|°). Leta > p/(p— 1) deg(G)
be a rational number, X“ be the a-th tubular neighborhood of G with respect to the
chosen presentation. By (3), we have a cartesian diagram of rigid analytic spaces

Xe—— 90, 1)

lf Lf=(f1 ----- fa) €))
DY(0, || ——D¢(0, 1),

where f(yi,...,y20) = (/i1 -y Ya)s -+, fa(y1, ..., yq)) and horizontal ar-

rows are inclusions. Let X{ be the connected component of X“ containing 0.

By the discussion below (3), we just need to prove that 0 is the only zero of the f;
contained in Xg.

Let V = (b; j)1<i, j<a be the unique d x d matrix with coefficients in O such

that UV = VU =det(U)1,;, where 1; is the d x d identity matrix. If A‘I’{ denotes

the d-dimensional rigid affine space over K, then V defines an isomorphism of
rigid spaces

d d
g:A%—)ACIi(, (xl,...,xd)r—>(Zbl,jxj,...,Zbd’jxj)
j=1 j=1

It’s clear that g(1D9(0, 1)) c D9(0, 1), so that f is defined on g(139(0, 1)). The
composite morphism fo g : D90, 1) — D90, 1) is given by

(x1,...,xq) = (det(U)x1 + Ry, ..., det(U)xqs + Ry), &)

where Ri =3",~ , din ]_[?:1 (ZZZI bj xxi)" involves only terms of order > p for
1 <i<d. For1 <i <d, we have basic estimations

vx (det(U)x;) = deg(G) +vx (x;) and  vr(Ry) = p min {vr(x;)}.  (6)
<j<

Lemma 1.9. For any rational number a > p/(p — 1) deg(G), the map g induces
an isomorphism of affinoid rigid spaces

g :DY(0, || ey = xa.

Assuming this lemma for a moment, we can complete the proof of Theorem 1
as follows. Consider the composite

h = f 0 glpa,jx ety : DY(0, |47y =5 X8 s X 2 p?0, |71%).
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To complete the proof of Theorem 1, we just need to prove that &~ (0) = {0}. Let
(X1, ...,xq) be a point of D4(0, |7|*79%€G)) and (z1,...,2q) = h(x1, ..., Xq).
We may assume v, (x1) = minj<;<4{v;(x;)}. We have v;(x1) > a — deg(G) >
1/(p — 1) deg(G) by the assumption on a. It follows thus from (6) that

Uz (R1) = pug(x1) > deg(G) + vy (x1) = vy (det(U)xy).

Hence, we deduce from (5) that v, (z1) = deg(G) + v (x1). In particular, z; =0 if
and only if x; = 0. Therefore, we have h! (0) = {0}. This achieves the proof of
Theorem 1.

Proof of Lemma 1.9. Let € be any rational number with
0<e<(p—1)/pa—deg(G).
We will prove that
D (0, |7 |~4e@)y — pd (0, |7 |4~ C) =€) O g =1 (X ).

This will imply that DY (0, | |*~92(@) is a connected component of g (XY
Since g : A‘,’( — A‘Ii( is an isomorphism, the lemma will follow immediately.

We prove first the inclusion C. It suffices to show g(D?(0, | |¢~9e(@)) c x4,
Let (x1,...,xq) be a point of D?(0, ||¢~4e(@) By (4), we have to check that
(z1y.--52a) = f(glxy,...,xq)) lies in D?(0, ||%). We obtain from (6) that
vy (det(U)x;) = deg(G) + vz (x;) = a and v, (R;) > p(a — deg(G)). As a >
p/(p —1)deg(G), we have v, (R;) > a. It follows from (5) that

Uz (z;) = min{vy (det(U)x;), vz (R;)} = a.

This proves (z1, ..., zg) C D?(0, |7|*); hence g(D4(0, | |*~9¢e@))) c x“.

To prove the inclusion D, we just need to verify that every point which is in
DY (0, |r|¢~9e(G)=€) but outside D?(0, |7 |*~9€(@)) does not lie in g~'(X¢). Let
(x1, ..., xq) be such a point. We may assume that

a—deg(G)—e <v;(x1) <a—deg(G) and wv;(x;)>a—deg(G)—e for2<i<d.

(7
Let
(215 -+ 2q0) = (det(U)x1 + Ry, ..., det(U)xq + Ry)
be the image of (xi,...,xs) under the composite f o g. According to (4), the
proof will be completed if we can prove that (zy, ..., z4) is not in D4 (0, |]%).

From (6) and (7), we get v, (det(U)x;) = deg(G) + v;(x1) < a and v;(R;) >
p(a—deg(G)—e). Thanks to the assumption on €, we have p(a —deg(G)—¢) > a,
s0 Uy (z1) = vy (det(U)x;) < a. This shows that (z1, ..., zg) is not in g~ 1(X%);
hence the proof of the lemma is complete. (]
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2. Applications to canonical subgroups

In this section, we suppose the fraction field K has characteristic O and the residue
field k is perfect of characteristic p > 3. Let e be the absolute ramification index
of Og. For any rational number € > 0, we denote by Ok . the quotient of Ok by
the ideal consisting of elements with p-adic valuation greater or equal to €.

2.1. First we recall some results on the from [Abbes and Mokrane 2004; Tian
2010; Fargues 2009]. Let v, : Ox/p — [0, 1] be the truncated p-adic valuation
(with v, (0) = 1). Let G be a truncated Barsotti-Tate group of level n > 1 nonétale
over Ok, and G| = G ®¢, (Ok/p). The Lie algebra of G| denoted by Lie(G) is
a finite free Ok /p-module. The Verschiebung homomorphism Vg, : G(lp N G
induces a semilinear endomorphism ¢g, of Lie(G1). We choose a basis of Lie(G1)
over Og/p, and let U be the matrix of ¢ under this basis. We define the Hodge
height of G, denoted by /#(G), to be the truncated p-adic valuation of det(U). We
note that the definition of #(G) does not depend on the choice of U. The Hodge
height of G is an analog of the Hasse invariant in mixed characteristic, and we
have #(G) = 0 if and only if G is ordinary.

Theorem 2.2 [Fargues 2009, théoreme 4]. Let G be a truncated Barsotti-Tate
group of level 1 over Ok of dimension d > 1 and height h. Assume h(G) < 1/2 if
p=>5Sand h(G) <1/3if p=3.

(i) For any rational number ep/(p — 1)h(G) <a <ep/(p — 1)(1 — h(G)), the
finite flat subgroup G* of G given by the Abbes—Saito filtration has rank p“.

(ii) Let C be the subgroup GP/(P=DU=1G) £ G We have deg(G/C) =eh(G).

(iii) The subgroup C ® Ok 1_p(G) coincides with the kernel of the Frobenius ho-
momorphism of G @ Ok 1-nG). Moreover, for any rational number € with
h(G)/(p—1) <e <1—h(G), if H is a finite and flat closed subgroup of G
such that H ® Ok ¢ coincides with the kernel of Frobenius of G ® Ok , then
we have H = C.

The subgroup C in this theorem, when it exists, is called the canonical subgroup
(of level 1) of G.

Remark 2.3. The conventions here are slightly different from those in [Fargues
2009]. The Hodge height is called Hasse invariant there, while we choose to follow
the terminologies in [Abbes and Mokrane 2004] and [Tian 2010]. Our index of
Abbes—Saito filtration and the degree of G are e times those in [Fargues 2009].

Part (iii) of Theorem 2.2 is not explicitly stated in [Fargues 2009, théoréme 4],
but it’s an easy consequence of Proposition 11 in that paper.

For the canonical subgroups of higher level, we have this:
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Theorem 2.4 [Fargues 2009, théoreme 6]. Let G be a truncated Barsotti-Tate
group of level n over Ok of dimension d > 1 and height h. Assume h(G) < 1/3" if
p=3and h(G) <1/2p" Y ifp=>5.

(1) There exists a unique closed subgroup of G that is finite and flat over Ok and
satisfies the following:

e C,(K) is free of rank d over 7/ p"Z.

e For each integer i with 1 <i <n, let C; be the scheme theoretic closure
of Co(K)[p'] in G. Then the subgroup C; ® Ok, 1—pi-1h(G) coincides with
the kernel of the i-th iterated Frobenius of G @ Ok i _ pi-14(G)-

(i) We have deg(G/C,) =e(p" —1)/(p — 1) h(G).

The subgroup C, in the theorem above is called the canonical subgroup of level n
of G. Fargues actually proves that C, is a certain piece of the Harder—Narasimhan
filtration of G. The aim of this section is to show that C, appears also in the
Abbes—Saito filtration.

Theorem 2.5. Let G be a truncated Barsotti—Tate group of level n over Ok satis-
fying the assumptions in Theorem 2.4, and C,, be its canonical subgroup of level n.
Then for any rational number a satisfying

ep(p" —1)/(p — 1*h(G) <a <ep/(p— 1)1 —h(G)),
we have G* = C,,.

Proof. We proceed by induction on n. If n =1, this is Theorem 2.2(i). We suppose
n > 2 and the theorem is valid for truncated Barsotti—Tate groups of level n — 1.
For each integer i with 1 < i < n, let G; denote the scheme theoretic closure
of G(K)[p']in G, and C; the scheme theoretic closure of C,(K)[p'] in C,. By
Theorem 2.4(i), it’s clear that C; is the canonical subgroup of level i of G;. Leta be
a rational number with (ep(p* —1)/(p — DHh(G) <a < (ep/(p—1)(1—h(G)).
By the induction hypothesis and the functoriality of Abbes—Saito filtration 1.3(ii),
we have C,_1(K) = G*_,(K) C G*(K), and the image of G*(K) in G(K) is
exactly Cy (K) = G (K). Note that we have a commutative diagram

00— Cp—1(K) — Co(K) — C1(K) —=0

X n—1

0—> G,—1(K) —= G(K) — G(K) —=0,

where the rows are exact sequences of groups and the vertical arrows are natural
inclusions. So we have C,,(K) C G*(K ). On the other hand, Theorems 1 and 2.4(ii)



242 Yichao Tian

imply that (G/C,,)“(I?) = 0 since

ep(p" —1) p
——h(G) = deg(G/Cy).
Therefore, we get G“(K) C C,(K) by Proposition 1.3(ii). This completes the
proof. U
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On the smallest number of generators and
the probability of generating an algebra

Rostyslav V. Kravchenko, Marcin Mazur and Bogdan V. Petrenko

In this paper we study algebraic and asymptotic properties of generating sets of
algebras over orders in number fields. Let A be an associative algebra over an
order R in an algebraic number field. We assume that A is a free R-module of fi-
nite rank. We develop a technique to compute the smallest number of generators
of A. For example, we prove that the ring M3(Z)* admits two generators if and
only if k < 768. For a given positive integer m, we define the density of the set
of all ordered m-tuples of elements of A which generate it as an R-algebra. We
express this density as a certain infinite product over the maximal ideals of R,
and we interpret the resulting formula probabilistically. For example, we show
that the probability that 2 random 3 x 3 matrices generate the ring M3(Z) is equal
to (£(2)2¢(3))~!, where ¢ is the Riemann zeta function.
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1. Introduction

Let R be a commutative ring with 1. Recall that a set S generates an associative
unital R-algebra A if the set of all monomials in the elements of S (including the
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degree-zero monomial 1) spans A as an R-module. This paper lays a foundation
for our program to investigate properties of the sets of generators of R-algebras A
whose additive group is a finitely generated R-module. A substantial part of our
results grew out of the following question: given a ring A whose additive group is
a free abelian group of finite rank and a positive integer k, what is the probability
that £ random elements of A generate it as a Z-algebra? We will show that this
question can be stated in a rigorous way and that it has a very interesting answer.
The following formulas, in which ¢ denotes the Riemann zeta function, are special
cases of our results (see Theorem 8.1):

o The probability that m random 2 x 2 matrices generate the ring M;(Z) is equal
to 1/(¢(m —1)¢(m)).

« The probability that 2 random 3 x 3 matrices generate the ring M3(Z) is equal
to 1/ (2’ 3)).

o The probability that 3 random 3 x 3 matrices generate the ring M3(Z) is equal

to
1 11 1
— 1+ +=-—=).
4“(2)5(3)5(4)1:[( p>  p ps)

where the product is taken over all prime numbers.

Our main results are obtained for algebras A over an order R in some number
field such that A is a free R-module of finite rank. It is not hard though to extend the
results to the case when R is an order in a global field of positive characteristic (we
will address this in a follow-up paper). Roughly speaking, a choice of an integral
basis of R and of a basis of A over R allows us to introduce integral coordinates
on all Cartesian powers AX, k € N. For any subset S of Af and any N we consider
the finite set S(N) of all points whose coordinates are in the interval [-N, N]. We
define the density den(S) of S as the limit

|S(N)]
1m
N—oo |AK(N)]

(we do not claim that it always exists). Our goal is to calculate the density of the
set of generators of A.

Definition 1.1. Let A be an algebra over a commutative ring R, and let k be a
positive integer. We define the set Geng (A, R) as follows:

Geng (A, R)={(a1,...,ar) € Ak ap, ..., a; generate A as an R-algebra}.

For the rest of the introduction, we assume that R is an order in a number field
K and A is an R-algebra which is free of finite rank m as an R-module (unless
stated otherwise).
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In Theorem 3.2 we prove that the set Geny (A, R) has density, which we denote
by deng(A), and that it can be computed locally as follows:

I |Geny (A/pA, R/p)|

den;(A) = R /p]k )

)

pem-Spec R

where m-Spec R denotes the set of all maximal ideals of R. In order to prove
Theorem 3.2 we had to extend this local-to-global formula for density to a sub-
stantially larger class of sets. This led us to Theorem 3.3, which is of independent
interest and has potential applications to various other questions. Theorem 3.3
deals with a finite set f1, ..., f; of polynomials in R[x1, ..., x,] and the set S of
all @ € R" such that the ideal generated by fi(a), ..., fy(a) is R. It asserts that
the set S has density den(S) given by the formula

o 11 ()

pem-Spec R

where 1,, is the number of common zeros in (R/p)" of the polynomials f..., fs
considered as polynomials over the field R/p.

As a first application of our results we answer in Section 3A the following ques-
tion posed by Ilya Kapovich: what is the probability that m random elements of
a free abelian group of rank n < m generate the group? Our results provide a
rigorous proof of the following answer: the probability in question is equal to
(T, 1 €)', where ¢ is the Riemann zeta function (when m = n this
product should be interpreted as 0).

In Section 5 we show how (1) can be used to get information about the smallest
number of generators of an R-algebra A.

Definition 1.2. Let A be a finitely generated R-algebra. By r (A, R) we denote the
smallest number of generators of A as an R-algebra.

In Theorem 5.2 we prove that if & is an integer such that k — 1 > ry :=r(A Qg
K,K)andk>ry:=r(A/pA, R/pR) for every maximal ideal p of R then den (A)
> 0. Let r; be the largest among the numbers ry. Clearly, if deng(A) > O then
A can be generated by k elements. Using this remark and Theorem 5.2 we show
in Theorem 5.5 that the smallest number of generators of A coincides with ry if
rr >ro and is either ry or ro+1 otherwise. A special case of this result, when R=/7,
was kindly communicated to us by H. W. Lenstra (private communication, 2007).
Note that when ry = ry, we only know that r is either r( or ro + 1. Nevertheless, it
is often possible to prove that den,;(A) > 0 and conclude that r = r. For example,
we have been unable for a long time to find the largest integer n such that the
product M3(Z)" of n copies of the matrix ring M3(Z) admits two generators as
a Z-algebra. We knew that n < 768, but any attempts to construct explicitly two
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generators for such large values of n have been beyond our computational ability.
It turns out, though, that we can prove that den, (M3 (Z)7%%) > 0, hence we get a
(nonconstructive) proof that n = 768 (see Theorem 8.2).

In Theorem 5.7 we extend Lenstra’s original approach to obtain a similar for-
mula for the smallest number of generators of algebras over any commutative ring
R of dimension at most 1. This formula is reminiscent of the Forster—Swan theo-
rem on the number of generators of modules over Noetherian commutative rings
[Matsumura 1986, Theorem 5.8]. By analogy with this result, in Conjecture 5.8
we propose an extension of our formula to algebras over general Noetherian rings.

In order to use (1) in concrete cases one needs to be able to compute the num-
bers |Geng(A/pA, R/p)|. This leads us to the results of Sections 6 and 7, where
we study these numbers under the assumption that A/pA is a product of matrix
algebras. After various reductions in Section 6 we derive explicit formulas for
|Geny (M, (F), F)|, where [ is a finite field and n =2, 3. Furthermore, we get a lower
bound when n > 3 (Proposition 7.9). As a corollary, we prove that if m > 2 then
the probability that m matrices in M, (F,), chosen under the uniform distribution,
generate the [,-algebra M, ([, ) tends to 1 as g +m +n — oo (see Corollary 7.10).
This result proves and vastly generalizes the conjectural formula [Petrenko and
Sidki 2007, (17), p. 27]. The case of n = 2 and some of the results of Section 6
have been discussed earlier in [Kravchenko and Petrenko 2006], which was the
starting point for the present work. This part of our paper has been influenced by
ideas of Philip Hall [1936].

In Section 8 the results of Sections 6 and 7 are applied to finite products of
matrix algebras over the ring of integers in a number field.

To state some of our remaining results, we need the following notation.

Definition 1.3. Let m, n > 1 be integers and let A be an R-algebra. We introduce
the following notation:

(i) gen,, (A, R) is the largest k € Z U {oo} such that r(A¥, R) < m;
(ii) genm,n(‘]) = geny, (Mn(”:q)a [Fq);
(iii) g, ,(q) = [Gen,, M, (Fy), Fp)l.

We show in Proposition 6.2 that

gen,, ,(q) = Emald)
" IPGL,, (Fy)|

and r(M,, (F,) 7€M @ ) = m + 1 by Corollary 2.15.
Here are some special cases of our results in Section 8:

2m—1,,m __ 1 m __
(1) geny, (@) = ("qz XD
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2zm=lim _2y2m — 1)
(2) gen,,(M2(2), Z) = gen,, ,(2) = 3 :

q3m73(qm _ 1)(qm _q)(qm +C])

(@—D*q+D(@*+q+1)
X(q3m _ qm+2 +q2m _ 2qm+l _qm +q3 +q2)

(4) gen,,(M3(2), Z) = gen,, 5(2)
_ (2m_2)(2m_1)(2m+2)(23m+22m_2m+3_2m+12)23m—3
B 21 '

The techniques we have developed so far can be applied to any finitely generated
Z-algebra whose reduction modulo every prime is a direct sum of matrix rings over
finite fields. However, among maximal orders in semisimple algebras over Q the
only such algebras are the maximal orders in matrix rings by the Hasse—Brauer—
Noether—Albert theorem. In order to extend our results to maximal orders in other
semisimple algebras we need to obtain formulas for the number of generators of
algebras over finite fields which have nontrivial Jacobson radical. This will be
done in a subsequent paper. Let us just mention here a special case, when A is

() gen,, 5(¢) =

a maximal order in the quaternion algebra Q(i, j) (i 2=—1=j?. For any odd
prime p we have A/pA = M(F,), so A and M,(Z) differ only at the prime 2
and at infinity. Note that A/2A is a commutative algebra over [, whose quotient
modulo the Jacobson radical is the field F4. Since [F}l6 cannot be generated by two
elements, we see that A'© requires at least three generators. It can be verified that
A'S admits two generators. So A can be distinguished from M,(Z) by counting
the smallest number of generators of powers of these two algebras. Note that for
the integral quaternions Z[i, j] already Z[i, j]* requires at least three generators.
In a subsequent paper we will extend these observations to a much larger class of
orders.

In another work in progress we apply the techniques developed in the present
paper to study generators of various nonassociative algebras. Our technique ap-
plies to any finitely generated R-module equipped with an R-bilinear form, but we
focus mainly on Lie algebras and Jordan algebras. For example, we show that the
probability that m random elements generate the Lie ring sl (Z) of 2 x 2 integer
matrices with zero trace is equal to

1
¢(m —1)¢(m)’

2. Preliminary results

Let R be a commutative ring with 1. Unless stated otherwise, all R-algebras are
assumed to be associative, unital, and finitely generated as an R-module.
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In this section we collect several fairly straightforward observations which are
used through the paper. Let A be an R-algebra. Recall that elements ay, ..., a
generate A as an R-algebra if all the (noncommutative) monomials in ay, ..., a,
including the degree-zero monomial 1, generate A as an R-module. We say that
ai, ..., ay strongly generate A as an R-algebra if already all the (noncommutative)
monomials in a1, .. ., a; of positive degree generate A as an R-module.

Lemma 2.1. Suppose that there exists no R-algebra homomorphism A — R/I
for any proper ideal I of R. Then any set that generates A as an R-algebra also
strongly generates A.

Proof. Suppose that ay, ..., a; generate A as an R algebra and let J be the R
submodule of A generated by all the (noncommutative) monomials in ay, ..., a
of positive degree. Then R -1+ J = A. Since J is closed under multiplication, it
is a two-sided ideal of A and A/J = R/(RNJ). By our assumption, RN J cannot
be a proper ideal of R,so R-1C J and J = A. ([l

Example 2.2. Let the algebra A = []'_,; M, (R) be a finite product of matrix
algebras over R, with each m; >2. Then any set which generates A as an R-algebra
also strongly generates A. This is a direct consequence of Lemma 2.1 and the
remark that A has no nontrivial commutative quotients.

In this paper we decided to focus on unital algebras and we do not discuss strong
generators. However most of our results can be easily modified to sets of strong
generators and algebras which are not necessarily unital. One can also reduce
questions about strong generators to generators using the following observation.
Recall that if A is an R-algebra (unital or not) we can construct a unital algebra
AM which is R @ A as an R-module with multiplication defined by (r, a)(s, b) =
(rs,ab+rb+ sa). We have the following lemma.

Lemma 2.3. Letay, ..., a; € A. Then the following conditions are equivalent:
(1) ay, ..., ay strongly generate A as an R-algebra.
2) (r1,a1), ..., (ry, ar) generate AW as an R-algebra for any elements rq, . ..,
rr € R.
3) (r1,a1), ..., (ry, ay) generate AWM asan R-algebra for some elementsry, ...,
rr € R.

Proof. We identify A with the ideal {0} @® A in A"V, Assume (1) and let ry, ..., ry
be in R. Since (0, a;) = (r;, a;) — ri(1,0), the R-subalgebra B of A1 generated
by (r1,a1), ..., (ry, ax) contains all monomials in (0, a1), ..., (0, a), hence it
contains A. Since B also contains R@{0}, we see that A) = B. Thus condition (1)
indeed implies (2). Condition (3) is clearly a consequence of (2). Assume (3)
and let C be the subalgebra of A strongly generated by aj, ..., ar. Note that



Smallest number of generators and the probability of generating an algebra 249

any monomial of positive degree in (ry, ay), ..., (rg, ax) is of the form (r, ¢) for
some r € R and ¢ € C. By the assumption in (3), for any a € A there is r € R
such that (r,a) is an R-linear combination of monomials of positive degree in
(r1,a1), ..., (re, ar). It follows that a € C. Thus C = A, which shows that (1)
follows from (3). (]

The following observation is straightforward.
Lemma 2.4. Let A be an R-algebra. For any ideal I of R we have
AW TAD = (A/1A)D,
where the adjunction of unity on the right is in the category of R/I-algebras.

Definition 2.5. For an R-algebra A and positive integer k we denote by Geny (A, R)
the set of all k-tuples (ay, ..., ax) € A¥ which generate A as an R-algebra. When
there is no danger of confusion, we write Geny(A) for Geng (A, R).

Lemma 2.6. The elements ay, ..., a; generate A as an R-algebra if and only if
for every maximal ideal m of R the images of a1, ...,a; in AQr R/m = A/mA
generate A/mA as an R/m-algebra.

Proof. Let J be the R submodule of A generated by all the (noncommutative)

monomials in ay, .. ., a. By [Matsumura 1986, Theorem 4.8], A = J if and only
if A/J ®g R/m =0 for every maximal ideal m of R. The result follows from the
simple remark that A/J ®g R/m = 0 if and only if the images of ay, ..., a; in
A/mA generate it as an R/m-algebra. ]
Lemma 2.7. Let R be a field and let A be an R-algebra of dimension m. The ele-
ments ay, ..., ay generate A as an R-algebra if and only if the (noncommutative)
monomials in ay, ..., ay of degree < m span A as an R-vector space.

Proof. Let A; be the subspace of A spanned by all the monomials in ay, ..., a; of
degree <i. Clearly Ag C A; C Ay € .... We also see that

Aipi =Ai +a1Ai @A + -+ ar A,

for any i. It follows that if A; = A;; for some i, then A; = A; for all j >i. Since
dimg A,;, < m, we must have A; = A; | for some i < m. Thus A; = A, for
all i > m. This proves that ay, ..., a; generate A as an R-algebra if and only if
A=Au_1. O

Lemma 2.8. Suppose that A can be generated by m elements as an R-module. The
elements ay, ..., ay generate A as an R-algebra if and only if the (noncommuta-
tive) monomials in ay, . .., ay of degree < m generate A as an R-module.
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Proof. Suppose that ay, ..., ar generate A as an R-algebra and let A; be the
R-submodule of A generated by all the monomials in ay, ..., a; of degree < i.
For any maximal ideal m of R the dimension of A/mA over R/m does not exceed
m. Thus A/A,,—1 ®g R/m = 0 for every maximal ideal m of R by Lemma 2.7.
Hence A = A,,,— by [Matsumura 1986, Theorem 4.8]. O

Recall that Spec R is the set of all prime ideals of R equipped with the Zariski
topology and m-Spec R is the subspace of Spec R consisting of all maximal ideals.
For p € Spec R we denote by Ry, the localization of R at the prime ideal p and we
set Ap = Rp ® g A. The residue field R,/pR;, is denoted by « (p). Recall that « (p)
coincides with the field of fractions of R/p.

Definition 2.9. We say that the elements ay, .. ., a; generate A at a prime ideal p of
R if their images in k (p) @ g A generate x (p) g A as a k (p)-algebra. Equivalently,
ai, ..., a generate A at p if their images in A, generate A, as an Ry-algebra.

Lemma 2.10. Letay, ..., a; € A. The set of all prime ideals p such thatay, ..., a
generate A at p is open.

Proof. Let B be the R submodule of A generated by all monomials in ay, ..., ax
of degree < m, where m is such that A can be generated by m elements as an
R-module. By Lemma 2.8, the images of ay,...,a; in A, generate A, as an
Ry-algebra if and only if (A/B)y, = 0. Since the support of a finitely generated
R-module is closed, the result follows. O

Corollary 2.11. For any positive integer k the set
Ui = {p € Spec R : Ay, can be generated by k elements as an Ry-algebra}
is open.

Proof. Suppose that A, is generated by k elements as an Rp-algebra. We may

choose elements ay, ..., a; in A which generate A at p. By Lemma 2.10, there is
an open neighborhood of p such that ay, ..., a; generate A at q for each q in this
neighborhood. This shows that Uy is open. ([

Proposition 2.12. Suppose that A=[];_, A; is a product of R-algebras Ay, ..., A,
such that for any maximal ideal m of R and any i # j the R /m-algebras A;QgrR/m
and A ;®g R /m do not have isomorphic quotients. Then Geny (A) =]_[f:1 Geng(A))
under the natural identifications.

Proof. The proposition says that a sequence ay, ..., a; of elements in A generates
A as an R-algebra if and only if for every i the projection of these sequence to
A; generates A; as an R-algebra. The implication to the right is clear. Since
AQr R/m=T];_,(Ai ®g R/m), Lemma 2.6 reduces the proof to the case when
R is a field. Suppose that a sequence ay, . . ., a of elements in A has the property
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that for every i the projection of these sequence to A; generates A; as an R-algebra.
Let B be the R-subalgebra of A generated by ay, ..., a;. By our assumption, the
projection m; : B — A; is surjective. Let J; = kerm;. Since A; and A; have
no isomorphic quotients for i # j, we conclude that J; + J; = B for i # j (for
otherwise, J = J; +J; would be a proper ideal of B and B/J would be isomorphic
to a quotient of A; and a quotient of A ;). The Chinese remainder theorem implies
now that B = A. (]

Example 2.13. Let A; = M,,,(R)™ be the product of m; copies of the n; x n;
matrix ring over R, where n; # n; for i # j. Then for any maximal ideal m
of R we have A; ®g R/m = M,,(R/m)™ . Consider two distinct indices i, j. If
the R/m-algebras A; ® g R/m and A; ®g R/m had isomorphic quotients, they
would have isomorphic quotients which are simple R/m-algebras. Clearly any
simple quotient of M, (R/m)™ is isomorphic to M, (R/m). Since M, (R/m)
and Mn. ;(R/m) are not isomorphic (they have different dimensions over R/m), we
see that the R/m-algebras A; ® g R/m and A; ® g R/m do not have isomorphic
quotients. Therefore the assumptions of Proposition 2.12 are satisfied and

Geny (1_[ M"i (R)m,-) — l_[ Geny (Mni (R)m,-).
i=1 i=1

Recall that in Definition 1.3 we defined gen,, (A, R) as the largest k such that
A¥ admits m generators as an R-algebra. The following proposition implies that if
gen,, (A, R) is finite then gen,,, (A, R) > gen,, (A, R).

Proposition 2.14. Let A be an R-algebra and let n be a positive integer. If A" can
be generated by m elements as an R-algebra then A"t can be generated by m + 1

elements.

Proof. Leta; =(a; 1, ..., ain), withi=1, ..., m, generate A". Letb; =(a; 1, ...,
ain,ai1),i=1,...,m,andsetby+1=(0,...,0,1). Forany w= (wy, ..., w,) €
A" there is a noncommutative polynomial p(xy, ..., x,) with coefficients in R
such that w = p(ay, ..., ay). Then p(by, ..., by) = (w1, ..., Wy, wy). It follows
that b, 1 p(by, ..., by)=(,...,0,wy)and p(by,...,byu) —byur1pby, ..., by)
= (wy, ..., Wy, 0). Thus the algebra generated by by, ..., b4+ coincides with
A”'H. O

Corollary 2.15. Let A be an R-algebra. If gen,, (A, R) is finite then
r(ATEm AR Ry — 1.

We end this section with a discussion of an effective method of checking if
given elements generate an R-algebra A. The key observation is contained in the
following simple lemma:
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Lemma 2.16. Let A be an R-algebra generated as an R-module by elements

Ui, ..., Uy andletk > 1 be an integer. For every monomial M = M (xy, ..., X;) in
k noncommuting variables x1, . .., xj there are polynomials p" i (x1 Iseves Xkom) €
Rlxi 1, . xkml, j=1,...,m, such that the degree of each pM does not exceed

the degree of M and
m
M@, ...,a) =Y pMair, ... amu;

whenever a; ; € R satisfy a; = Z';’:l aj ju;.

Proof. There existelements ¢; j s € R, 1 <i, j, s <m,suchthatu;u; :ZTzl Ci,jslhs-
Note that these elements are not unique, unless A is a free R-module with basis
ui,...,uy (this is the case we are mainly interested in). We fix some choice of
elements ¢; ;¢ and call them the structure constants for A. Furthermore, choose
and fix r; € R, i = 1,...,m, such that 1 = > r;u;. We prove the lemma by
induction on the degree of M. If degree of M is O then M = 1 and we can choose
constant polynomials le = r;. Suppose that the lemma holds for all monomials
of degree less than n and let M be a monomial of degree n. Then M = Nx; for
some monomial N of degree n — 1 and some ¢ € {1, ..., k}. If q; = Z']’;l aj juj,
with aij € R, 1<i <k, then

m
M(al,...,ak)zN(al,...,ak)Zat,juj

m - m
= (Z pl@ii. ..., am,k)”i)(Z at,j”j)
j=1

i—l

m
= E E Pi (al | ) am,k)at,j E Ci,jsUs

s=1

m m

m
N
Z(Z > ..., am,k)at,jci,j,s>us

s=1 i=1 j=1
This proves that the polynomials

m

M
Dy :E ECstP,Xz,j, s=1,...,m,

i=1 j=
have the required properties. ([

Lemma 2.17. Let A be an R-algebra which is a free R-module with a basis
Ui, ...,un andletk>1 be an integer. There is a finite set T C R[x1 1, ..., Xk.m] Of
polynomials of degree not exceeding m? such that for any commutative R-algebra
S the following two conditions are equivalent:
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(i) The elements a; = 3_ja;j®@uj, 1 <i <k, of S®g A, where a; j € S,

generate S Qg A as an S-algebra.

(ii) The ideal of S generated by all the values f(ay, ..., akm), where f € T,
coincides with S.

Proof. Consider polynomials p;.” described in Lemma 2.16. It is clear that the same
polynomials (or rather their images in S[xy 1, ..., xg n]) work for the S algebra
S®r A and its generators 1Quy, ..., 1®u,,. Let Ml = M(x; ;) be the matrix whose
rows are labeled in some way by the monomials M of degree < m in noncommuting
variables xi, ..., xx, and whose row with label M is

M M
(pl (xl,la .. '7-xk,m)a L] Pm (-xl,lv LR »xk,m))-

The m x m minors of M are polynomials in R[xj 1, ..., Xk n] of degree < m?.

Consider the set T of all these minors. Consider elements a; = 27:1 ai,; Qu;
in S®gr A, where a; ; € S and 1 <i < k. Let B be the set of all elements of
the form M (ay, ..., ai), where M is a monomial of degree < m. By Lemmas 2.8
and 2.6, the elements ay, . .., a; generate S Qg A as an S-algebra if and only if for
every maximal ideal m of S, the image of the set B in S ®r A/m(S @ A) spans
the S/m-vector space S ®r A/m(S @ A). This is equivalent to saying that the
reduction modulo m of the matrix Jl(a; ;) has rank m, which in turn is equivalent
to the condition that at least one of the m x m minors of Jil(a; ;) does not belong to
m. Thus the set T' of all the m x m minors of /(x; ;) has the required property. [

3. The density of the set of ordered k-tuples which generate an algebra

The results of this section arose from our attempt to answer the following question:
what is the probability that k random elements of a ring A, whose additive group is
free of finite rank, generate A as a ring. Before we answer this question, we need
to make it more precise. We will discuss it in a slightly more general context.

Throughout this section K will be a number field of degree d over Q, with the
ring of integers Og. We work with an order R in K, that is, R is a subring of K
which is free of rank d as a Z-module. We fix an integral basis wy, ..., wy of R
over Z. Any element r of R can be uniquely written as r = ) r;w; with r; € Z.
For a positive integer N we denote by R(N) the set of all » € R such that |r;] < N
for all i. Clearly |R(N)| = 2N + 1)4.

Let A be an R-algebra which is free of finite rank m as an R-module. Fix a
basis ey, ..., e, of A over R. This choice allows us to identify A and R™. Using
this identification we define A(N) as R™(N), so |A(N)| = (2N + 1)4™. We define
the density deny (A) of the set of k£ generators of A as an R-algebra as follows.

|Geni(A) N A(N)¥|
(2N + 1)dmk

Definition 3.1. den;(A) = lim
N—o0



254 Rostyslav V. Kravchenko, Marcin Mazur and Bogdan V. Petrenko

At the moment it is not clear whether the limit on the right in the last formula
exists. We will show, however, that it exists and is independent of the choice of an
integral basis of R and the choice of a basis of A over R.

Consider a maximal ideal p of R. We denote by [, the field R/p and by N(p)
its cardinality. Recall that we say that elements ay, ..., a; of A generate A at p if
their images in A ®p [, generate A ®p Fp as an [Fp-algebra. Let gx(p, A) be the
cardinality of the set Gen;(A ®p Fp). In other words, gx(p, A) is the number of
k-tuples of elements of A @ [, which generate A ®g [y, as an Fy-algebra. It is
not hard to see that the density of the set Geny (p, A) of all k-tuples in A¥ which
generate A at p is

i |GeMk (. A) 0 AN gr(p, A)
1m = .
N— 00 (ZN + l)dmk N(p)mk

Note that by Lemma 2.6, a given k-tuple of elements of A generates it as an
R-algebra if and only if it generates A at p for every maximal ideal p of R. Suppose
now that the events “generate at p” are independent for different maximal ideals
(we use this notion in a very intuitive sense here, just to motivate our result). It
would mean that the probability that random k elements of A generate it as an
R-algebra is the product of the numbers g (p, A)/ N(p)"* over all maximal ideals
p of R. One of the main results of this section is a rigorous proof that this is indeed
true. In other words, we prove the following theorem.

Theorem 3.2. Let A be an R-algebra which is free of rank m as an R-module and
let k > 0 be an integer. For a maximal ideal p of R denote by gy (p, A) the number
of k-tuples of elements of A @g [, which generate A@g [y as an [Fp-algebra. Then

gk(va)
den(4)= ] == )
pem-Spec R N(p) ¢

This result establishes in particular the existence and independence of all the
choices of the limit defining the quantity deny (A).
We will derive Theorem 3.2 as a consequence of a more general result. To

this end consider the set T = {fi, ..., f;} of polynomials in R[xy 1, ..., Xk m]
established in Lemma 2.17 (under our choice of a basis of A over R). We identify
A* with the set R™* so that a tuple (ay, ..., ax) € A¥ corresponds to (a;, ;) € Rk

if and only if g; = ZT: 1 4, jej. Note that according to Lemma 2.17, the element
a = (aj) € Rk corresponds to a k-tuple in Geng(A) if and only if the ideal
of R generated by the elements fi(a),..., fy(a) coincides with R. Moreover, a
corresponds to a k-tuple which generates A at p if and only if f;(a) & p for some i.
It follows that g (p, A) = N(p)’"k — tp, where t,, is the number of solutions to
fi =---= fs = 0 over the finite field [,. It is clear now that Theorem 3.2 is a
consequence of the following result.



Smallest number of generators and the probability of generating an algebra 255

Theorem 3.3. Let R be an order in a number field K and let T = {f1, ..., fs} C
R[x1, ..., x,] be a finite set of polynomials. Define

S=S(T)={x=(x1,...,x,) € R": the ideal generated by f1(x), ..., fs(x) is R}.

For each maximal ideal p of R let t, be the number of solutions to fi=---= f; =0
over the finite field F, = R/p. For a positive integer N let Sy = Sy(T) ={x € §:
x; € R(N),i=1,2,...,n}. Then

. ISvl b
gt 11 0wor) ®

pem-Spec R

A proof of Theorem 3.3 is given in the next section. Note that fors =2, R=17,
and polynomials f; and f, that do not have a nonconstant common factor this
result was proved in [Poonen 2003] in a slightly more general form (there the limit
is taken over boxes whose sides all increase to infinity; here we only deal with boxes
which are cubes). Poonen’s result was inspired by [Ekedahl 1991], where a similar
result has been established. Arnold [2009] considers the set of pairs of relatively
prime integers as a subset of Z2 and proves that its density can be computed by
using sets of the form nG, where G is any polygon (so our case corresponds to G
being the square |x| < 1, |y| < 1). He calls subsets of 7? (or, more generally, of
Z7") which have this property uniformly distributed. In a subsequent paper we will
discuss uniform distribution of sets of the type S(7').

We end this section with an application of our theorems.

3A. The probability that k random elements generate the group 7". In his work
on generic properties of one-relator groups Ilya Kapovich was led to the following
question: what is the probability that several randomly chosen elements generate
the group Z". Even though there is a fairly simple heuristic argument which leads
to an answer, neither Kapovich nor we have been able to find a reference containing
a proof. The techniques developed in this paper allow us, in particular, to give a
rigorous answer to Kapovich’s question. The key observation is contained in the
following lemma.

Lemma 3.4. Let V be an n-dimensional vector space over the finite field F,. The
number oy, = Qm.n(q) of m-tuples of elements in V that span V is equal to
2o @" —a".

Proof. For m < n the formula is obviously true as it yields 0 and there are no
m-tuples which span V. The number o, , equals the number of bases of V, which
is well known to be equal to |GL,(F,)| = ]_[?:_01 (¢" — g"). This establishes the
result for m = n. Note now that vy, ..., v, span V if and only if the images of
V2, ..., Uy in V/{(v1) span V/(v). Given v € V, we count the number of m-tuples
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which span V and start with vy = v. If v = O this number is clearly o,—1,,. If
v # 0, then there are o,_1 ,—1 (m — 1)-tuples which span V /(v) and each such
tuple lifts to g”~! (m — 1)-tuples from V. Thus we get ¢" 'ty _1.,_1 m-tuples
which span V and start at v. Since there are ¢ — 1 nonzero elements in V, we get
the following recursive formula:

-1
Umon = Om—1,n +6]m (qn - 1)O‘m—l,n—l-

The recursive formula and a straightforward induction on m +n finish the proof. [J

Theorem 3.5. Let R be an order in a number field. Define
@)= J] a—IR/pI™

pem-Spec(R)
For any k > n the density of the set of k-tuples that generate the R-module R" is

equal to .

[ cm~".

m=k—n+1

Proof. Consider R" as an R-algebra with trivial multiplication and let A be obtained
from R" by the construction of adjunction of unity (in the category of R-algebras).
By Lemma 2.3 we see that the density of the set of k-tuples which generate the
R-module R" is the same as the density denk (A) of the set of k-tuples which gener-
ate the R-algebra A. By Lemmas 2.3 and 2.4, we have gx(p, A) = N(p)kozk,,,(N(p)).
By Theorem 3.2 and Lemma 3.4 we obtain the formula

k

"o (N(F — N(p)!
deni(A) =[] Hl—o(léf:’)nk ®) _ [T e O

pem-Spec R m=k—n+1

The answer to Ilya Kapovich’s question is therefore given by the following
corollary.

Corollary 3.6. The probability that k randomly chosen elements generate the group
7" is equal to ]—[ﬁq:k_n +1£(m)”!, where ¢ is the Riemann zeta function.

This corollary can also be derived directly from Theorem 3.3.

4. Proof of Theorem 3.3

Let us start by recalling some of the notation set down in the previous section.
R is an order in a number field K. The degree of K over Q is d and Ok is the
ring of integers of K (that is, the integral closure of R in K). We fix an integral
basis wy, ..., wy of R over Z. Any element r of R can be uniquely written as
r= Zflzl riw; with r; € Z. For a positive integer N we denote by R(N) the set
of all r € R such that |r;| < N for all i. Clearly |R(N)| = 2N + 1)¢. The norm
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map from K to @ is denoted by Ng . For an ideal I of R we set Ng,q(I) for
the nonnegative integer which is the greatest common divisor of the norms of all
elements in /. We write N(/) for the cardinality of R/I. If p is a maximal ideal
of R then we write [y, for the field R /p.

The following lemma is well known but for the readers convenience we include
a short proof.

Lemma 4.1. Let F be a finite field with q elements and let f(x1,...,x,) be a
nonzero polynomial in Flxy, ..., x,]. Then the number of solutions of the equation
f(x1,...,x,) =0in F" does not exceed (deg f)q" .

Proof. We proceed by induction on n. For n = 1 this is just the statement that a
polynomial f in one variable over a field has at most deg f roots. Suppose now that
the result holds for polynomials in less than n variables and let f(xi,...,x,) =
Zflzo fi(x1, ..., x,—1)x} be a polynomial in n variables with f; # 0. By the
inductive assumption, the number of solutions to f; = 0 in F"* does not exceed
(deg fy) - ¢" % - q = (deg f4)g"~'. For each (ay,...,a,—1) € F* ! such that
falay, ..., an—1) # 0 there are at most d solutions to f(ay,...,an—1,%x,) = 0.
Thus we have at most (deg f;)q" ! +dq"~' < (deg f)q" ' solutions to f =0. [J

Proposition 4.2. Let f(x1, ..., x,) € Z[xy1, ..., X,] be a nonzero polynomial. Set
Z(fuN)={(x1,....x,) €Z" : |x;| <N and f(x1, ..., x,) =0}.
Then | Z(f, N)| < (deg f)(2N +1)"".

Proof. We proceed by induction on n. For n = 1 the result is straightforward.
Now assume the results for polynomials in less than n variables and consider a
polynomial f(xy,...,x,) = Zf’l:o filxg, ..., x,,_l)x;l in n variables with f; # 0.
By the inductive assumption, the number of elements in Z( f, N) for which f; =0
does not exceed (deg fy) - 2N + 1)*=2. (2N +1). For each (ay, ..., a,_;) such

that f;(ay, ..., a,—1) # 0 there are at most d solutions to f(ay, ..., a,—1, x,) =0.
Thus we have at most (deg f;) 2N +1)""'+d(2N +1)""! < (deg f)(2N +1)""!
elements in Z(f, N). O

Corollary 4.3. Let f € R[x1, ..., x,] be a polynomial of positive degree deg f > 0.
For a nonzero ideal J of R define

I(f,J,N)={(x1,...,x) e RIN)" : J C f(x1,...,xn)R}.

Then |1(f, J, N)| < 8(J)d(deg f)(2N + 1)~ where §(J) is the number of in-
tegral divisors of the norm Nk o (J).
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Proof. Write x; =Y I_, yi jw;. If J € f(x1,....x,)R then Ng o(f (x1.. ... X))
divides Nk /o (J). There is a polynomial g(y; ;) € Z[y1,1, ¥1,2, - - - » Yn,a] Of degree
(deg f)d in dn variables such that

N ja(f G, ... x0) =80, )

The result follows now from Proposition 4.2 applied to each of the polynomials
g — k, where k varies over all divisors of Ng ,q(J). [l

Theorem 4.4. Let f € R[xy, ..., x,] be a polynomial of positive degree. For each
maximal ideal p of R let f, be the number of solutions to f = 0 over the finite
field Fy. Then the series ) fp/N(p)" diverges.
pem-Spec R

Proof. Replacing R by Og changes only a finite number of terms in the sum
Zp fo/ N(p)". It suffices then to prove the theorem under the additional assump-
tion that R = Og.

Let L be a number field containing K, with ring of integers S, and such that
f has an absolutely irreducible divisor g € S[x1, ..., x,] of positive degree (so
f/g € LIx1, ..., x,]). It is known that the reduction of g modulo all but a finite
number of prime ideals of S is absolutely irreducible (see [Schmidt 1976, V.2]).
For a maximal ideal P of S let gp be the number of solutions to g =0 in (S/P)".
By [Schmidt 1976, V, Theorem 5A], we have

gp > 31S/PI" = 1N(P)"!

provided the reduction of g modulo P is absolutely irreducible and N(P) is suffi-
ciently large, which holds for all but a finite number of maximal ideals of S.

Let ® be the set of maximal ideals of S which have inertia degree one over R
and let W be the set of all prime ideals of R which lie under the ideals of ®. Let
P € ® be a prime ideal of S over p € W. Then §/P = F,. It follows that f, > gp
except possibly for a finite number of P for which f/g is not P-integral. Since
each maximal ideal of R lies under at most [L : K] prime ideals of S we get that

2

pem-Spec R

=3 Nor IR o NG T AL R NG
N(p)” [L : K] N(P)" = 2[L = K] = N(P)

pev
N(P)>>0 N(P)>0

(P)”

It is well known that the set ® has Dirichlet density equal to 1 [Narkiewicz 1990,
7.2, Corollary 3]; in particular ) p_4 1/ N(P) diverges. ([

Corollary 4.5. Under the assumptions of Theorem 3.3, if the polynomials in T
have a common divisor of positive degree in K[x1, ..., x,] then both sides of (3)
are 0. In particular, Theorem 3.3 is true in this case.
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Proof. Let f € R[x1,...,x,] be a polynomial of positive degree which divides
all f; in the ring K[xy, ..., x,]. There is a nonzero @ in R such that af;/f is in
Rlxy, ..., x,] forall i. It follows that Sy (T) € I(f,aR, N). By Corollary 4.3,

ISvl _1(f;aR, N)| _ é(aR)d(deg f)
Q2N+ 1dn = @2N+1)dn — 2N +1
so the left-hand side of (3) is O.
For any maximal ideal p of R which does not divide a we have 7, > f;. It

follows from Theorem 4.4 that Zp em-spec & fp/ N(p)" diverges. This is equivalent
to the right-hand side of (3) being 0. ([

’

Lemma 4.6. Let p be a maximal ideal of R with N(p) = p°, where p is the char-
acteristic of Fy. Then any element of [y lifts to at most (2N + D4=$(14+2N/p)*
elements in R(N).

Proof. We may assume (after renumbering, if necessary) that wy, ..., wy is a basis
of [, over [F,. Consider a residue class a € [F,. To get an element Zle yiw; € R(N)
in the given residue class a we may choose arbitrarily integers ysy1,..., yg in
[N, N] and then the residue classes of yi, ..., y; modulo p are uniquely deter-
mined. Thus each y;, i <s, can be chosen in at most 1 +2N/p ways. ([l

Lemmad.7. Let f € R[x1,...,x4—1], & =g0x£—|—- --+gr € R[x1, ..., x,], where

80,...,8 € Rlx1, ..., xy—1] and gy # 0. Consider the set
D(N) = {(xl, e Xn) € RIN)Y: f(x1, ..., Xn_1) # 0 and there exists
a maximal ideal p with N(p) > N and such that f(x1, ..., X,—1) € P,

g(x1, ..., xy) €p, and go(x1, ..., X—1) € P
Then there is a constant ¢ such that |D(N)| < ¢(2N + 1)@n—1 forall N.

Proof. There are positive integers w and c; such that

Nk f(x1, ..., xp—1)| <cINY,

forany N >1andany x; e R(N),i=1,...,n—1.If N>cyand f(x1,...,x,-1)
is nonzero, then f(xy, ..., x,—1) belongs to at most w maximal ideals p such that
N(p) > N. In fact, if there were more than w maximal ideals in R with norm
exceeding N which contain f(xy, ..., x,—1) then f(xy,...,x,—1) would belong
to at least w 4+ 1 maximal ideals of O of norm exceeding N and this would imply
that [Ng /o f(x1, ..., Xs—1)| > N*+1 which is not possible. Let

G(IN,p) = {(x1, ..., x0=1) € RN)" "t fx1, ..., x01) €p— {0}

Thus, if N > ¢ and (x1, ..., x,—1) € R(N)""!, then there are at most w maximal
ideals p such that N(p) > N and (x1,...,x,—1) € G(N,p). Let N > ¢;. Fix a
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point (x1, ..., X,—1) € R(N)*~! and let p be a maximal ideal such that N(p) > N
and (x1,...,x,-1) € G(N,p). We want to find an upper bound for the number
of x, € R(N) such that g(xq, ..., x,) € p and go(xy, ..., x,—1) € p. All such x,
split into at most k residue classes modulo p (which correspond to the roots of
g(x1, ..., xp—1,x) =01in [y). Let N(p) = p*, where p = char F},. By Lemma 4.6,
the number of x, € R(N) which belong to a given residue class modulo p is at
most

2N + D)7 max(2, 22N + 1)/p)’ <max(2°2N + 1)*~*, 2°2N + 1)*/p*)
<3.2°. 2N +1)¢!

(we have used the inequalities 1 +2N/p < max(2,2(2N +1)/p) and p* > N >
(2N 4 1)/3). It follows that there are at most w -k -3 - 22N + 1)?-1 values of
X, € R(N) such that (xq,...,x,) € D(N). Hence, if N > ¢y, then

ID(N)| < 2N 4+ D4 Dy k3.2 2N+ D) <c@N 4+ 1)1,

where ¢ = 3 -2° - w - k. We can increase c if necessary so that the inequality

ID(N)| < c(2N + 1)¥*~! holds for all N. O
Lemma 4.8. Let f be a nonzero polynomial in R[x, ..., x,—1] and let

g =goxk 4+ +gk € R[xi, ..., x],
where go, ..., gk € R[x1, ..., xn—1], 80 # 0. For a maximal ideal p of R consider
the set

Dp(N) ={(x1,...,x,) € RIN)" : f(x1,...,X4—1) €D,
g('xl’ .. -a-xl’l) e p’ andgo('xl’ .. "xn_l) gp}'
Then, if N(p) < N and the reduction of f modulo p is not zero, we have
|Dp(N)| < 2" (deg f)k2N +1)"'/N(p)*.

Proof. The image Z,, of Dy(N) in [ consists of (some) solutions to f =0=g in[F}
(we use the same notation for a polynomial and its reduction modulo p). Now f =0
has at most (deg f) N(p)”_2 solutions in [F’[’,_1 (Lemma 4.1) and each such solution
extends to at most k solutions of g =0, go #0in Fy. Thus |Zy| < (deg )k N(p)"—2.
Each element of Z,, lifts to no more that [(2N + D=5(1 42N /p)°]" elements of
Dy(N) by Lemma 4.6, where N(p) = p*. Thus

|Dp(N)| < (deg f)kN(p)"*[(2N + 1) (1+2N/p)*T"
< (deg HKN(P)" 22N + 1)"“"I[2° 2N + 1)*/p*]"
<2"(deg f)kN(p)">(2N +1)"*/N(p)"
=2"(deg f)k(2N + 1)/ N(p)>. a



Smallest number of generators and the probability of generating an algebra 261

Proposition 4.9. Let f, g € R[x1, ..., x,] be polynomials which are relatively
prime as polynomials in K[x1, ..., x,]. Define
Wy =Wy(f,g)={r=C(1,...,r,) € R": there is a maximal ideal p of R,

with N(p) > M and such that f(r) € p and g(r) € p}.

There is a constant ¢ > O such that

2N +1)™
Wy ARV = e 2D

for any integers N > M > 1.

Proof. We use induction on the number n of variables. Note that if f and g are
polynomials in n variables for which the result holds, then it also holds for f and
g considered as polynomials in n 4 1 variables. When n = 0 the result is clear.
Suppose the result is true for less than n» > 1 variables. Consider two relatively
prime (in K[xy, ..., x,]) polynomials f, g € R[xy, ..., x,].

The first step is to establish the proposition under the additional assumption
that f is irreducible in K[xy, ..., x,] and does not depend on x, (that is, f is in
Rlxy, ..., xy—1]). Let g = gox,li +--- 4 gk, where go, ..., gk € R[x1, ..., x4—11],
go # 0. We fix f and proceed by induction on the degree k of g in x,,. If k =0
then g € R[xy, ..., x,—1] and the result follows by our inductive assumption that
the proposition holds for polynomials in n — 1 variables. Suppose that k > 0 and
the result holds for all polynomials g whose degree in x,, is less than k (and which
are relatively prime to f). We may write ag = [ [ h; for some nonzero a in R and
polynomials #; € R[xy, ..., x,] which are irreducible in K [x1, ..., x,]. Note that
Wy (f, 8) €U Wy (f, h;). Thus, if we show the proposition for each pair f, h;,
then it will also hold for the pair f, g. In other words, we may assume that g is
irreducible in K[xq,...,x,]. If f|goin K[xy, ..., x,—1], then there is a nonzero
u € R such that f|ugg in R[x1, ..., x,—1]. It follows that

Wi (f, 8) € Wi (f, u(g — gox¥))

for all M. Since u(g — gox,’f) has degree in x,, smaller than k, the result holds for
fu(g— gox,’f) by our inductive assumption and therefore it also holds for the pair

f, g. Thus we may assume that f does not divide g¢ in K[x1, ..., x,—1]. Since f

is irreducible, f and g¢ are relatively prime in K[x1,...,x,—1]. For N > M we

have

W (f, @) NR(N)" S (W (f, g0) NR(N)HUZ(f, NYUD(N)U U Dy(N),
p:M<N(p)<N

where

Z(f,N)={r=(r1,....ra) € RIN)": f(r) =0},



262 Rostyslav V. Kravchenko, Marcin Mazur and Bogdan V. Petrenko

D(N) = {r € R(N)" : there is a maximal ideal p such that N(p) > N,
f@) €p—{0}, g(r) € p, and go(r) & p},

Dp(N) ={re R(N)": f(r) €p, g(r) €p, go(r) & p}.
By our inductive assumption that the proposition holds for polynomials in n — 1
variables, there is ¢; > 0 such that |[Wy(f, go) N R(N)"| < ci(2N + 1)%" /M for
any integers N > M > 1. Note that if f(r) =0 then (f — 1)(r)R = R. It follows
by Corollary 4.3 applied to the polynomial f — 1 and the ideal J = R that

(2N + 1)dn
O————

M

for some ¢, > 0 and all N > M > 1. Lemma 4.7 assures the existence of ¢3 > 0
such that [D(N)| < c3(2N 4+ 1)%~1 < ¢3(2N + 1)?" /M. Finally, by Lemma 4.8,
there are constants ¢4 > 0, ¢5 > 0 such that

|Z(f, N)| < 8(R)d(deg f)(2N + 1)*~! <

; (2N + 1)

U Dol= 3 IpWls 30 2des Ha
p:M<N(p)<N p:M<N(p)<N p:M <N(p)<N p

_ 1 (N + 1)

<cyN +1)™ N(p) 2 <cs@N+1)"d Y — <es— .
Sa@N+D™ Y0 N®T?=a@N+1D"d Y — <o

p:M <N(p) m>M

It follows that |Wy, (f, )N R(N)"| <c(2N + 1)”d/M, where c = c¢;+ ¢y +c3+c¢s.
This completes our first step, that is, establishes the proposition under the additional
assumption that f is irreducible in K[xy, ..., x,] and does not depend on x,,.

Our second step is to prove the proposition when both f and g are irreducible
in K[xy,...,x,]. Consider f and g as polynomials in x, with coefficients in
Rlxy, ..., x,—1]. If one of these polynomials does not depend on x,,, the proposi-
tion holds by our first step. Suppose that the degrees with respect to x, of both f
and g are positive. Let r = Res(f, g) be the resultant of f and g, so r is a nonzero
polynomial in R[xy,...,x,—1]. Recall that r = af + bg for some polynomials
a,b € R[xy, ..., x,] (see [Cox et al. 2005, §3.1] for a nice account of properties
of resultants). It follows that Wy (f, g) € Wy (f,r) N Wy (g, r). Since f and
g are irreducible, g and r have no common factor in K[xy, ..., x,] (otherwise g
would not depend on x,). We may write ar = [[r;, where r; € R[xy, ..., x,—1]
are irreducible in K[xi,...,x,—1] and a € R is nonzero. Clearly Wy (f, g) C
Wy (r, g) € U Wu(ri, g). Since the proposition holds for each pair r;, g by the
first step, it also holds for the pair f, g.

Finally, without any additional assumptions, we may write af =[] fi, bg =
[]gi, where fi. & € Rlx1,...,x,] are irreducible in K[xi,...,x,] and a,b €
R — {0}. Clearly Wy (f, g) € | Wu(f:, g;)- Since the result holds for each pair
fi, g, it also holds for f, g. ([l
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Corollary 4.10. Let T={f1, ..., fs} be a finite set of polynomials in R[xy, ..., x,]
which do not have any common nonconstant divisor in K[xy, ..., x,]. Define

Wy =Wyu(T)={r=(r,...,r,) € R": there is a maximal ideal p of R
with N(p) > M and such that f(r) € p for every f € T}.

There is a constant ¢ > 0 such that |Wy N R(N)"| < ¢2N + 1) /M for any
integers N > M > 1.

Proof. We may write d; f; =[] fi. j» where f; ; € R[xy, ..., x,] are irreducible in
K|[x1,...,x,] and d; € R are nonzero. Then

Wyu C U Wu(f, &),

where the union is over all pairs f, g such that f and g are among the polynomials
fi,; and are relatively prime. Thus the result follows by Proposition 4.9. ([

Corollary 4.10 is the main ingredient in our proof of Theorem 3.3. In fact, the
proof now reduces to a fairly straightforward application of the inclusion-exclusion
formula and the Chinese remainder theorem. For the benefit of the reader we
provide a detailed argument.

Lemma 4.11. Let I be a nonzero ideal of R. If m is a positive integer such that
mR C I then

(2N —m)4 (2N +m)?
— < DNR(N)| < ————
N() <@+ I)NR(N)| < NG
forany a € R and any N such that 2N > m.

Proof. The ideal I is a union of m?/N(I) cosets of mR. Thus any coset of I is
also a union of m?/N(I) cosets of mR. Any coset H of mR is of the form

d
> ajw; +mR,
i=1

where 0 < a; < m. The elements of H N R(N) are exactly those of the form
Zle(ai +mb;)w; with |a; +mb;| < N. Thus (=N —a;)/m <b; < (N —a;)/m.
Recall now that an interval of length / has at least / — 1 and at most / 4 1 integers
in it. It follows that QN /m — )¢ <|HNR(N)| < 2N /m + 4. Sincea+ 1 isa
disjoint union of m¢/N(I) cosets of mR, the result follows. O

Lemma 4.12. Let [ be a nonzero ideal of R. If V is a subset of (R/I)" and V (N)
is the set of elements of R(N)" whose image in (R/I)" belongs to V then
[V(N)I VI
im = .
N—oo 2N +1)"d  N(I)"
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Proof. Since both sides of the equality are additive for disjoint unions, it suffices
to prove the lemma for sets V which contain only one element. In this case, there
are cosetsa; + 1, ..., a, + I of I such that

V(N)=((a1 + DN R(N)) x -+ x ((an + 1) N R(N)).
There is a positive integer m such that mR € I. By Lemma 4.11, we have

2N — dn 2N dn
@N —m)™ <|V(N)| < @N +m)™
N(I)" N(7)"
provided 2N > m. Dividing by (2N + 1)¢" and passing to the limit when N — oo,
we get the result. (]

Proof of Theorem 3.3. If the polynomials in 7 have a common divisor in K [x, ...,
xn] the theorem holds by Corollary 4.5. Thus we may assume that elements of 7’

do not have any common nonconstant divisor in K [x, ..., x,]. For a prime ideal
p of R define
Dy={r=(r1,...,r,) € R": f(r) epforevery f € T}.

Let ® be a finite set of maximal ideals of R. For any subset ¥ of ® we denote by
I (W) the intersection of all the ideals in W. Note that

Dy = ﬂ Dy={r=(r1,...,r,) € R": f(r) € I(¥) for every f € T}.
pevw

Let Vy be the image of Dy in (R/I(W))". Thus Vy is simply the set of all com-
mon zeros in (R/I(WV))" of the polynomials in 7. By the Chinese remainder
theorem, we have R/I (V) = Hpe\ll R/p and under this identification we have
Vo =[1pcy V- It follows that |Vy| = [],cy #p- Applying Lemma 4.12 to the set
Vy and observing that Vi (N) = Dy N R(N)" we get

. |Dq,ﬂR(N)"|: [Tpew to =1—[ Ip
Nooo N +1d NUW)) o Ny

Let Wg be the complement of the union Upeq, Dy in R". The inclusion-exclusion
principle yields the following formula:

[Wo NR(N)"| =Y (=D!"![Dy NR(NY"|
vCo
(where Dg = R"™), from which we immediately conclude that

- IWeNRWNY'| b (_ tp )
Jim e = 2OV T g =T -1 )

vco pev ped
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Suppose now that @ is the set of all prime ideals of norm < M. Note that
S(T) S Wo € S(T)U Wy (T),
where Wy, (T) is defined in Corollary 4.10 and S(7') in Theorem 3.3. Thus
[Wo NR(N)"| = [Wu(T)NR(N)"| < [S(T)NR(N)"| < [Wo N R(N)"|.
Note that Corollary 4.10 implies that

Wu(T)N R(N)" Wu(T) N R(N)"
Ofllivminf| m(T) N R( )|<hmsup| m(T) N R(N)"|

—oo 2N+D" T N N+ D

IA

<
R
This yields

t S(T)NR(N)"
[T (-3 _ £ fimipp S ORIV

N(p)" M ~ N5oco (2N +1)dn

p:N(p) <M
S(T)N R(N)" t
N—o00 ( + ) PN <M (p)

Letting M go to infinity we see that

T)NR(N)"
lim —|S(2) 1(dn) I I1 (1— Nt‘“ > O
N=oo ( N+ ) pem-Spec R (p)

5. The smallest number of generators

Let us return to our discussion of generators of algebras. We first show an appli-
cation of Theorem 3.2. Let A be an algebra over a commutative ring R, which is
finitely generated as an R-module.

Definition 5.1. We denote by r =r(A) =r (A, R) the smallest number of elements
which are needed to generate A as an R-algebra.
For a prime ideal p of R define

rp=rp(A) =r(A®rk(p). k(p)),
where « (p) = Rp/pRy, is the field of fractions of R/p.

Note that r, is the smallest number of generators of A, as an Ry-algebra by
Lemma 2.6. Clearly r, < r for every p € Spec R and r, < rq whenever p C q by
Corollary 2.11. The first main result of this section is the following theorem.

Theorem 5.2. Let R be an order in a number field K and let A be an R-algebra
which is free as an R-module. Suppose that k > ry, for all prime ideals p of R and
k> 1+4rg. Thendeny(A) > 0. In particular, k > r.
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Our proof of Theorem 5.2 will use the following nice result, often called the
Loomis—Whitney inequality [Loomis and Whitney 1949].

Lemma 5.3. Let T be a finite set, D a subset of T*, and let D; be the projection of
D to T*" along the i-th coordinate. Then |D|*~! < [TiZ1Dil.

As a corollary we get the following lemma.

Lemma 5.4. Let [ be a finite field with q elements. Suppose that an m-dimensional
F-algebra A can be generated by r elements as an F-algebra. For k > r let ng,
be the number of k-tuples in A* which do not generate A as an F-algebra. Then
ng, < m? /" gk =kI" for any k > r.

Proof. Let D(k) € A¥ be the set of all k-tuples which do not generate A as an
F-algebra. For each i the projection D(k); € AK~! of D (k) along the i-th coordinate
is contained in D(k—1). By the Loomis—Whitney inequality (Lemma 5.3) we have

k=1 k
ng, ~=ng,_;.

A straightforward induction yields now the inequality
ng <ng/"

The set D(r) is contained in the set of all zeros of some nonzero polynomial of
degree < m? in rm variables by Lemma 2.17. It follows that |D(r)| = ng, <
m?q™ ! by Lemma 4.1. Consequently,

ng, < ngk/r 2k/qum—k/r‘ O

Proof of Theorem 5.2. Recall that by Theorem 3.2 we have

gk(p, A)
deni(A)= [ Lo
pem-Spec R N(]J)

where m is the rank of the free R-module A. Since k > ry,, we see that gi(p, A) >0
for all maximal ideals p. It suffices therefore to show that

l—[ 8 (p, A)

NOZ.

where the product is over all maximal ideals with sufficiently large norm. Since
the set of all prime ideals p of R such that r, = r¢ is open and contains the zero
ideal, we have rp, = ro for all but a finite number of maximal ideals p. Since

k > ro+ 1, Lemma 5.4 implies that g (p, A) > N(p)*" — m?*/70 N(p)km—*/r0 for
every p € m-Spec R such that rg = ry. It follows that

P A mHm
NGp)™ = N




Smallest number of generators and the probability of generating an algebra 267

for all but a finite number of maximal ideals p. It suffices therefore to show that

| m2k/ro .
[T = xgym ) > ©

where the product is over all maximal ideals with sufficiently large norm. This in
turn is equivalent to showing that the series

m2k/ o

k/r
pem-Spec R N(p) ’

converges, which is indeed true since k/rg > 1. ([
As an immediate corollary of Theorem 5.2 we get the following.

Theorem 5.5. Let R be an order in a number field K and let A be an R-algebra
which is free as an R-module. If ro < ry for some maximal ideal p of R then
r=max{rp:p € m-Spec R}. If ro =ryp for all maximal ideals p then ro <r < 1+ry.

A special case of Theorem 5.5 when R = Z was shown to us by H. W. Lenstra
(private communication, 2007). His proof of this result is purely algebraic and does
not provide any way to handle the ambiguity for » when ro = r, for all maximal
ideals p. It is known that in this case both » = ry and r = rg + 1 are possible. For
example, there are infinitely many number fields in which the ring of integers A
considered as a Z-algebra has r, =1 for all prime ideals p but r = 2. As an explicit
example one can take the ring of integers in the cubic field Q(+/198) [Pleasants
1974, p. 167]. Later, we will see examples where den,,(A) > 0, hence r =r, even
though we are unable to find generators.

Question 5.6. Let R be an order in a number field. Suppose that A is an R-algebra
which is finitely generated and projective as an R-module. The right-hand side of
the formula in Theorem 3.2 makes perfect sense for A and we will continue to
denote it by deny A. Is it true that if deny A > O then A can be generated by k
elements as an R-algebra? We believe that the answer is positive. Perhaps there is
a notion of density in this case which makes Theorem 3.2 valid?

We have the following generalization of the original result of Lenstra.

Theorem 5.7. Let R be a commutative ring of dimension <1 such that m-Spec R
is Noetherian and let A be an R-algebra finitely generated as an R-module. Let h
be the smallest nonnegative integer such that h > ry, for all but a finite number of
maximal ideals p of R. Suppose that k > ry, for all maximal ideals p and k > 1+ h.
Then A can be generated by k elements as an R-algebra.

Proof. Since m-Spec R is Noetherian, it has a finite number of irreducible compo-
nents. Note that if an irreducible component of m-Spec R is finite then it consists
of a single maximal ideal. Otherwise it contains infinitely many maximal ideals
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and the intersection of all these ideals is a prime ideal which we call the generic
ideal of the component. Let 7" be the set of all prime ideals which are generic
ideals of some infinite irreducible component of m-Spec R. Thus 7 is a finite set
of minimal prime ideals of R (it can be empty). Note that if p € T then rp, <r for
any maximal ideal ¢ containing p and the equality holds for all but a finite number
of such maximal ideals by Corollary 2.11. It follows that 7 = max{ry : p € T'}. For
each prime p € T choose a maximal ideal q 2 p such that r, = r4 and denote this
set of chosen maximal ideals by M.

We call a sequence ay, ..., a,, of elements of A M-generic if it generates A at
p for every p € M. Note that an M-generic sequence generates A at p for all but a
finite number of maximal ideals p. We claim that there is an M-generic sequence of
length 4. Indeed, for each q € M there are / elements in A which generate A at g.

By the Chinese remainder theorem for modules, we may find elements ay, ..., ap
in A which generate A at q forall q € M. Thus ay, ..., a, is M-generic.

We will now show that for every i <h there is an M-generic sequence by, ..., by,
such that for every maximal ideal ¢ the elements by, ..., b; can be completed to

a set of k elements which generate A at gq. Our argument is by induction on i. It
is clearly true for i = 0 (any M-generic sequence of length 4 works). Suppose
that by, ..., by is a generic sequence which works for some i. We seek a generic
sequence working for i 4+ 1 which is of the form by, ..., b;, b, by, ..., b, for
some b € A. Note that if b is such that b — b;;1 € qA for all ¢ € M then
bi,...,bi,b,biys, ..., by is M-generic. Also, there is a finite set W of maximal
ideals, disjoint from M, such that for any maximal ideal g ¢ W and any b € A, the
sequence by, ..., b;,b,b;11, ..., b, generates A at q. Since k > h, forany q ¢ W
and any b € A, the elements by, ..., b;, b can be completed to a set of k elements
which generate A at g. So in our choice of b we only need to worry about maximal
ideals in W. For every q € W there is by € A such that by, ..., b;, bq extends to
a set of k elements which generate A at q. By the Chinese remainder theorem
for modules, we may choose b € A such that b — b; | € qA for all ¢ € M and
b—bq € qA for all g € W. For any such b the sequence by, ..., b;, b, b2, ..., by
has the required properties for i + 1.

Letay, ..., a, be an M-generic sequence good for i = h. Thus, for any maximal
ideal g outside some finite set U the elements ay, ..., a; generate A at q. For each
q € U, there are elements a,4+1(q), ..., ar(q) in A such that ay, ..., an, ap+1(q),
..., ar(q) generate A at g. By the Chinese remainder theorem for modules, there
are elements a4, ...,a; in A such that a; —a;(q) € qA for all q € U and all
i=h+1,...,k. Thus the elements ay, ..., a; generate A at q for every maximal
ideal g, hence they generate A as an R-algebra by Lemma 2.6. ]

The reader familiar with the results of Forster and Swan on the number of
generators of modules over Noetherian commutative rings should recognize the
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similarities between Theorem 5.7 and Swan’s theorem [Matsumura 1986, Theo-
rem 5.8]. Unlike the result of Swan, Theorem 5.7 only treats the case of rings
of dimension < 1. So far we have not been able to get similar results for rings
of higher dimension but we believe that the following conjectural generalization
should be true. In order to state it we need to recall briefly some notions (see
[Matsumura 1986, p. 35-37] for more details). We denote by j-Spec R the subspace
of Spec R which consists of those prime ideals which are intersections of some set
of maximal ideals of R. We assume that m-Spec R is a Noetherian space. It turns
out that this is equivalent to j-Spec R being Noetherian, and then both spaces have
the same combinatorial dimension. When p € j-Spec R, we write j-dim p for the
combinatorial dimension of the closure of {p} in j-Spec R. For p € j-Spec R define

b(p,A)=4. .
j-dimp +ry(A) if Ay #0.

Conjecture 5.8. Suppose that R is a commutative ring such that m-Spec R is a
Noetherian space. Let A be an R-algebra finitely generated as an R-module. If
sup{b(p, A) : p € m-Spec R} =n < oo then A can be generated as an R-algebra
by n elements.

6. Generators of matrix algebras over finite fields

It is clear from the results of Section 3 that the key step towards understanding
the smallest number of generators of an algebra over a commutative ring is to
handle the case of algebras over fields. Among the finite-dimensional algebras over
fields the best understood class is the class of separable algebras. It was proved in
[Mazur and Petrenko 2009] that any separable algebra over an infinite field is two-
generated. This is no longer true over finite fields. In this case, separable algebras
coincide with finite products of matrix algebras.

By Proposition 2.12, understanding the structure of generators of a semisimple
F-algebra reduces to algebras of the form A™, where A is a simple F-algebra. We
have the following result:

Theorem 6.1. Let F be a field, A a finite-dimensional simple F-algebra, and
k, m, n positive integers. Then k elements of A™, say ay = (aii, ..., aim), ---,
ar = (ag1, ..., awn), generate A™ as an F-algebra if and only if the following two
conditions are satisfied:

(1) Foranyi =1, ...,m, the elements ay;, ..., ay; generate A as an F-algebra.

(2) There does not exist a pair of different indices i, j for which there is an auto-
morphism V of the F-algebra A such that

ay; =V(a;), ..., ak = V().
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Proof. Let B denote the subalgebra of A™ generated by ay, ..., a;. Recall that
there is a unique (up to isomorphism) simple A-module M and it is faithful. Let
M; be the pull-back of M via the projection r; : B — A on the i-th coordinate. Thus
M; is a B-module which coincides with M as an F-vector space, and for b € B
and m € M; = M we have bm = m;(b)m. Since 7; is surjective by (1), each M; is
a simple B module. We claim that these B-modules are pairwise nonisomorphic.
Indeed, suppose that for some i # j the B-modules M; and M are isomorphic and
let & : M; — M be an isomorphism of these B-modules. For any a € A there is
b € B such that 7r; (b) =a. Set W (a) = m;(b). We claim that W is well-defined and
an automorphism of the F-algebra A. Indeed, if b1 € B is another element such that
7;(b1) = a then for any m € M; we have bm = bym. Applying ® to this equality,
we see that b®(m) = by P (m) for any m € M;. Since @ is an isomorphism, we
conclude that bn =bn forany n € M;, thatis, 7 ; (b)m = j (b )m foreverym € M.
Since M is a faithful A-module, we conclude that 7;(b) = m;(b;). This shows
that W is well-defined. It is now straightforward to see that W respects addition
and multiplication and that it is F-linear. It follows that W is an isomorphism of
F-algebras. This however is in contradiction with our assumption (2). It follows
that M; and M are not isomorphic as B-modules for i # j. Note that /., M; is
a semisimple, faithful B-module. It follows that B is semisimple and every simple
B-module is isomorphic to one of the M;’s. By Wedderburn—Artin theory, B is
isomorphic to the product ]_[Z": | Bi, where B; = M,,(D;), D; = Endg(M;), and
n; dimg(D;) =dimg(M;) = dimg M. Note that D; = Endg(M;) = End4 (M) and
therefore A is isomorphic to B; for each i, again by Wedderburn—Artin theory. This
proves that dimg A™ = dimp B, and consequently A™ = B. O

As a simple corollary we get the following.

Proposition 6.2. Let A be a simple finite-dimensional algebra over a field F. For
any k > 0 the group Autp(A) of F-algebra automorphisms of A acts freely on the
set Geny (A, F). The algebra A™ can be generated by k elements as an F-algebra
if and only if there are at least m different orbits of the action of Autp(A) on
Geng (A, F).

Proof. The action of Autr(A) on Geng (A, F) is the restriction of the coordinate-
wise action of Auty(A) on AX. If W € Autp(A) fixes an element of Geny (A, F),
then it fixes each member of a set of generators of A as an F-algebra, so WV is
the identity. This explains why the action is free. Theorem 6.1 says that elements

ar =, ---,a1m)s ---» Ak = (A1, - - . , Ak ) generate A™ as an F-algebra if and
only if the elements (ayy, ..., ak1), ..., (@im, - - ., arm) belong to different orbits
of the action of Autz(A) on Geny (A, F). U

Suppose now that F' = [, is a finite field with g elements. Then simple finite-
dimensional [F,-algebras are exactly algebras of the form M,, (Fs) for some positive
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integers n, s. Now, by the Skolem—Noether theorem, the group of automorphisms
of the F,-algebra M, (F4s) is the semidirect product of the group PGL, (F,s) and
the Galois group Gal(F;s /F,). Thus we get the following.

Theorem 6.3. Let A =M, (F;s). Then A™ can be generated by k elements as an
F,-algebra if and only if
m < |Geny (A, Fy)l _
SIPGL, (Fgo)|

m—1
Furthermore, |Geng(A™, F)| = [T (IGeng(A, Fg)| —i -5 - [PGL, (Fgs)|).

i=0
Proof. As we noted above, Autg, (A) has s|PGL,(F;s)| elements. Since Autr, (A)
acts freely on Geny (A, [,), the number of orbits of this action is equal to

|Geng (A, Fy)|
SIPGLn(“:q‘V)l .

The first part of the theorem is now an immediate consequence of Proposition 6.2.

To prove the second part note that according to Proposition 6.2 the elements
of Geny(A™, [F,) are in bijective correspondence with sequences of length m of
elements from Gen (A, F,), with no two elements in the same orbit of Autg, (A).
In order to count these sequences, let o be the number of orbits of the action of
Aut[pq (A) on Geng(A, ;) and let 7 be the size of each orbit. We can choose
a sequence of m different orbits O, ..., O, in m'(;’l) ways and the number of
sequences g1, ..., g&x such that g; € O; fori =1, ..., m is t"". Thus

m—1
m o m .
|Geng (A", Fy)| = m!<m>t = .|_0| (ot —it).

The second part of the theorem follows now immediately from the equalities ot =
|Geng (A, F,)| and t = s|PGL, (Fys)]. ]

For a simple separable algebra A over any field F the sets Geny(A, F) are
nonempty for any k > 2. In other words, we have the following.

Theorem 6.4. Let A be a simple separable algebra over a field F. Then A can be
generated by two elements as an F-algebra.

Proof. For infinite fields F' the result has been proved in [Mazur and Petrenko
2009]. When F = [, is a finite field with g elements then A is isomorphic to
M, (F4s) for some positive integers n and s. Let u be a generator of the multiplica-
tive group of Fg s, so in particular Fys = Fy[u]. For 1 < i, j < n let E;; denote
the matrix whose (7, j) entry is 1 and all other entries are 0. Let A = uE;; and
B=E,+ Y~ Eir1;. Then u*E;; = B'='A*B"+'~J forall 1 <i, j <n and all
k > 0. It follows that A and B generate the [,-algebra M, (Fys). O



272 Rostyslav V. Kravchenko, Marcin Mazur and Bogdan V. Petrenko

7. The numbers |Geny (M, (F,), Fy)I

In this section we will study the numbers |Gen (M, (F,), F;)|. In particular, we
will compute them when n < 3. To simplify the notation, we make the following
definition.

Definition 7.1. Let m and n be positive integers and let ¢ be a prime power. We
introduce the following notation:

(1) Gm,n(l]:q) = Gen,, (Mn(l]:q)’ [Fq)-
(i1) g,,0(q) = |G (Fg)l.

Em.n(q)
IPGL, (F,)|’

Note that by Theorem 6.3, the number gen,, ,(¢q) is equal to the largest k € Z
such that r(Mn([Fq)k, F4) < m. Thus our notation agrees with that introduced in
Definition 1.3.

When n =1, an m-tuple generates [, if and only if it contains a nonzero element.
It follows that g, | (q) =¢™ — 1. From now on in this section we assume that n > 2,
unless stated otherwise.

Our attempt at computing the numbers g, ,(¢) is based on the following simple
observation: a set of matrices does not generate the whole algebra M,, ([, ) if and
only if there is a maximal subalgebra of M,,(F,) that contains this set. Thus the
following is true:

(i) gen,, ,(q) =

G (Fg) =M, (F))™ — U {s4™ : sl is a maximal subalgebra of M, (F,)}. (4)

Let 9 be the subalgebra of scalar matrices of M, (). Since any subalgebra of
M, (F,) contains %, we can subtract %" in the above formula and get that G, ,, (F)
is equal to

M, (F)" — 9™ — [ J{sA™ — D™ : ol is a maximal subalgebra of M, (F,)}.
Since M, (F,)| = q"2 and |9| = ¢, the inclusion-exclusion formula yields
2
L@ =q"" —q" + > (=D =) N0 (sl = D7),

where the sum is taken over all nonempty subsets {sd;,, ..., sd; } of the set of
all maximal subalgebras of M,,(F,). Since 9 is contained in every subalgebra of
M, (F,), we have

(&Q?’f—?bm)ﬂ---ﬂ(&df'k’—@m):&Q?fﬂ-~-ﬂ&d?}f—92)m = (NNl )" =™,
and therefore

2
Gun@=q"" —q" + > (=D(lsi, N+ Ny | — ™), )
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where the sum is taken over all nonempty subsets {s{;,, ..., s{; } of the set of all
maximal subalgebras of M, (F,).

In order to evaluate the right-hand side of (5), it is necessary to have a description
of all maximal subalgebras of M, (F,). It is quite easy to produce one type of
maximal subalgebras of M, ([, ). In fact, we have the following result.

Lemma 7.2. For a proper nontrivial vector subspace U of b, let dy be the set
of all matrices from M,,(F,) that leave U invariant. Then Ay is a maximal sub-
algebra of M, (F,). Moreover, each Ay is uniquely determined by U, that is, if
Ay = Ay then U = U’

Proof. First note that the center of sy consists of scalar matrices. In fact, if
a matrix A is in the center of ${y then it acts as a scalar A on U. The matrix
B = A — \I annihilates U and is in the center of sdy. Suppose that Bv # 0 for
some v. Then there is a projection IT onto U such that [T(Bv) # 0. Since IT € Ay,
we have 0 # [1Bv = BIlv = 0, a contradiction. Thus B = 0 and A is a scalar
matrix.

Now note that if U # U’ then there is A € Ay — Ay In fact, if U' C U then
such an A clearly exists since #y is transitive on U. If there exists v € U' — U
then for any w there is an A € oy such that Av = w. Taking w &€ U’ yields the
required A. This, in particular, proves the second assertion.

Take any matrix A not in &y and let &’ be the algebra generated by A and
Ay . Note that s’ cannot fix any nontrivial subspace V of Fg- Infact, if V # U
then, as we have seen above, sy is not contained in sy and A does not take U
into U. Thus F} is a simple and faithful ’-module. Tt follows that &’ is a simple
central [,-algebra with a simple module of dimension n over [F,, hence it must be
isomorphic to M, (F,). It follows that 4 is maximal. U

The following lemma describes a second type of maximal subalgebras of M,,(F,).

Lemma 7.3. Let s be a prime divisor of n and let m = n/s. Any [, -subalgebra of
M, (Fy) isomorphic to My, (Fys) is maximal. Any two such subalgebras are conju-
gate in M,,(F,) and their number is equal to

s I @ —d4).
sti,1<i<n
Proof. Let # be a [, -subalgebra of M, (IF,) isomorphic to M, (F;s). Thus [FZ is
an g-module of dimension m over the center of & (which is isomorphic to [Fgs).
It follows that [ is a simple s{-module. Suppose that s’ is a [F,-subalgebra of
M, (F;) containing «. Then FZ is a simple and faithful ${’-module. It follows
that o0’ is simple, hence it is isomorphic to M (F,-), where kr = n and r is the
dimension of the center of s{’ over F,. Clearly, the center of s’ is contained in
the center of . It follows that r |s, and therefore »r = 1 or r = s (recall that s is
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a prime). In the former case we get s’ = M, (F,) and in the latter case we have
A’ = s. This shows that s is maximal.

For the existence of an [, -subalgebra of M, ([F,;) isomorphic to M, (F,s) con-
sider the (unique up to isomorphism) simple M, (F4s)-module V. It has dimension
m as a vector space over [F4s, so as a Fg-vector space it is isomorphic to Fj. Thus the
action of M, ([F4+) on V induces an [, -algebra embedding of M,, (F+) into M,, (F,).

Fix now a [,-subalgebra s of M,,(F,) isomorphic to M,, (F,+). By the Noether—
Skolem theorem, any [ -algebra homomorphism of s into M, ([F,) is given by
conjugation with some invertible element of M,,(F;). This means that the group
GL, () acts transitively on the set of subalgebras of M,, ([F;) which are isomorphic
to M, (F4s). Since s is maximal, the subgroup C of elements which act trivially
on o coincides with the multiplicative group of the center of s{. The quotient of
the stabilizer of s by C is, again by the Noether—Skolem theorem, isomorphic to
the group of all automorphisms of the [, -subalgebra s{. We have seen earlier that
the group of [, -algebra automorphisms of M,, (F,s) has s[PGL,,(F,s)| elements
(see the discussion directly before Theorem 6.3). Therefore the stabilizer of
has |C| - s - [PGL,,(Fys)| = s|GL,, (Fys)| elements. Consequently, the number of
[,-subalgebras o of M, (F,) isomorphic to M, (Fs) is equal to

IGL.(F)| -
LN S :S ( n _ l)' D
SIGLy (Fyo)| [1 @-q

sti,1<i<n

It turns out that the maximal subalgebras described in Lemmas 7.2 and 7.3 ex-
haust all possible maximal subalgebras. In other words, we have the following
result.

Proposition 7.4. Let sl be a maximal F,-subalgebra of M,,(F,). Then either s1 =
Ay for some subspace U of by or s is isomorphic to My, (Fgs) for some prime
divisor s of n = ms.

Proof. Suppose that s{ fixes some proper nontrivial subspace U of Fj. Then o is
contained in sdy, hence # = sly. If no proper nontrivial subspace of Fy is fixed
by s then [y is a simple and faithful s{-module. It follows that s{ is simple and
therefore it is isomorphic to My (F,-), where kr = n. Let s be a prime divisor of r.
The center of & contains a subfield F" isomorphic to F,s. The centralizer of F in
M, (F,) consists exactly of those linear transformations of [FZ which are F-linear.
Thus it is a subalgebra of M,,(IF,) isomorphic to M,, (F;s), where ms = n. On the
other hand, this subalgebra contains s{, hence it must be equal to . (]

In order to carry out our strategy to compute the numbers g,, ,(¢) we need to
understand the intersections of maximal subalgebras of M,,(F,). This appears to
be a very challenging combinatorial problem and so far we have only succeeded
in completing the computations for n < 3. One of the complications in the general
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case is that the maximal subalgebras are of two different types. This difficulty
disappears when 7 is a prime by the following observation.

Lemma 7.5. Let n be a prime number. If sl is a maximal subalgebra of M, ([F,)
isomorphic to Fyn, then its intersection with any other maximal subalgebra is equal
to 9, the algebra of scalar matrices.

Proof. Since n is prime, [ » has only two subfields, itself and [,. In other words,
A has only two subalgebras, o and 9. Since the intersection cannot be equal to
A, it is equal to 9. ([

For the rest of this section we assume that » is a prime number. Thus Lemma 7.5
tells us that if the set {«d; , ..., «; } of maximal subalgebras of M, (F,) includes a
subalgebra isomorphic to [,», and k > 2, then the intersection of the subalgebras in
this set is equal to &, and so the corresponding term in (5), |d;, N---NA;, | — g™,
is equal to 0. It follows that we can rewrite (5) in the following way:

@ =q" =" = 3 (A" — g™+ Y (=1 (lsdy, 0Ny, " — ™),
A=Fyn

where the second sum is over all nonempty sets {Uj, ..., Uy} of nontrivial proper
subspaces of ;. By Lemma 7.3, the first sum consists of n! ]_[?:_11 (¢"—q") terms,

each term being ¢ — ¢™. Thus we get the following formula:
n—1
2 _ .
Gun@=q"" —q" —n"'(q" —¢" [[@" — ")
i=1

+ Y (=D sy, - Ny ™ — g™, (6)

where the sum is over all nonempty sets {Uy, ..., U} of nontrivial proper sub-
spaces of Fy.

Let F be the set of all subalgebras of M,,([F,) which are intersections of some
of the maximal algebras of the form . For each o € &, define the degree d(s)
of o by

d(st) = > (=D, @)

where the sum is over all sets {Uy, ..., U} of nontrivial proper subspaces of [FZ
such that gy, N---NAy, = A. Thus (6) can be stated as

n—1
Gnn @ =" —¢" ="' (@™ — g™ [[(@" —a)+ Y dsh (1" —g™). (8)
i=1

dAdeF

The following simple lemma will be useful for our analysis of elements of .

Lemma 7.6. Let F be a field, V be a vector space over F, and let vy, ..., v € V
be a minimal linearly dependent collection of vectors (so any k — 1 of them are
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linearly independent). Then any linear endomorphism of V that scales vy, . .., v
is a scalar operator when restricted to the linear span of vy, . .., V.

Proof. Let f be a linear endomorphism of V such that f(v;) = «;v; for some
a; € Fandi =1, ..., k. The assumptions of the lemma imply that

vk = Bivr + -+ Bro1vk—1

for some nonzero By, ..., Br—1 € F. By expressing f (vx) in two ways, as Biajv;+
<o+ Br_1ax—1vr—1 and as o vg, we obtain S;o; = B for all i. Since none of
the B;’s is 0, we have o; = o fori =1, ..., k. |

7A. The case n = 2. In this subsection we evaluate (8) in the case n = 2. Any
element o € & is of the form Ay, N---NAy,, where k > 1 and Uy, ..., Uy are
distinct lines in [Ffl. Note that by Lemma 7.6, s{ = % if k > 3 and in this case s
does not contribute anything to (8). It follows that if o is an element of & different
from 9%, then it can be expressed as the intersection of maximal subalgebras in a
unique way and it is either of the form sdy or of the form s{y, NAy,. In the former
case, we have || = ¢> and d(s{) = —1. In the latter case, || = ¢ and d(s{) = 1.
Since the number of lines in [Ffl is ¢ + 1, (8) takes the following form:

2@ =q¢"—q"-2"'q" —q™q* - q)
—(q+ D@ — g™ +27 g + Dgg* — g™,

which simplifies to
gua(@) =" (g™ = D(g" - 1). )

7B. The case n = 3. In this subsection we evaluate (8) for n = 3. This is substan-
tially more difficult than the case n =2, but we are still able to analyze all elements
of &. The following combinatorial lemma will help us evaluate the degree of some
of the algebras in .

Lemma 7.7. Let X be a finite set. Consider a family & of subsets of X such that if
YeFandY CY' C X, then Y’ also belongs to ¥. Suppose furthermore that one
of the following two conditions is true.
(1) Thereis x € X such that X' — {x} € & for any X' € ¥.
(2) There are x, y € X such thatif X' € ¥ and X' — {x} & & then

(@) X' —{y}e Fand

(b) X'U{yh—{x} ¢ .
Then Y (-D"'=0.

Yed
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Proof. Let ¥ be the family of those subsets from & that do not contain x and let
1 be the family of those subsets that contain x. The map 7 : Y — Y U {x} is an
injection from ¥y to ¥;. Let ¥, = P —1(Fp). We have

Z(_l)lle Z(_1)|Y|+ Z (_1)|Y|+ Z(_l)lYl.

Ye¥ Yedy Yet(Fo) Yedr

Since |t (Y)| =14 |Y|, the first two sums on the right annihilate each other, and so

Y =DM =3 =n.

Ye& Yes,

Condition (1) exactly means that ¥, is empty, hence Zyey(—l)ly l=0. If
condition (2) holds, we write &, as a disjoint union ¥, = $r9 U F»1, where Frg
consists of those elements of &, which do not contain y. By (b), the map s : Y —
Y U{y} maps &5 into ¥,; and (a) implies that s is onto. Thus s : 90 — F»; is a
bijection and

Z (_I)IY\ — Z (_1)|Y| + Z (_I)IY\ — Z ((_1)\Y| + (_1)\S(Y)|) —0.0
YEsz YEEsz Y69)21 YEEsz

We apply Lemma 7.7 as follows. Given o € ¥, the set X = X4 will consists of
all proper nontrivial subspaces of [Fc31 fixed by & and the family ¥ = ¥4 will consist
of all subsets {Uj, ..., Ui} of X such that oy, N--- Ny, = A. If conditions (1)
or (2) hold for ¥4, then Lemma 7.7 tells us that d(«4) = 0.

Before we start the analysis of elements in & let us recall that the dot product
V-w = vw) +vowy 4+ vpw3 is a nondegenerate symmetric bilinear form on [FZ' The
adjoint operator with respect to this bilinear form is the transposition. It follows
that if dy, N---Ndy, =4 € F then

%UILO"'Q&QUI{LZ&QI ={A":Acd}eF,

where A’ is the transpose of A and U is the subspace orthogonal to U with respect
to the dot product. We will often call &4’ the dual of <. It is clear that s{ and o’
have the same number of elements and the same degree.

Definition 7.8. Let o € ¥. Then
Ly={U:dimU =1 and 4 C Ay}

is the set of all lines fixed by s and
Py={U:dimU =2 and o C sdy}

is the set of all planes fixed by .
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Note that Ly = {7+ : 7 € Py} and Py = {I : 1 € Ly}. Also, Xy =Ly UPy.

Consider an algebra sd € &, sl # %. Then o falls into exactly one of the
following cases.

Case I: Ly contains three lines in general position. Recall that we say that three
lines in [F; are in general position if they are not contained in any plane. Dually,
three planes are in general position if they do not share any common line. Let
l1, 15, I3 € Ly be three lines in general position. Let r; be the plane spanned by /;
and [y, where {i, j, k} = {1, 2, 3}.

Subcase la: Ly = {l1, I», [3}. In this case Py = {7, m2, m3}. The algebra o is
conjugate to the algebra of all diagonal matrices. In particular, |s¢| = ¢>. Further-
more, Xy = Ly UPy and a subset of X4 belongs to & if and only if it contains
one of the following sets: {1, [2, I3}, {1, M2, w3}, {I1, 2, 71, w2}, {11, I3, 1, 73}, or
{l», I3, mp, m3}. Thus ¥4 has two members of cardinality 3, nine members of cardi-
nality 4, six members of cardinality 5 and one element of cardinality 6. Therefore,
dd)=-24+9-64+1=2.

Note that the algebras in this subcase are in bijective correspondence with sets
of three lines in general position. Recall that FE’I has g% +4¢q+1 lines, and each plane
has g + 1 lines. It follows that the number of ordered triples of lines in general
position is (g2 + g + 1)(g> + ¢)g>. Thus, the number of algebras in this subcase
is ¢°(q + 1)(g*> 4+ q + 1) /6. Consequently, the algebras in this subcase contribute
the quantity

37" g+ D@+ g+ D" - 1)
to the sum ) o d() (|4 —g™).

Subcase Ib: Ly D {ly, », I3, 14}, where l4 is a line not contained in any of the planes
my, 72, 3. In this case, by Lemma 7.6, we have ol = %, and s does not contribute
anything to the sum Z&Qe@ d(A) (| AI™ —q™).

It remains to consider the case when Ly contains a line /4 which is contained
in one of the planes 7y, mp, m3. Changing the numbering if necessary, we may
assume that /4 belongs to ;. If there is a line /5 (different from [y, . .., I4) which is
contained in 7y, the planes through l4, [; and through /s, [; intersect along a line Ig
which does not belong to any of the planes 71, 73, 3. Thus we are in Subcase Ib.
The same argument shows that there is no line in Ly different from [y, ..., /4 and
contained in 7r3. Since o fixes three different lines in 77y, it acts as a scalar on 74
by Lemma 7.6. In particular, Ly contains all the lines in ;. We will write = for
mry and [ for /1. We see that all the remaining algebras in Case I fall in the following
subcase.

Subcase Ic: Ly = {l} U {all lines in }. It is easy to see that in this case Py =
{m} U{all planes through /}. We will show that d(«4) = 0 by applying Lemma 7.7
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to X = Xy, ¥ = 4. We need to verify that x =, y = 7 satisfy condition (2).
Suppose that X' € $y and X' — {I} € F4. We claim that X’ contains at most
one plane through /. For suppose otherwise, that there are two planes containing
[ in X’. Their intersection is [. Thus a matrix fixes all elements of X’ — {/} if and
only if it fixes all elements of X', that is, X’ — {I} € P4, a contradiction. This
proves that indeed X’ contains at most one plane different from 7. We claim that
X’ contains at least two lines contained in r. Otherwise, there would be at most
one such line in X’, so X’ would be a subset of a set of the form {l, !, =, =’} for
some line I’ contained in 7 and some plane 7’ containing /. Thus s would contain
the algebra o’ = od; Ny Nl N Ay This is, however, not possible, since ' has
an element which is not a scalar on & and all elements of & act as scalars on 7.
Indeed, if the line [” = 7 N7’ is different from [’ then A’ equals s4; N4y N A;» and
contains the matrix which is the identity on / and /" and is 0 on [”. If [” =1’ then
A = A NAp N A, contains the algebra sd; N sdy N &Ql; for any line /| in = which
is different from [’.

Thus there are two lines in X’ which are contained in 7. These two lines span
7,80 X' —{m} e Py. Also, (X' U{r}) —{l} and X' — {I} are fixed by the same set
of matrices, so (X' U {r}) — {{} & P. This verifies condition (2) of Lemma 7.7,
so d(#f) = 0. Consequently, the algebras of Subcase Ic do not contribute anything
to the sum ) ;g d(s) (|4 —g™).

Note that if Py contains three planes in general position, then the three lines
obtained by intersecting pairs of these planes are in general position and belong
to Ly. Thus from now on we assume that Ly does not contain three lines in
general position and that Py does not contain three planes in general position. If
L contains more than two elements, then all of the lines in Ly must be contained
in some plane 7 and then, by Lemma 7.6, Ly = {all lines in 7r}. Similarly, by
duality, if P4 contains more than two elements, then all the planes in Py share a
common line [ and P4 = {all planes which contain /}. This leads to the following
two cases.

Case II: There is a plane 7 such that Ly = {all lines in w}. By Lemma 7.6, every
element of s acts as a scalar on . In particular, 7 € Py. Note that all the planes
in Py must share a common line / (if Py = {rr}, pick any line in & for /). In fact,
suppose that there are 1, m, € Py such that the lines w Ny and 7w N, are different.
Then the line r; N, belongs to Ly and is not contained in 77, which is not possible.
Thus, P4 C {all planes which contain /}. We claim that any X € ¥y contains at
least two lines in 7 different from /. In fact, if the lines in X are contained in {/, [}
then consider a plane 7r; which does not contain / but contains /. There is a matrix
A which is 0 on / and is the identity on 77| and this matrix fixes every plane passing
through /. Thus A fixes all elements of X, yet A is not a scalar on 7. This means
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that A € o, and consequently X & Sy, a contradiction. Now any two lines in X
span 7. It follows that any matrix which fixes all elements of X — {rr} also fixes m,
that is, X — {m} € S4. This means that the family ¥4 of subsets of X 4 satisfies the
assumptions of Lemma 7.7, condition (1), with x = 7. It follows that d(«{) =0 and
the algebras in this case do not contribute anything to ), 4 d()(|sd|" —g™).

Case III: There is a lane | such that Py = {all planes through l}. Any algebra in
this case is dual to an algebra in Case II, hence it has degree 0. Thus algebras in
this case do not contribute anything to ), 4 d(sd)(|s|" —g™).

It remains to analyze algebras o such that both Ly and Py4 have at most two
elements.

Case IV: |Ly| = 2 = |Py|. We may assume that Ly = {/,!’} and Py = {mw, 7'},
where 7" is spanned by [, I’ and 7 N7r" =1. It is easy to see that the family ¥y has
three elements: {{,!', 7}, {I', 7w, 7'}, and {{, I/, 7w, n’}. Thus d(d) = -2+ 1= —1.
Choosing nonzero vectors vy € I, vy € [, and v3 € m — [ we get a basis of [F; and
A € 4 if and only if the matrix of the linear transformation given by A, expressed
in the basis vy, v;, v3, has the form

* 00
0 * %
00 %

In other words, # is conjugate to the algebra of all the matrices of the form

* 00
0 % %
00 %

In particular, || = g*. To count the number of algebras in Case IV, note that these
algebras are in bijective correspondence with triples /, I/, r, where 7 is a plane and
[ and I’ are lines such that / C 7 and I’ ¢ . There are g> + ¢ + 1 choices for 7
and for each 7 we have ¢ + 1 choices of I and g2 choices of /. Thus the number
of algebras in Case IV is g>(g + 1)(¢> + ¢ + 1). Consequently, the algebras in this
case contribute

—¢"(q+ D@ +q+ D@ = 1)

0 > qeg dD (™ —g™).

Case V: |Ly|=2and |Py|=1. Thus Ly ={/, !’} and Py = {7}, where 7 is spanned
by I, 1’. It is straightforward to see that ¥ has two elements: {/,!’} and {l,[’, 7}.
It follows that d(s4) = O and therefore algebras in this case contribute nothing to

ez DA™ —q™).
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Case V*+: |Ly| = 1 and |Py| = 2. Algebras in this case are dual to algebras in
Case V, so they have degree 0 and contribute nothing to ) ;g d(sd)(|s4|" —g™).

Case VI: Ly = {l} and Py = {r}, where | ¢ m. It is clear that ¥y has exactly one
element: {/, w}. Thus d(s#d) = 1. Choosing a basis v; of [ and v, v3 of T we easily
see that o is conjugate to the algebra of all the matrices of the form

* 00
0 % %
0 % %

In particular, || = ¢°. To count the number of algebras in Case VI, note that these
algebras are in bijective correspondence with pairs /, r, where 7 is a plane and /
is a line not contained in 7. There are g> +¢ -+ 1 choices for 7 and for each = we
have g2 choices of /. Thus the number of algebras in Case VI is ¢g?(g> + ¢ + 1).
Consequently, the algebras in this case contribute

q" (@ +q+ D@ - 1)

0> yeg d) (A" —g™).

Case VII: Ly = {l} and Py = {m}, where l C m. It is clear that ¥4 has exactly one
element: {/, w}. Thus d(sd) = 1. Choosing a basis v; of /, vy, vy of 7, and a vector
v3 ¢ m, we easily see that o is conjugate to the algebra of all the matrices of the

form
* k%

0 * *
00 %

In particular, |s¢| = ¢°. To count the number of algebras in Case VII, note that these
algebras are in bijective correspondence with pairs /, 7, where 7 is a plane and /
is a line contained in 7. There are g%+ ¢ + 1 choices for 7 and for each 7 we have
g + 1 choices of /. Thus the number of algebras in Case VIl is (g + 1)(¢g>+¢q +1).
Consequently, the algebras in this case contribute

¢"(@+1)(@*+q+ D@ -1

0 Y yeg d() (™ —g™).
Case VIII: A = d; for some line l. The family ¥4 has exactly one element: {l}, so
d(s#l) = —1. It is easy to see that & is conjugate to the algebra of all the matrices

of the form
* % %

0 % %
0 % %
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In particular, || = ¢’. Algebras in this case are in bijection with lines, so we have
g* + g + 1 such algebras. Thus the algebras in this case contribute

—q"(@*+q+ D@ —1)

0 > yeg dD (™ —g™).
The following case is the last to consider.

Case VIII': sl = sl for some plane w. This case consists of algebras dual to
algebras of Case VIII, so they also contribute

—q"(@*+q+ D@ -1

0> yeg d) (A" —g™).
Putting together all the contributions to ) seg d() (|4|™ — q™) we arrive at
the formula

Y Dt g™ =37"¢" P g+ D@ +g+ D™ = 1)
AeF
—q" g+ D)@ +q+ D@ =D + " (P +q+ D (g 1)

+q"(q+ (> +qg+D (@ —1) — 2¢™ (@*+g+ 1) (g~ D).

After inserting this into (8) and simplifying we arrive at the following formula
for g, 3(¢q):

2.3@) ="M @" " = D@ + D" - 1)
% (q3m—2+q2m—2 _qm —qu_l _qm—2+q +1). (10)

7C. Lower bound for g,, ,(q). So far we have been unable to obtain exact for-
mulas for g, ,(q) for any n > 4. We have however the following lower bound.

Proposition 7.9. Let m and n be positive integers and let g be a power of a prime
number. Then
gmn(q) > qmn2 _ 2(n+6)/2qn2m7(mf1)(n71)‘ (1 1)

Proof. By (4), we have the following inequality:

2
8un(@) = g™ =3 14",

where the sum is taken over all maximal subalgebras o of M, (F,). We use the
description of maximal subalgebras given by Proposition 7.4. Let 1 <k < n. The
number of k-dimensional subspaces of [y is

k—1 k=1 -
[T@" —q) 1@ —gH"
i=0 i=0
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2 —nk+k*

For any such subspace V the algebra sdy has g¢" elements. Let

Sk =2_ldv|",

where the sum is taken over all k-dimensional subspaces V' of Fy. It follows that

S, — 2=kt n_ i = kin—1

k=9 [1@"—q") 1" —q)".

i=0 i=0
n__ i

Z"—Z" Sq"*quj we get

Using the inequality

k
< nzm—(m—l)k(n—k)< q )
Sk =q _C] 1 .

Note that Sy = S,— (by duality). Since qu <2and k(n —k) >n—1, we have

n—1 ln/2]
2
o= Z S, <2 Z Sp < 207H9/2gnPm=(n=1(=1)
k=1 k=1

For a prime divisor s of n define T as the sum »_|s4|™, where the sum is over all
subalgebras of M, ([F,) isomorphic to M,, /s(F;s). By Lemma 7.3, we have

T, =q(n2/s)m gL 1—[ (q" _qi) < g1 .q(n2/s)m .qn(n—n/s)
sti

; 2
1<i<n < s—l .qn (m+1)/2.

Let ¥ =) _ Ty, where the sum is over all prime divisors s of n. It is easy to see that
the sum Y s~! of all reciprocals of prime divisors of n does not exceed 2("+4/2,
Furthermore, q”z(’”“)/2 < q"zm_(m_l)("_l). It follows that

¥, < 2(n+4)/2qn2m—(m—l)(n—1).
By Proposition 7.4 we have X, + £, = > _||™, where the sum is taken over all
maximal subalgebras 54 of M,,([F,). Thus,

2 _2(n+6)/2qn2m7(m71)(n71)‘ 0

Smn(@) = g™
As an immediate consequence of Proposition 7.9 we get the following corollary.

Corollary 7.10. Let m,n > 2. The probability that m matrices in M, (F,), cho-
sen under the uniform distribution, generate the F,-algebra M, (F,) tends to 1 as
q+m-+n— oQ.

Corollary 7.10 proves and vastly generalizes the conjectural formula [Petrenko
and Sidki 2007, (17), p. 27].
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8. Finite products of matrix algebras over rings of algebraic integers

Let R be the ring of integers in a number field K. In this final section we apply the
techniques developed in our paper to investigate generators of R-algebras A which
are products of a finite number of matrix algebras over R. Thus we have

=[], R,

i=1

where 1 <n| <np <--- < ng and m; are positive integers. As we have seen in
Example 2.13, the algebra A is k-generated if and only if all the algebras M,,, (R)""
are k-generated. Thus, we may and will focus on the case when A = M, (R)™ for
some positive integers n, m. We have the following theorem.

Theorem 8.1. Let R be the ring of integers in a number field K. Suppose that
either n > 3 or k > 3 and let A = M,(R)™ for some positive integer m. Then the
following conditions are equivalent.

(1) The R-algebra A admits k generators.

(ii) For every maximal ideal p of R the R/p-algebra M, (R /p)™ admits k genera-
tors.

(iii) The density deny(A) is positive.

Furthermore, the following formulas, in which {x denotes the Dedekind zeta func-
tion of K, hold for every k > 2:

(a) deny(M3(R)™) = 0 for every m;

b) deny(Ma(R)) = —————;
( ) k( 2( )) K(k 1) K(‘)
dr(N(p))

1
(¢) deng(M;3(R)) = T T I1 (1 + N(p)3k—2>’ where ¢y (x) =

pem-Spec R
X2 kxRl )2 .

Proof. The implications (i) = (ii) and (iii) = (i) are clear. When k£ > 3, the
implication (ii) = (iii) is an immediate consequence of Theorem 5.2 and the fact
that the K-algebra M,,(K)™ is 2-generated [Mazur and Petrenko 2009]. Suppose
now that k = 2, n > 3, and (ii) holds. Consider a maximal ideal p of R and
let ¢ = N(p). By Theorem 6.3, the number g,(p, A) of pairs of elements which
generate M, (R/p)™ is given by

m—1

&, A) = [ [ (22.,(9) — i - [PGL,(F,)]).
i=0
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By (ii), we have g,(p, A) > 0. Note that [PGL, (F,)| < g™ ~' < ¢?"~"*+!. Further-
more, we have g, ,(q) > q2”2 — 2"q2”2_"+] by Proposition 7.9. Hence

& (p, A) > (NP2 = (2" 4 m) N(p)2* =)™,

provided N(p) > 2" 4+ m. By Theorem 3.2, we have

dem(ty= [ 284

2mn? "
pem-Spec R N(p)

Since all the factors in the product on the right are positive and all but a finite
number of them satisfy the inequality

2. A) (1_ m+2" )’”
N(p)2mn* — N@p)=1/)
the product converges to a positive number. In other words, deny(A) > 0. This

completes the proof of the implication (ii) = (iii).
In order to establish formulas (b) and (c) note that

[ et

den (M, (R)) = N

pem-Spec R
by Theorem 3.2. Formulas (b) and (c) follow now from (9) and (10), respectively.
To justify (a) note that g, (p, Ma(R)™) < g, ,(N(p))™ for every maximal ideal p.
It follows that deny (M2 (R)™) < denp(M3(R))™. Since by (b) with k =2 we have
deny (M3 (R)) = 0, the equality in (a) follows. U

Recall now that by Theorem 6.3, the R/p-algebra M,,(R/p)" is k-generated if
and only if m < gen; ,(N(q)), where gen; , (¢) = g; ,,(q¢)/IPGL, (F,)|. Using (10)
we get the following theorem.

Theorem 8.2. Let R be the ring of integers in a number field and let p be a maximal
ideal of R with smallest norm. Define polynomials fi(x) by fi(x) =0 and

xRk Dk (k= 1)
(2 +x+ D —DHx+1
x (xF2 )22 ks k=l k2 1 ) (12)

fi(x) =

forany k > 2. Let k > 2 and m be positive integers. Then the following conditions
are equivalent:

@) rM3(R)™, R) =k;
(i) fi-1(N(p)) <m = fi(N(p)).
In particular, the 7-algebra M3(Z)™ is 2-generated if and only if m < 768.
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Proof. By (10), we have gen; 5(q) = fi(q) for any k > 2. By Theorem 8.1, the
R-algebra M3(R)™ is k-generated if and only if m < f;(N(q)) for every maximal
ideal q of R. It is easy to see that f;(x) is increasing on [2, co). It follows that
M;3(R)™ is k-generated if and only if m < fr(N(p)). This establishes the equiva-
lence of (i) and (ii). The last claim follows now from the fact that f,(2) = 768. [J

Even though in (9) we established a formula for gen, ,(g), getting an analog of
Theorem 8.2 for products of copies of M, (R) is more complicated. The difficulty
is that the density deny(M;(R)™) is 0 and we have to find a way to deal with the
ambiguity in Theorem 5.5 when k =2. So far we can overcome this difficulty only
when R has a maximal ideal of norm 2. We have the following theorem.

Theorem 8.3. Let R be the ring of integers in a number field and let p be a maximal
ideal of R with smallest norm. Define polynomials hy(x) by h1(x) =0 and

x2k(xk—l _ 1)()Ck _ 1)
hi(x) = (13)
x—=Dx+1)
forany k > 2. Let k > 3 and m be positive integers. Then the following conditions
are equivalent:

1) rM2(R)", R) = k;

(i) hg—1(N(p)) <m < hig(N(p)).
Furthermore, there exists an integer t such that 16 <t < hy(N(p)), Ma(R)™ is
2-generated if and only if m < t, and r(Ma(R)™, R) =3 if and only if t < m <
h3(N(p)). In particular, if N(p) = 2, then t = 16, so in this case (i) and (ii) are
equivalent for all k > 2.

Proof. By (9), we have gen; ,(q) = hi(gq) for any k > 2. Suppose that k > 3. By
Theorem 8.1, the R-algebra My (R)™ is k-generated if and only if m < h; (N(q)) for
every maximal ideal q of R. It is easy to see that s (x) is increasing on [2, co). It
follows that when k& > 3 then M, (R)™ is k-generated if and only if m < hi(N(p)).
This, in particular, justifies the equivalence of (i) and (ii) when k > 3. It also implies
the existence of ¢ having all the required properties except possibly the estimate ¢ >
16. In order to show that 7 > 16, we need to establish that M, (R)'° is 2-generated
as an R-algebra. It suffices to prove that M,(Z)'® admits two generators as a
Z-algebra. This will be done in Proposition 8.9. Finally, the equality + = 16 when
N(p) =2 follows from the fact that s,(2) = 16. [l

In order to improve on Theorem 8.3 and extend it to matrix algebras of size
n > 3 the following two questions need to be answered.

Question 8.4. Is it true that r = Ay (N(p))?

uestion 8.5. Given positive integers k and n, 18 gen ( ) an increasing function
p g g k,n q g
of q ?
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It order to complete our proof of Theorem 8.3 we have to show that M, 2)'°
admits two generators. For that we need several observations, which seem of in-
dependent interest.

Proposition 8.6. Let S be a commutative ring. Two matrices A, B € M,(S) gen-
erate My (S) as an S-algebra if and only if det(AB — BA) is invertible in S.

Proof. First we prove the result under the additional assumption that S is a field. Let
N = AB — BA and let T be the subalgebra generated by A and B. If T is a proper
subalgebra then its dimension is at most 3. It follows that 7/J (T') is a semisimple
algebra of dimension < 3 (recall that J(T) denotes the Jacobson radical of T).
Thus T/J(T) is abelian and therefore N € J(T). Since the Jacobson radical is
nilpotent, N is nilpotent, hence det N = 0.

Conversely, suppose that det N = 0. Recall that any 2 x 2 matrix X satisfies
the identity X 2 = txX —dxI, where ty is the trace and dy is the determinant of
X. Since the trace of N is 0, we have N> = 0. If N = 0 then T is commutative,
and hence a proper subalgebra of M,(S). If N # 0, the null-space of N is one-
dimensional. Using the identity Ar=t,A—d 41 we easily seethat AN+ NA=14N.
It follows that the null-space of N is A-invariant. Similarly, the null-space of N is
B-invariant. It follows that the null-space of N is T-invariant, hence T is a proper
subalgebra of M (S). This completes our proof in the case when § is a field.

If S is any commutative ring then, by Lemma 2.6, the matrices A and B generate
M;(S) if and only if for any maximal ideal M of S the S/M-algebra M, (S/M)
is generated by the images of A and B. By the just established field case of the
result, this is equivalent to the condition that det(AB — BA) ¢ M for all maximal
ideals M, which in turn is equivalent to claiming that det(AB — B A) is invertible
in S. ([

The following observation is due to H. W. Lenstra.

Lemma 8.7. Let A, B € M(Z) be two matrices with all entries in {0, 1}. Then
A, B generate M (Z) if and only if their reductions modulo 2 generate M ([F»).

Proof. By Proposition 8.6, we need to prove that det(AB — BA) is odd if and only
if it is &1. The “if” part is clear. Suppose then that

ay ar by by
A == B =
(a3 04) and (b3 b4)
are such that a;, b; € {0, 1} and det(AB — BA) is odd. Note that

arbz — azb, ax(bs — by) +by(ay — 04))

AB — BA =
(a3 (b1 —bs) +b3(as —ay) azby — axb3

The diagonal entries of this matrix are in {0, =1} and the off-diagonal entries are
in the set {0, £1, £2}. If axbs — azbr, = 0 then the off-diagonal entries must be
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odd and hence are *1. It follows that det(AB — BA) = 1. The same conclusion
holds if one of the off-diagonal entries is 0. Suppose now that ayb3 — azb, = +1
and the off-diagonal entries are not 0. Then one of the off-diagonal entries, say
az(by—b4)+bs(as—ay), must be even and nonzero (the other possibility is handled
in the same way). This can only happen if a3 =b3=1and by —bs=a4—a; = 1.
It follows that one of a;, by is 0 and the other is 1. Thus det(AB — BA) = —1 —
(FDH(£2) =1. O

Lemma 8.8. Let A, B, A’, B’ € My(Z) be matrices with all entries in {0, 1} such
that each pair A, B and A’, B’ generates My(Z). If there is an odd prime p such
that the reductions modulo p of (A, B) and (A’, B") are conjugate in Ma(F ) then
the pairs (A, B) and (A’, B') are conjugate in M (Z).

Proof. For a pair of 2 x 2 matrices X and Y define
conj(X, Y) = (tr(X), det(X), tr(Y), det(Y), tr(XY)).

It follows from [Mazur and Petrenko 2009, Theorem 2] that for any principal ideal
domain R and any two pairs (X, Y) and (X', Y’) of elements in M;,(R) which
generate M (R) as an R-algebra we have conj(X, Y) = conj(X’, Y’) if and only if
X'=CXC~'and Y’ = CYC~! for some invertible matrix C € M, (R) (in [Mazur
and Petrenko 2009] the fifth component of conj is det(X + Y') but it is equivalent
to the version above by the following identity for 2 x 2 matrices:

tr(X) tr(Y) —tr(XY) 4+ det(X) +det(Y) —det(X +Y) =0.)

Under the assumptions of the lemma, the traces of A, B, A’, B are in {0, 1, 2}
and the determinants of these matrices are in {—1,0, 1}. Our assumption that
conj(A, B) = conj(A’, B’) (mod p) implies then that tr A =tr A’, det A = det A’,
tr B =tr B/, and det B = det B’. It remains to prove that tr(AB) = tr(A’B’). Let

Ao (@ @ B— by by A a; a, B — by b, ‘
az as )’ by by)’ ay ay)’ bl b}

Then tr(AB) = ai1b; + axbs + azby + asbs and tr(A’B’) = aib/l + aébé + aéb’z +
a"lb;f. Both these numbers belong to {0, 1, 2, 3, 4}. Suppose that these numbers
are different. Since they are congruent modulo p, we see that p = 3 and one of
these numbers is in {0, 4}. If tr(AB) = 4 then all the entries a; and b; must be
1 so A = B, which is not possible. Thus we may assume that tr(AB) = 0 and
then tr(A’B’) = 3. If tr(A) = 0 then tr(A") = 0, so a} = aj, = 0 and therefore
tr(A’B’) < 2, a contradiction. Thus tr(A) # 0 and in the same way we show that
tr(B) # 0. If tr(A) =2 then @y = a4 = 1 so by = by = 0 and tr(B) = 0, which
we have just proved impossible. This shows that tr(A) = 1 and a similar argument
yields tr(B) = 1. Thus tr(A") = 1 = tr(B’). It follows that one of a| and a} is
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0. We may assume that a{ = 0 (the same argument works when a; = 0). Then
ay, =ay =ay = by, = by = b, =1 and consequently b} =0 and A" = B’, a
contradiction. (]

We have now the following curious proposition.

Proposition 8.9. Let x and y be two elements of Ma(Z)* such that every com-
ponent of x and y is a matrix whose all entries are in {0, 1}. Suppose that x, y,
considered as elements of My(F2)K, generate the algebra My(F2)*. Then x, y gen-
)16

erate My(Z)¥ as a ring. In particular, the ring Ma(Z)'® admits two generators.

Proof. Letx = (X1, ..., Xx),y=(1, ..., Y,). By Lemma 8.7, each pair (X;, Y;)
generates M, (Z). According to Lemma 2.6 and Theorem 6.1, it suffices to prove
that for any prime p and any 1 <i < j <k, the pairs (X;, ¥;) and (X, Y;) are not
conjugate modulo p. For p =2 this follows from our assumptions and Theorem 6.1.
Consequently, the pairs (X;, ¥;) and (X, ¥;) are not conjugate in M>(Z) whenever
i # j. By Lemma 8.8, the pairs (X;, ¥;) and (X, Y;) are not conjugate modulo p
for any odd prime p. This proves the first part of the proposition.

Since gen, ,(2) = 16 by (9), the algebra M, (F)'0 is two-generated. It follows
from the first part of the proposition that M;(Z)'® admits two generators. O

Remark 8.10. We would like to point out that one should not expect any analogs
of Proposition 8.9 for matrix rings of size larger than 2. For example, consider the

matrices
000

001
A=1000 and B=|101
011 001

Considered as matrices over the field F3 with three elements they have a common
eigenvector (1, —1, 1)’. Thus these matrices do not generate M3([F3), hence they
do not generate M3(Z). Consider now these matrices as matrices over 5. If they do
not generate M3 ([F;), then they are contained in a maximal subalgebra of M3([F;).
By Proposition 7.4, the maximal subalgebra is either a field or it fixes a nontrivial
proper subspace. Since A% = A, the former case is not possible. In the latter case,
A and B have a common eigenvector either in their action on column vectors or in
their action on row vectors. It is however a straightforward verification to see that
no such common eigenvector exists. Thus A and B generate the algebra M3 ().
In fact, in the same way one can see that they generate M3([F,) for any prime p
different from 3. With a bit more work, one can see that the subalgebra of M3(Z)
generated by A and B has index 9. Note that by (10), there are 129024 ordered
pairs of 3 x 3 matrices with entries in {0, 1}, which considered as elements of
M3 (F») generate the algebra M3 ([F,). Tsvetomira Radeva, at our request, performed
computations using Java and GAP and found that among them exactly 9132 pairs
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do not generate M3 (Z). The computations are based on a result of [Paz 1984] and
use the LLL algorithm [Lenstra et al. 1982; Pohst 1987].

We end with the following curious observation. In Theorem 8.1 we defined a
family of polynomials ¢ (x), k > 2. The polynomial 232 4 ¢ (x) is a factor of
the polynomial fj defined in Theorem 8.2. Define polynomials ¥ (x) as follows:

3k—2
XAOD) ek 20,4 (mod 6).

x—1

3k—2

w ifk=1,3 (mod6),
x-—1

) =9 5, (14)
%_‘pl"(x) if k=2 (mod 6),

2372 4 i (x)
(x+ D3 =1)
Computations with Maxima show that the polynomials ¢, and 1 are irreducible

for k < 250. While the polynomials ¢; have only six nonzero coefficients, the
polynomials i, have complicated structure. For example,

if k=5 (mod 6).

wlz(x)=x33+x32+x31+x30+x29+x28+x27+x26+x25+x24+x23+x22
4252 42520 12510 1 2x 18 L 217 4 016 1 0x 15 x4 013 4 0y 12
= x10 259 —2x® 27 —2x0 — 2% —2x* —2x —2x% —2x — 1.

Nevertheless, it seems that all the coefficients of v are in the set {—2, —1, 0, 1, 2}.
Even though we do not have at present any conceptual reason for it, we propose
the following intriguing conjecture.

Conjecture 8.11. The polynomials ¢y and vy are irreducible.
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Moving lemma for additive
higher Chow groups

Amalendu Krishna and Jinhyun Park

We study additive higher Chow groups with several modulus conditions. Apart
from exhibiting the validity of all known results for the additive Chow groups
with these modulus conditions, we prove the moving lemma for them: for a
smooth projective variety X and a finite collection W of its locally closed alge-
braic subsets, every additive higher Chow cycle is congruent to an admissible
cycle intersecting properly all members of W times faces. This is the additive
analogue of the moving lemma for the higher Chow groups studied by S. Bloch
and M. Levine.

As an application, we prove that any morphism from a quasiprojective variety
to a smooth projective variety induces a pull-back map of additive higher Chow
groups. More important applications of this moving lemma are derived in two
separate papers by the authors.

1. Introduction

Working with algebraic cycles, formal finite sums of closed subvarieties of a vari-
ety, often requires some forms of moving results, as differential geometry often re-
quires Sard’s lemma. A classical example is Chow’s moving lemma [1956], which
moves algebraic cycles under rational equivalence. A modern version for higher
Chow groups [Bloch 1994; Levine 1998] shows that, for a smooth quasiprojective
variety X and a finite set of locally closed subvarieties of X, one can move (modulo
boundaries) admissible cycles to other admissible cycles that intersect a given finite
set of subvarieties in the right codimensions. Any such result on moving of cycles
is generally referred to as a moving lemma. Such moving results have played a
very crucial role in the development and application of the theory of higher Chow
groups. For instance, one major application was the construction of a triangulated
category of mixed motives over kK [Hanamura 2004].

The primary goal of this paper is to prove this latter kind of moving lemma
for additive higher Chow groups of a smooth and projective variety, which will

MSC2000: primary 14C25; secondary 19E15.
Keywords: Chow group, algebraic cycle, moving lemma.
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serve as an important technical tool in the study of additive higher Chow groups.
Already, this moving lemma for additive Chow groups has been crucially used in
[Krishna and Park 2011; 2012] for proving some important results about additive
higher Chow groups. We expect that this will have many more applications in the
future study of additive Chow groups and the infinitesimal K-theory of smooth
varieties.

Additive Chow groups of 0-cycles on a field were first introduced in [Bloch and
Esnault 2003b] in an attempt to describe the K-theory and motivic cohomology
of the ring of dual numbers via algebraic cycles. Bloch and Esnault [2003a] later
defined these groups by putting a modulus condition on additive Chow cycles in
the hope of describing the K-groups of any given truncated polynomial ring over
a field. The additive higher Chow groups of any given variety were defined in the
most general form in [Park 2009] and were later studied in more detail in [Krishna
and Levine 2008], where many nice properties of these groups were established.

The most crucial part of existing definitions of additive higher Chow groups,
which makes them distinct from the higher Chow groups, is the modulus condition
on the admissible additive cycles. This condition also brings an extra subtlety
which does not appear in the theory of higher Chow groups. As conjectured in
[Krishna and Levine 2008; Park 2009], additive higher Chow groups are expected
to complement higher Chow groups for nonreduced schemes so as to obtain the
right motivic cohomology groups. In particular, for a smooth projective variety X,
one expects an Atiyah—Hirzebruch spectral sequence

TH (X, —p—q:m)= K", (X;m), (1-1)
where K"!(X; m) is the homotopy fiber of the restriction map
K (X x Spec(k[t])) — K (X x Spec(k[t]/r™*1)).

Since these statements are still conjectural, it is not clear if the modulus condi-
tions used to study additive higher Chow groups of varieties in the literature are
the right ones to give the correct motivic cohomology, for example, ones which
would satisfy (1-1). One goal of this paper is to exhibit that the modulus condition
(which we call My, in this paper) used in [Krishna and Levine 2008] may not be
the best possible one.

We study the theory of additive Chow groups based on two other modulus con-
ditions in this paper: M = Mgy, is based on the modulus condition used in [Bloch
and Esnault 2003a; Riilling 2007], and M = Mg, is a new modulus condition
introduced in this paper. Although this new modulus condition Mg, may appear
to be mildly stronger than the one used in [Krishna and Levine 2008; Park 2009],
it turns out that the resulting additive Chow groups have all the properties known
for the additive Chow groups of [Bloch and Esnault 2003a; Krishna and Levine
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2008; Park 2009]. In addition, we prove many other crucial structural properties
of additive higher Chow groups based on the modulus conditions My, and Migyp.
More important properties are discussed in [Krishna and Park 2011; 2012].

As in the case of higher Chow groups, any theory of additive motivic cohomol-
ogy which would compute the K-theory as in (1-1) is expected to have a form of
moving lemma to make it more amenable to deeper study. The central result of the
paper is the following moving lemma:

Theorem 4.1. For a smooth projective variety X and a finite collection W of its
locally closed algebraic subsets, every additive higher Chow cycle is congruent to
an admissible cycle intersecting properly all members of W times faces. In other
words, the inclusion of complexes

TZI (X, -;m) < TZY(X, -; m)
is a quasiisomorphism.

This is the additive analogue of the moving lemma for the higher Chow groups
studied by S. Bloch and M. Levine.

It is known that the moving lemma for all smooth quasiprojective varieties in-
directly implies other properties such as A'-homotopy invariance and localization
sequences. But these clearly fail for the additive Chow groups. This suggests
that the above moving lemma may not be valid for some smooth quasiprojective
varieties. A concrete quasiprojective example, where the standard arguments fail,
is given in Example 8.2.

Our proof of the above result is broadly speaking based on the techniques of
[Bloch 1986; Levine 1998] where the analogous result for the higher Chow groups
is proven. However, the main difficulty with the techniques of both these works
is that their arguments are mostly intersection theoretic and are not equipped to
handle the more delicate modulus condition of additive Chow cycles. So these
arguments cannot be directly transported to the additive world. This has made
people believe that the additive Chow group may not satisfy the moving lemma.

We achieve the goal by our new containment-type argument (see Proposition 2.4)
and construction of the additive version of a chain homotopy variety in Section 5.
Using these results and Proposition 5.2, we show that we can keep track of the mod-
ulus condition whenever we need to move an additive cycle. On the log-additive
higher Chow groups of [Krishna and Levine 2008], one can prove the moving
lemma for any general smooth quasiprojective varieties using our main theorem.

As the first application of the moving lemma, we establish the contravariant
functoriality property of the additive higher Chow groups in the most general form:

Theorem 7.1. For a morphism f : X — Y of quasiprojective varieties over a field
k, where Y is smooth and projective, there is a pull-back map
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f*:THY(Y,n; m) — THY (X, n; m),
and this satisfies the expected composition law.

If X is also smooth and projective, the pull-back map on the additive Chow
groups was constructed in [Krishna and Levine 2008] using the action of the higher
Chow groups on the additive ones. However, the contravariant functoriality in
this general form as above is new, and it is based on a crucial use of the moving
lemma (Theorem 4.1) as in the case of general pull-back maps of higher Chow
groups [Bloch 1986, Theorem 4.1], and another use of our containment argument
to establish the Gysin chain map for regular embeddings. Even in the special case
of X being smooth and projective, our proof is different and more direct than the
one in [Krishna and Levine 2008].

We give applications of the results in this paper elsewhere. In [Krishna and Park
2011] we investigate the structure of differential graded algebras on the additive
higher Chow groups of smooth projective varieties. When X = Spec(k), this was
done in [Riilling 2007]. Higher-dimensional varieties X require involved calcula-
tions and arguments as well as the moving lemma and the containment lemma of
this paper. As another application of the moving lemma, we showed in [Krishna
and Park 2011] that there is an additive analogue of Bloch’s normalized cycle
complex and it is quasiisomorphic to the additive cycle complex. This fact is used
to propose and study a motivic cyclic homology theory by constructing a mixed
complex in the sense of A. Connes (see [Loday 1998]) from additive higher Chow
complexes.

In [Krishna and Park 2012] we apply the moving lemma to construct a tri-
angulated category %.ML(k; m) of mixed motives over k[¢]/(+"+1). This category
extends the category of [Hanamura 2004], and some “augmented motives” in the
category compute the usual higher Chow groups and the additive higher Chow
groups at the same time, as desired originally in [Bloch and Esnault 2003a, §4].

We now outline the structure of this paper. In Section 2, we define our basic
objects, the additive higher Chow groups with various modulus conditions. We also
prove some preliminary results used repeatedly in the paper. In Section 3, we prove
basic properties of these additive Chow groups. In particular, we demonstrate, for
the additive higher Chow groups based on the modulus condition My, all those
results which are known for the additive higher Chow groups of [Bloch and Esnault
2003a; Krishna and Levine 2008; Park 2009] with slightly different modulus con-
ditions Mgy, and Mg,,. Section 4 gives the proofs of further preliminary results
needed to prove our moving lemma for the additive higher Chow groups. The
subsequent Sections 5 and 6 are devoted to our main result, the moving lemma
for additive higher Chow groups. In Section 7, we apply the moving lemma to
prove the general contravariant functoriality theorem, Theorem 7.1. In Section 8,
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we append some calculations of the additive higher Chow groups we found in the
process of working on the problem. This suggests some kind of “pseudo”A!-
homotopy properties of additive higher Chow groups.

Throughout this paper, a k-scheme, or a scheme over k, is always a separated
scheme of finite type over a perfect field k. A k-variety is an integral k-scheme.

2. Additive higher Chow groups

In this section, we define additive higher Chow groups from a more unified perspec-
tive than those in the literature by Bloch and Esnault, Riilling, Krishna and Levine,
and Park, treating the modulus conditions as “variables”. We also prove some
elementary results that are needed to study and compare additive Chow groups
based on various modulus conditions.

We begin by fixing some notations which will be used throughout this paper.
We write Sch /k, Sm / k, and SmProj / k for the categories of k-schemes, smooth
quasiprojective varieties, and smooth projective varieties, respectively. We shall
let Sch’ / k denote the category of k-schemes with only proper maps. D~ (Ab) is
the derived category of bounded-above complexes of abelian groups. Recall from
[Krishna and Levine 2008; Park 2009] that for a normal variety X over k, and
a finite set of Weil divisors {Y1, ..., ¥y} on X, the supremum of these divisors,
denoted by sup, ;- ¥;, is the Weil divisor defined to be

Sup| ;< ¥i = sumyepaiv(x) (max ordy (¥;))[Y], (2-1)
1<i<s

where Pdiv(X) is the set of all prime Weil divisors of X. One observes that the
set of all Cartier divisors on a normal scheme X is contained in the set of all Weil
divisors, and the supremum of a collection of Cartier divisors may not remain a
Cartier divisor in general, unless X is factorial. We shall need some elementary
results about Cartier and Weil divisors on normal varieties:

Lemma 2.1. Let X be a normal variety and let Dy and D, be effective Cartier
divisors on X such that Dy > D, as Weil divisors. Let Y C X be a closed subset
which intersects Dy and D, properly. Let f : YN — X be the composite of the
inclusion and the normalization of Yreq. Then f*(Dy) > f*(Dy).

Proof. For any effective Cartier divisor D on X, let $p denote the sheaf of ideals
defining D as a locally principal closed subscheme of X. We first claim that Dy >
D, if and only if $p, C $p,. We only need to show the “only if” part, as the
other implication is obvious. Now, D > D, implies that D = D| — D is effective
as a Cartier divisor since the group of Cartier divisors forms a subgroup of Weil
divisors on a normal scheme. Since $p, C $p, is a local question, we can assume
that X = Spec(A) is a local normal integral scheme and $p, = (a;). Puta =a;/as
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as an element of the function field of X. We need to show that a € A. Since A
is normal, it suffices to show that a € A, for every height-one prime ideal p of A.
But this is precisely the meaning of D; > D,. This proves the claim.

Since D; intersect Y properly, we see that f*(D;) is a locally principal closed
subscheme of YV for i = 1, 2. The lemma now follows directly from the above
claim. O

The following is a refinement of [Krishna and Levine 2008, Lemma 3.2].

Lemma 2.2. Let f :Y — X be a surjective map of normal integral k-schemes. Let
D be a Cartier divisor on X such that f*(D) >0on Y. Then D >0 on X.

Proof. As is implicit in the proof of Lemma 2.1, we can localize at the generic
points of Supp(D) and assume that X = Spec(A), where A is a discrete valuation
ring which is essentially of finite type over k. The divisor D is then given by
a rational function a € K, where K is the field of fractions of A. Choosing a
uniformization parameter = of A, we can write a uniquely as a = unw”, where
ueA*  andne”.

Since f is surjective, there is a closed point y € Y such that f(y) is the closed
point of X. Since Y is integral, the surjectivity of f also implies that the generic
point of ¥ (which is also the generic point of Spec(Oy,,)) must go to the generic
point of X under f. Hence the map Spec(Oy,,) — X is surjective. This implies in
particular that the image of 7 in Oy , is a nonzero element of the maximal ideal
m of the local ring Oy,,. On the other hand, f*(D) > 0 implies that as a rational
function on Y, a actually lies in Oy, ,. Since u € @; y and € m, this can happen
only when n > 0. That is, D is effective. O

We will assume that a k-scheme X is equidimensional to define the additive
Chow groups, although one can easily remove this condition by writing the ad-
ditive Chow cycles in terms of their dimensions rather than their codimensions.
Throughout this paper, for any such scheme X, we shall denote the normalization
of Xieq by X N Thus XV is the disjoint union of the normalizations of all the
irreducible components of Xi.q.

Set Al := Speck[t], G,, := Speck]t, 1, Pl = Proj k[Yy, Y1], and let y :=
Y1/ Yo be the standard coordinate function on P'. We set 0" := (P! \ {1})". For
n>1,let B, = G, x 0" , B, =Al x O, B, = Al x (P~ IDB,,,and
B, =P!' x (PHY"1 > B,. We use the coordmate system (7, Y1, ..., ya—1) On By,
with y; :== y o g;, where ¢; : B,, — P! is the projection onto the i-th P!,

Let Fnll, fori =1,...,n— 1, be the Cartier divisor on B,, defined by {y; = 1}
and F,, o C B the Cartier divisor defined by {# = 0}. Notice that the divisor F, 0] 18
in fact contained in B, C B Let F, I denote the Cartier divisor sum’_ 1 F, ! ; on B
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A face of B, is a subscheme F defined by equations of the form

Vip=€1, ..., Yi =€ (e; € {0, 00}).
Fore =0,00,andi =1,...,n—1,lett,;: B,—1 — B, be the inclusion
i Y15 ooy Yn=2) =, Y1y ooy Vi1, €, Vis oo oy Yn=2). (2-2)

We now define the modulus conditions that we shall consider for defining our
additive higher Chow groups.

2A. Modulus conditions.

Definition 2.3. Let X be a k-scheme as above and let V be an integral closed
subscheme of X x B,. Let V denote the closure of V in X x B, and let

v \_/N — X X §n
denote the induced map from the normalization of V. We fix an integer m > 1.

(1) We say that V satisfies the modulus m conditijgn Mgym (or the sum-modulus
condition) on X x B, if as Weil divisors on V

(m + D (Fp0)] < V" (F,)]-
This condition was used in [Bloch and Esnault 2003a; Riilling 2007] to study

additive Chow groups of 0-cycles on fields.

(2) We say that V satisfies the modulus m condition Mgy, (or the sup-modulus
condition) on X x B, if as Weil divisors on V",

(m + D[V*(Fy,0)] < sup; -, [V*(F, )].

This condition was used by in [Krishna and Levine 2008; Park 2009] to define
their additive higher Chow groups.

(3) We say that V satisfies the modulus m condition Mgy, (or the strong sup-
modulus condition) on X x B, if there exists an integer 1 <i <n — 1 such
that

(m + D[v*(Fu0)] < [V(F, )]
as Weil divisors on ‘_/N.

Since the modulus conditions are defined for a given fixed integer m, we shall
often simply say that V satisfies a modulus condition M without mentioning the
integer m. Notice that since V is contained in X x By, its closure V intersects all
the Cartier divisors F; o and F rlz ; (1 <i <n—1)properly in X x B,.In particular,
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their pull-backs of F, ¢ and Fnl’ ; are all effective Cartier divisors on ‘_/N. Notice
also that

Mssup = Msup = Msum- (2'3)

The following restriction property of the modulus conditions M,y and Mg,
will be used repeatedly in this paper.

Proposition 2.4 (containment lemma). Let X be a k-scheme, and let W C V be
irreducible closed subvarieties of X x B,,. If V satisfies Mgy, then so does W if
V satisfies Msyp, then so does W.

Proof. Let V and W be the Zariski closures of V and W in X x §n and let W <& V
be the closed embedding. Let v : VY — V < X x B, be the normalization of V:

oQ1
~.
=2

w Wi Vv (2-4)
N !
_l g l J ﬁ\\
whN W % } v
T
X X /B\n

Let Wy be W Xy VN and let f and j be the natural projections. Let g and g
be the normalizations. The map v; is defined so that the lower triangle commutes.
By the universal property of normalization, we have a finite surjective morphism
Ny WIN — WP of normal integral k-schemes that makes the above diagram
commutative.

Since VN F, o =2 and W # &, we see that F}, o and Fnl,l. intersect W properly.
Now, if V satisfies the modulus condition Mgy, then Lemma 2.1 implies that there
is an integer 1 <i <n — 1 such that g* o f*[vi"(FnlJ —(m+1)F,0)]>0on WIN.
In particular, by commutativity, we get ( f N )*[vik(Fnl’ ;—(m+1)F,;0)]>0o0n WIN .
Since fV is a finite and surjective map of normal varieties, from Lemma 2.2 we
have [v;‘(FnlJ. —(m+1)F,0)]>=0o0n WP, that is, W satisfies M5y toO.

The case of Mg, follows exactly the same way using F! instead of Fn]’ ;» noting
that F! is also an effective Cartier divisor. 0

As one can see from the above proposition, although the modulus condition
Mgy, lies between the other two modulus conditions My, and Mg, the additive
higher Chow groups based on the latter modulus conditions have better structural
properties.

In this paper, we study the additive higher Chow groups based on the modulus
conditions Mgy, and Mgs,,. We shall show in the next section that the additive
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Chow groups based on our new modulus condition Mgy, satisfy all the properties
known to be satisfied by the additive higher Chow groups of Krishna and Levine,
Park, Bloch and Esnault, and Riilling.

2B. Additive cycle complex. We define the additive cycle complex based on the
above modulus conditions.

Definition 2.5. Let M be a modulus condition — either Mgy, or Mgg,p. Let X be
a k-scheme, and let  and m be integers with m > 1.

(0) TZ,(X, 1; m)yy is the free abelian group on integral closed subschemes Z of
X x G,, of dimension .

Forn > 1, TZ,(X, n; m)y is the free abelian group on integral closed subschemes
Z of X x B,, of dimension r +n — 1 such that:

(1) (Good position) For each face F of B,, Z intersects X x F properly:
dim(ZN(X x F)) <r+dim(F)—1, and
(2) (Modulus condition) Z satisfies the modulus m condition M on X x B,,.

As our scheme X is equidimensional of dimension d over k, we write for ¢ > 0
TZ9(X, n;m)y = Ed_;_l_q (X,n;m)y.

We now observe that the good-position condition on Z implies that the cycle
(idx Xtn,ie)*(Z), that we denote by 97 (Z), is well-defined and each component
satisfies the good-position condition. Moreover, letting ¥ = X x F for F =
tn.i.e (By—1) in Proposition 2.4, we first of all see that Y intersects X x F, o and
X x Fn1 properly in X x §n, and each component of (idx xt, ; )*(Z) satisfies the
modulus condition M on X x B,_;. We thus conclude that if Z C X x B,, satisfies
the above conditions (1) and (2), then every component of ¢, ; (*(Z) also satisfies
these conditions on X x B,_;. In particular, we have the cubical abelian group
n—> TZ1(X,n; m)y.

Definition 2.6. The additive cycle complex TZ4 (X, - ; m)p of X in codimension ¢
and with modulus m condition M is the nondegenerate complex associated to the
cubical abelian group n — TZ7(X, n; m)yy, that is,

TZ(X, n; m)m
TZ%(X, n; m)M,degn ’

TZ9(X,n; m)y =

where the group of degenerate cycles TZ7 (X, n; m) 1 degn is generated by the pull-
backs of the cycles under the projections X x B, — X x B,_; given by

()C,t, Y1, ---»)’n—l) = (-xvta Yis -5 Yi—1, Yi+1, ---ayn—l)'
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The boundary map of this complex at level n is given by
9 = sum’— (=1 (3 — 3,
which satisfies 3> = 0. The homology
THY(X, n; m)y = H,(TZ4(X, - ;m)y), n=>1,
is the additive higher Chow group of X with modulus m condition M.

From now on, we shall drop the subscript M from the notations and it will be
understood that the additive cycle complex or the additive higher Chow group in
question is based on the modulus condition M, where M could be either Mg, or
Msyp. The reader should however always bear in mind that these two are different
objects.

A few comments are in order. We could also have defined our additive cycle
complex by taking TZ (X, n; m) to be the free abelian group generated by inte-
gral closed subschemes of X x B, which have the good-intersection property with
respect to the faces of B,, and which satisfy the modulus condition on X x B, (see
[Krishna and Levine 2008; Park 2009]). However, the following easy consequence
of the modulus condition shows that this does not change the cycle complex.

Lemma 2.7. Let M be a modulus condition in Definition 2.3.

Then, there is a canonical bijection between the set of irreducible closed sub-
varieties V. C X x By, satisfying M and the set of irreducible closed subvarieties
W C X x B, satisfying M.

Here, the correspondence is actually given by the identity map. In other words,
any closed subvariety satisfying M on X X B, isin fact a closed subvariety of the
smaller space X X B,,.

Proof. First of all, since for any integral closed subscheme V of X x B,, the pull-
back v*(F, o) on VN is contained in the open subset v~ (X x B,), we can replace
§n by B, in the definition of the modulus conditions.

Now, if ¥ and ¥ are the two sets in the statement, then the modulus condition
forces that if V € X, then V is the same as its closure in X x B, Conversely, if
V € &, then the modulus condition again forces V to be contained in X x B,,. U

Let TZI(X, -; m)g, be the additive cycle complex as defined in [Krishna and
Levine 2008; Park 2009]. This complex is based on the modulus condition Mg,
above. It follows from (2-3) that there are natural inclusions of cycle complexes

TZ9(X, -; m)ssup = TZ1(X, -; m)sup — TZY(X, -; m)sum (2-5)
and hence there are natural maps

THY(X, -; m)ssup — THY (X, -; m)sup — THY(X, -; M) sum- (2-6)
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One drawback of the cycle complex based on Mg, is that the underlying mod-
ulus condition for a cycle is not necessarily preserved when it is restricted to a
face of B,. This forces one to put an extra induction condition in the definition of
TZ9(X, - ; m)g, that requires for cycles to be admissible, not only must the cycles
themselves satisfy My, on X x B, but also all their intersections with various faces
must satisfy Myy,. In particular, as n gets large, this condition gets more serious,
and it might be a very tedious job to find admissible cycles. On the other hand,
the definition of our cycle complexes shows that this extra induction induction
condition is superfluous for complexes based on Mgy, or Mgs,,. Based on this
discussion and all the results of this paper, one is led to guess that even though the
modulus condition M, may appear mildly stronger (and Mgy, weaker) than the
modulus condition My, the following conjecture could be true.

Conjecture 2.8. For a smooth projective variety X over k, the natural inclusions
of cycle complexes TZI (X, - ; m)squp > TZI(X, -; m)Sup — TZ4(X, - ; m)sum are
quasiisomorphisms.

In Section 3, combined with previously known results, we check that when

S = Spec(k), for groups of O-cycles, part of the conjecture holds, but we do not
yet know how much of this conjecture holds true in general.

3. Basic properties of TH? (X, - ; m)

In this section, our aim is to demonstrate that the additive higher Chow groups
defined above for M, and My, have all the properties (except Theorem 3.6
which we do not know for Mg,,) which are known to be true for the additive
Chow groups for Mg, of [Krishna and Levine 2008; Park 2009]. Since most of the
arguments in the proofs can be given either by quoting these references verbatim
or by straightforward modifications of the same, we only give the sketches of the
proofs with minimal explanations whenever deemed necessary. We begin with the
following structural properties of our additive Chow groups.

Theorem 3.1. Let f : Y — X be a morphism of k-schemes.

(1) If f is projective, there is a natural map of cycle complexes
Jfe : TZ(Y, s m) —> TZ. (X, -; m)
that induces the analogous push-forward map on the homology.
(2) If f is flat, there is a natural map of cycle complexes
f*T2.(X,-;m)— TZ,(Y,-;m)

that induces the analogous pull-back map on the homology. These pull-back
and push-forward maps satisfy the obvious functorial properties.



304 Amalendu Krishna and Jinhyun Park

) If X is smooth and projective, there is a product
Nx : CH' (X, p) @ TH,(X, g; m) — TH,— (X, p +q; m),
natural with respect to flat pull-back, that satisfies the projection formula
L(ff (@) Nx b) =any fi(b)

for f : X — Y a morphism of smooth projective varieties. If f is flat in
addition, we have an additional projection formula:

filaNx f5(B) = fi(a) Ny b.
4) If X is smooth and quasiprojective, there is a product
Nx : CH (X) ® TH,(X, ¢; m) - TH,;_.(X, q; m),
natural with respect to flat pull-back, that satisfies the projection formula
L(ff (@) Nx b) =any fi(b)

for f : X — Y a projective morphism of smooth quasiprojective varieties. If
f is flat in addition, we have an additional projection formula

filaNy f5(b)) = fila) Ny b.

Furthermore, all products are associative.

Proof. This follows from the arguments in [Krishna and Levine 2008]. Granting the
flat pull-back and the projective push-forward, the theorem is a direct consequence
of Lemmas 4.7 and 4.9 of that article, whose proofs are independent of the choice
of the modulus conditions of Definition 2.3, as the interested reader may verify.
The proofs of the flat pull-back and projective push-forward maps on the level of
cycle complexes also follow in the same way as in [Krishna and Levine 2008] using
our Lemma 2.2. ([

Theorem 3.2 (projective bundle and blow-up formulae). Let X be a smooth quasi-
projective variety and let V be a vector bundle on X of rankr+1. Let p:P(V) —> X
be the associated projective bundle over X. Let 1 € CH!(P(V)) be the class of the
tautological line bundle O(1). Then for any g, n > 1 and m > 2, the map

,
0 : @ TH! ™ (X, n: m) — THI(P(V), n; m)
i=0
given by

.
(ao, ..., ar) > sum n' Npeyvy p*(a;)
=

is an isomorphism.
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Suppose that i : Z — X is a closed immersion of smooth projective varieties and
WXz — X isthe blow-up of X along Z withig : E — Xz the exceptional divisor
with morphism q : E — Z. Then the sequence

0— TH* (X, n: m) =% THY (Z, n: m)@TH® (X2, n: m) —5 TH (E, n: m) — 0
is split exact.

Proof. In view of Theorem 3.1, the proof of the theorem is exactly the same as
the proofs of [Krishna and Levine 2008, Theorems 5.6 and 5.8]. The basic point
is that there is a similar decomposition of the motives of the projective bundle and
the blow-up in the triangulated category Mot of motives over k [ibid., Section 2].
On the other hand, Theorem 3.1 implies that for each integer p > 1, the assignment
(X, n) » TH"(X, p; m) is a functor from Mot; to the category of graded abelian
groups for any modulus M. We refer the reader to [ibid., Section 5] for details. [J

Recall from [ibid., Section 2.4] that K®(Z SmProj / k) is the homotopy cate-
gory of the bounded complexes in the additive category Z SmProj /k generated
by SmProj / k. We denote the complex concentrated in degree 0 associated to an
X € SmProj / k by [X]. Sending X to [X] defines the functor

[—]: SmProj /k — K”(Z SmProj / k).

Leti : Z — X be a closed immersion in SmProj /k, i : Xz — X the blow-up
of X along Z, and ig : E — Xz the exceptional divisor with structure morphism
q:E— Z.Let C(u) be the complex
(E.—q) uti
[E] — [Xz]® [Z] — [X]
with [X] in degree 0. The category %Dpom (k) is the localization of the triangulated

category K”(Z SmProj / k) with respect to the thick subcategory generated by the
complexes C(u).

Theorem 3.3. Assume that k admits resolution of singularities. Then the functor
TZ,.(—; m) : SmProj /k — D~ (Ab) extends to a functor

TZ°¢(—; m) : Sch /k — D~ (Ab)

together with a natural transformation of functors Terog(—; m) — TZ,(—; m) sat-
isfying:

(1) Let . : Y — X be a proper morphism in Sch / k,i : Z — X a closed immersion.
Suppose that i : W' (X \ Z) — X \ Z is an isomorphism. Set E := u~'(Z) with
mapsip : E —Y,q: E — Z. There is a canonical extension of the sequence in
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D~ (Ab):

1 . 1 . M*+i* 1 X
TZ6(Y; m) @ TZ 2(Z; m) — TZ (X m)

TZi.Og(E, m) (Ess—qx)
to a distinguished triangle in D~ (Ab).

(2) Leti: Z — X be a closed immersion in Sch / k, j: U — X the open complement.
Then there is a canonical distinguished triangle in D~ (Ab):

1 ) s gl N | ) 1 )
TZ 5(Z; m) = TZ 5(X; m) — TZ°2(U; m) — TZ,5(Z; m)[1],
which is natural with respect to proper morphisms of pairs (X, U) — (X', U").
(3) For any X € Sch / k, the natural map THiog(X, n;m) — Tle(fp (X xA? n;m)
is an isomorphism.

Proof. The proof of this theorem is exactly the same as the proof of [Krishna and
Levine 2008, Corollary 6.2]. By [ibid., Lemma 2.8], the motive functor

Mhom : SMProj / k — Dpom (k)

is a category of homological descent in the sense of [Guillén and Navarro Aznar
2002]. Theorem 3.2 immediately implies that TZ, (—; m) : SmProj /k — D~ (Ab)
extends to a functor TZ,(—; m) : Dpom(k) — D~ (Ab). On the other hand, the
functor mpem extends to a functor Mpey : Sch’ /k — Dpom(k) by [Krishna and
Levine 2008, Theorem 2.9]. The functor TZl,Og (—; m) is the composite TZ,(—; m)o
Muom. All the desired properties of Terog (—; m) follow from the similar properties
of Myom as shown in the same reference. O

Next we study the question of the existence of the regulator maps from our addi-
tive higher Chow groups to the modules of absolute Kihler differentials. First we
prove the following result of [Bloch and Esnault 2003a; Riilling 2007] on 0-cycles
for the modulus condition Mgyy,.

Theorem 3.4. Assume that char(k) # 2 and let W, 2} denote the generalized
de Rham-Witt complex of Hesselholt and Madsen (see [Riilling 2007]). Then there
is a natural isomorphism

Rg , : TH" (k, n; m) — Wmﬂzfl.

Proof. This is already known for Mgy,. For the modulus condition Mgy, we first
note that the map R; ,, is the composite map

THn(k, n; m)ssup g THn(k’ n; m)sum ﬁ) WmQ;cl_l’

where 6 is constructed in [Riilling 2007] and this coincides with the regulator map
of Bloch and Esnault for m = 1. Furthermore for m = 1, Bloch and Esnault define
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the inverse map QZ’I — TH" (k, n; 1)4,y Using a presentation of QZ”. The reader
can easily check from the proof of [Bloch and Esnault 2003a, Proposition 6.3] that
the inverse map is actually defined from QZ‘I to TH" (k, n; 1)gsup- This completes
the proof when m = 1.

For m > 2, Riilling’s proof for TH" (k, n; 1), has these main steps:

(1) The existence of map R(’)"m
(2) The isomorphism of Ré’ me

(3) The existence of transfer maps on the additive higher Chow groups for finite
extensions of fields.

(4) Showing that pro-group {TH" (k, n; m)},, ,,~1 is an example of a restricted Witt
complex; see [Riilling 2007, Remark 4.22].

We have already shown (1) for our TH" (k, n; m)gsyp. The proof of (3) is a simple
consequence of Theorem 3.1. The surjectivity part of (2) follows from the result
of Riilling and the isomorphism TZ" (k, n; m)sup = TZ" (k, n; m)g,,. To prove
injectivity, we follow the proof of [Riilling 2007, Corollary 4.6.1] and observe that
if there is a cycle ¢ € TZ!(k, 1; m) such that Ré’m (¢) =0, then ¢ is the boundary
of a curve C which is an admissible cycle with the modulus condition Mg,y,. But
then C is an admissible cycle also with the modulus condition Mgy, since one has
Mgp = Mgyp = Mgy, when n = 2 by definition. This proves (2). Note that this
does not need any assumptions on the characteristic of the ground field.

For the proof of (4), one checks that Lemma 4.17 of [ibid.] works without
change.

Riilling showed that these four ingredients and the universality of the de Rham-—
Witt complex imply that there is a map

SV!
W, 20~ 2% TH" (k, n; m)

which is surjective. On the other hand, one checks from the construction of the
map Ry, in [ibid.] that R[], o Sy, is the identity. U

The following result is an immediate consequence of the results of Riilling and
Theorem 3.4. This gives evidence for Conjecture 2.8.

Corollary 3.5. For every n, m > 1, the natural maps
TH" (k, n; m)ssup — TH" (k, n; m)gyp — TH" (k, 5 m) gy
are isomorphisms.

We finally turn to the regulator maps for 1-cycles as considered in [Park 2009].
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Theorem 3.6. Suppose that k is of characteristic zero and assume the modulus
condition to be Mgp. Then there is a natural nontrivial regulator map

R}, TH" ' (k, n; m)ssup — 27> (3-1)
This map is surjective if k is, moreover, algebraically closed.

Proof. Let R, be the composite map

TH" (k, n; m)ssup — TH' (k, 15 m)gyy —> Q172

where 6 is constructed in [Park 2009]. For the nontriviality of R’f’ n» Park constructs
a l-cycle I' (see [Park 2007, Proposition 1.9] and [Krishna and Levine 2008, 7.11])
and shows (see [Park 2007, Lemmas 1.7 and 1.9]) that each component of I" in
fact satisfies the modulus condition M,,. Hence RY , is nontrivial. If k = k, then
the proof of the surjectivity in [Krishna and Levine 2008, §7] follows from the
following:

(1) An action of k* on TH" (k, n; m),
(2) Suitable k*-equivariance of Rim up to a scalar,

(3) The surjectivity of R}  and

1,m>

(4) The cap product CH" (k, n)®z TH?(k, 3; m) — TH"*2(k, n + 3; m).

The action of k> on our additive higher Chow groups is given as in [Park 2007;
Krishna and Levine 2008] by

ax(x,ty,...,tq—1)=x/a,t,...,th—1). (3-2)

This action extends to an action of k™ on ﬁn. The proof of (2) now follows from
the k*-equivariance of the natural map TZ, (k, n; m)swp — TZ,(k, n; m)sup and
the results of [Krishna and Levine 2008]. The proof of (3) is a direct consequence
of (1), (2), and the fact that k is algebraically closed field of characteristic zero.
Finally, (4) is already shown in Theorem 3.1. O

We do not yet know if this theorem holds for My, because the regulator map
R?,m in [Park 2007] is not immediately defined on the set of all Mg,,-admissible
1-cycles. In fact, this was one main obstruction that led to the introduction of the
M., modulus condition in that work. See Section 8A for a related discussion on
how one may potentially get around this issue.

4. Preliminaries for moving lemma

The underlying additive cycle complexes and additive higher Chow groups in all
the results in the rest of this paper will be based on the modulus condition Mgy, or
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Mup, unless one of these is specifically mentioned. Our next three sections will
be devoted to proving our first main result of this paper:

Theorem 4.1. Let X be a smooth projective variety over a perfect field k. Let ‘W
be a finite collection of locally closed subsets of X. Then, the inclusion of additive
higher Chow cycle complexes (see below for definitions)

TZI.(X, s m) — TZI(X, -; m)

is a quasiisomorphism. In other words, every admissible additive higher Chow cy-
cle is congruent to another admissible cycle intersecting properly all given finitely
many locally closed subsets of X times faces.

In this section, we set up our notations and machinery that are needed to prove
this theorem, and prove some preliminary steps. Let X be a smooth projective
variety over k and we fix an integer m > 1. Let W be a finite collection of locally
closed algebraic subsets of X. If a member of W is not irreducible, we always
replace it by all of its irreducible components so that we assume all members of
W are irreducible. For a locally closed subset Y C X, recall that the codimension
codimy Y is defined to be the minimum of codimy Z for all irreducible components
ZofY.

Definition 4.2. We define E?W(X , n; m) to be the subgroup of TZ7 (X, n; m) gen-
erated by integral closed subschemes Z C X x B, such that
(1) Zisin TZ?(X, n; m) and
(2) codimyxr(ZN(W x F)) > q for all W € W and all faces F of B,.
It is easy to see that E?W(X, -; m) forms a cubical subgroup of TZ7(X, -; m),
giving us the subcomplex

TZ! (X, m) =

cTZ(X,-;m).

m ) degn

Let TH?W (X, -; m) denote the homology of the complex TZ?W(X ,-;m). Then the
above inclusion induces a natural map of homology,

THI, (X, -; m) — THY(X, -; m). (4-1)

More generally, if e : W — Zs¢ is a set-theoretic function, then one can define
subcomplexes E% (X, -; m) replacing condition (2) above by

2e) codimyxp(ZN(W x F))>qg —e(W).

In this generality, the subcomplex E%’M(X , -3 m) is the same as E?W,O(X , o m).
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Remark 4.3. Let ® be the set of all set-theoretic functions e : W — Z>¢. Give a
partial ordering on ® by declaring ¢’ > ¢ if ¢/(W) > e(W) for all W € W. If two
functions e, ¢’ € ® satisfy ¢’ > e, then for any irreducible admissible subvariety
Ze TZ?W’e(X, n; m), we have

codimy x r(ZN(W x F)) > g —e(W) > g —e (W) 4-2)
for all W € W and all faces F' C B,,. Thus, we have
TZ%/’E(X, n;m) C TZqu’e,(X, n;m) fore<e'. (4-3)

Note that if e € ® satisfies e > g where ¢ is considered as a constant function in
@, then automatically

TZi (X, nym) = TZy, (X, n;m) =TZ(X, n; m). (4-4)
Since 0 < e for all e € ®, for each triple e, ¢/, ¢” such that e < e’ < g < ¢”, we have
TZ. (X, n; m) C TZ, (X, n;m) C TZ, (X, n; m)
C TZy (X, n;m) = TZ, (X, n;m) =TZ (X, n;m).
All these (in)equalities are equivariant with respect to the boundary maps.

Remark 4.4. The main theorem is equivalent to saying that the inclusion
TZ%V(X, n;m) C TZ4(X, n; m)

induces an isomorphism TH%V(X ,n;m) >~ THY(X, n; m) for the given modulus
condition M.

Our remaining objective in this section is to prove an additive analogue of the
spreading argument, which originates from Bloch’s arguments. We begin with the
following results.

Lemma 4.5. Let f : X — Y be a dominant morphism of integral normal varieties

and let 1 denote the generic point of Y. Consider the fiber diagram

X, 2 x (4-5)

L

{n} —vY.

Let D be a Weil divisor on X such that j; (D) is effective. Then there is a nonempty
open subset U C Y such that if j : f~'(U) — X denotes the open inclusion, then
Jj*(D) is also effective.
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Proof. Let D = sumn; D;. Then j, (D) is effective if and only if for every i with
n; <0, one has D; N X, = @. Since D is a finite sum, it suffices to show that if
D is a prime divisor on X such that D N X, = &, then there is a nonempty open
subset U C Y such that DN f~1(U) = @.

Our hypothesis implies that f(D) is a proper closed subset of Y. Thus U =
Y\ f(D) is the desired open subset of Y. (]

Lemma 4.6. Let X be a quasiprojective k-variety and let W be a finite collection
of locally closed subsets of X. Let K be a finite field extension of k. Let X be
the base extension Xx = X Xspec(x) Spec(K), and let Wy be the set of the base
extensions of the varieties in W. Then there are natural maps
: — ,

TZ (X, -;m)  TZy (Xg,-;m)

TZ?(Xg, -;m) TZ1(X, -5 m)

Px - =g g

*

p

such that p,o p* =K : k]-id.

Proof. By Theorem 3.1, one also has the flat pull-back and finite push-forward maps
TZ (X, -;m) — TZy, (Xk,-;m) and TZ{, (Xk, -3 m) — TZ{, (X, -; m) for
any “W’. Taking for W the collection {X} and then W, and then taking the quotient
of the two, we get the desired maps. The last property of the composite map is
obvious from the construction of the pull-back and the push-forward maps on the
additive cycle complexes; see [Krishna and Levine 2008]. ([

Proposition 4.7 (spreading lemma). Let k C K be a purely transcendental exten-
sion. For a smooth projective variety X over k and any finite collection W of
locally closed algebraic subsets of X, let Xg and Wy be the base extensions as
before. Let px : Xk — Xy be the natural map. Then, the pull-back map

«  TZ1(X,-;m) TZ9(Xk, -;m)
Pk - q g q
TZy(X,-sm)  TZy, (Xk,-;m)

is injective on homology.

Proof. First, suppose the proposition holds for all infinite fields, and let k£ be a
finite field. Let Z be a cycle on the left quotient group whose pull-back via k — K
dies. Then, for two different primes ¢; and ¢, and for pro-¢; extensions k — k;, the
images of Z under the respective pull-backs are zero. Hence, by the norm argument
in Lemma 4.6, there exist integers N; such that ZlN" Z = 0 in the left group. This
implies that Z = 0, thus the proposition holds for the finite field k. Hence, we can
assume that k is infinite.

Since the additive Chow group of X g is an inductive limit of the additive Chow
groups of Xy, where L C K range over purely transcendental extension of k of
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finite transcendence degree over k, we can assume that the transcendence degree
of K over £ is finite.

Now let Z € TZ4(X, n; m) be a cycle such that 3Z € TZ! (X, n—1; m) where
there are admissible cycles Bx € TZ9(Xg,n+ 1; m) and Vg € TZ%VK (Xg,n;m)
satisfying Zx = 0(Bg) + Vk.

We first consider the natural inclusion of complexes

TZY(X,-;m) < z9(X x A}, - —1).

Since K is the function field of some affine space AJ, we can use the specialization
argument for Bloch’s cycle complexes [1986, Lemma 2.3] to find an open subset
U’ C A} and cycles

By ez(X xU' xAl,n), Vyezl Al(XxU/xAx,L,n—l)
k

WxU’x
such that Bg and Vi are the restrictions of By and V- to the generic point of U’
and Z x U' = d(By’) + Vi, respectively. In particular, all components of By and
Vy intersect all faces of X x U’ x B,41 and X x U’ x B, properly. To make By
and V- admissible additive cycles, we modify them using our Lemma 4.5.

To check the modulus condition for our cycles, let n denote the generic point
Spec(K) of U'. Let B and Vly denote the normalizations of the closures of By
and Vyrin X x U’ x Bn+1 and X x U’ x B,, respectively.

We first prove the admissibility under the modulus condition Mgs,, which is
a priori more difficult than Mg,,. The admissibility of Bx and Vi implies that
there are integers 1 <i <nand 1 <i’ <n—1 such that in (4-5), the Weil divisors
] *(F n+1 ;—(m+1)F,y10) and ]n (F1 — (m 4+ 1)F, o) are effective on BU/ and
VU/ respectively. Since X and B, are projective, the maps {}’,, Vllj\{ - U ) are
prOJectlve. These maps are dominant since Bx and Vi are nonzero-cycles. Thus
we can apply Lemma 4.5 to find an open subset U C U’ such that

and jU( — (m+ 1) F, o) are also effective. The same argument applies for the

modulus Condmon Mgim as well. We just have to replace the Cartier divisors F ! i

and F, , by F,, | and F,, respectively. Lemma 4.5 applies in this case, too.
Replacing U’ by U, we see that

By e TZU(X xU,n+1;m), VyeTZl (X xU,n;m),

ZxU=9d(By)+ Vy.

Next, (4-6) implies that for a k-rational point u € U (k) (which exists because k is
infinite) such that the restrictions of By and Vi to X x {u} give well-defined cycles
in z4(X x A, n) and Z;]Mx/-\i (X x A},n—1), one has Z = 8(i}(By)) + i} (Vu),
where i, : X x {u} - X x U is the closed immersion.

(4-6)
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We now only need to show that i} (By ) and if (Vi) satisfy the modulus condition
on X x {u}. But this follows directly from (4-6) and the containment lemma,
Proposition 2.4. U

5. Moving lemma for projective spaces

We follow the strategy of Bloch and Levine to prove the moving lemma for the
additive higher Chow groups. This involves proving the moving lemma first for
the projective spaces and then deducing the same for general smooth projective
varieties using the techniques of linear projections. This section is devoted to the
proof of the moving lemma for the projective spaces. We use the following tech-
nique from [Bloch 1986, Lemma 1.1] a few times to prove the proper-intersection
properties of moved cycles with the prescribed algebraic sets.

Lemma 5.1. Let X be an algebraic k-scheme and G a connected algebraic k-group
actingon X. Let A, B C X be closed subsets, and assume that the fibers of the map

GxA—>X (g,a)—~g-a

all have the same dimension and that this map is dominant. Then, there exists a
nonempty open subset U C G such that for all extension fields L of k and for all
g € U(L), the intersection g(Ar) N By, is proper in Xp.

Proposition 5.2 (admissibility of projective image). Let f : X — Y be a projective
morphism of quasiprojective varieties over a field k. Let Z € TZ' (X, n; m) be an
irreducible admissible cycle and let V = f(Z). Then V € TZ’ (Y, n; m), where s is
the codimension of V in Y x B,,.

Proof. We prove this in several steps.
Claim 1. V intersects all codimension-one faces F of B, properly in B,.
Consider F = F,f,i =t,.ie(Bp_1) forsomei e€{l,2,...,n—1}, e €{0, oo}, and
consider the diagram
XxB, | —~XxB,

lfn | #

)lIE

YXxB,. 1 ——=Y xB,.

Since F is a divisor in B, that V intersects Y x F properly is equivalent to that
Y x F p V. Towards contradiction, suppose that V C Y x F. Then,

ZC @)= £V C 7MY x F) = e (f (Y x Bym)) = X x F.

By assumption, Z intersects X x F properly so that we must have Z ¢ X x F.
This contradiction proves the claim.
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Claim 2. V intersects all lower-dimensional faces of B, properly.

By the admissibility assumption, all cycles 97 (Z) = ZN (X x F; ;) are admis-
sible. Moreover, it is easy to see that 97 (V) = f,_1(97(Z)). Thus we can replace
Z by 97 (Z) and apply the same argument as above; inductively we see that V' has
the good-intersection property.

Claim 3. For each face F of B, including the case F = B,,, the cycle VN (Y X F)
has the modulus condition.

For any face F = «(B;) C B,, where ¢ : B; — B, is a face map, and for the
projections f; : X x B; > Y x Bj,notethat VN (Y x F) = f,(ZN(X x F)) =
fi(Z|xxF). But the admissibility of Z implies that Z|x r is also admissible (see
Proposition 2.4). Hence, replacing Z|xxr by Z, we only need to prove it for
F = B, that is, we just need to show that V satisfies the modulus condition.
Consider the diagram

XX B, — X x ﬁn

lfn=f lf,z:f

YXBn—>Y><§,,.

Subclaim. Let V be the closure of V in ¥ x En and let Z be the closure of Z in
X X B,. Then V = f(Z).

Since Z C f~(V) c f~(V) and V is closed, we have Z C f~'(V). Hence,
f(Z) C V. For the other inclusion, note that V = f(Z) C f(Z) and f(Z) is closed
because f is projective. Hence V C f(Z). This proves this subclaim.

To prove the modulus condition for V', we take the normalizations vy : ZV — Z
and vy : VN — V of Z and V, and consider the following diagram:

SN vz _ 5 o~
ZVN ——=Z7Z —>=XxB,

lf? lfz=f|z lf

—N vy L ~
yv' ——V —>Y X B,

where (| and ¢, are the inclusions, and f2' is given by the universal property of
the normalization vy; for dominant morphisms. Note that fév is automatically
projective and surjective because f7 is so. Let g7 :=1; ovz and gy = 1p o vy;.
Suppose Z satisfies the modulus condition M, and consider on En the Cartier
divisors D; := FnlJ —(@m+1)F,ofor1<i<n—1. Thatthe cycle Z has the modulus
condition means that [g o f *(D;)] = 0 for an index i. By the commutativity
of the above diagram, this means that the Cartier divisor fév *[q;(Di)] > 0. By
Lemma 2.2, this implies that [q%(D,-)] > 0, which is the modulus condition for V.
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If Z satisfies the modulus condition My, we use the same argument by replacing
Fn]’ ; with F!. This finishes the proof of the proposition. U

Remark 5.3. In Proposition 5.2, if X is projective, ¥ = Spec(k), and n = 1, then
V is always a single point. To see this, let Z C X x B; = X x (,, be an admissible
irreducible closed subvariety. Let V = p(Z), where p : X x G,;, — G,, is the
projection.

Since X is complete, p is a closed map. Hence, V = p(Z) is an irreducible
closed subvariety of G,,. But the only closed subvarieties of G,, are finite subsets
or all of G,,. On the other hand, if Z is the closure of Z in X x Al, then the
modulus condition implies that Z N |X x {t = 0}] = @. This implies that V must
be a proper subset and hence a finite subset. Since V is irreducible, consequently
V must be a nonzero single point.

Hence Z = W x {x} for a closed subvariety W C X, and a closed point {x} € G,,.
Conversely, any such variety is admissible. This classifies all admissible cycles Z
when X is projective and n = 1.

For n > 1, all we can say is that Z is contained in X x V, where V is admissible
in TZ(k, n; m) for a suitable s.

SA. Homotopy variety. Now we want to construct the “homotopy variety”. First,
we need the following simple result:

Lemma 5.4. Let SL, 1k be the (r + 1) x (r + 1) special linear group over k, and
let n be the generic point of the k-variety SL, 1 . Let K be its function field (this
is a purely transcendental extension of k). Let SL,11 g := SL,11x ®«K be base
change. Then, there is a morphism of K-varieties ¢ : D}( — SL, 1.k such that ¢ (0)
is the identity element, and ¢ (00) is the generic point n considered as a K-rational
point.

Proof. By a general result on the special linear groups, every element of SL, 1 g
is generated by the transvections E;j(a), i # j, a € K, that are (r +1) x (r + 1)
matrices where the diagonal entries are 1, the (i, j)-entry is a and all other entries
are zero.

For each pair (7, j), the collection {E;;(a) | a € K} forms a one-parameter
subgroup of SL,; x isomorphic to G, x. Thus, for each fixed b € K, define
¢}t Ak = SL,y1 & by ¢7(y) := Eij(by).

Express the K-rational point 1 of SL, 1 x as the (ordered) product

p
n :HEi,j,(al), for some ij, j; € {1,2,...,r+1}and g; € K,
=1
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and define ¢’ :A}( —SL, 1k by¢' =[], ¢le1‘ By definition, we have ¢’(0) =1d
and ¢'(1) = n. Composing with the automorphism o : [P’}{ — I]:D}( given by

Yy
Y= =1’
which isomorphically maps D}( to A}(, we obtain ¢ = ¢’ oo : D}{ — SL,+1.k-
This ¢ satisfies the desired properties. ([

Recall that one consequence of Lemma 2.7 is that the additive cycle complex
with modulus m can also be defined as a complex whose level-n term is the free
abelian group of the integral closed subschemes Z C X x B, which have the good-
intersection property with all faces, and which satisfy the appropriate modulus
condition on X x B,. The following lemma uses this particular definition of the
additive cycle complex.

Lemma 5.5. Let K be the function field of SL, 1 x, and ¢ : Dk — SL,+1.x be as
in the previous lemma. Let SL, | g act on Py naturally. Consider the composition

H, = pk/k o pry oty of morphisms
2 pr p
PrXAlXD%*PrXAIXD}—K>[FDrXAIXD?(_I—K/k)PrxAIXDI’:_l,

where
/~’L¢(x7t’ ylv ""yn) = (¢(y1)x9 t: yl: -"9yl’l)7

pr/]{(xv t’ yl’ ey ynfl) = (x’ t’ y2’ sy ynfl)v
Pk /k - base change.

Then for any Z € TZ1(P[, n; m), the cycle H(Z) = ,u;‘) o priy " (Zk) is admis-
sible, hence it is in TZ! (P, n + 1; m). Similarly, H) carries TZ%V([P)’, n;m) to
TZj, (P, n+1;m).

Proof. 1t is enough to prove the second assertion, that for any irreducible admis-
sible Z in TZf’W(IP’, n; m), the variety Z' := H,(Z), that we informally call the
“homotopy variety” of Z, satisfies the admissibility conditions of Definition 2.5.

Claim 1. The variety Z' intersects W x Fx properly for all W € W and for each
face F of Byy1.

Proof. This follows from the arguments of [Bloch 1986, Lemma (2.2)] and [Levine
1998, Lemma 3.5.11] without any modification. We provide its proof for the sake
of completeness. We may assume that W' contains only one nonempty algebraic
set W. There are two cases to consider.

Case 1. Suppose Fx comes from F = A! x {0} x F’ for some face F’ ¢ 0"~!. In
this case, Z' N (W x Fk) is nothing but Zx N (W x Al x F}) because ¢(0) =1d €
SL,+1,k- So, proper intersection is obvious in this case.
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Case 2. Suppose Fg does not come from faces of the form in Case 1. We apply
Lemma 5.1 with G=SL, 114, X=P"xF, A=W xF, and B=pr§(*(Z)ﬂ([P”xF),
where G acts on X by acting trivially on F and acting naturally on P". By
Lemma 5.1, there is a nonempty open subset U C SL,; such that for all g € U,
the intersection g(A) N B is proper. By shrinking U if necessary, we may assume
that U is invariant under taking the multiplicative inverses. Take g = n~! € U,
the inverse of the generic point. Thus, after base extension to K, the intersec-
tion of n~!'(Wx x Fg) with pr/K*(ZK) N (P" x Fg) is proper, which means that
n(pr’K*(Z k) N(P" x Fg)) intersects properly with Wx x Fg. But the intersection
pr’K*(ZK) N(P” x Fg) is proper, as Z was admissible. Hence, n(pr/K*(ZK)) inter-
sects with Wx x Fx properly. Since F is not of the form A! x {0} x F’, Fx intersects
the first component D}( at {oo} nontrivially. In particular, n(pr’K*(Z kx)) is the
same as ,uj;) (pr}(*(Z k) = Z' by Lemma 5.4. We conclude that Z’ intersects with
Wk x Fg properly. This proves the claim and hence Z’ has the good-intersection
property. Thus we only need to show the modulus condition for Z’ to complete the
proof of the lemma.

Claim 2. Z’ satisfies the modulus condition on P" x En—i—l,K-

Proof. We prove this using our containment lemma. In the following, we ca-
sually drop the automorphism 7 : P" x Al x 0" — P’ x Al x (" that maps
(x,t, Y1, ..., Yn) to (x, £, y2, ..., Yu, y1) from our notations for simplicity.

Take V = p(Z), where p : P" x E,, — En is the projection. Because Z C
p Y (p(Z)) =P" x V, we have

Z' = pi(ZxOk) Cub(P" x V xOp) =P x V x O =: Zy, say.  (5-1)

Now, Proposition 5.2 implies that V is an irreducible admissible closed subva-
riety of B,. The flat pull-back property in turn implies that p*([V]) = P" x V is
an irreducible admissible closed subvariety of P x B,. In particular, the modulus
condition holds for P” x V. If V is the closure of V in B,,, then commutativity of
the diagram

=N =N = =
Zl =P"xV x U:D}( — P’ x Bn-i—l,K - Bn+1,K

l l l

prxy" ———— P’ xB, — B,

now implies that Z; satisfies the modulus condition on P” x §n+1, k even though
it is a degenerate additive cycle. Furthermore, the admissibility of Z and the fact
that /44 is an automorphism imply that 7' intersects the Cartier divisors Fn1 41 and
F,+1,0 properly. Thus we can use (5-1) and apply Proposition 2.4 to conclude that
7' satisfies the modulus condition. This completes the proof of the lemma. (]
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Lemma 5.6. The collection H} : TZ (P, -; m) — TZ(P%, - 4+ 1; m) is a chain
homotopy satisfying dH* + H*0 = Zx — n(Zk). The same is true for TZgM.

Proof. 1t is enough to prove the second assertion. This is straightforward: let
Z € TZ{.(P;, n; m). Then
H*0Z = H*sum_| (—=1)'(37°—9)) Z = sum!_| (= 1)/ (s (pri)* px ;) (37°— ) Z
—suml 1( 1) (8z+1 l+1)u¢(er) Zk _—suml 5 (— ' (8°° 80)H Z,
H*Z = sum_ (—1) (3° — 8))H*Z = sum_, (—1)' (37° — 8))H*Z
= (=)@ — ) H* Z + sum_, (=)' (37° — ") H* Z.
Hence, QH* + H*3)Z = (30 —d°)H*Z = Zx —n(Zg). O
5B. Proof of the moving lemma for projective spaces. We are now ready to finish

the proof of Theorem 4.1 for P".
By Lemma 5.6, the base extension

«  TZI(Pp,-;m) TZ(PY, -; m)
Pkk - q d q
TZy Py, -3 m) TZy, Pk, -5 m)

is homotopic to the map np% Kk Note for each admissible cycle Z € TZ4 (P, n; m),
the cycle n(Zx) lies in TZZ (IP” , n; m). Part of the proof of Claim 1 of Lemma 5.5
is similar to the proof of thls assertion:

We may assume that W has only one nonempty algebraic set, say W. Let F be
aface of B,,. In Lemma 5.1, take G = SL,y; and X =P" x F where G acts on P”
naturally and B, trivially. Let A=W x F and B=ZN(P" x F). Since SL, | acts
transitively on P”, the map G x A — X is surjective. Hence, by Lemma 5.1, there is
a nonempty open subset U C G such that for all g € U, the intersection g(A)N B is
proper in X. By shrinking U further, we may assume that U is closed under taking
multiplicative inverses. Taking g = 1!, the inverse of the generic point, we see
that after base extension to K, the intersection of n~! (W x F) with Zg N(P" x Fg)
is proper, which means n(Zx N (P" x Fk)) intersects Wx x Fg properly. Since
Zk intersects with P” x Fx properly by the assumption, we conclude that n(Zg)
intersects Wg x Fk properly. Thus, n(Zg) € TZ?W(Pr ,n; m). Hence, the induced
map on the quotient
TZ (P, -5 m) TZ1 (P, -;m)

—
TZy Py, -sm)  TZj, Pk, -;m)
is zero. Hence the base extension p} Jk induces a zero map on homology since it
is homotopic to the zero map.

On the other hand, by the spreading lemma, Proposition 4.7, the chain map p% Jk
is injective on homology, so the quotient complex TZ (P}, - ; m) /TZ (P, -;m)
must be acyclic. This proves Theorem 4.1 for the projective spaces. (]

*

NPk /k *
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6. Generic projections and moving lemma for projective varieties

6A. Generic projections. This section begins with a review of some facts about
linear projections. In combination with the moving lemma for P”, that we saw in
the previous section, we prove the moving lemma for general smooth projective
varieties.

Lemma 6.1. Consider two integers N > r > 0. Then for each linear subvariety
L C PV of dimension N — r — 1, there exists a linear projection morphism my,
PNM\L — P’.

Proof. Fix the coordinates x = (xo; ...; xy) of PN, A linear subvariety L is given
by (r+1) homogeneous linear equations in x whose corresponding (N+1) x (r+1)
matrix A has the full rank » + 1. Take the reduced row echelon form of A whose
rows are the linear homogeneous functions Py(x), ..., P-(x) in x.

For x e PN\ L, define 77 (x) := (Py(x); ...; P.(x)). Since x ¢ L, we have some
P;(x) # 0 so that the map mr;, is well-defined. By elementary facts about reduced
row echelon forms and row equivalences, the subvariety L uniquely decides this
map 77, in this process. ([

Let X be a smooth projective k-variety. Let r = dim X. Suppose that we have
an embedding X < PV for some N > r. Consider ; : PY\L — P’". Whenever
LN X =g, we have a finite morphism 7, x :=m7|x : X — P". Such L’s form
a nonempty open subset Gr(N —r—1, N)x of the Grassmannian Gr(N —r—1, N).
Such a map m;, is automatically flat since X is smooth [Hartshorne 1977, Exer-
cise IT1-10.9, p. 276]. In particular, the pull-back JTZ x and push-forward r; y. are
defined by Theorem 3.1.

For any closed integral admissible cycle Z on X x B, define L (Z) to be

L(Z) =7} x (. x,(2D) - [Z].
Extending this map linearly, this defines a morphism of complexes
L:TZ9(X, :m)— TZ4(X, -;m).

6B. Chow’s moving lemma. Recall that for two locally closed subsets A and B
of pure codimension a and b, the excess of the intersection of A and B on X is
defined to be

e(A, B) :=max{a + b — codimyx (A N B), 0}.

That the intersection A N B is proper on X means e(A, B) = 0. If A and B are
cycles, then we define e(A, B) := e(Supp(A), Supp(B)). The excess measures
how far an intersection is from being proper.

Lemma 6.2 [Krishna and Levine 2008, Lemma 1.12]. Ler X € PN be a smooth
closed projective k-subvariety of dimension r. Let Z and W be cycles on X. Then
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there is a nonempty open subscheme Uz w C Gr(N —r —1, N)x such that for each
field extension K D k and each K-point L of Uz w, we have

e(L(Z), W) <max{e(Z, W) — 1, 0}.

For its proof, see [Roberts 1972, Main Lemma, p. 93], or [Levine 1998, Lemma
3.5.4, p. 96] for a slightly different but equivalent version. The point of the pro-
jection business is the following lemma:

Lemma 6.3. Let X be a smooth projective k-variety, and let W be a finite set of
locally closed algebraic subsets of X. Let m, N > 1, and q > 0 be integers. Let
e: W — Zsg be a set-theoretic function. Define e — 1 : W — Z>¢ by

(e — 1)(W) := max{e(W) — 1, 0}.

Let K be the function field of Gr(N—r—1, N), and let Lge, € Gr(N—r—1, N)x(K)
be the generic point. Then, the map

~

Loen : TZ9(X, -y m) — TZ1(Xk, - ; m)
maps TZ?W’e(X, -y m) to TZOqWK,E—l(XK’ -y m).

Proof. The arguments of [Krishna and Levine 2008, Lemma 1.13, p. 84] or [Levine
1998, §3.5.6, p. 97] work in this additive context without change. The central idea
is to use a variation of Chow’s moving lemma as in Lemma 6.2. ([

6C. Proof of the moving lemma.
Proof of Theorem 4.1. Let Lge, be the generic point of the Grassmannian Gr(N —

r — 1, N) as in Lemma 6.3. Then, for each function e : W — Z-¢, the morphism
Fpm— oy, — P ngv,e(X, -3 m) . ngw,(,e(XK, -5 m)
TZy o (X, -sm)  TZy Xk, -3m)
is zero. Hence nzgm O 71« i equal to the base extension morphism pk , on the

quotient complex.
On the other hand, nzgcn O T Ly 1S Written in detail as

q r . *
TZY (X, sm) g, Ty o®hoim) w0 TZ4,  (Xk,-;m)
q q r q
TZy, , (X, -3 m) TZ“W'K,e'—l(P , 5 m) TZy o Xk, 5 m)

’

where W’ and e’ are defined as follows: for each W € W', the constructible subset
1. (W) can be written as

gen

Ty (W) = W[ U---UW/,

gen

for some i €N and locally closed irreducible sets W]f inPg. Letd;= codimpr;( (W]f)
— codimy (W). Let W' = {WJ/. | W € W}. Define ¢’ : W' — Z-( by the rule
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e (WJ’.) :=e(W)+d;. We have already shown in Section 5B that the moving lemma
is true for all projective spaces. In particular, for all functions ¢’ : ‘W' — Z-, the
complex in the middle

TZ?W,K’e/([P’r , -5 m)

q .
TZW/K’e/il(l]:Dr s T m)

is acyclic (see Remark 4.4). Hence, the base extension map

TZ°q1/1/,e(X’ -y m) N TZ%fK,e(XK, -5 m)
ngv,e—l(X’ -ym) TZquK’e_l(XK, -y m)

*

Pkk*

is zero on homology. Consequently, by induction, the base extension map
TZ(X, -; m) TZ7(Xk, -;m)

RN
TZ (X, -;m)  TZi (Xk,-;m)

*

IS NE

is zero on homology. On the other hand, this map is also injective on homology
by Proposition 4.7. This happens only when

TZ(X, -; m)

TZ{ (X, -3 m)

is acyclic, i.e., the inclusion TZ%/(X ,-;m)— TZ4(X, - ; m) is a quasiisomorphism.
O

7. Application to contravariant functoriality

In this section, we prove the following general contravariance property of the ad-
ditive higher Chow groups as an application of the moving lemma.

Theorem 7.1. Let f : X — Y be a morphism of quasiprojective varieties over k,
where Y is smooth and projective. Then there is a pull-back map

f*:THY(Y,n; m) — THY(X, n; m)

such that for a composition X —f> Y & Z with Y and Z smooth and projective, we
have
(8o f)* = f*og" : TH!(Z, n; m) — THY(X, n; m).

Before proving this functoriality, we mention one more consequence of our con-
tainment lemma (Proposition 2.4).

Corollary 7.2. Let X S Yobea regular closed embedding of quasiprojective but
not necessarily smooth varieties over k. Then there is a Gysin chain map of additive
cycle complexes

i* T2 (Y, - m) — TZU(X, - s m).
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Proof. Letit: Z CY x By, be a closed irreducible admissible subvariety in the group
TZ?X}(Y, n; m). By assumption, Z intersects all faces X x F properly. Hence the
abstract intersection product of cycles (X x B,)-Z =[1*(X x B,)] € z9(X x By) is
well-defined. Moreover, the intersection formula for the regular embedding implies
that this intersection product commutes with the boundary maps [Fulton 1998, §2.3
and §6.3]. We want this cycle to be i*(Z). Thus we only need to show that each
component of Z N (X x B,) satisfies the modulus condition in order for i* to be
a map of additive cycle complexes. Since X x ﬁn clearly intersects Fn1 and F, o
properly on Y x B,., this modulus condition follows directly from Proposition 2.4,
for Z has the modulus condition. U

Proof of Theorem 7.1. We do this by imitating the proof of Theorem 4.1 in [Bloch
1986]. So, let f : X — Y be a map as in Theorem 7.1. Such a morphism can be
factored as the composition

XY x v By

where gr, is the graph of f and pr; is the projection. Notice that pr; is a flat map
and moreover, the smoothness of ¥ implies that gr ; is a regular closed embedding.
Let 'y C X x Y denote the image of gr, which is necessarily closed.

For 0 <i <dim X, let Y; be the Zariski closure of the collection of all points
y € Y such that dim f~!(y) > i. We use the convention that dim@ = —1. Let
W be the collection of the irreducible components of all ¥;. Then W is a finite
collection.

Claim. Let Z € TZ%/(Y ,n; m) be an irreducible admissible closed subvariety of
Y x By. Then (pry x Idg )"'(Z) = X x Z in X x Y x B, is an admissible closed
subset that intersects I' y X F properly in X x Y x By, for all faces F C B,,. This
gives a chain map

pry" : TZy(Y, -5 m) — TZjp (X X Y, -, m).

That (pr, x Idp, )~1(Z) = X x Z is admissible is obvious by [Krishna and Levine
2008, §3.4]. Since Z intersects W x F properly for all W € ‘W and faces F C B,,
we have dlmZ <dim Y; +dim F — g, where Z, =ZNY; x F).

Now, (X x Z)N(Ty x F)=; X x Z,, and for each i we have dim(X x Z) =
dim X + dim Z- <dmX +dimF — g = dim(I'y x F) —g. We conclude that
codimr,x (X x Z) N (s x F) > g, thus obtaining the desired map

pry" : TZ3 (Y, nym) — TZr. (X x Y, nym)

for each n > 1. That this gives a chain map is obvious since f* clearly commutes
with the boundary maps. This proves the claim.
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The pull-back map f* is now given by composing pr; with the Gysin map gr*
of Corollary 7.2 and then using the moving lemma, Theorem 4.1. The composition
law can be checked directly from the construction of f*. This completes the proof
of Theorem 7.1. (]

8. Remarks and computations

8A. Moving modulus conditions. We saw that Mg, and Mg, seem to have
much better structural behavior than the modulus condition Mgy, of [Krishna and
Levine 2008; Park 2009], and this makes the former better suited for being a mo-
tivic cohomology. On the other hand, in the main theorem of [Park 2009], the
regulators on 1-cycles were defined with the modulus condition M. Although
we have seen that this regulator map does exist and has good properties with the
modulus condition Mgy, its construction doesn’t automatically generalize to the
groups with Mgn,. So, one may ask the following.

Question 8.1. Given an Mgyn-admissible cycle & with 0§ = 0, can one find an
Mup-admissible cycle n and an Mgym-admissible cycle I such that § =1+ 0I'?

A positive answer to this question will immediately solve one part of Conjecture
2.8. This is a kind of deeper moving lemma than we have proved in this paper. This
moving lemma allows one to move the modulus as well as the proper intersection
property when we move a cycle. On the other hand, the moving lemma of this
paper does not allow changing the modulus conditions. We expect the answer to
the above question to be much harder.

8B. Examples.

Example 8.2. We give a simple example where the homotopy used in [Bloch 1986;
Levine 1998] doesn’t preserve the modulus conditions for additive higher Chow
groups of quasiprojective varieties.

Take X = A,i and n = 1, so we are interested in admissible cycles in X x El =
X x A,l. Admissible closed subvarieties Z C X x A,l are given by the condition
ZN(X x{0}) =9. Let Gy x = A,l act on X by translation, and take its function
field K = k(s), s transcendental over k. Take the line ¢ : D}( — G, g defined by
y > sy/(y — 1) that sends O to 0 and oo to the k-generic point s of G, ¢, which is
K-rational in G, k.

Take Z given by the ideal (xt+1) Ck[x, t], whichis in TZ'(A', 1; m). Then, Zg
is given by (xt+1) C K[x, t] and pr'* Zg is given by (xt+1) C K[x,t, y/(y — D].
Pulling back through g, we get (x +sy/(y — 1))t + 1 = 0. This is the equation
for our homotopy variety Z’. Rewriting it as 1 —y = t((y — 1)x + sy), we see
that it doesn’t satisfy any of the given modulus conditions Mgym, Mup, Mgsyp. For
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instance, for a given m > 1, we need 1 — y to be divisible by at least 1M where
m > 1, which is obviously false in this case. Hence Z’ ¢ TZ! (Al ,2;m).

Example 8.3. Recall from Remark 5.3 that if X is projective, then admissible
cyclesin X x Bi=XxA!havea very simple description: an admissible irreducible
closed subvariety Z should be of the form ¥ x {x} C X x A for some closed
subvariety ¥ C X, and a closed point {%} % {0} of Al. This variety obviously
satisfies all of the modulus conditions.

Note that the admissible variety Z in Example 8.2 is not of the form Y x {x}:
this happens because X = A,ﬁ is not complete.

These two examples seem to suggest that one should possibly modify the def-
inition of the additive higher Chow groups of a quasiprojective variety in such a
way that it takes into account the behavior at infinity in any compactification of the
underlying variety.

8C. A computation. We finish the paper with a calculation of some additive higher
Chow groups, which the authors completed while working on this paper. The fol-
lowing extends [Bloch and Esnault 2003a, Theorem 6.4, p. 153] to affine spaces.

Theorem 8.4. Assume that % € k. Let M be a modulus condition Mgy, My, or
Mgp. Let X = A, and let m = 1. Then, the additive higher Chow groups of
zero-dimensional cycles of X are the absolute Kdhler differentials of k:

TH ™ (X, n; 1) ~ Q).

Remark 8.5. Note that, although it looks similar, this theorem does not imply
that additive higher Chow groups have A!-homotopy invariance. For the structure
morphism A; — Spec(k), the pull-backs of O-cycles on Spec(k) x B, to X x B,
are r-cycles, not 0-cycles.

Proof. The proof is very similar to that of [Bloch and Esnault 2003a, Theorem 6.4,
p. 153]. For a closed point p € X x B, that does not intersect the faces and the
divisor {t = 0}, we define a homomorphism by setting

V(p) = Tri(p)/k (— —

(p) e Q).
Y1 Yn—1 ) kiz

In other words, we ignore the coordinate of X. This defines a homomorphism
Vv TZ (X, n; 1)—>Qk/Z

1 dyl ”_/\dyn—l

Claim 1. The composition

Vod : TZ (X, n+ 15 1) > TZ (X, n; 1)—>szk/Z

is zero.

Proof. This follows from [Bloch and Esnault 2003a, Proposition 6.2, p. 150]. [
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Claim 2. Any two closed admissible points p, p' € X x B, for which only the
coordinates of X differ are equivalent as additive higher Chow cycles.

Proof. Note that the points p, p’ are not assumed to be k-rational. Under the
natural projections my : X X B, —?, where ? = X, A! and the i-th projection
i X X En — O, ifonehas mx(p) =a € X, ma(p) =beAl, and ;(p) =s; €,
for not necessarily k-rational closed points a € X, 0#b € Al 0, co #s; € [, then
one writes p = (a, b, sy, ..., S,—1). Similarly, under the assumptions of Claim 2,
one can write p’ as p’ = (d, b, s1, ..., s,—1), where a’ is another closed point of
X. Consider a parametrized line given in terms of the above notation,
C = {(a yl —|—a/<1—ﬁ),b,y,sl,...,sn_l) EXXE,,_H ‘ yeDl},

which is a closed 1-dimensional subvariety of X x §n+1. This 1-cycle satisfies all
the modulus conditions Mgy, Mgy, and Mg, having b # 0, and it intersects all
faces properly having constant y;-coordinate values s;. Thus C is admissible.

By direct calculations, 8?(C) = p/,07°(C) = p, and 37 (C) =0 for i > 2 and
€ € {0, oo}. Hence, d(C) = p’ — p proving Claim 2.

Given Claim 2, by [Bloch and Esnault 2003a, Proposition 6.3] and the rest of
the arguments of [Bloch and Esnault 2003a, Theorem 6.4] for which é € k is used,
the theorem follows. O

We remark that the same arguments work for any variety X as long as we can
prove Claim 2. In particular, for any connected union of affine spaces, irreducible
or not, we can conclude the same results.
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Fusion rules for abelian extensions
of Hopf algebras

Christopher Goff

We investigate the representation theory and fusion rules of a class of cocentral
abelian (quasi-)Hopf extensions of Hopf algebras which includes twisted (gen-
eralized) quantum doubles of finite groups, and a certain quasi-Hopf algebra of
Schauenburg associated to group-theoretical fusion categories. We then present
a nontrivial example with noncommutative fusion rules.

1. Introduction

We present here a “ground-up” approach to attaining the fusion rules for a class
of cocentral abelian extensions of Hopf algebras. Moreover, by not requiring strict
coassociativity of the coproduct in the extension, our results are applicable not only
to cocentral abelian (Hopf) extensions of Hopf algebras, but also to certain quasi-
Hopf extensions as well. One such example, from [Schauenburg 2002], arises in
the study of group-theoretical fusion categories (see also [Natale 2005]). (For a
definition of group-theoretical fusion categories and basic properties, see [Etingof
et al. 2005].) Another family of examples includes the twisted quantum double of
a finite group, introduced in [Dijkgraaf et al. 1991], and the generalization which
is defined in [Goff and Mason 2010].

In Section 2, we review definitions and notation, largely following [Kashina
et al. 2002; Witherspoon 2004]. (For more information on extensions of Hopf
algebras, consult [Andruskiewitsch 1996; Montgomery 1993], or, for quasi-Hopf
extensions, [Masuoka 2002].) Then, Section 3 contains explicit formulas for irre-
ducible characters and central idempotents for such extensions, as well as the inner
product for which the irreducible characters form an orthonormal set. In Section 4,
we write down the character of the tensor product representation and combine it
with the inner product to deduce the fusion coefficients. The main result containing
the fusion coefficients for irreducible representations, Theorem 4.5, is anticipated
in [Witherspoon 2004] but is presented in this note without reference to Hochschild

MSC2000: primary 16S40, 18D10; secondary 16W30.
Keywords: fusion rules, Hopf algebras, quasi-Hopf, abelian extensions, group-theoretical fusion
categories.
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cohomology per se. Corollary 4.6 points out the connection to the Ky-ring of a
group-theoretical fusion category. Then, in Section 5, we apply these formulas to
a generalized twisted quantum double of a finite group [Goff and Mason 2010].
Indeed, our Section 5 supersedes [Goff and Mason 2010, Section 3]. Finally,
Section 6 contains a nontrivial example of a cocentral abelian extension having
noncommutative fusion rules.

2. Cocentral abelian extensions

We follow closely the notation of [Kashina et al. 2002] with a few exceptions.
First, our action is a right action, consistent with [Andruskiewitsch and Natale
2003]. Second, our modules will be right modules rather than left.

Let L and G be finite groups and let [ be an algebraically closed field of char-
acteristic not dividing |G||L|. An abelian extension H is of the form

0— (FG)* > H—FL — 0,

where H = (FG)*#.FL, 0 : FL ® FL — (FG)* is a group 2-cocycle, and 7 :
(FG)* — FL®FL is the dual of a group 2-cocycle. The condition on [ assures that
H is semisimple and cosemisimple. We specialize to a cocentral abelian extension,
meaning that (FL)* C Z(H™), and thus that the coaction FL — FL® (FG)* inherent
in the extension is trivial. The cocentrality also has consequences for the tensor
product structure on irreducible modules, as we will see in Section 4.

There is a right action of FL on (FG)* which induces an action on FG via
(f —0)(g):= f(g — £ for g € G, £ € L, and extended linearly. Since L acts
as automorphisms of (FG)*, L permutes the idempotents of the dual basis. Thus,
the action can be viewed as an action of L on G, also by automorphisms. For the
basis {p, | g € G}, we have p, «— € = p,. . Moreover, let L, be the stabilizer of
g in L and O(g) the orbit of g under the action of L. That is,

Le={{eL|g+~—{=g} and O(g)={g~—L|LecL}.

Let T, be a complete set of right coset representatives for L, in L. That is, L =

Uyer, Lgy- Note that 0(g) = {g <=y | y € Ty }.
We can write o and 7 in terms of the dual basis via

o(x,y)= ) og(x,y)pg and T(x)= D Ter(x)(pg® p),
geCG g,heG

where o, (x, y), 7, 5(x) € F. There are many identities satisfied by o and 7, such
as

Oge (X, ¥)04(2, Xy) = 04(2, x)0g(2X, y) (D
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and

Tg,h(x)fgf—x,hf—x(y)o'g(xa y)on(x,y) = Tg,h(xy)o'gh(xv ), (2)

forall g,he G,x,y,z€ L.
Writing p,#x as p,x, we can write multiplication in H as

PiZPhY = Oz 10k (2, ¥) P2y,

forall h, k € G, y, z € L. We also occasionally write p, for pgi and x for Zg PgX,

whence X pg = p,. -1X. The unit element is 1.
For a cocentral abelian extension, the comultiplication is

A(pg®) =) Ty o1, (X) pik ® pp-1, X,
heG
for all g € G, x € L. The counit € satisfies €(pyX) = d,,1. Finally, the antipode §
is given by

S(pgx) = O'g—ll_x(xil, x)flrgflyg(x)flpgfl,_xx_l.

Remark 2.1. For H to be a Hopf algebra, A must be coassociative, which implies
a certain condition on . We require only quasicoassociativity, which implies the
existence of other structures, and a related condition on . We omit these details
here, as all of our examples are proved elsewhere [Dijkgraaf et al. 1991; Natale
2005; Andruskiewitsch 1996] to be either coassociative or quasicoassociative.

3. Modules and characters

Irreducible modules for H are induced from irreducible modules for the group
algebra of L, but twisted by the 2-cocycle o,. Select one g from each orbit under
the action of L, then select Ty, a set of right coset representatives. Let

H, = (FG)"#,FL,.

If V is a right projective o,-representation space for L, then V ® p, is a right
Hg,-module via

(v ®pg) - (prX) = 5g,h(v X ®pg)
forallve V,he G,x € L.

The irreducible modules for H are induced from these. Let V = (V®pg)®nu,H,
which is then a right H-module under right multiplication by H. In other words,

V=1 (v®p)®5J,

yeTg



330 Christopher Goff

with action given by

[(V® pe) @ Y] ppx = (V& pg)0jy=1 (¥, X) Ppoy-1 VX

= (V® Pg)By joy-105 (¥, X) pgwy’

= (V® )8 pey-104(y, X)ag(w, ) (pe) (7))
og(y, x)
og(w, y')

=5g,hf—y‘1 [(v’w®pg)®?],
where w € Lg, y" € T, are chosen so that wy’ = yx.

We introduce the notation V(g ) to represent the H-module induced from the
projective og-representation of L, that has character ¢, and we let p( ) be the

representation of V(g ), and x(, o) its character. Then one calculates
0 (y, X)
Cog(yxy~l,y)

where y is the unique element of 7, that maps g to 7. We reiterate that V(g ) is
irreducible if and only if ¢ is.

X(e.0)(PnE) = 8gy 18 y-ter p(yxy™h, A3)

Remark 3.1. This can be seen as

X(2.0)(P1E) = 8y ndxer, o (), (4)

where ¢ is a projective representation of L;, = L; (conjugate to ¢) with cocycle
0g-y = 0y. See [Costache 2009, Lemma 59] for a similar calculation.

Before writing down the central idempotents, we first note that the character
Xreg Of the regular representation preg on H satisfies xreo (prX) = 8y 1|0(h)||Ly| =
8x.1|L|, and that, from the semisimplicity of H,

Preg = @ Xh,v) L H) Py s
(h,¥)
where h ranges over the orbits and ¢ ranges over the irreducible projective oj-
representations of Lj. Let z(, o) denote the central idempotent corresponding to
the representation p(g,y). Then o, y)(2(g,0)) = 84,n8¢,y (dim@)|L : L] id.
Set Z(g.p) = D ceq.der ¥e.d Ped. We find the a4 by determining the value of
the regular character on S( pa-ll;)z(g,(p) two ways. First,

Xreg(S(pa*IE)Z(g,w)) = Z O'a/—h(b_l, b)_l‘[a,(r1 (b)_lac,ereg(paf—prcg)
ceG,del

=T, 0 1(0) g p|LI.

On the other hand, we have

Preg(S(Pa-1D)2(g,09) = ([diM @)L = Lg|pig ) (S(pa-1b)),
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which means

Xeeg(S(Pa-1D)2(g.09) = (dim @)| L : Lg|oa-p (b, b)Y 74 41 (D) ™ X(g.0) (Pactb™ )
Solving for ¢, 5, we obtain

(dim @) 1

- . 1 . L F E .
oa;b(b—l,b)X(g’W)(pa »b™) (pab)

2(g.0) =
| g| aeG, bel

Simplifying somewhat using the delta functions within x, ), we have:

Lemma 3.2. The central idempotent of H corresponding to V(g ) is

(dim ¢)

= b (pab O
2(g.9) L ZZ a(b 7 b)X(gw)(P D (pab).

aeG beL,
Note that the first sum could be over a € 0(g), as x = 0 otherwise.

Proposition 3.3. Letting

1
=—|Z Z p (b 1 b)a(pa l)ﬂ(pab) )
b a

where a, B are characters of H, defines an inner product on the space of characters
of H. The irreducible characters form an orthonormal basis with respect to this
inner product.

We give three proofs to demonstrate the consistency with the character theory
of projective representations of finite groups, and to demonstrate the relationship
between certain conjugates of projective representations.

First proof. Clearly, (5) is linear in each component. The symmetry of (5) follows

from (1) because b € L,. Using Lemma 3.2, we have

b1 b
(X(e.00 Xnp)) = 1 2; Ga(b i b)X<g<a>(Pa DX, (Pab)

1 L |Ls| .
=10  Gim g 2@

1 |L,|
(|L| dim )(d1m<p)|L L | gh(Sw’w :(Sg,hfsgo,w- |

Second proof. From (3), we obtain that a € O(g) N O(h) and thus g = h or else the
inner product is zero. Thus
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(X(g ®)s X(h, W))
b1 b L B
DD I oG~y by

ac0(g) beL, (b=, D)o (yb~ly=1,y)a, (yby=1,y)
la=g~y]

h 1 — _
g Z 2 o (yb=ly~! yby_l)w(yb Y hy by ™

ae0(g) beL,
[a gyl

by repeated application of (1). Hence

1

Sg.h -1
) = : :8 ) :8 8 .
(@0 Xn00) 'LgbgL TP IV O =0lo V)L, = Seadey
4

Here, (-, - )., denotes the usual inner product for projective og-representations of
L. See [Nauwelaerts and Van Oystaeyen 1991, Proposition 2.8], for instance. []

Third proof. Using Remark 3.1,

(X0 x00) = ﬁ > Zm 0O (b~ )y (b)

ac0(g) beL,
la=g<y]
g.h
:_l Z (y)yl//(y)>L,,:8g,h8¢,¢/-
€0(g
It is clear that @) = ¢ if and only if ¢ = . O

4. Fusion rules

The character of the tensor product representation (via A) is

X(g.0)@h.y) (Pab)

= > Spersnr 1,9y~ Dy (wbw™")
feG
[fe0(g), flacO(h)]
[f=g<y, fla=h—w]

= > Sperynn, 1, Tr.r-1aB)eY BYY ™ (B)
feG '
[£€0(g), f~ acO(h)]
[f=g<y. fla=h—uw]

= Z SpeLsnL, [ ® W(w)ff,ffna] (D),
feG
[f€0(g), facOh)]
[f=g=y, fla=h—w]

7f p-14(D)og (y, b)og(w, b)
oo (yby~!, y)o,(wbw!, b)
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where [(p(” ® lﬂ(w)'[f’f—la] is a projective representation (of Ly N L -1, < L,)
with cocycle 0,. As explained in [Witherspoon 2004, (4.7)], the cocentrality of the
extension, and the fact that the coproduct A is an algebra map, together imply that
0, 1s cohomologous to oy -0 p-1, on Ly N L p-1, via T y-1,. This is the content of
Equation (2), which depends on the assumption of cocentrality.

Remark 4.1. If 1 =1, then x(,p)0(1.y) = X(g.90v 11,)- If g =1 the result is similar.
Hence, the irreducible representations induced from 1 € G are in the center of the
fusion algebra and their tensor products with other modules can be reduced to a
calculation in the appropriate stabilizer. This generalizes a similar result in [Goff
and Mason 2010].

We need two lemmas before calculating the fusion coefficients.
Lemmad4.2. Leta, f € G,y € L.

(1) Let a and B be projective o r-representations of L y. Then

(o B, = (@Y ).

Note that «) and B are 0 f-y-representations of Ly. , = L;L.

(2) Let a be a oy-representation of Ly and let B be a o ¢-1,-representation of
L -1, Then

» y
[0 ®Brs1a]” = [« ® ﬂ())ff‘—y,f”af—y]
as oq._y-representations ofL? N L?_la <L)
Proof. The proof is straightforward, using (4), (1), and (2). U

We need a way to calculate products of L-orbits in CG. The following formula
appears in [Witherspoon 2004, Proof of Theorem 4.8], where the author relies
on standard trace map properties of the L-algebra ZG, citing general results of
[Thévenaz 1995]. Our proof is specific to group actions on sets. Recall that if L
acts on G, then L also acts on G x G diagonally: (g1, g2) — €= (g1 — £, g —¥)
fortel,g,g €G.

Lemma4.3. Let g, h € G. Then
0(8)0(h) = Y |L(guyn : Lgx N Ly|0((g < x)h),
xeD
where D is a complete set of Ly\L /L, double coset representatives.
Proof. Consider the orbits of the diagonal action of L on G x G. Evidently,
y € LgxLy if and only if Oy ((g < x,h)) = O0p((g <~ y,h)). Now pick x € D

and consider the image of O ((g < x, h)) in G under the product map. Clearly,
the product (g < x)h is fixed by L. ), but also each component is fixed by
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Lig‘ N Ly < Lg—x)n- So, the number of distinct ordered pairs (g <~ xw, h — w)
such that (g < xw)(h < w) = (g <= x)h is [Lgex : Lig‘ N Ly|. Since L acts by
automorphisms, this is also the number of times O((g < x)h) appears in this term
of the sum. O

Remark 4.4. The right hand side in Lemma 4.3 cannot generally be interpreted
as a summation over distinct orbits. There may be y ¢ Lgx L, for which O((g «—

x)h) =0((g = y)h).

Anticipated in [Witherspoon 2004, Theorem 4.8], the following theorem gives
the fusion coefficients for irreducible representations of H.

Theorem 4.5. Let g, h, k € G and let ¢ be a o,-representation of Lg, ¥ a oy-
representation of Ly, and y a oy-representation of Ly and consider the corre-
sponding induced modules of H. Then

Xk Xg.p@m.0)) = Z (% [fﬁ(xw/) ® 1//(wl)Tghxwﬁhgw’])ng/mL;U’

xeD
(gx)he0(k)
[(g—xw")(h—w")=k]

where D is a set of those Lg\L /Ly double coset representatives x satisfying
(& < x)h € O(k),
and the inner product on L;w/ N LZ/ < Ly is of projective o -representations.

Proof. Using the inner product (5), we have

(X, y) X(2.0)®h. )

T X X v ek b

ae0(k) fe@(g) beL,NLy
[a k—z]  f~laeO(h)
[f=g+yl
[f’la:hf—w] 1
T4 -14(D)0k (2, b~ oy (v, b)on(w, b)

'Ua(bfl byor(zb=1z71, 2)og (yby =L, y)on(wbw!, w)

DI DD o = LT Ve
ae0(k) fe@(g) beL,NLy a )
[a k—z]  f=1lqe0(h)

[f=g<)]

[f~la=h+w]

Z D Ll @ e @y ), oy

ac0(k) fe@(g)

[a k—z]  f=1lae0(h)
[f=g-y]
[f~ a=h—w]

fla
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By Lemma 4.2 this is equal to

:% > > LN Ly,

ae0(k) fe0(g) =1 -1
la=k<—z]  f~lae0(h) . [o" '@y )fff—zfl,fflaf—z*'])[f"le’ll
[f=g<y] Y fla

[~ a=h<w]

1 \ w’
=L > Lyl {r [0 @ vt ),
f€0(g) '
£ keO(h)
[f=g+)']
[f~ k=h—w']

9
F~1k

and by Lemma 4.3 this can further be written as

1

Ll Z L3 LY | |Lg—om s Ly N L
eD / /
“gii;%)(zeﬁg)k’)):k] Ay, [p" @y ™ )Tf,f"k]>L§w’ﬂL;f/

- Z (v.[o"" @y )ngxwﬂhhw’DLg“”mLZ’/’
xeD )
(gx)he0(k)
[(g<xw")(h—w")=k]
where D is a set of L,\L/Lj double coset representatives with (g < x)h € O(k).
Thus, the fusion rules for H modules can be determined from the fusion rules for
projective ok-representations restricted to certain subgroups of L. (]

As stated before, the theorem holds for certain quasi-Hopf extensions, including
the examples in the following corollary and the next section.

Corollary 4.6. The fusion rules in Theorem 4.5 describe the K-ring for the group-
theoretical module category €(G X L, w, L, 1), where w € H3(G x L, F*) is the 3-
cocycle associated to [0, t] in the relevant Kac exact sequence. See [Schauenburg
2002; Natale 2003; Masuoka 2002] for further cohomological details.

Proof. Indeed, the theorem holds whenever the structure maps and (1) and (2) hold,
even if H is a quasi-Hopf algebra (with coassociator @), because the fusion rules
for H do not depend on the associativity constraint (determined by ®) in the cate-
gory of right H-modules, Mod-H. Thus these fusion rules hold for a certain quasi-
Hopf algebra of Schauenburg, denoted (A°P, ®) by Natale [2005], in the case when
A= (FG)*#_FL, and the left action > of G on L is trivial; i.e., when GL=G x L.
(In this case, the structure maps and cocycles are exactly as in Section 2.) Natale,
in the proof of her Theorem 4.4, cites [Schauenburg 2002] to demonstrate that
(A°P, ®)-Mod is tensor-equivalent to ‘€(G < L, w, L, 1), where w € H3(Gx L, F*)
is the 3-cocycle associated to [0, T] in the Kac exact sequence. (]
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5. Example: generalized twisted quantum doubles of finite groups

Other examples of abelian extensions satisfying the structure maps of Section 2
(and hence having fusion rules determined by Theorem 4.5) include twisted quan-
tum doubles of finite groups [Dijkgraaf et al. 1991] and generalized twisted doubles
of finite groups [Goff and Mason 2010]. We expand on the latter, but using right
modules here. As mentioned earlier, this section supersedes [Goff and Mason 2010,
Section 3].

Let G be a finite group, N a normal subgroup, and G := G/ N. We use the
bar notation for elements in G, i.e., if g € G then g =gN € G. Then G acts
naturally on G via conjugation, namely g < x :=x"!gx = g* = g* =x!gx, for
allxe G,z <€G.

In addition, let w € H*(G, F*), and let o' := Inﬂg . In analogy with o and t,

define 6 : FG®FG — FG* and y : FG* — FG ® FG via

9:2% and y = Z Yo(x, y),

zeG x,yeG
where
9 w(g,x,ywx,y,g") w(Xx,y, 8w(g, x8, y%)
(X, y) = = s ve(x,y) = ——— .
w(x, g*,y) w(x, g, y8)

Notice that 6; and y; could be thought of as functions from FG ® FG to F* since
they pass to the quotient G. The generalized twisted double is then D?(G, G) =
([FG)*#g (FG). The maps 8 and y satisfy (1) and (2), mutatis mutandis [Dijkgraaf
et al. 1991].

The irreducible (right) modules of D“(G, G) are induced from irreducible pro-
jective representations of centralizers. In particular, the character of the irreducible
projective 6;-representation ¢ of Cg(g) is given by

0z (y, x)
Oz (yxy=1,y)

= 5“ h5xecc(h)‘ﬂ y)(x)

X0 (e(h) i x) = 85y i8yxy-1eCo (@) e(yxy "

Consistent with (5), the inner product on characters is given by

(. )= G Z Z oG _)a(e(/%)mx—l)ﬂ(e(lz)mx),

keG xeCg (k)
and thus the fusion coefficients are given by

(X Xapohm) = D <)\’[‘/’(xw/)®‘/’(w/)3’0(§xw/’Ew/>]>cc<g-*"”)ncg<ﬁw’>

xeh
[g.k'w hw :k]
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where D is a set of C(3)\G/Cg(h) double coset representatives with g*h € O(k),
and the inner product on Cg(g” u’/) NCg (l_zw/) < Cg (k) is of O-representations.

6. Example: noncommutative fusion rules

Noncommutative fusion rules for cocentral abelian extensions are not rare: choose
L =1, o and 7 trivial, and any nonabelian G, for instance. Also, see [Kosaki et al.
1997; Nikshych 1998; Zhu 2001]. We give here an example with o, 7 trivial, but
nontrivial action of L. Let G be the dihedral group of order 18, and let

L < Aut Dg = Zq NZ;
Namely, L = (3) x (4) = Z3 x Z3. [The first factor of L is with respect to addition,
the second, multiplication.] If we let G = (x, y | x> =y° = e, yx = xy~!), then

(xcyd) o (a, b) = xcyaC—HJd'

We choose L-orbit representatives S = {e, y*, y°, y, y2, x, xy, xy?} with their re-
spective stabilizers. Since L is abelian, X((ﬁ) s) = X(g.p) forall £ € L. Note that in
the decomposition of the product of orbits, we have

0(x)0(y) =30(xy) and 0(y)0(x) =30(xy?),
which suffices to guarantee noncommutative fusion rules.

Theorem 6.1. Let M (g, o) denote the irreducible representation of (FG)*#(FL)
induced from a, an irreducible representation of L, for g € S. The first five rules
are commutative.

i M(s,a) @ M(t, B) = M(st,a @ B) fors, t € (y3).
i M(s,0) @ M(g, B) = M(g, |1, ®B) fors € (y°), g € {y, %, x, xy, xy?}.
iii. M(g,@)®M(g, B)=3M(h,a®B) iflg, h}=1{y, y?).

iv. M, ) @M =B @ M.y

se(y?) viL,=a®B

.ME Mg p=F P Me.y)forgeix xy xy).
se(y?) viL,=a®p

The rest of the list holds for all a, B, §, €, ¢, n, 1, v.

vii M(y, @) @ M(x, B) =P M(xy*, y) = M(x,8) @ M(3*, €)
ally

=M ) @M(xy, n) =My, ©) ®M(y,v).



338 Christopher Goff

vii. M(y, @) ® M(xy, ) =@ M(x,y) = M(xy,5) @ M(*, €)
ally

=MO?, )@ M(xy*, n) = M(xy?, 1) @ M(y, v).

viii. M(y, @) ®@ M(xy?, B) =P M(xy, ) = M(xy*,5) @ M(y*, €)
ally

=M©G*)@M(x,n) =M(x, W) ® M(y, v).

ix. M(x, @) ® M(xy, B) =@ M(y,y) = M(xy, $) ® M(xy*, €)
ally

= M(xy*, ¢) ® M(x, ).

X M(x,0)®M(xy*, B) = M(y*, y) = M(xy*,8) ® M (xy, €)
all y

=Mxy, ) @M(x,n).
Proof. Straightforward. U
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Uniformly rigid spaces

Christian Kappen

We define a new category of nonarchimedean analytic spaces over a complete
discretely valued field, which we call uniformly rigid. It extends the category of
rigid spaces, and it can be described in terms of bounded functions on products of
open and closed polydiscs. We relate uniformly rigid spaces to their associated
classical rigid spaces, and we transfer various constructions and results from
rigid geometry to the uniformly rigid setting. In particular, we prove an analog
of Kiehl’s patching theorem for coherent ideals, and we define the uniformly
rigid generic fiber of a formal scheme of formally finite type. This uniformly
rigid generic fiber is more intimately linked to its model than the classical rigid
generic fiber obtained via Berthelot’s construction.
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1. Introduction

Let K be a nonarchimedean field, and let R be its valuation ring, equipped with the
valuation topology. Grothendieck had suggested that rigid spaces over K should
be viewed as generic fibers of formal schemes of fopologically finite (tf) type over
R, that is, of formal schemes which are locally isomorphic to formal spectra of
quotients of strictly convergent power series rings in finitely many variables

R(Ty, ..., Tp).

He envisaged that rigid spaces should, in a suitable sense, be obtained from these
formal schemes by tensoring over R with K. In accordance with this point of view,

MSC2010: primary 14G22; secondary 14K15.

Keywords: semiaffinoid, uniformly rigid, formally finite type, rigid geometry, formal geometry,
Berthelot construction.
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there is a generic fiber functor

"y <formal R-schemes

“\ of locally tf type > — (rigid K-spaces)

characterized by the property that it maps affine objects to affinoid spaces such
that, on the level of functions, it corresponds to the extension of scalars functor
-®g K. This functor was more closely studied first by Raynaud and later by Bosch
and Liitkebohmert; they proved that it induces an equivalence between the category
of quasiparacompact and quasiseparated rigid K -spaces and the category of quasi-
paracompact admissible formal R-schemes, localized with respect to the class of
admissible blowups [Raynaud 1974; Bosch and Liitkebohmert 1993a; Bosch 2005,
Theorem 2.8/3].

From now on, let us assume that the absolute value on K is discrete, so that
R is noetherian. Berthelot has extended the generic fiber functor to the class of
formal R-schemes of locally formally finite (ff) type, which are locally isomorphic
to formal spectra of topological quotients of mixed formal power series rings in
finitely many variables

RISt ..., Sul(T1, ..., Th),

where an ideal of definition is generated by the maximal ideal of R and by the
Si; see [Rapoport and Zink 1996, Section 5.5; Berthelot 1996, 0.2; de Jong 1995,
7.1-7.2]. This extension of rig is characterized by the property that it maps admis-
sible blowups to isomorphisms, where a blowup is called admissible if it is defined
by an ideal that locally contains a power of a uniformizer of R; see [Temkin 2008,
2.1]. The extended rig functor no longer maps affine formal schemes to affinoid
spaces; for example, the generic fiber of the affine formal R-scheme Spf R[S] is
the open rigid unit disc over K, which is not quasicompact.

While Raynaud’s generic fiber functor is precisely described in terms of admis-
sible blowups, Berthelot’s extended generic fiber functor is less accessible: for
example, let us consider an unbounded function f on the open rigid unit disc ID)}(.
The resulting morphism ¢ from ID}( to the rigid projective line does not extend to
models of ff type; indeed, the domain of a model of ¢ cannot be quasicompact, for
otherwise f would be bounded. In particular, there exists no admissible blowup
of Spf R[S] admitting an extension of ¢, and the schematic closure of the graph
of ¢ in the fibered product of Spf R[S] and [IJ’}e over Spf R does not exist. This
phenomenon presents a serious obstacle if one tries for example to develop a theory
of Néron models of ff type.

The main object of this article is to present a new category of nonarchimedean
analytic spaces, the category of uniformly rigid spaces, which are better adapted
to formal schemes of locally ff type than Tate’s rigid analytic spaces. Intuitively
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speaking, uniformly rigid spaces and their morphisms are described in terms of
bounded functions on finite products of open and closed unit discs. Like rigid K-
spaces, uniformly rigid K -spaces are locally ringed G-topological K -spaces, where
the letter G indicates that the underlying set of physical points is not equipped with
a topology, but with a Grothendieck topology. Let us give a brief overview of our
definitions and results.

We say that a K-algebra is semiaffinoid if it is obtained from an R-algebra of
ff type via the extension of scalars functor - ® g K. In other words, semiaffinoid
K -algebras are quotients of K-algebras of the form

(RIS1, .- Sul{Ty, ..., T,)) @r K.

We define the category of semiaffinoid K-spaces as the opposite of the category
of semiaffinoid K-algebras, where a morphism of semiaffinoid K -algebras is sim-
ply a K-algebra homomorphism. Semiaffinoid K-spaces play the role of “build-
ing blocks” for uniformly rigid K-spaces, such that we effectively implement
Grothendieck’s original point of view in the ff type situation. Semiaffinoid K-
algebras can be studied via the universal properties of the free semiaffinoid K-
algebras, which we establish in Theorem 2.13.

We define a G-topology on the category of semiaffinoid K -spaces equipped with
its physical points functor by considering compositions of admissible blowups,
completion morphisms and open immersions on flat affine models of ff type; see
Definitions 2.22 and 2.31. These formal-geometric constructions define semiaffi-
noid subdomains, which may be regarded as nested rational subdomains involving
strict or nonstrict inequalities in semiaffinoid functions. In contrast to the classical
rigid case, we cannot avoid nested constructions; this is essentially due to the fact
that admissible blowups defined on open formal subschemes need not extend; see
Remark 2.23. Just like in rigid geometry, the disconnected covering of the closed
semiaffinoid unit disc sSp K (S) by the open semiaffinoid unit disc sSp K[[S] and
the semiaffinoid unit circle sSp K (S, S~!) is not admissible in the uniformly rigid
G-topology; see Example 2.42. In particular, contrary to the rigid-analytic situa-
tion, finite coverings of semiaffinoid spaces by semiaffinoid subdomains need not
be admissible.

Using methods from formal geometry, we prove a uniformly rigid acyclicity
theorem, which in particular implies the following:

Theorem 1.1 (2.41). The presheaf of semiaffinoid functions is a sheaf for the uni-
formly rigid G-topology.

The resulting functor from the category of semiaffinoid K -spaces to the category
of locally G-ringed K-spaces is fully faithful; hence global uniformly rigid K-
spaces can be defined; see Definition 2.46. They can be constructed by means of
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standard gluing techniques; this is possible because uniformly rigid spaces satisfy
the properties (Gg)—(Gy) listed in [Bosch et al. 1984, p. 339]. It follows that the
category of uniformly rigid K-spaces admits fibered products and that there is a
natural generic fiber functor urig from the category of formal R-schemes of lo-
cally ff type to the category of uniformly rigid K-spaces. The final picture can be
described as follows:

Theorem 1.2 (Section 2D1). Let Rigy, uRigy and FFg denote the categories of
rigid K -spaces, of uniformly rigid K -spaces and of formal R-schemes of locally ff
type respectively. Let moreover Rigl C Rigy be the full subcategory of rigid spaces
that are quasiparacompact and quasiseparated. There is a diagram of functors

Rigy
o

uRig d » Rigg

X &
FFr

commuting up to isomorphism, where

(1) the functor r is defined by applying the functor rig locally to models of ff type,
where

(ii) the functor ur is defined by applying urig to a global Raynaud-type model of
locally tf type
and where the following holds:

(1) The functor ur is a full embedding.
(i1) The functor t is faithful, yet not fully faithful.

(iii) For each X € uRig, there is a comparison morphism compy : X" — X that is
final among all morphisms of locally G-ringed K -spaces from rigid K -spaces
to X; it is a bijection on physical points, and it induces isomorphisms of stalks.

For X € uRigg, we say that X" is the underlying rigid space of X. Conversely,
for Y € Rigy we say that Y is the Raynaud-type uniformly rigid structure on Y.
Via the comparison morphisms, uniformly rigid spaces and their underlying rigid
spaces are locally indistinguishable; we may thus view a uniformly rigid space as a
rigid space equipped with an additional global uniform structure which is encoded
in terms of a coarser G-topology and a smaller sheaf of analytic functions. Let us
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point out that the open rigid unit disc carries two canonical uniform structures, the
one given by a Raynaud model of locally tf type and the one given by the canonical
affine model Spf R[[S] of ff type. The corresponding uniformly rigid spaces are
distinct, since one is not quasicompact while the other one is quasicompact. The
fact that r is not fully faithful is seen by the example of an unbounded function f on
the rigid open unit disc which we considered above: The rigid-analytic morphism
¢ defined by f does not extend to a morphism of uniformly rigid spaces from
(Spf RIS to (P,

In Section 3, we study coherent modules on uniformly rigid K-spaces. We
prove the existence of schematic closures of coherent submodules; see Theorem 3.5.
Using the resulting models of coherent ideals, we prove the following analog of
Kiehl’s theorem A in rigid geometry [Kiehl 1967]:

Theorem 1.3 (3.6). Coherent ideals on semiaffinoid spaces are associated to their
ideals of global functions.

In particular, closed uniformly rigid subspaces are well-behaved; see Proposition
3.11. Using fibered products and closed uniformly rigid subspaces, we define the
notion of separatedness for uniformly rigid K-spaces, and we define the graph of
a morphism f : Y — X of uniformly rigid K-spaces whose target is separated;
see Section 3A1. Using Theorem 3.5, we show that if X and ) are flat formal
R-schemes of locally ff type such that X"Mi¢ is separated and if f : Q!¢ — Xurie
is a morphism of uniformly rigid generic fibers, then the schematic closure of the
graph of f in Q) x X exists. As we have noted above, the corresponding statement
is false if urig is replaced by Berthelot’s generic fiber functor rig.

Semiaffinoid algebras and some associated locally G-ringed K -spaces have al-
ready been studied in [Lipshitz and Robinson 2000], where the terminology quasi-
affinoid is used. The approach in that book includes the situation where R is not
discrete and where the machinery of locally noetherian formal geometry is not
available. However, no global theory is developed there, and the connection to
formal geometry is not discussed. The proof of Theorem 2.13 in the case of a
possibly nondiscrete valuation, given in [Lipshitz and Robinson 2000, 1.5.2.3], is
technically more involved, and it relies upon methods different from ours. The
definition of the G-topology in [ibid., III.2.3.2] is less explicit than our definition,
so that a deep quantifier elimination theorem [ibid., II, Theorem 4.2] is needed in
order to prove an acyclicity theorem. Our approach avoids quantifier elimination.

It is unclear how to reflect uniformly rigid structures on the level of Berkovich’s
analytic spaces or on the level of Huber’s analytic adic spaces; see Section 4. Semi-
affinoid K -algebras are equipped with unique K -Banach algebra structures, so that
one may consider their valuation spectra. For instance, the spectrum M (R[S]®r K)
is the closure of the Berkovich open unit disc within the Berkovich closed unit
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disc; it is obtained by adding the Gauss point. However, inclusions of semiaffinoid
subdomains need not induce injective maps of valuation spectra, so the formation
of the valuation spectrum does not globalize. This corresponds to the fact that in
the ff type situation, the functor - ® g K does not commute with complete localiza-
tion. Nonetheless, we suggest that a uniformly rigid K-space X should be viewed
as a compactification of its underlying rigid space X". This point of view might
be useful in order to obtain a better understanding of the quasicompactifications
considered in [Strauch 2008, 3.1] and in [Huber 2007, 3]; it should be further
developed within the framework of topos theory. We propose the study of the
uniformly rigid topos as a topic for future research.

The author has used uniformly rigid spaces in his doctoral thesis [Kappen 2009],
in order to lay the foundations for a theory of formal Néron models of locally ff
type. The search for such a theory was strongly motivated by work of C.-L. Chai
[2003], who had suggested that Néron models of ff type could be used to study
the base change conductor of an abelian variety with potentially multiplicative
reduction over a local field. Chai and the author are currently working on further
developing the methods of [Chai 2003] within the framework of uniformly rigid
spaces.

2. Uniformly rigid spaces

Let R be a discrete valuation ring with residue field k and fraction field K, and let
7 € R be a uniformizer.

2A. Formal schemes of formally finite type. A morphism of locally noetherian
formal schemes is said to be of locally formally finite (ff) type if the induced mor-
phism of smallest subschemes of definition is of locally finite type. Equivalently,
any induced morphism of subschemes of definition is of locally finite type. A
morphism of locally noetherian formal schemes is called of ff type if it is of locally
ff type and quasicompact. If A is a noetherian adic ring and if B is a noetherian adic
topological A-algebra, then Spf B is of ff type over Spf A if and only if B is a topo-
logical quotient of a mixed formal power series ring A[Sy, ..., SpI{T1, ..., Ty),
where A[Sy, ..., Sy carries the a+ (S, ..., S,)-adic topology for any ideal of
definition a of A [Berkovich 1996, Lemma 1.2]. In this case, we say that the
topological A-algebra B is of ff type. Morphisms of locally ff type are preserved
under composition, base change and formal completion.

We say that an R-algebra is of formally finite (ff) type if it admits a ring topology
such that it becomes a topological R-algebra of ff type in the above sense, where
R carries the m-adic topology. Equivalently, an R-algebra is of ff type if it admits
a presentation as a quotient of a mixed formal power series ring, as above. If §
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and T are finite systems of variables and if ¢ : R[S]I(T") — A is a surjection, then
the p-image of (S, T') will be called a formal generating system for A.

Lemma 2.1. If A is a topological R-algebra of [f type, then the biggest ideal
of definition of A coincides with the Jacobson radical of A. Moreover, any R-
homomorphism of topological R-algebras of ff type is continuous.

Proof. Let a denote the biggest ideal of definition of A; then a is contained in every
maximal ideal of A since A is a-adically complete. On the other hand, A/a is a
Jacobson ring since it is of finite type over the residue field k of R; it follows that a
coincides with the Jacobson radical of A, as claimed. In particular, the topology on
A is determined by the ring structure of A. Let now A — B be a homomorphism
of R-algebras of ff type; by what we have seen so far, it suffices to see that ¢
is continuous for the Jacobson-adic topologies. However, for any maximal ideal
n C B, the preimage m := nMN A of n in A is maximal, since k C A/m C B/n,
where B /n is a finite field extension of k because the quotient B /jac B is of finite
type over k. O

In particular, the topology on A an be recovered from the ring structure on A,
and the category of R-algebras of ff type is canonically equivalent to the category
of topological R-algebras of ff type. Lemma 2.1 implies that the category of R-
algebras of ff type admits amalgamated sums &.

2B. Semiaffinoid algebras. We define semiaffinoid K -algebras as the generic fibers
of R-algebras of ff type, and we define the category of semiaffinoid K -spaces as
the dual of the category of semiaffinoid K-algebras:

Definition 2.2. Let A be a K-algebra.

(1) An R-model of A is an R-subalgebra A C A such that the natural homomor-
phism A ® g K — A is an isomorphism.

(i) The K-algebra A is called semiaffinoid if it admits an R-model of ff type.

(iii)) A homomorphism of semiaffinoid K-algebras is a homomorphism of under-
lying K -algebras.

(iv) The category of semiaffinoid K-spaces is the dual of the category of semi-
affinoid K-algebras. If A is a semiaffinoid K-algebra, we write sSp A to
denote the corresponding semiaffinoid K-space, and if ¢ : sSSp B — sSp A is a
morphism of semiaffinoid K -spaces, we write ¢* to denote the corresponding
K -algebra homomorphism.

By Definition 2.2(i) above, any R-model of a K-algebra is flat over R.

There exists no general analog of the Noether normalization theorem for semi-
affinoid K -algebras [Lipshitz and Robinson 2000, 1.2.3.5]. However, if A is a semi-
affinoid K -algebra admitting a local R-model of ff type, then there exist finitely
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many variables Si, ..., S, and a finite K-monomorphism
R[S1, ..., Sx]®r K — A.

Indeed, if A is a local R-model of ff type for A with maximal ideal m and if

50, - - -, Sm 18 @ system of parameters for A such that so = 7, then there exists a
unique continuous R-homomorphism ¢: R[Sy, ..., S, — A sending §; to s;, for
1 <i <m. If v denotes the maximal ideal of R[Sy, ..., S, ], then A/tA is k-finite

because A/mA is k-finite and because t is m-primary. By the formal version of
Nakayama’s Lemma, cf [Eisenbud 1995, Example 7.2], it follows that ¢ is finite;
here we use that R[Sy, ..., S] is v-adically complete and that A is t-adically
separated. Since R[Sy, ..., S, and A have the same dimension, it follows that ¢
is finite, so we obtain the desired finite monomorphism by extending scalars from
Rto K.

2B1. The specialization map. The following statement may be compared with
[de Jong 1995, 7.1.9]:

Lemma 2.3. Let A be a semiaffinoid K -algebra, and let A C A be an R-model of
[ftype. If m is a maximal ideal in A, then

spy(m) ==/ (ANm)+7A

is a maximal ideal in A, and A/m is a finite extension of K.

Proof. Let us write p :=mN A; then (A/p), = A/m is a field, and by the Artin—
Tate theorem [Grothendieck 1964, 0.16.3.3] it follows that A/p is a semilocal ring
of dimension < 1. Moreover, A/p is of ff type over R and, hence, m-adically
complete. Since A/p € A/m is R-flat and since (A/p), is local, it thus follows
from Hensel’s Lemma that (A/p)/m(A/p) is local as well [Bourbaki 1998, I111.4.6
Proposition 8]. Since pA = m, the class of & in A/p is nonzero, and so the local
noetherian ring (A/p)/m(A/p) is zero-dimensional. Thus its quotient modulo its
nilradical is a field, and it follows that the radical of p + 7 A is maximal in A, as
desired.

To prove that A/m is finite over K, it suffices to show that A/p is finite over
R. Since R is w-adically complete and since A/p is w-adically separated, it thus
suffices to show that A/(p + w A) is finite over k [Eisenbud 1995, Example 7.2].
The ring A/(p + m A) is noetherian; hence its nilradical is nilpotent, and it thereby
suffices to see that the quotient of A modulo the maximal ideal /p + A is k-
finite. Since A is of f type over R, since maximal ideals are open and since field
extensions of finite type are finite, the desired statement follows. (|

Definition 2.4. If A is a semiaffinoid K-algebra, we call |X| := Max A the set of
physical points of its corresponding semiaffinoid K-space X. We will often write
X instead of | X| if no confusion is likely to result.
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Remark 2.5. Lemma 2.3 implies that a morphism ¢ : sSp A — sSp B induces a
map on sets of physical points such that for R-models of ff type A and B with
@*(B) C A, the specialization maps sp, and spp are compatible with respect to ¢
and the induced morphism ¢ : Spf A —>7$pf B. This functoriality implies that sp 4 is
surjective onto the set of maximal ideals in A. Indeed, let r C A be a maximal ideal,
and let A|; denote the r-adic completion of A; then Max (A|; ®g K) is nonempty,
and any element in this set maps to an element in Max (A) that maps to r under
sp4. Let us moreover remark that for x € X = sSp A with specialization n C A,
the valuation ring of the residue field of A in x coincides with the integral closure
of A, in that residue field, so that the intersection of A, with the valuation ideal is
precisely nAy,.

2B2. Power-boundedness and topological quasinilpotency. Let X be a semi-affinoid
K -space with corresponding semiaffinoid K-algebra A. By Lemma 2.3, A/m is
K -finite for m € A maximal; hence the discrete valuation on K extends uniquely
to A/m, so we can define | f(x)| € R>o forany f € A, x € X.

Definition 2.6. An element f € A is called power-bounded if | f(x)| < 1 for all
x € X. It is called topologically quasinilpotent if | f (x)| < 1 for all x € X. We let
A C A denote the R-subalgebra of power-bounded functions, and we let AcA
denote the ideal of topologically quasinilpotent functions.

For example, S € A = R[[S] ®r K is topologically quasinilpotent, while the
supremum of the absolute values |S(x)|, with x ranging over X, is equal to 1.
Thus we see that the classical maximum principle fails for semiaffinoid K -algebras.
However, the maximum principle holds if we let x vary in the Berkovich spectrum
M (A) of A, where A is equipped with its unique K-Banach algebra topology; see
Section 4. Indeed, this follows trivially from the fact that M (A) is compact.

Remark 2.7. If A is a nonreduced semiaffinoid K -algebra, then A cannot be of
ff type over R: If f € A is a nonzero nilpotent function, then f € A is infinitely
7-divisible in A, but R-algebras of ff type are w-adically separated.

Remark 2.8. If A C A is an R-model of ff type, then A C A, and AN ACAis
the biggest ideal of definition. Indeed, by Lemma 2.1 and its proof, the biggest
ideal of definition of A is given by the Jacobson radical, and hence it suffices to
observe that for any f € A and any x € sSp A with specialization n C A, we have
| f(x)] <1, where | f(x)| < 1if and only if f € n. This however is clear from the
final statement in Remark 2.5.

For the notion of normality for formal R-schemes of locally ff type, we refer to
the discussion in [Conrad 1999, 1.2], which is based on the fact that R-algebras
of ff type are excellent. This excellence result is a consequence of [Valabrega
1975, Proposition 7] if R has equal characteristic, and it follows from [Valabrega
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1976, Theorem 9] if R has mixed characteristic. In the following, excellence of
R-algebras of ff type will be used without further comments.
The following result is fundamental:

Proposition 2.9. Let A be a semiaffinoid K-algebra. If A admits a normal R-
model of ff type, then this model coincides with A.

Proof. Let A be a normal R-model of ff type for A. By [de Jong 1995, 7.1.8],
we may view A as a subring of the ring of global functions on (Spf A)"¢, and by
[de Jong 1995, 7.4.1; 1998], A coincides with the ring of power-bounded global
functions under this identification. (]

Corollary 2.10. Let A be a semiaffinoid K -algebra, and let A C A be an R-model
of ff type; then the inclusion A C A is integral. If moreover A is reduced, then this
inclusion is finite.

Proof. Let ¢: A — B denote the normalization of A. Then ¢ is finite since A
is excellent, and hence B is of ff type over R. Extension of scalars yields an
induced homomorphism of semiaffinoid K -algebras ¢: A — B. Since ¢ factors
through an injective R-homomorphism A/rad(A) < B, since K is R-flat and since
rad(A) =rad(A)A, we see that ¢ factors through an injective K-homomorphism
A/rad(A) — B. By Proposition 2.9, B coincides with the ring of power-bounded
functions in B. Let us consider a power-bounded function f in A; then ¢(f) € B.
Since ¢ is finite, there exists an integral equation P(7T") € A[T'] for ¢(f) over A. By
the factorization of ¢ mentioned above, we conclude that P(f) € A is nilpotent. If
s € N is an integer such that P(f)® =0; then P(T)* € A[T] is an integral equation
for f over A. Finally, if A is reduced, then ¢ is injective, and hence A is an A-
submodule of the finite A-module B. Since A is noetherian, it follows that Aisa
finite A-module. O

We immediately obtain the following:

Corollary 2.11. The ring of power-bounded functions in a reduced semiaffinoid
K -algebra is a canonical R-model of [f type containing any other R-model of ff

type.

We conclude that any R-model of ff type can be enlarged so that it contains any
given finite set of power-bounded functions:

Corollary 2.12. Let A be an R-model of ff type in a semiaffinoid K -algebra A,
and let M C A be a finite set of power-bounded functions. Then the A-subalgebra
A[M] generated by M over A is finite over A and, hence, an R-model of ff type for
A.

Proof. The ring extension A € A[M] is finite since it is generated by finitely many
integral elements. (]
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2B3. Free semiaffinoid algebras. Using the results of Section 2B2, we can now
establish the universal properties of free semiaffinoid K -algebras; these are semi-
affinoid K-algebras of the form R[[S](T) @ K, for finite systems of variables S
and T:

Theorem 2.13. Let m and n be natural numbers. The semiaffinoid K-algebra
RIS1, ..., ST, ..., T,) ®r K, together with the pair of tuples of functions
(81, ..., 8m), (T1, ..., T,)), is initial among all semiaffinoid K -algebras A equip-
ped with a pair ((f1, ..., fu), (&1, ..., &) satisfying the property that the g; are
power-bounded and that the f; are topologically quasinilpotent.

Proof. Let us write S and T to denote the systems of the §; and the 7;. By
Corollary 2.12, A admits an R-model of ff type A containing the f; and the g;.
By Remark 2.8, the f; are topologically nilpotent in A; hence there exists a unique
R-homomorphism ¢: R[SI(T) — A sending S; to f; and T; to g; for all i and j,
and so ¢ := ¢ @ K is a K-homomorphism with the desired properties. It remains
to show that these properties determine ¢ uniquely. Let ¢": R[ST(T) ®r K — A
be any K-homomorphism sending S; to f; and T; to g; for all i and j, and let us
set A" := ¢/ (R[STI(T)) which is of ff type over R. If ¢ = ¢’, then A’ C A. On the
other hand, to show that ¢ = ¢/, it suffices to see that, after possibly enlarging A,
we have A’ C A, in virtue of the universal property of R[[ST(T). If A is reduced,
Corollary 2.10 says that we may set A equal to the ring of power-bounded functions
in A; in this case the inclusion A’ C A is obvious. In the general case, we let N
denote the nilradical of A; then, by what we have shown so far,

A'/(A'NN) S A/(ANN) ()

within A /N. The ideal A’ N N is finitely generated since A’ is noetherian; after
enlarging A using Corollary 2.12, we may thus assume that A contains a generating
system ny, ..., n, of AN N. The inclusion (x) shows that every element a’ € A’ is
the sum of an element a € A and a linear combination ) ;_, a/n; with coefficients
a; € A'. Let us write the coefficients a; in the analogous way, and let us iterate
the procedure. Using the fact that the n; lie in A, the only summands possibly
not lying in A after s-fold iteration are multiples of products of the n; involving
s factors. Since the n; are nilpotent, these summands are zero for s big enough;
hence A’ C A, as desired. O

With the universal property of the free semiaffinoid K -algebras at hand, we can
now describe the category of semiaffinoid K -algebras in terms of the category of
R-models of ff type. Let us recall that a formal blowup in the sense of [Temkin
2008, 2.1] is called admissible if it can be defined by a m-adically open coherent
ideal.

Corollary 2.14. Let ¢ : A — B be a homomorphism of semiaffinoid K -algebras.
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(i) Let Ay, Ay be R-models of [f type for A. If Ay contains a formal generating
system of A, then Ay is contained in Aj.

(i) An inclusion of R-models of [f type for A corresponds to a finite admissible
blowup of associated formal spectra.

(iii)) Let A € A, B C B be R-models of ff type such that there exists a formal
generating system of A mapping to B via ¢. Then ¢(A) C B.

(iv) Let A be an R-model of ff type for A. There exists an R-model of [f type B for
B such that ¢(A) C B. Moreover, if B is any R-model of |f type for B, we
can choose B such that B’ C B.

Proof. To prove the first statement, let us fix a formal generating system ( f, g) of A
that is contained in A,. The components of f are topologically quasinilpotent in A;
since A, is an R-model of ff type for A, they are topologically nilpotent in A,. Let
o R[SIKT) — A; and B : R[SI(T) — A, be the associated R-homomorphisms,
where « is surjective because (f, g) formally generates A;. By Theorem 2.13,
o ®g K and B ®r K coincide as homomorphisms from R[ST(7) ®r K to A, so
we conclude that A} € A,: given a € Aj, we choose an a-preimage a’ of a; then
a=a(d)=p) € As.

To prove the second claim, let A; € A, be an inclusion of R-models of ff type
for A, and let M C A, be a finite set whose elements are the components of a
formal generating system for A, over R. Then by Corollary 2.12, A{[M] C A, is
an R-model of ff type for A which is finite over A;. By statement (i), Ay = A[M]
and hence A, is finite over A;. Arguing exactly as in the proof of [Bosch and
Liitkebohmert 1993a, 4.5], we see that A; € A, corresponds to an admissible
formal blowup.

To prove part (iii), let us choose a formal generating system ( f, g) of A such that
the components of ¢(f) and ¢(g) are contained in B. The components of ¢(f)
are topologically nilpotent in B since they are topologically quasinilpotent in B.
Let o : RI[SI(T) — A and B : R[S]{T) — B be the R-homomorphisms defined
by (f, g) and (¢(f), ¢(g)) respectively; then « is surjective, and Theorem 2.13
shows that 8 ® g K coincides with ¢ o (¢ ®g K). As is the proof of statement (i),
we conclude that ¢ (A) C B.

To prove statement (iv), let us choose a formal generating system (f, g) of A.
The components of ¢(f) are topologically quasinilpotent, and the components of
¢(g) are power-bounded in B. According to Corollary 2.12, there exists an R-
model B of ff type for B containing B" and the components of ¢(f) and ¢(g); by
statement (iii), ¢(A) C B, as desired. U

We can now show that R-models of ff type for affinoid K -algebras are automat-
ically of tf type:
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Corollary 2.15. Let A be an affinoid K -algebra, and let A C A be an R-model of
fftype. Then A is of tf type over R.

Proof. Let A’ be an R-model of tf type for A, and let A” be an R-model of ff type
for A containing both A and A’; such an A” exists by Corollary 2.14(iv) applied
to the identity on A. By Corollary 2.14(ii), A” is finite over A’ and, hence, an
R-algebra of tf type. After replacing A’ by A”, we may thus assume that A C A’.
Again by Corollary 2.14(ii), this inclusion is finite. We now mimic the proof of the
classical Artin—Tate lemma: Let ay, ..., a, be a system of topological generators
of A’ over R, and for each i let P; € A[T] be an integral equation for a; over A. Let
b1, ..., b, be the coefficients of the P; in some ordering. Since the R-algebra A is
of ff type, it is w-adically complete; hence there exists a unique R-homomorphism
R(Ti,...,T,) > Asending T to b; for 1 < j <n. Let B C A denote its image;
then B is an R-algebra of tf type. Since the g; topologically generate A" over R,
they also topologically generate A" over B. The q; are, by construction, integral
over B; hence A’ is in fact finite over B. Since B is noetherian, the B-submodule
A of A’ is finite as well, and it follows that A is of tf type as a B-algebra. We
conclude that A is of tf type over R. ([

2B4. Amalgamated sums.

Proposition 2.16. The category of semiaffinoid K -algebras admits amalgamated
sums. More precisely speaking, if ¢1: A — By and ¢,: A — B, are homomor-
phisms of semiaffinoid K -algebras, then the colimit of the resulting diagram is
represented by (§1®Al_92) ®r K, where A and the B; are R-models of ff type for
A and the B; respectively such that ¢(A) C By, B».

Proof. By Corollary 2.14(iv), we may choose R-models A, B| and B> as in the
statement of the proposition. Let C be a semiaffinoid K -algebra, and fori =1, 2 let
7;: B; — C be a K-homomorphism such that t; o] = 100¢;. By Corollary 2.14(iv),
there exists an R-model C of ff type for C such that 7;(B;) € C fori =1, 2; we
let 7;: B; — C denote the induced R-homomorphism. Then 7,09, =1,09¢,,
since the same holds after inverting 7z and since 7 is not a zero divisor in A. By
the universal property of the complete tensor product in the category of R-algebras
of ff type, there exists a unique R-homomorphism z: B1®4B> — C such that
1,=100; fori=1,2,whereo, : B; > §l®A§2 is the ith coprojection. Setting
T:=1®r K and 0; :=0; ®g K, we obtain 7; = T o0; fori =1, 2. We must show
that 7 is uniquely determined by this property. Let

7 (B1®sB2) ®r K — C

be any K-homomorphism satisfying t; = t’/ oo; for i = 1, 2. By Corollary 2.14(iv),
there exists an R-model C’ of ff type for C containing C such that 7’ restricts to
an R-morphism 7’: Bi®4 B, — C’; then v/ = 7/ ® K. It suffices to show that
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7’ coincides with T composed with the inclusion ¢ : C € C’. Fori = 1,2, the
compositions 7’ oo ; and ¢t o T o g; coincide after inverting 7, hence they coincide
because m is not a zero divisor in B;, for i = 1,2. The universal property of
(B1®4B2,0,,0,) implies that 7’ = 1 0 7, as desired. O

Passing to the opposite category, we see that the category of semiaffinoid K-
spaces has fibered products.

2BS. The Nullstellensatz.
Proposition 2.17. Semiaffinoid K -algebras are Jacobson rings.

Proof. Any quotient of a semiaffinoid K-algebra is again semiaffinoid; hence it
suffices to show that if A is a semiaffinoid K -algebra and if f € A is a semiaffinoid
function such that f(x) =0 for all x € sSp A, then f is nilpotent. We may divide
A by its nilradical and thereby assume that A is reduced. Let A be an R-model
of ff type for A, and let X = (Spf A)"¢ denote the rigid-analytic generic fiber of
Spf A. Since A is excellent, being a localization of the excellent ring A, and since
rigid K-spaces are excellent [Conrad 1999, 1.1], it follows from [de Jong 1995,
Lemma 7.1.9] that the space X is reduced and that we may view A as a subring of
['(X, Ox) such that the value of f in a point x € X agrees with the value of f in
the corresponding maximal ideal of A. Since f(x) =0 for all x € X, we see that
f =0 as a function on X and, hence, in A. O

2C. Semiaffinoid spaces.

2C1. The rigid space associated to a semiaffinoid K -space. Let X =sSp A be a
semiaffinoid K-space. An affine flat formal model of ff type for X is an affine flat
formal R-scheme of ff type X together with an identification of I'(X, Ox) with an
R-model of ff type for A. By Definition 2.2, every semiaffinoid K -space admits an
affine flat model of ff type. There is an obvious generic fiber functor urig from the
category of affine flat formal R-schemes of ff type to the category of semiaffinoid
K -spaces, given by
(Spf A)"® := sSp(A @ K).

Let X be a flat affine R-model of {f type for X. Berthelot’s construction yields a
rigid K -space X' := X"2 together with a K-homomorphism

@: A— (X", Ox);

see [de Jong 1995, 7.1.8]. By our discussion in Section 2B1 and by [ibid., 7.1.9]
the homomorphism ¢ induces a bijection |X"| — | X| and local homomorphisms
A — Oxr . which are isomorphisms on maximal-adic completions, where x is
a point of X" and where m € Max A is the image of x under the above bijection.
We say that X' is the rigid space associated to X via Berthelot’s construction.
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It is independent of the choice of X, the pair (X', ¢) being characterized by the
following universal property:

Proposition 2.18. Let Y be a rigid K-space, and let r: A — I'(Y,Oy) be a
K-algebra homomorphism. There exists a unique morphism of rigid K-spaces
o:Y — X" such that y =T (%) o ¢.

Proof. Uniqueness of o follows from the above-mentioned fact that ¢ induces a
bijection of points and isomorphisms of completed stalks; we may thus assume
that Y is affinoid, ¥ = Sp B. Let A C A be the R-model of ff type corresponding to
X. By Corollary 2.14(iv) and Corollary 2.15, v restricts to an R-homomorphism
¥ : A — B, where B is a suitable R-model of tf type for B; now o := (Spf ¥)"2
has the required properties. 0

If : ) — X is a morphism of affine flat formal R-schemes of ff type and if 72
denotes the induced morphism of associated semiaffinoid K-spaces, we easily see
that the unique morphism (z""¢)" provided by Proposition 2.18 is given by ",

2C2. Semiaffinoid subdomains. Closed subspaces of semiaffinoid K-spaces are
easily defined in the usual way:

Definition 2.19. A morphism of semiaffinoid K -spaces is called a closed immer-
sion if it corresponds to a surjective homomorphism of semiaffinoid K -algebras.
A closed semiaffinoid subspace of a semiaffinoid K -space is an equivalence class
of closed immersions, where two closed immersions of uniformly rigid K -spaces
i1:Yy — X and i : Y, — X are called equivalent if there exists an isomorphism
@Y = Y, such that i{ =i 0 ¢.

If A is a semiaffinoid K-algebra and if / C A is an ideal, then the natural closed
immersion sSp A/I — sSp A is clearly injective onto the set of maximal ideals
containing /. Moreover, if A — C is a homomorphism of semiaffinoid K -algebras,
then A/I®4C = C/IC, because this quotient already represents the amalgamated
sum of C and A/I over A in the category of all K -algebras. In particular, closed
immersions of semiaffinoid K-spaces are stable under the formation of fibered
products.

To define a reasonable structure of G-topological K -space on the set of physical
points of a semiaffinoid K-space X, it is natural to consider subsets U of X that
canonically inherit a structure of semiaffinoid K -space:

Definition 2.20. A subset U in a semiaffinoid K -space X is called representable
if there exists a morphism of semiaffinoid K-spaces to X whose image lies in U
and which is final with this property. Such a morphism is said to represent all
semiaffinoid morphisms to X with image in U.
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Remark 2.21. Here we differ from the terminology used in the author’s PhD the-
sis; there the representable subsets are called semiaffinoid presubdomains [Kappen
2009, Section 1.3.3].

Clearly X and @ are representable subsets of X. Copying the proof of [Bosch
et al. 1984, 7.2.2/1], we see that a morphism representing a subset U C X is
injective with image U and that it induces isomorphisms of infinitesimal neigh-
borhoods of points. Using the existence of fibered products in the category of
semiaffinoid K -spaces, we see that representable subsets are preserved under pull-
back with respect to morphisms of semiaffinoid spaces. The universal property
of representable subsets yields a presheaf Oy in semiaffinoid K -algebras on the
category of representable subsets in X.

In the category of affinoid K -spaces, the representable subsets are called affinoid
subdomains [Bosch et al. 1984, 7.2.2/2], and they play a predominant role in the
foundations of rigid geometry. In the uniformly rigid setting, we are unable to
handle general representable subsets; for instance, we do not know whether repre-
sentable subsets induce admissible open subsets via the functor r which is induced
by Berthelot’s construction. We will thus only consider representable subsets of a
specific kind, which we call semiaffinoid subdomains:

Definition 2.22. A subset U of a semiaffinoid K-space X is called a semiaffinoid
subdomain if there is an affine flat R-model of ff type X for X and a finite composi-
tion of open immersions, completion morphisms and admissible blowups ¢ : 4 — X
such that 4 is affine and such that U is equal to the image of ¢""'¢. We say that ¢
represents U as a semiaffinoid subdomain in X. We say that U is an elementary
semiaffinoid subdomain in X if ¢ can be chosen as an open immersion into an
admissible blowup, and we say that U is a retrocompact semiaffinoid subdomain
in X if ¢ can be chosen as a composition of open immersions and admissible
blowups; such a ¢ is said to represent U as an elementary or as a retrocompact
semiaffinoid subdomain in X respectively.

In Corollary 2.25, we will see that semiaffinoid subdomains are actually repre-
sentable in the sense of Definition 2.20.

Open immersions of formal R-schemes of ff type induce retrocompact open im-
mersions of rigid generic fibers [de Jong 1995, 7.2.2 and 7.2.4(d)]. Moreover, com-
pletion morphisms induce (possibly nonretrocompact) open immersions of rigid
generic fibers [de Jong 1995, 7.2.5], and admissible blowups induce isomorphisms
of rigid generic fibers; see [Nicaise 2009, 2.19]. Hence a semiaffinoid subdomain
U C X is admissibly open in X". In particular, the K-homomorphism ¢"“&* cor-
responding to ¢"¢ is flat, since flatness is seen on the level of completions of
stalks. Semiaffinoid subdomains may be regarded as nested rational subdomains
defined in terms of strict or nonstrict inequalities involving semiaffinoid functions.
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For example, the blowup of X = Spf R[[S] in the ideal (r, S) is covered by the
affine open formal subschemes X| = Spf (R[SI(V)/(xV — §)) = Spf R(V) and
X, = Spf (RISTKW)/(SW — m)); the completion of X| along the ideal (rr, V)
represents the open disc with radius || within the open unit disc, while the com-
pletion of X, along (;r, W) defines the open annulus |7| < |S| < 1.

Remark 2.23. It is necessary to consider iterations as in Definition 2.22 because
if 4{ is an open subset of a flat formal R-scheme of ff type X, then an admissible
blowup of 4 needs not extend to an admissible blowup of X; see [Kappen 2009,
Example 1.1.3.12].

In order to understand semiaffinoid subdomains, it will be useful to interpret
strict transforms with respect to admissible blowups as pullbacks:

Lemma 2.24. Let ) — X be a morphism of flat formal R-schemes of locally ff
type, let X' — X be an admissible blowup, and let )’ — ) denote the induced
admissible blowup of ), that is, the strict transform of ). The resulting square

2 x
_—
D) x

is cartesian in the category of flat formal R-schemes of locally ff type.

Proof. The universal property of the fibered product in the category of flat formal
R-schemes of locally ff type is readily verified using the universal property of
admissible blowups, the fact that the functor rig maps admissible blowups to iso-
morphisms and the fact that rig is faithful on the category of flat formal R-schemes
of locally ff type. 0

In the following, we write x’ to denote the fibered product in the category of flat
formal R-schemes of locally ff type. It is obtained from the usual fibered product
by dividing out the coherent ideal of 7 -torsion; in particular, fibered products of
affine flat formal R-schemes of ff type in the category of flat formal R-schemes of
locally ff type are again affine.

As we have just observed, admissible blowups of flat formal R-schemes are
preserved under pullback in the category of flat formal R-schemes of locally ff
type. The same is true for open immersions and completion morphisms, since they
are flat and since they are preserved under pullback in the category of all formal
R-schemes of locally ff type.

Corollary 2.25. Let X be a semiaffinoid K -space, let U C X be a semiaffinoid
subdomain, and let Y — X be a morphism of semiaffinoid K -spaces.

(1) The preimage of U in Y is a semiaffinoid subdomain in Y.
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(ii) If st — X represents U as a semiaffinoid subdomain in X and if }) — X is a
model of Y — X, then the projection 1 X', ) — Q) represents the preimage
of U as a semiaffinoid subdomain in Y .

(iii) If ¢ represents U as a semiaffinoid subdomain in X, then ¢*"2 represents all
semiaffinoid morphisms to X with image in U. In particular, semiaffinoid
subdomains are representable in the sense of Definition 2.20.

The analogous statements hold if we consider retrocompact or elementary semiaffi-
noid subdomains and their retrocompact or elementary representations.

Proof. Statement (ii) implies statement (i) in view of Corollary 2.14(iv). To show
(i), let us consider a factorization

sy, 2 Ay B x )

of I{ — X, where the ¢; are admissible blowups, open immersions or completion
morphisms. By the remarks preceding this Corollary, we see that the projection
U x% Y — 9 defines a semiaffinoid subdomain in Y. Passing to associated rigid
spaces, we see that this semiaffinoid subdomain coincides with the preimage of U
in Y. To prove (iii), let us write ¢ to denote L — X, and let us assume that the image
of Y — X lies in U; we must show that ¥ — X factors uniquely through ¢"fi¢.
Since "¢ induces an injection of physical points and isomorphisms of completed
stalks, uniqueness follows from Krull’s Intersection theorem. Let us show that the
desired factorization exists. Again, Corollary 2.14(iv) shows that ¥ — X admits a
model 2 — X with target X. Let us consider the pullback

1//;1 1//71* 1//
Vi1 = Yy = - = Yp = )

of (1) under P — X in the category of flat formal R-schemes of locally ff type;
then 9,1 is affine, and all v; that are open immersions or completion morphisms
are isomorphisms: Indeed, ¥ — X factors through U, specialization maps are
surjective onto the sets of closed points of flat formal R-schemes of locally ff type,
and the closed points lie very dense in formal R-schemes of this type. Hence, the
composition 2),+1 — ) is a composition of admissible blowups; by [Temkin 2008,
2.1.6], it is an admissible blowup. Since 2),1 is affine, [Grothendieck 1961b,
3.4.2] shows that ),+1 — ) is a finite admissible blowup. After applying urig,
we thus obtain the desired factorization of ¥ — X. U

By Corollary 2.25(iii), every semiaffinoid subdomain may be viewed as a semi-
affinoid K -space in a natural way.

Question 2.26. One may ask whether every representable subset of a semiaffinoid
K -space is in fact a semiaffinoid subdomain. Unfortunately, we do not know the
answer.
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Corollary 2.27. Let X be a semiaffinoid K-space, let U C X be a semiaffinoid
subdomain, and let X be a flat affine R-model of ff type for X. Then there exists a
representation of U as a semiaffinoid subdomain in X with target X.

Proof. Let ' — X' be a representation of U as a semiaffinoid subdomain in X,
let us write X =sSp A, and let A, A’ C A be the R-models of ff type of A corre-
sponding to X and X’ respectively. By Corollary 2.14(iv) applied to the identity
on A, there exists an R-model of ff type A” of A containing both A and A’. By
Corollary 2.14(ii), the inclusions A € A” and A" C A” correspond to finite admis-
sible blowups X” — X and X” — X’. By Corollary 2.25(ii), the strict transform
U — X" of W — X’ under X" — X' represents U as a semiaffinoid subdomain in
X. Composing this representation with the admissible blowup X” — X, we obtain
a representation 1" — X of U as a semiaffinoid subdomain in X with target X, as
desired. ]

Remark 2.28. One can easily show that if U C X is a semiaffinoid subdomain
and if ) — X is a model of the inclusion of U into X, then there exists a finite
admissible blowup 2)’ of 2 such that the composition )’ — X represents U as a
semiaffinoid subdomain in X; this fact will not be needed in the following.

Corollary 2.29. Let X be a semiaffinoid K -space.

(i) Let U C X be a semiaffinoid subdomain, and let V be a subset of U. Then V
is a semiaffinoid subdomain in U if and only if it is a semiaffinoid subdomain
in X.

(i1) The set of semiaffinoid subdomain in X is stable under the formation of finite
intersections.

Proof. If V is semiaffinoid in X, then V = V N U is semiaffinoid in U by
Corollary 2.25(i). Conversely, assume that V is semiaffinoid in U, and let { — X
be a representation of U as a semiaffinoid subdomain in X. By Corollary 2.27,
there exists a representation f — 4 of V as a semiaffinoid subdomain in U; the
composition ¥ — L — X represents V as a semiaffinoid subdomain in X. This
settles the first statement. To show (ii), let us consider two semiaffinoid subdomains
U and V in X. By Corollary 2.25(1), U NV is a semiaffinoid subdomain in U; by
part (i), U NV is thus a semiaffinoid subdomain in X. U

These results obviously remain true if we only consider retrocompact semi-
affinoid subdomains instead of general semiaffinoid subdomains. Similarly, el-
ementary semiaffinoid subdomains are preserved under pullback with respect to
morphisms of semiaffinoid spaces. However, if U is an elementary semiaffinoid
subdomain in a semiaffinoid K-space X and if V is an elementary semiaffinoid
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subdomain in U, then V needs not be elementary in X. Likewise, if U is a semi-
affinoid subdomain in X and if V is a retrocompact semiaffinoid subdomain in U,
then V needs not be retrocompact in X.

We conclude this section by identifying retrocompact semiaffinoid subdomains
in affinoid K -spaces:

Lemma 2.30. Let A be an affinoid K -algebra; then a retrocompact semiaffinoid
subdomain U in sSp A is an affinoid subdomain in Sp A.

Proof. Let ¢: %)) — X be a morphism defining U as a retrocompact semiaffinoid
subdomain in X. By Corollary 2.15, X is of tf type over R. Since ¢ is adic, )
is of tf type over R as well, such that ¢"¢ is a morphism of affinoid K -spaces.
By Corollary 2.25(iii), ¢ represents all semiaffinoid maps with image in U; in
particular it represents all affinoid maps with image in U. Hence, U is an affinoid
subdomain in Sp A. (]

Conversely, it is clear that for any affinoid K -algebra A, the rational subdomains
in Sp A define semiaffinoid subdomains in sSp A. Let U € Sp A be a general
affinoid subdomain in Sp A. By the theorem of Gerritzen and Grauert [Bosch et al.
1984, 7.3.5/1], U is a finite union of rational subdomains. Let X be any affine flat
formal R-model of tf type for Sp A. By [Bosch and Liitkebohmert 1993a, Lemma
4.4], there exist an admissible formal blowup X' — X of X and an open formal
subscheme ${ C X’ such that U = {"¢, However, we do not know whether {{ is
affine, so we do not know whether a general affinoid subdomain U in Sp A is a
semiaffinoid subdomain or even a representable subset in sSp A. Nonetheless, we
will see that affinoid subdomains in Sp A are admissible open in the uniformly rigid
G-topology on sSp A; see Proposition 2.34.

2C3. G-topologies on semiaffinoid spaces. We first define an auxiliary G-topo-
logy Jaux on the category of semiaffinoid K-spaces equipped with the physical
points functor; see [Bosch et al. 1984, 9.1.2]. The J ,x-admissible subsets of a
semiaffinoid K-space are the semiaffinoid subdomains of that space. If [ is a
rooted tree and if i € I is a vertex, we let ch(i) denote the set of children of i.

Definition 2.31. Let X be a semiaffinoid K -space, and let (X;);<; be a finite family
of semiaffinoid subdomains in X.

(1) We say that (X;);<s is an elementary covering of X if there exist an affine flat
R-model of ff type X for X, an admissible blowup X’ — X and an affine open
covering (X;);c; of X’ such that for eachi € I, X; C X' — X represents X;
as a semiaffinoid subdomain in X.

(i) We say that (X;);e; is a treelike covering of X if there exists a rooted tree
structure on / such that X, = X, where r is the root of I, and such that
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(X ) jech(i) 1s an elementary covering of X; for all i € I which are not leaves.
A rooted tree structure on / with these properties is called suitable for (X;);e;.

(iii)) We say that (X;);e; is a leaflike covering if it extends to a treelike covering
(Xi)ies, J 2 I, where J admits a suitable rooted tree structure such that I is
identified with the set of leaves of J.

(iv) We say that (X;);e; is T aux-admissible if it admits a leaflike refinement.

If (X;)ies 1s an elementary, treelike or leaflike covering of X, then by definition
all X; are retrocompact in X. For trivial reasons, condition (iv) in Definition 2.31
can be checked after refinement.

Arguing as in the proof of Corollary 2.27, we see that an elementary covering can
be represented with respect to any flat affine R-model of ff type X of X. It follows
that any treelike covering (X;);c; together with a suitable rooted tree structure on
I admits a model with respect to X; that is, we have

(i) for each i € I, an affine flat R-model of ff type X; for X; such that X, = X,
where r denotes the root of I,

(ii) for each inner i € I, an admissible blowup X! — X; and

(iii) for each inner i € I and for each child j of i, an open immersion X; — X
such that X; € X} — X; represents X ; as a semiaffinoid subdomain in X;.

Arguing as in the proof of Corollary 2.25, we see that elementary, treelike and
leaflike coverings, suitable rooted tree structures and models in the above sense
are preserved under pullback with respect to morphisms ¥ — X of semiaffinoid
K -spaces and their models ) — X, where ) and X are flat affine models of ff
type for Y and X respectively.

Lemma 2.32. Let X be a semiaffinoid K -space, let (U;);c; be a covering of X by
semiaffinoid subdomains, and for each i € I, let (V;}) jey, be a covering of U;. If
all of these coverings are leaflike or T yx-admissible, then the same holds for the
covering (Vij)ier,jes; of X.

Proof. Let us first consider the case where the given coverings are leaflike. Let us
choose a treelike covering (U;);cp of U extending (U;);<; together with a suitable
rooted tree structure on I’ such that I C I’ is the set of leaves. Similarly, for each
i € I we choose a treelike covering (V;;) e 7! extending (V;;) jey; together with a
suitable rooted tree structure on Jl/ such that J; C Jl/ is identified with the set of
leaves for all i € 1. For each i € I, we glue the rooted tree J; to the rooted tree I’
by identifying the root of J/ with the leaf i of I’. We obtain a rooted tree J’ whose
set of leaves is identified with the disjoint union of the sets J;, i € I. Foreachi € I,
U; = Vi,,, where r; is the root of Ji’ ; hence we obtain a covering (V;) je,  such that
the given rooted tree structure on J' is suitable for (V;) e, ; indeed, this can be
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checked locally on the rooted tree J'. We conclude that the composite covering
(Vij)iel,jes; of X is leaflike. The statement for J ,,x-admissible coverings now
follows by passing to leaflike refinements. U

Combining Lemma 2.32 and the fact that J,,x-admissible coverings are stable
under pullback, we see that the semiaffinoid subdomains and the 7 ,,x-admissible
coverings define a G-topology on the category of semiaffinoid K-spaces equipped
with the physical points functor. The following proposition suggests that J ,ux
should be viewed as an analog of the weak G-topology in rigid geometry. We first
define:

Definition 2.33. A retrocompact covering of a semiaffinoid K-space X is a finite
family of retrocompact semiaffinoid subdomains of X that covers X on the level
of physical points.

If I is a rooted tree, we write 1v(/) to denote the set of leaves of that tree, and
we write v(/) denote the volume of the tree, that is, its number of vertices.

Proposition 2.34. Retrocompact coverings of semiaffinoid spaces are J yx-admis-
sible.

Proof. Let X be a semiaffinoid K-space, and let (X;);c; be a finite family of retro-
compact semiaffinoid subdomains in X covering X on the level of sets; we have
to show that (X;);cs is T aux-admissible. For each i € I, we choose a retrocompact
representation ¢; of X; in X, such that the targets of the ¢; all coincide with a fixed
flat affine target X. For each i € I, we choose a factorization

@i = Biroyiro---0Pin o Yin,
where the v;; are open immersions and the B;; are admissible blowups,

xla x
with X;o = X. Let v denote the sum of the n;; we say that v is the total length
of the given retrocompact representation. Let X' — X be an admissible blowup
dominating all B;; : X}, — X, and let {; € X’ denote the preimage of X;; € X},.
The f{lr.ilg cover X2, the specialization map spy is surjective onto the closed points
of X/, and the closed points in X’ lie very dense; hence X’ is covered by the i;.
For each i € I, we consider the pullback v/ of

BizoYizo- -0 Bin, 0 Vin,

under ; € X' — %;1, and moreover for each j € I different from i we consider
the pullback ¢;; of

@j = Bj1ovjio---0Bjn; 0Yn,
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under 4; € X’ — X, both in the category of flat formal R-schemes of ff type. For
each i € I, we choose a finite affine covering of Ll;. For each constituent *J; of this
covering with semiaffinoid generic fiber V;;, we choose finite affine coverings of
(Y] )~1(;,) and of (¢; j)_1 (U;s), for j € I'\{i}. We obtain a retrocompact covering
of Vi, together with retrocompact representations as above of total length v — 1. If
we let i and s vary, the resulting retrocompact covering of X refines (X;);c;. Since
the Vi, for varying i and s, form an elementary covering of X, it suffices to see
that the given retrocompact covering of V;, is J,,x-admissible, which now follows
by induction on v; the case v = 1 is trivial. (|

Definition 2.35. Let 7y denote the finest G-topology on the category of semiaffi-
noid K-spaces which is slightly finer than J 4« in the sense of [Bosch et al. 1984,
9.1.2/1].

The G-topology J g is called the uniformly rigid G-topology. It exists by
[Bosch et al. 1984, 9.2.1/2], and it is saturated in the sense that it satisfies conditions
(Go)—(Gy) in [Bosch et al. 1984, 9.1.2], saying that Jjg-admissibility of subsets
can be checked locally with respect to J ysg-admissible coverings and that admis-
sibility of a covering by J ig-admissible subsets can be checked after refinement.

As a corollary of [BGR] 9.1.2/3, we obtain the following explicit description of
the uniformly rigid G-topology on a semiaffinoid K -space:

Proposition 2.36. Let X be a semiaffinoid K -space.

(1) A subset U C X is Juig-admissible if and only if it admits a covering (U;);es
by semiaffinoid subdomains such that for any morphism ¢: Y — X of semi-
affinoid K -spaces with ¢(Y) C U, the induced covering of Y has a leaflike
refinement.

(i1) A covering (U;)ics of a Tyrig-admissible subset U in X by J yig-admissible
subsets is Jyig-admissible if and only if for any morphism ¢: Y — X of
semiaffinoid K -spaces with ¢(Y) C U, the induced covering of Y has a leaflike
refinement.

Corollary 2.37. Let X be a semiaffinoid K -space.

(1) For any semiaffinoid subdomain U of X, the uniformly rigid G-topology on X
restricts to the uniformly rigid G-topology on U.

(1) If U C X is a finite union of retrocompact semiaffinoid subdomains in X,
then U is J uig-admissible, and every finite covering of U by retrocompact
semiaffinoid subdomains in X is J yig-admissible.

Proof. By Corollary 2.29(i), the semiaffinoid subdomains in U are the semiaffi-
noid subdomains in X contained in U, and by Corollary 2.25(iii) the semiaffinoid
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morphisms to X with image in U correspond to the semiaffinoid morphisms to U.
Hence, statement (i) follows from parts (i) and (ii) of Proposition 2.36.

To prove the second statement, let (U;);c; be a finite family of retrocompact
semiaffinoid subdomains of X such that U is the union of the U;. Let Y be any semi-
affinoid K -space, and let ¢ : Y — X be any semiaffinoid morphism whose image is
lies in U. Then (¢~ ' (U;))ie; is a retrocompact covering of Y; by Proposition 2.34,
it admits a leaflike refinement. By Proposition 2.36(i), we conclude that U is a
J urig-admissible subset of X, and by Proposition 2.36(ii) we see that the covering
(Ui)ier of U is T yig-admissible. O

In particular, Corollary 2.37(ii) and the theorem of Gerritzen and Grauert [Bosch
et al. 1984, 7.3.5/1] show that if A is an affinoid K -algebra and if U C Sp A is an
affinoid subdomain, then U C sSp A is T yrig-admissible.

Remark 2.38 (quasicompactness). Proposition 2.36(ii) shows that semiaffinoid K-
spaces are quasicompact in J g, see [Bosch et al. 1984, p. 337]. By the maximum
principle for affinoid K-algebras; it follows that sSp (R[[STI ® g K) has no T ye-
admissible covering by semiaffinoid subdomains whose rings of functions are affi-
noid. In particular, the covering of sSp (R[S] ®r K) provided by Berthelot’s
construction is not J yjg-admissible.

Remark 2.39 (bases for Jyg). Proposition 2.36 implies that the semiaffinoid sub-
domains form a basis for the uniformly rigid G-topology on a semiaffinoid K-
space [Bosch et al. 1984, p. 338]. The retrocompact semiaffinoid subdomains in
sSp (K (S)) do not form a basis for Jy,: Indeed, sSp (R[S ®r K) is a semiaffi-
noid subdomain in sSp (K (S)); by Lemma 2.30 and Remark 2.38, it does not
admit a Jyg-admissible covering by retrocompact semiaffinoid subdomains in
sSp (K (S)). Thus, even though the K-algebra K (S) is affinoid, the uniformly rigid
G-topology on sSp (K (S)) turns out to be strictly coarser than the rigid G-topology
on Sp (K (S)). We do not know whether this discrepancy already appears on the
level of admissible subsets.

We conclude our discussion of the uniformly rigid G-topology J g by showing
that it is finer than the Zariski topology Iz, which, on a semiaffinoid K-space X,
is generated by the nonvanishing loci D(f) of semiaffinoid functions f on X:

Proposition 2.40. The uniformly rigid G-topology T g is finer than the Zariski
topology T 7.

Proof. Let X = sSp A be a semiaffinoid K-space, let U C X be a Zariski-open
subset, and let fi, ..., f, € A be semiaffinoid functions such that U is the union
of the Zariski-open subsets D( f;) ={x e Max A; f;j(x) #0}. Let Y be a nonempty
semiaffinoid K-space, and let ¢: ¥ — X be a semiaffinoid morphism whose image
is contained in U. For each i, the preimage ¢! (D(f;)) is the set of points y € ¥
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where ¢* f; # 0. Since Y is covered by the ¢ ~' (D (f;)), the ¢* f; generate the unit
ideal in B. That is, there exist elements by, ..., b, in B such that bjp™ fi +...+
b,o* f, = 1. Let us set y := (max; |b,~|sup)_1; this number is well-defined since
the b; are bounded functions on Y without a common zero. By the strict triangle
inequality, max; |¢* f;(y)| > y for all y € Y. For each i, let ¥; C Y denote the set
of points y € Y where |¢* f;(y)| > y; then (Y;)1<;<n is a retrocompact covering
of Y refining (¢~ (D( fi)))1<i<n. By Proposition 2.34, retrocompact coverings are
T urig-admissible; hence U C X is T yig-admissible. If (U;) je; is a Zariski-covering
of U, we may pass to a refinement and assume that for all j € J, U; = D(g;) € X
for some semiaffinoid function g; on X; we can then argue along the same lines

to prove that (U;) ey is a Jyrig-admissible covering of U. U

The above argument works even though the maximum principle might fail on Y.
Let us point out that our proof shows the following: If fi, ..., f, are semiaffinoid
functions on X, if

U =Jb

i=1

is the associated Zariski-open subset of X, and if we set

Use = [ JIx e X: 10| = &)

i=1

for ¢ € /|K*], then the resulting covering (Us¢), of U by finite unions of retro-
compact semiaffinoid subdomains of X is Jyg-admissible. In particular, Zariski-
open subsets in semiaffinoid spaces need not be quasicompact in the uniformly
rigid G-topology. As a consequence, the sheaf of uniformly rigid functions on a
semiaffinoid K -space, to be defined in the following section, may have unbounded
sections on Zariski-open subsets.

2C4. The acyclicity theorem. Let X be a semiaffinoid K-space. We show that
the presheaf Oy that we introduced after Definition 2.20 is a sheaf for J,,x and,
hence, extends uniquely to a sheaf for . More generally, we show that every
Ox-module associated to a finite module over the ring of global functions on X is
acyclic for any J yjg-admissible covering of X in the sense of [Bosch et al. 1984]
p- 324. Adopting methods from [Liitkebohmert 1990], we derive our acyclicity
theorem from results in formal geometry; we also use ideas from [Lipshitz and
Robinson 2000, I11.3.2].

Let us recall from [Bosch et al. 1984, p. 324] that if % is a presheaf in Ox-
modules on T, a covering (X;);e; of X by semiaffinoid subdomains is called -
acyclic if the associated augmented Cech complex is acyclic. The covering (X;)ies
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is called universally F-acyclic if (X; NU);¢s is F|y-acyclic for any semiaffinoid
subdomain U C X.

Theorem 2.41. For a semiaffinoid K -space X, T yux-admissible coverings are Oy -
acyclic.

Proof. Let us first consider an elementary covering (X;);cs. Let us choose a for-
mal representation (X, : X' — X, (X,)ier) of (X;)ies, where B is an admissible
blowup and where (X;);¢; is a finite affine covering of X" such that X; C X' — X
represents X; in X. By the ff type transcription of [Liitkebohmert 1990, 2.1],
B* ®r K is an isomorphism; hence S induces a natural identification of augmented
Cech complexes

Caug((Xi)ier, Ox) = C o (Xi)ier, Ox ®r K).

We have to show that the complex on the right hand side is acyclic. Since Oy @ K
is a sheaf on X’, it suffices to show that

HY((%i)ier, Ox ®r K) = 0
for all ¢ > 1. Since I is finite, we have an identification
HY(X)ier. Ox ®r K) = HI(X))ie1. Ox) ®r K.

By the comparison theorem [Grothendieck 1961b, 4.1.5 and 4.1.7] and by the van-
ishing theorem [Grothendieck 1961b, 1.3.1], the higher cohomology groups of a
coherent sheaf on an affine noetherian formal scheme vanish. Since the X; are
affine, Leray’s theorem implies that

HY((X)ier, Ox) = HI(X', 0x).

By [Grothendieck 1961b, 1.4.11], H4(X/, 0x) = I'(X, R18,0), and by the ff
type transcription of [Liitkebohmert 1990, 2.1] this module is 7 -torsion. We have
thus finished the proof in the case where (X;);<; is an elementary covering.

Let us turn towards the general case. By definition, every 7 ,,x-admissible cov-
ering of X has a leaflike refinement; by [Bosch et al. 1984, 8.1.4/3] it is enough
to show that the leaflike coverings of X are universally Ox-acyclic. Since leaflike
coverings are preserved with respect to pullback under morphisms of semiaffinoid
K -spaces, it suffices to show that any leaflike covering (X;);c; of X is Ox-acyclic.

Let (X ) ey be a treelike covering of X extending (X;);c;, and let us choose
a suitable rooted tree structure on J such that I C J is identified with the set of
leaves of J. We argue by induction on the volume of J. If J has only one vertex,
the covering (X;);¢; is trivial and, hence, Ox-acyclic. Let us assume that J has
more than one vertex. Let ¢ € [ be a leaf of J such that the length /(¢) of the path
from ¢ to the root is maximal in {{(i) ; i € I}. Let (' := par(¢) denote the parent of ¢.
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By maximality of /(¢), all siblings i € ch(¢") of ¢ are leaves of J. Let J' := J \ ch(/)
be the rooted subtree of J that is obtained by removing the siblings of ¢ (including
¢ itself). Then

(1) the set of leaves of J' is I’ := (I \ ch({)) U{/},
(ii) (X;) ey is a treelike covering of X, and
(iii) v(J") <v(J).

By our induction hypothesis, the covering (X;);c; is Ox-acyclic. Since (X;);e; is
a refinement of (X;);<y, [Bosch et al. 1984, 8.1.4/3] says that it suffices to prove
that for any > 0 and any tuple (ig, ..., ;) € (I *1, the covering (X; N Xj,...i,)ier
of X;,..;, is Ox-acyclic, where X;,..; denotes the intersection X;,N...NX; . Let
us assume that there exists some 0 < s < r such that iy # (/. Then i; € I. Since
Xiy--i, € X, we see that the trivial covering of X; .., refines (X; N Xj,...;.)ier-
Since trivial coverings restrict to trivial coverings and since trivial coverings are
acyclic, we deduce from [Bosch et al. 1984, 8.1.4/3] that (X; N Xj,...;,)ier 1s acyclic.
It remains to consider the case where all iy, 0 < s < r, coincide with ¢. That is,
it remains to see that the covering (X; N X,);c; of X, is Ox-acyclic. It admits
the elementary covering (X;);cch(/) as a refinement. Since elementary coverings
restrict to elementary coverings and since elementary coverings are Ox-acyclic
by what we have shown so far, we conclude by [Bosch et al. 1984, 8.1.4/3] that
(Xi N Xy)ier is Ox-acyclic, as desired. |

By [Bosch et al. 1984, 9.2.3/1], Ox extends uniquely to a sheaf for J; which
we again denote by Ox and which we call the structural sheaf or the sheaf of
uniformly rigid functions. We can now easily discuss a fundamental example of
a nonadmissible finite covering of a semiaffinoid K-space by semiaffinoid subdo-
mains:

Example 2.42. The canonical covering of the semiaffinoid closed unit disc
sSp (K(T'))

by the semiaffinoid open unit disc sSp (R[[T|® g K') and the semiaffinoid unit circle
sSp (K (T, T-1) isnot I urig-admissible and, hence, not J ,,x-admissible. Indeed,
the two covering sets are nonempty and disjoint, while the ring of functions K (T)
on the closed semiaffinoid unit disc has no nontrivial idempotents.

If X is a semiaffinoid K-space with ring of global functions A and if M is a
finite A-module, the presheaf M ® Ox sending a semiaffinoid subdomain U in X
to M ® 4 Ox(U) is an Ox-module, which we call the Ox-module associated to M.
A presheaf & equipped with an Oy-module structure is called associated if it is
isomorphic to M ® Ox for some finite A-module M. We sometimes abbreviate
M =M ®O0y.
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Corollary 2.43. Let X be a semiaffinoid K -space, and let % be an associated Ox -
module. Then every Ty x-admissible covering (X;);er of X is F-acyclic.

Proof. By [Bosch et al. 1984, 8.1.4/3], we may assume that / is finite. Using
Theorem 2.41, the proof is now literally the same as the proof of [Bosch et al.
1984, 8.2.1/5]. U

In particular, M ® Oy is a T x-sheaf. By [Bosch et al. 1984, 9.2.3/1], M ® Ox
extends uniquely to a Jyg-sheaf on X which we again denote by M ® Ox or by
M and which we call the sheaf associated to M.

Remark 2.44. If U C X is a representable subset that is J.-admissible, then
Ox(U) =0y (U). Indeed, U admits a J g, x -admissible covering by semiaffinoid
subdomains in X; since morphisms of semiaffinoid spaces are continuous for 7 g,
this covering is also J i,y -admissible, so the statement follows from the fact that
both Ox and Oy are Iy g-sheaves. However, it is not clear whether J g x restricts
t0 Jurig,v; for example, we do not know whether a semiaffinoid subdomain of U
1S T urig, x-admissible. Of course, this does not affect our theory since we do not
deal with general representable subsets.

The category of abelian sheaves on (X, Juig|x) has enough injective objects,
so the functor I' (X, -) from the category of abelian sheaves on X to the category
of abelian groups has a right derived functor H*(X, -). By the acyclicity theorem
and its Corollary 2.43, this right derived functor can, for associated Ox-modules,
be calculated in terms of Cech cohomology:

Corollary 2.45. Let X be a semiaffinoid K-space, and let F be an associated
Ox-module. Then the natural homomorphism HY U, %) — HY(U, %) is an iso-
morphism for all J ig-admissible subsets U C X. In particular, H1(U, ¥) = 0
for all g > 0 and all semiaffinoid subdomains U C X.

Proof. The system § of semiaffinoid subdomains in X satisfies the following prop-
erties:

(i) S is stable under the formation of intersections,
(i) every Jyg-admissible covering (U;);e; of a Jyig-admissible subset U C X
admits a Jyg-admissible refinement by sets in §, and
(ii1) I-VI”/(U, %) vanishes for all ¢ > 0 and all U € §;

hence the statement follows by means of the standard Cech spectral sequence ar-
gument. (]

Transcribing the proof of [Bosch et al. 1984, 7.3.2/1], we see that if A is a
semiaffinoid K -algebra with associated semiaffinoid K-space X and if m C A is
a maximal ideal corresponding to a point x € X, then the stalk Oy , is local with
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maximal ideal mOy , which coincides with the ideal of germs of functions vanish-
ing in x. The arguments in the proof of [ibid., 7.3.2/3] are also seen to work in our
situation, showing that the natural homomorphisms A /m’”‘1 — Ox.x/ m* o X, x are
isomorphisms for all n € N. The rings Oy , are noetherian, which can for example
be seen by imitating the proof of [ibid., 7.3.2/7].

Transcribing the discussion at the beginning of [ibid., 9.3.1], we see that the
uniformly rigid G-topology and the sheaf of uniformly rigid functions define a
functor from the category of semiaffinoid K -spaces to the category of locally ringed
G-topological K-spaces. The proof of [ibid., 9.3.1/2] carries over verbatim to the
semiaffinoid situation, showing that this functor is fully faithful. We call a locally
ringed G-topological K-space semiaffinoid if it lies in the essential image of this
functor.

2D. Uniformly rigid spaces. We are now able to define the category of uniformly
rigid K -spaces:

Definition 2.46. Let X be a locally ringed G-topological K -space.

(i) An admissible semiaffinoid covering of X is an admissible covering (X;);es
of X such that for each i € I, (X;, Ox|x,) is a semiaffinoid K -space.

(i) The space X is called uniformly rigid if it satisfies conditions (Gg)—(Gy) in
[Bosch et al. 1984, 9.1.2] and if it admits an admissible semiaffinoid covering.

(iii)) An admissible open subset U of a uniformly rigid K-space X is called an
open semiaffinoid subspace of X if (U, Ox|y) is a semiaffinoid K -space.

Remark 2.47. In the author’s PhD thesis, open semiaffinoid subspaces were sim-
ply called semiaffinoid subspaces [Kappen 2009, Section 1.3.9]

The category uRigg of uniformly rigid K-spaces is a full subcategory of the
category of locally G-topological K-spaces, and it contains the category of semi-
affinoid K-spaces as a full subcategory.

Remark 2.48. We do not know whether an open semiaffinoid subspace U of a
semiaffinoid K-space X is necessarily a semiaffinoid subdomain in X. However,
one easily verifies that U is a representable subset in X. Moreover, one sees that U
is locally a semiaffinoid subdomain in X; see Lemma 2.52 for a precise statement.
In rigid geometry, the open affinoid subvarieties [Bosch et al. 1984, p. 357] of an
affinoid space are precisely the affinoid subdomains, which means that there is no
need to distinguish between the two notions in the affinoid setting.

Remark 2.49. Let X = sSp A be a semiaffinoid K-space, and let U = sSp B be
an open semiaffinoid subspace of X; then the restriction homomorphism A — B
is flat. Indeed, for every maximal ideal n € B with corresponding point x € U and
preimage m C A, the induced homomorphism A, — By induces an isomorphism of
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maximal-adic completions; by the flatness criterion [Bourbaki 1998, I11.5.2, The-
orem 1], we conclude that A — B, is flat for all maximal ideals n in B, which
implies that A — B is flat.

Lemma 2.50. The open semiaffinoid subspaces of a uniformly rigid K-space X
form a basis for the G-topology on X.

Proof. Let (X;);<; be an admissible semiaffinoid covering of X, and let U C X be
an admissible open subset. Then (X; N U);¢; is an admissible covering of U. For
eachi € I, X; NU is admissible open in X; and, hence, admits an admissible cov-
ering by semiaffinoid subdomains of X;. Hence, U has an admissible semiaffinoid
covering. U

It follows that if X is a uniformly rigid K-space and if U C X is an admissible
open subset, then (U, Ox|y) is a uniformly rigid K-space, again.

It is now clear that the gluing theorem [Bosch et al. 1984, 9.3.2/1] and its proof
carry over verbatim to the uniformly rigid setting. Similarly, a morphism of uni-
formly rigid spaces can be defined locally on the domain; this is the uniformly rigid
version of [ibid., 9.3.3/1], and again the proof is obtained by literal transcription.
Furthermore, a uniformly rigid K -space is determined by its functorial points with
values in semiaffinoid K -spaces.

We can also copy the proof of [ibid., 9.3.3/2] to see that if X is a semiaffinoid
K-space and if Y is a uniformly rigid K -space, then the set of morphisms from Y
to X is naturally identified with the set of K -algebra homomorphisms from Ox (X)
to Oy (Y).

Let X be an affine formal R-scheme of ff type with semiaffinoid generic fiber
X. The associated specialization map spy which we discussed in Section 2B1 is
naturally enhanced to a morphism of G-ringed R-spaces spy: X — X. Morphisms
of uniformly rigid K -spaces being defined locally on the domain, we see that spy is
final among all morphisms of G-ringed R-spaces from uniformly rigid K -spaces to
X. Using this universal property, we can invoke gluing techniques to construct the
uniformly rigid generic fiber X¥"¢ of a general formal R-scheme of locally ff type
X, together with a functorial specialization map spy: X"z _ ¥ which is universal
among all morphisms of G-ringed R-spaces from uniformly rigid K-spaces to X;
this process does not involve Berthelot’s construction. It is easily seen that urig
is faithful on the category of flatr formal R-schemes of locally ff type. A formal
R-model of a uniformly rigid K-space X is a formal R-scheme X of locally ff
type together with an isomorphism X = X", The map Spy 18 surjective onto
the closed points of X whenever X is flat over R. This follows from Remark 2.5,
together with the remark that the underlying topological space of X is a Jacobson
space [Grothendieck and Dieudonné 1971, 0.2.8 and 6.4], so that the condition on
a point in X of being closed is local.
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Question 2.51. Under what conditions does a uniformly rigid K-space admit a
formal R-model?

By Proposition 2.16, the category of semiaffinoid K -spaces has fibered products;
following the method outlined in [Bosch et al. 1984, 9.3.5], we see that the category
of uniformly rigid K -spaces has fibered products as well and that these are con-
structed by gluing semiaffinoid fibered products of open semiaffinoid subspaces. It
is clear from this description that the urig-functor preserves fibered products.

Open semiaffinoid subspaces of semiaffinoid spaces can be described in the style
of the Gerritzen—Grauert theorem [ibid., 7.3.5/3]:

Lemma 2.52. Let X be a semiaffinoid K -space, and let U C X be an open semi-
affinoid subspace. Then U admits a leaflike covering (U;);c; such that each U; is
a semiaffinoid subdomain in X.

Proof. By Lemma 2.50, U admits an admissible covering (V) jc; by semiaffinoid
subdomains V; of X; by Proposition 2.36, this covering is refined by a leaflike
covering (U;);e; of U. Via pullback, the V; are semiaffinoid subdomains of U.
Let ¢: I — J denote a refinement map. By Corollary 2.29(i), for each i € I the
set U; is a semiaffinoid subdomain in V,,(;) and, hence, in X, as desired. O

A morphism of uniformly rigid K-spaces is called flat in a point of its domain
if it induces a flat homomorphism of stalks in this point, and it is called flat if it is
flat in all points. Clearly a morphism of semiaffinoid K-spaces is flat in this sense
if and only if the underlying homomorphism of rings of global sections is flat.

2D1. Comparison with rigid geometry. In Section 2C1, we have defined the rigid
space X" associated to a semiaffinoid K-space X = sSp A together with a universal
K-homomorphism A — I'(X", Oxr) which induces a bijection X" — X of physical
points and isomorphisms of completed stalks. We will show that this universal
homomorphism extends to a morphism compy : X" — X of locally G-ringed K -
spaces which is final among all morphisms from rigid K -spaces to X. To do so, we
first show that the above bijection is continuous, that is, that the rigid G-topology
Jrig 1s finer than Jy,. We will need the following elementary fact from rigid
geometry; the proof is left as an exercise to the reader:

Lemma 2.53. Let X be an affinoid K -space, and let U C X be a subset admitting
a covering (U;)icr by admissible open subsets U; € X such that for any affinoid
K-space Y and any morphism ¢ : Y — X with image in U, the induced covering
(@ " (U))ier of Y has a refinement which is a finite covering by affinoid subdo-
mains. Then U C X is admissible.

Proposition 2.54. The rigid G-topology J iz on X is finer than the uniformly rigid
G-topology 7 urig.
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Proof. 1t is clear that J,,x-admissible subsets and 7 ,,x-admissible coverings are
T rig-admissible. Let U C X be a Jyg-admissible subset. To check that U is J -
admissible, we may work locally on X*. Let V' € X" be an affinoid subspace;
by Proposition 2.18, the open immersion V' < X" corresponds to a morphism
V — X, where V denotes the semiaffinoid K-space associated to V' such that
V' = V*. After pulling U back under this morphism, we may thus assume that
the K -algebra of global functions on X is affinoid. Let (U;);<; be a covering of
U by semiaffinoid subdomains in X such that condition (i) of Proposition 2.36 is
satisfied. Let Y be an affinoid K-space, and let ¢: ¥ — X' be a morphism of
rigid spaces that factors through U. By Proposition 2.18, we may also view ¢ as
a morphism of semiaffinoid K -spaces. By assumption, the covering (¢ ' (U;));es
of Y has a leaflike refinement; by Lemma 2.30, this refinement is affinoid. It now
follows from Lemma 2.53 that U C X is J jg-admissible.

Let now (U;);e; be a T yrig-admissible covering of U by 7 yig-admissible subsets
U;. We have seen that U and the U; are J j;-admissible; we claim that the covering
(Uiier is Tig-admissible as well. Again, we may work locally on X' and thereby
assume that the K-algebra of functions on X is affinoid. Let ¥ be an affinoid K-
space, and let ¢: ¥ — X' be a morphism of affinoid K -spaces, which we may also
view as a morphism of semiaffinoid K-spaces. Since (U;);c; 18 T yrig-admissible,
we see by Proposition 2.36(ii) that (¢~ (U;))ics has a leaflike and, hence, affinoid
refinement. It follows that (U;);¢; is T yig-admissible. O

If U C X is a semiaffinoid subdomain, then the morphism U" — X" provided by
Proposition 2.18 is an open immersion onto the preimage of U under the continuous
bijection compy : X" — X; hence compy extends to a morphism of G-ringed K -
spaces with respect to J,,x, which then again extends uniquely to a morphism of
G-ringed K-spaces with respect to Jyg. One easily verifies that compy is local.

Proposition 2.55. The morphism compy is final among all morphisms from rigid
K-spaces to X.

Proof. Let Y be a rigid K-space, and let ¢: Y — X be a morphism of locally
G-ringed K -spaces. By Proposition 2.18, there is a unique morphism ¥': ¥ — X"
such that ¢ and compy o ¥" coincide on global sections. Since the points and the
completed stalks of X are recovered from the K -algebra of global sections of X,
it follows that ¥ and compy o " coincide. ([

Let X be any uniformly rigid K -space. Since the open semiaffinoid subspaces of
X form a basis for the G-topology on X, we can use standard gluing arguments to
show that the comparison morphisms attached to these open semiaffinoid subspaces
glue to a universal comparison morphism

compy: X' —> X
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from a rigid K-space to X.

Remark 2.56. The functor X + X" is faithful, yet not fully faithful. For example,
it is easily seen that an unbounded function on the rigid open unit disc induces a
morphism to the rigid projective line over K which is not induced by a morphism
from the semiaffinoid open unit disc sSp (R[[S] ®g K) to the uniformly rigid pro-
jective line over K. Likewise, the functor r forgets the distinction between the
semiaffinoid open unit disc just mentioned and the uniformly rigid open unit disc
that is the generic fiber of a quasiparacompact formal R-model of locally tf type
for the rigid open unit disc. One can prove that X — X" is fully faithful on the full
subcategory of reduced semiaffinoid K-spaces.

Remark 2.57. The functor X — X" preserves fibered products. Indeed, this may
be checked in the semiaffinoid situation, where it follows from the fact that fibered
products of semiaffinoid spaces are uniformly rigid generic fibers of fibered prod-
ucts of affine flat formal R-models, together with the fact that Berthelot’s generic
fiber functor preserves fibered products [de Jong 1995, 7.2.4(g)]. In particular,
X — X' preserves group structures.

Remark 2.58. We have seen that compy induces isomorphisms of completed
stalks. Examining Berthelot’s construction, one easily sees that compy in fact
already induces isomorphisms of noncompleted stalks; the proof of this statement
is left as an exercise.

We have seen that every uniformly rigid K-space X has an underlying classical
rigid K -space X" such that X and X" share all local properties. That is, a uniformly
rigid K-space can be seen as a rigid K-space equipped with an additional global
uniform structure. Every quasiparacompact and quasiseparated rigid K-space car-
ries a canonical uniformly rigid structure, which may be called the Raynaud-type
uniform structure: let € temporarily denote the category of quasiparacompact flat
formal R-schemes of locally tf type, and let €g; denote its localization with respect
to the class of admissible formal blowups. It follows easily from the definitions that
the functor urig|¢: € — uRigy factors through a functor ur’: €g; — uRigg. By
[Bosch 2005, Theorem 2.8/3], the functor rig induces an equivalence rigg, between
Cp; and the category Rig} of quasiparacompact and quasiseparated rigid K -spaces.
The functor rigg; will be called the Raynaud equivalence. Composing ur’ with a
quasiinverse of rigg;, we obtain a functor ur: Rigl — uRigg; if ¥ is in Rig), we
say that Y := ur(Y) is the uniformly rigid K -space associated to Y. Of course, it
depends on the choice of a quasiinverse of the Raynaud equivalence.

Proposition 2.59. The composite functor r o ur is quasiisomorphic to the identity
on Rigl.



374 Christian Kappen

Proof. Let riggll denote the chosen inverse of the Raynaud equivalence. Let Y
be an object of Rig) ; then rig];ll (Y) is a quasiparacompact flat formal R-model of
locally tf type for Y, and Y'" = rig];]l (Y)"rig_ which implies that (Y"")" = riggll (Y)rie,
functorially in Y. That is, rour =rigo riggl1 , which is isomorphic to the identity
functor. U

In particular, after choosing an isomorphism r o ur = id, the comparison mor-
phisms compy. induce functorial comparison morphisms

compy: Y = (XY") — Y™
for all quasiparacompact and quasiseparated rigid K-spaces Y.

Corollary 2.60. ForY € Rig), the morphism compy, is the initial morphism from
Y to a uniformly rigid K -space.

Proof. Let X be a uniformly rigid K-space, and let ¥: ¥ — X be a morphism
of locally G-ringed K -spaces. The morphism compy is a bijection on points, and
it induces isomorphisms of stalks; hence the morphism Y"" — X that we seek is
unique if it exists. If ¥ is affinoid and X is semiaffinoid, there is nothing to show.
Let (X;);es be an admissible semiaffinoid covering of X, and let (Y;) e; be an
admissible affinoid covering of Y refining (' ~'(X;))ic;. It suffices to see that
(Y]‘.“) jes 1s an admissible covering of Y. By [Bosch 2005, Lemma 2.8/4], there
exists a flat quasiparacompact R-model of locally tf type 2) for Y such that (Y;) ;e
is induced by an open covering of ). Since "¢ = Y, it follows that (YJ‘.").,-e J
is an admissible covering of Y, as desired. O

Corollary 2.61. The functor ur is fully faithful.

Proof. Let X and Y be objects in Rigy. By Proposition 2.59, by the global variant
of Proposition 2.55 and by Corollary 2.60, we have functorial bijections

Hom(Y, X) = Hom(Y, (X")") = Hom(Y, X"") = Hom(Y"™, X"). O
Of course, if X is any uniformly rigid K -space, then the comparison morphism
compy: X' —> X

is not initial all morphisms from X' to uniformly rigid K-spaces. For example, if
X is the semiaffinoid open unit disc sSp (R[[S] ®r K), then the natural morphism
compy: from the rigid open unit disc X" to its uniform rigidification (X")"" does
not extend to a morphism X — (X")". Indeed, such a morphism would have to be
the identity on points, but X is quasicompact, while (X")"" is not quasicompact.
The functor Y — Y™ does not respect arbitrary open immersions. For example,
if Y C Y is the inclusion of the open rigid unit disc into the closed rigid unit disc,
the morphism (Y’)"" — Y"" is not an open immersion: its image is the semiaffinoid
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open unit disc, while (¥Y")"" is not quasicompact. However, it follows from [Bosch
and Liitkebohmert 1993b, 5.7] that ur preserves open immersions of quasicompact
rigid K-spaces.

Quasiseparated rigid K-spaces are obtained from affinoid K-spaces by gluing
along quasicompact admissible open subspaces, it thus follows that ur preserves
fibered products. Indeed, this can now be checked in an affinoid situation, where
the statement is clear from the construction of semiaffinoid fibered products. In
particular, Y > Y™ preserves group structures.

3. Coherent modules on uniformly rigid spaces

Let X be a G-ringed K-space, and let & be an Ox-module. Let us recall some
standard definitions concerning the coherence property [Bosch 2005, 1.14/2] :

(1) & is called of finite type if there exists an admissible covering (X;);c; of X
together with exact sequences

@;HXi —>@|X,. — 0.

(i) & is called coherent if F is of finite type and if for any admissible open
subspace U C X, the kernel of any morphism O |y — |y is of finite type.

If X is a semiaffinoid K -space with ring of functions A, then the functor M — M
on the category of finite A-modules is well-behaved, as it is shown by the following
lemma. The proof of Lemma 3.1 is identical to the proof of [Bosch 2005, 1.14/1];
one uses the fact that the restriction homomorphisms associated to semiaffinoid
subdomains are flat:

Lemma 3.1. The functor M +— M from the category of finite A-modules to the
category of Ox-modules is fully faithful, and it commutes with the formation of
kernels, images, cokernels and tensor products. Moreover, a sequence of finite
A-modules

0O->M—>M-—->M -0

is exact if and only if the associated sequence
0>M—>M—>M' -0
of Ox-modules is exact.

For a semiaffinoid K-space X = sSp A, we have 0y = A" ® Ox. Since A is
noetherian, it follows from Lemma 3.1 that kernels and cokernels of morphisms of
type 0y — 0% are associated. We thus conclude that an Ox-module on a uniformly
rigid K-space X is coherent if and only if there exists an admissible semiaffinoid
covering (X;);cr of X such that %|y, is associated for all i € 1.
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In particular, the structural sheaf Ox of any uniformly rigid K-space X is coher-
ent. Moreover, it follows from Lemma 3.1 that kernels and cokernels of morphisms
of coherent Ox-modules are coherent.

Lemma 3.2. Let ¢: Y — X be a morphism of uniformly rigid K -spaces, and let
% be a coherent Ox-module. Then ¢*%F is a coherent Oy-module.

Proof. Indeed, we may assume that X and Y are semiaffinoid, with X = sSp A
and Y = sSp B, and that % is associated to a finite A-module M. Then ¢*% is
associated to M ® 4 B, where B is an A-algebra via ¢*. U

Definition 3.3. Let X be a uniformly rigid K-space. An Ox-module ¥ is called
strictly coherent if for any open semiaffinoid subspace U C X, the restriction |y
is an associated module.

For example, the structural sheaf of a uniformly rigid K -space is strictly coher-
ent. Since we do not know whether an open semiaffinoid subspace of a semiaffinoid
K -space is a semiaffinoid subdomain, it is not a priori clear whether any associated
module on a semiaffinoid K-space is strictly coherent. In Corollary 3.6, however,
we will show that this is indeed the case.

Let X be a uniformly rigid K-space. We will be interested in coherent Ox-
modules & with the property that there exists an injective Ox-homomorphism & —
0’y for some r € N. This property is clearly satisfied by coherent ideals, and it is
preserved under pullback with respect to flat morphisms of uniformly rigid spaces.
We will study integral models of such %, and we will show that any such & is
strictly coherent.

If X is a formal R-scheme of locally ff type and if & is a coherent Ox-module,
we obtain a coherent Ox-module "¢ on X2 which we call the uniformly rigid
generic fiber of F. If X is a uniformly rigid K -space, if & is a coherent Ox-module
and if X is a flat formal R-model of locally ff type for X, then an R-model of &
on X is a coherent Ox-module & together with an isomorphism "¢ = % that is
compatible with the given identification X" ¢ = X. Sometimes we will not mention
the isomorphism F"i& = F explicitly. Clearly

spx.«(F) = FQOr K,

and urig factors naturally through the functor ¥ — ¥ @z K. Let us abbreviate
Tk :=FQrK.

For any r € N, the coherent Ox-module 0’y admits the natural model @56 on
every flat formal R-model of locally ff type X for X. We will show that coherent
submodules % C Oy inherit this property by taking schematic closures. Let us first
consider the affine situation:

Lemma 3.4. Let A be an R-algebra, let M be an A-module, and let N C M Qg K
be an A @ K -submodule. Then there exists a unique A-submodule N € M such
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that the natural homomorphism N Qg K — M Qg K is an isomorphism onto N
and such that M /N is R-flat.

Proof. Let us abbreviate M := M ®g K, and let us set
N = ker (M — M/N);

then N is an A-submodule of M. For any n € N, there exists an s € N such that
m'n lies in the image of M in M; the natural K-homomorphism N ® g K — N is
thus bijective. As an A-submodule of M /N, the quotient M /N is free of m-torsion
and, hence, R-flat.

If N’ C M is another A-submodule whose image in M generates N asan A®g K -
module, then N’ lies in the kernel N of M — M /N. If in addition M /N’ is flat
over R, then the natural homomorphism M /N’ — M/N'®r K = M/N is injective,
which proves that N’ coincides with this kernel. ([

Theorem 3.5. Let X be a uniformly rigid K -space, let ¥ C F be an inclusion of
coherent Ox-modules, and let X be an R-model of locally ff type for X such that &
admits be an R-model & on X. Then there exists a unique coherent Ox-submodule
F C F such that F/F is R-flat and such that the given isomorphism F'¢ = F
identifies (F')"1€ with F' .
Proof. We may work locally on X and thereby assume that X is affine. Uniqueness
of ¥ is a consequence of Lemma 3.4. Since ¥ is coherent, there exists a treelike
covering (X;);e; of X such that |y, is associated for all i € 1v(J). Let us choose
a model of this covering, that is,

(i) for each i € I, an affine flat R-model of ff type X; for X;,

(ii) for each inner i € I an admissible blowup 8; : X, — X; and
(iii) for each inner i € I and for each child j of i an open immersion ¢; : X; — X

such that X; C Z{; — X, represents X ; in X;.

For each i € I, we let F|x, denote the pullback of & to X;, and for each inner
vertex i € I, we let | x] denote the pullback of & to X]. Let i be an inner vertex of
I, and let us assume that for each child j of i, we are given a coherent submodule

4

such that F|x; / @’j is R-flat and such that (@’j)urig = ¥'|x;. By Lemma 3.4, this
assumption is satisfied if all children of i are leaves in /. Using the uniqueness
assertion in Lemma 3.4, we see that the @’J glue to a unique coherent submodule

i S Flx.

The quotient F|x;/%; is R-flat; by [Grothendieck 1961b, 3.4.2], B, (F|x;/%;) thus
is a coherent R-flat Ox,-module. By definition, %[y = B ZF|x;, so we have a natural
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homomorphism of coherent Ox;-modules
Flx, = BixZFlx, = Bix(Flx /9i).
Let &, denote its kernel; the resulting exact sequence of coherent Ox,-modules

0= F — Flx, = Bis(Flx;/G)

=i

shows that &F|x, /&, is R-flat. We claim that the coherent X;-module |y, = ‘ﬁ?rig
is associated to &;. To prove this, it suffices to show that the morphism

BIF)k = (B Bix%i)k — Yik )

induced by the natural morphism ¥, — f;.%; is an isomorphism. By the ff type
variant of [Liitkebohmert 1990, 2.1], the second morphism in () is an isomorphism,
so we must show that the first morphism is an isomorphism as well. Let X; be
the spectrum of the ring of global functions on X;, and let b;: X ; — X; be the
admissible blowup such that 8; = b, where we use a wedge to denote the formal
completion with respect to an ideal of definition of X. Let F;, F;" and G; denote
the algebraizations of F|x,, #; and 9; respectively, which exist by [Grothendieck
1961b, 5.1.4]; then

Flx = OTEN".
By [Grothendieck 1961b, 4.1.5],
Bisx(Flx /9i) = (b (b7 Fi)/G)))",
so we have a short exact sequence
0— F'i = Fi — bis((b] F1)/G))
which under - ® g K induces a short exact sequence
0— F'ix = Fix = (big)«((b] x Fix)/Gi.x))-

Since b; k is an isomorphism and, hence, flat, we obtain an induced short exact
sequence

0— bj g F'ix = bj g Fi.x = b} g (bi.x)+((b] ¢ Fi x)/Gi k)

since by (b; k)« is naturally isomorphic to the identity functor, this shows that
bef/i,K = G, k. Hence, the natural morphism

biF'; — bibixG
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becomes an isomorphism under - ® g K. That is, its kernel and cokernel are -
torsion. It follows that kernel and cokernel of the completed morphism

BIF: — B BisSi

1

are m-torsion as well, which yields our claim.

Let us now prove the statement of the proposition by induction on the volume
v(I) of I. We may assume that / has more than one vertex. Let j be a leaf of 1
whose path to the root has maximal length, and let i be the parent of j. Then all chil-
dren of i are leaves of I, so the assumption in the argument above is satisfied. By
what we have shown so far, |, is associated to a unique coherent Ox,-submodule
F. € Flx, such that F|x, /F; is R-flat. We may thus replace subt(i) by {i}. By
induction on v([), the desired statement follows. [l

Corollary 3.6. We conclude:

(1) A coherent submodule of an associated module on a semiaffinoid K -space is
associated.
(i) Coherent submodules and coherent quotients of strictly coherent modules are
strictly coherent.
(iii) An associated module on a semiaffinoid K -space is strictly coherent.

Proof. Let us first show (i). Let X = sSp A be a semiaffinoid K-space, let A C A
be an R-model of ff type, and let ¥ be a coherent submodule of an associated
module M. Since M admits a model M over Spf A, Theorem 3.5 implies that
F' = (F')""i¢ for a coherent module & on Spf A. Since coherent modules on affine
formal schemes are associated, it follows that %’ is associated.

Let us prove statement (ii). Let X be a uniformly rigid K-space, let & be a
strictly coherent Ox-module and let % C % be a coherent submodule. For every
open semiaffinoid subspace U C X, the restriction %'| is a coherent submodule
of F|y, and F|y is associated by assumption on %. It follows from (i) that |y
is associated; hence ¥’ is strictly coherent. Let now %" be a coherent quotient of
%. Then the kernel ¥ of the projection ¥ — %" is a coherent submodule of %
and, hence, strictly coherent by what we have seen so far. Let U C X be an open
semiaffinoid subspace; then we have a short exact sequence

0= Fly = Fly = F'|lyu—0

where the first two modules are associated. It follows from Lemma 3.1 that |y
is associated as well.

Finally, statement (iii) follows from statement (ii) because by Lemma 3.1, an
associated module is a quotient of a finite power of the structural sheaf. U

If X is a flat formal R-scheme of locally ff type and if & is a coherent Ox-module,
we do not know in general whether "¢ is strictly coherent. In particular, we
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unfortunately do not know whether the analog of Kiehl’s theorem [Kiehl 1967, 1.2]
holds in general, that is to say whether every coherent module on a semiaffinoid K-
space is associated. Let us point out that the analogous question for guasicoherent
modules on rigid spaces was open for a long time; it was finally settled in the
negative by O. Gabber [Conrad 2006, Example 2.1.6].

Conjecture 3.7. The general uniformly rigid analog of Kiehl’s theorem does not
hold.

Remark 3.8. The general uniformly rigid analog of Kiehl’s theorem is equivalent
to the following statement: let X be an admissible blowup of a flat affine formal
R-scheme of ff type, and let & be a coherent sheaf on X = X"2 that admits flat
models &; locally with respect to an affine open covering (X;);c; of X; then %
admits a model on X. Indeed, this equivalence follows by arguing as in the proof
of [Liitkebohmert 1990, Theorem 2.3]. However, it seems impossible in general
to modify the models &; such that they glue to a model of & on X: Let us assume
that I = {1, 2}. After multiplying &, by a suitable power of 7, we may assume
that &, is contained in %, on the intersection X, of X; and X,. Let n € N be
big enough such that 7" F, € F; on Xy2; then G := F|x,,/7"F2|x,, is a coherent
subsheaf of (F2/m"F2)|x,,; see the proof of [Liitkebohmert 1990, Lemma 2.2]. If
X is of tf type over R, then the closed formal subscheme of X cut out by 7" is a
scheme, and by chasing denominators [Grothendieck and Dieudonné 1960, 9.4.7]
one can extend 9 to a coherent subsheaf, again denoted by %, on all of X;. Let
%, denote the preimage of ¢ under the projection ¥, — F, /7" F,; then F) is a
model of & on X, which glues to &, and we obtain a model of ¥ on all of X.
In our situation, however, X, might not be of tf type, and hence the closed formal
subscheme of X, cut out by 7" might not be a scheme. On a formal scheme though
it is in general not possible to extend coherent subsheaves because of convergence
problems. Thus, Liitkebohmert’s proof of Kiehl’s theorem fails in the uniformly
rigid situation. Similar problems occur if one tries to carry over Kiehl’s original
proof.

3A. Closed uniformly rigid subspaces.

Definition 3.9. A morphism of uniformly rigid K-spaces ¢: ¥ — X is called a
closed immersion if there exists an admissible semiaffinoid covering (X;);c; of X
such that for each i € I, the restriction ¢~ ' (X;) — X; of ¢ is a closed immersion
of semiaffinoid K-spaces in the sense of Definition 2.19.

We easily see that closed immersions are injective on the level of physical points.

Lemma 3.10. Let ¢: Y — X be a closed immersion of uniformly rigid K -spaces.
Then ¢*: Ox — @Oy is an epimorphism of sheaves. Moreover, the Ox-modules
©+0y and ker ¢* are strictly coherent.
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Proof. The Ox-module Oy is strictly coherent. By Corollary 3.6(ii), it thus suffices
to show that ¢? is an epimorphism and that both ker ¢ and ¢,0y are coherent.
Considering an admissible semiaffinoid covering (X;);c; of X such that for all
i € I, the restriction (p‘l(X ;) = X; of ¢ is a closed immersion of semiaffinoid
K -spaces, we reduce to the case where both X and Y are semiaffinoid and where
@ corresponds to a surjective homomorphism of semiaffinoid K -algebras. Now the
desired statements follow from Lemma 3.1. ([

Proposition 3.11. Let ¢: Y — X be a morphism of uniformly rigid K -spaces.
Then the following are equivalent:

(1) ¢ is a closed immersion.
(ii) For each open semiaffinoid subspace U C X, the restriction o W(U)— Uis
a closed immersion of semiaffinoid K -spaces in the sense of Definition 2.19.

Proof. The implication (ii) = (i) is trivial, the open semiaffinoid subspaces forming
a basis for the G-topology on X. Let us assume that (i) holds, let $ denote the kernel
of ¥, and let U C X be an open semiaffinoid subspace; then ¢ induces a short
exact sequence

0— .5[’|U — @U — (p*@y|U — 0.

Let A denote the ring of functions on U. By Lemma 3.10, $ and ¢, Oy are strictly
coherent; hence the above short exact sequence is associated to a short exact se-
quence of A-modules

0—-I1I—-A— B—0.

Since morphisms from uniformly rigid K-spaces to semiaffinoid K-spaces corre-
spond to K-homomorphisms of rings of global functions, we can now mimic the
proof of [Bosch et al. 1984, 9.4.4/1] to see that the restriction o~ (U)— U of g
is associated to the projection A — B: it suffices to see that the natural morphism
¢~ '(U) — sSp B is an isomorphism. This can be checked locally on sSp B with
respect to the preimage under sSp B — U of a leaflike refinement of (U N X;);¢y,
where (X;);cs is an admissible semiaffinoid covering of X satisfying the conditions
of Definition 3.9. O

Remark 3.12. The proof of [Bosch et al. 1984, 9.4.4/1] resorts to [ibid., 8.2.1/4].
However, as our argument above shows, this is in fact unnecessary — which is to
our advantage, because the statement of 8.2.1/4 fails to hold in the semiaffinoid sit-
uation: Example 2.42 yields a bijective morphism of semiaffinoid K-spaces which
induces isomorphisms of stalks and which is not an isomorphism.

In particular, a morphism of semiaffinoid K-spaces is a closed immersion in
the sense of Definition 3.9 if and only if it is a closed immersion of semiaffinoid
K -spaces in the sense of Definition 2.19. We can now define a closed uniformly
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rigid subspace as an equivalence class of closed immersions, in the usual way. By
standard gluing arguments, we see that the closed uniformly rigid subspaces of a
uniformly rigid K-space X correspond to the coherent Ox-ideals. We easily see that
closed immersions of uniformly rigid K-spaces are preserved under base change.

It is clear that closed immersions of formal R-schemes of locally ff type induce
closed immersions on uniformly rigid generic fibers. Conversely, given a uniformly
rigid K-space X together with an R-model of locally ff type X and a closed uni-
formly rigid subspace V C X, there exists a unique R-flat closed formal subscheme
0 C X such that the given isomorphism X"¢ = X identifies 2*"¢ with V. Indeed,
this is an immediate consequence of Theorem 3.5. We say that *U is the schematic
closure of V in X.

The comparison functors studied in Section 2D1 preserve closed immersions.
This can be verified in the semiaffinoid and affinoid situations respectively. In
the case of the functor ur, there is nothing to show. In the case of the functor
r, the statement follows by looking at schematic closures and using the fact that
Berthelot’s construction preserves closed immersions [de Jong 1995, 7.2.4(e)].

3A1. Separated uniformly rigid spaces. As usual, a morphism ¢: ¥ — X of uni-
formly rigid K-spaces is called separated if its diagonal morphism

Ap: Y =Y xxY

is a closed immersion. A uniformly rigid K-space X is called separated if its
structural morphism X — sSp K is separated. If X is a uniformly rigid K-space,
we let Ay denote the diagonal of its structural morphism.

Semiaffinoid K-spaces are visibly separated. Moreover, uniformly rigid generic
fibers of separated morphisms of formal R-schemes of locally ff type are separated,
since functor urig preserves fibered products and closed immersions. Similarly, the
comparison functors studied in Section 2D1 preserve the separatedness property.

Lemma 3.13. Let X be a separated uniformly rigid K -space. The intersection of
two open semiaffinoid subspaces in X is an open semiaffinoid subspace in X.

Proof. Let U and V be open semiaffinoid subspaces in X. We easily see, using
points with values in finite field extensions of K, that U NV is the A x-preimage
of U xspx V which is an open semiaffinoid subspace of X x5, x X. Since Ay
is a closed immersion by assumption on X, it follows from Proposition 3.11 that
U NV is an open semiaffinoid subspace of X. U

Corollary 3.14. Let X be a separated uniformly rigid K -space, and let F be a
coherent Ox-module. Then the natural morphism

HI(X,F) > HI(X,F)

is an isomorphism for all g > 0.
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Proof. Let S denote the set of open semiaffinoid subspaces U in X with the property
that |y is associated. By Lemma 3.13, this set is stable under the formation of
intersections. It is clearly a basis for the G-topology on X, and HY(U, %) =0
for any U in S and any ¢ > 0 by Corollary 2.43. We conclude by the usual Cech
spectral sequence argument. (]

If X is a separated uniformly rigid K-space and if ¢: ¥ — X is a morphism
of uniformly rigid K-spaces, then the graph I'y: ¥ — Y x X of ¢ is a closed
immersion since it is obtained from Ay via pullback. In particular, if X and ) are
R-models of locally ff type for X and Y respectively, the schematic closure of I'y,
in P x X is well-defined. Here fibered products without indication of the base are
understood over sSp K or Spf R respectively.

4. Comparison with the theories of Berkovich and Huber

The category of formal R-schemes of locally ff type is a full subcategory of Huber’s
category of adic spaces [Huber 1996]. If X is a formal R-scheme of locally ff
type, viewed as an adic space, then by [Huber 1996, 1.2.2] the fibered product
X Xspa(r,R) Spa(K, R) is the adic space associated to the rigid generic fiber xrig
of X. That is, the uniform structure induced by X is lost. In fact, we do not see a
way to view the category of uniformly rigid spaces as a full subcategory of Huber’s
category of adic spaces. The main obstacle lies in the fact that if A is an R-algebra
of ff type, equipped with its natural Jacobson-adic topology, and if A = A ®f K,
then the pair (A, A) is in general not an f-adic ring in the sense of [Huber 1996].
For example, for A = R[[S] there exists no ring topology on A such that A is open
in this topology: There is a unique such group topology, but multiplication by 7 !
in A is not continuous because there is no n € N such that 77'5" € R[S] ®z K is
contained in R[S].

The situation is different if we consider the w-adic topology on R-algebras
of ff type. If A™ denotes the ring A equipped with its w-adic topology, then
the pair (A, A™) is an f-adic ring in the sense of Huber. The induced topology
on A is in fact a K-Banach algebra topology; if, for f € A nonzero, we set
vA(F) == max{n e N; 77" f € A}, then |f|a = |4 defines a K-Banach
algebra norm on A which induces the topology defined by A”. If A = R[[SI(T)
is a mixed formal power series ring in finitely many variables, then | - |gpsy(r)
is the Gauss norm, and it coincides with the supremum seminorm taken over all
points in Max A. Using [Bosch et al. 1984, 3.7.5/2], one proves that all K-Banach
algebra structures on A are equivalent; in particular, the valuation spectrum M (A)
in the sense of [Berkovich 1990, 1.2] is well defined. One shows that reduced
semiaffinoid K-algebras are Banach function algebras, and one verifies that the
supremum seminorm, taken over all points in Max A or, equivalently, over all
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points in M (A), takes values in /| K|. For a more detailed discussion, including
proofs, we refer to [Kappen 2009, Section 1.2.5].

The topological space M (A) may be viewed as a compactification of the rigid
space (sSp A)". To illustrate this idea in terms of an example, let us first explain
how the specialization map extends to valuation spectra. If A is a semiaffinoid K-
algebra and if A is an R-model of ff type for A, there exists a natural specialization
map

sps: M(A) — Spec(A/m A)

extending the specialization map which we discussed in Section 2B1: let x be a
point in M (A), represented by a character x, : A — ¥ with values in some valued
field extension ¥ of K; then sp,(x) := ker (¥, : A/mTA — ff{), where % is the
residue field of % and where %, is the reduction of x..

Lemma 4.1. The map sp 4 is surjective onto Spec(A/mw A). If A/ A is a domain,
the residue norm | - |4 is multiplicative and, hence, defines a point in M(A). This
point specializes to the generic point of Spec(A/m A), and it is the only point in
M (A) with this property.

Proof. Surjectivity of sp 4 follows from [Grothendieck 1961a, 7.1.7]. If A/mrAisa
domain, then |- |4 € M (A) clearly specializes to w A. Moreover, the local ring Ay 4
is then a discrete valuation ring, such that every character x of a point x € M (A)
specializing to the generic point of Spec A/m A is equivalent to the character given
by the natural homomorphism from A to the fraction field of the w-adic completion
of Ay 4. It follows that x equals | - | 4. U

One can easily verify that when A/mw A is a domain, then {| - |4} is the Shilov
boundary of M(A) [Kappen 2009, 1.2.5.12]; we will not use this fact in the fol-
lowing. Let us now discuss the example of the open unit disc sSp (R[S ®r K):

Example 4.2. The set M (R[[ S]] ®r K) is naturally identified with the closure of
the Berkovich open unit disc within M (K (S)), which is obtained by adding the
Gauss point.

Proof. To understand the continuous map i: M(R[[S]] ®r K) - M(K(S)) in-
duced by the natural isometry K (S) < R[S] ®r K, we distinguish the points
in M(R[[ST ®g K) with respect to their specializations to the scheme Spec k[ S].
Applying Lemma 4.1 to A = R[[ S]], we see that the unique point above the generic
point of Spec k[[S] is the Gauss point | - |Gauss » Which maps to the Gauss point
in M(K(S)) viai. If x € M(R[ S]] ®r K) is a point specializing to the spe-
cial point of Spec k[[S], then for any character y, representing x, the induced
R-homomorphism x,: R[S] — % is continuous for the (7, §)-adic topology on
R[S] and the valuation topology on %. In particular, x, is determined by the x.-
image of the variable S. We conclude that the map i is injective and that it maps
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the complement of the Gauss point onto the Berkovich open unit disc. The image
of i is the continuous image of a compact set and, hence, compact. Since M (K (S))
is Hausdorff, it follows that the image of i is closed in M (K (S)). ([l

Remark 4.3. Given a complete nontrivially valued nonarchimedean field K with
valuation ring R, one may wonder whether the points of the rigid open unit disc
over K lie dense in M (R[S] ®g K); this question is called the one-dimensional
nonarchimedean Corona problem. It is yet unanswered; see the introduction of
[Deninger 2010] for a brief survey including other versions of nonarchimedean
Corona problems. If K is discretely valued (which is the overall assumption in
this paper), our discussion of Example 4.2 above shows that the Corona question
has a positive answer: indeed, let Z € M (R[[S] ®x K) be the closure of the set of
classical points; then the image of Z under the natural map i to the K -analytic space
M (K (S)) is closed. Working locally on M (K(S)), we see that i (Z) contains the
Berkovich open unit disc and, hence, its closure. We have seen in Example 4.2 that
i is injective onto that closure; thus it follows that Z = M (R[S] ®g K). The one-
dimensional nonarchimedean Corona problem is significantly more challenging
when K is not discretely valued: then the ring R[S] ®g K is not noetherian, it has
maximal ideals of infinite height [van der Put 1974, Corollary 4.9], and it contains
functions with infinitely many zeros on the rigid open unit disc.

It is natural to ask whether one can associate a topological space to a uniformly
rigid K -space such that, in the semiaffinoid case, one recovers the construction
sSp A — M (A) which we described above. However, the formation of M (A) does
not behave well with respect to localization; see the following example. This is not
surprising: the Banach K-algebra structure on A restricts to the w-adic topology
on an R-model of ff type A for A, and complete localization of A with respect
to the m-adic topology does in general not agree with complete localization with
respect to the topology defined by the Jacobson radical. Similarly, the extended
specialization map sp 4 maps onto the algebraization Spec(A/m A) of the special
fiber Spf(A/m A) of Spf A whose formation, again, does in general not commute
with localization.

Example 44. If A = R(X, Y)[Z]/(XY — Z), equipped with the Jacobson-adic
topology, and if B = A(x_y}, then the induced map M (B) — M (A) is not injective.

Proof. Let us write X := Spf A, and let Xy := Spec k[X, Y]/(XY) denote the
smallest subscheme of definition of X. Since X is formally smooth over R, its
special fiber X is formally smooth over k. The underlying topological space | X;| =
|Xp| is connected; hence the ring A/w A is a domain. By Lemma 4.1, there exists
a unique point | - |4 of M (A) specializing to the generic point of the algebraization
X} = Spec(A/m A) of the special fiber X; = Spf (A/m A) of X. On the other
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hand, let us consider the open formal subscheme i := Spf B of X. Its underlying
smallest subscheme of definition g is

$lo = Spec (k[X, Y1/(XY))x_y = Spec(k[X, X ~']) Ll Spec(k[Y, Y ']),

so 4 has exactly two connected components. We conclude that B is a nontriv-
ial direct sum B; @ B, of flat R-algebras of ff type. Since il is formally R-
smooth, we see that B;/m B; is a domain for i = 1,2. We obtain an induced
nontrivial decomposition B = B; @ B; and, hence, a nontrivial decomposition
M(B) = M(B1) U M(B,). By the proof of the statement in Example 4.2, there
exist unique elements |- |p, € M (B;), i =1, 2, specializing to the respective generic
point of U7, := Spec B; /7 B;. To prove that the natural map M (B) — M (A) is not
injective, it suffices to see that it maps the elements |- |g,, |-|p, in M(B) to |-|4. By
functoriality of the specialization map, it thus suffices to observe that the natural
morphism U7, — X7 maps the generic point to the generic point. However, this is
clear because A/m A — B;/m B; is injective. Indeed, it is a flat homomorphism of
domains, where flatness follows from the fact that &{; y — X is an open immersion
of formal schemes. ([

In the light of Example 4.4, it is unclear how to define a global analog of M (A).
Nonetheless, we think that a quasicompact uniformly rigid K -space X should be
viewed as a compactification of its underlying rigid K-space X". This should be
made more precise by studying the topos of X.
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On a conjecture of Kontsevich and
Soibelman

Lé Quy Thuong

Dedicated to Professor Ha Huy Vui on the occasion of his sixtieth birthday

We consider a conjecture of Kontsevich and Soibelman which is regarded as a
foundation of their theory of motivic Donaldson—Thomas invariants for noncom-
mutative 3d Calabi—Yau varieties. We will show that, in some certain cases, the
answer to this conjecture is positive.

1. Introduction

Kontsevich and Soibelman [2008] introduce and give discussions on the motivic
Donaldson—-Thomas invariants which are defined for noncommutative 3d Calabi—
Yau varieties and take values in certain Grothendieck groups of algebraic varieties.
One of the main objectives of Kontsevich and Soibelman’s paper is to define the
motivic Hall algebra which generates Toén’s notion [2006] of the derived Hall
algebra. For € an ind-constructible triangulated A.,-category over a field «, the
motivic Hall algebra H (6) is constructed to become a graded associative algebra,
which admits for each strict sector V an element Aga“ invertible in the completed
motivic Hall algebra and satisfying the factorization property. It is believed that,
in the case of 3d Calabi—Yau category, there is a homomorphism & of the motivic
Hall algebra into the motivic quantum torus defined in terms of the motivic Milnor
fiber of the potential. Then the motivic Donaldson-Thomas invariants appear as
the collection of the images of AI;"‘” under the homomorphism .

In fact, the following conjecture plays a central role in the existence of ®. As-
sume that the characteristic of « is zero. Let F' be a formal series on the affine
space Af = Afl Xy A,‘? X Af% depending in a constructible way on finitely many
extra parameters, such that F(0,0,0) = 0 and F has degree zero with respect to
the diagonal action of the multiplicative group G,, , with the weights (1, —1, 0).
In particular, F(x, 0, 0) is the zero function on Aff]. We denote by Xo(F) the set
of the zeros of F on Af(’. Consider the natural inclusions

MSC2010: primary 14B05; secondary 14B07, 14J17, 32505, 32530, 32S55.
Keywords: arc spaces, motivic Milnor fiber, motivic zeta function, Newton polyhedron.
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i :Ad' X G = Xo(F) X G e and  ip : {0} X Gy e = Xo(F) Xi Gppy -

Consider the motivic Milnor fiber ¢ of F in the ring M X’ (F)x,G,,,» the localization
of the relative Grothendieck ring defined in [Guibert et al. 2005; 2006]. Denote by
h the function on A‘h defined by /1 (z) = F (0, 0, z). We write ¥ o for the pullback
igFy. We denote by the integral |, A the pushforward of the canonical morphism
7 A% X, Gy e — Spec(k) Xy G-

Conjecture 1.1 [Kontsevich and Soibelman 2008]. With the previous notations
and hypotheses, the following formula holds in ./(/Lg:‘::

/ it =11.
dq ’
A

In this paper, we consider the conjecture in some special (actually quite general)
cases, namely, when F is a composition of a polynomial in two variables and a
pair of two regular functions (Theorem 5.1), or F has the form

F(x,y,2)=g(x,y,2) +h(2)"

with ¢ sufficiently large (function of Steenbrink type, Theorem 5.6) under some
additional conditions of nondegeneracy with respect to its Newton polyhedron (this
would be the general case for the conjecture if we did not assume ¢ sufficiently
large). For these cases, we use previous results of Guibert, Loeser and Merle
[Guibert et al. 2006; 2009] for the motivic Milnor fiber of composite functions or
functions of Steenbrink type. We also use in an important way, via Proposition 4.8,
the explicit computation of the motivic Milnor fiber of a regular function via its
Newton polyhedron (suggested by [Guibert 2002]). These lead to the positive
answer to the conjecture in the cases considered.

2. Motivic zeta function and motivic Milnor fiber

Let us recall some basic notations in the theory of motivic integration which will
be used in this paper. For references, we follow [Denef and Loeser 1998, 1999a;
2001; Guibert 2002; Guibert et al. 2005; 2006].

2A. Let k be a field of characteristic zero. For a variety X over x, we denote by
Lm(X) the space of m-arcs on X, and by £(X) a limit of the projective system
of spaces ¥,,(X) and (canonical) morphisms &;(X) — £,,(X) (I > m). In this
paper, we use the notation 7, for the canonical morphism £(X) — £,,(X). The
Gm.c-action on &£, (X) and £(X) is given by a - ¢(t) = ¢(at). The notation My
can be found in [Guibert et al. 2006]. As in [Guibert et al. 2005], we denote by
M X’;”G the localization at L of the relative Grothendieck ring of G,, ,-equivariant
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morphisms ¥ — X x, G, , endowed with a monomial G,, ,-action, where L is

1
the class of the line bundle A X% Gy

From now on, the group scheme G,, , = Spec(x|¢, t~17) will be written simply
as G.

2B. Motivic zeta function and motivic Milnor fiber. Let X be a smooth variety
over k of pure dimension n, and let g : X — A,} be a function on X, with zero
locus Xo(g). For m > 1, we define

Xm(g) :=1{p € £, (X) | ord; g(¢) = m}.

Note that this variety is invariant by the G-action on &£,,(X). Furthermore, g in-
duces a morphism g, : ¥,,,(g) — G, assigning to a point ¢ in £,,, (X) the coefficient
ac(g(¢)) of t™ in g(¢(t)), which we also denote by ac(g)(¢). This morphism is
a diagonally monomial of weight m with respect to the G-action on &,,(g) since
g(s-¢) = s"gu(p). We thus consider the class [¥,,(g)] of X,,(g) in M?éo(g)xka}-
We can now consider the motivic zeta function

Zy(T) =) [ (I T"

m>1

in ‘A/LX()(g)x cIT1. Note that Z, =0 if g =0 on X.

By using a log-resolution of Xy(g), Denef and Loeser [1998; 2001] proved that
Z4(T) is a rational series in Jl/LX (@)%, cl[T1s (see next paragraph) and they also
showed that one can consider the limit lim7_, o, Z¢(T) in J(/LXO( )% G" Then the
motivic Milnor fiber of g is defined as

Sy i=— Tli_)néo Zo(T).

2C. Rational series and their limits. Let A be one of the rings
ZIL L', ZIL L, (/D=L ))isol, MG, 6

We denote by A[T]l;, the A-submodule of A[[T] generated by 1 and by finite
products of terms p, ;(T) = LT /(1 —1L¢T") with e in Z and i in N . There is a
unique A-linear morphism

lim : AT, = A

T—o00

Am (H Pei. j; (T)> = (=D

iel

such that

for every family ((e;, ji))ier in Z x N5 with [ finite (possibly empty).
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We will use the notation
RLy:=f{a=(ai,...,an) €RLy|a; =0 for i &I},
RLy:=fa=(a,...,an) eRL|a; =0i ¢ I},

for I a subset of {1, ..., n}. The sets ZI>0’ ZI>0 and NI>0 are defined similarly.

Let A be a rational polyhedral convex cone in [R{io and let A denote its closure
in [RE’>O with I a finite set. Let [ and !’ be two integer linear forms on Z/ positive
on K_\ {0}. Consider the series

Sagp(T):= Y L'O7i®
keAﬂNio

in Z[L, LY[T].

Lemma 2.1 [Guibert 2002]. With previous notations and hypotheses, assuming
that A is open in its linear span A, the series S ;.y(T) lies in Z[L, L~ [T 1, and

lim Sp 5 p(T) = (—1)4m@&),
T—o0

3. The Newton polyhedron of a regular function

3A. Newton polyhedra. Let g(x) =), .\n doX® be a polynomial in n variables
x=(x1, ..., xy) such that g(0) =0. We denote by supp(g) the set of exponents « in
N" with a, #0. The Newton polyhedron I of g is the convex hull of supp(g)+RZ ;.
For a compact face y of I', we denote by g, the quasihomogenous polynomial
gy (x) =) a.x”.
aEy

We say g is nondegenerate with respect to its Newton polyhedron I' if, for every
compact face y of I', the face function g, is smooth on G".

To the Newton polyhedron I we associate a function I which assigns to a vector
a in RZ , the value infycr(a, b), with (a, b) being the standard inner product of a
and b. For a in R”,, we denote by y, the face of I' on which the restriction of the

>0°
function (a, .) on I' attains its minimum, i.e., b € I' is in y, if and only if

(a. b) = Ir(a) = min(a, b).

Fora =0 in [R{’;O, vo=T.1fa #0, y, is a proper face of I'. Furthermore, y,
is a compact face of I' if and only if a is in R? ). For any face y of the Newton
polyhedron I', we denote by o (y) the cone {a € RY | y, = y}. Its closure is given

byo(y)={aeRlylva Dy}
A fan % is a finite set of rational polyhedral cones such that every face of a cone
of & is also a cone of &, and the intersection of two arbitrary cones of & is the

common face of them.
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3B. Partition of R\, x R, with respect to g. Write n = n| + ny with ny > 0,
ny > 0. Let g be a function on A} that is nondegenerate with respect to the Newton
polyhedron I" of g. Let y be a compact face of I'. A proper face € of I' is said to
lean on y if there exists a subset  of {1, ..., n} such that

e=y+RL ={a+blacy,beRly).

Note that dim(e) = dim(y) + |I|. Clearly, the face € is noncompact when [ is
nonempty. The following lemmas are trivial.

Lemma 3.1. Ify +R.  is a face leaning on a compact face y of T, then for every

J subset of I, y + Réo is also a face of ' leaning on y.

Notice that if / = &, the face y —i—RIZ reduces to the compact face y. [fe =y —HRIZ(),
we denote oy, ; := o (€). It is clear that dim(o, ;) =n — |[I| — dim(y).

Lemma 3.2. If 0, ; is contained in IR’;O x R, then for every subset J of I, oy 4
is contained in RZ, x RZ,. Moreover, o, is a face of o, ;.

Lemma 3.3. Assume that y is a compact face and € =y + R’ is a face of T'. Then
oy,1 is contained in RZ\) x RY if and only if I is a subset of {1, ..., ni}.

Fix a compact face y of I'. Let M be a maximal element (in the inclusion relation)
of the family of the subsets of {1, ..., n;} such that y + [Rii”o is a face of I" (thus,
by Lemma 3.3, 0, y is contained in IR'QO X IR';ZO). Then, for every subset / of M,
y +RL, is a face of T" due to Lemma 3.1, and o, ; is contained in RZ, x R”, by
Lemma 3.2. We thus have proved the following result.

Proposition 3.4. There exists a canonical fan in IR;IO x R, with respect to g par-
titioning it into the cones o, 1, where I runs over the subsets of M, M runs over
the maximal subsets of {1, ..., n} such that y + [Rig’o is a face of ', and y runs
over the compact faces of I.

Example 3.5. Consider a function g(xi, ..., x,) with Iy having a unique vertex
P. Then the k-dimensional faces of I' leaning on P have the form

I
P+R,

with I a subset of {1,...,n}and |I| =k, fork=0,...,n— 1. We deduce from
Lemma 3.3 that the canonical partition of RZ}) x R}, with respect to g is given by
the cones op j, with I a subset of {1, ..., n;}.

Remark 3.6. In the case n; = 0, we reduce to the work in [Guibert 2002]. More
clearly, for each compact face y of I', all the maximal subsets M of {1, ..., n}, of
which y + Rgo is a face of I" and o,y C R, are empty.
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4. Computation of if ¥, and [« i1,

Consider a regular function g on A?. We assume that g is nondegenerate with
respect to its Newton polyhedron I'. Denote by i; the natural inclusion A7!' — A7
or A?' X, G = A x, G.

4A. The motivic zeta function Z4(T). We identify the arc space £(A}) with the
space of formal power series «[[#]]" via the system of coordinates x, ..., x,. For
every arc ¢ € £(A}), we note ord,x(¢) = (ord;x1(¢), ..., ord;x,(¢)). For every
m € N.g and a € N" we set

%a,m (g) = %m (g) N TTm (%a)»

where the spaces &,,(g) and &, are defined as follows:

Em(g) ={p € £,(AY) | ord,g(p) =m},
%o = {9 € LAY) | ord;x (@) = a}.

Itis clear that %, ,, (g) is a variety over Xo(g) X, G in which the morphism to X¢(g)
is induced by the canonical morphism £, (A}) — A} and the morphism to G is
the morphism ac(g). Note that &, ,,(g) is invariant by the G-action on &£,, (A}).

For every a e N* and ¢ € ¥, ord; g(¢) > I (a) by the definition of /. Further-
more, %,,(g) can be expressed as a disjoint union |J,pn Xa,m(g) of the subspaces
Xa,m(g) for a in N". Then the motivic zeta function Z¢(T') of g can be written in
the following form:

Z(D)=Y " Y [Fam(IL"T"

aeN" m>Ir(a)
=3 (Farr@W OO 13 g5, (LT
aeh m>Ir(a)+1
: Z%T)+ ZN(T).

There is a canonical partition of RZ into the rational polyhedral cones o (y)
with y running over the proper faces of I', so we deduce that

ZO(T) = Z Z [%a’lr(u)(g)]ﬂ_—nlr(a)Tlr(a),

Y aeo(y)

ZI(T) = Z Z Z[%a,lr(a)—H((g)][Lin(lF(aH»k) Tlr(a)+k’

Y aeo(y) k>1

where the sum ZV runs over the proper faces y of I'.
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4B. Computation of i{Zg(T). Assume that g satisfies the additional condition
that A} is naturally included in X((g) via the morphism 7;. To compute i Z¢(T),
we consider the canonical fan in RZ, x R”%, with respect to g. Denote by I'. the
set of compact faces of I' and by sm} the set of maximal subsets M of {1, ..., n}
such that y + RY is a face of I'. By Proposition 3.4, we can partition RZ, x R")
into the cones cr_% 1> with I a subset of M, M in 9, and y in I'.. Assume that
M, ={Mi,...,M,}. We denote by G,, the family of subsets of one of the sets

My, ..., M,. Then we have

i Z0(T) :i?< DI [%a,lrw)(g)][L*"lr(”)Tlr(”)),

yelc 16, acoy |

iTZl(T)ziT( 22 2 Z[%a,zrwm(g)][L‘”“F(“)*")Tlr(a”").

yel. 1€, acoy 1 k>1

4C. Class of X4,m(g). For a compact face y of I', consider the variety X, :=
G" \g;l(O) endowed with a G-action as follows: if y = y,,a = (ay, ..., a,) then
we set

s (§15 "-’Sn) = (Salgla .."sangn).
For each compact y and I in &,,, consider the morphism
gy Xy =G"\ g, (0) > Xo(g) X, G

given by
gya€r, ..., &) = ((éla S én)a gy, Sn))7

where &; is defined by
. |& ifiel,
Si = {O otherwise.
The first projection X,, — X(g) is G-equivariant in an obvious manner, and for
Y = Va, the second X, — G is diagonally monomial of weight I (a) with respect
to the G-action since gy, (s-(§1, ..., &) = s’F(‘”gV (&1, ..., &) forany s in G. This
defines a class [g,.7 : X — Xo(g) X, G] in Mgo(g)xkﬁ’ which we denote by ®,, ;.
Notice that @, ; does not depend on the action thanks to the construction of the
Grothendieck group (cf. [Guibert et al. 2005, 2006]).

We denote by W, ; the class in /l/tgo( )%, G of the morphism

g, (0) x G — Xo(g) x« G,

which maps ((Sl, &), t) to ((él, e én), tlr(“)) for y = y,, with the G-action
on g, (0) given by s - (&1, ..., &) = (s“&, ..., s&,), the G-action on G given
by the multiplicative translation, g, 1(0) x, G — Xo(g) being G-equivariant, and
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8, 1(0) x, G — G being diagonally monomial of weight I1-(a) with respect to the
(z-action.

Lemma 4.1. The following formulas hold in J(/Lgo (@) %G foreveryainoy ;:

(1) If there is a nonempty subset I of {1, ...,n} such that a; > m for any i € I
and g|A¥c =0, then [¥,,(g)] =0.

Ifa; <lr(a) foranyi =1, ...,n, we have

(i) [%a.tr (@) ()] = Py LMD,

(i) (% iy 044 (8)] = Wy L0 @HO=S@ foy f > 1.

Here, Al :={(x1,...,x,) €A" | x; =0Vi € I}, and s(a) :== Y i, a;.

Proof. Item (i) follows from the definition of &, ,,(g) and from the hypothesis on
g. Indeed, every element of m,,(¥,) has the form ¢(¢) = (x1(¢), ..., x,(¢)), where
x;j(t) is a polynomial of degree <m in a variable t forany j =1, ..., n, and x; (?)
is the zero polynomial if i is in /. Then g(¢(¢)) = 0 and ord,g(¢) = oo, which
means that &, ,(g) = <.

Items (ii) and (iii) may be deduced fropl the proofs of [Guibert 2002, Lemmas
2.1.1,2.1.2] and from the isomorphism J(/U;(O ) = MEO (2)xG (cf. [Guibert et al. 2006,
Proposition 2.6]). In [Guibert 2002, Section 2.1] (in particular, Lemmas 2.1.1 and
2.1.2), Guibert only considers functions of the form ZaeNg . fax®. Observe that
his condition that o € N ; is equivalent to the condition that ¢; < Ir(a) for any
i =1, ..., n. Finally, notice that the hypothesis of nondegeneracy with respect to
I" is in fact the main tool for the proofs.

There is also a way to prove (ii) directly as follows. An element ¢ (¢) of X, ;..(a)(g)

has the form ¢ (r) = (x (1), ..., x,(1)), where x; (1) = Y0 ) ¢; ,,t" with ¢; o, #0

fori =1, ..., n. Note that the coefficient of '@ in g(¢(1)) is equal to
I d™ D) I d™ g, (p(1))
@ dir@ 0T T T g =0
= gy(cl,al» ey Cniay)s
which is nonzero for every a in o), ; and (¢ 4, ..., Cn,q,) In X,. One deduces
from this that %, ;@) (g) is isomorphic to X, x, AL @@ yia the map

(p(t) = ((Ci,a,-)lgigns (Ci,m)1§i§n,a;+1§m§lr(a))-

Here the action of G on A/ is trivial. For any s in G, the arc ¢(st) is mapped to

((s“ci.a)1=i=ns (Cim)1<i<n.ai+1=m=ir @)

which is by definition equal to

s - ((Ci,a,-)lfifna (Ci,m)1§i§n,ai+1§m§lr(a))-
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This means that the G-action is compatible with the isomorphism; that is, the iso-
morphism is G-equivariant. Then item (ii) follows. U

Remark 4.2. We do not know yet how to compute [%, ;;.(4)+k (g)] for k > 0 without
the assumptions as in Lemma 4.1.

Remark 4.3. Lemma 4.1 and Remark 4.2 explain the reason why in the rest of
this paper we will always assume that no vertex of the Newton polyhedron I' of
g lies in a coordinate plane; that is, a; < Ip(a) for any i = 1, ..., n. In this case,
Ir(a) is expressed as Z;’Zl a;a; witha; >0foranyi=1,...,n. By Lemmad4.1,
this hypothesis guarantees that, for every compact face y of I', with I in G,,, all
the terms of the sum [¥4,1-(a)(g)] are nonzero if ®,, ; is nonzero, and all
the terms of the sum Zaeg . [(%Xa.ir@)+k(g)] (Where k > 0) are nonzero if W, ; is
nonzero. In our work, we want to consider sums of this type that can be reduced
to the case of Lemma 2.1.

aeoy |

4D. An explicit formula for i{¥,. Assume that g is a regular function on A} that
is nondegenerate with respect to its Newton polyhedron I', that no vertex of I lies
in a coordinate m-plane (m =1, ..., n — 1), and that X((g) contains A" x, {0}.
One then deduces from Remark 4.3 and Lemma 4.1 that

irZ%(T) = Z Z Z it L@@,

vel. 1€6, acoy |

and that

i}‘Zl(T)=if<Z > W @OTr@ Ny k)

yeF.IeG acoy, | k>1

T 1= I]_ 1T Yo D i L@,

yel. 1e6, acoy |

Proposition 4.4. With the previous notation and hypotheses, the following formula
holds in M®,,

o XeG
iTFy =Y (=10 N DAL Xy g) (P — Wy )]

yel. 16,

Proof. The positivity of the sum function s on &, 7 \ {0} is evident, and that of
the function /r on &, 7 \ {0} follows straightforward from Remark 4.3. Applying
Lemma 2.1, notice that dim(o, ;) =n — |I| —dim(y); we have

li D, i s@plr@ — ¢ li [ ~S@ ir(@

Am, ri fim 2

acoy | aeoy, |

— (_l)n—lll—dim(y)q)y’l
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and

lim W, LT OTNO =g, ) fim Y L@@
v, Vs
T—>ooa€a%l T—>ooa€0yv1

=(— l)nflllfdim(y)\py’l )

It follows that

lim i*Z2%(T) = _1yr—dim() g
Jim iy Z3(T) > =1 > =i,

yel. e,

and

li 1 _ _1\n+1—dim(y) IR .

dim i7Z!(T) > D > =llipw,

yel. €6,

Then the proposition is proved. (|
Example 4.5 (cf. Example 3.5). In the case where I'y has a unique compact face
P, the classes Wp ; vanish. If we assume that o; > O foreveryi =1,...,n, we
have

i1Fe = (=" 3" (DAL xx,0) Pps]-
1c{l,...,n1)
Corollary 4.6 [Guibert 2002]. Assume that g is given by g(x) =) _, N agx% in
k[x] with g(0) = 0. If g is nondegenerate with respect to I', then

Fe0=(=1""" Y " (=DINP[O} x x(5) (Py.s — ¥y.1)]
yel.

holds in Jl/Lg.

Proof. (See Remark 3.6) Apply Proposition 4.4 to the case n; = 0. Here the natural
inclusion i : Aj'' < A reduces to the inclusion ip : {0} < A7. Moreover, in this
case, by Lemma 3.3, for every compact face y of I', we have &,, = {<}. Thus this
corollary follows. Observe that this formula was already obtained by Guibert (cf.
[2002, Proposition 2.1.6]). U

4E. Consider the function g(x) = ), yrnn dex® on A7, where H is the hyper-
plane in R ) defined by the equation

al+...+anl :an1+l+"'+ap’

for some fixed p such that n; < p < n. Here, as well as in Corollary 4.6, we use
the notation x* for x" - - - x,", where & = (o1, ..., @,). Because supp(g) lies on
the hyperplane H, the compact faces of I' are contained in H. Moreover, for the
same reason, for each compact y, there exist noncompact faces of I' leaning on y .

Note that, in this case, A7! is naturally viewed as a subset of X¢(g).
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Lemma 4.7. Assume that g(x) =), c yrne GuX® is nondegenerate with respect to
. Then, for every compact face y of ', we have |9, | = 1, and the unique element
of M,, is nonempty.

Proof. Let y be a compact face of I'. Assume that y + Rio is a face of I'. Then, by
Lemma 3.3, the cone o, ; is contained in RZ‘O X IR’EO if and only if I is contained
in {1,...,n;}. Furthermore, we claim that if y + [F\Rio and y + Rio are faces
leaning on y such that the corresponding cones o, ; and oy, are both contained in
R\, x R™), then so is y + R}/, Indeed, since (a1, ..., ay,) is in H, one deduces
that if 7 and J are contained in {1, ..., ny}, the intersection of y + [R{I Y7 with the
interior of I is empty. This, together w1th the fact that y + R >0 and y —I— R>0 are
faces of I', shows that y + [RE’UJ is a face of I' leaning on y such that o, ;y; is
contained in RZ|) x R”%,.

Asa conseqﬁence of the above claim, for each compact face y of I, there exists
a unique maximal subset M of {1, ..., n} such that y 4 [F\RQ’IO is a face of I" that
leans on y, and o, y is contained in RZ, x R"%,. The nonemptiness of the set M
follows from the fact that supp(g) lies on the hyperplane H. U

Proposition 4.8. Assume that g(x) =), HANT, aqx® is nondegenerate with re-
spect to I'. Then f adi S vanishes in Mg.

Proof. Let y be a compact face of I'. By Lemma 4.7, the set 91, has a unique
element and this element is nonempty. Assume 9, = {M} with [M| > 1. Note
that A, = |, at if @y, and By, = / a1 i} Wy,; depend only on y, not on I contained
in M. Because ZJ o(— 1)1( ) 0 for m > 1, one deduces that

> ", —B,)=0

IcM
The hypothesis on g that « € H NN’ ) means no vertex of the Newton polyhedron
" of g lies in a coordinate plane. By Proposition 4.4, the image |, Al 11 i{Fg of Iy
vanishes in J(/lG O

5. The Kontsevich-Soibelman conjecture

In this section, we will show that under certain assumptions, Conjecture 1.1 is true.

5A. Composition with a polynomial in two variables. We consider Conjecture 1.1
of Kontsevich and Soibelman in the case where F has the form F(x,y,z) =
f(g1(x,y), g2(z)), where f is a polynomial in two variables with f (0, y) nonzero
of positive degree, g is a function on A,‘f' Xy Af(lz such that g; (tx, t~'y) = g1 (x, y)
and g;(0,0) = 0, and g, is a regular function on Aff. Let g = g1 x g2 and
Xo(g) ={(x,y,2) | g1(x,y) = g2(z) =0}. In particular, X((g) contains AZ‘ x {0}.
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We denote by i the inclusion of A,‘f’ X, G into Xo(f og) X, G. Recall that, in this
case, h(z) = f(0, g2(2)).

Theorem 5.1. Assume that f is a polynomial in two variables with f (0, y) nonzero
of positive degree. Let g\ be a regular function on Affl X Agz nondegenerate with
respect to its Newton polyhedron Iy, such that g1(0, 0) = 0, no vertex of I'y, lies
in a coordinate plane, and g1(tx,t~'y) = g1(x, y) for every t in G. Let g» be a
regular function on Af?. Then, the formula

/Adl i1 fog = L0

holds in Jl/tg. In other words, in this case, Conjecture 1.1 is true.

Proof. In [Guibert et al. 2009], Guibert, Loeser and Merle consider the motivic
Milnor fiber of a composition of the form f(g;, go) where g; and g, have no
variable in common and f is a polynomial in «[x, y] such that f(0, y) is nonzero
of positive degree. To describe it, they used the generalized convolution operators
W defined in [Guibert et al. 2005] and the tree of contact 7(f, 0) constructed in
terms of Puiseux expansions by Guibert [2002]. Here O is the origin of A,‘(’ , with
d =dy +d>+ds. To any rupture vertex v of T(f, 0) one attaches a weighted homo-
geneous polynomial Q, in k[X, Y]. The virtual objects A, are defined inductively
in terms of the tree of contact 7(f,0) and A,,, where vy is the first (extended)
rupture vertex of the tree and A,, depends only on g. Let i be the inclusion of
Xo(g) x, Ginto Xo(f og) X, G. Let mg be the order of 0 as a root of f(0, y). By
the main theorem of [Guibert et al. 2009], the formula

"9 fog =0 ([Xo(gD]) — Y Wo,(A)

holds in ./l/t‘]fé0 (@ %G’ where Wy denotes the convolution defined in the same paper
and the sum runs over the augmented set of rupture vertices of the tree t(f, 0).
The i; in the theorem is the inclusion of Aff‘ X, G into Xo(f o g) X, G, but by
abuse of notation, we also use i; for the inclusion Agl X G = Xo(g) X, G. Thus
i1 and i oi; are in fact the same thing. Applying the operator | Al i to both sides

of the previous formula, we have

Agﬁ%%=Aﬂng%@m%§;&jW&MJ

We claim that, with the previous notation and hypotheses, the formula

&ﬁ%%%ﬁ%zwﬂﬁ
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holds in Jl/tg. Indeed, as in the proof of [Guibert et al. 2006, Theorem 5.18], one
can check that

S o ((Xo(g)D) = Lg7 (OB o
By the hypotheses on g; and the fact that i} (Adl) Nng, (0) {0}, we have

e ' OI=[A"]=1" and i} m

<k
=inF my =% mgy ..
X 0750 50,0

One deduces that
i1 o (IXo(gn)]) =i} (18 OB S o) = LUF mo .

By the definitions of & and mg, we have &¥ 00 = S0, and the claim then fol-
lows. So, in order to finish the proof of Theorem 5.1, it suffices to prove that
f Al ifWo,(A,) =0 for every (extended) rupture vertex v of 7(f, 0).

Let vg be the first (extended) rupture vertex of the tree of contact T (f, p). Asin
[Guibert et al. 2009], the virtual object A, in

G
MXo(g)XK(A xcG)

is defined by Avo =9, K ng where ¥ is an element in Jl/tG Xo(g2) <Al that is the
“disjoint sum” of ¥, 1n JI/LX (g%, G and Xo(gz) in My (g,)-

Lemma 5.2. Assume that g, is a regular function on Aff' X e Agz nondegenerate
with respect to its Newton polyhedron Ty, such that g(0,0) = 0, no vertex of
[y, lies in a coordinate plane, and g (tx, t='y) = g1(x, y) for every t in G. Let
g2 be a regular function on A?. Then |, A ifWo(Ay,) vanishes in Jl/tg for every
quasihomogeneous polynomial Q.

Proof. The assumptions on g; mean that we can write g, in the form

B
gi(x,y) = Z Aapxy’ - xdllyfl' Yy
(@, p)eHANLT

where H is given by oy 4 - - +ag4, = 1+ - -+ Ba,- By Proposition 4.8, fAdl i1Y,
vanishes in Jl/tg, hence f A 11 i{ Ay, vanishes in ./l/LG Here i1 is once again abused
to denote the natural 1nclus1on Adl x Al x, G ;> Xo(g) x Al x, G. Because the

diagram
G Yo

My @)%l 6 > MR 0%, 6
fd| ’Tl ng] ’ll
ME l) ME
Alx,G G

commutes, the lemma follows. O
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Let v be an arbitrary rupture vertex of the tree of contact t(f, 0) and a(v) the
predecessor of v in the augmented set of rupture vertices. Then the polynomial Q,
is a factor of Q,(). Suppose that O, (X, 1) has m, disjoint zeroes in A,i.

Lemma 5.3. The equality A, = my, A, ) holds in J(/LX (@ %Al %, 6"

Proof. We first notice that QU_I(O) is a smooth subvariety in G x, G equivari-
ant under a diagonal G-action, and that the second projection pr, of the product
A; X G induces a homogeneous fibration Q;l (0) —> G. We denote by B, the
restriction of A,y above O 1(0). Then, by [Guibert et al. 2009], the element A,
in S J@x.Alx, G i defined as the external product of the class of id : Al — Al by
the induced map pr, : B, — G, which is diagonally monomial when restricted to
Xo(g) X G %, G.

Consider the fibration pr, : B, — G defined by the composition of B, — Q 1(0)
and pr; : Q;l(O) — G. Then each fiber of pr, : B, — G is a disjoint union of m,,
copies of a fiber of Aa(v) — Al X G over one point (a, b) in A,l X, G. It follows

that A, =my Ay in ‘A/LXO(g)XK(AIX G)’ -

It follows from Lemma 5.2 and Lemma 5.3 that fAdl ifWo,(A,) =0 for every
(extended) rupture vertex v of 7(f, 0), completing the proof of Theorem 5.1. [J

Remark 5.4. In the case f(x, y) = x + y, the result can also be obtained directly
from the motivic Thom—Sebastiani theorem [Denef and Loeser 1999b; 2001].

5B. In the next proposition, we prove the conjecture of Kontsevich and Soibelman
under some other conditions on F = g, namely assuming F is nondegenerate with
respect to its Newton polyhedron I" and no vertex of I" lies in a coordinate plane.

Proposition 5.5. Let g be a regular function on Agl Xy Af(lz X A,‘? such that
£(0,0,z) = 0 for every z in A,”{l»’, g(tx, t_ly, 7) = g(x,y,z) for every t in G,
and (x,y,7) in Adl Xy Adz Xy Ad3 If g is nondegenerate with respect to its Newton
polyhedron T and no vertex of T lies in a coordinate plane, then |, i i, vanishes
in JI/LG’ In other words, Conjecture 1.1 is true in this case.

Proof. Write the function g in the form

b "
g.y. = Y gapex"y'z,
(a,b,c)eHNNY |

where d =d|+d>+d3 and H is given by the equation a;+- - -+aq, =b1+- - -+by,.
By Proposition 4.8, | Al 11 i, vanishes in L/l/tG Notice that in this case h(z) =
F(0,0,z)=g(0,0, z) =0, hence ¥, ¢ also vanishes in Jl/LG O
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5C. Functions of Steenbrink type. We consider now the case that
F(x,y, 2)=g(x,y,2)+h()",

where g is as in Proposition 5.5, h(z) is regular on AI‘? such that 2(0) =0, and ¢ is
a large enough natural number. By composition with the projection, we will view
h as a function on A,

Theorem 5.6. Let F(x, y,z) =g(x, v, 2)+h(2)", where g is as in Proposition 5.5,
h(z) is regular on Af(h such that h(0) = 0, and £ is a natural number. There exists
a positive real number N such that, ift > N, the following formula holds in Mg:

. d
/d| likyF:l]_ lffhz’o.
K

Proof. Let us denote by i and j the inclusions of (Xo(g) N Xo(h)) X, G into
Xo(g) X, Gand Xo(F) x, G, respectively. The existence of N is shown by [Guibert
et al. 2006, Theorem 5.7]. Also by this theorem, for £ > N, we have

J*Fr—i"F e = Fpe([Xo(@)D) — Us (Fpe (Fy)),

where Wy is the convolution defined in [Guibert et al. 2006]. Then we get

/Adl iTEPF—/Adl iTEl’g:/Adl ifff’hz([Xo(g)])—/Adl W (e (Fy)).

Now, by Proposition 5.5, f i i{¥, = 0. An analogue to the proof of Lemma 5.2
shows that f i ifWs (Fpe (Ef )) vanishes. One deduces that

[ ige= [, igaxoo.
A Al

Define a function g’ on A% x, A% by setting g'(x, y) = g(x, y,0). Then we
have that g’(0,0) =0 and g’(tx, t~'y) = g’(x, y) for any ¢ in G. Furthermore, we
have an identity in Jlx, ) as follows

[Xo(2)] = [Xo(g)]+[{(x,y,2) € AT x (A% {0}) | g(x, y, 2) = O}].

As in the proof of Theorem 5.1, since h* and g’ have no variable in common, we
have
TS pe ((Xo(gHD) = LSy g

in M®, . It remains to notice that
Al xG
TS ([(x, y,2) € ADTE X (A {0}) | g(x, y,2) =0}]) =0
because the intersection

i(ADY N {(x, y, 2) € Al 5 (AL {0)) | g(x, y,2) =0}
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is empty. Thus, fAdl iTYr = L Fpe o in A/Lg, as needed. (|
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