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ALGEBRA AND NUMBER THEORY 6:3(2012)

The image of complex conjugation in
[-adic representations associated to
automorphic forms

Richard Taylor

If F* is a totally real field, if z is an odd integer and if IT is a regular, algebraic,
essentially self-dual, cuspidal automorphic representation of GL,, (A z+), then we
calculate the image of any complex conjugation under the /-adic representations
r;,,(IT) associated to IT.

Introduction

Let FT denote a totally real number field and fix an isomorphism ¢ : @; => C. It
is known that to a regular, algebraic, essentially self-dual, cuspidal automorphic
representation IT of GL, (Af+) one can associate a continuous semisimple Galois
representation

r (IT) : Gal(F*/FT) — GL,(Q)).

(For the definition of “regular, algebraic, essentially self-dual, cuspidal” see the
start of Section 1.) This representation is known to be de Rham and its Hodge—
Tate numbers are known. (They can be simply calculated from the infinitesimal
character of 74,.) For all finite places v of F* not dividing / one can calculate the
Frobenius semisimplification of the restriction of r; ,(IT) to a decomposition group
above v in terms of m, via the local Langlands correspondence. This uniquely
(in fact, over) determines r;,(IT). (See [Shin 2011; Clozel et al. 2011; Caraiani
2010; Chenevier and Harris 2011].) The representation r; ,(IT) is conjectured to
be irreducible. This is known if IT is discrete series at some finite place [Tay-
lor and Yoshida 2007]. Moreover r;,(IT)Y = r; (IT) ® p for some character
of Gal(FT/F*) which is either totally odd (takes the value —1 on all complex
conjugations) or totally even (takes the value +1 on all complex conjugations).
Frank Calegari raised the question as to whether, for an infinite place v of F*
one can calculate the conjugacy class of r; ,(IT)(c,), where ¢, € Gal(F+/F+) is a

The author is partially supported by NSF Grant DMS-0600716.
MSC2000: 11F80.
Keywords: Galois representations.
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406 Richard Taylor

complex conjugation for v. This conjugacy class has order two, so it is semisimple
with eigenvalues &-1. The problem is to determine how many +1’s and how many
—1’s occur. Because IT was assumed to be regular, we expect that the number of
+1’s and —1’s differ by at most one:

ltrry, (TD)(cy)| < 1.

As we know the determinant of r; ,(IT) this would completely determine the con-
jugacy class of r; ,(IT)(cy).

If w is totally odd then [Bellaiche and Chenevier 2011] shows that » is even and
that r; ,(IT) preserves an alternating pairing up to multiplier x. In this case, because
GSpn(@l) has a unique conjugacy class of elements of order two and multiplier
—1, we see that tr r; , (IT) (c,) =0 for all v|oco. So the problem lies in the case that ©
is totally even, i.e., that r; , (IT) preserves an orthogonal pairing up to multiplier u.

In this paper we will prove this conjecture in the case » is odd:

Proposition 1. Suppose that F* is a totally real field, that n is an odd positive
integer and that 1 a regular, algebraic, essentially self-dual, cuspidal automorphic
representation I1 of GL,, (Ap+). Suppose also that r; ,(I1) is irreducible. If

ceGal(Ft/F™)
is a complex conjugation (for some embedding F* — C) then
|trr, (ID(e)| < 1.

We believe that essentially the same method works if # is even and IT is discrete
series at a finite place, though we haven’t taken the trouble to write the argument
down in this case. (One would work with the construction of r;,(IT) given in
[Harris and Taylor 2001] rather than that given in [Shin 2011].) However we do
not see how to treat the general case when n is even. When r; ,(IT) is reducible one
can calculate the trace of r(c) for some representation of r of Gal(F+ /F™1) with
the same restriction to Gal(F*+/F), but this does not seem to be very helpful.

The construction of r;,(IT) is via piecing together twists of representations of
Gal(F*/F) which arise in the cohomology of unitary group Shimura varieties, as
F runs over certain imaginary CM fields. For none of these twisted restrictions
does complex conjugation make sense. For an infinite place of F one can assign
a natural sign to the representations of Gal(FT/F) that arise in the cohomology
of these Shimura varieties, because they are essentially conjugate self-dual. (See
[Clozel et al. 2008] or [Bellaiche and Chenevier 2011].) As Calegari has stressed
this sign is not related to the image of complex conjugation in our representation
of Gal(F*/F™*). This latter image only makes sense for the Galois representations
coming from certain automorphic forms on the unitary groups, namely those that
arise from an automorphic form on GL, (Ag+) by some functoriality.
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In the case that n is odd the unitary groups employed by Shin [2011] have rank
n and we are able to use the moduli theoretic interpretation of its Shimura variety
to write descent data to the maximal totally real subfield of F. This descent data
does not commute with the action of the finite adelic points of the unitary group.
However in the special case of an automorphic representation 7z which arises by
functoriality from an automorphic form on GL,, over a totally real field we are able
to show that, up to twist, this descent data preserves the 77°° isotypical component
of the cohomology, and hence gives a geometric realization of r;,(IT)(c,). Be-
cause of its geometric construction, r;,(IT)(c,) also makes sense in the world of
variations of Hodge structures. Finally we can appeal to the fact that the Hodge
structure corresponding to r;,(IT) is regular (i.e., each A7 < 1) to show that
e, (T (ey)] < 1.

In the case that n is even and IT is not discrete series at any finite place, [Shin
2011] realizes twists of rl,L(H)|Gal( Ft/F) in the cohomology of the Shimura vari-
eties for unitary groups of rank n + 1. One takes the 7 °° isotypic component of the
cohomology for an unstable automorphic representation 7 of the unitary group,
which one constructs from IT using the theory of endoscopy. In this case our
descent data relates the 7 isotypic component of the cohomology, not to itself,
but to a twist of the (/) isotypic component for a second unstable automorphic
representation 7" of the unitary group also arising from IT. (This 7’ is not even
nearly equivalent to a twist of 7.) This does not seem to be helpful.

Notation. Let us establish some notation that we will use throughout the paper.

If p is a representation «, will denote its central character.

If F is a p-adic field with valuation v then F™ will denote its maximal unrami-
fied extension and Frob, € Gal(F™/F) will denote geometric Frobenius. Moreover
Artg: F* — Gal(F/F)® will denote the Artin map (normalized to take uniformiz-
ers to geometric Frobenius elements). Suppose that V /@y is a finite-dimensional
vector space and that

r:Gal(F/F) — GL(V)

is a continuous homomorphism. If either / # p or [ = p and V is de Rham (i.e.,
dimg, (V ®¢.r Bpgr) G/ F) — dimg, V for all continuous embeddings 7 : F — Q)
then we may associate to » a Weil-Deligne representation WD(r) of the Weil group
Wx of K over @;. In the case [ # p the Weil-Deligne representation WD(r) deter-
mines r up to equivalence. (See for instance [Taylor and Yoshida 2007, Section 1]
for details.) If (r, N) is a Weil-Deligne representation of Wg then we will let
(r, N)¥S = (r*%, N) denote the Frobenius semisimplification of (r, N). We will
write recy for the local Langlands correspondence — a bijection from irreducible
smooth representations of GL,, (F') over C to n-dimensional Frobenius semisimple
Weil-Deligne representations of the Weil group Wg of F. (See the Introduction or
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Section VIL.2 of [Harris and Taylor 2001].) Recall that if x is a character of F*
then rec(yx) = x oArt}l.)

If F =R or C we will write Artg : F* —» Gal(F/F). If F =R then we will
denote by ¢ the nontrivial element of Gal(F/F) and denote by sgn the unique
surjection F* — {£1}.

If F is a number field then

Artp = nArth CAYFX(FX)0 <> Gal(F/F)™
v

will denote the Artin map. If v is a real place of F then we will let ¢, denote the
image of ¢ € Gal(F,/F,) in Gal(F/F). Thus ¢, is well defined up to conjugacy.
Suppose that

x :Ap/F* — C~

is a continuous character for which there exists a € ZHom(F.C) guch that

X |(F0>é)0 X = 1_[ ('L'X)ar
teHom(F,C)

(i.e., an algebraic grossencharacter). Suppose also that ¢ : @; => C. Then we define
r () Gal(F/F) — @IX

to be the continuous character such that

L<(n,t<x)oArtF><x> ] (t_lf)(XI)_“’>=X(X) [] @

teHom(F,C) teHom(F,C)

1. Statement of the main result

Now let F* be a totally real field. By a RAESDC (regular, algebraic, essentially
self dual, cuspidal) automorphic representation = of GL,, (Af+) we mean a cuspidal
automorphic representation such that

o 17 =7 ® (x o det) for some continuous character x : Ay, /(FT)* — C*
with x,(—1) independent of v|oo, and

* T has the same infinitesimal character as some irreducible algebraic repre-
sentation of the restriction of scalars from F* to Q of GL,,.

Note that x is necessarily algebraic. Also, if n is odd and 7V = 7 ® (x o det), then
Xv(—1) is necessarily independent of v|oo, in fact it is necessarily 1 for all such v.

If F* is totally real we will write (Z")Hom(F".O.+ for the set of a = (ar;) €
(7 yHom(F.C) satisfying

ar1 = - = dAagyp-
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If F+'/F* is a finite totally real extension we define aj+ € (Z")Hom(F .0+ py

(@p+)ri =ae|pri-

If a € (Z")HomF".O)+ et E, denote the irreducible algebraic representation of
GLE(’m(F "© which is the tensor product over t of the irreducible representations
of GL,, with highest weights a,. We will say that a RAESDC automorphic repre-
sentation m of GL, (Ap+) has weight a if m, has the same infinitesimal character
as 2.

Fix once and for all an isomorphism ¢ : @; = C. The following theorem is
proved in [Shin 2011] (see also [Clozel et al. 2011]). (This is not explicitly stated
in [Shin 2011], but see Remark 7.6 of that reference. For the last sentence see
[Taylor and Yoshida 2007].)

Theorem 1.1. Let F t be a totally real field and let n be an odd positive inte-
ger. Leta € (Z”)Hom(F O.F Suppose further that T1 is a RAESDC automorphic
representation of GL, (A F+) of weight a. Specifically suppose that T1V = Tlx
where x : A +/(F+)X — (CX and x,(—1) is independent of v|co. Then there is a
continuous semzszmple representation

r1, (1) : Gal(F /Fy") — GL, (@)
with the following properties.
(1) Forevery prime v 11 of FOJr we have
WD (1, (M lgary, ry ) = ree(TTy @ | det [[7772).

(2) n, (MY = T, L(H)En_lrl ((0-
(3) detr; (IT) =1y, (Kl‘[)en(l n)/2

@) If v|l is a prime of F+ then the restriction r; L(l'[)lGdl(F+ JEE) is de Rham.
Moreover, if T1, lS unramlﬁed if (F N )0 denotes the maxzmal unramified

subextension of F, /@1 and if T : (F, )0 < Q then T, L(H)|Gal(F+ JFF) is

crystalline and the characterlstlc polynomlal of d)[(FO R To

(1. (T ®, (7, Berig) S P00/ il
equals the characteristic polynomial of
! recFJU(HU ® | det |£1_")/2)(Fr0bv).
(5) Ifv|l is a prime of FOJr and if T : FO+ — Q lies above v then

. : m+ gt
dlm@l grl (rl,L(H) ®‘[,F0.U BDR)Gal(FO,u/Fo,v) =0
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unless i =a,; j+n— j forsome j =1, ..., ninwhich case

dimg, g’ (7, (T) @+ Bor) * 0/ fo0) = 1.

(6) If I is discrete series at some finite place then r; (I1) is irreducible.

The purpose of this paper is to calculate r; ,(IT)(c,) for any infinite place v of
Fy.
Proposition 1.2. Keep the notation and assumptions of the above theorem and

suppose that r; ,(I1) is irreducible. (In particular we are assuming that n is odd.)
Let v denote an infinite place of F0+ . Then

rl,t(n)(cv)
is semisimple with eigenvalues 1 of multiplicity (n + kn (—1))/2 and —1 with

multiplicity (n — k1 ,(—1))/2.

2. A geometric realization of complex conjugation

We must recall some of the construction of #;,(IT) and explain how the action of
complex conjugation can be constructed geometrically.

The basic set-up. There is a constant « € Z such that a; j + a; ,41-; = o for all
j= 1,...,nandallr:F(;’;><D. Thus
Xl 00 =N o
Shin shows that one can choose
« a soluble Galois totally real extension F¥/F;",
e an imaginary quadratic field £ in which [ splits,
e an embedding 7p: F = FTE — C,
¢ a continuous character
¢:AL/F* — C*,
¢ a continuous character
v AZ/E* — C*,
with the following properties.

e [FT:Q]is even and > 2.

« If Ram denotes the set of (finite) rational primes above which any of F, IT,
¢, or ¥ ramifies, then every prime of F* above a prime of Ram splits in F.

¢ 71, (ID)|Ga(F, Fy remains irreducible.
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o §¢° = xr and @] px = [T, 7 where p. + frc = —or.
¢ [Ft:Fy] n
Y /W=(Kn|m ONE/@)¢| IS
e Yoo =1, (70 0c)¢ withe, e €Z.
« VY is unramified at the prime of E above / corresponding to :~! o 7.

Let V = F™ and let
(,):VxV—=>0

be a nondegenerate alternating bilinear form such that
(xv, w) = (v, “xw)

forallx € F and v, w e V. Let G be the reductive subgroup of GL(V /F) consisting
of elements which preserve ( , ) up to a G,,-multiple and let v : G — G, denote
the multiplier character. We may, and do, suppose that V is chosen so that

» G is quasisplit at all finite places;

o if 7: F < C satisfies 7|g = 7o| ¢ then the Hermitian form on V ® ¢ ; C defined
by
(v, w) = (v, iw)
has a maximal positive definite subspace of dimension O if T # 79 and 1 if

T=T.

(See [Shin 2011, Lemma 5.1].) There is an identification of G xg E with the
product of GL; and the restriction of scalars from F to E of GL,,. The map sends
g to the product of its multiplier and its action on the direct summand V Qg | E
of VRQE=VQRr1E®VQE.E.

The group G. Letting ker' (@, G) denote the kernel of
H'@, 6)—[[H' @, G),
v
using the fact that n is odd, we see from [Kottwitz 1992, Section 8] that there is an
identification
ker' (@, G) = (FY)* N(AXNg/p+AZ))/Q* (Np g+ FX).

As F/F7 is unramified at all finite primes we see that Np/p+Ap D Ve R, so
that AXNF/F-#A;E = @XNF/F-%-A;. Because (F—i_)>< ﬂNF/F-#A;i = NF/F+F>< we
conclude that

ker' (Q, G) = QX ((FN)* NNg p+AX) /Q* (Np/p+ F*) = {1}.
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It follows from the proof of Lemma 3.1 of [Shin 2011] that the Tamagawa number
7(G) =2.

Let T denote the quotient of G by its derived subgroup. Then we may identify
T by

T(R)={(x,y) €ER" x (R®a F)": x" =y}

for any Q-algebra R. The quotient map d : G — T sends g to (v(g), detg). Also
let Z denote the centre of G so that

Z(R)={(x,y) €ER* x (R®a F)™ : x=yy}

for any Q-algebra R. The map d|z sends (x, y) to (x, ") and the map v|z sends
(x,y) to x. Note that Z x E can be identified with the product of G,, with
the restriction of scalars from F to E of G, and the norm map sends (a, b) to
(a“a,“ab/°b). Then

v:Z(A)/Z(@Q)(Ng/oZ(Ag)) = A*/Q* (Ng/Ay) = Gal(E/Q).
[To see this note that the left hand side is
yeAf: Yy e AX} ARy e F*: yyeQ }{y/y: y AL}
N, =
As {y/y: yeAly=A,""" " we see that the group in the previous displayed

equations maps isomorphically under v = Ng,p+ to

AN Ng p+AR) /(NEAL(Q* NNp/p+ FX)
= (A% ﬂNF/F+A;)/((NE/@A2)@X ﬂNF/F+A;).

There is a natural injection from here to A* /(Ng,0A ;)Q*. It only remains to see
that this map is surjective, i.e., that

A* /@ (NE/AR) (AX NN e AR) = (1),
However as F/F™ is everywhere unramified we have that
(A NNE/p+AX) D75 x R,
while A¥ = Q*Z*RX,. |
The involution I. We can choose a Q-linear map I : V — V such that

o I(xv)=“xI(v)forallx e Fandv e V;
o (Iv, Iw)=—(v,w) for all v, w € V;
o I’=1.
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[To see this note that with respect to a suitable basis we have
(v, w) =trp (VD W)

for some diagonal matrix D with °D = —D. With respect to such a basis we can
take / to simply be complex conjugation on coordinates.] The choice of I gives
rise to an automorphism # of G of order two:

g# =1Igl.
Note that

vo#=v

and that
detg" = detg.

If we identify G x E with the product of G, and the restriction of scalars from F
to E of GL, then # differs by composition with an inner automorphism from the
automorphism:

(x,8) > (x,x'g™").
Base change from G(A*) to (AF)* x GL,(A%). As in [Harris and Taylor 2001,
Section VI.2] we can define the base change BC(77) of an irreducible admissible
representation 7 of G (A*°) which is unramified at a place v of (2, unless all primes
of F* above v splitin F. The base change lift, BC(77), is an irreducible admissible

representation of (A%)* x GL,(A%). Note that if §¢,g denotes the nontrivial
character of A* /Q*Ng,gA then

BC(f[) = BC(f[ X ((SE/@ (@) v))

Also note that 7 and 7 ® (8¢ /g o v) have different central characters and so can
not be isomorphic. (Recall that

Vi Z(A®) = (A®) X NNp e (AF)* D 7%,

and that § g is ramified at some finite prime.) We have that

KkBc@) = k7 oN,
where N denotes the norm map Z(AY) — Z(A™). If

BC(#) = (¢, )
then

BC(#*) = (ki ag)~. 11¥)
and
Kt = Kkl zae),

where we think of Z(A™) C (AY)*.
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Define
w:TA)/T@Q) — C*
(x,y) = () ke pe ()7
Note that
oo =1.

With the functorialities of the previous paragraph the next lemma is easy to verify.
Lemma 2.1. Suppose that 7w is as in the previous paragraph and that
BC(7) = (v, [1r¢).

Then

(1) Kztgweod) = K73

(2) BC@* ® (w™® od)) = BC(#);

(3) and there exists an automorphism Az of the underlying space of & such that

Az (8) = (8" w(d(8) Az
for all g € G(A®) and AJZ% = 1. Moreover A3 is unique up to sign.

Weights. We identify G x g C with
Gnx ] GL(V®F-O),
reHomEjO(F,C)

where Homg ., (F, C) denotes the set of embeddings 7 : F — C with t|g = 19|£.
The identification sends g to its multiplier and its push forward to each GL(V ®F,;
C). Let & denote the irreducible representations of G xg C with highest weights
(bOa bT,i)'E|E:'E()|E’ Where

e bp=c¢;

N br,i = arlFar,i + Be.
Then &* has highest weights

(bo + 2 b _br’””‘l_i)reHomET (F,C); i=1,..n"
teHomg ¢ (F,C),i 0

Also let ¢ be the irreducible representation with highest weights

+. :
(= (lF7: Qlar/2+ > Be)i @ +2B1)  ciom, o (F.O); i=ln’
reHomE.rO(F,C) ’

Then
e ¢ is one-dimensional;
ez
° é-# ; é-\/.

e and a)IT(R) = é'_l.
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Shimura varieties. Let U denote an open compact subgroup of G (A*°). Consider
the functor Xy from connected, locally noetherian F-schemes with a specified
geometric point to sets, which sends a pair (S, §) to the set of equivalence classes
of 4-tuples

(A, i, 2, 1)

where

(1) A/S is an abelian scheme of relative dimension n;
2)i:F— EndO(A/S) is such that for all x € F we have
tr(x|Liea) =x —“x+n trr/g ‘x;
(3) A: A — AY is a polarization such that i (x)V oA =Ao0i(‘x) for all x € F;
(4) i is a (S, 5)-invariant U-orbit of AZ’-isomorphisms 1 : V ® A® = V A;
such that for some isomorphism 79 : A® => A*°(1) and for all v, w € V QA
we have

(nv, nw) = no(v, w),
where ( , ), denotes the A-Weil pairing.
Two 4-tuples (A, i, A, 77) and (A’,i’, A, ') are considered equivalent if there is an

isogeny
y:A— A
such that
(1) yitx)=i'(x)y forall x € F,
(2) yVAy e Q*2,
(3) and (Vys)oij =1’
This functor is canonically independent of the choice of base point s and so can

be considered as a functor from connected, locally noetherian F-schemes to sets.
It can be extended to all locally noetherian F'-schemes by setting

Xy (S1 U S$) =Xu(S) x Xy (S$2).
(See for instance [Harris and Taylor 2001, Section III.1] for more details. We are
using End’(A/S) to denote End(A/S) ®7 @ and V A; for (lim .y A[N](k(5))) ®z
Q, where k(5) denotes the residue field of 5.)
If U is sufficiently small then Xy is represented by an abelian scheme

Ay /Xu/Spec F.

If V C U is an open subgroup there is a natural map Xy — Xy such that sy pulls
back to sdy. The inverse system of the Xy ’s carries a natural action of G(A*),
as does the inverse system of the siy’s. If V is a normal open subgroup of U
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then U acts on Xy and induces an isomorphism between U/V and Gal(Xy / Xy).
Thus ¢~ '& gives a representation of U and hence a lisse Q;-sheaf ¥e on Xy. The
Q;-vector space

H (X, %) = Erg H (Xy x F, %)

has an action of G (A™®) x Gal(F /F). It is admissible and semisimple as a G (A™)-
module. If U is an open, compact subgroup of G (A*) then
H' (X, %)Y = H' (Xy x F, %)

is a continuous representation of Gal(F/F) on a finite-dimensional @;-vector space.
The pull back Xy x r . F represents the functor X7, defined exactly as Xy except
that the condition

tr(X|Lica) =X —“x +ntrp/gx
is replaced by the condition
tr(x|Lica) =x —x +n trp/E X.

There is a map of functors Xy — X, which sends (A, i, A, 7)) to (A,ioc, A, nol).
This induces an F-linear map Xy — Xy X F and hence a c-linear map, which

we will also denote 1,

Xy - Xy

Voo
Spec F SN Spec F.

We have
e I’=1;
o Igl =g" for g € G(A®);
« and a natural isomorphism I*¥: @ £, = ¥¢, i.e.,
Ly = L. (2-1)
Thus I provides a way to descend the system of the Xy to F*; however this

descended system of varieties no longer has an action of G(A™) defined over F*.

Complex points and connected components. We will need to consider the com-
plex uniformization of Xy X r ; C for every homomorphism 7 : ' < C. So suppose
7 : F — C. There is a nondegenerate alternating form

<7 )‘L’:VXV_>@

such that
(xv, w)r = (v, “xw),
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for all x € F and v, w € V and such that

o there is an isomorphism j; : (V ®g A%, ( , )) = (V Qg A, ( , );) as
A%’ -modules with alternating A*-bilinear pairing;
o if 71 F — C satisfies t'|g = 7|g then the Hermitian form on V ®p , C
defined by
(v, w) = (v, iw),

has a maximal positive definite subspace of dimension 0 if t/ # 7 and 1 if
T =1.
Let G denote the group of symplectic F'-linear similitudes for (V, { , );)and G |

the kernel of the multiplier character G; — G,,. Note that G; xg A® =G xg A
and that G; /G, = T. Choose a Q-linear map /; : V — V such that

o I.(xv) =°xI;(v) forallx € Fand v e V;
o (Itv, Iw) =—(v, w) forall v, w e V;
o IZ2=1.

We may, and shall, take ( , );, =( , )and I, = 1.
Let ©2; denote the set of homomorphisms

h:C— Endrgqor(V ®aR)
such that
e (h(Dv, w); = (v, h(¢Dw); forallzeCandv,w e VR,
o (v,h(i)v); >0forallveV.

Then 2, forms a single conjugacy class for G 1 (R) [Kottwitz 1992, Lemma 4.3].
This gives 2, a topology (the quotient topology) and, as the group G, 1(R) is
connected, we see that 2, is connected. There are G (A*°)-equivariant homeomor-
phisms (see [Kottwitz 1992, Section 8], for example)

G:(@\(GA®)/U x Q) = (Xy xr, C)(C).

Let A be a Z-lattice in V. The map sends (g, h) to a the equivalence class of
a four-tuple (A, i, A, ), which is determined as follows. The abelian variety A
is characterized by the complex uniformization A(C) = (V ®qg R)/A with the
complex structure coming from 2. The map i arises from the natural action of F
on V ®qg R and the (quasi)polarization A corresponds to the Riemann form ( , ).
Note that V A is naturally identified with V ®g A®. The level structure 7 is the
class of j; og. Under I x c; this is taken to (“A, i oc, A, 7o I), which has analytic
uniformization as (V ®g R)/A but with the complex structure coming from 4 o c.
The F action is the complex conjugate of the usual one. The Riemann form is sent
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to its negative and the level structure is j; o g o I. The map I ® 1 shows that
this is isomorphic to the abelian variety with additional structure corresponding to
(' j Dg*, I hl) € G(A®) x Q. Set s; = j— I j.1 € G(Q) and note that
stse = 1.

We conclude that there is a bijection ¢; :

70 (Xux pF) Zm0(Xyx F,:C)/(C) =G (@\G(A®) /U = T(@\T(A%)/d(U).

(For the bijectivity of the third map, which is given by d, see [Milne 2005, Theo-
rem 5.17] and the discussion following it.) Write ¢ for ¢r,. The map ¢; is G(A™)-
equivariant. It is also / x ¢; equivariant if we let / x ¢; acton T (Q)\T (A*®)/d(U)
via t > d(s;)t*. Note that because of the G(A>) equivariance we must have
¢r = u. ¢ for some u,; € T(A). Thus we see that

e c(Cg)=d(g)c(C) forall C € my(Xy xr F) and all g € G(A®),

« and for any infinite place v of F there is an s, € T'(A) such that ¢ ((I X ¢,)x) =

syc(x)* and svsf =1.

(If v|F arises from t : F < C then s, = d(s,)ufur_l.)

We wish to also know the Gal(F / F)-equivariance of ¢. Note that the Xy are the
canonical models for the Shimura varieties Shy (G, [h~']). (See [Kottwitz 1992,
Section 8] and note that ker' (@, G) = (0).) Define a map

E/@

r:Ag — T(Ag) — TA)

where the first map sends
x> (Np/px,x)~!

Note that r o Art;1 is a well defined map
(r oArtEl) :Gal(F/F) = T(A)/T(@Q)T(R).
Then according to [Milne 2005, Section 13] we have
s(ox) = (roArt;)(0)g (x)
forall x € mo(Xy xr F) and all o € Gal(F/F).

H" of sheaves on our Shimura varieties Let £ be the irreducible representation of
G x C which has highest weight (bo, T ,),| r=1lz- The description of the prev10us
section allows us to calculate HO(Xy x F, ¥ ) It will be (0) unless b,l =b, is
independent of i. In this case & factors through amap T x C — G, which we will
also denote £. We can then identify HO(Xy x F, §£§) with the space of functions

[:TA)/TRT@Q) — Q
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such that
fu)='E ) f(1)

for all r € T(A) and all u € d(U). The action of G (A%) is via
(ef)@) = (""E) (e f(1d(g))
and the action of Gal(F/F) is via
(0f)(t) = f((r o Art;)(0)1).
The map that sends f to f defined by
F@) =08 t) T (E @) f (),

establishes an isomorphism between H’(Xy x F, 525) and the space of functions
f:T(A)/T(@)d(U)— Q such that

Fltuss) = (0 &) ()" (1)

forallt € T(A) and uq € T (R). Now the action of G (A®°) is via right translation
(g f)(t) = f(td(g))) and the action of Gal(F/F) is via

@)= 0&)(s0) TENs) T f(st)

where s is a lift of (r o Art;l)(a) to T (A). From this it follows that we can write
H(X, %) = P Qs
@

where @ runs over continuous characters
T(A)/T(Q) — C*
such that &|7®) = &, and where:
« the action of G(A™) on vz is via 1 ' o@ o d;
o the action of Gal(F /F) on v is via r; (@ or);
« and, if v is an infinite place of F, then (I x ¢,)vg € Qugs.

In particular cupping with vs, 00 € H 0(X, @) we see that
Homga~) ("', H' (X, £¢)) = Homgace) (' (1 ® (85 0v)), H (X, £e)).

If v is a place of F above infinity then / x ¢, definesamap Xy x p F — Xy X F,
which in turn induces a map

H'(X, %¢) —> H' (X, Lev).
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Composing this with the cup product with w(s,)~"/?v, € H(X, $e), we get a
map ‘ ‘
L, H' (X, %) > H' (X, %),
such that
o I,gl, =g ("' owod)(g) for g € G(A™®);
e and 1,0 I, = (cy0 )11, (Yr)/ (r)) (o) for o € Gal(F/F).

Galois representations. Shin shows that

. Homg (L_lﬁ,Hi(X,ili )) #(0)ifand only ifi =n—1;
(A%°) 3 y
BC()=(¥>*, 1P ®¢p>)
° @ HOInG(AOO)(L_lﬁ, Hn_] (X7 gs))ss

BC(H) =4 ¥ @) - y I

= 1 (DI 5y @ (W7D,
(See in particular Theorem 6.4, Corollary 6.5 and the proof of Lemma 3.1 of [Shin
2011]. The sums run over 77 which only ramify above rational primes v, such that
all places of F™ above v split in F.) From the irreducibility of rl,t(n)IGal( F/r) We
see that at most two 77’s can contribute to the latter sum. On the other hand if 7
contributes so does 7 ® (8, o v), because one can cup with vj, sqov- Thus exactly
two 7’s contribute. Choose one of them and from now on reserve the notation 7
for this one. Thus we have the following.

« Suppose that 77 is an irreducible representation of G(A*°) and j € Z>¢ such
that
— if 7 is ramified above a rational prime v, then all places of F* above v
split in F;
- BC(@) = (¢, [IF ® ¢™);
— and Homgae) (7177, H (X, $¢)) # (0).
Then j=n—1land7 =m or7 ® (§g/pov).

. Homg(Aw)(tflT[, Hnil(X7 555)) r, (Yre) = rl,z(n)%al(p/};)-
L] HomG(Aoc)(L_l(T[ ®(5E/@OU)), Hn_l(X, DCBS))®VZ,L(WF¢) grl’L(H”(\;al(F/F)'

If v is an infinite place of F then the map
frlLofoA,
induces a map ¢, on
Homg @) (', H"™ (X, %) @ n. (Y r )

such that
Cpoo o, = (c,ocy)
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for all o € Gal(F /F). Because rl,L(l'I)léa1 (F/F) is irreducible, we conclude that ¢,
corresponds to a scalar multiple of r; ,(IT)¥(c,). We can, and shall, replace ¢, by
a scalar multiple so that 53 =1, so that ¢, = £r;,(I1)¥(c,). We finally have our
geometric realization of r; ,(IT)(c,). To prove our proposition it suffices to check

that the trace of ¢, on
Homg e (', H(X, %))

is £1. This we will do in the next section by working with the variations of Hodge
structure analogue of our /-adic sheaves.

3. Calculation of the trace of ¢,

We must recall an alternative construction of the sheaves ¥¢, £+ and &£, which
will make sense also for variations of Hodge structures. First we recall the theory
of Young symmetrizers.

Young symmetrizers. Let k denote a field of characteristic 0 and let € denote a
Tannakian category over k in the terminology of [Deligne 1990]. Suppose that
e=(ey,...,e,) € 7" satisfies e} > e > --- > ¢, > 0. Let S, denote the symmetric
group on the set 7, of pairs of integers (i, j) with 1 <i <nand 1 < j <e;. Let S}
denote the subgroup of S, consisting of elements o with o (i, j) = (i, j') some j’
and let S~ denote the subgroup of S, consisting of elements o with o (i, j) = (i', j)
for some i’. Further we set

Af =) ()0 eqlS.],

O’ESgi

where (+)? =1 and (—)° denotes the sign of o. Note that (A;'E)2 = (#Sei)A;IE and

(AFAD) =m(e)(ATA;) and (A7 A)> =m(e)(A; A]) for some nonzero integer

m(e) [Fulton and Harris 1991, Theorem 4.3]. If W is an object of € we define
Fe(W)=WETcATA,

where S, acts on W®7¢ from the right by

(®te% wy)h = e, Wht-

Then ¥, is a functor from € to itself. Note that ¥
multiplication by A} defines an isomorphism

1)(W) = /\nW. Right

.....

Fo(W) => WO AT AT,
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with inverse given by right multiplication by m(e)~'A;. Thus we get natural
isomorphisms

F(W)Y = (WO ATAD)Y = (WP AT AT = Fo(WY).
Lete' =(e;+1,...,e,+1). Let

.....

be the bijection which sends (i, 1) to (i, 1) in the first part and, if j > 1, sends
(i, j) to (i, j — 1) in the second part. Then ¢ induces an isomorphism

L* . W®n ® W®ge — W®gf/.
Note that

.....

.....

where the middle map is A;'C ot*. If W has rank n then this map is an isomorphism.
(This can be checked after applying a fibre functor where one can either count
dimension, or use the fact that the map is GL(W) equivariant and ( N W) RL(W)
is an irreducible GL(W)-module.) Thus for any e = (eq, ..., e,) € (Z")" and any
W of rank n we can define

FeW) =S (W) & (N'W)®7

where f € Z satisfies f > —e,, and where ¢’ = (e; + f, ..., e, + f). We see that
up to natural isomorphism this does not depend on the choice of f.
Lemma 3.1. Ife € (Z")" equals (ey, ..., e,) sete* =(—e,, ..., —e)) € (ZM)T. If

W has rank n then there are natural isomorphisms

Fer it fr WY EL. W) QRS (1,1, 1) (W)

and

ye(‘/V) = ye*(WV)-

Proof. The first assertion has already been proved so we turn to the second. We may
reduce to the case e, > 0 and we may choose f €Z,,. Sete’' =(f—e,, ..., f—e1).
Then it will suffice to show that

F W)= S (W)Y & (N'W)®
It even suffices to find a nontrivial natural map

g)e(W)®EPe/(W) — (/\”W)®f — (W®g(.f ..... _/))A(_f ..... Y
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(For this then gives a nontrivial natural map ¥, (W) — %, (W)"® ( N W)®f , which
we can check is an isomorphism after applying a fibre functor, in which case the
left and right hand sides become irreducible GL(W)-modules.) To this end let ¢
denote the bijection

L: g(.f,---,f) = J . UT

which sends (i, j) to (i, j)if j <e; andto (n+1—1i, f+1—1i)if j > ¢;, and let
* denote the induced map

L W)@ F (W) = Sy (W),

We must show that if W has rank » then this map is nontrivial. We can reduce
this to the case of (D-vector spaces by applying a fibre functor. In this case let
wi, ..., w, be abasis of W. Consider the element

x = (®g,u)A; ® (®7,v)A, € W& @ W&

where UG, j) = Wi and Vi, j) = Wn+1—i- Then

(DA = (n{;l(#{j; ej <iDIH - ejzi})!> ®7,. DA s,
# 0,

where x(; j) = w;. The lemma follows. g

The relative cohomology of s/ Xy. If @ denotes the projection map from the
universal abelian variety s« to Xy then we decompose

le*ﬁ)l = @ £,

teHom(F,C)

where &£, is the subsheaf of le*@l where the action of F coming from the
endomorphisms of the universal abelian variety is via t~'z. The sheaves ¥, on
the inverse system of the Xy ’s carry a natural action of G(A®°) (coming from
the action of G(A™) on the inverse system of the s/ Xy. Let Std; denote the
representation of G xg C on V ®p ; C, so that Std;. = v Std,. Then ¥, = Lsia?
with the G(A*)-actions. We also define an action of G(A*) on the sheaves
Q1) by letting g : g*@;(l) — @(1) be v(g))~! times the canonical map. Then
Pom = Q;(m) with the G(A>)-actions. Moreover the Weil pairing gives G (A®°)-
equivariant isomorphisms
F =P RQ(—1)

corresponding to Lgqv = Lsid, ® £,-1.
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Suppose that & is an irreducible representation of G xg C with highest weight
(bo, br,i)t|p=19|;- Then we see that

L= ( ® 9(51,1,-..,&,")(55:)) ® Q;(bo),

Tlg=nlE

with their G (A°°)-actions.
Note that there are natural isomorphisms I*¥; = ¥, and hence, by Lemma 3.1,
natural isomorphisms

& g)(éf.l,.‘.,i}m)(ggr))®@l(50)

Tle=wlE

= < ® <5,,1,...,5,,n>(55¥c>) ® Qi (bo)

TlE=wlE

;< X 9’@,,1,...,51,,1)(5&(1)))®@,(1§0)

Tlg=nlE

§< X Y. —z;f_])@?))@@z(l;w Y Ybei):

T|g=1lE Tlg=wlp 1

This isomorphism coincides up to scalar multiples with our previous isomorphism
I"$p = Fge of (2-1).

Betti realizations. Fix o : F — C which gives rise to our infinite place v of F and
suppose that o |g = 19| g. Set Xy »(C) to be the complex manifold (Xy x r » C)(C).
If 7 : F < C let L, denote the maximal subsheaf of R!w,C on X v.o (C) where
the action of F' from endomorphisms of the universal abelian variety is via t. The
system of locally constant sheaves L, have a natural action of G(A*°). Also let
C(1) denote the constant sheaf and endow the system of sheaves C(1)/ Xy »(C)
with an action of G (A>) by letting g : g*C(1) — C(1) be |v(g)| ™' times the natural
map. Then

L, =LY ®C(-1).

C

If§ is the irreducible representation of G xgC with highest weight (l;o, l;t, Drle=10lg>
then we define a locally constant sheaf of finite-dimensional C-vector spaces Lg
on Xy »(C) as

Q ¥ <5,.1,...,;;,,n>(LZ)) ® C(by).

T|e=wlE

Then L¢ is the locally constant sheaf associated to the pull back of 25 to Xy xroC,
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thought of as a sheaf of C-vector spaces via t~!. This correspondence is G (A™)-
equivariant. Note that by Lemma 3.1 if £’ is one-dimensional then

Lg X Lé’ = L§®§,.

Let “Xy +(C) denote the complex conjugate complex manifold of Xy ,(C),
that is, the same topological space but with complex conjugate charts. Then I x ¢
induces an isomorphism

I xc: XU,O‘(G:) = CXU,G(C).

As we described above in the 1-adic setting, Lemma 3.1 together with the isomor-
Vv

phisms L; = L} ® C(—1) gives rise to an isomorphism

(I x c)*Lé; =Lz
compatible with the corresponding isomorphism in the /-adic setting (/ *iﬁg =Lpe).
We set
H'(X;(C), Lg) = an} H'(Xy,6(0), Lg)
which is naturally a G(A*)-module and which satisfies
H'(X,(C), Ly) = H'(X, ;) ®g,, C

as C[G(A®°)]-modules. Again as in the 1-adic setting we have a decomposition

H%(X,(C), L;) = @) Cva.s.

where @ runs over continuous characters
T(A)/T@Q) — C*
with @|7®) = ¢!, and where G(A™) acts on v, p via @ od. If we define
I p: H (X, (C), Lg) > H' (X, (C), Lg)

to be the composite

Ixc

H'(X;(C), Lg) —> H'(X;(C), Lg#) 28 i (X, (), Lg).

Then under the isomorphism H' (X, (C), Le) = H (X, Fe) ®g,.. C, this map I, g
corresponds to a scalar multiple of the previous map I, ® 1.
Again we can define a map ¢, g on

Homg @) (r, H" (X4 (C), L)) = C"
to be the map which sends

f=> 1L, pofoAy,.
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Then ¢, p corresponds to a scalar multiple of the map ¢, previously defined on
HomG(Aoc)(t w, H" (X, £¢)). Rescaling ¢, p we may, and shall, suppose that

¢, g = 1, in which case it corresponds to £¢,. Then it suffices to show that the
trace of ¢, p is £1.

Variation of Hodge structures I: generalities. We begin with a rather lengthy re-
minder about variations of pure Hodge structures on complex manifolds. We do
this because we have not found a single clear reference for all the material we need,
although it is all standard.

Recall that a (pure) R-Hodge structure of weight w is a finite-dimensional R-
vector space H together with a decreasing, exhaustive and separated filtration Fil’
on the C-vector space H Qg C such that

H ®pC =Fil'(H®rC)® (10 ) Fil”~'"/(H @ C)
for all ;. In this case H Qg C = @i H"= where
H"™ = (Fil' Her C) N (1 ® c)(Fil"™" H ®g C).
By a polarization on (H, {Fil’}) we mean a perfect bilinear pairing
(,):HxH—>R

such that the ( , )-orthogonal complement of Fil'! H @z C is Fil*"'"' H @ C
and such that the following property holds. Define a sesquilinear pairing ( , ) on
H ®r C by extending ( , ) to a C-bilinear pairing on H ® C and defining

o,y =v—=1 "(x,A®0c)y).

Note that ( , ) restricts to a perfect sesquilinear pairing on each H* . We require
that ( , ) is Hermitian (i.e., (y, x) = c(x, y)) and that the restriction of (—1)"( , )
to H»~ is positive definite. If ¢ : (Hj, {Fil’i H— (H», {Filg}) is amap of R-Hodge
structures (i.e., a linear map ¢ : H; — H, such that ¢ ® 1 maps Fil' H; ®g C to
Fil' H, ®g C for all i) then

(¢ ® )(Fil' H; ®g C) = (Fil' H, ®& C) N (¢ (H)) ®r C)

for all . It follows that the category of R-Hodge structures of weight w is an abelian
category. The restriction of a polarization to a subobject is again a polarization and
the orthogonal complement of the subobject is again a subobject. It follows that the
full subcategory of polarizable pure Hodge structures is also (semisimple) abelian.
The direct sums of over all integers w of the abelian category of R-Hodge struc-
tures of weight w and of the abelian category of polarizable R-Hodge structures of
weight w are Tannakian. We will refer to them as the categories of pure R-Hodge
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structures and of pure polarizable R-Hodge structures; although strictly speaking
their objects are not pure, but direct sums of pure objects.

A (pure) C-Hodge structure of weight w is a C-vector space H together with
two decreasing, exhaustive and separated filtrations Fil’ and Fil’ on H such that
H =Fil' H®Fil"~'"'H forall i. If H= (H, {Fil'}, {Fil'}) is a C-Hodge structure
of weight w then we define the underlying R-Hodge structure to be

(H, {Fil' H®Fil'H)),

where
H®rC=> H®HOFil' H®Fil'H

is given by x ® a — (ax, (a)x). This establishes an equivalence of categories
between C-Hodge structures of weight w and R-Hodge structures of weight w
with an action of C. If H = (H, {Fil’}, {Fil’}) is a C-Hodge structure of weight R
then H = @ H"*~, where H"V™ = Fil' H NFil*~' H. By a polarization on H
we mean a perfect Hermitian pairing

(,):HxH—C,

such that for all i the orthogonal complement of Fil' H is Fil*~!~*H and the
restriction of (—1)'( , ) to H"¥~ is positive definite. This is equivalent to a
polarization ( , ) of the underlying R-Hodge structure such that

{ax, y) = (x, Ca)y)
for all @ € C and x, y € H. The equivalence is given by
(x,y) =Re v/—=1"(x, ).

The category of polarizable C-Hodge structures of weight w is the full subcategory
of the category of C-Hodge structures of weight w whose objects are those that
admit a polarization. It is closed under taking subobjects and quotients. By the
category of (polarizable) pure C-Hodge structures we mean the direct sum over
w of the categories of (polarizable) C-Hodge structures of weight w. They are
Tannakian categories. (Again objects of these categories are not strictly speaking
pure, but the direct sum of pure objects of different weights.)
If (H, {Fil'}) is an R-Hodge structure of weight w then we define

(H, {Fil'}) ® C = (H ®& C, {Fil'}, {(1 ® ¢) Fil'}),

a C-Hodge structure of weight w. If (H, {Fil'}) is polarizable, so is (H, {Fil'}) ®C.

(Define (x ®a, y®@b) =+/—1 7wa("b) (x,¥y).)
If H= (H, {Fil'}, {Fil’}) is a C-Hodge structure we define its complex conjugate
‘H = (H, {Fil'}, {Fil'}).
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Recall also that a variation of R-Hodge structures H of weight w on a complex
manifold Y is a pair (H, {Fil'}), where H is a locally constant sheaf of finite-
dimensional R-vector spaces, where {Fil'} is an exhaustive, separated, decreasing
filtration of H ®g Oy by local Oy-direct summands, such that

« the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
+ and 1 ®d : Fil'(H ®g Oy) — (Fil' "' (H ®g Oy)) ®q, Q).

If ¢ : H; — H, is a morphism of variation of R-Hodge structures of weight w on
Y then (¢ ® 1) Fil' (H; ®g Oy) = (¢ Hi) Qr Oy) NFil' (H, ®r Oy). It follows that
the category of variations of R-Hodge structures of weight w on Y is abelian. By
a polarization on H we mean a perfect bilinear pairing

(,):HxH-—->R

whose pull-back to any point of Y is a polarization. The full subcategory of the
category of variations of R-Hodge structures of weight w on Y consisting of po-
larizable objects is a semisimple abelian subcategory closed under taking subob-
jects and quotients. By the category of (polarizable) pure variations of R-Hodge
structures on Y we mean the direct sum over w of the categories of (polarizable)
variations of R-Hodge structures of weight w on Y. They are Tannakian categories.
(Again objects of these categories are not strictly speaking pure, but the direct sum
of pure objects of different weights.)

The pull back of a (polarizable) variation of R-Hodge structures of weight w
by any morphism is clearly again a (polarizable) variation of R-Hodge structures
of weight w. If Y is a compact Kihler manifold and H is a polarizable variation
of R-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of
a polarizable R-Hodge structure of weight i + w [Zucker 1979, Theorem (2.9)].
More precisely, we define 2°(H) to be the complex

HRpOy > HOr QL > HOr Q3 — -+,
and filter it by setting Fil’ Q*(H) to be the subcomplex
Fil! (H ®g Oy) — Fil'"'(H ®g Oy) ®¢, 2} — Fil 2(H ®g Oy) ®0, 22 — - - .
Then the spectral sequence
EY =H™M (v, gl Q*(H)) = I (Y, Q*(H) = H'*/ (Y, H) ®r C

degenerates at £ and defines the (Hodge) filtration on H (Y, H) @rC.
If f:X — Y is a smooth family of compact Kihler manifolds over a complex
manifold Y then R’ f,R is naturally a polarizable variation of R-Hodge structures
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of weight i. (See the Introduction and first two sections of [Zucker 1979].) More
precisely, let 5 Y denote the complex

@X—>Q§(/y—>9%(/y—>
and let Fil’ %,y denote the subcomplex
i i+1
Qyy — QIXJF/Y o

Then the filtration on (R’ £,R) ®0y =R’ £,Q% /v is the one induced by the spectral
sequence

E\' = R £,QY,, = RV £,Q%,, = R f,R g Oy.
If moreover Y is a compact Kédhler manifold then the Leray spectral sequence
Ey) =H'(Y, R f,R) = H'T (X.R)

degenerates at E5 and the R-Hodge structure on H' (Y, R/ f,R) is compatible with
the R-Hodge structure on H'*/ (X, R) [Zucker 1979, Proposition (2.16)].

By a variation of C-Hodge structures H of weight w on a complex manifold
Y we mean a triple (H, {Fil'}, {Fil'}), where H is a locally constant sheaf of
finite-dimensional C-vector spaces, {Fil'} is an exhaustive, separated, decreasing
filtration of H ®c Oy by local Oy-direct summands, and {F_ili} is an exhaustive,
separated, decreasing filtration of H ®cO-y by local Ocy-direct summands such that

« the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
« 1®d :Fil'(H ®c Oy) — (Fil'"'(H ®c 0y)) ®c, 2y,
e and 1®d : Fil'(H ®¢ Ocy) — (Fil'"1(H ®¢ Ocy)) ®q., QL.

(Recall that “Y denote the same underlying topological space as Y but with complex
conjugate charts.) If H is a variation of C-Hodge structures of weight w on Y then
(H, {Fil' ®(1 ® ¢)Fil'}) is a variation of R-Hodge structures of weight w on Y,
where we think of Fil’ ®(1 ® ¢)Fil’ contained in

(H®cOy) @ (1®c)(HQ®cOcy) =(H QcOy) ® (H Qc,Oy) =H Qgr0Oy.

This establishes an equivalence of categories between variations of C-Hodge struc-
tures of weight w on Y and variations of R-Hodge structures of weight w on Y
together with an action of C. Thus the category of variations of C-Hodge struc-
tures of weight w on Y is abelian. By the category of pure variations of C-Hodge
structures of weight w on ¥ we mean the direct sum over w of the categories of
variations of C-Hodge structures of weight w. It is a Tannakian category. (Again
the objects are not strictly speaking pure, but the direct sum of pure objects of
different weights.)
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By a polarization of a variation of C-Hodge structures of weight w on Y we
mean a perfect Hermitian pairing

(,):HxH—C

such that the pull back to any point of Y is a polarization. The category of po-
larizable C-Hodge structures of weight w on Y is equivalent to the category of
R-Hodge structures of weight w on Y together with an action of C, which admit
a polarization for which the adjoint of any a € C is “a. Thus the category of
polarizable variations of C-Hodge structures of weight w on Y is a full abelian
subcategory of the category of variations of C-Hodge structures of weight w on Y
and is closed under subobjects and quotients. By the category of pure polarizable
variations of C-Hodge structures of weight w on Y we mean the direct sum over
w of the categories of variations of C-Hodge structures of weight w. It is again a
Tannakian category. (And again the objects are not strictly speaking pure, but the
direct sum of pure objects of different weights.)

If (H, {Fil'}) is a variation R-Hodge structures of weight w on Y then we define

(H, {Fil'}) ® C = (H ®& C, {Fil'}, {(1 ® ¢) Fil'}),

a variation of C-Hodge structures of weight w on Y. If (H, {Fil'}) is polarizable
then so is (H, {Fil'}) ® C. (Define (x ® a, y®b) =~/—1 " a(“b)(x, y).)

If H = (H, {Fil'}, {Fil’}) is a variation of C-Hodge structures of weight w on Y
we define its complex conjugate ‘H = (H, {Fil‘}, {Fil}).

The pull back of a (polarizable) variation of C-Hodge structures of weight w by
any morphism is clearly again a (polarizable) variation of C-Hodge structures of
weight w. If Y is a compact K#hler manifold and H is a polarizable variation of
C-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of a
polarizable C-Hodge structure of weight i 4+ w). More precisely, define Q7 (H) to
be the complex

H®cOy - HR®c Q) - HR®c Q2 — - -
filtered by setting Fil’ Q% (H) to be the subcomplex
Fil'(H ®c Oy) — Fil' ! (H ®¢ 0y) ®¢, Q} — Fil' 2(H ®¢ Oy) ®¢, Q3 — -+ ;
similarly €22, (H) is the complex
H®cOy - HRc Qly - HRc Q7Y — - -
with Fil’ 2?2y (H)) the subcomplex

Fil' (H ®c Ocy) — Fil'™' (H ®¢ Ocy) ®c., Qy — Fil' 2 (H @¢ Ocy) Qocy Ly - - .-
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Then the spectral sequences
E} =H™H (v, g Q)(H) = W/ (v, Qy(H)) = H'/ (Y, H)
and
EY = H €Y, g Q2 (H) = HT (v, Q2 (H) = H™ (Y, H)

degenerate at E| and define the (Hodge) filtrations on H'(Y, H). (This can be
easily deduced from the corresponding facts for variations of R-Hodge structures.)
If f: X — Y is a smooth family of compact Kéhler manifolds over a complex
manifold Y then R £, C is naturally a polarizable variation of C-Hodge structures
of weight i. More precisely, the filtrations on (R’ f,.C) ®¢ Oy = R’ £, Q% ,y and
(R f.0) ®c Ocy =R f, Qy Jey are the ones induced by the spectral sequences

E\) = R £,QY,y = RV £,Q%,, = R £,C®c Oy
and
EY = R f.Qly 0y = R £,Q8 0y = R £,C®c Ocy.
If moreover Y is a compact Kidhler manifold then the Leray spectral sequence
Ey) =H'(Y, R £.0) = H'M (X, 0)

degenerates at £, and the C-Hodge structure on H' (Y, R/ f,C) is compatible with
the C-Hodge structure on H'*/ (X, C). (Again this is all easily deduced from the
case of R-Hodge structures.)

For example C(m) is the variation of pure C-Hodge structures of weight —2m
with underlying locally constant sheaf C and with Fil’ = (0) and Fil’ = (0) for
i > —m, but with Fil’ and Fil’ everything for i < m.

If H= (H, {Fil'}, {Fil'}) is a variation of pure C-Hodge structures of weight w
on Y we define a variation pure C-Hodge structures H{ j;, j»} of weight w+ j; + j»
on Y by setting H{j, j»} = H and

Fil' H{ji, j»} ®c Oy = Fil' ™' H ®c Oy,
Fil' H{j1, j2} ®¢ Ocy =Fil " H ®¢ Ocy.
Thus C(j) = CO){—j, —j}.

Variation of Hodge structures II. We will give C(j) (the constant variation of
pure C-Hodge structures of weight —2j on Xy »(C)) an action of G (A*°) by letting
g:8*C(j)— C(j) be |v(g)~/| times the natural map. If H/ X ,(C) is a collection
of variations of pure C-Hodge structures with an action of G(A*) we will give
H{ji, j2} the action induced from the one on H. Thus the actions of G(A*) on
C(j) and C(0){—j, —j} are different.
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R'w,C is a variation of pure C-Hodge structures of weight 1 on Xy »(C) and

we can decompose
R'w,C = @ L,
teHom(F,C)
where L, is a variation of pure C-Hodge structures of weight 1 extending L. The
projective system of variations of pure C-Hodge structures L, / Xy - (C) as U varies
has an action of G(A™). We have G (A*)-equivariant isomorphisms

L, =LY, ®C(—1).

c

Also, if 0, T € Homg ., (F, C) then

(/\nﬂ—r)/XU,cr ((C)

is noncanonically isomorphic to C{0, n} if 0 # 7 and to C{1, n — 1} if 0 = . This
identification is not G (A*°)-equivariant.

For é an irreducible representation of G x g C with highest weight (1;0, 1;,, ;), we
can then define a variation of pure C-Hodge structures L; of weight

—2bo— Y Y by,

tlg=wlg i

extending L by

Lz = ( ® y(1§r_1,,_.,;;r.n)(I]_;/)> ® C(bp).

Tle=T0lE
Again the system L;/ Xy »(C) has an action of G(A*). Again by Lemma 3.1 we

see that if & is one-dimensional then there is a natural isomorphism
Ly @ly = Lige -

We set
H' (X5 (©), L) =lim H'(Xy 5 (C), Lg).

It is a direct limit of pure C-Hodge structures with an action of G (A*), such that
the fixed subspace of any open subgroup of G (A™) is a (finite-dimensional) pure
C-Hodge structure of weight w =i — 2by — (ZT|E=TO|E > l;r’j).
If E,J = b, is independent of j for all T € Homg ,(F, C) and if 0| = 10|E
then
Lg = CO){~bs —bo. bs —bo—n Y by}
reHomE,fo(E,C)

noncanonically on Xy ,(C). If

@:TA)/T(@Q) —> C*



Complex conjugation in [-adic representations 433

is a continuous character with @|rw) = § ~! then vz, p spans a sub pure C-Hodge
structure of H(X, (C), I]_g) isomorphic to

CO by —bo.by —bo—n Y b},
teHomE_ro(E,@)

The choice of @ fixes an equivariant isomorphism

Le = CO){—bs —bo. bs —bo—n Y b }@od).
teHomg 1, (E,C)

The map (I x ¢) : Xy o(C) = “Xy 4 (C) lifts to a map s, (C) — ‘A, (C). We
deduce that there is a natural isomorphism

(I x )Ly = “Lee,

and hence applying Lemma 3.1 and the isomorphism L, = LY, ® C(—1) we get
natural isomorphisms

* ~
(I X C) |]_§ = Cl]_g#
extending our previous isomorphism (/ x c)*Lg = Lg+. Thus we get maps
H'(X,(C), ;) = H' (‘X (C), ‘L) = “H' (X, (C), Lgs).

Now suppose that o |g = 19|g. The line Cuv,, g is a subpure C-Hodge structure
of H'(°X,(C), “L;) isomorphic to C{y, —y} with

y=a+28,—n Y (B:+a/2).

teHomE,TO(F,C)

Thus the cup product map
Uvg,p @ “Ler = (CLe){—v, v}
is a map of variations of pure C-Hodge structures. Thus the map
I.p: H' (X6 (C), Lg) — H'(X¢(C), Lg)
extends to a map of pure C-Hodge structures
g H' (X5 (0), Lg) — (CH' (X5 (C), L) (~v. v},
or to a map of pure C-Hodge structures
L.p H'(Xo(O), Le){e+Bs, € —a =P} — “(H' (Xo (C), L) e+ Bo. €' —a—Bo)).

(Note that €’ —a — By — (€ + B5) = —a — 2B, +n 3 (B +a/2) =—y.)
reHomE_,O(F,(D)
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If we set
H = Homg @) (7, H" ' (X4 (C), L)€ + By, € —a — Bo},

then H is a pure C-Hodge structure of weight w =n — 1 —«a € 2Z. We see that
¢y, p extends to a map of pure C-Hodge structures:

Cy.p:H—H

with 2 , = 1. Moreover we see that &, g interchanges Fil"/2~! H and Fil*/?~'H,

and that these two spaces have trivial intersection. We deduce that
|tré, p| <n—2dim¢ Fil*/?7'H
= dim¢ Fil¥/?H — dim¢ Fil*/?>~' H
= dim¢ Fil"/? H — dime Fil"/*~' H
= dime gr*/? H = gr/?=<Fo Homg@ax) (7, H" (X, (0), Le)).

Cupping with vs, J0ov.B shows that

dimg gr'’/>~~# Homg @) (m, H" ™ (X4 (C). L¢))
= dime gr”/?~“ " Homgax)(m ® (8g/gov), H (X, (C), Ly)).

Thus it suffices to show that

dime &y gr’/2=¢=Fs Homgaw) (1, H" "1 (X4 (C), L¢)) < 2.
BC(m)=(y*,NIF®¢p>)

However the proof of Corollary 6.7 of [Shin 2011] shows this. (Note that the
constant Cg = 1(G)# ker' (Q, G) of [Shin 2011] in our case equals 2.) So we have
finally completed the proof of Proposition 1.2.
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Betti numbers of graded modules
and the multiplicity conjecture
in the non-Cohen—Macaulay case

Mats Boij and Jonas Soderberg

We use results of Eisenbud and Schreyer to prove that any Betti diagram of
a graded module over a standard graded polynomial ring is a positive linear
combination of Betti diagrams of modules with a pure resolution. This implies
the multiplicity conjecture of Herzog, Huneke, and Srinivasan for modules that
are not necessarily Cohen—Macaulay and also implies a generalized version of
these inequalities. We also give a combinatorial proof of the convexity of the
simplicial fan spanned by pure diagrams.

1. Introduction

The formula for the multiplicity of a standard graded algebra with a pure resolution
found by C. Huneke and M. Miller [Huneke and Miller 1985], led to the formula-
tion of the multiplicity conjecture by Huneke and H. Srinivasan, which was later
generalized and published by J. Herzog and Srinivasan [Herzog and Srinivasan
1998]. J. Migliore, U. Nagel and T. Romer [Migliore et al. 2008a] extended the
conjecture to modules and strengthened it.

In a series of papers [Srinivasan 1998; Gold 2003; Guardo and Van Tuyl 2005;
Migliore et al. 2005; 2008b; Romer 2005; Francisco 2006; Herzog and Zheng 2006;
Kubitzke and Welker 2006; Mir6-Roig 2006; Francisco and Van Tuyl 2007; Gold
et al. 2007; Seo and Srinivasan 2007; Zanello 2007; Goff 2008; Hibi and Singla
2008; Puthenpurakal 2008] different versions of the multiplicity conjecture have
been proven in many special cases. An exposition of most of these results can be
found in [Francisco and Srinivasan 2007].

Recently D. Eisenbud and F.-O. Schreyer [2009] proved the strongest version
of the conjecture for Cohen—Macaulay modules by proving a set of conjectures
formulated in [Boij and Soderberg 2008] on the set of possible Betti diagrams up
to multiplication by positive rational numbers. Eisenbud and Schreyer introduced
a set of linear functionals defined on the space of possible Betti diagrams. The

MSC2000: primary 13D02; secondary 13A02.
Keywords: graded modules, Betti numbers, multiplicity conjecture.
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linear functionals are given by certain cohomology tables of vector bundles on
P"~!, and they showed that the supporting hyperplanes of the exterior facets of the
simplicial fan given by the pure Betti diagrams are given by the vanishing of these
linear functionals, while the functionals are nonnegative on the Betti diagram of
any minimal free resolution.

In this paper we generalize the construction given in [Boij and Séderberg 2008]
to include Cohen—Macaulay pure Betti diagrams of various codimensions. We show
that linear functionals similar to those introduced by Eisenbud and Schreyer define
the supporting hyperplanes of the simplicial fan. Furthermore, these new linear
functionals are limits of the Eisenbud—Schreyer functionals, which allows us to con-
clude that all Betti diagrams of graded modules can be uniquely written as positive
linear combinations of pure diagrams in totally ordered chains. Together with the
existence of modules with pure resolutions, proved by D. Eisenbud, G. Flgystad
and J. Weyman [Eisenbud et al. 2011] in characteristic zero and by Eisenbud
and Schreyer [Eisenbud and Schreyer 2009] in general, this gives a complete
classification of the possible Betti diagrams up to multiplication by scalars.

As a consequence, we get the multiplicity conjecture for algebras and modules
that are not necessarily Cohen—Macaulay. In fact, we get a stronger version of
the inequalities of the multiplicity conjecture in terms of the Hilbert series of the
module which is bounded from below by the Hilbert series corresponding to the
lowest shifts in a minimal free resolution while it is bounded from above by the
Hilbert series corresponding to the highest shifts in the first s + 1 terms of the
resolution, where s is the codimension of the module.

We also give a combinatorial proof of the convexity of the simplicial fan spanned
by the pure diagrams, even though this convexity is an implicit consequence of the
results involving the linear functionals.

Furthermore, we show that if we choose the basis of pure diagrams in a certain
way, all the coefficients in the expansion of an actual Betti diagram into a chain of
pure diagrams are nonnegative integers.

Remark 1.1. Before the submission of this paper, Eisenbud and Schreyer [2010]
have gone further on the side of cohomology tables and extended their results from
vector bundles to coherent sheaves. Apart from the addition of two remarks, this
manuscript is in its original form and is not dependent on these newer developments.

2. The partially ordered set of pure Betti diagrams

Let R = k[xy, x2, ..., x,] be the polynomial ring with the standard grading. For
any finitely generated graded module M, we have a minimal free resolution

O«—M<«—Fy<«<— - «—F, 1 <— F, <0,
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where
F=@R)M, i=01,...n,
jez
and we get that the Hilbert series of M can be recovered from the Betti numbers,
Bi.j» by

n

1 o
(=1 2D DBt

i=0 jeZ

H(M,t) =

It was noted by Herzog and M. Kiihl [Herzog and Kiihl 1984] that this gives us s
linearly independent equations

D =D jm =0, m=0.1....5-1,

i=0 jeZ

where s is the codimension of M.

Furthermore, they proved that in the case when M is Cohen—Macaulay and the
resolution is pure, that is, if F; = R(—d;) for some integers dy, dy, . . ., ds, we get
a unique solution (up to scalar multiples) to these equations given by

e | o
(—1) H—d,-—di’ j=d,
j=0
J#i
07 j#dl’

Bi,j =

fori =0,1,...,s.

Definition 2.1. For an increasing sequence of integers d = (dy, d, . . ., d;), where
0 < s < n, we denote by 77 (d) the matrix in @"*~' x Q7 given by

S
j 1 .
7(d);; = (1) D)—dj—di’ for j =d;
J#

and zero elsewhere. We will call this the pure diagram given by the degree sequence
d = (dy,ds, ...,ds). We will use the notation d; (7) to denote the degree, d;, when

n=n(d) =7n(do, d, ..., dy).
For degree sequences with dy = 0, we will also use the normalized pure diagram

n(d)=ddy---dsm(d)
so that normalized pure diagrams have 7 o = 1.

We define a partial ordering on the set of pure diagrams, extending the ordering
used for Cohen—Macaulay diagrams of a fixed codimension.
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Definition 2.2. We say that 7 (dy, di, ..., ds) <m(d),d{,...,d;) if the s >t and
di <d fori=0,1,...,1.

As in the case of Cohen—Macaulay pure diagrams, we get a simplicial structure
given by the maximal chains of pure diagrams, which spans simplicial cones. In
order to have maximal chains in this setting, we have to fix a bound on the region
we are considering. We can do this by restricting the degrees to be in a given region
M +i <d; <N +i. We will denote the subspace generated by Betti diagrams with
these restrictions by By y = Q"' x QV~M+! Furthermore, we denote by By n
the subspace of By y of diagrams satisfying the s first Herzog—Kiihl equations.

Proposition 2.3. For s = 0,1, ..., n, we have that any maximal chain of pure
diagrams of codimension at least s in By y form a basis for By, .

Proof. For any interval of length one 7 < 7’ there is a unique nonzero entry in
7 which is zero in all pure diagrams above 7’. Thus the pure diagrams in any
maximal chain are linearly independent. The number of elements in any maximal
chain of pure diagrams of codimension at least s is (n + 1)(N — M) +n —s +1,
since we have n + 1 positions that has to be raised N — M steps and then n — s + 1
times when the codimension is lowered by one. On the other hand, we have that
the dimension of stw, yis (n+1)(N — M + 1) — s, since we have s independent
equations on By . O

By looking at the order in which the different positions of a Betti diagram in
By n disappear when going along a maximal chain of pure diagrams we get the
following observation:

Proposition 2.4. The maximal chains of pure diagrams in By n are in one to one
correspondence with numberings of the entries of an (N — M + 1) x (n + 1)-matrix
which are increasing to the left and downwards.

Example 2.5. Forn =2, M =0, and N = 1, the numbering

501311
6142
corresponds to the maximal chain
* ok ok S * ok — * — — x — — —_ — _
< < < < <
- - = — — % - - = — % — - - — * — —

and there are four other maximal chains corresponding to

31211 41211 5121 41311
) , , and

6|54 6153 6|43 6152
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3. Description of the boundary facets

We know that the partially ordered set of pure diagrams in By y give rise to
a simplicial fan A, where the faces are the totally ordered subsets. The facets
of this simplicial fan correspond to maximal chains in the partially ordered set.
According to Proposition 2.3 each such set is a basis for the space By y. If
we look at normalized Betti diagrams, we get a simplicial complex which is the
hyperplane section of the simplicial fan. This is the complex described in our
previous paper, in the case of Cohen—Macaulay diagrams (see [Boij and Séderberg
2008, Proposition 2.9]).

Proposition 3.1. The simplicial cones spanned by the totally ordered sets of pure
diagrams in By y form a simplicial fan.

Proof. We need to show that the cones meet only along faces. This is the same as
to say that any element which can be written as a positive linear combination of
pure diagrams in a chain can be written so in a unique way. If such a sum has only
one term, the uniqueness is trivial. Thus, suppose that a diagram in By, y can be
written as a positive linear combination of totally ordered pure diagrams in two
different ways and that this is the minimal number of terms in such an example.
We then have

i=1

m k
B=) imi=) ur}
j=1

where all the coefficients are positive. Look at the lowest degree in which S is
nonzero for each column. These degrees have to be given by the degrees in 7r; and
by the degrees in n{. Thus we must have 7| = n{. If A1 > i1, we can subtract
pimy from B and from both sums to get

m k
B—rm = Z)\i”i = (u1 — A)m +ZM17T}-
i=2 j=2

Since all the pure diagrams in the left expression are greater than 7, the degrees in
which 8 — A1 is nonzero have to be given by 75, but then the coefficient of 7} in
the right-hand expression has to be zero, that is, A; = ;. Since this was assumed
to be a minimal example, we get that the expressions for § — A are term wise
equal and so were the original expressions for the diagram S. (I

We will now show that the coefficients of the pure diagrams when a Betti
diagram is expanded in the basis given by a maximal chain have nice expressions.
In particular, we see that the coefficients are integers. Moreover, it will give
us expressions for the inequalities that define the simplicial fan similar to the
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inequalities used by Eisenbud and Schreyer to prove our conjectures in the Cohen—
Macaulay case.

Proposition 3.2. The coefficient of m\ = n(dy, dy, . .., d,) when a Betti diagram
B in By, y is expanded in a basis containing 7wy < 71 < 7 is given by the following
formulas:

(a) When my differs from mq in codimension and from m, in column k, it is given by

n  d;(mo)

N 1>’H<d —d)Bia.

i=0 d=M
J#k

(b) When my differs from mq in codimension and from 1, in column k, it is given by

n di(mo)
Yo =D m>]"[<d —d)Bia-
i=0 d=M
J#k
(c) When my differs from m, in column k and from 1y in column £ # k, it is given
by
n di(mo)
DY (=D —dp) H (dj —d)Bia-
i=0 d=M

J¢{k 6}
(d) When my differs from mg and m, in codimension, it is given by

n  d;(mo)

PG} ]‘[(d —d)Bia.

i=0 d=M
In particular, all the coefficients are integers.

Remark 3.3. For simplicity of notation, we use the convention that d; () = N if i
is greater than the codimension of .

Observe that when 7 differs from 7 and , in column k, the coefficient is given
by the individual Betti number (— Dk I1 otk (dj — di) Bk a,» since no other diagram
than | contributes in this position, (k, dg).

Proof. In all four cases, (a)—(d), the coefficients of B; 4 are zero for pure diagrams
7 > 1y by construction since the sums are taken only up to degree d; (7o) and the
coefficients are zero in all positions where d; (779) = d; (72).

Furthermore, the expressions are zero on all pure diagrams m, where 7 < g
by the Herzog—Kiihl equations. Indeed, for such pure diagrams, we can extend
the summation over d to be over all degrees from M to N. When we do this and
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expand the products we get polynomials in d and, therefore, the expressions are
linear combinations of the Herzog—Kiihl equations

n N
> (=D Biad! =0,

i=0d=M

for j=0,1,...,m—11in cases (b) and (d), and for j =0, 1,...,m in cases (a)
and (d). Observe that all pure diagrams 7w with = < 7, have codimension at least
the codimension of mp and hence satisfy these Herzog—Kiihl equations.

It remains to show that the value of the expressions are one on the pure diagram
m1. In case (a), the only nonzero term is in column k and equals

m m
D [T =do-=D"[] i ="
j=0 j=0
J#k J#k
in case (b), the only nonzero term is in column m and equals
m m—1 1
(" =dw) [ ] =d)- 0" [] == 1.
Jj=0 j=0
J#k
in case (c), the only nonzero term is in column k and equals
m m 1
p— k j— s — o (— k —_—
(=D (de —d) 1_[0 (dj —di) - (=1) 1‘!) i
J¢tk. 0} J#L

and in case (d), the nonzero term is in column m and equals

m—1 m—1
0" [T —dw)- " [] - =1. 0
Jj=0 j=0 7 M

Example 3.4. When n =3, M =0, and N = 2 we can choose the basis of By
given by the numbering

101431
11{6|5]2|
1219187
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When expanding a Betti diagram

‘,30 B B B3

0:]Boo Bi1 B2 B33
1:| Bo1 B2 B3 B3a
2:1 Bo2 B3z Bra Bss

(where we use the Macaulay2 [Grayson and Stillman 1993] convention shifting the
columns upwards in order for the diagrams to be more compact) into this chain we
get the coefficients by applying the linear functionals corresponding to the following
matrices:

0 0 0 6 0 0 0 0 0 0 6 —18
0 0 0 0 0 0 0 24 0 0 0 —36
0 0 0 0 0 0 0 0 0 0 0 0
1 2 3

0 8§ —12 12 0 —4 6 —6 0 8§ —12 12
0 0 0 8 0 0 6 4 0 12 —12 8
0 0 0 0 0 0 0 0 0 0 0 0
4 5 6

0 -6 8 —6 0 2 =2 0 0 I -2 3
0 -8 6 0 0 2 0 —4 0 -3 4
0 0 0 10 0 0 4 —10 0 3 -4 5
7 8 9

1 -1 I -1 0 0 0 0 0 0 0 0
0 -1 I -1 1 0 0 0 0 0 0 0
0 -1 I -1 0 0 0 0 1 0 0 0
10 11 12

Matrices 1, 2, 11, and 12 correspond to individual Betti numbers as we will see in
the next proposition. Matrices 3, 4, 5, and 6 are as in Proposition 3.2 case (c), since
they correspond to two consecutive degree changes in distinct columns. Matrix
7 is as in case (b), since it corresponds to a degree change followed by a change
in codimension. Matrices 8 and 9 are as in case (d), since they correspond to two
consecutive changes of codimension. Matrix 10 is as in case (a) since it corresponds
to a change in codimension followed by a degree change.
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In order to prove that the simplicial fan is convex and in order to prove that any
Betti diagram of a module of codimension s is a positive linear combination of pure
diagrams, we need to know the boundary of the simplicial fan. The description
is very similar to the description given in our previous paper [Boij and Soderberg
2008, Proposition 2.12] and we only have to add one more kind of boundary facet.

Proposition 3.5. A facet of the boundary of the simplicial fan given by the pure
diagrams in By,  is given by removing one element from a maximal chain such that
there is a unique way to complete it to a maximal chain. There are four different
cases:

(1) The removed element is maximal or minimal.

(i) The removed element is in the middle of a chain of three degree sequences
which differ in one single column, that is,

7(d) <nd) <n@d"), di=d —1=d'-2.

(ii1) The removed element differs from the adjacent vertices in two adjacent degrees,
that is,

nd) <m@d) <n@d).  dig=d, 1, dj=d/—1.
(iv) the removed element differs from the adjacent vertices in codimension, that is,
nd) <nd) <n(d’), codim(r(d)) = codim(z(d")) + 2.

Proof. A boundary facet is a codimension-one face of a simplicial cone and hence
given by the removing of one vertex. Since it is on the boundary, it is contained in
a unique cone of maximal dimension, so there has to be a unique extension of the
chain into a maximal chain.

This clearly happens if we remove the maximal or the minimal element, since
there are unique such elements in the partially ordered set. Suppose therefore that
we remove 7 (d’) and that the adjacent vertices in the chain are 7 (d) < 7 (d’) and
w(d") > n(d’). If the difference between 7 (d) and 7 (d”) are in two columns
that are not adjacent, we can find another element between 7 (d) and 7 (d”) by
exchanging the order in which the two degrees are increased. This can also be done
if the columns are adjacent, but the degrees differ by more than one.

If one of the two differ from 7 (d”) in codimension and the other by an increase
of the degree in one column, we can alter the order and obtain another element
between 7 (d) and 7 (d").

The remaining cases are those described by (ii), (iii), and (iv). U

Remark 3.6. In Example 3.4 matrices 1 and 12 correspond to boundary facets of
type (i). Matrices 2 and 11 correspond to boundary facets of type (ii). Matrices 4
and 6 correspond to boundary facets of type (iii) and matrices 8 and 9 correspond
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to boundary facets of type (iv). The remaining matrices correspond to inner faces
of the fan.

Theorem 3.7. The simplicial fan of pure diagrams in By, \ is convex.

Proof. We will use the following observation which allows us to go from local
convexity to global convexity: If the simplicial fan is not convex, then there will
be one boundary facet whose supporting hyperplane passes through the interior
of a neighboring simplicial cone. We can see this by looking at a line segment
between two vertices which contains points outside the simplicial fan. If we take a
two-dimensional plane through these two points and through a generic inner point
of the fan, we get a two-dimensional picture where we can find two edges meeting
at an inwards angle. The supporting hyperplane of the boundary facet meeting the
two-dimensional plane in one of these edges meets the interior of the simplicial
cone corresponding to the other edge.

Thus we will prove that any two boundary facets meet in a convex manner. If
either of the two facets are of type (i) or (ii), described in Proposition 3.5, it is clear
that any Betti diagram will lie on the correct side of the supporting hyperplane,
since this hyperplane is given by the vanishing of a single Betti number. Thus we
will assume that the facets are of types (iii) or (iv).

Let K denote the number of pure diagrams in a maximal chain in By, . Any two
boundary facets meeting along a codimension-one face gives us a chain with K —2
pure diagrams. If the two missing vertices are on levels differing by more than one,
there is a unique way of completing the chain into a maximal chain and the two
facets are faces of the same simplicial cone. Hence they meet in a convex way.

Thus we can assume that the two vertices missing are on adjacent levels and that
there is a least element 773 above these and a greatest element 77y below them. Now
we can see from the difference in codimension between 7y and 3 that facets of
type (iii) described in Proposition 3.5 cannot meet facets of type (iv) in this way.

We must have that the two facets are given by removing 7 or 7r) from the chains

my <7y <my < m3and o < 7w’ < ) < 73 in the following lattice:

We need to show that the coefficient of 7| is positive when 7’ is expanded into the

chain g < 71{ < né < 3. Note that the codimension cannot differ by more than
three between g and 3 and if it differs by three, there is only one chain between
1o and 7r3. Thus we can assume that the difference in codimension is zero, one, or
two.
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In order to do this we use Proposition 3.2 which gives us an expression of this
coefficient involving only two terms.

Suppose that my and 73 differ in codimension by two. Then the coefficient
is given by the fourth expression of Proposition 3.2 and the coefficient for 7| =
m(do, dy, ... ,dyn) Whenn{=n(do, d, ..., d_1,d+1,diy1, ..., dy)is expanded
in the basis containing 7o < 7 < m, is given by

Z > = H(d —d)Bia(m)),

i=0 d=<d;(mp)

which has only two nonzero terms in columns m and m + 1 and equals

e W di—dy =
(1) E)(dj o) " T =,
m-1 di—d .
+ (=1t g)(dj —Clm-i-l)(—l)rnﬂdk_l;_1_md—:nl+1 d, _ldm+1 o d; _lde
B 1 ( di—dpn  dp—dpy )
dps1—dp \dy +1—d,,  di+1—dyiy
! > 0,

B (dk +1- dm-i—l)(dk +1- dm)

since dy + 1 < d,, < dpyy1.
If y and 73 differ in codimension by one we get that the coefficient of 71{ when

n{ =n(do, dy, ..., dn-1) is expanded in the basis o < m| < 7} < 73 is given by
n m
YooY Dd+2-d) [ @ —-dia),
i=0 d<d; (7o) j=0
j¢lk.k+1}

which has only two nonzero terms from columns k and k£ + 1 and equals

2(=Df ﬂ (dj —di)(— 1)"1‘[d v

j=0
J¢{kk+1} j;ﬁk
m m—1 1
2 _1 k+1 L _1 _1 k+1 o
+2(=1) 1_!) (dj —de = 1)(=1) 1'% P
j= =
jtk,k+1} j#k+1
d, —d d, —di —1
—p Tm Tk ,m T T _o.0.

dr +1—d dy —diy — 1
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The last possibility is that the codimension of my equals the codimension of 3.
In this case my < 7| < 7} corresponds to a facet of type (iii) and we get that the

coefficient of 7| = mw(do, di, ..., di, dx +2,di42, ..., dp), when )" = 7 (dy, di,
odg1,dg +1,dey1, ..., dy) is expanded in the basis 7o < 7| < ) < 73, is
given by

Z D D d+2—dy) H (dj —d)Bia(m)).
i=0 d=<d;(mp) =
/¢{kk+l}

Again there are only two nonzero terms and the coefficient is equal to

m dk m 1
2(—1) d; —dp)(—1
=D 1_[ (@ == )d—i-l dkndj—dk
j=0 j=0
Jélk k+1} J#k
m d _1 m
2(—1 k+1 di—dr — D(—1 k+1 k
+2(=1) ,11 (dj —dy —1)(=1) d4+1—dk—1]1j[ ~—dk—1
Jé{k, k+1} J#k+
dy — dyi dy—di— 1 2 0
_ _ = > 0,
de+1—dy dy — dy (de —di)(dy —dr+ 1)
since dy — dy and dy — d + 1 are both negative or both positive. O

4. The expansion of any Betti diagram into sums of pure diagrams

We know from the work of Eisenbud and Schreyer that the inequalities given by
the exterior facets of the cone are valid on all minimal free resolutions, not only on
the resolutions of Cohen—Macaulay modules. The inequalities that we have to add
because we now look at chains of pure diagrams of different codimensions can be
seen to be limits of the inequalities already known.

As in the previous section, we look at Betti diagrams of graded modules under
the restriction that 8; ; =0 unless M +i < j < N +1i, that is, diagrams in By y.

Theorem 4.1. Any Betti diagram of a finitely generated graded module P of codi-
mension s can be uniquely written as a positive linear combination of a chain of
pure diagrams in By, \,, where M is the least degree of any generator of P and N
is the regularity of P.

Proof. By Proposition 3.5 we know what are the boundary facets of the simplicial
fan given by the pure diagrams in Bj, , and by Proposition 3.2 we know how
to obtain the inequalities given by the boundary facets. In fact, the coefficient of
the removed element of the chain is nonnegative on the half-space defined by the
corresponding boundary facet. We need to show that any Betti diagram of a graded
module satisfies these inequalities.
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By Proposition 3.5 we have four types of boundary facets to consider, (i)—(iv).
The inequalities corresponding to facets of type (i) and (ii) certainly hold for all
Betti diagrams of modules.

The inequalities corresponding to facets of type (iii) are given by the expression
of Proposition 3.2(c) and can be written as

n  d;(mo)

P IC) ]'[ (dj —d)Bi.a(P) = 0 (4-1)

i=0 d=M =
jgé{kk—H}

and the inequalities corresponding to facets of type (iv) are given by the expression
of Proposition 3.2(d) and can be written as

n  di(mo) m—1
Yo =0 []@—dBia(P) = 0. (4-2)
i=0 d=M j=0

As we can see from these expressions, they are very similar. Indeed, (4-2) is equal
to (4-1) if we increase N and m by one and choose k = m — 1. Thus it is sufficient
to prove that (4-1) always holds for any m < n.

The case m = n corresponds to the facets that occur in the cone of Cohen—
Macaulay diagrams. In the Cohen—Macaulay case we have more Herzog—Kiihl
equations but fewer inequalities. Eisenbud and Schreyer [2009, Theorems 4.1
and 7.1] proved that the inequalities given by the boundary facets hold for Betti
diagrams of all modules, not only Cohen—Macaulay modules. Hence (4-1) holds
for Betti diagrams in By y when m = n.

In order to prove that (4-1) holds when m < n, we look at the inequality we get
by exchanging 7| = (dy, dy, ..., dn) by nf =nu(doy,di,....,dy,dn+1+t,d,+
2+1t,...,dy+n—m+t), and similarly exchanging 7y and 7 by 7 and 75. We
then let ¢ grow to infinity and get

n di(mg) m n
tlggot,,, X EY ] @—a [ lntj-m+t—d)pia
i=0 d=M j=0 j=m+1
Jjélk,k+1}
n  d;(mo) m
=Y > 0 J] W-dpiaP).
=0 d=M j=0
jélk,k+1}

The limit is nonnegative since for each integer ¢ > 0, the expression under the limit
in the left-hand side is nonnegative. U

Remark 4.2. One of the questions raised by Eisenbud and Schreyer was what was
the description of the convex cone cut out by all of their inequalities. The answer
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to this question is that this convex cone in By, y equals the convex cone of all Betti
diagrams in By y of graded modules up to multiplication by nonnegative rational
numbers. This follows from Theorem 4.1 and the fact that all the inequalities we
use to define the simplicial fan, as seen in the proof, are limits of their inequalities,
hence are consequences of the full set of those inequalities. Thus for a given diagram
satisfying their inequalities, we find suitable M and N and use Theorem 4.1 to see
that it can be written as a positive linear combination of pure diagrams and we can
conclude that a multiple of the diagram is the Betti diagram of a module.

We can also see that the unique way of writing any Betti diagram of a module
into a chain of pure diagrams leads to a way of writing the diagram as a linear
combination of diagrams of Cohen—Macaulay modules, one of each codimension
between the codimension of M and the projective dimension of M. As in the
Cohen—Macaulay case, we get an algorithm for finding the expansion of a given
Betti diagram by subtracting as much as possible of the pure diagram corresponding
to the lowest shifts.

Remark 4.3. The method used in the proof of Theorem 4.1 is based only on what
was known after the appearance of [Eisenbud and Schreyer 2009]. In view of the
their more recent paper [Eisenbud and Schreyer 2010], the limiting process can
be avoided using the functionals associated to coherent sheaves and, in fact, we
only need to use vector bundles with supernatural cohomology supported on linear
subspaces of P"~!, as pointed out by an anonymous referee.

Example 4.4. For M =k[x, v, z]/(x?, xy, xz%) we get the Betti diagram

1331
O:]1 — — —
1:]—2 1 —
2:]—-1 21
which can be expanded into
1 1
T T lee® T By
- 121 - 1 — T 8 15
L _ r_ _
12 3
+2- — —|+1 - - -

|

|
wi— |

|

|

I
(V][N |
sl |

The coefficients can also be obtained by the functionals corresponding to the
matrices 5, 6, 8, and 9 from Example 3.4.
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We now will go on and prove a generalized version of the multiplicity conjecture
in terms of the Hilbert series. In order to do this, we first prove that the Hilbert series
behaves well with respect to the partial ordering on the normalized pure diagrams.
We use the partial order on Hilbert series given by coefficientwise inequality in all
degrees simultaneously.

Proposition 4.5. The Hilbert series is strictly increasing on the partially ordered
set of normalized pure diagrams generated in degree zero.

Proof. First assume that 7 < 77’ is a maximal chain of pure diagrams of codimension
s. The Hilbert series can be recovered from the Betti diagrams and we can write

H(', t)—H(w, 1) = (S’ 1) = S(x, 1)),

(1=0"

where S(B,1) =Y "_(—=1) Zj Bi,jt’. Since the polynomials S(, ¢) and S(7/, 1)
both have constant term 1, we get that the polynomial S(7/, r) — S(7, t), has only
s + 1 nonzero terms. Since it also satisfies the Herzog—Kiihl equations, we have a
unique solution to this up to a scalar multiple, and H (7, t) — H(7', 1) is At times
the Hilbert series of a pure module. Since we know that all pure diagrams have
positive Hilbert series, we only have to check that this is a nonnegative multiple.
The sign of A can be obtained by looking at the sign of the term of S(7/, 1) — S(7, 1)
which comes from S(77/, t) and which is not present in S(, ¢). This term comes
with the sign (—1)/, if it is in column i, which proves that A has to be positive.

We now consider the case where 7 < 7’ is a maximal chain such that the
codimension of 77 is s and the codimension of 7’ is s — 1. If we now look at the
difference of the Hilbert series,

H#@' t)—H(w,t)= (S#@', 1) — S(7, 1)),

1 —=nr
where the polynomial S(7’, t) — S(7, t) has zero constant term and s nonzero terms.
Since we know that it is divisible by (1 —¢)*~!, there is again a unique possibility,
which is 19! times the Hilbert series of a module with pure resolution. This time,
we can see that the sign of the last term is —(—1)* = (—1)° —1_ which shows that A
is positive. U

Theorem 4.6. For any finitely generated module M of projective dimension p and
codimension s generated in degree 0, we have that

H(#@(0,d,,d d)t)<H(M’t)<H(_(067 d dy), 1)

T sy ULy Uy v ey Uy )y = T N = g ,d1,d2, ...y ) )

b ? Bo(M) '

where c_il,c_iz,...,glp are the minimal shifts and d_l,d_z,...,d_s are the maximal

shifts in a minimal free resolution of M. Equality on either side implies that the
resolution is pure.
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In particular, the right-hand inequality implies the multiplicity conjecture, that is,
eM) _ did; - - d

Bo(M) — s!
with equality if and only if M is Cohen—Macaulay with a pure resolution.

9

Proof. We can use Theorem 4.1 to write the Betti diagram of M as a positive
linear combination of pure diagrams. Since the Hilbert series by Proposition 4.5 is
increasing on along the chain, we get the first inequalities of the theorem.

The multiplicity of M is obtained from the leading coefficient of the Hilbert
polynomial. The coefficients of the Hilbert series are eventually equal to the Hilbert
polynomial, which shows that the multiplicity is increasing with the Hilbert series
as long as the degree of the Hilbert polynomial is the same. Since this is the case for
M and 7(0,d,, d>, ..., dy), we get the conclusion of the multiplicity conjecture. [

Remark 4.7. For a Cohen—Macaulay module M, the Hilbert coefficients are pos-
itive linear combinations of the entries of the A-vector. Since we can reduce M
modulo a regular sequence and keep the same Betti diagram, we get that the Hilbert
coefficients are increasing along chains of normalized pure diagrams. Thus the
generalization of the multiplicity conjecture made by J. Herzog and X. Zheng
[Herzog and Zheng 2009] is a consequence of Theorem 4.6.
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Y-invariants and Shimura curves

Samit Dasgupta and Matthew Greenberg

In earlier work, the second named author described how to extract Darmon-style
Z-invariants from modular forms on Shimura curves that are special at p. In this
paper, we show that these £-invariants are preserved by the Jacquet-Langlands
correspondence. As a consequence, we prove the second named author’s period
conjecture in the case where the base field is Q. As a further application of our
methods, we use integrals of Hida families to describe Stark—Heegner points in
terms of a certain Abel-Jacobi map.

1. Introduction 455
2. Modular forms on quaternion algebras

and the cohomology of Shimura curves 459
3. Hecke operators and group cohomology 461
4. p-adic measures, Hida families, and Greenberg—Stevens &-

invariants 463
5. Some commutative diagrams 468
6. p-arithmetic cohomology classes and Darmon £-invariants 470
7. Equality of the Greenberg—Stevens and Darmon $-invariants 474
8. Multiplicative integrals and period lattices 479
9. Abel-Jacobi maps and Stark—Heegner points 481
References 484

1. Introduction

Let N and p be relatively prime positive integers with p prime and let

o
f=)_an(f)q" € SH(To(Np))» ™
n=1
be a Hecke eigenform with a;(f) = 1. In their study of p-adic L-functions
associated to modular forms, Mazur, Tate and Teitelbaum [Mazur et al. 1986]
introduce a p-adic invariant of f which they call its £-invariant. Let X(f, p)
be the set of primitive Dirichlet characters with conductor prime to p such that

MSC2000: primary 11F41; secondary 11G18, 11F67, 11F75.
Keywords: L-invariants, Shimura curves, Hida families, Stark—Heegner points.
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x(p) =a,(f) ==Xl 1If x € X(f, p) then the interpolation property forces the p-
adic L-function L,(f, x, s) of f twisted by x to vanish at s = 0. This is called an
exceptional zero phenomenon. In this case, it is conjectured in [Mazur et al. 1986]
that there is a p-adic number $MTT( £) such that for all x € ¥(f, p) of conductor c,

/ _MTT, € L(fi X, 1) i
L,(f,x.0=% (f)r()‘() Qﬁ(_]) . (1-1)

Here, t(x) is the Gauss sum associated to x and QX D is the real or imaginary
period of f, depending on the parity of x. Note that (1- 1) makes sense after
fixing embeddings @ c C, Q@ C C,, since L(f, X, 1)/QX( is algebraic by a
theorem of Shimura. It follows from nonvanishing results on critical L-values that
L(f, x,1) # 0 for some y € ¥(f, p), making (1-1) a nontrivial statement; see
[Darmon 2001, Lemma 2.17] and the following remark.

The existence of $MTT( f) was proved in the influential paper [Greenberg and
Stevens 1993]. Since f is p-ordinary, thatis, a,(f) is a p-adic unit, f livesina p-
adic analytic family f of eigenforms by the work of Hida [1986]. More precisely,
there is a p-adic disk U C Z, x Z/(p — 1)Z containing 2 and a p-adic analytic
function @, (f) : U — C,, for each n > 1, with a;(f) = 1, such that

(1) for all integers k > 2 with k € U, a,,(f, k) € Q and the image of
o
f) = "a,(f . k)q"
n=1

in C[[¢] is the g-expansion of an eigenform in S;(I'o(Np)),
@ fQ=r.

Moreover, up to shrinking U around 2, f is completely determined by f. Note that
l—a,(f, k)? vanishes at k = 2 since a,(f) = *1. Thus, it is natural to consider
the derivative of this quantity. Greenberg and Stevens show that (1-1) holds with

d
PT(f) = (1 =ap(f )| = 2B, (1-2)

Also, (1-2) extends the definition of the ¥-invariant from the case a,(f) = 1 orig-
inally considered in [Mazur et al. 1986] to the case a,(f) =

Mazur, Tate, and Teitelbaum further conjecture in the same work that PMTT )
is of local type, that is, depends only on the two-dimensional p-adic representation
op(f) of Gal(Q »/Qp) associated to f. Greenberg and Stevens [1993] proved this
by showing that £95(f) may be described in terms of the deformation theory of

Up(f)-
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Since the $-invariant is a local-at-p invariant of f, it is natural to attempt to
extract the Z-invariant of f from its Jacquet-Langlands lift g to another indefi-
nite quaternion algebra B split at p, that is, with B, = M»(Q,), since the corre-
sponding automorphic representations have the same local components at p. (The
case of definite quaternion algebras was resolved by Bertolini, Darmon and lovita
[Bertolini et al. 2010].) Following Darmon [2001], a conjectural method for doing
this was proposed in [Greenberg 2009], as follows.

We first consider a certain p-arithmetic subgroup ® C B* of level

N*:= N/disc B, (1-3)

defined precisely in (6-1). We view © as a subgroup of GL,(Q),) using the chosen
isomorphism B, = M>(Q),). Let MO(X) be the space of C,-valued measures
on X :=P/(Q p) with total measure zero (see Section 4). The group ® acts on
X by linear fractional transformations. This induces an action of ® on M 0(X).
A Mayer—Vietoris argument, together with multiplicity one, shows that for each
choice of sign =+ at infinity, dimg . H 1(®, M°(X))8* = 1. Here, the superscript
g indicates the eigensubspace on which the Hecke operators act according to the
Hecke eigenvalues of g. The superscript + indicates the +1-eigenspace for the
natural conjugation action of a matrix of determinant —1 that normalizes ®. Let
@5 be a nonzero element of H'(®, M°(X))#*. Our definition of the -invariant
of g will arise by considering the image of (pg,t under a certain integration pairing
that we now define.

For each &£ € C,, there is a unique branch logg of the p-adic logarithm such
that logg(p) = ¥. Let ¥, = P1(C,) — P1(Q,) be the p-adic upper half-plane.
Associated to each branch of the p-adic logarithm, there is a PGL,(Q)-invariant
integration pairing

(-, )¢ :M°(X) xDiv’ %, — C,

defined by
x—1
X—T

(e (7 = (e = [ 1oz, (225 Juco)

X

which, in turn, induces a pairing HY(©®, M°(X)) x H|(O, Div’ ¥#,) — C,. Let
3: H:(0©,7) — Hy(©,Div’ ¥ ) be the boundary map in the long exact sequence
in ®-cohomology associated to the short exact sequence defining Div° % b

d
0 — Div’ %€, — Div ¥, — Z — 0.

Proposition 1 [Greenberg 2009, Prop. 30]. There are unique constants £° ((pgt) in
C, such that ((pgi, 0H,(®, Z)>7§£D(wg;t) = {0}.
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We have chosen the notation P ((pgi) for these $-invariants since they are de-
fined following methods of Darmon [2001]. The goal of this paper is to relate these
$-invariants SBD(go;,'E) arising from the cohomology of Shimura curves to those
whose origins lie in the arithmetic of classical modular curves. The following is
our main result:

Theorem 2. PP (p7) = LS (f).

Using Theorem 2, we deduce Conjecture 2 of [Greenberg 2009] in the case
where the base field is Q; see Section 8 for details. The proof of Theorem 2
falls into two steps. Applying a result of Hida’s theory, we deform the Jacquet—
Langlands lift g of f into a cohomological Hida family dDgi. Leta, =a,(k) be the
eigenvalue of U, acting on QD? Group cohomological calculations building upon
those in [Dasgupta 2005] show that

g = (1= ap(g, 07)|_ = 5% ().
It remains to show that £65 (g) = POS( f). We prove this in Theorem 8, which
asserts a compatibility between the Jacquet-Langlands correspondence with the
formation of Hida families. This result is a weak analogue of results of Chenevier
[2005] for definite quaternion algebras and may be of independent interest.

In the last section of this paper, we apply our computations to the theory of
Stark—Heegner points. Let E /() be an elliptic curve of conductor N p and suppose
that O is a real quadratic order with fraction field K such that (discO, Np) = 1.
Assume further that the sign in the functional equation of L(E /K, s) is —1. Then
for each character y : Clgr — C* of the narrow ideal class group of O, the sign in
the functional equation of L(E /K, x, s) is also —1. Thus, the conjecture of Birch
and Swinnerton-Dyer leads one to expect that

rank E(Hg) =ordg—; L(E/Hg, s) =ords—; l_[ L(E/K,X,s)2|C15f|, (1-4)
X:CI(T—ﬂDX

where Hg is the narrow ring class field associated to the order O. In [Greenberg
2009], a p-adic analytic construction of local Stark—Heegner points on E was
presented, generalizing a construction of Darmon [2001] applicable when p is inert
in K and the primes dividing N split in K. The local definition of Stark—Heegner
points given in [Greenberg 2009] is contingent upon Conjecture 2 [ibid.] over the
base field Q; this now follows from Theorem 2. The analytically defined Stark—
Heegner points are conjectured to be defined over the field Hg, and are expected
to generate a finite index subgroup of E(Hg) when the inequality in (1-4) is an
equality.
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The strongest theoretical evidence presented to date for the conjectures of [Dar-
mon 2001] on the rationality of Stark—Heegner points is the main result of [Bertolini
and Darmon 2009], which proves the rationality of certain linear combinations of
Stark—Heegner points. A key tool in the proof of this result is a description of
the formal group logarithms of Stark—Heegner points in terms of periods of Hida
families. In Section 9, we prove such a formula for the Stark—Heegner points of
[Greenberg 2009]. We intend to pursue the analogue of the rationality result of
[Bertolini and Darmon 2009] in future work.

2. Modular forms on quaternion algebras
and the cohomology of Shimura curves

Let f be as in the introduction with level Np, p ¥ N. In order to ensure that f
admits a Jacquet—-Langlands lift to an indefinite quaternion Q-algebra, we suppose
that the tame part N of the level of f admits a factorization

N=N NT, (N",NH =1,

such that f is N -new. We work under the additional simplifying assumption that
N~ is squarefree.

Let B be the indefinite quaternion (Q-algebra with discriminant N ™. Let Rpx
be a maximal order in B. Let £ be a prime with £ 1 N~. Since B is split at £, we
may choose an embedding

tg: B— M, (@Z)

such that t;(Rmax) C M2(Z;). Define

R= {a € Ry - Lo(@) = <S i) (mod N*+Z;) for all HN‘}, 2-1)

Ro= {a € Ry - L0(@) = (3 j:) (mod pN*Z,) for all MN‘}. (2-2)

The rings R and Ry are Eichler orders in B of level N and pN™, respectively.
Set
I'=RI/{£l}, To= R5f+/{j:1},

where the subscript + indicates elements with positive reduced norm.
Since B is split at the infinite place of (2, we may choose an embedding

loo : B—> M3 (R). 2-3)

The groups I' and I'g may be viewed as discrete groups of transformations of the
complex upper half-plane ¥ by identifying them with subgroups of PGL,(R) via
lso- The quotients

Y(C) :=T\#, Yo(C) :=To\ ¥
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are Riemann surfaces, compact exactly when N~ # 1. Let #* = #UP' (Q) be the
extended complex upper half-plane and define

Y(€©) if N #£1,

X(C)={ o
M\%* if N~ =1.

Define Xo(C) analogously. The Riemann surfaces X (C) and X(y(C) are compact
and may be identified with the loci of complex points of Shimura curves X and
Xy that admit canonical models over Q. Of course, these are just the classical
modular curves in the case N~ = 1. For the remainder of this section, we assume
that N~ # 1.

Let S;(I") and S;(T) be the spaces of holomorphic and, respectively, antiholo-
morphic weight k cusp forms on X (I'). The spaces Si(I'g) and Sx(I'g) are defined
analogously. These spaces admit the action of a commutative algebra of Hecke
operators, all commuting with complex conjugation (see Section 3).

Theorem 3 (Jacquet-Langlands correspondence). Let k > 2 be an integer. There
are isomorphisms

Se(Do(NDN " = §i(T)  and  Si(To(Np)N 7 = §i(T).

Both isomorphisms are equivariant with respect to the Hecke operators T, for £ {
Np, U, for €| N and W, for £| N~. In addition, the first isomorphism equivariant
with respect to T, and the second is equivariant with respect to U ,.

Therefore, there is a one-dimensional subspace of S,(I'g), independent of the
choice of isomorphism in the Jacquet-Langlands correspondence, on which the
Hecke operators act via the eigenvalues of f. Let g be a nonzero element of
this space. We call g a Jacquet—Langlands lift of f. Let a;(g) = a¢(f) be the
eigenvalue of 7;, Uy, or —W, acting on g in the cases £ { Np, ¢ | pN™T, and
£ | pN~, respectively.

We are also interested in cohomological avatars of g. We have canonical iso-
morphisms of Betti and group cohomology

H*(T,E)=H"(X(C),E), H*(Iy, E)=Z H*(X(o(C), E)

for any characteristic zero field £ endowed with the trivial action of I'. By the de
Rham theorem and the Hodge decomposition,

H'(To, ©) = H'(Xo(0), ©)
= H'"(X0(©), ©) & H*'(Xo(C), ©) = $2(I'0) ® $2(To).
Therefore, if E is any field containing the Hecke eigenvalues of g, we have

dimg H' (T, E)® =2,
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where the superscript g indicates Hecke eigenspace corresponding to the system
of Hecke eigenvalues of g:

HY(Ty, E)s ={ce H'(Ty, E) : Ty(c) = ag(g)c for £{ N,
Ui(c) = ag(g)c for €| pNT}.

(See Section 3 for a detailed description of Hecke operators acting on group
cohomology.) Note that this space is stable for the Atkin—-Lehner involutions
—W, for £ | pN~ with eigenvalues a;(g). Conjugation by an element of R;
of reduced norm —1 induces an automorphism of H'(T'y, E) under which the
subspace H'(I'y, E)® is stable. This action corresponds to complex conjugation
of cusp forms and is denoted W,. Therefore, H YTy, E)® decomposes into one-
dimensional £-eigenspaces for this action:

H' (T, E)$ = H' (g, )¢t @ H' (g, E)$ .

We denote by g* a nonzero element of H LTy, E)®*. In Section 4 we construct a
cohomological Hida family CID;Z'E that specializes to g™ in weight 2, and in Section 6

we use QDZ,'E to define the Darmon $-invariant £P (g%).

3. Hecke operators and group cohomology

In anticipation of the delicate group cohomological calculations to follow, we
carefully set up notation for describing the action of Hecke operators on various
cohomology groups. Let G C K be an inclusion of groups, x an element of K,
M a G-module, and M’ an xGx~'-module. Suppose that £ : M — M’ is a group
homomorphism such that

£(gm) = xgx~'E(m). (3-1)

for all g € G and m € M. In our applications, M C M" for a K-module M”, and &
is the map m + xm with M’ =xM C M". The map & induces a homomorphism

£, :H*(G,M)— H*(xGx~ ', M) (3-2)

as follows: Let F, — Z be a resolution of Z by free K-modules. Note that F, is
also a free G-module and a free xGx~'-module. In what follows, we will often
take F, = Z[K"*']. Formally, £ induces a map of cochain complexes relative to
this resolution,

£, : Homg (F,, M) — Hom, g, 1(F,, M), &(@)(f,) =&(@(x" f),

which induces (3-2). We now use this formalism to define the Hecke operators that
play a role in this paper.
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« Suppose that £ > 0 is a prime divisor of N . Then there exists an element A € Ry
whose reduced norm is £ and such that A generates the unique two-sided ideal of
Ro with norm £. The element A normalizes Ry by [Vignéras 1980, chapitre 1II,
corollaire 1.7]. Take G =T'gor I', K = B*/Q*, x = A. Let M be a G-module
such that M = A M (that is, this equality holds in a K-module M” containing M).
The formalism above then yields the Atkin—Lehner involutions

W¢:H (To, M) — H (Tp, M), W,:H (I', M) - H"(I', M). (3-3)

e Let w, € Ry be an element of reduced norm p that generates the normalizer
of I'g in R[1/p]% and define

® = R[1/pl} [ Z[1/p1*. (3-4)

The groups I'p, I', and ' := u)plﬂw;1 are all subgroups of 0. Using the above
formalism with G =TgorI', K = (5, and x = w), yields Atkin—Lehner maps

W,:H" (o, M) —> H (Ty,M"), W,:H" (I,M)— H (I'',M'), (3-5)

with M" =w, M. We note that these maps are isomorphisms, as applying the same
formalism with w;l instead of w), yields inverse homomorphisms W L

e Let £ > 0 be a prime with £ { N~. Choose an element A € Ry of reduced
norm £. When £ | pN ™, we insist that

10
AT J -6
()30 € (0 £> 3, (3-6)
where J, is the Iwahori subgroup of GL,(Z;) defined by

3, = {a €GLy(Zy) o = (g I) (mod e)}.
Consider a double coset decomposition
To-x-To=|Jvalo. (3-7)
i

Let ¥ be the subsemigroup of 0 generated by [y together with XA, and let M be
a X-module. Let F, — Z be a resolution of Z by free ®-modules, and define an
endomorphism 7y of the cochain complex Homr, (F,, M) by

(Tep)(f) =Y _viey ' ). fr€F (3-8)

It is routine to check that 7; does not depend on the choice of coset representatives
and descends to a well defined endomorphism T, of H*(I'g, M). When £ | pN ™,
we write Uy instead of T for this operator.
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« Finally, let IT denote the matrix A € Ry of reduced norm p chosen above to
satisfy (3-6) when £ = p. Let I1' = w, lTw,,'. Then

Let U 1/7 be the Hecke operator associated to the double coset I'oIT'T. It is easy to
check that

U,=WyoU,oW,". (3-9)

Note that this holds on the level of cochains if we choose compatible double coset
decompositions:

TolTo = JyaTo.  Toll'To=|_J (wpyaw,"HTo.

1 1

4. p-adic measures, Hida families, and Greenberg—Stevens Z-invariants

Let Y be a compact topological space with a basis of compact-open subsets and let
A be a subring of C,,. Write C*°(Y) =C> (Y, A) for the group of locally constant,
A-valued functions on Y, equipped with the sup-norm. An A-valued measure on
Y is a bounded A-linear functional on C*°(Y, A). We write M(Y) = M(Y, A)
for the space of such measures, which can be identified with the space of finitely
additive, A-valued functions on the set of compact-open subsets of ¥ whose values
are bounded. For details, see [Mazur and Swinnerton-Dyer 1974, §7.1].
Let
X=(2}) =7,—pZ;). Xoo=Z} x pZ,CX. 4-1)

The spaces M (X) and M (X) are naturally modules for the Iwasawa algebra A :=
Z,[1 + pZ,]l, where group-like elements act via the natural diagonal action of
1+ pZ, on X; given £ € 1 + pZ,, we define ([£]u)(h(x, y)) = u(h(lx, Ly)).
Let
e:N—> 17, 4-2)

be the augmentation map defined by [€] — 1 and let I, be the kernel of €. Letting
y be a topological generator of 1+ pZ,, it follows that /. is generated by

o =[y]-1.

The group GL,(Z)) acts on X from the left by viewing elements of X as col-
umn vectors. The group I' acts on X via the embedding ¢, : R* — GLy(Z,),
and X is stable under I'g. Therefore, we may consider the cohomology groups
H*(T, M(X)) and H*(I'g, M(Xso)). These cohomology groups are canonically
isomorphic:
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Lemma 4. The map
H*(', M(X)) - H*(To, M (X))
induced by the I'g-equivariant inclusion Xoo < X is an isomorphism.

Proof. The p + 1 translates of X, by I' cover X. It follows that
M (X) = Co-Indf;, M (Xs0).
The lemma now follows from Shapiro’s lemma. ([

Let us assume that our measures take values in Z, (so M (X) denotes M (X, Z,),
etc.). We set W := H'(Ty, M(Xx)) = H'(T, M(X)). View A as a Z,[Z]-
algebra via the canonical projection

X~ 1+pZ, > (0):=Lt/o0),

where o is the Teichmuller character. Define the A-algebra W := W ®z, 1231 N
As ITX C Xeo, the semigroup ¥ of Section 3 acts on M (X,). Therefore, the
formalism of Section 3 endows W with an action of the U ,-operator. In addition
to the U ,-action, the group W enjoys an action of
o Hecke operators Ty for primes £ 1 pN and Uy for £ | NT, and
o Atkin-Lehner involutions W, for £ | N .
See Section 3 for the definitions of these operators. Let T be the commutative

A-subalgebra of Endy, W generated by these operators. Let p : M (X)) — Z, be
the total measure map. It induces a corresponding map

p:W— H' (T, Z,). (4-3)
The map p respects the decomposition into +-eigenspaces:
p:WE — HY([y, Z,)*.
Lete =1lim,;_ o U [’)” denote Hida’s ordinary idempotent and, for any T-module
M, let M° = eM. In particular, T° = ¢T is Hida’s ordinary Hecke algebra.

Theorem S (Hida’s control theorem). There is an exact sequence
0— wWe — wHe & g1y, Z,)%° - 0. (4-4)

The kernel of the A-algebra homomorphism T° — @ p given by sending a Hecke
operator to its eigenvalue on g is a prime ideal p C T° lying above the augmentation
ideal I C A. The following fundamental result is due to Hida in the case N~ =1
(see [Greenberg and Stevens 1993]), and was extended in [Balasubramanyam and
Longo 2011] to the case N~ # 1.
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Theorem 6. There is a unique minimal prime 3 C p, and the quotient R :=T° /'B
is a finite flat extension of A unramified above I..

Let R be as in the theorem, and let Ry, be the localization of R at p. Let E be the
field of fractions of the integral closure of Z, in R. It is a finite extension of Q.
We write € : Ry — R,/@ Ry = E for the reduction map. This notation is justified
as this map extends the augmentation € : A — Z,,.

Write (W ®a Rp)i*g for the subspace of (W ®x R,J)jE on which T acts via the
canonical map T — Ry. Note that

(W®4 R)EE C (WA Ry =WE2®4 R,y
and that
H'(To,Z,)®x Ry=H'(T0,Z,) ®z, E = H' (T, E). (4-5)
On the left of (4-5), we view H'(['y, Z p) as a A-module via the augmentation €.

Corollary 7 [Balasubramanyam and Longo 2011, §3.6]. The sequence
0— o (W®p Ry — (W®p Rp)™¢ — H'(Ty, E)¥¢ — 0

obtained by tensoring (4-4) with Ry, over A and taking g-isotypic components is
exact, and rankg, (W ® RpE8 =1.

We now view g% as an element of H'(I'g, E)*¢. By Corollary 7, we may
choose a lift
DF € (W s Ry)™* (4-6)

of g*. The element CI><:§,t is well defined up to multiplication by an element of
1+ @ Ry. We call CDZ,E a Hida family through g*. We denote its U p-eigenvalue by
ap(d>2,t) € Ry. Since e(ap(dDEt)) = ap(gi) =a,(g) = a,(f) = =£1, we see that
1 — a,(®7)* lies in & Ry. There is a “derivative map" de : @ Ry/(w Ry)* — E
that extends the map I/ If — Z, given by the p-adic logarithm:

[£] — 1+ log(¥). 4-7)

Since £ € Z,;, we need not specify a branch of the p-adic logarithm. We define the
Greenberg—Stevens $-invariant of g by

LO8(DY) =dc(1 —ap(®;)*) € E.

The derivative map d. is related to the usual notion of derivative in the following
way. For 0 <r < 1, let &, be the subring of Q[[x ]| consisting of those powers series
that converge on the closed disk centered at O with radius r. Evidently, if r < s,
then there is a canonical inclusion sd; C ,. Therefore, we may set s{ = |, ;.
Define i : A — s by sending a group-like element [¢], for £ € 1 + pZ,,, to the
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function k — €52 Since R is unramified over I, and & is Henselian, there is
a unique extension of i to a A-algebra homomorphism i : R, — 5. An element
A € Ry lies in @ Ry, if and only if the associated analytic function i (A) has a zero
at k = 2. In this case, d.(A) =i (L)' (2).

Theorem 8. We have the following equality of Greenberg—Stevens $-invariants:
EB(@) = LP(f).

Proof. Suppose R’ is a finitely generated R-subalgebra of Ry, such that <I>gi lies in
(W® A R')$*. With notation as above, there is some ry such that i (R’) is contained
in oA,,.

Let Py_»(Q) be the space of homogeneous polynomials of degree k —2 in inde-
terminates x and y, and let Vk_z(@) be its @-linear dual. Define a “specialization
to weight £ map

pr s M(Xog) = Vo (@)
by the rule
/Ok(<1>)(P)=/X P(x,y)®(x,y).

This map being ['g-equivariant, it induces a homomorphism
pi: H' (To, M(Xo0)) = H'(To, Vi 2(@)).

The map p defined in (4-3) coincides with p, in this more general notation.
If |k — 2|, < r, we may extend p; to a map

okt H' (T, M(Xs0)) @4 A, — H' (T, Vi_o2(Q))

by setting
(Lo @) = L.

One may verify formally that p; is Hecke-equivariant.

Let a, be the image in ,, of the eigenvalue of 7, —(0Y*k=2/2w, or U, acting
on <I>2,'E in the cases 1 Np, £ | N, and £ | N7 p, respectively. Here (¢) denotes the
projection of £ onto 1+ pZ,,. Set a; =1 and define a, in terms of the a, with £ | n
by the usual formulas for Hecke operators.

We may shrink rg if necessary to ensure that pk(cbg,t) is a nonzero element of
H' (T, Vk,z(@p)) for all k > 2 with |k —2|, <rpand k =2 (mod p — 1). The
class ,ok(CDZf) is an eigenvector for the ¢-th Hecke operator with eigenvalue a, (k).
Thus, {a,(k)} is a system of Hecke eigenvalues occurring in H LTy, Vi (Q »). In
particular, {a,(k)} C Q@ C Q p- By the Eichler-Shimura isomorphism [Matsushima
and Shimura 1963, §4], this system of Hecke eigenvalues also occurs in S (I'p).
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By the Jacquet-Langlands correspondence, it occurs in Si (I'g(pN)) as well. Thus,
if we set

o0
h:=>a,q" € siylql.

n=1
then h(k) =) a,(k)q" is in fact the g-expansion of a classical cusp form of weight
k on I'g(Np) for k > 2, [k — 2|, <rg, k=2 (mod p — 1). Furthermore, it is clear
that h(2) = f. Therefore, by the uniqueness of the Hida family through f [Hida
1986, Corollary 1.3, pg. 554], it follows that a, (k) = a,(f, k) for |k — 2|, < r.
In particular, this is true for n = p; Theorem 8 follows. (|

Finally, we record a result that will be important later. Set
0_ g1 0
Lemma 9. The canonical map
(W2 ®p RS — (W®aRy)™* (4-8)
is an isomorphism.

Proof. The map p : M (X) — Z, gives rise to the short exact sequence
0— M°X) - M(X) 5 7, — 0.

Since R is A-flat, we may tensor R, with the associated long exact sequence in
["-cohomology to obtain

o> HYT,E) > WY ®\Ry > WRpRy, — H'(T,E) — - - .

The space H(T', E) is Eisenstein (that is, T acts as 1 4 £), so its g-isotypic com-
ponent is trivial. Since the maps in the sequence above are Hecke-equivariant, it
follows that the map (4-8) is injective. Similarly, if ® € (W ®4 Rp)i’g , then its
image in H'(T", E) must be zero. This holds because g is p-new of level I'y, so the
system of Hecke eigenvalues of g does not occur in H!(T", E). Therefore ® is the
image of an element deWO®, Ry. Let £ be any prime such that the eigenvalue
ae(g) of the Hecke operator 7; is not equal to £ + 1. Let a;(P) denote the T,
eigenvalue of @, that is, the image of 7, in R,. We claim that

& . _Ti—(+1)

ag(®)—(£+1)
is a lift of ® to (W° ®, R,)™¢. First note that the division in (4-9) is allowed
in the localization, since the image of a;(®) — (£ + 1) under reduction modulo p
is ag(g) — (L + 1) # 0. Next, it is clear that P’ maps to & under (4-8) since ®
has T, eigenvalue a,(®). Finally, let A € T°, and let a;(P) be the corresponding

eigenvalue of ®. Then (A — ak(CD))CAﬁ maps to 0 in W ® s R, and hence arises from

o (4-9)
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HO(T, E). Since this module is Eisenstein, it is killed by 7, — (£41), and it follows
that (A — a, (®))®’ = 0. This shows that &’ lies in (W° ®, Rp)i’g, and concludes
the proof of the lemma. ([

Using Lemma 9, we may view <I>§ an element of (W ®, Rp)i’g .

5. Some commutative diagrams

In this section, we establish some commutative diagrams involving the operators
U, U ;,, and W, acting on the group cohomology of various spaces of p-adic
measures. In fact, these diagrams are so natural that they commute on the level
of cochains; this fact will be used heavily in the calculations of Section 7. Re-
call the group © defined in (3-4). We describe cohomology classes in terms of
homogeneous cochains relative to the complex of projective ©-modules

F,:=27[0"]. (5-1)
Thus, if G is a subgroup of ©, our group of M-valued r-cochains is
C" (G, M) :=Homg(F,, M). (5-2)

Coboundary maps d : C" (G, M) — C"*1(G, M) are defined by the usual formula

r+l1
dp(go, - grr1) =) _(=1)'¢(80, - &iv -+ 8r41)-
i=0
We write
Z"(G, M) =Ker(d : C"(G, M) — C"(G, M)),
B"(G, M) =Image(d : C""(G, M) — C" (G, M)),
and have
H'(G,M)=Z7"(G,M)/B" (G, M).
Defining

Xp =2, xZ} =w," Yoo, (5-3)
we obtain Atkin-Lehner maps as in (3-5) with M = M (X)) and M' = M(X)).
Proposition 10. The following diagrams commute:

C" (T, M(X))

y X (5-4)

C"(To, M (X)) o C"(To, M(Xo0)) — = C"(To, M(Xp))

p
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C (I, M(w,X))

prP pg(oo

C" (Lo, M(pXp)) ——= C"(Lo. M(pXp)) ——> C"(To, M (X))

l p

Here the maps p are the natural restriction maps.

Proof. Letp € Z"(I', M(X)). Let g € o *1 andleth bea locally analytic function
on X,,. In the following, we will write j, for the extension-by-zero of a function j
on X to a function on X. We compute:

(W, Up o, 9)() (h) = (Up px, ) (wpg) (hw; )
D (px®) 6 wpg) (hlw), ')

O<i<p-1

= Y 007 wpg)(hlw, ' 8))
0<i<p-—1

= D e hlw, 5015 wy)
0<i<p-—1

= Z (@) (1G4 pz,))
0<i<p-—1

= (px, ) (&) (h).

Essential in this calculation is that w;léi belongs to I' and that
w18 (Xoo) = yiw;, ' Xoo) = i (Xp) =77 (i 4 pZ)).
The commutativity of (5-5) follows from applying the operator W), to (5-4).  [J
Next, we will be interested in understanding the map
W,U, : H (T, M(X)) — H" (T, M(w,X))
with respect to the decomposition w,X = Xy, U pX,.

Proposition 11. The following diagram commutes:

(I, M(X)) C"(To, M (X))

w,U, l l U,

C (I, M(w,X)) " C"(To, M (X))

Xoo
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Proof. The result follows from the following commutative diagram and (3-9). Note
that the commutativity of the triangle on the right is given by that of (5-5).

C7 (T, M(X)) —2 > (T, M(X)) —% €7 (T, M(w,X))

&
PXoo PXoo p;JXp Cr (FOs M(XOO))

-
WI’ UI’

C" (T, M(Xox)) 5> €7 (T, M(Xoo)) = € (0. M (pX,) 0

Proposition 12. The following diagram commutes:

PXp

H'(I', M (X)) H' (To, M(Xp))

WpUpL l]’*

H" (T, M(w,X)) — H"(To, M(pX}))

P,,xp

Here the map py : H"(I'g, M (X)) — H"(I'g, M(pX})) is induced by p,h(x,y)=
h(px, py) for a locally analytic function h on pX,,.

Proof. The result follows from the following commutative diagram.

C7 (T, M(X)) —L > C (T, M(X)) —% C"(I”, M (w,X))
\

, \

P P Py C"(To, M(X,))

4{7*1

C"(To, M(Xoo)) > €7 (Fo, M(Xeo)) —~ C"(To, M(pX,))

) )

The commutativity of the diagonal map px, with the arrows that lie below it follows
from that of (5-4). The fact that W; = p, follows from the fact that wlz) € pI'g and
hence induces the same map on I'g-cohomology as multiplication by p. (]

6. p-arithmetic cohomology classes and Darmon $-invariants

Let
® = ker (ord, onrd : © — 7/27), (6-1)
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where nrd : B* — Q is the reduced norm map. Thus, ® is a normal subgroup
of © of index two and © /® is generated by the image of w,. By analyzing its
action on the Bruhat-Tits tree of PGL,(Q,), the group ® can be expressed as an
amalgamation (free product) ® = I s, I'" [Greenberg 2009]. Associated to such
an amalgamation and a ®-module M, there is a Mayer—Vietoris sequence

(resfi),res;:),)

s HN Ty, M) S HY(©, M) H' (T, M)® H' (I, M)

r r’
res —TIes
(resr, ro)

— S H'(To, M) = -+ . (62)

Recall that we defined X = P! (Q »). View Q,, as a subspace of PL(Q p) via the
inclusion z — (z : 1). Thus, (x : ¥) can be identified with the fraction x/y. Set
00 = (1:0). We view Z, C Q, as a subspace of X and set

Xo=X—-2),=wpZ,.

Our first goal in this section is to use (6-2) in order to construct a cohomol-
ogy class in H!(®, MO(X))* associated to g*. (Such a class is constructed in
[Greenberg 2009] using different methods.) The map

T:X—> X, Tx,y)=(x:y)

and the induced pushforward of measures 7, : M(X) — M(X) can be described
via the following isomorphism, a consequence of the fact that 7 is a Z ;-fibration:

M(X) = M(X)®; 1751 Zp. (6-3)

Here, Z,, is given the structure of a Z,[[Z]-algebra via the augmentation map
defined in (4-2). Recall that by Lemma 9, we may assume that the cohomo-
logical Hida family <I>fgIE associated to g¥ belongs to H!(I", M°(X)) ®z,1731 Ry.
For notational simplicity, we suppress the ®z,,[[z;1]Rp in the sequel and write
gt e HY(T', M°(X)); this does not affect any subsequent arguments in a substantive
way, though our measures now take values in E.

Proposition 13. There is a unique cohomology class (pg e H'(®, M°(X)) such
that
res? (pgt =TT, CD;),'E, resl(?, go;E =W Upcbjf.

Proof. The uniqueness follows from (6-2) as H 0Ty, M°(X)) = 0. We must show
the existence of (pgi. To this end, let

g =m®; € HI(T, M (X)), ¢ =m.W,U,®; € H' (', M°(X)).

From (6-2), we must show that resll:0 (,ogjE = res]l:0 <,0g,jE in H' (g, M°(X)). Since the
kernel of H' (g, M°(X)) — H'(I'o, M (X)) is Eisenstein, it suffices to prove this
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equality after viewing go;[ and <p;,i as taking values in M (X). Let

pz,: H'(I, M(X)) - H'(To, M(Z,))
Pk, H' (I, M(X)) > H'(To, M(Z,))
px i H' (T, M(X)) > H'(To, M(Xo0))
Py, H' (I, M(X)) — H'(To, M(Xo0))

be the maps induced by the inclusions Z, < X and X, < X and restriction of
groups to I'g. From the decomposition

H'(To, M(X)) = H'(To, M(Z,)) ® H'(To, M(X)),
we must show that /ozp(pgjE = ,ozp(pé,i and ,oxocgogjE = p%oogog,i. By Propositions 11

and 12, the following diagrams commute:

H'(T, M(X)) H'(T, M(X)) —=% H'(To, M(Xo))

07, ,
W,U, W,U, U2

HY\(I', M(X) o H'(To, M(Z,)) H'(I', M(X)) - H'(To, M(Xo0))
Zp Xoo

The diagram on the left proves pz, (p;,t =z, (pg,i, one of the desired identities. The

one on the right says py_¢/= = U} px.,¢5. By (6-3),

Urox. 9y = €@p(®))’px. 07 = Px 9y -
completing the proof. U

For each choice of £ € P! (E), we define an integration map
ke H (©, M°(X)) - H(©, E)

as follows: Let C(X) denote the space of continuous E-valued functions on X.
Choose a base-point T € ¥,(E) = P!(E) — P! (Q,) and define

9. €C'(O,C(X)/E)

by
logy (1517 e £,
gy Z—got
€,7(80, 81) = B
ord, ((E1T) i £ = oc.
Z—80T
It is easy to see that d§¢ ; = 0 and that the cohomology class represented by &« ,
does not depend on 7.
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Let G be any subgroup of O, let ¢ € C"(G, M°(X)), and consider the cup
product
§4:Up € C"H(G, (C(X)/E) @ M°(X).

The ®-invariant integration pairing (C(X)/E) Qg MO(X) — E induces a map
1:C"YG, (C(X)/E) @ M°(X)) - C"T(G, E).

Set kg, (9) = 1(§x,: Up) € C"T(G, E), ie.,

ke, (©)(&0s - - s &rt1) = / 10g$(z_g”><p(g1, cees &rt1)- (6-4)
X Z—80T

One may compute directly that
dkg,:(¢) = kg, (dp). (6-5)
Therefore, the correspondence ¢ — k¢ . (¢) induces a map
ke : H' (G, M°(X)) — H™"(G, E),
which, as our notation suggests, does not depend on the choice of 7. Define
H'(To, E) ponew := H' (T, E) / Image (H'(T', E) ® H'(I', E) — H'(T'y, E)),

and let
8:H'(To, E) pnew < H*(®, E) (6-6)

be the injective map induced by the connecting homomorphism in the Mayer—
Vietoris sequence (6-2).

Proposition 14. The cohomology class (p;;t defined in Proposition 13 satisfies the
following:

(1) The identity koo (9y) = 5(g*) holds in H*(©, E).
(2) There is a unique ¥ € E, denoted —$P(g¥), such that Kgg(go;,t) =0.

Proof. The first statement is argued in the proof of [Greenberg 2009, Lemma 32].
By [ibid., Lemmas 32 and 33], the eigenspace of H(®, E)* on which the Hecke
operators away from p act via the eigenvalues of g is 1-dimensional and is spanned
by Koo((pg,t) = §(gT), where 8 is as in (6-6). The class 8(g¥) is nonzero as g% is a
nonzero p-new form and § is injective on such classes. Since the map «g (the one
corresponding to &£ = 0) is Hecke-equivariant, there is a unique constant £P(g%) e
E such that ko(p;) = £P(g5)keo(gy). But the identity logy = logy+%ord,
implies that k¢ = ko + LKoo, and the second statement of the proposition follows
with £ = —$P(g%). O

Definition 15. The quantity £P(g7) is called the Darmon $-invariant of g*.
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7. Equality of the Greenberg—Stevens and Darmon Z-invariants

Let £ € E. The goal of this section is to prove the following:

Theorem 16. We have
ke (@) = (£9(8) + D)3 (g™)
in H>(©, E). Therefore, P (gF) = £95(g).

Since the Riemann surfaces '\ 9 and I'"\% are compact if and only if N~ # 1,
we have
E ifN™#1,

2 ~
oI, E) = {{0} ifN"=1.

In either case, this space is Eisenstein for the Hecke operators. Since the restriction
maps are Hecke-equivariant, resl@ K (gog,t) =0and resl@, K (gog,t) =0.

Fix a base point T € % ,(E) and a representative ¢ € c'(®, M°(X)) for the
cohomology class go;t e H'(©, M°(X)). Let y € C!(T", E) and ¥’ € C'(I"", E)
be 1-cochains such that dy = k¢ . (¢)|r and dy' = k¢ (¢)|r7. Then ¥ — ' is a
I-cocycle on 'y = "' NI and, tracing through the construction of the connecting
homomorphism in the long exact sequence in cohomology associated to (6-6), one
finds that

Sy —¥'D) = ke (@) (7-1)

in H*(®, E). Through a general cohomological calculation, we will find explicit
formulas for ¢ and v’ and show that

[y — '] = (%) + g™ (7-2)

Equations (7-1) and (7-2) prove Theorem 16.
Let o € C'(®, M°(X)) be a cocycle representing the class (pg,t. Let

®=d; € H'(I', M(X))

denote the Hida family defined in (4-6) that lifts res?[(p] with respect to the push-
forward map 7, : M°(X) - M°(X). Let ¢y € C'(I', M°(X)) be a cocycle repre-
senting ®. Then there exists a cochain m € Z%(I", M°(X)) such that 77,0y = ¢ +dm.
Since Fy = Z[(:j] is ®-projective and thus I"-projective, we may lift m to a cochain
m e CO, M°(X)). Setting § = o — dm € C'(I", M°(X)), we obtain a cocycle

representing @ that satisfies

T = . (7-3)
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Forany o € C"(T", M°(X)) and o’ € C"(I"", M°(w, X)), define A4 (0') € C" (T, E)
and A%, (c”) € C"(I"', E) by the formulas

A (o) (8o, gl,---,gr)=Alog$(x—(gor)y)o(go,gl,---,gr)(x,y), (7-4)

ry(0) (g0, 81, - -+, &) = / logg(x — (g07)y) 0'(80, &1+ - - -+ &) (X, ¥).

pX

These maps are I' and I''-invariant, respectively, because the values of o and o’
have total measure zero.

Lemma 17. Forany o € C"(I', M°(X)) and o' € C" (I, M®(w,X)), we have
drg(0) = kg (o) +Ag(do), diy(0") = kg (m0") + Ay (do’).
Proof. Letting h = (go, ..., gr+1) and h; = (go, ..., i, ..., &), we have
dr(o)(h) = / logy(x — (g17)y)o (ho)(x, y)
X

r+1

+Z<—1>" /X logs (x — (g0T) )0 (hi) (x, y)

x (g10)y B
(3= T)y>o*( 0, ) + f logy (x — (207)y) do () (x. )

f Z g‘ N*U(ho)(Z)Jr)»se(dG)(h)

=K (n*d)(h) + ?»se(da)(h)
as desired. The second equality is proved in a similar manner. U
Lemma 17 implies that if we define
¥ =22(@) e C' (I E), (7-5)
then dyr = k¢ (¢). Similarly, define
Y =M (W,U,¢) e CI(T, E). (7-6)
Then
Ay’ = kg (W WyU,0) +dNyp(dW,U , @)
= kg (WpUp) +0
=kg(9),
where the last equality is justified by the following lemma:

Lemma 18. We have the identity of ®-cochains W,U ,¢ = ¢.
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Proof. Consider the diagram

(T, M(X))

/\

C"(To, M(Xo0)) —— C"(To, M(Xoo)) —— C"(To, M(Z)))

pxoo\j pxoo\j jplp

Cc (T, M(X)) Cc (T, M(X)) C' (I, M(X))

p

The maps px,, and pz, are isomorphisms by Shapiro’s lemma. The bottom squares
of the diagram commute by definition and the upper triangle commutes as it is the
pushforward via . in (5-4). The lemma follows. O

Having found explicit formulas for ¥ and v in (7-5) and (7-6), respectively,
we now turn towards proving (7-2). Recall that ® = [¢] is a U ,-eigenvector with
eigenvalue a,(®) satisfying €(a,(P)) = £1. We defined

FB (@) = de (1 — a,(9)%).
Proposition 19. The class of the cocycle y — ' in H' (T, E) is equal to
(£P(@) +D)pily]

where p, : HY(®, M°(X)) — H'(Ty, M(Xs)) — H' (Do, E) is the composition
of the canonical restriction map px, with the total measure on X, map (as in

(4-3)).

Proof. We use the decompositions X = X, UX,, and w,X = X L pX, to study
the integrals defining v and ¢ (see (4-1) and (5-3)). Writing & = (go, g1), we
find:

W —¥")(h) =/ logg (x — (g0T)y)@(h) +/ logy (x — (80T)y)@(h)

Xoo Xp

—/ logy (x — (80T) Y)W, Upg(h)

Xoo

—/Xloggg(x — (goOVIW,Upe(h).  (T-7)
PAp

Propositions 11 and 12 allow us to rewrite these last two integrals as

f logy (x — (00)Y) WU, (h) = / logy (x — (g00)WUZP()  (1-8)

00 00
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and

/ logy (x — (20T)y) W, U, 3 (h)
p

P

=fxloggg(x—(gof)y)p*<3(h)=/X10ggg(px—(gor)py)$(h)
PXp 4

= /Xploggg(x — (80T @(h) + Lo (h) (Xp). (7-9)
Combining (7-7), (7-8), and (7-9), we obtain

W =y (h) = /X logy(x — (g0)Y)(1 = UpG(h) — LF(h)(X,).  (7-10)

We now view ¢ as an element of Z"(I'g, M°(Xs)) and calculate the class in

H" Ty, E) represented by the right side of (7-10). We have that
P)(Xp) = (M) (Zy) = —p(h) (X0,

and hence represents the class —p.[¢] in H (I'g, E). Therefore the last term in
(7-10) represents the class Lp.[¢].

It remains to prove that the first term in (7-10) represents the class F55(@) psl ]
in H'(Ty, E). Since (1 —U)® = a® with @ = 1 —a,(®)?, we may write

(1-U)NG=ag+dv (7-11)
for some v € C%(Ty, M (Xs)). Pushing forward via 7., we obtain
(1=Upg =0+ m(dv).

Since the term on the left is zero, we obtain dm,(v) = 0. Thus m,v represents a
class in H%(T'y, M (X0)).

Lemma 20. The cohomology group H°(Ty, M (X)) is zero.

Proof. It is easy to see that
Jp ={g € GL2(Z,) : g is upper-triangular modulo p}

acts transitively on the set of balls in X, of radius p™" for any n > 1. Since I'y is
p-adically dense in J,, I'g acts transitively on this set as well. It follows that if
is a I'g-invariant measure on X oo, then u(B) = p "+ 11(X ) for all compact-open
balls B C X of radius p~". Since the values of p are assumed to be p-adically
bounded, it follows that ;& = 0. O

By the lemma, we conclude that m,v is a coboundary. Arguing above as in the
definition of the cocycle ¢ satisfying (7-3), we may alter v by a coboundary to
assume that w,v = 0.
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We may now calculate the cohomology class represented by (7-10). Substituting
(7-11) into (7-10), the term from «@ yields

/X logg (x — (goT)y)a@(h). (7-12)

By Proposition 21 below, the expression in (7-12) represents the class £95 () ps[¢]
in H'(Ty, E). It remains to prove that the term arising from dv is trivial in coho-
mology, i.e., that

h— / logy (x — (go7)y)dv(h) (7-13)
Xoo
is a coboundary. Note that the right side of (7-13) is equal to

/ logy (x)dv(h) —I—/ loge (1 — (goT)/2)mWdVv(h). (7-14)
Xoo X

00

The last term of (7-14) is zero since m.dv = 0. The first term of (7-14) is equal to
the coboundary of the 0-cochain given by

go'—>/>; log,(x)v(go). (7-15)

We leave to the reader the exercise of using the equation m,v = 0 to show that the
0-cochain in (7-15) is ['g-invariant. This proves that (7-13) is a coboundary and
completes the proof of the proposition. U

The following proposition, applied with « = 1 — ap(d>)2, was used above to
extract the invariant £95(®) from the cohomology class [®].

Proposition 21. Leto € Z" (I'y, M (X)), let « € I. C A and define

n(go,---,gr)=/ logy(x — (goT)y)@o (8o, - - -, &r)-

00

Thenn € Z"(I'y, E) and represents the class
[n] =de(@)pslo] € H (Do, E).

Proof. Since o € I, we have m,(a¢o) = 0; in particular, ¢o has total measure 0.
It follows from this fact and a routine calculation that 7 is a cochain. That 7 is a
cocycle follows from the equations d(0o) = a do =0.
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To evaluate the class [n] € H (I'g, E), we consider « of the form [£] — 1 for
tel+ pZ, Writing h = (go, ..., &), we have

n(h) =/ logg (x — (go7) y)([£lo — o) (h)

Xoo

= /X (logg (£x — (goT)€y) —logy (x — (g0T)y))o (h)

=/ logg (£)o (h) =1og(l) - 0 (h)(Xeo) = de([£] — 1) pxo (h).

00

This proves the result for « = [£] — 1, and hence gives the result for general o € I,
as the ideal I, is generated over A by such elements. ]

This concludes the proof of Proposition 19, and since ,o*(p;,t = gi, we deduce
(7-2) and hence Theorem 16. Combining with Theorem 8, we also complete the
proof of Theorem 2.

8. Multiplicative integrals and period lattices

In this section, we suppose that the Hecke eigenvalues of g belong to Z. In this
case, it is shown in [Greenberg 2009, §8] that we may take

9 € H'(©, M (X, 2))%*.

That is, we may find an element (,02,t e HY(©, M°(X, 7))®* whose image in
H'(®, M°(X, E)) is a basis for H'(®, M°(X, E))®*. Using this integral co-
homology class, we may define multiplicative versions of many of the objects
considered in previous sections.

Following Darmon [2001], we consider the multiplicative integration pairing

C(X)*/E* x M°(X,Z) — E*, (f,,u)r—>7[f,u 8-1)
X
defined by
— I wu)y.
]{(fﬂ ||mllniolglf(zl])

Here, U is a finite cover of X by compact open sets and zy is an arbitrary point of
U. The limit is taken over uniformly finer covers U. It is clear that

loge ffu:/logi(f)u for any £.

The pairing (8-1) is easily seen to be GL,(Q,)-equivariant and thus induces a
corresponding pairing

(«, )V H(®,C(X)/EX)x H'(®, M’ (X, 7)) - E*. (8-2)
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Let A =Div %, and let A% =Div? ¥ . From the long exact sequence associated
to the short exact sequence of GL,(Q),)- modules 0— A% A— Z— 0, we extract
a connecting homomorphism 3 : H»(®, Z) — H;(®, A%. Let j: A’ - C(X)*/E*
be the map sending a divisor D to a rational function on X with divisor D. (Note
that such a function is only well-defined up to multiplication by a nonzero scalar.)
The map j being GL,(Q),)-equivariant, it induces a corresponding map

je  Hi(©, A% - H(®, C(X)*/EX).

We may also define multiplicative refinements of the cocycles x¢ . (¢) as fol-
lows. Let T € %, let 9 € C"(®, M°(X, Z)), and define «.(¢) € C"T1(®, EX) by
the rule

—oT
ke () (805 -+ s &rg1) = 7[ (Z 51 )fﬂ(gls o 8r1) €ETL
x \Z— 80T

As with k¢ ;, the homomorphism «; induces a map
k:H (©,M°(X,72)) - H (O, EX)

that does not depend on .
By the universal coefficients theorem, there is a natural surjective map

H™(®, E*) — Hom(H,11(0,2), EX).
Lemma 22. The image oflc(<pg ) in Hom(H,(®, Z), E*) is given by
£ > (—judE, oF) %
Proof. Suppose

E=) 1@ di.6) € 22(0,7) =7 Qe 2|O’]
i
is a 2-cycle on ® with values in Z. Tracing through the construction of the con-
necting homomorphism, one computes that d[£] is represented by the cycle

Y T =81 ® Gi €).

Therefore,

(j0E, 97)" Hf(z_ ) 2 (i)

By the definition of the map in the universal coefficients theorem, the image of
K(go ) in Hom(H,(®, Z), E*) sends & to

ch«p )(yl,a,,ez)—l'[f = ‘Sy’ 0EG; €).
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The result follows. (Il

In view of Lemma 22, we set
Ly = (j0H:(©,2), 97)" = (Ha(©, ), k(g )) C E*.
Proposition 23 [Greenberg 2009, Proposition 30]. L;'E is a lattice in E*.

Therefore, there is a unique & € E such that logg(Lfgt) = 0. We define the ¥-
invariant of the lattice LT, denoted £ (Lfgt), to be the negative of this constant .

Proposition 24. The $-invariant of the lattice L is equal to £° (7).

Proof. By the universal coefficients theorem,

logy(Ly) =logy(Hx(®, 2), k(¢;))
= (Hy(0,Z), ky(¢y))

is equal to O if and only if Kgg((p;t) = 0. By definition, this occurs if and only if
£ =—-%P (7). O

Corollary 25 [Greenberg 2009, Conjecture 2]. Let g be the Tate period of the
elliptic curve €/Q associated to f. Then

L(Ly) =1log,(q)/ ord,(q).

Proof. By Proposition 23 and Theorem 2, £(LY) = £P(¢F) = £95(f). By the
Galois-theoretic portion of the proof of the Greenberg—Stevens theorem [Greenberg
and Stevens 1993, Theorem 3.18], we have £95(f) =log ,(¢)/ ord(g). O

In [Greenberg 2009], a construction was given for local Stark—Heegner points
on EX/ L;,t. We conjectured that the elliptic curve E*/ L:gIE is isogenous to €/ E,
yielding a construction of local points on €. Corollary 25 proves this conjecture
and makes the construction unconditional. In the following section, we apply the
above techniques further to obtain a formula for the formal group logarithms of
these Stark—Heegner points in terms of Hida families.

9. Abel-Jacobi maps and Stark-Heegner points

In this section we recall the definition of Stark—Heegner points and give a for-
mula for the formal group logarithms of these points in terms of Hida families.
This formula will be used in [Greenberg and Shahabi > 2012] to prove partial
results towards the rationality of the Stark—Heegner points following the methods
of [Bertolini and Darmon 2009].

Let 3, o+ denote the unramified p-adic upper half-plane:

Hpur =PHC,) —r H(P(F))) C %),
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where r : P1(C,) — P!(F,) is the reduction map. The action of GL»(Z,) on %,
preserves ¥, ur. We set Ay = Div ¥,y and Agr = Div’ Hpu It 71,10 € H)p 4t
z € X and (x, y) € X, then the quantities
7—T
logg(Z_T,>, loge(x — y7)

do not depend on & because the arguments are p-adic units. For this reason, we
do not specify a branch of the p-adic logarithm and simply write log. The natural
GL,(Q,)-equivariant pairing

(-,-):M°(X)x C(X)/E — C,
induces a pairing
(-,-): HY(T, M°(X)) x H\(T', C(X)/E) — C,. (9-1)

Define j : A — C(X)/E by

j{m) = (nhE) = 1og(ﬂ).

Z—T

Since it is I'-equivariant, j induces a homomorphism
Jut Hi (T, AS) — H\(I', C(X)/E).
We define one more pairing
(-,-): H'(T, M°(X)) x H|(T, AY) — C,

Let T be the Hecke generated by the operators away from p, that is, the

operators Ty for £1 pN, Uy for £ | N*, and the involutions W, for £ | N~ (see §3).
There is a natural action of T”) on H;(I', AY) described by double cosets such
that, endowing Hom(H (T, Agr), E) with the corresponding dual action, the map

A:HY (I, M°(X)) — Hom(H (T, AY), E),
> (> (p.8)

induced by the pairing (9-1) is T(”)-equivariant. For g as in the previous sections,
define

Ay = A(Resy ¢p).

We have Ay € Hom(H,(T, AY)), E)®*, where Hom(H, (T, A)), E)$~ is the
eigenspace on which T(”) acts via the Hecke eigenvalues of g and Wy, acts as
+1.
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Proposition 26. There is a unique homomorphism AJ;,t e Hom(H; (T, A,,), E)%*
such that the diagram

Hy (', A%) Hi (T, Ayr)
A %
E

commutes, where the horizontal map is induced by the inclusion Ag, > Ay

The proof of Proposition 26 is given in [Greenberg 2009, §10] and is very similar
to the first half of the proof of Lemma 9.

Remark 27. We have chosen the notation AJZ,E for this map because it formally
resembles an Abel-Jacobi map.

Define J : Ayy — CX)/E by J({t}(x,y) = log(x — yt). Since it is '~
equivariant, J induces a homomorphism J, : H(I', A) - H{(I', C(X)/E). The
natural ['-equivariant pairing M°(X) x C(X)/E — E induces a corresponding
pairing H'(I", M°(X)) x H;(TI', C(X)/E) — E.

Corollary 28. The map AJ : Hy(T', A,) — E is given by Al (§) = (PF, J.£).

Proof. 1t is easy to see that the element ij of Hom(H (", Ay), E) defined by
& (¢;t, J«&) belongs to the (g, )-eigenspace. Since JT*CI)gi = Resl@ <p2,t, the
diagram

Hy(T, A%) —— 2~ H/(T', C(X)/E)

W’»

T’ E

H\(', C(X)/E)

Hl (Fs Alll‘)

*

commutes, implying that

H (T, A)) Hi (T, Aur)

+ ~+
Ag AT,

commutes as well. Therefore, by Proposition 26, AJ;,E = ij,[ U
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Let K be a real quadratic field and let 0 C K be an order such that disc O is
relatively prime to N and p. There is an embedding

v:K—>B

such that ¢ (0) = ¥(K) N R. For details regarding this point, see [Vignéras 1980,
chapitre ITI, 5C]. Suppose further that p is inert in K. Then ¥ (K ) acts on P!(E)
via ¢, with two fixed points 7y and Ty in ¥, ., conjugate under the action of
Gal(K,/Q)). Let € be a generator of the unit group of 0. Then since ¥ (€)ty, =1y,
we have

{ty}® (1, ¥ (€)) € Z1(T', Aup).

Let Cy be the corresponding class in Hi(I', Ay;). The brackets around v indicate
that Cy depends only on the I"-conjugacy class of the embedding . Assuming
that the Hecke eigenvalues of g lie in Z, we may associate an elliptic curve €/Q
to g by the Eichler—Shimura construction. Let log,, be the logarithm of the formal
group law on € associated to the differential dg/q on E*/g”. Note that log,
factorizes as

€(E) —> E*/q* — E,

where the left arrow is the inverse of the Tate uniformization of € and the right
arrow is log, with

log ,(q)

oGS, N oD/ E\ _ MTT, \ _
—E=F7@) =L (p,) =% (g)_ordp(q)'

The points
AJS (Cyy) € E =log,, €(E)

are called Stark—Heegner points on €. We conjecture in [Greenberg 2009, §10]
that the locally defined points AJgi(CW,]) in fact belong to log, (€(Hg)), where Hg
is the ring class field of K associated to the order O. By the results of this section,
we have the following formula for AJ:gt(C (y1) in terms of the Hida family CD;,'E:

Corollary 29. A3 (Cryp) = (PF, L.Cry).

In [Greenberg and Shahabi > 2012], we apply this formula with the methods of
[Bertolini and Darmon 2009] to prove partial results towards the rationality of the
Stark—Heegner points AJZ,t (Cry1) over Hg.
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On the weak Lefschetz property for powers
of linear forms

Juan C. Migliore, Rosa M. Mir6-Roig and Uwe Nagel

Ideals generated by prescribed powers of linear forms have attracted a great deal
of attention recently. In this paper we study properties that hold when the linear
forms are general, in a sense that we make precise. Analogously, one could study
so-called “general forms” of the same prescribed degrees. One goal of this paper
is to highlight how the differences between these two settings are related to the
weak Lefschetz property (WLP) and the strong Lefschetz property (SLP). Our
main focus is the case of powers of r + 1 general linear forms in r variables.
For four variables, our results allow the exponents to all be different, and we
determine when the WLP holds and when it does not in a broad range of cases.
For five variables, we solve this problem in the case where all the exponents are
equal (uniform powers), and in the case where one is allowed to be greater than
the others. For evenly many variables (> 6) we solve the case of uniform powers,
and in particular we prove half of a recent conjecture by Harbourne, Schenck
and Seceleanu by showing that for evenly many variables, an ideal generated
by d-th powers of r 4 1 general linear forms fails the WLP if and only if d > 1.
For uniform powers of an odd number of variables, we also give a result for
seven variables, missing only the case d = 3. Our approach in this paper is via
the connection (thanks to Macaulay duality) to fat point ideals, together with a
reduction to a smaller projective space, and the use of Cremona transformations.
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1. Introduction

Ideals generated by powers of linear forms have attracted a great deal of attention
recently. For example, their Hilbert functions have been the focus of the papers
[Ardila and Postnikov 2010; Sturmfels and Xu 2010; Harbourne et al. 2011], among
others. In this paper we obtain further results in this direction, and relate them to
the presence or failure of the weak Lefschetz property, which we now recall.

Let A= R/I be a standard graded artinian algebra, where R = k[x, ..., x,] and
k is a field. If £ is a linear form, then multiplication by £ induces a homomorphism
from any component [A]; to the next. Such linear forms are parametrized by [R];.
A natural question is whether there is a Zariski-open subset U of [R]; such that
if £ corresponds to any point of U, then for each i, multiplication by £ induces a
homomorphism of maximal rank. When this property holds, the algebra is said to
have the weak Lefschetz property (WLP), and we say that multiplication by a general
linear form has maximal rank from each degree to the next. One would naively
expect this property to hold, and so it is interesting to find classes of algebras where
it fails and to understand what is it about the algebra that prevents this property
from holding. There has been a long series of papers by many authors studying
different aspects of this problem. Even the characteristic of k plays an interesting
role; see for instance [Migliore et al. 2011; Li and Zanello 2010; Brenner and Kaid
2011; Cook and Nagel 2009; 2011].

The first result in this direction is due to R. Stanley [1980], J. Watanabe [1987],
and L. Reid, L. Roberts and M. Roitman [Reid et al. 1991], who showed that, in
characteristic 0, the WLP holds for an artinian complete intersection generated by
powers of variables. In fact, they showed that there is a Zariski-open subset U of
[R]; such that if £ corresponds to a point of U, then for each i, multiplication by
any power ¢4 induces a homomorphism of maximal rank from [A]; to [A];+4; that
is, the strong Lefschetz property (SLP) holds. Since both the WLP and the SLP
are preserved after a change of variables, their result shows that both properties
hold for any complete intersection whose generators are powers of linear forms. By
semicontinuity, it holds for a complete intersection whose generators (of arbitrary
degree) are chosen generically.

There are (at least) three natural directions suggested by this theorem. First,
we can ask whether the WLP holds for arbitrary complete intersections. It was
shown by T. Harima, J. Watanabe and the first and third authors in [Harima et al.
2003] that in two variables, all artinian algebras have the WLP. In the same paper,
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it was shown that it also holds for arbitrary artinian complete intersections in three
variables. It remains open whether it also holds for arbitrary complete intersections
in arbitrarily many variables.

Second, a natural question arising from the theorem of [Stanley 1980; Watanabe
1987; Reid et al. 1991] is to ask for which monomial ideals does the WLP hold or
not hold. F. Zanello [2006] and H. Brenner and A. Kaid [2007] gave very simple
examples to show that even level monomial ideals need not have this property, and
the latter gave an example that was even an almost complete intersection (the ideal
was in a ring with three variables and had four minimal generators). This latter
fact gave a negative answer to a question in [Migliore and Mir6-Roig 2003]. In
[Migliore et al. 2011], we gave a much more extensive study of monomial almost
complete intersections and when they fail to have the WLP. This work was extended
in [Cook and Nagel 2009; 2011]. In [Boij et al. 2012], we showed that the only other
situation where level monomial ideals have to have the WLP is 3 variables, type 2.

A third interesting problem suggested by the result of [Stanley 1980; Watanabe
1987; Reid et al. 1991] is to ask when the WLP holds for powers of > r + 1
linear forms, since up to a change of variables their result says that any complete
intersection of powers of linear forms has the WLP. In [Migliore et al. 2011], we
showed by example that in four variables, for d = 3, ..., 12, an ideal generated by
the d-th powers of five general linear forms does not have the WLP. On the other
hand, H. Schenck and A. Seceleanu [2010] then gave the surprising result that in
three variables, any ideal generated by powers of linear forms has the WLP. (We
give a new proof of this result in Section 2.) In contrast, Harbourne, Schenck and
Seceleanu [Harbourne et al. 2011] have recently shown the following: Let

I=(0,.... ) Cklxi, ..., x4]

with ¢; general linear forms. If n € {5, 6, 7, 8} then the WLP fails, respectively, for
t > {3,27, 140, 704}.

A famous conjecture of Froberg [1985] gives the expected Hilbert function for
an ideal of s general forms of prescribed degrees dj, . .., dy. The result of [Stanley
1980; Watanabe 1987; Reid et al. 1991] shows that when s = r + 1, the same Hilbert
function is obtained by the same powers dy, . . ., d,+ of general linear forms. Many
authors have studied the question of when an ideal of powers of general linear
forms has the Hilbert function predicted by Froberg, and it is known that often it
fails even when s = r + 2; see for instance [Iarrobino 1997]. It is also known (and
strongly used in this paper) that there is a strong connection between the Hilbert
function of powers of general linear forms and the Hilbert function of a related
set of fat points in projective space. The connections between these topics, and a
geometric study of the Hilbert function of a set of fat points via Bézout methods,
can be found in [Iarrobino 1997] and in [2005; Chandler 2007].
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In this paper, we study the WLP for quotients k[x1, ..., x,]/I where I is an
almost complete intersection ideal generated by powers of general linear forms.
By the main result of [Schenck and Seceleanu 2010], the first interesting case is
r =4, and by the result of [Stanley 1980; Watanabe 1987; Reid et al. 1991], the first
interesting situation is that of » 4+ 1 forms. This is the focus of this paper. As a main
tool, we first use the inverse system dictionary to relate an ideal I C k[xy, ..., x;]
generated by powers of linear forms to an ideal of fat points in P"~!, and then we
show that the WLP problem of an ideal generated by powers of linear forms is
closely connected to the geometry of the linear system of hypersurfaces in P’ =2 of
fixed degree with preassigned multiple points.

Let us briefly explain how this paper is organized. In Section 2 we give the
connection between the WLP problem and Froberg’s conjecture. As a consequence,
the results of this paper (about the failure of WLP for explicit ideals generated by
r + 1 powers of general linear forms in r variables) can be interpreted as explicit
results about when an ideal generated by r 4+ 1 powers of general linear forms in
r — 1 variables fails to have the Hilbert function predicted by Froberg.

We begin Section 3 by explaining the tools that are applied throughout the
paper. First, we recall a result of Emsalem and larrobino [1995] which gives a
duality between powers of linear forms and ideals of fat points in P"~!. Then, we
reduce our WLP problem to one of computing the Hilbert function of n general fat
points in P"~2 or, equivalently, to computing the dimension of the linear system
of hypersurfaces in P"~2 of degree d having some points of fixed multiplicity.
Moreover, using Cremona transformations, one can relate two different linear
systems to reduce the problem; see [Laface and Ugaglia 2006] or [Dumnicki 2009,
Theorem 3].

In Section 4, we consider the case of 4 variables and we give a fairly complete
answer about the failure of the WLP for

where the L; are general linear forms and 2 < a; < aj < a3 <a4 <as. In Section 5,
we deal with 5 variables and we completely determine when an ideal generated
by uniform or almost uniform powers of six linear forms fails the WLP. We add
some examples to illustrate that our methods extend beyond the mentioned results.
The main result of Section 6 is Theorem 6.1, where we give a complete answer
to the uniform case when the number of variables is even; in particular, we solve
[Harbourne et al. 2011, Conjecture 5.5.2] when the number of variables is even.
The case of an odd number of variables is left as an open conjecture and we present
some evidence for this conjecture, including a proof for the case of seven variables.

Finally, it is worthwhile to point out that the approach used in this work can
be applied to many other situations, in particular when the generators do not all
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have the same degree, but the calculations quickly become overwhelming. The key
steps of our approach involve identifying the consecutive degrees where the WLP
fails, determining the appropriate inequality (or equality) in the dimensions, and
then after making the translation to fat points, showing that the dimension of the
corresponding linear system has the predicted failure. As we will see, all of these
steps become very intricate.

2. Lefschetz properties and Froberg’s conjecture

This section discusses briefly the relations between Froberg’s conjecture and the
Lefschetz properties. For all references to Froberg’s work, see [Froberg 1985].

Let R = k[x1,..., x,] be a polynomial ring over a field £ with its standard
grading. Assume that k is infinite. Denote by % 4 the Hilbert function

ha(t) = dim[A];

of a standard graded k-algebra A. Fix a positive integer s, and fix positive integers
di, ..., ds. Consider the product P = [R]y, X --- X [R]y,, with its Zariski topology.
Froberg’s idea is that there should be a dense open subset U of P such that for all
points (Fy, ..., Fy) of U, the coordinate rings of the ideals (Fi, ..., F;) should
have the same Hilbert function, which was precisely described by Froberg; we
call this the expected Hilbert function for the given values of s,d;,...,ds;. (In
particular, U will avoid any instances where F; = F;.) Throughout this paper, when
we say that an ideal of general forms has some property (%), either the values of
s,dq, ..., ds; will be understood from the context, or the statement will be valid
for any choices of s, d, ..., d;, and we will mean that there is a Zariski-open
subset U as above whose points correspond to generators of an ideal satisfying ().
Beginning in the next section, usually we will have s =r 4 1.

Froberg’s conjecture is equivalent to the following structural statement: If / C R
is an ideal generated by s general forms of degrees dj, ..., d, and f € R is another
general form of degree d, then the multiplication map

X fi[R/1)i—a — [R/I];

has maximal rank for every integer i; that is, it is injective or surjective. This
conjecture is known if the number of variables is at most three, due to Anick [1986],
and open if the number of variables is greater.

Recall that an artinian graded algebra A = R/I has the weak Lefschetz property
(WLP) if there is a linear form ¢ such that the multiplication x ¢ :[A];_; — [A]; has
maximal rank for each integer i. Furthermore, A has the strong Lefschetz property
(SLP) if for each integer d > 1 the multiplication

x4 [A)i_q — [Al;
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has maximal rank for each i. It is known that the WLP does not imply the SLP.

Froberg’s conjecture implies, in particular, that all ideals generated by general
forms have the WLP. In fact, these concepts are even more closely related, as the
following result and its corollaries show.

Proposition 2.1. (a) If Froberg’s conjecture is true for all ideals generated by
general forms in r variables, then all ideals generated by general forms in
r + 1 variables have the WLP.

(b) Let R = k[x1,...,xr41], £ € R be a general linear form, and S = R/{{) =
klxi, ..., x,]. Fix positive integers s,dy, ...,dsy1. Let L1, Ly, ..., Ly+1 € R
be linear forms. Denote by ~ the restriction from R to S = R/({). Make the
following assumptions:

(i) The ideal I = (L', ..., L) has the WLP

(ii) The multiplication xl_,ff:ll Y I] j—dy—> [S/ 1] j has maximal rank.

Then R/(L{', ..., L“}!) has the WLP.

Proof. As pointed out in the paragraph preceding [Migliore and Mir6-Roig 2003,
Proposition 4.3], the proof of [ibid., Proposition 4.3] implies Claim (a). Essentially,
it also proves Claim (b). For the reader’s convenience, we give the proof of (b) here.

Let A=R/I. Let f = L?j:ll. We have to show that A/fA = R/(I, f) has the
WLP. To this end, for simplicity let d =d; | and consider the following commutative
diagram with exact rows and columns,

[Alj—a-1 — [Alj-1 —— [A/fA]lj-1 —— O

o B 4

b d hd hd

[Alj-a —— [Al; —— [A/fAl; —— 0

g hd L d

[A/ELA];—a 7 [A/LA]; —— [A/(f.DA]; —— O

b d hd L d

0 0 0,

where «, 8, y are multiplications by £ and p, ¥, ¢ are multiplications by f.

By (i), @ and 8 have maximal rank. We have to show that the same is true for y.
If B is surjective, then so is y. Thus, assume that g is injective. Since the algebras
in the bottom row are quotients of R = R/£R by ideals generated by powers of
general linear forms in R, the assumption implies that also ¢ has maximal rank.
If ¢ is surjective, then so is y, and we are done. If ¢ is injective, then a routine
diagram chase shows that y is injective as well, which completes the argument. [
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The last result provides a new short proof of the main result of [Schenck and
Seceleanu 2010].

Corollary 2.2 [Schenck and Seceleanu 2010]. If k has characteristic zero, then
every ideal generated by powers of linear forms in 3 variables has the WLP.

Proof. Let J C R = k[x, y] be an ideal generated by powers of linear forms in two
variables. By [Harima et al. 2003, Proposition 4.4], every ideal in two variables
over a field of characteristic zero has the SLP. Hence, if £ in R is a general linear
form, then multiplication by any power of ¢, say £¢, on R/J has maximal rank.
However, since the statement is about ideals generated by powers of arbitrary linear
forms, we need to show that the multiplication still has maximal rank whenever ¢
is not one of the linear forms whose powers generate J. To this end, it is enough
to argue that the Hilbert function of the cokernel of multiplication by £¢, namely
R/(J, £°), does not change. However, this is clear because the latter is determined
by the Hilbert function of fat points in projective 1-space (see Theorem 3.3 below),
which only depends on the degree of the scheme since it is defined by a principal
ideal.

Now we can employ the argument used in the proof of Proposition 2.1. Indeed,
we just showed that the map ¢ in the commutative diagram above has maximal
rank. U

Corollary 2.3. Assume the characteristic is zero. Let R = k[x1, ..., x,+1], £ € R
be a general linear form, and S = R/{£) = k[x1, ..., x;). Forintegersdy, ..., d,12,

if an ideal of powers of general linear forms (L'ill, R Lf;fzz) CR {ails to have the
7 dr42

WLP, then an ideal of powers of general linear forms (I:fl, ooy LI5S) €S fails to
have the Hilbert function predicted by Froberg’s conjecture.

Proof. Taking s = r + 1, condition (i) of Proposition 2.1(b) is satisfied by the result
of [Stanley 1980; Watanabe 1987; Reid et al. 1991]. Thus (ii) must fail. We also
know that [S/I];_4,,, and [S/I]; have the expected dimensions. The failure of

xl_,fjrzz to have maximal rank then immediately gives the result. ]
If all ideals in R = k[xy, ..., x,] that are generated by powers of general linear

forms were to have the SLP, then these ideals would have the expected Hilbert
function of ideals generated by general forms of the corresponding degrees, and thus
Froberg’s conjecture would be true in R. Since complete intersections generated
by powers of linear forms have the SLP, it follows that ideals generated by r + 1
powers of general linear forms in r variables have the expected Hilbert functions,
so Froberg’s conjecture is true for ideals generated by r + 1 general forms of R.
It has already been shown by Iarrobino in [1997] that ideals generated by r +2
powers of general linear forms in r variables do not necessarily have the expected
Hilbert function, leading to almost complete intersections generated by powers of
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general linear forms in » 4+ 1 variables that fail the WLP. By Corollary 2.2, this
forces r > 4. Since complete intersections do have the WLP, these considerations
suggest as a crucial test case the question of whether ideals generated by r + 1
powers of general linear forms in » > 4 variables have the WLP.

In the following sections we study this phenomenon much more systematically.
We give many explicit ideals of powers of r + 1 general linear forms that fail the
WLP, and so by Corollary 2.3 these all give examples in » — 1 variables of ideals
generated by powers of r + 1 linear forms that fail to have the Hilbert function
predicted by Froberg. We will not repeat this remark after this section, but it is an
important motivation for our work.

Example 2.4. For some specific examples, see [Migliore et al. 2011; Schenck and
Seceleanu 2010]. However, we give two illustrations here.

(a) Taking a; = --- =as =15, in Theorem 4.2 we have A = 8§, so k[xy, ..., x4]/
(xls, R xi, L3 ) fails the WLP from degree 7 to degree 8. Thus the ideal
generated by the fifth powers of five general linear forms in k[x, y, z] fails to
have the Hilbert function predicted by Froberg.

(b) If r is odd and d > 1, then an ideal of powers of general linear forms of
the form (LY, ..., LY, L4, LY) fails to have the Hilbert function predicted by
Froberg. This follows from Theorem 6.1 and the above discussion.

3. General approach
Let R =k[xy, ..., x,] be a polynomial ring, where £ is a field of characteristic zero.
Notation 3.1. Throughout this paper, when m is any integer, we will denote
[m]+ = max{m, 0}.

For any artinian ideal / C R and a general linear form £ € R, the exact sequence
¢
<= [R/Iln-1 = [R/ Iy = [R/(I, Ol — 0

gives, in particular, that the multiplication by ¢ will fail to have maximal rank
exactly when

dimg[R/(I, )1, # max{dimg[R/I] — dimg[R/1]n—1, O}; (3-1)
in that case, we will say that R/[ fails the WLP in degree m.

Remark 3.2. Notice that to show that the multiplication by £ fails to have maximal
rank from degree m — 1 to degree m, it is enough to check the failure of injectivity
if dim[R/I],,—1 <dim[R/I],,, and it is enough to check the failure of surjectivity
if dim[R/I],;,—1 > dim[R/I],,. We will then say that R/I fails injectivity or fails



On the weak Lefschetz property for powers of linear forms 495

surjectivity, respectively. An important part of the argument is the verification of
the inequality of the dimensions.

In several of the papers mentioned above, this failure was studied via an exam-
ination of the splitting type of the first syzygy bundle of /. For powers of linear
forms, we give an alternative approach, which we will implement in the subsequent
sections.

We first recall a result of Emsalem and larrobino giving a duality between powers
of linear forms and ideals of fat points in P"~!. We quote it in the form that we
need.

Theorem 3.3 [Emsalem and Iarrobino 1995, Theorem I]. Let (L’f‘, ..,Li"YCR
be an ideal generated by powers of n linear forms. Let g1, . .., g be the ideals of
n points in P"~1. (Each point is actually obtained explicitly from the corresponding
linear form by duality.) Choose positive integers ay, . . ., a,. Then, for any integer
j = max{a;},

dimk[R/<LLlll, o, LZ,,)]j — dimk[p{—al-i-l n-.-. ﬂgo;{_“"“]j'

Now, we observe that the ideal (/, £) is also an ideal generated by powers of
linear forms! We conclude that if g is the ideal of the point dual to £ then

dim[R/(LY", ..., L&, )], = dim[p{ "' N n i~ npl]

J

Consider the points P, ..., P,, P in P! defined by the ideals g1, ..., o, £,
respectively. Let A; be the line joining P to P;, and let H = [P"~2 be a general
hyperplane defined by a linear form Ly. Let Q; be the point of intersection of A;
with H. For any positive integer m, we will denote by A" the curve with defining
ideal 1,7, and notice that A7" is arithmetically Cohen-Macaulay. Thus the hyperplane
section of A" by H has saturated ideal q}" = (1 ”11 Lg)/(Lp) in the coordinate ring

R/(Lp) of H, and q" defines a fat point Q" in H = P"—2. The curve
j—a)+1 j—an+1
Y=A""TU. UM

is the cone over Q7' U---U Qy", and thus is also arithmetically Cohen-Macaulay.

Proposition 3.4. Let (L',..., Ly") C R be an ideal generated by powers of n
linear forms, and let € be a general linear form. For j > max{a;}, we have

1 a n
dimg[R/(L", ..., L} ,£>]j
=dim[p] "' N npimeTin 9], (nklx,...,x0)

= dime[q] "' N--N a1, Gnklxr, ... x ).

Proof. The first equality is Theorem 3.3. Without loss of generality let P =
[0, ..., 0, 1], with defining ideal g = (x1, ..., x,—1), and assume that H is defined
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j—a;+1 j—an+1

by x, =0. Any form F € [p N---Ngp Ng’1 j involves only the variables
X1,...,X,_1 since it is in [g!)j]‘,-. Thus F € [Iy];, so viewing F in k[xy, ..., x,—1],
we see that F vanishes on the hyperplane section of Y; that is,

Fe[q{—al+1m_.'mq£7a,l+l]j‘ (*)

Now suppose F satisfies (x). Viewing F' in k[x, ... ,.xr] we see that F vanishes
on Y, hence also on the subscheme of Y defined by 5@{_“‘“ NNl But
we also have that F € g7, since it in\{olves only x{, ..., x,—1. Moreover F has
degree j. Thus F € go{_a’H n--- ﬂp,],_a”l Ng/]; as desired. O

Using Proposition 3.4, we reduce our WLP problem to one of computing the

Hilbert function of n general fat points in P"~2. From now on, we will denote by

Ero(ij—a+l, j—a+l, ... j—a+1)
the linear system [q‘{_alJrl n---N qﬁ_aﬁl]j C [k[x1,...,x,~1]];. In order to
simplify notation, we use superscripts to indicate repeated entries. For example,
$3(j; 5% 2%) =%3(j:5,5,2,2,2).

Notice that, for every linear system &£, (j; ay, ..., a,), one has
n
. . j+r ai+r—1
dlmkéﬁr(J;al,...,an)zmaX{O, (Jr )—Z( . )}

i=1

where the right-hand side is called the expected dimension of the linear system. If
the inequality is strict, then the linear system &£, (j; ai, ..., a,) is called special. It
is a difficult problem to classify the special linear systems.

Using Cremona transformations, one can relate two different linear systems; see
[Nagata 1960; Laface and Ugaglia 2006; Dumnicki 2009, Theorem 3].

Lemma 3.5. Letn > r > 2 and j,ay, ..., a, be nonnegative integers, and set
m=F—-1)j—(a1+ - -+ar41). Ifai+m>0foralli=1,...,r+1, then

dimg &, (jsay, ..., ap) =dimg &, (j+m; a1 +m, ..., 4,41 +m, ar12, ..., ay).

Following [De Volder and Laface 2007], the linear system &£, (j; ay, ..., a,) is
said to be in standard form if (r —1)j >a;+---+a,4+1anda; >--->a, > 0. If
r = 2, then every linear system in standard form is nonspecial. This is no longer
true if r > 3. However, De Volder and Laface were able to compute the speciality
in the case of at most 8 fat points in P>, We state their result only in the form we
need it.
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Theorem 3.6 [De Volder and Laface 2007, Theorem 5.3]. If the linear system
F3(j; ay, ..., ae) is in standard form, then

dimy £3(j; ay, - .. a6)—max{ (J‘H’) i(a,—l—r—l)}_'_Z(tﬁ—l)

i=1
wheret; =a; +a; — j.

Notice that we always use the vector space dimension of the linear system rather
than the dimension of its projectivization and that we adjusted the formula for the
expected dimension. Furthermore, we always use the convention that a binomial
coefficient (?) is zero if a < r.

In this note, we are interested in certain almost complete intersections. Then one
can compute the right-hand side of the inequality (3-1).

Lemma 3.7. Let I = (L s Lffll) C R be an almost complete intersection

generated by powers of r + 1 general linear forms. Then, for each integer j,
dimg[R/1I]; —dim[R/1];—4
= [ha()) = haG = are)],— [haG = D = halG = 1 —a41)]

where A= R/(L{', ..., L%). Furthermore, if j < %arﬂ + % Yoi_y(ai — 1), then
the formula simplifies to

dimg[R/11; — dimg[R/1];—1
=[ha() =haC = D] = [ha(G = ar41) =ha(G =1 =a,41)].

Proof. Considering multiplication by l““r1 on A, the first equation follows because

the complete intersection A has the SLP according to [Stanley 1980; Watanabe
1987; Reid et al. 1991]. The latter also implies that the Hilbert function of A is
unimodal. Its midpoint is % Y i_y(a; — 1). Thus, the differences in brackets in the
first formula are not negative if j < %ar“ + % er: 1(a; — 1), proving the second
formula. [l

Notice that the Hilbert function of the complete intersection A can be computed
using the Koszul complex that provides its minimal free resolution.

4. Powers of linear forms in four variables

In this section we let R = k[x;, x2, x3, x4], where k is a field of characteristic zero.
Our main result will be to determine, in almost all cases, when an ideal generated
by powers of five general linear forms has the WLP. To this end, without loss of
generality we set [ = ()c1 , x2 , x3 , x4 , L%), where L is a general linear form and
a; < ay <az <ay < as. Part of the argument involves an application of Bézout’s
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theorem to remove one-dimensional components of the relevant linear systems; this
approach was also used in [Chandler 2005].

Lemma 4.1. Let Py, ..., P, be points in P? in linear general position. Assign
multiplicities m, . .., mg respectively to the points, with 0 <m| < --- <mg. (In
particular, taking some of the m; = 0 allows us to consider fewer than six points.)
Assume that d > ms + mg and that 2d > 21-6:2 m;. Then the fat point scheme
Z =m Py + -+ mePs imposes independent conditions on curves of degree d.

Proof. Let X be the rational surface obtained by blowing up P? at the points P;.
Let L, Eq, ..., Eg be the standard basis of the divisor class group of X, that is,
L is the pullback of the class of a line in P2 and Ej, ..., Eg are the exceptional
divisors. Under the stated assumptions d > ms + mg and 2d > 2?22 m;, the
divisor dL —mE| — - - - —mg E¢ is numerically effective (nef), by [Di Rocco 1996,
Theorem 3.4]. Then [Geramita et al. 2009, Theorem 2.3 and Remark 2.4] show that
the Castelnuovo—Mumford regularity of Iz is < d + 1. This implies the claimed
result. O

The following theorem represents “half” of our results (the “even” case) con-
cerning when an ideal of five powers of general linear forms has the WLP. It is not
a complete list, however, because of the second condition in (iii). See Remark 4.4
for further discussion.

Theorem 4.2. Let L be a general linear form and let I = (x{', x5%, x3°, x4*, L).
Assume that ay +ay +az +aq is even. Let A = (a; +ay +az+aq) /2 — 2.

(1) Ifas = A then the ring R/I has the WLP.

(1) Ifas < A and ay + a4 > ay + as then R/ fails the WLP from degree A — 1 to
degree A.

(i) Ifas < A, a1 + a4 < ap + a3z and 2as +ay, —ay — az —aq > 0 then R/1 fails
the WLP from degree A — 1 to degree A.

The hypotheses of (ii) and of (iii) both force a; > 3.

Proof. Let £ be a general linear form. Letting J = (x{", x3%, x3*, x4*), consider the
commutative diagram

[R/J1 =5 [R/ 1

\ \
x£

[R/Il; —> [R/Ili41
(where the vertical arrows are the natural restriction). If we know that the multipli-
cation on the top row is surjective, then we immediately conclude surjectivity on the
bottom row. Notice that 2A is the socle degree of the artinian complete intersection
R/(x{", x5%, x5°, x3*), so A is the midpoint.
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First assume that as > A. Then clearly R/l and R/J coincide in degrees < A, so
we have injectivity (by the result of Stanley, Watanabe, Reid, Roberts and Roitman)
for (x£) : [R/I]; — [R/I];+1 forall t <A — 1. When t > A we have surjectivity
for R/J, so by the above result we also have it for R/1.

Now assume that as = A. We wish to show that R/I has the WLP. Again
surjectivity is immediate for # > A, and injectivity is immediate for r <X —2. When
t = A — 1 we consider two cases. If dim[R/J],_; = dim[R/J], then by Stanley—
Watanabe we have surjectivity for (x€) : [R/J]p—1 — [R/J],, so the same holds
for R/I. If dim[R/J]5—1 < dim[R/J],, the image of [R/J];,—; in [R/J]; under
multiplication by £ is not surjective. Hence the vector space [ (x}", x5%, x3*, x4*, £)],
is not all of R,. But in characteristic zero the A-th powers of linear forms span [R];.
Thus for a general L, the image of L* in [R/J]; is outside the image of [R/J],—1
in [R/J],. Thus (x£€) : [R/I],—1 — [R/I], is injective since it is for R/J in that
degree. This completes the proof of (i).

We now prove (ii). Our assumptions now are that a; + a» + a3 + ay is even,
as < A, and a1 + a4 > ap +a3. We first note that the hypotheses force a; > 3, since
ifaj=2thenas <A=(ax+a3+a4—2)/2<2+4+2a4—2)/2 =ay.

We will show that the multiplication by £ fails to have maximal rank from degree
A —1to degree A. If dim[R/I],—1 <dim[R/I], it is enough to check the failure
of injectivity, and if dim[R/I],_; > dim[R/I], it is enough to check the failure of
surjectivity. (See Example 4.3.)

According to (3-1), the task is to show that

dim[R/(1, O)]). > [dim[R/I]; — dim[R/T]5—1]+. (4-1)

We will compute the left-hand side using Proposition 3.4 and the right-hand side
using Lemma 3.7.
By Proposition 3.4 and Theorem 3.3, we have

dimg[R/(1, O)]x
=dimk[q?—a1+1 mq;—az-‘r] mq?;fa3+l mqﬁ_a4+1 rwqgufa5+l])L

=dim; LM A—ar+ 1, —ay+ 1, —az+ 1, A —as+ 1, A —as+1).

(4-2)

Notice that A —a; +1>---> A —as+ 1 > 2. The vector space defines a linear
system, and we want to find its dimension. The first step is to understand the
one-dimensional base locus, which has components of degree 2 and of degree 1.
We will use Bézout’s theorem to formally reduce the degree of the polynomials and
the order of vanishing at the points, without changing the dimension of the linear
system. If the result has dimension zero then (4-2) is also zero.

Let FheLr(M;h—ar+1, A—ay+1, A—az+1,A—as+1, A —as+1). There is
a unique quadratic polynomial F, vanishing at the five general points. By Bézout’s
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theorem, if F is not a factor of F; then it intersects F with multiplicity 2. On the
other hand, considering the multiplicities at the five points, we get that the curves
meet with multiplicity at least 54 — Y">_, a; + 5. But

5
S)M_Zai'i'sz}\ — aszw_

i=1

1=A+1,

a contradiction. Hence F> is a factor of F;. We next want to know what power of
F, divides F;. Thus we want to know the smallest i for which

20202 —a1+1-D+---+(r—as+1—-1i),

and this is equivalent to i > A — as + 1. Thus we have F) = FZ'FQSH- Fogs—3—2,

where Fo,, -2 € £2(2a5s — A —2; as — a1, as — az, as — az, as — as). (Notice that
now there are only four points, and some of these multiplicities might even be zero.)

Now we consider linear factors coming from the lines joining two of these four
points. There are six such lines; we denote by L;;, 1 <i < j <4, the line (as well
as the linear form) passing through the points with multiplicities as —a; and as —a;.
Notice that if as — a; > 2as — A — 2 then there are no such forms F>45_,_2, so the
desired dimension is zero.

Arguing in a similar manner as above, we obtain that if (as —a;) + (a5 —a;) >
2as — A — 2, then L;; appears as a factor

(as—a;))+(as—aj)— (Ras—A—=2)=A+2—a; —a;
times. Thus, letting A;; =[A +2 —a; —a;]; = max{A +2—a; —a;, 0}, we see
that (formally)
Fo=F " J] L’ -G, where degG=2a5—2~2— Y Ajj. (4-3)
I<i<j<4 1<i<j<4

Notice that

if 2a5—A—2< Y Ay, then dim[(x{", x5?, x5, x{*, L, £)], =0. (4-4)

I<i<j<4
Now, since we have assumed a; + a4 > a + a3, observe that

ar+as—ar—az >0 ar+az—a; —as<0 a+as—a—az >0
4-5)
art+az—ar—as <0  az+tas—ar—a>0 aj+ay—az—as <0.

We claim that after removing the one-dimensional base locus, we obtain a set
of at most 4 fat points of uniform multiplicities (possibly 0). We have already seen
that after removing the powers of F, we are left with the problem of finding the
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dimension of the forms of degree 2as — A — 2 passing through four general fat
points with multiplicity as —ay, . . ., as —as. To compute this, we have to determine
precisely what is left when we remove the lines. At each of the four points we
compute the multiplicity of the fat point that remains after we remove the (multiple)
lines passing through it in the base locus (which do not contribute to the desired
dimension):

as — a4 — Z (A +2—a; —as4]+
i=1,2.3

—a1+az+a3—a4] _[a1—az+a3—a4] _ [a1+az—a3—a4]
+ + +

Z“S_““_[ 2 2 2

=as5 —ay.

Similarly,
as—az— iy y4A+2—a; —a3ly = as —ay,
as—ay— ) i_j34A+2—a; —a]y =as—ay,

as—ai — Y o34l +2—a —aily = as —as.

Concluding, we want to find the dimension of the vector space of forms of degree

2as—X—2— > Ajj=2as—as)

I<i<j<4

passing through four points with multiplicity as —as. By Lemma 4.1, this dimension
is as — a4 + 1 (which in particular is at least 1). That is,

dim[(x{", x3%, x3°, x4*, L%, )y =as —as+ 1 > 1. (4-6)

Using Lemma 3.7, we now compute the “expected” dimension, that is, the
right-hand side of (4-1). Let A = R/J, where J = (x{", x3?, x5, x;*). In the
following, recall also that A is the midpoint of the 4-vector of R/J,s00<hg,; (1) =
ha(A) —ha(A —as). Observe that as < a; + ap + a3 since otherwise

as—ay—ax—a

as—A>a4— A= > 3-i-2>0,

contradicting our assumption that as < A. This implies, in particular, that for
determining 4 4 (A) by using the Koszul resolution of A, we only need to consider
the free modules up to @, _; ;-4 R(—a; —a;).

From (4-5) we see that oﬁly X—az —a3+2,A—a;—az+2and A —a;—ar+2
can be positive. Similarly, we have A —as —a; +2 < 0 since a; + a4 > a> + as.
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Then the “expected dimension” is
[dim[R/ 1], —dim[R/I], 1],
=[ha() —ha(k —as) =haG.— 1)+ haG.—as — D],

{220 3 (7))

1= <i<y=<

If this is zero then clearly the actual dimension exceeds the expected one and we
are done. If not, one verifies (we used CoCoA version 4.7.5 [CoCoA 2009]) that

dimg[R/(I, )1, — [dim[R /1], — dim[R/115-1] ,

=(as —a4+1)
()-S5 )
:<X+12—a5)’

and this last binomial coefficient is at least 1. Thus, in either case we have shown
the inequality (4-1), which completes the proof of (ii).

Finally we prove (iii). Our assumptions now are that a; +a, + a3 + a4 is even,
as < A, a)+a4 <ap+asz and 2as+a, —ay —az —ag > 0. The calculations from (ii)
continue to be valid up to (4-3) and (4-4). We first note that the hypotheses again
force a; > 3 sinceif ay =2 thenas <A = (ay+az+as—2)/2 < (24+2as5—2)/2 =as.

In our current situation, though, observe that
az+as—ay—ar >0 a+a—az—as<0 a)+as—a;—az >0

(4-7)
artaz—ar—aqg <0 ar+az—a; —asg>0 ar+as—ax; —az <0.

Now we examine the linear system remaining after we remove the one-dimensional
base locus. As in (ii), we obtain a linear system of curves of degree

2as—A—2— Y Ay
1<i<j<4
Now we compute the order of vanishing at the four points:
as — a4 — Z (A +2—a; —a4]+

i=1,2,3
—al+az+as—a4] _[al—a2+a3—a4] _[al+a2—a3—a4]
2 + 2 + 2 +

—dit+ax+asz+as
5 .

:as—a4—[

=a5 _
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By the additional hypothesis 2as + a; — ay — az — a4 > 0, this order of vanishing
is > 0. A similar computation gives that the order of vanishing at the other three
points is the same. Thus Lemma 4.1 shows that

_ —aitartaztas

2

The computation of the “expected” dimension is very similar to what we did above.
From (4-7) we see thatonly A —a; —ay +2, A —a; —az+2and A —a; —as +2
can be positive. We again have a4 < a; + a> + a3. Thus, Lemma 3.7 provides

dim[(x{", x3%, x3°, x4*, L, €)1, = as +1>1.

[dim[R/ 1], —dim[R/I];—1],
=[ha() —ha(k —as) —haG.— 1)+ haG.—as — D],

:[<A—52> B g(/\—cg—i-Z) n g<k—a1 ;a,-+2> B ()\—c;5+2>]+.

As above, if this is zero then we are done. If not, one verifies (for example with
CoCoA) that

dimg[R/(I, O)1; — [dim[R/I]; — dim[R/1];—1]

+
—as — —ajtay+asz+ay +1
2
4
A2 A—a;+2 A—aj—a;+2 A—as+2
_(< > )X (TET) (T ) - (0 ))
i=1 i=2

. A+1—as

=("2"),
and this last binomial coefficient is at least 1, establishing the inequality (4-1). This
completes the proof of (iii). O

Example 4.3. To illustrate that sometimes it is injectivity that fails and sometimes
it is surjectivity, consider the following (produced using CoCoA).

When a; =5,a, =7, a3 =8, as = 10, as = 10 we get dim[R /I ], = 225 and
dim[R/I]13 = 220, so we expect surjectivity, but the image under multiplication by
a general linear form has dimension 219.

When a; =5, ay =7, a3 =8, as = 10, as = 12 we get dim[R/[ ]2 = 234,
dim[R/I]13 = 236, so we expect injectivity, but the image under multiplication by
a general linear form has dimension 233.

Let us now discuss cases that are not covered by Theorem 4.2, still assuming
that ay +a> + a3 + ay is even.

Remark 4.4. As above, let I = (x|, x3%, x3°, x4*, L). Assume 2as +a; —as —
a3 —ay < 0 and a; > 3. Then:
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(i) If a; =2 then R/I has the WLP (see Theorem 4.6).

(i1) If a; = 3, then in the following cases, R/I fails to have the WLP, and the
failure is in degree A — 1 and it fails by 1.

e 3,9, m,m,m) form>9

e 3,100m,m+1,m+1) form > 10
e 3, 11,m,m,m+1) form > 11

e 3,11, mm+2,m+2)form>11
e 3,12, mm+1,m+2) form=>12
e 3,12, m,m+3,m+3) form> 12
e 3,13, m,m,m—+?2) form > 13

e 3,13, m,m+2,m+3) form > 13
e 3,13, m,m+4,m+4) form > 13

(This is shown using arguments as in the proof of Theorem 4.2. We omit the
details.)

Furthermore, the reader can easily construct examples using CoCoA to support the
following statements, although we do not have proofs (see also the beginning of
the proof of Theorem 6.5):

(iii)) When a; = 3 and a, < 13, all cases apart from the ones above have the WLP.
(iv) When a; = 3, 4, some examples have the WLP and others do not.

(v) When a; > 5, R/I fails the WLP.

We now consider the case where a; + a» + a3 + a4 is odd. There are some
interesting differences to Theorem 4.2. As before, Theorem 4.5 is not a complete
classification because of the extra condition in (iii).

Theorem 4.5. Let L be a general linear form and let I = (x{', x5%, x3°, x3*, L).
Assume that ay +ay +az +aq is odd. Let L = (a1 +az +az +aq —5)/2.

(1) Ifas = A — 1 then the ring R/I has the WLP.

(ii) Ifas <X —1and ay + a4 > ay + a3 then R/1 fails the WLP from degree )\ — 1
to degree ). These hypotheses force a; > 5.

(i) Ifas <, —1,a1+a4 <ay+azand2as+3—as—az—ay+a; >0then R/1
fails the WLP from degree A — 1 to degree \. These hypotheses force a; > 3.

Proof. The outline of part of the proof is the same as that for Theorem 4.2, and we
only highlight the differences. First note that with the hypotheses of (ii), if a; <4
then we have as <A—1=(a;+ay+az+as—7)/2 < Ra;+2a4—7)/2 <as+(1)/2,
a contradiction. Similarly, with the hypotheses of (iii), if a; = 2 then we have
ar+az+as—5<2as <2:r—2=ap+az+as— 5, again a contradiction.



On the weak Lefschetz property for powers of linear forms 505

Now, for all three parts of the theorem, we show that the one-dimensional part
of the base locus corresponding to the quadratic polynomial F, has equation szfs .
Thus, in the first step we want to compute

dim&$,(2as — ;a5 —ay1+1,as—ar+1, a5 —az+1,as—as+1,1). (4-8)

In the second step, we obtain that if (as —a; + 1) + (as —a; + 1) > 2as — A then
L;; appears as a factor

(a5—a,-+1)+(a5—aj+1)—(2a5—A) =k—a,~ —aj+2
times. Thus we let A;; = [A+2 —a; —a;]y as before, and formally we have

Fo=F [] L}-G. where degG=2a5—%— Y Ay. (49

l<i<j<4 l<i<j<4
Notice that

if 2as—A< Y Ay then dim[(x{",x5* x{*, x{*, L%, )], =0. (4-10)

I<i<j<4

For (i), we want to show that whenever as > A — 1, the multiplication (x£):
[R/I1; — [R/I];+1 has maximal rank. Let J = (x{", x3%, x3°, x4*). Notice that we
have hg,j(A) = hg;;(A+1). We consider several cases.

o If t > A, we know that the multiplication on R/J from degree ¢ to degree ¢ + 1
is surjective, by the result of Watanabe, Stanley, Reid, Roberts and Roitman.
Since R/I is a quotient, the same holds for R/I. This holds no matter what
as is.

e Ift <as—2,then [R/I], =[R/J]; and [R/I];+1 = [R/J];+1, sO again the
result follows trivially. Notice that as a result of these first two cases, we are
done if as > A+ 1.

o If (t,a5)=(A—1,A) or (¢, as) = (AL—2, L—1), we know that the multiplication
for R/J is injective in either of these cases, and that dim[R/[], = dim[R/J];
and dim[R/I];+1 = dim[R/J],+1 — 1. Then we argue exactly as in the case
as = A at the beginning of the proof of Theorem 4.2, using that the A-th
and (A — 1)-st powers of linear forms span [R], and [R],—i, respectively. In
particular, this completes the argument if as = A.

o The case where t = A — 1, as = A — 1 is the most subtle, and we now give the
argument for this case.

We claim that the multiplication (x¥£): [R/I]y—1 — [R/I], is injective. To

see this, we will show that dim[R/I],_; < dim[R/I], and that dim[R/(I, £)]; =
dim[R/I]) —dim[R/I];_;.
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First we compute dim[R/(1, £)],.. The first step (4-8) now becomes
dim[R/(I,0)];,, =dimPEr (A —2; L —ay, . —ax, A —asz, A —ay, 1).
We now consider three cases. First, if a; = a; = az = a4 — 1 then (4-8) becomes
dim[R/(1,0)], =dim*,(2as —6;a4 —3,a4—3,a4—3,a4 —4, 1)
4-11)
=2a,—6=2a;—4

thanks to Lemma 4.1.
We now assume that we are not in the first case. We obtain

Ara= [—al—a2+a3+a4—1]+ >0 Ay = [—a1+a2—a3+a4—1]+ >0

2 2
Arg= [—al+a2+2a3—a4—1] Ass= [al—az—a2+a4—l]
+ 2 +
Ang = [611—612-1-6213—04—1] —0 Asg= [a1+a2—c213—a4—1] —o0.
+ +

Our second case is @ +a3 > a;+aa. Then A; 2, Aj 3 and A 4 are possibly nonzero.
A calculation shows that we then must have

dim[R/(I, V)], =dim*,(2a; —3; a1 —1,a1 —2,a1 —2,a;1 —2, 1)
:2611 — 3. (4'12)

Our third case is a1 +a4 > ax+a3. Then A1 >, A1,3 and A5 3 are possibly nonzero.
Another calculation shows that we must have

dim[R/(I,0)],=dim&r(ay +ar +a3 —as—3; (A —aq+ 1)3, A—ay, 1)

=a;+a;+az—as—3.
(4-13)

Now we compute the expected dimension dim[R/I], — dim[R/I];,_; (recall
as =X — 1) by using Lemma 3.7.

In the first case (a; = ap = a3 = a4 — 1) we use the Koszul complex and easily
compute that the expected dimension is 2a4 — 6 = 2a; — 4, agreeing with (4-11).

In the second case, using the observations about which A; ; are positive, the
Koszul resolution gives the expected dimension 2a; — 3, agreeing with (4-12).

In the third case, again using the observations about the A; ; and the Koszul
complex, we obtain the expected dimension a; 4+ a» + az — a4 — 3, agreeing with
(4-13). Thus when as = A — 1, R/I has the WLP, concluding the proof of (i).

Now, we prove (ii). Hence, we are assuming that a; + a4 > a; +as. In fact, since
aj; + ax + az + aq is odd, we actually have a; + a4 > a; + a3. We obtain

artas—ary—a3 >0, artaz—a;—as <0, ar+as—a;—az >0,

4-14)
artaz—ay—as <0, azt+as—ay—ar» >0, a+ay—az—ayg <0.
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Therefore, we get
as—aqg+1 —Zi:1’2,3[k+2—ai —a4ly =as—as+1,
as—az+1— Zi:1’2,4[)»+2—a,~ —a3]ly =as—asg+2,
as—ar+1— Zi:1’3’4[)\+2—a,~ — )y =as —ag+2,
as—ay+ 1= 534A+2—a —aly =as—as+2,
2615 _)‘_Zlgi<j§4Aij :2(a5 —Cl4+2).
Concluding, we want the dimension of the linear system
$r(2as —2a4+4;a5 —as+2,a5 —as+2,a5s —as +2,as —as + 1, 1).
By Lemma 4.1 we have
dimy £ (2as — 2a4 +4; (as —as +2)°, as —as+1, 1)
> dimy £ (2as — 2as +4; (as —ag +2)°, a5 —as +1) — 1
= dimg $2(2as — 2as +4; (as —as +2)) +as —as + 1
=2as5 —2a4 + 4.

This is clearly positive. Arguing as in the proof of Theorem 4.2, and using the
inequalities (4-14), we compute the expected dimension and we get

[dim[R/I]; —dim[R /1]y —11]+
4 e —
_ |:(k—2|-2>_§<k—c;i+2> +l<§< (k—ajza,—I—Z)_(A a25+2)lr.

If the part inside the brackets is negative, the actual dimension clearly exceeds the
expected one, and we are done. If not, a straightforward computation shows that

dimg[R/(I, O)]; — [dimg[R/1];. — dimg[R/1];-1]
> (2as —2a4+4)

()50 2 (7))
=(*3%) >0

Thus the actual dimension exceeds the expected dimension, and this completes the
proof of (ii).

(ii1) We break this into two cases: first we will assume that a1 +a4+3 <ap +as,
and then we will handle the case a; + a4+ 1 = a» + as.
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So to begin, our assumptions now are that a; +a; +az +a4 is odd, as < A — 1,
ai;+as+3 <ar+az and 2as +3 — a4 — a3 — ar + a; > 0. Hence, we have

azt+as—ay—ar >0, aj+a—az—as<0, ar+as—a; —az>0, 4-15)
artaz—ar;—as <0, ary+az—a;—as>0, a;+as—a—az<0.

Now we examine the linear system remaining after we remove the one-dimensional
base locus. Observe that

as—as+1— Zi:1,2’3[)»+2—a,- —a4ly=as+1—(@+az+as—a; —1)/2,
as—az+1— Zi:1,2,4[)‘+2_ai —a3]y=as+1—(@+azs+ags—a; —1)/2,
as—ay+ 1= 340 +2—a —aly =as+1— (a2 +a3 +as —a; — 1)/2,
as—ay+ 1= 5340 +2—a—a1ly =as+2— (a2 +a3 +as —a; — 1)/2,
2a5 = A=} 1<iojea Aij=2as+4—as— a3 —ar +a) =:2b.
The additional hypothesis 2as +3 — a4 — a3 — ap +a; > 0 guarantees that the orders
of vanishing are positive. Therefore, applying Lemma 4.1, we obtain
dim[R/(1, )1, = dimy £,(2b; b, (as+1 — (a2 + a3 +as—ar1 — 1)/2)°, 1)
>2as+5—(aa+az+as—ap) — 1.
The hypothesis also guarantees that this value is positive. The computation of the
“expected” dimension is very similar to what we did above. The extra hypothesis
a; +as + 3 < ay + a3 implies that only A —a; —ap +2, A —a; —az + 2 and

A —a; —ag + 2 are > 0. We again have a4 < a; + a» + a3. Thus, Lemma 3.7
provides

[dimg[R/ 1], — dimg[R/11,—11]
=[ha(W) —ha(h —as) —ha(t—1) +ha(k —as— )],
4 4
_ A2 A—ai+2 A—al—ai+2 A—a5+2
_[( 2 )2 )T (7 )}
i= i= +
If this is zero, we are done. Otherwise, a straightforward computation shows that

dimg[R/(I, £)]5 — [dimg[R /1], —dimg[R/1I]; 1] is given by

2a5+4 — (ap+ a3 +aq —ay)
4

(PR ()

i=1 i=
)L—a5
_< 2 )>O.
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Thus in either case the actual value of dim[R/(I, £)], exceeds the expected dimen-
sion. This completes the proof of the case a; + a4 + 3 < a + as.

Finally, we assume that a; + a4 + 1 = a» 4+ az. We note first that this assumption
actually forces the stronger condition a; > 4 since a4 < as < A — 1 implies

T<a +a+a3—as =2a;+ 1,

and hence a; > 3. The condition a; +a4+1 = ay+as implies that A —a; —as+2 =0,
so the computation of the expected dimension above can only get smaller, while
the computation of dim[R/(/, £)], remains unchanged. Thus the difference can
only grow, and we again have shown the failure of the WLP. This completes the
proof of (iii). U

In the previous results we excluded the case a; = 2 for the most part. The reason
is that then the algebra does have the WLP.

Theorem 4.6. Let L be a general linear form in R := k|x1, ..., x4], and let I be
the ideal (xlz, x5, x3°, x4*, L%) of R. Then the algebra R/I has the WLP.

The proof will be based on a result about almost complete intersections in three
variables generated by powers of four general linear forms. According to [Schenck
and Seceleanu 2010] such an algebra has the WLP, that is, multiplication by a
general linear form has maximal rank. We show that this is also true when one
multiplies by the square of such a form.

Proposition 4.7. Let 5, ..., Us, £ be five general linear forms of S := klx, y, z],
and let a C S be the ideal ({57, ..., (3). Set A := S/a. Then, for each integer j,
the multiplication map x€2:[A] j—2 = [Al; has maximal rank.

Proof. If any of the numbers ay, ..., as equals one, then A has the SLP by [Harima
et al. 2003], so the claim is true. Thus, we may assume 2 <ap <--- <as.

First, assume also that
ar+az+as—3

as = 2

Define integers p and b by

VH_% +as+as—4

3 J and ay+az+as+as=3(p+1)+0b,

thus 1 <b < 3.

According to [Schenck and Seceleanu 2010], A has the WLP and A/¢A has
socle degree p. This implies that multiplication by £ on A is injective until degree
p and surjective in larger degrees. Symbolically, this reads as

[Alo = -+ = [Alp—1 = [Al, = [Alpp1 = - . (4-16)
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Hence, to show our claim it suffices to prove that the multiplication
x 021 [Alp—1 — [Alps
has maximal rank, which is equivalent to
dimk[A/EzA]pH =max{0, ha(p+1)—ha(p—1)}. (4-17)

In order to see this, we first compute the left-hand side and then the right-hand
side. Using Theorem 3.3, we get

dimg[A/€ Al g1 = dimg[S/(€2, €52, ..., £57)] p1
= dimg[p” Npd . npl T,
=dimy £o(p+1; p,p—ar+2,...,p—as+2),
where p, ps, ..., ps are the homogenous ideals of five general points in P2, Let
QO € S be the unique quadric that vanishes at these five points. Again, we use
Bézout’s theorem to estimate the multiplicity of Q in the base locus of the linear
system

fop+1; pp—ar+2,....,p—as+2).

For an integer j, the condition

2Ap+1-2)) 2 p—j+Xi,lp—ai+2- ]
=5p+8-5j—-Yi,a
=5p+8—=5j—[3(p+1)+0b]
= 2p +5— 5j —b
is equivalent to j > 3 — b. It follows that Q appears with multiplicity at least 3 —b
in the base locus. Thus, we get
dimg[A/€?A) 1 =dimg S (p+ 15 p,p—ar+2,...,p—as+2)
=dimy Lo(p+2b—-5; p+b—-3,p+b—ay—1,
.., pt+b—as—1).
The latter linear system is clearly empty if b = 1. To compute its dimension if
2 < b <3, we consider the lines L;, 2 <i <5, passing through the points p and p;.

By Bézout’s theorem, the line L; appears with multiplicity at least B; in the base
locus, where

B =[p+b—-3+p+b—a—1—{p+2b-5}]y =[p+1—al;.
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Our assumption as < (az + a3 + a4 — 3)/2 implies as < p + 1. Thus, we get
Bi=p+1—aj,so

By+---+Bs=4p+4—[axt+az+tas+as]=4p+4—[3(p+1)+bl=p+1-b.
Removing the lines from the base locus we obtain
dimg[A/€? A1 =dimg Lo(p+2b—5; p+b—3, p+b—ar—1,

.ptb—as—1)
=dimy £,(3b—6; 2b—4,b—2,...,b—2).

It follows that dimg[A /€2 Al = 1 if b =2.
If b = 3, then we get, using Theorem 3.3 again,
dimg[A/€2A]p 41 = dimg £2(3; 2,1,...,1)
= dim[S/(€2, 63, ..., 6]
= dim[S/(£%)]3 — 4
=3,

because the linear forms are general. Summarizing, we have shown so far that

0 ifb=1,
dime[A/€*Alp1 =11 ifb=2, (4-18)
3 ifb=3.

Now we compute the right-hand side of (4-17). To this end consider the ring
B:=S§/((3, 05}, £5°). Observe that

pt1l—ay—as= La2+a3+gl4+a5—lJ —as—ay
< a2+a5—13—203—2a4
< 3612—5—63613—?%14

<0,

where we used again as < (ap +asz + a4 —3)/2. Hence, the Koszul resolution of
the complete intersection B provides for its Hilbert function if j < p + 1 that

hoy = (12— > j+2—a; ]
IS s e

i=3
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where, as above, we define a binomial coefficient (g) to be zero if ¢ < 0. Since the
complete intersection B has the SLP and since A = B/{5’ B, we get

ha(p+1)—ha(p—1)
=[hs(p+1)—hg(p+1 —Clz)]Jr —[hB(p—1) —hp(p—1 —612)]+-

One easily checks that our assumptions provide p + 1 < |_(a3 +as+as—3)/ 2—|.
Since a3 + a4 +as — 3 is the socle degree of B, this implies that hg(j — 1) < hpg(j)
if j < p+ 1. Hence the last formula simplifies to

ha(p+1D) —ha(p—D)=hp(p+1)—hp(p+1—a))—hpg(p—D+hp(p—1—ay).

The socle degree of A/fA is at most the socle degree of S/(¢, €3, €5’), thus
p < ay+ a3 —2. Combining with (4-19) and using that

('3 -(3") =21

if j > 1, this provides

et 0= (7)) ()

i=3

[ - ()]

=—6p—9+224:a,-
=2b-3. -
Hence, we get
0 ifb=1,
[ha(p+1) —ha(p— D]y =[2b-3]1 =31 ifb=2,
3 iftb=3.

Comparing with (4-18), this establishes the desired equality (4-17).

It remains to consider the case as > (a; + a3 + a4 — 3)/2. Let us call b :=
(€32, €3, £3*) and set B := S/b. Note that the socle degree of B is a, + a3 + a4 — 3.
Stanley [1980], Watanabe [1987] and Reid, Roberts and Roitman [1991] showed
that, in characteristic 0, SLP holds for an artinian complete intersection generated
by powers of linear forms. In particular, for each integer j, the multiplication map
x {2 [B] j—2 — [B]; has maximal rank. We want to prove that, for each integer j,
the multiplication map x£2:[A] j—2 —> [A]; has maximal rank. To this end, we
will examine several cases:

(a) Assume a» + az + a4 odd.
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(al) For any j < as, we have [A]; = [B]; and hence x¢?: [A];_» — [A]; has
maximal rank.

(a2) Forany j > as+ 1 or j =as and as > (ay + a3 +a4 —3)/2+ 1, we have
Jj —2 > (a» +as +as — 3)/2. Hence, the surjectivity NAE [B]j—2> — [B];
together with the commutative diagram

[B]lj—2 — [A]j—2

o

[Bl; — [Al;

allows us to conclude that x£%: [A] j—2 — [A]; has maximal rank.

(a3) For j =as=(ay+az+as—3)/2+1 wehave [A];_» =[B];_> =[B]; — [Al,.
Therefore, we also conclude that x£2 : [A] j—2 — [A]; has maximal rank.

(b) Assume a; + az + a4 even.

(b1) For any j < as, we have [A]; = [B]; and hence AR [A];—> — [A]; has
maximal rank.

(b2) It is identical to (a2).

(b3) For j =as = (a» +asz +as —2)/2 we have to prove that NAE [A]j—> — [A];
is injective. Since dim[B];_» < dim[B];, the image of [B];_; in [B]; under
multiplication by ¢? is not surjective. So the vector space [(£52, £5°, £5*, £2)];
is not all of §;. But in characteristic zero the j-th powers of linear forms span
[S];. Thus for a general L, the image of L/ =L% in[B] j is outside the image
of [B];j—2 in [B];. Thus (x£2): [A];—2> — [A]; is injective, since it is for B
in that degree. This completes the proof of the proposition. (I

Remark 4.8. Observe that extensions of Proposition 4.7 to multiplication by higher
powers of £ fail in general. There are many such examples. The smallest is when
ay = - -+ =as = 3, for which multiplication by £3 fails to have maximal rank from
degree 1 to degree 4. It is easy to see that this extends to the case ap = - - - = as =d,
for which multiplication by £¢ fails to have maximal rank from degree d — 2 to
degree 2d — 2. Many more complicated examples (produced by CoCoA) exist as
well.

Proof of Theorem 4.6. If one of the numbers ay, ..., as is one, then the result
follows by [Schenck and Seceleanu 2010]. Thus, we may assume 2 <ap < --- < as.

If as > (a» + a3z + a4 —3)/2, then R/I has the WLP by Theorems 4.2(i) and
4.5(1). Thus, we may assume as < (a» + a3 + a4 — 3)/2 for the remainder of the
proof. Let £ € R be another general linear form. We have to show that for all
integers j,

dimg[R/(1, O)]; = max{0, hg/1(j) —hr/1(j — D} (4-20)
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To this end, consider the ideal J := (x37, x3°, x;*, L) C R. The complete
intersection R/J has the SLP, which implies

[hr/1() —hry(j — 1)]+

= [[hR/J(j) —hgryy(j— 2)]+ —[hrysG=1) —hrys(j — 3)]+]+-
The complete intersection R/J has socle degree a> + - - - +as — 4 > 4, thus the
multiplication x£:[R/J];j_1 — [R/J]; is injective if j < [(ay+az+as+as—4)/2].
One checks that

"a2+a3+a4+a5—4‘| > La2+a3—|—a4—|—a5—1J — p+1.

2 3

It follows that A,y (j —1) < hgs(j) if j < p+1. Thus,if j < p+1, then we get
that

hrii(j)—hgr(j—1)
=hgryy(j)—hryy(j—2)—hgys(j—1)+hg/y(j—3)
= [hrys(j) —hrs(j — 1)]Jr —[hrys(G—2) —hrys(j — 3)]+
=hgry,0(J) —hry,0( —2),

where we used again that R/J has the SLP. Invoking Proposition 4.7, we obtain

[hr/1() —hry(j — 1)]+ =hgr/a,0(j)

if j < p+1. This equality is also true (using the same computations) if hg,; (p+1) <
hryy(p+2). Otherwise, we get [hR/1 (p+2)—hg/(p+ 1)]+ = 0. However, using
(4-16), we get [R/(1, £)] p42 = 0. Hence, we have in any case

[hr/1(p+2) = hrji(p+ D], =hrja.0(p+2)=0,

which completes the argument. U

5. Almost uniform powers of linear forms in 5 variables

In this section, we let R = k[x1, x2, X3, x4, X5], where k is a field of characteristic
zero, and we will apply the approach described in Section 3 and results on fat points
in P to determine exactly when an ideal generated by uniform powers of six general
linear forms in R fails the WLP. Some nonuniform cases are also discussed. To
this end, without loss of generality we set I = (x{", x5, x3°, x4*, x5°, L%), where
L is a general linear form and a; < ap < a3z < a4 <as < a.

Theorem 5.1. Let L be a general linear form and let I = (xf, xg, xjf’, xjf, xgi, Ld).

Then the ring R/ fails the WLP if and only if d > 3.
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Proof. Using CoCoA we check that if d < 4 then R/ has the WLP. Assume d > 4
and we will show that R/ fails the WLP in degree 2d — 1. To this end, we take
£ € R a general linear form. According to (3-1), it is enough to show that

dim[R/(I, O)]2g—1 > [dim[R/1 1241 —dim[R/Ihd—zL- (5-1)

We will compute the left-hand side using Proposition 3.4 and the right-hand side
using the fact that R/J has the SLP.
Now let S = k[x1, x2, x3, x4]. We want to compute the vector space dimension

dime[q Nq3 Na§ NafNadNal],, , =dime L3(2d —1;d°). (5-2)

Applying a sequence of cubo-cubic Cremona transformations

p3 - P3

-1 -1 -1
(X1 :x2:x3:x4) —=» (X, %, , Xy

-1 . . .
s Xy ) = (X2X3X4 © X1X3X4 : X1X2X4 @ X1X2X3)

we will transform the last linear system to another one which has the same dimension,
but it will be nonspecial and hence we will be able to compute its dimension. In
fact, we apply Lemma 3.5 and we get

dim $3(2d — 1; d®) = dim $3(2d — 3; d?, (d — 2)*)
=dim%32d —5; (d —2)*, (d -4
=dim%32d —7; (d — 4)%). (5-3)
Since 2(2d —7) > 4(d — 4), the linear system £3(2d —7; (d — 4)%) is in standard

form. Therefore, Theorem 3.6 provides that it is nonspecial and its dimension is
given by

dim £3(2d — 7: (d — 4)°) = (2d3_4) = 6(d§2). (5-4)

Now we have to compute the right-hand side of (5-1). Let A = R/J, where
J = (xf, xg, xg, xff, xgl). Since R/J has the SLP, we have

0<hriRd—1)=haQ2d—1)—hs(d—1).
Therefore,

[dim[R/I]r4—1 —dim[R/I]pq—2]
=haQRd—1)—ha(d—1)—hsQd—2)+ha(d—2)

=(*57) ()

dim[R/(I, £)]ra—1 — [dim[R /I ]r4—1 — dim[R/I]r4—2] =4

We easily verify that
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and this shows that R /I fails the WLP in degree 2d — 1, which is what we wanted
to prove. U

Remark 5.2. Note that (5-4) could also have been proven using Proposition 3.5 of
[Catalisano et al. 1999]. However, we use our approach because it also applies to
setups below where the hypotheses of the latter proposition are not satisfied.

There are several possible extensions of the above theorem. First, we can ask
whether the WLP property holds for the case of nonuniform powers and, in particular,

we can ask what happens in the almost uniform case. We have
Theorem 5.3. Let L be a general linear form and let [ = (xf, xg , xgl , xff, xg, L4te)

with e > 1. Then:
(1) Ifd is odd, then R/I has the WLP if and only if e > (3d —5) /2.
(i1) Ifd is even, R/I has the WLP if and only if e > (3d — 8)/2.

Proof. Set A\ := |_(5d —-5)/ ZJ. We will actually prove the following sequence of
statements:

(i) If d + e > A, then R/I has the WLP.
(ii") If d is odd and ¢ < d — 2, then R/ fails the WLP.
(iii") If d is even and e < d — 3, then R/I fails the WLP.
(iv)) If d isodd and d — 1 <e < (3d —7)/2 then R/I fails the WLP.
(V) If disevenand d — 2 < e < (3d — 10)/2 then R/I fails the WLP.
(vi") If d is even and e = (3d — 8)/2 (thatis d +e = A — 1) then R/I has the WLP.

Throughout this proof we will denote A = R/J, where J = (xii, xé’, xgi , xff, xgi ).

(i") The proof is the same as in Theorems 4.2(i) and 4.5(i).

(ii") Since d +e <2d —2, we can write e =2 j + € with0 <e <1 and j < (d —3)/2.
We will show that R/ fails the WLP in degree 2d — 1 + j. To this end, we take
£ € R, a general linear form. According to (3-1), it is enough to show that

dim[R/(I, £)]2a—1+; > [dim[R/I]pq—14j — dim[R/I]2q-2+ ]+ (5-5)

We will compute the left-hand side using Proposition 3.4 and the right-hand side
using Lemma 3.7.
We begin by computing the vector space dimension
. dtj ~ d+j ~ dtj ~ dbj ~ dtj ~ d+j—
dlmk[q1+1 N C|2+j N q3+J N q4+J N C|5+J N CI6+] e]Zd—l+j

=dimg L3Qd — 1+ j; (d+j)°,d+j —e).
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Applying a sequence of cubo-cubic Cremona transformations (see Lemma 3.5), we
get

dimy £32d — 1+ j; (d+j),d+j—e)
=dim $32d —3—j; d+j.d+j—e), (d—j—2)°
=dimg £32d —5-3j+e; d—j—24e,(d—j—2)°,d—-3j—4+e)?)
=dimg $32d —T—5j+2¢; d—3j —4+2e,(d—3j—4+e)).

(Here we use the hypothesis d + e < 2d — 2 to guarantee that d —3j —4+2¢ > 0.)
Since 2(2d —7—5j +2¢) >3(d —3j —4+e¢e)+d—3j —4+ 2e, the linear
system

P32d —T—5j+2e;d—3j —4+2e,(d—3j —4+e))
is in standard form. Therefore, Theorem 3.6 provides

dimg $3(2d —T—5j+2e;(d —3j —4+e),d—3j —4+2e)

_ [(Zd—4—35j+2e) _S(d—2—33j+e> _ (d—2—33j+2e)]++5 ' <e;j).

We claim that

3 3 3 3
=é(d—2—2j)[2d2—3e2+12e(1+j)—4(3+8j+4j2)+d(3e—2—2j)]

(2d—4—5j—|—2e) _S(d—2—3j+e> _ (d—2—3j+2e) ey (e—j)

is positive. In fact, using d > 2j + 3 and e > 2e, one gets

2d> —3e® + 12e(14 j) —4(3+8j +4j5) +d(Be —2—2j)
>202j+3)2 =3 +12e(1+ j) —43+8j+4;)+(2j+3)Be—2—2j) > 0.

We conclude that dim[R/(1, £)]oa—1+j > O.
Now we compute the right-hand side of (5-5). Lemma 3.7 provides

dim[R/I]2g—1+; — dim[R/1]2a—2+;
=haQd—14j)—ha(d—14+j—e)—hsQ2d—2+j)+ha(d—2+j—e)

_ (2d—|—3j+2) _5<d+§+2) _ (d—l—j—3|—2—e) n 10<j—3|—2>'

If dim[R/1I]2q—1+;j —dim[R/I]z4—24; < 0, then the WLP fails because we have
seen that dim[R/(1, £)]2q—14+; > 0.
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If din’l[R/I]Zd_H_j — dim[R/I]Zd_2+j > 0, then

dim[R/(1, £)]2a—14j — [dim[R/I]pq—14; —dim[R /I ]oq—24 ]
2d—4—5j+2e d—2-3j+e d—2-3j+2e e—j
= ( 3 )=s(TTTEYT) - (TTETT) 45 ()

~ [(2d+3j+2) _5<d+é’+2> ~ (d+j;L2—e> N 10<j43r2)]

3j—e+4
=(757) =0

Hence, we conclude in every case that R/ fails the WLP in degree 2d — 1+ j,
which is what we wanted to prove.

(iii") The proof is completely analogous.

(iv") Suppose that d is odd and d — 1 < e < (3d —7) /2. We claim that R/I fails the
WLP (usually by failing injectivity) from degree (5d — 7)/2 to degree (5d — 5)/2.
We first consider (by applying a sequence of cubo-cubic Cremona transformations;
see Lemma 3.5)

dim[R/(I, ©))sq—s)/2 = dimy 55(5d—5- (3d—3)5, 3d=3 —e)

2 7\ 2 2
:dimk§£3<3d2_3; <d;1>4’ 3d2—3’ 3d2—3 _e)
_ dim, $3<3d2—3; 3d2—3’ (d;l)“’ 3d2—3 _e)
— dim, $2(3d2—3; (d;1)4’ 3d2—3 _e)’

the last step being a consequence of Proposition 3.4. Notice that since d — 1 <e,
we have (3d —3)/2—e < (d —1)/2. Thanks to Lemma 4.1, these fat points impose
independent conditions, so we have

3d—3 d—1 3d—3
. ==+2 S5 +1 Z=—e+1
dlm[R/(I»E)](Sd—S)ﬂ:( 22 )—4-< 2 )—( 2 ) )

:9d2—1 d*—1 [9d2—12d+3

s tTm - 4
>+1
(The fact that
3d—3. 3d-3 d—1 d—1 d—1 d—1 3d—3_e>

|— B

—e(3d —2) + ez]

)

=£(3d—2—e)—<d;
2 02 2 2 2 2 2

2
dimk5£3(
=§(3d—2—e)—<d;1>+1

could also be obtained via Theorem 3.6.)
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Combined with Lemma 3.7, we obtain

dim[R/(1, ©))(sa—s)/2 — (dim[R/11(54—5)/2 — Aim[R /I ((5d—5)/2)1)
_ < % —e+3 )
3 .
If the part in parentheses is nonnegative then we expect injectivity, but the positivity
of the part on the right (since we assumed e < (3d —7)/2) implies that the WLP fails.

Now suppose that the part in parentheses is negative, so that we expect surjectivity.
Then one checks that

: d—1
dim[R/(1, £)](5a-5)/2 = §(3d —2—e)— ( 5 ) +1

_ (e=d)@d—e=) +<d;1>

(e—d)(d+3) , (d+1 3d—7
z 4 +< ) 2

)

) (since e <
> 0.

(the last inequality is ford — 1 <e < (3d —7)/2), and so surjectivity, and hence
WLP, fails. This completes the proof of (iv’).

(v') We show that R/I fails the WLP from degree (5d — 8)/2 to degree (5d — 6)/2.
Since we will use part of the computations also for (vi’), we consider all even d
such that d — 2 < e < (3d — 8)/2. In the same way as above we get

5d—6 <3d—4>5 3d—4 )
2 \"2 )2 ¢

3d—2 <g>4 3d—4 3d—4 )
2 \2) T2 T2 ¢

dim[R/(1, £)](5a4—6)/2 = dimy 333(
= dimk $3<

Using Theorem 3.6, we obtain

Ldt(ﬁ_e){

dim[R/(1, O)sa-6)2 = —d” +3de — e’ +6d —4e —4 = = 5

which is at least d2 in the given range for e. In particular, we are finished whenever
dim[R/1]54-6)/2 < dim[R/I](54—6)/2)—1-

If dim[R/]](5d,6)/2 > dim[R/I]((Sd,@/z),l (so we expect injectivity), then
Lemma 3.7 provides, minding the bound on e,

dim[R/(1, ©)](sa—6)/2 — (dim[R/11(54—6),2 — Eim[R /11 ((5d—6)/2)-1)

<3d—5103—e+3)' (5-6)

Since we are assuming that the part in parentheses is nonnegative, the positivity of
the part on the right implies that WLP fails if e < (3d — 10)/2, as claimed.
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(vi’) Arguing as in Theorem 4.5(iii), we see that if 1 <A —2 or ¢z > A then (x£) :
[R/I]; — [R/I];+1 has maximal rank. So, it only remains to study the case t =X —1.
We are going to prove that the multiplication (x£) :[R/I],—1 — [R/I], is injective,
that is dim[R/(I, £)], = dim[R/I]; —dim[R/I];_;.

Notice that the assumptions force d > 4, so we may apply the computations of
(V'). Thus, the desired follows by (5-6). O

The same argument gives us the following result.

Proposition 5.4. Let L be a general linear form and let
a a a a. a
I=(x{", x5, x3°, xy", x5°, L“).

Assume that 5 <a; <ay <az <a4g <as <ag <ay+2. Then the ring R/ fails the
WLP,

Our methods extend beyond the results mentioned above.
Example 5.5. Using the above notation, one shows:

(i) If d > 4 and (a1, a2, a3, a4, as,a6) = (d,d +1,d +2,d+3,d+4,d +5),
then the ring R /I fails the WLP in degree 2d + 4.

(i) If d > 4 and (a1, a2, a3, a4, as,a¢) = (d,d +3,d+4,d+7,d +7,d + 10),
then the ring R/ fails the WLP in degree 2d + 9.

6. Uniform powers of linear forms

In this section, we consider the case of an almost complete intersection of general
linear forms whose generators all have the same degree d. We give a complete
answer, in the case of an even number of variables, to the question of when the
WLP holds. Interestingly, the case of an odd number of variables is more delicate,
and we are only able to give a partial result, concluding with a conjecture.

We first consider the case where there are an even number of variables. Set
R =k[xy, ..., x2,], where k is a field of characteristic zero. We determine when
an ideal generated by uniform powers of 2n + 1 general linear forms in R fails the
WLP. If n =1, then R/I always has the WLP due to [Harima et al. 2003]. If n =2,
then R/ fails the WLP if and only if d > 3 by Theorem 4.2.

Theorem 6.1. Let L € R be a general linear form, and let I = (xf, el xéln, Ld),
where n > 3. Then the ring R/I fails the WLP if and only if d > 1.

Proof. 1t is clear that for d = 1, R/I has WLP.
Assume d > 2. We will show that R/I fails WLP in degree nd — n. To this end,
we take £ € R, a general linear form. According to (3-1), it is enough to show that

dimg[R/(1, €))na—n > [dig[R/I1pg—n — dimg[R/1Tpg—n1] (6-1)

4
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First, we compute the left-hand side of (6-1).
Claim 1. dim[R/(1, £)]pg—n = 1.
Proof. By Proposition 3.4 and Theorem 3.3, we have

dimg[R/(1, O)lna—n
= dimy[q{" =D gD L gD g bd =y
= dimyg 2, -2(nd —n; (n — d — (n — 1)*" ).
Applying Lemma 3.5, we get
dimy £2,-2(nd —n; (0 = Dd — (n = 1)*"*1)
= dimg Fap2((n — 1) — (1= 1); (1= Dd — (1= 1)), (1=2)d — (n—2))"™).
Using Proposition 3.4 twice, it follows that
dimy £2,-2(nd —n; (n — Dd — (n — 1)*"*)
= dimy £2,-3((n = Dd — (1= 1); (n = Dd = (n=1), (1 =2)d — (n =2))*""")
= dimy $5p—4((n—1d — (n—1); (n—2)d — (n —2))*"""). (6-2)
If n =3, then we get by applying again Lemma 3.5
dimg £2(2d —2; (d — 1)°) = dimy £2(2d — 2; (d — 1)%,0%) = 1,
as desired.
If n > 4, then we conclude by induction using (6-2). Thus, Claim 1 is shown.

Next we consider the right-hand side of inequality (6-1). Taking into account
Claim 1, we see that R/[ fails the WLP, once we have shown the following:

Claim 2. dimg[R/1)pg—n < dimg[R/I)q—n—1.

Proof. We use inductiononn > 3. Let A = R/(xf, R xgn). Assume n = 3.
Lemma 3.7 provides

dimg[R/134-3 — dimy[R /11344
=hsBd—3)—hsRd—3)—hs3d—4)+hs2d—4)

_ (3d:—1) _7(2d:1)+21(d1—1>
= —5d(d = 2)(5d> +2d +5)

<0,

as desired.
Let n > 4. By Lemma 3.7, Claim 2 can be rewritten as

haind —n)—hand—n—1)<hps(nd—n—d)—hand—n—d—1). (6-3)
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Consider now the ring B = k[xy, ..., xzn_l]/(xf, .. .,xé’n_l). Then A = B ®
klx]/ (x4), which implies

ha() =hp(j)+hp(j—D+---+hp(j—(d—-1)). (6-4)
Thus, the last inequality becomes
hg(nd —n)—hgnd —n—d) <hg(nd —n—d)—hgnd —n —2d).

The Hilbert function of B is symmetric about %(211 —1(d—1),s0hg(nd —n) =
hg(nd —n —d +1). Thus, we have to show

hg(nd—n—d+1)—hgnd —n—d)<hgnd —n—d)—hgnd —n—2d).

To this end, put C = k[x1, ..., x2u—21/(x?, ..., x4 ). Then B = C ®; k[x]/(x?).

Hence, using a relation similar to (6-4), Claim 2 follows, once we have shown

hcnd—n—d+1)—hec(nd —n—2d+1)
<hcind—n—-d)+hcind—n—-d)+---+hc(nd—n—-2d+1) (6-5)

—[hc(nd —n—2d)+hc(nd —n—2d —1)+---+hc(nd —n—3d +1)]

Our induction hypothesis (see inequality (6-3)) provides

hecnd—n—d+1)—hc(nd—n—d) <hc(nd —n—-2d+1) —hc(nd —n—2d).

Since the Hilbert function of C is unimodal with peak in degree (n — 1)(d — 1), we
have the estimates:

hcnd—n—d)—hcnd —n—2d+1)
<hcnd—n—d)—hc(nd —n—2d —1),
O0<hcnd—n—d—1)—hc(nd —n—2d —?2),

O0<hcind —n—2d)—hc(nd —n—3d —1).

Adding the last inequalities, we get the desired inequality (6-5), which completes
the proof of Claim 2, and we are done. U

Remark 6.2. Theorem 6.1 proves half of Conjecture 5.5.2 in [Harbourne et al.
2011] — namely, the case when the number of variables is even.

Remark 6.3. In [Harbourne et al. 2011, Theorem 5.2.2], Harbourne, Schenck and
Seceleanu have recently given an alternative proof of the above theorem for d > 0.

Claim 2 can be restated as a result about the growth of the coefficients of a
certain univariate polynomial.
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Proposition 6.4. Let n > 3 and d > 1 be integers. For the univariate polynomial

ao+arz+- - +agaz? = (1+z 4 +2H,

we have ang — na—1 < And—d—1 — And—d—2-
Proof. Note that a; is the Hilbert function of k[x, ..., xzn]/(xi“'l, R xgjl) in
degree i. Hence inequality (6-3) establishes the claim. ]

We now turn to an odd number of variables. We are not able to give a result as
comprehensive as that of an even number of variables, and we only consider the
case of seven variables.

Theorem 6.5. Let L € R = k[xy, ..., x7] be a general linear form, and let I =
(xf, R x?, Ld). Ifd =2 then the ring R/I has the WLP. If d > 4 then R/ fails
the WLP.

Proof. If d =2, we have verified on CoCoA that R/I has the WLP. In fact, CoCoA
has also given the result that when d = 3, R/ fails to have the WLP because of
the failure of injectivity. However, a computer verification is not enough to show
the failure of the WLP, since it is impossible to justify that the linear forms are
“general enough”. We conjecture that WLP also fails for d = 3.

We now assume that d > 4. We will show the failure of surjectivity in a suitable
degree. Let £ € R be a general linear form. Let j = |_15—7(d — I)J. We want to
compute dimg[R/(I, £)]; = dim; £5(j; (j +1 — d)®), and in particular, to show
that this dimension is nonzero. Using Lemma 3.5 four times we get
dimy [R/(1, £)];

= dimy £5(—j +6(d —1); (j +1—d)*, (=j+5(d —1)°
= dimy £5(=3j +12(d — 1); (= +5d = D)*, (=3j + 11(d = 1)*)
= dimy L5(—5j + 18(d — 1); (=3 + 11(d — 1))°, (=5 +17(d — 1))
= dimy L5(—=7j +24(d — 1); (=5j +17(d — 1))®). (6-6)
This computation is correct and has a chance of resulting in a nonempty linear
systemif 0 < —5j+417(d —1) < —7j+24(d — 1), which is true since j < %(d— 1).
Thus, we distinguish five cases, where e is an integer:

Case I: d — 1 =15e, thus j = 17e.

Case2:d—1=>5e+1, thus j =17¢+3.
Case 3: d —1=>5e+2, thus j =17e¢+6.
Case4: d —1=5e+3, thus j = 17¢ + 10.
Case5:d—1=>5e+4,thus j =17¢+ 13.
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The computation (6-6) then shows that dimy[R/(I, £)]; equals dimy £5(e; 0%) in
Case 1, dimy L5(e+3;28) in Case 2, dimy £s(e+6; 4%) in Case 3, dimy Ls(e+2; 1%)
in Case 4, and dimy $5(e +5; 3%) in Case 5. It is clear that these linear systems are
not empty if e > 0, thus d > 1.

To prove failure of the WLP in degree j it remains to check that the expected
dimension is zero. Using Lemma 3.7, we obtain

dimk[R/I]j—dimk[R/I]j_l
(]S j+5—d j+5-2d Jj+5-3d
=(757) =875 )+ () —se(TTTY),
Notice that the last binomial coefficient is zero if d < 10, while the third one is zero

for d < 2. However, the computations of the polynomials below are not affected.
Distinguishing the five cases above, this dimension times 5! equals

Case 1: — 101995 ¢ — 69925 e* — 15975 ¢* + 565 ¢ + 730 e + 120

Case 2: — 101995 3 — 139850 e* — 60225 ¢ — 1330 % + 5080 ¢ + 960

Case 3: — 101995 ¢ — 209775 e* — 133975 ¢ — 8145 &* + 19730 e 4 5040
Case 4: — 101995 ¢ — 359875 ¢* — 499175 ¢* — 336365 ¢> — 107910 e — 12600
Case 5: — 5 (e + 1) (20399 e* 4+ 65561 &> + 74044 ¢* + 32716 e + 3840)

Clearly the first three polynomials are negative if e > 1, and the last two whenever
e > 0. Thus the expected dimension is zero whenever d > 4. In particular, we have
shown the failure of surjectivity (in particular the failure of the WLP) for d > 4. [J

In applying the approach of Theorem 6.5 to the general case, we were able to
mimic the choice of j, as well as the main details of the proof that dim[R/(1, £)]; >
0. However, a proof of the required inequality to verify that it is surjectivity rather
than injectivity that fails eluded us. Based on experiments with CoCoA, we end
with the following conjecture (also to complete the case of seven variables). Notice
that the case d = 2 has the WLP in seven variables (as noted above).

Conjecture 6.6. Let R = k[xy, ..., x2,+1], where n > 4. Let L € R be a general
linear form, and let I = (xf, e xgnﬂ, Ld). Then the ring R/ fails the WLP if
and only if d > 1. Furthermore, if n = 3 then R/ fails the WLP when d = 3.
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Classical theorems of Gel’fand et al. and recent results of Beukers show that

nonconfluent Cohen—Macaulay A-hypergeometric systems have reducible mon-

odromy representation if and only if the continuous parameter is A-resonant.
We remove both the confluence and Cohen—Macaulayness conditions while

simplifying the proof.
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1. Introduction

In a series of seminal papers of the 1980s, Gel’fand, Graev, Kapranov and Zelevinskit
introduced A-hypergeometric systems Hx (), a class of maximally overdetermined
systems of linear PDEs. These systems, today also known as GKZ-systems, are
induced by an integer d x n-matrix A and a parameter vector 8 € C?.

A-hypergeometric structures are nearly ubiquitous, generalizing most classical
differential equations. Indeed, toric residues, generating functions for intersection
numbers on moduli spaces, and special functions (GauB3, Bessel, Airy, etc.) may all
be viewed as solutions to GKZ-systems, and the same is true for varying Hodge
structures on families of Calabi—Yau toric hypersurfaces as well as the space of
roots of univariate polynomials with undetermined coefficients.

Uli Walther was supported by the NSF under grant DMS 0901123.
MSC2010: primary 13N10; secondary 32540, 14M25.
Keywords: toric, hypergeometric, Euler—Koszul, D-module, resonance, monodromy.
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We shall identify A with its set of columns ay, ..., a,. A parameter 8 is nonres-
onant if it is not contained in the locally finite subspace arrangement of resonant
parameters

Res(A) :=|_J (ZA+Cr), (1-1)

the union being taken over all linear subspaces T € (0" that form a boundary
component of the rational polyhedral cone Q A.

Assuming that the toric ring C[NA] = Clay, ..., a,] is Cohen—Macaulay and
standard graded (the latter is equivalent to the classical notion of nonconfluence;
see [Schulze and Walther 2008]), Gel’fand et al. [1989; 1990] proved the following
fundamental theorems:

(I) Ha(B) is holonomic.

(II) The rank (dimension of the solution space) of H4(f8) equals the degree of
C[NA] for generic f.

(IIT) If B is nonresonant, the monodromy representation of the solutions of H4(f8)
in a generic point is irreducible.

More recent research has shown that statements (I) and (II) hold true irrespective
of whether C[NA] is Cohen—Macaulay or standard graded, [Adolphson 1994; Saito
et al. 2000; Matusevich et al. 2005]. In Theorems 4.1 and 5.1, we prove the same
of statement (III) while providing a converse inspired by [Beukers 2011].

The crucial tool for the proof of (IIT) in [Gel’fand et al. 1990, Theorem 2.11] is
the Riemann—Hilbert correspondence of Kashiwara and Mebkhout, relating regular
holonomic D-modules to perverse sheaves. Confluence (i.e., irregularity) of M 4(8)
rules out the use of the Riemann—Hilbert correspondence in the general case.

A powerful way of studying H4 (B) is to consider the corresponding D-module
M4(B) on C" as a 0-th homology of the Euler—Koszul complex K,(C[NA], B).
This idea can be traced back to [Gel’fand et al. 1989] and was developed into a
functor in [Matusevich et al. 2005]. Results from [Matusevich et al. 2005] show that
K.(C[NA], B) is a resolution of M4 () if and only if B is not in the A-exceptional
arrangement € 4 (see Remark 2.2), a well-understood (finite) subspace arrangement
of C" comprised of the parameters 8 for which the solution space of H4(f) is
unusually large.

Surprisingly, the Euler—Koszul technique combined with the D-module/represen-
tation-theoretic description of GKZ-systems from [Schulze and Walther 2009]
serves as a replacement for the Riemann—Hilbert correspondence in the proof of
(IIT). This provides an approach that is simultaneously conceptually simpler and
more widely applicable.
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2. Hypergeometric system and Euler—-Koszul homology

Hypergeometric D-module. Let A = (a; ;): 7" — 7% be an integer d X n-matrix,
which we view both as a map, and as the finite subset {ay, ..., a,} of columns. We
assume that the additive group ZA generated by the columns of A is the free Abelian
group Z¢, but we do not assume that A is positive, i.e., we do allow nontrivial units
in the semigroup NA (see Remarks 2.1 and 2.4).

Let x4 =xy, ..., x, be coordinates on X :=C", and let 94 = 0y, ..., 9, be the
corresponding partial derivative operators on C[x4]. Then the Weyl algebra

Dy =C(xa,04 | [x;,0;1=6;, [xi, x;1=0=[0;, 9;])

is the ring of algebraic differential operators on C". With u = (max(0, u;)); and
u_ = uy —u, write [J, for o+ — 9%-, where here and elsewhere we freely use
multiindex notation. The toric relations of A are then

O :={0, | Au =0} C R4 :=C[d4],
and generate the foric ideal 14 = R4 -4, whose residue ring is the toric ring
Sa:=Ra/ly =ZCINA]=Clay, ..., a,].

The Euler vector fields E = E,, ..., E; induced by A are defined as
n
El' = Za,-,jxiaj.
j=1

Then, for B € C¢, the A-hypergeometric ideal and D-module are, by [Gel fand et al.
1987; 1989], the left D 4-ideal and D 4-module

Hy(B) =Dy -{E—B}+Ds-0g and Ma(B) =Da/Ha(B).

The structure of the solutions to H4 () is tightly interwoven with the combinatorics
of the pair (A, B) € (ZA)" x CA [Sturmfels and Takayama 1998; Cattani et al.
1999; Matusevich and Miller 2006; Okuyama 2006; Berkesch 2011].

Remark 2.1. Suppose we were to weaken the condition ZA = Z¢ to “the rank of
ZA is d”. Pick a basis B for ZA, interpreted as elements of Z¢. In terms of B, A
takes the form of the d x n matrix A’ (say) which satisfies A = BA’ and ZA' = 7¢.
Choose 8 € CA = CA’. The hypergeometric systems H4(8) and Hy (B~ ) are
equivalent since kerz: (A) = kerzn (A”).

Torus action. Consider the algebraic d-torus T := Spec(C[ZA]) = (C*? with
coordinate functions t =y, ..., t;. The columns ay, ..., a, of A can be viewed
as characters a; (t) = t% on T, and the parameter vector § € C4 as a character on
its Lie algebra via 8(#;0;,) = —B; + 1. These characters define an action of 7" on



530 Mathias Schulze and Uli Walther

X* := Spec(C[N"]), interpreted as the cotangent space Ty X of X at 0, by
t-04 = (t“‘al, ceey t“"a,,).

The toric ideal 14 is the ideal of the closure of the orbit 7 -14 of 1, =(1,...,1)
in X*, whose coordinate ring is S4.
The contragredient action of 7' on the coordinate ring R4 of X* is given by

(t-P)(0a) =Pt " 01,...,t7"0y)

for P € Ry. It yields a ZA-grading on R4 on the coordinate ring C[x4, d4] of
T*X:
—degd; =a; =degx;. 2-1)

In particular, deg 9 = Au, and E — 8 and [J4 are homogeneous.
The following description of M 4(8) was given in [Schulze and Walther 2009].
Consider the algebraic ¥ 7-module

M(B) := D1 /DT - (0:1 + B),

where 0, := 0111, ..., dqt4. It is Op-isomorphic to O but equipped with a twisted
9%7-module structure expressed symbolically as

M(B) = Op -17F~!
on which @7 acts via the product rule. The orbit inclusion
¢6: T—>T-1— X

gives rise to a (derived) direct image functor ¢ : Dy -mods — Dy -mods. On X
one has access to the Fourier transform: %(x;) = 0;, #(9;) = —x;. By [Schulze
and Walther 2009, Proposition 2.1], & o ¢J(B) is represented by the Euler—
Koszul complex K,(SA[E)XI], B). Thus, the latter is quasiisomorphic to K,(S4, B)
if B ¢ Res(A) by [Schulze and Walther 2009, Theorem 3.6], and hence Corollary 3.8
of [Schulze and Walther 2009] yields

My(B) =F o M(B) if B &Res(A). (2-2)

Euler-Koszul functor. We say that 8 € ZA is a true degree of the graded R4-
module M if 8 is the degree of a nonzero homogeneous element of M. The
quasidegrees of M are the points qdeg M in the Zariski closure of tdeg M C ZA C
CA.

A graded R4-module M is called a roric module if it has a finite filtration by
graded R4-modules such that each filtration quotient is a finitely generated Sg4-
module. The toric modules with ZA-homogeneous maps of degree zero form a
category that is closed under subquotients and extensions. For every toric module the
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quasidegrees form a finite subspace arrangement where each participating subspace
is a shift of a complexified face of ()>pA by a lattice element.

For all 8 € C4 and for any toric R4-module M one can define a collection
of d commuting D 4-linear endomorphisms denoted E; — 8;, 1 <i < d, on the
D 4-module D4 ®pr, M which operate on a homogeneous element m € Dy Qr, M
by m — (E; — i) o m, where

(E; —Bi)om = (E; — B; —deg; m) -m.

There is an exact functor K,(—, ) = K.(—, E — B) from the category of graded
R 4-modules to the category of complexes of graded D 4-modules; it sends M to the
Koszul complex defined by all morphisms E; — ;. On toric modules, the functor
returns complexes with holonomic homology. A short exact sequence

0O>M ->M-—->M' -0

of graded R 4-modules with homogeneous maps of degree zero induces a long exact
sequence of Euler—Koszul homology

e > Hi(Mﬂv ﬂ) — Hi—](M/’ﬁ) — Hi—l(M7 /3) — Hi—l(M”a ﬁ) — e

where H;(—, B) = Hi(K.(—, B)). If M = S then Hy(M, B) = M(B).
We refer to [Matusevich et al. 2005; Schulze and Walther 2009] for more details.

Rank (jumps) and monodromy reducibility. We shall write D (x4) for the ring
of C-linear differential operators on C(x4); note that D (x4) = C(x4) ®cjxy] Da
as left Ds-module. We further set M (x4) := C(x4) ®c[x,) M for any D 4-module
M.

The rank tk(M) of a Dy-module M is the C(x4)-dimension of M(x4). By
Kashiwara’s Cauchy—Kovalevskaya theorem [Saito et al. 2000, Theorem 1.4.19], it
equals the C-dimension of the solution space Sol(M) = Homp, (M, C{xs — ¢}) of
M with coefficients in the convergent power series near the generic point x4 = ¢ in
(the analytic space associated to) X.

Remark 2.2. By [Adolphson 1994, Theorem 5.15] and [Matusevich et al. 2005,
Theorems 2.9, 7.5],

tk M4 (B) = vola(A)

with equality for generic 8 € C". Here vols (G) denotes, for any G C ZA, the
simplicial volume of the convex hull of G taken in the lattice ZA. More precisely,
equality is equivalent to 8 & € 4, where

n d—1
€4 = Zaj — U qdegExt'}e;i(SA, Ra)
j:] =0
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is the exceptional arrangement.

Definition 2.3. We say that a D 4-module M has irreducible monodromy it M (x4)
is an irreducible D4 (x4)-module (i.e., it has no nontrivial D4 (x4)-quotients).

By [Walther 2007, Theorem 3.15], monodromy irreducibility of M(B) is a
property of the equivalence class § € CA/ZA.

The nomenclature is based on the Riemann—Hilbert correspondence: D4 (x4)-
quotients of M (x4) correspond to monodromy-invariant subspaces of Sol(M) in
nonsingular points of M. (Analytic continuations of an analytic germ satisfy the
same differential equations as the germ itself).

Remark 2.4. Careful reading of [Matusevich et al. 2005] reveals that all fundamen-
tal results obtained through Euler—Koszul technology do not require NA to be a
positive semigroup. As a matter of fact, €4 was defined in [Matusevich et al. 2005]
in terms of local cohomology with supports at the origin of X*; the translation
between this definition and ours here can only be done if A is pointed. On the other
hand, it is the Ext-based definition that is (implicitly) used in all proofs in loc. cit.

In consequence, the main theorems in [Walther 2007] and [Schulze and Walther
2009] remain true in the absence of positivity since the only ingredients in their
proofs that are specific to the hypergeometric situation are those of [Matusevich
et al. 2005].

3. Pyramids and resonance centers

Definition 3.1. For any subset F of the columns of A we write F for the comple-
ment A \ F.

A face of A is any subset F C A subject to the condition that there be a linear
functional ¢f: ZA — Z that vanishes on F but is positive on F. This includes
F = A as possibility. Every face contains all units of NA, and A is positive if and
only if the empty set is a face of A.

For a given face F, we set

I/f = IA+RA'8,?
and note that R4 /If = Sr as R4-module.

Definition 3.2. Let F be a face of A. The parameter 8 € C¢ is F-resonant if
B € ZA + CG for a proper subface G of F.

If B is G-resonant for all faces G properly containing F, but not for F itself, we
call F a resonance center for f3.

A resonance center is a minimal face F' for which § € ZA+CF. Every parameter
B has a resonance center; A is a (and then the only) center of resonance for g if
and only if § is nonresonant in the usual sense (i.e., 8 ¢ Res(A), defined in (1-1)).
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On the other hand, for positive A, the empty face is a resonance center for § if and
only if B € ZA.

Example 3.3. It is easy to have several resonance centers for 8. For example,
consider 8 = (%, 1) on the quadric cone A = (1 H

01 2); B has both extremal rays as
resonance centers.

Definition 3.4. We say that A is a(n iterated) pyramid over the face F if d =
dimz(ZA) equals | F| + dimz(ZF).

The following equivalences are trivial or follow from [Walther 2007, Lemma 3.13].
Lemma 3.5. The following statements are equivalent.
(1) F isaface and A is a pyramid over F.
(2) a; ¢ Q(A~{a;}) forany j € F.
(3) ZA="Za; ® Z(A ~{a;}) forany j ¢ F.
(4) volgp(F) =vols(A).

(5) For every B € CA, the coefficients c; in the sum 8 =) _ , cja; are uniquely
determined by § for j & F.

(6) The generators [14 of 14 do not involve 9; for any j & F.
(7) Sr ®c Cld5] = Sa as Ra-modules.
Notation 3.6. Suppose F is any nonempty face of A, and let Xr, X%, Tr, H F etc.

be defined as in Section 2 with A replaced by F (cf. Remark 2.1 for the case where
ZA/ZF has torsion). Write EF' = Ef, R E; where EiF =) ..paiX;0;isthe

part of E; supported in F. Then, in particular,

jeF

Mp(B) = Dr/(Dp-(EFf —B)+ Dp-Ir) for g €CF.

Suppose now that A is a pyramid over the face F, and let § € CA. The splitting

in Lemma 3.5(3) corresponds to a splitting of tori T4 = Tp x [ ]| ajeF Ty, which in

turn gives a splitting of the spaces of Lie algebra characters CA=CF &P ajeF Ca,.
Then B8 decomposes correspondingly as

B=B"+) 8.
jeF
Let tr: X3 < X7, be the inclusion. By [Matusevich et al. 2005, Lemma 4.8], for
BeCF,

(Foir4oF HYMp(B) =Clxpl ®@c Mr(B)
= Ho(Sp, B) = Da/(Da-(EF —B)+Da-1}) (3-1)

as D -modules. In the following lemma, (9) follows from (8) and (3-1) above.
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Lemma 3.7. If A is a pyramid over F then the following conditions hold:
(8) The ideal Hx(B) contains x;0; — ,Bjﬁforj ¢ F.

(9) Ms(B)(xa) = C(xa) Qcpxy) MF(B) for B € CF.
(10) The solutions of M4(B) are the solutions of MF(,BF), multiplied with the

unique solution to the system
{xjdjo f =B f}icr-
In particular, B € €4 if and only if B € €r.

Proposition 3.8. If 8 € CA has a resonance center F over which A is a pyramid,
then F is the only resonance center for B.

Proof. Let G be a second resonance center for 8 and suppose G meets the com-
plement of F; pick a; € G N F. Since Zay is a direct summand of ZA, it is also a
direct summand of ZG. It follows that G ~ {a;} is a face G’ of A.

As F and G are resonance centers,

/ / /
B = zkax + Z Zjaj+zcjaj, B =crar+ Z zjaj—l—chaj
jeF~{k} JEF jeG'~(k} JjeG’

where zg, 2, z} € Z and ¢y, cj, c;. € C. By Lemma 3.5(5), the coefficients for a; in
these sums are identical, ¢; = zx € Z. It follows that

B =\ zax + Z Zja; +Zc;aj € ZA+CG'.
jeG'~{k} G’

This contradicts G being a resonance center. Thus GN F = & and so G C F. But
then F' can only be a resonance center if F' = G. (]

4. Resonance implies reducibility

The following result generalizes Theorem 3.4 in [Walther 2007] and Theorem 1.3
in [Beukers 2011].

Theorem 4.1. Let F be a resonance center for § € CA. If A is not a pyramid over
F then M (B) has reducible monodromy.

Proof. By hypothesis, we have g — y € ZA for some y € CF. We first dispose
of the case F = &. In that case, A is positive, y =0, 8 € ZA and, by [Walther
2007, Theorem 3.15], we may assume = 0. Then C(x,) is a rank-1 quotient of
M4 (B)(x4). But A is not a pyramid over F, so

k(M4 (B)) = vols(A) > volp(F) = 1 =r1k(C(x4))
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by Remark 2.2 and Lemma 3.5. So C(x,4) is a proper quotient of M 4(8)(x4), and

hence M 4 () has reducible monodromy. We can hence assume that F' is not empty,

and by [Walther 2007, Theorem 3.15], we need to show the reducibility of M4 (y).
Consider the surjection

Ma(y) = Ho(Sa, y) = Ho(SF,y)

induced by the surjection S4 — Sp. Therefore, it suffices to show that 0 <
tk(Hy(SF, v)) < vol4(A) by Remark 2.2. Since F is a resonance center for 8, and
hence for y as well, y is a nonresonant parameter for the GKZ-system

Mp(y) =Dr/(Dp - (E¥ —y)+Da-Ip).

Then, by Remark 2.2, tk(Mg(y)) =volp(F) > 0 and tk(M4(y)) > vol4(A). As A
is not a pyramid over F, volg(F) < voly (A) by Lemma 3.5. Finally, tk(Mg(y)) =
rk(Hy(SF, v)) by (3-1). Combining the above (in)equalities yields the claim. [l

5. Resonance follows from reducibility

We now generalize Theorem 2.11 in [Gel’fand et al. 1990].

Theorem 5.1. Let F be a resonance center for B. If A is a pyramid over F then
M 4(B) has irreducible monodromy.

Proof.

First consider the case F' = A. Then B ¢ Res(A) and hence M4 (B) =Fop, (Mp)
by (2-2). As in the proof of [Schulze and Walther 2009, Proposition 2.1], factor
¢ = @ ot into the closed embedding of tori

t: T < Spec(C[Z"]) =Y* = (C*)" (5-1)
induced by ZA C 7", followed by the open embedding
o Y*=X*"Var(0;---9,) — X*. (5-2)

By Kashiwara equivalence, ¢ preserves irreducibility. The same holds for @, because
D-affinity of both the target and the source of the inclusion map allows to detect
submodules on global sections. But global sections on Y* and X* agree because we
are looking at an open embedding. Since A (B) is clearly irreducible, ¢ M(B) is as
well. As Fourier transforms preserve composition chains, M4 (f) is irreducible. It
follows that M4 (B) has irreducible monodromy.

Suppose now that F is a proper face. Choose y € CF with 8 —y € ZA. Then
MF(y) is irreducible by the first part of the proof, and the claim follows from
Lemma 3.7(9) and [Walther 2007, Theorem 3.15]. Finally, if F = & then A is
positive and Lemma 3.7(8) shows that M4 (8)(x4) = C(x4) which has clearly
irreducible monodromy. U
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The Chow ring of double EPW sextics

Andrea Ferretti

A conjecture of Beauville and Voisin states that for an irreducible symplectic
variety X the subring of CH*(X) generated by divisors goes injectively into the
cohomology of X, via the cycle map. We prove this for a very general double
Eisenbud—Popescu—Walter sextic.

1. Introduction

A difficult problem in algebraic geometry is to characterize the kernel (and the
image) of the cycle map

c:CH*(X)— H*(X, 7)

for a smooth projective variety X over C. When X is an irreducible symplectic
variety there is this general conjecture:

Conjecture 1 [Beauville 2007]. Let X be an irreducible symplectic variety, and
let DCH(X) C CHy(X) be the subalgebra generated by the divisors. Then the
cycle map

c:CH*(X)gp — H*(X, Q)

is injective when restricted to DCH (X).

We refer to the original article for the motivation of the conjecture and its link
with the conjectures of Bloch and Beilinson; we just remark that the conjecture
was known to hold when X is a K3 surface from [Beauville and Voisin 2004].
Conjecture 1 explicitly means the following: any polynomial relation

P(Dy,....,Dy)=0

in the fundamental classes of divisors which holds in H*(X) already holds inside
CH(X).
This has been extended by Claire Voisin:

I’d like to thank K. O’Grady for his constant support, advice, and encouragement during my Ph.D..

MSC2010: primary 53C26; secondary 14C15, 14J35.
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Conjecture 2 [Voisin 2008]. Let X be an irreducible symplectic variety. Any poly-
nomial relation
P(Dy, ..., D, ci(X))=0

in the fundamental classes of divisors and in the Chern classes of X that holds in
H*(X) already holds in CH(X).

Theorem [Voisin 2008]. Conjecture 2 holds when

o« X = Sl for some K3 surface S, and n < 2by(S)y + 4, where by(S)y is
the rank of the transcendental part of H*(S), that is, the orthogonal of the
Néron—Severi lattice, or

e X is the Fano variety of lines on a cubic fourfold Y C P>,

To our knowledge, no other cases of the conjecture have been verified. We prove
it to be true for double EPW sextics, a class of irreducible symplectic varieties
introduced in [O’Grady 2008a] and named after Eisenbud, Popescu and Walter.
(We will review their construction shortly.) More precisely:

Theorem 1.1. Let X be a double EPW sextic and [ : X — Y its associated double
covering. Let

h= f*0Oy(1)

be the natural polarization. Then every polynomial relation between h and the
Chern classes of X which holds in H*(X, Q) already holds in CH*(X)q.
In particular, if X is very general, Conjecture 2 holds for X.

Theorem 1.1 is the main result of my Ph.D. thesis [Ferretti 2009]. Some facts
that are only cited in the present paper are described there in more detail.

EPW sextics. In this section we recall some known facts about EPW sextics and
we fix the notation that we shall use. The results here are from [O’Grady 2006;
2008a]; see also [Ferretti 2009] for a detailed introduction.

We start with a six-dimensional vector space V over the field C. The space A%V
is one-dimensional, so we choose once and for all an isomorphism

vol : A°V — C.
This endows A’V with a symplectic form, given by
(a, B) = vol(a A B),

for a, B € AV, so /\’V becomes a symplectic vector space of dimension 20.
For each nonzero v € V we can consider the Lagrangian subspace

Fy={vAa|ae NV}
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This is clearly isotropic, and the isomorphism

0u: Fy — NA(V/(v))

vAX > [a]

1-1)

shows that dim F, = (3) = 10.

Since the subspace F), only depends on the class [v] € P(V), the subspaces F, fit
together, giving rise to a Lagrangian subbundle F of the trivial symplectic bundle
P(V) x A\3V. The maps in (1-1) then yield an isomorphism

F=9® N9,

where 9 is the tautological quotient bundle on P(V) and ¥ the tautological sub-
bundle. From this a standard computation gives

c1(F) = c1(N9) +1k(F)c 1 (¥) = —6H, (1-2)

where H = ¢1(0(1)) is the hyperplane class on P(V).
We are now ready to define the EPW sextics, as follows. Fix a Lagrangian
subspace A C /A*V. Note that the symplectic form gives a canonical identification

NV/AZAY.

Let
Aa: F—)@p(v)@)Av (1-3)

be the inclusion F — Opy) ® A3V followed by the projection modulo A. The
map X4 is a map of vector bundles of equal rank 10.
Definition 1.2. We set

Ya=Z(detAy),
the zero locus of the determinant of A 4. This is a subscheme of P(V); when it is
not the whole of P(V), Y4 is called an EPW sextic. (It is indeed a sextic by (1-2).)

The support of the scheme Y4 is by definition the locus
{[vle P(V) |dim(F, NA) > 1}.

We then set
Yalk] ={[v] € P(V) | dim(F, N A) > k},

so that Y4 = Y4[1], at least set-theoretically. The loci Y4[k] also have a natural
scheme structure, given by the vanishing of the determinants of the (11 — k) x
(11 — k) minors of A 4.

The natural parameter space for EPW sextics is the Lagrangian Grassmannian
LG(/A}V), or more precisely the Zariski open set parametrizing those A for which
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Y4 C P(V). We recall that LG(A’V) C Gr(10, A3V) is the subvariety of La-
grangian subspaces; it is a smooth variety of dimension 55.

Double EPW sextics. Assume that Y, is not the whole of P(V'). The map of vector
bundles X4 in (1-3) is an injective homomorphism of sheaves, whose cokernel is
supported on Yy4. If we denote by

ia:Yy— PV)
the inclusion, then we have an exact sequence
0— F — Opy) @AY —> igu(64) — 0 (1-4)
for some sheaf &4 on Y,4. For a generic Lagrangian subspace A the locus
Yal2] = {[v] € P(V) | dim(F, N A) > 2}

is properly contained in Y4; it follows that &4 is generically free of rank 1. If

ta=§403),
there is a natural multiplication map

my:ia ®&s — Oy,.

More precisely:

Lemma 1.3 [O’Grady 2008a]. The map my is symmetric and associative, and
gives an isomorphism between {4 ® ¢4 and Oy,.

Thanks to the lemma we see that the sheaf

0y,®¢a
has the structure of an Oy, -algebra, so we have an associated double covering.
Definition 1.4. We denote by X 4 this double covering; the scheme X 4 is called a
double EPW sextic. We denote by
fA X A Y A

the covering map.
The scheme X4 is endowed with a polarization h4 = f; Oy, (1).

Remark 1.5. The ramification locus of the map f4 is Y4[2]. To see this we just
need to observe that by construction the ramification locus is the locus where the
sheaf ¢4, or equivalently the sheaf &4, is not locally free. Since i4.(§4) is the
cokernel of the map

g F— @p(v) ®Av,

we see that the rank of £4 jumps exactly along Y4[2], hence our claim.
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Definition 1.6 [O’Grady 2010]. We let
2 ={AelG(N'V) | N*(W) C A for some W C V, dimW = 3}.

In other words, X is the set of Lagrangian subspaces of /\’V containing a decom-
posable form. We also let

A={AelG(N'V)|Yal3] # @} CLGAV).

Finally we define
LG(AV)? = LG(AP V) \ (T UA).

We recall the following characterization of smooth double EPW sextics:

Theorem 1.7 [O’Grady 2010]. The double covering X 4 is smooth if and only if
AeLGIN'V)".

The relevance of these double coverings stems from the following result.

Theorem 1.8 [0’Grady 2010]. Let A € LG(A3V)°. Then X4 is an irreducible
symplectic variety. The Beauville—Bogomolov form on H?>(X,Z) is the same as
that of S'!, where S is a K3 surface, and the Fujiki constant of X 4 is 3.

Let Zy = f, ! (Y4[2]); this is the branch locus for the 2:1 covering, hence it
is isomorphic to Y4[2] itself. Since the covering involution is antisymplectic, the
symplectic form restricts to O on Zy4, that is, Z4 is isotropic. Under mild assump-
tions Z4 is a surface, hence a Lagrangian surface inside X 4. More precisely:

Proposition 1.9 [O’Grady 2010]. Let A € LG(N\*V)°. Then Y4[2] is a smooth
connected surface of degree 40, with ip(Y4[2]) = 192.

We will need the following relation in the Chow group. It appears in [O’Grady
2008b, Proposition 4.9], with a different proof from the one given below.

Proposition 1.10. Let A € LG(A’V)°, Z = Z 4. The canonical class of Z satisfies
2Kz = 0z(6)
in CH*(Z).

Remark 1.11. The proposition determines Kz only up to 2-torsion. Namely we
can rewrite it as

KZ = @Z(3)+K,

where « is a 2-torsion class. One can use the deformation argument in [Ferretti
2012] and the results of [Welters 1981] to show that the class « is really nonzero.
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Proof. For simplicity let W = f(Z) denote the singular set of Y. We know that on
W the map A has constant rank 8, so we get the following exact sequence of vector
bundles on W:

0— % — F % 0p @ (ANV/A) —> £]w —> 0. (1-5)

Here X is defined to be the kernel of A|w; it has rank 2. Identifying W with its
preimage Z C X, we claim that the following isomorphisms hold:

Clw =Nzyx, (1-6)
%E‘N}/X~ (1-7)
Assuming (1-6) and (1-7) for a moment, the exact sequence in (1-5) gives
c1i(Ny, x) —c1(F) —c1(Nz/x) =0,

hence
2c1(Nz/x) = —c1(F) = 0z(6).

Since X has trivial canonical class, it follows that
2Kz =2c1(Nz/x) = 02(6),

as desired.
So we now turn to the proof of (1-6) and (1-7). Let p € Z; then the covering
involution ¢ fixes p, so ¢* acts on T, X. This gives a decomposition

T, X =(T,X)+® (T,X)_
in eigenspaces for ¢*, with eigenvalues +1. Since Z is the fixed locus of ¢,
(T, X)1 =T,Z.
On the other hand, since
X = Spec(0y ®¢),

we can identify

(TpX)— = $rp)-
It follows that

Nz/x)p = Crpys

this fiber-wise identification is easily seen to globalize, hence yielding the isomor-
phism in (1-6).
For the other, we show that J{ = ¢|},. Indeed observe that over W we have

H,=F,NA and & =NAV/(F,+A).
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The symplectic form identifies %) with the quotient A3V /(F, N A)*, and since
both A and F, are Lagrangian we have

(F,NA)r=FF+ At =F, +A,

thereby proving the isomorphism (1-7). (Il
Corollary 1.12. For A € LG(A\3V)° the surface Z, = Y 4[2] is of general type.

Plan of the paper. Before turning to the proof of Theorem 1.1, we explain the
overall plan. Let X = X4 be a smooth double EPW sextic, and denote its polar-
ization i = h 4. The symplectic form gives an isomorphism

Tx = QL.

hence the odd Chern classes vanish. So we only need to consider ¢, (X) and c4(X).
Moreover if A is very general in LG(/\’V), the group Pic(X ) is cyclic, generated
by h 4, so the second conclusion of Theorem 1.1 follows from the first.

The only relations in cohomology can be in degree 4, 6, or 8. Lemma 2.3
excludes the existence of relations of degree 4, hence we are left with relations in
degree 6 or 8; these are listed in Propositions 2.1 and 2.2.

Since h*, ¢2(X) - h, c2(X)?, and c4(X) are all proportional in cohomology, there
must be some distinguished 0-cycle 6 on X, such that all these classes are multiples
of 6 in CH*(X). We shall define 6 as the class of any point on a suitable surface
inside X 4; actually it will be easier to work with Y4 and pull back everything to
X 4 later.

Hence we look for a surface S C X such that CH?(S) is trivial, so each point on
S is rationally equivalent to each other. For instance, in the proof of the conjecture
in the case where X is the Fano variety of a cubic fourfold, Voisin [2008] used a
rational surface. In that case there is a family of Lagrangian surfaces on X, which
are simply the Fano varieties of hyperplane sections of the cubic; if the section is
singular enough, its Fano variety turns out to be rational.

In our case this construction is a delicate point: the analogue of S is an Enriques
surface, but exhibiting it is complicated. The construction that we need is provided
in [Ferretti 2012].

So the plan is as follows. In Section 2 we carry out the cohomology computa-
tions on X. In Section 3 we use the surface constructed in [Ferretti 2012] to define
the class 6. In the rest of the paper we find enough relations in the Chow ring to
finish the proof of the main theorem.

2. Cohomology computations

Let X = X4 be a smooth double EPW sextic. In this section we compute the
cohomological invariants of X, partly following [O’Grady 2008b]. We shall find
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all relations in cohomology between % and the Chern classes of X. In later sections
we shall show that these relations hold in the Chow ring.
Let o be the symplectic form on X. Since the canonical of X is trivial

H*°(X) = H'(X, Q%)

is generated by o2, Moreover it is known that H*(X) = 0, so we can compute the
Euler characteristic

X (X, 0x) =n"°(X) + h*°(X) + h*(X) = 3.
The symplectic form on X gives an isomorphism
Ty = Qb

hence the odd Chern classes vanish. The Hirzebruch—Riemann—Roch theorem for
X simplifies to

3= x(X,0x) = 55 (2(X)* — L ea(X)). (2-1)
We introduce some more notation. Let us call
q € Sym*(H*(X, @)")

the Beauville—-Bogomolov form of X. Since it is nondegenerate, it allows us to
give an identification

HX, Q= H X, ®";
hence we obtain a dual quadratic form
q” € Sym*(H*(X, Q)).

From [Verbitsky 1996, Theorem 1.5] (together with the computation of the Betti
numbers in [Gottsche 1990]) we know that the cup product yields an isomorphism
between Symz(Hz(X, Q)) and H*(X, Q), so we can regard ¢V as an element of
HY(X, Q).

O’Grady [2008b] proves that we have the relation

q" = 3c2(X), (2-2)
and that for any «, 8 € H*(X, Q) we have
q"-a-p=25Pp). (2-3)
We now work out the relations in the cohomology of X. Let

h=ci(f*0y(1)) € H*(X).
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Proposition 2.1. In the cohomology ring H*(X, Q) we have
=12, h?-c(X) =60, c2(X)* =828, ca(X)=2324.
Proof. The first and the last relations are easily handled. Indeed,
h* =2deg(Y) = 12.
As for the last one we have
c4(X) = x (X),
and since X is a deformation of S2, where S is a K3, we have

x(X) = x(S¥) =324.

By O’Grady’s computations (2-3) and (2-2) we also have

() = 8q" 0 = 20 (h, ) = 60,

Finally we can use (2-1) to obtain ¢ (X )2 = 828. U

In degree 6 the only possible relation is a linear dependency between 4> and
¢2(X) - h, and indeed we have:

Proposition 2.2. There is a relation

c2(X)-h =5k
HS(X, Q).
Proof. From O’Grady’s relation (2-3) we get

6" -h-a=6-25q(h,a)
for all « € H?(X). On the other hand, by polarization of Fujiki’s relation we obtain
25K 0 =25-3 ~q(h, h)q(h,a) =6-25q(h, o).

So Poincaré duality implies that

25n% = 64" - h
modulo torsion, and using (2-2) we get the thesis. (I

We can instead exclude relations in degree 4:

Lemma 2.3. The classes h* and c¢,(X) are linearly independent inside H 2(X).

This fact appears inside the proof of [O’Grady 2008b, Claim 3.1], but we add a
short proof for completeness.
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Proof. We can substitute ¢,(X) with its multiple ¢¥. Assume that we have a
relation
h? + rg' =0

for some A € C. Then we get
h?a? = —25rq (e, o)
for all @ € H?(X). By polarization of the Fujiki formula we also obtain
h*a? = g(a, a)q(h, h) +2q(h, a)>.

So if g(a, @) = 0 we obtain g(h, «) = 0. This means that g is degenerate (the
quadric defined by ¢ would be contained in a hyperplane of P H?(X)), which is a
contradiction. O

Finally, it will be useful to write out the explicit form of Hirzebruch—Riemann-—
Roch, using the above computations for the characteristic classes of X. We let

Ox(1) = f*Oy(1).
Then Oy (n) is ample on X, and since K is trivial, Kodaira vanishing yields
X (X, Ox(n) = h°(X, Ox (n).

The formula of Hirzebruch—Riemann—Roch then reads

L2
WX, Oy () = 2t 2X0 1

2 —1,4,5.72 -
2 o n“+x(Ox)=5n"+35n"+3. (2-4)

3. Definition of the class 6

Let X = X4 be a double EPW sextic, f : X — Y the double covering. Our first
task is to define a class
0 € CH*(X)

of degree 1. Then we will show that the relations
WY =120, h’cy(X) =600, c2(X)>=8280, cu(X)=23246

hold.
It will actually be easier to work on Y, so we should find the relationship between
CH(X) and CH(Y).

Remark 3.1. The map f : X — Y induces a push-forward morphism
fe :CH(X) — CH(Y),

because f is proper (for the construction of Chow rings and morphisms between
them see [Fulton 1984, Chapter 1]). On the other hand f* is usually defined for flat
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maps with fibers of constant dimension, or when the target is smooth, and neither
is the case.
Following [Fulton 1984, Example 1.7.6] we can define f* in our situation. In-
deed, Fulton shows that if
Y=X/G

is the quotient of X by the action of a finite group G, we have a canonical isomor-
phism
CH(Y)q = CH(X)S,

where as usual CH (Y)g = CH(Y) ® Q. So if f is the quotient map we can define
[ by the composition

CH(Y)q > CH(X)$ < CH(X)q.
Fulton also shows that the composition

CH()o 1> CH(X)o L5 CH(Y)g

is the multiplication map by #§G.

In our situation G = (@), where ¢ is the covering involution, and the composition
above is multiplication by 2.

Moreover we observe that

CH(Y)o = CH(X)5**
is a subring of CH (X)g, so we can multiply cycle classes on Y even if it is singular.

We now recall the main result in [Ferretti 2012]. There we produce a surface
S C Y such that CH?(S) = Z; this will be the starting point for our investigation
of CH*(Y). Let us fix a Lagrangian subspace A € LG(/\*V). If B is another
Lagrangian subspace such that

dim(ANB) =09, (3-1)
it follows from the Grassmann formula that Yz[2] C Y4.

Theorem [Ferretti 2012]. Let A be a Lagrangian subspace in LG(/\>V)°. Then
there exists another Lagrangian subspace B such that dim(A N B) > 9, and such
that S := Yp[2] is either a (singular) Enriques surface, or a degeneration of such
surfaces. In either case we have

CH?*(S)x=7Z.
Moreover we have the relation

[S]=[Yal2]] (3-2)
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in CH?(X 4).

So for such a choice of B we know that all points on S = Y[2] are rationally
equivalent. We define 6 as the class of any such point. We need to do some checks
in order to show that this is actually well-defined. We also define

0=3f*0) € CH'(Xa)a.
Lemma 3.2. Let B, B' € LG(A\3V) such that (3-1) holds. Then
Yp[21NYp[2] # 2. (3-3)
Proof. 1t is enough to show that
Y[2]- Yg[2] #0
in CH*(Y4). Thanks to (3-2) it will be enough to prove that
Yal2]* #0.
By the definition of the ring structure on CH*(Y4) we need to prove that
7% #0 in CH*(X,).

But actually Zf‘ # 0 already in cohomology. Indeed, using the fact that Z4 is
Lagrangian, we have

Zi = 2x(Nzyx,) = 2(Qz,) = 2(Za) = Jiop(Za) = 192
by Proposition 1.9. O
By the previous lemma we see that the class of § € CH*(Y,) is actually inde-
pendent of the chosen Lagrangian subspace B such that (3-1) holds.
4. Relations coming from vector bundle morphisms

In this section we omit A from the notation, for clarity. Fix a Lagrangian subspace
A € LG(A3V)? and denote X = X4, Y = Y4, and Z = Z4. We shall exhibit a
number of relations coming from exact sequences of sheaves on X and Y.

Lemma 4.1. The following relation holds in CH (X):
3Z = 15k — c2(X).

Proof. We consider f asamap X — P, so it induces a morphism of vector bundles
over X:

df : Ty — f*Tps.
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We notice that df is injective outside Z, so we can see Z as a degeneracy locus
for this morphism. We then apply the Thom—Porteous formula in the form stated
in [Fulton 1984, §14.4]. In their notation we have e =4, f =5, and k = 3.

This yields a cycle class

Ds(df) € CH*(Z)
whose support is Z, and such that the image of D3(df) in CH 2(X) is
A (e(f* Tps = Tx) = ea(f*Tps — Tx).

Here the total Chern class
c(f*Tps — Tx)

is defined formally in such a way that Whitney’s formula holds, that is,
c(Tx) - c(f*Tps — Tx) = c(f " Tps).

From the last equation and the fact that ¢ (Tx) = 0 (since X is symplectic) we
can obtain

c2(f*Tps = Tx) = f*e2(Tps) — ea(Tx) = 15 — 2(X).
Since D3(df) has support on Z, which is irreducible, we find that
kZ = 15h* — co(X) (4-1)

for some k € Z. To find the right k, we observe that, again by [Fulton 1984,
Theorem 14.4(c)], we have

D3(df) = [D3(df)],

where D3 (df) is the degeneracy locus of df. In other words Ds3(df) is just Z,
with the scheme structure given by the vanishing of all 4 x 4 minors of df.
The map
f:X—>YCP

has, in suitable analytic coordinates around a point of Z, the local form
FOy 0 = (2 xy. y2 2, 0),
loc
The differential of f is then

2x 0 00
y x 00
dflo:c 0 2y 00];
0 010
0 001
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equating to 0 the determinants of its 3 x 3 minors yields

Dy(df) = V(x% xy, y).

oc
So we see that D3(df) has multiplicity 3 at each point of Z, hence k = 3.
Alternatively we could multiply (4-1) by A2 to find

kZ -h* = 15h* — c2(X) - h*.
If we look at this relation in cohomology it becomes, thanks to Proposition 2.1,
40k = 15-12 — 60,
so k=3. O
We take a closer look at the differential of
f:X—P.

As a map of vector bundles, this is not injective exactly on Z. Hence it is always
injective on stalks; in other words

df : Ty — f*Tps

is an injective map of sheaves. Let R denote its cokernel; this is locally free of
rank 1 outside Z. So we have the exact sequence

0— Ty — f*Tps — R —> 0. (4-2)
We now dualize it applying Hom(-, Ox). We remark that
Hom((R, Ox)

is torsion-free, of rank one, and one can check in local coordinates that it is a line
bundle. By (4-2) we get ¢;(R) = 6k, hence

Hom(R, O0x) = Ox(—06).

Then we note that
éxt' (f*(Tps), Ox) =0,

because both sheaves are locally free. So if we let
9 =8xt' (R, Oy),
the dual of (4-2) becomes

T
0 —> Ox(—6) — f* (@) L@k — 9 —0. (4-3)
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We remark that 9 is set-theoretically supported on Z, because both % and Oy are
locally free outside Z. Actually the schematic support of 2 is 2Z, that is, the
subscheme of X defined by the ideal 922. This follows from:

Lemma 4.2. Let 9 be as above; then Ann(2) = 922.

Proof. We only need to prove this locally. As in the proof of Lemma 4.1 we can
choose local coordinates on X such that

fx,y.z,1) = (x2, xy, v, 2, 1);

then df 7 has the matrix

2x y 0 00
0 x2y00
T _ .
af el 00010}
0 00O0TI1
hence we have the presentation
(dx,dy)

loc (xdx,xdy+ydx,ydy)
A given h(x, y) € C[x, y] then annihilates 9 if and only if both 2 dx and h dy
belong to the k[x, y]-module generated by x dx, x dy + ydx, and y dy.
Let us make this more explicit. Assume that
hix,y)dx =a(x, y)xdx+b(x,y) - (xdy+ydx)+c(x,y)ydy.
This yields
h(x,y) =xa(x,y)+yb(x, y),
0=xb(x,y)+yc(x, y).

The second equation implies b(x, y) = yb'(x, y), so the first becomes
h(x,y) =xa(x, y) +y°b'(x, y).

If i can be written this way, then we can choose ¢ so that the second condition is
satisfied. In short

h(x,y)dx € (xdx,xdy+ydx,ydy)x,y

if and only if 1 € (x, y?).
We have the symmetric condition for i(x, y) dy, so we conclude that 47 € Ann(92)
if and only if

he(x,y) N2, y) = (x2 xy, y2).
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The last equality between ideals can be proved, for instance, by the remark that
both (x, y*) N (x2, y) and (x2, xy, y?) consist of the polynomials / such that

oh oh
h(0,0) = 5(0, 0) = 5(0, 0)=0.

Finally, (x2, xy, y?) is exactly the square of the ideal (x, y) which locally de-
fines Z. U
We now produce another exact sequence involving 2. Let
i:Z—=X
denote the inclusion. Recall that we have a canonical identification
92/95 =i Ny x (4-4)

locally the function g vanishing on Z corresponds to the normal covector dg. Con-
sider the natural projection

T:QY|z —>N}/X;
we see this as a map on X:

Q= 97/9%.
Lemma 4.3. We have m odfT = 0.

Proof. We keep the notation of the proof of Lemma 4.2. We need only to verify
the thesis on Z. The image of dfT is generated by

xdx,xdy+ydx,ydy,dz, dt.
The first three elements vanish on Z, while the latter two are in the kernel of . J

The above lemma and the exact sequence in (4-3) provide us a surjective map
a9 —ix(N7/x).
Lemma 4.4. The kernel of a is i, (det Ty).

Proof. We can see this explicitly in local coordinates. Keeping the notation of the
above proofs, 2 is locally generated, on Z, by dx, dy, and xdy = —ydx. The
conormal bundle N, /X is generated by dx and dy, and « is the obvious projection.
The kernel of « is then generated by x dy. Under the identification in (4-4) this
corresponds to the generator dx Ady of \> N, /X
So
kero = i*(detNg/X) =i, (detTy),

since Z is Lagrangian. (]
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Thanks to the lemma we get the exact sequence we are looking for:
0— i,(detTz) — 9 — i, T, — O. 4-5)
We can now find new relations in the Chow ring of X.
Proposition 4.5. In CH(X)g we have
c2(X)-h =5h
and c4(X) is a linear combination 0fh4, c2(X) - h?, and c2(X)?.

Proof. This is just a matter of putting together the relations that come from the
exact sequences (4-3) and (4-5).
We start from (4-3), which yields

(1=6h) - (1+c2(X) +ca(X)) = (1 = h)®- (1+¢1(2) + 2(2) + c3(2) + c4().
Comparing the terms in degree up to 2 we get:
c1(2) =0, c2(2) =ca(X) — 15h* = 32, (4-6)
where the last equality is Lemma 4.1. Then in degree 3 we have
¢3(2) = 6h(c2(2) — c2(X)) +20h* = 6h - (—15h%) + 200> = —T0h°,  (4-7)
using the second of (4-6). Finally in degree 4 we get, using (4-6) and (4-7),
c4(X) = 151 +151% - ¢3(2) — 6h - c3(2) +¢4(2) = 15h* —45h* - Z +420h* +c4(),

hence
c4(9) = ca(X) — 435h* +45h% - Z. (4-8)

Next we look at the relations coming from (4-5). To do this we shall use
Grothendieck—Riemann—Roch, which for the closed embedding

i:Z—=X

takes the form
ch(ixF) = ix(ch(F) - td(Nz/x) ™),

for any & € Coh(Z). This is because in our situation we have
RYi (F) =0

for all such %, thanks to [Hartshorne 1977, Corollary II1.11.2].
Using that Z is Lagrangian we have Nz, x = QIZ, SO we can compute

tdWNz/x) =1—1c1(2) + 35 (€1(2)* + c2(2)),
d(Nzx) ' =1+1c1(Z2)+ te1(2)° = 5 e2(2).
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Then we have
ch(det Tz) = 1+¢1(Z) + 3 c1(2)?,
ch(Tz) =2+ c1(2) + 5 (1(2)* = e2(2)).
So Grothendieck—Riemann—Roch for these sheaves becomes
ch(i,det T7) = is (1 + 3 ¢1(2) + Lc1(2)* — 5 2(2)),
ch(ixTz) = ix(2+2c1(2) + 5¢1(2)* = §e2(2)).
Next we use the fact that in CH (Z)g we have
ci(Z) = —Kz = =3i"(h),
thanks to Proposition 1.10. So we obtain
ch(indetTz)=Z—3h-Z+%n*. 2z - L 22,
ch(i,Tz) =2Z —6h-Z+12h*-Z — 1 Z*.
We can use this to recover the Chern classes of i, (det T7) and i.(T7). These are:
c1(ixdetTz) =0, cr(iydetTy) = —Z,
c3(ixdetTz) = —9h-Z,  calixdetTz) = Z> —63h*- Z,

and

c3(isT7) = —12h-Z,  cu(i Tz) =9Z*> —72h°- Z.

Finally we use the exact sequence (4-5) to get the Chern classes of 9. The first
two are

c1@)=0, (2)=-3Z,
in accordance with (4-6). Then we get
c3(2)=-21h-Z,
and comparing with (4-7) we obtain
—3h-Z=—101".
Using Lemma 4.1 this is equivalent to
e2(X)-h =5

Finally we get
ca(2) = 122% —135h* - Z;
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comparing with (4-8) this yields
127% —135h% - Z = c4(X) — 435h* + 451n% - Z,

and using again Lemma 4.1 to write Z as a rational combination of ¢;(X) and h?,
we get the second claim of the thesis. U

5. Conclusion of the proof
First we recall that we have defined the class
0=1r1*0).
Here 6 is the class of any point on a surface S C Y4. By (3-2) we know that
[Yal2]] =[S] in CH?(Y4).
We also let 1 = Oy (1), so that h = f*(h).

Lemma 5.1. There exists a line Lo C Y which meets Yg[2].

Proof. Let V be the union of lines contained in Y.
Step 1: dimV > 2. Let R C Gr(2, V) be the locus of lines £ C Y4. We can obtain
R as follows. Let

Ya=V(g),
where g is a degree-6 polynomial, and let & be the tautological subbundle on
Gr(2, V), so that Sym(’(S”V) is the fiber bundle whose fiber at £ is the vector space

of homogeneous polynomials of degree 6 on £.
Then we can define a section

s € HO(Gr(2, V), Sym®(¥Y))
by the condition
s(€) = gle-
By definition R is the zero locus of s. It follows that
dim R > dimGr(2, V) —rk Sym®(¥") =8 -7 =1,

provided R is not empty. But we can show that R # & by computing the funda-
mental class
[R] = c7(Sym®($Y)) = 432 - 13404 3.

Here the notation is that of Schubert calculus, see for instance [Griffiths and Harris
1978, §1.5].

Since V = | J ¢ is birational to a P!-bundle over R, it follows that dim V > 2.
LeR
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Step 2: There exists B’ such that ANB = AN B’ and Yp/[2] meets V. Let
U=ANB.

In [Ferretti 2012] we have shown that there exists a divisor Dy C Y4 which is
covered by the surfaces [Yp/[2]] as B’ ranges through the Lagrangian subspaces
which satisfy

ANB' DOU.

In particular Dy has dimension 3; since two varieties of dimensions 2 and 3 in P>
always meet, it follows that
DyNV #g.

So there exists a Lagrangian subspace B’ such that B'N A = U and

Yp[21NV # .

Step 3: B meets V. We lift everything to X 4, which is smooth, so intersection
theory applies. Let

Vi=f (V) and Vo= fTl(¥pl2D).

One easily sees that on X
Vi- Vo #£0.

Since f ~1(Yg[2]) and \72 have the same homology class, it follows that
Vi-f7(vpl2) #0;
in particular Vl must meet f ~1(Y5[2]), and so
VNYp[2] #2. O
Using Lemma 5.1 we can start proving that
h* =660 in CH(X). (5-1)

Indeed let Lo be any line meeting S and let A be any plane containing Ly. Then
h3 is represented by the intersection

A-Y=Ly+C,
where C is a quintic on A. Multiplying by / we obtain
h*=Ly-h+C-h.

We claim that this is represented by a 0-cycle supported on Lg. This is clear for
the first addend; for the second we represent / by a hyperplane containing L and
transverse to A. It follows that C - & is supported on C N Ly.
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Since Ly is rational, CH'(L¢) = Z, so h* is rationally equivalent to a multiple
of a point of Lg. Finally LoN S # &, so we get

h*=k0 in CH*(Y)q
for some k € Q.

Pulling back this relation to X and using f*(h) = h, f*(6) = 26 we see that
h*=2k6 in CH*(X)g. Since in cohomology we have h* = 12 we must have k =6,
and so (5-1) is proved.

Next we show that

h? - ca(X) = 606. (5-2)

We start from Lemma 4.1; pushing forward that relation we get
3[Yal2]] = 15-4h* — fuca(X) in CH*(Y). (5-3)
Multiplying (5-3) by h? we get
h* - fuea(X) = 60h* —30* - [Ya[2]].
We already proved that 4% is a multiple of 8, and the cycle class
h*-[Yal2]] = h* - [S]

is supported on S, hence it is a rational multiple of 6 too.
We conclude that the relation (5-2) holds up to a multiple, that is,

h?- fuea(X) = k6.

As before, we pull back this relation to X in order to make computations in coho-
mology. We get
h? - 2c(X) = 2k0.

Since in cohomology we have h? - c3(X) = 60, we must have k = 60, and (5-2) is
proved.
In a similar way, we can rewrite (5-3) as

feca(X) =15h% = 3[Ya[2]]

and take squares to write ( fi.c2 (X ))2 as a combination of 4% and a 0-cycle supported
on Y[2]. This shows that ( fxc2(X))? is a rational multiple of 6.
As usual a cohomology computation yields the precise form

c2(X)? = 8280.

Now we can use Proposition 4.5 to conclude that c4(X) = k6, and finally we
get k = 324 by comparison with the analogous computation in cohomology. This
takes care of all relations in degree 8.
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The only relation in degree 6 comes from Proposition 2.2, and is
e2(X)-h=5h".

We already proved that the same holds in CH*(X) in Proposition 4.5, so this ends
the proof of the main theorem.
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A finiteness property of graded
sequences of ideals

Mattias Jonsson and Mircea Mustat3

Given a graded sequence of ideals (a,,),>1 on X, having finite log canonical
threshold, we show that if there are divisors E,, over X computing the log
canonical threshold of a,,, and such that the log discrepancies of the divisors
E,, are bounded, then the set {E,, | m > 1} is finite.

1. Introduction

Let X be a smooth algebraic variety over an algebraically closed field k of charac-
teristic zero. The log canonical threshold of a nonzero ideal a on X is a fundamental
invariant of the singularities of the subscheme defined by a. Originally known as
the complex singularity index, it shows up in many contexts related to singularities,
and it has found a plethora of applications in birational geometry [Kollar 1997; Ein
and Mustatd 2006].

In this note we will be interested in the behavior of this invariant in certain
sequences of ideals. Let a, = (a,;)m>1 be a graded sequence of ideals on X,
that is, a sequence of ideals that satisfies a; - a,,  apy,, for every £,m > 1. We
always assume that, in addition, some ideal a,, is nonzero. The main motivating
example is the graded sequence al associated to a line bundle L of nonnegative
litaka dimension on a smooth projective variety X: the ideal a’ defines the base-
locus of the linear system |L"|. Note that in this case the behavior of a.L is easy to
understand if the section ring €,, I'(X, L™) is finitely generated over k. Indeed,
in this case there is a positive integer p such that a,,, = a; for all m. The study
of al is useful precisely when the section ring is not finitely generated (or at least,
when this property is not known a priori).
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partially supported by NSF grant DMS-0758454 and a Packard Fellowship.

MSC2010: primary 14F18; secondary 14B05.
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To a graded sequence a, as above, one can associate an asymptotic version of
the log canonical threshold, by putting

Ict(a,) ;== sup m-lIct(ay).
m; 6y #(0)
This can be infinite: for example, if a, = a.L as above, with L big, then Ict(a,) is
infinite if and only if L is nef (see Remark 2.2 below).

We will be concerned with the divisors that compute the log canonical thresholds
of the elements of a graded sequence. We denote by A(ordg) the log discrepancy
of a divisor E over X (see Section 2 for the relevant definitions). Our main result,
which gives a positive answer to a question of Mihai Paun, is Theorem A below.
(Paun’s question was motivated by [Siu 2009], in which Y.-T. Siu presents part
of his arguments for the finite generation of the canonical ring. At the end of
Section 6.3, he evokes a subtle point in his approach, involving the control of
an infinite sequence of blow-ups. Although expressed in a different language,
our main result shows that the infinite blow-up process in Siu’s approach can be
“stopped”, provided that the log discrepancies of the divisors computing the log
canonical thresholds are bounded.)

Theorem A. Let a, be a graded sequence of ideals on a smooth variety X such
that Ict(a,) < oo. If I C Z~ is a subset such that for all m € I we have a divisor
E,, over X that computes Ict(a,,) such that {A(ordg,) | m € 1} is bounded, then
the set {E,, | m € 1} is finite.

Corollary B. Under the hypothesis in Theorem A, suppose that the set I is infi-
nite. Then there is a divisor E over X that computes Ict(a,,) for infinitely m. In
particular, E computes Ict(a,).

In fact, since our proof will require replacing X by a suitable blow-up, we will
need to prove a stronger version of the above theorem, in which we replace the log
canonical threshold by the possibly higher jumping numbers, in the sense of [Ein
et al. 2004] (see Theorem 4.1 below for the precise statement).

Here is a sketch of the proof. Let Z,, be the image of E,, on X, and let W
be the Zariski closure of | J,,c; Zn. We may assume that W is irreducible, and
we first show that since Ict(a,) < oo, the asymptotic order of vanishing ordy (a,)
is positive. In particular, W is a proper subset of X. If W has codimension at
least two in X, then blowing-up X along W decreases the log discrepancies of the
divisors E,,, and since these are bounded above, we reduce to the case when W is
a hypersurface. In this case, we use the following result, which we believe is of
independent interest.

Theorem C. Let H be a hypersurface in X, and a a nonzero ideal. Suppose that
E is a divisor over X that computes Ict(a). If the image Z of E on X is a proper
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subset of H, and if H is smooth at the generic point of Z, then

OrdE(IZ)>

ordz(a) > ordy(a) - (1 + A(ordp)

where 17 is the ideal defining Z.

Of course, as we have already mentioned, we need in fact a version of this result
that applies also to higher jumping numbers (see Theorem 3.1 below for this more
general version of the theorem). Using Theorem C, we show that if there were
infinitely many Z,, that were properly contained in W, then the ideals in a, would
vanish along W more than they should. Therefore all but finitely many of the E,,
are equal to W (note that at this point we are on some blow-up of our original
variety).

In the following section we review some basic facts about log canonical thresh-
olds and higher jumping numbers. The proofs of the stronger versions of Theo-
rems C and A are given in Section 3, and respectively, Section 4.

2. Jumping numbers and valuations

In this section we recall some definitions and results concerning the invariants of
singularities that we will use, and set the notation for the rest of the paper. We work
over a fixed algebraically closed field £ of characteristic zero. Let X be a smooth
variety over k (in particular, we assume that X is connected and separated). All
ideal sheaves on X are assumed to be coherent.

By a divisor E over X we mean a prime divisor on a normal variety Y that has
a proper birational morphism 7 : ¥ — X. This induces a discrete valuation of
the function field K (Y) = K (X), that we denote by ordg. As usual, we identify
two such divisors if they induce the same valuation. In particular, it follows from
Hironaka’s theorem on resolution of singularities that we may assume that both Y
and E are nonsingular. If we denote by Ky, x the relative canonical divisor, then
the log discrepancy of ordg is given by A(ordg) :=1+ordg(Ky,x). Note that this
depends on the variety X, and whenever the variety is not clear from the context,
we will write Ax(ordg). The center of E on X is the image cx(E) := n(E) of
E. We always consider on cx (E) the reduced scheme structure. If a is a nonzero
ideal sheaf on X, we put

ordg(a) :=minfordg(f) | f € a-Ox ()} € R>o.

If Z is the subscheme defined by a, we also denote this by ordg (Z).

Given an irreducible closed subset Z of X, we define the order of vanishing
along Z as follows. Consider the normalized blow-up of X along Z, and put
ordz := ordg, where E is the unique irreducible component of the exceptional
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divisor that dominates Z. It is clear that in this case cx(E) = Z. Note also that
ordyz(a) = min, ¢z ord, (a).

Let us recall the definition of multiplier ideals. For details and proofs we refer
to [Lazarsfeld 2004, Section 9]. Suppose that a is a nonzero ideal on X. Let
w: X" — X be a log resolution of (X, a), that is, 7 is proper and birational, X’
is nonsingular, a- Oy, = Ox/(—F) for an effective divisor F, and F + Kx/,x has
simple normal crossings. For every A € Rx¢, the multiplier ideal of a of exponent
A is given by

$(a*) := . 0x (Kxx — |MF)).

The definition is independent of the choice of log resolution.

It is clear from the above definition that if A < A, then }(a”) C $(a*). Further-
more, for every A there is & > 0 such that $(a*) = $(a’) for every ¢ € [A, A + £].
One says that A > 0 is a jumping number of a if $(a*) # $(a*') for every A’ < A. It
follows from the definition that if we write F = ), a; E;, then for every jumping
number A there is i such that Ag; is an integer. In particular, the jumping numbers
form a discrete set of rational numbers.

For basic properties of the jumping numbers and applications, we refer to [Ein
et al. 2004]. The most important jumping number is the smallest one, known as
the log canonical threshold and denoted by Ict(a). This is the smallest A such that
$(a*) # Ox (note that $(a®) = Ox).

It is convenient to index the jumping numbers as follows (see [Jonsson and
Mustata 2010]). Let q be a nonzero ideal on X. We put

lct?(a) ;= min{A | ¢ € $(a*)}.

Note that 1ct® (a) is the log canonical threshold Ict(a) of a. It follows from the
definition that if a # Oy, then (),., $(a*) = (0), hence Ict%(a) is finite. When
a = Oy, we make the convention _lctq(a) = o0o. We will also use the notation
Armn(a) := 1/Ict%(a) (where Arn stands for Arnold multiplicity). It follows from
the definition that we have

ordg (a)
A(ordg) +ordg(q)’

Arn%(a) = max (1
where the maximum can be taken either over all divisors over X, or just over those
lying on a log resolution of (X, a). We say that E computes Ict?(a) (or Arn‘(a))
if the maximum in (1) is achieved by E.

The most interesting of the jumping numbers is the log canonical threshold.
However, as the following lemma shows, the other jumping numbers appear natu-
rally when we consider higher birational models.
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Proposition 2.1. Let w: X' — X be a proper birational morphism, with X' smooth,
and a and q nonzero ideals on X. If ' = a-0x:, and ' = q-Ox/(—=Kx//x), then

let(a) = let? (o).

Proof. This is an immediate consequence of (1), and of the fact that for every
divisor E over X, we have Ay (ordg) = Ayx/(ordg) +ordg(Kx//x). O

Suppose now that a, is a graded sequence of ideals on X, and let S = {m | a,,, #
(0)}. Note that S is closed under addition. In this case we have the following
asymptotic version of the jumping numbers:

Ict%(a,) :=supm -lctY(a,,) = lim  m-lctI(a,,) 2)

mes m—o00,mesS
(see [Jonsson and Mustatd 2010, Section 2]). We put Arn%(a,) =1/ Ict%(a,). When
q =0y, we simply write Ict(a,) and Arn(a,). Note that Ict7(a,) € R.oU{oo}. One

can show that Ict%(a,) = oo if and only if Ict(a,) = oo (see [Jonsson and Mustata
2010, Corollary 6.10]).

Remark 2.2. If X is a smooth projective variety, L is a big line bundle on X, and
a, = al is the graded sequence of ideals defining the base loci of the powers of L
(see Introduction), then [Ein et al. 2006, Corollary 2.10] shows that Ict(a,) = oo if
and only if L is nef.

If a, is as above and E is a divisor over X, we will also consider the following
asymptotic version of the order of vanishing along E:

d d
ordg(a,) := meIE—(Clm) = lim OrE—(a’").
" m—>00,meS m
We have the following extension of (1)
ordg(a,)

Arn%(a,) =su .
(@) = SUp S ordp) + ordz (@)

3)

For these facts, we refer to [Jonsson and Mustata 2010, Section 2]. We say that
E computes 1cti(a,) if the supremum in (3) is achieved by E. Note however that
unlike in the case of one ideal, there may be no divisor E that computes Ict%(a,);
see [Jonsson and Mustatd 2010, Example 8.5].

We will use the following Izumi-type estimate [Izumi 1985; Ein et al. 2003].

Proposition 2.3. If E is a divisor over X with cx(E) = Z, then
ordg (a) < A(ordg) - ordz(a)

for every nonzero ideal sheaf a on X.
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Proof. We may replace X by an affine open subset of the generic point of Z, and
therefore assume that X is affine. In this case we may assume that a is principal.
If ordz(a) = m, then for a general p € Z we have ord,(a) = m. By [Kollar 1997,
Lemma 8.10], there is an open neighborhood U of p such that Ict(a|y) > 1/m, and
we get the assertion in the proposition since U N Z # & implies

A(ordg)
FE(Q) > 1Ct(a|U). O

3. An inequality between orders of vanishing

We keep the notation and the conventions from Section 2. The following is the
main result in this section. Note that in the special case q = Oy, this recovers
Theorem C in the Introduction.

Theorem 3.1. Let H be a hypersurface in X, and a, q nonzero ideals on X. Sup-
pose that E is a divisor over X that computes Ict1(a). If the center Z of E on X is a
proper subset of H, and if H is smooth at the generic point of Z, then the following
inequality holds

“)

ordz (a) > ordy (a) - (1 + orde(2) ) .

A(ordg) (1 +ordg (q))

We start by recalling a basic estimate for the log discrepancy of a valuation. For
a proof, see for example [Lazarsfeld 2004, page 157].

Lemma 3.2. Let E be a divisor over X with cx(E) = Z, and let & be the generic
point of Z. If x1, ..., x, form a regular system of parameters of Ox ¢, then

-
Afordg) > Y " ordg (x;).
i=1
Corollary 3.3. If H is a hypersurface in X, and E is a divisor over X such that
Z :=cx(E) is a proper subset of H, and H is smooth at the generic point of Z,
then
A(ordg) > ordg(H) +ordg(Z). 5)

Proof. Let & be the generic point of Z. Since H is smooth at £, we may choose a
regular system of parameters xi, ..., x, of Ox ¢ such that H is defined at & by (x1).
Note that by assumption r > 2. By definition, we have ordg(Z) = min; ordg (x;).
Let i be such that ordg (x;) = ordg(Z). If i > 2, then by the lemma

A(ordg) > ordg(xy) +ordg (x;) = ordg (H) 4+ ordg (Z).
On the other hand, if i = 1, then using again the lemma we get

A(ordg) > ordg(xy) +ordg(xp) > 2-ordg(x1) =ordg(H) +ordg(Z). O
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Proof of Theorem 3.1. Let us put m = ordy(a) and p = ordy(q). We can write
a=0x(—H)™-a, and we get

ordg(a) =m-ordg (H) +ordg(a), ordz(a) =m + ordz(a) (6)

(note that ordz(H) = 1 since H is smooth at the generic point of Z). Since E
computes Ict(a), it follows from (1) that

ordg (a) - ordy (a) _om
A(ordg) +ordg(q) ~ A(ordy) +ordy(q) 1+p°

Corollary 3.3 gives ordg(H) < A(ordg) — ordg(Z), and combining this with (7)
we deduce

m =< (1+p)-

(N

ordg (a) - ordg(a)+m(A(ordg) —ordg(Z))+ p-ordg (a)
A(ordg)+orde(q) — A(ordg)+ordg(q)
ordg(a)+ p-ordg (a) —m(ordg(q) +-ordg (Z))

=mt Aordz) +ordz (q) ’ ®)

Therefore ordg(a) > m(ordg(q) +ordg(Z)) — p - ordg(a). Using one more time
the first equation in (6), this implies

(1+ p)-ordg(a) = m(ordg(q) +ordg(Z)) — pm - ordg (H). ©)

On the other hand, by Proposition 2.3 we have ordg (a) < A(ordg) -ordz(a), while
clearly ordg(q) > p - ordg (H). Putting these together with (9) gives

(1+ p)A(ordg) -ordz(a) = (1 + p) - ordg(a)
> m(ordg(q) +ordg(Z)) — pm -ordg (H)
>m-ordg(Z).
Combining this with the second equality in (6), we obtain

ordg(Z) )
A(ordg)(1+p) )’

which completes the proof of the theorem. (I

ordz(a) =m +ordz(a) > m - (1 +

Remark 3.4. In Theorem 3.1 one can replace ordg by any real valuation of K (X),
having center on X and computing Ict?(a). The proof goes through if one uses the
definition of A(v) from [Jonsson and Mustatd 2010, Section 5]. In this case, the
assertion in Lemma 3.2 follows from Corollary 5.4 of that reference.

Example 3.5. The inequality in Theorem 3.1 is optimal, at least in an asymptotic
sense. Indeed, let us consider the ideal a = x" (x, y’”“) in k[x, y], where m is
a positive integer. Since this is a monomial ideal, one can use Howald’s theorem
[Howald 2001] to compute its log canonical threshold. It is easy to check that
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let(a) = (m +2)/(m + 1)2, and this log canonical threshold is computed by the
(toric) divisor E over X = A? such that

ordE( Yo ,-xl'yf) =min{(m + )i + j | ¢; ; # 0}.
i,j>0

Note that A(ordg) = m + 2, and the center of E on X is the origin. If we take
q=0x and H = (x =0), then

ordz(a) _ m—+1 _(m+1)(m+2)
ordg(2)\ 1 - mm+3)
OrdH(a)(l + A(ordE)> " (1 + m—|—2>

and this converges to 1 when m goes to infinity.

Remark 3.6. The right-hand side of the inequality (4) is bounded above by

1
ordy (a) - (1 + let(I) - (1 + OI'dH(q))> ’

where I is the ideal defining Z. One could ask whether this expression is <
ordz(a), improving in this way the assertion in Theorem 3.1. However, this is
not the case: let us consider the special case m = 3 in Example 3.5, that is, a =
x3(x, y*). With q=0x and H = (x =0), we have ordz(a) = 4, while

1
OrdH(a)(1+l(:t(—IZ))=3(l+%)=%>4

4. The main result

In this section we prove the generalized version of Theorem A in the Introduction.
We work in the same setting as in Section 2.

Theorem 4.1. Let a, be a graded sequence of ideals on X, and q a nonzero ideal
on X such that 1ct9(a,) < oo. If I C Z~g is a subset such that for all m € I we
have a divisor E,, over X that computes lctd(a,,) such that {A(ordg,) | m € I} is
bounded, then the set {E,, | m € I} is finite.

Corollary 4.2. Under the same hypothesis as in Theorem 4.1, suppose that the set
[ is infinite. Then there is a divisor E over X that computes 1cti(a,,) for infinitely
many m. In particular, E computes lcti(a,).

Proof of Theorem 4.1. Note that the hypothesis implies, in particular, that a,, is
nonzero for every m € I. We assume that / is an infinite set, that E; # E; for
all i # j in [ and aim to derive a contradiction. Let Z,, = cx(E,,). We argue by
induction on M := max{A(ordg,) | i € I}. This is finite by assumption. Note that
M is a positive integer, and M =1 if and only if all the E;’s are divisors on X. At
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several stages in the proof we will replace / by an infinite subset. Note that this
can only decrease the value of M.
We start with the following lemma.

Lemma 4.3. With the above notation, suppose that there is an infinite subset J C I

such that W := Z; is irreducible, and Z; # W for all j € J. In this case

jelJ
ordwy (a,) > Arn(a.) > Arn(a,) > 0.

Proof. We only need to prove the first inequality. Let C = Arn(a,), so that
Arn(a,,) > Cm for every m. If j € J, then by Proposition 2.3 we have Arn(a;) <
OI'de (Clj).

We need to show that ordy (a,;,) > Cm for every m > 1. We may, of course,
assume that a,, is nonzero. By hypothesis, we can find 0 < £ < m — 1 such that
the set

U z (10)
jeJ
Jj={(mod m)

is dense in W. Since all Z; are proper subsets of W, this implies that if in (10)
we only take the union over those j € J with j = £ (mod m) and with j > N, for
some N, then the union is still dense in W. Let us fix jo € J with jo = ¢ (mod m),
and let C" := max,ew ord,(aj,) < oo (recall that a;, is nonzero). If mp + jo € J,
then the inclusion aj, - aj, € a4 j, implies

p-ordz, .. (an)+ordz,, . . (aj)=ordz, .. (amptj) = Am(ampjo) = C(mp+jo).

Therefore ordz,,, o (a,,) > Cm — C'/p. Since we have arbitrarily large such p,
and since the union of the corresponding Z,,, j, is dense in W, we conclude that
ordw (a,,) > Cm, as required. [l

A first consequence of the lemma is that if W is the closure of | J;.; Z;, then
W #£ X. In particular, this shows that when M = 1, we have a contradiction.

Arguing by Noetherian induction on W, we may assume that W is minimal in X
with the property that there is an infinite family of divisors (E;);c; as above, with
max{A(ordg,) | i € I} < M. This implies first that W is irreducible. Indeed, if we
consider the irreducible decomposition W = W U- - -UW,., then there is j such that
Z; € W; for infinitely many i € I. Since we may replace I by {i € I | Z; € W},
it follows from the minimality assumption on W that W = W;.

A second consequence of the minimality of W is that for every infinite subset
J C I, the union | J jer Z; is dense in W. In particular, if U is an open subset of
X that meets W, then there are infinitely many i € I such that U meets Z; (and
the union of these Z; N U is dense in W N U). Therefore in order to deduce a
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contradiction we may replace X by U and each a,, by its restriction to U. We may
thus assume that W is nonsingular.

We claim that the induction hypothesis on M implies that W is a hypersurface in
X. Indeed, suppose that ¢ = codim(W, X) > 2, and let 7 : X’ — X be the blow-up
of X along W. If E is the exceptional divisor of 7, then Kx//x = (c — 1)E. Since
cx(E;) € W for every i € I, it follows that cx’(E;) € E, hence

Ax (ordg,) = Ax(ordg,) —ordg, (Kx/x) < Ax(ordg,) — (c — 1).

If a), =a,-Ox and q'=q-Ox'(—Kx/,x), then by Proposition 2.1 we have Ict?(a;) =
let? (q;), and it follows from hypothesis and (1) that E; computes lct? (a}) for every
i €. Since max{Ax (ordg,) |i € I} <M —1, we have a contradiction by induction
on M.

Therefore W is a smooth hypersurface in X. If Z; = W, then E; = W, hence
this can be the case for at most one i. After discarding this i/, we may assume that
each Z; is a proper subset of W. In particular, we may apply Theorem 3.1 to get

. ord, (Z;) )
A(ordg,)(1 +ordw(q)) '

Note that ordg,(Z;) > 1 for all i € I. Let @ = ordw(a.). We have a > 0 by
Lemma 4.3. Let us fix ¢ > 0 with

ordz, (a;) > ordw (a;) - (1 (11

&< ! .
M(1+ordy ()

If we show that ordw (a,,) > am(1 4 ¢) for every m > 1, then

o =ordwy(a,) > a(l +¢),

a contradiction. We now argue as in the proof of Lemma 4.3. Let 0 < ¢ <m — 1
be such that the set in (10) is dense in W. We fix jy € I such that jo = ¢ (mod m),
and let C’ := max,cw ord, (aj,). It follows from the inclusion ab - Ao S Amptjo
and from (11) that for every p such that mp + jo € I we have

P OI'dZ,,,erj0 (am) = OrdZ,,,erjO (amp+jo) - OrdZmpHO (ajo) > ordy (amp+jo)(1 +8) —-C.

Therefore for every such p we have ordz,,,, (an) = am(1+¢)—C '/ p. Since there
are arbitrarily large such p, and the union of the corresponding Z,,,, j, is dense
in W, we conclude that ordw (a,,) > am(1 4+ ). As we have seen, this leads to a
contradiction, and thus completes the proof of the theorem. ([
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On unit root formulas for toric
exponential sums

Alan Adolphson and Steven Sperber

Starting from a classical generating series for Bessel functions due to Schlo-
milch, we use Dwork’s relative dual theory to broadly generalize unit-root results
of Dwork on Kloosterman sums and Sperber on hyperkloosterman sums. In
particular, we express the (unique) p-adic unit root of an arbitrary exponential
sum on the torus T” in terms of special values of the p-adic analytic continuation
of a ratio of A-hypergeometric functions. In contrast with the earlier works, we
use noncohomological methods and obtain results that are valid for arbitrary
exponential sums without any hypothesis of nondegeneracy.

1. Introduction

The starting point for this work is the classical generating series

exp J(AX —A/X) =) J;(A)X'
ieZ
for the Bessel functions {J;(A)};ez due to Schlomilch [1857], which was the
foundation for his treatment of Bessel functions (see [Watson 1944, page 14]).
Suitably normalized, it also played a fundamental role in Dwork’s construction
[1974] of p-adic cohomology for Jy(A). Our realization that the series itself
(suitably normalized) could be viewed as a distinguished element in Dwork’s
relative dual complex led us to the present generalization (which also generalizes
unit-root results of Sperber [1975] on hyperkloosterman sums).
Let A C 7" be a finite subset that spans R" as real vector space and set

SaX) =" AaX* € ZU{Ad)acallXT, ..., X,

acA

where the A, and the X; are indeterminates and where X¢ = Xi” o X% for
a=(ay,...,a,). Let [, be the finite field of ¢ = p* elements, p a prime, and let

MSC2010: 11T23.
Keywords: exponential sums, A-hypergeometric functions.
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[_Fq be its algebraic closure. For each L= (Ag)aca € ([_Fq)m‘, let

£ =) X eF,MIXT . X,

acA

a regular function on the n-torus T" over [, (1). Fix a nontrivial additive character
O :F, - Q,(¢,) and let ®; be the additive gharacter ©; = O oTrg gy, of the
field [, (1). For each positive integer /, let [, (A, I) denote the extension of degree /
of F, (1) and define an exponential sum

Si=8(f;,0;T"= Z 050 Trg G 1y, 2y (f7. (X))
xeTn(Fy (A1)

The associated L-function is
L(fi;T)=L(f5,0;, T T)= Si— ).
(fii T) = L(f;, 03, T T) exp(;g; 5 )

It is well-known that L( f5; T) € Q(&,)(T) and that its reciprocal zeros and poles
are algebraic integers. We note that among these reciprocal zeros and poles there
must be at least one p-adic unit: if [, (1) has cardinality ¢*, then S; is the sum of
(¢! = 1)" p-th roots of unity, so S; itself is a p-adic unit for every /. On the other
hand, a simple consequence of the Dwork trace formula will imply (see Section 3)
that there is at most a single unit root, and it must occur amongst the reciprocal
zeros (as opposed to the reciprocal poles) of L(f;; T)™V""". We denote this unit
root by u (). It is the goal of this work to exhibit an explicit p-adic analytic formula
for (1) in terms of certain A-hypergeometric functions.

Consider the series

exp fa(X) = [ [exp(AsX®) =D Fi(A)X' (L)
acA ieZn

where the F;(A) lie in Q[ A]l. Explicitly, one has
AM

F(h)= ). oD (1.2)
u=(Ug)aeA acA U
acA Uad=i
The A-hypergeometric system with parameter & = (¢, ..., ®,) € C" (where

C denotes the complex numbers) is the system of partial differential equations
consisting of the operators

9 \™ 9\
Dezn(az\a) _El:[()(aAa)

£,>0
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for all £ = (£,)gea € Z'A! satisfying > £,a = 0 and the operators

acA
2= ajhe— —a
i= IRy A, i
acA
fora = (ay,...,a,) € Aand j = 1,...,n. Using Equations (1.1) and (1.2), it

is straightforward to check that for i € Z", F;(A) satisfies the A-hypergeometric
system with parameter i.

Fix 7 satisfying 7P~ ' = —pand O(1) = (mod 7?). It follows from (1.2) that
the F;(mw A) converge p-adically for all A satisfying |A,| <1 foralla e A. Let

F(A) = Fo(m A)/Fo( AP).

The main result of this paper is the following statement. Note that we make no
restriction (such as nondegeneracy) on the choice of A € (Fq)m‘.

Theorem 1.3. The series F(A) converges p-adically for |A,| < 1 foralla € A
and the unit root of L(f5; T) is given by

ed(h)—1

u() = FOFONFOL) - FOP ),
where ) denotes the Teichmiiller lifting of)_n and d()) = [Fy ) : Fql

Remark. Historically, expressing the unit root of a zeta- or L-function in terms
of special values of p-adic hypergeometric functions has been accomplished by
studying the action of Frobenius on the associated p-adic cohomology. Hypergeo-
metric functions arise because the variation of p-adic cohomology of a parametrized
family of varieties or of exponential sums is described by (p-adic) hypergeomet-
ric differential equations. A systematic listing of the correspondence between
such parametrized families and classical hypergeometric equations is given in the
appendix to [Dwork and Loeser 1993].

The first result of this type was Dwork’s formula [1969] for the unit root of
a nonsupersingular elliptic curve y?> = x(x — 1)(x — A) in terms of the Gaussian
hypergeometric function F (%, %, 1; A). Later he established the corresponding
result for the unit root of the family of Kloosterman sums x + A/x using the p-adic
Bessel function [Dwork 1974]. Since then, a number of authors have proved similar
results.

We have systematically avoided the use of cohomology in this article. The
cohomology spaces associated to the exponential sums $;( f;, ©;, T") may not be
well behaved for all 1. In any case, it would require substantially more work to
describe the action of Frobenius on cohomology (although, of course, this would
give information about more than just the unit root).
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2. Analytic continuation

We begin by proving the analytic continuation of the function & defined in the
introduction.

Let C € R" be the real cone generated by the elements of A and let A € R” be
the convex hull of the set AU{(0, ...,0)}. Put M = CNZ". For v e M, define the
weight of v, w(v), to be the least nonnegative real (hence rational) number such
that v € w(v)A. There exists D € Z. ¢ such that w(v) € Q>9NZ[1/D]. The weight
function w is easily seen to have the following properties:

(i) w() >0, and w(v) =0if and only if v =0.
(i) w(cv) =cw(v) for ¢ € Z>y.
(1) w(v + p) < w() + w(w), with equality holding if and only if v and p are
cofacial, that is, lie in a cone over the same closed face of A.

(iv) If dim A = n, let {Ei}?’: , be linear forms such that the codimension-one faces
of A not containing the origin lie in the hyperplanes {¢; = l}lN: |- Then

w(v) = max{¢; ()},

Let Q be a finite extension of Q, containing 7 and an element 7 satisfying
ord# = (p — 1)/ p* (we always normalize the valuation so that ord p = 1). Put

R— {g(A) = Y A’ |e, e and {leyl}, is bounded},

VEZ=)lA!

R/={5(A)= > cUA”|cveQandcv—>0asv—>oo}.

VE(Z50)lAl

Equivalently, R is the ring of formal power series in {A,},c4 that converge on the
open unit polydisk in /4!, and R’ the ring of those that converge on the closed
unit polydisk. Define a norm on R by setting |§(A)| = sup,{|c,|}. Both R and R’
are complete in this norm. Note that (1.2) implies that the coefficients F; (i A) of
exp 7 fa (X) belong to R.

Let S be the set

S = {g(A, X)= %sﬂ(/\)ﬁ—w@‘)x—ﬂ | £,(A) € R and {|E, ()]}, is bounded}.
jas

Let S’ be defined analogously with R replaced by R’. Define a norm on S by setting

§(A, X)| = sup, {1§.(A)]}.

Both S and S’ are complete under this norm.
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o0
Define 6 (1) = exp(n(t —t?)) = > b;t'. By [Dwork 1962, Section 4a],
i=0
i(p—1)
P2

ordb; > (2.1
Let

F(A, X)=]]0AaX) =" Bu(A)X".

acA neM
Lemma 2.2. One has B, (A) € R and |B,(A)] < |7|¥ .
Proof. From the definition,
Bu(A) = Z BWA”,
ve(Zzo)Hl

where
BW — {HaeA by, if ZaeA Vad = [,
' 0 if Y 4 vaa # 1.

It follows from (2.1) that BS”) — 0 as v — oo, which shows that B, (A) € R". We
have

va(p—1) p—1
ordBISM)ZZordbva ZZQ—QZW(M) —
acA acA p p
which implies | B, (A)| < |7|* "), 0

By the proof of Lemma 2.2, we may write BS“) = ﬁwwéﬁ“’ with |]§§“)| <1.We
may then write B,,(A) = 7" B, (A) with B, (A) =Y, BY A" and | B, (A)| < 1.
Let

EAX) =) EMF VXV eS.
veM

We claim that the product F (A, X)§(AP, X?) is well-defined. Formally we have

F(A, X)E(AP, XP) =) ¢,(A)X 7,

,OEZ"
where
L) =Y 7B (A)E(AP). (2.3)
w,veM
H=pV=—p

To prove convergence of this series, we need to show that w(u) — w(v) — oo as
v — oo. By property (iv) of the weight function, for a given v € M we may choose
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a linear form ¢ (depending on v) for which w(v) = £(v) while w(x) > £(u). Since
m = pv—p, we get

w(pw) —w) =L —v) =L((p—1Dv) —L(p) =(p—Dw) —£(p). (2.4

Asv — oo, (p— 1)w(v) — oo while £(p) takes values in a finite set of rational
numbers (there are only finitely many possibilities for £). This gives the desired
result.

For a formal series ZpeZ" Cp(A)X P with £, (A) € QA define

y/( > zp<A>X—f’) =Y L (MXF

peZn peEM

and define for £(A, X) € S
a*(E(A, X)) =y (F(A, X)E(AP, XP))
=D L (MX .

peM

For p € M put n,(A) = 7P ¢,(A), so that

aFEN, X)) =D 0, (MF VO XP (2.5)
peEM
with
np(A)= Y FUOTITEO B (A)E,(AP). (2.6)
n,veM
H—=pv=p

Since w(p) > €(p) for p € M, (2.4) implies that
w(p) +wp) —w) = (p — Hw(v), 2.7
so by (2.6), [n,(MN)| < [§(A, X)| for all p € M. This shows a*(§(A, X)) € S and
le*(E(A, X)) < 1A, X))
Furthermore, this argument also shows that «*(S") C §'.
Lemma 2.8. If£)(A) =0, then |a*(E(A, X))| < |7|P~V/P|g(A, X)|.

Proof. This follows immediately from (2.6) and (2.7) since w(v) > 1/D for v £ 0.
O

From (2.6), we have

No(A) =Y By (A& (AP)F P~ (2.9)
veM
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Note that BO(A) = Bop(A) = 1 (mod ) since ord b; > O for all i > 0 implies
ord BS’) > 0 for all v £ 0. Thus By(A) is an invertible element of R’. The following
lemma is then immediate from (2.9).

Lemma 2.10. If &y (A) is an invertible element of R (resp. R'), then so is ng(A).
Put
T={, X)eS|I5(A, X)| <1and&(A) =1}
and put 7" = T N §’. Using the notation of (2.5), define 8 : T — T by

o (A, X))

(& ) no(A)
Note that B(T') C T"'.

Proposition 2.11. The operator B is a contraction mapping on the complete metric
space T. More precisely, if €V (A, X), EP (A, X) € T, then

IBED (A, X)) — BED(A, X)) < 7P VPIED (A, X) - P (A, X)I.
Proof. We have (in the obvious notation)
BED(A, X)) — BEP (A, X))
'@V X)) o EP X))
s (M) P ()
_CEVA 0PN X)) o, X))né”(m — 1y (A)
s (M) ) (M (A)

Since 7" (A) — n{ (A) is the coefficient of X° in a*(¢(M (A, X) — P (A, X)),
we have

g (8) = 1 (W] < " E DA, X) =D (A, X)),

And since the coefficient of X% in £V (A, X) —£@ (A, X) equals 0, the proposition
follows from Lemma 2.8. O

Remark. Proposition 2.11 implies that 8 has a unique fixed point in 7. And since
B is stable on T’, that fixed point must lie in 7’. Let £(A, X) € T’ be the unique
fixed point of 8. The equation S(£(A, X)) = &£(A, X) is equivalent to the equation

o*(E(A, X)) =no(A)E(A, X).
Since a* is stable on §’, it follows that
no(A)&,(A) € R’ forallpeM. (2.12)

In particular, since & (A) = 1, we have no(A) € R'.
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Put Cyp = C N (—C), the largest subspace of R" contained in C, and put My =
Z7"NCy, a subgroup of M. For a formal series ) cu (M) XH with e, (A) € QAT

nezr
we define
y< > cM(A)X“> =Y cuM)X*
nezn neMy
and set

¢(A, X) =y (exp(mfa(X))).

Of course, when the origin is an interior point of A, then My = Z" and { (A, X) =
exp(m fa (X)). In any case, the coefficients of (A, X) belong to R.
Since exp( fa (X)) = [] exp(r A, X?), we can expand this product to get

acA
Ay X?)Va
= (HZ EREDZ) = X G x
acA v,=0 HEM)
where
Gu(MD)= Y GWAY,
veZp)4
with
AU T2 i Y vea=—p,
fo“ — acA Va acA
0 if Y vea#—u
acA

Since ord 7'/i! > 0 for all i > 0, it follows that G, (A) € R, |G, (A)| < |7 |V W,
and Go(A) is invertible in R. This implies that (A, X)/Go(A) € T. Note also
that since F (A, X) =exp(wfa(X))/exp(mwfar(X?)), it is straightforward to check
that

X A X
V/(F(AaX))=)/(F(A,X)):y( exp 77 fa (X) ): gf( )

exp 7w far (XP) (AP, XP)
It follows that if £(A, X) is a series satisfying y (§(A, X)) € S, then

(Y (A, X)) =y (F(A, X)y (A", XP)) =y (F(A, X))y (A, XT))
_ A, Xy (B(AP, XP))

C(AP. XP) (2.13)

Remark. In terms of the A-hypergeometric functions {F;(A)};cy defined in (1.1),
we have exp(w fa (X)) =D ;e Fi (mrA)X', so for i € My we have the relation

F(rA) =7""CDG_;(A). (2.14)
Proposition 2.15. The unique fixed point of B is (A, X)/Go(A).
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Proof. By (2.13), we have

A, X Go(A) ¢(A, X
a*(“ )): o(A) £(A. X) 216
Go(A) Go(AP) Go(A)
which is equivalent to the assertion of the proposition. (I

By the remark following Proposition 2.11, £ (A, X)/Go(A) € T'. This gives the
following result.

Corollary 2.17. Forall u € My, G, (A)/Go(A) € R'.

In the notation of the remark following Proposition 2.11, one has §(A, X) =
C(A, X)/Go(A) and no(A) = Go(A)/Go(AP), so (2.12) implies the following
result.

Corollary 2.18. Forall u € My, G, (A)/Go(AP) € R'.

In view of (2.14), this implies that the function F(A) = Fo(w A)/Fo(r AP)
converges on the closed unit polydisk, which was the first assertion of Theorem 1.3.

3. p-adic theory

Fix A = (Ag)aca € (ﬂ_:q)“‘| andlet A =(A;)4ca € (@p)|A|, where A, is the Teichmiiller
lifting of Xq. We recall Dwork’s description of L(f5; T). Let Qo =Q, (%, {p, 7)
(=Q,(A, m,m)) and let Oy be the ring of integers of 2.

We consider certain spaces of functions with support in M. We will assume
that Q2g has been extended by a finite totally ramified extension so that there is an
element 7 in Qo satisfying 7P = 7. We shall write 7" and mean by it 7, "
for v € M. Using this convention to simplify notation, we define

B={Z A 7PXY | A, € Q, Av—>0asv—>oo}. 3.1)
veM

Then B is an Q2p-algebra which is complete under the norm

3 AKX

veM

= sup |A,].
veM

We construct a Frobenius map with arithmetic import in the usual way. Let

FOLX)=[]00aX =) Bu(W)X",

acA neM

i.e., F(A, X) is the specialization of F (A, X) at A = X, which is permissible by
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Lemma 2.2. Note also that Lemma 2.2 implies

ord B, (1) > Mlj_l)

so we may write B, (1) = ﬁw(“)EM (A) with éu (1) p-integral.

Let
XHPif p|u; forall i,

0 otherwise.

U(XH) = {

We show that W o F(A, X) actson B. If § =Y _,, A,7*" X"V € B, then

xy(( > ﬁw<“)1§“(x)x“> ( > Auﬁw(")X")> =Y C,)A" X

neM veM weM

where
Co(h) =) #Wportw®=w@p (WA,
v

For any positive constant K there are only finitely many values of v for which w(v)
and w(pw — v) are < K. This implies that the series C,(A) converges.
We have pw(w) = w(pw) < w(pw —v) + w(v), so that

(=@

ord C,,(%) > inf{ord 7 P~V A, } = 5 +inffordA,}.  (3.2)
v p v

This implies that W (F (A, X)§) € B.
Let d(x) = [F,(A) : F,], so that A7™" = i Put

. ed(M)—1 _ _
a;, = WM o ( 1_[ FO.P, XP')).

i=0

For any power series P(7') in the variable 7" with constant term 1, define
P(T)% = P(T)/P(p* D7),

Then «, is a completely continuous operator on B and the Dwork trace formula
[Dwork 1962; Serre 1962] gives

)rH»l

L(f;,0;, T 7)Y =det(I — Ta;|B)%. (3.3)

By Equation (3.2), the (w, v)-entry of the matrix of ¢, [Serre 1962, Section 2] has
ord > 0 unless w =v =0. The formula for det(/ —T ;) [Serre 1962, Proposition 7a)]
then shows that this Fredholm determinant can have at most a single unit root. Since
L(f5; T) has at least one unit root (Section 1), it follows from (3.3) that L(f5; T)
has exactly one unit root.
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4. Dual theory

It will be important to consider the trace formula in the dual theory as well. The
basis for this construction goes back to [Dwork 1964] and [Serre 1962]. We define

B*={&"= X ARAT"09X 7| (A} }uen is a bounded subset of 2,
HeEM

a p-adic Banach space with the norm |£*| = SUp,,¢ M{IA;l}. We define a pairing
(,):B*xXB—Quif§ =), Ay WXI X =3 oy ALTTVIDXTH, set

(£, 8) =) A A% € Q.
neM

The series on the right converges since A, — 0 as u — oo and {AZ} wem 18 bounded.
This pairing identifies B* with the dual space of B, i.e., the space of continuous
linear mappings from B to 2 [Serre 1962, Proposition 3].

Let ® be the endomorphism of the space of formal series defined by

<I>< > cMX_“) = XK,
nezr nezr

and let ¥’ be the endomorphism

V’( > cMX_“> =Y XM

nezn neM
ed(d)—1 : ; .
Consider the formal composition o =y’ o < [ F@r,x? )) o P4,
i=0

Proposition 4.1. The operator o is an endomorphism of B* which is adjoint to
o, : B— B.

Proof. As o is the composition of the operators y' o F ()J’i, X) o ® and «; is the
composition of the operators Vo F ()J’i , X),i=0, ..., ed(X)—1, it suffices to check
that ' o F (A, X)o® is an endomorphism of B* adjointto Wo F(A, X): B— B. Let
EX) = em A%~ X~ e B*. The proof that the product F (i, X)§*(X?)
is well-defined is analogous to the proof of convergence of the series (2.3). We have

y'(FO, XOE (X)) = ) Co)F X7,
weM
where

Co)= D> B,Ajgv@twiw-—we), 4.2)

U—pr=—0
Note that

pw() =w(pv) < ww)+w(w)
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since pv = w + w. Thus

(r—Dw) w(w) +wn) —w),

which implies that the series on the right-hand side of (4.2) converges and that
|C,,(M)| < |E| for all w € M. Tt follows that y'(F (A, X)E*(XP)) € B*. It is
straightforward to check that (®(X "), XV) = (X~#, ¥(X")) and that

(V' (FO, X)X, X)) = (X", F(A,, X)X")
for all i, v € M, which implies the maps are adjoint. (]

By [Serre 1962, Proposition 15] we have det(/ — Taj | B*) =det(/ — Tay | B),
so (3.3) implies

L(f;, ©;, T 7)Y =det(1 — T} | BH)%. 4.3)
From Equations (2.14) and (2.16), we have

a*(“A’ X>) PN {00}
Go(A) Go(A)

It follows by iteration that for m > 0,

- ;<A,X>) ( T A );(A X) i
“ (GO(A) H T ) Gy @b
We have
A X) 5~ Oul) gy
Go(A) ~ S Go(A) ’

so by Corollary 2.17 we may evaluate at A = X to get an element of B*:

FTwW x 1 ¢ B*,

Go(A) A=A Go(A) A=A

neMy

It is straightforward to check that the specialization of the left-hand side of (4.4)
with m = ed()) at A = A is exactly o} ((¢(A, X)/Go(A))|a=2), so specializing
(4.4) with m = ed (L) at A = A gives

ed(M)—1 .
= FF i
:A) ( [T 7¢ )) Go(M)

i=0

4.5)

“A( Go(A)

Equation (4.5) shows that ]_[édm : %()\p ) is a (unit) eigenvalue of &}, hence by
(4.3) it is the unique unit eigenvalue of L(f5; T).
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Symmetries of the transfer operator
for I'h(V) and a character deformation
of the Selberg zeta function for y(4)

Markus Fraczek and Dieter Mayer

The transfer operator for I'g(N) and trivial character x, possesses a finite group
of symmetries generated by permutation matrices P with P? = id. Every such
symmetry leads to a factorization of the Selberg zeta function in terms of Fred-
holm determinants of a reduced transfer operator. These symmetries are related
to the group of automorphisms in GL(2, Z) of the Maass wave forms of ['o(N).
For the group I'g(4) and Selberg’s character y, there exists just one nontrivial
symmetry operator P. The eigenfunctions of the corresponding reduced transfer
operator with eigenvalue A = *1 are related to Maass forms that are even or
odd, respectively, under a corresponding automorphism. It then follows from a
result of Sarnak and Phillips that the zeros of the Selberg function determined by
the eigenvalue A = —1 of the reduced transfer operator stay on the critical line
under deformation of the character. From numerical results we expect that, on
the other hand, all the zeros corresponding to the eigenvalue A = +1 are off this
line for a nontrivial character .

1. Introduction

In the transfer operator approach to Selberg’s zeta function for a Fuchsian group
I" this function gets expressed in terms of the Fredholm determinant of a transfer
operator constructed from the symbolic dynamics of the geodesic flow on the cor-
responding surface of constant negative curvature. Though this approach has been
carried out, up to now, only for certain groups, like modular subgroups of finite
index [Chang and Mayer 2000; 2001a; 2001b] and Hecke triangle groups [Mayer
and Stromberg 2008; Mayer et al. 2012; Mayer and Miihlenbruch 2010], it has led
to new points of view on the Selberg zeta function [Zagier 2002] and the theory

This work was supported by the Deutsche Forschungsgemeinschaft through the DFG Research

Project “Maass wave forms and the transfer operator approach to the Phillips—Sarnak conjecture”

(Ma 633/18-1).

MSC2010: primary 11M36; secondary 35J05, 35B25, 37C30, 11F72, 11F03.

Keywords: transfer operator, Hecke congruence subgroups, Maass wave forms, character
deformation, factorization of the Selberg zeta function.
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of period functions [Lewis and Zagier 2001]. Another application of this method
is a precise numerical calculation of the Selberg zeta function [Stromberg 2008],
which seems to be impossible by other means at the moment.

In this paper we discuss the transfer operator approach to the Selberg zeta func-
tion for Hecke congruence subgroups with a character. Of special interest is the
behavior of its zeros for ['g(4) under singular deformation by Selberg’s character
[Selberg 1990].

As found numerically in [Fraczek 2010], certain symmetries of the transfer
operator for these groups play an important role in this process. These symme-
tries lead to a factorization of the Selberg zeta function for the full modular group
SL(2, Z), as known. There it corresponds to the involution Ju(z) = u(—z*) of the
Maass forms u for this group [Efrat 1993; Lewis and Zagier 2001]. Obviously the
corresponding element j = ( (1) _(1)) € GL(2, Z) generates the normalizer group of
SL(2, Z) in GL(2, Z). It tuns out also that the symmetries of the transfer operator
for I'g(V) correspond to automorphisms of the Maass forms from its normalizer
group in GL(2, Z).

For the group I'g(4) with a character x, introduced in [Selberg 1990] and dis-
cussed also in [Phillips and Sarnak 1994], there is only one such nontrivial symme-
try of the transfer operator. It corresponds to the generator of I'g(4)’s normalizer
group in GL(2, Z) leaving invariant the character y,. The results of Phillips and
Sarnak imply that the zeros on the critical line of one factor of Selberg’s func-
tion stay on this line under the deformation of the character, and hence the cor-
responding Maass wave forms for the trivial character remain Maass wave forms.
Numerical results [Fraczek 2010], on the other hand, imply that the zeros on the
critical line of the second factor of this function should all leave this line when
the deformation is turned on. A detailed discussion of these numerical results and
their partial proofs is in preparation [Bruggeman et al. 2012].

The paper is organized as follows: in Section 2 we recall briefly the form of the

transfer Operator
+
(0w,
B.on — if 0
B.m

for a general finite index subgroup I' of the modular group SL(2, Z) and unitary
representation v, and introduce the symmetries

#=( 1)

of this operator defined by permutation matrices P. Any such symmetry leads to a
factorization of the Selberg zeta function in terms of the Fredholm determinants of
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the reduced transfer operator PQZ;”. The eigenfunctions with eigenvalues A = +1
of this reduced transfer operator then fulfill certain functional equations.

In Section 3 we discuss the generators J, _ of the group of automorphisms in
GL(2, Z) of the Maass forms u for I' = I'g(N) and w = y¢ the trivial character.
We introduce their period functions i and derive a formula for the period function
Jn,— of the Maass form J, _u. B

In Section 4 we introduce Selberg’s character x, and the nontrivial automor-
phism J _ of the Maass forms for I'g(4). We derive again a formula for the
period function J, _1 of the Maass form J, _u leading to a permutation matrix
P>, _ which defines a_symmetry P, _ of the transfer operator Ls.p,, - From this we
conclude that the eigenfunctions with eigenvalues A = =1 of the operator Pz,_ﬁl?g,ﬂ
correspond to Maass forms that are even or odd, respectively, under the involution
J>.—. Results of Phillips and Sarnak then imply that the zeros of the Selberg func-
tion on the critical line corresponding to the eigenfunctions with eigenvalue A = —1
of this operator stay on this line under the deformation of the character.

2. The transfer operator and the Selberg zeta function
for Hecke congruence subgroups I'g(N)

The starting point of the transfer operator approach to the Selberg zeta function for
a subgroup I' of the modular group SL(2, Z) of index u = [SL(2,Z) : T'] < o0
is the geodesic flow @, : SMr — SMr on the unit tangent bundle SMr of the
corresponding surface M = I \ H of constant negative curvature. Here

H={z=x+iy:y >0}

denotes the hyperbolic plane with hyperbolic metric ds> = (dx> + dy?)/y?, on
which the group I' acts via Mobius transformations: gz = (az+b)/(cz+d) if g =
(¢ 5). In the present paper we mostly work with the Hecke congruence subgroup

Fo(N) = {g €SLQR.2):g = (cj‘v Z) }

with index uy =N ]_[p‘N(l +1/p), where p is a prime number. If p : ' — end(C¢)
is a unitary representation of I' then the Selberg zeta function Zr , is defined as

o0
Zrp(B) = [[ T det(1 = p(g,) exp(—(k + B)1L,)), 2.0.1)

Y k=0
where [, denotes the period of the prime periodic orbit y of ®; and g, € I' is
hyperbolic with g, (y) = y. In the dynamical approach to this function it gets
expressed in terms of the so-called transfer operator, well-known from D. Ruelle’s
thermodynamic formalism approach to dynamical systems. For general modular
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groups I with finite index p and finite-dimensional representation r this operator
Lg » : B — B was determined in [Chang and Mayer 2000; 2001b] as

0 <t
= B.px
Lg » (Sf,s,p,, 0 ) , (2.0.2)

where B = B(D, C*) @ B(D, C*) is the Banach space of holomorphic functions
onthedisc D={z:|z—-1| < %}, and p, denotes the representation of SL(2, Z)
induced from the representation 7 of I'. The operator 58;; o, 1s given for Re g > %
by

+ — S 1 +n 1
Ly p D@ =D G T )f(m), (2.0.3)

n=1

where S = (9 ') and T = (| 1). In the following we restrict ourselves to one-
dimensional unitary representations 77, hence unitary characters, which we denote
as usual by x. In this case the following theorem was proved in [Chang and Mayer

2001b].

Theorem 2.0.1. The transfer operator Lg , : B — B with

0o <t ad 1 1
J— /37 + = —_— +n ——
Lg, = (i/g’x 0X> and (iﬂ‘xf)(z) —Z (Z-i-n)zﬂpX(ST )I<Z+n)

n=1
extends to a meromorphic family of nuclear operators of order zero in the entire
complex B plane with possible poles at B, = (1 —k)/2, k =0,1,2,.... The
Selberg zeta function Zr , for modular group I and character x can be expressed
as Zr 4 (B) = det(1 —Lg ,) = det(1 — sg;;xgelg,x) =det(1 — gﬁ,x%x)-

This shows that the zeros of the Selberg function are given by those S-values
for which A =1 belongs to the spectrum o (Lg,, ), or equivalently to the spectrum
U(SBE’XB%EX) = G(SB; XSEE’X). From Selberg’s trace formula one knows that there
are two kinds of such zeros: the trivial zeros at 8 = —k, k = 1,2, ..., and the
so-called spectral zeros. The former correspond to eigenvalues A = B(1 — B) of the
automorphic Laplacian with Re 8 = % or % < B <1, and the latter to resonances
of the Laplacian, that is, poles of the scattering determinant with Re 8 < % and
Im 8 > 0 [Hejhal 1983; Venkov 1990]. For arithmetic groups like the congruence
subgroups with trivial or congruent character x one knows that these resonances
lie on the line Re 8 = }‘, corresponding to the nontrivial zeros {g(28) = 0 of
the Riemann zeta function ¢y in the trivial case and to the zeros L(28, xo) =0
of other Dirichlet L-functions in the congruent case, assuming the generalized
Riemann hypothesis, as well as on the line Re 8 = 0. For general Fuchsian groups
and congruence subgroups with noncongruent character, however, these resonances

can be anywhere in the half-plane Re < %
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2.1. Symmetries of the transfer operator for I'y(N). It turns out that there exists
for any N a finite number Ay of uy X @y permutation matrices P with P2 = id,

such that the matrix
~ 0O P
=3 0)

commutes with the transfer operator Lg , and hence

+ _ —
P.EEﬁ’X_S.Bﬂ,XP. 2.1.1)
Thereby P = (P;j)1<i, j<uy acts in the Banach space B(D, C“N) as (P[)i(z) =
Z 1 Pij fi(@)if f(2) = (fi(2))1<i<py- We call such a matrix P a symmetry of the
transfer operator. As an example consider the group I'g(4) and Selberg’s character
Xa» 0 < a < 1, which will be described later. Its transfer operator Lg , has the

following form:

Lg, xaf+1 Zf 3|2ﬂ T1+4‘1+f_ | T2+4q_|_f_ | T%+4q+f_ | ST
q=0

o0
L.y, fra =) @0 L | STIH 4 2wty | ST2+4

q=0
_|_627”(3+4q)05 f—l |2ﬁST3+4q + 627'[1(4+4q)(¥ f—l |2ﬂST4+4q’
00
L/&Xa fiz= Z 672maf_2|213ST1+4q + 672maf_3|2ﬂST2+4q
q=0
_}_67271101 |2/3 T3+4q +e*2maf_ |2l3 T4+4q
L,B Xaf+4 — Ze 2mot(1+4q)f | T1+4q +e 2ma(2+4q)f | T2+4q
q=0
+e —2nza(3+4q)f | T3+4q +e —2moz(4+4q)f | T4+4q

o0
Loy fos = Zezmaf—4|2ﬁ§T1+4q + ezmaf—5|2,3§T2+4q
q=0
2ri 344 2mi Srdtd
te maf_2|2ﬁST q +e maf—3|2ﬁST q’

Ly, Xaf+6—2f |y STV 4 fL, ST2H4 1 £, ST34 1 1y, ST,

Lp.xo J-1 = Z f+5|2ﬂ§T1+4q +f+4|2ﬁ§T2+4‘1 +f+3|Zﬁ§T3+4q +f+2|2,3§T4+4q,
q=0
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Lﬂ ” f—2 — Ze 2ntc{(1+4q)f | T1+4q +e 2ﬂta(2+4q)f | T2+4q
q=0
Je Zma(3+4q)f | ST3+4 + e—2mo{(4+4q)f | T4+4q
Lﬂ o f—3 — Ze Zmaf T1+4q +e 27rtaf | T2+4q
q=0
2mozf | T3+4q +e—2maf | T4+4q

00
7o 2mia(1+4 o 1+4 2mio (244 o 2+4
Lp g foa = 32700 f | ST+ g 2rieCria p | ST+
q=0
+82nza(3+4q)f+6|2ﬁST3+4q +62ﬂla(4+4q) f+6|2ﬂST4+4q,

oo
Lﬂ,Xa f’ls — ZeZNiOlf+2|2ﬂ§T1+4q +€2ﬂiaf+5|2ﬂ§T2+4q

q=0
+62maf+4’2ﬂST3+4q +62mozf+3’2ﬂST4+4q,
00
Ly fo=D Fralyp ST ™M+ fral STHH 4+ fis |, STHH 4+ fra |, STH,
q=0

where f € B(D,C*) @ B(D,C") is given by f = (f4+. f-). f+ = (fei)i=iz6:
and Sz = 1 /z. The induced representation p,, of the character x, on I'g(4) is
defined in terms of the coset decomposition of SL(2, Z)

6
SL(2,7) = U To(4)R; (2.1.2)
i=1
as
Px(8)ij = Oro (RigR; N xa(RigRT), 1<i, j<6. (2.1.3)

Thereby we have chosen the following representatives R; € SL(2, Z) of the cosets
Co(4R;

Ry = id,, R, =ST'™2, 2<i<5, and Rg=ST>S. (2.1.4)

It turns out that the two permutation matrices P; and P, corresponding to the
permutations

123456
o=~ (2.1.5)
125436
and
123456
o= —————— (2.1.6)

643251
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fulfill (2.1.1) for « = 0 and hence the corresponding matrices 15i, i =1, 2, commute
with the transfer operator Lg ,, where o is the trivial character. The matrix P,
on the other hand, commutes even with the operator Lg ,, for all a. The matrix
Py (S) is given by the permutation oy where
123456
215634
and an easy calculation shows that P;p,,(S) = p,,(S)P;, i = 1,2. The matrix
Py, (T), on the other hand, is given by the permutation o7 with
123456
134526

One then checks that P;py, (T) = py, (T ') P;, i = 1, 2. Therefore P;py, (ST") =
Py (ST™)P; for all n e N and i = 1, 2. For the character x, analogous relations
hold for P;.

For the trivial character xo one can determine for the group I'g(N) the number

os (2.1.7)

or (2.1.8)

hx of matrices P; with the above properties and hence the defining symmetries of
the transfer operator as follows:

Theorem 2.1.1. For the Hecke congruence subgroup I'o(N) and trivial character

0P

xo = 1 there exist hy matrices P = ( 0 ) commuting with the transfer operator

Lg ,, where P is a un X [N permutation matrix satisfying P? = 1,,,
Ppy,(8) = 0y ()P and Py (T) = py (T~ P,

and hence
+ _ —
P‘Egﬂyxo - ‘Sgﬂyxop'
Thereby hy = max{k : k|24 and k*|N}. The permutation matrices P are determined
by the hy generators j of the normalizer group Ny of T'o(N) in GL(2, Z). The
Selberg zeta function Zr y, can be written as

Zr g =det(1 — PES . ydet(1+ PES ).

Remark 2.1.2. For I'g(4), obviously 4y = 2. According to Theorem 2.1.1, there
exist two permutation matrices P; and P, given by the permutations o and o,
above. Since P; P, = P, P; and P,-.EE;XO = g/;,m P;,i=1,2, we find

PIP,P &y =PiP¥, Pr=P % PPi=PE; PP,
and the operators P; P, and P, SBE 4, commute, where the operator P; P, corre-

sponds to the permutation

123456

o=——. (2.1.9)
645231
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We find also P; PZSZ;XO = 2/’; 4« P1P2. But (Py P>)? = idg, hence this operator
has only the eigenvalues A = %1 and the Banach space B(D, C®) decomposes as
B(D, C% = B(D, C%, @& B(D, C®_ with PP, f+ ==+ f 4 for f+ € B(D, C%..
Therefore the elements [ € B(D, C%.,e== have the form (f E_),- =fi,1<i<3
and (f )y = €fi» 1 <i <3. Denote by -

Lh e BD,.CL— B(D,C%+ and P&Lf, :B(D,C%+— B(D,CO)x,

the restrictions of the operators EN/’E’ 4 and Py 58; 4» Tespectively, to the subspace
B(D, C®) ., which obviously is isomorphic to the space B(D, C?). Then

det(1+ P&} y=detl+ P &) det(l P &L ),

where the operator P{ £} : B(D, C?) — B(D, C?) can be written as

B.xo0.€
0 658/3,2—}-%/3,4 Egﬁ’]—f—&,ﬂﬁ,g
P&y =% 0 0 , (2.1.10)

0 ifﬂ,l-i-éi/g’g Eiﬂ’2+$ﬂ’4

with g f = Z;":O f‘zﬁS’THkq, 1<k<4 and £p = 22:1 £p k. The operator

33; one in the space B(D, C?), on the other hand, has the form

0 Eipﬂ’2+$ﬂ,4 655[3,14-‘%'3,3
seg’xo,é =| % 0 0 ) (2.1.11)
0 62,3’14-55,3’3 glg,2+6(§£ﬁ’4

To relate the Fredholm determinants of the operators (P; .SEE XO’E)Z and (33; xo,e)2
we use the following simple lemma:

Lemma 2.1.3. Let o, B, and y be complex numbers and € = £1. Then A is an
eigenvalue of the matrix

0a B
|]_1 =1V 00
0 B ea
if and only if €\ is an eigenvalue of the matrix
0 o B
|]_2 =1V 00
0 e a
Proof. The proof follows from comparing the characteristic polynomials of the two
matrices. O

This shows that, for all n e N,

3 3
trace L] = Z (L)), , = €" tracel; = €" Z (P
k=1 k=1
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But then is not too difficult to see that also tlrace(éEJr 5.0, )" = ¢€" trace(Py et B0, "
for all n» € N and hence det(1 — (Pliﬁﬁ o 6) ) = det(1 — (EEﬁ o €) ) for e = +.
Therefore the Selberg zeta function Zr4), 4, (B) for the group I'g(4) with trivial
character x( can be written as

Zro@), o (B) = det(1 — (P1££ ) ) =det(1 — (35/3 XO) )
= det(1 —35[5,)@) det(l + L5 ) (2.1.12)

Furthermore, this function factorizes in this case also as

Zryy.0(B) =det(1 = PLE;  Hdet(l— PI&L )

x det(1 + P&y, ) det(14+ P&}

l) (2113)

To prove Theorem 2.1.1 we relate the matrices P to the generating automor-
phisms in GL(2, Z) of the Maass wave forms for I'g(N). We can determine this
way the explicit form of these matrices P. For this we derive, in a first step, a
Lewis-type functional equation for the eigenfunctions of the operator PEB; 4 With
eigenvalues A = +1.

2.2. A Lewis-type functional equation. Consider any finite index modular sub-
group I' and any unitary character y : I’ — C*, together with the induced repre-
sentation p, of SL(2, Z). Assume there exists a symmetry P = ( PO ) with P a
permutation matrix with properties analogous to Theorem 2.1.1, and commuting

with the transfer operator
+
L By = ( E) gﬁ Px)
Ly oy 0

of I'. If f is an eigenfunction of the operator Ping with eigenvalues A = =£1 then
one can show:

Proposition 2.2.1. IfP.EB;XI(g) = Af({) with . = %1 then the function WV (¢) 1=
Po, (T71S)P J (¢ = 1) fulfills the functional equations

_ 2B 1
W) =1 Pp, (W ( é“) Q22.1)
and

V() = px (THWE + 1) = (¢ + 1) py (T 1)“’<;i1) 0, (22

where T' = ST~'S. On the other hand, every solution ¥ of (2.2.1) and (2.2.2)
holomorphic in the cut B-plane (—oo, 0] satisfying W;(z) = o(z~ ™12 Resly ¢
z 4 0.and W;(z) = o(z~ ™02 Res—1}y g5 7 — 00 determines an eigenfunction S

with eigenvalues ). = £1 of the operator ngx
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Proof. LetRe B > 3. If PE3 f(£) = Af (), A = %1, then obviously
Py (STS)PPLY f(£ +1) =APpy(STS)P f(¢ +1).

Subtracting the two equations leads to

M Q) = Pp(STSP S +1) = €+ )7 PogST) () =0

and hence the function ¥ (¢) := P f(¢ — 1) fulfills the equation

w@)—pX<STS>w<¢+1)—xz—zﬂpx(mw(“l) 0. (23

Replacing ¢ by % and multiplying the resulting equation by ¢ _zﬂpX(S TS)Pp,(T™ 1S)
gives

—28 —1 1 ¢ {+1
P, (STS) P, (179 (7 ) =& 0y (ST Poy (91 (1)
— 3oy (STS)Y (¢ +1) = 0.

Since p, (S)P = Pp, (S), one finds, comparing with (2.2.3),
V(&) =27 p, (STS) Pp, (T-lsm(%).

Hence the function _Jf = py (77! S)y fulfills (2.2.1). The same equation is then
fulfilled also by the function

V() =Py (¢)=Poy(T'S)P (5 — 1), (2.2.4)
that is,
V() =12 Pp (S)\y(l). 2.2.5)

Inserting finally y(g) = p, (ST)PY(¢) into (2.2.3) and using (2.2.1) leads to

W(g) = Poy (T)PY(& +1) = (¢ + 1) P, (T’ ”"I’(gil) =0

But by assumption Pp,(T)P = p, (T ~"); hence Pp,(T')P = p,(T'~') and thus

W)~ TR+ D= @+ D0 () =0 226
Hence for Re g > % the first part of the proposition holds. By analytic continuation
in B one proves the general case.

To prove the second part we follow the arguments of [Deitmar and Hilgert 2007,
Lemma 4.1]: if W(¢) is a solution of the Lewis equation (2.2.2) with 8 ¢ Z then
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W has the asymptotic expansions

W(&) ~c—0 §2ﬂQo<%) + Z Cicly W) ~oo Q@) + Z cvel,

I=—1 I=—1

where Qo, Qo : C— C* are smooth functions such that Qo(¢ +1) = p, (T") Qo (¢)
and Qoo (¢ +1) = py (T) Qo(¢), and the constants C7 and g*;/ are determined by the
Taylor coefficients C,, = (1/m!)¥ " (1). The functions Qo and Q. are defined
as follows for general 8 with —2Re 8 < M € N:

00(¢) = ¢ (1) - Zcpx<m+2/3 DCom

M
—n 1 Cn
_Z(n-i-é“) P (17T~ >( (1+T¢>_§W>’

n=0

M
Qoo(§) =W (&)=Y ¢, (m+28,¢+1)Ch
m=0

00 M
_ (=1 i 1 Cm
“Yero o @ (i) - Vet

n=0
where
1S K+t
6, (@.0) = 22 2 (T T (a5
k=0
and

N—1
k
¢ (a.0) = ZpX(T T Nen (0, 555,
with ¢y (a, ¢) the Hurwitz zeta function. According to [Deitmar and Hilgert 2007,

Remark 4.2] any solution W of (2.2.2) with W (¢) = o(¢~™™128}) for ¢ — 0 fulfills
the equation

Py e B 1
V@) =¢Y (¢ ) p (1T 1)2(1+n+§1)

n=0

and moreover C* | = 0. But if W (¢) fulfills also (2.2.1) then one finds

2 Pp, (S)qf(g) ;2 Z(n+§ D72 o (T T~ 1)\1:(1+ +1§_1>,
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and hence
PO (L + D) =Y+ P, (7T Hw (14 ﬁ) (2.2.7)

n=1
According to (2.2.4) ¥ (¢ + 1) = Pp, (T—IS)PI(g), and hence we get

o0

oy (STT'IPF(&) =) (n+ C)‘zﬂpx(T"(”_”T_I)prUAS)Pf(;ﬁ)'

n=1

Inserting 7'~"—D = ST~ § one arrives at

M@ = Y0+ Py (ST ST Po TIPS (14):

n=1

Since p, (ST HpP = Pp, (ST) we get finally

) 1 . 1
@)= Z: o ST ()

n=

Hence any solution W of the Lewis equations (2.2.1) and (2.2.2) with the asymp-
totics at the cut ¢ = 0 determines an eigenfunction f of the transfer operator PEEE’ X
with eigenvalues A = £1. O

3. Automorphism of the Maass forms and their period functions for I'g(V)

The Maass forms u = u(z) of a cofinite Fuchsian group I'" and unitary character x
are real analytic functions u : H — C with

o Au(z) = Au(z),
e u(gz) = x(g)u(z) forall g eI', and
e u(gjz)= 0 (y©) as y — oo for some constant C € R and all cusps zj=g;(io0)

of I'.

The cusp forms are those forms which decay exponentially fast at the cusps. If
u € Lo(Mr) we call u a Maass wave form.

Definition 3.0.1. An element j € GL(2, Z) defines an automorphism J of the
Maass wave form u for the group I' and character x if Ju with Ju(z) :=u(jz) is
a Maass form for I and character .

Obviously j defines an automorphism J if and only if j is a normalizer of the
group I' and the character x is invariant under j, that is, x (jgj~!) = x(g) for
all g € I'. Thereby jz = (az* 4+ b)/(cz* +d) if detg = ad —bd = —1. We
have to show that the function Ju(z) = u(jz) has at most polynomial growth
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at the cusps z; = t;(ioo) of I', where t; € SL(2,7). If detj = —1, one has
u(jti(z)) = u(j7 jo,— jo,—(z)) where jo— = ({ ° ). Then j1; jo— € SL(2, Z) and
hence jt;jo.— = y; R; for some y; € I' and some representative R; of the cosets
'\ SL(2, 7). But R; = nt,(;) for some n € I' and some index o (i). Hence
u(jti(z)) = u(ty@y(—z*)) which has at most polynomial growth at the cusps. The
same argument applies if det j = 1, and it shows also that Ju is a Maass wave form
or a cusp form if u is one.

3.1. The group of automorphisms of Maass forms for T'y(N) and trivial charac-
ter yo. We restrict ourselves now to the case I' = I'g(/N) and assume x = yg. De-
note by Ny the normalizer group {I"o(N)/ : j normalizer of ['g(N) in GL(2, Z)}.
Using results of [Lehner and Newman 1964; Conway and Norton 1979], we find:

Proposition 3.1.1. For hy = max{r : 7|24 and r*|N} and ky := N /hy the normal-
izer group Ny is given by

. . 1 0
NN—{FO(N)Jn,i, ]n,:i:—<nkN jﬂ), OSHShN—l}-

Proof. Using the fact that the divisors k of 24 are exactly the numbers for which
a-d =1 mod k implies a = d mod k one shows that the normalizer group of ['g(N)
in SL(2, Z) is To(N) \ ['o(N /v) [Lehner and Newman 1964] with v = 2min{3.[&2/21}.
3minthles/21} "¢y = max{l : 2/|N}, and €3 = max{l : 3'|N}. But obviously v = hy
and [Fo(ky) : To(N)] = hy and hence Ny = To(N) \ (Cotkn) U To(kn) jo,—)-
Since j, + # jm.+ mod I'g(N) for n # m, this group has just the 2Ay elements
[o(N)ju.+, 0 <n < hy — 1. The normalizer group Ny is therefore generated by
the hy generators {I'o(N)j,—,0<n <hy —1}. O

3.2. The period functions of I'y(N) and character x. For u a Maass form with
Au=B(1—pB)uand I'g(N)\SL2, 7)) ={T'o(N)R;, 1 <i < uy} its vector-valued
period function u is defined by

u = (u;(2))1<i<uy Where u;(z) =u(R;z). (3.2.1)
Then one has, as shown for instance in [Miihlenbruch 2006]:

* u(gz) = py(g)u(z) for all g € SL(2, Z) and p, the representation of SL(2, Z)
induced from the character y on I'g(N) and
o Aui(z) =B —=Pui(z),  <i < pn.

Given two eigenfunctions # = u(z) and v = v(z) of the hyperbolic Laplacian with
identical eigenvalue . = (1 — B), one knows [Lewis and Zagier 2001] that the
1-form n = n(u, v), with

n(u, v)(z) == [U(z)ayu(z) — u(z)ayv(z)] dx + [u(z)axv(z) — v(z)axu(z)] dy
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is closed. If u =u(z) is a Maass wave form for I'g(N) with eigenvalue A = S(1— B)
and R;(2) =y/((¢ — x)? + yz) denotes the Poisson kernel, the vector-valued period
function V=i i<j<un is defined as

;) :=f0 n(uj, RD)(). (322)

The following result has been shown for trivial character y in [Miihlenbruch 2006].
That proof can be extended, however, immediately to the case of a nontrivial char-
acter x.

Proposition 3.2.1. The period function ¢ = ¥ (¢) of a Maass wave form u = u(z)
for T'o(N) and unitary character x is holomorphic in the cut ¢ -plane C\ (—o00, 0]
and fulfills there the Lewis functional equation (2.2.2):

Ov

_ 1 _ 28 /—1
Y@ =T+ = ) P oy () =0

where p, denotes the representation of SL(2, Z) induced from the character x of
To(N).

On the other hand, it follows from [Deitmar and Hilgert 2007] that the solutions
of the above equation holomorphic in the cut ¢-plane with certain asymptotic be-
havior at the cut 0 and at oo are in one-to-one correspondence with the Maass wave
forms. That paper treats only the trivial character but it can be extended also to the
case of the nontrivial character x . Since the function W (¢) = Pp, (TSP f(c—1)
with f an eigenfunction of the operator P&E , With eigenvalues A = +1 is such
a solution of (2.2.2), these eigenfunctions are 1n one-to-one correspondence with
the Maass wave forms. As in the case of the full modular group SL(2, Z) treated
in [Chang and Mayer 1998; Lewis and Zagier 2001] one can extend this result to
arbitrary Maass forms, that is, also to the real analytic Eisenstein series for I'g(V)
and unitary character y.

3.3. Automorphisms of the period functions. We have seen that the group of au-
tomorphisms in GL(2, Z) of the Maass forms u of ['g(/N) and trivial character yg
is generated by the matrices

. 1 0
g < < —
Jn,— <I’lkN _1>, O_n_,uN 1.
Denote by J,, —u the Maass form J, —u(z) := u(j,,—z) and by J, ¥ its period
function. Then one shows

Theorem 3.3.1. The period function J, - = (Jn,—Y;($))1<j<uy is given by

I~ (C) = E_zﬁlﬁx,,_oaoa(j)<%>, (3.3.1)
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where the permutations A,_, o and & are determined through the coset representa-
tives R; of T'o(N) \ SL(2, Z) as follows:

Jn+R;j=0;Ry, (> Jo—Rjjo,- =VjRo(j.» and R;S=n;Rs,
with0;,y;,nj € To(N) for 1 < j < uy.

Proof. For u = u(z) a Maass form for I'g(/NV) and trivial character yo and u = u(z)
its vector-valued Maass form consider the Maass forms J, 1u(z) = u(j, +z) and
Jn2u(2) = (Jn,2u;(@))1<j<py> With Jy +u;(z) = u(ju,+R;z). Since j, +R; =
0; Ry, _(j) for some unique 6; € I'o(N) and permutation A, — of {1,2,..., uy}
one gets for J, yu;

n,+uj(2) = u(Ry, _(H2) =uy, _(j(@). (3.3.2)

For J, 4u;(=z*) = u(ju,+Rj(—=2*)) = u(ju,+Rjjo,—2), on the other hand, one
finds

o+t j(=2°) = u(jn,— jo,~Rj jo,—2) = u(jn,— Ro(j2)s

since jo,—R; jo,- = ¥jRs(j) for some unique y; € I'o(N) and permutation o of
{1,2,..., uy}. Hence

Tt (—2%) = T () ). (3.3.3)

Consider next J, yu;(Sz) = J, yu(R;Sz). Since R;S = n;Rs(j) for unique n; €
[o(N) and permutation é of {1, 2, ..., uy}, one has

Jn4uj(8z2) = Jy 4 u(Rs(jy2) = Ju us)(2).

Hence by (3.3.2)
Jn4uj(Sz) = uy, o5(j)(2). (3.3.4)

On the other hand, one gets for J, yu;(S(—z%)) = J, +u;(—Sz*) by using (3.3.3):
Jn4u i (S(=2%)) = Jn,—tts(j)(82) = t(jn,— Rs(j)S2),
and therefore
o 4uj (—S2) = u(jn,~ Mo (j) Rsoo (j)(2) = Jn,—Usoo (j) (2)-
But 0 0§ = § oo and therefore
Jn 41 (S(=2")) = Ty —ttgos(j) (2)- (3.3.5)

Define next

Vi, j(2) i= Jp 41 j(2) £ Ty 4uj(=2%).



602 Markus Fraczek and Dieter Mayer
Then by (3.3.2) and (3.3.3) one has

vt j(2) = un)(2) £ Jn,—uo(j)(2)
and hence, if Au(z) = (1 — B)u(z),

Avy j(z) = B(1 = B)u+,(2) (3.3.6)

and
ve j(=2") = v ;i (2). (3.3.7)

Equations (3.3.4) and (3.3.5), on the other hand, show
v+ j(82) = v+ 5()(2). (3.3.8)

Set YL (¢) := 0i°° n(x, Rf)(z). Then, since vy j(—z*) = v ;(z), one finds
(see [Lewis and Zagier 2001])

: * tPug (i)
vy () =28 fo @t dt, (3.3.9)
/ ()——/wwm (3.3.10)
VL= | 3.
Using next the identity (3.3.8) one easily shows
/ 2B 1
Vi () =% zﬂwi,g(j)(z). (3.3.11)

But U:I:,j(Z) = u;h(j)(z) +J ,,ua(j)(z) and hence

Vi () =V, _(H(©) £ In Vo (j(©).

Therefore
- 1 1
Vi O D Vo) (© =507 (Vi oy (7) £ n Vst () )- 3312
Adding these two equations leads finally to
_ .28 1
Vi, (H (&) =¢ Jn,—Wm&(j)(g), (3.3.13)
and therefore to the equation
— 28 1
Jn,~Vi(§) =8 Y, _ooos(j) 7) (3.3.14)

which was to be proven. U
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Remark 3.3.2. As can be seen from their action on the coset representatives R;
the permutation § commutes with the permutations A, — and o. Furthermore one
has 02 = 8% = (A, _ 00)? = id, where id denotes the identity permutation. This
shows also that the automorphisms J, — are involutions both of the Maass forms
and the period functions, a special case of these involutions for all groups ['g(N)
being Jo,—u(z) = u(—z%).

Denote by O, —,0<n <hy—1, the uy x py permutation matrix corresponding
to the permutation A, _ oo 04.

Theorem 3.3.3. The permutation matrices P, — := py,($)Qn -, 0<n <hy —1,

define symmetries
~ 0 P,_
P,_ = ’
b (P'L_ O )

0 <
L/SaXO = <§£+ %X())

for the transfer operator

B, %o

for T'o(N) and trivial character xo =1, with Pnz’_ =idyys Pr,— Py (S) =0y (S) P, —,
and P, _p,(T) = pXO(T_l)Pn,_, and therefore Pn,_iﬁg’m = SB;’XO P,._. The per-
mutation matrix P, _ is determined by the permutation A, _ o o and hence by the
coset representatives j, _R; jo _.

Proof. The matrix P, _p,,(S) is determined by the coset representatives j, — R;Sjo, —
whereas p,,(S) P,,— is determined by the coset representatives j, — R; jo,—S and
Jo,—S = Sjo,—. Hence P, _p,,(S) = py,(S)P, —. On the other hand Tjy _ =
jo.—T~" and therefore P, _p,,(T) = py (T~ Py —. O

Obviously Theorem 2.1.1 follows from Theorem 3.3.3. For the automorphisms
Jn.+ = Jn.—Jjo.— one gets the symmetry

= [Py O
Pn,+—( 0 Pn,-i-)’

with P, 4 the permutation matrix corresponding to the permutation A, _ oo o)y _oo
determined by the coset representatives j, +R;.

Remark 3.3.4. The symmetry Py _ is given by p,,(SM) where M = ((1) (1)) and
Py, denotes the representation of GL(2, Z) induced from the trivial character xo of
['o(N). The transfer operator 55%4 M of Manin and Marcolli [2002] for ['g(N) turns
out to coincide with the operator p,, () Po,,(EBl; 0P (S) and appears as a special

case of our operators Pn,,ig o'
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Corollary 3.3.5. The permutation matrices P, _, 0 < n < hy — 1, generate a
finite group consisting of the permutation matrices {P, 1,0 <n < hy — 1} and
isomorphic to the normalizer group Ny of T'o(N) in GL(2, Z). The symmetries
{ﬁn,i, 0 <n < hy — 1} of the transfer operator Lg , for I'o(N) and trivial char-
acter o define a finite group isomorphic to the group N'y.

4. Selberg’s character y, for I'y(4)

The group ['(4) is freely generated by the two elements T = (| 1) and B=(1,9).

Hence any g € I'¢(4) can be written as g = ]_[fvzg1 T™ B" If Q(g) = ZlNzgl m; then
Selberg’s character y, [Selberg 1990] is defined as

Xa(8) = expCmiaf2(g)), O=a=<I. 4.1

Denote by z;, 1 <i <3, the inequivalent cusps of I'g(4) and by 7; the generators of
their stabilizer groups I';, with T;z; =z;. They can be taken as z; =i00, 22 =0, z3 =
—% and T =T, T, = B, T3 = T~'B~!. The character , is singular in the cusp z;
if and only if x,(7;) = 1. Otherwise the character is nonsingular in z;. It is well
known that the multiplicity « () of the continuous spectrum of the automorphic
Laplacian A with character x, is given by «(xy) = #{i : xo(T;) = 1}. Therefore
k(xq) = 3 for « = 0 whereas «(xy) = 1 for & # 0 and hence the multiplicity
of the continuous spectrum of the Laplacian changes from 3 to 1 when the trivial
character is deformed to x, with « # 0. It is known [Phillips and Sarnak 1994] that
the character y, is congruent (or arithmetic) if and only if « € {k %, 0 <k <4}. Since
the Selberg zeta function given in (2.0.1) has the property Zr;4),,, = Zry@), 0
and obviously x, = xq+1 We can restrict the deformation parameter « to the range
0<o<1i.

Lemma 4.1. The Selberg character x, is invariant under the map defined by
J2—z2=2%/Q2z* = 1), and J,_u(z) := u(jp,—z) is a Maass form for I'y(4) and
character xy if u = u(z) is such a Maass form.

Proof. We only have to show that x, is invariant under the map j, —z =z*/(2z* —1).
For g =T we find j, _Tj, - =T B and hence

Xa(j2,~Tj2,-) = Xa(T B) = xa(T),

whereas for g = B one finds j>_Bj,_ = B~! and hence
Xa(j2.-Bj2.-) = xa(B™) = xa(B).
Therefore xu(j2.—8Jj2.—) = xa(g) for all g € I'p(4). U

If u = u(z) is a Maass form for I'g(4) with character x, and ¥ = (Vi(¢Ni<j<6
is its period function, denote by J_u the Maass form given by J_u(z) :=u(j>,-z),
and by J_y=0U-v;()i<j<6 its period function. Then one shows:
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Theorem 4.2. The period function J_y of the Maass form J_u is given by

T = & Y oesi oo () (42)

where the permutations Ay _, o, and 8, as well as the n; € I'g(4), are determined
through the coset representatives R by

J24+Rj=0jRy,_¢j), Jo—Rjjo—=VjRo(j), RjS=n;jRs),
with 6, yj,and n; € To(4) for 1 < j <6.

Proof. Set j+ = jo.+ and Jru(z) := u(j+z). Then J_u is a Maass form for I'g(4)
and character x, whereas J,u is a Maass form for ['g(4) and character x_,. The
vector-valued Maass form Jyu = (Jiu;)1<j<6 is given by Jiu;(z) = u(j+R;z2).
We have chosen the representatives R of the cosets in SL(2, Z) = Ulfj56 Fo(4)R;
as follows:

Ri=idy, R;=ST/™?, 2<j<5 = Re=ST"S.

But j; R; =0;R;, ;) for some 6; € ['g(4) and some permutation A, _ of the set
{1,2,...,6} and hence Jyu;(z) = xo(0;)u(R;,_(jz). It turns out that 6; = B!
for]1 < j<3and@; =id for4 < j <6. Hence x,(0;) =1 and

Jruj(z) =uy, (H@, 1=j=6, 4.3)
with A, _ the permutation

123456

= 44
645231 4

Ao

Consider next Jyuj(—z*) = Jiuj(jo,—z). Then
Jiuj(jo,~2) = u(j+Rjjo,—2) = u(j+jo,— jo,—Rj jo,~2)-

If jo.-Rjjo.— = vjRs(j) then Jiu;(jo,—2) = u(j-y;j-j-Rs(jz). But it turns
out that j_y;j_ =1idy for j = 1,2,6 and j_y;j- = B for j = 3,4, 5, hence
X« (j—yjj-) =1 and therefore

Jeuj(=2%) = JyujGo,-2) = J_ue((2). 4.5)
Since, furthermore, Jyu;(Sz) =u(j4+R;Sz) = u(jyn;jRs(j)z), one finds
Juj(82) = x—aMjtn, _0s(j)(2)s (4.6)

where § is the permutation

123456
8_

=" 47
215634 @7
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n; =idp for j =1,2,4,6, and 3 = ns_l =T-'B~!. For Jyu;(—Sz*) one gets
with (4.5) Jou;(—S87%) = J_us(j)(Sz) =u(jo,— Ry(j)Sz) and

J4uj (—Sz%) = u(jo,— Mo (j)Rsoo (j2) = Xa (Mo (j)) J-Usow (j)(2)-
Using the explicit form of the n; one shows x4 (ns(j)) = X—«(n;) and therefore
Jouj(—=82%) = x—a () I-tsoo(j)(2). (4.8)
Define next v+ ; = v4 j(2) as
vt j(2) i= Jyuj(2) £ Jpuj(—2%). 4.9)
Then v+ ;(—z*) = £v4 (z), and by (4.6) and (4.8) we have
V1, (82) = X—a(Mj)Vx.5())(2)- (4.10)
If therefore w;,j(;) = (;OO n(v+,;, Rf)(z) one gets from relation (4.10)

Ve (O =2 a0 (7) @11)

and using the identity (4.9)

Vi _(n (&) £ J-Yes) ()

= :t{—Zﬂx—a(nj)(%z_,oa(j)<%> + J—wo-oé(j)(%>). (4.12)

Adding these two equations leads finally to

_ 1
J_Y;i¢)=¢ zﬁxa(ﬂaoa(j))lﬂxz,,oaos(j)(E), O
Inserting the explicit form of the permutations
1234
sos=1 23456 (4.13)
213654
and
123456
M _o000=——"——— (4.14)
' 465132
and the character values
—2ria

Xoe (M) = Xa(12) = Xa(11) = xa(Me) =1 and  xo(13) = xa(ns) ' =e ,
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one finds
Jn© =t (7). T =i (7).
s =Py (L), @ =) @)
Jos©) = £y (1), e = (7).

Define the matrix QO _ through the equation J;,f(;) =¢ 2P Qz,,Y(l/g).

Proposition 4.3. The permutation matrix P, _ := p,, (S) Q2 — defines a symmetry

~ 0 P_
P, _ = ’
. (Pz,— 0 )

+
L,B’Xot = (i‘? 58%)@)
B Xa

for T'g(4) and character x, with Pz% _ =1idg,

of the transfer operator

sz_'oXa(S)zloXa(S)PZ,_ and PZ,—an<T)=IOXa(T71)P2,—’

and therefore P27_§£Jﬁr va = L5y, Pr.— The permutation matrix P, _ corresponds
to the permutation Ly _ o o and hence is determined by the coset representatives
Jo_Rj jo,—.

Proof. For our choice of coset representatives R; as given in (2.1.4) one finds for
Py (S)

01 0 0 0 O
10 0 0 0 O
00 0 0 2™

Py (8) = 0o o o o 1l (4.16)
00 &m0 0 0
00 0 1 0 0

and hence the matrix Q5 _ is given by

00 0O 1 0 0
00 0 0 0 1
00 0 0 2™

Q2-=1109 0 0 0 o0 @.17)
00 €m0 0 0
01 0 0 0 0
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For p,, (T) one finds

e 00000 0
0 0100 0
0 0010 0
P@M=1"9 0001 o0 “@.18)
0 1000 0
0 0000 ¢ 2mia

A simple calculation then confirms that P> _p,, (S) =p,, (S)P>—and P, _p, (T)=
Pya (T7H Py, with

(4.19)

- o O O O O
S O = O O O
S O O = O O
S O O O~ O
S = O O O O
=ReleloleolS

and hence defines a symmetry of the transfer operator Lg ,,. The matrix P, _
coincides with the permutation matrix P, corresponding to the permutation o, in
(2.1.6). (]

Remark 4.4. For the trivial character xo, the map jo _z = —z* defines an automor-
phism of the Maass forms for the group I'g(4). Indeed, this is an automorphism
for all Hecke congruence subgroups I'g(N). In this case the permutation Ao, _
is the trivial permutation and the matrix Q¢ _ is determined by the permutation
o o4. For I'y(4) this is given by (4.13). Using (4.16) with ¢ = 0 one obtains for
Py, = py,(S)Qo,— the permutation o7 as given in (2.1.5). The symmetry P, for
['o(4) and trivial character o hence corresponds to the automorphism z — —z* of
the Maass forms for this group.

We have seen that for every eigenfunction f = f(¢) of the operator P&t '
with eigenvalues A = £1 the function ¥ =W () = P2p,, (T~ 19) P, f(¢ —1) fulfills
the functional equation

W)= )»5_2’3,0;(&(5)1’22(%) =AJ_W() (4.20)

and hence is an eigenfunction of the involution J_ corresponding to the automor-
phism j_ = j, _ of the Maass forms for I'¢(4) and character x,. Hence this shows:

Proposition 4.5. The eigenfunctions f = f(¢) of the operator Pzifgy 1 With eigen-
values . = %1 correspond to Maass forms which are even or odd, respectively,
under the involution J_ = J, _.
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For a conjugate character ¥, Phillips and Sarnak [1994] have shown that the
Maass cusp forms that are odd under the corresponding conjugate involution J are
still cusp forms under the deformation of this character. Hence:

Corollary 4.6. The zeros of the Selberg zeta function for the group T'o(4) and char-
acter xq corresponding to eigenfunctions of the operator PZEBE’ 4, With eigenvalue
A = —1 which for a = 0 are on the critical line Re f = % stay, for all o, on this
line.

Remark 4.7. The operator PZEB;’ 4, can be used to calculate numerically the Sel-

berg zeta function for small values of Im 8 and arbitrary 0 <« < % These numerical

calculations confirm the above corollary and let us expect that all the zeros of the
Selberg function corresponding to the eigenvalue A = 1 of the operator Pzifg’ Yo
for o« = 0 leave the critical line when o becomes positive. A detailed discussion of
the numerical treatment of the behavior of the zeros of the Selberg function under
character deformation will appear elsewhere [Bruggeman et al. 2012].
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