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The image of complex conjugation in
[-adic representations associated to
automorphic forms

Richard Taylor

If F* is a totally real field, if n is an odd integer and if IT is a regular, algebraic,
essentially self-dual, cuspidal automorphic representation of GL,, (A z+), then we
calculate the image of any complex conjugation under the /-adic representations
r1,,(IT) associated to IT.

Introduction

Let F* denote a totally real number field and fix an isomorphism ¢ : @; => C. It
is known that to a regular, algebraic, essentially self-dual, cuspidal automorphic
representation IT of GL, (Ar+) one can associate a continuous semisimple Galois
representation

r (I1) : Gal(F*/FT) — GL,(Q)).

(For the definition of “regular, algebraic, essentially self-dual, cuspidal” see the
start of Section 1.) This representation is known to be de Rham and its Hodge—
Tate numbers are known. (They can be simply calculated from the infinitesimal
character of 4,.) For all finite places v of F* not dividing / one can calculate the
Frobenius semisimplification of the restriction of r; ,(IT) to a decomposition group
above v in terms of m, via the local Langlands correspondence. This uniquely
(in fact, over) determines r;,(IT). (See [Shin 2011; Clozel et al. 2011; Caraiani
2010; Chenevier and Harris 2011].) The representation r; ,(IT) is conjectured to
be irreducible. This is known if IT is discrete series at some finite place [Tay-
lor and Yoshida 2007]. Moreover r;,(IT)Y = r;(IT) ® p for some character
of Gal(FT/F*) which is either totally odd (takes the value —1 on all complex
conjugations) or totally even (takes the value +1 on all complex conjugations).
Frank Calegari raised the question as to whether, for an infinite place v of F*
one can calculate the conjugacy class of r;,(IT)(c,), where ¢, € Gal(F+/F+) is a
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complex conjugation for v. This conjugacy class has order two, so it is semisimple
with eigenvalues £-1. The problem is to determine how many +1’s and how many
—1’s occur. Because I1 was assumed to be regular, we expect that the number of
+1’s and —1’s differ by at most one:

ltrrg, (TD(cy)| < 1.

As we know the determinant of r; ,(IT) this would completely determine the con-
jugacy class of r; ,(IT)(cy).

If p is totally odd then [Bellaiche and Chenevier 2011] shows that n is even and
that r; ,(IT) preserves an alternating pairing up to multiplier x. In this case, because
GSp,, (@) has a unique conjugacy class of elements of order two and multiplier
—1, we see that tr r; ,(IT) (c,) =0 for all v|oco. So the problem lies in the case that u
is totally even, i.e., that r; , (IT) preserves an orthogonal pairing up to multiplier u.

In this paper we will prove this conjecture in the case n is odd:

Proposition 1. Suppose that F* is a totally real field, that n is an odd positive
integer and that 1 a regular, algebraic, essentially self-dual, cuspidal automorphic
representation I1 of GL, (Af+). Suppose also that r; ,(I1) is irreducible. If

ceGal(Ft/F™T)
is a complex conjugation (for some embedding F* — C) then
|trr, (ID(0)] < 1.

We believe that essentially the same method works if # is even and IT is discrete
series at a finite place, though we haven’t taken the trouble to write the argument
down in this case. (One would work with the construction of r;,(IT) given in
[Harris and Taylor 2001] rather than that given in [Shin 2011].) However we do
not see how to treat the general case when n is even. When r; ,(IT) is reducible one
can calculate the trace of r(c) for some representation of r of Gal(F+ /F™1) with
the same restriction to Gal(F*+/F), but this does not seem to be very helpful.

The construction of r; ,(IT) is via piecing together twists of representations of
Gal(F*/F) which arise in the cohomology of unitary group Shimura varieties, as
F runs over certain imaginary CM fields. For none of these twisted restrictions
does complex conjugation make sense. For an infinite place of F one can assign
a natural sign to the representations of Gal(F*/F) that arise in the cohomology
of these Shimura varieties, because they are essentially conjugate self-dual. (See
[Clozel et al. 2008] or [Bellaiche and Chenevier 2011].) As Calegari has stressed
this sign is not related to the image of complex conjugation in our representation
of Gal(F*/F™*). This latter image only makes sense for the Galois representations
coming from certain automorphic forms on the unitary groups, namely those that
arise from an automorphic form on GL,, (A+) by some functoriality.
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In the case that n is odd the unitary groups employed by Shin [2011] have rank
n and we are able to use the moduli theoretic interpretation of its Shimura variety
to write descent data to the maximal totally real subfield of F. This descent data
does not commute with the action of the finite adelic points of the unitary group.
However in the special case of an automorphic representation z which arises by
functoriality from an automorphic form on GL,, over a totally real field we are able
to show that, up to twist, this descent data preserves the 77°° isotypical component
of the cohomology, and hence gives a geometric realization of r;,(IT)(c,). Be-
cause of its geometric construction, r; ,(IT)(c,) also makes sense in the world of
variations of Hodge structures. Finally we can appeal to the fact that the Hodge
structure corresponding to r;,(I1) is regular (i.e., each A7¢ < 1) to show that
ey, (M) ()] < 1.

In the case that n is even and IT is not discrete series at any finite place, [Shin
2011] realizes twists of rZ,L(H)|Ga1( Ft/F) in the cohomology of the Shimura vari-
eties for unitary groups of rank n + 1. One takes the 77 °° isotypic component of the
cohomology for an unstable automorphic representation 7 of the unitary group,
which one constructs from IT using the theory of endoscopy. In this case our
descent data relates the 7> isotypic component of the cohomology, not to itself,
but to a twist of the (7r/)*° isotypic component for a second unstable automorphic
representation 7" of the unitary group also arising from IT. (This 7’ is not even
nearly equivalent to a twist of 7.) This does not seem to be helpful.

Notation. Let us establish some notation that we will use throughout the paper.

If p is a representation «, will denote its central character.

If F is a p-adic field with valuation v then F™ will denote its maximal unrami-
fied extension and Frob, € Gal(F™/F) will denote geometric Frobenius. Moreover
Artg: F* — Gal(F/F)® will denote the Artin map (normalized to take uniformiz-
ers to geometric Frobenius elements). Suppose that V/Qy is a finite-dimensional
vector space and that

r:Gal(F/F) — GL(V)

is a continuous homomorphism. If either / # p or [ = p and V is de Rham (i.e.,
dimg, (V ®x,F Bpr) G/ F) = dimg, V for all continuous embeddings 7 : F — Q)
then we may associate to r a Weil-Deligne representation WD(r) of the Weil group
Wx of K over @;. In the case [ # p the Weil-Deligne representation WD(r) deter-
mines r up to equivalence. (See for instance [Taylor and Yoshida 2007, Section 1]
for details.) If (r, N) is a Weil-Deligne representation of Wg then we will let
(r, N)¥S = (5, N) denote the Frobenius semisimplification of (r, N). We will
write recy for the local Langlands correspondence — a bijection from irreducible
smooth representations of GL,, (F') over C to n-dimensional Frobenius semisimple
Weil-Deligne representations of the Weil group Wr of F. (See the Introduction or
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Section VIL.2 of [Harris and Taylor 2001].) Recall that if x is a character of F*
then rec(yx) = x oArt}l.)

If F =R or C we will write Artg : F* — Gal(F/F). If F =R then we will
denote by ¢ the nontrivial element of Gal(F/F) and denote by sgn the unique
surjection F* — {£1}.

If F is a number field then

Artp = [ [ Artp, : AF/F*(FX)° = Gal(F/F)®
v

will denote the Artin map. If v is a real place of F' then we will let ¢, denote the
image of ¢ € Gal(F,/F,) in Gal(F/F). Thus ¢, is well defined up to conjugacy.
Suppose that

x :Ap/F* — C~

is a continuous character for which there exists a € ZHom(F.0) guch that

X |(F0>é)0 X = 1_[ ('L')C)ar
teHom(F,C)

(i.e., an algebraic grossencharacter). Suppose also that ¢ : @; => C. Then we define
r () Gal(F/F) — @IX

to be the continuous character such that

L<<n,t<x>oArtF)<x> I1 (t_lf)(XI)_“’>=X(X) [] @o™.

teHom(F,C) teHom(F,C)

1. Statement of the main result

Now let F* be a totally real field. By a RAESDC (regular, algebraic, essentially
self dual, cuspidal) automorphic representation 7w of GL,, (A f+) we mean a cuspidal
automorphic representation such that

o 17 =7 @ (x o det) for some continuous character x : Ay, /(FT)* — C*
with x,(—1) independent of v|oo, and

* T has the same infinitesimal character as some irreducible algebraic repre-
sentation of the restriction of scalars from F* to Q of GL,,.

Note that x is necessarily algebraic. Also, if n is odd and 7V = 7 ® () o det), then
Xxv(—1) is necessarily independent of v|oo, in fact it is necessarily 1 for all such v.

If F* is totally real we will write (Z")Hom(F".O.+ for the set of a = (az;) €
(Zm)Hom(F*.©) satisfying

g1 = -+ = dagy.
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If F+'/F* is a finite totally real extension we define aj+ € (Z")Hom(F .0+ py

(@p+)ri =ae|pmi-

If a € (Z")HomF".O)+ et E, denote the irreducible algebraic representation of
GLE‘““(F "©) which is the tensor product over t of the irreducible representations
of GL,, with highest weights a,. We will say that a RAESDC automorphic repre-
sentation m of GL, (Ap+) has weight a if m, has the same infinitesimal character
as 2.

Fix once and for all an isomorphism ¢ : @; = C. The following theorem is
proved in [Shin 2011] (see also [Clozel et al. 2011]). (This is not explicitly stated
in [Shin 2011], but see Remark 7.6 of that reference. For the last sentence see
[Taylor and Yoshida 2007].)

Theorem 1.1. Let F + be a totally real field and let n be an odd positive inte-
ger. Leta € (Z”)Hom(F ©.F . Suppose further that T1 is a RAESDC automorphic
representation of GL, (AF+) of weight a. Specifically suppose that T1V = Tlx
where x : A +/(F+)X — (EX and x,(—1) is independent of v|co. Then there is a
continuous semzszmple representation

r1, (1) : Gal(F /Fy") — GL, (@)
with the following properties.
(1) For every prime v 11 of FJ we have
WD (1, (D lga7s ) ng))F-SS = r;(t " rec(T, ® | det |1 7/2),

(2) n, (Y = r, L(H)fn_lrl ((0-
(3) detr; (IT) =1y, (Kn)En(l n)/2

@) If v|l is a prime of F+ then the restriction ry, L(H)|G41(F+ JE) is de Rham.
Moreover, if T1, lS unramlﬁed if (F N )O denotes the maxzmal unramified

subextension of F /@l and if T . (F, )0 — @1 then r;, L(H)|Gal(F+ /) is

crystalline and the characteristic polynomlal of (Z)[(FO R To

(1. (T ®, 7, Berig) S P/ Foly
equals the characteristic polynomial of
("'recy (M, ® | det || ~"/%) (Frob,).
(5) Ifv|l is a prime of F(;r andift: F(;’ — Q lies above v then

dimg, g’ (17,,(T1) ®¢. g, Bor) 02/ 70) = 0
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unless i =a,; j+n— j forsome j =1, ..., ninwhich case

. . T
dln’l@] gr‘ (rl’L(H) ®erJ,) BDR)Gal(FO,v/FO.v) -1

(6) If I is discrete series at some finite place then r; (I1) is irreducible.

The purpose of this paper is to calculate r;,(IT)(c,) for any infinite place v of
Fy.
Proposition 1.2. Keep the notation and assumptions of the above theorem and

suppose that r; ,(I1) is irreducible. (In particular we are assuming that n is odd.)
Let v denote an infinite place of FOJr . Then

rl,t(n)(cv)
is semisimple with eigenvalues 1 of multiplicity (n + kn (—1))/2 and —1 with

multiplicity (n — k1 ,(—1))/2.

2. A geometric realization of complex conjugation

We must recall some of the construction of r;,(IT) and explain how the action of
complex conjugation can be constructed geometrically.

The basic set-up. There is a constant a € Z such that a; j +a; ,41-; = o for all
j:l,...,nandallr:F(;r;)(D. Thus
Xl o0 =N o
Shin shows that one can choose
« a soluble Galois totally real extension F¥/F;",
 an imaginary quadratic field £ in which [ splits,
an embedding 7o : F = FTE < C,

a continuous character

¢:AL/F* — C*,

a continuous character

v AZ/E* — CX,
with the following properties.

o [FT:Q]is even and > 2.

« If Ram denotes the set of (finite) rational primes above which any of F, IT,
¢, or ¥ ramifies, then every prime of F* above a prime of Ram splits in F.

¢ 71, (ID)|Ga(F, Fy remains irreducible.
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* ¢¢C = XF and ¢|Fo>é = nt T_'Bf where IBI +,3rc = —q.
¢ lalr — (FHF] N n
o Y /w_(KH|A>< o E/@)‘N x
o Yoo = r(;e(ro oc)_G' with €, €/ € Z.
« Y is unramified at the prime of E above / corresponding to :~! o 7.

Let V = F™ and let
(,):VxV—=>0

be a nondegenerate alternating bilinear form such that
{(xv, w) = (v, “xw)

forallx € F and v, w e V. Let G be the reductive subgroup of GL(V /F) consisting
of elements which preserve ( , ) up to a G,,-multiple and let v : G — G,, denote
the multiplier character. We may, and do, suppose that V is chosen so that

» G is quasisplit at all finite places;

o if 7: F — C satisfies 7|g = 70| g then the Hermitian form on V ® ¢ ; C defined
by
(v, w) = (v, iw)
has a maximal positive definite subspace of dimension O if T # 79 and 1 if

T=T1.

(See [Shin 2011, Lemma 5.1].) There is an identification of G xg E with the
product of GL; and the restriction of scalars from F to E of GL,. The map sends
g to the product of its multiplier and its action on the direct summand V Qg | E
of VRQE=VQRr 1 E®V R, E.

The group G. Letting ker' (@, G) denote the kernel of
H'@, 6) - [[H' @, G),
v
using the fact that n is odd, we see from [Kottwitz 1992, Section 8] that there is an
identification
ker' (@, G) = (F)* N(A*Np/p+AF)) /Q* (N g+ F ).

As F/F7" is unramified at all finite primes we see that Np/p+Ap D Ve R, so
that AXNF/F-#A;E = @XNF/F-%-A;E. Because (F—i_)>< ﬂNF/F+A1>§ = NF/F-%—F>< we
conclude that

ker' (@, G) = Q*((FY)* NNp p+AX)/Q* (Np/p+ F*) = {1}.
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It follows from the proof of Lemma 3.1 of [Shin 2011] that the Tamagawa number
7(G) =2.

Let T denote the quotient of G by its derived subgroup. Then we may identify
T by

T(R)={(x,y) €ER" x (R®q F)": x" =y}

for any Q-algebra R. The quotient map d : G — T sends g to (v(g), detg). Also
let Z denote the centre of G so that

Z(R)={(x,y) ER" x (R®a F)" : x ="y}

for any Q-algebra R. The map d|z sends (x, y) to (x, ") and the map v|z sends
(x,y) to x. Note that Z x E can be identified with the product of G,, with
the restriction of scalars from F to E of G, and the norm map sends (a, b) to
(a“a,“ab/°b). Then

v:Z(A)/Z(Q)(NgjoZ(Ag)) = A" /Q*(Ng/gAf) = Gal(E/Q).
[To see this note that the left hand side is

{yeAp: yyeA Y Ap{ye F*: yyeQ {y/Y: yeAz}

N, =1
As {y/y: yeAX}=A,""""" we see that the group in the previous displayed
equations maps isomorphically under v = Ng,p+ to

AN Ng p+AR) /(NE/@AL(Q* NNp/pe FX)
= (A% ﬂNF/F+A;)/((NE/@A2)@X ﬂNF/F+A;§).

There is a natural injection from here to A* /(Ng,0A ;)Q*. It only remains to see
that this map is surjective, i.e., that

A* /@ (NE/AD) (AX NN e AR) = (1),
However as F/F™ is everywhere unramified we have that
(A ANp/p+AX) D 7% x R,
while AX = Q*Z*RX,. |
The involution I. We can choose a Q-linear map I : V — V such that

o I(xv)=“xI(v)forallx e Fandv e V;
o (Iv, Iw)=—(v, w) for all v, w € V;
o I’=1.
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[To see this note that with respect to a suitable basis we have
(v, w) =trp (VD w)

for some diagonal matrix D with °D = —D. With respect to such a basis we can
take / to simply be complex conjugation on coordinates.] The choice of I gives
rise to an automorphism # of G of order two:

g# =1Igl.
Note that

vo#=v

and that
det g* = detg.

If we identify G x E with the product of &, and the restriction of scalars from F
to E of GL, then # differs by composition with an inner automorphism from the
automorphism:

(x, ) > (x,x'g7h).
Base change from G(A*) to (AF)* x GL,(A%). As in [Harris and Taylor 2001,
Section VI.2] we can define the base change BC(77) of an irreducible admissible
representation 7 of G (A*°) which is unramified at a place v of (0, unless all primes
of F* above v splitin F. The base change lift, BC(77), is an irreducible admissible

representation of (A%)* x GL,(A%). Note that if §,g denotes the nontrivial
character of A* /Q*Ng /@A then

BC(]%) = BC(f[ ® ((SE/@ (@) l)))

Also note that 7 and 7 ® (8¢ /g o v) have different central characters and so can
not be isomorphic. (Recall that

V2 Z(A®) = (A®) X NNp e (AF)* D 7%,

and that § g is ramified at some finite prime.) We have that

KkBC() = k7 oN,
where N denotes the norm map Z(AY) — Z(A™). If

BC(#) = (¢, 1)
then

BC(#*) = (il ag). 11¥)
and
Kt = Kkl zae),

where we think of Z(A™) C (AY)*.



414 Richard Taylor

Define
w:TA)/T@Q) — C*
(x,y) = () ke pe ()7
Note that
oo =1.

With the functorialities of the previous paragraph the next lemma is easy to verify.
Lemma 2.1. Suppose that 7 is as in the previous paragraph and that
BC() = (v, [1r¢).

Then

(1) Kzt weod) = K73

(2) BC@* ® (0™® od)) = BC(%);

(3) and there exists an automorphism Az of the underlying space of & such that

Az (8) = (8N (d(8) Az
for all g € G(A*) and Ajz% = 1. Moreover A is unique up to sign.

Weights. We identify G x g C with
Gnx [] GL(V®F:O),
reHomE_,O(F,C)

where Homg ., (F, C) denotes the set of embeddings 7 : F — C with t|g = 19|£.
The identification sends g to its multiplier and its push forward to each GL(V ®F ;
C). Let & denote the irreducible representations of G xg C with highest weights
(bO’ bt,i)T\EI'L'(ﬂE’ Where

e by =c¢;

. br,i = aleJ“i + B-.
Then &% has highest weights

(bo + > be i _bT’”"‘l_i)reHomE, (F,C); i=1,..n"
teHomg ¢ (F,C),i "0

Also let ¢ be the irreducible representation with highest weights

+. .
(= ((F7 : Qler/2+ 2 Br); e +2ﬁ7)reHomE.rO(F,C); i=l.n’
reHomE.TO(F,C)

Then
e ¢ is one-dimensional;
c PR =g
° é—# g é—\/.

e and a)IT(R) = é'_l.
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Shimura varieties. Let U denote an open compact subgroup of G (A*°). Consider
the functor Xy from connected, locally noetherian F-schemes with a specified
geometric point to sets, which sends a pair (S, §) to the set of equivalence classes
of 4-tuples

(A,i, A7)

where
(1) A/S is an abelian scheme of relative dimension n;
2)i:F— EndO(A/S) is such that for all x € F we have
tr(x|Liea) =X — X +ntrp/g “x;
(3) A: A — AY is a polarization such that i (x)V oA = Ao0i(‘x) for all x € F;

~

(4) 1 is a 1 (S, 5)-invariant U-orbit of AZ’-isomorphisms 1 : V @ A® = V A;
such that for some isomorphism 79 : A®° = A*°(1) and for all v, w € V QA
we have

(nv, nw) = no(v, w),
where ( , ), denotes the A-Weil pairing.
Two 4-tuples (A, i, A, 77) and (A, i’, A’, ') are considered equivalent if there is an
isogeny
y:A—> A

such that

() yi(x)=i'(x)y forall x € F,
2) yVAy e Q*2,

(3) and (Vys)oij=17'.

This functor is canonically independent of the choice of base point 5 and so can
be considered as a functor from connected, locally noetherian F-schemes to sets.
It can be extended to all locally noetherian F-schemes by setting

Xy (S1 U $) =Xu(S) x Xy (S2)-
(See for instance [Harris and Taylor 2001, Section III.1] for more details. We are
using End’(A/S) to denote End(A/S) ®7 @ and V A; for (lim .y A[N](k(5))) ®z
Q, where k(5) denotes the residue field of 5.)
If U is sufficiently small then Xy is represented by an abelian scheme

Ay /Xu/ Spec F.

If V C U is an open subgroup there is a natural map Xy — Xy such that s{y; pulls
back to sdy. The inverse system of the Xy’s carries a natural action of G(A®),
as does the inverse system of the s{y’s. If V is a normal open subgroup of U
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then U acts on Xy and induces an isomorphism between U/V and Gal(Xy /Xy).
Thus ¢~ '& gives a representation of U and hence a lisse Q;-sheaf ¥e on Xy. The
Q;-vector space

H (X, %) = Erg H (Xy x F, %)

has an action of G(A™) x Gal(F /F). Itis admissible and semisimple as a G (A®°)-
module. If U is an open, compact subgroup of G(A°°) then
H' (X, %)V = H'(Xy x F, %)

is a continuous representation of Gal(F/F) on a finite-dimensional @;-vector space.
The pull back Xy x r . F represents the functor X7, defined exactly as Xy except
that the condition

tr(X|Lica) =X — X +ntre/gx
is replaced by the condition
tr(x|Lica) =x —x+n trp/E X.

There is a map of functors Xy — X, which sends (A, i, A, 1) to (A, ioc, A, nol).
This induces an F-linear map Xy — Xy X F and hence a c-linear map, which

we will also denote 1,

Xy - Xy

Lo
Spec F SN Spec F.

We have
o I’=1,
o Igl =g" for g € G(A®);
« and a natural isomorphism I*¥: @ £, = ¥¢, i.e.,
ILe = L. 2-1)
Thus I provides a way to descend the system of the Xy to F*; however this

descended system of varieties no longer has an action of G(A™) defined over F*.

Complex points and connected components. We will need to consider the com-
plex uniformization of Xy X r , C for every homomorphism 7 : ' < C. So suppose
7 : F — C. There is a nondegenerate alternating form

<7 )‘L’:VXV_>@

such that
(xv, w)r = (v, “xw),
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for all x € F and v, w € V and such that

e there is an isomorphism j; : (V ®g A®, (, ) = (V Qg A, {, );) as
A%’-modules with alternating A*°-bilinear pairing;
o if 7/ 1 F — C satisfies 7’|z = 7| then the Hermitian form on V ®p  C
defined by
(v, w) — (v, iw),

has a maximal positive definite subspace of dimension 0 if t/ # 7 and 1 if
T =r1.
Let G, denote the group of symplectic F'-linear similitudes for (V, { , );)and G |

the kernel of the multiplier character G; — G,,. Note that G; xgA® = G xgA™®
and that G; /G, = T. Choose a Q-linear map /; : V — V such that

o I.(xv) =°xI;(v) forallx € Fand v e V;
o (I;v, I;w) = —(v, w) forall v, w e V;
o I2=1.

We may, and shall, take ( , );, =( , ) and I, = 1.
Let ©2; denote the set of homomorphisms

h:C— Endrgqor(V ®aR)
such that
o (h()v, w); = (v, h(‘)w); forallzeCandv,w e VIR,
e (v,h(i)v); >0forallveV.

Then €2, forms a single conjugacy class for G 1(R) [Kottwitz 1992, Lemma 4.3].
This gives €2; a topology (the quotient topology) and, as the group G, 1(R) is
connected, we see that 2, is connected. There are G (A°°)-equivariant homeomor-
phisms (see [Kottwitz 1992, Section 8], for example)

G:(@\(GA™)/U x Q) = (Xy xr, C)(C).

Let A be a Z-lattice in V. The map sends (g, #) to a the equivalence class of
a four-tuple (A, i, A, ), which is determined as follows. The abelian variety A
is characterized by the complex uniformization A(C) = (V ®qg R)/A with the
complex structure coming from 4. The map i arises from the natural action of F'
on V ®qg R and the (quasi)polarization A corresponds to the Riemann form { , ).
Note that V A is naturally identified with V ®g A®. The level structure 7 is the
class of j; og. Under I x ¢ this is taken to (“A, i oc, A, 7o I), which has analytic
uniformization as (V ®g R)/A but with the complex structure coming from 4 o c.
The F action is the complex conjugate of the usual one. The Riemann form is sent
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to its negative and the level structure is j; o g o I. The map I ® 1g shows that
this is isomorphic to the abelian variety with additional structure corresponding to
(7' j. Dg*, I.hI;) € G(A®) x Q.. Set s, = j'I;j;I € G(Q) and note that
stse = 1.

We conclude that there is a bijection ¢; :

70 (Xux pF)Zm0(Xux £, :O)/(C) =G (@\G(A®) /U = T(@\T (A%)/d(U).

(For the bijectivity of the third map, which is given by d, see [Milne 2005, Theo-
rem 5.17] and the discussion following it.) Write ¢ for ¢r,. The map ¢; is G(A™)-
equivariant. It is also / x ¢; equivariant if we let / x ¢; acton T (Q)\T (A*®)/d(U)
via t > d(s;)t*. Note that because of the G(A>) equivariance we must have
¢r = u. ¢ for some u, € T(A). Thus we see that

e c(Cg)=d(g)c(C) forall C € my(Xy xr F) and all g € G(A®),

« and for any infinite place v of F there is an s, € T'(A) such that ¢ ((I X ¢,)x) =

syc(x)* and svsf =1.

(If v| r arises from 7 : F < C then s, = d (s;)u” 7 -1)

We wish to also know the Gal(F / F)-equivariance of ¢. Note that the Xy are the
canonical models for the Shimura varieties Shy (G, [h~']). (See [Kottwitz 1992,
Section 8] and note that ker' (@, G) = (0).) Define a map

E/@

r:Agr — T(Ag) — T(A)

where the first map sends
x> (Np/px, x)7!

Note that r o Art;1 is a well defined map
(roArt;") : Gal(F/F) — T(A)/T(@)T(R).
Then according to [Milne 2005, Section 13] we have
5(ax) = (roArt;)(0)g (x)
forall x € mo(Xy xr F) and all o € Gal(F/F).

H" of sheaves on our Shimura varieties Let £ be the irreducible representation of
G x C which has highest weight (bo, . ,)T| r=1lz- The description of the prev1ous
section allows us to calculate HO(Xy x F, ¥ ) It will be (0) unless b,, =b, is
independent of i. In this case & factors through amap T x C — G,, which we will
also denote § We can then identify H %Xy x F, S.Bg) with the space of functions

[iTAR)/TRT@Q — Q
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such that
fu)='E ) f(1)

for all r € T(A) and all u € d(U). The action of G(A*®) is via
(ef)@) = ("'E) (g f(1d(g))
and the action of Gal(F/F) is via
(0f)(1) = f((r o Artz)(0)1).
The map that sends f to f defined by
F@) =008 t) T (E @) f(0),

establishes an isomorphism between H’(Xy x F, SBg) and the space of functions
f:T(A)/T(@Q)d(U)— Q such that

Ftuss) = (7 0 &) (uao) " f (1)

forallt € T(A) and u € T (R). Now the action of G (A®°) is via right translation
(g f)(t) = f(td(g))) and the action of Gal(F/F) is via

@) =0 &) (s0) T EYs) T f(s0)

where s is a lift of (r o Art;l)(o*) to T (A). From this it follows that we can write
H(X, %) = P Qs
@

where @ runs over continuous characters
T(A)/T(Q) — C~
such that &|7®) = &, and where:
« the action of G(A™) on vz is via t ' o@ o d;
o the action of Gal(F /F) on v is via ry (@ or);
« and, if v is an infinite place of F, then (I x ¢,)vgz € Quugs.

In particular cupping with vs, 00 € H 0(X, @) we see that
Homga~) ("', H' (X, £¢)) = Homgace) (' (T ® (85 0 v)), H (X, £e)).

If v is a place of F above infinity then / x ¢, definesamap Xy x p F — Xy X ¢ F,
which in turn induces a map

H'(X, %¢) - H' (X, Ler).
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Composing this with the cup product with w(s,)~"?v, € H(X, $e), we get a
map . .
L, H' (X, %) > H' (X, L),
such that
e I,gl, =g owod)(g) for g € G(A™®);
e and 1,0 I, = (c,0.¢,)r1, (Yr)/ (Yr)) (o) for o € Gal(F/F).

Galois representations. Shin shows that

. Homg ) (0™ '7, H (X, %)) # (0) ifand only if i =n—1;
(A%) 3 y
BC(@)=(¢ >, IF ®@p>)
. @ Homg(Aw)(l_lﬁ, Hn_] (X, igé))ss

BC(@)=(¢*, 7 ®$>)

= (I @1 (WE 67D,

(See in particular Theorem 6.4, Corollary 6.5 and the proof of Lemma 3.1 of [Shin
2011]. The sums run over 77 which only ramify above rational primes v, such that
all places of F above v split in F.) From the irreducibility of rl,L(l'I)|Ga1( F/r) We
see that at most two 77’s can contribute to the latter sum. On the other hand if 7
contributes so does 7 ® (6, o v), because one can cup with v, Jgov- Thus exactly
two 7’s contribute. Choose one of them and from now on reserve the notation 7
for this one. Thus we have the following.

« Suppose that 77 is an irreducible representation of G(A*°) and j € Z>¢ such
that

— if 77 is ramified above a rational prime v, then all places of F* above v
split in F;
- BC(@) = (¢, [IF ® ¢™);
— and Homgae) (™17, HY (X, $¢)) # (0).
Then j=n—1land7 =m or 7 ® (Sg/gov).

. Homg(Aoo)(Lfle, Hnil(X: °%S)) Qri (Vrd) = rl"(n)%al(F/F)'
. HomG(Aco)(L_l(T[®(5E/@OU)), Hn_l(X, S-«PS))®VIJ(WF¢) ;FI’L(H)léal(F/F)'

If v is an infinite place of F then the map
frILofoA,
induces a map ¢, on
Homg @) (', H"™ (X, ££) @ n. (Y r )

such that
Cpo0 0, = (c,ocy)
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for all o € Gal(F /F). Because rl,L(l'I)léal (F/F) is irreducible, we conclude that ¢,
corresponds to a scalar multiple of r; ,(IT)¥(c,). We can, and shall, replace ¢, by
a scalar multiple so that 6% =1, so that ¢, = £r;,(I1)¥(c,). We finally have our
geometric realization of r; ,(IT)(c,). To prove our proposition it suffices to check

that the trace of ¢, on
Homga=) ("', H" ™' (X, %))

is £1. This we will do in the next section by working with the variations of Hodge
structure analogue of our /-adic sheaves.

3. Calculation of the trace of ¢,

We must recall an alternative construction of the sheaves £¢, £+ and &£, which
will make sense also for variations of Hodge structures. First we recall the theory
of Young symmetrizers.

Young symmetrizers. Let k denote a field of characteristic 0 and let € denote a
Tannakian category over k in the terminology of [Deligne 1990]. Suppose that
e=(e1,...,e,) € 7" satisfies e} > e, > --- > ¢, > 0. Let S, denote the symmetric
group on the set 7, of pairs of integers (i, j) with 1 <i <nand 1 < j <e;. Let S}
denote the subgroup of S, consisting of elements o with o (i, j) = (i, j') some j’
and let S~ denote the subgroup of S, consisting of elements o with o (i, j) = (i’, j)
for some i’. Further we set

Af =) ()0 eqlS.],

aeSEi

where (+)? =1 and (—)? denotes the sign of o. Note that (A;'E)2 = (#Sei)A;IE and

(AFAD) =m(e)(AFA;) and (A7 Af)* =m(e)(A; A]) for some nonzero integer

m(e) [Fulton and Harris 1991, Theorem 4.3]. If W is an object of 6 we define
Fe(W)=WETcAT A,

where S, acts on W®7¢ from the right by

(®te€78 wy)h = e, Wht-

Then &, is a functor from € to itself. Note that ¥, (W) = N'W. Right
multiplication by A} defines an isomorphism

Fo(W) => WO AT AT,
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with inverse given by right multiplication by m(e)~'A;. Thus we get natural
isomorphisms

F(W)Y = (WO ATAD)Y = (WP AT AT = S (WY).
Lete' =(e;+1,...,e,+1). Let

.....

be the bijection which sends (i, 1) to (i, 1) in the first part and, if j > 1, sends
(i, j) to (i, j — 1) in the second part. Then ¢ induces an isomorphism

WO @ W W,
Note that

.....

.....

where the middle map is A;'T ot*. If W has rank n then this map is an isomorphism.
(This can be checked after applying a fibre functor where one can either count
dimension, or use the fact that the map is GL(W) equivariant and ( N W) RFL(W)
is an irreducible GL(W)-module.) Thus for any e = (e, ..., e,) € (Z")" and any
W of rank n we can define

FeW) =S (W) & (N'W)®~7

where f € Z satisfies f > —e,, and where ¢’ = (e; + f, ..., e, + f). We see that
up to natural isomorphism this does not depend on the choice of f.
Lemma 3.1. Ife € (Z")" equals (ey, ..., e,) sete* =(—e,, ..., —e)) € (Z")T. If

W has rank n then there are natural isomorphisms

Ferffo WY EL. W) QS (1, 1,... (W)

and

ye(W) = ffe*(WV)_

Proof. The first assertion has already been proved so we turn to the second. We may
reduce to the case e, > 0 and we may choose f €Z,,. Sete’' =(f—e,, ..., f—e1).
Then it will suffice to show that

F W) =S (W)Y @ (N'W)®
It even suffices to find a nontrivial natural map

P (W)@ Lo (W) — (/\nW)®f — (W&o f))A(_f ’’’’’ -



Complex conjugation in [-adic representations 423

(For this then gives a nontrivial natural map ¥, (W) - %, (W)"® ( N W)®f , which
we can check is an isomorphism after applying a fibre functor, in which case the
left and right hand sides become irreducible GL(W)-modules.) To this end let ¢
denote the bijection

L:g(f ...... f) — T UT

which sends (i, j) to (i, j)if j <e; andto (n+1—1i, f+1—1i)if j > ¢;, and let
* denote the induced map

Then we consider the map
A(_f oL*:S%(W)@ffe/(W)—)ff(f ,,,,, f)(W).

We must show that if W has rank » then this map is nontrivial. We can reduce

this to the case of (D-vector spaces by applying a fibre functor. In this case let

wi, ..., w, be a basis of W. Consider the element
x = (®g,u)A; ® (®g,v)A, € W@ W7

where UG, j) = Wi and Vi, j) = Wn4+1—i- Then

..........

# 0,

where x(; j) = w;. The lemma follows. g

The relative cohomology of s/ Xy. If @ denotes the projection map from the
universal abelian variety & to Xy then we decompose

le*@l = @ .

teHom(F,C)

where &£, is the subsheaf of le*@l where the action of F coming from the
endomorphisms of the universal abelian variety is via t~'z. The sheaves £, on
the inverse system of the Xy ’s carry a natural action of G(A®) (coming from
the action of G(A*) on the inverse system of the &4/ Xy. Let Std; denote the
representation of G xg C on V ®p . C, so that Std,. = v Std,. Then ¥, = Lsiay
with the G(A*)-actions. We also define an action of G(A*) on the sheaves
Q1) by letting g : g*@;(l) — @(1) be v(g))~! times the canonical map. Then
Fon = Q;(m) with the G (A°)-actions. Moreover the Weil pairing gives G (A®°)-
equivariant isomorphisms
Fe =2 @QU(-1)

c

corresponding to Lgqv = Lsid, @ £,-1.
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Suppose that £ is an irreducible representation of G x g C with highest weight
(bo, br,i)¢|p=19|;- Then we see that

£ = < ® 9(5m,,_,,gryn)($¥)) ® Q(bo),

TlE=T0lE

with their G (A°°)-actions.
Note that there are natural isomorphisms /*¥; = ¥, and hence, by Lemma 3.1,
natural isomorphisms

X y(éf,l,.u,ﬁm)(ggr))®@l(’50)

Tlg=%lE

(@ Y4, @0) 0T

Tle=wlE

g< X Sf(;;,,l,...,ér,")(éff(l)))®@,(z§o)

TlE=wlE

;( ® Y. —zsf,l)@?))@@z(l;w Y Ybe).

Tle=1lE Tlg=wlp i

This isomorphism coincides up to scalar multiples with our previous isomorphism
"%y = Lgy of (2-1).

Betti realizations. Fix o : F — C which gives rise to our infinite place v of F and
suppose that o |g = 79| g. Set Xy »(C) to be the complex manifold (Xy x g » C)(C).
If 7 : F < C let L, denote the maximal subsheaf of R!w,C on X v.o (C) where
the action of F' from endomorphisms of the universal abelian variety is via t. The
system of locally constant sheaves L, have a natural action of G(A*°). Also let
C(1) denote the constant sheaf and endow the system of sheaves C(1)/ Xy »(C)
with an action of G (A®) by letting g : g*C(1) — C(1) be |v(g)| ™" times the natural
map. Then

L, =LY ®C(-1).

C

If§ is the irreducible representation of G xgC with highest weight (l;o, Z;T, Drlp=t0lg>
then we define a locally constant sheaf of finite-dimensional C-vector spaces Lg
on Xy »(C) as

X g)@,.l,...,;;,,n)(LZ)) ® C(bp).

T|e=wlE

Then L¢ is the locally constant sheaf associated to the pull back of £¢ to Xy X f o C,
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thought of as a sheaf of C-vector spaces via ¢~!. This correspondence is G (A™)-
equivariant. Note that by Lemma 3.1 if £’ is one-dimensional then

L®Ly = Ligi-

Let “Xy +(C) denote the complex conjugate complex manifold of Xy ,(C),
that is, the same topological space but with complex conjugate charts. Then I x ¢
induces an isomorphism

I xc: XU,O'(C) = CXU,U(C).

As we described above in the l-adic setting, Lemma 3.1 together with the isomor-

phisms L; = LY ® C(—1) gives rise to an isomorphism
o P g
(I x¢)'Lg = Lgs

compatible with the corresponding isomorphism in the /-adic setting (/ *Sig =Lpe).
We set
H' (X4 (0), Lg) = lim H'(Xy,0 (C), Lg)
—-U
which is naturally a G(A*)-module and which satisfies
H'(X,(C), L) = H'(X, %;) ®g,,C

as C[G(A*)]-modules. Again as in the 1-adic setting we have a decomposition

H'(X,(C), L;) = @) Cva. s,

where @ runs over continuous characters
T(A)/T@Q) — C*
with @|7®) = ¢!, and where G(A™) acts on v, p via @ od. If we define
I H (X, (C), L) — H' (X, (C), L¢)

to be the composite

Ixc

H'(X5(C), Lg) —> H'(X;(C), Lg#) 28 i (X, (), Le).

Then under the isomorphism H' (X, (C), Le) = H (X, Fe) ®g,.. C, this map I, g
corresponds to a scalar multiple of the previous map 7, ® 1.
Again we can define a map ¢, g on

Homg @) (r, H" (X4 (C), Lg)) = C"
to be the map which sends

f=> 1L, pofoAy,.
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Then ¢, p corresponds to a scalar multiple of the map ¢, previously defined on
Homg(Aoo)(t w, H" (X, ¥e)). Rescaling ¢, p we may, and shall, suppose that

¢, g = 1, in which case it corresponds to £¢,. Then it suffices to show that the
trace of ¢, p is £1.

Variation of Hodge structures I: generalities. We begin with a rather lengthy re-
minder about variations of pure Hodge structures on complex manifolds. We do
this because we have not found a single clear reference for all the material we need,
although it is all standard.

Recall that a (pure) R-Hodge structure of weight w is a finite-dimensional R-
vector space H together with a decreasing, exhaustive and separated filtration Fil’
on the C-vector space H Qg C such that

H ®rC =Fil'(H®rC)® (10 ¢)Fil”~'"/(H @ C)
for all i. In this case H Qg C = @i H"= where
H"™ = Fil' Her C) N (1 ® c)(Fil"™" H ®g C).
By a polarization on (H, {Fil'}) we mean a perfect bilinear pairing
(,):HxH—>R

such that the ( , )-orthogonal complement of Fil'! H @z C is Fil*~'"' H @ C
and such that the following property holds. Define a sesquilinear pairing ( , ) on
H ®r C by extending ( , ) to a C-bilinear pairing on H ® C and defining

x, ) =v—=1 "(x,1®0c)y).

Note that ( , ) restricts to a perfect sesquilinear pairing on each H* . We require
that ( , ) is Hermitian (i.e., (y, x) = c(x, y)) and that the restriction of (—1)"( , )
to H»"~ is positive definite. If ¢ : (H|, {Fil"1 H— (H», {Filé}) is amap of R-Hodge
structures (i.e., a linear map ¢ : H; — H, such that ¢ ® 1 maps Fil' H; ®g C to
Fil' H, ®g C for all i) then

(¢ ® 1)(Fil' H; ®g C) = (Fil' H, ®& C) N (¢ (H) ®r C)

for all . It follows that the category of R-Hodge structures of weight w is an abelian
category. The restriction of a polarization to a subobject is again a polarization and
the orthogonal complement of the subobject is again a subobject. It follows that the
full subcategory of polarizable pure Hodge structures is also (semisimple) abelian.
The direct sums of over all integers w of the abelian category of R-Hodge struc-
tures of weight w and of the abelian category of polarizable R-Hodge structures of
weight w are Tannakian. We will refer to them as the categories of pure R-Hodge



Complex conjugation in [-adic representations 427

structures and of pure polarizable R-Hodge structures; although strictly speaking
their objects are not pure, but direct sums of pure objects.

A (pure) C-Hodge structure of weight w is a C-vector space H together with
two decreasing, exhaustive and separated filtrations Fil’ and Fil’ on H such that
H =Fil' H®Fil¥~'"'H forall i. If H= (H, {Fil'}, {Fil'}) is a C-Hodge structure
of weight w then we define the underlying R-Hodge structure to be

(H, {Fil' H ®Fil'H)),

where
H®rC=> H®HDOFil' H®Fil'H

is given by x ® a — (ax, (a)x). This establishes an equivalence of categories
between C-Hodge structures of weight w and R-Hodge structures of weight w
with an action of C. If H = (H, {Fil'}, {Fil’}) is a C-Hodge structure of weight R
then H = @ H"*~, where H"V™ = Fil' H NFil*~' H. By a polarization on H
we mean a perfect Hermitian pairing

(,):HxH—C,

such that for all i the orthogonal complement of Fil' H is Fil*~!~*H and the
restriction of (—1)'( , ) to H"¥~ is positive definite. This is equivalent to a
polarization ( , ) of the underlying R-Hodge structure such that

{ax, y) = (x, Ca)y)
for all @ € C and x, y € H. The equivalence is given by
(x,y) =Re v/—=1"(x, ).

The category of polarizable C-Hodge structures of weight w is the full subcategory
of the category of C-Hodge structures of weight w whose objects are those that
admit a polarization. It is closed under taking subobjects and quotients. By the
category of (polarizable) pure C-Hodge structures we mean the direct sum over
w of the categories of (polarizable) C-Hodge structures of weight w. They are
Tannakian categories. (Again objects of these categories are not strictly speaking
pure, but the direct sum of pure objects of different weights.)
If (H, {Fil'}) is an R-Hodge structure of weight w then we define

(H, {Fil'}) ® C = (H ®& C, {Fil'}, {(1 ® ¢) Fil'}),

a C-Hodge structure of weight w. If (H, {Fil'}) is polarizable, so is (H, {Fil'}) ®C.
(Define (x ®a, y®b) =~/—1 " a(‘b)(x, y).)

If H= (H, {Fil'}, {Fil'}) is a C-Hodge structure we define its complex conjugate
°H = (H, {Fil‘}, {Fil'}).
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Recall also that a variation of R-Hodge structures H of weight w on a complex
manifold Y is a pair (H, {Fil‘'}), where H is a locally constant sheaf of finite-
dimensional R-vector spaces, where {Fil'} is an exhaustive, separated, decreasing
filtration of H ®g Oy by local Oy-direct summands, such that

« the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
e and 1 ®d : Fil'(H ®g Oy) — (Fil'" ' (H ®r Oy)) ®q, Q2.

If ¢ : H; — H, is a morphism of variation of R-Hodge structures of weight w on
Y then (¢ ® 1) Fil' (H; ®g Oy) = (¢ Hi) ®r Oy) NFil’' (H, ®g Oy). It follows that
the category of variations of R-Hodge structures of weight w on Y is abelian. By
a polarization on H we mean a perfect bilinear pairing

(,):HxH—->R

whose pull-back to any point of Y is a polarization. The full subcategory of the
category of variations of R-Hodge structures of weight w on Y consisting of po-
larizable objects is a semisimple abelian subcategory closed under taking subob-
jects and quotients. By the category of (polarizable) pure variations of R-Hodge
structures on Y we mean the direct sum over w of the categories of (polarizable)
variations of R-Hodge structures of weight w on Y. They are Tannakian categories.
(Again objects of these categories are not strictly speaking pure, but the direct sum
of pure objects of different weights.)

The pull back of a (polarizable) variation of R-Hodge structures of weight w
by any morphism is clearly again a (polarizable) variation of R-Hodge structures
of weight w. If Y is a compact Kihler manifold and H is a polarizable variation
of R-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of
a polarizable R-Hodge structure of weight i + w [Zucker 1979, Theorem (2.9)].
More precisely, we define 2°(H) to be the complex

HRprOy > HOr Q) > HOr Q3 — -+,
and filter it by setting Fil’ Q°*(H) to be the subcomplex
Fil' (H ®g Oy) — Fil'"'(H ®g 0y) ®¢, Q) — Fil' 2(H ®g Oy) ®q, Q22 — - - - .
Then the spectral sequence
EY =H™M (v, gl Q*(H) = I (v, Q*(H)) = H'*/ (Y, H) ®r C

degenerates at E1 and defines the (Hodge) filtration on H' (Y, H) @ C.
If f: X — Y is a smooth family of compact Kéhler manifolds over a complex
manifold Y then R’ f,R is naturally a polarizable variation of R-Hodge structures
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of weight i. (See the Introduction and first two sections of [Zucker 1979].) More
precisely, let 5 Y denote the complex

Ox = Q)y = Qyy =
and let Fil’ %,y denote the subcomplex
i i+1
Qyy — QIXJF/Y o

Then the filtration on (R’ f,R) ® 0y =R’ £,Q% /v is the one induced by the spectral
sequence

E\) = R £,QY,y = RV £,Q%, = R f,R®g Oy.
If moreover Y is a compact Kédhler manifold then the Leray spectral sequence
Ey' = H'(Y, R/ f.R) = H'™ (X, R)

degenerates at E5 and the R-Hodge structure on H' (Y, R/ f,R) is compatible with
the R-Hodge structure on H'*/ (X, R) [Zucker 1979, Proposition (2.16)].

By a variation of C-Hodge structures H of weight w on a complex manifold
Y we mean a triple (H, {Fil'}, {Fil'}), where H is a locally constant sheaf of
finite-dimensional C-vector spaces, {Fil'} is an exhaustive, separated, decreasing
filtration of H ®¢ Oy by local Oy-direct summands, and {F_ili} is an exhaustive,
separated, decreasing filtration of H ®cO-y by local Ocy-direct summands such that

« the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
* 1®d :Fil'(H ®c Oy) — (Fil'"' (H ®c Oy)) ®c, 2y,
e and 1®@d : Fil' (H ®c Ocy) — (Fil'"' (H ®c Ocy)) @ce, Ry

(Recall that “Y denote the same underlying topological space as Y but with complex
conjugate charts.) If H is a variation of C-Hodge structures of weight w on Y then
(H, {Fil' ®(1 @ ¢)Fil'}) is a variation of R-Hodge structures of weight w on Y,
where we think of Fil’ (1 ® ¢)Fil’ contained in

(H®cOy)®(1®c)(H ®cOcy) =(H QcOy) ® (H &c,cOy) = H Qg Oy.

This establishes an equivalence of categories between variations of C-Hodge struc-
tures of weight w on Y and variations of R-Hodge structures of weight w on Y
together with an action of C. Thus the category of variations of C-Hodge struc-
tures of weight w on Y is abelian. By the category of pure variations of C-Hodge
structures of weight w on ¥ we mean the direct sum over w of the categories of
variations of C-Hodge structures of weight w. It is a Tannakian category. (Again
the objects are not strictly speaking pure, but the direct sum of pure objects of
different weights.)
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By a polarization of a variation of C-Hodge structures of weight w on Y we
mean a perfect Hermitian pairing

(,):HxH—C

such that the pull back to any point of Y is a polarization. The category of po-
larizable C-Hodge structures of weight w on Y is equivalent to the category of
R-Hodge structures of weight w on Y together with an action of C, which admit
a polarization for which the adjoint of any a € C is “a. Thus the category of
polarizable variations of C-Hodge structures of weight w on Y is a full abelian
subcategory of the category of variations of C-Hodge structures of weight w on Y
and is closed under subobjects and quotients. By the category of pure polarizable
variations of C-Hodge structures of weight w on Y we mean the direct sum over
w of the categories of variations of C-Hodge structures of weight w. It is again a
Tannakian category. (And again the objects are not strictly speaking pure, but the
direct sum of pure objects of different weights.)

If (H, {Fil'}) is a variation R-Hodge structures of weight w on Y then we define

(H, {Fil'}) ® C = (H ®& C, {Fil'}, {(1 ® ¢) Fil'}),

a variation of C-Hodge structures of weight w on Y. If (H, {Fil'}) is polarizable
then so is (H, {Fil'}) ® C. (Define (x ® a, y ®b) = /—1 " a(“b)(x, y).)

If H = (H, {Fil'}, {Fil'}) is a variation of C-Hodge structures of weight w on Y
we define its complex conjugate ‘H = (H, {Fil‘}, {Fil}).

The pull back of a (polarizable) variation of C-Hodge structures of weight w by
any morphism is clearly again a (polarizable) variation of C-Hodge structures of
weight w. If Y is a compact Kihler manifold and H is a polarizable variation of
C-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of a
polarizable C-Hodge structure of weight i + w). More precisely, define QF (H) to
be the complex

H®cOy - HR®c Q) - HR®c Q2 — - -
filtered by setting Fil’ Q% (H) to be the subcomplex
Fil' (H ®c Oy) — Fil' ' (H ®¢ 0y) ®¢, Q} — Fil' ?(H ®¢ Oy) ®¢, Q3 — -+ ;
similarly €22, (H) is the complex
H®cOy - HRc Qly - HRc Q7Y — - -
with Fil’ 2?2y (H)) the subcomplex

Fil' (H ®c Ocy) — Fil'™' (H ®¢ Ocy) Qq., Qly = Fil' "> (H ®¢ Ocy) ®gey Ry - .
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Then the spectral sequences
EY =H™H (v, ' Q3 (H) = W (v, Qy(H)) = H'*/ (Y, H)
and
EY =Wy, g Qf, (H)) = H (Y, Q8 (H) = H' (Y, H)

degenerate at E| and define the (Hodge) filtrations on H'(Y, H). (This can be
easily deduced from the corresponding facts for variations of R-Hodge structures.)
If f: X — Y is a smooth family of compact Kéhler manifolds over a complex
manifold Y then R £, C is naturally a polarizable variation of C-Hodge structures
of weight i. More precisely, the filtrations on (R’ f,.C) ®¢ Oy = R’ £,.Q% sy and
(R f,.0) ®c Ocy =R f, Qey Jey are the ones induced by the spectral sequences

E\) = R £,Q),y = R £,Q% ), = R f,C®c Oy
and
Ell’j = R]f*Qf)(/zY :> Ri+jf* :X/CY ; Rl+Jf*C ®@ @cy.
If moreover Y is a compact Kéhler manifold then the Leray spectral sequence
E}) =H'(Y, R’ £.0) = H (X, 0)

degenerates at £, and the C-Hodge structure on H' (Y, R/ f,C) is compatible with
the C-Hodge structure on H*/(X, C). (Again this is all easily deduced from the
case of R-Hodge structures.)

For example C(m) is the variation of pure C-Hodge structures of weight —2m
with underlying locally constant sheaf C and with Fil’ = (0) and Fil’ = (0) for
i > —m, but with Fil’ and Fil’ everything for i < m.

If H= (H, {Fil'}, {Fil'}) is a variation of pure C-Hodge structures of weight w
on Y we define a variation pure C-Hodge structures H{ j;, j»} of weight w+ ji + j»
on Y by setting H{j, j»} = H and

Fil' H{ji, j»} ®c Oy = Fil' ™' H ®¢ Oy,
Fil' H{j1, j2} ®¢ Ocy =Fil' " H ®c¢ Ocy.
Thus C(j) = C(O){—j, —j}.

Variation of Hodge structures II. We will give C(j) (the constant variation of
pure C-Hodge structures of weight —2j on Xy (C)) an action of G (A*) by letting
2:8*C(j)— C(j) be |v(g)~/| times the natural map. If H/ Xy , (C) is a collection
of variations of pure C-Hodge structures with an action of G(A*) we will give
H{ji, j»} the action induced from the one on H. Thus the actions of G(A*) on
C(j) and C(0){—j, —j} are different.
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R'w,C is a variation of pure C-Hodge structures of weight 1 on Xy »(C) and

we can decompose
R'w,C = @ L,
teHom(F,C)
where L, is a variation of pure C-Hodge structures of weight 1 extending L. The
projective system of variations of pure C-Hodge structures L, / Xy - (C) as U varies
has an action of G (A*°). We have G (A*°)-equivariant isomorphisms

L, ZLY. ®C(—1).

c

Also, if 0, T € Homg 1, (F, C) then

(/\nl]—r)/XU,a ((D)

is noncanonically isomorphic to C{0, n} if 0 # 7 and to C{1, n — 1} if 0 = 7. This
identification is not G (A*°)-equivariant.

For é an irreducible representation of G x g C with highest weight (150, I;,, ), we
can then define a variation of pure C-Hodge structures L; of weight

—2bo— Y Y by

tlg=wlg i

extending L by

[I_é = ( ® g)(l;r,l,-..,ﬁr,n)(ﬂ-;/)> ®C(50)'

Tle=T0le
Again the system Lz / Xy o (C) has an action of G(A*). Again by Lemma 3.1 we

see that if & is one-dimensional then there is a natural isomorphism
Ly @ly = Lige -
We set
H' (X5 (©), L) =lim H'(Xy 5 (C), Lp).

It is a direct limit of pure C-Hodge structures with an action of G (A*°), such that
the fixed subspace of any open subgroup of G (A™) is a (finite-dimensional) pure
C-Hodge structure of weight w =i — 2b — (Zr|5=ro|5 > l;f,j).
If I;w‘ = b, is independent of j for all T € Homg ,(F, C) and if o|g = 10|E
then
Lg = CO){~bs —bo. s —bo—n Y by}
teHomg 4, (E,C)

noncanonically on Xy ,(C). If

@:TA)/T(@) —> C*
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is a continuous character with @|rw) = § ~! then vz, p spans a sub pure C-Hodge
structure of H(X, (C), [Lg) isomorphic to

CO by —bo.by—bo—n Y b},
tEHomE,,O(E,(D)

The choice of @ fixes an equivariant isomorphism

Le = CO){~bs —bo.bs —bo—n Y b }@od).
teHomg 4, (E,C)

The map (I x ¢) : Xy o (C) = “ Xy, (C) lifts to a map 4, (C) — A, (C). We
deduce that there is a natural isomorphism

(I x o)Ly = “Lee,

and hence applying Lemma 3.1 and the isomorphism L, = L7, ® C(—1) we get
natural isomorphisms

* ~
(I X C) |]_§ = Cl]_é#
extending our previous isomorphism (/ x c)*Lg = Lg+. Thus we get maps
H'(X,(C),z) = H'(‘X,(C), ‘L) = “H' (X, (C), Lgs).

Now suppose that o |g = 19|g. The line Cuv,, g is a subpure C-Hodge structure
of H%(°X,(C), °L;) isomorphic to C{y, —y} with

y=a+28,—n Y = (B+a/2).

teHomE,TO(F,CD)

Thus the cup product map
Uuy, g : Legr — CLe){~v, v}
is a map of variations of pure C-Hodge structures. Thus the map
Ii.p: H' (X6 (C), Lg) » H'(X¢(C), Lg)
extends to a map of pure C-Hodge structures
Lp: H' (X5 (0), Lg) — (CH' (X5 (C), L) (~v. v},
or to a map of pure C-Hodge structures
L.p H'(Xo(0), Le){e+Bo, € —a =P} — “(H' (Xo (C), L) e+ Bo. €' —a—Bo)).

(Note that €' —a — By — (€ + B5) = —a — 2B, +n 3 (B +a/2)=—7.)
reHomE_,O(F,C)
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If we set
H = Homg @) (7, H" ' (X4 (C), L)€ + By, € —a — Bo},

then H is a pure C-Hodge structure of weight w =n — 1 —«a € 2Z. We see that
¢y, p extends to a map of pure C-Hodge structures:

Cy.p:H—H

with 2 , = 1. Moreover we see that ¢, g interchanges Fil"/2~! H and Fil*/>~'H,

and that these two spaces have trivial intersection. We deduce that
|tré, p| <n—2dim¢ Fil*/?"'H
= dim¢ Fil*/?H — dim¢ Fil¥/?>~' H
= dimg¢ Fil"/? H — dime Fil/*~' H
= dimg gr*/? H = gr/?=<F> Homgax) (7, H" (X, (C), Le)).

Cupping with vy, Jgov,B Shows that

dime gr*/>=¢=F* Homg = (T, H" (X, (C), L¢))
= dime gr”/*~¢ "2 Homg(ax)(m ® (8g/q o), H" (X, (C), L¢)).

Thus it suffices to show that

dime &y gr’/2=¢=Fs Homgax) (. H" "1 (X4 (C), L¢)) < 2.
BC(m)=(y*.NIF @)

However the proof of Corollary 6.7 of [Shin 2011] shows this. (Note that the
constant Cg = 1(G)# ker! (Q, G) of [Shin 2011] in our case equals 2.) So we have
finally completed the proof of Proposition 1.2.

Acknowledgements

The author would like to thank Frank Calegari for raising the question studied in
this paper and for his persistence in urging the author to complete this project. The
author would also like to thank Sug-Woo Shin for patiently answering his questions
about [Shin 2011] and the referees for their helpful comments.

References

[Bellaiche and Chenevier 2011] J. Bellaiche and G. Chenevier, “The sign of Galois representations
attached to automorphic forms for unitary groups”, Compos. Math. 147:5 (2011), 1337-1352.
MR 2834723 Zbl 05961170

[Caraiani 2010] A. Caraiani, “Local-global compatibility and the action of monodromy on nearby
cycles”, preprint, 2010. arXiv 1010.2188v1



Complex conjugation in [-adic representations 435

[Chenevier and Harris 2011] G. Chenevier and M. Harris, “Construction of automorphic Galois rep-
resentations”, preprint, 2011, Available at http://www.math.jussieu.fr/~cornut/Temp/CheHar.pdf.

[Clozel et al. 2008] L. Clozel, M. Harris, and R. Taylor, “Automorphy for some /-adic lifts of au-
tomorphic mod ! Galois representations”, Publ. Math. Inst. Hautes Etudes Sci. 108 (2008), 1-181.
MR 2010j:11082 Zbl 1169.11020

[Clozel et al. 2011] L. Clozel, M. Harris, and J.-P. Labesse, “Construction of automorphic Galois
representations, I, pp. 497-527 in On the stabilization of the trace formula, edited by L. Clozel,
M. Harris, J.-P. Labesse and B.-C. Ng0, International Press, Somerville, MA, 2011. MR 2856383

[Deligne 1990] P. Deligne, “Catégories tannakiennes”, pp. 111-195 in The Grothendieck Festschrift,
vol. 2, edited by P. Cartier et al., Progr. Math. 87, Birkhéuser, Boston, 1990. MR 92d:14002
Zb1 0727.14010

[Fulton and Harris 1991] W. Fulton and J. Harris, Representation theory: a first course, Graduate
Texts in Mathematics 129, Springer, New York, 1991. MR 93a:20069 Zbl 0744.22001

[Harris and Taylor 2001] M. Harris and R. Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Math. Studies 151, Princeton Univ. Press, 2001. MR 2002m:11050
Zbl 1036.11027

[Kottwitz 1992] R. E. Kottwitz, “Points on some Shimura varieties over finite fields”, J. Amer. Math.
Soc. 5:2 (1992), 373-444. MR 93a:11053 Zbl 0796.14014

[Milne 2005] J. Milne, “Introduction to Shimura Varieties”, pp. 265-378 in Harmonic analysis, the
trace formula, and Shimura varieties (Toronto, 2003), edited by J. Arthur et al., Clay Math. Proc.
4, Amer. Math. Soc., Providence, RI, 2005. MR 2006m:11087 Zbl 1148.14011

[Shin 2011] S. W. Shin, “Galois representations arising from some compact Shimura varieties”, Ann.
of Math. (2) 173:3 (2011), 1645-1741. MR 2800722 Zbl 05960691

[Taylor and Yoshida 2007] R. Taylor and T. Yoshida, “Compatibility of local and global Langlands
correspondences”, J. Amer. Math. Soc. 20:2 (2007), 467-493. MR 2007k:11193 Zbl 1210.11118

[Zucker 1979] S. Zucker, “Hodge theory with degenerating coefficients. L, cohomology in the
Poincaré metric”, Ann. of Math. (2) 109:3 (1979), 415-476. MR 81a:14002 Zbl 0446.14002

Communicated by Bjorn Poonen
Received 2010-04-29 Revised 2011-01-02 Accepted 2011-02-20

rtaylor@math.harvard.edu Department of Mathematics, Harvard University,
One Oxford Street, Cambridge, MA 02138, United States
http: //www.math.harvard.edu/~rtaylor

mathematical sciences publishers :'msp



Algebra & Number Theory

msp.berkeley.edu/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Ehud Hrushovski
Craig Huneke
Mikhail Kapranov
Yujiro Kawamata
Janos Kollar

Yuri Manin

Barry Mazur
Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
University of Michigan, USA
Universitit Duisburg-Essen, Germany
Ruhr-Universitit, Germany

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Hebrew University, Israel

University of Kansas, USA

Yale University, USA

University of Tokyo, Japan

Princeton University, USA
Northwestern University, USA

Harvard University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Raman Parimala
Jonathan Pila
Victor Reiner

Karl Rubin

Peter Sarnak
Joseph H. Silverman
Michael Singer
Ronald Solomon
Vasudevan Srinivas
J. Toby Stafford
Bernd Sturmfels
Richard Taylor
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Andrei Zelevinsky

Efim Zelmanov

PRODUCTION
contact@msp.org

Silvio Levy, Scientific Editor

RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Minnesota, USA
University of California, Irvine, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Ohio State University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of California, Berkeley, USA
Harvard University, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

Northeastern University, USA
University of California, San Diego, USA

See inside back cover or www.jant.org for submission instructions.

The subscription price for 2012 is US $175/year for the electronic version, and $275/year (4 $40 shipping outside the US) for
print and electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should
be sent to Mathematical Sciences Publishers, Department of Mathematics, University of California, Berkeley, CA 94720-3840,

USA.

Algebra & Number Theory (ISSN 1937-0652) at Mathematical Sciences Publishers, Department of Mathematics, University
of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices.

ANT peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:I mathematical sciences publishers

http://msp.org/
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2012 by Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:contact@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org
http://msp.org/

Algebra & Number Theory

Volume 6 No. 3 2012

The image of complex conjugation in /-adic representations associated to automorphic 405
forms
RICHARD TAYLOR

Betti numbers of graded modules and the multiplicity conjecture in the 437
non-Cohen—Macaulay case
MATS Bo1s and JONAS SODERBERG

%-invariants and Shimura curves 455
SAMIT DASGUPTA and MATTHEW GREENBERG

On the weak Lefschetz property for powers of linear forms 487
JUAN C. MIGLIORE, ROSA M. MIRO-R0OI1G and UWE NAGEL

Resonance equals reducibility for A-hypergeometric systems 527
MATHIAS SCHULZE and ULI WALTHER

The Chow ring of double EPW sextics 539

ANDREA FERRETTI

A finiteness property of graded sequences of ideals 561
MATTIAS JONSSON and MIRCEA MUSTATA

On unit root formulas for toric exponential sums 573
ALAN ADOLPHSON and STEVEN SPERBER

Symmetries of the transfer operator for I'g(NV) and a character deformation of the 587
Selberg zeta function for ' (4)
MARKUS FRACZEK and DIETER MAYER

1937-0652(2012)6:3;1-C



	
	
	

