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The image of complex conjugation in
[-adic representations associated to
automorphic forms

Richard Taylor

If F* is a totally real field, if n is an odd integer and if IT is a regular, algebraic,
essentially self-dual, cuspidal automorphic representation of GL, (Ag+), then we
calculate the image of any complex conjugation under the /-adic representations
r;,,(IT) associated to IT.

Introduction

Let FT denote a totally real number field and fix an isomorphism ¢ : @; => C. It
is known that to a regular, algebraic, essentially self-dual, cuspidal automorphic
representation IT of GL, (Ag+) one can associate a continuous semisimple Galois
representation

r (IT) : Gal(F T /FT) — GL,(Q)).

(For the definition of “regular, algebraic, essentially self-dual, cuspidal” see the
start of Section 1.) This representation is known to be de Rham and its Hodge—
Tate numbers are known. (They can be simply calculated from the infinitesimal
character of 74,.) For all finite places v of FT not dividing / one can calculate the
Frobenius semisimplification of the restriction of r; ,(IT) to a decomposition group
above v in terms of m, via the local Langlands correspondence. This uniquely
(in fact, over) determines r;,(IT). (See [Shin 2011; Clozel et al. 2011; Caraiani
2010; Chenevier and Harris 2011].) The representation r; ,(IT) is conjectured to
be irreducible. This is known if IT is discrete series at some finite place [Tay-
lor and Yoshida 2007]. Moreover r;,(IT)Y = r;,(IT) ® p for some character p
of Gal(F*/F™) which is either totally odd (takes the value —1 on all complex
conjugations) or totally even (takes the value 41 on all complex conjugations).
Frank Calegari raised the question as to whether, for an infinite place v of F*
one can calculate the conjugacy class of r; ,(IT)(c,), where ¢, € Gal(F*/F*) is a
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complex conjugation for v. This conjugacy class has order two, so it is semisimple
with eigenvalues £1. The problem is to determine how many +1’s and how many
—1’s occur. Because I1 was assumed to be regular, we expect that the number of
+1’s and —1’s differ by at most one:

|tI'I”l,L(H)(CU)| <1.

As we know the determinant of ;,(IT) this would completely determine the con-
jugacy class of r; ,(IT)(cy).

If 1 is totally odd then [Bellaiche and Chenevier 2011] shows that # is even and
that r; ,(IT) preserves an alternating pairing up to multiplier x. In this case, because
GSp,, (Q) has a unique conjugacy class of elements of order two and multiplier
—1, we see that trr; , (IT) (c,) =0 for all v|oco. So the problem lies in the case that ©
is totally even, i.e., that r; ,(IT) preserves an orthogonal pairing up to multiplier .

In this paper we will prove this conjecture in the case » is odd:

Proposition 1. Suppose that F* is a totally real field, that n is an odd positive
integer and that Il a regular, algebraic, essentially self-dual, cuspidal automorphic
representation I1 of GL, (Ap+). Suppose also that r; ,(I1) is irreducible. If

ceGal(FT/F™)
is a complex conjugation (for some embedding F* — C) then
ltrry, (ID(c)] = 1.

We believe that essentially the same method works if n is even and IT is discrete
series at a finite place, though we haven’t taken the trouble to write the argument
down in this case. (One would work with the construction of r;,(IT) given in
[Harris and Taylor 2001] rather than that given in [Shin 2011].) However we do
not see how to treat the general case when n is even. When r;,(IT) is reducible one
can calculate the trace of r(c) for some representation of r of Gal(F*/F™) with
the same restriction to Gal(F+/F), but this does not seem to be very helpful.

The construction of r; ,(IT) is via piecing together twists of representations of
Gal(F*/F) which arise in the cohomology of unitary group Shimura varieties, as
F runs over certain imaginary CM fields. For none of these twisted restrictions
does complex conjugation make sense. For an infinite place of F one can assign
a natural sign to the representations of Gal(F*/F) that arise in the cohomology
of these Shimura varieties, because they are essentially conjugate self-dual. (See
[Clozel et al. 2008] or [Bellaiche and Chenevier 2011].) As Calegari has stressed
this sign is not related to the image of complex conjugation in our representation
of Gal(F*/F*). This latter image only makes sense for the Galois representations
coming from certain automorphic forms on the unitary groups, namely those that
arise from an automorphic form on GL, (Ar+) by some functoriality.
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In the case that n is odd the unitary groups employed by Shin [2011] have rank
n and we are able to use the moduli theoretic interpretation of its Shimura variety
to write descent data to the maximal totally real subfield of F. This descent data
does not commute with the action of the finite adelic points of the unitary group.
However in the special case of an automorphic representation 7 which arises by
functoriality from an automorphic form on GL,, over a totally real field we are able
to show that, up to twist, this descent data preserves the 7 isotypical component
of the cohomology, and hence gives a geometric realization of r;,(IT)(c,). Be-
cause of its geometric construction, r; ,(IT)(c,) also makes sense in the world of
variations of Hodge structures. Finally we can appeal to the fact that the Hodge
structure corresponding to r;,(IT) is regular (i.e., each 2”9 < 1) to show that
trry, (IT)(cy)| < L.

In the case that n is even and IT is not discrete series at any finite place, [Shin
2011] realizes twists of rg,l(l'l)|Ga1( Ft/F) in the cohomology of the Shimura vari-
eties for unitary groups of rank 7+ 1. One takes the 7 * isotypic component of the
cohomology for an unstable automorphic representation 7 of the unitary group,
which one constructs from IT using the theory of endoscopy. In this case our
descent data relates the 7> isotypic component of the cohomology, not to itself,
but to a twist of the (;r/)* isotypic component for a second unstable automorphic
representation 7" of the unitary group also arising from I1. (This 7’ is not even
nearly equivalent to a twist of 7.) This does not seem to be helpful.

Notation. Let us establish some notation that we will use throughout the paper.

If p is a representation «, will denote its central character.

If F is a p-adic field with valuation v then F™ will denote its maximal unrami-
fied extension and Frob, € Gal(F™/ F) will denote geometric Frobenius. Moreover
Artp: F* — Gal(F /F )2 will denote the Artin map (normalized to take uniformiz-
ers to geometric Frobenius elements). Suppose that V /@ is a finite-dimensional
vector space and that

r:Gal(F/F) — GL(V)

is a continuous homomorphism. If either / % p or [ = p and V is de Rham (i.e.,
dimg, (V ®z,F Bpr) G/ F) = dimg, V for all continuous embeddings 7 : F' < Q)
then we may associate to r a Weil-Deligne representation WD(r) of the Weil group
Wx of K over Q. In the case [ # p the Weil-Deligne representation WD(r) deter-
mines r up to equivalence. (See for instance [Taylor and Yoshida 2007, Section 1]
for details.) If (r, N) is a Weil-Deligne representation of Wg then we will let
(r, N)¥** = (r*%, N) denote the Frobenius semisimplification of (r, N). We will
write recy for the local Langlands correspondence — a bijection from irreducible
smooth representations of GL, (F') over C to n-dimensional Frobenius semisimple
Weil-Deligne representations of the Weil group W of F. (See the Introduction or
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Section VIL.2 of [Harris and Taylor 2001].) Recall that if x is a character of F*
then rec(x) = x oArt}l.)

If F =R or C we will write Arty : F* — Gal(F/F). If F = R then we will
denote by ¢ the nontrivial element of Gal(F/F) and denote by sgn the unique
surjection F* —» {41}

If F is a number field then

Artp = [ [ Artg, : AR/ F*(FZ)° <> Gal(F/F)®
v

will denote the Artin map. If v is a real place of F then we will let ¢, denote the
image of ¢ € Gal(F,/F,) in Gal(F/F). Thus c, is well defined up to conjugacy.
Suppose that

x tAL/F* — C*

is a continuous character for which there exists a € ZH3°m(F.©) guch that

X |(Fo>é)0 X = l_[ ('I,’)C)ar
teHom(F,C)

(i.e., an algebraic grossencharacter). Suppose also that : : @; => C. Then we define
r1..(x) : Gal(F/F) — Q)

to be the continuous character such that

L(m,t(x)oArtF)(x) I1 (tlf)(xz)a’)=x(x) [] @o .

teHom(F,C) teHom(F,C)

1. Statement of the main result

Now let F* be a totally real field. By a RAESDC (regular, algebraic, essentially
self dual, cuspidal) automorphic representation 7 of GL,, (A f+) we mean a cuspidal
automorphic representation such that

e 17 =7 ® (x o det) for some continuous character x : Ax, /(FT)* — C*
with x,(—1) independent of v|oo, and

* T has the same infinitesimal character as some irreducible algebraic repre-
sentation of the restriction of scalars from FT to Q of GL,,.

Note that y is necessarily algebraic. Also, if n is odd and 7V = 7 ® (x o det), then
Xv(—1) is necessarily independent of v|oo, in fact it is necessarily 1 for all such v.

If F* is totally real we will write (Z")Hom(F"O+ for the set of a = (ay;) €
(7)Hom(F*.0) satisfying

g1 = -+ = dgyp.
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If F+'/F* is a finite totally real extension we define ay+ € (Z")Hom(F .0+ py

(@p+)ei =ac|pr i

If a € (77)BomF .0+ Jet B, denote the irreducible algebraic representation of
GL”H"““(F "O which is the tensor product over t of the irreducible representations
of GL,, with highest weights a,. We will say that a RAESDC automorphic repre-
sentation r of GL,,(Ag+) has weight a if . has the same infinitesimal character
as &)

Fix once and for all an isomorphism ¢ : @; = C. The following theorem is
proved in [Shin 2011] (see also [Clozel et al. 2011]). (This is not explicitly stated
n [Shin 2011], but see Remark 7.6 of that reference. For the last sentence see
[Taylor and Yoshida 2007].)

Theorem 1.1. Let F + be a totally real field and let n be an odd positive inte-
ger. Leta € (Z”)H"m(F O+ Suppose further that T1 is a RAESDC automorphic
representation of GL, (AF+) of weight a. Specifically suppose that TV = Tly
where x : A +/(F’L)X — (DX and x,(—1) is independent of v|co. Then there is a
continuous semzszmple representation

r1 (D) : Gal(F /Fy') — GL, (@)
with the following properties.
(1) For every prime v11 of FOJr we have
WD (r1,(TD a7, sre )T = n( ree(T, ® | det | 772).
() r1, (MY = ry, ("1, (x).
(3) detry, () = r1, Gemey ™72,

@) If v|l is a prime of FJr then the restriction ry, l(l'[)lGal(F+ JFE) is de Rham.
Moreover, if 1, is unmmtﬁed if (F, + )0 denotes the maxzmal unramified

subextension of F()Jrv/@l and if T : (FJr )0 — @1 then r;, L(H)|Gal(F JEE) is

crystalline and the characteristic polynomlal of oo )"0 To

(L (TD) @ o Beis) 10/ Fo)
equals the characteristic polynomial of
! rec (T, ® | det |(1=m/2) (Frob,).
(5) Ifv|l is a prime of FJ and if T : FO+ — Q lies above v then

. . ot
dimg, gr' (ry,,(TD) ®¢, £, Bor) ™0/ 020 = 0
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unless i = a,; j+n— j for some j =1, ..., ninwhich case
. ; gt
dimg, gr’ (r1,,(T) @ - Bpgr) S Fou/Fo) = 1.
(6) If I is discrete series at some finite place then r; (I1) is irreducible.

The purpose of this paper is to calculate r;,(IT)(c,) for any infinite place v of
+

Fy .

Proposition 1.2. Keep the notation and assumptions of the above theorem and

suppose that r; ,(I1) is irreducible. (In particular we are assuming that n is odd.)
Let v denote an infinite place of FJ . Then

11, (ID) (cy)

is semisimple with eigenvalues 1 of multiplicity (n 4 k1 ,(—1))/2 and —1 with
multiplicity (n — k ,(—1))/2.

2. A geometric realization of complex conjugation

We must recall some of the construction of r;,(IT) and explain how the action of
complex conjugation can be constructed geometrically.

The basic set-up. There is a constant « € Z such that a; ; +a; ,41-; = « for all
Jj= 1,...,nandallt:F0+<—><D. Thus
Xlerg 00 =N o
Shin shows that one can choose
« a soluble Galois totally real extension F*/Ff,
« an imaginary quadratic field E in which [ splits,
e an embedding 79: F = FTE — C,
e a continuous character
¢:Ag/F* — C*,
e a continuous character
VAL /E* — CX,
with the following properties.

e [F™:Q]is even and > 2.

« If Ram denotes the set of (finite) rational primes above which any of F, II,
¢, or ¥ ramifies, then every prime of F+ above a prime of Ram splits in F.

. ”I,L(H)|Gal( F/F) remains irreducible.
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* ¢¢° = xr and P|px = I, 7P where B; + Bre = —a.
c [FH:F) ] n
o Y/ = (kg oNE/)@l«-
E
o Yoo = ‘L'O_E(‘CO oc)_e/ with e, €’ € 7.

« v is unramified at the prime of E above / corresponding to 1! o 1.

Let V = F"™ and let
(,):VxV—=>0Q

be a nondegenerate alternating bilinear form such that
{(xv, w) = (v, “xw)

forall x € F and v, w € V. Let G be the reductive subgroup of GL(V /F) consisting
of elements which preserve ( , ) up to a G,,-multiple and let v : G — G,, denote
the multiplier character. We may, and do, suppose that V is chosen so that

» G is quasisplit at all finite places;

e if 7: F < C satisfies 7| g = 19| g then the Hermitian form on V ® ¢ ; C defined
by
(v, w) = (v, iw)
has a maximal positive definite subspace of dimension O if T # 79 and 1 if

T=T.

(See [Shin 2011, Lemma 5.1].) There is an identification of G xg E with the
product of GL; and the restriction of scalars from F to E of GL,. The map sends
g to the product of its multiplier and its action on the direct summand V ®g ; E
of VRE=VQr1E®V Q. E.

The group G. Letting ker' (Q, G) denote the kernel of
H'@,G) —~[]H' @, 6,
v
using the fact that n is odd, we see from [Kottwitz 1992, Section 8] that there is an
identification
ker' (@, G) = (F)* N(A*Np,p+A7)) /Q* (N g+ F ).

As F/F7 is unramified at all finite primes we see that N/ p+Ay D Ve RX, so
that AXNF/FJrA; = @XNF/FJrA;. Because (F+)X ﬂNF/F+A; = NF/F+F>< we
conclude that

ker' (@, G) = Q*((FY)* NNp/p+AF) /Q* (Np/p+ F*) = {1}.
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It follows from the proof of Lemma 3.1 of [Shin 2011] that the Tamagawa number
7(G) =2.

Let T denote the quotient of G by its derived subgroup. Then we may identify
T by

T(R)={(x,y) ER" x (R®a F)" : x" =y}

for any @-algebra R. The quotient map d : G — T sends g to (v(g), detg). Also
let Z denote the centre of G so that

Z(R)={(x,y) e R* x(R®q F)*: x =y}

for any Q-algebra R. The map d|z sends (x, y) to (x, ") and the map v|z sends
(x,y) to x. Note that Z x E can be identified with the product of G, with
the restriction of scalars from F to E of G,, and the norm map sends (a, b) to
(aa,“ab/°b). Then

v:Z(A)/Z(Q)(NgoZ(Ap)) => A /Q*(Ng/gAf) = Gal(E/Q).
[To see this note that the left hand side is

{yeAp: yyeA Y Ap{ye F*: yyeQ H{y/Y: yeAg}

Ny pe=1
As{y/y: ye A} =A, FITT7" we see that the group in the previous displayed
equations maps isomorphically under v = Npg/p+ to

AN Ng p+AR) /(NE/@AL(Q* NNp/pe FX)
= (A" NNp/r+AR) /(NE/ @A) Q™ NNE p+AR).

There is a natural injection from here to A* /(Ng,0A ;)@Q*. It only remains to see
that this map is surjective, i.e., that

A /Q*(NEg/AL) (A NNp/p+AR) = {1}
However as F/F™ is everywhere unramified we have that
(AX NN/ p+AX) DZ* x R,
while AX = Q*Z*RX,. |
The involution I. We can choose a Q-linear map / : V — V such that

o [(xv)=“xI(v)forallx e Fandv € V;
o (v, Iw)=—(v,w) forall v, w e V;

o« [2=1.
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[To see this note that with respect to a suitable basis we have
(v, w) =trpg('vDw)
for some diagonal matrix D with “D = —D. With respect to such a basis we can

take I to simply be complex conjugation on coordinates.] The choice of I gives
rise to an automorphism # of G of order two:

g#= Igl.
Note that
vo#=v

and that
det g* = “det g.

If we identify G x E with the product of G, and the restriction of scalars from F
to E of GL, then # differs by composition with an inner automorphism from the
automorphism:

(x,8) > (x,x'g ™.
Base change from G (A™) to (AT)™ x GL,(A%). As in [Harris and Taylor 2001,
Section VI.2] we can define the base change BC(77) of an irreducible admissible
representation 7 of G (A*°) which is unramified at a place v of (2, unless all primes
of FT above v splitin F. The base change lift, BC(77), is an irreducible admissible

representation of (A%”)* x GL,(A%’). Note that if §z,g denotes the nontrivial
character of A* /Q*Ng oAy then

BC(#) = BC(# ® (8p/qov)).

Also note that 7 and 7 ® (8¢, o v) have different central characters and so can
not be isomorphic. (Recall that

V1 ZA®) = (A®)* N Np/ e (AF)* D 7%,

and that 8 g is ramified at some finite prime.) We have that

kBC(#) = ki o N,
where N denotes the norm map Z(AY) — Z(A*). If

BC(#) = (¢, )
then

BC(7*) = (@xiil az). 1Y)
and
Kzt = Kik|zae),

where we think of Z(A>) C (AF®)*.
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Define
w:TA)/TQ) — C*
(x,y) > ¢k pr ()
Note that
oo =1.

With the functorialities of the previous paragraph the next lemma is easy to verify.
Lemma 2.1. Suppose that 7 is as in the previous paragraph and that
BC(7) = (v, [1r¢).

Then

(D) Kztgw>od) = Kis

(2) BC(7"* ® (0™ od)) = BC(7);

(3) and there exists an automorphism Ay of the underlying space of @ such that

Az (9) = 7 (gHw(d(8) Az
for all g € G(A™) and A72~r = 1. Moreover A3 is unique up to sign.
Weights. We identify G x g C with

Gux [ GLV®rO),
reHomE,ro(F,(D)

where Homg ., (F, C) denotes the set of embeddings 7 : F — C with 7|z = 1.
The identification sends g to its multiplier and its push forward to each GL(V ®F ;
C). Let & denote the irreducible representations of G xg C with highest weights
(bO; br,i)r\Ezr()lE’ where

* byp=¢;

i br,i = ar|F+,i +:B‘['

0

Then £* has highest weights

(bo+ > b _bf’"+1_i)reH0mE, (F,C): i=1,..n"
teHomg ¢ (F,C),i 0

Also let ¢ be the irreducible representation with highest weights

(_n([F+ : @]O[/Z-l— Z 'Bf); o +2ﬂf)reHomE w(F,0); i=1,...,n"
reHomE,TO(F,C) "0

Then
e ¢ is one-dimensional;
c '@ =g
° é—# >~ é-\/.

e and a)|T(R) = é'_l.



Complex conjugation in [-adic representations 415

Shimura varieties. Let U denote an open compact subgroup of G (A°°). Consider
the functor Xy from connected, locally noetherian F-schemes with a specified
geometric point to sets, which sends a pair (S, 5) to the set of equivalence classes
of 4-tuples

(A, i, A7)

where
(1) A/S is an abelian scheme of relative dimension n;
(2) i : F < End’(A/S) is such that for all x € F we have
tr(x|Liea) =X — X +ntrp/g “x;
(3) A: A — AY is a polarization such that i (x)V oA = Aoi(‘x) for all x € F;

(4) 1 is a (S, 5)-invariant U-orbit of A%’-isomorphisms 1 : V ® A® = V A;
such that for some isomorphism 7 : A*° = A°°(1) and for all v, w € V QA
we have

(nu, nw)r = no(v, w),
where ( , ), denotes the A-Weil pairing.
Two 4-tuples (A, i, A, 7) and (A’,i’, A, ') are considered equivalent if there is an
isogeny
y:A— A
such that
(1) yix)=i'(x)y forallx € F,
(2) y'Vy e Q*A,
(3) and (Vys)on =1
This functor is canonically independent of the choice of base point s and so can

be considered as a functor from connected, locally noetherian F-schemes to sets.
It can be extended to all locally noetherian F-schemes by setting

Xy (S1 U S$) =Xy (S) x Xy (S2).
(See for instance [Harris and Taylor 2001, Section III.1] for more details. We are
using End’(A/S) to denote End(A/S) ®7 Q and V A; for (limy A[N](k(5))) @z
Q, where k(5) denotes the residue field of 5.)
If U is sufficiently small then Xy is represented by an abelian scheme

Ay /Xvu/Spec F.

If V C U is an open subgroup there is a natural map Xy — Xy such that oy pulls
back to sly. The inverse system of the Xy’s carries a natural action of G(A®),
as does the inverse system of the sdy’s. If V is a normal open subgroup of U
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then U acts on Xy and induces an isomorphism between U/V and Gal(Xy/Xy).
Thus :~'& gives a representation of U and hence a lisse @;-sheaf $e on Xy. The
Q;-vector space

H' (X, %) = Enl} H' (Xy x F, %)

has an action of G(A*°) x Gal(F /F). It is admissible and semisimple as a G (A*)-
module. If U is an open, compact subgroup of G (A°°) then
H (X, %)Y = H'(Xy x F, %)

is a continuous representation of Gal(F/F) on a finite-dimensional @;-vector space.
The pull back Xy X ¢ . F represents the functor %/U defined exactly as Xy except
that the condition
tr(x|Liea) =X — ‘X +ntrp/g x

is replaced by the condition
tr(x|Liea) =X —x +ntrp/g x.

There is a map of functors Xy — .’{’U which sends (A, i, A, ) to (A,ioc, A, nol).
This induces an F-linear map Xy — Xy X F and hence a c-linear map, which

we will also denote 1,

Xy - Xy

\ |
Spec F SN Spec F.

We have
o« [2=1;
o Igl =g" for g € G(A™®);
« and a natural isomorphism I*%: ® £, = ¢, i.e.,
I"Le = Lps. 2-1)
Thus I provides a way to descend the system of the Xy to F*; however this

descended system of varieties no longer has an action of G(A*) defined over F*.

Complex points and connected components. We will need to consider the com-
plex uniformization of Xy X g ; C for every homomorphism 7 : F < C. So suppose
7 : F — C. There is a nondegenerate alternating form

(,):VxV—->0Q

such that
(.XU, w)‘L’ = <U, C-xw>7,’
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for all x € F and v, w € V and such that
e there is an isomorphism j; : (V ®g A, (, ) = (VQgA*®,{, );) as
A%’ -modules with alternating A*-bilinear pairing;
o if 7’1 F — C satisfies t'|g = t|g then the Hermitian form on V ®p  C

defined by
(v, w) = (v, iw),

has a maximal positive definite subspace of dimension 0 if t/ # 7 and 1 if
T =r1.
Let G denote the group of symplectic F-linear similitudes for (V, ( , );) and G

the kernel of the multiplier character G; — G,,. Note that G; X A® = G xgA™®
and that G; /G, = T. Choose a Q-linear map /; : V — V such that

o [(xv) =°xI;(v) forallx € Fandv e V;
o (Iv, ;w)=—(v,w) forall v, w e V;
« IZ2=1.

We may, and shall, take ( , );, =( , ) and I, =1.
Let Q2; denote the set of homomorphisms

h:C— Endrggar(V ®qR)
such that
e (h(2)v, w)r = (v, h(‘z)w); forallze Cand v, w € VR,
o (v,h(i)v); >0forallveV.

Then 2; forms a single conjugacy class for G; 1 (R) [Kottwitz 1992, Lemma 4.3].
This gives 2; a topology (the quotient topology) and, as the group G (R) is
connected, we see that 2, is connected. There are G (A®°)-equivariant homeomor-
phisms (see [Kottwitz 1992, Section 8], for example)

G (@\(GAT)/U x Q) = (Xy xr.r O)(C).

Let A be a Z-lattice in V. The map sends (g, h) to a the equivalence class of
a four-tuple (A, i, A, 7), which is determined as follows. The abelian variety A
is characterized by the complex uniformization A(C) = (V ®g R)/A with the
complex structure coming from 2. The map i arises from the natural action of F
on V ®g R and the (quasi)polarization A corresponds to the Riemann form { , );.
Note that V A is naturally identified with V ®g A*. The level structure 7 is the
class of j; og. Under I x ¢, this is taken to (“A, i oc, A, 7o I), which has analytic
uniformization as (V ®g R)/A but with the complex structure coming from 4 o c.
The F action is the complex conjugate of the usual one. The Riemann form is sent
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to its negative and the level structure is j; o g o I. The map I ® 1g shows that
this is isomorphic to the abelian variety with additional structure corresponding to

(7' L j. Dg*, I.hI;) € G(A®) x Q.. Set s, = j'I;j. I € G(Q) and note that
#
sTse = 1.

We conclude that there is a bijection ¢; :
mo(Xux pF) Zmo(Xyx £,C)(C) = G (@\G(A®) /U => T(@)\T (A®)/d (V).

(For the bijectivity of the third map, which is given by d, see [Milne 2005, Theo-
rem 5.17] and the discussion following it.) Write ¢ for ¢;,. The map ¢; is G(A™)-
equivariant. Itis also I x ¢; equivariant if we let I x ¢; act on T (Q)\T (A*°)/d(U)
via t — d(s;)t*. Note that because of the G(A™) equivariance we must have
¢r = u.¢ for some u, € T(A). Thus we see that

e c(Cg)=d(g)s(C) forall C e mp(Xy xF F) and all g € G(A™),

« and for any infinite place v of F there is an s, € T(A) such that ¢ ((I X ¢,)x) =

sps () and 5,57 = 1.

(If v|F arises from t : FF < C then s, = d(s,)ufuf_l.)

We wish to also know the Gal(F / F)-equivariance of ¢. Note that the X are the

canonical models for the Shimura varieties Shy (G, [h~']). (See [Kottwitz 1992,
Section 8] and note that ker' (@, G) = (0).) Define a map

E/@

riAX > T(Ag) —5 T(A)

where the first map sends
x> (Np/gx, x)”!

Note that r o Art;l is a well defined map
(r oArt}l) :Gal(F/F) — T(A)/T(@Q)T (R).
Then according to [Milne 2005, Section 13] we have
s(0x) = (roArt;)(0)g(x)
for all x € mo(Xy xr F) and all o € Gal(F/F).

H° of sheaves on our Shimura varieties Let £ be the irreducible representation of
G x C which has highest weight (bo, . ,),| r=1lz- The description of the prev10us
section allows us to calculate HO(Xy x F, $: ) It will be (0) unless b, ;= b 18
independent of i. In this case & factors through amap T x C — G, which we will
also denote £. We can then identify H*(Xy x F, 585) with the space of functions

fiTA)/TRTQ - Q
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such that
fu) =& ) f(0)

for all t € T(A) and all u € d(U). The action of G(A®) is via
(&) @) = ('E) (g f(td (g))
and the action of Gal(F/F) is via
(@f)(1) = f((ro Artz)(0)1).
The map that sends f to f defined by
F@O) =" o8 t) W E @) f ),

establishes an isomorphism between H %Xy x F, Sig) and the space of functions
f:TA)/T@Q)d(U)— Q such that

Fltuss) = (' 0 &) (uoo) ™ f (1)

forallt € T(A) and uo, € T (R). Now the action of G (A®) is via right translation
((g f)(®) = f(td(g))) and the action of Gal(F/F) is via

@HE) =T o8)(s00) T E )T F(st)

where s is a lift of (r o Art;l)(a) to 7 (A). From this it follows that we can write
HO(X, %5) = P Quuz
@

where @ runs over continuous characters
T(A)/T@Q) — C*
such that @|7®) = €1, and where:
« the action of G(A™) on vz is via "l o@od;
« the action of Gal(F/F) on vg is via ri(@or);
e and, if v is an infinite place of F, then (I X cy)vg € @1 Ugit.

In particular cupping with vs, joov € H 0(X, (IZDZ) we see that
Homg ax) ("7, H' (X, £¢)) = Homgae) (' (T ® (85/q o v)), H (X, £e)).

If v is a place of F above infinity then I x ¢, defines amap Xy xp F — Xy x ¢ F,
which in turn induces a map

H (X, Ls) > H' (X, Les).
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Composing this with the cup product with w(s,)~?v, € H(X, £r), we get a
map _ _
I, : H'(X,%e) > H' (X, L),
such that
o I,gl, =g* (1" owod)(g) for g € G(A™®);
e and 1,0 I, = (¢,0.¢,)r1, (Yr)/ (Yr)) (o) for o € Gal(F/F).

Galois representations. Shin shows that

. 4>, Homg @) (17, H (X, $¢)) # (0) ifand only if i =n—1;
BC(@)=(¢>,IIF@p>)
. P HomG(Aw)(t_lﬁ, H" (X, Fe))™®

BC(@)=(y>, 17 ©¢$>)

= Iy @1 (WE 67D,

(See in particular Theorem 6.4, Corollary 6.5 and the proof of Lemma 3.1 of [Shin
2011]. The sums run over 7 which only ramify above rational primes v, such that
all places of F* above v split in F.) From the irreducibility of r; ,(TT)| g7 /F) We
see that at most two 7’s can contribute to the latter sum. On the other hand if 7
contributes so does 7 ® (§g/g o V), because one can cup with vs, Jgov- Thus exactly
two 7’s contribute. Choose one of them and from now on reserve the notation 7
for this one. Thus we have the following.
 Suppose that 77 is an irreducible representation of G(A*>) and j € Z>( such
that
— if 7 is ramified above a rational prime v, then all places of F* above v
splitin F;
- BC(@) = (¢, [IF ® ¢™);
— and Homg a7, HY (X, %)) # (0).
Then j=n—1land 7 =7 or 7w ® (8g/g o V).
-1 —1 ~ M
* Homgaoe) (0™, H* (X, £)) @ 11, (Yr¢) = 11, (DG, 7 /)
» Homgam) (' (1 @ (/0 0v)), H'™' (X, L) @11, (Yrd) Zr (MDY 7 -
If v is an infinite place of F then the map
fr—=1,0of0A,
induces a map ¢, on
Homgax) (', H' (X, %6)) @ ri, (Y )

such that
Cyo0oC, = (c,ocy)
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forall o € Gal(lF /F). Because rl,L(l'I)léal (F/F) is irreducible, we conclude that ¢,
corresponds to a scalar multiple of r; ,(IT)" (c,). We can, and shall, replace ¢, by
a scalar multiple so that Eg =1, so that ¢, = £r;,(I1)¥(c,). We finally have our
geometric realization of r; ,(IT)(c,). To prove our proposition it suffices to check

that the trace of ¢, on
Homg o) (', H™N(X, L))

is £1. This we will do in the next section by working with the variations of Hodge
structure analogue of our /-adic sheaves.

3. Calculation of the trace of ¢,

We must recall an alternative construction of the sheaves ¢, £+ and &£, which
will make sense also for variations of Hodge structures. First we recall the theory
of Young symmetrizers.

Young symmetrizers. Let k denote a field of characteristic O and let € denote a
Tannakian category over k in the terminology of [Deligne 1990]. Suppose that
e=(eq,...,e,) € 7" satisfiese; > e > --- > ¢, > 0. Let S, denote the symmetric
group on the set I, of pairs of integers (7, j) with1 <i <mand 1 < j <e;. Let Sj
denote the subgroup of S, consisting of elements o with o (i, j) = (i, j') some j’
and let S, denote the subgroup of S, consisting of elements o with o (i, j) = (i’, )
for some i’. Further we set

A7 =) (B0 cqls.l,

aeSf
where (+)° =1 and (—)? denotes the sign of o. Note that (A;'E)2 = (#S;'E)A;IE and
(AFA;) 2 =m(e)(AFA;) and (A; AF)? =m(e)(A, A)) for some nonzero integer
m(e) [Fulton and Harris 1991, Theorem 4.3]. If W is an object of € we define
Fe(W)=WSTeATA,
where S, acts on W®7¢ from the right by

(®te%wt)h = Qreg, Wht-

Then ¥, is a functor from € to itself. Note that Fq,__1)(W) = N'W. Right
multiplication by Al defines an isomorphism

Fo(W) => WO AT AT,
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with inverse given by right multiplication by m(e)~!A;. Thus we get natural
isomorphisms
S (W)Y = (WO ATAT)Y = (WY)BT AT AT =5 S, (WY).
Lete' =(e;+1,...,e,+1). Let

.....

be the bijection which sends (i, 1) to (i, 1) in the first part and, if j > 1, sends
(i, j) to (i, j — 1) in the second part. Then ¢ induces an isomorphism

o a
L* . W®n ® W®Je — W®J€,.

Note that

Ajolo(Ay [\ ®AZAT) = (HS))AZA)) ol

.....

so that we get a natural surjection

.....

where the middle map is A;’T ot*. If W has rank n then this map is an isomorphism.
(This can be checked after applying a fibre functor where one can either count
dimension, or use the fact that the map is GL(W) equivariant and (/\” W) RL(W)
is an irreducible GL(W)-module.) Thus for any e = (ey, ..., e,) € (Z")" and any
W of rank n we can define

Fe(W) =L (W) ® (N'W)*™
where f € Z satisfies f > —e, and where ¢’ = (e; + f, ..., e, + f). We see that
up to natural isomorphism this does not depend on the choice of f.
Lemma 3.1. Ife € (Z")" equals (ey, ..., e,) sete* = (—e,, ..., —e)) € (Z")T. If
W has rank n then there are natural isomorphisms
Ferfifo W) =L W) QL (1.1.....1H (W)
and

Fe(W) = Lo (W),

Proof. The first assertion has already been proved so we turn to the second. We may
reduce to the case e, > 0 and we may choose f €Z,,. Sete' =(f—ep, ..., f—e1).
Then it will suffice to show that

Fe(W) = L (W)Y @ (N'W)®.

It even suffices to find a nontrivial natural map



Complex conjugation in [-adic representations 423

(For this then gives a nontrivial natural map ¥, (W) — % (W)" Q (A" W)®f , which
we can check is an isomorphism after applying a fibre functor, in which case the
left and right hand sides become irreducible GL(W)-modules.) To this end let ¢
denote the bijection

.....

which sends (i, j) to (i, j) if j <e;andto (n+1—i, f+1—1i)if j > ¢;, and let
¢* denote the induced map

W®ge ® W® ge’ = W® g(f ----- h2) .

Then we consider the map

We must show that if W has rank n then this map is nontrivial. We can reduce
this to the case of Q-vector spaces by applying a fibre functor. In this case let
wi, ..., W, be a basis of W. Consider the element

x = (®g,u)A,; ® (®g,v)A, € W7 @ W&7¢

where u(; j) = w; and v(;, j) = wy41—;. Then

(WA= (]’[lf:l(#{j: i <iDIH: e zi})!) (®7. DA )
# 0,

where x(; j) = w;. The lemma follows. O

The relative cohomology of s/ Xy. If @ denotes the projection map from the
universal abelian variety o to Xy then we decompose

le*@l = @ £,

teHom(F,C)

where &, is the subsheaf of R!'w,Q; where the action of F coming from the
endomorphisms of the universal abelian variety is via t~'t. The sheaves ¥, on
the inverse system of the Xy’s carry a natural action of G(A*) (coming from
the action of G(A*) on the inverse system of the &4/ Xy. Let Std; denote the
representation of G xg C on V ®F ; C, so that Std;. = v Std). Then ¥, = §£Std¥
with the G(A*)-actions. We also define an action of G(A*) on the sheaves
Q1) by letting g : g*@l(l) — @(1) be v(gl)_1 times the canonical map. Then
Pom = Q;(m) with the G (A%)-actions. Moreover the Weil pairing gives G (A®°)-
equivariant isomorphisms
P =2, @TU(—1)

C

corresponding to g = Lsid,, ® £y-1.
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Suppose that & is an irreducible representation of G xg C with highest weight
(bo, br,i)t|z=1|- Then we see that

L= ( X S’J(;;,,l,__,,;;nn)(ifi)) ® Qi (o),

Tlg=nlE

with their G (A°°)-actions.
Note that there are natural isomorphisms /*¥; =¥, and hence, by Lemma 3.1,
natural isomorphisms

I*< ® S’Jasm,...,zsm)(f/fZ))®<f@l(150)

Tle=m0lE

= (@ Yi.5.050) 2Tl

Tle=wlE

;( & 9’<5,.1,...,z;,,n>(58r<1>))®@z(15o>

Tle=wlE

5( QR Y. _5,,1)(55¥)>®@1<50+ > Zbr,i)-

TlE=TwlE i

This isomorphism coincides up to scalar multiples with our previous isomorphism
I"$p = Ly of (2-1).

Betti realizations. Fix o : F — C which gives rise to our infinite place v of F and
suppose that 0| g = 19| . Set Xy »(C) to be the complex manifold (Xy x r .- C)(C).
If r : F < C let L, denote the maximal subsheaf of R!'w,C on X v.o (C) where
the action of F from endomorphisms of the universal abelian variety is via t. The
system of locally constant sheaves L, have a natural action of G(A®°). Also let
C(1) denote the constant sheaf and endow the system of sheaves C(1)/ Xy »(C)
with an action of G (A*) by letting g : g*C(1) — C(1) be |v(g)|_1 times the natural
map. Then

L, =LY, ®C(—1).

If § is the irreducible representation of G xgC with highest weight (150, l;,, rlp=t0lg>
then we define a locally constant sheaf of finite-dimensional C-vector spaces L
on Xy »(C) as

( X 9<5,,.,...,5T,,1)<L¥>)®C<Eo>.

TlE=wlE

Then L¢ is the locally constant sheaf associated to the pull back of Lo Xyxrp,oC,
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thought of as a sheaf of C-vector spaces via t~!. This correspondence is G (A™)-
equivariant. Note that by Lemma 3.1 if &’ is one-dimensional then

Lsg ® Lg, = L§®§,.

Let “ Xy +(C) denote the complex conjugate complex manifold of Xy ,(C),
that is, the same topological space but with complex conjugate charts. Then I x ¢
induces an isomorphism

Ixc:Xyo(C) = ‘Xyo(0).

As we described above in the l-adic setting, Lemma 3.1 together with the isomor-

phisms L, = LY, ® C(—1) gives rise to an isomorphism

(I x c)*Lg = Ly

compatible with the corresponding isomorphism in the /-adic setting (I*£; =¥ £#)-
We set '
H' (Xo(0), Lg) = lim H' (Xy,¢ (C), Lg)

which is naturally a G (A*)-module and which satisfies
H'(X4(C), L) = H'(X, %) ®g,, C
as C[G(A*)]-modules. Again as in the 1-adic setting we have a decomposition

H'(X,(C), Ly) = P Cug s,

w

where @ runs over continuous characters
T(A)/T(Q) — C*
with @|7®) = ;‘1, and where G (A*) acts on vy, g via @ od. If we define
Ii.p: H' (X6 (), Lg) > H'(X+(C), Lg)

to be the composite

Ixc

Hi (X, (C), Le) 5 HI (X, (C), Lew) =% H' (X, (C), Le).

Then under the isomorphism H' (X, (C), L) = HU(X, %) Rg,.. C, this map [, g
corresponds to a scalar multiple of the previous map I, ® 1.
Again we can define a map ¢, g on

Homg ) (, H" ' (X, (C), L)) = C"
to be the map which sends

fl—)IU’BOfOAn.
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Then ¢, p corresponds to a scalar multiple of the map ¢, previously defined on
Homg a~) (', H (X, ¥¢)). Rescaling ¢, g we may, and shall, suppose that

¢; g = 1, in which case it corresponds to +c,. Then it suffices to show that the
trace of ¢, p is £1.

Variation of Hodge structures I: generalities. We begin with a rather lengthy re-
minder about variations of pure Hodge structures on complex manifolds. We do
this because we have not found a single clear reference for all the material we need,
although it is all standard.

Recall that a (pure) R-Hodge structure of weight w is a finite-dimensional R-
vector space H together with a decreasing, exhaustive and separated filtration Fil’
on the C-vector space H @r C such that

H®rC=Fil'(HorC)® (1®c)Fil""''(H ® C)
for all i. In this case H ®g C =P, H**~', where
H""™' = (Fil' H@r C)N (1 ®c)(Fil"™' H ®r C).
By a polarization on (H, {Fil’}) we mean a perfect bilinear pairing
(,):HxH—>R

such that the ( , )-orthogonal complement of Fil'! H g C is Fil*" "' H @ C
and such that the following property holds. Define a sesquilinear pairing ( , ) on
H ®r C by extending ( , ) to a C-bilinear pairing on H ® C and defining

) =v—=1 "(x,A®c)y).

Note that ( , ) restricts to a perfect sesquilinear pairing on each H>’~. We require
that ( , ) is Hermitian (i.e., (y, x) = c(x, y)) and that the restriction of (—1)'( , )
to H"~! is positive definite. If ¢ : (H|, {Fil"1 D — (H, {Filé}) is a map of R-Hodge
structures (i.e., a linear map ¢ : H; — H, such that ¢ ® 1 maps Fil' H; ®r C to
Fil' H, ®g C for all i) then

(¢ ® )(Fil' H; g C) = (Fil' H, ®x C) N (¢ (H}) Qr C)

forall i. It follows that the category of R-Hodge structures of weight w is an abelian
category. The restriction of a polarization to a subobject is again a polarization and
the orthogonal complement of the subobject is again a subobject. It follows that the
full subcategory of polarizable pure Hodge structures is also (semisimple) abelian.
The direct sums of over all integers w of the abelian category of R-Hodge struc-
tures of weight w and of the abelian category of polarizable R-Hodge structures of
weight w are Tannakian. We will refer to them as the categories of pure R-Hodge
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structures and of pure polarizable R-Hodge structures; although strictly speaking
their objects are not pure, but direct sums of pure objects.

A (pure) C-Hodge structure of weight w is a C-vector space H together with
two decreasing, exhaustive and separated filtrations Fil’ and Fil’ on H such that
H =Fil' H®Fil¥~'='H forall i. If H= (H, {Fil'}, {Fil’}) is a C-Hodge structure
of weight w then we define the underlying R-Hodge structure to be

(H,{Fil' H®Fil'H)),

where
H®rC=> H® HDOFil' HOFil'H

is given by x ® a — (ax, (‘a)x). This establishes an equivalence of categories
between C-Hodge structures of weight w and R-Hodge structures of weight w
with an action of C. If H = (H, {Fil’}, {Fil’}) is a C-Hodge structure of weight R
then H = @ H*~!, where H"*~ = Fil' H NFil*~H. By a polarization on H
we mean a perfect Hermitian pairing

(,):HxH—C,

such that for all i the orthogonal complement of Fil' H is Fil*~!='H and the
restriction of (=1)'( , ) to H**~ is positive definite. This is equivalent to a
polarization { , ) of the underlying R-Hodge structure such that

(ax,y) = (x, Ca)y)

for all a € C and x, y € H. The equivalence is given by
(x,y) =Re v/—1"(x, y).

The category of polarizable C-Hodge structures of weight w is the full subcategory
of the category of C-Hodge structures of weight w whose objects are those that
admit a polarization. It is closed under taking subobjects and quotients. By the
category of (polarizable) pure C-Hodge structures we mean the direct sum over
w of the categories of (polarizable) C-Hodge structures of weight w. They are
Tannakian categories. (Again objects of these categories are not strictly speaking
pure, but the direct sum of pure objects of different weights.)
If (H, {Fil'}) is an R-Hodge structure of weight w then we define

(H, {Fil'}) ® C = (H ®g C, {Fil'}, {(1 ® ¢) Fil'}),

a C-Hodge structure of weight w. If (H, (Fil'}) is polarizable, so is (H, {Fil'})®C.
(Define (x ®a, y ®b) = \/—_l_wa(cb) (x, y).)

If H= (H, {Fil'}, {Fil’}) is a C-Hodge structure we define its complex conjugate
‘H = (H, {Fil'}, {Fil‘}).
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Recall also that a variation of R-Hodge structures H of weight w on a complex
manifold Y is a pair (H, {Fil}), where H is a locally constant sheaf of finite-
dimensional R-vector spaces, where {Fil} is an exhaustive, separated, decreasing
filtration of H ®g Oy by local Oy-direct summands, such that

o the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
o and 1 ®d : Fil'(H ®g Oy) — (Fil' "' (H ®r Oy)) ®q, Q2.

If ¢ : H; — H, is a morphism of variation of R-Hodge structures of weight w on
Y then (¢ ® 1) Fil' (H; ®r Oy) = ((¢p H;) Qr Oy) NFil’ (H, ®g Oy). It follows that
the category of variations of R-Hodge structures of weight w on Y is abelian. By
a polarization on H we mean a perfect bilinear pairing

(,):HxH—>R

whose pull-back to any point of Y is a polarization. The full subcategory of the
category of variations of R-Hodge structures of weight w on Y consisting of po-
larizable objects is a semisimple abelian subcategory closed under taking subob-
jects and quotients. By the category of (polarizable) pure variations of R-Hodge
structures on Y we mean the direct sum over w of the categories of (polarizable)
variations of R-Hodge structures of weight w on Y. They are Tannakian categories.
(Again objects of these categories are not strictly speaking pure, but the direct sum
of pure objects of different weights.)

The pull back of a (polarizable) variation of R-Hodge structures of weight w
by any morphism is clearly again a (polarizable) variation of R-Hodge structures
of weight w. If Y is a compact Kihler manifold and H is a polarizable variation
of R-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of
a polarizable R-Hodge structure of weight i + w [Zucker 1979, Theorem (2.9)].
More precisely, we define 2°(H) to be the complex

H®rOy —> H®rQy — HRgQy — -+,
and filter it by setting Fil’ Q°*(H) to be the subcomplex
Fil'(H ®g Oy) — Fil' "' (H ®g Oy) ®¢, Q} — Fil'>(H ®g Oy) ®¢, Q3 — - .
Then the spectral sequence
EY =H™H (v, g Q*(H)) = T/ (Y, Q*(H) = H*/ (Y, H) ®r C

degenerates at £ and defines the (Hodge) filtration on H' (Y, H) ®g C.
If f: X — Y is a smooth family of compact Kihler manifolds over a complex
manifold Y then R’ f,R is naturally a polarizable variation of R-Hodge structures
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of weight i. (See the Introduction and first two sections of [Zucker 1979].) More
precisely, let 25 Y denote the complex

@X—>Q§(/Y—>Q§(/Y—>
and let Fil’ Q% y denote the subcomplex
j i+1
Qyy — Q’X/Y — .

Then the filtration on (R’ f,R) ® 0y =R’ £,Q% /v is the one induced by the spectral
sequence

Ey) =R £.Q,, = R £.Q% y = R f,R®r Oy.
If moreover Y is a compact Kéhler manifold then the Leray spectral sequence
Ey) = H'(Y, R/ f.R) = H'™ (X. R)

degenerates at E, and the R-Hodge structure on H' (Y, R/ f,R) is compatible with
the R-Hodge structure on H'*/ (X, R) [Zucker 1979, Proposition (2.16)].

By a variation of C-Hodge structures H of weight w on a complex manifold
Y we mean a triple (H, {Fil'}, {Fil}), where H is a locally constant sheaf of
finite-dimensional C-vector spaces, {Fili} is an exhaustive, separated, decreasing
filtration of H ®¢ Oy by local Oy-direct summands, and {FTili} is an exhaustive,
separated, decreasing filtration of H ®cO-y by local Ocy-direct summands such that

« the pull back of H to any point of Y is a pure C-Hodge structure of weight w,
e 1®d :Fil'(H ®c Oy) — (Fil'"'(H ®¢ Oy)) ®, Q).
e and 1 ®d : Fil'(H ®¢ Ocy) — (Fil'" (H ®¢ Ocy)) ®q., Q.

(Recall that “Y denote the same underlying topological space as Y but with complex
conjugate charts.) If H is a variation of C-Hodge structures of weight w on Y then
(H, {Fil' ®(1 @ c¢)Fil'}) is a variation of R-Hodge structures of weight w on Y,
where we think of Fil’ (1 ® ¢)Fil’ contained in

(HQcOy)®(1®c)(H®cOcy) =(H®cOy)®(H®c,0y)=HQgrOy.

This establishes an equivalence of categories between variations of C-Hodge struc-
tures of weight w on Y and variations of R-Hodge structures of weight w on Y
together with an action of C. Thus the category of variations of C-Hodge struc-
tures of weight w on Y is abelian. By the category of pure variations of C-Hodge
structures of weight w on Y we mean the direct sum over w of the categories of
variations of C-Hodge structures of weight w. It is a Tannakian category. (Again
the objects are not strictly speaking pure, but the direct sum of pure objects of
different weights.)
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By a polarization of a variation of C-Hodge structures of weight w on ¥ we
mean a perfect Hermitian pairing

(,):HxH—>C

such that the pull back to any point of Y is a polarization. The category of po-
larizable C-Hodge structures of weight w on Y is equivalent to the category of
R-Hodge structures of weight w on Y together with an action of C, which admit
a polarization for which the adjoint of any a € C is “a. Thus the category of
polarizable variations of C-Hodge structures of weight w on Y is a full abelian
subcategory of the category of variations of C-Hodge structures of weight w on Y
and is closed under subobjects and quotients. By the category of pure polarizable
variations of C-Hodge structures of weight w on ¥ we mean the direct sum over
w of the categories of variations of C-Hodge structures of weight w. It is again a
Tannakian category. (And again the objects are not strictly speaking pure, but the
direct sum of pure objects of different weights.)

If (H, {Fil'}) is a variation R-Hodge structures of weight w on Y then we define

(H, {Fil'}) ® C = (H ®g C, {Fil'}, {(1 ® ¢) Fil'}),

a variation of C-Hodge structures of weight w on Y. If (H, {Fil'}) is polarizable
then so is (H, {Fil'}) ® C. (Define (x ® a, y ®b) =~/—1 " a(“b)(x, y).)

If H= (H, {Fil‘}, {Fil'}) is a variation of C-Hodge structures of weight w on Y
we define its complex conjugate ‘H = (H, {Fil'}, {Fil'}).

The pull back of a (polarizable) variation of C-Hodge structures of weight w by
any morphism is clearly again a (polarizable) variation of C-Hodge structures of
weight w. If Y is a compact Kéhler manifold and H is a polarizable variation of
C-Hodge structures of weight w on Y then H'(Y, H) has a natural structure of a
polarizable C-Hodge structure of weight i 4+ w). More precisely, define 7, (H) to
be the complex

H®cOy - H®c Q) — HRc Q) — - -
filtered by setting Fil’ 2} (H) to be the subcomplex
Fil'(H ®c Oy) — Fil' "} (H ®¢ 0y) ®¢, 2 — Fil' 2(H ®c Oy) ®q, Q3 — - - - ;
similarly €2, (H) is the complex
H®cOy - HRcQly > H®c QY — -
with Fil’ 22y (H)) the subcomplex

Fil' (H ®c Ocy) — Fil' ™' (H ®¢ Ocy) ®q., 2!y — Fil "2 (H ®¢ Ocy) ®g., iy . ..



Complex conjugation in [-adic representations 431

Then the spectral sequences
EY =H™Y (v, g’ Q) (H)) = H (v, Qy(H)) = H'H (Y, H)
and
EY = HT €Y, g’ Q2 (H) = HH (Y, Q2 (H) = HY (Y, H)

degenerate at E| and define the (Hodge) filtrations on H'(Y, H). (This can be
easily deduced from the corresponding facts for variations of R-Hodge structures.)
If f: X — Y is a smooth family of compact Kihler manifolds over a complex
manifold Y then R £,C is naturally a polarizable variation of C-Hodge structures
of weight i. More precisely, the filtrations on (R’ f,.C) ®¢ Oy = R' £, Q% sy and
(R' £,C) ®c Ocy =R £,,Q2 Jey are the ones induced by the spectral sequences

E) =R £,Q,y = R £,Q% ) = R f,C®c Oy
and
Elfj = ij*Qix/cY = Ri+jf*Qr.X/cY = Ri+jf*c ®c Ocy.
If moreover Y is a compact Kéhler manifold then the Leray spectral sequence
EY = H'(Y, R/ ,C) = H'"/ (X, C)

degenerates at E, and the C-Hodge structure on H' (Y, R/ f,C) is compatible with
the C-Hodge structure on H'*/ (X, C). (Again this is all easily deduced from the
case of R-Hodge structures.)

For example C(m) is the variation of pure C-Hodge structures of weight —2m
with underlying locally constant sheaf C and with Fil' = (0) and Fil‘ = (0) for
i > —m, but with Fil’ and Fil’ everything for i < m.

If H= (H, {Fil'}, {Fil'}) is a variation of pure C-Hodge structures of weight w
on Y we define a variation pure C-Hodge structures H{ j;, j»} of weight w+ j; + j»
on Y by setting H{j;, j»} = H and

Fil' H{ji, jo} ®c Oy =Fil'™/' H ®¢ Oy,
Fil' H{ji, j2} ®c Ocy = Fil' 2 H ®¢ Ocy.
Thus C(j) = C(0){—j, —j}.

Variation of Hodge structures II. We will give C(j) (the constant variation of
pure C-Hodge structures of weight —2j on Xy ,(C)) an action of G (A*°) by letting
g:8*C(j)— C(j) be |v(g)~/| times the natural map. If H/ X ,(C) is a collection
of variations of pure C-Hodge structures with an action of G(A*°) we will give
H{ /i1, j2} the action induced from the one on H. Thus the actions of G(A*) on
C(j) and C(0){—j, —j} are different.
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R'w,C is a variation of pure C-Hodge structures of weight 1 on Xy ,(C) and

we can decompose
R'wmC= P L
teHom(F,C)
where L is a variation of pure C-Hodge structures of weight 1 extending L. The

projective system of variations of pure C-Hodge structures L, / Xy - (C) as U varies
has an action of G(A*°). We have G (A°°)-equivariant isomorphisms

L. =L, ®C(—1).
Also, if o, T € Homg ,(F, C) then
(/\nl]-r)/XU,a(C)

is noncanonically isomorphic to C{0, n} if 0 # 7 and to C{1, n — 1} if 0 = t. This
identification is not G (A°°)-equivariant.

For £ an irreducible representation of G x g C with highest weight (b, l;,, i), we
can then define a variation of pure C-Hodge structures "‘5 of weight

—2bo— Y Y by,

tlg=wlg i

extending L by

é=( X Y ..,;;,,n)@Z))@«:(Eo).

Tle=wlE

Again the system ¢/ Xy o (C) has an action of G(A™). Again by Lemma 3.1 we
see that if £ is one-dimensional then there is a natural isomorphism
Leoly = Legp
We set
H'(X5(C), Lp) = lim H'(Xy 0 (C), Lg).

It is a direct limit of pure C-Hodge structures with an action of G (A°°), such that
the fixed subspace of any open subgroup of G(A*) is a (finite-dimensional) pure
C-Hodge structure of weight w =i — 2by — (ZT|E—TO|E > by ;).

If br’j = b, is independent of j for all t € Homg ., (F, C) and if 0| = 10|g
then

L = C(0){—by — bo, by —bo—n > b
teHomg o, (E,C)

noncanonically on Xy ,(C). If

w:TA)/TQ) — C*
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is a continuous character with @|r @) = § ~! then vz, p spans a sub pure C-Hodge
structure of H%(X, (C), L;) isomorphic to

CO)(—by —bo,bo —bo—n Y b},
reHomE,,O(E,C)

The choice of @ fixes an equivariant isomorphism

Lg = CO){~bs —bo.bs —bo—n Y b }@od).

reHomE,IO(E,C)

The map (I x ¢) : Xy .o (C) = “Xy.»(C) lifts to a map s, (C) — ‘A, (C). We
deduce that there is a natural isomorphism

(I x o)L =L,

and hence applying Lemma 3.1 and the isomorphism L; = L}, ® C(—1) we get
natural isomorphisms
(I X C)*U_g = Cﬂ_g#

extending our previous isomorphism (/ x ¢)*L £ =L g+~ Thus we get maps
H'(X5(C), L) = H' (‘X5 (C), “Lgs) = H' (X5 (C), Lgs).

Now suppose that o|g = 19|g. The line Cuv,, p is a subpure C-Hodge structure
of H'(¢X,(C), “L;) isomorphic to C{y, —y} with

y=a+28—n > (B:+o/2).

teHomE‘,o(F,(D)

Thus the cup product map
Uvw, g : “Lgr > ((Lp){—y. v}
is a map of variations of pure C-Hodge structures. Thus the map
I.p: H' (X5 (C), L) — H'(X4(C), L)
extends to a map of pure C-Hodge structures
I.p: H' (X5 (0), Lg) — CH' (X5 (C), L) {~v. v},
or to a map of pure C-Hodge structures
L.p:H' (X6 (0), Le){e+Bo, € —a—Bo} = “(H' (X5 (C), Le){e+Bo. € —a—B)).

(Notethate’—a—ﬂa—(e+ﬁa):_a_2/30+n > (1314_0[/2):_),‘)
reHomE,ro(F,(D)



434 Richard Taylor

If we set
H = Homg ) (r, H" (X, (C), L)) e + o, € —a — B},

then H is a pure C-Hodge structure of weight w =n — 1 — o € 2Z. We see that
¢y, p extends to a map of pure C-Hodge structures:

EU,BZ[H]—>C|]'|]

with 53’ » = 1. Moreover we see that ¢, p interchanges Fil*/?~! H and Fil*/>~H,
and that these two spaces have trivial intersection. We deduce that

|tré, p| <n—2dim¢ Fil*/*7'H
= dim¢ Fil*/?H — dim¢ Fil¥/>~'H
= dim¢ Fil*/? H — dim¢ Fil*/>~'H
= dimg gr*/? H = gr/?2=<Fo Homg ax) (7, H" (X, (C), Le)).

Cupping with vs, 00, 5 sShows that

dimg gr'’/*~~#* Homg @) (m, H" ™' (X4 (C), L¢))
= dime gr”/*~* "7 Homg(ax)(m ® (8g/q0v), H" (X, (C), Lg)).

Thus it suffices to show that

dime P gr’/2=¢=Fs Homgax) (, H" "1 (X, (C), L¢)) < 2.
BC()=(y >, NIF®¢>)

However the proof of Corollary 6.7 of [Shin 2011] shows this. (Note that the
constant C = 7(G)#ker' (@, G) of [Shin 2011] in our case equals 2.) So we have
finally completed the proof of Proposition 1.2.
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