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On unit root formulas for toric
exponential sums

Alan Adolphson and Steven Sperber

Starting from a classical generating series for Bessel functions due to Schlo-
milch, we use Dwork’s relative dual theory to broadly generalize unit-root results
of Dwork on Kloosterman sums and Sperber on hyperkloosterman sums. In
particular, we express the (unique) p-adic unit root of an arbitrary exponential
sum on the torus T” in terms of special values of the p-adic analytic continuation
of a ratio of A-hypergeometric functions. In contrast with the earlier works, we
use noncohomological methods and obtain results that are valid for arbitrary
exponential sums without any hypothesis of nondegeneracy.

1. Introduction
The starting point for this work is the classical generating series

exp H(AX —A/X) = Z Ji(A)X!
ieZ
for the Bessel functions {J;(A)};cz due to Schlomilch [1857], which was the
foundation for his treatment of Bessel functions (see [Watson 1944, page 14]).
Suitably normalized, it also played a fundamental role in Dwork’s construction
[1974] of p-adic cohomology for Jy(A). Our realization that the series itself
(suitably normalized) could be viewed as a distinguished element in Dwork’s
relative dual complex led us to the present generalization (which also generalizes
unit-root results of Sperber [1975] on hyperkloosterman sums).
Let A C 7" be a finite subset that spans R" as real vector space and set

SaX) =" AuX* € Z[{AdbaeallXT', .. X',

acA
where the A, and the X; are indeterminates and where X¢ = X‘lll co X for
a=(ay,...,a,). Let [, be the finite field of g = p* elements, p a prime, and let
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[_Fq be its algebraic closure. For each * = (hg)gen € ([_Fq)w, let

A=) X e F,WIXT X,

acA

a regular function on the n-torus T" over [, (1). Fix a nontrivial additive character
©:F, - Q,(¢p) and let O; be the additive (_:haracter ©j5 = O o Trg_(j)r, of the
field [, (1). For each positive integer /, let [, (A, [) denote the extension of degree [
of F, (1) and define an exponential sum

Si=8(f0;TY= Y O50Trg ;1,0
xeTr(Fy (A1)

The associated L-function is
L(fi:T)=L(f;, 05, T, T) = eXP(Z SIT)'
I=1

It is well-known that L( f5; T) € Q(¢,)(T') and that its reciprocal zeros and poles
are algebraic integers. We note that among these reciprocal zeros and poles there
must be at least one p-adic unit: if T, (A) has cardinality ¢“, then §; is the sum of
(g*! — 1) p-th roots of unity, so S itself is a p-adic unit for every /. On the other
hand, a simple consequence of the Dwork trace formula will imply (see Section 3)
that there is at most a single unit root, and it must occur amongst the reciprocal
zeros (as opposed to the reciprocal poles) of L(f3; T)(_I)HI. We denote this unit
root by u(2). It is the goal of this work to exhibit an explicit p-adic analytic formula
for u()) in terms of certain A-hypergeometric functions.

Consider the series

exp [a(X) = [ [exp(AaX®) = ) Fi(A)X’ (L.1)
acA ieZ"

where the F;(A) lie in Q[ A]l. Explicitly, one has
AM

Fh= ). (1.2)
!
u=(ttg)ach H“’EA(M‘I)
ZueA Uga= i
The A-hypergeometric system with parameter « = («y, ..., ®,) € C" (where

C denotes the complex numbers) is the system of partial differential equations
consisting of the operators

3 \% 3\
DZ:H(@A(Z) _Zl:lo(aA)

L,>0
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for all £ = (€y)qea € Z'A satisfying > _, £,a = 0 and the operators

acA

0
Zj = ZajAam —Olj
acA

fora = (ay,...,a,) € Aand j =1,...,n. Using Equations (1.1) and (1.2), it
is straightforward to check that for i € Z", F;(A) satisfies the A-hypergeometric
system with parameter i.

Fix 7 satisfying 77~! = —p and ®(1) =7 (mod 7). It follows from (1.2) that
the F;(mw A) converge p-adically for all A satisfying |[A,| <1 foralla € A. Let

F(A) = Fo(w A)/ Fo(r AP).

The main result of this paper is the following statement. Note that we make no
restriction (such as nondegeneracy) on the choice of A € ([Fq)w.

Theorem 1.3. The series F(A) converges p-adically for |Ay| < 1 foralla € A
and the unit root of L(f35; T) is given by

ed(h)—1

uR) = FO)FOLYFO) - Fo,
where A denotes the Teichmiiller lifting of A and d(1) = [Ty ) : Fql

Remark. Historically, expressing the unit root of a zeta- or L-function in terms
of special values of p-adic hypergeometric functions has been accomplished by
studying the action of Frobenius on the associated p-adic cohomology. Hypergeo-
metric functions arise because the variation of p-adic cohomology of a parametrized
family of varieties or of exponential sums is described by (p-adic) hypergeomet-
ric differential equations. A systematic listing of the correspondence between
such parametrized families and classical hypergeometric equations is given in the
appendix to [Dwork and Loeser 1993].

The first result of this type was Dwork’s formula [1969] for the unit root of
a nonsupersingular elliptic curve y> = x(x — 1)(x — A) in terms of the Gaussian
hypergeometric function F (%, % 1; A). Later he established the corresponding
result for the unit root of the family of Kloosterman sums x + A/x using the p-adic
Bessel function [Dwork 1974]. Since then, a number of authors have proved similar
results.

We have systematically avoided the use of cohomology in this article. The
cohomology spaces associated to the exponential sums S;( f3, ®;, T") may not be
well behaved for all 1. In any case, it would require substantially more work to
describe the action of Frobenius on cohomology (although, of course, this would
give information about more than just the unit root).
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2. Analytic continuation

We begin by proving the analytic continuation of the function & defined in the
introduction.

Let C € R" be the real cone generated by the elements of A and let A C R" be
the convex hull of the set AU{(0, ...,0)}. Put M = CNZ". For v e M, define the
weight of v, w(v), to be the least nonnegative real (hence rational) number such
that v € w(v)A. There exists D € Z- such that w(v) € Q>9NZ[1/D]. The weight
function w is easily seen to have the following properties:

(i) w() >0, and w(v) =0if and only if v =0.
(i) w(cv) =cw(v) for ¢ € Z>y.
(1) wv + u) < w) + w(w), with equality holding if and only if v and u are
cofacial, that is, lie in a cone over the same closed face of A.

(iv) If dim A =n, let {E,-}f.V: , be linear forms such that the codimension-one faces
of A not containing the origin lie in the hyperplanes {¢; = l}lN: |- Then

w(v) = max{¢;(V)}Y .

Let 2 be a finite extension of @, containing 7 and an element 7 satisfying
ord 7 = (p — 1)/ p? (we always normalize the valuation so that ord p = 1). Put

R={e)= ¥ cA"[e e and (]}, is bounded ],

VE(Zzo)1 A

R’:{é(A): > cUA”ichQandcv—>0asv—>oo}.

VE(Zzo)1 A

Equivalently, R is the ring of formal power series in {A,},c4 that converge on the
open unit polydisk in Q4, and R’ the ring of those that converge on the closed
unit polydisk. Define a norm on R by setting |£(A)| = sup,{|c,|}. Both R and R’
are complete in this norm. Note that (1.2) implies that the coefficients F; (7w A) of
exp  fa(X) belong to R.

Let S be the set

S= {g(A, X) = ZM £,(M)F I X | £, (A) € R and {|€,(A)]},, is bounded}.
ne

Let S’ be defined analogously with R replaced by R’. Define a norm on S by setting

1E(A, X)| = sup, {|§.(A)]}.

Both S and S’ are complete under this norm.
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w .
Define 6(r) = exp((t —t?)) = Y_ b;t'. By [Dwork 1962, Section 4a],
i=0
i(p—1)

ord b; > .
1 p2

2.1

Let
F(A, X)=[[0AaX) =) Bu(r)X".

acA neMm
Lemma 2.2. One has B,(A) € R and |B, (A)| < |7 |*W.

Proof. From the definition,
B,(A) = Z BS”“)A”,
VEZz) Al

where
B(M) — {HQEA bva lf ZGGA Voaad = I[,L’
v O ifZaGAvda#Hm

It follows from (2.1) that B! — 0 as v — oo, which shows that B,(A) € R'. We
have

va(p—1) p—
ordBS‘”zZordbva zza—zzw(u) 5
acA acA p p
which implies | B, (A)] < |7|* ). O

By the proof of Lemma 2.2, we may write Bﬁ’” =7 “’(“)E.S“) with |l§§”)| <1. We
may then write B, (A) =7"® B, (A) with B, (A)=Y", B/ A” and | B, (A)| < 1.
Let

EAX) =) E(MF VXV eS.
veM

We claim that the product F (A, X)&(AP, X?) is well-defined. Formally we have

F(A, X)E(AP, XP) =) £,(M)X 7,

pezr
where
(A= Y FUWTOIB (Mg, (AP). (2.3)
n,veM
n—pv=—p

To prove convergence of this series, we need to show that w(u) — w(v) — oo as
v — oo. By property (iv) of the weight function, for a given v € M we may choose
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a linear form £ (depending on v) for which w(v) = £(v) while w(u) > £€(u). Since
U= pv—p, we get

wp) —w®) = L€(n—v)=L((p—Dv)—Ll(p)=(p—Dw) —L(p). 24

As v — o0, (p — )w(v) — oo while £(p) takes values in a finite set of rational
numbers (there are only finitely many possibilities for £). This gives the desired
result.

For a formal series Zpezn Co(A)X 7P with £,(A) € QIA], define

J/( Z cp(A)X"’> = Z Cp(M)XP
pelr peM
and define for £(A, X) € S
a*(E(A, X)) =Y/ (F(A, X)E(AP, X7P))

= Z Cp(A)X P,

peEM

For p € M put n,(A) = fr“’(p);p(A), so that

aFEN, X)) =Y np (A7 OX P 2.5)
peM
with
np(A)= Y FUOTOTUOI B (Mg, (AD). (2.6)
J‘—’Zﬁfp

Since w(p) > €(p) for p € M, (2.4) implies that
w(p) +w(pw) —w®) = (p—Hw), 2.7
so by (2.6), [n,(A)| < [E(A, X)| for all p € M. This shows a*(§(A, X)) € S and
™ (E(A, X)) < 1E(A, X))
Furthermore, this argument also shows that «*(S") C §’.
Lemma 2.8. If£y(A) =0, then |a*(E(A, X))| < |7|P~V/P|g(A, X)|.

Proof. This follows immediately from (2.6) and (2.7) since w(v) > 1/D for v # 0.
O

From (2.6), we have

no(A) = Y By (A&, (AP)FPD0 ), (2.9)
veM
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Note that BO(A) = Bop(A) = 1 (mod ) since ord b; > O for all i > 0 implies
ord B,EO) > ( for all v # 0. Thus By(A) is an invertible element of R’. The following
lemma is then immediate from (2.9).

Lemma 2.10. If £y (A) is an invertible element of R (resp. R'), then so is no(A).
Put
T={§(A, X) e S|I5(A, X)| =1and§(A) =1}
and put 7/ = T N §’. Using the notation of (2.5), define 8: T — T by

a*(E(A, X))
AX)=—"7.
BEA, X)) —

Note that 8(T") C T".

Proposition 2.11. The operator B is a contraction mapping on the complete metric
space T. More precisely, iff(l)(A, X), 5(2)(A, X)eT,then

IBED(A, X)) — BEP (A, X)) < 7P DVPEEDA, X) - P (A, X)|.
Proof. We have (in the obvious notation)

BED(A, X)) — BEP (A, X))
o EDAL X)) afED(A, X))

my (A) ns> (A)
_ V(A X) —EPA, X)) S ED (A X)) 2V (A) — 2 (A)

i () 1P (an$ (A)

Since 7" (A) — n{ (A) is the coefficient of X© in a*(EM (A, X) — P (A, X)),
we have
Ini" (A =0 ()] < 1 EV (A, X) — D (A, X)).

And since the coefficient of X% in £V (A, X) —£@ (A, X) equals O, the proposition
follows from Lemma 2.8. ([l

Remark. Proposition 2.11 implies that 8 has a unique fixed point in 7. And since
B is stable on T, that fixed point must lie in 7. Let £&(A, X) € T’ be the unique
fixed point of 8. The equation B(§(A, X)) = &£(A, X) is equivalent to the equation

a*(E(A, X)) =no(ME(A, X).
Since o* is stable on §’, it follows that
no(A)é,(A) e R' forall pe M. (2.12)

In particular, since & (A) = 1, we have no(A) € R'.
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Put Co = C N (—C), the largest subspace of R" contained in C, and put My =
Z7"NCy, a subgroup of M. For a formal series Zuezn cu(A)XH withe, (A) e QAT

we define
y< > cM(A)X“> =Y cu(A)X*

nezr HeMy
and set
C(A, X) =y (exp(rfa(X))).

Of course, when the origin is an interior point of A, then My = 7" and {(A, X) =
exp(m fa(X)). In any case, the coefficients of (A, X) belong to R.
Since exp( fa (X)) = [] exp(r A, X?), we can expand this product to get

acA

t(A, X) = (1—[ Z (YTA X ) ): Z GM(A)ﬁ_w(M)X_Mv

acAv,=0 neMy
where
G,(MN= Y GWA,
VE(Z>0)A!
with
AW ]_[ if Y v,a=—u,
G‘()ll) — aea Va! acA
0 if Y vea#—p.

acA

Since ord 7r’/i! > 0 for all i > 0, it follows that G, (A) € R, |G, (A)| < |7 |*™,
and Go(A) is invertible in R. This implies that ¢(A, X)/Go(A) € T. Note also
that since F (A, X) =exp(mw fa(X))/ exp(m far (X)), it is straightforward to check
that

X A, X
y’(F(A,X)):y(F(A’X)):y( exp7r.fa ))_ (A, X)

exprfar(XP) ) L(AP, XP)
It follows that if £(A, X) is a series satisfying y (§(A, X)) € S, then
a* (Y (E(A, X)) =y (F(A, X)y (E(AP, XP)) =y (F(A, X))y (E(AP, XP))

LA X)y (B(AP, XP))
B C(AP, XP) '

Remark. In terms of the A-hypergeometric functions {F;(A)};cp defined in (1.1),
we have exp(w fa (X)) =D,y Fi (mrA)X', so for i € My we have the relation

(2.13)

Fi(mA) =7""CDG_;(A). (2.14)
Proposition 2.15. The unique fixed point of B is { (A, X)/Go(A).
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Proof. By (2.13), we have

«f SN X) Go(A) (A, X)
o = , (2.16)
Go(A) Go(AP) Go(A)
which is equivalent to the assertion of the proposition. U

By the remark following Proposition 2.11, £ (A, X)/Go(A) € T'. This gives the
following result.

Corollary 2.17. For all p € My, G,,(A)/Go(A) € R'.

In the notation of the remark following Proposition 2.11, one has £(A, X) =
C(A, X)/Go(A) and no(A) = Go(A)/Go(AP), so (2.12) implies the following
result.

Corollary 2.18. For all p € My, G, (A)/Go(A?) € R'.

In view of (2.14), this implies that the function F(A) = Fo(m A)/Fo(m AP)
converges on the closed unit polydisk, which was the first assertion of Theorem 1.3.

3. p-adic theory

Fix A = (Ag)uca € (|]_:q)|A| andlet A= (Ay)uea € (@,,)'A‘, where A, is the Teichmiiller
lifting of A,. We recall Dwork’s description of L ( fi:T). Let Qo =Qp (A, &p, )
(=Q,(A, m, 7)) and let Oy be the ring of integers of 2.

We consider certain spaces of functions with support in M. We will assume
that €29 has been extended by a finite totally ramified extension so that there is an
element 77 in ¢ satisfying ﬁ(? = 77. We shall write 7*(") and mean by it 7?(? W)
for v € M. Using this convention to simplify notation, we define

B:{Z AFPOXY | A, € Q, Av—>0asv—>oo}. 3.1)
veM

Then B is an Qp-algebra which is complete under the norm

Z Avﬁ,w(v)Xv
veM

= sup |A,].
veM

We construct a Frobenius map with arithmetic import in the usual way. Let

FOLX)=[]00aX =) Bu(W)X",

acA neM

i.e., F(A, X) is the specialization of F (A, X) at A = A, which is permissible by
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Lemma 2.2. Note also that Lemma 2.2 implies

ord B, (1) > MIZ_I)

so we may write B, (A) = #“ B, (1) with B, (1) p-integral.

Let
XHP if p|p; for all i,

0 otherwise.

W(X“):{

We show that W o F(%, X) actson B. If § =", _,, A,7*" X" € B, then

W(( Z ﬁw(ﬂ)éu(x)xu) ( Z Avﬁw(v)XU>> — Z Cw()»)ﬁw(w)Xw

HeM veM weM

where
Co(V) = Z FupovteM-w@ B YA,
vV
For any positive constant K there are only finitely many values of v for which w(v)
and w(pw — v) are < K. This implies that the series C,(}) converges.
We have pw(w) = w(pw) < w(pw —v) + w(v), so that

(p—D’w()
2

ord C,, (1) > inf{ord 7 P~ VW@ 4 1 = +inflord A,}.  (3.2)
v vV

This implies that W (F (A, X)&) € B.
ed ()

Let d(A) = [F, (%) : F,], so that AP = A. Put
) ed(h)—1 . _
), = Wl ( ]_[ FO\", XP’)).
i=0
For any power series P(T) in the variable T with constant term 1, define
P(T)% = P(T)/P(p“'PT).

Then o, is a completely continuous operator on B and the Dwork trace formula
[Dwork 1962; Serre 1962] gives

L(f5, 05, T 1)V = det(I — Tay | B)%. (3.3)

By Equation (3.2), the (w, v)-entry of the matrix of ¢, [Serre 1962, Section 2] has
ord > 0 unless w =v =0. The formula for det(/ — T «;,) [Serre 1962, Proposition 7a)]
then shows that this Fredholm determinant can have at most a single unit root. Since
L(f5; T) has at least one unit root (Section 1), it follows from (3.3) that L(f5; T)
has exactly one unit root.
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4. Dual theory

It will be important to consider the trace formula in the dual theory as well. The
basis for this construction goes back to [Dwork 1964] and [Serre 1962]. We define

B* = {S* = > AZﬁ_w(“)X_“ ’ {A;}MeM is a bounded subset of Qo},
neM
a p-adic Banach space with the norm [§*| = sup,,.,{|A},|}. We define a pairing

(,):B*xXB—>Quife =), Auf"WXI E =3 AR VDX set

(£.8)= > A A% € Q.

neM

The series on the right converges since A;, — 0 as u — oo and {A;} wem 18 bounded.
This pairing identifies B* with the dual space of B, i.e., the space of continuous
linear mappings from B to 2 [Serre 1962, Proposition 3].

Let @ be the endomorphism of the space of formal series defined by

CD( > cﬂx—“) = cuX K,

nezn nezn

and let ¥’ be the endomorphism

7/( > cﬂx—“> => X"

nezn neM

ed())—1 ; . .
Consider the formal composition o} =y’ o ( [T FOP,Xx? )) o Ped®),
i=0

Proposition 4.1. The operator o; is an endomorphism of B* which is adjoint to
o) . B — B.

Proof. As « is the composition of the operators y' o F ()Lp[, X) o ® and «;, is the
composition of the operators Vo F (Api, X),i=0,...,ed ():) —1, it suffices to check
that y’o F (A, X)o ® is an endomorphism of B* adjointto Wo F (A, X): B — B. Let
EX(X) =) em ALV X 1 € B*. The proof that the product F (1, X)&*(X?)
is well-defined is analogous to the proof of convergence of the series (2.3). We have

Y/ (F(h, X)E*(XP) = ) Co(WF V@ X,
weM
where

Co)= Y  BuAjgv@twin-we), 4.2)

U—py=—
Note that

pw(v) =w(pv) < w(w) +w(w)
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since pv = w + . Thus
(r—Dwb) =w(w) +wp) —w),

which implies that the series on the right-hand side of (4.2) converges and that
|C,(M)| < |E*| for all @ € M. It follows that y/(F (A, X)E§*(XP)) € B*. It is
straightforward to check that (®(X ), XV) = (X7#*, ¥(X")) and that

(V' (F(, X)X7H), X") = (X", F(», X)X")
for all uu, v € M, which implies the maps are adjoint. ([

By [Serre 1962, Proposition 15] we have det(/ — T | B*) =det(/ — T;, | B),
so (3.3) implies

)n+1

L(f;,0;, T 7)Y =det(I — Tal | BH)%. (4.3)
From Equations (2.14) and (2.16), we have

a*(C(A, X)) _ @(A)C(A, X)
Go(A) Go(A)

It follows by iteration that for m > 0,
v (AL X) W)X
) ( Go(h) ) (H o )) Go(h) @

A K) 5~ Ol iy
Go(A) ™o Go(A) ’

We have

so by Corollary 2.17 we may evaluate at A = X to get an element of B*:

_ G.(N)
Go(N)

FwW 1 ¢ B¥,
A=\

Go(A) setto

It is straightforward to check that the specialization of the left-hand side of (4.4)
with m = ed()) at A = A is exactly o} ((¢(A, X)/Go(A))|a=2), so specializing
(4.4) with m = ed (L) at A = A gives

ed(M)—1 »
)-(T1 o)
i it Go(A)

Equation (4.5) shows that ]_[fig) - @()J’i) is a (unit) eigenvalue of o, hence by
(4.3) it is the unique unit eigenvalue of L(f3; T).

4.5)

“A< Go(A)
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