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Fields of moduli of three-point G-covers
with cyclic p-Sylow, |
Andrew Obus

We examine in detail the stable reduction of G-Galois covers of the projective
line over a complete discrete valuation field of mixed characteristic (0, p), where
G has a cyclic p-Sylow subgroup of order p”". If G is further assumed to be
p-solvable (that is, G has no nonabelian simple composition factors with order
divisible by p), we obtain the following consequence: Suppose f : ¥ — P! is
a three-point G-Galois cover defined over C. Then the n-th higher ramification
groups above p for the upper numbering for the extension K /Q vanish, where
K is the field of moduli of f. This extends work of Beckmann and Wewers.
Additionally, we completely describe the stable model of a general three-point
Z/ p"-cover, where p > 2.
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1. Introduction

1A. Overview. This paper focuses on understanding how primes of Q ramify in
the field of moduli of three-point Galois covers of the Riemann sphere. Our main
result, Theorem 1.3, generalizes results of Beckmann and Wewers (Theorems 1.1
and 1.2) about ramification of primes p where p divides the order of the Galois
group and the p-Sylow subgroup of the Galois group is cyclic.

Let X be the Riemann sphere P\, and let f : ¥ — X be a finite branched cover of
Riemann surfaces. By GAGA [Serre 1955-1956], Y is isomorphic to an algebraic
variety, and f is the analytification of an algebraic, regular map. By a theorem of
Weil, if the branch points of f are Q-rational (for example, if the cover is branched
at three points, which we can always take to be 0, 1, and co — such a cover is called
a three-point cover), then the equations of the cover f can themselves be defined
over Q (in fact, over some number field). Let

o € Gal(Q/Q) = Gg.

Since X is defined over (2, we have that ¢ acts on the set of branched covers of X
by acting on the coefficients of the defining equations. We write f° : Y7 — X°
for the cover thus obtained. If f : Y — X is a G-Galois cover, then so is f°. Let
I'" € Gg be the subgroup consisting of those o that preserve the isomorphism
class of f as well as the G-action. That is, I'"" consists of those elements o of Gg
such that there is an isomorphism ¢ : ¥ — Y° commuting with the action of G that
makes the following diagram commute:

¢
Yy —Y°
fl lfﬂ (1-1)
X — X°

The fixed field @™ is known as the field of moduli of f (as a G-cover). It is the
intersection of all the fields of definition of f as a G-cover (that is, those fields of def-
inition K of f such that the action of G can also be written in terms of polynomials
with coefficients in K); see [Coombes and Harbater 1985, Proposition 2.7].

Now, since a branched G-Galois cover f : ¥ — X of the Riemann sphere is
given entirely in terms of combinatorial data (the branch locus C, the Galois group
G, and the monodromy action of 771 (X\C) on Y), it is reasonable to try to draw
inferences about the field of moduli of f based on these data. However, not much
is known about this, and this is the goal toward which we work.

The problem of determining the field of moduli of three-point covers has appli-
cations toward analyzing the fundamental exact sequence

L= w1 (PG\ {0, 1,00}) = 11 (P \ {0, 1, 00}) = Gg — 1,
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where 7 is the étale fundamental group functor. Our knowledge of this object
is limited (note that a complete understanding would yield a complete under-
standing of Gg). The exact sequence gives rise to an outer action of Gg on
Il =m (Pé \ {0, 1, co}). This outer action would be particularly interesting to
understand. Knowing about fields of moduli sheds light as follows: Say the G-
Galois cover f corresponds to the normal subgroup N C IT so that [T/N = G.
Then the group I'"" consists exactly of those elements of Gg whose outer action on
[T both preserves N and descends to an inner action on [1/N = G.

1B. Main result. One of the first major results in this direction is due to Beckmann:

Theorem 1.1 [Beckmann 1989]. Let f : Y — X be a branched G-Galois cover of
the Riemann sphere with branch points defined over Q. Then p € Q can be ramified
in the field of moduli of f as a G-cover only if p is ramified in the field of definition
of a branch point, or p | |G|, or there is a collision of branch points modulo some
prime dividing p. In particular, if f is a three-point cover and if p 1 |G|, then p is
unramified in the field of moduli of f.

This result was partially generalized by Wewers:

Theorem 1.2 [Wewers 2003b]. Let f : Y — X be a three-point G-Galois cover
of the Riemann sphere, and suppose that p exactly divides |G|. Then p is tamely
ramified in the field of moduli of f as a G-cover.

In fact, Wewers shows somewhat more, in that he computes the index of tame
ramification of p in the field of moduli in terms of some invariants of f.

To state our main theorem, which is a further generalization, we will need some
group theory. We call a finite group G p-solvable if its only simple composition
factors with order divisible by p are isomorphic to Z/ p. Clearly, any solvable group
is p-solvable. Our main result is this:

Theorem 1.3. Let f : Y — X be a three-point G-Galois cover of the Riemann
sphere, and suppose that a p-Sylow subgroup P C G is cyclic of order p". Let K/Q
be the field of moduli of f. Then, if G is p-solvable, the n-th higher ramification
groups for the upper numbering of (the Galois closure of) K /Q above p vanish.

Remark 1.4. (i) Beckmann’s and Wewers’s theorems cover the cases n =0, 1 in
the notation above (and Wewers does not need the assumption of p-solvability).

(i) The paper [Obus 2011b] will show that the result of Theorem 1.3 holds in
many cases, even when G is not p-solvable, provided that the normalizer of
P acts on P via a group of order 2.

(iii) If the normalizer of P in G is equal to the centralizer, then G is always
p-solvable. This follows from [Zassenhaus 1958, Theorem 4, p. 169].
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(iv) We will show (Proposition B.2) that if G has a cyclic p-Sylow subgroup and is
not p-solvable, it must have a simple composition factor with order divisible by
p". There seem to be limited examples of simple groups with cyclic p-Sylow
subgroups of order greater than p. Furthermore, many of the examples that do
exist are in the form discussed in part (ii) of this remark (for instance, PSL;(g),
where p" exactly divides g% — 1).

Our main technique for proving Theorem 1.3 will be an analysis of the stable
reduction of the cover f to characteristic p (Section 4). This is also the main
technique used in [Wewers 2003b] to prove Theorem 1.2. The argument there relies
on the fact that the stable reduction of a three-point G-Galois cover to characteristic
p is relatively simple when p exactly divides |G|. When higher powers of p
divide |G/, the stable reduction can be significantly more complicated. Many of the
technical results needed for dealing with this situation are proven in [Obus 2012],
and we will recall them as necessary. In particular, our proof depends on an analysis
of effective ramification invariants, which are generalizations of the invariants o},
of [Raynaud 1999; Wewers 2003b]

In proving Theorem 1.3, we will essentially be able to reduce to the case where
G =7Z/p™ xZ/m at the cost of having to determine the minimal field of definition
of the stable model of f, rather than just the field of moduli. In particular, if the
normalizer and centralizer of P are equal, the proof of Theorem 1.3 boils down to
understanding the stable model of an arbitrary three-point Z/ p"-cover. A complete
description of this stable model has been given when p > 3 and in certain cases when
p =3 in [Coleman and McCallum 1988]. We give a complete enough description
for our purposes for arbitrary p in Lemma 7.8. Additionally, our description for
p =2 is used in [Obus 2011c] to complete the proof of a product formula due to
Colmez for periods of CM-abelian varieties [Colmez 1993].

We should remark that when G = Z/ p" x Z/m, the cover f is very much like an
auxiliary cover; see [Raynaud 1999; Wewers 2003b; Obus 2011b]. Our assumption
of p-solvability allows us to avoid the auxiliary cover construction.

For other work on understanding stable models of mixed characteristic G-covers
where the residue characteristic divides |G|, see for instance [Lehr and Matignon
2006; Matignon 2003; Raynaud 1990; Saidi 2007; 1998a; 1998b]. These papers
focus mostly on the case where G is a p-group, while allowing more than three
branch points. For an application to computing the stable reduction of modular
curves, see [Bouw and Wewers 2004].

1C. Section-by-section summary and walkthrough. In Sections 2A-2D, we recall
well-known facts about group theory, fields of moduli, ramification, and models of
P!. In Section 3, we give some explicit results on the reduction of Z/p"-torsors.
In Section 4, we recall the relevant results about stable reduction from [Raynaud
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1999; Obus 2012]. The most important of these is the vanishing cycles formula,
which we then apply in the specific case of a p-solvable three-point cover. In
Section 5, we recall the construction of deformation data given in [Obus 2012],
which is a generalization of that given in [Henrio 2000a]. We also recall the effective
local vanishing cycles formula from [Obus 2012]. In Section 6, we relate the field
of moduli of a cover to that of its quotient covers. In Section 7, we prove our
main result, Theorem 1.3. After reducing to a local problem, we first assume that
G=7/p" xZ/m,with ptm. We deal separately with the cases m > 1 (Section 7A)
and m = 1 (Section 7B). Then, it is an easy application of the results of Section 6
to obtain the full statement of Theorem 1.3.

Appendix A gives a full description of the stable model of a general three-point
Z/ p"-cover when p > 3 and in certain cases when p = 3. It uses different techniques
than [Coleman and McCallum 1988]. Furthermore, the techniques there can be
adapted to give a full description whenever p =2 or p = 3. Appendix B examines
what kinds of groups with cyclic p-Sylow subgroups are not p-solvable, and thus
are not covered by Theorem 1.3. Some technical calculations from Section 3 and
Section 7B are postponed to Appendix C. Appendices Appendix A and Appendix B
are not necessary for the proof of Theorem 1.3, and Appendix C is only necessary
when p < 3.

1D. Notation and conventions. The letter k will always represent an algebraically
closed field of characteristic p > 0.

If H is a subgroup of a finite group G, then N (H) is the normalizer of H in G
and Zs(H) is the centralizer of H in G. If G has a cyclic p-Sylow subgroup P,
and p is understood, we write mg = |Ng(P)/Zs(P)].

If K is a field, then K is its algebraic closure, and G is its absolute Galois
group. If H < Gg, we write K for the fixed field of H in K. Similarly, if T’
is a group of automorphisms of a ring A, we write A" for the fixed ring under I'.
If K is discretely valued, then K*" is the completion of the maximal unramified
algebraic extension of K.

If K is any field and a € K, then K (%/a) denotes a minimal field extension
of K containing an n-th root of a (nof necessarily the ring K[x]/(x" — a)). For
instance, @(+/9) = Q. In cases where K does not contain the n-th roots of unity, it
will not matter which (conjugate) extension we take.

If R is any local ring, then R is the completion of R with respect to its maximal
ideal. If R is any ring with a nonarchimedean absolute value |- |, then R{T'} is the
ring of power series Z?io ¢; T? such that lim; _, o |¢;| =0. If R is a discrete valuation
ring with fraction field K of characteristic 0 and residue field of characteristic p,
we normalize the absolute value on K and on any subring of K so that |p| =1/p.
We normalize the valuation on R so that p has valuation 1.
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A branched cover f:Y — X is a finite, surjective, generically étale morphism
of geometrically connected, smooth, proper curves. If f is of degree d and G is a
finite group of order d with G = Aut(Y/X), then f is called a Galois cover with
(Galois) group G. If we choose an isomorphism i : G — Aut(Y/ X), then the datum
(f, i) is called a G-Galois cover (or just a G-cover, for short). We will usually
suppress the isomorphism i, and speak of f as a G-cover.

Suppose f : Y — X is a G-cover of smooth curves, and K is a field of definition
for X. Then the field of moduli of f relative to K (as a G-cover) is the fixed field
in K/K of " C G, where

" ={o € Gg|f° = f(as G-covers)}

(see Section 1A). If X is P!, then the field of moduli of f means the field of moduli
of f relative to Q. Unless otherwise stated, a field of definition (or moduli) means
a field of definition (or moduli) as a G-cover (see Section 1A). If we do not want
to consider the G-action, we will always explicitly refer to the field of definition
(or moduli) as a mere cover. For two covers to be isomorphic as mere covers, the
isomorphism ¢ of Section 1A does not need to commute with the G-action.

2. Background material

2A. Finite, p-solvable groups with cyclic p-Sylow subgroups. The following
proposition is a structure theorem on p-solvable groups that is integral to the
paper (recall that a group G is p-solvable if its only simple composition factors
with order divisible by p are isomorphic to Z/p). Note that for any finite group
G, there is a unique maximal prime-to-p normal subgroup (as the subgroup of G
generated by two normal prime-to-p subgroups is also normal and prime to p).

Proposition 2.1. Suppose G is a p-solvable finite group with cyclic p-Sylow sub-
group of order p",n > 1. Let N be the maximal prime-to-p normal subgroup of
G. Then G/N = Z/p" x Z/mg, where the conjugation action of Z/m¢g on Z/p"
is faithful.

Proof. Clearly, G/N has no nontrivial normal subgroups of prime-to-p order. Since
G is p-solvable, so is G/N. Thus, a minimal normal subgroup of G/N, being
the product of isomorphic simple groups [Aschbacher 2000, 8.2, 8.3], must be
isomorphic to Z/ p. It is readily verified that mG =mg,n, so the proposition follows
from [Obus 2012, Lemma 2.3]. O

2B. G-covers versus mere covers. Let f:Y — X be a G-cover of smooth, proper,
geometrically connected curves. Let K be a field of definition for X, and let L/K
be a field containing the field of moduli of f as a mere cover (which is equivalent
to L being a field of definition of f as a mere cover; see [Coombes and Harbater
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1985, Proposition 2.5]. This gives rise to a homomorphism % : G — Out(G) as
follows. For o € G, consider the diagram (1-1), which we reproduce here:

¢

Y —Y°

fl L p

X=XU

The isomorphism ¢ is well defined up to composition with an element of G acting
on Y°. Thus, the map h, given by h,(g) := ¢ o g o ¢~ is well defined as an
element of Out(G) (the input is thought of as an automorphism of Y, and the output
is thought of as an automorphism of Y ). Then L contains the field of moduli of f
(as a G-cover) if and only if &, is inner (because then there will be a choice of ¢
making the diagram G-equivariant).

2C. Wild ramification. We state here some facts from [Serre 1979, IV] and derive
some consequences. Let K be a complete discrete valuation field with residue
field k. If L/K is a finite Galois extension of fields with Galois group G, then L
is also a complete discrete valuation field with residue field k. Here G is of the
form P X Z/m, where P is a p-group and m is prime to p. The group G has a
filtration G = Gy 2 G; (i € R>g) for the lower numbering, and G 2 G' for the
upper numbering (i € Rxo). If i < j, then G; 2 G; and G' 2 G/; see [Serre 1979,
IV, Section 1, Section 3]. The subgroups G; and G' are known respectively as the
i-th higher ramification groups for the lower and upper numbering. One knows that
Go = GY = G, and that for sufficiently small € > 0, G. = G¢ = P. For sufficiently
large i, G; = G' = {id}. Any i such that G' O G'*€ for all € > 0 is called an
upper jump of the extension L/K. Likewise, if G; D G, then i is called a lower
jump of L/K. The lower jumps are all prime-to-p integers. The greatest upper
jump (that is, the greatest i such that G' # {id}) is called the conductor of higher
ramification of L/K. The upper numbering is invariant under quotients [Serre 1979,
IV, Proposition 14]. That is, if H < G is normal, and M = LY then the i-th higher
ramification group for the upper numbering for M/K is G'/(G'NH) € G/H.

Lemma 2.2. Let K C L C L’ be a tower of field extensions such that L' /L is tame,
L/K is ramified, and L' /K, L/ K are finite Galois. Then the conductor of L' /K is
equal to the conductor of L/K.

Proof. This is an easy consequence of [Serre 1979, IV, Proposition 14]. (I

Lemma 2.3. Let Ly, ..., L, be finite Galois extensions of K with compositum L
in some algebraic closure of K. Denote by h; the conductor of L;/K and by h the
conductor of L/ K. Then h = max; (h;).
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Proof. Write G = Gal(L/K) and N; = Gal(L/L;). Suppose g € G/ C Gal(L/K).
Since L is the compositum of the L;, the intersection of the N; is trivial. So g is
trivial if and only if its image in each G/N; is trivial. Because the upper numbering
is invariant under quotients, this shows that G/ is trivial if and only if the j-th
higher ramification group for the upper numbering for L; /K is trivial for all i. This
means that 7 = max; (4;). O

If A and B are the valuation rings of K and L, respectively, sometimes we
will refer to the conductor and higher ramification groups of the extension B/A.
If f:Y — X is a branched cover of curves and f(y) = x, then we refer to the
higher ramification groups of @y’ v/ 0 X.x as the higher ramification groups at y (or,
if f is Galois, and we only care about groups up to isomorphism, as the higher
ramification groups above x).

We include two well-known lemmas. The first follows easily from the Hurwitz
formula; see also [Stichtenoth 2009, Propositions 3.7.8, 6.4.1]. For the second, see
[Pries 2002, Theorem 1.4.1 (i)].

Lemma24. Let f:Y — P! be a Z/ p-cover of curves over an algebraically closed
field k of characteristic p, ramified at exactly one point of order p. If the conductor
of higher ramification at this point is h, then the genus of Y is (h — 1)(p —1)/2.

Lemma 2.5. Let f : Y — P! be a Z/ p-cover of k-curves, branched at one point.
Then f can be given birationally by an equation y? — y = g(x), where the terms
of g(x) € k[x] have prime-to-p degree (the branch point is x = 00). If h is the
conductor of higher ramification at oo, then h = deg(g).

2D. Semistable models of P!. Let R be a mixed characteristic (0, p) complete
discrete valuation ring with residue field k and fraction field K. If X is a smooth
curve over K, then a semistable model for X is a relative flat curve Xz — Spec R
with Xz x g K = X and semistable special fiber (that is, the special fiber is reduced
with only ordinary double points for singularities). If X is smooth, it is called a
smooth model.

Models. Let X = IP}(. Write v for the valuation on K. Let X be a smooth model
of X over R. Then there is an element 7 € K (X) such that K(7T) = K (X) and the
local ring at the generic point of the special fiber of Xg is the valuation ring of
K (T) corresponding to the Gauss valuation (which restricts to v on K). We say that
our model corresponds to the Gauss valuation on K (7'), and we call T a coordinate
of Xg. Conversely, if T is any rational function on X such that K (T) = K (X),
there is a smooth model X of X such that T is a coordinate of Xg. In simple
terms, 7 is a coordinate of X if and only if, for all a, b € R, the subvarieties of
Xgrcutoutby T —a and T — b intersect exactly when v(a — b) > 0.
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Now, let X/, be a semistable model of X over R. The special fiber of X is
a tree-like configuration of copies of IP’}(. Each irreducible component W of the
special fiber X of X % yields a smooth model of X by blowing down all other
irreducible components of X. If 7' is a coordinate on the smooth model of X with
W as special fiber, we will say that T corresponds to W.

Disks and annuli. We give a brief overview here. For more details, see [Henrio
2000b].

Let X/, be a semistable model for X = IP’}(. Suppose x is a smooth point of
the special fiber X of X » on the irreducible component W. Let T be a coordinate
corresponding to W such that T = 0 specializes to x. Then the set of points of
X (K) which specialize to x is the open p-adic disk D given by v(T) > 0. The ring
of functions on the formal disk corresponding to D is § x.x = R{T}.

Now, let x be an ordinary double point of X at the intersection of components W
and W’. Then the set of points of X (K) which specialize to x is an open annulus
A. If T is a coordinate corresponding to W such that T = 0 specializes to W'\ W,
then A is given by 0 < v(T) < e for some e € v(K ™). The ring of functions on the
formal annulus corresponding to A is

By RIT, U]
T aU-py

Observe that e is independent of the coordinate.

Suppose we have a preferred coordinate 7 on X and a semistable model X/,
of X whose special fiber X contains an irreducible component X corresponding
to the coordinate 7. If W is any irreducible component of X other than X, then
since X is a tree of copies of P!, there is a unique nonrepeating sequence of
consecutive, intersecting components Xo, ..., W. Let W’ be the component in this
sequence that intersects W. Then the set of points in X (K) that specialize to the
connected component of W in X \ W is a closed p-adic disk D. If the established
preferred coordinate (equivalently, the preferred component X) is clear, we will
abuse language and refer to the component W as corresponding to the disk D, and
vice versa. If U is a coordinate corresponding to W, and U = oo does not specialize
to the connected component of W in X \ W', then the ring of functions on the
formal disk corresponding to D is R{U}.

3. Etale reduction of torsors

Let R be a mixed characteristic (0, p) complete discrete valuation ring with residue
field k and fraction field K. Let 7 be a uniformizer of R. Recall that we normalize
the valuation of p (not ) to be 1. For any scheme or algebra S over R, write Sk
and Sy for its base changes to K and k, respectively.
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The following lemma will be used in the proof of Lemma 7.8 to analyze cyclic
covers of closed p-adic disks given by explicit equations.

Lemma 3.1. Assume that R contains the p"-th roots of unity. Let X = Spec A,
where A= R{T}. Let f : Yx — Xk be a jupn-torsor given by the equation y' =g,
where g =1+ 2, ¢;T'. Suppose one of the following two conditions holds:

(1) min; v(¢;)) =n+1/(p—1) and v(c;) > n+1/(p — 1) for all i divisible by p.

(ii) pis odd, v(c1) > n, v(cp) > n, and min;+1 ,v(c;) =n+1/(p —1). Also,
v(c;) >n+1/(p—1) foralli > p divisible by p. Lastly,

cf 1
v\ Cp — W >n-+ F
Let h be the largest i (# p) such that v(c;) =n+ (1)/p—1. Then f :Yg — Xk
splits into a union of p"~! disjoint W p-torsors. Let Y be the normalization of X in
the total ring of fractions of Y. Then the map Yy — Xy is étale and is birationally

equivalent to the union of p"~! disjoint Artin—Schreier covers of [P’,]{, each with
conductor h.

Proof. Suppose (i) holds. We claim that g has a p”~!-st root 1 4+ au in A such that
a € R,v(a) =(p)/p—1, and the reduction u of u in Ay = k[T] is of degree h with
only prime-to-p degree terms. By [Henrio 2000a, Chapter 5, Proposition 1.6] (the
étale reduction case) and Lemma 2.5, this suffices to prove the lemma.
We prove the claim. Write g =1+ bw withb € R and v(b) =n+1/(p — 1).
Suppose n > 1. Then, using the binomial theorem, a p”~!-st root of g is given by
g1t 1/1;':—1 b+ (1/p"—1><<;/p"—1> o))
Since v(b) =n+1/(p — 1), this series converges and is in A. Since the coefficients
of all terms in this series of degree > 2 have valuation greater than p/(p — 1), the
series can be written as P"_\'/§= 1+au, wherea=b/p" ' e R, v(a)=p/(p—1),
and u congruent to w (mod ). By assumption, the reduction w of w has degree &
and only prime-to-p degree terms. Thus u does as well.

(bw)* - - - .

Now assume (ii) holds. It clearly suffices to show that there exists a € A such
that a”" g satisfies (i). Let a = 1 + 5T, where n = —c;/p". Now, by assumption,
v(clp) —(p—Dn—1>min(v(cp),n+1/(p—1)). Since v(c,) > n, we derive that
v(cf) > pn+ 1. Thus v(n) > 1/p. Then there exists € € Q> such that

n

D

(1+nT)P"E1—c1T—<p

P
) %TP (mod pn+1/(P*1)+6)‘

It is easy to show that (’; 1) = p"~! (mod p") for all n > 1. Furthermore, the
valuation of the 77 term (1 <i < p") in (1 4+7nT)?" is greater than i /p +n — v(i).
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For any i other than 1 and p, this is greater than n + 1/(p — 1) (here we use that p
is odd). So

p
" 4 +1/(p—1)+
(1+77T)p =1—C1T—WTP (modp" P 6).
By the assumption that v(c, — c!'/pP=D"1) > n 4 (1)/p — 1, we now see that
(14nT)P" g satisfies (i). In particular, (14+7nT)?" g =1 (mod p"T/P=D) and, for
any i # 1, p such that v(c;) =n + 1/(p — 1), the valuation of the coefficient of T*
in(1+nT)" gisn+1/(p—1). O

An analogous result, which is necessary to prove our main theorem in the case
p =2, is in Appendix C.

4. Stable reduction of covers

In this section, R is a mixed characteristic (0, p) complete discrete valuation ring
with residue field k and fraction field K. We set X = [P’}(, and we fix a smooth
model Xz of X. Let f : Y — X be a G-Galois cover defined over K, with G
any finite group, such that the branch points of f are defined over K and their
specializations do not collide on the special fiber of X z. Assume that f is branched
at at least 3 points. By a theorem of Deligne and Mumford [1969, Corollary 2.7]
combined with work of Raynaud [1990; 1999] and Liu [2006], there is a minimal
finite extension K*' /K with ring of integers R, and a unique model f*' : Y% — X*
of fxs := f xx K*' (called the stable model of f) such that:

e The special fiber Y of Y*' is semistable.
« The ramification points of fxs specialize to distinct smooth points of Y.

« Any genus zero irreducible component of ¥ contains at least three marked
points (that is, ramification points or points of intersection with the rest of Y).

e Gactson Y¥, and X' =Y*/G.

The field K*' is called the minimal field of definition of the stable model of f. If
we are working over a finite extension K’/K*" with ring of integers R’, we will
sometimes abuse language and call f*" x gs R’ the stable model of f.

Remark 4.1. Our definition of the stable model is the definition used in [Wewers
2003b]. This differs from the definition in [Raynaud 1999], where ramification
points are allowed to coalesce on the special fiber.

Remark 4.2. Note that X*' can be naturally identified with a blowup of X x g R*'
centered at closed points. Furthermore, the nodes of Y lie above nodes of the special
fiber X of X* [Raynaud 1994, Lemme 6.3.5], and Y*' is the normalization of X*'
in K¥(Y).
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If Y is smooth, the cover f : ¥ — X is said to have potentially good reduction. If
f does not have potentially good reduction, it is said to have bad reduction. In any
case, the special fiber f : ¥ — X of the stable model is called the stable reduction
of f. The strict transform of the special fiber of X g« in X is called the original
component and will be denoted X .

Each o € Gk actson Y (via its action on Y). This action commutes with that of
G and is called the monodromy action. Then it is known that the extension K*' /K
is the fixed field of the group I''" < G consisting of those o € Gk such that o
acts trivially on Y see, for instance, [Obus 2012, Proposition 2.9]. Thus K*' is
clearly Galois over K. Since k is algebraically closed, the action of G g fixes X
pointwise.

Lemma 4.3. Let X gsr be a smooth model for X x g K, and let Ygs be its normal-
ization in K (Y). Suppose that the special fiber of Ygs has irreducible components
whose normalizations have genus greater than 0. Then X*' is a blow up of X gs
(in other words, the stable reduction X contains a component corresponding to the
special fiber of X gst).

Proof. Consider a modification (X*')" — X*' centered on the special fiber such that
X pst is a blow down of (X5")". Let (Y*')’ be the normalization of (X*)" in K*!(Y).
By the minimality of the stable model, we know that X*' is obtained by blowing
down components of (X*")’ such that the components of (Y*')" lying above them
are curves of genus zero. By our assumption, the component corresponding to the
special fiber of Xgs is not blown down in the map (X*')' — X*. Thus X g« is a
blow down of X*. O

4A. The graph of the stable reduction. As in [Wewers 2003b], we construct the
(unordered) dual graph 4 of the stable reduction of X. An unordered graph 6
consists of a set of vertices V(%) and a set of edges E(%). Each edge has a source
vertex s(e) and a target vertex t(e). Each edge has an opposite edge e such that
s(e) = (&) and t(e) = s(&). Also, e = e.

Given f, f, Y, and X as above, we construct two unordered graphs G and ¢'.
In our construction, % has a vertex v for each irreducible component of X and
an edge e for each ordered triple (x, W', W”), where W’ and W” are irreducible
components of X whose intersection is X. If e corresponds to (x, W/, W”), then
s(e) is the vertex corresponding to W’ and 7 (e) is the vertex corresponding to
W”. The opposite edge of e corresponds to (X, W”, W'). We denote by ¢ the
augmented graph of 9 constructed as follows: consider the set Byjig of branch
points of f with branching index divisible by p. For each x € Byjg4, we know
that x specializes to a unique irreducible component W, of X corresponding to a
vertex A, of 4. Then V (%9') consists of the elements of V(%) with an additional
vertex V, for each x € Byjq. Also, E(9) consists of the elements of E (%) with



Fields of moduli of three-point G-covers with cyclic p-Sylow, | 845

two additional opposite edges for each x € By;q: one with source V, and target A,
and one with source A, and target V.. We write vg for the vertex corresponding to
the original component X.

We partially order the vertices of % (and %) such that v; < v, if and only if
V1 = vp, U] = Vg, or vy and v, are in different connected components of ¢\ v;. The
set of irreducible components of X inherits the partial order <. If a < b, where a
and b are vertices of 9 (or ¢') or irreducible components of X, we say that b lies
outward from a.

4B. Inertia groups of the stable reduction. Maintain the notation from the begin-
ning of Section 4.

Proposition 4.4 [Raynaud 1999, Proposition 2.4.11]. The following are the inertia
groups of f 1Y — X at points of Y (note that points in the same G-orbit have
conjugate inertia groups):

(1) At the generic points of irreducible components, the inertia groups are p-
groups.

(il) At each node, the inertia group is an extension of a cyclic, prime-to-p order
group by a p-group generated by the inertia groups of the generic points of the
crossing components.

(iii) If a point y € Y above a branch point x € X specializes to a smooth point
y on a component V of Y, then the inertia group at y is an extension of the
prime-to-p part of the inertia group at y by the inertia group of the generic
point of V.

(iv) At all other points g (automatically smooth, closed), the inertia group is equal
to the inertia group of the generic point of the irreducible component of Y
containing q.

If V is an irreducible component of Y, we will always write I; < G for the inertia
group of the generic point of V and Dy for the decomposition group.

For the rest of this subsection, assume G has a cyclic p-Sylow subgroup. When
G has a cyclic p-Sylow subgroup, the inertia groups above a generic point of an
irreducible component W C X are conjugate cyclic groups of p-power order. If they
are of order p', we call W a p’-component. If i =0, we call W an étale component,
and if i > 0, we call W an inseparable component. For an inseparable component
W, the morphism Y xx W — W induced from f corresponds to an inseparable
extension of the function field k(W).

As in [Raynaud 1999], we call an irreducible component W C X a tail if it is
not the original component and intersects exactly one other irreducible component
of X. Otherwise, it is called an interior component. A tail of X is called primitive
if it contains a branch point other than the point at which it intersects the rest of X.
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Otherwise it is called new. This follows [Wewers 2003b]. An inseparable tail that
is a p’-component will also be called a p'-tail. Thus one can speak of, for instance,
“new p'-tails” or “primitive étale tails.”

We call the stable reduction f of f monotonic if for every W < W', the inertia
group of W' is contained in the inertia group of W. In other words, the stable
reduction is monotonic if the generic inertia does not increase as we move outward
from X along X.

Proposition 4.5. If G is p-solvable, then f is monotonic.

Proof. By Proposition 2.1, we know that there is a prime-to-p group N such that
G/N =7/p" xZ/m. Since taking the quotient of a G-cover by a prime-to-p group
does not affect monotonicity, we may assume that G = Z/p" x Z/m¢. By [Obus
2012, Remark 4.5], it follows that f 1S monotonic. O

Proposition 4.6 [Obus 2012, Proposition 2.13]. If x € X is branched of index p“s,
where pts, then x specializes to a p®-component of X.

Lemma 4.7 [Raynaud 1999, Proposition 2.4.8]. If W is an étale component of X,
then W is a tail.

Lemma 4.8 [Obus 2012, Lemma 2.16]. If W is a p®-tail of X, then the component
W' that intersects W is a p®-component with b > a.

Proposition 4.9. Suppose f has monotonic stable reduction. Let K' /K be a field
extension such that the following hold for each tail X}, of X:

(1) There exists a smooth point X, of X on X, such that X is fixed by Gg.

(ii) There exists a smooth point vy, of Y on some component Y, lying above X
such that yy, is fixed by Gg-.

Then the stable model of f can be defined over a tame extension of K'.

Proof. We claim that G g+ acts on Y through a group of prime-to-p order. This will
yield the proposition.

Suppose ¥ € G is such that y” acts trivially on Y. For each tail X}, we have
that y fixes xj. Since y fixes the original component pointwise, it fixes the point
of intersection of X, with the rest of X. Any action on [P’,]( with order dividing p
and two fixed points is trivial, so y fixes each X}, pointwise. By inward induction,
y fixes X pointwise. So y acts “vertically” on Y.

Now, y also fixes each y,. By Propositions 4.4 and 4.6, the inertia of f*' at yj
is an extension of a prime-to-p group by the generic inertia of £* on Y. So some
prime-to-p power y' of y fixes Y, pointwise. Since p i and the action of y has
order p, it follows that y fixes Y, pointwise. Since y and G commute, y fixes all
components above X pointwise.
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We proceed to show that y acts trivially on Y by inward induction. Suppose
W is a component of X such that if W' > W, then y fixes all components above
W’ pointwise. Suppose W' > W is a component such that W N W = {w} # @.
Let V be a component of Y above W, and let v be a point of V above w. By the
inductive hypothesis, y fixes v. Since f is monotonic, Proposition 4.4 shows that
the p-part of the inertia group at v is the same as the generic inertia group of V.
Thus y fixes V pointwise. Because y commutes with G, it fixes all components
above W pointwise. This completes the induction. U

4C. Ramification invariants and the vanishing cycles formula. Maintain the no-
tation from the beginning of Section 4, and assume additionally that G has a cyclic
p-Sylow group P. Recall that mg = |[Ng(P)/Zg(P)|. Below, we define the
effective ramification invariant o, corresponding to each tail X}, of X.

Definition 4.10. Consider a tail X, of X. Suppose X, intersects the rest of X at x.
Let Y}, be a component of Y lying above X, and let y;, be a point lying above xy,.
Then the effective ramification invariant oy, is defined as follows: If X, is an étale
tail, then o} is the conductor of higher ramification for the extension Oy / O

Xp,Xp
/@

Y,y
(see Section 2C). If X, is a p'-tail (i > 0), then the extension O+ can be

factored as

Yp,yp! > Xp,xp

where « is Galois and 8 is purely inseparable of degree p’. Then oy, is the conductor
of higher ramification for the extension /0%, | .

The vanishing cycles formula [Raynaud 1999, 3.4.2 (5)] is a key formula that
helps us understand the structure of the stable reduction of a branched G-cover of
curves in the case where p exactly divides the order of G. The following theorem,
which is the most important ingredient in the proof of Theorem 1.3, generalizes
the vanishing cycles formula to the case where G has a cyclic p-Sylow group of
arbitrary order.

Theorem 4.11 (vanishing cycles formula [Obus 2012, Corollary 3.15]). Let f :
Y — X = P! be a G-Galois cover over K with bad reduction, branched only above
{0, 1, 0o}, where G has a cyclic p-Sylow subgroup. Let f : Y — X be the stable
reduction of f. Let Bnew be an indexing set for the new étale tails and let Bpim be
an indexing set for the primitive étale tails. Then we have the formula

Y-+ Y op=1. (4-1)
b€ Bpew beBprim

Lemma 4.12 [Obus 2012, Proposition 4.1]. If b indexes an inseparable tail Xy,
then oy, is an integer.
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Lemma 4.13 [Obus 2012, Lemma 4.2(i)]. A new tail X}, (étale or inseparable) has
op>1+1/m.

Lemma 4.14. Suppose X, is a new inseparable p'-tail with effective ramification
invariant o,. Suppose further that the inertia group 1 = 7/ p' of some component
Y, above X, is normal in G. Then X, is a new (étale) tail of the stable reduction
of the quotient cover f':Y /I — X with effective ramification invariant oy.

Proof. Let (f')* : (Y')* — (X’)*" be the stable model of f’. Then, since (Y*")/I
is a semistable model of Y /I, we have that (Y’)* is a contraction of (Y*")/I. Thus
(X")*" is a contraction of X*. To prove the lemma, it suffices to prove that X, is
not contracted in the map o : X — (X').

By Lemmas 4.12 and 4.13, we know o, > 2. A calculation using the Hurwitz
formula (cf. [Raynaud 1999, Lemme 1.1.6]) shows that the genus of Y, is greater
than zero. Since the quotient morphism Y — Y /1 is radicial on Y, the normalization
of X*" in K* (Y /I) has irreducible components of genus greater than zero lying
above Xp. By Lemma 4.3, Xpisa component of the special fiber of (X*')’, thus it
is not contracted by «. (]

Proposition4.15. Let f:Y — X = I]:D}( be a three-point G-cover with bad reduction,
where G is p-solvable, G has cyclic p-Sylow subgroup, and mg > 1. Then X has
no inseparable tails or new tails.

Proof. Since taking the quotient of a G-cover by a prime-to-p group affects
neither ramification invariants (Lemma 2.2) nor inseparability, we may assume
by Proposition 2.1 that G = Z/p" x Z/mg. Then all elements of G have either
p-power order or prime-to-p order. The resulting cover is branched at three points
(otherwise it would be cyclic), and at least two of these points have prime-to-p
branching index.

We first show there are no inseparable tails. Say there is an inseparable p'-tail
X, with effective ramification invariant o3,. By Lemma 4.12, oy, is an integer. By
Lemma 4.13, 0} > 1 if X}, does not contain the specialization of any branch point.
Assume for the moment that this is the case. Then o;, > 2. Let I be the common
inertia group of all components of Y above X,. If f’:Y/I — X is the quotient
cover, then we know f’ is branched at three points, with at least two having prime-
to- p ramification index. Thus the stable reduction f” has at least two primitive tails.
By Lemma 4.14, it also has a new tail corresponding to the image of X}, which
has effective ramification invariant o, > 2. Then the left-hand side of (4-1) for the
cover f’is greater than 1, so we have a contradiction.

We now prove that no branch point of f specializes to X;,. By Proposition 4.6,
such a branch point x would have ramification index pis, where p{s. Since i > 1,
the only possible branching index for x is p’ (as it must be the order of an element
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of G). Soin f':Y/I — X, x has ramification index 1. Thus Z — X is branched
in at most two points, which contradicts the fact that f” is not cyclic.

Now we show there are no new tails. Suppose there is a new tail X, with
ramification invariant 0. If 0, € Z, we get the same contradiction as in the
inseparable case. If o}, ¢ Z, and if Y}, C Y is an irreducible component above X,
then Y, — X is a Z/p' x Z/my-cover branched at only one point, where i > 1
and my > 1. This violates the easy direction of Abhyankar’s conjecture, as this
group is not quasi-p; see, for instance, [SGA 1 1971, XIII, Corollaire 2.12]. (|

5. Deformation data

Deformation data arise naturally from the stable reduction of covers. Much infor-
mation is lost when we pass from the stable model of a cover to its stable reduction,
and deformation data provide a way to retain some of this information. This process
is described in detail in [Obus 2012, Section 3.2], and we recall some facts here.

5A. Generalities. Let W be any connected smooth proper curve over k. Let H be
a finite group and x a 1-dimensional character H — . A deformation datum over
W of type (H, x) is an ordered pair (V, w) such that V — W is an H-cover, w is
a meromorphic differential form on V that is either logarithmic or exact (that is,
w =du/u or du for u € k(V)), and n*w = x (n)w for all n € H. If w is logarithmic
or exact, the deformation datum is called multiplicative or additive, respectively.
When V is understood, we will sometimes speak of the deformation datum .

If (V, w) is a deformation datum and w € W is a closed point, we define m,,
to be the order of the prime-to-p part of the ramification index of V — W at w.
Define h,, to be ord,(w) + 1, where v € V is any point which maps to w € W. This
is well defined because n*w is a nonzero scalar multiple of w for n € H.

Lastly, define o = hy,/m,,. We call w a critical point of the deformation datum
(V, w) if (hy, my) # (1, 1). Note that every deformation datum contains only a
finite number of critical points. The ordered pair (h,,, m,,) is called the signature
of (V, w) (or of w, if V is understood) at w, and o, is called the invariant of the
deformation datum at w.

5B. Deformation data arising from stable reduction. Maintain the notation of
Section 4. In particular, X = P, we have a G-cover f : Y — X defined over K with
bad reduction and at least three branch points, there is a smooth model of X where the
reductions of the branch points do not coalesce, and f has stable model % : Y% —
X" and stable reduction f :Y — X. We assume further that G has a cyclic p-Sylow
subgroup. For each irreducible component of Y lying above a p”-component of X
with r > 0, we obtain r different deformation data. The details of this construction
are given in [Obus 2012, Construction 3.4], and we only give a sketch here.
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Suppose V is an irreducible component of ¥ with generic point 7 and nontrivial
generic inertia group I =7 /p" C G. We write B = @ysr,n, and C = B’!. The map
Spec B — Spec C is given by a tower of r maps, each of degree p. We can write
these maps as Spec C;+1 — Spec C; for 1 <i <r such that B=C,;; and C = C}.
After a possible finite extension K’/ K*', each of these maps is given by an equation
y? = z on the generic fiber, where z is well defined up to raising to a prime-to-p
power. The morphism on the special fiber is purely inseparable. To such a degree p
map, [Henrio 2000a, chapitre 5, définition 1.9] associates a meromorphic differential
form w;, well defined up to multiplication by a scalar in [, on the special fiber
Spec C; x gst k = Spec C;/m, where 7 is a uniformizer of R*'. This differential
form is either logarithmic or exact. Since C/m = k(V)P = k(V)I’H+l =Ci/m
for any i, each w; can be thought of as a differential form on V' = Spec C x g« k,
where k(V') = k(V)?".

Let H = Dy /I; = Dy, If W is the component of X lying below V, we have
that W = V//H. In fact, each (V, w;), for 1 <i <r, is a deformation datum of
type (H, x) over W, where x is given by the conjugation action of H on I5;. The
invariant of o; at a point w € W will be denoted o; ,,. We will sometimes call the
deformation datum (V’, ;) the bottom deformation datum for V.

For 1 <i <r, denote the valuation of the different of C; < C; | by §,,. If w;
is multiplicative, then §,, = 1. Otherwise, 0 < §,, < 1.

For the rest of this section, we will only concern ourselves with deformation
data that arise from stable reduction in the manner described above. We will use
the notation of Section 4 throughout.

Lemma 5.1 ([Obus 2012, Lemma 3.5], cf. [Wewers 2003b, Proposition 1.7]). Say
(V', w) is a deformation datum arising from the stable reduction of a cover, and let
W be the component of X lying under V'. Then a critical point x of the deformation
datum on W is either a singular point of X or the specialization of a branch point
of Y — X with ramification index divisible by p. In the first case, o, # 0, and in
the second case, or =0 and w is logarithmic.

Proposition 5.2. Let (V', wy) be the bottom deformation datum for some irre-
ducible component V of Y. If w1 is multiplicative, then w; = wy for2 <i <r. In
particular, all w; are multiplicative.

Proof. As is mentioned at the beginning of [Obus 2012, Section 3.2.2], we may
work over a finite extension K’/K*' containing the p”-th roots of unity. Let B and
C be as in our construction of deformation data. Let R’ be the ring of integers of
K’. By Kummer theory, we can write B ® g K’ = (C ®g K')[01/(0F" —6)). After
a further extension of K’, we can assume v(6;) = 0.

By [Henrio 2000a, chapitre 5, définition 1.9], if w; is logarithmic, then the
reduction 6 of §; to k is not a p-th power in C ® g k. Again, by [Henrio 2000a,
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chapitre 5, définition 1.9], we thus know that w) = do 1/5 1. It easy to see that
w; arises from the equation y” = 6; where 6; = 1"_\1/9_1 . Under the p’~!-st power
isomorphism ¢ : C; Qg k — C Qg k, 1(6;) = 0;. So, again by [Henrio 2000a,
chapitre 5, définition 1.9], w; is logarithmic and is equal to d6;/6,, which is equal
to wg. O

Lemma 5.3. If f is a three-point cover, then the original component of X is
a p"-component, and all deformation data above the original component are
multiplicative.

Proof. Since G is p-solvable, we know by Proposition 2.1 that f : Y — X has a
quotient cover f': Y’ — X with Galois group Z/p" x Z/m¢. Since Y — Y’ is of
prime-to-p degree, we may assume that Y =Y and G =Z/p" xZ/m¢. Let J <G
be the unique subgroup of order p"~!. Then the quotient cover n: Z=Y/J — X
has Galois group Z/p x Z/m¢. If all branch points of 1 have prime-to-p branching
index, then [Wewers 2003a, Section 1.4] shows that, in the language of that paper,
n is of multiplicative type. Then n has bad reduction by [ibid., Corollary 1.5],
and the original component for the stable reduction Z — X is a p-component.
Furthermore, the deformation datum on the irreducible component of Z above the
original component of X is multiplicative (also due to the same corollary).

If n has a branch point x with ramification index divisible by p, then n has
bad reduction. By Proposition 4.6, x specializes to a p-component. By [Wewers
2003b, Theorem 2, p. 992], this is the original component X, which is the only
p-component. The deformation datum above X must be multiplicative here, as X
contains the specialization of a branch point with p dividing the branching index
(see Lemma 5.1).

So in all cases, the original component is a p-component for n with multiplica-
tive deformation datum. Thus the bottom deformation datum above X for f is
multiplicative. Now, we claim that X is a p”-component for f. Let I be the inertia
group of a component of Y lying above Xj. Since 7 is inseparable above X, we
must have that / O J. Thus || = p", proving the claim. Finally, Proposition 5.2
shows that all the deformation data above X, for f are multiplicative. ]

5C. Effective invariants of deformation data. Maintain the Section 5B notation.
Recall that ¢’ is the augmented dual graph of X. To each edge e of ¢ we will

associate an invariant o ¢

=, called the effective invariant.

Definition 5.4 (cf. [Obus 2012, Definition 3.10]).

o If s(e) corresponds to a p”-component W and #(e) corresponds to a P
component W’ with r > r/, then r > 1 by Lemma 4.7. Let w;, 1 <i <r, be the
deformation data above W. If {w} = W N W', define o;.w to be the invariant
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of w; at w. Then

—1 1
eff (ZP lw) Far,w-

Note that this is a weighted average of the g; ,,.

o Ifs(e) corresponds to a p"-component and 7 (e) corresponds to a p”-component

eff eff

with » < r/, then o, —0,

o If either s(e) or f(e) is a vertex of ¢ but not %4, then aeeff =0.

Lemma 5.5 [Obus 2012, Lemma 3.11 (i), (iii)].

(i) Forany e € E(9), we have o' = f’ff

(ii) Ift(e) corresponds to an étale tail X, then oeff = 0p.

Lemma 5.6 (effective local vanishing cycles formula [Obus 2012, Lemma 3.12]).
Let v € V(9) correspond to a p’ -component W of X with genus g,. Then

> (o -1 =2g,-2.

s(e)=v

Lemma 5.7. Let e be an edge of G such that s(e) <t (e). Write W for the component
corresponding to t(e). Let I1, be the set of branch points of f with branching index
divisible by p that specialize to or outward from W. Let B, index the set of étale
tails X such that X, = W. Then the following formula holds:

1= (op— 1)~ M.

beB,
Proof. For the context of this proof, call a set A of edges of ¢’ admissible if:
e For each a € A, we have s(e) < s(a) < t(a).

o For each b € B,, there is exactly one a € A such that ¢ (a) < vp, Where vy, is
the vertex corresponding to Xp.

» For each ¢ € I1,, there is exactly one a € A such that ¢(a) < v., where v, is
the vertex corresponding to c.

For an admissible set A, write F(A) =Y, _, (0 — 1). We claim that F(A) =
Y be p,(0p — 1) — |T1| for all admissible A. Since the set {e} is clearly admissible,
this claim proves the lemma.

Now, if A is an admissible set of edges, then we can form a new admissible
set A’ by eliminating an edge « such that ¢ («) is not a leaf of ¢/, and replacing it
with the set of all edges 8 such that # (o) = s(8). Since ¢ («) always corresponds
to a vertex of genus 0, Lemmas 5.5(1) and 5.6 show that F(A) = F(A’). By
repeating this process, we see that F(A) = F(D), where D consists of all edges
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d such that ¢ (d) = v, or t(d) = v, with b € B, or ¢ € I1,. But by Lemma 5.5(i1),
F(D) = ZbeBe(Gb -+ Zcemgl(o — 1), proving the claim. O

The remainder of this section will be used only in Appendix A, and may be
skipped by a reader who does not wish to read that section.

Consider two intersecting components W and W’ of X as in Definition 5.4.
Suppose W is a p"-component and W’ is a p” -component, r > r. If V and V'
are intersecting components lying above W and W', respectively, then for each i,
1 <i <r, there is a deformation datum with differential form w; associated to V.
Likewise, for each i/, 1 <i’ <#’, there is a deformation datum with differential form
wl’., associated to V'. Let (hiw, my) be the invariants of w; at w, the intersection
point of W and W’. Suppose v is an intersection point of V and V’. We have the
following proposition relating the change in the differents of the deformation data
(see just before Lemma 5.1) and the épaisseur of the annulus corresponding to w:

Proposition 5.8. Let €, be the épaisseur of the formal annulus corresponding to w.
o lfi=i"+r—r' thend, — 3, =€y0iw(p— D/p'.
o Ifi <r—71', then 8, = €,0i.,(p—1)/p".

Proof. Write I; for the unique subgroup of order p’ of the inertia group of f at v
in G. Let sd = Spec Oy . Let € be the épaisseur of s{/(/_;+1). Then, in the case
i =i'+r—r’, [Henrio 2000a, chapitre 5, proposition 1.10] shows that

8y — 8y = ehinw(p—1).

In the case i < r —r’/, the same proposition shows 8,, —0 = €h; ,(p — 1). Also,
[Raynaud 1999, Proposition 2.3.2 (a)] shows that €,, = p'mye. The proposition
follows. U

It will be useful to work with the effective different, which we define now.

Definition 5.9. Let W be a p"-component of X, and let w;, 1 <i < r, be the
deformation data above W. Define the effective different SCWff by

r—1
5t = (Z%) + Llawr.
i=1 P
Lemma 5.10. Assume the notation of Proposition 5.8. Let e be an edge of § such
that s(e) corresponds to W and t (¢) corresponds to W'. Then
5 — 8% = o5Me,,.

Proof. We sum the equations from Proposition 5.8 for 1 <i <r — 1. Then we add
p/(p — 1) times the equation for i = . This exactly gives S%ﬂ — 8*‘%{ =ole,. O
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6. Quotient covers

In this section, we relate the minimal field of definition of the stable model of a
G-cover to that of its quotient G/N-covers when p { |N|. This allows a significant
simplification of the group theory in Section 7.

Lemma 6.1. Let f:Y — X be any G-Galois cover of smooth, proper, geometrically
connected curves over any field (we do not assume that a p-Sylow subgroup of G is
cyclic). Suppose G has a normal subgroup N such that p{|N|and Z :==Y/N. So
f factorizes as

vy 4724 x,

Suppose L is a field such that n : Z — X is defined over L, and let Z; be a model
for Z over L. Suppose further that q : Y — Z can be defined over L, with respect to
the model Zy . Then the field of moduli L of f with respect to L satisfies p4[L’: L].

Proof. Clearly, f is defined as a mere cover over L. So let Y be a model for Y
over L suchthat Y; /N =Z; (and set X; = Z; /(G/N)). Then the cover Y; — X
gives rise to a homomorphism 4 : G — Out(G), as in Section 2B, whose kernel
is the subgroup of G fixing the field of moduli of f. Since ¢ is defined over
L, the image of & acts by inner automorphisms on N. Thus, there is a natural
homomorphism r : (im 4) — Out(G/N). Since 1 is defined over L, the image of
r o h acts by inner automorphisms on G/N. Take @ € im h. It is easy to see that we
can find a representative o € Aut(G) of & that fixes N pointwise and whose image
in Aut(G/N) fixes G/N pointwise. If g € G, then a(g) = gs for some s € N.
Since o fixes N, we see that ozi(g) = gsi. Since s € N, we know s!V! is trivial, so
a!Mlis trivial. Thus @ has prime-to-p order, implying that G /(ker i) does as well.
We conclude that the field of moduli L’ of f relative to L is a prime-to-p extension
of L. U

For the next proposition, K is a characteristic zero complete discrete valuation
field with residue field k.

Proposition 6.2. Let [ : Y — X = P}( be a G-cover with bad reduction and
stable model f*' as in Section 4. Suppose G has a normal subgroup N such that
pt|N|,andlet Z=Y/N. Let L/K be a finite extension such that the stable model
n' 2% — X% of n: Z — X and each of the branch points of the canonical map
q : Y — Z can be defined over L. Then the stable model f*' of f can be defined
over a tame extension of L.

Proof. By [Liu 2006, Remark 2.21], the minimal modification (Z*')’ of Z*' that
separates the specializations of the branch points of ¢ is defined over L. Note that
g, being an N-cover, is tamely ramified. We claim that ¢* : Y% — (Z*")’ is defined
over a tame extension of L (along with the N-action).
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The proof of the claim is almost completely contained in the proof of [Saidi
1997, théoreme 3.7], so we only give a sketch. Break up the formal completion %
of (Z*") at its special fiber into three pieces: The piece %, is the disjoint union of
the formal annuli corresponding to the completion of each double point; the piece
%, is the disjoint union of the formal disks corresponding to the completion of the
specialization of each branch point of ¢; and the piece %3 is #\ (% U%,). Let 7 1,
22, and 23 be the respective special fibers of %, %#,, and %3. Saidi’s proof shows
how to lift the covers g™ 2 and ¢*| 7, to covers of %, and %3, étale on the generic
fiber, after a possible tame extension of L. Now, each connected component 6; of
%5 is isomorphic to Spf S[[z; ], where S is the ring of integers of L. The special fiber
C; of 6; is isomorphic to Spec k[[z;]. The cover ¢*| ¢ is given by a disjoint union
of identical covers b,- - C ;, each ﬁi being given by extracting a m;-th root of z;,
where m; is the branching index of the branch point of ¢ specializing to C;. Since
each branch point of ¢ is defined over L, there is a unique lift (over L) of ¢*' ¢, to
a cover of 6;, étale on the generic fiber outside the appropriate point. Using the
arguments of Saidi’s proof, the covers of &, %,, and %3 patch together uniquely to
give a cover of % defined over a tame extension of L. By Grothendieck’s existence
theorem, this cover is algebraic and it must be the base change of ¢*'. Thus ¢* is
defined over a tame extension of L, and the claim is proved.

Let M/L be a tame extension such that g% is defined over M. By Lemma 6.1
appliedtog : Y — Z and 5 : Z — X, the field of moduli of f is contained in some
tame extension M’ of M. Since M’ has cohomological dimension 1, it follows
[Coombes and Harbater 1985, Proposition 2.5] that f can be defined (as a G-cover)
over M'. Furthermore, Gy < Gy acts trivially on the special fiber Y of Y*'. Thus
5" is defined over M’. O

Remark 6.3. Suppose f : Y — X is a G-cover, N < G is prime-to-p and normal,
and the field of moduli of f':Y':=Y/N — X is L. One can ask if this implies that
the field of moduli of f is a tame extension of L (Proposition 6.2 is the analogous
statement for the minimal field of definition of the stable model). If the answer to
this question is yes, then some of the proofs in Section 7 would be much easier.
Unfortunately, I believe the answer is no.

7. Proof of the main theorem

In this section, we will prove Theorem 1.3. Throughout Section 7, if G = Z/p" x
Z/m and p tm, then Q; (0 <i <n) is the unique subgroup of order p'.

Let f: Y — X = P! be a three-point Galois cover defined over Q. Our first step
is to reduce to a local problem, which is the content of Proposition 7.1. Let Q'
be the completion of the maximal unramified extension of Q. For an embedding
1:Q— QT;’, let f, be the base change of f to (DT;,’ via t. The following proposition
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shows that, for the purposes of Theorem 1.3, we need only consider covers defined
over QY.

Proposition 7.1. Let K be the field of moduli of f (with respect to Q) and let
Kioc,. be the field of moduli of f, with respect to Q. Fix n > 0 and suppose that
for all embeddings t, the n-th higher ramification groups of the Galois closure Ljoc,
of Kioc../ @?f for the upper numbering vanish. Then all the n-th higher ramification
groups of the Galois closure Lg of Kg1/Q above p for the upper numbering vanish.

Proof. Pick a prime g of Ly above p. We will show that the n-th higher ramification
groups at ¢ vanish. Choose a place r of @ above g. Then r gives rise to an
embedding ¢, : Q@ < @} preserving the higher ramification filtrations at r for
the upper numbering (and the lower numbering). Specifically, if L/Q' is a finite
extension such that the n-th higher ramification group for the upper numbering
vanishes, then the n-th higher ramification group for the upper numbering vanishes
for 1=1(L)/Q at the unique prime of (~'(L) below r. By assumption, the n-th
higher ramification group for the upper numbering vanishes for Lioc,,, /Q}". Also,
the field L' := ¢7!(Lioc,,,) is Galois over Q. So if Ky C L' then Ly C L. We
know the n-th higher ramification groups for L’/Q vanish. We are thus reduced to
showing that K,; C L'

Pick 0 € G;'. Then o extends by continuity to a unique automorphism 7 in
Gy, - By the definition of a field of moduli, f," = f,,. But then f° = f. By the
definition of a field of moduli, Ko € L'. O

So, in order to prove Theorem 1.3, we can consider three-point covers defined
over GLVP’. In fact, we generalize slightly, and consider three-point covers defined
over algebraic closures of complete mixed characteristic discrete valuation fields
with algebraically closed residue fields. In particular, throughout this section, K¢
is the fraction field of the ring Ro of Witt vectors over k. On all extensions of
Ko, we normalize the valuation v so that v(p) = 1. Also, write K,, := Ko({p),
with valuation ring R, (here ¢, is a primitive n-th root of unity). Let G be a
finite, p-solvable group with a cyclic p-Sylow subgroup P of order p". We assume
f:Y = X =P is a three-point G-Galois cover of curves, branched at 0, 1, and
00, a priori defined over some finite extension K /K. Since K has cohomological
dimension 1, the field of moduli of f relative to Ky is the same as the minimal
field of definition of f that is an extension of Ky [Coombes and Harbater 1985,
Proposition 2.5]. We will therefore go back and forth between fields of moduli and
fields of definition without further notice. Our default smooth model X g of X is
always the unique one such that the specializations of 0, 1, and oo do not collide on
the special fiber. As in Section 4, the stable model of f is f* : Y% — X*' and the
stable reduction is f : ¥ — X. The original component of X will be denoted Xj.
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We will first prove Theorem 1.3 in the case that G = Z/p”" x Z/m¢. The cases
mg > 1 and mg = 1 have quite different flavors, and we deal with them separately.
We in fact determine more than we need for Theorem 1.3; namely, we determine
bounds on the higher ramification filtrations of the extension K* /K, where K*'
is the minimal field of definition of the stable model of f. In Section 7C, we will
generalize to the p-solvable case.

7A. The case where G=Z[p" xZ|mg, mg > 1. Let G =7Z/p" x Z/m be such
that the conjugation action of Z/m: is faithful (note that this implies m = mg). We
will show that the field of moduli with respect to Ky of f as a mere cover is in fact
Ko. Then, we will show that its field of moduli with respect to Ky as a G-cover is
contained in K,. Lastly, we will show that its stable model can be defined over a
tame extension of K,,.

Let x : Z/m — [F correspond to the conjugation action of Z/m on any order p
subquotient of Z/p". Now, there is an intermediate Z/m-cover n : Z — X where
Z=Y/0,. If g : Y — Z is the quotient map, then f = noqg. Because it will be
easier for our purposes here, let us assume that the three branch points of f are
X1, X2, X3 € Rg and that they have pairwise distinct reduction to k (in particular, none
is 00). Since the m-th roots of unity are contained in Ky, the cover n can be given
birationally by the equation z”* = (x — x1)“ (x —x2)?(x —x3)® with0 <a; <m
for all i € {1, 2, 3}, where a; +a; + a3 =0 (mod m) and not all ¢; = 0 (mod m).
Since g*z/z is an m-th root of unity, we can and do choose z so that g*z = x(g)z
for any g € Z/m. We know from Lemma 5.3 that the original component X is a
p"-component, and all of the deformation data above X are multiplicative.

Consider the Z/p x Z/m-cover f':Y' — X, where Y' =Y /Q,_;. The stable
reduction f’: Y’ — X’ of this cover has a multiplicative deformation datum (w, x)
over the original component X. For all x € Xy, recall that (h,, m,) is the signature
of the deformation datum at x, and o, = h, /m, (see Section 5). Also, since there
are no new tails (Proposition 4.15), it follows from [Wewers 2003b, Theorem 2,
p. 992] that the stable reduction X’ consists only of the original component X
along with a primitive étale tail X; for each branch point x; of f (or f’) with
prime-to- p ramification index. The tail X; intersects X at the specialization of x;
to Xo.

Proposition 7.2. Fori =1, 2,3, let X; be the specialization of x; to Xo. For short,
write h;, m;, and o; for hx,, mx,, and ox,.

(1) Fori=1,2,3, h; =a;/ gcd(m, a;) (mod m;).
(i1) In fact, the h; depend only on the 7 /m-cover n: Z — X.

Proof. (i) (cf. [Wewers 2003a, Proposition 2.5]): Let Z be the unique irreducible
component lying above Xy, and suppose that 7; € Zo lies above X;. Let #; be the



858 Andrew Obus

formal parameter at z; given by z%(x — x;)?, where aa; + fm = gcd(m, a;). Then
o .
w= <C0tih[_1 + Z lel-hi71+1)dli
j=1

in a formal neighborhood of 7z;. Recall that, for g € Z/m, g*z = x(g)z and
g*w = x(g)w. Then

*0 *g hi *Z ah; )
x(g) = —gw = (%) = (gj) = x(g*™).
1

So ah; =1 (mod m). It follows that ; gecd(m, a;) = h;(aa; + fm) = a; (mod m).
It is clear that the ramification index m; at x; is m/ gcd(m, a;). Dividing

h; gcd(m, a;) = a; (mod m)

by ged(m, a;) yields (i).

(i) Since we know the congruence class of h; modulo m;, it follows that the
fractional part (o;) of o; is determined by n : Z — X. But if x; corresponds to
a primitive tail, the vanishing cycles formula (4-1) shows that 0 < o; < 1. If x;
corresponds to a wild branch point, then o; = 0. Thus o; is determined by (o;), so
it is determined by n : Z — X. Since h; = o;m;, we are done. O

Corollary 7.3. The differential form w corresponding to the cover f':Y' — X is
determined (up to multiplication by an element of F ) by n: Z — X.

Proof. Proposition 7.2 determines the divisor corresponding to w from 1 : Z — X.
Two meromorphic differential forms on a complete curve can have the same divisor
only if they differ by a scalar multiple. Also, if  is logarithmic and ¢ € &, then cw
is logarithmic if and only if ¢ € [, by basic properties of the Cartier operator; see,
for instance, [Wewers 2003a, p. 136]. O

We will now show that n : Z — X determines not only the differential form w,
but also the entire cover f : ¥ — X as a mere cover. This is the key lemma of this
section. We will prove it in several stages using an induction.

Lemma 7.4. Assume m > 1.

Q) If f:Y — X is a three-point Z/ p" x Z/m-cover (with faithful conjugation
action of Z/m on Z] p") defined over some finite extension K /Ky, then it is
determined as a mere cover by themapn:Z=Y/Q, — X.

() If f : Y — X is a three-point 7/ p"™ x Z /m-cover (with faithful conjugation
action of Z/m on 7/ p™) defined over some finite extension K /Ky, its field of
moduli (as a mere cover) with respect to K is Ko, and f can be defined over
Ko (as a mere cover).
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(iii) In the situation of part (ii), the field of moduli of f (as a Z/p" x Z/m-cover)
with respect to Ky is contained in K,, = Ko(¢pn). Thus f can be defined over
K, (asa Z/p" x Z/m-cover).
Proof. (i) We first assume n =1,s0 G = 7Z/p x Z/m. Write Z* for Y*' /Q, and
Z for the special fiber of Z%. We know from Corollary 7.3 that i determines (up
to a scalar multiple in [ ) the logarithmic differential form  that is part of the
deformation datum (Z, w) on the irreducible component Zy above Xy. Let &
be the generic point of Z,. Then w is of the form dii/u, where i € k(Zy) is the
reduction of some function u € € (zy £ Moreover, by [Henrio 2000a, chapitre 5,
définition 1.9], we can choose u such that the cover Y — Z is given birationally by
extracting a p-th root of u (viewing u € K(Z) N @(Z/)s[’g), That is,

KY)=K(D[t]/ (" —u).

We wish to show that knowledge of dii/u up to a scalar multiple ¢ € F determines
u up to raising to the c-th power, and then possibly multiplication by a p-th power
in K (Z) (as this shows Y’ — X is uniquely determined as a mere cover). This is
equivalent to showing that knowledge of du/u determines u up to a p-th power
(that is, that if du/u = dv/v, then u/v is a p-th power in K (Z)).

Suppose that there exist u, v € K(Z) N Oz, ¢ such that du/u = dv/v. Then
i =k v, with ¥ € k(Zy)P. Since i is a p-th power, it lifts to some p-th power « in
K. Multiplying v by «, we can assume that u = v. Consider the cover Y’ — Z given
birationally by the field extension K (Y') = K(Z)[t]/(t” — u/v). Since u = v, we
have that u /v is congruent to 1 in the residue field of O(z/)s ¢. This means that the
cover Y/ — Z cannot have multiplicative reduction; see [Henrio 2000a, chapitre 5,
proposition 1.6]. But the cover Y/ — Z — X is a Z/p x Z /m-cover, branched at
three points, so it must have multiplicative reduction if the Z/p part is nontrivial
(Lemma 5.3). Thus it is trivial, which means that u/v is a p-th power in K (Z),
that is, u = ¢”v for some ¢ € K (Z). This proves the case n = 1.

For n > 1, we proceed by induction. We assume that (i) is known for Z/p"~! x
Z/m-covers. Given n: Z — X, we wish to determine u € K(Z)* /(K (Z)*)""
such that K(Y) is given by K (Z)[t]/ " —u). By the induction hypothesis, we
know that u is well-determined up to multiplication by a p"~!-st power. Suppose
that extracting p”-th roots of # and v both give Z/p" x Z/m-covers branched at
0, 1, and co. Consider the cover Y’ — Z — X of smooth curves given birationally
by K(Y') = K(Z)[t]/(tpn — u/v). Since u/v is a p"~!-st power in K(Z), this
cover splits into a disjoint union of p"~! different Z/p x Z/m-covers. By our
previous argument, each of these covers can be given by extracting a p-th root of
some power of u itself! So ?"\/u/v = u‘w”, where w € K(Z) and ¢ € Z. Thus
v=u'"P""w~P" which means that extracting p"-th roots of either u or v gives
the same mere cover.
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(i) We know that the cyclic cover n of part (i) is defined over Ko because we have
written it down explicitly. Now, for o € Gg,, f° is a Z/p" x Z/m-cover with
quotient cover 1, branched at 0, 1, and co. By part (i), there is only one such (mere)
cover, so f? = f as mere covers. So the field of moduli of f as a mere cover with
respect to K is Kp. It is also a field of definition by [Coombes and Harbater 1985,
Proposition 2.5].

(iii) Since f is defined over K as a mere cover, it is certainly defined over K, as a
mere cover. We thus obtain a homomorphism / : Gg, — Out(G), as in Section 2B.
By Kummer theory, we can write K,,(Z) — K, (Y) as a Kummer extension with
Galois action defined over K,. This means that the image of & acts trivially on
Z/p". Furthermore, n : Z — X is defined over K¢ as a Z/m-cover. Thus, if
r: Out(G) — Out(Z/m) is the natural map, the image of r o & acts trivially on Z/m.
But the only automorphisms of G satisfying both of these properties are inner, so &
is trivial. This shows that the field of moduli of f with respect to Ky is K. Since
Ky has cohomological dimension 1, we see that f : ¥ — X is defined over K, as a
7] p" x Z /m-cover. U

We know from Lemma 7.4 that f is defined over K¢ as a mere cover and over
K, as a G-cover. Recall from Section 4 that the minimal field of definition of the
stable model K* is the fixed field of the subgroup I''" < G, that acts trivially on
the stable reduction f : ¥ — X. Recall also that the action of G, centralizes the
action of G.

Lemma 7.5. If g € Gk, acts on Y with order p, then g acts trivially on Y.

Proof. First, note that since each tail X, of X is primitive (Proposition 4.15), each
contains the specialization of a Ky-rational point (which must be fixed by g). As in
the proof of Proposition 4.9, g fixes all of X pointwise.

There are at least two primitive tails, because, for G = Z/p" x Z/m with m > 1
and faithful conjugation action, a three-point G-cover must have at least two branch
points with prime-to-p branching index. Since G has trivial center, [Obus 2012,
Lemmas 5.4 and 5.8] shows that g acts trivially on X. U

Proposition 7.6. Assume m > 1. Let f : Y — X be a three-point G-cover, where
G = Z/p"™ x Z/m (with faithful conjugation action of Z/m on Z/p™). Choose a
model for f over K,, as in Lemma 7.4(iii). Then there is a tame extension K8®° /K,
such that the stable model f* : Y — X*' is defined over K. In particular, the
n-th higher ramification groups for the upper numbering of K/ K vanish.

Proof. By Lemma 7.5, no element of Gg, acts with order p on Y. So the subgroup
of G, that acts trivially on Y has prime-to-p index, and its fixed field K% is a
tame extension of K,. By [Serre 1979, Corollary to IV, Proposition 18], the n-th
higher ramification groups for the upper numbering of the extension K, /Ky vanish.
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By Lemma 2.2, the n-th higher ramification groups for the upper numbering of
K2 /K vanish. O

7B. The case where G = 7/ p". Maintaining the notation of this section, we now
set G = Z/p". Finding the field of moduli is easy in this case, but understanding
the stable model (which is needed to apply Proposition 6.2) is more difficult.

Proposition 7.7. The field of moduli of f : Y — X relative to Kg is K,, = Ko(¢pn).

Proof. Since the field of moduli of f relative to K is the intersection of all
extensions of Ky which are fields of definition of f, it suffices to show that K,
is the minimal such extension. By Kummer theory, f can be defined over Ky
birationally by the equation y”" = x“(x — 1) for some integral @ and b. The Galois
action is generated by y — ¢,»y. This cover is clearly defined over K, as a G-cover.

Since Y is connected, f is totally ramified above at least one of the branch points
Xo (that is, with index p™). Let yg € Y be the unique point above xy. Assume
f is defined over some finite extension K /K as a G-cover, where Y and X are
considered as K -varieties. Then, by [Raynaud 1999, Proposition 4.2.11], the residue
field K (yp) of yp contains the p”-th roots of unity. Since yq is totally ramified,
K(y9) = K(x9) = K, and thus K 2O K,,. So K,, is the minimal extension of K
which is a field of definition of f. Thus K, is the field of moduli of f with respect
to K. O

In the rest of this section, we analyze the stable model of three-point G-covers
f 1Y — X (acomplete description, at least in the case p > 3, is given in Appendix A).
By Kummer theory, f can be given (over Ko) by an equation of the form y?" =
cx(x — 1)? for any ¢ € Ky (note that different values of ¢ might give different
models over subfields of Ky). The ramification indices above 0, 1, and co are
pv@  pn=v®) “apd pnv@+h) respectively. Since Y is connected, we must have
that at least two of a, b, and a + b are prime to p. Note that if p = 2, then exactly
two of a, b, and a + b are prime to p. In all cases, we assume without loss of
generality that f is totally ramified above 0 and oo, and we set s to be such that p*
is the ramification index above 1. Then v(b) =n — .

As in Section 4, write f* : Y% — X*' for the stable model of f,and f:Y — X
for the stable reduction.

Lemma 7.8 (cf. [Coleman and McCallum 1988, Section 3]). The stable reduction
X (over Ky) contains exactly one étale tail X, which is a new tail with effective
invariant op = 2.

If p>3,0or p=3andeithers >1ors=n=1,setd=a/(a+b). If p=3 and
n>s=1,set

; 3/32n+1 (Z)

d= ,
a+b+ a+b
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where we choose any cube root. If p =2, set

_a +«/2"171'
a+b  (a+b)?’

where i> = —1 and the square root sign represents either square root.
Then X, corresponds to the disk of radius |e| centered at d, where e € K¢ has
v(e)=3Q2n—s+1/(p—1)).

Proof. By the Hasse—Arf theorem, the effective ramification invariant o of any étale
tail is an integer. Clearly there are no primitive tails, as there are no branch points
with prime-to- p branching index. By Lemma 4.13, any new tail has o > 2. By the
vanishing cycles formula (4-1), there is exactly one new tail X}, and its invariant o}
is equal to 2.

We know that f is given by an equation of the form y?" = g(x) := cx(x — 1)?,
and that any value of ¢ yields f over K. Taking K sufficiently large, we may (and
do) assume that ¢ =d~%(d —1)~". Note that, in all cases, gd)=1,v(d)=v(a)=0,
and v(d — 1) =v(b) =n —s.

Let K be a subfield of K containing Ko(gpn, e, d). Let R be the valuation ring of
K. Consider the smooth model X, of IP}( corresponding to the coordinate ¢, where
x =d+-et. The formal disk D corresponding to the completion of Dy := X \ {t = 0o}
in X', is the closed disk of radius 1 centered at ¢ = 0, or, equivalently, the disk of
radius |e| centered at x = d; see Section 2D. Its ring of functions is R{t}.

In order to calculate the normalization of X', in K (Y), we calculate the normal-
ization E of D in the fraction field of

R/ —g(x) = RIIYI/ (P — g(d +et)).

Now, g(d +et) = Zjié’ cet®, where

c@=e€2€:(£ij)<l;)dj_z(d—l)_j. (7-1)

j=0

If s =n and £ > 3, then clearly v(c,) > v(e) =4 (n+1/(p—1) >n+1/(p—1).
If s <n and £ > 3, then the j = ¢ term is the term of least valuation in (7-1), and
thus it has the same valuation as c,. We obtain

v(ce) = Lo (e) +v(b) —v(€) —L(n—s) =n+—— 4 £=2 (s+ L )—v) 7-2)
p—1 2 p—1
(unless, of course, c; = 0).
Now, assume either that p > 3, orif p=3,thens >1ors=n=1. Thend =
a/(a+Db). Itis easy to check, using (7-2), that v(c;) >n+1/(p—1) for £ > 3. Equa-
tion (7-1) shows that co = 1, ¢; =0, and ¢ = (a + b)3e? /(ab), which has valuation
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n+1/(p—1). Thus we are in the situation (i) of Lemma 3.1 (with 4 = 2), and the spe-
cial fiber E; of E is a disjoint union of p"~! étale covers of D = A,i. Each of these
extends to an Artin—Schreier cover of conductor 2 over I]J’,i. By Lemma 2.4, these
have genus (p —1)/2 > 0. Therefore, by Lemma 4.3, the component X, correspond-
ing to D is included in the stable model. By Lemma 4.7, itis a tail. Since there is only
one tail of X, and it has effective ramification invariant 2, it must correspond to Xp.

For the cases where either p =2, or p=3 andn > s =1, see Lemma C.2. [

Remark 7.9. The computation of Lemma 7.8 is similar to the relevant parts of
[Coleman and McCallum 1988, Section 3], in particular Lemma 3.6 and Case 5 of
Theorem 3.18. Our task is simplified because we know from the outset what we
are looking for, that is, a new tail with o}, = 2.

Corollary 7.10. (i) If f is totally ramified above {0, 1, 0o}, then X has no insep-
arable tails.

(i) If p > 3 and f is totally ramified above only {0, 0o}, then if X has an insepa-
rable tail, the tail contains the specialization of x = 1.

(iii) If p =3, suppose f is totally ramified above only {0, 0o} and ramified of index
3% above 1. Then any inseparable tail of X not containing the specialization of
x=1lisap’ 1 tail (in particular, s > 2). Furthermore, such a tail corresponds
to the disk of radius |e’| centered at d', where v(e') =n —s + % and

,_ a N 3/32(n—s+1)+1 (53))
a+b a+b

(v) If p =2, suppose f is totally ramified above only {0, oo} and ramified of index
2% above 1. Then any inseparable tail of X not containing the specialization of

x = 1 is a p/-tail for some j < s. Furthermore, such a tail corresponds to the
disk of radius |e | centered at d;, where v(e;) = %(2n —s—j+1,

d— @ +\/2"_jbi
T a+b T (a+b)?

and i = —1.

Proof. () Letd = a/(a + b) as in Lemma 7.8. Suppose there is an inseparable
pi-tail X, C X (we know j < n by Lemma 4.8). By Proposition 4.6, X, is a new
inseparable tail. By Lemma 4.14, X, is a new (étale) tail of the stable reduction of
Y/Q; — X. Its corresponding disk must contain ¢, by Lemma 7.8 (substituting
n — j for n in the statement). But this is absurd, because the disks corresponding to
X, and the étale tail X, are disjoint.

(ii) Assume f is ramified above x = 1 of index p®, s < n. Let X, be a new
inseparable p/-tail of X, and o its ramification invariant. By Lemma 4.13, o, > 1.
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Let Y. be a component of Y lying above X,. If j > s, we see that Y/Q; — Xis
branched at two points, and thus has genus zero. Since Q; < Iy , the constancy of
arithmetic genus in flat families shows that Y. has genus zero. But any component
Y. above X, must have genus greater than 1; see [Raynaud 1999, Lemme 1.1.6].
This is a contradiction.

Now suppose j < s. Then Y/Q; — X is a three-point cover. So we obtain the
same contradiction as in (i).

(iii) As in (ii), we see that any new inseparable p--tail X, of X must satisfy j <s.
In particular, s > 2. As in (i), X, must correspond to the same disk as the new étale
tail of the stable reduction of f':Y/Q; — X, but the disk must not contain the
specialization of d = a/(a + b). By Lemma 7.8, this can only happen if f has
degree greater than 3, but is branched of index 3 above 1. Thus j =s — 1. Thus f’
is a Z/ p"~**1-cover. We conclude using Lemma 7.8, replacing n by n —s + 1 and
s by 1.

(iv) Let j and X, be as in part (ii). As in (ii), we may assume j < s. As in (i), X,
is the new étale tail of the stable reduction of f':Y/Q; — X. The cover f’is a
7/ p"~J -cover totally ramified above 0 and oo and ramified of index 2*~/ above 1.
We conclude using Lemma 7.8, replacing n by n — j and s by s — j. (]

Corollary 7.11. In cases (ii), (iii), and (iv) above, x = 1 in fact specializes to an
inseparable tail.

Proof. If x = 1 specializes to a component W that is not a tail, then there exists a tail
X . lying outward from W. If X is a p’-tail, then Lemma 4.8 and Proposition 4.6
show thati <s. By Lemma 4.14, X is an étale tail of the stable model of Y/Q;— X.
As i < s, this is still a three-point cover. So we may assume (still, for the sake of
contradiction) that there is an étale tail lying outwards from the specialization of
x = 1. By Lemma 7.8, we have o, =2, and X, is the only étale tail of f.

Let ey and e; be the edge of ¢’ with source corresponding to W and target
corresponding to the branch point x =1 and, respectively, the immediately following
component of X in the direction of X,. Then ajlff =2 by Lemma 5.7, and crjoff =0.
The deformation data above W are multiplicative and identical, and o¢ff is given
by a weighted average of invariants. So for any deformation datum w above W,
we have oy, = 0 and o,, =2, where the points xp and x; correspond to ¢ and e,
respectively. Furthermore, o, = 1 for all x other than xg, x;, and the intersection
point x, of W and the next most inward component.

Now, by a similar argument as in the first part of the proof of Corollary 7.10(i1),
any component of ¥ above W must have genus zero. Thus w has degree —2. Since
 has simple poles above x¢ and simple zeroes above xi, it must have a double
pole above x;. But a logarithmic differential form cannot have a double pole. This
is a contradiction. O
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Remark 7.12. In Corollary 7.10(iv), there in fact does exist an inseparable p/-tail
for each 1 < j < s. Each of these is the same as the unique new tail of the cover
Y/Q; — X. We omit the details.

We give the major result of this section:

Proposition 7.13. Assume G = Z/p", n > 1, and f : Y — X is a three-point
G-cover defined over K, totally ramified above {0, 00} and ramified of index p*
above 1. Suppose f is given over Ko by y?" = x*(x — 1)°.

(1) If s = n (that is, f is totally ramified above 1), then there is a model for f
defined over K, = Ko(¢pn) whose stable model can be defined over a tame
extension K5 /K,,.

(i) If p > 3 and s < n, then there is a model for f over K, whose stable model
can be defined over a tame extension K stab /Ky ( " a /(a +b)).

(iii) If p =3 and 1 = s < n, then there is a model for f over Kn< Y 32”“(13’))

whose stable model can be defined over a tame extension K2 of

Kn( 3/32n+1 (13’) 3"\1/Z)'

(iv) Assume p=3and 1 <s < n. Let

- 3 3(2(n—s+1)+1)(§)

_a+b+ a+b

Then there is a model for f over K, whose stable model can be defined over a
tame extension K5 of

K d/ 3n—s/ a gn—s+1 (d/)a(d/—l)b
" ’ a+b’ abb(a+b)~—(atd) |’

(v) Assume p=2. For0 < j <s, let

a n=Jbi
g @ NTb
"7 a+b ' (a+b)?”

where i* = —1, and the square root sign represents either square root. Then

there is a model for f over K, whose stable model can defined over a tame
extension K5 of

n—1 s—1 n—j s—j
K:=K,(* Vo, > Vdo—1, *Jd;, > Jd;j = 1),_, .
Proof. In each case of the proposition, let d be as in Lemma 7.8. Set

c=d*d-1"".
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The model of f we will use will always be the one given by the equation y”" =
cx®(x — 1)?. In all cases, there is a unique étale tail W of X containing the
specialization of x = d, which is a smooth point of X. Furthermore, the points in
the fiber of f above x = d are all K ,-rational.

(i) Since s =n, we have d =a/(a +b) and a, b, a + b are prime to p. Our model
for f is defined over K,. By Corollary 7.10, the tail W is the unique tail of X.
Since the point x = d and all points in the fiber of f above x = d are K,-rational,
their specializations are fixed by G, . By Proposition 4.9, the stable model of f is
defined over a tame extension of K,.

taining the spec1ahzat10n of x = 1 (to a smooth point of X). Now, consider
Y/ Qs (note that O is the inertia group above x = 1). This is a cover of X given
birationally by the equation y”"~ = cx?(x — 1)”. Since p"~* exactly divides b, we
set y' = y/(x — 1)?/?""". The new equation (y")”" " = cx® shows that the points
above x = 1 in Y/ Q; are defined over the field K, _(c, I’"T/E) =K,_,d, an),
and their specializations are thus fixed by its absolute Galois group. Since the map
Y$ — Y/ Q, is radicial above W', all points of ¥ above the specialization of x = 1
are fixed by G Kol SV By Proposition 4.9, the stable model of f is defined
over a tame extension of K, (d, P \/_ d).

If p>3ands <n, then K, (d,” v/d)=K,(""/aj(a+ b)), finishing the proof
of (ii). If p =3 and s = 1, then

d= aib(l+§)’

where B = 32"“(}3’). Since v(B) = n — %, the binomial theorem shows that
1 4+ B/a is a 3" !-st power in K, (B). Thus

31 3/ b -1/ a
Kn(da \/6_1) = K}'I( 3271-‘1—1(3)’ 3 a+b
(iv) Here d = a/(a + b), and our model of f is defined over K,. There is an

finishing the proof of (iii).
inseparable tail W’ containing the specialization of x = 1 and a unique new in-
separable tail containing the specialization of x = d’ by Corollary 7.10(iii). As
in parts (ii) and (iii), the fiber of f above the specialization of x = 1 is pointwise
fixed by the absolute Galois group of K, (> +/a/(a + b)). Likewise, the fiber of
f above the specialization of x = d’ is fixed by the absolute Galois group of
| c(d")4(d’ — 1)b). By Proposition 4.9, the stable model of f is defined
over a tame extension of the compositum of these two fields, which is exactly the
field given in part (iv) of the proposition.
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(v) In this case, d = dy. Note that n > 2, as there are no three-point Z/2-covers.
One sees that ¢ = a’(;“(do —1)"? € K, (in fact, ¢ € K3 always, and ¢ € K, for
n =2). So our model of f is defined over K.

By Corollary 7.10(iv) (and Remark 7.12), there is a unique inseparable p/-tail
V_Vj of X for each 1 < j < s. Also, there is an inseparable tail containing the
specialization of x = 1 (even if these inseparable tails did not exist, our proof would
still carry through— only our K would overestimate the minimal field of definition
of the stable model). Each tail W j contains the specialization of x = d; to a smooth
point of X.

As in (iv), the fiber of ]7 above the specialization of x =d;, for 1 < j <, is
pointwise fixed by G, where

n-i|d(d;—1)°
L =K, IV
’ ( \ d§ (do—1)"

As in (ii) and (iii), the fiber above the specialization of x = 1 is pointwise fixed by

G/, where
L= Kn( " (do — 1)—b).

Keeping in mind that v(b) =n — s, we see that K (as defined in the proposition)
contains the compositum of L’ and all the extensions L;. We conclude using
Proposition 4.9. ]

Corollary 7.14. In each case covered in Proposition 7.13, the n-th higher ramifica-
tion group of K /K for the upper numbering vanishes.

Proof. We first note that any tame extension of a Galois extension of Kj is itself
Galois over K. In case (i) of Proposition 7.13, K stab js contained in a tame extension
of K. The n-th higher ramification groups for the upper numbering for K,/ K
vanish by [Serre 1979, Corollary to IV, Proposition 18]. By Lemma 2.2, the n-th
higher ramification groups vanish for K% /K as well.

For case (ii) of Proposition 7.13, we note that v(a/(a + b)) = 0. So

Kn ("' a/(a+b))/Ko

has trivial n-th higher ramification groups for the upper numbering by [Viviani
2004, Theorem 5.8]. We again conclude using Lemma 2.2.

For cases (iii) and (iv) of Proposition 7.13, Lemma C.3 shows that K stab s g
tame extension of an extension of K for which the n-th higher ramification groups
for the upper numbering vanish. For case (v), this fact is shown by Proposition C.5.
We again conclude using Lemma 2.2. U
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7C. The general p-solvable case. We maintain the notation of earlier subsections.

Proposition 7.15. Let G be a p-solvable finite group with a cyclic p-Sylow sub-
group P of order p". If f : Y — X is a three-point G-cover of P! defined over K,
then there exists a field extension K’ /K such that:

(i) The cover f has a model whose stable model is defined over K'.

(ii) The n-th higher ramification group of K'/ K for the upper numbering vanishes.

In particular, if K is the field of moduli of f relative to Ky, then K C K’, so the
n-th higher ramification group of K /K for the upper numbering vanishes.

Proof. By Proposition 2.1, we know that there is a prime-to-p subgroup N such that
G/N is of the form Z/p" x Z/mg. Let f7:Y" — X be the quotient G/ N-cover.

Suppose first that T is a three-point cover. Then we know from Propositions
7.6 and 7.13, along with Corollary 7.14, that there exists a model of ' whose
stable model can be defined over a field K% such that the n-th higher ramification
groups for the upper numbering for K% /K, vanish. Let f7 : YT — X' be
the stable reduction of f7. The branch points of ¥ — YT are all ramification
points of f7, because fT is branched at three points. Thus, by definition, their
specializations do not coalesce on Y. Since G g acts trivially on Y, it permutes
the ramification points of f7 trivially, and thus these points are defined over K%°,
By Proposition 6.2, the stable model f*' of f can be defined over a tame extension
K'/K*# By Lemma 2.2, K’ satisfies the properties of the proposition.

Now, suppose that £ is branched at fewer than three points. Since char(K) =0,
the cover f1 must be a Z/ p"-cover branched at two points, say (without loss of
generality) 0 and co. Then the branch points of ¥ — Y include the points of
YT lying over x = 1, as well as the ramification points of f7. We may assume
that f:Y" — X is given by the equation y”" = x, which is defined over K,
as a Z/p"-cover. Then, the points lying above x = 1 are also defined over K,,.
By Proposition 6.2, we can take K’ to be a tame extension of K,. The n-th
higher ramification group of K, /Ky for the upper numbering vanishes [Serre 1979,
Corollary to IV, Proposition 18]. By Lemma 2.2, the n-th higher ramification group
of K'/K for the upper numbering vanishes. (]

Theorem 1.3 now follows from Propositions 7.1 and 7.15.

Remark 7.16. The proofs of Propositions 7.6 and 7.13, and Corollary 7.14, which
are the main ingredients in the proof of Theorem 1.3, depend on writing down
explicit extensions and calculating their higher ramification groups. It would be
interesting to find a method to place bounds on the conductor without writing
down explicit extensions. Such a method might be more easily generalizable to the
non- p-solvable case.
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Appendix A. Explicit determination of the stable model of a three-point
Z]p"-cover, p > 2

Throughout this appendix, we assume the notations of Section 7B (in particular, that
f:Y — X is given by yf’" = cx%(x —1)? for some ¢, and that d is as in Lemma 7.8).
So G = 7Z/p", and Q; is the unique subgroup of order p’ for 0 <i < n. For a
three-point G-cover f defined over Ky, the methods of Section 7B are sufficient
to bound the conductor of the field of moduli of f above p. But we can also
completely determine the structure of the stable model of f (Propositions A.3, A4,
and A.5). Although this is essentially already done in [Coleman and McCallum
1988, Section 3], we include this appendix for three reasons. First, we compute
the stable reduction of the cover f, as opposed to the curve Y. Second, we have
fewer restrictions than Coleman in the case p = 3 (we allow not only covers with
full ramification above all three branch points, but also covers with ramification
index 3 above one of the branch points). Most importantly, our proof requires
significantly less computation and guesswork, and takes advantage of the vanishing
cycles formula as well as the effective different (Definition 5.9). Indeed, the majority
of the computation required is already encapsulated in Lemma 7.8.

While it would be a somewhat tedious calculation, our proof can be adapted to
the case of all cyclic three-point covers without using new techniques. However,
for simplicity, we assume throughout this appendix that either p > 3, or that p =3
and either f is totally ramified above three points, or f is totally ramified above
two points and ramified of index 3 above the third.

Lemma A.1. The stable reduction X cannot have a p'-component intersecting a
p'ti-component for j > 2.

Proof. Let X, be such a p'-component. Then, a calculation with the Hurwitz
formula shows that the genus of any component Y. above X, is greater than 0. By
Lemma 4.3, X is a component of the stable reduction of the cover f':Y/Q; — X.
It is étale, and thus a tail by Lemma 4.7. Let o, be its effective ramification invariant.
By [Obus 2012, Lemma 4.2], 0. > p > 2. But this contradicts the vanishing cycles
formula (4-1). U

Lemma A.2. Suppose W is a p'-component of X that does not contain the special-
ization of a branch point of f and does not intersect a p’-component with j > i.
Then W intersects at least three other components.

Proof. Let V be an irreducible component of Y lying above W. Let V' be the
smooth, proper curve with function field k(V)pi. Then f*" induces a natural map
o : V' — W. By Proposition 4.4(i, ii), this map is tamely ramified and is branched
only at points where W intersects another component. If there are only two such
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points, then « is totally ramified, and V' (and thus V') has genus zero. This violates
the three-point condition of the stable model. U

We now give the structure of the stable reduction when f has three totally
ramified points.

Proposition A.3. Suppose that f is totally ramified above all three branch points.
Then X is a chain, with one p"~'-component X; for each i for 0 <i <n (X is
the original component). For each i > 0, the component X ,_; corresponds to the
closed disk of radius p~ /D@ P=D) centered at d = a/(a + b).

Proof. We know from Lemma 7.8 and Corollary 7.10 that X has only one tail,
so it must be a chain. The original component contains the specializations of the
branch points, so it must be a p”-component. By Lemma A.1, there must be a
p"~-component for each i, 0 < i < n. Also, by Lemma A.2, there cannot be two
intersecting components W < W’ of X with the same size inertia groups. Since f
is monotonic by Proposition 4.5, there must be exactly one p’-component of X for
each 0 <i <n.

It remains to show that the disks are as claimed. For i = n, this follows from
Lemma 7.8. For i < n, consider the cover Y/Q,—; — X. The stable model of
this cover is a contraction of Y*'/Q,_; — X*'. By Lemma 7.8 (using i in place of
n), the stable reduction of Y/Q,_; — X has a new étale tail corresponding to a
closed disk centered at d with radius p~(/2@+1/(>=1) Thys X also contains such
a component. This is true for every i, proving the proposition. U

Things are more complicated when f has only two totally ramified points:

Proposition A.4. Suppose that f is totally ramified above 0 and oo, and ramified
of index p® above 1, for some 0 < s < n. If p =3, assume further that s = 1. Then
the augmented dual graph 9’ of the stable reduction of X is as in Figure 1.

In particular, the original component X is a p"-component, as labeled in
Figure 1. For s +1<i <n, X,_; is a p'-component corresponding to the disk of

XT/l

=

ol

yn—s Xn_5+1 )?n—l )?n

E——

Xo X1 X Xn_s—1

g

Figure 1. The augmented dual graph %’ of the stable reduction of
a three-point Z/ p™-cover with two totally ramified points, p 7# 2.
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radius p_(1/2>("_i+1/(p_1)) centered atd. For0<i <s, X,_; isa pi-component
corresponding to the disk of radius p~1/PCr=s=i+1/(=D) contered at d. The
st_component corresponding to the disk of radius p~"~*
centered at d. The component X+ is a p*-component corresponding to the disk of
radius p~ "=t/ P=D) centered at 1. The vertices corresponding to 0, 1, and 0o
are marked as 0, 1, and 3.

component X,isa p

Proof. Recall that v(1 —d) = v(b) =n — s so long as p > 3. By Corollary 7.11
and Lemma 7.8, X contains exactly two tails: an inseparable tail X+ containing
the specialization of x = 1, and an étale tail X,, containing the specialization of
d. There must be a component of X “separating” 1 and d, that is, corresponding
to the disk centered at d (equivalently, 1) of radius |1 — d| = p~"~%). Call this
component X .. Then X looks like a chain from the original component Xoto X,
followed by two chains: one going out to X+ and one going out to X,.

Let us first discuss the component X .. Consider the cover f’: Y% /Q, — X*.
For any edge e of ¢’ corresponding to a singular point on X, we will take (oeff)/
to mean the effective invariant for the cover f’. Now, the generic fiber of f is a
cover branched at two points, so Y*' /Q; has genus 0 fibers. By Lemma 2.4, any
tail X, for the blow-down of the special fiber f’ of f’ to a stable curve must have
op =1. Lemma 5.7 shows that if s(e) < (e), then (aeeff)’ = 1. Since the deformation
data above X are multiplicative, the effective different (8¢fY for f' above X is
n—s+1/(p—1). So above X, it is

n—s+L—(n—s)=—>0
p—1 p—1
by Lemma 5.10 applied to each of the singular points between Xy and X, in
succession. This means that X, is an inseparable component for f’, which means
that it is at least a p**!-component for f.

Next, we examine the part of X between X and X,. By Lemma A.1, there
must be a p’-component of X for each i such that s + 1 <i < n. Then if we take
Y/ Qi — X, the effective different for f; above Xoisn—i+1/(p—1). Asin
the previous paragraph, Lemma 5.10 shows that above a component corresponding
to the closed disk of radius p~~i+1/(P=1) centered at d, the effective different
for f/ will be 0. This means that this component is the innermost p'-component.
In Figure 1, we label this component X,_;. In particular, the p**!-component
X,_s_1 corresponds to the closed disk of radius p~"—$~1+1/(?=1) around d. Note
that X, corresponds to the closed disk of radius p~"~%) around d, and thus lies
outward from X,_,_;. By monotonicity, X, is a p**!-component. By Lemma A.2,
X, intersects X,_s_;, and for s + 1 < i < n, there is exactly one pi -component,
namely X,_i. So the part of X between X and X, is as in Figure 1, and radii of
the corresponding disks are as in the proposition.
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Now, let us examine the part of X between X, and X +. We have seen that
X, is a p**'-component, and X+ is a p*-component by Proposition 4.6. So, by
Lemma A.2, this part of X consists only of these two components. Recall that if we
quotient out Y*' by Qj, the effective different above X, is 1/(p — 1). Also, recall
that the effective invariant (O’:ff)/ for s(e), t(e) corresponding to X., X +1is 1. So
by Lemma 5.10, the épaisseur of this annulus is 1/(p — 1), and X; corresponds to
the disk of radius p~*—s+1/(>=1) centered at 1.

Lastly, let us examine the part of X between X, and the new tail X,,. We know
there must be a p'-component for each i, 0 < i < s + 1. This component must be
unique, by Lemma A.2. These components are labeled X,,_; in Figure 1 (with the
exception of X, which corresponds to i = s + 1). We calculate the radius of the
closed disk corresponding to each X,,_;. For i = s, the radius is p~—+1/(p—1)
for the same reasons as for X«. For i = 0, we already know from Lemma 7.8
that the radius is p_(l/z)(z”‘_““/(f’_l)). For 1 <i <s — 1, we consider the cover
Y/Q; — X. The stable model of this cover is a contraction of Y*'/Q; — X*'. Since
Y/Q; — X is still a three-point cover, we can use Lemma 7.8 (withn —i and s — i
in place of n and s) to obtain that the stable reduction of Y/Q; — X has a new tail
corresponding to a closed disk centered at d with radius p~(1/2@1=s=i+1/(p=1)
This is the component X,,_;. O

Propositions A.3 and A.4 give us the entire structure of the stable reduction X.
The following proposition gives us the structure of Y.

Proposition A.5. Suppose we are in the situation of either Proposition A.3 or A.4.
If W is a p'-component of X which does not intersect a p'*'-component, then
f~YW) consists of p"~' connected components, each of which is a genus zero
radicial extension of W. If W borders a p'*'-component W', then f~' (W) consists
Of pn—i—l
cover of W, branched of order p at the point of intersection w of W and W'. The
conductor of this cover at its unique ramification point is 2, unless we are in the
situation of Proposition A.4 and i > s, in which case the conductor is 1.

The rest of the structure of Y is determined by the fact that Y is tree-like (that is,

the dual graph of its irreducible components is a tree).

connected components, each a radicial extension of an Artin—Schreier

Proof. That Y is tree-like follows from [Raynaud 1990, théoréme 1]. This means
that any two irreducible components of ¥ can intersect at at most one point. Every-
thing else except the statement about the conductors follows from Proposition 4.4,
Lemma A.1, and the fact that if H is a cyclic p-group, then an H-Galois cover of
P! branched at one point with inertia groups Z/p must, in fact, be a Z/ p-cover.
We omit the details.

For the remainder of the proof, let W be a p’-component intersecting a p'*!-
component W',
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Suppose we are in the situation of Proposition A.4 andi > s. Then Y/Q; — X
is branched at two points, so Y has genus zero. So any component of the special
fiber of Y*/Q; must also have genus zero. Since Q; acts trivially above W,
every component above W must have genus zero. If such a component is a radicial
extension of an Artin—Schreier cover, then Lemma 2.4 shows that the Artin—Schreier
cover must have conductor 1.

Now, suppose that f has three totally ramified points or that we are in the
situation of Proposition A.4 and i < s. Then W is the unique p’-component of X
(Propositions A.3 and A.4), and is thus the unique étale tail of the stable reduction
of the three-point cover f':Y/Q; — X. By Lemma 7.8, the irreducible components
above W in the stable reduction of f':Y/Q; — X are Artin-Schreier covers with
conductor 2. Since W is a p’-component, the irreducible components of ¥ above
W are radicial extensions of Artin—Schreier covers with conductor 2. ]

Appendix B. Composition series of groups with cyclic p-Sylow subgroup

In this appendix, we prove Proposition B.2, which shows that a finite, non-p-
solvable group with cyclic p-Sylow subgroup has a unique composition factor with
order divisible by p. Before we prove Proposition B.2, we prove a lemma. Our
proof depends on the classification of finite simple groups.

Lemma B.1. Let S be a nonabelian finite simple group with a (nontrivial) cyclic p-
Sylow subgroup. Then any element x € Out(S) with order p lifts to an automorphism
x € Aut(S) with order p.

Proof. All facts about finite simple groups used in this proof that are not clear from
the definitions or otherwise cited can be found in [Conway et al. 1985].

First, note that no nonabelian simple group has a cyclic 2-Sylow subgroup, so
we assume p 7# 2. Note also that no primes other than 2 divide the order of the
outer automorphism group of any alternating or sporadic group. So we may assume
that S is of Lie type.

We first show that p does not divide the order g of the graph automorphism
group or the order d of the diagonal automorphism group of S. The only simple
groups S of Lie type for which an odd prime divides g are those of the form 0; (9).
In this case 3|g. But 0; (g) contains (041|r (¢))?* in block form, and the order of
07 (q)is (1/(4, 4> — 1))(g*(¢* — 1)?). This is divisible by 3, so Og (¢) contains
the group Z/3 x Z/3, and does not have a cyclic 3-Sylow subgroup.

The simple groups S of Lie type for which an odd prime p divides d are the
following:

(1) PSL,(g), for pl(n,q —1).
(2) PSU,(¢?), for pl(n, g +1).
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3) Es(g), for p=3and 3|(g — 1).
(4) 2E¢(g*), p=3and 3|(g +1).

Now, PSL, (g) contains a split maximal torus ((Z/q)x)”_l. Since p|(g — 1), this
group contains (Z/p)"~!, which is not cyclic, as p|n and p # 2. So a p-Sylow sub-
group of PSL, (g) is not cyclic. The diagonal matrices in PSU,,(¢?) form the group
(Z/(g+1))"~!, which also contains a noncyclic p-group (as p > 2 and p|(n, g+1)).
The group Eg(qg) has a split maximal torus ((Z/¢)*)® [Humphreys 1975, Section
35], and thus contains a noncyclic 3-group. Lastly, >Eg(g?) is constructed as a
subgroup of E¢(g%). When g = —1 (mod 3), the ratio |E¢(¢?)|/|*Es(g?)| is not
divisible by 3, so a 3-Sylow subgroup of % E¢(g?) is isomorphic to one of E¢(g?),
which we already know is not cyclic.

So if there exists an element X € Out(S) of order p, then p divides f, the order
of the group of field automorphisms. Also, since the group of field automorphisms
is cyclic and p does not divide d or g, a p-Sylow subgroup of Out(S) is cyclic.
This means that all elements of order p in Out(S) are conjugate in Out(S), up to a
power with exponent prime to p. At the same time, there exists an automorphism o
in Aut(S) which has order p and is not inner. Namely, we view S as the [,-points
of some Z-scheme, where g = g/ for some prime g, and we act on these points
by the (f/p)-th power of the Frobenius at g. Let @ be the image of « in Out(S).
Since there exists ¢ prime to p such that & is conjugate to x in Out(S), there exists
some x conjugate to «¢ in Aut(S) such that x is the image of x in Out(S). Since
o has order p, so does x. It is the automorphism we seek. U

The main theorem we wish to prove in this section states that a finite group
with a cyclic p-Sylow subgroup is either p-solvable or “as far from p-solvable as
possible.”

Proposition B.2. Let G be a finite group with a cyclic p-Sylow subgroup P of
order p". Then at least one of the following two statements is true:

o G is p-solvable.

o G has a simple composition factor S with p" | |S].

Proof. We may replace G by G/N, where N is the maximal prime-to-p normal
subgroup of G. So assume that any nontrivial normal subgroup of G has order
divisible by p. Let S be a minimal normal subgroup of G. Then S is a direct
product of isomorphic simple groups [Aschbacher 2000, 8.2, 8.3]. Since G has
cyclic p-Sylow subgroup and no nontrivial normal subgroups of prime-to-p order,
we see that S is a simple group with p | |S]. If S = Z/p, then [Obus 2012, Corollary
2.4 ()] shows that G is p-solvable. So assume, for a contradiction, that p" 1 |S| and
S22 7Z/p. Then G /S contains a subgroup of order p. Let H be the inverse image
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of this subgroup in G. It follows that H is an extension of the form
1-S—>H-—->H/S=Z/p—1. (B-1)

We claim that H cannot have a cyclic p-Sylow subgroup, thus obtaining the desired
contradiction.

To prove our claim, we show that H is in fact a semidirect product S < H/S,
that is, we can lift H/S to a subgroup of H. Let X be a generator of H/S. We
need to find a lift x of X which has order p. It suffices to find x lifting x such that
conjugation by x” on § is the trivial isomorphism, as § is center-free. Since the
possible choices of x correspond to the possible automorphisms of S which lift the
outer automorphism ¢5 given by X, we need only find an automorphism of S of
order p which lifts ¢5. Since ¢x has order p, our desired automorphism is provided
by Lemma B.1, finishing the proof. U

Remark B.3. As was mentioned in the introduction, there are limited examples of
simple groups with cyclic p-Sylow subgroups of order greater than p. For instance,
there are no sporadic groups or alternating groups. There are some of the form
PSL, (¢), including all groups of the form PSL,(¢) with v, ((>?—1)>1and p, ¢
odd. There is also the Suzuki group Sz(32). All other examples are too large to be
included in [Conway et al. 1985].

Appendix C. Computations for p =2,3

We collect some technical computations involving small primes that would have
disrupted the continuity of the main text.

For the following proposition, R is a mixed characteristic (0, 2) complete discrete
valuation ring with residue field k and fraction field K. For any scheme S over R,
we write Sy and Sk for § xg k and S x g K, respectively.

Proposition C.1. Assume that R contains the 2" -th roots of unity, where n > 2. Let
X = Spec A, where A = R{T}. Let f : Yx — Xk be a [uy-torsor given by the
equation yzn =y, where s = 1+c1T + c2T? (mod 2"*), such that v(cy) =n, ¢
is a square in R, and c%/cz = 2"*1i (mod 2"+?), where i is either square root of
—1. Then f : Yx — Xx splits into a union of 2" disjoint ju4-torsors. Let Y be
the normalization of X in the total ring of fractions of Y. Then the map Yy — Xy
is étale, and is birationally equivalent to the union of 2"~2 disjoint 7 /4-covers of
[P’,lc, each branched at one point, with first upper jump equal to 1.

Proof. Using the binomial theorem, we see that 2"12/5 exists in A and is congruent
to 1 +b,T +b,T? (mod 8), with by = ¢1/2"~% and by = ¢»/2" 2. Then v(b,) =2,
b, is a square in R, and b% /b> = 8i (mod 16). Thus, we reduce to the case n = 2.
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Let Zx = Yk /io. The natural maps r : Zg — Xk and g : Yx — Zg are given
by the equations
F=g y=z

respectively. Let us write g’ = g(1+ T'+/—b)? and 7’ = z(1 4+ T+/—b>). Then r is
also given by the equation

@)’ =g"
Now, g’ = 1+ 2T+/—b, + €, where € is a power series whose coefficients all
have valuation greater than 2 (note that, by assumption, v(b;) = %). By [Henrio
2000a, chapitre 5, proposition 1.6] and Lemma 2.5, the torsor r has (nontrivial)
étale reduction Z; — Xy, which is birationally equivalent to an Artin—Schreier

cover with conductor 1. By Lemma 2.4, Z; has genus zero. Let U be such that
1 —2U = 7. Then the cover Z; — X is given by the equation

@) — i =T,/ (b2 /%),

where an overline represents reduction modulo 7. Then u is a parameter for Z,
and the normalization of A in Zg is R{U}.
It remains to show that ¢ has étale reduction. The cover ¢ is given by the equation

Y =1=J1+T-b) ' =1 -20)1+Ty-by)". (C-1)

By [Henrio 2000a, chapitre 5, proposition 1.6], it will suffice to show that, up
to multiplication by a square in R{U}, the right-hand side of (C-1) is congruent
to 1 (mod 4) in R{U}. Equivalently, we must show that the right-hand side is
congruent modulo 4 to a square in R{U}. Modulo 4, we can rewrite the right-hand
side as

1-2U —T+/—by. (C-2)

We also have that

1=20 =220 +T=b)* =g(14+T+/=by)*> =1+ T (b +2/—b») (mod 8).
Rearranging, this yields that
—4U +4U?
Y —T/—b, (mod 4).
b1/~ —b2)+2

Since b%/bz = 8i (mod 16), it is clear that bf/(—bz) = 8i (mod 16). One can then
show that by //—by =2+ 2i (mod 4). We obtain Tx/—b, =2iU —2iU? (mod 4).
So (C-2) is congruent to 1 — (24 2i)U 4 2iU? modulo 4. This is (1 — (1 +i)U)?,
so we are done. O

Lemma C.2. Lemma 7.8 holds when p =2, and also when p =3 andn > s = 1.
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Proof. Use the notation of Lemma 7.8, and let R/ W (k) be a large enough finite
extension. As in the proof of Lemma 7.8, we must show that if D is the formal disk
with ring of functions R{z}, then the normalization E of D in the fraction field of
R{t}[y1/(y?" — g(d + et)) has special fiber with irreducible components of positive
genus. Here g(d +et) =) o, cott, and

4
_ ¢ a by Ji—t g 1y-i -
co=e j;)(f—jxj)dl (d—1)~". (C-3)
In (C-3), v(@) =0, v(b) =n —s, v(d) =0, v(d — 1) =n — s, and

v(e):%(Zn—s+ﬁ>.

3/32n+1 (1;)

~— 5 Using (C-3),

First, assume that p =3 andn > s =1. Thend = 45 +

one calculates co =1,

3 b
. _e<(a+b)d—a) _(¥6)
= \d@-n ) \da=1 )
and v(cp) =n—+ % By (7-2), we have v(cy) > n+ % except when £ = 3. Furthermore,
each term in (C-3) for £ = 3, other than j = 3, has valuation greater than n + % So

03 = e3(§)(d —1)73 (mod 3"F3+¢),

for some € > 0. Thus v(c;) =n+ 15—2 >n and v(c3) =n+ % > n. Note also that
v(ce) > n+ 1 for € > 4. Now, ¢} /3% = &3(§)(d — 1)73d~>. Since v(d — 1) =
n—s > }L, and v(e3(13’)(d D H=n+ }L, we obtain that

3

¢ b ~ .
32n1+1 = 33(3)(61 — 1) =¢3 (mod 3"F2€)

for some € > 0. We are now in the situation (ii) of Lemma 3.1 (with A = 2), and
we conclude using Lemma 2.4.

Next, assume p = 2. First, note that n > s as there are no three-point Z/2"-
covers of P! that are totally ramified above all three branch points. Consider (C-3).
Clearly ¢y = 1. We claim that v(c;) = n, that c% /ca = 2" (mod 2"*2), and that
v(ce) = n+1 for £ > 3. We may assume that K contains ,/c;. Given the claim, we
can apply Proposition C.1 to see that the special fiber E of E is a disjoint union
of 272 étale Z/4-covers of the special fiber Dy of D, each of which extends to
acover ¢ : E, — IP}( branched at one point with first upper jump equal to 1. By
[Pries 2006, Lemma 19], such a cover has conductor at least 2. A Hurwitz formula
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calculation shows that the each component of E, has positive genus, proving the
lemma.

Now we prove the claim. The term in (C-3) for ¢, with lowest valuation corre-
sponds to j = 2, and this term has valuation 2v(e) 4+ v(b) — 1 — 2v(d — 1), which
is equal to n. For ¢y, £ > 3, we have v(cy) =n+ 14+ (£ —2)/2)(s + 1) — v(£) by
(7-2). Since s > 1, we obtain v(c;) > n + 1 for £ > 3.

Lastly, we must show that ¢} /¢, = 2"*!i (mod 2"*2). Choose

J=_4 +\/2”bi
a+b  (a+b)?

as in Lemma 7.8. Using (C-3), we compute

o (a(d—1)+bd)?

2 ($)d—1)2+abdd—1)+(5)d*

c . . :
Then the congruence - = 2"*!i (mod 2"*?) is equivalent to
€2

2((a+b)d—a)?
_bdz

(as the other terms in the denominator become negligible). Plugging in d to

= 2"} (mod 2"?)

2((a+b)d—a)?
_bdZ ’

we obtain

2+l pi .
= 2"t (mod 2"1?).
—b(a®+a/(a+b)N2"bi+27bi [ (a+b)?) ( )

This is equivalent to —1/a”? =1 (mod 2), as the terms in the denominator, other
than —ba?, are negligible. This is certainly true, as a is odd. This completes the
proof of the claim, and thus the lemma. O

Lemma C.3. Let p =3, let n > s be positive integers, and let a and b be integers
with v3(a) = 0 and v3(b) =n —s. Write Ko = Frac(W (k)) and, for all i > 0, write
K; = Ko(¢3), where 5 is a primitive 3'-th root of unity. If s = 1, then the n-th
higher ramification groups for the upper numbering of

3 b n—1 a
K,,( s (5), 74 Ky

vanish. If s > 1, let

3/32(n—s+1)+1 (137)

;. a
d_a+b+ a+b
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Then the n-th higher ramification groups for the upper numbering of
b
;e @ v (@)@ - 1)
K (d ’ a+b’ \/a“bb(a + b)—(@th) /KO

Proof. Assume s = 1. Then 3%**! (13’) has valuation 3n — 1. Since n > 2, the n-th
higher ramification groups for the upper numbering of

L= K1<,3/32"+1(l3’)>/1<0

vanish by [Viviani 2004, Theorem 6.5]. Also, the n-th higher ramification groups
for the upper numbering of

_ 3n—1 a
L_Kn< /a+b>/Ko

vanish by [Viviani 2004, Theorem 5.8]. By Lemma 2.3,

(e (5) ot e

has trivial n-th higher ramification groups for the upper numbering.
Now, assume s > 1. We use case (ii) of Corollary 7.14 and Lemma 2.3 to reduce
to showing that the conductor of K /Ky is less than n, where

- , 3| (dD)(d —1)P

Since v(b) = n — s and v(a) = 0, one calculates that d” := d’/(a/(a + b)) can
be written as 1+ r, where v(r) =n —s + % The same is true for (d”)?. By the
binomial expansion, (d”)* is a 3"~5-th power in K, (d’). Thus so is (d")*((d' —
1)’ /bb(a+b)7?). So we can write K = K, (d’, W), for some d”" € K, (d’). Using
Lemma 2.3 again, we need only show that the conductor 4 of K;(d’, yar )/ Ky is
less than n. Note that n > 3.

Let L = K (d") and M = K, (d’, W). By [Obus 2011a, Lemma 3.2], the
conductor of L /K is 3. Since the lower numbering is invariant under subgroups,
the greatest lower jump for the higher ramification filtration of L /K is 3. Thus the
conductor of L/Kj is % By [Obus 2011a, Lemma 3.2], the conductor of M /L is
< 9. Applying [Obus 2011a, Lemma 2.1] to Ko € L € M yields that % is either %
orsatisﬁesh§%+é(9—3)<3§n. O

vanish.

For the rest of the appendix, Ky is the fraction field of W (k), where k is alge-
braically closed of characteristic 2. We set K, := Ko(or).
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We state an easy lemma from elementary number theory without proof:

Lemma C.4. Choose d € Q, and a square root i of —1 in K;. Let v be the standard
2-adic valuation. If v(d) is even, then di is a square in K3, but not in K,. Also, d is
a square in K. If v(d) is odd, then di is a square in K», and d is a square in K3.

We turn to the field extension in Proposition 7.13(v). Recall that n > 2 is a
positive integer, and s is an integer satisfying 0 < s < n. Also, a is an odd integer
and b is an integer exactly divisible by 2"7*. For each 0 < j < s, set

a n—Jjbpj
g a  NIb
7 a+b T (a+b)?

where i2 = —1 and the square root symbol represents either square root. Lastly, as
in Proposition 7.13 (iii), set

For the purpose of the proof below, we let v, be the valuation on K, normalized
so that a uniformizer has valuation 1 (in contrast to the convention for the rest of
this paper).

Proposition C.5. Let L be the Galois closure of K over K. Then the conductor
hi/k, is less than n.

Proof. Note that hg,/x, =n — 1. Thus, by Lemma 2.3, we need only consider
the extensions K,_1 (2 v/do), Ks—1(* /do —1), K,,,j(ﬂ*\j/dij) (1<j<s),and
K,_ j(zs_,j/d i —1) (1 <j<s)of Ko, and we consider them separately. Write £()
for the smallest £ such that d; € K,. By Lemma C.4, we have that £(j) = 2 for
s+ j odd and £(j) = 3 for s + j even. By [Obus 2011a, Corollary 4.4], we need
only consider those fields Kc(%/d;) and Kc(%/d; —1) such that ¢ + £(j) > n.
Since £(j) <3 for all j, we are reduced to bounding the conductors of the (Galois
closures of the) following fields over Ko:

n—1 n—2 n—2
Kuo1(P'V/dj) ey Ko 2(* Vd2), Kpa(? Vdi—1)je0,1)-

For any of the above field extensions involving d;, we may assume that s > j.

« Let M be the Galois closure of Kn_l(znf\l/dij) over Ky, where j € {0, 1}. First,
assume £(j) =2. Then v2(d; — 1) = v2(b) =2(n —s) > 1. We conclude using
[Obus 2011a, Corollary 4.4] (with c =n —1, £ =2, and 1, = d; — 1) that
hM/KO <n.

Now, assume £(j) = 3. Suppose d; € (K3X)2. We know that v3(d; — 1) =
4(n—s) > 4. By [Obus 2011a, Lemma 3.1], if (a’})2 =d,, then v3(d} —1)>1.
Then M is the Galois closure of K,,_; (Z"f/d»j/ ) over K. We conclude using
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[Obus 2011a, Corollary 4.4] (withc =n —2, £ =3, and t, = d} — 1) that
hM/KO <n.

Lastly, suppose d; ¢ (K;)Z. Write d; = ajﬂz, where 8% =a/(a +b), and
B € K> (Lemma C.4). Write o; = 1 +¢;. One can find y; € K3 such that
oj = oz} yjz, where Ol;- =14 t} and v3 (t}) is odd; this is the main content of
[Obus 2011a, Lemma 3.2(i)]. Then d; = oz} (ﬂyj)z. By [Obus 2011a, Remark

3.4], we have

v() 2 vs(t) =4(n—EL) > 5,

the last inequality holding because n > s > j. This means that

(04 o
v —D=v(") 2 u0) > 5.
J

Also, v3(B% — 1) = 4(n —s) > 4. So v3((By;)*> — 1) > 4. By [Obus 201 1a,
Lemma 3.1], we obtain v3(8y; — 1) > 1. We conclude using [Obus 201 1a,
Corollary 4.3] (withc=n—1,£=3, 1, = t;., and g = By;—1) that hy g, <n.

o Let M be the Galois closure of K,,,z(znlz/d_z) over Ko. If £(2) = 2, then
hm/k, < n by [Obus 2011a, Corollary 4.4] (with c =n — 2 and £ = 2). So
assume £(2) = 3. Since v3(d, — 1) =4(n —s) > 1, we obtain that hy/x, <n
by [Obus 2011a, Corollary 4.4] (withc=n—2,¢=3,and t, =dr — 1).

o Let M be the Galois closure of Kn_z(znf,z/dj — 1) over Ky, where j € {0, 1}.
As in the previous case, we may assume that £(2) = 3. By Lemma C.4, there
exists y € K3 such that y> = —b/(a + b). Write di—1= a;yz. Then M is

contained in the compositum of the Galois closures M’ of K ,,_2(2"72/ a} ) and

M" of Kn_z(z"_f/?) over K.

Now, v3(e; = 1) =4(n — (s + j/2) — (n —5)) = 4((s — j/2)) > 1. By
[Obus 2011a, Corollary 4.4] (withc=n—2,¢ =3, and 1, = a;. — 1), we have
hm'/k, <n. Also by [Obus 2011a, Corollary 4.4] (with c =n —3, £ =3, and
toe =y — 1), we have hy /g, <n. By Lemma 2.3, we have hy g, <n. [
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We explain how compactifications of Kuga families of abelian varieties over
PEL-type Shimura varieties, including for example all those products of universal
abelian schemes, can be constructed (up to good isogenies not affecting the
relative cohomology) by a uniform method. We also calculate the relative
cohomology and explain its various properties crucial for applications to the
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Introduction

To study the relations between automorphic forms and Galois representations, it
is desirable to understand the cohomology of Shimura varieties with coefficients
in algebraic representations of the associated reductive groups (i.e., the so-called
automorphic bundles).

In the case of PEL-type Shimura varieties, the associated reductive groups
are (up to center) twists of products of symplectic, orthogonal, or general linear
groups. According to Weyl’s construction [1997] (see also [Fulton and Harris 1991;
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Goodman and Wallach 2009]), all algebraic representations of a classical group
can be realized as summands in the tensor powers of the standard representation of
the group. In geometry, one is led to consider the cohomology of fiber products
of the universal families of abelian varieties over the PEL-type Shimura varieties.
Such fiber products are special cases of what we will call PEL-type Kuga families,
or simply Kuga families. When the PEL-type Shimura variety in question is not
compact, the total spaces of such Kuga families are not compact either.

To study cohomology properly, one is often led to the question of the existence
of projective smooth compactifications with good properties, such as allowing the
Hecke operators to act on their cohomology spaces (but not necessarily the geometric
spaces). In what follows, let us simply call such compactifications good compactifi-
cations. In characteristic zero, such questions can often be handled by the embedded
resolution of singularities due to Hironaka [1964a; 1964b]. However, more explicit
theories exist in our context. The work of Mumford and his collaborators in [Ash
et al. 1975] provides a systematic collection of good compactifications of Shimura
varieties with explicit descriptions of local structures, while the work of Pink [1990]
provides a systematic construction of good compactifications of the Kuga families as
well. These compactifications are called toroidal compactifications. Their methods
are analytic in nature and cannot be truly generalized in mixed characteristics.

Based on the theory of degeneration of polarized abelian varieties initiated by
Mumford [1972], Faltings and Chai [Faltings 1985; Chai 1985; Faltings and Chai
1990] constructed good compactifications over the integers for Siegel moduli spaces
defined by the moduli space of principally polarized abelian varieties. In [Faltings
and Chai 1990], they also constructed good compactifications of fiber products
of the universal families by gluing weak relatively complete models along the
boundary. We ought to point out that, although most works on compactifications
spend most of their pages on the construction of boundary charts, it is only the
gluing argument that validates the whole construction. (This is not necessarily
the case for works using the moduli-theoretic approach, such as [Alexeev and
Nakamura 1999; Alexeev 2002; Olsson 2008]. However, the questions there are
not less challenging: What can one say about the boundary structures? Are they
equally useful for applications to cohomology?) Thus, even if the construction
of toroidal compactifications of Siegel moduli spaces in [Faltings and Chai 1990,
Chapter IV] has been generalized for all PEL-type Shimura varieties in [Lan 2008],
the gluing of weak relatively complete models has to be carried out separately
when one works along the original idea of [Faltings and Chai 1990, Chapter VI].
(This is the case in for example [Rozensztajn 2006], in which the assumption
that the boundary divisors are regular, i.e., have no crossings, unfortunately rules
out all cases where choices of cone decompositions are needed for the Shimura
varieties.)
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Note that gluing is not just about techniques of descent. Any theory of descent
requires an input of some descent data. Since a naive generalization of the con-
structions in [Faltings and Chai 1990, Chapter IV] introduces unwanted boundary
components, which have to be studied and removed carefully by imposing liftability
and pairing conditions as in [Lan 2008], we have reason to believe that a naive
generalization of the construction in [Faltings and Chai 1990, Chapter VI, §1]
requires delicate modifications, without which even the strongest descent theory
cannot be applied.

The aim of this article is to avoid any further argument of gluing, and to treat all
PEL-type cases on an equal footing. We shall reduce the construction of toroidal
compactifications of PEL-type Kuga families to the construction of toroidal com-
pactifications of Shimura varieties in [Lan 2008], by systematically realizing the
Kuga families as locally closed boundary strata in the toroidal compactifications
of (larger) PEL-type Shimura varieties. Partly inspired by Kato’s theory of log
abelian schemes, we can show that, up to refinements of cone decompositions, the
structural morphisms from the Kuga families to the Shimura varieties extend (up to
good isogenies not affecting the relative cohomology) to log smooth morphisms
with nice properties between the toroidal compactifications. This approach differs
fundamentally from the one in [Faltings and Chai 1990, Chapter VI]. As Chai
pointed out, although no technique can be truly shared between analytic and
algebraic constructions, our idea is close in spirit to that of [Pink 1990]. (See
Remark 3.10 below.)

Since we replace Faltings and Chai’s construction with a different one, we need
to explain that our simpler (but perhaps cruder) construction is not less useful.
Thus our second task is to calculate the relative (log) de Rham cohomology of the
compactified families. We show that such relative cohomology not only enjoys
the same expected properties as in [Faltings and Chai 1990, Chapter VI, §1],
but also admits natural Hecke actions defined by parabolic subgroups of larger
reductive algebraic groups, because our construction uses toroidal boundaries of
larger Shimura varieties. This exhibits a large class of endomorphisms on our
cohomology spaces, including ones needed in the geometric realization of Weyl’s
construction (i.e., the realization of automorphic bundles as summands in the relative
cohomology of Kuga families).

The outline of this article is as follows. In Section 1, we review some of the
results we need from [Lan 2008]. We consider the investment of this summary
worthwhile because, although we do not need to carry out another gluing argument,
we do need the full strength of the long work [Lan 2008]. In Section 2, we define
what we mean by PEL-type Kuga families, state our main theorem, and give
an outline of the proof. In Section 3, we carry out the construction of toroidal
compactifications for these Kuga families that admit log smooth morphisms to the
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Shimura varieties in question. (This section serves roughly the same purpose as
[Faltings and Chai 1990, Chapter VI, §1].) In Sections 4 and 5, we show that these
toroidal compactifications are indeed good by justifying what we mentioned in
the previous paragraph. (These two sections serve roughly the same purpose as
[Faltings and Chai 1990, Chapter VI, §2].) We would like to mention that the use
of nerve spectral sequences in Section 4 imitates immediate analogues in [Harris
and Zucker 1994; 2001] (based on techniques that can be traced back to [Kempf
et al. 1973, Chapter I, §3]), while the use of log extensions of polarizations is
inspired by Kato’s idea of (relative) log Picard groups [Illusie 1994, 3.3]. (See
Remark 5.7.) The article ends with Section 6, in which we explain how to define
canonical extensions of the so-called principal bundles.

Although used as the main motivation for our construction, applications to
cohomology of automorphic bundles will be deferred to some forthcoming papers.
There the readers will find the construction of proper smooth integral models useful
for studying cohomology with not only rational coefficients, but also integral and
torsion coefficients.

We shall follow [Lan 2008, Notations and Conventions] unless otherwise spec-
ified. (Although our references to [Lan 2008] use the numbering in the original
version, the reader is advised to consult the errata and revision (available online)
for corrections of typos and minor mistakes, and for improved exposition.)

1. PEL-type moduli problems and their compactifications

In this section, we summarize definitions and main results in [Lan 2008] that will
be needed in this article. We will emphasize definitions such as the ones involved
in the description of boundary structures, but will have to be less comprehensive on
some fundamental definitions including the ones of level structures.

1A. Linear algebraic data. Let O be an order in a finite-dimensional semisimple
algebra over (@ with a positive involution *. Here an involution means an antiauto-
morphism of order two, and positivity of * means Trog r/r(xx*) > 0 for any x # 0
in O ®, R. We assume that O is mapped to itself under *. We shall denote the
center of O ®, Q by F.

Let Z(1) := ker(exp : C — C*), which is a free Z-module of rank one. Any
choice +/—1 of a square-root of —1 in C determines an isomorphism (277+/—1)"":
Z(1) = Z, but there is no canonical isomorphism between Z(1) and Z. For any
commutative Z-algebra R, we denote by R(1) the module R ®, Z(1).

By a PEL-type O-lattice (L, (-, -), h) (as in [Lan 2008, Definition 1.2.1.3]), we
mean the following data:

(1) An O-lattice, namely a Z-lattice L with the structure of an O-module.
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(2) An alternating pairing (-, ) : L x L — Z(1) satisfying (bx, y) = (x, b*y)
for any x,y € L and b € O, together with an R-algebra homomorphism
h:C— End@®ZR(L ®7 R) satisfying:

(a) Forany zeCand x, y € L®,R, we have (h(z2)x, y) = (x, h(z°)y), where
C — C:z+> z°is the complex conjugation.
(b) For any choice of «/—1 in C, the R-bilinear pairing

Qrv/=1)" - h(V=1)) 1 (L®,;R) x (LQ®,;R) - R

is symmetric and positive definite. (This last condition forces (-, - ) to be
nondegenerate.)

The tuple (O,*, L, (-, -), h) (over Z) then gives us an integral version of the tuple
(B,*, V,{-,-), h) (over Q) in [Kottwitz 1992] and related works. (We favor lattices
over Z rather than their analogues over Q (or over Z,) for some p) because we
will work with isomorphism classes rather than isogeny classes; cf. Remark 1.7.)

Definition 1.1 [Lan 2008, Definition 1.2.1.5]. Let a PEL-type O-lattice (L, {-,-),h)
be given as above. For any Z-algebra R, set

G(R) :={(g.r) € GLog,r(L ®; R) x Gn(R) : (gx, gy) =r(x,y),Vx,y € L}.

In other words, G(R) is the group of symplectic automorphisms of L ®, R (respect-
ing the pairing (-, - ) up to a scalar multiple; cf. [Lan 2008, Definition 1.1.4.11]).
For any Z-algebra homomorphism R — R’, we have by definition a natural homo-
morphism G(R) — G(R’), making G a group functor (or in fact an affine group
scheme) over Z.

The projection to the second factor (g, r) — r defines a morphism v : G — Gy,
which we call the similitude character. For simplicity, we shall often denote
elements (g, ) in G by simply g, and denote by v(g) the value of r when we need
it. (If L # {0}, then the value of r is uniquely determined by g. Hence there is
little that we lose when suppressing » from the notation. However, this is indeed an
abuse of notation when L = {0}, in which case we have G = Gy,.)

Let O be any set of rational primes. (It can be either an empty set, a finite
set, or an infinite set.) We denote by Zo, the unique localization of Z (at the
multiplicative subset of Z generated by nonzero integers prime to [J) having [J as
its set of height one primes, and denote by 72 (resp. A5, resp. AD) the integral
adeles (resp. finite adeles, resp. adeles) away from . Then we have definitions
for G(Q), G(A®D), G(A®), G(R), G(AP), G(A), G(Z), G(Z/nZ), GZ), G(2),
U (n) = ker(G(iD) — G(zm/nZD) = G(Z/nZ)) for any n prime to [J, and
U(n) = ker(G(Z) — G(Z/nZ) = G(Z/nZ)).

Following Pink [1990, 0.6], we define the neatness of open compact subgroups H
of G(ZD) as follows: View G(ZD) as a subgroup of GLyg 70(L®; 79) x G (Z5).
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(Or we may use any faithful linear algebraic representation of G.) Then, for each
rational prime p > 0 not in [J, it makes sense to talk about eigenvalues of elements
gp in G(Z,), which are elements in @;. Let g = (gp) € G(ZD), with p running
through rational primes such that O p. For each such p, let T, , be the subgroup
of @, generated by eigenvalues of g,,. For any embedding Q@ < Q) consider the
subgroup (Q* NI, )iors Of tor_sion e_lements of Q* N T, which is independent of
the choice of the embedding Q — Q,,.

Definition 1.2 [Lan 2008, Definition 1.4.1.8]. We say that g = (g,) is neat if
ﬂm{m (@X N g )iors = {1}. We say that an open compact subgroup H of G(ZD) is
neat if all its elements are neat.

Remark 1.3. The usual Serre’s lemma that no nontrivial root of unity can be
congruent to 1 modulo » if n > 3 shows that H is neat if H C U O (n) for some n >3
such that O 1 n.

Remark 1.4. Definition 1.2 makes no reference to the group G(Q) of rational
elements. For the related notion of neatness for arithmetic groups, see [Borel 1969,
17.1].

1B. Definition of moduli problems. Let us fix a PEL-type O-lattice (L, (-, -), h)
as in the previous section. Let Fy be the reflex field of (L ®, R, (-, -), h) defined
as in [Kottwitz 1992, page 389] or [Lan 2008, Definition 1.2.5.4]. We shall denote
the ring of integers in Fy by OF,, and use similar notations for other number fields.
(This is in conflict with the notation of the order O, but the precise interpretation
will be clear from the context.)

Let Disc = Discop,z be the discriminant of O over Z (as in [Lan 2008, Defini-
tion 1.1.1.6]; see also [Lan 2008, Proposition 1.1.1.12]). Closely related to Disc is
the invariant Iy,q for O defined in [Lan 2008, Definition 1.2.1.17], which is either 2
or 1, depending on whether type D factors are involved. Let L¥ := {x € L ®;,Q:
(x,y) e Z(1),Vy e L} denote the dual lattice of L with respect to the pairing (-, - ).

Definition 1.5. We say that a prime number p is bad if p|Iyaq Disc[L¥ : L]. We
say a prime number p is good if it is not bad. We say that (J is a set of good primes
if it does not contain any bad primes.

Let us fix a choice of a set O of good primes. By abuse of notation, let O, ) be
the localization of Op, at the multiplicative set generated by rational prime numbers
not in 0. Let So := Spec(OF,,@)) and let (Sch /Sp) be the category of schemes
over Sg. For any open compact subgroup H of G(Z"), there is an associated moduli
problem My, defined as follows:

Definition 1.6 [Lan 2008, Definition 1.4.1.4]. The moduli problem My is de-
fined as the category fibered in groupoids over (Sch /Sg) whose fiber over each
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S is the groupoid My (S) described as follows: The objects of My (S) are tuples
(G, A, i, ay), where:

(1) G is an abelian scheme over S.
(2) A: G — GV is a polarization of degree prime to [J.

(3) i : O — Endg(G) defines an O-structure of (G, A) (satisfying the Rosati
condition i (b)” oA = A oi(b*) for any b € O).

(4) Lieg,s with its O ®, Z(m)-module structure given naturally by i satisfies the
determinantal condition in [Lan 2008, Definition 1.3.4.2] given by

(L7 R, (-,-), h).

(5) a4y, is an (integral) level-H structure of (G, A, i) of type (L ®, 2'3, (-,-)) as
in [Lan 2008, Definition 1.3.7.8].

The isomorphisms (G, A, i, o) ~isom. (G', A, i’, az,) of My(S) are given by (naive)
isomorphisms f : G => G’ suchthat . = fYoA' o f, foi(b) =i'(b) o f for all
beO,and foa, = ay (symbolically).

Remark 1.7. The definition here using isomorphism classes is not as canonical
as the ones proposed by Grothendieck and Deligne using quasiisogeny classes (as
in [Kottwitz 1992]). For the relation between their definitions and ours, see [Lan
2008, §1.4]. We introduce the definition (using isomorphisms) here mainly because
this is the definition most concrete for the study of compactifications.

Theorem 1.8 [Lan 2008, Theorem 1.4.1.12 and Corollary 7.2.3.10]. The moduli
problem My, is a smooth separated algebraic stack of finite type over So. It is
representable by a quasiprojective scheme if the objects it parametrizes have no

nontrivial automorphism, which is in particular the case when H is neat (as in
Definition 1.2).

We shall insist from now on the following technical condition on PEL-type
O-lattices:

Condition 1.9 [Lan 2008, Condition 1.4.3.9]. The PEL-type O-lattice (L, (-, -}, h)
is chosen such that the action of O on L extends to an action of some maximal order
O’ in B containing O.

1C. Cusp labels. Although there is no rational boundary components in the theory
of arithmetic compactifications (in mixed characteristics), we have developed in
[Lan 2008, §5.4] the notion of cusp labels that serves a similar purpose. (While
G(Q) plays an important role in the analytic theory over C, it does not play any
obvious role in the algebraic theory over OF, (o). This is partly due to the so-called
failure of Hasse’s principle; see for example [Kottwitz 1992, §8] and [Lan 2008,
Remark 1.4.3.11].)



892 Kai-Wen Lan

Unlike in the analytic theory over C, where boundary components are naturally
parametrized by group-theoretic objects, the only algebraic machinery we have is
the theory of semiabelian degenerations of abelian varieties with PEL structures.
The cusp labels are (by their very design) part of the parameters (which we call the
degeneration data) for such (semiabelian) degenerations.

Definition 1.10 [Lan 2008, §1.2.6]. Let R be any noetherian Z-algebra. Suppose
we have an increasing filtration F = {F_;} on L ®, R, indexed by nonpositive
integers —i, such that Fp = L ®, R.

(1) We say that F is integrable if, for any i, Gr* ; := F_; /F_;_ is integrable in the
sense that Grlil- = M; ®; R (as R-modules) for some O-lattice M;.

(2) We say that F is split if there exists (noncanonically) some isomorphism
G .= @, GrF_l. => Fg of R-modules.

(3) We say that F is admissible if it is both integrable and split.

(4) Let m be an integer. We say that F is m-symplectic with respect to (L, (-, -))
if, for any i, F_,,4; and F_; are annihilators of each other under the pairing
( N > on Fy.

We shall only work with m = 3, and we shall suppress m in what follows. The
fact that Z& involves bad primes (cf. Definition 1.5) is the main reason that we
may have to allow nonprojective filtrations.

Definition 1.11 [Lan 2008, Definition 5.2.7.1]. We say that a symplectic admissible
filtration Z on L ®, 75 is fully symplectic with respect to (L, (-, -)) if there is a
symplectic admissible filtration Z,o = {Z_l.’ a0} on L®, A that extends Z in the

sense that Z_ ;00N (L®, 25) =Z_ ;in L®, AU for all .

Definition 1.12 [Lan 2008, Definition 5.2.7.3]. A symplectic-liftable admissible
filtration Z,, on L/nL is called fully symplectic-liftable with respect to (L, (-, -))
if it is the reduction modulo 7 of some admissible filtration Z on L ®, 7" that is
fully symplectic with respect to (L, (-, -)) as in Definition 1.11.

Degenerations into semiabelian schemes induce filtrations on Tate modules and
on Lie algebras of the generic fibers. While the symplectic-liftable admissible
filtrations represent (certain orbits of) filtrations on L ® 7" induced by filtrations
on Tate modules via the level structures, the fully symplectic-liftable ones are
equipped with (certain orbits of) filtrations on L ®, R induced by the filtrations on
Lie algebras via the Lie algebra condition (4) in Definition 1.6. (One may interpret
the Lie algebra condition as the “de Rham” (or rather “Hodge”) component of a
certain “complete level structure”, the direct product of whose “£-adic” components
being a level structure in the usual sense.) Such (orbits of) filtrations are the crudest
invariants of degenerations we consider.
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Definition 1.13 [Lan 2008, Definition 5.4.1.3]. Given a fully symplectic admissible
filtration Z on L ® 75 with respect to (L, (-, -)) as in Definition 1.11, a torus
argument ® for Zis atuple ¢ := (X, Y, ¢, ¢_2, ¢o), where:

(1) X and Y are O-lattices of the same O-multirank (see [Lan 2008, Defini-
tion 5.2.2.5]), and ¢ : Y — X is an O-equivariant embedding.

(2) ¢_» : Gr%, = Homyn(X ®, 25, 2°(1)) and ¢o : Grf = Y ®, 77 are
isomorphisms (of 79 -modules) such that the pairing (-, - )20 : Grz_2 X Gré —
79(1) defined by Z is the pullback of the pairing

(-, -)p : Homyo (X ®5 25, 25 (1)) x (Y ®, 7°) — 7°(1)
defined by the composition

Hom;o (X ®; 27, 7°(1)) x (Y ®, 7°)
"B Homso (X @, 27, 27(1) x (X ®, 27) — 7°(1),

with the sign convention that (-, -)s(x,y) = x(¢(y)) = (¢(y))(x) for any

x € Homyo (X ®, 79,7°(1)) and any y € Y ® 7°.
Definition 1.14 [Lan 2008, Definitions 5.4.1.4 and 5.4.1.5]. Given a fully symplectic-
liftable admissible filtration Z,, on L/nL with respect to (L, (-, -)) as in Definition
1.12, a torus argument ®, at level n for Z, is a tuple &, := (X, Y, ¢, 9_2.4, ©0.n),
where:

(I) X and Y are O-lattices of the same O-multirank, and ¢ : ¥ — X is an
O-equivariant embedding.

2) 2.4 Grz_z’n —= Hom(X/nX, (Z/nZ)(1)) (resp. ¢o. : Gran => Y/nY)is
an isomorphism that is the reduction modulo n of some isomorphism ¢_» :
Grz_2 - Homyo (X ®; ZD, ZD(I)) (resp. o : Gré = (Y®, 25)), such that
O =(X,Y,p, p_2, ¢o) form a torus argument as in Definition 1.13.

We say in this case that @, is the reduction modulo n of ®.

Two torus arguments &, = (X, Y, ¢, 9_2.,, o.n) and &, = (X", Y', ¢, 90/_2,,,, @) )
at level n are equivalent if and only if there exists a pair of isomorphisms

yx: X' = X,yv: Y =Y

(of O-lattices) such that ¢ = yx¢'yy, (p/—Z,n = 'yx@_op, and (p6,11 = yy@on. In
this case, we say that ®, and @/, are equivalent under the pair of isomorphisms
¥y = (¥x, yv), which we denote as y = (yx, yy) : &, = ).

The torus arguments record the isomorphism classes of the torus parts of de-
generations of abelian schemes with PEL structures. These are the second crudest
invariants of degenerations we consider.
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Definition 1.15 [Lan 2008, Definition 5.4.1.9]. A (principal) cusp label at level n
for a PEL-type O-lattice (L, (-, ), h), or a cusp label of the moduli problem M,,
is an equivalence class [(Z,, ®,, §,)] of triples (z,, ®,, §,), where:

(1) Z, is an admissible filtration on L/nL that is fully symplectic-liftable in the
sense of Definition 1.12.

(2) @, is a torus argument at level n for Z,,.
(3) 8, : Gr* = L/nL is aliftable splitting.

Two triples (Z,, ®,, 8,) and (z), ¥/, &) are equivalent if , and Z,, are identical,

and if @, and @/, are equivalent as in Definition 1.14.

The liftable splitting §, in any triple (Z,, ®,, 6,) is noncanonical and auxiliary
in nature. Such splittings are needed for analyzing the “degeneration of pairings” in
general PEL cases (unlike in the special case in [Faltings and Chai 1990, Chapter 1V,
§oD.

To proceed from principal cusp labels at level n to general cusp labels at level
‘H, where H is an open compact subgroup of G(Z"), we form étale orbits of
the objects we have thus defined. The precise definitions are complicated (see
[Lan 2008, Definitions 5.4.2.1, 5.4.2.2, and 5.4.2.4]) but the idea is simple: For
any H as above, consider those n > 1 sufficiently divisible such that 0 { n and
U (n) C 'H. Then we have a compatible system of finite groups H, = H/U S(n),
and an object at level H is simply defined to be a compatible system of étale
‘H,-orbits of objects at running levels n as above. Then we arrive at the notions
of torus arguments ®y = (X, Y, ¢, 9_2.n, @o.n) at level H, and of representatives
(Zy, Py, ) of cusp labels [(Zy, Py, 51)] at level H. (The liftability condition is
implicit in such a definition, as in the definition of level structures we omitted.) By
abuse of language, we call these H-orbits of & = (X, Y, ¢, ¢_2, ¢p), (Z, D, §), and
[(z, @, 6)], respectively.

For simplicity, we shall often omit Z; from the notation.

Lemma 1.16 [Lan 2008, Lemma 5.2.7.5 in the revision]. Let Z,, be an admissi-
ble filtration on L/nL that is fully symplectic-liftable with respect to (L, (-, -)).
Let (Grz_l, (-, )11) be induced by some fully symplectic lifting Z of Z,, and let
(Grz_l’R, (-, )11.r, h—1) be determined by [Lan 2008, Proposition 5.1.2.2 in the
revision] by any extension Z,0 in Definition 1.11 (which has the same reflex field Fy
as (L®; R, (-,-), h) does). Then there is associated (noncanonically) a PEL-type
O-lattice (Lﬁ, (-, )ﬁ, hg) satisfying Condition 1.9 such that:

(D) [(L,Zl . Lﬁ] is prime to .

(2) There exist (noncanonical) O-equivariant isomorphisms

(G2, (-, ) = (L2 @, 75, (-, -)%)
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and
(GrZ_I’R7 < 5 " )11,Ra h*l) = (LZ" ®Z R’ ( N >Zn’ hZ")-

(3) The moduli problem M,Z,” defined by the noncanonical (L%, {-,-)% h*") as
in Definition 1.6 is canonical in the sense that it depends (up to isomorphism)
only on Z,,, but not on the choice of (L%, (-, )%, h%").

Definition 1.17 [Lan 2008, Definition 5.4.2.6]. The PEL-type O-lattice
(L2, (-, )2, hP7)

is a fixed (noncanonical) choice of any of the PEL-type O-lattice (L%, (-, - )%, h?»)
in Lemma 1.16 for any element Z, in any Zy,, (in Zy = {Z#, }, a compatible collection
of étale orbits Z3,, at various levels n such that 0t n and 4~ (n) C 'H). The elements
of H, leaving Z, invariant induce a subgroup of G( LZn (.. \2n, hz,,)(Z /nZ). Let Hy,
be the preimage of this subgroup under

Al
G(LZ,,’<.’,>Z,,’hZ,,)(Z ) - G(LZ,,’<.’,>Zn’th)(Z/nZ).

Then we define Mf{” to be the moduli problem defined by (L%, (-, - )%, h%) with
level-H}, structures as in Lemma 1.16. (The isomorphism class of this final moduli
problem is independent of the choice of (L%, (-, - )21 h#n) = (L% (., )% k%))

Such boundary moduli problems Mi{” are the fundamental building blocks in
the construction of toroidal boundary charts for My,. (They actually appear in the
boundary of the minimal compactification of My, which we call cusps. They are
parametrized by the cusp labels of My.)

It is important to study the relations among cusp labels of different multiranks.

Definition 1.18 [Lan 2008, Definition 5.4.1.15]. A surjection

(va ana 81’!) - (Zl/’l’ q>/ 8/)

n’-n
between representatives of cusp labels at level n, where @, = (X, Y, ¢, 9_2.,, ©o.n)
and @), = (X", Y',¢",¢", ., ¢ ), 1s apair (of surjections) (sx : X = X', sy : Y —Y’)
(of O-lattices) such that:

(1) Both sx and sy are admissible surjections (i.e., with kernels defining filtrations
that are admissible in the sense of Definition 1.10), and they are compatible
with ¢ and ¢’ in the sense that sy¢ = ¢'sy.

2) 7 o is an admissible submodule of Z_, ,, and the natural embedding Grz_/zqnc—>
Gr?-2 satisfies Q_2p,0 (Grz_’z’n > Gr-2m) = sy © (p’_2 0

(3) Z_;., is an admissible submodule of Z"_ Lno and the natural surjection Gréon —
GrZ, satisfies sy 0 @o., = @}, o (Gr® — Gr ).
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In this case, we write s = (sx, sy) : (Z,, ®pn, 8,) — (2, ), 5),)

By taking orbits as before, there is a corresponding notion for general cusp labels:

Definition 1.19 [Lan 2008, Definition 5.4.2.12]. A surjection (Zy;, @3, 1) —
(z},, 3,. 8;,) between representatives of cusp labels at level H, where &y =
(X, Y, ¢, 923, 9on) and @3 = (X", Y', ¢, 9" 4, ¢ 4,), is a pair (of surjections)
s=(sx: X — X', sy:Y —Y’) (of O-lattices) such that:

(1) Both sx and sy are admissible surjections, and they are compatible with ¢ and
¢’ in the sense that sxy¢ = ¢'sy.

(2) z;, and (¢ 2300 <p(’)’H) are assigned to Zy and (¢—_2.7¢, @0 ) respectively under
s = (sx, sy) as in [Lan 2008, Lemma 5.4.2.11].

In this case, we write s = (sx, sy) : (Zn, Py, Sn) — (23, Py, 81)).

Definition 1.20 [Lan 2008, Definition 5.4.2.13]. We say that there is a surjection
from a cusp label at level H represented by some (Z3;, P, 1) to a cusp label at
level H represented by some (Z,, ®;,, 8;,) if there is a surjection (sy, sy) from
(Zy, Dy, 63) tO (27/{’ q)7/-t’ 57/_[)

This is well defined by [Lan 2008, Lemma 5.4.1.16].

The surjection among cusp labels can be naturally seen when we have the
so-called two-step degenerations (see [Faltings and Chai 1990, Chapter 111, §10]
and [Lan 2008, §4.5.6 in the revision]). This notion will be further developed in
Definitions 1.32, 1.37, and 1.38 below.

1D. Cone decompositions. For any torus argument ®, = (X, Y, ¢, ¢_2.,, ¢o.,) at
level n, consider the finitely generated commutative group (i.e., Z-module)

YR~y ®P(y) )
y.y'ey

121
iy e x -Gy @ 0 (20

So, =((1Y)®, X)/ (
xX€X, beO

and set So, := .S“q)mfree, the free quotient of §¢n. (See [Lan 2008, (6.2.3.5) and Con-
vention 6.2.3.26].) Then, for a general torus argument @y = (X, Y, ¢, 0_2., ©0.%)
at level H, there is a recipe [Lan 2008, Lemma 6.2.4.4] that gives a corresponding
free commutative group Se,, (which can be identified with a finite index subgroup
of some So, ).

The group S¢,, provides indices for certain “Laurent series expansions” near the
boundary strata. In the modular curve case, it is canonically isomorphic to Z, which
means there is a canonical parameter ¢ near the boundary —i.e., the cusps. The
expansion of modular forms with respect to this parameter then gives the familiar
g-expansion along the cusps. The compactification of the modular curves can be
described locally near each of the cusps by Spec(R[qi]iEz) — Spec(R[qi]iEzZO)
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for some suitable base ring R. For My, we would like to have an analogous theory
in which the torus with the character group S¢,, can be partially compactified
by adding normal crossings divisors in a smooth scheme. This is best achieved
by the theory of toroidal embeddings developed in [Kempf et al. 1973]. Many
terminologies in such a theory will naturally show up in our description of the
toroidal boundary charts, and we will review them in what follows.

Let SqV>H :=Homyz(Se,,, Z) be the Z-dual of Sg,,, and let (S, ), := SXDH ®,R=
Homgz(Sq,,, R). By construction of Sg,,, the R-vector space (Sa,,) is isomorphic
to the space of Hermitian pairings ( -, - ) : (Y ®,R) x (Y ®;,R) > O®,R=B®yR,
by sending a Hermitian pairing ( -, - ) to the function y ® ¢ (y") — Trg,a(y, y')
in Homg((Y ®, R) x (Y ®, R), R) = (S¢,,);- (See [Lan 2008, Lemma 1.1.4.6].)

Definition 1.22 [Lan 2008, beginning of §6.1.1]. (1) A subset of (Sq,,)y; is called
a cone if it is invariant under the natural multiplication action of RX on the
R-vector space (So, -

(2) A cone in (Sq,,)y, is nondegenerate if its closure does not contain any nonzero
R-vector subspace of (S@H)ﬁ.

(3) A rational polyhedral cone in (Se,,) is a cone in (S¢,, ) of the form o =
R.oovi +...+R.ov, with vy, ..., v, € So,)4 = SéH ®, Q.

(4) A supporting hyperplane of o is a hyperplane P in (So, )5 such that o does
not overlap with both sides of P.

(5) A face of o is a rational polyhedral cone 7 such that T = o N P for some
supporting hyperplane P of o. (Here an overline on a cone means its closure
in the ambient space (So,,)5-)

Let Py, be the subset of (Se,,)j; corresponding to positive semidefinite Hermitian
pairings ( -, - ) : (Y ®,R) x (Y ®,R) - B® R, with radical (namely the annihilator
of the whole space) admissible in the sense that it is the R-span of some admissible
submodule Y’ of Y. (We say a submodule Y’ of Y is admissible if Y’ C Y defines
an admissible filtration on Y; cf. Definition 1.10. In particular, the quotient Y/ Y’ is
also an O-lattice.)

Definition 1.23 [Lan 2008, Definitions 6.2.4.1 and 5.4.1.6]. The group I',, is the
subgroup of elements y = (yx, yy) in GLo(X) x GLo(Y) satisfying ¢ = yx¢yy,
Y21 = "yx@_2x, and @y = yyeon (if we view the latter two as collections of
orbits).

The group I'y,, acts on Se,,, and its induced action preserves the subset Pg,,
of (Se,,)- (The group I'e,, is the automorphism group of the torus argument ®.
Such automorphism groups show up naturally because torus arguments are only
determined up to isomorphism.)
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Definition 1.24 [Lan 2008, Definition 6.1.1.12]. A I's,,-admissible rational poly-
hedral cone decomposition of Pg,, is a collection ¥ = {0} ;< with some indexing
set J such that:

(1) Every o; is a nondegenerate rational polyhedral cone.

(2) Pg,, is the disjoint union of all the o;’s in X. For each j € J, the closure of o
in Pg,, is a disjoint union of o} ’s with k € J. In other words, Pg,, = ]_[jej oj
is a stratification of Pg,,.

(3) X is invariant under the action of I'y,, on (S, ). in the sense that I'g,,

permutes the cones in X. Under this action, the set ¥/ I'g,, of I',,-orbits is
finite.

Definition 1.25 [Lan 2008, Definition 6.1.1.13]. A rational polyhedral cone o in
(So, )R is smooth with respect to the integral structure given by Sg_ if we have
o =R.gv; +...+Rogv, with vy, ..., v, part of a Z-basis of SéH.

Definition 1.26 [Lan 2008, Definition 6.1.1.14]. A I'e,,-admissible smooth ratio-
nal polyhedral cone decomposition of Pe,, is a I'¢,,-admissible rational polyhedral
cone decomposition {0} je; of Pg,, in which every o; is smooth.

Definition 1.27 [Lan 2008, Definition 7.3.1.1]. Let
Yo, =1{0]}jes

be any I'p, -admissible rational polyhedral cone decomposition of Pg,,. An
(invariant) polarization function on Pg,, for the cone decomposition X¢,, is a
"¢, -invariant continuous piecewise linear function polg,, : P,  — R0 such that:

(1) polg,, is linear (i.e., coincides with a linear function) on each cone o in Xg,,.
(In particular, polg,, (x) = tpolg,, (x) for any x € Pg,, and 7 € R>¢.)

(2) polg,, (P, OSX)H) —{0}) CZ-o. (In particular, polg,, (x) > 0 for any nonzero
x in quH.)

(3) polg,, is linear (in the above sense) on a rational polyhedral cone o in Pg,, if
and only if o is contained in some cone 0 in Xg,,.

(4) For any x, y € Sg,,, we have polg,, (x + y) > polg, (x) + polg, (). This is
called the convexity of polg,,.

If such a polarization function exists, then we say that the I'¢,,-admissible rational
polyhedral cone decomposition X¢,, is projective.

Definition 1.28. An admissible boundary component of Pg,, is the image of Pg,,
under the embedding (S%% — (So,,) defined by some surjection (P4, 53) —
(@54, 67,). (See Definition 1.19.)

We shall always assume that the following technical condition is satisfied:



Toroidal compactifications of PEL-type Kuga families 899

Condition 1.29 (cf. [Faltings and Chai 1990, Chapter IV, Remark 5.8(a)]; see
also [Lan 2008, Condition 6.2.5.25 in the revision]). The cone decomposition
Yo, =1{0}}jes of Pa,, is chosen such that, for any j € J, if yo; No; # {0} for
some y € I'g,,, then y acts as the identity on the smallest admissible boundary
component of Pg,, containing o;.

This condition is used to ensure that there are no self-intersections of toroidal
boundary strata when the level H is neat.

To describe the toroidal boundary of My, we will need not only cusp labels but
also the cones:

Definition 1.30 [Lan 2008, Definition 6.2.6.1]. Let (P4, 8%) and (®;,, &;,) be two
representatives of cusp labels at level 7, let o C (So,, )y, and let 0" C (Sy, ). We
say that the two triples (®y, 8%, o) and (®y,, 87, 0') are equivalent if there exists
a pair of isomorphisms y = (yx : X' => X, yy : ¥ => Y’) (of O-lattices) such that:

(1) The two representatives (P4, 8%) and (®;,, &;,) are equivalent under y (as in
[Lan 2008, Definition 5.4.2.4], the general level analogue of Definition 1.15).

(2) The isomorphism (S¢;, )i = (Se, )y induced by y sends o' to o.

In this case, we say that the two triples (®3;, 8%, o) and (®;,, 8;,, o) are equivalent
under the pair of isomorphisms y = (yx, yy).

Definition 1.31 [Lan 2008, Definition 6.2.6.2]. Let (¥4, §37) and (Py,, 67,) be
two representatives of cusp labels at level H, and let Xg,, (resp. Xq;,) be a
I'p,,-admissible (resp. I"¢;, -admissible) smooth rational polyhedral cone decom-
position of Pg,, (resp. Pq>;{). We say that the two triples (®y, 3, Xo,,) and
(@54, 83, Tay,) are equivalent if (Oyy, 83) and (3, 87,) are equivalent under some
pair of isomorphisms y = (yx : X' => X, yy : Y = Y’), and if under one (and
hence every) such y the cone decomposition X4, of Pg,, is identified with the cone
decomposition Xq;, of Pg; . In this case we say that the two triples (®yy, 03, Xo,,)
and (®;,, 8;,, Xoy,) are equivalent under the pair of isomorphisms y = (yx, yy).

The compatibility among cone decompositions over different cusp labels is
described as follows:

Definition 1.32 [Lan 2008, Definition 6.2.6.4]. Let (®4;, §37) and (Py,, 6;,) be
two representatives of cusp labels at level H, and let Xo, (resp. Xqj,) be a
['¢,,-admissible (resp. g, -admissible) smooth rational polyhedral cone decom-
position of Pg,, (resp. Pey, ). A surjection (P, 83, Ta,,) — (5, 84, Tgy,) is
given by a surjection s = (sx : X - X', sy : Y = Y') : (P, 8y) — (Py,, 87,) (see
Definition 1.19) that induces an embedding qu — Pg,, such that the restriction
Yoy [Py,
Eq’é—t of P<1>§_t.

of the cone decomposition X4, of Pg,, to Pq>4{ is the cone decomposition
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This allows us to define:

Definition 1.33 [Lan 2008, Condition 6.3.3.1 and Definition 6.3.3.2]. A compatible
choice of admissible smooth rational polyhedral cone decomposition data for My is
a complete set ¥ ={Xq,,} of compatible choices of X o,, (satisfying Condition 1.29)
such that, for every surjection (®y, 8%) — (5, 8;,) of representatives of cusp labels,
the cone decompositions X4, and X¢;, define a surjection (®yy, 33, X)) —
(D54, 87, Tay,) as in Definition 1.32.

Definition 1.34 [Lan 2008, Definition 7.3.1.3]. We say that a compatible choice
¥ = {Xgo,,} of admissible smooth rational polyhedral cone decomposition data for
My (see Definition 1.33) is projective if it satisfies the following condition: There
is a collection pol = {polg,, : Pg, — Rx¢} of polarization functions labeled by
representatives (Pyy, d7) of cusp labels, each polg,, being a polarization function
of the cone decomposition X¢,, in ¥ (see Definition 1.27), which are compatible
in the following sense: For any surjection (P4, 8%) — (P35, 8;,) of representatives
of cusp labels (see Definition 1.19) inducing an embedding Pg;, < Pg, , we have

POl yy, = POlay,-
The most important relations among cone decompositions and among compatible
choices of them are the so-called refinements:

Definition 1.35 [Lan 2008, Definition 6.2.6.3]. Let (¥4, §37) and (Py,, 8;,) be
two representatives of cusp labels at level H, and let Xq, (resp. Xoj ) be a
['p,,-admissible (resp. I'g;,-admissible) smooth rational polyhedral cone decom-
position of P, (resp. Py ). We say that the triple (®y, 0%, Xo,,) is a refinement
of the triple (®;,, 8, Xgy,) if (P, %) and (3, §;,) are equivalent under some
pair of isomorphisms y = (yx, yy), and if under one (and hence every) such y
the cone decomposition Xg,, of Pg,, is identified with a refinement of the cone
decomposition Yoy, of Pq;;i. In this case we say that the triple (P, 7, Xo,,) is a
refinement of the triple (®;,, &7, Zq;;{) under the pair of isomorphisms y = (yx, yy).

Definition 1.36 [Lan 2008, Definition 6.4.2.2]. Let ¥ = {X¢,,} and ¥’ = {E&)H}
be two compatible choices of admissible smooth rational polyhedral cone decom-
position data for My,. We say that X refines X' if the triple (P4, 8y, Xo,,) is a
refinement of the triple (P, 5, EQDH), as in Definition 1.35, for (®4, §7/) running
through all representatives of cusp labels.

Finally, we would like to describe the relations among the equivalence classes
[(Dy, 83, 0)], which will describe the “incidence relations” among (closures of)
the toroidal boundary strata.

Definition 1.37 [Lan 2008, Definition 6.3.2.14]. Let (®4, 1) be a representative
of a cusp label at level H, and let o C PgH be a nondegenerate smooth rational
polyhedral cone. We say that a triple (®3,, 87, 0') is a face of (3, 8y, 0) if:
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(1) (@, 8;,) is the representative of some cusp label at level H, such that there
exists a surjection s = (sx, sy) : (P, 8%) — (3, 8;,) as in Definition 1.19.

(2) o' C legé1 is a nondegenerate smooth rational polyhedral cone, such that for one
(and hence every) surjection s = (sx, sy) as above, the image of o’ under the
induced embedding Pg;, < Pg,, is contained in the I'g, -orbit of a face of o.

Note that this definition is insensitive to the choices of representatives in the
classes [(®y, 8y, 0)] and [(P;,, 8;,, 0')]. This justifies the following:

Definition 1.38 [Lan 2008, Definition 6.3.2.15]. We say that the equivalence class
[(Dy, 81, 07)] of (D5, 84, 0") is a face of the equivalence class [(Pyy, 8%, 0)]
of (®y, 84, o) if some triple equivalent to (®3,, 87, o) is a face of some triple
equivalent to ($y, 6y, 0).

1E. Arithmetic toroidal compactifications.

Definition 1.39 [Lan 2008, Definition 5.3.2.1]. Let S be a normal locally noetherian
algebraic stack. A tuple (G, A, i, a,,) over S is called a degenerating family of type
My, or simply a degenerating family when the context is clear, if there exists a
dense subalgebraic stack S; of S, such that S; is defined over Spec(OF, o)), and
such that:

(1) By viewing group schemes as relative schemes (cf. [Hakim 1972]), G is a
semiabelian scheme over § whose restriction G, to Sy is an abelian scheme. In
this case, the dual semiabelian scheme G exists (up to unique isomorphism),
whose restriction Ggl to S is the dual abelian scheme of Gy,.

(2) »:G — GV is a group homomorphism that induces by restriction a prime-to-[J
polarization Ag, of Gg,.

(3) i : O — Ends(G) is a homomorphism that defines by restriction an O-structure
iS] 10— El’lds1 (GSl) of (Ggl, )‘Sl)'

4 (Gsy, Asy, isy, ayy) — Sy defines a tuple parametrized by the moduli problem
My,.

We will only talk about (semiabelian) degenerations (of abelian varieties with
PEL structures) of this form.

Definition 1.40 [Lan 2008, Definition 6.3.1]. Let (G, A, i, a;,) be a degenerating
family of type My over S (as in Definition 1.39) over So = Spec(Op, ). Let
Lieg s = eéﬂg/s be the dual of Lieg/s, and let Liegy ¢ := eEQEV/S be the
dual of Liegv/s. Note that A : G — G induces an O-equivariant morphism
A" :Liefy /s Lie/; /s- (Here the O-action on Lie(; /s is a left action after twisting
by the involution x.) Then we define the sheaf KS =KS g ;)/s = K_S(G,)L,i,cxH)/S by
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setting

v
x €Liegg
y.z € LieY

KS := (Lieg s ®q, Liegv/s)/ (
GV/S
beO

MVM®z—A"@)®y
b*'x)®y—x® (by)

Analogues of the sheaf KS appear naturally in the deformation theory of abelian
varieties with PEL structures (without degenerations). The point of Definition 1.40 is
that it extends the conventional definition (for abelian schemes with PEL structures)
to the context of (semiabelian) degenerating families (see Definition 1.39).

Theorem 1.41 [Lan 2008, Theorems 6.4.1.1 and 7.3.3.4]. To each compatible
choice ¥ = {X,,} of admissible smooth rational polyhedral cone decomposition

data as in Definition 1.33, there is associated a proper smooth algebraic stack
M;f’lfx over So = Spec(OF, (o)), which is an algebraic space when 'H is neat (as in
Definition 1.2), containing My as an open dense subalgebraic stack, together with
a degenerating family (G, X, i, a;,) over M5 (as in Definition 1.39) such that:

)]

2

3)

The restriction (Gm,,, AMy,» IMy» @) Of the degenerating family (G, A, i, oty,)
to My is the tautological (i.e., universal) tuple over My,.

MY has a stratification by locally closed subalgebraic stacks
t
Ms= 11 Ziewswor
[(P3,03,0)]

with [(®y, 8y, 0)] running through a complete set of equivalence classes of
(dy, 8%, o) (as in Definition 1.30) with o C PgH and o € Yo, € X. (Here
Zy is suppressed in the notation by our convention.)

In this stratification, the [(®y,, 81, 0')]-stratum Z(¢;, 5;,.5')) lies in the clo-
sure of the [(Pyy, 8y, o) 1-stratum Z(o,, 5,,,0)) if and only if [(Py, 6, 0)] isa
face of [(®;,, 8;,, 0')] as in Definition 1.38.

The [(®y, 8y, 0)]-stratum Zj(o,, 5,,.0)] is smooth and isomorphic to the
support of the formal algebraic stack Xo,, 5,0/ I o, for any representative
(Pn, 81, 0) of [(Py, 8, 0)], where the formal algebraic stack Xo,, s, 5 (be-
fore quotient by I's,, o, the subgroup of I',, formed by elements mapping o to
itself) admits a canonically defined structure of a torus-torsor over an abelian
scheme over the smooth algebraic stack M%H in Definition 1.17. (Note that
Zy and the isomorphism class of M7Z{” depend only on the class [(®y, 5y, o)1,
but not on the choice of the representative ($y, 6, 0).)

In particular, My, is an open dense stratum in this stratification.

The complement of My in M%f’{r2 (with its reduced structure) is a relative Cartier

divisor Do 3 With normal crossings, such that each connected component of a
stratum of M;f’[r — My, is open dense in an intersection of irreducible components
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of Doo 1 (including possible self-intersections). When H is neat, the irreducible
components of Do 11 have no self-intersections (cf. Condition 1.29, [Lan 2008,
Remark 6.2.5.26 in the revision], and [Faltings and Chai 1990, Chapter 1V,
Remark 5.8(a)]).

The extended Kodaira—Spencer morphism [Lan 2008, Definition 4.6.3.32] for
G — MY induces an isomorphism

1

KSe/myr/so - KSq/myr = Lypor g [d log o0]

(see Definition 1.40). Here the sheaf Qllwor /5o [d log oc] is the sheaf of modules
of log 1-differentials on M;‘f over Sy, withHrespect to the relative Cartier divisor
Doo, 1 with normal crossings.

The formal completion
(M;?lr)z@%aﬁ,an

of M along the [(®yy, 8y, 0)]-stratum Zj(a,, 5,0y i canonically isomor-
phic to the formal algebraic stack X, s,/ o, for any representative
(D, 51, 0) of [(Dyy, 81, 0)]. (To form the formal completion along a given
locally closed stratum, we first remove the other strata appearing in the closure
of this stratum from the total space, and then form the formal completion of
the remaining space along this stratum.)

This isomorphism respects stratifications in the sense that, given any for-
mally étale morphism Spf(R, 1) — Xao,, 8,0/ oy,0 inducing a morphism
Spec(R) — Ea,,.8,(0)/ Ta,, 0, the stratification of Spec(R) (inherited from
Edy.80(0)/ Ta,,.0; see [Lan 2008, Proposition 6.3.1.6 and Definition 6.3.2.16
in the revision]) makes the induced morphism Spec(R) — M;?[r a strata-
preserving morphism.

The pullback to (M;‘%r)f[(%j%a
over M%‘f is the Mumford family

. of the degenerating family (G, A, i, o)

over X, 8,10/ T'dy.o (s€€ [Lan 2008, §6.2.5]) after we identify the bases using
the isomorphism. (Here both the pullback of (G, A, i, ;) and the Mumford
family (°G, A, “i, “ay) are considered as relative schemes with additional
structures; cf. [Hakim 1972].)

Let S be an irreducible noetherian normal scheme over Sg. Suppose we have a
degenerating family (G*, 17, i, aL) of type My over S as in Definition 1.39.
Then (GT, AT, iT,aL) — § is the pullback of (G, A, i, ay) — M;‘f via a
(necessarily unique) morphism S — M;?{r (over Sp) if and only if the following
condition is satisfied.:
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Consider any dominant morphism Spec(V) — S centered at a geometric
point s of S, where V is a complete discrete valuation ring with quotient field
K, algebraically closed residue field k, and discrete valuation v. Let

(G, A%, i%, af,) — Spec(V)

be the pullback of (GT, AT, iT, a;{) — §. This pullback family defines an object
of DEGpgL,m,, over Spec(V), which corresponds to a tuple

(AR5, 5, X5, YF oF, oF, (eN)F, o8, (@) )

in DDpgr m,, (under [Lan 2008, Theorem 5.3.1.17]). Then we have a fully
symplectic-liftable admissible filtration Zi{ determined by [(aE{)i]. Moreover,
the étale sheaves X* and Y* are necessarily constant, because the base ring V
is strict local. Hence it makes sense to say we also have a uniquely determined
torus argument <I>i at level H for Zi

On the other hand we have objects Py (GH), Sdm(Gi)’ and B(G%) (see [Lan
2008, Construction 6.3.1.1]), which define objects CIJH, S
B#: Sqﬁi — Inv(V) over the special fiber. Then

o, and in particular

¥.
voB 'S¢§1_)Z

defines an element of Séi , where v : Inv(V') — Z is the homomorphism induced
by the discrete valuatiofi of V.

Then the condition is that, for any Spec(V) — S as above, and for any
choice of 6;; (which is immaterial, because this choice will not be used), there
is a cone o* in the cone decomposition % o, of P: (given by the choice of ¥;
cf. Definition 1.33) such that 5+ contains all the 1 o B¥ obtained in this way.

(7) If H is neat and X is projective (see Definition 1.34), then M;?ZE is projective

(and hence a scheme) over Sy.

Statement (1) means the tautological tuple over M4 extends to a degenerating
family (G, A, i, a;,) over M. (Since M} is normal, this extension is unique by
a result of Raynaud; see [Raynaud 1970, IX, 1.4] or [Faltings and Chai 1990,
Chapter I, Proposition 2.7].) Statements (2)—(5) and (7) are self-explanatory. State-
ment (6) can be interpreted as a “universal property” for the degenerating family
(G, A, i, ay) — MY among degenerating families over normal locally noetherian
bases, as in Definition 1.39, satisfying moreover some conditions describing the
“degenerating patterns” over pullbacks to complete discrete valuation rings with
algebraically closed residue fields. This “universal property” will be crucial in the
main construction of this article (in Section 3A below).
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2. Kuga families and their compactifications

Let O,*, (L, (-,-)), h, and O be as in the previous section. Then we have a moduli
problem My, over Sg = Spec(OF,, ) for each open compact H of G(ZP), with a
toroidal compactification M%?lfz for each choice of X.

For simplicity, let us maintain the following:

Convention 2.1. All morphisms between schemes or algebraic stacks over So =
Spec(OF,, )) will be defined over Sy, unless otherwise specified.

2A. PEL-type Kuga families. Let Q be any O-lattice. Consider the abelian scheme
Gw,, over My, in (1) of Theorem 1.41. By [Lan 2008, Proposition 5.2.3.8], the
group functor Homop (Q, Gwm,,) over My is representable by a proper smooth group
scheme which is an extension of a finite étale group scheme, whose rank has no
prime factors other than those of Disc, by an abelian scheme Homp(Q, Gwm,,)°,
which we call the fiberwise geometric identity component of Homp(Q, Gwm,,)-

Example 2.2. If Q = O% for some integer s > 0, then Homp(Q, Gwm,)° =
Homp(Q, Gwm,,) = G,ijl; is the s-fold fiber product of G,, over M.

Example 2.3. If O = M;(OF) and Q is of finite index in O%k for some integer
k > 1, then the relative dimension of Homp(Q, Gwm,,)° over My is 1/k of the
relative dimension of Gw,, over M.

Definition 2.4. A PEL-type Kuga family over My is an abelian scheme N — My
that is Z{D)—isogenous to Homp (Q, Gwm,,)° for some O-lattice Q.

Consider Diff ! = Diffg}z, the inverse different of O over Z [Lan 2008, Defini-
tion 1.1.1.11] with its canonical left O-module structure. Since the trace pairing
Diff ! xO - Z: (y, x) = Tro,z(yx) is perfect by definition, for each O-lattice
Q, we may identify Qv := Homz(Q, Z) with Home(Q, Diff~!). By composition
with the involution * : © => O°P, the natural right action of © on Diff ! induced
a left action of O on Diff~!, which commutes with the natural left action of O
on Diff ~!. Accordingly, the Z-module Q" is torsion-free and has a canonical left
O-structure induced by the right action of ©O°P on Diff~! (and * : © = O). In
other words, Q" is an O-lattice. Then the trace pairing induces a perfect pairing

(+)0: 0" x Q= Z:(f,x) Troz(f(x)).
Forany b€ O, f € 0, and x € Q, we have
(bf, x) o = Trojz(f (x)b*) = Tro/z(b* f (x)) = Tro z(f (b*x)) = (f, b’x).

Lemma 2.5. There exists an embedding jo : Q¥ — Q of O-lattices inducing an
isomorphism jo : Q¥ ®, Zoy = Q ®, Zy of O ®, Zyy-modules such that the
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pairing
(g (), )0 (Q®;R) x (Q®;R) > R
is positive definite.

Proof. By the explicit classification [Lan 2008, (1.2.1.10), Proposition 1.2.1.13, and
Lemma 1.2.1.23], there exists an isomorphism jg o: Q" ®;,R= 0®,Rof 0®,
R-modules such that the induced pairing (jéylo( ), )0 (0Q,R)x(Q®,R) — Ris
positive definite. If (I is the set of all rational prime numbers, then necessarily O =27,
and the lemma is clear. Otherwise, we know that Isom@®zz O Qv ®7 21y, O Ry
Z(my) is dense in Isompg k(0¥ ®; R, O ®, R) (with the topology induced by
R). Hence there exists an element jo 1 : QY ®, Z) = Q ®, Zy close to
Jo,01n Isom@%qu(Qv ®, R, O ®,R) such that the induced pairing (jé’ll( ), ")o:
(O®,R) x (Q®,R) — Ris still positive definite. By multiplying jo 1 by a positive
element in Z ), we may assume that it maps Q" to a submodule of Q. Then the
induced morphism jo : 0¥ — Q satisfies the requirement of the lemma. U

Lemma 2.6. The abelian scheme Homz(Q", GXAH) is isomorphic to the dual
abelian scheme of Homz(Q, Gw,,).

Proof. Let s be the common rank of Q and QV as free Z-modules. Let {eq, ..., e}
be a Z-basis of Q, and let {e}, ..., e/} be the dual Z-basis of QV, such that
el.v (ej) = 4;j forany 1 < i, j <s. Then the choices of bases define canonical
isomorphisms

Homz(Q, Gw,) = Gy, (2.7

and
Homz (0", Gy),) = (G, ). 2.8)

As aresult, Homz(QV, Gy, ) = Gy is isomorphic to the dual abelian scheme of
—_ H H
Homz(Q. Gu,) = (Gy,, )™ 0

Lemma 2.9. Let jo: QY — Q be as in Lemma 2.5. Then the isogeny
AMMy.jo.z - Homz(Q, Gm,,) — Homz(Q", Gy, )

induced canonically by jo and A, : Gm,, —> G,\V,'H, which is of degree prime to [
because both [Q : jo(Q")] and deg(iwm,,) are prime to O, is a polarization.

Proof. We need to show that the invertible sheaf

(IdHom; (0. Gy » MM, jo.2) PHomz (0,Gy,)

is relative ample over M. Using the choice of basis {e1, .. ., es} (resp. {elv, el
of Q (resp. Q") as in the proof of Lemma 2.6, the morphism j, can be represented
by e/ >, aije; for some integers a;;, for each 1 <i <. These integers form
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a positive definite matrix a = (a;;), because the induced pairing ( jé ! (), o
(0 ®; R) x (Q®,R) — R is positive definite. By completion of squares for
quadratic forms, we know that there exist an integer m > 1 such that ma = ud 'u
for some matrices d and u with integral coefficients, where d = diag(dy, ..., d;) is
diagonal with positive entries. As a result, the morphism mw,, j, .z factors as a
composition

MAMy,jo.z = ['u]* 0 Amy.a,z 0 [u]*

of morphisms

[u]* : Homz(Q, Gwm,,) — Homz(Q, Gw,,),

Mya.z - Homz (Q, Gw,,) — Homz(Q", Gy ),

['ul* : Homz(Q", Gy}, ) — Homz(Q", Gy, ).
If we identify Homz(Q, Gwm,,) and Homz(Q", GKAH) as dual abelian schemes
of each other using the canonical isomorphisms (2.7) and (2.8) defined by the
dual bases {ej, ..., e} and {e}, ..., e/}, then ["ul* = ([u]*)", and Amy.a7 =
(dirimy,) X (dadmy,) X ... X (dshwm,,) : G,ij'; — (G,\VAH)X“ is a polarization. Since
[u]* is finite, this implies that Ap,,, jo.z 18 also a polarization, as desired. O

Proposition 2.10. The abelian scheme Homp(QV, G,\VAH)O is Z (& -isogenous to the
dual abelian scheme of Homo (Q, Gm,,)°.

Proof. Since Am,,. j,.z 1s a polarization by Lemma 2.9, the induced morphism

MMy, jo © Homo(Q, Gwmy,)° = Homz(Q, Gwm,,)

AMyy.jo 2

— Homz(Q", Gy,) - (Homo(Q, Gm,)%)"  (2.11)

is also a polarization. (Since the condition of being a polarization can be checked
fiber by fiber [Deligne and Pappas 1994, 1.2-1.4], it suffices to note that the
restriction of an ample invertible sheaf to a closed subscheme is again ample.)
Since Amy,, j,.z maps Homp(Q, Gwu,,)° onto the subscheme Homp(QV, G,\V,IH)O of
Homy(QV, G,\VAH), we obtain an isogeny

Homo(Q", Gy, )° — (Homo(Q, Gwm,)°) .
The degree of this isogeny is prime to [J because Amy,, j,.7 18- O

Corollary 2.12 (of the proof of Proposition 2.10). Let jo : Q¥ < Q be as in
Lemma 2.5. Then the canonical morphism

Ay, jo  Homo(Q, Gw,,)® — (Homo(Q, Gw,,)*)”

induced by jo and Aw,, : Gwm,, — G,\VAH (as in (2.11)) is a polarization of degree
prime to Cl.
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Corollary 2.13. If a Kuga family N — My, is Z(XD)—isogenous to Homp(Q, Gwmy,)°
for some O-lattice Q, then we have canonical isomorphisms over My:

Lien/m,, = Homo(Q, Liegm,,), Lienv/m,, = Homp(Q", Liegv/my,),
Liey v, = Homo(Q", Lieg ).  Lieyvu,, = Homo(Q, Liegy ), )-

Remark 2.14. We do not need to choose a polarization N— N in the isomorphisms
in Corollary 2.13. The sheaves on the right-hand sides of the isomorphisms are
locally free because the order O is maximal at any good prime (see Definition 1.5
and [Lan 2008, Proposition 1.1.1.17]), and because lattices over maximal orders
are projective modules (see [Lan 2008, Proposition 1.1.1.20]).

2B. Main theorem. (Convention 2.1 will persist until the end of this article.)

Theorem 2.15. Let Q be any O-lattice. Suppose that H is neat (as in Definition 1.2),
so that the moduli problem My it defines is representable by a quasiprojective
scheme, and so that My = l\/It;’tfE is a proper smooth algebraic space over Sg. Then
there is a directed partially ordered set Ko 11 5. parametrizing the following data:

(1) For each k € Ko w5, there is a Z )-isogeny «15°¢ : Homp (Q, Gwm,,)° — N

over My, together with an open immersion k" : N, < N of schemes over

So, such that the scheme N" is projective and smooth over S, and that the

complement of N, in N (with its reduced structure) is a relative Cartier
divisor Es i with simple normal crossings.

For each relation k' > « in K¢ y. 5, there is a proper log étale morphism

tor . pjtor tor ; ; X ;
o - NE— NPt extending the canonical Z 1 -isogeny

ferse = 1% 0 ()™ 1 N — Ny
such that R' (£ ),Onor = 0 fori > 0.

(2) For each k € Kg w5, the structural morphism f, : N, — My, extends (nec-
essarily uniquely) to a morphism f°" : N — MY, which is proper and log
smooth (as in [Kato 1989, 3.3] and [Illusie 1994, 1.6]) if we equip N©°" and
M;;’r with the canonical (fine) log structures given respectively by the relative
Cartier divisors with (simple) normal crossings Es  and D 3 (see (1) above
and (3) of Theorem 1.41). Then we have the following commutative diagram:

+NCD

to:
N, C——— 5 N
rojective
proper proper tor P smooth
smooth fe log smooth e
( tor
MH MH proper SO
+NCD smooth

If k" > k, then we have the compatibility " = f" o fi" .
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(3) Let us fix a choice of k € Kg 3 5 and suppress the subscript k from the
notation. (All canonical isomorphisms will be required to be compatible with
the canonical isomorphisms defined by pullback under fkt?rK for each relation
k' > k.) Then the following are true:

(3a) Let SZNlor /S0 [d log oo] and QM“" /S0 [d log oo] denote the sheaves of modules
of log 1-differentials over Sg glvenﬁby the (respective) canonical log structures
defined in (2). Let

Do iy = (Cor 5, [ 10g 001/ ((f*)* (R 5, [d 10g 001)).

Then there is a canonical isomorphism

(f[Or) (HOmO(Q LICG/MM)) = QNlor/Mlor (2 16)
between locally free sheaves over N, extending the composition of canonical
isomorphisms

f*(Homp(Q" LICGM M) = fr Lle,\,/,\,I = QN/MH 2.17)

over N.

(3b) For any integer b > 0, there exists a canonical isomorphism

b tor
f* (QNtor Mtor)
= (N (Hormo (0" Liege uyr))) e, (N Homo (0", Lie yyer)))- (2:18)

of locally free sheaves over Mi", compatible with cup products and exterior
products, extending the canonical isomorphism over My induced by the com-
position of canonical isomorphisms

R"f,(On) = N'Lien j,, = N (Homo(Q", Liegy, ). (2.19)

(3c) Let QNlor Mg = AN QNwr s be the log de Rham complex associated with
flor . Nwer — M“’r (with differentials inherited from 2, ). Let the (relative)
log de Rham cohomology be defined by

R(Ntor/Mtor) — thor(s'z

i
= log-d Ntor/Mlor)

Then the (relative) Hodge spectral sequence
E" = RO FL (Qor ) = Hiogoag (N/ME) (2.20)

degenerates at E1 terms, and defines a Hodge filtration on H' log- ar (N /M)
with locally free graded pieces given by RPf! Or(QNlor/Mlol ) for integers a+b =1,
extending the canonical Hodge filtration on H gz (N/My).

As a result, for any integer i > 0, there is a canonical isomorphism

N Hjoo qg (N /M) = Hioo g (N /M),
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compatible with the Hodge filtrations defined by (2.20), extending the canoni-
cal isomorphism /\iLIéR(N/MH) = HSR(N/MH) over My (defined by cup
product).

(3d) For any jo : Q¥ < Q as in Lemma 2.5, the ZE(D) -polarization A, j,
Homop(Q, Gwm,,)° — (Homop(Q, GMH)")v in Corollary 2.12 defines canoni-
cally (as in [Deligne and Pappas 1994, 1.5]) a perfect pairing

(o Vg © Har(N/My) X H gg (N/My) = Oy, (1).

Then Llllog_dR(Nmr/Mg‘f) is the unique subsheaf of (My; <MY, (H jo (N/My,))
satisfying the following conditions:
i) H llog_dR(N“’r /M) is locally free of finite rank over Omer.

(ii) The sheaf ﬁ,for(ﬁll\lmr /th) can be identified as the subsheaf of
H

(Mg = M) (f+(Rn/m,,))

formed (locally) by sections that are also sections of H llog_dR(Ntor /M.
(Here we are viewing all these sheaves canonically as subsheaves of

(M3 = M) (H g (N/Myy)).)
(i) H llog_dR(Ntor /MYF) is self-dual under the push-forward

(Mg = MyD( -, -)

Myg.jg
(3e) The Gauss—Manin connection
Vi Hig(N/My) — Hig(N/My) ®g,, Qs /50 (2.21)
extends to an integrable connection
V't Higear (N/MED) = Hiog ar (N /M) @6, D, (2.22)

with log poles along Do 3, called the extended Gauss—Manin connection,
satisfying the usual Griffith transversality with the Hodge filtration defined by
(2.20).

(4) (Hecke actions.) Suppose we have an element g;, € G(A>®D), and suppose we

have a (neat) open compact subgroup H' of G(Z") such that g, IH/gh CH.
Suppose X' = (X}, } is a compatible choice of admissible smooth rational
polyhedral cone de%mposition data for My, which gp-refines X (as in [Lan
2008, Definition 6.4.3.3]; the notion was called “dominance” in the original
version, but changed to the more common “refinement” in the revision). Then
there is also a directed partially ordered set Ko 1 5/ parametrizing (for k' €
Ko 3 5) Z(XD)-isogenies Homp(Q, Gwm,,)° — Nf{, over My, together with

t

. . / / or . .
open immersions N, , < (N,)™" of schemes over Sy, satisfying analogues of

properties (1)—=(3) above. The constructions of Ko 15 and K¢ w5/ (and the
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objects they parametrize) satisfy the compatibility with g, in the sense that, for
each k € Ko w5, there is an element k' € Ko 1 5+ such that the following are
true:

(4a) There exists a (necessarily unique) finite étale morphism [gp ]’ i N,’C, — N,
covering the morphism [gn] : My — My given by [Lan 2008, Proposi-
tion 6.4.3.4], inducing a prime-to-0 isogeny N/, — N, xm,, My, which
agrees with the Z ) -isogeny induced by (k')1so8, KlSOg and the Z )-isogeny
Gwm,, = Gy Xy, My realizing G, Xm,, My as a Hecke twist of Gw,,, by
gn. (Here all the base changes from My to My use the morphism [gn].)

(4b) There exists a (necessarily unique) proper log étale morphism
[gn e - (N)™ — N* (2.23)

extending the morphism [y’  and covering the morphism [g,]"*" : M) e
M35 given by [Lan 2008, Proposition 6.4.3.4], such that

R ([gh]tor )*@(N:{/)mr = O (2.24)

foranyi > Q.

(4c) There is a canonical isomorphism
([g ]tOI‘) HlaogbdR(Ntor/Mtor ) o~ Hfl(;lg»bdR((N/ tOT/ME}E); E,

respecting the Hodge filtrations and compatible with the canonical isomor-
phisms

ol
([g/’l]tor ) QNtor/Mtor Q(N/,)lor/Mtor )

HE

([gn]*™) " Liegy gy, => Liegvmor .

([gn]*")*LieY, Hzl>LieV or

and the canonical isomorphisms in (3) for N and (N, )"

5 (Z(D) isogenies.) Let g; be an element of GLO® pee0(Q ®, A% ‘H). Then
the submodule g,(Q ® ZD) in Q ®, A 0 determmes a unique O-lattice
Q' (up to isomorphism), together with a unique choice of an isomorphism
(glo: 0®, 210 = 0'®, 20, inducing an isomorphism Q ®; AXH =5
0'®, A matching g;(Q ®, 7°) with Q' ® 75, and inducing a canonical
Z)-isogeny

(115 : Homo(Q', Gw,,)° — Homo(Q, Gwm,,)°
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defined by [g/1g. For Homp(Q', Gwm,,)°, there is also a directed partially
ordered set Ko 3, 5 parametrizing (for " € Ko 31 5) Z{)-isogenies

I‘IO_IHO(Q/, GMH)O g N//(’

over My, together with open immersions N,/C, — (N/ tor of schemes over Sy,

satisfying analogues of properties (1)—(3) above. The constructions of Ko 1 =
and K¢ 1 5 (and the objects they parametrize) satisfy the compatibility with
g1 in the sense that, for each k € Ko .5, there is an element ' € Ko/ 1.3
such that the following are true:

(5a) The Z(XD)—isogeny [gl],t/,,( = k1598 o [gl]*Q o ((k/)isog)~1 . Nf{, — Ny is an
isogeny (not just a quasiisogeny), and hence defines a finite étale morphism.

(5b) There exists a (necessarily unique) proper log étale morphism
t
(gl O s (N — N (2.25)
extending the morphism (g1, . over My, such that
R (811,00 Oy yor = 0 (2.26)

foranyi > 0.

(5¢) For any integer i > 0, there is a canonical isomorphism
(g ') Hipgar (NS /M) <> Higg ar (N /MY 5)
extending the canonical isomorphism
(Lgrle, 0" - Hig (N /My) => Hig (N, /Myy)

induced by [gi1¢, respecting the Hodge filtrations and inducing canonical
isomorphisms

tor tor b rtor
(([gl K’ IC R f (QNtor/Mlﬂr) = R f (Q(N/ )tor/Mtor)

(for integers a + b = i) compatible (under the canonical isomorphisms in (3)
for N¥" and (N;/)tor) with the canonical isomorphisms

(&i1p)* : Homo(Q", Liegv mer) => Homo ((Q")”, Liegv jper)
and

([&11%)" : Homo(Q” LleG/Mm)—>H0mo((Q)  Lieg o)
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2C. Outline of the proof. The proof of Theorem 2.15 consists of seven steps:

(1) Find a PEL-type O-lattice (L, (-,-) h) a fully symplectic admissible filtra-
tionZ on L ® 7", a torus argument ®, and a splitting & for Z, such that, for
some choices of H E and &, the [(dDH, 8H, 0)]-stratum Z[((I> 5581 of the
toroidal compactification M“’r M“’r has a canonical structure of an abelian
scheme over My, and such that there exists a canonical Z{;)-isogeny

1°2 : Home (Q, Gwm,,)° — Z[(%g,ég,&)]'

Then we take N, to be this Z[(<1> 5.5
Take Kpr .y to be the set of allﬂsuch triples k = (H E o), with directed

partial order defined by the relation
K'=H,S.5) =k =(H,%,5)

when H' C H and ¥’ refines ¥ as in [Lan 2008, Definition 6.4.2.8], and
when the [(571’ SH, 0')]-stratum of M“’f 5 is mapped (surjectively) to the
[(CIDH, 837,5)]-stratum of Mtor M‘°r~ under the canonical morphism M“’f i
M“’r given by [Lan 2008, Proposmon 6.4.2.9].

For K= (H E ), take N to be the closure of the [(CDH, SH, 0)]-stratum in
Mmr Fork'=(H, ', &)=k =(H, £, 5), the morphism £ :NI"— NI*" is
]ust the morphism induced by the canonical proper morphlsm M;;’f s M;‘;rz
given by [Lan 2008, Proposition 6.4.2.9].

(2) Show that N" is projective and smooth over Sy for « € KpQreH 5-

(3) Find a condition on « that guarantees the existence of a morphism £ : N'* —
M extending the structural morphism f, : Ne — My,.

(4) Take Ko 3. s to be the subset of KPQI?H’E consisting of elements « satisfying
the condition we have found. Show that this subset is nonempty and has an
induced directed partial order by showing that the conditions we need can be
achieved after suitable refinements of cone decompositions. This verifies (1)
and (2) of Theorem 2.15.

(5) For each k € Ko 3 5, verify that the morphism f°" : Ni" — M} extending
N, — My is log smooth, and verify (3a) of Theorem 2.15.

(6) Assuming (3b) and (3c), verify (4) and (5) of Theorem 2.15 using the Hecke
actions on the double tower {Mg s}57 5.

(7) Verity (3b), (3¢c), and (3d) of Theorem 2.15 using explicit descriptions of the
formal fibers of f°" along (locally closed) strata of M})". (A crucial step for
(3b) requires the notion of log extensions of polarizations we mentioned in the
introduction.)
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We will carry out these steps in Sections 3—5. We will make frequent references
to results cited in Section 1, and also to the original statements in [Lan 2008].

2D. System of notation. Although the underlying ideas are simple, the notation
can be quite heavy. (This seems unavoidable in general works on compactifications.)
We decided to keep the notation informative (and hence complicated), because
we believe it is more difficult to keep track of three sets of cusp labels and cone
decompositions with simplified notation. We understand that the heaviness of
notation will inevitably be an enormous burden on the readers, and hence we would
like to provide some guidance by explaining the key features in the system of
notation, as follows:

e The superscript ' stands for toroidal compactifications (or objects related to
them). For morphisms this typically means extensions to morphisms between
toroidal compactifications.

» Depending on the context, the overlines can have different meanings:

— For geometric objects they almost always mean closures.

— For sheaves of differentials (or related objects) they mean the log versions.

— Notable exceptions (to the above two) are in Sections 3B-3C below, where
overlines can also stand for quotients of group schemes or sheaves.

e Objects for the “given” moduli problem My and its compactifications are
denoted as in Section 1.

o Objects for the “larger” moduli problem I\N/Iﬁ (mentioned in step (1) above) will
be denoted with either ~ (tilde) or ~ (breve) on top of the symbols in Section 1.
The difference is the following:

- Symbols with ~ will be used for defining I\7IH and its compactifications
M‘9r~ and for reahzlng the Kuga families we would like to compactify as
boundary strata Z[@H = 5y of Mtor

— Symbols with ~ will be used for the boundary strata of M
the closure of the realizations

‘9r~ appearing in

21 @580
(These strata are parametrized by faces [(&)ﬁ, Sﬁ, 7)] of [(57;, Sﬁ, o))
In other words, they parametrize the boundary strata of the toroidal com-
pactification of the Kuga families we consider.

o In the local descriptions of toroidal boundary structures, we will encounter
notations of the forms (-)(o) and (-),.

— When the object ( - ) being modified is a scheme with action by some torus,
() (o) will stand for the affine toroidal embedding adding the o -stratum
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(which then also adds all the strata for nontrivial faces of o), while (),
will stand for the closed o -stratum (without the nontrivial face strata).

— The formal version of (- ), (often denoted in Fraktur) will mean the formal
completion of (-)(o) along (-),.

The notation will be most heavy in Sections 45, where the calculation of relative
cohomology is carried out in detail. For readers only interested in applications
to cohomology of Shimura varieties, the statements of Theorem 2.15, the two
propositions in Section 3D, and the applications in Section 6 are all they need.

3. Constructions of compactifications and morphisms

3A. Kuga families as toroidal boundary strata. The goal of this subsection is to
carry out steps (1) and (2) of Section 2C.

Let Q be an O-lattice as in Theorem 2.15. Identify Q" with Home(Q, Diff )
and give it an O-lattice structure as in Section 2A. The (surjective) trace map
Tro/z : Diff ™! — Z induces a perfect pairing

(,)0: 0" x 0 —Z:(f,x) Troz(fx)).

By extension of scalars, the pairing (-, -)o induces a perfect pairing between
0V ®,Q and Q ®, Q. By Condition 1.9, the action of O on L extends to an
action of some maximal order O’ in B containing O. Let us fix the choice of such
a maximal order O’. By [Lan 2008, Proposition 1.1.1.17], O ®, Z ) # O’ ®, Z(,)
for a prime number p > 0 only when p|Disc. Let Qg :==0"- Q0 C 0 ®, Q and
0_, :=Homp(Q, Diff(f),l/z)(l) C 0V ®, Q(1). Then the induced pairing

(-, )0:0-2x Qo— Q)

has values in Z(1). The localizations of this pairing at primes of Z are perfect
except at those dividing Disc.
Let (L, (-,-)", h) be the symplectic O-lattice given by the following data:
(1) An O-lattice L:= 0 >®LP Qpy, where Q_», and Qg are defined as above.
(Note that L satisfies Condition 1.9 by construction.)
(2) A symplectic O-pairing (-, - )" : LxL— Z(1) defined (symbolically) by the

matrix
X_2 (v)Q y-2
(o, y/7i= 1 xe (+.0) -1
X0 (.0 Y0
namely by

(x, y) == (x_2, y0) o + (x—1, y—1) — (¥y-2, X0) 0,
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X2 y-2
where x = | x_; ] and y = | y_; | are elements of L = Q_» ® L & Qo
X0 Yo

expressed (vertically) in terms of components in the direct summands.

Let jo : Q¥ < Q be an embedding of O-lattices given by Lemma 2.5, so that
the pairing (jél( ), ) (Q®;R) x (Q®,R) — Ris positive definite. Consider
the R-algebra homomorphism # : C — End@®ZR(Z ®; R) defined by

z=z1+v-12
) z1ldg ,e,m —22(Q2rv=1 o jg")
= h(z) = h(z) )
2(joo Ruv/=1) 21 dgye,r

where 2 +/—1:Z = Z(1) and 2w +/—1)~': Z(1) => Z stand for the isomorphisms
defined by the choice of 4/—1 in C, and where the matrix acts (symbolically) on
elements of L ®, R by left multiplication. In other words,

 (x 21x-2 — 22(2r/=1) 0 j ) (x0)
h(z) | x-1 | = h(z)x—1
X0 22(jo o 2r/=1)"H(x_2) + z1%0

Then £ is a polarization of (L, (-,-)) making (L,(-,-Yh)a PEL-type O-lattice.
Note that the reflex field of (Z R, R, (-,-), ﬁ) is also Fy.

By construction of (Z , (+,+)), there is a fully symplectic admissible filtration
on L ®, 7" induced by

0CQ2CQ2BLCQ 2®LBQo=L.

More precisely, we have

2_3 = 0,
Z0=0,®,7",
71:=(028,7") & (L e,7°),

Z0:=(020;7°)®(L®, 7°) ® (Qy®,;7°) =L ®, 7",
so that there are canonical isomorphisms
G, =Q0,®,79, G, =L®,79  GixQi®,7"

matching the pairings Grzf2 X Grg — ZD(l) and Grzf1 X Gr? | = ZD(I) induced
by (-,-) with (-,-)g and (-, -), respectively.
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Let X := Homy(Q_,, Diff (1)) and Y= Qp. The pairing
() Q2% Qo— Z(1)

induces a canonical embedding (;5 Y <> X and there are _canonical isomor-
phisms ¢_» : Gr —> Homyn (X ® ZD ZD(I)) and @ 7k Gr0 =~y ®7 yia (of
2D—modules). These data define a torus argument b= (X , Y , ¢>, @2, @p) for 7 as
in Definition 1.13.

Let § be the obvious splitting of Z induced by the equality Q_» ® L & Qo = L

Let G be the group functor defined by (L -Y7) as in Definition 1.1. For any
75- -algebra R, let P; (R) denote the subgroup of G(R ) consrstrng of elements g such
thalg(z_z ®,0 R) =7, ®,0 Rand g(Z_, ®.0 R)=7_, ®,0 R. Any element g
in P3(R) defines an isomorphism

Gi? 1 (8) 1 Gr? ®,0 R => Gi? | ®, R,

which corresponds under the canonical isomorphism Grz_1 ®,oR =L ®; R above
to an element of G(R). This defines in particular a homomorphism

Gr?, : P3(7") — G(79).

Let H be any neat open compact subgroup of G(ZD) such that the image
Gr | (HﬂPZ (ZD)) is exactly H. (Such an H exists because the palrrng (-,-Yis the
direct sum of the pairings on Q_» @& Qp and on L.) The data of O, (L, (-, fz),
0, and H C G(ZD) define a moduli problem I\7Iﬁ as in Definition 1.6.

Take any cornpatible choice £ of admissible smooth rational polyhedral cone
decomposrtron data for MH that is projective (see Definitions 1.33 and 1.34). Since
H is neat, any such % defines a toroidal compactification Mtor = M‘°r~ which is
projective and smooth over Sy by (7) of Theorem 1.41.

Let (Z, ®, §) be as above, and let (Z, D5 = (X, Y, qS P21 Po.70)s 3H) be the
induced triple at level H inducing a cusp label [Zz Z3, CDH, SH)] at level H.

Leto C PJr be any fop-dimensional nondegenerate rational polyhedral cone
in the cone decomposrtron ECDN in . Then, by (2) of Theorem 1.41, we have a
stratum Z (3,555 of Mtor

Since & is a top- dzmenszonal cone in ECD , the locally closed stratum Z[(cp 05701
(not its closure) is a zero-dimensional torus bundle over the abelian scheme C<I> 55
over My. In other words, Z[@H ~ &)1 1s canonically isomorphic to Cq> S By the
construction of Cx .55 in [Lan 2008 §§6.2.3-6.2.4], it is canonically Z(D) isogenous
to the abelian scheme Homp(Q, Gm,,)°. Let us define N, to be this stratum
Z[@H 55.5)]> and denote the canonical morphism N, — My by f. This gives
the Z(D) isogeny Kisog HomO(Q Gwm,,)° = N,. Note that N, = Z[(q> S5.5)1 18
canonrcally isomorphic to Cz B5.65 for every ¥ and every top-dimensional cone &
in Zq,H
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As planned in step (1) of Section 2C, let us take Kp .z to be the set of all
possible such tr1ples k= (H, X, a) with directed partlal order defined by the
relation k' = (H', ¥/,5") = k = (H, ¥,5) when H' C H, when %' refines &
as in [Lan 2008, Definition 6.4.2.8], and when (CDH/, SH/, o) refines (QDH, SH, o)
as in [Lan 2008, Definition 6.4.2.6]. In this case, the [(5H/ SH/, 0/)]-stratum of
ML o is mapped to the [(CDH, 8H, o')]-stratum of M“)rz by the canonical morphism
VU Mtor given by [Lan 2008, Proposition 6.4.2.9]. Note that the induced
morphlsm fK « - Nov = N, which is K‘Sog o ((K/)‘Sog) ! by definition, can be
identified with the canonical Z(D)—lsogeny C o C<I> 55 . In particular, it is
surjective and is an isogeny of degree prime to D

For k = (H, £, &), take N to be the closure of Z (@555 1 M . Then we
obtain the canonical immersion x" : N, < N,

When «’ = (H', 3,5") = k = (H, &, 5), the morphism war NIS" — NPT is
simply the morphism induced by the canonical proper morphism M;‘if S M;%rf
given by [Lan 2008, Proposition 6.4.2.9]. Note that the latter morphism is étale
locally given by equivariant morphisms between toric schemes, and the same is
true for the induced morphism merK NI — NI Therefore, both the morphism
M‘OT 5 M“’r2 and the induced morphism £ : NIS' — NI°" are log étale essentially
by definition (see [Kato 1989, Theorem 3. 5]) Moreover as in [Faltings and Chai
1990, Chapter V, Remark 1.2(b)] and in the proof of [Lan 2008, Lemma 7.1.1.3],
we have R"(f,:?’rk)*@,\,nkgr =0 for i > 0 by [Kempf et al. 1973, Chapter I, §3].

Lemma 3.1. Under the assumption that H is neat, the closure of every stratum in
M;%ri has no self-intersection.

Proof. According to Definitions 1.33 and 1.34, the collection ¥ of cone decomposi-
tions for I\7I7q satisfies Condition 1.29. Hence [Lan 2008, Lemma 6.2.5.27 in the
revision] implies that the closure of any stratum does not intersect itself. (See also
[Faltings and Chai 1990, Chapter 1V, Remark 5.8a].) |

Corollary 3.2. Foranyk= (H,2,5)¢€ KQeH 5. the closure N" of NK—Z[(cpH 58]
in M“’r is projective and smooth over Sy, and the complement of N, in Ni* (with
its reduced structure) is a relative Cartier divisor with simple normal crossings.
Thus the collection of open embeddings k' : N, — N, with k € KPQ n.x» satisfies
(1) of Theorem 2.15.

Proof. Combine Lemma 3.1 with (3) and (7) of Theorem 1.41. O

From now on, let us fix a choice of ¥ = (H, z, o)€ KQ 1.5 and suppress k and
¥ from the notation. The compatibility of various objects under compositions with
or pullbacks by f;?rk :NIT — N (for />« in KQ’H’E) will be obvious from the
constructions.
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3B. Extendability of structural morphisms. The goal of this subsection is to carry
out steps. (3) and (4) of Section 2C.

Let (G, A, 1, o) be the degeneratmg family of type MH over M . By construc-
tion of N as a boundary stratum of M;‘f the restriction Gy of G to N is an extension
of the pullback of the abelian scheme G, over My to N by f N — My, by
the split torus Tx over N with character group X. The data of X, i, and & ag; induce
respectively a polarization, an O-endomorphism structure, and a level H-structure
on the abelian part of Gn, which agree with the pullbacks of the data A, i, and oy
over My, to N by f : N — My. By normality of (the closure) N*" (of N in M;%r),
and by a result of Raynaud (see [Raynaud 1970, IX 2. 4] or [Faltings and Chai 1990,
Chapter I, Proposition 2.9]), the embeddlng Tn < Gy of group schemes extends
(uniquely) to an embedding Tnor <> Gpor of group schemes, and the quotient

(_; = éNlor/TNlor

is a semiabelian scheme whose restriction to N can be identiﬁed with the pullback
of G from My to N. Similarly, we obtain (_} = GNK,, / yor- BY another result of
Raynaud (see [Raynaud 1970, IX 1.4] or [Faltlngs and Chai 1990, Chapter I, Propo-
sition 2.7]), the semiabelian G carries (unique) additional structures A:G— (_;v,
i, and &y such that the restriction of (G, A, i, &) to N is the pullback of the
tautological tuple over My by f : N — My, and so that ((_}, i, o) defines a
degenerating family of type My, over N*'.

Now the question is whether the structural morphism f : N — My extends
(necessarily uniquely) to a (proper) morphism f' : N** — M between the
compactifications. By (6) of Theorem 1.41, this extendability can be verified after
pullback to complete discrete valuation rings (with algebraically closed residue
fields).

The stratification of Mtor induces one on N''. By (2) of Theorem 1.41, the
strata of N'' are parametnzed by the faces of [(CIDH, (SH, 0)] (as in Definition 1.38).
Concretely, the faces of [(<I>H, (SH, 0)] are equivalence classes [(<DH, SH, 7)] of
H-orbits of data of the following form:

(1) A fully symplectic admissible filtration Z = {Z_;} on L ® Vi satisfying

v % ~

70 CZ0CZ_1C7Z_. (3.3)

Any such filtration Z induces a fully symplectic admissible filtration Z =
{z_i}on L®, 7" by z_:=7_3/7_5 and Z_; := Z_1 /Z_3, so that there is a
canonical isomorphism

ZO/Z,lzf,l/Z,l. 3.4
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Conversely, any fully symplectic admissible filtration Z on L ® 7" induces a
fully symplectic admissible filtration Z on L ®7 Ve satisfying (3.3) and (3.4).

A torus argument d=(X,Y, qvb, @_2, ¢o) for Z (as in Definition 1.13), together
with admissible surjections s : X — X and sy Y »Y satisfying siqvb = as,;
and other natural compatibilities with ¢_», ¢o, @2, and @p. (See Definitions
1.18-1.20.)

Any &D, 5%, and sy determine a torus argument ® = (X, Y, ¢, ¢_», o) for
Zby X :=ker(sy), Y :=ker(sy), and ¢ := <5|y, so that there is a commutative
diagram

Sy

0 Y Y Y 0 (3.5)
| o
0 X X X 0

5%
whose horizontal rows are exact sequences.

The existence of some sphttmg of Z, mducmg some liftable splitting 8H defining
the cusp label (Zs7, P57, 877) at level H.

Given the liftable splitting 5H, the existence of the liftable splitting Sﬁ is
equivalent to the existence of some liftable splitting 4, of Zy;. Then we see that
there is a canonical bijection between cusp labels [(Zy, @4, §7)] at level H and
cusp labels [(Zﬁ, 537;, Sﬁ)] at level H admitting a surjection to [(Zﬁ, 57;, Sﬁ)].

Let @4 (resp. &Jﬁ) be the torus argument for Z;; (resp. ig) at level ‘H (resp.
‘H) induced by ® (resp. ®). Then (3.5) induces morphisms

So,, <> S — S, (3.6)

where the first morphism is canonical, and where the second morphism is
defined by 54 and sy, whose composition is zero. (In general, the morphisms
in (3.6) do not form an exact sequence.)

The dual of (3.6) defines morphisms

Pgﬁ — Péﬁ — Po,,, 3.7
where the first morphism is defined by sy and sy, and where the second
morphism is canonical, whose composition is zero.

Then 7 C P;; is a cone in the cone decomposition s bz having a face &
that is a F<I> _-translation (see Definition 1.23) of the image of 6 C PJr under
the first morphlsm in (3.7).
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By (5) of Theorem 1.41, the formal completion

(M5
2165701

is 1s0morphlc to the formal scheme %q; 3.t Z{¢H St ¢/ Poz+ for any repre-
sentative (CI>H,8H, T) of [ (QDH,6H, )] Here ['¢ ¢ 1s trivial by [Lan 2008, Lemma
6.2.5.27 in the rev1s10n] and .’£¢H - ¢ is the formal completion of E Eds.85 (7) along
its T-stratum (qu 35t

Let us describe the structure of the scheme E qu 55 (r) in more detail:

6]

2

3)

“)

By construction, uq) S5 (7) is a scheme over M ZA , the latter of which is
isomorphic to M}/ Zn because of (3.3) and (3.4). (Note that M pI MH is a
scheme by [Lan 2008 Corollary 7.2.3.10].)

By abuse of notation, we shall simply denote the push-forward

(

~

@ﬁ,gﬁ(f) - C<i>~ ~) @

) _ (D)
H 0>H 5

o

by 0z B (D) and view 6”% 5. () as an @cq,H i -algebra when there is no
confusion. We shall adopt a similar convention for other affine morphisms.

Let (A, Aa,ia, ¢_1,1) be the tautological object over My, 2 Then Cq> By 18
the abelian scheme over MH parametrizing liftings (to level H) of data of the
form (¢: X — AY, & : Y — A), compatible with $:Y <> X and satisfying
certain liftability and pairing conditions (coming from the so-called symplectic-
liftability on the level structures). By construction, o &5.55 18 Z{)-isogenous
to HomO(Y A)°.

The scheme aéﬁ’gﬁ is a torsor over C bz.85 under (the pullback of) the split
torus E¢; = Ho_m(Séﬁ, Gp), which can be identified with the relative spec-
trum
specce, (D To5,D).
A Z€S¢~

where \Dcp (6) is the subsheaf of 0% Bo iy (considered as an O¢; _ i -algebra
by our conven‘uon) on which E¢, acts by the character £. In the case when
(= [y ® x1, where y € Y and ¥ € X, there is a canonical identification
\Dq,ﬁ,gﬁ(ﬂ) and the pullback of (¢V(y), ¢(x))*Pa over Cq% 55- (See [Lan
2008, Convention 6.2.3.26 and end of §6.2.4].)

Consider the subsemigroups of S&)ﬁ (see [Lan 2008, Definitions 6.1.1.9 and
6.1.2.5]) given by

={leSs, :(L.y)20. ¥y ).
fa/:{feséﬁ:(f,y)>0,\7’yef},
:{Zeséﬁ:(f,y)zo,‘v’yef = V1.
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The scheme Eéﬁ 5n (7) is constructed as an affine toroidal embedding

along T over the abelian scheme C 65550 which can be identified with the
relative spectrum

Specos (@ \Tléﬁ’gﬁ(f))
etV

RN g

(5) Finally, the sheaf of ideals

(see [Lan 2008, Lemma 6.1.2.6]) defines the T-stratum (ﬁéﬁ. Sg)f’ which can
be identified with the relative spectrum

SLGC@gV ( @ \I’@H 5H (O)

TR ferl

Here § is an 0% B in(H)" -ideal represented as an @C“’H i -submodule of 03 B ()
(the latter being viewed as an @Cq) i -algebra by our convention).

Suppose ¢ is the face of 7 that is a Fq,N—translatlon of the i 1mage of & C PJr
under the first morphism in (3.7). Similar to the definition of 7V, 7/, and 7 T+ above,
consider the following subsemigroups of Sq)ﬁ.

GV ={leSg :(l,y)=0,Vyes),
&(}/z{feséﬁ:(é,y)>0,‘9’y€5},
5t={leSs :(l,y)=0,Vye5}=5"/5)

Note that t¥ C oV andr cot,but? To g/_‘oo in general The closure(u<I> S5 ) (T)
of the G-stratum on Eg,_ 5. (7) = SpecoN (@eerv b5 (D)) is defined | by the

sheaf of ideals Tesyniv \IJ(D S5 (E) Then We have a canonical isomorphism

s @ =specc.. (B T 5,0),

" feslngY

e = Specaz, (D ¥s,,5,(0)

ZerL

(as a closed subscheme of (Eiﬁ, gﬁ)g (7)) defined by the sheaf of ideals

553{ = EB \Ilq)H

Zealﬁ
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Let ffé 37,67 denote the formal completion of (E&; SH)(}(‘E) along (EéH 57)%
which can be canonlcally identified as a closed formal subscheme of 3Eq> 35.%, induc-
ing the closures of the [(CDH, (SH, o')]-strata on any good formal (CDH, SH, 1') model.
(See [Lan 2008, Definition 6.3.1.11] for the definition of good formal models, and
see [Lan 2008, Definition 6.3.2.16 in the revision] for the labeling of the strata by
equivalence classes of triples of the form [(5H, SH, 6)].) By (5) of Theorem 1.41,
the strata-preserving canonical isomorphism (Mt°r~)§ = f{cb S5 ; then

[(D.55,9)
induces a canonical isomorphism e

tory A ~ o
(N2 =X,

b 5t R A
[(b7.57.0) 0T

(Alternatively, one may refer directly to the gluing construction of I\'7I;%r in [Lan
2008, §6.3.3], based on the crucial [Lan 2008, Proposition 6.3.2.13].)

By the theory of two-step constructions (see [Faltings and Chai 1990, Chapter I11
Theorem 10.2] and [Lan 2008, §4.5.6 in the revision]), the degeneration data of
the pullback of (G, A, i,ay) to affine open formal subschemes of %cb 55,2 €an
be obtained from the degeneratlon data of pullback of (G i, aH) to afﬁne open
formal subschemes of .’{q) 55 ; by restricting objects defined on X and Y to the
subgroups X and Y. Therefore in order to verify (6) of Theorem 1.41, it suffices
to verify the following:

Condition 3.8 (cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3]). For
each (CTDg, 57_7, T) as above, the image of T in Pg,, under the (canonical) second
morphism in (3.7) is contained in some cone T C PgH in the cone decomposition
Yo,
If Condition 3.8 is satisfied (for k = (ﬁ, i, 0)), then the structural morphism
f N — My extends to a (unique) morphism f'" : N'" — MY, which is étale
locally given by morphisms between toric schemes equivariant under (surjective)
morphisms between tori. By construction, we have a commutative diagram

Ntor ¢—— %éﬁjﬁ,&,f — Céﬁgﬁ (3.9

T

t
My —— X80 — Capon

of canonical morphisms whenever the image of 7 under the (canonical) second
morphism in (3.7) is contained in t.

Remark 3.10. Condition 3.8 is analogous to the condition in [Pink 1990, 6.25(b)],
used in for example [Harris and Zucker 1994, Lemma 1.6.5] and related works
based on [Ash et al. 1975]. Unfortunately, we must point out that, apart from some
pleasant (and often suggestive) analogies, there is no logical implication between
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the analytic theory in [Ash et al. 1975; Pink 1990], and the algebraic theory in
[Faltings and Chai 1990; Lan 2008]. (One cannot even use G(Q) in the algebraic
theory.) The applicability of Condition 3.8 in our work cannot be proved using
[Pink 1990, 6.25(b)].

As planned in step (4) of Section 2C, let us take K 7 5 to be the subset of
KpQr:ch consisting of elements « satisfying Condition 3.8. Since Condition 3.8 can
be achieved by replacing any given ¥ with a refinement, we see that Ko 3, is
nonempty and has an induced directed partial order.

From now on, assume that our fixed choice x = (ﬁ, f), o) lies in K¢ 3. 5.

3C. Logarithmic smoothness of f''. The aim of this subsection is to carry out
step (5) of Section 2C.

We need to show that the morphism f'" is log smooth (as in [Kato 1989, 3.3] and
[Tlusie 1994, 1.6]) if we equip N'" and MYJ" with the canonical fine log structures
given respectively by the relative Cartier divisors with simple normal crossings
given by the complements N*" — N and M})" — My, with their reduced structures.
According to [Kato 1989, 3.12], we have the following:

Lemma 3.11. To show that the morphism ' is log smooth, it suffices to show that
the first morphism in the canonical exact sequence

() (e s, [d 10g 001) = Qyjor 5, [d 108 00] = Qyer g = 0 (3.12)
is injective, and that §|1\|10r M is locally free of finite rank.
H

By (4) of Theorem 1.41, the extended Kodaira—Spencer morphism [Lan 2008,
Definition 4.6.3.32] for G — M} induces an isomorphism

1

KSg/mer/s, : KSgmg = SZM%,/SO [d log o0]

over MY, while the extended Kodaira—Spencer morphism for G — |\~/I;L9{r induces
an isomorphism

~ ~ . ~ ~ ~ L
over M;%r. Over N, we have canonical extensions

~ ~ — ~ ~ —vV
O —> TNtor — GNmr — G — O and 0 — Tl\\l/mr — G\N/mr — G — O

of group schemes, inducing exact sequences

LV LV LV
0— Lle(;/Nwr — LleGNmr/Nwr — Llemer/Nwr —0
and
0 — LieY, — Lie¥% — Lie¥%, — 0.

G /Ntor Gmmr/Ntor TNtur/'\lmr



Toroidal compactifications of PEL-type Kuga families 925
Therefore, there is a canonical surjection

KS & jor o = KS7:  jnvors (3.13)

where KS7 nor 1s the pullback of the sheaf

. : MM®z—A()®y
- (Liet v
I(_STSO/SO = (LﬁTSO/SO ®@50 ]_LeTS\:)/SO)/ ((b*x) ® y—x ® (by) x elﬁfs /50

y,Z€ L1e~v /s

beO

defined (as for degenerating families in Definition 1.40) by the split tori T and TV
over Sp with respective character groups X and Y. The kernel

IS = ker(I{_S&Nmr/Nmr — I(_Smer/Nlor)

contains KSz nwor as a natural subsheaf, and the quotient of K by KSz yir is
isomorphic to
AV AV *
(LLCE/NKW ®@N10r LLeT’\]/lOr/Nmr)/ ((b x) ® y —X ® (by)) X ELICE/NW
y € LieX

beO

\/ /Nlor

>~ HOmO®Z@Nmr (LleTV L /Nwors Lie

G/Ntﬂr)

= Homog 0y (HomZ(Y Onwr), LieZ Lies /N“")

= Hom@(Y LleG/Ntor)

= Homo ( Q LleG/Nmr)

Since the pullback of (G, 1, i, &) under N*" — M;‘f is isomorphic to (G, A, i, &y),
we have canonical isomorphisms

(ftor)*IQG/M;?{r ; IQG/N‘OT
and

(f*"*(Homp(Q" Llec/Mmr))_Hom@(Q LleG/Nm)

Since the étale local structure of M;‘;r along the [(d>H, SH, 7)]-stratum is the same as
u(p Sn (7), the calculation in the proof of [Lan 2008, Proposition 6.2.5.14] shows
that the isomorphism KSg /R /S, induces by restriction (to the closure N of the
(QDH, (SH, 0)]-stratum) an 1somorphlsm

K <> Qorg,[d log 00] (3.14)
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making the diagram

t
(f)"KSg/mr
KSG/M“"/SO lz

ftor) (QMmr/S [d log oo]) E— Qll\lmr/So Og OO

(3.14)

<—I71

commutative. In particular, the bottom arrow (which is the first morphism in (3.12))
is injective, and the isomorphism (3.14) induces a canonical isomorphism

(f*)* (Homo(Q", Lieg, ) => Ly jpger (3.15)

of coherent sheaves over N*'. (The restriction of (3.15) to N is compatible with the
composition of isomorphisms (2.17) because of the same calculation in the proof
of [Lan 2008, Proposition 6.2.5.14].)

Thus the desired isomorphism (2.16) is a consequence of (3.15). Moreover, since
Homy (QY LleG /M;‘_’;) (see Remark 2.14) is locally free of finite rank over MY, the
isomorphism (3.15) shows that the sheaf QNlor Mor is also locally free of finite rank
over N, By Lemma 3.11, this shows that f tor i log smooth, and completes the
proof of (2) and (3a) of Theorem 2.15.

3D. Equidimensionality of . Let us take a closer look at the diagram (3.9). By
construction of ', given any stratum Zj(a,,,s,,,-) of M})', the preimage

5 —1
Z@.s.0) = ()T Zi@rsp.001)

has a stratification formed by Z. s s =1, where T runs through cones in T
e . LSRR o5
satisfying the following conditions:

() ¥ C Pgﬁ.

(2) T has a face o that is a F~ﬁ—translati0n of the image of 6 C Pgﬁ under the
first morphism in (3.7).

(3) The image of T under the (canonical) second morphism in (3.7) is contained
intCcPg,

The formal completion (N*")2 admits a canonical morphism

Z[(94,674.0)]

tor C
(N )Z[@H - Dy 630

whose precomposition with the canonical morphism

(Ntor)L\ ( tOl‘)

Z[@ﬁ,éﬁ,r)l Zi@pg 87001
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for any stratum z[@ﬁ,gﬁ,;)] of 7[@%5%,)], coincides with the composition of canon-
ical morphisms f&;ﬁ,gﬁ,g,; —> Co4.55 = Causy by its very construction.

Since f'°" is étale locally given by morphisms between toric schemes equivariant
under (surjective) morphisms between tori, to determine if /" is equidimensional
(cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3 and Remark 1.4]), it
suffices to determine if the relative dimension of each of the induced (smooth)
morphism ’Z[(&)ﬁ’gﬁ’f)] — Z[(dy,8,,7)] DEtWeen strata is at most dimp,, (N), the
relative dimension of f : N — My.

By abuse of language, we define the R-dimension of a cone to be the R-dimension
of its R-span. Then the codimension of N = Z[(aﬁ,gﬁ,g)] in l\~/I;L~‘Zr is dimg(c0) =
dimR((Sgﬁ)ﬁ) because & is top-dimensional. The codimension of

Zi(b7.57,2)]
in IF\V/I;%r is equal to dimp(7). Therefore, the codimension of Z[(éﬁ,gﬁ’;)] in N is

equal to dimg(7) — dimg(0) = dimg(7) — dimR((S&;ﬁ)ﬁ). On the other hand, the
codimension of Zj(w,,,s,,7)] = (Edy,,5,)7 in M3 is dimp (7). Hence we have

dimz, g, 5,01 (Z1d57.55.5))
= dim,, (N) — (dimg(%) — dimp((S5,)¥)) + dimg(1). (3.16)

Let t” denote the image of 7 in (So,, ). By assumption on 7, we have v’ C . If
/
7’ =1, then

dimp (v) = dimg (¢') < dimg (%) — dimg ((S5,)}).
and hence (3.16) implies
dimz[(d)H.SH,r)] (Z[(&)ﬁ,gﬁ,f)]) < dimp,, (N).

(If this is true for all Z[(&)ﬁ,gﬁ,f)]’ then f' is equidimensional.) On the other
hand, suppose 7" C 7. Then there exists a face of 7”7 of ¢’ such that t” C 7
and dimg(t”) < dimg(r). Note that t” is the image of at least one face of 7
satisfying the three conditions in the first paragraph of this section. By dropping
redundant basis vectors, we may assume moreover that this face 7" of 7 satisfies
dimp(t”) = dimp(7") — dimR((Sg,ﬁ)ﬁ). Then we have

dimp(7) > dimg(t”) = dimp(z”) — dimR((Sgﬁ)ﬁ),
and hence (3.16) implies
dimZ[(q)Hy(gH_T)] (fz[(&)ﬁ’gﬁ’ “//)]) > dimMH (N) y

which means f'°" cannot be equidimensional.
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This motivates the following strengthening of Condition 3.8:

Condition 3.17 (cf. [Faltings and Chai 1990, Chapter VI, Definition 1.3]). For
each (CDH, SH, T) such that Z[(d) S50 is (a stratum) in N'', the image of T C P
under the (canonical) second morphzsm in (3.7) is exactly some cone T C PJr m
the cone decomposition Xg,,.

Proposition 3.18. The morphism ' : N*" — MY)' is equidimensional (with rel-
ative dimension equal to the one of f : N — My), and hence flat, if and only
if Condition 3.17 is satisfied, if and only if f*" is log integral (see [Kato 1989,
Definition 4.3]).

Proof. The equivalence between Condition 3.17 and equidimensionality has been
explained above. Since both N*" and MY are regular (because they are smooth
over So = Spec(OF, (o)), the equidimensionality and flatness of f'" are equivalent
by [EGA IV3 1966, 15.4.2 b) < ¢)]. By [Kato 1989, Proposition 4.1(2)], the log
integrality of f'" is equivalent to the flatness of each of the canonical morphisms
Z[t"] < Z[t"] (defined when Z[(¢5;.7) is mapped to Z{(a,,.s,.7)))> Which is
equivalent to the equidimensionality of any such morphism (by the smoothness of
Z[tV] and Z[t"] over Z, and by [EGA V3 1966, 15.4.2 b) < €')] again), which
is equivalent to Condition 3.17 by the same (dimension comparison) argument. []

Proposition 3.19 (cf. [Faltings and Chai 1990, Chapter VI, Remark 1.4]). Condition
3.17 can be achieved by replacing both the cone decompositions ¥ and ¥ with
some refinements.

Proof. Instead of taking refinements of T and ¥ separately, we consider the mor-
phism Pg — Pg,, in (3.7) and consider the graph of $. More prec1sely, using the
canonical morphlsms X<>XandY <Y compatlble with ¢ and ¢, we obtain canon-
ical morphisms X' :=X®X — X and Y':=Y @Y — Y compatible with ¢’ :=d D¢
and ¢, inducing morphisms S¢; ®Se,, ~ Sé;, and Po; — Py ®Pg,,. The image
of this latter morphism is the graph of Pg, — Pg,,. Let us define S’ by X', Y/, and
¢" asin (1.21), and let S’ be its free quotient. Define P’ accordingly as the subset of
(8"); consisting of positive semidefinite pairings with admissible radicals, contain-
ing the graph of Pg; — Pg,, canonically as an admissible boundary component (cf.
Definition 1.28). The cone decomposition Eq> defines a cone decomposition on
this graph, which might fail to be projective or smooth with respect to the structure
of the ambient space. But we can find a projective smooth cone decomposition of
P’, admissible with respect to the actions of all elements in GLo(X") x GLo(Y")
respecting qb’ such that its restriction to the graph refine the cone decomposition
defined by Eq>~ Thus we obtain a simultaneous smooth projective refinement of
Eq> and Xg,,, such that image of cones in Eq; under Pq> — Pg,, are cones
in E¢H Since this construction is compatible w1th surjections between different
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choices of dv>77 and &4, we can conclude by induction on magnitude of cusp labels
(P4, d1) as in the proofs of [Lan 2008, Propositions 6.3.3.3 and 7.3.1.5]. O

Remark 3.20. We will not need Propositions 3.18 and 3.19 in what follows. We
supply them here because knowing flatness or log integrality of f'°" is useful in
many applications.

3E. Hecke actions. The aim of this subsection is to explain the proof of statements
(4) and (5) of Theorem 2.15, with (4¢) and (5¢) conditional on (3b) and (3¢) of
Theorem 2.15. These statements might seem elaborate, but they are self-explanatory
and based on the following simple idea: Since N and N'" are constructed using
the toroidal compactifications of I\N/Iﬁ, we can use the Hecke actions on l\7|ﬁ and
their (compatible) extensions to toroidal compactifications provided by [Lan 2008,
Proposition 6.4.3.4 in the revision].

Let g5, H', ', g1, and Q' be as in (4) and (5) of Theorem 2.15. (For proving (4)
and (5) of Theorem 2.15, we may assume in what follows either g, = 1 or 81 = 1,
although the theory works in a more general context.) Using the splitting s of 7, we
obtain an element g g in Pz (A% D) such that GrZ ~1(8) = gn, and such that Gr0 (g) is
identified with g, under %) : Gz => Qy®,2” = Q®,7". (See Section 3A.) Let
H' be a (necessarlly neat) subgroup of G(ZD) such that g_lH/ gC H, and such that
H' = Gr? 1(H’ N P~(ZD)) By [Lan 2008, Proposition 6.4.3.4 in the I'CVISIOII] there
exist some choices of 3’ such that the canonical morphism [g] : MH, — MH extends
canonically to [g]*" : M;‘_’tf s = Mtor By replacing ¥’ with a refinement such
that it satisfies Condition 3.8 (with E/ and) with some choice of &', and such that
the morphism [g]'"" sends the stratum Z[(ch/ 57,571 10 Z[($7,.57,.5)1» We see that the
induced morphism from the closure of Z(¢, 55,57 to the closure of Z[@H )
gives the existences of the morphisms [gn]¢ «» [gh]K e (17 " and ([g/] ’K)“’r
as in (4a), (4b), (5a), and (5b) of Theorem 2.15, where k' = (H, &', 5") lies in
Ko 31 5, except that (2.24) and (2.26) still have to be explained.

As in the case of showing Ri(f,(‘ffr,()*@ngr =0 for i > 0 in Section 3A, since
the morphisms [gh]f(o,fk and ([g/1y, ' are étale locally given by equivariant mor-
phisms between toric schemes, we have (by [Kempf et al. 1973, Chapter I, §3])
Ri([gh]f{‘3fK)*(©(N/K/)nor) =0 and Ri([gl],t/,,()fr(@(,\,;,)wr) = 0 for i > 0, which are
(2.24) and (2.26) of Theorem 2.15.

The remaining statements in (4c) and (5c¢) of Theorem 2.15 now follow if we
assume statements (3b) and (3c) of Theorem 2.15. (See the end of Section 5, p. 957.)

4. Calculation of formal cohomology

Throughout this section, unless otherwise specified, we fix the choice of an arbitrary
(locally closed) stratum Zp(a,,,s,.,-y) of M. The aim of this section is to calculate
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the relative cohomology of the pullback of the structure morphism f'" to the formal
completion (M;‘;r)gmww)]. (See (5) of Theorem 1.41 for a description of this for-
mal completion. See also the first paragraph of Section 3D for a description of the for-
mal completion (N“’r)—%\ of N©F along Z(ay,.sp.0)] = ()1 Ziwr.s0.001)-)

[(D3¢,87¢.0)]
4A. Formal fibers of f'". Let I'$;.r be the subgroup of elements in I'¢; stabiliz-
ing (both) X and Y and inducing an element in I'g,, ; (the subgroup of I'¢,, formed
by elements mapping 7 to itself). Since we have tacitly assumed that I'¢,, . s trivial
by Condition 1.29 and [Lan 2008, Lemma 6.2.5.27 in the revision], I'¢, - is also the
subgroup of elements in I'¢, fixing (both) X and Y. Let I‘<I> @, De the subgroup
of elements in Homo(X X ) sending ¢>(Y ) to ¢ (Y) that are compatlble with @ _ 2. 7%
®o.7i» ¢—2.1> and @g 3;. Note that these compatlblhty conditions imply that the
subgroup I3 0 has index prime to [J in Homgp (X, X ). The two surjections

S)“(ZX—»X and si,:f/—»ff
identify Fg)ﬁ,q,ﬁ as a subgroup of I'4 ﬁ,,.v(More precisely, any t € Fg)ﬁ’q,H defines a
translation action x — x +17 (s (x)) on X, inducing compatibly a translation action
on Y, and hence defining an element in | IR fixing both X and Y.)

Since I3 o0 does not modify sy and sy, it does not modify the first morphism
in (3.7). Therefore, if we denote the image of & in Py, by o, then '3, o, maps
o to itself. On the other hand, by Condition 1.29 (and Lemma 3.1), if a cone
TC P in Yoy has a face thatis a 198 r-translation of &, then it cannot have a
d1fferen7f face that is also a 95 r—translatlon of &. Let us denote by Xog.6.1 the
subset of X¢ ., consisting of cones 7 satisfying the following conditions (cf similar
conditions in the first paragraph of Section 3D):

() TC P*ﬁ.
(2) T has ¢ as a face.

(3) The image of T under the (canonical) second morphism in (3.7) is contained
int C P$H

Then, to obtain a complete list of representatives of the cusp labels [(Cf)ﬁ, Sﬁ, 7)]
parametrizing the strata of Z[(dm,én,r)]’ it suffices to take representatives of X4 5.
modulo the action of I'§ 7D (That is, we do not have to consider I'g 7;,q;H—translates
of 5.)

Let E uc[) 3 (7) denote the toroidal embeddlng of B E¢.5; formed by gluing the
affine t0r01da1 embeddings E ._@ 55 (T) over Cs & where T runs through cones in
Xdg.5.0- To minimize confuswn we shall dlstlngmsh "“% 35 (71) and E Edy. 5H (2)
even when [(<I>H, (SH, )] = (QDH, (SH, T5)]. For each T as above (havmg o asa
face) recall that we have denoted the closure of the &-stratum of E Eds.85 () by
(quH (;H)g(r) Let (uq)H 57)5 () denote the union of all such (u(I)H 55 ) (T), let
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(u¢ St denote the union of all such (ucp S and let 3€¢H §5.6.1 denote the
formal completlon of (uq;-H 57)5 (t) along (“<I>H 57

For each T € Yé4.5.1, consider the open subscheme Uy of (uq) 55) formed
by the union of all (locally closed) strata of (u(l) )7 that contains the stratum
(uq) 7.85)% inits closure, and consider the open formal subscheme U; of X4 55 .5,
supported on U;. The subscheme Uy of (ucp 35 ). is the closed subscheme of
Edz.55 () given by the intersection of B Eds.85 (r) and (ucp SH)T in ucp 5H(T)
The formal subscheme U; of %cpH §5.6.1 is the formal completlon of (uq>H 5H)U(‘L')
along U;. The collection {Ut}cx; ;. forms an open covering of (u¢ 35)c- We
can interpret X¢, 5, .5.- as constructed by gluing the collection {4l; },Eg . of
formal schemes along their intersections (of supports).

Explicitly, let us denote by 7. the intersection of (') for £’ running through

faces of 7 in X3 (including 7 itself). Then we have the canonical isomorphism

d>ar

= speee, (@, 5@))/(@% 5 ))

d>7_~‘,6

of schemes affine over G&V 5.- As Ox.  -modules, we have a canonical isomor-
. HOH d)ﬁ*bﬁ
phism
( ® Vs, 5 0)/(®Ws,5,0)= @ w0,
fef&V erV—“
If we equip 7" — 7,/ with the semigroup structure induced by the canonical bi-
jection (¥ — 7)) — ©7/7./, then we may interpret @Zefv_f&v W 5. (€) as an
@5&%% -algebra, with algebra structure given by canonical isomorphisms
.. () oL~ 2 !
\Ifcpﬁ’aﬁ () ®@5&>ﬁ_5ﬁqj®ﬁ’5ﬁ ) = \lfq)ﬁjﬁ e+12)

(inherited from those of ©§<i>~ = @ks ‘DH 5 (K)) if+0 ety — ./ and by

O

qjéﬁ.&q (Z) ®@5&> \Il‘i)ﬁ,gﬁ (Z’) -0

-t=( U (@&*ne))catne,
7/ face of ¥
in Eéﬁ,&,r
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The formal scheme i3, being the formal completion of

LB )
lestniv
along U;, can be canonically identified with the relative formal spectrum of the
©C¢ g _-algebra @zealmqu’cp 55 (€) over CcpH 55> where @ denotes the com-
plet1on of the sum with respect to the @cq) i -ideal P fesinzy Ve 55 (Z) Note
that all the above canonical 1som0rph1sms correspond to canonical morphisms
of O¢y,;; 55,-algebras formed by sums of sheaves of the form (lvf@ﬁ,gﬁ (Z) (with
O¢4; 55, -algebra structures inherited from that of 0%, ;7).
The descriptions above imply the following simple but important facts:

Lemma 4.1. Suppose T and t’ are two cones in Eq)N . such that T’ is a face of T.

(1) We have a canonical open immersion Uy — Uz (resp. Uy — Uy) of formal
subschemes of Xg_ 5 s .-
0RO

(2) The canonical restriction morphism from 3; to iy corresponds to the canoni-
cal morphism

B V5,0~ B Y 5D
Leginty festn@)V

of @cq, i -algebras, where the two symbols @ denote completions of the sums
with respect to the sheaves of ideals P \IJ<1> 55 ) and b II!@ 55 @),
respectively. lestnty festn(E)y

(3) The canonical restriction morphism from Uy to Uy corresponds to the canoni-
cal morphism

D Y 5, O~ D Y ;5.0

letv—ty le(@)V ()Y

o

of @5%% -algebras, which maps \Déﬁ’ 55 @) to 1115)7_7’ 5s () when

le@ —@)Y) =@ —)n (@) - @)Y,
and to zero otherwise.

(4) The correspondences in (2) and (3) above are canonically compatible with
each other.

By Condition 1.29 (and Lemma 3.1), the action of I'g _ ¢, induces only the
trivial action on each stratum it stabilizes. Therefore, the quotient morphism

‘%&)ﬁ,gﬁ,é,r - %éﬁjﬁ,&,r/ F&;ﬁ,CDH (42)
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of formal schemes over Sy is a local isomorphism. The morphism (4.2) is not defined
over C¢y 5; when the action of I'g; ¢,, on Cé, 55, is nontrivial. Nevertheless,
since I'g; o, acts trivially on @y, it acts trivially on Cg,, s,,, and hence (4.2) is

defined over Co,, s, -

Proposition 4.3. There is a canonical isomorphism

(Ntor)ﬁ\ >~ x&)ﬁ’gﬁ,f},r/ F&‘ﬁ,q)ﬁ (44)

Z((D4,874,7)]

of formal schemes over Co,, s,,, characterized by the identifications

tory A ~
(N )“‘ %(DH

(@751 ot

of formal schemes over C b7.85 (compatible with the canonical morphisms

( tOr)

tory A
—s (N¥™1)2
VAT RITR D) ( )Z[<®H.5H.r>]

and C $5.55 > Cas oy ). (The formation of the formal completion here is similar
to the one in (5) of Theorem 1.41.)

Proof. Let T € L _ .- Let ing denote the completion of Eéﬁ,gﬁ () along Uy,
which contains il; as a closed formal subscheme (with the same support Uz).
Since Uy is the union of (uq)H 55)+ with 7’ running through faces of 7 in
E@ &.0> Which are cones in PJr the tautological degeneration data over 5.1
satlsﬁes the positivity condition (w1th respect to the ideal deﬁmng Uz), and we
obtain by Mumford’s construction a degenerating family (°G, “X, i, ) — il;
as in [Lan 2008, §6.2.5; especially the paragraph preceding Definition 6.2.5.17],
called a Mumford family. Note that a Mumford family is defined in the sense of
relative schemes, namely as a functorial assignment to each affine open formal
subscheme Spf(R) of 51 a degenerating family over Spec(R). Therefore (6) of
Theorem 1.41 apphes and implies the existence of a canonical (strata-preserving)
morphlsm i — M“’r under which (°G, “x, “i, “ai) — 8l; is the pullback of

(G, %1, ay) — Mtor Moreover, if T/ € X3

QDHVU T’

from ilf/ to Mtor agree over the intersection ; ﬂﬂ

then the morphisms from il and

By taking the closures of the [(@H, SH, o )]-strata (not as closed subschemes
of the supports, but as closed formal subschemes, as in the second last paragraph
preceding Condition 3.8), we obtain canonical morphisms {; — N for all 7 in
E&)ﬁ’ 5.0 which patch together, cover all strata above [(Py, 6y, T)], and define

(4.4) as desired. O

By (5) of Theorem 1.41, we have a canonical isomorphism

(M't]?lr)%\[(d)ﬁ,a?{,r)] ; %CI)H,SH,T’ (45)
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By the very constructions, we may and we shall identify the pullback of ' to
(Mﬁr)z@ww)] with the canonical morphism %éﬁ,gﬁ,g,f/ F5ﬁ7¢H — Xo,,61,7- BY
abuse of notation, we shall also denote this pullback by

tor . .. ~
o "{@ﬁ,éﬁ,&,r/ Fd>7;,<1>H - "{‘1)71,571,1"

For each T € Xdy.6.1. let 7] denote the image of Y; under (4.2), which is
isomorphic to 4l; as a formal scheme over Cg,, s,,. By admissibility of PR
we know that the set Eq“,qq,;,,r/l"g,ﬁ’q)ﬁ is finite. Then %éﬁ,gﬁ,g,,/ Féﬁﬁbn can
be constructed by gluing the finite collection {u[{-]}[f]€25>ﬁ 50/ Ta s of formal
schemes over their intersections. Let us denote by

f[t?]r :ulfl - xd’?—tﬁmf

the restriction of f'" to 7). If we choose a representative T of [], then we can
identify f8): U1 — Xay,,6,,c With the canonical morphism f3*": Uy — Xa,,,5,,7
induced by the canonical morphism Xé, 5;.5.1 = Xa,.5,.c- Let us denote by

~

gt Ui = Xy 8.1 XCoypypi, Cég,ég’ h: C‘i)ﬁ,gﬁ — Cayy75

and
h‘L’ :%QH,(SH,T XCCDH-5H C&)ﬁ,gﬁ - %QH,(SH,T

the canonical morphisms. Then we have a canonical identiﬁcatio’rj ff“’r =h;ogy.
(Note that g7 is a morphism between affine formal schemes over C b5 and that
h+ is the pullback of 4 to the affine formal scheme Xo,, s, over Co,, s,,.)
For simplicity, let us view Ox,,, ; . and Oz, ; ., assheaves over Co, s, and
suppress (Xa,,.5,,c = Cay,80)% A0A (Z[(@4,8,,7)] = Co,,,8,)+ from the notation.
for push-forwards (to Co,, s,,) of sheaves over Xo,, s,,,z, we shall use the notation
@ to denote the completion with respect to (the push-forward of) the ideal of
definition of O%o,, 57
Based on Lemma 4.1, we have the following important facts:

Lemma 4.6. (1) ForanyT € Eé# &.70> and any integer d > 0, we have the canoni-
cal isomorphisms

RUFLO0) = @ Ry, 5 (D) 4.7
legtnNtY
and
RISENO0) = @ RNy 5 (D) (4.8)
Letv—1)

over Co,, 5,
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(2) Forany y € Fg,ﬁ,qm, we have a commutative diagram

3z 4 ” uyf

. Jo

~ y ~
X, 80,7 X Coyy 59 Céﬁ,gg > Xy 60,7 X Coyyi9 Cy

h,l lh’

xq’H,SH,T :{‘1)71,571,1

7107

of formal schemes, (naturally) compatible with the commutative diagram

U; 4 ny

ng J/gyf

~ y
(C‘¢H,3H)‘L’ XC(DH,@H Cci)

PR H(Ey.sy) X Capy89 C&)g,3~

h,J lhf

(ECDH,SH)‘L’ (E®H,5H)T

of their supports. Then (4.7) and (4.8) are compatible with the canoni-
cal isomorphisms y*Oy,. — Oy, induced by the canonical isomorphisms
y*w&,ﬁ’gﬁ ) = qjéﬁ,ig (£) over Cég,Sﬁ'

(3) For any integer d > 0, if T’ is a face of T, then the canonical morphism
RY( 1,0y, — RY( )40y, induced by restriction from Uz to iz corre-
sponds to the morphism

® RnW ;. ()> B Rh(Wg 5 (D)
lestniv festn@E)V
over Cq,, s,, and the canonical morphism Rd(ff“’r)*@yf — Rd(fftf’r)*@yf,
induced by restriction from Uy to Uy corresponds to the morphism

D Ry 5 D)~ B  Rh(y_; (D)

letv—zy Le(@)V—(F)Y
over Co,, s, Both of these morphisms send Rdh*(\lléﬁ’ 55 (Z)) (identically) to

Rdh*(\lléﬁ’ 5a (f)) when it is defined on both sides, and to zero otherwise.

4B. Relative cohomology of structural sheaves. Using (4.5), we shall identify
(Mﬁr)i(%mm with Xo,, 5,7, and identify Zj(¢,, s,,,r)] With (Ea,,.s,,)-. For sim-
plicity of notation, we shall use X¢,, s, and Zj(,,s,,,r)] more often than their
counterparts.
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Recall that Cg,, s, is an abelian scheme over the moduli problem M%H (see
Definition 1.17). Let (A, A, i4, ay,) be the tautological tuple over Mif. Let T
(resp. TV) be the split torus with character group X (resp. Y). For simplicity of
notation, we shall denote the pullbacks of A, AV, T, and T, respectively, by the
same symbols. The pullback of G (resp. G) to Xo,,,2,,7 1s an extension of A (resp.
AY) by T (resp. T"), and this extension is a pullback of the tautological extension
G (resp. GV'%) over C ®y,84,- FOr simplicity, we shall also denote the pullbacks of
G" and GV°%, respectively, by the same symbols.

Lemma 4.9. The morphism h : 5‘5% 55 = Ca,,.8,, Is proper and smooth, and is
a torsor under the pullback to Cq,, s, of an abelian scheme Z ) -isogenous to
Homo (X, A)° — M2,

Proof. For s1mp11(:1ty, let us denote the kernel of Cq b8y — Ca,,.8,, by C, viewed
as a scheme over M

While the abehan scheme C b8y = Mff parametrizes liftings of pairs of the
form (: X — AV, &V:Y - A) > M7 satisfying the compatibility é¢ = A,¢Y and
the liftability and pairing conditions, and while the abelian scheme Cg,, s,, — MsztH
parametrizes liftings of pairs of the form (¢ : X — AY,¢Y : Y — A) satisfying
the compatibility c¢ = Aac" and the liftability and pairing conditions, the scheme
C— Mf{” parametrizes lifts of pairs of the form (¢: X—>AY, &Y > A) satisfying
the compatibility 55 =M a¢" and the liftability and pairing conditions induced by the
ones of the pairs over 5@ 785> Mi{”. Therefore, the same (component annihilating)
argument in [Lan 2008, §6.2.3-6.2.4] shows that the kernel C of 4 is an abelian
scheme Z () -isogenous to Hﬂlo(f , A)°.

Consequently, all geometric fibers of / are smooth and have the same dimension
(as the relative dimension of C — Mi}"). Since both C dz.85 and Cg,, s,, are smooth
over Sg, the morphism /% is smooth by [EGA 1V3 1966, 15.4.2 ¢’) = b)] and [EGA
IV4 1967, 17.5.1 b) = a)]. By [Bosch et al. 1990, §2.2, Proposition 14], smooth
morphisms between schemes have sections étale locally. This shows that 4 is
a torsor under the pullback of C to Co,, s, (Regardless of this argument, the
morphism / is proper because the morphism Cq; Sy = Mif is.) U

The nerve of the open covering {il }rez% 5. Of %¢H 55.6.1> OF equivalently
the open covering {U; },ez% 5.0 Of (uq:.H 57)5 (T) (by the supports of the formal
schemes {il; },eg%m) defines a simplicial complex ‘ﬁa,, formed (up to scaling by
the multiplicative action of R, inducing homotopy equivalences harmless for our
purpose) by the union of the cones 7 in X¢ 5,. (With natural incidence relations
among their closures inherited from their realizations as locally closed subsets of
(Séﬁ)ﬁ). Then the nerve of the open covering

. . tor L\ ~ v R ~
{u[t]}[r]eE&)ﬁ_{;vr/Fgﬁ@H of (N )Z[(q’H’BHYT)]—%q)ﬁ,éﬁ,d,f/l—‘@ﬁ,@ﬁ’
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or equivalently the open covering
WUiktersoc/To 0, O Zi@nono) = (Bér5)/ T8 0,

of the supports of formal schemes, is naturally identified with 95 ; := ‘ﬁg o/ Fq, Dy
_ The simplicial complex ‘ﬁa . has a closed covering by the closures 7' (in

Ns 1) of the cones T in Xé4.5,7» which induces a closed covering of 95 ; by the
closures [T]° (1n MNs ) of the subsets [T] of Xog.6.0/ Fq> @, For any sheaf /il on
(;.J(I)H 5:)7/ T, 0, (suchas @(Ntor)A 2 @rgirg.)
integer d > 0 the local system %<4 (M) on Ny .z which associates with each [7] in
Xdg.6.1 / F@g,ch the coefficients

_©3€¢ 500/ Do g ), define for any

H! (M) ([F]7) := H (Upzy, M)
Then, by [Godement 1958, II, 5.4.1], there is a spectral sequence
E5? = H N o, #' (0) = HH (B, 5,00/ Ty 000 A (4.10)

The construction of 915 ; depends only on the cone decomposition X4 5.7, While
the constructions of both #? (/M) and the spectral sequence (4.10) are compatible
with restrictions to affine open subschemes of Zy(e,, s,,7))- Therefore, we can
define the sheaves %Ed (M) (of local systems on s ;) over Zj(e,,,5,,7)]> and obtain
a spectral sequence

ESY = HC Mo, #4(M)) = R F1o7 (). 4.11)

Here H° (s, 26‘1 (/1)) is interpreted as a sheaf on Z{(s,,.s,,,7)]» and the formation
of (4.11) is compatible with morphisms in J(l. In particular, we have compatible
spectral sequences

E5*:= H N o, ' Oyorys ) = R FL (O yryy ) (4.12)
[(@gy.69¢.0)] (<I>H 3,71
and
E;d =H M5 ¢, 3 (62[(¢H.an.r>1)) = R tor(@z[(dm 53¢, o) (4.13)

To calculate the left-hand sides of (4.12) and (4. 13) we define the sheaves
H (O e _) and #4(03 Bo in)e ) of local systems on N . (in the obvious way),
which, by Lemma 4.6, carry "canonical equivariant actions of the group I'z 7 P
and descend to the sheaves #¢ (O(nory2

Z[(®3¢.67¢
spectively. Hence we obtain compatible spectral sequences

Ey = H (D 0y H e 3O, )
:H‘(ma,f,z{‘%@mmg ) (4.14)

[(D9¢,89¢.0)]

) and %d(@z[@%mm) on N ;, re-
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and
Ey = H (T 0, ,Hem”,?zed(@p@ )
= H N o, #7103, . ). (“15)
Lemma 4.16. For any d > 0, the canonical morphisms
d d
ROy, oy, G i) = HO Ol 2O ) 4.17)
and
d 0
R%h(Og (@30 XCo SHC¢H5~) —H (‘ﬁc . %l (G(H 5 )r)) (4.18)

are isomorphisms compatible with each other. Moreover, for any integer e > 0, we
have
HE Mo, H Oz, ) =0 (4.19)

and
HE Vs 305, . )))=0. (4.20)
HH

Proof. By (4.7), we have
#' (O, , JED = RIS (On,) = B RV, 5 (D),

fesinev
and for any face 7’ of 7, the canonical morphism

" (Ox, ;. , )ED — %! (Ox, EH

d) 5".

sends the subsheaf R%h «(Wos 5 (Z)) either (1dentlcally) to R%h, (Vo575 (Z)) when
festn (i)Y, or to zero 0therw1se Since (Jy ;v T =Jy;v T is a convex subset
of ‘ﬁa,r for any given lest , this shows (4.19) as usual (by the argument in [Kempf
et al. 1973, Chapter I, §3]). On the other hand, since ﬂreEq) e @GtntY)y=1V, we
see that (4.17) is an isomorphism. The proofs for (4.20) and (4.18) are similar. [

Lemma 4.21. The topological space N ; is homotopic to the real torus
Téﬁ,cbﬁ = (F<T>ﬁ,cbﬁ)ﬁ/ FEI;?T‘,CDH’
whose cohomology groups (by contractibility of (Fgﬁ@ H)ﬁ) are
HI(Tg, 4, 2) = H (T ¢, 2) = N (Homz(Tg_ o, 2))
forany j > 0. Over Cgo,, s,,, we have a canonical isomorphism

HI (T4 9y ) ®; Oc,, 5, = N Homo(QY, Lierv/c,, ,, ). (422)
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Proof. Since & is a top-dimensional cone in Pt ,any T € X460 (Which has ¢ as
a face) is generated by & and some rational basis vectors not contalned in the image
of the first morphism in (3.7). Moreover, the image of T under the second morphism
in (3.7) is contained in T C P+H By choosing some (noncanonical) splitting of
5y ®,Q: X ®; Q- X ®; Q, we can decompose the real vector space (S4 )y
(noncanonically) as a direct sum (SCDH)R ® (FGPH,‘PH)[R ® (Sq;H)R, on which the
action of I'g 7P is realized by its canonical translation action on the second factor.
élong the directions of (S§ ﬁ)ﬁ and (Se,,), We can contract the simplicial complex
Ny ¢ (say, towards some arbitrarily chosen points in the convex sets & and 7) in a
way compatible with the actions of 3, op- Therefore, Nz » = MNs ./ '3, on is
homotopic to the real torus Tg,ﬁ,q)ﬁ = (Faﬁ,qm)ﬁ/ U3 -

The canonical isomorphism (4.22) then follows from the composition of the
following canonical isomorphisms:

HI (T3 oy 2) ®7Ocy,, ,,, = (N (Homz (T .. 2))) ®; Oc,,,
= (N (Homz (Homo (X, X), Z))) ®2,1, Oca s,
= N (Homp(Q", Homy (Y, Oc,, . )))
= N (Homo(Q", Lierv/cy,,5,))- O

Lemma 4.23. There are compatible canonical isomorphisms

R h (©x0>7-¢ LIS rXC<DH 5H ) - /\ (HOIH(’)(Q LleA\//xq)H )

Syt

H
and

d ~ Ad v
ROz, 50 0 XCarpy 59 éﬁ.éﬁ) = N (Homo(Q", Lieav/zyqiyy.c))

for any integer d > 0.

Proof. By Lemma 4.9, the morphism £ : 5&,7;,577 — Co,,s, 15 a torsor under an
abelian scheme Z{D)—isogenous to Homp(Q, A)° (and hence has a section étale
locally). Since the cohomology of abelian schemes (with coefficients in the structural
sheaves) are free and are compatible with arbitrary base changes (see [Berthelot
et al. 1982, Proposition 2.5.2; Mumford 1970, §5]), we obtain compatible canonical
isomorphisms

d
R h*(@xq’H’sH’fXCCDHﬁH uﬁ ) - /\ (Lle(Homo(Q A) ) /xth aH r)
= A (Homo(Q", Lieav/x,,,5,,.))-

d ~ ~ A (L
R h*(GZum,aH,r)Jch,aH Céﬁ.éﬁ) =N (Lle(mo(Q’A)O)V/Z[@Hﬁﬁ,f)l)
= A\ (Homp(Q", ]-LGAV/Z[@H,aH.r)]))

for any integer d > 0. U
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Proposition 4.24. There are compatible canonical isomorphisms

H N -, % (Oquonys ) = (N (Homo Q" Lier/xe, s,,.))) ®cy,

(Pp.01,7)] BT

(A (Homo(Q, Lieav x,, ,,.)) (4.25)

and

c d ~ ~ ; .
H (m&,‘h % (©Z[(®H~5H-U])) = (/\C (I_IO_HIO(Q\/v LﬁTV/Z[(ch_,sHJ)]))) ®©Z[(¢H,5H.1)]
(AN (Homo(Q, Lieav /74, 5,..y))  (4.26)
for any integers c,d > 0.

Proof. By Lemma 4.16, the spectral sequences (4.14) and (4.15) degenerate and
show that for any integers ¢ and d we have compatible canonical isomorphisms

HE Mo, K (Ouonyy )
[(P¢.07¢.7)]
= H g 0,0 H e, # (O, )
~ C d
FH Tog0,0 D) Oz ROy, 5, xcy, i) 42D
and
H M0, # (03, )
= H (T3, g, H'Os0, #'Oz, . ,))
HH
~ Crr d ~
= H 50,0 D) ®2 ROy, ixcy, T ) 428
Now combine (4.27) and (4.28) with Lemmas 4.21 and 4.23. O

Lemma 4.29. The spectral sequence (4.12) degenerates at E, terms. Consequently,
since the choice of the stratum Z{(a,,.s,,,v)] is arbitrary, by Grothendieck’s funda-
mental theorem [EGA 1III; 1961, 4.1.5] (and by fpqc descent for the property of
local freeness [SGA 1 1971, VIII, 1.11)]), the sheaf Rbfior(GNmr) is locally free of
the same rank as /\b (Home (QV, @GV/M%)) over M;‘{’r.

If, for every maximal point s of Z{(s,, s,,,7)] (see [Grothendieck 1971, 0 2.1.2]),
we have

*

dimk(s)((Rb tor((@i[@ﬁ ])) ®©Z[(®H,5H.r)l k(s)

> dimy ) (R ior(@(Nwr)gw

KT

D@y, | KE). (430)

HOH
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then the spectral sequence (4.13) degenerates at E, terms as well, and there is a
canonical isomorphism

Rbff’r(@Nmf) (g)@M[ﬂr @Z[(®H>5H~T)] o~ Rbﬁor(@z[(% ). (4.31)

1,0
Proof. Let Spf(R, I) be any connected affine open formal subscheme of X¢,, 5,7,
with the ideal of definition I satisfying rad(/) = I for simplicity. Since MY is
smooth and of finite type over So = Spec(OF,,)), the ring R is a noetherian
domain. (See [Matsumura 1980, 33.1 and 34.A].) Since Z(s,,.5,,,7)] 1S a smooth
subscheme of M;ﬁr, the quotient R/ is also a noetherian domain. Let K := Frac(R)
and k := Frac(R/I) be the fraction fields. By abuse of notation, we shall denote
pullbacks of schemes to Spec(K) (resp. Spec(k)) by the subscript K (resp. k).
Since we have an exact sequence

0— LLeTV/x(DHVéH‘T — Iier,u/j&DH,BHJ — [ieAV/%wwI —0
of locally free sheaves, we have an equality
Y. dimg (A" (Homo(Q", Lieay))) ® ¢ (A (Homo(Q", Lier,)))
e = dimye (A" (Homo(Q", Lie,.))
=dimg (/\b(Homo(Qv, LieG%))), (4.32)

and an analogous equality with K replaced with k.
By construction of the spectral sequences (4.12) and (4.13), by the canonical
isomorphisms (4.25) and (4.26), and by the equality (4.32), we have

> dimg (HE (M o, ! (Oyons Org. . K
c+d=b (P8¢, )] HOHT
= dimg (A" (Homo (Q", Liegy)))
> dimg ((R"f{”" (O ) ®, K) (4.33)
[(D3¢.57¢.0)] Dpy.0,T
and
. c . d (A
c+§=b dim (H (mU’f’ % (GZ[(¢Hv5H=T)])) ®@Z[(¢H,5H.r>] k)
= dimy (/\"(Homo (Q", Liegy)))
. b rt )
> dimy (R f*or(@z[(%ﬁ%r)]) ®@Z[(¢H.8H,r)] k). (4.34)

Since the pullback of f'" to the open dense subscheme My of M} is simply

the abelian scheme f : N’ — My, we have
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(R°£ (Oner) ®g ., Oty = R £ (On)
H
= N’Lienv/m,, = A’ (Homo(Q", Liegy, ;).

Since the canonical morphism Spec(K) — M} factors through some maximal
point of My, this implies that the inequality in (4.33) is an equality, and hence
that the spectral sequence (4.12) degenerates at E, terms after pullback to K.
Since all E; terms of this spectral sequence are locally free sheaves, this shows
that (4.12) degenerates at E, terms after pullback to R. Since the choice of R is
arbitrary, this shows that (4.12) degenerates over the whole Xg¢,, s,,.z» and hence
RP£1OT (Onwr) is locally free of the same rank as /\b(Hin@(Qv, Liegv/muer)) over
M. (Nevertheless, since ' is not necessarily flat, this does not imply that the
formation of R?f°"(Owr) is compatible with arbitrary base change.)

Since the canonical morphism Spec(k) — Z{(e,,,5,,7)) factors through some
maximal point of Z{(¢,,,s,,,7)], the inequality (4.30) implies that

dimy (R” 1O 0, o) By,

(P.89¢,7)]
: b
= dlmk((R f;or(G(Nmr)%\ )) ®©x k)
[(®3¢,83¢,7)] Py 01T
= dlmK Rb tor @ toryA N K ,
(( * ( (N )Zl(‘PH,BH‘r)J @xq)H.SH,r )

and hence the equality in (4.33) implies the equality in (4.34), because
dimy (A" (Homo(Q", Liegy))) = dimg (A’ (Homo(Q", Liegy))).

Therefore, by the same reasoning as in the case of (4.12) above, the spectral sequence
(4.13) also degenerates at E; terms. Since the spectral sequences (4.12) and (4.13)
are compatible with each other (by their very construction), their degeneracy implies
that the canonical morphism

z

b ptor b ptor /m
R f* (@(Nmr)i\[ )®@x¢H-5H«T GZ[(q)H.(;H’f)] — R f* (GZ[(¢H~5H17)])

(P14,87¢,0)]
is an isomorphism (by comparing graded pieces) and induces (4.31). U

Remark 4.35. By upper semicontinuity for proper flat morphisms (see [Mumford
1970, §5 Corollary (a)]), the assumption (4.30) is satisfied when f'° is flat, or
equivalently when Condition 3.17 is satisfied (by Proposition 3.18), which can be
achieved by refining both Y and © (by Proposition 3.19).

Corollary 4.36. For any integer b > 0, the canonical (cup product) morphism
N (R! LT (Oppor)) — REFLOT (Opor) is an isomorphism.

Proof. As in Lemma 4.29, by properness of f'°F, this is true if and only if it is
true over the formal completion along each stratum Z(,,,s,,,7), Which is the case
because the canonical morphism induces isomorphisms on all graded pieces defined
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by spectral sequences such as (4.12), which are compatible with cup products by
the very construction (see [Godement 1958, II, §5-6]). O

4C. Degeneracy of the (relative) Hodge spectral sequence. As in (3c) of Theorem
2.15,let H {Og_dR(Ntor /MY := R £ Qyor M be the (relative) log de Rham coho-
mology. By the definition of H log- ar(N®Y/ Mtor ) as the “relative hypercohomology”,
the natural (Hodge) filtration on the complex Qijior M defines the (relative) Hodge
spectral sequence (2.20):

Ea b — Rbftor(QNmr/Mtor) = Hlao-ig-bdR(Ntor/M;E)[r).

By (3a) of Theorem 2.15 (which we have proved in Section 3C), there is a canonical
isomorphism

Qor g = ‘[(f*°)*(Homo(QY, Liey, /Mmr))]
= (ftor) [/\ (Homop(Q ’IﬁG/M‘;_’[))]

of locally free sheaves over N*'. Then (by the projection formula [EGA 1 1960,
chapitre 0, 5.4.10.1]) we have canonical isomorphisms

RO £ Qo paier) = (R (One)) B, (AN (Homo (QY, Lie, ). (4.37)
H

Lemma 4.38. If R (Onwr) is locally free for every integer b >0, then the spectral
sequence (2.20) degenerates at the E| terms.

Proof. By (4.37), if R*f!"(Onw) is locally free for every integer b > 0, then all
the E; terms R” f;‘”(QNlor o) Of the spectral sequence (2.20) are locally free.
Therefore, to show that (2. 2&) degenerates at E; terms, it suffices to show that it
degenerates at E terms over the open dense subscheme My of M}, which is true

because f'°|y = f : N — My is an abelian scheme. (See for example [Berthelot
et al. 1982, Proposition 2.5.2].) O

This proves (3c) of Theorem 2.15, because the local freeness of R? £ 20" (Opor)
has been established in Section 4B for every integer b > 0.

4D. Gauss—Manin connections with log poles. In Section 3C, we proved the log
smoothness of f'": N'" — M) by verifying Lemma 3.11. For simplicity, let us set

ol 1 ol — ol
QM“”/S = QM“"/S [dlogoo] and  Qpur s, = Lywr/s, [d log 00].

Then (3.12) can be rewritten as the exact sequence

0 (f*)* Qe s,) = Qyorss, = 2y -0, (4.39)

Ntor/MlOr
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which induces the Koszul filtration [Katz 1972, 1.2, 1.3]
K* (S_ZI.\I“"/SO) = image(ﬁ;\,}‘f/so ®g,, (S (Q, M /S, ) — QNmr/sO)

on QNmr /Se° with graded pieces GIﬁ(ﬁ;\,mr /So) = Q,'\,_mf M ®g, (f ‘Or)*(ﬁ‘,f/lg /50)'
On the other hand, we have the Hodge filtration

->a

a
F (Q Nter /S ) - Nlor/So
n §|.\|Ior /S0° giving the Hodge filtration
F*(Hiog.qr (N''/M5)) := image(R' 1 (F* (Qqor/s,)) = R (Qgor5,))
on H {Og_dR(N“’r/ M. By applying R* f1" to the short exact sequence
0— Qo iy By ( f“’f)*(ﬁ;,,[g 1s) = K /K = Qjjor 5, = 0, (4.40)
we obtain in the long exact sequence the connecting homomorphisms
H{Og—dR(Ntor/Mtor) = l tOF(Q lor/Mlcr)
X R’“ffr(Q,\,m/,\,lmr ®g,, 2 tor/s ) = Hiog.ar(N/ME) ®g, ervnor/s (4.41)

As explained in [Katz 1972, 1.4], the pullback of V in (4.41) to My is nothing but
the usual Gauss—Manin connection on H ij(N /My). Since the sheaves involved in
(4.41) are all locally free,

Vv : Hlog dR(Ntor/MtOI‘) N Hlog dR(Ntor/M’t}?tr) ®@M Qllvpor/s

satisfies the necessary conditions for being an integrable connection with log poles
(because its restriction to the dense subscheme My does). If we take the F-filtration
on (4.40), we obtain

0= (B (Qjgm ) By, () gy, V=11 = FE/K) = F* Qgys,) = 0
and hence the Griffith transversality
V(F (Hiogar (N'/M)) C F™ (Hiogar (N /M) @, Qpor s,
(as in [Katz 1972, Proposition 1.4.1.6]). This proves (3e) of Theorem 2.15.
Remark 4.42. By (3c) of Theorem 2.15, the (relative) Hodge spectral sequence
Eil,i a Rl afgfor(QNtor/Mtor) = H]Og dR(Ntor/M’t}?[r)

degenerates. Then we have Grg(H {Og_dR(N“’r /ME)) = R4 f*“’r(ﬁﬁlwr /M“’f)’ and we
H
can conclude (as in [Katz 1972, Proposition 1.4.1.7]) that the induced morphism
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V : Grg I_-I{Og_dR(Ntor/Mg‘f) — Gré™! ﬂ{og_dR(Ntor/Mﬁr) B0y, Q agrees with

the morphism

1

MY /So
i—a ptor a i—a+1 ptor,a—1 ol

R f* (QNmr/le_)‘r) — R * (QN“’T/M;‘;') ®@MH QM%‘_"r/SO

defined by cup product with the Kodaira—Spencer class defined by the extension
class of (4.39). We will revisit a special case of this in Section 6B.

5. Polarizations

The aim of this section is to prove (3b) and (3d) of Theorem 2.15, by studying the
log extension of polarizations on the relative de Rham cohomology.

5A. Identification of R® f°" (Onr). By Corollary 2.12, any morphism Jjo:0V—0
in Lemma 2.5 (together with the tautological polarization Am,, : Gm, — Gy, over
My,) induces canonically a polarization

Ay, jo  Homo(Q, Gu,,)° — (Homo(Q, Gu,)°)”

of degree prime to [J, and hence an isomorphism
dAmy, jo - Homo(Q, Lieg,, /m,) => Homo(Q", Liegy, /ms)-

Therefore, it induces canonically a Z [, -polarization Am,, j, : N — NY, and
hence an isomorphism diw,,. j, @ Lienm,, — Lienv/m,. Over Mtf{r, the mor-
phisms jo : Q¥ — Q and dA : Lieg/mer — Liegv/mge induce canonically an
isomorphism dAj, : Home(Q, IEG/M};_)[) -~ Homp(Q"Y, ILeGV/Mg) extending
dAny,jo : Homo(Q, Lieg,,, /m,) => Homo(Q", Liegy, /ms)-

Let us define Deryor Mg = Homg, (82,1\Itor M

be canonically identified with Dery,m,, := Homg, (Q,l\, IMag ON).

Optor). Its restriction to My can

Let us denote by j : My, — MY the canonical open immersion. Then we have
the commutative diagram

FL" (Detyn ) ======Homo (Q, Licy,, m,) (5.1)
res. res.
Jx(fx(Dern/my,)) C;. J«(Homo (Q, Lieg,,, /M)
' J+ @iy ig) drjg
Jx(R'f.(Oy)) =————=1J+(Homo(Q, Liegy, /m,))
res. res.

Rf" (Opeor) Homo(Q, Liegv mer)
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of sheaves over M;f’[r, with the dotted arrow induced by j.(dAm,,.j,)- By abuse of
notation, let us denote the dotted arrow also by j.(dAwm,,, jo)- We have the following
simple observation:

Lemma 5.2. If j.(dAwm,,.j,) maps the image of the canonical injection

fior(Eeerr/Mg) — Jx(fx(Dern/my,))

isomorphically to the image of the canonical injection

R'f(Onor) <> Jo(R'f2(On)),
then (5.1) induces the desired canonical isomorphism
R'f,%" (Onwr) = Homo(Q, Liegy ) (5.3)
extending the canonical isomorphism R'f,(On) = Homo(Q, ILCG\I\//IH/MH) over My,.

Remark 5.4. The question is whether the assumption of Lemma 5.2 can be satisfied.
Since this is a question about morphisms between locally free sheaves over the
normal base scheme MY, it suffices to verify the statement after localizations at
points of codimension one. Therefore, since the statement is tautologically true
over My, it suffices to verify it over My ® , Q.

5B. Logarithmic extension of polarizations. By construction (see Section 3A),
XV (1) = Homp (X, Diff (1)) is the submodule Q5 of Q¥ ®, Z(1), and ¥
is the submodule Q¢ of Q ®, Z). Therefore, the embedding jo : Q¥ — Q
corresponds to an element £ jo of S ®; Zm). The positive definiteness of the
irlduced pairing (j, IO ) o then translates to the strong positivity condition that
(o, y) > 0 forany y € Pg — {0}. By replacing jo with a multiple by a positive
integer prime to [J, we may and we shall assume that £, € S, (without alteringNthe
above strong positivity condition). Then we 0b~tain an invertible sheaf Wg . 5. (¢;,)
over the abelian scheme N — My,. Note that £, € 5.

Lemma 5.5. The invertible sheaf V., 5 @ jo) is relatively ample over My, and

induces twice of a Z [5)-polarization Mg 52 ()

whose sufficiently divisible positive multiple is a polarization). Under the canonical

:N — NY (namely a Z ) -isogeny

isomorphisms in Corollary 2.13, the induced morphism

dhy : Lien/m,, — Lienv/my

5157'_237'_2 (sz)
is twice a positive Z [,-multiple of

dhmy,. jo - Homo(Q, LieGy, my,) => Homo(Q", Liegy, /my,)-

In particular, d)\.\]/&;ﬁ,gﬁ @) is an isomorphism over My ® , Q.
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Proof. Just note that the morphism A\yaﬁ, 55 Tjg) is twice a positive Z {;)-multiple of
the Z {-polarization Awm,,, j, in Corollary 2.12. (]

The invertible sheaf Wg . 5, (Z jo) over N defines a global section of R'f, 05);
and the morphism

dlog: 0y — Q,{,/MH, ar a'da

induces a global section Dz =dlog(Vg 55 (EJQ)) of le*(Q N/My ). Then it is
standard (cf. [Lan 2008, Proposmon 2.1.5.14]) that the cup product with Dg_,Q
induces a composition of morphisms

UD
feDernm,) —° R fu(Dernm, Qo 2wy = R flOn),

and that this morphism f, (Dern/m,,) — R'f.(On) can be identified with the mor-
phism d)‘%gég @) under the canonical isomorphisms

f«(Dern/my,) = Lienjm,, and  R'fi(On) = Lienv/m,,.

The first question is whether we can extend the morphism f (Dern/m,,) — R 1 f+«(ON)
to MJJ"; and the second question is whether the extended morphism is an isomor-
phism, at least in codimension one.

A naive approach is to extend the invertible sheaf Vg 5 « jo) to N, Since
N is projective and smooth over Sy = Spec(OF, (), it is locally noetherian
and locally factorial. Then [EGA 1V4 1967, 21.6.11] implies that the canonical
restriction morphism Pic(N'") — Pic(N) is surjective.

However, since [ : N'" — M is not smooth, we have little control on
the canonical restriction morphism R' f,:or(QNmr /Mm) = J+(R f*(Q N/My )), and
there is no obvious reason that the image of the class defined by any extension of
VG555 (57 jo) should induce an isomorphism extending d)»%ﬁ i @) (at least) in
codimension one. (This is mentioned in [Faltings and Chai 1990, Chapter VI, end
of §2], but with no details.)

An alternative approach is to consider the canonical restriction morphism

res.

ftor(QNtor/Mtor) - ]*(R f*(QN/MH)) (56)
By Lemma 4.29, and by (3a) of Theorem 2.15, R (Q}\or /Mtor) is locally free

over My)". Therefore, the morphism (5.6) is injective.

Remark 5.7. The use of R! f;"%QNwr wvor) 18 inspired by Kato’s idea of (relative)
H

log Picard groups mentioned in [Illu51e 1994, 3.3]. An application of this idea has

been carried out in [Olsson 2004].
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So far we have refrained from introducing the log structures (because they had
not been necessary), but they are needed (at least formally) here. We shall adopt a
notation slightly different from those of [Kato 1989; Illusie 1994]. Let j : N — N'*
denote the canonical open immersion. Then the canonical (fine) log structure on N
(which we have been using so far) given by N — N (with its reduced structure) can
be defined explicitly as the sheaf of monoids @;wr := Oyeor N J,0F (sheafification of
the obvious presheaf), with associated sheaf of groups 6;&?. Clearly, the restriction
of O’ to N is canonically isomorphic to 03
Definition 5.8. A relative log invertible sheaf over f*": N'" — M is a global
section of RIf©M(@n:s).

Since we do not assume that f'" is flat (or log integral), the appropriate inter-

pretation of relative log invertible sheaves can be quite delicate (and beyond this
article).

Lemma 5.9. To define a global section of R fior(ﬁs{o%p), it suffices to have the
following data:

(1) A collection of schemes Uy over N°F forming an étale covering. We shall
denote the fiber product U, Xnwr U g (i.e., “intersection” in the étale topology)
by Uyg, denote Ugyg|n := Ugp Xner N by Ugyg, and use similar notations for
higher fiber products.

(2) A usual invertible sheaf L, over each U,.

(3) A comparison isomorphism Ly|y,, = Lglu,, over each Uqg, satisfying the
usual cocycle condition over triple fiber products Ugyg, .

Proof. Since the restriction morphism 6:\‘({0%]3([7 «B) = 6;tLgrp(Ua,3) = 0N (Ugp) is a
bijection when the image of U «p in N'" is sufficiently small, the data above define a
section of H!(N'", ©:3"), which then defines a section of HO(MY', R! f1r (@ "))
by the Leray spectral sequence in low degrees. (See [Godement 1958, 14.5.1].) U

In the construction of toroidal compactifications in [Lan 2008, §6.3.3] (following
[Faltings and Chai 1990, Chapter IV, §5]), there is a strata-preserving étale covering
U— Mtor (serving as an étale presentation for the algebraic stack M“’r) where
Uis a ﬁmte union of the so-called good algebraic models of l\/I“’r (See [Lan
2008, Definition 6.3.2.5].) By taking the closures of the [ (<I>H, (SH, or)] strata, we
obtain a strata-preserving étale covering U — N, with strata labeled by triples
[(&Dﬁ, Sﬁ, 7)] having [(57_7, Sﬁ, 0)] as a face.

Each connected component U, of Uis given by the closure of the [(5H, SH, o)l-
stratum in a so-called good algebraic (CIJH, SH, 7)-model UO, = Spec(Ra) — MtOr
where (<I>H, SH, T) is a representative of some [(CI>H, SH, 7)] having [(CDH, 8H, 0)]
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as a face (cf. second property in [Lan 2008, Definition 6.3.2.5]), which we may
assume to satlsfy TE€ Ed, 5.~ (See Section 4A. There are usually many o for
each [(CDH, 3H, 1) Then we also have a strata—preservmg étale morphism U, —
(uq) S5 )U (), which we shall call a good algebraic (CDH, 8H, 7)-model of N, The
(open) [(CDH, SH, &)]-stratum in U, is exactly the open subscheme U, := U,y XnorN
of Uy.

Lemma 5.10. Suppose that, for each T € X3 we have chosen an element € ;

<1> ,0,T° jo.t
in T, that is mapped to l jo in G under the second morphism in (3.6), and tffat
EJ'Q’},{— = yij,ffor any y € I'g o, (Note that the choice onjQ,; is unique only up
to translation by &+.) Let U — N pe any strata-preserving étale covering formed
by a ﬁmte union of good algebraic models. Then the choices of {K jo. ,}regd) P
and U determine a relative log invertible sheaf L over N'" — — MY extendmg the
rigidified invertible sheaf Vg, 5, @ jo) over N, in the following sense: For each
good algebraic (Cfﬁ, Sﬁ, t)-model Uy of N, with T € Yé5.5.0, let Ly denote the
pullback of\lJ&;ﬁ,gﬂ (£,.#) under the composition U o, — (Eéﬁjﬁ)&(f) — Coy 55
Yihen Ly ly, is canonically isomorphic to the pullback of \Ilg,ﬁ’ 55 (j,) (from N =
C s, Sﬁ) to U,. Furthermore, the collection {(Uy, L)} satisfies the requirements in
Lemma 5.9, and defines a log invertible sheaf as in Definition 5.8.

Proof Let (G, A, 1, aH) be the degenerating family of type MH over Mtor Let
B(G) S3.. 2@ ™ InV(M“’r) be constructed as in [Lan 2008, Construction 6 3.1.1].
If Uy is a good algebralc (CDH, 8H, 7)-model, then for any le Sq, _, the invertible
sheaf B (G)(U )(Z) over U is canomcally 1s0morphlc to the pullback of Wy (Z)
under the composition Ua — (u bs, 57;)0(” — Cd)ﬁ, 55 (cf. third property 1n [Lan
2008, Definition 6.3.2.5]).

Given that B(G) is defined over MtOr and functorial with respect to pullback
morphlsms Ua,g — Ua, the restrlctron of the pullback of V¢ 5. (Z jo, ) to the
[(CDH, SH, 0)]-stratum of U is isomorphic to the pullback of V3,55 (K jo) when
(®7, 85, 0) is a face of [(5)7;, Sﬁ, 7)]. In other words, L[y, is isomorphic to the
pullback of W3 755 (Z,-Q) over each U,. Since the isomorphisms Ly |Uot;3 =Lg |Uaﬂ
induced by such identifications satisfy the cocycle condition (because Vg, 5, (£;,)
is defined on N), the claim follows, as desired. (|

Remark 5.11. Any (usual) invertible sheaf over N'**" extending U355 (f jo) satis-
fies the requirements in Lemma 5.9 trivially. The point of Lemma 5.10 is that it
provides an explicit extension of Wg_ 5 @ jo) (useful for our later argument) over
an étale covering of N''. (We do not have such an explicit description of a global
invertible sheaf extension over N''.)
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Definition 5.12. To any relative log invertible sheaf £ over N — M} defined by
a global section of R'f1" (0 s"), we define d log(Z) to be the image of £ under the
canonical morphism R'f tor(@,ﬁ{ﬁp) — Rlftr(Ql

morphism d log . 6;\'(1’01' — Qll\lmr/Mlor

Nor /Mlnr) induced by the canonical

Corollary 5.13. There exists a (unique) global section DE"f of R'f! "r(QNmr /M“”)
whose image under the canonical injection (5.6) is Js (DZ/;Q), and which satisfies

Dg’_r =dlog(L) for any L constructed in Lemma 5.10 (with any choices of 1 jo.tS)-
io

Proof. Existence is clear because there is always some (usual) invertible sheaf
over N'' extending 111577’ 55 @ jo) (by [EGA 1V, 1967, 21.6.11], since N is locally
noetherian and locally factorial, as mentioned above). Uniqueness is clear because
(5.6) is injective. Once we know the unique existence of D“’r it has to agree with
dlog(L) for any £ constructed in Lemma 5.10. Yo (]

Thus we are led to state the following:

Proposition 5.14. Cup product with the global section D“’r of R'f(Q!

in Corollary 5.13 induces a composition of morphisms

Nmr/ Mmr)

Dtor
(Deerr/Mnor) R ftor(DerNtor/Mlor ®@Ntor Qll\ltor/Mmr)

RN Oner).  (5.15)

This composition is an isomorphism over M ®,Q. (By Lemma 5.2 and Remark 5.4,
this implies the existence of the canonical isomorphism (5.3).)

We will carry out the proof of Proposition 5.14 in the next subsection.

5C. Induced morphisms over formal fibers. We fix the choices of {€ ; jo.tlieza b
and U, so that £ is constructed as in Lemma 5.10, and so that D“’r =d log(L) as in
Corollary 5.13. Yo

Since f'°" is proper and the sheaves involved are all coherent, by Grothendieck’s
fundamental theorem [EGA III; 1961, 4.1.5], Proposition 5.14 can be verified by
pulling back to formal completions along strata of M3J". Let us fix the choice of a
cusp label [(®y, 81, 0)] of MYF, and consider the canonical morphism

. ~ toryA tor
L. %¢H,5H,T - (MH )Z[@H,aH_g)] - M'H .

By abuse of notation, we shall also denote by 1*(-) the pullbacks of objects un-
der pullbacks of the morphism :. We would like to show that the morphism
*f“’r(@,\,mr/,wm) — 1*R1f1°(Onuor) defined by cup product with z*(DtOr ) is an

isomorphism over Xo,,,s,,,- ®, Q.
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As said in Section 4A, the pullback of " to X¢,,.s,,.- can be identified with the
canonical morphism Xé; 5.6t/ T3 0, = Xos.sn.0 ad Xo7 5760/ g 00
has a finite open covering by the collection {u[f]}[f]ezd) 5/ To s o, of open formal
subschemes. Let T € Ydgo.t be arepresentative of [T] € Eq;H 5.0 / Fq, Dy . Foreach
such 7, recall that the formal scheme l; is the completlon of (qu 55 )(I (r) along Us.
By abuse of notation, let us denote the pullback of W, 5 (Z jo- 7) over Cq> 35 to iy
by the same notation. For any y € Fq> Dy since EJQ yi= yﬂjQ # (see Lemma 5.10),
we have a canonical isomorphism y*\llcpH (E yi) = Vo i (K jo.7)» Where
y :Uz = 4, ; is the canonical isomorphism (see Lemma 4.6). Hence V¢, 55 (E., 0.%)
descends to an unambiguous invertible sheaf W¢ - 55 (£;,.1¢1) on Uz

The étale covering U — N induces (by taking formal completion along the
pullback of Z[@H 8,.0)]) @ formally étale covering of (Ntor)z[ @pgir)” If Ug isagood
algebraic (<I>H, 6H, 7)-model of N**, then the formal completion U Ol)Z o

201,0)]
U, along the pullback of Z[(,,.s,.0)) is formally étale over ;. "

Lemma 5.16. The pullback of L, to (Ua)z[@ o
of Vo, aH(EJQ 1) from ;.

Proof. The canonical morphisms

o) is isomorphic to the pullback

w = Ua—N" and (Ua)y,, , ., — =N

“)Z [(@7,677,0)] 83,001

are induced respectively by morphisms

A r7 nztor 7 \A . rator
(U“)Z[(¢H,5H.a>1 — Uy —> Mﬁ and (U"‘)Z[@H,aH,UN — Uy - MH

over I\7I;L{9r . Under both these morphisms, the pullback of (G, %, 1, ay) — I\7I;%r is
canonically isomorphic to the pullback of the Mumford family (as in the proof of
Proposition 4.3). Since the 1som0rphlsm class of the pullback of £, to (U, )Z (Or570.0)
is determined by the pullback of B(G) S3.. 2@ InV(M“’r) (as in the proof of
Lemma 5.10), we can pullback along (U"‘)Zuw%,su,an — $1: — N and conclude
that £, is isomorphic to the pullback of W¢ . 5 (£, ¢) from ;. [l

By Lemma 4.29, we have

*Fi (Onor) = fi (O onyy )= HO My o, HO(Ovonys ),
Z[(@9¢.674.7)] Z(@94.57¢.7)]
and 1* R £ (Onwr) = R, *‘W(O\(Nuw)%( o ) is equipped with a decreasing filtration
HASHT

with (locally free) graded pieces
GrO(* R £ (Oner)) = HO Ny ¢, ' (Oorys )

Z[(@y,894.0)]
and

Gr' (" RUf (@) = H' (.. 40 (O ury, ).

Z[(®g¢.59¢,7)]
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Thus, to show that (5.15) is an isomorphism over My ® , @, it suffices (by com-
parison of ranks of locally free sheaves) to show that it induces surjections from
subquotients of 1* £ (Deryyur /M;?;) to these graded pieces over Xo,, 5, @5 Q.
By tensoring the above filtration with 1*52,1\1“,r Mo (and by (3.15)), we obtain a
— H
decreasing filtration on 1*R' £ (Q} ., o) With
H

G’ *R' £ (Qr ) = HOO ¢, %' (1 Qpor )
and

Gr! (R, Qpgor ) = H' N2 (1 Qo i)
Since Deryjor g = (fO)*(Homo(Q, Lieg,, /), we have

* £ (Deryor ) = HO (N, 2, 3 Deryor por))
and the morphism
* LtOr (Tyar 0 . N
* (D_erNtor/Mt;‘r) — H (Vs ¢, H ! (@(NM)ZI«DH o rn))
induced by (5.15) can be identified with the morphism
0 . 0/ *Tyar 0 . 1
HO .o, 300 et ) > HO e, 0! O ) (5.17)

given by cup product with the image of z*(D“’r ) in GrO(z*R1 f. tOr(QNlor /Mmr)) =
HO O o0 K (" Qo pger))-

For simplicity, let us define %¢H St o= Xby,00,7 X Capy 50, Céz.b5- Then the
structural morphism X¢ 4, 5 5.0 —> Xay.8,,.r factors as Xo 55 .6.0 = Xoy.sp0 —
Xo,,80,7- Over %éﬁ,gﬁ,g,,f, there is an exact sequence

. ~. 1
0— (x®ﬁ,8ﬁ,5’,f - Cfbﬁﬁﬁ)*(gé‘éﬁ o /C©H 55
k
> QN“’r/'\/Itor - Qxcb 55 ar/3€<bH Syt —0
of locally free sheaves, where ¢ QNM M = Q3€<D Sl Kongon By taking duals,
we obtain an exact sequence

0 — Der — 1*Der
Delys DeIyoor /mtor

7 8 G, r/:{CDH ST
C . L TN -

- (x<l>7;,87_7,0,r g CCIJH,SQ) (Iﬂ‘c‘iﬁvgﬁ/c%{ﬁ%) — 0.

We have similar sequences with X §; 5 - replaced with the locally isomorphic

quotient f{éﬁ,gﬁ’a’, / Faﬁ’q) " (For simplicity, in the notation of such differentials,
we shall suppress the locally isomorphic quotients by F;I;ﬁ,q)H.)



Toroidal compactifications of PEL-type Kuga families 953

Since Vs 5 (E jo.t) is the pullback of an invertible sheaf on ai)ﬁ,gﬁ, the image
of 1"‘(D/‘z°_r )in HOM; ., zfl(z*Qll\lm /M“")) lies locally over each $l; in the image of
)

U = Ca,p00)" R'h, (QC N{SH/C%AH)

= 9 (WU —> Cop.5,)" (2 Cs 501/ Carging ) = B @ Qo )

Hence (5.17) factors as
HP (N, #° (¢ Deryor )
= HOO o, 0O (R 3500 — Cogdn) Dergy s, ,,))
= Xay.6.1 — C<1>H,5H)*Roh*(D_erEa)ﬁ,sﬁ/CcpH,sH)
= (Xoy.800.0 = Coy, 5H)*th*(©65,ﬁygﬁ)
= HO My, 7 (Oonyy )).

Z[(D4y,674. 0]

Lemma 5.18. The morphism

ROhyDery e, ;) = RO, ;)

defined by cup product with d log(llléﬁ,gﬁ (EjQ’f)) depends only on the image ZjQ of
1 jo.7 in S&, under the second morphism in (3.6) (and hence is independent of the
choice of 1 jo.7)- Moreover, this morphism is surjective over X, 5,,,c ®7 Q.

Proof. By Lemma 4.9, the morphism £ : Cq,H - — Cq,, s, 1s a torsor under 1ts
kernel C, which is an abelian scheme Z(D)—lsogenous to Homp(Q, A)° — M

The restriction of W¢. 5 (E jo.#) to C depends only on the image E of £ jo.7 1N
o, » and is relatively ample by the same proofs of Corollary 2.12 and Lemma 5.5
(with Gu,, — My replaced with A — M7Z{”). Hence the lemma follows. O

Corollary 5.19. The morphism (5.17) is surjective over My ® , Q. Its kernel is the
subsheaf HO(Ms ¢, #°Dery, ;. %, ) of H' Mg, #0 Detyor pay)-

Now consider the induced morphism

H M o % Dery, ;.. o D) > HY Ny o, #°(*Detyuor )
Ofior(l *thor/M%{)‘r) — leﬂfor(O(Ntor)A )

Z[(@94.674.7)]

defined by cup product with z*(Dg’.r ). This composition has image in
io

H' (N 1, #0(0 yory ),

Z[(®94.57¢.7)]
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because its further composition with

R f (O oy ) = H (M o, 7 (Oporyy
[(®24.87¢,0)] Z[(@y.67¢.0)]
is zero (by Corollary 5.19). Thus the question is whether cup product with z"‘(Dtor )
induces a morphism

H'N; ¢, 9" (Dery, y—> H'Ms ., %O(G(Nm)%( ) (5.20)

b5 az/3€<I>H SHr) = [(®1¢,89,)]
surjective over Xa,,.5,,r ®7 Q.

Lemma 5.21. Suppose T € X550, and l et Suppose U is an affine open
formal subscheme of 3‘I¢H 5y.z over which the pullback of Wé ;. (Z) is a prmczpal
ideal of Oy genemted by some section x. Let {1 := 8y X3 E ‘II and let @u =P pe
the pullback of @Ntor to 3. Let

O™ = (U = V), (O *).

Then there exists a canonical injection W, 5, (E) — 6;"%[) over ‘U, and the value
of the section d log(x) of (U — %)*Qﬂ/% . determines a canonical section of
Qu/x¢ oy . (which is independent of the chozce of the generator x).

Proof. 1If we replace x with ax, for some a € 0y, then dlog(ax) = dlog(a) +

dlog(x) = dlog(x) because d log(a) =0 in (4 — %)*ﬁh/x% b U

Corollary 5.22. Suppose T € L, 5.1, and ¢ € 5L, Then the local generators of

Vs s (E) in Lemma 5.21 determme a well-defined section of Q! , which
Llf/xd)';.t s T
we denote by dlog(W¢ 55 (Z))

Proof. Since Wo, 5. (E) is defined over i"q)%g%, (or rather G@ﬁ,gﬁ ), we can always
cover ; by open formal subschemes 4 as in Lemma 5.21. O

Lemma 5.23. For any ©,7" € X4 5.« such that T and t' are adjacent to each
other, let us define the section upz] 1] of% (Qx¢ 5, e T)(['c]d N[t ]CI) to
be

d10g(Ws 5 (Ljy: — L))

(as in Corollary 5.22). Then this is well defined and determines a section u of
H'MN; ., %O(I*Q}\IW/M%?)) that induces by cup product the same morphism as
(5.20).

Proof. If T and ' are adjacent, then 7 and y'7’ are adjacent for y, y’ € T3 .0,
only when y =y’ (by Condition 1.29; cf. Lemma 3.1), in which case

% 9% v % % % v

=

ot —Lig.t = Vot — jo.t = Vgt — Ljg. ¥ = jg.yt' — g 7
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(because I'g_ o, acts by the same translation on ‘ jo.# and ¢ jo.t")- This shows
that the assignment of u[z) [ is independent of the choices of the respective
representatives T and 7’ of [T] and [7'], and that u is well defined.

Cup product with u induces the same morphism as (5.20) because the canonical
morphism

Der,. . Q1 Q! — O porya
_xdi',}:‘t,é Nl(yr/Ml;_)lr (N

e
H,rr,‘r/ Dy 0T Z[(CDHJSHJ)]

factors through
ol

M 5 Q ~ — 0 A
‘Sﬁ'&’r/xd)?{va?‘tvf ® xéﬁ,gﬁ,&,r/}:@H.BH,r (N[or 7

Der .. )
Loy Z[( 044,694 7)]
and because cup product with the image of z*(D;‘;rQ) in HOMs -, %' (1* QY or o)
E H

induces the zero morphism (cf. the paragraph preceding Lemma 5.18). (I

Consider any sequence 71, 72, ..., T of adjacent cones in X¢ 5 ¢, such that
T = y T for some y € '3 o, The union of the cones in any such sequence
form a subset of ‘F)VT&J contractible to a path joining a point in 7 with its translation
by y in y T, whose image in D ; defines a loop. Suppose we have a class s in
H' M ., #° (()‘(Ntor)g[@ - )) represented by a collection of sections
HOHT

el ~ pocl
S[e). 17 € ?_60(@\(,\,10;)%[ )})([T]C NIE'%)

[CTVR.IVR4
for [T], [T'] € 2o 5.6.c/ T30, and suppose we define formally s; 3 = s[z),1#] for
any 7,7’ € Z¢,5,:. Then we can define the path integral of s along the sequence
71, T2, ..., Tx to be the sum

k—1

Z SE T -

i=1

This defines a morphism

PI1 (m&,t, %O(@(Nmr)§ )) — G%‘DH"SHJ . (524)
[(®7¢,87¢,0)]
Note that this is a realization of the cap product
Hi(Ns,2,2) x H' M2, #°(Oyonys )
[(@24,874,0)]
— Ho(Ms,z, #°(Oyuorys ) = 0x,, 5, .-

[(@¢.63(.0)]

Lemma 5.25. For any le S, that is mapped to l jo in o, under the second

morphism in (3.6), the assignment y +—> dlog(\Iquﬁ’gﬁ (yﬂv —0)) fory € Fa’)ﬁ’@H
induces a morphism

~ ol

Fcbﬁ’(DH ®Z Gxéﬁgﬁ&r - Q%

v v T 9
¢ﬁ,5ﬁ,5,t/x¢H.8H,r

which is an isomorphism over %éﬁ 556, Bz Q.



956 Kai-Wen Lan

Proof. Since )/Z and ¢ have the same image £ jo in ¢ under the second morphism
in (3.6), the difference ¢ — ¢ lands in 1. For any ¢’ € 5, an elementary matrix
calculation (using any splitting of s; ®, Q : X ®; Q — X ®, Q) shows that
yf’ — 7 lies in S¢,, = (Se,, ®, @) NS, (identified as the image of the first
morphism in (3.6)). Therefore, we have (1126 — €) — (1€ — £) — (2l — ) =
VI (yzf—i) — (yzi—f) € So,,, which shows that the assignment y yf—i defines
a group homomorphism I's. 0, = (61/8s,,). By the choice of jg, the element
l; jo 18 represented by a positive definite matrix with respect to any choice of bas1s,
and hence the homomorphism Fq> Dy G+ /Se,,) induced by y — yﬁ {is
injective (by another elementary matrlx calculation over Q). By comparison of
dimensions, this shows that the induced injective homomorphism

Pé. 0, ®7Q— (5+/Se,) ®,Q

. . . . _1 ~
is bijective. Since 2 S S is generated over Oz, s by

{dlog(Ws_ 5. (€')) : £ representatives of 5+ /Sq,,},
the lemma follows. O

Lemma 5.26. Let T, Ts, ..., Tk be a sequence of adjacent cones in L g such

~ 0,1

that Ty =y T # T for some y € T3 00 Then the composition of (5.20) and (5.24)
is surjective over %&)ﬁ, 5.5, Oz Q.

Proof. If yT; # 71, then ij,,,;] = ijQ,fl # ng,jl by the proof of Lemma 5.25. By
Lemma 5.25, this implies that d log(Wé, 5, (¢,.7, — €j,.%)) defines a nonzero
section of 55&)% 55150/ Xap, e OVET EVETY 71 ®, Q. Let ¢ be any section of
H 0(‘}10 s % (1*Derpjor /Mlor)) Cup product with u (see Lemma 5.23) sends ¢ to the

class s in H'! Ms .7, %#°(0 (Nenys )) represented (up to a sign convention) by
D98
the collection of sections Aermer

ccl ~ rosqel
S[ELIE € %O(@(Nt"f)§ YIFISN[ETY)
[(P¢.89¢.7)]

determined by s; 3 =t U (d log(\D@ﬁ,gﬁ (ZjQ,f — EjQ’f/))) forany 7,7 € ECD Gor
Therefore, if locally there exists 7 such that 7U(d log(Ws,; 5, (E jo.it —Ljg.7))) s the
pullback of (local) generators of Ox,,, ;. .®,0, Which is possible by Lemma 5.25,

then the path integral
k—

St Ty = Z tU (d log(qjéﬁ*gﬁ (szsfi - EijfH—l)))
i=1 i=1
=tV (d log(q"(bH SH (KJQ T ng,fk)))
is defined locally by generators of Ox,, ; .®,0. This shows that the composition
of (5.20) with (5.24) is surjective over Xg_ 5 5 . ®; Q, as desired. U
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Corollary 5.27. The morphism (5.20) is surjective over Xg_ 5. 5 . @7 Q.

Proof. By Lemma 4.21, (4.25), and Lemma 5.25, the morphism (5.20) is surjective
over %éﬁ,&;,&,r ®,Q if its composition with (5.24) is surjective over :{éﬁ,éﬁ,é,r ®
Q for some collection of sequences i, 7y, ..., Tx defining loops in 9 ; generating
Hi(Ms 1, Z). Hence the corollary follows from Lemma 5.26. [l

Now Proposition 5.14 follows from the combination of Corollaries 5.19 and
5.27. By Lemma 5.2 and Remark 5.4, Proposition 5.14 implies the existence of the
canonical isomorphism (5.3). Thus Corollary 4.36 implies:

Corollary 5.28. For any integer b > 0, we have a canonical isomorphism
RPF" (Onor) = N’ (Homo (QY, Lieg )

of locally free sheaves over Mi)", compatible with cup products and exterior products,
extending the composition of canonical isomorphisms (2.19) over My,.

This completes the proof of (3b) and (3d) of Theorem 2.15, using respectively
(3a) and (3¢c) of Theorem 2.15. As explained in Section 3E, this also makes (4c) and
(5¢) of Theorem 2.15 unconditional. The proof of Theorem 2.15 is now complete.

6. Canonical extensions of principal bundles

6A. Principal bundles. Consider (Gwm,,, Ay, iM4y» &) — My, the restriction of
the degenerating family (G, A, i, a;,) — M}Y", which is isomorphic to the tautological
tuple over My; and consider the relative de Rham cohomology H éR(G My, /M2¢) and
the relative de Rham homology LI?R(G My, /M) :=H&n@MH(ﬂ5R(GMH/MH),@MH).
We have the canonical pairing (-, ) : H?R(GMH/MH) X I_—I?R(GMH/MH) —
Owm,, (1) defined as the composition of (Id XA, )« followed by the perfect pairing
H{R (G, /M3) x HI}(Gy). /M) — Ow,, (1) defined by the first Chern class of
the Poincar€ invertible sheaf over Gm,, Xwm,, GKAH. (See for example [Deligne
and Pappas 1994, 1.5].) Under the assumption that Ay, has degree prime to [J,
we know that Ay, is separable, that (Awm,, )« is an isomorphism, and hence that
the pairing (-, -), above is perfect. Let (-, -), also denote the induced pair-
ing on HL(Gw,,/My) x Hx(Gwm,,/My) by duality. By [Berthelot et al. 1982,
Lemma 2.5.3], we have canonical short exact sequences

0— LﬁéKAH/MH - H?R(GMH/MH) - ]‘ieGMH/MH —>0

and
0— Lieg,, m, = Har(Gm,,/Mn) — Liegy, jmy, = 0.
The submodules L_ie(vm /Mg and L_ieéMH /My, Are maximal totally isotropic with

respect to (-, - ).
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Consider the O ®, C-module
L®,C— (L®;C)/Pp, 6.1)

where Pj, :={«/—1x —h(v/=Dx:x €L ®;,R} CL®,C.

Now suppose there exists a finite extension F of Fy in C, and a subset (I’ of [J,
such that F| is unramified at all primes in (', and such that, by setting Ry := O F).(OV)»
there exists an O ®, Ro-module L such that Ly ® Ro C= (L ®;C)/Pp. Once
the choice of F is fixed, the choice of L is unique up to isomorphism because
O ®, Ro-modules are uniquely determined by their multiranks. (See [Lan 2008,
Lemma 1.1.3.4 and Definition 1.1.3.5] for the notion of multiranks.) Let

(s Jean. : (Lo® L (1)) x (Lo ® Ly (1)) — Ro(1)

be the alternating pairing defined by ((x1, f1), (x2, f2))can. := fo(x1) — f1(x2) (cf.
[Lan 2008, Lemma 1.1.4.16]).

Definition 6.2. For any Rj-algebra R, set

Go(R) = {(g, r) € GLog,r(Lo® Ly (1)) ® g R) X Gu(R) : } |

(gx,8y) =r(x, y),Vx,y € (Lo® Ly (1)) ®, R
Po(R) :={(g,7) € Go(R) : (Lo (1) ®p, R) = Ly (1) ®, R},
Mo (R) :=GLog,r(Ly (1) ®p, R) X Gm(R),

where we view Mg (R) canonically as a quotient of Py(R) by
Po(R) = Mo(R) : (g, 1) = (8lLymye, & 1)

The assignments are functorial in R and define group functors Gy, Py, and Mg
over Ry.

Lemma 6.3. For any complete local ring R over Ry with separably closed residue
field, there is an isomorphism

(L®ZR9<'7'>);(LO@L(\)/(1)7<"'>Can.)®R0Rs

and hence an isomorphism G(R) = Go(R). (Consequently, Py(R) can be identified
with a “parabolic” subgroup of G(R).)

(In practice, it is not necessary to take R to be complete local. Much smaller
rings would suffice for the existence of isomorphisms as in Lemma 6.3.)

In what follows, by abuse of notation, we shall replace My, etc. with their base
extensions from Spec(OF, (o)) to Spec(Ryp), and replace So = Spec(OF, (o)) with
Spec(Ry).
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Definition 6.4. The principal Py-bundle over My is the Py-torsor

Epy 1= Isomog oy, (HT* (G /M), (- 02 Oy, (1), Liegy )

((LO 69l‘(\)/(l)) ®R0 GMH’ ( s ” >can., @MH(l)a LE)/(I) ®RO @MH)),

the sheaf of isomorphisms of Oy, -sheaves of symplectic O-modules with maximal
totally isotropic O ®, Ro-submodules. (The group Py acts as automorphisms on
(L ®; Omyys (-5 - 0ns Oy (1), Lg(l) g, Owm,,) by definition. The third entries in
the tuples represent the values of the pairings.)

Definition 6.5. The principal My-bundle over My, is the My-torsor
&m, = Isomog, 0y, ((L—ieéKAH/MH’ Oy, (1)), (L (1) ® g, Omty,» Omy (1)),

the sheaf of isomorphisms of Oy, -sheaves of O ®, Ro-modules. (We view the
second entries in the pairs as an additional structure, inherited from the correspond-
ing objects for Py. The group My acts obviously on (L (1) ® Ro OMags Omy (1)) as
automorphisms, by definition.)

These define étale torsors because, by the theory of infinitesimal deformations
(cf. for example [Lan 2008, Chapter 2]) and the theory of Artin’s approximations
(cf. [Artin 1969, Theorem 1.10 and Corollary 2.5]),

(H Gty /M), -5 3, Oviy (1), Liege )
and
((Lo® L (1) ®g, Omyes (- +ean.» Omty (1), L (1) ® g, Owmy,)
are étale locally isomorphic.

Definition 6.6. For any Rp-algebra E, we denote by Rep (Py) (resp. Repz(My))
the category of E-modules with algebraic actions of Po ® p E (resp. Mo ®p E).

Definition 6.7. Let E be any Rp-algebra. For any W € Rep (Py), we define
Epp. 5 (W) 1= (Ep, ®p, E) x T W,

called the automorphic sheaf over My, @ E associated with W. It is called an
automorphic bundle if W is locally free of finite rank over E. We define similarly
Em,, (W) for W € Repg(Mp) by replacing Py with My in the above expression.

Lemma 6.8. Let E be any Ry-algebra. If we view an element W € Repp(My) as
an element in Repg (Po) via the canonical surjection Py — My, then we have a
canonical isomorphism Ep, (W) = Em,y. £ (W).
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6B. Canonical extensions. By taking Q = O, so that Homp(Q, Gwm,,)° = Gmy,
and so that there exists some Z(D)—lsogeny K% : G, — N as in Theorem 2.15,
the locally free sheaf H ClR(N /M) = H éR(GMH /M) extends to the locally free
sheaf ﬂllog_dR(Ntor/M;‘;r) over Oper. Let

log -dR

(Ntor/Mtor) _ HomG (Hlog dR(Ntor/Mtor) @Mlor)

M tor

Proposition 6.9. There exists a unique locally free sheaf H ?R(GMH /M) over
0 ML satisfying the following properties:

(1) The sheaf H ?R(GMH /M), canonically identified as a subsheaf of the quasi-
coherent sheaf (My; — M“’r)*(HdR(GMH/MH)) is self-dual under the pairing
My = M), (-, - )a. We shall denote the induced pairing by (-, - )§*".

2) H“‘R(GMH/MH)Can contains Lie,
(-5

(3) The quotient sheafHdR(GMH/MH)Ca“/LleGV/Mm
with the subsheaf Lieg er of (Myy < My, Liegy,, /My,

LieGy e as a subsheaf totally isotropic under

can be canonically identified

) can

(4) The pairing (-,
coincides with d.
(5) Let HéR(GMH/MH)Ca“ := Homg_ (I_-I‘ljR(GMH/MH)Ca“, ©M‘,‘y)- The Gauss—
H
Manin connection

induces an isomorphism Lieg Mg => Liegv M which

Vi H g (G /My) = Hag(Guay/Mi) ®g,, Qs
extends to an integrable connection

Vi H g (G /My = H g (G, /M) D0, Q (6.10)

Mtor/s

with log poles along Do 1, called the extended Gauss—Manin connection, such
that the composition

Lieg, i < Har (Graye/My)™"
\Y% = . =~
= Hir(Gw, /Mp)™" B6er Q}\A;‘;/so — Liegy myy Boer Qllmg‘;f/so (6.11)

induces by duality the extended Kodaira—Spencer morphism

LleG/Mtor ®@ lor ler/Mtor d QMIOr/S

in [Lan 2008, Theorem 4.6.3.32], which factors through KS (in Definition 1.40)
and induces the extended Kodaira—Spencer isomorphism KS g M/, iR 4) of
Theorem 1.41.
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With these characterizing properties, we say that (H ?R(GMH/ M4) V) is the
canonical extension of(HdR(GMH/MH), V).

Proof. The uniqueness of H dR(G My, /M) is clear by the first four properties. To
show the existence, let us take H dR(G M. /M) " to be the sheaf H log- dR(N“’r /M)
(for Q = O, as mentioned before this proposition). It is locally free with a Hodge
filtration by (3c) of Theorem 2.15. Moreover, by taking some integer N > 0
prime to O such that N Diff "' c O, we obtain by multiplication by N a mor-
phism jo: Q¥ = Diff ! < O = O as in Lemma 2.5 such that pullback by «'*°
identifies (-, )AMH o - dR(N/MH) x H! R (N/Mz) — O, (1) canonically with
(0 Doy, dR(GMH/MH) X HdR(GMH/MH) — Owm,, (1). Then (1)—(3) follow
from (3d) of Theorem 2.15, and (4) follows from Proposition 5.14 (which is
used to prove (3b) of Theorem 2.15). It remains to verify (5). By definition,

dR(GMH/MH)Caln = HlOg (N /M. The existence of V in (6.10) follows
from (3e) of Theorem 2.15. By Remark 4.42, the pullback of (6.11) to My is
induced by the usual Kodaira—Spencer class. Since the extended Kodaira—Spencer
morphism in [Lan 2008, Theorem 4.6.3.32] is defined exactly as a morphism
induced by the usual Kodaira—Spencer morphism (by normality of My and local
freeness of the sheaves involved), it is induced by duality by (6.11), as desired. U

Remark 6.12. The notion of canonical extensions is closely related to the notion
of regular singularities of algebraic differential equations. (See [Deligne 1970] and
[Katz 1971] for the notion of regular singularities. See [Mumford 1977; Faltings
and Chai 1990, Chapter VI; Harris 1989; 1990; Milne 1990] for the notion of
canonical extensions over C, and see [Mokrane and Tilouine 2002] for an earlier
treatment of canonical extensions in mixed characteristics. See in particular [Harris
1989, Theorem 4.2] for the explanation of why and how the two notions are related.)

Then the principal bundle £p, extends canonically to a principal bundle Sgg‘“ over
M by setting

€y = 150M 0, 0,0 ((H T (Gt /My, (-, )5, Opagr (1), Lieg ),
((Lo® Ly (1)) ®g, Opgr (- » - Yean.» Opagr (1), L (1) @ g, Opgir)),

and the principal bundle £y, extends canonically to a principal bundle &y* over
M by setting

o = Isom0®Z@Mlﬂr ((L_ieév/Mg, Oper (1), (Ly (1) ®g, Omr, Opeor (1))).
Definition 6.13. Let E be any Ry-algebra. For any W € Repy (Py), we define

EEm (W) = (65 @, E) < P0®r By



962 Kai-Wen Lan

called the canonical extension of Ep, g(W), and define
Exe (W) 1= & (W) @, 0

called the subcanonical extension of Ep, (W), where $p_,, is the @Mﬁr—ideal
defining the relative Cartier divisor Dy, 3 (With its reduced structure) in (3) of
Theorem 1.41. We define similarly Elf,fé‘ £ (W) and 5&‘3 g (W) with Py (and its
principal bundle) replaced accordingly with My (and its principal bundle).

Lemma 6.14. Let E be any Ry-algebra. If we view an element in W € Rep (M) as
an element in Rep (Po) in the canonical way, then we have canonical isomorphisms
ERp (W) ZER (W) and EZ°p (W) Z E° L (W).

0,

6C. Fourier-Jacobi expansions. Let us fix a representative (Z,, ®,, §,) of a cusp
label [(Z,,, ®,, §,)] for My, (as in Section 1C). As usual, we shall omit Zy from the
notation.

Definition 6.15. The principal My-bundle over Cg,, s,, is the My-torsor

ey = Isomo e, (Lichus /) + OCuys, (D)
(L(\)/(l) ®RO ©C¢H’3H ’ ©C¢H’5H (1)))7
with conventions as in Definition 6.5.

Then we define Eﬁ:g“ (W) for any Rp-algebra E and any W € Repy (M) as in
Definition 6.7.

Lemma 6.16. Let E be any Ro-algebra. For any W € Repgp(My), there is a
canonical isomorphism

tory * ocan ~ * oDy, 6
(:{¢H,5H,(T - MHr) gMo (W) = (%QDH,BH,O' - CCD”)-(,&-{) gMZ)-t H(W)'
Proof. This is because of the canonical isomorphism
toryky =V ~ PR
(Xws.80.0 = Myy) ]‘ﬁGV/M‘;_‘[ = Xopsn.0 = Comon) ]‘ﬁGV’“/Cq;H_,;H‘ O

By the construction of Xo,, 5,,6 = Ca,,.5,, as a formal completion, we have a
natural morphism

(%Q)H,SH,O‘ — C¢H78H)*©x¢H,BH,o - 1_[ lI’Iq)H,(SH (E)
ZES@H

of Oc,,, ;,,-modules. By Lemma 6.16, we have the composition of canonical
morphisms
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L (MY, EENW)) = T (X500 Xby.sne = M) EE(W))
= T Xarb.00 Eopsro = Cans) En (W)

= 1 T(Corte Yor (0 B, q’“”(W))

ZES([)H
which we call the morphism of algebraic Fourier—Jacobi expansions.

Definition 6.17. The £-th algebraic Fourier—Jacobi morphism
DM E537 (WD) = T(Caes Yoo (O g, E™ (W)

is the £-th factor of the morphism of algebraic Fourier—Jacobi expansions.

Remark 6.18. If Gr? | =10}, then the abelian scheme Co,, 5,, — Mg” is trivial (i.e.,
the structural morphism is an isomorphism), and Mﬁ is finite over So = Spec(Ry).
Hence T'(Cay sy Wi (O) g, Eq™ (W) = T(M7", Oz ©g W). In
this case, the Fourier—Jacobi expansmﬁs are often called g-expansions (because no
genuine “Jacobi theta functions” are involved).
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Idempotents in representation rings
of quivers

Ryan Kinser and Ralf Schiffler

For an acyclic quiver Q, we solve the Clebsch—Gordan problem for the pro-
jective representations by computing the multiplicity of a given indecomposable
projective in the tensor product of two indecomposable projectives. Motivated by
this problem for arbitrary representations, we study idempotents in the represen-
tation ring of Q (the free abelian group on the indecomposable representations,
with multiplication given by tensor product). We give a general technique for
constructing such idempotents and for decomposing the representation ring into
a direct product of ideals, utilizing morphisms between quivers and categorical
Mobius inversion.

1. Introduction

The problem of describing a tensor product of two representations of some alge-
braic object has appeared in many contexts. When the category of representations
in question has the Krull-Schmidt property (unique decomposition into indecom-
posables), the problem can be stated for representations X, Y, Z as “What is the
multiplicity of Z as a direct summand in X ® ¥Y'?” This is sometimes referred to as
the Clebsch—Gordan problem, in honor of A. Clebsch and P. Gordan, who studied
the problem for certain Lie groups in the language of invariant theory.

These multiplicities for representations of the groups SU(2) and SO(3, R) give
rise to the Clebsch—Gordan coefficients used in quantum mechanics. In the case
of representations of GL(n, C), these multiplicities are the Littlewood—Richardson
coefficients, which play an important role in algebraic combinatorics and Schubert
calculus [Fulton 1997].

Tensor products of quiver representations have been studied by Strassen [2000]
in relation to orbit-closure degenerations, and Herschend [2008b] studied the rela-
tion to bialgebra structures on the path algebra. The Clebsch—Gordan problem for

The second author is supported by the NSF grants DMS-0908765 and DMS-1001637 and by the
University of Connecticut.
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quiver representations is solved explicitly in various situations where a classifica-
tion of indecomposables is known [Herschend 2009; 2008a; 2010], whereas other
results on tensor product multiplicities without a classification of indecomposables
have appeared in [Kinser 2008; 2010].

In this paper, we study the tensor products of representations of a quiver Q
in terms of the representation ring R(Q) of the quiver. This ring has a Z-basis
consisting of indecomposable representations of @, with sum corresponding to
direct sum and product to tensor product. The same construction has been used
in modular representation theory of finite groups, where it is sometimes called the
Green ring [Benson 1986]. Besides the actual representations, R(Q) also contains
formal additive inverses of representations, and thus “differences” of representa-
tions. Understanding the multiplication in this ring can be easier than directly
working with the tensor product of representations. We recall the definition and
basic properties of R(Q) in Section 2.

In Section 3, we solve the Clebsch—Gordan problem for projective representa-
tions of an acyclic quiver Q with an explicit formula as follows. Let x, y, w be
vertices in Q and P(x), P(y), P(w) be the corresponding indecomposable projec-
tive representations.

Theorem 1. The multiplicity of P(w) in P(x) ® P(y) equals

Nxwhyw — E NyxzMyz,
—w
where the sum is over all arrows with terminal vertex w, and n;; denotes the num-
ber of paths from i to j in the quiver.

The proof technique is to give an integral change of basis in the subring of R(Q)
spanned by projectives to a new basis consisting of orthogonal idempotents. These
are trivial to multiply, and then changing back to the original basis gives a multi-
plication formula for projective representations. This motivates the construction of
other sets of orthogonal idempotents in R(Q).

The projective representations of Q can be concretely presented in terms of
discrete data from Q, namely, the set of paths in Q. In Section 4.1, we review a
general method for constructing a representation which is not necessarily projective
from discrete data, using a morphism of quivers f: Q' — @, also called a coloring
of Q' by Q, or a quiver over Q. We describe how such a morphism gives rise to a
representation of Q via linearization, which generalizes the process of passing from
a permutation representation of a finite group to the associated linear representation.
This can be thought of as the opposite course of action to taking a coefficient quiver
of a representation [Crawley-Boevey 1990].

Linearization allows us to study certain representations combinatorially from
the discrete data in a quiver over Q. A result of Herschend states that, under some
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mild technical hypotheses, linearization takes the fiber product of two quivers over
Q to the tensor product of their linearizations [Herschend 2010]. Thus we expect to
be able to analyze the tensor product of certain representations via quivers over Q.

The first main result of the paper, presented in Section 5, is a sufficient condition
for a collection of quivers over Q to give rise to a set of orthogonal idempotents in
R(Q) (Theorem 9). The basic idea is to form an acyclic category (a generalization
of a poset) from a collection of quivers over Q, then use a categorical form of
Mbobius inversion to orthogonalize the linearizations of these quivers in R(Q).

The motivating application for Theorem 9 is covered in Section 6. For any
acyclic quiver Q, we define a category PIE of quivers over Q such that the objects
in PIE are in bijection with those indecomposable representations of Q which, after
restriction to some subquiver of Q, are either projective, injective, or of dimension 1
at each vertex. We describe morphisms and fiber products in PIE and show that PIE
satisfies the hypotheses of Theorem 9. This allows us to associate an idempotent
ex € R(Q) to every object x € PIE, and to prove our second main result:

Theorem 2. Let Q be an acyclic quiver. Then R(Q) has a direct product structure

RO = [T (e

x€PIE
where (e,) is the principal ideal generated by e,.

Finally, we present some closed-form expressions for certain values of the Mdbius
function of PIE.

2. Background

A quiver (or directed graph) is given by Q = (Qo, Q1, s, t), where Qg is a vertex set,
Q1 is an arrow set, and s, ¢ are functions from Q; to Qg giving the start and terminal
vertex of an arrow, respectively. We assume Q¢ and @ are finite in this paper. For
any quiver Q and field K, there is a category repg (Q) of representations of Q over
K. An object V = (V,, ¢y) of repg (Q) is an assignment of a finite dimensional
K -vector space V, to each vertex x € Qp, and an assignment of a K-linear map
@o: Vso = Viy to each arrow o € Q). For any path p in O, we get a K-linear
map ¢, by composition. Morphisms in repy (Q) are given by linear maps at each
vertex which form commutative diagrams over each arrow; see the book by Assem,
Simson, and Skowrorniski [Assem et al. 2006] for a precise definition of morphisms,
and other fundamentals of quiver representations. We will fix some arbitrary field
K throughout the paper and hence omit it from notation when possible.

There is a natural tensor product of quiver representations, induced by the tensor
product in the category of vector spaces. More precisely, the tensor product of
V = (Vy, o) and W = (W, ¥,) is defined pointwise: the representation VQ W =
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(Ux, pa) is given by
U, =V, W, forxe Qg,

Pou =y @Yy forae Q.

It is not difficult to see that ® is an additive bifunctor which is commutative and
associative, and distributive over @ (up to isomorphism). In other words, this gives
the category rep(Q) the structure of a tensor category in the sense of [Deligne and
Milne 1982].

The category rep(Q) has the Krull-Schmidt property [Assem et al. 2006, Theo-
rem [.4.10], meaning that each V € rep(Q) has an essentially unique expression

V:éVi
i=1

as a direct sum of indecomposable representations V;. That is, given any other
expression V >~ 5 V; with each V; indecomposable, there is a permutation o of
{1, ..., n} such that ‘7, ~ V4; for all i. Thus the Clebsch—-Gordan problem is well
defined for rep(Q).

Since the tensor product distributes over direct sum, to study V ® W we can
assume without loss of generality that V and W are indecomposable. A good
starting point would then be to have a description of indecomposable objects in
rep(Q). But a description of all indecomposables is not available for most quivers,
so we approach the problem by placing the representations of Q inside a ring
R(Q), in which addition corresponds to direct sum and multiplication corresponds
to tensor product (the split Grothendieck ring of rep(Q)). Analyzing the properties
of R(Q) (for example ideals, idempotents, nilpotents) gives a way of stating and
approaching problems involving tensor products of quiver representations even in
the absence of an explicit description of the isomorphism classes in rep(Q).

Let [V] denote the isomorphism class of a representation V. Then define R(Q)
to be the free abelian group generated by isomorphism classes of representations
of O, modulo the subgroup generated by all [V & W] — [V ] — [W]. The operation

[V]- [W]:=[VQW] forV,W erep(Q)

induces a well-defined multiplication on R(Q), making R(Q) into a commutative
ring, called the representation ring of Q.

The Krull-Schmidt property of rep(Q) gives that R(Q) is a free Z-module with
the indecomposable representations as a basis. The ring R(Q) generally depends
on the base field K, but we omit K from the notation since this is fixed in our
case. Also we usually omit the brackets [ ] and just refer to representations of Q
as elements of R(Q).



Idempotents in representation rings of quivers 971

Although we introduce “virtual representations” (those with some negative co-
efficient in the basis of indecomposables), every element r € R(Q) can be written
as a formal difference

r=V-W, withV, W erep(Q).

Then any additive or multiplicative relation z = x + y or z = xy, respectively, can
be rewritten to give some isomorphism of actual representations of Q.

Remark 3. If one wishes to consider an ideal of relations / for a quiver Q, the
pointwise tensor product will not generally preserve these relations and thus not be
defined for representations of the bound quiver (Q, I). However, if I is generated
by commutativity relations (that is, relations of the form p — g for paths p, g) then
the representations of (Q, I) do generate a subring of R(Q). If I is generated by
zero relations (relations of the form p = 0 for p a path), then representations of
(Q, I) generate an ideal in R(Q) since the tensor product of any map with a zero
map is still zero. The identity element of R(Q) will not satisfy the zero relations, so
the ring of representations satisfying I will not generally have an identity element.
Thus, if I consists of zero relations and commutativity relations, we can get a
representation ring R(Q, I) without identity. Throughout the paper, we will not
assume that the rings of representations that we work with have identity elements,
and thus the term “subring” is taken to mean a nonempty subset of a ring which is
closed under subtraction and multiplication (and possibly with a different identity
element).

3. Projective representations

Let QO be a quiver without oriented cycles. For every vertex x € Qo, let P(x)
denote the indecomposable projective representation at x. For any two vertices
x, y, denote by ny, the number of paths from x to y in Q. The vector space P(x),
of the representation P (x) at a vertex y has a basis consisting of all paths from x
to y; thus dim P (x)y, = nyy.

We will first show in this section that the tensor product of two projective rep-
resentations is projective, and then we compute the multiplicities ¢, in the direct
sum decompositions

Px)®P(y) =@ &, P().

z2€Qo
Lemma 4. The tensor product of two projectives is projective.
Proof. Since the tensor product is distributive over the direct sum, it is enough to

show the statement for indecomposable projectives. Let i, j be two vertices in Q.
We need to show that P (i) ® P(j) is projective.
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We will proceed by induction on the number of vertices in Q. If this number
is one, then i = j, and P (i) is a representation of dimension one, since Q has no
oriented cycles, and thus P (i) ® P(i) = P(i) is projective.

Now suppose Q has more than one vertex, and let iy be a sink in Q. If i =i
then P(i) is the simple representation S(i), and P (i) ® P(j) is equal to P (i)®"ii;
in particular, it is equal to zero if there is no path from j to i. This shows that the
lemma holds if i = iy, and a similar argument shows that the lemma holds if j = iy.

Suppose now that i and j are different from iy. Denote by Q’ the quiver obtained
from Q by deleting the vertex ig and all arrows incident to it. Let P(i)|o' be the
representation of Q' obtained by restricting to the subquiver Q’. Since i is a sink
in Q, we have that P(i)|o is a projective Q’ representation and therefore the in-
duction hypothesis implies that P(i)| o' ® P(j)|¢ is a projective Q’ representation,
thus there is an isomorphism

£ PciPoky — Pl)lg®P()lg-
k

for some c > 0and Py (k) the indecomposable projective Q’ representation at ver-
tex k. Let P = (P, $o) ic0,,2c0, be the corresponding projective Q representation,
more precisely,

P= @cijQ(k).
k

Let us use the notation P (i) ® P(j) = (Mx, ¢o)xe0y,ac0,- Then for every vertex
x, the vector space M, has a basis consisting of pairs (¢, ¢/), where ¢’ is any path
from i to x and ¢/ any path from j to x. On the other hand, since i, j are both
different from i, the vector space M, has a basis consisting of pairs (c'a, ¢/ ),
where «, B are arrows with terminal point i, and ¢’ is a path from i to s(a) and
¢/ is a path from j to s(8). The maps ¢, are given by ¢, (¢, ¢/) = (c'a, c/a), in
particular,

@(p(x: @Mx%Mio

a:x—io oa:x—ig

is injective.

The morphism f induces a morphism f ( fx)ero P — P@{)® P(j), where
fx = fyifx #i io, and f,0 is defined on any path co, with o an arrow with () = i,
as ﬁo (co) = @y fs(a)(c) Clearly, fy is an isomorphism for every x # ip, and we
will show that f;, is injective.
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Now in the commutative diagram

~ @a:r(a):i (lZH ~
@a'l(a)—i PS(“) . i
: =10 0
@a:r(oc):io ft" ;0
@a:t(a):io Pa
Dt (@) =i Ms@) M;

the left column and the top row are isomorphisms, and the bottom row is injective.
Therefore the right column f,-o is injective too.

Thus f: P — P(i) ® P(j) is injective with semisimple projective cokernel
P (ig)®" for some integer ¢, and we get a split short exact sequence

0— P — P>i)® P(j) = P(ip)® — 0,
since P (ig)®" is projective. This shows that P(i) ® P(j) is projective. O

The lemma implies that the free abelian group generated by all indecomposable
projectives P(x), x € Qg has a ring structure whose addition is given by the direct
sum and multiplication by the tensor product (that is, the projectives span a subring
of R(Q)). As an additive group, this is isomorphic to Z20 and an isomorphism is
given by the Cartan matrix

C=[nn], cq,=[dimP(1) -+ dim P(n)],

x,y€Q0
where n =#Q and [dim P(1) --- dim P(n)] is the n x n integer matrix whose x-th
column is equal to the dimension vector of P(x). The Cartan matrix is invertible.
Since the dimension vector is multiplicative with respect to the tensor product, this
is a ring isomorphism.

We also have that the (x, y) entry of the transposed inverse matrix (C 1! can
be computed by the formula dim Hom(S(x), S(y)) — dim Ext(S(x), S(y)); see for
example [Assem et al. 2006, 111.3.13]. Therefore

1 ifx =y,
—(number of arrows x — y) ifx £ y.

(05;y={

Let €, denote the standard basis vector [0, ...,0,1,0,...,0]" with 1 at position
x, and define e(x) to be the inverse image of €, under the above isomorphism. In
other words

e(x)=[P(1)--- P(m)]C e,

where [P (1) --- P(n)] denotes the 1 x n matrix whose entries are the indecompos-
able projective modules, and C e, is the x-th column of C~!.
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It follows that
e(x)=P(x)— > P(y), (1)

xX—=>y

where the sum is over all arrows starting at x, and
P(x)=) nye(). )
Z

We are now ready to prove the main result of this section.

Theorem 5. Let x, y € Qo. Then

P)®P(y) = P ¢, P(w),

weo

with c;”y =Nywlyy — Zzﬁw NyzNyz, Wwhere the sum is over all arrows with terminal
vertex w.

Proof. The proof is a simple computation in the representations ring with the
orthogonal idempotents {e(z) | z € Qp}. We have

Px)®P(y) = Zz nyze(z) Zz nyze(Z)

= Zz ”lxznyze(z)»

since the e(z) are orthogonal idempotents. Now using (1), we get

P(x)® P(y) = anznyZ(P(w -3 P(u))

—>u

For a fixed vertex w, we can compute ¢y, by collecting terms. We then obtain
c;”y = Nywlyw — ZZ _w NxzNyz, Where the sum is over all arrows with terminal
vertex w. This completes the proof. (]

4. Linearization and Mobius rings

4.1. Quivers over Q and linearization. A morphism of quivers f': Q" — Q sends
vertices to vertices and arrows to arrows, and satisfies s(f'(«)) = f'(s(a)) and
t(f'(@)) = f'(t(a)) for each arrow o € Q). A quiver over Q is a pair (Q’, f')
where Q' is a quiver, and f': Q" — Q is a morphism of quivers called the structure
map of (Q', f). A morphism g of quivers over Q is a morphism of quivers which
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commutes with the structure maps to Q:

8 Q//
\ O/ v
7 V&
Q

So the collection of all quivers over a given Q forms a category denoted by | Q,
and we write g € Hom o (Q’, Q).

To simplify the notation, we consider the maps ¢, of a representation V to be
defined on the total vector space P, <00 V, by taking ¢, (Vy) =0 when y # s(a).
If f': Q" — Q is a morphism of quivers then the pushforward ]V = (Uy, py) €
rep(Q) of a representation V = (V,, ¢,) € rep(Q’) is given by

Q/

U= @ Vv, forxe Qo (4)
yef =t

Po = Z pg fora e Q. 5
Bef~l ()

Extending f; linearly to R(Q’), we get an induced homomorphism

fit R(Q) — R(Q)

between additive groups, which will not generally be a ring homomorphism.

For a quiver Q, we denote by 1, € rep(Q) the identity representation of Q: it
has a one-dimensional vector space K at each vertex, and the identity map over
each arrow. (The name comes from the fact that this is the identity element of the
representation ring R(Q)). When § C Q is a subquiver, we can consider 1g to
be a representation of Q via extension by zero: that is, we assign the zero map
or vector space to each arrow or vertex outside of S. More generally, we can take
any quiver over Q and get a representation of Q by pushing forward the identity
representation. Thus we get a map on objects

L:1Q —>r1ep(Q)
Q) f)— fllg

which we call the linearization map. The representation f,1, has a standard basis
{ex | x € Qg}. For example, when (Q’, f”) is the inclusion of a single vertex in Q,
then its linearization is the simple representation concentrated at that vertex. When
Q' is a quiver of type A with some technical conditions on f’, the linearization is a
string module. Similarly, we get a band module or tree module when Q is of type
A or when it is a tree, respectively.
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Remark 6. There is a natural way that one would try to make the linearization
functorial: if g is a morphism in | Q as illustrated in (3), one might try to send
a standard basis vector e, of f/1 to the vector eg(y) in f,1o. However, this
will not be a morphism of quiver representations, in general. To see this, one need
only take Q = e — e and consider the map of quivers given by the inclusion of
the left vertex. The corresponding map of vector spaces just described would be a
nontrivial morphism from the simple representation of dimension vector (1, 0) to
the indecomposable of dimension vector (1, 1), which is not possible. By working
in some (not necessarily full) subcategory of | O, one may have some success in
making the linearization functorial; see for example [Crawley-Boevey 1989; Kinser
2010, Theorem 18].

The categorical product of two objects (Q’, f') x ¢ (Q”, f), which we refer
to as the fiber product of Q' and Q" over Q, exists in | Q. It can be realized
concretely as having vertex set

(0" x0 QMo ={(x",x") € Q5 x Qg | f'(x") = f"(x")}
consisting of pairs of vertices lying over the same vertex of Q, with an arrow

o, x") L (g g7

for each pair of arrows (x' %> v, P AN y") € Q) x Q7 such that f'(a') = f"(").
This common value should be taken as the value of the structure map on the arrow
(@, a").

4.2. Acyclic categories and the Mobius function. In order to use an inclusion/ex-
clusion technique to orthogonalize elements of the representation ring, we need a
categorial analogue of Mobius inversion. This is provided by the work of Haigh
[1980], and one may also see the more recent works [Leinster 2008; Kozlov 2008,
Chapter 10]. We summarize here the tools that we need from this construction.

Following the terminology of Kozlov’s book, we call a small category acyclic
if the only endomorphisms are identity morphisms and only identity morphisms
are invertible. This terminology is justified by the observation that if we draw a
directed graph whose vertices are the objects and arrows are the morphisms of an
acyclic category, then this graph will be acyclic. For brevity, we denote by [x, y]l¢
the number of morphisms from an object x to an object y in 6. An acyclic category
% with finitely many objects €y and morphisms €| admits a Mobius function

U 6o X6y — 7
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with the following properties:

ne(x,x)=1 for all x,

0 forx #y,

> I, e ez, y) = {1 for x — 3.

Z€%

We drop the subscripts € when this can cause no confusion.

For example, when € is a poset (whose elements are taken to be the objects
of €, with a unique morphism from x to y if and only if x < y), we get exactly the
classical Mobius function of the poset [Stanley 1997, Section 3.7].

For any acyclic category €, let Hg be the Hom matrix associated to €, whose
rows and columns are indexed by the objects of 6 such that the entry H,, in row x
and column y is [x, y]. One can choose an ordering of the objects of € such that
this matrix is upper triangular with ones on the diagonal since € is acyclic, and
then one can see from the definition of matrix multiplication that M -1 wil
have the value @ (x, y) in row x, column y.

A few facts which will be used frequently are noted here:

(a) From the matrix description we see that
Y, 2, y1=0
7€%0
for all x # y.
(b) If [x, y] =0, then p(x, y) =0.
(c) The value iu(x, y) can be recursively calculated as
pie,y) ==Y [x,2lu(z, y), (6)
x<z<y

where we write x < y if there exists a morphism from x to y.

4.3. The Mobius ring of a finite acyclic category. The Mobius ring M (€) of an
acyclic category € [Haigh 1980] generalizes an object of the same name associated
to a poset [Greene 1973]. The additive group of M (‘6) is free on the set of objects of
€. A direct (but somewhat opaque) definition of the product xy of two basis vectors
can be given, but we will first give a more computationally useful formulation. For
each object x of €, define an element

8 E Yz x)z (7
7€%

in M (€). The additive group of M (‘6) is freely generated by {6, }.c¢, also, since
the Hom matrix and its inverse (which have determinant 1) give the change of basis
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between this and the defining basis. Then we just declare these basis elements to
be orthogonal idempotents in M (6):
5, ifx=y,

00y = {0 if x # y, ®

and extend by Z-linearity (so M (¢) is commutative). We can recover the original
basis elements as

X = Z [z, x]6,, 9)

z7€%6

and by substitution the product of two such elements is then

xy = Z( > i wlw, xllw, y]) z, (10)

z€Q) ~we%y
recovering the standard definition.

Lemma 7. If x is a terminal object for € (that is, each object of ‘€ has a unique
morphism to x), then x serves as the identity element of M ().

Proof. If [w, x] =1 for all w € €, the formula (10) simplifies to

xy = Z( Z wu(z, wlw, y]) z.

z€6) ~we%y

The second sum is always O unless z = y, by fact (a) of the previous subsection,
and 1 when z = y; thus we have xy = y for all y € €. O

Remark 8. The finiteness of ‘6 can be relaxed in various ways. For example, the
definition (7) still makes sense if, for each object x, there are only finitely many
objects z such that [z, x] # 0.

5. Main result on Mobius rings

Let <€ be a full, acyclic subcategory of | Q. From here on, we will always assume
that each object of € is a connected quiver over Q. Let L : € — rep Q be the
linearization, which we recall is defined only on the objects of €. Then L extends
by Z-linearity to a map M (¢) — R(Q), which we also denote by L. In this section,
we will show that L is a ring homomorphism when € satisfies suitable conditions,
and study the image of L in R(Q). We give sufficient conditions on the category
%€ so that this subring is isomorphic to the M&bius ring M (€) of the category €
and construct a basis of idempotents in that case.

We say that the category € is closed under fiber products if the fiber product of
quivers in € is a disjoint union of quivers in 6. We need one more technical condi-
tion for linearization to behave well with respect to tensor product. Following the
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terminology of [Herschend 2010], we say that a morphism of quivers f': Q" — Q
is a wrapping if, for every pair of vertices i’, j' € Q, the induced map

{arrows from i’ to j'} - {arrows from /(') to f'(j')}

is injective. Intuitively, this says that f’ does not collapse parallel arrows. The
fiber product of two wrappings is again a wrapping.

Theorem 9. Let € be an acyclic subcategory of | Q whose objects are connected
and wrappings, which is closed under fiber products, and such that for all x, y € €,

L(x) is indecomposable in rep Q and L(x) 2 L(y) if x # y. (11)

Then the subring of R(Q) generated by L(%®) is isomorphic to the Mobius ring
M (€) of 6.

Proof. The Mobius ring M (6) has the two Z-bases

{x|x€%} and {5x= ) M(z,x)z‘xe%}.

Ze(ﬁo

Consider the linearization map
L: M) — R(Q), x=(Q, ) L(x)= f,1g.

We will show that L is an injective ring homomorphism.

The map L is additive by definition, and by condition (11), L is injective. In
M (6) the product is given by xy = ZZE(G() [z, x]1[z, ¥18;, for x, y € €, using the
basis of orthogonal idempotents. Now let x X o y = L;w; be the decomposition
into connected components, where each w; € 6. For a fixed z, the set of pairs of
maps {(z —> x, z —£> y)} is in bijection with the set of maps Uiz 5 w;}, by
the universal property of fiber products and the assumption that elements of 6 are
connected quivers. This implies that [z, x][z, y] = D _,[z, w;] and so after applying

L we have that
Lixy)=Y > [z, w]L(:).

z€Q) i
On the other hand, L(x) ® L(y) is isomorphic to the linearization of x x o y,
by [Herschend 2010, Corollary 1] (which requires that x, y be wrappings). In
the representation ring R(Q), this gives L(x)L(y) = ) ; Lt(w;). Now since we
already know L is a homomorphism of additive groups, we can use formula (9) to

obtain
DL =) [z, wil L&)
i i z€%6

This shows that L is a ring homomorphism, and moreover, the image of L is the
subring of R(Q) generated by L(%); thus it is isomorphic to M (6). U
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Corollary 10. Let the assumptions be as in Theorem 9.

(1) The subring of R(Q) generated by L(6) has a basis B = {L(3,) | x € €} of
orthogonal idempotents.

(2) When (Q, id) € 6, this results in a direct product decomposition

RQ) = [[(LGN),

xX€6
where (L(8y)) is the principal ideal of R(Q) generated by L(Jy).

Proof. Statement (1) is immediate from the theorem. Then statement (2) follows
because the identity element of R(Q) is the linearization of the identity element
(Q,id) of M(€), so 1 =) L(8y) is a decomposition as a sum of orthogonal
idempotents in R(Q). U

6. The PIE category

In Section 3 we have seen that the projective representations of an acyclic quiver
Q span a subring of R(Q), in which multiplication can more easily be carried
out using a basis of orthogonal idempotents. The duality functor gives a ring
isomorphism R(Q) = R(Q°P), so the same can be said for the injective repre-
sentations of Q. In [Kinser 2010, Section 4.1], a similar construction is carried out
for the collection of idempotent representations of Q (those which are the identity
representation of some subquiver).

So the natural question arises as to whether these three sets of idempotents in
R(Q) have a common refinement. That is, we would like to find a subring of R(Q)
containing a complete set of orthogonal idempotents which span the set of projec-
tive, injective, and idempotent representations. The first problem one encounters
is that the tensor product of a projective with an idempotent representation (which
results in the restriction of the projective to a subquiver) is not necessarily projec-
tive, injective, or idempotent. So we need to enlarge the scope of representations
that we look at.

6.1. Subprojective and subinjective representations. Recall that the support of a
representation V of Q, written supp V, is the subquiver of Q consisting of the
vertices to which V assigns a nonzero vector space, and the arrows to which V
assigns a nonzero map. For an object X = (Q’, f’) of | Q, we define supp X =
f(Q"), so that supp X = supp L(X) € Q when X is a wrapping.

Definition 11. A representation V of a quiver is subprojective or subinjective if it
restricts to a projective or injective representation of its support, respectively.

To utilize Theorem 9 in the study of tensor products of these representations,
we must first present them as linearizations of some quivers over Q.
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Definition 12. A structure quiver for V € rep(Q) is an object X € | Q such that
L(X) > V. A structure quiver X = (Q’, f’) for V is said to be minimal if any other
structure quiver Y = (Q”, f”) for V has at least as many arrows as Q.

In the language of [Ringel 1998], a structure quiver is a “coefficient quiver” in
some basis. By dimension reasons, any two structure quivers for a given V have
the same number of vertices over each vertex of Q. But the following example
shows a basic way that a structure quiver can fail to be minimal.

Example 13. Take for our base quiver

o

o—>0

)
Q3ﬁ2 1

and consider P(3), the projective representation associated to vertex 3. The “natu-
ral” structure quiver for P(3) is

/
\

(where we mark the vertices and edges according to what they lie over in Q). But
one can quickly see that the linearization of

/
\

will also give a representation isomorphic to P (3), and that we have an embedding
Q' C Q" as quivers over Q.

.4>.

1

.4>.

1

Q%.

1

°
1

6.2. Definition of the PIE category. We now present the natural structure quivers
for subprojective, subinjective, and idempotent representations of an acyclic quiver.
Then we justify calling them “natural” by showing that these are the unique mini-
mal structure quivers for these representations. For each subquiver T € Q, consider
the following quivers over Q.

e When T has a unique source ¢, we define the vertex set of the quiver Pr
as the set of all paths in T starting at ¢; the structure map as a quiver over
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Q sends such a path to its endpoint in Q. We put an arrow from the vertex
associated to a path p to the one for a path ¢ in Py exactly when ¢ is obtained
by concatenating a single arrow « onto the end of p; in this case, that arrow
in Pr is sent to the arrow o € Q1 by the structure map. So in Example 13, we
have Q" = Pg. In [Enochs et al. 2004, Section 2], this is called the component
of the “(left) path space” of Q associated to ¢.

o When T has a unique sink, /7 is defined dually; its vertex set is the collection
of all paths within T that end at the sink.

o For any subquiver 7' C Q, the inclusion of T into Q will be denoted by Er
when being considered as a quiver over Q.

It will always be implicit that Py or I is only defined when T has a unique
source or sink, respectively.

Remark 14. There are coincidences among the P-, I-, and E-type objects, which
we record for reference later. Two distinct paths are said to be parallel if they start
at the same vertex and end at the same vertex. Then E7 = Py if and only if T has
a unique source and no parallel paths, while Ey = I7 if and only if T has a unique
sink and no parallel paths. We have I = Pr exactly when T is just a single path,
in which case we get that these both equal E7 as well.

Definition 15. Let PIE be the full subcategory of the category of quivers over Q
whose objects are all the Pr, Iy, and Ep as T varies over all subquivers of Q.

Example 16. With Q as in Example 13, the distinct objects of PIE are as follows:

o The ten connected subquivers of Q.

o The P-type objects which are not subquivers:
/ .4>.
Paﬂ B \
.4>O
.4>.

\
/
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Lemma 17. The objects of PIE are the unique minimal structure quivers for the
indecomposable subprojective, subinjective, and idempotent representations.

Proof. It is easy to see that L(Pr) is subprojective, L(I7) is subinjective, and
L(E7) is idempotent, and that each of these is indecomposable; this is just the
standard construction of projectives and injectives which can be found, for example,
in [Assem et al. 2006, Lemma II1.2.4]. Thus, we need to show that they are minimal
and uniquely so.

If X = (Q’, f’) is such that L(X) = L(E7) is an idempotent representation,
there is exactly one vertex of Q' over each vertex of 7. Consequently, all arrows
of Q' over a given « € T} must be parallel; taking precisely one arrow over each
« € T is then the unique minimal choice, which is exactly the definition of E7.

Now the P-type and I-type cases are dual (each follows from the other by
working with quivers over Q°P), so it is enough to prove the statement for the
P-type case. Suppose X = (Q’, f’) is such that L(X) = L(Pr), and fix an arrow
o € T1. Then the map L(X), is injective with rank equal to the number of paths
in T from the source of T to s(«), by the description of projectives. Since a rank
r map cannot be the sum of strictly less than » rank one maps, the pushforward
construction (5) requires that Q’ must have at least this many arrows over «. So
Py is minimal since it has precisely this many arrows.

To see that it is unique, we use induction on the number of arrows in 7. When T
has no arrows the uniqueness is clear. Now if T has arrows, let o be an arrow ending
at some sink of 7', and denote by T the connected component of T\ @ containing
the source of T (that is, remove «, and if that isolates the vertex 7 («), discard that
vertex). Then working with representations over T (which has a unique source),
we define Q' = f'~!(T) and see that the linearization of X = (Q’, f') is L(P7).

Let {v], ..., v,} be the vertices of Q' lying over s(«). Each v; must have at least
one outgoing arrow «; in Q' lying over «, because otherwise the vector correspond-
ing to v} in L(X) would be in the kernel of the linear map over o, which is not
possible since the maps in a projective representation are injective. By dimension
count at the vertex 7 («), each «; ends at a new vertex w; of Q" which is not in 0.
By the assumption that X is a minimal structure quiver for L(Pr), we know that
Q' has the same number of arrows as Pr. If some v had more than one outgoing
arrow over «, that would leave Q/ with fewer arrows than Pj, contradicting the
fact that Pz is minimal. So there are exactly n arrows over « in Q’, and Q’ has
the same number of arrows as P;. By induction, we get that X = P-, then the
remaining arrows over « are configured exactly so that X = Pr. ([l

It is worth remarking that we have proven something slightly stronger, namely,
that an object of the PIE category actually embeds in any quiver over Q giving the
same linearization.
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6.3. Morphisms in PIE. In order to see that the Theorem 9 can be applied to PIE,
and eventually do some computations in its Mobius ring, we need to know the
cardinalities of Hom sets. We first record some simple facts, continuing to use the
notation [X, Y] for the cardinality of Hom o (X, Y).

Lemma 18. Let X, Y be quivers over Q.
() [X,Y]=0unless supp X Csupp?Y.
(b) For T C Q we have

1 if supp(X) < T,

) (12)
0 otherwise.

[X, Er] = {
Proof. We can see (a) immediately from the diagram (3) in the definition of mor-
phisms in | Q. Then specializing this diagram to the situation of (b), we see that
the dotted line in

can only be filled in when supp(X) = f'(Q’) C T, and only by the morphism f’. [J

Describing maps to P-type objects is slightly more complicated, but we can get
enough of a description to count morphism sets in PIE.

Proposition 19. Let T C Q be a subquiver, and X = (Q’, ') a quiver over Q
withsupp X C T.

(@) Given a map of vertex sets go: Q( — (Pr)o that respects the structure maps
to Q, there is a unique map of arrow sets g1: Q| — (Pr)1 which respects the
structure maps to Q and also the start vertex function s.

(b) The maps in (a) give a morphism g = (go, g1): Q' — Pr in | Q if and only
if, when regarding the vertices of Pr as paths in T, the equation

go(t (@) = go(s(@)) f'() (13)

holds for each arrow o' € Q). (The operation on the right hand side is con-
catenation.)

Proof. Given a map between vertex sets as in the hypotheses of (a), we explicitly
describe the resulting map of arrows. For each o’ € Q, the arrow g; () in Pr
must start at go(s(a’)) to respect the s function. To respect the structure maps to
0, this arrow must be labeled with f’(a’). But in Py, each vertex has at most one
outgoing arrow labeled by a given arrow in Q, and the assumption that supp X C T
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guarantees that there is such an arrow for this vertex. So we can define g;(a’) as
the unique arrow of Py lying over f'(’) in Q and satisfying s(g1(a)) = go(s ().
This shows (a).

Now suppose that the resulting map is a morphism in | Q. Then it must respect
both the start and terminal vertex functions s, ¢, and so an arrow s (o) AN t(a') is
sent to

205 (@) L% eor(@))

in Pr, with g;(«’) lying over f’(«’). But the construction of Pr is such that this
is equivalent to (13). Conversely, we need to see that the function ¢ is respected
when this equation holds for all arrows. Since at least s(g1(a’)) = go(s(«’)), any
arrow s(a’) —%> ¢(a') is sent to an arrow

20(s@)) L2 1 (g1(@))

in Pr. But then g;(a’) lying over f'(a’) gives the equation of paths

t(g1(@") = go(s(@)) f'(a)

by the construction of Py again, which is exactly equal to go(¢(«’)) by assumption.
So ¢ is respected by these maps of vertices and arrows, and thus g is a morphism

in | Q. (I

Corollary 20. If Q' has a unique source i’, then any morphism g: Q' — Prin | Q
is uniquely determined by g(i'). Consequently, [ Ps, Pr] is equal to the number of
paths in T from the source of T to the source of S if S C T, and 0 otherwise.

Proof. Part (a) of Proposition 19 tells us that the images of arrows under g are
determined by the images of the vertices. Repeated use of (13) shows that g(i’)
determines g(j’) for any vertex j' lying on a path starting at i’. Since i’ is the
unique source, this determines g completely.

To show the second statement of the corollary, observe first that if S g T then
Lemma 18 (a) implies that [ Ps, Pr] = 0. Suppose now that § € 7. Compatibility
with structure maps requires that any morphism in | Q sends the source of Pg to
a vertex of Pr associated to a path ¢ in T ending at the source of S. Any such
choice extends to a morphism Ps — Pr in the obvious way, by sending a path in
S to its concatenation with ¢, which is a path in 7. Similarly, there is one obvious
way to define the map on arrows of Ps. Now the previous paragraph implies that
this extension to the rest of Pg is unique. U

Corollary 21. If there exists a morphism g: Q' — Pr in | Q, then any two arrows
with the same terminal vertex in Q' must lie over the same arrow in Q. That is, for
o, Bl e Q) witht(a') =t(B'), we have f'(a') = f'(B'). Consequently, we get that
[Es, Pr] =0 unless Eg = Ps, and [Is, Pr] = 0 unless Is = Ps.
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from\to | E7 Pr It
0 unless 0 unless

E 1
s Eg = Ps Eg=1Ig

p 1 # paths in T from 0 unless
S source T to source S Ps=1s=FEg

7 | 0 unless # paths in 7 from
S Is = Ps=Eg sink S to sink T

Table 1. Summary of morphisms in PIEif S C T.

Proof. If there exists such a morphism g, we apply (13) to both &’ and B’ and then
use the assumption that ¢ (') = ¢ (8’) to get

g(s(@) f'(@) =gt () =gt (B)) =gs(BNf'(B)

as paths in Q. Since a path can only end with one arrow, it must be that f'(«’) =
f'(B). Now if Eg is distinct from Pg, then the subquiver S must either have
parallel paths or more than one source. In either case, there will be two arrows in
E¢ with the same terminal vertex but different labels, preventing any morphism
from Eg to Py. Similarly, if Is is distinct from Pg, then there are distinct arrows
in /g with the same terminal vertex.

Thus there can be no morphism from /g to Pr. ([

The results of this subsection are summarized Table 1, keeping in mind that by
Lemma 18(a) we need S € T for any corresponding entry to be nonzero, though
we don’t write this in each entry of the table.

6.4. Fiber products in PIE.

Lemma 22. For T € Q and X = (Q', f"), we have Er x g X >~ f'~(T). In other
words, fiber product with E7 restricts X to T.

Proof. The universal property of the fiber product can be quickly verified: suppose
we have a commutative diagram of quiver morphisms given by the solid lines in
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where Z is an arbitrary quiver over Q. We need to see that there is a unique map
along the dashed arrow making the diagram commutative everywhere. The outer
square shows that g(Z) € f'~(T), so filling in the dashed arrow with g gives a
map from Z to f/~'(T) over Q making the two triangles commute. The upper
triangle shows that g is unique. (Il

We now show that PIE is closed under products with E-type objects. For a
vertex i in a quiver Q, denote by i the successor closure of i in Q, that is, the full
subquiver of Q containing the vertices which can be reached by a path starting at i.

Proposition 23. Forany S, T C Q, the fiber product Ps x ¢ Er is a disjoint union
of P-type quivers over Q. More specifically, for each source i of SN T, the quiver
P~ appears as a component of Ps x ¢ Er with multiplicity equal to the number
of paths from the source of S to i in S, where the successor closure is taken inside
SNT.

Proof. We know from the previous lemma that Pg x o E7 can be identified with a
subquiver of Pg lying over SN T. So, the vertices of Ps X Er can be identified
with paths starting at the source of S and ending in S N 7", with the arrows between
them exactly the ones in Pg that lie over S N T'; in particular, the arrows still fit the
description of those in a P-type quiver over Q. Now each path ending in SN T
passes through precisely one source of S N T, naturally partitioning the vertices as
described in the proposition. O

As one would expect, describing the fiber product of an arbitrary X = (Q’, f/)
with P-type objects is more complicated. Roughly, we can think of X x o Pg as a
path space for Q’ that records only the labels from Q which are traversed to get to
a vertex, rather than the exact path.

Proposition 24. The fiber product of a P-type and an I-type quiver over Q is a
disjoint union of paths in Q (that is, E-type quivers).

Proof. Let S, T C Q be subquivers, so that we want to describe Ps x o IT. By the
definition of fiber products, we know that Pg x ¢ I7 has support SN T, over which
Ps and I decompose as disjoint unions of P-type and I-type quivers, respectively.
So if § # T, we can distribute the product over these disjoint unions and then
compute Pg x o I7 from the product of smaller P-type and /-type quivers. For
each of these products, we can repeat the process until we are left with products
over the same subquiver of Q in the base.

Hence we can assume without loss of generality that S = T = Q for the remain-
der of the proof. Since, by assumption, Pp and I are defined, it follows that Q
has a unique source i and a unique sink j. Then the vertices of Py x o Ip lying
over k € Qg are pairs (p, g) consisting of a path p from i to k, and a path g from
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k to j; in other words, each vertex corresponds to a maximal path pg in Q with a
distinguished vertex k. Unraveling the definitions, we see that an arrow

(a,b)
(P1,q1) —= (p2, q2)

in Py X g I occurs exactly when piq and p,q, are the same maximal path in Q
and a = b is an arrow between adjacent distinguished vertices on this path. Thus
each connected component of Py x g I is a maximal path in Q. (]

Example 25. Continuing with the setup of Examples 13 and 16, we get that

a c

[ >@ - J
PQ XQIQ’Z 3 b 2 c 1
[ >Q - J
3 2 1

can be identified with the two maximal paths in Q.

Proposition 26. The fiber product of two P-type quivers over Q is a disjoint union
of P-type quivers.

Proof. The same argument as in Proposition 24 allows us to reduce to the case
Pg x ¢ Pg, where Q has unique source i. Then the vertices of Py x g Pg can be
identified with pairs of paths (p, ¢) that start at i and end at the same vertex of Q,
and since each vertex of Py has at most one incoming arrow, so must each vertex
of P 0 X0 P 0-

More precisely, an arrow

(a,b)
(p1,q1) —> (P2, q2)

in Py x g Pg occurs exactly when a and b lie over the same arrow ¢ of Q, and
both pic = p; and g1c = g5 as paths in Q; in particular p, and g, are parallel paths
starting at i that end with the same arrow. So any pair of paths (p, g) € (Pg x o Pg)o
that do not end with the same arrow give a source of Py X g Py, and, for each vertex
of the form (pr, gr), where r varies over the paths starting at the common endpoint
J of p and g, there is a unique path in Py x ¢ Py starting at (p, ¢) and ending
at (pr, gr). So in fact (p, ¢q) is the unique source of a connected component of
Pg x g Pg which is isomorphic to P~ Since all vertices fall into some connected
component of this form (not forgetting the case where both p and g are the trivial
path at i), we see that Pp x o Pg is a disjoint union of P-type quivers. (]

6.5. Main result on PIE. We now apply Theorem 9 to the category PIE.

Lemma 27. For any acyclic quiver Q, the corresponding PIE category satisfies
the hypotheses of Theorem 9.
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Proof. The category PIE was defined so that the objects are connected, wrappings,
and linearize to distinct indecomposables.

To see that PIE is acyclic, we demonstrate an ordering of its objects making
the Hom matrix upper triangular unipotent. First, we “block” the objects together
into sets Bs = {Ps, I, Es} for each S C Q, keeping in mind our convention of
omitting Ps or Is when the object is undefined, and the possibility of coincidences
among Ps, Is and Ejg. If these blocks are ordered so that 85 comes before B
whenever § C 7', the Hom matrix will be block lower triangular by Lemma 18(a).
On the diagonal are then the blocks where S = T, which we see from Table 1 are
always lower triangular: to get a nonzero entry above the main diagonal, we need
a coincidence Eg = Pg or Eg = Ig, but in this case the corresponding row and
column would be omitted as redundant since S =T.

The fact that PIE is closed under fiber products follows from applying Lemma 22
and Propositions 23, 24 and 26 to Q and Q°P. O

As in Section 3, each object x of PIE, defines an idempotent

5, X Z w(z, x)z (14)

zePIEg

in M(PIE). Let e, = L(§,) be its image in R(Q). (Note that e, is different than
the e(x) of Section 3.)
We are ready for the main result of this section.

Theorem 28. Let Q be a quiver without oriented cycles. Then R(Q) has a direct
product structure

RO = [T (e,

x€PIE,
where (e) is the principal ideal generated by e,.

Proof. According to Lemma 27, Theorem 9 and its corollary apply in this situation.
The result now follows. U

Example 29. Continuing with the setup of Example 16, we can roughly visualize
the PIE category as in Figure 1 (though we cannot count morphisms from this
visualization). To get the idempotent associated to x = E,g, for example, we start
by writing

€x = Eaﬁ +/L(Poz,3» Eaﬂ)Paﬂ +/L(Iaﬂv Eaﬂ)laﬁ +M(Eaa Eaﬂ)Ea
+w(Eg, Eqp) Eg + W(E3, Eqp) E3+ W(E2, Eqp) E,

where we have used the definition of e,, that u(x, x) = 1, and that u(z,x) =0
when [z, x] = 0. Then (6) can be used to calculate these coefficients, starting with
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E?,g Eyy Ef)/
P?, I(j,/g
BB
X7
E; E; E,

Figure 1. Visualization of the category PIE. The nodes are objects
of PIE, and there is a path from x to y in the diagram if and only
if there exists a morphism from x to y in PIE.

the ones closest to Eyg. For example, we first get

M(Paﬂa Eaﬁ) = N(Iaﬂ, Eaﬂ) =-1

from the fact that [x, x] = 1. Similarly, we can find u(Ey, Eqp) = u(Eg, Eqp) = 1.
Then to get w(E>, Eqp), there is a unique morphism from E» to each object in the
interval between E; and E.g except Pyg, for which we have [E>, Pyl = 2. So
here we find

W(Ez, Egg) =—1-2(-1)—(-1)=1-1=0.
A similar computation shows w(E3, Eyg) = 0, so that finally
€y =Eaﬁ—Paﬂ—Ia’3+Ea+E,3.
The entire basis of orthogonal idempotents for M (PIE) is:
{E1, Ez, E5, Eq—E,—E3, Eg—Ey—FE3, E,—Ex—Ej,
Pyg—Eq—Eg—E3, Iop—Eq—Eg—E>,
Eaﬁ—Paﬂ—Iaﬂ—f—Ea—l-Eﬂ, an—Ea—E},—Ez,
Elg},—Eﬂ—EV—Ez, EQ—Eaﬂ—an—Elg},—i-Ea—l-Eﬂ—l-Ey—Ez}.
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6.6. Computation of specific Mobius functions. Although one generally cannot
expect closed formulas for values of the Mobius function p, even in the poset case,
we can calculate them for some pairs of objects in the PIE category. Given two
subquivers S, T C Q, we say that they have the same skeleton if, for every pair of
vertices v, w € Qy, there is at least one edge between v and w in S exactly when
there is at least one edge between v and w in T. When § and T have the same
skeleton, Py exists if and only if Pr exists, and similarly for /-type objects.

Proposition 30. Let S € T be subquivers of an acyclic quiver Q which have the
same skeleton, and write 4 = Ty \ S| for the set of arrows of T which are not in S.
Then the following hold in case Ps # Eg # Is:

u(Es, Pr) =0, (15)
u(Es, Er) = (-1, (16)
1(Ps, Pr) = (—1)**, (17)
1 (Ps, Er) = (D)1, (18)
u(Ps, It) =0. (19)

When X = Ps = Es # Is, we have the following formulas:

w(X,Er)=0, (20)
(X, Pr) = (—)*, (21)
w(X, I7) =0. (22)

In the case that Y = Ps = Eg = Ig, we have

nw(Y, Ex) = (=", (23)
n(Y, Pr) = (=" (24)

Dual formulas also hold (that is, when P- and I-type objects are interchanged).

Proof. The key is that when S and T have the same skeleton, all the Hom sets
involved in finding the formulas of the proposition have at most one element. In
other words, we are computing values of the Mobius function of some poset in
each case. For a given T C Q, there is a unique minimal subquiver of Q with the
same skeleton as 7. Remark 14 implies that this is the only possible subquiver
with the same skeleton as 7 which may be simultaneously P- and E-type.
Equations (15) and (19) follow from fact (b) of Section 4.2. The top row of
Table 1 shows that the full subcategory of PIE consisting of objects between E
and Er (in the Hom order) is isomorphic to the poset of subsets of sd. The Mobius
function of this poset is well known [Stanley 1997, 3.8.3], giving (16). The same
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argument gives (17), since the only objects Z for which there exist morphisms
Py — Z — Pr are P-type. To see (18), we use (6) to compute

—u(Ps, Er) = Y [Ps, ZIu(Z, E7)
Ps<Z<ET

= u(Es, ET) + Z (W(Egr, Er) + (P, ET)) = w(Es, Er), (25)
SCQCT

where the rightmost equality follows from induction by canceling out pairwise each
term of the sum.

Now when X = Pg = Ejg, the (25) still holds except that the term pu(Es, E7) is
absent, so we get (20). Again, morphisms X — Pr can only factor through P-type
objects, so the same argument for (17) applies to give (21). In this case there are
still no morphisms from Ps to I, so (22) follows.

Finally, when Y = Ps = Es = I is just a path in Q, it has morphisms to objects
of all types in PIE. So we get

—u(Y,Er)= Y Y, Zlu(Z, Er)

Ps<Z<Ep
= Z (W(Eg, ET) + n(Pgy, Er) + u(lg, Er)) = Z w(Pgr, ET)
scocr scocr
=— Y wEg. Er)=—(-D¥=(=D"*" (6
sCQcT

by applying formulas from the first group and canceling some terms. The same
argument for (17) and (21) will give (24). By applying the formulas to Q°P, we
get similar formulas on Q with P- and I-type objects interchanged. U

The hypothesis that S and T have the same skeleton can be relaxed for several
of the formulas; for example, the same proof shows that (15) and (19) hold for all
subquivers S and T when Pg # Ey.

7. Future directions

Here we suggest a few directions for future work.

(1) What are other examples of categories of quivers over Q satisfying the hypothe-
ses of the Theorem 9? For example, when Q is any quiver, Section 4 of [Herschend
2010] gives such a category (with infinitely many objects, but see Remark 8) in
the course of studying string and band modules. Or when Q is a rooted tree quiver,
there is a collection of “reduced quivers over O given in [Kinser 2010] which
satisfies these hypotheses.
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A result of Ringel states that if V is an exceptional representation of a quiver
(that is, Ext' (V, V) = 0, for all i > 1), then V has a structure quiver which is a
tree [Ringel 1998]. This structure quiver is not unique, but one may try to give
“good” choices of structure quivers for some class of exceptional modules so that
Theorem 9 can be applied.

(2) Can we get more closed formulas for values of u, in addition to Proposition 30
(for the PIE category, or any other example)?

(3) When does Theorem 9 give all of the idempotents of R(Q) (or how can it
be improved to give all idempotents)? That is, under what conditions on € is
it impossible to write each L(§,) as a nontrivial sum of idempotents? The PIE
category will not generally give all idempotents, but the rooted tree case mentioned
above does.

(4) Is there a representation theoretic interpretation for the idempotents obtained
from the PIE category? For example, given x € PIE,, what properties of V € rep(Q)
are necessary or sufficient for e, V = 0?7 (See Propositions 32 and 35 of [Kinser
20101.)
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Cox rings and pseudoeffective cones of
projectivized toric vector bundles

José Gonzalez, Milena Hering, Sam Payne and Hendrik Siil8

We study projectivizations of a special class of toric vector bundles that includes
cotangent bundles whose associated Klyachko filtrations are particularly simple.
For these projectivized bundles, we give generators for the cone of effective
divisors and a presentation of the Cox ring as a polynomial algebra over the
Cox ring of a blowup of a projective space along a sequence of linear subspaces.
As applications, we show that the projectivized cotangent bundles of some toric
varieties are not Mori dream spaces and give examples of projectivized toric
vector bundles whose Cox rings are isomorphic to that of M, 0n-

1. Introduction

Projectivizations of toric vector bundles over complete toric varieties are a large
class of rational varieties that have interesting moduli and share some of the pleas-
ant properties of toric varieties and other Mori dream spaces. Hering, Mustatd, and
Payne [Hering et al. 2010] showed that their cones of effective curves are polyhe-
dral and asked whether their Cox rings are indeed finitely generated. For rank-two
bundles an affirmative answer is given in [Hausen and Siifl 2010; Gonzélez 2010]
or can be derived from the results of [Knop 1993].

Here we apply general results of Hausen and Siif on Cox rings for varieties
with torus actions to give a presentation of the Cox ring for certain projectivized
toric vector bundles as a polynomial algebra over the Cox ring of the blowup of
projective space along a collection of linear subspaces. The question of finite gener-
ation for the Cox rings of these blowups is completely understood when the collec-
tion of linear subspaces consists of finitely many points in very general position,
through work of Mukai [2004], and Castravet and Tevelev [2006] in connection
with Hilbert’s fourteenth problem.

Let k be an algebraically closed field, and let X be a smooth projective toric
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variety of dimension d over k, corresponding to a fan ¥ with n rays. Throughout,
we use r to denote the rank of a vector bundle on X (X). By a foric vector bundle
on X we mean a vector bundle admitting an action of the dense torus 7 in X that is
linear on fibers and compatible with the action on the base. By the projectivization
of a toric vector bundle we mean the bundle of rank-one quotients.

Theorem 1.1. Suppose k is uncountable, n > r > d, and % + # < % Then there
is a nonsplit toric vector bundle & of rank r on X (X) such that the Cox ring of the
projectivization P(%F) is not finitely generated.

In particular, on any smooth projective toric surface corresponding to a fan with
at least nine rays, there is a rank-three toric vector bundle whose projectivization is
not a Mori dream space. The bundles that we construct in the proof of Theorem 1.1
are of a special form: in Klyachko’s classification, they correspond to collections
of filtrations each of which contains at most one nontrivial subspace; moreover
this subspace has codimension one, and this arrangement of hyperplanes is in very
general position. The inequality in the theorem is sharp; if % + ﬁ > % and the
hyperplanes are in general position, then the projectivization of any such bundle is
a Mori dream space. See Corollary 3.7.

Remark 1.2. The techniques used to prove Theorem 1.1 give more information
than just whether or not a Cox ring is finitely generated. In Section 3 we give pre-
sentations for the Cox rings of certain projectivized toric vector bundles as algebras
over Cox rings of blowups of projective spaces along linear subspace arrangements.
As one special case, we produce an example of a vector bundle on a toric surface
whose projectivization has the same Cox ring as M ,. See Example 3.9.

Remark 1.3. If P(%) is a projectivized bundle whose Cox ring is not finitely gen-
erated, it may still happen that the section ring of the tautological quotient line
bundle O(1) on P(%) is finitely generated. However, Theorem 1.1 implies that
there also exist toric vector bundles # such that the section ring of O(1) on P(%F')
is not finitely generated.

Suppose P (%) is a projectivized toric vector bundle on X (¥) whose Cox ring is
not finitely generated, and let &y, ..., &; be line bundles that positively generate
the Picard group of X (X). Then the section ring of O(1) on the projectivization of
F=FDL D --®F is not finitely generated. So Theorem 1.1 gives negative
answers to Questions 7.1 and 7.2 of [Hering et al. 2010].

A necessary, but not sufficient, condition for a projective variety to be a Mori
dream space is that its pseudoeffective cone be polyhedral. In many of the examples
covered by Theorem 1.1, it is unclear whether this condition holds. However, by
choosing the toric variety carefully, with an even larger number of rays, we produce
examples of projectivized toric vector bundles whose pseudoeffective cones are not
polyhedral.
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Theorem 1.4. Suppose k is uncountable,n —d > r > d and % + n_‘ll_r < %, and
assume there is some cone o € X such that every ray of X is contained in either o
or —a. Then there is a nonsplit toric vector bundle & of rank r on X (X) such that

the pseudoeffective cone of P(%F) is not polyhedral.

Examples of toric varieties satisfying the hypotheses of Theorem 1.4 can be con-
structed through sequences of iterated blowups of (°')?, as in Example 1.7, below.

The constructions used to prove Theorems 1.1 and 1.4 involve choosing bun-
dles that are very general in their moduli spaces. However, by choosing the fan
sufficiently carefully, one gets examples of smooth projective toric varieties in char-
acteristic zero whose projectivized cotangent bundles are not Mori dream spaces.
For these examples, the bundle is determined by the combinatorial data in the fan.

Theorem 1.5. Suppose d > 3 and the characteristic of k is not two or three. Then
there exists a smooth projective toric variety X (X') of dimension d over k such
that the Cox ring of the projectivized cotangent bundle on X (X') is not finitely
generated.

In this respect, cotangent bundles behave quite differently from tangent bundles,
since the Cox ring of the projectivization of the tangent bundle on any smooth toric
variety is finitely generated [Hausen and Sii} 2010, Theorem 5.9]. So, Theorem 1.5
shows that there are toric vector bundles & such that P(%) is a Mori dream space,
but the projectivized dual bundle P(%") is not.

Remark 1.6. In Theorems 1.1 and 1.4, we assume the field is uncountable in order
to choose a configuration of points in very general position in the projective space
P"—!. Examples constructed by Totaro in his work on Hilbert’s 14th Problem over
finite fields [2008] show that this restriction on the cardinality of the field is not
necessary in some cases. For instance, to prove these theorems in the special case
where r is three, it is enough to find a configuration S of nine points in P?(k)
such that Blg P> contains infinitely many — I-curves, and Totaro constructed such
configurations over Q and over [, for p > 3.

We conclude the introduction with an example of a projectivized rank three
bundle on an iterated blowup of P! x P! at seven points whose effective cone
agrees with the effective cone of P? blown up at nine very general points, and
hence is not polyhedral.

Example 1.7. Let X (X) be the toric variety obtained by first blowing up one of
the toric fixed points on P! x P!, then blowing up both of the toric fixed points in
the exceptional divisor, and then blowing up all four of the torus fixed points in the
new exceptional divisors. The corresponding fan is as shown in Figure 1.
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P10

P11

Figure 1. The fan of Example 1.7.

Note that every ray of the fan is contained in either the cone o spanned by pjg
and p;1, or in —o, and % + ﬁ = % So X (%) satisfies the hypotheses of
Theorems 1.1 and 1.4.

Let F be a three-dimensional vector space, and define filtrations

F  for j <0,

FPi(j)=3F forj=1,

0 forj>1,
where Fi, ..., Fg are two-dimensional subspaces in very general position, and Fig
and Fi; are zero. By [Klyachko 1989] these filtrations give rise to a toric vector
bundle & on X (%), see also Section 2. The subspaces Fi, ..., Fy correspond to a
set S = {pi, ..., po} of nine points in very general position in the projective plane

Pr of one-dimensional quotients of F. Our first main construction, in Section 3,
shows that the Cox ring of P(%) is canonically isomorphic to a polynomial ring
in two variables over the Cox ring of the blowup Blg Pr of the plane at this set
of points. Furthermore, in Section 5 we give an isomorphism of class groups
CI(P(%)) = Cl(Bls Pp) that takes O(1) to the pullback of the hyperplane class
of Pr, and the class of P(@lpﬂi) to the class of the exceptional divisor E;, for
i=1,...,9, and show that this isomorphism induces an identification of the effec-
tive cones of the two spaces. Therefore, the pseudoeffective cone of P(%), like the
pseudoeffective cone of Blg P, is not polyhedral, and P(%) is not a Mori dream
space.

2. Preliminaries

We work over an uncountable field k of arbitrary characteristic with the exception
of the proof of Theorem 1.5, where we restrict to characteristic not two or three.
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Let T be a torus of dimension d, with character lattice M. Let X(X) be a
toric variety with dense torus 7', and let py, ..., p, be the rays of X. We write
v; for the primitive generator in N = Hom(M, Z) of the ray p;, and D, for the
corresponding prime T -invariant divisor in X (X).

Suppose F is a toric vector bundle of rank r on X (X). The Klyachko filtrations
associated to & are decreasing filtrations of the fiber F' over the identity 17, indexed
by the rays of X,

--'DF'Oj(k—l)DFp-’(k)DF'Oj(k-i-l)D-“ ,

and characterized by the following property. If U, is the torus-invariant affine
open subvariety of X (X) corresponding to a cone ¢ in X, then the torus 7' acts on
HO(U,, %) by (¢5)(x) = t(s(t~'x)). If u is a character of the torus, then the space
of isotypical sections

H(U,, %), ={s € HO(U,, F) | ts = x"(t)sfor all t € T}
injects into F', by evaluation at 17, and the image is

Fl = () FP((u, v)).
pj=o
In particular, if F#/(0) = F for all j then the space of T -invariant sections of & is
canonically isomorphic to F.
The Klyachko filtrations satisfy the following compatibility condition.

Klyachko’s compatibility condition. For each maximal cone o € X, there are
lattice points uq, ..., u, € M and a decomposition into one-dimensional subspaces
F=L,&®---® L, such that

FPi(ky= @ Li,

(uivj) =k
for each p; <o and all k € Z.

The bundle & can be recovered from the family of filtrations { F*/ (k)}, and the
induced correspondence between toric vector bundles and finite dimensional vector
spaces with compatible families of filtrations gives an equivalence of categories.
See [Klyachko 1989] or the summary in [Payne 2008, Section 2] for details.

We write P(%) for the projective bundle Proj(Sym(%)) of rank one quotients of
%, and

T :P(F) - X(2)

for its structure map. The fiber of P(%) over 17 is the projective space Pr of
one-dimensional quotients of F. If F” is a linear subspace of F then

Pr/rr CPF
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is a projective linear subspace of codimension equal to the dimension of F’.
Following the usual convention, we write O(1) for the tautological quotient bun-
dle on P(%), which is relatively ample with respect to 7, and O(m) for its mth
tensor power.
For our primary examples in this paper, we will focus on bundles whose filtra-
tions are especially simple, and in particular those satisfying

F fork <0,
FPi(ky={F; fork=1, (%)
0 fork>1,

where F; is either O or a subspace of F of dimension at least two, and all of the
nonzero F; are distinct.

One reason for working with a bundle given by filtrations satisfying (x) is that
the T-invariant global sections of O(m) on P(%), and their orders of vanishing
along the divisors 77 ! (Dy,), are particularly easy to understand. See Lemmas 5.1
and 5.2.

Remark 2.1. Suppose {F*7(j)} is a collection of filtrations satisfying (*) in which
all of the F; are hyperplanes. Using the fact that X (¥) is smooth, one checks that
Klyachko’s compatibility condition for a cone o is satisfied for some uy, ..., u, if
and only if the hyperplanes F; for p; < o intersect transversely. Since at most r
hyperplanes can meet transversely in a vector space of rank r, the condition » > d
appearing in Theorems 1.1 and 1.4 is necessary for such a collection of filtrations
to define a toric vector bundle. If the F; are chosen in general position, then the
condition r > d is also sufficient.

3. Torus quotients and Cox rings

Let X be a smooth variety whose divisor class group is finitely generated and
torsion free. Choose divisors Dy, ..., Dy whose classes form a basis for the class
group CI(X). Then the Cox total coordinate ring of X is

RX)= P HX, 0 Di+--+mDp)),

(my,...,mp)eZk

with the natural multiplication map of global sections. See [Hu and Keel 2000]
for further details and a discussion of the special properties of Mori dream spaces,
those varieties whose Cox rings are finitely generated. If Xy C X is an open sub-
variety whose complement has codimension at least two, then C1(Xy) and R(Xo)
are naturally identified with C1(X) and R (X), respectively.

Remark 3.1. Cox rings can be defined in greater generality, for possibly singular
and nonseparated prevarieties whose class groups are finitely generated, but may
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contain torsion [Hausen 2008]. Cox rings of smooth and separated varieties with
torsion free class groups suffice for all of the purposes of this paper, although we do
consider nonseparated quotients in some generalizations of Theorem 3.3 presented
in Section 6.

Our main technical result is a description of the Cox ring of certain projectivized
toric vector bundles as a polynomial ring over the Cox ring of a blowup of projec-
tive space. Let S be a finite set of projective linear subspaces of Pg and let S’
be the set of intersections of subspaces in S. Say L1, ..., Ly are the elements of
S’. We write Blg Pr for the space obtained by blowing up first the points in S,
then the strict transforms of the lines in S/, then the strict transforms of the two-
dimensional subspaces in §’, and so on. We write E; for the exceptional divisor in
Bls' Pr dominating L;, and define

BIS PF :Bls/ [DF N U El‘.
L; ¢S

Example 3.2. Let xi, x», and x3 be noncollinear points in P3, and let L; ; be the
line through x; and x;, and set

S ={x1, L12, L13, L23}.

Then S’ = S U {x7, x3} and Blg P? is the space obtained by blowing up first the
points x1, xp, and x3, and then the strict transforms of the lines L1, L3, and L»3,
and then removing the exceptional divisors over x, and x3.

Our main technical result can now be stated as follows. Let & be a toric vector
bundle on a complete toric variety X given by filtrations satisfying the condition ()
discussed in Section 2. After renumbering, say the F; are distinct linear subspaces
fori <s, and F; is zero for s < j <n. Let

S = {[FDF/FI, ceey PF/FS}
be the set of projective linear subspaces in Pg corresponding to Fi, ..., Fj.

Theorem 3.3. The Cox ring R(P(F)) is isomorphic to a polynomial ring inn — s
variables over R(Blg Pp).

Our proof of Theorem 3.3 will be an application of the following presentation
of Cox rings for certain varieties with torus actions.

Proposition 3.4. Let X be a smooth variety such that H°(X, 0%) =k* and CI(X) is
free,and let T be a torus acting on X. Suppose Dy, ..., Dy are irreducible divisors
in X with positive dimensional generic stabilizers, T acts freely on X~(D1U---UDy),
and the geometric quotient is a smooth variety Y with free class group. Then R(X)
is isomorphic to a polynomial ring in h variables over R(Y).
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Proof. This is the special case of [Hausen and Siil 2010, Theorem 1.1], where
X is smooth, the T-action on the complement of D; U ---U Dj, is free, and the
geometric quotient Y is separated, with torsion free class group. Although stated
in the case where X is complete, the proof of that theorem is also given under the
assumption that H%(X, 0%) = k* and CI(X) is free, which is what we use here. [

We prove Theorem 3.3 by constructing a dominant rational map
¢ :P(F) --+» Blg Pp,
and producing open sets U C U’ in P(%) with the following properties:

(1) The complement of U’ has codimension 2 in P(%).

(2) There are n — s irreducible divisors in U’ with positive dimensional generic
stabilizers, the complement of these divisors is U, and T acts freely on U.

(3) The restriction ¢|y is regular and a geometric quotient.

(4) The complement of ¢(U) has codimension 2 in Blg Pg.

To see that Theorem 3.3 follows from the existence of such a map, first note that
class groups, global invertible functions and Cox rings are all invariant under the
removal of sets of codimension 2. Therefore, (1) implies that HO(U’, 07,) = k¥,
the class group CI(U’) is free, and R(U") = R(P(%F)). Then, by Proposition 3.4,
properties (2) and (3) imply that R(U") is isomorphic to a polynomial ring in n — s
variables over R(¢(U)). Finally, (4) gives R(p(U)) = R(BlsPFr). Therefore,
(1)—(4) together imply that R(P(%)) is isomorphic to a polynomial ring in n — s
variables over R(Blg Pp).

We construct the birational map ¢ and open sets U and U’ as follows. There is
a unique dominant, 7 -invariant rational map

W P(F) - Pp

that restricts to the identity on the fiber P over 17. Over the dense torus 7', this
map takes a point x in the fiber over ¢ to #~' - x. One can also describe v as the ratio-
nal map associated to the T -invariant linear series H O(P(F), 0(1))o; the sections
of O(1) are canonically identified with sections of %, and evaluation at 17 maps
HY(X, %), isomorphically onto F. Alternatively, 1 can be constructed directly
from the T -invariant sections of &, which generate all fibers over T', following the
general construction in [Lazarsfeld 2004, Example 6.1.15].

Since ¥ is dominant, it induces a T -invariant rational map ¢ to Blg Pr. To
prove Theorem 3.3, we produce open sets U C U’ in P(%) satisfying (1)—(4) with
respect to ¢.

We write x; for the distinguished point in the codimension one orbit correspond-
ing to p;; see [Fulton 1993, Section 2.1]. The fiber of & over x; is canonically
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isomorphic to F; @ F/Fj; this is the eigenspace decomposition for the action of
the one parameter subgroup corresponding to the primitive generator of p;, which
is the stabilizer of x;. Let Z; be the projective linear subspace corresponding to P,
in the fiber of P(%) over x;. Let W; be the projective linear subspace corresponding
to Pr/F, in the fiber over 17.

We now define U’ to be the complement in P(%) of the following closed subsets:

o The preimages of the T-invariant closed subsets of codimension 2 in X.
o The torus orbit closures T - Z;, for F; # 0.
o The torus orbit closures T - W;, for F; # 0.

Note that the condition (x) says that F; has dimension at least 2 and codimension
at least 1 whenever it is nonzero. Therefore, every component of the complement
of U’ has codimension at least 2.

This choice of closed subsets is closely related to the indeterminacy locus of ¢.
On the fiber over 17, this map is the birational inverse of the blowup morphism from
Bls Pr to Pp, so its indeterminacy locus is the discriminant, which is the union of
the W;. The closures T—WJ may meet the fiber over x;, and these intersections are
also in the indeterminacy locus of ¢ because the indeterminacy locus is closed. In
the special case where i = j, the intersection of T - W; with the fiber over x; is the
linear subspace Pr,r,. Now, ¢ maps the fiber over x; into the exceptional divisor
over P(F/F;), via the canonical rational map

P(F;® F/F;) --»Pp/p, x PE,

which is regular away from the linear subspaces W; and Z;. In particular, Z; is
the only remaining indeterminacy locus of ¢ in the fiber over x;. Therefore, after
removing the preimage of the codimension 2 strata in X, the open set U’ is simply
the locus where ¢ is regular.

Fori =s+41,...,n, the subspace F; is zero. Then the one parameter subgroup
corresponding to the primitive generator of p; acts trivially on P(F|o, ). Let U be
the complement in U’ of these n — s irreducible divisors with positive dimensional
stabilizers.

We claim that 7" acts freely on U. Over the dense torus, T acts freely on the base.
Over a codimension one orbit O,,, the stabilizer on the base is the one-parameter
subgroup corresponding to the primitive generator of p;. Because the eigenspace
decomposition of the fiber of & over x; is F; & F/F;, with the one parameter
subgroup acting by scaling on F; and trivially on F/Fj;, this subgroup acts freely
away from the T-orbits of the linear subspaces Pr, and Pr,f,, both of which are
in the complement of U’ and hence of U. Therefore, T acts freely on U.

To prove the theorem, it remains to show that ¢|y is a geometric quotient and
the image ¢(U) has codimension 2 in Blg Pr. We first treat the special case where
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the fan ¥ has only a single ray p. Let U, be the toric variety corresponding to a
single ray p, and let & be the toric vector bundle on U, given by the filtration

F fork <0,
FP(ky=\F, fork=1,
0 fork>1,

where F), is a proper subspace of dimension at least two. Then % splits canonically
as asum F =%, ® F/F,, where ¥, is the toric subbundle with fiber F, over 17.
Let Z be the projective linear subspace Pr, in the fiber over x,, and let W be the
projective linear subspace P r/, F, in the fiber over 17.

Proposition 3.5. The torus T acts freely on the open set
P(&F)N(T-ZUT -W)

with geometric quotient Bly Pr, and the preimage of O, under the structure map
surjects onto the exceptional divisor over W.

Proof. The open set P(%F) (T-ZUT -W) is the set denoted U in the discus-
sion above, and hence T acts freely. We use a toric computation to compute the
geometric quotient.

The projectivization of any toric vector bundle % of rank r on U, is isomorphic
to a toric variety. The toric variety is canonical, but the isomorphism depends on
the choice of a splitting of the fiber over 17,

G=L1®---®L,,

satisfying Klyachko’s compatibility condition. Fix such a splitting. For 1 < j <r,
define the integer n; = max{k | G” (k) contains L }. Let o be the cone in Ng x R"
spanned by the standard vectors (0, e1), ..., (0, e,) and

U, = (vp, nie1 +- - +npep),

where v, is the primitive generator of p, and let A in Ng x (R"/(1,..., 1)) be the
fan whose maximal cones are projections of the facets of o that contain v,. Then
there is a natural isomorphism from P (%) to X (A) taking P(%|o,) to the torus
invariant divisor corresponding to the image of ¥, and the codimension one projec-
tivized subbundle corresponding to L to the torus invariant divisor corresponding
to the image of (0, e;). For further details on this construction, see [Oda 1988, pp.
58-59].

We now apply the preceding general construction to our particular bundle . The
decomposition into line bundles induces a decomposition of F =L ®---® L,
into one-dimensional coordinate subspaces. After relabeling we may assume that
F,=L &---® L and so v, = (v,,e; + --- + ). Then the complement
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P(F)~ (T -ZUT -W), with its induced toric structure, corresponds to the fan
A’in Ng x (R"/(1, ..., 1)) obtained by removing from the fan for P(%) the cones
containing either v, and (0, ex+1), ..., (0, ¢;) (corresponding to T -Z), or all of
(0, e1), ..., (0, e) (corresponding to T-W).

The projection of Ng x R"/(1, ..., 1) onto R"/(1, ..., 1) induces a map of fans
from A’ to the fan of the blow up of Pr along Pr/r,. This map of fans satisfies
the conditions of [A’Campo-Neuen and Hausen 1999, Proposition 3.2], and hence
the corresponding morphism of toric varieties is a geometric quotient. U

We now apply the special case treated above, where the fan consists of a single
ray p, to prove the general case.

Proof of Theorem 3.3. By the discussion following Proposition 3.4, it remains to
show that |y is a geometric quotient and the complement of ¢(U) has codimen-
sion 2 in Blg Pr. The property of being a geometric quotient is local on the base.
For each i, let U; be the complement in Blg Py of the exceptional divisors over
Wj for ] ;ﬁ i.

We claim that the preimage of U; under ¢ is the preimage in U of the T -invariant
affine open set U, under the structure map 7. Indeed, by Proposition 3.5, the
rational map ¢ takes the generic point of P(%)|o ,, 10 the generic point of the
exceptional divisor over W;. The part of U that lives over T maps into every U;,
but for the parts of U over codimension one orbits of X, only the part over O,
maps into U;. This proves the claim.

The union of the sets U; cover all but a codimension 2 locus in Blg Pg, so it only
remains to show that the restriction of ¢ to the preimage of U; is a geometric quo-
tient. Again, this follows from the local computation in Proposition 3.5, because
U; is just the complement of the codimension 2 loci given by the strict transforms
of the W; for j #i in Bly, Pr, and the restriction of ¢ to ¢~ (U;) is the restriction
of the geometric quotient onto Blw, Pr described in Proposition 3.5. ]

Proof of Theorem 1.1. Let S be a subset of s very general points of P = P"~! such
thats >r +2+ %. Then R(Bls Pr) is not finitely generated, see [Mukai 2004].
Let X be any smooth toric variety of dimension at most dim(Pr) with at least s
rays. Then by Remark 2.1 there exists a vector bundle & on X satisfying (x) such
that the nonzero F; correspond to the points p; in S. The conclusion then follows
from Theorem 3.3. O

Remark 3.6. The isomorphism of Theorem 3.3 is not an isomorphism of graded
rings. However, the pull back by the quotient map ¢ constructed in the proof
of Theorem 3.3 induces a group homomorphism ¢*: CI(Blg(Pr) — CI(P(%)).
Letting deg(x;) = [~} (Dy)] for s +1 <i <n, we obtain a CI(P(%))-grading of
the polynomial ring in n — s variables over the Cox ring of Blg(Pr) such that the
isomorphism of Theorem 3.3 is graded.
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Corollary 3.7. Suppose F is given by filtrations satisfying (x) with the F; being

hyperplanes in general position. If % + nir > % then P(%F) is a Mori dream space.

Proof. Suppose % + ﬁ > % Then the blow up of P"~! at n points in general
position is a Mori dream space [Castravet and Tevelev 2006, Theorem 1.3], and
then so is the blow up Bl P"~! of P"~! at s points in general position, where
s is the number of rays p; such that F; is nonzero. The corollary then follows

immediately from Theorem 3.3, which says that R(P(%)) is finitely generated

over R(BL, P 1). O
If the points py, ..., ps are not in general position then P(%) can be a Mori
dream space, even when }—i— ﬁ < % For instance, if py, ..., py are collinear then

Bls Pr is a rational variety with a torus action with orbits of codimension one, and
hence is a Mori dream space [Elizondo et al. 2004; Hausen and Siiff 2010; Ottem
2011]. Also, if py, ..., ps lie on a rational normal curve, then Blg Py is a Mori
dream space [Castravet and Tevelev 2006, Theorem 1.2].

We conclude this section with the observation that the Cox ring of the blowup of
projective space along an arbitrary arrangement of linear subspaces can be realized
as the Cox ring of a projectivized toric vector bundle.

Corollary 3.8. Let S be an arbitrary arrangement of n linear subspaces of codi-
mension at least 2 in Pr and let ¥ be a fan with n rays that defines a smooth
projective toric surface. Then there is a toric vector bundle & on X (X) such that

RP(F)) = R(Bls Pr).

Proof. An arbitrary collection of filtrations of F indexed by the rays of X satisfies
Klyachko’s compatibility condition, because X (X) is a smooth surface [Klyachko
1989, Example 2.3.4]. Therefore, if S = {Pg/F,, ..., Pr/F,} then the filtrations

F  fork <O,
Fri(ky=\F; fork=1,
0 fork>1,

satisfy () and determine a toric vector bundle on X (X). By Theorem 3.3, the Cox
ring R(P(F)) is isomorphic to R(Bls Pr). U

Example 3.9. Let S be the arrangement of all linear subspaces of codimension at
least 2 spanned by subsets of a set of  4- 1 points in general position in k”. Then
Kapranov’s construction [1993] shows that Blg P! is isomorphic to the Deligne—
Mumford moduli space M o.r+2. Therefore, there is a toric vector bundle & on a
smooth projective toric surface such that R (P(%)) is isomorphic to the Cox ring
of M. It is not known whether this ring is finitely generated.
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4. Cotangent bundles

In the previous section, we gave a presentation of Cox rings of some projectivized
toric vector bundles as polynomial rings over Cox rings of certain blowups of pro-
jective space, and used this to give examples where Cox rings of projectivized toric
vector bundles are finitely generated, where they are not finitely generated, and
where they are isomorphic to the Cox ring of My ,,. We now apply the same meth-
ods and results to study Cox rings of projectivized cotangent bundles of smooth
projective toric varieties.
By [Klyachko 1989] the filtrations of cotangent bundles have the form

MRk fork<-—1,
QPi(k) = vjl for k =0,
0 for k > 0.

If the fan does not contain any pair of opposite rays, then the filtrations for the
twist of the cotangent bundle by the anticanonical line bundle satisfy (). Since
twisting by a line bundle does not change the projectivization, Theorem 3.3 shows
that the Cox ring of the projectivized cotangent bundle is isomorphic to the Cox
ring of Blg(Pygk), where S is the set of points p; corresponding to ij. The case
where the fan does contain opposite rays is treated on page 1014.

Example 4.1. For the cotangent bundle on projective space P, the corresponding
set S consists of 7 + 1 points in linearly general position in P"~!'. Then R(P(Q1,))
is identified with % (Blg P"~1), which is isomorphic to the coordinate ring of the
Grassmannian Grass(2, r +2) in its Pliicker embedding; see [Castravet and Tevelev
2006, Remark 3.9].

Example 4.1 is a special case of the Cox rings of wonderful varieties studied by
Brion [2007].

We now give an example of a smooth projective toric threefold whose projec-
tivized cotangent bundle is not a Mori dream space. The construction uses a partic-
ularly nice configuration of nine points in Z>, due to Totaro, such that, for any field
k of characteristic not two or three, the blowup of P?(k) at the corresponding nine
k-points is not a Mori dream space. The proof of Theorem 1.5 will be by induction
on dimension, starting from this example.

Example 4.2. In this example, we work over a field k of characteristic not two or
three. The vectors

v1=(0,0,1), v=(0,1,0), v3=(,1,1), w=(-1,-2,-2)

span the four rays of a unique complete fan X4 in R?. The corresponding toric
variety X (X4) is isomorphic to P3. Consider the vectors
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vs = (1,1,2), vg=(1,—1,1), v =(—1,-1,1), viz=(-1,1,1),

ve=(0,—1,1), vo=(—1,-2,—-1), vp=(-1,0,1), vi2 = (0,1, 1),

v7 = (1,0,1), vip=(—1,—-1,0),
and let X; be the stellar subdivision of X;_; along the ray spanned by v;, for 5 <
i < 14. For each such i, the vector v; is the sum of two or three of the v; that span a
cone in X;_;. Therefore, the toric variety X (¥;) is the blowup of X (X;_;) at either
a point or a torus invariant smooth rational curve. In particular, if we set ¥ = X4,
then the corresponding toric variety X (¥) is smooth and projective. The twist &
of the cotangent bundle on X (X) by the anticanonical bundle (D, +---+ D,,,)
is given by the vector space F = k> with filtrations

k3 for j <O,
FPi(j)y={vt forj=1,
0 forj>1.

Since the characteristic of k is not two or three, the points vl.L are all distinct in
IPU2<, and hence the filtrations satisfy (x). Twisting by a line bundle does not change
the projectivization, so Theorem 3.3 says that the Cox ring of the projectivized
cotangent bundle of X (%) is isomorphic to the Cox ring of Blg P2, where S =
{vlL, e, v1l4}. The subset

/ T Y T Y N HR H B §
S ={vi, vy, vg, V7, Vg, Ui}, Vias Vi3, Via)

is the complete intersection of two smooth cubics, and the Cox ring of Blg I]J’ﬁ is
not finitely generated [Totaro 2008, Theorem 2.1, Corollary 5.1 and Theorem 5.2].
It follows that Blg [P’i is not a Mori dream space, and neither is the projectivized
cotangent bundle of X (X).

We use the following lemma on Cox rings of blowups of projective space at
finitely many points contained in a hyperplane in the proof of Theorem 1.5. Instances
of this basic fact have appeared, for instance in [Hassett and Tschinkel 2004,
Example 1.8]. However, lacking a suitable reference, we give a proof.

Lemma 4.3. Let S be a finite set of points contained in a hyperplane H in P4, and
assume d > 2. Then the Cox ring of Bls P? is isomorphic to a polynomial ring in
one variable over the Cox ring of Blg H.

Proof. Choose coordinates on P? so that H is a coordinate hyperplane, and let G,,
act by scaling on the coordinate that cuts out H. The action of G, lifts to an action
on Blg P4, and we let Y be the locus of fixed points of this action. Then G,, acts
freely on Blg P4 \. ¥, with quotient Blg H. The strict transform of H is the only
divisor contained in Y, so the lemma follows by applying Proposition 3.4. (]

Proof of Theorem 1.5. Let k be a field of characteristic not two or three. We must
show that, for each dimension d > 3, there is a fan ¥ in R? such that
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(1) The toric variety X (X) is smooth and projective.

(2) The hyperplanes in k? perpendicular to the primitive generators of the rays of
X are distinct.

(3) The Cox ring of Blg I]j’ﬁki_1 is not finitely generated, where S is the set of points
corresponding to these hyperplanes.

For d = 3, we have Example 4.2, and we proceed by induction.

Suppose X is a fan in R4 satisfying (1), (2), and (3). Embed R? as the last
coordinate hyperplane in R?*!, and let &’ be the fan in R?*t! whose maximal
cones are spanned by a maximal cone of ¥ together with either (1,...,1) or
(1,...,1,—1). The corresponding toric variety X (X’) is smooth and projective
and, since the characteristic of k is not two, the hyperplanes in k¢*! perpendicular
to the rays of X’ are distinct. It remains to show that X’ satisfies (3). Let S’ be
the corresponding set of points in I]j’i. Now S’ contains the subset S of points
corresponding to rays of X, and § is contained in a hyperplane H. By hypothesis,
the Cox ring of Blg H is not finitely generated. By Lemma 4.3, it follows that
Blg [P’ﬁ is not a Mori dream space, and neither is Blg' P?. The theorem follows,
since the Cox ring of the projectivized cotangent bundle of X (X¥) is isomorphic to
the Cox ring of Blg [P’ﬁ, by Theorem 3.3. (I

5. Pseudoeffective cones

In this section we prove Theorem 1.4. The techniques of the proof are independent
from those of Section 3.

The pseudoeffective cone of a projective variety X is the closure of the cone
spanned by the classes of all effective divisors in the space of numerical equiv-
alence classes of divisors N'(X)r = N'(X) ®z R. For projectivized toric vec-
tor bundles and for blowups of projective spaces at finite sets of points, linear
equivalence and numerical equivalence coincide and then we identify N'(X)g and
Cl(X)gr =ClI(X) @z R.

Now we consider again a toric vector bundle % on a complete toric variety X (X).
Any effective divisor D on P(%) is linearly equivalent to a torus invariant effective
divisor; this can be seen by applying the Borel fixed-point theorem to the torus orbit
closure of the point [ D] in the Chow variety of effective codimension 1 cycles on
P(%). So the pseudoeffective cone of P(¥) is the closure of the cone generated
by classes of torus invariant prime divisors. Note that every torus invariant prime
divisor in P(%) is either the preimage of a torus invariant prime divisor in X (X)
or surjects onto X (X). If a torus invariant prime divisor surjects onto X (X) then
it must be the closure of the torus orbit of its intersection with the fiber over the
identity. We write 9 g for the closure of the torus orbit of a hypersurface H in Pp.
One key step toward understanding the pseudoeffective cone of (%) is to express
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the class of each such @y as a linear combination of O(1) and the 7! (Dy,). Such
expressions may be somewhat complicated in general, but are relatively simple for
bundles given by filtrations of the special form discussed in Section 2.

Suppose the filtrations { F* (j)} associated to the vector bundle ¥ satisfy condi-
tion (*) of Section 2 and all proper subspaces F* (j) C F are distinct hyperplanes.

Lemma 5.1. Restriction to the fiber Pr gives an isomorphism from the space of
T -invariant global sections of O0(m) on P(%F) to Sym™ (F).

Proof. For any bundle &, global sections of O(m) on P(%) are naturally identified
with global sections of Sym™ %. Now, Sym” % is a toric vector bundle, with fiber
Sym™ F over 17, and since the filtrations defining % satisfy (x), the filtrations
defining Sym™ F are given by

Sym™ F for j <0,
Sym” F?(j) = { Image(Sym’ F; ® Sym™/ F — Sym™ F) for1<j <m,
0 for j > m.

The space of T-invariant sections of Sym”™ % is the intersection of all of these filtra-
tions evaluated at zero, and the lemma follows, because Sym™ F*i (0) is Sym™ F
for every ray p;. ([

Let p; be the point in Pr corresponding to the one-dimensional quotient F/ F;,
whenever F; is nonzero. We write D; for the T-invariant prime divisor a7 (D))
in P(%).

Lemma 5.2. Let H be a hypersurface of degree m in P g, and let m; be the multi-
plicity of H at p;. Then there is a linear equivalence

Dy ~ Om) =Y mi(x~" (D)),

where the sum is over those i such that F; is nonzero.

Proof. Let h € Sym™ F be a defining equation for H. Then & corresponds to a
torus invariant section s of O(m) on P(%F), by Lemma 5.1. If F; is zero then s does
not vanish along D; and if F; is nonzero then m; is the largest integer such that % is
contained in the image of Sym” F; @ Sym™ ™™ F in Sym™ F. The one parameter
subgroup corresponding to v; extends to an embedding of the affine line A! in
X (%) meeting D,, transversely at the image of zero. After restricting the section s
to the preimage of A!, we must show that its order of vanishing along the preimage
of zero is m;. The isotypical decomposition of the module of global sections of O(1)
on the preimage of A!, for the action of the one-parameter subgroup corresponding
to v;, is exactly @5 i F Pi(j), and multiplication by the coordinate x on A! decreases
degree by one. The sections of O(m) are given by the mth symmetric power of this
module, in which the image of Sym* F; ® Sym™ % F in Sym™ F appears in degree



Cox rings and pseudoeffective cones of projectivized toric vector bundles 1011

k, for nonnegative integers k. It follows that the 7-invariant section s is equal to
x™ times a section that is nonvanishing along the preimage of zero, and hence
vanishes to order m;, as required. O

Now, we fix a maximal cone o and, after renumbering, we may assume o is
spanned by p1, ..., pg. Moreover, for the remainder of the section we assume that

F; =0, forl <i <d.

The class of O(1) and the classes of D41, ..., D, form a basis for CI(P(%)).

Let f : BlsPr — Pp be the blowup of Py at the finite set of distinct points
{pi}, corresponding to the nonzero F;, for i > d. Let L be a hyperplane in Pr, and
let E; be the exceptional divisor over p;. Then f*L and {E;} together form a basis
for CI(Bls Pr).

We consider the linear map ¢* : CI(Blg Pr)gr — CI(P(%))R, taking f*L to O(1)
and the class of E; to the class of D;, fori > d. If H is a hypersurface of degree m
in Pr passing through p; with multiplicity m;, then the class of the strict transform
of H in BlgPpis f*mL —) ; m; E;. So Lemma 5.2 says that ¢* maps the class
of the strict transform of H to the class of 9.

Remark 5.3. One can show that the map ¢* is the map on class groups induced by
the map ¢ of the proof of Theorem 3.3; see [Gonzdlez 2011, Section 5]. However,
note that Lemmas 5.1 and 5.2 give an independent proof of the fact that we get a
morphism of class groups, without having to construct the morphism ¢.

Proposition 5.4. The pseudoeffective cone of P(%) is generated by the image un-
der ¢* of the pseudoeffective cone of Blg Pr together with the classes of those D;
such that F; is zero.

Proof. Every effective divisor on P(%) is in the cone generated by the classes @,
for hypersurfaces H in Pr, and the classes D;. On Blg P, every effective divisor
is in the cone generated by the classes of the strict transforms of the hypersurfaces
H in Pg, and the classes E;. Now, the classes D; such that F; is nonzero are the
images under ¢* of the classes E;, and Lemma 5.2 says that the class of @y is the
image under ¢* of the strict transform of the hypersurface H in Pr. Therefore,
the cone of effective classes on P(¥) is equal to the cone generated by the image
under ¢* of the cone of effective classes on Blg Pr together with the classes of
those D; such that F; is zero. The proposition follows by taking closures. (]

Proof of Theorem 1.4. Let o be the cone spanned by py, ..., pg, and choose the
toric variety X (X) so that each of the other rays p; is contained in —o. This can
be accomplished, as in Example 1.7, by taking a suitable sequence of blowups of
(P14, Choose the filtrations defining & so that Fy, 1, ..., F, are distinct hyper-
planes, and F; =0 fori <d.
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The choice of the filtrations ensures that ¢* is an isomorphism on class groups,
since it maps the basis elements f*L, E4.1, ..., E, for CI(Blg PF) to the basis
elements O(1), Dy41, ..., D, for CI(P(¥)), respectively. Furthermore, the choice
of the fan X ensures that, for i < d, the divisor D,, is linearly equivalent to an
effective combination of the Dy;, for j > d. So the classes of Dy,..., D,y are
in the cone spanned by the classes of D; for i > d, and hence are in the image
under ¢* of the pseudoeffective cone of Blg Pr. Therefore, by Proposition 5.4,
the linear isomorphism ¢* identifies the pseudoeffective cone of Blg Pr with the
pseudoeffective cone of P(%). If Fy41, ..., F, are in very general position, then
the inequalities on r and n imply that the pseudoeffective cone of Blg Pf is not
polyhedral [Mukai 2004], and the theorem follows. O

Remark 5.5. As in Corollary 3.8, a similar construction produces toric vector
bundles & such that the effective cone of P(%) is canonically isomorphic to the
effective cone of Blg P, for an arbitrary arrangement S of linear subspaces in Pp.

6. Some generalizations

The techniques developed here can also be applied more generally to describe Cox
rings of toric vector bundles where the condition () is weakened to allow F; to
appear for multiple steps in the Klyachko filtrations, where some of the F; are
allowed to be 1-dimensional, and where the subspaces are not necessarily distinct.
The results are similar to those in Section 3, only the presentations of the Cox rings
are slightly more complex.

Longer steps in the filtrations. Consider a toric vector bundle ¥ given by Kly-
achko filtrations of the form

F fork <0,
ij(k): Fj forlfkfaj,
0 fork>aj,

for some positive integers a;, and distinct linear subspaces F; C F of dimension
at least 2, for j =1, ..., s. The bundles that satisfy the condition (x) are exactly
those where each a; is equal to 1. The Cox ring of P(¥) can be analyzed just as
in Section 3, except that 7 does not act freely on U; if D; denotes the preimage of
0/),- in U, then D; has a stabilizer of order a;. In this case, the Cox ring of P (%)
is a finite extension of a polynomial ring over R(Bls Pr) with a presentation of
the form

R(P(F) = RBIs Pr)lxr, ..., xal/ (g, =27 [ 1<) <),
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by [Hausen and Sii3 2010, Theorem 1.1]. Here, 1g, denotes the canonical section
of the bundle O(E;) associated to the exceptional divisor E; over Pg,,. It follows
that R(P (%)) is finitely generated if and only if R(Bls Pr) is finitely generated.

One-dimensional subspaces. We now discuss toric vector bundles given by Kly-
achko filtrations of the form (x), but where some F; are allowed to be 1-dimension-
al. Consider the special case where the fan X consists of a single ray p, and & is
given by the filtration

F fork <0,
FP(k)=41L fork=1,
0 fork>1,

where L is 1-dimensional. The analysis of such a bundle is similar to that in
Proposition 3.5, except that T - W is a divisor. Still, the torus T acts freely on
the toric variety P(%) ~. T - Z, and a toric computation shows that the geometric
quotient exists as a nonseparated toric prevariety; it is Pr with the hyperplane
Pr/r doubled.

Now, consider the general case, and let S be the set of linear subspaces of P cor-
responding to the F; that have dimension at least 2. Suppose the rays are numbered
so that F1, ..., Fy are 1-dimensional and the rest are not. Then the analysis in the
proof of Theorem 3.3 produces open subsets U and U’ satisfying (1)—(4), except
that the target of ¢ is Blg P doubled along the strict transforms of the hyperplanes
H; =Pp/f, for 1 <i < {. Then [Hausen and Sii8 2010] gives a presentation of the
Cox ring R(P(%)) as a polynomial ring in n — s variables over

RBIsPr)lx1, ..., xe, Y1, oo yel /(I —xiyi | 1 <@ <), (D

where 1, is the canonical section of O(H;). Setting the n — s free variables equal to
zero and yi, ..., y¢ equal to 1, one can obtain R(Bls Pr) as a quotient of R (P (%)),
and hence R(P(%F)) is finitely generated if and only if R(Bls PF) is so.

Example 6.1. Using the above observations, in [Hausen and Siif} 2010] the Cox
ring of the projectivized tangent bundle of a toric variety was calculated as fol-
lows. Let X be a toric variety associated to fan ¥ with rays py, ..., p, having
V1,..., U, € N as their primitive generators. By [Klyachko 1989] the tangent
bundle Tx corresponds to the filtrations of the form (%) with F*/ =k-v; C N ® k.
In particular, all the subspaces are one-dimensional. Hence, the set S is empty and
R(Bls Pr) = R(PF) is simply the polynomial ring Sym(F'). The element 1, can
be identified with v; € Sym(F’). If there are no opposite rays in X, by the formula
(1) we obtain

KLxt, - oo X, Yio s Yl /{0 A xiyi | A ek, st X, v =0)

as the Cox ring of P(TY).
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Repetitions of subspaces and combinations. If some subspace is repeated, so F; =
F; for some i # j, then the arguments in Section 3 again go through, but the
geometric quotient is nonseparated, with one copy of the exceptional divisor over
Pr/F, for each time that F; appears. Again, this construction leads to a presentation
of R(P(%)) as a finitely generated algebra over R(Bls Pr) that is finitely generated
if and only if R(Bls Pr) is so.

These generalizations can be combined to give a presentation of the Cox ring of
an arbitrary toric vector bundle for which the Klyachko filtrations contain at most
one nontrivial subspace for each ray.

Proposition 6.2. Let & be a toric vector bundle corresponding to Klyachko filtra-
tions { F”(j)} such that at most one proper subspace of F appears in each filtration,
and let S be the collection of linear subspaces of P corresponding to these proper
subspaces. Then R(P(F)) is finitely generated if and only if R(Blg Pr) is.

Remark 6.3. It may be possible to carry through a similar analysis for more gen-
eral toric vector bundles. However, even when the fan consists of a single ray,
if multiple proper subspaces occur in a single filtration then the torus quotients
that appear are weighted blowups of projective space instead of ordinary blowups.
Since very little is known about Cox rings of weighted blowups of projective space,
we have not considered such bundles in this work.

A bundle on the Losev—Manin moduli space. We conclude with an example of a
bundle on the Losev—Manin moduli space of pointed stable curves.

Let vy, ..., vy be vectors that generate the rank-d lattice N and sum to zero.
Then the fan ¥ whose nonzero cones are spanned by proper subsets of {vy, ..., vs}
corresponds to projective space P¢, and the barycentric subdivision X’ is the nor-
mal fan of a permutahedron. The corresponding toric variety is the Losev—Manin
moduli space Zd+ 1 of pointed stable curves studied in [Losev and Manin 2000].

Let & be the pullback of the cotangent bundle Qps to the Losev—Manin moduli
space Ly, 1 = X (X'). The rays of X’ are naturally indexed by the proper subsets

of {0, ..., d}, where the primitive generator of the ray pj is
vy = Z v;.
iel

The fiber of & over 17 is canonically identified with M ®z k, and we write M,
for the linear subspace perpendicular to the linear span of the v; for i € /. The
Klyachko filtrations corresponding to & are then

MRk fork<-1,
FPrk) =1 M; for k =0,
0 for k > 0.
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These filtrations almost satisfy (x), except that the subspaces M; corresponding to
sets I of size d — 1 are 1-dimensional, and the last nonzero subspace appears in the
wrong place in the filtration. Tensoring with an appropriate line bundle puts the
last nonzero subspace in the correct place in the filtration and does not change the
projectivization. Then, applying the computation for filtrations with 1-dimensional
subspaces (page 1013), we find that R ([P(%)) is a polynomial ring in d + 1 variables
over

RBIsPplx1, - x @iy, yis ey y(dgl)]/(lHi —xyi | 1 =i < (“3),

where H; runs over runs over all hyperplanes Pr,r, with index sets I of size d — 1.

Now, S consists of all linear subspaces spanned by d + 1 points in general
position in Pr = P9~!. As in Example 3.9, the blowup Blg P is isomorphic to
the Deligne—Mumford moduli space M 0.d+2-

Corollary 6.4. The projectivization of the pullback of the cotangent bundle on P4
to the Losev—Manin moduli space L 41 is a Mori dream space if and only if Mo 442
is a Mori dream space.
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Squareful numbers in hyperplanes
Karl Van Valckenborgh

Let n > 4. In this article, we will determine the asymptotic behavior of the size of
the set of integral points (a : - - - : a,) on the hyperplane Y ";_, X; =0 in P" such
that a; is squareful (an integer a is called squareful if the exponent of each prime
divisor of a is at least two) and |g;| < B foreachi € {0, ..., n}, when B goes to
infinity. For this, we will use the classical Hardy—Littlewood method. The result
obtained supports a possible generalization of the Batyrev—Manin program to
Fano orbifolds.

1. Introduction

The problem we consider can be related to a question Campana posed concerning
rational points on orbifolds. A good overview is given for example in [Abramovich
2009; Poonen 2006; Campana 2005]. Examining the orbifold (P!, A) with Q-
divisor A =1/2-[0]4+1/2-[1]+1/2-[oc], it is explained for example in [Poonen
2006] why it is reasonable to expect that the set

{(a1, a2, a3) € 73 a; +a; = as, ay, ay, as are squareful,
max{|a;|, |az|, laz|} < B, ged(ay, a2, az) = 1}

will asymptotically behave as C - B'/? as B tends to infinity.

Since this question turns out to be too difficult at the moment, we general-
ize to a higher-dimensional analogue (P"~!, A), where now A is the Q-divisor
A=1/2-[Hyl+---+1/2-[H,] with H; the hyperplane defined by X; = 0 for
i €{0,...,n—1} and H, defined by Xg + --- 4+ X,—; = 0. In analogy with

the one-dimensional case, a point P = (ag : --- : a,—1) € P"~1(Q) (we assume
ao, ...,ay—1 € Z and gcd(ag, ..., a,—1) = 1) will be called a rational point in
Campana’s sense on (P"~!, A) if for every i € {0,...,n} and every prime p

for which the reduction of P is contained in the reduction of H; modulo p, we
have i, (P, H;) > 2, where i ,(P, H;) denotes the intersection number of P and H;
above the prime p. These conditions will be satisfied if a; is squareful for every

MSC2010: primary 11D45; secondary 14G05, 11D72, 11P55.
Keywords: squareful, Campana, asymptotic behavior.
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ief0,...,n—1} andif Z;’:—(} a; is also squareful. We denote the set of all such
rational points by (P"~!, A)(@). Using the height function

the set of points P € (P"~!, A)(Q) of bounded height is denoted (P"~!, A)(Q)<p.
Defining the canonical divisor of the orbifold (P11, A) as

n—1
> Xi
i=0

H(xp: - :xn—1) zmaX{Ixol, oo Xl

K(IP”*I,A) - K[pn—l + A,

we have K pi-1 o)~ (—(n—1)/2)- H in Pic(P"~1)q, where H is the hyperplane
class of P"~!. Since the height function we use is associated to H, a very naive gen-
eralization of Manin’s conjecture would predict that #(P"~!, A)(@Q) < ~ C-B"~D/2
for some constant C > 0, as B tends to infinity. Our main goal is to prove the
following theorem.

Theorem 1.1. For n > 4, there exists a § > 0 so that

for some constant C > (.

In Section 5 we will give an explicit description of the constant C and examine
the distribution of rational points on the orbifold (P"~!, A).

2. Description of the proof

Throughout the article, we will use the following notation.

We will denote the (n + 1)-tuple (xo, ..., x,) € A"*! for any ring A by x. For
the nonzero integers we use the notation Zy, that is Zy = Z \ {0}. If there exists a
constant C > 0 such that | f(x)| < Cg(x) for real-valued functions f and g with
g only taking positive values, we write f(x) < g(x) or f(x) = O(g(x)). If C
depends on other parameters, this will be denoted explicitly when this dependence
is important for the computations. We will write f(x) ~ g(x) if f(x)/g(x) tends
to one if x goes to infinity. Also, we allow the small positive constant ¢ to take
different values at different points of the arguments. Finally, for any o € R we will
write e(o) = exp(2rica).

To prove Theorem 1.1, we first restrict ourselves to the set of points

(@:---:an—1) € (P, A)(@)

for which a; # 0 for each i € {0,...,n — 1} and Z?:_ol a; # 0. We denote this
subset by (P"~!, A)(@)*. Also, (P"!, A)(@)QB indicates the intersection of
(P*1, A)(@)T with (P*!, A)(Q) <.

By the definition of (P"~!, A)(Q), we can identify (P"~!, A)(@)%, with the
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set

{(aoz. ..:ay) € H(Q):a; €2y, a; is squareful, ged(ag, ..., a,) =1, Orgag la;| < B},
<ikn
where H C P" is the hyperplane defined by Xo+---+ X, =0.
Since a squareful integer can be written uniquely (up to the sign of x) as x2y>,
where y is squarefree, the latter set in turn corresponds to

{(xgyg Tees :x,fy,f) € H(Q) : x;, yi € Zp and y; is squarefree,
god(x30, -, xnyn) = 1, max [x7y| < B (1)

Definition. We define M (B) as the set

n
{()_c,z) e Z(z)’”r2 ty xizyi3 =0, ged(x0y0, ..., Xnyn) = 1,

! i< B, [T e2nb=1)
max |x7y;| < B, i) =1%.
oo XY i=OM Vi
(Note that for any integer y € Z, the condition (| y;|) = 1 means that y; is square-
free.) Also, we denote by M, ;(B) the set

n n

{()_c, Y) €75 Y aix?y =t, max |aixy}| < B, ] wi(y) = 1},
- i=0 Sisn i=0

where ag, ..., a,, t € Z are fixed, gcd(ag, ...,a,) =1 and ]_[l'-‘:O a; # 0. Here, M;

denotes an arbitrary function Zy — {0, 1}, foreach i € {0, ..., n}.

As a first step in the proof, we will use the classical Hardy—Littlewood circle
method to determine an expression for the cardinality of the set M, ;(B). Notice
that in the definition of M, ;(B), we replaced the function w?(-) in the definition
of M(B) with the more general function u;(-). We shall see that applying the
circle method is independent of this condition, but nevertheless necessary to de-
rive an asymptotic formula for #M (B) since squarefree conditions on multiples
of the y; will appear as we will explain below. We see that M (B) is a subset of
M, 1),0(B) (if we take p}(-) to be wu?(+) for each i), with the additional gcd
condition gcd(xpyo, - . ., X, ¥») = 1 on the solutions. We will take this gcd condition
into account using an adapted version of the Mdbius inversion.

Identifying (P"~!, A)(@)g  with (1), it readily follows that

1

b= 3o #M(B).

#P" A @Z

which implies that an asymptotic formula for #M (B) induces an asymptotic for-
mula for #(P"~', A)(@)E,.
Finally, we will explain why this result suffices to prove Theorem 1.1.
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3. Calculating #M, ,(B)

Let us first fix the framework of the circle method.
Let T be R/Z. For 0 < A< 1and P > 1 (we always suppose B > 1), we define
IM(A, g,a) astheimagein T of {d e R: |o —a/q| < P22} witha, g € Z and

may = |J Mma.q.a.

1<a<q <P

ged(a,q)=1
We call 91(A) the union of the major arcs and T \ M (A) = m(A) the union of the
minor arcs. We shall clarify the constraint on the constant A and the dependence
of P on B in Proposition 3.7 and Theorem 3.8.

The circle method calculates #M, ,(B) by integrating an exponential sum over

T, namely

#M, (B) = f > (Hu;m)e(afo_c, ) da, )
T iayii<a Ni=0
i=0,...,n

aixl.2 yl.?’ —t. We will denote the integrand of (2) by E(«) and
0

Si@ = Y piel@aix’y?).

1<]a;x?y3|<B

where f(x,y) =

n
will set =

1

Therefore,

E(a) = e(—at) ]_[ S (c0).

i=0

As usual, the integral over 21(A) will provide the main term while the integral
over m(A) will only contribute to the error term.

Major arcs. We refer to [Schmidt 1984, Section 5; Davenport 2005, Chapter 4] for
avoid conflict with theorems. (Many authors improperly cite a detailed description
of the circle method over the major arcs for the classical case of diagonal equations.
In order to apply this to fiUt( a) E(@) do, we will first fix y and thus consider the
diagonal equation f(x,y) = fy(x) = 0; afterwards we will take the sum of the
obtained expression over all admitted y.

Since we fix y, we only look at x; satisfying 1/]a;y}|'/? < |x;| < (B/laiy; )2
Most of the time, it suffices to consider only positive x;; we will denote the corre-
sponding interval for positive x; with D;, that is,

D; = [1/|aiy,'3|1/2, Bl/z/|aiyi3|1/2]' )
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We will also use the notation
By.y, = B /laiy}|'>. @)

Note that since we consider only y with 1 < | yl.3 | < B, wehave 1 < By, y, < B1/2
foreachi € {0, ..., n}. B

Because we first wish to examine the exponential sum E(«) (for o« € 9M(A)) for
some y fixed, we denote this part of E(«) by

Ey(a)= > e(afy ().

1/1a; v |V < |xi1 < Bay
i=0,...,n

Furthermore, for every positive integer g and every integer a relatively prime to ¢,

we define £
e A o
and for every g € R, 7
0 5() = /D /D (B ©)

Proposition 3.1. Fora =a/q+ € M(A; q, a), we have

3,12
> izo laiy; | / B(n+2)/2PA—2>
l_[?:o |a,~yi3|1/2

under the condition BP2~2 > 1 on P and A.

Ey(a) = 2n+lgz(§)tx3(,3) +0 (q

Proof. Combining positive and negative signs of x;, we have

Ey(@) =2""e(—an) [ D elaaixly}). (7)

i=0 x;eD;
For a = a/q + B, the inner sum over x; equals
2,3
aa;z; y;
3 e(—y) 3 eBailgui +20%7)). 8)
lgz,- gq q v;eZ
qui+zi€D;

Euler’s summation formula (in its simplest version) implies
1" Y
> equra =1 [eenan+ o1+ Liciar)
X

X<gv+zY q

for any real numbers 0 < X <V, ¢ €R, g,z €N. Taking Y = By, y,, { = ,Baiyl.3
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and recalling the definition of D; in (3), we can rewrite (8) as
aa;z2y}\ (1 2.3
3 e<_) (_f e(Baix?y?) dx; + O (1 + |,8|B)>.
1<5<q 1 7 /b,

We substitute these expressions successively back into (7) and obtain the desired
main term. Using the trivial upper bounds

‘Z e(aaixizy?)‘-i-‘cl] Z e(@)/

x;€D; 1<zi<q b

< Baiin’

e(Baix}y)) dx;

we get the total error term O(q(l + |B|B) maxogi<n [ | ki Baj,yj). Using (4) and
1+ |B|B « P22B, we complete the proof. O

From this result, we can now derive an expression for the integral of E\y () over
M(A) by first integrating the expression for E,(«) obtained in Proposition 3.1
over M(A; ¢, a) and then summing over all admitted a and g.

We first define

n
Je..8(L) =f 6(—Vf/3)d)’f e(y Y o) d',
\]/|<L [B’I/z,l]”+] =0
(where ¢; = sgn(a;y;)) and

a
Sya(L) = Z Z Ul(;)
g<L 0<$<l1
ged(a,q)=1

We have

(n—1)/2
tp(B)df = =23, g(BPA?),
pl<pr2 [T laiy? 172 ==

and therefore

2" Sy 4. (P20 8 (BPAT)
Ey (@) da = ) 311/2
(VR [Tizolaiy;|

RPN
+0 ZZ:O |az)’,3|1 5 B(l’l+2)/2P5A74 . (9)
Hi:O Iaiy,- | /

Note that the integral J; ; p(L) only depends on the signs of y and a and no longer
on their actual values. -

Next, we make the coefficient of B”"~D/2 in this expression independent of B.
We first focus on the factor Sy 4 (P2).

. B(nfl)/Z
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The singular series.

Lemma 3.2. We have

n
)GX(§>| < g "2 TTeed@yi, 9.
i=0

Proof. Using elementary properties of generalized Gauss sums (see for example
[Berndt et al. 1998, Chapter 1]), we obtain for positive integers a and c that

c—1

Ze(aciz)’ < ged(a, 0)'*V/e.

n=0

Applying this to (5) implies the statement. ]

Corollary 3.3. Forn > 4, the series

67,@:% > az(g), (10)

g=1 0<a/q<l
ged(a,g)=1

called the singular series, converges absolutely. In particular, we have

3(1/2
H?:O |Cliy,~ | /2+¢

Gy K
24 lcm(aoyg, ey AnY3)

(11)

12

and

NPTV -
Gy,g,t(PA) =G4+ 0 1_[1_03| Yi — . pAGn+3)/2 (12)
= = lem(agyy, ..., any)V/

forany e > 0.

Proof. From the previous lemma, we deduce that

n
g~ "V [ eed@y?, )"

WK

GX,Q,I <
g=1 i=0
o0
< Z (do - --dy)'? Z gD/
dilaiy} q=
i=0,...,n lem(dy, ...,dn)lq
do---d)'? -2
<2 lem(dy, - . ., dy) @D/ 2.4 '
dilaiy; g=1

i=0,...,n
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Since n > 4, the latter expression converges and we get

(do - - ‘dn)1/2
Srar< 23 fem(do, - -, d) D72

di|aiY[
i=0,...,n
3
[T5 g la;y? />t
3
lcm(aoyg, o apy)'?

for any € > 0. Moreover, we obtain in the same way that

n
|6X,g,t - Gx,g,t(PA)| < Z q—(n—l)/Z l_[ ng(aiy?v Q)l/z

q>PA i=0
(do---dy)'? = —(—1)/2
€D oo dyEE 2 4
dila;y} q>P%
0<i<n lem(d, ...,dn)lq
[T |aiyi3|1/2+g . pAGnt3)/2. 0
lem(agyg, - .., any3)'/?

Remark 3.4. One can prove (see for example [Davenport 2005, Lemmas 5.2-5.3])
for n > 4 that S 4, can be written as an Euler product of p-adic densities
lim #{(x0, ..., xy) € (Z/p'7)" 3" ja;yPx? =t mod p’}.

=00 pl"

The singular integral. Examining J; ; g(BP272) in (9), we have the following
proposition.

Proposition 3.5. Forn > 3, we have

jg,[,B(BPA_Z) — jé‘,t,B + O(B(l—n)/ZP(A—z)(l—ﬂ)/z) (13)
with
+00 n
Jes = f e(—yt/B)dy / e()f > eixl-z) dx
- —00 [3—1/2,1]n+1 =0

under the condition BP2~2 > 1.

Proof. As proved in [Davenport 2005, Proof of Theorem 4.1], we have

1
/ e(yeix?) dxi| < min{l, [y "2},
B

—1/2

and thus

<« min{1, |y|~"/2)"H, (14)

n
f e yZeixiZ dx
[3—1/2’1]n+1 i—0
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This implies that the integral J, ; p converges, since

+00
|Je.1.8] <</ min{1, |y|~"3"dy < +o0.

o
Also,
|3§,z,B(BPA_2) _j§,,73| <</ ly |~ D2
ly|>BPA—2
« BU=m/2p(A=2)(1-n)/2 0

Defining the singular integral as

+00 n
3, = / dy / e()/ Zg,-x,?) dx, (15)
- —0 [0’1]n+1 i—0

it follows from the last proof that this integral is also convergent.
Lemma 3.6. It holds that J; ; p — J. as B goes to infinity.
Proof. We have

n

+00
~ o~ B B 2
|Te.m — Je| < / |(e(—=y1/B) —1)| dy‘_/[.Bl/Z’l]nH e(y Zelxl ) dx

- i=0

+0o0 n 5
+/ dy‘/ e(y e-x-)d)_c
—00 ([3—1/2’1]n+1)f ; i

=1 (B,t)+ L(B),

where ([B_l/z, 1]"+1)C denotes the complement of [B~1/2, 17"t in the hypercube
[O, 1]n+1'

Since |(e(—yt/B) — 1)| =2|sin(rytB~1)| < min{2, 27|y ||t|B~'}, we obtain
the following for I;(B, t), recalling (14):

+0oo
I(B, 1) <<f min{1, |y||r| B~} -min(1, |y|V/?)"  dy.
—00
Splitting up the latter integral into three parts according to the appropriate range
of y,weget [1(B, 1) K€ |t|B~! for B big enough.
For I,(B), one has

1
f e(yeix?) dx;| < min{l, [y|~'/?}
0

and
B-1/2

/ e(ysixl-z) dx;
0

< min{B~'72, |y|71/2).
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Applying the exclusion-inclusion principle to />(B) and observing the symmetric
form of the integrand, we get

ntl oo
L(B) K Z/ min{B~2, |y |72} . min{1, |y |72} dy.
i=1 Y7

It follows that I,(B) <« B~!/?. Hence,
|Te.0.8 —Je| < B2 (16)
for B big enough, completing the proof. U
Note that from Proposition 3.5 and (16), one has

j§’t’B(BPA_2) — 3§ + O(B—1/2 + B(l—n)/ZP(A—Z)(l—n)/Z)' (17)
We now return to the integral of E () over the major arcs.

Proposition 3.7. Forn > 4 and for any A with 0 < A < 1/5, there existsa § > 0
so that

2n+16w,fj€ /2 1)/2—8
/ Ey(@)da = ——==—-B" V21 0,,(B" V7). (18
M(A) [T o laiy; 1Y =

Proof. Substituting (12) and (17) into formula (9), we get
/ Ey(a)d " Syl
a a frd e —
ma) [T laiy} '/

3
n 0( [Tizg laiy; I’ . B(n=D/2 pA(=n+3)/2
lcm(aoyg, s apy)Y?

. B(n—l)/2

B2 4 pAmDU=mi2 K Jaiy; | ‘B(n+2)/2P5A—4) (19)
[Ti laiy? |12 [Tio laiy? |12 '

For this expression to be nontrivial, we have to determine P = P(B) and A

properly (under the condition B P2~2 > 1) so that the error term is O, ,(B®~1/279)

for some § > 0. Taking P = B'/2and 0 < A < 1/5is satisfactory.i (]

We can now prove our estimate for the major arcs.

Theorem 3.8. For n > 4 and for any A with 0 < A < 1/15, there exists a 6 > 0 so
that

/ E(@)da=Cy;-B" 7?4+ 0(B"V17),
IM(A) -

where
n ~e
Gyale
C,,=2”+1§ ( M’-(yi))—” —,
¢ [1x [Tr g laiy? |12

yeZ{’)“ i=0
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with &y 4,1 and J¢ as defined above.

Proof. We sum (19) over all admitted y; such that 1 < |yi3| <B,ief{0,...,n}, and
denote the sum of the coefficients of the main term by C, ;(B).
We obtain, using (11),

6X»Q~t H?:O |ai)’,'3|5 (20)
[Tizolaiy 12 lem(aoyg, - -, anyd)'/2

for any & > 0. We have

n u3e
3 [Tz laiy;| > 1
lem(agy?, . .., apy3)!/? lem(agy?, ..., a,y3)/2—(+De
max |y,3|>B ( Oy() nyn) max |y[3\23 ( Oyo ny")
o<i<n oSien
1
>
1cm S, 3/2—3(I1+1)8
max |y |28 (o Yn)

0<ign

#Ho, - -, y0) tlem(yg, ..., yu) = N}
< Z nN3/2*3(n+1)e -

N3>B
< B—1/6+(n+1)8 (21)

for any ¢ > 0. This allows us to replace C, ;(B) by Cy ;.

We now turn to the error term in (19), summing over all admitted values of y
and putting P = B'/? as before.

The first error term can be treated as the main term. The coefficients of the third
and fourth error terms will also converge without any extra conditions. Moreover,
the upper bound can be made independent of the a;. For the last error term however,
the coefficient will asymptotically contribute O (B'/3).

This means the extra condition

1 n4+2  5A—-4 n-—1 1
E T R B T
has to be satisfied for the error term to behave properly. (I

Note that (20) and (21) also provides a uniform upper bound of C,,, that is,
C4,: < C, independently of @ and 7.

Minor arcs. The goal of this section is to prove the following theorem.

Theorem 3.9. For n > 4, there exists a § > 0 so that

f E(a)da = 0(B"V/*7?),
m(A)
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To treat the integral over the minor arcs, we will not fix y but examine the whole
equation at once. Recall that

E(@)=e(— m)]‘[S(a)—e( m)]‘[ Y miWelaax®y?).

i=0 1<|a;x2y3|<B

Using Holder’s inequality repeatedly, we get for n > 4,

/ E(@)da| <
m(A)

To obtain a good upper bound of this expression, we first examine fol [S; (o) *da.

sup ([So(e)] -+~ |Sn—a(e@)]) _max /IS (@|*da. (22)

aem(A) j=n-3

Lemma 3.10. For any ¢ > 0, we have

1
/ |Sj(e)|*dee < B'**.
0

Proof. From now on, we will concentrate on the part of the sum where the variables
are positive. This will suffice to prove the theorem because of the symmetry.
Let
Sy = Y wi» Y el@ax’y?)

Y<y2Y lgngajvy

be the contribution to S;(a) for ¥ < y <2Y. Using Cauchy’s inequality, it follows
that

1 1
fo ISy (@)*da < ¥ /0 ISy@* Y i)

Y<y<2Y

LY Z Z / e(xa;G(x, y))da

Y <y1,y2,y3K2Y  1<x1<By;
1<x2<Ba -
1<X3 x4<Ba )3

2
do

Z e(aajx2y3)

1<x<Ba, y

<Y -#Z(Y, B),

with G (x, y) = y3(x;—x3)+x7y; —x3y3 and Z(Y, B) ={(x, y) € Z]: y3 (x3—x3) =
x2y? —x3y3, 1<x; < By, Y <y; <2Y}, where By = (B/Y3)1/2'
If we make a distinction between solutions (x, X) € Zg of G(x, X) — 0 for which

x12 y13 — x% yg =0 or not, it follows that both sets contain O (Y ! - B!*#) solutions.
Hence, we conclude that #Z (Y, B) <, Y~!. B*¢ and thus

1
f ISy (@)|*da <, B'T*.
0



Squareful numbers in hyperplanes 1031

Summing over all intervals (Y, 2Y] with Y = 2% <« B!/3 and applying Cauchy’s
inequality twice on |S;(a)|* = | D o yook« B3 Sy ()], we get

/ 1S (@)'da < B* Y~ f Sy(@l'de < B¥ Y B =B+

Y= 2k<<Bl/3 Y= 2k<<Bl/3
which completes the proof. ]

Remark 3.11. Recalling the expression for #M, ;(B) in (2) and putting n = 3,
a=1,1,1,1),t=0and u;(-) = w?(-) for each i, this lemma implies that the
equation n| + ny = n3 + nq4, where n; is squareful and 1 < |n;| < B for each
i €{1,2,3,4}, has O(B'*%) solutions.

In order to handle the first part of (22), namely SUPgem(a) (ISo(@)] - - - [Sp—a(@)]),
we will prove the following proposition.

Proposition 3.12. Let o € m(A). Then there exists a § > 0 such that
1Si(e)| < B'/*7°.

Proof. Let ¥ > 0. We may henceforth assume that |a;| < BY, since otherwise the
trivial upper bound yields

(00)
1Si(e)] < Z,/ ;< BU-D2,
y=1

which is satisfactory. Similarly, we may assume that y < BY in S;(«). Thus, we

1Si(@)| < B2 4 3
y<BY

have

with, if we set X = /B/(|a;|y?),
Tz(a) = Z e(aa,-y3x2).

x<X

Since |a;|y*x? < B, in particular X > B'/?2=2¥_ Using the usual squaring and
differencing approach (see for example [Davenport 2005, Chapter 3]), we obtain

2
|Tz(a)| < Z Z e(2ozaiy3hx)
LESS x,x-‘,fcth
< Y min{X, [2aa;y*hl| 7"} < X+ B°- Y min{X, [lay| ™"},
[h<X y<Y

where ¥ = 2|a;|y>X and ||a|| = min{|8| € R: B = a mod 1} for any real number a.
In order to estimate the sum over y, we will use the following lemma.
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Lemma 3.13 (Separation lemma). Let P, Q > 1 be reals,x € T and a, q € Z with
ged(a, q) =1 and |a —a/q| < q~2. Then

. [P — _ — —
> minf 22 jox) = « PO(47! + 07! +a(PO) ) log2g P).
x<P
Proof. A full proof is given in [Vaughan 1997, Lemma 2.2]. U
Choosing P =Y and Q = X, Lemma 3.13 implies

2 e(l 1 L)
7, < X +XYB (q+X+XY

(1 1 L)
< XYB (q+X+XY

< Bl+2a<$+321//—1/2) +gB%,

since X <Y and XY = 2|a;|y3X* = 2B. Hence,
1S:(@)] < 81/2_2w+B1/2+5+‘”<%—|—B'”_1/4)+ﬁBS+W. 23)

According to Dirichlet, we can find a, g € Z with ged(a, ¢) = 1 and ¢ < B@~2)/4
such that |ag —a| < 1/B?~2)/* = B(A=2/4 (Note we also have |a —a/q| < 1/¢>.)
Furthermore, it is necessary that ¢ > B*/2: otherwise, we would have a € MM(A).
With these boundaries for ¢g in (23), a suitable small choice for ¥ in terms of A
leads to the statement. (]

We are now able to prove Theorem 3.9.

Proof of Theorem 3.9. Combining Proposition 3.12 and Lemma 3.10 in (22), we
obtain

« BU/2=9@=3)  pl+e pi-D/2-b+e _ p(r=1)/2

/ E(a)da
m(A)

forany 0 < ¢ < §. O

4. Towards the main problem
Combining the previous results, we are able to prove the following theorem.
Theorem 4.1. For n > 4, there exists a § > 0 so that
#M,(B) = Cy - B~V 4 O(BUD/20),
with the constant C, ; described in Theorem 3.8.

Proof. This follows directly from Theorem 3.8, Theorem 3.9 and (2). U
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Remark 4.2. Note that the error term is independent of ¢ and ¢ and recall we
also proved C, ; can be bounded uniformly independent of a and ¢. This implies
that #M, ;(B) < C - B®=D/2 for some constant C > 0. Indeed, when B < 1,
M, (B) = @, and for B > 1, it follows from Theorem 4.1 that

#My(B) < C'- B V24 ¢ DT ¢ D2,
where C =2 max{C’, C"}.

Going back to M (B) (see definition on page 1021), we will now prove the
following theorem.

Theorem 4.3. For n > 4, there exists an explicit constant D and a § > 0 such that
#M(B)=D-B" V24 0(B"D/279)
as B goes to infinity.

(The definition of the constant D is given in Lemma 4.5; in the next section, we
will give some indications about the interpretation of D.)

The only problem still left in proving Theorem 4.3 is to understand how we can
tackle the additional gcd condition ged(xgyo, - . ., X, ¥,) = 1 on the solutions. Note
that the Mobius inversion at hand leads to divisibility conditions on both x; and y;
which have to be handled with care.

Lete=(eg,...,en) € N’SH and f =(fo,..., fu) € Ng“, where f; is squarefree
foreachi € {0, ..., n}. -

Definition. We denote the set

n n
2n+2 2.3 2.3 2
[ pezd Dot =0, s b1 < B eibi, Sy and [ (Iyih=1]

X! i—0
by N(E:I)(B)'

Demanding that solutions in N(j 1)(B) satisfy gcd(xoyo, ..., x,¥,) = 1 means
we wish to leave out those solutions of N(j 1)(B) for which there exists a prime p
and a subset / C {0, ..., n} such that p|x; ifi € I and p|y; ifi ¢ I (ori € I¢, where
1€ denotes the complement of / in {0, ..., n}) in order to get to M (B). Defining
for a prime p and subsets 1, J C {0, ..., n} the couple (¢!, f77) by P =p

fori e I and eip "' = 1 otherwise and analogously for f P-J it hence follows that
M(B)=Nan(B) \ | N, prie)(B). (24)
(p.D

Notice that in this last union only a finite number of sets are nonempty since for a
prime p 2 Y B, we get N(gp,[’fp,l")(B) = J.
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Definition. Let S be a finite set of couples (p, I). We can associate to S a couple
(e, f) as follows: defining for each prime p the index sets I, = U, nes! and J, =

U(p.nes!®, the associated couple is given by e; =[], ;c;y p and fi =[], ies,) P-
We then define

uie, I )= Z(—l)” #{sets S of cardinality n with associated couple (e, I )}.
n=>0

Observing (24) together with this definition, we have

[e.¢]
#M(B) =) Y ule f) - #Nep(B). (25)
e=1 (g,f)eN2"+2
e=gcd(e; fi, i=0,...,n)

The following lemma collects some properties of .

Lemma 4.4. There exists a function i : 7*"t? — 7 such that

i) wie, ) = 1, By, vp(f)). where vy(e) = (vp(e0), ..., vp(en) (and
analogously for v, (f)),

(ii) L, n) =0ifm; =n; =0and (m,n) # (0, 0) or if m; > 1 for some i,

.....

denotes ﬁ(mé,...,m,’,,méj,...,my) with mlI =1ii el and ml.I =0

otherwise and m;"”’ = 1 ifi € J and m;J = 0 otherwise.

Proof. (1) and (ii) follow directly from the definition of  immediately above. From
the same definition, it follows, if / UJ = {0, ..., n}, and denoting by T a finite set
of subsets I C {0, ..., n}, that

w(l, J) = Z(—l)’" #{sets T of cardinality m

m

such that ] =UgerK and J = UKGTKC}.
If we sum over all possible I and J such that IUJ = {0, ..., n}, we get (iii)). U
Consider now N, I)(B) for a couple (e, I ) for which (e, I ) # 0 and
ged(ei fi, i =0,...,n) =e,

i.e., a subset with nontrivial contribution to #M (B) (recall (25)). Since #N/,, nB)=
#M 2 3 o(B), choosing 1] (yi) = > (filyil) (where € f= (ej f3, . .. €5 [;))), we
know by Theorem 4.1 that

#N(E,I)(B) — Cezf3,0 .B(n=D/2 0(3(11—1)/2—8)'
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Since e divides e; f;, we can write ei2 fi3 = v;e2 for some v; € N for each i in

{0, ..., n}. Making the substitutions x; = x; /e; and y; = y; / f;, we see that N, )(B)
corresponds to the set

n n

2m+2 . 2 /3 2 /3 B 2

{(z’,z’)elo” -Z(;vixi’ yi" =0, Orgfgnlvi# ¥ 1< and l—!)M (fily,-’l)=1},

= 1=
where we eliminated e? in the equation, and hence #N, H(B) =#Myo(B /e?).
Letting B go to infinity, this implies that the main terms in the asymptotic formulas
of #Ng,[(B) and #ME’O(B/ez) are equal, and in particular that

B Bn—1)/2-8

#N@’I')(B) _ Ciﬁo .gpn—D/2 _ O(m) (26)

Notice we also obtain (recall Remark 4.2) that
B(n—l)/2 C

#N(g,f)(B) § C- =1 and Cif3,0 g en—l . (27)

From these results, we can now prove:
e.¢]

Lemma 4.5. The series D = Z Z wie, I) - Ce2p3 o converges.

e=1 (g,I)GNZ"”
ng(ei.fis i=0,..., n):e

Proof. Substituting (27) into the definition of D and using the properties of w in
Lemma 4.4, we get

by, X e

e=l (e, peN"?
gcd(e; fi, i=0,...,n)=e

2 n+1
[1p(p(e), vp ()] 22"t
I X e <T(+25m)
P k=0 (UP(E)yUp(I))ENzn'FZ p
min; {v, (e;))+v,(fi)}=k

which converges since n > 4. (I
Proof of Theorem 4.3. From the definition of D and (26), it follows that

#M (n—1)/2 = B(n—=1/2-5
#MB)-D-B" P <Y Y e N S

e=l (e, HeN*
ged(e; fi, i=0.....n)=e

Following the same reasoning as in Lemma 4.5, we then get

3 3 3 22n+l
[#M(B) — D - B"D/2| « B2 5-]‘[(1+2—pn_1_25),
p
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where the product converges for § > 0 small enough since n > 4. This proves the
theorem. O

5. Rational points on the orbifold (P11 A)

We can now prove our main theorem.

Theorem 5.1. For n > 4, there exists a § > 0 such that
#(P", M) @<p = C-B" V2 40BN,

Here,

o n+1 ~
1 2 6}'732f3’0J§
¢= WZ Z e, f) Z T (e.szﬂﬂ)l/z’
e=1 @,I’)ENZ”*z yEZgH/{il} i=0\%i Ji 1V
gcd(e; fi, i=0,...,n)=e fivi squarefree

with &y 4.1, J¢ and the function p as defined before. (By y € Zg“ /{x1}, we denote
the (n + 1)-tuples (yo, ..., yn) € Zg“, defined up to sign as an (n + 1)-tuple.)
Proof. The connection between (P"~!, A)((I;D);r 5 and the set M (B) given by (1),
together with Theorem 4.3, implies that the theorem holds for #(P"~!, A) (@)2 g 1t
remains to prove that, for n > 4, the set of points (ap:---:a,) € (P*1, A)(Q) <B
with at least one zero coordinate (whose cardinality is < #(P"~2, A)(Q) <B), 18
asymptotically negligible compared to (P"~!, A)(@); B

We will verify this for n = 4; by induction, the statement follows for n > 4.

As mentioned in Remark 3.11, it follows from Lemma 3.10 that

#P?, M) @F, < B,
Combining this with the trivial upper bound #(PL, A) (@) <p <K B, we obtain
#(P?, M) (@)<p < B < B
for & > 0 sufficiently small. (]

Description of the constant. An alternative description of (P"~!, A)(@)z g can

be obtained as follows. Consider y € ZSH/ {£1} with each y; squarefree. For
such y, let Qy denote the smooth quadric defined by the homogeneous polynomial

Fy(x)= ySX% +...+ yﬁXﬁ e Z[ Xy, ..., X,]. Furthermore, define the morphism

Ty QX — H (28)
(Xo:+1xy) (ygxg :---:y,?x,%).
We will consider points (xp:---:x,) € Q y (Q) with x; € Z such that ]_[?:0 x; #0

and gcd(xoyo, - .., X, yn) = 1. We denote this subset of QX(@) by QX(@)JF. This
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set is mapped into (P11 Ay @t by Ty and, keeping in mind (1), we have

ELa@t= [ me,@h. (29)
yezZyt {1}
yi squarefree
This implies

n—1 + _ 1 . +. 2.3
#(P ,A)(@)@_W Z #{(x0:- -+ :1x0) € 0 (Q) .Olgaén|xiy,.|<3}.

yezZytj{£1}
yi squarefree
For a fixed y, an asymptotic expression for each of the latter sets using the
classical circle method is known (see [Davenport 2005, Chapter 8]) and a Mobius
inversion for the gcd condition ged(xoyo, - .., X, y,) =1.
Moreover, from Lemma 4.5, it follows that we can change the order of summa-
tion for e and y in the constant C from Theorem 5.1 and thus, defining

00 2n+16y 2 03§
Co, = Z Z n(e, I)W, (30)

e=1 (e, f)eN2 =0
ged(e; f; i=0,...,n)=e
Silyi

we have, for n > 4,

#P"L A @<p ~ (ﬁ > CQy> A
yezZgt! j{1)
y; squarefree
as B goes to infinity.

This constant Cp, can be given a more geometrical interpretation using the
adelic space Q, (A@j of the quadric Q,, as explained in [Peyre 1995, §5]. Here,
it has been shown that the refined version of the Manin conjecture is compatible
with the circle method for smooth quadrics in PP, and moreover, that rational points
on smooth quadrics are equidistributed. Considering the Tamagawa measure @,
(corresponding to the height function H, defined as H,(P) = maxogi<n Ixizyfl
where P = (xp:---:x,) € Q,(Q)) on @;(A@), the equidistribution of the rational
points on Q, implies that for every good open subset W (that is, an open subset
W for which g, (W) = 0, where W = W\ W) of 0,(Aqg), we have

#{P e Q,(@*TNW | Hy(P) < B} ALY
#{P e Q,(@7 | Hy(P) < B} wh, (Qy(Aa))

as B goes to infinity. We refer to [Peyre 1995] for more details on this matter. This
implies we can obtain a description of the constant Cg in terms of the measure @y,
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of a certain subset of the adelic space Qy(Ag) of the quadric Q,. More precisely,
it follows that
Co, = wn,(0,(A)")/(n — 1),

where O y(A@)T denotes the good open subset of Q,(Ag) defined by the ged con-
dition gca(xoyo, .oy XpYp) = 1 we imposed on Q ﬂ@). (Note that imposing the
open condition [/_, x; # 0 does not change the measure.) We obtain the following
corollary.

Corollary 5.2. Forn > 4, we have

- 1 -
#(l]:[)n l’ A)(@)gB ~ (W Z CQA) . B(l’l /2 (31)
yezZyttj{£1}

yi squarefree

as B goes to infinity, where Co, = wHy(QX(A@)J‘)/(n —1).

The adelic space of the orbifold (P"~1, A). In order to define the adelic space of
the orbifold properly, we first have to explain how we can translate the definition
of “squarefulness” to the different completions of Q.

At each finite place v = p, a p-adic integer a € Z, is squareful if v,(a) # 1.
Due to the structure of @7, this means that we can write a squareful p-adic integer
a uniquely as x%y? with x € Z, and y € Z squarefree.

On the other hand, any real number a € R can be written as (&1)3x? and ought
to be considered as squareful.

Since we identified (P"~!, A)(Q) with {(ug : --- : u,) € H(Q) : u; squareful}
(recall H C P" is the hyperplane defined by X + - - - + X,, = 0), we have, for each
v € Val(Q), that

(IP”*I, A)Y(Qy) ={(ug:---:uy) € H(Q,) : u; squareful}
={(g )0 1 xm ,0) € H(Qy) 1y € Zg T /{£1}, y; squarefree}.

This implies, recalling the definition of m, in (28),

EL @@= | m0,@)h. (32)
yezpt /{£1}
yi squarefree

where for a finite place v = p, 0,(Q p)T is the open subset of Q,(Q),) defined by
the condition mingg; <, (v, (i, pyi)) = 0, and where Qy([R)T = 0,(R).

Note that the union considered is not disjoint, but that the image for different
y and y’ either coincides or is disjoint. Hence, it follows that, at each place
Ve VaT(@), (P"=1, A)(@,) can be described as a finite disjoint union of sets
7y (Q(@y)") for specified y € 75 ™ /{13
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Definition. We define the adelic space (P A)(Ag) as
P AAg = [ @1 a)@.

veVal(Q)

Remark 5.3. One may prove that (P!, A)(Q) is dense in (P"~!, A)(Ag). This
follows from the fact that weak approximation holds for smooth quadrics.

Distribution of rational points on (P"~1, A). We can now consider the probability

measure | 1
P, A)
= ) 33
Hp<p #(PrT, A)(Q)<p Z}: P (33)
Pe(P"1,A)(Q)

H(P)<B

n—1
on (P"~! A)(Ag). Here, we will investigate the convergence of ,ugfg B’A) to a

specific measure on the adelic space of the orbifold, which we have yet to define,
when B goes to infinity. Keeping in mind the description of (P"~!, A)(Ag) we
gave above, we can define this measure in the following natural way.

Definition. We define the measure @ pn-1 ) On (P*1, A)(Ag) as

e pnW) = Y e O, (34)

yezZgt {1}

y; squarefree
where U is an open subset of (P"~!, A)(Ag) (which is equipped with the subspace
topology coming from H (Ag)) and Ty QX(A@)% — (P!, A)(Ag). (Note that
the morphisms Ty introduced in (28) define continuous maps Ty QX (Ag) —
H(Ag) which map Q,(Ag)" into (P"~!, A)(Aq).)
Remark 5.4. From this definition of the measure @pn-1 A, it follows that its sup-
port consists of the (disjoint) union of

7y(Qy(Ao)) (35)

forall y € ZSH/{:I:I} with y; squarefree for each i € {0, ..., n}. This is a proper
subset of (P"*~!, A)(Ag).

n—1
In order to say something about the convergence of 1 5 < B’A), we first define
elementary open subsets of (P!, A)(Ag).

An elementary open subset W of H(Ag) can be defined as
w= ] w.
veVal(Q)

such that W, C H(Q,) is defined at finitely many finite places as W, = red;,l1 (X)p),
where X, C H(Z/p"Z) and redy : H(Q,) - H(Z/p"Z); W, = H(Q,) for
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any other finite place. Furthermore, at the infinite place v = oo, we require Wy, =
ﬂiyj()ni,jx,- < xj) C H(R) fixing one of the coordinates x; to one. Here, A; ; € R.q
depending on i and ;.

To construct elementary open subsets on (P"~!, A)(Ag), we can take the inter-
section with elementary open subsets of H (Ag).

We will now prove the following theorem.

Theorem 5.5. For every elementary open subset U of (P"~!, A)(Aq), we have

w(pn—l’A)(U)

®"1.A)
2 ) —
wpn-1 0 ((PP1, A)(Ag))

H<B

as B goes to infinity.
Proof. Straightforward calculations show that for each admitted y, the inverse
image Ty L(U) of an elementary open subset U of P11, A)(Ag) Eeﬁnes a good
open subset of 0, (Ag)T.

Now let U be an elementary open subset of P A)(Ag). Recalling (33), the
partition of (P"~!, A)(@)* in (29), and Theorem 5.1, we get

(P"—I,A)(U) C#{uo e iuy) € P A)@)NU  maxogi<n [uil < B}
Fuse 0 #P T, A)( @<
>, MG ta) € Q@ TN (U) s maxogicn 13747 | < B)
Yo (ot x) € Oy (@) maxoi<a |37 | < B

(Here, we used the abbreviated notation Zy to sum over all admitted Y€ Zg“ J)
Combining the fact that rational points on smooth quadrics are equidistributed,

the definition of the measure in (34), and Theorem 5.1 enables us to complete the

proof. (]
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A denominator identity
for affine Lie superalgebras
with zero dual Coxeter number

Maria Gorelik and Shifra Reif

We prove a denominator identity for nontwisted affine Lie superalgebras with
zero dual Coxeter number.

Introduction

0.1. Let g be a complex finite-dimensional contragredient Lie superalgebra. These
algebras were classified by V. Kac [1977] and the list (excluding Lie algebras) con-
sists of four series: A(m|n), B(m|n), C(m), D(m|n) and the exceptional algebras
D(2,1,a), F(4), G(3). The finite-dimensional contragredient Lie superalgebras
with zero Killing form (or, equivalently, with dual Coxeter number equal to zero)
are A(njn), D(nln+ 1) and D(2, 1, a).

Denote by A (resp., A1) the set of positive even (resp., odd) roots of g. The

Weyl denominator R and the affine Weyl denominator R are given by the formulas
Ry , R

R=—° R=="
R 1 R

where

~ o0
Ro:= [ (1—e™™), Ro:=Ro-[[(1—g"™* e [T —g"e™),
k=1

[PISYANT)) aeAg

n 00
Ri:= [[(+e®, R:=R-[] [TU+g"e™.
OtEAJr] k=1 aeA
Let g be the nontwisted affinization of g, 6 be the Cartan subalgebra of g and
A be the set of positive roots of g. The affine Weyl denominator is the Weyl
denominator of g. Let o € b be such that 2(p, @) = (a, ) for each simple root
[AS A+.

Supported in part by the Minerva Foundation with funding from the German Federal Ministry for
Education and Research.
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If g has a nonzero Killing form, the affine denominator identity, stated in [Kac
and Wakimoto 1994] and proven there and in [Gorelik 2011], takes the form

Re’ = )" w(Re), ()
weT’
where T’ is the affine translation group corresponding to the “largest” root sub-
system of Ag. The affine denominator identity for strange Lie superalgebras Q(n),
which are not contragredient, was stated in [Kac and Wakimoto 1994] and proven
in [Zagier 2000].
For a parameter g and a formal variable x we introduce, after [De Sole and Kac
2005], the infinite products

o0 o0
A+x)2:=[0+¢" %) and A-x)°:=]]0—-q"x).

k=0 k=0
These infinite products converge for any x € C if the parameter g is a real number
0 < ¢ < L. In particular, they are well defined for 0 <x =g < 1and (1£¢)° :=
l—[;o:1 (1£4").

For A(n — 1|n — 1) = gl(n|n) denote by str the restriction of the supertrace to
the Cartan subalgebra ) C g (thus str € h*).

In this paper we will prove the following theorem.

0.2. Theorem. Let g be a complex finite-dimensional contragredient Lie superal-
gebra with zero Killing form. One has

Re? - f(q, e =", .o w(ReP) for A(n|n),

Beb _ 5 (2)
e’ f(q) =) e W(ReP) for D(n+1|n), D(2, 1, a),

where T’ is the affine translation group corresponding to the “smallest” root subsys-
tem of Ag (see 0.4 below) and f(q, e*¥), f(q) are given by the following formulas

(1—g(=1)"e*t*)®-(1—g(—1)"e ")
f(q’ eﬁit) = ((quq)go)z . forg[(n|n)9

f@=(1-9F)" for D(n+1]n).

3)

0.3. The affine denominator identity for gl(2|2) was stated by V. Kac and M. Waki-
moto [1994] and proven in [Gorelik 2010] (with a proof different from the one
presented below).

As pointed by P. Etingof, the terms f (g, e°¥), f(g) can be interpreted using
“degenerate” cases n = 1; for example, for gl(1|1) we obtain the formula

(1 —)3)? o
e
(I+qes®)° - (1 +ge—)@

k]

Re? =
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which is trivial since gl(1]|1) has the only positive root 8 = str, which is odd.
Since sl(n|n) = {a € gl(n|n) : ste(a) = 0} and
rank sl(n|n) =2n — 1 =rank gl(n|n) — 1,
one has
(1 —q);’o for s((2n|2n),
F@ =1 A+
(I-q)g°
The root datum of D(2, 1, a) is the same as the root datum of D(2|1) so the
affine denominator identity for D(2, 1, @) is the same as the affine denominator
identity for D(2/1).
As it is shown in [Kac and Wakimoto 1994], the evaluation of the affine denomi-
nator identity (2) for A(1|1) gives the following Jacobi identity [1829]:

for s{(2n+1|2n+1).

o0
D@ =1+16 Y (=HUVki3g/k, )
j.k=1

where ((g) =) jez q’ * and thus the coefficient of g™ in the power series expansion
of O(g)? is the number of representation of a given integer as a sum of 8 squares
(taking into the account the order of summands).

0.4. In order to define T’ for A(n|n), D(n+1|n) we present the set of even roots
in the form Ag = A’ LI A”, where

ANE=EAN=A,_1 for A(n — 1jn — 1) = gl(n|n),
AN =C,, N"=D,,1 for D(n+1|n).

Let W’ be the Weyl group of A’ and W’ be the corresponding affine Weyl group.
Then W = W’ x T', where T’ is a translation group, see [Kac 1990, Chapter VIJ.
By contrast to Lie superalgebras with nonzero Killing form, for D(n+1|n) the rank
of root system A’ is smaller than the rank of A”. It is not possible to change T’
to 7" in (1) and in (2) for D(n+1|n), since the sum ), ;v w(Re) is not well
defined if A’ 2 A” (see Remark 2.1.4).

The key point of our proof of Theorem 0.2 is Proposition 2.3.2, where it is
shown that the expansion of ¥ := R~'e ™ > wer w(ReP) contains only W -invariant
elements. This implies that Y = f(q) for g = D(n+1|n) and Y = f(q, e~***) for
gl(n|n). We determine f(q) and f (g, e**) using suitable evaluations.

1. Preliminaries

One readily sees (for instance, [Gorelik 2011, 1.5]) that Re” and Re? do not depend
on the choice of set of positive roots A . As a result, in order to prove Theorem 0.2,
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it is enough to establish the identity (2) for one choice of A. Similarly, it is
enough to establish the identity for one choice of A,_; for gl(n|n). In Section 1.1
we describe our choice of the set of positive roots for gl(n|n), D(n+1|n). In
Section 1.2 we introduce notation for affine Lie superalgebra g. In Section 1.3 we
introduce the algebra & of formal power series in which we expand R and R.

Note that if the dual Coxeter number of g is zero, then

/3=p=%( X oo— ) 0!)-
aeAiy aeA4

1.1. Root systems. Let gbe gl(n|n) or D(n|n+1) and let §) be its Cartan subalgebra.
We fix the following sets of simple roots:

H: {81_81781_82582_527"'78”_6}’!} forg[(n|n)$
{e1—81,61—€2,80—02,...,8, — by, Op :|:8n+1} for D(n+1|n).

We fix a nondegenerate symmetric invariant bilinear form on g and denote by
(—, —) the induced nondegenerate symmetric bilinear form on h*; we normalize
the form in such a way that —(¢;, €;) = (§;, ;) = J;;; notice that {¢;, 6; : 1 <i <n}
(resp., {¢j,8; : 1 <i <n,1 < j <n+1}) is an orthogonal basis of h* for gl(n|n)
(resp., for D(n+1|n)).

For this choice one has

{ei—€jh<i<j<nU{8; =8} 1<i<j<n for gl(n|n),

Ao ={
T Ao = et isicjnst {8 £} 1 <y<r=a (28, 12520 fOr D(n+1]n),

{ei=08;h<i<j<nU{0i —€jti<i<j<n for gl(n|n),

=, 1=/ =

for D(n+1|n).

For D(n+1|n) one has p = 0. For gl(n|n) one has stt = 2?21(81' —&;) and
p = —%5&.

Recall that sl(n|n) = {a € gl(n|n) : stt(a) = 0} and so h* for sl(n|n) is the
quotient of h* for gl(n|n) by Cstr.

By the above, A is the union of two irreducible root systems, and we write
Ag= A" A’, where A” lies in the span of the ¢; and A’ lies in the span of the §;
(this notation is compatible with the notation in Section 0.4).

1.2. Nontwisted affinization. Let g=n_®hdn . be any complex finite-dimensional
contragredient Lie superalgebra with a fixed triangular decomposition, and let A
be its set of positive roots. Let g be the affinization of g and let 6 be its Cartan
subalgebra, see [Kac 1990, Chapter VI]. Let A = Ag LI A; be the set of roots of g.
We set

A=A, U <k©1{oz+k8| «e A}) U (g{k(S}),
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where § is the minimal imaginary root. Let W and W be the Weyl groups of Ay and

Ao. One has (1) = C§ for g # gl(n|n) and (H*)" = C§ @ Cstr for g = gl(n|n).
We extend the nondegenerate symmetric invariant bilinear form from g to g and

denote by (—, —) the induced nondegenerate symmetric bilinear form on 6* (the

above-mentioned form on h* is induced by this form on 6*). For A C 6* we set
L—{pebh*:YveA, (uv)=0}

1.2.1. In Section 1.1 we introduced the root systems A’, A” for g = gl(n|n) and
g = D(n+1|n). Let W and W” be the Weyl groups of A" and A", respectively.
One has W = W’ x W”. We denote by W’ the Weyl group of the affine root system
A’. Recall that W' = W’ x T’, where T’ is a translation group; see [Kac 1990,
Chapter VI].

1.2.2. For N C h* we use the notation ZN for the set > pen L. Set

ot:= Y Zoop, Q:=ZA, Ot =+ Y Zogit, Q::ZAJF.

HEAL neA
We introduce the standard partial order on 6*: u<vif(v—p)e Q*.

1.3. The algebra k. We are going to use the notation of [Gorelik 2011, 1.4], which
we recall below. We retain the notation of Section 1.2.

1.3.1. Call a Q+-c0ne a set of the form (A — Q+), where X € 6*

For a formal sum of the form Y := ZV chy bye’, b, € () define the support of
Y by supp(¥Y) :={v € h* b, # 0}. Let %R be a Vector space over QQ, spanned by
the sums of the form ZVGQ+ b,e’ ™V, where X € f)*, b, € Q. In other words, R
consists of the formal sums ¥ =)
of Q" -cones.

Clearly, R has a structure of commutative algebra over Q. If Y € R is such that
YY' =1 for some Y’ € R, we write Y ! := Y.

veb b,e"” with the support lying in a finite union

1.3.2. Action of the Weyl group. For w € W set w(z cip b e”) Zveh* b,e"
By the above, wY € R if and only if w(supp Y) is a subset of a finite union of Q+-
cones. For each subgroup W of W we set Ry ={Y eR:wY e R for each w € W}
notice that %R ; is a subalgebra of 2.

1.3.3. Infinite products. An infinite product of the form ¥ =[], (1 +a,e™") ",
where a, € Q, r(v)€Z_jand X C A is such that the set X \ A+ is finite, can
be naturally viewed as an element of R; clearly, this element does not depend on
the order of factors. Let % be the set of such infinite products. For any w € W the
infinite product

wY = [T A +ae") ™,
veX
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is again an infinite product of the above form, since the set wA+ \ A+ is finite (see
for example [Gorelik 2011, Lemma 1.2.8]). Hence ¥ is a W-invariant multiplicative
subset of R,

The elements of %Y are invertible in R: using the geometric series we can expand
Y~!. For example, (1 —e®) ™' = —e™%(1 —e )" = — Y2 e

1.3.4. The subalgebra %'. Denote by R’ the localization of R ;, by Y. By the above,
R’ is a subalgebra of R. Observe that R’ ¢ R;,: for example, (I— e ) e,
but (1—e %)~ = Zj'io e I ¢ R y;,- We extend the action of W from R;, to R’
by setting w(Y ~'Y’) := (wY) " l(wY') for Y eV, Y’ € Ry -

Notice that an infinite product of the form ¥ = [], .y (1 + aye") " where
a,, X are as above and r(v) € Z, lies in ®" and wY =[],y (1 + aye™™"y ") The
support supp(Y) has a unique maximal element (with respect to the standard partial
order) and this element is given by the formula

max supp(¥Y) = — Z ryv.
veX\A+:av;éO

1.3.5. Let W be a subgroup of W.For Y € ®' we say that Y is W-invariant (resp.,
W -anti- invariant) if wY =Y (resp wY =sgn(w)Y) for each w € w.

Let Y = ) aye" € Ry, be W-anti-invariant. Then ay,, = (~=1)*"®)a,, for
each w and w € W. In partlcular W supp(Y ) = supp(Y), and, moreover, for
each u € supp(Y) one has Staby, u C {w € W sgn(w) = 1}. The condition
Y € Ry, is essential: for example, for W= {id, s}, the expressions Y :=e* —e™¢,
Y l=e*(1—e 2! are W -anti-invariant, supp(Y) = {£a} is sq-invariant, but
supp(Y_l) = {—a, —3a, ...} is not s,-invariant.

For Y € R such that each W -orbit in 6* has a finite intersection with supp(Y),
introduce the sum

Fy(Y) = ngn(w)wY.
weW

This sum is well defined, but does not always belong to ®. For Y =) a,e" one has
Fy(Y) =73 bye’, where b, =) _sgn(w)ay,; in particular, b, = sgn(w)by,,
for each w € W. One has

Fiy(Y) € Ry,

Y e Ry and Fy(Y) € R = 1 supp(Fy;(Y)) is W-stable,
Fy(Y) is W -anti-invariant.

We call a vector A € 6* W-regular if Staby; A = {id}, and we say that the orbit
W is W-regular if A is W-regular (so the orbit consists of W-regular points). If W
is an affine Weyl group, then for any A € b* the stabilizer Staby;, A is either trivial
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or contains a reflection. Thus for W = W', W” one has

Y € Ry and F(Y) € R = supp(Fy,(Y)) is a union of W—regular orbits.

2. Proof

Unless stated otherwise, g is assumed to be one of the algebras gl(n|n), D(n+1|n).

As it is pointed out in Section 1, it is enough to establish the denominator identity
for a particular choice of A and we do this for the choice described in Section 1.1.
Recall that the group 7"’ was introduced in Section 1.2.1. The steps of the proof are
the following.

e In Section 2.1 we check that the sum GJ*’T/(Re’3 ) is well-defined and belongs to %R.

* In Section 2.2 we prove the inclusions
supp(Fr/(Re”)), supp(Re”) C U, 5)

where
Ui={pep—0":(u = p) (6)

We remark that (5) holds for simple contragredient Lie superalgebras with
nonzero Killing form; see [Gorelik 2011, 2.4].
* In Section 2.3 we show that if the dual Coxeter number of g is zero, then the inclu-
sions (5) imply that supp(ﬁ_le_ﬁ@T/(Re‘S)) C QW. As aresult, Ié_]e_ﬁ%T/(Reﬁ)
takes the form f(g) for g # gl(n|n) and f(q, e°%) for gl(n|n).
e In Section 2.4 we compute f(q) for D(n+1|n) and f(q, e***) for gl(n|n). This
completes the proof of the identities (2).

2.1. In this subsection we show that for g = gl(n|n), D(n+1|n), the sum Fr(ReP)
is a well-defined element of %. Since p = p is W-invariant, it is enough to verify
that %7/ (R) is a well-defined element of %R.
Recall that T’ = Z{tgi,(gm};:]l for gl(n|n) and T" = Z{ts,}7_, for D(n+1n),
where
ty(a) =a — (o, w)8 forany o € Q @)

2.1.1. By Section 1.3.4 one has

max supp(w(R)) = — Z wo + Z wp.

a€Npy: BeA4:
wa <0 wp<0

For w e T’ write w =1, where j1 € Z{8; —8;41}1<i <n for gl(n|n) and u € Z{8;}_,
for D(n+1|n). From (7) we get

{BeAirlwp <0} ={f € Ait|(B,n)>0} fori=0,1.
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We obtain  max supp(?,(R)) = —v(u) + (v(p), n)d, where

o= Y B- ) B

BeAo+: BeA}:
(B,w)>0 (B,1)>0

In order to prove that &7/ (R) is a well-defined element of %R we verify that

® (), n) <0 for all u;
) {m: (@), )= —N} isfinite forall N > 0.

®)

Condition (ii) ensures that the sum F7/(R) =) _ M 1,,(R) is well-defined and condi-
tion (i) means that for each & one has

max supp(#, (R)) = —v(w) < Y _ B
BeA14

SO supp(ofT/(R)) - ZﬂeAH B— Q+ and thus F7/(R) € R.
2.1.2. Case gl(n|n). Recall that w € T" has the form w=t¢,, u= Z?:l k;8;, where
the k;s are integers and ) ;_, k; = 0. One has

{aeApg:(a, ) >0} ={8; —=6;:i < j, ki > kj},

{aeAyp:i(a, ) >0 ={g—6;:k; <0,i < jIU{6; —¢;:k; >0,i<j},
where 1 <i, j <n.

Write v(u) = v’ +v”, where v/ =), a;8; and v” lies in the span of the &;.

By the above, for k; > 0 one has a; < (n —i) — (n —i) = 0 and for k; < 0 one has
aj > —(j—1)+ j = 1. Therefore

(), w) = aiki < Y ki <0
i=1 k,‘<0

and the set {it : (v(u), ) > —N} is a subset of the set {u : Zk,—<0 k; > —N}, which
is finite for any N, because the k; are integers and ) ;_, k; = 0. This establishes
conditions (8).

2.1.3. Case D(n+1|n). Recall that w € T’ has the form w =1,, pu =) ki,
where the k;s are integers. One has

{aeAp:(a,pn) >0} =
{85—5j§i<j,ki>kj}U{5i+8jii;éj, ki+kj>O}U{25,'§ki > 0},
loeAiy:(a,u) >0} =
{es—38j:kj <0,s < jU{8; —&5: ki > 0,1 <s}U{5; +& :k; > 0},

where ] <i,j<nand 1 <s<n+1.
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Write v() = v'+v”, where v/ =) _"_, ¢;8; and v” lies in the span of the ;. By
the above, for k; >0 onehasa; < (2n+1—i)—(2n+2—i)=—1and fork; <0
one has a; > —(j — 1) + j = 1. Therefore

n n
(W), w) =D aiki<— Y ki+ Y kj=—> |kl <0,
i=1 k=0 k=0 =1

so the set {u : (v(w), ) > —N} is a subset of {u : Z?=1 |k;| < N}, which is finite
for any N. This establishes the conditions (8).

2.1.4. Remark. For gl(n|n) one can interchange A" and A” so the sum %7 (R) is
well-defined. One readily sees that &7~ (R) is not well-defined for D(n+1|n). For
instance, for n > 1, for each k > 0 one has v(—2ke) =0 so max supp(t_y{\gl (R)) =0
and the sum Z,fil _oke, (R) is not well-defined; hence %7~ (R) is not well-defined
as well.

2.2. By Section 1.3.3, R is an invertible element of %'. From representation theory
we know that since g admits a Casimir element [Kac 1990, Chapter II], the character
of the trivial g-module is a linear combination of the characters of Verma g-modules
M(}), where A € —Q are such that (A + p, A + p) = (p, p). Since the character of
M()) is equal to R~'e*, we obtain

1= Z aklé_le)‘,

re0™
(A+0.1+0)=(p,p)

where a; € Z. This can be rewritten as

Re’ = E ae”,

rep—0F
A 2)=(p.p)

that is supp(ﬁ) C U, see (6) for notation.
It remains to verify the inclusion supp(%7-(Re”)) C U. The denominator identity
for g (see [Kac and Wakimoto 1994; Gorelik 2012]) takes the form

P o e’
R =y | =———— |,
‘ v <nﬂe5(1 +6’_’3)>

where S := {g; — §;}7_, (the identity for gl(n|n) immediately follows from the
identity for sl(n|n)). Since p = p is W—invariant, this implies

tu(Reﬁ) =’ Z sgn(w) l_[(l + e—’nwﬁ)—l‘

weW” peS
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For each 7, € T" and w € W” one has

Supp(l_[(l +e_"‘wﬁ)_]) C V, where V:=Z{t,wB: B € S}N 0.
BeS

Since (t,wp, t,wp’) = (B, B') = (t,wph, p) = (p, ) =0 for any B, B’ € S, one
has (V, V) = (V, p) = 0. Therefore V + p C U so supp(tM(Reﬁ)) C U for each
w. This establishes the required inclusion supp(%r/(Re’3 )) C U and completes the
proof of (5).

2.3. Let us deduce from (5) that the support of Rleh. %*T/(Reﬁ) consists of W-
invariant elements of Q*. We do this in two steps: first, proving Lemma 2.3.1,
which is valid for any simple contragredient Lie superalgebra and for gl(n|n),
and then, proving Proposition 2.3.2, which uses the fact that p = p for g (this is
equivalent to the fact that the dual Coxeter number is zero).

The affine root system A’ is a subsystem of Ag. Set A’Jr = AN A, and let IT'
be the corresponding set of simple roots. Fix 4’ € h* such that 2(p’, &) = (e, @)
for each o € IT'.

2.3.1. Lemma. The term Iéleﬁ/*ﬁ . @T/(Reﬁ) is a W'-anti-invariant element of
%W/.
Proof. By Section 2.1.1, F7/(Re”) € % and thus Rie? =7 - Fr.(ReP) € R.

Let R, R be the Weyl denominators for A’, A” (i.e., R = ]_[%A;(l —e %)).
Notice that R(] e’ /Ry € R’ so w(R(/)’e‘3 / Rl) is well-defined. Below we will show

that the sum %, (R} e R)) is a well-defined element of % and will establish the
following formula

. Rge/3
Fr (Re’) = Fy, r ) ®
1

It is easy to see that Roe” , ReP are W'-anti-invariant elements of %’ (see, for
instance, [Gorelik 2011, 1.5.1]). Since Rje? ~? € R’ and Rje? ~7 - Re? = Rpe”’, we
conclude that Rye? ~? is a W'-invariant element of %'. However, by Section 1.3.3,
R € Ry, and thus Rie” =P is a W'-invariant element of R y,- Multiplying both
sides of formula (9) by Iéleﬁ/—’3 we obtain

AV X R N
Rie” P Fr/(ReP) :%W,(R—‘-Rgep). (10)
1
By Section 1.3.3, ﬁl/Rl and Rj lie in R;,. In the light of Section 1.3.5, the
formula (10) implies the assertion of the lemma.
Let us show that the right-hand side of (9) is well-defined. Since Rg and p are
W -invariant, it is enough to check that @W,(Rfl) is a well-defined element of 9.
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By Section 1.3.4, for each w € W’ one has

max supp w(R ) Z wp.
BeAy:
wp<0
In particular, supp(w(Rfl)) C O, so, if the term F i (RT 1) is well-defined, it
lies in R. In order to see that F, (R ) is well—deﬁned let us check that for each
VS Q‘ the set

X(v)::{weW/: Z w,BZv}

BeAL:
wp<0

is finite. One has
Xw)C{weW :wB>vforall B e Al

Write v = —k8+', where k > 0, v’ € Q, and write w € X (v) in the form w =1y,
wherer, € T’, y e W'. Since wp =yB—(yB, n)é for B € A1, one has (yB, ) > —k
for each 8 € A4. Since {¢; — 6;,8; — &i+1} C A4, this gives |(u, y§;)| < k for
i =1,...,n. Combining the facts that W’ is a subgroup of signed permutation of
{8 }” - and that (u, §;) is integral for each i, we conclude that X (v) is finite. Thus
F (R”e/’/Rl) is a well-defined element of R.
Now let us prove the formula (9). Recall that p = p(/) + p(’)’ — p1, where

phi= D a/2 pii= ) /2 pi= ) B2

Ay, aEA], BeAit
The Weyl denominator identity for A{ takes the form

RjeP0 = Ty (e).

Since Rie”' = [] (ef/? + e P/?) is W-invariant and R{ e”0 is W'-invariant, we
BeAL
get
R/ eP0 , ePo R eP0 R/ e
Re? =0 . Fyi(eP) =Fp | —>— )| =Fw | —>— ).
Riem Rier R,

Using the W-invariance of p — p, we obtain

o 0 o o Rgeﬁ o Rgeﬁ
Fr(Re”) = Fr | Fw 2 =Fy I
1 1

as required. This completes the proof. U
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2.3.2. Proposition. One has

supp(R~'e™? - Fr.(Re?)) (0 = 0~ n O™
Proof. Set
Y := R ‘e . Fr(Re).

By Sections 2.1.1 and 1.3.3, F7/(Re?), R~' € . Thus Y € R. One has
Roe?'Y = Rie” =P - Fri(ReP).
In the light of Lemma 2.3.1, we obtain
Iéoe"3 'Y is a W’-anti-invariant element of Ry (11D

Write Y =Y +Y,, where supp(Y1) =supp(¥Y)N QL and supp(Y2) =supp(Y)\ QL.
Note that Y7, Y € R. Assume that ¥, # 0. Let ;« be a maximal element in supp(Y>).
One has supp(Ié_l) C Q_ and supp(JPT/(R)eﬁ) cCp— Q+, by Section 1.3.4 and (5)
respectively. Thus supp(Y) C Q and so i € Q

Since supp(Y;) C Q Yiisa W -invariant element of Ry, - Recall that Roep is
a W'-anti-invariant element of Ry, - Thus Roe’O Yiisa W’ antl invariant element of
Ry In the light of (11), the product Roe? Y, is also a W’ —anti—invarrant element
of Ry,. Clearly, o’ + u is a maximal elAement in the support of Roe”'Y,. By
Section 1.3.5, this support is a union of W’-regular orbits (recall that regularity
means that each element has the trivial stabilizer in W’), so 0’ + u is a maximal
element in a regular W'-orbit and thus 2(p’ + u, a)/(a, a) g Z_ foreach o € I
Since u € Q one has 2(u, o) /(c, a) € Z for each a € I1'. Taking into account
that 2(p’, @)/ (o, @) = 1 for each « € I , we obtain

2(u, )

(o, o)
Recall that § = Za i koo for some ko, € Z_ ) (see [Kac 1990, Chapter VI]). Since
[Tl Q one has (u, §) = 0. Combining with (12), we get (u, @) = 0 for each
a eIl sopue (At

Let us show that (i, ) = 0. Since (0, Q) = (0, it is equivalent to the equality
(w+p, u+p) = (p, p). Notice that & + p is a maximal element in the support of
Ref Y>. Let us check that

supp(Re’Y2) CU = (g € p— 0" : (£,8) = (b, p)). (13)

€., forall aell (12)

Indeed,
RePYy = Fp (Re'o) — ele

and, by (5),
supp(F7/(Re”)) CU and  supp(Re?) C U.
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By construction, supp(Y;) C O+NQO . Recallthat p=p € QA, s0 U C Q- Q. In

particular, we have (U, supp(Y1)) = 0. Since (supp(Y1), supp(¥1)) = 0, we obtain

(supp(Y1) + U) C U and this establishes the inclusion (13). Hence (u, ) =
Recall that i € (A)X N Q™. One has

AV rno=0*nd) ez

For every B € 0+tno, y € A” one has (8, B) = (8, y) =0and (y, y) Z#0if
y # 0. Using the equality (u, n) =0, we get u € QL N Q which contradicts to
the construction of ¥,. Hence Y, = 0 as required. O

2.3.3. Corollary. For g = D(n+1|n) one has f(q) - Ref = @Tr(Reﬁ)for some
(@) =332 axq" (ax € Z). For g = gl(nin) one has f(q, e™) - Re” = Fr/(Re”)
for some f(q,e™™) = 000> akmq*e™ ™ (apm € Z).

Proof. One has (Q)*NQ =Z8§+Zstx for gl(n|n) and (Q)+NQ =78 for D(n+1n).
O

2.4. In this subsection we complete the proof of the denominator identities (2) by
provmg the formulas (3). We prove them by taking a suitable evaluation of the term
R'e pJPT/(Rep) Since p is W- invariant, this term is equal to R™ 1%/ (R), and,
by Corollary 2.3.3, it is equal to f(g) for D(n+1|n) and to f (g, e*¥) for gl(n|n).
Now we consider g as a real parameter between 0 and 1. We choose the evaluation
in such a way that the evaluation of IQ—I@T/(R) = R! Y e t(R) is equal to the
evaluation of R™'R. As a result, f(q) (resp., f(q, ) is equal to the evaluation
of R~'R, which can be easily computed.

2.4.1. Case D(n+1|n). Take a complex parameter x and consider the evaluation
et i=x%, ¢ % :=—xli whereq; (i=1,....,n+1) andb; (j=1,...,n) are
integers such thata; £b; #0,a; £a; #0,b; £b; #0, b; # 0 for all indexes i, j.
We denote by R and Ié(x) the evaluation of R and R(x). The functions R(x) and
Ié(x) are meromorphic. One has

ita; bih; 2b;
H1§i<j§n+1(1_xa' a’)‘nlsi<jsn(1_x ) T izizn (=5
R bt :

ngifjfn(l — x4 I)H1§j<i§n+](1 — x Vi)

One readily sees that R(x) has a pole at x =1 of order |A 4| — |Ag4| =n.
One has

Rw)| (A= g))ime
RX) [,y (1 —g)g)dimen

R(x) =

= (1= g))imeing = (1 —g).

In particular, ﬁ(x) also has a pole of order n at x = 1.
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The evaluation of (fy-y,s, (R))(x) is

ita; —2k;  2b; —kiFk;  bith;
H1§i<j5n+1(1_xa' ) Tl —g "x ')‘H15i<j5n(1_q X

Hlsigjgn(l - q:ijxdiibj) Hl§j<i§n+l(1 _ q—k,xbjia,-)

which is a meromorphic function. Let s be the number of zeros among ki, ..., k.

Then at x = 1 the order of zero of the numerator is at least is n(n + 1) + s2,

and the order of zero of the denominator is 2(n + 1)s. Therefore at x = 1 the

function (5,5, (R))(x) has the pole of order at most 2(n + 1)s —n(n+1) — §2 =

n+1—m+1—s)%1n particular, (f5 4,5, (R))(x) has the pole of order at most n and

it is equal to n if and only if n = s that is )_ k;8; = 0 and (5 k5 (R)) (x) = R(x).
We conclude that

RN D @)

teT"1£id

is holomorphic at x = 1 and its value is zero, and that

(R Dt (R)(x)

teT’
is holomorphic at x = 1 and its value is If(x) . In the light of Corollary 2.3.3
we obtain R(x) lx=1
R(x) _
@) == = (1=~
R(x) lx=1

2.4.2. Case gl(n|n). Fix y > 1. Take a complex parameter x and consider the
following evaluation

8

e li=y, e fi=x", fori=2,...,n; e % :=—x""'fori=1,...,n.

The functions R(x), R(x) are meromorphic. One has
Iz - Y7 Tlicicjen =X 1<z <y (1 =77
[Ti<ica(@—yx)- l—[1<i§j§n(1 —xi+i). H1§j<i§n(1 —x—i=iy’

Therefore the function R(x) has a pole of ordern — 1 at x = 1.
One has

R(x)
R(x)

R(x)

(=) tme 20D (1 — gy)3©) " (1 — gy~ H3)" !
o1 (A=g))ima=2e. (1 —gy)@) - ((1—gy H@)

Thus R(x) also has a pole of order n — 1 at x = 1. Since dim gy = dimg; and
e’ = (—1)"y~! for x = 1 we obtain
- (1= )P)?

(1= g(=1)"e*) - (1 —g(=1)e )2

R(x)

x=1
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One has

(ty ko (R (x, ¥)
[TA=yx™)- I a=2)- J] (1=ghhxi™)

l<i<n l<i<j<n 1<i<j<n
[T A=ghyxty- [1 (A=ghxi*)- [ (1—gHx=i=i)’
1<i<n l<i<j<n 1<j<i<n

which is a meromorphic function.
Let s be the number of zeros among k1, ..., k,. Then at x = 1 the order of zero
of the numerator is at least
m—1Dn—-2)+s(s—1)
3 )
and the order of zero of the denominator is (n — 1)s. Therefore at x = 1 the function
(5> k:5; (R))(x, y) has a pole of order at most

(n—1Dm—-2)+s(s—1) 3n—s—2—(n—s)>
a 2 B 2 ’
so the order is at most n — 1 and it is equal to n — 1 if and only if s =n — 1, n.
Notice that s # n — 1, since ) _k; = 0. Therefore the pole has order n — 1 if and
only if Y k;8; =0.

We conclude that the function (I%(x))_l(@r/(R))(x) is holomorphic at x = 1
and its value is (R(x)/ R (x))|x=l. Using Corollary 2.3.3 we obtain

B (1 _q(_l)nestt);o . (1 _q(_l)ne—stt)zo
P (1 —q)3)? '

(n—1s

R@)
R(x)

fg, e =

3. Other forms of denominator identity

Recall that the denominator identity for a basic Lie superalgebra can be written in
the form
P _ (L) (14)
Re wt Hﬁes(l Yo h )
where S C I is the maximal isotropic system, and W* is the Weyl group of the
“largest” root subsystem of Ay (Ag = A’ LI A”), see [Kac and Wakimoto 1994,
Gorelik 2012]; in particular, W* := W” for g = D(n+1|n), and W* := W’ or
Wt := W’ for g = gl(n|n).
If the dual Coxeter number of g is nonzero the affine denominator identity for g
can be written in the form

= (i)
Re" =F .| =——— |,
W\ T pes(1 +e7P)
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see [Gorelik 2012, 2.1]. In this section we will show that for gl(n|n) the denominator
identity can be written in a similar form:

A P
A = 110,950 (s ) 1
BeS

and that the denominator identities for D(n+1|n) can not be written in a similar
form, since the expressions

%( e’ ) d %( e’ ) 16
Y \Ipes(1 +eF) ne e [Tges(1+e7P) (1o

are not well-defined.

3.1. Case D(n+1|n). Let us show that the expressions in (16) are not well-defined
for D(n+1|n). Fix IT as in Section 1.1 and recall that p = 0.
We repeat the reasoning of Section 2.1.1. One has

1 A N
Z wﬂesupp( — ) C Z wB—0"CQ,
seviw) ]_[ﬂes(1+e B)

BeVs(w)

where
Vs(w)={B €S :ws <0}.

Therefore 1 € supp(l/]_[ﬂes(l +e‘wﬂ)) if and only if wS C Ay.

Take S = {¢; —§;}; then 1, § C AL if (¢; —§;, u) < O for all i which holds for
allpe) Z_yeiandall p €y Z_,5;. Hence the sums in (16) contain infinitely
many summands equal to 1 and thus they are not well-defined.

3.2. Case gl(n|n). Fix IT as in Section 1.1; then S = {g; — §;}.
In order to deduce the formula (15) from (14) and (2) it is enough to verify that
the expression

e’ 1
g (< <  Y_ . (-
JPW/(Hﬂes(l +e_ﬂ)) ‘ J’W’(Hﬂes(l +€_ﬂ))

is well-defined (since p is W—invariant). As in Section 2.1.1, this amounts to
showing that

Xs(v):= {w ceW': Z wp > —v}

BeVs(w)

is finite for any v € Q+ (where Vg(w) is defined as in Section 3.1). As in
Section 2.1.1, writing v = k§ 4+ vy, where v € ZA, we get

Xs) C{tyy:neT, ye W st (y8,n) > —k forall B € S}.
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Since y permutes §;s, ¢,y € Xs(v) forces (6;, ) > —k for all i. Taking into account
that w lies in the Z-span of §; and (u, Z?:] 8;) = 0, we conclude that Xg(v) is
finite. This establishes (15).
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