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A denominator identity
for affine Lie superalgebras
with zero dual Coxeter number

Maria Gorelik and Shifra Reif

We prove a denominator identity for nontwisted affine Lie superalgebras with
zero dual Coxeter number.

Introduction

0.1. Let g be a complex finite-dimensional contragredient Lie superalgebra. These
algebras were classified by V. Kac [1977] and the list (excluding Lie algebras) con-
sists of four series: A(m|n), B(m|n), C(m), D(m|n) and the exceptional algebras
D(2,1,a), F(4), G(3). The finite-dimensional contragredient Lie superalgebras
with zero Killing form (or, equivalently, with dual Coxeter number equal to zero)
are A(njn), D(nln+ 1) and D(2, 1, a).

Denote by A (resp., A1) the set of positive even (resp., odd) roots of g. The
Weyl denominator R and the affine Weyl denominator R are given by the formulas

Ry -~ R
R=—2 R=="
Rl R,
where
n 0
Ro:= [[(1—e™), Ro:=Ro-[]1—g"H™™ 9 [T(1—g ),
aeA o k=1 aeA)

n 00
Ri:=[[(+e™®, Ri:=R-[] [TU+g"e™.
a€A+1 k=1 aeA
Let g be the nontwisted affinization of g, 6 be the Cartan subalgebra of g and
A be the set of positive roots of g. The affine Weyl denominator is the Weyl
denominator of g. Let o € b be such that 2(p, @) = (a, «) for each simple root
[PAS A+.
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If g has a nonzero Killing form, the affine denominator identity, stated in [Kac
and Wakimoto 1994] and proven there and in [Gorelik 2011], takes the form

Re’ = )" w(ReP), (1)
weT’
where T’ is the affine translation group corresponding to the “largest” root sub-
system of Ag. The affine denominator identity for strange Lie superalgebras Q(n),
which are not contragredient, was stated in [Kac and Wakimoto 1994] and proven
in [Zagier 2000].
For a parameter g and a formal variable x we introduce, after [De Sole and Kac
2005], the infinite products

o0 [e.8]
A+x)2:=[0+¢" %) and 1—-x)°:=]]01-q"x).
k=0 k=0

These infinite products converge for any x € C if the parameter g is a real number
0 < g < 1. In particular, they are well defined for 0 <x =g < 1and (1£¢)° :=
l—IZil (1£4").

For A(n — 1|n — 1) = gl(n|n) denote by str the restriction of the supertrace to
the Cartan subalgebra ) C g (thus str € h*).

In this paper we will prove the following theorem.

0.2. Theorem. Let g be a complex finite-dimensional contragredient Lie superal-
gebra with zero Killing form. One has

Re? - f(q, ey =" ;o w(ReP) for A(n|n),

Beb _ 5 (2
e’ f(q) =) e W(Re) for D(n+1|n), D(2, 1, a),

where T’ is the affine translation group corresponding to the “smallest” root subsys-
tem of Ag (see 0.4 below) and f(q, e**), f(q) are given by the following formulas

(l_q(—l)”esh)°°~(1—q(—l)”e*5ff)0°
f(g, e = A E for gl(nln).

f@=(1-9F)" for D(n+1]n).

3)

0.3. The affine denominator identity for gl(2|2) was stated by V. Kac and M. Waki-
moto [1994] and proven in [Gorelik 2010] (with a proof different from the one
presented below).

As pointed by P. Etingof, the terms f (g, e°¥), f(g) can be interpreted using
“degenerate” cases n = 1; for example, for gl(1|1) we obtain the formula

(=3 oo
e
(1 +gest)ee - (1 + gest)

’

Re? =
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which is trivial since gl(1]1) has the only positive root 8 = str, which is odd.
Since sl(n|n) = {a € gl(n|n) : ste(a) = 0} and
rank sl(n|n) =2n — 1 =rank gl(n|n) — 1,
one has
(1 —q)f[>o for sl(2n|2n),
F@ =11+
(I=q)g°
The root datum of D(2, 1, a) is the same as the root datum of D(2|1) so the
affine denominator identity for D(2, 1, a) is the same as the affine denominator
identity for D(2]1).
As it is shown in [Kac and Wakimoto 1994], the evaluation of the affine denomi-
nator identity (2) for A(1|1) gives the following Jacobi identity [1829]:

for sI(2n+1|2n+1).

o
D@ =1+16 Y (=HU kg, )
j.k=1

where ((g) =) jez q’ * and thus the coefficient of g™ in the power series expansion

of O(g)? is the number of representation of a given integer as a sum of 8 squares
(taking into the account the order of summands).

0.4. In order to define T’ for A(n|n), D(n+1|n) we present the set of even roots
in the form Ag = A’ LI A”, where

ANEAN=A,1 for A(n — 1jn — 1) = gl(n|n),
A =C,, N"=D,, for D(n+1|n).

Let W’ be the Weyl group of A’ and W’ be the corresponding affine Weyl group.
Then W = W’ x T', where T’ is a translation group, see [Kac 1990, Chapter VIJ.
By contrast to Lie superalgebras with nonzero Killing form, for D(n+1|n) the rank
of root system A’ is smaller than the rank of A”. It is not possible to change T’
to 7" in (1) and in (2) for D(n+1|n), since the sum ), ;v w(Re) is not well
defined if A’ 2 A” (see Remark 2.1.4).

The key point of our proof of Theorem 0.2 is Proposition 2.3.2, where it is
shown that the expansion of ¥ := R~'e ™ > wer w(ReP) contains only W -invariant
elements. This implies that Y = f(q) for g = D(n+1|n) and Y = f (g, e~**) for
gl(n|n). We determine f(q) and f (g, e**) using suitable evaluations.

1. Preliminaries

One readily sees (for instance, [Gorelik 2011, 1.5]) that Re” and Re? do not depend
on the choice of set of positive roots A . As a result, in order to prove Theorem 0.2,
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it is enough to establish the identity (2) for one choice of A. Similarly, it is

enough to establish the identity for one choice of A,_; for gl(n|n). In Section 1.1

we describe our choice of the set of positive roots for gl(n|n), D(n+1|n). In

Section 1.2 we introduce notation for affine Lie superalgebra g. In Section 1.3 we

introduce the algebra & of formal power series in which we expand R and R.
Note that if the dual Coxeter number of g is zero, then

A 1
p=p=§( 2 oa— ) a)-
aeAi aeA4

1.1. Root systems. Let gbe gl(n|n) or D(n|n+1) and let ) be its Cartan subalgebra.
We fix the following sets of simple roots:

H: {8]_8],8]_82,82_82,...,81/1_8”} forg[(n|n)a
{e1—61,81—¢€2,80— 682, ..., 6, —6n, 0p :|:8n+1} for D(n+1|n).

We fix a nondegenerate symmetric invariant bilinear form on g and denote by
(—, —) the induced nondegenerate symmetric bilinear form on h*; we normalize
the form in such a way that —(¢;, ;) = (§;, ;) = J;;; notice that {¢;, §; : 1 <i <n}
(resp., {€j,8; : 1 <i <n,1 < j <n+1})is an orthogonal basis of h* for gl(n|n)
(resp., for D(n+1|n)).

For this choice one has

{ei—€jh<i<j<nU{8; =8} 1<i<j<n for gl(n|n),

Ao ={
T Ao = et icicjnst {8 £ 1 <y<r=n U281 <520 fOr D(n+1]n),

{ei—=8jh<i<j<nUldi—€jti<i<j<n for gl(n|n),

=1 =

for D(n+1|n).

For D(n+1|n) one has p = 0. For gl(n|n) one has stt = 2?21(81' —&;) and
o= —%5&.

Recall that sl(n|n) = {a € gl(n|n) : ste(a) = 0} and so h* for sl(n|n) is the
quotient of h* for gl(n|n) by Cstr.

By the above, A is the union of two irreducible root systems, and we write
Ag= A" A’, where A” lies in the span of the ; and A’ lies in the span of the §;
(this notation is compatible with the notation in Section 0.4).

1.2. Nontwisted affinization. Let g=n_@®Hdn . be any complex finite-dimensional
contragredient Lie superalgebra with a fixed triangular decomposition, and let A
be its set of positive roots. Let g be the affinization of g and let 6 be its Cartan
subalgebra, see [Kac 1990, Chapter VI]. Let A = Ao LI A; be the set of roots of g.
We set

A=A, U <kE=jl{a f kS| e A}) U (kg{kS}),
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where § is the minimal imaginary root. Let W and W be the Weyl groups of Ag and
Ao. One has (h*) = C§ for g # gl(n|n) and ()" = C8 @ Cstx for g = gl(n|n).

We extend the nondegenerate symmetric invariant bilinear form from g to g and
denote by (—, —) the induced nondegenerate symmetric bilinear form on 6* (the
above-mentioned form on h* is induced by this form on 6*). For A C 6* we set
At = {Meb* YveA, (u,v)=0}.

1.2.1. In Section 1.1 we introduced the root systems A’, A” for g = gl(n|n) and
g = D(n+1|n). Let W and W” be the Weyl groups of A" and A", respectively.
One has W = W’ x W”. We denote by W’ the Weyl group of the affine root system
A’. Recall that W = W' x T’, where T’ is a translation group; see [Kac 1990,
Chapter VI].

1.2.2. For N C h* we use the notation ZN for the set > pen L. Set

0T =Y Zou Q:=ZA,, Q*:=% Y Z u, 0:=ZA..

HEAL weA,
We introduce the standard partial order on 6*: u<vif(v—p)e Q*.

1.3. The algebra %. We are going to use the notation of [Gorelik 2011, 1.4], which
we recall below. We retain the notation of Section 1.2.

1.3.1. Calla Q+-c0ne a set of the form (A — Q+) where X € 6*

For a formal sum of the form ¥ :=}" chy bye’, b, € Q define the support of
Y by supp(Y) :={v e f)* b, #0}. Let R be a Vector space over (Q, spanned by
the sums of the form ZUEQ+ b,e’ ™V, where X € f)*, b, € Q. In other words, R
consists of the formal sums ¥ =)
of O -cones.

Clearly, R has a structure of commutative algebra over Q. If Y € R is such that
YY' =1 for some Y’ € R, we write Y ™! :=Y".

vebh b,e"” with the support lying in a finite union

1.3.2. Action of the Weyl group. For w € W set w(z ciy b e“) > veiy by eV
By the above, wY € R if and only if w(supp Y) is a subset of a finite union of Q+—
cones. For each subgroup W of W we set Ry ={Y eR:wY e R for each w € W
notice that R ; is a subalgebra of 2.

1.3.3. Infinite products. An infinite product of the form ¥ =[], (1 +a,e™") ",
where a, € Q, r(v)€Z_jand X C A is such that the set X \ A+ is finite, can
be naturally viewed as an element of R; clearly, this element does not depend on
the order of factors. Let % be the set of such infinite products. For any w € W the
infinite product

wY := [T A +a,e™") ™,
veX
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is again an infinite product of the above form, since the set wA+ \ A+ is finite (see
for example [Gorelik 2011, Lemma 1.2.8]). Hence ¥ is a W-invariant multiplicative
subset of R,

The elements of Y are invertible in R: using the geometric series we can expand
Y~!. For example, (1 —e®) ™' = —e % (1 —e™¥) "1 = — Y2 e

1.3.4. The subalgebra %'. Denote by R’ the localization of % ;, by %. By the above,
R’ is a subalgebra of R. Observe that R’ ¢ R;,: for example, (I— e e,
but (1 —e %)~ = Z?io e I ¢ Ry - We extend the action of W from R ;, to R’
by setting w(Y~'Y’) := (wY) '(wY’) for Y eV, Y’ e Ry -

Notice that an infinite product of the form ¥ =[],y (1 + aye") ™, where
a,, X are as above and r(v) € Z, lies in ®" and wY =[],y (1 + a,e™™") (") The
support supp(Y) has a unique maximal element (with respect to the standard partial
order) and this element is given by the formula

max supp(¥Y) = — Z ryv.
veX\A+:aﬁéO

1.3.5. Let W be a subgroup of W. For Y € ®' we say that Y is W-invariant (resp.,
W -anti- invariant) if wY =Y (resp wY =sgn(w)Y) for each w € W.

Let Y = Zaue € Ry be W-anti-invariant. Then a,, = (—1)*¢"®a, for
each w and w € W. In partlcular W supp(Y ) = supp(Y), and, moreover, for
each u € supp(Y) one has Staby, u C {w € W sgn(w) = 1}. The condition
Y € Ry, is essential: for example for W = {id, s}, the expressions ¥ := % — ™2,
Y l=e(1 - _2"‘) ! are W-anti- invariant, supp(Y) = {£a} is s,-invariant, but
supp(Y ™~ 1y = {—a, —3a, ...} is not se-invariant.

For Y € R such that each W-orbit in 6* has a finite intersection with supp(Y),
introduce the sum

Fy(Y) = ngn(w)wY.
weW

This sum is well defined, but does not always belong to . For Y =) a,e" one has
Fy(Y) =) bye’, where b, =) _sgn(w)ay,; in particular, b, = sgn(w)by,,
for each w € W. One has

Fiy(Y) € Ry,

Y e Ry and Fy(Y) € R = 1 supp(Fy;(Y)) is W-stable,
Fy(Y) is W -anti-invariant.

We call a vector A € 6* W -regular if Staby, A = {id}, and we say that the orbit
W is W-regular if A is W-regular (so the orbit consists of W-regular points). If W
is an affine Weyl group, then for any A € b* the stabilizer Staby;, A is either trivial
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or contains a reflection. Thus for W = W', W” one has

Y € Ry and Fy(Y) € R = supp(Fy,(Y)) is a union of W—regular orbits.

2. Proof

Unless stated otherwise, g is assumed to be one of the algebras gl(n|n), D(n+1|n).

As it is pointed out in Section 1, it is enough to establish the denominator identity
for a particular choice of A and we do this for the choice described in Section 1.1.
Recall that the group 7’ was introduced in Section 1.2.1. The steps of the proof are
the following.

e In Section 2.1 we check that the sum OJPT/(Re‘3 ) is well-defined and belongs to %R.

* In Section 2.2 we prove the inclusions
supp(Fr(Re)), supp(Re”) C U, )

where
Ui={pep—0":(u = p) (6)

We remark that (5) holds for simple contragredient Lie superalgebras with
nonzero Killing form; see [Gorelik 2011, 2.4].
* In Section 2.3 we show that if the dual Coxeter number of g is zero, then the inclu-
sions (5) imply that supp(]%‘le_ﬁ@T/(Reﬁ)) C QW. As aresult, Ié_le_ﬁ%T/(Reﬁ)
takes the form f(q) for g # gl(n|n) and f(q, e**) for gl(n|n).
o In Section 2.4 we compute f(q) for D(n+1|n) and f(q, e***) for gl(n|n). This
completes the proof of the identities (2).

2.1. In this subsection we show that for g = gl(n|n), D(n+1|n), the sum F7/(Re”)
is a well-defined element of %. Since p = p is W-invariant, it is enough to verify
that %7/ (R) is a well-defined element of %R.
Recall that T/ = Z{tgi,(gm}?:_ll for gl(n|n) and T" = Z{t5,}}_, for D(n+1n),
where
ty(a) =a — (o, u)é forany a € Q @)

2.1.1. By Section 1.3.4 one has

max supp(w(R)) = — Z wo + Z wp.

a€Ng;: BeAit:
wa <0 wp<0

For w € T' write w =t,,, where € Z{8; =8, 11}1<i <n for gl(n|n) and pu € Z{5;}!_,
for D(n+1|n). From (7) we get

{BeAirlwp <0} ={f € Ait[(B,n)>0} fori=0,1.
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We obtain  max supp(?,(R)) = —v(u) + (v(w), 1), where

o= Y B— Y B

BeApy: BeA}:
(B,w)>0 (B:1)>0

In order to prove that &/ (R) is a well-defined element of R we verify that

» (), pn) <0 for all u;
) {m:(@(), )= —N} isfinite forall N > 0.

®)

Condition (ii) ensures that the sum F7/(R) =) _ ulu (R) is well-defined and condi-
tion (i) means that for each & one has

max supp(1, (R)) = —v(u) < Y B
BeA14

SO supp(@T/(R)) C ZﬂeAH B— Q+ and thus F7/(R) € R.
2.1.2. Case gl(n|n). Recall that w € T’ has the form w=t¢,, p= Z?:] k;8;, where
the k;s are integers and ) ;_, k; =0. One has

{laeApg:(a, ) >0} ={8; —8;:i <], ki >kj},

laeAypi(a, ) >0} ={g—6;:k; <0,i < jIU{6; —¢;:k; >0,i < j},
where 1 <i, j <n.

Write v(u) = v +v”, where v/ =), a;8; and v” lies in the span of the &;.

By the above, for k; > 0 one has a; < (n —i) — (n —i) = 0 and for k; < 0 one has
aj > —(j — 1)+ j = 1. Therefore

(), w) = aiki < Y ki <0
i=1 k,‘<0

and the set {it : (v(u), u) = —N} is a subset of the set {u : Zk,-<0 k; > —N}, which
is finite for any N, because the k; are integers and ) ;_, k; = 0. This establishes
conditions (8).

2.1.3. Case D(n+1|n). Recall that w € T’ has the form w =1,, pn =) kid;,
where the k;s are integers. One has

{aeAyo: (o, ) >0)=
{(35—5j§i<j,kl‘>kj}U{8i+5jil'7éj, ki+kj>O}U{2(SiIk,'>0},
loeAyy:(a,u) >0} =
{es—68;:kj <0,s < jIU{6; —&5: ki >0, <s}U{5; +& :k; >0},

where | <i,j<nand 1 <s<n+1.
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Write v() = v'+v”, where v/ =Y _"_, ¢;8; and v"” lies in the span of the ;. By
the above, for k; >0 onehasa; < (2n+1—i)—(2n+2—i)=—1land fork; <0
one has a; > —(j — 1) + j = 1. Therefore

n n
(W), w) =D aiki<— Y ki+ Y kj=—> |kl =<0,
i=1 k=0 k=0 =1

so the set {u : (v(w), u) > —N} is a subset of {u : Z:’:l |k;| < N}, which is finite
for any N. This establishes the conditions (8).

2.1.4. Remark. For gl(n|n) one can interchange A" and A” so the sum %7 (R) is
well-defined. One readily sees that F7~(R) is not well-defined for D(n+1|n). For
instance, for n > 1, for each k > 0 one has v(—2ke;) =0 so max supp (t_gkgl (R)) =0
and the sum Z,fil _2ke, (R) is not well-defined; hence %7~ (R) is not well-defined
as well.

2.2. By Section 1.3.3, R is an invertible element of %’. From representation theory
we know that since g admits a Casimir element [Kac 1990, Chapter II], the character
of the trivial g-module is a linear combination of the characters of Verma g-modules
M(}), where A € —Q are such that (A + p, A + p) = (p, p). Since the character of
M() is equal to R~'e*, we obtain

1= Z a,\lé_le’\,

re0™
A+0,2+p)=(p,P)

where a; € Z. This can be rewritten as

Re’ = E ae”,

rep—0F
A 2)=(p.p)

that is supp(ﬁ) C U, see (6) for notation.
It remains to verify the inclusion supp(%7-(Re”)) C U. The denominator identity
for g (see [Kac and Wakimoto 1994; Gorelik 2012]) takes the form

ep
R p:% | =——),
‘ v <l—[5e5(1+€_’3))

where S := {g; — §;}7_, (the identity for gl(n|n) immediately follows from the
identity for sl(n|n)). Since p = p is W—invariant, this implies

tM(Re'a) % Z sgn(w) 1_[(1 + e twwhy T

weWw” BeS
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For each 7, € T" and w € W” one has

Supp(l_[(l +e_"‘wﬂ)_]) C V, where V:=Z{t,wB: B € S}N 0.
BeS

Since (t,wp, t,wp’) = (B, B) = (t,wph, p) = (p, B) =0 for any B, B’ € S, one
has (V, V) = (V, p) = 0. Therefore V + p C U so supp(tM(Reﬁ)) C U for each
w. This establishes the required inclusion supp(@r/(Reﬁ )) C U and completes the
proof of (5).

2.3. Let us deduce from (5) that the support of Rlef. @T/(Reﬁ) consists of W-
invariant elements of Q*. We do this in two steps: first, proving Lemma 2.3.1,
which is valid for any simple contragredient Lie superalgebra and for gl(n|n),
and then, proving Proposition 2.3.2, which uses the fact that p = p for g (this is
equivalent to the fact that the dual Coxeter number is zero).

The affine root system A’ is a subsystem of Ag. Set A’Jr = A'N A, and let IT
be the corresponding set of simple roots. Fix p’ € h* such that 2(4, &) = (e, @)
for each o € IT'.

2.3.1. Lemma. The term Iéleﬁ/*'6 . @T/(Reﬁ) is a W'-anti-invariant element of
%W/.
Proof. By Section 2.1.1, F7/(Re”) € ® and thus Rie? =P - Fr.(ReP) € R.

Let R{, R be the Weyl denominators for A’, A” (i.e., R = ]_[aeA;(l —e %)).
Notice that R(] e’ /Ry € R so w(Rge/3 /R 1) is well-defined. Below we will show

that the sum %, (R} e/ R)) is a well-defined element of % and will establish the
following formula

R Rge‘3
Fr/(ReP) =Fy, ) ®
1

It is easy to see that Iéoeﬁ/, Re? are W'-anti-invariant elements of %’ (see, for
instance, [Gorelik 2011, 1.5.1]). Since Rje” ~? € R and Rje” 7. Re? = Rpe”’, we
conclude that R~ is a W'-invariant element of %'. However, by Section 1.3.3,
R € Ry, and thus Rie” =P is a W'-invariant element of Ry - Multiplying both
sides of formula (9) by R 1e” =P we obtain

AV A R .
Rie” _p-@r/(Rep):fJ?W,(R—l-Rge") (10)
1
By Section 1.3.3, Iél/Rl and Rj lie in Ry;,. In the light of Section 1.3.5, the
formula (10) implies the assertion of the lemma.
Let us show that the right-hand side of (9) is well-defined. Since R(’)’ and p are
W -invariant, it is enough to check that @W,(Rl_l) is a well-defined element of 9.
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By Section 1.3.4, for each w € W’ one has

max supp(w(R; ")) = Z wp.

BEA4:

wp<0
In particular, supp(w(Rfl)) C O, so, if the term @W,(Rfl) is well-defined, it
lies in Q. In order to see that %W,(Rl_l) is well-defined let us check that for each
IS Q‘ the set

X(u)::{weﬁﬂ: Z w,Bzv}

BeAL:
wp<0

is finite. One has
X(w)C{weW :wg>vforall B AL}

Write v = —k8+', where k > 0, v’ € Q, and write w € X (v) in the form w =1y,
wherer, € T’, y e W'. Since wB =yB—(yB, u)é for B € A1, one has (yB, ) > —k
for each B € A. Since {¢; — 6;,8; — &i+1} C A4, this gives |(u, y§;)| < k for
i =1,...,n. Combining the facts that W’ is a subgroup of signed permutation of
{5 j};?: | aI}d that (u, 8;) is integral for each i, we conclude that X (v) is finite. Thus
@W/(R(’)’ e’/ Rl) is a well-defined element of %R.

Now let us prove the formula (9). Recall that p = p(’) + p(’)’ — p1, where

poi= > /2 ppi= Y /2, pri= Y BJ2.

aEA), aEA], BeAit
The Weyl denominator identity for Aj takes the form

RjePo = Ty (e).

Since Rie”' = [] (ef/? + e P/?) is W-invariant and R(’)’epg is W'-invariant, we
BeA4
get
R/ efo , ePo R eP0 R/ e
Re? =0 . Fyi(eP) =Fp | —>— | =Fw | 2>— ).
Rier Rier R,

Using the W-invariance of p — p, we obtain

/" )
Fr(Re”) = Fp | Fwr Foe"\Y _ g, (R0
R, W\ R

as required. This completes the proof. U
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2.3.2. Proposition. One has

supp(R~'e™? - F.(Re?)) C (0 = 0~ n O*.
Proof. Set
Y := R ‘e . Fr (ReP).

By Sections 2.1.1 and 1.3.3, @T/(Re‘s), R™! € . Thus Y € %. One has
Roe?'Y = Rie” P . Fri(ReP).
In the light of Lemma 2.3.1, we obtain
Iéoe’3 'Y is a W -anti-invariant element of Rppr- (11

Write Y =Y +Y>, where supp(Y;) =supp(Y)N QL and supp(Y2) =supp(Y)\ QL.
Note that Y7, Y5 € R. Assume that ¥, #~ 0. Let ; be a maximal element in supp(Y>).
One has supp(Ié_l) C Q_ and supp(JPT/(R)e‘s) cCp— Q+, by Section 1.3.4 and (5)
respectively. Thus supp(Y) C Q and so i € Q

Since supp(Y;) C Q Yiisa W -invariant element of Ry - Recall that Roep is
a W-anti-invariant element of Ry, - Thus Roe" Yiisa W’ antl invariant element of
Ry In the light of (11), the product Iéoeﬁ/ Y, is also a W’ —anti—invarrant element
of Ry;,. Clearly, o’ + u is a maximal elAement in the support of Roe?'Y,. By
Section 1.3.5, this support is a union of W’-regular orbits (recall that regularity
means that each element has the trivial stabilizer in W’), so o'+ w is a maximal
element in a regular W'-orbit and thus 200"+ w1, @)/ («, a) g Z_ foreach o € I
Since pu € Q one has 2(u, o) /(«, oz) € Z for each a € I1'. Taking into account
that 2(p’, )/ (o, @) = 1 for each « € I , we obtain

2(p, )

(o, o)

Recall that § = Za i koo for some ko € Z_ ) (see [Kac 1990, Chapter VI]). Since

[Tl Q one has (u, §) = 0. Combining with (12), we get (u, @) = 0 for each
a eIl sopue (At

Let us show that (i, u) = 0. Since (0, Q) = (, it is equivalent to the equality
(L +p, u+p) = (p, p). Notice that ;u + p is a maximal element in the support of
Ref Y>. Let us check that

supp(Re’Y2) cU ={g € p— 0" : (£,8) = (5, p)). (13)

€Z., forall aell (12)

Indeed,
RePYy =%y (Re") — Rey,

and, by (5),
supp(F7/(Re”)) CU and supp(Re?) C U.
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By construction, supp(Y;) C O+NO . Recallthat p=p € QA, s0 U C Q- Q. In

particular, we have (U, supp(Y1)) = 0. Since (supp(Y1), supp(¥1)) = 0, we obtain

(supp(Y1) + U) C U and this establishes the inclusion (13). Hence (u, u) =
Recall that i € (A)X N Q™. One has

AV rnQ=0*nd) ez

For every € 0N Q, y € A” one has (8, B) = (B, y)=0and (y,y) #0 if
y # 0. Using the equality (u, n) =0, we get u € QL N Q which contradicts to
the construction of Y,. Hence Y, = 0 as required. O

2.3.3. Corollary. For g = D(n+1|n) one has f(q) - Ref = %Tr(Reﬁ)for some
(@) =332 axq" (ak € Z). For g = gl(nn) one has f(q, e™) - Re” = Fr/(Re”)
for some f(q,e*) =3 72032 armqke™ ™ (agm € 7).

Proof. One has (Q)*NQ =Z8§+Zstx for gl(n|n) and (Q)+NQ =78 for D(n+1n).
O

2.4. In this subsection we complete the proof of the denominator identities (2) by
provmg the formulas (3). We prove them by taking a suitable evaluation of the term
Rle /’JPT/(Re”) Since p is W- invariant, this term is equal to R™ 1%/ (R), and,
by Corollary 2.3.3, it is equal to f(g) for D(n+1|n) and to f (g, e*¥) for gl(n|n).
Now we consider g as a real parameter between 0 and 1. We choose the evaluation
in such a way that the evaluation of Ié_I@T/(R) = R! Y e t(R) is equal to the
evaluation of R™'R. As a result, f(q) (resp., f(q,et)) is equal to the evaluation
of R™'R, which can be easily computed.

2.4.1. Case D(n+1|n). Take a complex parameter x and consider the evaluation
et =x% ¢ % :=—xbi whereq; i=1,....,n+1) andb; (j=1,...,n) are
integers such that a; £b; #0,a; £a; #0,b; £b; #0, b; # 0 for all indexes i, j.
We denote by R and Ié(x) the evaluation of R and R(x). The functions R(x) and

Ié(x) are meromorphic. One has
ita; bitbh; 2b;
H1§i<j§n+1(1 — x4 - n1§i<j§n(1 — xPE00) [Ty (1 —x77)
i£D; b, *a; :
Hlfifjfn(l — x4 j)H1§j<i§n+l(1 — X7

One readily sees that R(x) has a pole at x =1 of order |A 4| — |Ag4+| =n.
One has

R)| (A= g))ime
RX) [, ((1—g)g)ydimen

R(x) =

= (1= g))ime=ing = (1 —g)%.

In particular, ﬁ(x) also has a pole of order n at x = 1.
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The evaluation of (fy-y,s, (R))(x) is

ta; ki 2; —kik; bith;
[Ticicjeni (0 =X Ty (1 =777 - [Ty (1 — ¢TI X700)

HlSiSan(l — gFkixaiEbi) Hl§j<i§n+l(1 — g kixbiEai

which is a meromorphic function. Let s be the number of zeros among ki, ..., k.

Then at x = 1 the order of zero of the numerator is at least is n(n + 1) + s2,

and the order of zero of the denominator is 2(n 4+ 1)s. Therefore at x = 1 the

function (5~ ;s (R))(x) has the pole of order at most 2(n + 1)s —n(n+1) — §2 =

n+1—m+1-s)%1n particular, (f5 4,5, (R))(x) has the pole of order at most n and

it is equal to n if and only if n = s that is )_ k;8; = 0 and (5 k5 (R)) (x) = R(x).
We conclude that

RN D @)

teT’1+£id

is holomorphic at x = 1 and its value is zero, and that

(R Dt (R)(x)

teT’
is holomorphic at x = 1 and its value is If(x) . In the light of Corollary 2.3.3
we obtain R(x) 1x=1
R(x) _
f@) == = (1=~
R(x) lx=1

2.4.2. Case gl(n|n). Fix y > 1. Take a complex parameter x and consider the
following evaluation

s

e li=y, e fii=x", fori=2,...,n; e % :=—x"'fori=1,...,n.

The functions R(x), R(x) are meromorphic. One has
(- X7 Tlicicjen U =x7)  [Ti<ic i<y (1 =77
[Ti<ica(@ —yx7)- l—[1<i§j§n(1 —xiti). H1§j<i5n(1 —x—i=iy’

Therefore the function R(x) has a pole of order n — 1 at x = 1.
One has

R(x)
R(x)

R(x)

(=) tme=20D (1 — gy)3©) =" (1 — gy~ )"
o1 (Q=g))ima=2e. (1 —gy)@) - ((1—gy )@

Thus R(x) also has a pole of order n — 1 at x = 1. Since dim gy = dimg; and
e’ = (—1)"y~! for x = 1 we obtain
B ((1—)F)?

(1—g(=1)"ege - (1 —g(=Dre=o

Ié(x)
R(x)

x=1
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One has

(15 ks, (R)) (x, ¥)
[TA-yx™H- T[] A—=x)- [] (A—ghi-hix/=h

I<i<n l<i<j<n 1<i<j<n
T A=ghiyxiy- [] (A—gkixiti)y.- ] (1—g *x—i=i)’
I<i<n l<i<j<n 1<j<i<n

which is a meromorphic function.
Let s be the number of zeros among ki, ..., k,. Then at x = 1 the order of zero
of the numerator is at least
m—1n—-2)+s(s—1)
> )
and the order of zero of the denominator is (n — 1)s. Therefore at x = 1 the function
(5 k:5; (R))(x, y) has a pole of order at most

m—1Dm—-2)+s(s—1) 3n—s—2—(n—s)>
B 2 B 2 ’
so the order is at most n — 1 and it is equal to n — 1 if and only if s =n — 1, n.
Notice that s # n — 1, since ) k; = 0. Therefore the pole has order n — 1 if and
only if Y k;8; =0.

We conclude that the function (I%(x))_l(%r(R))(x) is holomorphic at x = 1
and its value is (R(x)/ R (x))|x=l. Using Corollary 2.3.3 we obtain

B (1 _q(_l)nestt)go . (1 _q(_l)ne—stt)go
1 (1 —))? ‘

(n—1s

Re)
R(x)

fg, e =

3. Other forms of denominator identity

Recall that the denominator identity for a basic Lie superalgebra can be written in
the form
P _ (L) (14)
Re wt nﬁes(l Yo h )
where S C I is the maximal isotropic system, and W* is the Weyl group of the
“largest” root subsystem of Ay (Ag = A’ LI A”), see [Kac and Wakimoto 1994,
Gorelik 2012]; in particular, W* := W” for g = D(n+1|n), and W* := W’ or
WE:= W for g = gl(n|n).
If the dual Coxeter number of g is nonzero the affine denominator identity for g
can be written in the form

=i ieen)
Re" =F .| =——— |,
W\ T pes(1 +e7F)



1058 Maria Gorelik and Shifra Reif

see [Gorelik 2012, 2.1]. In this section we will show that for gl(n|n) the denominator
identity can be written in a similar form:

A p
A = 110,50 (s ) 1
BeS

and that the denominator identities for D (n+1|n) can not be written in a similar
form, since the expressions

%( e ) d %( e ) (16
I\ Mestren) 0 P Mire?) )

are not well-defined.

3.1. Case D(n+1|n). Let us show that the expressions in (16) are not well-defined
for D(n—+1|n). Fix IT as in Section 1.1 and recall that p = 0.
We repeat the reasoning of Section 2.1.1. One has

1 A N
Z wﬁesupp(nﬁes(l+e_wﬁ)> C Z wp—0"C O,

BeVs(w) BeVs(w)

where
Vs(w)={B €S :wp <0}

Therefore 1 € supp(l/]_[ﬁes(l +e_w‘3)) if and only if wS C Ay.

Take S = {¢; —§;}; then 1, § C AL if (¢; —§;, u) < O for all i which holds for
allpe) Z_yeiand all w € ) Z_,5;. Hence the sums in (16) contain infinitely
many summands equal to 1 and thus they are not well-defined.

3.2. Case gl(n|n). Fix IT as in Section 1.1; then S = {g; — §;}.
In order to deduce the formula (15) from (14) and (2) it is enough to verify that
the expression

e’ 1
g (< <  YNX_ . (-
JPW/(H,%S(] +e_’3)) ‘ JPW/(H,ses(l +€_ﬂ)>

is well-defined (since p is W—invariant). As in Section 2.1.1, this amounts to
showing that

Xs(v) = {w ceW': Z wp > —v}

BeVs(w)

is finite for any v € Q+ (where Vg(w) is defined as in Section 3.1). As in
Section 2.1.1, writing v = k8§ 4+ vy, where v € ZA, we get

Xs) C{tyy: el ye W st (y8, 1) > —k forall B € S}.
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Since y permutes §;s, t,y € Xs(v) forces (6;, ) > —k for all i. Taking into account
that w lies in the Z-span of §; and (u, Z?:l 8;) = 0, we conclude that Xg(v) is
finite. This establishes (15).
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