4 I
R
Tl B )
1, TN Algebra &
. b
1 LR Number
B TETIRTIERTL ) TheOry
Y IS ‘ \
1INE. Volume 7
J
J
Eiacs R R2013
Jj JiJ _| No. 1
J
JJJ
J
1T
. i
jJ Graphs of Hecke operators
" | Oliver Lorscheid
J
FRT TR RN
J  u W
] JJ J s 0w _» 1= 4
Ui -TLPSR LI T Tl MR
T e e A T I I o
J_IJ ‘|J.1 JJJJJ"J'VJ JJJJJ JJJJJ ]L\\
IEARIRCERT i) S R ST, \
3 LIl JJJJ JJJ J JJ JJ J JJJJ JJJJ J | J
Wel"wl we o "ol U%uw o "% “en” 0 wd 0% """ Q"



ALGEBRA AND NUMBER THEORY 7:1(2013)
dx.doi.org/10.2140/ant.2013.7.19

Graphs of Hecke operators

Oliver Lorscheid

Let X be a curve over [, with function field F. In this paper, we define a graph for
each Hecke operator with fixed ramification. A priori, these graphs can be seen as
a convenient language to organize formulas for the action of Hecke operators on
automorphic forms. However, they will prove to be a powerful tool for explicit
calculations and proofs of finite dimensionality results.

We develop a structure theory for certain graphs 9, of unramified Hecke
operators, which is of a similar vein to Serre’s theory of quotients of Bruhat-Tits
trees. To be precise, 9, is locally a quotient of a Bruhat-Tits tree and has finitely
many components. An interpretation of 9, in terms of rank 2 bundles on X and
methods from reduction theory show that %, is the union of finitely many cusps,
which are infinite subgraphs of a simple nature, and a nucleus, which is a finite
subgraph that depends heavily on the arithmetic of F.

We describe how one recovers unramified automorphic forms as functions on
the graphs .. In the exemplary cases of the cuspidal and the toroidal condition,
we show how a linear condition on functions on %, leads to a finite dimension-
ality result. In particular, we reobtain the finite-dimensionality of the space of
unramified cusp forms and the space of unramified toroidal automorphic forms.

In an appendix, we calculate a variety of examples of graphs over rational
function fields.
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Introduction

Hecke operators play a central role in the theory of automorphic forms, and for
classical modular forms, they are also computationally well understood. The theory
of arithmetic quotients of the Bruhat-Tits tree as studied in [Serre 2003] allowed
the study of Hecke operators over p-adic fields by geometric methods. In this paper,
we consider how to compute with Hecke operators for automorphic forms on PGL,
over a global function field. Our theory can be understood as a global counterpart
to Serre’s viewpoint over p-adic fields.

There are a few applications of Serre’s theory to automorphic forms over global
fields, which, however, mainly concentrate on rational function fields; see [Gekeler
1995; 1997; Gekeler and Nonnengardt 1995]. The key ingredient of this application
is the strong approximation property of SL,, as we will explain below. We begin
with reminding the reader of the definition of a Bruhat-Tits tree. Though this paper
is independent from Serre’s book [2003], we review some aspects of it since the
global theory (as developed in this paper) and the local approach (as in Serre’s
book) go hand in hand. In later parts of the paper, we make a few remarks pointing
out the connections with and the differences to Serre’s theory.

Let F be a global function field and x be a fixed place. We denote by F, the
completion of F at x, by O, its integers, by 7, € O, a uniformizer and by g, the
cardinality of the residue field Oy /(7r,) ~ [, . The Bruhat-Tits tree I, of F) is a
graph with vertex set PGL,(F,)/PGL,(0,). There is an edge between two cosets
[¢] and [g'] if and only if [g'] contains g( ', ) or g(™ ’1’) for some b € F,,. Note
that this condition is symmetric in g and g’, so I is a geometric graph. In fact,
T, is a (g + 1)-regular tree.

Every subgroup of PGL,(F,) acts on J, by multiplication from the left. We
shall be interested in the following case. Let 0. C F be the Dedekind ring of all
elements a € F with |la]|, <1 for all places y # x. Put I' = PGL,(0%). Serre
[2003] investigates the quotient graph I" \ J,.. It is the union of a finite connected
graph with a finite number of cusps. A cusp is an infinite graph of the form

and each cusp corresponds to an element of the class group of 0.
An unramified automorphic form over F, can be interpreted as a function f on
the vertices of I \ 7, such that the space of functions generated by {T)f (H}iso is
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finite-dimensional, where the Hecke operator 7, is defined by the formula

T.(f)(gh= > [Stabr(lg]):Stabr(e)]- f(Ig'])

edges e with origin [g]
and terminus [g']
for each coset [g] € PGL,(F,)/ PGL,(0,).
The inclusion of PGL;(Fy) as x-component into PGL; (A) induces a map

'\ PGL,(Fy)/ PGL,(0x) — PGL(F) \ PGL,(A)/ PGL2(0n),

where Op is the maximal compact subring of the adeles A of F. In the case that F
is a rational function field (as in [Gekeler 1995; 1997; Gekeler and Nonnengardt
1995], or, more generally, a function field with odd class number, and x is a place
of odd degree, this map is a bijection as a consequence of the strong approximation
property of SL, (more detail will be given in Section 3). The double coset space on
the right hand side is the domain of automorphic forms over F, and the bijection is
equivariant with respect to the Hecke operator T, and its global equivalent ®,..

In this sense, it is possible to approximate automorphic forms in this case and
use the theory from Serre’s book. However, the method of approximation breaks
down if the function field has even class number or if the Hecke operator of interest
is attached to a place of even degree. For automorphic forms over any function
field (with possibly even class number) or for the investigation of Hecke operators
at any place of a given function field, respectively, a simultaneous description of all
Hecke operators, the method of strong approximation is thus insufficient, and we
see the need of a global analogue, which is the starting point of this paper.

The applications of this theory are primarily in explicit computations with auto-
morphic forms. For instance, Lorscheid [2012] uses graphs of Hecke operators to
calculate the dimensions of spaces of cusp forms and toroidal automorphic forms.
From a more conceptual viewpoint, it might be fruitful to explore the connections
between graphs of Hecke operators and Drinfeld modules; in particular, it might
contribute to the Langlands program since there is a generalization of graphs of
Hecke operator to all reductive groups via adelic Bruhat-Tits buildings, which we
forgo explaining here.

We give an overview of the content of this paper. In Section 1, we introduce
the graph of a Hecke operator as a graph with weighted edges that encodes the
action of a Hecke operator on automorphic forms. This definition applies to every
Hecke operator of PGL;(A) over a global field. We collect first properties of these
graphs and describe how the algebraic structure of the Hecke algebra is reflected in
dependencies between the graphs. In Section 2, we describe the graph %, of the
unramified Hecke operators @, (which correspond to the local Hecke operators 7
as introduced above) in terms of coset representatives. In Section 3, we make the
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connection to Bruhat-Tits trees precise: Each component of %, is a quotient of J
by a certain subgroup of PGL,(F}), and the components of 4, are counted by the
2-torsion of the class group of O%. In Section 4, we associate to each vertex of 4, a
coset in Cl F/2 Cl F where CI F is the divisor class group of F. We describe how
these labels are distributed in 9, in dependence of x.

In Section 5, we give the vertices and edges of 9, a geometric meaning follow-
ing ideas connected to the geometric Langlands program. Namely, the vertices
correspond to the isomorphism classes of P!-bundles on the smooth projective
curve X with function field F, and the edges correspond to certain exact sequences
of sheaves on X. In Section 6, we distinguish three classes of rank 2 bundles:
those that decompose into a sum of two line bundles, those that are the trace of
a line bundle over the quadratic constant extension X’ of X and those that are
geometrically indecomposable. This divides the vertices of 4, into three subclasses
IPBung“X , PBuny X and [|3’Bun§1 X. The former two sets of vertices have a simple
description in terms of the divisor class groups of X and X'.

In Section 7, we introduce the integer valued invariant § on the set of vertices,
which is closely connected to reduction theory of rank 2 bundles. This helps us to
refine our view on the vertices: PBunj X and [Ij’Bun§1 X are contained in the finite
set of vertices v with 6 (v) <2gx — 2, where gy is the genus of X. In Section 8,
we describe the edges between vertices: 9, decomposes into a finite graph, which
depends heavily on the arithmetic of F, and class-number-many cusps, which are
infinite weighted subgraphs of the form

We conclude with a summary of results on %, and illustrate them in Figure 8a.

In Section 9, we explain how abstract properties of unramified automorphic
forms —namely, the compact support of cusp forms and eigenvalue equations
for Eisenstein series — lead to an explicit description of them as functions on the
vertices of the graphs %,. In Section 10, we show that the spaces of functions
on VertY, that satisfy the cuspidal or toroidal conditions, respectively, are finite
dimensional. In particular, these spaces of functions contain only automorphic
forms.

In the appendix, we will give a series of examples for a rational function field:
4, for degx <5, the graphs of ®2 and ®? for degx = 1 and the graphs of two
ramified Hecke operators. We give short explanations on how to calculate these
examples.
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1. Definitions

In this section, we set up our notation and introduce the notion of a graph of a
Hecke operator. We collect first properties of these graphs and describe how the
algebraic structure of the Hecke algebra is reflected in dependencies between the
graphs of different Hecke operators.

1.1. Let g be a prime power and F be the function field of a smooth projective
curve X over [,. Let || X|| be the set of closed points of X, which we identify with
the set of places of F. We denote by F, the completion of F at x € || X|| and by
0, the integers of F,. We choose a uniformizer w, € F for every place x. Let
ky = O, /(1) be the residue field. Let deg x be the degree of x and let ¢, = gdee”
be the cardinality of k,. We denote by || - || the absolute value on F, and F,
respectively, such that ||, ||, = g, L

Let A be the adéle ring of F and A* the idele group. Put Oy = [ O,, where
the product is taken over all places x of F. The idele norm is the quasicharacter
| -]l : A — C* that sends an idele (ay) € A* to the product [ [||a, || over all local
norms. By the product formula, this defines a quasicharacter on the idele class
group A*/F*.

We think of Fy being embedded into the adele ring A by sending an element
a of Fy to the adele (ay) with a, = a and a, = 0 for y # x. It being not quite
compatible with this embedding, we think of the unit group F* as a subgroup of
the idele group A* by sending an element b of F* to the idele (by) with b, = b and
by =1 for y # x. We will explain, in case of ambiguity, which of these embeddings
we use.

Let G = PGL,. Following the habit of literature about automorphic forms, we
will often write G, instead of G (A) for the group of adelic points and G g instead
of G(F) for the group of F-valued points, et cetera. Note that G5 comes together
with an adelic topology that turns G into a locally compact group. Let K = Gg,
be the standard maximal compact open subgroup of Ga. We fix the Haar measure
on Gp for which vol K = 1.

The Hecke algebra ¥ for Gp is the complex vector space of all compactly
supported locally constant functions ® : Ga — C together with the convolution
product

O xDr:g> | Di(gh HDy(h)dh.
Ga
A Hecke operator ® € 7€ acts on the space V' =C %Gp \ G p) of continuous functions
f:GFr\ Gp — C by the formula

O(f)(g) = / o) f(gh) dh.

Ga



24 Oliver Lorscheid

Let K’ be a compact open subgroup of Ga. Then we denote by ¥k the subalgebra
of ¥ that consists of all bi-K’-invariant functions. The action above restricts to an
action of ¥k on VX', the space of right K’-invariant functions.

Lemma 1.2. For every K’ and every ® € ¥, there are hy, ..., h, € Gp and
mi, ..., m, € C for some integer r such that for all g € Gp and all [ € VK,

-
Q(f)(g) =) mi- f(ghi).
i=1
Proof. Since @ is K’-biinvariant and compactly supported, it is a finite linear
combination of characteristic functions on double cosets of the form K'hAK’ with
h € Ga. So we may reduce the proof to the case & = charg/,x’. Again, since
K'hK’ is compact, it equals the union of a finite number of pairwise distinct cosets
hiK’, ..., h.K’', and thus, for arbitrary g € Ga,

,
/ CharthK’(h/)f(gh/)dh/=Z/ chary, k' (h) f (gh") dh
Ga i=170n

= _vol(K") f(ghy). O

i=1

We will write [g] € Gr \ Ga/K' for the class that is represented by g € Ga.
Other cosets will also occur in this paper, but it will be clear from the context what
kind of class the square brackets relate to.

Proposition 1.3. Forall ® € ¥ and [g]l € Gr \ Ga/K', there is a unique set of
pairwise distinct classes [g;] € Gr \ Ga/K' and numbers m; € C*, for 1 <i <r,
such that for all f € ¥k

D(f)(g) =) mif(g).

i=1
Proof. Uniqueness is clear, and existence follows from Lemma 1.2 after we have

taken care of putting together values of f in same classes of Gy \ Ga/K’ and
excluding the zero terms. O

Definition 1.4. With the notation of the preceding proposition we define

Uo k ([gD) ={(g], [gi]l, mi)}i=1,....r-

The classes [g;] are called the ®-neighbors of [g] (relative to K'), and the m; are
called their weights.
The graph o k' of ® (relative to K') consists of vertices

Vel“'[(gcp,[(/ = GF\GA/K/
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and oriented weighted edges

Edge 9o x = U o, k7 (V).

veVert Yy, g/

Remark 1.5. The usual notation for an edge in a graph with weighted edges consists
of pairs that code the origin and the terminus, and an additional function on the set
of edges that gives the weight. For our purposes, it is more convenient to replace
the set of edges by the graph of the weight function and to call the resulting triples
that consist of origin, terminus and the weight the edges of 9¢ g .

1.6. We make the following drawing conventions to illustrate the graph of a Hecke
operator: vertices are represented by labeled dots, and an edge (v, v’, m) together
with its origin v and its terminus v’ is drawn as

m
*——p—0

v v

If there is precisely one edge from v to v" and precisely one from v’ to v, which we
call the inverse edge, we draw

m

o <o @ ®
o —————0
v V" in place of ¥ v and U in place of v,

There are various examples for rational function fields in the appendix, and in
[Lorscheid 2012], one finds graphs of Hecke operators for elliptic function fields.

1.7. We collect some properties that follow immediately from the definition of a
graph of a Hecke operator ®. For f € VK" and [¢]1€ GF\ Ga/K’', we have

o))=Y mf(@).
(Lg).[g"].m")
€Edge G4 g/
Hence one can read off the action of a Hecke operator on f € VX " from the
illustration of the graph

[9r]

Since # = | k', with K’ running over all compact opens in G, the notion
of the graph of a Hecke operator applies to any ® € . The set of vertices of the
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graph of a Hecke operator ® € # g only depends on K’, and only the edges depend
on the particular chosen ®. There is at most one edge for each pair of vertices
and each direction, and the weight of an edge is always nonzero. Each vertex is
connected with only finitely many other vertices.

The algebra structure of g has the following implications on the structure of
the set of edges (with the convention that the empty sum is defined as 0). For the
zero element 0 € k-, the multiplicative unit 1 € k-, and arbitrary @, ®, € Hg-
and r € C*, we obtain

Edge 4.k = <,
Edgecgl,[(/ == {(va v, 1)}U€V€rt(§11K17

m= Z m' + Z m”;ﬁO},

Edge %o, +0,. k' = {(U, v, m)

(v,v',m") (v,v',m")e
€Edge9g, Edge%g, k/
Edge % 0, x = {(v, v, rm) ‘ (v,v,m) e Edge‘gqpl,K/},
Edge‘gq;l*q)z,p:{(v,v’,m) ‘m: Z m/-m”;«éO}.

(v,v”,m")eEdge (‘%’1 K

(",v',m")€Bdge g, x

If K" < K" and ® € ¥, then also ® € H g~. This implies that we have a canonical
map P : %9¢ g7 — 9o k', which is given by

Vert 9o g = Gp\ Ga/K" 5> G\ Ga/K' = VertGg ¢,
Edge %o~ Lt Edge %o x, (v, v, m") > (P(v), P(V)), m").
1.8. One can also collect the data of G4 k- in an infinite-dimensional matrix M¢ k-,
which we call the matrix associated with 4¢ g/, by putting (Mo x')y v = m if
(v,v',m) € Edge 9¢ ', and (Mo k'), = 0 otherwise. Thus each row and each

column has only finitely many nonvanishing entries.
The properties of the last paragraph imply the following:

My k' =0, the zero matrix, Mo, 40,k = Mo, k' + Mo, k',
M, g =1, the identity matrix, M,o, k' =rMs, k',

Mo v, k' = Mo, k Mo, k-

Let $(K') C #x be the ideal of operators that act trivially on VX ". Then we may
regard ¥k /$(K') as a subalgebra of the algebra of C-linear maps

@C—)@C.

Gr\Ga/K’ Gr\Ga/K'
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2. Unramified Hecke operators

From now on we will restrict ourselves to unramified Hecke operators, which
means elements in # . In particular, we will investigate the graphs 9§, of certain
generators @, of # g in more detail.

2.1. Consider the uniformizers 7, € F as ideles via the embedding F* C F* C A
and define for every place x the unramified Hecke operator @, as the characteristic
function of K (™ | )K. Itis well known that #x ~ C[®].c| x| as an algebra, which
means, in particular, that # g is commutative. By the relations from Section 1.7, it
is enough to know the graphs of generators to determine all graphs of unramified
Hecke operators. We use the shorthand notation 9, for the graph 9¢_ x, and U, (v)
for the ®,-neighbors Ug  x (v) of v.

We introduce the lower x convention that says that a lower index x on an algebraic
group defined over the adeles of F will consist of only the component at x of the
adelic points, for example, G, = Gr,. Analogously, we put K, = Gg, .

The upper x convention means that an upper index x on an algebraic group
defined over the adeles of F will consist of all components except for the one
at x. In particular, we first define A* = ]_[’y 2 Fy, the restricted product relative to
0* = ]_[y7é . 0, over all places y that do not equal x. Another example is G* = Gay.
We put K* = Gos.

2.2. We embed «, via k, C F, C A; thus an element b € k, will be considered as
the adéle whose component at x is b and whose other components are 0. Let P! be
the projective line. Define, for w € P! (ky),

m. b . . (1 ; —T0 -
gw=( 1) if w=[1:b] and gw_( nx) if w=[0:1].

It is well known (see [Gelbart 1975, Lemma 3.7]) that the domain of &, can be

described as
Ty
K ( 1) K = |_| E,K.

wePl(k,)

Consequently the weights of edges in 4, are positive integers (recall that vol K =1).
We shall also refer to the weights as the multiplicity of a ®,-neighbor. The above
implies the following.

Proposition 2.3. The ©,-neighbors of [g] are the classes [g&, ] with &, as in the
previous paragraph, and the multiplicity of an edge from [g] to [g'] equals the
number of w € P'(k,) such that [g&,] = [g'). The multiplicities of the edges
originating in [g] sum up to # P (k) = g + 1.
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3. Connection with Bruhat-Tits trees

Fix a place x. In this section we construct maps from Bruhat-Tits trees to ;. This
will enable us to determine the components of 4, .

Definition 3.1. The Bruhat—Tits tree T, for F, is the (unweighted) graph with
vertices Vert 7, = G, /K, and edges

Edge T, = {([g], [¢']) | Iw € P (ky), g =g'&, (mod K,)}.

3.2. Consider G, to be embedded in G as the component at x. For each & € Ga,
we define a map W, , : I, — 9, by

VertT, =G,/Ky - Grp\ Gp/K = Vert§,, Edge 7, — Edge%,,
[g]+— [hg], ([g]. [g'D) > ([hg], [hg'], m),

with m being the number of vertices [¢”] that are adjacent to [g] in T, such that
Wy (L8] = Wi n([8'D-

By Proposition 2.3 and the definition of a Bruhat-Tits tree, W, 5 is well-defined
and locally surjective, that is, it is locally surjective as a map between the associated
simplicial complexes of I, and <4, with suppressed weights.

Since Bruhat-Tits trees are indeed trees [Serre 2003, II.1, Theorem 1], hence
in particular connected, the image of each W, 5 is precisely one component of 4,,
that is, a subgraph that corresponds to a connected component of the associated
simplicial complex.

Every edge of the Bruhat-Tits tree has an inverse edge, which implies the
analogous statement for the graphs %,. Namely, if (v, v, m) € Edge %y, then there
is an m’ € C* such that (v/, v, m’") € Edge %,.

Remark 3.3. This symmetry of edges is a property that is particular to unramified
Hecke operators for G = PGL,. In case of ramification, the symmetry is broken;
see Example A.7.

3.4. The algebraic group SL, has the strong approximation property, that is, for
every place x, SL, F is a dense subset of SL, A* with respect to the adelic topol-
ogy. See [Bourbaki 1965, §2, nombre 4; Kneser 1966; Moore 1968, Chapter 1V,
Lemma 13.1; Margulis 1977; Prasad 1977] for the development of the strong
approximation results and their generalizations to all simple groups. See also
[Laumon 1997, Theorem E.2.1] for a proof. We explain what implication this has
on PGL;. More detail for the outline in this paragraph can be found in [van der Put
and Reversat 1997, (2.1.3)].

Let x be a place of degree d. In accordance to the upper x convention, let
0* = ]_[y ~x 0y. As a consequence of the strong approximation property of SL,, the
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determinant map on GL, induces a bijection on double cosets:

GL2(F) \ GLa(A)/ GLy(0%) <5 FX\ (A)"/(0%)*.
The quotient group F* \ (A*)*/(0*)* is nothing else but the ideal class group
Cl1 07, of the integers 0}, = 0 N F coprime to x. Let CI F = F* \ A* /Ox be the
divisor class group of F and CI° F = {[a] € CI1 F | dega = 0} be the ideal class
group. Then we have bijections

GLy(F) \ GLy(AY)/ GLy(0%) =~ F* \ (A*)* /(0*)* ~ C10% ~ CI’F x Z/dZ.

Let S C GL,(A*) be a set of representatives for GL, (F)\ GL,(A*)/ GL,(0*). Then
for every g = g* g, € GLy(A) (with g* € GL,(AY) and g, € GL,(Fy)), there are
s €S, y € GLy(F) and k € GL,(0") such that g = yskg,, where ysk equals g in
all components z # x and g, = y‘l g«. The condition [dets] = [det g*] as cosets
in F*\ (A%)*/(0*)* implies that s € S is uniquely determined by g*. Let Z be
the center of GL,. Then

GLy(A)/ GLy(0a) Z, = GL2(A")/ GL,(0") x G /K,
— GLy(AY)/ GL2(0%) x Vert J,.

Define I'y = GL,(F) N's GL,(0%)s~!. Then we obtain the following; see [van der
Put and Reversat 1997, (2.1.3)].

Proposition 3.5. The decomposition g = yskg, induces a bijective map

GLy(F) \ GL2(AY)/ GL(0n) Zx — |_| Co\VertT,, [g]— (s, [&x]).

seS

Its inverse is obtained by joining the components s € GLy(AY) and g, € Gy.

Remark 3.6. On the right side of the bijection in Proposition 3.5, we have a finite
union of quotients of the form I'y \ VertJ,. If s is the identity element e, then
I' =T, = GL,(0%) is an arithmetic group of the form considered in [Serre 2003,
I1.2.3]. For general s, I am not aware of any results about Iy \ Vert J,.

3.7. So far, we have only divided out the action of the x-component Z, of the
center. We still have to consider the action of Z*. The image of Z* under the
determinant det : GL,(A*) — Cl1 07, is 2 C107,. Thus we obtain a bijection

Z* GLy(F) \ GL,(A")/ GL,(0%) det Cl10%/2Cl10%.
The double quotient on the left side can be identified with Gg \ G*/K*. Let
J ={z € Z* | detz =0 € C10%} be the kernel of the restriction det : Z* — C107},
and define [y = GL,(F)NJs GL,(0%)s~ . If we let S’ C S be a set of representatives
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for C10% /2 C107, (with respect to the determinant map), and h, = #(Cl F)[2] the
cardinality of the 2-torsion, then we obtain:

Proposition 3.8. The decomposition g = yskg, induces a bijective map

Gr\Ga/K — | [Ty \Vertd,.

ses’

The inverse maps an element (s, [gx]) to the class of the adelic matrix with compo-
nents s € G* and g, € Gy. The number of components of 4, equals

hy  if degx is odd,

#(Cl10%/2Cl10%) =#(Cl Op)[2] =
( F/ F) ( P21 {th if degx is even.

Proof. Everything follows from Proposition 3.5 and Section 3.7 except for the two
equalities in the last line. The former equality follows from the general fact that
one has #ker f =#(G/im f) for a homomorphism f acting on a finite group G
(in our case f is the multiplication by 2). The latter equality follows immediately
from the observation C107, >~ CI° F x Z/dZ, where d = deg x. ([

4. A vertex labeling

In this section, we associate to each vertex of %, an element of Cl1 F/2Cl F and
determine how these labels are distributed over the components of <4, .

4.1. Let 95 = (a” | a € A*) be the subgroup of squares. We look once more at the
determinant map

Vert§, = G\ Ga/K 55 F*\AX /079, ~CIF/2CIF.
This map assigns to every vertex in 9, a label in Cl F/2Cl F, which has 2k,
elements, where iy, = #(Cl F)[2], for the same reason as used in the proof of
Proposition 3.8.

Proposition 4.2. If the prime divisor x is a square in the divisor class group, then
all vertices in the same component of 4, have the same label, and there are 2hy
components, each of which has a different label. Otherwise, the vertices of each
component have one of two labels that differ by x in C1 F /2Cl1 F, and two adjacent
vertices have different labels, so each connected component is bipartite.

Proof. First of all, observe that each label is realized, since if we represent a label
by some idele a, then the vertex represented by (¢ | ) has this label.

Let 9, = (b* | b e FX) and Cl F, = F /0, a group isomorphic to Z. For the
Bruhat-Tits tree J,, the determinant map

Vert T, = Gy /Ky <5 FX /079, ~Cl F,/2CI F, ~ 7/27
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defines a labeling of the vertices, and the two classes of F/09, are represented
by 1 and m,. Two adjacent vertices have the different labels since for g € G, and
&, as in Definition 3.1, det(g&,,) = m, det g represents a class different from det g
in Vert J .

Define fora e A amap ¥, ,: F /072, — F* \AX/@QQA by V..« ([P]) =[ab],
where b is viewed as the idele concentrated in x. For every & € G we obtain a
commutative diagram

Wy h
Vert7, =  G/Kx——>Gp\Ga/K = Vert 4,

C LT T

v
CIF,/2CIF, ~ F*/0x9, L px\ax/0X0, ~ CIF/2CIF.

This means that vertices with equal labels map to vertices with equal labels.

Each component of %, lies in the image of a suitable W, j;, and thus has at most
two labels. On the other hand, the two labels of I, map to ¥y getrn ([11) = [a]
and Yy getr ([Tx]) = [am, ], where a = deth. The divisor classes of [a] and [a7y]
differ by the class of the prime divisor x, and are equal if and only if x is a square
in the divisor class group. If so, according to Proposition 3.8, there must be 2/,
components, so that the 2h; labels are spread over all components. If x is not a
square, then by the local surjectivity of W, ;, on edges two adjacent vertices of ¥,
also have different labels. O

5. Geometric interpretation of unramified Hecke operators

A fundamental observation in the geometric Langlands program (for PGL;, in
this case) is that the domain of automorphic forms (with a certain ramification
level) corresponds to the isomorphism classes of P!-bundles (with a corresponding
level structure). The action of Hecke operators can be given a geometric meaning,
which makes it possible to let algebraic geometry enter the field. We will use this
geometric view point for a closer examination of the graphs of unramified Hecke
operators. We begin with recalling the geometric interpretation of unramified Hecke
operators. For more reference, see [Gaitsgory 2003].

5.1. Let Ox be the structure sheaf of the smooth projective curve X and 7 the
generic point. We can identify the stalks Oy , of the structure sheaf Oy at closed
points x € || X|| and their embeddings into the generic stalk O , with

Oxx >0, NF— F>~0x,.

We identify vector bundles on X with the corresponding locally free sheaf
[Hartshorne 1977, Exercise 11.5.18]. We denote by Bun,, X the set of isomorphism
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classes of rank n bundles over X and by Pic X the Picard group. For £, ¥, € Pic X,
we use the shorthand notation £1¥, for £; ® &». The group Pic X acts on Bun, X
by tensor products. Let PBun, X be the orbit set Bun,, X/ Pic X, which is nothing
but the set of isomorphism classes of P"~!-bundles over X [ibid., Ex. I1.7.10].

We will call the elements of PBun; X projective line bundles. 1f we regard
the total space of a projective line bundle as a scheme, then we obtain a ruled
surface; see [ibid., Proposition V.2.2]. Thus PBun; X may also be seen as the set
of isomorphism classes of ruled surfaces over X.

If two vector bundles Jl; and ., are in the same orbit of the action of Pic X, we
write Jl; ~ My and say that J; and Jl, are projectively equivalent. When we say
[M] € PBun, X, we mean the class that is represented by the rank 2 bundle Jl.

Let C1X = CI F be the divisor group of X. Every divisor D € Cl X defines
the associated line bundle £, which defines an isomorphism Cl X — Pic X of
groups [ibid., Proposition 11.6.15]. The degree deg .l of a vector bundle Jl with
det M >~ ¥ p is defined as deg D; see [ibid., Ex. I1.6.12]. For a torsion sheaf %, the
degree is defined by degF =) | cx dimg, (¥x). The degree is additive in short
exact sequences.

Remark 5.2. Note that if D = x is a prime divisor, the notation for the associated
line bundle &£, coincides with the notation for the stalk of & at x. In order to avoid
confusion, we will reserve the notation &, strictly for the associated line bundle. In
case we have to consider the stalk of a line bundle, we will use a symbol different
from & for the line bundle.

5.3. The correspondence between C1 X = F*\ A* /O and Pic X extends to higher
rank. For more details on the following outline; see [Frenkel 2004, Lemma 3.1;
Gaitsgory 2003, 2.1]. Let .l be a rank 2 bundle. Then we can choose for every
x € || X|| a trivialization ¢, of Jl, in a formal neighborhood of x, and a trivialization
@, of the generic stalk .l,,. We define the matrix g, as the base change matrix

corresponding to
% vy
2 x n 2
Oy, — My = My —> F

with respect to the standard bases of @%Qx and F2. This yields an element g = (g,) of
GL,(A). A coordinate change of the stalks Jl, corresponds to a matrix in GL,(0Op)
and a coordinate change of Jit, corresponds to a matrix in GL,(F). Indeed, every
double coset in GL,(F) \ GL2(A)/ GL;,(0p) is obtained from a vector bundle in
the described way, which yields a bijection

GLy(F) \ GLa(A)/ GLa(04) <2 Bum, X,
[g] —> Mg
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Furthermore, we have My ® £, = My, for a € A*, and deg.l, = deg(detg).
Consequently, there is a bijection

Gr\Ga/K <5 PBun, X,
which allows us to identify the vertex set Vert9, = Gr \ Ga/K with PBun; X.

5.4. The next task is to describe edges of 9§, in geometric terms. We say that two
exact sequences

0>%F ->F—>F -0 and 0> F, > F—>F,—>0

of sheaves are isomorphic with fixed ¥ if there are isomorphisms %; — %, and
| — F, such that

0 F ) F F! 0
0 F» F F, 0

commutes.

Let X be the torsion sheaf that is supported at x and has stalk «, at x, where «,
is the residue field at x. Fix a representative Jl of [l] € PBun, X. Then we define
my ([M], [A']) as the number of isomorphism classes of exact sequences

0—- M —>M— K, — 0,

with fixed Jl and with " ~ Al". This number is independent of the choice of the
representative Jl because for another choice, which would be a vector bundle of
the form M ® & for some & € Pic X, we have the bijection

isomorphism classes isomorphism classes
O—-M"—>M—FH, —0 — O->M" > ML — I, —0 ¢,
with fixed J with fixed Ul @ £

O > M=% =0 > O=>M@F— MRF— K, — 0).

Definition 5.5. Let x be a place. For a projective line bundle [l] € PBun; X we
define
WU ([M]) = {([M], [A], m) | m = m ([M], [M]) # O},

and call the occurring [M'] the ®,-neighbors of [M], and m, ([A], [A']) their
multiplicity.
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5.6. We shall show that this concept of neighbors is the same as the one defined
for classes in G \ Ga/K (Definition 1.4). Recall that in Proposition 2.3, we
determined the @, -neighbors of a class [g] € Gr \ Ga/K to be of the form [g&, ]
for a w € P! (k,). The elements &, define exact sequences

2 b 2
0— 1_[©va_) HGX,y_)"x_)O
yel Xl yelX|

of [,-modules and consequently an exact sequence 0 — Mg, — My — H, — 0

of sheaves, where .Ily¢, and .l, are the rank 2 bundles associated with g&,, and

g, respectively. This maps w € P!(«,) to the isomorphism class of (0 — Mge, —

Mg — K, — 0) with fixed .Mg. On the other hand, as we have chosen a basis for the

stalk at x, each isomorphism class of sequences (0 — M — M — I, — 0) with

fixed Jl defines an element in P((O‘%(’x/(nx(@X,X)Z) = P'(x,), which gives back w.
Thus for every x € || X||, the map

Ux (gD — U (UMD, (8], [g'], m) > ([Mg], [y, m)

is a well-defined bijection. We finally obtain the geometric description of the graph
4, of ®,.

Proposition 5.7. Let x € || X||. The graph 4, of ®. is described in geometric terms
as
Vert, =PBun, X and Edge9y= || ().
[M]ePBun, X

Remark 5.8. This interpretation shows that the graphs that we consider are a global
version of the graphs of Serre [2003, Chapter 11.2]. We are looking at all rank 2
bundles on X modulo the action of the Picard group of X while Serre considers rank
2 bundles that trivialize outside a given place x modulo line bundles that trivialize
outside x. As already explained in Remark 3.6, we obtain a projection of the graph
of Serre to the component of the trivial class co.

Serre describes his graphs as quotients of Bruhat-Tits trees by the action of the
group I' = Gz on both vertices and edges. This leads in general to multiple edges
between vertices in the quotient graph; see for example [Serre 2003, 2.4.2¢]. This
does not happen with graphs of Hecke operators: There is at most one edge with
given origin and terminus.

Relative to the action of I' on Serre’s graphs, one can define the weight of an edge
as the order of the stabilizer of its origin in the stabilizer of the edge. The projection
from Serre’s graphs to graphs of Hecke operators identifies all the different edges
between two vertices, adding up their weights to obtain the weight of the image
edge.
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6. Description of vertices

The aim of this section is to show that the set of isomorphism classes of projective
line bundles over X can be separated into subspaces corresponding to certain
quotients of the divisor class group of F, the divisor class group of . F and
geometrically indecomposable projective line bundles. We recall a series of facts
about vector bundles.

6.1. A vector bundle Jl is indecomposable if for every decomposition M = JL; B My
into two subbundles i and Jl;, one factor is trivial and the other is isomorphic to
M. The Krull-Schmidt theorem holds for the category of vector bundles over X,
that is, every vector bundle J/l on X defined over [, has, up to permutation of
factors, a unique decomposition into a direct sum of indecomposable subbundles;
see [Atiyah 1956, Theorem 2].

The map p: X' = X ® F,i — X defines the inverse image or the constant
extension of vector bundles

p*:Bun, X — Bun, X', M+ p*u.

The isomorphism classes of rank n bundles that after extension of constants to
[, become isomorphic to p*.l are classified by H! (Gal(F,i /Fy), Aut(M QT ,i));
see [Arason et al. 1992, Section 1]. The algebraic group Aut(l ® [F,;i) is an open
subvariety of the connected algebraic group End(M ® [;i), and thus it is itself a
connected algebraic group. As a consequence of Lang’s theorem [1956, Corollary
to Theorem 1], we have Hl(Gal(I]:qf/[Fq), Aut(M @ F,i)) =1.

Thus p* is injective. In particular, one can consider the constant extension to the
geometric curve X = X ® Fq over an algebraic closure Fq of [,. Then two vector
bundles are isomorphic if and only if they are geometrically isomorphic, that is, if
their constant extensions to X are isomorphic. We can therefore think of Bun, X
as a subset of Bun, X’ and Bun,, X.

On the other hand, p : X" — X defines the direct image or the trace of vector
bundles

P« :Bun, X' — Bun,; X, Jl+> pl.

We have p,p*A ~ M’ for M € Bun, X and p*p,M ~ @ M* for M € Bun, X',
where 7 ranges over Gal(F,i /F,) and JL" is defined by the stalks M} = M1 ().

We call a vector bundle geometrically indecomposable if its extension to X
is indecomposable. In [Arason et al. 1992, Theorem 1.8], it is shown that every
indecomposable vector bundle over X is the trace of a geometrically indecomposable
bundle over some constant extension X’ of X.

There are certain compatibilities of the constant extension and the trace with
tensor products. Namely, for a vector bundle .l and a line bundle & over X, we
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have p* (M ® £) ~ p*M @ p*<¥ and for a vector bundle M over X',
Pl ® L pi(M' @ p*F).
Thus p* induces a map, denoted by the same symbol,
p*:PBun, X — PBun, X', [M]+— [p*M],
and p, induces
ps :Bun, X'/ p*Pic X — PBun,; X, [/M] > [psil].

6.2. We look at the situation for rank 2 bundles. Let o be the nontrivial auto-
morphism of F,2/F,. The set PBun, X is the disjoint union of the set of classes
of decomposable rank 2 bundles, that is, rank 2 bundles that are isomorphic to
the direct sum of two line bundles, and the set of classes of indecomposable
bundles. We denote these sets by I]J’BungecX and IP’BunizndeCX , respectively. Let
PBun$' X C PBunj X be the subset of classes of geometrically indecomposable
bundles. Since the rank is 2, the complement PBunj X = [P’BunizndecX —PBun3' X
consists of classes of traces p,<f of certain line bundles & € Pic X' that are defined
over the quadratic extension X' = X ® F.. More precisely, p.&¥ decomposes if
and only if £ € p* Pic X, and then p,& ~ Ox ®Ox. Thus, we have a disjoint union

PBun, X = PBund® X LiPBuny X L [P’Bun%i X.
For [D] € Cl X, define
cp =[%p ®Ox] € PBunS™ X,
and for a [D] € C1 X/, define
tp = [p+&p] € PBun? X U {co}.

Note that o acts on C1 X’ in a way compatible with the identification Cl1 X’ ~ Pic X'.
Since p*p (L) =L DL =~ p*p, (L) for £ € Pic X', and isomorphism classes
of vector bundles are stable under constant extensions, we have tp =, p.

We derive the following characterizations of [P’BungecX and PBunj X:

Proposition 6.3. The map C1 X — [P’BungecX , D]+ cp is surjective with fibers
of the form {[ D], [—D]}.

Proof. Let Al decompose into £ @& £,. Then
ML @~ (D)L, =29 @0,

thus surjectivity follows. Let £ @ Ox represent the same projective line bundle as
£p @ Ox. Then, there is a line bundle &y such that £p POy ~ (£p D Ox) ® £y,
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and thus either £y ~O0x and £p >~ Lp or Ly = ¥Lp and Lp @ £p >~ Ox. Hence
[D] equals either [D] or [—D]. O

Proposition 6.4. The map C1X'/Cl1 X — IP’Bun‘zr X U{co}, [ D]+ tp is surjective
with fibers of the form {[ D], [—D]}.

Proof. From the previous considerations it is clear that this map is well-defined
and surjective. Assume that [D;], [D;] € Cl X’ have the same image. Then there is
an ¥ € Pic X such that p,. & >~ p.¥£r ® £y, where we briefly wrote &; for £p..
Then in PBun, X', we see that

PO L] = p*pLr = P pEr @ P Ly = (L2 ® p L) B (X5 ® p* L),

thus either £ >~ ¥, ® p*¥y, which implies that D; and D, represent the same
classin C1X'/ C1 X, or & =~ ¥35 ® p*£p, which means that D represents the
same class as 0 D;. Butin C1 X’/ Cl X,

[0 D2] = [0 Dy+ D, —D2] = [—Dz]. U
—
eClX

Lemma 6.5. The constant extension restricts to an injective map
p* : PBuny® X LPBunj X < PBun{*X’.

Proof. Since p* p.(¥) ~ £ @ F° for a line bundle & over X', it is clear that the
image is contained in [I:'>BungeC X’'. The images of IPBungeCX and PBunj X are
disjoint since elements of the image of the latter set decompose into line bundles
over X’ that are not defined over X. If we denote taking the inverse elements
by inv, then by Proposition 6.3, p* is injective restricted to IPBungeCX because
(C1X/inv) — (C1 X'/ inv) is. Regarding PBunj X, observe that

P p)=p*p«(Ep) =LpB®Lop ~Lp-6pD®O0x =Cp—0op,

where by Proposition 6.4, D represents an element in (Cl X'/ClX ) /inv, and by
Proposition 6.3, D — o D represents an element in Cl X'/ inv. If there are [D1],
[Dy]eCl X’ such that (D1 —0D)) ==x(Dy—0 D), then Dy F Dy = o (D F D),
and consequently [D; F D»] € CI X. O

Remark 6.6. The constant extension also restricts to a map
p* : PBunj' X — PBun' X'.

But this restriction is in general not injective in contrast to the previous result. For
a counterexample to injectivity, see [Lorscheid 2012, Remark 2.7].
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7. Reduction theory for rank 2 bundles

In this section, we introduce reduction theory for rank 2 bundles, that is, an invariant
8 closely related to the slope of a vector bundle and reduction theory. Namely, a
rank 2 bundle Al is (semi)stable if and only if 8 (M) is negative (nonpositive). For
the definition of the slope of a vector bundle and (semi)stable vector bundles, see
[Harder and Narasimhan 1974/75]. The invariant ¢ is also defined for projective
line bundles and will be help to determine the structure of the graphs ;.

7.1. In general, the cokernel of a sheaf morphism between two vector bundles
might have nontrivial torsion. A subbundle of a vector bundle /M is an injective
morphism /' — Al of vector bundles such that the cokernel is again a vector bundle.
By a line subbundle £ — J of a vector bundle ., we mean a subbundle of it
where & is a line bundle.

Every locally free subsheaf £ — Jl of rank 1 extends to a uniquely determined
line subbundle & — ., since & is determined by the constraint & C ¥ [Serre 2003,
p. 100]. On the other hand, every rank 2 bundle has a line subbundle [Hartshorne
1977, Corollary V.2.7].

Two line subbundles £ — A and ' — A are said to be the same if their images
coincide, or, in other words, if there is an isomorphism & >~ &’ that commutes with
the inclusions into J.

For a line subbundle & — Al of a rank 2 bundle Jl, we define

8(Z, M) :=degE —deg(M/F) =2deg L — deg JM,
S(M) = sup 8(ZL, M).
L—M
line subbundle

If 6(M) = §(£, M), then we call £ a line subbundle of maximal degree, or briefly, a
maximal subbundle. Since (L Q L', MR £') = §(&L, M) for a line bundle &, the
invariant § is well-defined on PBun; X, and we put & ([M]) = §(M).

Let gx be the genus of X. Then the Riemann—Roch theorem and Serre duality
imply:
Proposition 7.2 [Serre 2003, 11.2.2, Propositions 6 and 7]. Every rank 2 bundle M
satisfies —2gx < 8(M) < oo. If £ — M is a line subbundle with (£, M) >2gx —2,
then l>~L @M/

7.3. Every extension of a line bundle &’ by a line bundle &, that is, every exact
sequence of the form 0 — £ — M — &’ — 0, determines a rank 2 bundle JL € Bun, X.
This defines for all £, ¥’ € Pic X a map Ext! (¥, ) — Bun, X, which maps the
zero element to £ @ &', Since decomposable bundles may have line subbundles that
differ from its given two factors, nontrivial elements can give rise to decomposable
bundles.
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Proposition 7.4. The map

|_| Ext!(Ox, $) — PBun, X
—2gx<deg¥
<2gx—2
meets every element of [P’BunizndeCX , and the fiber of any [M] € PBun; X is of the
form
0> — M—0x—0]|8(L,M)>—-2gx}.

Proof. We know that every [l] € PBun; X has a reduction0 > £ — M — £ — 0
with §(£, M) > —2gx, where we may assume that £’ = Oy by replacing Jl with
M@ (L)™' hence §(L, M) = deg L. If deg ¥ > 2gx — 2, then .l decomposes,
that is, Ext!(Ox, &) is trivial (which is already clear from the proof [Serre 2003,
11.2.2, Proposition 7]). This explains the form of the fibers and that PBun* X is
contained in the image. ([

Corollary 7.5. There are only finitely many isomorphism classes of indecomposable
projective line bundles.

Proof. This is clear since |—|—2gx<deg££<2gx—2 Ext' (Ox, &) is a finite union of finite
sets. (]

Lemma 7.6. If £ — M is a maximal subbundle, then §(&', M) < — §(£, M) for
every line subbundle &' — M that is different from £ — M. Equality holds if and
only if M >~ @Y, that is, M decomposes and &' is a complement of & in M.

Proof. Compare with [Schleich 1974, Lemma 3.1.1.]. Since &’ — M is different
from & — U, there is no inclusion ¥ — £ that commutes with the inclusions
into .. Hence the composed morphism &' — Al — /¥ must be injective, and
deg &' < deg /¥ = deg M — deg &. This implies that

S(&E, M) =2deg ¥ —deg M < deg M —2degF = —5(£, ).
Equality holds if and only if ¥’ — M /& is an isomorphism, and in this case, its
inverse defines a section M/¥ >~ F — M. O
Proposition 7.7.
(i) A rank 2 bundle M has at most one line subbundle & — M such that § (£, M) > 1.
(i) If £ — M is a line subbundle with 5(£, M) > 0, then 5 (M) = 5(&L, M).
(iii) If (M) = 0, we distinguish three cases.
(1) M has only one maximal line bundle; this happens if and only if M is
indecomposable.

(2) M has exactly two maximal subbundles £, — M and £, — M; this
happens if and only if M ~ ¥ ® £, and deg £| = deg &£, but £ #* £».
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(3) M has exactly g + 1 maximal subbundles; this happens if and only if all
maximal subbundles are of the same isomorphism type £ and M =L D L.

(iv) d(cp) = [deg Dl
(v) §(M) is invariant under extension of constants for [M] € I]J’Bun‘élec X.

Proof. Everything follows from the preceding lemmas, except for the fact that G ¥
has precisely g 4+ 1 maximal subbundles in part (3), which needs some explanation.

IfM=LDZF and ¥ is a third maximal subbundle of ., then M >~ L' & L by
Lemma 7.6, and thus there is an automorphism Ml >~ £ &L — LD L = J that
restricts to an isomorphism between &’ and & by the Krull-Schmidt theorem; see
[Atiyah 1956]. Thus the automorphism group Aut(J/l) of Jl acts transitively on the
set of maximal line bundles of /L. Since Aut(/Mt) >~ GL([F,), the orbit of a maximal
subbundle under Aut(/M) is of cardinality g + 1. O

Proposition 7.8. Let p : X' = X ® F» — X and & € Pic X', then §(p.¥) is an
even nonpositive integer. It equals 0 if and only if £ € p* Pic X.

Proof. Over X', we have p*p, ¥ >~ L ® F° and deg¥ = deg ¥°. If ¥’ is a line
subbundle of p, &, then p*¥’ is a subbundle of £& £ . By the previous proposition,
the degree of p*&’ (which is the same as the degree of &’) equals the degree of &£
if and only if p*<¥’ is isomorphic to &£ or £?, and it is smaller otherwise. In the
former case, &£ is already defined over X; thus p,¥£ ~ ¥ & £ and §(p,£) =0 if
¥~ p*&F'. In the latter case, that is, if & is not of the form p*&’ for a line bundle
¥’ over X, we have §(¥', p.¥) < 0 for every maximal subbundle ¥’ of p,<. This
shows that 6 (p.&) is nonpositive, and that it is O if and only if £ € p* Pic X.
Finally note that by the very definition of §(Jl) for rank 2 bundles J, it follows
that § (M) = deg M (mod 2), and deg(p.F) = 2deg ¥ is even. [l

Remark 7.9. We see that for [l] € [P’Buntzr X, the invariant § (M) must get larger
if we extend constants to [, because p*(M) decomposes over X'. This stays in
contrast to the result for classes in IPBungeCX (Proposition 7.7 (v)).

8. Nucleus and cusps

In this section, we will define certain subgraphs of %, for a place x, namely, the
cusp of a divisor class modulo x, which is an infinite subgraph of a simple nature,
and the nucleus, which is a finite subgraph that depends heavily on the arithmetic
of F. Finally, %, can be described as the union of the nucleus with a finite number
of cusps.

8.1. We use reduction theory to investigate sequences of the form

00— M - M— K, — 0,
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which occur in the definition of AU, ([/t]). By additivity of the degree map (see
Section 5.1), deg M’ = deg M — d, where d, is the degree of x.

Given an arbitrary inclusion " — A of rank 2 bundles and a line subbundle
¥ — A, then we say that & lifts to A" if there exists a morphism &£ — M’ such that
the diagram

K7

/|

M —— M

commutes. In this case, £ — Jl’ is indeed a subbundle since otherwise it would
extend nontrivially to a subbundle £ — A’ C .l and would contradict the hypothesis
that &£ is a subbundle of Jit. In the case that M — L is part of an exact sequence

00— M - M— K, — 0,

a line subbundle &£ — .t lifts to A’ if and only if the image of &£ in H, is 0.

Let $, C Ox be the kernel of Ox — H,. This is also a line bundle, since ¥, is a
torsion sheaf. For every line bundle £, we may think of £$, as a subsheaf of &£.
In Pic X, the line bundle ¥, represents the inverse of ., the line bundle associated
with the divisor x. In particular, deg $, = deg ;' = —d,.

If £ — M does not lift to a subbundle of JAl', we have that £$, C £ — M lifts
to a subbundle of Al

$¢ Cc £
M — M.

Note that every subbundle ¥ — Jl’ is a locally free subsheaf £ — ., which
extends to a subbundle & — L. If thus £ — .l is a maximal subbundle that lifts to
a subbundle £ — A, then £ — M’ is a maximal subbundle. If, however, £ — M
is a maximal subbundle that does not lift to a subbundle £ — A/, then £$, — M’
is a subbundle, which is not necessarily maximal. These considerations imply that

S(M) <2deg F —deg M =2deg £ — (deg M — dy) = S(M) + dy,
S(M) > 2deg $,F — deg M’ =2 deg L — 2d, — (deg M — dy) = S(M) — dy.

Since §(M') = deg M = deg M — d, (mod 2), we derive the following:
Lemma 8.2. If0 — M — M — H, — 0 is exact, then

Sy € {S(M) —dy, (M) —dy +2, ..., 8(M) +dy}.
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8.3. Every line subbundle ¥ — J defines a line £/%9 in P(M/(M R F,)). By
the bijection

isomorphism classes of exact -
0> M —>M—>Hy—0 — P/ (MR IPy)),
with fixed Jt

O—=M— M-Iy —0) =M/ (MR IP,)

(see Section 5.6), there is a unique 0 — M — M — K, — 0 up to isomorphism with
fixed M, such that M’ /(MR F,) =L/LF, in P(M/ (MK F,)). This means that &£ is
contained in the image of M’ — Jl and that £ — JL lifts to a line subbundle £ — M’
We call 0 - M — M — H, — 0 the sequence associated with £ — M relative to
®,, or for short the associated sequence, and [M'] the associated ®-neighbor. It
follows that §(M') > § (£, M) +d,.

We summarize this.

Lemma 8.4. If &£ — J is a maximal subbundle, then the associated ®-neighbor
[M'] has §(M') = § (M) + d,.. Therefore,

Y met {g EPUL/(M®S,))

(L], [M],m) € W ([AL])
S(M)=8(M)+d

there is a maximal submodule }

P — Mwith¥=% (mod M F,)

Theorem 8.5. Let x be a place and [ D] € Cl1 X be a divisor of nonnegative degree.
The ®.-neighbors v of cp with §(v) = deg D + d, are given by the following list:

(co, ¢x, ¢ + 1) € Ux(co),
(€D cpix:2) €Ue(cp) if [D] € (CI° X)[2] — {0},
(€D, cpxs 1) (D, c-pax, 1) €Uilcp)  if[D]€ CI X — (CI° X)[2],
(cp, cp+x, 1) €Uy(cp) if deg D is positive.
For all ®,-neighbors v of cp not occurring in this list, 6(v) < §(cp) +dy. If

Jurthermore deg D > d,, then §(v) =deg D —d,, and if deg D > mx + d, where
myx = max{2gx — 2, 0}, then

Uy (cp) =1{(cp, cp-x,qx), (cD, CD+x, D}

Proof. By Lemma 8.4, the ®,-neighbors v of c¢p with §(v) = 8(cp) + d, counted
with multiplicity correspond to the maximal subbundles of a rank 2 bundle Al that
represents cp. Since 6 (M) = §(cp) > 0, the list of all ®,-neighbors v of cp with
8(v) =deg D +d, = 8(cp) +d, follows from the different cases in Proposition 7.7
(1) and (iii). Be aware that cp = c_p by Proposition 6.3; hence it makes a difference
whether or not D is 2-torsion.
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For the latter statements, write M = £p B Ox and let A’ be a subsheaf of M with
cokernel K, such that §(M') < §(M) +d,. Then £p — M does not lift to ', but
*p9, — M is aline subbundle and

M /LpI >~ (detM)(LpFy)Y = (det)I (LpFy)Y ~LpP, (LpP,)Y ~Oy.
If deg D > d,, then
§(EpI., M)=deg¥LpF, —degOx =deg D —d, > 0.

Proposition 7.7(i) implies that £ — J is the unique maximal subbundle of M’
and thus §(M") = 8 (M) — d.

If §(M) > mx +d,, then §(M') > myxy > 2gx — 2; hence M decomposes and
represents cp_y. Since the multiplicities of all ®,-neighbors of a vertex sum up to
gx + 1, this proves the last part of our assertions. U

Definition 8.6. Let x be a place. Let the divisor D represent a class
[D] € C10% =ClX/(x).
We define the cusp €, (D) (of D in 4,) as the full subgraph of %, with vertices
Vert€, (D) = {cp | [D'] =[D] (mod (x)), and deg D' > mx},
and the nucleus N (of ;) as the full subgraph of 4, with vertices
Vert Ny = {[M] € PBuny X | §(M) <myx +d,}.

8.7. Theorem 8.5 determines all edges of a cusp 6, (D). If mx <deg D <mx +d,,
the cusp can be illustrated as below. Note that a cusp is an infinite graph. It has
a regular pattern that repeats periodically. In diagrams we draw the pattern and
indicate its periodic continuation with dots.

_ 1 qx 1 qx 1 qx 1

CD CD+x CD+2x CD+3z

We summarize the theory so far in the following theorem that describes the
general structure of 4.

Theorem 8.8. Let x be a place of degree d and hy =#CI° X be the class number.
(1) Yy has hxd, cusps and

G =N, U || €.(D),
[D]eCl0Y,

where Vert Ny N Vert €, (D) = {cp} if mx < deg D <myx +d,. The union of
the edges is disjoint. Different cusps are disjoint subgraphs.
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(i) Ny is finite and has #(C10%, /2 C10Y,) components. Each vertex of N, is at
distance < (2gx+mx—+d.)/d. from some cusp. The associated CW-complexes
of Ny and 4, are homotopy equivalent.

(iii) If [D] € C10%, then Vert 6, (D) C PBunS*® X. Furthermore,

PBun® X C {v € Vert%, | §(v) >0},
PBunf' X C {v € Vert%, | §(v) < 2gx —2},
|]3’Bunt2r X C{veVerts, |sw) <0 and even}.

8.9. Remark on Figure 8a. Define h = hy, m =my, d =d, and g, = qdegx.

Further let Dy, ..., Dyy be representatives for C10% with m < deg D; <m +d for
i=1,...,hd. The cusps €,(D;) fori =1, ..., hd can be seen in Figure 8a as
the subgraphs in the dashed regions that are open to the right. The nucleus N, is
contained in the dashed rectangle to the left. Since we have no further information
about the nucleus, we leave the area in the rectangle open.

The §-line on the bottom of the picture indicates the value 6 (v) for the vertices
v in the graph that lie vertically above §(v).

The dotted regions refer to the sort of vertices, which are elements of either
PBun' X, PBuny X, or PBun$® X. All lines are drawn with reference to the 8-line
to reflect part (iii) of the theorem.

|
|
|
| .
| PBun§' X
|
|
| PPN
I . | I
Vo N [ CDyi CDytz  CDyd2x C$<D2)
\ ) Nz ***** F=— ===~~~ ==-=====-
| ‘
| o PBung® X cusps
| PBuny X i e
I ‘ ;1 qes 1 qe 1
| . . X PR
1 o \CDpa__CDna+a_ CDpat2e ?gf(,D,hd)
| i T
\ L | |
{ I 1 1
—2g -4 -2 0 m m+d 5

Figure 8a. General structure of 4,.



Graphs of Hecke operators 45

Proof. The number of cusps is #C10}, =#(C1 X /(x)) =# cl’ x #(Z)dZ)=hxd,.
That the vertices of cusps are disjoint and only intersect in the given point with the
nucleus is clear by definition. Regarding the edges, recall from Section 3.2 that if
there is an edge from v to w in %,, then there is also an edge from w to v. But
Theorem 8.5 implies that each vertex of a cusp that does not lie in the nucleus only
connects to a vertex of the same cusp; hence every edge of 4, either lies in a cusp
or in the nucleus. Different cusps are disjoint by definition. This shows (i).

The nucleus is finite since [P’BunizndecX is finite by Corollary 7.5 and since the
intersection [P’BungecX N Vert N, is finite by the definition of the nucleus and
Proposition 6.3. Since the cusps are contractible as CW-complexes, N, and 9,
have the same homotopy type. Therefore N, has #(Cl107}, /20%) components
by Proposition 3.8. By Lemma 8.4, every vertex v has a ®,-neighbor w with
8(w) = 8(v) + d,, which is the upper bound for the distance of vertices in the
nucleus to one of the cusps. This proves (ii).

The four statements of (iii) follow from the definition of a cusp, Propositions
7.7(iv), 7.2 and 7.8, respectively. ]

Example 8.10 (the projective line). Let X be the projective line over F,. Then
gx =0, hx =1 and X has a closed point x of degree 1. This means that

IPBungeCX = {Cnx}n>0-

Since an indecomposable bundle Jl must satisfy both §(/l) > 0 and § (M) < —2,
which is impossible, all projective line bundles decompose. Theorem 8.5 together
with the fact that the weights around each vertex sum to ¢ + 1 in the graph of ®,
determines 9, completely, as illustrated here:

qg+1 q 1 q 1 qg 1

Co Cx Cox C3x

9. Application to automorphic forms

In this section, we explain how to recover automorphic forms as functions on the
graph and indicate how unramified automorphic forms can be explicitly calculated
as functions on the graph by solving a finite system of linear equations. We begin
by recalling the definition of an automorphic form.

9.1. A function f € C%(Gp) is called an automorphic form (for PGL; over F) if
there is a compact open subgroup K’ of G4 such that f is left G p-invariant and right
K’-invariant and if it generates a finite-dimensional ¥ g -subrepresentation # g ( f)
of C%(Gp). We denote the space of automorphic forms by o and note that the
action of % on C°(G ) restricts to s¢. We denote the subspace of right K’-invariant
automorphic forms by X', a space on which % acts. We can reinterpret the
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elements in X as functions on G\ Ga/K’, which is the vertex set of the graph
Y k' of a Hecke operator ® € k.

We shall investigate the space #¥ of unramified automorphic forms in more
detail. We write f(v) or f(JM) for the value f(g) if v = [g] is the class of g in
Gr\Ga/K and M = Mg is the rank 2 bundle that corresponds to g. In particular,
we can see f also as a function on PBun, X.

The space of automorphic forms decomposes into a cuspidal part g, a part
€ that is generated by Eisenstein series and their derivatives and a part R that
is generated by residues of Eisenstein series and their derivatives (for complete
definitions, see [Lorscheid 2010, Section 9.1]). The decomposition descends to
unramified automorphic forms: #* = &d{f ® €KX @ RK. We describe functions in
these parts separately.

9.2. We start with some considerations for ®,-eigenfunctions as functions on a
cusp 6, (D) where D is a divisor with my <deg D <myx +d,:

1 qe 1 qe 1 qe 1

CD CD+x CD+2x CD+3zx

Let f € s4X satisfy the eigenvalue equation ®, f = Af, then we obtain for every
i>1,
feptia+1x) = Af(Cp+ix) — qx f(€D4i—1)x)- 9-1

Thus the restriction of f to Vert€,(D) is determined by the eigenvalue A once its
values at cp and cpy, are given. The eigenvalue equation evaluated at cp shows
further that f(cpyy) is a linear combination of values of f in vertices of the nucleus.
This consideration justifies that we only have to evaluate the eigenvalue equation at
vertices of the nucleus to determine the eigenfunctions of ®,.

9.3. The space &ﬂ{f has a basis of #g-eigenfunctions and every unramified cusp
form has a compact, that is, finite, support in Gr \ Ga/K. By the eigenvalue (9-1)
it follows that a Hecke eigenfunction f € &d{f must vanish on all vertices of a cusp
in order to have compact support. Thus the support of a cusp form is contained
in the finite set V of vertices v with §(v) < my, and &dé( can be determined by
considering a finite number of eigenvalue equations for ®,.

These eigenvalue equations can be described in terms of the matrix M, associated
with @, ; see Section 1.8. Namely, 5&5 is generated by the eigenfunctions of M,
whose support is contained in V. This problem can be rephrased into a question on
the finite submatrix M, = (ay w)vev.wevertn, Of My = (ayw)v weverts, » Which we
forgo spelling out.

In [Moreno 1985] one finds a finite set S of places such that an ¥k -eigenfunction
f e ﬂ{f is already characterized (up to multiple) by its ®,-eigenvalues for x € S.
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This means that one finds the cuspidal #-eigenfunctions by considering the
eigenvalue equations for the finitely many vertices v € V and the finitely many
Hecke operators @, for x € S.

9.4. We proceed with ¢X @ ®RX. This space decomposes into a direct sum of
generalized (infinite-dimensional) Hecke eigenspaces € (), where x runs through
all unramified Hecke characters, that is, continuous group homomorphisms

x: F*\A*/0x — C*,

modulo inversion; in particular, €(x) = €(x ~1). The generalized eigenspace €(x)
is characterized by its unique Hecke eigenfunction E(-, %) (up to scalar multiple),
which in turn is determined by its @ -eigenvalues A, (x) = q;/z(x () + x "' (ry))
for x € | X||. We have €(x) C € if and only if x2 # || - | =", in which case E( -, x)
is an Eisenstein series. For x2 = ||-||*!, E (-, x) is aresidue of an Eisenstein series.
For details, see [Lorscheid 2010], in particular, Theorem 11.10.

We say that a subset S C || X || generates Cl X if the classes of the prime divisors
corresponding to the places in S generate Cl X. Let S be a set of places that
generates Cl X and satisfies that for every decomposition § = S, U S_ either
2CI X =2(S4+) or 2C1 X = 2(S_). This set can be chosen to be finite. Then the
Hecke eigenfunction E(-,x)is uniquely determined (up to scalar multiples) by
the @, -eigenvalues A, (). For details, see [Lorscheid 2008, Theorem 3.7.6 and
Section 3.7.10].

In order to describe an Eisenstein series or a residue of an Eisenstein series, one
only needs to consider the finitely many eigenvalue equations for the vertices in
the nuclei N, of the finitely many Hecke operators &, with x € S. Derivatives of
Eisenstein series or residues are similarly determined by generalized eigenvalue
equations; see [Lorscheid 2010, Lemmas 11.2 and 11.7] for the explicit formulas.

In the case of a residue, that is, x> = || - ||*!, the function f = E( -, x) has a
particular simple form. Namely, x is of the form o] - I£1/2 where w?> = 1 and
E(g, x) = wodet(g). This means that f(g&,) = (7, detg) = w () f (g). Thus,
as a function on Vert, f satisfies f(v) = w(m,) f(w) for all adjacent vertices v
and w.

Remark 9.5. The methods of this paragraph will be applied in [Lorscheid 2012]
to determine the space of unramified cusp forms for an elliptic function field and to
show that there are no unramified toroidal cusp forms in this case.

10. Finite-dimensionality results

In this section, we will show how the theory of the last sections can be used to show
finite-dimensionality of subspaces of C%(Ga)X whose elements f are defined by a
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condition of the form

n

D mi®(f)(g) =0

i=1
for all ® € Hg (with m; € C and g; € G being fixed). We will explain a general
technique and apply it to show that the spaces of functions in C%(G)¥ satisfying
the cuspidal condition or the toroidal condition, respectively, are finite-dimensional.
In particular, this implies that all functions satisfying one of these conditions are
automorphic forms.

10.1. Write CIP" X for the set of divisor classes that are represented by prime
divisors and CI°% X for the semigroup they generate, that is, for all classes that are
represented by effective divisors. In particular, CI*T X contains 0, the class of the
zero divisor, and for all other [D] € CI°f X, we have deg D > 0. Denote by Cl¢ X
the set of divisor classes of degree d and by CI=¢ X the set of divisor classes of
degree at least d. Let gx be the genus of X.

Lemma 10.2. CIZ8x X c CI¢ff x.

Proof. Let C be a canonical divisor on X, which is of degree 2gx — 2. For a
divisor D, define /(D) = dimg, H(X, £p). We have [D] € CI°" X if and only if
[(D) > 0; see [Hartshorne 1977, Section IV.1]. The Riemann—Roch theorem is

I(D)—1(D—C)=degD+1—gy;

see [Hartshorne 1977, Theorem IV.1.3].
If now [D] € C1=8* X, then deg D > gx and the Riemann—Roch theorem implies
that /(D) >degD+1—gx > 0. O

10.3. Let D be an effective divisor. Then it can be written in a unique way up to
permutation of terms as a sum of prime divisors D = x| + - - - + x,,. We define
@ as the identity operator and set ®p = Py, - - - P, . Since H g is commutative,
®p is well-defined. Further we briefly write 9p for the graph 94, x of ®p, and
OuD(v) for OIL%,K(U).

Let [D] € C1X. Recall from Section 5.1 that £, denotes the associated line
bundle and from Section 6.2 that cp denotes the vertex that is represented by
Lp @ Ox. Recall from Proposition 7.7(iv) that § (cp) = ||deg D||, where § is defined
as in Section 7.1.

Lemma 10.4. Let D be an effective divisor.
(i) Let v, v' € Vert%p. If v’ is a ® p-neighbor of v, then ||§(v') — 8(v)|| < deg D.

(ii) Let [M] € Vert%p. Every maximal subbundle £ — M lifts to a maximal
subbundle & — M’ of a uniquely determined rank 2 bundle M’ such that
[M'] is a @ p-neighbor of [M] with § (M) = §(M) + deg D. Conversely, every
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maximal subbundle ¥ — M’ extends to a maximal subbundle £ — M if [M']
is a ® p-neighbor of [M] with §(M") = §(M) + deg D.

Proof. We do induction on the number of factors in &p = &, --- P, with
X1, ..., Xy being prime divisors. The lemma is trivial for the identity operator ®.
If n > 1, write x = x, and ®p = & P, for the effective divisor

D'=xi+ - +x,1,

which is of degree deg D’ = deg D —deg x. Assume that (i) and (ii) hold for D’. Let
v’ be a @ p-neighbor of v. Let m be the weight of the edge (v, v’, m). As explained
in Section 1.7, we have

Z m' -m" =m#0,
(v,v",m")eEdge 4
v”,v',m")eBdge 4,
which means that there is a v” that is a ® p/-neighbor of v and a ®,-neighbor of v'.
Thus the inductive hypothesis and Lemma 8.2 imply

[8() =8 < 18(W) =8+ 18(v") = 8(v)|| < deg D’ +deg x = deg D.

This proves (i).

We proceed with (ii). Let £ — J be a maximal subbundle. By the inductive
hypothesis, there is a ® p-neighbor A" of Al such that £ — JL lifts to a maximal
subbundle of Jl” and such that § (") = § (M) +deg D’. Let

0—- M - M —>HK,—0

be the sequence associated with £ — JM”. This means that & lifts to a sub-
bundle of Al'. As explained in Section 8.3, §(&£, M) = §(£, M) + deg x, where
(L, My = 8(M") by the maximality of &£. By part (i) of the lemma, we have
S(M)y <8(M"y+degx =8(&£, M), which must be an equality in this case. Therefore
¥ — M’ is maximal and

Sy =8(M") +deg x = 8(M) +deg D' +degx = §(M) +deg D,

as desired.

Assume conversely that A" is a ® p-neighbor of M with §(M') = §(M) + deg D
and let £ — Jl’ be a maximal subbundle. As already explained in the proof
of (i), there is an ", which is a ® p/-neighbor of M’ and a ®,-neighbor of ..
By (i), the difference of §(l) and §(/M’) is maximal; therefore it must hold that
S(M)y =8(M") +deg D’ and § (M) = §(M) 4 deg x. By the inductive hypothesis,
¥ — M” is a maximal subbundle, that is, § (M) = §(£, M"). We derive

S(M"y =8(M) +deg x > 2deg £ —deg M+ degx =2deg L — deg M” = §(M").
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Consequently, all inequalities are equalities and &£ — .l is a maximal subbundle,
what was to be shown. (]

10.5. We demonstrate how to use the lemma to show that the space ¥V of all
unramified functions on Gr \ Gp that satisfy the cuspidal condition is finite-
dimensional. Namely, let N C G be a unipotent subgroup. Then the cuspidal
condition for f € CO%(GFr\ Ga)¥ is that

/ O(f)(n)dn=0 forall ® e #.
Np\Na

If f is an automorphic form, then this condition defines a cusp form. A posteriori
it will be clear that ¥’y contains only automorphic forms and thus equals the space
A of unramified cusp forms.

Theorem 10.6. The dimension of V' is finite and bounded by
dim ¥y < #{[M] € PBuny X | §(M) < my}.

Proof. Note that there are only finitely many projective line bundles [l] with
8(M) <my since I]:DBuniZ"decX is finite and I]J’BungecX has only finitely many classes
[M] with (M) < mx. So the finite-dimensionality of Vg will follow from the
inequality.

We proceed with the proof of the inequality. The geometric equivalent of the
cuspidal condition is that

> d()M)=0 forall d e 3;
MeExt" (Ox,0%)

see [Gaitsgory 2003].

Since §(Ox, M) =0 for M € Extl(@x, Ox), we have that Ox — Jl is a maximal
subbundle by Proposition 7.7(ii), and only in the case of the trivial extension
M ~ Ox @ Ox are there other maximal subbundles, namely, there exist (g + 1)
different subbundles of the form Ox — Jl. Note that in any case, 6 (/M) = 0.

Let D be a nontrivial effective divisor. In case .l is the trivial extension Ox POy,
the vertex co = [JL] has the unique ® p-neighbor v’ = ¢p with §(v') = deg D, which
is of multiplicity ¢ + 1, as follows from an easy induction using Theorem 8.5 and
Lemma 10.4. In case Jl is a nontrivial extension of Oy by itself, the vertex v = [l]
has a unique ® p-neighbor v’ =[] with § (v") — 8 (v) = deg D, which has a unique
maximal subbundle, namely, Oy — A’.

Thus for every M € Ext!(0y, Ox) and every ®p-neighbor [Al'] of [M] with
3(M) = deg D, the maximal subbundles of " are of the form Ox — J’. Thus if
deg D > my, then M >~ Ox & (M'/Ox) by Proposition 7.2. Since the determinant
is multiplicative and det X, >~ £, (see [Hartshorne 1977, Ex. 6.11]), a short exact
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sequence 0 — M; — My — K, — 0 yields detJl, ~ &, ® det ;. An easy
induction over the length of the prime decomposition D = x; + - - - 4+ x,, shows
that det Ml ~ £p ® detM'. Therefore we have M'/Ox ~ F_p, which shows that
[M]=cp.

We finish the proof of the theorem by showing that every f € v is determined
by its values in the vertices v with § (v) < mx. We make an induction on d = §(cp),
where cp varies through all vertices v with §(v) > my.

Let d > myx. Assume that the values of f in all vertices v with §(v) < d are
given (which is the case when d = my + 1; thus the initial step). Let v be a
vertex with §(v) = d. Then v = cp for an effective divisor D by Lemma 10.2
since mx = max{0, 2gx — 2} > gx — 1. For the Hecke operator ® p, the cuspidal
condition reads by the previous argumentation and Lemma 10.4 as

@+q - flep)+ Y avf@)=0

S(v)<d

for certain a, and e; = dim Ext' (Oy, Ox). Thus f(v) is determined by the values
f (@) in vertices v with §(v") < d, which proves the theorem. O

10.7. While the finite-dimensionality of ¥y can also be established without the
techniques of this paper, we do not know any other method to prove the correspond-
ing fact for toroidal functions. For more details on the following definitions, see
[Lorscheid 2010].

Choose a basis of F,2 over F,. This defines an embedding of E = F 2 F' into
the algebra of 2 x 2-matrices with entries in F. The image of E* is contained in
GL,(F) and defines a nonsplit torus 7’ of GL;. The image of 7’ in G = GL, /Z
defines a nonsplit torus 7 of G.

A function f € C%(Gr\ Ga)X is E-toroidal if for all ® € ¥,

/ D(f)(t)dt =0.
Tp\Ta

We denote the space of all E-toroidal functions f € C %G r\Ga)¥X by V'or. Note that
in [Lorscheid 2010] one finds a toroidal condition that is stronger than E-toroidality.
Namely, f has to be E’-toroidal for all separable quadratic algebra extensions E’ of
F. We forgo recalling complete definitions, but remark that the finite-dimensionality
of the space of all toroidal f € C%Gp \ Ga)¥X follows since it is a subspace of V.

Let p : X’ — X be the map of curves that corresponds to the field extension
E/F.
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Theorem 10.8. Let c7 = vol(Tr \ Ta)/#(Pic X'/ p*(Pic X)). Then,

fWdi=cr- Y f(pLD forall f€CGr\Gn)¥.

Tr\Ta [£]€Pic X'/ p* (Pic X)

Proof. Let Ag be the adeles of E. To avoid confusion, we write Ag for A. We
introduce the following notation. For an x € || X|| that is inert in £/F, we define
Og,x := Og,y, where y is the unique place that lies over x. For an x € || X|| that
is split in E/F, we define Og , := Og y, @ O ,, where y; and y; are the two
places that lie over x. Note that there is no place that ramifies. Let Og_ denote the
completion of O .. Then Of_ is a free module of rank 2 over O, = O, for every
x € [1X].

Let ©f : A — GL>(Ar) be the base extension of the embedding E* — GL,(F)
that defines 7', which corresponds to the chosen basis of E over F that is contained
in [ 2. This basis is also a basis of O, over O, for every x € || X||. This shows
that @EI(GLZ ©Oa,)) = @gE and that the diagram

E*\A%/0% = Pic X'

l@E Px

GL,(F) \ GLy(Af)/ GLy (0, ) —- Bun, X

commutes, where the horizontal arrows are the bijections defined in Section 5.3.

The action of Ay on E* \AZ /@gE and GL,(F)\ GL,(AF)/ GL,(0pa,.) by scalar
multiplication is compatible with the action of Pic X on Pic X’ and Bun, X by
tensoring in the sense that all maps in the diagram above are equivariant if we
identify Pic X with F* \ A/ @gF. Taking orbits under these compatible actions
yields the commutative diagram

EXAZ\AY/OX EL - Pic X'/p* Pic X

l@E P

Gr\Ga,/K Ll PBun, X.

Since f is right K -invariant, we may take the quotient of the domain of integration
by Ta,NK from the right, which is the image of @gE in Gpa,. We obtain the assertion
of the theorem for some still undetermined value of ¢. The value of ¢ is computed
by plugging in a constant function for f. ([

Theorem 10.9. The space of unramified toroidal functions has finite dimension,
bounded by
dim°l/}0r < #([P’Bunz X - {CD}[D]ECICffX)'
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Proof. Given the inequality in the theorem, finite-dimensionality follows since the
right-hand set is finite. Indeed, by Lemma 10.2,

PBuny X — {cp}ipiecier x C {v € PBuny X | §(v) < mx}

since my > gx — 1, and the latter set is finite.

We now proceed with the proof of the inequality. Let f € V. We will show
by induction on d = deg D that the value of f at a vertex cp with [D] € CI*% X is
uniquely determined by the values of f at the elements of PBuny X —{cp}[pjeciet x-
This will prove the theorem.

By Theorem 10.8, the condition for f to lie in V', reads

> O(f)([p«L) =0 forall ® e *.
[£]e(Pic X'/ p* Pic X)

If d =0, take ® as the identity element in k. We know from Proposition 6.4
that p,(Pic X'/ p* Pic X) = |]3>Bunt2r X U{cop}, so f(co) equals a linear combination of
values of f at vertices v in PBunj X, which all satisfy §(v) < 0 by Proposition 7.8.
Since the zero divisor class is the only class in CI*' X of degree 0, we have proven
the case d = 0.

Next, let D be an effective divisor of degree d > 0 and put ® = ®p. If vis a
@ p-neighbor of w, then §(v) and §(w) can differ at most by d (Lemma 10.4(i)).
Therefore all ® p-neighbors v of vertices in [P’Buntzr X have §(v) < d. The vertex
cp is the only @ p-neighbor v of ¢y with 6 (v) = d (as already seen in the proof of
Theorem 10.6). Thus

0= Y Op(NUpED=(q+ D) f(cp)+ > Af (V)
Ze(Pic X'/ p* Pic X) $Pe(Pic X'/ p* Pic X),
([p*il,v,)z)fmg([p*éﬁl),
V)<

determines f(cp) as the linear combination of values of f at vertices v satisfying
8(v) < d. By the inductive hypothesis, f(cp) is already determined by the values
of f at vertices that are not contained in {c¢p };pjecyett x - ([

Example 10.10. If X is the projective line over [, then all vertices v are of the
form cp for some effective divisor D (see Example 8.10). Thus V', is trivial.
Since only v = ¢q satisfies § (v) < my, all values of f €y are multiples of f(cop).
However, Ext! (Ox, Ox) is trivial, thus the cuspidal condition (applied to the trivial
Hecke operator) is f(co) = 0. Thus also ¥y is trivial. See [Lorscheid 2012] for the
corresponding spaces in the case of an elliptic curve.
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Appendix: Examples for rational function fields

We give examples of graphs of Hecke operators for a rational function field, which
can be calculated by elementary matrix manipulations. We do not show all cal-
culations, but hint on how to do them. The reader will find examples for elliptic
function fields that are determined by geometric methods in [Lorscheid 2012].

Let F be [, (T), the function field of the projective line over [, which has g + 1
[F,-rational points and trivial class group. Fix a place x of degree 1.

A.1. Using strong approximation for SL, (see Proposition 3.8, where J is trivial
in this case), we get a bijection by adding the identity matrix e at all places y # x:

F\G/Ky = Gr\Ga/K, [g:]— [(gx. )]

We introduce some notation. Elements of 0}, = 0* N F can be written in the
form Z?:m b,-n)’; with b; € |, for i = m,...,0 for some integer m < 0. Let
K « = GL,(0,), where we view O, as the collection of all power series ) .. b; 71)’;
with b; € |, fori > 0. Let I' = GL,(0%) and let Z be the center of GLo. -

A.2. For better readability, we write = for the uniformizer . at x and g for a matrix
in G,. We say g ~ g’ if they represent the same class [g] = [¢'] in '\ G/K,,
and indicate by subscripts to “~"" how to alter one representative to another. The
following changes of the representative g of a class [g] € I' \ G, /K, provide an
algorithm to determine a standard representative for the class of any matrix g € G,:

(i) By the Iwasawa decomposition, every class in I' \ G, /K is represented by an
upper triangular matrix, and

("2 (O )= (")

(i) Write a/d = rxc" for some integer n and r € O, then with b’ = b/d, we have

(rn" b’) N (rn” b’) (r_1 )_ (n” b’)
1) % I 1 1)

(i) If b’ = Zizm bimr' for some integer m and coefficients b; € F, fori > m, then
Y iem bir! (7" D ism bir'\ (1 —T QY isn bimh)
1 £, 1 1

B (rr” by +-- -+ bn_ln”_l)
= X .
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(iv) One can further perform the following step:

(n" but™ 4+ - +bn_1n"_1>

1
N 1 =™+ -+ by (7" bpr™ + -+ by_ 17"}
r\ 1 1
_ <71" b1n+-~-+bn1n’l—]>
= ! .

W) Ifb=byw+-+by_ 17" ' #0,thenb=sr* with 1 <k <n—1, s€ OX
and

7" sk N 1 7" sk s~lg—k —s2
1 )z U 1 sk ) \sn" =% 1

2%k =l —k
-7
(vi) The last trick is

() )CDC )00

Executing these steps (possibly (iii)—(v) several times) will finally lead to a
matrix of the form p, = diag(w ™", 1) for some n > 0. The matrix p, represents
the vertex ¢, in Vert9e x = {cux}n>0 where @ is any unramified Hecke operator
(see Example 8.10). Thus we found a way to determine the vertex c,, represented
by an arbitrary matrix g € G, C Ga.

Example A.3 (graph of 0 and 1). According to Section 1.7, the graph for the zero
element O in FHg is
[ ] [ ] [ ] [ ]

Co Cy Cogx C3z

and the graph for the identity 1 in g is

O O O O

Co & Cox C3x

Example A.4 (graph of ®,). By Proposition 2.3, the ®,-neighbors of p; are of the
form p;&,,. With help of the reduction steps (i)—(vi) in A.2 one can determine easily
the standard representative p; of p;&,. We reobtain the graph of ®, as illustrated
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=}
I
Sy
]
]

Co Cox Cax

9 1 ¢ 1 ¢ 1
q ® .
(& C3z Csx

Figure Al. The graph of ®, for a place y of degree 2.

below (compare with Example 8.10).

g+l q 1 q 1 g 1

Co Cy Cox C3x

Example A.5 (graph of ®, for y # x). If we want to determine the edges of 4, for
a place y of degree d that differs from x, we have to find the standard representative
p; for each of the elements p;&, where w € I]J’l(/cy), that is, &, is an element of

the form
(ny b) with b €k, or (1 ) )
1 Ty

Since the class number of F is 1, the strong approximation property yields G K* =
G, (see Proposition 3.8). This means that we find elements y € Gr and k € K
such that for all z # x, the adelic matrices &, and yk have equal z-components
(§w); = (yk). Therefore, the only nontrivial component of the adelic matrix

Gw = y_lgwk_l

is its x-component. By an appropriate choice of k,, we can normalize the x-com-
ponent of 6, to be equal to one of the matrices

(ﬂf bo+ -+ +by_1wd!

| ) with b; ek, fori=0,...,d—1, and (1 nd)’

X

and for the different choices of w € P! (ky), each of these matrices occurs as the
x-component of a (unique) 8,,. The reduction steps (i)—(vi) of A.2 tell us which
classes p; are represented by the matrices 6, p; = vy ' pi&,k™!, and we are able
to determine the edges similarly to the previous example. Thus we obtain that 4,
only depends on the degree of y. Note that if y is of degree 1, then 9, equals 4.
Figures Al, A2, A5, and A6 show the graphs for degrees 2, 3, 4 and 5, respectively.

Example A.6 (the graph of powers of ®,). It is interesting to compare the graph of
@, with deg y =d to the graph of d>f . The latter graph is easily deduced from 4, by
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qg+1

Co

q® +2q

Cy

Figure A4. The graph of Cbi.

means of Section 1.7. Namely, a vertex v’ is a d>f—neighbor of a vertex v in Ggd g

if there is a path of length d from v to v’ in %, that is, a sequence (vp, vy,

...,Ud)

of vertices in %, with vg = v and vy = v’ such that foralli =1, ..., d, there is an
edge (vi_1, v;, m;) in 9G,. The weight of an edge from v to v’ in the graph of ‘Qﬁ
is obtained by taking the sum of the products m - - - m4 over all paths of length d

from v to v' in %,.

Figures A3 and A4 show the graphs of dD)ZC and CI>)3€, respectively, and we see that
for deg y = 2, we have <I>§ =¥, +2¢ -1 (mod$(K)) and for deg y = 3, we have
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3
q° —q
41 Cox Céx
Co q* 1

Csx

C8x

Figure A6. The graph of &, for a place y of degree 5.

CIDEC =®,+3q- D, (mod¥(K)), where $(K) is the ideal of ¥ of Hecke operators
that operate trivially on C%(G ¢\ Ga).

Example A.7 (the graphs of two ramified Hecke operators). It is also possible to
determine examples for Hecke operators in # k- by elementary matrix manipulations,
when K’ < K is a subgroup of finite index. We will show two examples, which are
illustrated in Figures A7 and A8. We omit the calculation, but only point out why
the crucial differences between the two graphs occur.
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Cox,[1:q—1]

q 1

/
Cog,[0:1]

Figure A7. Graph of CID/y’ . as defined in Example A.7.

/ /
C2,10:1] Co,[0:1]

Figure A8. Graph of @/, as defined in Example A.7.

For K' = {k ek ’k = (1 ]) (mod nx)}, the fibers of the projection
P:Gr\Gp/K' — Gr\Ga/K

are given by P~ o) = {[po]} and for positive n, by P cp) = {[PnxPwltwer )
with ¥1.c) = (1 f) and Y. = (1 1). The union of these fibers equals the set of
vertices of a Hecke operator in # . We shall denote the vertices by c(’) = [po] and
cnx w = [PnxOyp] forn>1and w € P!(x,). Note that Gr, = Gy, acts on P! (k)
from the right, so if y € G, then w — wy permutes the elements of P (ky).
The first Hecke operator <I>/ , € #  that we consider is (vol K/ vol K') times
the characteristic function of K ( )yK ', where y is a degree one place different
from x and y € Gp is a matrix Whose only nontrivial component is y, € G, . (The
factor (vol K/ vol K') is included to obtain integer weights.) Since K’ ( oy ] ))/K "is
contained in K ( ™y 1 )yK , the graph of dD’y,y relative to K’ can have an edge from
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v to w only if 4, has an edge from P(v) to P(w). Because K; = K, we argue
as for K that K'(™ | )yK' = I_lwe[pl(,(y) &,y K'. Applying the same methods as in
Example A.5, one obtains that

Uar k1(c) = {(chs €y DIweP! )
and for every n > 1 and w € P! (x,) that

/ ’ / / /
ou‘b/y_y,l(’(cnx,w) = {(Cnx,w’ C(n+l)x,wy’ 1)’ (Cnx,w’ C(n—l)x,wy’ Q)}

For the case that y is equal to the identity matrix e, the graph is illustrated in
Figure A7. Note that for general y, an edge does not necessarily have an inverse
edge since wy? does not have to equal w.

The second Hecke operator @/, € ¥k is (vol K/ vol K') times the characteristic
function of K’ (”X | )K ’. This case behaves differently, since K| and K, are not
equal; in particular, we have K'(™ | )K' = |,¢,. (™ "7*)K’. This allows us to
compute the edges as illustrated in Figure A8. Note that for n > 1, the vertices of
the form ¢, ., and ¢, (.1, behave particularly.
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