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Ekedahl-Oort strata of hyperelliptic curves
in characteristic 2

Arsen Elkin and Rachel Pries

Suppose X is a hyperelliptic curve of genus g defined over an algebraically
closed field k of characteristic p = 2. We prove that the de Rham cohomology
of X decomposes into pieces indexed by the branch points of the hyperelliptic
cover. This allows us to compute the isomorphism class of the 2-torsion group
scheme Jx[2] of the Jacobian of X in terms of the Ekedahl-Oort type. The
interesting feature is that Jx[2] depends only on some discrete invariants of X,
namely, on the ramification invariants associated with the branch points. We give
a complete classification of the group schemes that occur as the 2-torsion group
schemes of Jacobians of hyperelliptic k-curves of arbitrary genus, showing that
only relatively few of the possible group schemes actually do occur.

1. Introduction

Suppose k is an algebraically closed field of characteristic p > 0. There are several
important stratifications of the moduli space s, of principally polarized abelian
varieties of dimension g defined over k, including the Ekedahl-Oort stratification.
The Ekedahl-Oort type characterizes the p-torsion group scheme of the correspond-
ing abelian varieties and, in particular, determines invariants of the group scheme
such as the p-rank and a-number. It is defined by the interaction between the
Frobenius F and Verschiebung V operators on the p-torsion group scheme. Very
little is known about how the Ekedahl-Oort strata intersect the Torelli locus of
Jacobians of curves. In particular, one would like to know which group schemes
occur as the p-torsion Jx[p] of the Jacobian Jx of a curve X of genus g.

In this paper, we completely answer this question for hyperelliptic k-curves X of
arbitrary genus when k has characteristic p =2, a case that is amenable to calculation
because of the confluence of hyperelliptic and Artin—Schreier properties. We first
prove a decomposition result about the structure of HéR(X ) as a module under the
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actions of F" and V', where the pieces of the decomposition are indexed by the branch
points of the hyperelliptic cover. This is the only decomposition result about the
de Rham cohomology of Artin—Schreier curves that we know of, though the action
of V on HY(X, Q') and the action of F on H!(X, O) have been studied for Artin—
Schreier curves under less restrictive hypotheses [Madden 1978; Sullivan 1975].

The second result of this paper is a complete classification of the isomorphism
classes of group schemes that occur as the 2-torsion group scheme Jx[2] for a
hyperelliptic k-curve X of arbitrary genus when char(k) = 2. The group schemes
that occur decompose into pieces indexed by the branch points of the hyperelliptic
cover, and we determine the Ekedahl-Oort types of these pieces. In particular, we
determine which a-numbers occur for the 2-torsion group schemes of hyperelliptic
k-curves of arbitrary genus when char(k) =2. Before describing the result precisely,
we note that it shows that the group scheme Jx[2] depends only on some discrete
invariants of X and not on the location of the branch points or the equation of the
hyperelliptic cover. This is in sharp contrast to the case of hyperelliptic curves in
odd characteristic p, where even the p-rank depends on the location of the branch
points [Yui 1978].

Notation 1.1. Suppose k is an algebraically closed field of characteristic p = 2.
Let X be a k-curve of genus g that is hyperelliptic, in other words, for which there
exists a degree two cover 7 : X — P!'. Let B c P'(k) denote the set of branch
points of 7, and let » :=#B — 1. After a fractional linear transformation, one may
suppose that 0 € B and oo ¢ B.

For o € B, the ramification invariant d,, is the largest integer for which the
higher ramification group of = above « is nontrivial. By [Stichtenoth 2009, Propo-
sition III.7.8], dy is odd. Let ¢, := (dy — 1)/2, and let xy := (x — o)L

The cover 7 is given by an affine equation of the form y?> — y = f(x) for some
nonconstant rational function f(x) € k(x). After a change of variables of the form
y — y + €, one may suppose the partial fraction decomposition of f(x) has the
form

FE) =) falxa), (1-1)

oeB

where f,(x) € xk[x?] is a polynomial of degree d,, containing no monomials of
even exponent. In particular, the divisor of poles of f(x) on P! has the form

diveo(f (1)) = ) dacr.
aeB

By the Riemann—Hurwitz formula [Serre 1968, 1V, Proposition 4], the genus g
of X satisfies
28 4+2= Z(da +1).

oeB
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Recall that the 2-rank of (the Jacobian of) the k-curve X is dimy, Hom(us, Jx[2]),
where p is the kernel of Frobenius on G,,. By the Deuring—Shafarevich formula
[Subrao 1975, Theorem 4.2; Crew 1984, Corollary 1.8], the 2-rank of X is r. Note
that g =r+) . co. The implication of these formulas is that, for a given genus g
(and 2-rank r), there is an additional discrete invariant of the hyperelliptic k-curve X,
namely, a partition of 2g 4 2 into r + 1 positive even integers d, + 1. In Section Sa,
we show that the Ekedahl-Oort type of X depends only on this discrete invariant.

Theorem 1.2. Suppose X is a hyperelliptic curve defined over an algebraically
closed field k of characteristic 2 with affine equation y*—y = f (x), branch locus B,
and polynomials fy for o € B as described in Notation 1.1. For « € B, consider the
Artin-Schreier k-curve Y, with affine equation y*—y = f, (x). Let E be an ordinary
elliptic k-curve. As a module under the actions of Frobenius F and Verschiebung V ,
the de Rham cohomology of X decomposes as

Hix(X) = Hix (B '@ @ Hlr (o).

aeB

As an application of Theorem 1.2, we give a complete classification of the
Ekedahl-Oort types that occur for hyperelliptic k-curves. Recall that the 2-torsion
group scheme Jx[2] of the Jacobian of a k-curve is a polarized BT; group scheme
over k (short for polarized Barsotti—Tate truncated level-1 group scheme) and that
the isomorphism class of a BT group scheme determines and is determined by
its Ekedahl-Oort type; see Section 2 for more details. For p = 2 and a natural
number ¢, let G.. be the polarized BT group scheme of rank p* with Ekedahl-Oort
type [0,1,1,2,2, ..., |c/2]]. For example, G is the 2-torsion group scheme of a
supersingular elliptic k-curve. The group scheme G, occurs as the 2-torsion of a
supersingular nonsuperspecial abelian surface over k. The group scheme G, is not
necessarily indecomposable. More explanation about G, is given in Sections 2c
and 5b.

Before stating the classification result, we note that it also includes a complete
description of which a-numbers occur for the Jacobians of hyperelliptic k-curves.
Recall that the a-number of X is defined as ay := dim; Hom(a,, Jx[2]), where o
is the kernel of Frobenius on G,.

Theorem 1.3. Let X be a hyperelliptic k-curve with affine equation y> —y = f(x)
defined over an algebraically closed field of characteristic 2 as described in
Notation 1.1. Then the 2-torsion group scheme of the Jacobian variety of X is

Ix21= @28 w) &P G,

aeB

and the a-number of X isax = (g+ 1 —#{a € B|dy =1 mod 4})/2.
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Theorem 1.3 is stated without proof in [van der Geer 1999, 3.2] for the special
case when f(x) € k[x], that is, r = 0. There are two interesting things about
Theorem 1.3. First, it shows that the Ekedahl-Oort type of X : y?> —y = f(x)
depends only on the orders of the poles of f(x). This is in sharp contrast to the
case of hyperelliptic curves in odd characteristic p, where even the p-rank depends
on f(x) and the location of the branch points [Yui 1978]. Similarly, it differs from
the results of [Bouw 2001; Elkin 2011; Johnston 2007], all of which give bounds
for the p-rank and a-number of various kinds of curves that depend strongly on the
coefficients of their equations. Likewise, preliminary calculations indicate that it is
in contrast to the situation for Artin—Schreier curves in odd characteristic.

Secondly, Theorem 1.3 is interesting because it shows that most of the possibilities
for the 2-torsion group scheme of an abelian variety over k do not occur for
Jacobians of hyperelliptic k-curves when char(k) = 2. Specifically, there are 28
possibilities for the 2-torsion group scheme of a g-dimensional abelian variety
over k. We determine a subset of these of cardinality equal to the number P(g+ 1)
of partitions of g + 1 and prove that the group schemes in this subset are exactly
those that occur as the 2-torsion Jx[2] for a hyperelliptic k-curve X of genus g.
Recall [Hardy and Ramanujan 1918] that P(g 4+ 1) grows asymptotically like
e™26+D/3 /(4./3(g 4+ 1)) as g goes to infinity. Also, Theorem 1.3 gives the
nontrivial bounds (g —r)/2 < ax < (g + 1)/2 for the a-number.

An earlier nonexistence result of this type is due to Ekedahl [1987], who proved
that a curve X of genus g > p(p—1)/2 in characteristic p > 0 cannot be superspecial
and thus ax < g. There are also other recent results about Newton polygons of
hyperelliptic (that is, Artin—Schreier) curves in characteristic 2, including several
nonexistence results [Blache 2012; Scholten and Zhu 2002]. In addition, there are
closed formulas for the number of hyperelliptic curves of genus 3 with given 2-rank
over each finite field of characteristic 2 [Nart and Sadornil 2004].

Here is an outline of this paper. Section 2 contains notation and background.
Results on HO(X, 1) and the a-number are in Section 3. Theorem 1.2 is with the
material on the de Rham cohomology in Section 4. Section 5 contains the results
about the Ekedahl-Oort type, including Theorem 1.3.

2. Background

In this paper, all objects are defined over an algebraically closed field k of charac-
teristic p > 0, and all curves are smooth, projective, and connected. This section
includes background on p-torsion group schemes, Ekedahl-Oort types, the de Rham
cohomology, and Frobenius and Verschiebung.

2a. The p-torsion group scheme. Suppose A is a principally polarized abelian
variety of dimension g defined over k. For example, A could be the Jacobian of a
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k-curve of genus g. Consider the multiplication-by- p morphism [p]: A — A that is
a finite flat morphism of degree p?4. It factors as [p] =V o F. Here F : A — AP
is the relative Frobenius morphism coming from the p-power map on the structure
sheaf; it is purely inseparable of degree p¢. Furthermore, V : A??) — A is the
Verschiebung morphism.

The p-torsion group scheme of A, denoted A[ p], is the kernel of [p]. It is a finite
commutative group scheme annihilated by p, again having morphisms F and V.
By [Oort 2001, 9.5], the p-torsion group scheme A[p] is a polarized BT; group
scheme over k (short for polarized Barsotti—Tate truncated level-1 group scheme)
as defined in [Oort 2001, 2.1, 9.2]. The rank of A[p] is ng.

We now give a brief summary of the classification [Oort 2001, Theorems 9.4
and 12.3] of polarized BT group schemes over k in terms of Dieudonné modules and
Ekedahl-Oort type; other useful references are [Kraft 1975] (without polarization)
and [Moonen 2001] (for p > 3).

2b. The Dieudonné module and polarizations. 1t is useful to describe the group
scheme A[p] using (the modulo p reduction of) the covariant Dieudonné module
[Oort 2001, 15.3]. This is the dual of the contravariant theory found in [Demazure
1972]. In brief, consider the noncommutative ring E = k[F, V] generated by
semilinear operators F and V with the relations FV = VF =0and FA=A’F
and AV = VAP for all A € k. Let E(A, B) denote the left ideal EA 4+ EB of [
generated by A and B. A deep result is that the Dieudonné functor D gives an
equivalence of categories between BT group schemes over k (with rank p?¢) and
finite left E-modules (having dimension 2g as a k-vector space). We use the notation
D(G) to denote the Dieudonné module of G. For example, the Dieudonné module
of the p-torsion group scheme of an ordinary elliptic curve is D(Z/p ® up) =~
E/E(F,1—-V)®E/E(V,1— F) [Goren 2002, Examples A.5.1 and A.5.3].

The polarization of A induces a symmetry on A[p] as defined in [Oort 2001, 5.1],
namely, an antisymmetric isomorphism from A[ p] to the Cartier dual group scheme
Al p]dual of A[p]. Unfortunately, in characteristic 2, there may be antisymmetric
morphisms A[p] — A[p]9 that do not come from a polarization. Luckily, this
issue can be resolved by defining a polarization on A[p] in terms of a nondegenerate
alternating pairing on D(A[p]) [Oort 2001, 9.2, 9.5, 12.2].

2¢. The Ekedahl-Oort type. As in [Oort 2001, Sections 5 and 9], the isomorphism
type of a BT group scheme G over k can be encapsulated into combinatorial data.
If G is symmetric with rank ng , then there is a final filtration Ny C Ny C -+ - C Nog
of G as a k-vector space that is stable under the action of V and F~! such that
i = dim(N;) [Oort 2001, 5.4]. If w is a word in V and F~!, then wD(G) is an
object in the filtration; in particular, N, = VD(G) = F ~10).
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The Ekedahl-Oort type of G, also called the final type,is v=[v, ..., vg], Where
v; = dim(V (N;)). The Ekedahl-Oort type of G does not depend on the choice of a
final filtration. There is a restriction v; < v;1| < v; + 1 on the final type. There are
28 Ekedahl-Oort types of length g since all sequences satisfying this restriction
occur. By [Oort 2001, 9.4, 12.3], there are bijections between (i) Ekedahl-Oort
types of length g, (ii) polarized BT; group schemes over k of rank p?¢, and (iii)
principal quasipolarized Dieudonné modules of dimension 2g over k.

2d. The p-rank and a-number. Two invariants of (the p-torsion of) an abelian
variety are the p-rank and a-number. The p-rank of Aisr = dim[pp Hom(u,, AlpD),
where ., is the kernel of Frobenius on G,,. Then p" is the cardinality of A[p](k).
The a-number of A is a =dim; Hom(«,, A[p]), where «, is the kernel of Frobenius
on G,. Itis well knownthat 0 < f <gand 1 <a+ f < g. The p-rank of A[p]
equals the dimension of V& D(G). The a-number of A[p] equals g —dim(V?D(G))
[Li and Oort 1998, 5.2.8]. The p-rank equals max{i | v; =i}, and the a-number
equals g — v,.

2e. The de Rham cohomology. Suppose X is a k-curve of genus g, and recall the
definition of the noncommutative ring E = k[F, V] from Section 2b. By [Oda 1969,
Section 5], there is an isomorphism of E-modules between the Dieudonné module
of the p-torsion group scheme Jx[p] and the de Rham cohomology group HclIR (X).
In particular, ker(F) = H(X, Q') = im(V). Recall that dim; Hl (X) = 2g.

In [Oda 1969, Section 5], there is the following description of HéR(X ). Let
AU = {U;} be a covering of X by affine open subvarieties, and let U;; :=U; N U,
and U;ji := U; NU; N Uy. For a sheaf ¥ on X, let

C'U, F) = {k = (;); | ki € DU, F)},
C'U, F) :={¢p = (¢i))i<j | ¢ij € T(Uij, )},
C2U, F) :={ = Wij)i<j<k | Vijk € D(Uijk, )}

For convenience, let ¢;; :=0 for any ¢ € c! (U, ). There are coboundary operators
8:CO(U, F) — C' (U, F) defined by (8k); - ; =k;—«; and 8 :C' (U, F) — C*(U, F)
by (8¢)i<j<k =¢ij—@ik+jx. All other maps are applied to C™ (U, F) elementwise,
for example, (F); := F¢;. As expected, 6> = 0.

The de Rham cocycles are defined by

Ziz W) := {(¢, ) € C1 (AU, 0) x CO(U, Q') | 8¢ =0, d¢ = Sw),

that is, ¢;; — ¢ix + ¢jx = 0 and d¢;; = w; — w; for all indices i < j < k. The
de Rham coboundaries are defined by

Blp (W) := {(8k, dic) € Zg (W) | k € CO(U, 0)}.
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Finally,
H(llR (X) = HtliR W) := Z<11R w) /BtliR w).

There is an injective homomorphism A : H(X, Q") — HcllR(X ) denoted informally
by w — (0, ), where the second coordinate is defined by w; = w|y,. This map
is well-defined since d(0) = w|y, — w|y; = (dw)i<;. It is injective because if
(0, 1) = (0, w) mod B(ljR(Ou), then w; — wy = dk, where k € C°(U, 0) is such
that 8k = 0; thus, k¥ € H*(U, 0) ~ k is a constant function on X, and s0 w; — wy = 0.

There is another homomorphism y : HéR(X )y— H'(X, 0) sending the cohomology
class of (¢, w) to the cohomology class of ¢. The choice of cocycle (¢, w) does not
matter since the coboundary conditions on H(liR (X) and H!' (X, 0) are compatible.
The homomorphisms X and y fit into a short exact sequence

0— H(X, @Y 5 H (X) 5 H' (X, 0) > 0 @2-1)

of k-vector spaces. In Sections 4d and 4f, we construct a suitable section o :
H'(X,0) —> H}jR(X ) of y when X is a hyperelliptic k-curve with char(k) = 2.

2f. Frobenius and Verschiebung. The Cartier operator 6 on the sheaf Q! is de-
fined in [Cartier 1957]. Its three principal properties are that it annihilates exact dif-
ferentials, preserves logarithmic ones, and induces a p~'-linear map on HO(X, Q).
The Cartier operator can be computed as follows. Let x € k(X) be an element that
forms a p-basis of k(X) over k(X)?, that is, an element such that every z € k(X)
can be written as

=gl ax+ 4z xP!

for uniquely determined zo, ..., z,—1 € k(X). Then
€(zdx/x) :=zodx/x.

The Frobenius operator F' on the structure sheaf O of X induces a p-linear
map F on H!(X, 0). By Serre duality, the k[ F']-module H'(X, 0) is dual to the
k[¢]-module H(X, ).

The p-linear operator F and the p~!-linear operator V are defined on H(]jR(X )
as follows. Let V(@) := €(w) and F(®) := 0 for v € H*(X, Q') and V(f):=0
for f € H'(X, 0). Then

F(f,0):=(F(f), F@)=(f",0) and V(f, ®):=V(f),V(®)=(,6w)).

With E=k[F, V] defined in Section 2c, the short exact sequence (2-1) is an exact
sequence of E-modules. However, the section o of (2-1) constructed in Section 4d
is not a splitting of E-modules.
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3. Results about regular 1-forms and the a-number

We specialize to the case when the algebraically closed field k has characteristic
p = 2. Consider a hyperelliptic k-curve X with affine equation y> — y = f(x)
as described in Section 1. For each branch point o € B, recall the definitions
of the ramification invariant d, = 2¢, + 1, the function x, = (x — «)~', and
the polynomial f,(x,) appearing in the partial fraction decomposition of f(x).
Important facts mentioned in Section 1 are that the genus is determined from the
ramification invariants by the formula 2¢ +2 =73, _5(d, + 1) and that the 2-rank
of Jx equals r =#B — 1.

For « € B, let P, := n~'(a) € X (k) be the ramification point above «, and
define the divisor Do := 7' (c0) on X. Recall that 0 € B and oo ¢ B, and let
Bo := BU {00} and B’ := B — {0}.

3a. The space H'(X, 2'). For an integer j and for « € B, consider the 1-forms
Wq,j = x({;_l dx, onX.

Note that w,, j = —(x —a) ™/~ dx and if & € B, then wy,0—wp,0 = —o dx /x (x — ).
For completeness, we prove the next lemma, a variation of a special case of
[Sullivan 1975, Lemma 1(c)].

Lemma 3.1. A basis for H'(X, Q') is given by the 1-forms wq,j for o € B and
1 <j<cyand wyo—woofora € B

Proof. For « € B, we can calculate the following divisors on X: div(xy) = Doo—2P,,

div(dxy) = (do —3)Pu+ Y (dp+1)Pg, (3-1)
peB—{a}
div(we,)) =2(ca — ) Put (= DD+ > @dp+1Ps.  (3-2)
peB—{a)

Thus, wy, ; is regular for 1 < j < ¢, and (wq,0 — wo,0) is regular for & € B’ since
div(wa,0 — @0,0) = 2a Py +2c0Po+ . (dg+1)Pp.
BeB—{0,a}

This set of regular differentials of X is linearly independent because the correspond-
ing set of divisors is linearly independent over Z. It forms a basis since the set has
cardinality r + ), g ca = &. O

Lemma 3.2. If @ € B, then

W, j/2  if ] is even,

C(wn ;) =
(o) {0 if j is odd.

In particular, €(wy,0 — w0.0) = g0 — wo.0 for all « € B’.
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Proof. Using the properties of the Cartier operator found in Section 2f, one computes
when j is even that

Qxi "V dxy) = xJ/*C(dxy [xy) = x}* 7 dxy
and when j is odd that
C(x] " dxg) = x V26 (dxy) = 0. O

Let W, i = (wa,0 — wo,0) for @ € B, and let W, . 1= (wq,j | 1 < j < ¢g) for
o € B, where (- ) denotes the k-span. These subspaces are invariant under the

Cartier operator by Lemma 3.2.

Lemma 3.3. The subspaces W, i and W, . of H'(X, Q') are stable under the

action of Verschiebung for each o € B. There is an isomorphism of 'V -modules

HX. @Y~ P W, &P W, -

a€B’ aEB

Proof. This follows immediately from Lemmas 3.1 and 3.2. ([l

3b. Application: The a-number.

Proposition 3.4. Let X be a hyperelliptic k-curve with affine equation y*>—y = f(x)
as described in Notation 1.1. If divee(f(x)) = Y. p da« is the divisor of poles
of f(x) on P, then the a-number of X is

g+ 1—#aeB|dy,=1mod4}
= 5 .

Proof. The a-number of G = Jx[2] is axy = g — dim(V>D(G)) [Li and Oort 1998,
5.2.8]. The action of V on V D(G) is the same as the action of the Cartier operator ¢
on HY(X, Q). So ay equals the dimension of the kernel of € on H*(X, '). By
Lemma 3.2, the kernel of € on H’(X, Q') is spanned by wq,j for o € B and j odd
with 1 < j < ¢y = (dy — 1)/2. Thus, the contribution to the a-number from each
a € Bis [(dy+1)/4]. In other words, if d, = 1 mod 4, the contribution is (d, —1) /4,
and if d, =3 mod 4, the contribution is (dy +1)/4. Since g+1=)", p(ds+1)/2,
this yields

aeB

ax

2ax =(g+ 1) —#{a € B | d, =1 mod 4}. ([

3c. Examples with large p-rank. Let A be a principally polarized abelian variety
over k with dimension g and p-rank r. If r = g, then A[p] >~ (Z/p ® 11,,)® and the
a-numberisa=0.Ifr =g —1, then A[p] >~ (Z/p eBp,p)g_l @ E[p], where E is
a supersingular elliptic curve and the a-number is a = 1. So the first case where
A[p] and a are not determined by the p-rank is when r = g — 2.
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Example 3.5. Let g > 2. There are two possibilities for the p-torsion group scheme
of a principally polarized abelian variety over k with dimension g and p-rank g — 2.
When p =2, both of these occur as the 2-torsion group scheme Jx[2] of the Jacobian
of a hyperelliptic k-curve X of genus g.

Proof. If A is a principally polarized abelian variety over k with dimension g and
p-rank g — 2, then A[p] >~ (u, ® Z/p)8~? ® G, where G is isomorphic to the
p-torsion group scheme of an abelian surface Z with p-rank 0. The abelian surface
can be superspecial or merely supersingular. In the superspecial case, G = (G)?,
where G| denotes the p-torsion group scheme of a supersingular elliptic k-curve;
in the merely supersingular case, we denote the group scheme G;; see [Goren 2002,
Example A.3.15; Pries 2008, Example 2.3] for a complete description of G».

To prove the second claim, consider the two possibilities for a partition of 2g +2
into r +1 =g — 1 even integers: (A) {2,2,...,2,4,4} or (B) {2,2,...,2,2,6}.
In case (A), consider f(x) € k(x) with g — 1 poles such that 0 and 1 are poles
of order 3 and the other poles are simple. In case (B), consider f(x) € k(x) with
g — 1 poles such that O is a pole of order 5 and the other poles are simple. The
kernel of the Cartier operator on H(X, Q') is spanned by dx/x? and dx/(x — 1)?
in case (A) and by dx /x2 in case (B). Thus, the a-number equals 2 in case (A) and
equals 1 in case (B). In both cases, this completely determines the group scheme.
Namely, the group scheme Jx[2] is isomorphic to (Z/2 & 12)8 2@ (G1)? in case
(A) and to (Z/2@® 112)~2 ® G, in case (B). O

For g > 3 and r < g — 3, the action of V on H’(X, Q') (and, in particular, the
value of the a-number) is not sufficient to determine the isomorphism class of the
group scheme Jx[2]. To determine this group scheme, in the next section we study
the E-module structure of H}iR(X ).

4. Results on the de Rham cohomology

4a. An open covering. Let V' =P' — B and U =7 (V') = X — 77 1(By).
For o € B, let V, = V' U{a} and U, := U’ U {x~'(«)}. Then the collection
U:={Uy | @ € B} is a cover of X by open affine subvarieties. By construction, if
o, B € By are distinct, then Vg :=V, N Vg =V and Uy :=U,NUg =U". In
particular, the subvarieties U,g do not depend on the choice of « and B.

For a sheaf %, let Z!(U, %) and B'(U, F) denote the closed cocycles and
coboundaries of & with respect to U. Recall the definition of the noncommutative
ring E = k[F, V] and the notation about H(liR(X ) from Section 2e. In this section,
we compute H' (X, 0) ~ H' (U, 0) and Hl (X) ~ H}; (W) with respect to the open
covering U of X.

4b. Defining components. Given a sheaf & and a cocycle ¢ € Z' (U, F), consider
its components ¢yoo € ['(U’, F) for @« € B. We call {¢yoo | @ € B} the set of
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defining components of ¢. The reason is that the remaining components of ¢ are
determined by the coboundary condition ¢og = oo —Ppoc. A collection of sections
{Paoo € T(U’, F) | @ € B} determines a unique closed cocycle ¢ € Z'(u, ). Thus,

Zh o, F) = @F(U/, F). 4-1)

oeB

For B € B, consider the natural k-linear map
@p :T(U',0) — Z'(U, 0)
whose defining components for @ € B are

h ifa=g,
0 otherwise.

(‘Pﬂ (h))aoo = {

Also, consider the k-linear map ¢o : ['(U’, 0) — Z' (U, 0) defined by
(Yoo (h))aco :=—h foralla € B.

Observe that if h € T'(U’, 0), then

> gph) =0. (4-2)

BEBo

For B € B, consider the natural k-linear map
wg : T(Ug, 0) — C°(U, 0)

given for o € By, by
hoifa=g,
Wp (M) :={ ar=p 43)

0 otherwise.
It is straightforward to verify the next lemma.

Lemma 4.1. Suppose B € By, and h € I'(Ug, O) (that is, h is regular at Pg if
B # oo and h is regular at the two points in the support of Do if B = 00). Then
@g(hly’) = 8vyg(h) is a coboundary.

4c. The space H!(X, 0). In this section, we find an F-module decomposition
of H' (X, 0) ~ H'(U, 0). The results could be deduced from Section 3a using
the duality between H! (X, 0) and H’(X, Q). Instead, we take a direct approach
because an explicit description of H'(X, 0) is helpful for studying H<11R(X) in
Section 4f.

Lemma 4.2. Write Doy = Poo,1 + Poo2. Then ordp,, (y) =0and ordp_,(y) =
for some s > 0 (possibly after reordering). For o« € B and j € Z, the divisor of poles
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on X of the function yxq ) = y(x —a)/ satisfies

diveo (y(x — a)?)

= max(dy — 2, 0) P + max(j, 0) Poo,1 + max(j —5,0) P+ Y dgPp.
BeB—{a}

Proof. Recall that dive,(y) = ZﬂeB dg Pg. Note that ordp, ;(y) >0 fori =1,2
since 0o € B. If ordp_,(y) > 0, that is, if y has a zero at P, then the value of y
is one at the Galois conjugate P 1 of P 2. Thus, y cannot have a zero at both
points in the support of Do,. The second claim follows from the additional fact that
div(x —a) =2P, — Dy, for o € B. O
Lemma 4.2 implies that y(x — )/ e ['(U’,0) forall« € B and j € Z.
Lemma 4.3. With notation as above,
() Z'(U, 0) = (pp((x —a))), pp(y(x —))) | &, B € B, j € Z), and

(ii) if & € B, then (po (y(x — B)7) | j = 0) = (¢a(y(x —)’) | j = 0) as subspaces
of Z' (W, 0) for each p € B.

Proof. (1) This is immediate from Equation (4-1) because
7', 0) = Plgsh) |heT (U, 0)).
BeB

(i) Both are equal to the subspace {¢, (yh(x)) | h(x) € k[x]}. ([l
Lemmad4.4. Letao € BCkand j€Z. Then

(1) gp((x —a))) € B' (U, 0) for all B € Bwo,

(i) @a(y(x —a)?) € BYAU, 0) if j > ¢4, and
(iii) oo (y(x —a)/) € B1(U, 0) if j <O

Proof. (i) Suppose that 8 € B. If 8 # « or if j > 0, then (x — )/ is regular at Pg,
and so @g((x — a)’) e B, 0) by Lemma 4.1. For j > 0, it follows from this
and Equation (4-2) that the cocycle @qo((x — a)/) = — ZﬁeB pp((x — a)l)is a
coboundary. If j < 0, then ¢uo ((x — )/) € B'(u, 0) by Lemma 4.1.

Finally, (x —a)/ € I'U,,0) forall y € Boo — {a} if B=0a # 00 and j <0. By
Equation (4-2),

Pux—a))=— Y g x—a))=— Y Shlx—a)), @4
y€Bo—{a} v€Bso—{a}
which is a coboundary.
(i) If j > ¢4, then y(x —a)/ € T'(Uy, 0) and @o (y(x —)) = 8o (y(x — a0)?).
(iii) If j <0, then y(x —)/ € T'(Uso, 0) and @oo (y (x — )7 ) = 8o (y (x —a)7). O
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Consider the cocycles ¢, ; € Z' (U, 0) for « € B and J € Z defined by

bo.j = Pu(y(x —a)?).

Given ¢ € zZ'@u, 0), q~5 denotes the cohomology class of ¢ in H' (U, 0). For @ € Boo,
define the map

G :T(U',0) > H' (U, 0), > @o(f) modB' U, 0).

We now study H' (A, 0); the following lemma is a variant of a special case of
[Madden 1978, Lemma 6]:

Lemma 4.5. A basis for H' (U, 0) is given by the cohomology classes q;a,j for
a€Bandl < j <cq andd?a,oforoc € B

Proof. The set of cohomology classes S = {qga,j leeB, 1<j< ca}U{qza,O | € B’}
has cardinality » +) . co = g. By Lemmas 4.3(i) and 4.4(i), it suffices to show
that g(y(x — a)’) is in the span of S for &, B € B and j € Z. By Lemmas 4.3(ii)
and 4.4(ii), it suffices to show that the span of S contains qgo,o and @g(y(x — o))
fora, € B and j > 0.

The cocycle ¢ (y) is a coboundary by Lemmas 4.1 and 4.2. Using this and
Equation (4-2), one computes in H' (U, 0) that

$0.0=Fo(Y) +Foc(M) =—Y_ G ==Y P,

BeB’ BeB’

which is in the span of S.

Now consider @g(y(x —a)™/) fora, € Band j > 0. If 0=r :=#B — 1, then
this cocycle is a coboundary by Equation (4-2) and Lemma 4.4(iii).

Let r > 0; first suppose that o # 8. Consider the rational function & = (x —a) ™/,
which has no pole at B. Write h = T + E, where T is the degree-cg Taylor
polynomial of & at 8. Then gg(yh) = ¢(yT) + ¢(yE). Note that the function E
on P! has a zero at B of order at least cg + 1. Recall that ordp,S (x—B)=2,and
observe that ordp, (E) > 2(cg+1) =dg+1 on X. Since ordp, (y) = —dp, it follows
that yE € I'(Ug, 0) and thus g (yE) € B'(u, 0) by Lemma 4.1. The term ¢g(y7T)
is, by construction, a linear combination of g(y(x — B)/) = ¢p, ; for 0 < j < cp.
Thus, @g(yh) is in the span of S, which completes the case when a # f.

If « = B and j > 0, one can reduce to the previous case by adding the coboundary
Voo (y(x —a)77) to o (y(x —)~/) and using Equation (4-2) to see that

GaYx—) == > G y(x—a)7). m

yeB—{a}

The next lemma is important for describing the F-module structure of H' (U, 0).
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Lemma 4.6. Ifo € B and j > 0, then

éa,Zj lf2] < Cq,
0 otherwise.

F(»Z;oz,j = {
Proof. Since (Féq, ;) gy = (Pa, f)%y’ one computes that

x—a)) =G+ ) (x —a)?
=yx—a)Y + f(x)(x —a)¥.

The statement follows from the definition of qNSO,, ; and Lemma 4.4(i). O

Now define

W s i= ) for « € B’ and
W it 1= (Poj|1<j<cy) foraeB.

o

Lemma 4.7. The subspaces W,/ i and Wy . of H!'(U, 0) are stable under the

action of Frobenius for each « € B. There is an isomorphism of F-modules
Hl(Ou’ @) = @ W(;/,ss ©® @ W(;,,nil'
aeB’ aeB
Proof. This follows immediately from Lemmas 4.5 and 4.6. (|
4d. Auxiliary map. The next goal is to define a section o : H' (X, 0) — HCIIR(X ). To
do this, the first step will be to define a homomorphism p : Z' (U, 0) — C°(u, Q)
by defining its components p, : Z'(U, 0) — I'(Ug, QY for a, B € B. Given
¢ €Z'(U, 0) and « € B, the idea is to separate d¢ into two parts: The first part

will be regular at P, and thus belong to I'(U,, Q'), and the second part will be
regular away from P, and hence belong to I'(Ug, Q') for every B # .

Notation 4.8. Define the truncation operator ©,; : k[x, x '] — k[x, x~'] by
®Zi(2ajxj) = Zajxj.
J jzi

Operators ©.;, O, O; : k[x,x~ '] = k[x,x~!] can be defined analogously.
These operators can also be defined on k[x, x, 1. To clarify some ambiguity in
notation, if m(xy) € k[xq, xl;l], then let ®x; (m(x,)) denote O>; (M (x))|x=yx, -

Recall that x, := (x —) ™!, and 50 @y, ; = ¢o(yxa”). Then

dyx;7) = —jx; /'y dxe +x;7 dy. (4-5)
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Using partial fractions and the fact that dy = —d(f (x)), one sees that
dy=—> f(xp)dxp. (4-6)
BeB
In light of these facts, consider the following definition:

Notation 4.9. For « € B and j > 0, define
Ry ji=Os0(x;” fl(xa))dxy and Sy ;:=d(yx;?)+ Ry ;.

Remark 4.10. Let a,; € k be the coefficients of the (odd-power) monomials of
the polynomials f, (x,) defined in the partial fraction decomposition (1-1):

Co
2i+1
fot(xot) = Za(x,ixal+ .

i=0
Then
2i—j
Ry j = E Qg ixy 7 dxe = E Aq,iWg,2i—j+1-

J/25i<cq J/25i<cq

Lemma 4.11. Letax € B and j > 0.

(1) The differential form Ry ; is regular away from Py, that is, R, ; € I'(Ug, Qb
forall B € Boo — {0}

(2) The differential form Sy ; is regular at Py for 0 < j < cq, that is, Sy ; €
T'(Uy, QY.

Proof. (1) This follows from Remark 4.10 and Equation (3-2).

(2) By Notations 4.8 and 4.9 and Equations (4-5) and (4-6), one sees that

Se.j =d(yxg7) +O=0(x, 7 f1(Xa)) dxy 4-7)

= —jx, ydxy — Ol fy(xa)) dxa — > x5 fi(xp) dxp. (4-8)
BeB—{a}

In the first part of Equation (4-8), note that the order of vanishing of x, =l vy dxg
at Py is 2dy — 142 j by Lemma 4.2 and Equation (3-1), so this term is regular at P, .

In the second part of Equation (4-8), note that O _o(xeg’ fu(x4)) is contained
in xa_lk[xa_]]. Thus, ©_¢(xg’ fo(x4)) has a zero of order at least 2 at P,. As
seen in the proof of Lemma 3.1, dx, has a zero of order d, — 3 at P,. Thus,
O_0(xa’ fl(xa)) dxy is regular at P.

The last part of Equation (4-8) is regular at P, since x, Iand fé (xp) dxg are
regular at P,. O

4e. Definition of p. We define a k-linear morphism
0:Z @, 0) — COu, QY.
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de.1. Definition of p on B' (AU, 0). If ¢ € B! (U, 0), then for some « € C°(U, 0),
¢ = 6k. Define

p(@) :=dk
with differentiation performed component-wise. This map is well-defined since if
K is regular at P € X (k), then so is dk. Moreover, if k' is another element such
that ¢ = 8«’, then 8(k — k') = 0, and therefore, k — k' € H’(U, 0) is constant and
annihilated by d. Let pg(¢p) denote (p(¢))p.

It follows from the definition that € (p (B'(U, 0))) = 0 since the Cartier operator
annihilates all exact differential forms. Explicitly, the map p is computed as follows:
Lemma 4.12. (i) Ifa € Bs and h € I'(Uy, 0), then pp, (hly') = dvy (h).

(i) Ifx € B and j <0, then
ppu((x —a)) == D" dyr((x —)).
Y€Boso—{a}
Proof. (1) This is immediate from the definition of the map p and Lemma 4.1.
(i1) This follows from part (i), Equation (4-4), and the definition of p. O

Example 4.13. We find the value of p on the 1-coboundary ¢, (f (x)xs J yifa e B
and j > 0. Let

Faj = 0500ty 7 fa(%e)) and  sq ;= Oco(x,” fulxa)) + > x,7 fo(xp).
B
Then

f(x)xa_] :ra,j+sa,j,

and r,, ; has a pole at P, but is regular everywhere else while s, ; is regular at Py, so

Gl f37) = 8Walsaf) = D SUp(ra,)).

BEBoo—{at}

Therefore, for 8 # «, by Lemma 4.12, p,ggoa(f(x)x;j) = —d(ry,j). Since
Ju(xe) € xak[xg], this simplifies to

. —Ry,; if jis even
) iy o, j ’ 4-9
PP (f(x)x57) {0 if j is odd. @9
Similarly,
(fox=T) = {_S‘”’ if j is even, (4-10)
PaPu a ) d(f(X)XJJ) 1f] is odd.
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de.2. Definition of pg on Z'(U, 0). By Lemma 4.5, Z'(U, 0) is generated by
Bl(ou, 0) and ¢ ; fora € B and 0 < j < ¢,. For a, B € B, define

Re, ifB#a,

pﬁ((ba,j) = {Sa,j ifﬁ —a,

and extend pg to Z'u, 0) linearly. For all 8 € B — {a}, note that

pa(Pa.j) = d(yxg") + pp(de.))-
Lemma 4.14. There is a well-defined map p : Z' (U, 0) — C°(U, Q') given by
- D
BEBo
Proof. By Section 4e.1 and Lemma 4.11, ,o,g(Z1 u, 0)) cI'(Ug, QYif B e By. O
Here is an example of a computation of the map p.

Lemma 4.15. Let o € B and j > 0. For each B € B, in T'(Ug, QV),

Y 0 if0<2j <cy,
pﬁwa(yzxa21)={ 7O =2 =
—Ra 2j le] > Cqy.
In particular, p@y (yzxa_2j) lies in the subspace Wa/{ nil of H(u, Q).

Proof. We have y*xg 2 = yxa ™ + f(x)xq >, and therefore
0o (725 ) = ba2j + @ (f () ).

Suppose 0 <2j <cq. If B # o, then pg(da,2j) = Ra,2j = —pﬂ(fﬂa(f(X)xa J))
by Equation (4-9). By Equatlon (4- 10) Po(Pa2j) = Se2j = — Pa(@a (f (X)Xa ).
ThUS p(¢a 2]) + p(¢a(f(x)xa ])) -

Now, suppose that 2j > c,. Then yxa ~2j is regular at P,, and therefore, ¢y 2 is
a coboundary with p(¢y,2;) = dg, (yxo/ ). Therefore, for 8 # «,

08 (Da2j) + pp(@a(f(X)Xx;27)) = —Ry2j,

and

P (Ba2)) + Palpa (fF (X)) =d(yx;2) +d(f(X)x; %) — Ry2j = —Ru2;-

By Remark 4.10, Ry 2j € (Wa2i2j+11J <i <cq). If2j >cyand j <i < ca,
then 1 <2i —2j+1 <cq, and so Ry >; € Wa nil* Flnally, since p,ggoa(y X ])
is independent of the choice of 8 € By, we have PP (Y2 X 2 ) lies in the kernel

H(U, ") of the coboundary map & : CO(u, Q1) — C'(u, Q). O
Lemma 4.16. (i) If ¢ € Z' (U, 0), then 8p(¢) = dép.
(i1) In particular, €(py (¢)) = 6(pg(@)) forall o, B € Bxo.
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(iii) Foralla € B and B € By, we have €(pg(@q, ;) = €(Rq, ;).
Proof. (i) The definition of pg implies that p, (¢) —pg () =d(¢)ap forall @, B € Byo.

(i) This follows from part (i) since the Cartier operator annihilates exact differential
forms.

(iii) This follows from part (ii) and the definition of pg. [l

Remark 4.17. With a,; defined as in Remark 4.10, one can explicitly compute

@(Ry. ) = {Zluﬂ)/z Va.i®ai-(j-n,2 i jis odd,
“! 0 if j is even.
In particular, €(Ry, ;) € W,

,nil*

4f. The E-module structure of the de Rham cohomology. Consider the exact se-
quence of E-modules

0— H(x, @Y & Hl (X)) 5 H'(X, 0) > 0,

where E = k[ F, V] is the noncommutative ring defined in Section 2a. Consider the
k-linear function

o :H'(X,0) — Hl}z (X)
defined by o (¢) = (¢, p(¢)) for ¢ € Z' (U, 0).
Lemma 4.18. The function o is a section of y : HéR(X) — H' (X, 0).

Proof. The function o is well-defined because o (B! (U, 0)) C BCIIR(OIL) by the
definition of pg on Blu, 0). It is clearly a section of y. O

Note that o is not a splitting of E-modules.
Fora € B, let Ay j := Ay, ;) and 0y j := 0 (¢g, ).

Proposition 4.19. For 0 < j < ¢4, the action of F and V on H<]1R(X ) is given by

(i) Fhq;=0,
(i) Vg, = | oirz YT is even.
0 if J is odd,
_ i <o /D
(111) FO'O[’J' = 00!,2] lf] = CO(/ s
)\.(Ra,Zj) lf] > ca/z’
MG(R, ; s odd
(iv) Voo j = (€(Ra, ;) lfJ l'so )
0 if j is even.

Proof. (i) This follows from Section 2f.
(i1) This follows from Lemma 3.2 after applying A.
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(iii) In Z}p (W),
F(0a,j) = (Féq,j, 0)

= (#5725 %). pPa(y22 ) — (0. pu (3725 *))
=0¢a(y’x5 %) = (0, pga(y2x5 ).

Since y%x, 2 = VXo 2y fx)xy 2, linearity of o and ¢, yields that
0¢a(y’x5 ) = 09u(y25 ) + 0 0u (f (0)x ).

The term o @y (f(x)xq 2 ) is a coboundary by Lemma 4.4(i), and o ¢, (yxy 27 )
equals 0,2 if 0 <2j < ¢, and is a coboundary if 2j > ¢, by Lemma 4.4(ii). By
Lemma 4.15,

0 lfOSZJSCOl,

0, o (Y2xg ) =
0, pga (y7xg ™)) {—)»(Ra,Zj) if 2j > ca.

@iv) Since V (¢, p(¢)) = (0, €(p0(¢))), the result follows by Lemma 4.16(ii). [
Consider the subspaces of H}iR(X ) given by

Wa,ss := (Aa,0 — 20,0, 0,0

Wa,nil = (A’Ol,ja Ou,j |1<j<cq).

Theorem 4.20. The subspaces Wy s and Wy ni1 of H(llR(X ) are stable under the
action of Frobenius and Verschiebung for each o € B. There is an isomorphism of
E-modules
Hig (X) = €D Wa.ss ® D Wanit-
aeB’ aeB
Proof. The stability is immediate by Proposition 4.19, Remark 4.10, and Lemma 4.15.
The decomposition follows from Lemmas 4.18, 3.3, and 4.7. ([

Theorem 1.2 is immediate from Theorem 4.20.

5. Results on the Ekedahl-Oort type

For a natural number c, let G, be the unique symmetric BT; group scheme of
rank pzc with Ekedahl-Oort type [0, 1, 1,2,2, ..., |c/2]]. In other words, this
means that there is a final filtration Ny C N, C - - - C Ny, of D(G,.) as a k-vector
space, which is stable under the action of V and F~! and with i = dim(N;), such
that dim(V (N;)) = |i/2]. In Section 5a, we prove that group schemes of the
form G, appear in the decomposition of Jx[2] when X is a hyperelliptic k-curve.
In Section 5b, we describe the Dieudonné module of G, for arbitrary ¢ and give
examples.
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5a. The final filtration for hyperelliptic curves in characteristic 2. Suppose X
is a hyperelliptic k-curve with affine equation y> — y = f(x) as described in
Notation 1.1. For o € B, recall that ¢, = (d, — 1)/2, where d,, is the ramification
invariant of X above «. Recall the subspaces W, n; of HéR(X ) from Section 4f.
Define subspaces Ny ; of W, nij for 0 <i < 2¢, as follows: Ny o := {0} and

(haj |1 =j <) if1<i <c,,

N, i = .
a’ {Na,ca®<aa,j|1§j§i> if cg +1 <10 < 2c¢,.

Proposition 5.1. The filtration Ny o0 C Ny.1 C N2 C - - - C Ny 2¢, IS a final filtration
of Wa it for each a € B. Furthermore, V(Ny,;) = Ny, |i/2)-

Proof. Let 0 <i <2cq. Then dim(N,, ;) =i. By Proposition4.19, V/(Ny, ;) = Nq i 2
and F~'(Ny.i) = Ny.c,+1i/21- Thus, the filtration Ny o C Nyt C Ny 2 C -+ C Ny2e,
is stable under the action of V and F~!. O

Theorem 5.2. Let k be an algebraically closed field of characteristic p = 2. Let
X be a hyperelliptic k-curve with affine equation y> — y = f(x) as described in
Notation 1.1. Then the 2-torsion group scheme of X decomposes as

Ix21= @28 w) &P G,

oeB

and the a-number of X is
ax=(g+1—#aeB|d,=1mod4})/2.

Proof. By [Oda 1969, Section 5], there is an isomorphism of E-modules between
the Dieudonné module D(Jx[2]) and the de Rham cohomology HCIIR(X). By
Theorem 4.20, there is an isomorphism of E-modules

H(ljR(X) = @ Wa,ss @ @ Wa,nil-
aeB’ aeB
If « € B', then W, g is isomorphic to E/E(F, | - V)®E/E(V, | —F) ~ D(Z/2®1>).
Finally, Proposition 5.1 shows Wy i1 = D(G,,), which completes the proof of the
statement about Jx[2]. The statement about ax can be found in Proposition 3.4. [J

As a corollary, we highlight the special case when r = 0 (for example, when
f(x) € k[x]). Corollary 5.3 is stated without proof in [van der Geer 1999, 3.2].

Corollary 5.3. Let k be an algebraically closed field of characteristic p = 2.
Suppose X is a hyperelliptic k-curve of genus g and p-rank r =0. Then the Ekedahl-
Oort type of Jx[2]is [0,1,1,2,2, ..., | g/2]], and the a-number ax = | (g+1)/2].

Proof. This is a special case of Theorem 5.2 where #B = 1. (]
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The next immediate corollary of Theorem 5.2 is included to emphasize that
Theorem 5.2 gives a complete classification of the 2-torsion group schemes that
occur as Jx[2] when X is a hyperelliptic k-curve.

Corollary 5.4. Let k be an algebraically closed field of characteristic p =2. Let G
be a polarized BT group scheme over k of rank p*8. Let0 <r <g. Then G =~ Jx[2]
for some hyperelliptic k-curve X of genus g and p-rank r if and only if there exist

nonnegative integers ci, . . ., ¢y+1 such that erill ¢; = g —r and such that

Gx=Z/28 1) &P G,
aeB
Remark 5.5. For fixed g, the number of isomorphism classes of polarized BT}
group schemes of rank p2¢ that occur as Jx[2] for some hyperelliptic k-curve X
of genus g equals the number of partitions of g + 1. To see this, note that the
isomorphism class of Jx[2] is determined by the multiset {dy, ..., d,+}, where
d; =2c¢; + 1 and er;l (di +1) =2g + 2. So the number of isomorphism classes
equals the number of partitions of 2g + 2 into positive even integers.

Remark 5.6. The examples in Section 5b show that the factors G. appearing
in the decomposition of Jx[2] in Theorem 5.2 may not be indecomposable as
polarized BT; group schemes.

Sb. Description of a particular Ekedahl-Oort type. Recall that G, is the unique
polarized BT group scheme over k of rank p>° that has Ekedahl-Oort type
[0,1,1,2,2,..., [c/2]]. Recall that E = k[F, V] is the noncommutative ring
defined in Section 2b. In this section, we describe the Dieudonné module D(G.). We
start with some examples to motivate the notation. These show that G is sometimes
indecomposable and sometimes decomposes into polarized BT; group schemes of
smaller rank. The first four examples were found using preexisting tables.

Example 5.7. (i) For ¢ = 1, the Ekedahl-Oort type is [0]. This Ekedahl-Oort type
occurs for the p-torsion group scheme of a supersingular elliptic curve. See [Goren
2002, Example A.3.14; Pries 2008, Example 2.3] for a description of G;. It has
Dieudonné module E/E(F + V).

(i1) For ¢ =2, the Ekedahl—Oort type is [0, 1]. This Ekedahl-Oort type occurs for the
p-torsion group scheme of a supersingular abelian surface that is not superspecial.
See [Goren 2002, Example A.3.15; Pries 2008, Example 2.3] for a description
of G». It has Dieudonné module E/E(F? + V?).

(>iii) For ¢ = 3, the Ekedahl-Oort type is [0, 1, 1]. This Ekedahl-Oort type occurs
for an abelian threefold with p-rank 0 and a-number 2 whose p-torsion is indecom-

posable as a polarized BT; group scheme. By [Pries 2008, Lemma 3.4], G3 has
Dieudonné module E/E(F?> + V) @ E/E(V? + F).
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(iv) For ¢ =4, the Ekedahl-Oort type is [0, 1, 1, 2]. This Ekedahl-Oort type occurs
for an abelian fourfold with p-rank 0 and a-number 2 whose p-torsion decomposes
as a direct sum of polarized BT group schemes of rank p? and p®. By [Pries 2008,
Table 4.4], G4 has Dieudonné module E/E(F + V) @ E/E(F3 + V?).

We now provide an algorithm to determine the Dieudonné module D(G,) for all
positive integers ¢ € N following the method of [Oort 2001, Section 9.1].

Proposition 5.8. The Dieudonné module D(G,) is the E-module generated as a
k-vector space by {X1, ..., X¢, Y1, ..., Y.} with the actions of F and V given by

(i) F(Y;) =0,

v rieen
iy vy {7 1=

iy Foxy = {302 e

Yc—(j—l)/2 lf] A Odd,
(iv) V(X)) = {0 Jy=tem b2

—Yae2jt1 i j>(c—1/2
Proof. By definition of G, there is a final filtration Ny C N, C - - - C Np. of D(G.)
as a k-vector space, which is stable under the action of V and F~! and with
i = dim(Q;), such that v; :=dim(V (N;)) = [i/2]. This implies that v; = v;_ if
and only if i is odd. In the notation of [Oort 2001, Section 9.1], this yields m; = 2i
andn; =2g¢g—2i+1for 1 <i < g; also, let

7. Xip if i is even,
" Ye—gonyp ifiis odd.

By [Oort 2001, Section 9.1], for 1 <i < g, the action of F is given by F(¥;) =0 and
F(X;) = Z; and the action of V by V(Z;) =0and V(Zse—i+1) = (—1)'"y;. O

More notation is needed to give an explicit description of D(G,).

Notation 5.9. Let c € N be fixed. Let I :={j e N | [(c+1)/2] < j <c}, which is
a set of cardinality [ (c+1)/2]. For j € I, let £(j) be the odd part of j, and let e()
be the nonnegative integer such that j = Ze(j)é(j). Lets(j):=c— () —1)/2.
One can check that {s(j) | j € I} = 1. Also, let m(j) :=2c —2j + 1, and let ()
be the nonnegative integer such that 7(j) := 2’ m(j) € I. One can check that
{t(j) | jel}=1. Thus, there is a unique bijection ¢ : I — I such that # (¢(j)) =s(j)
foreach jel.

Proposition 5.10. Recall Notation 5.9. For ¢ € N, the set {X; | j € I} generates
the Dieudonné module D(G.) as an E-module subject to the relations, for j € I,
FeOFLX ) + VECOIL(X, 1)) = 0. Also, {X; | j € 1} is a basis for the quotient
of D(G,.) by the left ideal D(G.)(F, V).
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Proof. Proposition 5.8 implies that F¢)(X ;) = X;(j) and F(X¢(j)) = Y(j)- Also,
V(X;) = —Ym(j), and so VEDH(X ;) = —Y,(;). This yields the stated relations.
To complete the first claim, it suffices to show that the span of {X; | j € I}
under the action of F and V contains the k-module generators of D(C,) listed
in Proposition 5.8. This follows from the observations that X; = F(Xy;) if
1 <i<l|c/2],that¥; = V(Yi/z) if i is even, and that ¥; = V(—Xc_(i_])/z) if i is
odd. By [Li and Oort 1998, 5.2.8], the dimension of D(G.) modulo D(G.)(F, V)
equals the a-number. Since a = |I| by Corollary 5.3, it follows that the set |/| of
generators of D(G.) is linearly independent modulo D(G.)(F, V). O

Here are some more examples. The columns of the table below list the value of ¢,
the generators of D(G,) as an E-module (X;, — X;, denotes {X; | i; <i <i»}), and
the relations among these generators. The last column is the number of summands
of D(G.) in its decomposition as an E-module (as opposed to as a polarized
E-module). The table can be verified in two ways: first, by checking it with
Proposition 5.10 and second, by computing the action of F and V on a k-basis
for D(G.), using this to construct a final filtration of D(G.) stable under V and F~!,
and then checking that it matches the Ekedahl-Oort type of G.. In Example 5.11,
we illustrate the second method.

¢  generators relations # summands
5 X3—Xs5 FX3+V3Xs, F3X44+ VX3, FXs+ VX, 1
6 Xi—Xe F3X44+V%Xs, FX5+V3Xe, F2Xe+ VX4 1
7 Xs—X7 F3X4+VXs FXs+VXs,
F?Xe¢+V?Xe, FX7+V3X5 4
8 Xs—Xg FXs+V2X;, F2X6+ VX5,
FX7+ VX, F*Xs+ VX3 2
9 Xs—Xo FXs+VXes, F?Xe+ V*Xq, FX74 V2Xg,
F*Xs+VXs, FXo+ VX 1
10 X¢—Xio F?>X¢+VXe, FX7+ VX7, F*Xg+ V?Xg,
FXo+V2Xo, F2X 10+ V*X1o 5

Example 5.11. For ¢ = 7, the group scheme G7 that has Ekedahl-Oort type
[0,1,1,2,2, 3, 3] is isomorphic to a direct sum of polarized BT; group schemes
of ranks p?, p*, and p® and has Dieudonné module

M:=E/E(F+V)®E/E(F>+ V) ®E/E(V + F) @ E/E(F> + V).

Proof. Let {14, V4} be the basis of the submodule A = E/E(F + V) of M,
{1, Vg, V3, F3} the basis of the submodule B = E/E(F?+V?), {1¢, V¢, V3, V)
the basis of the submodule C = E/E(F + V?), and {1¢/, Fc, FZ,, F(,} the basis of
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the submodule C’ = E/E(F3 + V). The action of Frobenius and Verschiebung on
the elements of these bases is

x |1, V, 1 Vu V3 Fp 1. V. VZ V} 1. F. F% F.
Vx [V, 0 Vy, V2 0O 0 V. VZVZo F, 0 0 0

Fx |V, 0 Fg 0 0 VZ V2 0O 0O O F, F:) F% O

kS

To verify the proposition, one can repeatedly apply V and F~! to construct a
filtration Ny C N, C --- C N4 of M as a k-vector space that is stable under the
action of V and F~! such that i = dim(N;). To save space, we summarize the
calculation by listing a generator #; for N;/N;_:

i1 2 3 4 5 6 7 8 9 1011 12 13 14
t|VE VEVE V.V, F2 Vy 1o F& 1, Fy Fp 1 1,

1

Then one can check that V(N;) = N|;/»; and F~YN) = N741i/21, which verifies
that the Ekedahl-Oort type of M is [0, 1, 1, 2, 2, 3, 3]. O

Remark 5.12. One could ask when D(G.) decomposes as much as numerically
possible, in other words, when the a-number equals the number of summands
of D(G.) in its decomposition as an E-module. For example, D(G,.) has this
property when ¢ € {1, 2, 3, 4,7, 10} but not when ¢ € {5, 6, 8, 9}. This phenomenon
occurs if and only if the bijection ¢ from Notation 5.9 is the identity.

Remark 5.13. The group scheme Gg decomposes as the direct sum of two indecom-
posable polarized BT, group schemes, one whose Ekedahl-Oort type is [0, O, 1, 1]
and the other whose covariant Dieudonné module is E/E(F* + V*#). We take this
opportunity to note that there is a mistake in [Pries 2008, Example in Section 3.3].
The covariant Dieudonné module of 143 = [0, 0, 1, 1] is stated incorrectly. To fix
it, consider the method of [Oort 2001, Section 9.1]. Consider the k-vector space of
dimension 8 generated by Xy, ..., X4 and Y1, ..., Y4. Consider the operation F
defined by F(Y;) =0for 1 <i <4,

FX)=Ys, FXp)=Y;, F(X3)=X, F(X4) =M.
Consider the operation V defined by

VX1)=0, V(X)=-Ys, V(X3)=-Y2, V(Xy) =-V1,
V(X)) =Y;, V() =0, V(Y3) =0, V(Yy) =0.

Thus, D(143) is generated by X», X3, and X4 modulo the three relations

FX,+V?Xy, F’X3+VX,, VX3+ FXa.
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5c. Newton polygons. There are several results in characteristic 2 about the Newton
polygons of hyperelliptic (for example, Artin—Schreier) curves X of genus g and 2-
rank 0. For example, [Blache 2012, Remark 3.6] states that if -l < g=<2"-2,
then the generic first slope of the Newton polygon of an Artin—Schreier curve of
genus g and 2-rank O is 1/n. This statement is generalized to odd primes p in
[Blache 2012, Proposition 3.5]. See also earlier work in [Scholten and Zhu 2002,
Theorem 1.1(IID)].

The Ekedahl-Oort type of Jx[2] gives information about the Newton polygon
of X but does not determine it completely. Using Corollary 5.3 and [Harashita
2007, Section 3.1 and Theorem 4.1], one can show that the first slope of the Newton
polygon of X is at least 1/n. Since this is weaker than [Blache 2012, Theorem 4.3],
we do not include the details.

More generally, one could consider the case that X is a hyperelliptic k-curve of
genus g and arbitrary p-rank. One could use Theorem 5.2 to give partial information
(namely, a lower bound) for the Newton polygon of X.
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