
Algebra &
Number
Theory

msp

Volume 7

2013
No. 3

Cycle classes and the syntomic regulator
Bruno Chiarellotto, Alice Ciccioni and Nicola Mazzari



msp
ALGEBRA AND NUMBER THEORY 7:3 (2013)

dx.doi.org/10.2140/ant.2013.7.533

Cycle classes and the syntomic regulator
Bruno Chiarellotto, Alice Ciccioni and Nicola Mazzari

Let V = Spec(R) and R be a complete discrete valuation ring of mixed char-
acteristic (0, p). For any flat R-scheme X, we prove the compatibility of the
de Rham fundamental class of the generic fiber and the rigid fundamental class
of the special fiber. We use this result to construct a syntomic regulator map
regsyn : CHi (X/V, 2i −n)→ H n

syn(X, i) when X is smooth over R with values in
the syntomic cohomology defined by A. Besser. Motivated by the previous result,
we also prove some of the Bloch–Ogus axioms for the syntomic cohomology
theory but viewed as an absolute cohomology theory.

Introduction

Let V= Spec(R) with R a complete discrete valuation ring of mixed characteristic
and perfect residue field. Given X, an algebraic V-scheme, one can consider the
de Rham cohomology of its generic fiber XK and the rigid cohomology of its special
fiber Xk . These two cohomology groups are related by a canonical cospecialization
map cosp : H n

rig,c(Xk)→ H n
dR,c(XK ) (in general not an isomorphism) [Baldassarri

et al. 2004, Section 6]. There is also the notion of rigid and de Rham cycle class.
The starting result of this paper is the compatibility of these cycle classes with
respect to the cospecialization map (see Theorem 1.4.1 for the precise statement).

In the case X is smooth (possibly nonproper) over V, we get the following
corollary (see Corollary 1.5.1). Let spCH : CH∗(XK )⊗Q→ CH∗(Xk)⊗Q be the
specialization of Chow rings constructed by Grothendieck in [Berthelot et al. 1971,
Appendix]. Then the diagram

CHq(XK /K )⊗Q

spCH

��

ηdR
// H 2q

dR(XK )

sp
��

CHq(Xk/k)⊗Q
ηrig

// H 2q
rig (Xk/K )
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is commutative, where ηdR and ηrig are the de Rham and cycle class maps, respec-
tively, and sp is the Poincaré dual of cosp. In the proof, we use the main results of
[Baldassarri et al. 2004; Bosch et al. 1995; Petrequin 2003].

This result can be viewed as a generalization of a theorem of Messing [1987,
Theorem B3.1], in which he further assumes X to be proper (not only smooth)
over V. In that case, rigid and crystalline coincide, and the map sp is an isomorphism
[Berthelot 1997b].

This compatibility result is the motivation for an alternative construction of the
regulator map (see Proposition 1.6.6)

regsyn : CHi (X/V, 2i − n)→ H n
syn(X, i)

with values in the syntomic cohomology group defined by Besser [2000] (for X

smooth over V). For this proof, we use an argument of Bloch [1986] and the
existence of a syntomic cycle class (see Proposition 1.6.2).

The aforementioned results motivated us to investigate further the properties of
syntomic cohomology. We are not able to formulate even the basic Bloch–Ogus
axioms using Besser’s framework. Thus, we have followed the interpretation of
syntomic cohomology of Bannai [2002] as an absolute one. To this end, we define a
triangulated category of p-adic Hodge complexes, pHD (see Definition 2.0.11). An
object M of pHD can be represented by a diagram of the form Mrig→ MK ← MdR,
where M? is a complex of K -vector spaces endowed with a Frobenius automorphism
when ?= rig and with a filtration when ?= dR. In pHD, there is a naturally defined
tensor product, and K denotes the unit object of pHD. The main difference with
respect to [Bannai 2002] is that the maps in the diagram are not necessarily quasi-
isomorphisms.

From [Besser 2000], we get (in Proposition 5.3.1) that there are functorial p-adic
Hodge complexes R0(X) satisfying

R0rig(X)→ R0K (X)← R0dR(X)

and inducing the specialization map in cohomology (that is, taking the cohomology
of each element of the diagram). Meanwhile, we show how the constructions made
by Besser may be obtained using the theory of generalized Godement resolution
(also called the bar resolution). In particular, we use the results of [van der Put and
Schneider 1995] in order to have enough points for rigid analytic spaces. Further,
we consider the twisted version R0(X)(i), which is given by the same complexes
but with the Frobenius (respectively the filtration) twisted by i (see Remark 2.2.1).

We then prove (see Proposition 5.3.4) that the syntomic cohomology groups
H n

syn(X, i) of [Besser 2000] are isomorphic to the (absolute cohomology) groups
H n

abs(X, i) := HompHD(K, R0(X)(i)[n]). This result generalizes that of [Bannai
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2002] (which was given only for V-schemes with good compactification) to any
smooth algebraic V-scheme.

For this absolute cohomology, we can prove some of the Bloch–Ogus ax-
ioms. In fact, we construct a p-adic Hodge complex R0c(X)(i) related to rigid
and de Rham cohomology with compact support. Therefore, we can define an
absolute cohomology with compact support functorial with respect to proper
maps H n

abs,c(X, i) :=HompHD(K, R0c(X)(i)[n]) and an absolute homology theory
H abs

n (X, i) := HompHD(R0c(X)(i)[n],K).
We wish to point out that the constructions above are essentially consequences

of the work done by Besser and Bannai, but it seems hard to prove the following
results without the formalism of Godement resolutions that we develop in Section 3.
Let X be a smooth scheme over V. Then

(i) there is a cup product pairing

H n
abs(X, i)⊗ H m

abs,c(X, j)→ H n+m
abs,c (X, i + j)

induced by the natural pairings defined on the cohomology of the generic and
the special fiber (see Corollary 5.4.4),

(ii) there is a Poincaré duality isomorphism (see Proposition 5.4.5) and

(iii) there is a Gysin map; that is, given a proper morphism f : X→ Y of smooth
algebraic V-schemes of relative dimension d and e, respectively, then there is
a canonical map

f∗ : H n
abs(X, i)→ H n+2c

abs (Y, i + c),

where c = e− d (see Corollary 5.4.7).

Notation. In this paper, R is a complete discrete valuation ring with fraction field K
and residue field k with k perfect. We assume char(K )= 0 and char(k)= p > 0.

The ring of Witt vectors of k is denoted by R0, and K0 is its field of fractions.
The Frobenius of K0 is denoted by σ . The category of bounded complexes of
K -vector spaces is denoted by Cb(K ).

If V is a K -vector space, then V∨ is the dual vector space.
We use X, Y, . . . for schemes over k or K ; X,Y, . . . for K -analytic spaces;

P,Q for formal K -schemes; PK ,QK for the associated Raynaud fibers and X,Y

for (algebraic) V-schemes, where V = Spec(R). Finally, X̂ denotes the p-adic
completion of a V-scheme X.

1. Cycle classes

1.1. Higher Chow groups. Following Bloch [1986], we recall the definition of
the higher Chow groups CH∗(X/K , ∗) of a K -scheme X . For any n ≥ 0, let
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1n
:= Spec(Z[t0, . . . , tn]/(

∑
i ti − 1)) with face maps ∂i (n) :1n

→1n+1, which
in coordinates are given by ∂i (n)(t0, . . . , tn) := (t0, . . . , ti−1, 0, ti+1, . . . , tn). Let
X be a smooth K -scheme of relative dimension d (this hypothesis is not necessary,
but we deal only with smooth schemes). Let zq(X/K , 0) be the free abelian group
generated by the irreducible and closed subschemes of X of codimension q. Let
zq(X/K , n) denote the free abelian group generated by the closed subschemes
W ⊂1n

X := X ×1n such that W ∈ zq(1n
X/K , 0) and meets all faces properly; that

is, if F ⊂1n
X is a face of codimension c, then the codimension of each irreducible

component of the intersection F ∩W is greater than or equal to c+ q on 1n
X .

Using the differential
∑

i (−1)i∂∗i (n) : zq(X/K , n + 1) → zq(X/K , n), one
obtains a complex of abelian groups zq(X/K , ∗). We set 0i

X (q) := zq(X/K , 2q−i)
and

CHq(X/K , 2q − i) := H i (0X (q)).

These groups are in fact isomorphic to the Voevodsky–Suslin motivic cohomology
H i

mot(X/K , q) of the generic fiber X [Mazza et al. 2006, Theorem 19.1].

1.2. Relative cycles. Let X be an algebraic and flat V-scheme. By the theory of
relative cycles [Suslin and Voevodsky 2000], one can define the group zq(X/V, 0)
to be the free abelian group generated by universally integral relative cycles of
codimension q (we can use the codimension because X is assumed to be equi-
dimensional over V). By [Ivorra 2005, Part I, Lemma 1.2.6], zq(X/V, 0) is the
free abelian group generated by the closed subschemes W ⊂ X that are integral,
of codimension q and flat over V. Then we can define the group zq(X/V, n) as
the free abelian group generated by the integral and flat V-schemes W ∈ zq(1n

X, 0)
meeting all faces properly and such that ∂i (n− 1)∗W is flat over V for all i . Thus,
we can form a complex zq(X/V, ∗) with the same boundary maps as zq(X/K , ∗).

Definition 1.2.1. With the notation above, we define the higher Chow groups of X

over V to be
CHq(X/V, 2q − i) := H i (0X (q)),

where 0i
X/V(q) := zq(X/V, 2q − i).

Remark 1.2.2. (i) Recall that by Lemma 5.1.1, any closed and flat subscheme
of X is completely determined by its generic fiber. Then zq(X/V, ∗) is a
subcomplex of zq(XK /K , ∗) inducing a canonical map in (co)homology

γ : CHq(X/V, 2q − i) := H i (0X/V(q))→ CHq(XK /K , 2q − i).

(ii) It follows easily that, for i = 2q , the map γ :CHq(X/V, 0)→CHq(XK /K , 0)
is surjective by the snake lemma. In the general case, we don’t know whether
or not this map is injective or surjective.
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1.3. De Rham and rigid fundamental/cycle classes. In the following, we refer to
[Hartshorne 1975; Baldassarri et al. 2004; Petrequin 2003] for the definitions and
the properties of the (algebraic) de Rham and the rigid cohomology theory. Let W
be an integral scheme of dimension r over K (resp. over k). Then we can associate
to W its de Rham (resp. rigid) fundamental class, which is an element of the dual
of the top de Rham (resp. rigid) cohomology with compact support

[W ]dR = trdR ∈ H 2r
dR,c(W )∨ (resp. [W ]rig = trrig ∈ H 2r

rig,c(W )∨).

For the de Rham case, this class is first defined in [Hartshorne 1975, Section 7]
as an element of the de Rham homology; by Poincaré duality [Baldassarri et al.
2004, Theorem 3.4], it corresponds to the trace map. The rigid case is treated in
[Petrequin 2003, Section 2.1, Section 6].

Now let X be a K -scheme (resp. k-scheme) of dimension d and w=
∑

i ni Wi ∈

zq(X/K , 0) (resp. ∈ zq(X/k, 0)) be a dimension-r cycle on X . The cohomology
with compact support is functorial with respect to proper maps; hence, there is a
canonical map

f :
⊕

i

H 2r
?,c(Wi )

∨
→ H 2r

?,c(|w|)
∨,

where |w| =
⋃

i Wi is the support of w and ? is dR or rig according to the choice of
the base field. With the notation above, we define the de Rham (resp. rigid) cycle
class of w as

[w]? := f
(∑

i

[Wi ]?

)
∈ H 2r

?,c(|w|)
∨, where ?= dR, rig .

Again by functoriality, this defines an element of H 2r
?,c(X)

∨.

1.4. Compatibility. Let X be a flat V-scheme, and let w ∈ zq(X/V, 0) be a relative
cycle. We can write w =

∑
i ni Wi , where Wi is an integral flat V-scheme closed

in X and of codimension q. Then w defines a cycle wK ∈ zq(XK /K , 0) (resp.
wk ∈ zq(Xk/k, 0)); on the generic fiber, we get simplywK =

∑
i ni (Wi )K . However,

on the special fiber, we must write the irreducible decomposition of each (Wi )
red
k ,

say Wi,1 ∪ · · · ∪Wi,ri , and then consider the multiplicities, that is,

wk =
∑

i

(
ni

∑
j

mi, j Wi, j

)
,

where mi, j := length(OWk ,Wi, j ).
We can consider the de Rham and the rigid cycle classes of w, that is,

[wK ]dR ∈ H 2r
dR,c(|wK |)

∨ and [wk]rig ∈ H 2r
rig,c(|wk |)

∨.
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The rigid homology groups H rig
2r (|wk |) are defined as the dual of H 2r

rig,c(|wk |); see
[Petrequin 2003, Section 2]. We will prove that these cycle classes are compatible
under (co)specialization and induce a well-defined syntomic cohomology class.

Theorem 1.4.1. Let X be a flat V-scheme of relative dimension d, and let w ∈
zq(X/V, 0) be a relative cycle of codimension q (and relative dimension r := d−q).
Then cosp([wk]rig)= [wK ]dR.

Proof. First of all, consider the basic case: w =W is an integral closed subscheme
of X smooth over V. By [Baldassarri et al. 2004, proof of Theorem 6.9], we have a
commutative diagram

H 2r
rig,c(Wk/K )

cosp
//

[wk ]rig
%%

H 2r
dR,c(WK )

[wK ]dR
zz

K

where the rigid (resp. de Rham) trace map [wk]rig (resp. [wK ]dR) is an isomorphism
of K -vector spaces.

Given a general relative cycle w, we can reduce to the basic case by arguing
as follows. First by linearity and the functoriality of the specialization map, we
can restrict to the case w = W with W integral. Then the generic fiber WK is
integral, and by [Grothendieck 1967, Proposition 17.15.12], there exists a closed K -
subscheme T such that WK \ T is smooth over K . Let T be the flat extension of T
(see Lemma 5.1.1); then T is of codimension at least 1 in W, and the complement
W\T is a flat V-scheme of relative dimension r . Consider the long exact sequence

· · · H 2r−1
dR,c (T )→ H 2r

dR,c(WK \TK )→ H 2r
dR,c(WK )→ H 2r

dR,c(T ) · · · .

Note that here the first and last terms vanish for dimensional reasons. The same
happens (mutatis mutandis) for the rigid cohomology of the special fiber.

Hence, from now on, we can assume that W is integral and that its generic
fiber WK is smooth. In this setting, we apply the reduced fiber theorem for schemes
[Bosch et al. 1995, Theorem 2.1]; that is, there exist a finite field extension K ′/K
and a finite morphism f : Y→W×V V′ of V′-schemes such that

(i) fK ′ : YK ′→WK ′ is an isomorphism and

(ii) Y/V′ is flat and has reduced geometric fibers.

Recall that the cospecialization map commutes with finite field extension, and
the same holds for both the rigid and de Rham trace maps. By [Petrequin 2003,
proof of Proposition 6.4], the rigid fundamental/cycle class is preserved by finite
morphisms, that is,

[Yk′]rig ◦ f ∗k′ = [Wk′]rig where f ∗k′ : H
2r
rig,c(Wk′)→ H 2r

rig,c(Yk′).
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From the discussion above, there is no loss of generality in assuming that W has
reduced geometric fibers and smooth generic fiber WK . Now let S be the singular lo-
cus of the special fiber Wk . Again by [Grothendieck 1967, Proposition 17.15.12], the
complement Wk \ S is an open and dense subscheme of Wk , and it is smooth over k.
The scheme S has codimension at least 1 in Wk ; hence, H 2r

rig,c(Wk\S)→ H 2r
rig,c(Wk)

is an isomorphism. From this, it follows that we can assume W to be smooth over V,
where we know that the claim is true. �

1.5. The smooth case. From now on, assume X to be smooth over V. By the
compatibility of (co)specialization with Poincaré duality [Baldassarri et al. 2004,
Theorem 6.9], the (de Rham or rigid) cycle class map defines an element ηrig(wk) ∈

H 2q
rig,|wk |

(Xk/K ) (resp. ηdR(wK ) ∈ H 2q
dR,|wK |

(XK )) compatible with respect to the
specialization morphism

sp(ηdR(wK ))= ηrig(wk). (1)

Before stating the next corollary, we need to introduce some further notation.
Let X be a smooth scheme over K (resp. over k); then the de Rham (resp. rigid)
cycle class map factors through the Chow groups, inducing a map

ηdR : CHq(X/K )→ H 2q
dR(X) (resp. ηrig : CHq(X/k)→ H 2q

rig (X/K )),

where, by abuse of notation, ηdR(W ) (resp. ηrig(W )) is viewed as an element of
H 2q

dR(X) (resp. H 2q
rig (X/K )) via the canonical map H 2q

dR,W (X)→ H 2q
dR(X) (resp.

H 2q
rig,W (X/K ) → H 2q

rig (X/K )) for any W integral subscheme of codimension q
[Hartshorne 1975, Proposition 7.8.1, page 60; Petrequin 2003, Corollary 7.6].

Also, we recall that in [Berthelot et al. 1971, Exp. X, Appendix], a specialization
map for the classical Chow ring is constructed:

spCH : CH∗(XK /K )⊗Q→ CH∗(Xk/k)⊗Q.

Explicitly, the map is given as follows. Let W ⊂ XK be an integral scheme of
codimension q, and let W denote its Zariski closure in X. Then the specialization
of spCH[W ] is the class representing the subscheme Wk .

Corollary 1.5.1. With the notation above, the diagram

CHq(XK /K )⊗Q

spCH

��

ηdR
// H 2q

dR(XK )

sp
��

CHq(Xk/k)⊗Q
ηrig

// H 2q
rig (Xk/K )

commutes (we tensored each term by Q to guarantee the existence of spCH).
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1.6. Syntomic cohomology. For any smooth V-scheme X, Besser [2000, Defini-
tion 6.1] defined the (rigid) syntomic cohomology groups H n

syn(X, i). We will be
rather sketchy on the definitions because we will give another construction later.
For such a cohomology, there is a long exact sequence

// H n
syn(X, i) // H n

rig(Xk/K0)⊕ F i H n
dR(XK )

h
// H n

rig(Xk/K0)⊕ H n
rig(Xk/K )

+
// (2)

where h(x0, xdR)= (φ(xσ0 )− pi x0, x0⊗ 1K − sp(xdR)).
Roughly, these groups are defined as H n

syn(X, i) := H n(R0Bes(X, i)), where

R0Bes(X, i)

:= Cone
(
R0rig(X/K0)⊕Fili R0dR(X)→ R0rig(X/K0)⊕R0rig(X/K )

)
[−1]

is a complex of abelian groups functorial in X and such that

H n(R0rig(X/K0))= H n
rig(Xk/K0) and H n(Fili R0dR(X))= F i H n

dR(XK ).

The functoriality of R0Bes( · , i) allows us to give the following definition:

Definition 1.6.1. Let X be a smooth V-scheme. Let Z⊂ X be a closed subscheme
of X. We define the syntomic complex with support in Z using the complexes
defined by Besser as

R0Bes,Z(X, i) := Cone
(
R0Bes(X, i)→ R0Bes(X \Z, i)

)
[−1].

This is a complex of abelian groups functorial with respect to cartesian squares.
This fact will be used in the proof of Proposition 1.6.6. The cohomology of this
complex is the syntomic cohomology with support in Z denoted by

H n
syn,Z(X, i) := H n(R0Bes,Z(X, i))

so that we get a long exact sequence

· · · H n
syn,Z(X, i)→ H n

syn(X, i)→ H n
syn(X \Z, i)→ · · · .

Proposition 1.6.2 (syntomic cycle class). Let X be a smooth V-scheme, and let
w ∈ zq(X/V, 0) be a relative cycle of codimension q. Then the canonical mapping

ψ : H 2q
syn,|w|(X, q)→ H 2q

rig,|wk |
(Xk/K0)⊕ Fq H 2q

dR,|wK |
(XK )

is injective, and there exists a unique element ηsyn(w) ∈ H 2q
syn,|w|(X, q) such that

ψ(ηsyn(w))= (ηrig(wk), ηdR(wK )).
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Proof. By the definition of syntomic cohomology with support, there is a long exact
sequence similar to (2):

// H 2q−1
rig,|wk |

(Xk/K0)⊕H 2q−1
rig,|wk |

(Xk/K ) // H 2q
syn,|w|(X, q) //

H 2q
rig,|wk |

(Xk/K0)⊕Fq H 2q
dR,|wK |

(XK ) // H 2q
rig,|wk |

(Xk/K0)⊕H 2q
rig,|wk |

(Xk/K ) // .

The last term on the left vanishes because of weak purity in rigid cohomology
[Berthelot 1997b, Corollary 5.7]. It follows that H 2q

syn,|w|(X, q) consists of the
pairs (x, y) ∈ H 2q

rig,|wk |
(Xk/K0) ⊕ Fq H 2q

dR,|wK |
(XK ) such that φ(xσ ) = pq x and

sp(y) = x ⊗ 1K . By Hodge theory, we have Fq H 2q
dR,|wK |

(XK )= H 2q
dR,|wK |

(XK ).
Moreover, the Frobenius acts on [wk]rig as multiplication by pq [Petrequin 2003,
Proposition 7.13]. Hence, in view of (1), we can easily conclude the proof. �

Lemma 1.6.3 (functoriality). Let f : X′ → X be a closed immersion of smooth
V-schemes, and let w ∈ zq(X/V, 0) be a relative cycle of codimension q. Assume
that the preimage f −1w lies in zq(X′/V, 0); then f ∗ηsyn(w)= ηsyn( f −1w).

Proof. It is not restrictive to assume that w =W is an integral subscheme of X flat
over V.

We first show that it is sufficient to prove that f ∗ηdR(wK ) = ηdR( f −1wK ). In
fact, the syntomic cycle class can be viewed as an element (ηrig(wk), ηdR(wK )) in
the direct sum of rigid and de Rham cohomology. Then note that sp(ηdR(wK ))=

ηrig(wk)⊗ 1K and that the specialization map is functorial.
To prove that f ∗ηdR(WK )=ηdR( f −1WK ), we first reduce by excision to the case

where WK is smooth over K (just remove from WK , XK and X′K the singular points
of WK ). In the same way, we can further assume f −1WK to be smooth over K .
Now we can use the same proof as [Petrequin 2003, Proposition 7.1] to conclude. �

Lemma 1.6.4 (homotopy). The (rigid) syntomic cohomology is homotopy invariant:

H n
syn(X×A1

V, q)∼= H n
syn(X, q).

Proof. Just consider the long exact sequences of syntomic cohomology, and note
that the de Rham cohomology (of smooth schemes) is homotopy invariant by
[Hartshorne 1975, Proposition 7.9.1]. The same holds for rigid cohomology, for
instance, using the Künneth formula [Berthelot 1997a]. �

Lemma 1.6.5 (weak purity). Let X be a smooth V-scheme. Let Z⊂ X be a closed
subscheme of X of codimension q. Then

H n
syn,Z(X, i)= 0 for all n < 2q.
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Proof. This follows directly from the long exact sequence of syntomic cohomology
and the weak purity in de Rham and rigid cohomology [Hartshorne 1975, Section 7.2;
Petrequin 2003, Section 1]. �

Proposition 1.6.6. Let X be a smooth V-scheme. The syntomic cycle class map
induces a group homomorphism regsyn : CHi (X/V, 2i − n)→ H n

syn(X, i).

Proof. The construction is analogous to that provided in [Bloch 1986]. Consider the
cohomological double complex R0Bes(1

−n
X , q)m nonzero for m ≥ 0 and n ≤ 0; the

differential in n is induced by ∂(−n)
i in the usual way. Similarly define the double

complex

R0Bes,supp(1
−n
X , q)m := colim

w∈zq (X,−n)
R0Bes,|w|(1

−n
X , q)m .

For technical reasons, we truncate these complexes (nontrivially):

An,m
? = τn≥−N R0Bes,?(1

−n
X , q)m, where ?=∅, supp,

for N even and N � 0.
Consider the spectral sequence

En,m
1 := H m(A•,n)⇒ H n+m(s A•,∗),

where s denotes the associated simple complex of a double complex. By homotopy
invariance (Lemma 1.6.4), En,m

1 := H m
syn(1

−n
X , q) is isomorphic to H m

syn(X, q) for
−N ≤ n ≤ 0 and m ≥ 0; otherwise, it is 0. Moreover, dn,m

1 = 0 except for n even,
−N ≤ n < 0 and m ≥ 0, in which case dn,m

1 = id. This gives an isomorphism
H i (s An,m)∼= H i

syn(X, q).
In the spectral sequence

En,m
1,supp := H m(A•,nsupp)⇒ H n+m(s A•,∗supp),

we have

En,m
1,supp = colim

w∈zq (X,−n)
H m

syn,|w|(1
−n
X , q) for −N ≤ n ≤ 0 and m ≥ 0

and En,m
1,supp = 0 otherwise. Applying Lemma 1.6.3 to the face morphisms, it is

easy to prove that the syntomic cycle class induces a natural map of complexes
0•X/V(q)→ E•−2q,2q

1,supp , and hence, for all i , a map CHq(X/V, 2q − i)→ E i−2q,2q
2,supp .

The groups En,m
r,supp are zero for m < 2q and r ≥ 1 due to weak purity. Hence, there

are natural maps E i−2q,2q
2,supp → E i−2q,2q

∞,supp → H i (s A•,∗supp). By construction, there is a
map H i (s A•,∗supp)→ H i (s A•,∗). Composing all these maps, we obtain the expected
map CHq(X, 2q − i)→ H i

syn(X, q). �



Cycle classes and the syntomic regulator 543

Corollary 1.6.7. With the notation above, there is a commutative diagram

CHq(X/V)⊗Q

regsyn
��

γ⊗1Q
// CHq(XK /K )⊗Q

ηdR
��

spCH
// CHq(Xk/k)⊗Q

ηrig
��

H 2q
syn(X, q)

π
// Fq H 2q

dR(XK ) sp
// H 2q

rig (Xk/K ),

where π is the composition

H n
syn(X, i) // H n

rig(Xk/K0)⊕ F i H n
dR(XK )

pr2
// F i H n

dR(XK )

and γ is the map described in Remark 1.2.2.

Proof. Just note that in this case, regsyn is the map induced by the syntomic cycle
class in the usual way. �

Remark 1.6.8. Via Chern classes, Besser [2000, Theorem 7.5] obtained a regulator
c2i−n

i : K2i−n(X)→ H n
syn(X, i). At present, we cannot compare it with the regulator

of Proposition 1.6.6. This is because we don’t know how to relate K -theory with
the higher Chow groups we have defined. Nevertheless, we expect that there exists
a map CHi (X/V, 2i − n)Q→ K2i−n(X)Q. This issue will be treated in a future
work.

2. p-adic Hodge complexes

Having defined a regulator map with values in the syntomic cohomology, it is
tempting to check (some of) the Bloch–Ogus axioms for this theory. We address this
problem by viewing the syntomic cohomology as an absolute cohomology theory.

Thus, in this section, we define a triangulated category of p-adic Hodge com-
plexes similar to that of [Bannai 2002]. See also [Beı̆linson 1986; Huber 1995;
Levine 1998, Chapter V, Section 2.3].

The syntomic cohomology will be computed by Hom groups in this category.

Definition 2.0.9 (see [Bannai 2002, Section 2]). Let Cb
rig(K ) be the category of

pairs (M•, φ), where

(i) M• = M•0 ⊗K0 K and M•0 is a complex in Cb(K0);

(ii) (Frobenius structure) if (M•0 )
σ
:= M•0 ⊗σ K0, then φ : (M•0 )

σ
→ M•0 is a

K0-linear morphism.

The morphisms in this category are morphisms in Cb(K0) compatible with
respect to the Frobenius structure. In this way, we get an abelian category.

Let FiltK be the category of K -vector spaces with a descending, exhaustive and
separated filtration. We write Cb

dR(K )=Cb(FiltK ), and we write the objects of this
category as pairs (M•, F), where
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(i) M• is a complex in Cb(K ) and

(ii) (Hodge filtration) F is a (separated and exhaustive) filtration on M•.

Remark 2.0.10 (strictness). We review some technical facts about filtered cate-
gories. For a full discussion, see [Huber 1995, Sections 2 and 3].

The category FiltK (and also Cb
dR(K )) is additive but not abelian. It is an

exact category when one takes for short exact sequences those that are exact as
sequences of K -vector spaces and are such that the morphisms are strict with
respect to the filtrations; recall that a morphism f : (M, F)→ (N , F) is strict if
f (F i M)= F i N ∩ Im( f ).

An object (M•, F) ∈ Cb
dR(K ) is a strict complex if its differentials are strict as

morphism of filtered vector spaces. Strict complexes can be characterized also by
the fact that the canonical spectral sequence Hq(F p)⇒ H p+q(M•) degenerates
at E1.

One can define canonical truncation functors on Cb
dR(K ): For M• ∈ Cb

dR(K ), let

τ≤n(M•, F)i :=


M i if i < n,
Ker(dn) if i = n,
0 if i > n,

τ≥n(M•, F)i :=


0 if i < n−1,
Coim(dn) if i = n−1,
M i if i ≥ n.

It is important to note that the naive cohomology object τ≤nτ≥n(M•, F) of a strict
complex (M•, F) agrees with the cohomology H n(M•) of the complex of K -vector
spaces underlying (M•, F) [Huber 1995, Proposition 2.1.3 and Section 3].

Definition 2.0.11 (see [Bannai 2002, Definition 2.2]). From the discussion above,
there is an exact functor 8rig : Cb

rig(K )→ Cb(K ) (resp. 8dR : Cb
dR(K )→ Cb(K ))

induced by (M•, φ) 7→ M• (resp. (M•, F) 7→ M•). We define the category pHC
of p-adic Hodge complexes whose objects are systems M = (M•rig,M•dR,M•K , c, s),
where

(i) (M•rig, φ) is an object of Cb
rig(K ) and H∗(M•rig) is finitely generated over K ,

(ii) (M•dR, F) is an object of Cb
dR(K ) and H∗(M•dR) is finitely generated over K and

(iii) M•K is an object of Cb(K ) and c : M•rig → M•K (resp. s : M•dR → M•K ) is a
morphism in Cb(K ). Hence, c and s give a diagram in Cb

K

M•rig
c
−→ M•K

s
←− M•dR.

A morphism in pHC is given by a system f := ( frig, fdR, fK ), where f? : M•? →
N •? is a morphism in Cb

rig(K ), Cb
dR(K ) or Cb(K ) for ?= rig, dR or K , respectively,

and such that they are compatible with respect to the diagram in (iii) above.
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2.1. Derived version. A homotopy in pHC is a system of homotopies hi com-
patible with the comparison maps c and s. We define the category pHK to be
the category pHC modulo morphisms homotopic to 0. We say that a morphism
f = ( frig, fdR, fK ) in pHC (or pHK) is a quasi-isomorphism if f? is a quasi-
isomorphism for ? = rig (or K ) and fdR is a filtered quasi-isomorphism, that is,
grF ( fdR) is a quasi-isomorphism. Finally, we say that M ∈ pHC (or pHK) is acyclic
if M? = 0 is acyclic for any ?= rig, dR, K .

Lemma 2.1.1. (i) The category pHK is a triangulated category.

(ii) The localization of pHK with respect to the class of quasi-isomorphisms exists.
This category, denoted pHD, is a triangulated category.

(iii) On the category pHD, it is possible to define a nondegenerate t-structure (resp.
truncation functors) compatible with the standard t-structure (resp. truncation
functors) defined on Cb(K ), Cb

rig(K ) and Cb
dR(K ).

Proof. The proof is the same as [Bannai 2002, Proposition 2.6]. See also [Huber
1995, Section 2] for a survey on how to derive exact categories. �

Remark 2.1.2. In the terminology of Huber [1995, Section 4], the category pHC is
the glued exact category of Cb

rig and Cb
dR via Cb

K . The foregoing definition is inspired
by Bannai [2002], who constructs a rigid glued exact category Cb

M F , that is, the
comparison maps are all quasi-isomorphisms. For our purposes, we cannot impose
this strong assumption. This is motivated by the fact that the (co)specialization is
not an isomorphism for a general smooth V-scheme.

2.2. Derived Hom. Let M• and M ′• be two objects of pHC. Consider the diagram
H(M•,M ′•) (of complexes of abelian groups)

Hom•K0
((M•0 )

σ ,M ′0
•
) Hom•K (M

•

rig,M ′K
•
) Hom•K (M

•

dR,M ′K
•
)

Hom•K0
(M•0 ,M ′0

•
)

h0

OO
h1

55

Hom•K (M
•

K ,M ′K
•
)

h2

OO
h3

55

Hom•,FK (M•dR,M ′dR
•
)

h4

OO

where h0(x0) = x0 ◦ φ − φ
′
◦ xσ0 ; h1(x0) = c′ ◦ (x0 ⊗ idK ); h2(xK ) = xK ◦ c;

h3(xK ) = xK ◦ s and h4(xdR) = s ′ ◦ xdR; Hom•,FK (M•dR,M ′dR
•
) is the complex

of morphisms compatible with respect to the filtrations. Then define the two
complexes of abelian groups 00(M•,M ′•) := (direct sum of the bottom row) and
01(M•,M ′•) := (direct sum of the top row). Finally, consider the cone

0(M•,M ′•) := Cone
(
ψM•,M ′• : 00(M•,M ′•)→ 01(M•,M ′•)

)
[−1],

where

ψM•,M ′• : (x0, xK , xdR) 7→ (−h0(x0), h1(x0)− h2(xK ), h3(xK )− h4(xdR)).
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Remark 2.2.1. (i) Let K(−n) be the Tate twisted p-adic Hodge complex: i.e.,
K(−n)rig (resp. K(−n)dR,K(−n)) is equal to K concentrated in degree 0; the
Frobenius is φ(λ) := pnσ(λ); the filtration is F i

= K for i ≤ n and 0 otherwise.

(ii) Given two p-adic Hodge complexes M• and M ′•, we define their tensor product
M•⊗M ′• component-wise, that is, (M•rig⊗M ′rig

•
,M•dR⊗M ′dR

•
,M•K ⊗M ′K

•
,

c⊗ c′, s⊗ s ′). The complex M•⊗K(n) is denoted by M•(n).

(iii) The complex 0(K,M•(n)) is quasi-isomorphic to

Cone(M•0 ⊕ Fn M•dR
η
−→ M•0 ⊕M•K )[−1],

η(x0, xdR)= (p−nφ(xσ0 )− x0, c(x0⊗ idK )− s(xdR)),

where x0 ∈ M•0 and xdR ∈ Fn M•dR.
If c is a quasi-isomorphism, letting sp denote the composition of

Hq(Fn M•dR)
s∗
−→ Hq(M•K )

c∗
←−
∼=

Hq(M•rig),

we obtain a long exact sequence

→ Hq(0(K,M•(n)))→ Hq(M•0 )⊕ Hq(Fn M•dR)
η′

−→ Hq(M•0 )⊕ Hq(M•rig)→,

where η′(x0, xdR)= (p−nφ(xσ0 )− x0, x0⊗ 1K − sp(xdR)).
If s is a quasi-isomorphism, letting cosp denote the composition of

Hq(M•rig)
c∗
−→ Hq(M•K )

s∗
←−
∼=

Hq(M•dR),

we obtain a long exact sequence

→ Hq(0(K,M•(n)))→ Hq(M•0 )⊕ Hq(Fn M•dR)
η′′

−→ Hq(M•0 )⊕ Hq(M•dR)→,

where η′′(x0, xdR)= (p−nφ(xσ0 )− x0, cosp(x0⊗ 1K )− xdR).

Proposition 2.2.2 (extension formula). With the notation above, there is a canonical
morphism of abelian groups

HompHD(M•,M ′•[n])∼= H n(0(M•,M ′•)).

In particular, if M• = M and M ′• = M ′ are concentrated in degree 0, then
H n(0(M,M ′))= 0 for n ≥ 2 and n < 0.

Proof. By the octahedron axiom, we have the following triangle in Db(Ab):

KerψM•,M ′•→ 0(M•,M ′•)→ CokerψM•,M ′•[−1]
+
−→ .

Its cohomological long exact sequence is

∂
−→ H n(KerψM•,M ′)→ H n(0(M,M ′•))→ H n(CokerψM•,M ′•[−1])

∂
−→ .
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Note that by construction, H n(KerψM•,M ′•) = HompHK(M•,M ′•[n]). Also, we
have

HompHD(M•,M ′•[n])= colim
I

HompHK(M•,M ′′•[n]), I ={quis g :M ′•→M ′′•}.

Thus, the result is proved if we show that

(i) H n(0(M•,M ′•))∼= H n(0(M•,M ′′•)) holds given any g : M ′•→ M ′′• quasi-
isomorphism and

(ii) colimI H n(CokerψM•,M ′′•[−1])= 0.

The first claim follows from the exactness of 0(M•, · ), and the second is proved in
[Beı̆linson 1986, 1.7, 1.8] (and with more details in [Huber 1995, Lemma 4.2.8;
Bannai 2002, Lemma 2.15]) with the assumption that all the gluing maps are quasi-
isomorphisms, but this hypothesis is not necessary. �

Lemma 2.2.3 (tensor product). Let M•, M ′• and I • be p-adic Hodge complexes.
For any α ∈ K , there is a morphism of complexes

∪α : 0(I •,M•)⊗0(I •,M ′•)→ 0(I •,M•⊗M ′•).

All such ∪α are equivalent up to homotopy.

Proof. See [Beı̆linson 1986, 1.11]. �

Remark 2.2.4 (enlarging the diagram). We recall some results from [Levine 1998,
Chapter V, 2.3.3]. Let M•1

f
→ M•2

g
← M•3 (resp. M•1

f
← M•2

g
→ M•3 ) be a diagram

of complexes in Cb(K ). Let P• = Cone( f − g : M•1 ⊕ M•3 → M•2 )[−1] be the
quasipullback complex (resp. Q• = Cone(( f,−g) : M•2 → M•1 ⊕ M•3 ) be the
quasipushout). Assume that f is a quasi-isomorphism. Then the diagrams

P•

��

h
// M•3

g
��

M•1 f
// M•2

and

M•2
g
��

f
// M•1

��

M•3 k
// P•

are commutative up to homotopy and are such that h and k are quasi-isomorphisms.
Now let pHC′ be a category of systems (M•rig,M•dR,M•1 ,M•2 ,M•3 , c, s, f, g)

similar to Definition 2.0.11 and such that there is a diagram

M•rig
c
−→ M•1

f
←− M•2

g
−→ M•3

s
←− M•dR.

Then the quasipushout induces a functor from the category pHC′ to the category
pHC. This functor is compatible with tensor product after passing to the categories
pHK′ and pHK.
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3. Godement resolution

Here we recall some facts about the generalized Godement resolution, also called
the bar-resolution. We refer to [Ivorra 2005]; see also [Weibel 1994, Section 8.6].

3.1. General construction. Let u : P→ X be a morphism of Grothendieck topolo-
gies so that P∼ (resp. X∼) is the category of abelian sheaves on P (resp. X ). Then
we have a pair of adjoint functors (u∗, u∗), where u∗ : X∼→ P∼ and u∗ : P∼→ X∼.
For any object F of X∼, we can define a cosimplicial object B∗(F) :1→ X∼ in
the following way. First let η : idX∼ → u∗u∗ and ε : u∗u∗→ idP∼ be the natural
transformations induced by adjunction.

Endow Bn(F) := (u∗u∗)n+1(F) with codegeneracy maps

σ n
i := (u∗u

∗)i u∗εu∗(u∗u∗)n−1−i
: Bn(F)→ Bn−1(F) for i = 0, . . . , n− 1

and cofaces

δn−1
i := (u∗u∗)iη(u∗u∗)n−i

: Bn−1(F)→ Bn(F) for i = 0, . . . , n.

Lemma 3.1.1. With the notation above, let s B∗(F) be the associated complex of
objects of X∼. Then there is a canonical map bF :F→ s B∗(F) such that u∗(bF)

is a quasi-isomorphism. Moreover, if u∗ is exact and conservative, then bF is a
quasi-isomorphism.

Proof. See [Ivorra 2005, Chapter III, Lemma 3.4.1]. �

Thus, for any sheaf F ∈ X∼ (or complex of sheaves), we can define a functorial
map bF : F→ s B∗(F) with s Bn(F) := (u∗u∗)n+1F. We will denote this complex
of sheaves GdP(F). In the case u∗ is exact and conservative, GdP(F) is a canonical
resolution of F. If F• is a complex of sheaves on X , GdP(F

•) denotes the simple
complex s(GdP(F

i ) j ). Often, we will need to iterate this process, and we will
write Gd2

P(F) := GdP(GdP(F)).
Now suppose there is a commutative diagram of sites

P

u
��

g
// Q

v

��

X
f
// Y

and a morphism of sheaves a :G→ f∗F, where F (resp. G) is a sheaf on X (resp. Y ).

Lemma 3.1.2. There is a canonical map GdQ(G)→ f∗GdP(F) compatible with bF

and bG.

Proof. We need only show that there is a canonical map v∗v∗G → f∗u∗u∗F
lifting a. First consider the composition G→ f∗F→ f∗u∗u∗F. Then we get a
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map G→ v∗g∗u∗F because v∗g∗ = f∗u∗. By adjunction, this gives v∗G→ g∗u∗F.
Then we apply v∗ and use v∗g∗ = f∗u∗ to obtain the desired map. �

Remark 3.1.3 (tensor product). The Godement resolution is compatible with tensor
products; that is, for any pair of sheaves F and G on X , there is a canonical quasi-
isomorphism GdP(F)⊗GdP(G)→ GdP(F⊗G). The same holds for complexes
that are bounded below [Friedlander and Suslin 2002, Appendix A].

3.2. Points of sites/topoi.

Definition 3.2.1 (see [Artin et al. 1972a, Example IV, Section 6]). Let X be a site
and Sh(X) be the associated topos of sheaves of sets. A point of X is a morphism
of topoi π : Set → Sh(X), that is, a pair of adjoint functors (π∗, π∗) such that
π∗ is left exact.

Example 3.2.2. Let X be a scheme. Then any point x of the topological space
underlying X gives a point πx of the Zariski site of X . We call them Zariski points.

Now let x be a geometric point of X ; then it induces a point πx for the étale site
of X . We call them étale points of X .

Let F be a Zariski (resp. étale) sheaf X and P be the set of Zariski (resp. étale)
points of X . Then the functor F 7→

⊔
π∈P Fπ := π

∗F is exact and conservative.
In other words, the Zariski (resp. étale) site of X has enough points.

Example 3.2.3 (points on rigid analytic spaces [van der Put and Schneider 1995]).
Let X be a rigid analytic space over K . We recall that a filter f on X is a collection
(Uα)α of admissible open subsets of X satisfying

(i) X ∈ f and ∅ /∈ f ,

(ii) if Uα,Uβ ∈ f , then Uα ∩Uβ ∈ f and

(iii) if Uα ∈ f and the admissible open V contains Uα, then V ∈ f .

A prime filter on X is a filter p satisfying moreover

(iv) if U ∈ p and U=
⋃

i∈I U′i is an admissible covering of U, then U′i0
∈ p for

some i0 ∈ I .

Let P(X) be the set of all prime filters of X. The filters on X are ordered with
respect to inclusion. We can give to P(X) a topology and define a morphism of
sites σ : P(X)→ X. Also, we let Pt(X) denote the set of prime filters with the
discrete topology. Let i : Pt(X)→ P(X) be the canonical inclusion and ξ = σ ◦ i .

Remark 3.2.4. Let p= (Uα)α be a prime filter on X as above. Then p is a point of
the site X (see Definition 3.2.1). Using the construction of the continuous map σ of
[van der Put and Schneider 1995], we get that the morphism of topoi π :Set→Sh(X),
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associated to p, is defined in the following way. For any sheaf (of sets) F on X, let
π∗(F)= colimα F(Uα); for any set S and V admissible open in X, let

π∗S(V)=

{
S if V=Uα for some α,
0 otherwise,

where 0 denotes the final object in the category Set. In fact, with the notation above,
we easily get the adjunction

HomSet(π
∗(F),S)= lim

α
HomSet(F(Uα),S)= HomSh(X)(F, π∗S).

Lemma 3.2.5. With the notation above, the functor ξ−1
: Sh(X)→ Sh(Pt (X)) is

exact and conservative. In other words, for any p ∈ Pt(X), F= 0 if all Fp = 0 and
the functors Sh(X) 3 F 7→ Fp are exact.

Proof. See [van der Put and Schneider 1995, Section 4] after the proof of Theorem 1.
�

4. Rigid and de Rham complexes

We begin this section by recalling the construction of the rigid complexes of [Besser
2000, Section 4]. Instead of the techniques of [Artin et al. 1972b, Exposé V.bis], we
use the machinery of generalized Godement resolution as developed in Section 3.
This alternative approach was also mentioned by Besser in the introduction of his
paper. We then recall the construction of the de Rham complexes.

4.1. Rigid complexes. We define a rigid triple to be a system (X, X ,P), where X
is an algebraic k-scheme, j : X→ X is an open embedding into a proper k-scheme
and X→ P is a closed embedding into a p-adic formal V-scheme P that is smooth
in a neighborhood of X .

Definition 4.1.1 [Besser 2000, 4.2, 4.4]. Let (X, X ,P) and (Y, Y ,Q) be two rigid
triples, and let f : X→ Y be a morphism of k-schemes. Let U⊂ ]X [P be a strict
neighborhood of ]X [P and F :U→ QK be a morphism of K -rigid spaces. We say
that F is compatible with f if it induces the following commutative diagram:

]X [P

sp
��

F
// ]Y [Q

sp
��

X
f

// Y

We write Hom f (U,QK ) for the collection of morphisms compatible with f .

The collection of rigid triples forms a category RT with the set of pairs ( f, F)
written as Hom((X, X ,P), (Y, Y ,Q)), where f : X → Y is a k-morphism and
F ∈ colimU Hom f (U,Q).
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Proposition 4.1.2. (i) There is a functor

(Sch/k)◦→ C(K0), X 7→ R0rig(X/K0)

from the category of algebraic k-schemes with proper morphisms Sch/k, such
that H i (R0rig(X/K0))∼= H i

rig(X/K0). Moreover, a canonical σ -linear endo-
morphism of R0rig(X/K0) exists inducing the Frobenius on cohomology.

(ii) There are two functors RT→ C(K )

R̃0rig(X)X ,P and R0rig(X/K )X ,P

and functorial quasi-isomorphisms with respect to maps of rigid triples

R0rig(X/K )← R̃0rig(X)X ,P→ R0rig(X)X ,P.

Proof. See [Besser 2000, 4.9, 4.21, 4.22]. �

Remark 4.1.3. The building block of the construction is the functor R0rig(X/K )X ,P.
That complex is constructed with a system of compatible resolution of the over-
convergent de Rham complexes j†

X�
•

U, where U runs over all strict neighborhoods
of the tube of X . Using Godement resolution, we can explicitly define

R0rig(X/K )X ,P := colim
U

0(U,Gdan j†
X Gdan�

•

U),

where Gdan = GdPt (U). This will be an essential ingredient for achieving the main
results of the paper.

All the proofs of [Besser 2000, Section 4] work using this Godement complex.
We recall that

R0rig(X/K ) := colim
A∈SET0

X

R0rig(X/K )X A,PA
,

R̃0rig(X/K ) := colim
A∈SET0

(X,X ,P)

R0rig(X/K )X A,PA
,

where SET0
X and SET0

(X,X ,P)
are filtered categories of indexes.

With some modifications, we can provide a compact support version of the
functors above. We just need to be careful in the choice of morphisms of rigid
triples.

Definition 4.1.4. Let (X, X ,P) and (Y, Y ,Q) be two rigid triples, and let f : X→Y
be a morphism of k-schemes. Let F : U → QK be compatible with f (as in
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Definition 4.1.1). We say that F is strict if there is a commutative diagram

]X [P

F
��

// U

F
��

U \ ]X [Poo

F
��

]Y [Q // V V \ ]Y [Q,oo

where V is a strict neighborhood of ]Y [Q in ]Y [Q.

It is easy to show that strict morphisms are composable. We let RTc denote the
category of rigid triples with proper morphisms, which is the (not full) subcategory
of RT with the same objects and morphisms pairs ( f, F), where f is proper and F
is a germ of a strict compatible morphism.

Lemma 4.1.5. (i) Let (X, X ,P) be a rigid triple, and let U be a strict neighbor-
hood of ]X [P. Then

H i (0(U,Gdan 0]X [P Gdan�
•

U))= H i
rig,c(X).

(ii) Let (Y, Y ,Q) be another rigid triple, f : X→ Y be a proper k-morphism and
F :U→ QK be a morphism of K -analytic space compatible with f and strict.
Then there is a canonical map

F∗ : Gdan 0]Y [Q Gdan�
•

QK
→ F∗Gdan 0]X [P Gdan�

•

U.

Proof. (i) It is sufficient to note that Gdan(�
•

U) is a complex of flasque sheaves
and that a flasque sheaf is acyclic for 0

]X [P . Let F be a flasque sheaf on the rigid
analytic space U. By definition, 0

]X [P =Ker(a : F→ i∗i∗F). It is easy to check that
Rq i∗i∗F = 0 for q ≥ 1. Hence, R0

]X [P F ∼= Cone(a : F→ i∗i∗F)[−1]. But by hy-
pothesis, the map a is surjective, so Cone(a : F→ i∗i∗F)[−1] ∼=Ker(a)=R00

]X [P .

(ii) First consider the canonical pullback of differential forms F∗ :�QK → F∗�U.
Then by Lemma 3.1.2, we get a map GdPt (QK )�

•

QK
→ F∗GdPt (U)�U. Applying

the functor 0
]X [P to the adjoint map, we get

0
]X [PF

−1 GdPt (QK )�QK→ 0
]X [P GdPt (U)�U.

But the strictness of F implies that there is a canonical map F−10
]Y [Q→ 0

]X [P F−1

[Le Stum 2007, proof of Proposition 5.2.17]. Hence, we have a map

F−10
]Y [Q GdPt (QK )�QK → 0

]X [P GdPt (U)�U.

We can conclude the proof by taking the adjoint of this map and again applying
Lemma 3.1.2. �

Proposition 4.1.6. (i) There is a functor

(Schc/k)◦→ C(K0), X 7→ R0rig,c(X/K0)
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from the category of algebraic k-schemes with proper morphisms Schc/k, such
that H i (R0rig,c(X/K0))∼= H i

rig,c(X/K0). Moreover, there exists a canonical
σ -linear endomorphism of R0rig,c(X/K0) inducing the Frobenius on cohomol-
ogy.

(ii) There are two functors RTc→ C(K )

R̃0rig,c(X)X ,P and R0rig,c(X/K )X ,P

and functorial quasi-isomorphisms with respect to maps of rigid triples

R0rig,c(X/K )← R̃0rig,c(X)X ,P→ R0rig,c(X)X ,P.

Proof. In view of Lemma 4.1.5, it suffices to mimic the construction given in
[Besser 2000, 4.9, 4.21, 4.22] but using only proper morphisms of k-schemes and
strict compatible maps. In this case, the functors used in the construction are

R0rig,c(X/K )X ,P := colim
U

0(U,Gdan 0]X [P Gdan�
•

U),

R0rig,c(X/K ) := colim
A∈SET0

X

R0rig,c(X/K )X A,PA
,

R̃0rig,c(X/K ) := colim
A∈SET0

(X,X ,P)

R0rig,c(X/K )X A,PA
. �

4.2. de Rham complexes. Now we focus on de Rham complexes, and we deal
with smooth K -algebraic schemes. Let X be a smooth algebraic K -scheme. The
(algebraic) de Rham cohomology of X is the hypercohomology of its complex of
Kähler differentials H i

dR(X/K ) := H i (X, �•X/K ) [Grothendieck 1966b]. We can
also define the de Rham cohomology with compact support [Baldassarri et al. 2004,
Section 1] as the hypercohomology groups H i

d R,c(X/K ) := H i (X , limn J n�•
X/K

),
where X→ X is a smooth compactification and J is the sheaf of ideals associated
to the complement X \ X (this definition does not depend on the choice of X
[Baldassarri et al. 2004, Theorem 1.8]). In order to consider the Hodge filtration
on the de Rham cohomology groups, we fix a normal crossings compactification
g : X→ Y and let D := Y \ X be the complement divisor (this is possible by the
Nagata compactification theorem and the Hironaka resolution theorem [Deligne
1971, Section 3.2.1]). We let �•Y 〈D〉 denote the de Rham complex of Y with
logarithmic poles along D (in the Zariski topology) [Jannsen 1990, 3.3]. Let I ⊂OY

be the defining sheaf of ideals of D.

Proposition 4.2.1. With the notation above,

(i) there is a canonical isomorphism

H i
dR(X)∼= H i (Y, �•Y 〈D〉) (resp. H i

dR,c(X)∼= H i (Y, I�•Y 〈D〉)),
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(ii) the spectral sequence

E p,q
1 = Hq(Y, �p)⇒ H p+q(Y, �•)

degenerates at 1 for �• =�•Y 〈D〉 and I�•Y 〈D〉 and

(iii) the filtration induced by this spectral sequence on H i
dR(X) (resp. H i

dR,c(X)) is
independent of the choice of Y . Namely,

F j H i
dR(X) := H i (Y, σ≥ j�•Y 〈D〉) (resp. H i

dR,c(X) := H i (Y, σ≥ j I�•Y 〈D〉)),

where σ≥ j is the stupid filtration.

Proof. Using the argument of [Deligne 1971, 3.2.11], we get the independence of
the choice of Y . The same holds for H i

dR,c(X).
Since our base field K is of characteristic 0, we can find an embedding τ : K→C.

Then by [GAGA 1955–1956], we get these isomorphisms of filtered vector spaces:

H i (Y, �•Y 〈D〉)⊗K C∼= H i (Yh, �
•

Yh
〈Dh〉)

(resp. H i (Y, I�•Y 〈D〉)⊗K C∼= H i (Yh, Ih�
•

Yh
〈Dh〉)),

where ( · )h is the complex analytification functor and Ih is the defining sheaf of Dh .
Thus, we conclude by [Deligne 1971, Section 3] (resp. [Peters and Steenbrink 2008,
Part II, Example 7.25] for the compact support case). �

Remark 4.2.2. The degeneracy of the spectral sequence in (ii) of the proposition
above can be proved algebraically [Deligne and Illusie 1987]. We don’t know an
algebraic proof of the isomorphism in (i).

In the sequel, a morphism of pairs (X, Y ) as above is a commutative square

X

u
��

g
// Y

v
��

X ′
g′
// Y ′.

We say that the morphism is strict if the square is cartesian.
The complex �•Y 〈D〉 (resp. I�•Y 〈D〉) is a complex of Zariski sheaves over Y

functorial with respect to the pair (X, Y ) (resp. strict morphisms of pairs). We can
construct two different (generalized) Godement resolutions (see Section 3): one
using Zariski points and the other via the K -analytic space associated to Y .

We will write Pt(Y )= Pt(Yzar) for the set of Zariski points of Y with the discrete
topology and Pt (Yan) for the discrete site of rigid points (Example 3.2.3) of Yan;
Pt(Yan)tPt(Y ) is the direct sum in the category of sites.
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Proposition 4.2.3. With the notation of Proposition 4.2.1, let w : Yan→ Yzar be the
canonical map from the rigid analytic site to the Zariski site of Y . Then for any
Zariski sheaf � on Y , there is a diagram

GdPt(Y )(�)← GdPt(Yan)tPt(Y )(�)→ w∗GdPt(Yan)(w
∗�).

If we further consider � = �•Y 〈D〉 (resp. � = I�•Y 〈D〉), then the diagram is
functorial with respect to the pair (X, Y ) (resp. (X, Y ) and strict morphisms). The
same holds true with Gd2

? instead of Gd?.

Proof. The first claim follows from Lemma 3.1.2 applied to the commutative
diagram of sites

Pt(Yan)

��

// Pt(Yan)tPt(Y )

��

Pt(Y )oo

��

Yan w
// Yzar Yzarid

oo

with respect to the canonical map �→ w∗w
∗�. The second claim follows from

the functoriality of the complex �•Y 〈D〉 (resp. I�•Y 〈D〉). �

Proposition 4.2.4. (i) Let g : X→ Y be a normal crossings compactification as
in Section 4.2. Then there is a quasi-isomorphism of complexes of sheaves

�•Y 〈D〉 → Gd2
Pt (Y )(�

•

Y 〈D〉) (resp. I�•Y 〈D〉 → Gd2
Pt (Y ) I�•Y 〈D〉),

and the stupid filtration on �•Y 〈D〉 (resp. I�•Y 〈D〉) induces a filtration on the
right term of the morphism.

(ii) Let Sm /K (resp. Smc /K ) be the category of algebraic and smooth K -schemes
(resp. with proper morphisms). Let Db

dR(K ) be the derived category of the
exact category of filtered vector spaces. Then there exist two functors

R0dR( · ) : (Sm /K )◦→ Db
dR(K ) and R0dR,c( · ) : (Smc /K )◦→ Db

dR(K )

such that with the same notation as (i), R0dR(X) = 0(Y,Gd2
Pt (Y )(�

•

Y 〈D〉))
and R0dR,c(X)= 0(Y,Gd2

Pt (Y ) I�
•

Y 〈D〉).

(iii) The filtered complexes R0dR(X) and R0dR,c(X) are strict (see Remark 2.0.10).

Proof. (i) This follows directly from the definition of Godement resolution.

(ii) This follows from the functoriality of the Godement resolution with respect to
morphism of pairs and [Deligne 1971, 3.2.11] or [Huber 1995, Lemma 15.2.3] for
the compact support case.

(iii) This follows by [Peters and Steenbrink 2008, Part II, Section 4.3, Section 7.3.1].
�
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5. Syntomic cohomology

In this section, we construct the p-adic Hodge complexes needed to define the rigid
syntomic cohomology groups (also with compact support) for a smooth algebraic
V-scheme. The functoriality will be a direct consequence of the construction.

5.1. Compactifications.

Lemma 5.1.1 [Grothendieck 1966a, 2.8.5]. Let f : X → V be a morphism of
schemes, and let Z ⊂ XK be a closed subscheme of the generic fiber of X. Then
there exists a unique closed subscheme Z ⊂ X that is flat over V and satisfies
ZK = Z. Thus, Z is the schematic closure of Z in X.

Proposition 5.1.2. Let X be a smooth scheme over V. Then there exists a generic
normal crossings compactification , that is, an open embedding g : X→Y such that

(i) Y is proper over V,

(ii) YK is smooth over K and

(iii) DK ⊂ YK is a normal crossings divisor, where D= Y \X.

Proof. First by Nagata [Conrad 2007], there exists an open embedding XK → Y ,
where Y is a proper K -scheme. By the Hironaka resolution theorem, we can assume
that Y is a smooth compactification of XK with complement a normal crossings
divisor. Now we can define Y′ to be the gluing of X and Y along the common open
subscheme XK . These schemes are all of finite type over V. It follows from the
construction that Y′ is a scheme, separated and of finite type over V, whose generic
fiber is Y .

The Nagata compactification theorem works also in a relative setting, namely
for a separated and finite type morphism; hence, we can find a V-scheme Y that
is a compactification of Y′ over V. Thus, we get an open and dense embedding
h : Y′K = Y → YK of proper K -schemes, so h is the identity, and the statement is
proven. �

Remark 5.1.3. We can also give another proof of the previous proposition assuming
an embedding in a smooth V-scheme. First by Nagata [Conrad 2007], there exists
an open embedding X→ X. Now assume that X is embeddable in a smooth V-
scheme W; then by [Włodarczyk 2005, Theorem 1.0.2], we can get a resolution of
the K -scheme XK by making a sequence of blowups with respect to a family of
closed subsets in good position with respect to the regular locus of XK , in particular
Zi ∩XK =∅. One can perform the same construction directly over V, replacing the
closed Zi ⊂WK with their Zariski closure Zi in W. By hypothesis, Zi ⊂WK \XK ;
hence, its closure Zi is contained in W \X, and (Zi )K = Zi by Lemma 5.1.1. The
construction doesn’t affect what happens on the generic fiber because the blowup
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construction is local and behaves well with respect to open immersions [Hartshorne
1977, Chapter II, 7.15]. This will give Y as in the proposition.

5.2. Connecting maps. From now on, we keep the notation of Proposition 5.1.2
with g : X→ Y being fixed. To simplify the notation, X (resp. Y) denotes the rigid
analytic space associated to the generic fiber of X (resp. Y), usually denoted Xan

K .
Let w : Y→ (YK )zar be the canonical map of sites.

Sometimes we will simply write Gdan = GdPt (U) if the rigid space U is clear
from the context. Similarly, we write Gdzar = GdPt (X) to denote the Godement
resolution with respect to Zariski points of a K -scheme X .

Lemma 5.2.1. With the notation above, we have the following morphisms of com-
plexes of K -vector spaces:

0(Y,Gdan j† Gdanw
∗�•YK

〈DK 〉)→0(X,Gdan j† Gdan�
•

X)→ R0rig(Xk/K )Yk ,Ŷ
,

0(Y,Gdan 0]Xk [Gdanw
∗ I�•YK

〈DK 〉)

→ 0(X,Gdan 0]Xk [Gdan�
•

X)→ R0rig,c(Xk/K )Yk ,Ŷ
.

All the maps are quasi-isomorphisms. We let a and b denote the composition of the
maps in the first and second diagrams, respectively.

Proof. By construction, R0rig(Xk/K )Yk ,Ŷ
(respectively R0rig,c(Xk/K )Yk ,Ŷ ) is a

direct limit of complexes indexed over the strict neighborhoods of ]Xk[Ŷ, and X is
one of them (see Remark 4.1.3 and Proposition 4.1.6). Hence, the map on the right
(of both diagrams) comes from the universal property of the direct limit.

For the map on the left, consider first the canonical inclusion of algebraic
differential forms with log poles into the analytic ones w∗�•YK

〈DK 〉 → gan
∗
�•X.

By Lemma 3.1.2, we get a map

GdPt (Y)w
∗�•YK

〈DK 〉 → gan
∗

GdPt (X)�
•

X.

Then applying the j† functor and noting that j†gan
∗
= gan
∗

j† [Le Stum 2007, 5.1.14],
one obtains a morphism j† GdPt (Y)w

∗�•YK
〈DK 〉 → gan

∗
j† GdPt (X)�

•

X. This is
what we need to apply Lemma 3.1.2 again and conclude the proof for the first
diagram.

For the second diagram, repeat the argument using [Le Stum 2007, 5.2.15]. �

Lemma 5.2.2. With the notation above, we have the following morphisms of com-
plexes of K -vector spaces, which we denote by a′ and b′, respectively:

0(Y,Gd2
anw

∗�•YK
〈DK 〉)→ 0(Y,Gdan j† Gdanw

∗�•YK
〈DK 〉),

0(Y,Gdan 0]Xk [Gdanw
∗ I�•YK

〈DK 〉)→ 0(Y,Gd2
anw

∗ I�•YK
〈DK 〉).
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Proof. The maps a′ and b′ are induced by the canonical maps � → j†� and
0]Xk [�→�, respectively, where � is an abelian sheaf on Y. In particular, we con-
sider �= Gdanw

∗�•YK
〈DK 〉 (respectively �= Gdanw

∗ I�•YK
〈DK 〉). To conclude

the proof, apply the functor Gdan again and take global sections. �

5.3. Syntomic complexes. Now we put together all we have done, getting a dia-
gram, say R0′(X), of complexes of K -vector spaces:

R0rig(X/K0)
α1

// R0rig(X/K )

R̃0rig(X/K )Yk ,Ŷ

α2
22

α3
// R0rig(X/K )Yk ,Ŷ

0(Y,Gd2
anw

∗�YK 〈DK 〉)

α4 22

α5
// 0(Y,Gd2

anw
∗�YK 〈DK 〉)

0(YK ,Gd2
an+ zar�YK 〈DK 〉)

α6 22

α7
// 0(YK ,Gd2

zar�YK 〈DK 〉)

0(YK ,Gd2
zar�YK 〈DK 〉)

α8 22

where α1, α5, α8 are the identity maps; α2 and α3 are the maps of Proposition 4.1.2;
α4 is the composition of a◦a′ (see Lemma 5.2.1 and Lemma 5.2.2) and α6 and α7 are
defined in Proposition 4.2.3. By repeatedly applying the quasipushout construction,
we obtain a diagram of the shape

R0rig(X/K0)→ R0K (X)← R0dR(X). (3)

It represents an object of pHC that we denote R0(X).
Similarly, we can construct a p-adic Hodge complex R0c(X) associated to the

diagram R0′c(X) defined as

R0rig,c(X/K0)
β1

// R0rig,c(X/K )

R̃0rig,c(X/K )Yk ,Ŷ

β2 11

β3
// R0rig,c(X/K )Yk ,Ŷ

0(Y,Gdan 0]X [Gdanw
∗ I�YK 〈D〉)

β4 22

β5
// 0(Y,Gd2

anw
∗ I�YK 〈DK 〉)

0(YK ,Gd2
an+ zar I�YK 〈DK 〉)

β6 11

β7
// 0(YK ,Gd2

zar I�YK 〈DK 〉)

0(YK ,Gd2
zar I�YK 〈DK 〉)

β8 11

where β1 and β8 are the identity maps; β2 and β3 are the maps of Proposition 4.1.2;
β4 is the map b of Lemma 5.2.1; β5 = b′ of Lemma 5.2.2 and β6 and β7 are defined
in Proposition 4.2.3. Note that β6 is a quasi-isomorphism by GAGA.

Proposition 5.3.1. Let Sm /R (resp. Smc /R) be the category of algebraic and
smooth R-schemes (resp. with proper morphisms). The previous construction



Cycle classes and the syntomic regulator 559

induces the functors

R0( · ) : (Sm /V)◦→ pHD and R0c( · ) : (Smc /V)
◦
→ pHD .

Proof. Let f :X→X′ be a morphism of smooth V-schemes. To get the functoriality,
we just have to show that can find two gncd compactifications g : X→ Y and
g′ : X′→Y′ and a map h :Y→Y′ extending f , that is, hg = g′ f . We argue as in
[Deligne 1971, Section 3.2.11]. Fix two gncd compactifications g′ : X′→ Y′ and
l : X→ Z. Then consider the canonical map X→ Z×Y′ induced by l and g′ f .
Let X be the closure of X in Z×Y′ and use the same argument as in the proof of
Proposition 5.1.2 to get Y, which is generically a resolution of the singularities of X.
Then by Proposition 4.2.3 and Proposition 4.1.2, we get the functoriality of R0( · ).

If we further assume f to be proper, then we can apply the same argument in order
to get the commutative square hg= g′ f as above. Then by properness, this square is
also cartesian by [Huber 1995, Lemma 15.2.3]. From this fact and Propositions 4.1.6
and 4.2.3, we obtain the functoriality of R0c( · ) with respect to proper maps. �

Definition 5.3.2. Let X be a smooth algebraic scheme over V. For any integers n
and i , we define the absolute cohomology groups of X as

H n
abs(X, i) := HompHD(K, R0(X)(i)[n])= H n(0(K, R0(X)(i))) (4)

and the absolute cohomology with compact support groups of X as

H n
abs,c(X, i) := HompHD(K, R0c(X)(i)[n])= H n(0(K, R0c(X)(i))). (5)

A direct consequence of the definition is the existence of the following long exact
sequence, which should be considered to be a p-adic analog of the corresponding
sequence for Deligne–Beilinson cohomology [Beı̆linson 1985, Introduction].

Proposition 5.3.3. With the notation above, we have the long exact sequences

→ H n
abs(X, i)→ H n

rig(Xk/K0)⊕ F i H n
dR(XK )

h
−→ H n

rig(Xk/K0)⊕ H n
rig(Xk/K )

+
−→,

where h(x0, xdR) := (φ(xσ0 )− pi x0, x0⊗ 1K − sp(xdR)) and

→H n
abs,c(X, i)→H n

rig,c(Xk/K0)⊕F i H n
dR,c(XK )

hc
−→H n

rig,c(Xk/K0)⊕H n
dR,c(XK )

+
−→,

where hc(x0, xdR) := (φc(x0σ)− pi x0, cosp(x0⊗ 1K )− xdR).

Proof. By Proposition 2.2.2, the absolute cohomology is the cohomology of a map-
ping cone, namely 0(K, R0(X)) (or 0c(K, R0(X)) for the compact support case).
The long exact sequences above are easily induced from the distinguished triangle de-
fined by the term of the mapping cone (see Remark 2.2.1(iii)). Indeed, one need only
note that the map c : R0rig(X/K0)⊗K→ R0K (X) (resp. s : R0dR(X)→ R0K (X))
is a quasi-isomorphism. �
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Proposition 5.3.4. With the notation above, there is a canonical isomorphism
between the absolute cohomology we have defined and the (rigid) syntomic coho-
mology of Besser:

H n
syn(X, i)∼= H n

abs(X, i).

Proof. Besser defines a complex

R0Bes(X, i)

:= Cone
(
R0rig(X/K0)⊕Fili R0dR(X)→ R0rig(X/K0)⊕R0rig(X/K )

)
[−1]

and the syntomic cohomology groups (of degree n and twisted i) H n(R0Bes(X, i))
(see [Besser 2000, proof of Proposition 6.3]). Note that, modulo the choice of
the flasque resolution, R0rig(X/K0)= R0rig(X/K0) (the left-hand side is the nota-
tion used by Besser with the bold R); the complex Fili R0dR(X) is a direct limit
over all the normal crossing compactifications of XK of complexes of the form
0(Y,Gd2

Pt (Y ) σ
≥i�Y 〈D〉) so that our F i R0dR(X) is an element of this direct limit.

To conclude the proof, recall that by Remark 2.2.1(iii), we obtain

H n
abs(X, i)
∼= H n(Cone(R0rig(X/K0)⊕ F i R0dR(X)→ R0rig(X/K0)⊕ R0rig(X/K ))[−1]),

and it is easy to check that the maps in the two mapping cones are defined in the
same way. �

Remark 5.3.5. The isomorphism H n(R0syn(X, i)) ∼= HompHD(K, R0(X)(i)[n])
can be viewed as a generalization of the result of Bannai [2002], who considers
only smooth schemes X with a fixed compactification Y and such that Y \X= D

is a relative normal crossings divisor over V. Moreover, Bannai’s construction
is not functorial with respect to X; functoriality holds only with respect to a so-
called syntomic datum. We should point out that the category defined by Bannai is
endowed with a t-structure whose heart is the category M F f

K of (weakly) admissible
filtered Frobenius modules. In our case, we don’t have such a nice picture.

Remark 5.3.6. The category of p-adic Hodge complexes is not endowed with
internal Hom. This is due to the fact that the Frobenius is only a quasi-isomorphism;
hence, we cannot invert it. In particular, this happens for the complex R0c(X);
thus, we cannot define the dual R0c(X)

∨
:= RHom(R0c(X),K) and an absolute

homology theory as

H abs
n (X, i) := HompHD(K, R0c(X)

∨(−i)[−n]);

see [Huber 1995, Section 15.3]. Nevertheless, the usual adjunction between Hom
and ⊗ should give a natural isomorphism

HompHD(K, R0c(X)
∨)∼= HompHD(R0c(X),K),
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and the right term does makes sense in our setting. This motivates the following
definition:

Definition 5.3.7. With the notation of Definition 5.3.2, we define the absolute
homology groups of X as

H abs
n (X, i) := HompHD(R0c(X),K(−i)[−n])= H−n(0(R0c(X),K(−i))). (6)

5.4. Cup product and Gysin map. We are going to prove that there is a morphism

R0(X)⊗ R0c(X)→ R0c(X)

of p-adic Hodge complexes. This induces a pairing at the level of the complexes
computing absolute cohomology. The key point is the compatibility of the de Rham
and rigid pairings with respect to the specialization and cospecialization maps.

Let us start by fixing some notation. Let X be a smooth algebraic V-scheme,
g : X→ Y be a gncd compactification and D= Y \X be the complement; Y is the
rigid analytic space associated to the K -scheme YK ; as before, we letw :Y→YK ,zar

denote the canonical morphism of sites (see the notation after Proposition 5.1.2).
For any OYK -module F , w∗ denotes its pullback.

Remark 5.4.1.

(i) The wedge product of algebraic differentials induces the pairing

pdR :�YK 〈DK 〉⊗ I�YK 〈DK 〉 → I�YK 〈DK 〉.

(ii) The analytification of pdR gives a pairing

w∗�YK 〈DK 〉⊗w
∗ I�YK 〈DK 〉 → w∗ I�YK 〈DK 〉.

Hence, by [Berthelot 1997a, Lemma 2.1], we get the pairing

prig : j†w∗�YK 〈DK 〉⊗0]Xk [
w∗ I�YK 〈DK 〉 → 0

]Xk [
w∗ I�YK 〈DK 〉.

Lemma 5.4.2 (sheaves level). The diagram

Gdan
2(w∗�YK 〈DK 〉)

⊗Gd2
an(w

∗ I�YK 〈DK 〉)
// Gd2

an(w
∗ I�YK 〈DK 〉)

Gd2
an(w

∗�YK 〈DK 〉)

⊗Gdan 0]Xk [
Gdan(w

∗ I�YK 〈DK 〉)

OO

��

m
// Gdan 0]Xk [

Gdan(w
∗ I�YK 〈DK 〉)

OO

1

��Gdan j† Gdan(w
∗�YK 〈DK 〉)

⊗Gdan 0]Xk [
Gdan(w

∗ I�YK 〈DK 〉)
// Gdan 0]Xk [

Gdan(w
∗ I�YK 〈DK 〉)

commutes, where m := prig ◦ ( j†
⊗ 1) by definition.
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Proof. The bottom square commutes by construction, and we get prig ◦ ( j†
⊗ 1)=

w∗ pdR restricted to w∗�YK 〈DK 〉⊗0]Xk [
w∗ I�YK 〈DK 〉. �

Proposition 5.4.3. Let X be a smooth V-scheme. Then there exists a morphism

π : R0(X)⊗ R0c(X)→ R0c(X)

of p-adic Hodge complexes, which is functorial with respect to X (as a morphism in
pHD). Moreover, taking the cohomology of this map, we get the compatibility

H n
dR(XK )⊗ H m

dR,c(XK ) // H n+m
dR,c (XK )

H n
dR(XK )⊗ H m

rig,c(Xk)

sp⊗ id

��

id⊗ cosp

OO

// H n+m
rig,c (Xk)

id
��

cosp

OO

H n
rig(Xk)⊗ H m

rig,c(Xk) // H n+m
rig,c (Xk)

Proof. It is sufficient to provide a pairing of the enlarged diagrams (see Remark 2.2.4).
Thus, we have to define a morphism of diagrams π ′ : R0′(X)⊗ R0′c(X)→ R0′c(X)
(notation as in Section 5.3). It is easy to construct π ′ using the previous lemma and
the compatibility of the Godement resolution with the tensor product. �

Corollary 5.4.4. There is a functorial pairing (induced by π of Proposition 5.4.3)

H n
abs(X, i)⊗ H m

abs,c(X, j)→ H n+m
abs,c (X, i + j).

Proof. Consider the pairing of Proposition 5.4.3, which induces a morphism
R0(X)(i)⊗R0c(X)( j)→ R0c(X)(i+ j). We then get the corollary by Lemma 2.2.3
and Definition 5.3.2. �

Proposition 5.4.5 (Poincaré duality). Let X be a smooth and algebraic V-scheme
of dimension d. Then there is a canonical isomorphism

H n
abs(X, i)∼= H abs

2d−n(X, d − i).

Proof. By definition (Equations (4) and (6)), it is sufficient to prove that the complex
0(K, R0(X)) is quasi-isomorphic to the diagram 0(R0c(X),K[−2d](−d)).

First recall that 0(K, R0(X)) is defined as

Cone
(
R0rig(X/K0)⊕ R0K (X)⊕ F0 R0dR(X)

ψ
−→ R0rig(X/K0)⊕ R0K (X)⊕ R0K (X)

)
[−1],
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where ψ(x0, xK , xdR) := (φ(x0)−x0, c(x0⊗idK )−xK , xK−s(xdR)). To define the
desired map, we need to modify this complex, replacing R0K (X) with R0dR(X) as

Cone
(
R0rig(X/K0)⊕ R0dR(X)⊕ F0 R0dR(X)

ψ ′

−→ R0rig(X/K0)⊕ R0K (X)⊕ R0dR(X)
)
[−1],

where ψ ′(x0, x ′dR, xdR) := (φ(x0)− x0, c(x0⊗ idK )− s(x ′dR), x ′dR− xdR). It is easy
to see that this new complex, call it M•, is quasi-isomorphic to 0(K, R0(X)).

Because the filtered complex R0dR,c(X) is strict, the truncation τ≥2d R0dR,c(X)

is the usual truncation of complexes of K -vector spaces (see Lemma 2.1.1(iii)
and Remark 2.0.10). Then the cup product induces a morphism of complexes
M•→0(R0c(X), τ≥2d R0c(X)) that is a quasi-isomorphism by the Poincaré duality
theorems for rigid and de Rham cohomology [Berthelot 1997a; Huber 1995].
Explicitly, this map is induced by the commutative diagram

R0rig(X/K0)⊕ R0dR(X)

⊕ F0 R0dR(X)

ψ ′

��

α
//
Hom•K0

(N0, τ≥2d N0)⊕Hom•K (NK , τ≥2d NK )

⊕Hom•,FK (NdR, τ≥2d NdR)

ξ

��

R0rig(X/K0)⊕ R0rig(X/K )
⊕ R0dR(X) β

//
Hom•K0

(Nσ
0 , τ≥2d N0)⊕Hom•K (Nrig, τ≥2d NK )

⊕Hom•K (NdR, τ≥2d NK ),

where N := R0c(X),

ξ( f0, fK , dR) := (φc ◦ f σ0 − f0 ◦φc, c ◦ ( f0⊗ idK )− fK ◦ c, fK ◦ s− s ◦ xdR),

α(x0, x ′dR, xdR) : (y0, yK , ydR) 7→ (x0 ∪ y0, s(x ′dR)∪ yK , xdR ∪ ydR),

β(x0, xrig, xdR) : (y0, yrig, ydR) 7→ (x0 ∪φc(y0), xrig ∪ yrig, xdR ∪ ydR).

To conclude the proof, it is sufficient to apply the exact functor 0(R0c(X), · ) to
the quasi-isomorphisms

τ≥2d R0c(X)← H 2d(R0c(X))[−2d] → K(−d)[−2d]. �

Remark 5.4.6. We would like to point out some technical issues regarding Poincaré
duality in syntomic cohomology.

(i) If it were possible to define an internal Hom in the category pHC of p-adic
Hodge complexes (see Remark 5.3.6), then by Proposition 5.4.3, one would obtain
the natural isomorphism

R0(X)(d)[2d] ∼= R0c(X)
∨
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in the triangulated category pHD, where R0c(X)
∨
:= RHompHC(R0c(X),K) is

the dual of R0c(X). Then one would get by adjunction the duality

HompHD(K, R0(X)(i)[n])∼= HompHD(K, R0c(X)∨(i − d)[n− 2d])
∼= HompHD(R0c(X)(d − i)[2d − n],K).

(ii) The Grothendieck–Leray spectral sequence for absolute homology is

E p,q
2 = HompHD(H−q(R0c(X)(i))[−p],K),

and it degenerates to the short exact sequences

0→ HompHD(H n(R0c(X)(i)),K)→ H syn
n (X, i)

→ HompH D(H n+1(R0c(X)(i)),K[1])→ 0.

Directly by Proposition 2.2.2, the group HompHD(H n(R0c(X)(i)),K) is{
(x0, xdR) ∈ H n

rig,c(Xk/K0)
∨
⊕ (H n

dR,c(XK )/F i+1)∨

: (x0⊗ 1K )= xdR ◦ cosp, x0 ◦φc = pi xσ0
}
.

In cohomology, the Frobenius is an invertible; hence, the equation x0 ◦φc = pi xσ0
is equivalent to x0 = pi xσ0 φ

−1
c , where the latter is the formula for the Frobenius

of internal Hom(H n
rig,c(Xk), K (−i)) in the category of isocrystals (that is, mod-

ules with Frobenius). Hence, by Poincaré duality, we get φ((x∨0 )
σ )= pd−i x∨0 ;

x∨ ∈ H 2d−n
rig (Xk/K0) is the cohomology class corresponding to x0, where φ is the

Frobenius of H 2d−n
rig (Xk/K0).

(iii) The absolute homology is defined via the complex R0c(X), but it is not clear
how to relate it to the dual of the absolute cohomology with compact support.

Corollary 5.4.7 (Gysin map). Let f : X→ Y be a proper morphism of smooth
algebraic V-schemes of relative dimension d and e, respectively. Then there is a
canonical map

f∗ : H n
abs(X, i)→ H n+2c

abs (Y, i + c),

where c = e− d.

Proof. This is a direct consequence of the previous proposition and the functoriality
of R0c(X) with respect to proper morphisms. �

Remark 5.4.8. With the notation above, we get a morphism of spectral sequences

g : E p,q
2 (X) := HompHD(K, Hq(X)(i)[p])→ E p,q+2c

2 (Y)

:= HompHD(K, Hq+2c(Y)(i)[p])

compatible with f∗. The map g is induced by the Gysin morphism in de Rham and
rigid cohomology.
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We conclude by saying that it is natural to expect that the Gysin map for syntomic
cohomology is compatible with the K -theory pushforward under the regulator
defined by Besser. We plan to address this open problem in a future work.
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