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Essential p-dimension of algebraic groups
whose connected component is a torus

Roland Lotscher, Mark MacDonald, Aurel Meyer and Zinovy Reichstein

Following up on our earlier work and the work of N. Karpenko and A. Merkurjev,
we study the essential p-dimension of linear algebraic groups G whose connected
component G is a torus.

1. Introduction

Let p be a prime integer and k a base field of characteristic not equal to p. In this
paper, we will study the essential p-dimension of linear algebraic k-groups G whose
connected component G is an algebraic torus. This is a natural class of groups; for
example, normalizers of maximal tori in reductive linear algebraic groups are of
this form. This paper is a sequel to [Lotscher et al. 2013], where G was assumed to
be of multiplicative type. For background material and further references on the
notion of essential dimension, see [Reichstein 2011].

For the purpose of computing ed(G; p), we may replace the base field k£ by any
field extension whose degree is finite and prime to p. (We will sometimes refer
to such field extensions as prime-to- p extensions.) In particular, after passing to a
suitable prime-to-p extension of k, we may assume that k contains a primitive p-th
root of unity ¢, and that there is a field extension // k whose degree is a power of p
such that (i) the torus 7 := G becomes split and (ii) the étale group G/ G° becomes
constant over /. In this situation, the finite group G /G has a Sylow p-subgroup F
defined over k; see [Lotscher et al. 2013, Remark 7.2]. Since G is smooth, we may
replace G by the preimage of F' without changing its essential p-dimension; see
[Meyer and Reichstein 2009, Lemma 4.1]. It is thus natural to restrict our attention
to the case where F := G /G is a finite p-group. In view of this, we will make the
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following assumptions on £ and G for the remainder of this section and throughout
much of the rest of the paper:

Notational conventions 1.1. Unless otherwise specified, k will denote a field of
characteristic not equal to p containing a primitive p-th root of unity ¢,, and G
will denote an algebraic k-group that fits into an exact sequence

l1-T—-G-5F—1 (1-1)

of k-groups, where T := G is a torus and F := G/G" is a finite p-group. More-
over, we will assume that there is a field extension of k of p-power degree over
which T becomes split and F' becomes constant. Note that /' may be twisted (i.e.,
nonconstant) and 7' may be nonsplit over k. The extension (1-1) is not assumed to
be split (not even over the algebraic closure of k).

To state our main result, we recall that a linear representation p : G — GL(V) is
called generically free if there exists a G-invariant dense open subset U € V such
that the scheme-theoretic stabilizer of every point of U is trivial. We will say that p
is p-faithful if ker p is finite of order prime to p. We will say that p is p-generically
free if it is p-faithful and gives rise to a generically free representation of G/ ker p.

A generically free representation is faithful, but a faithful representation may
not be generically free. This phenomenon is not well understood; there is no
classification of such representations, and we do not even know for which groups G
they occur.! It is, however, the source of many of the subtleties we will encounter.

Theorem 1.2. Let G be an algebraic k-group satisfying Conventions 1.1. Then
mindim p —dim G <ed(G; p) < mindim u — dim G,

where the minima are taken respectively over all p-faithful representations p of G
and p-generically free representations i of G.

As a simple example, let k =C, p =2 and G =0, >~ SO, x Z /27 be the group of
2 x 2 orthogonal matrices, where G° = S0, ~ G,, is a one-dimensional torus. The
natural representation i : G < GL, is faithful but not generically free: if a®+b> #0,
then the stabilizer of v = (a, b) € C? is the subgroup of G = O, of order 2 generated
by the reflection in the line spanned by v. It is easy to see that no two-dimensional
representation of O, is 2-generically free, but the three-dimensional representation
i @ det is generically free. (Here det : O, — GL; is the determinant.) Theorem 1.2
thus yields 1 < ed(O; 2) < 2. The true value of ed(O;; 2) is 2; see [Reichstein
2000, Theorem 10.3].

In general, let us denote the difference between the upper and lower bounds of
Theorem 1.2 by gap(G; p). If G = G is a torus or G = F is a finite p-group, then

I Faithful representations that are not generically free are better understood for connected semisim-
ple groups; see [Vinberg and Popov 1994, Section 7].
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gap(G; p) = 0 (see [Lotscher et al. 2013, Lemma 2.5; Meyer and Reichstein 2009,
Remark 2.1]), and Theorem 1.2 reduces to [Lotscher et al. 2013, Theorems 1.1
and 7.1], respectively. (The case where G = F is a constant finite p-group is
due to Karpenko and Merkurjev [2008], whose work was the starting point for
both [Lotscher et al. 2013] and the present paper.) We will show that the upper and
lower bounds of Theorem 1.2 coincide for a larger class of groups, which we call
tame; see Definition 7.3 and Corollary 7.4. More generally, we will show:

Theorem 1.3. Let G be an algebraic k-group satisfying Conventions 1.1. Then
gap(G; p) <dim T — dim 7€),

Here C(F) is the central p-subgroup of F defined in Section 4, the F-action
on T is induced by conjugation in G, and T¢¥) C T denotes the subgroup of
elements fixed by C(F).

Our second main result about gap(G; p) is the following “additivity theorem’:

Theorem 1.4. Let G| and G, be algebraic k-groups satisfying Conventions 1.1. If
gap(Gy; p) = gap(Go; p) =0, then gap(G| X Go; p) =0, and ed(G| x Ga; p) =
ed(G1; p) +ed(Go; p).

The rest of this paper is structured as follows. In Section 2, we discuss the notion
of p-special closure kP) of a field k and show that passing from k to k‘”) does not
change the essential p-dimension of any k-group. In Section 3, we show that if
A — B is an isogeny of degree prime to p, then A and B have the same essential
p-dimension. Sections 4, 5 and 6 are devoted to the proof of our main Theorem 1.2.
In Section 7, we introduce the class of tame groups and show that for these groups
the upper and the lower bounds of Theorem 1.2 coincide. In Section 8, we prove
Theorem 1.3, and in Section 9, we prove Theorem 1.4. In Section 10, we classify
central extensions (1-1) with G of small essential p-dimension.

2. The p-special closure of a field

Let K be an arbitrary field and p be a prime integer. We will denote the algebraic
and separable closures of K by K, and Kep, respectively. Recall that K is called
p-special if the degree of every finite extension of K is a power of p.

Lemma 2.1. A field K is p-special if and only if it has no nontrivial prime-to-p
extensions.

Proof. We need to show that if K has no nontrivial prime-to-p extensions, then the
degree of every finite extension L/K is a power of p. After passing to the normal
closure, we may assume that L is normal over K. Now L/K is generated by a
separable extension L;/K and a purely inseparable extension L;/K; see [Lang
1965, Proposition VII.7.12]. Hence, it suffices to show that [L : K] is a power of p
if 1) L/K is separable or (ii) L/K is purely inseparable.
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(i) As above, we may assume that L/K is normal, i.e., Galois. Let I';, be a p-
Sylow subgroup of I' = Gal(L/K). Then L"» /K is a prime-to-p extension. Hence,
L' =K,ie,I' =T, and [L: K]=|T|is a power of p.

(i) If char(K) # p, a purely inseparable extension L/K is prime-to-p and hence
trivial. If char(K) = p, then [L : K] is a power of p. O

By [Elman et al. 2008, Proposition 101.16] for every field K, there exists an
algebraic field extension L /K such that L is p-special and every finite subextension
of L/K has degree prime to p. Such a field L is called a p-special closure of K
and will be denoted by K ?.

The following properties of p-special closures will be important for us in the
sequel:

Lemma 2.2. Let K be a field and Ky an algebraic closure of K containing K P,
(@) KV is a direct limit of prime-to-p extensions K; /K.
(b) The field K'P) is perfect if char K # p.
(c) Suppose char K # p. For any prime q % p, the cohomological q-dimension of
U = Gal(Kqe/KP) is cd, (V) = 0.

Proof. (a) The finite subextensions K'/K of K» /K form a direct system with
limit K ?. (b) Every finite extension of K ?) has p-power degree and is therefore
separable. (c) By construction, W is a profinite p-group. The result follows from
[Serre 2002, Corollary 2, 1.3]. O

Let / be a base field, Fields // be the category of field extensions of / and Sets be
the category of sets. We call a covariant functor % : Fields /[ — Sets limit-preserving
if, for any directed system of fields {K;}, 9?(1i_n)1 K;) = 111; F(K;). For example,
if A is an algebraic group, the functor #(K) = H!(K, A) is limit-preserving; see
[Margaux 2007, 2.1].

Lemma 2.3. Let F be limit-preserving and o € %(K) an object. Denote the image
of a in F(KP) by ag. Then:

(@) edg(a; p) =edg(agm; p) =edg(agm).

(b) ed(%F; p)=ed(F;»; p), where F;» : Fields/ 1(P) — Sets denotes the restriction

of F to Fields /1P,
Proof. (a) It is clear that edg («r; p) > edg(a g ; p) =edg(ag o) for any functor F.
It remains to prove edg («; p) <edgs(agw). If L/K is finite of degree prime to p,
edg (o p) = edg(ar; p); (2-D

cf. [Merkurjev 2009, Proposition 1.5] and its proof. For the p-special closure K (P,
this is similar and uses (2-1) repeatedly.
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Suppose there is a subfield Ko € K P and at g ») comes from an element 8 € F(K)
so that Bx() = agp. Write K(P) = lim &, where £ is a direct system of finite
prime-to- p extensions of K. Then Ky = h_rr)liEo with $o={LN Ky | L € ¥}, and
by assumption on &, we have F(Kj) = h_r)nL,e% F(L).

Thus, there is a field L'=LNK( (L € £) and y € F(L') such that yx, = . Since
a; and y; become equal over K (P), after possibly passing to a finite extension, we
may assume they are equal over L, which is finite of degree prime to p over K.
Combining these constructions with (2-1), we see that

edg(o; p) =edg(ar; p) =edg(yr; p) <edgz(yr) < trdeg; Ko.

This proves eds(«; p) < eds (g ) since Ko was an arbitrary field of definition
for ag .

(b) This follows directly from (a) by taking & of maximal essential p-dimension. [J
Proposition 2.4. Let [ be an arbitrary field,
%, % : Fields /I — Sets

be limit-preserving functors and & — § be a natural transformation. If the map
F(K) — 9G(K) is bijective or surjective for any p-special field containing [, then,
respectively,

ed(F; p) =ed(9; p) or ed(F; p)=ed(s; p).

Proof. Assume the maps are surjective. By Lemma 2.2(a), the natural transformation
is p-surjective in the terminology of [Merkurjev 2009], so we can apply [Merkurjev
2009, Proposition 1.5] to conclude ed(%F; p) > ed(%; p).

Now assume the maps are bijective. Let a be in (K ) for some K /[ and 8 its
image in %9(K). We claim that ed(«; p) = ed(B; p). First by Lemma 2.3, we may
assume that K is p-special. In this situation, it is enough to prove that ed(«) <ed(B)
(the opposite inequality is by functoriality).

Assume that 8 comes from By € 4(K() for some field / C Ko € K. Let K(/)
denote the algebraic closure of Ky in K. Any finite prime-to-p extension of K is
isomorphic (over K)) to a subfield of K (cf. [Merkurjev 2009, Lemma 6.1]) and
hence coincides with K. Thus, K|, has no nontrivial prime-to-p extensions. By
Lemma 2.1, it follows that K| is p-special. Since K|, is an algebraic extension of
Ko, we may replace Ko by K|) and thus assume that K is p-special. By assumption,
F(Ko) = 9(Ko) and F(K) — 9(K) are bijective; therefore, the unique element
oo € F(Kp) that maps to By must map to o under the natural restriction map. The
claim follows.

We obtain ed(F; p) = ed(x; p) =ed(B; p) <ed(¥; p) by taking o of maximal
essential p-dimension. O



1822 Roland Létscher, Mark MacDonald, Aurel Meyer and Zinovy Reichstein

3. Isogenies

An isogeny of algebraic groups is a surjective morphism A — B with finite kernel.
The degree of an isogeny is the order of its kernel.

Proposition 3.1. Suppose A — B is an isogeny of degree prime to p of smooth
algebraic groups over a field | of characteristic not equal to p. Then

() forany p-special field K containing k, the natural map H'(K, A)— H'(K, B)
is bijective and

(b) ed(A; p) =ed(B; p).
Example 3.2. Let E¢° and E5° be simply connected simple groups of type Eg

and E7, respectively. In [Gille and Reichstein 2009, 9.4 and 9.6], it is shown that if k
is an algebraically closed field of characteristic not equal to 2 and 3, respectively, then

ed(E¢;2) =3 and ed(ES;3) =3.
For the adjoint groups E2 = E¢ /i3 and E ad — E /2, we therefore have
ed(EX%;2) =3 and ed(E3%;3)=3.
For the proof of Proposition 3.1, we will need a lemma.

Lemma 3.3. Let N be a finite algebraic group over a field | of characteristic not
equal to p. The following are equivalent:

(a) p does not divide the order of N.
(b) p does not divide the order of N (lyg).

Proof. Let N be the connected component of N and N = N/N? the étale
quotient. Recall that the order of a finite algebraic group N over [ is defined as
IN| = dim; I/[N] and |N| = [N°||N%|; see, e.g., [Tate 1997]. If char/ =0, N° is
trivial; if char ] = g # p is positive, | N°| is a power of ¢. Hence, N is of order prime
to p if and only if the étale algebraic group N® is. Since N is connected and finite,
NO(lalg) = {1}, so N(lag) is of order prime to p if and only if the group Né‘(lalg)
is. Then |[N%| = dim; [[N¥] = |[N®(ly)|; cf. [Bourbaki 1990, V.29 Corollary]. [J

Proof of Proposition 3.1. (a) Let N be the kernel of the isogeny A — B and K be
a p-special field over /. Since Kgp = K¢ (see Lemma 2.2(b)), the sequence of
Kep-points 1 — N(Kgep) — A(Kep) — B(Kgep) — 1 is exact. By Lemma 3.3,
the order of N(Kgep) is not divisible by p and therefore coprime to the order of
any finite quotient of W = Gal(K,/K). By [Serre 2002, L.5, Exercise 2], this
implies that H'(K, N) = {1}. Similarly, if .N is the group N twisted by a cocycle
c: ¥ — A, then (N(Kyep) = N(Kjep) is of order prime to p, and HY (K, .N)={1)}.
It follows that H' (K, A) — H'(K, B) is injective; cf. [Serre 2002, 1.5.5].
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Surjectivity is a consequence of [Serre 2002, I, Proposition 46] and the fact
that the g-cohomological dimension of W is O for any divisor g of |N(Kep)]
(Lemma 2.2(c)).

(b) This part follows from (a) and Proposition 2.4. O

4. Proof of the main theorem: an overview

We now assume that Conventions 1.1 are valid. The upper bound in Theorem 1.2
is an easy consequence of Proposition 3.1. Indeed, suppose i : G — GL(V) is a
p-generically free representation. That is, ker  is a finite group of order prime
to p, and u descends to a generically free representation of G’ := G/ ker u. By
Proposition 3.1, ed(G; p) = ed(G’; p). On the other hand,

ed(G’; p) <ed(G') <dimu —dim G’ = dim u — dim G;

see [Berhuy and Favi 2003, Lemma 4.11; Merkurjev 2009, Corollary 4.2]. This
completes the proof of the upper bound in Theorem 1.2.

The rest of this section will be devoted to outlining a proof of the lower bound of
Theorem 1.2. The details (namely, the proofs of Propositions 4.2 and 4.3) will be
supplied in the next two sections. The starting point of our argument is [Lotscher
et al. 2013, Theorem 3.1], which we reproduce below for the reader’s convenience:

Theorem 4.1. Consider an exact sequence of algebraic groups over a field
1-C—H—>Q0—1

such that C is central in H and is isomorphic to p,; for some r > 0. Given a
character x : C — | p, denote by RepX the class of irreducible representations
¢ : H— GL(V) such that ¢ (c) = x(c)Id for every c € C.

Assume further that

gced{dim ¢ | ¢ € Rep’} = min{dim ¢ | ¢ € Rep*} 4-1)
for every character x : C — ). Then
ed(H; p) > mindim ¢ —dim H,

where the minimum is taken over all finite-dimensional representations W of H such
that | ¢ is faithful.

To prove the lower bound of Theorem 1.2, we will apply Theorem 4.1 to the
exact sequence
1-CG)—-G— Q0—1, 4-2)

where C(G) is a central subgroup of G defined as follows. Recall from [L&tscher
et al. 2013, Section 2] that if A is a k-group of multiplicative type, Split; (A) is
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defined as the maximal split k-subgroup of A. That is, if X (A) is the character
Gal(ksep/ k)-module of A, then the character module of Split, (A) is defined as the
largest quotient of X (A) with trivial Gal(ksep/ k)-action.

We denote by Z(G)[p] the p-torsion subgroup of the center Z(G). Note that
Z(G) is a commutative group, which is an extension of a p-group by a group of
multiplicative type. Since char k # p, it follows that Z(G) is of multiplicative type.
We now define C(G) := Split, (Z(G)[p]).

In order to show that Theorem 4.1 can be applied to the sequence (4-2), we need
to check that condition (4-1) is satisfied. This is a consequence of the following
proposition, which will be proved in the next section:

Proposition 4.2. The dimension of every irreducible representation of G over k is
a power of p.

Applying Theorem 4.1 to the exact sequence (4-2) now yields
ed(G; p) > mindim p — dim G,

where the minimum is taken over all representations p : G — GL(V) such that
plc() is faithful. This resembles the lower bound of Theorem 1.2; the only
difference is that in the statement of Theorem 1.2 we take the minimum over
p-faithful representations p and here we only ask that p |c(g) should be faithful.
The following proposition shows that the two bounds are, in fact, the same, thus
completing the proof of Theorem 1.2:

Proposition 4.3. A finite-dimensional representation p of G is p-faithful if and
only if p|c(c) is faithful.
We will prove Proposition 4.3 in Section 6.

Remark 4.4. The inequality mindim p —dim G <ed(G; p) of Theorem 1.2, where
p ranges over all p-faithful representations of G, fails if we take the minimum
over just the faithful (rather than p-faithful) representations, even in the case where
G =T is atorus.

Indeed, choose T so that the Gal(kep/ k)-character lattice X (T') of T is a direct
summand of a permutation lattice, but X (T') itself is not permutation (see [Colliot-
Thélene and Sansuc 1977, 8A] for an example of such a lattice).

In other words, there exists a k-torus 7’ such that T x T’ is quasisplit (but T
is not). This implies that H' (K, T x T’) = {1} and thus H'(K, T) = {1} for any
field extension K /k. Consequently, ed(7'; p) = 0 for every prime p.

On the other hand, we claim that the dimension of the minimal faithful represen-
tation of T is strictly bigger than dim 7. Assume the contrary. Then there exists
a surjective homomorphism f : P — X(T') of Gal(ksp/k)-lattices, where P is
permutation and rank P = dim T'; see, e.g., [Lotscher et al. 2013, Lemma 2.6]. This
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implies that f has finite kernel and hence is injective. We conclude that f is an
isomorphism, so X (T') is a permutation Gal(kgep/ k)-lattice, a contradiction. [

5. Dimensions of irreducible representations

The purpose of this section is to prove Proposition 4.2.

Lemma 5.1. Let H be a finite p-subgroup of G defined over k. Then H becomes
constant after some field extension of k whose degree is a power of p.

Recall that here G and k are subject to Conventions 1.1.

Proof. After passing to a suitable p-power field extension of k, the torus 7" becomes
split, and F' becomes constant. In other words, we may assume that 7 N H is split
and the image w(H) of H in F is constant. Moreover, after adjoining a primitive
root of unity of order p™ :=|T N H|, we may assume that 7 N H is constant (note
that [k(¢,m) : k] is a power of p since k is assumed to contain ¢,). Thus, H is an
extension of a constant p-group 7 (H) by a constant p-group 7N H. The group H
becomes constant after a p-power field extension if and only if the image of I" in
Aut(H (ksep)) is a p-group. Thus, it suffices to establish the following claim:

Claim. Let B be a p-group, S a finite subgroup of Aut(B)and1 - A— B —-C —1
an S-equivariant exact sequence with § acting trivially on A and C. Then S is a
p-group.

To prove the claim, assume the contrary. Then S contains a subgroup of prime
order g # p. After replacing S by that subgroup, we may assume without loss
of generality that |S| = g. Let b € B. Then the image of b in C is fixed under S.
Hence, the fiber Ab over this element is S-stable. Since the cardinality of Ab is a
power of p and thus is not divisible by ¢, S has to fix some elements of Ab. Denote
one of these elements by bg. Then b € Abg, and since the elements of A are fixed
by §, this implies that b is fixed by S as well. This shows that S acts trivially on B,
a contradiction. U

The special case of Proposition 4.2, where T = {1}, i.e., G = F is a finite p-group
that becomes constant after a p-power field extension, is established in the course
of the proof of [Lotscher et al. 2013, Theorem 7.1]. Our proof of Proposition 4.2
below is based on leveraging this case as follows.

Lemma 5.2. Let H be a smooth algebraic group defined over a field | and
HCcHC---CH

be an ascending sequence of smooth [-subgroups whose union Unzl H, is Zariski
densein H. If p : H — GL(V) is an irreducible representation of H, then p |p, is
irreducible for sufficiently large integers i.
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Proof. Foreachd =1,...,dimV — 1, consider the H-action on the Grassman-
nian Gr(d, V) of d-dimensional subspaces of V. Let X = Gr(d, V) and
X i(d) = Gr(d, V)" be the subvarieties of d-dimensional H- and H;-invariant sub-
spaces of V, respectively. Then X §d) DX éd) D ..., and since the union of the
groups H; is dense in H,

x@ — m X(d)

i>0

By the Noetherian property of Gr(d, V), we have X@ = X9 for some my > 0.
Since V does not have any H-invariant d-dimensional /-subspaces, we know
that X@(]) = @. Thus, X,, (@) ,() =g, ie., V does not have any H,,, -invariant
d-dimensional /-subspaces. Settmg m :=max{mi, ..., Mdimv—1}, we see that p|g,
is irreducible for any i > m. U

We now proceed with the proof of Proposition 4.2. By Lemmas 5.1 and 5.2, it
suffices to construct a sequence of finite p-subgroups

FICFHC---CG

defined over k whose union | J,,.., F, is Zariski dense in G. In fact, it suffices to
construct one p-subgroup F' C G defined over k such that F’ surjects onto F'. Once
F' is constructed, we can define F; C G as the subgroup generated by F’ and T[p']
for every i > 0. Here T[m] denotes the m-torsion subgroup of 7. Since Un>1
contains both F’ and T[p 1 for every i > 0, it is Zariski dense in G, as desired.

The following lemma, which establishes the existence of F’, is thus the final
step in our proof of Proposition 4.2:

Lemma 5.3. Let 1 - T — G %> F — 1 be an extension of a p-group F by a
torus T over an arbitrary field k. Then G has a p-subgroup F' withw(F') = F

Here G and k are not subject to Conventions 1.1. In the case where F is split
and k is algebraically closed, the above lemma is proved in [Chernousov et al. 2006,
page 564]; cf. also the proof of [Borel and Serre 1964, Lemme 5.11].

Proof. Denote by Ex! (F T) the group of equlvalence classes of extensions of F
by T'. We claim that Ex! (F, T) is torsion. Let Ex' (F, T) CEx (F, T) be the classes
of extensions that have a scheme-theoretic section (i.e., G(K) — F(K) is surjective
for all K/k). There is a natural isomorphism Ex!(F,T) ~ H*(F, T), where
H? denotes Hochschild cohomology; see [Demazure and Gabriel 1970, 111.6.2,
Proposition]. By [Schneider 1981], the usual restriction-corestriction arguments
can be applied in Hochschild cohomology, and in partlcular m - H*(F, T) =0,
where m is the order of F. Now recall that M — Ex! (F, M) and M — Ex'(F, M)
are both derived functors of the crossed homomorphisms M — Ex°(F, M), where
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in the first case M is in the category of F-module sheaves and in the second F-
module functors, cf. [Demazure and Gabriel 1970, I11.6.2]. Since F is finite and
T an affine scheme, by [Schneider 1980b, Sitze 1.2 and 3.3] there is an exact
sequence of F-module schemes 1 —- T — M| — M, — 1 and an exact sequence
Ex(F, My) — Ex’(F, My) — Ex!(F, T) - H*(F, M,) ~ Ex'(F, M). The F-
module sequence also induces a long exact sequence on Ex(F, ), and we have

Ex'(F, T)

/ \
Ex(F, M;) —— Ex(F, M») Ex!(F, M;).
\ /

Ex!'(F, T)

An element in Ex! (F, T) can thus be killed first in Ex' (F, M), so it comes from
ExO(F M5). Then kill its 1mage in Ex!(F, T) ~ H?*(F, T), so it comes from
Ex’(F, M) and hence is zero in Ex! (F, T). In particular, multiplying twice by the
order m of F, we see that m? - Ex!(F, T) = 0. This proves the claim.

Now let us consider the exact sequence 1 > N> TXT 1, where N is
the kernel of multiplication by m?. Clearly N is finite, and we have an induced
exact sequence

Ex! (F, N)—>EX (F, T) 2™ Ex (F,T),

which shows that the given extension G comes from an extension F’ of F by N.
Then G is the pushout of F’ by N — T, and we can identify F’ with a subgroup
of G. (]

6. Proof of Proposition 4.3

We will prove Proposition 6.1 below; Proposition 4.3 is an immediate consequence
with N = ker p. Once again, please note that Conventions 1.1 are in force.

Proposition 6.1. Let N be a normal k-subgroup of G. The following conditions
are equivalent:

(a) N is finite of order prime to p.
(b) NNC(G) ={1}.
() NNZ(G)[pl={1}.
In particular, taking N = G, we see that C(G) # {1} if G # {1}.
Proof. (a) = (b) This is obvious since C(G) is a p-group.

(b) = (c) Assume the contrary: A:=NNZ(G)[p]#{1}. By Lemma5.1, Z(G)[p]
becomes constant over a field extension &’/ k of p-power degree. Since k contains ¢,
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the group Z(G)[p] splits over k" as a group of multiplicative type. It is shown
in [Lotscher et al. 2013, Section 2] that C(A) # {1}. Thus,

{1} #C(A) €S NN C(G),

contradicting (b).

(c) = (a) Our proof of this implication will rely on the following assertion:

Claim. Let M be a nontrivial normal finite p-subgroup of G such that the commu-
tator (T, M) is trivial. Then M N Z(G)[p] # {1}.

To prove the claim, note that M (ksp) is nontrivial and the conjugation action of
G (ksep) on M (kgep) factors through an action of the p-group F(kgp). Thus, each
orbit has p" elements for some n > 0; consequently, the number of fixed points is
divisible by p. The intersection (M N Z(G))(ksep) is precisely the fixed point set
for this action; hence, M N Z(G)[p] # {1}. This proves the claim.

We now continue with the proof of the implication (¢) = (a). Assume that
N <G and N N Z(G)[p] = {1}. Applying the claim to the normal subgroup
M := (NNT)[p] of G, we see that (N N T)[p] ={1},i.e., NNT is a finite group
of order prime to p. The exact sequence

l1->NNT—>N—>N —1, (6-1)

where N is the image of N in F := G/T, shows that N is finite. Now observe
that for every r > 1, the commutator (N, T[p"]) is a p-subgroup of N N T. Thus,
(N, T[p"]) = {1} for every r > 1. We claim that this implies (N, T) = {1}. If N is
smooth, this is straightforward; see [Borel 1969, Proposition 2.4, page 59]. If N
is not smooth, note that the map ¢ : N x T — G sending (n, t) to the commutator
ntn— 1t~ descendsto¢: N x T — G (indeed, NNT clearly commutes with 7).
Since |N| is a power of p and char(k) # p, N is smooth over k, and we can pass
to the separable closure kg, and apply the usual Zariski density argument to show
that the image of c¢ is trivial.

We thus conclude that N N T is central in N. Since gcd(|[N N T|, N) =1, by
[Schneider 1980a, Corollary 5.4] the extension (6-1) splits, i.e., N ~ (NNT) x N.
This turns N into a finite p-subgroup of G with (T, N) = {1}. The claim implies
that N is trivial. Hence, N = N NT is a finite group of order prime to p, as claimed.

This completes the proof of Proposition 6.1 and thus of Theorem 1.2. (]

7. Tame groups

As we have seen in Section 1, some groups G satisfying Conventions 1.1 have
faithful linear representations that are not generically free. In this section, we take
a closer look at this phenomenon.
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If F' is a subgroup of F, then we will use the notation G g to denote the subgroup
m~1(F’") of G. Here 7 is the natural projection G — G/T = F as in (1-1).

Lemma 7.1. Suppose T is central in G. Then

(a) G has only finitely many k-subgroups S such that SNT = {1}, and

(b) every faithful action of G on a geometrically irreducible variety X is generi-
cally free.

Proof. After replacing k by its algebraic closure k,,, we may assume without loss
of generality that k is algebraically closed.

(a) Since F has finitely many subgroups, it suffices to show that for every subgroup
Fy C F, there are only finitely many S C G such that 7 (S) = Fpand SNT = {1}.

After replacing G by GFf,, we may assume that Fy = F. In other words, we
will show that 7 has at most finitely many sections s : F — G. Fix one such
section, sg : F — G. Denote the exponent of F' by e. Suppose s : FF — G is
another section. Then for every f € F(k), we can write s(f) = so(f)t for some
t € T (k). Since T is central in G, t and so( f) commute. Since s(f)¢ =so(f)° =1,
we see that ¢ = 1. In other words, ¢t € T (k) is an e-torsion element, and there
are only finitely many e-torsion elements in 7' (k). We conclude that there are
only finitely many choices of s(f) for each f € F(k). Hence, there are only
finitely many sections F — G, as claimed.

(b) The restriction of the G-action on X to T is faithful and hence generically free;
cf., e.g., [Lotscher 2010, Proposition 3.7(A)]. Hence, there exists a dense open
T -invariant subset U C X such that Staby (1) = {1} for all # € U. In other words, if
S = Stabg (1), then SNT = {1}. By (a), G has finitely many nontrivial subgroups S
with this property. Denote them by Sy, ..., S,. Since G acts faithfully, X5 is a
proper closed subvariety of X for any i =1, ..., n. Since X is irreducible,

U'=U\(X"U-..uXx®)

is a dense open T -invariant subset of X, and the stabilizer Stabg () is trivial for
every u € U’. Replacing U’ by the intersection of its (finitely many) G (kag)-
translates, we may assume that U’ is G-invariant. This shows that the G-action on
X is generically free. O

Proposition 7.2. (a) A faithful action of G on a geometrically irreducible variety
X is generically free if and only if the action of the subgroup Gcry € G on X
is generically free.

(b) A p-faithful action of G on a geometrically irreducible variety X is p-generi-
cally free if and only if the action of the subgroup Gc(ry € G on X is p-
generically free.
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Proof. (a) The (faithful) T-action on X is necessarily generically free; cf. [Lotscher
2010, Proposition 3.7(A)]. Thus, by [Gabriel 2011, Exposé V, Théoreme 10.3.1] or
[Berhuy and Favi 2003, Theorem 4.7], X has a dense open T -invariant subvariety U
defined over k, which is the total space of a T-torsor, U — Y :=U/T, where Y is
also smooth and geometrically irreducible. Since G/ T is finite, after replacing U
by the intersection of its (finitely many) G (kag)-translates, we may assume that U
is G-invariant.

The G-action on U gives rise to an F-action on Y (by descent). Now it is easy
to see (cf. [Lorenz and Reichstein 2000, Lemma 2.1]) that the following conditions
are equivalent:

(i) The G-action on X is generically free.
(i) The F-action on Y is generically free.
Since F is finite, (ii) is equivalent to
(iii) F acts faithfully on Y.

Proposition 6.1 tells us that the kernel of the F-action on Y is trivial if and only if
the kernel of the C(F)-action on Y is trivial. In other words, (iii) is equivalent to

(iv) C(F) acts faithfully (or equivalently, generically freely) on Y
and consequently to
(v) the G¢(r)y-action on U (or, equivalently, on X) is generically free.

Note that (iv) and (v) are the same as (ii) and (i), respectively, except that F is
replaced by C(F) and G by G¢(r). Thus, the equivalence of (iv) and (v) follows like
the equivalence of (i) and (ii). We conclude that (i) and (v) are equivalent, as desired.

(b) Let K be the kernel of the G-action on X, which is contained in 7" by assump-
tion. Note that (G/K)/(T/K)=G/T = F, so (a) says the G/K -action on X is
generically free if and only if the G¢(F)/K -action on X is generically free, and (b)
follows. (]

The following definition is natural in view of Proposition 7.2:

Definition 7.3. Consider the action of ' on T induced by conjugation in G. We
say that G is tame if C(F) lies in the kernel of this action. Equivalently, G is tame
if T is central in G¢(F).

Recall in Section 1 we defined gap(G; p) as the difference between the minimal
dimension of a p-generically free representation and the minimal dimension of a
p-faithful representation of G (all representations are assumed to be defined over k).

Corollary 7.4. Let G be a tame k-group and X be a geometrically irreducible
k-variety X.
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(a) Every faithful G-action on X is generically free.
(b) Every p-faithful G-action on X is p-generically free.
(c) We have gap(G; p) = 0. In other words,

ed(G; p) = mindim p — dim G,
where the minimum is taken over all p-faithful k-representations of G.

Proof. (a) Since G is tame, T is central in G¢(r). Hence, the G¢(r)-action on X
is generically free by Lemma 7.1(b). By Proposition 7.2(a), the G-action on X is
generically free.

(b) Let K be the kernel of the action. Note that G/K is also tame. Now apply
(a) to G/K.

(c) This follows immediately from (b) and Theorem 1.2. ]

8. Proof of Theorem 1.3

In this section, we will prove the following proposition, which implies Theorem 1.3:
Proposition 8.1. Let p : G — GL(V) be a linear representation of G.

(a) If p is faithful, then G has a generically free representation of dimension at
most dim p 4+ dim T — dim 7€),

(b) If p is p-faithful, then G has a p-generically free representation of dimension
at most dim p 4+ dim T — dim 7¢(9),

Proof. (a) The subgroup T¢) is preserved by the conjugation action of G, so the
adjoint representation of G decomposes as Lie(7) = Lie(T¢F)) @ W for some
G-representation W. Since the G-action on Lie(T") factors through F, the existence
of W follows from Maschke’s theorem. Let i be the G-representationon V & W.
Since dim Lie(7¢®) > dim 7€), we have dim i < dim p +dim 7 — dim 7€,
It thus remains to show that u is a generically free representation of G.

Let K be the kernel of the G¢(r)-action on Lie(7). We claim T is central in K.
The finite p-group K /T acts on T (by conjugation), and it fixes the identity. By
construction, K /T acts trivially on the tangent space at the identity, which implies
K /T acts trivially on T since the characteristic is not equal to p; cf. [Gille and
Reichstein 2009, Proof of Lemma 4.1]. This proves the claim.

By Lemma 7.1, the K -action on V is generically free. Now G ¢(r) acts trivially on
Lie(T¢®), so Gc(ry/K acts faithfully on W. Since G¢(ry/K is finite, this action
is also generically free. Therefore, G¢ () acts generically freely on V & W [Meyer
and Reichstein 2009, Lemma 3.2]. Finally, by Proposition 7.2(a), G acts generically
freely on V @ W, as desired.
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(b) By our assumption, kerp € T. Set T := T/kerp. It is easy to see that
dim 7€) < dim T€P). Hence, by (a) there exists a generically free representation
of G/ ker p of dimension at most

dim7T —dimT¢") <dim T —dim 7€),

We may now view this representation as a p-generically free representation of G.
This completes the proof of Theorem 1.3. U

Remark 8.2. A similar argument shows that for any tame normal subgroup H C G
over k, gap(G; p) <ed(G/H; p).

9. Additivity

Our proof of the additivity Theorem 1.4 relies on the following lemma. Let G be
an algebraic group defined over a field £ and C be a k-subgroup of G. Denote the
minimal dimension of a representation p of G such that p |¢ is faithful by f(G, C).

Lemma 9.1. Let k be an arbitrary field. Fori =1, 2, let G; be an arbitrary (linear)
algebraic group defined over k, and let C; be a central k-subgroup of G;. Assume
that C; is isomorphic to ,u;,i over k for some ry,r; > 0. Then

f(G1x Gy Cr x Cy) = f(Gy; C1) + f(Go; Cr).

Our argument below is a variant of the proof of [Karpenko and Merkurjev 2008,
Theorem 5.1], where G is assumed to be a (constant) finite p-group and C = C(G)
(recall that C(G) is defined at the beginning of Section 4).

Proof. Fori = 1,2, let m; : G| x G, — G; be the natural projection, and let
€ : G; = G x G, be the natural inclusion.

If p; is a d;-dimensional representation of G; whose restriction to C; is faithful,
then clearly p; o) @ pr o 73 is a (d + d»)-dimensional representation of G| x G»
whose restriction to C; x C; is faithful. This shows that

f(G1 x Gy Cr xCa) < f(Gy; C)+ f(Go; Cr).

To prove the opposite inequality, let p : G; x G, — GL(V) be a representation
such that p|c, xc, is faithful and of minimal dimension

d= f(G1 xG2; Cy x Cp)

with this property. Let py, p2, ..., p, denote the irreducible decomposition factors
in a Jordan—Holder series for p. (Note that since G| and G, are arbitrary linear
algebraic groups, p may not be completely reducible.) Since C; x C; is central
in G| X G», each p; restricts to a multiplicative character of C; x C,, which we
will denote by y;. Moreover, since C; x Cp =~ ,u;; *72 is linearly reductive, p lc,xc,
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is a direct sum X]@d] @ ---P X,?d", where d; = dim p;. It is easy to see that the
following conditions are equivalent:

(1) plc,xc, is faithful.
(1) x1,..., xn generate (C; x C»)* as an abelian group.

In particular, we may replace p by the direct sum p; & --- @ p,. Since C; is
isomorphic to ,u;;', we will think of (Cy x C2)* as an [ ,-vector space of dimension
r1 + 2. Since (i) <= (ii) above, we know that i, ..., x, span (C; x Cy)*. In
fact, they form a basis of (C| x C»)*, i.e., n = r; + rp. Indeed, if they were not
linearly independent, we would be able to drop some of the terms in the irreducible
decomposition p; @ - - - B p, so that the restriction of the resulting representation
to C1 x C, would still be faithful, contradicting the minimality of dim p.

We claim that it is always possible to replace each p; by p}, where ,03. is either
pj o€l oy Or pjoepomy such that the restriction of the resulting representation
p'=p @@ p, to C; x C, remains faithful. Since dim p; = dim p;, we see that
dim p’ = dim p. Moreover, p’ will then be of the form « o 71 @ a o 75, where «;
is a representation of G; whose restriction to C; is faithful. Thus, if we can prove
the above claim, we will have

f(G] X Gp; C1 x Cp) =dim p :dim,o/ =dimo; +dimay
> f(Gy1, C1) + f(Ga, (),

as desired.

To prove the claim, we will define ,o} recursively for j = 1,...,n. Suppose
J p}_l have already be defined so that the restriction of

PI® DO BB D pn
to C| x C, is faithful. For notational simplicity, we assume p; = pi, e Pjo1= P},l-
Note that
Xj=(xjo€rom)®(xjoeom).

Since i, ..., x» form a basis of (C; x C3)* as an [ ,-vector space, we see that
(a) xjoejom or (b) xjoezom; does not lie in Span[Fp(Xl, e Xjm1s Xjtls oo s Xn)-
Set

, pjo€lom in case (a),
p; = .
pjo€omy otherwise.

Using the equivalence of (i) and (ii) above, we see that the restriction of

L1 D 1®P; ®Pj+1D Doy

to C is faithful. This completes the proof of the claim and thus of Lemma 9.1. [J
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Proof of Theorem 1.4. The groups G| and G in the statement of Theorem 1.4 are
assumed to satisfy Conventions 1.1 and hence so does G := G| X G».

Recall also that C(G) is defined as the maximal split p-torsion subgroup of the
center of G; see Section 4. It follows from this definition that

C(G) =C(Gy1) x C(Gy).

By Lemma 9.1 and Proposition 4.3, the minimal dimension of a p-faithful repre-
sentation is

f(G,C(G)) = f(G1, C(G1) + f(G2, C(G2)),

which is the sum of the minimal dimensions of p-faithful representations of G
and G,. For i € {1, 2} since gap(G;; p) = 0, there exists a p-generically free
representation p; of G; of dimension f(G;, C(G;)). The direct sum p; @ py is a
p-generically free representation of G, and its dimension is f (G, C(G)). It follows
that gap(G; p) = 0. By Theorem 1.2,

ed(G; p) = f(G,C(G)) —dim G
and similarly for G| and Gj; cf. Proposition 4.3. Hence, as desired, we have
ed(G; p) =ed(Gy; p) +ed(G2; p). U

Example 9.2. Let T be a torus over a field k£ of characteristic not equal to 2.
Suppose there exists an element 7 in the absolute Galois group Gal(ksep/ k) that acts
on the character lattice X (7)) via multiplication by —1. Then ed(7'; 2) > dim T.

Proof. Let n := dimT. Over the fixed field K := (kgp)®, the torus T becomes
isomorphic to a direct product of n copies of a nonsplit one-dimensional torus 77.
Using [Lotscher et al. 2013, Theorem 1.1], it is easy to see that ed(77; 2) = 1. By
Theorem 1.4, we conclude that

ed(T;2) > ed(Tk;2) =ed((T))";2) =ned(T1;2) =dimT. O
We end this section with an example that shows that the property gap(G; p) =0
is not preserved under base field extensions.

Example 9.3. Let k£ be as in Conventions 1.1, T be an algebraic k-torus that splits
over a field extension of k of p-power degree and F be a nontrivial p-subgroup of
the constant group S,. Form the wreath product

T F:=T"xF,
where F' acts on 7" by permutations.
Then gap(T : F; p) =0 if and only if ed(T’; p) > 0. Moreover,

ed(T"; p) =ned(T; p) ifed(T; p) >0,

ed(TF; p)= .
( p) {ed(F;p) otherwise.
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Proof. Let W be a p-faithful T-representation of minimal dimension. By [Lotscher
et al. 2013, Theorem 1.1], ed(T; p) =dim W —dimT.

Then W®" is naturally a p-faithful (T : F)-representation. Lemma 9.1 and
Proposition 4.3 applied to 7" tell us that W®" has minimal dimension among all
p-faithful representations of 7' F.

Suppose ed(T; p) > 0, i.e., dim W > dim 7. The group F acts faithfully on the
rational quotient W®" /T" = (W /T)" since dim W/T =dim W —dim T > 0. It is
easy to see that the (T 2 F)-action on W®" is p-generically free; cf., e.g, [Meyer
and Reichstein 2009, Lemma 3.3]. In particular, gap(7 : F; p) = 0 and

ed(T2F; p)=dim W& —dim(T:F) =n(dim W—dim T) =ned(T; p) =ed(T"; p),

where the last equality follows from the additivity Theorem 1.4.

Now assume that ed(7'; p) =0, i.e., dim W =dim 7. The group T : F cannot
have a p-generically free representation V of dimension dim W®" =dim T F since
T" would then have a dense orbit in V. It follows that gap(7: F'; p) > 0. In order to
compute its essential p-dimension of 72 F', we use the fact that the natural projection
T F — F has a section. Hence, the map H'(%,T:F)— H'(%, F) also has a sec-
tion and is consequently a surjection. This implies ed(T F'; p) >ed(F; p). Let W’
be a faithful F-representation of dimension ed(F'; p). The direct sum W®" @ W’ con-
sidered as a T F representation is p-generically free, so ed(T:F; p) =ed(F; p). U

10. Groups of low essential p-dimension

In [Lotscher et al. 2013], we have identified tori of essential dimension O as those tori
whose character lattice is invertible, i.e., a direct summand of a permutation module;
see [Lotscher et al. 2013, Example 5.4]. The following lemma (with H = G) shows
that among the algebraic groups G studied in this paper, i.e., extensions of p-groups
by tori, there are no other examples of groups of ed(G; p) =0:

Lemma 10.1. Let H be an algebraic group over a field | such that H/H® is a
p-group. If ed(H; p) =0, then H is connected.

Proof. Assume the contrary: F := H/H® # {1}. Let X be an irreducible H-
torsor over some field K//. For example, we can construct X as follows. Start
with a faithful linear representation H < GL, for some n > 0. The natural
projection GL, — GL, /H is an H-torsor. Pulling back to the generic point
Spec(K) — GL, /H, we obtain an irreducible H-torsor over K.

Now X/H® — Spec(K) is an irreducible F-torsor. Since F # {1} is not con-
nected, this torsor is nonsplit. As F is a p-group, X/H" remains nonsplit over
every prime-to-p extension L /K. It follows that the degree of every closed point of
X is divisible by p; hence, p is a torsion prime of H. Therefore, ed(H; p) > 0 by
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[Merkurjev 2009, Proposition 4.4]. This contradicts the assumption ed(H; p) =0,
so I must be trivial. O

Proposition 10.2. Let G be a central extension of a p-group F by a torus T over a
field k of characteristic not p. If ed(G; p) < p — 2, then G is of multiplicative type.

Proof. Without loss of generality, assume k = k,jg. By Theorem 1.2, there is a
p-faithful representation V of G withdimV <dim 7T + p — 2.

First consider the case where V is faithful. By the theorem of Nagata [1961],
G is linearly reductive; hence, we can write V = @;_, V; for some nontrivial
irreducible G-representations V;. Since T is central and diagonalizable, it acts by a
fixed character on V; for every i. Hence, r > dim 7" by faithfulness of V. It follows
that 1 <dimV; < p — 1 for each i. But every irreducible G-representation has
dimension a power of p (Proposition 4.2), so each V; is one-dimensional. In other
words, G is of multiplicative type.

Now consider the general case, where V is only p-faithful, and let K € G be the
kernel of that representation. Then G/K is of multiplicative type, so it embeds into
atorus Tj. Since 7 is central in G, a subgroup F’ as in Lemma 5.3 is normal, so
let T, = G/ F’, which is also a torus. The kernel of the natural map G — T} x T»
is contained in K N F’. On the other hand, K N F’ = {1} because p does not divide
the order of K. This shows that G embeds into the torus 77 x 7> and hence is of
multiplicative type. O

Example 10.3. Proposition 10.2 does not generalize to tame groups. For a coun-
terexample, assume that the field k contains a primitive root of unity of order p2, and
consider the group G = G?, xZ/p*Z, where a generator in Z/p>Z acts by cyclically
permuting the p copies of G,,. The group G is tame since C(Z/p?Z) =7/ pZ = n »
acts trivially on G/ . On the other hand, G is not abelian and hence is not of
multiplicative type.

We claim that ed(G; p) = 1 and hence ed(G; p) < p — 2 for every odd prime p.
There is a natural p-dimensional faithful representation p of G; p embeds G/, into
GL, diagonally in the standard basis ey, ..., e,, and Z/ p*Z cyclically permutes
ey, ..., ep. Taking the direct sum of p with the one-dimensional representation
x:G—=>Z/p*Z=n 2 > Gy = GLy, we obtain a faithful (p+ 1)-dimensional rep-
resentation p @ x, which is therefore generically free by Corollary 7.4 (this can also
be verified directly). Hence, ed(G; p) < (p + 1) —dim(G) = 1. On the other hand,
by Lemma 10.1, we see that ed(G; p) > 1 and thus ed(G; p) =1, as claimed. [

Let ', be a finite p-group, and let ¢ : P — X be a map of Z[I",]-modules. As
in [Lotscher et al. 2013], we will call ¢ a p-presentation if P is permutation and
the cokernel is finite of order prime to p. We will denote by / the augmentation
ideal of Z[I",] and by X := X/(pX +1X) the largest p-torsion quotient with trivial
I",-action. The induced map on quotient modules will be denoted by ¢ : P — X.
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Lemma 10.4. Let ¢ : P — X be a map of Z|I",]-modules. Then the cokernel of ¢
is finite of order prime to p if and only if ¢ is surjective.

Proof. This is shown in [Merkurjev 2010, Proof of Theorem 4.3] and from a
different perspective in [Lotscher et al. 2013, Lemma 2.2]. ]

In the sequel, for G a group of multiplicative type over k, the group I',, in
the definition of “p-presentation” is understood to be a Sylow p-subgroup of
I' = Gal(¢/ k), where £/k is a Galois splitting field of G.

Proposition 10.5. Let G be a central extension of a p-group F by a torus T, and
let 0 <r < p —2. The following statements are equivalent:

(a) ed(G; p) <r.

(b) G is of multiplicative type, and there is a p-presentation P — X (G) whose
kernel is isomorphic to the trivial Z|T" ,)-module 7".

Proof. (a) = (b) Assuming (a) by Proposition 10.2, G is of multiplicative type. By
[Lotscher et al. 2013, Corollary 5.1], we know there is a p-presentation P — X (G)
whose kernel L is free of rank ed(G; p) < p —2. By [Abold and Plesken 1978,
Satz], I", must act trivially on L.

(b) = (a) This direction follows from [Lotscher et al. 2013, Corollary 5.1]. U

Proposition 10.6. Assume that G is of multiplicative type with a p-presentation
¢ : P — X(G) whose kernel is isomorphic to the trivial Z[T",]-module 7" for some
r > 0. Then ed(G; p) <r, and the following conditions are equivalent:

(a) ed(G; p)=r.
(b) ker ¢ is contained in pP + I P.
(c) ker ¢ is contained in

{Zm eP

reEA

a), =0 (mod p), VA € AFP}.

Here I denotes the augmentation ideal in Z[I",1, and A is a I ,-invariant basis of P.

Proof. (a) <= (b) We have a commutative diagram

1 Vi P—xG)

N

@)p7) —— P —24 X(G)

with exact rows. By Lemma 10.4, ¢ is a surjection. Therefore, ker¢ € pP 4 I P if
and only if ¢ is an isomorphism.
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Write P as a direct sum P >~ EBTZI P; of transitive permutation Z[I",]-modules
Py, ..., Py. Then P/(pP+1P)~ @T:lpj/(PPj —1—IP]~) ~ (Z]pZ)". If ¢ is not
an isomorphism, we can replace P by the direct sum P of only m—1 P;s without los-
ing surjectivity of ¢. The composition P <> P — X(G)is thenstill a p-presentation
of X(G) by Lemma 10.4, so ed(G; p) <rank P —dimG <rank P —dim G = r.

Conversely, assume that ¢ is an isomorphism. Let ¥ : P’ — X(G) be a p-
presentation such that ed(G; p) = rankker ¢. Let d be the index [X(G) : ¢ (P)],
which is finite and prime to p. Since the map X(G) — d - X(G), x — dx is an
isomorphism, we may assume that the image of v is contained in ¢ (P). We have an
exact sequence Homzr,;(P’, P) — Homz(r,1(P’, ¢ (P)) — Exté[rp](P/, 7"), and
the last group is zero by [Lorenz 2005, Lemma 2.5.1]. Therefore, ¥ = ¢ o ¢’ for
some map /' : P* — P of Z[I",,]-modules. Since ¢ is an isomorphism and v is a
p-presentation, it follows from Lemma 10.4 that ¥ is a p-presentation as well and
in particular that rank P’ > rank P. Thus, ed(G; p) = rankker ¢ > rank ker¢p =r.

(b) < (c). It suffices to show that PT» N ( pP + I P) consists precisely of the
elements of P'» of the form Y sen @A witha, =0 (mod p) forall A € A"r for any
permutation Z[I",]-module P. One easily reduces to the case where P is a transitive
permutation module. Then P'» consists precisely of the Z-multiples of Y, _, A,
and pP + I P are the elements ) , _, axA with) , _,a, =0 (mod p). Thus, for
n €7, the element n) , _, A liesin pP + I P if and only if n - |[A| =0 (mod p)
if and only if n =0 (mod p) or |[A| =0 (mod p). Since |A] is a power of p, the
claim follows. (]

Example 10.7. Let E be an étale algebra over k. We can write E =] X --- X £,
with some separable field extensions ¢;/ k. The kernel of the norm map

n: RE/k(Gm) — G

is denoted by Rg}k(Gm). Let G = n_l(,upr) for some r > 0. It is a group of
multiplicative type fitting into an exact sequence

1> RY)(Gp) > G — jupr — 1.

Let £ be a finite Galois extension of k containing ¢4, ..., £, (so £ splits G), let
I' =Gal(¢/k) and 'y, = Gal(£/¢;), and let I, be a p-Sylow subgroup of I'. The
character module of G has a p-presentation

m
P:=@zIr/T,] - X(G)
i=1
with kernel generated by the element (p”, ..., p") € P. This element is fixed by I',,
so ed(G; p) < 1. It satisfies condition (c) of Proposition 10.6 if and only if » > 0
or every I',-set I'/ Ty, is fixed-point free. Note that I'/ I'y;, has I',-fixed points if
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and only if [¢; : k] =|I"/ 'y, | is prime to p. We thus have

0 ifr=0and [¢; : k] is prime to p for some i,

d(G; p) =
ed(G: p) {1 otherwise.
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