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Kernels for products of L-functions

Nikolaos Diamantis and Cormac O'Sullivan

The Rankin—Cohen bracket of two Eisenstein series provides a kernel yielding
products of the periods of Hecke eigenforms at critical values. Extending this
idea leads to a new type of Eisenstein series built with a double sum. We develop
the properties of these series and their nonholomorphic analogs and show their
connection to values of L-functions outside the critical strip.

1. Introduction

Rankin [1952] introduced the fruitful idea of expressing the product of two critical
values of the L-function of a weight-k Hecke eigenform f for I' = SL(2, Z) in
terms of the Petersson scalar product of f and a product of Eisenstein series:

kik
(Ex,Er,. f) = (=D)R/2237F 22 L5 (f 1L*(f, ko) (1-1)
By, By,
for k = k1 +k>, the Bernoulli numbers B; and the completed, entire L-function of f,

]

ir . @) af<m>_/°° R
L*(f,s) = (MSH; el RGOV
Zagier [1977, p. 149] extended (1-1) to get
([Ek- Eioln. f) = <—1>’“/2<2m>”23‘k(k;2> B ot DLk,
By, By,

(1-2)
where k =k +ko+2n and [g1, g2], stands for the Rankin—Cohen bracket of index n
given by

n
ki+n—1 kry+n—1 _
(g1, 821 1= Z(—l)’( o, ) ( , )gi’)gé” Do)
r=0
The periods of f in the critical strip are the numbers

L*(f, 1), L*(f,2), ..., L*(f, k—1). (1-4)
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Zagier [1977, §5] and Kohnen and Zagier [1984] proved important results of the
Eichler—Shimura—Manin theory on the algebraicity of these critical values using
(1-2). We describe this in more depth in Sections 2C and 8A.
On the face of it, the techniques of [Zagier 1977], employing (1-2), apply only
to critical values; an extension to noncritical values, L*( f, j) for integers j < 0
or j > k, would seem to require Rankin—Cohen brackets of negative index n or
holomorphic Eisenstein series of negative weight, neither of which are defined.
Analyzing the structure of the Rankin—Cohen bracket of two Eisenstein series in
Section 6 reveals a natural construction, which we call a double Eisenstein series:!
Do () iy, 7R, (1-5)

¥,8€l0o\I"
y8 T £

where, for y € I, we write
a, b .
y = < v ”) and j(y,2):=cyz+d,.
¢y dy
By comparison, the usual holomorphic Eisenstein series is

Ex@= ) jw.a™ (1-6)
yelso\I'
The double Eisenstein series (1-5) converges to a weight-(k| + k) cusp form when
I < ki —2, ky—2. For negative integers [, it behaves as a Rankin—Cohen bracket of
negative index; see Proposition 2.4. This allows us to further generalize (1-1) and
(1-2), and in Section 8, we characterize the field containing an arbitrary value of an
L-function in terms of double Eisenstein series and their Fourier coefficients. In
the interesting paper [Cohen et al. 1997], Rankin—Cohen brackets are linked to op-
erations on automorphic pseudodifferential operators and may also be reinterpreted
in this framework allowing for more general indices.
An extension of Zagier’s kernel formula (1-2) in the nonholomorphic direction is
given in Section 9C. There we show that the holomorphic double Eisenstein series
have nonholomorphic counterparts:

D leysa 7 Im(y2)” Im(82)° (1-7)

¥,8€Too\T

y8 ' # o
These weight-0 functions possess analytic continuations and functional equations
resembling those for the classical nonholomorphic Eisenstein series. As kernels,
they produce products of L-functions for Maass cusp forms; see Theorem 2.9. The
main motivation for this construction was its potential use in the rapidly developing

n the context of multiple zeta functions, the authors in [Gangl et al. 2006] give a different
definition of “double Eisenstein series”. See also [Deninger 1995], for example, for distinct “double
Eisenstein—Kronecker series”.
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study of periods of Maass forms [Bruggeman et al. 2013; Lewis and Zagier 2001;
Manin 2010; Miihlenbruch 2006]. In developing the properties of (1-7), we require
a certain kernel J(z; s, s") as defined in (9-1). It is interesting to note that Diaconu
and Goldfeld [2007] needed exactly the same series for their results on second
moments of L*(f, s); see Section 9A.

2. Statement of main results

2A. Preliminaries. Our notation is as in [Diamantis and O’Sullivan 2010]. In all
sections but two, I" is the modular group SL(2, Z) acting on the upper half-plane H.
The definitions we give for double Eisenstein series extend easily to more general
groups, so in Section 4, we prove their basic properties for I an arbitrary Fuchsian
group of the first kind, and in Section 10, we see how some of our main results are
valid in this general context.

Let S; (") be the C-vector space of holomorphic, weight-k cusp forms for I and
M (") the space of modular forms. These spaces are acted on by the Hecke operators
T,,; see (3-6). Let By be the unique basis of S; consisting of Hecke eigenforms
normalized to have first Fourier coefficient 1. We assume throughout this paper
that f € By. Since (T, f, f) = (f, Tn f), it follows that all the Fourier coefficients
of f are real, and hence, L*(f, s) = L*(f, 5). Also, recall the functional equation

L*(f,k—s) = (=D*"2L*(f, 5). @2-1)

We summarize some standard properties of the nonholomorphic Eisenstein series;
see for example [Iwaniec 2002, Chapters 3 and 6]. Throughout this paper, we use
the variables z=x+iyeHand s =0 +ir € C.

Definition 2.1. For z € H and s € C with Re(s) > 1, the weight-0, nonholomorphic
Eisenstein series is

N

R s _ y —2s
E(z,s):= E Im(yz)’ = > E lcz+d|™ . (2-2)
yels\I' c,deZ
(c,d)=1

Let6(s) :=m*I'(s)¢(2s). Then E(z, s) has a Fourier expansion [Iwaniec 2002,
Theorem 3.4], which we may write in the form
0(1—ys)

E(z,s)=yS+Ts)yl—s+n§¢<m,s>|m|—l/zws<mz), (2-3)

where Wy (mz) = 2(|Im|y)/?Ks_1,2(27|m|y)e* ™~ is the Whittaker function for
z € H and also 0(s)¢ (m, s) = o251 (Im|)|m|'275. As usual, oy (m) := )", d* is
the divisor function.

For the weight-k (k € 2Z) nonholomorphic Eisenstein series, generalizing (2-2),
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set

(i \*
Er(z,s) = Im(Vz)3<.—> . (2-4)
ye§\r iy, 2

Then (2-4) converges to an analytic function of s € C and a smooth function of
z € H for Re(s) > 1. Also y ¥/2E;(z, s) has weight k in z. Define the completed
nonholomorphic Eisenstein series as

E;(z,5):=0k(s)Ex(z,s) for Ox(s) ;== T (s +|k|/2)(2s). (2-5)

With (2-3), we see that E(z, s) has a meromorphic continuation to all s € C. The

same is true of E(z, s); see [Diamantis and O’Sullivan 2010, §2.1] for example.
We have the functional equations

0(s/2) =0((1—15)/2), (2-6)

E}(z,s) = E;(z,1—5). 2-7)

2B. Holomorphic double Eisenstein series. Define the subgroup

#={o7)

Then I', the subgroup of I' = SL(2, Z) fixing oo, is BU—B. For y € ' \ T, the
quantities ¢, d,, and j(y, z) are only defined up to sign (though even powers are
well-defined). For y € B\T', there is no ambiguity in the signs of ¢,,, d,, and j (y, 2).

ne Z} C SL(2, 2). (2-8)

Definition 2.2. Let z € H and w € C. For integers k1, k; > 3, we define the double
Eisenstein series

B izw) = Y ()" i, 7N, 07" (2-9)
y,6€ B\T"
Cy5-1 >0
This series is well-defined and converges to a holomorphic function of z that
is a weight-(k = k| + k») cusp form for Re(w) < k; — 1, k> — 1, as we see in
Proposition 4.2. It vanishes identically when k| and k, have different parity.
Let k be even. To get the most general kernel, with s € C set

(i D\ . —k
Ejosw)= Y (e)” ‘(. ) j6. 7" (2-10)
- j(6.2)
)

In the usual convention, for p € C with p # 0, write
p=|ple! P for — < arg(p) <7

and
P = |p|fet P fors e C. (2-11)



Kernels for products of L-functions 1887

Note that
cy dy
s ds

— 17Dy forzen,

j(8,2)

and so (j (v, 2)/j(8,z))~* in (2-10) is well-defined and a holomorphic function of

s € C and z € H. Proposition 4.2 shows that E ;_;(z, w) converges absolutely and

uniformly on compact sets for which2 <o <k —2and Re(w) <o -1, k—1—o0.
Define the completed double Eisenstein series as

Cy(g—l =

ES, ((z,w) (2-12)

_[ePTON k=) k —w)e(1—w+5)s(1 —w+k—s)
- 23—w7-[k+1—w1"(k -1

i| Es,k—s (z, w).

Theorem 2.3. Let k > 6 be even. The series E;“ t—s (2, w) has an analytic continua-
tion to all s, w € C and as a function of z is always in Sy (I"). For any f in By, we
have

(ES ;s w), f)=L*(fi )L™ (f, w). (2-13)
It follows directly from (2-13) and (2-1) that E;“ r—s (2, w) satisfies eight func-
tional equations generated by
El (zw)=E, ; ,(z5), (2-14)
El (z,w) = (—D"E}_ (z,w). (2-15)
The next result shows how E;"k_s is a generalization of the Rankin—Cohen
bracket [Ey,, Ex,1n-
Proposition 2.4. Forn € Z- and even ki, ky > 4,
2(=DR 27k (k- 1)
2ri)" ¢ (k)§ (k)T (k)T (k)T (k—n—1)

Another way to understand these double Eisenstein series is through their con-
nections to nonholomorphic Eisenstein series. Any smooth function transforming
with weight k£ and with polynomial growth as y — oo may be projected into Sy with
respect to the Petersson scalar product. See [Diamantis and O’Sullivan 2010, §3.2]
and the contained references. Denote this holomorphic projection by mp).

n![Ekla Ekz]n = Elt]-i-n,kz-i-l’l(z’n—i_l)‘

Proposition 2.5. Let k = ki + ko > 6 for even ki, ko > 0. Then for all s, w € C
E} (2 w) =ma[ (= 1)°PyPES (2, w) Ef (2, v) /2",

where
u=@E+w—-k+1)/2 and v=(—s+w+1)/2. (2-16)
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2C. Values of L-functions. For f € By, let K s be the field obtained by adjoining
to Q the Fourier coefficients of f. We will recall Zagier’s proof of the next result
in Section 8A.

Theorem 2.6 (Manin’s periods theorem). For each f € By, there exist real numbers
w+ (f), w_(f) such that

L*(f, )/ ws(f), L*(f, w)/o_(f) € Ky
forall s and w with 1 < s, w <k —1 and s even and w odd.

Let m € Z satisfy m < 0 or m > k. Then for these values outside the critical
strip we have, according to [Kontsevich and Zagier 2001, §3.4] and the references
therein,

L*(f,m) e P[1/m],

where 2 is the ring of periods: complex numbers that may be expressed as an
integral of an algebraic function over an algebraic domain. In contrast to the
periods (1-4), we do not have much more precise information about the algebraic
properties of the values L*(f, m). A special case of a theorem by Koblic [1975]
shows, for example, that

L*(fm)¢Z-L*(f, )+Z-L*(f,2)+---+Z-L*(f, k—1).

Let K(E S* t—s(+» w)) be the field obtained by adjoining to Q the Fourier coef-
ficients of E;k_s( -,w), and let wy (f) and w_(f) be as given in Theorem 2.6.
Then we have:

Theorem 2.7. Forall f € By and s € C,

L*(f.5)/o(f) € K(E{;_ (-, k—=1)Ky,
L*(f,8)/o-(f) € K(E;_5,(-,5)Ky.

The above theorem gives the link between Fourier coefficients of double Eisen-
stein series and arbitrary values of L-functions. We hope that this interesting
connection will help shed light on L*(f, s) for s outside the set {1,2, ...,k —1}.
See the further discussion in Section 8B for the case when s € Z.

In Section 8C, we also prove results analogous to Theorem 2.7 for the completed
L-function of f twisted by ¢>*""?/4 for p/q € Q:

2wimp/q

- _ T() o~ ap(me B
L(f,s,p/q).—(zﬂ)sz — =

/0 fly+p/q)y " dy. (2-17)
m=1
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2D. Nonholomorphic double Eisenstein series.

Definition 2.8. For z € H and w, s, s’ € C, we define the nonholomorphic double
FEisenstein series as

3 Im(yz)° Im(8z2)*

€(z, w;s,8) = T (2-18)
7,8€l oo\l yé~
V(Sil?éroc

A simple comparison with (2-2) shows it is absolutely and uniformly convergent
for Re(s), Re(s’) > 1 and Re(w) > 0. (This domain of convergence is improved in
Proposition 4.3.) The most symmetric form of (2-18) is when w = s + s’. Define

€*(z;s,8) = 47r*S*S,F(s)F(s’)§(3s +5Ne(s+35)€(z, s +5";s,8)
+20(5)0(sHE(z, s +5). (2-19)

Theorem 2.9. The completed double Eisenstein series €*(z; s, s') has a meromor-
phic continuation to all s, s’ € C and satisfies the functional equations

€ (z;5,5) =€ (25, 5),
€ (z;8,5) =€ (z; 1 —s,1—5").
For any even Maass Hecke eigenform u;,

(€*(z3s,8),uj)=L*(uj,s+s —1/2)L*(u;,s' —s+1/2).

3. Further background results and notation
We need to introduce two more families of modular forms.

Definition 3.1. For z € H, kK > 4 in 27 and m € Z>(, the holomorphic Poincaré

series is
2mmyz 2mmyz

Plami= ), I Z ok 5

Y €lo\T yeB\I'

For m > 1, the series Py (z; m) span Si(I'). The Eisenstein series Ey(z) = Px(z; 0)
is not a cusp form but is in the space My (I'). The second family of modular forms
is based on a series due to Cohen [1981].

Definition 3.2. The generalized Cohen kernel is given by

€53 p/a) =3 Y (vt pla) v 7 (32
yell

for p/q € @ and s € C with 1 < Re(s) <k —1.
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In [Diamantis and O’Sullivan 2010, §5], we studied €, (z, s; p/q) (the factor 1/2
is included to keep the notation consistent with that article, where I' = PSL(2, Z)).
We showed that, for each s € C with 1 < Re(s) <k —1, €x(z, s; p/q) converges to
an element of S (I") with a meromorphic continuation to all s € C. From Proposition
5.4 of the same work, we have

'tk—1)
L)'tk —s)
which is a generalization of Cohen’s lemma in [Kohnen and Zagier 1984, §1.2].
For simplicity, we write 6, (z, s) for €;(z, s; 0). The twisted L-functions satisfy

L*(f,s; p/q) =L*(f.5;, —p/q), (3-4)
¢ L*(f,s; p/g) = (=D"*¢"L*(f,k—s5;—p'/q) (3-5)

for pp’ =1 mod ¢ as in [Kowalski et al. 2002, Appendix A.3].
Define M, := {(“%) | a,b,c,d € Z, ad —bc =n}. Thus, M; =T. Fork € Z
and g : H — C, set

(@r(-, 53 p/q), ) =2"Fme™sim/2 L*(f,k—s;p/q), (3-3)

(8ley) (@) = et g (y2)j (v, 27"
for all y € M,,. The weight-k Hecke operator 7, acts on g € M by

b
(T,9)@) :=n*"1 3" (giy)@=n*"" " d™* Y g(“; ) (3-6)

yel\u, ad=n 0<b<d

a,d>0

4. Basic properties of double Eisenstein series

We work more generally in this section with I" a Fuchsian group of the first kind
containing at least one cusp. Set

er = #{T N {=1}}. 4-1)

Label the finite number of inequivalent cusps a, b, etc., and let I'; be the subgroup
of I fixing a. There exists a corresponding scaling matrix o, € SL(2, R) such that
0,00 = a and

BU—-B if—IeTl (er=1),

-1
r =
% 1a% {B if —1¢T (e =0).

Also set I'} := oq.Bo, L.

We recall some facts about Ej 4(z, s), the nonholomorphic Eisenstein series
associated to the cusp a; see for example [Iwaniec 2002, Chapter 3; Diamantis and
O’Sullivan 2010, §2.1]. It is defined as

joay, 2) )k

Erazs):i= Y Im("“_ll’Z)S<|j(oa‘1% 2)|

yela\l
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and absolutely convergent for Re(s) > 1. Put E,j‘ o(2,8) = Ok (s)Eg a(z, 5) as in
(2-5). Then we have the expansion

E (002, 8) = 8a0(5)y* +0(1 = )Yap ()3 + Y Yap (L )Wy (l2),  (4-2)
1£0

E{ 4062, 8) = 8ap0k(5)Y* 4+ Ok(1 — 5)Yap ()y' ™+ 0(e™ ) (4-3)

and

as y — oo for all k € 2Z. Also, its functional equation is

Ef (z.1=8) =) Yao(1 —$)Ef (2. 5). (4-4)
b

We gave the coefficients Yq5(s) and Yq5(/, s) explicitly in the case of I' = SL(2, Z)
following (2-3), and in general, they involve series containing Kloosterman sums;
see [Iwaniec 2002, (3.21) and (3.22)].

For the natural generalization of (2-10), we define the double Eisenstein series
associated to the cusp a as

. _1 —S
_ifJoa Y, 2) L _
Eoisazw)i= Y oy T ) o '8.07F
y BEF*\F j (Ua 37 Z)
Cnmt 19y >0 (4-5)
so that

J(,2)
J(6,2)

Eja(00z, w) = j (00, 2" ) (cys-ow—‘( >‘j(8,z>—" (4-6)

y,6€ B\l

Cp5-1 >0
for I'" = 0, 'T'o, which is also a Fuchsian group of the first kind. To establish an
initial domain of absolute convergence for (4-6), we consider

> (cy51>w—1(M) j6. 27 4-7)
y,8€B\I" J(8.2)
c,s~1>0

Recalling (2-11), we see that
Ip°] = |p”e ™8P &, |p|° fors =0 +it eC.

Therefore, with » = Re(w) and Im(yz) = y|j(y, z)|~2, we deduce that (4-7) is
bounded by a constant depending on s times

Y eyl Im(y )2 Im(a2) 42, (4-8)
y,8€l\I"
Y8 #Ts

Lemma 4.1. There exists a constant kr > 0 so that for all y, § € T with ¢,,5-1 > 0

kr < cppt <Im(yz) ™2 Im(s2)”2
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Proof. The existence of «r is described in [Iwaniec 2002, §2.5 and §2.6; Shimura
1971, Lemma 1.25]. Set e(y, 2) := j (¥, 2)/1j (v, 2)| = ¢ @02 Tt is easy to
verify that, for all y,§ € I" and z € H,

Cys1 =y J(8,2) —csj(y,2)
R 6.0 — TG
_ <]()/ Z)z' Jy z))}.(s’z)_(J( 9= J( z))}.(%z)
iy 2iy
= (0,2 2 —e(y, 2 Dj(y. 2j6, 2)/Q2iy).

Therefore,

e(y,2) (3,2
€@,z) ey, 2)
= ‘Im(g(y’ Z)> ‘ Im(yz)~ "% Im(8z) /2

€(3,2)
<Im(yz)~'/?Im(@8z)~ /2. O

lcy5-1| = Im(yz)~ 2 Im(8z)""/%/2

It follows that for #’ = max(r, 1) and 8! ¢ '
s < Im(y2) 72 Im(s2) (4-9)

for an implied constant depending on I" and r. Combining (4-8) and (4-9) shows

E;;_ OqZ, W ’ ’
S’k. s,a( a‘i ) &« y—k/2 Z Im(yz)(l—r +0)/2 Im(az)(l—r +k—0)/2 (4_10)
](UO’ Z) y sel’ \r/

¥ £ o

B l1-r'+o 1—r'+k—0o k
o A Y )]

on noting that Im(y z) = Im(8z) for y8~! € I's.. Since Eq(z, s) is absolutely con-
vergent for o = Re(s) > 1, we have proved that the series E; y—s (042, w), defined
in (4-6), is absolutely convergent for 2 <o <k—2and Re(w) <o —1,k—1—o0.
This convergence is uniform for z in compact sets of H and for s and w in compact
sets in C satisfying the above constraints.

We next verify that E; ;_ 4(z, w) has weight k in the z variable. We have

f(2) € Mi(T) < f(042)j(04,2) " € Mi(0a 'Tay),
so with (4-6), we must prove that

g@= Y. (Cyal)w_l<§((g—’;))‘j(3,z)_k

y,8€ B\I"
€51 >0
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is in My (I'’). For all T € I/,

D2 Y e (222 et

j@ ok AP Jj(8,12)
y5_1>0
. —s
T, . _
Z (C(Vr)(ét)l)w_l<%> j6t. 2 =g
y,8€B\I” ’
Cooen-1>0

as required.
We finally show that E; s is a cusp form. By (4-10), replacing z by o, oz
and using (4-3), for any cusp b we obtain
E; 5 .a(0pz, w)
J (o5, 2)*

B 1—r'4+0o l1—r'4+k—o k
o e ) )

<<yl+a—k_+_yl—o+yl+r/—k_|_yr’—k

and approaches 0 as y — oco. Thus, by a standard argument (see for example
[Diamantis and O’Sullivan 2010, Proposition 5.3]), Es —s.a(z, w) is a cusp form.
Assembling these results, we have shown the following:

Proposition 4.2. Letz€c Hand k € Z, and let s, w € C satisfy 2 <o <k —2 and
Re(w) <o — 1,k —1—0. ForT" a Fuchsian group of the first kind with cusp a,
the series E; g (2, w) is absolutely and uniformly convergent for s, w and z in
compact sets satisfying the above constraints. For each such s and w, we have
E;;—s.a(z, w) € Si(I') as a function of z.

The same techniques prove the next result for the nonholomorphic double Eisen-
stein series. Generalizing (2-18), we set

Z Im(yz)* Im(8z2)*

€a(0az, w; s, 5') 1= m
|Cy5*1|

4-11)

)/,561—‘00\0(1711—‘051
Y8 £ o

Proposition 4.3. Let z € Hand s, s', w € C with o = Re(s) and o’ = Re(s'). The
series €4(z, w; s, s") defined in (4-11) is absolutely and uniformly convergent for z,
w, s and s' in compact sets satisfying

0,0/ >1 and Re(w)>2-20,2—-20".

Unlike E; ;—s.q(z, w), the series €4(z, w; s, s') may have polynomial growth at
cusps.



1894 Nikolaos Diamantis and Cormac O'Sullivan

5. Further results on double Eisenstein series

5A. Analytic continuation: proof of Theorem 2.3. Our next task is to prove the
meromorphic continuation of E; ;_s(z, w) in s and w. For s and w in the initial
domain of convergence, we begin with

tAd—w+s)0(—w+k—s)E;s;—s(z, w)

> az+b\"’
= Y urimsyrniti R (ad—bc)w—1<—+d> (cz+d)™*
u,v=1 a,b,c,deZ €z

(a,b)=(c,d)=1
ad—bc>0

o0 . b —S
=Z Z (au-dv—bu-cv)wl(m) (cv-z+dv)~*

cv - dv
u,v=1 a,b,c,deZ 2+

(a,b)=(c,d)=1
ad—bc>0
b —S
= > (ad—be)! WO eyt (5-1)
a,b,c,deZ CZ+d
a’d’—l;c>0
o0
az+
Z ( : ) (cz+d)™
n=1 b
d
1,61 (z,5)
—22 e (5-2)

recalling (3-2). With Proposition 4.2, we know E; ;_;(z, w) € Si(I") so that

(Egk—s(-,w), f)
Es,k—s(za w) = : f@) =
P TN

— 1
(1w (1= wtk—9)Egps(z, w) =2 ——
net feBy

T,6r (-, s),
Z( k(-,8) f>f(z).

(f. f)
Then

(Th€k(z, ), f) = (€r(z, ), Tn f) = ar(m){€x(z,5), f),
and with (3-3), we obtain

(d—w+s)(1—w+k—s)Ek—s(z, w)
— 237wnk+17wefsin/2 I'(k—1)
L'tk —s)I'k —w)

X Y L*(fok—)L*(f.k—w)

fEeB

f(@)
(fi )

(5-3)
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Define the completed double Eisenstein series E* with (2-12). Then (5-3) becomes

* * * f(Z)
E , = L*(f, s)L*(f, . 5-4
sk—s (2 W) fz%k (fs )L™ (f w)(f, ) (5-4)

We also now see from (5-4) that E ;“ «—s (2, w) has an analytic continuation to all s
and w in C and satisfies (2-13) and the two functional equations (2-14) and (2-15).
The dihedral group Dg generated by (2-14) and (2-15) is described in [Diamantis

and O’Sullivan 2010, §4.4]. U

5B. Twisted double Eisenstein series. In this section, we define the twisted double
Eisenstein series by

(=w+s)(1—w+k—5)Es (2, w; p/q)

= Z (ad—bc)w_](az+b+§)A(cz+d)_k (5-5)

cz+d
a,b,c,deZ T+
ad—bc>0

for p/q € Q with ¢ > 0 and establish its basic required properties. We remark that
the above definition of E; ;_,(z, w; p/q) comes from generalizing (5-1), but it is
not clear how it can be extended to general Fuchsian groups.
Writing
(ad — be)* ™! (w + £>_b
cz+d ¢

(aqg +cp)z+ (bg +dp)\*
cz+d ’

=q' """ ((aq + cp)d — (bqg +dp)c)” ! (

we see that (5-5) equals

a'z+b\"’
ql—w+s Z (a/d_b/c)w—l( < > (CZ+d)_k
cz+d

a'\b,cde?

a'd—b'c>0
with @’ = ¢p mod ¢ and b’ = dp mod q. Hence, E; ;_(z, w; p/q) is a subseries
of E; x_s(z, w) and, in the same domain of initial convergence, is an element of Sk.

The analog of (5-2) is

o0

(1= w+)(1—w+k—)Egpszowi p/g) =2

n=1

nk—w

. (5-6)

Hence, with (3-3),
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(A —w+s)5(1—w+k—9)Es (2, w; p/q)
T'(k—1)
T'(s)I(k— )T (k —w)

X Y L*(fik—s; p/OL*(fik —w)

fEBy

— 23—wnk+l—we—sin/2

f(@)
(fi f)

(5-7)

*

Define the completed double Eisenstein series E,

factor as (2-12), and we obtain

(E{j—sCowip/q), f)=L"(f,k—s; p/Q)L"(f. k —w) (5-8)

for any f in Bx. Then (5-7) implies E S* «—s (2, w; p/q) has an analytic continuation
to all s and w in C. It satisfies the two functional equations

E}, . k—w;:p/q)=(-D"’E},_ (z.w: p/q),
¢ By sGowi p/g) = (=D T ED_Gows =)

for pp’ =1 mod g using (2-1) and (3-5), respectively.

(z, w; p/q) with the same

6. Applying the Rankin—Cohen bracket to Poincaré series

The main objective of this section is to show how double Eisenstein series arise
naturally when the Rankin—Cohen bracket is applied to the usual Eisenstein series E.
Proposition 2.4 will be a consequence of this. In fact, since there is no difficulty in
extending these methods, we compute the Rankin—Cohen bracket of two arbitrary
Poincaré series

[Py, (z: my), Pr,(z; m2)]n

for my, my > 0. The result may be expressed in terms of the double Poincaré series
defined below. In this way, the action of the Rankin—Cohen brackets on spaces of
modular forms can be completely described. See also Corollary 6.5 at the end of
this section.

Definition 6.1. Let z € H, k1, k> > 3 in Z and m, my € Z>o. For w € C with
Re(w) < k1 — 1, kp — 1, we define the double Poincaré series

27i(myyz+madz)

e
Priio (@, w3 mi, ma) = (cys)" = . N CEY
. VSGXB;\I‘ v Jjly, k)8, )k
0;571>0

The series (6-1) will vanish identically unless k| and k, have the same parity.
Clearly, we have Ej, t,(z, w) = Py, ,(z, w; 0, 0). Since |71 (m1yatm23a) | L1 it is
a simple matter to verify that the work in Section 4 proves that Py, x,(z, w; my, ma)
converges absolutely and uniformly on compacta to a cusp form in S, 4, (I').
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For [ € Z, it is convenient to set

Octz.1:m) P (z; m) ifl =0, 62)
KZ,l,m) = 2m’myz( )l . -
7 yemr —ej(y,z)kiyl ifl>1.
As in the proof of Proposition 4.2, Q is an absolutely convergent series for k
even and at least 4. The next result may be verified by induction.

Lemma 6.2. For every j € Z>(, we have the formulas

di +j
B = 1)}%@(( J: 0).

d_Pk(z m) = Z( 1)l+1(2mm)lj <I;:;; )QHzl(z,j—l;m) form > 0.

Set
ki+n—D!'(ky+n—1)!

A lL,u), = .
fado (1 1) Nul(n—1—u)! (kg +1— D! (ky +u— 1)!

Proposition 6.3. Form|,my € Z>,

[Py (z:m1), Pio (@ ma)lu =Y Agy iy (1, ) (=27im ) 2imy)"

L,u>0
I+u<n

X Pryynti—upin—t+u(@n+1—=1—u;my,my)/2

+ Phthor2n (@ mi+m2) Y Ak k() (=2imy) 2ima)".
Lu>0
I+u=n
Proof. With Lemma 6.2,

[Pr, (23 m1), P, (25 m2)]n

" < . ) (ki +n—D!(ka+n—1)!
— 2 1 2 u
§§( Tim) 2 ima) e T D) (ky okt — D)1

% X_:(_l)n+l+u+r Qk]-‘er(Za r—1; ml)ka-i-Zu(Z» n—r—u;mn)
r—=D!'n—r—u)! '

(6-3)
r=I

The inner sum over r is

(_1)1 eZni(m”/Z-i-szZ)
4(n—1—u)! J (v, Dkt (8, z)ket2u

y,0€ B\T"
n—u n—Il—u ¢y )r—l( —cs >n—r—u 6
X§( r—l )(j(y,z) i6o) OV
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and, employing the binomial theorem, (6-4) reduces to

(_1)l e2m’(m1yz+m28z)

. . n—Il—u
4(n—1—u) 52 j(y, pkitntl—uj(§, z)katn—l+u (eyj 6, 2) —csj(y.2))
Y, EB\F (6—5)

for! +u < n and

(_1)1 627ri(m1y2+m282)

VI E— 6-6

4(n—1—u)! y SGZB\F j(y, ktnt—uj(§, z)ketn—l+u (6-6)
for [ 4+ u = n. Noting that

. . cy d
c}/.] (57 Z) - C(S.] (ya Z) - C); d); = Cy8*1
means that (6-5) becomes
(1)
mpk1+n+l—u,kz+n—l+u @, n+1—=1—u;mp, my) (6-7)

and (6-6) equals

D' [ Posnticusoin—ttu(zn+1—1—u;my, mo)
(n—101—u)! 2

+ Prygkot2n (2 my + mz))- (6-8)

Putting (6-7) and (6-8) into (6-3) finishes the proof. O

In fact, Proposition 6.3 is also valid for m or m; equaling O provided we agree
that (—27im;)" = 1 in the ambiguous case where m; = [ = 0 and similarly that
(2mwimy)* =1 when my = u = 0. With this notational convention, the proof of the
last proposition gives:

Corollary 6.4. For m > 0, we have

n
[Ek, (2), Piy(zi m))n = D Asy ty (0, 1) 2 im)"
u=0
« Pk1+n—u,k2+n+u (Z, n+1—u;0, m)
2
[Ek1 (Z)a Ekz (Z)]n = Akl,kz (09 O)n Ek1+n,k2+n (Za n+1)/2+Ek1+k2 (Z) ’871,0' (6_9)

Proposition 2.4 follows directly from (6-9). Combining Proposition 2.4 with
Theorem 2.3 gives a new proof of Zagier’s formula (1-2). His original proof in
[1977, Proposition 6] employed Poincaré series.

Proof of Proposition 2.5. Let Fy ,(z) = (—1)1‘2/2)1_"/2E;fl (z, u)E;(“2 (z,v)/Q2r*/?)
withu =(s+w—-k+1)/2and v =(—s + w + 1)/2 as before in (2-16). Then

+ Pk]+k2+2l’l (Za m) 'Ak|,k2 (09 n)n (2nlm)n’
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F; 1, (2) has weight k and polynomial growth as y — oo. It is proved in [Diamantis
and O’Sullivan 2010, Proposition 2.1] that

(Fyw, f)=L"(f,s)L*(f. w) (6-10)

for all f € By. Comparing (6-10) with (2-13) shows that

j,k—s( ) w) = nhOl(FS,w)a
as required. ([

A basic property of Rankin—Cohen brackets naturally emerges from Proposition
6.3 and Corollary 6.4.

Corollary 6.5. For g; € My, (') and g> € My, (I'), we have [g1, 821n € Sk, +ky+21 (")
forn > 0.

Proof. The space M, (I') is spanned by Ej, and the Poincaré series Py, (z; m)
for m € Z>1. So we may write g1, and similarly g», as a linear combination of
Eisenstein and Poincaré series. Hence, [g1, 2], 1s a linear combination of the
Rankin—Cohen brackets appearing in Proposition 6.3 and Corollary 6.4. By these
results, [g1, g2], is a linear combination of double Poincaré and double Eisenstein
series, which are in Sk, 1,42, (I") as we have already shown. O

It would be interesting to know if Py, x,(z, w; m1, m2) has a meromorphic contin-
uation in w. As a corollary of work in the next section, we establish the continuation
of Py, 1,(z, w;0,0) toall w e C.

7. The Hecke action

The expression (5-2), giving E; x_; in terms of 6, acted upon by the Hecke opera-
tors, can be studied further and yields an interesting relation between E; ;s (z, w)
and the generalized Cohen kernel €, (z, s; p/q).

We have
TGz, 55 p/q) =n"" Y @(oz,8: p/@)-j(p, )7
pel\Ju,
—S
_ P . _
=3ty (Vz+—> JIZEI
y ety 9

To decompose J,, into left I"-cosets, set

{62

a,b,deZzo,adzn,O<b<a}
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so that Jl, = |J pT', a disjoint union. Hence,

peH
T, 6z, 5: p/q) = $n*~ ‘ZZ(pszr ) je, vy i, 7
peH yell
2 S

:%nk—lz(g) <_) 3 Z(yz-l— +——) I

aln 0<b<a yel
zns—lzak—Zs Z %k(z’s b+££) (7-1)

aln 0<b<a q

Combining (7-1) in the case p/q = 0, with (5-2) we find

(d—w+s)C(A—w+k—s)Ej—s(z, w)
2

T, (z,5)
_Z nk—w

n=1
o0
= Z stw—k—1 Zak—zs Z (6k<Z, 5: g)

aln 0<b<a

B
[

I
M2
gv
&
M2
S
=
%
S
L
N
S
I\
@
SN———

a

—;‘(k—i—l—s—w)Za“’S] Z%k< )

0<b<a

Il
<
X
o
N
S
A
Q

Consequently, for2 <o <k—2and Re(w) <o —1,k—1—o0,

((1—wH+s)Esj—s(z,w) = ZZaw 5= IZ%k<z 3 b) (7-2)

b=0

Upon taking the inner product of both sides with f € By, by using (2-13) and
(3-3) and then simplifying, we obtain

(n_)kw

Fa— L SO

_ e w—s—1 * é _
=ctk+1—s w)Za ZL (fk sa>. (7-3)

Since the eigenforms f in By span Si, we may verify (7-2) by giving another proof
of (7-3). Note that the right side of (7-3) equals
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§(k+1—s—w>52(k)_ks32 v IZZaf(m)e

b=0 m=1

2wimb/a

'k o gar(m)
:é-(k—i_l_s_w)(z )kszz mk—s

m=1 alm

I'(k—s) i ar(m)oy,_s(m)

=Clk+ 1= =)

mkfs
m=1

The series
ag(m)oy_s(m)
mkfs

LUA®E(, v k—5)=)

m=1

is a convolution L-series involving the Fourier coefficients of f(z) and E(z, v) for
2v=—s+w+1 (as in (2-16)) and, recalling [Zagier 1977, (72)] or [Diamantis
and O’Sullivan 2010, (2.11)],

T(k —s) Q2m)k—

WL(f®E("v)’k_s)_r(k— L*(f, k—s)L*(f, k— wj
(7-4)

Applying the functional equation (2-1) confirms that the right side of (7-4) equals
the left side of (7-3).
Looking to simplify (7-2) leads to the natural question, what are the relations

between the 6, (z, s; p/q) for rational p/q in the interval [0, 1)? For example, it is
a simple exercise with (3-3) and (3-5) to show that

a7 6z, s p/q) = e g G (2 k=51 —p'/q)

Ck+1—s—w)

for pp’ =1 mod g. With s = k/2 at the center of the critical strip, we get an even
simpler relation:

Gr(z,k/2; p/g) = (—=D)"*Cr(z,k/2; —p'/q). (7-5)

A more interesting, but speculative, possibility would be to argue in the reverse
direction in order to derive information about L-functions twisted by exponentials
with nonrational exponents. Specifically, if we established, by other means, relations
between the €, (z, s; x) for x ¢ Q, then (7-2) and other results proven here might lead
to relations for L-functions twisted by exponentials with nonrational exponents. That
would be important because such L-functions play a prominent role in Kaczorowski
and Perelli’s program of classifying the Selberg class (see, e.g., [Kaczorowski
and Perelli 1999]). Relations between these L-functions seem to be necessary for
the extension of Kaczorowski and Perelli’s classification to degree 2, to which
L-functions of GL(2) cusp forms belong.
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8. Periods of cusp forms

8A. Values of L-functions inside the critical strip. We first review Zagier’s proof
in [1977, §5] of Manin’s periods theorem. This exhibits a general principle of
proving algebraicity we will be using in the next sections.

For all s, w € C, it is convenient to define H; ,, € Sx by the conditions

(Hg o f)=L"(f,s)L*(f,w) forall f € By.
We need the following result:

Lemma 8.1. For g € S; with Fourier coefficients in the field K, and f € By with
coefficients in K ¢,

(&, [IN]. f) e KeKy.

Proof. See the general result of Shimura [1976, Lemma 4]. It is also a simple
extension of [Diamantis and O’Sullivan 2010, Lemma 4.3]. O

Let Kcritical be the field obtained by adjoining to @ all the Fourier coefficients of
{Hs k-1, Hi—2w | 1 < s, w <k —1, s even, wodd}.
Thus, with f € %B; and employing Lemma 8.1,
L*(fok = DL*(f k—2) = (Hy—1k-2, ) = ([, [) (8-

for ¢ r € Keritical K 7, and the left side of (8-1) is nonzero because the Euler product
for L*(f, s) converges for Re(s) > k/2+ 1/2. Set

el ) _ U
(k=1 and w_(f):= (k-2

Then w4 (f)o—(f) = {f, f), and we have:

wi(f) = (8-2)

Lemma 8.2. For each f € By,

L*(fa s)/wy(f) and L*(f» w)/w_(f) € Kcriticale
forall s and wwith1 <s,w <k—1,s even and w odd.

Proof. For such s and w,
L*(fos) _ L)L (fk=1) _ (Hspr, /) _ U D)
1 (f) crf f) cHf ) epth )

L*(fow)  L*(fw)L*(fk=2)  (Hiow f) _ L S)
o-(f) crifo f) crlfi ) eplfif)

€ Keritical K 75

€ Keritica K r. U
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To deduce Manin’s theorem from Lemma 8.2, we use Zagier’s explicit expression
for Hs . For n > 0, even k1, ko > 4 and k = k| + k2 4 2n, (1-2) implies

(-1 take (k _Z)Hn+1 )
Bk| Bk2 n ’ Qmi)"

The Fourier coefficients of Ey, and Ej, are rational, and hence, the right side of

(8-3) has rational coefficients. Then H, 1,4k, has Fourier coefficients in 0 (and

also for k1, k; = 2 [Kohnen and Zagier 1984, p. 214]). It follows that K tica = Q@

and Lemma 8.2 becomes Theorem 2.6, Manin’s periods theorem.

8B. Arbitrary L-values. With the results of the last section, we may now give the
proof of Theorem 2.7, restated here:

Theorem 8.3. For all f € By and s € C, with w, (f) and w_(f) as in Manin’s
theorem,

L*(f,9)/o+(f) € K(Eg_ (- k— 1)Ky,
L*(f,8)/o-(f) € K(E;_,(-.5)K.

Proof. By Theorem 2.3, we have H; ,,(z) = E;"k_s (z, w) for all s, w € C. Thus,
arguing as in Lemma 8.2 with EY (-, k—1) = H; -1 and E}'_, ,(-,5) = Hy—2s
yields the theorem. (|

We indicate briefly how the double Eisenstein series Fourier coefficients re-
quired to define K(E7; ((-,k—1)) and K(E;_,,(-,s)) in Theorem 2.7 may
be calculated when s € Z, using a slight extension of the methods in [Diamantis
and O’Sullivan 2010, §3]. We wish to find the /-th Fourier coefficient, as ,(l), of
H; ,(2) = E:"k_s(z, w) for s even and w odd (and we assume s, w > k/2 > 1).

With Proposition 2.5, this is (—1)ke/2 / (27%/%) times the [-th Fourier coefficient of
Thotl[y 2 E} (2. W E} (2, 0)]
foru=(s+w—k+1)/2and v=(—s+w+1)/2 both in Z. Let

Ok )0, (1 —0) 4 p _
—Qk(s+1—k/2) Eji(z,s+1—k/2)
6,6, )

Or(w+1—k/2)

F(2) =y *PEf (2, W E (2, v) =

Y *PE Nz, w41 —k/2).

Then 7ot (v */2 Ef (z, u) Ef; (2, v)) = Thot (F (2)) because mhol(y ™/ Ef (z, 5)) =0
for every s. We have constructed F so that F(z) < y~—% as y — oo, and we may
use [Diamantis and O’Sullivan 2010, Lemma 3.3] to obtain

(=DR2/2 (4 1)*-!
Q2k/2) (k — 2)!

o0
as o) = / Fi(y)e 2™y dy
0
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on writing F(z) = Y,z €™ y~*2F(y). The functions F;(y) are sums involv-
ing the Fourier coefficients of E,’:I (z,u) and E ,fz (z,v) with u, v € Z. As shown
in [Diamantis and O’Sullivan 2010, Theorem 3.1], these coefficients are simply
expressed in terms of divisor functions, Bernoulli numbers and a combinatorial part.
For s and w in the critical strip, this calculation yields an explicit finite formula
for ag 4, (/) in [Diamantis and O’Sullivan 2010, Theorem 1.3] (and another proof
that H; ,, in (8-3) has rational Fourier coefficients and that Kjica = Q). For s
and w outside the critical strip, we obtain infinite series representations for ay , (/)
but again involving nothing more complicated than divisor functions and Bernoulli
numbers. Further details of this computation will appear in [O’Sullivan 2013].

8C. Twisted periods. There is an analog of Manin’s periods theorem for twisted
L-functions. Let p/q € Q, and let u be an integer with 1 < u < k — 1. Manin shows
in [1973, (13)] (see also [Lang 1976, Chapter 5]) that i* fof’/q fy)y“ldyis an
integral linear combination of periods iV fooo fay)y*tdyforv=1,...,k—1.
With (2-17), this proves

i"g*PL*(f,u; p/q) €Z-iL*(f, 1)+ Z-i*L*(f,2) 4+ -+ Z-i* 'L (f k- 1)
Therefore, Theorem 2.6 implies the next result.

Proposition 8.4. Forall f € By, p/q € Q and integers u with 1 <u <k —1,

L*(f.u; p/q) € K¢(Dwi(f) + Kr(DHo-(f).

Employing (5-8), a similar proof to that of Theorem 2.7 in the last section shows
the following:

Proposition 8.5. Forall f € By, p/q € Q and s € C with wy(f) and w_(f) as in
Manin’s theorem,

L*(f.s: p/@) /oy (f) € K(E}_ (-, 1: p/q)Ky,
L*(f,s; p/Q)/o-(f) € K(E{_; (-,2; p/@)K.
9. The nonholomorphic case

9A. Background results and notation. We will need a nonholomorphic analog of
the Cohen kernel € (z, ).

Definition 9.1. With z € H and s, s” € C, define the nonholomorphic kernel % as

Irn( Z)S+S
H(z; s, ) = 22 Iylz‘ . 9-1)
yel vz

Following directly from the results in [Diamantis and O’Sullivan 2010, §5.2], it
is absolutely convergent, uniformly on compacta, for z € H and Re(s), Re(s) > 1/2.
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The kernel #(z; s, s”) was introduced by Diaconu and Goldfeld [2007, (2.1)] (though
they describe it there as a Poincaré series and their kernel is a product of I" factors).
Starting with the identity [Diaconu and Goldfeld 2007, Proposition 3.5]

(f-H(:s.5),8)
_Ds+s"+k=1) [ L*(f,a+ip)L* (g, —s+s5'+k—a —ip)
T skl oo T +a+ip)T(—s+s5 +k—a—ip)

for f and g in By, they provide a new method to establish estimates for the second
moment of L*(f, s) along the critical line Re(s) = k/2. They give similar results
for L*(u;, s), the L-function associated to a Maass form u; as defined below.

The spectral decomposition of J(z; s, s”) and its meromorphic continuation in
the s and s’ variables is shown in [Diaconu and Goldfeld 2007, §5]. We do the same;
our treatment is slightly different, and we include it in Section 9B for completeness.

For I' = SL(2, Z), the discrete spectrum of the Laplace operator A = —4y29.9:
is given by u, the constant eigenfunction, and u; for j € Z~ an orthogonal system
of Maass cusp forms (see, e.g., [Iwaniec 2002, Chapters 4 and 7]) with Fourier
expansions

dp

uj(z) =y |n|""v;(m Wy, (n2),
n#0

where u; has eigenvalue s;(1 —s;) and by Weyl’s law [Iwaniec 2002, (11.5)]
#Jj | Im(s;)| < T} = T2/12+ O(TlogT). (9-2)

We may assume the u ; are Hecke eigenforms normalized to have v;(1) = 1. Neces-
sarily we have v (n) € R. Let ¢ be the antiholomorphic involution (wu;)(z) :=u j(—2).
We may also assume each u ; is an eigenfunction of this operator, necessarily with
eigenvalues 1. If tu; = u;, then v;(n) = v;(—n) and u; is called even. If
wmj=—uj,thenv;(n) =—v;(—n) and u; is odd.

The L-function associated to the Maass cusp form u; is

L(uj,s)=Y vi(m)/n’,

n=1

convergent for Re(s) > 3/2 since v;(n) < n'/2 by [Iwaniec 2002, (8.8)]. The
completed L-function for an even form u ; is

s+s;—1/2 r s—s;+1/2
2 2

L*(uj, s) ::n_SF( )L(Mj,s), (9-3)

and it satisfies
L*(uj, 1 —s)=L"(uj,s)=L*uj,3). (9-4)

See [Bump 1997, p. 107] for (9-3), (9-4) and the analogous odd case.
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To E(z, s) (recall (2-3)) we associate the L-function

$m.s)

m

L(E(-,s), w) = Z
m=1

The well-known identity Y >, o (m)/m" = {(w)¢ (w — x) implies
275 C(w+s—1/2)¢(w—s+1/2)
['(s) £(2s) .

9B. The nonholomorphic kernel ¥. Throughout this section, we use s = o + it
and s’ = o’ +it’. Recall #(z; s, s’) defined in (9-1) for Re(s), Re(s’) > 1/2. Our
goal is to find the spectral decomposition of K (z; s, s’) and prove its meromorphic
continuation in s and s’. See [Diaconu and Goldfeld 2007, §5] and also [Iwaniec
2002, §7.4] for a similar decomposition and continuation of the automorphic Green
function.

A routine verification (using [Jorgenson and O’Sullivan 2005, Lemma 9.2], for
example) yields

L(E(-,s),w):

(9-5)

AH(z;8,8)=(6+5)1—5s—5)H(z;s,s)+4ssH(z;s+1,5+1).  (9-6)

Put |
Z,8) = —_—.
£(2.5) Z|Z+m|2S
meZ
Then
Kz, sh= Y Imy) ™ eyz,s). 9-7)
Y€l \T

Use the Poisson summation formula as in [Iwaniec 2002, §3.4] or [Goldfeld 2006,
Theorem 3.1.8] to see that

a2 (s —1/2) |, = 2n°

2@ s) =TT Y +myl/z_sz|m|s_]/2Ks—1/2(27fImly)ez”i’"x
70 (9-8)
for Re(s) > 1/2. Set
£z 5) = Y Iml" 2K 1 pQrimly)e 9-9)
m=£0

Let B, :={z € C||z| < p}. Then with [Jorgenson and O’Sullivan 2008, Lemma 6.4],

VYKs_1pQ2my) K e (yPF3 43y

for all s € B, and p, y > 0 with the implied constant depending only on p. Hence,

o0
E;(z, 5) K Z ey (PrOH2ypH5/2 4 oo =4y —p=T/2)

m=1
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We also have [Jorgenson and O’Sullivan 2008, Lemma 6.2]

00
Z m,oe—Zmﬂy & 6—277)'(1 + y—,o—l)

m=1
for all y > 0 with the implied constant depending only on p > 0. Therefore,
£7(2,5) KT (P 4y, (9-10)
Consider the weight-0 series
Wzsshi= Y Imy gz ). (9-11)
Y €T\
With (9-10), we have
Hozs,sh< Y Amy)” 78 4Im(yz)” He 7 M0D (9-12)
y€lo\I
so that #"(z; s, s") is absolutely convergent for Re(s’) > p + 5.

Proposition 9.2. Let p > 0 and s, s’ € C satisfy Re(s) > 1/2, Re(s’) > p + 5 and
s € By. Then

72 (s —1/2) . 27"
TE(Z,S -5+ 1)+ F(S)

and, for an implied constant depending only on s and s,

H(z;s,5) = H:(z; s, 5)), (9-13)

Kz s,5) <y P asy — oo. (9-14)

Proof. 1t is clear that (9-13) follows from (9-7), (9-8), (9-9) and (9-11) when s
and s’ are in the stated range. With (9-12) and employing (4-3), we deduce that as
y — 00,

HE(zy s, 5") € (Y7 HPH3 4 )0 —p—H) 2Ty
+ Y me2)? R £ Im(ya)

Y€l \I'
y#loo

< e ™y + yl—(U/+P+3) + yl—(J/—P—‘D
<< y5+p—d/' D

Clearly, for Re(s’) > p + 5, (9-13) gives the meromorphic continuation of
H(z;s,s") toall s € B,. For these s and s’, it follows from (9-14) that K, as a
function of z, is bounded. Also use (9-6) and (9-13) to show that

AKX (zis,5)=(s+5)A =5 —sHH(z; s, s) +4ns'H (s + 1,5+ 1),
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and hence, A¥? is also bounded. Therefore, with [Iwaniec 2002, Theorems 4.7
and 7.3], 9% has the spectral decomposition

R fc.- ’ :
I (z; 5, 5) :Z (I ( 75=5)’u1>u,-(z)

o, (wj,uj)

1
+— (H*(-55,8), EC,r)E(z, r)dr, (9-15)
47Tl 1/2)

where the integral is from 1/2 —ioco to 1/2 +ioco and the convergence of (9-15) is
pointwise absolute in z and uniform on compacta.

Lemma 9.3. Fors € B, and Re(s") > p + 5, we have

g l/2s sS'+s+s;—1 s'+s—s;
KA, 8, uj)=———L*u;,s'—s+1/2)T / r /
( ( ,S,S),MJ) 4F(S/) (u]7S S+ /) ( 2 ) ( 2

when u j is an even Maass cusp form. If uj is odd or constant, then the inner product
is zero.

Proof. Unfolding,
(55,87, uy)

= / (2 5, 8)u;(z) du(z)
r\H

oo prl
/ _ : —dxdy
— / /. (Z ys +1/2|mls I/ZKS_I/Z(QJT|m|y)62ﬂlmx)uj(z) —
0 Jo N\, %% y

o0
B , d
=2 vm)|m|* ‘/2/ e K‘g_1/2(2n|m|y)K@_1/z<2n|m|y)Yy.
m#0 0

Evaluating the integral [Iwaniec 2002, p. 205] yields

L(uj,s'—s+1/2) Hr(s’i(s—l/Z)j:(s_j—l/Z))

HoCss,sh)oug) = ;
GG s, 80, u) 45T (s)) 2

Using (9-3) and that 5; = 1 — s; finishes the proof. ([
In the same way, when Re(r) = 1/2,

(55,8, EC-, 1))

_L(E(-,1r),s'—s+1/2) - '+ (s—1/2)+£@F —1/2)
B 475 T (s") l_[ ( 2 )

Further, E(z,r) = E(z,7) = E(z,1 — r), and with (9-5) we have shown the
following:
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Lemma 9.4. Fors € B, andRe(s') > p+5,

1/2—s P
g . ’ ) _ v4 s't+s—r
s 9, B ’r)>_21"(s’)9(1—r)r( 2 )

T s'+s—1+r 9 s'—s+r p s'—s+1—r .
2 2 2
Recall that 6(s) := 7 T"(s)¢(2s) as in (2-5). Let
2T (s —1/2)

Hi(zys,5") = TG) E(z,s' —s+1),
e, = s S Ly~ 1y (L
08, 8) = —— ui,s —s
24 () = J 2
u",~/e_ven
XF<S/+s—sj> Mj(Z) ’
2 (uj,uj)

Halz: s, s') i xl/2 L/‘ r s +s—r - sS'+s—1+r
PTG 4 S 2 2

o s'—s+r p s'—s+1—r\ E(z,r) ir
2 2 01 —r)

Assembling Proposition 9.2, (9-15) and Lemmas 9.3 and 9.4, we have proven the
decomposition

H(zys,s)=Hi(z;s, ) +Ha(zs s, 8") +Ha(zs s, 5) (9-16)

for s € B, and Re(s") > p + 5. This agrees exactly with [Diaconu and Goldfeld
2007, (5.8)].

Clearly ¥ (z; s, s") is a meromorphic function of s and s’ in all of C. The same
is true for J,(z; s, s') since the factors L(u;,s" —s+1/2)uj(z)/(uj, u;) have at
most polynomial growth as Im(s;) — oo while the I" factors have exponential decay
by Stirling’s formula. See (9-2) and [Iwaniec 2002, §7 and §8] for the necessary
bounds. The next result was first established in [Diaconu and Goldfeld 2007, §5].

Theorem 9.5. The nonholomorphic kernel ¥.(z; s, s") has a meromorphic continu-
ationto all s, s’ € C.

Proof. As we have discussed, ¥;(z; s, s") and H,(z; s, s") are meromorphic func-
tions of s, s’ € C. The poles of I'(w) are at w =0, —1, —2, ..., and 6 (w) has poles
exactly at w =0, 1/2 (with residues —1/2 and 1/2, respectively). Therefore, the
integral in H3(z; s, ") is certainly an analytic function of s and s’ for 6’ > o +1/2
and o > 1/2 since the I' and 6 factors have exponential decay as |r| — co. Next,
consider s fixed (with o > 1/2) and s” varying. Consider a point ry with Re(rg) =1/2.
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Let B(rg) be a small disc centered at ro and B(1 — ry) an identical disc at 1 — ry.
By deforming the path of integration to a new path C to the left of B(rp) and to the
right of B(1 — ry), we may, by Cauchy’s theorem, analytically continue H3(z; s, s’)
to s’ with s" —s € B(rg). Let C; be a clockwise contour around the left side of
B(rg) and C> be a counterclockwise contour around the right side of B(1 —rg) so
that C = (1/2)+ C; + C,. For s’ —s inside C; (and 1 — (s’ —s) inside C5), we have

~12 / , 1 1 1 1
LT - Ha(zs s, 8)=— [ * =— x+— | x+— [ %,
4rri C 4mi (1/2) 4rri Ci 4rri Cy

where * denotes the integrand in the definition of ¥{3. Then

1 —2mi s'—s+1—r
— | x = —| Res 6 ——
dmi Je, 4ri \r=s'—s 2

KT —1/2) 28 =) g g
O(l—s'+s)
= %F(S)F(s/—1/2)ME(z, s’ —5)
O(1—s"+s)

= 10T (s'—1/2)E(z, s—s'+1).

We get the same result for (1/47i) fcz, and for all s’ witho —1/2 <Re(s") <o +1/2,
it follows that the continuation of #3(z; s, s”) is given by

2T (s)) - Ha(zs s, 87)

:F(s)F(s’—1/2)E(z,s—s’+1)+i_/ x. (9-17)
ami Jay

Similarly, as s’ crosses the line with real part o — 1/2, the term
—T(s—1/2)T(VE(z,s' —s+1)

must be added to the right side of (9-17). Thus, for all s” with 1/2 <Re(s") <o —1/2,
the continuation of ¥ (z; s, s') is

TlPT (s’ = 1/2)
I'(s")
Clearly, with (9-17) and (9-18) we have demonstrated the meromorphic continuation
of H(z; s,s’) to all s, s’ € C with Re(s), Re(s”) > 1/2. The continuation to all
s, s’ € C follows in the same way with further terms in the expression for #(z; s, s”)
appearing from the residues of the poles of I'((s"+s —r)/2)['((s'+s —147r)/2)
as Re(s’ +5) — —o0. O

JH(z;s,5) = E(z,s—s' +1D)+%a(z: s, s)+IH3(z; s, 8). (9-18)

Proposition 9.6. We have the functional equation

H(z;s,8) =H(z; s, 5). (9-19)
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Proof. We may verify (9-19) by comparing (9-16) with (9-18) and using that
Ho(z;8,8") =Ha(z; 8", s) by (9-4) and H3(z; s, s") = H3(z; s/, 5) by (2-6). There
is a second, easier proof: with § = (), replace y in (9-1) by Sy. O

Proposition 9.7. For all s, s’ € C and any even Maass Hecke eigenform u,
1/2 ’ 1 I4le_¢.
G osesugy =t (SIS T p (ST pey s L),
20 ()T (s") 2 2

Proof. Since each u; is orthogonal to Eisenstein series, we have by (9-16) (for
s € B, and Re(s") > p +5) that

(H(-ss,8D),uj)y=FHa( 55,8, uj).

The result follows, extending to all s, s” € C by analytic continuation. ]

9C. Nonholomorphic double Eisenstein series. A similar argument to the proof
of (5-2) shows that, for Re(s), Re(s’) > 1 and Re(w) > 0,

C(w +29)2 (w +25)E(z, w; s, 8') = 22%, (9-20)

where, in this context [Goldfeld 2006, (3.12.3)], the appropriately normalized Hecke

operator acts as

1
LH@) =~ > AHya).

y e\,
For each Maass form, we have T,u; = v;(n)u;, and for the Eisenstein series,

[Goldfeld 2006, Proposition 3.14.2] implies T, E(z, s) = n*~201_2,(n)E(z, 5).
Therefore, as in (9-5),

> T,E(z, )
Z n_wle/zs) = )201 — (n) =E(z,9)(w—s)C(w+s—1).

n=1
Now choose any p > 0. For s € Bp, Re(s) > 1, Re(s’) > p+5 and Re(w) > 0, we
may apply 7, to both sides of (9-16) and obtain
C(w+2s)(w+2s)€(z, w; s, ")

TlPT(s—1/2)
T 2(s)

1/2 o / L / e,

T s'+s+s;—1 s'+s—s
_— —s+1/2)T J r J

Frere) & L) ( 2 ) ( 2 )

J:
ujeven

) 12 1 r_ I_gal—
X LGy, w—1/2) u;j(z) 4 T _/ 9(5‘ s+r>9(s s+ r>
X (uj,uJ) 2F(S)F(S/) 4 (1/2) 2 2

s'Fs—r s'+s—14r E(z,r)
XF( > )F( > ){(w—r){(w—l—i—r)e(]_r) dr. (9-21)

(s —s+w)l(s—s'+w—1)E(z, s’ —s+1)
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Put

/ _ ’ -1
Q(s,s';r) :z@(s +; r)@(s +s2 +r>

X@(s’—s—l—r)g(s/—s-l-l—r)/9(1_”).
2 2

Define the completed double Eisenstein series as in (2-19) and write

U(Z, S’s/) — Z L*(uj,s+sl_ 1/2)L*(MJ,S/—S+ 1/2) <;l]j(i)j>

j=1
uj even

As in the last section, €2 and U have exponential decay as |r|, [Im(s;)| — oo.
Specializing (9-21) to w = s + s’, we have proved the next result.

Lemma 9.8. Fors € B,, Re(s) > 1 and Re(s') > p+5,
€*(z;5,8) =20(s)0(NE(z; s +5)+20(1 —s5)0(s)E(z,s' —s+1)

1
+U(z;s,s/)+—,/ Qs,s';r)E(z,r)dr. (9-22)
27'[1 1/2)

From this, we show the following:

Theorem 9.9. The completed double Eisenstein series €*(z; s, s') has a meromor-
phic continuation to all s, s’ € C, and we have the functional equations

€ (z;8,8) =€ (z; 5, 5), (9-23)
€ (z;5,5)=¢€"(z;1—s5,1—35). (9-24)
Proof. First note that (9-22) gives the meromorphic continuation of €*(z; s, s) to
all s and s" with s € B, and Re(s’) > p + 5. As in the proof of Theorem 9.5, we
see that the further continuation in s’ is given by (9-22) along with residues that are

picked up as the line of integration is crossed; for s € B, fixed and Re(s’) — —oo0,
the continuation of €*(z; s, s’) is given by (9-22) plus each of the following:

20(s)0(1 —s)E(z,s —s'+1) whenRe(s") <o +1/2,

—20(1—5)0(s"E(z,s'—s+1) whenRe(s') <o —1/2,
20(1 —s5)0(1 —s")E(z,2—s—s') whenRe(s') < —o +1/2,
—20(s)0(s")E(z,s +s') whenRe(s") < —o —1/2.

We have therefore shown the meromorphic continuation of €*(z; s, s") to all s € B,
and s’ € C. Hence, for all s” with Re(s”) < —p — 4, say, we have

€*(z;5,8) =201 —5)0(1 —s)VE(z,2—s—5")+20(s)0(1 —s")E(z,s —s' + 1)

1
+U(z;s,S’)+—./ Qs,s'sr)E(z,r)dr. (9-25)
27‘[1 (1/2)
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The functional Equation (9-24) is a consequence of the easily checked symmetries
U(z;1—s,1—-5)=U(z; s, s")and Q(1—s, 1—5"; r) =Q(s, s’; r) and a comparison
of (9-22) and (9-25). The Equation (9-23) has a similar proof or more simply follows
from the definition (2-19). O

Proposition 9.10. For any even Maass Hecke eigenform u; (as in Section 9A) and
all s, s’ € C,
(€*(-58,8),uj)=L*uj,s+s —1/2)L*(uj,s' —s+1/2).
Proof. As in Proposition 9.7, only U(z; s, s”) in (9-22) will contribute to the inner
product. U
With Theorem 9.9 and Proposition 9.10, we have proved Theorem 2.9.

10. Double Eisenstein series for general groups

We proved in Section 5A that for I' = SL(2, Z) the holomorphic double Eisenstein
series E; x_;(z, w) may be continued to all s and w in C and satisfies a family of
functional equations. That proof does not extend to groups where Hecke operators
are not available. To show the continuation of E; y_s (z, w) for I" an arbitrary Fuch-
sian group of the first kind, we first demonstrate a generalization of Proposition 2.5.
Recall the definitions of u and v in (2-16) and er in (4-1).

Theorem 10.1. For s and w in the initial domain of convergence and even ki, ky >0
with k = ki + ky, we have

E} 5.0z w)
=27 [ (1Y MPER (1= Ef (- 1= v)/@rt)]. 10-1)

Proof. Let g € Si(I'), and set I'" = 6, 'T"o,,. Then

(Es,k—s,a( L w), 8) = / . Im(GaZ)kg(GuZ)Es,k—s,a(o_az, w)duz (10-2)
| AN
_ k 8(042) . —k w—1 J,2) -
= | S e 2 T 2 e (T ) |
mu J (0, 27 S B\ 7,z
c «—1>0
Since ¢(0a2)j (0a, 2)* € Sp(T), we have
g 3 (048
k _ g(aka.z) = Im(SZ)k Tg((’u Z)k_
J(0q,2)*j (8, 2) J(0q,62)

Note also that j(y,z)/j(8,z) = j(y8~', 8z). Hence, (10-2) equals

2€rﬁ . yk g(UaZ) { Z (Cy)w_lj(y, Z)—S} d,lLZ (10_3)

B k
](Ua, Z) ]/EB\F/
cy>0
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Writing
D) i = Y )" Y jyz+mT
yeB\I' yeB\I"/B meZ
¢y >0 ¢y >0

and using the Fourier expansion of g at a, j (oyq, 7))k g(0q2) = ZZOZI ag,a(n)eZ”i”z,
we get that (10-3) equals

0 —27‘[1}1)( —2mny
2°TN G, a(n / / dxd
2rind, /c
e ag.a(n) Cl(n) e v/Cy
=2 i (S) Z Z (C )s+1—w
yeB\F(;/B 14
cy>
for —2mx —2my
I (s) := —dxdy.
Ko)= f f oy AW

The inner integral over x may be evaluated with a formula of Laplace [Whittaker
and Watson 1927, p. 246]:

/w e—2m’x g e—27ry (27.[)s
oo (X F+iy)S [ (s)esin/2

so that
k-1 Qm)f

(4n)k—l l—'(s)e”'”/z'
With (4-2) and, for example, [Iwaniec 2002, Chapter 3], we recognize

Ii(s) =

Z e2rindy [cy e2rindy [cy Yaa(n, s)
2 Z 2 s—1°
c c 25)n
yemrs ¢ ) yera ) £(2s)
cy>0 cy>0

It follows that we have shown

o182 =207 (k — )T (k — w) o Yaa(n, 1 — v)aga(n)
2 (27.[)2k—s—w Z

(E;‘kk sq(’w)7g>: nksv

n=1

Reasoning as in the proof of [Diamantis and O’Sullivan 2010, (2.10)], we also find,
for all even ki, ko > 0 with k; +k, =k,

(—DRPy ™ PEE (- 1—wEf (-, 1—v)/@2r"?), g)
Q2 =2u)l'(k—9s)I'(k—w) Z Yoa(n, 1 —v)ag q u(n)

(27-[)2k—s—w I’lk s—v

Since E* (z, w) € S¢(I') and g € S¢(I") is arbitrary, (10-1) follows. U

s,k—s,a
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Corollary 10.2. The double Eisenstein series E;" k—s.a(Z W) has a meromorphic
continuation to all s, w € C and as a function of z is always in Sy (I'). It satisfies

the functional equation

E{  ow) =(D"E;H | (zw). (10-4)

s,k—s,a

Proof. Since E;u(z, s) has a well-known continuation to all s € C, due to Selberg,
the continuation of Ej ks, (2, w) follows from (10-1). The change of variables
(s, w) = (k —s, w) corresponds to (u, v) — (v, u), and so (10-4) is also a conse-
quence of (10-1). O
If I" has more than one cusp, then Ej‘ ks, .(z, w) does not appear to possess a
functional equation of the type (2-14) as (s, w) — (w, s). This corresponds on the
right of (10-1) to (u, v) — (u, 1 —v), and the functional equation for EZ‘M( -, 1—v)
involves a sum over cusps as in (4-4).

We remark that the functional Equation (10-4) also follows directly from (4-6) if
—1 e I': replace y and § in the sum by —§ and y, respectively.

Finally, it would be interesting to find the continuation in s and s” of the non-
holomorphic double Eisenstein series €7 (z; s, s’) for general groups. We expect
that a similar decomposition to (9-22) should be true.
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