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Moduli of elliptic curves
via twisted stable maps

Andrew Niles

Abramovich, Corti and Vistoli have studied modular compactifications of stacks
of curves equipped with abelian level structures arising as substacks of the stack
of twisted stable maps into the classifying stack of a finite group, provided the
order of the group is invertible on the base scheme. Recently Abramovich, Olsson
and Vistoli extended the notion of twisted stable maps to allow arbitrary base
schemes, where the target is a tame stack, not necessarily Deligne-Mumford.
We use this to extend the results of Abramovich, Corti and Vistoli to the case
of elliptic curves with level structures over arbitrary base schemes; we prove
that we recover the compactified Katz—Mazur regular models, with a natural
moduli interpretation in terms of level structures on Picard schemes of twisted
curves. Additionally, we study the interactions of the different such moduli stacks
contained in a stack of twisted stable maps in characteristics dividing the level.
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1. Introduction

Abramovich and Vistoli [2002] introduced the stack I, ,(X) of n-pointed genus-g
twisted stable maps into &, where & is a proper tame Deligne-Mumford stack over
a base scheme § with a projective coarse moduli space X/S. They proved that
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JHe n(X) 1s an algebraic stack, proper over the Kontsevich stack .A_/Lg, 2 (X) of stable
maps into X, giving an appropriate analogue of the usual Kontsevich stack of stable
maps when the target is allowed to be a tame stack instead of merely a scheme
or algebraic space. In particular, taking ¥ = BG for a finite group G naturally
yields a modular compactification of the stack of n-pointed genus-g curves with
certain level structure, where the level structure on a curve corresponds to giving
a G-torsor over the curve; this is studied extensively in [Abramovich et al. 2003].
This of course differs from the approach in [Abramovich and Romagny 2012],
where the coverings of curves are assumed themselves to be stable curves; here the
coverings are generally not stable curves. In [Petersen 2012] it is shown that in good
characteristics we recover the usual compactification of Y(N) in H; 1 (B(Z/(N )2).

However, the algebraic stack BG is not tame in characteristics dividing |G|,
so a priori the results of [Abramovich et al. 2003] only hold over Z[1/|G]|]. The
notion of a tame stack is generalized in [Abramovich et al. 2008b] to algebraic
stacks that are not necessarily Deligne-Mumford, and in [Abramovich et al. 2011]
the stack ¥, , (%) of twisted stable maps into certain proper tame algebraic stacks
is introduced and shown to be a proper algebraic stack. This naturally leads us to
attempt replacing the finite group G with a group scheme %, agreeing with G over
Z[1/|G]] but such that %% is a tame algebraic stack over Spec(Z); see, for example,
[Abramovich 2012]. In particular, the group scheme wy is (noncanonically) isomor-
phic to Z/(N) over Z[1/N, ¢y], and the classifying stack By (unlike B(Z/(N)))
is a tame stack over Spec(Z).

The purpose of this paper is to record how the results of [Abramovich et al. 2003]
extend to moduli of elliptic curves with level structure over arbitrary base schemes,
using the group scheme w, in place of Z/(N). For example, the moduli stack
Y1(N) arises as an open substack in the rigidification 3_{1’1 (B ) (defined below) of
J1.1 By ). Explicitly, given an elliptic curve E/S and a [I"1 (V) ]-structure P on E,
via the canonical group scheme isomorphism £ = Pic% /s over S, we may view P as
a “point of exact order N on Picoé/ g» determining a group scheme homomorphism
¢:7/(N)— Pic% /s The stack K 1(Buy) will be seen to classify certain pairs
(6, @) where €/S is a 1-marked genus-1 twisted stable curve and ¢ : Z/(N) —
Pic% /s 1s @ group scheme homomorphism, so this construction defines the immersion
Y1(N) = 1 1(Buy). We will define the notion of a [I'j(N)]-structure on a 1-
marked genus-1 twisted stable curve, and write X" (N) for the stack classifying
such structures. Our first main result is:

Theorem 1.1. Let S be a scheme and let X{¥(N) be the stack over S classifying
[Ty (N)]-structures on 1-marked genus-1 twisted stable curves with nonstacky mark-
ing. Then DCEW (N) is a closed substack of 3_{1,1 (Buy), which contains Y1(N) as an
open dense substack.
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This will be proved as Theorem 4.6. The main point is to verify the valuative
criterion for properness. We accomplish this by using properness of X;(N) and the
en-pairing on generalized elliptic curves. To complete a family of twisted curves
with level structure when the generic fiber is smooth, we first complete it to a family
of generalized elliptic curves with level structure. Then we use a quotient construc-
tion involving the ey-pairing to produce a completed family of twisted curves with
level structure, modifying our strategy in characteristics dividing N by exploiting
the relationship between cyclotomic torsors and line bundles (Lemma 3.19). The
same techniques immediately give a corresponding result for Y(), which is an
open substack of %1’1(%%%); its closure X" (N) classifies [I"(N)]-structures on
I-marked genus-1 twisted stable curves, as we show in Theorem 5.3.

Unsurprisingly, it turns out that these closures are isomorphic as algebraic stacks
to the stacks Xy (N) and X(N) classifying [["; (N)]-structures and [I" (N)]-structures
on generalized elliptic curves, as studied in [Conrad 2007]:

Theorem 1.2. Over the base S = Spec(Z), there is a canonical isomorphism of
algebraic stacks X{¥(N) = X (N) extending the identity map on Y1(N), and a
canonical isomorphism of algebraic stacks X" (N) = X(N) extending the identity
map on Y(N).

We will prove this as Theorem 6.1. We first verify that X{"(N) and X™(N)
are finite over A_/Ll,l. Some commutative algebra then tells us they are Cohen—
Macaulay over Spec(Z), at which point we may proceed as in [Conrad 2007,
§4.1] to identify these stacks with the normalizations of A_/Ll,l in X1(N)|z1/n) and
X(N)|z11/n7- These isomorphisms have a natural moduli interpretation, as discussed
in Corollaries 6.9 and 6.10.

The techniques of this paper also yield new moduli interpretations of various
moduli stacks of elliptic curves that are not (apparently) contained in a stack of
twisted stable maps. These results may be known to experts, but are not recorded
in the literature; for completeness we include a careful proof of the modular inter-
pretation of the closure of Y (N) in 37_{],1 (Buy). We also study how the different
moduli stacks of elliptic curves contained in f7_{1, 1(Buy) and ﬂ_{L 1 (%,ui,) interact in
characteristics dividing N; this easily generalizes an example in [Abramovich et al.
2011] but otherwise does not appear in the literature.

In the Appendix we recall an example of [Chai and Norman 1990] which implies
that the techniques of this paper do not generalize nicely to curves of higher genus:
using the Katz—Mazur notion of a “full set of sections” we can define a stack over
Spec(Z) classifying genus-g curves with full level-N structures on their Jacobians,
but this stack is not even flat over Spec(Z). The corresponding stack over Z[1/N]
is well-behaved, and arises as an open substack of f]_{g,()(%ﬂl%/g ), but no moduli
interpretation for its closure in characteristics dividing N appears to be known.
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2. Review of moduli of generalized elliptic curves

Drinfeld level structures on generalized elliptic curves. For the convenience of
the reader, we recall the definitions and results from the theory of generalized
elliptic curves that we require in this paper.

Definition 2.1. A Deligne—Rapoport (DR) semistable curve of genus 1 over a
scheme S is a proper, flat, separated, finitely presented morphism of schemes
f :C — §, all of whose geometric fibers are nonempty, connected semistable
curves with trivial dualizing sheaves.

By [Deligne and Rapoport 1973, §11.1], an equivalent definition for f : C — §
to be a DR semistable curve of genus 1 is that f is a proper flat morphism of finite
presentation and relative dimension 1, such that every geometric fiber is either a
smooth connected genus-1 curve or a Néron polygon. Recall [loc. cit.] that over a
base scheme S, the standard Néron N-gon Cy /S (for any N > 1) is obtained from
Cy = [P’}g x Z/(N) by “gluing” the section 0 in the i-th copy of [P’ls to the section
oo in the (i 4 1)-th copy of I}j’}q:

Standard Néron N-gon Standard Néron 1-gon

The natural multiplication action of G,, on [P’g, together with the action of Z/(N)
on itself via the group law, determines an action of the group scheme G,, x Z/(N)
on I]:Dls x Z/(N), descending uniquely to an action of G,, x Z/(N) = C}" on Cy
[Deligne and Rapoport 1973, 11.1.9].

Definition 2.2. A generalized elliptic curve over a scheme § is a DR semistable
curve E/S of genus 1, equipped with a morphism E*" x E — E and a section
0g € ES™(S) such that the restriction E5™ x ES™ — ES™ makes E*™ a commutative
group scheme over S with identity Og, and such that on any singular geometric fiber
E3, the translation action by a rational point on E™ acts by a rotation on the graph
I'(E5) [Deligne and Rapoport 1973, 1.3.5] of the irreducible components of Ej.

By [Deligne and Rapoport 1973, I1.1.15], over an algebraically closed field a
generalized elliptic curve is either a smooth elliptic curve or a Néron N-gon (for
some N > 1) with the action described above. In fact this result says more: for any
generalized elliptic curve E /S, there is a locally finite family (Sy)y>1 of closed
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subschemes of S such that J Sy is the nonsmooth locus in S of E — S, and
E x5 Sy is fppf locally on Sy isomorphic to the standard Néron N-gon over Sy .

Recall that for an S-scheme X, a relative effective Cartier divisor in X over S is
an effective Cartier divisor in X which is flat over S.

Definition 2.3. Let E£/S be a generalized elliptic curve. A [["|(N)]-structure on E
is a section P € ES™(S) such that:

e N-P=0g.
« The relative effective Cartier divisor
D = Z [a- P]
acZ/(N)
in E5™ is a subgroup scheme.
« For any geometric point p — §, D; meets every irreducible component of E ;.

We write X1 (N) for the stack over Spec(Z) associating to a scheme S the groupoid of
pairs (E, P), where E/S is a generalized elliptic curve and P is a [I" (V)]-structure
on E. We write Y (N) for the substack classifying such pairs, where E/S is a
smooth elliptic curve.

Definition 2.4. Let £/S be a generalized elliptic curve. A [I["(N)]-structure on E
is an ordered pair (P, Q) of sections in E*™[N](S) such that:

« The relative effective Cartier divisor
D= Y [a-P+b-Q]
a,beZ/(N)
in E5™ is an N-torsion subgroup scheme, hence D = ES™[N].
« For any geometric point p — §, D; meets every irreducible component of E ;.

We write XX(N) for the stack over Spec(Z) associating to a scheme S the groupoid
of tuples (E, (P, Q)), where E/S is a generalized elliptic curve and (P, Q) is a
[["(N)]-structure on E. We write Y(N) for the substack classifying such tuples,
where E/S is a smooth elliptic curve.

Definition 2.5. Let E/S be a generalized elliptic curve, and let G be a 2-generated
finite abelian group, say G = Z/(ny) x Z/(n3), with ny|n;. A G-structure on E is
a homomorphism ¢ : G — E®™ of group schemes over S such that:

¢ The relative effective Cartier divisor
D:=) [p(a)]
aeG

in E5™ is an n-torsion subgroup scheme.
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e For every geometric point p — §, Dj meets every irreducible component
of E p-

Theorem 2.6 [Conrad 2007, 3.1.7, 3.2.7, 3.3.1, 4.1.1]. X{(N) and X(N) are
regular Deligne—Mumford stacks, proper and flat over Spec(Z) of pure relative
dimension 1.

In particular, it follows (see [Conrad 2007, 4.1.5]) that X;(N) (resp. X(N))
is canonically identified with the normalization of /l; ; in the normal Deligne—
Mumford stack X1(N)|zp1/n (resp. X(N)|z[1/n1), as in [Deligne and Rapoport
1973, §VII.2; Katz and Mazur 1985, §8.6].

Reductions mod p of the moduli stacks. 1t will be useful for us to have a descrip-
tion of the “reduction mod p” of the stacks X;(N) and X(N) for primes p dividing
N. These reductions are described using Katz and Mazur’s “crossings theorem”,
which we now recall.

We work over a fixed field k. Let Y/ k be a smooth curve, and let X — Y be finite
and flat. Suppose there is a nonempty finite set of k-rational points of ¥ (which we
will call the supersingular points of Y) such that for each supersingular point yy,
X, is a single k-rational point, and ’O\X, xo = kllx, ylI/(f) for some f (depending
on yp).

Also suppose we have a finite collection of closed immersions {Z; — X}!_|,
where each Z; is finite and flat over Y, with Zfed a smooth curve over k, such that
the morphism LIZ; — X is an isomorphism over the nonsupersingular locus of Y,
and such that for each i and each supersingular point yp € Y, (Z;)y, is a single
k-rational point.

Theorem 2.7 (crossings theorem, [Katz and Mazur 1985, 13.1.3]). Under the above
assumptions, let yo € Y be a supersingular point and xo = X y,. Then

—~ m .
Ox.xy Zkllx, yI/ TT £,
i=1

where each f; is irreducible in k[ x, yll, each f; and f; (i # j) are distinct in
kllx, y1l modulo multiplication by units, and for z; o := (Z;), we have

07,20 = kllx, YI/(f).

If Y is (geometrically) connected then each Z; is (geometrically) connected, in
which case {Z;}]_, is the set of irreducible components of X.

Definition 2.8. Under the above assumptions, we say that X is the disjoint union
with crossings at the supersingular points of the closed subschemes {Z;}7_,.

If X — % is a finite (hence representable) flat morphism of algebraic stacks over
k, with Y Deligne-Mumford (hence ¥ also Deligne-Mumford), and {#; < %} _,
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is a finite collection of closed immersions of algebraic stacks, such that for some
étale surjection Y’ — Y with Y’ a scheme, the algebraic spaces Y, ¥ xq Y’, and
{%; xq Y'} are schemes satisfying the assumptions of the crossings theorem, we
say that & is the disjoint union with crossings at the supersingular points of the
closed substacks {%;}.

Remark 2.9. We will solely be applying the above theorem in the case Y = Jil; i,
with & an algebraic stack known to be quasifinite and proper over .il; 1. J(; | is a
Deligne-Mumford stack with separated diagonal, so once we know that & — Jl; |
is representable, it follows from [Knutson 1971, I1.6.16] that the algebraic spaces
& xg,, Y and {Z; x 7, Y’} are schemes.

Definition 2.10. Let S € Sch/F,. Let E/S be an elliptic curve, with relative
Frobenius F : E — E?). Let G C E be a finite, locally free S-subgroup scheme
of rank p”, n > 1. For integers a, b > 0 with a + b = n, we say that G is an
(a, b)-subgroup if ker(F*) C G, and if in the resulting factorization of £E — E/G
as .

ELEMZ E/G

we have ker(7) =ker(F g / G) (where 7 denotes the dual isogeny and Fg 16 E/G—
(E/G)P) is the relative Frobenius). In particular note that EP") = (E/G)®"),

We say that G is an (a, b)-cyclic subgroup if it is an (a, b)-subgroup, and either
a =0, b =0, or there exists a closed subscheme Z C § defined by a sheaf of
ideals $ C O, with $7~! = 0, such that the isomorphism E*"|; = (E/G)"P"|y
is induced by an isomorphism E (" )|, = (E/G)P" D,

Finally, a [I"{(p")]-(a, b)-cyclic structure on E is a [["j(p™)]-structure P €
E[p"1(S) such that the S-subgroup scheme

in E is an (a, b)-cyclic subgroup of E. We write Y, (p”)(sa’b) for the substack of
Y1(p™)s associating to a scheme 7T'/S the groupoid of pairs (E, P), where E/T is
an elliptic curve and P is a [I"{(p™)]-(a, b)-cyclic structure on E.

If E is an ordinary elliptic curve over a scheme S of characteristic p, it is
considerably easier to describe what is meant by a [[";(p™)]-(a, b)-cyclic structure
on E. Namely, it is just a [[";(p™)]-structure P on E such that the relative effective

Cartier divisor .
V4
= Sm-r)
m=1

is a subgroup scheme of E which is étale over S. Note that for an arbitrary
[T (p™)]-structure P on E, D; will not generally be a subgroup scheme of E if



2148 Andrew Niles

b < n, and even if it is a subgroup scheme it might not be étale over S. Being a
[T (p™)]-(a, b)-cyclic structure on E (for E ordinary) means that for any geometric
fiber E5 (so Ez[p"] = upn x Z/(p") over k(s)) Ps has exact order p? as an element
of the group E5[p"1(k(5)) = Z/(p").

The following elementary result will be required when we study the interactions
in characteristic p of different moduli stacks of elliptic curves contained in a moduli
stack of twisted stable maps. We include a proof for lack of a suitable reference.

Lemma 2.11. Let E/S/F, be an elliptic curve, and let P be a [T'1(p")]-(a, b)-cyclic
structure on E. Then P is a [Fl(p”“)]-structure on E and is [Fl(p"“)]-(a—l—l, b)-
cyclic.

Proof. Consider the relative effective Cartier divisor

G := Z [m - P]

meZ/(p")

in E. This is an S-subgroup scheme containing ker(F“), and in the resulting
factorization of the quotient map £ — E/G as

ELE Z E/G

we have ker(7) = ker(F f- /G). Consider also the relative effective Cartier divisor

G = Z [m - P]

mez/(anrl)

in E. G is a subgroup of G’, and the image of G’ in E/G is the relative effective

Cartier divisor
> m-0gsql.
meZ/(p)

This is simply the kernel of Fg,g: E/G — (E/G)P, so we may identify E/G’
with (E/G)) and the quotient map E/G — E/G’ with the relative Frobenius
Fpi6:E/G— (E/G)P). In particular, the quotient map E — E /G’ is a cyclic
p"*Hlisogeny of elliptic curves with kernel generated by P, so we may already
conclude that P is a [[";(p"*!)]-structure on E.

Now, since G’ = p - G as Cartier divisors, if ker(F%) C G then ker(F**t!) c G'.
Factor the quotient map E — E/G’ = (E/G)™P as

ES B0 T (E/6)W,
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We have a diagram

T

a “ F
E_2 . g E/G g (E/G)P,

E(pa-H)

where the composite of the top arrows E — (E/G)?) is the natural quotient map
E — E/G’. The outer arrows and the left-hand triangle commute, hence the
right-hand triangle commutes as well. Now consider the following diagram:

T T

E®Y E/G E®Y

7| l I

E®H — (E/G)P —= E®PY.
T T

The outer rectangle commutes since the horizontal composites are the isogenies
[deg(r)] and [deg(r’)] (and deg(r) = deg(xr’)), and we have shown that the left-
hand square commutes, so the right-hand square commutes as well. Since ker(7) =

ker(Fg/G), we conclude that ker(7’) = ker(F(bE/G)(p)).

Finally, suppose a, b > 1. Since E?*") = (E/G)*") we also have
E(P"H) o~ (E/G)(Pb“) — ((E/G)(P))(Pb),

and this is already induced by the isomorphism

b—l).

EWPY) ~ (E/G)(pb) — ((E/G)(P))(P
Therefore P is a [ (p"t1)]-(a + 1, b)-cyclic structure on E. O

Remark 2.12. The reason the above argument fails when p is invertible on the
base scheme S is that, preserving the notation of the above proof, the image of
the relative Cartier divisor G’ in E/G is not a subgroup of E/G unless S is an
F,-scheme. Indeed, the image of G’ in E/G is the relative effective Cartier divisor
p - [0g/G], which is finite flat of rank p over §. If p is invertible on §, any
finite flat commutative group scheme of rank p over S is étale (see [Shatz 1986,
Corollary 4.3]), but p - [0g,g] is obviously not étale.

It is straightforward to extend the definition of a [I"{(p")]-(a, b)-cyclic structure,
and the result of the above lemma, to the case of generalized elliptic curves. Let
E/S/F, be a generalized elliptic curve; let S| C S be the open locus where the
morphism E — § is smooth, and let S» C S be the complement of the closed locus
in S where the geometric fibers are supersingular elliptic curves. We say that a
[T (p™)]-structure P on E/S is a [I'1(p™)]-(a, b)-cyclic structure if:
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e Pls isa[I'1(p")]-(a, b)-cyclic structure on the elliptic curve Eg, /S| and

o the relative effective Cartier divisor
b

P
Dy:= [m-Pls,]
m=1

in E*™|g, is a subgroup scheme of E*™|s, which is étale over S5.

We write X ( p”)(Sa‘b) for the substack of X;(p")s associating to a scheme 7/ S the
groupoid of pairs (E, P), where E/T is a generalized elliptic curve and P is a
[T1(p™)]-(a, b)-cyclic structure on E.

Theorem 2.13 [Katz and Mazur 1985, 13.5.4]. Let k be a perfect field of char-
acteristic p. Y1(p")x (resp. X1(p™)y) is the disjoint union, with crossings at the

supersingular points, of the n + 1 substacks Y, (p"),((a’"fa) (resp. X (p”),(ca’"fa))for
0<ac<n.

It can be helpful to visualize Xy (p"); as follows:

X (p”

X1 (p "

ny(0,m)
X1(p"
X1(p") over a perfect field k of characteristic p

Definition 2.14. Let S € Sch /F,, and let H < (Z/(p"))? such that H = Z/(p")
(hence also (Z/(p"))*/H = Z/(p")). Let E/S be a generalized elliptic curve.
Let (P, Q) be a [["(p™)]-structure on E, corresponding to a group homomorphism
¢ (Z/(p")*— E[p"],(1,0)— P, (0,1)— Q. We say that (P, Q) has component
label H if

e ¢(H) C ker(F"), where F : E — E'P) is the relative Frobenius, and

o the resulting group scheme homomorphism Z/(p") = Z/(p™)?/H — EP) =
E/ker(F")isa[l'1(p")]-structure on E (P")_ (This is independent of the choice

of isomorphism (Z/(p”))z/H =7/(p™), although the [["| (p")]-structure ob-
tained depends on this choice.)

We define %J(p")? (resp. X(p”)?) to be the substack of Y(p™)s (resp. X(p")s)
associating to a scheme 7'/S the groupoid of tuples (E, (P, Q)), where E/T is an
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elliptic curve (resp. generalized elliptic curve) and (P, Q) is a [["'(p")]-structure
on E of component label H.

Theorem 2.15 [Katz and Mazur 1985, 13.7.6]. Let k be a perfect field of char-
acteristic p. Y(p™"x (resp. X(p™)1) is the disjoint union, with crossings at the
supersingular points, of the substacks H(p")f (resp. X(p")f)for H < (Z/(p")?
with H=7/(p").

The proof of the above theorem immediately generalizes to a slightly more
general setting which we will find useful when studying compactified stacks of
[["(N)]-structures below. Let K < (Z/(p"))?, and write Gx = (Z/(p"))?/K. Then
there exist integers m > [ > 0 with Gx = Z/(p™) x Z/(p'). Suppose that [ > 1, so
Gx =7Z/(p™) x Z/(p") withm >1> 1. Given a G g-structure ¢ on an ordinary
elliptic curve E/T /T, (in the sense of Definition 2.5), étale locally on T" we can
consider the composite

Gk =Z/(p™) x Z)(p") % E[p"1 = Z/(p") x o 3 Z/(p").

Since ¢ is a G g -structure, the kernel and image of this composite are necessarily
cyclic. The same argument used in [Katz and Mazur 1985, 13.7.6] to prove the
above theorem shows that in characteristic p, Yg breaks up into a union of substacks
indexed in this way by the possible kernels of group homomorphisms Gx — Z/(p"),
subject to the condition on the image just described. So we can describe Yx as a
union of closed substacks indexed by the set

Lg :={H <Gk | H and G/H are both cyclic}.

Since Gx =Z/(p™) x Z/(p") with m >1 > 1, we have that H € L if and only if
H=Z/(p™) or H=7/(ph.

The rigorous definition, accounting for elliptic curves that might not be ordinary
and for the case where G is cyclic, is as follows:

Definition 2.16. Let K < (Z/(N))? with corresponding quotient G x = (Z/(N))?*/K.
We write Y (resp. X ) for the algebraic stack over Spec(Z) associating to a scheme
S the groupoid of pairs (E, ¢), where E/S is an elliptic curve (resp. generalized
elliptic curve) and ¢ is a G g-structure on E.

If S'is an [ -scheme, N = p" and Gx =Z/(p") x Z/(p") with m >1> 1, then
for any H € Lk, we define ‘z}f(lys C Yk.s (resp. DCI,:S C Xk s) to be the substack
associating to a scheme 7'/ S the groupoid of pairs (E, ¢), where E/T is an elliptic
curve (resp. generalized elliptic curve) and ¢ : Gg — E[p™] is a G g-structure
such that:

e ¢(H)Cker(F™), where F": E — EP") is the m-fold relative Frobenius on E.

e The resulting group scheme homomorphism G /H — E/ker(F™)= E(®")
is a G/ H-structure on E®™) in the sense of [Katz and Mazur 1985, §1.5].
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In this case we say that the G g-structure ¢ has component label H .

If Gk = Z/(p™) (that is, | = 0), the stack Yg (resp. Xg) is isomorphic to
Y1(p™) (resp. X1(p™)), and for H=7Z/(p“) € Lg and S € Sch /[F,, we define HI’}"S
(resp. DC?’S) to be the substack 1gﬂl(pm)(sa’m_a) C Y1 (p™)s (resp. :xl(pm)g“vm—“) C
X1(p™)s), as in Definition 2.10. We still say Hgs and xgs classify G g -structures
of component label H.

The result is:

Theorem 2.17. Let k be a perfect field of characteristic p. Y i (resp. Xk ) is the
disjoint union, with crossings at the supersingular points, of the closed substacks
ng’k (resp. xgk)for H e Lg.

We also note that an analogue of Lemma 2.11 holds in this case, which we record
for future use. It is clear that if K’ < K < (Z/(p"))?, giving a canonical quotient
map 7 : Gk — Gg,and if ¢ : Gx — E®™ is a G g-structure on a generalized elliptic
curve E/S/F,, then a necessary condition for the composite g om : Ggr — E®" to
be a G/-structure is that ker(s;r) is cyclic. In fact, unwinding the definitions we
immediately deduce:

Lemma 2.18. Let E/S/F, be a generalized elliptic curve with no supersingular
fibers. Let K' < K < (Z/(p™))? such that the canonical quotient v : G — G
has cyclic kernel. Let H € L and suppose that ¢ : Gx — E is a G g -structure with
component label H. Then ¢om is a G g+ structure on E if and only if 1~ (H) € G-
is cyclic, in which case ¢ ot has component label 1~ (H) € L.

3. Generalities/review of twisted stable maps

Twisted stable maps. We will be studying moduli stacks of elliptic curves embed-
ded in moduli stacks of twisted stable maps to tame stacks. We now recall the
relevant definitions and results relating to twisted stable maps.

Definition 3.1 [Abramovich et al. 2008b, 2.2]. Let G be a group scheme over
a scheme S. Write QCoh®(S) for the category of G-equivariant quasicoherent
sheaves on S; writing BG for the classifying stack of G over S, this is equivalent
to QCoh(BG) [Abramovich et al. 2008b, §2.1]. We say that G is linearly reductive
if the functor QCoh“(S) — QCoh(S), ¥ — FY is exact, or equivalently if the
pushforward QCoh(BG) — QCoh(S) is exact.

Linearly reductive group schemes are classified in [Abramovich et al. 2008b,
§2.3]. The examples in which we are most interested for this paper are the finite
flat commutative linearly reductive group schemes p,y and /L]%, over S.

Definition 3.2 [Abramovich et al. 2008b, 3.1]. Let & be a locally finitely presented
algebraic stack over a scheme S, with finite inertia. By [Keel and Mori 1997], &
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has a coarse moduli space p : ¥ — X, with p proper. We say that /S is tame if
s : QCoh(¥) — QCoh(X) is exact.

As observed in [Abramovich et al. 2008b, §3], for any finite flat group scheme
G over a scheme S, the classifying stack BG over § is tame if and only if G is

linearly reductive. So in particular the classifying stacks B, and %M]%, are always
tame.

Definition 3.3 [Abramovich et al. 2011, §2]. An n-marked twisted curve over a
scheme S is a proper tame stack ¢ over S, with connected dimension-1 geometric
fibers, and coarse space f : C — S a nodal curve over §; together with n closed
substacks

{%; C (6}?:1

which are fppf gerbes over S mapping to n markings {p; € C5™(S)}, such that:

« the preimage in 6 of the complement C’ C C of the markings and singular
locus of C /S maps isomorphically onto C’,

« if p — C is a geometric point mapping to the image in C of a marking ¥; C €,
then
Spec(Oc.5) x¢ € ~[D™/u,]

for some r > 1, where D*! is the strict Henselization at (mg, ¢(5), z) of

D = Spec(Oy, s [z])
and ¢ € u, acts by z+— ¢ - z, and

e if p — C is a geometric point mapping to a node of C, then
Spec(Oc,5) xc 6 = [D™/u,]
for some r > 1, where D" is the strict Henselization at (ms, r(5), X, y) of

D = Spec(Os, r(plx, y1/(xy — 1))
for some t € mg_r(5), and ¢ € pu, actsby x> ¢ -x and y > ¢! y.

We say a twisted curve 6/S has genus g if the geometric fibers of its coarse space
C/S have arithmetic genus g, and we say an n-marked genus-g twisted curve €/S
is stable if the genus-g curve C/S with the markings {p;} is an n-marked genus-g
stable curve over S.

Example 3.4. Over any base scheme S, consider a Néron 1-gon C/S as in Section 2.
We have C*™ = (,,, and C admits the structure of a generalized elliptic curve with
an action C*™ x C — C extending the group scheme structure of G,,. For any
positive integer N, the inclusion py C G, determines an action of py on C, and
the stack quotient € := [C/uy] is a twisted stable curve over S, with coarse space
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f: C"— S again a Néron 1-gon. If p — C’ is a geometric point mapping to a node
of C’, then
Spec(@c/’ﬁ) X! € ~ [DSh/,uN],

where D! denotes the strict Henselization of

D := Spec(Os, 75 [x, y1/(xy))

at the point (mg, ¢(5), X, y) and { € uy acts by x > ¢ -x and y — 7y, We will
refer to this twisted curve as the standard py-stacky Néron 1-gon over S.

My

Standard p, -stacky Néron 1-gon

Definition 3.5 [Abramovich et al. 2011, §4]. Let & be a finitely presented algebraic
stack, proper over a scheme S and with finite inertia. A twisted stable map to X
from an n-marked twisted curve (6/S, {X;}) over S with coarse space (C/S, {p;})
is a morphism € — & of stacks over S such that.

e € — % is a representable morphism.

e The induced map C — X is a stable map from (C, {p;}) to X.

Over any base scheme S, we write X, , (%) for the stack over S associating to a
scheme 7'/S the groupoid of pairs (6, o), where €/ T is an n-marked twisted curve
whose coarse space C/T is a genus-g nodal curve, and o : € — & x5 T is a twisted
stable map.

Proposition 3.6 [Abramovich et al. 2011, 4.2]. For & as above, H4 ,(%X) is a locally
finitely presented algebraic stack over S.

There is a natural morphism of stacks H, ,, (X) — Mg‘n (X) (where Jl_/tg,,, (X) is the
usual Kontsevich stack of stable maps into X) defined by passing to coarse spaces.
In particular, note that since a twisted stable map is required to be representable, if
&« is representable then this map is an equality.

Theorem 3.7 [Abramovich et al. 2011, 4.3]. Let ¥ be as above, and also assume
that ¥ is tame. Then ¥, ,(X) is proper and quasifinite over Jl_/tg,n(X).

A word of caution: the twisted stable maps of [Abramovich et al. 2011] are a gen-
eralization of what are referred to as balanced twisted stable maps in [Abramovich
and Vistoli 2002; Abramovich et al. 2003]; we are only interested in balanced maps
for this paper, so hopefully our notation ¥, ,, (%) will not cause any confusion.
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Let (€/S, {X;}) be an n-marked twisted curve with coarse space C/S. If
p — C is a geometric point mapping to the image in C of the gerbe X;, such
that Spec(O¢,5) X ¢ € =~ [Dsh /1] as in Definition 3.3, then the integer r is uniquely
determined by p, and we call r the local index of € at p. In fact one verifies
immediately (see [Abramovich and Vistoli 2002, 8.5.1]) that the local index only
depends on i and on the image of p in S, and that the function ¢; : S — Z- ¢ sending
s = f(p) € S to the local index r is locally constant.

Notation 3.8. Let e = (e, ...,e,) € Z7,. We say an n-marked twisted curve
(€/S, {Z;}) has global index e if €; is constant of value ¢; foralli =1, ..., n.

If &/S is a finitely presented algebraic stack, proper over S and with finite inertia,
we write 57{;,1(96) for the substack of J{, ,(¥) associating to a scheme 7/S the
groupoid of pairs (6, @), where €/ T is an n-marked genus-g twisted curve of
global index e, and o : € — & x g T is a twisted stable map. Since the functions
€ : § = Z-.o are locally constant, we see that f]{;n(%) is an open and closed
substack of J, , (%), and

Hon@ = [ %, ).

n
ecZ”,

In this paper we will generally only be interested in the case e = (1, ..., 1), in
which case 57{2,,(96) classifies twisted stable maps to & from twisted curves whose

.....

markings are honest sections. We will write ?{;’n(%) for K gn 1)(96).

Notation 3.9. We write 57{;,1(96) for the open substack of 37{;,,,1(%) associating to
T/S the groupoid of pairs (6, «), where €/ T is a smooth n-marked genus-g curve
(with no stacky structure) and o : € — & x g T is a twisted stable map.

Twisted covers and Picard schemes of twisted curves. If G/S is a linearly reduc-
tive finite flat group scheme, then we have already observed that BG is tame. So
in this case we can consider the algebraic stack ¥, ,(BG), which is proper and
quasifinite over the Deligne—Mumford stack A_/Lg, » by Theorem 3.7, since the coarse
space of BG is S.

Theorem 3.10 [Abramovich et al. 2011, 5.1]. Let G/S be a linearly reductive finite
flat group scheme. Then K4 ,,(BG) is flat over S, with local complete intersection
fibers.

Definition 3.11. Since a map € — %BG is equivalent to a G-torsor P — %, it is
often convenient to view Jg ,(BG) as classifying such torsors. A G-torsor P — €
is a twisted G-cover of € if it arises in this way.

Note that since the coarse space of BG is S, the condition that the map € — RBG is
stable just says that C/S is stable in the usual sense. So for G as above, K, ,(BG)
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can and will be viewed as the stack classifying twisted G-covers of n-marked
genus-g twisted stable curves.

Still writing G for a finite flat linearly reductive group scheme over S, suppose
in addition that G is commutative. Then every object of K ,(BG) canonically
contains G in the center of its automorphism group scheme (determining a unique
subgroup stack H in the center of the inertia stack of ¥, ,(BG) such that for
any object & € J; ,(BG)(T) the pullback of H to T is G). We can therefore
apply the rigidification procedure described in [Abramovich et al. 2003, §5.1] and
generalized in [Abramovich et al. 2008b, Appendix A], thereby “removing” G from
the automorphism group of each object:

Definition 3.12. 37_{g,n(973G) is the rigidification of 3, ,(BG) with respect to the
copy of G naturally contained in the center of its inertia stack. We refer to the
objects of %g,n(%G) as rigidified twisted stable maps into BG, or rigidified twisted
G-covers of n-marked genus-g twisted stable curves. We write %g’n(%G) for
the open substack corresponding to smooth curves and Jt, ,(BG) for the open
and closed substack corresponding to twisted stable curves whose markings are
representable.

In [Abramovich et al. 2008a, §C.2] it is shown that the rigidification of an
algebraic stack with respect to a group scheme admits a natural moduli interpretation.
In this paper we are only interested in the case where G is diagonalizable, in which
case ‘ET{g,n (BG) can be given a more concrete moduli interpretation which we will
now describe.

Given a twisted curve € over a scheme S, let ﬂ>l'c<<g /s denote the stack associating
to T/S§ the groupoid of line bundles on € xs T.

Proposition 3.13 [Abramovich et al. 2011, 2.7]. Pic, sisa smooth locally finitely
presented algebraic stack over S, and for any & € Pic, / s(T) the group scheme
Auty (£) is canonically isomorphic to Gy, 1.

Write Picy,s for the rigidification of this stack with respect to G,,; Picgs is
none other than the relative Picard functor of 6/S. From the analysis of Picg/g in
[Abramovich et al. 2011, §2] we have:

Proposition 3.14. Pics is a smooth group scheme over S, and if w : 6 — C is the
coarse space of €/S, then there is a short exact sequence of group schemes over S

0— PiCC/S i) Pich/S - W 0,

with W quasifinite and étale over S.
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In fact, since 7,.G,, = G, we can deduce from the exact sequence of low-degree
terms of the fppf Leray spectral sequence

E} = H?(C, RI7,Gy) = HPM(6, Gy)

that W is the sheaf associated to the presheaf T +— H 0(Cr, R'7,.G,,) (Where we
still write 7 : 67 — Cr for the morphism induced by base change from 7 : € — C).
For any integer N annihilating W, we get a natural morphism

XN : PiC((;/S — PiCC/S .
Definition 3.15 [Abramovich et al. 2011, 2.11]. The generalized Jacobian of € is
Pic%/s := Picgs x x N Picc/s Pic%/s,

where Pic% /s 1s the fiberwise connected component of the identity in the group
scheme Picc/s.

Pic% /s is independent of N and is viewed as classifying line bundles of fiberwise
degree 0 on €/S.

Remark 3.16. Unlike the case of PICC ;s for C/S a (nonstacky) genus-g curve,
the geometric fibers of PIC<€ s need not be connected for €/S a twisted curve. In
fact, when €/S is a 1-marked genus-1 twisted stable curve, Plch ¢ behaves like the
smooth part of a generalized elliptic curve over S. For instance, if € =[C/uy] for
C/S aNéron 1-gon as in Example 3.4, it is easily verified that Pic%/s =G, xXZ/(N).
Standard p,-stacky Néron 1-gons will play an analogous role in this paper to that
of Néron polygons in [Deligne and Rapoport 1973; Conrad 2007]. In particular, we
have:

Lemma 3.17. Let k be an algebraically closed field, and 6/ k a 1-marked genus-
1 twisted stable curve, with no stacky structure at its marking, such that the
coarse space C/k is not smooth. Then € is a standard juy-stacky Néron 1-gon
(Example 3.4) for some (unique) positive integer N.

Proof. Tt follows from [Deligne and Rapoport 1973, II.1.15] that the 1-marked
genus-1 stable curve C/k is a Néron 1-gon. Write 7 : € — C for the map exhibiting
C as the coarse space of 6. Write C = P! — C for the normalization of C, and
write % for the following fiber product:

1

T
—_

<
R <=— R
A<~ T

_—
4
We have a short exact sequence of fppf sheaves on P!

0— 0%

P,—>r*@f~é—>%—>0,
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where F is the pushforward to P! of 07, for Z = Buy LBy the preimage in %
of the (stacky) node of . This induces an exact sequence

0 — Pic(P') — Pic(€) — Pic(2) — H*(P', 0},) =0,

inducing an isomorphism Pic%/k =Pic(Z)=Z/(N) x Z/(N) since Picgn/k =0.
Now consider the short exact sequence of fppf sheaves on €

0—>©f6<—>v*©%—>‘§—>0,

where 4 is the pushforward to € of @; for p = Buy the (stacky) node of €. This
induces an exact sequence

0— k* S k* % kX = Pic(@) — Pic(@) — Pic(Buy).
We have Pic(Buy) = Z/(N) and Pic%/k =7/(N) x Z/(N), and the map
Pic%/k ZZ/(N)xZ/(N)— Z/(N) = Pic(Buy)

is given by (a, b) — a — b. In particular the kernel is isomorphic to Z/(N), so we
have a short exact sequence

0— k* — Pic}, > Z/(N) — 0.

This sequence splits (noncanonically) since k* is divisible (as k is algebraically
closed), so Pic%/k =G, X Z/(N).
The fppf exact sequence of sheaves on €

00— uy—> G, —> G, —>0

then gives us an isomorphism

H' (6, juy) = ker(Picex —> Picex )
= v x Z/(N).

Let C" — € be the wy-torsor over 6 corresponding to the class
(1,1) € uy X Z/(N) = H' (€, uy).

In view of [Abramovich and Hassett 2011, 2.3.10], C’ is representable, since (1, 1)
is the class in H!(€, ) of a uniformizing line bundle on €. Let

V=CM=gxe O s e,
and consider the resulting py-torsor Ci, — V = G,,. The pullback map

L HY@, ) =y X Z)(N) = Z/(N) = HY (G, )
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is given by (¢, a) — a. It therefore follows that C|, = G,,, with the py-action given
by the standard multiplication action on G,,. The quotient map G,, — [G,, /1y ]
= G,y is the group scheme homomorphism x > x*.

Fix an étale neighborhood W of the node of C of the form

W = Spec(k[z, w]/(zw)),
such that
€xcW=[D/uyl

for D = Spec(k[x, y]/(xy)), with ¢ € uy acting by x > ¢x and y > ¢~ 'y. The
composite

D—[D/uyl— W

is given by the ring homomorphism z > x™, w > yV. Since C’ is representable

and C' x¢ W — € x¢ W is a uy-torsor, it follows that C' x¢ W = D with the
above py-action. In particular we see that C’ is a nodal curve with one node.
Composing our original C’ — %6 with the coarse space map 6 — C gives
us a finite morphism of nodal curves C’ — C, which restricts to the w-torsor
Gm — G, = C™ and which is totally ramified over the node of C. Riemann-—
Hurwitz for nodal curves implies that C’ has arithmetic genus 1, so C’ is a Néron
1-gon with smooth locus C'*™ = G,,. The multiplication action of py on Gy,
extends uniquely to an action on C’, and by assumption 6 = [C’/uy]. Thus € is a
standard g, -stacky 1-gon. O

Relationship to moduli of elliptic curves with level structure.

Notation 3.18. For any finite flat commutative group scheme G over a base scheme
S, H(G) is the stack over S associating to an S-scheme 7' the groupoid of pairs
(E, ¢), where E/T is an elliptic curve and ¢ : G* — E[N] is a homomorphism of
group schemes over 7' (for G* the Cartier dual of G). For the S-scheme G = uy
we write 3 (N) for J{(uy), and for the S-scheme G = M]%, we write H(N) for

H(ud).

As in [Abramovich et al. 2008b, §2.3], we say a finite commutative group scheme
is diagonalizable if its Cartier dual is constant, and locally diagonalizable if its
Cartier dual is étale.

Lemma 3.19 [Abramovich et al. 2011, 5.7]. Let G/S be a finite diagonalizable
commutative group scheme, so BG is tame (since G is linearly reductive) and
X :=G* is constant. For any twisted curve €/ S there is an equivalence of categories
between the stack TORS«,s(G) classifying G-torsors on € /S and the Picard stack
fPic%/S[X] of morphisms of Picard stacks X — fPic%/S.
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The construction for the above equivalence is as follows: Let w : P — € be a
G-torsor over €. G acts on the sheaf 7, 0p, yielding a decomposition

JT*©p = @gx

xXeX

Each ¥, is invertible since P is a torsor over E, so this determines a morphism of
Picard stacks
op: X — fPic%/S, x =[]

Conversely, such a morphism ¢ : X — Pic, /s naturally determines an algebra
structure on € ¢(x), giving a G-torsor

xeX
&m(@mm) — 6

xeX
with the G-action determined by the X-grading.

This defines an open immersion from ¥, ,(BG) into the algebraic stack over
S associating to an S-scheme 7' the groupoid of pairs (€, ¢), where €/T is an
n-marked genus-g twisted stable curve and ¢ € Pic, srlX] Rigidifying J; ,(BG)
and Pic, /T with respect to the group schemes G and G,,, respectively, we have an
open immersion from ST{g,n (BG) into the stack classifying pairs (€, ¢), where €/ T
is an n-marked genus-g twisted stable curve and ¢ : X — Picg, 7 is ahomomorphism
of group schemes over T'.

Writing f : € — § for the structural morphism, we have Picg;s = R 1 [ Gy
Therefore fppf-locally on T, the morphism ¢ corresponds to the choice of an X-
torsor P — 6, with P representable if and only if (6, ¢) comes from an object of
%g,n(%G) (refer, for example, to [Abramovich and Hassett 2011, 2.3.10] to see
that a morphism from a twisted curve € to BG is representable if and only if the
corresponding G-torsor over € is representable). This gives us:

Corollary 3.20. For a finite flat diagonalizable group scheme G/ S, the above con-
struction gives an equivalence between %g,n(%G) and the stack over S associating
to T /S the groupoid of pairs (6, ¢), where €/ T is an n-marked genus-g twisted
stable curve and ¢ : X — Picg is a group scheme homomorphism such that, fppf
locally on T, the G-torsor over € corresponding to ¢ as above is representable.

In particular, we get an equivalence
IS L (BG) >~ 9(G),

since for an elliptic curve E/S every G-torsor over E is representable and we
canonically have £ = Pic% /s~ This isomorphism sends Q € E(S) to the class of
the line bundle £((Q) — (0g)), so as a special case we see thatif ¢ : Z/(N) - E
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is a group scheme homomorphism with ¢ (1) = Q, the corresponding p,-torsor
over E is of the form

N—-1
P= &@g(@i’«a L0) - (OE»).
a=0

Since H (N) naturally contains a closed substack isomorphic to the stack Y; (V)
over S classifying [I'1 (NV)]-structures on elliptic curves, we see that the algebraic
stack %171 (B ) 1s a modular compactification of Y1 (V). Similarly, the algebraic
stack 5761,1 (%B ,uI%,) is a modular compactification of the stack Y(N) classifying (not
necessarily symplectic) full level-N structures on elliptic curves. The task in both
cases is to give a moduli interpretation of the closure of these classical moduli
stacks in 57_{1,1(%6), and we address this in the following sections.

Lemma 3.21. (:7_{‘1”](%;/4,\,) is dense in %/1,1(%MN)’ and (:7_{?’1(%;/41%/) is dense in
%1,1(%“1%/)'

Proof. Let € be a standard p4-stacky 1-gon over an algebraically closed field k,
andlet¢o:Z/(N) — PIC% =Gy, x Z/(d) be a group scheme homomorphlsm such
that (€g, ¢o) € 57{/ ](%MN)(k) (so d| N and ¢ meets every component of P1C<€ of -
We need to lift ((Go/k ¢o) to a pair (€, ¢) € 37{ 1(9]3[LN)(A) for a local ring A with
residue field k, such that the generic fiber of ‘6 is a smooth elliptic curve.

Let €,/ k be a standard fy-stacky 1-gon. Consider the morphism €, — By
corresponding to the group scheme homomorphism

Z/(N) — Picg%/k =G, x Z/(N)

sending 1 to (1, N/d). This morphism is not representable; the corresponding
py-torsor over € is as follows:

KN ja

KN d

o - Iy

KN d

KN ja
(Stacky N /d-gon) €,

We may factor the morphism 6, — By as 6, — €o — By, where €9 — Buy
is the relative coarse moduli space [Abramovich et al. 2011, Theorem 3.1] of
€, — By:
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(N /d-gon) 6o

Since this € is a standard p,-stacky 1-gon, we may identify it with our original
twisted curve 6g. This gives us a morphism 6, — %, and the resulting pullback
map Pic%o k™ Pic%6 /k 1s the monomorphism

G X Z/(d) > G x Z/(N), > (6.5 -a).

Let ¢/k[[g'/V] be an N-gon Tate curve, so the special fiber of € is a Néron
N-gon, € ® k((g'"™)) is a smooth elliptic curve, and we have an isomorphism
EM[N] = py x Z/(N) of finite flat commutative group schemes over k[[ql/ M. Let
0 = (1, 1) € €™[N]. The relative effective Cartier divisor

D= ) [a-Q]
a€Z/(N)
in €™ is a subgroup scheme, étale over k[[¢'/V]), and the quotient € :=€/D is
naturally a generalized elliptic curve whose special fiber is a 1-gon. The stack
quotient 6 := [€/€*"[N]] is naturally a twisted curve, whose generic fiber is an
elliptic curve and whose special fiber is 6. Writing 7 : € — € for the natural
quotient map, we will see in Section 6 that for any line bundle & on € there is a

canonical decomposition
3= @

a€Z/(N)

where each £, is a line bundle on .

For a section R € €™ (k[[¢'/N 1), we write R for its image in €™ (k[[¢'/V1)). Then
we have the degree-0 line bundle £y := P((R) — (0z)) on €, hence a canonical
decomposition

.= P Fra-
aeZ/(N)

We will see in Section 6 that the map €"[N] — Pic(o6 Jklq! /N]][N ] sending
R=(.a) €y x Z/(N) ZE[N]

to Lg 4 is an isomorphism of group schemes over k[[ql/ M.
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Returning to our original pair (6, ¢o) € %’1’1 (Buy) (k), write
¢(1) = (¢, a) € py x Z/(d) =Picq ;[N].

Via the map 6, — 6, constructed above, this corresponds to (¢, (N/d) -a) €
Uy X Z/(N) = PIC(G " (N1 €, is the special fiber of the twisted curve €, and we
have an 1som0rph1sm over k[[ql/ M

Pich g1y N1 Z €M INT =y x Z/(N).

Now (¢, (N/d) - a) lifts to a section of PIC(g Jkllg! /N]][N ], corresponding to a group
scheme homomorphlsm Z/(N)— PIC(g Jkllg/N ] hence to a morphism € — By .
Writing € — % wy for the relative coarse moduh spaceand ¢:Z/(N) — PIC% /klg'/™]
for the corresponding group scheme homomorphism, we see that €/k[[¢'/V] is a
twisted curve with special fiber €y and generic fiber an elliptic curve. As desired,
¢ extends ¢o and (€, @) € | | (Buy) (kllg"/M ).

A similar argument of course applies to X7 | (%,uﬁ%,) - me (%M,%,)- O

We will require a concrete description of the uy-torsor corresponding to a
particular sort of [I'{ (N)]-structure on an elliptic curve:

Lemma 3.22. Let K be a field and E /K an elliptic curve. Let Q € E(K) be a
[T (N)]-structure on E such that the relative effective Cartier divisor

N-1
D=7 [a-Q]
a=0

in E is étale over Spec(K). Let P — E be the juy-torsor corresponding to Q as in
Corollary 3.20:

N-1
= mE(@sz«a -0) - (OE))).
a=0

Then P can be naturally identified with the quotient E /D, where D is viewed as
a subgroup scheme of E, étale of rank N over Spec(K), with the quotient map
P — E corresponding to the natural map E/D — E/E[N]=

Proof. Consider the ey-pairing on E[N], a nondegenerate bilinear pairing of finite
flat group schemes over Spec(K):

ey : E[N]x E[N] — uy.
Under our assumptions, the composite map
E[N1/D ={Q} x E[N]/D = D x E[N1/D 5

is an isomorphism of group schemes over Spec(K). Then via this isomorphism,
My acts on the quotient E /D through the natural action of the subgroup scheme
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E[N]/D C (E/D)[N], making E/D a py-torsor over E/E[N] = E with quotient
map the obvious one induced from the factorization of [N] as £ — E/D —
E/E[N]=EE.
By Lemma 3.19, we may express the py-torsor £/D — E as
N-1

E/D =mg(@ f.ea)

a=0

for some line bundles &, € Pic% / x[N1, with the algebra structure determined
by isomorphisms £, ® £5 = £,+b mod ; and the py-action corresponding to the
grading. We have a natural isomorphism of group schemes over K

E — PIC%/K
R € E(K) = £((R) — (0g)),

so we conclude that £; = £((Qo) — (0g)) for some Qp € E[N],and &£, = £((a -
Qo) — (0p)).

Let 7 : E — E/D be the isogeny dualto 7 : E/D — E/E[N]= E. Identifying
E*E Pig% /K anq 0E /D = Pic?E /D)/K> 7 is simply given by the pullback map
n* :Picg, x = Pic(g,p k- For any line bundle & on E/K we have

N—1
L) = P L@ L((a- Qo) — (0F)).

a=0

viewing the direct sum of line bundles on E as a line bundle on

E/D = Specs (@ #((@- Qo) - (oE»).

In particular, for our original [I"; (N)]-structure Q,
N-1
7 (LU(Q) — (0p))) = @ LUQ+a- Qo) — (0p)).

a=0

But the dual isogeny to 7w : E/D — E/E[N] = E is the natural quotient map £ —
E /D, and this maps Q to Og. Therefore the line bundle @ L((Q +a - Qo) — (0g))
on E/D is the trivial line bundle on E/D:

N-1 N—1
P L@ +a- Qo) — 0r) = EP L(@- Qo) — (Or)).
a=0 a=0

Therefore Q is contained in the subgroup scheme of E generated by Qp: O =b- Qg
for some b. Since Qg € E[N]and N is the minimal positive integer with N- Q =0p,
this implies that b € (Z/(N))*, and in fact by the definition of the ey-pairing we
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have b =1, that is, Oy = Q. Thus

N-1 N—-1

sJoch(@ %((a- Qo) — (OE))) = J&Us(@ $(a-Q)— (oE))),
a=0 a=0

that is, £/D = P with the quotient map P — E of the given uy-action becoming
identified with the natural quotient map E/D — E/E[N]= E. O

4. Moduli of elliptic curves in 57_{1,1(%/1,1\,)

Reduction mod p of J;(N). We first describe how the different components of
%T,l (Buy) = 1 (N) interact. These results are direct corollaries of [Katz and
Mazur 1985, §13.5]. Continue working over an arbitrary base scheme S. First
consider the case where N = p” is a prime power. We get a closed immersion

(P Y (p™) s FH(p™),

for each 0 < m < n, sending a pair (E, ¢) € Y1(p"™)(T), where ¢ : Z/(p™) —
E[p™]is a[['1(p™)]-structure on E/T, to the pair (E, 5) € Hy(p")(T), where
$ : Z/(p") — E[p"] is obtained from ¢ by precomposing with the canonical
projection Z/(p") — Z/(p™). These yield a proper surjection of algebraic stacks

YUY (" Hu- - uYi(p) uYi (1) - Hi(p")

which is an isomorphism over S[1/p].

But this is not an isomorphism over S ® [F,. Recall that by Theorem 2.13, for
any perfect field k of characteristic p, Y;(p™) is the disjoint union, with crossings
at the supersingular points, of components

Y (pMm P 0 <b<m),

where an object of Y;(p™) (T) is a pair (E, ¢) where E/T is an ellip-
tic curve and ¢ : Z/(p™) — E[p™]is a [["1(p™)]-(m—b, b)-cyclic structure on
E/T (Definition 2.10). Such an object corresponds via (" to the pair (E, 5) €
Hi(p™)(T) as described above.

The key observation is Lemma 2.11: if ¢ : Z/(p™) — E isa [["{(p™)]-(m—b, b)-
cyclic structure on an ordinary elliptic curve E/T /[, then

(m—b,b)
k

~

¢p:=¢om:Z/(p")— E

is a [["1(p")]-(n—b, b)-cyclic structure on E, where & : Z/(p") — Z/(p™) is
the natural projection. Etale locally on T such that E[p"] = u o X Z/(p") and
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E[p"1=pupm xZ/(p™), the [I'1(p™)]-(m—b, b)-cyclic structure ¢ corresponds to
a section of

Popn X [ (p")*if b <m,
pom x (Z/(p")* ifb=m,

and the reason that such a section also gives a [I"; (p")]-structure is that in character-
istic p, unlike in characteristic # p, if c <n and Z/(p°) — ppc isa Z/(p©)-generator
then the composite

Z](p") = Z](p®) = ppe = wpr
is a Z/(p")-generator. This gives us:

Proposition 4.1. Let k be a perfect field of characteristic p. H1(p™)y is the disjoint
union, with crossings at the supersingular points, of components Zy, for 0 < b < n,
where

Zv=|J vipm ",

b<m=<n
Yi( pm)(mfb’b) is “set-theoretically identified with Z;,” in the sense that (Zp)red =

To illustrate, visualize J{; (p")k rea as follows:

ZO,red
FG (pn)k,red

Zm—l,red
Zm,red

Zn,red

The closed immersion (") sends the following copy of Y;(p™)x to the obvious
closed substack of J{;(p");, contributing nilpotent structure to the components
Z(), ey Zmi
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Y (pm"?

91(P"

Yy (pmym Y

Y (pm)>m

The result is that 31 (p" )k rea U Y1 (P™)k € IH1(p")r looks something like this:

,0
Y (pmm?

Fi(PMkrea YY1 (P )k

1,m—1)
Y (pm

Y (pm

Zn,red

Each Y, (p™); (for 0 < m < n) contributes additional nilpotent structure, giving us:

Zy
Hai(p"k
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More generally, for arbitrary N we get a closed immersion
(D Y1(d) = H(N)
for each d dividing N, and the resulting map

| [91@ — 3tV

dIN

is an isomorphism over S[1/N]. It follows immediately from [Katz and Mazur 1985,
§13.5] that if (r, p) = 1, then for a perfect field k of characteristic p, Y1 (p"'r) is
the disjoint union, with crossings at the supersingular points, of m + 1 components
Y (p" )P (0 < b < m), where

—b,b —b,b
Y =Y eex g, IipmE.

Now let N = p"N’, where (N', p) = 1, and for any r| N’ let J{;(N); C H{(N)x
denote the union of the components Y;(p"r); for 0 < m < n. In summary:

Corollary 4.2. Let k be a perfect field of characteristic p. For any r dividing
N', H1(N)y, is the disjoint union, with crossings at the supersingular points, of
components Z,, for 0 < b < n, where

zi="J i,
b<m<n
identifying each Y, (p’"r),(cm_b’b) with a closed substack of H{(N)g via 1'P""). Each
Y (pmr)(m_b’b) is “set-theoretically identified with Z}” in the sense that (Zp)req =
‘dl(pmr)iﬁ;ib’b) as substacks of H1(N)k.red- J1(N)y is the disjoint union of the
closed substacks
{j{l (N)Z}rIN’-

Closure of Y1(N) in 3_{1,1(97311,1\,). We now want to describe the closure of Y (N)
in 3_{1,1(973;/“1\,), as a moduli stack classifying twisted curves with extra structure.
This is accomplished in [Abramovich et al. 2003, §5.2] over Z[1/NT; let us briefly
recall how this is done.

Definition 4.3. Let G be a finite group, viewed as a finite étale group scheme over
Z[1/|G|]. Fix an isomorphism G* = G, after adjoining the necessary roots of
unity to Z[1/|G|]. Bf;in(G) is defined as the substack of i‘7_{1,1(%G) over Z[1/|G|]
whose objects are twisted Teichmiiller G-structures on twisted curves. An object
of ST{g,n(%G)(T) is a pair (6, ¢), where €/ T is a 1-marked genus-1 twisted stable
curve with nonstacky marking, and ¢ is a group scheme homomorphism G —
Pic%/T. By definition, (€6, ¢) € Bgfin(G)(T) if and only if, whenever P — € is a
G-torsor corresponding to ¢ (fppf locally on T'), the geometric fibers of P/ T are

connected.
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Bf;in(G) is naturally a closed substack of ?T{g, n(BG). Working over Z[1/N], the
choice of a primitive N-th root of unity ¢y determines an isomorphism of group
schemes G :=Z/(N) = uy over Z[¢{y, 1/N]. Applying the resulting isomorphism
%1,1(973G) = 3_{1’1(973,%,), we may view Y (N) as a substack of 37_{1,1(973G), and
the closure of Y;(N) in 57{1,1(973G) over Z[¢y, 1/N] can be shown to be ‘Btfiil(G)
(indeed, this follows from Theorem 4.6). Thus:

Corollary 4.4. The closure of Y1(N) in ‘:7_{1, 1 (Buy) over Z[1/ N1 is the stack whose
objects over a scheme T /Z[1/N] are pairs (€, ¢), where €/T is a 1-marked
genus-1 twisted stable curve with nonstacky marking, ¢ : Z/(N) — Pic% s isa
group scheme homomorphism, and whenever P — € is a py-torsor corresponding
to ¢ (fppf locally on T) the geometric fibers of P/ T are connected.

However, in characteristics dividing N, simply requiring the u, -torsors to have
connected geometric fibers will not give us a moduli stack isomorphic to the closure
of Y1(N) in %1,1(%;@\,). For example, the group scheme w n is itself connected
over any field of characteristic p; so any u,»-torsor over an n-marked genus-g
twisted stable curve over a field of characteristic p will automatically be connected.
So if the above result held over a base scheme S € Sch /[, it would say the closure
of Y1 (p") in F1,1(Buupn) is all of Ty | (Bapn) (the substack of Hy 1 (B ) where
the marking is representable). We will see that this is not true; the closure of
Y, (p™) turns out to be finite and flat of constant rank p>* — p*'~2 over Jl_/LLl, while
%’1 1 (Bepn) turns out to be finite and flat of constant rank pz” over Jl_/tl,l.

A py-torsor over €/S determines a group scheme homomorphism Z/(N) —
Pic% /s (see Lemma 3.19), and over Z[1/N] a uy-torsor with connected geometric
fibers corresponds to a group scheme homomorphism which is injective. We are
therefore led to consider Drinfeld structures on our twisted curves:

Definition 4.5. Let €/S be a 1-marked genus-1 twisted stable curve with no stacky
structure at its marking. A [["{ (N)]-structure on € is a group scheme homomor-
phism ¢ : Z/(N) — Pic%/s such that:

o the relative effective Cartier divisor

D:= Y [¢)]

a€Z/(N)

in Pic% /s 18 an S-subgroup scheme and
« for every geometric point p — §, D5 meets every irreducible component of
: 0\ _pi0
(Pice,s)s =Pice, /i)
Over any scheme S, we define qu (N) to be the substack of ?_{1,1(%;@\,) whose

objects over an S-scheme T are pairs (6, ¢) € 3_{1’](%/LN)(T) such that ¢ is a
[I"1 (N)]-structure on 6.
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Note that if 6/S is a 1-marked genus-1 stable curve (nontwisted), so that every
geometric fiber of ‘6/S is either a smooth elliptic curve or a Néron 1-gon, then this
agrees with the definition of a [I"; (N)]-structure on 6/S as given in [Conrad 2007,
2.4.1] and in Definition 2.3 above, identifying a [I"{(N)]-structure P € €5™(S)
with its corresponding group scheme homomorphism Z/(N) — €*™, 1 — P, since
Pic% /s = €™ in this case.

Theorem 4.6 (Restatement of Theorem 1.1). Let S be a scheme and I)Ciw (N) the
stack over S classifying [I'1(N)]-structures on 1-marked genus-1 twisted stable
curves with nonstacky marking. Then DC}W(N ) is a closed substack of 57_{1,1 By,
which contains Y1 (N) as an open dense substack.

In particular X (N) is flat over S with local complete intersection fibers, and is
proper and quasifinite over Jlg ;.

Remark 4.7. Although this gives a new modular compactification of Y;(N), it
should be noted that the proof of the theorem relies in several places on the proof in
[Conrad 2007] that the moduli stack classifying [[" (N )]-structures on generalized
elliptic curves is a proper algebraic stack over Jl; ;.

Proof of Theorem 4.6. The main point is to verify the valuative criterion of proper-
ness for X{*(N), which implies Z)C}W(N) is a closed substack of | 1 (Buy). It
follows from Lemma 3.21 that Y (V) is dense.

Let R be a discrete valuation ring with 7' := Spec(R) € Sch/S; write n =
Spec(K) for the generic point of 7 and s = Spec(k) for the closed point. Let
(6, ) € XTV(N)(n), so €,/K is a 1-marked genus-1 twisted stable curve with
nonstacky marking and ¢, : Z/(N) — Pl% /K is a [I"1 (V) ]-structure on 6,,. Since
H1.1(Buy) is proper over S, there is a discrete valuation ring Ry containing R as a
local subring, with corresponding morphism of spectra Ty — T over S, such that
the pair (€, X7 T1, (¢,)1,) extends to a pair (€7,, ¢7,) € %1,1(973/LN)(T); whenever
such an extension exists, it is unique. Therefore it suffices to show that for some
such Ry and T7, there exists a [I"{ (V)]-structure ¢, on a 1-marked genus-1 twisted
stable curve 67, extending the [I"1(N)]-structure (¢,)7, on €, xr Ti. This is
accomplished in Lemmas 4.9-4.12.

Terminology 4.8. In the following lemmas and their proofs, “base change on R”
will refer to replacing R with a discrete valuation ring R; as above.

By [Deligne and Rapoport 1973, IV.1.6], after a base change on R we may
assume that the minimal proper regular model of the coarse space C, of 6, is a
generalized elliptic curve. We maintain this assumption for the rest of the proof.

Lemma 4.9. Suppose 6, /K is a smooth elliptic curve whose minimal proper
regular model over R is smooth, and ¢, is a [I'\(N)]-structure on €,. Then after
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base change on R, (6, ¢,) extends to a [I'1(N)]-structure ¢ on a smooth elliptic
curve €/R.

Proof. This follows immediately from the fact that the stack X;(N) classifying
[T"1 (N)]-structures on generalized elliptic curves is proper [Conrad 2007, 1.2.1]. U

Lemma 4.10. Suppose (6,, ¢,) € T)CEW(N)(n), such that the coarse space C, of 6,
is singular. Then after base change on R, (6,, ¢,,) extends to (6, ¢) € DC{W(N )(R).

Proof. After a base change on R, we may assume that ¢, /K is the standard
mq-stacky Néron 1-gon as in Example 3.4, for some d > 1; since 6, admits a
[Ty (V)]-structure and Pic%”/K =Gk XZ/(d), we have d | N.

MHd

Standard pg-stacky Néron 1-gon

Let €/ R be the standard pu;-stacky Néron 1-gon over R, so € is a genus-1 twisted
curve over R extending 6, (and of course the marking of ¢, extends to 6). After
further base change on R we may assume puy (K) = uy(R). Let ¢,(1) = (¢, a) €
Gm(K) xZ/(d); since ¢, is a [I"1 (N)]-structure on 6,,, we have ¢ € uy (K) anda €
(Z/(d))*. Since uy (K) = uy (R), this extends to a section (¢, a) € G, (R) xZ/(d),
determining a group scheme homomorphism ¢ : Z/(N) — G,, g X Z/(d) with
¢(1)=(¢,a). Since a € (Z/(d))*, ¢ is a [T'1(N)]-structure on €. O

Lemma 4.11. Suppose R has pure characteristic p > 0, and 6, = E,, is an elliptic
curve over K whose minimal proper regular model over R is not smooth; that is,
E, /K is an ordinary elliptic curve with bad reduction. If ¢, : Z/(N) — PiC%U/K
is a [T'1(N)]-structure on 6,, then after base change on R, there exists a pair

(6, p) € X1V (N)(R) extending (6,, ¢y).
Proof. Since for any coprime N and N’ we obviously have
HiaBunn) ZHn 1 Bry) X7, , i1 (Bra)
and
XM(NN) = XY (N) x g, , XN,
it suffices to consider the cases where (a) N is prime to p (including the case p =0)
and (b) N = p".

(a) First suppose (N, p) =1 or p = 0. After base extension on R we may assume
that the finite abelian group E,(K)[N] is isomorphic to (Z/(N ))2. After further
base extension on R, the map ¢, gives us a p-torsor P, — E,, corresponding to the
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point Q, = ¢, (1) € Pic%n/K(K) = E,(K) of “exact order N” in the sense of [Katz
and Mazur 1985, §1.4] (and since (N, p) = 1, this just says Q, has exact order N as
an element of the group E, (K)). Let €/ R be the minimal proper regular model; after
further base extension on R and replacing £ with the new minimal proper regular
model of E,, we may assume € has the structure of a generalized elliptic curve
extending that of E, (see [Deligne and Rapoport 1973, IV.1.6], and also [Conrad
2007, proof of 3.2.6]). Since E,(K) = E*(R), the finite flat R-group scheme
ESM[N] has rank N2, hence is étale over Spec(R) since (N, p) = 1. Therefore
the special fiber &, is geometrically a Néron m N-gon for some m. Replacing &
with its contraction away from the subgroup scheme E*™[N] C 5™ (see [Deligne
and Rapoport 1973, IV.1]), we get a generalized elliptic curve /R extending E,,
whose special fiber is geometrically a Néron N-gon, with E,(K)[N] = ES™(R)[N].

(N-gon)

Note that Q,, extends uniquely to a section Q € E(R)[N] of exact order N, which
Conrad calls a “possibly nonample [I" (V)]-structure on £€”, meaning Q satisfies
all the conditions of a [I"; (IV)]-structure except that the relative effective Cartier
divisor ), » /vyla - Q] might not meet every irreducible component of a geometric
closed fiber ;.

Recall that by Corollary 3.20,

N-1
P, = Specg, (@ P((a- Q) — (oEn)))
a=0

with the py-action on @ £((a- Qy) — (Og,)) induced by the Z/(N)-grading. Since
N is invertible on Spec(R), the assumptions of Lemma 3.22 are satisfied, so we
may identify P, with E, /(Q,), with the quotient map P, — E, identified with the
quotient map E, /(Q,) — E,/E,[N]= E,. Then the uy-actionon P, = E, /(Q,)
is determined by the group scheme isomorphism E,[N]/(Q,) = uy induced by
the ey-pairing and the choice of Q,:

EIN1/(Qq) =1Qy) x EyIN1/{Qy) = (Qy) x EyIN1/{Qy) * piy.

By [Conrad 2007, Theorem 4.1.1], the ey-pairing on E, /K extends (possibly
after further base change on R) to a nondegenerate bilinear pairing of finite flat
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commutative group schemes over R
ey : EMM[N] x EMM[N] — py-

Therefore the isomorphism of group schemes E,[N]/(Q;) = wy described above
may be extended via the same formula to an isomorphism of group schemes
EMINI/NQ) =y

This isomorphism of group schemes makes P’ :=[E/(Q)] a uy-torsor over the
twisted curve €’ := [€/ES[N]], extending our original juy-torsor over E, (€' is
indeed a twisted curve: by [Abramovich et al. 2011, Proposition 2.3] we may detect
this on the geometric fibers, where it is clear, since the geometric closed fiber of
%' is a standard py-stacky Néron 1-gon). But P’ is not necessarily representable.
Indeed, let d be the minimal positive integer such that d - Q5 lies in the identity
component of the geometric closed fiber £;. Then the coarse space Isg of Plisa
Néron N /d-gon, and for any geometric point ¢ — 1_’§ mapping to a node of 1_’2-,,
we have P} X p q = By )k @)

N ja
My ja \
:\\J I — My
KN ja /’\\”
KN ya T
P{=[&/(05)] € =[E/EM N

(Stacky N /d-gon)

Let P — € be the uy-torsor corresponding to the relative coarse moduli space
[Abramovich et al. 2011, Theorem 3.1] of the map €’ — B,y coming from the
py-torsor P* — €. The generic fibers are the same as those of P’ — €, P; is a
nonstacky Néron N /d-gon, and 65 is a standard p,4-stacky Néron 1-gon, say with
coarse space 7 : €; — Cs.

(N /d-gon)
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Let g — C; be a geometric point mapping to the node of C;. Then €5 x¢; g
= Bura)k@g and Ps xc. g = Knja % q (which as a k(g)-scheme is just N/d
disjoint copies of g since (N, p) = 1), so the resulting wy-torsor over (By)i(g)
corresponds to a generator of H " Bua, Uy) = Z/(d). Therefore, with respect to
the decomposition

Pich_ ) = Picl 1) xH(Cs, R'7,Gp) = Gy x Z/(d),

the class of the py-torsor P; — 65 projects in the second factor to a generator of
Z/(d),sothemap ¢ :Z/(N) — Pic%/R induced by P is a [} (N)]-structure on the
twisted curve 6/ R extending the [I"1(N)]-structure ¢, on €,,.

(b) Now suppose N = p". After base change on R, the [I"| (N)]-structure ¢, gives us
a wy-torsor P, — E, corresponding to the point Q, =¢, (1) € Pic%n/,( (K)=E,(K)
of “exact order N” (in the sense of [Katz and Mazur 1985, §1.4], but not necessarily
as an element of the group E,(K)). Since E,/K is ordinary, after base change on
R we have an isomorphism of group schemes over K

Ey[NT= py x Z/(N),

so E,(K)[N1=uy(K)xZ/(N)={1}xZ/(N)=Z/(N). The puy-torsor P,— E, is

N-1

P, = Specg, (GB P((a-Qy) — <0E,7>>)
a=0

with the py-action on & £((Q,) — (Og,)) induced by the Z/(N)-grading.

Choose m > 0 minimal such that the image of p™ - Q, in Z/(N) is zero. So
p" - Qn=0g, is viewed as a point of “exact order p"~"" on Ej. Since L((p™-Qy)
— (0g,)) = Og,, the corresponding p pn-n-torsor over Ey is trivial. So if 6/R is
a twisted curve extending E, /K, the p,»-n-torsor corresponding to p™ - Q, will
automatically extend to the trivial 1 ,»-n-torsor over .

Now view Q, as a point of “exact order p™” on E,/K. The relative effective
Cartier divisor

Dy:= > [a Q)
aez/(p™)

in E, is a subgroup scheme which is étale over K. So by Lemma 3.22, E,/ D, is
the underlying scheme of the w ,»-torsor corresponding to Q,. The u ,»-action on
E, /D, is given by the group scheme isomorphism

Er)[pm]/Dr] = /JLPW
induced by the e, -pairing and the choice of Q,:

E,[p"1/Dy = (Qy} X Eylp™1/ Dy <> Dy x Ey[p™1/ Dy 5 1t pm.
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After a base change on R if necessary, let £/R be a generalized elliptic curve
extending E,, with a [I"1(p"™)]-structure Q on € extending Q,. The special fiber
Es/k is geometrically a Néron p™-gon, and ES[p™] = pwpm x Z/(p™).

(p™-gon)

By [Conrad 2007, Theorem 4.1.1], the e,n-pairing on E, /K extends (possibly
after further base change on R) to a nondegenerate bilinear pairing of finite flat
commutative group schemes over R

epn 1 EM[PM] x EXM[P™] = ppm.

Therefore the isomorphism of group schemes E,[p™]/D, = ,» described above
may be extended via the same formula to an isomorphism of group schemes
EM[p™]/D = upm, where D is the relative effective Cartier divisor

D= ) la-Q]

aeZ/(p™)

in ™. This makes the quotient [E/D] = €/D a representable p ,m-torsor over the
twisted curve 6 :=[€/E™[p™]], which extends the given p ,m-torsor over E,,.

71
X = xP
- 'Lme

[€5/Ds] s = [E5/E3"[p™]]

The geometric special fiber 65 is a standard w ,»-stacky Néron 1-gon, say with
coarse space 7 : 65 — Cs; [€5/Ds] = €5/ Ds is a (nonstacky) Néron 1-gon, and the
quotient map P; := €;/ D5 — 65 extends the map PY" =G,, — € =Gy, X > xP".
In particular, if ¢ — C5 is a geometric point mapping to the node of Cj, then
€ xcq = (Bupm)ig and Ps xcq =g, so the resulting (1 ,m-torsor over (B pm) k()
corresponds to a generator of H'(Bu s pm) = Z/(p™). Therefore, with respect
to the decomposition

Pich ) = Pick 1) X H(Cs, R'7,Gp) = Gy x Z/(p™),
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the class of the u yn-torsor P; — “%; projects in the second factor to a generator of
Z/(p™), so the group scheme homomorphism ¢ : Z/(p™) — Pic% /R corresponding
to P:=[E/D]=¢E&/Dis a[l';(p™)]-structure on the twisted curve 6€/R.

Finally, write

=1
p:sm(@ gga),

a=0

with the grading determined by the 1t ,»-action on P. Since P extends the 1, -torsor
on E, determined by Q,, we have %[, = £((Q,) — (Og,)). Then

pi—1
P X Ib{,pn—m = I)CC%<® g(a mod pm))
a=0

is a upn-torsor over 6 with the p,»-action determined by the grading, extending
the original u ,n-torsor over E, and representable since P is representable. Since
the group scheme homomorphism ¢ : Z/(p™) — Pic% /R corresponding to P is a
[[;(p™)]-structure on 6, and the group scheme homomorphism ¢’ : Z/(p") —
Pic% /g corresponding to P X i n—m is ¢porr for the canonical projectionr : Z/(p") —
Z/(p™), it follows immediately that ¢ is a [["; (p")]-structure on 6. O

Lemma 4.12. Suppose R has mixed characteristic (0, p), and €, = E,; is an elliptic
curve over K whose minimal proper regular model over R is not smooth; that is,
E, /K is an ordinary elliptic curve with bad reduction. If ¢, : Z/(N) — Pic%”/K
is a [['{(N)]-structure on 6,, then after base change on R, there exists a pair
(6, p) € X1V (N)(R) extending (6,, ¢y).

Proof. As before, we can restrict to the two separate cases, one where (N, p) =1
and another where N = p".

(a) If (p, N) =1, the same argument as in Part (a) of the proof of Lemma 4.11
carries through.

(b) Suppose N = p". As in the proof of Lemma 4.11, after base extension on
R we can extend E, to a generalized elliptic curve £/R whose special fiber is
geometrically a Néron N-gon, such that E(R)[N] = E,(K)[N] = (Z/(N))?
(the latter isomorphism being a noncanonical isomorphism of abelian groups).
After further base change on R, the [I"1(p")]-structure ¢, gives us a jy-torsor
P, — E,, corresponding to Q,, = ¢, (1) € Pic%n/K(K) = E,(K) of “exact order N”
in the sense of [Katz and Mazur 1985, §1.4]. Q, extends to a “possibly nonample
[["{(N)]-structure” on £/R. Since the special fiber ; is geometrically a Néron
N-gon, after further base change on R we may assume E"[N] = uy x Z/(N), so

EMk(s)IN] = py (k(s)) x Z/(N) = {1} x Z/(N) = Z/(N).
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Suppose d > 1 is minimal such that d - Q5 maps to 0 in Z/(N). Then we can
choose Q!, Q% € &™(R)[N] such that:
- 0=0'+Q%inEM(R),
« Q! has exact order d in the abelian group £™(R)[N1], and the relative effective

Cartier divisor
d—1
> la-0]
a=0

in % is étale over Spec(R), and
e Q02 maps to 0 in Z/(N) via the above isomorphism.

In the abelian group ES™(R)[N] = (Z/(N))z, 02 has exact order e for some e|N.
Therefore Q,l7 is a [I"(d)]-structure on E,, and Q% is a [I"1(e)]-structure on E,,.
They correspond via Lemma 3.19 to the p4-torsor

d—1

P = Spec, (@ F(a- 0} — (oEn)))
a=0
and the p.-torsor
e—1
P2 :=Specg, (@ $((a-Qy) ~ (OE,,»),
a=0

respectively, with the gradings determining the actions of 4 and p.. The py-torsor
corresponding to Q, via Lemma 3.19 is

N-1
P, := Spec, (EB ((a- Q) — (OEH)))
a=0

The group law on E,, tells us that

((@}) — (0£)) + ((@7) — (0g,)) ~ (@) + @) — O,) = (@) — (O,

so we conclude that

N—-1
P, = Speck, (@:@((a 01— (0g,) ® £((a- Q}) — (oEm),
a=0

with the py-action induced by the grading.

Consider the . -torsor Pnl — E,. As in Lemma 4.11, factoring the isogeny [d]
on E, as E;, — E,,/(Q}]) — E,, we have P,]1 = En/(Q%) with pg acting on Pnl
through the isomorphism with the group scheme E)[d]/ (Q}?) induced via

E,Id1/(Q}) = (Q}) x Eld1/4Q}) = (3) x E,[d)/(Q}) .
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Let €1/ R (possibly after base change on R) be a generalized elliptic curve extending
E,, whose closed fiber is geometrically a Néron d-gon, with E{"(R)[d]= E, (K)[d].

(d-gon)

Asin Lemma 4.11, after further base change on R we may assume that the e4-pairing
on E, extends to a nondegenerate bilinear pairing of finite flat commutative group
schemes over R

eq : EYMd] x EYMd] — pa.

Q,l7 extends to a [ (d)]-structure Q' on &; /R, and the relative effective Cartier

divisor
d—1
D=} la- Q"]
a=0

in £{™ is étale over R, so via the same formula as above we see that the isomorphism
E, [d]/(Q}Y) = g extends to a group scheme isomorphism Sim[a’]/(Ql) = ug. This
makes P! :=[&,/(Q"]=E&,/(Q) arepresentable y,-torsor over the twisted curve
6 :=[E£/&™[d]], extending the given 1i4-torsor Pnl — E,.

The special fiber €, is geometrically a standard u,-stacky Néron 1-gon, say
with coarse space 7w : €, — Cs; [E€1,5/Ds] = €15/ D;s is geometrically a (nonstacky)
Néron 1-gon, and the quotient map P! := &, ;/Ds — %, extends the map P!S™ =
G — €M =Gy, x > x4,

X=X

P! =&, 5/Ds] s = [€1,5/EmId]]

In particular, if ¢ — Cs is a geometric point mapping to the node of Cjy, then
€ xcq = (Bua)kg) and PS1 X ¢ g = g, so the resulting u4-torsor over (Bey)i(g)
corresponds to a generator of H Y Bua, pa) =72 /(d). Therefore, with respect to
the decomposition

Pich /) Z P ) XH(Cs, R'7,Gp) = Gy x Z/(d),
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the class of the p4-torsor P! — % projects in the second factor to a generator of
Z/(d). Therefore the group scheme homomorphism Z/(d) — Pic% ,g defined by
the pg-torsor Pl = [E1/D]=&1/D over € is a [I"; (d)]-structure on the twisted
curve 6/R.

Next consider the p,-torsor Pn2 — E,. Letw : € — C be the coarse space of the
twisted curve 6/ R described above. By [Deligne and Rapoport 1973, IV.1.6], after
further base change on R we may assume that C/R is a generalized elliptic curve,
with structure extending that of E,; note that C;, = E,, and that C; is geometrically
a Néron 1-gon.

We may take the scheme-theoretic closure of the section Q% € E,(K) to get a
unique section Q% € C™(R); necessarily e - Q> = O¢ since e - Q% = 0Og,. The
isomorphisms

L((a-03)— 0p) @ L((b- Q) — (0,)) = L((a+Db) - 0}) — (O,))
of line bundles on E, extend uniquely to isomorphisms

L@~ 0% —(0c) ® L((b- Q%) — (0c)) = £(((a +b) - 0*) — (0¢))
of line bundles on C; therefore the u.-torsor

e—1

P? = Specg, (GB ((a-Q3) - <oE,7>>)

a=0

extends uniquely to a p.-torsor

e—1
P? = Joe_cC(EB #((a- Q% ~ (0c>>)

a=0

over C, with the u.-action induced by the grading. Since Pic% /& has irreducible
geometric fibers, this is a [I"] (e)]-structure on the generalized elliptic curve C/R.
Pulling this back to € via the coarse moduli space map 7 : ¢ — C, we get a (t.-torsor
P2 — € extending P772 — E,, such that the corresponding map ¢ : Z/(N) — Pic% /R
lands in the identity component of every geometric fiber.
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Finally, we return to the uy-torsor P, — E,. Write the pt4-torsor P! - @ as
d—1

p'= _@%(@ga)y
a=0

30 Laly = L((a- Q}) — (0g,)); write the p,-torsor P2 — € as
e—1
P2 = I!GC(@(@;P;)’
a=0
s0 £y = £((a- ;) — (0g,)). Consider the py-torsor

N—1
P := Specg <@ La mod d ® Ly mod e>
a=0

over ¢, with the py-action induced by the grading. Since
(a0 — 05) ® L(a- 03 — (0,)) = L((a- Q) — (0g,)),

we conclude that P — % extends the original py-torsor P, — E,. Furthermore,
with respect to the decomposition

Picy /i) = Pict, jpi) X H(Cs, R'm.Gy) = Gy x Z/(d),

the line bundle & |; projects to a generator of Z/(d), and the line bundle 58/1 |s
projects to 0 € Z/(d); therefore the line bundle (£; ® £})|s projects to a generator
of Z/(d), so the group scheme homomorphism Z/(N) — Pic% /g corresponding
to the py-torsor P — € is a [I"](N)]-structure on 6/ R, extending our original
[["{ (N)]-structure ¢, : Z/(N) — Pic%n/K. [l

This concludes the proof of our final lemma and thus of Theorem 4.6. ]

Reduction mod p of 57_{’1,1(973#1\,). The analysis of J{;(N) above immediately
generalizes to the compactified case. Recall from Notation 3.8 that 37_{/1’1(973 Uy)
C H1.1(Buy) denotes the closed substack classifying rigidified twisted stable
uy-covers of twisted curves with nonstacky marking; 57_{’1 1 (By) is the closure of
T 1 Bry) = Hi(N) in Ty, (Bpy) by Lemma 3.21.

We have a natural closed immersion

(DX (d) = T (Buy)

for each d dividing N, precomposing a map Z/(d) — Pic% /s With the canonical
projection Z/(N) — Z/(d). The resulting map

| |t @) — % @Buy)
d|N

is an isomorphism over S[1/N].
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Definition 4.13. Let p be prime and S € Sch /F,,. Let €/S be a 1-marked genus-1
twisted stable curve with no stacky structure at its marking. Letn > 1 and a, b >0
with a +b =n. A [["'1(p")]-(a, b)-cyclic structure on €6 is a [I"{(p™)]-structure
o:7/(p") — Pic%/s, such that:

« if S| C S is the maximal Zariski open subset such that €5, — S| is smooth,
s, 1 Z/(p") — G, is a [I'1(p")]-(a, b)-cyclic structure in the sense of [Katz
and Mazur 1985], and

e if S, C S is the complement of the supersingular locus of € — S, then the
relative effective Cartier divisor

pb
D:=Y [¢(m)]
m=1

. .0 . .0 . .y
in Picg /5, is a subgroup scheme of Picgg /s, which is étale over S5.

Over the base scheme S € Sch /F,, we define X!¥(p™)@? c XV (p") to be the
closed substack associating to 7'/S the groupoid of pairs (€, ¢), where €/S is
a 1-marked genus-1 twisted stable curve with nonstacky marking, and ¢ is a
[T1(p™)]-(a, b)-cyclic structure on 6.

If N = p"N' with (N’, p) = 1, we define

x%W(N)(a,b) = x%W(N/) XMLI x%W(pn)(a,b) .
The same argument as that used to prove Lemma 2.11 immediately gives us:

Lemma 4.14. Let €/S/F, be a 1-marked genus-1 twisted stable curve with non-
stacky marking, and let ¢ : 7 /(p") — Pic%/s be a [I'1(p")]-(a, b)-cyclic struc-
ture on 6. Then for the canonical projection w : Z/(p"t) — Z/(p™), the
composite pom : Z/(p"t) — Pic%/s is a [T1(p™*tY)]-structure on €, and is
[T (p"*H]-(a + 1, b)-cyclic.

If N = p"N' with (N’, p) = 1, for any r| N’ write ?7_{’171(%/11\,)’ - 7{3’1(%/@\,)
for the union of the components X{*(p™r) over 0 <m < n.

Corollary 4.15. Let k be a perfect field of characteristic p, and let N = p"N’
where (N', p) = 1. For any r|N’, %/1,1 (Bpy)y is the disjoint union, with crossings
at the supersingular points, of components 2, for 0 < b < n, where
—b,b
2= xMpmn?,
b<m<n

identifying each x;w(p’"r),(cm_h’b) with a closed substack of f]_fllyl(%uN)k via (P"").
Each substack X1 ( pmr),(cm_b’b) is “set-theoretically identified with Z)” in the sense
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that (Z})red = X1 (pmr),({'ze_db’b) as substacks of 575/1,1(%/¢N)k,red' %/1’1(973;1,,\,)1c is the
disjoint union of the open and closed substacks

{1 (B hr v

Strictly speaking, to apply the crossings theorem (Theorem 2.7) to get the above
corollary, we need to know that the morphism 37_{/1’] Buy) — My y is finite. This
follows from Corollary 6.3.

The picture in the case N = p" is essentially the same as the picture for
%T,l(%u )k (as discussed after Proposition 4.1), except now each component
is proper:

Z
f1{/1,1(973/4«[1”)/(

5. Moduli of elliptic curves in 71,1 (Bu})

Reduction mod p of JH(N). Next we turn our attention to %1,1 (%uﬁ,), working
as before over an arbitrary base scheme S. Recall that by Corollary 3.20, the open
substack 3_{‘1”1(%/11%) classifying rigidified twisted Mﬁ,—covers of smooth elliptic
curves is naturally equivalent to the stack J{(/N) associating to a scheme 7/S the
groupoid of pairs (E, ¢) where E /T is an elliptic curve and ¢ : (Z/(N))*> - E[N]
is a homomorphism of group schemes over 7.

For any subgroup K <(Z/(N ))? with corresponding quotient G g = (Z/(N )?/K
of (Z/(N ))2, recall (Definition 2.16) that Yx denotes the moduli stack associating
to a scheme 7/S the groupoid of pairs (£, ¥), where E/T is an elliptic curve and
Y : Gg — E is a Gg-structure (in the sense of [Katz and Mazur 1985, §1.5]). So,
for example, if Gg = Z/(d) for some d|N, Yg is isomorphic to the stack Y;(d),
and if Ggx = (Z/ (d))? then Yk is isomorphic to the stack Y(d) classifying (not
necessarily symplectic) [I"(d)]-structures on elliptic curves. For every such K, we
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have a closed immersion
KyYp H(N),

given by precomposing a G g -structure ¢ : G ¢ — E[N] with the canonical projection
(Z/(N))> — G. Together, these give a proper surjection

|| Y- 3w

K<(Z/(N))?

which is an isomorphism over S[1/N].

But in characteristics dividing N this is not an isomorphism. First we consider
the case where N = p" for some prime p. Any quotient G = (Z/(p™))?/K is
isomorphic as an abelian group to Z/(p™) x Z/(p') for some | < m < n. The
corresponding moduli stack Y classifies G g-structures on elliptic curves, and
we saw in Theorem 2.17 that over a perfect field k of characteristic p, Y i is the
disjoint union, with crossings at the supersingular points, of substacks HII}" « indexed
by the set

Lk :={H <Gg|H and Gg/H are both cyclic}.

The component ‘ég « Classifies G g -structures of component label H.

Now consider two subgroups K’ < K < (Z/(p”))z, and write 7 : Gg —> Gg
for the canonical surjection. If ¢ : Gx — E[p"] is a G g-structure on an ordinary
elliptic curve E/T/k, then ¢ o m may or may not be a G g/-structure on E. Indeed,
we saw in Lemma 2.18 that ¢ o 77 is a G- structure if and only if 7 ~'(H) € L,
that is, if and only if 7 ! (H) € G is cyclic.

Consider the set {(K, H) | K < (Z/(p"))z, H € Lg}. Let ~ be the equivalence
relation on this set generated by requiring that (K, H) ~ (K’, H") if K’ < K and
H and H' are as above, and let A = {(K, H)}/~.

Proposition 5.1. Let k be a perfect field of characteristic p. H(p™)y. is the disjoint
union, with crossings at the supersingular points, of components 3 ( p")z for A € A,
where

Hope= | Yie

[(K.H)]=A

identifying each HZ  With a closed substack of H( p”),ﬁ via 1%, Each Hg i IS “set-
theoretically identified with H(p")}” in the sense that (FH(p™)})red = HZ kored 45
substacks of H(p" )k rea for all (K, H) with [(K, H)] = A € A.

If N = p"N' with (p, N') = 1, for any A < (Z/(N))? of order prime to p, let
J—C(N),’? C H(N)i be the union of the substacks Yi x for A < K < (Z/(N))? with
(K : A) a power of p. Then similarly fJ'C(N),‘? is the disjoint union, with crossings
at the supersingular points, of components J{(N),/:’Afor A€ A, and H(N)y is the
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disjoint union of the open and closed substacks H(N ),f for A < (Z/(N))? of order
prime to p.

As in the case of J{;(p"), the reduction mod p of H(p") has an appealing
geometric description. To keep our pictures from getting unreasonably large, we
restrict our attention to the case n = 1. The group K := (Z/(p))? has p + 3
subgroups, namely the entire group K, Ko :=0, and p+ 1 subgroups K, ..., K,
isomorphic to Z/(p). The corresponding moduli stacks are

Yx =49(1),
9k, = Y(p).
Y, =% (p) fori=1,...,p+1,
so we see that over Z[1/p], H(p) is the disjoint union of Y(1), Y(p), and p + 1

copies of Y;(p).
By definition we have

Lk ={0},
LK() ={K1’---’Kp+l}’
Lk, ={Gk,,0} fori=1,...,p+1,

where as usual G, = (Z/(p))?/K;. The set of labels A is built by putting an
equivalence relation on the set consisting of the following pairs:

(K, 0),

(Ko, K;) fori=1,...,p+1,

(K;, Gg;) fori=1,...,p+1,

(K;,0) fori=1,...,p+1.
By definition, working over a perfect field k of characteristic p, the pair (K, 0)
corresponds to Y(1),; the pair (Ko, K;) corresponds to the component H(p),f"
of Y(p)«; the pair (K;, Gg,) corresponds to the component Y, (p),(cl’o) inYg,x =
Y1(p)r; and the pair (K;, 0) corresponds to the component Y; (p),(co’l) in Yg, k =
Y1(p)k- Unwinding the definition, we see that the equivalence relation defining A

just says that (K, 0) ~ (K;, Gg,) fori =1, ..., p+1, and that (Ko, K;) ~ (K;, 0)
fori =1,..., p+ 1. Thus the set of labels is A = {Ag, A1, ..., Ap41}, Where

rM=1K,0]=I[(K;, Gg,)] fori=1,....,p+1,
ri =[(Ko, Ki))]1=[(K;,0)] fori=1,...,p+1.

Visualize J(p)i red as follows:
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j_c( )kp+1

red

j'C(p)k,red

J{(p)k red

iH:(p)k red

j{(p)z?red

The component J( p) © 18 set theoretlcally identified” with the component Y (1),
and with the component Y ( p) X ) in each copy of Y1 ( p)k, each of these contributes
additional nllpotent structure to the component H(p) k" (each Y ( p) 0 has length

— 1 over J{(p)k ed = d(Dy, so fH(p)k has length (p+ D(p—1D+1= p? over
J‘C(p)k red — 1d(l)k)

H(p)}*

Fori=1,...,p+ 1, the component JH( p)z" is “set-theoretically identified” with
the component Y(p) k" of Y(p)k, contributing nilpotent structure to JH(p) k' (each
‘d(p)k has length p — 1 over }C(p)k 'ed)- The component J—f(p)k is also “set-
theoretically identified” with the component Y ( p) B D of Yx. k= 9 1(Pks each of
these is reduced, adding 1 to the length of the component J{( p) . over ( p) fored:
Thus iH(p)k has length p over fH(p)k red> Which is isomorphic to 131(p)k ‘D and
hence has degree p — p over 19(1)16 (see [Katz and Mazur 1985, 13.5.6]). The
result is that the component J{( p) « has length p over the underlying reduced stack
Y1 (p)(o ‘D which has degree p> — p over Y(1)i:
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H(p),""

H(p)}”

H(p)y!
This gives us the following picture of H(p):

H(p),""
Hp)

H(p)}”

H(p)}'

H(p),®

Note that adding up the lengths calculated in the course of the above construction,
we recover the fact that the stack J{(p) has length p*over Y(1) = My g

Closure of Y(N) in F1,1(Bu}).

Definition 5.2. Let €/S be a 1-marked genus-1 twisted stable curve over a scheme
S, with no stacky structure at its marking. A [I"(N)]-structure on € is a group
scheme homomorphism ¢ : (Z/(N )2 — Pic% /s such that:

o the relative effective Cartier divisor
D:i= Y [¢@)]

ae(Z/(N))*

in Pic% /s 18 an N-torsion subgroup scheme, hence D = Pic% /5[N], and

« for every geometric point p — S, D5 meets every irreducible component of
(Pic )5 = Pic_ x5
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We write X'V (N) for the substack of TY_{L 1 (%,ui,) associating to 7'/ S the groupoid of
pairs (6, ¢), where €/S is a 1-marked genus-1 twisted stable curve with nonstacky
marking, and ¢ is a [I"(N)]-structure on €.

If €/S is a twisted curve admitting a [[" (N )]-structure and p — S is a geometric
point such that Cj is singular, then necessarily

Pic%p_/k([,) =G,y x Z/(N),

so by Lemma 3.17 6 is a standard jy-stacky Néron 1-gon over k(p), as in
Example 3.4.
Applying the methods of our study of X}"(N) to the stack X™(N), we have:

Theorem 5.3. Let S be a scheme and let X" (N) be the stack over S classifying
[T (N)]-structures on 1-marked genus-1 twisted stable curves with nonstacky mark-
ing. Then X" (N) is a closed substack of %1,1 (%,ui,), which contains Y(N) as an
open dense substack.

In particular X"V (N) is flat over S with local complete intersection fibers, and is
proper and quasifinite over J ;.

Remark 5.4. In [Petersen 2012] a direct proof is given that over Z[1/N], X™(N)
agrees with the stack X(N) classifying [I"(N)]-structures on generalized elliptic
curves; in this case a /,L]%,—tOI'SOI' over a 1-marked genus-1 twisted stable curve with
nonstacky marking is in fact a generalized elliptic curve, and it is this observation that
gives the desired equivalence. This argument does not generalize to characteristics
dividing N, because, for example, if N = p” then the Néron N-gon in characteristic
p (which is a generalized elliptic curve admitting various [I"(N)]-structures) cannot
be realized as a Mﬁ,—torsor over a 1-marked genus-1 twisted stable curve.

Proof of Theorem 5.3. This is proved in exactly the same manner as Theorem 4.6.
An immediate consequence of Lemma 3.22 is that if £/K is an elliptic curve over
a field K in which N is invertible, and (Q, Q>) is a [I"(/V)]-structure on E, then
the MI%,—torsor

P=§P_eCE< &) sf((a-Q1+b-Q2>—<oE))>

a.beZ/(N)

over E as in Corollary 3.20 may be identified with E itself, with the quotient map
P — E corresponding to the isogeny [N]: E — E. We immediately deduce via
the methods of Theorem 4.6 that over an algebraically closed field k in which N
is invertible, the Ml%l-torsor obtained when we pass to the cusp of Mlyl is a Néron
N-gon P over a standard p-stacky Néron 1-gon €, with the Ml%,—action on P
induced by some choice of isomorphism P*"[N] = M;%/i
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—_ Iy

=[P/P*"[N]]

(N-gon)

And in the case of N = p”, over an algebraically closed k field of characteristic p,
the Mf,n -torsor P obtained in passing to the cusp of Jil1,; may be realized as a trivial
pn-torsor over a standard Néron 1-gon C’, which in turn is a p »-torsor over a
standard p ,»-stacky Néron 1-gon € = [C’ /1 »] via the choice of an isomorphism
() [p"] = ppr:

X (X 0%

C' X pp

In both of the above cases, it is immediately verified that for each of these Mﬁ,-torsors,
the corresponding group scheme homomorphism (Z/(N))? — Pic% /k =GuxZ/(N)
is a [["(N)]-structure on the standard g -stacky Néron 1-gon € in the sense of
Definition 5.2, giving the valuative criterion of properness for X" (N), hence
Theorem 5.3. U

Reduction mod p of %;,1(%u§). Recall that 57_{’1 1(973,%%,) C %1,1(%;&,) is the
closed substack classifying rigidified twisted stable ul%,-covers of twisted curves
with nonstacky marking; so 37_{’1 1 (%M]%[) is the closure of

WS 1 (Buy) = H(N)
in Hyp1(Bud).

Definition 5.5. Let €/S be a 1-marked genus-1 twisted stable curve with nonstacky
marking, and let G be a 2-generated finite abelian group, say G =7/ (ny) x Z/(ny),
ny >ny. A G-structure on 6 is a homomorphism ¢ : G — Pic% /s of group schemes
over S such that:

o the relative effective Cartier divisor

D:=Y [¢(a)]

aeG
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. -0 . .
in Picg g is an nj-torsion subgroup scheme and

« for every geometric point p — S, D meets every irreducible component of
: 0 N _p:i0
(PIC%/S)p = Plc(ﬁﬁ/k(ﬁ).

For any subgroup K < (Z/(N))?* with corresponding quotient G x = (Z/(N))?/K
of (Z/(N))?, we write DC}‘(” for the moduli stack over S associating to a scheme
T/S the groupoid of pairs (6, 1), where €/ T is a 1-marked genus-1 twisted stable
curve with nonstacky marking, and ¢ : Gx — Pic% /7 1s @ G g-structure on Pic% /T

For a twisted curve €/S/F,, ift N = p" and Gx = Z/(p") x Z/(p") with
m>1>1, we set

Lx :={H <Gg|H and Gg/H are both cyclic}.

For any H € Lk we say a Gg-structure ¢ : Gg — Pic% /s has component label
H if H maps to the kernel of the n-fold relative Frobenius F" on the group
scheme Pic% /s over S, and the resulting group scheme homomorphism Gx/H —
Pic%/s[p”]/ker(F”) is a Gk /H-structure in the sense of [Katz and Mazur 1985,
§1.5].

If Gk =Z/(p™) (that is, [ = 0), then X' = X¥(p™), and for H = Z/(p*) €
Lg we define X" < X% to be the substack X (p™)@"=9 < X™(p™) as in
Definition 4.13. We still say that DC};V’H classifies G g-structures of component
label H.

So, for example, if Gx = Z/(d) for some d | N, DC}? is isomorphic to the stack
XM(d), and if Ggx = (Z/(d))? then X" is isomorphic to the stack X*V(d). For
every such K, we have a closed immersion

KXY > L By,

given by precomposing a Gg-structure ¢ : Gg — Pic% s With the canonical
projection (Z/(N))?> — G g. Together, these give a proper surjection

|_| Xy — %/1,1(%/11%/)
K=<(Z/(N))?
which is an isomorphism over S[1/N].
Let k be a perfect field of characteristic p. The same argument that proves

Lemma 2.18 immediately gives us:

Corollary 5.6. If K <(Z/(p"))? such that G :=(Z/(p")?/K =Z/(p"™)xZ/(p')
withl <m <n, then f)C%v i IS the disjoint union, with crossings at the supersingular
points, of closed substacks x;;vij for H € Lg. x};f’kH classifies G g -structures with

component label H.

As before, we let A denote the set {(K, H) | K < (Z/(p"))z, H € Lg}, modulo
the equivalence relation generated by declaring (K, H) ~ (K, 7~ '(H)) whenever
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K’ < K with corresponding quotient map 7 : Gx — G such that 7 ~'(H) € Lg..
We conclude:

Corollary 5.7. Let k be a perfect field of characteristic p. 37_{’1’1 (%uf,n_)k is the dis-
Jjoint union, with crossings at the supersingular points, of components 37{/1’ 1 (%uf,n)z
for A € A, where

o 2 \A . tw, H
K B = U e
[(K,H)]=A

identifying each x}?’,{” with a closed substack of ?7_{/171(%,u%,n)2 via /X, Each DC?(N’,{H
is “set-theoretically identified with I 1(%;/4;,) ¢ inthe sense that

S 2 \A _ oytw,H
(‘7{1,1 (%I’Lp”)k,red - xK,k,red

as substacks of %/1’1(973Mp»z)k,redfor all (K, H)with [(K, H)] =X € A.
If N = p"N' with (p, N') = 1, for any A < (Z/(N))? of order prime to p, let

I (Bug)e C K By )i

be the union of the substacks X}}’fkfor A <K < (Z/(N))?with (K : A) a power of p.
Then similarly ST{/I (B ,ul%,) ,‘? is the disjoint union, with crossings at the supersingular
points, of components 57_{’1,1(973%%,)?”\ for A € A, and 3_{/1’1(%,111%,)1C is the disjoint
union of the open and closed substacks 3_{’1’1(%//,]%,),? for A < (Z/(N ))? of order
prime to p.

The picture in the case N = p is essentially the same as the picture for %‘1”1 (B u%) k
>~ J(p)r (as discussed after Proposition 5.1), except now each component is proper:

_ ) T Brd)
T B

e A
?7{’1’1(973/12),(”

NG

W Bu)®
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6. Comparison with the classical moduli stacks

As promised, we verify that the moduli stacks X{"(N) and X"V(N) are isomorphic
to the corresponding classical moduli stacks, justifying the claim in [Abramovich
et al. 2011] that we have recovered the Katz—Mazur regular models:

Theorem 6.1 (Restatement of Theorem 1.2). Over the base S = Spec(Z), there is a
canonical isomorphism of algebraic stacks X" (N) = X (N) extending the identity
map on Y1(N), and a canonical isomorphism of algebraic stacks X"V (N) = X(N)
extending the identity map on Y(N).

We prove this after some preliminary results; the main point is to demonstrate
that X{"(N) and X"(N) are normal.

Proposition 6.2. The morphism 7w : X{"(N) — My sending (€, ¢) to the coarse
space C of € is a representable morphism of stacks. In particular, X{*(N) is
Deligne—Mumford.

Similarly the natural morphism X"V(N) — Jl_/tl,l is representable, hence X™ (N)
is Deligne—Mumford.

Proof. We have already seen that X{¥(N) is an algebraic stack, so it suffices to
show that for any object (6, ¢) € DCEW(N )(k) with k an algebraically closed field,
the natural map Aut(‘é, ) — Aut(C) is a monomorphism of group schemes. Here
C/k is the coarse space of ‘¢, and automorphisms are required to preserve the
marking. It is obvious that Aut(€, ¢) — Aut(C) is a monomorphism if € = C is a
smooth elliptic curve over k, so by Lemma 3.17 we reduce to the case where €/k
is a standard p4-stacky Néron 1-gon for some d | N.
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In this case an automorphism of % is an automorphism of the coarse space C,
together with an automorphism of the w,-gerbe in 6 lying over the node of C. Thus

Aut(€) = Aut(C) x Aut(Briq r).

The only nontrivial automorphism of C preserving the marked point 1 € C is the
automorphism ¢ : C — C induced by the inversion automorphism of G,,. We
have Aut(Buy) = (g, and the automorphism of Pic% Jk = Gy, X Z/(d) induced by
(0,¢) € Aut(€) = (1) x ugq sends (n, a) to (¢%n,a). Since ¢ : Z/(N) — Pic%/k
meets every component, the only automorphisms of 4 than can possibly preserve
¢ are the automorphisms (t) x {0} C Aut(6) (see [Conrad 2007, proof of 3.1.8]).
Thus Aut(€, ¢) C (1) x {0} = Aut(C).
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The same argument applies to X" (N). (|
Corollary 6.3. XV (N) and X" (N) are finite over My .

Proof. By Theorems 4.6 and 5.3, the natural maps X{"(N) — My and XY(N) —
Ay, are proper and quasifinite; since they are also representable, they are finite. [J

Let 0o < .1, denote the closed substack classifying 1-marked genus-1 stable
curves whose geometric fibers are singular. Let X" (N)*® = X{"(N) x5 R
and X™(N)> = X™(N) x g7, , 0. Exactly analogously to [Conrad 2007, 2. 1. 12]
formation of these closed substacks is compatible with arbitrary base change.
Proposition 6.4. The proper flat morphisms X{"(N) — Spec(Z) and X" (N) —
Spec(Z) are Cohen—Macaulay (of pure relative dimension 1).
Proof. Let X denote X{"(N) or X"™¥(N). The canonical morphism X — ./(_/LM is
finite (by Corollary 6.3) and flat (by Theorems 4.6 and 5.3), and the structural
morphism Jl7t171 — Spec(Z) is Cohen—Macaulay (see [Conrad 2007, 3.3.1]), so
by [Bourbaki 1998, 2.7.9, Corollary 3], the composite X — Spec(Z) is Cohen—
Macaulay. U

Lemma 6.5. DC{W(N ) and X (N)® are relative effective Cartier divisors over
Spec(Z) in X{¥(N) and X™(N), respectively.

Proof. Here we are using the notion of a Cartier divisor on a Deligne—Mumford
stack; see [Arbarello et al. 2011, Chapter XIII]. For X = f)CtW(N ) or X = X™(N),
the closed substack X is the pullback X x 7 it , ©0- We know oo C ./i/tl 1 is a relative
effective Cartier divisor over Spec(Z) (meanmg an effective Cartier divisor which
is flat over Spec(Z)), and by Theorems 4.6 and 5.3 the morphism X — Jl; ; is flat.
Cartier divisors are preserved by flat morphisms (see [Fulton 1998, §1.7]), so X*°
is an effective Cartier divisor in X. Since X — Jl_/Ll,l is flat, so is X*° — o0, so
X°° is flat over Spec(Z), that is, X*° is a relative effective Cartier divisor in X over
Spec(Z). U
Corollary 6.6. X" (N) and X" (N) are normal.

Proof. This is proven in an identical manner to [Conrad 2007, 4.1.4]. The
stacks DC{W(N ) and X" (N) are Deligne-Mumford, and from [Abramovich et al.
2003, 3.0.2] we know X{¥(N) ®z Z[1/N] and X™(N) ®z Z[1/N] are smooth
over Spec(Z[1/N]). In particular, they are regular at any characteristic-0 points.
Furthermore, by Proposition 6.4 they are Cohen—Macaulay over Spec(Z) of pure
relative dimension 1. As in [Conrad 2007, 4.1.4], we can conclude from Serre’s
criterion for normality that it suffices to prove that these stacks are regular away
from some relative effective Cartier divisor, since such a divisor cannot contain any
codimension-1 points of positive residue characteristic. Use the divisors X{*(N)>
and X™Y(N)®; their complements are Y;(N) and Y(N), which are regular by [Katz
and Mazur 1985, 5.1.1]. O
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Proof of Theorem 6.1. X (N) and X (N) are finite, flat, and normal over .i(; 1, so
they are naturally identified with the normalizations (in the sense of [Deligne and
Rapoport 1973, IV.3.3]) of Ml,l in XY(N) |, , =Y1(NV) and XY(N) L, =YW,
respectively; see [Conrad 2007, 4.1.5]. O

We now give a moduli interpretation of the equivalence X; (N) =~ X{¥(N). Let
S be a scheme, E/S be a generalized elliptic curve, and P € ES™(S)[N] be a
[T (N)]-structure on E. From this data we want to construct a pair (€p, ¢p),
where 6p /S is a 1-marked genus-1 twisted stable curve with nonstacky marking,
and ¢p : Z/(N) — PiC%P/S is a [I"1(N)]-structure on € p.

If E/S is a smooth elliptic curve, there is nothing to show: we simply take
(6p, op) = (E, ¢pp) where ¢pp : Z/(N) — Pic%/s = E sends 1 — P. Therefore to
construct (€p, ¢p) in general, we may restrict to the open subscheme of S where
E /S has no supersingular geometric fibers; once we have constructed (€p, ¢p) in
this case, we only need to check that it agrees with our previous construction for
ordinary elliptic curves.

For the rest of the construction, assume that £/S has no supersingular geometric
fibers.

Note that by [Conrad 2007, 4.2.3], fppf locally on S there exists a generalized
elliptic curve E’/S, whose singular geometric fibers are N-gons, together with an
open S-immersion ¢ : ES™ < E’S™ of group schemes over S. In particular, by
[Deligne and Rapoport 1973, 11.1.20] the group scheme E’*™[N]/S is finite and
flat of constant rank N2.

Since E’/S has no supersingular geometric fibers and all its singular geometric
fibers are N-gons, it follows that fppf locally on S, there exists a [I"(V)]-structure
(0, R) on E’ such that:

o the relative effective Cartier divisor

in E’S™ is étale over S and

¢ R meets the identity component of every geometric fiber of E'/S.

The choice of Q and the pairing
ey : E”"[N]x E'""[N] — uy

induce a canonical isomorphism E"S"[N]/D = E"S™[N]/D x{Q} = . Identifying
E’S™[N]/D with its image in the N-torsion of the generalized elliptic curve C :=
E’/D (a generalized elliptic curve whose singular fibers are 1-gons), the group
law of C and the above isomorphism give us an action of yy on C, making C a
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wy-torsor over the twisted curve 6 := [C/uy] = [E'/E'S™[N]] = [E/ES™[N]].
Write

C=st( D a@) LN
a€Z/(N)

where each ¥, is an invertible O¢-module, with the grading and algebra structure
corresponding to the structure of C as a py-torsor over 6.
The image R of R in C is a [I'1(N)]-structure on C, so we get a py-torsor

T::mc( D se((b-k>—(oc>>)
beZ/(N)

over C; the puy-action on 7' corresponds to the Z/(N)-grading and the algebra
structure on

P %R - )

beZ/(N)

comes from the group law on C*™ and the canonical isomorphism C*™ = Picg /s
Since C is a uy-torsor over 6, if £ € Pic(C) we have a canonical decomposition

TP = @ Fa,

aeZ/(N)

where each &, is an invertible sheaf on ¢ and ¢ € py acts on &£, via multiplication
by ¢¢. In particular this applies to the invertible sheaf £ = £((b- R) — (0¢)), giving
us a canonical decomposition

T L(b-R) — 0= P Law-
aeZ/(N)

We have £y ¢ = 9o = O, and the isomorphisms
L((bo - R) — (0¢)) Qe L((b1 - R) — (0¢)) = L(((bo + b1) - R) — (0¢))
(coming from the algebra structure of @, L((b - R) — (0¢))) induce isomorphisms

‘gg(ao,bo) X0 g(111,171) = g(llo-i-lll»bo-i-bl)
for all (ag, by), (a1, by) € (Z/(N )2, giving us a canonical algebra structure on the
direct sum
D Fan
(a,b)e(Z/(N))?

Identifying our original [T"; (N)]-structure P with its image in E'*™(S)[N], there
exists some (ag, bo) € (Z/(N))? with P =ag- Q+bg-R € E'S"[N]. This determines
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a [y -torsor

J:= ﬂ‘@( @ g(cag,cbg))

c€Z/(N)

over %, corresponding to a morphism € — By Here @ L(cqy.ch,) 1S viewed as a
sub-O¢-algebra of the algebra @ £, p)-

Definition 6.7. We define €p — Bu, to be the relative coarse moduli space of
the above morphism € — Buy, and we write ¢p : Z/(N) — PiC%P/S for the
corresponding group scheme homomorphism.

It is immediate that ¢p is a [I"{ (N)]-structure on the twisted curve € p.

Lemma 6.8. (6p, ¢p) is independent of the choice of (ag, bg) with P =agy- Q+bg-
R, and of the choice of generalized elliptic curve E" and [T (N)]-structure (Q, R)
on E" such that D = ) [a - Q] is étale over S and R meets the fiberwise identity
components of E'/S.

Proof. First of all, if E/S is an ordinary elliptic curve, then E’ = E. Our construction
defines a map E[N] — Pic% / s[N1= E[N], which in fact is simply the identity map
(which in particular is independent of the choice of (ag, bg) and the [I"(V)]-structure
(Q, R)). To see this, recall that by Lemma 3.22 we may identify the generalized
elliptic curve C = E /{Q) (viewed as a puy-torsor over E = [E/E[N]] as discussed
above) with the py-torsor

SJ@E( P %@ 0 - <0E)>)

aeZ/(N)

over E. So in the notation of the above construction, € = E and 4, = £,.0) =
F((a-Q)—(0g)). We have

TE(R) =0 = P (% ®L(R) — (0p)))

aeZ/(N)

= P L@ Q+R)—©Or).

aeZ/(N)

So the map defined in the above construction sends Q to £(1 0y = £((Q)—(0g)) and
Rto £,1) = L((R) — (0g)). Composing with the usual isomorphism Pic%/s =FE
yields the identity map on E[N].

To complete the proof in the case where E/S is not necessarily smooth, it
suffices to consider the case where S is the spectrum of an algebraically closed
field k and E/k is a Néron d-gon (for some d|N). E’/k is then a Néron N-gon,
and our Drinfeld basis (Q, R) was chosen so that (Q) meets every irreducible
component of E’ and (R) lies on the identity component. We may therefore choose
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an isomorphism E"™ = 7 /(N) x uy such that Q = (1, 1) and R = (0, ¢) for some
¢ € 13 k).

Thenif P =ag-Q+by-R=aji-Q+b;-R, it follows that ag = a; and g“bo = {b‘, the
latter of which implies that by- R =b;-R. Thus £((by-R)—(0¢)) =£((b1-R)—(0¢)),
80 Ly, by) = L(a1,b)» hence (€ p, ¢p) is independent of the choice of (ag, bo).
Now we must check that (6 p, ¢p) is independent of the choice of (E’, (Q, R)).
E’/k is a Néron N-gon, so the choice of E’ is unique up to composition with an
automorphism of E’ fixing ES™ C E'*™. E’ is the special fiber of an N-gon Tate
curve €'/ k[[g"/N]. Let € = [€'/€'S™[N]], so €, = [E'/E'S™[N]] = [E/E*™[N]].

CRk((g'/N)) G My

We may choose an isomorphism €S [N]=Z/(N) x py of finite flat group schemes
over k[¢'/N]. (Q, R) extends to a [I"(N)]-structure (2, ®) on €’ withD = "(a-2)
étale over k[[¢'/V1 (and of course & meets the identity component of every geo-
metric fiber of €’/ k[[ql/ NT). Given such a [["(N)]-structure on €', our construction
defines a group scheme homomorphism

€ M[N] — Picg . imy [N]-

Both of these are finite flat group schemes over k[[¢'/" ] which are isomorphic to
Z/(N) x wy, and End(Z/(N) x py) is finite (hence proper) over k[[ql/N]]. Since

EINI@K((g'N)) = Pich v [IN1®K((g"™))

is independent of the choice of [I"(N)]-structure over k((g'/"V)) (as € @ k((g'/N))
is an elliptic curve), we conclude that €'"[N] — Pic% Jklq! /N]][N ] is independent
of the choice of (2, R). Thus in particular E’S™[N] — Pic%k / «[N11is independent
of the choice of (Q, R) and the resulting homomorphism E*"[N] — Pic%k / ([N]is

O

independent of the choice of E’.
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Thus by descent, (€p, ¢p) € DC;W (N)(S) is well defined globally over our initial
base scheme S (even allowing supersingular fibers) and depends only on the pair
(E, P) € X1(N)(S). We define our map X;(N) — X{¥(N) by sending (E, P) to
(€p, Pp).

Corollary 6.9. Over any base scheme S, the morphism X1(N) — X{"(N) sending
(E, P) to (6p, ¢pp) is an isomorphism of algebraic stacks.

Similarly, given a generalized elliptic curve E/S which is equipped with a
[["(N)]-structure (P;, P»), the above procedure produces a [I"(N)]-structure ¢ p,, py)
on the twisted curve € :=[E/ES™[N]].

Corollary 6.10. Over any base scheme S, the morphism X(N) — X"V (N) sending
(E, (P1, P»)) to (6E, ¢cp,.py)) is an isomorphism of algebraic stacks.

7. Other compactified moduli stacks of elliptic curves

It is worth noting that the techniques in the proof of Theorem 4.6 are easily adapted
to prove properness of the natural analogues in our current setting of well-known
modular compactifications of other various moduli stacks of elliptic curves with
extra structure, even when these moduli stacks do not naturally lie in a moduli stack
of twisted stable maps:

Definition 7.1. Let €/S be a 1-marked genus-1 twisted stable curve with nonstacky
marking.

(1) A [To(N)]-structure on € is a finite locally free S-subgroup scheme G of Pic% /s
of rank N over S which is cyclic (fppf locally admits a Z/(N)-generator), such
that for every geometric point p — S, G ; meets every irreducible component of
Pic%ﬁ k(). We write XY (N) for the stack over S associating to T/ S the groupoid of
pairs (6, G), where €/ T is a 1-marked genus-1 twisted stable curve with nonstacky
marking, and G is a [["g(V)]-structure on €.

(ii) A balanced [I"1(N)]-structure (see [Katz and Mazur 1985, §3.3]) on € is an
fppf short exact sequence of commutative group schemes over §

0— K — Pic§ [N]—> K — 0, ()

where K and K’ are locally free of rank N over S, together with sections P € K ()
and P’ € K'(S) which are Z/(N)-generators of K and K’ in the sense of [Katz and
Mazur 1985, §1.4]. We write xlfal’tW(N ) for the stack over S associating to 7/S the
groupoid of pairs (€, ), where €/ T is a 1-marked genus-1 twisted stable curve
with nonstacky marking, and T is a balanced [I"| (/V)]-structure on €.

(iii)) An [N-Isog]-structure (see [Katz and Mazur 1985, §6.5]) on € is a finite
locally free commutative S-subgroup scheme G C Pic% ;5[N] of rank N over S,
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such that for every geometric point p — S, G meets every irreducible component
of Pic%ﬁ Jk(p)- We write X™W(N-Isog) for the stack over S associating to 7/S the
groupoid of pairs (6, G), where 6/ T is a 1-marked genus-1 twisted stable curve
with nonstacky marking, and G is an [ N-Isog]-structure on €.

(iv) If N and n are positive integers such that ord,(n) < ord,(N) for all primes p
dividing both N and n, a [I"{(V; n)]-structure (see [Conrad 2007, 2.4.3]) on € is a
pair (¢, G), where

e p:Z/(N)— Pic% /S is a Z/(N)-structure in the sense of [Katz and Mazur
1985, §1.5],

e G C Pic% /s 1s a finite locally free S-subgroup scheme which is cyclic of
order n,

« the degree- Nn relative effective Cartier divisor
N-1

Y (@@ +G)

a=0

in Pic% /s meets every irreducible component of each geometric fiber of Pic% /s
over S, and

o for all primes p dividing both N and n, for e = ord, (n) we have an equality
of closed subschemes of Pic} /s

-l

D (N/p®) - (@) + Glpel) = Pich 5[ p°l.

a=0
We write X" (N; n) for the stack over S associating to T'/S the groupoid of tuples
(6, (¢, G)), where €/ T is a 1-marked genus-1 twisted stable curve with nonstacky
marking, and (¢, G) is a [I'{ (NV; n)]-structure on €.

Corollary 7.2. The stacks X5 (N), X2 (N), X™(N-Isog), and X (N n) are
algebraic stacks which are flat and locally finitely presented over S, with local
complete intersection fibers. They are proper and quasifinite over M, 1, and each is
isomorphic to the corresponding moduli stack for generalized elliptic curves.

As shown explicitly for the stacks X}V (V) and X™ () earlier in this paper, one
may study the reductions modulo p of these moduli stacks, and one finds that over
a perfect field of characteristic p, each stack is a disjoint union with crossings at the
supersingular points of various closed substacks, which come naturally equipped
with moduli interpretations extending the definitions given in [Katz and Mazur
1985] (except for X{*(N; n), which is not studied there).

Question 7.3. If €/S is a 1-marked genus-1 twisted stable curve with nonstacky
marking, the group scheme Pic% /s behaves just like the smooth part of a generalized
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elliptic curve. Over the Zariski open set of § where € — S is smooth, it agrees with
C (which is in this case a smooth elliptic curve); if p — § is a geometric point such
that Cj5 is singular, then Pqu; k) = =Gy, x Z/(N) for some N, and this is Just the
smooth part of a Néron N—gon over k(p). Is there a natural way to exhibit Plc%é /s as
the smooth part of a generalized elliptic curve, giving an equivalence between the
stack of generalized elliptic curves over S and the stack of 1-marked genus-1 twisted
stable curves over S with nonstacky marking? More precisely, is there a natural
way of defining compactified Jacobians of twisted curves, such that the degree-0
compactified Jacobian of a standard p,-stacky Néron 1-gon is a Néron d-gon?

Appendix: On moduli of curves of higher genus

As in the case of elliptic curves, stacks of twisted stable maps allow for natural
compactifications of stacks of genus-g curves equipped with certain extra structure.
For example,

W0 Briy) =T 0Bruy) x 7, My

classifies pairs (C/S, ¢), where C/S is a smooth genus gcurveand ¢ : Z/(N) —
PICC /s> which we view as an N-torsion point in PICC /s = = Jac(C/S). This stack
is naturally contained in the proper algebraic stack ¥ ¢,0(Buy) as an open dense
substack. However, the situation becomes considerably more complicated when we
attempt to use this to obtain proper moduli stacks of curves with level structure, for
example, replacing “N-torsion points” with “points of exact order N”.

Over Z[1/N], we have a stack JT/LéM of twisted curves with level-N structure,
studied in [Abramovich et al. 2003, §6]; this is a smooth proper modular com-
pactification of the stack classifying (not necessarily symplectic) Jacobi level-N
structures on smooth genus-g curves, as in [Deligne and Mumford 1969, 5.4]. One
may be tempted to proceed as follows:

Definition A.1. Let €/S be an unmarked genus-g (g > 1) twisted stable curve
over a scheme S. A full level-N structure on € is a group scheme homomorphism
¢: (Z/(N))*¢ — PIC%/S such that {qb (@) | a € (Z/(N))?} is a full set of sections
for the finite flat group scheme PIC<€ / s[N]over S in the sense of [Katz and Mazur
1985, §1.8].

We write A_/Lé,N) "™ for the substack of %g,O(% [L]%/g ) associating to 7'/ S the groupoid
of pairs (¢, ¢), where €/ T is an unmarked genus-g twisted stable curve and ¢ is a
full level-N structure on 6.

Unfortunately, this is not the “right” definition. By this we mean that we would
like the stack JI/L(N) "™ to be a closed substack of %g 0(% ), flat over S; but it
follows immediately from the example [Chai and Norman 1990 Appendix] that

flatness of Jl_/té,N)’tW fails in mixed characteristic, even over the ordinary locus of



2200 Andrew Niles

Mg . Of course, if N is invertible on § then this definition is the correct one. More
premsely, the choice of an isomorphism (Z/(N )28 = 25’ identifies A/L(N) ™ with
the stack J(/L(N) of [Abramovich et al. 2003, §6], which is shown in [loc. cit.] to be
smooth over Z[1/N] and proper over ./l/L . One would hope to be able to change
the above definition to get a closed substack J(_/LZE,N)’tW of T{g,o(%uﬁg ), flat over S,
agreeing with ﬂng) over S[1/N] and with a natural moduli interpretation in terms
of the maps from (Z/(N))?¢ to the group schemes Pic% /s

More generally we have good properties for the moduli stack #, o(BG) whenever
G is a finite diagonalizable or locally diagonalizable group scheme over S, so the
Cartier dual G* is commutative and constant or locally constant. Recall that for
a finite group G there is a stack .y over Z[1/|G|] of Teichmiiller structures
of level G on smooth curves (see [Deligne and Mumford 1969, 5.6; Pikaart and
de Jong 1995]). Now if G is a diagonalizable group scheme with |G| invertible
on the base scheme §, then after adjoining appropriate roots of unity we may
fix an isomorphism G = G*. In [Abramovich et al. 2003, 5.2.3] it is observed
that this determines an isomorphism between g«Jlg and a substack B““(G)O of
% e, o(BG) whose closure Bte‘(G) in% ¢,0(BG) is a moduli stack whose geometric
objects correspond premsely to G-torsors P — € which are connected (where € is
a genus-g twisted stable curve); these are called twisted Teichmiiller G-structures.
One would hope that Bz,ei(G) can be defined in arbitrary characteristic, with a
natural moduli interpretation, but it is not clear to the author how to proceed with
this for genus g > 1; as discussed above, it does not suffice to simply consider the
substack of 37_{g,o(973G) whose geometric objects correspond to G-torsors which are
connected, since ,» is connected in characteristic p, and the definition in terms
of “full sets of sections” does not give a stack flat over the base scheme in mixed
characteristic.
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