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Polynomial bounds for Arakelov invariants
of Belyi curves

Ariyan Javanpeykar
Appendix by Peter Bruin

We explicitly bound the Faltings height of a curve over @ polynomially in its
Belyi degree. Similar bounds are proven for three other Arakelov invariants: the
discriminant, Faltings’ delta invariant and the self-intersection of the dualising
sheaf. Our results allow us to explicitly bound these Arakelov invariants for
modular curves, Hurwitz curves and Fermat curves in terms of their genus.
Moreover, as an application, we show that the Couveignes—Edixhoven—Bruin
algorithm to compute coefficients of modular forms for congruence subgroups
of SL,(Z) runs in polynomial time under the Riemann hypothesis for ¢-functions
of number fields. This was known before only for certain congruence subgroups.
Finally, we use our results to prove a conjecture of Edixhoven, de Jong and
Schepers on the Faltings height of a cover of P}, with fixed branch locus.

1. Introduction and statement of results

We prove that stable Arakelov invariants of a curve over a number field are polyno-
mial in the Belyi degree. We apply our results to give algorithmic, geometric and
Diophantine applications.

1.1. Bounds for Arakelov invariants of three-point covers. Let Q be an algebraic
closure of the field of rational numbers Q. Let X be a smooth projective connected
curve over @ of genus g. Belyi [1979] proved that there exists a finite morphism
X — I]j’éD ramified over at most three points. Let deg; (X) denote the Belyi degree
of X, i.e., the minimal degree of a finite morphism X — IF% unramified over
P%\{O, 1, 0o}. Since the topological fundamental group of the projective line P! (C)
minus three points is finitely generated, the set of Q-isomorphism classes of curves
with bounded Belyi degree is finite.
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We prove that, if g > 1, the Faltings height /g, (X), the Faltings delta invariant
Ora1 (X), the discriminant A (X) and the self-intersection of the dualising sheaf e(X)
are bounded by a polynomial in deggz(X); the precise definitions of these Arakelov
invariants of X are given in Section 2.3.

Theorem 1.1.1. For any smooth projective connected curve X over Q of genus
g=1,
—log(27)g < hra(X) < 13-10°g degp(X)°,

0< e(X) <3-10"(g—1)degz(X)°,
0< A(X) <5-108¢%degy(X)°,
—10%g? deg(X)® < pa(X) <2-10%g degy(X)°.

The Arakelov invariants in Theorem 1.1.1 all have a different flavour to them. For
example, the Faltings height /g, (X) plays a key role in Faltings’ proof of his finite-
ness theorem on abelian varieties; see [Faltings 1983]. On the other hand, the strict
positivity of e(X) (when g > 2) is related to the Bogomolov conjecture; see [Szpiro
1990b]. The discriminant A(X) “measures” the bad reduction of the curve X/ Q
and appears in the discriminant conjecture of Szpiro [1990a] for semistable elliptic
curves. Finally, as was remarked by Faltings [1984, Introduction], Faltings’ delta
invariant dg,(X) can be viewed as the minus logarithm of a “distance” to the
boundary of the moduli space of compact connected Riemann surfaces of genus g.

We were first led to investigate this problem by work of Edixhoven, de Jong
and Schepers on covers of complex algebraic surfaces with fixed branch locus; see
[Edixhoven et al. 2010]. They conjectured an arithmetic analogue [Edixhoven et al.
2010, Conjecture 5.1] of their main theorem (Theorem 1.1 in [loc. cit.]). We use
our results to prove this conjecture; see Section 6 for a more precise statement.

1.2. Outline of proof. To prove Theorem 1.1.1, we will use Arakelov theory for
curves over a number field K. To apply Arakelov theory in this context, we will
work with arithmetic surfaces associated to such curves, i.e., regular projective
models over the ring of integers Ok of K. We refer the reader to Section 2.2 for
precise definitions and basic properties of Arakelov’s intersection pairing on an
arithmetic surface. Then, for any smooth projective connected curve X over @
of genus g > 1, we define the Faltings height hgy(X), the discriminant A(X),
Faltings’ delta invariant dg, (X) and the self-intersection of the dualising sheaf e(X)
in Section 2.3. These are the four Arakelov invariants appearing in Theorem 1.1.1.

We introduce two functions on X (Q) in Section 2.3: the canonical Arakelov
height function and the Arakelov norm of the Wronskian differential. We show
that, to prove Theorem 1.1.1, it suffices to bound the canonical height of some
non-Weierstrass point and the Arakelov norm of the Wronskian differential at this
point; see Theorem 2.4.1 for a precise statement.
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We estimate Arakelov—Green functions and Arakelov norms of Wronskian dif-
ferentials on finite étale covers of the modular curve Y (2) in Theorem 3.4.5 and
Proposition 3.5.1, respectively. In our proof, we use an explicit version of a result
of Merkl on the Arakelov—Green function; see Theorem 3.1.2. This version of
Merkl’s theorem was obtained by Peter Bruin in his master’s thesis. The proof of
this version of Merkl’s theorem is reproduced in the Appendix by Peter Bruin.

In Section 4, we prove the existence of a non-Weierstrass point on X of bounded
height; see Theorem 4.5.2. The proof of Theorem 4.5.2 relies on our bounds
for Arakelov—Green functions (Theorem 3.4.5), the existence of a “wild” model
(Theorem 4.3.2) and a generalisation of Dedekind’s discriminant conjecture for
discrete valuation rings of characteristic O (Proposition 4.1.1), which we attribute
to Lenstra.

A precise combination of the above results constitutes the proof of Theorem 1.1.1
given in Section 4.6.

1.3. Arakelov invariants of covers of curves with fixed branch locus. We apply
Theorem 1.1.1 to prove explicit bounds for the height of a cover of curves. Let us
be more precise.

For any finite subset B C P!(Q) and integer d > 1, the set of smooth projective
connected curves X over @ such that there exists a finite morphism X — [P’%3 étale
over [Ij’%J — B of degree d is finite. In particular, the Faltings height of X is bounded
by a real number depending only on B and d. In this section, we give an explicit
version of this statement. To state our result, we need to define the height of B.

The (exponential) height H () of an element o in @ is defined as H(«) =
(]_[U max(1, ||« ||v))1/[K:@]. Here K is a number field containing « and the product
runs over the set of normalised valuations v of K. (As in [Khadjavi 2002, Section 2],
we require our normalisation to be such that the product formula holds.) For any
finite set B C P'(Q), define the height of B as Hz = max{H () : « € B}.

Theorem 1.3.1. Let U be a nonempty open subscheme in [P’%3 with complement
B C PY(Q). Let N be the number of elements in the orbit of B under the action of
Gal(Q/Q). Then, for any finite morphism w : Y — [P’éD étale over U, where Y is a
smooth projective connected curve over Q of genus g > 1,
—log(27)g < hra(Y) < 13- 10°¢(4N Hp) NN (deg 7)°,
0= e(¥) <3-10°(g— DAENHp)*V 2" N (degm)?,
0= A(Y) <5-10°%*@NHp)*V 2" M (degm)?,
_ 108g2(4NHB)45N32N72N! (deg 7_[)5
< Sra(¥) < 2-10%(4N Hp) BV N (deg m)°.
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Theorem 1.3.1 is a consequence of Theorem 6.0.4. Note that in Theorem 6.0.4
we consider branched covers of any curve over Q (i.e., not only [P’%). We use
Theorem 1.3.1 to prove [Edixhoven et al. 2010, Conjecture 5.1].

1.4. Diophantine application. Explicit bounds for Arakelov invariants of curves
of genus g > 2 over a number field K and with bad reduction outside a finite set S
of finite places of K imply famous conjectures in Diophantine geometry such as the
effective Mordell conjecture and the effective Shafarevich conjecture; see [Rémond
1999] and [Szpiro 1985a]. We note that Theorem 1.1.1 shows that one “could”
replace Arakelov invariants by the Belyi degree to prove these conjectures. We use
this philosophy to deal with cyclic covers of prime degree. In fact, in [Javanpeykar
and von Kinel 2013], we utilise Theorem 1.1.1 and the theory of logarithmic forms
to prove the small points conjecture of Szpiro [1985c, p. 284; 1986] for curves that
are cyclic covers of the projective line of prime degree; see [Javanpeykar and von
Kinel 2013, Theorem 3.1] for a precise statement. In particular, we prove Szpiro’s
small points conjecture for hyperelliptic curves.

1.5. Modular curves, Fermat curves, Hurwitz curves and Galois Belyi curves.
Let X be a smooth projective connected curve over @ of genus g > 2. We say that
X is a Fermat curve if there exists an integer n > 4 such that X is isomorphic to
the planar curve {x" 4+ y" = z"}. Moreover, we say that X is a Hurwitz curve if
# Aut(X) = 84(g — 1). Also, we say that X is a Galois Belyi curve if the quotient
X/ Aut(X) is isomorphic to I]j’ql32 and the morphism X — X/ Aut(X) is ramified over
exactly three points; see [Clark and Voight 2011, Proposition 2.4] or [Wolfart 1997].
Note that Fermat curves and Hurwitz curves are Galois Belyi curves. Finally, we
say that X is a modular curve if X¢ is a classical congruence modular curve with
respect to some (hence any) embedding @ — C.

If X is a Galois Belyi curve, we have degp(X) < 84(g — 1). Zograf [1991]
proved that, if X is a modular curve, then deggz(X) < 128(g + 1). Combining these
bounds with Theorem 1.1.1 we obtain the following corollary:

Corollary 1.5.1. Let X be a smooth projective connected curve over Q of genus
g > 1. Suppose that X is a modular curve or Galois Belyi curve. Then

max (hpa (X), e(X), A(X), |8ra(X)]) <2-10"g% (g + 1)°.

Remark 1.5.2. Let I' C SL,(Z) be a finite-index subgroup, and let X be the
compactification of I'\H obtained by adding the cusps, where I'" acts on the
complex upper half-plane H via Md&bius transformations. Let X (1) denote the
compactification of SL,(Z)\H. The inclusion I' C SL,(Z) induces a morphism
X — X(1). For @ C C an embedding, there is a unique finite morphism ¥ — Pé of
smooth projective connected curves over (D corresponding to X — X (1). The Belyi
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degree of Y is bounded from above by the index d of I" in SL,(Z). In particular,
max (hpa(Y), e(Y), A(Y), [Sra(Y)]) < 10°d".

Remark 1.5.3. Nonexplicit versions of Corollary 1.5.1 were previously known
for certain modular curves. Firstly, polynomial bounds for Arakelov invariants of
Xo(n) with n squarefree were previously known; see [Ullmo 2000, Théoreéme 1.1
and Corollaire 1.3; Abbes and Ullmo 1997; Michel and Ullmo 1998, Théoreme 1.1;
Jorgenson and Kramer 2009]. The proofs of these results rely on the theory of
modular curves. Also, similar results for Arakelov invariants of X;(n) with n
squarefree were shown in [Edixhoven and de Jong 2011a; Mayer 2012]. Bounds
for the self-intersection of the dualising sheaf of a Fermat curve of prime exponent
are given in [Curilla and Kiihn 2009; Kiithn 2013].

1.6. The Couveignes—Edixhoven—Bruin algorithm. Corollary 1.5.1 guarantees
that, under the Riemann hypothesis for ¢ -functions of number fields, the Couveignes—
Edixhoven—Bruin algorithm to compute coefficients of modular forms runs in
polynomial time; see Theorem 5.0.1 for a more precise statement.

Conventions. By log, we mean the principal value of the natural logarithm. We
define the maximum of the empty set and the product taken over the empty set as 1.

2. Arakelov geometry of curves over number fields

We are going to apply Arakelov theory to smooth projective geometrically connected
curves X over number fields K. Arakelov [1974] defined an intersection theory on
the arithmetic surfaces attached to such curves. Faltings [1984] extended Arakelov’s
work. In this section, we aim at giving the necessary definitions and results for
what we need later (and we need at least to fix our notation).

We start with some preparations concerning Riemann surfaces and arithmetic
surfaces. In Section 2.3, we define the (stable) Arakelov invariants of X appearing
in Theorem 1.1.1. Finally, we prove bounds for Arakelov invariants of X in the
height and the Arakelov norm of the Wronskian differential of a non-Weierstrass
point; see Theorem 2.4.1.

2.1. Arakelov invariants of Riemann surfaces. Let X be a compact connected
Riemann surface of genus g > 1. The space of holomorphic differentials H(X, Q1)
carries a natural hermitian inner product

@wﬁ»i/wAﬁ
2 X

For any orthonormal basis (w1, ..., wg) with respect to this inner product, the
Arakelov (1, 1)-form is the smooth positive real-valued (1, 1)-form @ on X given by
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w=_(~>/2¢g) Zi:l wi A k. Note that o is independent of the choice of orthonormal
basis. Moreover, [, u = 1.

Let gry be the Arakelov—Green function on (X x X) \ A, where A C X x X
denotes the diagonal; see [Arakelov 1974], [de Jong 2005a], [Edixhoven and de Jong
2011b] or [Faltings 1984]. The Arakelov—Green functions determine certain metrics
whose curvature forms are multiples of u, called admissible metrics, on all line
bundles Ox (D), where D is a divisor on X, as well as on the holomorphic cotangent
bundle €2 ﬁ( Explicitly, for D=3, Dp P adivisor on X, the metric || - || on Ox (D)
satisfies log ||1][(Q) = gry (D, Q) for all Q away from the support of D, where
gry(D, Q):=) pnpgry(P, Q). Furthermore, for a local coordinate z at a point a
in X, the metric || - ||or on the sheaf Q}( satisfies

—log|ldzflar(a) = lim (gry (a, b) —log|z(a) — z(b)])-

We will work with these metrics on Ox (P) and Q;( (as well as on tensor product
combinations of them) and refer to them as Arakelov metrics. A metrised line
bundle & is called admissible if, up to a constant scaling factor, it is isomorphic
to one of the admissible bundles Ox (D). The line bundle 2 k endowed with the
above metric is admissible; see [Arakelov 1974].

For any admissible line bundle &, we endow the determinant of cohomology

ME) =detH (X, ) @ detH! (X, £)Y

of the underlying line bundle with the Faltings metric; see Theorem 1 of [Faltings
1984]. We normalise this metric so that the metric on A(Qk) =detH(X, Q i() is
induced by the hermitian inner product on H(X, Q ;) given above.

Let H, be the Siegel upper half-space of complex symmetric g-by-g matrices
with positive-definite imaginary part. Let T in H, be the period matrix attached
to a symplectic basis of H; (X, Z), and consider the analytic Jacobian J;(X) =
C8/(Z8+128) attached to T. On C8, one has a theta function 9 (z; 7) =99 0(z; 7) =
Y neze €xp(i'ntn 4 2mi 'nz), giving rise to a reduced effective divisor ® and a
line bundle O(®q) on J; (X). The function # is not well-defined on J; (X). Instead,
we consider the function

1911(z; T) = (det I(0))/* exp(—7 'y(3()) "' W)[P(z; 7)) (1)

with y = J(z). One can check that ||| descends to a function on J;(X). Now
consider on the other hand the set Pic,_(X) of divisor classes of degree g —1 on X.
It comes with a canonical subset ® given by the classes of effective divisors and
a canonical bijection Pic,_1(X) = J;(X) mapping © onto ®¢. As a result, we
can equip Pic,_;(X) with the structure of a compact complex manifold, together
with a divisor ® and a line bundle O(®). Note that we obtain ||| as a function
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on Pic,_1(X). It can be checked that this function is independent of the choice
of 7. Furthermore, note that ||¢}| gives a canonical way to put a metric on the line
bundle O(®) on Pic,_(X).

For any line bundle & of degree g — 1, there is a canonical isomorphism from
M) to O(—0)[Z£], the fibre of O(—0O) at the point [£] in Pic,_(X) determined
by &. Faltings [1984, Section 3] proves that, when we give both sides the metrics
discussed above, the norm of this isomorphism is a constant independent of .
We will write this norm as exp(§py(X)/8) and refer to §g, (X) as Faltings® delta
invariant of X.

Let S(X) be the invariant of X defined in [de Jong 2005a, Definition 2.2]. More
explicitly, by [de Jong 2005a, Theorem 2.5],

log S(X) = — /X log [911(gP — Q) - u(P), @

where Q is any point on X. It is related to Faltings’ delta invariant §g, (X). In fact,
let (w1, ..., wg) be an orthonormal basis of HO(X, Qk). Let b be a point on X, and
let z be a local coordinate about b. Write wy = fydz fork=1,..., g. We have a
holomorphic function

1 dl—l
W, (o) =det( T’i")
(=D dZ =" ) iz,

locally about b from which we build the g(g + 1)/2-fold holomorphic differential
W, (w)(dz)®8€+D/2 Tt is readily checked that this holomorphic differential is
independent of the choice of local coordinate and orthonormal basis. Thus, the
holomorphic differential W, (w)(dz)®8 +1D/2 extends over X to give a nonzero
global section, denoted by Wr, of the line bundle QE¢#™"/% The divisor of the
nonzero global section Wr, denoted by W', is the divisor of Weierstrass points. This
divisor is effective of degree g> — g. We follow [de Jong 2005a, Definition 5.3] and
denote the constant norm of the canonical isomorphism of (abstract) line bundles

Qi(ngl)/Z ®0y (AgHO(X, Q%) RcOx)Y — Ox (W)

by R(X). Then
log S(X) = §8ra(X) +log R(X). 3)

Moreover, for any non-Weierstrass point b in X,
gry (W, b) —log R(X) = log [Wr||a:(b). 4

2.2. Arakelov’s intersection pairing on an arithmetic surface. Let K be a number
field with ring of integers Ok, and let S = Spec Og. Let p : ¥ — S be an arithmetic
surface, i.e., an integral regular flat projective S-scheme of relative dimension 1 with
geometrically connected fibres. For the sake of clarity, let us note that p : & — § is
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a regular projective model of the generic fibre Xx — Spec K in the sense of [Liu
2006a, Definition 10.1.1].

In this section, we will assume the genus of the generic fibre Xk to be positive. An
Arakelov divisor D on & is a divisor Dy, on & plus a contribution Dinr =) o5 Fr
running over the embeddings o : K — C of K into the complex numbers. Here the o,
are real numbers and the F, are formally the “fibres at infinity”, corresponding
to the Riemann surfaces &, associated to the algebraic curves ¥ x o, » C. We
let ISR/(%) denote the group of Arakelov divisors on ¥. To a nonzero rational
function f on ¥, we associate an Arakelov divisor c’ﬁ/( ) :=(fin + (f)inr With
(f)fin the usual divisor associated to f on & and (f)inr = ) _, Vo (f)F,, Where
Vo (f) i=— f%(r log|fls - ts- Here s is the Arakelov (1, 1)-form on ¥,. We will
say that two Arakelov divisors on & are linearly equivalent if their difference is of
the form cTi;( f) for some nonzero rational function f on . We let 61(%) denote
the group of Arakelov divisors modulo linear equivalence on %.

Arakelov [1974] showed that there exists a unique symmetric bilinear map
(-,): 61(96) X 61(96) — R with the following properties:

o If D and E are effective divisors on & without common component, then

(D,E)=(D,E)in— Y _ gty (Do, Eq),
0:K—C

where o runs over the complex embeddings of K. Here (D, E)g, denotes the
usual intersection number of D and E as in [Liu 2006a, Section 9.1]; i.e.,

(D, E)iin=)_, is(D, E) log#k(s),

sel|S|

where s runs over the set | S| of closed points of S, i;(D, E) is the intersection
multiplicity of D and E at s and k(s) denotes the residue field of s. Note that,
if D or E is vertical, the sum ) c &y, (Do, Eg) is zero.

o:K—

o If D is a horizontal divisor of generic degree n over S, then (D, F;) = n for
every o : K — C.

e If 01, 02 : K — C are complex embeddings, then (Fy,, Fy,,) =0.

An admissible line bundle on % is the datum of a line bundle & on ¥ together with
admissible metrics on the restrictions £, of &£ to the ¥,. Let ﬁ?:(%) denote the
group of isomorphism classes of admissible line bundles on &. To any Arakelov
divisor D = D¢y, + Djns with Diys = Z(, o, F,, we can associate an admissible line
bundle Og (D). In fact, for the underlying line bundle of Oy (D), we take Oy (Dgp).
Then, we make this into an admissible line bundle by equipping the pull-back
of Oy (Dsgy) to each ¥, with its Arakelov metric, multiplied by exp(—oy ). This
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induces an isomorphism
Cl(¥) = Pic(¥).

In particular, the Arakelov intersection of two admissible line bundles on ¥ is
well-defined.

Recall that a metrised line bundle (<, | - ||) on Spec Ok corresponds to an
invertible Og-module, L, say, with hermitian metrics on the L, := C®g4, 0, L. The
Arakelov degree of (£, || - ||) is the real number defined by

deg(¥#) = deg(&. || - II) = log#(L/Oxs) — Y log|so.
0:K—C

where s is any nonzero element of L (independence of the choice of s follows from
the product formula).

Note that the relative dualising sheaf w,, oy of p: % — § is an admissible
line bundle on ¥ if we endow the restrictions Qé&, of wy 0y 1O the ¥, with their
Arakelov metric. Furthermore, for any section P : § — &, we have

(@P*wgg/oK = (@X(P)a w%/OK) = (P= w%/OK)’
where we endow the line bundle P*w,, J0g ON Spec Ok with the pull-back metric.

Definition 2.2.1. We say that & is semistable (or nodal) over S if every geometric
fibre of & over S is reduced and has only ordinary double singularities; see [Liu
2006a, Definition 10.3.1]. We say that & is (relatively) minimal if it does not contain
any exceptional divisor; see [Liu 2006a, Definition 9.3.12].

Remark 2.2.2. Suppose that & is semistable over S and minimal. The blowing-
up Y — & along a smooth closed point on ¥ is semistable over S but no longer
minimal.

2.3. Arakelov invariants of curves. Let X be a smooth projective connected curve
over Q of genus g > 1. Let K be a number field such that X has a semistable
minimal regular model p : ¥ — Spec O ; see Theorems 10.1.8, 10.3.34.a and 10.4.3
in [Liu 2006a]. (Note that we implicitly chose an embedding K — @.)

The Faltings delta invariant of X, denoted by g, (X), is defined as

> Sea(®o),

o:K—C

(SFal(X) =

[K : Q]

where o runs over the complex embeddings of K into C. Similarly, we define

1/[K:Q]
||z9||max(X>=( [] . max ||19||) :

U:KﬁCPICg?l(%U)
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Moreover, we define

1/[K:Q]
R(X)=( ]_[ R(%0)> and S(X):( ]_[ S(%(,)>

0:K—C 0:K—C

1/[K:Q]

The Faltings height of X is defined by

@det PsOy10, Ec\gdetR'p*@%

ik (X) = [K:Q  [K:Q

where we endow the determinant of cohomology with the Faltings metric; see
Section 2.1. Note that /g, (X) coincides with the stable Faltings height of the
Jacobian of ¥k ; see [Szpiro 1985b, Chapter I, Lemma 3.2.1]. Furthermore, we
define the self-intersection of the dualising sheaf of X, denoted by e(X), as

_ (o ox’ Px oK)
«X:=—"kTa

where we use Arakelov’s intersection pairing on the arithmetic surface ¥/Og. The
discriminant of X, denoted by A(X), is defined as

Y sc oy O log#k(p)

AX) = (K :Q] ’

where p runs through the maximal ideals of Ok and J, denotes the number of
singularities in the geometric fibre of p : ¥ — Spec Ok over p. These invariants
of X are well-defined; see [Moret-Bailly 1990, Section 5.4].

To bound the above Arakelov invariants, we introduce two functions on X (Q):
the height and the Arakelov norm of the Wronskian differential. More precisely, let
b € X(Q) and suppose that b induces a section P of ¥ over Og. Then we define
the height of b, denoted by h(b), to be

@P*w% oy _ (P og,0.)

hib) = [K:Q]  [K:Q]

Note that the height of b is the stable canonical height of a point, in the Arakelov-
theoretic sense, with respect to the admissible line bundle w, , . We define the
Arakelov norm of the Wronskian differential at » as

1/[K:Q]
||Wr||Ar<b>=( I1 ||Wr||Ar<bg)) .

0:K—C

These functions on X (@) are well-defined; see [Moret-Bailly 1990, Section 5.4].
Changing the model for X might change the height of a point. Let us show that the
height of a point does not become smaller if we take another regular model over O .
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Lemma 2.3.1. Let ¥ — Spec Ok be an arithmetic surface. Assume that ¥ is a
model for Xg. If Q denotes the section of ™ over Ok induced by b € X (Q), then

(Q, wy o)
[K:Q]
Proof. By the minimality of &, there is a unique birational morphism ¢ : Y — &;

see [Liu 2006a, Corollary 9.3.24]. By the factorisation theorem, this morphism is
made up of a finite sequence

h(b) <

oy:oynﬁ)oyn_lm...ﬂqyo:gg

of blowing-ups along closed points; see [Liu 2006a, Theorem 9.2.2]. For i =
1,...,n,let E; C%; denote the exceptional divisor of ¢;. Since the line bundles
ww,; 0, and @S way,_, 0, agree on Y; — E;, there is an integer a such that

w0k = §; 0w, /0x B0y, On, (A E;).

Applying the adjunction formula, we see that a = 1. Since ¢; restricts to the identity
morphism on the generic fibre, we have a canonical isomorphism of admissible line
bundles

w0k = §; O, /0 By, On, (E;).
Let Q; denote the section of %; over Ok induced by b € X (Q). Then
(Qi, o, 10,) = (Qi, dfwy,_ 10,) + (Qi, Ep)

> (Ql', ¢;k600y,-,1/01<)

=(Qi-1, 0w,_,/0g),
where we used the projection formula in the last equality. Therefore, we conclude
that

(Q. wy/0,) = (Qn, wy,/0) = (Qo, Wy 0,) = (P, 0g,0,) =h(b)[K : Q]. U

2.4. Bounding Arakelov invariants in the height of a non-Weierstrass point. In
this section, we prove bounds for Arakelov invariants of curves in the height of a
non-Weierstrass point and the Arakelov norm of the Wronskian differential in this
point.

Theorem 2.4.1. Let X be a smooth projective connected curve over Q of genus
g>1. Letb e X(Q). Then

e(X) <4g(g — Dh(b),
Srat(X) > —90g° —4g(2g — 1)(g + DA (D).
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Suppose that b is not a Weierstrass point. Then

hea(X) < 58(8 4+ Dh(b) +log [Wr|ar(b),
Sral(X) < 6g(g + Dh(b) + 1210g||Wr||ar(b) + 4g log(2n),
A(X) <2g(g + 1)(4g + Dh(b) + 121og || Wr| ar(b) +93g°.

This theorem is essential to the proof of Theorem 1.1.1 given in Section 4.5. We
give a proof of Theorem 2.4.1 at the end of this section.

Lemma 2.4.2. For a smooth projective connected curve X over Q of genus g > 1,
10g 19 lmax (X) < 5 log max(1, hra (X)) + (4 +5g + 1) log 2.

Proof. We kindly thank R. de Jong for sharing this proof with us. We follow the
idea of [Graftieaux 2001, Section 2.3.2]; see also [David 1991, Appendice]. Let %,
be the Siegel fundamental domain of dimension g in the Siegel upper half-space
Hy,, i.e., the space of complex (g x g)-matrices t in H, such that the following
properties are satisfied. Firstly, for every element u;; of u =M (7), we have |u;;| < %
Secondly, for every y in Sp(2g, Z), we have det J(y - 7) < detJ(t), and finally,
S(t) is Minkowski-reduced; i.e., for all § = (&1, ..., &,) € Z% and for all i such
that &, ..., & are nonzero, we have £3J(7)'& > (J(1));; and, forall 1 <i <g—1
we have (J(7)); i+1 > 0. One can show that %, contains a representative of each
Sp(2g, Z)-orbit in Hy.

Let K be a number field such that X has a model X ¢ over K. For any embedding
o : K — C, let 7, be an element of ¥, such that Jac(Xx o) = C8 /(1,28 + Z5) as
principally polarised abelian varieties, the matrix of the Riemann form induced by
the polarisation of Jac(X g ) being J(15)~! on the canonical basis of C&. By a
result of Bost (see [Graftieaux 2001, Lemme 2.12] or [Pazuki 2012]), we have

1
[K : Q]

Y logdet(N(zy)) < g logmax(1, hpa (X)) + (2> +2) log2).  (5)
0:K—C

Here we used that the Faltings height of X equals the Faltings height of its Jacobian.
Now, let ¥ (z; ) be the Riemann theta function as in Section 2.1, where T is in F,
and z = x + iy is in C8 with x, y € R8. Combining (5) with the upper bound

exp(—' y(3(1) 7 I (z; T < 2% ©6)

implies the result. Let us prove (6). Note that, if we write y = J(z) = (J(1)) - b
for b in RE,

exp(—7'g(3() NP (@ DI < Y exp(—r' (n +b)(X (D)) (n +b)).

nezs
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Since 3J(7) is Minkowski reduced, we have m3(t)m > c(g) Z}g:l miz(?s(r)),-; for
all m in RS, Here c(g) = (4/¢%) ' (3)*“™ V2. Also, (3(2))ii > +/3/2 for all
i=1,...,g (see [Igusa 1972, Chapter V.4] for these facts). We deduce that

> exp(—r' (n + b)(I()) (n + b))

nezs 8
<> exp(—ch(g)(ni +b,-)2(3<r>>ii)

nezs i=1

8
<12 exp=me(@)(mi +b:)*(3(0))ii)

i=1 n,-eZ

< 1—[ 2 <2g(1 +#)g
AUl —exp(—me(g)(I())ii) T m/3c(g))

i=1
This proves (6). U
Lemma 2.4.3. Leta € R.o and b € R<;. Then, for all real numbers x > b,
x—alogmax(l, x) = {x+1(x —2alogmax(1, x)) > Ix+min(1b, a—alog(2a)).

Proof. Tt suffices to prove that x — 2a log max(1, x) > min(b, 2a — 2a log(2a)) for
all x > b. To prove this, let x > b. Then, if 2a < 1, we have x —2a log max(1, x) >
b > min(b, 2a — 2alog(2a)). (To prove that x — 2a logmax(1, x) > b, we may
assume that x > 1. It is easy to show that x — 2a log x is a nondecreasing function
for x > 1. Therefore, for all x > 1, we conclude that x —2alogx > 1 > b.) If
2a > 1, the function x — 2a log(x) attains its minimum value at x = 2a on the
interval [1, co). O

Lemma 2.4.4 (Bost). Let X be a smooth projective connected curve over Q of
genus g > 1. Then

hga(X) > —log(2m)g.

Proof. See [Gaudron and Rémond 2011, Corollaire 8.4]. (Note that the Faltings
height /#(X) utilised by Bost, Gaudron and Rémond is bigger than /g, (X) due to
a difference in normalisation. In fact, we have h(X) = hgy(X) + g log(y/7). In
particular, the slightly stronger lower bound hgy(X) > —log(+/27)g holds.) O

Lemma 2.4.5. Let X be a smooth projective connected curve over @ of genus g > 1.
Then
log S(X) + hpa(X)

> %hFal(X) — g3 +5¢+1) log2+min(—§ log(2m), % - i log(%)).
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Proof. By the explicit formula (2) for S(X) in Section 2.1 and our bounds on theta
functions (Lemma 2.4.2),

log S(X) + hra(X) = —4 logmax(L, hra (X)) = (4g> +5g + 1) 10g 2+ hra(X).
Since hpy (X) > —g log(2m), the statement follows from Lemma 2.4.3 (with x =
hpa(X),a=g/4 and b = —glog(2m)). U

Lemma 2.4.6. Let X be a smooth projective connected curve of genus g > 2 over Q.

Then
2g—D(g+D

8(g—1)

Proof. By [de Jong 2005a, Proposition 5.6],
8(g—1

(g+D2g—-1

Note that log R(X) = log S(X) — dra1(X)/8; see (3) in Section 2.1. This implies
the inequality. U

e(X) + 8ra(X) = log S(X) + hpa (X).

(log R(X) + hpa(X)).

Lemma 2.4.7 (Noether formula). Let X be a smooth projective connected curve
over Q) of genus g > 1. Then

12hpa(X) = e(X) + A(X) + Spal(X) — 4g log(27).

Proof. This is well-known; see [Faltings 1984, Theorem 6; Moret-Bailly 1989,
Théoreme 2.2]. O

Proposition 2.4.8. Let X be a smooth projective connected curve of genus g > 2
over Q. Then

(2g = D(g+1) . ;
hFal(X)f 4(8—1) e(X)+48Fal(X)+2og s
20— 1 1
_glogm) < 28 DGy 415000 +208%,
4g—1

A(X) < 328 ; Dis + l)e(X) 1 285 (X) + 24823

-1
Proof. Firstly, by Lemma 2.4.6,
(2g—D(g+1)
8(¢—1)
To obtain the upper bound for hgy (X), we proceed as follows. By Lemma 2.4.5,

e(X) + 8ra(X) = log S(X) + hpa (X).

log S(X) + hga (X)

> Lpga(X) — (4¢° +5g+ 1) 10g2+min(—§ log(277), % _ % log<§>).
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From these two inequalities, we deduce that

(2g—D(g+1

1
hra(X) = =g

e(X) + §8ra(X) + (4g° +5g + 1) log 2

8 8 8 8
S log(27), 1 (_>__).
—I—max(2 og(2m) 1 og > 4

Finally, it is straightforward to verify the inequality

(4g° +5g+1)log2 + max(% log(2m), %log(%) — %) <10g>.

This concludes the proof of the upper bound for /gy (X).

The second inequality follows from the first inequality of the proposition and
the lower bound /gy (X) > —g log(2m) of Bost (Lemma 2.4.4).

Finally, to obtain the upper bound of the proposition for the discriminant of X, we
eliminate the Faltings height of X in the first inequality using the Noether formula
and obtain

20 —1 1
ACX) +e(X) + 8 (X) — g log(2m) < 28— DEHD ) 1 35 (X)+2408°.

(g—D
Faltings [1984, Theorem 5] showed that e(X) > 0. Therefore, we conclude that

ACX) + 8 (X) — dg log(2r) < 228 TDEFD v 451X +240¢°. O

(g—D

We are now ready to prove Theorem 2.4.1.

Proof of Theorem 2.4.1. The proof is straightforward. The upper bound e(X) <
4g(g — Dh(b) is well-known; see [Faltings 1984, Theorem 5].

Let us prove the lower bound for dgy(X). If g > 2, the lower bound for g, (X)
can be deduced from the second inequality of Proposition 2.4.8 and the upper bound
e(X) <4g(g —1)h(b). When g = 1, this follows from a result of Szpiro [de Jong
2005b, Proposition 7.2] and the nonnegativity of 4 (b).

From now on, we suppose that b is a non-Weierstrass point. The upper bound
hpa(X) < %g(g 4+ 1A (D) + log ||Wr||ar(P) follows from Theorem 5.9 in [de Jong
2005a] and (4) in Section 2.1.

We deduce the upper bound gy (X) < 6g(g + DA(b) + 121log||Wr| ar(b) +
4glog(2m) as follows. Since e(X) > 0 and A(X) > 0, the Noether formula implies
that

Spal(X) < 12hpa(X) + 48 log(27).

Thus, the upper bound for &g, (X) follows from the upper bound for /g, (X).
The upper bound A(X) < 2g(g + 1)(4g + 1)h(b) + 121og [|Wr||a:(b) +93g>
follows from the inequality A(X) < 12hpy(X) — dpa(X) + 4glog(27) and the
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preceding bounds. (One could also use the last inequality of Proposition 2.4.8 to
obtain a similar result.) U

3. Bounds for Arakelov—Green functions of Belyi covers

Our aim is to give explicit bounds for the Arakelov—Green function on a Belyi cover
of X (2). Such bounds have been obtained for certain Belyi covers using spectral
methods in [Jorgenson and Kramer 2006]. The results in [loc. cit.] do not apply to
our situation since the smallest positive eigenvalue of the Laplacian can go to zero
in a tower of Belyi covers; see [Long 2008, Theorem 4].

Instead, we use a theorem of Merkl to prove explicit bounds for the Arakelov—
Green function on a Belyi cover in Theorem 3.4.5. More precisely, we construct a
“Merkl atlas” for an arbitrary Belyi cover. Our construction uses an explicit version
of [Jorgenson and Kramer 2004] on the Arakelov (1, 1)-form due to Bruin.

We use our results to estimate the Arakelov norm of the Wronskian differential
in Proposition 3.5.1.

Merkl’s theorem [2011, Theorem 10.1] was used to prove bounds for Arakelov—
Green functions of the modular curve X (5p) in [Edixhoven and de Jong 2011a].

3.1. Merkl’s theorem. Let X be a compact connected Riemann surface of positive
genus, and recall that u denotes the Arakelov (1, 1)-form on X.

Definition 3.1.1. A Merkl atlas for X is a quadruple
({(U]a Z])}?:l’ Iy, Ma Cl)v

where {(U}, zj)}zle is a finite atlas for X and % <ri<1,M>1andc; >0 are
real numbers such that the following properties are satisfied:

(1) Each z;U; is the open unit disc.
(2) The open sets U;l ={x eUj:|zj(x)| <ri} with 1 < j <n cover X.
(3) Forall 1 < j, j* < n, the function |dz;/dzj| on Uj N Uj is bounded from
above by M.
(4) For 1 < j <n, write uar =iF;jdz;j Adzj on U;. Then 0 < F;(x) < ¢; for all
X € Uj.
Given a Merkl atlas ({(U;, z;)}:_,,r1, M, c1) for X, the following result pro-

j=r
vides explicit bounds for Arakelov—Green functions in n, i, M and c;:

Theorem 3.1.2 (Merkl). Let ({(U;, zj)}’;.zl, ri, M, c1) be a Merkl atlas for X.

Then

330n 1
log
1—r

sup gry <

+132nci1+(n—1)log M.
(XxX)\A (1—r)3/2 1 1+ )log
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Furthermore, for every index j and all x #y € U;', we have

lary (x. ) —og |2 (1) —2; (M| < 22 jog !
grylx,y gzjx ij _(1—}"1)3/2 gl—

+13.2nc1+(n—1)log M.
r

Proof. Merkl [2011] proved this theorem without explicit constants and without the
dependence on ry. A proof of the theorem in a more explicit form was given by
P. Bruin in his master’s thesis. This proof is reproduced, with minor modifications,
in the Appendix. U

3.2. An atlas for a Belyi cover of X (2). Let H denote the complex upper half-
plane. Recall that SL,(R) acts on H via Mobius transformations. Let I"(2) denote
the subgroup of SL,(Z) defined as

r(2)={(ﬁ§) €SLy(Z):a=d=1mod2andb=c=0mod2}.

The Riemann surface Y (2) = I'(2)\H is not compact. Let X (2) be the compactifi-
cation of the Riemann surface Y (2) = I'(2)\H obtained by adding the cusps 0, 1
and oo. Note that X (2) is known as the compact modular curve associated to the
congruence subgroup I'(2) of SL,(Z). The modular lambda function A : H — C
induces an analytic isomorphism A : X (2) — P! (C); see Section 4.4 for details. In
particular, the genus of X (2) is zero. For a cusp « € {0, 1, oo}, we fix an element y;
in SL,(Z) such that y, (k) = o0.

We construct an atlas for the compact connected Riemann surface X (2). Let Boo
be the open subset given by the image of the strip

Soo::{x+iy:—1§x<l, y>%}c|]—l]

in Y (2) under the quotient map H — I'(2)\H defined by t — I'(2)t. The quotient
map H — I"(2)\H induces a bijection from this strip to Boo. More precisely, suppose
that 7 and 7’ in S, lie in the same orbit under the action of "' (2). Then, there exists
an element

y=(0)er@)

such that yt = t’. If ¢ # 0, by definition, ¢ is a nonzero integral multiple of 2.
Thus, ¢? > 4. Therefore,

1~ ST 1 1

— <7 =

< .
2 et +dP — 43t 2

This is clearly impossible. Thus, ¢ =0 and t" = 7 + b. By definition, b = 2k for
some integer k. Since 7 and t’ lie in the above strip, we conclude that » = 0. Thus,
=1

Consider the morphism z, : H— C given by t > exp(wit+m/2). The image of
the strip So, under z, in C is the punctured open unit disc B(0, 1). Now, for any T
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and 7’ in the strip Sao, the equality zoo(7) = Zoo(t’) holds if and only if 7/ = 7 4 2k
for some integer k. But then k = 0 and t = 7’. We conclude that z., factors
injectively through Bo. Let zo : Bos — B(0, 1) denote, by abuse of notation, the
induced chart at co, where Bog := Boo U {oo} and B(0, 1) is the open unit disc in C.
We translate our neighbourhood B, at 0o to a neighbourhood for «, Where K is a
cusp of X (2). More prec1sely, for any t in H, define z,(t) = exp(myk T+4+1/2).
Let B, be the image of S, under the map H — Y (2) given by 7 — I'(2)y,t. We
define B, = B, U {x}. We let z;, : B, — B(0, 1) denote the induced chart (by abuse
of notation).

Since the open subsets B, cover X (2), we have constructed an atlas {(By, Zx)}«
for X (2), where k runs through the cusps 0, 1 and oo.

Definition 3.2.1. A Belyi cover of X(2) is a morphism of compact connected
Riemann surfaces Y — X (2) that is unramified over Y (2). The points of ¥ not
lying over Y (2) are called cusps.

Lemma 3.2.2. Let 7 : Y — X(2) be a Belyi cover with Y of genus g. Then,
g <degm.

Proof. This is trivial for g < 1. For g > 2, the statement follows from the Riemann—
Hurwitz formula. U

Let w : Y — X (2) be a Belyi cover. We are going to “lift” the atlas {(By, z,)}
for X (2) to an atlas for Y.

Let « be a cusp of X (2). The branched cover 7~ Y(B,) = B, restricts to a finite
degree topological cover 7 ~'(B,) — B,. In particular, the composed morphism

7 'B, > B, TN) B(0,1)
Zel e
is a finite degree topological cover of B(0, 1).

Recall that the fundamental group of B(0, 1) is isomorphic to Z. More precisely,
for any connected topological cover of V — B(0, 1) of finite degree, there is a unique
integer e > 1 such that V — B(O, 1) is isomorphic to the cover B(O, 1) —> B(O, 1)
given by x — x°.

For every cusp y of Y lying over «, let Vy be the unique connected component of

7~ B, whose closure V) in 7~ 1(B,) contains y. Then, for any cusp Y, there is a
positive integer ey and an isomorphism w : Vy, 2> B(0, 1) such that wy’ =z, 07| V-
The 1somorph1sm wy V — B(O 1) extends to an isomorphism w, : V, — B(0, 1)
such that w} =z, o 7|y, This shows that ey is the ramification index of y over «.
Note that we have constructed an atlas {(Vy, w,)} for Y, where y runs over the
cusps of Y.
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3.3. The Arakelov (1, 1)-form and the hyperbolic metric. Let

dtdTt

Mhyp(f) (\ ( )2
be the hyperbolic metric on H. A Fuchsian group is a discrete subgroup of SL;(R).
For any Fuchsian group I', the quotient space I'\H is a connected Hausdorff
topological space and can be made into a Riemann surface in a natural way. The
hyperbolic metric ppy, on H induces a measure on I'\H, given by a smooth positive
real-valued (1, 1)-form outside the set of fixed points of elliptic elements of I'.
If the volume of I"'\H with respect to this measure is finite, we call I" a cofinite
Fuchsian group.

Let I' be a cofinite Fuchsian group, and let X be the compactification of I'\H
obtained by adding the cusps. We assume that I" has no elliptic elements and that
the genus g of X is positive. There is a unique smooth function Fr : X — [0, co)
that vanishes at the cusps of I" such that

1
b= 2 Fritng. )

A detailed description of FT is not necessary for our purposes.

Definition 3.3.1. Let 7 : Y — X (2) be a Belyi cover. Then we define the cofinite
Fuchsian group I'y (or simply I') associated to 7w : ¥ — X (2) as follows. Since the
topological fundamental group of Y (2) equals I'(2)/{%1}, we have 7 =1 (Y (2)) =
['"\H for some subgroup I’ C I'(2)/{%1} of finite index. We define I' C I'(2) to
be the inverse image of I’ under the quotient map I'(2) — I'(2)/{=£1}. Note that
I" is a cofinite Fuchsian group without elliptic elements.

Theorem 3.3.2 (Jorgenson and Kramer). For any Belyi cover w : Y — X (2), where
Y has positive genus,

sup Fr <64 max(ey) < 64(deg 71’)

Tey
Proof. This is shown in [Bruin 2013]. More precisely, in the notation of [loc. cit.],
Bruin shows that, with a = 1.44, we have Nsi,z)(z, 2042 —1)<58. In particular,
sup,cy Nr(z, z, 2a% — 1) < 58; see Section 8.2 in [loc. cit.]. Now, we apply Propo-
sition 6.1 and Lemma 6.2 (with € = 2deg ) in [loc. cit.] to deduce the sought
inequality. (]

Remark 3.3.3. Jorgenson and Kramer [2004] prove a stronger (albeit nonexplicit)
version of Theorem 3.3.2.

3.4. A Merkl atlas for a Belyi cover of X (2). In this section, we prove bounds for
Arakelov—Green functions of Belyi covers.
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Recall that we constructed an atlas {(By, z, )}« for X (2). For a cusp k of X (2), let

Yie : H— (0, 00)

1

> —w, This induces a function BK — (0, 00),

be defined by 7+ J(y, 1) =
also denoted by y,.

Lemma 3.4.1. For any two cusps k and ' of X (2), we have

dz.

<4exp(3m/2)

!
on B, N By.

Proof. We work on the complex upper half-plane H. We may and do assume that
k #k'. By applying )/K_,l , we may and do assume that ¥’ = co0. On B, N B, we have

dz, () =miexp(miy, ' t+m/2)d(y, ') and dzeo(v) =miexp(wit+m/2)d(T).

Therefore,
d(y, o)
=exp(mwi(y, e —o))—te 2
T P d(r)
It follows from a simple calculation that, for y,~! ( ) with ¢ # 0,
S p— (T (3o (1) = (D))
T)= exp(mw ) — ¥ (7).
dZoo |CT+d|2 p yOO yK

For 7 and ¥, !t in Bu, one has ys(t) > % and y, (1) > % From |ct 4+ d| =
Yoo(T) = 3(7), it follows that

at+>b It R14
): < <2’
ct+d et +d|*? ~ (J1)2 ~

and similarly, y.(7) < 2. The statement follows. O

3e(r) = 30 (@) = oo

Letm : Y — X (2) be a Belyi cover, and let V = 71 (Y (2)) be the complement
of the set of cusps in Y. Recall that we constructed an atlas {(Vy, w,)} for Y. We

assume that the genus g of Y is positive, and as usual, we let i denote the Arakelov
(1, 1)-formon Y.
Lemma 3.4.2. Let y be a cusp of w : Y — X (2) withk = w(y). Then
27722 2 )
idwydwy:%/ihyp on Vy.
y
Proof. Let k = (y) in X (2). We work on the complex upper half-plane. By the
chain rule, we have

d(z) =d(wy) = eyw;y_1 dw,.
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Therefore,
s |wy > % dwy dwy = dz, dZ.
Note thatdz, =miz, d (yx_l), where we view ]/K_l :H — C as a function. Therefore,
eslwy [P dwy dwy = 2|z [ d (v Y.

Since |w;"| = |z,|, we have
in? | yI?
y

2,2 2. | 2,2 2
oy lwy|Tid(y, ) d(ye ) 2ryclwyl _
— K Yy K K — K Yy (,u/hyp o VK 1)‘

2 2 2
ey 2y ey

i dwy div, = Ay d

Since pipyp is invariant under the action of SL;(Z), this concludes the proof. O

Proposition 3.4.3. Let y be a cusp of m : Y — X(2). Write pn =iF,dw,dw,
on Vy. Then F) is a subharmonic function on V, and

128 exp(3n)(deg 71)4
n’g
Proof. The first statement follows from [Jorgenson and Kramer 2004, p. 8]; see
also [Bruin 2010, p. 58]. The lower bound for F), is clear from the definition. Let
us prove the upper bound for Fy.
For a cusp « of X (2), let B, (2) C B bethe image of the strip {x+iy: —1<x <1,

y > 2} in Y (2) under the map H — Y(2) given by 7 — F(z)]/K‘E For a cusp y
of Y lying over k, define V 2) = n_l(B (2)) and V,(2) = V (2) U{y}. Since the
boundary dVy(2) of V,(2) is contained in V, — V,(2), by the maximum principle
for subharmonic functions,

0<F, <

sup Fy _max(supF sup Fy>=max< sup Fy, sup Fy>= sup Fy.

Vy Vy(2) Vy=Vy(2) aVy(2) Vy=Vy(2) Vy=Vy(2)
By Lemma 3.4.2, Definition 3.3.1 and (7) in Section 3.3,
o2
Fy=Fr——2 8)

282y lwyl?
Note that y 2 < 4 on V. Furthermore,

sup |wy| 2 < sup zo| P =exp(—7) sup exp(2my,) < exp(3m).
Vy=Vy(2) B—B,(2) B—B(2)

Thus, the proposition follows from Jorgenson—Kramer’s upper bound for Fr
(Theorem 3.3.2). O
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Definition 3.4.4. Define s; = /T/2. Note that § < s; < 1. For any cusp k of X(2),
let B! be the open subset of B, whose image under z, is {x € C : |x| < s1}.
Moreover, define the positive real number r by the equation r?egﬂ = s1. Note
that % <ri < 1. Forall cusps y of 7 : ¥ — X(2), define the subset V' C Vy by
Vy’1 ={xeV,:|lw,x)| <r}.

Theorem 3.4.5. Let w : Y — X (2) be a Belyi cover such that Y is of genus g > 1.
Then

d 5
sup gry < 6378027M.
(YXY)\A

Moreover, for every cusp y and all x # x' in Vit

d 5
Jery (e, x)) —log [w, (x) — w, ()] < 6378027 €T

Proof. Write d = degm. Let s1 and r; be as in Definition 3.4.4. We define real
numbers
128 exp(37)d*
n:=#Y —-V), M:=4dexp(3wr) and c;:= w.
g

Since n is the number of cusps of Y, we have n < 3d. Moreover,

1 __d .
1—r; = 1—5¢

Note that

300 e 13 0mer 4 (1 — 1) log M < 6378027
(0] Znc n — (0] —_—.
(=32 %17 ! &M= g

Therefore, by Theorem 3.1.2, it suffices to show that

({(Vy7 wy)}y7 r17 M? Cl)’

where y runs over the cusps of m : Y — X (2), constitutes a Merkl atlas for Y.
The first condition of Merkl’s theorem is satisfied. That is, w, V, is the open unit
disc in C.
To verify the second condition of Merkl’s theorem, we have to show that the
open sets V' cover Y. For any x € Vy, we have x € V[ if 7(x) € B,". In fact, for
any x in Vy, we have |w,(x)| < ry if and only if

12 (L)) = [wy () <}

Since r; < 1, we see that s; = rf < rf"'. Therefore, if 7 (x) lies in B}, we see that

x lies in Vy”. Now, since s1 < \/3/2, we have X(2) = |J B'. We conclude
— €{0,1,00}

that Y = L)J V!, where y runs through the cusps. «
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Since we have already verified the fourth condition of Merkl’s theorem in
Proposition 3.4.3, it suffices to verify the third condition to finish the proof. Let «
and «’ be cusps of X (2). We may and do assume that « # k. Now, as usual, we
work on the complex upper half-plane. By the chain rule,

dw,
dwy

d

T lwy|o! g, mB

dz,
dz,

on V, N V). Note that |wy(1:)|'?y*1 > |wy (7)|* = |z, (7)]| for any 7 in H. Therefore,

dz,
dz,

dw, d
< sup
|z« | BB,

=M,

dwy
where we used Lemma 3.4.1 and the inequality |z, | > exp(—3m/2) on B, N B,». U

3.5. The Arakelov norm of the Wronskian differential.

Proposition 3.5.1. Let v : Y — X (2) be a Belyi cover with Y of genus g > 1. Then

sup  log |[Wr||ar < 6378028g (deg )°.
Y —Supp W
Proof. Let b be a non-Weierstrass point on Y, and let y be a cusp of Y such that b
lies in Vy". Let w = (wy, ..., w,) be an orthonormal basis of HO(Y, Q;). Then, as
in Section 2.1,

(g+D
1og [Wrl|ar(b) = log |[W,, () (b)] + % 10g [dw || ar ().
By Theorem 3.4.5,
glg+1)

> log l[dwy ||ar(b) < 6378027g(deg 7).

Let us show that log |W,, (0)(b)| < g(deg 7). Write oy = fidwy on Vy. Note
that wp A wr = |fk| dwy A dwy. Therefore,
i

. g 8
i _ 2 _
Mz@,}_l A Wk :2_;_ | fil” dwy A dwy.

We deduce that Z,f:l | fil? = 2gF), where Fy is the unique function on V, such
that u =i F\y dwy, Adw,. By our upper bound for F, (Proposition 3.4.3), for any

j=1,...,8,

256 exp(3m)(deg m)*
w2 '

8
supl f;> <sup Y | fil> =2gF) <
vy

Yy k=1
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By Hadamard’s inequality,

g—1 lf 1/2
loglwwy(wxbnleog(Z - ()) :
=0 k=1 y

Let r; < r < 1 be some real number. By Cauchy’s integral formula, for any
O<i=g-—1,

d fi
dw),

(b) =

I Jk
— i ldu))
2mi lwy|=r (wy —wy (b)) +
|

Al g!
=< m Sup|fk| = ﬁ Sup|fk|

By the preceding estimations, since g! < g8 and 1/(1 —ry) <degm /(1 —s1), we
obtain that

log |Wy, (@) ()]

IA
Mi

12
<<1_r . (kzls&mm ) )

lo
log< g! 2256exp(37r)(deg71)4>1/2>
k=1

(I—=rp)s n?

~
(=]

—_

IA
oy

~

=0

=glog(gh +¢ log(

256g exp(3)
= ) & g(‘gj_[—p)-i-2glog(degn)

<256 exp(3n)>>

< (4.5 +log< g% log(deg )

< 13g(deg 7r) .

1
11
S1)+2 0

Since g > 1 and 7 : ¥ — X (2) is a Belyi cover, the inequality deg w > 3 holds.
Thus,
13g(deg )’

77 < g(deg n)S. O

13g(deg m)* <

4. Points of bounded height

4.1. Lenstra’s generalisation of Dedekind’s discriminant bound. Let A be a dis-
crete valuation ring of characteristic 0 with fraction field K. Let ord4 denote the
valuation on A. Let L/K be a finite field extension of degree n, and let B be the
integral closure of A in L. Note that L /K is separable, and B/ A is finite; see [Serre
1979, Proposition 1.4.8].

The inverse different @E} 4 of B over A is the fractional ideal

{x e L:Tr(xB) C A},
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where Tr is the trace of L over K. The inverse of the inverse different, denoted by
Dp/a, is the different of B over A. Note that D g, is actually an integral ideal of L.

The following proposition (which we would like to attribute to H. W. Lenstra, Jr.)
is a generalisation of Dedekind’s discriminant bound; see [Serre 1979, Proposition
11.6.13].

Proposition 4.1.1 (H. W. Lenstra, Jr.). Suppose that B is a discrete valuation ring
of ramification index e over A. Then, the valuation r of the different ideal D p /4
on B satisfies the inequality

r<e—1+4e-ordy(n).

Proof. Let x be a uniformiser of A. Since A is of characteristic 0, we may define
y:=1/nx; note that y is an element of K. The trace of y (as an element of L) is 1/x.
Since 1/x is not in A, this implies that the inverse different D } 4 1s strictly contained
in the fractional ideal y B. (If not, since A and B are discrete valuation rings, we
would have that y B is strictly contained in the inverse different.) In particular, the
different D g, 4 strictly contains the fractional ideal (nx). Therefore, the valuation
ordg(®p/4) on B of Dp/ 4 is strictly less than the valuation of nx. Thus,

ordg(®p/4a) <ordp(nx) =e-ordg(nx) =e(ordg(n) +1) =e-ordy(n) +e.
This concludes the proof of the inequality. ([

Remark 4.1.2. If the extension of residue fields of B/A is separable, Proposition
4.1.1 follows from the remark following Proposition 1I1.6.13 in [Serre 1979]. (The
result in that proposition was conjectured by Dedekind and proved by Hensel when
A = Z.) The reader will see that, in the proof of Proposition 4.2.4, we have to deal
with imperfect residue fields.

Proposition 4.1.3. Suppose that the residue characteristic p of A is positive. Let
m be the biggest integer such that p™ < n. Then, for B C B a maximal ideal of B
with ramification index eg over A, the valuation rg of the different ideal D, 4 at B
satisfies the inequality

rg <eg—1+eg-ords(p™).
Proof. To compute rg, we localise B at B and then take the completions A and EE

of A and Bg, respectively. Let d be the degree of EE over A. Then, by Lenstra’s
result (Proposition 4.1.1), the inequality

rg < eg —1-{-6,3 OI'dA‘(d)
holds. By definition, ord7(d) = ord4(d) <ord4(p™). This concludes the proof. [
4.2. Covers of arithmetic surfaces with fixed branch locus. Let K be a number

field with ring of integers Ok, and let S = Spec Ok. Let D be a reduced effective
divisor on & = IP’;, and let U denote the complement of the support of D in .
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Let Y — § be an integral normal two-dimensional flat projective S-scheme with
geometrically connected fibres, and let 7 : Y — & be a finite surjective morphism
of S-schemes that is étale over U. Let ¥ : ¥’ — % be the minimal resolution
of singularities [Liu 2006a, Proposition 9.3.32]. Note that we have the following
diagram of morphisms:

vy e s

Consider the prime decomposition D =), _; D;, where [ is a finite-index set. Let
D;; be an irreducible component of 7~ (D) mapping onto D;, where j is in the
index set J;. We define r;; to be the valuation of the different ideal of O, Dy /O%.p,.
We define the ramification divisor R tobe ) ;.; >~ jey; TijDij. We define B :=m.R.

We apply [Liu 2006a, 6.4.26] to obtain that there exists a dualising sheaf wqy /s
for Y — § and a dualising sheaf w, for 7 : ¥ — & such that the adjunction formula

wy /s = ﬂ*a)%/s Q wy

holds. Since the local ring at the generic point of a divisor on & is of characteristic 0,
basic properties of the different ideal imply that w, is canonically isomorphic to
the line bundle Oy (R). We deduce the Riemann—Hurwitz formula

wys = n*a)%/s ® Oy (R).

Let Ky = —2 - [00] be the divisor defined by the tautological section of wy, 0k
Let Koy denote the Cartier divisor on Y’ defined by the rational section d (7 o V)
of way /5. We define the Cartier divisor Ko on % analogously; i.e., Ko is the Cartier
divisor on ¥ defined by dz. Note that Koy = ¥, Kay. Also, the Riemann—Hurwitz
formula implies the following equality of Cartier divisors:

Ky=n"Ky+R.

Let Ey, ..., E; be the exceptional components of ¥ : ¥ — %Y. Note that the
pull-back of the Cartier divisor {* Ko coincides with Kqy on

s
v - JE:.
i=1
Therefore, there exist integers ¢; such that

N
Koy =y" Koy + ZCiEi,
i=1
where this is an equality of Cartier divisors (not only modulo linear equivalence).
Note that (¢* Ko, E;) =0 for all i. In fact, Kq is linearly equivalent to a Cartier
divisor with support disjoint from the singular locus of ¥.
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Lemma 4.2.1. Foralli=1,...,s, we have ¢c; <O.

Proof. We have the following local statement. Let y be a singular point of %, and

let Eq, ..., E, be the exceptional components of ¥ lying over y. We define
r
V+ = Z Ci E,’
(=0

as the sum on the ¢; > 0. To prove the lemma, it suffices to show that V; = 0. Since
the intersection form on the exceptional locus of Y" — % is negative-definite [Liu
20064, Proposition 9.1.27], to prove V; =0, it suffices to show that (V,, V) > 0.
Clearly, to prove the latter inequality, it suffices to show that, for all i such that
¢i > 0, we have (V,, E;) > 0. To do this, fix i € {1,...,r} with ¢; > 0. Since
%Y’ — % is minimal, we have that E; is not a (—1)-curve. In particular, by the
adjunction formula, the inequality (Ka, E;) > 0 holds. We conclude that
(Vi, Ei) = (Ko, E) = ) ¢j(Ej, Ep) 20,

j=I

c;j<0
where, in the last inequality, we used that, for all j such that ¢; < 0, we have that
E; #E;. (|
Proposition 4.2.2. Let P': S — %’ be a section, and let Q : S — ¥ be the induced
section. If the image of P’ is not contained in the support of Koy, then

(Ko, P)fin < (B, Q)fin.

Proof. By the Riemann—-Hurwitz formula, we have Koy = 7* Ky + R. Therefore, by
Lemma 4.2.1, we get that

(Ky', Pein= (Y *Ky+Y_ ¢ Ei, P)fin

N
= (w*n*K% +Y R+ ik, P’)

i=1 fin

< WKy, P))gn+ (YR, P)gin.
Since the image of P’ is not contained in the support of Koy, we can apply the
projection formula for the composed morphism 7 oy : Y — ¥ to (V*7* Ky, P)fin
and (Y*R, P')an; see [Liu 2006a, Section 9.2]. This gives
(Koy/, P,)ﬁn = (K//*T[*K%, P/)ﬁn + (W*R, P/)ﬁn = (K%’ Q)ﬁn + (JT*R, Q)ﬁn-

Since Ky = —2 - [00], the inequality (Ky, Q)fn < 0 holds. By definition, B = m,R.
This concludes the proof. (]
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We introduce some notation. For i in I and j in J;, let ¢;; and f;; be the
ramification index and residue degree of 7 at the generic point of D;;, respectively.
Moreover, let p; C Ok be the maximal ideal corresponding to the image of D;
in Spec Ok . Then, note that e;; is the multiplicity of D;; in the fibre of ¥ over p;.
Now, let ep, and f,, be the ramification index and residue degree of p; over Z,
respectively. Finally, let p; be the residue characteristic of the local ring at the
generic point of D; and, if p; >0, let m; be the biggest integer such that p;" <deg,
i.e., m; = |log(deg )/ log(p;)].

Lemma 4.2.3. Leti be in I such that 0 < p; <degm. Then, for all j in J;,
Tij < 2eijmiep[..

Proof. Let ordp, be the valuation on the local ring at the generic point of D;. Then,
by Proposition 4.1.3, the inequality

rij < ejj—1+e;;-ordp,(p;")

holds. Note that ordp, (p?"’) = m;ep,. Since p; < degm, we have that m; > 1.
Therefore,

Tij fe,-j—l—i-e,-jm,-epi SZeijmiep;. O

Let us introduce a bit more notation. Let /1 be the set of i in I such that D; is
horizontal (i.e., p; =0) or p; >degm. Let D| = Ziell D;. We are now finally ready
to combine our results to bound the “nonarchimedean” part of the height of a point.

Proposition 4.2.4. Let P’ : S — %' be a section, and let Q : S — % be the induced
section. If the image of P’ is not contained in the support of Koy, then

(Kay, P)in < degw(Dy, Q)gin + 2(deg 7)* log(deg 7)[K : Q].

Proof. Note that
B=3 (St )
iel “jelJ;

Let I5 be the complement of I; in I. Let Dy =)
In particular,

D;, and note that D = D+ D».

iEIQ

(B, Qtin=Y_ > _rijfij(Di, Qsn

iel jEJ,‘

= Z Z rij fij(Di, Q)fin + Z Z rij fij(Di, Q)fin.

iel jGJ,' iely jGJ,'
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Note that, for all i in /1 and j in J;, the ramification of D;; over D; is tame; i.e., the
equality r;; = e;; — 1 holds. Note that, for all i in /, we have ZjeJ,- ejjfij=degm.
Thus,

Z Z’”ijfij(Dia O)fin < Z Zeijfij(Dh Q)fin = deg (D1, Q)fin-

iel jEJ,' iel jEJ,'

We claim that

D rij £ij(Di, Qsin < 2(degm)* log(deg m)[K : Q.

ieh jeJ;
In fact, since, for all i in I and j in J;, by Lemma 4.2.3, the inequality
rij < 2e;jm;ey,
holds, we have that

Z Zrijfij(Di, Q)fin < sziep[(Div Q)ﬁn<z €ijfij)

ieh jeJ; ielh jeldi

=2(degm) Z miep, (Di, Q)fin-

ielp

Note that (D;, Q) = log(#k(p;)) = fp, log p;. We conclude that

log(d
S mien, (D, Q)fin = Z( 3 ep,-fp,-N%J log(p)

iel p prime ‘iely, pi=p
log(deg m)
=[K:Q Y {—1 Jlog(p),
ogp
%,N| Dy |£2

where the last sum runs over all prime numbers p such that the fibre &, contains
an irreducible component of the support of D;. Thus,

log(d
(B. Q) < (degm)(D1, Q)fin +2(degm)[K : 0] Y LM

XpNDr#S

J log(p).

log p

Note that

log(d
%,NDy £ 08 P LpNDy#D

where we used that &, N D, # & implies that p < deg 7. In particular,

(B, Q)sin < (deg 1) (D1, Q)fin + 2(deg )% log(deg 7)[K : Q).



118 Ariyan Javanpeykar

By Proposition 4.2.2, we conclude that
(Kay, Pin < (degm) (D1, Q)fin + 2(deg 71)2 log(deg m)[K : Q]. O

4.3. Models of covers of curves. In this section, we give a general construction
for a model of a cover of the projective line. Let K be a number field with ring of
integers Ok, and let S = Spec Og.

Proposition 4.3.1. Let Y — Spec Ok be a flat projective morphism with geomet-
rically connected fibres of dimension 1, where %Y is an integral normal scheme.
Then, there exists a finite field extension L /K such that the minimal resolution of
singularities of the normalisation of ¥ X o, Oy, is semistable over Op.

Proof. This follows from [Liu 2006b, Corollary 2.8]. U
The main result of this section reads as follows.

Theorem 4.3.2. Let K be a number field, and let Y be a smooth projective geomet-
rically connected curve over K. Then, for any finite morphism g : Y — Pk, there
exists a number field L /K such that

o the normalisation w : %Y — [IJ’IOL of [P’IOL in the function field of Yy is finite flat
surjective,

e the minimal resolution of singularities v : Y’ — %Y is semistable over Oy and

e each irreducible component of the vertical part of the branch locus of the finite
flat morphism 7w : %Y — PIOL is of characteristic less than or equal to deg 7.
(The characteristic of a prime divisor D on P})L is the residue characteristic
of the local ring at the generic point of D.)

Proof. By Proposition 4.3.1, there exists a finite field extension L/K such that
the minimal resolution of singularities ¥ : %" — % of the normalisation of [P’IOL
in the function field of Y is semistable over Oy . Note that the finite morphism
7Y — IPIOL is flat. (The source is normal of dimension 2, and the target is
regular.) Moreover, since the fibres of Y’ — Spec Oy, are reduced, the fibres of
Y over Oy, are reduced. Let p C Oy, be a maximal ideal of residue characteristic
strictly bigger than deg 7, and note that the ramification of 7 : Y — IP%)L over (each
prime divisor of [P’})L lying over) p is tame. Since the fibres of ¥ — Spec O are
reduced, we see that the finite morphism 7 is unramified over p. In fact, since
IPIOL — Spec Oy, has reduced (even smooth) fibres, the valuation of the different
ideal 9%g,, /0, ,, on Op of an irreducible component D of Y, lying over 7 (D) in &
is precisely the multiplicity of D in %,. (Here we let Op denote the local ring at
the generic point of D and O (p) the local ring at the generic point of 7w (D).) Thus,
each irreducible component of the vertical part of the branch locus of 7 : Y — IP’%)L
is of characteristic less or equal to deg 7. (]
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4.4. The modular lambda function. The modular function A : H — C is defined as

1
p3+3)—9(5)

1 b

9(5) = 9()
where g denotes the Weierstrass elliptic function for the lattice Z+ tZ in C. The
function A is I'(2)-invariant. More precisely, A factors through the I'(2)-quotient
map H — Y (2) and an analytic isomorphism Y (2) = C\ {0, 1}. Thus, the modular
function A induces an analytic isomorphism X (2) — P1(C). Let us note that
A({io0) =0, A(1) = o0 and A(0) = 1.

The restriction of A to the imaginary axis {iy : y > 0} in H induces a homeomor-

phism, also denoted by A, from {iy : y > 0} to the open interval (0, 1) in R. In fact,
for « in the open interval (0, 1),

MT) =

M(1, Ja)
M, v/T—a)

where M denotes the arithmetic-geometric mean.

2 N e) =i

o
Lemma 4.4.1. For t in H, let q(t) = exp(wit) and let A\(t) = ) _ a,q" (t) be the

q-expansion of A on H. Then, for any real number ;1 <y<l, =!

> nanq”(iy)‘ <2.

n=1

—log

Proof. Note that

o0

. dA
> nand” =45

n=1
It suffices to show that |gd)\/dg| > %. We will use the product formula for A.
Namely,

1 + an

Moy =16q [ fu@) and fu(@) =

n=1

Write f,(q) =df,(q)/dq. Then,
da o0 fn,(q)> ( o0 d )
—=x1+q) = 1+q) —log fu(q) ).
dq ( anI In(@) qn:1 dq 0 /n(@

Note that, for any positive integer n and ‘5‘ <y<l,

(% log /(@) ) () < 0.
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Moreover, since A(i) = % and A(0) = 1, the inequality A(iy) > % holds for all

0<y=<L Also,forf <y<lI,

— d
(—q > gl fn<q)) i) < 1.
n=1

In fact,
o o 2n—1 o

d 2ng Qn —1)g*2
—log fu(q) = -)
Z dq 0g f (q) Z 1 +q2n Z 1 +q2n—l

n=1 n=1 n=1

It is straightforward to verify that, for all ‘5—‘ <y <1, the inequality

oo o0

3 2ng*" "' (iy) 3 (2n —1)g*"*(iy)
L+q>@y) = 1+4>7'y)

n=1

100 & >
> o9 2 2”@y = Y Cn =g )
=1 n=1

n

holds. Finally, utilising classical formulas for geometric series, for all % <y<l,

2004 (iy) 1+4¢%@iy) >> 7
— 10

o d . .
q(iy) Z:; 4 o fu(@) @) = 4 (155 g Tl v v

We conclude that

= 11-%) =3 0

4.5. A non-Weierstrass point with bounded height. The logarithmic height of a
nonzero rational number a = p/q is given by

hnaive (@) = logmax(| p|, |q),
where p and g are coprime integers and g > 0.

Theorem 4.5.1. Let g :Y — Pé be a finite morphism of degree d, where Y /Q is a
smooth projective connected curve of positive genus g > 1. Assume that g : Y — P}D
is unramified over I]J’%l \ {0, 1, oco}. Then, for any rational number 0 < a < % and any
b € Y(Q) lying over a,

dS
.
Proof. By Theorem 4.3.2, there exist a number field K and a model

h(b) < 3hpaive(a)d® + 6378031

g Y — Pk
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for mg : ¥ — Pé with the following three properties: the minimal resolution
of singularities ¥ : ¥ — Y of the normalisation 7 : Y — [P’})K of [P’IOK in Y is
semistable over Ok, each irreducible component of the vertical part of the branch
locus of w : Y — IPbK is of characteristic less than or equal to deg w and every
point in the fibre of mg over a is K -rational. Also, the morphism 7 : Y — [P’IOK is
finite flat surjective.

Let b € Y(K) lie over a. Let P’ be the closure of b in %’. By Lemma 2.3.1, the
height of b is “minimal” on the minimal regular model. That is,

(P, wy/04)

h(b) < K0l

Recall the following notation from Section 4.2. Let ¥ = [P’bK. Let Ko = —2-[0o0]
be the divisor defined by the tautological section. Let Kay be the divisor on %’
defined by d (k) viewed as a rational section of way o, . Since the support of Kay
on the generic fibre is contained in 711;1 ({0, 1, 00}), the section P’ is not contained
in the support of K. Therefore, we get that

hB)IK : Q) < (P, wyj0,) = (P, Kadin+ Y (—loglldrk o) (o (b)).
o:K—C

Let D be the branch locus of 7 : Y — ¥ endowed with the reduced closed
subscheme structure. Write D =0+ 1 4+ 00 4+ Dyer, Where Dy, is the vertical part
of D. Note that, in the notation of Section 4.2, we have that D =0+ 14 oo. Thus,
if O denotes the closure of a in &, by Proposition 4.2.4, we get

(P', Ky)fin < (degm)(0+ 14 00, Q)fin +2(deg 7)* log(deg 7)[K : Q.
Write a = p/q, where p and g are coprime positive integers with ¢ > p. Note that

O+ 1+00, Q)fin=[K : Q]log(pg(q — p))
<3log(g)[K : Q]
= 3hnaive (@)K : Q.
We conclude that

(P’, Ky)fin

. 2 3
(K : Q] =< 3hna1ve(a)(deg T)”+ 2(deg ).

It remains to estimate ) ., o(—log ||[dmk|ls) (o (b)). We will use our bounds
for Arakelov—Green functions.

Let o : K — C be an embedding. The composition

Y, 7 PL(C) 2 X(2)
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is a Belyi cover (Definition 3.2.1). abuse of notation, let 77 denote the compose
is a Belyi (Definition 3.2.1). By ab f ion, 1 d h posed
morphism ¥, — X (2). Note that A=(3) ~ 0.85i. In particular, I(A~!(a)) >
%(A‘l(%)) > s1. (Recall that s; = \/T/2.) Therefore, the element A~ (@) lies in

BZL. Since VitoV, Nz~ B3, there is a unique cusp y of Y, — X (2) lying over 0o
such that o(b) lies in V’1

Note that ¢ = 70 exp( 7/2). Therefore, since A = Z ajq’ on H,
j=1

Ao = Zaj exp(—jm/2)(ze o) = Zaj exp(—jrr/Z)w;yj
j=1 j=1

on V). Thus, by the chain rule,

d(kon)_eyZ]aj exp(— ]n/2)we)] 1d(wy).
j=1

By the trivial inequality e, > 1, the inequality |w,| < 1 and Lemma 4.4.1,

—log [|d(A o ) || ac(0 (D))

o0

ey Y jajexp(— jm /2wy’ (a(b))‘

j=1

= —log ||dwy llar(o (b)) —log

=- log”dwy”Ar(U (b)) —log

Z/a, exp(— Jn/2)we"(o(b))‘

j=1
< —loglldwy||ar(o (b)) + 2.

Thus, by Theorem 3.4.5, we conclude that

5
Yok sc(=loglldmk o) (o (B) _ 6378007 42 ™)

< +2. O
[K : Q] g

Theorem 4.5.2. Let Y be a smooth projective connected curve over Q of genus
g > 1. For any finite morphismw : Y — ﬂj’é ramified over exactly three points, there
exists a non-Weierstrass point b on Y such that

(deg )
.

h(b) < 6378033

Proof. Define the sequence (a,,)""1 of rat10nal numbers by a; = % and a, =
n/(2n —1) for n > 2. Note that 1 5 <an <5 Z and that hnaive(an) < log(2n). We may
and do assume that 7 : ¥ — Pé is unramified over I]j’%1 \ {0, 1, co}. By Theorem 4.5.1,
for all x € 7~ ({a,)),

2 (deg )’
h(x) < 3log(2n)(degm)* + 6378031 ————. )
8
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Since the number of Weierstrass points on Y is at most g> — g, there exists an
integer 1 <i < (deg 7)? such that the fibre 7' (a;) contains a non-Weierstrass
point, say b. Applying (9) to b, we conclude that

d 5
h(b) < 3log(2(deg )% (deg )2 + 6378031 98 ™)
g
deg 77)’ deg )’
<l | 3703 98T 0
g g

4.6. For a smooth projective connected curve X over @, we let deg g (X) denote
the Belyi degree of X.

Proof of Theorem 1.1.1. The inequality A(X) > 0 1is trivial, the lower bound e(X) >0
is due to Faltings [1984, Theorem 5] and the lower bound Ap, (X) > —g log(27) is
due to Bost (Lemma 2.4.4).

For the remaining bounds, we proceed as follows. By Theorem 4.5.2, there exists
a non-Weierstrass point b in X (@) such that

d X)?
h(b) < 6378033 588 X)”

By our bound on the Arakelov norm of the Wronskian differential in Proposition
3.5.1, we have log | Wr| ar(b) < 6378028¢ degB(X)S. To obtain the theorem, we
combine these bounds with Theorem 2.4.1. O

5. Computing coefficients of modular forms

Let ' C SL,(Z) be a congruence subgroup, and let k be a positive integer. A
modular form f of weight k for the group I is determined by k and its g-expansion
coefficients a,, (f) for 0 <m < k-[SLy(Z) : {£1}I"]/12. In this section, we follow
[Bruin 2011] and give an algorithmic application of the main result of this paper.
More precisely, the goal of this section is to complete the proof of the following
theorem. The proof is given at the end of this section.

Theorem 5.0.1 (Couveignes, Edixhoven, Bruin). Assume the Riemann hypothesis
for ¢ -functions of number fields. There exists a probabilistic algorithm that, given

 a positive integer k,

o a number field K,

o a congruence subgroup I' C SL,(Z),

e a modular form f of weight k for I" over K, and
 a positive integer m in factored form,

computes a,, () and whose expected running time is bounded by a polynomial in
the length of the input.
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Remark 5.0.2. We should make precise how the number field K, the congruence
subgroup I' and the modular form f should be given to the algorithm and how the
algorithm returns the coefficient a,, (). We should also explain what “probabilistic”
means in this context. For the sake of brevity, we refer the reader to [Bruin 2011,
p- 20] for the precise definitions. Following the definitions there, the above theorem
becomes a precise statement.

Remark 5.0.3. The algorithm in Theorem 5.0.1 is due to Bruin, Couveignes and
Edixhoven. Assuming the Riemann hypothesis for ¢-functions of number fields,
it was shown that the algorithm runs in polynomial time for certain congruence
subgroups; see [Bruin 2011, Theorem 1.1]. Bruin did not have enough information
about the semistable bad reduction of the modular curve X (n) at primes p such
that p? divides n to show that the algorithm runs in polynomial time. Nevertheless,
our bounds on the discriminant of a curve can be used to show that the algorithm
runs in polynomial time for all congruence subgroups.

Proof of Theorem 5.0.1. We follow Bruin’s strategy [2010, Chapter V.1, p. 165]. He
notes that, to assure that the algorithm runs in polynomial time for all congruence
subgroups, it suffices to show that, for all positive integers n, the discriminant
A(X1(n)) is polynomial in n (or equivalently the genus of X(n)). The latter
follows from Corollary 1.5.1. In fact, the Belyi degree of X (n) is at most the index
of I'1(n) in SL,(Z). Since

[SLo(@) : Ta(m)]=n*[ (1 = 1/p*) <n?,

pln

we conclude that A(X;(n)) <5-108r!4. O

6. Bounds for heights of covers of curves

Let X be a smooth projective connected curve over @. We prove that Arakelov
invariants of (possibly ramified) covers of X are polynomial in the degree. Let us
be more precise.

Theorem 6.0.4. Let X be a smooth projective connected curve over Q, let U be a
nonempty open subscheme of X, let By C P'(Q) be a finite set and let f : X — IP’“%
be a finite morphism unramified over [Ij’é) — By. Define

B:= f(X\U)UB;.

Let N be the number of elements in the orbit of B under the action of Gal(Q/Q),
and let Hg be the height of B as defined in Section 1.3. Define

cp = (4NHB)45N32N*2N!.



Polynomial bounds for Arakelov invariants of Belyi curves 125

Then, for any finite morphism w : Y — X étale over U, where Y is a smooth
projective connected curve over Q of genus g > 1,

—log(2m)g < hpa(Y) < 13- 10%gcp(deg f)*(deg7)’,
0< e(Y) <3-10"(g— Dep(deg )’ (degn)’,
0< A®Y) <5-10%g%cp(deg f)°(degn)’,
—10%g%cp(deg ) (deg )° < Spa(Y) < 2-108gcp(deg )’ (degm)?.

Proof. We apply Khadjavi’s effective version of Belyi’s theorem. More precisely, by
[Khadjavi 2002, Theorem 1.1.c], there exists a finite morphism R : [Ij’gj — P% étale
over P1\ {0, 1, 00} such that deg R < (4N Hp)*V'?" "N and R(B) C {0, 1, 00}
Note that the composed morphism

Rofor[:Yi)Xi)[P’é£>[|:"(}—:D

is unramified over I]:'>¢1j \ {0, 1, co}. We conclude by applying Theorem 1.1.1 to the
composition Ro for. ]

Note that Theorem 6.0.4 implies Theorem 1.3.1 (with X = I]:"é, By the empty
setand f: X — [Ij’%3 the identity morphism).

In the proof of Theorem 6.0.4, we used Khadjavi’s effective version of Belyi’s
theorem. Khadjavi’s bounds are not optimal; see [Litcanu 2004, Lemme 4.1] and
[Khadjavi 2002, Theorem 1.1.b] for better bounds when B is contained in PL(Q).
Actually, the use of Belyi’s theorem makes the dependence on the branch locus
enormous in Theorem 6.0.4. It should be possible to avoid the use of Belyi’s
theorem and improve the dependence on the branch locus in Theorem 6.0.4. This
is not necessary for our present purposes.

Remark 6.0.5. Let us mention the quantitative Riemann existence theorem due
to Bilu and Strambi [2010]. Bilu and Strambi give explicit bounds for the naive
logarithmic height of a cover of IP’(%l with fixed branch locus. Although their bound
on the naive height is exponential in the degree, the dependence on the height of
the branch locus in their result is logarithmic.

Let us show that Theorem 1.3.1 implies the following:

Theorem 6.0.6 [Edixhoven et al. 2010, Conjecture 5.1]. Let U C [P’% be a nonempty
open subscheme. Then there are integers a and b with the following property. For
any prime number £ and for any connected finite étale cover w : V — Ug(y ¢, the
Faltings height of the normalisation of [P’};D in the function field of V is bounded by
(degm N4

Proof. We claim that this conjecture holds with b =0 and an integer a depending only
on the generic fibre Ug of U. Infact, let7 : Y — [P’ql1 denote the normalisation of I]j’ql1
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in the function field of V. Note that 7 is étale over Ug. Let B = IPGID —Ug C P1(Q),
and let N be the number of elements in the orbit of B under the action of Gal(Q/Q).
By Theorem 1.3.1,

hea(Y) := Z hpa(X) < (degm)?,
XCY@

where the sum runs over all connected components X of Yg :=Y Xq Q, and
a=6+1log(13- 105N 4N Hp)*N'2" 7N,
Here we used that g < N degm and

13. loﬁg(4NHB)45N32N*2N! < (deg n)1+log(13.106N(4NHB)45N32N’2N’)

This concludes the proof. U

Let us briefly mention the context in which these results will hopefully be
applied. Let S be a smooth projective geometrically connected surface over (.
As is explained in Section 5 of [Edixhoven et al. 2010], it seems reasonable to
suspect that there exists an algorithm that, on input of a prime ¢, computes the étale
cohomology groups H' (Sg.¢ Fe) with their Gal(Q/Q)-action in time polynomial
inf foralli =0,...,4.

Appendix: Merkl’s method of bounding Green functions
by Peter Bruin

The goal of this appendix is to prove Theorem 3.1.2. Let X be a compact connected
Riemann surface, and let i be a smooth nonnegative (1, 1)-form on X such that
/ y m = 1. Let * denote the star operator on 1-forms on X, given with respect to a
holomorphic coordinate z = x + iy by

¥dx =dy and x*xdy = —dx,
or equivalently

%dz =—idz and xdz=1idz.
The Green function for p is the unique smooth function

gr, (X xX)\A—>R,

with a logarithmic singularity along the diagonal A, such that for fixed w € X we
have, in a distributional sense,

L dsd gr, (z, w) =8,(z) —pu(z) and / gr,(z, wyn(z) =0.
27 zeX\{w)
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For all a, b € X, we write g, ; for the unique smooth function on X \ {a, b}
satisfying

dxdg,p» =68, —95, and / gappt = 0. (1)
X\{a.b}

Then for all a € X, we consider the function g, , on X \ {a} defined by

&Am=f Gan (). @)
beX\{x}

A straightforward computation using Fubini’s theorem shows that this function
satisfies

dxdgau =8, —p and fX\{ }ga,ul/v =0.
a

This implies that 27 g, ,(b) = gr, (a, b), where gr, is the Green function for p
defined above.

We begin by restricting our attention to one of the charts of our atlas, say (U, z).
By assumption, z is an isomorphism from U to the open unit disc in C. Let r,
and r4 be real numbers with

rn<rm<rs<l,

and write
r3=(ra+r4)/2.

We choose a smooth function
X :Rso— [0, 1]

such that 3 (r) = 1 for r <rp and x(r) = 0 for r > r4. We also define a smooth
function x on X by putting

x(x)=x(z(x)]) forxeU

and extending by O outside U. Furthermore, we put

For 0 < r < 1, we write
U'={xeU:jzx)| <r}.
For all a, b € U™, the function

P b log (z —z(@)(z(a)z —rd)
“0 T 2m =) @B — D)
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is defined on U \ {a, b}. Moreover, f, ; is harmonic on U \ {a, b} since the logarithm
of the modulus of a holomorphic function is harmonic. We extend x€f,, to a
smooth function on U by defining it to be zero in a and b.

We consider the open annulus

A=U"\U",

Let (p, ¢) be polar coordinates on A such that z = pexp(i¢). A straightforward
calculation shows that in these coordinates the star operator is given by

d
*dp=pd¢p and =xd¢ = ——'0.
0

We consider the inner product

<a,ﬂ>A=/om*ﬂ
A

on the R-vector space of square-integrable real-valued 1-forms on A. Furthermore,
we write

2
llalla = (e, @) a.
Lemma A.1. For every real harmonic function g on A such that ||dg|| 4 exists,

JT

max g — min g < ldglla.

|z|=r3 |z|=r3 r4—1)

Proof. By the formula for the star operator in polar coordinates,

dg Axdg = (0,8 dp +0y8 dp) A (03,8 dep — p~' 3pg dp)
= ((3,8)* + (p ' 9s8))pdpde.

Using the mean value theorem, we can bound the left-hand side of the inequality
we need to prove by

max g — min g < max|dyg|
|zl=r3 |z=r3 |zl=r3

=m|dpg|(x) for some x with |z(x)| = r3.
We write R = (r4 — r2)/2, and we consider the open disc
D={zeU:|z—z(x)| < R}

of radius R around x; this lies in A because r3 = (r4 +r2)/2. Let (o, ¥) be polar
coordinates on D such that z — z(x) = o exp(iy). Because g is harmonic, so is
058, and Gauss’s mean value theorem implies that

0pg(x) = dpg o do diy.

7 R? D
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On the space of real continuous functions on D, we have the inner product
(hi, hy) — f hihy,o do di.
D

Applying the Cauchy—Schwarz inequality with 7; = p~! 0pg and hy = p gives
- 1/2 1/2
/ dpgo do dw' < /(p_18¢g)20 do dlp:| [/ p’o do dw}
D | /D D

- 12 12
f(p_18¢g)2p dpd¢>} U odo di/f]
[ JA D

1/2
< /dg/\*dg] [ R*)'/?
A

= /7 Rldg|l 4.

Combining the above results finishes the proof. ([

A

Lemma A.2. Foralla, b e U, there exists a smooth function g, , on X such that

d*d(x fap) onU,

d*xdg, , = _
pais {0 on X\ U.

It is unique up to an additive constant and fulfils

ldgablla = 1d(x€ fap)lla-

Proof. First we note that the expression on the right-hand side of the equality defines
a smooth 2-form on X because d*d(x° f,.»)(z) vanishes for |z| > r4; this follows
from the choice of x and the fact that f, ; is harmonic for |z| > r;. Since moreover
X fa.y =0 o0n U2, we see that the support of this 2-form is contained in the closed
annulus A. By Stokes’s theorem,

/ dd (X fup) = / o d( fun).
A 0A

Notice that f,j; is invariant under the substitution z — r} /Z; this implies that
0 fa,b(2) = 0 for |z| = r4. Furthermore, x°(z) =1 and d x“(z) = 0 for |z| =4, so
we see that

d(X° fap) (@) = x(2) dfap(2) = (3 fap dP)(2) if |z] =r4.

Likewise, since x° =0 and d x°(z) = 0 for |z| = rp,

d(x* fap) (@) = X" (@dfap(x) =0 if |z] =ra.
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This means that, for z on the boundary of A,

—(0g fapdp)(z) if |z] =14,
0 if 2] = r.

#d (X fap)(2) = {

In particular, *d(x°© f,.») vanishes when restricted to the submanifold 9A of X.
From this, we conclude that

f dxd (X fup) = / wd (X fup) = 0.
A 0A

This implies that a function g, ;, with the required property exists.
To prove the inequality [|dga.plla < ld(x€ fa.p)lla, We note that

1d(XE fa) I3 = 1dGas +dXE fup — Zap) A
= ldZaplli +2(dZab, AX  fur — 8ap))a + 1A fur — Zar) |-

The last term is clearly nonnegative. Furthermore, integration by parts using Stokes’s
theorem gives

(d&ab, d(X fap — 8ap))a = / dgap N*d (X fap — 8a,p)
A

= / ga,b *d(cha,b - ga,b) _/ gu,b d*d(cha,b - ga,b)-
A A

The second term vanishes because dxdg, » = d*d(x° fs.») on A. From our earlier
expression for *d (x° f,.»)(z) on the boundary of A, we see that

/ ga,h *d(cha,b) =0.
A

Finally, because d A is also the (negatively oriented) boundary of X \ A and because
dxdg,p,=00n X\ A,

= / 8ap*dgap = / dgap N*dgqp > 0.
94 X\A

Thus, we have
(d8a.bs (X fap — 8ap))a = 0,
which proves the inequality. U

Lemma A.3. Let A= max |x'(r)|. Then

r=<r=ry

m}?X§a,b _n}}ngd,b S 63(r17 r27 r47 )\')7

where



Merkl's method of bounding Green functions 131

c3(r1,r, 14, A) =
ra+ry (A (r1+74)? 1 r 2 (r1+r4)?
10 ; 10

4 — e
(ro—r1)(r4—ry)

_l’_
ra—ra \2 T (ro—r1)(ra=r1) ra—ry  ra(ra—ry)

Proof. First, we note that
max g,.p = maX{SuP 8a,b» SUP §a,b}, min g, p = mm{mfga bs lnf 8a, b}
X U)'3 X\U}'S X X\
Furthermore,

Sup gab < sup(8a,b — x° fa,p) +sup x° fab—‘nllax(gab_x fap)+ max x°fop

U3 U3 U3 rp<|z|<r3

because of the maximum principle (84,5 — X fa.» is harmonic on U) and because
x€(z) =0 for |z| < rp. In the same way, we find

1nfgab> mln(gab_x fab)+ min X fab

U |zl r=<lz|=r3

We extend yx f,.» to a smooth function on X \ {a, b} by putting (x fu.»)(x) =0 for
x ¢ U. Then g, p + x fa.» 1s harmonic on X \ {a, b}, and the same method as above
gives us

sup ga,b = Inllax(ga,b + Xfa,b) min Xfa b

X\U"3 z|=r3 r3<|z|<ry
<maX(8ab—X fab)+max fab_ min Xfab
|z|=r3 |z|=r3 r3<|z|<ry

and
inf gab> mln(gab_x fab)+m1n fab_ max Xfab

X\U"3 |z|=r3 r3<|z|<ry
These bounds imply that
max ga,b < max (ga,h - cha,b) +2 Sup|fa,b|’
X |z|=r3 A
min ga,b = min (ga,b - cha,b) -2 Sup|fa,b|
X |z|=r3 A

and hence

m}?xgab_mlngab =< ‘Hllax(gab_x fa b)_lmln(gab_x fa b)+4sup|fa bl
Z_

By Lemmas A.1 and A.2,

n ~
{:2 1dZa. —d(X° fap)la

21 -
< il (1d8anblla+11d(x€ fap)lla)
g — 1

4./m
< il Nd(xC fap)lla-
ra—r

. o 2
max (8a,p — X fap) — min (Zap — X fap) <
|z]=r3 |z|=r3 r4
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We have
Nd (xS fa)lla < 1d(x) faplla+ I1x dfaplla
<X (o) fapdplla+ ldfaplla
< Ailldplla Slj‘p|fa,b| +lldfanplla-
Now

ldpll} = / dp A xdp :f pdp A =1 —12).
A A
Furthermore, for all a, b € U, we have

| fan (@] = %}log |z —z(a)| +log |z(a)z — r}| —log |z — z(b)| ~log |z(b)z — r}|].
For all @ € U™ and all z € A, the triangle inequality gives

m—ri<|z—z(a)| <rs+r1 and rq4(rs—ry) < |z(_a)z — rf| <r4(ra+ry).
From this, we deduce that, for all a, b € U,

(r1 +r4)?

(ra—ri)(ra—ry)’

1
sup| fup] < =—log
A 2w

Finally, we bound the quantity ||df, »|l4. Because f,  is a real function, we have
dfap = 0; fupdz+0; fapdz. Therefore,

ldfanl? = / dfupy A fiy = 2i / 19, fupl2dz ndz
A A

27 1
4 f 19, fusl? pdp d < b (1 — r2) supld, fus .
0 A

r
A straightforward computation gives
1 1 z(a) 1 z(b)

( 4 (a) (b) >

O fup=— — — S —
Ja z—z(a)  z(@z—r; z—z2b) zb)z—r}

4

Our previous bounds for |z — z(a)| and 1z(a)z — 1] yield

1 1 r
sup|d; fa,p| < —( + )
A

T 2n\ro—r1  ra(ra—ry)

From this, we obtain

2 2
ry—r 1 r
Idfaplla <\ 2 2( + )

rp—r1  r4(rs—ry)

Combining the bounds for sup,| f,.»| and ||df, pll 4 yields the lemma. O
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From now on, we impose the normalisation condition

/ ga,b/" =0
X

on g, for all a, b € U'; this can be attained by adding a suitable constant to g, p.
Then for all a, b € U', the function g, ; defined earlier is equal to

8a,b = ga,b + Xfa,b - f Xfa,b/’L- (3)
X

Indeed, by the definition of g, j, the right-hand side satisfies (1). Furthermore, for
all @ € U, we define a smooth function /, on X \ {a} by

i(x/2ﬂ)10g lz—z(a)] onU,
0 on X\ U;

this is bounded from above by (1/27) log(rs 4 11).

Iy =

Lemma A.4. Foralla,b e U™, we have
m}?ﬂé’a,b —lg+1p| <ca(ry,ra,r4, X, C1),

where

r4+: +(§10g2_%)c

1
ca(ri,ra, ra, h,c1) = c3(ri, ra, ra, A) + > log

-lkﬁwl —_

r4 —
Proof. By (3) and the definitions of f, 5 and /,, we get

2(a)z—r}
zb)z—r3

where the last term is extended to zero outside U. We bound each of the terms on
the right-hand side. From | y &a.bit = 0 and the nonnegativity of w, it follows that

’

- X
8ap —la+1p=8ap— / X fabit + = log
X 2

max g, p > 0>ming, ;.
W 8ab =V = b 8a,b
Together with the bound for maxy g, , — miny g, , from Lemma A.3, this implies
m)?x|§a,b| S 63(r17 r27 r47 )\'7 Cl)

Because the support of x is contained in U", the hypothesis (4) of Definition 3.1.1
together with the definition of f, ; gives

/ XJaplb
X

— —z(b b
:/ L(log 2= 2a) +log Z(a2)z—1‘—log 2=z )‘—log « Z)Z—ID/L.
yra 27 r4 U r4 ry
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Writing w = z/r4 and ¢t = z(a)/r4, we have

f X lo
Urs 27 g

We note that ¢ satisfies |¢| < r;/r4; for simplicity, we relax this to || < 1. Then it is
easy to see that the above expression attains its maximum for |¢| = 1; by rotational
symmetry, we can take r = 1. We now have to integrate over the crescent-shaped
domain {w € C: |w| < 1 and |w — 1| > 1}, which is contained in {1 + r exp(i¢) :

l<r<2, 2n/3 < ¢ <4m/3}. We get
X _a 4n/3
~log log(r) rdrde¢
yrs 21 27/3
= (5 log2 — z)cl

In a similar way, we obtain

z—2z(a) c1

2714

/ log|lw—t|idwAdw.
lw|<1

’
4 lw—t|>1

z— z(a)

f Ll z—2z(a) Z—Cl,
yrs 27 r4 2r;
X z(a)z c1
—1 —1{u log2 — ,
/;]'4 27 rf ( g )rf
/ X Z(?Z—IMZ—C—IQ-
U 21 ry 4ry

The same bounds hold for 5. Combining everything, we get
C1
’ / Xfapit| =
X

log2— —)r—2
4

Finally, we have

X 1oe [P @213 ra— 2@z/r4
max — log = | = 5zsup log| ————
X 2 z(b)z—r;| 27 yn rya—2z2(b)z/r4
< RS log ra+ry ’
21 rq —ri
which finishes the proof. U

We will now apply Lemma A.4, which holds for any chart (U, z) satisfying
the hypotheses (1) and (4) of Definition 3.1.1, to our atlas {(U;,z;) : 1 < j <n}.
Besides including the index j in the notation for the coordinates, we denote by /, o
and x ) the functions I, and x defined for the coordinate (U j»2j). We obtain the
following generalisation of Lemma A.4 to the situation where a and b are arbitrary
points of X:
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Lemma A.5. Foralla,b € X and all j and k such that a € Ujr.1 and b e U},
sup|ga,p — 15 +l,5k)’ <cs(ri,r2,ra, A, n, c1, M),
X

where

n—1 rq4+ 1
cs(ri,ra, ra, A, c1,n, M) = nca(ri,ra, r4, A, c1) + —— log( M .
27 rp—r

Proof. We first show that for any two coordinate indices j and k and for all
ac U,:l N U;l,

; 1 ra+r
sup|IP — 18| < 7 log<M — ) “)
X T ry—ri

To prove this, let y € X. We distinguish three cases to prove that lflk)(y) — lflj )( y) is
bounded from above by the right-hand side of (4); the inequality then follows by
interchanging j and k.

Case 1. Suppose y € U; with |z;(y) —z;(a)| < (r —r1)/M. In this case, we have

rn—=ri

lz;D] < |zj(a)| + <r;

hence, a, y € U;z. Let [a, y]/ denote the line segment between a and y in the
zj-coordinate, i.e., the curve in UJr.2 whose z j-coordinate is parametrised by

2 ()= —1t)z;(@) +1tz;(y) for0<t<1.

We claim that this line segment also lies inside U,*. Suppose this is not the case;

then, because the “starting point” z i 1(2 ;(0)) = a does lie in U, "2 there exists a

smallest ¢ € (0, 1) for which the point
Y =210 eU}
lies on the boundary of U,”. It follows from hypothesis (3) of Definition 3.1.1 that
1z (V) — zk(@)| < M|z; (") — zj(a)|.
On the other hand,
12; (V) — zj (@] = tlz;(y) — z;(a)]
<(ra—r)/M
by assumption, and
1z (Y) — z(@)| > ra— 1y
by the triangle inequality. This implies

lze(Y) —z(@)| > M|z;(Y') — zj(a)l,
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a contradiction. Therefore, the line segment [a, y]/ lies inside Ujr.2 NU;*. By
hypothesis (3) of Definition 3.1.1, we have

12k (y) =z (@)| = Mz (y) — zj(a)l.

Because x ) (y) = x®(y) = 1, we find

: 1 2 (y) — 2z (@) 1

[P ) —1D(y) = —log |2 < —log M,

o ) =17 (y) = 7—log Lo -z @] 2 g
which is bounded by the right-hand side of (4).
Case 2. Suppose y ¢ U;. Then léj)(y) =0, and thus,

A 1
00~ 10 () =1 () = 2ECEY,
b4

Case 3. Suppose y € U; and |z;(y) —z;(a)| = (rp —r1)/M. Then

log(ra+r1)  x(y) log 12711
2 T ®Tm

which is also bounded by the right-hand side in (4).

By hypothesis (2) of Definition 3.1.1, the open sets U;. cover X. Furthermore,
X is connected. For arbitrary a, b € X and indices j and k such thata € U ;1 and
beU ,:1, we can therefore choose a finite sequence of indices j = ji, jo, ..., jm =k
with m < n and points a = ayg, ay, ..., a, = b such that a; € U;i‘ N Ujr.l_‘+1 for
1<i<m—1.Using gop =2 1 &a;_1.a» WE get

1P () —19(y) <

m m—1

D (g =0 1)+ (5 1)

i=1 i=1

sup | ga.p — 1 -|—ll(,k)‘ = sup
X X

m—1

+ ) sup|ieD — 150,
i=1 X

m
= Z Sl;p‘ga,q,ai - lt(l{i)l +lé{i)
i=1

The lemma now follows from Lemma A.4 and the inequality (4). ([

Proof of Theorem 3.1.2. We choose a continuous partition of unity {¢/ };?: | subordi-
nate to the covering {U;l };f:l. Leta € X, and let j be an index such that a € Ujr.‘.
By the definition of g, ,, we have

gwu»Aszﬁ gap () =1 (x)
ex

:waﬁ@wmkwmw@

k=17 b€l
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¢* (0)(8a.p(x) =1 (X) +1;7 (x)) (b) —Z f ¢* (D)1 () (b).

beU,!

—Zf

beU;!

In a similar way to in the proof of Lemma A.4, one can check that, for every index k
and all x € X, we have

-5 < f $* D)1 (0 b) < (2log2 —1)ey
2 beU
so that
sup f ¢ (b)l(k)(X)u(b)‘
xeX beUk

Together with Lemma A.5, this gives the inequality

. n C
sup|ga — 19| <es(ri,raras hycrm, M)Z/ ¢f<b)u<b)+251
j=1

beU
ncy
—CS(rl,rQ,rLl,)\, ¢, n, M)+T
We also have

_ } . log(r4 +r1)
SUP g, = sgl(p(ga,u —19) + sup 19 < sgp(ga 1) 4 22T

2
By varying the choice of r4 and ¥, we can let r4 tend to 1 and A to e This
—r
leads to
1 1 1)? 1
c3\r1, 2, 1, R P Rk log (ntl) + + n
1—r 1= \2(1—ry) (rp—ry(—=ry)) rmn—r 1—n

2 (ri+1)%

+Zlog — L,
b4 (ro—rp)(1—=ry)

which implies successively
1 1 1 1+
C4<rlar271’1Tr2701>—C3<rl’r23171 >+Elgl_rl ( 1g2 )Cla

1 n—1 I+r
Cs =ncy rl,rz,r4,1Tr2,Cl + . log Mrz—r1 :

We take r, = 0.39 +0.61r,. Then, for r| > é, one can check numerically that

1 -1
" log +1.60nc; + ! log M.

(1—r)32 " 1—n

From this, the theorem follows. O

c5<52.4
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