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(¢, N-modules over noncommutative
overconvergent and Robba rings

Gergely Zabradi

We construct noncommutative multidimensional versions of overconvergent
power series rings and Robba rings. We show that the category of étale (¢, I')-
modules over certain completions of these rings is equivalent to the category of
étale (¢, I')-modules over classical overconvergent or Robba rings as the case
may be (hence also to the category of p-adic Galois representations of Q). In the
case of Robba rings, the assumption of étaleness is not necessary, so there exists
a notion of trianguline objects in this sense.

1. Introduction

In recent years it has become increasingly clear that some kind of p-adic version of
the local Langlands correspondence should exist. In fact, Colmez [2010c; 2010b]
constructed such a correspondence for GL2(Q), ). His construction is done in several
steps using (¢, I')-modules (the category of which is well known [Fontaine 1990]
to be equivalent to the category of p-adic Galois representations of (2,). We briefly
recall Colmez’s correspondence here. Let K be a finite extension of @, with ring
of integers 0y and uniformizer py.

The “Montreal functor” associates to a smooth oy -torsion representation of the
standard Borel subgroup B (Q,) of GL»(Q,) an og-torsion (¢, I')-module over
Fontaine’s ring O¢. If we are given a unitary Banach space representation IT over the
field K of the group GL3(Q)), then it admits an oy -lattice L(IT) that is invariant
under GL,(Q,). Hence L(IT)/ px is a smooth o -torsion representation that we
restrict now to B»(Q). The (¢, I')-module associated to IT is the projective limit
(as r — o00) of the (¢, I')-modules associated to L(IT)/ p via the Montreal functor.
This is generalized in [Schneider and Vignéras 2011] to general reductive groups
over Qp.

The reverse direction, how one adjoins a unitary continuous p-adic representation
to a 2-dimensional (¢, [')-module D over Fontaine’s ring, is even more subtle.
One first constructs a unitary p-adic Banach space representation [1(D) to each
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2-dimensional trianguline (¢, T")-module D over € = Og[p~'] using a kind of
parabolic induction. This Banach space is well described as a quotient of the space
of p-adic functions satisfying certain properties by a certain GL2(Q),)-invariant
subspace (see [Colmez 2010a; Breuil 2004] for details); however, a priori it is
not clear whether or not it is nontrivial. On the other hand, there is a general
construction of a (somewhat bigger) GL2(Q), )-representation D X P! that is in
fact the space of global sections of a GL,(Q,)-equivariant sheaf U — D Kz U
(U C P! open) on the projective space P1(Q,) = GL»(Q,)/B2(Q)) for any (not
necessarily 2-dimensional) (¢, I')-module D and any unitary character §: Q; — og.
This sheaf has the following properties: (i) the center of GL,(Q,) acts via 6 on
D Kg P!; (ii) we have D K Zp = D as a module over the monoid

(Zp }){0} le)

(where we regard Z, as an open subspace in P! = Q, U {o0}). (See [Schneider
et al. 2012] for a generalization of this construction to general reductive groups.)
Then Colmez shows that in case D is 2-dimensional and trianguline, there exists
a unitary character § (namely § = ! det D, where y is the cyclotomic character
and det D is the character associated to the 1-dimensional (¢, I')-module A’D
via Fontaine’s equivalence composed with class field theory) such that a certain
subspace D¥X 5P (for the definition see [Colmez 2010b]) of DX 5P is isomorphic
to the dual of the Banach space representation H(DV) associated earlier to the dual
(¢, I')-module D — therefore showing in particular that the previous construction
is nonzero. This subspace makes sense also when D is not trianguline (nor of
rank 2), but a priori only known to be B>(Q)-invariant. Also, whenever D is
indecomposable and 2-dimensional, then the above § is unique [Pasktinas 2013],
and whenever D is absolutely irreducible and at least 3-dimensional, then there does
not exist such a character 8 (so that the subspace D K P! is GL, (Qp)-invariant)
[Paskiinas 2013]. Since the construction of D > DX s P! behaves well in families
(see Chapter II in [Colmez 2010c]) and the trianguline Galois representations are
Zariski-dense in the deformation space of 2-dimensional (¢, I')-modules with given
reduction mod p [Kisin 2010], Colmez [2010c] shows that this subspace is not only
B>(Q)p), but also GL,(Q))-invariant for general 2-dimensional (¢, I')-modules.
For § = y~! det D (in this case we omit the subscript § from the notation), we have
a short exact sequence

0— (D) —> DRP! - (D) — 0,

where I1(D) is the unitary Banach-space representation associated to D via the
p-adic Langlands correspondence.
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Colmez [2010c, Chapters V and VI] also identifies the space I1(D)*" of locally
analytic and the space IT(D)¥2 of locally algebraic vectors in the Banach-space
representation [1(D). These play a crucial role in the proof of the compatibility
of the p-adic and classical local Langlands correspondences. In fact, we have
(D)™ = (DT RPY /K- (DYRPL), where DT R P! is the subspace of elements
x € D ®P! such that both Res% (x) and

i (1))

lie in the subspace of overconvergent elements DY C D =~ DK Z,. DY is an étale
(¢, T')-module over the ring €' of overconvergent power series with coefficients in
K such that D = € ®q+ DY [Cherbonnier and Colmez 1998].

Let now G be the group of Q,-points of a connected Q,-split reductive group
and let P = TN be a Borel subgroup of G. Further denote by ®* the set of
positive roots with respect to P and A C ® the set of simple roots. The above
noted generalizations of Colmez’s work [Schneider and Vignéras 2011; Schneider
et al. 2012] both use a certain microlocalization A y(Ng) (constructed originally in
[Schneider and Venjakob 2010]) of the Iwasawa algebra A (Ng) of a compact open
subgroup Ny of N. This can be thought of as the noncommutative analogue of
Fontaine’s ring Og. On the other hand, Colmez’s p-adic Langlands correspondence
heavily relies on the theory of trianguline (¢, I')-modules. A (¢, I')-module over
the Robba ring is a free module D:i o over R together with commuting semilinear
actions of the operator ¢ and the group I' such that ¢ takes a basis of the free module
to another basis. Such a (¢, I')-module DT is said to be étale (or of slope 0) if there
is a basis of DTg such that the matrix of (p in this basis is an invertible matrix over
the subring @T C % of overconvergent Laurent series. An étale (¢, I')-module over
R is trianguline if it admits a filtration of (not necessarily étale) (¢, I')-modules
over R with subquotients of rank 1 possibly after a finite base change E Qg -. The
fact that the Robba ring and the ring of overconvergent Laurent series play such
a role in the construction of the p-adic Langlands correspondence for GL2(Q),)
and also in the identification of the locally analytic vectors is the motivation for
the construction of noncommutative analogues of these rings — as they will most
probably be needed for a future correspondence for reductive groups other than
GL2(Qp).

The motivation of this paper is twofold. On the one hand, we reinterpret the
ring Ay(Np) as follows. Instead of localizing and completing the Iwasawa algebra
A(Np), one may construct Az (Np) as the projective limit of certain skew group rings
over Og. The only assumptions on the ring R = Og¢ such that this new construction
of A¢(Np) can be carried out are that R admits an inclusion y:Z, — R* of the
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additive group Z,, into its group of invertible elements and an étale action of an
operator ¢ that is compatible with y. The noncommutative ring that is constructed
is a completed skew group ring R[[H1, £] of a closed normal subgroup H; of a
pro-p group Hy such that £: Hy —> Z,, is a homomorphism with kernel H; (hence
Ho/H = Zp). The main result in this direction is Proposition 3.1, showing that the
category of g-modules over R is equivalent to the category of ¢-modules over the
completed skew group ring R[[H1, £]]. This can be applied also to the ring R = @%
of overconvergent Laurent series with coefficients in 0 and the Robba ring . The
other motivation (probably the more important one) is the construction of the right
noncommutative analogues of @T and R. The elements of the rings R[[H1, £]] and
@T [H1,£]], however, are not necessarily convergent in any open annulus since they
are obtained by taking an inverse limit. Therefore we shall we construct the rings
R(Hy,{) and R"(Hq, £) (pages 221 ff. and 231-232, with N; for Hy) as direct
limits of certain microlocalizations of the distribution algebra. The elements of
these rings are convergent in a region of the form

{p2 < |ba| <1, |bg| < |ba|" for B € CI>+\{oz}}

for some p < py<land1<reZ Wewill show (pages 233 ff.) that R[Ny, £]]
and O) ¢[N1.£] are in a certain sense completions of R (N1, ) and QRm‘(N 1,4),
respectlvely Note that, although the natural map jini: R"(Ny, £) — ol ¢[[N1. €] is
injective, the map j:R(N1,£) — R[[N1, £] is not. Both the ring QR(NI,E) and its
integral version admit an étale action of the monoid T = {t € T | tNot~ ! C Ny}.
However, it is an open question whether the categories of étale T+-modules over
these rings are equivalent to the étale 7 -modules over their completions.

In my opinion, the right noncommutative analogue of the ring % (resp. @;) is
R(N1,€) (resp. R"(Ny, £)) in the context of Q,-split reductive groups G over Q,,
as both rings admit an étale action of the monoid 7t and their elements converge
in certain polyannuli. However, it might still be useful to also consider the rings
R Hy, L] and @;; [H1, 1], as they can help us compare the category of usual (¢, I')-
modules with the category of T-modules over R(Ny, £) (resp. over R"(Ny, £))
using the equivalence of categories in Proposition 3.1. Only one variable is inverted
in these rings, in contrast to the rings constructed in [Zabradi 2012]. The reasons
for this are the following: (i) this way RI"™(Ny, £) is a subring of Ay(Np); (ii)
the equivalence of categories in Proposition 3.1 holds for rings in which only
one variable is inverted; and (iii) all the usual (¢, I')-modules are overconvergent,
that is, they descend to @;2 already in one variable. However, if Q, is replaced
by a finite unramified extension F, then one might have to consider Lubin—Tate
(¢, I'r)-modules (with I'r = 07%) instead so that the monoid @"T'F is isomorphic
to of \ {0}. These (¢, I'r)-modules are not overconvergent in general but they
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might still correspond to objects over certain multivariable Robba rings (in which
all the variables are inverted). For a first result in this direction see [Berger 2013].
It is plausible to expect that for general reductive groups G over F one has to invert
exactly | F : Qp| (Qp-)variables that correspond to the root subgroup Ny = F =
Qp ““r! for a given simple root a.

2. Completed skew group rings
Let R be a commutative ring (with identity) with the following properties:

(i) There exists a group homomorphism y:Z, < R*.

(i) The ring R admits an étale action of the p-Frobenius ¢ that is compatible
with y. More precisely, there is an injective ring homomorphism ¢: R < R
such that ¢(y(x)) = y(px) and

p—1
R=EP x()e(R).
i=0
In particular, R is free of rank p over ¢(R).

We remark first of all that one may iterate (ii) ¢ times for any positive integer c
to obtain

pe—1
R= P x(i)¢(R). (1)
i=0
Indeed, by induction, we may assume that (1) holds for ¢ — 1 and obtain
pc—l_l pc—l_l p—1
R= @ 1y R = @ 2y (GB X(j)w(R))
k=0 k=0 j=0
p-1p-1
= P Prk+pHecR)
k=0 j=0

since ¢~ ! takes direct sums to direct sums as it is injective. Now the claim follows
from noting that any integer 0 <i < p¢ — 1 can be uniquely written in the form
i=k+4+p¢ljwitho<k<p‘!—land0<,<p—1.

For any x € Z, we have x(p°x) = ¢°(x(x)) € ¢“(R)*. Hence x(i)¢°(R) =
x( + p€x)9°(R) and we may replace each value of i in the formula (1) by any
element in the coset i 4+ p©Z,,.

Definition 2.1. We call a ring R with the above properties (i) and (ii) a ¢-ring over
Zp, or often just a ¢-ring.
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For example, if K/Q), is a finite extension with ring of integers o and uni-
formizer pg, then the Iwasawa algebra o[[T]] is a ¢-ring with the homomorphism

XZp—o[T], 1—=14+T

and Frobenius ¢(T) = (T + 1)? — 1. Similarly, with the same y and ¢, Fontaine’s
ring Og, its field of fractions €, the Robba ring % and the rings ¢, @% of over-
convergent power series are also ¢-rings. (For the definitions of O¢ and € see
the paragraph before Lemma 2.13, and for those of R, @:é, and €7 see (12) and
subsequent paragraph.)

Lemma 2.2. For any positive integer ¢ we have a ring isomorphism

e (R)X1/(XP" = x(p9)) = R, X+ x(1).

Proof. Since the polynomial ring ¢¢(R)[X] is a free object in the category of
commutative ¢¢(R)-algebras, we may extend the natural inclusion homomorphism
f:9¢(R) — R given by (ii) to a ring homomorphism f: ¢°(R)[X] — R by any
free choice for the value f (X), in particular such that f (X):= x(1) € R and, of
course, ~|(pc( R) := f. We need to show that f is surjective with kernel equal to
the ideal generated by X?° — y(p€). Note that y(p€) = ¢¢(x(1)) lies in ¢°(R),
so the claim makes sense.

By (i), the map y is a group homomorphism, so y(r) = y(1)" = f(X)r = f(X’)
lies in the image of f for any positive integer . Hence we obtain the surjectivity
from (1) by noting that ¢¢(R) also lies in the image of f.

Using again y(r) = f (X") with the choice of r = p€, we see immediately that
XP° — y(p©) lies in the kernel of f . Moreover,

e°(R)[X1/(XP" = x(p©))
-1

is a free module of rank p€¢ over ¢¢(R) with generators the classes of {X” f;o in
the quotient. On the other hand, R is also a free module of rank p¢ with generators
{ )((r)}f ;61, by (1), and these two sets of generators correspond to each other under
the map f ; hence the isomorphism. O

Let Hy be a pro-p group of finite rank (therefore a compact p-adic Lie group
by Corollary 4.3 and Theorem 8.18 in [Dixon et al. 1999]) without elements of
order p admitting a continuous surjective group homomorphism £: Hy — Z, with
kernel H; := Ker(£). We further assume the following:

(A) Hj also admits an injective group endomorphism ¢: Hy — Hp with finite
cokernel and compatible with £ in the sense that £(¢(h)) = @(£(h)) = pL(h).
In particular, we have ¢(H1) C H;.

(B) (,>1 ¢" (Ho) = {1} and the subgroups ¢" (Hp) form a system of neighbor-
hoods of 1 in Hy.
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We remark first of all that by a theorem of Serre [Dixon et al. 1999, Theo-
rem 1.17], any finite index subgroup in Hy is open. Hence the homomorphism ¢ is
automatically continuous and the subgroups ¢" (Hp) are open.

H is a closed subgroup of Hy; hence it is also a pro-p group of finite rank. By
assumption (B), we also have in particular that the subgroups ¢" (H;) form a system
of open neighborhoods of 1 in H;. The subgroups ¢" (H1) may not be normal in
either Hy or Hy. Hence for k > 1 we define the normal subgroup Hj <1 Hy as
the normal subgroup of Hy generated by (pk_l(H 1). Since H; is normal in Hy
we automatically have Hy € H; for any k > 1. Also, since the p-adic Lie group
H1 has a system of neighborhoods of 1 containing only characteristic subgroups,
the Hj also form a system of neighborhoods of 1 in Hj. On the other hand, we
have by definition that ¢(Hy) € Hy 41 € Hy for each k > 1. In particular, we have
an induced ¢ action on the quotient group Ho/Hj. This is, of course, no longer
injective.

Since the group Z, is topologically generated by one element, we may find a
splitting t: Z,, < Hy for the group homomorphism £. We fix this splitting ¢, too.
Assume further that:

(C) the group homomorphism ¢ is ¢-equivariant, that is, we have ¢(¢(x)) = ¢(t(x))
for all x € Z,,.
We define the skew group ring R[H/Hy, £, ] as follows. We put
R[H/Hp. L= €D Rh )
heH,/Hy

as left R-modules. Since H; is a normal subgroup in Hyp, we also have
Hi/Hy < Ho/Hy.
Therefore we obtain a conjugation action of Z, on Hy/Hj given by
p:Zp — Aut(Hy/Hy), z+ (h — 1(z)hu(z) L he H1/Hk).

Since H;/Hjy is a finite p-group, Aut(H;/H}) is finite and we have an integer
¢k > 1 such that p*Z,, C Ker(p). The multiplication is defined so that ¢“¢ (R)
commutes with elements / in Hy/Hj and y(i) acts on Hy/Hy via 1o y~! and
conjugation. More precisely, for r1,72 € R and h1, ho € H1/H) we may write

phk—1
ra= Y x()e*(riz) 3)
i=0
and put
pk—1

(rih)(r2h2) == Y rix e (rip) (@) " hie@)h) € P Rh. (4
i=0

hGH]/Hk
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Incase rp =1 wehave (r1hy1)ho =r1(h1hy), andincase by =1 we have ry (r2hy) =
(r1r2)h2. By the choice of ¢g, t(p*Zp) lies in the center of Ho/Hj. So we may
use any set of representatives of Z,/pcZ, instead of {0, 1, ..., p° —1} in (3) in
order to compute (4). Indeed, if i =i’ (mod p©¥), then

X% (ri2) = (") (x(ip_i )”i,z)

Ck

and t(i) " Vh1e(i) = (i) Thy(i).
Lemma 2.3. The multiplication (4) equips R[H1/Hy, £, ] with a ring structure.

Proof. There exists an easy, but rather long computation showing this. However,
there is another, more conceptual description of the ring R[H1/H, ¢, (] pointed
out by Torsten Schoeneberg that proves this lemma without any computations. Let
S be the group ring S := ¢ (R)[H1/H}] and ¢ be the automorphism of S trivial
on ¢°k (R) and acting by conjugation with ¢(1) on Hy/Hp, that is, for h € Hy/H}
put o(h) := ¢(1)"'ht(1). Now define the skew polynomial ring S[X, o] by the
relation aX = Xo(a) for a € S. By the definition of ¢, the subring ¢°* (R) lies
in the center of S[X, a]; therefore, so does y(pk) = % (x(1)) € 4 (R). On the
other hand, we have

Cl c Cl C
aXP* = xP P (a)=XP"a

for all a € S, since 6P is the conjugation by the central element ¢(1)?* = ((p¥)
of Hy/Hj on Hy/Hy and is trivial by definition on ¢* (R); hence 67* = idg.
This shows that X ?* — y(p©) is central and that

S[X,0](XP™ = x(pr)) = (XP™ — x(p°))S[X, 0]

is a two-sided ideal in S[X, g]. So we may form the quotient ring and compute (as
left p°k (R)-modules)

SIX. 01/ (X7 — 1(p)) = (GB D xret (R)h) (X7~ 1(p)

r=0heH,/Hy

D (¢ (RIXI/(XP™ = x(p%))h

heH/Hy

=~ @Rh,

hEHl/Hk

12

using Lemma 2.2 in the middle. On the component 2 = 1 in the above direct sum,
the identification is even multiplicative as Lemma 2.2 gives an isomorphism of
rings, not just ¢¢ (R)-modules. Hence S[X, 0]/(Xka — x(p®)) contains R as
a subring and the isomorphism above is an isomorphism of left R-modules. The
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transport of ring structure gives back the definition (4) of multiplication on the right
side. Indeed, we have

pk—1 pk—1
(rih)(r2h2) = ) rihix (e (riha = Y rili X 0% (ri2)ha
i=0 i=0
pk—1 pk—1
= Y nX'o (h)e*(ripha = Y rix()e (ri2) (@) hye(i))hz),
i=0 i=0
since y(i) corresponds to X under the isomorphism in Lemma 2.2. O

We further have a natural action of ¢ on R[H1/Hp, £, ] coming from the p-action
on both R and H,/Hj by putting ¢(rh) := ¢(r)¢(h) forr € R and h € Hy/Hy.

Lemma 2.4. The map ¢: R[H{/Hy,{,l|— R[H1/Hy, £, ] defined above is a ring
homomorphism.

Proof. The additivity is clear, so it suffices to check the multiplicativity. Using (4)
we compute

pk—1
e((rih)(r2h2)) = Y @(rix (e (ri.2)) @ (L) h1e(i))ha)
i=0
pk—1
= > o) x(p)e* T (ri ) (((pi) " p(h)i(pi))g(h2))
i=0
pk—1
= Y @D (ri)e(h) x(pi)p(ha)
i=0
pk—1
=@(rDeh) Y x(p)e* 1 (ri2)e(h2)
i=0
pk—1
=§0(71h1)§0( > X(i)fﬁck("i,z)hz) = @(rih)e(r2hz). 0O
=0

The map y and the inclusion of the group H1/H} in the multiplicative group of
R[H/Hy,{,] are compatible in the sense that they glue together to a gp-equivariant
group homomorphism y: Hy — R[Hy/H, £, ]* (with kernel Ker yi = Hy),
making the diagram

Z, Hy

xj XkL 6))

R ——> R[H1/H.{]

LR .k
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commutative, where (g x is the natural inclusion of R in R[H1/Hy,{]. Indeed,
Ho = 1(Zp) x Hy, so we put

Xk ((@)h) :== x(@)(hHy)
fori € Z,, h € Hy and compute
Xk (LGDh1LG2)h2) = g (c(i1 + i2)e(2) " hi(iz)ha)
= x(i1 +i2)(e(i2) " hi(iz)h2) Hy
= y(i1)(h1 Hy) x(i2)(ha Hi) = i (t(i1)h) xi (L(i2)h2),

showing that yj is indeed a group homomorphism. The commutativity of the
diagram (5) is clear by definition. Moreover, yj is g-equivariant, since we have

Xk o 9(@)h) = xr (L(pi)e(h)) = x(pi)p(h) Hy
= o(x()hHy) = ¢ o xr((i)h).

Lemma 2.5. The above definition of R[H1/H}, £, (] does not depend on the choice
of the section t up to natural isomorphism.

Proof. Let (':Z, — Hy be another section of £. The integer ¢ depends on ¢,
but we also have another integer c,/c such that ¢/( pcl/<) acts trivially by conjugation
on Hi/Hp, that is, L/(pc/,() lies in the center of Hy/Hy. On the other hand, we
may choose my > 0 so that Hlpmk C Hy, since Hy/Hy is a finite p-group. From
Lor=idy, = Lol we see that 1~ 't/(Z,) € Ker({) = Hy, and hence for any x € Z,
we have

L_l (pmk +max(ck ’C//C)X)L/(pmk +max(ck ’CI/()X)

_ L_l (pmax(ck ,cl’c)x)pmk L/(pmax(ck ,c;c)x)pmk
— (t_l (pmax(ck ,cl’()x)t/(pmax(ck ,C;()x))pmk c Hlpmk C Hy.

Therefore for m > my, + max(cy, c,’c), the map L;{I R — R[H/H},Z,] given by

p"—1 p"—1
l}c( > X(i)wm(ri)) = 2 x@e" ) (@) () (6)
i=0 i=0
extends to an isomorphism
tp: R[H1/H £,/]— R[Hi/Hy. L.1], rh—.(r)h,

of ¢-rings. Indeed, the map L}c is clearly additive and bijective. We claim that it is
multiplicative and ¢-equivariant. We first show the latter statement and compute
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/ Pl S\ M L IR ~N—1 7/:
poul X x@e™r) )= X e(x@e™ ) ()" (1))
i=0 i=0

p"—1
=X X ("™ ) (e(pi) 1 (pi)
i=
p"—1 p"—1
= ( > X(Pl)¢m+l(rz)) =0 <p( > X(i)(/’m(”i))-
i=0 i=0
Since m > max(cy, c]/c), the subring ¢™ (R) lies in the center of both R[H1/Hy, £, (]
and R[H/Hy,{,!]. Therefore —in view of the associativity (Lemma 2.3) — we
may compute the multiplication (4) by expanding elements of R to degree m. So
we write
Wl_l le_l

=S D, =S e ).
j= i=

We may compute (6) using any set of representatives of 7,/ p™ 7, (for example
{j,j+1,...,j+p™—1}instead of {0, 1,..., p™ —1}) since .}/ (p"Z,) C Hy.
Hence we obtain

1 ((rih1)(r2h2))

m_1q
=1 (pZ rix(@)e™ (Vi,z)(t/(i)_lhlt/(z‘)hz))

=0

= ( Z X(J)(pm(m)x(l)wm(rz 2)(t (i)_lhu’(i)hz))

j=0
-1 p"—1 )
(S 0 D) )6 ke

Jj=0

x(l + "™ (rjari)( + j)H G+ ) )T had (i)ha

Ox(l + )™ (rjari2) + j) N Gk ()ha
—1

-5,
gt
="y
=
='s

X(J)(ﬂ () X O™ (i, )e (7)™ GR)e@) ()T (@)

m_l

KD () (j)hl))( S (6™ (r1.2) (1) (i)hz))

i,j=

(s
p— m_y

( x (rj,o/(j)hl)(pz <o"’(rl~,2)/(i)hz) — L (nh)(raha). O
—0 i=0
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In view of this lemma we omit ¢ from the notation from now on. This construction
is compatible with the natural surjective homomorphisms H;/Hy 1 — Hi/Hg;
therefore the rings R[H1/Hp, {] form an inverse system for the induced maps. So
we may define the completed skew group ring R[[H7, £] as the projective limit

R[H1, 4] := lélz_nR[Hl/Hk,E].
We denote by I the kernel of the canonical surjective homomorphism from
R[H1,{] to R[H,/Hy,1].
Whenever R is a topological ring, we equip R[[H, £]] with the projective limit
topology of the product topologies on each @,y \/H, Rh.
The augmentation map H; — 1 induces a ring homomorphism

{:=Lg:R[[H{.L]] > R.

This also has a section ¢ := (g = l(i_rluR,k: R — R[Hi,{]] (whenever clear we
omit the subscript g), that is, g otg = idg. By (5), the group homomorphism
X:Zp — R extends to a group homomorphism yg,: Ho — R[[H1,{]*, making
the diagram

Zp Hy

Tl

R —— R[H,.{]

commutative.

The operator ¢ acts naturally on this projective limit. If R is a topological ring
and ¢ acts continuously on R, then ¢ also acts continuously on each R[H;/H}, {]
by taking the limit also on R[[H1,{]]. For an open subgroup H' of a profinite
group H we use the notation J(H /H’) for a set of representatives of the left cosets
of H' in H. Similarly, we use J(H'\ H) for a set of representatives of the right
cosets H'\ H.

Lemma 2.6. (a) Let L < K < H be groups. Then the set J(H/K)J(K /L) (resp.
J(L\ K)J(K \ H)) is a set of representatives for the cosets H/L (resp. for
L\ H).
(b) Let K < H be groups and N <t H a normal subgroup. Then J(K N N)\ N)
is also a set of representatives for K \ KN.
Proof. These are well known facts in group theory; however, for the convenience of
the reader, we recall their proofs here. In (b) we need N to be a normal subgroup so
that KN is a subgroup of H. Moreover, J(K \ KN) might not lic in N in general.
(@) Lethy,ho e J(H/K) and ky,ko € J(K/L). Suppose we have h1ki L = hyk, L.
Then we also have hl_lhz € K and so h1 = h,, whence kl_lkz € L andso k1 = k.
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So the elements of the set J(H/K)J(K/L) are in distinct left cosets of L. On the
other hand, if L € H/L is a left coset, then we may first choose 41 € J(H/K) so
that hl_lh € K and then k1 € J(K/L) so that kl_lhl_lh € L;thatis, hL = h1k,L.

(b) If ny #ny € J(KN N)\ N) are distinct, then Kny # Kny, as nlngl does
not lie in K N N, but it lies in N. On the other hand, if kn € KN, then we may
findny € J(KNN)\ N) such thatnnl_1 € KN N, and hence knnl_1 ekK. O

Proposition 2.7. The map ¢: R[H1,t]] = R[H1,{] is injective. Also

RIH1.Ll= D  ¢(RIH: Dh.

heJ(e(Ho)\Ho)

In particular, R[[H1, L] is a free (left) module of rank [Hy : ¢(Hy)] over itself via
®.

Proof. Step 1. Let k be an integer and denote by Ay the kernel of the map
¢: R[H1/Hy, ] — R[Hy/Hyp,{] so that we have a short exact sequence of abelian
groups

0 — Ag — R[Hy/Hy. 0] —2> ¢(R[Hy /Hj.. £]) — 0.

We show that the sequence Ay, satisfies the trivial Mittag-Leffler condition. From
this the injectivity of ¢ follows, and we obtain

lim p(R[H1/Hy, t]) = p(im R[H1/Hy, {]) = ¢(R[H1, £]).- (M
k k

Take a fixed positive integer k. Since ¢: H; — Hj is an open map (bijective and
continuous between the compact sets H; and ¢(H1), and hence a homeomorphism)
and the subgroups H; form a system of neighborhoods, we find an integer / > k
such that Hy 2 ¢~ !(H;). In view of Lemma 2.6 we put

J(Hy/Hy) == J(Hy /o~ (H))J (o~ " (H;)/H))

for J(Hy /¢~ ' (H;)) and J(p~Y(H;)/H;) arbitrarily fixed sets of representatives
for the cosets of Hy /¢~ '(H;) and of ¢~ (H;)/H]j, respectively.

Now let > ryx1(h) be an element in A; and denote by f; ; the natural
heJ(H/H))
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surjection from R[H1/Hj,{] — R[H1/H},{]. We have

0= qo( ) ”th(h))

heJ(H/H))

= > 3 emm)aeiiha)

hi1€J(H /o~ (H))) haeJ (9~ (H;)/H})

=3 6Cnn) x1(p(h))

hi ho

D R S )

hieJ(H1 /o~ (H})) “heJ(Hi/H))Nhip~'(H;)

For hy # 'y € J(Hy1 /9~ ' (H;)) we have ¢(hy) H; # ¢(h')) H;. Since R[H,/H], {]
is defined as a direct sum, we obtain

<P( Z rh) =0, whence Z r, =0

heJ(H\/H;)Nh1 o~ (H)) heJ(Hy/H;)Nh1o~1(H))

for any fixed hy € J(H1 /@~ ' (H})), as ¢ is injective on R. On the other hand, we

have
fk,l( > ”th(h)): > ( > rh)){k(h1)

heJ(Hy/H)) hi1eJ(H/Hy) “heJ(H/H;)Nhy Hy
= Y. Ou(h)=0,
h1€J(Hy/Hy)

as h1 Hy, is a disjoint union of cosets of ¢ 1 (H;) by the choice of /. This shows
that fi ;(A;) = 0 as claimed. Therefore (7) follows as discussed above.

Step 2. Since ¢(Hp) N Hy is open in Hq, there exists an integer ko > 2 such that
for k > ko we have Hy C ¢(Hp). (We may not be able to take ko9 = 2 because
Hj, is the normal subgroup generated by ¢(H1), which does have elements outside
¢(Hp) in general.) We claim now the decomposition

R[H\/H, ()= @ @(R[H\/Hi, ) xx(h) ®)
heJ(p(Ho)\ Ho)

for k > ko. Since Hy is a normal subgroup of Hy contained in ¢(Hy), the elements
Xk (h) above are distinct.

For the proof of (8) we apply Lemma 2.6(b) in the situation K := ¢(Hp),
N := Hq, and H := Hj to be able to choose

J(p(Ho) \ ¢(Ho) H1) := J((¢(Ho) N Hy) \ Hy).
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Also, by the injectivity of ¢ on Ho/Hjp, we see that p(Hp) N Hy = ¢(H1).
On the other hand, ¢({0,1,..., p — 1}) is a set of representatives for the cosets
Hi¢(Hp) \ Hp. Therefore (using Lemma 2.6(a) with L := ¢(Hyp), K :=¢(Ho)H},
and H := Hy) we may choose

J(p(Ho) \ Ho) := J(¢(Ho) \ ¢(Ho)H1)J(¢(Ho) H1 \ Ho)
=J(@(H)\ H) ({0, 1,...., p—1}).
We are going to use this specific set J(¢(Hg) \ Hp) in order to compute the right
side of (8). Let >y ycm,/m,) Th Xk (h) be an arbitrary element in R[Hy/H, {].

By the étaleness of the action of ¢ on R (noting that R is commutative), we may
uniquely decompose

p—1 p—1
=y (i) =Y elrip)x().

i=0 i=0
On the other hand, we write ((i)ht(i)~! = @(u; p)v; p, with unique u; 5 € Hy and
vi.p € J(9(Hy) \ Hy). Therefore we have

p—1
S = Y Y i) x @) (t@) T o p)vipe ()

heJ(H/Hy) heJ(H|/Hy)i=0

p—1
= > Y eCinxeuin) xx (i p ()

heJ(H,/Hy) i=0
€ Y @(R[H/H. 0)yi(h),
heJ(p(Ho)\Ho)

as y(i) = xx(t(i)) and yr 0@ = ¢ o i, by (5).
It remains to show that the sum in (8) is indeed direct. For this we may expand
any element x; , € R[Hy/Hy, (] as

Xih= Y TihmXk(m)
meJ(Hy/Hg)

and compute

p—1
S Y e k()

i=0 heJ(p(H)\H1)

=Y @inm) Xk (@(m)he(i))

i,h,m

= Y xOeipm) xi (L) pm)he(i))

i,h,m
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= ) x(i)( > go(r,-,h,m))xk(t(i)—lmom(i)).<9>

i,h moeJ(o(H1)/Hy) “meJ(Hi/H)No~(moHy)

Assume now that the left side of (9) is 0. The set J(p(H1)/H)J((H1)\ Hy) is a
set of representatives of Hy \ H1 because Hj, is normal in Hy, whence p(H1)/Hy =
Hp \ ¢(Hy). This shows that the elements moh are distinct in H; /Hj on the right
side of (9). The conjugation by ¢(7) is an automorphism of H;/Hj,; therefore the
elements (i) "'moht(i) are also distinct for any fixedi € {0, 1,..., p—1}. On the
other hand, by the étaleness of ¢ on R and by (2), we obtain

p—1
RH\/H )= P x@)e®R)h.
i=0 hyeH/Hy
Hence we have

Z (p(ri,h,m) =0

meJ(H1/H)No~(moHy)
for any fixed my, i, and A. In particular, we also have

o) = Y. @i nm)te(p(m)

meJ(Hy/H)
D S (D DN CTws) PACS R

mo€J(p(H1)/Hy) “meJ(Hi/Hyx)No~! (moHi)
showing that the sum in (8) is direct.
Step 3. The result follows by taking the projective limit of (8) using (7). O
Remark 2.8. This lemma also holds if we interchange left and right, that is,

R[Hi.]= &  he(R[H:.L]).
heJ(Ho/p(Ho))
Let S be a (not necessarily commutative) ring (with identity) with the following
properties:
(i) There exists a group homomorphism y: Hy <> S*.

(i) The ring S admits an étale action of the p-Frobenius ¢ that is compatible
with y. More precisely, there is an injective ring homomorphism ¢: S < §

such that p(x(x)) = y(¢(x)) and
S= P o= P xmes).

hep(Ho)\Ho heHo/e(Ho)

In particular, S is free of rank |Hp : ¢(Hyp)| as a left as well as a right module
over ¢(S5).
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Definition 2.9. We call a ring S with the properties (i) and (ii) a ¢-ring over Hy.

Corollary 2.10. The map R +— R[Ny, L] is a functor from the category of ¢-rings
over 7, to the category of ¢-rings over Hy.

Remark 2.11. We have ¢(/x) € I forall k > 1.

Proof. Take x € I and write x + Iy € R[H1/Hg4+1,4], as

X+hi= Y. k(b
heJ(Hy/Hg+1)

Since x € Iy, we have

0= Z ruxk(h) = Z Z rrxk(h),

heJ(H /Hg 1) h1€J(H/Hy) heJ(Hy/Hy1)Nhi Hy

and hence ZheJ(Hl/Hk+1)ﬂh1Hk rp, = 0 for any fixed hy € J(Hy1/Hy). So we
compute

o)+ hepr = Y > e (rn)e(xic(h)

h1€J(H1/Hy) heJ(Hy/Hyk41)Nhi Hi

= > > 0 (r) Xk (@)

h1€J(H1/Hy) heJ(Hy/Hyk41)Nhi Hi

= > Ox(p(h) =0,

hi1€J(H1/H)
since ¢(Hy) € Hy1, whence ¢(h1) = ¢(h) above. O

Recall that Fontaine’s ring O¢ := L&nn (o[TTT 1)/ pZ is defined as the p-adic
completion of the ring of formal Laurent series over o. It is a complete discrete
valuation ring with maximal ideal p,Os, residue field k((7")), and field of fractions
€ =0¢[px']. We show that the completed skew group ring O¢[[H1, £] is isomorphic
to the previously constructed microlocalized ring Ay(Hy) of the Iwasawa algebra
A(Hp) ([Schneider and Venjakob 2010]; see also [Schneider and Vignéras 2011,
Section 8; Schneider et al. 2012; Zabradi 2011]). (Ho = Ny in the notations of
[Schneider and Vignéras 2011; Schneider et al. 2012; Zabradi 2011].) For the
convenience of the reader we recall the definition here. Let A(Hp) := o[[Hyp]| be
the Iwasawa algebra of the pro-p group Hy. It is shown in [Coates et al. 2005]
that S := A(Hop) \ (pg, H1 — 1) is a left and right Ore set in A(Hp) so that the
localization A(Hyp)s exists. The ring Ay(Hp) is defined as the (pg, H1 — 1)-adic
completion of A(Hyp)s (the so-called “microlocalization”). Since ¢: Hy — Hy is
a continuous group homomorphism, it induces a continuous ring homomorphism
¢: A(Hop) = A(Hp) of the Iwasawa algebra. Since ¢(S) C S, ¢ extends to a
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ring homomorphism ¢: A(Hp)s — A(Hp)s and, by continuity, to its completion
Ay¢(Hp) (see Section 8 of [Schneider and Vignéras 2011] for more details).

Remark 2.12. Let R be a ¢-ring containing (as a ¢-subring) the Iwasawa algebra
o[[T] = A(Zp). Then using (1) we compute

R[H/Hi. 0] = (R ®A(z,) AMZp))[H1/Hi. €] = R ®Az,) (AMZp)[H1/Hy. £])
~ R®A(z,). A(Ho/Hy)
= (¢ (R) g (Az,)) MZp)) ® A, A(Ho/Hy)
= 0% (R) ®gpex (A7), M Ho/Hy),

for any k > 1.

Lemma 2.13. We have a g-equivariant ring-isomorphism Og[[H1, L] = A¢(H)p).

Proof. The ring Ay(Hp) is complete and Hausdorff with respect to the filtra-
tion by the ideals generated by (H} — 1), since these ideals are closed with
intersection zero in the pseudocompact ring A¢(Hp) (compare Theorem 4.7 in
[Schneider and Venjakob 2010]). So it remains to show that Ay(Ho/Hy) is
naturally isomorphic to the skew group ring O¢[H1/H},{]. First we show that
A(Ho/Hy)=A(Zp)[H1/Hy, £]. Bothsides are free modules of rank | 1/ Hy | over
A(Zp) with generators h € Hy/Hy, so there is an obvious isomorphism between
them as A(Zp)-modules. Moreover, ¢ (A(Zp)) lies in the center of both rings.
However, the obvious map above is also multiplicative, since the multiplication
on A(Zp)[H1/Hy, ] is uniquely determined by (4), so that (5) is satisfied and
9k (A(Zp)) lies in the center.
Now by Remark 2.12, we have

Og[H1/Hp, ] = 9% (0%) ®gex (A(z,)), AN(Ho/Hy)

for any k > 1.

Since ( (p?* (A(Zp))) lies in the center of A(Ho/Hy), the right side above is the
localization of A(Hy/H}), inverting the central element <p1’ck (T) and taking the
p-adic completion afterwards (that is, “microlocalization” at (pka (T)). However,
in a p-adically complete ring, T is invertible if and only if ?* (T) is too. Indeed,
we have

Pk

TlgP™ (=@ + 0" —1= 3 (7)1 e T (14 poll 7T ).

i=1

Hence we obtain
@ (O%) ®gex (A@,)) A(Ho/Hy) = Ay(Ho/Hy),

as both sides are the microlocalization of A(Ho/Hy) at T. O



(¢, I)-modules over noncommutative overconvergent and Robba rings 209

3. Equivalence of categories

Let S be a ¢-ring over any pro-p group Hy satisfying (A), (B), and (C) (for now it
would suffice to assume that S has an injective ring-endomorphism ¢: S — ). We
define a ¢-module over S to be a free S-module D of finite rank together with a
semilinear action of ¢ such that the map

1®¢:S®s,oD— D, r®drre(d), (10)

is an isomorphism. For rings S in which p is not invertible (such as § = Og
and @:é), this is the definition of an étale p-module. However, for rings in which p
is invertible (such as the Robba ring %), this is the usual definition of a ¢-module.
We use this definition for both S = R and S = R[[H1, {]] —the former being a
@-ring over Z, and the latter being a ¢-ring over Hp. We denote the category of
@-modules over R (resp. over R[[Hy,{]]) by (R, ¢) (resp. by IM(R[H1, L], ¢)).
These are clearly additive categories. However, they are not abelian in general, as
the kernel and cokernel might not be a free module over R (resp. over R[[H1, £])).

For modules M over R[[H1, £]], saying that (10) (with D = M) is an isomorphism
is equivalent to saying that each element m € M is uniquely decomposed as

m= Y upF(mu)

ueJ(Ho/9* (Hop))

for k = 1, or equivalently, for all k > 1.
There is an obvious functor in both directions induced by £ and (g that we
denote by

D:= RQgra,.e.¢ - MR[H1, L], ) —> M(R, ¢),
M := R[Hi. (] ®r.. - (R, ¢) — M(R[H1, {]. ).

The following is a generalization of Theorem 8.20 in [Schneider et al. 2012].
The proof is also similar, but we include it here for the convenience of the reader.

Proposition 3.1. The functors D and M are quasi-inverse equivalences of cate-
gories.

Proof. We first note that since £ ot = idg, we also have ) o M = idgy(Rg ). So it
remains to show that D is full and faithful.

For the faithfulness of D, let f: M; — M, be a morphism in M (R[H1, £], )
such that D( f) = 0, which means that f(My) C I{M>. Let m € M;. For any

k € N, we write m = > ugk (m, ;) and
ueJ(Ho/o* (Ho))
famy= " > up* flmyp) € o (11M2) S Iy 1 Ma,

ueJ(Ho/¢* (Ho))
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by Remark 2.11. Therefore f(M;) € Iy M> for any k > 0, and therefore f =0
since M is a finitely generated free module over R[[H1, ]}, and () Ix4+1= 0 since
R[[Hy. €] = lim R[[Hy. €]/ 1. k=0

Now we prove that for any object M in M(R[H1, £]], ¢) we have an isomorphism
MoD(M) — M. We start with an arbitrary finite R[H, £]-basis (¢;);<j<q of M
(where d is the rank of M). As R-modules we have

M=( @ L(R)él')EB( @ 116,-).
1<i<d 1<i<d

Clearly, the R[H7, £]-linear map from M to M(D(M)) sending €; to 1 @ (1 ® €;)
is bijective. It is ¢-equivariant if and only if @151‘ <4 L(R)€; is p-stable, which is,
of course, not true in general. We always have

p(e) = Z (ai,j +bi,j)ej, where a; j € ((R), b;j € 1.
1<j<d
If the b; ; are not all 0, we will find elements x; ; € /1 such that
N ‘=€ + Z Xi,j€j
1<j=d

satisfies

o(ni) = Z aj jn; foriel.
1<j=<d

The conditions on the matrix X := (x; j)1<;,j<d are
p(id+ X)(A+ B) = AGd+ X)

for the matrices A := (a;,j)1<;,j<d- B := (bi,j)1<i,j<a- The coefficients of A
belong to the commutative ring ¢(R). The matrix A + B is invertible because the
R[H1, {]-endomorphism f of M defined by

flei)=¢(e) for1 <i <d

is an automorphism of M as M lies in M(R[H1, L], ¢). Therefore the matrix
A = £(A+ B) is also invertible. We have reduced the proof to solving the equation

AT'B+ A p(X)(A+B)=X

in the indeterminate X. We are looking for the solution X in the form of an infinite
sum

X = A_IB+. .o
+ (A (AT - P ATY PR (AT BYOF T (A B) -+ p(A+B)(A+ B))
+ee
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The coefficients of A~ B belong to the two-sided ideal I; of R[[H;,{], and the
coefficients of the k-th term of the series

(A7 (A7) - AT (AT B) T (A + B) - p(A + BY(A + B))
belong to (1) C I x+1- Hence the series converges, since

R[H;. ] ;1<ik£1R[[H1,€]]/Ik.

Its limit X is the unique solution of the equation. The coefficients of every term in
the series belong to /1 and [ is closed in R[[H1, £]], and hence x; ; € I for 1 <i,
j=d.

We still need to show that the set (17;) 1 <; <4 is an R[[H1, £]]-basis of M. Similarly
to the above equation, we may find a matrix ¥ with coefficients in /; such that

(A+B)(id+7Y)=9¢@d+Y)A.
Therefore we obtain
(A+B)id+Y)id+ X) = (id+ Y)({id + X))(A + B),
which means that the map
d+Y)id+X):M > M, €+ ((d+Y)>0d+ X)e;
is a p-equivariant map such that D((id+Y )(id+ X)) =id, so (id+ Y)(id + X) =id

by the faithfulness of D. By a similar computation, we also obtain
A(d+ X)(id+7Y) =¢((id+ X)(id+ Y)) A,

showing that (id + X)(id + Y) is a g-equivariant endomorphism of M o D(M)
reducing to the identity modulo /. Hence (id + Y') is a two-sided inverse to the
map (id + X)), and in particular (1;)1<;j<q is an R[[H1,{]-basis of M. So we
obtain an isomorphism in MM (R[[H1, £], ¢),

O:M—>MDM)), O(n)=10 (1 ®n;) forl <i <d,

such that D(®) is the identity morphism of D(M).
Now if f:D(M;) — D(M>), then for

M(f): M1 =MoD(M;) —MoD(Mz) = M>,
we have D oM( f) = f; therefore D is full. O

Remark 3.2. There is a small mistake in Lemma 1 of [Zabradi 2011]. The map
w is in fact not a p-valuation, since assertion (iii) states that w(g?) = w(g) + 1 is
false. It is only true in the weaker form w(g?) > w(g) + 1. However, this does not
influence the validity of the rest of the paper, as Ny, :={g € No | w(g) > n} is
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still a subgroup satisfying Lemma 2. Alternatively, it is possible to modify w so
that one truly obtains a p-valuation. I would like to take this opportunity to thank
Torsten Schoeneberg for pointing this out to me.

Remark 3.3. In the case of R = O¢ we may end the proof of Proposition 3.1 by
saying that id + X is invertible since X lies in /¢*“ and Og[[Hy, {] = A¢(Ho)
is I;-adically complete. However, in the general situation R[[H1, {]] may not be
complete /-adically. The reason for this is that the ideals (/x)r>; are only cofinal
with the ideals / lk whenever R is killed by a power of p. Therefore if R is not
p-adically complete, we do not have R[[Hy, {]] = l(lr_n R[H1,L]/1 {‘ in general. In
the case of R = O, Proposition 3.1 holds for not necessarily free modules as well.
See [Schneider et al. 2012] for the proof of this.

Remark 3.4. The matrix Y in the proof of Proposition 3.1 is given by a convergent
sum of the terms

—(A+B) 'p(A+B)™) -+ o T (A+B) e  (A+B) 1B 1 (A) - p(A) A

for k > 0, and a direct computation also shows that (id + Y)(id + X) = id =
(id+ X)@id+Y).

Reductive groups over Q, and Whittaker functionals. Let p be a prime number
and let @, C K be a finite extension with ring of integer o, uniformizer pj, and
residue field k = o/ pg. This field will only play the role of coefficients; the
reductive groups will all be defined over Q,. Following [Schneider and Vignéras
2011], let G be the Qp-rational points of a Q,-split connected reductive group
over Qp. In particular, G is a locally @Q,-analytic group. We also assume that
the center of G is connected. We fix a Borel subgroup P = TN in G with
maximal split torus 7 and unipotent radical N. Let ®* denote, as usual, the
set of positive roots of 7 with respect to P and let A € ®* be the subset of
simple roots. For any o € ®* we have the root subgroup N, € N. We recall that
N = ]_[ae¢+ N,y (set-theoretically) for any total ordering of ®t. Let Tp € T be
the maximal compact subgroup. We fix a compact open subgroup No € N that
is totally decomposed; in other words, No = [ [, (No N Ng) for any total ordering
of ®T. Hence Py := ToNp is a group. We introduce the submonoid 7+ € T of all
t € T such that tNot~! € Ny, or equivalently, such that |a(z)| < 1 for any o € A.
Obviously, Py := NoT+ = PoT4+ Py is then a submonoid of P.
We fix once and for all isomorphisms of algebraic groups

le: Ng E) Qp
for « € A, such that
te(tnt™") = (1)t (n)
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for any n € Ny and t € T. We normalize these isomorphisms so that ¢, (No N Ny) =
Zp C Qp. Since [[,ep Ne is naturally a quotient of N/[N, N] we may view any
homomorphism

L 1_[ Ny — Qp

a€EA

as a functional on N. We fix once and for all a homomorphism £ such that
€(No) = Zp. Let X*(T') := Homgg (T, Gp) (resp. X«(T') := Homge (G, T')) be
the group of algebraic characters (resp. cocharacters) of 7'. Since we assume that
the center of G is connected, the quotient X*(7T')/ @, Z« is free. Hence we
find a cocharacter £ in X4 (T") such that o 0 § = idg,, for any « in A. It is injective
and uniquely determined up to a central cocharacter. We fix such a £. It satisfies

E(Zp \{0}) € T+
and

LE@ng @) = al(n) (11)

for any a in @; and n in N, since £ is a linear functional on the space [ [, o Ny and
therefore can be written as a linear combination of the isomorphisms tg: Noy — Qp.

For example, if G = GL,(Q)), T is the group of diagonal matrices, and N is
the group of unipotent upper triangular matrices, then we could choose

£:Gm(Qp) = @; T = (@;)n, E(x):=

Put I' := £(Z,) and s := £(p). The element s acts by conjugation on the group
No such that () sk Nos™® = {1}. We denote this action by ¢ := ¢,. This is
compatible with the functional £ in the sense £ o ¢ = p{ (see Section 2) by (11).
Therefore we may apply the theory of the preceding sections to any ¢-ring R with
the homomorphism £: No — Z,, and Ny := Ker({|y,). We are going to apply the
theory of Section 2 in the setting Hp := No and H; := Nj.

In [Schneider and Vignéras 2011] and [Zabradi 2011] £ is assumed to be generic—
we do not assume this here, though. For any o € A the restriction of £ to a fixed
Ny is either zero or an isomorphism of Ny with @, and we put aq := £(1;(1)).
By the assumption £(No) = Z, we obtain ay € Z, foralla € A, and aq € Z;j for
at least one @ in A. We put 7 y:={tr € T | tN1t~! € Ny}. The monoid Ty
acts on the group Z, via £: No — Zp, too.

A (¢, I')-ring R is by definition a ¢-ring (in the sense of Section 2) together with
an action of I" % Z, commuting with ¢ and satisfying y(y(x)) = x(§ ~1(y)x). For
example, Og, Og, €T, R are (¢, I')-rings. The endomorphism ring End(Z,) of the
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p-adic integers (as a topological abelian group) is isomorphic to Z,. On the other
hand, the multiplicative monoid Z, \ {0} is isomorphic to ¢"T'. Now having an
action of ¢ and I" on R we obtain an action of 7 ; on R since the map £: No — Z,,
induces a monoid homomorphism 77 ; — Z, \ {0} = @ T'. We denote the kernel of
this monoid homomorphism by 7§ ¢. Similarly, we have a natural action of 7 ¢ on
the ring R[[N1, £]] by conjugation. Indeed, if # € T, 4, then since T is commutative,
we have

tgok(Nl)t_1 = 15K Nys 7R = RNl TR = (pk(tNlt_l) - (pk(Nl),

whence 1Nt ~! C Nj. Hence ¢ acts naturally on the skew group ring R[N/ Nk, €],
and by taking the limit, we also obtain an action on R[Ny, £]l. We denote the map
on both R and R[[N1,{] induced by the action of € T 4 by ¢;.

Now a T ¢g-module over R (resp. over R[Ny, {])) is a finitely generated free
R-module D (resp. R[Ny, £]]-module M) with a semilinear action of 7 ; (denoted
by ¢;: D — D, resp. ¢;: M — M for any ¢ € T y) such that the restriction of
the Ty ¢-action to s € T 4 defines a p-module over R (resp. over R[Ny, £])). We
denote the category of T ,-modules over R (resp. over R[Ny, £])) by M(R, T )
(resp. by M(R[N1. €1, T ).

Lemma 3.5. Let M be in M(R[N1, L], T4 ¢) and D be in M(R, Ty 4). Then the
maps

1 ®@r: RIN1, L] QRN £],0, M — M, 1 @m > ros(m)
and

1®¢:RQR,p, D> D, r®drre:(d)
are isomorphisms for any t € T 4.

Proof. We only prove the statement for M (the statement for D is entirely analo-
gous). First note that the subgroups sk Nos—* (resp. sk N1s~*) form a system of
neighborhoods of 1 in N (resp. in Ker(£)). On the other hand, if 7 is in T 4, then

tKer(EW)t_1 = t(U skle_k)t_l = U sKeNy T s = Ker({|n),
kezZ kez

since N ¢! has finite index in Nj. Now since ¢ ! Not and t 1 Nyt are compact,
we find k¢ > 0, so that =1 Not C s_kONoskO and t 71Nyt C s_kOlekO, whence
skor=1 Jies in T, 4. Since M is a ¢-module over R[Ny, £]), the map

1 ® @ero: R[N, £] ®R[[N1,€]],<psk0 M— M, r@mi—>rou,(m)
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is an isomorphism. Under the identifications

R[[N19 f]] ®R[[]Vl ,e]]s(/)t (R[[Nl’ e]] ®R[[Nl ’e]]’(pskOZ_l M)
=~ R[N1. L] ®pgw, L1 ko M
= RN D ®RIN: £ 4,1 (RIN1 L @ RN 211,00 M)

we have

(1®e)o(1®(1®@k;—1)) =1®¢ko = (1 ® @gko,—1) 0 (1R (1 ®¢;)),

so 1 ® ¢; is surjective by the equality on the left and injective by the equality on
the right. O

Remark 3.6. The action of Ty ¢ on a T y-module D over R is linear, since T ¢
acts trivially on R. Therefore this action extends (uniquely) to the subgroup Ty < T
generated by the monoid 7§ .

Proof. By the €taleness of the action of ¢, for ¢ € Ty we see immediately that ¢,
is an automorphism of D since ¢;: R — R is the identity map. Therefore ¢; has a
(left and right) inverse (as a linear transformation of the R-module D), which we
denote by ¢;—1. The remark follows if we note that Ty consists of the quotients of
elements of T 4. O

In the case when £ = £, given by the projection of || gea Np to Ny for some
fixed simple root o € A, it is clear that 7y , = Ty, as Ng is T -invariant for each
B € ® and Ker({) = [lazpea+ Np. Therefore Ty = (@;‘)”‘1, where n =dim T'.
This is the case in which a G-equivariant sheaf on G/ P is constructed in [Schneider
etal. 2012] associated to any object D in (O, T ;). So an object in M (O, T4 )
is nothing other than a (¢, I')-module over Og¢ with an additional linear action of the
group T} (once we fixed the cocharacter §). In case of G = GL,(Q)) this additional
action is just an action of the center Z = Ty of G. In the work of Colmez [2010c;
2010b] on the p-adic Langlands correspondence for GL2(Qp), the action of Z on
an irreducible 2-dimensional étale (¢, [')-module D is given by the determinant
(that is, the action of @; ~ 7 on /\2D). It is unclear at this point whether the action
of Ty can be chosen canonically (in a similar fashion) for a given n-dimensional
irreducible étale (¢, [')-module D.

As a corollary of Proposition 3.1, we obtain:

Proposition 3.7. The functors D = R Qpgn, ¢p,¢ - and M = R[[N1.L] ®r,, -
are quasi-inverse equivalences of categories between (R[N, L], T+ ¢) and
M(R, T4 g).

Proof. Since we clearly have [) o M = idon(r, 7, ,) and the faithfulness of D is a
formal consequence of Proposition 3.1, it suffices to show that the isomorphism
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©: M — MoD(M) is Ty g-equivariant whenever M lies in IM(R[Ny, €], T+ ¢).
Let? € T 4 be arbitrary and for an m € M write m = ZueJ(No/fpi‘(No)) ugoé‘(mu’k).
Since D(®) = idp(ar), we have (Bog; —@,0®)(M) € I1MoD(M). We compute

©Oopi—gio®)(m) = > 9k o(@op —p 00)(myyp)
ueJ(No/ok (No))

C o (LMo D(M)) € Ij 4 Mo D(M)

for all k£ > 0, showing that ® is ¢;-equivariant. O

4. The case of overconvergent and Robba rings

The locally analytic distribution algebra. Let p be a prime and put €, = 1 if p is
odd and €, =2 if p = 2. If H is a compact locally Qp-analytic group, then we
denote by D(H, K) the algebra of K-valued locally analytic distributions on H.
Recall that D(H, K) is equal to the strong dual of the locally convex vector space
C*(H, K) of K-valued locally Qp-analytic functions on H with the convolution
product.

Recall that a topologically finitely generated pro-p group H is uniform if it is
powerful (that is, H/H P is abelian) and |P; (H) : P;11(H)| = |H : P,(H)| for
all i > 1, where Py(H) = H and P;1(H) = P;(H)?[P;(H), H] (see [Dixon
et al. 1999] for more details). Now if H is uniform, it has a bijective global chart

ZZ — H, (xl,...,xd)+—>hf1 --~h;d,
where h1, ..., hg is a fixed (ordered) minimal set of topological generators of H .

Putting b; := h; — 1 € Z[G], b* := blf‘ ---bsd for k = (k;) € N?, we can identify
D(H, K) with the ring of all formal series

A= Z dp b,

keNd

with dg in K such that the set {|dy|p'*!}x is bounded for all 0 < p < 1. Here
the first | - | is the normalized absolute value on K and the second one denotes
the degree of k, that is, ), k;. For any p in p® with p~! < p < 1, we have a
multiplicative norm || - ||, on D(H, K) [Schneider and Teitelbaum 2003] given by

1Al = sup \dy | p<7 ¥

The family of norms ||| , defines the Fréchet topology on D(H, K). The completion
with respect to the norm || - ||, is denoted by Dyg ,(H, K).
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Microlocalization. Let G be the group of Q,-points of a Q,-split connected re-
ductive group with a fixed Borel subgroup P = T'N. We also choose a simple root
« for the Borel subgroup P and let £ = £, be the functional given by the projection

la:N — N/IN.N1— [] Ng = No 3 Q, .
BeA

Therefore we have Ty = T4, as Ng is T -invariant for each 8 € ®T. We assume
further that Ny is uniform.

Let us begin by recalling the definition of the classical Robba ring for the
group Zp. The distribution algebra D(Z,, K) of Z, can clearly be identified with
the ring of power series (in variable 7)) with coefficients in K that are convergent
in the p-adic open unit disc. Now put

A[p,1) := the ring of all Laurent series Z an,T" that converge for p < |T| < 1.
nez

For p < p’ we have a natural inclusion s, 1) < [ 1), SO we can form the

inductive limit .
%= lim sljp,p) (12)
p—1

defining the Robba ring. R is a (¢, I')-ring over Z,, with the maps y:Z, — % and
@:R—>Rsuchthat y(1)=14T,o(T)=(T+1)P—1,and y(T) = (1+T)$_1(V)—1
fory el.

Recall that the ring

@; = { Z anT" ) an € o and there exists a p < 1 such thatnli)rlloo|an|p" =0
nez

is called the ring of overconvergent power series. It is a subring of both O¢ and .

We put €7 := K Qo @;rg, which is also a subring of the Robba ring. These rings

are also (¢, I')-rings.

The rings @% [N1, €] and R[Ny, £] constructed in the previous sections are only
overconvergent or Robba in the variable b, for the fixed simple root «. In all the
other variables bg, they behave like the Iwasawa algebra A(Ny), since we took
the completion with respect to the ideals generated by (N — 1). Moreover, in the
projective limit @;rg [N1, €] = 1(21 . @zg [N1/ Ny, £], the terms are not forced to share
a common region of convergence. In this section we construct the rings R™ (N7, £)
and R (N1, £) with better analytic properties.

We start by constructing a ring Ro = o (No, K, ) as a certain microlocalization
of the distribution algebra D(Ny, K). We fix the topological generator n, of
No N Ny such that £4(ng) = 1. This is possible since we normalized ty: Ny = Q)
so that 1 (NoN Ny ) = Z,. We also fix topological generators g of NoNNg for each
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a # € dt. Since Ny is uniform of dimension @], the set 4 := {ng|p € T}
is a minimal set of topological generators of the group Ny. Moreover, A \ {ny}
is a minimal set of generators of the group N; = Ker(£) N Ny. Further, we put
bg :=ng — 1. For any real number p~l <p<1in p?, the formula Ibgllp:=p
(for all B € ®1) defines a multiplicative norm on D(Ng, K). The completion
of D(Ny, K) with respect to this norm is a Banach algebra that we denote by
Dio,p)(No, K). Let now p~ ! < p1 < pa < 1 be real numbers in p®. We take
the generalized microlocalization (see the Appendix of [Zdbrddi 2012]) of the
Banach algebra Dy ,,](No. K) at the multiplicatively closed set {(nq — 1)iYis1
with respect to the pair of norms (p1, p2). This provides us with the Banach algebra
Dip,.p,1(No, K, ). Recall that the elements of this Banach algebra are equivalence
classes of Cauchy sequences ((ng — 1) %7x,), (with x,, € Do, p,1(No, K)) with
respect to the norm || - || o, p, 1= max(|[ - | oy, || - | 0o)-
Letting p, tend to 1, we define

Dip;,1y(No. K. @) := 1lim Dy, 41(No. K. ).

p2—>1

This is a Fréchet—Stein algebra (the proof is completely analogous to that of Theo-
rem 5.5 in [Zabradi 2012], but it is not a formal consequence of that). However,
we will not need this fact in the sequel, so we omit the proof. Now the partial
Robba ring Ry := Ro(No, K, o) := h_r)n 1 Dip,,1)(No. K, a) is defined as the
injective limit of these Fréchet—Stein algebras. We equip 9i¢ with the inductive
limit topology of the Fréchet topologies of D[, 1)(No, K, «). By the following
parametrization, the partial Robba ring can be thought of as a skew Laurent series
ring on the variables bg (8 € &™) with certain convergence conditions such that only
the variable by is invertible. In [Zabradi 2012], a “full” Robba ring is constructed
such that all the variables bg are invertible. We denote the corresponding “fully”
microlocalized Banach algebras by Dy, ,,1(No, K). In all these rings, we will
often omit K from the notation if it is clear from the context.

Remark 4.1. The microlocalization of quasiabelian normed algebras (Appendix
of [Zabradi 2012]) is somewhat different from the microlocalization constructing
A¢(Np), where first a localization (with respect to an Ore set) is constructed and
then the completion is taken. The set we are inverting here does not satisfy the
Ore property, so the localization in the usual sense does not exist. However, we
may complete and localize at the same time in order to obtain a microlocalized ring
directly.

In order to be able to work with these rings we will show that their elements
can be viewed as Laurent series. The discussion below is completely analogous
to the discussion before Proposition A.24 in [Zabradi 2012]. However, for the
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convenience of the reader, we explain the method specialized to our case here. We
introduce the affinoid domain

+
Aalpr. p21:={(zp)pea+ €Cy | p1 <|zal <p2.0=|z8/za| <1 fora#Bed™}.

This has the affinoid subdomain

+ +
XG0 = 1B peat €CF I p1 <zl == lzg,, | < p2}

(where {1, .., Bjo+|} = ®™1) as defined in [Z4bradi 2012, Proposition A.24].

Lemma 4.2. The ring Ox (Aq[p1, p2]) of K-analytic functions on Ay[p1, p2] is the
ring of all Laurent series

fZy= Y  dz*

keziod xN®T\la}

with dy, € K and such that img oo |di | p¥ = 0 for any p1 < p < pa. (Here Z¥ :=
l_[ﬂ€q>+ Zﬂ and p¥ := pzﬁaﬁ k5 and k — oo means that > pea+ lkgl — 00.)
This is the subring of Ok (X ]) consisting of elements in which the variables
Z g appear only with nonnegatlve exponent for all o # B € ®7.

Proof. Since X[‘I’ o ] C Aylp1, p2], we clearly have Og (Ag[p1, p2]) COg (X [p1 pz]).
Also, the power series in Og (Ag[p1, p2]) converge for zg = 0 (8 # «), and hence
these variables appear with nonnegative exponent. On the other hand, if we have
a power series f(Z) € Ogx(X2 [p s ]) such that the variables Zg have nonnegative
exponent for all & # B € &7, then it also converges in the region Ay [p1. p2], as
we have in this case the trivial estimate

[T =

Bed+

=< |Zae|2ﬁ€(I>+ kﬁ- U

Since pk < max(p’l‘, pé‘) for any p; < p < p» and any k € Z® x N‘DJF\{“}, the
convergence condition on f is equivalent to

lim [dg|pf = lim |dk|p§ = 0.
k—o0 k—o0

The spectral norm on the affinoid algebra Og (Ay[p1, p2]) (for the definition of
these notions see [Fresnel and van der Put 2004]) is given by

k
I/ l4alo1,0,1 = sup max |dklp
PL=P=p2 kezio xNPT\{a}
= max( max |dk|p{‘, max |dk|p§).
kezied xnetia kezied xne+\a

Setting b¥ := ]—[+ b*# for some fixed ordering of ®* and for any k = (kg)gea+
Bed
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in 71} x N¢+\{“}, we claim that

F(b):= Y dkb*

kezios xN® T\ (a3

converges in D[, 5,](No, K, ) for f € Og(Ag[p1,p2]). As a consequence of
Proposition A.21 and Lemma A.7.iii in [Zabradi 2012], we have

18%11py..p> = max(pf . p5)
for any k € 71} x N® "\ Hence
lim | dib® |py.0, = lim max(|di|o}. |di|o5 )
k—o0 k—o00
= lim |dg|p%, lim |dg|o%
max(kimwl klpt. lim | klP3)
=0.
Therefore
@K(A(X[Iolva])_)D[pl,pz](NO’Kva)9 f'_)f(b)v

is a well defined K-linear map. In order to investigate this map we introduce the
filtration

F'Dipy py)(No, K@) := {e € Dy, ,)(No, K, @) llellpy 0, < |pI'} fori €R,

on Dy, »,](No, K, ). Since K is discretely valued and p1, p2 € p®, this filtra-
tion is quasi-integral in the sense of [Schneider and Teitelbaum 2003, §1]. The
corresponding graded ring gr' D{,, ,,](No. K, @), by Proposition A.21 in [Z4bradi
2012], is commutative. We let o(e) € gr' D[, »,](No, K, @) denote the principal
symbol of any element e € Dy, ,,]1(No, K, ).

Proposition 4.3. (i) gr'D[,, o,](No. K, a) is a free gr' K-module with basis
{o(B%)  k € 7/ x N\,
(i1) The map

@K(Aa[pl»pZ]);D[pl,pz](NO»K’a)’ f|_>f(b)’
is a K-linear isometric bijection.

Proof. Since {by'n:1 >0, € Do p,1(No, K)} is dense in Dy, p,1(No, K. ),

every element in the graded ring gr' D(,, »,](No, K, @) is of the form o(b;lu).

Suppose that u = Y. dgb¥. Then b/ = Y dyb,'b* and, using [Zabradi
kend kend
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2012, Lemma A.7.iii], we compute

Ibg" 14llpy o2 = max(1be 57 112l py - 15l 112l 2)
= max ( max |dk|p{‘_l, max |dk|p§_l)
kend kend
= max |dk|max(p’1‘_l,p§_l) = max |dk||b;lbk|pl,p2.
kend kenNd
It follows that gr'Dy,, ,,1(No. K, «) as a gr K-module is generated by the principal
symbols o(b;lbk) with k € Ng, [ > 0. But it also follows that, for a fixed / > 0,
the principal symbols o (b, ¥y with k running over Ng are linearly independent
over gr K. By Proposition A.21 in [Zabradi 2012], we may permute the factors
in o (b, Ib¥) arbitrarily. Hence gr'Dip, .p,1(No, K, @) is a free gr K-module with
basis {0 (b¥) : k € 7{*} x N‘I’+\{°‘}}.
On the other hand, we of course have

k Kk Kk
IS @) p1.0n < max |16 py,0, = max |dx | max(p7, p3)
kezior xn®t\a keziel xn®H\a
k k
= max max |dk 1ot max ldi|p3) = 1 fl4alor.00]-
kezio xNPT\ta} kezios xN® T\ i}

This means that if we introduce on Og (A [p1, p2]) the filtration defined by the
spectral norm, then the asserted map respects the filtrations, and by the above
reasoning, it induces an isomorphism between the associated graded rings. Hence,
by completeness of these filtrations, it is an isometric bijection. O

Now we turn to the construction of % (N1, £). The problem with (naive) microlo-
calization is that the ring 9y is not finitely generated over ¢(Rg). The reason for
this is that ¢ improves the order of convergence for a power series in SRg. In the case
G # GL2(Qp), the operator ¢ = @5 acts by conjugation on Ng by raising to the
B(s)-th power. Whenever 8 € @1\ A is not a simple root, B(s) = p™8 > a(s) = p,
where mg is the degree of the map o &: Gy — Gyy.

Lemma 4.4. We have ||bgll, = ||ballp = p and

lo@p)llp = max (o p/™") <max(p”. p™"p) = o (ba)lo

forany p~' < p < 1. In general, || ¢ (bp) |, = o X (t))(p” " pI vl (BN,
—=J = D

Proof. We compute

lgebp)llo =1+~ 1], = ”Z (") % ”

i=1 o

= max pP’ pi—valp(B ©),
0=/ <val, (B(?))
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Here we use the trivial estimate

valy (Z) = val, (% (Z B %) ) > valp(n) — val, (k)

for n:= B(t) € Z, and k € N. We see immediately that whenever mg > 1, we have
P’ piTms < pP for1 < j < mg and p~"Fp < p~Lp. O

Now choose an ordering < on ® such that (i) m g, <mpg, implies B1 > B> and
(ii) @ > B for any o # B, B1. B2 € ®T. Then by Proposition 4.3, any element in
NRo has a skew Laurent-series expansion

foy= Y ab*

kezietxne e

such that there exists p~! < p < 1 with |cg |pp12k‘3 —0as ) |kg| — oo for all
p < p1 < 1. By Lemma 4.4 and the discussion above, we clearly have:

Example 4.5. Let f € ®* \ A be a nonsimple root. Then the series Y oo, b”b n
does not belong to Ro(No). However, the series Y oo ; (p(b"b ) converges in
each Dy, 5,](No. @) (for arbitrary p 1 < p; < p2 < 1); hence 1t defines an element
in Ro(Ng). Therefore we cannot have a continuous left inverse ¥ to ¢ on $Ro(Np),
as otherwise ¥ (Y =, p(bgby ") =3 ey bbg™ would converge. In particular,
we cannot write g (Np) as the topological direct sum €P,,¢ No/o(No) YP(FRo(No))
of closed subspaces in 9y (Np), as otherwise the operator

¥: Ro(No) — Ro(No), Yo up(f) =97 wo) fuo

ueJ(No/9(No))

for the unique ug € J(No/@(No)) N ¢(Ng) would be a continuous left inverse
to ¢. In fact, we even have Ro(Ny) # @ueNo/w(No) up(MRo(Nop)) algebraically;
however, the proof of this requires the forthcoming machinery (see Remark 4.10).

In order to overcome this counterexample, we are going to consider the ring
R(N1, L) of all the skew power series of the form f(b) such that f(¢;(b)) is
convergent in SR for some 7 € T. A priori it is not clear that these series form a
ring, so we are going to give a more conceptual construction.

Take an arbitrary element ¢ € T. The conjugation by ¢ on Ny gives an isomor-
phism ¢;: No — ¢;(No) of pro-p groups (since it is injective). Hence ¢;(Ng)
is also a uniform pro-p group with minimal set of generators {¢:(n8)}gecq+-
So we may define the distribution algebra D(¢;(Ng)) := D(¢:(No), K). The
inclusion ¢;(Ng) < Ny induces an injective homomorphism of Fréchet algebras
t1,:: D(¢:(No)) = D(Np). It is well known [Schneider and Teitelbaum 2003] that

D(Ng) = @ niy: (D(¢:(No)))

neJ(No/o:(No))
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as right D(¢;(Np))-modules. Moreover, the direct summands are closed in D(Nj).
For each real number p~! < p < 1, the p-norm on D(Njy) defines a norm r;(p) on
D(¢:(Np)) by restriction. This is different from the p-norm on D(¢;(Np)) (using
the uniform structure on ¢, (Np)). However, the family (r;(p)), of norms defines
the Fréchet topology on D(¢;(Np)). On the other hand, whenever r is a norm on
D(¢:(Np)), we may extend r to a norm ¢, (r) on D(Np) by putting

> ()

neJ(No/¢:(No))

:= max(|[xp||r).
q:(r)

These norms define the Fréchet topology on D(Np). More precisely, if B(t) =
p™ B0y (B, 1) with m(B, 1) := val, (B(t)) > 0 integer and u(f,t) € Z;, then:

Lemma 4.6.

— m(B.1) _q
1xXlo < 1y re oy < p~ =Bt P Mxll,

for any
R S
p max g - g+ pm(B.1) . 0 <1
and x € D(Ny). In particular, the norms p and q;(r;(p)) define the same topology.

Proof. The inequality on the left is clear from the triangle inequality. For the other
inequality, note that our assumption on p implies in particular that

pBD  pi mBO_pi i —% I j—m(B.1)
P =p"p >p? p r > p?” p

for all 0 < j <m(f,t). Hence, by Lemma 4.4, we have

m. B(t) pmBol|l
s H (p’”(ﬂ ’”) % B
o

Moreover, there exists an invertible element y in the Iwasawa algebra A(Ng g)
such that

o2 (Bp)lo-

yor(bg) = ( pﬁge),r)) p2""" (mod p)

(as both sides have the same principal term). But by the choice of p, |p| =1/p <
m(B.0)

oP = [lo:(bg)llp = 9t (b) |4, (. (0))- Therefore we also have
m(B.0) m(B.0) B(t) m(B.1)

=g, = ' ( m(ﬂ,,)) by = lle:(0p)ll,

P P

= llo: D) llg,re (o)) = 1y 0 (D) g, (i (o))

B() m(ﬂ,t) pmB.D
(B0 al /A P
q:(r¢(p))
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whence . - .
126" aeireiom = 125 laieon 128™ " gy e on

, (13)
where kg = pm(ﬂ’t)klug +ky g with0 <k, g < p™ B0 1 and k1,p nonnegative
integers.

Now consider an element of D(Ng) of the form

X = Z ckl_[bzﬁ.

k=(kg)eN®T Bedt

We may assume without loss of generality that

s/ =4 TT nff | 0 g = 80 -1,
Bedt

where the product is taken in the reverse order. Let n € ®T be the largest root
(with respect to the ordering < defined after Lemma 4.4) such that there exists a
k e N®" with ck 7 0 and ky # 0. We are going to show the estimate

_ m(B.t) _
1xllg, (e (o) < p~ 2807 Dixll,

by induction on 7. This induc}icgl has in fact finitely many steps since |®™| < oo.
mn.t) __ I

At first we write bﬁ” = ;;:0 lné"fk’jn(got(bn)) for each k € N®™. By the

choice of the ordering on ®%, for any fixed 7, the set [] g<n No,p is a normal

subgroup of Ng. Moreover, the conjugation by any element of Ny preserves the

p-norm on D(Ny). Therefore we may write

pmh_q
k .
[155 = 32 mixoy fieusy @1 (by))
B=n Jn=0
such that
. k .
Xk jn - = ”njn(l_[ bﬂﬁ)”#’ € D(l_[ No,ﬂ)-
B<n B<n

By (13), we have
” fk,jy,((/)t (bn))Hq[(r,(p)) = ” fk,jy,((Pt(bn))”p
k _ om(n,t) k
=< ”bnn”q,(r,(,o)) <p 7 ! +1||bnn”p-

Since the r;(p)-norm is multiplicative on D(p¢(Ny)), for any a € D(Ny) and
b € D(¢:(No)) we also have |lat1,:(D)llg, (o)) = lallg, (o) 1P1l7, (o) Indeed,
if we decompose @ as @ = Y, ¢ y(ny /o, (No)) 1.t (@n), then we have aty ¢ (b) =



(¢, I)-modules over noncommutative overconvergent and Robba rings 225

Zne](No/(pt(No)) nii(anb). Now f i, (¢:(bn)) lies in t1,:(D(¢:(No))), so we
see that

”xk,j,, fksjn ((pt (bn)) Hqt(r,(p)) = ”xk,j,, ”CIt(rt(P)) ” fk,jn (§0t (bﬂ)) ”q,(r, ()"

On the other hand, the inductional hypothesis tells us that

_Zﬂ<n(Pm(ﬁ’t)—1)”xk =Y gy (P BD 1)

[Tt

k. lge (o) < P Jnllo=p
B<n P
Hence we compute
pmmn_q
Ixllg, e (o0) = ch Z ”{rnxk,jnfk,jn(‘/’t(bn))
k Jn=0 q:(r¢(p))
= ‘}Qi‘.}’:(|ck|”xka/n RCACH) Hq,(r,(p)))
— m(B.t) _ k _ pm(n.t) k
Sml?X(|Ck|,0 Yp<n(p D l_[ bﬂﬁ o P le||b;7n||/o)
B<n P
— m(B.1) _
= p~ 2oz PTEEED x],. =

—1/max p™B.1)
In particular, for each p in the range p B < p < 1, the completions of

D(Ny) with respect to the topologies defined by || - ||, and by || - ||, (r, (o)) are the
same, that is,

DiopiNo)= P  nu1.(Dy,o,0n (@: (N0))). (14)
neJ(No/¢:(No))

where D, ((o,p]) (91 (No)) denotes the completion of D(¢;(No)) with respect to the
norm r;(p).

Now we turn to the microlocalization and note first that ¢; (bg) = (by + 1)*® —1
is divisible by by. So if ¢;(by) is invertible in a ring, then so is by. On the other
hand, if p_l/pm(a’t) < p < 1, then by Lemma 4.4 we have

a(t) m(ce.t) a(t) m(o,t)
“Pt(bot) - ( m(a,t)) bolz) < “ ( m(a,t)) bg
P , I\»

Hence ¢;(by) is invertible in the Banach algebra Dy,, ,,](No.«) for any p1, p2

0

. _ (e.) . . . .
with p 1/pmet p1 < p2 < 1, since it is close to the invertible element

a(t) ma.1)
(pm(oe,t)) bg

(as the binomial coefficient in this expression is not divisible by p). This shows that
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the microlocalization of Dig_,,](No) with respect to the multiplicative set @¢ (bg)N
and norm max(p1, p2) equals Dy, ,,](No,a). Therefore for each p; and pp with

p—l/p’”("‘") < p1 < p2 <1 we obtain
Dip piNo )= @ 110,1(Dr, (1002 (01 (No). @)
neJ(No/¢: (No))

by microlocalizing both sides of (14). Now letting p, tend to 1 and then also p; — 1,
we get
RoNo.o) = @ n1.(Ror, () (91 (No). @) (15)
neJ(No/¢:(No))
for all ¢t € T. Here we define

Ro.r, () (@t (No), @) := lim lim Dy, ([p;.r(02)]) (91 (No), @),
p1—~>1p2—>1
which is in general different from $Ro (¢ (Np), @) (in which, by definition, we use
norms p such that [|@;(bg)l|p = [|¢¢(ba) |l p), by Example 4.5. Indeed, for r = s the
sum Y %, <p(b§b;”) converges in R, (.)(¢r (No), &), but not in Ro(¢r (No), ).
By entirely the same proof, we also obtain

fRO,rtl(')(gotl(NO)’Ol) = @ nttlstltz(ERO,I'II;z(-)(thltz(NO)’a))
neJ(@:, (No)/ @11, (No)) (16)

for each pair t1, t, € T4, where iy, 4,1, is the inclusion of the rings above induced
by the natural inclusion ¢y, s, (No) < ¢z, (No).
Now we would like to define continuous homomorphisms

(ptztl,tlzmo,rtl()(goh (NO)’0‘)_)mo,rtltzﬂ)((ptltz(NO)va)v (U3 (bﬂ)'_)(ptltz(bﬁ)

induced by the group isomorphism ¢y, : ¢, (No) — ¢1,1,(No) so that we can take
the injective limit

RN, 0) = Litglmo,rt(.)(wt(No),a)

with respect to the maps ¢y,s, ;. This is not possible for all f since the map ¢;,
will not always be norm-decreasing on monomials % for k € 74 x N\ T
overcome this, we define the pre-ordering <, (depending on the choice of the simple
root &) on T the following way: #1 <q t; if and only if |ﬁ(t2t1_1)| < |oz(tzt1_1)| <1
for all B € ®T. (That is, if and only if we have m(B, tztl_l) > m(a, lzll_l) >0.)
In particular, #y <q t> implies 727, le T4 and it is equivalent to 1 <y £ 1 We
also have 1 <4 s for any o € A. It is clear that <, is transitive and reflexive.
If t, <o t1 <q 12, then |,B(t2t1_1)| =1 for all B € ®T, whence tzzl_l lies in Ty.
Therefore <, defines a partial ordering on the quotient monoid T4/ Ty.
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Lemma 4.7. The partial ordering <y on T+ /Ty is right filtered, that is, any finite
subset of T+ / To has a common upper bound with respect to <.

Proof. Take any t1, t, € T+ with |a(f1)| <|a(t2)|. Since the simple roots 8 € A are
linearly independent in X *(7") = Homye (7', G,y ) and the pairing X *(T)x X«(T) —
Z is perfect, we may choose sg € T so that |S(sg)| < |a(sg)| =1 forall e # g € A.
Since all the positive roots are positive linear combinations of the simple roots,
we see immediately that sz € Ty. If @ # y € @, then y is not a scalar multiple
of &; hence, writing y = Y gcp mp,,p, there is an o # f € A with mg,, > 0,
whence |y(sg)| < 1. So we have 11 <, tlsg for any £k > 0 and 1, <, tlsg for k big
enough. O

Fix an element 1 <, ¢ € T4 and let p1, p» be real numbers in p@ such that

—1/ max p™MB.O+ma.n)
peot <p1<p2<l
P P1 < P2 .

Note that ¢;: Ng — ¢¢(Np) is an isomorphism of pro-p groups. Hence it induces
an isometric isomorphism

m(o, N D m(o, N )
[0,00™ t)]( 0) — 0,62 t>](<Pt( 0))

S e [bg" =Y cx [ erop)®
B

k k B

@t: D

of Banach algebras, where

D m(. N
[0,;05 ( t)]((pt( 0))

denotes the completion of D(p;(Nyp)) with respect to the ,og m(a’”-norm defined
by the set of generators {¢; (1)} gegp+ Of ¢r(No). To avoid confusion, from now
on we denote by the subscript p, Ng the p-norm (as before) on D(Np) and by the
subscript p, ¢;(No) the p-norm on D(¢;(Np)). By Lemma 4.4, we have

m(B.t)

m(o,t)

lpep)llong =P <o = llot (ba)ll p,No

for any B € ®* and p = p; or p = p, because of our assumption 1 < ¢. This
shows that for any monomial ]_[ﬂqu,Jr oy (blg)kﬁ (with kg >0 forall B € T), we
have

‘ [] ecwp)*e| =[] e:0p)**
Bed+ r:(p) Bed+ 0,No
m(a.t)
<p? "=] [T ecop)) :
Bedt PP 41 (No)

since both norms are multiplicative on D(g;(Ng)). We obtain a norm-decreasing
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homomorphism

D ,m@n,(No) => D m@.n. (9:(No)) = Dy, ((0,p.1) (¢(No))
[0,/)2 ] 0,'02 ]
= Dy (1p1.02) (@(No). @).

The element ¢; (by) is invertible in D, (5, ,p,]) (¢2(No), @), and for each p; <
p < p2 and x € D[ p,](No), we have
o0 OOe )],y = Il s i N s
Therefore by the universal property of microlocalization [Z4abradi 2012, Proposi-

tion A.18], we obtain a norm-decreasing homomorphism

Pt,1- D[p{,m(a.t)p,,m(oe.t)](NO» a) — Drt([pl,pz])(‘Pt (No), a), bﬂ = @t (bﬂ)- (17)

2

This map is not surjective in general, by Example 4.5.
Lemma 4.8. The map (17) is injective.

Proof. Take an element

b = dbkED m(a, m(c, N»
1) ; kBH €D s i, (No, @)

and pairwise distinct k1,...,k, € 74}« N® M) Note that

¢ m(B.1)
lo: (bp)llp,Ng > || 01 (bp) — (pﬁgﬂ),t)) by

’

0sNo

hence we obtain

r

r ki

j t m@.0n\ P

Saneot| =[S T (( )
j=1 re(p1).re(p2) W= Bedt p 01,02
kA
B(1) m@.0\ 7P
= max | d; 1_[ (( m(B.1) bg

/ P 1,02

Bedt

- mJaX H dkj Pt (b)kj H ri(p1),r: (02)

m(/ﬂ.t)kj.1 8

. . P p" POk, 8
using Proposition 4.3, as we have [ [gc o+ by #[1geca+ g for
l<ji#j2=r.

Since the map ¢;,1 is norm-decreasing, we have | d ¢; (b)k 7, (01),re(02) = O as

k — oo. Therefore we also have

> droi(b)*
k

= max Hdk‘Pt (b)¥ H ’
r1(01),r1(02) k ri(p1),r:(p2)

which is nonzero if there exists a k with di # 0. Therefore the injectivity. O
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Taking projective and injective limits, we obtain an injective ring homomorphism

@1,1: Ro(No, @) = Ro,r, () (¢: (No), @)
forany 1 <4t e Ty.

Remark 4.9. Note that R ,,(.)(¢:(No), @) is a subring of R (N, @) via the map
t1,; (for all € T ). Hence for 1 <, ¢ we obtain a ring homomorphism ¢; =
t1,: 0 @r,1: Ro(No, @) = Ro(No, ). However, if 1 £, t for some ¢ € Ty, then we
in fact do not have a continuous ring homomorphism ¢;: R (No, @) — Ro(No, ).
Indeed, in this case there exists a B € ®T such that |8(¢)| > |«(¢)], so there exist
integers kg > ko such that for any pledl < p <,

Hgﬂt(blﬂcﬁb;ka)”p = pll:(if)l_% > 1;

therefore
> k
Z o (bz ﬁb;nka)
n=1

does not converge in Ro(No, &) even though > 0, bgkﬂ by ke does.

Remark 4.10. If ®* # A (for example, if G = GL,(Qp), n > 2), then we have

Ro(No.a) = @ ut1,s(Ro,r, () (@(No). )
ueJ(No/o:(No))

P upRo(No, @),
n€J(No/e(No))

by (15) (with the choice ¢ = s) and Example 4.5 (which shows that ¢y ; is not
surjective).

v

In a similar fashion, we get for t; € T+ (and 1 <4 ¢t € T1) an injective homo-
morphism

Pttt 9‘{0,,[1 (')(<Pt1 (No),a) — E7{0,”,1 (~)(§0tt1 (No), @).
In view of Lemma 4.7, we define
R(N1, €)= Tim Rg r, () (9:(No), @)
t€T+

with respect to the maps ¢y, 4, for 12 <¢ f7.
Now take any ¢ € T+ (not necessarily satisfying 1 <4 7). The map

QY = l.i)nl‘tl,ttlz%(Nl’g) %%(NI’Z)

n

is defined as the direct limit of the inclusion maps
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tey ety Ro,rey, () (@er (No), @) = Ro,r,, () (@1 (No). @)

induced by ¢¢¢, (No) € @1, (No). By definition, the ring Ry ., (.)(¢s (No), o) for any
t € Ty consists of formal power series ) . Ckx¢s (b)* that converge in Mo (No, @).
Therefore the map

U { Z cxb® ‘ ch(pt(b)k converges in Ro(Nog, @) ¢ = R(Ny, L),

l€T+ kez{a}XNCD"r\{oz} k

D ckb® Y ko () € Ko r, () (@i (No), @) > R(N1, £)
k k

is well-defined and bijective, since ) ;. cr¢: (b)* converges for some ¢ € Ty and
the connecting homomorphisms in the injective limit defining % (N1, £) are injective
and given by ¢y, 1, for 1> <4 t1.

Hence we may identify

R(N1, 0)
= U Z cxb® ’ ch(p,(b)k convergent in Ro(Ng, ), (18)
teTt " pegtodxN®T\{a} Kk

and obtain:

Proposition 4.11. The natural map ¢;: R(N1,£) — R(N1, L) is injective for all
t € Ty, and we have the decomposition

RNLO = D ne(R(NL D).
neJ(No/e:(No))

In particular, R(N1, £) is a free (right) module over itself via ¢; and it is a p-ring
over Ny with ¢ = @ in the sense of Definition 2.9.

Proof. By (16), we have

Ro,r, (1) (@1, (No), @) = @ @1, (M) ey 11, (%o,r,,lo)(%tl (No). )
neJ(No/¢:(No))

for any t; € T+. The statement follows by taking the injective limit of both sides
(with respect to 71) and noting that

(ptl,l(n) = ¢ (n) € ¢1 (NO) - S)%O,rtl (~)((pt1 (NO)»O‘)

for n € No C Ro(Ng) and 1 <q ¢1; therefore n corresponds to h_r)n (@1, (n))s, via
the identification (18). 1<qti O
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Remark 4.12. The ring R(Ny, £) via the description (18) consists of exactly those

Laurent-series
X = Z Ck bk

keztos xNOT\la}

that converge on the open annulus of the form

{,02 <lzg| <1, |zg] < |zq|" for B € CI>+\{a}}, (19)

1

forsome p~' <py<land 1 <reZ.

Proof. If x € R(N1, L), then there exists a t € T such that ¢;(x) converges in
MRo(No), that is, it converges in the norm ||bg||, = p for all B € &+ for some fixed
p~! < po<1andall p€(pg,1). By Lemma 4.7, we may assume that |a(¢)| = I,
whence |[|¢;(by)|, = p for all p < 1, as we may take t = sg for k large enough.
Now let pp := pg and r := maxgeg+([|1/B(t)|] + 1) € Z. Then x converges on
the annulus (19), as we have p” < p!/IF®I < llo:(bg) ||, for all B € o1\ {a}, by
Lemma 4.4.

Conversely, for any fixed p~!

<pz<landintegerr > 1, weneedtofindat € T
and a pg € (p~ !, 1) such that for all p € (po, 1) we have pp < ||@s(bq)]|lp, < 1 and

g (bp)llp < llr (ba) Il We take 7:= 5% and po := max(p2, p™F 1| f e 0¥\ {a}),

where
logr
k:= max ([——}4—1)
peot\{a}\| log|B(s@)l

(for the definition of sg see the proof of Lemma 4.7). Indeed, since |a(s§)| equals 1,
we have

p2 < p = llog(ba)llp <1

(for any k). On the other hand, we have |B(sz)| < 1 for all « # B € ®T (whence,
in particular, the definition of k makes sense), so we obtain

b = max p/ L j—valp,(B@®)Y _ pY P BO) 1718k ~ 7
lo: (Bp)llo OSJ,SValp(ﬂ(t))(p p )=p o <p

for all B € ®*\ {a} by Lemma 4.4, with a choice of k such that r <1/|B(sw) %, and

a choice of p~1B®I < p such that ~ max (pl’"pj—valp(ﬂ(t))) = pl’val"(ﬁm). O
0<j=<valp(B(2))

Bounded rings. We write E)“ig for the set of elements x € Mg such thatlim, 1 ||x][p,p

exists, and by i)‘iiom the subset for which that limit is at most 1. By Proposition A.28 in

[Z4bradi 2012], these are subrings of fRg. Moreover, since ¢, is norm-decreasing for

any 1 <, t (see (17)), these subrings are stable under the action of ¢; (1 <yt € T}).
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We put

RE (@ (No). @) := Ro () (91 (No). @) N RE(No. ).
R (0r (No). @) := Ror, () (¢ (No). @) N R (No. ).
where the intersection is taken inside SR under the inclusion
t1,e: Ro,r, () (@: (No), @) = Ro.
Hence

RO (N1, ) :=1imRG ) (@r (No). @)
t

and
RN 0) = lm R, ) (@ (No). @)
t

are T -stable subrings of R(Np,£) (the injective limit is taken with respect to
the maps ¢y, 1, for t1 <q t» € T4 as in the construction of R(Ny,{)). Further,
Lemma 4.6 shows that for any # € T4 and x € Rg, we have

ggnl Ixllp, = ,}Lml Ixlg, e o- 20

Indeed, we may use Lemma 4.6 in the context of R¢ the following way. The
elements of Dy, ,,1(No, ) are Cauchy sequences (an@:(ba) %), en (in the norm
max (| [l p;» || [l p,)) With ay € Dy p,1(No) and ky, > 0. Since |- ||, is multiplicative
for any p; < p < pp in p® and so is its restriction to D(¢;(Np)), we compute

lan|»
— m(B.t) —1
g (b Yen || pp~ Zpco+ (P )

H an Pt (ba)_k” ” ppzﬁeqﬁ- (pmB-D—1) _

llan “‘It(rt (p)
= Nlpe Ba)*n 1l g, (rv (o)

— —kn
= ”an(pt (bar) ”q;(rz ()

_ m(B.t)_
< llanllpp peot? i

e (ba)er
—kn _Z = +(Pm(ﬁ't)_1)
= ”an(/’t(ba) |p,0 Bed .

If p — 1 and n — oo, we obtain (20). Combining this observation with (15), we
obtain

%g(No,Ol) = @ nll,t(%g,r[(.)(wt(NO)’0‘)),
neJ(No/¢: (No))
mglt(No,Ol) = @ ml,l(mion’trt(.)((/)t(NO)’a))-

neJ(No/o:(No))
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So by a similar argument as for R (N, £), we also obtain

RN = P e @R (N1, 0),
neJ(No/e: (No))

RNLO = P ne(RM(NL )
neJ(No/¢:(No))

in other words, these are ¢-rings over Ny in the sense of Definition 2.9.

Remark 4.13. By [Z4brddi 2012, Lemma A.27], an element ZkeN<I>+\<0f}xz crb*
of R(N1, £) (under the parametrization (18)) lies in R? (N1, £) (resp. in R™(Ny, £))
if and only if |ck| is bounded (resp. < 1) for k € Z{®} x N®"\ (&},

Relation with the completed Robba ring and overconvergent ring.

Lemma 4.14. There exists a continuous (in the weak topology of Ay(Nyp)) injective
ring homomorphism jin:: R™(N1,£) — A¢(No) respecting Laurent series expan-
sions. The image of jin is contained in @; [N1, L] C A¢(No).

Proof. We proceed in 3 steps. In Step 1 we construct a map jin,0 = jindmi&n: E)‘iiom —
A¢(Np) that is a priori continuous and og-linear. In Step 2 we show that jin0
is multiplicative, and hence a ring homomorphism. In Step 3 we extend it to
RINY(N1, £) and show that the image lies in @% [N1,4€]] C O¢[[N1,£]] = Ae(No).

Step 1. By Proposition 4.3 and Remark 4.13, we may write any element in 9‘{3“
in a Laurent series expansion } , _\ o+\ta3y7 cxb* with coefficients ¢z in 0. SO
we may collect all the terms containing b, for some fixed ky into an element of
the Iwasawa algebra A(N1) to obtain an expansion ) _, ., bl f» with f, € A(Ny).
These power series satisfy the convergence property that there exists a real number
p~1 < p1 < 1such that p"|| /||, — 0 as |n| — oo for all p; < p < 1. In particular,
if n — —o0, then f;, — 0 in the compact topology of A(N7). Hence the sum
> X fu also converges in Ay(Np). In this way we have obtained a right A (No)-
linear injective map Jint,o: 9%3“ — Ay(Np).

Recall that the weak topology (see [Schneider and Venjakob 2010; Schneider
and Vignéras 2011; Schneider et al. 2012] for instance) on Ay(Np) is defined
by the open neighborhoods of 0 of the form J(r) = My (No)" + M(Ny)", where
My (No) = Ag(No)M(N7) denotes the maximal ideal of A ¢(Ng) and AL(N;) denotes
the maximal ideal of A(N;) € A¢(No) (i =0, 1). For any fixed p~1 < p; <p <1,
the preimage of l(r) in i)‘ii(;“ N Dy, ,1)(N1, o) contains the open ball

X lxllp < P77

Indeed, if x = ) ., b2 fu, then for any n < 0, we have || f,|, < p~", and
hence f, € M(N1)" and b}, f, € My(Np). On the other hand, the positive part
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—-r

ano bl fu lies in A(Np) and has p-norm smaller than p~", and therefore lies in

M(Np)". Hence the continuity.

Step 2. Now by the continuity and linearity of jiy, o0, it suffices to show that it
is multiplicative on monomials b¥. Moreover, each monomial is a linear com-
bination of elements of the form b} g with g € Np. In order to expand the
product (bg' g1)(by2g2) into a skew Laurent series, it suffices to expand g1bg>
with o < 0. However, if g1by> =Y, bl hy is the expansion in R"(Ny, £), then
Z|n|<n0 b hnby™? tends to g1 (as ng — +00) in the topology of 9%3“ (induced
by the norms), and hence also in the weak topology. Therefore the expansion in
A¢(No) is also g1bg> =", bhy. So the above constructed map jin,o is indeed a
ring homomorphism as claimed.

Step 3. Finally, take an element x € 2™ (N, £). There exists an element 1 <t € T
such that ¢ (x) lies in the image of the composite map

R, () (@1 (No), @) = Rg"(No, @) = R™(N1, ),

r

where the first arrow is induced by the inclusion ¢; (Ng) € Ng. Now if we reduce
Jint,0(@¢(x)) € A¢(No) modulo the ideal generated by N; — 1 for some integer
[ > 1, then we obtain an element in (pt(©£ [N1/N;,£]). Indeed, ¢;(Og[N1/N;, £])
is a closed subspace in O¢[N; /Ny, {] and all the monomials jin,o (¢:(6%)) map
into this subspace under the reduction modulo (N; — 1). Hence the image lies
in ¢;(0¢[N1/Nj, £]). By the convergence property of elements in 9%3“, we may
expand

Q(x)=> bifa

nez
with f, € A(Ny) and p"|| fullp — 0 as n — oo for all p; < p < 1 and a fixed
p~ ! < p1 < 1 depending on x. Since the reduction map A(N1) — o[N1/N;] is
continuous in the p-norm, we obtain that the reduction of jin,0(¢:(x)) modulo
(N; — 1) also lies in @3(; [N1/Nj,£]. Hence we have jin,0(¢:(x)) (mod Ny —1) €
01O IN1 /Ny €]) = 0/ (O¢[N1 /Ny, £]) N L[Ny /Ny, €]. Taking the limit, we see
(using (7)) that jin,0 (g (x)) lies in

E?¢A@gNMNLa)=¢Admthx

SO we put jin(X) := ¢, 1 ( Jint,0(@1 (x))). This extends the ring homomorphism jin,0
to a continuous ring homomorphism jipi: R" (N1, £) < @:é [N1,€] C A¢(No), by
Lemma 4.7. This map is 7T+-equivariant, as it respects power series expansions. []

Now the following proposition compares % (Ny, £) with the previous construction
R[N, £].
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Proposition 4.15. There exists a natural T -equivariant ring homomorphism
JiR(N1, £) — R[Ny, £]
with dense image.

Proof. At first we construct the map jo = jii, on o C R(N1,£) with dense
image. We are going to show that for any open characteristic subgroup H < Ny,
we have an isomorphism Ro/Ro(H — 1) = R[N1/H, {]. Note that N1 being a
compact p-adic Lie group, Np has a system of neighborhoods of 1 consisting of
open uniform characteristic subgroups (in fact N; is uniform — since so is Ny by
assumption — and one can take repeatedly the Frattini subgroups of N; that are
characteristic subgroups, that is, stable under all the continuous automorphisms
of N1). So we may assume without loss of generality that H is uniform with
topological generators k1, hy, ..., hg with d = dim N; as a p-adic Lie group.

Under the parametrization in Proposition 4.3, the elements of 93¢ can be written
as power series ) ., bl f, with f, € D(N1, K) and the convergence property that
there exists a real number p; < 1 such that p" || /|, — 0 (as |[n| — oo) for all p; <
p < 1. Now we have D(N1, K) = @ueJ(Nl /iy uD(H, K). Hence the right ideal
D(N1, K)(H—1)in D(Ny, K) is generated by the elements /; —1 for 1 <i <d and
it is the kernel of the natural projection g : D(N1, K) — D(N1/H) = K[N1/H].
This quotient map factors through the inclusion D(Ny, K) < Dy (N1, K) for
any p~! < p < 1. Hence p"||7g (f»)|| — 0, where ||x|| := max,, |x,| with x =
Zue Ny /H Xutt and x,, € K. Therefore we obtain a map

g Ro —> R[N, /H, ] = @ Ru, Zbgfn|—> Z ZHH(fn)uT"u.

ueN/H nez ueN/H nez

A priori this map is only known to be K-linear, continuous, and surjective between
topological K-vector spaces. So for the multiplicativity, it suffices to show that
g (b*16%2) = g (b*V) 7y (b%2) for monomials % with k; € Nx 74 (i =
1,2). On the other hand, these monomials are contained in the subring 9%3“. By
Lemma 4.14, we have a commutative diagram

Rt Ro

Tl Ny .o l TH l

O [N1/H. €] — R[N, /H, (]

of o-modules such that all the maps are ring homomorphisms except possibly
for mg . However, from the commutativity of the diagram, it follows that g is also
multiplicative on monomials and therefore a ring homomorphism. By taking the
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projective limit of maps 77, we obtain a ring homomorphism jo: Ro — R[[N1, £]]
with dense image and extending jint,0: i)%i(;“ > @;rg.

Finally, the homomorphism jj is extended to R(Ny,£) as in the proof of
Lemma 4.14. The T+-equivariance is clear on monomials by Lemma 4.14 and
follows in general from the continuity and linearity. O

Remark 4.16. The map j: R (N1, £) — R[Ny, £] constructed above is not injective
in general. Indeed, for any root 8 # « in ®, the element log(n g) =log(1+bg)
lies in D(N1) C R(Ny1.{). It is easy to see that log(1 + bg) is divisible by ¢” (bg)
for any nonnegative integer r. Indeed, we clearly have bg | log(1 + bg). Applying
¢" on the both sides of the divisibility, we obtain

9" (bp) | " (log(1 + bg)) = log(1+bg)”""" = p™# log(1 + bg) | log(1 + bp).

as p"™# is invertible in R. Therefore log(1 + bg) lies in the kernel of g for all
H = N,, and hence also in the kernel of ;.

Remark 4.17. Via the inclusion @3(; C R, we also have @:g [N1,€] S R[Ny, 1].
However, if N1 # 1, then we have jin(R™(N1, £)) # j(R(N1, £)) N @; [N1,£] C
R[N, €]

Proof. Assume N # 1 so that we have a positive root 8 # a € ®T. We proceed in
three steps. In Step 1, we construct an element x € R(Ny, £) with several properties.
In Step 2, we show that j(x) lies in @g; [N1,£]] C R[[N1, 4] In Step 3, we prove
that j(x) does not lie in jin (R™ (N1, £)). The other inclusion, ji, (R™(Ny,£)) C
J@R(N1,£) NOLINy. £], is obvious.

Step 1. We denote by s, := Z?=1(—1)i+1(b;;3/i) the n-th estimating sum of
log(1+ bg) € R(N1,{). Note that ky, := [log, n] is the smallest positive integer

such that f
p sy € ZP[Nﬁ’O] C R(N1,0), 21

where [ - | denotes the integer part of a real number. We further choose a sequence of
real numbers p~! < p; <--- < p, <--- <1 in p@ such that lim, 00 pn = 1. Now
for any fixed positive integer n, let i, be the smallest positive integer satisfying the
properties

log,, , (Ip*in=1 Tog(1 + bg)llp,_,) + 1 <log,, (| p¥in log(1+bp)ll,,).
log(1+b
|| Og( . ﬂ)“pn >

log(1 + bg) — i, |l on
p¥in!2 > [ log(1 4+ bg) -
o’ (log(1+ b)) s, > ll¢' (log(1 +bg) —si,) o,

forall 1 <i, j <n. Such an i, exists, as for any fixed 1 <1i, j <n, we have

(22)
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limg o [|¢" (log(1 + bg) — si)llp; = 0. The first condition in (22) makes the
definition of i, inductive. As a consequence, we have | log(1 + bg) |5, = lIsi, | p
by the ultrametric inequality. Now define j, € Z such that
- 154,011 . : -

pan < T” = | p*insi, |, = | phin log(L +bp)|, <pir.  (23)
(In other words, j, = [1ogpn(||pk"n log(1 + bg)|lp,)]) By (21), we have j, > 0.
By the first condition in (22), the sequence (j, )y is strictly increasing: j,—1 < jn
for all n > 1. On the other hand,

ki ki
_1\p npp
P b

i1s a summand in pkin si, ; therefore we have

ki k: .
pF " <P siyllp, < 03
whence

jn < pFin <iy. (24)

Put x := Y22, pKin (log(1 + bg) — s,-n)b;j”. Our goal in this step is to show that
the sum x converges in Ro(No, @) C R(N1, £). For this it suffices to verify that for
any fixed k > 1, we have || pKin (log(1 + bg) — i, )b " || . — 0 as n — oo. In the
power series expansion of log(1 + bg) — s, all the terms have degree > i, > jy
by (24). Therefore in the power series expansion of x all the terms have positive
degree. In particular, for k <n we have ||y| 5. < |l¥llp, Wwhenever y is a monomial
in the expansion of x. By (22) and (23) we obtain

| pkin (log(1 + bg) — si, )by Hpk <| pkin (log(1 + bg) — si, )by Hpn
b tos(U 4 by, 1
" -t

for k < n. Hence we have x € Ro(Ng, o) C R(Ny, £).

Step 2. By Remark 4.16, log(1 + bg) lies in the kernel of g for all open nor-
mal subgroups H < N;. Hence, by the continuity of wg, we obtain mgy(x) =
Y g (—pkins;, by ") € OX[N1/H, €] C R[Ny /H, €], as we have —pkins;, €
Zp[N1] and @;rg is closed in R.

Step 3. Assume finally that ji,(z) = j(x) for some z € R"(Ny, £). Both z and
j(x) e @3(; [N1,£]] C O¢[[N1, £]] have a power series expansion. By the injectivity
of jint, these expansions are equal. Hence, put z = Zk c7sNdH\tas dkbk with
dk € Z,. By the definition of ™ (N, £), there exists an element ¢ € Tt such that
¢t (z) lies in %g‘t. This means that there exists a positive integer K¢ such that for
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all fixed k > Ko and & > 0 we have ||¢; (dkbk)||pk < ¢ for all but finitely many
keZxN® T\ 1 particular, for any fixed k > Ky we have

loc(=p*insi,bg ™), <e

for all but finitely many positive integers n since the sequence jj is strictly increasing
by construction; therefore the terms in x = Y 2 | pkin (log(1 + bg) — si,, ) be Jn
cannot cancel each other. Now we clearly have ||¢;(by)|lp, < px. On the other
hand, we compute (for n > max(k, m(,t)) large enough)

. m(B:) (g; )
s (—pFinsi Y o = I? pk,»nln o

_ llg™ B (log (1 + bg))

pkin

_ Ilog(1 +bp)llp
— B+,

Hence we obtain

&> [l@r (= pXinsi, by ™) | oh

_ log(1 +bp)lln,
pm(ﬂ,t)+k,-n pljcn

prclog(1+bg) oy
1
pm(B,t)-‘rkin ||pkin log(l + bﬂ)”POngpn .

_ Plllog(1+bg)llp,  pFinoson Px—1)

pm(ﬂat) ”10g(1 4 bﬂ)”lpongﬂn Pk
pkHIOg(l +b/3)||Pk ki, (%logp pr—1)
> G P o

using (22) and (23). This is a contradiction, as the right side tends to co as n — oo.
Therefore j(x) is not in the image of ji, as claimed. d

Remark 4.18. The elements of R[Ny, £]] cannot be expanded as a skew Laurent
series of the form kezot dy b* in general. Indeed, the sum

> " bp)/p* = (g + D" —1)/p*"
n=1 n=1

converges in R N1, €] for any simple root 8 # o but does not have a skew Laurent-

series expansion, as the coefficient of bg in its expansion would be the nonconvergent

00 n—=2"
sum anl P :
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We end this section with a diagram showing all the rings constructed.

Oz € O¢[N1. €] = A¢(No)
@(2 %lm(N a);)g{mt(N g)*@%ﬂNl,Z]]

(25)

Q
el = MBI (Ny, ) —— RBP4 (N1, e)% €TV, €]

RE—— Ro(No, o) —— R(Ny, {) R[[N1, L]

Here %(N1, £) consists of Laurent series ) cxb* with ¢x € K that converge
on the open annulus of the form

{p2 <lzal < 1, |2g] < |za|" for B € ®T \ {a}}

for some 0 < pp < 1 and 1 <r € Z. The elements of Ry (Ny, ) are exactly those
for which we can take r = 1. Their analogous integral (resp. bounded) versions
consist of those Laurent series having the same convergence condition for which
ck €og forallk € 7@ x N\ (resp. for which {cg | k € Z1%} x N¢+\{“}} CcK
bounded).

4.1. Towards an equivalence of categories for overconvergent and Robba rings.
Propositions 3.1 and 3.7 apply in both the cases R = Og and R = @%. In both cases
the category M(R, @) is the category of érale p-modules over R. By the main
result of [Cherbonnier and Colmez 1998] (see also [Kedlaya 2012]), we also have
an equivalence of categories between finite free étale (¢, I')-modules over @;; and
finite free étale (¢, I')-modules over Og given by the base change O¢ ® . of’ . On the
other hand, Ty acts by automorphisms on an object D in 9 (Og, T+) and also on
an object DY in ?J)I(@%g, T4+). Since automorphisms correspond to automorphisms
in an equivalence of categories, we obtain:

Proposition 4.19. The functors
O @1 - MOF, T1) = MO, Ty),  -T:90(0¢, Ty) > M(©@], T4)

are quasi-inverse equivalences of categories.

For the Robba ring R, étaleness is stronger than what we assumed for a module
D;Eg to belong to M(R, ). The category IM(R, @) is Just the category of ¢-
modules over the Robba ring. Recall that an object Drlg in M(R, @) is étale

(or unit-root, or pure of slope zero) whenever it comes from an overconvergent
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étale p-module DY over the ring of “overconvergent” power series @:é by base
extension. We denote by 9%(%, ¢) the category of étale p-modules over the Robba
ring . We consequently define the categories MO (R, Ty ), MO (R[ N1, €], ¢), and
IMO(R[[N1, €], T+) as the full subcategory of étale objects in the corresponding
categories without superscript 0. Via the equivalence of categories 3.7, étale objects
correspond to each other. Combining this observation with the main result of
[Berger 2002] leads to:

Corollary 4.20. We have a commutative diagram of equivalences of categories

MO(R, Ty) m(er, ) M(E, Ty)

| | |

MO R[N, €], T4) <—— M(ET[N, £, Ty) —— M(E[N1, L], T).

Proof. The left horizontal arrows are also equivalences of categories by [Berger
2002], noting that Ty acts via automorphisms on both types of objects in the upper
row. O

Remark 4.21. The category MM (R[N, ], T+) of étale T -modules is embedded
into the bigger category (R N1, £]], T+). So we may speak of trianguline objects
in MO(R[[N1, L], T+) as in the classical case (see for instance [Berger 2011]).
Indeed, we call an object Mg;g in MO(R[[N1, £]), T+) trianguline if it becomes a
successive extension of objects in 9M(R[Ny, £], T+) of rank 1 after a finite base
extension L ®g -. It is clear that trianguline objects correspond to trianguline
objects via the first vertical arrow in Corollary 4.20.

Remark 4.22. It would be interesting to construct a noncommutative version of
the “big” rings /I@p and /qup in [Kedlaya 2012] and generalize (the proofs of)
Theorems 2.3.5, 2.4.5, and 2.6.2 to this noncommutative setting. For this, one
would need a generalization for results in the present paper to base fields other
than Q.

Remark 4.23. Since we have the natural inclusions @zg — RN, L) — @;rg [N1, 2
we have a fully faithful functor

0 = (A™(N1. O) ®; ) 0 (o] Dy ol ) °© (011N, €1 ®aimn, ) )

from the category 9M(R™(Ny, £), Ty) to itself. Whether or not it is essentially
surjective (or equivalently, naturally isomorphic to the identity functor) is not clear.
However, we have ® = © o © naturally.

Proof. The faithfulness is clear since the objects in the category (R ™(N1, £), Ty)
are free modules, the maps @(2 — RN, L) — @% [[N1,£]] are injective, and the
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functor
T , .
O B¢ ot 11w, .1

in the middle is an equivalence of categories by Proposition 3.7. The assertion
® = ®o0 is also clear by Proposition 3.7. For the fullyness let f: @ (M) — O(M,)
be a morphism in MM(R™ (N1, £)). Then we have O( f —O(f)) = 0, and by the
faithfulness of ®, we obtain f = O(f). O
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