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K3 surfaces and equations
for Hilbert modular surfaces

Noam Elkies and Abhinav Kumar

We outline a method to compute rational models for the Hilbert modular surfaces
Y_(D), which are coarse moduli spaces for principally polarized abelian surfaces
with real multiplication by the ring of integers in Q(+/D), via moduli spaces of
elliptic K3 surfaces with a Shioda—Inose structure. In particular, we compute
equations for all thirty fundamental discriminants D with 1 < D < 100, and
analyze rational points and curves on these Hilbert modular surfaces, producing
examples of genus-2 curves over () whose Jacobians have real multiplication
over Q.

1. Introduction

Hilbert modular surfaces have been objects of extensive investigation in complex
and algebraic geometry, and more recently in number theory. Since Hilbert modular
varieties are moduli spaces for abelian varieties with real multiplication by an order
in a totally real field, they have intrinsic arithmetic content. Their geometry is
enriched by the presence of modular subvarieties.

In [Hirzebruch 1973; Hirzebruch and van de Ven 1974; Hirzebruch and Zagier
1977] the geometric invariants of many of these surfaces were computed, and they
were placed within the Enriques—Kodaira classification. A chief aim of the present
work is to compute equations for birational models of some of these surfaces over
the field of rational numbers.

More precisely, let D be a positive fundamental discriminant, i.e., the discrimi-
nant of the ring of integers Op of the real quadratic field Q(+/D). The quotient
PSL,(Op)\(H" x H™) (where H' and H~ are the complex upper and lower
half-planes) parametrizes abelian surfaces with an action of Op. It has a natural
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compactification Y_ (D), obtained by adding finitely many points and desingulariz-
ing these cusps.

These surfaces Y_ (D) have models defined over Q, and the main goal of this
paper is to describe a method to compute explicit equations for these models, as well
as to carry out this method for all fundamental discriminants D with 1 < D < 100.
This felt like a good place to stop for now, though these calculations may be extended
to some higher D, as well as to non-fundamental discriminants.

We briefly summarize the method, which we describe in more detail in later
sections. The method relies on being able to explicitly parametrize K3 surfaces that
are related by Shioda—Inose structure to abelian surfaces with real multiplication
by some Op. The K3 surface corresponding to such an abelian surface has Néron—
Severi lattice containing L p, a specific indefinite lattice of signature (1, 17) and
discriminant —D. In all our examples, we obtain the moduli space Mp of Lp-
polarized K3 surfaces as a family of elliptic surfaces with a specific configuration
of reducible fibers and sections.

We then use the 2- and 3-neighbor method to transform to another elliptic
fibration, with two reducible fibers of types IT* and IIT* respectively. This lets
us read off the map (generically one-to-one) of moduli spaces from M p into the
3-dimensional moduli space A; of principally polarized abelian surfaces, using
the formulae from [Kumar 2008]. The image of Mp is the Humbert surface
corresponding to discriminant D. The Hilbert modular surface Y_(D) itself is a
double cover of the Humbert surface, branched along a union of modular curves.
We use simple lattice arguments to obtain the branch locus, and pin down the exact
twist for the double cover by counting points on reductions of the related abelian
surfaces modulo several primes. In all our examples, the Humbert surface happens
to be a rational surface (i.e., birational to P2 over @), and we display the equation of
Y_(D) as a double cover of P? branched over a curve of small degree. We analyze
these equations in some detail, attempting to produce rational or elliptic curves on
them, with the intent of producing several (possibly infinitely many) examples of
genus-2 curves whose Jacobians have real multiplication. When Y_(D) is a K3
surface, it often has very high Picard number (19 or 20), and we attempt to compute
generators for the Picard group. When Y_ (D) is an honestly elliptic surface, we
analyze the singular fibers and the Mordell-Weil group, and attempt to compute a
basis for the sections.

To our knowledge, this is the first algebraic description of most of these surfaces
by explicit equations. We outline some related work in the literature. Wilson [1998;
2000] obtained equations for the Hilbert modular surface Y_(5) corresponding to
the smallest fundamental discriminant D > 1. Van der Geer [1988] gives a few
examples of algebraic equations for Hilbert modular surfaces corresponding to a
congruence subgroup of the full modular group (in other words, abelian surfaces
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with some level structure). Humbert surfaces have also been well-studied in the
literature, and Runge [1999] and Gruenewald [2008] have obtained equations for
some of these. However, these equations are quite complicated, and do not shed
as much light on the geometry of Hilbert modular surfaces. While the methods
are simpler, involving theta functions and g-expansions, the result is analogous to
exhibiting the modular polynomial whose zero locus in A x A! is a singular model
of the complement of the cusps in the modular curve Xo(N). The coefficients of
these polynomials can quickly become enormous. We believe that our approach,
giving simpler equations for these surfaces together with their maps to .A;, is more
conducive to an investigation of arithmetic properties.

It is our hope that these equations will be of much help in subsequent arithmetic
investigation of these surfaces. For instance, they should provide a testing ground
for many conjectures in Diophantine geometry, because of the abundance of rational
curves and points. Another direction of future investigation is to use these equations
to investigate modularity of the corresponding abelian surfaces. Modularity of
abelian varieties with real multiplication over Q is now proven, by combining
results of Ribet [2004] with the recent proof of Serre’s conjecture by Khare and
Wintenberger [2009a; 2009b]. However, unlike the case of dimension 1, where
one has modular parametrizations and very good control of the moduli spaces, the
situation in dimensions 2 and above is much less clear. For instance, it is not at all
clear how to find a modular form corresponding to a given abelian surface with
real multiplication.! We hope that the abundance of examples provided by these
equations will help pave the path for a better understanding of the 2-dimensional
case. For example, in [Dembélé and Kumar 2013], our formulas are combined with
efficient computation of Hilbert modular forms to find examples of simple abelian
surfaces over real quadratic fields, with everywhere good reduction. An example of
such an abelian surface is the Jacobian of the genus-2 curve

2y? = x8 — tx + 74x* — 141X +267x% — 137x + 46
1 3— 1-— 3
= (x3— ;Tx2+13x+Tr)(x3+ 7 Tx2+13x— —;T>,
where T = /193 (the curve and its Jacobian can in fact be defined over Q, but the

Jacobian attains everywhere good reduction and real multiplication by O;7 only

over Q(1)).

! Suppose A/Q is an abelian surface with Q@-endomorphisms by Op, and let ¢ = Y, a,q" be an
eigenform with every a,, € Op. If ¢ corresponds to A then counting points over [, and [,2 determines
each ap up to Galois conjugation. But conceivably there might be some eigenform o' =Y, a,q",
different from both ¢ and its Galois conjugate, such that each a}) equals either ap or the Galois
conjugate of ap; if that happens, we do not know how to decide which eigenform corresponds to A.
Likewise for abelian varieties of dimension 3 and higher.
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The outline for the rest of the paper is as follows. In Section 2, we describe the
relevant background on K3 surfaces and their moduli spaces, and their connection
to moduli spaces of abelian surfaces via Shioda—Inose structures. In Section 3,
we describe the Hilbert modular surfaces and the corresponding moduli spaces of
K3 surfaces. In Section 4, we precisely describe our methods to compute their
equations. Section 5 describes the 2- and 3-neighbor method in more detail. The
rest of the paper consists of detailed examples of Hilbert modular surfaces for
the discriminants less than 100, as well as an arithmetic investigation of these
surfaces.

An accompanying online supplement contain formulas for the Igusa—Clebsch
invariants, as well as a description of the parametrizations exhibited for the moduli
spaces of K3 surfaces in the paper, and the details of the neighbor steps to transform
to a fibration with II* and IIT* fibers. The online supplement can be obtained
from this article’s publication page. The files are also available as part of the
source package for the arXiv version of this article (arXiv 1209.3527). See the file
README.txt for an overview.

2. Moduli spaces of abelian surfaces and lattice polarized K3 surfaces

Throughout this section, we work with K3 surfaces over a field k of characteristic 0.
When convenient, we will suppose k C C, and use transcendental methods.

2.1. K3 surfaces. A K3 surface X over k is a projective algebraic nonsingular
surface with 2" (X, Ox) =0 and K x = Ox. For such a surface, H2(X, Z) is torsion-
free, and when endowed with the cup-product form becomes a 22-dimensional
lattice, abstractly isomorphic with A := Es(—1)? @ U3. Here Ejg is the even
unimodular lattice in eight dimensions, U is the hyperbolic plane with Gram matrix
((1) (1)), and for any lattice A and real number «, the lattice A(x) consists of the
same underlying abelian group with the form multiplied by «. The Néron—Severi
group NS(X) of algebraic divisors defined over X modulo algebraic equivalence,
which for a K3 surface is the same as linear or numerical equivalence, is a prim-
itive sublattice of A of signature (1, p — 1), where p € {1, ..., 20} is the Picard
number of X. The orthogonal complement of NS(X) is the transcendental lattice
Tx. There is a Torelli theorem for K3 surfaces, due to Piatetski-Shapiro and
Shafarevich [1971] and Friedman [1984], which describes the moduli space of
K3 surfaces with a fixed polarization. More generally, let L be an even nonde-
generate lattice of signature (1,7 — 1), with r € {1, ..., 20}. Assume that L has
a unique primitive embedding in A, up to isometries of A. Then there is a coarse
moduli space F of L-polarized K3 surfaces (X, j), where j : L — NS(X) is
a primitive lattice embedding such that j(L) contains a pseudo-ample class on
X. The space F is isomorphic to the quotient of an appropriate fundamental
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domain
Q =P(lweLl*®C|(w,w) =0, (&) > 0})

by an arithmetic subgroup 'y, which is the image of
'L)y={ce OA)|VYxeL,o(x)=x}

in O(A'). (Here, we have fixed an embedding i : L — A, so we may use its
orthogonal complement L+.) Therefore F; is a quasiprojective variety.

In fact, there is a fine moduli space Ky of marked pseudo-ample L-polarized
K3 surfaces, i.e., (X, ¢), where ¢ : H*(X,Z) — A is an isomorphism (a marking)
such that ¢~'(L) € NS(X). There is a period map which associates to such a
marked K3 surface the class of the global algebraic 2-form up to scaling, giving a
point [w] € P(L*+ ® C). Furthermore, w Uw = 0 and w U® > 0. This domain
consists of two copies of a bounded Hermitian domain of type IV,o_,. The period
map (X, ¢) — [wyx] sets up an isomorphism between the moduli space K and the
period domain €2, using the Torelli theorem and the surjectivity of the period map
[Kulikov 1977; Persson and Pinkham 1981]. The quotient 'y \/C;, ="'\, forgets
the marking, and describes a coarse moduli space of L-polarized K3 surfaces. For
details, the reader may consult [Nikulin 1979a; Dolgachev 1996].

2.2. Elliptic K3 surfaces. We shall be especially interested in moduli spaces of
elliptic K3 surfaces. In this paper, an elliptic K3 surface will be a K3 surface X
with a relatively minimal genus-1 fibration 77 : X — P!, together with a section. In
other words, we may write a Weierstrass equation of X over P/ as

Y2 4ai(t)xy +as(t)y = x> + ax(t)x* 4+ ag(t)x + as (1), (1)

with a; (t) a polynomial in ¢ of degree at most 2i. (More canonically, each g; is a
homogeneous polynomial of degree 2i in the two homogeneous coordinates of P}.)
Of course, this Weierstrass equation describes the generic fiber of X; to understand
the reducible special fibers, one can use Tate’s algorithm [1975] to blow up the
singular points and describe the minimal proper model. (This will also detect when
a Weierstrass equation (1) is equivalent to one with each a; vanishing to order
at least i at some tg, that is, when the equation gives not a K3 elliptic surface
but a rational or constant one.) The singular fibers are classified by Kodaira and
Néron, and the non-identity components of any reducible fiber 7 ~!(v) contribute
an irreducible root lattice (scaled by —1), say L, to the Néron—Severi lattice. The
trivial lattice is defined to be

T:ZO@ZF@(GBM)
v

(note that O and F span a copy of the hyperbolic plane U).
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A theorem of Shioda and Tate [Shioda 1972; 1990; Tate 1966b] shows that as long
as the elliptic fibration is nontrivial (equivalently, it has at least one singular fiber),
the Mordell-Weil group of X over P! is isomorphic to NS(X)/T. In particular, we
have the Shioda-Tate formula

p(X) =2+rank MW(X/P")+ ) "rank L,.
v

One may also compute the discriminant of the Néron—Severi lattice:

det(H (X/P)) -], disc(Ly)

diseNSC = —— WX /B

where H(X/P') is the height pairing matrix for a basis of the torsion-free part of
the Mordell-Weil group of X over P!,

If F is the class of the fiber for an elliptic K3 surface X, then F' is primitive
and nef, with F2 = 0. Conversely, suppose that F € NS(X) is a nonzero divisor
class which is primitive and nef with F2 = 0. Then a simple application of the
Riemann—Roch theorem shows that F or —F must be effective, and since F is nef,
it must be represented by an effective divisor. Then a theorem of Piatetski-Shapiro
and Shafarevich [1971, p. 559] shows that F defines a genus-1 fibration.

Lemma 1. Let F =) a; E; be a positive linear combination of smooth rational
curves on a K3 surface X such that F - E; =0 for all i, and such that F is a primitive
class in NS(X). Then F defines a genus-1 fibration.

Proof. We have F? =) a;(F - E;) = 0. By the above discussion, it is enough to
show that F is nef. Let E’ be an irreducible curve on X. If E’ is distinct from
the E;, then E; - E’ > 0 for every i, and so F - E’ > 0. On the other hand, if £’ = E;,
say, then F - E' = F - E; = 0. Therefore F is nef. O

Let us define an elliptic divisor to be a divisor satisfying the conditions of
Lemma 1. We will frequently use this lemma, displaying an elliptic divisor by
finding a subdiagram of the set of roots of NS(X), represented by smooth rational
curves, which is an extended Dynkin diagram for a root lattice. Then the class of
the appropriate linear combination of roots F will define a genus-1 fibration. We
need to know when such a fibration has a section.

Lemma 2. Suppose F is an elliptic divisor defining a genus-1 fibration mw : X — P,
Suppose D € NS(X) satisfies D - F = 1. Then  has a section.

Proof. Consider the divisor D’ = D + mF, for some large integer m. Then

(D")? = D? +2m, while K =0, so the Riemann—Roch theorem implies

(D')?
2

RO (D) — h (D) + h*(D') = +x(Ox) =D>+m+2.
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Also, h2(D') =h°(K — D) = h®(—D’) =0 by Serre duality, and since (—D’)- H =
—D-H —mF - H < 0 for any ample divisor H, as long as m is large enough.
Therefore we see that for large m, the divisor class D’ can be represented by an
effective divisor, which we may call D’, by abuse of notation. Note that we still
have D'- F = 1. Decompose D’ as D}, + Dy ., where the first term contains all
the components which lie along fibers of the genus-1 fibration defined by F, and
the second contains the other components. Then Dy .- F = 1. Therefore, D; . must
be reduced and irreducible, and thus defines a section of the genus-1 fibration. [l

Corollary 3. Let F be an elliptic divisor, and let D1 and D, be two divisor classes
such that Dy - F and D, - F are coprime. Then the fibration has a section.

Proof. There exist integers aj, a; such that (a;D; +axD;) - F = 1. Now take
D=a D +ayD; in Lemma 1. ]

Finally, we note a lattice-theoretic result which allows us to deduce that in all of
the cases studied in this paper, the genus-1 fibration defined by an elliptic divisor
F has a section.

Proposition 4. Let D be a fundamental discriminant, and let L = U @ N (—1),
where U is the hyperbolic plane and N a positive definite lattice of rank 16 and
discriminant D. Suppose in addition that N contains a sublattice isomorphic to
Eg ® Eq. If v € L is a primitive vector with v - v = 0, then there exists w € L such
thatv-w = 1.

Proof. Suppose not. Then {v-w: w € L} = c¢Z for some integer ¢ > 1. Since v is
primitive, we can take a basis vy = v, ..., vig of L. Then

L'=Zw/c)+Zvy+---+Zvis

is an integral lattice containing L with index ¢ > 1. Since L' D L D U, we have
L' = U & N'(—1) (since U is unimodular), with N’ a positive definite lattice
containing N with index ¢. Then N” must be generated by Eg @ E7 and a vector x
whose projection x to the orthogonal complement of Eg @ E7 has norm D/(2¢?).
The dual lattice of Eg@® E7 has norms congruent to O or % modulo 2, so x* has norm
0 or % mod 2. Therefore D/c? must be an integer congruent to 0 or 1 modulo 4.
Since D is a fundamental discriminant, this is impossible. U

For the examples in this paper, we will often draw a Dynkin-type diagram
indicating some of the roots of NS(X) for an elliptic K3 surface X, which will
always be nodal classes (i.e., classes of smooth rational curves on X). We will
outline an elliptic divisor F by drawing a subdiagram in bold which cuts out an
extended Dynkin diagram of an irreducible root lattice (the multiplicities will be
omitted). Where convenient, we will also indicate the class of a divisor D such that
D - F =1 (in some cases, there is an obvious node in the Dynkin diagram satisfying
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this property), or the classes of two divisors D and D, such that Dy - F and D, - F
are coprime. This is not strictly necessary, because Proposition 4 guarantees the
existence of such a divisor D, but having an explicit divisor might be useful for
further calculations. Then F defines another elliptic fibration with section on X,
and we may proceed as in Section 5 to write down its Weierstrass equation.

2.3. Kummer surfaces, Nikulin involutions and Shioda—Inose structures. Let A
be an abelian surface, and consider the involution ¢ on A defined by multiplication
by —1 in the group law. The quotient of A by the group {1, ¢} is a surface ¥’ with
sixteen singularities, the images of the 2-torsion points of A. In fact, Y’ may be
realized as a quartic surface in P? with sixteen ordinary double points (which is
the maximum number of singularities possible for a quartic surface in P3 [Hudson
1990, p. 15]), by considering the linear system on A corresponding to twice the
theta divisor. The corresponding map is two-to-one from A to Y.

Taking the minimal desingularization of Y’ gives a K3 surface Y, the Kummer
surface of A, which contains sixteen disjoint nodal classes coming from the blowups
of the singular points. Note that if A is defined over some number field k, then so
is Y = Km(A). The Néron—Severi lattice of the surface Y contains the saturation
of the lattice spanned by the sixteen special nodal classes; this is a lattice Agmp
of signature (0, 16) and discriminant 2°. Conversely, Nikulin showed that a K3
surface whose Néron—Severi lattice contains Ak, must be the Kummer surface
of some complex torus. Of course, since A is an abelian variety, Y is a projective
surface, so NS(Y) contains an ample divisor as well.

We will be especially concerned with the case when A = J(C) is the Jacobian of
a curve of genus 2. Let xo, ..., x5 be the Weierstrass points of C. The embedding
no : C — A given by x — [x] — [xo] gives a particular theta divisor on A, and
the translates 1no(C) + [x;] — [x;] with 0 < i < j < 5 give fifteen more special
divisors. The images of these sixteen divisors (tropes) on the Kummer surface of
A are disjoint rational curves, and each intersects six rational curves coming from
the blowups of the singular points (i.e., the nodes). This classical configuration
of tropes and nodes on the Kummer surface is called the (16, 6) configuration,
and the intersection pairing describes a vertex- and edge-transitive bipartite graph
of degree 6 on 32 vertices, isomorphic with the quotient of the 6-cube by central
reflection.

Next, consider a K3 surface X with a symplectic involution ¢, i.e., an involution
¢ that multiplies the algebraic 2-forms on X by 41 (such an involution of X is also
known as a Nikulin involution). Then ¢ has eight fixed points on X, and the minimal
desingularization Y of the quotient X /{1, ¢} is again a K3 surface. If in addition Y
is a Kummer surface Km(A) and the quotient map 7 : X — Y induces a Hodge
isometry m, : Tx(2) = Ty, we say that X and A are related by a Shioda—Inose
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structure. We have a diagram

of rational maps of degree 2, and Hodge isometries Tx(2) = Ty = T4(2), thus
inducing a Hodge isometry Tx = T4. (Note: A Hodge isometry is an isometry of
cohomology lattices compatible with the Hodge decomposition.)

Conversely, a theorem of Morrison [1984] shows that any Hodge isometry
between Tx and T4 for a K3 surface X and an abelian surface A is induced by a
Shioda—Inose structure.

2.4. Elliptic K3 surfaces with I1* and I11* fibers, and curves of genus 2. We shall
exploit such a Shioda—Inose correspondence between Jacobians of genus-2 curves
and elliptic K3 surfaces with singular fibers of type II* and IIT*; equivalently, whose
root lattices L, are Eg and E7 respectively. Let C be a curve of genus 2 over k, and
let

Y=re=fox’+-+ fo=fo] [ —a)

be a Weierstrass equation for C, with f; € k and o; € k (though in general a; ¢ k).
There exist polynomial functions Ir(f), I4(f), Is(f) and I;o(f) = disc(f) of
degrees 2,4, 6, 10 in the coefficients of f (the Igusa—Clebsch invariants of f),
giving a well-defined point (I3 : 14 : Is : I10) in weighted projective space P?,2,3,5
which does not depend on the choice of Weierstrass equation. The complement
of the hyperplane z4 = 0 (where z4 is the last coordinate on P?,Z,S,S) yields a
coarse moduli space M, of curves of genus 2 [Igusa 1960]. Note that I} is the
discriminant of the sextic polynomial f, and therefore it cannot vanish. Also, the
space M has a singular point at (0:0:0: 1), corresponding to the curve y> =x>+1.
Given oy, an, 3, a5 € k, with as # 0, it is not necessarily the case that one can
construct a genus-2 curve over k with invariants /; = ap4. There is an obstruction in
Br,(k): when it vanishes, the construction of C is made explicit by Mestre [1991].
In any case, C may always be defined over a quadratic extension of k. When £ is
a finite field, the Brauer obstruction vanishes, and we may define C over k. Also
note that such a curve C is unique only up to k-isomorphism, since M, is only a
coarse moduli space.
The main result of [Kumar 2008] is the following.

Theorem 5. The elliptic K3 surface given by the Weierstrass equation

I o hly—3ls DI
2_ .3 3 5 2
yo=x <12 + >x+ <4 + 108 +24>
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which has elliptic fibers of type Eg and E7 respectively att = oo and t = 0, is
related by a Shioda—Inose structure to the Jacobian of the genus-2 curve C whose
Igusa—Clebsch invariants are (I, : 14 : Ig : I1p).

Let L be U @ Es(—1) & E7(—1). Then the above theorem gives an isomorphism
v My — 558’57

between the coarse moduli space M, of genus-2 curves and the moduli space
of elliptic K3 surfaces with an Ejg fiber at oo and an E7 fiber at 0. Furthermore,
this correspondence is Galois-invariant: the Igusa—Clebsch invariants of C and the
Weierstrass coefficients of the K3 surface are defined over the same field. This is
the key fact which leads to number-theoretic applications, such as computation of
models of Shimura curves over Q in [Elkies 2008] or of Hilbert modular surfaces
in this paper. However, note that C may not be itself defined over the ground field,
even though its Igusa—Clebsch invariants are.

Now, let .4, be the moduli space of principally polarized abelian surfaces. Note
that the space M, is the complement of the divisor in A, consisting of points
corresponding to the product of two elliptic curves. On the other hand, the moduli
space £k g, 1s an open subset of the moduli space F;, of K3 surfaces polarized by
L=U® Eg(—1)® E7(—1). We may write such a K3 surface in Weierstrass form

vi=x3+ar+ad)x +50" > +br + ).

It has an Eg fiber at t = oo and at least an E fiber at ¢t = 0. The discriminant of
the cubic polynomial is

d=—1° (27b”2t5 +54bb"t* + (4a> 4 27b* + 54b'b") 13
+(12a%a + 54bb)1* + (12aa” +270")t + 4d”).

By Tate’s algorithm, b” # 0 (otherwise we would have a rational elliptic surface),
and the fiber at t = co must be of type Eg, while the fiber at # =0 is of type E7 if and
only if @’ # 0, in which case one may set a’ = —1 by scaling (x, y, r) appropriately.
If on the other hand ¢’ = 0, then the E; fiber gets promoted to an Eg fiber (and
no further, since b’ cannot vanish, else we would have a rational elliptic surface).
Therefore, the moduli space £g, g, is the complement in F, of the hypersurface
a’ = 0 that corresponds to polarization by U & Eg(—1) ® Eg(—1).
When we do have @’ = 0, it was shown by Inose that the K3 surface

y:=x+at*x +2@®" > + bt + )

has a Shioda—Inose structure, making it 2-isogenous with a product of two elliptic
curves [Inose 1978; Shioda 2006; Kuwata and Shioda 2008; Clingher and Doran
2007; Elkies > 2015]. Recall that 5'b” # 0, and it follows from the formulas in
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[Inose 1978; Shioda 2006; Kumar 2008] that the j-invariants j;, j» of the two
elliptic curves are determined by

oo —a L o2 ) b*
1728 1728  27b'b"’ 1728 1728 ) 4b'b""
Note that again the map is Galois invariant and invertible, since a is only defined
up to a cube root of unity (one may scale x by a cube root of unity), and b is only

defined up to sign (one may scale ¢ by —1).
Putting everything together, we have the following proposition.

Proposition 6. There is a Galois invariant isomorphism ¢ : F;p — A, which
on the open subset £, g, restricts to the inverse of the explicit isomorphism r :
My — Egq E, given by Theorem 5.

For a Hodge-theoretic approach to this isomorphism of moduli spaces, see
[Gritsenko and Nikulin 1997, pp. 186-188].

3. Humbert surfaces and Hilbert modular surfaces

We next discuss moduli spaces of abelian surfaces with real multiplication. As
above, let D > 0 be a fundamental discriminant, i.e., D = d ford =1 (mod 4)
or D =4d for d = 2,3 (mod 4), where d > 1 is squarefree in both cases. Then
D is the discriminant of the ring of integers Op = Z + Z(D ++/D)/2 of the real
quadratic field K = Q(v/D). Let o1, 0, be the two embeddings of K into C. Then
SL>(Op)/{*1} acts on HT x H™ by

(a b) (21, 20) (Gl(“)z"“’l(b) Uz(a)z-l—oz(b))
cd) 10z +01d) o)z +02(d))’

where H* = {z € C| Imz > 0} is the complex upper half-plane and H~ = —H ™" is
the lower half-plane.
Let

b
SL, (O, ;3):{(? d)eSLz(K)

a,d e Oy, ceo*,be(o;;)—l}.

We claim that this action is equivalent to the action of SL,(O,,, O%) on HT x H™.
Here O3, is the dual of Op with respect to the trace form on K (that is, O7, is the
inverse different of K). It is an invertible Op-module of rank 1; in fact, it is easily
checked to be (1/ \/B)OD. Assume, without loss of generality, that o (\/5) >0
and 0, (v/D) < 0. Then if we let

ViHTxH = HY xHT
be the biholomorphic map (z1, z2) — (z101(v/D), 2202(~/D)), and
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¢ : SL2(Op) — SL2 (O, OF)

be the group isomorphism given by

(i Z)H <C/il/5 bf)

an easy check shows that the following diagram commutes.
SLr(Op) x HT xH™ —— HT xH™
[ons v
SLy(Op, O%) x HE x Ht —— HT xHT

Therefore, v induces an isomorphism on the quotients, as desired.

Next, we outline the proof that SL,(O,, O},) is the coarse moduli space of
principally polarized abelian surfaces with real multiplication by Op, closely
following [Hirzebruch and van der Geer 1981]. Let M = O, ® O7), and define an
alternating Z-valued form on M by

Ey (a1, B1), (a2, B2)) = Trg o (a1 B2 — a2 B1).
Now, for z = (z1, z2) € H?, consider the embedding
L.:K®K—V=C?
(a, B) = az+ B = (o1(@)z+01(B), o2(@)z + 02(B)).

which gives us a lattice L,(M) in V. We use this to transfer £y to L (M) and
extend the form R-linearly. This gives an alternating form

Ey.:VxV =R,
which can be described in coordinates on C? as

Im¢ny Imon
+ .
Imz4 Imz;

EM,Z((;L 52)9 (7717 772)) =

This gives a Riemann form on the resulting complex torus V /L, (M), and since the
form Ej; on the lattice L,(M) is unimodular, we obtain an abelian variety with
principal polarization. The action of Op is as follows:

(@) (&1, &) = (o1(a) &y, o2 (@) 82).

Conversely, it is not hard to show that any principally polarized abelian surface
with real multiplication by Op can be identified with some V /L,(M). Finally, we
note that the abelian surfaces corresponding to two different z € Ht x H™' are
isomorphic (with an Op-equivariant isomorphism) exactly when these two points
differ by an element of SL, (O, O7F)). Therefore, it follows that the moduli space
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of abelian surfaces with real multiplication is SLy(Op, O5)\(H* x H™), which
as we have shown above, is biholomorphic with SLy(Op)\(H x H ™).

The construction above yields a map from SL,(Op)\(H' x H ™) to the quotient
of Sy, the Siegel upper half-space of degree 2, by the arithmetic group Sp,(Z). In
other words, we get a holomorphic map to .4,, the moduli space of principally
polarized abelian surfaces. Its image (or its closure in A;) is the Humbert surface
‘Hp for discriminant D. We next show that the map from the Hilbert modular
surface SLy(Op)\(H™ x H™) to the Humbert surface is generically two-to-one.
We may compute this degree above a very general point on the Humbert surface.
Such a point corresponds to a principally polarized abelian surface A, where one
has forgotten the action of Op by endomorphisms. Generically, there are exactly
two ways to extend the obvious map Z — End(A) = Op to Op, corresponding to
the choice of image of (D + +/D)/2.

Our approach to computing equations of Hilbert modular surfaces begins as
follows. Fix a discriminant D, which we assume to be a fundamental discriminant.
First, we need to compute a model of the Humbert surface, i.e., the subvariety
of A, corresponding to abelian surfaces with real multiplication by Op. Via the
inverse of the isomorphism ¢ : F; — Aj; of Section 2.4 above, the Humbert surface
corresponds to a surface inside the 3-dimensional moduli space of L-polarized K3
surfaces.

Define a pairing on Op by («, B) — tr(a8*), where 8* is the Galois conjugate
of B. This gives Op the structure of an indefinite lattice, which we next identify
with the Néron—Severi lattice of A.

Proposition 7. Let A be a principally polarized abelian surface with End(A) = Op.
Then NS(A) = End(A). The lattice NS(A) has a basis with Gram matrix

2 D
( D (D?>-D)/2 ) 2)

of signature (1, 1) and discriminant — D.
Proof. For a principally polarized abelian surface A, there is an isomorphism
NS(A) — (End(A))"

induced naturally by the polarization, where T is the Rosati involution (also arising
from the polarization). Note that for a general polarization one only gets a weaker
isomorphism, between the Q-spans of both sides. For the proof of both assertions,
see Proposition 5.2.1 in [Birkenhake and Lange 2004]. Now, the Rosati involution
is a positive involution of the real quadratic field End(A) ® Q, and hence cannot be
the nontrivial element of the Galois group. It must therefore be the identity, whence
the subring of End(A) fixed by T is End(A) itself, proving the first statement. The
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isomorphism of groups NS(A) — End(A) is an isometry, taking the intersection
form on NS(A) to the form (¢, V) — tr(¢y ") on End(A), which becomes (a, 8) —
tr(ef*) on Op. Computing the matrix of this form on the basis (1, (D + +/D)/2)
of Op, we obtain the claimed Gram matrix (2). O

We henceforth use Op also to denote the lattice with underlying group Op = 72
and form (a, B) > tr(ef*), with Gram matrix (2).

Proposition 8. There is a primitive embedding, unique up to isomorphism, of the
lattice Op into U>. Let Tp be the orthogonal complement of Op in U3. Then there
is a primitive embedding, unique up to isomorphism, of Tp into the K3 lattice A.

Remark. In the present paper we analyze only fundamental discriminants D, for
which every embedding into an even lattice of Op and Tp (and of the lattice Lp,
to be introduced before the next theorem) is automatically primitive. But the
condition of primitivity is necessary to extend our theoretical analysis also to
non-fundamental D.

Proof. Since Op is 2-dimensional, the number of generators £(0},/Op) of the
discriminant group is at most 2. In fact, the discriminant group is cyclic of order
D if D is odd, and isomorphic to (Z/27) & (Z/(%Z)) if D is even. Therefore,
by [Nikulin 1979b, Theorem 1.14.4], Op has a unique embedding into the even
unimodular lattice U3, Let the orthogonal complement be Tp; it has signature
(2, 2) and the same discriminant group. By another application of [Nikulin 1979b,
Theorem 1.14.4], we see that T has a unique embedding into Ags. |

Let gp be the discriminant form of Op, and let L be the orthogonal comple-
ment of Tp in A. Then Lp has signature (1, 17) and discriminant form gp. By
[Nikulin 1979b, Theorem 1.13.2], L is characterized uniquely by its signature and
discriminant form. Since A = U3 @ Eg(—1)?, it is clear that Lp = Eg(—1)>® Op.
Finally, Lp has a primitive embedding in A, which (again by [Nikulin 1979b,
Theorem 1.14.4]) is unique up to isomorphism.

Theorem 9. Let F ,, be the moduli space of K3 surfaces that are lattice polarized
by Lp. Then the isomorphism ¢ : F; — Ay of Section 2.4 induces a birational
surjective morphism Fr, — Hp.

Proof. First, we note that Z C Op induces an embedding of lattices (2) C Op,
and therefore an embedding Tp C U? @ (—2) of orthogonal complements. Taking
orthogonal complements once more in Ag3, we deduce L C Lp.

Fix embeddings L C Lp C Aks. Then we have L%, <> L1, which induces a
map 2z, < € of period domains. We also have a map I';,, C I',. These induce
amap Fr, =I1,\QrL, = ' \Q2p = Fr. We will use the fact that this morphism
has degree 1 onto the image (i.e., it is an embedding on the generic point of F ).
We postpone the proof of this fact until the conclusion of the present argument.
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Let¢p : Fr, '3—D> Fi i Ay be the composition of the maps above. Now suppose
X is a K3 surface corresponding to a point p in the image of 8p. Then we have
NS(X) D Lp = Es(—1)2@® Op, and therefore Ty C Tp. If A (corresponding to
¢ (p)) is the abelian surface connected to X through a Shioda-Inose structure, we
have T4y = Tx C Tp. Therefore, NS(A) D Op, the orthogonal complement of T
in U3. Therefore End(A)" > Op, and ¢ (p) must lie on the Humbert surface H p.
This proves that the image of F, lands in Hp.

Conversely, suppose ¢ is a point on Hp corresponding to an abelian surface
A with real multiplication by Op. Then End(A) D Op, and since the Rosati
involution (being positive) can only act as the trivial element of @(«/5), we must
have End(A)" D Op. Retracing the argument in the previous paragraph, we see
p = ¢ ~'(g) must have NS(X) D Lp, and therefore is in the image of Bp. This
proves that ¢ o Bp is surjective onto Hp.

Since ¢ is an isomorphism and 8p has degree 1 onto its image, so does ¢poSp. [

We now prove that fact used above: Bp is generically an embedding.
Proposition 10. The map Fr., — Fy is generically an embedding.

Proof. To see this, we claim that it is enough to show that there is an element
yo € O(A) such that yy fixes L pointwise, preserves the sublattice L p, and acts by
—1 on L*. For suppose we have x = yy with x, y € Qr, and y € I'r, with x and
y very general. Then we would like to show that in fact we already have x = 'y
with y’ € ', Then A}(’l ={zex|{z,x) =0} and A;’l both equal L p, since x
and y are very general, and therefore y preserves Lp (though it might not fix this
lattice pointwise). If y acts trivially on Lp, we may take y’ = y, and are done. If
not, then y must act by —1 on Lp/L = 7. Then y’ = yyy will suffice.

To prove the claim, we may consider specific embeddings L C Lp C A. If
D=0 (mod4),then Lp = E7(—1)®(—D/2)Dd U & Eg(—1). We may embed it
inside (Eg(—1)®U @ U) & (U & Eg(—1)) by embedding E7(—1) inside Eg(—1)
as the orthogonal complement of a root §, and (—D/2) primitively inside U @ U.
Let yp be the automorphism of A which acts on the first copy of Eg(—1) as the
reflection s; in the hyperplane orthogonal to §, by —1 on U @ U, and as the identity
on the part U @ Eg(—1).

If D=1 (mod4), consider a system of simple roots in Eg(—1) whose intersec-
tions give the standard Dynkin matrix. Let o be the simple root such that if we
remove the corresponding vertex from the Dynkin diagram, we obtain the Dynkin
diagram for E7(—1). The orthogonal complement of this copy of E7(—1) is some
root §. Let B € U be any element of norm (1—D)/2. It is easy to check that the
copy of E7(—1) and o + 8 generate a negative definite lattice M of discriminant D,
and that U & M & Eg(—1) is isometric to Lp (since it is has the right signature and
discriminant). In other words, the diagram of embeddings



2312 Noam Elkies and Abhinav Kumar

E7(-1) > M C Es(-1)® U — Eg(—1)d U?
extends on adding a factor of U @ Eg(—1) to

L=E;(-1)®U®Es(—1) > M@UDEs(—1)=Lp C Es(—1)®U*® Eg(—1)
— Es(-D)@® U’ ® Eg(—1) = A.

Now, consider the automorphism ypy of A = Eg(—1) & U 3@ Eg(—1) given by
(s5, =1y, =1y, 1y, lEx(—l))' By construction, yp fixes L pointwise, and acts
by —1 on L*. We need to show that y; preserves Lp, or equivalently, that it
preserves M. We know that M is spanned by E7(—1) (which is fixed by yp) and
o+ B. Now, yp takes B to —f3, by construction. Also, a+yp(a) =a+ss(x) € Eg(—1)
is invariant by ss, and is therefore in the orthogonal complement E7(—1) of §.
Therefore yp(a) € —a 4+ E7(—1) and yp(a + B) = — (e + ) mod E7(—1). So yy
preserves the lattice M. ([

Next, we want to understand the Hilbert modular surface Y_(D), which is a
double cover of Hp. First, we must identify the branch locus. Since the map
Y_(D) — Hp is obtained by simply forgetting the action of ep = (D + /D) /2
on the abelian surface, the branch locus is the subvariety W of Hp corresponding
to abelian surfaces A such that ep = (D ++/D)/2 and ¢, = (D — +/D)/2 are
conjugate in the endomorphism ring, say by ¢ € End(A). It follows that ¢? fixes
Op pointwise. Generically this implies (> = %1, and (e p = €pt. This shows that
End(A) for such A is generically an order in a quaternion algebra B.

In fact, the branch locus corresponds to the case when we have a split quaternion
algebra, i.e., 1> =1. Then A is isogenous over @ to the square of an elliptic curve. To
see this fact, observe that the map I'\'H? — Sp4(Z)\S> (where I' = SL, (O, OF))
factors through the quotient (I" U Fa)\?-[z, where o is the involution (z1, z2) —
(z2, z1) exchanging the two factors of H2, and the induced map on this quotient
is generically one-to-one [Hirzebruch and van der Geer 1981, p. 158]. Therefore,
to understand the branch locus, we need to understand the 1-dimensional part of
the fixed point set of o on I'\’{2. This (and more) was done by Hausmann [1982,
p. 35]. The result is that the fixed point set consists of a small number of explicit
modular curves Fy, for w € {1, 4, D, D/4} (some of these may be empty, and when
they are nonempty, these curves are irreducible). A simple explicit analysis of the
condition relating z; and z, on these curves reveals that the generic point on each
of these corresponds to an abelian surface whose ring of endomorphisms contains
zero divisors, and is therefore a split quaternion algebra. For instance, the image
of the diagonal of H? (given by z; = z,) in I'\’{? is an obvious component of the
branch locus. For the corresponding abelian surface, as constructed earlier in this
section, the map (&1, §2) — (&2, ¢1) is a holomorphic involution, showing that the
endomorphism algebra is split. For completeness, we prove this next.
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Proposition 11. Let I' = SL,(Op, OF) and let C be one of the curves F,, for
w e {l,D}if Disodd, we {1,4, D/4, D} if D is even. The generic point on
C corresponds to an abelian surface whose algebra of endomorphisms is a split
quaternion algebra.

Proof. We use the notation of [van der Geer 1988, Chapter V]. The ideal a = O7,
has norm A = 1/D. In the reference, it is assumed that a is an integral ideal, but
we may for instance replace O}, by the integral DO}, = V'DOp without loss of
generality in Hausmann’s proof. This would replace A by D?A = D, and would
not affect any of the arguments below, which depend only on the square class of A.
Proposition V.1.5 of [van der Geer 1988] states that a point on Fj corresponds
to an abelian surface whose endomorphism algebra is isomorphic to the indefinite

quaternion algebra
Oy = D, —-N/(AD)
N — @ ’

while Lemma V.1.4 in the book says that Fj is nonempty if and only if for each
prime g dividing D and not dividing N, we have xp)(N) = (A, D),. For an
explanation of the notation, see [van der Geer 1988, pp. 2-3]. In our situation, we
have AD = 1. If N = D, we get the algebra (D T D ), which is obviously split. This
argument also takes care of N = D /4 when D is even. Next, suppose N = 1. Then

Fy is nonempty if and only if for every prime dividing D, we have (D, D), = 1. So

1= (D, D), =(D,—D), - (D,—1), = (D, —1),.

It follows that the quaternion algebra Q| = (DgTTl) is split. The proof for N =4 is

similar. O

Remark 12. A further analysis of the proof above reveals the number of components
of the branch locus, which is corroborated by the calculations in this paper.

Coming back to our analysis of the endomorphisms of the abelian surfaces
corresponding to points on the branch locus, we note that the Rosati involution must
fix Op and ¢, by positivity. Consider the form (x, y) — Tr(xy), where " : B — B
is the natural involution taking /D to its negative and ¢ to its negative, and Tr is
the reduced trace. The matrix of this form acting on Op + Zt is

2 D 0
D (D*-D)/2 0 |,
0 0 -2

which therefore gives an even lattice of signature (1, 2) and discriminant 2D. We
claim that when D is fundamental, the index, call it ¢, of Op @ Z as a sublattice
of End(A) is 1 or 2, with ¢ = 2 possible only if 4 | D. Indeed End(A) is an even
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lattice of rank 3 and discriminant 2D /c?. But the discriminant is an even integer
because the rank is odd, and D has no repeated prime factors except possibly 22
or 23. Thus as claimed the index ¢ must be either 1 or 2, with ¢ =2 = 4| D.
Therefore, the only possibilities for the discriminant of the resulting Néron—Severi
group for a point corresponding to the branch locus are 2D and D /2. This is also
the discriminant of the transcendental lattice of the abelian surface, and by the
Shioda-Inose structure, the corresponding K3 surface also has a Néron—Severi
lattice of rank 19 and discriminant 2D or D/2, and contains Lp = Eg(—1)?® Op.

Finally, we mention that a group of involutions acts naturally on the Hilbert
modular surface Y_ (D). This group is isomorphic to (Z/27)'~!, where ¢ is the
number of distinct primes dividing D. These extra involutions arise from the
Hurwitz—Maass extension of PSL,(O,, O7,). For more details see [van der Geer
1988, Section 1.4].

4. Method of computation

We now outline our method to obtain equations for the Hilbert modular surfaces
Y_(D) for fundamental discriminants D.

Step 1. We compute the unique lattice L p, writing it in the form U @ N (we know
Lp contains a copy of U, since L =U @ Es(—1) @ E7(—1) does, and L D Lp).
Note that N is not uniquely determined, and it turns out to be useful to choose N
such that its root lattice R has small codimension in N, and such that N/R has
a basis consisting of vectors of small (fractional) norm. One may then attempt
to realize L p as the Néron—Severi lattice of an elliptic K3 surface with reducible
fibers corresponding to the irreducible root lattices in R. The remaining generators
of the Néron—Severi lattice should then arise as sections (of small height) in the
Mordell-Weil group of the elliptic fibration. Of course, we need to make sure that
N contains Eg @ E7, but this is easily achieved by showing that the dual lattice N*
contains a vector of norm 2/D.

For most of the examples in this paper, we were able to describe a family of
elliptic K3 surfaces with Néron—Severi lattice Lp and with Mordell-Weil rank 0O
or 1. This construction gives us a Zariski-open subset of F7,,, with some possible
missing curves corresponding to jumps in the Mordell-Weil ranks or the ranks of
the reducible fibers, or to denominators introduced in the parametrization process.

For all the examples we considered, the moduli space F,, turns out to be rational
(i.e., birational with P? over Q). This property will fail to hold once D is large
enough, but there is still some hope of writing down usable equations for Fz , if it
is not too complicated.

Suppose that we have exhibited a Zariski open subset of F7,,, as a Zariski open
subset U = IP%S\V of the projective plane.
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Step 2. We find a different elliptic fibration on the generic member of the family of
K3 surfaces in Step 1, with reducible fibers of types Eg at t = co and E7 at t = 0.
This is accomplished by 2- and 3-neighbor steps, which we shall describe in the
next section.

Once we obtain the alternate elliptic fibration, we may compute the map from
U to A; by the explicit formulas of Section 2.4. This gives us the Igusa—Clebsch
invariants of the associated genus-2 curve, in terms of the two parameters r and s.

Step 3. Consider the base change diagram
Y_(D) —— Fyp,

5‘[ l¢
Y (D) ——> Hp

Since ¢ is a birational map, so is (Z We want to describe the degree-2 map 7. In the
current situation, we must have a model for Y_ (D) (which is birational to Y_ (D))
of the form

2= fr,s),

where f(r,s) = 0 describes the branch locus of 77. As we have seen, this locus
f(r, s) = 0 must be the union of some irreducible curves, which are either compo-
nents of the excluded locus V above, or belong to the sublocus of U where the Picard
number jumps by 1, the discriminant changing to 2D or D /2. There are finitely many
possibilities for how this may happen. For instance, the elliptic fibration may have
an extra A fiber, or a Dg fiber may get promoted to an E fiber, or the surface may
have a new section that raises the Mordell-Weil rank. Similarly, in any instance, we
may easily list the allowed changes in the reducible fibers, or the allowed heights and
intersections with components of reducible fibers of a new section of the fibration.
Hence we get a list of polynomials fi(r, s), f>(r,s), ..., fr(r,s) € Z[r, s] whose
zero loci are the possible components of the branch locus. We may assume that
each f;(r, s) has content 1.
We therefore have the following model for Y_(D) as a double cover of IF’%’S:

= f(r.5)=Cf,(r,8) fi (r.5) ... fi, (1, 5)
for some subset {iy, ..., i} C{l1,..., k} and some squarefree integer C.

Step 4. In the final step, we show how to compute the subset I = {iy, ..., i}
and the twist C. First, we note that the Hilbert modular surface Y_(D) has good
reduction outside primes dividing D, by [Rapoport 1978; Deligne and Pappas 1994].
Therefore, there are only finitely many choices for C as well. Now we check each
of these choices by computer, using the method described in the next paragraph,
and rule out all but one.
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So suppose we have a putative choice of C and /. We proceed to check whether
this choice of twist is correct by reduction modulo several odd primes p that do not
divide the discriminant D. We specialize r, s to elements of [,, and by the formulas
of Step 2, obtain Igusa—Clebsch invariants for in weighted projective space over [,.
Since the Brauer obstruction vanishes for finite fields, we can construct a curve C;
over [,.

We may use the following lemma to detect whether the Jacobian of C, ; has real
multiplication defined over [, or not.

Lemma 13. Let A be an abelian surface over [, and let ¢ be the Frobenius

endomorphism of A relative to T,. Suppose that the characteristic polynomial P(T)

of ¢ is irreducible over Q. Let Q be the symmetric characteristic polynomial of

¢+ pp~', defined by P(T) = T*>Q(T + pT~").

(1) If A has real multiplication by an order in Op defined over F,, then Q is a
quadratic polynomial of discriminant c> D for some integer c.

(2) If A has real multiplication by an order in Op, defined over 2, but not over [,
then we have Q(X) = X? — n for some n € Z not of the form c>D for any
integer c.

(3) If Q(X) is a quadratic polynomial of discriminant D (resp. ¢>D for some
positive integer c¢), then A has real multiplication by Op (resp. an order in Op
of conductor dividing c), defined over [, .

Note that A might simultaneously have real multiplication ¢ : O < End(A) and
': 0" — End(A) by two orders of Op, if its ring of endomorphisms is a quaternion
algebra. Furthermore, if one of these is defined over [, and the other only over F2,
then by parts (1) and (2) of the lemma, Q(X) must be of the form X2 — ¢?>D for
some integer c.

We will give the proof of the lemma below, but first we indicate how to use
it to find the correct twist. We choose a suitable prime p { D, and for some r, s
in [F,, we calculate the number of points mod p and p? of the resulting curve C, ;.
This is enough to describe the polynomial Q(X) for the abelian surface A = J(C),
by the Lefschetz—Grothendieck trace formula. Suppose P(T) = T?Q(T + pT™
is irreducible. Then the first hypothesis of the lemma is satisfied. If in addition
Q(X) = X?> + aX + b has discriminant D and nonzero linear term a, then A
must have real multiplication defined over [, by part (3) of the lemma (and the
comments following it). In fact, most of the time we can even make do with the
weaker assumption that Q(X) has discriminant in the square class of D, since (3)
guarantees that A has real multiplication by an order in Q(+/D). We can compute
the discriminant of NS(A) by computing that of NS(Y), where Y is the elliptic
K3 surface related to A by a Shioda—Inose structure. If this discriminant is D, it
follows that A must have real multiplication by the full ring of integers Op.
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Now, by the property of a coarse moduli space, A gives rise to an [,-point (r, s)
of the Hilbert modular surface Y_(D), i.e., the corresponding point on the Humbert
surface must actually lift to the double cover. Therefore, if Cf; (r,s) ... fi, (r,s) is
not a square, we must have the wrong quadratic twist. We can run this test for many
such (r, s) € [, x [,,. Note that a single large prime is usually enough to pin down
the correct choice of {iy, ..., i,}, by eliminating all but one possibility. However,
to pin down the correct choice of C, we may need to use several primes, until we
find one for which C/C’ is not a quadratic residue, where C’ is the correct twist.
However, in any case, this procedure is guaranteed to terminate, and in practice, it
terminates fairly quickly.

At the end of Step 4 of the algorithm, we have determined a birational model of
Y_(D) over Q. We now give the proof of the lemma above.

Proof of Lemma 13. We will use [Tate 1966a, Theorem 2]. Since P (T) is irreducible,
it follows that F' = Q[¢] is simple, and also that F' = E :=Endy, (A) ®Q is a quartic
number field. First, assume that real multiplication by an order O C Op is defined
over [F,2 but not over [,. Say O contains f /D for some positive integer f. Then
consider the base change of A to 2. The Frobenius over the new field is ¢?, and
therefore, ¢? commutes with f+/D, but ¢ must anticommute with f+/D. Therefore
Q(¢?) is a strict subfield of Q(¢), and must be quadratic. Hence ¢ satisfies a
quadratic equation ¢* + a¢> 4+ b = 0, and since this must be the characteristic
polynomial of ¢, we must have b = p?. Therefore

P*+pPp i ta=(p+pp ) +a—-2p=0,

proving the assertion (1).

Now, assume that A has real multiplication by O C Op, defined over F,, and
let /D C O, as before. Then Q(¢p + p¢~") is a quadratic subfield of Q(¢).
Also, f+/D € Q(¢), so we have f+/D = g(¢) for some polynomial g € Q[T].
Then f+/D is its own dual isogeny, and so f VD = g(pp~") as well. Therefore,
f\/ﬁ = %(g(q&) +g(p¢_1)) can be expressed as h(¢ + p¢_1) for some h € Q(T).
It follows that @(~/D) = Q(¢+ p¢~") and therefore the minimal polynomial Q(T')
of ¢ + p¢~! has discriminant equal to D times a square. This proves (2).

Finally, if Q is a quadratic polynomial of discriminant c?D, then n=¢+po~ is
an endomorphism of A satisfying Q(n) = 0. Therefore Z[n] = O :=Z+ ¢ Op, and
we conclude that A has real multiplication by O defined over F,, proving (3). [

We conclude this section with a few comments on the models of Hilbert modular
surfaces computed in this paper. We first give formulas for the family of elliptic
K3 surfaces over F7,,,, and then describe the 2- and 3-neighbor steps necessary to
reach the alternate fibration of Step 2. The details of the parametrization will not
be included in the paper, but they are available in the online supplement. Steps
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3 and 4 are relatively easy to automate. We simply write down the result, which
is the equation of Y_(D) as a double cover of the Humbert surface. We give a
table of points of small height for which the Brauer obstruction vanishes, and the
associated curves of genus 2. We also analyze the Hilbert modular surface further
in the cases that we can describe it as a K3 or honestly elliptic surface. In particular,
we determine the (geometric) Picard number and generators for the Mordell-Weil
group of sections in most of the cases. We also analyze the branch locus of Step 3,
identifying it with a union of quotients of classical modular curves in several cases,
with the help of explicit formulas given in [Elkies 1998] or obtained by the methods
of that paper. Finally, for many discriminants, we are able to exhibit curves of low
genus on the surface, possessing infinitely many rational points.

We found the method of [van Luijk 2007] quite useful in determining the ranks
of the Néron—Severi lattices of these surfaces. Briefly, the method is as follows.
Let X be a smooth projective surface over Q. For a prime p of good reduction, let
X, be the reduction of a good model of X at p. By counting points on X, (F,) for
a small number of prime powers ¢ = p®, we obtain the characteristic polynomial
of the Frobenius ¢, on some {-adic étale cohomology group H 2(X x Fp, Q). The
number of roots pg(p) of this polynomial which are p times a root of unity is an
upper bound on the geometric Picard number of X,. Therefore p(X) < po(p)
for such primes. If we have po(p1) = po(p2) = po, but the (expected) square
classes of the discriminant of the Néron—Severi groups modulo these primes (as
predicted by the Artin—Tate formula [Tate 1966b]) are distinct, we may even deduce
p(X) < po. For if X, does not satisfy the Tate conjecture for some p € {p1, p2},
then p(X) < p(X,) < po. On the other hand, if both these reductions satisfy the Tate
conjecture, then they also satisfy the Artin—Tate conjecture [Milne 1975a, 1975b],
and since the size of the Brauer group of X, is a square [Milne 1975a; Liu et al.
2005], the Néron—Severi groups must have discriminants in the same square class.

5. Neighbor method

Finally, we describe how to transform from one elliptic fibration to another, using
2- and 3-neighbor steps. We start with an elliptic K3 surface over a field k£, which
we assume has characteristic different from 2 or 3. Let F be the class of the fiber,
and O be the class of the zero section. The surface X is a minimal proper model of
a given Weierstrass equation

V2 =23+ ar(t)x* +as(t)x + as(1).

Here the elliptic fibration is 77 : X — P!. Now, let F’ be an elliptic divisor (i.e., F’
is effective, F’2 = 0, the components of F’ are smooth rational curves, and F’ is
primitive).
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We would like to write down the Weierstrass equation for this new elliptic
fibration on X. The space of global sections H%(X, Ox(F')) has dimension 2
over k. The ratio of any two linearly independent sections gives us the new elliptic
parameter u. To compute the space of global sections, we proceed as follows. Any
global section gives a section of the generic fiber E = 7 ~!(n), which is an elliptic
curve over k(t) =k(n). Therefore, if we have a basis of global sections of D = Fﬁor’ 0
over k(t), say {s1, ..., s} (where r = h(Og(D)) = deg(D) = Fﬁ

o F=F-F),
we can assume that any global section of Ox (F”) is of the form

bi(t)sy +---+b,(1)s,.

We can now use the information from Fy;, which gives us conditions about the
zeroes and poles of the functions b;, to find the linear conditions cutting out
HO(X, Ox(F")), which will be 2-dimensional.

When F - F’ = r, we say that going between these elliptic fibrations is an r-
neighbor step. We will explain the reason for this terminology shortly. In this paper
we use only 2- and 3-neighbor steps. First, we describe how to convert to a genus-1
curve in the case when E = Fy, =20 or 30. These are the most familiar cases
of the 2- and 3-neighbor steps, and the other cases of the 2-neighbor step that are
needed are more exhaustively described in [Kumar 2014].

Suppose D =20. Then {1, x} is a basis of global sections of Og (D). Therefore,
on X we obtain two global sections, 1 and c(¢) + d(¢)x for some c(t), d(t) € k(¢).
The ratio between the two gives the elliptic parameter u. We set x = (u —c(¢))/d (1),
and substitute into the Weierstrass equation to obtain an equation

v =g(t,u).

Because F’ is an elliptic divisor, the generic fiber of this surface over IP,IA is a curve
of genus 1. Thus, once we absorb square factors into y> we obtain an equivalent g
that is a polynomial of degree 3 or 4 in ¢. Then y? = g(t, u) is standard form of the
equation of a genus-1 curve as a branched double cover of P'.

Suppose D =30. Then {1, x, y} is a basis of global sections of Og(D). On X
we obtain two global sections, 1 and c(¢) +d(t)x + e(t)y. We set the ratio equal to
u, solve for y, and substitute into the Weierstrass equation to obtain

(u —c(t)+ d(t)x)2 = e(t)z(x3 + az(t))c2 +as(t)x + a6(t)).

This equation is of degree 3 in x, and after some simple algebra (scaling and
shifting x), we may arrange it to have degree 3 in ¢ as well. We end up with a plane
cubic curve, which is the standard model of a genus-1 curve with a degree-3 line
bundle.

Finally, if we also know that the elliptic fibration corresponding to F’ has a section
(which follows in each of our examples by Proposition 4), then it is isomorphic
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to the Jacobian of the genus-1 curve we have computed. We may use standard
formulas to write down the Weierstrass equation of the Jacobian (see [An et al.
2001] and the references cited therein), and this is the desired Weierstrass equation
for the elliptic fibration with fiber F’.

This neighbor step from F to F’ corresponds to computing an explicit isomor-
phism between two presentations ZO +ZF + T and ZO' + ZF' + T’ of NS(X).
Note that 7 = F1/ZF, where * refers to the orthogonal complement in NS(X).
The sublattice (ZF 4+ ZF')* projects to an index-r sublattice of both FX/ZF and
F'LJZF', where r = F - F’. Therefore these lattices are r-neighbors.

6. Discriminant 5

6.1. Parametrization. This is the smallest fundamental discriminant for real mul-
tiplication, and it is small enough that we do not need any 2- or 3-neighbor steps:
we can instead just start with a K3 surface with Eg and E7 fibers, and ask for the
extra condition which allows a section of height % =4 - %

Proposition 14. The moduli space of K3 surfaces lattice polarized by Ls, the
unique even lattice of signature (1, 17) and discriminant 5 containing

U® Es(—1) @ E7(—1),

is birational to the projective plane [P’; u- The family of K3 surfaces is given by the
Weierstrass equation

Y= x4+ 13(=3g% + Dx — 1O (4n* P+ (h + gt + (dg + 1)).
Proof. We start with a family of elliptic K3 surfaces with Eg and E7 fibers:
yv2 =x3 +xt3(ag +art) + 12 (bo + bt + bat?).

To have discriminant —5 for the Picard group, the elliptic K3 surfaces in this
family must have a section of height % =4— % The x-coordinate for such a section
must have the form #%(x + x1¢ + h?t?). Substituting x into the right-hand side
and completing the square, we may solve for by, b1, b and a; in terms of ag, i, xg
and x1. We then set x| = eh and xo = g + e? /4 to simplify the expressions. Finally,
we note that scaling x, y, r by A2, A3, u/A gives ag, e, g, h weights (1, 3), (0, 1),
(0,2) and (—1, 2) respectively with respect to (A, u). Therefore, we may scale
ap and e to equal 1 independently (at most removing hypersurfaces in the moduli
space), and get the parametrization in the statement of the proposition. We note
that the section P of height % is given by

x(P) =112 ((1+2h1)* +4g),  y(P)= (1 +2ht)((1+2ht)* +6g). O
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Corollary 15. The Humbert surface Hs is birational to Péi s With the map to A
given by the Igusa—Clebsch invariants

(L:ly:lg: Iip) = (6(4g + 1), 9g%, 9(4h +9g> +2g%), 4h?).

Proof. This follows immediately from Theorem 9. The Igusa—Clebsch invariants
may be read out directly from the Weierstrass equation above. O

Theorem 16. A birational model over Q of the Hilbert modular surface Y_(5) is
given by the following double cover of [F’;h:

2% =2(6250h* — 4500g%h — 1350gh — 108h — 972¢° — 324g* —27¢°).
It is a rational surface (i.e., birational to P?).

Proof. We follow the method of Section 4. The possible factors of the branch locus
are g, h, 8h — 9g? (the zero locus of this polynomial defines a subvariety of the
moduli space for which the corresponding elliptic K3 surfaces acquire an extra
I, fiber), 64h% + 48g%h 4 48g> 4+ 9g* (extra II fiber), and 6250h% — 4500¢%h —
1350gh — 108h — 972g> — 324g* — 27g3 (extra I, fiber). By Step 4 of the method,
we deduce that only the last factor occurs, and the correct quadratic twist is by 2. It
was already well-known that the Hilbert modular surface is a rational surface, but
we give an explicit parametrization in the following analysis. (]

6.2. Analysis. This is a rational surface: to obtain a parametrization, we complete
the square in &, writing & = k + 9(250g2 + 75g + 6)/6250. Following this up
with £k = 3m(10g + 3)(15g + 2)/6250, and removing square factors by writing
z=13n(10g+3)(15g+2)/25, we obtain the equation 5n> —m?*+9430g = 0, which
we can solve for g. This gives an explicit birational map between Y_(5) and [P’fn’n.

The branch locus is the curve obtained by setting z = 0, or alternatively n =0 in
the above parametrization. It is parametrized by one variable m; we have

(m*—=9) (m—2)*>(m+3)3
(g’h):< 30 12500 )

6.3. Examples. We list in Table 1 some points of small height and corresponding
genus-2 curves. The second entry in the table is the modular curve X¢(67)/(w),
where w is the Atkin—Lehner involution. We find several other modular curves
with real multiplication by Os (and also a few for discriminants other than 5)
corresponding to points of larger height.

6.4. Brumer’s and Wilson’s families of genus-2 curves. Genus-2 curves whose
Jacobians have real multiplication by Os have been studied by Brumer [1995] and
Wilson [1998; 2000]. Brumer describes a 3-dimensional family of genus-2 curves
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Rational point (g, /) | Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)

-8 4—7) — o 4xt—=xd x4 2x -1
-3 67) X042+ xt —2x3 F2x% —dx + 1
0, %) 30 +5x° + 1
%) Ax0 +4x> +5x* —5x2 —2x =2
: 2) —x0 —2x* —6x3 —5x2—6x—1
—% ——4) —Tx0 —7x% —5x* 4+ 5x7 —x — 1
3x0 —6x° + Tx* —2x3 —2x%2 —1
x0 —4x° +10x* —10x3 +5x2 +2x =3
—x8— x5 45x2 = Tx — 12
Tx% 4+ 5x4 4+ 3x3 —9x% — 14x -7
2x% —6x° —6x* 4+3x3 —18x2 —6x —2
9x6 — 14x° + 13x* — 2x3 — 22x2 —8x — 7
6x% —2x% — 15x* — 16x3 — 25x2 — 8x — 4
—x042x% — 5x* +30x3 — 10x> +8x — 1
—2x% —2x° — 11x* —29x3 — 31x% — 26x — 6
—2x% +36x% + 5x* 4 35x% — 10x* — 21x — 17
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Table 1. Some points of height <100 on the surface of Theorem 16
and the corresponding genus-2 curves.

given by

Y+ (1T+x+x7 +c(x+x2)y
= —bdx*+ (b —d — 2bd)x> + (1 = 3b — bd)x* + (1 + 3b)x +b.

In the online supplement, we give formulas for the corresponding values of our
parameters g and #.

Wilson describes a family of genus-2 curves by their Igusa—Clebsch invariants.
His moduli space is 2-dimensional, though he uses three coordinates zg, s, and os
of weights 1, 2, 5 respectively, in a weighted projective space. These coordinates
are related to ours via

21%4—52 05)
1222 764z )

7. Discriminant 8

7.1. Parametrization. We start with an elliptic K3 surface with fibers of type Dg
and E7. A Weierstrass equation for such a family is given by

y2 =x+ t((Zr + Dt + r)x2 + 2rst4(t + Dx + rs?t’.
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We then identify a fiber of type Eg, and transform to it by a 2-neighbor step.

-] [ .

The resulting elliptic fibration has Eg and E7 fibers, and we may read out the
Igusa—Clebsch invariants, and then compute the branch locus of the double cover
that defines the Hilbert modular surface. It corresponds to elliptic K3 surfaces with
an extra I, fiber. We obtain the following result for Y_(8).

Theorem 17. The Humbert surface Hg is birational to [Ij’f’ s> With the explicit map
to Aj given by the Igusa—Clebsch invariants

I, =—43s 4+ 8r —2),
Ly =40rs +4r* +4r +1),
Is = —4(36rs> +94r%s — 35rs +4s + 48r> +40r% + 4r — 2),

Iio= —8s%r3.

A birational model over Q for the Hilbert modular surface Y_(8) as a double cover

Rational point (r, s) | Sextic polynomial fi(x) defining the genus-2 curve y> = fi(x)

5% 30) X0 — x4+ 3t P20+ 1

—34,59—0) x0—2x3 —2x* —4x34+2x24+4x -3
%) x042x° = 3x* 553 a2 —x—1
%,%) —x0—4xS —6x*+2x2+2x —1
—52, %) —4x® +2x% 4+ 5x* = Txd —x + 1
%,2—9) —x0— X3 —Tx245x—4
—g, %3) —2x0 4+ 6x0 —x* —Tx3 —x%2—3x
x0 4+ 5x% 4+ 8x* 4+ 5x3 +5x2 —8x 4+ 4
—x0 —4x° —8x* —8x3 —8x2+4x —4
—x04+6x* —8x3+6x2+6x -9
—x0 4+ 6x° —9x* +3x2 —6x —2
x0—Tx* = 7x3 —x>4+9x +9
—3x% —9x> — 2x* 4+ 10x3 4+ x% 4+ 3x
—x0—2x° —Tx* +4x3 = 3x2+10x -5
—3x0 —10x° — Tx* —5x%2+2x — 1
4x0 —7x> —3x* —2x3 +10x2 +5x + 1
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Table 2. Some points of small height on the surface of Theorem 17
and the corresponding genus-2 curves.
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of P? is given by the equation
=2 (16rs2 +32r%5 —40rs — s + 161> +24r> + 12r +2).
It is also a rational surface.

7.2. Analysis. This Hilbert modular surface is a rational surface. To see this, we
may complete the square in s, setting s =s; —r + 5/4 4+ 1/(32r). Then setting
s1 =m(16r —1)/(32r) and z = n(16r — 1), we remove square factors from the
equation, which becomes linear in ». We find r = (m? — 1)/(32n2 — 16), thus
obtaining an explicit parametrization of Y_(8) by I]j’gm.

The branch locus is a genus-0 curve; we obtain a parametrization by setting

z7=0:
(1 -2 (t+3)° )
(r,s) = , )
16 " 16(t+1)

7.3. Examples. Table 2 lists some points of small height and their genus-2 curves.

8. Discriminant 12

8.1. Parametrization. We start with an elliptic K3 surface with fibers of types Es,
D¢ and A,. The Weierstrass equation for such a family is given by

V=x4+ (1= A0 —1) +1)tx> +2et> (t — Dx +*(t — 1)*F.

We identify a fiber of type E7, and move to the associated elliptic fibration by a

2-neighbor step.

The new elliptic fibration has Eg and E7 fibers, and so we may read out the
Igusa—Clebsch invariants, and determine the branch locus for the Hilbert modular
surface.

Theorem 18. A birational model over Q for the Hilbert modular surface Y_(12)
as a double cover of Pg, ¢ is given by the equation

2=(f = D(f +D(fO = £* — 18ef2 +27¢* + 16¢).
It is a rational surface.

8.2. Analysis. Note the extra involution (e, )+ (e, —f) arising from the Hurwitz—
Maass extension (as described at the end of Section 3), since 12 is not a prime
power. In fact, there are two independent involutions evident in the diagram above,
but one of them has been used up to fix the Weierstrass scaling of x (namely, the
coefficient of x2 evaluates to 1 at = 1). The other involution is reflected in the
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Weierstrass equation for the universal family of elliptic K3 surfaces as f — —f. It
preserves the branch locus of the map Y_(12) — 15, and therefore lifts to Y_(12).

The branch locus has three components; the two simple components f = =1
correspond to the Dg fiber getting promoted to an E7 fiber, while the remaining
component corresponds to having an extra I, fiber. This last component is a rational
curve; completing the square with respect to e, we find after some easy algebraic
manipulation the parametrization

2
(e,f):(]6(2h 13)’ 24h )
(h*+3)°  h*+3

This Hilbert modular surface is rational as well. To obtain an explicit parametriza-
tion, note that the right-hand side of the above equation is quadratic in e, and e =0
makes it a square. Therefore the conic bundle over [P’; has a section. Setting
z=ge+ f2(f%—1), we may solve for e, obtaining a birational parametrization by
v,

We will not list the Igusa—Clebsch invariants for this (and higher) discriminants,
as they are complicated expressions. They are available in the online supplement.

8.3. Examples. Table 3 lists some points of small height and their genus-2 curves.

Rational point (e, f) | Sextic polynomial fs(x) defining the genus-2 curve y? = fg(x)

3—‘71,5) X0 —2xS 4 x*t —3x242x — 1
%,—%) X —x*4x3—-3x2—x+5
£,2) —3x0 4 6x7 +4x* —2x3 —8x2—6x—6
) —x0—8x 4+ 12x — 12
-1.2) —x0+12x* +8x —12x% +12x — 4
s —2) —8x0 4+ 12x* 4+ 8x3 —6x2—12x -3
—5x0 4+ 12x° —6x* +8x3 — 12x2 -8
—x3 +13x* —6x3 —2x2+3x -7
x4 2x° +13x* — 1623 +17x2 +4x + 8
—8x® —12x° +15x* +5x° = 21x? 4+ 15x — 5
—x% —6x° — 11x* — 14x3 — 23x% +6x + 3
—5x% —10x° — x* +24x3 — 5x2 — 8x — 20
x® —6x° —3x*+24x3 —3x2 -4
4x0 —24x5 4+ 27x* — 28x3 +21x%* =5
3x6 —26x% +31x* +12x3 —3x2 — 10x — 15
—5x0 4 3x% — 12x* 4 28x3 4 12x% — 36x
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Table 3. Some points of small height on the surface of Theorem 18
and the corresponding genus-2 curves.
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We mention a few special curves on the Hilbert modular surface, which one
may recognize by looking at a plot of the rational points. First, specializing f to
some fy € QQ gives a conic in z and e, which always has a rational point (since, as
we noted above, e = 0 makes the right-hand side a square). These may be used
to produce many rational points and examples of genus-2 curves when the Brauer
obstruction happens to vanish.

Another noticeable feature of the plot is the parabola e = 4( > —1)/9. We check
that the Brauer obstruction vanishes identically on this locus, giving a family of
genus-2 curves whose Jacobians have real multiplication by O;,. Note that this is
a non-modular curve: generically the endomorphism ring is no larger (i.e., not a
quaternion algebra).

9. Discriminant 13

9.1. Parametrization. We start with an elliptic K3 surface with reducible fibers of
types Es, E¢ and A, and with a section of height % =4-— % — % A Weierstrass
equation for such a family is given by

Vi=x3+@g+D2x? —4gh—g— Dt — D*x +4g%1 — D2 * (%t + 1).
We identify an E7 fiber below and move to it by a 2-neighbor step.

P

The resulting elliptic fibration has Eg and E7 fibers, so we may read out the
Igusa—Clebsch invariants and work out the branch locus of the double cover defining
the Hilbert modular surface. It corresponds to the elliptic K3 surface having an
extra I, fiber.

Theorem 19. A birational model over Q for the Hilbert modular surface Y_(13)
as a double cover of IP’; 5 18 given by the equation

22 =108gh® — (27g* +468g — 4)h> + 8(82g% +71g —2)h — 16(2g — 1)°.
It is a rational surface.

9.2. Analysis. The surface Y_(13) is rational. To show this, we proceed as follows.
The substitutions g = g; — 51—4 and h = hy + %, followed by h| = mg;, make the
right-hand side quadratic in gy, up to a square factor. Removing this factor by setting
z=12181/18, and then setting g; = g»/54, we get the conic bundle over Q(m)

23 =3m*(dm —1)g3 —6(2m> —301m> — 528m 4 128) g — 507 (m* — 96m — 1024).
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Furthermore, go = 1 makes the resulting expression a square, giving us a rational
point on the conic over Q(m). Therefore, we may set z; = 36(m +20) +n(gr — 1)
and solve for g,. This gives us a birational parametrization of Y_(13) by an’n.

We can also deduce that the branch locus is a rational curve, as follows. By
setting z; = 0, we obtain a quadratic equation in g, whose discriminant, up to a
square factor, is m? — 44m + 16. Setting it equal to n? and noting that m = 0 makes
the expression a square, we obtain a parametrization of this conic, as

2 11
4 Tt .
r2—1

m = —

Working backwards, we obtain a parametrization of the branch locus as

) — —20r—=2*r+1)  202r+5)° )
(& )_( 27r+7) 270+ D(r+7) )

9.3. Examples. Table 4 lists some points of small height and their genus-2 curves.

On a plot of rational points we observe the line &7 = (g +4)/3, along which the
Brauer obstruction vanishes, leading to a family of genus-2 curves whose Jacobians
have “honest” real multiplication by O3.

Rational point (g, i)

Sextic polynomial fs(x) defining the genus-2 curve y? = f5(x)

—3x%—6x° +4x3 +3x2+6x -5
X+ 5x4 4553 —5x2+6x — 1
—x> —2x* =3x3 —6x2 =7
x0 4 4x3 4+ 2x* —8x3 —5x2 =5
—x® 4 3x* 4+ 12x3 + 622 — 11
13x% 4+ 12x° +6x* 4+ 10x> — 7x? — 2x + 1
—x0—2x° —x* 4+ 14x3 +2x2 —8x -9
3x0 4 12x° + 6x* —4x3 — 15x2 +5
—x0 4+ 18x° +3x* —6x3 +6x2 =5
—x®—6x* —10x3 —9x2 —30x + 11
—x0 —2x* — 1023 +7x%2 —30x — 9
—31x0 + 12x° —30x* +4x3 —33x2 — 12x — 1
7x0 4+ 18x° — 9x* —34x3 4+ 18x2 =5
—5x% 4+ 6x° +3x* —4x3 +18x> —36x — 9
—x043x* —20x3 4+30x% — 36x +9
—x% —9x* 4+ 8x3 —30x% 4+ 36x — 3

Table 4. Some points of small height on the surface of Theorem 19
and the corresponding genus-2 curves.
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10. Discriminant 17

10.1. Parametrization. We start with an elliptic K3 surface with a 1,7 fiber. A

Weierstrass equation for such a family of surfaces is given by

v =3

+ (1428t +Qh+(g+DH1*+2(gh+g+2g* +h) > + (g +h)*+2g7)t*)x*
—4h* (14 gt +(h+2g + D>+ (h+2g>+ )17 )x +4h*t'0((2g + D* +1).

We first identify an E; fiber and go to the associated elliptic fibration via a

2-neighbor step.

The resulting elliptic fibration has E£7 and Ag fibers, and a section P of height

% =4— % — %. We next identify a fiber F’ of type Eg and perform a 3-neighbor
step to move to the associated elliptic fibration.

P

Since P - F' =2, while the remaining component of the Ag fiber intersects F’
with multiplicity 3, the new elliptic fibration has a section. We may therefore convert
to the Jacobian; this has Eg and E7 fibers, and we may read out the Igusa—Clebsch
invariants.

Theorem 20. A birational model over Q for the Hilbert modular surface Y_(17)
as a double cover of P? is given by the equation

22 = —256h° + (192g% 4 464¢ + 185)h?
—22g+1)(12¢° —65g> —54g —Dh + (g + D*(2g + 12
It is a rational surface.

10.2. Analysis. This is evidently a rational elliptic surface over [P’;,. In fact, it is
a rational surface over Q. We exhibit a birational parametrization as follows: set
h= (4(2 g+DH+mQ2g+1)Q27g+ 13))/27 and absorb square factors by setting
z=212g+1) (27 g+ 13)/243, to get (after scaling g = g/3) the equation
23 =—98m —1)°g} —2(16m +7)(424m* — 385m + 1) g,

—3(3328m> — 1923m* — 3138m — 803)

which is a conic bundle over I]J’,ln. We see that g = —% makes the right hand side a
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square, and so setting z; =9(2m + 11)/2 +n(g, + %) and solving for g|, we get a
birational map from P, .

The branch locus is a curve of genus 0. To produce a parametrization, we set
z1 = 0 and note that the discriminant of the resulting quadratic equation in g is a
square times 64m> +218m — 8. Setting 64m? 4 218m — 8 = (8m +r)? and solving
for m, we ultimately obtain:

—(8r3 —111r2 + 1212r — 8146) (r — 17)*(r + 10)*
(ga h) = < ) 3 ’ 6 )
@2r—="17) 42r —=17)

10.3. Examples. Table 5 lists some points of small height and their genus-2 curves.

A plot of the rational points on Y_(17) reveals two special curves on the surface.
First, there is the line 7 = —g /2. Substituting this into the equation for the Hilbert
modular surface, we obtain a conic, which can be parametrized as

) — m?>—4 m?—4
&)= (_2<m—6>’ 4(m—6)>'

The Brauer obstruction vanishes along this locus. However, this curve is modular:
the endomorphism ring is a split quaternion algebra, strictly containing Q7. The

Rational point (g, k) | Sextic polynomial fi(x) defining the genus-2 curve y*> = fi(x)

(0, %) —2x0 — x° — 6x* —5x3 —4x% —4x
(-2 %) 3x0 4 4x% +4x* — 6x° — 5x%2 —dx + 4
(6, 26) —2x0 420 4 x* 4+ 8x3 + 7x? +4x
(%,5) —2x0 —x° 4+ 8x* —5x3 —4x2+4x —4
(%, —%) —8x0 4+ 8x° + Tx* +2x3 —x

(5, —11) 4x +9x% 4 2x3 — 8x% — 2x
(5,22) 2x% — 4x5 +9x* — 10x3 4+ 4x% — 4x
(%, %) —10x% — 10x° — 2x* —7x3 — x

—1 x> +3x4 4+ 11x% — 7x% 4+ x
X =TIx34+2x2—8x+12
4x° —x* —13x3 —3x2 4+ 13x
3x0 4+ 7x° +6x* +16x3 4+ 14x> —8x — 8
—7x% —19x° — Tx* 4+ 14x3 — x
—4x° 4+ 19x° —20x* + 11x* + 15x% — 8x — 4
—4x> 4+ 20x* — 12x3 — 15x2 — 4x
—4x% —12x% — 27x* +2x% + 12x2 + 18x

Bl
|
4
—N— O\

w
~—

|
Rl
|

o w—
[ |
oY B
~— ~— N oo|
N

AA/—\/T\A/—\/—\/—\
—_—
N
|
N
35}
SN—

>
2

oo;
~— hlw »—al__ -

Table 5. Some points of small height on the surface of Theorem 20
and the corresponding genus-2 curves.
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second curve is the parabola h = —(6g*>+g — 1) /8. The Brauer obstruction vanishes
along this curve too, giving a 1-parameter family of genus-2 curves whose Jacobians
have real multiplication by O7.

11. Discriminant 21

11.1. Parametrization. We start with an elliptic K3 surface with fibers of type Ej,
Ag and A; at t = 00, 0 and 1 respectively.
A Weierstrass equation for such a family is

v = X3+ (ag + art + axt?)x* + 262t — 1) (bo + b1 t)x +t*(t — 1)%(co +c11)
with
ap=1, a1:—r2+2rs—1, a2:(r—s)2;
bo=(*=D(s—=r?  bi=0"=Ds—r)’rs=1);
co= (r2 — 1)2(s — r)4, c1 = (r2 — 1)3(s — r)4.

We identify a fiber of type E7, and a 3-neighbor step gives us the desired EgE7
fibration.

We read out the Igusa—Clebsch invariants, and the branch locus of Y_(21) as a
double cover of P%’ , corresponds to the subvariety of the moduli space where the
elliptic K3 surfaces have an extra I, fiber.

Theorem 21. A birational model over Q for the Hilbert modular surface Y_(21)
as a double cover of [P’i ¢ I8 given by the equation

22 =165 — 8r(27r? —23)s> + (621r* — 95472 + 349)5s>
—18(r3 —r)(33r2 —=29)s + (r* — 1)(189(r* — r?) + 16).

It is a singular K3 surface (i.e., of Picard number 20).

11.2. Analysis. The extra involution (corresponding to 21 = 3 - 7) here is given by
(rv S) = (_r9 _S)'
The branch locus is a rational curve; a parametrization is given by

. 5) h*+72h% —81 (K% —9)(h* — 126h% + 189)
r,s) = s .
18k (h2 +3) 432h(h? +3)

The equation of Y_(21) above expresses it as a surface fibered by genus-1 curves
over P!. In fact, since the coefficient of s* is a square, this fibration has a section,
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and we may convert it to its Jacobian form, which after some simple Weierstrass
transformations may be written as
22 = wd + (=27r* + 43)w? +-4(F — 1)(8127r* — 18459r% + 9740)w

+4(r* — 1)*w(—186624r° 4+ 1320813r* — 1817964r% 4+ 705679).

This is a K3 surface with an elliptic fibration to P!. The discriminant of the
cubic polynomial is

(r? = 1) Q27r* = 25)227r* + 3421 — 289)3,

from which we deduce that we have three I, fibers (including r = oo) and six I3
fibers, which contribute 15 to the Picard number. We find the following sections.
Py = (6(r* — 1)(6r* —=7), 4(r — D) (r + 1)(27r* + 342r> — 289)),

Py = (2(324r* — 1503r% +1019) /21, 8(27r — 25)(27r* + 342r* — 289) /21 1)),
Py = ((—=102+32v)(r* — 1), 32vr (r* — 1)(=27r* 4+ 31 +22v)),

Py = (=102 = 32v)(r* — 1), =32vr (r* — 1)(=27r* + 31 — 22v)).

Here u = +/21 and v = 4/—1. Note that Py is a 3-torsion section, whereas the
height matrix for Py, P,, Ps is

! 2 00
3 013 1
0 113

Therefore, the Picard number of the surface is 20, and the discriminant of the lattice
spanned by these sections and the trivial lattice is 1008 = 24327. We showed that
this is the entire Néron—Severi group by checking that the above subgroup of the
Mordell-Weil group is 2- and 3-saturated.

Using Py, we may rewrite the equation in the much simpler form

2+ Or? = 13)wz 4 (r2 — 1)(27r* +342r> — 289)z = w’.
The quotient of the Hilbert modular surface by the involution
(r,s,2) = (—=r, —s, —2)
is the rational elliptic surface

2= w4 (=272 + 43)w? + 4(r — 1)(8127+% — 184591 + 9740)w
+4(t — 1)%(—1866241> + 13208131> — 18179641 + 705679).
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It has three reducible fibers of type I3 and one of type I», a 3-torsion section, and
Mordell-Weil rank 1, generated by the following section of height %:

(z, w) = (2(324r% — 1503r + 1019) /21, 8(27r —25)(27r* +342r —289)/(2111)).

11.3. Examples. Table 6 lists some points of small height and their genus-2 curves.
The torsion section Py on the Jacobian model of Y_(21) pulls back to the curve

4577 +9r7 —45r — 17
272 +6r —17)

The Brauer obstruction always vanishes for this family, and yields a family of
genus-2 curves over (U(r), whose Jacobians have real multiplication by O;;.

Another special curve which we observe from a plot of the rational points is the
hyperbola s> = (3r% 4 1) /4. It may be parametrized as

4m 3 +4m?
(r,s) = , .
4m? — 37 2(3 — 4m?)

The Brauer obstruction also vanishes for this family.

Rational point (r, s)

Sextic polynomial fs(x) defining the genus-2 curve y? = f5(x)
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—5x% —8x7 +20x* +5x3 — 13x
13x° 4+26x3 +33x* +9x3 —5x2 — 11x
Tx® —42x% —44x* — 12x3 — 11x%2 — 14x — 7
13x0 +54x° + 32x* — 28x3 — 25x2 + 14x — 1
—x0 4+ 2x5 +4x* +36x3 +25x2+42x — 59
Ox® + 16x5 + 12x* — 73x3 —41x% + 14x + 77
—13x7 +39x* +31x3 — 115x% — 50x — 125
—13x° +58x* — 83x3 —90x2 4 100x + 125
5x° 4+30x* —61x3 — 122x%2 + 112x + 161
28x° 4+ 52x° — 149x* — 174x3 +235x% — 60x — 100
8x® 4 192x° 4 237x* +238x3 — 15x% — 60x — 76
—56x° 4+ 132x° 4+ 102x* + 195x3 — 240x? — 204x — 178
4x% —52x5 +133x% +34x3 — 171x2 — 308x — 292
—2x% — 54x° 4+ 135x* + 120x3 — 135x% — 324x — 108
—15x% +36x° + 5x* +52x3 + 50x2 + 156x + 375
4x5 —12x° — 219x* — 460x3 + 15x? — 246x — 230

Table 6. Some points of small height on the surface of Theorem 21
and the corresponding genus-2 curves.



K3 surfaces and equations for Hilbert modular surfaces 2333

12. Discriminant 24

12.1. Parametrization. We start with an elliptic K3 surface with fibers of type Eg,
E7 and A3 at t = 00, 0 and 1 respectively.
A Weierstrass equation for such a family is given by

V=x+2x rat — D2+ (d* —a+ Dt —D)x+a*(t — D (1+d*(t - 1)).

We identify a fiber of type Eg, and this leads us by a 3-neighbor step to an EgE7
fibration.

From the new elliptic fibration we read out the Igusa—Clebsch invariants as usual,
and then obtain the branch locus of Y_(24) as a double cover of I]J’g’ 4> Whichis a
union of two curves: one corresponding to an extra I, fiber, and one corresponding
to the locus where the E7 fiber promotes to an Eg fiber.

Theorem 22. A birational model over Q for the Hilbert modular surface Y_(24)
as a double cover of [P’g} 4 18 given by the equation

22 =(d*—a—1)(16ad* — 8a*d* —20ad*> + d* + a®> —3a> +3a — 1).
It is a singular K3 surface.

12.2. Analysis. Note the extra involution (a, d) — (a, —d).

The branch locus has two components. The first is the zero locus of d>—a —1, and
is obviously a rational curve (i.e., of genus 0) in the moduli space. It parametrizes
the K3 surfaces in the family for which the E; fiber gets promoted to an Eg fiber.
The other component parametrizes elliptic K3 surfaces for which there is an extra I
fiber. It is also a genus-0 curve, though this fact is less obvious. A parametrization

is given by
1-g &
(a,d)=<2 )
8 8

The equation of the Hilbert modular surface describes it as a family of curves of
genus 1 fibered over IP[II. In fact, we readily check that (a, z) = (0, d>—1) gives a
section. So in fact, we have an elliptic surface, and by using the formula for the
Jacobian, we can write it in Weierstrass form as

y? =x3 — xd*(144d° — 3244* + 235d° — 54) /48
— d?(3456d'° — 220324% + 50625d° — 54866d* + 28647d* — 5832)/1728.
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This is an elliptic K3 surface E, and in fact, it is the base change (by d — d?) of a
rational elliptic surface with reducible fibers of types I, I3 and 14 (and therefore
with Mordell-Weil rank 2). We can use this to readily compute one section

(x0, o) = (11d* —239d% /12 +9, (d* — 1)(9d* — 8)(32d* — 27)/8)

of height %. Translating x by x( and scaling to get rid of denominators, we get the
following nicer form for E:

y? =x3 4 (132d* — 2394% + 108) x>

+2(d> — 1)(9d> — 8)(32d> — 27)(10d> — 9)x + ((d® — 1)(94> — 8) (324> — 27)).
This has reducible fibers of type I, at d = oo and d? = g, type I3 at d* = %, type
IV at d = 0, and type 14 at d = 1. This gives a root system of type A} ® A3 @ A3,
which has rank 15 and discriminant 1152.

In addition to the section P; = (0, (d* — 1)(9d* — 8)(32d* — 27)), we also find
the sections

Py = (=5(d* — )(9d* - 8), V=1(d* — 1)*(9d* — 8)),
Py = (—(32d> — 27)(9d* — 8) /6, d(32d* — 27)(9d* — 8) /~/216).

This shows that the elliptic K3 surface Y_(24) has geometric Picard number 20,
i.e., is a singular K3 surface. The discriminant of the span of the algebraic divisors
exhibited is 96. We showed that this is the entire Néron—Severi group by checking
that our subgroup of the Mordell-Weil group is 2-saturated.

As mentioned, the quotient by the involution d — —d is a rational elliptic surface
y? = x3 + (13212 — 239t + 108)x?

+2(@ —1)(9r —8) (32t —27)(10t — 9)x + ((t —1)(9r —8)(32t — 27))2.
This surface has an I, fiber at t = g, an I3 fiber at t = % and an I4 fiber at t = 1.
The Mordell-Weil group is generated by the sections
Py = (0, (r — 1)(9t — 8)(321 — 27)),
Py = (=5(t — 1)(9t — 8), v/=1(t — 1)*(91 — 8)),

(51)
0 5

12.3. Examples. Table 7 lists some points of small height and their genus-2 curves.
For instance, for the genus-2 curves corresponding to (1, 3) and (1, —3), the
point counts modulo p match the twist by @(+/2) of a modular form of level 2592.

with height matrix
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Rational point (a, d) | Sextic polynomial fs(x) defining the genus-2 curve y? = fi(x)

N ]

—7x% — 18x* — 10x3 + 3x2 4+ 10x + 22
—12x5 4+ 8x*+24x3 — 16x2 —21x + 14

al—= &3

ool—
aN—
N—

=&l

6 5)

2.-1 3x0 — 12x% +20x* — 79x% 4+ 11x2 — 84x + 60

—&. =1 27x0 — 56x° — 21x* 4 52x 4 57x? — 84x +49

o3 —32x° — 80x 4 94x* + 115x> — 91x% — 55x + 33

|
BN~
~

EN NN}

—24x% 4 48x3 + 100x* + 120x3 — 50x2 — 72x — 41
25x5 +70x* +24x3 + 124x2 +48x + 72
—72x% + 84x + 127x* — 123x3 — 83x2 +51x + 25
9x0 +9x* — 60x3 —45x2 + 132x — 53
50x° — 50x* +35x3 — 35x% — 31x + 139

|

PIW o= B
|

INES

N—

[S TN i N N}

g
|
I—
N—

AN N AN N AN N N N AN N AN N AN AN S N

N
-39 33x0 — 36x° + 110x* — 120x3 4 140x2 — 96x + 72
A1) 7x5 +3x* +78x% — 2x% + 63x + 147
21, —%) —8x% — 24x5 +80x* — 100x3 + 170x2 — 84x + 63
-3.3) —3x0 4 14x° — 63x* +96x% — 171x% — 48x — 188
- 1) —7x0 +56x5 — 95x* — 20x3 — 205x% — 44x — 93
21, 3) —24x% — 24x% — 280x* — 260x3 + 170x2 — 24x + 1

Table 7. Some points of small height on the surface of Theorem 22
and the corresponding genus-2 curves.

We describe a few curves on the Hilbert modular surface, which can be used
to produce rational points. Setting a = —é gives a rational curve of genus 0, with
infinitely many points. Sections of the fibration will also lead to curves birational
to P! over Q. For instance, P; and 2P, describe the rational curves given by
a=4(d*—1)/5 and a = (4d*> — 5)/13, respectively. The Brauer obstruction does
not vanish identically on any of these.

13. Discriminant 28

13.1. Parametrization. We start with an elliptic K3 surface with fibers of type
E¢, D5 and A4 at t = oo, 0 and 1 respectively, and a section of height % = % =
4-8_1-4%,
5 3

A Weierstrass equation for this family is given by

vi=x3+atx? + b2t — D)2x + 3@t — D4,
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where
a=2(f>—gHt—1+t,

b=(f*—g)*(1—0—2(f*—gH(f + Iy,
c=(f+1D*(f*— g

We identify the class of a Dg fiber and carry out a 2-neighbor step to convert to an
elliptic fibration with Dg and E7 fibers, and a section of height % =442-1-1- %

Then we identify the class of an Eg fiber, and carry out a 2-neighbor step to get
the desired EgE5 fibration.

P

PSR

The new elliptic fibration has a section, since P - F' =5, while the remaining
component of the Dg fiber has intersection number 2 with F’. We now read out the
Igusa—Clebsch invariants.

Theorem 23. A birational model over Q for the Hilbert modular surface Y_(28)
as a double cover of [P’; 5 1s given by the equation

F=—@—f-DE+[+2)
x (8g* +92f2g% + 180 fg% +71g> — 100 f* — 180 f3 — 71 f2 + 4 f + 4).

It is a singular K3 surface.

13.2. Analysis. It has a second involution (f, g) — (f, —g). The branch locus
consists of three components. The factors g £+ (f + 2) correspond to the locus
where the Picard number of the K3 surface jumps to 19, due to the presence of
an I, fiber, but the discriminant decreases to 14, because the nontrivial section of
height 17—5 becomes divisible by 2. The more complicated factor corresponds to just
the presence of an extra I, factor, which makes the discriminant 56. This component
of the branch locus is also a genus O curve; a parametrization is given by

2m*+17m>+5Tm*+85m + 47 (m2+6m+7x2m2+7m+7))

(ﬁg)z(_20n+1xm+2xm2+&n+1n’_2on+1Xm+2Xml+&n+1D
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Rational point ( f, g) | Sextic polynomial fs(x) defining the genus-2 curve y? = fi(x)
(-3, -2 9x0 — 15x° +39x* — 25x7 +36x% + 11
(-, -8 —37x0 +42x% + 17x* = 33x% — Tx* = 3x =3
(=3, 9) 15x5 —39x% — 11x* +45x% 4 27x

(=3, -3 —27x% + 54x% — 36x* +30x° — 24x — 6x —2
(12, 1) X0+ 14x° +61x* +73x% —49x% 4 3x + 1
(-4, -3 37x6 4+ 69x3 4+ 75x* 4 79x3 4 69x% + 12x + 20
(-2,-1) —4x% +12x° — x* 4+ 87x3 +68x? +48x +3
(% —3%) 3x% — 6x° + 5x* — 10x3 +41x% + 30x + 87
(3.1 —92x6 — 76x5 +21x* 4+ 9x3 +9x% —x — 1
(-3.7) 18x° + 78x° + 44x* — 94x3 — 76x2 4 30x + 25
(., -1 —48x% 4+ 45x3 + 11x* 4+ 87x3 — 97x? — 63x + 56
(-39, -3 —27x% 4+ 57x% — 100x* — 68x> — 76x2 + 36x
(-1,7) 16x0 — 24x5 — 111x* +9x% 4+ 102x2 — 27x — 33
(2, -8 —9x% — 6x° 4 32x* +32x3 — 112x% — 6x +99
(g’ _%) —9x% — 15x3 4+ 85x3 — 135x + 54

(2, —25x% 4+ 30x% — 64x* +72x3 — 136x% 4+ 102x — 69

Table 8. Some points of small height on the surface of Theorem 23
and the corresponding genus-2 curves.

Since the double cover is branched along a sextic, the Hilbert modular surface
is itself a K3 surface. Setting f = h — 2 and then using the invertible substitution
h=t(1+1/x),g=1t(1 —1/x) (and absorbing square factors) converts it to an
elliptic fibration over [P’,l, which we can write in Weierstrass form as
y2 = x> — 1 (10813 — 1761 4 63t + 4)x>

+32(t — 1?13 (135¢ — 361 — 106)x — 64(t — 1)*1*(6075¢* — 6075t — 196).

This has fibers of type I, at r = oo, ‘3‘ and %, Ifatt =0,Isatr =1, and I3 at
t = (1947+/7)/36, giving a contribution of Ds@® A4 EBA? @ A% to the Néron—Severi
lattice. Therefore the Picard number is at least 18. We identify the sections
Py = (12¢%(2 — 1)(361 — 37), 412 (¢ — 1)(27t — 28)(721* — 761 + 1)),

Py = (¢(10801° — 2064¢* + 953t +28) /7,
26%(5t — 4) (27t — 28) (72> — 76t + 1)/7°?),

7
(82)
03

with height matrix
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Therefore the Picard number is 20. An easy lattice-theoretic argument (see the
online supplement) shows that these sections must generate the Mordell-Weil group,
and therefore the Néron—Severi lattice has discriminant 112.

The quotient by the involution g — —g has equation

y2 =x3 — (8412 + 148 f +39)x%/4 — (96 f* + 364 f3 + 615 f% + 500 f + 140)x
—(f+2>Gf+2*@f>+4f—1).

This is a rational elliptic surface with an 14 fiber at f = —1, an I3 fiber at
f = —%, and I, fibers at t = —% and ¢t = oo. The Mordell-Weil group is
generated by the 2-torsion section (—2(f 4 2)?, 0) and the non-torsion section
(=2(f2+3f+3), (f + D8 + 17)) of height 5.

13.3. Examples. Table 8 lists some points of small height and their genus-2 curves.

Next, we describe some special curves on the surface, which may be used to
produce rational points. First, f = —% gives a rational curve, which can be
parametrized as g = —19(h* —2)/(18(h? +2)). The Brauer obstruction vanishes
identically for this family, giving a family of genus-2 curves with real multiplication
by O,s. Next, the specialization f = —% gives another rational curve, which can
be parametrized as

13h% 4+ 729h — 75816

27(h? +5832)

8§==

The Brauer obstruction does not vanish identically for this family. Finally, the
section P; on the Jacobian of Y_(28) can be described as

42 — 8t +1 42 -2t +1
(f, )=< )

4t—1 ~  4r—1

The Brauer obstruction vanishes identically on this family as well.

From a plot of the rational points, we observe many rational points on the lines
g = (5 f +2)/3. However, the Brauer obstruction does not vanish identically
along these lines.

14. Discriminant 29

14.1. Parametrization. We start with an elliptic K3 surface with fibers of type E7

and Ag, and a section P of height % =4 - % — g. A Weierstrass equation for this

family is given by
V=34 (—@f - D* + (g =t + 1)x?
=283 (2f* P + (=g +2f + Dt — D)x + g°1°((g —4 )t + 1).
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We identify a fiber F of type Eg, and go to the associated elliptic fibration by a
3-neighbor step. Note that P - F = 4, while the remaining component of the Ag
fiber intersects F with multiplicity 3. Therefore the new fibration has a section.

P

The new elliptic fibration has Eg and E7 fibers, and we may read out the Igusa—
Clebsch invariants. The branch locus for the double cover of [P’? p corresponds to
elliptic K3 surfaces having an extra I, fiber.

Theorem 24. A birational model over Q for the Hilbert modular surface Y_(29)
as a double cover of P? is given by the equation

P=—gt+6f+1D)g — QTf* —18F3+5,24+102f — 1)g>
+8F (363 —25f24+35f —1)g—16f2(4f —1)°.
It is a K3 surface of Picard number 19.

14.2. Analysis. The branch locus is a rational curve, and a parametrization is given
by

(m+2)2(m*>+2m—4) 4m+2)*(m +4)3)

(f,g)=< m2(m?46m+12) " m(m? 4 6m 4 12)?

The substitution g = hf makes the right-hand side of the equation a quartic
in f, after absorbing a factor of f2 into z? on the left. Also, f = 0 makes the
right-hand side a square (namely (h — 4)?), giving us a point on the genus-1 curve
over [P’}1. We may then replace the genus-1 curve by its Jacobian, which has the
following equation after the change of parameter 7 = 4 — ¢, and some Weierstrass
transformations:

y:2=x3—(* =10 — 1> —t — 16)x?
— (2017 — 140¢* — 3740¢> 4 142341% + 3349t — 1120)x
— 12347515 — 4630077 +180355:* — 10362¢> — 84919312 +2762697 — 19600).
This is an elliptic K3 surface, with bad fibers of type 14 at t = oo, I3 at t =0 and
at the roots of the polynomial 15¢3 + 12¢> 4+ 160t — 64 (which gives the cubic field
of discriminant —87), and I at the roots of 2¢3 — 38¢% 4 255¢ — 28 (which gives the

cubic field of discriminant —116). The trivial lattice therefore has rank 16, leaving
room for Mordell-Weil rank at most 4. We find the linearly independent sections

Py = ((125¢% —700¢* + 800t — 76) /4,
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t (137587 — 11450¢* 4292401 — 236161 + 7296t — 512)/8),

P, = ((30r* — 30617 + 6361% + 1833t — 448) /29,
(27 — 38t% + 255t — 28) (1517 + 121 + 160f — 64)/(29b)),

Py = (2(3a — 5)t* — 3(8a — 23)t,
at(—99¢° + 18(a + 37)1* — 144(3a + 7)t + 416a — 288)/3).

Here a = ~/—3 and b = +/29. Therefore, the Picard number of the Hilbert modular
surface is at least 19. We showed by counting points modulo 11 and 13 that the
Picard number must be exactly 19. This agrees with the calculations in [Oda 1982,
p.- 109]. The height matrix of the sections above is

20 0 —10
- 03 0
—-10 0 14

Therefore, the sublattice of the Néron—Severi lattice spanned by the sections above
together with the trivial lattice has discriminant 2% - 3* . 5 = 6480. By checking that
it is 2- and 3-saturated, we showed that it is the entire Néron—Severi lattice, and
therefore the sections Pj, P», P3 generate the Mordell-Weil group.

14.3. Examples. Table 9 lists some points of small height and their genus-2 curves.
The section P; corresponds to the rational curve given by g = ‘5—‘u f, with
fe 22u’ — 321u* + 1651u® — 3377u? + 1980u + 50
25u5 — 400u5 + 2375u* — 6050u3 + 4813u2 +2325u + 225

The Brauer obstruction vanishes identically, yielding a 1-parameter family of genus-
2 curves with real multiplication by Oyg.

15. Discriminant 33

15.1. Parametrization. We start with an elliptic K3 surface with fibers of type Ajg
and Eg at t = oo and t = 0 respectively. A Weierstrass equation for such a family
is given by

v =x 4 (c+2d+ D*x> + 2(c+ d)r*x + e,
with

c= (s2 — 1’2)212 — (s2 — 1'2)(s2 —r? +2r)t —|—s2, d= (s2 — rz)(l —1t)+r.

We identify the class of an E7 fiber below, and perform a 2-neighbor step.
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The new elliptic fibration has fibers of type E¢, E7 and A,, as well as a section
P of height % = ?1 =4-0— % — % We then identify the class of an Eg fiber and
carry out a 3-neighbor step to an EgE7 elliptic fibration.

P

The new elliptic fibration has a section, since P - F/ = 5, while the intersection
number of the remaining component of the E¢ fiber with F’ is 3, and these are
coprime.

From the Weierstrass equation of the EgFE7 fibration, we determine the Igusa—
Clebsch invariants, and then the equation of the branch locus.

Theorem 25. A birational model over Q for the Hilbert modular surface Y_(33)

as a double cover of P? is given by the equation

22 =95% — (26r7 — 80r + 104)s* + (25r* — 15213 4 400r2 — 408r + 432)s>
—(8r° —72r° +280r* — 4721 4 336r% — 64r — 16).

Rational point (f, g) | Sextic polynomial fs(x) defining the genus-2 curve y*> = f5(x)
(=37, %) —98x% —56x* — 131x3 — 114x% 4 10x — 68

(2.8) 264x64760x° + 183x* — 630x* — 53x? —20x —4
5.2) 128 — 12x° — 409x* +1062x> 4 287x% — 588x — 252
(—40, 40) —53x%4227x% 4 374x* + 1191x* 4 669x2 4 680x +900
(-1, -%) 1210x% — 110x* +511x% — 17x2 +53x + 1

(—4, —15—6) —200x° +1360x° —995x* +242x3 — 191x% —dx — 12
(-1,-3) —1588x6 +986x> — 122x* 4 221x% — 68x2 —2x — 8
(—6,8) 540x° +2052x° — 1149x* 4 1724x3 — 39x2 — 894x — 506
(% %) —2x% 4 80x5 — 786x* 4-2265x% 4 74x2 + 80x — 2

(3,8 —4x®4-204x% — 837x* — 160x> 42451 x2 4 1620x — 228
(-<.-19) 236x° —796x° 4-2293x* — 2178x3 4 1525x% 4-2492x — 764
(-3. %) 552x°—2232x7 4 3183x* 4-562x3 —4713x% — 1248x — 88
(-3, %) 1024x° — 1920x° —2252x* + 1065x> —2288x? — 6195x + 66
(15, 38) —768x° —2560x +1571x* 4 7838x> —2133x? —6912x 42376
(-3, -2) —1412x% — 1372x5 +2149x* + 8226x3 +4889x% — 896x — 4096
(3.3) 3189x° +4599x° — 6897x* —9331x3 + 5424x2 + 5040x — 1968

Table 9. Some points of small height on the surface of Theorem 24
and the corresponding genus-2 curves.
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It is a singular K3 surface.

15.2. Analysis. This is a double cover of the (r, s)-plane branched along a sextic,

and is therefore a K3 surface. The extra involution is given by (r, s) — (r, —s).

The equation of the branch locus may be transformed as follows: setting r = 52, we

have

—8r% + 721 4+ (25t — 280)r* + (=152t +472)r> + (=262 + 400t — 336)r>
+(801% — 4087 + 64)r + (91> — 1041> + 432t +16) =0

which, after resolution of singularities, becomes a genus-0 curve, parametrized by

m3 +4m? +4m + 4 ) 8(m> +4m> +4m +2)
r = =
m2(m +1) m*(m + 1)2

k)

Then the branch locus can be written as a double cover
52 = 8(m> +4m® +4m 4+ 2)/(m*(m + 1)?).

After removing square factors and performing a Weierstrass transformation, it is
converted to the elliptic curve y? + y = x> — x2. It is isomorphic to X (11) =
X0(33)/{(ws3), where w33 is the Atkin—Lehner involution.

For the equation of the Hilbert modular surface, the transformation s = r + ¢
makes the right-hand side of the equation a quartic in r, with the coefficient of
r* being a square. Converting to the Jacobian form, and applying a Weierstrass
transformation as well as scaling ¢, we get an elliptic fibration

v =x3 4 (* 4 24¢% + 58¢% + 841 + 1)x?

+ (28017 + 54881* + 13761> 4 219212 + 72¢)x

+ 460817 +956321° + 325761 4 268481* + 146561 + 129617
This has bad fibers of type Is at r = oo, type Il at = 1, type I3 at t =0, % and
(—17+3y/33)/2, and type I, at t = —% + %ﬁ. These contribute A? @ A‘Zl D Ay
to the Néron—Severi lattice.

By finding sections modulo a small prime and attempting to lift them to @ or
Q(+/33), we find the following sections of small height:

Py = (41 (312 + 60t — 13), 4t (1* + 17t —2) (31> + 63t — 2)),
Py = (=413t + 11), 4t(r — 1)(3t> + 63t — 2)),
Py = (433 4 12)12 — (24/33 4341,

(V334 3)1 (21 — 1)(21 +3+/33 + 17) (61 + 63 — 117/33) /6).
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Rational point (r, s) | Sextic polynomial fs(x) defining the genus-2 curve y> = fs(x)

(4. %) —9x® — 6x5 — Tx* + 7x% +2x% 4 3x 2
(1,3) —4x0 4+ 15x* —x3 —9x2 4+ 12x +5
(-2.%9) —14x5 4+ 20x* 4 2x% — 15x2 — 4x

(£, 2) —5x0 4+ 6x5 — 5x* +27x% — 11x2 +12x — 24
(B,-1) —Tx® 4 15x% 4+ x4 = 31x% — 242 4 12x + 12
1,-3) —x®—3x% +9x* +34x3 —30x% — 9x +8
4.7) —9x% —9x5 —35x* 4+ 11x3 — 8x2 + 12x
18 5) 2x% — 3x% 4+ 7x* + 13x% — 2052 4 36x — 15
-2,-%) —5x5 = 3x* 4+ 13x% — 17x> — 40x

w|&
I
=

—8x%+36x> —23x* —21x3 —47x2 —18x -9
—20x3 4+28x* — 37x3 + 60x% + 44x
7x0 — 48x° 4 68x* — 2x3 — 25x% 4+ 24x — 36
—9x% — 6x° +69x* — 19x3 —39x2 4+ 12x — 8
31+ 71x* = 3243 +23x2 —40x — 8
3x0 4+ 24x° + 8x* +41x3 4+ 3242 = 72x — 36
—12x% 4 24x% — 31x* + 81x3 — 67x> +39x — 70

|

—_ o — ~—
—_
~—

e e e e e e e N N N N
|
3l
2wz sly

— g
—_
~— — |

w|$ 3'._‘

Table 10. Some points of small height on the surface of Theorem 25
and the corresponding genus-2 curves.

These are linearly independent in the Mordell-Weil group, and the matrix of Néron—
Tate heights is

! 6 -2 3
—| -2 19 -1
30 3 -1 9

It has determinant %, and so the sublattice of the Néron—Severi group generated by
these sections and the trivial lattice has rank 20 and discriminant —% 23.3%.5=
—99. We show that this is the full Picard group by checking that our subgroup of
the Mordell-Weil group is 3-saturated. We deduce that Y_(33) is a singular K3
surface with Picard lattice of discriminant —99.

The quotient of the Y_(33) by the involution s — —s has Weierstrass equation

y2 = x> —2(13r% — 40r 4 52)x% +9(25r* — 1521 + 400> — 408r + 432)x
—648(r — 1)*(r* — 61> + 14r +2).
It is a rational elliptic surface, with reducible fibers of types Is, I3 and I, at

r =00, 19 and 23 respectively. The Mordell-Weil group is generated by the section
(331> =161 4 112), 12(r — 23)(r — 19)) of height ;.



2344 Noam Elkies and Abhinav Kumar

15.3. Examples. Table 10 on the previous page lists some points of small height
and their genus-2 curves.

We may attempt to match up these examples with eigenforms in the tables of
modular forms. For instance, for the points (1, 3) and (1, —3), the corresponding
genus-2 curves (with isogenous Jacobians)

v =—(x*=3x —1)(4x3 = 3x +5),
V== =32+ D} +6x2+9x —8)

have the property that their traces match those of a newform of weight 1296 = 2+.34
in the modular forms database.

We also see some simple rational curves on the Hilbert modular surface: the spe-
cialization r = 19 gives a rational curve parametrized by s = —(16m?* +41)/(3m),
while r = 23 is also a rational curve, parametrized by s = —(16m? +7)/m. The
Brauer obstructions do not identically vanish for points on these curves.

We have slightly better luck with sections of the elliptic fibration: for instance, the
sections Py, 2Py, 3P; give rise to rational curves with respective parametrizations

32— 112 32416t +112 2—12 2+4+12
23t +8)" 23t+8) ’ 2042 20642 )’

3t2—20 3t2+12t+20
6(t+2)"  6(t+2)

The Brauer obstruction vanishes identically on each of these.

16. Discriminant 37

16.1. Parametrization. We start with an elliptic K3 surface with fibers of type Ej,

Ds and A4 at r =00, 0 and 1 respectively, and a section of height % =4— % — % — ‘5—‘.

A Weierstrass equation for this family is
v:=x34atx> +b*(t — D x + >t — 1,
with
a=Qg—f+(t—1)+gt/4,
b=(f—g—D((f+g—De—D+(f—-2)g1/2),
c=@—f+ D (- D+(f-27%)/4

We identify the class of an Dg fiber and carry out a 2-neighbor step to convert to
an elliptic fibration with Dg and Eg fibers.
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This new elliptic fibration has Mordell-Weil rank 2. In fact, it is quite easy to
exhibit one non-torsion section P (we do so in the online supplement) of height
% =4 - % — 2. Then we find an Eg fiber as shown below, and proceed to it by a
2-neighbor step. The section P combined with most of the components of the E¢
fiber gives a disjoint E7 configuration, and therefore the new elliptic fibration has
reducible fibers of type Eg and E;. The fact that (— P) intersects the multiplicity-1
component of the Eg fiber shown below implies that the new fibration has a section.

p

We then read out the Igusa—Clebsch invariants and write down the equation of
the Hilbert modular surface.

Theorem 26. A birational model over Q for the Hilbert modular surface Y_(37)
as a double cover of P? is given by the equation

2= H2F14f —1)g® — (1262 — 142 f2 + 44 f — 1) g>
+(f=DGAf=34F2+17f —10)g — (f — D>QQ7f>—8f +38).

It is a K3 surface of Picard number 19.

16.2. Analysis. The branch locus corresponds to the locus where the elliptic K3
surface acquires an extra I, fiber. The transformation

(f.g)= 2x2y +4xy+y+xt+x3—3x2—x 2y4+xr—-2x—1
&)= x3(x+2) ’ x?2

converts it to the elliptic curve
y4+y=x'—x,

which is 37a in Cremona’s tables. This is an elliptic curve of rank 1, isomorphic to
X0(37)/{w), where w is the Atkin—Lehner involution.

To analyze this Hilbert modular surface, note that we have a genus-1 fibration
over [P’}, which has a section because the coefficient of g* is a square. Hence Y_(37)
is an elliptic K3 surface. Taking the Jacobian of this genus-1 curve over Q( f), and
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Rational point (f, g)
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Sextic polynomial f(x) defining the genus-2 curve y? = fs(x)
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17x% — 24x3 — 66x* 4 68x3 + 81x% — 54x — 27
15x% — 6x° — 71x* 4+ 35x3 +94x% — 48x — 21
11x% —54x5 — 125x% — 52x3 — 32x%2 — 42x — 75
—135x° + 108x° 4 45x* — 44x3 4+ 130x% — 12x + 95
81x> — 135x* +13x3 —9x2 4+ 70x — 15
—13x0 4+ 156x° — 24x* — 132x3 — 45x2 + 108x — 27
36x% — 108x° 4+ 165x* — 124x3 +21x2 +36x — 28
—54x% 4+ 54x° —9x* — 84x3 + 141x% — 180x + 100
52x% +156x° —39x* — 180x3 +9x2 +72x — 16
—31x° + 156x° — 195x* — 260x> +210x% + 156x +23
—18x0 +122x% — 135x* — 268x3 — 25x2 + 144x + 176
x0 4 72x° — 18x* — 189x3 — 117x2 4 270x + 45
—53x0 4+ 6x° — 21x* +208x3 — 258x2 — 276x + 259
—2x% 4+ 36x> — 138x* 4+ 105x — 33x% — 153x — 289
—108x°% — 324x° — 207x* — 116x3 + 105x% — 12x — 12
—22x0 4+ 72x7 + 84x* — 341x3 — 441x% + 417x + 473

Table 11. Some points of small height on the surface of Theorem 26
and the corresponding genus-2 curves.

reparametrizing f =1¢/(¢t + 1), we get, after some Weierstrass transformations, the

equation

yi=x3—(t+1)Q73 +2117 — 197 —

Dx? —8¢2(r + 1)*(30¢> — 235t — 1)x
— 1623 (t + 1)*(3136¢* + 5484¢% + 10241> — 21617 — 108).

1

This surface has reducible fibers of type IV at t = —1, type I at 1 = —5¢, and
type I3 at t =0, oo and the four roots of (27¢* 445t 4 10¢> 422¢ +3). This quartic
polynomial describes a quadratic extension of @(~/37). The bad fibers contribute
Az @ A; to the trivial lattice. We also have a 3-torsion section

Py= (41 (t + 1)(9r> + 7t — 3), 4t (t + 1) (27¢* + 45 + 101* 422t + 3))

and two non-torsion sections
Py = (41(t 4+ 1)(496% + 281 — 1), 41 (t + 1)(637¢* + 85417 + 27617 4331 + 1)),
Py = (4(252¢* + 4576 + 118> — 177t — 9) /37,

4(t +3)(28t + 1)(27¢* + 4567 4 10t + 221 + 3) /377/2).

These two sections have height % and % respectively and are orthogonal with respect
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to the Néron—Tate height pairing. Therefore, the Néron—Severi lattice contains a
sublattice of rank 19 and discriminant 1080. Counting points modulo 11 and 13
shows that the Picard number must be exactly 19. This is again confirmed by Oda’s
tables [1982, p. 109]. We checked that the Mordell-Weil subgroup generated by
Py, P and P> is saturated at 2 and 3, and thus that we have the full Néron—Severi
lattice.

16.3. Examples. Table 11 on the previous page lists some points of small height
and their genus-2 curves.

Next, we describe some curves of small genus on the surface, which may be
used to produce rational points. The specialization f = —% gives a rational curve,
with parametrization g = 7(h* —8h+19)/(3(h? —1)). The Brauer obstruction does
not vanish identically for this rational curve.

The sections P; and — P give rational curves, parametrized by

13f2—-7f+3 9f2—2f+2
=— and g=——
fGf+2) 7f+1

respectively. The Brauer obstruction vanishes on both these loci, yielding families
of genus-2 curves whose Jacobians have real multiplication by O37.

17. Discriminant 40

17.1. Parametrization. We start with an elliptic K3 surface with fibers of type E7,
Ds and Ay att = 00, 0 and 1 respectively.
A Weierstrass equation for this family is given by

v =x2 + (et + (4d + 1)(1 —1))x?

+2t%(t — 1)*(2det +2d(d + 1)(1 —1))x +4d*t> (t — 1)*
with

d=(f—e+ 1) (f+e—1)/2.

We first identify the class of a Dg fiber, and perform a 2-neighbor step to an
elliptic fibration with Dg and E7 fibers.

This fibration has a section P of height 5 =4+2 — 1. Next, we take a 2-neighbor
step to go to a fibration with Eg and E; fibers. We have P - F' = 9, while the
intersection number of the F’ with the remaining component of the Dsg fiber is 2.
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Since these are coprime, the new elliptic fibration has a section.

P

S SN B

Finally, we read out the Igusa—Clebsch invariants, and compute the branch locus
of the double cover, which is a union of two curves, one corresponding to an extra
I, fiber, the other to a promotion of the fiber at t = oo from E7 to Eg.

Theorem 27. A birational model over Q for the Hilbert modular surface Y_(40)
as a double cover of I]j’g, 1 is given by the equation

P ===+ DB f 4+ (=17¢* + 12¢ — 8) f2 + 9¢* — 12¢? + Te* + 10e +2).
It is a K3 surface of Picard number 19.

17.2. Analysis. The extra involution is (e, f) — (e, — f). The branch locus is a
union of two curves. The first, f 2_¢241=0,is a rational curve, parametrized
by say (e, f) = ((t*+1)/(21), (t* — 1)/(21)). It corresponds to the subfamily of
elliptic K3 surfaces for which the E; fiber is promoted to an Eg fiber. The other
component is also a rational curve, parametrized by

e f):< (m? —2)? 2(m2—2m+2)(m2—m—1)>.

Cm(m—2)m2 —4m+2)"  m(m —2)(m? —dm +2)

It corresponds to elliptic K3 surfaces with an extra I, fiber.

The Hilbert modular surface is a double cover of a plane branched along a sextic,
and is therefore a K3 surface. The transformation f = e 4 ¢ makes it a quartic in e,
whose leading coefficient is a square. We thus get an elliptic K3 surface whose
Weierstrass equation may be obtained by taking the Jacobian of this genus-1 curve.
After some elementary algebra, we get the elliptic K3 surface

v =x3 + (t* 42413 + 981> + 161 + 1)x?

+(1281° 4 23521* + 1088¢> + 641%)x — (512¢° + 921617 4 7041%).
It has reducible fibers of types Ig at t = o0, [yatt =0, I3 att = —8 £ @, and
I at t = § and = —9 £4+/5, giving a contribution of As & A3 ® A @ A3 to the

Néron—Severi lattice. The trivial lattice thus has rank 17 and discriminant 1728.
We also have the two sections

Py = (4626> 4361 4 3), =41 (1 + 18t + 1) (2% + 32t +3)),
Py = (—(61* + 1241% 4 30312 + 138t + 9)/10,
V102t +3)(3t — 1)(1% + 18t + 1)(212 + 32¢ + 3)/100).
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These have heights % and % respectively, and are orthogonal with respect to the
height pairing. Therefore, the Picard number is at least 19. Counting points modulo
7 and 11 proves that the Picard number is 19 (we thank Ronald van Luijk for carrying
out such a calculation), in agreement with Oda’s calculations [1982, p. 109]. The
part of the Néron—Severi lattice spanned by the above sections with the trivial lattice
has rank 19 and discriminant 168. We showed that this lattice is 2-saturated, so it is
the full Néron—Severi lattice.

The quotient of the Hilbert modular surface by the involution f +— — f is the
rational elliptic surface

y2 = (x +8e* — 8)(x? + (17¢* — 12¢ + 8)x + 8(3e + 1)*(e* — 2¢ +2)).

It has reducible fibers of types Ig, I3, I, at e =00, 8, 9, respectively, and the Mordell—
Weil group is generated by the 6-torsion section

(—42e* +e—11),4(e — 9)(e — 8));

indeed this is the universal elliptic curve over X1(6).

17.3. Examples. Table 12 lists some points of small height and their genus-2
curves.

Rational point (e, f) | Sextic polynomial fs(x) defining the genus-2 curve y? = fg(x)
(2. -%) —12x% — 12x% — 21x* + 14x° 4 39x% + 48x — 64
(&,5) 108x° 4 108x> — 81x* 4+ x> +63x> —33x +9
(-5.-2) 36x° +78x* — 41x3 — 129x2 4 45x + 27
(-2.-3) —72x° 4+ 108x° + 135x* — 135x — 219x2 4 135x 453
(2.9 —72x% 4+ 216x° — 315x* 4+ 162x3 4+ 21x2 —72x — 16
(-2,-1) —8x5 4 60x5 — 87x* — 163x3 4 288x2 + 324x 427
(-2.-%) 12x0 + 132 4 355x% — 90x> — 245x? 4 36x — 44
(L) 44x5 4 200x* — 422x% + 180x2 — 81x
(-2.5) —77x% 4+ 147x% — 45x* — 335x% + 186x2 — 180x — 432
(2.2) 46x5 — 24x5 4 252x* — 29x3 4 468x% + 24x + 366
(-3, %) —18x6 — 258x% — 475x* 4 220x3 — 325x2 + 72x — 48
(2.2 432x0 4 216x° — 27x* — 502x3 — 87x2 4+ 36x + 116
(2.-2) —496x° +48x° — 545x* +90x> — 257x2 + 120x — 80
(% 2) 314x° +426x° + 555x 4 140x> — 195x% — 264x — 176
(-£.%) —586x0 4 330x% — 512x* + 150x> — 110x2 — 24x — 1
(-2.-1 8x° — 168x> — 269x* 4+ 466x> 4 451x% — 624x — 376

Table 12. Some points of small height on the surface of Theorem 27
and the corresponding genus-2 curves.
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The section P; gives a rational curve
282 +11 2g%2—g—11
4g—1 " 4g-—1 '
However, the Brauer obstruction does not vanish identically on this locus. The
section 2 P; gives a rational curve

.=

2g%+3 2¢%>-3
4g 4g
on the surface. Here, the Brauer obstruction does vanish identically, yielding a
family of genus-2 curves with real multiplication by Q4.

(e,f)=<

18. Discriminant 41

18.1. Parametrization. We start with an elliptic K3 surface with fibers of type As

att =0 and Ajp at t = 0o, with a section of height % =447 _ %.

1
A Weierstrass equation for this family is given by
y2 =x+ (t2 +2dft+ cfz)x2 + 2t2(dt +cf)x+ ct?,

with
c=r’s*(161* —8(4rs — 165 — r)t + (4rs — 165 +r)?),

d=rs@t—12rs +16s +r),
f=(t+4s)/(4rs).

We identify the class of an Eg fiber, and perform a 3-neighbor step to an elliptic
fibration with Eg and A~ fibers.

This fibration has a section P of height % =4+2— %. Next, we take a 2-neighbor
step to go to a fibration with Eg and E7 fibers.

P

The intersection number of the new fiber F’ with the remaining component of the
A7 fiber is 2 and with the section P is 5. Since these number are coprime, the new
genus-1 fibration defined by F’ has a section.
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Reading out the map to M, from the EgFE7 fibration, we obtain the following
result.

Theorem 28. A birational model over Q for the Hilbert modular surface Y_(41)
as a double cover of Pf’ ¢ Is given by the equation

22 = (4s+ D — 16(8s> + 425 — 1) (4s + )%
+32(128s* 4+ 46725 + 197652 + 248s + 3)r>
— 256(2688s> + 8725 + 825 — 1)r +256(16s + 1)°.

It is a K3 surface of Picard number 19.

18.2. Analysis. The branch locus is a rational curve, with a parametrization given

by
( du—1)u+1)° 1 )
(r,s)=|— )

W —u—12 " 4ul(u—1)>

The Hilbert modular surface has a genus-1 fibration to P!, which is in fact an
elliptic fibration, since the coefficient of r* is a perfect square. Converting to the
Jacobian form, we get the Weierstrass equation
y2 = x>+ (t — 1) (1> + 2312 + 961 — 32)x2

+16(t — 1) (4t* + 537 — 217> + 112t — 16)x.

This is an elliptic K3 surface, with bad fibers of type Ig at t = 00, I at t =0, III at
t=1,Izatt =—15, and I, at the four roots of ¢ (1) =4t*+53t> —217t>+112¢ — 16.
This quartic ¢(¢) describes a dihedral Galois extension K of @Q, quadratic over

Q(+/41). Thus we get a trivial lattice of rank 17 and discriminant 2304. We also
have a 2-torsion point (0, 0) and the two non-torsion sections

Py = (—164(1 — 1), 4pu(t — ) (t +15) (5t — 6)),
Py = ((5+m)(t — 1)(8¢* + 53t + 910 — 185 —291) /16,
(54 w)(t = D)(t + 15)(4t — 11+ ) (8> + 53¢ + 9t — 185 — 29,1) /64),

where © = +/41. The height matrix for P and P, is

1 42
3\—2 1)

Therefore the Picard number is at least 19. Counting points modulo 7 and 11 shows
that the Picard number must be 19, in agreement with [Oda 1982]. The sections
above and the trivial lattice therefore generate a lattice of rank 19 and discriminant
512. We showed that it is 2-saturated, and is thus the full Néron—Severi lattice.
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Rational point (r, s) | Sextic polynomial fs(x) defining the genus-2 curve y> = fg(x)

—6x% 4 3x% —4x* 4+ 3x3 +20x% — 36x +20

|
=
~—

13) —x%— 15x° — 65x* — 57x> +40x2 + 6x + 20

%) —56x6 — 425 + 64x* — 78x% — 29x + 36x — 28

,—2) —24x° 4 36x5 — 34x* — 51x> + 86x2 — 87x + 18

=) —15x% 4 33x% 4 23x* +73x3 — 72x — 54x — 108

41y —18x% — 3x% 4+ 46x* — 111x% +22x2 + 48x — 84
1

— 5

|
=l
SN—"

—4x5 +24x5 — 17x* +3x3 — 125x2 — 72x — 95
—10x% 4+ 33x° +40x* — 111x3 — 152x2 4+ 60x + 140

W
~—

N N N N N N N N N N N N~~~
PR TE RIB B RGBSR I el vl 5 <l elg i wlig

,—3) —24x — 12x5 — 50x* + 111x3 + 10x2 + 129x — 153
,—2) —46x5 + 69x5 — 14x* + 169x3 — 134x% — 84x — 72
, =) 48x6 — 48x5 — 119x* — 84x3 4 145x2 + 180x + 100
3 168x5 + 85x* +70x3 +229x2 + 24x — 72
,—2) —39x6 4+ 36x° — 116x* + 186x3 — 107x2 + 240x — 200
=) —112x° — 264x5 + 25x* +240x3 — 125x2 — 114x + 62
,—at) 16x6 +24x5 —223x* +274x% — 7x% + 216x — 120

. 75) 1206 — 13225 — 219x* + 286x° +201x2 — 264x — 56

Table 13. Some points of small height on the surface of Theorem 28
and the corresponding genus-2 curves.

18.3. Examples. Table 13 lists some points of small height and their genus-2
curves.

Next, we describe some curves which are a source of many rational points.
The specialization s = —4 gives a curve of genus 0, with a parametrization r =
—2(m?* 4+ 343)/(9(m — 13)). The specialization r = % also gives a rational curve,
parametrized by s = —(4m — 169)(4m + 169)/(16(108m — 10813)). The Brauer
obstruction vanishes on both these loci, giving families of curves whose Jacobians
have real multiplication by Ou;.

Finally, sections of the elliptic fibration also give rational curves on the surface.
For instance, the section P is parametrized by

4(256s° — 4852 — 165 — 1)
r =
(4s + 1)2(16s —7)

The Brauer obstruction vanishes here as well.

19. Discriminant 44

19.1. Parametrization. We start with an elliptic K3 surface with fibers of type Ajg
at t =0 and Dg at t = 00. This has Néron—Severi lattice of discriminant 11-4 =44
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and rank 2 4+ 10 4 6 = 18. The Weierstrass equation for this universal family can
be written as
y2 =x3 4 ax? +2br*x + 18,
with
a= s(rzs2 — 524725 —|—2)t3 — s(2r2s —3s+ 2)t2 —i—s(r2 =3 +1,
b=s*((2r*s* —2s> +4s + 1)/2t> — (r’s — 25 + D)t — 1),
c= 54((r25 —s+2)t+1).

We identify the class of an Eg fiber and move to this fibration via a 3-neighbor

step.

The new elliptic fibration has Es, Dg and A fibers, and a section P of height
% =442-1— % We identify an E7 fiber F’ below. Note that P - F' =5, while the
excluded component of the Dg fiber intersects F’ in 2. Since 2 and 5 are coprime,
we see that the fibration defined by F’ has a section. We move to it by a 2-neighbor

step.
P

Calculating the Igusa—Clebsch invariants and following the rest of the algorithm
in Section 4, we obtain the following result.

Theorem 29. A birational model over Q for the Hilbert modular surface Y_(44)
as a double cover of [P’%’ s IS given by the equation

= (rs+s—1D(@rs—s+ 1)(r6s2 —r*s? +18r%s — 165 +27).
It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 29.

19.2. Analysis. The extra involution is ¢ : (r, s) — (—r, s). The branch locus has
three components. The two simpler components rs £ (s — 1) = 0 are obviously
rational curves, and a simple calculation shows that they correspond to elliptic K3
surfaces for which the Dg fiber gets promoted to an E7 fiber. The more complicated
component of the branch locus, corresponding to elliptic fibrations with an extra I,
fiber, is also a rational curve; a parametrization is given by

o 4m (m*+3)?
(r.s) = (m2+3’ T 16(m? — 1))'
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The right-hand side of the equation defining the Hilbert modular surface is
quartic in s, whence the surface Y_(44) is elliptically fibered over IP’}. The two
linear factors (or the fact that the coefficient of s* is a square) imply that there are
sections, so we may convert to the Jacobian form:

V=x3 4200 —r =0+ 1Dx2 + (P2 = D3+ 49172 — 121)x.

This is an honestly elliptic surface, with y = 3. It has reducible fibers of type I,
atr=0,Igatr==x1,Iyatr =00, Iz atr = :I:%, and type I, at the six roots of
(r3 —3r24+5r 4+ 11) (r* 4+ 3r% + 5r — 11) (both factors generate the cubic field k_44
of discriminant —44). The trivial lattice has rank 26, leaving room for Mordell-Weil
rank at most 4. We find the following sections, of which Py is 2-torsion, while Py,
P> and Ps are linearly independent non-torsion sections, orthogonal with respect to

the height pairing and of heights %, % and % respectively:

Py =(0,0),

P = (1107 = D, 4V11r(* = 1)’ 3r? — 4)),

Py=(=(r+ 1?0 =3r2 +5r + 11), 68/=3r(r + 1)*(r’ = 3r* +5r + 11)),
Py=(r— D@+ D¢ =32 +5r+11), 2P r = D(r + D*(* = 3r> +5r +11)).
Therefore, the Picard number is at least 29. Analysis of the associated quotient
elliptic K3 surface and its twist (see below) shows that the Mordell-Weil rank is
exactly 3 and therefore the Picard number is exactly 29. The sections above together
with the trivial lattice generate a lattice of discriminant 133056 =2°.33.7.11. We
checked that it is 2- and 3-saturated, and so it is the entire Néron—Severi lattice.
Therefore these sections generate the Mordell-Weil group.

We next analyze the quotient of Y_(44) by the involution ¢. Taking ¢ = r2, we
find the equation

22 =5t =225t = 2s + P + 5% (s® + 165 + 112
—5(2s —3)(17s — 6)t + (s — D2(165 — 27).

This has an elliptic fibration over P!, and since the coefficient of ¢* is a square, we
may convert to the Jacobian, which is

2 =x3 +52(s +2)(s + 8)x% + 253 (65> + 475 + 9)x + 54 (3652 +268s — 27).

This is an elliptic K3 surface, with reducible fibers of type Eg at s =0, I7 at s = oo,
I;ats = —24—7, and I, at the roots of 2s3 + 14s% — 6s + 1, which generates the cubic
field k_44. The trivial lattice has rank 19. We find a non-torsion section

P=(1—4s,25+14s>—6s+1)
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of height 4 — 17—2 — % = %. It is easy to show that P generates the Mordell-Weil
group: the configuration of reducible fibers does not allow for either nontrivial
torsion or a section of height 11/14n? for any integer n > 1. Therefore the K3
surface is singular, with Néron—Severi lattice of discriminant —396 = —4-9-11.
We may also analyze the quotient by considering it as an elliptic surface over IP},
and since the coefficient of s* is t2(r — 1)2, which is a square, there is a section.

Converting to the Jacobian, we get the elliptic K3 surface
V=X 4203 =2 =9+ 1D+ (1 — D3 +124+91r — 121)x

which is also obtained by replacing 72 by ¢ in the Weierstrass equation of Y_ (44).
This elliptic fibration has bad fibers of type [, I¢ and I3 at f =00, 1 and % respectively,
and of type I, at the roots of 13 4% 491 — 121, which generates k_44. Therefore,
the root lattice has rank 18. We find the sections

Py =1(0,0),
Pr=((1—0)(t —3v=3)%,23 — vV=3)(t — )(t —3v/=3)(9 — 6 — 2/=3)/3)
Py= (1=t +3v=3)% 23 +/=3)(t — )(t +3v/=3)(9 — 6 +2v-3)/3),

with P being 2-torsion, and P; and P, having height pairing matrix

)

These sections, along with the trivial lattice, generate a lattice of rank 20 and
discriminant —396, which must therefore be the entire Néron—Severi lattice. The
Mordell-Weil rank of this elliptic surface is 2.

Finally, we consider the quadratic twist of the above elliptic K3 surface, which
is the quotient of Y_(44) by the involution (' : (r, s, z) > (—r, s, —z). It is given
by the equation

o~
QN —= W
Wl N —

V:2=x 4202 =2 =9+ 1D)x> 4+ 12t — D3 + 12+ 911 — 121)x.

This is an elliptic K3 surface with reducible fibers of type I}, I, I3 and I, at =0,
1, % and oo respectively, and I, at the roots of 13 412 +91¢ — 121. The trivial lattice
has rank 18. We find the sections

Py =(0,0),

P = (111t — 1), 4V112(t — 1)’ 3t — 4)),
the first being 2-torsion, and the second of height % The Picard number is therefore

at least 19. Counting points modulo 5 and 7 shows that it is exactly 19; therefore
the Mordell-Weil rank is exactly 1. These sections and the trivial lattice span
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a sublattice of discriminant 168 of the Néron—Severi lattice. This sublattice is
2-saturated, since the configuration of fibers does not allow for a section of height
%, and we can easily check that the elliptic surface does not have 4-torsion or other
2-torsion sections. Therefore, we have the entire Néron—Severi lattice, and Py and
Py generate the Mordell-Weil group.

The calculation of the Mordell-Weil ranks of the quotient elliptic surface and its
quadratic twist allows us to conclude that the Mordell-Weil rank of the original

(honestly) elliptic surface is 1 42 = 3.

19.3. Examples. Table 14 lists some points of small height and their genus-2
curves.

The specializations r = +1 give rational curves on the surface, but points on
these correspond to decomposable abelian surfaces, which therefore have an endo-
morphism ring strictly larger than O44. The section Py is a rational curve, given
by s = (r*4+27)/(2(r*> — 1)(r> — 8)). However, the Brauer obstruction does not
vanish identically on it.

(r,s) Sextic polynomial fg(x) defining the genus-2 curve y? = f5(x)
(-2,-1) 101x® — 60x° + 2x* +92x% + 48x + 24
(2.-7) 15x% — 168x° + 170x* — 112x> +20x% — 8
(4, —%) —24x0 4+ 48x° 4 52x* 4 144x3 +238x% + 588x — 161
(-4, -1%) 56x6 4+ 196x* — 320x° + 250x% — 480x + 723
(-5.-8) —144x° + 120x5 4 265x* 4 700x> — 425x% — 750x — 1750
(2. %) 696x° — 2112x% +7492x* — 7032x3 + 10234x% — 756x + 5103
(5, —%) 12x6 — 60x — 145x* + 400x> — 1225x% — 1500x + 11500
2. 8) —5193x% — 5124x° — 16906x* — 11576x> — 17212x% — 6240x — 5304
(=2,2) | —4744x° —15552x° + 7596x* + 42048x> — 20310x* — 32112x + 33553
(=2, 2) | —18261x%+ 13668x° + 65210x* — 41512x — 74284x? + 18816x + 24696
(3,%) | —6504x5 +22608x> +28428x* — 94288x3 — 66510x2 + 103092 + 73009
(=2, 35) | 25389x%—97062x° — 511x* +240860x> — 5989x% — 127758x — 83849
(=5, —55) | —691156x6 +20220x% — 232521x* 4 19406x> — 22521x* + 2484x — 564
(2,-8) | —629624x° +272400x° — 383596x* — 704000x> — 60778x>
—194100x — 32193

(=2, —8) | —550872x° + 1549296x° — 1810124x* — 2005984

+3719134x2 — 1321788x — 4862401
(5.—%) |1781676x% — 5240052x° 4 5462991x* — 5705734

+1769571x2 + 1002576x — 1011776

Table 14. Some rational points (, s) of small height on the surface
of Theorem 29 and the corresponding genus-2 curves.
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20. Discriminant 53

20.1. Parametrization. We start with an elliptic K3 surface with Ag, Ag and A

fibers, and a section of height % =4 % —S_ 29—0. A Weierstrass equation for this

7
family is given by
y2 =x>+ax’+ 2bt(t — h)x + ctz(t — h)z,
with
a=g "+ @AMh+1)> =29 + (4h> +4gh + 6g — 3)1?
+2(8h* —4gh + 8h + 1)t + 2h + 1),
b=—4(h—g+1)(g2h + D)t* + (6h* — 2gh + 6h + D)t + 2h + 1)?),
c=16(h — g+ 1)*Qh+1)°.

To transform to a fibration with Eg and E7 fibers, we first identify an E7 fiber,
and move to the associated elliptic fibration via a 2-neighbor step.

The resulting elliptic fibration has E; and Ag fibers, and a section P of height
% =442-1- % —4. %. We identify a fiber F of type Eg and perform a 3-neighbor
step to move to the associated elliptic fibration. Note that P - F = 4, while the
remaining component of the Ag fiber intersects F* with multiplicity 3. Therefore
the new elliptic fibration has a section.

The new elliptic fibration has the requisite Eg and E7 fibers, and therefore we
may read out the Igusa—Clebsch invariants, and describe the branch locus, which
corresponds to elliptic K3 surfaces having an extra I, fiber.

Theorem 30. A birational model over Q for the Hilbert modular surface Y_(53)
as a double cover of [P’; , 1 given by the equation
2= —27h*g* — 23 (13h% + 9h + 9)g°
— (1148 + 138h° 4 383h* + 506h> 4 353h% + 120k + 16) g*
—2(h+1)2(52h*4+99h34+-65h>+19h+2) g — (h+1)* (441> +T6h>+40h+T).
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It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 28.

20.2. Analysis. The branch locus is a curve of genus 1, and the change of coordi-
nates

(x2=x4+DE2+3x+3)
@4+ DRx+ Dy +xt 3534522 +3°
= x4 — AP x Dy + 2@ = F 2 20 —x + 1)
(2 —x+D2((x + D@x+ Dy +x*+3x3 + 5x2 4 3)

g:

h =

transforms it to the elliptic curve y> 4+ xy 4+ y = x> — x2 of conductor 53, which is

isomorphic to X¢(53)/{(w), where w is the Atkin—Lehner involution.

This surface has a genus-1 fibration over IP}l, making it honestly elliptic with
x = 3. We could find no sections over (2, although there certainly exist sections
over @, since the coefficient of g is a square in Q(v/—3). The Jacobian of this
fibration has the following equation (after making the linear fractional transformation
h = —t/(t + 1) on the base, and some Weierstrass transformations):

y2 = x>+ (1 — 18¢° + 55¢* 410613 — 17912 + 241 — 16)x>
—8(t — D>(37° — 4711* — 1401 + 11211> — 309t + 248)x
—16(t — 1)?r* (1961 — 2797t* + 271213 + 86061> — 30841 + 3115).

This surface has reducible fibers of type 17, Iy and I3 at t = 00, 0, 1 respectively,
type I, at the roots of 7t> — 99¢% 4+ 104¢ — 32 (which generates the cubic field of
discriminant —22 - 53), and I3 at the roots of > — 11¢* — 11#3 4+ 612 — 3t —9 (which
generates the quintic field of discriminant —3? - 532, and whose roots generate a
dihedral D¢ extension unramified over its quadratic subfield Q(+/—3-53)). The
trivial lattice has rank 26, leaving room for Mordell-Weil rank at most 4. We find
the sections

Py = (—4(7t° = 1061° 4 189¢* + 2021 — 778> + 342t — 216) /53,

4(5t —3)(71° —99¢* + 1041 — 32)(£° — 11¢* — 11¢7 + 61> — 3¢ — 9) /(53+/53))
Py = (—4(491° — 631 +99¢* + 1621° — 3511 + 1621 — 108) /27,
(637¢3 —378t7 — 1485t +3186¢> — 1755¢* — 178243 +3942¢2 — 243t —972)
x 41/(81+/=3))
of heights % and % respectively, orthogonal with respect to the height pairing.
Therefore, the Mordell-Weil rank is least 2. By Oda’s calculations [1982], we
deduce that the Mordell-Weil rank is exactly 2. The sections P; and P, and the

trivial lattice span a lattice of discriminant 1000188 = 2% .35 .73, Checking that it
is saturated at 2, 3 and 7, we deduce that it must be the full Néron—Severi lattice.
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(g, h) Sextic polynomial fg(x) defining the genus-2 curve y2 = fo(x)
(155, —18) —2332x5 — 902x —5060x* — 17111x3 — 5995x2 — 17545x — 27951
(£.-3) —8788x0 + 34200x5 — 22425x* — 11907x3 — 16230x% — 35604x + 34024
(B.-5) 816x0 — 1944x> — 13459x* +24712x3 4 37733x2 + 7596x — 2300
(2.1 | -106605x6 — 62661x3 +467345x* + 193313x% — 69181612
— 149592 + 346546
(12,-10) | 139968x0 +471744x — 1301409x* — 773633 + 67163312
+236496x + 18756
(—33.—4) | —138482x0 + 1643417x° 4 2645029x* — 1507309x3 — 2429567x>
+1188320x + 36288
(35, —19) | 2175200x® — 2750760x + 2725545x* + 7678368x3 — 5205621x>
+3781674x 4+ 9014158
(5. -9) 3829988x° + 11621820x> — 19617225x* — 25097450x3 4 29201451x2
+ 14626080x — 14560512
(1. %) | —4788022x0 —21151494x — 18288935x* —20340320x3 — 61042325x>
+10128456x — 40124160
(—32.—22) |394632000x° — 1964113200x> — 1523778060x* + 47577849673
+ 1484008 11x2 — 3811137819x + 540964447
(35, — 1) | —5511986931x0 +20881501795x> + 17115817125x* + 198645946453
+1353729618x% — 16117938900x + 5833685448
({55, =8y | —26148549648x6 — 278797809744 — 74850706265 1x* + 329438683288
+ 1420002530997 — 1751808944796 + 1934174962804
(—7%. — %) | —159682912000x° — 1077016472800x> — 2039981245815x*
— 762577047304x3 + 6811301171385x2 — 4055008902300x + 449504680500
(81, —13) | 134236157214x04+962817170858x° —12198892111873x*+23659009829816x>
+9649525790385x2 — 12776814846900x — 8264106337500
(5. —31) | —687158622928816x0 +23483931596064.x° — 14038441316573x*

— 893569395800x3 — 20141231607x2 — 200112822x — 748062

Table 15. Some rational points (g, /) of small height on the surface
of Theorem 30 and the corresponding genus-2 curves.

20.3. Examples. Table 15 lists some points of small height and their genus-2

curves.

We could not find any curves of genus 0 which were not contained in the “bad
locus” where the abelian surfaces have a strictly larger ring of endomorphisms.

21. Discriminant 56

21.1. Parametrization. We start with a K3 elliptic surface with D¢, Ag and A

fibers, and a section P of height % =3
this family is

l=4_1- 29—0. The Weierstrass equation of

y2 = tax’+ 2bt2(kt —wx + ct4(kt — ;L)z,
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with
A=Qh—g*+1), pn=-2h,
c=—(g"— (4> — Dt — (h+2)*),
b=(g*—1)(2(g* — Dt* — (h* +4h —4g> +8)t — (h +2)*),
a=(g>— 1D+ h+2)(h—2g>+4)t> +2(h* +4h — 2g* +6)t + (h +2)°.

To find an EgE7 fibration on such a K3 surface, we first identify the class of an
E~ fiber below.
P

This converts it to an AgFE5 fibration. Note that this fibration has a section,
because the section P intersects F’ in 3, whereas (for instance) the non-identity
component of the A; fiber intersects F’ in 2, and these two numbers are coprime.

The new fibration has a section of height % = 38 =4— g, which intersects the
identity component of the E; fiber and component 1 of the Ag fiber. We then do a
3-neighbor step to get an Eg E; fibration.

P/

The new fiber F” satisfies P’ - F” = 2, while the excluded component of the Ag
fiber intersects F” in 3. Since these are coprime, the fibration defined by F” has a
section.

Now we can read out the Igusa—Clebsch invariants, and describe the branch locus
of Y_(56) as a double over of IPE,’ e

Theorem 31. A birational model over Q for the Hilbert modular surface Y_(56)
2

2. is given by the equation

as a double cover of P

2= (Qh—g>+ 1)(21° +27g°h* — 11h* +72¢°h° — 24h° — 40g°h*
+104h% — 160g%h + 1924 + 64g* — 144g> + 80).

It is a surface of general type.
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21.2. Analysis. The extra involution is g — —g. The branch locus has two compo-
nents. Points on the simpler component 2/ — g% + 1 = 0 (which is clearly a rational
curve) correspond to elliptic K3 surfaces for which the A; and Dg fibers merge
and get promoted to a Dg fiber. The other component corresponds to elliptic K3
surfaces with an extra I, fiber. It is also of genus 0, and a parametrization is given
by

(2. ) = s(s* 42252 —7) (s> —D(s>=5)
& )_( G2+ 12 2352+ 1) )

The Hilbert modular surface Y_(56) is of general type.

We now analyze the quotient of the Hilbert modular surface by the involution
(g, h,2) — (=g, h, 7). Setting f = g2, the right-hand side becomes a cubic in f.
After some elementary Weierstrass transformations, we get the equation

y? = x3 — 7h* + 7213 — 40n% + 96h — 16)x? + 51213 (Th? + 20h — 4)x.

This is an elliptic K3 surface, with reducible fibers of type Ig, Ig, I4, I3 at h =
0, oo, —2, % respectively, and I, fibers at h = (—10:i:8\/§) /7. The trivial lattice has
rank 19 and discriminant 1728. There is an obvious 2-torsion section Py = (0, 0),
and we find a non-torsion section

P = (128h, 128h(h +2)?)

of height % We checked that the group generated by Py and P is saturated at 2
and 3. Therefore, this is a singular K3 surface, with Néron—Severi lattice of rank
20 and discriminant —288.

Next, we analyze the twist of the elliptic K3 surface above, obtained by sub-
stituting z = wg in the equation of the Hilbert modular surface, and then setting
f = g2 (it is the quotient of Y_(56) by the involution (g, h, z) — (—g, h, —2)).
This twist is an honestly elliptic surface, with x = 3. After some simple algebra,
the Weierstrass equation can be written as
y? = x> + (58h° 4 149h* — 56h° — 152h% — 64h + 16)x>

+81% (2h + 5) (h* — 4h — 4)*(Th? 4 20h — 4)x.
It has reducible fibers of type I%, Ig, 14, I3, I, I, at h = 00, 0, —2, %, —%, —% re-
spectively, 14 fibers at h = (—10% 8«/5) /7and I, fibersat h =2+ 24/2. The trivial

lattice has rank 26. In addition to the 2-torsion section Py = (0, 0), we find the
sections

Py = (=56h*(h* — 4h — 4), 16v/ 1413 2h + 1)(9h — 2)(h* — 4h — 4)),
Py = (=813 (Th® +20h — 4), 64/—1h* 2h + 1)(Th? 4 20h — 4)),
Py = (4h*(Th* +20h — 4), 4h*(h 4 2)* 2h + 1)(Th* + 20h — 4))
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of heights %, 2 and % respectively, orthogonal with respect to the height pairing. On
the other hand, counting points on the reductions modulo 11 and 29 shows that the
Picard number is at most 29. Therefore, it is exactly 29. The lattice spanned by
these sections and the trivial lattice has discriminant 35840 = 2'0.5.7. We checked
that it is 2-saturated, and therefore it must equal the entire Néron—Severi lattice.

21.3. Examples. Table 16 lists some points of small height and their genus-2
curves.

Next, we analyze curves of low genus on the Hilbert modular surface. The special-
ization h = % gives a rational curve, parametrized by g = (m>—4m—9)/(m>+9). The
Brauer obstruction vanishes identically for rational points on this curve, giving a 1-
parameter family of genus-2 curves whose Jacobians have real multiplication by Ose.

The specializations & = —% and h = —% give genus-1 curves with rational points,
both of whose Jacobians have rank 1. The Brauer obstruction does not vanish
identically on either of these loci.

We also obtain some genus-1 curves by pulling back some sections from the
quotient K3 surface. For instance, the section Py + P; gives the genus-1 curve
g> = —(7Th* +20h> — 4h?> — 32h — 16)/16 which has rational points (such as

(g, h) Sextic polynomial fs(x) defining the genus-2 curve y? = f5(x)
(-2.8) —2000x° +2040x° — 565x* + 628x> — 349x? — 36x — 68
(2.2) 480x° + 1200x° 4 2657x* + 1264x> +497x? — 2220x + 660
(%.-3%) —600x° — 360x5 +2660x* +256x> — 2698x% — 222x + 639
(-3.-2) 1096x° — 24x° — 3388x* 4 608x> +2750x2 — 930x — 225
(2.2 1350x° 4+ 270x° 4 3375x* — 3944x3 + 1669x% — 5328x + 3392
(-2.-%) —1340x° + 5900x° — 2227x* + 5096x° + 2707x7 + 10x + 1950
G.-% 1440x° — 4720x° — 13227x* + 20x> 4 7389x2 — 1080x — 432
(-1.%) —12600x°® — 3192x° — 16975x* — 4442x3 + 5717x> — 516x + 4

(3. —3%) 3740x% — 6420x° — 11789x* 4 18160x> + 7315x% — 13356x + 2268
(-4.9) 35220x° 4 10548x° 4 43345x* — 10038x> + 3313x> — 228x 4 52
(-2.2) 47824x° 4 45048x° 4 13973x* — 11016x3 4 9341x% — 2040x + 400
(3.3) —6883x° + 10038x° + 62514x* 4 31744x> — 21780x7 + 3720x — 200
(Z, %) —1548x° —7732x% — 33547x* — 51202x% — 71163x% + 65988x — 11772
(—15.—3) | —316x°+4764x" +21121x* — 11666x> — 7507 1x? +20364x +49716
(%.2) 25092x6 + 70500x> + 7188 1x* — 29834x3 — 80543x2 — 25908x + 38700
(3.2 —94x® — 114x% — 2497x* — 660x° —29263x2 — 10920x — 170352

Table 16. Some rational points (g, ) of small height on the surface
of Theorem 31 and the corresponding genus-2 curves.



K3 surfaces and equations for Hilbert modular surfaces 2363

(h, g)=(1, 1)), with a Jacobian of conductor 2* 211 and Mordell-Weil group = 72.
The section 2 P; gives the genus-1 curve g% = —(49h* — 11213 +64h>—32h—16)/16
which also has rational points (4, g) = (1, £1), with Jacobian of conductor 207.23
and Mordell-Weil group = (Z/27) @ Z. The Brauer obstruction does not vanish
identically on either of these loci.

22. Discriminant 57

22.1. Parametrization. We start with an elliptic K3 surface with fibers of type Eg,
A7 and Aj att = 00, 0, 1 respectively, and a section of height % = % —4_4_33

378
The Weierstrass equation for this family is

v =x3 +ax? +2bt%(t — Dx +ct*(t — 1)2,
with

a=10—-1)((g> =D H*=3)+2gh) + (& + )h—g)’ P =1 +1,

b=—(g ) =1
(=0 = (" = 3)h* =2) +2gh) (1 = 1) = (¢ = 3h) (8 + 1)1 — £)1°),

c=(2=H ==+ (g=Ln)’ P+ =) ((g— 1n) = (gh+1)%)).

We identify an Eg fiber below, and the resulting 3-neighbor step takes us to an
elliptic fibration with Eg and A7 fibers.

Since P - F/ = 2 for the new fiber F’, while the intersection number of the
remaining component of the Eg fiber with F' is 3, we deduce that the new fibration
has a section.

The new fibration has a section of height “%7 =4+2-2— %7. Now we can
identify an E7 fiber F” and move to the EgE7 fibration by a 2-neighbor step. Note
that since Q - F” =7, while the remaining component of the A7 fiber intersects F”
in 2, the new fibration will have a section.
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Now we can read out the Igusa—Clebsch invariants and compute the branch locus,
which is the subfamily with an extra I, fiber.

Theorem 32. A birational model over Q for the Hilbert modular surface Y_(57)
as a double cover of IPE,’ 5 s given by the equation

22 = (2568° — 176g* +40g> — 3)h* + (2176g° — 960g> + 104g)h>

+(4320g* —688g% —34)h> 4 (—34568°+576g° +3282)h —2160g* —648g>+361.

It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 29.

22.2. Analysis. The extra involution is (g, #) — (—g, —h). The branch locus has
genus 2; the transformation

y+x2+1 x(@dy—x*—14x2-1)
(g?h): 3 ’ 2 2
4x (x> —1)

converts it to Weierstrass form
=3x8+ 1t + 22+ 1.

It is isomorphic to the quotient of X((57) by the Atkin—Lehner involution ws;.

The Hilbert modular surface Y_(57) is an honestly elliptic surface, with a genus-1
fibration over I]J’i,, and in fact, setting &2 = 1 gives a section. Therefore, we may use
the Jacobian form, which has the Weierstrass equation

v =x34+4(12¢% — 1)(28g> — 5)x?
—42g—-1)*2g+1)*(12g>—5)(108g> —19)x + (2g — 1)°(2g+1)%(108g> — 19)°.

It has reducible fibers of type 17 at g = :I:%, IVatg=o00,latg= :I:g, and I3 at

the four roots of 432g*+216g%—49 (which generate a dihedral extension containing
Q(+/57)). The trivial lattice contributes 26 to the rank of the Néron—Severi lattice,
leaving room for Mordell-Weil rank at most 4. We find the sections
P = (0, 2g— 1)’ (2g + 1)’ (108> — 19)),
Py =((2g — D*(2g + 1)*(6g — 1)(6g + 1),
28(2g — 1)*(2g + 1)*(432g* + 2164 — 49)),

Ps = ((u+3)(18g — w)(2g — H(2g + 1)’ /3,

(368 +9 —211)(2g +6 + ) (188 — 1)(2g — 1) (2g + 1) /3)

(where = +/57), with nondegenerate height pairing matrix

38 0 —19
0 20 -10
—-19 —10 39

1
42
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Therefore, the Picard number is at least 29. In fact, counting points modulo 7 and
11 shows that the Picard number must be exactly 29. Alternatively, analysis of the
quotients below gives another proof. The sections above together with the trivial
lattice span a lattice of discriminant 11970 =2-3%.5-7-19. We checked that it is
3-saturated, and thus it is all of the Néron—Severi lattice. Therefore, these sections
generate the Mordell-Weil group.

Next, we analyze the quotient by the involution (g, &, z) — (—g, —h, z). This
turns out to have a genus-1 fibration with section over the ¢-line, where t = g2. The
Weierstrass equation may be written (after a linear change of the base parameter
and a Weierstrass transformation)

y2=x>+ 4@+ DBt +2)(7t +2)x>
—483 @+ D)2 Bt —=2) 27t + 8)x + 15t + 1)} (271 + 8)%.

This is an elliptic K3 surface with fibers of type I7 at t = 0, I§ at r = —1, I, at

t= —%, ITatt=o0,and Iz atr = -2+ %ﬁ. Thus the trivial lattice has rank 17,
leaving room for at most three independent sections.

We find the independent sections

Py = (2(t + 1)(9t +8), £7(t + 1)* (274> + 108t + 32)),
Py = ((t+ 1)(27t + 8)(3t* — 64t — 64) /57,
(t + 1)*(t +40) (27t + 8)(27¢* + 108t + 32) /57°/?)

of heights 25—1 and % respectively, and orthogonal with respect to the height pairing.
Therefore the Picard number is at least 19. Counting points modulo 11 and 13
shows that the Picard number cannot be 20. These sections together with the trivial
lattice generate a lattice of discriminant 140. We check that it is 2-saturated and
must therefore be the full Néron—Severi lattice.

Replacing g2 by ¢ in the Weierstrass equation for Y_(57) gives a quadratic twist
of the above quotient K3 surface, given by the Weierstrass equation

y? =x3 44121 — 1)(281 — 5)x?
— 44t —1)3 (12t — 5)(1087 — 19)x + (4t — 1)°(1087 — 19)2.

This is an elliptic K3 surface with fibers of type I7 at t = zlt’ I atr = %, Iz at

t = —% + g and IV* at r = oo. The section P = (0, (4t — 1)3(108¢ — 19)) has
height %. Therefore, this K3 surface is singular. Together with the trivial lattice, the
section P spans a lattice of discriminant 171 = 32 - 19. Since there is no 3-torsion
section, and we cannot have a section of height 19/(32-42) due to the configuration
of fibers, this must be the full Néron—Severi lattice.

Therefore, the Mordell-Weil rank of the original surface must be 2 + 1 = 3.
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22.3. Examples. Table 17 lists some points of small height and their genus-2

(g, h)

Noam Elkies and Abhinav Kumar

Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
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—2x0 4 15x° + 131x* +240x% — 61x2 — 8
81x6 + 54x> — 286x* — 186x3 +323x2 + 120x — 130
—108x° 4 324x° —243x* 4 186x> —279x% — 80
—100x% — 390x° — 204x* 4+ 74x3 — 69x% — 12x + 8
—220x° 4 420x> — 111x* 4+ 238x> 4 381x2 + 168x + 24
95x°% — 114x° + 325x* +35x3 4+ 10x2 — 429x — 234
120x° — 192x° + 122x* 4 286x3 — 448x2 + 357x — 63
58x% +39x5 — 129x* + 132x3 4+ 519x% +240x — 40
—390x% +451x° — 230x* — 593x3 4+ 682x2 +220x — 200
—540x° 4 729x° — 135x* 4 255x3 — 225x% — 36x — 52
—60x° — 156x° 4 137x* +310x> — 351x% + 108x + 756
60x> + 839x* +278x3 — 652x% — 36x — 489
—60x° + 60x° — 3x* + 184x3 4+ 669x2 + 132x + 868
—819x° — 1042x* 4+ 61x3 4 248x? — 48x
—40x% — 72x° — 45x* —534x3 —297x2 — 324x — 1188
—36x% + 84x7 +491x* — 750x3 — 337x%> — 912x — 1200

Table 17. Some rational points (g, &) of small height on the surface
of Theorem 32 and the corresponding genus-2 curves.

curves.

The specialization 7 = 0 gives a genus-1 curve with rational points, whose
Jacobian has rank 1. Of course, there is a large supply of genus-1 curves, simply

by specializing g, since we have an elliptic surface.

The sections P; and P, give rational curves & = —16g/(4g> — 1) and h =
(72¢3 —36g% +78g —7)/((4g* — 1)(6g — 7)) respectively. The Brauer obstruction

vanishes on these curves.

23.1. Parametrization. We start with a K3 elliptic surface with E¢, Dg, A4 fibers

23. Discriminant 60

at 0o, 0, 1 respectively. The Weierstrass equation for this family is

y2 = x> +atx> + 203t — Dx 4t (1 — 1),
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with

a=Mh*—g>—1)>—42h* =382+ 6)(r — 1),

b=4(—4(h* — g* — 1)* + 16(h* — 2g* + 1)(t — 1)),

¢ =256((h* — g> — 1)* +4g*(t — 1)).

We identify an Eg fiber below, and move to this elliptic fibration by a 3-neighbor
step.

The new elliptic fibration has fibers of type Es, Dg and A;, and a section P
of height %’ = % =44+2.-2— % We now identify an E7 fiber F’ and perform a
2-neighbor step to go to the new fibration. Note that it has a section, since P - F' =7,
while the remaining component of the Dg fiber has intersection number 2 with F’.

P

From the resulting EgE7 fibration, we can read out the map to A,.
Theorem 33. A birational model over Q for the Hilbert modular surface Y_(60)
as a double cover of [P’; , 1s given by the equation
Z2=—h>=2h—g>+5)(h*+2h—g*+5)

x (8h® —25g%h* +24h* +26g*h> — 86g°h> + 24h*> — 9g° + 66g* +47g% +8).

It is a surface of general type.

23.2. Analysis. The surface Y_(60) has two extra commuting involutions, ¢ :
(g, h)— (—g,h)and 1, : (g, h) — (g, —h). The two simpler components

hr+2h—g*>+5=0

of the branch locus correspond to the subfamily of elliptic K3 surfaces where the
D¢ fiber gets promoted to an E7 fiber, while the more complicated component
corresponds to an extra I, fiber. The simpler components are easily seen to be
rational curves, as they define conics in the (g, /)-plane, with rational points. The
last component is also a rational curve; a parametrization is given by

( h)‘( ) (ﬂ“t‘1)(f4—f3+2t2+t+1))
8, - t(t2—1)(12—2t—1)’ t(t2—1)(t2—2t—]) .
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This Hilbert modular surface is of general type.
We now analyze some of the quotients of this surface by the involutions. The
quotient under both involutions is given by

22 = —(h* —2gh +6h + g> — 10g +25)
(8h3 —25gh* 4+ 24h> +26g%h — 86gh + 24h —9g> + 66g% +47g + 8),

and this is actually a rational surface; the transformation
(& h) = +g”+2¢'+5 1 +¢%

converts the above equation into a conic bundle over I]:",ll, with a section.
The quotient by the involution ¢; turns out to be an elliptic K3 surface, with
Weierstrass equation given by

y? = x3 4 202(215¢% + 3561 + 140)x* — 13 (1 + 2)3(5¢> + 8741 + 864)x /3
—81*(t +2)°(1631> — 541 — 216)/27.

It has reducible fibers of type Eg att =0, [gatt =—-2, att =—1and ¢t = —%,
and I at t = (=7 £ 5/5) /19. The trivial lattice therefore has rank 19. We find a
3-torsion section with x-coordinate 11¢2(z + 2)2 /3 and a non-torsion section with
x = —1t2(t +2)?/3. Therefore the K3 surface is singular. These sections, together
with the trivial lattice, generate a lattice of rank 20 and discriminant 60. It must be
the full Néron—Severi lattice, since otherwise there would have to be a 6-torsion
section or section of height %, neither of which is possible with our configuration
of reducible fibers.

The quotient by the involution ¢, is also an elliptic K3 surface, with Weierstrass

equation
v =x3 — (11* =20/ +8) x2 4+ 16(t — 1) (¢ + 1)° (41> — 5)x.
This has bad fibers of type g at t =41, [, atr = :I:‘/Tg, and Iz at ¢t = :i:%. Therefore

the trivial lattice has rank 18, leaving room for at most two independent sections.
We find the following sections, of which the first is 6-torsion.

Po= (207 = D@12 = 5), 4(t* — (312 — 4) (417 - 5)),
Py= ((11 =32 (1> = 1)/2, G+5wyt(* — 1)/12(1817 = 15+ ),
Py = ((1143w)r%(* = 1)/2, 3 =501 (1> — 1)/12(181% — 15 — ),

where © = +/—15. The height pairing matrix of P; and P; is

1 7 -2
3\—2 7))
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(g, h) Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
(2,-8) 468x° 4 1332x7 4 1345x* — 20x3 4+ 1051x2 — 150x + 186

(-2, 2) —12x° 4+ 132x° + 371x* 4 1506x> + 1391x% — 528x — 1872

(4. 8) —942x° 4+ 3150x5 — 869x* — 4220x3 + 745x% + 2244x + 468
(-2.-7) 48x° —360x° + 1907x* — 4000x° + 5195x> + 828x + 2556

(-2, 1) —4500x° — 9300x° — 5365x* 4+ 4106x3 +3335x% — 2112x — 2648
(2.0 —4116x° — 6468x> + 8617x* 4 11086x> — 12239x2 — 3708x + 4212
(2.9 72x% —2136x° + 15869x* — 258x3 — 1759x% + 108x — 4
(4,-1) 12x8 — 36x5 +929x* — 1458x3 + 16361x% — 4452x + 1476

(2, -2 9248x6 —2312x° + 12427x* — 29852x3 — 21811x% +26690x + 21270
(32, %) 2272x° 4 35064x° 4 12877x* — 24234x3 — 37079x2 +29700x — 3500
(=3, =) | —6368x° —20760x° + 11991x* 4 29560x> — 61443x2 + 39870x — 12150
(—38,—%)| —575x° —3075x° — 12269x* — 16401x> — 56024x2 — 21792x — 73242
(=%.3) | —36450x° —10530x° 4 6327x* + 78760x° — 29879x% — 17700x + 2612
(&, %) 8612x% — 4020x> — 52381x* — 4290x> +91787x2 4+ 47220x — 11540
(%.-2) | —17092x°+13812x°—101885x*+63210x> —89229x2+69580x — 15092
(-2, %) | —100572x6—102884x° — 147679x* —25432x3 +27727x>+35870x — 11890

Table 18. Some rational points (g, &) of small height on the surface
of Theorem 33 and the corresponding genus-2 curves.

Therefore the Picard number of this K3 surface is 20. The discriminant of the
sublattice of NS(X) generated by the trivial lattice and these sections is 180. We
checked that this lattice is 2- and 3-saturated, which proves that it is the entire
Picard group.

23.3. Examples. Table 18 lists some points of small height and their genus-2
curves.

We now describe some curves of genus 1, possessing infinitely many rational
points, on the Hilbert modular surface. These were obtained by pulling back rational
curves on the quotients by ¢; and ¢, obtained as sections of the elliptic fibrations. In
each case we give the curve as a double cover of P!, exhibit a coordinate of a point
on P! that lifts to a rational point, and give the conductor and Mordell-Weil group.

e v = 00, conductor 2* 32 11 - 97, Mordell-Weil group (Z/27) @ Z, equation

> _ V1413207 + 117840% 45662800 420175732 v* 4720 +4560
B 36(v+9)? 6w+

8
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e v =1, conductor 2-3-7-17- 19, Mordell-Weil group (Z/27Z)?> @ Z, equation

5 4913v* + 199002 + 153 250243
g =

36(v2 — 1)2 T 22 =)

e t = —1, conductor 5% 11 -17 - 47, Mordell-Weil group Z2, equation

o 140491% 5724817 48746217 —598401 + 15657  2(t—1)(541—67)
B (t+1)2(91—11)? ot DO—11)

e v =0, conductor 238 =2 -7 - 17, Mordell-Weil group (Z/27) & Z, equation

g

o 83301900 41 0 2745
T aw—12 0 ST ooy

We can obtain a few more such curves from these, by applying the involution ¢,
to the first three curves, and the involution ¢; to the last. If two genus-2 curves are
parametrized by points related by such an involution, then the curves’ Jacobians
are isogenous.

24. Discriminant 61

24.1. Parametrization. Start with an elliptic surface with D7, Ag and A, fibers

' ioht 4 =4 _-2_06_171
and a section of height ¢z =4 — 3 i

The Weierstrass equation for this family can be written as

v =x3+ax?+2br(1 — Dx +ct’(t — 1)?,
where
a=4nh— g’ + (h — g)*(g®h> —4gh® —8h®> —2g°h + g% + 12g + 12)¢?
—2(g+ D(h—g)(g°h+4h — g —69)t + g% (g + 1),
b=—4(g+1)(h—g)*((h—8)*(Q2gh* +4h* + g*h — g* — 6g — 6)1*
+(g+ Dh—g)(@h+2h—2g" —69)1 — g*(g +1)°),
c=16(g+ D2(h—)*((g +2(h— )t +g(g +1))’.

We first perform a 2-neighbor step to move to an elliptic fibration with E7 and
A7 fibers, by locating an E7 fiber, as follows.
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This elliptic fibration has Mordell-Weil rank 2, and we can in fact write down
two generators of the Mordell-Weil group, which intersect the components of
reducible fibers as shown below. Next, we identify the class of an Eg fiber, and use
it to perform 2-neighbor step to an elliptic fibration with Eg, As and A; fibers, and
Mordell-Weil rank 2.

We show one of the generators P of the Mordell-Weil lattice, which has height
4-2. % — % Next, we go to a fibration with Eg and E¢ fibers using the fiber class
F’ of Eg below. Since P - F' = 1, the new elliptic fibration has a section.

p

We can find a section P’ of this elliptic fibration with Eg and E fibers, of height

8 —4_2 Weuseitto go to a fibration with Eg and E7 fibers as shown.

37 3"
P/ >
%—o—o

From the resulting Es E7 fibration we read out the Igusa—Clebsch invariants and
calculate the equation of Y_(61) as a double cover of IP’; e

Theorem 34. A birational model over Q for the Hilbert modular surface Y_(61)
as a double cover of I]:D; , is given by the equation

2= (h—1D*%* —2(h — Dh(h® — 14> —20h —21)g°
+ h(h> — 46h* — 190> + 42h° + 39h — 44) g?
+2h%(101* 4+ 5K — 134> — h + 12)g — h>(8h* — 13h% + 16).

It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 28.
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24.2. Analysis. The branch locus has genus 1. The transformation

 8x%y—34x?y+37xy — 14y +x°—10x° +44x* —89x +-98x* —58x + 14
B -1 -7 ’
_ 12x%y —35xy +26y 4 3x* + 11x7 — 61x% + 74x — 26

x2(9x2 —24x +13)

h

converts it to the Weierstrass form
v 4xy=x—2x+1,

an elliptic curve of conductor 61. It is isomorphic to Xy(61)/(w), where w is the
Atkin—Lehner involution.

The Hilbert modular surface Y_(61) is an honestly elliptic surface, since we
have an evident genus-1 fibration over IP}l. Since the coefficient of g* is a square,
we convert to the Jacobian. In Weierstrass form, we obtain

y2 =x3 + h(h> 4 14h* 4+ 230> — 102h° + 88)x>
— h2(110R° +908h° — 2854h* — 1028h> + 4795h> + 120h — 2000)x
+ h* (172847 + 16849h° — 24666h° — 50145h*
+52138h% + 5040642 — 29200k — 20000).

This elliptic surface S has x (Og) = 3, with bad fibers of type I at 2 =0, I at h = o0,
I, at 4 =1 and at the roots of /13 +13h%424h+16 (which generates the cubic field of
discriminant —244), and I3 at h = —1 and at the roots of 3*+23/13 —64h>+22h+25
(which generates the quartic field of discriminant —3 - 612, a quadratic extension
of @(Jﬁ)). The trivial lattice therefore has rank 26, leaving room for at most 4
independent sections. We find the two sections

Py = (h*(—=36h +55), 12h*(3h* +23h> — 64h* +22h +25)),

P> = (—(36h° +444h° + 472h* — 14920 — 799 + 10481 — 400) /61,
4(15h* —2h—5)(h*+13h>+24h+16) (3h* +23h> —64h>+-22h +25) /61%/2)

of heights % and % respectively, and orthogonal to each other under the height

pairing. By Oda’s calculations, the Picard number is 28, and therefore the Mordell-
Weil rank is exactly 2. The sublattice of the Picard group generated by the above
sections and the trivial lattice has discriminant 41184 =23.32.11-13. We checked
that it is 2- and 3-saturated, and therefore it must be the entire Néron—Severi lattice.
Therefore the Mordell-Weil group is generated by P; and P,.

24.3. Examples. Table 19 lists some points of small height and their genus-2
curves.
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(g, h) Sextic polynomial fi(x) defining the genus-2 curve y? = fi(x)
(-2.1) —32x0 — 144x% —229x* — 24x3 — 157x? — 84x +92

(2. -3) —10x° — 42x° 4 39x* 4 728x> + 489x% + 1260x — 1068
(-4, -1 756x0 — 756x% + 1953x* — 282x% — 327x2 4 1404x — 1444
(-3, -3) —348x° — 972x% — 2661x* — 2326x> — 2205x2 + 1260x — 140
(-32.-3) 467x° + 1551x° 4 3906x* + 3027x% — 495x2 — 1800x + 400
(£.5) —325x% + 1410x° + 1045x* — 3993x3 — 2636x> + 3456x +2143
(-2.-%) —128x% 4 96x° — 2519x* +4362x> 4 1321x2 4 456x + 32
(3,19 —204x° — 108x> +2553x* — 946x> — 4683x? — 360x + 1200

(L 3) —188x% — 1812x% — 4707x* — 130x3 4 6189x% — 1620x + 108
(12.-1) —612x% 4 3708x° — 6501x* + 5656x> 4 693x% — 318x — 1126
(=2, -2)| —148x°42472x> — 1481x* + 5001 — 6980x% + 1425x — 6625
(-32.-1) —16x% —264x° +477x* — 2268x3 4 4029x% — 6156x + 10372
(2.-1) —4671x% — 6660x> — 10362x* + 11195x3 4 1287x% + 1590x + 7621
(2.2) 821x® — 1896x° —4922x* 4 8588x> + 11341x2 — 7674x — 8247
(=2,-10) | 2716x°® + 84x> + 7107x* + 10642x> + 4803x2 + 13764x + 10204
(£,3) —3756x% — 12012x° +9297x* + 18116x3 — 10335x? — 7560x + 3600

Table 19. Some rational points (g, &) of small height on the surface
of Theorem 34 and the corresponding genus-2 curves.

Next, we list some rational curves on the surface. The specialization 7 = —1 gives
a rational curve, but the curves of genus 2 corresponding to the points on this curve
have Jacobians with endomorphism ring larger than just Og; (they are isogenous
to the symmetric squares of elliptic curves). The section P; gives the rational
curve g = (3h> —7h +5)/(3(h — 1)), for which the Brauer obstruction vanishes
identically, yielding a 1-parameter family of genus-2 curves whose Jacobian have
real multiplication by Og;.

25. Discriminant 65

25.1. Parametrization. We start with an elliptic surface with E7, A4 and A4 fibers
at t = 00, 0, 1 respectively, and a section of height % = % =4 % — ? The
Weierstrass equation of such a family is

=2+ (a0l — ) +art (1 — 1) +1%)x?
+202(t — De(bo(1 — 1) + byt (1 — 1) +£2)x + &2t (t — D> (co(1 — 1) + 1),
with
ag = (s* —5)*(Q2rs> + 5 +2r)* /4,
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a) = 4(5s6 —8s*— 757 — 6)1’2 +4s(5s4 — 1352 — dyr + 55 — 1852 +5,
bo= (s> =35)2rs*+s+2r)2rs*+ s> +4rs* +s —6r)/4,
b = 8(s2 — 1)(s2 + 1)2r2 + 8s(s4 —Dr 4254 =252 41,
co= (2rs4 +5° +4rs® 45— 6r)2/4,
e=—(s— 1)(s+ 1)(2rs® —drs +s+2r —2)(2rs* +4rs +s +2r +2).

To describe an elliptic fibration with Eg and E7 fibers, we identify the class of
an Eg fiber and move by a 2-neighbor step to an EgA4 A, fibration.

The new elliptic fibration has Mordell-Weil rank 2, and we compute two genera-
tors P and Q, each of height % =4— % — g, with intersection pairing % We draw
P in the figure below, as well as the class of an A7 fiber F’. Because Q- F' =1,
the new fibration has a section.

P

The new elliptic fibration has A7 and Eg fibers, and a section P’ of height
% =4+2-3-3. %. We now go to EgE7 via a 2-neighbor step. Note that the
section P’ intersects the new E7 fiber F” in 7, while the remaining component
of the A7 fiber intersects F” in 2. Since these are coprime, the genus-1 fibration

defined by F” has a section.
P/

We now read out the Igusa—Clebsch invariants, and compute the equation of
Y_(65) as a double cover of IP’E’S. It is branched over the locus where the K3

surfaces acquire an extra I, fiber.
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Theorem 35. A birational model over Q for the Hilbert modular surface Y_(65)
as a double cover of [P’f’ s IS given by the equation

22 = —16(s* +25% +13)2(45° + 35* — 105> — 13)r*
—32s(4s'? 4+ 155" +1275% — 105 — 4945* — 125352 — 949),3
—8(125'% 433510+ 4085 — 8985® — 26725* — 20235 + 404)r>
— 85(4s'0 + 758 4+ 1495% — 6275* — 6415 + 148)r
— (45" + 358 + 1665° — 9975* + 32852 — 80).

It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 28.

25.2. Analysis. This is an honestly elliptic surface, with the extra involution ¢ :
(r, s, z) — (—r, —s, z) corresponding to the factorization 65 =5 - 13.
The branch locus is a curve of genus 1, isomorphic to the elliptic curve

y2+xy=x3—x

of conductor 65. For lack of space we do not write down the explicit isomorphism
here, relegating the relevant formulae to the online supplement. This elliptic curve
is isomorphic to the quotient of X((65) by the Atkin—Lehner involution wgs.

We were unable to find a section of this genus-1 fibration. However, for purposes
of analyzing the Picard number, we study the Jacobian of this elliptic curve over
Q(s), given by

y? = x> + (858 + 135* — 106s% 4 101)x?
+ (1652 4+ 52510 — 56458 4+ 14165° — 16245* + 90052 — 196)x.

This has reducible fibers of type Ig at s = £1, [y at s =00, [z at s = :i:‘/TE, and I,
at the four roots of 4s* 4+ 29s? — 49 (a dihedral extension containing \/6). The
trivial lattice therefore has rank 27, leaving room for Mordell-Weil rank at most 3.
There is the obvious 2-torsion section (0, 0), and we find a non-torsion section of
height %:

P = ((73+91)/2(s* — D*(s* + (29/8 — 5/81)),
(657 +811)/2s(s* — 1)*(s* — 13/9) (s> + (29/8 — 5/811)))

with u = +/65. Analysis of the quotient by ¢, and its twist, shows that the Mordell—
Weil rank is exactly 1. Therefore the Picard number of Y_(65) is 28. The discrimi-
nant of the sublattice of the Néron—Severi group generated by the trivial lattice and
these two sections is 6144 = 211 . 3. We checked that it is 2-saturated, and so it
equals the entire Néron—Severi lattice. Therefore the sections above generate the
Mordell-Weil group.
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The quotient by the involution ¢ is given by the equation

w? = —1612(t> + 2t + 13)>41> + 31> — 10r — 13)r*

—326%(41° 4+ 158 +1271* — 108° — 49417 — 12531 — 949)r°
— 81 (12¢° +331° 4+ 4081* — 8981> — 26721% — 20231 + 404)r?
— 81 (417 + Tt* + 14913 — 6271> — 6411 + 148)r

— (48 +31* + 16613 — 997> + 3281 — 80),

where ¢ = s2. Once again we study the Jacobian elliptic fibration: it has the equation

v =x3 4+ (8t* + 133 — 1061% + 1017)x>

+ (1615 + 5217 — 56415 + 14161 — 16241* + 900> — 1961%)x.

This is an elliptic K3 surface with bad fibers of type I at# =0, Ig at r = 1, I3 at
t= 17?, and I, at t = oo and r = (—29 &+ 54/65) /8. Therefore the trivial lattice has
rank 18, and the Mordell-Weil rank can be at most 2. As before we have a 2-torsion

(r,s)

Sextic polynomial fs(x) defining the genus-2 curve y> = f5(x)
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—396x° 4 216x° +281x* — 889x3 4 50x% 4 939x + 315
—648x% 4+ 3015x* — 422x3 — 4369x2 4 2216x — 752
—72x% +969x° — 3509x* 4+ 847x3 +9373x2 4 816x — 3724
—240x5 — 384x° + 695x* +2724x3 + 5543x% — 10992x — 2736
—16200x° + 1125x* — 8972x% — 30493x% 4 14186x — 18974
—4368x° +420x° +28144x* — 13235x3 — 35846x2 4 10080x + 14112
800x° 4+ 6480x° 4 19405x* + 35306x> — 39491x? — 2688x — 48
5088x6 — 48648x> 4+ 85307x* 4+ 9352x3 — 59071x? — 15690x + 730
546x° 4+ 9798x> +24115x* — 25228x3 — 9853 1x2 + 58920x + 38880
2744x6 — 22344x5 — 45297x* — 16942x3 4 100440x2 + 89910x — 72900
—332100x°4344220x° —54545x* +106126x3 —68117x%4+3528x — 16464
—216000x° 4 506400x° — 283195x* — 70483x> + 13883x2 4+ 3456x + 300
—366600x° — 2197788x> — 64538x* + 11447529x> + 133360x2
— 19021554x + 9447840
—412287975x° — 323683706 1x° + 5479876697x* + 3156545763 x
+ 1177706300x% — 7413585000x — 1103500000

Table 20. Some rational points (, s) of small height on the surface
of Theorem 35 and the corresponding genus-2 curves.
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point P; = (0, 0). We also find a non-torsion point

Py = ((73 —9u)t(t — 1)*(8t +29 4 51)/16,
(=73 +9)2(t — 1)*(9t — 13)(8¢ +29+51)/16)

of height %, with p = /65 as before. Therefore, the Picard number is at least 19,
and point counting modulo 11 and 23 shows that the Picard number must be 19. We
verified by checking 2-saturation that the sections P; and P, and the trivial lattice
span the Néron—Severi group, which has discriminant 64.

We next analyze the quotient by ' : (r, s, z) — (—r, —s, —z), which is the
quadratic twist of the elliptic K3 surface above by /f:

y? = x3 4+ (83 + 1312 — 1061 + 101)x>

+ (1615 +521° — 5641* + 141613 — 16241> + 9007 — 196)x.
This is also an elliptic K3 surface, with reducible fibers of type I at t = oo, Ig at
t=1,Izatr = %3, and I, at t = (—29 +54/65)/8. The trivial lattice has rank 19.

Again, point counting modulo 11 and 23 shows that the Picard number is 19, and
the Mordell-Weil group therefore has rank 0, with only the 2-torsion section (0, 0).

25.3. Examples. Table 20 on the previous page lists some points of small height
and their genus-2 curves.

26. Discriminant 69

26.1. Parametrization. Start with an elliptic K3 surface with fibers of type E¢, Ag
and A and a section of height % = % =4 - % - %. We can write down the
Weierstrass equation of this family as

v =x3 4 (ag+ait + art*)x* + 13 (bo + bit + bot®)x +1%(co + 1t + cat?),

with
ap = 1(0r—01+2)%, ar = 3(07 —02(01—4)—2(c1— 1)),
ar = 4(05+40,-8), by = 102(02—01+2)?,

bi = 1(05 —03(01—4) —0f —0201+201), by = (02(01—6)+2(01—1)),

12 2 I 1,2
co = 705 (02—01+2)%, c1 = 502(01—2)(02—071), c2 = 7(0f —402),

where

or=r+s, O0p=rsSs.
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First we find the class of another E¢ fiber below and go to that elliptic fibration
via a 2-neighbor step.

The resulting elliptic fibration has Eg, E¢ and Aj fibers, and a section of height

% =4— % - %. Now we find the class of an A7 fiber in the diagram below.

The resulting fibration has A7, As, A, and A, fibers, a 2-torsion section, and a
non-torsion section P of height g—g = % =4 % — % — 1?7 We next identify the
class F’ of an E7 fiber, and go to it via a 2-neighbor step. Note that P - F' =1, so

the new fibration has a section.

The new elliptic fibration has E7, A7 and A; fibers, a 2-torsion section Q’, and
a non-torsion section P’ of height %9 =4+42-3— % — %. We identify a fiber F” of
type E7 below.

P/

Note that P’ - F” =2-3+3 =9, while the remaining component of the A7 fiber
intersects F” with multiplicity 2. Therefore the new elliptic fibration has a section.
Converting to the Jacobian, we read out the Weierstrass coefficients of the EgE7
form, which give us the Igusa—Clebsch invariants.
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Theorem 36. A birational model over Q for the Hilbert modular surface Y_(69)
as a double cover of [P’f’ s IS given by the equation

2= =D =200 = Dr* (P +13r* = 37r +22)s°

+ (r® +1007° — 439r* 4+ 640r — 357r% +72r — 16)s*

—2(59r° — 320r* +590r° — 43612 4+ 133r — 32)s°

+ (44r° —357r* + 8721 — 830r2 + 314r — 83)s?

+236r* —133r3 4+ 157r> —65r +19)s — 16r* +64r3 —83r24+38r —11.
It is a surface of general type.

26.2. Analysis. This is a surface of general type, with an extra involution (7, s, z)
(s, r, z), corresponding to 69 = 3 - 23.
The branch locus is a curve of genus 2; the transformation

Wy +x2y —y—3x0 —4xd x4+ 6x3 — 202 —2x + 1
B 2x2(x2 4 x — 1)?
o Xy +x2y —y+3x0+4xd —xt —6x3+2x2 4+ 2x — 1
2x2(x2+x —1)2

converts it into Weierstrass form

’

V=P +x2 =D =T +4x —1).

It is isomorphic to Xo(69)/(w), where w is the Atkin—Lehner involution.
The quotient surface is (withm =r +s,n =rs)

22 =—16m* +4(11n% + 181 + 16)m> + (n* — 118n> — 3570 — 202n — 83)m*>
—2(n° — 50n* —254n° — 328n> — 61n — 19)m
+n® —26n° —203n* — 466n> — 330n% 4 36n — 11.

The substitution m = n + k makes the right-hand side quartic in »n, with highest
coefficient a square. Converting to the Jacobian, we get (after some Weierstrass
transformations and change of the parameter on the base) the elliptic K3 surface

v =x3 — (8813 + 1512 4+ 61 — 1)x? + 83(2501> + 571> 4+ 45t — 8)x

+ 1617 (1125¢% + 5521 + 208t — 36).
This has fibers of type Is at t =0, I att = oo, b att = (=3 & 2\/5)/4, and I5 at
the roots of 25¢3 + 17¢> +2t — 1 (which generates the cubic field of discriminant

—23). The trivial lattice has rank 18, leaving room for at most two independent
sections. We find the non-torsion section

Py = (4t(1—1),4t (25 + 171> + 2t — 1))
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of height % Counting points modulo 7 and 13 then shows that the Picard number
must be exactly 19. Therefore, the discriminant of the sublattice spanned by P; and
the trivial lattice is 432 = 2*-33. Looking at the contributions to the Néron—Tate
height from the fiber configuration, one easily sees that there cannot be any 2- or
3-torsion. Similarly, it is impossible to have a section of height % or 41—5. Therefore,
this sublattice must be the entire Néron—Severi lattice, and P; is a generator of the
Mordell-Weil group.

26.3. Examples. Table 21 lists some points of small height and their genus-2
curves.

(r,s) Sextic polynomial f(x) defining the genus-2 curve y? = fg(x)
(2.2) —144x5 — 336x° 4 491x* — 274x> +4919x2 — 23076x — 6476
.9 —108456x° +89940x> 4 3518x* + 11915x3 4 29021x% — 40515x + 2841
(8,3)  |-7146x° 4 26076x 4 26698x* — 128487x> — 8788 1x> 4 140967x + 106899
(&.3) —205648x% — 71112x° +4931x* — 3219x° — 1369x? + 336x + 64
(3. %) | —47792x° +212184x% — 134731x* — 131082 4 58025x2 + 39900x + 3500
(3.2) 111132x° 4 308700x° + 150199x* — 166350x* — 85877x2 + 37080x + 3208
(3,-%) |—203124x° + 537156x° — 1147529x* — 958036x°
— 185681x% + 583356x — 97236

(31.3) | —4138876x° — 12791196x° — 14043627x* — 2580588x>

—2332545x2 — 7239150x — 962750
(£.3) | —4774900x° 4 11612125x° — 1487685x* — 13117009x°

+29039993x% + 24527448 x — 2106844
(3, =) | —1749188x° + 9004404x> — 5544841x* — 13022828x>

—36459313x2 4 31091676x + 62509084
(3.3) | 1490720x° + 34810248x +203477725x* — 39952362.x°

—392594159x% + 53751372x — 121943204
(3,2)  |354444x° 4+ 2968308x> — 37732823x* +4713146x°

+223323505x2 + 714572220x — 955946700
(=%, 3) | —28660432x% —9277032x% — 367100597x* + 641812623

— 1142233133x% + 827398968x — 146839168

(2,2) |953161100x° — 1709768900x> + 57159815x* — 997590336x
—322970431x% — 72177962 4 2546122

(2,3) ] 6865596x° —82041816x> + 58608103x* + 1250964773
+921256891x2 — 4495870224x — 3609058132

(=2, 5) | —125838448x° +33513120x° — 1068122125x* + 1220630640x"
— 2407159591x” +4627695870x — 2358802782

Table 21. Some rational points (, s) of small height on the surface
of Theorem 36 and the corresponding genus-2 curves.



K3 surfaces and equations for Hilbert modular surfaces 2381

By pulling back some of the low-height sections of the quotient, we produce
curves of low genus on Y_(69). Since r +s = m and rs = n, the appropriate
condition is that m? — 4n = (r —s)? be a square (then we can take a square root
and solve for r, s). In other words, (n + k)% — 4n must be a square. The section P;
is given by n = —(5k*> — 17k + 15)/ (k — 2); it gives rise to a genus-1 curve

y? = 16k* — 100k> 4 237k? — 254k + 105,

which has rational points (for instance, at infinity). It is therefore an elliptic curve,
and we calculate that it has conductor 1711 (prime) and Mordell-Weil group Z2.

Similarly, the section — P; is defined by n = —(25k*> — 92k 4 89)/(10k — 21). It
also gives rise to a genus-1 curve

y? =225k — 1130k> + 1931k* — 1350k + 445

with rational points (as at k = 00). It is an elliptic curve of conductor 50435 =
5-7-11-131, with trivial torsion and rank 1.
27. Discriminant 73

27.1. Parametrization. Start with a K3 elliptic surface with fibers of type Ag, Ag
and a section of height % =4 - % — g. The Weierstrass equation is

y2 = x>+ (ag + ait + axt* + ast® + azt*)x?
+ 2ut (b + b1t + bat* + b3t>)x + 1% (co + c1t + cat?),

with
n=—2s*(s +2r)% ag = s*(rs —2r —2)*, ay = 16r7(r + 1%,
b():s(rs—Zr—Z)z, b3:4r(r+1)2(s+2r+2), co:(rs—2r—2)2,

=+ 1% +2r +2)2,
a3 =8r(r + D((r + Ds> +2@r + s +4r(r — 1)),
1= —2(s+2r +2)(s*+ (r +2)(r — s —2(r> — 1)),
b= —3s*—2r(r435)s> =203 +4r = 2r —2)s*> = 8(r + s + 8r(r + 1),
ar = —2s(3s* +r(r+ 115> +2(5r* —r —= D2 +4(r + D (r* + 1)s — 8r(r + 1)%),
by =(r+ 1)2s3 + 2(r3 + 72 +6r + 2)s2

+4A4r2 + 82 +Tr+ Ds+8(r — Dr(r + D(r +2),
ar = (r + D2 +44r7 +3r + s> +44r° + 10,2 +10r + 1)s>

+16rr 4+ D)(r —2)s + 16r2(r + 1)%.
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We first identify the class of an Eg fiber, and perform a 3-neighbor step to move
to an elliptic fibration with Eg and A7 fibers.

This fibration has a section of height % =4+2-3— % Next, we locate an E~
fiber and compute a 2-neighbor step to go to a fibration with Eg and E7 fibers.

P

The intersection number of the new fiber F’ with the remaining component of
the A7 fiber is 2 and with the section P is 9. Therefore, the new genus-1 fibration
defined by F’ has a section since 9 and 2 are coprime.

Theorem 37. A birational model over Q for the Hilbert modular surface Y_(73)
as a double cover of IP% ; Is given by the equation

22 =16(s —2)*r* +8(s —2)(17s> — 525% + 365 — 8)r>
+ (5% + 5657 — 384s* + 44853 + 4325 — 5125 + 64)r>
4+ 25(s +2)(s* — 345 4+ 108s% — 64s + 16)r + s> (s +2)*.

It is an honestly elliptic surface, with arithmetic genus 2 and Picard number 28.

27.2. Analysis. The branch locus is a curve of genus 2; the transformation of
coordinates
3x3y —3xy+y—x0 —2x% —4x* —3x2+4x — 1
"= 2x2(x2+2x —1)2
_ _2(2xy —y—x3—7x%+3x)
x+D2(x24+2x—1)

converts it to Weierstrass form

’

V2 =x®+ax® 424t —6xP +x2—2x + 1.

This is a genus-2 curve, isomorphic to the quotient of X((73) by the Atkin—Lehner
involution.

The Hilbert modular surface Y_(73) is an elliptic surface. Since the coefficient
of r* is a square, this genus-1 curve over P! has a section. Computing the Jacobian,
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we get the following Weierstrass equation after a change of parameter on the base
and some simple Weierstrass transformations:
y? =x3 — (8315 — 316¢° +390r* — 158> — 2112 + 221 — 1)x?

+8(t — 1)*3 (2871 — 1040¢* + 9601 — 73> — 2171 + 67)x

—16(t — 1)7%(13231° — 5887¢* 4+ 71101 — 14261 — 22011 + 1033).
This is an honestly elliptic surface with x = 3. It has reducible fibers of type
I;att=1,Igattr=0,Isatr =00, Iz att = (=5++/73)/4,and I, at t = —1
and (13 £ +/73)/24. The trivial lattice therefore has rank 24, leaving room for
Mordell-Weil rank at most 6.

We find the following four independent sections.
P = (42 — 129t =7), 43t — D*(t + 1)(3t — 2)(21* + 51 — 6)),
Py = (42t — )Tt = 17t +8), 467 (t — 1) (¢ + 1)(9¢ — 13t +5)),
Py = (42t — 1)>(19¢ — 16), 4£*(t — 1)> (71> — 12¢ + 8) (12¢* — 13t +2)),
Py = (4 (767 — 241> —2pt +42t — 2 +9),
(=13 4+ )3t + 1) (=241 + 13 + ) (=17 — 161 +3p) (=4t — 5+ ,u)/192)

(where u = +/73), with nondegenerate height pairing matrix

6 5 1 _2
21 7 7 3
5068 1 _1
7 35 7 5
_lonod4 1
7 7 21 2
2 1 1 49
3 5 2 30

Therefore, the Mordell-Weil rank is at least 4. From Oda’s calculations [1982,
p. 109], the Picard number is 28, so the Mordell-Weil rank is 28 — 24 = 4 and
our sections generate a subgroup of finite index in the full Mordell-Weil group.
The sublattice of the Néron—Severi lattice generated by the trivial lattice and these
sections has discriminant 3916 = 2% - 11 - 89. We checked that this sublattice is
2-saturated, and therefore it is the entire Néron—Severi lattice.

27.3. Examples. Table 22 lists some points of small height and their genus-2
curves.

We get many curves of genus O on the surface by taking sections of the elliptic
fibration. For instance, the Brauer obstruction vanishes for the two curves defined by
r=—(s—4)(s+2)/(4(s—2)) and r =5(s+2)/((s —2)(3s —2)), yielding families
of genus-2 curves parametrized by s, whose Jacobians have real multiplication
by 073.
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(r,s) Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
(-1, %) —4x6 —12x5 — 23x* +4x3 4+ 31x2 4+ 57x — 18
(=3, 1) 4x% —3x* —35x3 +12x +76

5,3) —4x% —24x5 +7x* +83x3 +25x2 —75x — 40
(3.3) —15x% +73x* — 41x* — 158x% — 12x 436
(-5.2) —50x°® 4+ 45x5 — 2x* — 159x3 4 70x2 + 12x — 120
(2,-2) —48x°% 4+ 168x° — 149x* + 56x% — 53x% + 12x — 4
(—15—2, -1) 195x° + 82x° — 75x* — 186x° — 233x2 — 96x — 87
(2.9) —60x° — 105x° +55x* +49x3 + 13x2 +252x + 116
(-3,-2) —36x° +39x — 217x* + 129x% — 271x2 — 108x + 84
(3,-6) 20x0 + 84x> — 15x* — 162x3 +225x2 4 324x — 180
(%, —8) —204x6 +348x5 +27x* + 34x% 4 3x% +108x — 36
(-1.9) —25x% 4+ 135x% + 139x* — 383x3 4 82x2 +252x — 162
(&.-2) —48x% — 72x> — 219x* — 319x3 — 159x2 — 432x + 192
(-%.12) —440x5 +90x° + 324x* + 38x% — 9x% — 36x — 8
(-2.1) —455x° — 420x5 4+ 66x* — 167x3 — 15x2 = 3x — 6
(£,4) —160x° +450x° — 114x* — 474x> + 171x% + 162x — 27

Table 22. Some rational points (r, s) of small height on the surface
of Theorem 37 and the corresponding genus-2 curves.

28. Discriminant 76

28.1. Parametrization. Start with a K3 elliptic surface with fibers of type Ag, A
and D7, and a section of height ;—2 = % =4—-1- % — %). The Weierstrass equation
of this family is

v2 =x3 4 (ap + ait + ast® + azt®)x* + 12 (b + bit + bat>)x 4+ 1*(co + 1t 4+ c2t?),
with

co=r* =12 Qs —r + D*Q2s +r + 1?/16,
bo=(r’—Ds*Qs—r+1)Q2s+r+1)/2,

a3 = (r*—D(s+ 1S,

ap :r2s2—5s2+r2s—7s+r2—3,

= (> =12+ 1)°,

ar = (s + 225> + 35> = 3r2s + 75 — 2r> + 3),

ap=1,
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by = (r? — Ds%(s + D*2r2s® + 65> —2r2s + 65 +r* —2r2 + 1) /2,
==X G+ D 2s—r+DQ2s+r+1)
x (4r2s® — 125> —8s —r* +2r* — 1)/16,
bi = —(r* — 1)s*((2s* + 35 + 2)r* — 2(4s* + 85 + 105> + 85 +3)r?
+ (25 + 1)(165° +325° + 215 +4)) /4.

We identify the class of an E7 fiber:

The resulting 3-neighbor step gives us an elliptic fibration with Dg and E7 fibers,
and also a section P of height % =4+2-4—- % — 1. Next we take a 2-neighbor
step to go from Dg to Eg, keeping the E7 fiber intact.

p

P RN

The intersection number of F’ with the remaining component of the Dg fiber
is 2, whereas P - F’ = 11. Therefore the new fibration has a section.

Now we may read out the Igusa—Clebsch invariants from the Weierstrass equation
of this EgE7 fibration, and thence compute the equation of Y_(76) as a double
cover of the r, s-plane, following our general method of Section 4.

Theorem 38. A birational model over Q for the Hilbert modular surface Y_(76)
as a double cover of P? is given by the equation

22=—(rs—3s—2)(rs+3s+2)(32s* +80s> — 13r2s% + 855> — 4r2s + 325 +4r*).
It is a surface of general type.

28.2. Analysis. The branch locus has three components; the more complicated

one is where the elliptic K3 surface has an extra I, fiber, while the two simpler

components correspond to an extra I, fiber as well as the section becoming divisible
1_2_6_7

by 2, giving a section of height 51;79& =4 — 5 — 5 — 7 — ;. The simpler components

are easily seen to be curves of genus 0. The last component is a curve of genus 1;

the transformation
2y+x+1 -2
(r,s)=| =3 '
x*+x+2 x*+x+2
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converts it to Weierstrass form
y2+xy+y =x>+x2+1,

which is an elliptic curve of conductor 38. It is isomorphic to X(76)/{w4, wig).

The Hilbert modular surface Y_(76) is a surface of general type. The extra
involution is ¢ : (r,s) — (—r, s). Next, we analyze the quotient of the surface
by ¢. This turns out to be an elliptic K3 surface, and after some Weierstrass
transformations and linear shift of parameter on the base, its Weierstrass equation
may be written as

y2=x3 4+ (13 — 4813 — 612 + 81 + 1)x? +64t* (2t — 1) (3 = 5.2 + 71 + D)x.

It has fibers of type [g at t =0, [satr =1, I3 att = —%, and I, at r = % and
at the roots of 3 — 5t + 7t 4+ 1 (which generates the cubic field of discriminant
—76). The trivial lattice has rank 19. In addition to the obvious 2-torsion section
Py = (0, 0), we find a section P; = (16¢3(2¢ — 1), 16£3(t — 1)(2t — 1)(7t + 1)) of
height %. Therefore the K3 surface is singular. These sections and the trivial
lattice generate a sublattice of the Néron—Severi lattice of discriminant —76. It must
be the entire Néron—Severi lattice, since otherwise, we would have either another
2-torsion section, a 4-torsion section, or a section of height %, none of which is
possible with this configuration of reducible fibers.

The quotient of Y_(76) by the involution (r, s, z) — (—r, s, —z) is an honestly
elliptic surface with y = 3. Its Weierstrass equation may be written as follows:

y2 = x3 + (1 — 1) (6417 — 1601* + 531 + 332 — 5t — 1)x>
+16(t — Di* @2t — (3 =52 + 7t + 1) (3263 — 1612 + 211 — 5)x.

It has bad fibers of type I at t = 0, Iy att = oo and ¢ = %, IIatt =1, Iz at
t= —%, and I, at t = %, at the roots of 3 — 5¢2 +7¢ + 1 seen above, and at the roots
of 3213 — 161> + 21t — 5 (which generates the cubic field of discriminant —152).
Hence the trivial lattice has rank 25, leaving room for Mordell-Weil rank at most 5.
Counting points on the reduction modulo 11 and 23 shows that the Picard number
is at most 29. On the other hand, we find three independent sections in addition to
the 2-torsion section Py = (0, 0):

Py=(152(t — D2t = 1), 8t — De* (2t — (3t — 1) (4t = 3)(Tt + 1)),
Py= (4 =52+ 7t + D3, 4532t — D3t — DX =52 + 7t + 1)),
Py=(—(t—1)>(326> = 161> +21¢ —5), 2v(t — 1)*(3t — 1)* (32> — 161> +-21¢ —5)).

Here u =+/19 and v = +/—1. These sections have heights %, % and 1—83 respectively,

and are orthogonal with respect to the height pairing. Therefore, the Mordell-Weil
rank is either 3 or 4; we have not been able to determine it exactly.
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(r,s) Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
(& -2) —8x% +48x% — 196x* 4 324x3 — 340x% — 330x — 65

(2, —4) 375x° 4 300x° + 230x* — 224x3 — 76x% — 48x + 72
(3,-1 —80x® — 120x° — 109x* — 348x> — 469x? — 120x + 80
(-2, —4) —225x% 4 600x> + 650x* + 400x> 4 20x2 — 8
(£.-8) —228x° + 684x> — 1029x* — 432x3 + 525x2 + 150x + 10
(-1.-1) 100x® — 220x° + 621x* — 528x3 + 1699x% — 234x + 1478
(3. =) | 256x°—1056x> —2335x* + 1480x> + 1715x% — 1386x + 126
(12, 14) —2232x% —2016x° +2581x* + 2802x* — 983x? — 660x — 180
(%.-%) 3100x° — 540x° — 271x* — 1742x3 + 161x2 + 84x + 252
(2. 2) —592x% 4+ 372x7 4+ 1003x* + 1328x — 1406x2 — 132x — 3709
(-8, —%)| —4404x° —540x° — 1697x* — 980x — 257x% — 240x — 64
(2, -2) | 600x° —3360x° +3604x* +2256x> +4546x2 + 1440x + 775
(=3, -39) | —367x°—618x" — 1539x* 4 316x° + 1839x% + 4662x + 3507
(=355, —31) | —2245x% — 137x° — 5393x* — 1675x — 3618x> — 1728x — 675
(2,-30) | 1425x% —2610x° + 6333x* — 4948x> + 8271x* — 4242x + 5971
(=55, —33) | 24x%+4552x> +2075x* — 1970x3 — 9925x% + 9072x + 1216

Table 23. Some rational points (7, s) of small height on the surface
of Theorem 38 and the corresponding genus-2 curves.

28.3. Examples. Table 23 lists some points of small height and their genus-2
curves.

We now describe some curves on Y_(76), which are useful in producing rational
points.

The specialization s = —% gives a genus-1 curve y? = —81r* 4632+ 19. It has
rational points, such as (r, y) = (1, 1). It is thus an elliptic curve; we find that it has
conductor 760 and Mordell-Weil group (Z/27) & Z. The specialization s = —%
gives a rational curve, which we can parametrize as r = —5m? —1)/(4(m?*+1)).

The sections Py, Py + Py, 2P + Py and 3P; + Py of the K3 quotient give the
following genus-1 curves, which all have rational points.

Equation conductor Mordell-Weil group
r? = —(8s3+28s>+27s+8)/s 2-29 7
r?=—(s3—s2—11s—8)/s 2411-191 7?
r?=—(8s*+4s3 3352 — 445 —16)/(s +2)> 3719 7?
r2=—(s*+s3-3s2—s5+1) 225.29 Z]R7) &7

The section 2 Py gives a genus-0 curve r>+s2+6s+4 =0, which we can parametrize
as
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m?+4m — 1 m24+2m+5
(r,s): - 2 s 2 .
m*+1 m*+1

The Brauer obstruction always vanishes on this locus, giving us a 1-parameter
family of genus-2 curves whose Jacobians have real multiplication by O7.

29. Discriminant 77

29.1. Parametrization. We start with a family of K3 surfaces with fibers of type
Ay, Az, As and Ds, a 2-torsion section 7, and two orthogonal sections P, Q of
height § =4-0—22—-12—(14+1) and 2 =4-0—13—33 0. The orthogonality
comes from0=2—-0— 12 13 _(_ 1, where the last term comes from the
intersection number (P) - (Q) on the surface. We can write the Weierstrass equation

of this family as
Y=+ (rs — D2 = (s = D) (rs —4r® — Dt

+7(s? = 1)(rs> +8s — 57r)t? /4 + 8r* (s> — 1)t7)x?
+r3(s* = Dt = D*(16r%t + (rs — 1)> — (s = 5r)%)x.

We go to EgE7 form in three steps, via DgEg and EgEj.

First, we identify a Dg fiber F’ in the figure below (we omit drawing the node
representing Q and the edges connecting it to the rest of the diagram, as it would
clutter up the picture).

P

The section P intersects F’ once, and so the new fibration has a section. It has
Dg and Ej fibers and rank 2.

Next, we identify the class of an Eg fiber below, and go to an elliptic fibration
with Eg and E¢ fibers, by a 2-neighbor step.

SR O

The resulting elliptic fibration has Mordell-Weil lattice of rank 2 and discriminant
g. We can relatively easily describe a section P” of height %, which intersects a
non-identity component of the E¢ fiber.
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Now the E7 fiber F””" drawn below defines an elliptic fibration with a section
and with Eg and E5 fibers.

P//

b—e—oO

We now read out the Igusa—Clebsch invariants and proceed as in Section 4 to
compute the equation of Y_(77) as a double cover of the Humbert surface H77.

Theorem 39. A birational model over Q for the Hilbert modular surface Y_(77)
as a double cover of P? is given by the equation

Z=r =D+ D350+ 2r(r — D + D21 = 13)s”
— (14r° — 4337% 4+ 32872 + 27)s* — 4r (281r* — 52212 — 79)s3
— (343r5 4 6268r* + 1763r% — 54)s 4 2r (3997r* + 2446r* — 171)s
— (1372r% + 4531r% — 3622 +27).

It is a surface of general type.

29.2. Analysis. It is a surface of general type. It has an extra involution (7, §) >
(—r, —s). The branch locus is a curve of genus 2. The change of coordinates

. 5) (4xy—5x4—22x2—21 —(2x2y+2y—x5—6x3—9x)>
r,s)=

x(x2+7)2 ’ (x2—1)2
(r,s) Sextic polynomial fs(x) defining the genus-2 curve y? = f5(x)
(— , — 23) 1581x% —25965x° + 128199x* — 124655x3 — 282240x2 — 92400x — 9478

1
2
(=3, -%) [926711x° —351913x° — 2531791x* + 699677x> + 2176646x>
—359536x — 579882

(3.2) 2038350x° + 1601640x° — 6288456x* 4 116705x> — 5729115x2
— 8845053x — 2931103

(—E 6) 10433826x° — 16243110x° + 25749477x* — 25899800x + 5297523 x>
— 6454140x — 9577876

(B,-6) | —749865564x° + 43178951485 4 1178682897x* — 6739621816x
— 8002087292 4 2973824982x + 128797182

(-2, —22)| —5738303278944x° + 6551435295576x°
+28045528925148x* — 5100723398753x° — 23656013198837x>
+3333165270637x + 3904336668117

Table 24. Some rational points (r, s) of small height on the surface
of Theorem 39 and the corresponding genus-2 curves.
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converts it to Weierstrass form
y2=xC45x* +3x2 4+ 7.
It is isomorphic to the quotient of X((77) by the Atkin—Lehner involution w77.

29.3. Examples. Table 24 on the previous page lists some points of small height
and their genus-2 curves.

30. Discriminant 85

30.1. Parametrization. We start with a K3 elliptic surface with fibers of type

E¢, Ds and A4, with a section of height % = % =4-2%_

The Weierstrass equation is P
yi=x3+t(ag+ait) x> +2t3@t — D(bo+bit) x +12(t — 1)*(co+ c11),
with
ap=—4> = DBef>+2e*f +2f —2e¢* +e+2),
co=—64e*(® — 1D (f2 = D>(f +2e+ D (ef —e+2),
ar =4 - 1) f7,
by =8e(e? — D*(f2 = 1)Bef>+4e> f +4f —4e> +5e+4),
by==8f(—1’(fP =)' f+ef—ef +f—e'+e+e+ 1),
=16 = D2(fP=D2* f+f—ef + f—e*+ +e+ 1)

We identify the class of a Dg fiber below, and move to the new elliptic fibration
via a 2-neighbor step.

The new elliptic fibration has reducible fibers of type Ds and Eg, and Mordell—
Weil rank 2. Next, we move to an elliptic fibration with Eg and E¢ fibers by another
2-neighbor step, using the Eg fiber shown below.

SN O

The new elliptic fibration has Eg and E¢ fibers. We can find an explicit section
P of the EgE¢ fibration which intersects a non-identity component of the E¢ fiber
and does not intersect the zero section.
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Let F be an E7 fiber enclosed by the box in the picture below. We move to it by
a 2-neighbor step, to recover an elliptic fibration with Eg and E7 fibers.

%
pe——O
We may now read out the Igusa—Clebsch invariants, and work out the equation

of Y_(85) as a double cover of I]j’i 2

Theorem 40. A birational model over Q for the Hilbert modular surface Y_(85)
as a double cover of [P’g, ¥ is given by the equation

Z=—(?—e—1)*@8e* + 112 +8) f*
+4(e* — 1)(18¢* — 11e® +27¢* + 11e + 18) f3
—2(82¢% — 118¢” — 9¢% — 60e° — 173 + 60e® — 9¢? + 118¢ + 82) f2
+4(e* — 1)(4e? —5e —4)(9¢* — 13¢ —9) f
— (2¢* —e—2)%(11e* — 34e® + 56 4 34e + 11).

It is an honestly elliptic surface, of arithmetic genus 3 and Picard number 37 or 38.

30.2. Analysis. Itis an honestly elliptic surface, with extra involution ¢ : (e, f, z) —
(_l/ev _f7 Z/e4)'

The branch locus is a hyperelliptic curve of genus 3. The change of coordinates

y+xt4+xd—x+1 (3x4+x3—3x2—x+3)y—(x2—1)(x2+1)3)

(e’f):( 242 —1 (2 +x—1)22x* —x2+42)

converts it to Weierstrass form:
v =x8 4 2x” —xf —8x x4 8x° —x?—2x + 1.

It is isomorphic to the quotient of X((85) by the Atkin—Lehner involution wgs.
The equation of Y_(85) describes it as an elliptic surface over P. So far, we are
unable to find a section.
The Jacobian of this genus-1 curve over Q(e) can be written (after some Weier-
strass transformations) as

y2 =x+ (e8 —10e” + 3¢% + 84¢° + 85¢* — 84¢> + 3¢ + 10e + l)x2
— 8¢ (23 — 133¢° — 420¢* — 64¢> + 420¢% — 133¢ — 23)x
— 16€°(108¢® — 637¢° — 1944¢* — 26¢> + 1944¢* — 637¢ — 108).

It has y =4. There are bad fibers of type Ig ate=0and e =00, Iz ate ==+1, I, at the
roots of e =4++/17, and I at the roots of 3¢ — 16¢> —54e* +5¢3 +54e> — 16¢ —3
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(which generates the compositum of Q(+/85) and the cubic field of discriminant —3-
5-17). The trivial lattice has rank 36, leaving room for at most four independent sec-
tions. So far, we can only say from the ensuing analysis that the rank is either 1 or 2.
Next, we analyze the quotient of this surface by the involution ¢. In terms of
g=e—1/eand h = f/(e+ 1/e) (which are invariant under ¢), its equation is

2 =—(g— DXg?+ 428> +21h* +4g(g*> +4)> (184> — 11g + 63)i°

—2(g% +4)(82g* — 118¢> +319g° — 414g — 27)h?

+4g(4g —5)9g — 13)(g> +4Hh — (2g — D*(11g> — 34g +27).
This is also an honestly elliptic surface, this time with x = 3. Its Jacobian is

y:E=x3+ (g2 +4)(g* — 10g> +7g*> + 66g — 27)x>
+8g(g—8)(g2+4)%(g°— 1282 —12g+27)x+16g> (g —8)*(g>+4)* (g>— 14g—27).

It has bad fibers of type Iy at g = o0, I3 at g =0, at g =8, I(’S at g = +2/-1,
and I3 at the roots of 3g> — 16g> — 45g — 27 (which generates the cubic field of
discriminant —255). The trivial lattice has rank 27, leaving room for Mordell-Weil
rank at most 3. Counting points modulo 11 and 19 shows that the Picard number is
at most 29. On the other hand, we are able to find the non-torsion section

P = (—4(g—8)(&® +4)(9g> +3g> + g +72)/85,
4(g—8)(21g —4)(g* +4)*(3g> — 16g° —45g —27)/85/%)

of height % Therefore, the Mordell-Weil rank is either 1 or 2.

Next, we consider the quadratic twist of the quotient elliptic surface, which is
obtained by simply removing the factors of (g +4) in the Weierstrass equation
above (recalling that g2+4=(e+1/e)?). We get a K3 surface with a genus-1
fibration, whose Jacobian has Weierstrass equation

y?=x3 4 (g* —10g° +7g% + 66g — 27)x>
+8g(g—8)(g° —12¢2 — 12g +27)x + 16g°%(g — 8)*(g> — 14g — 27).
It has reducible fibers of type Iy at g =00, I, at g =8, and I3 at g = 0 and at the

roots of 3g3 — 16g% — 45g — 27. Therefore the trivial lattice has rank 19, and the
Mordell-Weil rank can be 0 or 1. We find a 3-torsion section

Py = (8g+36,4(3g> — 16g> — 45 —27)).

Counting points modulo 7 and 19 shows that the Picard number is exactly 19. The
3-torsion section and trivial lattice span a sublattice of discriminant 162 =2 - 3* of
the Néron—Severi lattice of discriminant. It is easy to check that this sublattice is
3-saturated, and therefore must form the entire Néron—Severi lattice.
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Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
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576x% 4 432x> +927x* 4+ 81x3 + 171x? — 72x — 208
—1344x° — 672x° — 2233x* — 3026x> — 997x2 — 2196x — 548
—1566x° — 7704x> — 4056x* — 8581x> — 5841x% — 2055x — 2395
—3500x° —2100x° 4+ 11205x* 4 2422x3 — 11295x% 4+ 1080x + 2160
—316x° + 3048x> + 14649x* + 10547x3 — 13509x% — 1296x + 1728
—5028x° — 10620x° — 2605x* — 16750x> 4+ 5255x2 — 6600x + 2832
8964x° — 3132x° 4 18927x* 4 6286x> 4+ 6655x2 + 11300x — 500
21006x® — 45414x° + 16263x* —20048x3 — 7227x2 4+ 960x — 3200
5500x° 4 30300x° + 19835x* 4 20174x> — 46885x2 + 2340x — 380
—12852x% — 15876x° 4 40383x* 4 49976x3 — 3023 1x2 — 43650x + 2250
—66020x6 +43980x° + 10001x* + 1154x> — 5899x% — 1464x + 1096
—72620x5 +37884x3 — 12135x* +29302x3 — 4107x> + 1848x — 2672
20x° + 180x> — 3879x* — 34668x> + 44937x2 4+ 62856x — 73296
—5442x° +3630x> — 7079x* — 93460x> 4+ 35059x2 — 420x + 9212
—16964x° — 33804x° 4+ 53325x* 4+ 100170x> — 35163x2 — 81540x — 1116
—102046x° 4 130482x° + 61857x* 4+9504x3 — 74697x> — 38412x — 14036

Table 25. Some rational points (e, f) of small height on the surface
of Theorem 40 and the corresponding genus-2 curves.

30.3. Examples. Table 25 lists some points of small height and their genus-2
curves.

31. Discriminant 88

31.1. Parametrization. We start with an elliptic K3 surface with fibers of type Ay,

D4 and A;, and a section of height % =4— % —1- %. The Weierstrass equation

for this family is

y2 = x>+ (ap + ait + art* + azt’)x?
+ 202 (Mt — ) (b + byt + bt + bat®)x +t* (At — ) *(co + c11)?,

with
ap =1, w=rs—+2s+1, A=sr+2)°Q2s+ 1),
co=—2, by =2, ay=—8s(rs+2r+1),

c1 =8 +2)s*+8(r + D)s+r2,
by =2r(r +2)s(2s + 1)(8s +r?)(8s% +r),
by =32r(r+2)s* +323r> +4r +2)s> —4(r> = 20r> = 24r — 8)s> +4(r — )rs,
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by = —16(r + 1)s> — 8(3r +2)s — r2,
az = 4rs(64rs* +16(r° +3r2 + 12r + 4)5°

+2r(r? + 45>+ + 1277 + 12r +16)s +17),
ay =4s(4r%s> +8r(2r — s> — 4G —4r* —4r — Ds —r*(r +4)).

First we identify an E7 fiber, and make a 3-neighbor move to it.

This gives us an elliptic fibration with E7, Ds and Az fibers, and a section of

height % = % =4- %. Then we can identify a Dg fiber F’ below, and move to

the associated genus 1 fibration by a 2-neighbor step.

P

To see that the genus-1 fibration defined by this fiber F’ has a section, note that
P - F’ = 3, while F’ intersects the near leaf of the Ds fiber with multiplicity 2.
Therefore we may replace the genus-1 fibration by its Jacobian.

Finally, we go by another 2-neighbor move to a fibration with Eg and E7 fibers.
We identify the class of an Eg fiber F” below. The Mordell-Weil group is generated
by a section P’ of height 88/(2-4) =11 =4+2-4—1, so the section must intersect
the zero section with multiplicity 4, and it must intersect the near leaf of the Dg
fiber. Therefore P’ - F” =2 -4 43 = 11, whereas the omitted far leaf of the Dg
fiber intersects F” with multiplicity 2. So the new fibration has a section.

o T

We may now read out the Igusa—Clebsch invariants and compute the equation of
the branch locus for Y_(88) > PZ .

Theorem 41. A birational model over Q for the Hilbert modular surface Y_(88)
as a double cover of [P’i ¢ I8 given by the equation

= (8;’s2 +16s% + 8s + rz)(8r3s4 +16r2s* + 96135 + 4721253 + 544rs°
—27r*s* —120r°s> +64r°s* +472r s + 165> —46r°s — 120r>s +96rs +85s —27r?).
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It is a surface of general type.

31.2. Analysis. The branch locus has two components. Both correspond to elliptic
K3 surfaces with an extra I, fiber, and the simpler component to having a 2-torsion
section in addition. The simpler component of the branch locus has genus 1; the
change of coordinates r = 2y/x2, s = —1/(2x) converts it to Weierstrass form

Y +y=x-x%

which is an elliptic curve of conductor 11 (isomorphic to X;(11)).
The other component has genus 2. The transformation

—(x=Dy+Gx+DHE*=3x2=3x-1)
(r,s) = ,
3x24+2x +1

Gx+Dy—(x+DGx3+3x2+3x+1)
4x(x2—2x —1)

converts it to Weierstrass form
y2 = x® —2x% + 11x* +20x3 4 15x% 4+ 6x + 1.

The Hilbert modular surface Y_(88) is a surface of general type. We now
analyze its quotient by the involution ¢ : (r, s, z) — (1/s, 1/r, z/(rs)?). Writing
h=—(+1/r),m=(s— 1/r)2, we find the equation

22 = (h* = 2h* = 2mh* 4+ 2mh +m?* + 1) (9h® — 30n° — 26mh* + 16h* + 58mh’
+30h> +25m*h* — 8mh* — 25h* — 28m>h — 30mh — 8m*> — 8m* — 2m).

The invertible transformation m = 2 + 1/t +8/(nt) +4/(nt)>, h = —1 —2/(nt)
makes this a quartic in n,

22 =(4t—n—4)(t t+1)(61>— 13t +8)n’ +41 (2t —3)*n* —4(2t —1)’n+16(r— 1)),

with an obvious section n = 4¢ — 4. Converting to the Jacobian, we get an elliptic
K3 surface with the following equation (after some Weierstrass transformations
and a change of parameter t — 1 — ¢ on the base):

y2 = x>+ (28 — 248 — 82 + 41 + 1)x?
—1683(t — 1)*(3 — 102 + 41 + 1)x + 64°(r — 1)* (2912 — 101 — 3).

This has bad fibers of type [g att =0, s att =1,1, att = % and r = —%, and I3 at
t= }L + @ The trivial lattice has rank 17. We find the independent sections

Py =(—4t(t = 1)(7* =2t — 1), 41(t — D)t + 1)(2t — 1) (61 = 31 — 1)),
Py= (41t — 1) (5t +1), 41(t — D)>(61 + 1) (61> = 3¢ — 1)),
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Py = (4636 —131), 124/=31*2r — 1)(61 + 1)),

with height matrix

S Zl- Glee
o Glv 3=
o O

\S][O8}

Therefore the K3 surface is singular, and an easy argument shows that these sections
and the trivial lattice must span the Néron—Severi lattice, which therefore has rank
20 and discriminant —99.

31.3. Examples. Table 26 lists some points of small height and their genus-2
curves.

We describe some curves on the surface which are a source of rational points
(some more may be produced by applying the involution ¢). The specialization

(r,s) Sextic polynomial fg(x) defining the genus-2 curve y? = f(x)
(-%.-3%) 25x 4+ 120x° — 291x* — 1292x3 4 987x% + 588x — 497

(-4, 3) 486x° — 810x° + 1323x* — 800x° + 585x2 — 48x + 64

(-2, -3) 515x% 4 1314x° — 3120x* — 1332x3 4-2292x2 + 720x — 200
(-3.-3) 20x6 +180x° — 159x* — 3276x° 4 249x* + 1980x — 1100
(3.-7) 4608x° + 6048x° 4+ 3771x* — 1026x> + 351x% — 36x + 4
(-2.-2) 356x° — 4980x° + 6373x* +2580x3 — 4409x2 — 4170x — 790
(£.-3) 1664x° + 624x5 4 3747x* — 5222x 4+ 551 1x2 — 1140x + 15020
(-% 1) 6260x% — 21060x°> + 7009x* — 1254x> — 239x? — 540x — 100
(-2, -9 2x0 4+ 54x° 4+ 45x* 4 1080x3 — 2961x? — 44352

(=3, —2) | —14388x — 86076x" — 115441x* +70272x> + 86417x? — 10794x + 314
(=2, -8)| 7865x° —9750x° + 62049x* — 2788x> + 162759x> — 4350x + 119375
(-2.3) 363300x° — 50652x° + 128541x* +2266x> 4 19257x2 4 1008x + 896
(8,-2) | —1106244x° + 336780x° + 23283x* 4 248770x> — 101625x>

—33072x — 28736

(=3, =) | —48600x6 + 483840x° — 13862851 — 264482x> — 282489x>
+883404x — 1658988

(—70, —21) 15996976 — 445662x° + 824913x* — 8386123 + 205782312

— 1620774x + 957519
(—19, —13) | 1112220x5 + 2309556x° — 397465x* — 2692621 — 847153
—265908x + 612

Table 26. Some rational points (, s) of small height on the surface
of Theorem 41 and the corresponding genus-2 curves.
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s = —g gives a genus-1 curve
y2 = —(9r% + 50r +40)(243r* + 670r — 40).

It has rational points, such as (r, y) = (0, 40). It is thus an elliptic curve; we find
that it has conductor 2 - 3-5%-29 - 53 and Mordell-Weil group (Z/27) & Z°.

Pulling back sections of the elliptic fibration on the quotient surface gives us
some more curves of genus 1, each with a rational point and rank 1:

Equation point conductor group
h = 2 _
= g =
425142 Qr=D(4r 2524160 —4) 53 .
21(t—1) 412(t—1)2 S 2
12025642 2526 — 19263+ 7312 — 20t +4
— + + + r=0 2-3-4391 Vi
2t (3t=2) 4¢2(3t —2)2
812 —15t+8 92* —320¢3 +4331> — 2681 +64
— t=0 7977 (Z)27)®&7
2t(t—1) 4t2(t—1)2
312 —3t+2 184 =273 241> — 15t +4
_ + + T 20 2537 zner
3t(t—1) 9r2(t—1)2

32. Discriminant 89

32.1. Parametrization. We start with an elliptic K3 surface with fibers of type

AgA7, and a section of height % =4— % — %.

The Weierstrass equation for this family is
y2 =x>+ (ap+ait + a2t2 + a3t3 +a4t4)x2
+ 2t (bg + byt + bat> + bstd)x + it (co + et + cat?),

with

ag = (rs +1)%, by = —(rs +1)?, co= (rs+1)%,

,u=4rs(r+1)2, b3:s(s2—rs—2s+1)2, a4=52(s2—rs—2s+1)2,
= (s2 —rs—2s+ 1)2,

c1=2rs> =20r> +4r + s>+ 4 + 1)%s — 2,

by=(@2r—Ds* = Gr*+7r —2)s> + (> +6r* +Tr — s> = 2r(r + Ds +r,

ay = —2(r2 — r)s3 + 2(r3 —6r — 1)s2 + 2(41"2 +6r+1)s +2r,
bi=r(r—=2)s—= (> =r>=10r —2)s> — (6r> +10r +3)s —r + 1,

az = 2s((r —Ds*—2r24+3r=3)s3+ 3 4+4r2+3r =3)s2— 2r2+2r — 1)s +r),
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a) = (r2 —4r + l)s4 — 2(1"3 —2r2 — 91’)53
+ (r4 —16r% —22r — 3)s2 — 2(;’3 —r—1s+ =

To obtain an EgE7 elliptic fibration on these K3 surfaces, we first move by a
2-neighbor step to one with E£7 and Ag fibers.

P

The elliptic fibration defined by this new fiber F’ has a section, since P - F' = 1.
Also, the new elliptic fibration must have a section P’ of height % =442-2— % — %7.
Finally, we go to EgE7 by a 3-neighbor step.

P/

The new fiber F” satisfies P'- F” =2+2-3 =8, and the identity component
of the E7 fiber intersects F’ in 3. Since these have greatest common divisor 1, the
genus-1 fibration defined by F’ has a section.

Theorem 42. A birational model over Q for the Hilbert modular surface Y_(89)
as a double cover of [P’i ; I8 given by the equation
2% = 5%r% — 257 (257 + 35 +2)r° + 52 (65* 4 165 — 495% — 265 + 6)r*

— 25(25% + 65° — 505* + 265> + 7352 — 355 +2)r°

+ (5% — 365° 4-265° +273s* — 51453 +2715% — 385 + 1)r?

+2(s — 1)2s(s° —4s* +255° — 107> + 147s — 44)r + (s —4)> (s — D)*s.
It is a surface of general type.
32.2. Analysis. The branch locus has genus 1; one can give an explicit isomorphism
(see the online supplement) to the elliptic curve of conductor 89 given by the

Weierstrass equation
y2+xy+y =x+x?—x.

It is isomorphic to Xo(89)/(w), where w is the Atkin—Lehner involution.
The Hilbert modular surface Y_(89) is a surface of general type. Note that the
change of coordinates r = s + g simplifies the equation a bit further, making the


http://msp.berkeley.edu/ant/2014/8-10/ant-v8-n10-x01-equations.zip
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(r,s) Sextic polynomial f(x) defining the genus-2 curve y? = fi(x)

(=3, —1) | —334084x°+65892x° +847841x* —156012x> —1036555x> —453867x — 525
(=¥, —32)| 632x°—480x> +43475x* — 97578x> — 1030393x> + 855708x — 1045044

(=19, —1) [ 126905x° + 238808 1x> — 2600778x* — 3075787x> — 5448045x>
—3683352x — 709200

(<31, 3) | —83300x° + 168420x° + 5079215x* — 6586832x> + 584735x>
+70020x — 8100

(=2, 1) [2185004x6 — 12346980x° + 10798163x* + 732660x> 4 47975267
+21406020x + 27911916

(8,-3) | -14966100x® — 43598124x° +25890735x* + 105396908x> — 44422995x>
— 65750574x + 34674550

(=2, —1)|2754000x° + 86434200x° + 150411025x* — 14830346x> — 4997041 1.x>
+242599308x + 131021492

(16, 11)  125329267x6 — 96789717x° +223774305x* — 449560367x> — 46904988
— 772810308 + 413626230

Table 27. Some rational points (r, s) of small height on the surface
of Theorem 42 and the corresponding genus-2 curves.

degree of the right-hand side equal to 6 in each variable. However, it complicates
the original defining Weierstrass equation of the family of K3 surfaces, so we have
chosen the (r, s) coordinate system.

32.3. Examples. Table 27 lists some points of small height and their genus-2
curves.

We find two elliptic curves of positive rank on the surface. The specialization
s = % gives a curve of genus 1

y? = 1210000r* — 19157600r° — 1706573612 + 678600r — 8575

with rational points (as at infinity), conductor 3-5-11-163-191 - 881, and rank at

least 2. The locus s =r + % gives another curve of genus 1,

y? = —3739190000r* — 214519576001 — 4301883357612
—36551728152r — 11227811551,

with rational points (as at (r, y) = (—1, +652)), conductor 2*-5-17-19-463-58787,
and rank at least 3. We were not able to determine the exact rank of either curve,
but the global root numbers indicate that the rank should be even for the former
curve and odd for the latter, so one might guess that the lower bounds 2 and 3 on
their ranks are sharp.
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33. Discriminant 92

33.1. Parametrization. We start with an elliptic K3 surface with fibers of type
Ag, A1 and Dg, and a section of height % = % =4 L1_45

2 9
The Weierstrass equation may be written as

y2 = x>+ (ag + ait + art* + azt)x?
+262(Mt — ) (b + bt + bat)x + 12 (ht — )2 (co + 1),

with
)»:(r—i—s)z, uw=r-4+2s,
a3z = —drs(s+r>+r)(s* +rs—r), ap=(rs —r—1)?,
by = —4rs2(rs —r — 1)2, co= 16r2s4(rs —r — 1)2,
a;=-2r((r+ l)z(s — 1)2 +sz), b = 4r2s2(rs +2s —r — 1)2,

cl = —64r3(r + (s —1)s°,
by = —8r2s3((r —|—2)s2 + (2r2 +2r—1)s —2r(r+ 1)),
a=r(rs+4s —r — 1)(4s2 +ris+drs —r? — r).

As in the case of discriminant 56, we first go to an E7Ag fibration using the E7
fiber F' identified below. Note that F’ - P = 3, while the component of the D¢ fiber
which is not included in F’ intersects F’ with multiplicity 2. Since ged(2, 3) = 1,
the fibration defined by F’ has a section.

P

The new elliptic fibration has a section P’ of height % = 36 =4+2-1- %,

which must therefore intersect the zero section, the identity component of the E-
fiber and component 1 of the Ag fiber.

We identify an Eg fiber and compute its Weierstrass equation by a 3-neighbor
move. Note that it intersects P’ in 7 and the excluded component of the Ag fiber
in 3. Therefore the fibration it defines has a section, and we may convert to the

Jacobian.
P/




K3 surfaces and equations for Hilbert modular surfaces 2401

Now we read out the Igusa—Clebsch invariants and compute the branch locus.

Theorem 43. A birational model over Q for the Hilbert modular surface Y_(92)
as a double cover of I]:Df,x is given by the equation

F=(s+ri+r)(st+rs—r)
x((s = D’ 4+ (s = D*(s* — 155 = 3)r* — (s — 1)(425° — 27s% — 315 — 3)r°
—(275° —305*~775%+69s> + 175+ 1)r? 45 (465 —3052 —425 — 1)r —275°).

It is a surface of general type.

33.2. Analysis. The branch locus has three components. Points of the two simpler
components correspond to elliptic K3 surfaces where the Dg fiber is promoted to
an E7 fiber, while the more complicated component corresponds to an extra I, fiber.
All the three components are rational (genus 0). This is obvious from inspection
for the simpler components, and for the last we have the parametrization

(2 4+2)(t +1)? —t(t+ D+ 26>+ 41 +4)
(r,s) = ,
((t+2)(t3+2t2+2t+2) (t+2)2(t*+2) )

The surface Y_(92) is a surface of general type. The extra involution is (r, s, z) —
(—1/s, —1/r, z/(rs)*). We now analyze the quotient of the Hilbert modular surface
by this involution. Because the involution fixes r /s, we obtain the quotient by setting
r = st and writing everything in terms of m = s — 1/(¢s). We find the equation

Y= (2 + Dm — £+ 12+ 20+ 1) (£ + Dm® — 138 + 1712 + 42t +2T)m?
+ 136 + 3117 + 72t +30)m — (¢* + 150> + 301 + 7t + 8)),

which expresses the quotient as a genus-1 curve over Q(¢). Since there is an obvious
section (where the first factor vanishes), we may convert to the Jacobian, which
has the Weierstrass equation (after shifting ¢ by 1 and performing some Weierstrass
transformations)

y2=x3— (2t +1)(81> + 8> — 61 — 1)x>
—8(t — Di*(r + 1)(10% = 321 — 5)x — 16(t — D)*e3(r + 1)(@7t + 7).

This is an elliptic K3 surface. It has reducible fibers of type Ig at t =0, I3 at 1 and
(=7£3+/3)/11, and I, at the roots of 117> — 10> + 5¢ 4+ 1 (which generates the
cubic field of discriminant —23). Therefore the trivial lattice has rank 18. We easily
identify a non-torsion section P of height % with x-coordinate 4¢3 (6¢ + 1). On the
other hand, counting points modulo 13 and 17 shows that the Picard number cannot
be 20. Therefore the Picard number of this quotient surface is 19. The sublattice
of the Néron—Severi group spanned by P and the trivial lattice has discriminant
360 =23.32.5. It is easy to see from height calculations that there cannot be any 2-
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(r,s) Sextic polynomial fs(x) defining the genus-2 curve y? = fs(x)
(%, —%) 5981584x% — 4016376x°> 4+ 1699985x* + 313485x> — 168322x>
+49665x 4+ 21175

(5, —10) [2916x° + 591516x° + 6670933x* + 12740602x* — 440840512
+ 8704740x + 16105100

Table 28. Some rational points (r, s) of small height on the surface
of Theorem 43 and the corresponding genus-2 curves.

or 3-torsion sections, and that P cannot be divisible by 2 or 3 in the Mordell-Weil
group. Hence, this sublattice is the entire Néron—Severi lattice.

33.3. Examples. Table 28 lists some points of small height and their genus-2
curves.

Specializations of r or s, and pullbacks of sections of the quotient, do not seem
to yield any genus O or 1 curves on the surface (at any rate, none correspond-
ing to abelian surfaces with “honest” real multiplication by Og, and not a larger
endomorphism ring).

34. Discriminant 93

34.1. Parametrization. Start with an elliptic K3 surface with fibers of type Ajg,
A3z and A;, with a section of height % =4— % — % The extra involution comes
from flipping the A, fiber.

This family has the Weierstrass equation

y2 =x>+ (ap +art + a2t2 + a3t3 + a4t4)x2
+ 2t (At — ) (bo + b1t + bat? + b3t)x + 12 (At — ) (co + 1t + cat?),

with
k:—(nz—l), ,u:(nz—mn—n—m)(n2+mn+n—m),
ag = (m+1)’n’, by = m*(m + 1)’n,
cozms(m+1)2n8, as=1,
) = m8n4, by = m4n2,
a3 = (m2 +2m +4Hn? — 3m?, ¢ = m3n*((m® 4 2m +2)n® —m?),

by = m4nz((m2 +2m +3)n® — 2m2),

a = 3(m2 +2m + 2)n4 — 2mz(m2 +3m+ 3)n2 +3m*,

by =m*n*(2m* +4m + 3)n* —m*(m + 1)(m +2)n* + m*),

a) = (3m2 + 6m +4)n6 — 3m2(m + 1)2114 + m4(m +1(m+ 3)n2 —m°.
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We first identify the class of an Eg fiber below, and move to it by a 3-neighbor
step.

This gives us an elliptic fibration with Eg, As and A, fibers, and a section P of

height % = %1 =442-1-— %. We then identify an E5 fiber and move to it by a

2-neighbor step. Since the new fiber intersects the section P in 7 and the excluded
component of the As fiber in 3, we see that the new fibration has a section.

P

Theorem 44. A birational model over Q for the Hilbert modular surface Y_(93)
as a double cover of IP’,%M
22 =16(n* — 1)’n*m® 4+ 8(n* — D 21n* +22n* = 27)m’

— (27n® — 684n° — 1246n* + 1620n* +-27)m*

—8n%(27n° —109n* —471n* +41)m> — 8n*(81n° +135n* —273n* — Tym*

—96n*(9n> —1)(n*>+3)m —16n* (> +3)27n> +1).

is given by the equation

It is a surface of general type.

34.2. Analysis. The extra involution is ¢ : (m, n) — (m, —n).

The branch locus is a curve of genus 4, isomorphic to Xo(93)/(wo3), where wo3
is the Atkin—Lehner involution. We do not give the explicit isomorphism here, but
the formulas are available in the online supplement. Setting k = n?, we can write it
as a double cover of a genus-2 curve, which can be transformed to the Weierstrass
form

2 3 2 3 2 _
¥ = (O9x7 4+ 11x —3)y +x°(69x” — 56x° + 81x —22) =0.

This Hilbert modular surface is a surface of general type. The quotient by this
involution ¢ has the equation (with k = n?)

22 =-27m+2)* k* +4@dm®+42m° +171m* +218m> — 270m> — 624m — 328)k>
—2(16m® — 4m® — 623m* — 1884m> — 1092m? — 144m + 24)k>
+4m?(4m* — 98m> — 405m* — 82m + 14) k +27m*(8m — 1).


http://msp.berkeley.edu/ant/2014/8-10/ant-v8-n10-x01-equations.zip
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This has a genus-1 fibration over Q(m). The fibration has a section at infinity
defined over Q(+/—3); we do not know whether there is a section defined over Q.
The Jacobian has the Weierstrass equation

v =x3 4+ (m® 4+ 20m> + 118m™ + 186m> + 33m> + 18m — 3)x>
+8m*(m + 10)(9m* 4+ 39m> + 57m* — 1)x
+ 16m*(m + 10)>(4m> + 13m* + 18m — 3).
This is an honestly elliptic surface with x = 3. It has reducible fibers of type Iy at
m =00, 4 at m =0, I, at m = —10, and I3 at the roots of

m® 4+ 11m° +16m* +32m> + 17m* —9m + 1

(whose splitting field is a dihedral extension of degree 12 containing /93). The
trivial lattice has rank 26, leaving room for Mordell-Weil rank up to 4. Counting
points modulo 13 and 17 shows that the Picard number is at most 29. On the other
hand, we are (so far) able to produce the sections

Py=(—16(m> +m* +6m —1), 32(m® +11m° + 16m* +32m> +17m* —9m + 1)),
Py = (—16(m +10)(m’ + m* + 6m> 4+ 3m> + 18m — 3) /31,
288(m +10)(3m* +2m +9)(m®+ 11m’ + 16m™ +32m> + 17m* — 9m + 1) /93%/?),

of which Py is 3-torsion, while P; has height % Therefore, the Mordell-Weil rank
is between 1 and 3.

34.3. Examples. Table 29 lists some points of small height and their genus-2
curves.

(m, n) Sextic polynomial fs(x) defining the genus-2 curve y? = f¢(x)
(2.3) —2112x%—5184x> +5451x* 4 2593x3 — 4596x% — 2223x — 101
(-10,3) —7452x% — 4860x° —24039x* —4540x> — 17205x2 +4686x — 302
(3.1 —24786x° +25272x5 +90900x* — 73885x — 107482x2 + 54020x +40286
(—10,5) —31752x° —48825x* +52868x% — 175537x% +91124x — 80644
(2.-3) | —594x5+10962x° —154233x*+391936x> +265521x2+330228x — 71068

(=10, —5) |43756x+110088x°+463887x* —609201x> +208770x2 —6300x —211000

(—10, —3) | =3008x6 ++270048x" — 773739x* — 611989x> — 2150523x>
+631152x —342144

(3, —1) | —253800x° —1186380x° — 1627302x* +4611739x* 4+ 1795017x>
—2139291x +2480233

Table 29. Some rational points (mz, n) of small height on the surface
of Theorem 44 and the corresponding genus-2 curves.
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35. Discriminant 97

35.1. Parametrization. Start with an elliptic K3 surface with fibers of type D5, A4

and Ag, with a section of height % =4 - (1 + le) - g — g.

We can write the Weierstrass equation as

v2 =x3 + (ap + a1t + axt® + azt®)x? 4+ 262 (1 — 1) (bo + b1t + brtH)x
+1*(t — Do +crt),
with
ag= (r+ 1)2(rs2 +52+rls+ r)z,
a1 =20r + D(r + D* 4200 + D@* —r — Ds* +r(? —4r* —4r +2)s°
—rQr 72+ 2r +5)s* —r2(r* +3r +3)s — i (r + 1)),
ay = (r+1)*s® +20r + D) (r* —4r —2)s° + (r* — 16r° — 6r> + 18r + 4)s*
—2r(4r —6r® —4r + 11)s> + r(6r3 — 6r* — 3r +20)s2
+2r2(r +3)2r +3)s +r2(r +1)2,
az =—4r(s — Ds(s +r)(s° + (r —=2)s* — (r —2)s —2r —3),
by =4r(r +1)*(s — D2s(s +r)(rs* + s> +r¥s +1)%,
by =4r(r+1)(s — D2s(s +r)
X ((r + 1)2s5 +2(r + l)(r2 —2r — l)s4 + r(r3 —8r® —6r —i—4)s3
— r(4r3 +r2 +2r +7)s2 — r2(r2 +5r+5)s — r2(r + l)),
by = —8r*(r + 1)(s — )*s%(s +r)*(25° +2(r —2)s> —2(r —2)s —r —3),
co= 16r2(r + 1)2(s — 1)4s2(s + ;")z(rs2 + 52473 +r)2,
e =—64r(r+ D*s = D' (s + )’ (" +rs —s+1).

First we identify a Dg, and move to the associated elliptic fibration (which also
has an Ag fiber) by a 2-neighbor step.

This elliptic fibration has Dg and Ag fibers, and two independent sections P, Q

with height matrix
8 _35
7 T 14
( - i 2 > ‘
i 7

—
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We identify a fiber F’ of type Eg and move to the associated fibration by a
2-neighbor step. Note that Q - F' = 3, while the remaining component of the Dg
fiber has intersection 2 with F’. Therefore the new genus-1 fibration has a section.

P

The new elliptic fibration has bad fibers of types Eg and A7, and a section P’
of height % =242-6-3- %. We identify a fiber F” of type E7, and move to
the associated elliptic fibration by a 2-neighbor step. Note that P’ - F” = 13, while
the remaining component of the A7 fiber has intersection 2 with F”. Therefore the
elliptic fibration associated to F” has a section, and is the of the desired type EgE7.

M

We now read out the Igusa—Clebsch invariants and work out the equation of the
branch locus of Y_(97) as a double cover of Ho7.

Theorem 45. A birational model over Q for the Hilbert modular surface Y_(97)
as a double cover of [P’% ¢ IS given by the equation

2 =52(s2 4+ 14s + Drf +25(2s* + 2753 — 1352 + 155 + D)rd
+ (65° + 805> — 75s* 4 1285 — 5452 + 185 + 1)r*
+2(257 +285% — 325° + 84s* — 745> + 485% — 135 + 1)
+ (s + 1857 — 115° + 6857 — 101s* + 1125 — 6952 4 225 + 1)r2
+ 252 (0 + 357 — 55 + 753 + 352 — 165 + 12)r + (s — 2)*s*.

It is a surface of general type.

35.2. Analysis. The branch locus is a genus-3 curve, isomorphic to the quotient of
X0(97) by the Atkin—Lehner involution. We omit the formulas for the isomorphism,
but they are available in the online supplement.

The Hilbert modular surface itself is of general type. The substitution r = u — s
simplifies the equation of the double cover somewhat, making it degree-6 in each
variable. However, it complicates the original Weierstrass equation of the K3 family,
so we have chosen the (7, s)-coordinates on the moduli space.


http://msp.berkeley.edu/ant/2014/8-10/ant-v8-n10-x01-equations.zip
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(r,s) Sextic polynomial f(x) defining the genus-2 curve y? = fi(x)
(3,-2) —100x° 4 180x7 + 3x* 4 12x% — 207x? 4 54x + 54
(-3.3) 115x° — 120x° — 692x* — 42x3 + 643x2 4 36x — 156
(£.-9) —418x% — 99x° +700x* 4 130x3 — 401x% — 45x + 81

(-4, 6) 528x° —792x% + 311x* — 26x3 — 205x% + 60x — 20

(-2, 2) —72x% — 72x° 4 669x* + 706x> — 1623x? — 60x + 500
(£.-2) 1236x% — 852x° — 1919x* + 1702x3 + 1473x2 — 940x — 700
(£.-1) 200x° — 420x° + 1918x* — 1455x3 +2968x2 + 1740x — 1175
(-2, 1) —1872x% — 3540x* + 1021x3 +2331x> — 1185x + 145

(2, -2) 370x° + 1084x> —2510x* — 683x3 — 32x2 — 752x — 3822
(—5.2) | —1225x° +3570x° — 3266x* — 176x> + 3463x> + 1446x + 5868
(3.2) —1938x° 4 3132x° + 1730x* — 855x° + 609x2 — 9065x + 5145
(=8, 3)| 4900x° +5320x° — 11751x* — 4255x3 +2867x> +4515x — 1596
(—%. )| 16048x° —7524x° — 11096x* 4 16107x> — 4244x? — 5652x — 864
(2, —1) | —1140x° 4 4820x° — 3105x* 4 3366x> — 16681x? — 6468x — 12348
(-1.6) 14076x° —20748x + 11899x* + 1252x — 125x? + 2676x + 380
(%, —2) | —6688x°+9840x> — 8271x* +24640x> — 5373x% + 12150x — 7290

Table 30. Some rational points (r, s) of small height on the surface
of Theorem 45 and the corresponding genus-2 curves.

35.3. Examples. Table 30 lists some points of small height and their genus-2
curves.

We find a few curves with infinitely many rational points. For instance, r =1 —s
gives a rational curve, with parametrization

- s)_((m—i—l)(m—i—?)) —4(m—1))
O m2+7 0 m247 )

The Brauer obstruction vanishes identically along this curve. However, it turns out
to be a modular curve: the corresponding abelian surfaces have endomorphism ring
a (split) quaternion algebra.

Another curve of genus 0 is given by r = —(3s% + 8s +4)/(3s). Again, the
Brauer obstruction vanishes, and this time we get a family of abelian surfaces with
“honest” real multiplication.

The locus r = % — s gives a genus-1 curve
y? = (25 4+ 1)(2s> — 395% + 285 + 36)

with conductor 5862 =2 -3 - 977 and Mordell-Weil group Z>.
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Intermediate co-t-structures,
two-term silting objects,
7-tilting modules, and torsion classes

Osamu lyama, Peter Jgrgensen and Dong Yang

If (A, B) and (A/, B') are co-¢-structures of a triangulated category, then (A", B)
is called intermediate if A € A’ C £ A. Our main results show that intermediate
co-t-structures are in bijection with two-term silting subcategories, and also with
support t-tilting subcategories under some assumptions. We also show that
support 7-tilting subcategories are in bijection with certain finitely generated
torsion classes. These results generalise work by Adachi, Iyama, and Reiten.

Introduction

The aim of this paper is to discuss the relationship between the following objects:
« Intermediate co-z-structures.
o Two-term silting subcategories.
o Support 7-tilting subcategories.

o Torsion classes.

The motivation is that if T is a triangulated category with suspension functor X
and (X, Y) is a ¢-structure of T with heart H =X N XY, then there is a bijection
between “intermediate” z-structures (X', Y’) with XX C X’ C X and torsion pairs
of H. This is due to [Beligiannis and Reiten 2007, Theorem 3.1] and [Happel et al.
1996, Proposition 2.1]; see [Woolf 2010, Proposition 2.3].

We will study a co-z-structure analogue of this which also involves silting sub-
categories, that is, full subcategories S C T with thick closure equal to T which
satisfy Homt (S, X/S) =0 fori > 1. Silting subcategories are a useful generalisation
of tilting subcategories.

The next theorem follows from the bijection between bounded co-¢-structures
and silting subcategories in [Mendoza Herndndez et al. 2013, Corollary 5.9]. See
[Pauksztello 2008] and [Aihara and Iyama 2012] for background on co-¢-structures

MSC2010: primary 18E30; secondary 18E40.
Keywords: co-t-structures, two-term silting objects, t-tilting modules, torsion classes.
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and silting subcategories. Note that the co-heart of a co-t-structure (A, B) is
AN X7IB. If F, G are full subcategories of a triangulated category, then F % G
denotes the full subcategory of objects e which permit a distinguished triangle
f—>e—gwith f €F, g eCG.

Theorem 0.1 (Theorem 2.2). Let T be a triangulated category, (A, B) a bounded co-
t-structure of T with co-heart S. Then we have a bijection between the following sets:

(1) Co-t-structures (A', B") of T with AC A’ C YA,
(i1) Silting subcategories of T which are in S x XS.

The co-t-structures in (i) are called intermediate. The silting subcategories in
(ii) are called two-term, motivated by the existence of a distinguished triangle
s1 — so — s’ with s; € S for each s’ € S’. The theorem reduces the study of
intermediate co-¢-structures to the study of two-term silting subcategories.

Our main results on two-term silting subcategories and t-tilting theory can be
summed up as follows. We extend the notion of support 7-tilting modules for finite-
dimensional algebras over fields given in [Adachi et al. 2014] to essentially small ad-
ditive categories; see Definitions 1.3 and 1.5. For a commutative ring K, we say that
a k-linear category is Hom-finite if each Hom-set is a finitely generated K-module.

Theorem 0.2 (Theorems 3.4 and 4.6). Let T be a triangulated category with a
silting subcategory S. Assume that each object of S x XS can be written as a direct
sum of indecomposable objects unique up to isomorphism. Then there is a bijection
between the following sets:

(1) Silting subcategories of T which are in S * XS.
(1) Support t-tilting pairs of mod S.

If T is Krull-Schmidt, K-linear and Hom-finite over a commutative ring K, and
S = add s for a silting object s, then there is a bijection between the following sets:

(iii) Basic silting objects of T which are in S x XS, modulo isomorphism.

(iv) Basic support t-tilting modules of mod E, modulo isomorphism, where E =
End~(s).

Note that in this case, there is a bijection between (i) and (iii) by [Aihara and Iyama
2012, Proposition 2.20, Lemma 2.22(a)].

Note that Theorem 0.2 is a much stronger version of Theorem 3.2 of [Adachi
et al. 2014], where T is assumed to be the homotopy category of bounded complexes
of finitely generated projective modules over a finite-dimensional algebra A over a
field, and s is assumed to be A.
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Moreover, we give the following link between t-tilting theory and torsion classes.
Our main result shows that support t-tilting pairs correspond bijectively with certain
finitely generated torsion classes, which is a stronger version of [Adachi et al. 2014,
Theorem 2.7]. Note that Fac M is the subcategory of Mod C consisting of factor
objects of finite direct sums of objects of M, and P(T) denotes the Ext-projective
objects of T; see Definition 1.7.

Theorem 0.3 (Theorem 5.1). Let K be a commutative noetherian local ring and
C an essentially small, Krull-Schmidt, K-linear Hom-finite category. There is a
bijection M +— Fac M from the first of the following sets to the second.:

(1) Support t-tilting pairs (M, E) of mod C.

(i1) Finitely generated torsion classes T of Mod C such that each finitely generated
projective C-module has a left P(T)-approximation.

1. Basic definitions

Let C be an additive category. When we say that U is a subcategory of C, we always
assume U is full and closed under finite direct sums and direct summands. For a
collection U of objects of C, we denote by add U the smallest subcategory of C
containing U.

Let C be an essentially small additive category. We write Mod C for the abelian
category of contravariant additive functors from C to the category of abelian groups,
and mod C for the full subcategory of finitely presented functors; see [Auslander
1974, pp. 184, 204].

The suspension functor of a triangulated category is denoted by X.

We first recall the notions of co-¢-structures and silting subcategories.

Definition 1.1. Let T be a triangulated category. A co-t-structure on T is a pair
(A, B) of full subcategories of T such that:

(i) " 'ACAand B CB.
(ii)) Homt(a,b) =0 fora € A and b € B.
(iii) Foreacht € T there is a triangle a — ¢ — b — Xa in T witha € A and b € B.

The co-heart is defined as the intersection A N L ~!B. See [Pauksztello 2008;
Bondarko 2010].

Definition 1.2. Let T be a triangulated category.

(i) A subcategory U of T is called a presilting subcategory if T(u, 2='u’) = 0 for
any u, u’ € U.

(i) A presilting subcategory S C T is a silting subcategory if thick(S) = T; see
[Aihara and Iyama 2012, Definition 2.1(a)]. Here thick(S) denotes the smallest
thick subcategory of T containing S.



2416 Osamu lyama, Peter Jgrgensen and Dong Yang

(iii) An object u € T is called a presilting object if it satisfies T(u, 2='u) = 0,
namely, if add(u) is a presilting subcategory. Similarly an object u € T is
called a silting object if add(u) is a silting subcategory.

Next we introduce the notion of support t-tilting subcategories.

Definition 1.3. Let C be an essentially small additive category.

(1) Let M be a subcategory of mod C. A class { P; n—m> Py—>m— 0|me Mt of
gory
projective presentations in mod C is said to have property (S) if

Hompeqg C(nm’ m/) : Hompmog c (Po, m/) — Hompmegc(Py, m/)

is surjective for any m, m’ € M.

(i1) A subcategory M of mod C is said to be t-rigid if there is a class of projective
presentations { P — Py — m — 0 | m € M} which has property (S).

(iii) A t-rigid pair of mod C is a pair (M, E), where M is a t-rigid subcategory of
mod C and E C C is a subcategory with M(E) = 0, that is, m(e) = O for each
m e Mand e € E.

(iv) A t-rigid pair (M, E) is support t-tilting if E = Ker(M) and for each s € C

0

. f .
there exists an exact sequence C(—, s) — m® — m! — 0 with m® m' eM

such that f is a left M-approximation.
It is useful to recall the notion of Krull-Schmidt categories:

Definition 1.4. An additive category C is called Krull-Schmidt if each of its objects
is the direct sum of finitely many objects with local endomorphism rings. It
follows that these finitely many objects are indecomposable and determined up to
isomorphism; see [Bass 1968, Theorem 1.3.6]. It also follows that C is idempotent
complete; that is, for an object ¢ of C and an idempotent e € C(c, c), there exist
objects ¢1 and ¢, such that ¢ = ¢; @ ¢ and e =id,,; see [Keller 2013, 5.1].

(1) An object ¢ € Cis basic if it has no repeated indecomposable direct summands.

(i1) For an object ¢ € C, let #c(c) denote the number of pairwise nonisomorphic
indecomposable direct summands of c.

The following is a version of Definition 1.3 for rings:
Definition 1.5. Let E be a ring such that mod E is Krull-Schmidt.

(1) A module U € mod E is called 7-rigid if there is a projective presentation
Py N Py — U — 0 in mod E such that Homg (77, U) is surjective.

(i1) A t-rigid module U € mod E is called support t-tilting if there is an idempotent
e € E which satisfies Ue = 0 and #no4 £ (U) = #r(E/EeE) (E/E€E).
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Remark 1.6. Part (ii) of the definition makes sense because prj(E/EeFE) is Krull-
Schmidt. Namely, since mod E is Krull-Schmidt, it follows that prj E is Krull—
Schmidt with additive generator Er. The same is hence true for (prj E)/[add e E]
for each idempotent e € E, and it is not hard to check that the endomorphism ring
of Eg in (prj E)/[add eE] is E/EeE, so there is an equivalence of categories

(prj E)/[add eE] = prj(E/EeE).

Hence prj(E/EeE) is Krull-Schmidt.

If E is a finite-dimensional algebra over a field, then the definition coincides
with the original definition of basic support 7-tilting modules by Adachi, Iyama
and Reiten [Adachi et al. 2014, Definition 0.1(c)].

Finally we introduce the notion of torsion classes:

Definition 1.7. Let C be an essentially small additive category and T a full subcat-
egory of Mod C.

(1) We say that T is a forsion class if it is closed under factor modules and
extensions.

(i) For a subcategory M of Mod C, we denote by Fac M the subcategory of Mod C
consisting of factor objects of objects of M.

(iii)) We say that a torsion class T is finitely generated if there exists a full subcate-
gory M of mod C such that T = Fac M. Clearly the objects in Fac M are finitely
generated C-modules, which are not necessarily finitely presented.

(iv) An object t of a torsion class T is Ext-projective if Ext,lwodc(t, T) =0. We
denote by P(T) the full subcategory of T consisting of all Ext-projective
objects of T.

2. Silting subcategories and co-z-structures

In this section, T is an essentially small, idempotent complete triangulated category.
Let (A, B) be a co-z-structure on T. It follows from the definition that

A={t €T | Hom(z, b) =0 for all b € B},
B={teT| Hom(a,t) =0 for all a € A}.

In particular, both A and B are idempotent complete and extension closed. Hence
so is the co-heart S= AN X ~!B. Set

S XS = {r € T |there is a triangle s; — 59 — t — Xs| with s, 51 €S} C T.

The following lemma will often be used without further remark:
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Lemma 2.1. There is an equality S £S = SAN X ~!B. As a consequence, S £S
is idempotent complete and extension closed.

Proof. The inclusion S £S € XAN X~!'B is clear, because both S and XS are
contained in ©A N X !B, which is extension closed. Next we show the opposite
inclusion. Let 1 € SAN £~'B. Then by Definition 1.1(iii) there is a triangle
a—t—b— Xa witha € A and b € B. Since both ¢ and Xa are in XA, sois b
due to the fact that A is extension closed. Thus b € YANB = XS. Similarly, one
shows that @ € S. Thus we obtain a triangle ¥ ~'b — a — t — b with Z~!'b and a
in S, meaning that € Sx XS. (]

It is easy to see that Hom(s, £=!s") =0 for any s, s’ € S. That is, S is a presilting
subcategory of T. The co-¢-structure (A, B) is said to be bounded if

UE"B:T:UE”A.
neZ neZ

Theorem 2.2 [Mendoza Herndndez et al. 2013, Corollary 5.9]. There is a bijection
(A, B) = AN X7'B from the first of the following sets to the second:

(1) Bounded co-t-structures on T.

(i1) Silting subcategories of T.
This result has the following consequence:

Theorem 2.3. Let (A, B) be a bounded co-t-structure on T with co-heart S. Then
there is a bijection (A', B) — A’ N X7'B’ from the first of the following sets to
the second:

(i) Bounded co-t-structures (A', B") on T with A C A’ C A
(i1) Silting subcategories of T which are in S x XS.

Proof. Let (A’, B') be a bounded co-z-structure on T with A € A’ € X A. Then
B D B’ D IB. It follows that AN X ~'B' € TAN T ~'B =S XS. The last equality
is by Lemma 2.1.

Let S’ be a silting subcategory of T which is in S XS. Let A’ be the smallest
extension closed subcategory of T containing ¥=S’ and B’ the smallest extension
closed subcategory of T containing ©='S’. Then (A’, B') is the bounded co-z-
structure corresponding to S” as in Theorem 2.2; see [Mendoza Hernandez et al.
2013, Corollary 5.9]. Since S’ C S % XS, it follows that A" is contained in the
smallest extension closed subcategory of T containing £=!S, which is exactly
Y A. Similarly, one shows that B’ is contained in B, implying that A’ contains A.
Thus, AC A’ C ZA. O
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The co-t-structures in (i) are called intermediate with respect to (A, B). The
silting subcategories in (ii) are called 2-term with respect to S. Clearly, if (A’, B)
is intermediate with respect to (A, B), then (A, B) is intermediate with respect to
(X7'A’, ©7'B’). The next result is a corollary of Theorems 2.2 and 2.3:

Corollary 2.4. Let S and S’ be two silting subcategories of T. If S' is 2-term with
respect to S, then S is 2-term with respect to £ 715/

3. Two-term silting subcategories and support 7-tilting pairs

In this section, T is an essentially small, idempotent complete triangulated category,
and S C T is a silting subcategory.

Remark 3.1. (i) There is a functor

F:T— ModS, tr T(—,1)s,

sometimes known as the restricted Yoneda functor.

(i) By Yoneda’s lemma, for M € Mod S and s € S, there is a natural isomorphism
Hompmoqs(S(—, 5), M) => M(s);

see [Auslander 1974, p. 185].

(iii) By [Iyama and Yoshino 2008, Proposition 6.2(3)], the functor F from (i)
induces an equivalence

(S% £S)/[£S] => modS. (1)

This follows from that proposition by setting £ =S, Y = XS, and observing
that the proof works in the generality of the present paper.

Lemma 3.2. Let U be a full subcategory of S x XS. Foru € U let
si‘L)sg—>u—>Esi‘ 2)

be a distinguished triangle in T with s, s{ € S. Applying the functor F gives a
projective presentation

PV IS Pl U —0 3)
in modS, and

U is a presilting subcategory <= the class {m" |u € U} has property (S).
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Proof. Clearly, F applied to the distinguished triangle (2) gives the projective
presentation (3).
To get the bi-implication in the last line of the lemma, first note that for u, u’ € U
we have
T(u, =224y =0 4)
since u, u' € S* XS.
By Remark 3.1(ii), the map Hom,oq5 (7, F (u')) is the same as
T(sg, u') = T(si, u'). 5)

So the class {7* | u € U} has property (S) if and only if the morphism (5) is surjective
for all u, u’ € U. However, the distinguished triangle (2) induces an exact sequence

Tl u) — TG u') — T(E u, u') — T(E7 s, u),

where the last module is O since u’ € S* LS. So (5) is surjective if and only if
T(Z"'u, ') = T(u, Zu') = 0. This happens for all u, u’ € U if and only if U is
presilting, because of (4). U

Theorem 3.3. The functor F : T — Mod S induces a surjection
d:U (F(U),SNE'U)
from the first of the following sets to the second:
(i) Presilting subcategories of T which are contained in S * X.S.
(i1) t-rigid pairs of modS.
It restricts to a surjection W from the first of the following sets to the second.:
(iii) Silting subcategories of T which are contained in S x LS.
(iv) Support t-tilting pairs of mod S.
Proof. We need to prove
(a) The map ® has values in t-rigid pairs of modS.
(b) The map & is surjective.
(c) The map W has values in support t-tilting pairs of modS.
(d) The map W is surjective.

(a) Let U be a presilting subcategory of T which is contained in S x XS. For
each u € U, there is a distinguished triangle s; — so — u — X5 with s, 51 € S.
Lemma 3.2 says that F' sends the set of these triangles to a set of projective
presentations (3) which has property (S), because U is presilting. It remains to show
that for u € U and u’ € SN X ~'U we have F(u)(u’) = 0. This is again true because
Fu)(u') =T, u) and U is presilting.
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(b) Let (M, E) be a t-rigid pair of modS. For each m € M take a projective
presentation

m

Ph— Php—m —0 (6)

such that the class {r" | m € M} has property (S). By Remark 3.1(ii) there is a unique
morphism f;, : s — 5o in S such that F(f,;,) = n". Moreover, F(cone( f,)) = m.
Since (6) has property (S), it follows from Lemma 3.2 that the category

U; := {cone(fy,) |m € M}

is a presilting subcategory, and the inclusion U; € S XS is clear. Let U be the
additive hull of U; and X E in SxXS. Now we show that U is a presilting subcategory
of T. Let e € E. Clearly we have T(cone(f,,) ® Xe, »2e¢) =0. Applying T(e, —)

to a triangle s, i) so — cone( f;) — Xs1, we have an exact sequence
T(e, 51) L T(e, s50) —> T(e, cone(f)) —> 0,

which is isomorphic to Pj(e) n—m> Py(e) - m(e) — 0 by Remark 3.1(ii). The
condition M(E) = 0 implies that T (e, cone( f;;)) = 0. Thus the assertion follows. It
is clear that ®(U) = (M, E).

(c) Let U be a silting subcategory of T which is contained in S * XS.

Let s € S be an object of Ker F'(U), i.e., T(s, u) =0 for each u € U. This implies
that U @ add(XZs) is also a silting subcategory of T in S % XS. It follows from
[Aihara and Iyama 2012, Theorem 2.18] that Xs belongs to U, whence s belongs
to U and hence to SN £~ 'U. This shows the inclusion Ker F(U) € SN X ~'U.
The reverse inclusion was shown in (a), so Ker F(U) =SN X~ !U.

By Corollary 2.4, we have S C (£~ 'U) % U. In particular, for s € S, there is a
distinguished triangle

s—u’' —u' — 3. @)

Applying F, we obtain an exact sequence
F(s) L5 Fu®) — F(u') —> 0. ®)
For each u € U, we have the commutative diagram

T@®, u) TG, u) —— T, Su) =0

| |

Hompmogs(F (u°), F(u)) e Hompmogs(F(s), F(u))
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The right vertical map is induced from the Yoneda embedding, so it is bijective. It
follows that f* is surjective, that is, f is a left F(U)-approximation. Altogether,
we have shown that ® (U) is a support t-tilting pair of mod S.

(d) Let (M, E) be a support t-tilting pair of mod S, and let U be the preimage of
(M, E) under the map ® constructed in (b).

By definition, for each s € S there is an exact sequence F(s) i) F (u?) —
F(u!) — 0 such that u%, u! € U and f is a left F(U)-approximation. By Yoneda’s
lemma, there is a unique morphism « : s — u? such that F(«w) = f. Form the

distinguished triangle

0
s

s —>u¥ — 1, —> Ts. )
Let U be the additive closure of U and {t; | s € U}. We claim that Uis a silting
subcategory of T contained in S * XS such that ®(U) = (M, E).

First, ¢, € u(s) % 25 € S* XS. Therefore, U C S % XS.

Second, by applying F to the triangle (9), we see that F(¢;) and F (usl) are

isomorphic in mod S. For u € U, consider the following commutative diagram.

T, u) —— = T(s, u) —— T(ty, Su) —= T(°, Su) =0

F(—)L ~

Hompmoqs (F (1)), F (1)) — Hompmoqs(F(s), F(u))

By Remark 3.1(iii), the map F'(—) is surjective. Because f is a left F'(U)-approx-
imation, f* is also surjective. So o™ is surjective too, implying that T(¢;, X¥u) = 0.
On the other hand, applying T(u, —) to the triangle (9), we obtain an exact sequence

T(u, Tu’) — T(u, Tty) — T(u, T%).

The two outer terms are trivial, hence so is the middle term. Moreover, if s’ € S,
then applying T(¢y, —) to the triangle (9) gives an exact sequence

T(ty, Zu’) — T(ty, Tty) — T(ty, T2s).

The two outer terms are trivial, hence so is the middle term. It follows that Uis
presilting. It is then silting because it generates S.

Thirdly, F(U) = F(U) because F(t,) = F(ul).

Finally, SN »-!U = E. This is because SN 2~!U >SN 'U=Eand
SN=~'UCKerF(U)=E. a

Theorem 3.4. Assume that each object of S x XS can be written as the direct sum
of indecomposable objects which are unique up to isomorphism. Then the maps ®
and V defined in Theorem 3.3 are bijective.
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Proof. 1t suffices to show the injectivity of ®.

By Remark 3.1(iii), when we apply the functor F : S % XS — modS, we are
in effect forgetting the indecomposable direct summands which are in XS. So if
F(u) = F(u') for u, u’ € S* XS, then there is an isomorphism u ® Xs = u’ @ Xs’
for some s, s’ € S. By the assumption in the theorem, if we assume that u and u’
do not have direct summands in XS, then u = u’.

Now let U and U’ be two presilting subcategories of T contained in S * XS such
that ®(U) = ®(U’). Let U; and U/ be respectively the full subcategories of U and U’
consisting of objects without direct summands in £S. Then U =U; & (UN XS)
and U'=U] @ (U'NXS). Since ®(U) = ®(U'), it follows that F(U;) = F(U)) and
UNXS=U"NZXS. The first equality, by the above argument, implies that U; = U].
Therefore U = U’, which shows the injectivity of ®. (]

4. The Hom-finite Krull-Schmidt silting object case

In this section, K is a commutative ring, T is a triangulated category which is
essentially small, Krull-Schmidt, k-linear and Hom-finite, and s € T is a basic
silting object.

We write E =T (s, s) for the endomorphism ring and S = add(s) for the associated
silting subcategory.

Remark 4.1. (i) We write Mod E for the abelian category of right E-modules,
mod E for the full subcategory of finitely presented modules, and prj E for the
full subcategory of finitely generated projective modules.

(i1) Since s is an additive generator of S, there is an equivalence
G :ModS = Mod E, M+ M(s),
which restricts to an equivalence
modS = mod E, M M(s).

This permits us to move freely between the ““E-picture” and the “S-picture”
which was used in the previous section.

(iii) The restricted Yoneda functor F' from the S-picture corresponds to the functor

T— ModE, t+ T(s,t)
in the E-picture.
(iv) By [Auslander 1974, Proposition 2.2(e)] the functor ¢ +— T(s, t) from (iii)

restricts to an equivalence

Y:S= prjE.
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Since S = add(s) is closed under direct sums and summands, it is Krull-
Schmidt, and it follows that so is prj E.

(v) By Remark 3.1(iii) the functor t + T(s, ¢) from (iii) induces an equivalence
(S*xXS)/[XS] = mod E. (10)

Since S* XS is obviously closed under direct sums, and under direct summands
by Lemma 2.1, it is Krull-Schmidt. Hence so is (S* XS)/[XS] and it follows
that so is mod E.

(vi) The additive category prj E is Krull-Schmidt by part (iv) and has additive
generator Eg. The same is hence true for (prj E)/[add eE] for each idem-
potent e € E. It is not hard to check that the endomorphism ring of Eg in
(prj E)/laddeE] is E/EeE, so there is an equivalence of categories

(prj E)/ladd e E] => prj(E/EeE).
In particular, prj(E/EeFE) is Krull-Schmidt.

The following result is essentially already in [Aihara 2013, Proposition 2.16],
[Fei and Derksen 2011, start of Section 5], and [Wei 2013, Proposition 6.1], all of
which give triangulated versions of Bongartz’s classic proof:

Lemma 4.2 (Bongartz completion). Let u € S *x XS be a presilting object. Then
there exists an object u’ € S XS such that u @ u’ is a silting object.

Proof. This has essentially the same proof as classic Bongartz completion: Since T
is Hom-finite over the commutative ring K, there is a right add(«)-approximation
ug — Xs. This gives a distinguished triangle s — u’ — uy — Zs, and it is
straightforward to check that u’ has the desired properties. U

The following result is essentially already contained in [Fei and Derksen 2011,
Theorem 5.4]:

Proposition 4.3. Let u € S XS be a basic presilting object. Then
u is a silting object <= #v(u) =#7(s).

Proof. The implication = is immediate from [Aihara and Iyama 2012, Theorem
2.27], and <= is a straightforward consequence of that theorem and Lemma 4.2. [

As a consequence, we have:

Corollary 4.4. Let U be a presilting subcategory of T contained in S x X.S. Then
there exists u € U such that U = add(u).
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Proof. Suppose on the contrary that U # add(u) for each u € U. Then U contains
infinitely many isomorphism classes of indecomposable objects. In particular, there
is a basic presilting object u € U such that #1(u) = #7(s) + 1. By Lemma 4.2,
there is an object u’ € T such that u @ u’ is a basic silting object of T. Therefore,
#1(s) + 1 =#7(u) <#1(u ®u’) = #7(s), a contradiction. Here the last equality
follows from Proposition 4.3. |

Theorem 3.3 in the current setting combined with Corollary 4.4 immediately
yields the following result. For an object u of S* XS, let Xu; be its maximal direct
summand in XS.

Theorem 4.5. The assignment
u+— (add(F(u)), add(uy))

defines a bijection from the first of the following sets to the second:

(1) Basic presilting objects of T which are in S x S, modulo isomorphism.
(ii) t-rigid pairs of modS.
It restricts to a bijection from the first of the following sets to the second.:
(iii) Basic silting objects of T which are in S x XS, modulo isomorphism.
(iv) Support t-tilting pairs of mod S.

As aconsequence, if (M, E) is a T-rigid pair of mod S, then there is an S-module M
such that M = add(M).

Next we move to the E-picture. Recall from Remark 4.1(ii) and (iv) that there
are equivalences G : ModS = Mod E and Y : S = prj E.

Theorem 4.6. An E-module U is a support t-tilting module if and only if the pair
(G™'(add(V)), Y ' (add(eE)))

is a support t-tilting pair of mod S for some idempotent e € E.
Consequently, the functor T(s, —) : T — Mod E induces a bijection from the first
of the following sets to the second:

(1) Basic silting objects of T which are in S x XS, modulo isomorphism.

(i1) Basic support t-tilting modules of mod E, modulo isomorphism.

Proof. We only prove the first assertion. The proof is divided into three parts. Let
u, € S* XS be such that u, has no direct summand in S and F () = G ).

(a) It is clear that U is a t-rigid E-module if and only if G '(add(U)) is a T-rigid
subcategory of mod S.
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(b) Let e be an idempotent of E and let #; € S be such that Y (#;) = eE. We have

Ue =Z=Homg(eE, U)
= Hompoqs(S(—, u1), F(up))
= F(up)(uy) Remark 3.1(ii).
Therefore Ue =0 if and only if M (u") =0 for each M € add(F (u,)) = G (add(U))
and each u’ € add(u;) = Y~ (add(eE)).

(c) Suppose that (G~'(add(U)), Y~ (add(eE))) is a -rigid pair. Let u be the
corresponding basic presilting object of T as in Theorem 4.5. More precisely, let
u=u,® Xu, where u, and u; are as above. Then

(G_1 (add(U)), y~! (add(eE))) is a support t-tilting pair

<= u is a silting object Theorem 4.5
< #1(u) =#7(s) Proposition 4.3
> #suxs(u) =H#s(s)

> #ouxs(u) =#y g (E) Remark 4.1(iv)
= #swxs)/[us](U) +Hsexs(Zuy) = #pj £ (E)

= #mod E(U) +#pE(eE) =#p £ (E) Remark 4.1(v), (v)
> #mod E(U) =#pj E(E) — #prjp(eE)

> #mod E(U) =#(pij E)/[add eE1(E)

> H#mod E(U) =#prj(e/EeE)(E/E€eE) Remark 4.1(vi)
<= U is a support t-tilting module. ([

5. Support t-tilting pairs and torsion classes

In this section K is a commutative noetherian local ring and C is an essentially small,
Krull-Schmidt, k-linear and Hom-finite category.
The main result in this section is the following:

Theorem 5.1. There is a bijection M — Fac M from the first of the following sets
to the second:

(i) Support t-tilting pairs (M, E) of mod C.

(ii) Finitely generated torsion classes T of Mod C such that each finitely generated
projective C-module has a left P(T)-approximation.

We start with the following observation:
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Lemma 5.2. Let M be a subcategory of mod C. The following conditions are
equivalent:

(1) M is t-rigid.
(ii) Extiyoqc(M, FacM) = 0.
(iii)) Each m € M has a minimal projective presentation

0—>S22mi>Pli>Po—>m—>0

such that for each m' € M and each morphism f : Py — m’, there exist
morphisms a : Py — m’ and b : Py — Q*m such that f = ad; + fd»b.

0 Q?m P Po m 0
b
Lf /
m/

Proof. (i) = (ii): For each m € M, there exists a projective presentation P; s Py~
m — 0 such that Hompoq c (7, m’) is surjective for each m’ € M. Let n € Fac M be
given and pick an epimorphism p :m’ — n with m’ € M. To show Ext},_, - (m, n) =0,
it is enough to show that each f € Hompmoq c(P1, 1) factors through . Since p is
an epimorphism and P; is projective, there exists g : P — m’ such that f = pg.
Then there exists & : Py — m’ such that g = hm, by the property of 7.

g

P1 P() m 0

1

I’I’l/ﬁ'l’l

Thus f = phm, and we have the assertion.

(ii) => (iii): For each m € M, take a minimal projective presentation 0 — Q%m N
P —> Py—m — 0. Let m’ € Mand f : P; — m’' be given, set n := Im(fd,)
and let 0 —> n — m’ > n’ — 0 be an exact sequence. Then 7 f : P, — n’ factors
through Py — Imd,. Since n’ € FacM and Exty, 4 c(m, FacM) = 0, there exists
g: Py— n' suchthat gd| =nf.

d:
O—>Q2m—2>Pl—>Imd1—>O 0 —Imdy — Pp—m — 0

AR |/
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Since 7 is an epimorphism and Py is projective, there exists a : Py — m’ such that
g =ma. Since w(f —ad;) =0, there exists & : P — n such that f =ad;+th. Since
f' is surjective (by definition of ) and P is projective, there exists b : P; — Q2%m
such that & = f'b.

Then we have f =ady +1f'b = ad, + fdob.

(iii) = (i): For each m € M, take a minimal projective presentation 0 — Q%m N
P, LN Py — m — 0 satisfying the assumption in (iii). We need to show that
each f : P, — m’ with m’ € M factors through d;. By our assumption, there
exista : Py — m’ and b : P| — Q*m such that f = ad, + fdob. Applying our
assumption to fdab : Py — m’, there exist a’ : Py — m’ and b’ : P| — ©m such
that fdob =a'dy+ fdabdyb’. Thus f = (a+a’)dy + fdybdyb’. Repeating a similar
argument gives

Hompod ¢ (P1, m) = Hompmed c (Po, m)dy + Hompog c (P1, m)(rad Endmod c (P1))"

for each n > 1, since d» € rad Hompmoq c(2%m, P;). Since C is Hom-finite over K,
we have (rad Endyog c(P1))¢ € Endmog c(P))(rad K) for sufficiently large £. Thus
we have

Hompod c (P, m) = ﬂ (Hompiod c(Po, m)dy +Homyieq ¢ (Py, m)(rad k)").

n>0

The right-hand side is equal to Hompeq c(Po, m)d; itself by Krull’s intersection
theorem [Matsumura 1989]. U

Proposition 5.3. Let (M, E) be a support t-tilting pair of mod C. Then FacM is a
finitely generated torsion class with P(Fac M) = M.

Proof. (i) We show that Fac M is a torsion class. Clearly Fac M is closed under factor
modules. We show that Fac M is closed under extensions. Let 0 — x — y Lsz50
be an exact sequence in Mod C such that x, z € FacM. Take an epimorphism
p :m — z with m € M. Since Ext,l\,Iod c(m, x) =0 by Lemma 5.2(ii), we have that
p factors through f. Thus we have an epimorphism x @ m — y, and y € FacM

holds. Hence Fac M is a torsion class.
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(i1) Since Ext,l\,lodC(M, FacM) = 0 by Lemma 5.2(ii), each object in M is Ext-
projective in Fac M. It remains to show that if n is an Ext-projective object in
FacM, then n € M. Let P; R Py->n—>0bea projective presentatlon Since
M is support t-tilting, there exist exact sequences P; RN m; — m; — 0 with
mj, m; € M and a left M-approximation g; fori =0, 1.

Let C:=C/ ann M for the annihilator ideal ann M of M and P; := P; ®c C. Then
we have induced exact sequences 0 — P; ILUN m; i—> m; — 0 fori =0, 1 and

P, N Py —> n — 0. We have a commutative diagram

— & hy
0 Pl mi m/l 0
l f ‘ a L b
0 Py mo my, 0
80 ho

of exact sequences. Taking a mapping cone, we have an exact sequence

[%] [ o] b
0—>P1L>ml®_o&>ml@m g>1416—>0.

Since Exty;yq c (mf), n) = 0 by Lemma 5.2(ii), we have the following commutative
diagram.

I B

b —h
0—>P1—>M1EB 0 m'y @ mg ol g 0
| e
- v
0 Ker f P 7 Py p n 0

Taking a mapping cone, we have an exact sequence

0—> Pi®Kerf —m ®Py®P —> m|®my® Py —> m,dn —> 0.

0
Cancelling a direct summand of the form P, LLLIN Py® P, [1—> Py, we have an

exact sequence
¢ / d /
0— Kerf —mj —m|Omy—> myudn — 0.

Since Im ¢ € Fac M and m(, @ n is Ext-projective in Fac M, the epimorphism d splits.
Thus n € M as desired. ]

Now we are ready to prove Theorem 5.1.



2430 Osamu lyama, Peter Jgrgensen and Dong Yang

Let M be a support 7-tilting subcategory of mod C. By definition, each repre-
sentable C-module has a left M-approximation. Since P(Fac M) = M by Proposition
5.3, the map M +— FacM is well-defined from the set (i) to the set (ii), and it
is injective.

We show that the map is surjective. For T in the set described in (ii), let
E:=[), 7 Kerm and M := P(T). We will show that (M, E) is a support t-tilting
pair of mod C. Since EXtI]\/Iod c(M, T)=0and FacM C T, it follows from Lemma 5.2
that M is t-rigid. For s € C, take a left M-approximation C(—, s) L m.

It remains to show Coker f € M. Since Cokerf € T, we only have to show
Ext};.qc (Coker f,m’) =0 for each m’ € M. Let f = ur for 7 : C(—, s) — Im f
and ¢ : Im f — m. Applying Hompoq c(—, m’) to the exact sequence 0 — Im f
m — Coker f — 0, we have an exact sequence

Homped c (m, m') = Hompeq c(Im f,m")
— Extjy 4 c(Coker f, m") — Extl, 4 c(m, m’) = 0.

Let g :Im f — m’ be a morphism in Mod C. Since f is a left M-approximation, there
exists i : m — m’ such that gm = hf. Then g = ht. Thus * : Hompeg c (m, m’) —
Hompoq c(Im £, m’) is surjective, and we have Ext},_, (Coker f, m’) = 0. Conse-
quently we have Coker f € P(T) = M. Thus the assertion follows. O
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A p-adic Eisenstein measure for
vector-weight automorphic forms

Ellen Eischen

We construct a p-adic Eisenstein measure with values in the space of vector-
weight p-adic automorphic forms on certain unitary groups. This measure allows
us to p-adically interpolate special values of certain vector-weight C* automor-
phic forms, including Eisenstein series, as their weights vary. This completes a
key step toward the construction of certain p-adic L-functions.

We also explain how to extend our methods to the case of Siegel modular
forms and how to recover Nicholas Katz’s p-adic families of Eisenstein series for
Hilbert modular forms.
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1. Introduction

The significance of p-adic families of Eisenstein series as a tool in number theory,
especially for the construction of p-adic L-functions, is well established. For
example, p-adic families of Eisenstein series play a key role in constructions of
p-adic L-functions completed in [Serre 1973; Katz 1978; Deligne and Ribet 1980].
In a completely different direction, p-adic families of Eisenstein series also play a
role in homotopy theory [Hopkins 1995; 2002; Ando et al. 2010].
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Each of the constructions mentioned above concerns only automorphic forms
of scalar weight. Automorphic forms on groups of rank 1 (for example, modular
forms and Hilbert modular forms, which are the forms with which Katz, Deligne,
Ribet, and Serre worked) can only have scalar weights. Automorphic forms on
groups of higher rank, however, need not have scalar weights.

By a vector-weight automorphic form, we mean an automorphic form whose
weight is an irreducible representation with highest weight A, > --- > A is not
required to have A; = A; 1 for all i, i.e., an automorphic form whose weight is not
required to be a one-dimensional representation. In order to complete a construction
of p-adic L-functions for automorphic forms on unitary groups in full generality
as in [Eischen et al. > 2014], one needs a p-adic Eisenstein measure that takes
values in the space of p-adic vector-weight automorphic forms. (By an Eisenstein
measure, we mean a p-adic measure valued in a space of p-adic automorphic forms
and whose values at locally constant functions are Eisenstein series.)

The main result of this paper is the construction in Section 5 of a p-adic measure
that takes values in the space of automorphic forms on unitary groups of signature
(n, n). In particular, Theorem 14 gives a p-adic Eisenstein measure with values
in the space of vector-weight automorphic forms. As explained in Theorem 15, this
measure, together with the results of Section 4, allows us to p-adically interpolate
the values of certain vector-weight C* (not necessarily holomorphic) automorphic
forms, including Eisenstein series, as the (highest) weights of these automorphic
forms vary. Note that this is the first ever construction of a p-adic Eisenstein measure
taking values in the space of vector-weight automorphic forms on unitary groups.

We follow the approach of [Katz 1978, Chapters 4 and 5] more closely than
we did in [Eischen 2013]. (There, we constructed a p-adic Eisenstein measure
for scalar-weight automorphic forms on unitary groups of signature (n, n).) As a
consequence, in Section 6, we easily recover Katz’s Eisenstein measure from [1978,
Chapters 4 and 5] as a special case of our results.

We also explain in Section 6 how to generalize the results of Section 5 to the
case of Siegel modular forms, i.e., automorphic forms on symplectic groups. In
that setting, in the case where n = 1, we are in exactly the situation in which
Katz [1978] constructs a p-adic Eisenstein measure for Hilbert modular forms. As
demonstrated in Section 6.1, the setup in the earlier sections of the paper makes the
connection between our Eisenstein measure and the Eisenstein measure in [Katz
1978, Definition (4.2.5) and Equation (5.5.7)] almost transparent.

1.1. Applications and context. The main anticipated application of this paper is
to the construction of p-adic L-functions for unitary groups, most immediately and
crucially to [Eischen et al. > 2014]. In particular, the L-functions in that paper are
obtained through the “doubling method” (an approach described in [Gelbart et al.
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1987, Part A; Cogdell 2006, Section 2]), which expresses values of L-functions in
terms of values of Eisenstein series and values of cusp forms. The p-adic Eisenstein
measure in [Eischen 2013, Section 4] suffices in the case of scalar weights, but if
one does not restrict to scalar weights, one needs the results of the present paper.
The behavior of certain L-functions (for example, for unitary groups) is strongly
tied to the behavior of certain Eisenstein series. For instance, Shimura [2000,
Introduction] uses the algebraicity (up to a well-determined period) of values of
Eisenstein series at CM points to prove the algebraicity (up to a well-determined
period) of certain values of corresponding L-functions (normalized by a period).
Analogously, Katz [1978, Introduction] uses the p-adic interpolation of values
of certain Eisenstein series (normalized by a period) at CM points to p-adically
interpolate certain values of L-functions (normalized by a period). Similarly,
the p-adic families of Eisenstein series in the present paper play a key role in
determining the behavior of the L-functions in [Eischen et al. > 2014].

1.2. Overview and structure of the paper. In Section 2, we introduce the conven-
tions with which we will work, as well as standard background results necessary for
this paper. The conventions and background are similar to those in [Eischen 2012;
2013, Section 2]. The background is quite technical; we have summarized just
what is needed for this paper. For the reader seeking further details, we recommend
[Shimura 1997; 2000] for the theory of C* automorphic forms and Eisenstein
series on unitary groups, [Lan 2012; 2013] for the algebraic geometric background
and a discussion of algebraically defined g-expansions, and [Hida 2004; 2005] for
the theory of p-adic automorphic forms.

In Section 3, which relies in part on the results of [Eischen 2013, Section 2], we
define certain scalar-weight Eisenstein series and automorphic forms on unitary
groups of signature (r, n). This set includes the Eisenstein series defined in [Eischen
2013, Section 2] but also includes other automorphic forms. We need this larger
space of automorphic forms in order to construct a p-adic measure with values in the
space of vector-weight automorphic forms in Section 5, whereas in [Eischen 2013]
we only were concerned with p-adic families of scalar-weight automorphic forms.
Like in [Eischen 2013], we work adelically. The formulation of the main result of
the section (Theorem 2) is closer to that of [Katz 1978, Theorem (3.2.3)], though,
so that the reader can see parallels with the analogous construction in [Katz 1978,
Section 3], which is useful in Section 6.1 when we compare our Eisenstein measure
to the measure obtained in [Katz 1978, Definition (4.2.5) and Equation (5.5.7)].

Section 4 discusses differential operators that are necessary for comparing the
values of certain C* automorphic forms and certain p-adic automorphic forms.
These differential operators are closely related to the differential operators discussed
in [Eischen 2012, Sections 8 and 9]. Note that because we work with vector-weight
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automorphic forms, and not just scalar-weight automorphic forms, we need more
differential operators than we did in [Eischen 2013], which handled only the case
of scalar-weight automorphic forms.

Section 5 contains the main results of the paper, namely the construction of
a p-adic Eisenstein measure and the p-adic interpolation of values of certain
automorphic forms. This is the heart of the paper. The format of Section 5 closely
parallels the construction of a p-adic Eisenstein measure in [Katz 1978, Sections 3.4
and 4.2]. We also explain in Remark 16 precisely how the Eisenstein measure of
[Eischen 2013, Section 4] and the Eisenstein measure given in Theorem 14 are
related. For n > 2, the measure in Theorem 14 is on a larger group than the measure
in [Eischen 2013, Section 4]. In order to construct a measure with values in the
space of vector-weight automorphic forms without fixing a partition of #, this larger
group is necessary. (The approach in [Eischen 2013] relied on a choice of a partition
of n, but it turns out that with this larger group we do not need to fix a partition
of n and can consider a larger class of automorphic forms all at once.) We also
note that the construction of the measures in [Eischen 2014, Section 4] uses this
measure as a starting point.

In Section 6, we comment on how to extend the results of this paper to the
case of Siegel modular forms, i.e., automorphic forms on symplectic groups. The
fact that our presentation in Section 5 closely follows the approach in [Katz 1978,
Sections 3.4 and 4.2] also allows us to recover the Eisenstein measure of [Katz
1978, Definition (4.2.5) and Equation (5.5.7)] with ease in Section 6.1.

2. Conventions and background

In Section 2.1, we introduce the conventions that we will use throughout the paper.
In Section 2.2, we briefly summarize the necessary background on automorphic
forms on unitary groups. (See the start of Section 2.2 for references.)

2.1. Conventions. Once and for all, fix a CM field K with maximal totally real
subfield E. Fix a prime p that is unramified in K and such that each prime of E
dividing p splits completely in K. Fix embeddings

loo 1 @ C,
p: Q> C,p,
and fix an isomorphism
1:C, = C
satisfying 1 o1, = too. From here on, we identify Q with ¢ » (@) and 150 (Q). Let Oc,
denote the ring of integers in C,,.

Fix a CM type X for K/Q. For each element 0 € Hom(E, @), we also write
o to denote the unique element of ¥ prolonging o : E < () (when no confusion
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can arise). For each element x € K, denote by x the image of x under the unique
nontrivial element € € Gal(K/E), and let 6 =0 o€.

Given an element a of E, we identify it with an element of £ ® R via the
embedding

E—EQR
(1

ar— (0(a))sex-

We identify a € K with an element of K @ C = (E ® C) x (E ® C) via the
embedding

K— K®C
()

a ((0(@)oes, (G(a))sex).

Let d = (dy)yes, € Z%, and let a = (ay)yex be an element of C* or CE. We
denote by a“ the element of C or C p defined by

d._ dy
o= T av.

veEX

If e = (ey)vex € Z%, we denote by d + e the tuple defined by
d+e=(dy+ey)pex €Z*.
If k € Z, we denote by k 4 d or d + k the element
k+d=d+k=(dy+k)yes €Z”.

For any ring R, we denote the ring of nxn matrices with coefficients in R by
M, «,(R). We denote by 1, the multiplicative identity in M, «,(R). Also, for
any subring R of K ®g E,, with v a place of E, let Her,(R) denote the space of
Hermitian n xn matrices with entries in R. Given x € Her,(E),

x>0
if o (x) is positive definite for every o € X.

2.1.1. Adelic norms. Let |- |g denote the adelic norm on E* \AE such that, for all

X
aeAyg,
lale =] lalo,
v

where the right-hand product is over all places of E and where the absolute values
are normalized so that

-1
|U|U :qv ’

g, = the cardinality of Og,/v0g,
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for all nonarchimedean primes v of the totally real field E. Consequently, for all
ack,

[[lal;" =[] ov(@Sign(oy(a)).

vfoo vEX

where the product is over all archimedean places v of the totally real field £. We
denote by | - | the adelic norm on K* \A;é such that, for all a € A;é,

lalk = laalg.
For a € K and v a place of E, we let
jaly = laal,’?.
Given an element a € K, we associate a with an element of K ® R via the embedding
ar— (0(a))sex-

For any field extension L/M, we write Ny /)y to denote the norm from L to M.
Given an Oy-algebra R, the norm map N,y on L provides a group homomorphism
OL®R)* - R*

in which a ® r = N,y (a)r. When the fields are clear, we shall just write V.
2.1.2. Exponential characters. For each archimedean place v € X, denote by e,

the character of E, (i.e., R) defined by

ey(x,) =€

for all x, in E,. Denote by e the character of £ ® R defined by
eoo((¥)ves) = [ | eu(xy).
v|oo
Following our convention from (1), we put

eOO(a) - eoo((O' (a))UEZ) = eZJTi trg/q(a)

for all a € E. For each finite place v of E dividing a prime g of Z, denote by e,
the character of E, defined, for each x, € E,, by

ey(xy) = e—2m’y’

where y € Q is the fractional part of trg, /Q, (xy) € Qp; that is, if we write
tre,/q,(xy) = Z?ik aipi for some integer k < 0 and a; € {0, ..., p — 1}, then
y= Z?:k a; p'. We denote by ep, the character of Ag defined by

en, (x) =] Jev(x,) forall x=(x,) €Ag.

v



A p-adic Eisenstein measure for vector-weight automorphic forms 2439

Remark 1. We identify a € E with the element (o, (a)), € Ag, where 0, : E — E|,
is the embedding corresponding to v. Following this convention, we put

ea,(a) = [ [ es(0u(@) 3)
foralla € E. )
2.1.3. Spaces of functions. Given topological spaces X and Y, we let
€(X,Y)
denote the space of continuous functions from X to Y.

2.2. Background concerning automorphic forms on unitary groups.

2.2.1. Unitary groups of signature (n, n). We now recall basic information about
unitary groups and automorphic forms on unitary groups. (A more detailed dis-
cussion of unitary groups and automorphic forms on unitary groups appears in
[Shimura 1997; 2000; Hida 2004; Harris et al. 2006; Eischen 2012; Lan 2013]; the
analogous background for the case of Hilbert modular forms is the main subject of
[Katz 1978, Section 1].)

The material in this section is similar to [Eischen 2013, Section 2.1]. Although
we discussed embeddings of nondefinite unitary groups of various signatures into
unitary groups of signature (n, n) there, we are primarily concerned only with
unitary groups of signature (n, n) and definite unitary groups in this paper; in the
sequel [Eischen 2014] we discuss pullbacks to various products of unitary groups
occurring as subgroups.

Let V be a vector space of dimension n over the CM field K, and let (, )y denote
a positive definite hermitian pairing on V. Let —V denote the vector space V with
the negative definite hermitian pairing —(, )y. Let

wW=2V=Vag-V
((v1, v2), (Wi, w2))w = (vi, wi)v + (v2, wa2)—v.
The hermitian pairing (, ) defines an involution g — g on Endg (W) by
(g(w), whw = (w, g(w"))w

(where w and w’ denote elements of W). This involution extends to an involution
on Endgg,r(W ®g R) for any E-algebra R. We denote by U the algebraic group
such that, for any E-algebra R, the R-points of U are given by

UR)=U(R,W)={geCGlgg,r(WXER)|gg=1}.

Similarly, we define U (R, V) to be the algebraic group associated to (, )y and
U(R, —V) to be the algebraic group associated to (, )_y. Note that U (R) is of
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signature (n, n). Also, the canonical embedding

VeVvV—Ww

induces an embedding
UR,V)xU(R,—-V)— U(R, W)

for all E-algebras R. When the E-algebra R over which we are working is clear from

context or does not matter, we shall write U (W) for U(R, W), U(V) for U(R, V),

and U(—V) for U(R, —V). We also sometimes write just U to denote U (W).
We also have groups

GU(R) =GU(R, W) ={g € GLkg,r(W®E R) | gg € R*}.
We use the notation w to denote the similitude character
w:GU(R) — R*
g 88
When the E-algebra R over which we are working is clear from context or does
not matter, we shall write GU(W) for GU(R, W). We shall also use the notation
G(R)=GU(R, W)

or write simply G or GU when the ring R is clear from context or does not matter.
When R = Ag or R =R, we write

G+ = GU+

to denote the subgroup of G = GU consisting of elements such that the similitude
factor at each archimedean place of E is positive.

For the space W = V & —V defined above, U (W) and GU (W) have signature
(n, n). So we will sometimes write U (n, n) and GU(n, n), respectively, to refer to
these groups.

We write W = V,;® V¥, where V; and V¢ denote the maximal isotropic subspaces

V4= {@,v)ve V],
Vi={(v, —v)|lve V}.

Let P be the Siegel parabolic subgroup of U (W) stabilizing V¢ in V; @ V¢ under
the action of U (W) on the right. Denote by M the Levi subgroup of P and by N
the unipotent radical of P. Similarly, denote by GP the Siegel parabolic subgroup
of GU(W) stabilizing V% in V; @ V¥ under the action of GU(W) on the right, and
denote by GM the Levi subgroup of GP and by N the unipotent radical of GP. We
also, similarly, denote by GP. the Siegel parabolic subgroup of GU stabilizing
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V¢ in V; @ V¥ under the action of GU . on the right, and denote by GM , the Levi
subgroup of GP and by N the unipotent radical of GPy.

A choice of a basis e, ..., e, for V over K gives an identification of V with
V4 (via e; — (e;, ¢;)) and with V, (via e; — (e;, —e;)). The choice of a basis
for V also identifies GLg (V) with GL,(K). With respect to the ordered basis
(e1,e1) ..., (eq,en), (er,—ey) ..., (ey, —e,) for W, M consists of the block diag-
onal matrices of the form

m(h) == ('h™", h)

with & € GL,,(K ® R), and GM consists of the block diagonal matrices of the form
m(h, 7)) := ('h=', Ah)

with 7 € GL,(K) and A € E*. Thus, the choice of basis ey, ..., e, for V over K

fixes identifications
M = GLg(V),

GM = GLg (V) x E*.
These isomorphisms extend to isomorphisms

M(R) = GLkg,r(V QE R), 4)
GM(R) = GLkg r(V ®F R) x R* 5

for each E-algebra R.

We fix a Shimura datum (G, X(W)) and a corresponding Shimura variety
Sh(W) =Sh(U (n, n)) according to the conditions in [Harris et al. 2006, Section 1.2]
and [Eischen 2012, Section 2.2]. The symmetric domain X (W) is holomorphically
isomorphic to the tube domain consisting of [E : Q] copies of

%n = {Z € Mnxn(@) | l(tz _Z) > O}

When we need to emphasize over which ring R we work, we sometimes write
Sh(R). Let ¥ be the stabilizer in G(R) of the point i - 1,,. So [, .5 H oo is the
stabilizer in [ [, .5, G(R) of the point
i=(1oex €[] % 6)
oceX

We can identify G (R) /H o with 7€,. Given a compact open subgroup J of G(A ),
denote by 3 Sh(W) the Shimura variety whose complex points are given by

G(@\X x G(As)/%.

This Shimura variety is a moduli space for abelian varieties together with a polar-
ization, an endomorphism, and a level structure (dependent upon the choice of ).
Note that 5ySh(W) consists of copies of quotients of spaces isomorphic to ,,.
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When we work with some other group H, we write Sh(H) instead of Sh(W).

2.2.2. Automorphic forms on unitary groups. Automorphic forms on unitary groups
are typically discussed from any of the following three perspectives (which are
equivalent over C):

(1) Functions on a unitary group that satisfy an automorphy condition.

(2) C® (or holomorphic) functions on a hermitian symmetric space (analogue of
the upper half plane) that satisfy an automorphy condition.

(3) Sections of a certain vector bundle over a moduli space (a Shimura variety)
parametrizing abelian varieties together with a polarization, endomorphism,
and level structure.

Which perspective is most natural depends upon context. In this paper, we shall
need all three perspectives. (In [Eischen 2012, Section 2], we provided a detailed
discussion of automorphic forms and the relationships between different approaches
to defining them.)

The relationship between the first two approaches to automorphic forms is
reviewed in [Eischen 2013, p. 9; Shimura 2000, A8]. The relationship between
the second two approaches to automorphic forms is discussed in [Eischen 2012,
Section 2] and is similar to the analogous relationship for modular forms given in
[Katz 1973, Al.1].

An automorphic form f on U (n, n) has a weight, which is a representation p of
GL, x GL,,. In the special case where this representation is of the form

p(a, b) = det(a)**" det(b) ™",

we shall say f is an automorphic form of weight (k, v).

As explained in [Lan 2012; 2013], for the unitary groups of signature (n, n) there
is a higher-dimensional analogue of the Tate curve (which we call the “Mumford
object” in [Eischen 2012, Section 4.2; 2013, Section 2.2.11]), and so in analogue
with the case for modular forms evaluated at the Tate curve, one obtains an algebraic
g-expansion by evaluating an automorphic form at the Mumford object. Like in the
case of modular forms, the coefficients of an algebraically defined g-expansion of
a holomorphic automorphic form f of over C agree with the (analytically defined)
Fourier coefficients of f [Lan 2012]. Also, like in the case of modular forms, there
is a g-expansion principle for automorphic forms on unitary groups [Lan 2013,
Proposition 7.1.2.15]; note that the g-expansion principle for automorphic forms
over a Shimura variety requires the evaluation of an automorphic form at one cusp
of each connected component. To apply the g-expansion principle, it is enough
[Hida 2004, Section 8.4] to check the cusps parametrized by points of GM  (Ag).
(The author is grateful to thank Kai-Wen Lan for explaining this to her.) We shall



A p-adic Eisenstein measure for vector-weight automorphic forms 2443

say “a cusp m € GM  (Ag)” to mean “the cusp corresponding to the point m.” The
g-expansion of an automorphic form at a cusp m(h, A) is a sum of the form

> a’,

ﬁELm(h,)»)

where L, ») is a lattice in Her, (E') dependent upon the choice of the cusp m(h, A)
and a(B) € C for all B (or, more generally, if f is a V-valued automorphic form
for some C-vector space V, a(f) € V for all ). We sometimes also write

> aByd’,

BeHer, (E)

when we do not need to make the cusp explicit; in this case, we know that the
coefficients a(f) are zero outside of some lattice in Her, (E) (namely, the lattice
corresponding to the unspecified cusp).

Throughout the paper, all cusps m and corresponding lattices L,, € Her, (K)
determined by m are chosen so that the elements of L,, have p-integral coefficients. !

3. Eisenstein series on unitary groups

In this section, we introduce certain Eisenstein series on unitary groups of signature
(n, n). These Eisenstein series are related to the ones discussed in [Eischen 2013,
Section 2; Shimura 1997, Section 18; Katz 1978, Section (3.2)].

Fork € Z and v = (v(0))sex € Z%, we denote by Nk, the function

Ny, :K*— K~
bis [ o @) b5 b))~ .

oex

For all b € 0F,
Niw(b) =N o (b).

Theorem 2. Let R be an Ok-algebra, let v = (v(0)) € Z*, and let k > n be an
integer. Let
F: (©K ®Zp) X Mnxn(©E ®Zp) — R

be a locally constant function supported on (Ox ® Z,)* x My, (O ® Z,) that
satisfies
F(ex, Ngje(e™)y) = New(e)F(x, y) ()

I Even without this choice for m and L,,, which we did not make a priori in [Eischen 2013], we
could force the Fourier coefficients at all the non- p-integral elements of Her;, (K) to be zero, simply
by our choice of a Siegel section at p later in this paper. In fact, in [Eischen 2013, Section 2.2], our
choice of Siegel sections at p forced the Fourier coefficients at all the non- p-integral elements of
Her, (K) to be zero.
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forall e € @IX(, x€0gk®Zy,andy € Myxy(Op @ Z)). There is an automorphic
form Gy, r (on U(n, n)) of weight (k, v) defined over R whose q-expansion at a
cusp m € GM (Ag) is of the form ZO<5€Lm c(B)g? (where L,, is the lattice in
Her, (K) determined by m), with c(B) a finite Z-linear combination of terms of the
form

F(a, Ng/p(a) ' B)Ni,(a™" det B)Ng g (det B) ™"

(where the linear combination is a sum over a finite set of p-adic units a € K
dependent upon B and the choice of cusp m € GM). When R = C, these are the
Fourier coefficients at s = %k of the C* automorphic form Gy, g(z, s) (Which is
holomorphic at s = %k) that will be defined in Lemma 9.

(Above, the elements of (O ®Z,)* in M,,,(0g ® Z,,) are viewed as homomor-
phisms, i.e., multiplication by an element of (O ® Z,,)™, so as diagonal matrices
in M,x,(Og ®Z,). Also note that, when det 8 = 0, the coefficient of q’s is 0, so
we can restrict the discussion to F* with support in (Ox ® Z,)* x GL,(0g ® Z,).)

Proof. By an argument similar to Katz’s argument at the beginning of the proof
of [1978, Theorem (3.2.3)], every locally constant R-valued function F' supported
on (Og ®Z,)* x Myxn(Op ® Z)) that satisfies (7) is an R-linear combination of
Ok-valued functions F* supported on (Og ® Z,)* X My, (O ® Z)) that satisty (7).
So it is enough to prove the theorem for O -valued functions F.

Now, if we can construct an automorphic form satisfying the conditions of
the theorem over R = C, then by the g-expansion principle [Lan 2013, Proposi-
tion 7.1.2.15], the case over R will follow for any Ok -subalgebra R (in particular,
for R = Og) of C. By [Lan 2012], it sufficient to show that there is a C-valued C*°
automorphic form Gy, r of weight (k, v) holomorphic at s = %k whose Fourier
coefficients (at s = %k) are as in the statement of the theorem. We will devote
Section 3.1 to the construction of such an automorphic form. (]

3.1. Construction of a C*° automorphic form over C whose Fourier coefficients
meet the conditions of Theorem 2. In this section, we construct the C* automor-
phic form Gy, r necessary to complete the proof of Theorem 2.

Let m be an ideal that divides p*. Let x be a unitary Hecke character of type Ay,

x A — C*¥,
of conductor m, i.e.,

Xo(a) =1
for all finite primes v in K and all a € K such that

ael+m,0Og,.
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Let v(o) and k(0), 0 € X, denote integers such that the infinity type of x is
l_[O_—k(a)—Zv(a)(O_ _O-_)%k(o)-‘rv(a)' (8)
o€EX

For any s € C, we view x - |- |’ ®|-|;" as a character of the parabolic subgroup
GP1(Ag) =GM(Ag)N(AEg) € G4+ (Ag) via the composition of maps

TN, GM(Ag) 2> GLa, (V ®¢ Ap) x GLi (Ag) —> C,

GP(Ag)
where the last one is the map
(h, A) —> |A|z™ - x(deth)|det k|

Consider the induced representation

1(x.s) =Indgp &) (x -1 15 @ lo(1™)
N®Indg;(‘(€E)) Xv'|‘|u_2s®|0)(')|v_m), 9

where the product is over all places of E.
Given a section f € I(x, s), the Siegel Eisenstein series associated to f is the
C-valued function of G defined by

Ef@= Y. [f0a.

YEGP(E)\G+(E)

This function converges for 9(s) > 0 and can be continued meromorphically to the
entire complex plane.

Remark 3. As in [Eischen 2013], if we were working with normalized induction,
then the function would converge for 9i(s) > %n, but we have absorbed the exponent
%n into the exponent s. (Our choice not to include the modulus character at this

point is equivalent to shifting the plane on which the function converges by %n.)

All the poles of E; are simple and there are at most finitely many of them.
Details about the poles are given in [Tan 1999].

As we noted in [Eischen 2013, Section 2.2.4], if the Siegel section f factors as
f =@, fv, then E; has a Fourier expansion such that, for all 2 € GL, (K) and
m € Her,(K),

tp,—1
Er (((1) T)(ho 2)>= Y (B h; Pea, (tr(Bm))

BeHer, (K)

with ¢(B, h; f) a complex number dependent only on the choice of section f, the
hermitian matrix 8 € Her, (K), h, for finite places v, and (4 - 'h), for archimedean
places v of E.
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By [Shimura 1997, Sections 18.9, 18.10], the Fourier coefficients of the Siegel
sections f = ), f, that we will choose below are products of local Fourier coeffi-
cients determined by the local sections f,,. More precisely, for each 8 € Her, (K),

c(B,h; f)=Cn, K)[ [eu (B, b5 1),

where
. 0 —1\ (1 m,\ ("h;' O
aenin= [ n((73) (6" o))et ugmpan,
Her,(KQE,) (10)
C(n, K) — 2n(n—l)[E:@]/2|DE|—n/2|DK|—n(n—1)/4’ (11)

Dpg and Dk are the discriminants of K and E, respectively, 8, = 0,(8) for each
place v of E, and d,, denotes the Haar measure on Her, (K,) such that

/ dyx =1 for each finite place v of E (12)
Her/z(@K®EEv)

and
dyx := | Nj_dx;j/\j<x(27'dxji AdX )| for each archimedean place v of E.

(Here x denotes the matrix whose ij-th entry is x;;.)

Below, we recall [Eischen 2013, Lemma 19], which explains how the Fourier co-
efficients c(B, h; f) transform when we change the point /. For each & € GL,, (Ag)
and A € Az, let m(h, 1) denote the matrix

th=1 0
0 )’
cy(B,m(h, A); f)

0 —-1\/1 m,
Z/li[ern(K@)Ev)fv((l 0 )(0 1 >m(ha)h))ev(_tr(ﬁvmv))dmv-

We also define ¢(B, m(h, 1); f)=C(n, K)[], co(B, m(h, 1); f).

Generalizing (10), we define

Lemma 4 [Eischen 2013, Lemma 19]. For each h € GL,(Ag), A € AE, and
B € Her,, (K),

'Th=1 0
(559

= x(detGh)™H|det(m) ™" )T [ IME e T RTIBRT 1y ). (13)
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Proof. Let n = ((1) _(1)” ) Observe that, for any n xn matrix m,

n-m(h,2)-n ' =mG VR L)

4 (1m (1 A'hmh
m(h, \) '(O 1)-m(h,k)_<0 | )

Therefore,

n- (1 "f) m(h,}) = (n-m(h,m-n—])n(m(h,m—] (é ”f)m(h,x))

1 )Jﬁmh)

_ -1l —1

So, for any place v of E and section f, € Indg}t((gj)) (x,s),

1 m
S (77 (0 1) m(hy, )‘))

e <25y s g (o (1 M Emy
= 1o (det(uuhy) | detCu) ™[ 1AL fu<n (O " )) (14)

The lemma now follows from (14) and the fact that the Haar measure d,, satisfies

dy(Mhyx'hy) = |det(Ay Ry - hy)|"d, (x) for each place v of E. O
So,
g (O p) = womnrnie (6 (M 0
AP o0 w)l )T e WEAP o )
t,—1
_ 2n2 n h 0 .
= A" [Ex (A )c(f%( 0 ,\h)’f>‘ (15)

Below, we choose more specific Siegel sections f = (), f, and compute the
corresponding Fourier coefficients.

3.1.1. The Siegel section at 0. We now define a section fokc;” = ;‘C;”(- si-1,, %, 8)
. G+ (Ey _2¢ —ns
in @00 G, (1)) (- |+ ;2 @ () ™).

For each & =[T, o, @ € [, oo G(Ey), we write a, in the form (¢ 1) with a,, by,
cy, and d, n xn matrices. Each element « € G(E,) acts on z = ]_[v|oo Zy € ]_[vlc,o K,
by

ay(zy) = (ayzy +by)(cyzy + dv)_17
a(z) = H%(Zu)-

v|oo
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Let —
)\av (zy) = Aoy, 2p) =Cyp - th +d,,

(@) =2t 2) = [ | hay (20)

v|oo
MHa, (zv) = plawy, 2p) =Cy - 2y +dy,
1o (@) = i@, 2) = [ | ey (20)-

v|oo

(These are the canonical automorphy factors. Properties of them are discussed in
[Shimura 2000, Section 3.3], for example.) We write

jot., (zv) = j(ay, zp) = det Ma, (zv),
Ja(@) = j(@, 2) = [ ] ju (z0)-

v|oo
Note that
det(rg, (z,)) = det(@)w (o) ™" ja, (20) (16)
= det(ay) @ (@) jiu, (20), (17)
SO

ldet(Aa, (zo))| = | Ja, (z0)]-
Consistent with the notation in [Shimura 1997, Equation (10.4.3)], we define
J8" @) = ja @ det(ua (2) 7.
By (16) and (17), we see that

JEV () = (det@w (@) ™) 7V ja ()
= (det(e) o (@)") " ju ()%

If B =[],00 Bv is also an element of [ ], G(E,), then
AButy, Zv) = A(By, ayZp) Ay, Zv), (18)
m(Booty, 2v) = (Bu, Apzp) u(cty, 2p). (19)

Consistent with the notation in [Shimura 2000, Section 3], we define functions 7,
and § on ¥, by
n) =i('z—2),
8(z) = det(3n(2))
for each z € ¥,,. So
nG-1,) =2-1,,
§(i-1,)=1.
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We also write 77 and 8 to denote the functions [ [, .y 7 and []
on [[, .5 %,. So 8(i) = 1. Also, note that

3(az) = 0(@)"]jo(2)]728(2) = @ ()" ju (2) det(hg (2))] 7' 8(2).

Following [Shimura 2000, Sections 3 and 5], given (k, v) =]
we define functions f||x,, and f|i., on [] ¥, by

sex 0, respectively,

(ky, 1) € (Zx2)>,

v|oo

oex
(flleve) @ = jE @7 flaz),
Fliwe = fllev(@(@) 2a)

for each C-valued function f on #,, point z € ¥,,, and element « € G. Note that
w(@) 2a € U(n,) and, if w(ay) = 1 for all v € T, then

f|k,va = f”k,va-

More generally, for each function f on [ [, .5 9, with values in some representation
(V, p) of [[, 5 GL,(C) x GL,(C), we define functions f|, and f|, on %, by

(fllpye) (@) = p(a(2), Aa(2) "' f(@2),
floa = fllp(@@ 7a).

We also use the notation f|| and f| when we are working with just one copy of #,,
rather than [E : Q] copies of #,, at once.

We define
. G (E, _ _
fokév — ®ff’v(°; i-1,,x,5) € ®IndG;’—i(E)v)(Xv .- |U25 ® |a)()|Ens>
v|oo v|oo

by

fé{év(a; i- lna X S)
1 .
= (82K @) - 1,)

&, : ~1y; . - - — k(o)
= Joor-126 - 1) ™ @12 - 1) o (@@) ™ 2a)" 72

= 5 1) e 1)
Given a € G, we also define a function f;g”(a; e, Xx,s)on ¥, by
FEr @z, 009 = (8700 ()
e TGl D RTNC i B TG

By (18) and (19), we see that if g € G is such that g(i) = z then, for each o € G,

. . 1,
FEv(agsi-1n, x,8) = foV(@ 2, 6, ) f5Y (gs i - 1, 1, 5)8(2) 2%,
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Fork € Z and v = (vy)yex, € Z%, ffé”(a; e, X,s) is a holomorphic function
on ¥, ats = %k.

3.1.2. The Fourier coefficients at archimedean places of E. When there is an
integer k such that
s=1k=1k(o) forall o €X

(i.e., when fé‘é”(a; Z, X, §) is a holomorphic function of z € #,,), [Shimura 1983,
Equation (7.12)] describes the archimedean Fourier coefficients precisely:

co(Bo Lus fEV (o300, x, 1K)
1

n—1 —
= pU=mnj=nk (g ynk (n"<"—‘>/2 ]_[ Ik — z)) oy (det BY"e(i tr(oy(B)))  (20)

t=0
for each archimedean place v of E. Observe that, when k > n,
[Teo(B i 154 (55 i1ax, 3k)) =0
v|oo

unless det(8) # 0 and det(h) # 0, i.e., unless 8 is of rank n. Also, note that in our
situation 8 will be in Her, (K), so Hvez e(i tr(au(ﬁ))) =e(ib) for some b € Q, so
[Toes e(i tr(oy(B))) = e(ib) is a root of unity.

3.1.3. Siegel sections at p. We work with Siegel sections at p that are similar to the

ones in [Eischen 2013, Section 2.2.8] (we multiply those by |w(g) |;’” to account
for a similitude factor).

Lemma S [Eischen 2013, Lemma 10]. Let I" be a compact and open subset of
[lyes GLA(OFy), and let F be a locally constant Schwartz function

F: [ [(Homg, (V,., Vi.,)® Homg, (V... Vi) — R

v (X1,X2) > F(X1, X2)
(with R a subring of C) whose support in the first variable is I' and such that
FX,'’x7'v) =[] xo(det(X) F(1,Y) 1)
veX

forall X inT and Y in[],.x M, xn(Ey).? There is a Siegel section fPF(*X’Y) at p
whose Fourier coefficient at B € My x,(E,) is

(B, 1; FPFEXD)y — Solume(T) - F(1,18).

2The version of the right-hand side of (21) appearing in [Eischen 2013, Lemma 10] reads
“X1Xy 1 (det(X))F (1, Y)”. The characters denoted yx; and y; in [Eischen 2012] have the property that
XlX{] (@) =[lyes xv(a) foralla € [], s Of,. The function denoted by F' in the current paper is
denoted by F in [Eischen 2013].



A p-adic Eisenstein measure for vector-weight automorphic forms 2451

We use the notation PF, for “partial Fourier transform”, to be consistent with
[Katz 1978, Section 3.1; Eischen 2013, Section 2.2.8], but we do not need to discuss
partial Fourier transforms here.

As a direct consequence of Lemma 5, we obtain the following corollary:

Corollary 6. For any locally constant Schwartz function F satisfying the conditions

of Lemma 5 for some I'" with positive volume, there is a Siegel section f in

Ryes Indgggzg(xv .| - 17%) whose local (at p) Fourier coefficient at B is F(1,P).
Furthermore, we can significantly weaken the conditions placed on F:

Corollary 7. Let k be a positive integer. Let F bea locally constant Schwartz
function
Fo [ TMusn(O0) X Mysn(Or0)) — R
veX

whose support lies in Hvez (GL,(0Og,) X M« (Og,)) and which satisfies
F(e,"e™"y) = Ngja(dete) F(1, )

for all e € GL,(Og) contained in the support I in the first variable of F. Sup-
pose, furthermore, that T has positive volume. Then there is a Siegel section
j:ﬁ € Qe Indggg:’;(xv |- 17%%) whose local (at p) Fourier coefficient at B is
F(1,'B).

Proof. Let Fbea locally constant Schwartz function

F: [T Muxn(0£0) X Muxn(0£,)) — R

veX

whose support lies in nvez(GLn (©Cfg,) X M,,»,,(Og,)) and which satisfies
F(e,"e”'y) = Ngja(dete) F(1, y), (22)

for all e € GL,(Of) contained in the support in the first variable of F. Then, since
F is locally constant, has compact support, and satisfies (22), there is a unitary
Hecke character x whose infinity type is as in (8) and such that the conductor
m = p? for d a sufficiently large positive integer, so that

~

F=aFi+ - -+aF

for some positive integer / and ay, ..., a; € R, and functions Fi, ..., F; meeting the
conditions of Corollary 6 (all for this same character x but possibly with different
supports I'y, ..., I';, respectively, in the first variable).

Now, we define
fr=aifr+--+afp,

where fr,, ..., fr, are the Siegel sections obtained in Corollary 6. Then f# is

a linear combination of elements of the module ), .5 Indgﬁgji( xo - |-17%). So,
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f7 is itself an element of ), .+ Indgggzi (Xv - | - 17%*). Now, the Fourier coefficient
of a sum of Siegel sections is the sum of the Fourier coefficients of these Siegel
sections. So, the Fourier coefficient at B of f7 is

arFi(1,'8)+---+aF(1,'8) = F(1,'B). O

3.1.4. Siegel sections away from p and co. We use the same Siegel sections at
places v { poo as in [Eischen 2013, Section 2.2.9]. We now recall the key properties
of these Siegel sections, which are described in more detail in [Shimura 1997,
Section 18].

Let b be an ideal in Og prime to p. For each finite place v prime to p, there is a
Siegel section fvb = fv[’ (*; Xv,8) € Indggsg( Xv, s) with the following property: by
[Shimura 1997, Proposition 19.2], whenever the Fourier coefficient c(8, m(1); fv[’)
1S nonzero,

[] 8. m); £

vtpoo

n—1
_n? . 1 ie— _ s
= Neja®0) ™ [[L7@s —i, x5 )" [ ProsxeGm) ™ Im2),  (23)
i=0 vipoo
where:

(1) the product is over primes of E;

(2) the Hecke character g is the restriction of x to E;

(3) the function Pg , p is a polynomial that is dependent only on 8, v, and b and
has coefficients in Z and constant term 1;

(4) the polynomial Pg , p is identically 1 for all but finitely many v;

(5) 7 is the Hecke character of E corresponding to K /E;

(6) m, is a uniformizer of O ,, viewed as an element of K> prime to p;
1 1 -1
(D L %2 ') = ogpoconde (1 = x0T e )l l})

3.1.5. Global Fourier coefficients. Recall that, by Lemma 4, the Fourier coeffi-
cients c(B, h; f) are completely determined by the coefficients c(8, 1,; f). In
Proposition 8, we combine the results of Sections 3.1.2, 3.1.3, and 3.1.4 in order to
give the global Fourier coefficients of the Eisenstein series E ;.
Let x be a unitary Hecke character as above and, furthermore, suppose the
infinity type of x is
[To " 2@w@a)+@ 24)
oceX
(i.e., k(oc) =k € Z for all 0 € X¥). Let C(n, K) be the constant dependent only
upon n and K defined in (11).
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Proposition 8. Let k > n, let v = (v(0)) € Z*, and let

Fown P = Fevyo i =QF0 @ FE (il x.9)® f* € IndGGE (x -1 15
ves (25)
with x as in (24), Q5 [F., the section at p from Corollary 6, fé‘é“ the section
at oo defined in Section 3.1.2, and f° the section away from p and oo defined in
Section 3.1.4.
Then, at s = %k, all the nonzero Fourier coefficients c(B, 1,; fk,u,x,F) are given
by

D, K, b,p, k) [ | Pows(xer)  Im ) F(L'B) [ [ou(det B e (i treja(B)),

vfpoo VEX (26)
where
D, K,b, p,k)
, n—1 —1\[E:Q]
=C(n, K)N(bOg)™" (2<1—">"i—"k(2n)"’< (n"<"—1>/2 [[r&- t)) )
=0
n—1
X ]_[ LP(k—i, xz'tH)™"
i=0
Proof. This follows directly from (11), Corollary 6, (23), and (20). [l

Given F as above, define
Fy 1 Ok ®Zp) X Myxn(Op ®Z,) — R
to be the locally constant function whose support lies in
Ok ®Zp)* X Myxn(Op ®Z))
and which is defined on (Ox ® Z,)* x My,x,(0p ® Z,) by

Foy =[] @ F Nespeo'y), 27)

veX

where the product is over the primes in ¥ dividing p. Then, for all e € 0%,

Fo(ex, Ng/e(e™h)y) = N (e)Fy (x, y)

forallx €eOx ®Z, and y € M,,,(O ®Z ). On the other hand, any locally constant
function

F:(0gk®Zp) X Myxn(Op®7Z,) - R
supported on (Ox ® Z,,)* X M,x,(Og ® Z,,) which satisfies

F(ex, Nx/e(e)™'y) = Ngjg(e) F(x, y)
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for all e € @2, x€0g®Z,,and y € M;,,(Op ® Z,) can be written as a linear
combination of such functions F. , for Hecke characters x of infinity type (k, v)
and conductor dividing p*> and functions F as above.
Now, let
Gy F=D0, K, b,p, k) 'Ep .

Applying Proposition 8, we see that the Fourier coefficients of the holomorphic
function G ,, f(z, %k) on ¥, are all finite Z-linear combinations (over a finite
set of p-adic units a € K) of terms of the form

F,(a, Ng/£(@) ' B)Ni (a~" det B)Ng g(det B) ™" (28)

(Although 7, from Proposition 8 is a place of E for all v, the element a from (28)
might be in K but not Of, depending on our choice of cusp. The effect of the
change of a cusp m € GM_(Ag) on g-expansions is given in Lemma 4.)

Thus, we obtain the following result:

Lemma9. Letk € Z~, and v € Z*. Let F be a locally constant function
F: 0k ®Zp) x Myxn(Op®7Z,) > R

supported on (Ox @ Z,)* x Myx,(Op ® Z,,) which satisfies
F(ex, Ng/e(@)™'y) = Niw(@ F(x, y)

forall e € 0%, x € Og ®Zp, and y € My, (O ® Z,,). Then there is a C>
automorphic form Gy, r(z, s) (on U(n, n)) of weight (k, v) that is holomorphic at
s = %k and whose Fourier expansion at s = %k at a cusp m € GM_ (Ag) is of the
formy BeL, c(B)q? (where L,, is the lattice in Her, (K ) determined by m) with
c(B) a finite Z-linear combination of terms of the form given in (28).

(We obtain Gy, r as a linear combination of the automorphic forms G, , , 7.)

4. Differential operators

4.1. C® differential operators. In this section, we summarize results on C* dif-
ferential operators that were studied extensively by Shimura [1984a; 1984b; 1997,
Section 23; 2000, Section 12]. Let T = M,,«,(C); we identify T with the tangent
space of #,,. For each nonnegative integer d, let G,;(T') denote the vector space of
C-valued homogeneous polynomial functions on T of degree d. (For instance, the
e-th power of the determinant function, det®, is in &,,.(7").) We denote by 7 the
representation of GL,(C) x GL,(C) on &,4(T) defined by

t%(a, b)g(z) = g(‘azb)
forall a, b € GL,(C),ze€ T, and g € G4(T).
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The classification of the irreducible subspaces of polynomial representations of
GL, (C) and of irreducible subspaces of t” for each r is provided in [Shimura 1984b,
Section 2; 1997, Sections 12.6 and 12.7]. We summarize the key features needed
for our results; further details can be found in those two references. Given a matrix
a € M, x,(C), let det;(a) denote the determinant of the upper left j x j submatrix
of a. Each polynomial representation of GL,(C) can be composed into a direct
sum of irreducible representations of GL, (C). Each irreducible representation p of
GL, (C) contains a unique eigenvector p of highest weight r; > ---r, > 0 (for a
unique ordered n-tuple r; > --- > r, > 0 of integers dependent on p), which is a
common eigenvector of the upper triangular matrices of GL, (C) and satisfies

p(a)p =[] det;(@) p,

j=1
ej=rj—rjt1, l=<j=n-1, (29)
en =rn (30)

for all a in the subgroup of upper triangular matrices in GL,(C). Also, for each
ordered n-tuple r; > --- > r, > 0, there is a unique corresponding irreducible
polynomial representation of GL,(C). If p and ¢ are irreducible representations
of GL,(C) then, by [Shimura 2000, Theorem 12.7], p ® o occurs in t” if and
only if p and o are representations of the same highest weights r| > --- > r, as
each other and r; + - - - +r, = r. In this case, p ® o occurs with multiplicity one
in t", and the corresponding irreducible subspace of " contains the polynomial
px) = ]_[’}:1 det;(x)% (where e; is defined as in (29) and (30)); this polynomial
p(x) is an eigenvector of highest weight with respect to both p and o.

Let (Z, tz) be an irreducible subspace of (&4, 7) of highest weight r; > - - - >r,,
and let ¢ € Z. By [Shimura 1984b; 1997, Section 23; 2000, Section 13], there
are C*° differential operators Dy (¢) that act on C* functions on J, and have the
property that, for all @ € U(n,,), { € Z € &4(T), and complex numbers s,

Dy () (8 lkv0r) = iz (—k — ) (8 lkver) - £ (07" " ha'mg ), 31
where (as proved in [Shimura 1984b, Theorem 4.1])
n
vz =[[]]ec—i+n.
h=1 j=1

If p is the representation of GL, (C) x GL, (C), there is a differential operator Df
(defined in [Eischen 2012, p. 222; Shimura 2000, Equation (12.20)]) such that for
all C*® functions f on ¥, Df f is a Hom(Z, C)-valued C* function on ¥, with
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the property that

(DY H)llpor,2 = D5 (f ) (32)

for all « € G. Furthermore, if p is defined by p(a, b) = det(b)¥ then, as the proof
of [Shimura 1997, Lemma 23.4] explains,

D) f = (D7 ).

When Z is a Z-tuple (Z,),cx, we also use ¥z to denote ]_[U62 vz,.
So, for example, if d € Z>p and ¢ = det?, then (31) becomes

Dy (det) (8% ||x.va) = "z (—k — $)8° v - det? ('~ T ag - ')
n d

= (%i)nd l_[ l—[(—k — 5= j+ )8 lks2d,v—act.

h=1 j=1

Consequently, if d = (d(0))gex € Zgo, then

(T ortaet™)) (G.r(c. 1)

oeX n d(U’)
=11 (3i)"" [T]]¢k—i+mGrizav-ar(z. 5k)
s> h=1j=1

as in [Eischen 2013, Equation (43)].
As noted in [Shimura 1984b, Section 6], G . r(z, s) is a special case of the
automorphic form Gy , ¢ r(z, s) that satisfies

Di(8)(Grw.r (2. 36)) = [ | 1%z, (—0)Grove.r (z. 1K),

vEX
where

De(0) = [ | D@

veEX

The case where ¢ is a highest-weight vector will be of particular interest to us.

4.2. Rational representations. In order to generalize our discussion from the C*
setting to the p-adic setting, we introduce rational representations, following [Hida
2004, Section 8.1.2] (which, in turn, summarizes relevant results from [Hida 2000;
Jantzen 1987]).

Let A be a ring or a sheaf of rings over a scheme. Let B denote the Borel
subgroup of GL,, consisting of upper triangular matrices in GL,. Let N denote the
unipotent radical of B. Let T = B/N denote the torus. Following the notation of
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[Hida 2004, Section 8.1.2], for each character k of T we define

Ralx] = Ind§" (1)
={f:GL,/N - A" | f(ht) =« (t)f(h) forall t € T, h € GL,/N}.

The group GL,, acts on R4[x] via

(g x) = f(g ).

As noted in [Hida 2004, p. 332], there is a unique (up to an A-unit multiple)
N-invariant linear form £,, in the dual space Ru[«]" that generates (R4[x]")"
and can be normalized so that, for all f € Ra[x],

Ecan(f) = f(ln)»

where 1, denotes the origin in GL,/N.

Note that, for each C* automorphic form f on [ [, 5 9, such that f||; o = f

(for all @ in some congruence subgroup) and each highest-weight vector ¢ in
an irreducible representation of highest weight x, we may view Dy (¢) f as an
Rq;[detk+” k] ® Rc[det™" -k]-valued function on %,,. We define a corresponding
character kg (11, ..., tyy tng1s -« - ton) = [ [y tik+”ti_+”n on T(C) x T(C).
4.3. The algebraic geometric setting. As explained in detail in [Eischen 2012,
Section 8.4], which generalizes [Katz 1978, Section 2.3], the C* differential
operators discussed by Shimura have a geometric interpretation in terms of the
Gauss—Manin connection. C* automorphic forms can [Eischen 2012, Section 2]
be interpreted as sections of a vector bundle on (the complex analytification of) the
moduli spaces Jl, , = Sh(W). Applying a differential operator (as discussed in
[Eischen 2012, Sections 6-9]) to an automorphic form of weight p on M, , sends
it to an automorphic form of weight p ® v on J,, ,.

We now recall the setting of [Eischen 2013, Section 3], as we will momentarily
be in a similar (but not identical) situation. For any Og-algebra R, the R-valued
points of 3 Sh(R) parametrize tuples A consisting of an abelian variety together
with a polarization, endomorphism, and level structure. (We shall not need further
details of these points here; see [Lan 2013, Chapter 1; Hida 2004, Chapter 7;
Eischen 2012, Section 2] for more details.) Given a point A in % Sh(R), we write
WA/R = ‘—"Z /R DOy R for the sheaf of one-forms on A. (As in [Eischen 2012,
Section 2], (_ui,‘r /R and w, /R are the rank-n submodules determined by the action
of Ok.) We identify G(@)\X x G(A)/H (which we identify with copies of ¥,)
with the points of 3Sh(C); we shall write A(z) to mean the point of A identified
with z € [ [,cx %, under this identification. Under this identification, if we fix an
ordered basis of differentials uf .o uE for g)funiv /%, then an automorphic form
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f on #,, corresponds to an automorphic form f on % Sh(C) via

f@) = fAQ@), uy @), ..., ur(2)),

Any other ordered basis of differentials for g)f /C is simply obtained by the linear
action of GL,(0x ® C) = GL,(C) x GL,(C) on w(z) = w(z) T ® w(z)~, and

fA@, g Uy @), ..., uf @) =g (f(AR, uT @), ..., ur(2))

4.3.1. A p-adic analogue. In [Eischen 2012, Section 9], we discussed a p-adic
analogue sz of the differential operators Dg. The differential operators sz act
on sections of certain vector bundles on the Igusa tower T » (a formal scheme
over the ordinary locus of % Sh(R) for R a mixed characteristic discrete valuation
ring with residue characteristic p); for details on the Igusa tower, see [Hida 2004,
Section 8]. More precisely, QPZ acts on sections of Ry, _[«] for various weights «.
By [Hida 2004, map (8.4)],

Cean : HO(Too 00, R [K]) — VK] (33)

is an injective map into the space VV[x] = VOIZ’OO[K] of p-adic modular forms of
weight k. Given a highest-weight vector ¢ in Z, we define 6(¢) := 6 := lcan © GpZ ,
where p(a, b) := det(b)X.

In [Eischen 2012, Section 9], we gave a formula for the action of p-adic differ-
ential operators 6 pZ on g-expansions. In particular, if the g-expansion of a scalar
weight form f € HO(TOO,OO, Rz, . [x]) ata cusp m € GM is

f@)=> ap)q’,
B
and ¢ is a highest-weight vector, then it follows from the formulas in [Eischen 2012,
Section 9] that

OON@ = aPB) - (B)g". (34)
B

5. A p-adic Eisenstein measure with values in the space of
vector-weight automorphic forms

5.1. p-adic Eisenstein series. As we explain in Theorem 10, when R is a (profinite)
p-adic ring, we can extend Theorem 2 to the case of continuous (not necessarily
locally constant) functions F. For the remainder of the paper, let N be as in
Section 4.2.

Theorem 10. Let R be a (profinite) p-adic Og-algebra. Fix an integer k > n, and
letv=(0))gex € Z*. Let

F:(0gk®2Zy) x Myxn(Op ®Z,) — R
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be a continuous function supported on (Ox ® Z,)* x GL, (0 ® Z,,) which satisfies
F(ex, Ng/e(e)™'y) = Niw(e) F (x, )

foralle € 0%, x € Ok ® Z, and y € GL,(Og ® Zp,). Then there exists a p-adic
automorphic form Gy, r whose q-expansion at a cusp m € GM is of the form
20<ﬁeLm c(,B)q’3 (where L, is the lattice in Her, (K ) determined by m), with c(B)
a finite Z-linear combination of terms of the form

F(a, Ng/e(a) ' B)Ni(a~" det )N q(det B) ™"

(where the linear combination is the sum over a finite set of p-adic units a € K
dependent upon B and the choice of cusp m € GM).

Proof. The proof is similar to the proof of [Katz 1978, Theorem (3.4.1)]. We remind
the reader of the idea of that result. For each integer j > 1, define

F;:(Ox ®7Z,) X Myxn(Op ®Z,) — R/p’'R
Fj(x,y) = F(x,y) mod p/R.

Then F; is a locally constant function satisfying the conditions of Theorem 2. So,
by the g-expansion principle for p-adic forms [Hida 2005, Corollary 10.4; Hida
2004, Section 8.4], there is a p-adic automorphic form Gy, r whose g-expansion
satisfies the conditions in the statement of the theorem. O

Corollary 11. Let R be a (profinite) p-adic Ok -algebra, let v = (v(0))gex € Z%,
and let k > n be an integer. Let

F:(Og®Zp) X Myxn(Op®Z,) —> R

be a continuous function supported on (Ox ® Z,)™ x GL,, (O ® Z,,) which satisfies
F(ex, Ng/p(e)™'y2) = New(e) F(x, )

foralle e 0%, x €O0g ®Z,,and y € Myx,(Op ® Z,,). Then

Gk,V,F = Gn,O,Nk,,,,v(x—'NK/E(x)” dety)F(x,y)> (35)
where
Ni—ny (' N/ (x)" det y)F(x, y),

denotes the function defined by

(¢, ) > Niono (&7 Ny (0)" det y) F(x, ).
on (Ox®Zp)* X Myxn(0p®Z,) and extended by 0 to (Ox ®Z ) X My »n(OE RZ)).
Proof. This follows from the g-expansion principle [Hida 2005, Corollary 10.4]. [
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Remark 12. We comment now on the relationship between the weight of G, o r and
the p-adically continuous function F appearing in the subscript. By Corollary 11 and
Theorem 2, we have that, if F is a locally constant function satisfying the conditions
of Corollary 11, then the p-adic automorphic form G, o, , (1 Nz (x)" det y) F(x.,y)
is the weight-(k, v) p-adic automorphic form Gy , r. More generally, by (34),
the p-adic automorphic form G, o n,_, =1 Nk, x (o) det y) Fx.y)ge (Vg e ()y—1) 18 the
weight-(k -kx ) p-adic automorphic form 0 (¢, )G,y r, Where ¢, is a highest-weight
vector for the representation of weight «. In particular, the p-adic automorphic
form dGnaOkafn,v(x_]NK/E(x)n dety)F(x,y) det(NK/E(X)y_I)d is the p—adic automorphic form
O(det™) G0Ny (x1 Nigs (07" det ) F(x, e (N )y~ OF Weight (k+2d, v —d).

5.1.1. CM points and pullbacks. In this section, we compare the values of certain
p-adic automorphic forms and C* automorphic forms at CM points.> This material
extends [Eischen 2013, Section 3.0.1] beyond the case of scalar weights. Let R
be an Og-subalgebra of QN i (Oc,) in which p splits completely. Note that the
embeddings i, and ¢, restrict to R to give embeddings

loo : R — C,

tp: R~ Ry=1limR/p"R.
m

Let A be a CM abelian variety with PEL structure over R, i.e., a CM point of the
moduli space g Sh(R) or, equivalently, a point of Sh(U (n) x U (n)) — Sh(U (n, n)).
By extending scalars we may also view A as an abelian variety over C or Ry.

By an argument similar to [Eischen 2013, Section 3.0.1], there are complex and
p-adic periods Q = (21, Q7) € (C*)"x(C*)"andc= (¢, c7) € (@Ep)" X (@Ep)”,
respectively, attached to each CM abelian variety A over R such that (if F' is R-
valued, so Gy, r arises over R)

() (D[ [ o @)Yz (=) G r (25 1. X 2. 1K)
o€ = (kc k) ()0 G r(A), (36)

where z is a point in [ [ .y 9, corresponding to the CM abelian variety A viewed
as an abelian variety over C (by extending scalars to C). Here, Z is the irreducible
subrepresentation of [ [,y GL,(C) x GL, (C) of highest weight x € (Z™)* and has
¢ as a highest-weight vector; by k(@) with a a scalar, we mean « evaluated at the
n-tuple (a, ..., a) in the torus. (The periods €2 and ¢ can be defined uniformly

3The significance of CM points is that they correspond to points of U (n) x U (n) C U (n, n), which
are the points used (for instance, by Shimura) to study algebraicity of values of Eisenstein series,
which are used in turn to study algebraicity of values of certain L-functions (through the doubling
method, or “pull back method”, a construction of L-functions described in various sources, including
[Gelbart et al. 1987, Part A; Cogdell 2006, Section 2]). Determining the precise values of these
Eisenstein series at CM points is neither necessary nor generally computationally feasible at this time.
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for all CM points at once [Katz 1978, Section 5.1]. For the present paper, though,
this is not necessary.) Note that when x = det‘ (i.e., is the highest weight for a
one-dimensional representation), we recover [Eischen 2013, Equation (45)].

5.2. Eisenstein measures. In analogue with [Katz 1978, Lemma (4.2.0)] (which
handles the case of Hilbert modular forms), we have the following lemma (which
applies to all integers n > 1):

Lemma 13. Let R be a p-adic Ok -algebra. Then the inverse constructions

_ 1 ~1
M) = SN ety T Y G7
1

Npo(x~'Ng /g (x)" det y)

F(x,y)= Hx,y™h (38)

give an R-linear bijection between the set of continuous R-valued functions
F:(0k®7Z,)* xGL,(0r®Z,) > R
satisfying
F(ex, Ngjg(e)'y) = Nyo(e)F(x,y) forall e @}
and the set of continuous R-valued functions

H:(0k®7Z,)" xGL,(0g®7Z,) — R

satisfying
H(ex, Nx/e(e)y) = H(x,y) forall e € O%.
Proof. The proof follows immediately from the properties of F and H. O
Let

G = (Ox ®Z,)* x GL, (0 ®Z,))/0%, (39)

where @;; denotes the p-adic closure of O IX( embedded diagonally, as (e, Ng /g (e)),
in (Ox ®Z,)* x GL,(0g ® Z,) (and, as before, (Or ® Z,,)™ is embedded diag-
onally inside of GL,(0g ® Z,)). Then Lemma 13 gives a bijection between the
R-valued continuous functions H on %,, and the R-valued continuous functions F
on (Ox ®7Z,)* xGL, (0 ® Z),) satisfying F (ex, NK/E(e)*ly) =Nyole)F(x,y)
for all e € O%.

For any (profinite) p-adic ring R, an R-valued p-adic measure on a (profinite)
compact, totally disconnected topological space Y is a Z,-linear map

nw:ey,Z,)— R
or, equivalently [Katz 1978, Section 4.0], an R’-linear map

w:€eY,R)— R
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for any p-adic ring R’ such that R is an R’-algebra. Instead of w(f), one typically

writes
/ fdu.
Y

In Theorem 14, we specialize to the case where R is the ring V', , of p-adic
automorphic forms on U (n, n) and Y is the group %,, defined in (39).

Theorem 14 (a p-adic Eisenstein measure for vector-weight automorphic forms).
Let R be a profinite p-adic ring. There is a V', ,-valued p-adic measure p = [Lp
on G, defined by

/ Hdﬂb,n = Gn,O,F
N

for all continuous R-valued functions H on §,,, with

F(x,y)= (x,y7)

Npo(x~ Nk e(x)" dety)
extended by 0 to all of (Ox ® Z,) X Myxn (O ® Z)).

Proof. F is the function corresponding to H under the bijection in Lemma 13. The
theorem then follows immediately from Theorem 10, Corollary 11, Lemma 13, and
the g-expansion principle. (]

Note that the measure .y , depends only upon » and b. In Section 6, we relate
the measure (p , to the Eisenstein measure in [Katz 1978, Definition (4.2.5) and
Equation (5.5.7)] and comment on how g, can be modified to the case of Siegel
modular forms (i.e., automorphic forms on symplectic groups).

It follows from the definition of the measure wp , in Theorem 14 that, for each
highest-weight vector ¢, of highest weight «,

/@ H(x, y)é‘/( (NK/E<x)y_1) dﬂb,n = e(é‘lc)Gn,O,F(x,y)-

Now, let A be an ordinary CM abelian variety with PEL structure over a subring R
of @N Oc,, i.e., a CM point of the moduli space ¢ Sh(R), or equivalently, a point
of Sh(U(n) x U(n)) — Sh(U (n, n)). As discussed above, by extending scalars,
we may also view A as an abelian variety over C or over Rp = lim, R/p™R. Tt
follows from (36) and Corollary 11 that, for F'(x, y) locally constant, supported on
Oxk®7Z,)* xGL,(0f ® Z,) and satisfying

F(ex, Ng/e(e)™'y) = Niy(e) F(x, y)
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foralle € Og, x €Ok ® Zp, and y € GL, (0 ® Z)),
1

@, Nkw(xNg/p(x)™" dety)

= (k- ki) () l—[ ke QTi)Wz(—k)Grv e, r (2, 5k),  (40)

oex

(k- ki)' (0) FGx, y Do (Nk/e(x)y™h) dup a(A)

and, for any d = (dy)yeyx € Zgo,
(i 2d,0-a) ' (€)

1
F(x, y det(N N e (A
X[@,, Ny.»(xNg /g (x)~" det y) (x, y7)det(Ng/e(1)y ™) dpp,n(A)

= (Kit2d,v—a) " (Q) 1_[ Qri)""Y7(—k)Gisad,v—d,Fx.y) (2. 1K),

oex

where z is a point in [ [, .5, 9, corresponding to the CM abelian variety A viewed
as an abelian variety over C (by extending scalars to C) and 2 and ¢ are the periods
from (36). Here, Z is the irreducible subrepresentation of [ [, .5, GL,(C) x GL,(C)
of highest weight « and has ¢, as a highest-weight vector; by « (a) with a a scalar,
we mean « evaluated at the n-tuple (a, ..., a) in the torus.

In other words, the p-adic measure (p , allows us to p-adically interpolate the
values of the C* (not necessarily holomorphic) function Gy, ¢, F(z, %k) at CM
points z.

Theorem 15. For each ordinary abelian variety A defined over a (profinite) p-adic
Ok-algebra Ry, there is an Ro-valued p-adic measure (A) = e ,(A) defined by

H dppn(A) = Gno,r(A)
Gn
for all continuous R-valued functions H on 4, with
1 -1
i H(x,y™)
Nyo(x~'Ng g (x)" dety)
extended by 0 1o all of (Ox ® Z)) X Myxn(Op ® Z)). If Ry =lim,, R/p™ R with
R C Q, A is an ordinary CM point defined over R, and F is a locally constant
function supported on (Ox ® Z,)* x GL, (0 ® Z,,) satisfying

F(ex, Ng/p(e)™'y) = Niy(e)F(x, y)

foralle € 0%, x € Ok ®Z,,and y € GL,(Op ® Z,,), then
1

<, Ni,w(xNg/p(x) " dety)

= (k1) Q) [ | ko Qi) Yz (k)G i 1 (2. 5K),

oeX

F(.X',y):

(e - kx.0) " (€) F(x, y D6 (Ng/e(x)y™") dppn(A)
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with z € [ [,cx %n corresponding to the ordinary CM abelian variety A viewed as

an abelian variety over C.

The pullback of an automorphic form on U (n, n) to U (n) x U (n) is automatically
an automorphic form on the product of definite unitary groups U (n) x U (n). So
Theorem 14 also gives a p-adic measure with values in the space of automorphic
forms on the product of definite unitary groups U (n) x U (n). In [Eischen 2014,
Section 4], we explain how to modify our construction to obtain p-adic measures
with values in the space of automorphic forms on certain nondefinite groups.

Remark 16 (relationship to the Eisenstein measures in [Eischen 2013, Section 4]).
For the curious reader, we briefly explain the relationship between the measure wp
defined in Theorem 14 and the measure ¢ defined in [Eischen 2013, Theorem 20].
For each v € X, let r, = r(v) < n be a positive integer and let r = (r,), € Z*. As
in [Eischen 2013, Equation (33)], let

T(r):]_[@E:x---x@E;. (41)

vEX

ry copies

Let p =[], (P10 - - - » Prw).v) be a p-adic character on T'(r) (i.e., p((&ty)vex) :=
[Toex TT:Y o10(er) for all @ = (w)ves € T(r)), let n =nyy+ - +ny,, bea

veX 1 li=1
partition of n for each v € X, and let F, be the function on M, ,(E) defined by

r(v)
Fo(x) =[] ] v (dety, x),

veX i=1
with det; defined as on page 2455. Let x be a p-adic function supported on
(Ok ®Z,)* /0% and extended by 0 to all of Ok ® Z,, . Let H, , be the function
corresponding via the bijection in Lemma 13 to the function F, , supported on 4,
(and extended by 0) defined by

Fpx(x,y) = x ()N 0(x) F,(Ng/E(x)'y).

/ H,o,x dﬂb,n=/ _ (x,p)do.
%n (©K®Zp)x/@[>2XT(r)

Note that the measure ¢ is dependent upon the choice of r and the choice of the
partition of n, while the measure up_, is independent of both of these choices.

Then

6. Remarks about the case of symplectic groups, Siegel modular forms, and
Katz’s Eisenstein measure for Hilbert modular forms

The case of Siegel modular forms is quite similar. We essentially just need to replace
the CM field K with the totally real field £ throughout. Once we have replaced
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K by E, Ny, becomes N é /Q and Nk g becomes the identity map. Consequently,
(37) and (38) become
1
F
Ngjg(x!=" dety)”
1
H
NE/@(X*1+" det y)*
To highlight the similarity with [Katz 1978, Section 4.2] we note that, when n =1,
these equations become

H(x,y) = (x,y b,

F(x,y) = (x,y™H.

H(x,y)= (x,y™h,

—F
Nejo(y)

F(x,y) = Hx,y™h.

1
Nejo(y)

This relationship between H and F is similar to the relationship between the similar
functions denoted H and F by Katz [1978, Section 4.2]. (The minor difference is
due to the fact that, throughout the paper, his F(x, y) is our F(y, x).)

The differential operators are developed from the C* perspective simultaneously
for both unitary and symplectic groups in [Shimura 2000, Section 12]. As noted
in [Eischen 2012, p. 4; 2012, Section 3.1.1; Panchishkin 2005; Courtieu and
Panchishkin 2004], the algebraic geometric and p-adic formulation of the operators
for Siegel modular forms (i.e., for symplectic groups) is similar. In the case of Siegel
modular forms, the algebraic geometric formulation of the differential operators
is discussed in [Harris 1981, Section 4]. Also, the case of symplectic groups is
handled directly alongside the case of unitary groups in Hida’s discussion [2004,
Chapter 8] of p-adic automorphic forms. So the construction in this paper carries
over with only minor changes (essentially, replacing K by E throughout) to the
case of symplectic groups over a totally real field E and automorphic forms (Siegel
modular forms) on those groups.

6.1. The case n = 1. Continuing with the symplectic case with n = 1, Theorem 2
becomes:

Theorem 17. Let R be an Og-algebra and let k > 1 be an integer. For each locally
constant function
F:(O0p®2Z,) x (O ®Z,) — R

supported on (Og ® Z,)* x (O ® Z,,)* which satisfies
F(ex,e”'y) = Ngja(e) F(x, y) (42)

foralle e 0%, x € O ®Zp,andy € Op @ Z, there is a Hilbert modular form Gy g
of weight k defined over R whose q-expansion at a cusp m € GM is of the form
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Zﬂ>0 c(,B)qﬁ (where L,, is the lattice in E determined by m) with c(B) a finite
Z-linear combination of terms of the form

F(a, (@) 'BN@ "B Nga(B)™!

(where the linear combination is a sum over a finite set of p-integral a € E dependent
upon B and the choice of cusp m € GM).

Still continuing with the symplectic case with n = 1, Theorem 14 becomes:

Theorem 18. There is a measure | on
G= (0 ®Zy)* x (O ®Z,)")/0}

(with values in the space of p-adic Hilbert modular forms), defined by

/HdM=G1,F
©

for all continuous R-valued functions H on 9, with

F(x,y)= (x,y7h

—H
Ngja(y)
extended by 0 to all of (Op ® Z,) X (Op ® Z)).

Note that we have essentially recovered the Eisenstein series and measure from
[Katz 1978, Definition (4.2.5)]. (Again, the difference between Katz’s order of
the variables x and y and ours is due to the fact that, throughout the paper, his
F(x,y)is our F(y, x).) The reader might notice the similarities with [Katz 1978,
(5.5.1)—(5.5.7)]. In particular, let x be a Grossencharacter of the CM field K whose
conductor divides p*> and whose infinity type is

—kZa — Zd(o)(o —5)

oex oex
with d(0) > 0 for all 0 € ¥ and k > n. We view x as an Oc,-valued character
on A% * x [],.5 Q (by restricting it to this group) and consider its restriction to
the subring consisting of elements ((1)vpoo, @, @), With a € Ox ® Z ), which is a
subring of
(©K ®Zp)x - (@E ®Zp)>< X (©E ®Zp)x-
Then we have
[loes o @
Hoez o‘(oz)k"'d(") ’

HGEE o_(x)d(d)
X(xa )’) - Xﬁmte(x, y) : l—[(,eg O,(y)k+d(ff) ’

X (&) = Xfinite (@) -
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with xfnite @ locally constant function. If

1 1
Fo =)

1 _
= Xfinite (-x9 _) ' N(y)k : l_[ G(x)’)d(a)’ (43)
Y oex
then
/ x(x, y)due1 =G (44)
4
= Gt pnite (0 1N, g 0 (xy)d@) (45)
= GksXﬁnile(x,l/Y) [lres o (xy)d© (46)
= ( 1—[ 9<J)d(0))(Gk,Xﬁnitc(x,l/y))’ 47)
oex

where 6 (o) denotes the (o0 component of the) differential operator 6 (det) acting on
automorphic forms in the one-dimensional, symplectic case. Note the similarity of
(43) through (47) with [Katz 1978, Equations (5.5.6)—(5.5.7)].
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Explicit points on the Legendre curve llI

Douglas Ulmer

We continue our study of the Legendre elliptic curve y> = x(x 4+ 1)(x + 1) over
function fields Ky =F, (g, t'/4y. Whend = pf +1, we have previously exhibited
explicit points generating a subgroup V; C E(K,) of rank d — 2 and of finite,
p-power index. We also proved the finiteness of III(E/K,) and a class number
formula: [E(Ky) : V;)? = |III(E/K)|. In this paper, we compute E(K,)/V,
and III(E /K ) explicitly as modules over Z,[Gal(K4/F,(t))].

An errata was posted on 31 May 2017 in an online supplement.

1. Introduction

Let p be an odd prime number, [, the field of p elements, and K = [, () the
rational function field over [,. Let E be the elliptic curve over K defined by
y2 =x(x 4+ 1)(x + ). In [Ulmer 2014b], we studied the arithmetic of E over the
extension fields K; =, (uq, t1/4) for integers d not divisible by p. In particular,
when d = p/ 4 1, we exhibited explicit points generating a subgroup V; C E(K) of
rank d —2 and finite p-power index. Moreover, we showed that the Tate—Shafarevich
group IIT(E /K ) is finite and its order satisfies |III(E/Ky)| =[E(Ky): V,41%. Some
of these results were generalized to other values of d in [Conceicdo et al. 2014].
Our goal in this paper is to study the quotient group E(K;)/V, and the Tate—
Shafarevich group III(E/K,) as modules over the group ring Z,[Gal(K;/K)].
In fact, we will completely determine both modules in terms of combinatorial
data coming from the action of the cyclic group (p) C (Z/dZ)* on the set Z/dZ.
Stating the most precise results requires some preliminaries that are given in the
next section, so in this introduction, we state only the main qualitative results.

Theorem 1.1. Let p be an odd prime number, and let d = p/ + 1. Let K = Fp(2),
Ky =Fp(pa, u) where ul =t,and G = Gal(K;/K). Let E be the elliptic curve
over K defined by y*> = x(x+1)(x+1). Let Vy be the subgroup of E(Ky) generated
by the point P = (u, u(u + 1?2y and its conjugates by G. Let II(E/Ky) be the
Tate—Shafarevich group of E over K;. Then E(Ky)/Vy and IIL(E /K ;) are finite
abelian p-groups with the following properties:

MSC2010: primary 11G05, 14GO05; secondary 11G40, 14K15.
Keywords: elliptic curves, function fields, Tate—Shafarevich group.
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(1) E(Kg)/Vqand UI(E/Ky) are trivial if and only if f <?2.

(2) The exponent of the group E(Ky)/ V, is ptU=D/2 The exponent of the group
II(E/Ky) is pt/73). Here | x| is the greatest integer < x.

3) (E(Kyg)/ V)? and III(E/Kq) are isomorphic as Z,|Gl-modules if and only if
f <4.If f > 4, they are not isomorphic as abelian groups.

(4) The Jordan—Holder factors of IL(E /K ) as Z ,| G]-modules are the same as
those of E(K )/ Vy with multiplicities doubled.

(5) There is a polynomial Fy(T) € Z[1/2][T] depending on f but independent
of p such that
ILL(E/Ka)| = p”

forall p > 2.

Part (4) of the theorem may be viewed as an analogue of the Gras conjecture;
see [Gras 1977; Mazur and Wiles 1984].

To my knowledge, the phenomenon of “interpolation in p” in part (5) has not
been observed before. In fact, even more is true, namely that all of the invariants
of II(E/Ky;) and E(Ky)/ Vy as abelian p-groups (i.e., the order of their p“-torsion
subgroups for all a) are described by polynomials independent of p.

Results on the exact structure of E(Ky)/V, and III(E/K;) as Z,[G]-modules
will be stated in Section 3 after some preliminaries in Section 2.

In fact, we will prove results on the discriminant of the “new part” of E(K,) with
its height pairing and on the Z,[G]-module structure of the “new part” of III(E /K 4)
for any d such that p is balanced modulo d in the sense of [Conceigdo et al. 2014,
Definition 2.1]. (This is the situation in which there are points on E(K,) not coming
from E(K,) for e a proper divisor of d.) In cases where we have explicit points
(namely for d = p/ + 1 as in [Ulmer 2014b] or d = 2(p/ — 1) as in [Conceigio
et al. 2014]), we obtain good control on E(K;)/V; as well. Some of our results
apply to other curves and their Jacobians and for p = 2. See Theorems 3.1.1, 3.2.1,
and 3.3.1 for the main refined results.

The two key ideas that afford such strong control on Mordell-Weil and Tate—
Shafarevich groups are (i) that the Néron model of E over ”:D}[F,,( ) 1s dominated
by a product of curves, and (ii) ideas of Shioda and Dummigan that allow us to
use crystalline cohomology to compute Tate cycles and Brauer groups for products
of curves. Similar ideas were used by Dummigan [1995; 1999] to compute the
discriminant of the Mordell-Weil lattice and the structure of the Tate—Shafarevich
group for a constant supersingular elliptic curve over the function field of a Hermitian
curve. In our case, the group of symmetries (essentially G above) is much smaller,
the representation theory is much simpler, and as a result, we are able to boil the
combinatorics down to very explicit statements.
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Here is an outline of the rest of the paper. In Section 2, we consider the orbits
of (p) C(Z/dZ)* acting on Z/dZ. These orbits index certain Z,[G]-modules that
we use to decompose and describe E (K ;) and ITI(E /K ;). In Section 3, we state the
more precise results on E(K,;) and ITI(E/K;) alluded to above. In Section 4, we
work out the geometry relating the Néron model of E to a product of curves (which
in fact are Fermat quotient curves) and the relations between the Mordell-Weil
and Tate—Shafarevich groups of E and the Néron—Severi and Brauer groups of
the product of curves. In Section 5, we work out the Néron—Severi group and the
p-part of the Brauer group of a general product of curves in terms of crystalline
cohomology. That this is possible (in the context of supersingular surfaces) was
noted by Shioda [1991] and developed more fully by Dummigan [1995]. We use
a somewhat different method than Dummigan did, yielding more general results,
although his results would suffice for our application to the Legendre curve. In
Section 6, we collect results on the cohomology of the curves appearing in the
product mentioned above. These results give the raw material for Section 7, where
we carry out the p-adic exercises needed to compute E(K,) and HI(E/Ky). In
Section 8, we put all the pieces together and prove the main results. Finally,
Section 9 contains various generalizations and complements.

2. Orbits, invariants, and representations

Throughout this section, p is an arbitrary prime number and d is a positive integer
not divisible by p. We write (Z/dZ)* for the multiplicative group modulo d and
(p) for the cyclic subgroup generated by p.

2.1. Orbits. Consider the action of (Z/dZ)* on the set Z/dZ by multiplication.
By restriction, the subgroup (p) acts on Z/dZ. We write 0= 5d, p for the set of
orbits. Thus, if o € O andi € 0 C 7/dZ, then o = {i, pi, p%i,...}.

Clearly the orbit through O € Z/dZ is a singleton {0}. If d is even (and therefore
p is odd), then the orbit through d/2 is also a singleton because p(d/2) = (d/2)
in Z/dZ. For reasons that will become apparent later, we will usually exclude these
two orbits, and we define

0—0 _{5\{{0}} if d is odd,
— "0\ 0y, {d/2)) if d s even,

Note thatif o € 5, then ged(i, d) is the same for all i € 0, and we write gcd(o, d)
for this common value. It will sometimes be convenient to consider only orbits
with gcd(o, d) = 1 (which one might call “new” orbits), so we define

0'=0},={0€0|ged(o.d)=1}.
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Note that 021, » is just the set of cosets of (p) in (Z/dZ)*. Note also that the set of

orbits 0 € O with ged(o, d) = e for a fixed e < d/2 is in bijection with Oc/l/e,p'

2.2. Balanced orbits. From here through the end of Section 2.7, we assume that
d > 2 so that Oy, is not empty.

As in [Conceigdo et al. 2014], we divide (Z/dZ)* into two subsets A and B where
A and B consist of those classes with least positive residue in the intervals (0, d/2)
and (d/2, d), respectively.

We say that an orbit o is balanced if we have |oN A| = |oN B|, and we say d is
balanced modulo p if every orbit o € 00’1’ » is balanced. For example, by [Conceicdo
et al. 2014, §5.4, §5.5], d is balanced modulo p if d divides pf + 1 or if d divides
2(p/ — 1) and the ratio 2(p/ — 1)/d is odd.

2.3. Invariants of orbits. Associated to each orbit o, we form a word on the two-
letter alphabet {u, [} (u for upper and / for lower) as follows. Choose a base point i
so that the orbit 0 = {i, pi, p%i, ..., p'/=1i}. The associated word w = wy - - - wy|
is defined by
{l if —p/=li e A,
wj = . 1.
u if —p/~' € B.
(The reason for the minus signs is explained in Remark 6.4.1.) Thus, for example,
if p =3 and d = 28, the word associated to the orbit {6, 18, 26, 22, 10, 2} with base
point 6 is ullluu.
Note that w depends on the choice of i € 0. Changing the choice of i changes w
by a cyclic permutation of the letters.
Given a word w = wy - - - wy,|, we define a sequence of integers a; by ap =0 and
_ 1 ifw;=u,
4= {—1 ifw; =1.
(So the word w is viewed as a sequence of instructions to go up or down.)
If o is balanced, then the word w associated to o has as many u#’s as [’s and
Ajp| = 0.

Definition 2.3.1. We say the base point i is good if a; > 0 for 0 < j < |o|. It is
easy to see that every o has a good base point. The standard base point for an
orbit o is the good base point with smallest least positive residue.

So for example, if p =3, d = 364, and o is the orbit {7, 21, 63, 189, 203, 245},
then there is a unique good base point, namely 7, with associated word uuulll. On
the other hand, if o is the orbit {37, 111, 333, 271, 85, 255}, then the good base
points are 37 (with word uullul) and 85 (with word uluull), and the standard base
point is 37. From now on, given an orbit, we choose the standard base point and
form the word associated to that base point. This yields a well-defined function from
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orbits to words. (It will be essential below to choose a good base point, but which
good base point is chosen is of no import. We introduce the notion of standard base
point simply for convenience.)

Now suppose that w is the word associated to a balanced orbit 0. Then the first
letter of w must be u and the last must be /, so we can write w in exponential form

w=ue . [

where each e; > 0.

2.4. The complementary case. Suppose that d > 2 and d divides p/ +1 for some f
so that —1 € (p). If i € A, then p/i € B and conversely. It follows that if 0 € O, p
and w is the associated word, then the second half of w is the “complement” of the
first half, i.e., each u is replaced with an / and each [ is replaced with a u. More
formally, if w = wiwy - - - wy,, then {w;, w24} ={u,l} forall 1 < j <|o|/2.

A similar discussion applies when d divides 2(p/ — 1) with an odd quotient
and o is an orbit with gcd(o, d) odd. Indeed, in this case, pf =1+d/2 (modd)
and p/ is an element of order 2 in (Z/dZ)* that exchanges A and B. Thus, if o is
an orbit with ged(o, d) odd, then the associated word has second half equal to the
complement of the first half.

These examples motivate the following definition:

Definition 2.4.1. We say an orbit o is complementary if it is balanced and the
associated word w = wy - - - wy,| satisfies {w;, w24} = {u, [} for 1 < j <lo|/2.

If 0 is complementary and we write the associated word in exponential form
w =ul...1°, then e,y ; = e;. Since the last letter must be /, the last letter of
the first half must be u and so k£ must be odd.

2.5. Comparison with Dummigan’s string diagrams. Dummigan [1995] intro-
duces certain words on the alphabet {X, O} that he calls string diagrams. He
works entirely in the context where d = p/ 4 1 (so all orbits are complementary),
and his diagrams are invariants of orbits closely related to our words w (o). Indeed,
given an orbit o with base point i and word w (o), the associated string diagram is
s =s1---57 where

o O if W; =W,4+1,

I {X ifw; #wjy.

He also defines circle diagrams by taking into account the rotations induced by a
change of base point. It is easy to see that the map from words to string diagrams
is 2-to-1 and that we could phrase our arguments in terms of Dummigan’s string
and circle diagrams. However, for most of our purposes, words as we have defined
them are more convenient.
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2.6. More invariants. We continue to assume that d > 2. Let o be a balanced
orbit with associated word w written in exponential form as w = u®! - - - [°%*. The
exponents ey, ..., ey give one invariant of the orbit o.

A second invariant of the orbit o is its height, defined as

ht(o) = max{e;,e; —ex+e3,...,e1 —er+e3—---+exyu_1}.

We may also describe the height as the maximum value of the function i — qa; defined
above. Note that in the complementary case, we have ht(o) =e; —ex + - - - + .

We will define a third invariant in terms of invariant factors of certain bidiagonal
matrices. To that end, consider the integer, k x k, bidiagonal matrix

pt —=p= 0
0 pe3 _pe4

e ..
B=B(ey,...,ex_1) = 0 0 p
peZkfl

and define d| < dp < --- < d as the exponents of the invariant factors of B so that
B can be transformed into

ph 0 0
0 p©2 0
A 0 0 pd3 e
p%

by a series of integer row and column operations. We will discuss how to compute
these invariants in the next subsection.

2.7. Computing invariant factors. We continue with the assumptions of the preced-
ing subsection (so o is a balanced orbit), and we give two algorithms for computing
the invariants dj, ..., d; attached to o. This subsection is not needed for the
statements of the main results in Section 3, so it may be skipped on a first reading.

Roughly speaking, the first algorithm picks out d; and continues inductively
while the second picks out d; and continues inductively. The second is more
complicated than the first, but it gives valuable information in the complementary
case; see Lemma 2.7.3 and Remark 2.7.4 below. Both algorithms are based on the
well-known fact that the i-th invariant factor of a matrix B is

gcd(i x i minors of B)/ ged((i — 1) x (i — 1) minors of B).
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To describe the results, we introduce the following notation: for 1 <i < j <2k—1,
lete;; =e; —ej41 +ej42 —---Le;. Also, we say that two matrices are equivalent
(denoted by ~) if one can be transformed to the other by a series of integer row
and column operations.

Lemma 2.7.1. Assume that k > 1, let ey, ..., exy—1 be positive integers, and let
dy, ..., dy be the integers attached as above to B(ey, ..., ex—1). We have d| =
min{eq, ..., ex—1}. Choose i such that d| = e;, and define
B(es, ..., ex-1) ifi=1,
B/ = B(el, e €2, €611 4156425 - oy €2k_1) ifl <i<?2k— 1,
B(el,...,egk_3) ifi:2k—1.

Then B(ey, ..., ex—1) is equivalent to (pd') ® B

Note that we make no assumptions on the e; other than positivity. The result
can thus be applied inductively to B’ and thus gives an algorithm for computing all
of the d;. For example, if (e, ...,ex)=(4,1,3,5,4,3,5,4,2,1,2,6), then the
algorithm proceeds as follows:

B(4,1,3,5,4,3,5,4,2,1,2) ) (p")® B(6,5,4,3,5,4,2,1,2),
B(6,5,4,3,5,4,2,1,2) ol (p)® B(6,5,4,3,5,4,3),
B(6,5,4,3,5,4,3) W (P ® B(6,5,6,4,3),
B(6,5,6,4,3) s (p¥)® B(6,5,6),

B(6,5.6) ~ (»")@®B(),

so the invariants d; are 1, 1, 3, 3, 5, and 7.

Proof of Lemma 2.7.1. That di = min{ey, ..., ex—1} is evident from the description
of dy as ged{p°!, ..., p*-1}.

Write B for B(ey, ..., ex—1). If i =1, then p° divides —p®, and a single
column operation transforms B into (p°') @ B(es, ..., ezr—1). This is the desired
result.

Similarly, if i = 2k — 1, then p®*-! divides — p®*-2, and a single row operation
transforms B into B(ey, ..., ex—3) @ (p®-1). This is the desired result.

Now consider the case where 1 < i < 2k — 1, and assume that ; is odd. Then a
row operation followed by a column operation transforms the submatrix

_pei—l 0
pfi _p€i+1
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0 _pei—l,i+1
<Pe" 0 )

and leaves the rest of B unchanged. Permuting rows and columns yields

of B into

(PYDB(er, ..., €—2,€_1it1,€it2s -, €2%—1).

The case where 1 <i < 2k —1 and i is even is similar. We first transform the

submatrix
peifl _pei
( 0 pei+l )

0 -—p&
pei—l,i+1 0

and then permute rows and columns and multiply row 1 (containing — p®) by —1
to arrive at

of B into

(P)YDBer, ..., €2, €141, €42, .-, €%—1)- O
Lemma 2.7.2. Assume that k > 1, let ey, ..., ex—1 be positive integers, and let
di, ..., dy be the integers attached as above to B(ey, . .., exx—1). We have

di=max{e;; | 1 <i < j<2k—1, iand j odd}.

Choose i < j odd such that di = e;;. Define a subset T C {1, 2, 3} and matrices By
fora € S as follows:

e leTifandonlyifi > 1. Ifi > 1,let By = B(ey, ..., ej—2).
e 2eTifandonlyifi < j. Ifi < j,let B=B(ejt1,...,ej_1)" (t = transpose).
e3eTifandonlyifj <2k —1.1If j <2k —1,let B3 = B(ej12, ..., €x_1).

Let B =@, By. Then B(ey, ..., ex_) is equivalent to (p™) ® B'.

aeT

Since we always choose a good base point for an orbit, if B(ey, ..., ex—_1) is
the matrix attached to a balanced orbit o, then the invariant dj is equal to the height
of 0. We have not emphasized this in the statement of the lemma because the top
invariant factor of a general bidiagonal matrix (e.g., the matrices B, with o € T)
need not be of the form e ;.

This lemma applies equally well to lower-triangular bidiagonal matrices, so it
gives another inductive algorithm for computing all of the d;. For example, if

(er,....ex-1)=(4,1,3,54,3,5,4,2,1,2),
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then (ignoring transposes) the algorithm proceeds as follows:
B4,1,3,5,4,3,5,4,2,1,2) v, (r))®B(1,3,5,4,3)®B(2,1,2),
L, ])=,

B(1,3,5,4,3) ~ (p>)@B(1)® B(3),
i,/)=(3.,3)

B22,1,2) ~ (p))®B(),
@,/)=>1,3)

so the invariants d; are 1, 1, 3, 3, 5, and 7.

Proof of Lemma 2.7.2. We write B for B(ey, ..., ex—1). The value of dj can be
seen from the description of the invariant factors of B in terms of minors. Indeed,
note that

det B = p€l+€3+"'+92k—l.

On the other hand, the nonzero (k — 1) x (k — 1) minors of B are of two types.
Those obtained by deleting row and column i are of the form =+ det B/ p®-', and
those obtained by deleting row i and column j with j < i are of the form

:|:p61+e3+"'+62/"3 erjterjiatte2 eyt tex—1

p p

It follows that dj is the maximum of e;;, where i < j and i and j are odd. This is
the first claim in the statement of the lemma.

To obtain the asserted equivalence, choose i < j odd such that dy =¢;;. If i > 1,
then the definition of ¢;; implies the inequalities

e 2j<ej = e _2;1=<0,

ei—4j=<ej = €-4i-1=0,

e1,j<ej = e;-1=<0.

It follows that we may eliminate the entry —p®-! from B by a series of column
operations. More precisely, B is equivalent to B(ey, ..., e;—2) @D B(e;, ..., ex—1).
Similarly, if j < 2k — 1, we have a series of inequalities e;; > ¢;j 42, ...,
eij > e; 2r—1 and these imply that by a series of row operations we may eliminate
—p, ie., Bisequivalent to B(ey,...,e;) @ B(eji2,...,ex%-1).
Ifi > 1 and j <2k — 1, then we may perform both of the procedures above, so

B~ B(ey,...,e;_2) ® B(e;, ...,€j)®B(ej+2, e, €% 1).

If i = j, then B(e;) = (p%) and we are done.
It remains to prove that if i < j, then B(e;, ..., ;) is equivalent to ( %) @
B(eit+1,...,e j,l)’ . To see this, we note that the definition of ¢;; implies that e; > 0
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and e;; < 0 for all even £ with i < £ < j. Using these inequalities, we transform
B(e;, ..., ej) by column operations into

0 _p€i+1 0
0 p€f+2 _p€i+3 e

pdk 0 0 N
then by transposing rows into

ph 0 0 .. péi
0 _p€i+l 0
0 peH—z _p6’1+3

0 0 cee pliT2 —pCin
and finally by row operations and sign changes into (p%) @ B(ej41, .. ., ej—1)'. O

Lemma 2.7.3. If o is complementary (so that k is odd and ey+; = e; for 1 <i <k),
then we have di = ey, the other dj come in pairs (i.e.,d| =dp, d3 =dy, ...), and

di—1 =dro=max{e;; |2<i<j<k—1, iand jeven}.

Proof. Tt is easy to see that i = 1 and j = k achieves the maximum e;;, so we have
dy = ey = ht(0). One application of Lemma 2.7.2 shows that B(ey, ..., ex—1) is
equivalent to

P @®Bler, ..., ex—1) ®Blea, ..., ex1).

Thus, the invariant factors dy, ..., dy—; come in pairs. Applying the recipe of
Lemma 2.7.2 for the top invariant factor to B(ey, ..., ex—1) gives the assertion
on dk—l and dk—2- O
Remark 2.7.4. Suppose that ey, ..., ey are the exponents of a word coming from

a good base point (so ey ; > 0 for all j), and suppose that e ;4 iS maximum
among e ;. Then the following four matrices and their transposes all have the same
invariant factors: B(ey, ..., ex_1), B(ea, ..., ex), B(62j+2, NN Y TN 4 T 62‘/‘),
and B(ezjy3,...,€x,e1,...,e2j+1). Indeed (ignoring transposes), the first step
of the second algorithm above shows that each of these matrices is equivalent to

(P @ Bey, ..., e2)) D B(ejy3, ..., €2—1).

2.8. Representations of G. Fix an algebraic closure I]_:p of F,, and view ug4 as
a subgroup of [l_:;j. Let W(F p) be the Witt vectors with coefficients in [l_:p, and

let x : ug — W(F p) be the Teichmiiller character so that x (¢) = ¢ (mod p) for
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all ¢ € ug. Identifying W (F p) with a subring of Q > the Q p-valued character group
fig of ;g can be identified with Z/dZ by associating x' with i.

The group (p) C (Z/dZ)* acts on g4 via exponentiation. This yields an action
on iy = 7Z/dZ under which p acts by multiplication by p. It is thus natural to
consider the set O of orbits of (p)yonZ/dZ. Ifi € Z/dZ and o is the orbit of
(p) through i, then the values of x' lie in the Witt vectors W (F plot) and the values
of Y i, x lieinZ, = W(F,).

Now fix a finite extension [, of [F,(uq) in Fp, and let G = Gal(F,/F,). The
action of G on g factors through the homomorphism G| — (p) that sends Fr,
the p-power Frobenius, to p.

Let G be the semidirect product ;g X G1. There is a canonical identification

G = Gal(F,K4/K) = Gal(F, (u)/F, (1)).

To avoid confusion between number rings and group rings, we write H for p,.
Let Z,[H] and Z,[G] be the group rings of H and G with coefficients in Z,. We
also write I' = Z,[H], which we view as a Z,[H]-module in the obvious way.
Letting G act on I' through its action on H makes I into a Z,[G]-module.

Proposition 2.8.1. (1) There is a canonical isomorphism of Z ,| H1-modules
- @r.
00
where T, is a free Z,-module of rank |o| on which H acts with character
Zieo Xl :
(2) For every orbit o, T, C I is stable under 7 ,|G] and I", ® Q,, is an absolutely
irreducible Q ,[G]-module.

3T, ®z, [, is an absolutely irreducible IF ,| G] module.

@) Ifo # 0, then T, ®z, Qp % Ty ®z, @, and Ty ®z, ), # T'y ®z, F, as
G-modules.

(5) Suppose that T, is a finite extension of F . Fix i € Z/dZ, and let o be the
orbit of (p) through i. Make the Witt vectors W (F,) into a Z,[G]-module by
letting ¢ € wg = H act by multiplication by ¢' and letting Fr, € G\ C G act by
the Witt-vector Frobenius. Then we have an isomorphism of Z,[G]-modules

W(F,) =T, ®z, Z,[Gal(Fy /F pio)].

Proof. For (1), since ), x" takes values in Z p» setting

o= (1/d) Z(Z x‘%h))h,

heH “ieo
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we have 7, € Z,[H]. Orthogonality of characters implies that the elements 7,
form a system of orthogonal idempotents: we have 1 = 2065 7w, and ,m,y =0 if
0 #0'. We define I', = 7, I". This gives a direct-sum decomposition I' = P, _5 To.
It follows from the definition that I', is a free Z,-module. We may compute its
rank by noting that I' ®z, Q p decomposes under H into_lines where H acts by the
characters x' withi € Z/dZ, and the subspace I', ®z, Q,, is the direct sum of the
lines where H acts by x' withi € 0, so I, has Z,-rank |o|.

For (2), since gm, = m,g for all g € (p), it follows that I, is stable under G. As
an H-module, ', ®z, Q p» decomposes into lines where H acts via x" withi € 0, and
(p) permutes these lines transitively, so I',, is absolutely irreducible as G-module.

Part (3) follows from a similar argument, using that d is relatively prime to p,
so the x/ are distinct modulo p.

Part (4) follows immediately from a consideration of characters.

For (5), first consider the case where [y =F ,101. Now W (F ,i01) is a cyclic Z,[G]-
module generated by 1 and with annihilator the left ideal generated by [p!°l]— 1 and
]_[ieo([h] — x'(h)), where h is a generator of H. Using this, it is easy to check that
1 + 7, defines an isomorphism of Z,[G]-modules W (F ,.)) — I',. The general
case follows from this and the normal basis theorem for F, over [0 (Which yields
an integral normal basis statement for the corresponding extension of Witt rings). [J

Remark 2.8.2. If M is a Z,[G]-module, we write M for ,M. By definition, H
acts on M? by characters Xi with i € 0. Note, however, that it is not clear a priori
what the action of G is on M°. Indeed, the action of G| does not enter into the
definition of =,, and so we will have to determine the full action of G on M by
other means. The reason for not using G in the definition of =, is that p may
divide the order of G, and we prefer to avoid the resulting complications in the
representation theory of G.

Remark 2.8.3. We showed in [Ulmer 2014b, Corollary 4.3] that the group V,
appearing in Theorem 1.1 is a cyclic module over Z[G] with relations 2 ), P; =
23 (=1 P; =0. It follows easily that V; ® Z p 18 isomorphic to

Since E(Ky) is a G-invariant superlattice of V, the absolute irreducibility of T,
noted above implies that we also have an isomorphism of Z,[G]-modules

E(K)®Z,= P T..

[4S] Od‘p
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3. Refined results

In this section, we state results on Mordell-Weil and Tate—Shafarevich groups
decomposed for the action of Galois. These imply the results stated in Theorem 1.1,
and they also give information in many other contexts. The proofs will be given in
Section 8.

Throughout, we fix a positive integer d prime to p and a finite extension [,
of F,(uq), and we set G = Gal(F, () /F,(¢)). For the results on discriminants and
indices, the choice of [, is not material, so we work over Ky = [, (114, u). On the
other hand, our results on the Tate—Shafarevich group depend significantly on the
choice of [,.

3.1. Discriminants. We have seen in [Conceicido et al. 2014] that the “new” part
of E(Ky) (i.e., the part not coming from E(K.) with e a proper divisor of d) is
trivial if p is not balanced modulo d and has rank ¢ (d) if p is balanced modulo d.
In this subsection, we refine this result by breaking up E(K,) for the action of G
and by computing the p-part of the discriminant of the height pairing.

Recall that £ (K ) carries a canonical real-valued height pairing that is nondegen-
erate modulo torsion. (See, e.g., [Ulmer 2014a, §4.3].) There is a rational-valued
pairing (-, -) such that the canonical height pairing is (-, -)log(|F,(uq)|). For
convenience, we work with the rational-valued pairing. The group E(Ky) ® Z),
inherits a Q,-valued pairing, and the direct-sum decomposition

E(K))®Z, = P(EK)®Z,)°
0€0

is an orthogonal decomposition for this pairing. We write Disc(E(Ky) ® Z,,)° for
the discriminant restricted to one of the factors. This is well-defined up to the
square of a unit in Z,,, but we will compute it only up to units.

Recall the sequence ay, . . ., a),| associated to o in Section 2.3 and the represen-
tation I', defined in Section 2.8.

Theorem 3.1.1. (1) We have an isomorphism of Z ,| G]-modules

', ifged(o,d) <d/2 and p is balanced modulo d/ gcd(o, d),

0 otherwise.

(E(Kd)®Zp)0§{

(2) If ged(o,d) < d/2 and p is balanced modulo d/ gcd(o, d), then up to a unit
in Z, we have

Disc(E(Kq) ®Z,)° = p*

where a =2 Z‘j(il aj.
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3.2. Indices. Now we suppose that
(@ d=p/+landoec Oy, p 1s any orbit, or
(b) d=2(p/ —1)ando e Oy, p 1s such that ged(o, d) is odd.

In these cases, the orbit o is complementary, and the word w associated to each o
may be written in exponential form

w=u1?. . [y .. %

where each e¢; > 0 and k is odd. In this case, ht(0) =e; —ex + - - +¢.

Let V; C E(Ky) be the subgroup generated by the explicit points as in [Ulmer
2014b, Remark 8.3] (d = pf + 1) or [Conceicao et al. 2014, Theorem 6.1] (d =
2(p! = 1)),

Theorem 3.2.1. Under the hypotheses (a) or (b) above, we have an isomorphism
of Z,[Gl-modules
(E(Ka)/Va)’ =T,/ p°,

where e = (f —ht(0))/2. When ged(o0,d) = 1,e = Y""" ¢y.

Under the assumptions of the theorem, it follows that (E(K;)/ V) =0 if and
only if the word corresponding to o has height f, and that occurs only for words
equivalent up to rotation to u/1/.

3.3. Tate-Shafarevich groups. Recall the integers dy, . . ., d; attached to an orbit o
in Section 2.6.

Theorem 3.3.1. For any d > 2 prime to p and any o € Oy, if gcd(o,d) < d/2
and p is balanced modulo d/ gcd(o, d), then:

(1) There is an isomorphism of Z,|Gl-modules

[T5-, Wa, (Fy)

HI(E/Fq () = W (F o)
k \% plo

(2) In particular, if Fy =T, (uq) so that Fy(u) = Ky and gcd(o, d) = 1, then

k—1 k—1
I(E/Kg)° = [ [ Wa, (Fpo) = [ [ To/ P
j=1 j=1

Under the assumptions of the theorem, it follows that ITI(E /[, (u))? is trivial
only when [, = F,(ug) and k = 1, and k = 1 occurs if and only if the word
associated to o is u/1/.
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4. Domination by a product of curves

In this section, we relate the arithmetic of E/[F, () to that of a suitable product of
curves over [.

4.1. Basic data. Fix an integer d relatively prime to p, let [, be a finite extension
of F,(uq), and let G = Gal(F, /T ).

Let 6 be the smooth, projective curve over [, with affine model 4 =x2—1.
We write P for the rational points x = £1 and z = 0 on 4. Extending scalars, the
group ua X g acts on 6 xg, F, by multiplying the x and z coordinates by roots of
unity. There is also an action of G on € xf, [, via the factor F,. Altogether we
get an action of (uy X pg) X G on € XF, [,. To simplify notation, for the rest of
this section, we let ‘6 denote the curve over [,.

Let 9 be the curve associated to w? = y? — 1 so that & is isomorphic to €. It
has rational points O and an action of (2 X pug) X G defined analogously to
those of 6.

Let & =€ x5, @ be the product surface. We let the group A := us x ug act
on ¥ “antidiagonally”, i.e., with

(&2, Ca) (X, ¥, 2, w) = (L2X, &5 'y, Caz, £ w).

Write NS(¥) for the Néron—Severi group of ¥ and NS’ () for the orthogonal com-
plement in NS(¥) of the subgroup generated by the classes of the divisors € x {Q}
and { P} x @. (We could also describe NS'(¥) as DivCorr((€, Py), (@, Q4)), the
group of divisorial correspondences between the two pointed curves; see [Ulmer
2011, §0.5.1, §2.8.4].) The intersection form on NS(¥) restricts to a nondegenerate
form on NS'(¥). The action of A on & induces an action on NS'(¥).

Let G=pusxGy. Welet G act on ¥ via its action on 6; this yields an action of G
on NS'(¥). We let G act on E(F,(u)) via the identification G = Gal(F, (u)/F,(1)).

The main result of this section relates the arithmetic of the Legendre curve
E/F;(u) to that of .

Theorem 4.2. With notation as above:

(1) There is a canonical isomorphism
E(F,(u) ® Z[1/2d] = (NS'($) ® Z[1/2d])",

where the superscript A denotes the subgroup of invariants. This isomorphism
is compatible with the G-actions, and under it, the height pairing on E(K)
corresponds to the intersection pairing on NS'(%).

(2) There is a canonical isomorphism

HI(E /Fy () [p™] = Br($)[p™]*.
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Here Br(9) is the (cohomological) Brauer group of & and [p™] means the
p-torsion subgroup. This isomorphism is compatible with the G-actions.

The rest of this section is devoted to a proof of the theorem and the discussion
of a mild generalization. Note that the theorem for odd values of d follows from
the case of even d (by taking invariants by a suitable subgroup of G), so for the
rest of this section, we assume that d is even.

4.3. The basic geometric result. The main step in the proof of Theorem 4.2 is to
relate the Néron model of E/F,(u) to a suitable quotient of &. To that end, recall
the Weierstrass fibration W — P (whose fibers are the plane cubic reductions of E
at places of [, (u)) and the Néron model € — [P’,ll, which is obtained from W' by
blowing up singular points in the fibers over u =0, u € uy, and u = co. All this is
discussed in detail in [Ulmer 2014b, §7].

Note that since we are assuming that d is even, 6 has two points at infinity that
we denote P, where the sign corresponds to the limiting value of x /z%/2. Similarly,
% has two points at infinity, denoted Q.

Let ¥ =€ x 9 be the blow-up of & at the eight points (P, Q') and (PL, Q).
These points have stabilizers of order d/2 under the action of A, and they fall into
two orbits, namely {(P+, Q’,)} and {(P}, Q+)}, under the A action. The action of
the stabilizer on the projectivized tangent space at each of these points is trivial, so
the action of A lifts canonically to F and the exceptional fibers are fixed pointwise
by the stabilizer of the corresponding point. The action of A on  has other isolated
fixed points, but we do not need to make them explicit.

We let ¥ /A denote the quotient of g by the action of A. This is a normal,
projective surface with isolated cyclic quotient singularities. (They are in fact
rational double points, but we will not need this fact.)

Now we define a rational map & --+ W by requiring that

x,y,z,wy— ([X, Y, Z],u) = ([zd, xyzd, 1], zw),

where ([X, Y, Z], u) are the coordinates on a dense open subset of W' as in [Ulmer
2014b, §7]. This induces a rational map ¢ : F --> W that is obviously equivariant
for the A action, where A acts trivially on W. Thus, ¢ descends to a map on the
quotient that we denote i : g JA == W,

The following diagram shows the surfaces under consideration and various
morphisms between them:

CxP=9 L F

N
N @

b4 AN
N

~ N
Sf/A—w—-WMNG—%
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The quotient map = is finite, and we will see just below that the horizontal maps
are birational morphisms.

Proposition 4.3.1. (1) The rational map ¢ is in fact a morphism. Therefore, ¥ is
also a morphism and a birational isomorphism.

contracts the strict transforms of P+ X % an X and is finite elsewhere.
2) tracts the strict t Py x% and 6 ' and is finite elsewh

(3) For generic P € €, ¢ sends P x @ to a bisection of W — P!, where the two
points in each fiber are inverse to one another. Similarly, for generic Q € 9D,
¢ sends € x Q to a bisection of W — P!, where the two points in each fiber
are inverse to one another.

(4) The exceptional divisors over P+ x Q' map via ¢ to the torsion section [0, 0, 1]
of W, and the exceptional divisors over P\, x Q+ map via ¢ to the zero section
[0, 1,0] of W.

In part (3), “P generic” means P with trivial stabilizer or, more explicitly,
P # Py, P} and x(P) # 0. “Q generic” is similarly defined.

Proof It is easy to see that ¢ has generic degree 2d and it factors through quotient
P> /A, which is finite of degree 2d. This proves that v is birational.

That ¢ is everywhere defined and has the stated geometric properties is a straight-
forward but tedious exercise in coordinates that we omit. Since ¢ is a morphism, it
follows that y is also a morphism. (I

4.4. Proof of Theorem 4.2(1). We prove part (1) of the theorem by using the
geometry of the displayed diagram with the key input being Proposition 4.3.1. For
typographical convenience, if A is a finitely generated abelian group, we write
A[l/2d] for A® Z[1/2d].

By the Shioda—Tate isomorphism (e.g., [UImer 2014a, Chapter 4]), we have a
direct-sum decomposition

NS(é)[1/2d] = E(F,(u)[1/2d] @ T[1/2d],

where T is the subgroup of NS(€) generated by the zero section and the irreducible
components of the fibers. Since W' is obtained from € by contracting all components
of fibers not meeting the zero section, we have

NS(W)[1/2d] = E(Fq(u)[1/2d]1® (0, F)[1/2d],

where O and F are the classes of the zero section and a fiber of W' — P!, respectively.
These decompositions are orthogonal for the intersection pairings. The fibration
W — P! is the base change of a fibration W — P!, so G acts on W and NS(W').
This action is trivial on (O, F), and the last displayed isomorphism is compatible
with the G actions.
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Since ¥ is obtained from & by blowing up eight points, we have an orthogonal
decomposition
NS(F) =78 o NS(¥F) = 7' NS (9).

The Néron—Severi group of the quotient g /A is obtained by taking invariants, at
least after inverting 2d = |A|. Noting that A permutes the exceptional divisors
of ¥ — & in two orbits and that it fixes the classes of P x % and € x Q, we have

NS(F/A)[1/2d] = (NS(P)[1/2d])> = 7[1/2d]* ® (NS ($)[1/2d])>.

The action of G on % induces an action on & that descends to ¥ /A.

Now we consider the morphism 1 : g /A — W, and use the information provided
by Proposition 4.3.1. It is clear from the coordinate expression for & --» W that ¥ is
equivariant for the G actions. Part (2) tells us that the kernel of NS (57) /A) — NS(W)
has rank 2. Parts (3) and (4) allow us to determine it explicitly.

To that end, let f; and f> be the classes in NS (g’) of the curves P x % and € x Q,
respectively. Also, let e; and e, denote the classes in NS(g)) of the exceptional
divisors over Py x Q', and P| x Q, respectively. Set F; =, f; and E; = m.e;
fori =1, 2. Then E|, E;, Fy, and F, form a basis for the “trivial part” Z[1/2d]4
of NS(¥/A)[1/2d].

By part (3), ¥ F1 = Y. F> = ¢4 f1 = ¢ f> = the class of a bisection of W — P!
with inverse points in each fiber. This class is easily seen to be 20 4 d F'. Similarly,
part (4) tells us that Y. E; = ¢.e; = O + (d/2)F (here we use that we have
inverted 2), and ¥, Ey = ¢.ep = O. The kernel of

NS(F/A)[1/2d] — NS(W)[1/2d]

is thus spanned by F; — F> and F| — 2E. Moreover, we have that ¢, induces an
isomorphism
NS(E?’/A)[I/%I] ~ NS(WH[1/2d]

NS (P)[1/2d])> = >
NSt/ (F1, Fp, Eq1, Ep) (O, F)

It follows that
(NS'(D)[1/2d)™ = E(F,(u))[1/2d]

and that this isomorphism is compatible with the height and intersection pairings
and the G actions.
This completes the proof of part (1) of the theorem.

4.5. Proof of Theorem 4.2(2). Two fundamental results of Grothendieck [1968b]
(see also [Ulmer 2014a, §5.3]) say that the Tate-Shafarevich group of E /T, (u)
and the Brauer group of € are canonically isomorphic and that the Brauer group
of a surface is a birational invariant. Applying this to the diagram just before
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Proposition 4.3.1 shows that III(E/F, (1)) = Br(5~f’/A). Since the order of A is
prime to p, we have

Br(F/A)[p®] = Br(P)[p™1* = Br(F)[p™1.

This yields the isomorphism stated in part (2) of the theorem, and this isomorphism
is compatible with the G actions because the maps in the diagram above are G-
equivariant.

4.6. A higher-genus generalization. The results in this section generalize readily
to a higher-genus example. Specifically, fix an integer » > 1 prime to p, and let X
be the smooth, proper curve over [, (¢) defined by

Y o=x"""x+Dx+1).

The genus of X is r — 1. We consider X and its Jacobian J = Jx over extensions
F, (u) where ul =1t,d is prime to p, and [F, is a finite extension of [, (uq, iy).
When d = p/ + 1 and r divides d, there are explicit divisors on X yielding a
subgroup of J ([, (u)) of rank (r — 1)(d — 2) and finite index. This situation is
studied in detail in [Berger et al. > 2015].

Let ¥ — IP’}{ be the minimal regular model of X over the projective line whose
function field is F, (u). Let € =% be the smooth, proper curve over [, with equation

A =x"—1.

Then € and & carry actions of i, X g, and we let A =, X jug acton ¥ =6 xp, 9
“antidiagonally”. Arguments parallel to those in the proof of Proposition 4.3.1
show that & is birationally isomorphic to ¥/A. Using this, the arguments proving
Theorem 4.2 generalize readily to give isomorphisms

J(Fy)[1/rd]l = NS (P)[1/rd]*
and

II(J/Fy ) [p™°] = Br($)[p™1*.

5. Arithmetic of a product of curves

In this section, k is a finite field of characteristic p, and € and % are smooth,
projective curves over k. Our goal is to give a crystalline description of NS'(€ x %)
and Br(6 x @). The former is due to Tate, and the latter was done under somewhat
restrictive hypotheses by Dummigan [1999, p. 114] (by a method he says was
inspired by a letter of the author). We use a variant of the method to give the result
in general.

5.1. Flat and crystalline cohomology. For the rest of this section, we write W for
the Witt-vectors W (k) and o for the Witt-vector Frobenius (lifting the p-power
Frobenius of k).
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Given a smooth projective variety & over k, we consider the crystalline coho-
mology groups of ¥ and use the simplified notation

H' (%) := Hipy (/W)

for typographical convenience. These groups are W-modules with a o -semilinear
action of the absolute Frobenius, denoted /. When & is a curve, we also define
a o ~!-semilinear action of Verschiebung, denoted V, on H'(¥%) by requiring that
FV =VF = p. We write A for the noncommutative ring W{F, V} generated
over W by F and V with relations Fa=o0(a)F,aV =Vo(a),and FV =V F = p.

We will also consider cohomology of sheaves in the flat topology, say the fppf
(faithfully flat, finitely presented) topology to fix ideas. Recall that H (¥, G,,) =
Pic(%) and that we define the Brauer group of ¥ by

Br(%) := H*(%, G,,).

If & is smooth and dim & < 2, it is known [Grothendieck 1968a] that this definition
agrees with that via Azumaya algebras.

A well-known theorem of Weil asserts that € and % have k-rational divisors
of degree 1. If P and Q are such, then the classes in NS(%€ x; @) of P x &% and
% x Q are independent of the choices of P and Q. We define NS'(€ x; &) as the
orthogonal complement in NS(€ x; @) of these classes.

The goal of this section is to establish the following crystalline calculations of
the Néron—Severi and Brauer groups of a product of curves.

Theorem 5.2. (1) There is a functorial isomorphism
NS (€ x; D) ®Z, => (H' (€) @w H'(@))F=F.
(2) There is a functorial exact sequence

0— (H'(®)@w H (@) =r)/p" — (H'(©)/p" ®w H (D)/p")F=V=F
— Br(€¢ x; 9) pn — 0.

Here the exponents mean the subgroups where F and V act as indicated, and
“functorial” means that the displayed maps are equivariant for the action of Aut(‘€) x
Aut(D).

Proof. We write & for € x; 9. Part (1) is essentially the crystalline Tate conjecture.
More precisely, by a theorem of Tate [Waterhouse and Milne 1971], we have an
isomorphism

NS@®) ®Z, = H* (%) =",

Decomposing NS(&X) as 7> ®NS' (%) and H*(%) via the Kiinneth formula leads to
the statement in part (1).
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For part (2), we may assume that ‘6 and % have rational points. Indeed, the
theorem of Weil alluded to above shows that there is an extension k’/k of degree
prime to p such that € and @ have k’-rational points. Using the Hochschild—Serre
spectral sequences in crystalline and flat cohomologies and the fact that taking
invariants under Gal(k’/k) is an exact functor on groups of p-power order shows
that the theorem over k" implies the theorem over k. We thus assume that 6 and %
have k-rational points.

Now consider the Kummer sequence

0= pup — G, —>G,—0
for the flat topology on ¥. Taking flat cohomology yields
0 — Pic(¥)/p" — H*(%, i pn) — Br(%) ,m — 0.

Let T =Pic(6)/p" ®Pic(D)/p". The natural map T — Pic(¥)/p” is an injection
with cokernel NS'(¥X)/p". Thus, we have a commutative diagram with exact rows
and columns:

0 —— Pic(¥)/p" — H*(X, ptpn) — Br(®) ,m —— 0

0 —— NS'(®)/p" —— H*(*, up)/T — Br(®) ;n —— 0

0 0
Using part (1), we have
NS'@)/p" = (H'(€) @waw H' (@) =)/ p",
so to complete the proof, we must show that
H* @&, np)/T = (H'(@)/p" @ H' (@)/p") ="

Let 7 : € x 9 — 9 be the projection on the second factor. We will compute
H*(%X, pn) via the Leray spectral sequence for 7. By a theorem of Artin proven
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in [Grothendieck 1968b],

Gm ifi =0,
R'm.G,, = Picy g = Picg ) xx@ ifi =1,
0 ifi > 1.
It follows that
Wpr ifi =0,

Ii%yg/gz[Pn] = Jg[p"] ifi=1,
@:%/@/p”:Z/p"Z ifi =2,
0 ifi > 2.

RiJT*/Lpn =

(Here we abuse notation slightly —the k-group schemes on the right represent
sheaves on k and so by restriction sheaves on %.) Because € has a rational point,
7 has a section, so the Leray spectral sequence degenerates at £, and we have that
H*(%, W pn) is an extension of

HY@,2/p"7), H'@, J[p"]), and  H*(@, pp).
The Kummer sequence on % shows that
H*(@, ppn) = Pic(@)/p,

which is an extension of Z/p"Z by Jg (k) /p". Obviously, H*(%, 7/ p"Z) =7 p"Z.
To finish the proof, we must compute H Y@, Jgl p"]) in crystalline terms. First
we make our notation a bit more precise. Let N be the sheaf on the flat site
of Spec k represented by the finite flat group scheme J¢[p"] = Pic k[ p"]. Let o
be the structure map % — Spec k (which has a section because % has a rational
point). Then H' (D, J¢[p™]) means H (D, 6*N). Clearly, o0,0*N = N. By [Milne
1980, Proposition I11.4.16] applied to o, if N’ is the Cartier dual of N, we have

R'c.0*N = Hom, (N’, Picg ;) = Hom, (N, Picg, ).

Here Hom, means the sheaf of homomorphisms of sheaves on the flat site of k, and
we have used that Pice/«[p"] is self-dual.

Now we consider the Leray spectral sequence for o, which degenerates because
o has a section. The sequence of low-degree terms is

0— H'(k,N) > H'(®,0*N) — H(k, Hom, (N, Pic, ,)) — 0.
Using
O—)N—)ﬁ@p—>.]<g—>0,

the equality of flat and étale cohomology for smooth group schemes, and Lang’s
theorem (namely that H Lk, J¢) = 0), we find that H'(k, N) = Je¢ (k) /p".
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Noting that the argument above applies with the roles of € and 9% reversed, we
see that Pic(‘€)/p" and Pic(@)/p™ are direct factors of H 2%, 1 p) and find that

H*(%, ppn)/ T = H°(k, Hom, (N, Picy, ;) = Homy (J[p"1. Ja[p"]).

We now turn to a crystalline description of the right-hand group. Letting D(%€)
and D(%) be the (contravariant) Dieudonné modules of the p-divisible groups
of J¢ and Jg, respectively, the main theorem of Dieudonné theory (equivalence of
categories) gives

Hom(J¢[p"], Jo[p"]) = Homs (D(@)/p", D(€)/p").

Here Hom, means homomorphisms commuting with the action of A = W{F, V},
1.e., with the actions of F and V.

To finish, we use the result of Mazur and Messing [1974] that D(€) = H L(®)
and D(%) = H' (%), and the duality D(@)* = D(@)(—1) (Tate twist), so that

Hom, (D(@)/p", D(€)/p") = (H'(€)/p" @ H' @)/ p")=V=". O

Remark 5.2.1. By [Illusie 1979, Theorem 5.14], for a smooth projective surface &
over an algebraically closed field k, we have

H*%,Z,(1)) = H*(%/ W (k)" =P.

The proof of Theorem 5.2(2) can be adapted to show that (when & is a product
of curves), this continues to hold at finite level: H*(%, u ) =H 2(%) W, (k) F=r.
Conversely, a proof of this statement would yield a simple proof of part (2) of the
theorem (over an algebraically closed field).

On the other hand, the proof above shows that H>(%, 1t pn) may be strictly bigger
than H 2(96/ W, (k))F=P over a finite ground field. The point is that when k is
algebraically closed, Pic(6)/p" is Z/p"Z (because Pic’(%) is divisible), but it may
be bigger when £ is finite.

6. Cohomology of €

In this section, we collect results on the crystalline cohomology of the curve €
needed in the sequel. Some of them may already be available in the literature on
Fermat curves, but for the convenience of the reader, we sketch arguments from
first principles.

6.1. Lifting. From here until Section 6.5, € will denote the smooth projective
model of the affine curve over [, defined by 4 =x>—1.(E.g.,if d is even, € is
the result of gluing Spec Fp[x, z]/(z¢ —x*> + 1) and Spec F,[x", 2/]/(Z'? — x> + 1)
via (x', 2/) = (x/z%?,1/z). The case d odd is similar.) The projective curve has a
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natural lifting to W([F,) = Z,, defined by the same equations. We write €/Z, for
this lift. It is smooth and projective over Z, with special fiber 6.

6.2. Actions. There is a canonical isomorphism Hclrys(% /Z,) = Hjy(€/Z,), where
the left-hand side is the crystalline cohomology of € and the right-hand side is the
algebraic de Rham cohomology of €/Z,. We will use this isomorphism to make
the crystalline cohomology explicit, endow it with a Hodge filtration, and describe
the actions of Frobenius, Verschiebung, 14, and p, on it.

Let g be a power of p congruent to 1 modulo d so that I, contains [, (w4). Then
€/ W(ky) =€/Zp xz, W(F,) admits an action of the d-th roots of unity (acting
on the coordinate z) and u, = %1 (acting on the coordinate x).

Recall that the absolute Frobenius of ‘€ defines a Z,-linear homomorphism

F: H) (%/Zp) - Hclrys(cg/zp)’

crys

which induces a semilinear homomorphism

F:H (¢/W () = H\(6/Z,) @z, W(Fy) = Hyy (6/W(Fy))

crys
(semilinear with respect to the Witt-vector Frobenius o). We also have a o l-
semilinear endomorphism

Vi HL (@) W) — HL (/W)
which is characterized by the formulas FV =V F = p.

Letting Fr,, € Gal(F,/F,) act on €/F,; = € xg, [, via the second factor, we
get a semilinear endomorphism of H'(%/W) that fixes H'(%¢/Z p). Combining
the actions of gy and Fr, gives a Z,-linear action of G = uy x Gal(F,/F,)
on Hly (6/W).

6.3. A basis. By [Grothendieck 1961, Oy, Corollaire 12.4.7], we may define el-
ements of Hle(‘{é /Zp) by giving hypercocycles for an affine cover. We do so as
follows. Fori =1, ..., |[(d—1)/2], let e; be the class defined by the regular 1-form

77 ldz

2x

Let U, be the affine curve defined by z¢ = x> — 1 considered as a Zariski open
subset of 6/Z,. Let U, be the complement of the closed set where z =01in €/Z,,.
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Thus, Uy and U, define an open cover of ‘€/Z,. Fori =1, ..., [(d—1)/2], the data
- X
fir = € @%/zp(Ul NUy),

; dx

ixdz 20 dx
Zi+1 d Z

satisfies d ffz = a)’l — a)’2 and so defines a class in Hle(CG /Zp) that we denote e;_;.

Proposition 6.4. The classes e; (0 <i <d,i #d/2) forma Z,-basis of HJR (6/2,)
and have the following properties:
(1) The cup product Hle((@/Zp) X H(}R (6/Z,) — Z, satisfies (and is determined
by) the fact that for 0 <i <d and 0 < j <d,
1 ifi<d/2and j=d—1i,
eiUej=1-1 ifi>d/2and j=d—1,
0 otherwise.
(2) The classes e; with 1 <i < |(d —1)/2] form a Z,-basis of the submodule
H(6/Z,, Q}W ) of Hjx(6/Z,), and the classes e; with | (d +1)/2] <i <
d — 1 project to a basis of the quotient module H'(€/Z p»0¢/z,)-

(3) The action of g on Hg, (€/W([F,)) = dR(CG/Zp) ®z, W(ly) is given by

crys
[Clei = ¢ e
(6/W(Fy,)) as multiplication by —1.

(4) For0 <i <d, we have F(e;) = cjep;, where ¢; € Z,, satisfies

0 ifi>d/2,
1 ifi<d/2.
(In ep;, we read the subscript modulo d.)

(5) If o € Oy,p, d/ ged(d, 0) > 2, and p is balanced modulo d/ gcd(d, o) (in
the sense of Section 2.2), then [ [, = 4 pl°V2, Equivalently, for all i € o,
Flole; = + plol/2g,.

Proof. Once we know that the ¢; form a basis, the formula in (1) determines the cup
product. To check the formula, one computes in the standard way: the cup product
e; Uey_; is given by the sum over points in U; of the residue of the meromorphic
differential z' =/ dz/(2z), and this sum is 1 or O depending on whether j =i.

The formula in (1) implies that the classes e¢; with 0 <i <d and i # d/2 are
linearly independent in H(}R (6/FF ) and so they form an [ -basis since the genus
of 6 is (d — ged(d, 2))/2. 1t follows that the e; form a Z,-basis of Hle(C(%/Zp).

Also, —1 € o acts on H crys

ord(¢;) = {

l€0
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It is clear from the definition that the e¢; with 0 < i < d/2 are in the submodule
HO(¢/7 P> QJ@ /Zp), and so they form a basis by a dimension count. Part (1) and Serre
duality imply that the e; with d/2 < i < d project to a basis of H' (€/Z,,0¢z,)-
This proves part (2).

Part (3) follows immediately from the definition of the e;.

It follows from part (3) that F'(e;) = c;e,; for some ¢; € Z,. Indeed, Frobenius
must send the subspace of H'(€¢/ W (k)) where [¢] acts by ¢’ to the subspace where
it acts by ¢7'. By (3), these subspaces are spanned by ¢; and e pi» respectively, so
F(e;) = cjep;, and ¢; must lie in Z, since F acts on Hclrys(‘@ /Zp). The assertion on
the valuation of ¢; follows from [Mazur 1972, Lemma, p. 665; 1973, top of p. 65].
This proves part (4).

For part (5), a standard calculation [Ireland and Rosen 1990, Chapter 11] gives
the eigenvalues of F!°! in terms of Jacobi sums. Using the notation of [Conceicio
etal. 2014], Fl°le; = A(—1)J (A, x')e;, where A is a character of k = F o1 of order 2
and y is a character of order d. By [Conceic¢ao et al. 2014, Proposition 4.1], the
Jacobi sum is £pl9l/2, O

Remark 6.4.1. Part (4) of the proposition is the reason for the minus signs in the
definition of the word attached to an orbit in Section 2.3. Indeed, if i < d/2, so
that e; is in H° (¢ /Zp, QJ@ /Zp), then F'(e;) is divisible by p (i.e., its “valuation” has
gone up) whereas, if i > d/2, then F(e;) is not divisible by p (i.e., its “valuation’
is still low).

’

6.5. Generalization to r > 2. Most of the above extends to the curve €6, defined
by z¢ = x" — 1 for any r that is > 1 and relatively prime to p. We give the main
statements; their proofs are entirely parallel to those in the case r = 2.

The curve €, has an obvious lift to Z, that we denote €, /Z,. This yields an
identification Hyy (%,/Z ) = Hyp(6,/Z,).

Fori e Z/dZ, we write (i /d) for the fractional part of i /d (for any representative
of the class of i). We similarly define (j/r) for j € Z/rZ. Let A be the subset
of Z/dZ x Z/rZ consisting of (i, j) where i #0, j #0, and (i/d) + (j/r) > 1.
Let B be the subset where i %0, j #0, and (i/d)+ (j/r) <1. Let S= AU B.

There is a Z ,-basis of Hle(%r/Zp) consisting of classes e; ; with (i, j) € S with
the following properties:

(1 e jUep j==x8;id;,
where the sign is + if (i, j) € A and — if (i, j) € B.

(2) The e; j with (i, j) € A form a basis of HO(%,/ZP, Q%,/Z,,)’ and the ¢; ; with
(i, j) € B project to a basis of H1(<€,/Zp, O, /z,)-
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(3) If g is such that F, contains [,(ua, /), then the action of ug x wu, on
H'(6,/W(F,)) is given by

[Sa» &rleij = Céﬁrjei,]’.
(4) F(ei ) =ci jepipj, Where ¢; ; € Z,, satisfies

0 if(i,j)eB,

ord, (ci,j) = {1 i3, j)eA

There is also a notion of balanced that we now explain. Let H =(Z/lem(d, r)Z)*,
and let H act on S by multiplication in both coordinates. Let (p) be the cyclic
subgroup of H generated by p. If (i, j) € S, we say the ray through (i, j) is balanced
if, for all € H, the orbit (p)¢(i, j) is evenly divided between A and B, i.e.,

Kp)e(, j) Al = [{p)t(i, j) N B.
The final property of €, we mention is:

(5) For (i, j) € S, let o = (p)(i, j) and set

o= TT e

(i, j))eo

Then J, is a root of unity times p!°!/? if and only if the ray through (i, j) is
balanced.

To prove this, we note that the displayed product is an eigenvalue of F°!
on Hclrys(cér /Zp). This eigenvalue may be identified with a Jacobi sum, and
arguments parallel to those in [Concei¢do et al. 2014, Proposition 4.1] using
Stickelberger’s theorem show that the Jacobi sum is a root of unity times p!°!
if and only if the ray through (i, j) is balanced. In [Conceigao et al. 2014], these
roots of unity were always 1. If r divides d and d divides p/ + 1, then again
these root of unity are £1. In the more general context, all we can say is that they
are roots of unity of order at most gcd(lem(r, d), p — 1).

To close this section, we note that the apparatus of orbits, words, and the associ-
ated invariants (as in Section 2) applies as well to the cohomology of €, as soon as

we replace “i > d/2” and “1 <d/2” with “(i, j) € A” and “(i, j) € B”, respectively.

7. p-adic exercises

Fix as usual an odd prime number p, a positive integer d relatively prime to p, and
an extension [, of [, (uy), and consider E over [, (u) where u =1.

Using Theorems 4.2 and 5.2 reduces the problem of computing E (I, (u))
and III(E/F,(u)) to exercises in semilinear algebra with raw data supplied by
Proposition 6.4.
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In this section, we carry out these p-adic exercises.

7.1. Setup. We write W for the Witt vectors W (F,), W, for W,(F,), H (@) for

Hclrys(%/W), and H'(%) for Hclrys(@/ W), where € = @ is the curve over [,

studied in Section 6. The product € XF, 9 carries an action of A = puy X g acting

“antidiagonally” as well as an action of G = g X Gal(F, /F ) acting on the factor 6.
Our goal is to compute

H:=(H' (%) @w H'(@))*F=V=r
and
H,:=(H'(¢/W,) @w H' (@/W,)>F=V=r.

For an orbit 0 € Oy, ,, we write H° and H,) for the o parts of the corresponding
groups, i.e., for the images of the projector 7, on H or H,,.
Since H'(%4) and H'(%) free W-modules and the order of A is prime to p,

(H'(6/W,) ®@w H' (@) W,)* = (H'(6) @w H' (D))/p™~,
= ((H'(®)®w H'@)*)/p",

so the first step in both cases is to compute M = (H'(6) @w H' (D))~.

7.2. A basis for M. By Proposition 6.4(3), uy acts as —1 on H'(%) and ug acts
on ¢; by x'. Thus, u; acts trivially on H'(%) ®w H' (%) and 14 acts on ¢; ® e;
by x'~/. Therefore, we have

M= @ Wie Qe;).

ieZ/d7\{0,d/2)

We decompose M =P, M°, where

M =W e).
€0

For the rest of this section, we fix an orbit 0 and we assume that gcd(o, d) <d /2
and p is balanced modulo d / gcd(o, d). By Theorem 3.1.1, this is the situation in
which E(F; (1) ® Z,,)° # 0, and it turns out to be the situation in which we can say
something nontrivial about III(E /F, (u))°.

As a first step, we make a change of basis that is perhaps unnatural but has the
virtue of simplifying the notation considerably. Namely, let i € o be the standard
base point (see Definition 2.3.1), and let

P ifw; =1,
P Nepi/p ifwy=u,
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where the p-adic integers c;,; are defined in Proposition 6.4(4). That proposition
implies that the d;,,; are units. Set f; =¢; ®e;, and for j =1, ..., o] — 1, set

J
2
fipi = (Hdpie>eipj ®ejpi.
=1

Then {f; | j € o} forms a W-basis of M?, and it follows from Proposition 6.4
parts (4) and (5) that for all j € o we have

Py ifj<d)2,
foi ifj>d)2.

(Here as usual, we read the subscripts modulo d.)
Similarly, we have

F(fj):{

L ifpTlj<d)2,
V()= {f’; g W a<d/
pfpy ipTj=>d/2,
where “p~!j < d/2” means that the least positive residue of p~'j is < d /2.
We have a remaining action of G = g x Gal(F,/F,) on M via its action on
the first factor in H'(%) ®w H'(®). Under this action, ¢ € ug acts W-linearly

as [¢]f; = gffj and Fr, € Gal(F,/[F,) acts semilinearly as Fr,(af;) = o (a) f;.

7.3. Modulo p case with d = pf +1landFy =F,(na). As avery easy first case,
we assume d = p/ + 1 and F, = F,(ra), and we compute Hy, which is just the
subspace of M/p killed by F and by V. We saw just above that F( f;) is zero if
and only if i < d/2, i.e., if and only if the first letter in the word associated to i
is u. Similarly, V (f;) = 0 if and only if the last letter of the word of i is /. This
yields the first part of the following statement:

Proposition 7.3.1. Ifd = p/ + 1 and Fy =F,(a), then
Hi = (H'(¢/F,) ®w H (3/F )~ F=V=°

is spanned over [, by the classes f; where the word of i has the form u ---1. If
the first half of the word of o has the form u®'[®* - - - u® with each e; > 0, then the
[,-dimension of H{ is k. We have

. -1 =41
amn=(25)(51)

The dimension counts in the proposition will be proven at the end of Section 8.1
after we have proven Lemma 8.1.1.
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7.4. The basic equations. We now make first reductions toward computing H°
and H; in general. Focus on one orbit o € O with its standard base point i and
associated word w = wy - - - wyy|.

Consider a typical element c € M (or in M})):

lo|—1

c= Z & fipis
j=0

where o; € W (or in W) and where we read the index j modulo |o].
Then the class c satisfies (F — p)(c) = 0 if and only if
o(aj) ifw; =1,

o] =
P+ {pza(aj) ifw;=u

for j =0,..., o] — 1. Similarly, the class c satisfies (V — p)(c) = 0 if and only if

{pza*(a,»m if wj =1,
paj=1__, .

o (ajt1) ifw;=u
for j =0,..., o] — 1.

Note that when w; = [, the equation coming from V — p = 0 follows from
that coming from F — p =0, and when w; = u, then the equation coming from
F — p =0 follows from that coming from V — p = 0. Thus, c satisfies (F — p)(c) =
(V — p)(c) =0 if and only if

:Otj=0'_1p0lj+1 ifwj=l, (74.1)

opaj =0aj4] ifwjzu

for j =0,..., o] — 1.

Note that ;1 determines «; when w; =/, and o/ determines o1 when w; =u.
Thus, we may eliminate many of the variables o ;. More precisely, write the word
w in exponential form: w = u®'[®? - .. [°%*_ Setting By = ¢ and

IBJ = Wejter+-+eaj

for 1 < j <k (so that B = By), the class c is entirely determined by the B’s. Indeed,
for Y lei <t <Y 7T e;, we have
.y
oy = (O'p)[_ziil e[,Bj,
and for 212:1“1 e <l < 2252 e;, we have

i

—1 242 g
ap = (o p)Xi= @ Bj+1.
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The conditions on the «’s translated to the 8’s become
(@p)'Bo= (0~ p)?Bi,

(op)®B1 = (o' p)“Ba,
(7.4.2)

(0p)* Bro1 = (0" p)% By

We refer to these as the basic equations.

The upshot is that the coordinates 8 define an embedding H? < W* (respectively,
H? < W¥) with ¢ + (Bj);=1,..x whose image is characterized by the basic
equations.

In the rest of this section, we will make this image more explicit in the “adic
case” H° — W* and the “modulo p" case” H? — Wk.

.....

7.5. adic case. In this case, the B; lie in W, which is torsion free, so the basic
equations allow us to eliminate all 8; with 0 < j < k in favor of By. Indeed, the
basic equations imply that

B = U€1+ezp€1,2130,

Br =0T paTE gy = gt e gy,
(7.5.1)

B = o-el+"'+€2kpel,2kﬁo — a\0|p61,2kﬁ0 — U‘olﬁo,

where, as usual, ¢;; denotes the alternating sum
€jj =€ —€i4] + - :I:ej

Note that B = By, so the last equation is satisfied if and only if By € W ([ ,pl).
Note also that since i is a good base point, the e;; are > 0 for 1 < j < 2k, so the
exponents of p on the far right-hand sides of the equations above are nonnegative.
Therefore, for any choice of By € W (F 1), the equations give well-defined elements
Bj € W(F o) C W solving the basic equations.

The upshot is that the map sending ¢ — By = «¢ gives an isomorphism H’ =
W(F 1) =T'. The inverse of this map is

lo]—1
a > Y ol pUiag fiy,
j=0
where a; is the function defined in Section 2.3. It is easy to see that this map is
equivariant for the action of G = gy x Gal(F, /[ ), where G acts on W (F 1) =T,
as in Proposition 2.8.1.
In summary:



2502 Douglas Ulmer

Proposition 7.5.1. Suppose that o € Oy, ), is an orbit with gcd(d, 0) <d /2 and p is
balanced modulo p. Then the map above induces an isomorphism of Z ,| G1-modules

H°Z=T,.

7.6. Modulo p" case. To compute H?, we should solve the basic equations (7.4.2)
with the B; € W,,. We will do this for all sufficiently large n (to be made precise just
below). We write ,8(”) for the Witt-vector components of 8;, and by convention,
weset,B() 01fv§0

Recall that the height of an orbit with word u€'[°2 - - - [°%* ig

ht(o) = max{ej, e13, ..., e1,2—1}-

In other words, ht(o) is the maximum value of the sequence a; associated to o in
Section 2.6. For the rest of this section, we assume that n > ht(o).

Taking the v-th Witt component in the basic equations (7.4.2) yields the following
system of equations in [,:

2e|IB(U e _ (U e2)

0_263’3?) e3) IB(V e4)
(7.6.1)

o 262k~ 1IB(V exn-1) _IBIEU_eZk)'

Now suppose that v < n —ht(o) so that v+ e; <n, v+ ej3 <n, etc. Considering
the v + e; component of the first equation in (7.6.1), the v + e;3 component of the
second equation, etc., leads to the chain of equalities

IB(U) _ —2e1'3](u—€12) _ O,—Z(el+e3)13§v—el4)

—_ .= O_72(61+€3+"‘+32k—1)13(§v_e],2k) — 0*|0|ﬁ(§”).

It follows that for v < n — ht(0), ﬂév) lies i 1n [Fp\o\.

Conversely, given Witt components ;30 € [l for v < n —ht(0), there exists
a solution (B, ..., Br_1) € Wn of the basic equations with the given components.
Indeed, we may complete By to an element of W, use the equations (7.5.1) to define
the other B;, and then reduce modulo p".

Thus, the map (Bo, ..., Br—1) — Bo (mod p”_ht(”)) defines a surjective homo-
morphism

H;,) - Wn—ht(())([Fp\O\) (762)

whose kernel is easily seen to be p"‘ht(") Hp?. Note that if np > n > ht(o), we have

an isomorphism
pn1 ht(o)H() ; ny— ht(o)Ho

ny’
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which sends (8;) to p">7"1(8;). In this sense, the kernel of the surjection (7.6.2) is
independent of n (as long as n > ht(0)). Thus, to compute it, we may assume that

n = ht(o) and compute H}ft(oy

Next we note that if (8;) € Hﬁ’t(o) and if £ is such that ht(o) = eq 2041 = €2¢+2.2k,
then

0= pht(o) ,Bk — p62z+2_zk ,Bk

— p325+2,2k—2ﬁk_1

e
=p T Besr.

Thus, after reordering, we may write the basic equations as a triangular system:

(UP)EZZH,BE-H — (U_1P)82H4,36+2,

(@)X By = (0~ p)* i,
(@p)' B = (' p)2pi,

(@)X et = (0 ) By,
(op)?+ By = 0.

Now introduce new variables y; indexed by j € Z/kZ and related to the 8; by

O.—el—ez—"'—eziﬂj if 1 = ] = E,
Vi—t = O.ez_,'+1+e2j+2+"'+€2k18j~ if£+1 =< ] = k.

In these variables, the basic equations become

p626+3 J/l — p325+4y2’

P ki1 = Py,

P Yi—e = P Viv1-e

P Y1 = pP s
p€2€+1 =0
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or, in matrix form,

4!
V2
B(ear+s, .- e, ers - er) | .| =0.
Yk
The upshot is that we have identified Hlft( o) with the kernel of B(ez¢43, ..., €20+1)
on W}’ft(o). By Remark 2.7.4, this is the same as the kernel of B(ey, ..., exy1), and

this kernel is described by the invariant factors d; analyzed in Section 2.7.

To finish the discussion, we will unwind the action of G = g x Gal(F, /F,)
under the isomorphisms above. The action of Fr, on a class ¢ € H; goes over to
the action of o on the coordinates «; and also on the coordinates 8; and y;. The
action of ¢ € uy on ¢ goes over to multiplication by ¢'7” on « ;j so to multiplication
by {ipemﬁm“zj on f; and finally to multiplication by ¢’ on the y;.

The following statement summarizes the results of this subsection:

Proposition 7.6.1. Suppose that o € Oy, is an orbit with ged(d, 0) < d/2 and
p is balanced modulo p. Suppose that the word of o is u®' - - - [°*, and recall the
invariants dy, . . ., dy attached to o in Section 2.6.

(1) Forall n > ht(0), we have an exact sequence of Z,[Gl-modules

k
0— @ Wa, (Fy) = H = Wy_n(o)(Fpo1) — 0.
j=1

Here G acts on the Witt vectors as described in Proposition 2.8.1(5).

(2) The cokernel of H° | p" — H) is isomorphic to

EBI;:1 de ([Fq)
Wa (Fpo)

The first part was proven earlier in this subsection. The second follows from
the fact that the composed map H°/p" — H;} — Wy_nio)(F 1) (see (7.6.2)) is
obviously surjective with kernel p" ") H°/p" H® and d; = ht(0).

Remark 7.6.2. The “dévissage” implicit in this subsection is captured by the middle
column of the following diagram with exact rows and columns:
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0 0
n—ht(o) H°
0 )4 pnfht(o) Hno Bre [pn] 0
pn He
H°
0 Or 1
0 o H¢ Br’[p"] — 0
H° ~ H°
= n
pn—hIo) Ho pn—ht(o) Hl’(l)
0 0

Here Br°[ p"] is the p"-torsion in Br(6 x F, 9%)2-¢ and the middle row is the o part of
the exact sequence in Theorem 5.2(2). The middle column is the o part of the exact
sequence of [Artin 1974] on page 553 just after (3.2) and [Milne 1975, p. 521, line 6];
ie., UZ(pOO) — UZ(pht(o)) — pnfht(o) Hr? and DZ(pnfht(o)) — Hr?/pnfht(o) Hno' Note
also that the top row above shows that S — Br(¥ x; §) is not represented by an
algebraic group, even as a functor on finite fields.

8. Proofs of the main results

In this section, we prove an easy lemma on counting words and then assemble the
results from Sections 4, 5, and 7 to prove the theorems stated in Sections 1 and 3.

8.1. Counting patterns. Let f be a positive integer, let d = p/ + 1, and let S =
Z/dZ\{0,d/2}. Let {p) C (Z/dZ)* be the cyclic subgroup generated by p. Given
i € S, we define a string w of length f in the alphabet {u, [}, called the pattern
associated to i, as w = wy - - - w s, where

{1 if —p/=lieA,

wj = . 1.

u if —p/~'i € B.

If the orbit o of (p) through i has full size (i.e., size 2 f), then the pattern of i is the
same thing as the first half of the word associated to i. If the orbit is smaller, then
the pattern is a repetition of the | f/|o|]| copies of the word followed by the first
half of the word. (Note that f/|o| always has denominator 2 because the second
half of the word is the complement of the first.) For example, if p = f =3 and
i =7, then o = {7, 21}, the associated word is ul, and the pattern is u/u. Patterns
turn out to be more convenient than words for counting.



2506 Douglas Ulmer

Let T be the set of tuples

T ={(i1,....if)|ij€{0,...,p—1}, notall i; = (p—1)/2}.

There is a bijection T — S that sends

f
(i1y.ensif) > <I+Zijpj_l).

j=1

If i corresponds to (iy, ..., ir), then pi corresponds to (p — 1 —ip, iy, ... ,ir_1).

The first letter of the pattern of i is u if and only if the first element of the
sequence if,if_1,... thatis not equal to (p —1)/2 is in fact < (p —1)/2. More
generally, if we have a word w = u®'[®? - - - u® where k is odd, each e; > 0, and
> ej = f, theni € S has pattern w if and only the following inequalities are
satisfied:

if<(p—1/2, if1=(p—1D/2,
s a2 =(P=1D/2, dijer1 <(p—1/2,

if—el = (p - 1)/2’ if—el—l = (P - 1)/23
LI if—el—€2+2 Z (p - 1)/27 if—el—ez—i-l > (p - 1)/25

iffelfmfek,] =< (p - 1)/27 if*@]*“'*@]\»,]fl =< (p - 1)/2’
cey if—el—"-—eH-Z <(p—1)/2, if—el—"'_ek+1 <(p—1)/2.

This leads to the following counts:

Lemma 8.1.1. (1) Suppose k > 0is odd and e, . .., e, are positive integers with
Y ej = f. Then the number of elements i € S with pattern w = u'1°> - - - u® is

e

(2) The number of i € S whose pattern starts lu - - - is

()

and the number of i € S whose pattern starts ll - - - is

),
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Proof. Part (1) follows immediately from the inequalities just before the lemma.
Part (2) is similar: the pattern of i starts [u - -- if and only if i y > (p —1)/2 and

i1 <(p—1/2,
or if1=(p-—1)/2 and ir o <(p—1)/2,
or iy 1=if=(p—1/2 and iy 3<(p—1)/2,

The number of such i is

p—1\(pP—1 ;, p—1 p—1\(/p/1+1
( 2 )( p Pt 2 2

Since the number of i whose pattern starts with [ is clearly (p/ — 1)/2, the result
for /] follows by subtracting. U

End of the proof of Proposition 7.3.1. We saw above that the [,-dimension of H}
is the number i € 0 whose word has the form « - - - [, i.e., begins with u and ends
with /. If the word associated to the standard base point in o is u®'/®? - - - [** with
ei+x = e;, then there are exactly k elements i € 0 whose word has the form u - - - [;
if i is the standard base point, they are

€1+62i €1+"'+€2k—2i
y e .

iv p ’ p
To compute the [,-dimension of Hj, we need only note that the number of i € §
whose word has the form u - - -/ is the same as the number of i whose pattern

starts [u - - - . Thus, part (2) of Lemma 8.1.1 finishes the proof. U

8.2. Proof of Theorems 3.1.1 and 3.2.1. We now give the proofs of our results on
the o-part of the Mordell-Weil group E (K ;). We proved in [Conceigdo et al. 2014]
that (E(K4) ® Z,,)° = 0 unless o is an orbit with ged(o, d) <d/2 and p is balanced
modulo d/ ged(d, 0), so we make those hypotheses for the rest of the subsection.
The first step is to note that Theorem 4.2(1) and Theorem 5.2(1) imply that

(E(Kq) ®Z,)° = (H'(6) @w H' (@)=

This last group is denoted H° in Section 7, where we proved an isomorphism
H°=T,.
In order to prove the theorems, we need to consider H? as a submodule of

M = (H' (%) ®@w H' (@))2.

This is a free W-module on which the cup product induces a perfect pairing. The
restriction of that pairing to H? corresponds to the height pairing on E(Ky), so
to compute the discriminant of the latter, it suffices to know the index of the
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W-submodule of M generated by H°. More precisely, the discriminant is p%¢,
where
a=Leny(M°/WH?°).

We saw above that f;, fpi, ..., fp|o|71i is a W-basis of M. Let n1, n2, ..., )|
be a Z,-basis of W. Then the classes
lo|—1
co=Y pUcl ) fipi. L=1,....10l,
Jj=0

form a Z,-basis of H°. Here j > a; is the function associated to o in Section 2.3.
In matrix form, we have

N o’ olm) - e\ (P 0 - 0 fi
| etm ot - oy [ 0 pm 0 Fi

Clo . . . 0_1 . . . :1 .

N o) o o) - ) N O 0 )\ fr;

Since W is unramified over Z,, the determinant of the first matrix on the right is a
unit. The determinant of the second matrix on the right is clearly p ™40l and
this is the length of the quotient of M° by the W-span of H°. This proves that

Disc(E(Kq) ®Z,)° = p*@rttao,

and this is the assertion of Theorem 3.1.1.
To prove Theorem 3.2.1, note that we have containments

Vd() C E(Kd)() ; H() C M()

and we can compute the lengths of M°/W H® and M°/W V] via discriminants.
We just saw that

o

LenW WHO =aj + . '+a|0|'

Let us simplify the sum using that we are in the complementary case so that k is
odd and ey ; = ej. We have

lo] 2k

1rei+1
Z%:Z(—l)m( ' )+€j€1,j—1
j=1 j=1
. ej+1 a ej+1
=Z(—1)1+1( 12 )+ej€]’j_]+Z(_1)k+J+l( 12 )+ejel,k+j—1
Jj=1 j=1

k
= Z ej(erj—1+erirj-1),
j=1
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where the second equality uses that e, ; = e; and the last equality uses that k is
odd. Noting that ey ;1 + e x4 ;-1 = ek = ht(0), we find that

lol

Zaj = %ht(o).
j=1

On the other hand, it follows from [Ulmer 2014b, Theorem 8.2] (when d = p/ +1)
and [Conceigdo et al. 2014, Proposition 7.1] (when d = 2( pl —1)) that

M° lo] f
Leny = —.
wvy 2
Thus, we have
. WH? ol
log,,[E(K4)" : V1= Lenw Wvo = 7(]‘ —ht(0)).

Since V7 =T, and I', has a unique G-invariant superlattice of index pl°le, namely
p—°T",, we must have
E(Ka)’ . (- ~ -
== (f=hton/2p sp 2, s pU—hton/ 2T
d
Note also that when gcd(o, d) = 1, we have f = Zl;zl e; and ht(o) = e — ey +
<o+ + e, so (f —ht(0))/2 = Z(.k_])/z erj. These are exactly the assertions of

j=1
Theorem 3.2.1, so this completes the proof.

8.3. Proof of Theorem 3.3.1. Let [, be an extension of [F,(u4), and consider E
over [, (u) with ud =1.

The first step in the proof is to note that Theorem 4.2(2) and Theorem 5.2(2) give
an isomorphism of Z,[G]-modules between III(E/F,(«))[p"]° and the cokernel
of the map

(H'(6) @y H' @) 1=0)/p" — (H'(€)/p" @w H'(@)/p")> "=V,
In the notation of Section 7, this is the cokernel of
H°/p" — Hy,
and in Proposition 7.6.1(2), we showed that for all n > ht(o) this cokernel is
D) Wa, (F)
Wa, (o)

where the d; are the invariants associated to o in Section 2.6. This is precisely part (1)
of the theorem. Part (2) follows immediately once we note that if ged(o,d) =1,
then [Fp\n\ = ﬂ:pzf = IJ:p(pLd).



2510 Douglas Ulmer

8.4. Exponents. We prove parts (1) and (2) of Theorem 1.1. Clearly part (2)
implies part (1).

By Theorem 3.2.1, the exponent of (E(K;)/ V) is p(f*h‘("))/z. This is maxi-
mized when ht(o) is minimized. If f is odd, there is an i € Z/dZ with pattern ()’
and the corresponding word has height 1. If f is even, the minimum value of ht(o)
is 2, which is achieved by an orbit with pattern (and word) D) uu )’ 1. By
Lemma 8.1.1, any such word actually does arise as the word of some i € S. Thus,
the exponent of E(Kz)/Vy is plt/=D/2],

By Theorem 3.3.1, the exponent of III(E/K;)° is p%-'. By Lemma 2.7.3,

dr—1 =max{e;; |2<i<j<k—1, iand j even}.

Clearly the alternating sum e; — ¢;+1 + - - - is maximized when it is a single term,
and dj_ is maximized by a word whose first half has the form ©¢'/°2u“. In order
for this to be the word associated to a good base point, we must have e; > e, and
ey < e3. Again, by Lemma 8.1.1, any such word actually does arise as the word of
some i € S. Thus, for a given f, the maximum value of dy_; = e; is | f/3] and the
exponent of III(E/K,) is pt//3]

8.5. Comparison of E/V and 111. Now we prove parts (3) and (4) of Theorem 1.1.

For part (3), note that when f = 1 or 2, up to rotation all words have the
form u/1/ and by Theorems 3.2.1 and 3.3.1 the groups under discussion are trivial
in these cases. If f = 3, up to rotation, every word is «>[> or (ul)’. In the latter
case, both ((E(K4)/Vy)°)? and III(E/K,)° are isomorphic to (I,/p)>. When
f =4, up to rotation, the possible words are u*l* and u?lul?ul. In the former case,
both ((E(Kz)/Vy)?)? and II1(E/K;)° are trivial, and in the latter, they are both
isomorphic to (T',/p)>.

For part (4), we note that by Proposition 2.8.1 I',/p is an absolutely irre-
ducible Z,[G]-module. Thus, all Jordan—-Holder factors of (E(K;)/Vy)? and
HI(E/K;)° are ',/ p, and to prove part (4), it suffices to count the multiplici-
ties. By Theorem 3.2.1, the multiplicity for (E(K;)/ V) is (f —ht(0))/2. By
Theorem 3.3.1, that for III(E/K;)° is dy + - - - + di—;. But from the definition,

(Here we use that we are in the complementary case, so k is odd and e, =e;.)
As noted just after Lemma 2.7.2, di = ht(o), so the total multiplicity of I',/p
in III(E/K;)° is f —ht(o). This completes the proof of part (4).

8.6. Polynomial interpolation of orders. Now we prove Theorem 1.1(5). Write
inv(0) for |o|(f — ht(0)) so that |III(E/K;)°| = p™©. Then |[III(E/Ky)| = p’,
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where

[ = Z inv(o).

0€0y,p

Recall that a word is “good” if it associated to a good base point of an orbit.
Let |Aut(w)| be the number of automorphisms of w, i.e., the number of rotations
leaving w invariant. Then since inv(o) only depends on the word associated to o,

- Z |{i | the orbit through i is w}] .

Aut(w)| nv(w).

good w

Now inv(w)/|Aut(w)]| is the same for a word w as for the concatenation of several
copies of w, so we may take the sum only over full-length words and consider i’s
whose pattern is w, where pattern is defined as in Section 8.1. Then
1= Z %Hilthepattemofiis w}.
full length, good w
To finish, we note that by Lemma 8.1.1, |{i | the pattern of i is w}]| is a polynomial
in p. This shows that there is a polynomial F'; depending only on f* with coefficients
in Z[1/2] such that I = F¢(p). It also shows that when [ is not zero, (i.e., when
there are words with nonzero invariant, i.e., when f > 3), the degree of Fy is f.
Here is an example. If f = 3, the good words are w3, ululul, and ul. We have
inv(u?1?) = 0, inv(ululul) = 12, and inv(ul) = 4. Using Lemma 8.1.1, we find that

o 2ip=1 -1
3 2 2

It looks like an interesting and perhaps difficult problem to give a closed expression
for Fy in general.

9. Complements

In the last section of the paper, we give four complementary results. Two of them
recover much of the main theorem (specifically, the p-torsion in III(E/K;) and
(E(K4)/ Vg)) using flat rather than crystalline cohomology. This gives a reassuring
check on the combinatorial aspects of the main results. The third gives an extension
of many of the results of the paper to characteristic p = 2. In the fourth, we briefly
touch upon a generalization to higher-genus curves.

9.1. p-torsion in U1(E [ K4) via flat cohomology. 1t is possible to compute the
p-Selmer group of E/K,; (and therefore the p-torsion in the Tate—Shafarevich
group) using flat cohomology and the methods of [Ulmer 1991]. This yields a
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second proof that ITT(E /K ) is trivial if and only if f <2, and it provides a check
on the crystalline calculation described in the main part of the paper.

We refer to [UImer 1991, §1] for the definition of the Selmer group denoted
Sel(K 4, pg). It sits in an exact sequence

0— E(Kq)/pE(Kq) — Sel(Kq, pp) — II(E/Ka)[p] — 0.
Proposition 9.1.1. With p, f,d = p/ + 1, and E as in the rest of the paper,
(1) Sel(Ky, pE) is an [ ,-vector space of dimension (p — 1)(pfLl +1)f/2, and
(2) HI(E/Ky) =0 ifand only if f <?2.

The proof of the proposition will occupy the rest of this section. Note that part (2)
follows easily from part (1) since we know that E(K;)/pE(K,) is an [ ,-vector
space of dimension p/ — 1.

Let A= A(E, dx/2y) be the Hasse invariant of E. By a simple calculation (see,
e.g., [Husemoller 2004, §13, Proposition 3.5]), this is

(p=1)/2

A Z <(p_i1)/2>2ti'

i=0

Let @ be a (p — 1)-th root of A in K, and let Fy,, be the field K4(a). Then Fy ), is
a Galois extension of Ky with group F. We let Iy, — P! be the corresponding
cover of smooth projective curves over I, =[F,(ug). (Here I is for “Igusa”.) Then
the argument leading to [Ulmer 1991, Theorem 7.12b] yields an isomorphism

~ 71 =
Sel(Ky, pe) = H(Ia p, 2, )V,

where 6 = 0 indicates the kernel of the Cartier operator (i.e., the subspace of exact
differentials) and w_l denotes the subspace where Gal(Fy, ,/Kq) = [F[X7 acts via the
character ¥ ~! where ¥ : [F;j — k> is the natural inclusion.

(Some of the results of [Ulmer 1991] used just above are stated for p > 3, but this
is assumed only to guarantee that at places of potentially multiplicative reduction,
E obtains multiplicative reduction over an extension of degree prime to p. This is
true for the Legendre curve even when p = 3.)

Using the covering I, , — P} (which is ramified exactly where o has zeroes),
we find that

f(u)du

ap—2

0 1 -
H (Id,p’QIdvp)w - { deg(f) SN}’
where f is a polynomial of degree at most N = (p—2)(p/ +1)/2—2 whend = p/ +1.
(For d = 1, there is also ramification at infinity and we have N = (p —5)/2.) The
crux of the proof is to compute the subspace killed by the Cartier operator.



Explicit points on the Legendre curve Il 2513

To that end, we first make some calculations at level d =1, i.e., on the curve I .
Write

= fy +tfl +- 1P fr ),

where the f; € F1 , =F,(t, a). Since (1/a) = (A/a?), the f; are all polynomials

in ¢ times 1/a?~2. Note that 6(t' dt/a?~2) = f,_1_;dt fori =0,..., p—1.
The key step in the proof of the proposition is the following calculation of

dimensions of certain spaces spanned by the f;. In it, we use angle brackets to

denote the [,-span of the terms within.

Lemma 9.1.2. (1) dim[pq (fp_l, fp_z, ey f(p+3)/2) = (p — 3)/2.

(2) We have equalities and containments

(fp=1s s fpr3y2) = (fp—2, - s fprny2) = - = {fip-1j2> - - -+ J2)
S (fp-vs2: - 1) ={fp-3)2: -+ Jo)
and
(fip=3172> -+ Jo) = (f(p=5)72> - -+ Jos tfp—1) == - = (Jo, tfp—1, - - s LS (p43)2)-

Proof. Recall that K = Ky = [F,(¢). First, we note that E(K)/pE(K) = 0 by
[Ulmer 2014b, Propositions 5.2 and 6.1], and using the BSD formula as in [Ulmer
2014b, §10] shows that ITI(E/K) = 0. Thus, Sel(K, pg) =0.
On the other hand, as we noted above, Sel(K, pg) is isomorphic to the kernel of
the Cartier operator on
f(@)dt
Fore

-2

deg(f) < (p—5)/2}-

Since this kernel is trivial, we find that f},_1, ..., f(,43),2 are linearly independent,
and this is the first claim of the lemma.

Now set gg = —A' = —dA/dt and g; = iA —tA’, and compute that A'dt =
—aP 2 da so that do = godt/a? 2 and d(t'a) = 1" "' g; dt JaP~2 for i > 0. These
exact differentials provide relations among the f;. More precisely, note that go has
degree (p — 3)/2 and nonzero constant term, so 6(godt/a? 2)=0 implies that a
linear combination of f}, 1, ..., f(p+1)/2 18 zero, and f, 1 and f(,11)/2 appear in
this relation with nonzero coefficients. This implies that

(Fp=1s s Jpty2) = (Fp=2, - -s fp+1)/2)>

which is the first equality displayed in part (2) of the lemma.
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To obtain the rest of the equalities in that display, we set kg = go and

—1)/20\2.
h,-=<(p i)/>t Loi i

_ Z<(p_£1)/2>2t£_1ge + 2
=1

fori=1, ..., (p—3)/2. One checks inductively that /; has degree (p—3)/2+i and
its nonzero term of lowest degree is —(i + 1)((”;11)/2)2#. Thus, €(h;dt/aP~2) =0
gives arelation among f,_1—;, ..., f(p+1)/2—i,» Where the coefficients of f), ;_; and
f(p+1)/2—i are nonzero. These relations give the desired equalities between spans.

The proper containment in the second line of the first display in part (2) of the
lemma is equivalent to saying that f} and ( f(,—1)/2, . .., f2) are linearly independent.
One way to see this is to note that the «”~2 f; are polynomials in ¢ and since the
degree of A?~2 is congruent to 1 modulo p, a”~2 f; has degree strictly greater than
oﬂ’_zfi fori=2,..., p—1. Thus, f; and (f,_1, ..., f2) are linearly independent.

To obtain the remaining equalities of part (2), we consider the exact differentials
t'=lg;dt/aP=? fori = (p+1)/2,..., p — 1. In this range, t'~'g; has degree
(p—3)/2+1i and lowest term of degree i — 1. For i = (p 4+ 1)/2, we get a relation
among f(,—1)/2, ..., fo with f(,_1)/2 and f appearing, yielding the last equality
in the first display of part (2). Fori = (p+3)/2, ..., p—1, we get relations among
Sp—ir - tfGp+1)2—i with f,_; and tf3,41)2—; appearing, and these relations
give the equalities in the second display of part (2). ([

We may now compute the rank of the Cartier operator on H(Iy, . ], p)'/’fl; in
other words,

R:= dim[pq%({f(l:) du

aP—2

deg(f) < (p—2)(p' + 1)/2—2}).

Noting that u = t/u”f and du = u~?' dt, we find that
Cu' P dujaP™?) = w! =GP gy
forO0<i<p-—1and
0z PP TG - i< p =3,
T 3= (/T =3) ifi=p-2,p— 1L

This implies that the image of ‘€ will be spanned by spaces of the form u®{ f,, ..., f5).
To compute the dimension, we observe that if e, ..., e, are integers pairwise
noncongruent modulo d and if Vy, ... V; are [F,-vector spaces spanned by subsets
of {tjﬁ |0<i<p-—1, jeZ}, then the subspaces uV; of Fy , are linearly inde-
pendent over [,. This plus the information in Lemma 9.1.2 suffices to compute R.
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An elaborate and somewhat unpleasant exercise in bookkeeping that we omit
leads to
_ (p=3)(p—-1 -1 (p—3) (P'f+3) p—1 f-1
=72 2 7 T3 2 T @
which in turn implies that

R

-1,

=D+
) 2
Since [F, : F,] =2 f, this completes the proof of Proposition 9.1.1.
The analysis above yields quite a bit more information about Sel(K, pg):

Corollary 9.1.3. The differentials

wi.; = uP P B0 duJaP 2 = u TP R (1) duja? 2

dimg, ker(€¢) =N +1—R

for0<i<(p—3)/2and0 < j < (p/~' —1)/2 are regular and exact, and they
give an F,-basis for

~ -1 =
Sel(K, pp) = H (4, 2 )7 7.

Proof. The proof of Proposition 9.1.1 shows that the displayed differentials are
exact and lie in the ¥ ~! eigenspace. They are obviously linearly independent, and
since the number of them is the dimension of Sel(K, pg) over [, they form an
[,-basis. O

We can also deduce results on the structure of Sel(K, pg) as amodule over [ ,[G]:

Corollary 9.1.4. If o € O is an orbit whose pattern is u'l°? - - - u®, then the multi-
plicity of Ty /p in Sel(K, pg) is k, and its multiplicity in III(E/Ky) is k — 1.

Proof. The previous corollary shows that as an [ ,[G]-module, Sel(Ky, pg) is the

direct sum
@ I]:qui +p
0<i<(p—=3)/2
0<j=(p/~'=1/2
If ¢ € o, then by Proposition 2.8.1(5), Fqug = (I, /p)>l,

Now an orbit o appears in the discussion above as many times as there are £ € o
that can be written £ =1+i+ pj with0 <i <(p—3)/2and0< j < (p/1=1))2.
Writing £ = Z,{Zl ix p*~! asin Section 8.1, we see that £ can be written £ = 1+i+ pj
with i and j “small” in the sense above if and only if the word associated to ¢
begins and ends with the letter u. Thus, if the word of o is u®' ---u’[° ... [,
then the number of times o arises is k'.

To finish, we note that the pattern of the standard base point of o is the first half of
w(0)2//1! and written in exponential form, this has k =k’(2 f/|o|) runs of u’s. Thus,
[,/ p appears k times in Sel(Ky4, pg). This proves our claim about Sel(Ky, pg).
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The claim about III(E/K,) follows from the fact that as an [,[G]-module,
E(Ky)/p is the direct sum of all ',/ p with 0 € O each taken with multiplicity 1.
(This follows immediately from Remark 2.8.3.) (]

We need one more result from [Ulmer 1991]. To state it, recall that the Selmer
group for the isogeny Fr: E — E over F .4 18 naturally a subgroup of

F;d/F;fi) = Qllog(Fl’:d)’

where the latter is the space of meromorphic, logarithmic differentials on [, 4. In
[Ulmer 1991, §5], we defined a logarithmic differential dg/q attached to E/F), 4
that depends only on the choice of a (p — 1)-th root « of A (or, what amounts to
the same thing, a nontrivial point of order p in E P(F p.d))-

Lemma 9.1.5. We have an equality
dg o du B o®du
g u@t—1  u@i—1)
of meromorphic differentials on I, 4 and a calculation of Selmer groups:

d
Sel(Fp.q, Frp) =F, L.
q

Proof. The same argument as in [Ulmer 1991, Theorem 7.6] shows that the
Selmer group Sel(F, 4, Frg) is isomorphic to the group of logarithmic differentials
with simple poles at places where E has multiplicative reduction and zeros of
order p at places where E has supersingular reduction. An easy exercise using
the covering 1, 4 — P! shows that the only such differentials are the F p-multiples
of a?du/u(t — 1). Since dq /q lies in this Selmer group (as the image of the chosen
point of order p on E(”)(Fp,d)), it is a nonzero multiple of a’du /u(t — 1). Which
multiple it is will not be material for what follows, so we omit the check that dg/q
18 ocza’u/u(t — 1) on the nose. U

9.2. p-torsion in E(K;)/ V4 via flat cohomology. The results of [Ulmer 1991;
Broumas 1997] also afford good control on the p-torsionin E(K;)/ V;. We continue
with the notation of the previous subsection. In particular, we assume that d = p/ +1.
We state our result in terms of the decomposition of E(Ky;)/V, as a module
over Z,[G] (in fact over [ ,[G] since we are concerned only with the p-torsion).

Proposition 9.2.1. We have

T,/p ifthe word of o is not u’l/,
0 if the word of 0 is u’17 .

Proof. First, we note that an easy application of the snake lemma shows that

ker(p: E(Ky)/Vy— E(Ky)/ V)’ = {

ker(p : E(Kq)/Va — E(Kq)/Va) =ker(Va/p — E(Ka)/p).
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Moreover, we have an injection
E(Ka4)/p — Sel(K4, pE), 9.2.1)

so it will suffice to compute the kernel of the composed map V;/p — Sel(Ky4, pE).
We will do this by using Broumas’ wonderful formula for (9.2.1) and the explicit
calculation of Sel(K,, pg) in the preceding subsection.

Recall that V,;/ p is isomorphic as an F,[G]-module to ., ',/ p and that this
[ ,[G]-module is cyclic, generated by the point P(u) = (u, u(u + 1)4/2) defined in
[Ulmer 2014b, §3].

As noted in the previous section, we have

~ — -1
Sel(Ky, pg) = H Iy, 2} )"V

Using [Ulmer 1991, Proposition 5.3], the space of exact differentials above can be
identified with a subgroup of the additive group of K; viathe map w+— a’w/(dq/q),
where dq /q is the differential computed in Lemma 9.1.5 and « is a root of a?~! = A.
The main theorem of [Broumas 1997] gives an explicit formula for the composition

w: E(Kqg) — Sel(Kq, pg) = Ka.
To state the result, write
x(x+D(x+1)P D2 = xPM(x) + Ax?~" + lower-order terms

and let p4(z) = z¥ — Az. Then (after a considerable amount of boiling down),
Broumas’ formula says

p(Pw)) =u(u+ 1P D21 ) — oa(u(u+ P! =D/2y.

(We note that there is a typo in [Broumas 1997] in the case p = 3; Namely, in (36) on
page 140, “2%ay /ar + YDag/as” should be replaced with “(2%ay /a; + Dag/ae)x”.)
The last displayed quantity is an element of the polynomial ring [, [u], and we
are going to compute it modulo the ideal generated by t = u?.
To see that this will suffice for our purposes, recall from Corollary 9.1.3 the exact
differentials w; ; giving an [ -basis for the Selmer group. Using Lemma 9.1.5, we

find that
fij=aPwij/(dq/q) =u" TP hi(0) (@ — 1)
forO0<i<(p—3)/2and 0 < j < (p/~' —1)/2. Thus, in order to write (P (u))

in terms of the f; ;, it suffices to know p (P (1)) modulo z.
Straightforward computation from the definition shows that

nHe-H/2 _1
Mu) = w+1) and A =1 (modtF,[ul).
u
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Thus,
w(Pu)) = (u+1)(Pf+17)/2_(u+1)(pf'+1)/2_up(up+1)(pf—1)/2_|_u(u+1)(17"—1)/2

— (u+1)(Pf—p)/2((u+1)P_(u+1)(p+l)/2
_uP(uP+1)(Pf—17f71)/2_+_u(u+1)(!7—1)/2)

= (u+1)(pf—p)/2(1_(u+1)(p—1)/2)

C 2 p-1y2y -
j:

(To pass from the second line to the third, note that the sum of the first and third
terms inside the large parentheses is congruent to 1 modulo 7.)

The last expression makes it clear that «(P(u)) (mod tF,[u]) is the sum of
terms cu’ where u’ appears with nonzero coefficient if and only if £ =1+ i; p*~!
withi; < (p—3)/2and iy < (p—1)/2for2 <k < f. It follows that u(P(u)) is a
linear combination (with nonvanishing coefficients) of the f; ; where £ =1+i+ pj
satisfies the same condition.

Now by Proposition 2.8.1(5), the [,[G]-modules [Fque with ¢ satisfying the
conditions just above are pairwise nonisomorphic. Thus, the [,[G]-submodule of
the Selmer group generated by w (P (u)) is the direct sum of the corresponding I', / p.
The orbits in question are precisely those with word u/1/, and this shows that the
image of V;/p — E(K4)/p is isomorphic to

G r.p

0€0
w(o)=u'l/
The kernel is thus the sum of the I',/ p, where o runs through orbits with words not
equal to u/1/. (]
The proposition allows us to recover large parts of Theorem 1.1: it shows that
(E(Kg)/ V4 is nontrivial if and only if f > 2, and together with Corollary 9.1.4,

it shows that III(E/K;) is not isomorphic to (E(Kz)/Vy)? as an abelian group
if f>4.

9.3. An extension to p = 2. In this subsection, we explain how the main results
of the paper can be extended to the case where p = 2.

To that end, let p be an arbitrary prime number and let E’ be the elliptic curve
over K’ =[F,(¢') defined by

yi4xy+1t'y=x>+1'x%

As explained in [Ulmer 2014b, §11; Conceigao et al. 2014, §11], if p > 2 and we
identify K’ and K by sending ¢’ to t/16, then E and E’ are 2-isogenous. Moreover,
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ford = p/+1, the fields K, =F ,(iq, t'"/?) and K; =F ,(wa, t'/?) can be identified
as extensions of K. Having done so, one finds that the subgroup V; C E’(K)) defined
in [Ulmer 2013, Remark 8.10(3)] is carried over to V; C E(Ky). It follows that
Theorem 1.1 and its refinements in Section 3 hold for E'(K)/V; and III(E'/K ).

Now the equation above also defines an elliptic curve when p = 2. Moreover,
the Néron model of E’/K/, is dominated by a product of curves (two copies of the
curve €’ over [, (1u4) defined by 24 =x(1—x)); see [Conceicdo et al. 2014, Theorem
11.2(5)]. Thus, the methods of this paper may be used to compute E'(K))/V,
and II(E'/K)) as modules over Z,[Gal(K/K)]. Most of the results have the
same form, and the proofs are mostly parallel, so we will briefly discuss some of
the differences and then state the results.

The analogue of the geometric analysis leading to Theorem 4.2 gives an isomor-
phism

(E'(Kp)/tor) @ Z[1/d] = (NS'(6 x €) ® Z[1/d])"*,

where the wy in the exponent is acting antidiagonally. (In fact, the most natural way
to state this would be with the arrow going the other way and with the target being
the subgroup of E'(K é) generated by the point in [Ulmer 2013, Theorem 8.1(2)]
and its Galois conjugates. This subgroup is free of rank d — 1 and is a complement
to the torsion subgroup.) The analogue of the isomorphism of Tate—Shafarevich
and Brauer groups in Theorem 4.2(2) goes through for E’ without change.

The analysis of the arithmetic of a product in Section 5 was done there also
for p = 2, and the description of the cohomology of € in Section 6 works for ¢’
as well with very minor changes. The p-adic exercises in Section 7 also work
essentially unchanged.

Altogether, one finds that the obvious analogues of Theorem 1.1 parts (1)
through (4) hold for E’/K],. Similar analogues hold for the refined Theorems 3.2.1
and 3.3.1.

There are a few differences to report as well. For example, part (5) of Theorem 1.1
does not extend to p = 2. Indeed, the polynomial appearing there does not even
take integral values at p = 2. The correct statement can be deduced from the proof
in Section 8.6 by noting that the number of elements in Z/dZ \ {0} with a given
pattern is 1 (rather than (p — 1)%(p + 1)?/2/ as in Lemma 8.1.1).

The results of Sections 9.1 and 9.2 also extend to E’. One finds that the order
of Sel(K,, pgr) is 2/ =1 f +1. The refined results of Corollary 9.1.4 and Proposition
9.2.1 hold as stated. However, the details of the 2-descent have a different flavor
because E’ has a 2-torsion point over K’ so the kernel of p is the direct sum of the
kernels of Frobenius and Verschiebung and the differential dg/q is zero. We leave
the details as an exercise for the interested reader.
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9.4. Higher genus. Let p be a prime number and » and d integers relatively prime
to p, and consider the curve X defined by

Y o=x""Tx+ D +1)

over [F,(7) and its extensions [, (u) with u =1t. The genus of X isr — 1, and its
Jacobian J has interesting arithmetic over [, (u) for many values of d.

For simplicity, we will only discuss the case where r divides d, d = p/ + 1,
and F; =F,(uq). We write K4 for |, (u). In [Berger et al. > 2015], explicit divisors
are given on X whose classes in J (K ;) generate subgroup V; of rank (r — 1)(d —2)
and finite, p-power index. Moreover, it is shown there that we have a class-number
formula

IIIL(J/Ka)| = [J(Kq) : Val*.

Most of the results of this paper extend to this situation and give an explicit
calculation of III(J/K,) and J(K,)/ V4 as modules over the group ring Z,[G],
where G = g x Gal(F, /F,).

Indeed, we saw in Section 4.6 that the minimal regular model ¥ — P. of
X /K, is birational to the quotient of a product of curves by a finite group. The
product is ¥ = € x 6, where € is the smooth proper curve over [, defined by
74 = x" — 1. We deduce from this a connection between the Mordell-Weil and
Tate—Shafarevich groups of J and the Néron—Severi and Brauer groups of ¥ as at
the end of Section 4.6. These groups are described in crystalline terms in Section 5.

As we saw in Section 6.5, the crystalline cohomology of % breaks up into lines

indexed by the set

S=1{G,J) e(Z/dD) x (Z]/rL) i #0, j#0, (i/d)+(j/r) #1}.

The subspace H%(€/Z P> Q<1@ /Z,,) is generated by the lines indexed by (i, j) with
(i/d) + (j/r) < 1. Calling this subset A and letting B = S\ A, we may use A
and B to define words associated to orbits of (p) acting diagonally on S and to
define a notion of balanced as discussed at the end of Section 6.5.

The p-adic exercises of Section 7 go through essentially unchanged, and inter-
preting “balanced” as above, we find that Theorem 1.1 parts (1) through (4) and the
refined results in Theorems 3.1.1, 3.2.1, and 3.3.1 hold as stated. An interpolation
result, as in part (5) of Theorem 1.1, also holds with a polynomial F' that depends
on r and f but not on p.

Exploring the arithmetic of J for other values of r and d looks like an interesting
project. In particular, one may ask about other systematic sources of nontorsion
points on J as in [Conceicdo et al. 2014] and about the relative abundance or
scarcity of balanced rays for fixed p and varying r and d as in [Pomerance and
Ulmer 2013].
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Explicit Gross—Zagier and
Waldspurger formulae

Li Cai, Jie Shu and Ye Tian

We give an explicit Gross—Zagier formula which relates the height of an explicitly
constructed Heegner point to the derivative central value of a Rankin L-series.
An explicit form of the Waldspurger formula is also given.
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1. Main results

1A. Introduction. The Gross—Zagier formula and the Waldspurger formula are
probably the two most important analytic tools known at present for studying the
still largely unproven conjecture of Birch and Swinnerton-Dyer. Much work has
already been done on both formulae. In particular, the recent book by Yuan, Zhang
and Zhang [Yuan et al. 2013] establishes what is probably the most general case
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of the Gross—Zagier formula. Nevertheless, when it comes to actual applications
to the arithmetic of elliptic curves or abelian varieties, one very often needs a more
explicit form of the Gross—Zagier formula than that given in [Yuan et al. 2013],
and similarly a more explicit form of the Waldspurger formula than one finds in the
existing literature. This is clearly illustrated, for example, by the papers [Bertolini
and Darmon 1997; Tian 2014; Tian et al. 2013; Coates et al. 2014]. Our aim here is
to establish what we believe are the most general explicit versions of both formulae,
namely Theorems 1.5 and 1.6 for the Gross—Zagier formula, and Theorems 1.8
and 1.9 for the Waldspurger formula. Our methods have been directly inspired by
[Yuan et al. 2013], and also the ideas of [Gross 1988] and [Gross and Prasad 1991].

In the remainder of this introduction, we would like to explain in detail our explicit
formulae in the simplest and most important case of modular forms over Q. Let ¢
be a newform of weight 2, level I'g(N), with Fourier expansion ¢ = ZZOZ Lanq"
normalized so that a; = 1. Let K be an imaginary quadratic field of discriminant D
and x a primitive ring class character over K of conductor c, i.e., a character of
Pic(0.), where O, is the order Z + cOg of K. Assume the Heegner conditions (first
introduced by Birch in a special case):

(1) (¢, N)=1,no prime divisor p of N isinertin K, and p must splitin K if p2|N.

(2) x(Ipl) #a, for any prime p[(N, D), where p is the unique prime ideal of Ok
above p and [p] is its class in Pic(0,).

Let L(s, ¢, x) be the Rankin L-series of ¢ and the theta series ¢, associated to x
(without the local Euler factor at infinity). It follows from the Heegner conditions
that the sign in the functional equation of L(s, ¢, x) is —1. Let (¢, ¢)r,v) denote
the Petersson norm of ¢:

@, Do) = f/ SO dxdy, z=x+iy.
To(N)\%

Let Xo(N) be the modular curve over QQ whose C-points parametrize isogenies
E| — E, between elliptic curves over C whose kernels are cyclic of order N. By
the Heegner conditions, there exists a proper ideal N of O, such that O./N =Z/NZ.
For any proper ideal a of 0., let P, € Xo(N) be the point representing the isogeny
C/a— C/aN~!, which is defined over the ring class field H, over K of conductor ¢
and only depends on the class of a in Pic(0,). Let Jo(N) be the Jacobian of Xq(N).
Writing oo for the cusp at infinity on X¢(N), we have the morphism from Xy(N)
to Jo(N) over Q given by P — [P — oc]. Let P, be the point

Pi= ) [Pa—ocl®x(lal) € Jo(N)(Ho) ®2C
[a]ePic(0.)

and write P;f’ for the ¢-isotypical component of P, .
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The following theorem was proved in the case ¢ = 1 in the celebrated work by
Gross and Zagier [1986], and follows immediately from the general explicit Gross—
Zagier formula in Theorem 1.5 (see Special case 2, and the Example following).

Theorem 1.1. Let ¢, x be as above satisfying the Heegner conditions (1) and (2).
Then

872(, P)ry(w) 0

u?\/|Dc?|

where (W(N, D) is the number of prime factors of the greatest common divisor of
N and D, u =[0) : Z*] is half of the number of roots of unity in O, and hi is the
Néron—Tate height on Jy(N) over K. In particular, if ¢ is associated to an elliptic
curve E over Q via Eichler—Shimura theory and f : Xo(N) — E is a modular
parametrization mapping the cusp oo to the identity O € E, then the Heegner

divisor P)?(f) = Z[a]ePic(@() f(P) ® x([a]) € E(H,)¢ satisfies

L'(1,¢, x)=2"1"D. Kk (P),

Soutv.py 8T2@ Doy hx (P(F))

u2/|Dc?| deg f

where h is the Néron-Tate height on E over K and deg f is the degree of the
morphism f.

L'(1,E, x)=

Comparing the above Gross—Zagier formula with the conjecture of Birch and
Swinnerton-Dyer for L(E/K, s), we immediately are led to:

Conjecture. Let E be an elliptic curve defined over Q of conductor N and let K be
an imaginary quadratic field of discriminant D such that for any prime £ dividing N,
either £ splits in K, or £ is ramified in K and E has nonsplit semistable reduction at
L. Let f: Xo(N) — E be a modular parametrization mapping oo to O. Let N C Ok
be any ideal withOg IN =Z/NZ, let P € Xo(N)(Hg) be the point representing the
isogeny (C/0Ox — C/N~Y), and write Px(f) 1= Try,/x f(P) € E(K). Assume
P (f) is not torsion. Then

~ [E(K):ZPk(f)]
\/m —p—1(N.D) = )
C-[0g : Z%1- [ 1yn v, py me

where my = [E(Qy) : E%(Qy)] and C is the positive integer such that if wg is a
Néron differential on E then f*wy= £C -2wi¢(z)dz.

We next state our explicit Waldspurger formula over Q. Let ¢ = > 2| a,q"
in $2(Co(N)) be a newform of weight 2 and level I'g(N). Let K be an imaginary
quadratic field and x : Gal(H./K) — C* a character of conductor c. Assume the
conditions:

(i) (¢, N) =1 and, if p|(N, D), then p>{ N.
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(i1) Let S be the set of places p|Noo nonsplit in K such that, for a finite prime p,
ord,(N) is odd if p is inert in K, and x ([p]) = a, if p is ramified in K.
Then § has even cardinality.

It follows that the sign of the functional equation of the Rankin L-series L(s, ¢, x)
is +1. Let B be the quaternion algebra over (2 ramified exactly at places in S. Note
that condition (ii) implies that there exists an embedding of K into B, which we fix
once and for all. Let R C B be an order of discriminant N with RNK =0.. Such an
order exists and is unique up to conjugation by K. Here, for an abelian group M,
we define M = M ®; Z, where 7 = ]_[ Z, with p running over all prlmes By the
reduction theory of definite quadratlc forms the coset X := B> \B / R* is finite,
say of order n. Let g1, ..., g, in B* represent the distinct classes [g1], ..., [gr]
Foreachi=1,...,n,letI'; = (B* ﬂgik\xgi_l)/{:l:l}. Then I'; is a finite group,
and we denote its order by w;. Let Z[X] denote the free Z-module of formal sums
Z?:l a;lgi] with a; € Z, and define a height pairing on Z[ X] by

(Z ailgil, Zbi [8i]> = iaibiwi’
i=1

which is positive definite on R[X] := Z[X] ®z R and has a natural Hermitian
extension to C[X] := Z[X] ®z C. Define the degree of a vector ) _ a;[g;] € Z[X]
to be > a; and let Z[ X 1° denote the degree-0 submodule of Z[X]. Then Z[X] and
Z[X1° are endowed with actions of Hecke operators Ty, Sp, pt N, which are linear
and defined as follows: For any prime p{ N, B /R, =GL(Qp)/ GL2(Z,) can
be identified with the set of Z ,-lattices in a 2-dimensional vector space over Q.
Then, for any g = (g,) € B>,

Sp(lgD) =18Psp(gp)] and  T,([g]) =Y [g7h,l.

hp

where g(P) is the p-off part of g, namely g(») = (g(p)) with g(p) =g, forallv#p
and g(p ) = 1; if g, corresponds to lattice A, then s,(g,) is the coset corresponding to
the homothetic lattice pA; and &, runs over p+1 lattices A" C A with [A: A']=p
There is a unique line V C C[X 1° where T, acts as ap, and S, acts trivially for all
p 1 N. Recall that the fixed embedding of K into B induces a map

Pic(0,) = K*\K*/0X — X = B"\B*/R*, t+—> x,,
using which we define an element in C[X],

Pyi=Y x"'0Ox,

and let P)? be its projection to the line V. The following explicit height formula
for Pf , which was proved by Gross [1987] in some cases, is a special case of the
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explicit Waldspurger formulas in Theorems 1.8 and 1.10 (with Proposition 3.8).

Theorem 1.2. Let (¢, x) be as above satisfying the conditions (i) and (ii). Then we
have

—1(N.D) . 872(¢, PIro(w)

u?\/|Dc?|

where (N, D) and u are as in Theorem 1.1. Let f =), f(gi)wi_l[gi] be any
nonzero vector on the line Vy, and let P)?(f) = Z,epic(@c) f(@&)x (). Then the above
formula can be rewritten as

(pP? p?
<PX’PX>’

L(1,¢,x) =

Swv.py 8@ Dy 1Py (NI

u?/|Dc?| (A

Notation Jor first two sections. We denote by F the base number field of degree
=[F:Q] over Q and O = O its ring of integers with different §. Let A = Fp be the
adele ring of F and Ay its finite part. For any Z-module M, we let M=M ®ZZ and
7= ]_[ Z,. For example, F=A roLet]-|a:AX — [Ri>< denote the standard adelic
absolute Value so that d(ab) = |a|a db for any Haar measure db on A. Let |- |,
denote the absolute value on F* for each place v of F, with |x|a =[], |xy[, for
any x = (x,) € A*. For any nonzero fractional ideal b of F, let ||b| denote the
norm of b. For any x € Af, we also wrlte x| for ||by]||, where b, is the ideal
corresponding to x, so that ||x|| = |x| A > and for any nonzero fractional ideal b we
also write |b|a for |xp|a for any x;, € A whose corresponding ideal is b, so that
|b|a = ||b||~". For a finite place v, sometlmes we also denote by v its corresponding
prime ideal and write g, = #0/v. For a fractional ideal b of F, we write |b|, = |xp|y
for x;, € F, with x,0, = b0,, denote by ord, (b) the additive valuation of b at v
such that ord,(v) = 1, and write v||b if ord,(b) = 1. We denote by oo the set of
infinite places of F. Denote by L(s, 1r) the complete L-series for the trivial Hecke
character 1 on A*, so that L(s, 1r) = 'r(s)'T'c(s)2¢p(s), where r; and r; are
the number of real and complex places of F, {r(s) is the usual Dedekind zeta
function of F, T'r(s) = 7 %/?T'(s/2), and I'c(s) = 2(27) *T'(s). For each place v
of F,let L(s, 1,) denote the local Euler factor of L(s, 1) at v. Let D denote the
absolute discriminant of F, and § C O the different of F', so that ||§]| = |DF]|.

In the first two sections, we let K be a quadratic extension over F', D= Dg,r CO
be the relative discriminant of K over F', and Dk be the absolute discriminant of K.
Let K% be the maximal abelian extension over K and o : K ~/K* — Gal(K b /K
be the Artin reciprocity map in class field theory. For any nonzero ideal b of O,
let 0, = O + bOk be the unique O-order of K satisfying [Ok : Op] = #0/b, and we
call b its conductor. For any finite place v of F, 0, = 0) ®¢ 0, only depends on
ord, b. Thus, for a fractional ideal » and a finite place v of F, 0} , makes sense if

L(1, ¢, x) =
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ord, b > 0. Let Picg/r(0p) = I?X/KX I?X@f. Then there is an exact sequence
PiC(@F) —> PiC(@h) — PiC[(/F(@b) —> 0.

Let x5 be the kernel of the first map, which has order 1 or 2 if F is totally real
and K is a totally imaginary quadratic extension over F' (see [Washington 1997,
Theorem 10.3]).

For any algebraic group G over F, let Ga = G(A) be the group of adelic points
on G. For a finite set S of places of F,let G =[], g G(F,) (resp. G(AS) =G(A)®)
be the S-part of G (resp. the S-off part of G ) viewed as a subgroup of G 4 naturally
so that the S-off components (resp. S-components) are constant 1. More generally,
for a subgroup U of Gx of the form U = UrU T for some set T of places disjoint
with S, where Ur C [,y G(F,) and UT = [Togr Uy with U, a subgroup of G(F,),
we may define U, U, and view them as subgroups of U similarly. For any ideal
b of 0, we also write U® for U®» and U, for Us,, where S, is the set of places
dividing b. Let Ug(N) and U;(N) denote subgroups of GL, (6) defined by

Us(N) = {(i Z) € GL(©)

ceN@},

Ui (N) = {(z Z) € Uy(N) ‘dz 1 mod N@}.

When F is a totally real field and o is an automorphic cuspidal representation of
level N such that o, is a discrete series for all v|oco, for an automorphic form ¢
of level U;(N) we let (¢, ¢)y,v) denote the Petersson norm defined using the
invariant measure dx dy/y? on the upper half-plane.

1B. The explicit Gross—Zagier formula. Let F be a totally real number field of
degree d, A = A the adele ring of F, and A its finite part. Let B be an incoherent
quaternion algebra over A, totally definite at infinity. For each open compact
subgroup U of B = (B®a A £)*, let Xy be the Shimura curve over F associated
to U and &y € Pic(Xy)g the normalized Hodge class on Xy, that is, the unique
line bundle which has degree one on each geometrically connected component and
is parallel to
wx,/F + Z (11— e;l)x.
xeXy(F)

Here wy, /r is the canonical bundle of Xy and e, is the ramification index of x in
the complex uniformization of Xy, i.e., for a cusp x, e, = 00, so that 1 — ex_1 =1;
for a noncusp x, e, is the ramification index of any preimage of x in the map
Xy — Xy for any sufficiently small open compact subgroup U’ of U such that
each geometrically connected component of Xy is a free quotient of # under the
complex uniformization. For any two open compact subgroups U; C U; of [B]Xc,
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there is a natural surjective morphism Xy, — Xy,. Let X be the projective limit of
the system (Xy )y, which is endowed with the Hecke action of B* where B, acts
trivially. Note that each Xy is the quotient of X by the action of U.

Let A be a simple abelian variety over F' parametrized by X in the sense that there
is a nonconstant morphism Xy — A over F for some U. Then, by Eichler—Shimura
theory, A is of strict GL(2)-type in the sense that M := End’(A) = End(A) ®7 @
is a field and Lie(A) is a free module of rank one over M ®qg F by the induced
action. Let

m4 = Hom{(X, A) := limHom{ (Xy, A),
U

where HomgU (Xy, A) denotes the morphisms in Hom(Xy, A) ®z Q using &y
as a base point: if &y is represented by a divisor ) ; a;x; on X v.F» then for
f €Homp(Xy, A) ®zQ,

femae) aif(x)=0in A(F)q:=A(F)®;Q.

1

For each open compact subgroup U of B ?, let Jy denote the Jacobian of Xy;. Then

A= HomO(J, A) = li_r)nHomO(JU, A),
U

where Hom’(Jy, A) = Homz(Jy, A) ®7 Q. The action of B* on X induces a
natural B> -module structure on 774 so that Endgx (7r4) = M and there is a decompo-
sition 14 = Q) m A, Where 74 ,, are absolutely irreducible representations of B
over M. Using the Jacquet-Langlands correspondence, one can define the complete
L-series of 74,

L(s,ma) =[] L(s.ma0) € M ®0aC,

as an entire function of s € C. Let L(s, A, M) denote the L-series of the £-adic
Galois representation with coefficients in M ®g Q¢ associated to A (without local
Euler factors at infinity); then L, (s, A, M) = L(s — %, nv) for all finite places v
of F. Let AV denote the dual abelian variety of A. There is a perfect B*-invariant
pairing

A X Ty —> M

given by
(f1, L) =VlX) ' (frvo ), fiv eHom(Jy, A), fo,u € Hom(Jy, AY),

where fZYU : A — Jy is the dual of f, yy composed with the canonical isomorphism
J,y ~ Jy. Here Vol(Xy) is defined by a fixed invariant measure on the upper
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half-plane. It follows that w4v is dual to 74 as representations of B* over M. For
any fixed open compact subgroup U of B, define the U-pairing on w4 X v by

(f1, 2)u = Vol(Xu)(f1, f2), f1€ma, 2 €AY,

which is independent of the choice of measure defining Vol(Xy). If A is an elliptic
curve and we identify AY with A canonically then, for any morphism f : Xy — A,
we have (f, f)y =deg f, the degree of the finite morphism f.

Let K be a totally imaginary quadratic extension over F' with associated quadratic
character n on A*. Let L be a finite extension of M and x : K*\K; — L* an
L-valued Hecke character of finite order. Let L(s, A, x) be the L-series (without
Euler factors at infinity) of the £-adic Galois representations associated to A tensored
with the induced representation of x from Gal(K /K) to Gal(Q /Q). Assume that

wa - Xlax =1,

where w, is the central character of w4 on A; and that, for each finite place v of F,

E(T[A,v’ Xv) = Xou(=De(By),

where €(B,) = 1 if B, is split and is —1 otherwise, and € (4., Xo) =€ (%, 74,0, X0)
is the local root number of L(s, w4, x). It follows that the global root number of
the L-series L(s, w4, x) is —1 and there is an embedding of K into B over A. We
fix such an embedding once for all and then view K ; as a subgroup of B*.

Let N be the conductor of 7L, D the relative discriminant of K over F, and
¢ C O the ideal that is maximal such that x is trivial on [ ;. O [T,.(1+c0Ok o).
Define the set of places v of F dividing N,

%1 :={v|N nonsplit in K | ord,(c) < ord,(N)}.

Let ¢; = np|c,p¢21 pordpc be the X-off part of ¢, Ni the ¥;-off part of N, and
N, =N/Nj.

Let v be a place of F and @, a uniformizer of F,. Then there exists an O,-order
R, of B, with discriminant NO, such that R, N K, = O, ,,. Such an order R, is
called admissible for (7,.x,) if it also satisfies the conditions (1) and (2) that follow.
Note that up to K ‘-conjugate there is a unique such order when v { (ci, N), and
that B must be split at places v|(c;, N) by Lemma 3.1.

(1) If v[(cy, N), then R, is the intersection of two maximal orders R}, R, of B,
such that R, N K, =0, , and
R'AK. — Oc/n,y if ordy(c/N) =0,
v v Ok v otherwise.

Note that, for v|(cy, N), there is a unique order up to K ‘-conjugate satisfying
condition (1), unless ord,(c;) < ord,(N). In the case O < ord,(c;) < ord,(N),
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v must split in K by the definition of X and there are exactly two K -conjugacy
classes of orders satisfying condition (1), which are conjugate to each other by a
normalizer of KX in BX. Fix an F,-algebra isomorphism K, = F? and identify B,
with Endf, (K,). Then the two classes contain, respectively, orders R; , = R’ ﬂRl”U,
i=1,2asin (1) such that R; /=Endo(0.),i=1,2, R} , = End@v((wl’}_c, 1)0k,)
and Rg’v = Endg, ((1, @]~ ¢)0k,).

(2) If 0 < ordy(c1) < ord,(N), then R, is K -conjugate to some R; , such that
x:i has conductor ord, (c), where x;, i = 1, 2, is defined by x;(a) = xy(a, 1)
and x2(b) = xy(1, b).
Definition 1.3. An O-order % of B ¢ is called admissible for (7, x) if, for every
finite place v of F', R, :=R®g0, is adm1551b1e for (m,, Xu) Note that an admissible
order R for (7T, x) is of discriminant N O such that RN K = @u

Let % be an O-order of B ¢ with discriminant N such that RN Kp ;= @1 and that
Ry :=R Qg 0, is admissible for (7r,, x,) at all places v. Note that R, is unique up
to K ,-conjugate for any vt (ci, N).

Let U =% and U™ := %> NBF M. For any finite place v|N,, B, must be
split (by Lemma 3.1(5)). Let Z = AX denote the center of [B%>< The group U2
has a decomposition UM = U’ . (Z NU M), Where U = ]_[v“\,zoo U, is so that,
for any finite place vt N, U, =U, if v{ N and U, = U, (N), otherwise. View @
as a character on Z. We may deﬁne a character on U (V) that is w on Z N UM
and trivial on U’. This character is also denoted by w.

Definition 1.4. Let V (7, x) denote the space of forms f € w4 ®j L which are
w-eigenforms under U™ and x, !-eigenforms under K¢ for all places v € %;.
The space V (i, x) is actually a one-dimensional L-space (see Proposition 3.7).

Consider the Hecke action of K C B* on X. Let XX * be the F-subscheme of X
of fixed points of X under K *. The theory of complex multiplication asserts that
every point in XX” (F) is defined over K and that the Galois action is given by the
Hecke action under the reciprocity law. Fix a point P € XX and let f € V (, x)
be a nonzero vector. Define a Heegner cycle associated to (;r, x) by

P)f)y:= Y.  f(P)x(t) € A(K®)g®uL,

[EPiCK/F (@"] )

where Picg,/r(0.)) = I?X/Kxfx/@\jl and t +— oy is the reciprocity law map in
class field theory. The Néron—Tate height pairing over K gives a Q-linear map
(k1 A(K)g®u AY(K)g — R. Let (, )x,m : A(K)g®u AY(K)g > M ®a R
be the unique M-bilinear pairing such that (, )¢ = tryyer/r(, )k, ,». The pairing
(, )x.m induces an L-linear Néron—Tate pairing over K,

(kL (AK)g®u L) ®L (A (K)o ®u L) — L ®aR.
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The B*-invariant M-linear pairing (, )y : w4 X wav — M induces a B*-invariant
L-linear pairing

(v (@a®u L) x (wav @y L) —> L.

The Hilbert newform ¢ in the Jacquet-Langlands correspondence o of w4 on
GL;(A) is the form satisfying these conditions:

e ¢ is of level Ui (N).

o For each v|oo, the action of SO2(R) € GL,(Fy) on ¢ is given by o (kg)¢p =
e*i0p, where kg = (_%0 S0 € SOL(R).

—siné cos@

o Let d*a be the Tamagawa measure so that Res;— fl
Res;—1 L(s, 1f); then

-1 gx,
a\gl,aeFX\Ast d*a=

L(s,m)=27-185"*- Z(s, ¢) with Z(s,qb)=/ . o(“,)laly " d*a,
FX\ X

where § is the different of F'.

Note that qb(g)q_S(g) is a function on

GL2(F)+\GL2(Fxo) 1 X GLa(Af)/Z(A) - (Ur,00 X Up(N))
= GLy(F) 4\ x GLa(Af)/ Up(N)AT.

We define the Petersson norm (¢, ¢)y,v) by the integration of ¢¢ with measure
dx dy/y* on each upper half-plane. One main result of this paper is the following:

Theorem 1.5 (explicit Gross—Zagier formula). Let F be a totally real field of
degree d. Let A be an abelian variety over F parametrized by a Shimura curve X
over F and ¢ the Hilbert holomorphic newform of parallel weight 2 on GLy(A)
associated to A. Let K be a totally imaginary quadratic extension over F with
relative discriminant D and discriminant Dg. Let x : K /K* — L* be a finite
Hecke character of conductor ¢ over some finite extension L of M = End’(A).
Assume that:

(1) w4 - xlax = 1, where w4 is the central character of mwa;
(2) for any place v of F, €(7a v, Xv) = XuNu(—1De(By).
For any nonzero forms fi € V(wa, x) and f> € V(mav, x 1), we have an equality

inL®gC,

ey BT, Dy (PR Pk L

w3/ IDk I3 (f1. ) ’

L'®1,A, ) =2
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where
Y:={v|(N, Dc) | if v||N then ord,(c/N) > 0},

Yp={v|(N, D) | ord,(c) < ord,(N)},

the ideal c\|c is the E-off part of ¢ as before, uy = #., - [0, : 0°] and k., is
the kernel of the morphism from Pic(0) to Pic(O,,), which has order 1 or 2, and
(¢, P)uy(v) is the Petersson norm with respect to the measure dx dy/y* on the
upper half-plane.

Remark. The assumption walax - x = 1 implies L(s, A, x) = L(s, A, xH.
Let ¢" be the Hilbert newform associated to AY. Then (¢", ") yyN) = (@, D) Uy(N)-

We may state the above theorem in simpler way under some assumptions. First
assume that w, is unramified and, if v € Xy, then v { c.

Given this, ¢; = ¢. Fix an infinite place t of F and let B be the nearby quaternion
algebra whose ramification set is obtained from that of B by removing t. Then
there is an F-embedding of K into B which we fix once and for all and view K*
as an F-subtorus of B*. Let R be an admissible O-order of B for (7, x), by which
we mean that R is an admissible O-order of B bp = EAfor (, x). Note that R is of
discriminant N and that RNK =0,. Let U = R* C B* and let X be the Shimura
curve of level U, so that it has complex uniformization

Xy, (C) = BI\%# x §X/U U {cusps},

where B is the subgroup of elements x € B* with totally positive norms. Let
u =#. - [0 : 0*]. By Proposition 3.8, we have that V (74, x) C (ms Qu L)R

Special case 1. Further assume that (N, Dc) = 1. Then there is a nonconstant
morphism f : Xy — A mapping a Hodge class on Xy to the torsion of A and, for
any two such morphisms f1, f>: Xy — A, ny fi = ny f> for some nonzero integers
ni, ny. Let kg be the unique fixed point of K and let P = [hg, 1] € Xy. Replace
x by x~!; there is a nonconstant morphism X — A" with similar uniqueness.
For any such f1: Xy — A and f>: Xy — AY, let (fi, f2) = fio f,’. Then we
have an equality in L ®q C,

(8n2)d(¢ Py (PR(f1), PY ()KL

L'(1, A, x) =
|Di |l 2| (fi, 2u

Special case 2. Further assume that w, is trivial — or, more generally, that w4 (@)
is in Aut(A)?> ¢ M>? for all places v dividing (N, D) but not ¢, where @, is a
uniformizer of F,. For each place v that divides (N, D) but not ¢, K, normal-
izes R, (see Lemma 3.4) and a uniformizer wg, of K, induces an automorphism
Ty, : Xy — Xy over F. Note that x,(@k,) € Aut(A) C M*. There exists a
nonconstant morphism f : Xy — A mapping a Hodge class to the torsion point
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such that Ty, f = X_I(ZD'[(U) f for each place v dividing (N, D) but not c¢. Such
an f has the same uniqueness property as in special case 1. Then, for any such
fi: Xy — Aand f,: Xy — AV, we have an equality in L ®q C,

_ymy, BTG Dy P P )k
- w2 -/IDx 1] (- fu '

where X is now the set of places v|(cD, N) of F such that, if v||N, then v { D.

L'® 1, A, x)

Example. Let ¢ € S3(I'g(N)) be a newform. Let K be an imaginary quadratic
field of discriminant D and x a primitive character of Pic(0.). Assume that (¢, x)
satisfies the Heegner conditions (1)—(2) in Theorem 1.1; then, by Lemma 3.1(1)
and (3), (¢, x) = —1 and B = M,(Q). The Heegner conditions also imply that
there exist a, b € Z with (N, a, b) = 1 such that a> —4Nb = Dc?. Fix an embedding
of K into B by

) (Dc*+a)/2 -1
(Dc* ++/ Dc?) /2 — ( Nb (Dcz—a)/Z)'

Then R := {(¢ Z) € M»(Z) | Nlc} is an order of B such that RNK =0.. Let A be
an abelian variety associated to ¢ via Eichler—Shimura theory and f : Xo(N) —> A
any nonconstant morphism mapping cusp co to O € A. Then f € V (g4, x). Let
z € ¥ be the point fixed by K*; then Nbz? —az+1=0,0, =7+ 7z ", and
n'=7Z+7ZN"'z7!, sothat 0,/n=7Z/NZ. The point on Xo(N) corresponding to z
via complex uniformization represents the isogeny C/(Z +Z7z) — C/(N~'Z +7z),
or C/0, — C/n~!. Thus Theorem 1.1 now follows from Theorem 1.5.

For various arithmetic applications, we may need explicit formulas for different
test vectors, which we now give. Let v be a finite place of F, fix (, ), a B, -invariant
pairing on 4 , X v, and a Haar measure dt,, on F,*\ K. For any fl’ v ETTA v,
fll,v € m4v , With <fl/,v’ le,v>v #£0, let

(7TA v(tv)f/ s f/ )
0 0 : 1v° J2,0/v
B 3.0 = B Fh oo et = | AR
ks o B
For any two nonzero pure tensor forms ' =@, f,, f' =&, f, € m, we say that
S/ and f” differ at a place v if f, and f,’ are not parallel, and that they coincide
otherwise. This is independent of the decompositions. In particular, if two nonzero
pure tensor forms coincide locally everywhere then they are the same up to a scalar.

Xu(ty) dty.

Theorem 1.6 (variation of the Gross—Zagier formula). Let (A, x), f1 € V(a, x)
and f> € V(mav, x ") be as in Theorem 1.5. Let S be a finite set of finite places
of F, f{ € ma, f5 € mav be vectors such that f! and f; coincide for any v ¢ S,
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i=1,2,and (f{ . fy,)v #0and ,Bo(f{’v, f3.4) # 0 for any v € S. Define

#Pic(0
OD [ ey,
VOl(KXFX\KX,d[) Kxe\Kx

0
P/ (f))=
and define P)?,l (f3) similarly. Then, with notations as in Theorem 1.5, we have

L'®1, A, )
oy, BT @ Dy PXUD Pk T fo
NI 1> ves BT 0 f3.0)

which is independent of the choice of Haar measure dt, for v € S.

Example. Let A be the elliptic curve X((36) with the cusp oo as the identity point
and let K = Q(+/—=3). Let p=2mod 9 be a prime; then the field L' = K (J/p) is
contained in H3,. Let x : Gal(L'/K) — K * be the character mapping o to (Q/ﬁ)"_l.
Fix the embedding K — M,(Q) mapping w := (—14++/=3)/2 to (6_/; _3/6).
For f' = id : Xo(36) — A, let P € X((36) be the point corresponding to

—pw/6 € ¥. The Heegner divisor P)?(f’) is

PAf =5 3 SR,

1€Pic(0sp)

One can show that P)? (f") is nontrivial (see [Satgé 1987; Dasgupta and Voight
2009; Cai et al. 2014]) and then it follows that the prime p is the sum of two rational
cubes. By the variation formula, one can easily obtain the height formula of P)(()( N
let ¢ € $,(I'9(36)) be the newform associated to A, and note that #Xp =1, u; =1
and c¢; = p in the variation

' 872 (¢, PIry(36) .

V3p?

In fact, U = R* in Theorem 1.5 is given by

R = {(glc bc/l6) € My (@)

L'(1,A ) =9 (PLCSDs Py () k k-

a,b,c,deZ p’1b+pc, a+pc—de6Z}

and f € V(m4, x)is a Xv_l—eigenform for v =2, 3. Then

Vol(Xy) 2

(f,f):m=§.

The ratio B°(f,, £,)/B°(f., f)) equals 1 at v =2, and 4 at v = 3.
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1C. The explicit Waldspurger formula. Let F be a general base number field.
Let B be a quaternion algebra over F' and 7 a cuspidal automorphic representation
of By with central character w. Let K be a quadratic field extension of F and 7 the
quadratic Hecke character on F*\A* associated to the quadratic extension. Let x be
a Hecke character on K Af. Write L(s, 7, x) for the Rankin L-series L(s, 7’ x Ty),
where 7' is the Jacquet-Langlands correspondence of  on GL,(A) and 7, is the
automorphic representation of GL;,(A) corresponding to the theta series of x, so
that L(s, w,) = L(s, x). Assume that

CU-X|A><:1.

Then, for any place v of F, the local root number e(%, Ty, Xv) of the Rankin
L-series is independent of the choice of additive character. We also assume that,
for all places v of F,

e(3, 70, x0) = xumo (= 1e(By),

where €(B,) = —1 if B, is division and +1 otherwise. It follows that the global
root number e(%, 7, X) equals +1 and there exists an F-embedding of K into B.
We fix such an embedding once and for all and view K* as an F-subtorus of B*.

Let N be the conductor of 7'%, D the relative discriminant of K over F, ¢ C O
the ideal maximal such that y is trivial on [ ], Og, [],.(1 +cOk »). Define the

following set of places v of F dividing N:
%1 := {v|N nonsplit in K | ord,(c) < ord,(N)},

Let ¢ = nplc,pﬂl p°dr ¢ be the ;-off part of ¢, N; the X-off part of N, and
N, = N/Nj the Xi-part of N.

Let R be an admissible O-order of B for (i, x) in the sense that R,, is admissible
for (my, xy) for every finite place v of F. It follows that R is an O-order with
discriminant N such that RN K =0,,.

Let U =[], U, C B, be a compact subgroup such that, for any finite place v,
U, = RS, and that, for any infinite place v of F, U, is a maximal compact subgroup
of B such that U, N K¢ is the maximal compact subgroup of K. For any finite
place v|N;, B, must be split. Let Z = A; denote the center of B*. The group
UN2%) has a decomposition UM% = U’ . (ZNU N2>, where U’ = Hv’[Nzoo U/
is such that, for any finite place v{ N, U, = U, if v{ N and U, = U;(N), otherwise.
View w as a character on Z and we may define a character on U (2> that is @ on
Z N U and trivial on U’; we also denote this character by w.

Definition 1.7. Let V (i, x) denote the space of forms f = (), f, € 7 such that f
is an w-eigenform under U ™2°°); for all places v € =, f is a x, !-eigenform under
K¢ and, for any infinite place v, fisa x, I_eigenform under U, N K 2 with weight
minimal. The space V (rr, x) is actually one-dimensional (see Proposition 3.7).
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Let r, s, t be integers such that B ®qg R = H" x M>(R)* x M»(C)’, and let Xy
denote the U-level real manifold

Xy = BX\ (9 x %) x B* /U,

which has finitely many connected components, where ¥,, 3 are the usual hyper-
bolic spaces of dimension two and three, respectively. Define the volume of X,
denoted by Vol(Xy), as follows:

o If s+1¢ >0, then Xy is the disjoint union of manifolds of dimension 2s + 3¢,

Xy = BY\(96 x 95) x B* /U = || Ti\(965 x 95),
i
for some discrete subgroup I'; C BX' N ]_[v‘oo’ B, not division (Bv) > then define
the volume of Xy with the measure dx dy/(4mwy*) on ¥, and the measure
dxdydv/ 7%v3 on ¥;3. Here the notation %3 is the same as in [Vignéras 1980].

o If s+1 =0, then F is totally real and B is totally definite. For any open compact
subgroup U of B>, the double coset B* \B /U is finite; let 81, 8n € B>
be a complete set of representatives for the coset. Let uz = F*NU; then, for
any g € BX, B*NgUg™'/uz is a finite set. Define the volume of Xy to be
the mass of U:

: 1

Vol(Xy) =Mass(U) = — .

; #(BXNgiUg )/ uz

For any automorphic forms f; € 7 and f, € T, (f1, f2)pet i8S the Petersson pairing

of f1, f2, defined by

s fo)pe = / Fi(®) f(g) ds.
B*AX\B

where dg is the Tamagawa measure on F*\B*, so that B*A*\B, has total
volume 2. For any f; € V(x, x) and f> € V(7, x '), one may define the U-level
pairing as

(fi, F2)u = 3{f1. f2)per - Vol(Xp).

For any f € V(m, x), define the c;-level period of f € V (m, x) as follows: let
K3/ Fs be the closure of K /FZ in the compact group K 5 /A* K> and endow
K3/ F% with the Haar measure dh of total volume one; then, let

= Y oo ff0= [ sanxmd.
t€Pickr (Oc,) &/ F%
The function f°(z) X (t) on K KA is constant on K& 5, SO can be viewed as a function
on Picg,r(O¢,) = K /K> F* @X Note that, when F is totally real and all infinite
places v of F are inert in K, f 0L = f.
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Notations. Let b be an integral ideal of F'; we define the relative regulator R; to
be the quotient of the regulator of 0, by the regulator of 0* and wy, =#0,; ./#O,.
Denote by k; the kernel of the natural homomorphism from Pic(0) to Pic(0p).
Define vy, = 277k/F Rb_1 - #kp - wp, Where rg,p = rank O — rank 0*. For example,
if F is a totally real field of degree d and K is a totally imaginary quadratic field
extension over F, then v, = 2174 - #k, - [@; :0*], where k, C kp and #x1 =1 or 2
[Washington 1997, Theorem 10.3].

For an infinite place v of F, let U, denote the maximal compact subgroup
of GL,(F,), which is O, if v is real and U, if v is complex, and let Uy, C U,
denote its subgroup of diagonal matrices () for a € F* with |a], = 1. For
a generic (g,, U,)-module o, and a nontrivial additive character ¢, of F), let
W(oy, ¥y) be the i,-Whittaker model of o,. There is an invariant bilinear pairing
on W(oy, ¥y) x W(G,, 10_1),

A () =

with the measure d*a = L(1, 1,) da/|a|,, where da equals [F), : R] times the usual
Lebesgue measure on F,. Let Wy € W (o, ¥,) be the vector invariant under U ,,
with minimal weight such that

L(s,m,) =Z(s, Wy), where Z(s, W) :=/ W6v|:<a 1)] |a|ffl/2d><a
F)

with d *a the Tamagawa measure. Similarly, define Wo for o,. Then Q,,:= (WO,VT/O)U
is an invariant of o, which is independent of the choice of ¥, (see an explicit formula
for Q2,, before Lemma 3.14 ). We associate to (o, x,) a constant by

27 Q;vl if K, is nonsplit,

—1 : . : (I-1
Qo010 * 2, if K, is split,

C(oy, xv) = {
where for split K, = FUZ, embedded into M, (F,) diagonally, the character yx; is
given by x1,(a) := XU[(“ 1)] If v is a real place of F and o, is a discrete series
of weight k, then C(o,, x,) = 4 '7**1T(k)~! when K, = C, and C(0,, x») = 1
when K, = R,

Let o be the Jacquet-Langlands correspondence of 7 to GL,(A); the normalized
new vector ¢ = &), ¢v € o is the one fixed by U;(N) and ¢, is fixed by Uy, with
weight minimal for all v|oo such that

L(s,0)= |3|SA71/2Z(S, d)o), where Z(s, ¢0) ::f ¢0 (a ) |a|SA*1/2 d*a
FX\AX 1
with the Tamagawa measure on A*, so that

Resszl/ lal*~'d*a =Ress_; L(s, 15).
la|<l,ae F*\AX*
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When F is a totally real field and o a cuspidal automorphic representation such
that o, is a discrete series for any infinite place v, the normalized new vector ¢° is
not parallel to the Hilbert newform ¢: they are different at infinity. If o is unitary
and ¢° is the normalized new vector of o, then & = & and q?’ is the normalized
new vector of 6. We will see that (¢, ¢)y,v) = Q)4 (¢, <l_50>U0(N)-

Theorem 1.8 (explicit Waldspurger formula). Let F be a number field. Let B be a
quaternion algebra over F and w an irreducible cuspidal automorphic represen-
tation of By with central character w. Let K be a quadratic field extension of F
and x a Hecke character of K 5. Assume that:

(1) o xlax=1;
(2) €(3. v, xv) = xumu(—1De(By) for all places v of F.

Then, for any nonzero forms f| € V(r, x) and f> € V(7%, x 1), we have

0 0
L® (L 7, x) =272 (1, vy PP (2)
9 9 —_— OO ’
2 V2 VIDklllerl? (f1s f2) e

where ¢? e 't and ¢>g e 'Y are normalized new vectors, X is the set of places
v|(cD, N)oo of F such that if v||N then ord,(c/N) > 0, and if v|oo then K, = C.
The constant Co = va Cy, cilc and Xp are the same as in Theorem 1.5, and
C, = C(JTJL, Xv) is given in (1-1).

For many applications, we need an explicit form of the Waldspurger formula for
different test vectors. The following variation of the formula is useful. For each place
v of F, fix a B -invariant pairing (, ), on 7, X 7,. Here, if v|oo, we mean it is the
restriction of a B -invariant pairing on the corresponding smooth representations.
For any f| € my, f;, € 7, with (f{ , f; ,)v # O, define ,Bo(fl/’v, f3.,) as in
Theorem 1.6.

Theorem 1.9 (variation of the Waldspurger formula). Let (7, x) and fi € V (m, x),
freV(@, x~") be as in Theorem 1.8. Let S be a finite set of places of F, fiem,
f> € T be pure vectors which coincide with fi, f, respectively outside S such that
(fl o f30)v #0and B°(f] . f3.,) # O forallv € S. Here g is similarly defined
as in Theorem 1.6. Define

#PiCK/F(@cl)

PO / — .
X(fl) VOI(KXAX\KX,CZI) KXAX\K

fl@)x@)dr,

and define Pf,l (f3) similarly. Then, in the notation of Theorem 1.8, we have

) By P UDPLUD o B2 1. o)
T2 VDRl (A B s B f)

L(E)(%, . X) —p—#Ep42
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Example. Let ¢ =) a,q" € S2(I'o(N)) be a newform of weight 2 and p a good
ordinary prime of ¢, K an imaginary quadratic field of discriminant D and x a char-
acter of Gal(H,./K) of conductor c¢ that is prime to p. Assume that the conditions
(i)—(i1) in Theorem 1.2 are satisfied. Let B be the quaternion algebra, 7 the cuspidal
automorphic representation on B, and identify 7 with 7. Let f e 7% =V (x, x)
be a nonzero test vector as in Theorem 1.8. Define the p-stabilization of f by

- 1
[r=7r- 0177( p)f,

where « is the unit root of X*>—a pX—+pand B = p/a is another root. By the variation
of the Waldspurger formula and Theorem 1.2, one may easily obtain a formula for

0 T . . . . . . . .
P,/(f"), which is used to give the interpolation property of anticyclotomic p-adic
L-functions:

87°(¢, Py 1P
[0 :z</ID2| (T D

BOAW, W) L2,1,)
BOWT, W)  L(l, ), ad)
Here W is a new vector of the Whittaker model W (77, ¥,) with ¥, (x) = e~ 271t(),
where 1 : Q,/Z,, — @/Z is the natural embedding and W := W —a~ ', (' p)W
is its stabilization, where K [f = @;2 is embedded into GL,(Q,) as a diagonal
subgroup and x;(a) = x(*,).

L(1, ¢, x) =27H"D).

where

(= e A =" % e

€p =

Now we consider the situation that:
(1) F isatotally real field and K is a totally imaginary quadratic extension over F,
(2) for any place v|oo of F, )L is a unitary discrete series of weight 2,
3) (¢, N)=1.

Let ¢ be the Hilbert newform as in Theorem 1.5 (which is different from the
one we chose in Theorem 1.8). We are going to give an explicit form of the
Waldspurger forrnula following [Gross 1988] which is quoted in many references.
Let X = B~ \B / R* and let gls---y8n € B* be a complete set of representa-
tives of X. erte [g] € X for the class of an element g € B*. For each gi, let
[i=(B*NgR RX ’1)/@X which is finite, and denote by wy; its order. Let Z[ X] be
the free Z-module (of rank #X) of formal sums ) _; a;[g;]. There is a height pairing
on Z[X] x Z[ X] defined by

<Z ailgil, Zbi[gi]> =Y aibiw;.

By Eichler’s norm theorem, the norm map i

N:X —> Cy, where X := BX\B*/R*, Cy := F\F* /0%,
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is surjective. For each ¢ € C4, let X, C X be the preimage of ¢ and Z[X ] be the
submodule of Z[X] supported on X.. Then Z[X] = EBceC+ Z[X,.]. Let Z[X.]°
be the submodule of classes ) _a;[g;] € Z[X.] with degree ) ; a; = 0, and let
721X1° = @,cc, Z1X1° and C[X]° = Z[X]° ®7 C. Note that V (, x) C 7% by
Proposition 3.8, and then there is an injection

Vi, x) — CIXI°, [ f(gDw; &,

so we can view V (1, x) as a line on C[X]°. Tt follows that (£, f) = (f, f)#x. The
fixed embedding K — B induces a map

Pic(0.) — X, t+— x;,

using which we define an element in C[X],
Po= Y x'ox,
tePic(0,)

and let P7 be its projection to the line V(rr, x). Then the explicit formula in
Theorem 1.8 implies:

Theorem 1.10. Let (7, x) be as above with conditions (1)—(3). The height of P)’(’
is given by the formula

—#%)p ) (SJTZ)d ° (¢’ ¢)U()(N) . T P >’

2 2 ( X’ )7(1
u*y/|Dglllc]|

LE (L7 y) =2
where
Y :={v|(N, D)oolif v||N then vt D}, Xp:={v|(N, D)},

u=~#r.-[0X:0"],and ¢ € 7'V is the Hilbert newform as in Theorem 1.5. For any
nonzero vector f € V(m, x), let P)?(f) = Z[epic(@c) f (@) x(t); then we have

_ oy, BT @ P 1PYHP

1
(zm 1) EN R

Remark. When ¢ and N have a common factor, one can still formulate an explicit
formula in the spirit of Gross by defining a system of height pairings (, )y in the
same way as Theorem 1.8.

L

As a byproduct, we obtain the following result about the relation between the
Petersson norm of a newform and a special value of the adjoint L-function:

Proposition 1.11. Let F be a totally real field and o a cuspidal unitary automorphic
representation of GL,(A) of conductor N such that, for any v|oco, oy, is a discrete
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series of weight k,. Let ¢ be the Hilbert newform in o as in Theorem 1.5. Then

L(S)(l, g, ad) _ 2d71+2v\oo ky
(@, D uyvy

where S is the set of finite places v of F with ord,(N) > 2 and ord,(N) > ord,(C),
C is the conductor of the central character of o, h is the ideal class number of F,

and
(¢’ ¢)U0(N) = // |¢|2( /\ yvv_z dxv dyv>, Zy =Xy +yvl
Xuomn

v|oco

—2y-1 -1
AINSTT

Or, equivalently,

LB (1,0, ad 4kv o+l
L77d,0,ad) :%-||N8_2||_1-h;1-1_[—ﬂ .
(@, P)uypvy vloo I"(ky)

Proof. This follows from Proposition 2.1, Lemma 2.2, and Proposition 3.11. Here
[Tunnell 1978, Proposition 3.4] is also used. O

Example. Assume that F = Q and o is the cuspidal automorphic representation
associated to a cuspidal newform ¢ € S;(SL,(Z)). Then we have that

22k71nk+1

L(1,0,ad) =2 (¢, s,y L™ (1,0,ad) = Tk

(¢, DsL, @) -

2. Reduction to local theory

We now explain how to obtain the explicit formulas in Theorems 1.5 and 1.8 from
the original Waldspurger formula and the general Gross—Zagier formula proved in
[Yuan et al. 2013]. We first consider the Waldspurger formula. Let B be a quaternion
algebra over a number field F and 7 a cuspidal automorphic representation on B
with central character w. Let K be a quadratic field extension over F and y be a
Hecke character on K g. Assume that: (1) w- x|ax = 1; and (2) for any place v
of F, e(%, Ty, Xv) = xuNv(—1)€(B,). Define the Petersson pairing on 7 ® 7 by

(f1, f2)pet :/ f1(g) f2(g) dg

BXAX\BX

with the Tamagawa measure, so that the volume of B*A* \BAT is 2. Let P, denote
the period functional on

PX(f)=/;<XAX\KXf(t)X(t)dt forall f e .

Then Waldspurger’s period formula [Waldspurger 1985; Yuan et al. 2013, The-
orem 1.4] says that, for any pure tensors f; € 7, f» € T with (f1, f2)pet Z O,
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Py (f)P1(f2) L(3.7m. %)
(fi, fLyper  2L(1,m,ad)L(2, 15)"!

T 1B o) @-1)

where L(1, mr, ad) is defined using the Jacquet—Langlands lifting of 7. Here, for
any place v of F, let (, ), : m, X T, — C be a nontrivial invariant pairing; then

L(l,nv)L(l’ ﬂvaad) (ﬂ(tv)fl,m f2,v>v
L(%a Ty, XU)L(za IFU) K F) (fl,va f2,v>v

IB(fl,vafZ,v)= x(ty) dty,
where local Haar measures dt, are chosen so that Q) dt, = dt is the Haar measure
on K5 /A% in the definitions of P, and P, -1, and the volume of K\ K /A* with
respect to dt is 2L(1, ). Note that the Haar measure dt is different from the one
used in [Yuan et al. 2013, Theorem 1.4]. To obtain the explicit formula, we first
relate P, (f), L(1, 7, ad), and (f1, f2)pe: to the corresponding objects with levels
in Theorem 1.8, and reduce to local computation.

For our purpose, it is more convenient to normalize local additive characters
and local Haar measures as follows. Take the additive character Y = &), ¥, on A
given by

eria if F, =R,
wv(a) — e47riRe(a) if Fv — C,
Vp(trea, (@) if F, is a finite extension of Q,, for some prime p,

where ¥, (b) = e 2"*® and « : Q,/Z, — Q/Z is the natural embedding. It
turns out that i is a character on F\A. For any place v of F, let da, denote
the Haar measure on F, self-dual to v, and let d*a, denote the Haar measure
on F) defined by d*a, = L(1, 1,)da,/|ay|,. Let L be a separable quadratic
extension of F, or a quaternion algebra over F,, and ¢ the reduced norm on L;
then (L, g) is a quadratic space over F;,. Fix the Haar measure dx on L to be the
one self-dual with respect to i, and ¢, in the sense that 6()5) = ®(—x) for any
® e S(L), where ﬁ;(y) = fL @ (x)Yr, ({x, ¥)) dx is the Fourier transform of ¢ and
(x,¥) =q(x+y)—q(x) —q(y) is the bilinear form on L associated to g. Fix the
Haar measure d*x on L* to be the one defined by

dx

L(1,1,)% if L=F2,
R PTESTH v
d*x={L({,1 L)IquTx)l if L is a quadratic field extension over F,,
v
L, lv)ﬁ if L is a quaternion algebra.
qx)ly

Endow L*/F, with the quotient Haar measure. Let K be a quadratic field extension
of F and B a quaternion algebra over F'. For local Haar measures on K/ F and
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B /F), their product Haar measures on K ; /A and By /A satisfy
Vol(K*\K/A*) =2L(1,n) and Vol(B*\BX/AX)=2.

Thus, these measures can be taken as the ones used in the above statement of
Waldspurger’s formula. From now on, we always use these measures and the
additive character i on A.

2A. Petersson pairing formula. Let o be a cuspidal automorphic representation of
GL;,(A) and & its contragredient; let N be the unipotent subgroup N = { ( ! )lc) |x eF }
of GL,. View i as a character on N(F)\N(A) and the Haar measure da on A
as the one on N(A). For any ¢ € o, let Wy, € W (o, ¥) be the Whittaker function
associated to ¢,

Wy (g) = / ¢ (ng)y (n) dn.
N(F)\NA)

Recall there is a GL,(F)-pairing on W, y, x W5 -1 : for any local Whittaker
functions Wy, € W(oy, ), Wa,w € WGy, ¥, 1),

a a
(Wl,v, W2,v>v :/ Wl,v ( 1) WZ,v < 1> d*a.
F)

Define the Petersson pairing on o x & by
(P1, P2)pet 1= / $1(8)p2(g)dg, ¢1€0, pr€0T,
Z(A) GLy(F)\ GL2(A)
where Z = F* is the center of GL,.

Proposition 2.1. For any pure tensors ¢ € o, ¢ €&, with Wy, =@, Wi, i =1, 2,
(@1, P2)per = 2L(1,0,ad)L(2, 15) " l_[a(Wl,v» W), (2-2)
v

where, for any place v of F,

1
L(1,0p,ad)L(1, 1,)L(2, 1)~
Proof. We may assume that the cuspidal automorphic representation o is also
unitary and identify & with . Let G = GL; over F, P the parabolic subgroup of

upper triangular matrices in G, and let U =[ [, U, be a maximal compact subgroup
of G(A). For any place v of F, with respect to the Iwasawa decomposition of G (F),

O5(‘)‘/1,va WZ,U) = : (Wl,m W2,v>-

1 1
g:a< )1‘)( b)keG(Fv), a.be FX, x€F,, keU,.

Choose the measure dk on U, such that dg = |b|dx d*a d*b dk is the fixed local
Haar measure on G (F,). For v nonarchimedean, U, has volume L(2, 1,)~}|8,|"/2
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with respect to dk and has volume L (2, 1,)" 118, % with respect to the fixed measure
on G(F,); for v archimedean, U, has volume L(2, 1,)~! with respect to dk.

By [Jacquet and Chen 2001, Lemma 2.3], for any Bruhat—Schwartz function
d, € H’(Ff) we have

/ B ([0, b6 d* b dk = B, (0),
F)xU,

where 6,) is the Fourier transformation of &, and 51)(0) is independent of the
choice of the additive character i,. For any ® € & (A?), let

F(s,g, ®) =|detg* [ ([0, blg)|b|* d*b,
AX

and define the Eisenstein series

E(s.8.®):= ) F(s.y8®). Re(s)>0.
yeP(FO\G(F)

By the Poisson summation formula,

( > <I><asg))|a|2“‘an

E(s, g, )= IdethS/
£eF2\(0)

FX\Ax
> @(asg>>|a|2"' d*a

=Idetg|S/ <
=1 N g e p2\(0)
+ |det g / ( > 6<g—‘5'a>)|a|2—2~‘dxc¢
la|>1

E€F2\{0}
+ |det g|*~'®(0) la|* 2 d*a — |det g|* D(0) la|® d*a.

la|<1 la|<1

It follows that E(s, g, ®) has meromorphic continuation to the whole s-plane, has
possible poles only at s =0 and 1, and its residue at s = 1 is equal to

Res,_; E(s, g, ) = ®(0) lim (s — 1) a2 d*a = 1®(0) Resy1 L(s, 15),
= lal<1

which is independent of g. By unfolding the Eisenstein series and Fourier expansions
of ¢;,

Z(s, 1, 2, @) = / $1(8)b2(g)E(s, g, ) dg
[2\G]

= / |det g|” W, (8) We, ()P (10, 11g) dg
NANGA)
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has an Euler product if ® € S(A?) is a pure tensor. For each place v of F and
D, e S(sz), denote

Z(s, Wiy, Wap, ) = f (det gl W1 o (8)Wa.0 () ([0, 11¢) de,
N(F)\G(Fy)

which has meromorphic continuation to the whole s-plane; and moreover, for v { co,
the fractional ideal of C[g;), ¢, *] of all Z(s, Wy, Wa ,, @) with Wy , e W(oy, ¥),
Wy, € W(G,, ¥, ') and @, € F(F?) is generated by L(s, o, x 3,). It is also known
([Jacquet and Chen 2001, p. 51]) that, for each v,

Z(lv W],Ua WZ,U7 q)l))

:f Wi (" )Wz,v (“ )dxa~/f @, ([0, b1K)|b[* d*b dk,
X 1 1 FXxU,

with the Haar measures chosen above. Let ® = Q), ®, € P(A?) be a pure tensor
such that ®(0) #~ 0 and take residue at s = 1 on the two sides of

Z(s, 1, 2, @) =[ | Z(s, Wiy, Wa, ®).
v

We have
($1, $2pet Resy—i E(s, g, ®) =Res,—; L(s, 0 ><cr)el><0)1_[“”—W“>
L(1,0,x0y)
o L(1,0,ad) L0y ad)L(1, 15,)
(1, $2hper 2 l_[ (Wiw, Wau)y
The formula in the proposition follows. U

2B. U-level pairing.
Lemma 2.2. Let B be a quaternion algebra over a number field F and denote by
r, s, t integers such that B @q R = H" x M>(R)* x M»(C)". For U C B* an open
compact subgroup, the volume of Xy, defined after Definition 1.7, is given by
Vol(Uz)

VolU

where Uz = U N F* and the volumes Vol(Uz) and Vol U are with respect to
Tamagawa measure, so that

Vol(Xy) = 2(4n2)—d#(A; JF*Uy) -

Vol(GL(0,)) = L(2, 1,)~" Vol(0,)*,
Vol(B) = L(2, 1,) "' Vol(0,)*(q, — D™ for B, division.

In particular, if U contains O then—where hg is the class number of F —

Vol(Xy) =24a>) "¢\ Dp|™V* - hp - Vol(U) ™.
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Proof (see also [Yuan et al. 2013] for the case s =1 and t =0). Let g be the reduced
norm on B, and B! := {b € B* | q(b) = 1}. For each place v of F, we have the
exact sequence

and define the Haar measure dh, on B! so that the Haar measure on q(B))—
obtained by the restriction of the Haar measure on F,* —equals the quotient of
the Haar measure on B, by dh,. The product of these local measures give the
Tamagawa measure on BA, so that Vol(Bl\BA) = 1. This follows from the fact
that the Tamagawa numbers of B! and B* are 1 and 2, respectively. Assume that
B®gR=H" x M>(R)* x M»(C)". We assume that s +¢ > O first and let £ C oo
be the subset of infinite places of F where B splits. By the strong approximation
theorem, BA = B!Bl U!, where U' = U N BAf is an open compact subgroup
of BAF It follows that

B"\Bj =B"\B'BLU' = (I'\By)BL>U",

where I' = B! NU!, and we identify '\ BL. with the fundamental domain of this
quotient.

For a real place v of F, B! = SL,(R). By the Iwasawa decomposition, any
element is uniquely of the form

Lx\ (y'/? cos6 sin6
R R 277).
( 1)( y_l/z —sinf cosb )’ xeR, yeRy, 0€[0,2n)

The measure on BJ is dx dy df /2y?* with dx dy the usual Lebesgue measure, and 6
has volume 27. For a complex place v of F, B! = SL,(C). By the Iwasawa
decomposition, any element in SL,(C) is uniquely of form

1 172
( i) (” v_1/2>u, zeC, veR,, ueSU,,

The measure on B! is dx dydvdu/v? with z = x + yi, dx, dy, dv the usual
Lebesgue measure, and du has volume 872 (see [Vignéras 1980]). It follows that

; dxd dxdyd
VOI(F\Bé)=2_’(4ﬂ2)“+2’wz_]1-V01<F\(5‘7€‘§x%[3), = v)

4 y? m2v3

where wy = #{£1} N U. But also, for any infinite place v ¢ ¥, Vol(B!) = 472
Thus,

dxdy o dxdydv

1 A~—t 2\d !
wy 27 (4m?) ~V01(F\(%§X%3)’ 4y mv

) “Vol(UY) =1,
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where d = [F : Q]. Let B C B* be the subgroup of elements whose norms are
positive at all real places. Now consider the natural map

(BN UM\ (3 x 94) —> (BX N U\ x %),
whose degree is just
[(BXNU): (B'Nu"yuyl =[det(BI NU) : u] = [uy : ugl-

Here uy = F*NU and uj, = F NdetU, subgroups of Oy with finite index. It
follows that
Vol(Xy) = Vol((B} N U\ (95 x 95)) - #(F\F* / det U)

2th

— H(FX\F*/detU).
@) - Nol(UY) [y cug] 7
Note that
#(F*/F detU) Vol(Uz)
~ = [F*Uz: FXdetU]=[F*: F}l—————[u} : pul-
B P\FrU, Uz EdetUl= 1 FGa Gy o i

Since [F*: F1=2"%, [uy : u3,1=2"1""1wy, and Vol U = Vol (U') Vol(det U),

we have
VOI(U Z)

Vol(Xy) = 2(4n2) " "#(F* /F*Uy) - Vol(U)

Now assume s = ¢ = 0. The Tamagawa number of B> is 2, Vol(B)*/F) = 4r*
for any v|oo, and the decomposition

B*AX\B)X = FX\BX x B*F*\B*.

It follows that Vol(B* fx\ﬁx) =2(4n2)~?. Let yi, ..., y, be a complete set of
representatives in B> of the coset B*\B*/U. Consider the natural map

BX\BXVZU N BXI/;‘\X\BXi;'\XyiU’

whose degree is #ff“\X/FX Uz. Now

Vol(B* F*\B* F*y;U) = Vol( v (U/Uz)y; ) _ Vol(U)/ Vol(Uz)
i = — = — .
(B*Ny Uy Y/uz) #B*0yUy "/ uz
Thus,
2473~ = Vol(B* F*\B%)

O

Vol(U) & 1

= #F*/F*Uz)~"- : ‘
Vol(Uz) = #(B* Ny Uy ) /nz
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2C. cy-level periods. Now take f, € V(r, x), f> € V(7, x 1) to be nonzero test
vectors as defined before. Let 0 = '" and take ¢; € o and ¢, € 5 to be normalized
new vectors. The cj-level periods P)? (f1), P)?,l (f>) are related to the periods in
Waldspurger’s formula by the following lemma:

Lemma 2.3. Let b C O be a nonzero ideal of F and denote by Pick ;r(0y,) the group
K*/K*F*0,. Then there is a relative class number formula,

#PiCK/F(@b) . Rb
#Kb - Wp

LO 1, n) - | Dk pb?8||V/* - 27k =

por - Otorls Rb is the quotient of the
regulator of O, by that of 0%, and k, is the kernel of the natural morphism from
Pic(0) to Pic(0p). Define a constant vy, := 27"K/F Rb_1 -#icpwp. Then

where rg p = rank O — rank 0%, w;, = [0

Py (f) =2Lc, (1, )| Dcis| = vt PY(f).
Proof. There are exact sequences
1 — kp —> fX/FX@\? — I/(\X/KX/@f — I/(\X/Kxfxé“\; —1
and
1 — 0%/0 — 03 /07 — K*/K*0f — K*/K*0} —> 1.
It follows that
—~ ~ o~ h ~ o~
#Picg/r(0p) = #K* /KX F*0) = ﬁ 0% 071107 1 0717 - ey,
where hyx = #K * /K Xl@}? is the ideal class number of K and similarly for 4 r. By
the class number formula for F and K,
Rrhp Rihg
wr+/[DF[’ wi~/1Dk|’

where rp =rank O, D is the discriminant of F, Ry is the regulator of 0%, iz the
ideal class number of F, wp = #0, and similar for rg, Dg, Rk, hr and wg.
Noting that |Dg|/|Dp| = |DK/F5|&] and [0% : 017! = L(1, n)|b|, we have that

Res,_; L(s, 15) =2"F*! Res,_; L(s, 1g) = 2"«+!

h Rxwy!
L(1, ) = K pree ZEVK

hF FWpg

Dk /r8) 72

Rrwy!
= #Picgr (0p)-Ly(1, )25/ [0% : 0] =K,
RFU)F

(#p) V|1 D pb?8) 12

The relative class number formula then follows. O
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Let N be the conductor of o = 'L, let U € B* be an open compact subgroup,
and recall

(fi, £2)u = 2{f1, fo)pe VOL(Xu), (D1, $2)uov) = 3 (D1, d2)per VOL(Xyy())-

Applying Proposition 2.1, Lemma 2.2, and Lemma 2.3, Waldspurger’s formula
(2-1) implies the following:

Proposition 2.4. LerU =[], U, C B> be an open compact subgroup with 0% CU.
Let y, = Vol(Up(N),) ™! Vol(U,) for all finite places v and y, = 1 for v|oco. Let
¢1 € 'k, ¢y € 7' be any forms with (@1, ¢2)v,v) 7 0 and let (W1, Wa ) be
the corresponding local constants defined in Proposition 2.1. Let fi € w, f>» € T be
any pure tensors with (fi, f2)pet 7 0 and B(f1,v, f2.v) the corresponding constants
defined in (2-1). Then we have

PY(fP) . (f2)
(f1, fz)

B L(;, 7, X
{1, D) U

L, (1, )| De}s) Pv 2

JTeWiw, Wa)B(fru, fru)ve,  (2-3)

v

where v, is defined as in Lemma 2.3.

It is now clear that the explicit Waldspurger formula will follow from the com-
putation of these local factors. In the next section, we will choose ¢, ¢, to be
normalized new vectors in 7' and 7', respectively, choose nonzero f; € V (1, x),
f> € V(7, x), and compute the related local factors in (2-3).

We obtain the explicit Gross—Zagier formula from the Yuan—Zhang—Zhang
formula in a similar way. Let F' be a totally real field and X a Shimura curve over F'
associated to an incoherent quaternion algebra B. Let A be an abelian variety
over F parametrized by X and let m4 = Hom (X, A) be the associated automorphic
representation of B* over the field M := EndO(A) and w its central character.
Let K be a totally imaginary quadratic extension over F and x : Ky — L* a finite-
order Hecke character over a finite extension L of M such that w- x |ax = 1 and,
for all places v of F, €(3, 74, x) = xvnv(—1)e(B,). Fix an embedding Kx — B
with K — B>, let P € XX"(K®), and define

Py(f) = /KX/KXAXf(P)G’ ®u x (@) dt € AK™)o®u L,

where we use the Haar measure so that the total volume of K 5 /K *A* is 2L(1, n),
and 7 is the quadratic Hecke character on A associated to the extension K /F. We
further assume for all nonarchimedean places v that the compact subgroup O IX(U /0%
has a volume in @, and fix a local invariant pairing (, ), on w4 , X T4v, With



Explicit Gross—Zagier and Waldspurger formulae 2551

values in M. Define B(f1,v, f2.v) € L for (f1.v, f2.0)v 70 by

L(l nv)L(l 7Tvvad) (n(tv)fl,v’ f2,v)v
L(. o, xo) L2, 15) Jrz/rre (Fros faudo

B(f1,vs f2,0) = x () de, €L,
where we take an embedding of L into C, and the above integral lies in L and does
not depend on the embedding.

Then, for any pure tensors f| € w4, fo € mwyav with (f1, f2) # 0, Yuan et al.
[2013] obtained the following celebrated formula as an identity in L ®q C:

(Py(f1), Py-1 (S kL L'(3.7a, X)
Vol(Xy)~'(f1, L) v L, ma,ad)L(2, 15)~!

Hﬁ(ﬁ v ). (24

Note that we use height over K whereas that used in [ Yuan et al. 2013] is over F,
the Haar measure to define P, (f) is different from theirs by 2L(1, n), and the
measure to define Vol(X ) is different from theirs by 2. Similar to Proposition 2.4,
we have:

Proposition 2.5. Let U =[], U, C B* bea pure product open compact subgroup
such that 0% C U. Let Yo = Vol(Uo(N)y) Vol(Uy,) ™! for all finite places v and
vy = 1 for v|jco. Let ¢ € 712“ be any nonzero form and let a(W,, W,) be the
corresponding local constants defined in Proposition 2.1. Let [ € ma, f» € wav be
any pure tensors with (f1, f2) # 0 and B(f1.v, f2.v) the corresponding constants
defined in (2-4). Then we have

(P P (kL
(f1, 2u

L )
<§£¢—;T(;40V)l—[av(wl v, Wa, DBu(f1vs [2.0) V0. (2-5)

2L, (1, )DL v 2

We will study the local factors appearing in formulas in Propositions 2.4 and 2.5
in the next section.

2D. Proofs of main results. In this subsection, we prove Theorems 1.5, 1.6, 1.8,
1.9 and 1.10, assuming local results proved in Section 3.

Proof of Theorem 1.8. We first give a proof of the explicit Waldspurger formula.
In (2-3), take nonzero f; € V(m, x), f>» € V(7, x~ 1), and ¢? (resp. d)g) the
normalized new vector of 7'l (resp. 7'). Let Wgo 1= W; = @, Wi, be the
corresponding Whittaker functions of ¢0 i =1,2. Let R C B be the order, as
defined in Theorem 1.8, and U = R*. Denote

a=a(Wiy, Wao)- 1812, B:=B(fiv. fru)- |DSITV2.
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Then (2-3) becomes

172, L PP (f2)
“ (f1, f2)u
_LP(z.7x)
B <¢(1)’ ¢S>U0(N)

Let X be the set in Theorem 1.8, £, = X Noo and Xy = ¥ \ Y. Comparing
with the formula (2-3), the proof of the explicit formula in Theorem 1.8 is reduced
to showing that

Lz, (5,7 x)Le (1, mleily! 1_[ oy Buyy = 27D

4|Dc38?

Ly(3.m x)Le, (L lerly' | JewBove-
v

vfoo
and
LEOO (%7 , X) 1_[ av,vav = C;ol’
v|oo
which are given by Lemma 3.13 and Lemma 3.14. U

Proof of Theorem 1.10. Given the hypotheses of Theorem 1.10, identify 7 with 77;
by Theorem 1.8,

#5042 (47 3yd (¢ ¢>U0(N) | Py (f)l2

L&) ,
(3. x) = D |12 {f1, fa)u

The formula in Theorem 1.10 follows by noting these facts:
(i) ve, =2""uy

(i) (°, 9% vovy = 1) 4 (¢, d)uy(vy» Where ¢ is the Hilbert newform of 7
This is obtained by applying the formula in Proposition 2.1 to ¢ and ¢°, and
the comparison of local Whittaker pairings at infinity; see the discussion before
Proposition 3.12.

(i) Let gy, ..., gn € B* bea complete set of representatives of X = B> \§ X / R*
and let w; =#(B*Ng;R R _1/©X) then, as in the proof of Lemma 2.2, for U = R*,

(f. Flu =2""Vol(X)(f. fleer = Y _ 1 (gi)Pw;!

i=1
=(>" reeow el Y- Flgow; i)
=(f, f)s

where we identify f with its image under the map V (i, x) — C[X] and (, ) is the
height pairing on C[X]. (]
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Proof of Theorem 1.5. To show the explicit Gross—Zagier formula in Theorem 1.5,
similarly to above, we apply the formula (2-5) in Proposition 2.5 to nonzero forms
f1 € V(ma, x), fo € V(may, xh, ¢>0 the normalized new vector of J'riL, and
U =R* as in Theorem 1.5. By Lemma 3.13 and Lemma 3.14, we have

(6%, %oy (PLUDL PO ()i r
vZ2VIDkllletl (1. 2u '

Then the explicit Gross—Zagier formula follows again by noting facts (i) and (ii)
above. [l

L' 7, x) =2702(4r3)d

Proof of Theorems 1.9 and 1.6. We now show that the variations of the explicit
Waldspurger formula in Theorem 1.9 follow from the Waldspurger formula (2-1)
and its explicit form in Theorem 1.8, and similarly for the variation of the explicit
Gross—Zagier formula in Theorem 1.6.

Let f{=Q), fi, €7, [,=Q), f,, €7 be forms different from the test vectors
A=, fiv eV x), L=Q), fro € V(T, x~") at a finite set S of places of F,
respectively, such that (f] . f5 )y #0and B(f] ,, f;,) # 0 for any v € S. By the
Waldspurger formula (2-1), we have the formulas

P)(f1)- P)?fl(fz)

=%, 0 [ [ B o),

(f1, v
P)(fD)- P} (f)
= P(x. /v’ /v’
T e mmzwm,&>
where
_ (#Picg,r(O) 2 2 L(3,7, x)
58(”’)‘)_( 2L(1, 1) )'Vol(XU)'2L(1,n,ad)L(2,1F)—1’

It follows that

@mY@Jﬁkf%ﬂf@Jﬁ)nﬁmwﬁw
(f1, Llu B (fi» H)u B fry)

The variation formula follows immediately. (Il

ves

3. Local theory

Notations. In this section, we denote by F' a local field of characteristic zero, i.e.,
a finite field extension of @, for some place v of (2. Denote by | - | the absolute
value of F' such that d(ax) = |a| dx for a Haar measure dx on F. Take an element
8 € F* such that §0 is the different of F' over @, for v finite and § = 1 for v infinite.
For F nonarchimedean, denote by O the ring of integers in F', & a uniformizer, p its
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maximal ideal, and ¢ the cardinality of its residue field. Let v: FF — Z U {oo} be the
additive valuation on F' such that v(zw) = 1. For p a (continuous) character on F*,
denote by n(u) the conductor of u, that is, the minimal nonnegative integer n such
that p is trivial on (1 + @ "0) N 0*. We will always use the additive character
on F' and the Haar measure da on F as in Section 2, so that da is self-dual to .
Denote by K a separable quadratic extension of F' and, for any ¢ € K, write
t — t for the nontrivial automorphism of K over F. We use similar notations as
those for F with a subscript K. If F is nonarchimedean and K is nonsplit, denote
by e the ramification index of K/F. Denote by trg,r and Ng,r the trace and
norm maps from K to F, and let D € O be an element such that DO is the relative
discriminant of K over F. For an integer ¢ > 0, denote by O, the order 0 + w0k
in K. Let n: F* — {£1} be the character associated to the extension K over F.
Let B be a quaternion algebra over F. Lete(B) =41 and §(B) =0if B= M,(F) is
split, and € (B) = —1 and 6 (B) =1 if B is division. Denote by G the algebraic group
B> over F, and we also write G for G(F). We take the Haar measure on F*, K*
and K> /F* as in Section 2. In particular, Vol(0*, d*a) = Vol(0, da) = |5]'/? and

2 if F=R and K =C,
Vol(K*/F*) = { |8]'/? if K is the unramified extension field of F,
2|D8|Y? if K/F is ramified.

For F nonarchimedean and n a nonnegative integer, define the following subgroups

of GL;(0):
ab n ab
Uo(n):={<c d)eGLz(@) cep }, Ul(n)={(c d)er(n)

Let 7 be an irreducible admissible representation of G, which is always assumed
to be generic if G = GL,. Denote by w the central character of 7 and by o = '
the Jacquet—Langlands correspondence of 7 to GL,(F'). Let x be a character on
K* such that

del—i—w”@}.

Xlpx -0 =1.

For F nonarchimedean, let n be the conductor of o, i.e., the minimal nonnegative
integer such that the invariant subspace o1 is nonzero, and let ¢ be the minimal
nonnegative integer such that x is trivial on (1 +@“0Og) NOg.

Denote by

L(s,m,x):=L(s,0 xmy) and e€(s,m, x):=¢€(s,0 Xy, V)

the Rankin—Selberg L-factor and e-factor of o x 7, , where 7, is the representation
on GL,(F) constructed from x via Weil representation. Denote by mg the base



Explicit Gross—Zagier and Waldspurger formulae 2555

change lifting of o to GL,(K); then we have

L(S,]T, X) = L(S, TK ®X)7 G(S,ﬂ, X) = n(_l)f(s:ﬂK ®X’ lADK)

Note that € (7, x) := 6(% T, X) equals 1 and is independent of the choice of /.
In the following, we denote by L(s, w, ad) := L(s, o, ad) the adjoint L-factor of o.

3A. Local toric integrals. Let P (i, x) denote the functional space
P(m, x) :=Homg(m, x 7).

By a theorem of Tunnell [1983] and Saito [1993], the space P (7, x) has dimension
at most one, and equals one if and only if

€, x) = xn(—=De(B).
Lemma 3.1. Let the pair (7w, x) be as above with €(r, x) = xn(—1)e(B).

(1) If K is split or 7 is a principal series, then B is split.

(2) If K/F =C/R, o is the discrete series of weight k, and x (z) = |z|.(z/+/]z]c)™
with s € C and m = k (mod 2), then B is split if and only if m > k.

Furthermore, assume F is nonarchimedean. Then:

(3) If K/F is nonsplit and o is the special representation sp(2) ® u with u a
character of F*, then B is division if and only if jux x =1 with pg :=poNg .

4) If K/F isinert and c =0, then B is split if and only if n is even.
(5) If K is nonsplit with ¢ > n, then B is split.

Proof. See [Tunnell 1983, Propositions 1.6, 1.7] for (1), (3), and [Gross 1988,
Propositions 6.5, 6.3(2)] for (2), (4). We now give a proof of (5). If & is a principal
series then, by (1), B is split. If o is a supercuspidal representation then, by
[Tunnell 1983, Lemma 3.1], B is split if n(x) > ne/2+ (2 —e). It is then easy to
check that, if ¢ > n, this condition always holds. Finally, assume o = sp(2) ® u
with p a character of F*. By (2), B is division if and only if ugy = 1. If
W is unramified, then n = 1 and x is ramified, which implies that B must be
split. Assume u is ramified; then n = 2n () and, by [Tunnell 1983, Lemma 1.8],
fn(ug) =n(w)+n(un) —n(n), where f is the residue degree of K/F. If K/F is
unramified and wg x =1, then ¢ = n(ug) = n(u) =n/2, a contradiction. If K/ F
is ramified and g x =1, then 2c — 1 <n(ug) < 2n(un) = n, a contradiction again.
Hence, if ¢ > n, B is always split. |

Assume that the pair (7, x) is essentially unitary, in the sense that there exists a
character = |- |* on F* with s € C such that both 7 ® u and ¥ ® ,u}l are unitary.
In particular, if 7 is a local component of some global cuspidal representation,
then (7, x) is essentially unitary. Under such an assumption, we study the space
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P (mr, x) via the toric integral
/ () f1, f2)x (@) dt,
F*\K*

where f| € m, f, €, and (-, -) is any invariant pairing on 7 x 7. The following
basic properties for this toric integral are established in [Waldspurger 1985]:

« It is absolutely convergent for any f; € 7 and f, € 7.

o P(m, x) # 0 if and only if P (7, x)  P(7, x~ 1 # 0, and in this case the

above integral defines a generator of P (, x) ® P (7, x .
e For f| €, f> € 7 such that { f1, f>) # 0, define the toric integral
L, nL(, 7, ad) (@) f1, f2)

L2, 1p)L(5. 7, X) /FX\KX (f1. f)
Then B(fi1, f2) =1 in the case that B = M,(F'), K is an unramified extension

of F, both 7 and x are unramified, dt is normalized such that Vol(@}; /07)=1,
and f1, f> are spherical.

B(f1, f2) = x (1) dt.

For any pair (7, x), B is invariant if we replace (7, x) by (T @ u, x ® ,ugl) for
any character u of F*. Therefore, we may assume 7 and x are both unitary from
now on and identify (7, x ~') with (7, ¥). Let (,) : @ x m — C be the Hermitian
pairing defined by (1, f2) = (1. f2).

Let B(f) := B(f, f). Then the functional space P (s, x) is nontrivial if and only
if B is nontrivial. Assume P (7, x) is nonzero in the following. A nonzero vector
f of o is called a test vector for P(m, x) if £(f) # O for some (thus any) nonzero
£ € P(m, x) or, equivalently, if 8(f) is nonvanishing.

The notion of new vectors in an irreducible smooth admissible representation
of GL(F) (see [Casselman 1973a] for F nonarchimedean and [Popa 2008] for
F archimedean) can be viewed as a special case of test vectors. Let 7 be an
irreducible admissible representation of GL,(F). Recall the definition of new
vector line in m, as follows. Denote by T = K> the diagonal torus in GL,(F).
Write T = ZT; with T, = {(* ) }.

« If F is nonarchimedean, then the new vector line is the invariant subspace 7 V1,

o If F is archimedean, take U to be O,(R) if F =R and U, if F = C. The new
vector line consists of vectors f € m which are invariant under 77 N U with
weight minimal.

It is known that new vectors satisfy the following properties:

(1) For any s € C, denote by ws the character on T such that w;|z = w and
wslr, =1 —1/2_ Then any nonzero f in the new vector line is a test vector
for P (7, w; ).
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(2) If W(m, ¢) is the Whittaker model of = with respect to i, then there is a
vector W in the new vector line, called the normalized new vector of m, such
that the local zeta integral 1815~ 12 Z (s, Wo) equals L(s, ).

3B. Local orders of quaternions. Assume F is nonarchimedean in this subsection.

First, in the case that the quaternion algebra B is split, given nonnegative integers
m and k we want to classify all the K> conjugacy classes of Eichler orders R in B
with discriminant 2 such that R N K = Oy. For this, identify B with the F-algebra
Endy(K) which contains K as an F-subalgebra by multiplication. Recall that an
Eichler order in B is the intersection of two maximal orders in B. Then, any Eichler
order must be of the form R(L;, L,) := R(L{) N R(L,), where L;, i = 1,2, are
two O-lattices in K and R(L;) := Endg(L;). Denote by d(L1, L;) the discriminant
of R(Ly, L). For any maximal order R(L), there exists a unique integer j > 0
such that L = t0; for some t € K*. In fact, 0; = {x € K | xL C L}. Thus, any
K *-conjugacy class of Eichler order contains an order of the form R(0;, 10 ;) with
0<j' < jandre K* and the conjugacy class is exactly determined by the integers
Jj’ < j and the class of r € K* modulo F X@;. The question is reduced to solving
the equation with variables k&’ and [¢],

d(Op, t0p)=m, O0=<k'<k, [t]e K*/F*0}.

If (k', [1]) is a solution, then so is (k’, [7]). A complete representative system (k’, 1)
with t € K of solutions to the above equation corresponds to a complete system
R(Oy, tOy) for K *-conjugacy classes of Eichler orders R with discriminant m and
RNK =0y.

Lemma 3.2. Let m, k be nonnegative integers. Let T € K> be such that Ox = O[t],
if K is split then ©> — v = 0, and if K is nonsplit then v(t) = (e — 1)/2. Let
d :=k + k' —m. Then a complete representative system of (k', t) is the following:

e ForO0<m <2k, k' €[|m —k|, k] withd even, sod € 2-[0, k'], and
t=14+atu, uc (@/wk/_d/z@)x.

In the case k' = k —m > 0, the unique class of t is also represented by 1.

o Forsplit K= F?andk+1<m, k' €[0, min(m —k —1, k)], sod € [k —m,0),
and

t = (@*u, 1), ue (0/zX0)*.

e Fornonsplit K andk+1<m <2k+e—1,k=m—k—e+1,ie,d=1—e,
and

t=ox+1, x€ @/wkure_z@.
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Proof. The discriminant d(L1, L,) of the Eichler order R(L, L) can be computed
as follows. Let ¢;, ¢! be an O-basis of L;, i = 1,2, and let A = (g;j) € GL,(F) so
that A(i,:) = (Z) Let v: F — Z U {00} be the additive valuation on F such that
v(w) = 1. Let @« = min; ; v(a;;) and B = v(det A). Then d(Ly, L) = |2a — B].
Now solve the equation

d(Oy, tOp) =m, k' €]0,k], teKX/FXO‘kX,. O
Define

0 if K is nonsplit and ¢ < n,
= .
c otherwise.

Lemma 3.3. There exists an order R of discriminant n and RN K = O, satisfying
the condition that, if nc1 # 0, then R is the intersection of two maximal orders R’
and R” of B such that R NK =0.,, R"N K = Omax{0.c,—n}- Such an order is unique
up to K> -conjugacy unless 0 < ¢ < n. In the case 0 < c1 < n, there are exactly two
K*-conjugacy classes which are conjugate to each other by a normalizer of K *.

Proof. If nc; =0, this is proved in [Gross 1988, Propositions 3.2, 3.4]. Now assume
that ncy # 0; then B is split and one can apply Lemma 3.2. (]

Let R be an O-order of B of discriminant n such that RN K = 0,,. Such an order
R is called admissible for (7, x) if the following conditions are satisfied:

(1) If ncy # 0 (thus B is split), then R is the intersection of two maximal orders
R’ and R” of B such that "N K = 0., and R" N K = Omax{0,¢,—n}-

(2) If 0 < ¢; < n, fix an F-algebra isomorphism K = F? and identify B with
Endr(K). The two K *-conjugacy classes of O-orders in B satisfying the
above condition (1) contain, respectively, the orders R; = RINR/, i =1, 2 with
R|=R},=Endg(0.), R =Endg((zw"~¢, 1)0k) and R} =Ende((1, @"~¢)0k).
Let x1(a) = x(a, 1) and x2(b) = x(1, b). Then R is K *-conjugate to some
R; such that the conductor of y; is cj.

Lemma 3.4. If K is nonsplit, n > 0 and ¢ = 0, then there is a unique admissible
order R for (m, x).

Proof. Let Op be a maximal order containing Ok ; then, by [Gross 1988, (3.3)],
any admissible order for (ir, x) is K *-conjugate to R := O + I0p, where [ is a
nonzero ideal of Ok such that n = §(B) + lengthy(Og /I). If B is nonsplit, then
Op is invariant under B*-conjugations and R is unique. Assume B is split. As
@IX( cO ;, Op is invariant under F >0 ;;—conjugations. In particular, if K is unramified,
then K* = F*0g and R is unique. Consider the case that K is ramified. Then
K* = F*0g Uwg F*0% and it suffices to show that g normalizes R. For this,
embed K into B = M»(F) by wg — (_yoF 1) and take Og = M,(0). Then

Nwyg 0 N
R = Og + @} My(0). Note that Ry(1) = O + wx Ma(0) with Ry(1) = (S o) the
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Iwahori order in M, (F). Denote by m the maximal integer such that 2m < n. Then
R =0k + @™ 'ogRy(l) if n is even, and R = Og + @™ Ro(1) if n is odd. As
@ normalizes Ry(1), it also normalizes R and R is unique. ]

In the following, take an admissible O-order R of B. Let U = R* and define

. Vol(U)
Y= Nol(Uo(n))

where the Haar measure is taken, so that Vol(GL,(0)) = L(2, 1)~ "|8|> and
Vol(0}) = L(2, 1r) "' (g — 1)7118]? if B is division.

Lemma 3.5. If either R is not maximal or B is nonsplit, then
y =L 1p)1—e(R)q ™)

where e(R) is the Eichler symbol of R, defined as follows: Let k(R) = R/rad(R)
with rad(R) the Jacobson radical of R and let k be the residue field of F. Then

1 if k(R)=«2,
e(R)=1{—1 if k(R) is a quadratic field extension of «,
0 ifk(R)=c«.

Proof. Let Ry be a maximal order of B containing R. Then we have the formula
(for example, see [Yu 2013])

[Ry : R*T _ [c(Ro)™|/Ik (R¥)]
[Ro : R] i (Ro)| /K (R)|

If B is split and R is not maximal, then

a Ik(Ro)™| 0 1
R R == ’ _— 1— 1_ s
[Ro:Rl=gq e (Ro)| (l=g =g )
Ik (R)| —1a—1 1
=(1—-— 1—e(R R
e =0T e

while, if B is division, then

KROI L KR

Ro:Rl=¢""", = , =
o KI= 0 o) (R

(1—=¢~H™ A —e(®q)™".
Summing up,

[R(T tR*]= (g — 1)_8(3)61”(1 —q_z)(l — e(R)q_l)_l’

where §(B) equals 0 if B is split and 1 if B is ramified. Thus
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1 Vol(Up(n))  Vol(GL2(0)) [Ry : U]

Vol(U) — Vol(R)) [GL2(0): Up(n)]
L2, 1) (@—1D7Bg"(1—gH(A —e(R)g™H™!
T (g—-D)IBLER, 1) "(1—g (1 —g
=L, 1p) " —e(R)g™H". 0

3C. Test vector spaces.

Definition 3.6. Define V (;r, x) C 7 to be the subspace of vectors f satisfying the
following conditions:

o For nonarchimedean F, K split or ¢ > n, let U C G be the compact subgroup
defined before Lemma 3.5, then f is an w-eigenform under U. Here, write
U=UNZ)U sothat U' =U if cn =0 and U’ = U;(n) otherwise, and view
o as a character on U N Z that extends to U by making it trivial on U’.

o For nonarchimedean F, K nonsplit and ¢ < n, fis a X_l

the action of K*.

-eigenform under

 For archimedean F, let U be a maximal compact subgroup of G such that
U N K* is the maximal compact subgroup of K *; then f is a x ~'-eigenform
under U N K™ with weight minimal.

Proposition 3.7. The dimension of V (7, x) is one, and any nonzero vector in
V(m, x) is a test vector for P(m, x).

Proof. If F is nonarchimedean, the claim that dim V (;r, x) = 1 follows from
local newform theory [Casselman 1973a]. Assume F is archimedean. If K is
nonsplit, then V (i, x) is the x ~'-eigenline of K *. If K is split, then without loss
of generality embed K™ into G = GL,(F) as the diagonal matrices and decompose
K* = F*K! so that the image of K! in G is (* 1). Then V (i, x) is the new vector
line for 7 ® x; with x1 := x|g1.

We shall prove any nonzero vector in V (7T, x) is a test vector in the next subsec-
tion by computing the toric integral . U

Proposition 3.8. Assume K /F is a quadratic extension of nonarchimedean fields
withn > 0 and ¢ = 0. Then V (7, x) € n®* and dim7®* = dim7% < 2. The
dimension of m®" is one precisely when K /F is inert or K /F is ramified and
€(m, x1) # €(m, x2), where x;, i = 1,2, are unramified characters of K> with
Xilp< -0 =1

The proof of this proposition is in [Gross 1988; Gross and Prasad 1991] except
for the case that 7 is a supercuspidal representation on G = GL,(F). For this
case, the proof in [Gross 1988, §7] is based on a character formula for odd residue
characteristic. We next prove this case with arbitrary residue characteristic.
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Let Ry = M»(0) if e = 1 and the Iwahori order (S g) if e = 2. Fix an embedding
of K into M,(F) such that Ry N K = Ok. Consider the filtration of open compact
subgroups of G and K*

K@) =1+ " Ry NGLy(0), €EF):=HFr)NK™, r>0.

Denote by m the minimal integer such that 2m + 1 > n. The proof is based on:

Proposition 3.9. For any integer r > m, ") = 7%,

Proof. Firstly, note that it is enough to prove Proposition 3.9 for the case 7 is
minimal, that is, 7 has minimal conductor among its twists. In fact, assume that
7 is not minimal. Denote by ng the minimal conductor of 7. Take a character p
so that g := m ® u has conductor ny. Then, by [Tunnell 1978, Proposition 3.4],
no < max(n, 2n(u)) with equality if 7 is minimal or n # 2n(w). In particular,
n = 2m with n(u) = m. Hence, for any r > m, ) = ng{(r) and ¢ = n(;g(r).
Since r > ng/2, one can apply the proposition to the minimal representation .

Assume 7 is minimal in the following. Since #(r) D €(r), 7" c 7¢",
It remains to prove that 77¢) and 74" have the same dimension. Denote by 7
the representation on D>, where D is the division quaternion algebra over F, so
that the Jacquet—Langlands lifting of wp to G is w. Then mp has conductor n,
that is, n11)+wg—1@1) = 7p and nll)erg_z@D = 0, where @ is a uniformizer of D.
Moreover, by [Carayol 1984, Proposition 6.5],

2g™! if n is even,

g™ +q™ ' if n is odd.

For any r > m, €(r) C (1 + wg_l@ p) NOg. Therefore, by the Tunnell-Saito

theorem, if we denote by ¥(r) the set of all the characters © on K* such that

wlpxw =1 and plgr) = 1, then

dim 7" +dimnp = Z dimn“—i—z dim ), = Z (dim 7" 4-dim 7 hy) =#%(r)
WEX(r) Iz Hex(r)

dimmp = {

and, on the other hand, the lemma below implies that
dim 7% + dim 7p = #%(r),
and then the equality dim 74" = dim 7% holds. O

Lemma 3.10. Let w be minimal. For any integer r > m, we have the dimension
formula

g +q " =2¢m! if nisevenand e =1,
dimg) _ 14 4T =@ +g" ) ifnisoddand e=1,
“2¢" —(¢"+q"h) if n isodd and e =2,

2g" —2g™! if n iseven and e =2.
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Proof. For r =m and e = 1, this formula occurs in [Casselman 1973b, Theorem 3].
We now use the method in [Casselman 1973b] to prove the dimension formula for
the case n is even and e = 1, while the other cases are similar. Firstly, recall some
basics about the Kirillov model. Let ¢ be an unramified additive character of F.
Associated to v, we can realize 7t on the space C2°(F ™) of Schwartz functions on
the multiplicative group. For any f € C2°(F*) and any character p of 0*, define

fielp) = f@ Xf(uwkm(u) du,

where we choose the Haar measure on O so that the total measure is 1. Define
further the formal power series

f0 =Y fiwit,

keZ

which is actually a Laurent polynomial in ¢ as f has compact support on F*.
Because f is locally constant, this vanishes identically for all but a finite number
of w. By Fourier duality for F*, knowing f(u,t) for all i is equivalent to
knowing f. For each u, there is a formal power series C(u, t) such that, for all
J e CE(F),

) (1) =Cu, ) fu ™y ' 171,

" (01
C(u, t) = Co(r)t™, w—(_l 0)’

where wy = w|px, 20 = @(@) and n, is an integer, n, < —2. Moreover, if u =1,
then —n| = n. For any character p of 0%,
_|n if n(u) <m,
e 2n(w) if n(pn) > m.
In fact, if we take any character Q2 on F* such that Q|gx = u, denote 7’ =7 ® Q and
C’(-, -) the monomial that occurs in the above functional equation, then for any char-
actervon0*, C'(v, t)=C(vu, Q(w)t). Therefore, —n, =n(x') =max(n, 2n(w)).
On the other hand, by [Casselman 1973b, Corollary to Lemma 2], for any r > m,
the subspace 7" is isomorphic to the space of all functions f (i, t) such that

(1) f(u, 1) =0 unless n(u) <r;
(2) for each p, fr(n) =0unless —r <k <n, +r.

Summing up, for a given p with conductor n(x) < r, the dimension of the space
consisting of those f(u,t) with f € a0 s
2r—m) +1 if n(u) <m,
2r —n(u))+1 if n(un) > m.
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Therefore,

dim7" " = (" —g" HQr-m+D+ > (¢" 24" +4"HQr - +1)

m<k<r

:qr+qr71_2qm71. O

Proof of Proposition 3.8. Note that R* = O J{(m) unless K is ramified with n even
and, once this equation holds, Proposition 3.8 follows directly from Proposition 3.9.
So consider the case K is ramified with n even. Here, R* = O¢¥'(m) with
I (m) =14+ "' Ry. We want to show 7 " = 70" with €’ (m) =H'(m)NK *,
and Proposition 3.8 then holds. By [Tunnell 1983, Proposition 3.5], 7 is not minimal.
Take a character © such that 7o = 7 ® u has minimal conductor ng. Then n () =m.
Apply Proposition 3.9:

j_[f]{/(m) — ng( (m) > n_gf(m—l) — j_[f(m—l).

We claim that no%(m_l) = JTO%/(m). If so, no%(m_]) = 7€ and then 7™ = 7€ m),
To prove this, note that ¢’ (m) Cé€(m—1) C 1+ wg"_l@ p. Using the Tunnell-Saito
theorem,

€' (m)
0

dimz; "™V 4 dimmo p = #%(m —1), dimn, " +dim o p = #%¥' (m),

where the set X(m — 1) consists of characters 2 of K such that Q|rx - @, =1
with Q|¢mm—1) = 1, and the set &' (m) is defined similarly. As they are nonempty,

BE(m — 1) = #K* JF*E(m — 1) = #K* | F*€ (m) = #%' (m).
Thus, n(;‘g m=1) _ n(;‘g/(m) and the proof is complete. O

3D. Local computations. Let W (o, ) be the Whittaker model of o with respect
to ¥ and recall that we have an invariant Hermitian form on W(o, 1) defined by

A () 2 ()

For any W € o, denote

(W, w)
L(1,0,ad)L(1,1p)L2, 1)~ 1"

a(W) =

Proposition 3.11. Denote by Wy the normalized new vector of o. If F is non-
archimedean, then

a(Wo)|8]'/? = ! if o is unramified,
’ L@ pLA, 1p) 7 L1, 0, ad) ™% otherwise,
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where 6, € {0, 1} and equals O precisely when o is a subrepresentation of the
induced representation Ind(w1, py) with at least one ; unramified. If F = R and
o is the discrete series 9, (k), then o (Wp) = 27k,

The proposition follows from the explicit form of Wy. If F is nonarchimedean,
Wy is the one in the new vector line such that

(" )

and we have the following list (see [Schmidt 2002, p. 23]):
(1) If o = (w1, uo) is a principal series, then

2 @) @) 166y) if n(u) =n(u) =0,

k+I=v(yd)
o))
1 1y1Y2 11 (8y) 16(8y) if n(u1) =0, n(ua) > 0,
18] 712 1% (8y) if n(uy) >0, n(ua) > 0.

(2) If 0 =sp(2) ® u is a special representation, then
wol (7 Y] = {1817 21 @nlaylio@y) if n(u) =0,
1 18171216+ (8y) if n(n) > 0.
(3) If o is supercuspidal, then

WOKy 1)] = 1817110+ ().

If F =R and o is the discrete series %, (k), then

o7 ot

and, in general, for archimedean cases it is expressed by the Bessel function [Popa
2008]. For F = R and o a unitary discrete series of weight k, let W € “W'(o, ) be

the vector satisfying
y _ik/2 —2m)yl
w L) = e Igx(y).

Then W can be realized as a local component of a Hilbert newform and

(Wo, Wo) =2(W, W), Z(s, W)= %L(s, o).
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Proposition 3.12. If F is nonarchimedean, let f be a nonzero vector in the one-
dimensional space V (1, x); then B(f)|D8|~/? equals:

1 ifn=c=0,

L(1,n)* @] ifn=0andc >0,

L(1,1Fp) 5 . . .

—— L(1, m, ad)’" ifn>0,c=0and K is split,

L2, 1F) 5

L(1,1 L, mad)r . . .

uL(l,n)zlw‘|(1ﬂ—) if nc > 0, either K is split or ¢ > n,
L(1,m, ad

e(l—q_e)(lL) if n > ¢ and K is nonsplit,
L(3.7. x)

which is independent of the choice of f € V (m, x).

The proof of Proposition 3.12 is reduced to computing the integral

. 0 f, 1)
= _ d s
A fmkx . o4

where f is any nonzero vector in V (i, x).

In the case that n > ¢ and K is nonsplit, f isa x~
see that 80 = Vol(F*\ K ).

From now on assume n < c or K is split. Then B = M,(F) by Lemma 3.1(5).
Recall that the space V (rr, x) depends on a choice of an admissible order R
for (m, x). Let f be a test vector in V (i, x) defined by R. For any r € K*,
f':=m(t)f is a test vector defined by the admissible order R’ =¢Rt~!. It is easy to
check that B(f’) = B(f). Thus, for a K *-conjugacy class of admissible orders, we
can pick a particular order to compute 8°. There is a unique K *-conjugacy class of
admissible orders except for the exceptional case 0 < c¢; <n and n(x1) =n(x2) =c.
In this case, there are exactly two K *-conjugacy classes of admissible orders, which
are conjugate to each other by a normalizer of K> in B*.

Any admissible order (in the case n < c or K is split) is an Eichler order of
discriminant n, i.e., conjugate to Ry(n) :=( S, g) Choose an embedding of K into
M, (F) as follows, so that Ryg(n) is an admissible order for (i, x):

I_eigenform and it is easy to

(1) If K is split, fix an F-algebra isomorphism K = F2. If ¢ > n or n(x;) = c,
embed K into M;(F) by

_1fa 1 ¢
Ll:(aab)'—>ycl< b)Vc, VC=< 1 )

If n(x1) < c <n,embed K into M,(F) by

1 (b
1:(a,b)—y; 1( a> Ve
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Note that, for any t € K>, 11(t) = jio(¢)j~! with j = yc_]wyc and w = ((1)(1))

(2) If K is a field, take T € Og such that Ox = O[] and, if K/F is ramified, then
7 is a uniformizer. Embed K into M,(F) by

c
a+ bty (a +_bbtrr bI;Ir) Ve where y, = (w Nt 1) .

Assume K = F2. If n(x1) <c <n,

e :/ (7 (12(2)) Wo, Wo) L) di :/ (7 (11 (1)) Wo,
rkx (Wo, Wo) k= (Wo, Wo)

where X1 = x2, X2 = x1 and n(x1) = n(x2) = c. We reduce to the case ¢ > n or
n(x1) = c. For the exceptional case, if we take 7 (j) Wy as a test vector, then

502/ (7w (1 (2) ) Wo, () Wo) () d :/ (7 (e1 (1)) Wo, Wo)
FX\K* (Wo, Wo) k= (Wo, Wo)

with n()1) = n(x2) = c. Thus, even for the exceptional case, we only need to
consider Wy as a test vector. Thus,

B = (Wo, Wo)™! //( X)zﬂ(yc)Wo[<ab 1)i|7T(Vc)WO[(b 1>]X1(a)dxbdxa

= (Wo, Wo) | Z(%, 7 (o) Wo, X1)|2-

Ifc=0, Z(3, Wo. x1) = x1(8) "'L(3, 7 ®x1) and so 8= (Wo, Wo) "' L(3. 7, x).
If ¢ > 0, then

W) 2y,

x(t)dt

Z(%’ﬂ(yc)Wo,)m):f Wo[(a 1)}//(aw_“))<1(a)dxa

k
=ZWO[(W 1)} v n@da

Assume n(x;) = c; then the integral fkaX Y(aw ~) x1(a) d*a vanishes unless
k = —v(8), while

=L(1, 15)|8]"2q<.

Yaw )xi(a)d*a
§—1ox

Thus,
B% = (Wo, Wo) "' L(1, 15)%q .

Assume ¢ > n and n(x;) < c. Let j be a normalizer of K* with jtr = 7] for
any r € K*. As ¢ > n, there exists some zy € K* such that toUo(n)to_1 = jUo(n)j~!
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and 7 (t9) Wy, w (j) Wy are in the same line. Thus,

(7T (1) Wo, Wo) _ -1 2 ¢
,30=f —————— X () dt = (Wo, Wo)~ L(1, 1p)°q"°
ks (Wo, Wo)

asn(x1) =n(x2) =c.

Remark. Assume n(x;) < ¢ < n and R is the intersection of two maximal orders
R’ and R” with RN K =0, and R" N K = Ok. If R is not admissible, then the
toric integral for w-eigenforms f under R* must vanish if ¢ > 1. In the case ¢ =1,
so that n(x;) =0,

/ (7w (11 (1)) Wo, W)
Fakx (Wo, Wo)

It remains to consider the case K is a field and ¢ > n. Let W (g) denote the matrix
coefficient:

x () dt = (W, Wo)"'L(1, 15)%q 72

(e (g)Wo, Wo)

W(g):= , € GL,(F).
8 (Wo. Woy ~ 85772
Then Vol JF%)
0 ol(K*/F*
[ W (¢t 7).
B = ek GF > POx
teK* /F*0;

In the case ¢ = 0, 7 is unramified. Furthermore, if K/F is unramified, then
BY = Vol(K*/F*) =18|'/? and, if K /F is ramified, 8° = |D8|'/?(1 + ¥ (7)x (1)),
where W (1) is expressed by the MacDonald polynomial and one has () =|D{| 172,
It remains to consider the case ¢ > 0. Denote

S;i={1+bt|beC/p‘,v(b)=i}, 0<i<c-—1,
and

S,_:{a-l—rIaep/p"} ife=1,
{aw 471 |ac0/pe} if e=2.

Then a complete representatives of K /F >0 can be taken as
(mu] |sus.
i
Note that ¥ is a function on U;(n)\G/U;(n). The following observation is key to

our computation: the images of S;, 0 <i < ¢ — 1, and S’ under the natural map

pr: K* — Ui(n)\G/U(n)
are constant. Precisely,

pr(s) = [(1 ?_)} pr(s) = [(_wml aft)]-

From this, it follows that
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c—1
Yo wOxO=14+Y WY xO+¥ Y x®),

teK*/F*0Z i=0 tesS; tes’

where W; (resp. W’) are the valuations of W (¢) on S; (resp. S).
Assume the central character w is unramified; then we may take w = 1. If
e=c =1, we have

Y ox)=—x@—1 and Y x(1)=x(r).

teSy tes’
Otherwise,
0 ifec>1and 0<i<c-2,
ZX(Z‘)= e - and Zx(t)zo.
-1 ifi=c—1,
tes; teS’
Therefore,

I+ (—x(@) - DY+ x()V ife=c=1,
S woxn = X ora .
1—¥._ otherwise.
teK*/F*0X
Note that, if e = 1, then (__. wﬁr) equals (1 leﬂ,») in ZU;(n)\G/U;(n) and,
since w = 1, ¥’ = ¥;,. We obtain

D WOx@=1-¥.,
teK*F*0)

and reduce to the evaluation of W._;. If n = 0, the matrix coefficient W._; is
expressed by the MacDonald polynomial. In particular, if the Satake parameter of
7 is (o, @~ 1), then

(1—a?¢ H(1—a"2¢7h

-V, = 1+q71

If n =1, then m = sp(2) ® u with u an unramified quadratic character on F'*. By
definition,

—1 T/, N\
Ve =181"°L(1. 7, ad)_lfxwo[(a 1) (1 K )]WO[(a 1”“

=18*?L(1, «, ad)1/ V(aw Yal*d*a
oW

=181*2L(1, 7, ad) (=g HL(, 7, ad)|§] 2 = —¢ .

If n > 2, then

W = |a|—”2f V) d*x = - L1, 15).
w—1-n()ex
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With these results, we obtain
L1, 1F)

if n=0,
o Vol(K*/F*) L, 7, ad)(14+¢q~")
= —— X —1 .
#K > |F*0 144 ifn=1,
L(1,1p) if n>2.

Finally, we deal with the case that w is ramified. As above, it is routine to check
that W; for i < ¢ — 1 and W' are vanishing. Moreover, ¥,._; = 0 if and only if
6 =0 and, for §; =1,

Vet =—¢~'L(1, 1p).

By the definition of §,, if §; =1 then ¢ > 2 and n(w) < n < c. Thus, for §, =1,

0= > X (@)

t€1+wf‘l@K/1+w”@K

- > xw Y e@

tel+w 10k /(1+w<10)(1+wOk) acl+w10/14+wc0
=q >  x(+bo).
bep('fl/pc

Therefore, if 8, =1, then ) ;.  x(t) =—1and

0_Vol(KX/FX)X 1 if 8; =0,
CO#KX/FX0X T |L(,1p) if 8y =1.
The proof of Proposition 3.12 is now complete. ]

We finish our discussions of «(Wy), B(f) and y with Lemmas 3.13 and 3.14.

Lemma 3.13. Let F be nonarchimedean and f a nonzero element in V (1, x); then
_ -5 o) —c
a(W)B(f)y D72 =22 L (L 7, %) F L1, pPeng,
where these é € {0, 1} are given by:

e 8(Xp) = lifand only if K is ramified, n > 0 and ¢ < n;
e §(X)=1ifand only if n > 0, K is either ramified or ¢ > 0 and, if n = 1, then
c>n;
e 8(c1)=1ifandonly if c; # 0.
Proof. We have computed o (W) in Proposition 3.11 and B( f) in Proposition 3.12.
When n > 0, by Lemma 3.5, y = L(1, 1r)(1 —e(R)q_l) and it suffices to compute
e(R):
(1) e(R) =1and y =1if K is split, or if K is ramified, n = 1 and B is split, or
if K is nonsplit and ¢ > n;
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(i) e(R)=—1land y = L(1,1p)(1 —|—q_1) if K is inert and ¢ < n, or if K is
ramified, n = 1, B is division and ¢ = 0;

(iii)) e(R)=0and y = L(1, 1p) if K is ramified, n > 2 and ¢ < n. U

For archimedean places, using Barnes’ lemma we have the following list for
(W, Wo) (see [Tadi¢ 2009] for the classification of unitary dual of GL;(F)):

(1) Assume F = R, o is the infinite-dimensional subquotient of the induced
representation Ind(uy, uy), where u;(a) = |al sgn(a)™ with s; € C and
m; €{0,1}). Letk=s51 —s2+ 1, u =51+ 53.

(@) If o =9, (k) is the discrete series with k > 2, then (W, W) equals
2(4m) 7T (k).
(b) If 0 = (11, uo) is a principal series, then (Wy, Wp) equals
a T (L4 2m )T (A (1 +2m2)) B(A (k+my +my), 32 —k+m) +m»)),

where B(x, y) :=T(x)['(y)["(x + y)*1 is the beta function.

(2) Assume F=C, 0 =m(u1, 1) is a principal series with p; (z) = |z|* <\/Z_)m[
and s; € C and m; € Z; then (Wy, W) equals 2l
8(2m)~ ! =MImRIT (1 4 Imy T (1 4 |ma))
x B(1+s1 — s+ 5(Imi| 4 ma]), 1 =51+ 52+ 5 (Imy| 4 [m2))).

For a pair (r, x), define

27 (Wy, Wp) ™! if K/F =C/R,

C(n, x) =
(7T X) {(W/, Wé)(WOa WO)—I lf K — FZ'

In the split case, W(; is the new vector of 7 ® x;, where K is embedded into M, (F)
diagonally and x;(a) = x ((“,))-

Lemma 3.14. For F archimedean, let | be a nonzero vectorin V (w, x); then

Ly, 7 x)"" ifK/F=C/R,

_ -1
a(Wo)B(f) =C(m, x) {1 if K=F~

In particular, if o = %9,,(k) is a discrete series with weight k, then

4k_17'[k+lr(k)_l lf K =C,
0= if K =R2.

Proof. By definition,

L1, n) (!

aWo)B(f) = 77 S L3 X))~ (Wo, Wo)°



Explicit Gross—Zagier and Waldspurger formulae 2571

v () f. f)
7w (t) f,
B’ =/ = xdt,  feVm 0.
rakx ()
If K/F =C/R, then 8% = Vol(K*/F*) = 2. If K is split, taking f = W{, then
B®=L(%. 7, x) (W), W)~ L. If o = B, (k), the value for (Wo, Wp) is given in (1a)
in the above list and we note that, if K = R2, then (W/, Wp) = (Wo, Wp) as, for
any x1, 7 ® x1 and 7w have the same weight. (I
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