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vector-weight automorphic forms

Ellen Eischen

We construct a p-adic Eisenstein measure with values in the space of vector-
weight p-adic automorphic forms on certain unitary groups. This measure allows
us to p-adically interpolate special values of certain vector-weight C* automor-
phic forms, including Eisenstein series, as their weights vary. This completes a
key step toward the construction of certain p-adic L-functions.

We also explain how to extend our methods to the case of Siegel modular
forms and how to recover Nicholas Katz’s p-adic families of Eisenstein series for
Hilbert modular forms.
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1. Introduction

The significance of p-adic families of Eisenstein series as a tool in number theory,
especially for the construction of p-adic L-functions, is well established. For
example, p-adic families of Eisenstein series play a key role in constructions of
p-adic L-functions completed in [Serre 1973; Katz 1978; Deligne and Ribet 1980].
In a completely different direction, p-adic families of Eisenstein series also play a
role in homotopy theory [Hopkins 1995; 2002; Ando et al. 2010].

The author is partially supported by National Science Foundation Grant DMS-1249384.

MSC2010: primary 11F03; secondary 11F33, 11F30, 11F55, 11F85, 11F46.

Keywords: FEisenstein measure, p-adic modular forms, p-adic automorphic forms, Eisenstein series,
Siegel modular forms, automorphic forms on unitary groups.

2433


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2014.8-10

2434 Ellen Eischen

Each of the constructions mentioned above concerns only automorphic forms
of scalar weight. Automorphic forms on groups of rank 1 (for example, modular
forms and Hilbert modular forms, which are the forms with which Katz, Deligne,
Ribet, and Serre worked) can only have scalar weights. Automorphic forms on
groups of higher rank, however, need not have scalar weights.

By a vector-weight automorphic form, we mean an automorphic form whose
weight is an irreducible representation with highest weight A,, > --- > A is not
required to have A; = ;4 for all 7, i.e., an automorphic form whose weight is not
required to be a one-dimensional representation. In order to complete a construction
of p-adic L-functions for automorphic forms on unitary groups in full generality
as in [Eischen et al. > 2014], one needs a p-adic Eisenstein measure that takes
values in the space of p-adic vector-weight automorphic forms. (By an Eisenstein
measure, we mean a p-adic measure valued in a space of p-adic automorphic forms
and whose values at locally constant functions are Eisenstein series.)

The main result of this paper is the construction in Section 5 of a p-adic measure
that takes values in the space of automorphic forms on unitary groups of signature
(n, n). In particular, Theorem 14 gives a p-adic Eisenstein measure with values
in the space of vector-weight automorphic forms. As explained in Theorem 15, this
measure, together with the results of Section 4, allows us to p-adically interpolate
the values of certain vector-weight C* (not necessarily holomorphic) automorphic
forms, including Eisenstein series, as the (highest) weights of these automorphic
forms vary. Note that this is the first ever construction of a p-adic Eisenstein measure
taking values in the space of vector-weight automorphic forms on unitary groups.

We follow the approach of [Katz 1978, Chapters 4 and 5] more closely than
we did in [Eischen 2013]. (There, we constructed a p-adic Eisenstein measure
for scalar-weight automorphic forms on unitary groups of signature (n, n).) As a
consequence, in Section 6, we easily recover Katz’s Eisenstein measure from [1978,
Chapters 4 and 5] as a special case of our results.

We also explain in Section 6 how to generalize the results of Section 5 to the
case of Siegel modular forms, i.e., automorphic forms on symplectic groups. In
that setting, in the case where n = 1, we are in exactly the situation in which
Katz [1978] constructs a p-adic Eisenstein measure for Hilbert modular forms. As
demonstrated in Section 6.1, the setup in the earlier sections of the paper makes the
connection between our Eisenstein measure and the Eisenstein measure in [Katz
1978, Definition (4.2.5) and Equation (5.5.7)] almost transparent.

1.1. Applications and context. The main anticipated application of this paper is
to the construction of p-adic L-functions for unitary groups, most immediately and
crucially to [Eischen et al. > 2014]. In particular, the L-functions in that paper are
obtained through the “doubling method” (an approach described in [Gelbart et al.
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1987, Part A; Cogdell 2006, Section 2]), which expresses values of L-functions in
terms of values of Eisenstein series and values of cusp forms. The p-adic Eisenstein
measure in [Eischen 2013, Section 4] suffices in the case of scalar weights, but if
one does not restrict to scalar weights, one needs the results of the present paper.
The behavior of certain L-functions (for example, for unitary groups) is strongly
tied to the behavior of certain Eisenstein series. For instance, Shimura [2000,
Introduction] uses the algebraicity (up to a well-determined period) of values of
Eisenstein series at CM points to prove the algebraicity (up to a well-determined
period) of certain values of corresponding L-functions (normalized by a period).
Analogously, Katz [1978, Introduction] uses the p-adic interpolation of values
of certain Eisenstein series (normalized by a period) at CM points to p-adically
interpolate certain values of L-functions (normalized by a period). Similarly,
the p-adic families of Eisenstein series in the present paper play a key role in
determining the behavior of the L-functions in [Eischen et al. > 2014].

1.2. Overview and structure of the paper. In Section 2, we introduce the conven-
tions with which we will work, as well as standard background results necessary for
this paper. The conventions and background are similar to those in [Eischen 2012;
2013, Section 2]. The background is quite technical; we have summarized just
what is needed for this paper. For the reader seeking further details, we recommend
[Shimura 1997; 2000] for the theory of C°° automorphic forms and Eisenstein
series on unitary groups, [Lan 2012; 2013] for the algebraic geometric background
and a discussion of algebraically defined g-expansions, and [Hida 2004; 2005] for
the theory of p-adic automorphic forms.

In Section 3, which relies in part on the results of [Eischen 2013, Section 2], we
define certain scalar-weight Eisenstein series and automorphic forms on unitary
groups of signature (n, n). This set includes the Eisenstein series defined in [Eischen
2013, Section 2] but also includes other automorphic forms. We need this larger
space of automorphic forms in order to construct a p-adic measure with values in the
space of vector-weight automorphic forms in Section 5, whereas in [Eischen 2013]
we only were concerned with p-adic families of scalar-weight automorphic forms.
Like in [Eischen 2013], we work adelically. The formulation of the main result of
the section (Theorem 2) is closer to that of [Katz 1978, Theorem (3.2.3)], though,
so that the reader can see parallels with the analogous construction in [Katz 1978,
Section 3], which is useful in Section 6.1 when we compare our Eisenstein measure
to the measure obtained in [Katz 1978, Definition (4.2.5) and Equation (5.5.7)].

Section 4 discusses differential operators that are necessary for comparing the
values of certain C* automorphic forms and certain p-adic automorphic forms.
These differential operators are closely related to the differential operators discussed
in [Eischen 2012, Sections 8 and 9]. Note that because we work with vector-weight
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automorphic forms, and not just scalar-weight automorphic forms, we need more
differential operators than we did in [Eischen 2013], which handled only the case
of scalar-weight automorphic forms.

Section 5 contains the main results of the paper, namely the construction of
a p-adic Eisenstein measure and the p-adic interpolation of values of certain
automorphic forms. This is the heart of the paper. The format of Section 5 closely
parallels the construction of a p-adic Eisenstein measure in [Katz 1978, Sections 3.4
and 4.2]. We also explain in Remark 16 precisely how the Eisenstein measure of
[Eischen 2013, Section 4] and the Eisenstein measure given in Theorem 14 are
related. For n > 2, the measure in Theorem 14 is on a larger group than the measure
in [Eischen 2013, Section 4]. In order to construct a measure with values in the
space of vector-weight automorphic forms without fixing a partition of #, this larger
group is necessary. (The approach in [Eischen 2013] relied on a choice of a partition
of n, but it turns out that with this larger group we do not need to fix a partition
of n and can consider a larger class of automorphic forms all at once.) We also
note that the construction of the measures in [Eischen 2014, Section 4] uses this
measure as a starting point.

In Section 6, we comment on how to extend the results of this paper to the
case of Siegel modular forms, i.e., automorphic forms on symplectic groups. The
fact that our presentation in Section 5 closely follows the approach in [Katz 1978,
Sections 3.4 and 4.2] also allows us to recover the Eisenstein measure of [Katz
1978, Definition (4.2.5) and Equation (5.5.7)] with ease in Section 6.1.

2. Conventions and background

In Section 2.1, we introduce the conventions that we will use throughout the paper.
In Section 2.2, we briefly summarize the necessary background on automorphic
forms on unitary groups. (See the start of Section 2.2 for references.)

2.1. Conventions. Once and for all, fix a CM field K with maximal totally real
subfield E. Fix a prime p that is unramified in K and such that each prime of E
dividing p splits completely in K. Fix embeddings

lo i Q@ C,
p: Q> C,p,

and fix an isomorphism
1:C, = C

satisfying t o1, = . From here on, we identify Q with Lp(@) and LOO(@). Let @@p
denote the ring of integers in C,,.

Fix a CM type X for K /Q. For each element o € Hom(E, Q), we also write
o to denote the unique element of ¥ prolonging o : E < @ (when no confusion
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can arise). For each element x € K, denote by x the image of x under the unique
nontrivial element € € Gal(K/E), and let 0 =0 oe.

Given an element a of E, we identify it with an element of £ ® R via the
embedding

EFE—EQR
(D

ar> (0(a))gesx.-

We identify a € K with an element of K ® C = (E ® C) x (E ® C) via the
embedding

K—K®C
(2)

ar> ((@(@)ses, (3(a))sex).-

Let d = (dy)yex, € Z%, and let a = (a,)pex, be an element of C* or C;. We
denote by a? the element of C or C,, defined by

d.__ dy
o = T a.

veX

If e = (ey)pex € Z%, we denote by d + e the tuple defined by
d+e=(dy+e)ves €Z*.
If k € Z, we denote by k 4 d or d 4 k the element
kt+d=d+k=(dy+k)yes € 7%,

For any ring R, we denote the ring of nxn matrices with coefficients in R by
M, «,(R). We denote by 1, the multiplicative identity in M, «,(R). Also, for
any subring R of K ®g E,, with v a place of E, let Her,, (R) denote the space of
Hermitian n xn matrices with entries in R. Given x € Her, (E),

x>0

if o(x) is positive definite for every o € X.

2.1.1. Adelic norms. Let |- |g denote the adelic norm on E*\A; such that, for all

aeAyg,
lale =] T lalo,
v

where the right-hand product is over all places of E and where the absolute values
are normalized so that

—1
|U|U :qU 9

g, = the cardinality of Og,/vOg,
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for all nonarchimedean primes v of the totally real field E. Consequently, for all
ackE,

[Tlaly! =] ] ov(@)Sign(oy (@),

vfoo veX

where the product is over all archimedean places v of the totally real field £. We
denote by |- |k the adelic norm on K*\Ag such that, for all a € Ag,

lalk = laalE.
For a € K and v a place of E, we let
laly = laal,’”.
Given an element a € K, we associate a with an element of K ® R via the embedding
ar> (0(a))sex-

For any field extension L/M, we write Ny /) to denote the norm from L to M.
Given an O);-algebra R, the norm map N /) on L provides a group homomorphism

0L, ®R)* — R™
in which a @ r — Ny (a)r. When the fields are clear, we shall just write N.
2.1.2. Exponential characters. For each archimedean place v € X, denote by e,

the character of E, (i.e., R) defined by

e, (xv) — eZm'xU

for all x, in E,. Denote by e~ the character of £ ® R defined by
o ((Xy)vex) = 1_[ e,(xy).
v|oo
Following our convention from (1), we put

ere(@) = e (0 (@) ex) = 1000

for all a € E. For each finite place v of E dividing a prime g of Z, denote by e,
the character of E, defined, for each x, € E,, by

ey(xy) = €_2ﬂiy7

where y € (D is the fractional part of trg, /0, (Xy) € Q,; that is, if we write
tre,/q,(xy) = sz a; p' for some integer k < 0 and a; € {0,..., p — 1}, then

y= Z?:k a; p'. We denote by e, the character of Ap defined by

en,(x) =] [ev(xy) forall x=(x,) €Ag.

v
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Remark 1. We identify a € E with the element (o, (a)), € Ag, where 6, : E — E,
is the embedding corresponding to v. Following this convention, we put

ea, (@) =] [ es(0v(@)) 3)
foralla € E. '
2.1.3. Spaces of functions. Given topological spaces X and Y, we let
G(X,Y)
denote the space of continuous functions from X to Y.

2.2. Background concerning automorphic forms on unitary groups.

2.2.1. Unitary groups of signature (n, n). We now recall basic information about
unitary groups and automorphic forms on unitary groups. (A more detailed dis-
cussion of unitary groups and automorphic forms on unitary groups appears in
[Shimura 1997; 2000; Hida 2004; Harris et al. 2006; Eischen 2012; Lan 2013]; the
analogous background for the case of Hilbert modular forms is the main subject of
[Katz 1978, Section 1].)

The material in this section is similar to [Eischen 2013, Section 2.1]. Although
we discussed embeddings of nondefinite unitary groups of various signatures into
unitary groups of signature (n, n) there, we are primarily concerned only with
unitary groups of signature (n, n) and definite unitary groups in this paper; in the
sequel [Eischen 2014] we discuss pullbacks to various products of unitary groups
occurring as subgroups.

Let V be a vector space of dimension n over the CM field K, and let (, )y denote
a positive definite hermitian pairing on V. Let —V denote the vector space V with
the negative definite hermitian pairing —(, )y. Let

W=2V=Vag-V
((v1, v2), (Wi, w2))w = (v1, wy)v + (v2, W2)_y.
The hermitian pairing (, )w defines an involution g + g on Endg (W) by
(g(w), whw = (w, gw"))w

(where w and w’ denote elements of W). This involution extends to an involution
on Endgg,r(W ®E R) for any E-algebra R. We denote by U the algebraic group
such that, for any E-algebra R, the R-points of U are given by

UR)=U(R,W)={g eGLkgr(W®ER)|gg =1}

Similarly, we define U (R, V) to be the algebraic group associated to (, )y and
U(R, —V) to be the algebraic group associated to (, )_y. Note that U (R) is of
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signature (n, n). Also, the canonical embedding

VeV —=Ww

induces an embedding
UR,V)xU(R,-V)—=U(R, W)

for all E-algebras R. When the E-algebra R over which we are working is clear from

context or does not matter, we shall write U (W) for U(R, W), U(V) for U(R, V),

and U (—V) for U (R, —V). We also sometimes write just U to denote U (W).
We also have groups

GU(R) =GU(R, W) ={g € GLxg,r(W®E R) | g € R*}.
We use the notation w to denote the similitude character
w:GU(R) - R*
g g8
When the E-algebra R over which we are working is clear from context or does
not matter, we shall write GU(W) for GU(R, W). We shall also use the notation
G(R)=GU(R, W)

or write simply G or GU when the ring R is clear from context or does not matter.
When R = Ag or R =R, we write

G+ = GU+

to denote the subgroup of G = GU consisting of elements such that the similitude
factor at each archimedean place of E is positive.

For the space W = V @ —V defined above, U (W) and GU (W) have signature
(n, n). So we will sometimes write U (n, n) and GU(n, n), respectively, to refer to
these groups.

We write W = V,;® V¢, where V; and V¢ denote the maximal isotropic subspaces

VeI ={(v,v)|veV},
Vi={(v, —v)|lve V}5

Let P be the Siegel parabolic subgroup of U (W) stabilizing V¢ in V; @ V¢ under
the action of U (W) on the right. Denote by M the Levi subgroup of P and by N
the unipotent radical of P. Similarly, denote by GP the Siegel parabolic subgroup
of GU(W) stabilizing V4 in V; @ V¥ under the action of GU(W) on the right, and
denote by GM the Levi subgroup of GP and by N the unipotent radical of GP. We
also, similarly, denote by GP the Siegel parabolic subgroup of GU stabilizing
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V4 in V; ® V¥ under the action of GU on the right, and denote by GM , the Levi
subgroup of GP, and by N the unipotent radical of GP.

A choice of a basis ey, ..., e, for V over K gives an identification of V with
V4 (via e; — (e;, e;)) and with V; (via e; — (e;, —e;)). The choice of a basis
for V also identifies GLg (V) with GL, (K). With respect to the ordered basis
(e1,e1)..., (eq,en), (e1, —ey) ..., (eq, —e,) for W, M consists of the block diag-
onal matrices of the form

m(h) = Ch=", h)

with 7 € GL,,(K ® R), and GM consists of the block diagonal matrices of the form
m(h, x) :=("h~", Ah)

with 7 € GL,(K) and A € E*. Thus, the choice of basis ¢y, ..., e, for V over K

fixes identifications
M = GLg(V),

GM => GLg (V) x E*.
These isomorphisms extend to isomorphisms
M(R) = GLkg.r(V QE R), “
GM(R) = GLkgzr(V ®E R) x R* (5
for each E-algebra R.
We fix a Shimura datum (G, X(W)) and a corresponding Shimura variety
Sh(W) =Sh(U (n, n)) according to the conditions in [Harris et al. 2006, Section 1.2]

and [Eischen 2012, Section 2.2]. The symmetric domain X (W) is holomorphically
isomorphic to the tube domain consisting of [E : Q] copies of

¥, = {Z € Mnxn((E) | l([Z —2) > 0}

When we need to emphasize over which ring R we work, we sometimes write

Sh(R). Let ¥ be the stabilizer in G(R) of the point i - 1,,. So ]_[GE): Hoo 1s the
stabilizer in [ [, .5, G(R) of the point
i=( loex € [] % (©)

oeX

We can identify G 1 (R) /¥ with 3(,,. Given a compact open subgroup J of G(Ay),
denote by Sh(W) the Shimura variety whose complex points are given by

G(@\X x G(As)/H.

This Shimura variety is a moduli space for abelian varieties together with a polar-
ization, an endomorphism, and a level structure (dependent upon the choice of ).
Note that % Sh(W) consists of copies of quotients of spaces isomorphic to ¥,,.
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When we work with some other group H, we write Sh(H) instead of Sh(W).

2.2.2. Automorphic forms on unitary groups. Automorphic forms on unitary groups
are typically discussed from any of the following three perspectives (which are
equivalent over C):

(1) Functions on a unitary group that satisfy an automorphy condition.

(2) C* (or holomorphic) functions on a hermitian symmetric space (analogue of
the upper half plane) that satisfy an automorphy condition.

(3) Sections of a certain vector bundle over a moduli space (a Shimura variety)
parametrizing abelian varieties together with a polarization, endomorphism,
and level structure.

Which perspective is most natural depends upon context. In this paper, we shall
need all three perspectives. (In [Eischen 2012, Section 2], we provided a detailed
discussion of automorphic forms and the relationships between different approaches
to defining them.)

The relationship between the first two approaches to automorphic forms is
reviewed in [Eischen 2013, p. 9; Shimura 2000, A8]. The relationship between
the second two approaches to automorphic forms is discussed in [Eischen 2012,
Section 2] and is similar to the analogous relationship for modular forms given in
[Katz 1973, Al.1].

An automorphic form f on U (n, n) has a weight, which is a representation p of
GL, x GL,,. In the special case where this representation is of the form

p(a, b) = det(a)* " det(b) ",

we shall say f is an automorphic form of weight (k, v).

As explained in [Lan 2012; 2013], for the unitary groups of signature (n, n) there
is a higher-dimensional analogue of the Tate curve (which we call the “Mumford
object” in [Eischen 2012, Section 4.2; 2013, Section 2.2.11]), and so in analogue
with the case for modular forms evaluated at the Tate curve, one obtains an algebraic
g-expansion by evaluating an automorphic form at the Mumford object. Like in the
case of modular forms, the coefficients of an algebraically defined g-expansion of
a holomorphic automorphic form f of over C agree with the (analytically defined)
Fourier coefficients of f [Lan 2012]. Also, like in the case of modular forms, there
is a g-expansion principle for automorphic forms on unitary groups [Lan 2013,
Proposition 7.1.2.15]; note that the g-expansion principle for automorphic forms
over a Shimura variety requires the evaluation of an automorphic form at one cusp
of each connected component. To apply the g-expansion principle, it is enough
[Hida 2004, Section 8.4] to check the cusps parametrized by points of GM 1 (Ag).
(The author is grateful to thank Kai-Wen Lan for explaining this to her.) We shall
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say “a cusp m € GM_(Ag)” to mean “the cusp corresponding to the point m.” The
g-expansion of an automorphic form at a cusp m(h, A) is a sum of the form

> aBq’,

BELmn.n

where L3 s a lattice in Her, (E) dependent upon the choice of the cusp m(h, 1)
and a(B) € C for all B (or, more generally, if f is a V-valued automorphic form
for some C-vector space V, a(f) € V for all ). We sometimes also write

> aB)q”,

BeHer, (E)

when we do not need to make the cusp explicit; in this case, we know that the
coefficients a(f) are zero outside of some lattice in Her, (E) (namely, the lattice
corresponding to the unspecified cusp).

Throughout the paper, all cusps m and corresponding lattices L,, € Her,(K)
determined by m are chosen so that the elements of L,, have p-integral coefficients.'

3. Eisenstein series on unitary groups

In this section, we introduce certain Eisenstein series on unitary groups of signature
(n, n). These Eisenstein series are related to the ones discussed in [Eischen 2013,
Section 2; Shimura 1997, Section 18; Katz 1978, Section (3.2)].

Fork € Z and v = (v(0))sex € Z*, we denote by Ni,, the function

Niy:K*— K*
b ]_[ o (bY@ (5 (b)G (b))~ V@),

oEX
For all b € OF,
Niw(b) = N o (b).

Theorem 2. Let R be an Og-algebra, let v = (v(0)) € Z*, and let k > n be an
integer. Let
F: (OK ®Zp) X Mnxn(@E ®Zp) — R

be a locally constant function supported on (Ox ® Z,)* x M, (0 ® Z,) that
satisfies
F(ex, Nge(e™)y) = Niw(e)F (x, ) (7

IEven without this choice for m and L, which we did not make a priori in [Eischen 2013], we
could force the Fourier coefficients at all the non- p-integral elements of Her, (K) to be zero, simply
by our choice of a Siegel section at p later in this paper. In fact, in [Eischen 2013, Section 2.2], our
choice of Siegel sections at p forced the Fourier coefficients at all the non- p-integral elements of
Her,, (K) to be zero.
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forall e € @};, x€O0xk®2Z,,andy € Myxn(Op ® Z,). There is an automorphic
form Gy, r (on U(n, n)) of weight (k, v) defined over R whose q-expansion at a
cusp m € GM (Ag) is of the form Zo<ﬂ€Lm c(B)q? (where L,, is the lattice in
Her, (K) determined by m), with c(B) a finite Z-linear combination of terms of the
form

F(a, Ng/e(a)" ' B)Ni(a™ " det B)Ng q(det B) ™"

(where the linear combination is a sum over a finite set of p-adic units a € K
dependent upon B and the choice of cusp m € GM). When R = C, these are the
Fourier coefficients at s = %k of the C* automorphic form Gy, (2, s) (wWhich is
holomorphic at s = %k) that will be defined in Lemma 9.

(Above, the elements of (O ® Z,)* in M,,,(0g ® Z,) are viewed as homomor-
phisms, i.e., multiplication by an element of (O ® Z,,)*, so as diagonal matrices
in M, «,(Og ®Z,). Also note that, when det 8 = 0, the coefficient of qﬂ is 0, so
we can restrict the discussion to F with support in (Ox ® Z,)* x GL,(0r ® Z,).)

Proof. By an argument similar to Katz’s argument at the beginning of the proof
of [1978, Theorem (3.2.3)], every locally constant R-valued function F supported
on (Ox ®Z,)* X My« (O ® Z,,) that satisfies (7) is an R-linear combination of
Ok -valued functions F supported on (Og ® Z,)™ X My, x, (0 ® Z,) that satisty (7).
So it is enough to prove the theorem for O -valued functions F.

Now, if we can construct an automorphic form satisfying the conditions of
the theorem over R = C, then by the g-expansion principle [Lan 2013, Proposi-
tion 7.1.2.15], the case over R will follow for any Ok -subalgebra R (in particular,
for R = Og) of C. By [Lan 2012], it sufficient to show that there is a C-valued C*°
automorphic form Gy, r of weight (k, v) holomorphic at s = %k whose Fourier
coefficients (at s = %k) are as in the statement of the theorem. We will devote
Section 3.1 to the construction of such an automorphic form. (]

3.1. Construction of a C* automorphic form over C whose Fourier coefficients
meet the conditions of Theorem 2. In this section, we construct the C* automor-
phic form Gy, r necessary to complete the proof of Theorem 2.

Let m be an ideal that divides p*°. Let x be a unitary Hecke character of type Ay,

x tAg — C*,
of conductor m, i.e.,

xo(a) =1
for all finite primes v in K and all @ € K such that

ael+m,0g,.
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Let v(o) and k(o), o € X, denote integers such that the infinity type of x is
l_[o_—k(a)—2v(a)(o. .O—.)%k(0)+v(cr)‘ (8)
oEX

For any s € C, we view x - |- |* ®|-|;" as a character of the parabolic subgroup
GP.(Ag) =GM_(Ag)N(Ag) € G4 (Afg) via the composition of maps

RREE, GM(AR) — GLay, (V@ Ap) x GLi(Ap) —> C,

GP(AE)
where the last one is the map
(h, A) —> |AlZ™ - x(deth)|deth|y".

Consider the induced representation

G (A 2
I(x.s) =Indgp 2 (x -1 15 @ lo(D1™?)
®Indczi(£) Yo 1 152 @l ()1;™), ©)

where the product is over all places of E.
Given a section f € I (x, s), the Siegel Eisenstein series associated to f is the
C-valued function of G defined by

Er@= > fye.

y€GPL(E)\G+(E)

This function converges for N (s) > 0 and can be continued meromorphically to the
entire complex plane.

Remark 3. As in [Eischen 2013], if we were working with normalized induction,
then the function would converge for 9i(s) > %n, but we have absorbed the exponent
%n into the exponent s. (Our choice not to include the modulus character at this
point is equivalent to shifting the plane on which the function converges by %n.)

All the poles of E, are simple and there are at most finitely many of them.
Details about the poles are given in [Tan 1999].

As we noted in [Eischen 2013, Section 2.2.4], if the Siegel section f factors as
f =@, fv, then E; has a Fourier expansion such that, for all 7 € GL,(K) and
m € Her, (K),

tp—1
Er ((3 nf) (ho 2)) = Y c(Bh fea, (tr(Bm))
BeHer, (K)

with ¢(B, h; f) a complex number dependent only on the choice of section f, the
hermitian matrix 8 € Her,, (K), h, for finite places v, and (% - 'h), for archimedean
places v of E.
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By [Shimura 1997, Sections 18.9, 18.10], the Fourier coefficients of the Siegel
sections f = (), f, that we will choose below are products of local Fourier coeffi-
cients determined by the local sections f,. More precisely, for each g € Her, (K),

c(B,h; f)=Cn, K)[ [eu(B. 15 1),

where
0 —1\ (1 my\ ('h;' 0
(B, h; f)= / fv((l 0 ) (O 1 ) ( 0 hv)>ev(_ tr(Bymy)) dmy,
Her,(KQE,) (10)
C(n, K) — 27[(}’[—1)[EI@]/2|DEl—n/2|DK|—n(n—1)/4, (11)

Dpg and Dk are the discriminants of K and E, respectively, 8, = 0,(8) for each
place v of E, and d,, denotes the Haar measure on Her, (K,) such that

/ dyx =1 for each finite place v of E (12)
Her,, (©K ®F Ev)

and
dyx = |/\;f:1dxjj/\,<k(2_ldxjk /\di.,-k)| for each archimedean place v of E.

(Here x denotes the matrix whose ij-th entry is x;;.)

Below, we recall [Eischen 2013, Lemma 19], which explains how the Fourier co-
efficients c(B, h; f) transform when we change the point /. For each & € GL,, (Ag)
and A € Ag, let m(h, 1) denote the matrix

tf_l_l 0
0 Ah)°
co(B,m(h, A); f)

0 —1\/1 m,
N /Hern(KeaEv)fv((l 0 )(O 1 )m(h’ A))ev(_tr(ﬁ"m”))dm”'

We also define c(B, m(h, A); f) = C(n, K) ], cv(B, m(h, A); f).

Generalizing (10), we define

Lemma 4 [Eischen 2013, Lemma 19]. For each h € GL,(Ag), A € AE, and
B € Her, (K),

tﬁfl 0 .
06 2

= x(detGh)~H|det(Gm) =" - Gm) T[T IME e T AT BRT! 1y £). (13)
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Proof. Let n = ((1) 7(1)" ) Observe that, for any n xn matrix m,

n-mh,2) -t =m TR L)

1 (1 m _ (1 AMhmh
m(h, \) '<O 1>-m(h,k)_<0 | >

Therefore,
Lm — . | —1 1 m
n'(o 1).m(h,X)—(n m(h, 3) -1 )n(m(h,x) (o 1>m(h,k))
_ —1t5-1 1 Mhmh
—mG ,m(o ’ )

So, for any place v of E and section f, € Indg;((gv”)) (x,s),

1 m
Jo (77 (0 1) m(hy, )\)>

— 125, - 1 A'hymh,
=m(det(xvhv)—l)|det<xvhv)—1\vz|A|U'”fu(n(0 " )) (14)

The lemma now follows from (14) and the fact that the Haar measure d, satisfies

dy(Mhyx'hy) = |det(h'hy - hy)|"d, (x) for each place v of E. O
So,
AR 0 ny|q2nn—syy |2ns ‘Rt 0
c(ﬁ,( . h),f) = XA (ﬂ( . M),f)
tp—1
_ 1y 202 n h 0 .
=27 lex (A )C(,B, ( 0 kh) ; f)- (15)

Below, we choose more specific Siegel sections f = @), f, and compute the
corresponding Fourier coefficients.

3.1.1. The Siegel section at oo. We now define a section f;g” = f;‘c;”(- i1y, X,8)
in @, 00 Idgp (1) Gt 1+ 152 @ ()™

For each o = Hu|oo oy € Hv|oo G(E,), we write «, in the form (‘C‘: Z:) with a,, by,
¢y, and d,, nxn matrices. Each element « € G(E,) acts on 7 = Hvloo Zy € l—[vloo %,

by
oy (2y) = (ayzy + by)(cyzy +dv)_1a
a(@) =[] ez

v|oo
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Let B
)‘av (zv) = Aoy, 20) =Cy - th +d,,

ra(@) =M, 2) = [ R (20),

v|oo
Mo, (2v) = play, 7)) =y - 2p +doy,
Mo (D) = p(e, 2) = [ ] ttes, (z0)-

v|oco

(These are the canonical automorphy factors. Properties of them are discussed in
[Shimura 2000, Section 3.3], for example.) We write

Jo (20) = J(@y, 2v) = det g, (z0),
Ja(@) = j(e, 2) = [ ] dou 20)-

v|oo
Note that
det(rg, (z0)) = det(@)w (o) ™" ja, (20) (16)
= det(y) "0 ()" Jiu, (20) (17)
SO

ldet(Xq, (2u))| = o, (20)]-
Consistent with the notation in [Shimura 1997, Equation (10.4.3)], we define
Jo" @)= ja @ detha ()"
By (16) and (17), we see that
Ja'(@) = ([det@)w (@) ™) ju (2)*
= (det(@) "' w(@)") " ju ("
If B =1, By is also an element of [ ], G(E,), then

ABuy, Zv) = A(By, pzo) Moy, 20), (18)
m(Buoty, 2y) = ((Bu, Apzp) u(cty, 2p). (19)
Consistent with the notation in [Shimura 2000, Section 3], we define functions 7
and 6 on #,, by
n@)=i('z—2),
8(z) = det(3n(2))
for each z € #,,. So
nG-1,) =2-1,,
8(i-1,) =1.
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We also write 7 and 8 to denote the functions [ [, s 7 and [[, 5, 8, respectively,
on [[,c5 %,. So 8(i) = 1. Also, note that

8(az) = ()] ja ()| ?8(2) = ()" ] ja(2) det(ha (2))| '8 (2).

Following [Shimura 2000, Sections 3 and 5], given (k, v) =[], kv, V) € (Zx7Z)*,

we define functions f||;., and f|;, on ]_[(,GE ¥, by

(flleve) (@ = jE @7 flaz),
Fliva = fllev(@@) 2a)

for each C-valued function f on %(,, point z € #,,, and element o € G. Note that
w(@) 2a € U(n,) and, if (o) = 1 for all v € X, then

fliva = fllivo.

More generally, for each function f on [ [, .5 %, with values in some representation
(V, p) of [[, <5 GLA(C) x GL,(C), we define functions f|, and f|, on %, by

(Fllo@)(@) = p(ia(2), 2a(2) " fl@2),
floa = fllp(@@ 2a).

We also use the notation f|| and f| when we are working with just one copy of #,,,
rather than [E : Q] copies of ¥, at once.

v|oo

We define
L= QA ) € @Indga ) (- 11,7 ® o ()"
v|oo v|oo
by

fEv@si-1a, %, )
= ()i - 10)
= ) - 1) (@) Py [T
= 7 1 i 102
Given o € G, we also define a function fé‘é”(oe; e, X,s)on ¥, by
FEV @ 2, x,8) = (87,00 ()
= 750 @ o 1a @2 TS @

By (18) and (19), we see that if g € G is such that g(i) = z then, for each o € G,

. . 1,
ki1, x.8) = %@z, ) RV g 1, x, $)8(2) 200,
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For k € Z and v = (v)pex, € Z%, ffé”(a; e, X,s) is a holomorphic function
on ¥, at s = %k.

3.1.2. The Fourier coefficients at archimedean places of E. When there is an
integer k such that
s = %k = %k(a) forall 0 € X

(i.e., when foko’”(oz; Z, X, §) 1s a holomorphic function of z € #,,), [Shimura 1983,
Equation (7.12)] describes the archimedean Fourier coefficients precisely:

co (B s £ (058100 x5 1))
-1

n—1
= pU=mmn;=nkynk (n"<"—1>/2 ]_[ Ik — z)) oy(det B) e (i tr(oy(B)))  (20)
=0

for each archimedean place v of E. Observe that, when k > n,

[Teo(B.h: £ (o5 ilax, 3K)) =0

v|oo
unless det(8) # 0 and det(h) # 0, i.e., unless S is of rank n. Also, note that in our
situation B will be in Her,, (K), so [],.5 e(i tr(cy(B))) = e(ib) for some b € Q, so
[Les e(i tr(ov(,B))) = e(ib) is a root of unity.
3.1.3. Siegel sections at p. We work with Siegel sections at p that are similar to the
ones in [Eischen 2013, Section 2.2.8] (we multiply those by |w(g)|,™ to account
for a similitude factor).

Lemma 5 [Eischen 2013, Lemma 10]. Let I be a compact and open subset of
[1,es: GLA(O,), and let F be a locally constant Schwartz function

F: [ [(Homg, (V,., Vi.,)® Homg, (V.. Vi) — R

veX

(X1,X2) — F(X1, X2)

(with R a subring of C) whose support in the first variable is I and such that

FXX7'0) = [ ] xu(detG0)F(1, 1) 1)
veX

forall X inT andY in[],c5 M, n(Ey).? There is a Siegel section fPF(_X’Y) atp
whose Fourier coefficient at B € M, »,,(Ey) is

(B, 1; FPFEXD) — Solume(T) - F(1,18).

2The version of the right-hand side of (21) appearing in [Eischen 2013, Lemma 10] reads
“X1 )(2 (det(X ) F(1,Y)”. The characters denoted x| and x, in [Eischen 2013] have the property that
X1X5 (a) =[l,ex xv(a) foralla € [],c5 Of,. The function denoted by F in the current paper is
denoted by F in [Eischen 2013].
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We use the notation PF, for “partial Fourier transform”, to be consistent with
[Katz 1978, Section 3.1; Eischen 2013, Section 2.2.8], but we do not need to discuss
partial Fourier transforms here.

As a direct consequence of Lemma 5, we obtain the following corollary:

Corollary 6. For any locally constant Schwartz function F satisfying the conditions

of Lemma 5 for some I' with positive volume, there is a Siegel section [z in

Qe Indgﬁg:;(xv -|-172%) whose local (at p) Fourier coefficient at B is F(1,).
Furthermore, we can significantly weaken the conditions placed on F:

Corollary 7. Let k be a positive integer. Let F be a locally constant Schwartz
function
F: [ (Moun(OEy) X My (O,)) — R
veEX

whose support lies in [ [, (GL,(Og,) X My, (Og,)) and which satisfies
Fe.'e”'y) = Ngjo(dete)* F(1, y)

for all e € GL,,(Og) contained in the support I" in the first variable of F. Sup-
pose, furthermore, that I' has positive volume. Then there is a Siegel section
ff € Ques Indgggzg(xv |- 172%) whose local (at p) Fourier coefficient at B is
F(1,'B).

Proof. Let Fbea locally constant Schwartz function

FI H(Mnxn(@Ev) X Mnxn(@Ev)) — R

vEX

whose support lies in [ [, .5 (GL,(Of,) X My, (0fg,)) and which satisfies
F(e,"e™'y) = Ngja(dete) F(1, y), (22)

for all e € GL,(Of) contained in the support in the first variable of F. Then, since
F is locally constant, has compact support, and satisfies (22), there is a unitary
Hecke character x whose infinity type is as in (8) and such that the conductor
m = p? for d a sufficiently large positive integer, so that

~

F=aFi1+ --+aF

for some positive integer / and ay, . . ., a; € R, and functions Fi, ..., F; meeting the
conditions of Corollary 6 (all for this same character y but possibly with different
supports I'1, ..., I';, respectively, in the first variable).

Now, we define
fr=aifr+ - -+afr,

where fr,, ..., fr, are the Siegel sections obtained in Corollary 6. Then f% is

a linear combination of elements of the module ), .5 Indgzgzi Ow -1+ 17%). So,
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fr is itself an element of ), .+ Indgfgz; (xv - |- 17%). Now, the Fourier coefficient
of a sum of Siegel sections is the sum of the Fourier coefficients of these Siegel
sections. So, the Fourier coefficient at B of f% is

aFi(1,"8) 4+ +a Fi(1,'8) = F(1,'B). O

3.1.4. Siegel sections away from p and co. We use the same Siegel sections at
places v 1 poo as in [Eischen 2013, Section 2.2.9]. We now recall the key properties
of these Siegel sections, which are described in more detail in [Shimura 1997,
Section 18].

Let b be an ideal in Og prime to p. For each finite place v prime to p, there is a
Siegel section fv[’ = fv[’(-; Xv,S) € Indgggzi( Xv, §) with the following property: by
[Shimura 1997, Proposition 19.2], whenever the Fourier coefficient c¢(8, m(1); fvb)
is nonzero,

[] cB.m: £
vtpoo

n—1
—n2 . 1 _iv— —
= Nejo®0p) ™ []L7@s i xg't) ™" [ Poosxem) ' Iml2), (23)
i=0 vfpoo

where:
(1) the product is over primes of E;
(2) the Hecke character xg is the restriction of x to E;

(3) the function Pg ,  is a polynomial that is dependent only on 8, v, and b and
has coefficients in Z and constant term 1;

(4) the polynomial Pg , p is identically 1 for all but finitely many v;
(5) 7 is the Hecke character of E corresponding to K /E;

(6) m, is a uniformizer of Of ,, viewed as an element of K> prime to p;
, p p
1 1 -1
(7) LP(r, x5't) = l_[wpmondf(l — xo () T T () l)

3.1.5. Global Fourier coefficients. Recall that, by Lemma 4, the Fourier coeffi-
cients c(B, h; f) are completely determined by the coefficients c¢(f8, 1,; f). In
Proposition 8, we combine the results of Sections 3.1.2, 3.1.3, and 3.1.4 in order to
give the global Fourier coefficients of the Eisenstein series E ;.
Let x be a unitary Hecke character as above and, furthermore, suppose the
infinity type of x is
1—[ O.—k—ZV(U)(O,O—.)%k-‘rv(o) (24)

oex

(i.e., k(c) =k e Z for all o € ¥). Let C(n, K) be the constant dependent only
upon n and K defined in (11).
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Proposition 8. Let k > n, let v = (v(0)) € Z%, and let

. G(A _
Few F = v = QFF0 ® 3" (5 ila, x.9) @ 0 € IndG 38 (- 1+ 1)
vex (25)
with x as in (24), Q,cx fF., the section at p from Corollary 6, f;‘c;” the section
at 0o defined in Section 3.1.2, and f° the section away from p and oo defined in
Section 3.1.4.
Then, at s = %k, all the nonzero Fourier coefficients c(B, 1,; fk’U,X,f) are given

by
D, K, b, p. k) [ | Poows e (o) o )F (LB [ [ o (det B)F el trrja(B)),

vfpoo vex (26)
where
D(n,K,b, p, k)
n—1 —1\ [E:Q]
— C(n, K)N(b0p)™ <2<1—">"i—"’<(2n)"k <n"(”_l)/2 [[r&- ;)) )
t=0
n—1
< []Lrk—ixg'<H™".
i=0
Proof. This follows directly from (11), Corollary 6, (23), and (20). [l

Given F as above, define
Fy 1 (0k ®Z,) X Myxn (0 ®Z,) - R
to be the locally constant function whose support lies in
Ok ®Zp)* X Myxn (O ®Z))
and which is defined on (Ox ® Z,)* x M,,x,(0g ® Z,)) by

Fy,y) =[] xo@F Ngje(0)'y), 27)

veEX
where the product is over the primes in ¥ dividing p. Then, for all e € O,
Fy(ex, Nijg(e™")y) = Niw(@F (x, y)

forall x eOg ®Z, and y € M;,»,(O0g ®Z ). On the other hand, any locally constant
function
F: (©K ®Zp) X Mnxn(GE ®Zp) — R

supported on (Og ® Z,,)* x M, x, (O ® Z,,) which satisfies

F(ex, Nx/e(e)™'y) = Ngja(e)* F(x, y)
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for all e € @}é, xe€O0xk®Zy,and y € My, (O ® Z,,) can be written as a linear
combination of such functions F, for Hecke characters x of infinity type (k, v)
and conductor dividing p* and functions F' as above.
Now, let
~1
Gk,v,x,f =D(n,K,b, p,k) Efk,u.X,F .

Applying Proposition 8, we see that the Fourier coefficients of the holomorphic
function G, X, ;(z, %k) on ¥, are all finite Z-linear combinations (over a finite
set of p-adic units a € K) of terms of the form

F,(a, Ng/e(@) "' B)Ni ,(a~" det B)Ng g (det B)™" (28)

(Although m, from Proposition 8 is a place of E for all v, the element a from (28)
might be in K but not O, depending on our choice of cusp. The effect of the
change of a cusp m € GM_(Ag) on g-expansions is given in Lemma 4.)

Thus, we obtain the following result:

Lemma9. Letk € 7>, and v € Z*. Let F be a locally constant function
F:(Ogk®Zp) X Myxn(Op®Z,) —> R

supported on (Ox ® Z,)™ X My, x, (0 ® Z,,) which satisfies
F(ex, Nx/£(e)™'y) = Niw(e)F (x, )

for all e € @2, x €0k ®Zy, and y € Myx,(Op @ Z,). Then there is a C*
automorphic form Gy, r(z, s) (on U (n, n)) of weight (k, v) that is holomorphic at
s = %k and whose Fourier expansion at s = %k at a cusp m € GM  (Ag) is of the
form?y el c(,B)qﬁ (where L,, is the lattice in Her, (K) determined by m) with
c(B) a finite Z-linear combination of terms of the form given in (28).

(We obtain Gy, r as a linear combination of the automorphic forms G kv, 7.

4. Differential operators

4.1. C® differential operators. In this section, we summarize results on C* dif-
ferential operators that were studied extensively by Shimura [1984a; 1984b; 1997,
Section 23; 2000, Section 12]. Let T = M, «,(C); we identify T with the tangent
space of #,,. For each nonnegative integer d, let S;(7T") denote the vector space of
C-valued homogeneous polynomial functions on 7 of degree d. (For instance, the
e-th power of the determinant function, det®, is in &,,.(T").) We denote by 74 the
representation of GL, (C) x GL,(C) on &,(T) defined by

t/(a, b)g(z) = g('azb)
forall a, b € GL,(C),ze€ T, and g € G4(T).
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The classification of the irreducible subspaces of polynomial representations of
GL, (C) and of irreducible subspaces of t" for each r is provided in [Shimura 1984b,
Section 2; 1997, Sections 12.6 and 12.7]. We summarize the key features needed
for our results; further details can be found in those two references. Given a matrix
a € M, »,(C), let det;(a) denote the determinant of the upper left j x j submatrix
of a. Each polynomial representation of GL,,(C) can be composed into a direct
sum of irreducible representations of GL,, (C). Each irreducible representation p of
GL,(C) contains a unique eigenvector p of highest weight r{ > ---r, > 0 (for a
unique ordered n-tuple r; > --- > r, > 0 of integers dependent on p), which is a
common eigenvector of the upper triangular matrices of GL,,(C) and satisfies

p(a)p =] detj@>ip,

j=1
ej=rj—rjy1, 1=<j<n-—1, (29)
€n =T (30)

for all @ in the subgroup of upper triangular matrices in GL, (C). Also, for each
ordered n-tuple r; > --- > r, > 0, there is a unique corresponding irreducible
polynomial representation of GL,(C). If p and o are irreducible representations
of GL, (C) then, by [Shimura 2000, Theorem 12.7], p ® o occurs in 7" if and
only if p and o are representations of the same highest weights r; > --- > r, as
each other and r| 4 - - - +r, =r. In this case, p ® o occurs with multiplicity one
in t”, and the corresponding irreducible subspace of 7" contains the polynomial
px) = ]_[;?:1 det;(x)“/ (where e; is defined as in (29) and (30)); this polynomial
p(x) is an eigenvector of highest weight with respect to both p and o.

Let (Z, tz) be an irreducible subspace of (&4, 7) of highest weightr; > - - - >r,,
and let ¢ € Z. By [Shimura 1984b; 1997, Section 23; 2000, Section 13], there
are C*° differential operators Dy (¢) that act on C* functions on #, and have the
property that, for all @ € U (n,,), ¢ € Z € &4(T), and complex numbers s,

D) [k va) = i z(—k — $)(8* ewer) - ¢ ('~ hg ' Y, (31)

where (as proved in [Shimura 1984b, Theorem 4.1])

n ry

vz =]][]es—i+n.

h=1 j=1

If p is the representation of GL,, (C) x GL,,(C), there is a differential operator DPZ
(defined in [Eischen 2012, p. 222; Shimura 2000, Equation (12.20)]) such that for
all C* functions f on ¥, DpZ f is a Hom(Z, C)-valued C* function on #,, with
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the property that
(DF Pllp@r, @ = DZ(f ) (32)

for all & € G. Furthermore, if p is defined by p(a, b) = det(b)* then, as the proof
of [Shimura 1997, Lemma 23.4] explains,

Dy(0) f = (DZ /).

When Z is a X-tuple (Z,),cx, we also use ¥z to denote Hvez Vz,.
So, for example, if d € Z>p and ¢ = det? , then (31) becomes

Dy (det™) (8% [l var) = iz (—k — 5)8° ver - det? ('~ hg ')

n d
= (%i)nd 1_[ l_[(—k —5— j+ 18 llks2d,v-act.

h=1j=1

Consequently, if d = (d(0))gex € Zgo’ then

( I1 Dk(detd(")))(Gk,u,F(Z» 3K))

oex n d(O‘)
=11 (3i)""” [TT](*-J+mGrs2av-a.r(z. 3k)
ez h=1 j=1

as in [Eischen 2013, Equation (43)].
As noted in [Shimura 1984b, Section 6], G .. r(z, s) is a special case of the
automorphic form Gy , ¢ r(z, s) that satisfies

De(@)(Grw.r (2. 3k) = [ [ 1*¥2,(-0)Gruc.r (2. 3K).

VEX
where

D) = [ | Detcw).

veX

The case where ¢ is a highest-weight vector will be of particular interest to us.

4.2. Rational representations. In order to generalize our discussion from the C*°
setting to the p-adic setting, we introduce rational representations, following [Hida
2004, Section 8.1.2] (which, in turn, summarizes relevant results from [Hida 2000;
Jantzen 1987]).

Let A be a ring or a sheaf of rings over a scheme. Let B denote the Borel
subgroup of GL,, consisting of upper triangular matrices in GL,,. Let N denote the
unipotent radical of B. Let T = B/N denote the torus. Following the notation of
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[Hida 2004, Section 8.1.2], for each character k of T we define

Ralk]=IndS"™" (k)
={f:GL,/N — A'| f(ht) =« (t) f(h) forall t € T, h € GL,/N}.

The group GL,, acts on R[k] via
(g NHx) = fg"'x).

As noted in [Hida 2004, p. 332], there is a unique (up to an A-unit multiple)
N-invariant linear form £, in the dual space Ra[x]" that generates (R4 kTN
and can be normalized so that, for all f € R4[«],

Zcan(f) = f(ln)7

where 1, denotes the origin in GL,/N.

Note that, for each C* automorphic form f on [[, .y %, such that f|l; o = f
(for all @ in some congruence subgroup) and each highest-weight vector ¢ in
an irreducible representation of highest weight x, we may view Dy(¢) f as an
Reldet"™ k] ® Re[det™ -k ]-valued function on %,. We define a corresponding

character kg (11, ..., by, tyg1, -« t2n) = [ |1y tlk+” t;, onT(C) xT(C).

4.3. The algebraic geometric setting. As explained in detail in [Eischen 2012,
Section 8.4], which generalizes [Katz 1978, Section 2.3], the C* differential
operators discussed by Shimura have a geometric interpretation in terms of the
Gauss—Manin connection. C* automorphic forms can [Eischen 2012, Section 2]
be interpreted as sections of a vector bundle on (the complex analytification of) the
moduli spaces M, , = Sh(W). Applying a differential operator (as discussed in
[Eischen 2012, Sections 6-9]) to an automorphic form of weight p on A, , sends
it to an automorphic form of weight p ® t on M, ,.

We now recall the setting of [Eischen 2013, Section 3], as we will momentarily
be in a similar (but not identical) situation. For any Og-algebra R, the R-valued
points of 3Sh(R) parametrize tuples A consisting of an abelian variety together
with a polarization, endomorphism, and level structure. (We shall not need further
details of these points here; see [Lan 2013, Chapter 1; Hida 2004, Chapter 7;
Eischen 2012 Section 2] for more details.) Given a point A in Sh(R), we write
WA/R = a)A/R ® a)A/R for the sheaf of one-forms on A. (As in [Eischen 2012,
Section 2], o} A/r and @, are the rank-n submodules determined by the action
of Ok.) We identify G(@)\X x G(A)/H (which we identify with copies of ¥,)
with the points of ¢Sh(C); we shall write A(z) to mean the point of A identified
with z € [, .5 9, under this identification. Under this identification, if we fix an
ordered basis of differentials uT, .o, uF for c_ojfumv /%, then an automorphic form
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f on ¥, corresponds to an automorphic form f on %Sh(C) via

f@) = f(AR), ui @), ..., ul(2),

Any other ordered basis of differentials for c_uiE /C is simply obtained by the linear
action of GL,(0g ® C) = GL,(C) x GL,(C) on w(z) = w(z)* ® w(z)~, and

fA@, g Wi @), ....uf @) =g (f(AQ@), ui @), ..., u (2)))

4.3.1. A p-adic analogue. In [Eischen 2012, Section 9], we discussed a p-adic
analogue sz of the differential operators Dg. The differential operators sz act
on sections of certain vector bundles on the Igusa tower T « (a formal scheme
over the ordinary locus of %Sh(R) for R a mixed characteristic discrete valuation
ring with residue characteristic p); for details on the Igusa tower, see [Hida 2004,
Section 8]. More precisely, sz acts on sections of Ry, [«] for various weights «.
By [Hida 2004, map (8.4)],

Cean : HY(Too 00, R, (K1) = VV[K] (33)

is an injective map into the space VNIk] = VOIZ’ wolk] of p-adic modular forms of
weight k. Given a highest-weight vector ¢ in Z, we define 6(¢) := 6 := €can © sz ,
where p(a, b) := det(b)*.

In [Eischen 2012, Section 9], we gave a formula for the action of p-adic differ-
ential operators pz on g-expansions. In particular, if the g-expansion of a scalar
weight form f € H%(Tx, o0, Rr, . [x]) ata cusp m € GM is

f@ =Y aPyq’,
B
and ¢ is a highest-weight vector, then it follows from the formulas in [Eischen 2012,
Section 9] that

OO @)=Y aPB) (B (34)
B

5. A p-adic Eisenstein measure with values in the space of
vector-weight automorphic forms

5.1. p-adic Eisenstein series. As we explain in Theorem 10, when R is a (profinite)
p-adic ring, we can extend Theorem 2 to the case of continuous (not necessarily
locally constant) functions F. For the remainder of the paper, let N be as in
Section 4.2.

Theorem 10. Let R be a (profinite) p-adic Ok-algebra. Fix an integer k > n, and
letv=(0))yex € Z*. Let

F: (©K ®Zp) X Mnxn(GE ®Zp) — R
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be a continuous function supported on (Ox ® Z,)* x GL,(Og ® Z,,) which satisfies

F(ex, Ng/e(e)™'y) = Niyw(e)F(x, y)

forall e € @IX(, x €0k ®Z,andy € GL,(Og ® Z,,). Then there exists a p-adic
automorphic form Gy, r whose q-expansion at a cusp m € GM is of the form
ZO<ﬂeLm c(ﬁ)qﬁ (where L, is the lattice in Her, (K) determined by m), with c(B)
a finite Z-linear combination of terms of the form

F(a, Ng/p(a) ' B)Ny ,(a™" det B)Ng g (det B) ™"

(where the linear combination is the sum over a finite set of p-adic units a € K
dependent upon B and the choice of cusp m € GM).

Proof. The proof is similar to the proof of [Katz 1978, Theorem (3.4.1)]. We remind
the reader of the idea of that result. For each integer j > 1, define

Fj: (O ®Z,) X Myxn(©£ ®Z,) > R/p’R
Fj(x,y) = F(x, y) mod p’R.

Then F; is a locally constant function satisfying the conditions of Theorem 2. So,
by the g-expansion principle for p-adic forms [Hida 2005, Corollary 10.4; Hida
2004, Section 8.4], there is a p-adic automorphic form G, r whose g-expansion
satisfies the conditions in the statement of the theorem. ([

Corollary 11. Let R be a (profinite) p-adic O -algebra, let v = (v(0))gex € 7%,
and let k > n be an integer. Let

F:(O0g®Zp) X Mysxn(Op ®Zp) > R

be a continuous function supported on (Ox ® Z,)* x GL, (0 ® Z,,) which satisfies
F(ex, Ng/e(e)™'y2) = Niw(€) F (x, y)

foralle e Og,x €0k ®Z,, and y € My, (O @ Z ). Then

Giv,F = G0Ny, (=1 Ny (x)7 det y) F(x.y) (35)
where
Ni—n,o(x 7' Ny (x)" det ) F(x, y),

denotes the function defined by

(¢, ) > Nimno 07 N yp (0)" det y) F(x, y).
on (Og ®Zp)* x My (Op®Z,) and extended by 0 to (Og ®@Z ) x My, (Op ®Z,).
Proof. This follows from the g-expansion principle [Hida 2005, Corollary 10.4]. [J
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Remark 12. We comment now on the relationship between the weight of G, o r and
the p-adically continuous function F appearing in the subscript. By Corollary 11 and
Theorem 2, we have that, if F is a locally constant function satisfying the conditions
of Corollary 11, then the p-adic automorphic form G, o ,_, , (1 Nz (0)" det y) F(x.y)
is the weight-(k, v) p-adic automorphic form Gy, r. More generally, by (34),
the p-adiC automorphic form G",O,Nk—n,v(xleK/E(x)" dety)F(x,y){,((NK/E(x)y*I) is the
weight-(k -kx,,) p-adic automorphic form 6 (¢, )Gy .., Where ¢, is a highest-weight
vector for the representation of weight k. In particular, the p-adic automorphic
form (?n,O,Nkfn,u(x*‘NK/E(x)” det y) F(x.y) det(Ng/ (x)y—1)d 18 the ]?—adic automorphic form
0(det™) G0Ny (v~ Nigs (0" det ) F (x, ) (N )y~ OF Weight (k+2d, v — d).

5.1.1. CM points and pullbacks. In this section, we compare the values of certain
p-adic automorphic forms and C* automorphic forms at CM points.? This material
extends [Eischen 2013, Section 3.0.1] beyond the case of scalar weights. Let R
be an Ox-subalgebra of QN i) (Oc,) in which p splits completely. Note that the
embeddings t, and ¢, restrict to R to give embeddings

loo : R— C,

tp:R—> Ry=1lmR/p"R.
m
Let A be a CM abelian variety with PEL structure over R, i.e., a CM point of the
moduli space g Sh(R) or, equivalently, a point of Sh(U (n) x U (n)) < Sh(U (n, n)).
By extending scalars we may also view A as an abelian variety over C or Ry.

By an argument similar to [Eischen 2013, Section 3.0.1], there are complex and
p-adic periods Q = (2T, 27) € (C*)"x(C*)"andc=(cT,c7) € (©€,;)n X (@Ep)",
respectively, attached to each CM abelian variety A over R such that (if F' is R-
valued, so Gy, r arises over R)

(e - rek) " (@) [ [ o @ridez(=K)Grvcr (25 1y X 12 5K)
oe = (k- k1,0) "' (OO()Gr v £ (A),  (36)

where z is a pointin [ [, .5 9, corresponding to the CM abelian variety A viewed
as an abelian variety over C (by extending scalars to C). Here, Z is the irreducible
subrepresentation of [ [, .y GL,(C) x GL, (C) of highest weight x € (Z")* and has
¢ as a highest-weight vector; by «(a) with a a scalar, we mean « evaluated at the
n-tuple (a, ..., a) in the torus. (The periods €2 and ¢ can be defined uniformly

3The significance of CM points is that they correspond to points of U (n) x U (n) € U (n, n), which
are the points used (for instance, by Shimura) to study algebraicity of values of Eisenstein series,
which are used in turn to study algebraicity of values of certain L-functions (through the doubling
method, or “pull back method”, a construction of L-functions described in various sources, including
[Gelbart et al. 1987, Part A; Cogdell 2006, Section 2]). Determining the precise values of these
Eisenstein series at CM points is neither necessary nor generally computationally feasible at this time.
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for all CM points at once [Katz 1978, Section 5.1]. For the present paper, though,
this is not necessary.) Note that when « = det? (i.e., is the highest weight for a
one-dimensional representation), we recover [Eischen 2013, Equation (45)].

5.2. Eisenstein measures. In analogue with [Katz 1978, Lemma (4.2.0)] (which
handles the case of Hilbert modular forms), we have the following lemma (which
applies to all integers n > 1):

Lemma 13. Let R be a p-adic O -algebra. Then the inverse constructions

1
F
Nyo(xNg/g(x)™" dety)
1
Npo(x ' Ng/e(x)" det y)

H(x,y) = (x,yh, (37)

F(x,y) = H(x,y™") (38)

give an R-linear bijection between the set of continuous R-valued functions

F:(0k®Z,)* xGL,(0g®Z,) > R
satisfying

F(ex, NK/E(e)_ly) =Nyo(e)F(x,y) forall ec @}é
and the set of continuous R-valued functions

H:(0xk®7Z,)" xGL,(0g®Z,) - R

satisfying
H(ex, Ng/e(e)y) = H(x,y) forall e e Oy.
Proof. The proof follows immediately from the properties of F and H. ([
Let

G, = ((0x ®Z,)* x GLy(0F ®Z,))/05. (39)

where @,X( denotes the p-adic closure of @;é embedded diagonally, as (e, Ng /g (e)),
in (Ox ®72,)* xGL,(0g ® Z,) (and, as before, (O ® Z,)* is embedded diag-
onally inside of GL,(0Or ® Z,)). Then Lemma 13 gives a bijection between the
R-valued continuous functions H on %, and the R-valued continuous functions F
on (Ox ®Z,)* xGL, (0 ® Z,) satistying F (ex, NK/E(e)_ly) =Nyo(e)F(x,y)
for all e € 0.

For any (profinite) p-adic ring R, an R-valued p-adic measure on a (profinite)
compact, totally disconnected topological space Y is a Z ,-linear map

w:eY,Z,) - R
or, equivalently [Katz 1978, Section 4.0], an R’-linear map

w:%eY, R)— R
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for any p-adic ring R’ such that R is an R’-algebra. Instead of (), one typically

writes
/ fdu.
Y

In Theorem 14, we specialize to the case where R is the ring V', , of p-adic
automorphic forms on U (n, n) and Y is the group %,, defined in (39).

Theorem 14 (a p-adic Eisenstein measure for vector-weight automorphic forms).
Let R be a profinite p-adic ring. There is a V', ,-valued p-adic measure pL = iy p
on Y, defined by

/ Hde,n = Gn,O,F
(g)‘l

for all continuous R-valued functions H on §,,, with

1

H(x,y™h
Noo—Ng gy dety) 07

F(x,y)=

extended by 0 to all of (Ox @ Z,)) X My xn(Op ® Z)).

Proof. F is the function corresponding to H under the bijection in Lemma 13. The
theorem then follows immediately from Theorem 10, Corollary 11, Lemma 13, and
the g-expansion principle. ([

Note that the measure pp , depends only upon n and b. In Section 6, we relate
the measure iy, to the Eisenstein measure in [Katz 1978, Definition (4.2.5) and
Equation (5.5.7)] and comment on how pp , can be modified to the case of Siegel
modular forms (i.e., automorphic forms on symplectic groups).

It follows from the definition of the measure wp , in Theorem 14 that, for each
highest-weight vector ¢, of highest weight «,

[@ H(x, y);K(NK/E(x)yil) d/be,n = e(glc)Gn,O,F(x,y)-

Now, let A be an ordinary CM abelian variety with PEL structure over a subring R
of @N Oc,, 1.e., a CM point of the moduli space x Sh(R), or equivalently, a point
of Sh(U(n) x U(n)) — Sh(U (n, n)). As discussed above, by extending scalars,
we may also view A as an abelian variety over C or over Ry = lim, R/p™R. It
follows from (36) and Corollary 11 that, for F'(x, y) locally constant, supported on
(O ®Z,)* xGL, (0 ® Z,) and satisfying

F(ex, Ng/p(e)™'y) = Ny y(e)F(x, y)
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foralle e Og,x € Ox ®Zp, and y € GL, (0 ® Z)),
1

4, Nkw(xNg p(x)~"dety)

= (i - se0) " () [ | ko Qi) Yz(—K)Grv g, r (2. 3K),  (40)

oeX

(k- Kx.) " (c) Fx,y DNk /e(x)y ™) dptp n(A)

and, for any d = (dy)yex € Zgo’
(Kit2d,v—a) "' ()

1
F ) -1 d t N -1 dd n A
X[gn Niw(xNg g (x)™" dety) (x, y~)det(Nk/e(x)y™ )" diton(A)

= (kks2a.0-a) " () [ [ @) "Yz(—h)Gryaav—a.r ey (2 3K),

cEX

where z is a point in [ [,y 9, corresponding to the CM abelian variety A viewed
as an abelian variety over C (by extending scalars to C) and 2 and c¢ are the periods
from (36). Here, Z is the irreducible subrepresentation of [ [, .5, GL,(C) x GL,(C)
of highest weight « and has ¢, as a highest-weight vector; by « (a) with a a scalar,
we mean k evaluated at the n-tuple (a, ..., a) in the torus.

In other words, the p-adic measure up , allows us to p-adically interpolate the
values of the C* (not necessarily holomorphic) function Gy, ¢, p(z, %k) at CM
points z.

Theorem 15. For each ordinary abelian variety A defined over a (profinite) p-adic
Ok-algebra Ry, there is an Ry-valued p-adic measure i (A) := wp n(A) defined by

/ H djon(A) = Gpo.r(A)
%,

for all continuous R-valued functions H on §,,, with
1

Ny o(x "Nk g(x)" det y)

extended by 0 1o all of (Ox ® Z)) X Myxn(Op ® Z)). If Ry = lim,, R/p™R with

R € Q, A is an ordinary CM point defined over R, and F is a locally constant

function supported on (Ox ® Z,)* x GL, (O ® Z,) satisfying

F(ex, Ng/p(e)™'y) = Niy(e)F(x, y)

foralle € 0%, x €0k ®7Z,,and y € GL,(Og ® Z,), then
K p P
1
F
4, Nkw(xNg p(x)""dety)
= (k- Kr) () 1_[ Ko Qri)Yz(—k)Grve, F(z, %k),

oex

F(x,y) = Hx,y™h

(ki)' (0) x, Yy NNk e(x)y ™) djte n (A)
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with z € [ [,ex. #, corresponding to the ordinary CM abelian variety A viewed as

an abelian variety over C.

The pullback of an automorphic form on U (n, n) to U (n) x U (n) is automatically
an automorphic form on the product of definite unitary groups U (n) x U (n). So
Theorem 14 also gives a p-adic measure with values in the space of automorphic
forms on the product of definite unitary groups U (n) x U (n). In [Eischen 2014,
Section 4], we explain how to modify our construction to obtain p-adic measures
with values in the space of automorphic forms on certain nondefinite groups.

Remark 16 (relationship to the Eisenstein measures in [Eischen 2013, Section 4]).
For the curious reader, we briefly explain the relationship between the measure pp
defined in Theorem 14 and the measure ¢ defined in [Eischen 2013, Theorem 20].
For each v € X, let r, = r(v) < n be a positive integer and let r = (ry), € Z*. As
in [Eischen 2013, Equation (33)], let

T(r)=[]0e) x-x0g}. 41)

veEX

ry copies

Let p=[],cx (P10, - - Prv),v) be a p-adic character on T'(r) (i.e., p((aty)pex) 1=
[Tes ;2’1) piv(ay) for all @ = (aty)yex € T(r)), letn =nyy+---+n,, bea
partition of n for each v € X, and let F, be the function on M, ,(E) defined by
r(v)
Fo(x) := [T [ [ piwo(det, (x)),
veX i=1
with det; defined as on page 2455. Let x be a p-adic function supported on
Ok ®Zp)x/©1>§ and extended by O to all of Ox ® Z), . Let H, , be the function
corresponding via the bijection in Lemma 13 to the function F, , supported on 4,

(and extended by 0) defined by

Fp oy (x, 9) = x ()N 0 () Fp (Nk /£ (X)'y).

/ H,  dip =/ _ (x,p)de.
Ok ®Z,)* /OX xT(r)

Note that the measure ¢ is dependent upon the choice of r and the choice of the
partition of n, while the measure jp_, is independent of both of these choices.

Then

6. Remarks about the case of symplectic groups, Siegel modular forms, and
Katz’s Eisenstein measure for Hilbert modular forms

The case of Siegel modular forms is quite similar. We essentially just need to replace
the CM field K with the totally real field £ throughout. Once we have replaced
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K by E, Ni , becomes N g /Q and Nk g becomes the identity map. Consequently,
(37) and (38) become
1
Nejo(x!=ndety)"
1
Ngjg(x~1+ det y)"

H(x,y)= Fx,y™,

F(x,y)= Hx,y™h.

To highlight the similarity with [Katz 1978, Section 4.2] we note that, when n = 1,
these equations become

F(x,y) = (x, ™.

—H
Ngjo(y)

This relationship between H and F is similar to the relationship between the similar
functions denoted H and F by Katz [1978, Section 4.2]. (The minor difference is
due to the fact that, throughout the paper, his F(x, y) is our F(y, x).)

The differential operators are developed from the C* perspective simultaneously
for both unitary and symplectic groups in [Shimura 2000, Section 12]. As noted
in [Eischen 2012, p. 4; 2012, Section 3.1.1; Panchishkin 2005; Courtieu and
Panchishkin 2004], the algebraic geometric and p-adic formulation of the operators
for Siegel modular forms (i.e., for symplectic groups) is similar. In the case of Siegel
modular forms, the algebraic geometric formulation of the differential operators
is discussed in [Harris 1981, Section 4]. Also, the case of symplectic groups is
handled directly alongside the case of unitary groups in Hida’s discussion [2004,
Chapter 8] of p-adic automorphic forms. So the construction in this paper carries
over with only minor changes (essentially, replacing K by E throughout) to the
case of symplectic groups over a totally real field £ and automorphic forms (Siegel
modular forms) on those groups.

6.1. The case n =1. Continuing with the symplectic case with n = 1, Theorem 2
becomes:

Theorem 17. Let R be an Og-algebra and let k > 1 be an integer. For each locally

constant function
F:0p®Z,) x(Op®Z,) - R

supported on (O @ Z,)* x (O ® Z,)* which satisfies
F(ex,e™'y) = Ngjo(e) F(x, y) (42)

foralle e 0}, x € O ®Zp,and y € O ® Z,, there is a Hilbert modular form Gy
of weight k defined over R whose q-expansion at a cusp m € GM is of the form
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Zﬂ>0 c(B)q? (where L,, is the lattice in E determined by m) with ¢(B) a finite
Z-linear combination of terms of the form

F(a, (@ '"BN@ ') Ne o)™

(where the linear combination is a sum over a finite set of p-integral a € E dependent
upon B and the choice of cusp m € GM).

Still continuing with the symplectic case with n = 1, Theorem 14 becomes:

Theorem 18. There is a measure |1 on
G=((0£®Z,)* x (O ®Z,)*)/0F

(with values in the space of p-adic Hilbert modular forms), defined by

fHdMZGl,F
g

for all continuous R-valued functions H on 4, with

F(x,y) = H(x,y™")

Neja(y)
extended by 0 to all of (Op ® Z,,) X (Op ® Z)).

Note that we have essentially recovered the Eisenstein series and measure from
[Katz 1978, Definition (4.2.5)]. (Again, the difference between Katz’s order of
the variables x and y and ours is due to the fact that, throughout the paper, his
F(x,y)is our F(y, x).) The reader might notice the similarities with [Katz 1978,
(5.5.1)—(5.5.7)]. In particular, let x be a Grossencharacter of the CM field K whose
conductor divides p* and whose infinity type is

—k Za — Zd(o)(o —5)

oEX oceEY
with d(o) > 0 for all 0 € ¥ and k > n. We view x as an Oc,-valued character
on A% * x [],c5 @ (by restricting it to this group) and consider its restriction to
the subring consisting of elements ((1,)vfpoo, 4, @), With a € O ® Zp), which is a
subring of
(GK ®Zp)>< - (@E ®Zp)x X (@E ®Zp)><-

Then we have

[Toes o @
ez 0 (@7

HUEE G(x)d(a)
[Toex o (fHd@”

X (&) = Xfinite (@)

X (X, ¥) = Xfinite (X, ¥) -
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with xfnite @ locally constant function. If

1 1
s )

1
= Xinite (x, —) N ] oan®@, 43)
y oEX
then
/X(X,y)dub,l =G, F (44)
4
= Gl e (0. 1/ )N [T, g 0 ()@ (45)
= Gk im0, 1/ [T, o5 0 (6)4@) (46)
= ( I1 9(0)”“"))(Gk,xﬁ,,m,w), (47)
oEX

where 0 (o) denotes the (0 component of the) differential operator 6 (det) acting on
automorphic forms in the one-dimensional, symplectic case. Note the similarity of
(43) through (47) with [Katz 1978, Equations (5.5.6)—(5.5.7)].
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