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We give sufficient conditions for the affinity of Etingof’s sheaves of Cherednik

algebras on projective space. To do this, we introduce the notion of pullback of
modules under certain flat morphisms.
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1. Introduction

1.1. In a seminal paper, Etingof and Ginzburg [2002] introduced the family of
rational Cherednik algebras associated to a complex reflection group. Since their
introduction, rational Cherednik algebras have been intensively studied, and found
to be related to several other areas of mathematics. Their definition was vastly
generalized in [Etingof 2004]. Given any smooth variety X and finite group W
acting on X, Etingof defines a family of sheaves' of algebras #,, (X, W) on X
which are flat deformations of the skew group ring @ x x W. Being sheaves of
algebras, one would like to be able to use standard geometric techniques such as
pullback and pushforward to study their representation theory. This paper is a small
first step in developing these techniques. As motivation, we consider the question
of affinity for these algebras when X = P(V).

MSC2010: primary 20C08; secondary 16S80.
Keywords: rational Cherednik algebras, localization theory.
Here, one must take the W-equivariant Zariski topology on X. See Section 2.1.
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1.2. If V is a finite-dimensional vector space and W acts linearly on V, then there
is an induced action of W on P(V). Thus, Etingof’s construction gives us a sheaf
of algebras ¥, (P(V), W) on P(V). In trying to understand the representation
theory of these algebras, one would like to know when they are affine, i.e., for
which w and ¢ does the global sections functor give us an equivalence between the
category of modules for ¥, (P(V), W) and the category of modules for its global
sections H, ¢(P(V), W). Our main result is an explicit combinatorial criterion on
o and ¢ which guarantees that the corresponding Cherednik algebra is affine. We
associate to w, ¢ and A € Irr W a pair of scalars a,, b, ; see Section 5.5.

Theorem 1.2.1. The sheaf of algebras ¥, (P(V), W) is affine provided a; ¢ Z>o
and by ¢ 7~ forall . € Irr W.

In order to prove this result, we introduce two key pieces of machinery. The first
is the notion of pullback of ¥, .-modules under certain well-behaved maps (which
we call melys). The second is to establish an equivalence between the category
of (twisted) T-equivariant #.-modules on a principal 7-bundle ¥ — X and the
category of modules for a Cherednik algebra ¥, . on the base X of the bundle.
With this machinery in place, the proof of the main result is essentially the same
as for sheaves of twisted differential operators on P(V); see [Hotta et al. 2008,
Theorem 1.6.5].

1.3. Being able to pull back D-modules is an extremely useful tool in studying the
representation theory of sheaves of differential operators. Therefore, one would
like to be able to do the same for Cherednik algebras. We show that this is possible,
at least for some morphisms. A W-equivariant map ¢ : ¥ — X between smooth
varieties is said to be melys if it is flat and, for all reflections (w, Z) in X, (p‘l (Z2)
is contained in the fixed point set Y of w.

Theorem 1.3.1. If ¢ : Y — X is melys, then pullback is an exact functor
" 1 Hp,o (X, W)-Mod —> Hyr o+ (Y, W)-Mod.

The pullback functor is particularly well behaved when ¢ is étale. We define
the melys site over X, a certain modification of the usual étale site over X. Using
Theorem 1.3.1, we show that the Cherednik algebra forms a sheaf on this site.

One particularly rich source of melys morphisms is when 7 : ¥ — X is a
principal T-bundle, where T is a torus acting on Y with the action commuting
with the action of W. In this situation, one can perform quantum Hamiltonian
reduction of the Cherednik algebra #(Y, W) on Y to get a sheaf #g(,) (X, W) of
Cherednik algebras on X. As a consequence, one gets an equivalence between the
category of (x-twisted) T-equivariant #.(Y, W)-modules on Y and the category of
#Hp(x),c(X, W)-modules on X.
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Theorem 1.3.2. Let x € t*. We have an isomorphism of sheaves of algebras on X
Hp.e(X, W) = (.3e(Y, W) /({1 —x (1) | 1 € 1)),
and the functor
(He(X, W), T, x)-Mod — Hg(y),c(Y, W)-Mod
given by M (m.M)T is an equivalence of categories, with quasi-inverse N +— mw*\.

1.4. We also study a natural generalization of the Knizhnik—Zamolodchikov con-
nection. The question of whether the Knizhnik—Zamolodchikov connection is flat is
closely related to the issue of presenting the Cherednik algebra. In the appendix, we
summarize for the reader unfamiliar with sheaves of twisted differential operators
(TDOs) those basic properties that we require.

2. Sheaves of Cherednik algebras

In this section we introduce sheaves of Cherednik algebras on a smooth variety.

2.1. Conventions. Throughout, all our spaces will be equipped with the action of
a finite group W. We do not assume that this action is effective. The morphisms
¢ : Y — X that we will consider will always be assumed to be W-equivariant.
Since we wish to deal with objects such as Ox x W, we work throughout with the
W -equivariant Zariski topology: a subset U C X is an open subset in this topology
if and only if it is open in the Zariski topology and W-stable. Then, Ox x W
becomes a sheaf on X. If w € W, then X" denotes the set of all points fixed under
the automorphism w. The sheaf of vector fields (resp. one-forms) on a smooth
variety X is denoted by Oy (resp. Q}().

2.2. Let X be a smooth, connected, quasiprojective variety over C. Let Z be
a smooth subvariety of X of codimension one. Locally, the ideal defining Z is
principal, generated by one section, f7 say. Then, the element

dfz

dlog f7 := E

is a section of Q;(Z) = Q}( ® O0x(Z). Contraction defines a pairing
Ox ®QY(Z) > 0x(Z), (v, ) > iy().

Let QL2 be the two-term subcomplex 22!, —2> (92)¢!, concentrated in degrees 1
and 2, of the algebraic de Rham complex of X, where (Q%()Cl denotes the subsheaf
of closed forms in 82%( As noted in the appendix, sheaves of twisted differential op-
erators on X are parametrized, up to isomorphism, by the second hypercohomology



1154 Gwyn Bellamy and Maurizio Martino

group H2(X, 9;2). Given w € H*(X, Q;z), the corresponding sheaf of differential
operators is denoted by 9.

2.3. Dunkl-Opdam operators. Let W be a finite group acting on X. Let ¥(X) be
the set of pairs (w, Z) where w € W and Z is a connected component of X" of
codimension one. Any such Z is smooth. A pair (w, Z) in ¥(X) will be referred
to as a reflection of (X, W). The group W acts on ¥(X), and we fix ¢c: ¥(X) - C
to be a W-equivariant function, where W acts trivially on C. A Picard algebroid %
on X is said to be W-equivariant if there are isomorphisms ¥, : w*(%) = P of
algebroids satisfying the usual cocycle condition such that the inclusion Oy — %
and anchor map o : # — ®x are W-equivariant. Since W acts rationally on
H?(X, Q;’z), each class [w] € H*(X, Q;Z)W can be represented by an invariant
2-cocycle w. The corresponding Picard algebroid % is W-equivariant. We fix
one such W-equivariant Picard algebroid ?“. Fix also an open affine, W-stable
covering {U;} of X such that Pic(U;) = 0 for all i. Then, we can choose functions
fz.i defining U; N Z. The union of all the Z is denoted by D. If j : X — D — X is
the inclusion, then write (D) for the sheaf j. (P*|x_p).

Definition 2.3.1. For each v € I' (U;, ??), the associated Dunkl-Opdam operator is

2¢(w, Z) |
Dy=v+ Y T —iwmdlog fzw—1), (2.3.2)
(0,2)eS(X) w.Z

where A,, 7 is the eigenvalue of w on each fiber of the conormal bundle of Z in X.

The operator D, is a section of P“(D) x W over U;. The I'(U;, Ox x W)-
submodule of P“ (D) x W generated by I'(U;, Ox x W) and all the Dunkl-Opdam
operators {D, | v € I'(U;, ??)} is denoted by I'(U;, @Juﬁc(X, W)). Though the
definition of the Dunkl-Opdam operator D, depends on the choice of functions
fz.i, it is easy to see that the submodule I'(U;, %}U’C(X, W)) of I'(U;, P (D) x W)
is independent of any choices. The modules I (U;, 9?610 (X, W)) glue to form a sheaf
?J?Clo’c(X , W) in the W-equivariant Zariski topology on X. As noted in the remark
after Theorem 2.11 of [Etingof 2004], a calculation in each formal neighborhood of
x € X shows that [D,,, D,,] € @;)’C(X, W) for all vy, v, € P“. However, there is no
natural bracket on %}U’C(X, W). The anchor map o : P*(D)Q W — Ox (D)@ W
restricts to a map F., (X, W) — ©x ® W which fits into a short exact sequence

0—> Ox x W — Fb (X, W) —> Ox @ W —> 0. (23.3)

Definition 2.3.4. We call the subsheaf of algebras of j.(9%_, x W) generated by
F i)’c(X , W) the sheaf of Cherednik algebras associated to W, w and c¢. It is denoted
%w,c(X9 W)

The global sections of ¥, (X, W) are denoted H,, (X, W).
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2.4. There is a natural order filtration Fop (X, W) on ¥, (X, W), defined in one
of two ways. Either one defines ¥, (X, W) to be the restriction to ¥, (X, W)
of the order filtration on j.(9%_, x W), or, equivalently, one gives elements
in @(IM(X, W) degree at most one, with D € %L’C(X, W) having degree one
if and only if o (D) # 0, and then defines the filtration inductively by setting
Fi, (X, W) =FL (X, W)F" (X, W). By definition, the filtration is exhaustive.
Let 7 : T*X — X be the projection map. Etingof [2004, Theorem 2.11] has shown
that the algebras ¥, (X, W) are a flat deformation of @x x W. Equivalently, the
PBW property holds for Cherednik algebras:

Theorem 2.4.1. We have grg ¥, (X, W) =~ 7.07:x x W.

We note for later use that Theorem 2.4.1 implies that for any affine W-stable
open set U C X, the algebra I'(U, 3, (X, W)) has finite global dimension; its
global dimension is bounded by 2 dim X.

2.5. Throughout, an %, (X, W)-module will always mean an ¥, (X, W)-module
that is quasicoherent over Ox. The category of all 3, (X, W)-modules is de-
noted by #,, (X, W)-Mod and the full subcategory of all modules coherent over
#, (X, W) is denoted by ¥, (X, W)-mod. A module JM € €, (X, W)-Mod is
called lisse if it is coherent over Oy.

3. Pullback of sheaves

In this section we show that modules for sheaves of Cherednik algebras can be
pulled back under morphisms that are “melys” for the parameter c.

3.1. Let ¢ : Y — X be a W-equivariant morphism between smooth, connected,
quasiprojective varieties. As explalned in the appendix, given a Picard algebroid
P on X, there is a ¢-morphism 9]’“’ “ — ¢*®%. This implies that the sheaf

*QD‘;; is a left QD(" “-module. We give conditions on the map ¢ so that there
exist a sheaf of Dunkl operators d«’w +w.pre(Y, W) on Y and morphism of Oy x W-
modules %(p fo, wc(Y’ W) — (p*@l’ (X, W). As a consequence ¢*¥,, (X, W) be-
comes a left #yxy, o+ (Y, W)-module and we can pullback #,, (X, W)-modules to
Hpw,prc (Y, W)-modules.

3.2. If the morphism ¢ is flat of relative dimension r, then there is a good notion
of pullback of algebraic cycles, namely, ¢* : Cx(X) — Ci4,(Y), where Ci(X)
is the abelian group of k-dimensional algebraic cycles on X. See [Fulton 1998,
Section 1.7]. The class in C;(X) of a k-dimensional subscheme Z of X is denoted
by [Z].

Lemma 3.2.1. Let ¢:Y — X be flat and (w, Z) € F(X). Write 9*[Z] =", ni[ Zi],
where each Z; is an irreducible subvariety of Y. Then, w permutes the [Z;].
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Moreover, if 9~ (Z) is set-theoretically contained in Y™, then each irreducible
component of ¢~ (Z) is a connected component of Y of codimension one.

Proof. The first claim follows from the fact that, set-theoretically, ¢~'(Z) =
Un,-;ﬁO Z;. Since ¢! (Z) is a union of closed subvarieties of ¥ of codimension one
and Y is assumed to be irreducible, it suffices for the second claim to show that
Y¥ #£ Y. Assume otherwise. Then, since ¢ is flat, (Y") = ¢(Y) is open in X, but
is also contained in the closed subvariety X". Hence X" = X. This contradicts the
fact that Z is an irreducible component of X™. U

3.3. Let $(X) denote the set of all pairs (w, Z) € ¥(X) such that c(w, Z) # 0.
Definition 3.3.1. The morphism ¢ : Y — X is melys with respect to c if:

(1) ¢ is flat.
(2) For all (w, Z) € ¥.(X), set-theoretically o W (Z)cyv.

If ¢ is melys with respect to ¢ then we define p*c on ¥(Y) by

@' Ow, 2)= > nzzew, 2),

(w,Z2)ed(X)

where ¢*[Z] =) , nz z[Z']. Let E = Uc(w,z)#OZ and D = ¢~ '(E). Since
@ is flat, each irreducible component of D has codimension one in X. Let j :
U:=X—-—D<— Xandk:V =Y — E < Y; these are affine morphisms. For any
quasicoherent sheaf & on X (resp. on Y), we denote by F(D) the sheaf j.(F|y)
(resp. by F(E) the sheaf k.(F|v)).

Lemma 3.3.2. The sheaf o* %5 (E) X W on X is a QD;’}*“)(D) X W-module, and there
exists a morphism

y :@?}*‘L(D) XW — @*BY(E) x W
o*w )
Of‘gbx (D) X W modules.

Proof. The map ¢ restricts to a flat morphism ® : U — V. By Lemma A.2.2, we
have

.
PO > P X e, Ov.

This induces a morphism y : Qbﬁ*‘” — ®*Y) of @2*‘”-modules. Since w was
chosen to be W-invariant, this extends to a morphism y : ng*“’ XW— O*Dy x W
of P x W-modules. Since iP5 @ = P% “(D), we have j.(DF® x W) =
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Qb;’;w(D) x W. The diagram

U—— X

k
Ve——1Y
is Cartesian. Therefore, by flat base change, j. ®*P}y x W = ¢*PP(E) x W and
hence j.(®*D) 1 W) = @*DY(E) x W. O

3.4. By analogy with ¢-morphisms (see Lemma A.2.2) we have:

Proposition 3.4.1. There is a morphism
Vi Hprwpre(Y, W) —> 0" Hyy (X, W)
of Hprw, e (Y, W)-modules that induces an isomorphism of Oy x W-modules

v F

g Vs W) => 0*"FL (X, W) X o ow Or @ W.

Proof. The algebra ¥ «, y+c(Y, W) is a subalgebra of Qb‘}’i*‘“(E) x W, whereas
@ ¥y, (X, W) is a subalgebra of ¢*@} (D) x W. Let y : Hyrp pre(Y, W) —
@*% (D) x W be the restriction of the morphism y :QZ)‘{;*“’(E) XW — @*B% (D)x W
of Lemma 3.3.2. We claim that it suffices to show that the image of y is contained in
@*Hy,c(X, W). Assuming this, the action of s+, e (Y, W) on @™, (X, W) will
just be the restriction of the action of Qbfi*w(E ) X W on ¢*@% (D) x W. Therefore,
it is given by

a-(g®p)=y(a,g)-1®@p)+gly(a)- (1 p)),

where a € Hy«, g+ (Y, W), g €0y and p € <p‘1%w,c(X, W). Here [a, g] is thought
of as an element of ¥y, o+c(Y, W). If y(a) is contained in ¢* ¥, (X, W) and
pE (p‘l%w,c(X, W), then y (a) - (1® p) belongs to ¢*¥,, (X, W). Thus, it suffices
to show that the image of y is contained in ¢*#,, (X, W) as claimed.

Since #y+ o, o+ (Y, W) is generated as an algebra by 9?; *g (p*c(Y, W), it will suffice
to show that the image of %;, g (p*c(Y’ W) is contained in (p*@}l),c(X, W). This is
a local calculation. Therefore, we may assume that both X and Y are affine and
that the subvarieties Z of X with (w, Z) € ¥.(X) are defined by the vanishing
of functions f7. Let p € @(ﬁ*w, and denote by D, the associated Dunkl-Opdam

operator given by (2.3.2). Let y(p) =Y _; &' ® ¢' in ¢*PS. Then,

2 A
y(Dy) = Zg ®q'+ Y (9” c)(w )zay@)(dlogfzo@(w—l)
(w,Z")
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If o= '(2) = Z\U---UZ set-theoretically and ¢*[Z] = 25:1 n;[Z], then ¢* f7 =
ull; f;f, for some unit #, and scheme-theoretically ¢ ~'(Z) is defined by the
vanishing of the function [1; /). Therefore, by definition of the parameter p*c,

2¢c(w, Z) o*dlog f = Z 2(p*c)(w, Z')

dlog fz +h, (3.4.2)
1—Xyz

1=y, z
Z'Co=1(2) vz

where h € Oy x W. Hence, up to a term in ¢*Ox x W,

Z Mloy(p)(dlogfz’)@)(w - 1)

1— Ay 7
(w,Z") :
2 Z
=D %lmm(dlogw f2)® (w—1)
(w,2) w2
— Z ic(u)’: Z) UY(P)*((P fz) ® (1)
(w,Z) —rw,Z ©* f7
2e(w,Z) 1
= R —— l k _1
(ZZ) 1=z ¢ /2 (Zgw (ox(q' )(fz)))@(w )
' 2¢(w, Z) Gx(q )(fz)
=).8 ®( _1))
tZ (gzj) I=2, fz
2 Z
—Z Z Mlax(qz)(dlogfz)(w— D).
)\w VA
(w,2) ’

Thus, ¥ (D) =Y, g’ ® D,i, which lies in p*F), (X, W).
Finally, we show that the morphism y induces the isomorphism 1, as stated.
Since ¢ is flat, pulling back the sequence (2.3.3) gives a short exact sequence

0—>@y>4W—>go*G”1 (X, W) — ¢9"Ox@W — 0.

Using the fact that Oy x W X @y @W OyQW =0y xW,where Oy xW — ¢*Ox QW
is the zero map, and the fact that p*@x @ W X 0y @W Oy QW =0y W, we
have a commutative diagram

o

0—>@ny

Ty (Yo W) Oy @W —0

| |

0—=0y xW —=¢*F, (X, W) X0 on Or OW —= Oy @W ——0

By the five lemma, v is an isomorphism. (]
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3.5. The morphism y allows us to define an action of ¥+, y+c(¥Y, W) on ¢*JM for
any ¥, (X, W)-module M.

Corollary 3.5.1. Assume that ¢ is melys with respect to ¢. Then pullback is an
exact functor

" 1 Xy (X, W)-Mod —> e, prc (Y, W)-Mod

extending the usual pullback ¢* : QCoh(X) —> QCoh(Y).
Proof. Proposition 3.4.1 implies that

@M=" H e (X, W) ® 15, (x.w) @l

is naturally an 3y, o+c(Y, W)-module. Since ¢ is flat, pullback of quasicoherent
Ox-modules is an exact functor. U

It is clear by definition that ¢* maps ¥, (X, W)-mod to #y+e, o+ (Y, W)-mod
and lisse ¥, (X, W)-modules to lisse # =4 o+ (Y, W)-modules.

3.6. Etale morphisms. In this section we consider étale morphisms. Fix X, w, W
and c as above. Let (X, ¢)pmel be the full subcategory of Sch / X (schemes over X)
consisting of all morphisms ¥ — X that are étale and melys with respect to c.
Then, one can easily check that (X, ¢)n iS a site over X; see, e.g., [Milne 1980,
Section II.1] for details on sites. We call (X, ¢)ye the melys site over X. The
following result is closely related to [Wilcox 2011, Proposition 2.3].

Proposition 3.6.1. The sheaf ¥, (X, W) is a sheaf of algebras on the melys site
(Xa c)mel-

Proof. Let ¢ : Y — X be an étale map, melys with respect to ¢. We begin by showing
that *3, (X, W) is a sheaf of algebras and the morphism y of Proposition 3.4.1
is an isomorphism of algebras.

Asin Section3.3,let D=|JZ, E=¢ (D), U=X—-Dand V=Y —E. Since
®:V — U is étale, it is flat, and hence dD‘léb“L} x W is a subsheaf of ®*%7 < W. As
noted in Remark A.2.4, the natural map y : QD“I,’*“’ X W — ©*%y; x W is an algebra
isomorphism such that the restriction of y ~! to ®~! DY x W is an algebra morphism
CID_IQD‘;} W — Qb%’*‘“ x W. Therefore, using flat base change as in the proof of
Lemma 3.3.2, we get an algebra morphism y ' : 9 ~'%% (D) x W — 3% “(E) x W.
This morphism induces an algebra isomorphism

y =l " BY(D) x W => 3% (E) x W,
where the multiplication in ¢*%< (D) x W is given by
(81 ®4q1) - (82®q2) = (81 ® Du(gi, g2)(1 ® g2),
withu(q, )=y [y ~'(q), g)) € D*DL(D)x W, forall g, g1, g» € 9~ ' DL (D) x W
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and all g, g1, g2 € Oy. By Proposition 3.4.1, y ~! restricts to an algebra morphism

(p‘l%w’c(X, W) = Hyr,p+e (Y, W), inducing an isomorphism ¢*%,, (X, W) =
%¢*w’w*c(Y, W) Let

be a morphism in (X, €)ye. Then, Y| and Y, are smooth varieties and, by [Milne
1980, I, Corollary 3.6], ¥ is an étale morphism. Lemma 3.2.1 implies that it is also
melys. Thus, the above computations show that ¥, (X, W) forms a presheaf on
(X’ c)mel-

To check that it is in fact a sheaf, it suffices to do so locally; see the proof of
[Borho and Brylinski 1989, Proposition 0]. Therefore, we assume that X is affine
and that we are given an étale, W-equivariant, affine covering (i, : Y, — X) of X;
i.e., each Y, is affine and the union of the images of the maps i, cover X. Then we
must prove that the sequence

0 —> Hy (X, W) — @ Hizoize Yo W) —> D Hiz jwiz e (Yo X x Y, W)
o a,fB

is exact. Let U, V,, ... be the usual open subsets of X, Y,, .... Then, we have a
commutative diagram

J k
00— Hw,c(Xa W) — @ Hi;w,i;c(Ya» W) I @ Hi;,ﬂa),i;’ﬂc(Ya Xy Y,Bv W)
o a,p

| | [

0 —T(U, DY x W) —= DT (Ve, By 1 W) — e%r(va Xy Vg, Dar® 5 W)
o o,
The bottom row is exact because 97, X W is a sheaf on the melys site. Since the
diagram commutes, j is injective and the image of j is contained in the kernel of k.
Therefore, we just need to show that the image of j is exactly the kernel of k. The
sequence on the bottom row is strictly filtered with respect to the order filtration
and, as noted in Section 2.4, the Cherednik algebra inherits its natural filtration by
restriction of the order filtration on %, x W. Therefore, the top row will be exact
if and only if the corresponding sequence of associated graded objects is exact. But
this sequence is also the associated graded of the analogous sequence for @y x W,
which we know is exact. O

3.7. The KZ-functor. Assume that W acts freely on the open sets V C Y and
U C X, and let w = 0. The proof of Proposition 3.4.1 makes it clear that pullback of
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(X, W)-modules is compatible with the KZ-functor. Denote by #.(X, W)-Reg
the full subcategory of #.(X, W)-mod consisting of all lisse 3. (X, W)-modules
whose restriction to U is an integrable connection with regular singularities. Let DR
be the de Rham functor that maps integrable connections with regular singularities
on U/ W to representations of the fundamental group 7 (U/W). The KZ-functor
is defined by

KZx (M) = DR([p. (M])]").

Then ¢* maps (X, W)-Reg into ,«c(Y, W)-Reg. Therefore, since the de Rham
functor behaves well with respect to pullback [Hotta et al. 2008, Theorem 7.1.1],
the following diagram commutes

*

@

He (X, W)-Reg Hypre(Y, W)-Reg

szl lKZy

(U W)-mod —2 = 7,(V/ W)-mod

The image of the KZ-functor is contained in the full subcategory of ;1 (U/W)-mod
consisting of all modules for a certain “Hecke” quotient of Crr (U/ W); see [Etingof
2004, Proposition 3.4].

3.8. Pushforward. 1t is also possible to define (derived) pushforward of modules
under melys maps. Let ¢ : Y — X be melys with respect to ¢, and denote by
Mod-#,, (Y, W) the category of right ¥, (Y, W)-modules. Then, the derived
pushforward functor

R : D’ (Mod-%,, (Y, W)) —> D’(Mod-%,, (X, W))

is given by
R (M) = Ro. (MY, (v w) " Hore(X, W)).

Let us justify the fact that the image of R, is contained in Db(Mod—%w,c(X , W).
First, as noted in Section 2.4, the PBW theorem implies that the sheaf ¥, (Y, W)
has good homological properties. Since we have assumed that Y is quasiprojective,
this implies that each M € Mod-3, (Y, W) has a finite resolution by locally
projective ¥, (Y, W)-modules; see [Hotta et al. 2008, Section 1.4]. Hence, for
M € DP(Mod-%,, (Y, W)), the complex M ®‘%€w.c(Y,W) @* ¥, (X, W) belongs to
Db(Mod-¢~'%,, (Y, W)). That Rg, () belongs to D’ (Mod-%,, (X, W)) then
follows, for instance, from [Hotta et al. 2008, Proposition 1.5.4].

We will also require pushforwards of left ¥, (Y, W)-modules under open em-
beddings j : Y — X. The following is standard; see, e.g., [Hotta et al. 2008,
Proposition 1.5.4].
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Lemma 3.8.1. For M € ¥, (Y, W)-Mod, the sheaves R j.(M), i > 0, belong to
He.o(X, W)-Mod.

It would be interesting to develop a notion of duality for Cherednik algebras,
which would allow one to define pushforwards of left ¥, (¥, W)-modules along
arbitrary melys morphisms.

4. Twisted equivariant modules
In this section we define (twisted) G-equivariant #,, (X, W)-modules.

4.1. Let X be a smooth W-variety, and ¥, (X, W) a sheaf of Cherednik algebras
on X. Assume that a connected algebraic group G also acts on X such that
this action commutes with the action of W. Write p,a : G x X —> X for the
projection and action maps. Let .l be an ¥, (X, W)-module. Clearly, p*./M is an
Heoo(Gx X, W)=%95X#, (X, W)-module.

Lemma 4.1.1. The action map a is melys for any ¢, and therefore a*M is an
#y (G x X, W)-module.

Proof. The action map a is smooth and hence flat. Let (w, Z) € ¥(X). Since the
action of G commutes with the action of W, X% is G-stable. Moreover, the fact that
G and Z are connected implies that Z itself is G-stable. Thus, a='(Z) = G x Z is
contained in (G x X)¥ =G x X". O

4.2. The Lie algebra of G is denoted by g. Let m : G x G — G the multiplication
map and s : X — G x X be defined by s(x) = (e, x). Choose x € (g/[g, g])*, and
let @é be the 9g-module D /Dg{v — x(v) | v € g}, where we have identified g
with right-invariant vector fields on G. It is an irreducible integrable connection
on G.

Definition 4.2.1. The module /M € ¥, (X, W)-Mod is called (G, x)-monodromic
if there exists an isomorphism 6 : @é XM = a*M of K, (G x X, W)-modules
such that s*0 = id and the diagram

0% R 0% RM o0 0% Ra* M
(m x id)*(©% K.At) (idg x a)*(0% K 4)
4.2.2)
(mxidy)*6
(idg xa)*6

(m x idy)*a* M ——— (idg x a)*a*M
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is commutative: Jil satisfies the cocycle condition.

We will denote the category of (G, x)-monodromic ¥, (X, W)-modules by
(%w,c(X» W), G, X)—Mod.

4.3. T-monodromic modules. Let T be a torus, i.e., a product of copies of the
multiplicative group C*. The Lie algebra of T is denoted by t. Let 7 : ¥ — X be a
principal 7 -bundle, with X smooth. We assume that the finite group W acts on Y, the
action commuting with the action of 7. This implies that W also acts on X and that
the map 7 is T-equivariant. Let %.(Y, W) be a sheaf of Cherednik? algebras on Y.

Lemma 4.3.1. There is a morphism of Lie algebras ji. : t — FL(Y, W) such that
the composite o o ji. equals the usual moment map u : t — Oy @ W.

Proof. Since the action of T commutes with the action of W, the openset V=Y — E
is T-stable. Differentiating the action of T on U, thereisamap i :t— Dy (E) x W.
It is clear that o o u’ = p. Therefore, we just need to show that the image of 1 is
contained in the subsheaf 9é(Y, W). This is a local computation. Hence we may
assume that ¥ = X x T, in which case #.(Y, W) = (X, W)X Dr. Now the
claim is clear. ([

The group T acts on (Y, W) and the map u. is T-equivariant. Moreover, a
local computation (using the fact that the bundle Y — X is locally trivial) shows that
the image of t is central in (7. #.(Y, W))T, and hence we may perform quantum
Hamiltonian reduction. Recall that we define the map g : t* — H2(X, Q}{’Z)
in (A.3.2).

Proposition 4.3.2. Let x € t*. We have an isomorphism of sheaves of algebras
on X
Hp0.c(X, W) = (I, W) /{{1e@®) = x @) | 1 € ).

Proof. As in the proof of Proposition 3.4.1, let D = Uc(w’ 2202, U=X—-D,
E=n""(D)and V =Y — E. Then the restriction of 7 to V is a principal T-bundle
[1:V — U and we have a Cartesian diagram

Y

[ﬂ

v J
H‘
k

U———X

- -

Proposition A.3.3 implies that there is an isomorphism
(ML.By x W)T/ ({1 (1) — x (1) | 1 € 4)) => DX s w. (4.3.3)

2We assume, for simplicity, that the twist w is zero. Presumably one can also deal with nontrivial
twists.
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Recall that QZ)’?((X)(D) x W=k, (Qbf,(X) x W). Since
k. (TL.By x W)T = (k.(IL.9Dy x W) = (r.(j.Dy x W)T

and (m.#(Y, W))T is a subalgebra of (. j.%y x W)T, we have a morphism of
sheaves 7 : (m. % (Y, W)T — QZ)?((X)(D) x W. The isomorphism (4.3.3) implies
that ({e(t) — x(¢) | t € t}) is contained in the kernel of t. Therefore it suffices to
show that ({ue(#) — x(¢) | t € t}) is precisely the kernel of t and that the image
of T is Hpg(y),c(X, W). Both of these statements are local. Thus, we may assume
without loss of generality that ¥ = X x T'. In this case, both statements reduce to
the statement @(T)7 /({t — x(t) | t € t}) >~ C, which is clear. O

4.4. As for differential operators on principal 7 -bundles —see Section 2.5 of
[Beilinson and Bernstein 1993]) — Proposition 4.3.2 implies an equivalence of
categories:

Theorem 4.4.1. The functor
(#He(X, W), T, x)-Mod — gy, (Y, W)-Mod, M +— (. )T

is an equivalence of categories with quasi-inverse N +— w*N.

The above theorem can be extended in the obvious way to the category of weakly
T -equivariant . (X, W)-modules with generalized central character x € t*/X(T),
as in [Beilinson and Bernstein 1993]. We leave the details to the interested reader.

5. Affinity of Cherednik algebras on projective space

In this section we prove the main result, which is a criterion for the affinity of
Cherednik algebras on P(V).

5.1. Let V be a vector space and W C GL(V) a finite group. For each (s, H) e ¥(V)
and (s, H*) € $(V*), we fix @y, € V* and «); € V such that H = Kero,, and
H*=XKeray,, normalized so that oz, (ot };) =2. Let V' =V —{0} and 7 : V’ — P(V)
be the quotient map. The map 7 is a principal T-bundle, where T = C* acts on
V by dilations; i.e., t-v=1t"'vfort € T and v € V. Since W acts on V it also
acts on P(V). For each s € W, codim P(V)® = 1 if and only if s is a reflection, in
which case P(V)* =P(H)UC - ;.

Lemma 5.1.1. We have H2(P(V), Qp) == C, and the morphism B of (A.3.2) is an
isomorphism.

Proof. For each n € Z, let A, be the character of C* given by ¢t — . Then,
(m.0y0)* ~ O(n). This implies that f is injective. Therefore, it suffices to show
that dim H2(P(V), Q[}D’z) = 1. Since P(V) can be covered by open sets isomorphic
to A1, and HéR(A”_l) =0 for i # 0, the algebraic de Rham complex is acyclic.
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This implies that the map dOp[—1] — Qulj;2 is a quasi-isomorphism. Therefore, the
map H'(P(V), dOp) = H*(P(V), dOp[—1]) — H2(P(V), °) is an isomorphism.
The long exact sequence associated to the short exact sequence

0—Cp—0p—dOop—0
shows that H!(P(V), dOp) ~ H?*(P(V), Cp) is one-dimensional. O

Lemma 5.1.1 implies the well-known fact that twisted differential operators
on projective space are locally isomorphic, in the Zariski topology, to the usual
differential operators. We identify H2(P(V), Q5) with C so that if o = n € Z,
then %(V) acts on O(n). The action of W on H2(P(V), 9"13;2) is trivial; therefore
the sheaf 9D ;) is W-equivariant for all w.

5.2. When X =V, the rational Cherednik algebra H¢(V, W), as introduced by
Etingof and Ginzburg, can be described as an algebra given by generators and
relations. Namely, it is the quotient of the skew group algebra 7(V & V*) x W by
the ideal generated by the relations

[, x1=0, [y,)1=0, [y, xI=x()—Y e®ay(x@ys (52.1)
sed

forallx,x’ e V*and y, y' € V. Letxy,...,x, beabasisof V*and y;,...,y, €V
the dual basis. The Euler element is

n n
2¢(s) 1
h:inyi—Zl Avs:Zy,~x,-—n+Z2c(s)<l—l_xv)s.
i=1 : i=1 :

seS o seS

One can easily check that [h, x] = x, [h, y] = —y and [h, w] = 0 for all x € V*,
y €V and w € W. The element h defines an internal grading on H¢(V, W), where
deg(x) =1, deg(y) = —1 and deg(w) = 0. The m-th graded piece of Hc(V, W) is
denoted by He(V, W),,.

5.3. Dunkl embedding. The open subset U =V — D of V is the complement to the
zero locus of [ [,y . For y € V, thought of as a constant coefficient differential
operator, the corresponding Dunkl operator D, equals

2
o+ €6 ) e T WDy 1 W),
Y sesfl_)“ ay

The presentation of H¢(V, W) given above is identified with the Cherednik algebra,
defined in terms of Dunkl operators, via the injective algebra homomorphism

H(V, W) >TWU, 9y x W), wrHw, x+—x, yr D,
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forall w e W, x € V* and y € V. The image of h under the Dunkl embedding is

h= Zx,— — Z Zc(s) (5.3.1)

5.4. The sheaf of Cherednik algebras on P(V). Set pc =) .4 2¢(s)/(1 — Xs).
As noted in Example 2.20 of [Etingof 2004], the global sections of ¥, ((P(V), W)
are related to He(V, W) as follows:

Lemma 5.4.1. The space H,, (P(V), W) of global sections equals
He(V, W)o/(h+ pe — w).
Proof. By Proposition 4.3.2, we have a morphism
He(V, W)o = He(V. W)T = He(V?, W)T = Ho o (P(V), W).

Equation (5.3.1) implies that the operator h 4 p. — w is in the kernel of this map
because it is in the kernel of the composite

He(V, W)o = Hp o« (P(V), W) — Hyp (P(V), W) = Dy, (D) x W.
To prove that He(V, W)o/(h+ p. — @) = Hy, (P(V), W) is an isomorphism, we
consider the associated graded morphism. We have
grg He(V, W)o =Clx;yjl i, j=1,...,n1 x W.
We claim that
grg Hy o (P(V), W) =T (P(V), m.07py x W)

= <C[x,-yj i, j= 1,...,n]/(2xiy,-)> x W
i=1

The second equality just follows from the usual description of T*P(V) as the
Hamiltonian reduction of 7*V? = V? x V* with respect to the induced action of T'.
The first equality follows from Theorem 2.4.1, once one takes into account that the
short exact sequences

0— F N PV), W) —> F (P(V), W) —> (Sym” Opy)) @ W —> 0

imply by induction that R"F(gg’c(P(V), W)) = 0 for i > 0. Therefore, the fil-
tered morphism Hc(V, W)g — H,, (P(V), W) is surjective, and hence so too is
He(V, W)o/(h+ pc — w) = Hg o (P(V), W). On the other hand, the associated
graded algebra of He(V, W)o/(h+ p. — w) is a quotient of the algebra

(Clxiyj i, j=1,....n1/(X xiyi))x W. O
i=1
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5.5. Let Irr W be the set of all isomorphism classes of irreducible W-modules. The

element
1

Z:= ch(s)(1 - —AS)S =—z0+ ) _2¢(s)s

ses sed

belongs to the center of CW. For each A € Irr W, let ¢, be the scalar by which z
acts on A and d,, the scalar by which zg acts on A. Set

a,:=pectcy—n—w, by :=pc—d,—w.

The sheaf of algebras ¥, ((P(V), W) is said to be affine if the global sections
functor I" induces an equivalence of categories

%, (P(V), W)-Mod = H, (P(V), W)-Mod.
Theorem 5.5.1. Let a; and b;_ be as above.

(1) The functor I' is exact, provided a) ¢ Z>¢ for all A € Irr W.
(2) The functor U is conservative, provided b) ¢ 7~ for all . € Irr W.

Hence, the sheaf of algebras ¥, (P(V), W) is affine, provided a, ¢ Z-¢ and
by, ¢ Z.oforallx elrr W.

Our proof of Theorem 5.5.1 follows that of Theorem 1.6.5 in [Hotta et al. 2008].

Proof. The category of finitely generated H.(V, W)-modules supported on {0} C V
is denoted by O_. It is the category O for the rational Cherednik algebra as studied
in [Ginzburg et al. 2003]. We use basic results from this article without reference.
The element h acts locally finitely on modules in O_. The generalized eigenvalues
of hon M € O_ are the weights of M. Let A(L), for A € Irr W, denote the Verma
modules in O_. It is isomorphic to (Sym V)®X as a Sym V x (CW ® C[h])-module.
The weights of A(X) are ¢, —n — Z>p. If M € O_, then there exist a projective
module P € O_ and a surjection P — M. The fact that the module P has a
Verma flag implies that the weights of M are contained in | J, i, w €. — 7 — Z>o.
Therefore, zero is not a generalized eigenvalue of h 4+ p. — w on M, provided
e tpc—r—w—n#0forall r € Zs, i.e., provided a; ¢ Z>o.

Let 0 — Jl; — My — M3 — 0 be a short exact sequence in ¥, (P(V), W)-mod.
By Theorem 4.4.1, the terms of the sequence 0 — 7*M; — 7*My; — 7* M3 — O
belong to (#.(V?, W), T, w)-mod. Moreover, the sequence is exact because 7 is
smooth. Let j : V° < V. As noted in Lemma 3.8.1, the sheaves R j. (77 * )
fori >0and k =1, 2, 3 are Hy (V, W)-modules. The modules R j. (w* M) are
supported on {0} for all i > 0. Therefore, they belong to the ind-category Ind O_.
The global sections I'(P(V), Jly) are the element of the I"(V, j.ﬂ*./l/tk)T. Therefore
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the long exact sequence

00— I'(V, j.n*Jl/Ll) —> I'(V, j.n*JI/Lg)
— T(V, j7*M3) — T(V, R j.(w* M) —> - -

gives rise to

0 — T (P(V), M1) —> T(P(V), o)
— T(P(V), M3) — T(V, R (¥ My )T — -+

The space T'(V, R!j.(w*M;))” can be identified with the space of generalized
h-eigenvectors in I'(V, R! j. (7w *.AL;)) with eigenvalue w — p.. But if a;, ¢ 7~ for
all A, then this space is necessarily zero. Hence the sequence 0 — I'(P(V), (M) —
C(PV), My) — I'(P(V), M3) — 0 is exact.

Next we need to show if by ¢ Z.( for all A € Irr W, then I' is conservative;
ie., C(P(V), M) =0 implies that Ml = 0. Assume that Jl % 0. Since 7 is smooth and
surjective, it is faithfully flat and 7 * Al = 0 implies that M0 =0. Hence 7 */M # 0. Since
m*M is (T, w)-monodromic, the Euler element h acts semisimply on I'(V, j.z*/M),
hence it decomposes as

LV, jr* M) =P TV, jr* Wato-p,-
aeZ
There is some o € Z for which I'(V, j.r* M) q4w—p, 7 0. We first assume that o > 0.
Choose 0 #m € I'(V, jom*M)g+w—p.- Since the space I'(V, j.a*M)q4w—p, 15 @
W-module, we may assume that m lies in some irreducible W-isotypic component
(of type A say) of I'(V, j.w*M)y4w—p.. We claim that there is some y such that
y-m # 0. Assume not; then h-m = —d,m. Hence —d;, = o + w — pe; i.e.,
b) = pc —d), — w =« € Z-, contradicting our assumption on b,. Thus y -m #
0. Buty-m e I'(V, j.m*M)q—14+w—p.» SO €ventually we get a nonzero vector in
LV, jor*M)y—p, as required. Now, assume that @ < 0. If m € I'(V?, m* M) g0— e
is a nonzero section, then the support of m is not contained in {0}. On the other
hand, if x -m = 0 for all x € V*, then Supp(m) C {0} and hence m = 0. Hence
m # 0 implies that there exists some x € V* such that x - m # 0. Repeating this
argument, we eventually conclude that I'(V?, w*M)4—,, # 0. O

When W is trivial, Theorem 5.5.1 says that P(V) is @“-affine provided o ¢
{—n,—n—1, ...}, which equals the set of all w € { U€ of [Van den Bergh 1991,
Theorem 6.1.3].

Remark 5.5.2. The action of W on V induces an action of W on all the partial
flag manifolds GL(V)/P, where P is a parabolic of GL(V). However, one can
check that there are reflections in (GL(V)/P, W) if and only if GL(V)/P =P(V)
or GL(V)/P is the Grassmannian of codimension-one subspaces in V.
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5.6. Abelianization of W. In this section we assume that (V, W) is a complex
reflection group. Pullback of melys morphisms can be used to relate the represen-
tation theory of H¢(V, W) with that of Ho(I'), where I is a cyclic quotient of W.
Let o denote the set of reflecting hyperplanes in V and, for each H € i, fix sy a
generator of the cyclic group Wy ={w e W | w(H) = H}. Let Wy = W/[W, W],
and let xo, ..., xx—1 denote the linear characters of W, where k = |Wy,|. For each i
and H € o we let g; i be the least positive integer such that x;(sy) = (detsgy)*.
We write N(Wyy,) for the free semigroup generated by xo, ..., xx—1- Then there
is an evaluation map N(Wy,) — {x0, - - -, xx—1} which sends X = Zf;ol nixi to
ev(x) =[TiZy x/". For each x = Y"\) n; ;. define

k—1
myg = an‘al”y and fl: l_[ Ole € C[V]

i=0 Hed

Then it follows from Stanley’s results [1977] on W-semi-invariants that
w- fy =ev(y)(w)fy, forallweW.

Fix x € N(Wy,). The one-dimensional space spanned by f, in C[V] is denoted
by t*. Inclusion t* < C[V] defines a W-equivariant morphism ¢ : V — t. It
is melys for any parameter ¢ associated to (t, W). Define ¢’ : (V) — C by
c(s, Hy =mpg c(s, {0}) for all (s, H) such that (s, {0}) € ¥(t), and ¢/(s, H) =0
otherwise. Corollary 3.5.1 implies:

Proposition 5.6.1. Pullback by ¢ defines an exact functor
Hc(t, W)-Mod — He (V, W)-Mod.

One can check that (3.4.2) implies that ¢* maps a module M € O¢(t, W) to
¢*M €0 (V, W), since the term h of (3.4.2) will be zero in this case. Moreover, for
any such M, we have GK-dim(¢*M) =GK-dim(M)+dim V—1. Let I" be the cyclic
group W/ Kerev(x). Representations of the rational Cherednik algebra H¢(t, W)
can be viewed as ITV-equivariant representations of Hc(t, I'); see [Chmutova 2005].

Remark 5.6.2. More generally, if t* C C[V] is an irreducible W-module, then we
get a morphism ¢ : V — . It seems likely that one can use the theory developed
in [Bessis et al. 2002] to classify all t such that ¢ is melys. However, there do not
seem to be many examples where dim t > 1.

6. A local presentation of the Cherednik algebra

In this section we give a local presentation of the sheaf of Cherednik algebras.
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6.1. In this section only, we make the following assumptions:

 For each (w, Z) € ¥(X), there exists a globally defined function f such that
Z=V(f2).
o All Picard algebroids considered can be trivialized in the Zariski topology.
We fix a choice of functions f.
6.2. The KZ-connection. Recall that U = X —(J,,, 7, Z, where the union is over

all (w, Z) in ¥(X). Since we have fixed a choice of defining equations of the
hypersurfaces Z, it is possible to write down a KZ-connection on U'.

Definition 6.2.1. The Knizhnik—Zamolodchikov connection on U, with values in
Oy ® CW, is defined to be

2¢(w, Z)
Wx.c= E ——(dlog f7)®s.
1- )\w V4
(w,Z)eF(X) ’
The KZ-connection behaves well under melys morphisms:

Lemma 6.2.2. Let ¢ : Y — X be a surjective morphism, melys for ¢. Then,
¢*wY,c = WX, p*c-

Proof. The fact that ¢ is surjective implies that ¢* f is not a unit for all (w, Z) €
F(X). Then, the lemma follows from (3.4.2), since the term / there can be chosen
to be zero. ([

6.3. Fix w e H* (X, Q;z)w, trivializable in the Zariski topology. For (w, Z) € ¥(X)
and vy, v, € P%, define
EZ(v1, 1) =iy (dlog f2)(w(v2) — v2) — gy (dlog fz)(w(vi) —vi)
in 9°(D).
Lemma 6.3.1. Let (w, Z) € ¥(X), g € Ox and vy, v, € P“. Then,
icw)(dlog fz)(w(g) —g) €O0x and EZ(vi,12) € P”.

Proof. If g €Ox and v € P®, then i, () (d log f7z)(w(g)—g) € Ox because w(g)—g €
1(Z). The second claim is that

o (vi)(f2) (W) — vy) — o (»)(f2)
fz v fz

The statement is local and is clearly true in a neighborhood of any point of X — Z.
Therefore, we may assume that we have fixed a point x € Z. Choose a small,
affine w-stable open subset U of X with coordinate system xi, ..., x, such that
w(xy) = ¢x; and w(x;) = x; for i # 1. Moreover, since we have assumed that
the Picard algebroid % trivializes in the Zariski topology, we may assume that

(w(vy) —vp) € P
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Py =0y @ Op. There exists some unit u € I'(U, Ox) such that fz = ux;. The
statement is clear if either vy or v, is in I'(U, Oy). Thus, without loss of generality,
vy, vy € I'(U, Oy). Expanding,

vi(x1) v2(x1)
X

(w(vz2) —v2) —

E%(vl,vz): (w(vy) —vy) +h

X1

for some h e I'(U, Oy). There are f;, g; € ['(U, Ox) such that v; = Z?Zl fi(3/0x;)
and v, =) ", g:(d/dx;). We have

Ul(xl) 191 0 ’
i)~ = Y fi! ( (gf)awoc,)_g"@)

i,j=1

P d
= Zflxl ( (gj 8w(Xj) _gjﬁj)
3 d d
—me <<“’(gf “8)Gu) +g’<aw<xj> _Wf))

_ 1 9 - -1 A 0
= figix; (¢ 1>3X1+]Z:]:f1x1 ((w(g,) gj)aw(xj)).

Thus, if we define

n ) 0
h1:Zf1x11<(w(gj)_gj)m)’ 2—281)61 ((w(fj) 1) dw(x; ))
j=1 !

which belong to I'(U, %), we have

V1(X1)( (12) — v) — 2( 1)

(w(vy) —vy)
_ _1 0
= figix; (¢ — 1)—+h1 = figix; (= 1) — —ha=hy —hy,
0x1 0x1
which belongs to I'(U, ®y). O

6.4. We define the sheaf of algebras U, (X, W) to be the quotient of T%* x W
by the relations

2¢(w, Z)
VRE—gRV=0()(g)+ ) Tla(u)(dlogfz)(w(g)—g)w (6.4.1)
(w,Z) w,Z
2c(w —w
Vi@V — v ®vi = [, ml+ ) T az(m,mw (6.4.2)

(w, Z)
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for all v, v, v; € P§ and g € Oy, and the relation’® 1y = 1.

Remark 6.4.3. When X =V is a vector space and v;, v, € V are constant coefficient
vector fields, the right-hand side of (6.4.2) is zero and we get the usual relations of
the rational Cherednik algebra.

Proposition 6.4.4. The map v — D,, w +— w for v € P* and w € W defines an
isomorphism WU, (X, W) = #,, (X, W) if and only if the KZ-connection is flat.

Proof. The proof is a direct calculation. It is straightforward to see that relation
(6.4.1) always holds in 3, (X, W). Therefore, we just need to check that relation
(6.4.2) holds for Dunkl operators in ¥, (X, W) if and only if the KZ-connection
is flat. Let vy, v, € #§, and D,,, D,, the corresponding Dunkl operators. We need
to calculate the right-hand side of

[Dvlv DV2]
2¢(w, Z) o (v)(f2) 2¢(w, Z) o (n2)(f2) ]
=|v+ (w=1), v+ (w=1) 1.
[ (g) 1 —2Ayz fz (g) 1 —Ay,z fz
We have
|:<7(V1)(fz) (w1, ”2}
fz
_ o) oo (v)(fz) (w—1)— 0(”1)(fz)g(vz)(fz) (w—1)
fz N
LAV JP S
fz
and hence
2¢(w, Z) ([vi(fz) v (fz)
(gz:) I=2uz ([ fz =0 vz} * [‘)1’ Iz (= 1)])
equals
Z 210(11)): Z) ([vl, n](fz2) (w—1)+ vi(fz) (W) — 2w
o) — Aw,Z fZ fZ
_BUD —vl)w).
fz
Also,
[_Ul(fz)w VZ(fZ/)]+|:V1(fZ) _vz(fz’)w ]+[v1(fz)w VZ(fZ/)w ]
2" fz z 0 fr fz 0 fz

3Recall from Definition A.1.1 that 1p is defined to be the image of 1 € Ox under the map
i:0x — .
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equals
0 (), 20 02
+V1(fz)w (W(fz))w - Vz(fz’)w (Vl(fz))w "
fz '\ sz 2 fz °\ fz 2

Combining the above equations, one sees that relation (6.4.2) holds for Dunkl
operators in €, (X, W) if and only if

5 4e(wy, Z)e(ws, Z') (Vz(fz) vi(fz)  vi(fz) v2<fz>)w o
A=, DA =hp) \ f2 Sz 2 fr )

(wy,2)
(w2,2Z")

Since the left-hand side equals

4e(wy, Z)e(wr, Z))
( Z ! 2 (dlog fz Adlog f7) ® wlwz)(Vz, Vi),
- (1= A 2) (A = Ay, 27)

(w2,2")

it will be zero for all vy, v, if and only if the meromorphic two-form inside the
bracket is zero. But this two-form is the curvature wy  Awy . of the KZ-connection.
O

Proposition 6.4.4 implies that when the KZ-connection is flat, the algebra
WUew,c(X, W) is, up to isomorphism, independent of the choice of functions f.

Appendix: TDOs

In the appendix we summarize the facts we need about twisted differential operators,
following [Beilinson and Bernstein 1993] and [Kashiwara 1989].

A.1. Twisted differential operators. It is most natural to realize a sheaf of algebras
of twisted differential operators as a quotient of the enveloping algebra of a Picard
algebroid.

Definition A.1.1. An Oy-module ¥ is called a Lie algebroid if there exists a bracket
[—,—]:£®cy £ = &£ and morphism of Ox-modules o : £ — Oy (the anchor
map) such that (&£, [—, —]) is a sheaf of Lie algebras with the anchor map being a
morphism of Lie algebras, and, for /1, [, € £ and f € Oy,

L1, fl]l= fll1, L1+ o) ().
If, moreover, there exists a map i : Ox — & of Ox-modules such that the sequence
0— 0y — % —>0x—0

is exact and i (1) := 1¢ is central in &, then & is called a Picard algebroid.
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As in [Beilinson and Bernstein 1993], we denote by 9;2 the two-term subcom-

plex Q; LN (Q%)Cl, concentrated in degrees 1 and 2, of the algebraic de Rham
complex of X.

Proposition A.1.2. The Picard algebroids on X are parametrized up to isomor-
phism by H2(X, Q).

Given w € H*(X, Q;’z), the corresponding Picard algebroid is denoted by <.
Associated to P is 9%, the sheaf of differential operators on X with twist w. It
is the quotient of the enveloping algebra U(P§) of P$ by the ideal generated by
lge — 1.

Definition A.1.3. A module for the Picard algebroid % is a quasicoherent O-
module Jl together with a map —- — : ¥ ®¢, M — M such that i (f)-m = fm and
[p,gl-m=p-(g-m)—q-(p-m)forall p,ge P, meMand f € Ox.

There is a natural equivalence between the category of P?“-modules and the
category of ¥“-modules.

A.2. Functoriality. We recall from Section 2.2 of [Beilinson and Bernstein 1993]
the functoriality properties of Picard algebroids and twisted differential operators.
Fix a morphism ¢ : ¥ — X. Let Px be a Picard algebroid on X and Py a Picard
algebroid on Y.

Definition A.2.1. A ¢-morphism y : Py — Py is an Oy-linear map y : Py — ¢*Px
such that for any section p e Py and y (p) =), g'®q' with g; €Oy and ¢; e ™' Py,
we have

y(lpi.p2D = gigi @l ail+ Y o(p)E) ®4ql = o (p) () ®4i
j i

i,j
and o (n)(f*g) =, g'¢*(0(q')(g)) forall g € ¢~ '0x.

The first fundamental theorem on differential forms [Matsumura 1989, The-
orem 25.1] implies that there is a morphism of sheaves ¢~!Q} — Q1. This
extends to a morphism of complexes <p_152‘x — Q) and <p_152§(’2 — Q},’Z. By
functoriality of hypercohomology, we get a map ¢* : H*(X, Q;’z) — H%(Y, Qi,’z).
For w € H*(X, Q}(’z), let %% be the corresponding Picard algebroid and Py the
fiber product ¢*%§ X e, Or, Where ©*P§ — ¢*Oy is the anchor map and
Oy — ¢*Oy is do.

Lemma A.2.2. The sheaf Py is a Picard algebroid,  : Py — @*Px is a ¢-
morphism and we have an isomorphism of Picard algebroids Py =~ 9]’(; .
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Thus, by definition, the diagram

0 Oy P - oy 0
|
Oy = ¢*0x PPy — = ¢*Ox

commutes. The projection @‘{i*w — @*®% extends to a morphism Qb‘;;*w — 9*DY,
making ¢*%% a left QD‘{i*w—module. Let JL be a left 9 -module. Since p*AM =
P*DY ®y-1ge ¢~ M, we have:

Proposition A.2.3. For any A € 9%-Mod, the sheaf p* M is a Qb?i*w-module.

Remark A.2.4. If ¢ is étale, then dg : Oy — ¢*Ox is an isomorphism. Therefore,
the projection @‘ﬁ*w — @*P§ is also an isomorphism and, in this case, the isomor-
phism y : Qb?*w — @ DG of left @(ﬁ*w—modules is actually an algebra isomorphism
(in particular, ¢*%¢ is a sheaf of algebras).

A.3. Monodromic %-modules. Let T be a torus, i.e., a product of copies of the
multiplicative group C*. The Lie algebra of T is denoted by t. Let 7w : ¥ — X
be a principal T-bundle, with X smooth. A common way of constructing sheaves
of twisted differential operators on X is by quantum Hamiltonian reduction. Let
1 t— Dy be the differential of the action of 7" on Y. Since @y is a T-equivariant
sheaf, there is a stalkwise action of T on 7.%y. The map u is T -equivariant and,
since T acts trivially on t, ; descends to a map t — (7.%y)”. The image of yu is
central. Given a character x : t — C, let

Dy, = @Dy /(@) — x@) | t €}). (A3.1)

Let X(T') be the lattice of characters of 7. By differentiation, we may identify
X(T) with a lattice in t* such that X(7') ® 7 C = t*. Given A € X(T), the sheaf
of A-semi-invariant sections (77.0y)” is a line bundle on X. Thus, we have a map

d
X(T) — H'(X, 0%). Composing this with the map 0% log, Ker(d: Q4 — Q%) C
Q;Z gives a map

Bz X(T) — H'(X, 0% L% 2 (x, @4?)

of Z-modules. Extending scalars, we get a map
Bt — H (X, Q%D). (A.3.2)

Proposition A.3.3. The sheaf of algebras %Dx , is a sheaf of twisted differential

operators, isomorphic to ng(x ),
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Sketch of proof. Let A € X(T) and & := (7.0y)* be the corresponding line bundle
on X. If x is the differential of A, then (A.3.1) implies that @x , acts on &£.
As explained in [Beilinson and Bernstein 1993, Section 2.1.12], this implies that
Dy, = Qbff(x . The fact that this extends to an isomorphism % X, = Qb’f((x ) for all

x € t* follows from the Baer sum construction, as explained in [ibid., Section 2.1.3].
O
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