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Double Dirichlet series
and quantum unique ergodicity
of weight one-half Eisenstein series

Yiannis N. Petridis, Nicole Raulf and Morten S. Risager

The problem of quantum unique ergodicity (QUE) of weight % Eisenstein series
for I'yg(4) leads to the study of certain double Dirichlet series involving GL;
automorphic forms and Dirichlet characters. We study the analytic properties of
this family of double Dirichlet series (analytic continuation, convexity estimate)
and prove that a subconvex estimate implies the QUE result.

1. Introduction

An important problem of quantum chaos is to describe the behavior of eigenfunctions
of Laplacians ¢, with eigenvalue A, as A — oo. This problem has a rich and
interesting history; see [Shnirelman 1974; Zelditch 1987; Colin de Verdiere 1985;
Zelditch 1992; Lindenstrauss 2006; Soundararajan 2010a], for example. For the
weight O Eisenstein series E(z, s) on the surface SL;(Z)\H, Luo and Sarnak [1995]
determined the asymptotic behavior of the measures

dp(z) = |E(z, $ +in* du(z)

on compact sets. Here d1(z) =dx dy/y? denotes the volume element corresponding
to the hyperbolic metric on the upper half-plane H. The main input in doing so
was subconvex bounds on certain standard GL; and GL, L-functions, namely
the Riemann zeta function and the L-function of a Maal} cusp form. Their work
was later generalized to the corresponding micro-local lifts [Jakobson 1994] and
other arithmetic symmetric spaces [Koyama 2000; Truelsen 2011]. Also for these
generalizations, subconvex bounds were at the heart of the proofs. In [Petridis et al.
2013] we studied similar questions for scattering states.

In this paper we study the analogous problem for Eisenstein series of weight %
To be precise: Let E(z, s, %) be the weight % Eisenstein series at the cusp infinity for
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the group I' =I"g(4) (see Section 3). We study the limiting behavior as |¢| — oo of
du(z) =E(z, 5 +it, 5P dp(z). (1-1)

Since the Fourier coefficients ¢ (s, %) of E(z, % + it, %) are essentially values
of Dirichlet L-functions on the critical line — see (3-3) — and, therefore, are not
multiplicative, the problem is much harder. The Rankin—Selberg convolutions that
appear are not factored into standard L-functions. Instead, we find that certain
double Dirichlet series play a crucial role. The relevant double Dirichlet series are
the following.

Let x, x’ be characters mod 8, and let #, be either the eigenvalue of the Hecke
operator T, for a weight 0 Maall form v on I'g(4)\H or #, = 7(n) be the divisor
function. Let so(1 — sg) be the corresponding Laplace eigenvalue of i, with
R(so) > 1, and if 1, = T(n) let 5o = 1.

We then define

Z(s,w, x, XV =0@s—1) Y

n=1
(n,2)=1

X(n)tnL*(zw - %7 n, X/)

s7w+%

: (1-2)

n

where L*(w, n, x) = q(w, n, x)La(w, xn,x). Here ng is the squarefree part of n,
Xno(€) = ("70) and Lo (w, xn, x) is the standard L-function with the 2-factor removed.
The functions g(w, n, x) are explicitly given so-called “correction polynomials”;
see (2-7) below. The function L*(w, 1, x) may seem strange at first, but it occurs
naturally as the n-th Fourier coefficient of the Eisenstein series of weight % and it
has many nice properties. See, for example, [Shimura 1973] or Section 3 below.

Friedberg and Hoffstein [1995] have studied a Rankin—Selberg integral (see
(3-13) below) which turns out to be a linear combination of Z(s, w, x, x') and
Z(s,w, X, xax'), where x4 is the primitive character mod 4. They observed that
this admits meromorphic continuation and that certain linear combinations have
a pole at (s, w) = (%, %) (in our normalization). They did this in order to prove
nonvanishing of quadratic twists of GL;-L-functions at the central point.

Furthermore similar series with higher-order twists instead of the quadratic
characters x,, were studied by Brubaker, Bucur, Chinta, Frechette and Hoffstein
[Brubaker et al. 2004] in order to prove nonvanishing of higher-order twists. To un-
derstand the new series Z (s, w, x, x") we follow essentially the program introduced
in [Bump et al. 1996] to prove the following.

The series defining Z(s, w, x, x) converges absolutely and uniformly in cer-
tain regions in C2, and hence defines an analytic function there. The functions
Z(s, w, X, x") admit meromorphic continuation to C? and they satisfy a group of
functional equations generated by

a:(s,w)—> (s, 1—w), B:(s,w) > (w,s).
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The functions Z (s, w, x, x') grow at most polynomially for (%i(s), R(w)) in com-
pact sets. For the precise form of the functional equations we refer to Theorems
2.11 and 2.13. The group of functional equations is isomorphic to the dihedral
group of order 8. A similar result for higher-order twists may be found in [Brubaker
et al. 2004].

We want to investigate the growth of Z(s, w, x, x’) in s and w. The notions of
analytic conductor and subconvexity are not completely well established for general
multiple Dirichlet series. Certain cases are dealt with in [Blomer 2011; Blomer
et al. 2014] but a general theory is missing.

To define these notions in the present case we note that when N (s), R(w) > ?T
the function Z (s, w, x, x’) has a representation

00 / *k 1
N X' @©OL™(s—w+3,v¥,¢, x)
Zsw x.x)= Y ey : (1-3)

c=1
(c,2)=1

where L**(s, ¥, ¢, x) = Q*(s, ¢, x)La(s, ¥ ® X¢, x) (see (2-19) and Theorem 2.13).
Here c is the squarefree part of ¢, X, (1) = (%) and Ly (s, ¥ ® X¢, x) is the standard
L-function with the 2-factor removed. The functions Q*(s, ¢, x) are explicitly given
so-called “correction polynomials”; see (2-20) below.

When proving bounds on standard L-functions one usually normalizes the coef-
ficients to be essentially bounded, at least on average. In our case it is not so clear
how to do that since the true size of L**(s, i, ¢, x) is known only conjecturally.
If the generalized Lindeldf hypothesis is true the coefficients of the series (1-3)
are essentially bounded. We investigate what happens when this is true on average
(over ¢). To be precise: we want to know what bound on Z(s, w, x, x’) can be

proved if we assume that the coefficients are essentially bounded, i.e., if

3L e 0] = O+ [s])O). (1-4)

c<X
(c,2)=1

Using the properties of O*(s, ¢, x) we will see that this follows from assuming

D Lo, ¥ ® Kepx)P = O(X (1 +s]))  when Ri(s)=3.  (I-5)
1<co<X
co odd,
squarefree
Also, it is easy to see that (1-4) implies (1-5) with the exponent 2 replaced by a 1.
In particular it implies the generalized Lindelof hypothesis in the ¢ parameter.
We now define the analytic conductor of Z(% +it, % +iu, x, x) to be

q(t, u) = L+ (DA + |2+ uD>(1+ |u]). (1-6)
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Using an approximate functional equation argument for Z(s, w, x, x') we can
prove the following bound on the critical line.

Theorem 1.1. Assume (1-4). Then

ZG+in S 4iu, x, x) = 0y (@, w) 7). (1-7)

Unconditionally,

zG+it S i g ) = 0y (0@ + 1 —ul?) ). (18)

Remark 1.2. We call the unconditional bound (1-8) the trivial bound. The condi-
tional bound (1-7) is called the convexity bound. Any bound O (q(t, u)%*‘S ) with
8 > 0 is called a subconvex bound with saving §. If § = % — ¢ is permitted, we say
that Z(s, w, x, x') admits a Lindel6f-type bound. In the theory of L-functions, the
notion of convexity and subconvexity is standard and has numerous applications;
see, e.g., [Iwaniec and Kowalski 2004].

Remark 1.3. We note that even proving the trivial bound requires strong input. In
particular, in order to prove Theorem 1.1 (1-8), we need the Lindelof hypothesis
on average in the conductor aspect for L(s, x,), and the convexity estimate in the
s aspect. This bound is available, as follows from Heath-Brown’s famous large
sieve inequality for quadratic characters (2-28); see (2-29) below.

Also, we note that we can prove unconditionally (see Lemma 3.2 below) that, if
{t,} comes from a cusp form,

1
Z(+it, s —it, X, XV +DZ(G+it, s —it, x, X)) = Oy(q(t, —1)3%°).

Here b is the product of the sign of x and the sign of the cusp form. We note that
this is of the same order as the convexity estimate above without assuming (1-4).

Remark 1.4. For special configurations of s, w (in our case s—w constant) the
trivial bound and the convexity bound coincide. This is because, in this case, (1-5)
follows from Heath-Brown’s estimate (2-30).

We emphasize that our notion of convexity is different from that of Blomer,
Goldmakher and Louvel [Blomer 2011; Blomer et al. 2014]. What we call the
trivial bound corresponds to what they call the convexity bound.

Remark 1.5. Even though we cannot prove it, it is not unreasonable to expect
subconvexity for Z(s, w, x, x')! Double Dirichlet series similar to Z (s, w, x, x') —
with degree-one L-functions as coefficients —are known to satisfy subconvex
bounds [Blomer 2011; Blomer et al. 2014]. (Blomer et al. [2014] consider a
configuration such that the bound they prove would be considered a subconvex bound
also by our definition. Likewise the bound proved in [Blomer 2011, Theorem 1] is
a subconvex bound by our definition if one restricts to s = % orw= %.)
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Furthermore, it is known that on average the double Dirichlet series considered
by Blomer admits Lindelof-type bounds [Blomer 2011, Theorem 2] in the (s, w)
aspect. In the conductor aspect (which is here the conductor related to the form with
eigenvalues {t,}), Hoffstein and Kontorovich [2010, (1.23)] conjecture Lindelf-type
bounds to hold.

Theorem 1.6. Assume that, for all x,x’, {t,} the function Z(s, w, x, x') admits a

subconvex bound. Then, for any compact Jordan measurable subsets A and B of
['\H, we have

JlEG, 5 +it pPdu@)  vol(A)
JlEG, 5 +it, PIPduz) — vol(B)

Remark 1.7. Theorem 1.6 is the analogue of the Luo—Sarnak theorem [1995] for
the weight 0 Eisenstein series. Their theorem, however, is unconditional, as in their
case subconvex bounds for standard GL| and GL,-L-functions are readily available.
As in that paper, we really prove — conditionally on any subconvex bound — the
asymptotic result

as |t| — oo. (1-9)

/A|E(Z, % +it, %)|2du(z) ~ mVOI(A) loglt] as |[t]| > oc0.  (1-10)
In contrast to the case of quantum unique ergodicity of Maal cusp forms, the rate
of convergence in (1-10) is very slow. As in [Luo and Sarnak 1995] one can prove
O(logt/loglogt).

It is understood in many arithmetic cases that the equidistribution of masses is
implied by subconvexity bounds for appropriate L-functions of degree 8; see, e.g.,
[Sarnak 2011; Soundararajan 2010b; Nelson et al. 2014].

Remark 1.8. The structure of the paper is as follows. In Section 2 we study
the double Dirichlet series Z (s, w, x, x') which arise when we address QUE of
the weight % Eisenstein series E(z, s, %). In Section 3 we review the theory for
E(z,s, %) with explicit computations. In Section 4, which is the main section of the
paper, we analyze (1-10) by splitting it into a cuspidal contribution and incomplete
Eisenstein series contributions. For example, in the cuspidal space we find that, for
a cusp form i with eigenvalue so(1 — sg), the integral

Y (@IE(z 5 +it, HIFdu(z) (1-11)
I\H

equals a linear combination of terms of the form

1 o dy
’ s—1
CX,Xi(Saw)Z(S,U),X,X )Nw—:I:JT)/() Woyso_%(2y)Wi£’w_%(2y)y 7

(1-12)
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evaluated at (s, w) = (% +it, % — it). Here ¢, . (s, w) are functions which can
easily be understood when R (w) = N(s) = % and W, , are Whittaker functions.
In the Appendix we analyze the Mellin transform of the product of Whittaker
functions.

We can then deal with (1-12) using bounds on Z(s, w, x, x'). To deal with
the cuspidal space we need subconvexity for Z (% + it, % —it, x, x'), with t,
corresponding to Hecke eigenvalues for Maal} forms. For the incomplete Eisenstein
series a similar analysis shows that we need the same type of bound for ¢, = t(n),
the divisor function, for all configurations of s and w. We also use Zagier’s theory
of Rankin—Selberg integrals for functions not of rapid decay.

Remark 1.9. Although the analytic continuation of

I, w)= | Y@E@w, )EGS, 5)du()
T'\H
(of which (1-11) is a special case) follows from the well-known analytic properties
of E(z, w, %), its growth/decay properties jointly in (s, w) are less clear. This is
why we have to unfold and eventually analyze Z (s, w, x, x') to see that the above
integral is o(t|) fors=1—w= % + it when |t| — o0, assuming subconvexity
with saving §. The Maaf3—Selberg relation gives an upper bound (see, e.g., (3-15)
below), but this is not good enough to prove Theorem 1.6.

Remark 1.10. One could speculate whether the implication in Theorem 1.6 could
be reversed, i.e., to what extent bounds on integrals like (1-11) would imply bounds
on Z(s,w, x, x') via the expression (1-12). Such speculation is problematic at
least for the following reason. We have good control over the asymptotics of the
Mellin transform (see, e.g., Lemma A.1) but since integrals like (1-11) are linear
combinations of terms of the form (1-12), we cannot conclude from bounds on
integrals like (1-11) the same bounds on the individual summands. We elaborate
on this in Lemma 3.2 and Remark 3.3 below.

2. A double Dirichlet series

In this section we define and prove various properties of the double Dirichlet series.
To derive its meromorphic continuation and functional equation we proceed as in
[Brubaker et al. 2004], but with some simplifications and refinements. We show, for
instance, that knowing optimal bounds towards the Ramanujan—Petersson conjecture
is not necessary to get optimal regions of convergence. To prove the convexity
bounds we use a combination of techniques from [Blomer 2011; Blomer et al. 2014].
Although the techniques we use are certainly known to the experts in the field, we
were not able to find precise enough statements in the existing literature for the
double Dirichlet series (1-2).
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We start by introducing some notation and deriving some basic results about
Gauss sums and Dirichlet series involving Gauss sums.

Let {t,},en be the coefficients of the normalized L-function of a self-dual GL,
automorphic form 1. For good primes —and we assume that only p = 2 could
potentially be a bad prime — the Satake parameters o, B8, satisfy a, + B, =1,
ap-B,=1and

A @t gt
— jgrt—j —_P P -
tp‘_Zap'Bp T w,—p 2-1)
j=0 p p

The Fourier coefficients satisfy the Ramanujan—Petersson conjecture on average,
since the Rankin—Selberg method gives

D lwlP~cx (2-2)

[n|<X
as X — oo. Here C is an explicit constant; see, e.g., [Iwaniec 2002, (8.15)]. The
corresponding p-factor, i.e., the local L-function, is given by

o0

[#9%
L(p)(s’ w) — Z p[;s = (1 _ tpp_s +p—2S)—1 — (1 _app—S)—](l _ ﬂpp_s)_]-
A=0

Similar but easier identities and estimates are true for the divisor function 1, = t(n),
where ), = B, = 1.

For any L-function we will write L") (s) for its corresponding p-factor and
L, (s) for the L-function with the 2-factor removed.

2A. Gauss sums and some related series. We now recall a few basic relevant
results about Gauss sums for real characters. Let n, d be integers with d odd and
positive and let (%) be the Jacobi-Legendre symbol
n n\’
(2)=T1(5)-
pUld p
where for an odd prime p we denote by (%) the usual Legendre symbol. The
symbol (%) is then extended to all odd d € Z as in [Shimura 1973, p. 442]; see also

[Koblitz 1984, p. 147, 187-188].
For an integer n and a positive odd integer d we define Gauss sums

G, (d) = 2”(%)4%). (2-3)

Here e(x) = ¢?™*. Gauss ingeniously proved that for odd squarefree d we have
Gi(d) = gd\/g, where e, = 1ifd =1 (mod4) and g, =i if d = —1 (mod 4).
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Quadratic reciprocity states that for relatively prime odd positive integers n, d,

(-

It is elementary to verify that the right-hand side equals ¢,&;/¢,4. For odd d it
turns out to be convenient to consider

Hy(d):=¢,'G,(d).

Proposition 2.1. The function H,(d) has the following properties:

(1) For fixed n, H,(d) is multiplicative, i.e., if dy, dy are coprime odd positive
integers, then
H,(d1dy) = Hy(d1) Hy(d2).

) If (n1,d) =1, then

ni
Hnmg (d) = (g) an (d)

(3) Let a, B be nonnegative integers and let p be an odd prime. Then

o (pP) ifa> B, =0 (mod?2),
Hye(pP) = pﬁ_%(fsﬁzl(modZ) - p_%aﬁEO(modZ)) fa=p—1,
0 otherwise.

Proof. (1) follows from the Chinese remainder theorem and quadratic reciprocity;
(2) from the fact that if (n;, d) = 1 then nym runs through a set of representatives
mod d; and (3) from elementary considerations. U

We now compute

[e.¢] oo
x(¢)Hy(c) tnx (n)Hy (c)
e LD D 2-5)
c=1 n=1
(¢.,2)=1 (n,2)=1
where x is a character mod g with ¢g|8. As we shall see later these sums occur
naturally in the Fourier coefficients of the weight % Eisenstein series of I'g(4), and
in Rankin—Selberg-type integrals formed from these Eisenstein series.
For n odd and positive we denote

- c
Xn(C) = <;)
which is a character mod n. When 7 is squarefree its conductor is 7.
For ¢ odd we denote
n
@ = ("),
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which for n odd and squarefree has an extension to all ¢ which is a character of
conductor |n|if n =1 (mod 4) and 4|n| if n =3 (mod 4). See [Koblitz 1984, p. 147,
187-188].
By quadratic reciprocity (2-4) we have, for odd positive m, n,
if n=1 (mod 4),
m m 2-6

X (m) = ){ o) i n =3 (mod 4. (2-6)
where x4 is the primitive character mod 4. We can write any nonzero integer n
uniquely as n = non%, where ng is squarefree and n; > 0. We define correction
polynomials as

Up(nl)

—88<v, () Xno(P) X (P)P™*
gm0 =[] Z - mzﬂgi : (2-7)
2#piny =0 p

where v, is the p-adic valuation. For y =1, we sometimes write g (s, n) =q(s, n, x).
We define

L*(S’n’ X)ZQ(S,”s X)LZ(S’ XnoX)' (2_8)

Lemma 2.2. We have

i X()Hy(c)  L*Q2s—3.n, %)
pors B ns—1)
(c,2)=1

Proof. Using multiplicativity of H,(d) (Proposition 2.1) we see that the sum factors
into local factors. For a prime p # 2 we compute the corresponding factor

© BYH, (pP
Rp(s):ZX(p )ﬁzs(p ) '
g= P

Write n = n' p*, where (n’, p) = 1. Then using Proposition 2.1 (2), (3) we have

() x (pP)Hpe (pP) S0P GEr)x (P ) Hye (po 1)
RP(S):Z s B2s :Z g T (e+1)2s
p=0 p p=0 P p
B even (2_9)

Consider first  even, in which case o = 2v,(n1). Then we find

a-‘r%

B=1(p _
PP (p—=1  Xn(P)X(P)p
Ry(s) =1+ Z IS ptD2s

,3 even
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noting that y,,(p) = (%) By induction we find

R (S)_L(P)(ZS 27 XVLOX) Z '3(] ZS) azz ( ) ( ) —(2&—%) /3(1—23)
P = g.(1,)(4_3, par Xno\P)X\P)DP p .
ﬁeven B even

Here we have used ano (p)=1.
Returning to (2-9), we assume instead that « is odd, in which case @ —1 =2v,(ny).
We find that in this case

o B—1 o o
R =1+ Y =D o

p,BZS p(a-‘rl)Zs
B even
a—1
— (1 _ p—(4s—l)) Z pﬂ(l—Zs) ,
B=0
B even

where again we have used induction. Using that, for « odd, x,,(p) =0, we may

write this as
LP2s — 4, xuex) S
_ ’ B— 2?)
Rp(S) g_(17)(4-‘5‘_1) Z D

/3 even
Since xn,(p) =0, we arrive at the desired result. O
Proposition 2.3. The function q(s, n, x) has the following properties:
(1) If n is squarefree, then q(s, n, x) = 1.
2) Ifn= non% with ng squarefree and ngy, ny odd, then

Q(S n, X) - (nl)Z CI(I_S,”» X)
(3) IfN(s) = 5, then q(s, n, x) = O (n) uniformly in R(s).

Proof. These statements are all straightforward to verify from the definition. (1) is
clear and (2) is easily verified by considering factors. Trivial estimates for Ji(s) > %
lead to |g (s, n, x)| < 2¥PI"r(n), which gives (3). O

Write ¢ = coc% with ¢g squarefree and set v = v, (c1). We then define, for odd c,

2 = L1 Xeo (P X (P)(P' ™ 4 P*)/ P+ 22 Xeo (P)? /P
2u(s— 2)

Qy(s.c.)=]] s
plei p

(2-10)
Since v is fixed, we shall often omit it from the notation and simply write Q(s, ¢, x).
We define

L*(s, e, x) = Qy (s, ¢, Y)La(s, ¥ ® Xeo X)- (2-11)
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Lemma 2.4. Let ¢ be an odd natural number. Then

o
Z tnX(n’zSI_In(c) :\/EL*(S,C, w’ X)-

el
Proof. A similar computation can be found in [Brubaker et al. 2004, Section 3].
We first show that the Dirichlet series factors into local factors. For p an odd
prime, write ¢ = ¢/p! with (¢/, p) = 1, and m = p*»™m/p’»" Then using
Proposition 2.1 (1) and (2) we find

m/pvp(m) pvp(m)
Hm(C) = ( pl ; vp(m) (p ) m/ p'pm (c/).

c

Writing m = np”, we can write the Dirichlet series as

oo oo

typh ,
>y D
n=1 1=0 (np y
(n3p)=1 i t X () Hy (c)(% <Z pr(p V1 Z)( ))

nip)=1

Repeating this argument for every prime p, it follows that the series factors as

o I ol p*
[T(30 2 () (s )2 0). o)
A=0

p#2

We now compute the local factors of (2-12), i.e., we compute, for p # 2,
1 X (p”) p
Y Hp O ) (2-13)
im0 P ¢
where [ =v,(c) and ¢’ = ¢/ pUr© If [ = 0 the sum reduces to
X (p )
Z wXr < ) L (5,9 ® Foo ),

where we have used that x.(p) = X, (p) if (p, ¢) = 1. Here ¢ denotes the squarefree
part of c.
If [ > 0 is even we use Proposition 2.1 (3) to see that in this case (2-13) is equal

to
e p T (p! +itpw’_l(p—1)x(p‘) P o14)
p(lfl)s c — pks ¢ :
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For 1, being a Hecke eigenvalue we can use the Satake parameters and evaluate the
resulting geometric sums to see that

Z pxx(p )( )

00+l _ pitl
_ 1 o, =B () r
- p)\s Xp ¢!

ap = Bp -
1 aﬁ;"l p —s\—1 ﬁlP—H p —s
—ap_ﬁp< s U‘%(;)X(p)p ) - pE (l—ﬁp<;>x(p)p ) )
(where we have used (g)x(p))l =1),

_ LG Y ® Feo)

pls
1 I+1 I+1 P —s
oy (18 (E) e ) A (1 () o)
L(p) @ B
S Zf” 4~ 1o (§>x<p>p ), (2-15)

This is also true when ¢, = t(n) by a similar computation, which we omit.
It follows that (2-14) can be written as

1,
pl l[p(lpl)YXco(P )X(pl_l)

LP) s, Xco -
N (s, v ®x X)(p_l)(l’pl—l‘pz—l (5))((}9)17 S)i|

pls

_ p1_1 L(p)(s’ 1/’®)~(co)()

—ty-1 _ _ B B B N
P [ o K (P DX (P (1=t X0 (D)X (PP +p7)

+(p—1)(fpl—fp’*1 (5))((1))19“)}

LP (5, Y ®Feo X) 5 e
2 D[Pty —t -1 Xeo (P) X (P)(P' 4 p*) 41,21,

pl(s—%)+1

using that the Hecke-eigenvalues satisfy 7,i-17, =1, +11-2.
If instead / > 0 is odd we can again use Proposition 2.3 (3) and we find that in

this case (2-13) is equal to

t,i-1

-1 ¢
Pt - (P -1y _ P!
PIGT ( ¢ )X(p ) p=his=h=3
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We note also that x.,(p) = (ﬂ) = 0 since by / being odd we may conclude that

co
co is divisible by p. It follows that, in this case, LP (s, ¥ ® ¥c,x) = 1, and we
conclude that (2-13) can be written as

1/2
Pt -
TP.L(M(& v XcoX),
pU=DG=5)
which gives the desired result in this case. U

Proposition 2.5. The function Q(s, c, x) has the following properties:
(1) If c is squarefree, then Q(s, c, x) = 1.
2) Ifc= coc% with co squarefree and cy, ci odd, then
('™ =5, ¢, 0= 0G5, ¢, ).
Proof. Statement (1) is clear and (2) is easily verified by considering factors. [l

We would like to have bounds analogous to Proposition 2.3 (3). Any bound of the
form [z,/| < ‘c(pl)pel implies that, when 9i(s) > 1

10(s, ¢, x)| < T()4 Pl = 0 (). (2-16)

The Ramanujan—Petersson conjecture will give the strongest bound with 6 = 0.
Since the Ramanujan—Petersson conjecture is true on average by (2-2), we can
prove that Q(s, ¢, x) is bounded on average:

Lemma 2.6. For N(s) > % we have

Y106, ¢, )PP = 0(X'*)

c<X,
¢ odd

uniformly in s.
Proof. Write ¢ = coc% with ¢g squarefree and ¢ odd. It is easy to see that

10Gs, ¢, 01 < [ [(J7200en

plei

< l_[4 max | 2vp(c—i
i:0,1,2| P |
plei

+ 2|tpzup<q>71 | + |tp2vp<c1>—2|)

= 4*Plet|, | where dp is some divisor of ¢3.
It follows that

10Gs. ¢, 0P < 167710 14> < 164710 "1 2.
d|c
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Using the Ramanujan—Petersson conjecture on average, (2-2), and 1671} = 0 (c?),

we find
Y106, e 0P = O(XS > Zmz)

c<X c<X d|c
= O(Xg > ltal#{c < X | d divides c})
d<X
|ta?
=o(x'" Y = )=0x'""). O
( ; y (X1

We are now ready to define the double Dirichlet series. Let x4 be the primitive
character mod 4, x4(n) = (=!) = (=1)™~1/2 for (n,2) = 1, and let g be the
primitive character mod 8 given by xg(n) = (ﬁ) = (—1)8(" D@+ for (n,2) = 1.
Let x, x' be characters mod 8, i.e., x, x’ are induced from 1, x4, xg, or x4xs. We
then define

Zesw.pox) =tatds — 1) 3 XKWV 5K

n=1
(n,2)=1

pS—wtd @17

It is easy to see—using Proposition 2.3 (3) and (2-8) —that for RQ2w — %),
N —w—+ %) large enough the series is absolutely and locally uniformly convergent.
By Lemma 2.2 we see that

tnx<n> i x'(¢)Hy(c)

CZw

Z(s,w, %, x') = talds — D (dw — 1) Z

n=1

c=1
(n,2)=1 (c,2)=1
Interchanging summations and using Lemma 2.4 we see that this equals

_w+29C W X)

1
Cwaé

L*
Z(s,w, x. 1) = 2(ds = Do (4w — 1) Z XL

(c,2)=1

. (2-18)
Note that, since

© o 1,(n)
2—4(s—w+5)
Ols—Dodw-1= )  — b —,
n=1 n 2
(n,2)=1

we also have the series representation
00 / ok
L**(s —w+ 1 , U, c,
Z x'(c) ( 1 7 v, X) (2-19)

2w—§

Z(s,w, x, x) =

c=1
(c,2)=1
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where
L™ (s, ¥, ¢, x) = Q%(s, ¢, x)La(s, ¥ ® Xy X)
with
Q*(s.c.x) =Y _ 02 -as(DQ(s, /1%, X). (2-20)
2|c

Remark 2.7. The two representations (2-17), (2-18) will be instrumental in proving
meromorphic continuation of Z(s, w, x, x') to C2. The proof follows the strategy
outlined in [Bump et al. 1996; Diaconu et al. 2003]. The choice of arguments in
the definition of (2-17), 2w — % and s —w + % might seem a bit strange, but for
the purpose we have in mind it is the most natural one. We shall see that with this
choice the functional equations are especially simple.

2B. Functional equations of the standard L-functions. We now recall the func-
tional equations for the two L-functions L(s, xn,x) and L(s, ¥ ® X¢,X)-

2B1. GL;. We will use the functional equation for La(s, xn,x) for ng a squarefree
odd natural number, and y mod 8: Let xé‘ be the trivial character mod 8. We
have that x,,x is odd precisely if x = x4 x§ or x = x4xs. Also it is known (see
[Davenport 2000, Chapter 5], for example) that x,, x is induced from the primitive
character

Xno ifng=1 (mod4), x = xg,
XaX—n,  ifng#1 (mod4), x = x§,
X4 Xno ifnp=1 (mod4), x = xaxg,
. ) xno if ng % 1 (mod4), x = xaxg,
(XnoX) = . . 8
X8 Xno ifng=1 (mod4), x = xsxg-
X4X8X-ny ifng#1 (mod4), x = xsx§.
XaXsXny ifnmo=1 (mod4), x = xaxsxs,
X8 X—no if no # 1 (mod4), x = xaxsxg.

It follows that

* Snox \*
L(s, (XnoX) )=( - )
where
o, = iO if x =x§,)8<s,
I if x = xaxg» xaxs,
ng ifxz)(g,nozl (mod 4) or)(:)(4xg,n0,=é1 (mod 4),

L(1—=s, (Xnox)),  (2-21)

(2-22)

Snoy = {4no if x = x8,no £ 1 (mod 4) or x = xaxd,no=1 (mod 4),
8no if x = xs, X4X8-

k
Note that all the functional equations are even, i.e., M =1.
I/ Bno.x

1
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We have

LGs, xnox) =[] (1= 0tmox)* ()P~ )L(s, Gnox)*)
p|810/89.x

and also

Lo(s, xnoX) = Lo(s, (Xngx)™) = L(s, (Xny x)2(s, no, x), (2-23)

where h; (s, ng, x) is either 1, 1 —27%, or 1 +-27°. Since (x,,x)"(2) depends only
on x and ng mod 8, &, has the same dependence.

2B2. GL,. We now turn to L2 (s, ¥ ® X, x) for co a squarefree odd natural number,
and x mod 8. The character ), is primitive of conductor ¢y, and is even precisely
when x.,(—1) = xa(co) =1, i.e., when ¢y = 1 (mod 4). A reference on twisting
of automorphic forms (at least for modular forms) is [Iwaniec and Kowalski 2004,
Section 14.8].

We need to take special care of 2-factors. For any primitive automorphic form f
for GL, we define a polynomial p; (z) of degree 1 or 2, depending on whether 2
is ramified or not, by

1

P2,1(2)

=Y 0N, (2-24)
j=0

where ¢,(f) are the coefficients of L(s, f). In particular the 2-factor of L(s, f)
equals pzjlf(Z*S). If py, r is of degree 2, p> r(z) = (1 —a22)(1 — B22), the estimate
laal, |B2| <2!/° [Shahidi 1988, p. 549] shows that p, r(+27*) is uniformly bounded
away from 0 at N(s) > % If p;, #(z) is of degree 1, the explicit value of #, (=0 or
+1/ «/5) shows that p, r(£27*) does not vanish on N (s) > % and, as a result,

1

—— =03 2-25
s (E2) &) (2-25)

uniformly in f when %i(s) > %

We assume now that ¢ is primitive Maall Hecke form for I'g(4) with real
Fourier coefficients. The twisted function ¢ ® x is still a Hecke form with trivial
character x2 but not necessarily primitive. Let g = (¥ ® x)* be the primitive form
whose Fourier coefficients agree with those of 1 ® x except possibly at the 2-factor.
This is a cusp form of level N = Ny, , =2/, a divisor of 64. For fixed  there are 4
such forms g, as there are 4 characters mod 8. We have that Lo (s, ¥ ® x) = La(s, g)
since the Fourier coefficients of g and ¥ ® x agree on odd numbers.

We now twist g by x.,. Since the conductor of x, is relatively prime to the level
of g, the result is a primitive cusp form of level N - cg. The twisted L-function
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L(s, ¥ ® x¢,x) agrees with L(s, g ® X,) outside the prime 2, so that

LZ(S, 8 X XC()) = LZ(Sa W ® X~C()X)-
We have the functional equation of g ® X,:

L(s, 8®Xc,)

1
Ne2\:~* r(3(1—s+« +e(so—1
CO) | | (2( X-¥,co ( 0 2)))L(1—S, g®icc) (2-26)

= G(ga Xco)<
72 ) ity TGGHy.qteo—7))

This functional equation involves the root number €(g, x.,) that depends on cp
mod 8, as it is given by

€(2) X2(€0) Feo 21 G (Fiey)? /05

where €(g) is the root number of g. We have

Lo(s, ¥ ® Xeox) = Ha(s, g, co)L(s, g ® Xco)>
where
H) (s, 8, c0) = P2,goi, (27°) = P2,g (X (227%). (2-27)
The dependence of H» (s, g, co) on ¢ is only mod 8, as it involves x.,(2). We note
also that 'y y ¢, = Ky .y Xc, (—1) depends only on cp mod 4 since X, (—1) = x4(co).
Remark 2.8. Inthe GL| x GL; case, i.e., if ¥ =, and 1, = t(n), we have

o0

L(s, Yr ® FegX) = )

n=1

tMiox(m)
R — L(s. fa )

We see (after using quadratic reciprocity) that the analogues of the results of this
section follow from Section 2B1.

2C. Average bounds on twisted L-functions. Before we can give the proof of the
meromorphic continuation we recall a few facts concerning the involved L-series.
We first recall an average bound on L-functions twisted with quadratic characters.
The main ingredient in proving such a bound is Heath-Brown’s large sieve estimate
for quadratic characters. He proves [1995, Theorem 1] that for any positive ¢ > 0
there exists a constant C > 0 such that for any positive integers M, N and for

arbitrary complex numbers ay, ..., ay we have
2
Yy Za(ﬁ)‘ <CMNYM+N) Y . (2-28)
m
m<M 'n<N n=N

Here a % means summation over positive odd squarefree integers. From this one
can prove the following.
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Theorem 2.9. For 0(s) > 1,

Y ILGs, xa )t = O((X[s)'), (2-29)

l<dp<X
dp odd,
squarefree

D ILG, ¥ @ Xap )P = O((X[s))' ). (2-30)

1<dp<X
dy odd,
squarefree

The bound (2-29) is already in [Heath-Brown 1995, Theorem 2] and (2-30)
is essentially proved in the same way. See also [Soundararajan and Young 2010,
Section 2.3; Chinta and Diaconu 2005, Lemma 3.2]. These bounds give the Lindelof
hypothesis on average in the character aspect, while keeping the convexity bound
in the s aspect when N (s) = %

Remark 2.10. By considering 2-factors it is straightforward to see that the above
bounds (2-29) and (2-30) are true also if we remove 2-factors, i.e., replace L by L.
2D. Meromorphic continuation and functional equations of Z(s, w, x, x'). We
first analyze Z(s, w, x, x') from the representation (2-17).

Theorem 2.11. The function (w — %)Z(s, w, X, x) is analytic in
Dy ={(s, w) : N(s —w) > 5, R(s + w) > 3},

and satisfies a functional equation « : (s, w) — (s, 1 —w) given by

(3G —2w+wy)

(1-27C" 4N 7 (s, w, x, x) =
F(%(zw_%""cx’))x

> ) Z(s, 1w, 1" x).
”'mod 8
Here the p,»(w) are polynomials in 2. In particular they are bounded in vertical

strips. Furthermore, away from w = %,
O((Iwl+1)+) if L <0w < K. RGs—w) > 145,

Z(s,w, x, x)= o
( X X) {0((|w|+1)i+1—2.)\(w)+8) lf —K <Qw < l,?ﬁ(s+w)2%+5,

for any fixed K > % and § > 0.

Remark 2.12. We shall see in the proof that the factor (w — %) is only necessary
when y’ is trivial. We note also that the implied constant may depend on .
Moreover, the bounds given above are not necessarily optimal. All we need for
Theorem 2.15 and Lemma 2.18 below is polynomial control.

Proof. We remark that the factor ¢;(4s — 1) appearing in (2-17) does not have a
pole in the region D;. Thus we only have to study the series from (2-17) to prove
the analytic properties of (w — %)Z(s, w, X, x)).
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We consider the regions where the series representation (2-17) is absolutely
convergent. We consider first the sum over all nonperfect squares (n # m?).

If N(w) > % (which corresponds to R(w — %) > %) we use (2-2), Theorem 2.9,
Proposition 2.3 (3), and Cauchy—Schwarz to see that, away from w = 3

4’
1
D ltax(mg@w =3, n, xYLaQw = 3. xnox )| = OX Fw]39). (231
n<X
n#£m?

It follows that the nonperfect square contribution is convergent for Ji(s —w) > % +46
and N(w) > % and that, in the region (s — w) > % + 38, R(w) > % it is analytic
and bounded by O (Jw|i+%).

For R(w) < 1 we use Proposition 2.3 (2) and the functional equation for
L,Qw — %, XnoX') to see that the product g 2w — %, n, x" LoQQw — %, XnoX')
equals

1-2 1,3
nl_zw((sno,x’) UT(3(—2w+x,))

gQ—w)—3,n, ¥ La2(1—w) =L, X0 x")
nox ) T(3Qu—j3+uy)) n

times a factor 1> (2w — 3, no, x) /h2(2(1 —w) — 3, no, x), which is bounded when
N(w) < % (recall (2-23) for the definition of />). We notice that 8, ,/no is 1, 4,
or 8, and that in bounded w-strips the quotient of I'-factors is O (Jw|'~2"®)), It
follows that in bounded w-strips and for N (w) < % we have

Z |n2w—ltnX(n)q(2w — %’ n, X/)L2(2w - %7 XnoX/)l
n<X
n#m?

= 0 (w2 Y ", x (g (1 —w) — 3, 1, X VLo (1 = w) = 3, Yo x|

n<X

— O(jw|iF1-2Rwte yl+ey

where in the last line we have used the same argument as used to bound (2-31). It
follows that when R (s + w) > % + 8, R(w) < % the nonsquare contribution from
the series in (2-17) converges absolutely and that in this region this contribution is
analytic and bounded by O (|w| F1=20w)+ey,

We next consider the sum over all perfect squares n = m?,

tax (M)qQw — 3, m?, x')
m2G—w+d) '

o
Ly@w—35.x) )
m=1
(m,2)=1
Using Proposition 2.3 and (2-2) we easily see that the sum is convergent in

{(s,w) :NRN(s—w) >0,NR(s +w) > 1},
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and that the factor in front has a simple pole at w = % if x’ is trivial. That this
contribution has the desired growth properties follows from the convexity estimate
on L, 2w — % x).

Having established that (w — f—l)Z (s, w, x, x') is analytic in D, we now show
that it satisfies a functional equation here. For (s, w) in this region we use the
functional equation (2-21) and Proposition 2.3 and the subsequent discussion to see
that Z(s, w, x, x')/¢2(4s — 1) equals

i tax (Mg Qw — 3,0, x Y LaQw — 3, xuox)
ns—w-i—%

(% — 2w+ er))
Qw — % + "x/))

1-2 1
= i nl—Zw((Sno,X’> Y haQw— 3,10, X)) F(

1
2
not hy (1 —w) =L, ng, x) T(4

tax (Mg (1 —w) — 3.1, )V LaQ2(1 — w) — 3. XnyX")

s—w+%

n
=n2w—lr(%(% _2w+KX/)) i h2(2w_ %,no, X/) ((Sno,x/)lzw
F(3Qw—1+x,)) hy(2(1 —w) — 3, n0, x) \ 1o

n=1
n,2)=1

tax (Mg 21— w) — 3.1, XV La2(1 = w) — 3. Xngx)
ps—(1—w+3

We split the sum according to n mod 8, and notice that for fixed x’ the function

haQw — 5, no, x) (sno,x/)l‘z'”
hy(2(1 —w) — 1, ng, x)

is the same fraction of Dirichlet polynomials in 2% throughout each of these
sums, so that we can put them outside the sums. Using again that the indicator
function of residue class mod 8 can be written as a linear combination of characters
mod 8 (at least on the odd numbers), we arrive at the functional equation for
Z(s, w, x, x'). We note that the factor 1 —2~3~4%) i5 the product of all possible
hy(2(1 —w) — %, no, x'). This shows that the p,~(w) are in fact polynomials
in27%, O

no

We now apply the same type of analysis to the second series representation of
Z(s,w, x, x') given in (2-18). Recall from Section 2B2 that g denotes (¢ ® x)*,
where y is one of the 4 characters mod 8. Let

1 C(w—sa L
Vs, w)= HPZ,g(Z_(w_‘wZ))Pz,g(—Z (w s+2))’
8

where p; ¢(2) is as in (2-24).
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Theorem 2.13. The function (s — w — %)ZZ(S, w, X, x') is analytic in
Dy = {(s, w) : N(s) > 3 R(w) > 4}

and satisfies a functional equation B : (s, w) — (w, s) given by

Vs, w)Z(s, w, X X/)

_y 1_[ I—(s—w+d)+k+e(so—1))

((s w3 +k+e(so— 1))

Py y (s, w)Z(w, s, x, x").
k=0.1 ec(E1)
x” mod 8
Here the Py, (s, w) are polynomials in 2=6=) Iy particular they are functions
bounded in vertical strips. Furthermore, away from s — w — % =0,

O((|s—w|+1)2+¢) for 348 <%hw <NR(s) <K,

Z(s,w, x, x)= 3 o
(o100 20 {0((|s—w|+1)3—2”‘<f—w+%+8>> for 348 <Ms < NR(w) < K,

where K, § are any constants with K > % and § > 0.

Remark 2.14. We shall see in the proof that the factor (s —w — %)2 is only necessary
when v is GL; x GL; and y is trivial. We note also that the implied constant may
depend on Y. Moreover, as before the bounds given above are not necessarily
optimal, as all we need for Theorem 2.15 and Lemma 2.18 below is polynomial
control.

Proof. We now want to find the region of absolute convergence of (2-18). Consider

first the region N(s — w + 2) > 5. We can use Cauchy-Schwarz, Theorem 2.9, and
Lemma 2.6 to see that the sum over nonperfect squares satisfies

- 1
D X ©@©Q—wt5. . ) Lals—w+5, Y ®Fey x)| = O (X' (1+]s—w])2+).
c<X
c#r?,c odd
Hence the sum over these terms is absolutely convergent when R(2w — %) >1+46.
The sum over the perfect squares potentially has a double pole at s —w + ; =1:
For 1, = t(n) we have La(s, ¥ ® 8y = 4‘2 (s). The sum over perfect squares is

X' ©0(s—w+1,c, x)

2w7§

Lys—w+ 1 v ®x) Z

=

where the sum is again absolutely convergent for i (2w — l) >1 —i—(S using Cauchy—
Schwarz and Lemma 2. 6 It follows that, when N(s — w + 2) > 5, the sums are
convergent for N(w) >3 34 8, and hence Z(s, w, x, x') is analytlc in this region
except for a potential double polar line at s —w + % = 1. We also find that in this

region we have the bound Z(s, w, x, x') = O((1 +|s — w|)%+€).
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Turning now to N(s —w + %) < %, we use the functional equation (2-26) and
Proposition 2.5 (2) to move to a region where we can use the same bounds as for
N —w+ %) > %:

Z(s,w, x, x)
H4s—D o (dw—1)

[e.¢]
1 -
=> X (©Q(s—w+3, ¢, X)La(s—w+3, ¥®FeyX)
c=

1
2w—§

’ —2(s—w) 1 = N T

S x (e Q(l—(s—w+§),c,x)6(w, Xeo X\ =

w—3 T

T(LA=G—w+D Ak, y e+ o—N)T (A A—(s—w+D)+icy y.co—(50—1))
T (3 ((s—w+D) +y y.cot0—3))T (3 ((s—w+3)+y y.co— (50— 3)))

8 Hy(s—w+1, g1, co)
Hy(1—(s—w-+1), g1, co)

Ly(1—(s—w+3%), Y ®FepX),  (2-32)

where g1 = (¥ ® X, x)* with level Ny c(% for Ny a divisor of 64 depending on x, ¥
(recall (2-27) for the definition of H,). Using the same trick as before of splitting
the sum into perfect squares and nonperfect squares, and using the bounds from
Lemma 2.6 and Theorem 2.9 as well as the Stirling bound on the Gamma factors
and a trivial bound on the 2-factors, we find that Z(s, w, x, x’) is analytic in

(s, w) iR —w+3) <3, % > 3 +9)

and bounded, as Z(s, w, x, x') = O(1+|s — w|2 ¢ |s — w[!"2H6=w+D) for 9i(s),
I (w) bounded in this region.

We have established that Z (s, w, x, x’) is analytic in D,. We now show that it
also satisfies a functional equation in this region. Consider (2-32). We noticed that
(W, XoX), Ky, y.co» and Ha (s, g1, co) depend only on ¢y modulo 8 (see Section 2B2).
We split the sum into residue classes modulo 8 and we can put these data outside
the sum. Since Hr(1 — (s —w + %), g1, co) can have zeros in the region we multiply
the left-hand side with all possible expressions of it, which is V (s, w), and arrive
at the desired functional equation. U

Using the two previous theorems we can now show that Z(s, w, x, x') admits a
meromorphic continuation to all of C2.

Theorem 2.15. The function

Z*sow, XV =G—w—P s +w—3 w-32)(s—DZs w, 1, x) (2-33)
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N(w)

N(s)

Figure 1. D, U D;.

admits an analytic continuation to (s, w) € C? with at most polynomial growth for
N(s), N(w) in bounded regions.

Proof. We use repeatedly the functional equations in Theorems 2.11 and 2.13. We
notice that these two theorems show that Z*(s, w, x, x’) is analytic in the union of
the two overlapping sets

Dy ={(s, w) : R(s —w) > 3, R(s +w) > 3},
Dy = {(s, w) : R(s) > 3, R(w) > 3},

since (w — %)Z(s, w, X, x) is analytic in Dy and (s — w — %)ZZ(S, w, x, x')is
analytic in D;. (See Figure 1.)

We now use the group of functional equations generated by the two functional
equations

a:(s, w6, 1—w), B:(s,w) > (w,s).

They generate a group of order 8 isomorphic to the dihedral group D4 of order 8.
We note that o> = % = Id. Using B, we see that (s — %)Z(s, w, x,x)is a
holomorphic function of at most bounded polynomial growth (bounding the ratio
of Gamma functions using Stirling asymptotics) in D3 = D, which then extends
Z*(s, w, x, x") to D;UD,U D3. We notice that the Gamma factor on the right-hand
side of the functional equation in Theorem 2.13 and V (s, w) ™! does not have poles
when N(w — s) > 0 (by (2-25) and properties of the Gamma function).

Using a, we extend Z*(s, w, x, x') analytically to D;UD,UBD;UaD,UaBD;.
We notice that the 2 factor (1 —2~G=4*))~1 and the Gamma factor in Theorem 2.11
are analytic when N(w) < %. The reflection « of the double polar line s —w = %

in D, produces the double polar line s +w = % in aD>.
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R(w) N(w)

Eﬁ(s) - ER(S)

The regions Dy = Ba D>, Ds = Baf D;, and D¢ = afa D> = o D4 can be dealt
with using Theorems 2.11 and 2.13 in the same way and no new polar lines are
introduced, neither due to the 2 factors, nor the Gamma factors.

N(w)

The function in (2-33) is now extended to a holomorphic function on the complement
of the domain with tube given by the shaded region. It is bounded polynomially for
N(w), N(s) bounded. We can therefore use Bochner’s tube theorem (see [Diaconu
et al. 2003, Propositions 4.6 and 4.7 and the argument on p. 341]) to extend the
holomorphic function to the convex hull of this region (which is C?) with at most
polynomial bounds for (fi(s), R(w)) in compact sets. Therefore, Z(s, w, x, x’)
has the same properties, apart from being meromorphic with the specified polar
lines in (2-33). U

Remark 2.16. Combining Theorems 2.11 and 2.13 we note that xoSoao8(s, w) =
(I —s, 1 —w), and it follows that there exist functions «, ;' , (s, w) bounded in
vertical strips such that

F(s,w)Z(s,w, x, x)

-y G(l—s,1—w, k)
a G(s, w, k)

Y W W ZA =5, 1= w, p, p), (2-34)

ke{0,1}4 p,p’ mod 8
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where
G(s,w, k) :=T(3Qu—3+k)) [ TGG+w—3+k+el(sn—3))
ere{xl}
F(5@s—3+ks) [[ T3 —wHi+kiteso—3)) (2-39)
ere{£1}
and

F(s,w):=(1—=2"074Y 127G~y (s, w)V(w, 1—s).

rda—-z+1 raa-
Using (2(1 b)) = (3 - 2) cot(rz/2) we see that
I'GG+1) I'(32)

G(l—s,1—w,k) G(l—s,1—w,0)
Gs.w.k)y — Gls,w,0)

cotg (s, w),

where

7'[210—1 7TS+LU——+€ S —
coti(s, w) = coth ((Tz)> 1_[ cotk2< ( . 1(S0 )))
eef£l)

.cotk3(”(2s 2)) I Cotk4(n(s—w+%+62(so—%))).
2 2

e e{xl}

Away from poles of cot we have uniform bounds cot(%nz) =isign(y) 4+ O(e™),
so we see that cotg (s, w) is bounded in vertical strips (for the arguments away from
the poles of cotg). It follows that the functional equation (2-34) can be written
simply as

F(s,w)Z(s,w, x, x")
_ Gl—-s5,1—w,0)
T G(s,w,0)

Z IBIE,p,p’,X’X’(svw)Z(l_Sa l_w’ /0710/)5 (2_36)
0,0 mod 8
kefo,1}*

where the functions g , (s, w) are bounded in vertical strips (away from any
poles).

2E. Bounds on Z(s, w, x, x’). In this section we bound Z(s, w, x, x) when
N(s) =R(w) = % Recall that in (1-6) we defined the analytic conductor to be

q(t, u) := (L4 1t + |24+ uD*(A + |u)). (2-37)
Theorem 2.17. Assume (1-4). Then

ZG it L 4iu, x, x) = 0(q(t, w)i+).
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Unconditionally,
. . 1
Z(G+it S +iu, x, x)=0((qt, w)(1+ |t —u))?)™).

We call the bound obtained in Theorem 2.17 the convexity bound. Any bound of
the form O (q(t, u)%*‘S ) is called a subconvex bound.

To prove Theorem 2.17 we first prove an approximate functional equation similar
to the one in [Blomer et al. 2014, Lemma 4.2].

Lemma 2.18. Let t, u € R and x, x' mod 8. There exist smooth functions
W4 : Ry — C depending on u, t, and the characters satisfying

;@ A
y WW:I:(Y) =0(1+Yy)

forall j, A € No, uniformly in u, t, such that
ZG +it, S +iu, x, x)

_ ¥ Zip/(c)L**(%ii(r—uw,c,mw( c )
c22iu + /q(t, u) )

0,0 mod8 £ c=1

Proof. Recall 1/cos(z) is holomorphic in the strip |9 (z)| < 7/2 and satisfies
1/ cos(z) = Og, (e for |R(z)| < /2 — €. For n(log?2)/(mi) bounded away
from Z, the function P, (z) = (1 —-2""%)(1 — 212y /(1 — 2M2 is uniformly bounded
in vertical strips, holomorphic in C, even in z, with a simple zero at n, and satisfies
P,(0) = 1. For a given multiset B let

= (o) T o

neBb

which is O (e=*7 12y for, say, [N(z2)| < (% — 38)A with § > 0 sufficiently small. For
an appropriate choice of multiset B = B, ,, we set H, ,(z) = Hp, ,(z) so that the
integrand of

F(s4+z,w+z G@s+z,w+z,0
L ¥Z(s+z,w+z,x,x/) ( )

2 1) F(S,U)) G(s,w,())

H; ,(2) dz—z (2-38)

is holomorphic in the entire z-plane except for a simple pole at z = 0. (The function
H; ,, has been used to remove the poles of Z(s 4z, w+z, x, x').) Also it has rapid
decay in z on vertical lines due to Theorem 2.15. Moving the line of integration to
N(s) = —1, we see that (2-38) equals

Z(S’ w’X’ X/)
1 / F(s+z,w+2)
(

Gis+z,w+z,0
5 Z(s+z,w+z, x. x") ( )

-y F(s,w) G(s,w,0)

dz
Ht,u(z) -
Z
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Using the functional equation (2-36) and the change of variable z — —z, the last
integral equals

ZA—s+z,1—w+z,p,p)

Z 1 ,Blg’p’p/’x’xf(s—z,w—z)

~ 2mi J F(s, w)
p,p mo _ —
Fel0.1)¢ XG(I s+z,1 w+Z,0)Htu(Z) ﬂ
G(s,w,0) ’ z
Thus there exist functions y; , v, v +(x, x"), bounded if R(x) = R(x') = —%

(note that using (2-25) we see that F(s, w)~! is uniformly bounded), such that
Z(% +it, % +iu, x, x') equals

Z 27_”/ YE.p.0' 5% i(zﬂ:ll‘ zZ, zizu z)Z(Z:I:lt—l-Z, 2:|:lu+z 0,0
ppmod8 G(zj:lt—i-z,z:i:m—i-z 0)
kefo,1y* X

G(§ ll‘,§+lu,0)

tu(Z) —

Using the series representation (2-19) we arrive at the result with Wy (y) equal to

1 1 . 1 . -2z
>t [ s E itz =0 (/G w)

G(3tit+z,5+iu+z,0)
X

G(3+it, 5 +iu,0)

dz
Ht,u (z) —.
Z

From Stirling’s formula we find that I'(s +z)/ ' (s) = O((1 + |s])"®¢e7121/2) uni-
formly for s, z in bounded strips away from poles. It follows that we have

G(3+it+z, 5 +iu+z,0)
G(3+it, 1 +iu,0)

= 0(q(u, "),

By shifting the contour to o and differentiating under the integral sign we see that

AIWL s _ (1+z])/
v 7 :o<y 2 / el 4ﬂ+2”>'Z'sz+aj=o,g<o
(o)

for -6 <o < (% — §)A. The last term comes from the pole at z = 0. For y <1
we can choose 0 = —§/2, and for y > 1 we choose 0 = A and find the desired
bound. (]

Proof of Theorem 2.17. Let ¢ > 0. For N (z) = % we have, assuming (1-4),
DI Y, e, p) = O(Y (1 4 12)*H) (2-39)
c<Y

¢ odd

with a = 0. Unconditionally, (2-39) holds with a = %, as is straightforward to verify
from Lemma 2.6, Theorem 2.9 (2-30), and Cauchy—Schwartz.
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It follows that for an appropriate choice of A in Lemma 2.18 we have

3 |L**<%ii(r—u),w,c,p>|‘w< c )
1 x \Vat 0

Fte

< Ce(A+lr—uqu, 1)°).

c>q(u,t)
It follows also that

sk 1 S .
Z |L (2 :bl(t lu), w7 c, /0)| — O(q(u,t)1+€(1+|I—M|)a+€)-

NT]

Lie ¢
c=<q(u,t)2

Theorem 2.17 now follows from the approximate functional equation. ([

Remark 2.19. We notice that for the special configuration w = 1 — s the conductor
drops to essentially

(I + DA A |ul).
This configuration will be the relevant one in Theorem 4.3 below.

Remark 2.20. One could speculate whether using another functional equation could
lead to a smaller conductor. During the proof of Theorem 2.17, or more precisely in
the proof of the approximate functional equation Lemma 2.18, we have made certain
choices: we have chosen a particular functional equation (s, w) — (1 —s, 1 —w)
and a particular series representation (2-19). In principle, there is nothing that
prohibits running the same type of argument with the other series representation
(2-17) and/or another functional equation.

Let us consider what happens if we make other choices. If we use (2-17) and
if R(z) =1 and R(s) = N(w) = %, then the function Z(s +z, w, x, x’) in (2-38)
is evaluated in D, where the series representation (2-17) is convergent. Similarly,
if we consider (2-19) and if f(z) = 1 and N(s) = RN(w) = %, then the function
Z(s+z,w+z, x, x') is evaluated in D;, where the series representation (2-19)
is convergent. In order for the argument in Lemma 2.18 to work we need to use
a functional equation y : C> — C? with the property that, when %(z) = 1 and
N(s) =R(w) = %, the numbers y (s — z, w — z)/y (s — z, w) lie in Dy or D;. Only
in this case is the integrand evaluated where the double Dirichlet series has a
series representation (after moving the line of integration to N (z) = —1, using the
functional equation and making a change of variable z — —z).

When we are using (2-19) we assume (1-4). When we are using (2-17) we make
the similar assumption for this series, namely that

D L w.n, x) = O(X"F(1+w])) for R(w) = 5.

n<X
n,2)=1

With these restrictions we list the possible “analytic conductors” in Table 1.
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Functional equation Series repn. Analytic conductor
pap : (s, w) > (1 —s,w) (2-17) (412 +uD? A+ | —uh>(A + [])?
afa:(s,w) = (1 —w,1—s) (2-19) (T4t A+ |+ u])>(1+ |u])
afaf:(s,w) = (1—s5,1—w) 2-17) (4t +u)>(+ ]t —u)>(A+ |£])?
apaf (s, w) > (1—s,1—w) (2-19) (1D A+ |2 4+ u)> (1 +[ul)

Table 1. Different choices of analytic conductors.

Since, forall r, u € R,
A+ (DA + 1+ uD? A+ ful) < (Ul +uD> A+ | —u) (1 + 1),
the conductor defined in (2-37) is the smallest among these.

2F. Another double Dirichlet series. It turns out that there is another double
Dirichlet series which is relevant in the applications to QUE. We now define
it and then immediately show that it can be understood in terms of the series
Z(s,w, x, x') which was analyzed in the previous sections. Let

X (L* (s —w+3, ¢, x)?

1
Cwai

Zs.w. x. x)= Y (2-40)

c=1
(c,2)=1

In order to understand 2(s, w, X, x') we exhibit an interesting nontrivial relation
between the g-polynomials and the Q-polynomials in the case of the Eisenstein
series when t, = t(n). Let Q be defined as Q but with the one exception that we
use xc, instead of x.,, i.e., with v =v,(c1),

1—[ tpr0 — 121 Xeo (D)X (D) (P ™5+ p*) [+ ty2 Xy (D) P

~ s
Q(s, cocy, x) = oD

plei p
defined for cg, c; odd. By (2-6) we see that

Q(s,c, x) if co=1 (mod4),

) (2-41)
O(s,c, xxs4) if co=3 (mod4).

O@s,c, x) = {

Lemma 2.21. Let dy be an odd squarefree positive integer, d| odd, and t, = t(n).

Then
2
> at (gl ol = 0240 al
q k) Odst - 2—4S s’ OdZ’X .

d|d, d|d

Proof. Since the arithmetical functions involved are multiplicative, it is enough to
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verify the claim on prime powers d; = p”, i.e., we need to verify

n n i
1 . L1 .
ZPZt(z s)q2(s’ dopZ(n z)) _ ZZP4J(2 S)Q(S, dopZ(n t)’ %).

i=0 i=0 j=0

Using the definitions of g (s, d, x) and Q(s, d, x), it is a straightforward but tedious
algebraic computation with sums and products of geometric sums. The details are
omitted. U

Using the above lemma we can now show that many properties of 2(5, w, X, x)
can be understood on the basis of the properties of Z(s, w, x, x'). The following
lemma implies in particular that 2(s, w, X, x') admits a meromorphic continua-
tion, and that any bound we have on Zy,_ (s, w, x, x') translates into a bound for

Z(s,w, %, x)-
Lemma 2.22. Assume that ¥ = V¢, i.e., t, = t(n). Then

1

2 b b 9y / - Z 9y b b / Z b b 9 /
(s, w, x, x") 2{2(2s—|—2w—1)( v (5w, X, X+ Zy, (s, w, X xar X))

+Zy (s, W, X X' Xa) = Zy, (S, W, X X4 X' Xa)).

Proof. We start by noticing that L, (s, XcoX)2 = La(s, Yr ® xco ). Now let dy be
an odd squarefree natural number. Then

00 2 ,ddz, 00 d1—25 2 ,ddz,
{2(2s+2w—1)ZM: Z q-(s, dody, x)

2w 2w
di=1 di d.dy=1 (ddy)
dy odd dy,d odd
o0
=2 = o S d B s, dod? . ).
i dld,
dj odd

We then use Lemma 2.21 and arrive at

o0 1 —~
3 ye > 02-45(d) Q(s. dod} /d%, )

di=1 "1 d|d -~ 5
dy odd Z 02 4&(1) Z O(s, dody, x)
- 2w
di=1 di
lodd d; odd

06s. dod?. 1)

= {4s +2w —2) 5 (2w) Y e
1

di=1
dy odd

Multiply the first and last expression by x'(do)La(s, x4, x)?/d", then summing
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over all odd squarefree natural numbers dy we get

o0 / 2 2
1) Z X (d)q (S,d, X)LZ(S5 Xd()X)

& (2s 4+ 2w — T

d=1
d,2)=1 -
=045 +2w =20 Qw) Y

d=1
(d,2)=1

X' ()O(s,d, X)La(s, ¥r ® XapX)
dw ’

By (2-6) we see that

O(s, d, X)La(s, Ve ® XdoX)
_ {Qw,(s,d, X L2(s, Y ® XapX) if d=1 (mod4),
Oy, (s,d, xxa)L2(s, Ve @ Xapx x4) if d =3 (mod4).

Substituting (s — w + %, 2w — %) for (s, w) and comparing with (2-18), we obtain
the desired result. U

3. Eisenstein series

We briefly recall a few facts about Eisenstein series with weights. For y € SL,(R)
and z € H we define j(y,z) = cz+d and j,(z) = (cz +d)/lcz +d|. We
let arg denote the principal argument and define j,(z)* = e'*e(+d  Since
Jy2, 2) = j (v, v22)J (v2, 2),

~ 1 . : :
o(y1, y2) = 5 —(@rg j(r1, y22) +arg j(y2, ) —arg j (v1y2, 2))
is an integer independent of z. The factor system of weight k € R is then defined as

w(y1, y2) = e(ko(yi, 12)).

Then we have @ (y1, 12) jyy, (2% = jy, (122)% jiy, (2)F. We refer to [Iwaniec 1997,
Chapters 2.6, 3] for the basic properties of multiplier systems as well as for further
explanations of the generalities of Fourier expansions.

Let v be a weight k£ multiplier system, and let I" be a cofinite subgroup of SL, (R).
For an open cusp g, i.e., v(a) = 1, we define the weight k Eisenstein series for I" by

Ea(z,s,0):= ) v ¥)j,1, @7 S0, y2)’  for %Rs) > 1,
yela\Il

where o, is a scaling matrix of the cusp a, i.e., 0, 'I'40q = s, With ['s, being
generated by Yoo = ( (1) }) and —ys if —1 € I'. The function satisfies, for y € T,
Eq(yz,s, k)= v()/)j;f (z)Eq(z, s, k), itis an eigenfunction of the weight k Laplacian
with eigenvalue s(1 —s), and admits a meromorphic continuation to s € C. We now
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briefly recall how to find the Fourier coefficients of Eq(z, s, k) at an open cusp b.
We have

Joo @) FEs(ovz s k)= D (), ) 3(y2)”,

y€leo\og 'Tog

where vgp(y) = v(aayab_l)a)(aa_l, aayab_l)w(yab_l,ab). For the rest of the
paper we can assume that —/ € I"'. Summing over a set of representatives of
Fc,o\oa_1 I'op/ I'oo, which we can assume have ¢, > 0 for y ¢ ', we see that

Joo @) FEq(ovz, 5, K) =8acey’+ D V() ) Jpy (TS (vl
I#y€Too\og 'Top/ Too lez

Therefore, by a familiar computation, we have

1
f (jab(Z)_kEa(UbZ,S, k) _Su:bys)e(—nx) dx
0

B vae() (d\ X2\ "1
= Z 2 e(nz)y /_Oo<m> |Z|2se(—nx)dx.

I#yelo\oq 'Top/ T

Substituting r = x/y in the last integral we see that
2\ Fe(—nx) | © /i \ Fe(—nty)
[ e [ e
—oo\[2] |z —oo \ |7 +i] |t +i]>

o\ =k
— k21 /Oo 1—1.1 e(—YIlW? dt
oo \1—it] |14it|%s

|s—l

_'kn/2|n— |
nie! F(s+%)W%7S_%(4JT|n|y) if n #0,

dl = g=ikn/2 r2s—1y'*
[(s+5)T(s—5)

if n=0,

where W, , (y) is the Whittaker function and where we have used [Gradshteyn and
Ryzhik 2007, 3.384 (9), p. 349] for n # 0 and [Shimura 1975, p. 84-85] for n = 0.

3A. Eisenstein series of level 4. We now specialize to I' = I'g(4). In this case the
Fourier coefficients of half-integral weight Eisenstein series were originally studied
by Shimura [1975]. We consider the weight % multiplier system v related to the
theta series

0(2)=y% Y e(m?),

mezZ
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ie,0(yz) =v(y)j, (z)%e(z) for y € I'. It is well known that

b
v =(5)es" for (i d) =y eTo(4).

Here the Jacobi-—Legendre symbol is extended as in [Shimura 1973, p. 442]. The
group I'g(4) has 3 cusps, a; =00, a, =0, a3 = % with corresponding stabilizers
Iy, generated by £y, where

11 1 0 —11
VCl]: 01 9 Va2= _41 bl )/a3= _43

and we define scaling matrices

10 0 -1 1 -1
a=\p1) 2T \20) T \2 o)

Only the cusps co and 0 are open with respect to v, as

Vre) =) =1, v = (56" =i

We now compute the Fourier expansion for the weight % Eisenstein series. We
focus on the cusp at infinity but the analysis for the other cusps is similar, although
slightly more technical. The main extra complication at the other cusps comes from
the factor system. This can be dealt with as follows: For k = % We can use z = )/2_11'

in the definition of the factor system to see that

if —7 <arg(cy,i +dy,)+arg(cy,i +ay,) <,

1
o1, y2) = {_1 otherwise.

Using the properties of a multiplier system one finds (see [Iwaniec 1997, (3.5)])
that
w(oay oy ', op)

vao (y) = v(oayoy ) o)

This is explicit enough that one can do the computations also for the other cusps.

We now focus on (a;, a;) = (00, 00), and omit the corresponding subscripts.
Using that all the nonidentity elements of I'oo\I'/ I's, are parametrized by ( fc Z)
with ¢ > 0, d mod 4c, (d, 4c) = 1, we find that

E(z5,3) =5 +¢(5 )y ™+ ) (5. DW, qpapy 51 @ In|y)e(nx)
n#0
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with
n.sefin/4|n|sfl 0

o 1
¥ (e ;(40)23 2 (4 d)e(”d/4c)

4in| d mod 4¢

(d.4c)=1
n.sefin/4|n|sfl o 1
= o : &4 e(nd/4c), (3-1)
C(s + gm) ; (4c)* d%% ( )

and

1 | Al e AT (25 — 1) 1 4c
P T G e - 2 o L i)

c=1 d mod 4c¢

If we write 4c = 2k¢’ with ¢’ odd then Sturm proved [1980, Lemma 1]—using
quadratic reciprocity and the Chinese remainder theorem — that

D¢ < )e(”d/46‘) Hy(c) > ( )e,e(nr/z") (3-2)

d mod 4c¢ r mod 2k
It follows that, for n #~ 0,

/A=l &

n'e In| Z Hy(c) i Zr mod 2"( )Sre(nr/Zk)
F(S + ﬁ) e c'2s 22ks
(c’,2_):]

dnls 3) =

k=2

which by Lemma 2.2 equals

n_se—in/4|n|s—1 L*(2s — %’ n, 1)

ra(s, n), (3-3)
P(s+gm)  Q@s—1
where we have written
00 2k k
Y mod 2k (5)ere(nr/2°)
ra(s,n) == Z mod 2 (2k2)s i ) (3-4)

k=2

The function r, (s, n) can also be computed. One uses that &; can be expressed as a
sum of characters mod 4 as

e = 3(L+1)xf(d) + 11— i) xa(d).
Inserting this in (3-4) the numerator becomes
1A +DGu (g x30) + 3 (1= DG (xg Xaxa), (3-5)

where yg is the primitive character mod 8 given by xg(n) = (—l)é("_l)(”“) for
(n,2) = 1, and the G, denote the usual Gauss sums. Using [Shimura 1975,
Lemma 3] as well as explicit computations of G1(x1), G1(x8), G1(xa), G1(xaxs),
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these can all be computed and using the result one can compute r, (s, n). We omit
the details but state the result. Assume first n # 0 (mod 4). Then

I
—— 1 (mod 4),
1 . 225—1) n#
Pem=EY 0 wsevz e Y

22(2s—1) " 93(@2s—1)
More generally we find that, if n = 4"ng with ng # 0 (mod 4), then

ra(s,n) = (A1 +)u,2"F D) 4477 E Dy (s, ng), (3-7)

where
(x2)r+1 x2

u(x) = ——5—7. (3-8)
x2 -1

We remark that 7, (s, n) is entire.

3A1. Scattering term. We now compute the scattering term ¢ (s, %), which by (3-2)

equals
rd=SeTITAT (25 — 1) i Hy(c) Z 3 (2k)
1 1 2 2k
F(S—i—Z)F(S—Z) =1 = k=2 r mod 2% 2%
(.2)=1
The sum Z factors and for an odd prime p we observe that

(c 2) 1 By if B =0 (mod?2),
Ho(pf) = @(pP) B . ( )
0 otherwise.

Here ¢ is Euler’s ¢-function. Therefore

iHo(pfﬂ 3 i e(p*P) P45 -2)
part pB2s - p2B2s B cP4s—1)
For the prime 2 we note that for £ > 2 we have

Go(xaxs) = Go(xsXye1) = Go(xaxsxyer) =0

Using this, we find

> Y (3

k=2 r mod 2k
X G A9 + 5 Go(xax) o FEGolxsx) + 5 Go(xs Xax )
- Z 2k2s +Z 2k2s
keven kodd
00 1+1¢( k) 274s

2 v\=J
- Z k2s =(1+i ) —(4s=2) "

k even
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It follows that
res—1) (1+i) ¢(ds—2)
Fs+DHMs—1 2% o@s—1)

(P(S, %) — n4l—se—in/4

Using that I'(s + }T)F(s — %r) = ﬁ23/2_2“'f‘(2s — %), this simplifies to

1 E(@s—2)
2T _TE@s—1)°

(3-9)

where £(s) = 7 7%/?T"(s/2)¢ (s) (compare [Iwaniec 1997, p. 247-248]). The other
entries in the scattering matrix ® (s, %) can be computed in a similar way and we

find
Py S\ 12 @D g5 —2)
(s, 1) = (1—2“‘”2) 2% ) (3-10)

14i 25D —p—@s—1) -1
i 2o J -2 E(ds — 1)

As a consistency check we note that a direct computation and the functional equation
for £ show that the scattering matrix verifies (s, %)Cb(l -, %) =1, as predicted
by the general theory.

3B. Eisenstein series of level 2". 'We now consider the group ['g(N), where N =2"
with n > 2. Let x be a Dirichlet character modulo N, and consider the weight %
multiplier system

V() = x@(5)eg" for (ﬁ f,) =y € To(N).

We consider the corresponding Eisenstein series of weight % at the cusp at 0, denoted
by
1
EO,X (Z’ s, E)

Similarly one denotes E , (2, s, %) the corresponding Eisenstein series at the
cusp oo. The Fourier coefficients at infinity of the Eisenstein series at zero has a
simpler 2-factor than the Eisenstein series at infinity. The stabilizer at O is generated
by +y9 and has corresponding scaling matrix og, where

(10 (0 —1/427
W=\ )0 ®=\v2r o )

From the general considerations in the beginning of Section 3 we find that the
nonzero Fourier coefficients at infinity equal

[ d o s—1
3 va(V)e<n_)ﬂse—zn/4wLWn,S_;(4zr|n|y)-

- c2s c 54 ﬁ) In]
I1#yel\oy To(N)/Teo
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After some computations one finds

Woe(¥) [ d\  ix(=1) =~ x(a)H.(a)
Z C2s € <n _> = NS Z 2s

- c a
I#yelao\gy To(N)/ T

a=1
(a,2)=1
_ix(=1)L*2s—3,n.%)
NS O(ds —1)
where in the last equality we have used Lemma 2.2. Using this it is straightforward
to see how Z(s, w, x, x') relates directly to a Rankin—Selberg integral in the case
where {#,} comes from a cusp form. Let y» be a cuspidal Hecke newform of

weight zero, and trivial multiplier for I'o(2) with eigenvalue so(1 — s¢) and Fourier
expansion

. (B-1D

V()= anWO’SO_%@nlnly)e(nx). (3-12)
n#0

Let x be a Dirichlet character mod 8. Consider the twisted Maal} form

VX =) xmbuWy,_1(@xlnly)e(n),
n#0
which is a weight zero cusp form for some I'g(M) and character Xé” for some

M|lem(64, 2%) and 8| M. Let x’ be another Dirichlet character mod 8. Consider
now the Rankin—Selberg integral

1(t/f,x,x/,s,w)=/

RV (V0 X(Z)EO,XOMX’(Z’ w, %)Eoo,xoMx’(Zv 5, %) du(z).
This is the integral studied by Friedberg and Hoffstein [1995, (1.2) p. 388].
Unfolding, using b, = bn/\n||n|_%l‘\n|, (3-11), and L*(s, —n, x) = L*(s. 11, xax)
we arrive at
T, x, x', s, w)
mte iy (1) Kbt L*Cw = L, 1)
T Q)M @Ew 1) 2

G 1 (w)
o |t "
(n,2)=1

me iy (=D [Z (s, w, x. x )G +(w)
+ X (Dbt Z(s, w, X, xax)G-(w)]

= . (3-13)
Q)= IMY g (4w — Do (ds — 1)

where

( ) : / + ( ) ( ) w=l
G w) = W1 1(2 W 1(2 .
+ F(w 411) 0 W=7 y O’SO_Z y)y

Lemma3.1. (Y, x, x', 5 +it, 3 +iu) = O(log(2+ [t)(2 + [u]))).
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Proof. This follows from the Maa3—Selberg relation, and known properties of the
relevant scattering matrix. U

It is tempting to speculate whether the above bound on I (¥, x, x/, %—H t, %—I—i u)
can be used to bound Z(s, w, x, x) through (3-13). What we can prove is the
following:

Denote the expression in the square brackets of (3-13) by I W, x, x'y s, w). We
then find that

[, %, %' s, w) £ T, x5 xax's s, w)
= (Z(s,w, X, XV £ Z(s, w, X, xax NG (w) £ x (=Db_;G_(w)). (3-14)

Lemma 3.2. Assume that v is a cusp form. Then, fors =1 —w = % +it,

p 1
Z(s,w, x, X))+ x(=Db_1Z(s, w, x, xax) = O((L+1D27).  (3-15)
Proof. From (3-14) we see that

Z(s’ w, X, X/) + X(_l)b*lz(sv w, X, X4X/)(G+(w) + G*(w))
= i(‘ﬂ» X X/v s, w) +X(_1)b—11~(w’ X X4X/a s, w)

The claim now follows from Lemmas 3.1 and A.1, combined with Remark A.2. [J

Remark 3.3. We notice that with the restriction above on s, w the conductor
q(t, —t) is of order (1+|¢ 2. So the right-hand side in (3-15) is of order q(t, —t)£+€,
i.e., for the linear combination Z (s, w, x, x)+x(—=Db_1Z(s, w, x, xax') we have
proved the convexity estimate unconditionally. Surprisingly this “soft” method
of using the Maafl—Selberg relations gives much stronger bounds than the harder
method using Heath-Brown’s equation (2-29) and approximate functional equations.
Unfortunately we do not know how to prove this unconditionally for Z (s, w, x, x’)
and Z(s, w, x, xax') separately. The main reason for this is that G (w) — G _(w)
decays much faster than G (w) + G_(w), so using a similar argument on

Z(s,w, x, x) = x(=1Db_1Z(s, w, x, xax')
gives very poor bounds.

If we use (2-19) (i.e., interchange sums) we find, like [Friedberg and Hoffstein
1995, (1.2) p. 389], that I (v, x, x’, s, w) equals

/ L** _ +l, s y
yo LOLTCZWEZ VD (G )+ (- Dby s @G- (w)).

1
(c,2)=1

By taking linear combinations over different x’ we can restrict to ¢ in a specific
residue class, as in the work of [Friedberg and Hoffstein 1995].
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4. Limits of weight % Eisenstein series

We consider separately Maal3 cusp forms and incomplete Eisenstein series, i.e., we
analyze

V(IE(z, 3 +it, HIdu(z),
M\H

where 1 is either a Maal3 cusp form or an incomplete Eisenstein series. Then a
standard approximation argument — see [Luo and Sarnak 1995, p. 217] —implies
the result (1-10).

4A. The cuspidal contribution. Let ¥ be a cuspidal element of a weight zero
Hecke basis for I'g(4) with eigenvalue so(1 — s9) and Fourier expansion

V@ =) bWy, 1(@nlnly)e(nx).
n#0

We will freely use that we can assume that the Fourier coefficients are real.
We want to study

V(IE@z, s, HIPdu)
\H

when NR(s) = % It turns out to be convenient to consider the slightly more general
integral

(s, w) = / V@E@ w, DEG5 Ddu).
I\H
For sufficiently large 9 (s), we can unfold to get

I(s, w) =f Y (REGR w, 5)y du(z). (4-1)
Foo\H

Using the Fourier expansions of ¥ and E(z, w, %), and computing the x-integral,
we find

I(s, w) = / Zb b-n(w, H)Wy, So—l(4”|”|Y)W—ln/\n|,w_%(471|n|y)y5*1 dy_y
n#0
Z b(2¢7f Ir;(ll;i’ %) Wo.50-3 CHOW_ 11—t @9 1 dyy . (4-2)
We consider the series
fwe) )

Za(s, w) = — = ba(ds — Dodw = 1) Z

s—1
+n=1 |I’l|
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By (3-3) we see that

“mL*Qw— 1L, —n, 1
Zi(s. w) = g2(4s—1)zbr2(w ML Cw nD 4

|n|§ w
+n=1

The next proposition reduces many questions about Z4 (s, w) to questions about
Z(s, w, x, x'). Consider the Dirichlet polynomial

T(s,w)i= [ pa(e2 ¢+¥=2)py(e2 C-utd),
ee{£1}
where p>(z) is defined in (2-24).

Proposition 4.1. There exist functions fi(s, w, x, x') bounded in vertical strips
such that

T (s, w)Z(s, w) =Y fuls, w, x, xVZ(s, w, x, x),
X

where the sum is over all pairs of characters mod 8.

Proof. We first assume that ¢ is a newform. Then we have
_1
bn == bn/lnllnl 2l‘|n|7

where {t,},en are the coefficients of L(s, ). We note that if m > 1 is odd then
X(&2'm), = Xmo X Where mq denotes the squarefree part of m for some character x
whose conductor divides 8, namely

(%) if 1 odd,

(%) if [ even.

Notice that x depends only on / mod 2 and the sign . For the same y we have
g(w, m, x)=q(w, £2'm). It follows that L*(s, m, x) = L*(s, £2/m, 1). We write
the summation index n in (4-3) as n = 2'm, where m is odd, and split the sum as

00 00
Z Z + )
=0 +m=1
lodd (m 2) 1 leven (m,2)=1

x(d) = (4-4)

We split the m sum further according tom =1, 3, 5,7 (mod 8), which can be done
by using a linear combination of characters. We then use the explicit formulae for
ro(w, —n) in (3-6), (3-7) and that the Fourier coefficients satisfy the Hecke relations
to see that Z4 (s, w) can be written as a linear combination of Z(s, w, x, x’) with
coefficients being functions bounded on vertical strips multiplied by one of the
following series:
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oo oo

Z 12 Z 1y2j+1
22j(s+w—%) ’ 2(2j+1)(s+w—%) ’

/=0 /=0 (4-5)

oo oo

Z t22juj(2_(2w_1)) Z t22j+1uj(2_(2w_1))

= 22j(s—w+3) = 2 Q2j+D(s—w+3)

We easily see that

172 1 1 Iyi+i 1 1
= ) AL _ _
]2::0 225 pa(27) " p2(=27%) 2::() 2@7+Ds  py(275)  pa(—=279)

We see also that, using (3-8),

itzzjuj(x)_ X2 ( LSS S SR )
— 22 212\ pa27)  pa(=27%)  pa(x27%)  pa(=x27%) )

j=0
which has no poles coming out of x> — 1 in the denominator. Similarly, we see that

itzzjﬂuj(x)_ x? ( 1 _1( o ))
2@ T 21—\ 227 pa(=27) x \pa(x27%)  pa(=x27%)))

Jj=0

We substitute in the last four equations s + w — % ors—w+ % for s as required and

x = 272~ o identify the possible polynomials that appear in the denominators.
These have product T (s, w). We now notice that multiplying any of the 4 functions
in (4-5) by T (s, w) we get holomorphic functions bounded on vertical strips, which
proves the claim.

If ¢ is an oldform with, say, ¢ = ¥, (27z7) with Y1 a primitive form, and j =1, 2,
then the series in (4-2) becomes

3 b (Y1) p—2in(w, 5)

—
w0 (ml2/nly
which by the explicit expression for ¢, (w, %) can be analyzed similarly to the
newform case. U

Remark 4.2. In Theorem 4.3 below, we need to study Zi(% + it, % —it). For
N(s) =R(w) = % we notice that by (2-25) we have 1/T (s, w) = O(1).

Theorem 4.3. Assume that for any y, x' mod 8 the function Z(s,1 —s, x, x')
satisfies a subconvex bound. Then

V@IE(z, L +it, HIPduz) -0 as |t] — oo.
r\H
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Proof. By Proposition 4.1, a subconvex bound with saving § translates into a
bound Zi(s, 1 —s) = O(|7[*3~9) when 9%i(s) = 1. Combining this with the
bound in Lemma A.1, the estimate 1/¢(1 4+ it) = O(log|t|) [Titchmarsh 1986,
Equation 3.11.8], and the identity (4-2) we see that I (s, | —s) = O(|¢]*G=9=2+¢)

for any & > 0 when R(s) = % Since

I(3+it, s —it) = Y ()IE(z, 3 —it, %)Izdu(z),
\H

we find that, When8>0,l(%+it,%—it)—>0as [t] — oo. O

Remark 4.4. In the proof above we see that the trivial bound from Theorem 2.17
only gives O (|¢t|2+%).

4B. The incomplete Eisenstein series contribution. In the following we choose a
fundamental domain of I such that

3
B =ByU|_Jou, 2",
j=1

where &Y = {x+iy:0<x <1,y >Y}, Y sufficiently large, %y is a suitable
compact set and, as before, o,; denotes the scaling matrix of the cusp a;.

In order to introduce the incomplete Eisenstein series, let #(y) € C®(R") be a
function which decreases rapidly at O and co, and whose derivatives are also of
rapid decay. Its Mellin transform evaluated at —s is

H(s) = f hyy— 2 (4-6)
0 y
and thus by the Mellin inversion formula we have
1
h(y) = — H(s)y'ds 4-7)
2mi Ns=a

for any a € R. The function H (s) is entire and H (a + it) is in the Schwartz space
in the ¢ variable for any a € R. The incomplete Eisenstein series corresponding to
the cusp a is then given by

~ — 1
Fiza)= Y h(So;'yd)=5— / H(s)Ea(z,5,00ds.  (4-8)
yela\l Ns=a>1

For i =1, 2, 3 we are interested in the behavior of
It a) =/ Fiz. a)|EG. Y +it, H2du@) as ] — oo,
r\H

In the following we only treat the contribution from the cusp at infinity, but the
other contributions can be dealt with similarly. Unfolding the incomplete Eisenstein
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series we find
J(z, 00) =/ Fp(z, 00)du(z) = Ji (¢, 00) + Jo (2, 00)
r\H
with

2d
P2 (4-9)

(1, 50) :=/0 ROy 4 p (i, Ly

o ) 2 2 dy
Ja(t, 00) 1=/ h(y)2|¢n(%+lt, D Wiy, i @ Inly)| —-  (4-10)
0 120 y
The integral Ji (¢, oo) is easily dealt with. Namely, we obtain
Ji(t, 00)
: > dy , *© i dy
= (1416 (L +ir. §>|2)/ ho) 2 oL+t %)/ h(y)y 2t 2
0 y 0 y
ol tin ) / h(y)y¥t 2
0 y
=(1+1p(G+it, DPVHO) + ¢ (5 +it, HDHQit) + ¢ +it, D H(-2it)
=0(1). (4-11)

For the integral J>(¢, 0c0) we find, using the rapid decay of the Whittaker function
and the Mellin inversion formula,

Jz(r,oo)zi./ H(SR(|E(z, 5 +it, DI, s)ds, (4-12)
2700 Jgi=a>1
where -
2 o dy
Ri(IEG w, DI s) =D lgu(w, %)F/ W, apapyw—t Gl ) [y* ™! N
0
n#0

| (w, 3)I? foo 2 oy dy
= - W, am w_7(2y) Yy —. (4-13)
nZ;é() (27'r|n|)“—1 o } /@n)),w—}% ‘ y

In order to analyze the asymptotic behavior of J,(¢, o0) we need to understand
the function R; ( |E(z, w, %)Iz, s). There are (at least) two ways to do this: to use
properties of the double Dirichlet series we defined in Section 2, or to use Zagier’s
theory of the Rankin—Selberg method for functions that are not of rapid decay but
satisfy a certain mild growth condition. We will actually use a combination of
these two techniques. We want to shift the line of integration in (4-12) to 9i(s) = %
For this we need to identify the poles, estimate them, see what the contribution
of fmm:% H(s)Ri(IE(z, w, $)[%,5) is to the asymptotics. For the first and third
aspect we use the Rankin—Selberg approach and for the second aspect the multiple
Dirichlet approach works best.
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We first describe why double Dirichlet series techniques apply. The growth of
the Mellin transform of the absolute value of the Whittaker function is analyzed in

Lemma A.5. By combining (3-3), (3-6), and (3-7) we see that ¢, (0, 3) = ¢, (w, 7).
This shows that when fi(w) = % we have

|bn(w, DI = du(w, 3)¢u(1 = w, 7).
The right-hand side has the advantage of being meromorphic in w. We define

Fw+pld—w+y) i bu(w, 5)pa(1 —w, 3)
| |n|s—l

Zi(s, w) =

i ’
+n=1

which by (3-3) equals
1
o@w—Do@A(0 -—w)—1)

CL*Qw—1i. 0, DL*QU1 —w) =1, n,1
x ( z LT )2 )rg(w,n)rz(l—w,n).

In|®
+n=1

We now show that ZE (s, w) is directly related to the function 2(s, w, x, x') defined
in (2-40). Let

U(S, w) — (1 _ 2—(4w—1))(1 _ 2—2S)(1 _ 2—(4w—2+2s))(1 _ 2—(—4w+2+2S)).

Proposition 4.5. There exist functions fAi,K (s, w, x, x') bounded in vertical strips
such that

Low-1
U(s, w)Z+(s, w) = 1 . 3 _ rdew—14+i)

Léw-DH@(1-w)—1) £ T(32(01—w)—5+k))

o (sH2w—1 s—2w+3
XZfi,K(s,w,x,x/)Z< > Z,X,x/)-

XX

Proof. As in the proof of Proposition 4.1 we write 7 = 2/m and split into sums over
[ even, odd respectively. We then split the m sum according to the residue class
mod 8 which is a linear combination over characters mod 8. Inserting the explicit
formulae for r»(w, n), (3-6), (3-7) we are led to consider the series

D uu;mzd, D uinzd, Y e
j=0 j=0 Jj=0

with x, y, z being appropriate powers of 2. Since these are all sums of geomet-
ric series — see (3-8) — they are explicitly computable and after multiplying by
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(1 =272 (1 — 2~ Gw=2429)) (] — 2~ (=4w+2+25)) they become Dirichlet polynomials
in powers of 2, hence holomorphic and bounded in vertical strips. Therefore

(1 _ 2—25)(1 _ 2—(4w—2+2s))(1 _ 2—(—4w+2+25))2i(s’ U))
=Y fals,w, x, XHZ(s, w, x, X,

XX
where
Z(s,w, x, x")
B 1 i X' ML*Qw—3,n, X)L* Q1 —w)—3.n, x)
T o@w—-DoGAE0—-w)—1) ns

n=1

and f; (s, w, x, x') are bounded in vertical strips. Using the functional equation
on L*(2(1 —w) — %, n, x) we see —as in the proof of Theorem 2.11 — that

00 / * 1 * 1
o (w—1) X' (ML*Qw—3,n, x)L*2(1 —w) — 5.1, )
(I =277 El o
n=

B Z FGQw—1+k))
N F(GQ1—w) = § +x))

kef0,1}

Zfl((x’ y’ Xv X/)i(sa 'UJ, X! X/),
xx'

where f «(x, v, x, x') is another set of functions bounded in vertical strips and
o0 / * 1 2
= N X (n)L (2w_§,n,X)
Z(S’ W, X X ) - Z ns—2w+l .

n=1

Combining the above equations and comparing with (2-40) finishes the proof. [J

The above lemma implies that many questions about R; ( |E(z, w, %)lz, s) can
be dealt with using Z(s, w, x, x'). We now describe a different method for
understanding R; (|E (z, w, %)lz, s), namely Zagier’s Rankin—Selberg method for
functions not of rapid decay. This method was introduced by Zagier [1981] for
the group SL,(Z) and generalized by Kudla (unpublished), Dutta Gupta [1997],
and Mizuno [2005]. Its usefulness for determining the contribution of the in-
complete Eisenstein series to the asymptotics can already be seen in [Zelditch
1991]. We introduce the generalized Rankin—Selberg transform, following [Zagier
1981] and [Mizuno 2005]. We write ¢;;(y, s, k) = 8;;y° + ¢i; (s, k)yl_s for the
zero Fourier coefficient of Eq,(z, s, k) at a; and we denote the scattering matrix
by ®(s,k) = (¢;;j(s,k)). We note that for I'y(4) the matrix ®(s,0) is 3 x 3
whereas @ (s, %) is 2 x 2. For the weight 0 Eisenstein series we use the notation
Ei(z,5,0) = Eq(z,s,0).
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Theorem 4.6 [Mizuno 2005, Theorem 2]. Let F be a continuous functions on H
that is T'-invariant and satisfies, fori =1, 2, 3,
F(04,2) =¥i(»)+0(™") forall N asy — oo,

where ;

Wi(y)zz%yaijlognijy, ni; e NU{0}, i=1,2,3.
j=1"1

For such a function F the Rankin—Selberg transform R;(F, s) corresponding to the
cusp a;,i =1, 2, 3, is defined by

oo rl
Ri(F,s) :=/ / (F(oq,2) = ¥i(»))y* du(2),
0 0
for Ns sufficiently large. Then we have

R;(F, S)=/ F(2)Ei(z,s5,0)du(z)
Do

3
+Z éy (F(O'ajZ)Ei<O'ajZ, s, 0) _wj (y)eij(y, S, O)) d,U«(Z)
j=1

3 00 Y
+Y_ ij(s,0) /Y vy~ dy— /0 vi(y)y' 2 dy

j=1

:/ F(2)Ei(z,5,0)du(z)
Do

3
+Z /@Y (F(04;2)Ei (04,2, 8, 0)—¥;(V)eij(y,5,0)) du(z)
j=1

3
=Y ¢ii(s, 09 (1 =5, ¥) = s, ¥),
ot (4-14)
where n
S (=Drimmysta=logh y

m! (s 4o — Drmmtl

Furthermore, for eachi = 1,2, 3, the function R;(F, s) can be meromorphically
continued to C and we have the functional equation

R(F,s):="(R|(F,s), Ro(F,s), R3(F,s)) = ®(s, OR(F, 1 — ).

We want to move the line of integration in (4-12) to 9i(s) = % and Theorem 4.6
plays a major role, as it allows to identify the relevant poles and to calculate the
corresponding residues. By the above theorem, in particular by (4-14), we infer
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Ri(IEz, S +it, D2, s)

|E(z, L+it, DPE (2, 5,0)dpu(z) — (s, Y)
Do

3
+y /@ (1E(0q,z. 5 +it. )P E1(og,2.5.0) =¥ (9er (3. 5. 0)) du(z),  (4-15)
j=1

where

1—s

V(5. Y) =91 (s. V)+é (s, 0)ﬁ<1—s, Y)+Y ~p12(s, 0>|¢12<§+n, L,

¢11(2+zt, s

P16, V) =1 (1l e, HP) + ¢11( +n,2)+

Vi(y) = |51jy%+it+¢lj(%+it’ Q)yf_i
Y3(y) =

Thus we easily see that we pick up residues at s =1 and s = 1£2it when we shift the
line of integration. The pole at s = 1 is responsible for the contribution of the log |#|
term in (1-10), as we will see. We therefore examine H (s)R;(|E(z, 5 +it, $)[%,s)
at s = 1. In order to determine the order of the pole at s = 1 and its residue we use
the Laurent expansion of H (s) and R (IE (z, % +it, %)Iz, s). The first two terms
of (4-15) are easily understood because of the Eisenstein series, which has simple
poles at s = 1 and no other poles in N(s) > % In order to treat the last term of

(4-15) we write yl-s

2, j=1,2,

1
= i1 +logY + O(s — 1)),

(5,0) = —— ! +by +0(s —1)).
¢1]s7 TVH])_ (Is |

1—ys

These expansions and the fact that the scattering matrix @ (s, %) = (¢ (s, %)) 1<i,j<2
is unitary for N(s) = % (see [Roelcke 1966, Lemma 10.5]) yield

V(s 7)
1 - 1 s 142 1
= s (X

2
L _log¥
+(<1+;|¢1,(2+n )|) ST
—(L+1pu (3 +it, HI)bg' — o2 +it, Dby

1 onG+in, DY — g 4ir, Hy -2 Lo
vol(I"\H) 2it s
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B 2 1
"~ vol(T\H) (s — 1)2

2logY . .
+ (— —(L+lpu G +it, HIP)by' — g2 +it, H)Iby*

vol(I'\H)
1 ouG+it, HY —pnGG+ir, HY 2\ 1 Lo
vol(I"\H) 2it s—1 ’

Consequently we see that R (| E(z, % +ir, %)|2, s) has a pole of order 2 in s = 1.
Furthermore,

res H)RI(|EG. 3 +it. I s)
s=

(—ZIOgY—i- |E(Z,%+it, %)|2du(z)
Do

1
- (W
3
+ Z /QDYUE(%,Z, 1+it, %)|2 — () du(z)
j=1

_ ¢11(% +it, %)Yzit —Q’)“(% +it, %)Y—Zit
2it
H'(1)

2
. 1j
o Y I (it %)Fboj)H(l) Yol (T\H)

j=1

1 _—
- ( Vol(F\[H]) Z¢1J (2 +it, 2)¢1,(2 +it, 2)

; 2H'(1)
11 1o 1y2p 1)
i(5+it,5)|by’ |H(1) + ————, (4-16
0 +; 6155 +it, )1y ) W+ Sy @19
where we used the Maal—Selberg relations (see [Roelcke 1966, Lemma 11.2], for
example). For the remaining poles at s = 1 4= 2i¢ we obtain

res HEORI(EG, S+it, PP s) = H(A+2i0¢11(142it, 0)¢11 (5 +it, 3),
S= it

and this expression is of rapid decay as [t| — oo. This follows from the following
general facts: the entries of the scattering matrix of weight zero are uniformly
bounded for 9(s) > %, |3(s)] = 1 (see [Selberg 1989, p. 655], for example),
d11 (% +it, %) is bounded since CD(% +it, k) is unitary, and we have the rapid decay
of H(1+2it). The same bound holds for the residue of H (s)R; (| E(z, 3+it, $)[%, s)
at s = 1 —2it. We now want to shift the line of integration in (4-12). To do this we
need to control the growth of the R; (IE (z, % +it, %)IZ, s) as well as knowing the
residues.
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Lemma4.7. Let F(z) = |E;(z, 5 +it, 3)| The function Ry(F (z), o +iv) is of at
most polynomial growth as |v| — oo for o > %

Proof. In order to avoid the poles of the Eisenstein series coming from the zeros
of the zeta function in the critical strip we work with R (F, s) := ¢ (2s)R;(F, s),
i =1,2,3. Then the function R} (F, s) has only finitely many poles in the strip
0 <9N(s) < 1. The estimates for the Eisenstein series and the scattering matrix
imply that
R} (F,s)=0(1)

as |J(s)| = oo for N(s) > 1,7 =1, 2, 3. Using the functional equation as well as
explicit expressions for ¢y (s, 0) we then get

e L2 \ PO
Rl(F,s>—mj§¢1,<s,0)R,-<F,1—s>—0<|~s(s>| )

as |J(s)] = oo for o = N(s) < 0,i =1,2,3. Thus by the Phragmén—Lindelof
principle we finally obtain that

Ri(F,o +iv)=0(v|") as |v] > oo, az%, for some k € N. O

Now that polynomial growth has been established it follows from (4-16) that

2
1)’
.00 = (- our\H)Z i Doy G i D 45!

H'(1
+Z|¢1,-(%+n b b“)H(1>+ 0
j=1
1
+— HOR(IE@ S +it, D2 s)ds+0(1). (4-17)
2mi Wts——

In Section 3 we saw that, up to constants and fractions of polynomials in powers of
2, the entries of the scattering matrix are equal to §(3 — 4s)/&(4s — 1); see (3-10).
Hence, in order to determine the asymptotic behavior of the first term in (4-17)
with respect to the ¢-variable, we need to understand the logarithmic derivative of
EB—4s)/é@s —1) ats = % +it. The contribution from the remaining terms is
O(1). We have
( EG3— 4s)>
log
§(4 -/ l=

/ /

r ) I .
=4logw —ZF(% —2zt) —ZF(%—FZU)

I+it
4 é:/(1 4it) ! +§/(1+4't)+ !
e 4it ¢ 4it
= —4log |t| + o(log|z])
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by Stirling’s formula and [Titchmarsh 1986, Theorem 5.17]. Since ®(s, %) is
unitary for s = %
_4H(1)

~ vol(T'\H)

, we finally arrive at

Jr(t, 00) log|t|+—l : H($)Ri (|E(z, +it, 1|2, s) ds+o(log 1))
27 | 2 2
9?5:7

(4-18)
as |t| = oo. To treat the last integral we use again the connection to double Dirichlet
series.

Lemma 4.8. Assume that for any x, x' mod 8 the function Zy (s, 1 —s, x, x')
satisfies a subconvex bound with saving § > 0. Then, as |t| — 00,

L_ HR(IE@ 3 +it, D% s)ds = o(1).
2mi ms:%

Proof. We find, by (4-13), Proposition 4.5 combined with U (s, w)~' = O(1)
when N(s) = R(w) = % Lemma 2.22, Stirling’s formula, Lemma A.5 and, finally,
1/¢(1+it) = O(log|t|), that

Ri(IE@ S +it, HI% L +iu)
= O(lt|" 2 max| Zy, A +iGu+20), L +iw—20), x, x)])-
xx
Subconvexity implies that the max is

1_
O(((1 4 lu 42 (1 +Ju — 26 (1 +2Ju)?)* ).
Using the rapid decay of H (s) we finally obtain that
J3(t, 00) = O ([t 77411 2G) = o(1). 0

Remark 4.9. In the above proof we see that, as in the cuspidal case, the trivial
bound from Theorem 2.17 only gives 0(|t|%+€ ). However, for a compact set A the
MaaB-Selberg relations easily yield

f |E(z, § +it, H)I*du(z) = O(logt).
A

To summarize, we have proved:
Theorem 4.10. Assume that for any x, x' mod 8 the function Z(s, 1 —s, x, x')
satisfies a subconvex bound. Then, as |t| — 00,

/ Fr(2)|Eso(z, 3 +it, DIPdu(z) = H (1) log|t| + o(log|t]).
C\H

_ 4
vol(I'\H)

The asymptotics (1-10) and hence Theorem 1.6 now follow from Theorems 4.3
and 4.10 by an approximation argument as in [Luo and Sarnak 1995, p. 217].
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Appendix: Mellin transforms of products of Whittaker functions

In this appendix we prove various bounds on Mellin transforms of products of
Whittaker functions that we have not been able to find in the literature in the
generality needed.

Lemma A.l. Let p € {+1}. Fors = % +it, w=1—s, and s¢ fixed, we have the
bound

;/MW W0 1O Y =0+ 1))
F(w+p/4) 0 0,50—5 y p/4w—3 y)y y

as |t| — oc.

Remark A.2. The estimate in Lemma A.1 cannot be improved, as the proof below
shows that the estimate can be turned into an asymptotic rate of decay of the same
order.

Proof. Using [Gradshteyn and Ryzhik 2007, 7.611 7., p. 821] we obtain

= s—1 dy
A Wo.so- 1 OIW, 401 ()Y -

_T4+w—s)l'(s+w+so— DI'(1 —2w)
- I'd—p/4—w)l(s+w)
X 3F2<s+w—so,s+w—|—so—1,w—§;2w,s+w; 1)
F's—w4+sg)l's—w—so+HI'Qw —1)
'w—p/Hl'(s—w+1)
X3F2<s—w+so,s—w—s0+1,1—%—w;2—2w,s—w+1; 1), (A-1)

if | (so— %)| + N (w — %)| < 5. The generalized hypergeometric series that appear
in (A-1) converge for s < 14 p/4. We now set s = %+it and w = % —it and get

> 1% w . s—1 dy
A 0.50- L NWpja—is(¥)y S

I'(1 — s0)(s0)T (2t
- [0 =50l Go) (’)3F2(1—s0,s0,1—£—ir;1—2iz,1;1)
LG —4+inrd)

2 4
L Do +2inT (=50 +2iNT (=2it)
I'(3—2—inHl(1+2ir)

x 3F2<s0—|—2it, 1 — s+ 2it. % = L opin; 142n, 14 2i; 1).
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Using [Bailey 1964, p. 18], we infer that (see also [Jakobson 1994, (2.9), p. 1491])

3F2<s0+2it, 1— s+ 2t % —§+it; 142it, 1+ 2it: 1)

A+ 2 —inra +2it
= (2 14 )( )3F2<———+ll‘1 S(),S();1+2il‘,1;1>,
LG+ £ +inr(1)

2 4

and thus

/ Wo syt IWpsa sy~ 2
0

_ T =59 (s9)T"(2it)
- TG-f+in
T(so +2it)['(1 — 5o+ 2it) [ (=2it)['(§ + & — it)
FG—2—inrG+2+in

3F2<1—So,So,%—%—it; 1—2it,1; 1)

X3F2<1—s0,s0,1 P it 142011 1) (A-2)

2 4
We want to understand the asymptotic behavior of the hypergeometric series ap-
pearing in (A-2). Since R(s) =5 <1+ 2 7 these converge absolutely. Moreover,

the only difference between the two series is the sign of iz, so that it suffices to
treat the first series. The treatment of the second hypergeometric series appearing
in (A-2) is similar. Using the series representation for 3 F, we see that

0 1 p .

1 p .. o e G0 (L =50)n (5 — 5 —it)n 1

3F2<so, L=s0. 5 — B —irs1 =20, 1; 1) — EO: s, .
n=

(A-3)
In order to determine its asymptotic behavior as |t| — oo we want to interchange
the summation with the limit, i.e., we want to take the limit |¢| — oo in each term
of the series separately. For this, let € € (0; %) be sufficiently small and rewrite the
terms appearing in (A-3) as

(50)n (1 — SO)n( —it),
(D, (1— Zlf)n

For 0 <[/ <n we have

(SO)n(l —50)n
ey

(43 —§ =it
(D (1 —2lt)n '

A+1+e)+5—L2—it)|?
(I+1)(I+1=2it)

Since 2(/+1) >+ 1+ € and

(P+G-2+ol+(+a(t-8) +t2(l+1+6)2
B (414 +412(1+1)?

0=P+(3-Lre)i+a+o(3-L) <+, (A-4)
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this implies that

(s0)n (1 — sO)n(z —it)y
(Dn(1 - 2lf)n

for all n > 0. Furthermore, the hypergeometric series

(SO)n(l - sO)n
(1+e),

o0
(50)n(1 —s0)n 1
Fi(so,1—s0;14€;1)= -
2F1(s0 0 ) Z (+o. n
n=0
converges absolutely and therefore, by the theorem of majorized convergence, we
finally obtain
lim 3F2<s0, 1 — s, 1_p —it; 1 —=2it,1; 1) =,F] (so, 1 —s0; 1; l)
|t|—o00 2 4 2
Thus only the Gamma factors appearing in (A-2) determine the asymptotic behavior,
and using Stirling’s formula we see that

°° oyl Y (o) _my
Wo,sofé()’) Wya—ir(y)y y (|t| e )
0

as |t| — oo. This implies the desired bound. O

Lemma A.3. Let p € {1}. We have

3F2(% + % —it, % +iu, % —iu; 1,1 —2it; 1) & el |y 7%
as |u| — oo, where the implied constant does not depend on t. Furthermore, there
exists a constant C independent of t such that

+£_t7 9

S+ L -1,1—2n;1>§c.

11
F ( :
312 33
Proof. Since N(2 — 2it — (1 + % — it)) > 0, the hypergeometric series
the hypergeometric series we have

— 2it; 1) converges. By the definition of

[ee] 1 p .
1— s+ —it
sBa(y+ 2 —ins 1-si1,1-2i51) =14 Y =) (34 4 — i)
2 4 — (1),,m! (1—=2it),,
with s = % + iu. We now determine the behavior of the series as |u| — co. We use
the same argumentation that was already useful in the proof of Lemma A.1. We
write

(= G+ =i (=) G+ 5 =iDn(1+6)n

D! A =2i)m A+ )mm!  (Dp(l = 2it), (A-5)
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with € > 0 sufficiently small. As before the second factor on the right-hand side
can be bounded in norm by 1, and it is straightforward to see that the first factor is
real and positive, so

‘3F2(% %—it,s, 1—s: 1, 1—2i: 1)’ <, Fi(s.1—s:14€: 1)

The last hypergeometric function equals (see [Bailey 1964, (1), p. 2])

C(14+¢€)(e)
F(3+e+in)l(5+e—iu)

and the first statement now follows from Stirling’s formula. The second statement
follows from plugging u = 0 in the above argument. U

Remark A.4. A similar bound is given in [Jakobson 1994], Claim 3.4, p. 1499.
Lemma A.5. Let p € {1}. Foru,t € R we have

1
IT(3+2+it)]?

1 2dy 1
f y Wy = 0+ 1)
0

as |t| — oo. The implied constant is uniform in u.

Proof. Set
1y 2 dy
Iy (u) i=/ Yy I W a0 ()| 3
0

Since |1, ,(u)| < I,,+(0), we assume that u = 0. By [Gradshteyn and Ryzhik 2007,
Formula 7.611 7., p. 821] we get

1,,.+(0)
rd—2inrdreir

= GTANTT @ x 3> (3=2it, 12— L—ir 1201, 1-Lir; 1)
F(3—2+inT(1-£—ir) 2 2°2 4 4

I(3+2i)[ (3 (-2it) 5 3F2(1

Loir 2 L P i 1420 1= Loir 1).
I(3—2—inT (1-5+it) 4 4

11
2 2’2
It suffices to consider the first term since the second term differs from the first one
only by the sign of ¢. Using the transformation formulae of [Bailey 1964, p. 18], as

in the proof of Lemma A.1 we see that

1 5 1L _p_ _ P >
3F2<2 2lt,2,2 1 it; 1—-2it, 1 1 it: 1
gt 1y
o F(%_%—l[) 3 2<§+Z_lt’§»§’1,1_21t,1).
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By the second part of Lemma A.3 the hypergeometric series is bounded and we
find — by bounding all the Gamma functions using Stirling — that

ra-4—it (3 —2it)T (2it ,
|1,,,t(0)|=0( L )zo(e—ﬂ|r|t|—£+’z)
FG-—42—inTG-E+inT(1— & —ir)
as |t| — oo, which gives the result. O
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Monodromy and local-global compatibility
for | = p

Ana Caraiani

We strengthen the compatibility between local and global Langlands correspon-
dences for GL, when 7 is even and [ = p. Let L be a CM field and IT a
cuspidal automorphic representation of GL, (A7) which is conjugate self-dual
and regular algebraic. In this case, there is an /-adic Galois representation
associated to IT, which is known to be compatible with local Langlands in almost
all cases when / = p by recent work of Barnet-Lamb, Gee, Geraghty and Taylor.
The compatibility was proved only up to semisimplification unless IT has Shin-
regular weight. We extend the compatibility to Frobenius semisimplification in
all cases by identifying the monodromy operator on the global side. To achieve
this, we derive a generalization of Mokrane’s weight spectral sequence for log
crystalline cohomology.
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1. Introduction

This paper is a continuation of [Caraiani 2012]. Here we extend our local-global
compatibility result to the case [ = p.

Theorem 1.1. Let n € Z=, be an integer and L be a CM field with complex
conjugation c. Let | be a prime of Q and t; : Q; — C be an isomorphism. Let T1 be
a cuspidal automorphic representation of GL, (Ar) satisfying

e [IV~Tloc,
Partially supported by NSF Postdoctoral Fellowship DMS-1204465.
MSC2010: primary 11F80; secondary 11G18, 11R39.

Keywords: Galois representations, automorphic forms, local-global compatibility, monodromy
operator, crystalline cohomology.

1597


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2014.8-7
http://dx.doi.org/10.2140/ant.2014.8.1597

1598 Ana Caraiani

e IT is cohomological for some irreducible algebraic representation E of

GLn(L ®¢ C).

Let
R;(IT) : Gal(L/L) — GL,(Q;)

be the Galois representation associated to I1 by [Shin 2011; Chenevier and Harris
2013]). Let y be a place of L above l. Then we have the isomorphism of Weil—
Deligne representations

WD(R,(T1) |c,a](1jy/Ly))F_SS = ll_lgn,Ly (ITy).

Here &y, 1, (I1y) is the image of IT, under the local Langlands correspondence,
using the geometric normalization; i.e., £y, 1, (I1y) := rec(H;,’ ® | det |l%n), where
rec is the local Langlands correspondence compatible with L- and e-factors (see
the introduction to [Harris and Taylor 2001] for more details). WD(r) is the Weil—
Deligne representation attached to a de Rham /-adic representation r of the absolute
Galois group of an /-adic field; F-ss denotes Frobenius semisimplification. Note
that we are assuming throughout that n > 2. The local-global compatibility of
Langlands correspondences for GL; follows from the compatibility between local
and global class field theory.

This theorem is proved in [Barnet-Lamb et al. 2012; Barnet-Lamb et al. 2011]
in the case when IT has Shin-regular weight (either n is odd or if 7 is even then IT
satisfies an additional regularity condition) and in general up to semisimplification.
The strategy for obtaining the local-global compatibility of monodromy operators
in these cases is to make use of the fact that the /-adic Galois representation
associated to IT occurs in the cohomology of certain very special unitary Shimura
varieties. These are associated to unitary similitude groups with signature (1,7 —1)
(respectively, (1,n) if n is even) at exactly one infinite place and signature (0, n)
(respectively, (0,7 + 1)) at all the other infinite places. The problem can be
reduced to the case when ITy, has an Iwahori-fixed vector, in which case one has
to compute the crystalline cohomology of a compact Shimura variety which is
strictly semistable. This computation makes use of the weight spectral sequence
for crystalline cohomology due to Mokrane [1993], which is shown to degenerate
at the first page. We remark that the /-adic Galois representation associated to IT
is only known to occur in the cohomology of a proper, smooth variety in the case
when IT has Shin-regular weight.

Our goal in this paper is to match up the monodromy operators in the case when
n is even and I1 does not necessarily have Shin-regular weight. Following the
conventions of [Taylor and Yoshida 2007], we call a Weil-Deligne representation
pure of weight k if it admits a weight filtration, with all the weights in k + Z, such
that the (iterated) monodromy operator induces an isomorphism of the (k +i)-th
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and (k —1i)-th graded pieces for all positive integers i. By Lemma 1.4 (4) of [Taylor
and Yoshida 2007], given a semisimple representation of the Weil group of some
[-adic field, there is at most one way to choose the monodromy operator such that
the resulting Weil-Deligne representation is pure of some weight. By Theorem 1.2
of [Caraiani 2012], ITy is tempered, so we know that Ll_lfli,,,Ly (ITy) is pure of
some weight.

By Theorem A of [Barnet-Lamb et al. 2011], we also know that we have an
isomorphism up to semisimplification:

WD(R, (1_1)|Gal(1jy/Ly))SS = ll_lecgn,Ly (Hy)ss-

We note that Theorem A of [Barnet-Lamb et al. 2011] is stated for an imaginary
CM field F. For our CM field L we proceed as on pages 230-231 of [Harris and
Taylor 2001] to find a quadratic extension F/ L which is an imaginary CM field, in
which y = y’y” splits, such that

[Ri (D)l gz )] = (R (BCry (D).

This together with Theorem A of [Barnet-Lamb et al. 2011] gives the compatibility
up to semisimplification for the place y of L. Therefore, in order to complete the
proof of Theorem 1.1, it suffices to show that W := WD(RI(I'I)Gal(zy/Ly))F'SS is
pure of some weight when n is even. From now on we will let n € Z-, be an even
integer.

Our argument will follow the same general lines as that of [Taylor and Yoshida
2007], which is also the strategy followed by [Barnet-Lamb et al. 2012; Barnet-
Lamb et al. 2011]. We reduce the problem to the case when IT, has an Iwahori-fixed
vector. In this case, we find not W itself, but rather the tensor square of W in
the log crystalline cohomology of a compact Shimura variety with Iwahori-level
structure, and finally compute a part of this cohomology explicitly. For the last
step, however, we can not make use of the Mokrane spectral sequence, since our
Iwahori-level Shimura variety is no longer semistable, but rather Zariski-locally
étale over a product of strictly semistable schemes. Therefore, we need to derive
a formula for the log crystalline cohomology of the special fiber of this Shimura
variety in terms of the crystalline cohomology of closed Newton polygon strata
in the special fiber. Deriving this formula constitutes the heart of this paper; we
obtain it in the form of a generalization of the Mokrane spectral sequence or as a
crystalline analogue of Corollary 4.28 of [Caraiani 2012].

We briefly outline the structure of our paper. In Section 2 we reduce to the
case where IT has an Iwahori-fixed vector, we define an inverse system of compact
Shimura varieties associated to a unitary group and we show that the crystalline
cohomology of the Iwahori-level Shimura variety realizes the tensor square of W'.
The Shimura varieties we work with are the same as those studied in [Caraiani 2012],
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so in Section 2 we also recall the main results from [Caraiani 2012] concerning
them. In Section 3 we recall and adapt to our situation some standard results from
the theory of log crystalline cohomology and the de Rham—Witt complex; we define
and study some slight generalizations of the logarithmic de Rham—Witt complex.
In Section 4 we generalize the Mokrane spectral sequence to our geometric setting.
The main technical result is Theorem 4.6. In Section 5 we prove Theorem 1.1.

2. Shimura varieties

Let L, IT, R;(IT) and y be as described in the introduction. Below, we show that we
can understand the Weil-Deligne representation W = WD(R; (H)Gal( L,/ Ly))F'SS
by computing a part of the crystalline cohomology of an inverse system of Shimura
varieties. In the first part we closely follow Sections 2 and 7 of [Caraiani 2012] and
afterwards we use some results from Section 5 of the same work.

We claim first that we can reduce the problem to the case when IT has Iwahori-
fixed vectors at y, and we can also put ourselves in a situation where the base change
from unitary groups to GL;, is well understood. This means that we can reduce the
problem to understanding the cohomology of certain Iwahori-level unitary Shimura
varieties. More precisely, we can find a CM field extension F’ of L such that:

e F' = EF;, where E is an imaginary quadratic field in which [ splits and
Fy = (F')°=! has [F; : Q] > 2;
e F’is soluble and Galois over L;
. H(I),, :=BCp//(IT) is a cuspidal automorphic representation of GL, (Ag-);
and
e there is a place p above the place y of L such that H(},, i has a nonzero
Iwahori-fixed vector;
and a CM field F which is a quadratic extension of F’, such that:
* p=p1py splitsin F;
» Ramp/q URamq(IT) C Splg,F, o, Where F 1= (F)=1; and
e 1% = BCp/Fp/(11%,) is a cuspidal automorphic representation of GL (Af).
We can find F and F’ as in the proof of Corollary 5.9 of [Caraiani 2012]. Since

purity is preserved under finite extensions by Lemma 1.4 of [Taylor and Yoshida
2007], to show that W is pure it suffices to show that

L 0 . F-ss
WF’ e WD(R] (HF/)|Gal(F//F/))
is pure. Note that in this new situation IT19 Fop has a nonzero Iwahori-fixed vector.
We can define an algebraic group G over QQ and an inverse system of Shimura

varieties over F’ corresponding to a PEL Shimura datum (F, %, V, (-,-), h). Here
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F is the CM field defined above and * = c¢ is the involution corresponding to
complex conjugation. We take V' to be the F-vector space F”. The pairing

(+,-):VxV—->0Q

is a nondegenerate Hermitian pairing such that ( fvy,v2) = (v1, f*v,) for all
f € F and v, vy € V. The last element we need is an R-algebra homomorphism
h:C — Endfr (V) ®qg R such that the bilinear pairing

(v1,v2) = (v1, h(i)v2)
is symmetric and positive definite. We define the algebraic group G over Q by
G(R) = {(g. 1) € Endre.r(V ®a R)™ x R* | (gv1,gv2) = A(v1, v2)

for any QQ-algebra R.

We choose embeddings t; : F < C such that 1, = 7] o0, where ¢ is an element
of Gal(F/F’) which takes p; to p2. For 0 € Homg ., (F,C) we let (ps, o) be
the signature at o of the pairing (-,-) on V ®qR. In particular, 7g :=11|g = 2| E
is well-defined. We claim that it is possible to choose a PEL datum as above such
that (p;,q:) = (1,n—1) for Tt = 11 or 15 and (p¢, ¢z) = (0, n) otherwise and such
that Gq, is quasisplit at every finite place v of Q. This follows from Lemma 2.1 of
[Caraiani 2012] and the discussion following it, and it depends crucially on the fact
that n is even. We choose such a PEL datum and we let G be the corresponding
algebraic group over @ with the prescribed signature at infinity and quasisplit at all
the finite places.

Let 2% := BCp/(E) and F, = F¢=!. Lemma 7.2 of [Shin 2011] says that
we can find a character ¥ : A% / E* — C* and an algebraic representation £¢ of G
over C satistying the following conditions:

* Yo =VE/Y.

. E(}, is isomorphic to the restriction of E’ to Res p/q(GLy) X C, where B’ is
obtained from £¢ by base change from G to G, := Resg (G xq E).

* felzk = Vs

* Ramgq(y) C Splgp/F, o-

* ‘/’|©E§ = 1, where u is the place above [/ induced by tl_l‘[E.

Define £ := (;&c, and define IT' := ¢ ® I1%, which is a cuspidal automorphic
representation of GL1 (Ag) x GL, (AF).

Corresponding to the PEL datum (F, *, V, (-,-), h), we have a PEL-type moduli
problem of abelian varieties. This moduli problem is defined in Section 2.1 of
[Caraiani 2012], and here we recall some facts about it. Since the reflex field of the
PEL datum is F’, the moduli problem for an open compact subgroup U C G(A) is
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representable by a Shimura variety Xy / F’, which is a smooth and quasiprojective
scheme of dimension 2n — 2. The inverse system of Shimura varieties Xy as U
varies has an action of G(A®°). As in Section III.2 of [Harris and Taylor 2001],
starting with £, which is an irreducible algebraic representation of G over Q;, we
can define a lisse @;-sheaf £¢ over each Xy, and the action of G(A) extends to
the inverse system of sheaves. The direct limit

H'(X.%g) :=1lim H' (Xy xp' F', Z¢)

is a semisimple admissible representation of G(A°°) with a continuous action of
Gal(F’/F’). It can be decomposed as

H'(X. %) =P @ RL (7).
T

where the sum runs over irreducible admissible representations = of G(A*°) over
Q;. The Rg ; (7r)are finite-dimensional continuous representations of Gal(F'/F")
over Q. Let sl be the universal abelian variety over Xy, to the inverse system of
which the action of G(A™) extends. To the irreducible representation £ of G we
can associate as in Section III.2 of [Harris and Taylor 2001] nonnegative integers
mg and f¢ as well as an idempotent ag of H *(‘szdgE xp F',Q (tg)). (Here sdzé
denotes the mg-fold product of sl with itself over Xy and Q (fg) is a Tate twist.)
We have an isomorphism

H'(Xy xpr F',%¢) >~ ag H' e (A xpr F/,Q(te)),

which commutes with the G (A®°)-action.

For every finite place v of Q we can define a base-change morphism taking
certain admissible G(Q,)-representations to admissible G(Q, )-representations, as
in Section 4.2 of [Shin 2011]. Recall that Ram ;g U Ramg nt c Splg/py - If
v € Splf/ F, g then we can define the morphism

BC: Treff) (G(Qy) — Trrgy ™ (G(@y)).

taking unramified representations of G((Q,) to unramified, 6-stable representations
of G(Qy). If v € Splg,F, o then the morphism

BC : Irr( (G(Qy)) — IIT?I_)St(G(@U))

can be defined explicitly since G(Qy) is split. Putting these maps together, we get,
for any finite set of primes Gg, such that

Ramp;g U Ramg(IT) C &4in C Splg/F, g
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a base-change morphism
BC : Trrj) (G(ASYh)) @ Trr () (G (A, )
ur,0-s -
— II’I‘(I) t(G(AGﬁnU{OO})) ® Irr?l)st (G(Agﬁn)) )

Let p be a prime of @ which splits in E and such that there is a place of F’
above p which splits in F'. Let Gy, be a finite set of primes such that

Ram /g URamg(IT) U {p} C Ggn C Splg/F, a-

and set G := Gg, U {oo}. For any R € Groth(G(A®) x G(Ag,, ) x Gal(F'/F’))
(over @;) and 7€ € Irr" (G(A®)) define the 7 S-isotypic part of R to be

R{z®} =) n(x® @ p)[x®]lpl,

0
where p runs over Irr; (G (Ag) x Gal(F’/ F')). Also define

R[I1%9] ZR[n

where each sum runs over 7 € Irr‘l”(G(AG)) such that BC(y;7®) ~ T11-S.

Proposition 2.1. Let & = Gg, U {00} be as above. We have the equality
BC(H?" (X, #g)[IT")) = Cg [y ' TR (M) ®? @ recy,,, (V)]

of elements of Groth(G(A®) x Gal(F’/F)). Here Cg is a positive integer and
rec; ., () is the continuous [-adic character Gal(E/E) — @;( associated to by
global class field theory, normalized so that it matches uniformizers with geometric
Frobenius elements.

Remark. Unlike in the classical situation of modular forms or in the case of Harris—
Taylor-type Shimura varieties [Harris and Taylor 2001; Shin 2011], the cohomology
of our inverse system of Shimura varieties realizes a twist of the tensor square of the
[-adic Galois representation associated to IT, because we have chosen our unitary
similitude groups to have signature (1,7 — 1) two infinite places. One could use
Matsushima’s formula and (g, K)-cohomology to check that the dimension of the
Galois representation seen by this cohomology is 12, as predicted by the statement.

Proof. Let p € G, be a prime which splits in £ such that there is a place w of F’
above the place induced by tg over p which splits in F, w = w;w,. We start by
recalling some constructions and results from Sections 2 and 5 of [Caraiani 2012].
It is possible to define an integral model of each Xy over the ring of integers Ok
in K := Fy,, >~ Fy,, which itself represents a moduli problem of abelian varieties
and to which the sheaf £¢ extends. The special fiber Yy of this integral model
has a stratification by open Newton polygon strata Yl?, S.T" according to the formal
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(or étale) height of the p-divisible group of the abelian variety at w; and w,. Each
(h1,h2)
ur.m ’
where 0 < &1, hp <n — 1 represent the étale heights of the p-divisible groups at
w1 and wy, and 7 is a tuple of positive integers describing the level structure at p.

Define

open Newton polygon stratum is covered by a tower of Igusa varieties Ig

J ) (@) := QX x D, xGLy (K)X D, XGLp, (K)x [ [ GLa (Fu),
w

where Dg ,_j, is the division algebra over K of invariant 1/(n —h) and w runs
over places of F above tg other than w; and wy. The group J (7 ’hZ)(@p) acts on
the directed system of HZ (Ig(h1 h2) Fe), as UP and m vary. Let

urm’
H,(1g"17) .)€ Groth(G(A%P) x J 1-h2))

be the alternating sum of the direct limit of H(f (Igg'},’},%z), Fe) as in Section 5.1 of

[Caraiani 2012]. Let 7, € Irr; (G(Q))) be a representation such that BC(rmp) =~
Ll_l II 11, (such a mp is unique up to isomorphism since p splits in £). Theorem 5.6 of

[Caraiani 2012] gives a formula for computing the cohomology of Igusa varieties,
as elements of Groth(G(AG) X G(Ag,,\{p}) X J(hl’hZ)(@p)):

BC? (He(1g"1 "), ) [119))

= eo(—=1)" 2 Ca i ' O] [ T (] [Red 2 ()] (2.1)
Here eo = +1 independently of /11, 7> and Red"*"?) is a group morphism from
Groth(G(Qp)) to Groth(J ( ’hz)(@p)), defined explicitly above Theorem 5.6 of
[Caraiani 2012].
We can combine the above formula with Mantovan’s formula for the cohomology
of Shimura varieties. This is the equality

HX. %)= > (D" Mantg, pyy (Ho(1g®82) £e))  (2.2)

0<hi,hr<n—1

of elements of Groth(G(A*°) x Wk). Here H(X, %) is the alternating sum of the
direct limit of the cohomology of the Shimura fibers (generic fibers) and

Mant,, 1,y : Groth(J #1:72)(Q,)) — Groth(G(@,) x Wk)

is the functor defined in [Mantovan 2005]. The formula (2.2) is what Theorem 22 of
[Mantovan 2005] amounts to in our situation, where 21 and /5 are the parameters
for the Newton stratification. The extra term (—1)"17%2 occurs on the right-hand
side because we use the same convention for the alternating sum of cohomology as
in [Caraiani 2012], which differs by a sign from the conventions used in [Mantovan
2005] and [Shin 2011].
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By combining formulas (2.1) and (2.2) we get
BCP(H(X, £¢)[1"°))
= ¢oCq i 1 T11o07] > [Mant(,,l,hz)(Redghlshz)(n,,))])
0<hi,hr<n—1
in Groth(G(A®?) x G(Qp) x Wk). We claim that
> Mantg, gy Red 112 ()]

0<hy,hr<n—1

= [mpl[(p.0 0 Artg ) Iy ® ' Lx n (M )] (2.3)

By its definition above Theorem 5.6 of [Caraiani 2012], the morphism Redﬁlhl’hz) (7p)
breaks down as a product

(=1 +h2np’0 ® Red"h1-h (Tw,) ® Red"2:m2 (Tw,) ® ® Tw,
wWFEW,W2
where w runs over places above the place of p induced by tg other than w; and
w7. The morphism

Red” " : Groth(GL, (K)) — Groth(D§ ,_j, X GLy(K))

is also defined above Theorem 5.6 of [Caraiani 2012]. On the other hand, the functor
Mant, p,) also decomposes as a product (see [Shin 2011, Formula 5.6]), into
Mant, 5,)(0)

= Manty,(00) ®Mant, —p, p, (Pw,) ®Mant,—p, p, (Pw,) ® @ Mantg,, (0w ).

wFw,wa

where w again runs over places above the place of p induced by tg other than w;
and wy. So

Y Mantg, sy Red ) (my))]

0<hi,hr<n—1
n—1
= [Mant; o(mp,0)] ® Y _ (=)' [Mant,_j, 5, (Red” """ (1r,,,))]
h1=0
n—1
® (=) [Mant,_j, s, Red” "> ()] @ X)  [mw).
ho=0 wFEW,W2

Now by applying Propositions 2.2(i) and 2.3 of [Shin 2011] we get the desired
result (note that the normalization used in their statements is slightly different than
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ours, but the relation between the two different normalizations is explained above
the statement of Proposition 2.3).
Applying Equation (2.3), we first see that

BC(H(X, %¢)[1"9))
= eoCq iy ' T [ (mp,0 0 Artg D lwy ® (' Li n (M )] (2.4)
in Groth(G(A*°) x Wk), which means that
BC(H(X, %)[TTV9]) = el T [R(TT)],
for some [R’(IT')] € Groth(Gal(F'/ F)). We show now that
[R'(TY] = Co[RME)®* ®recy, ()]

in Groth(Gal(F /F")), using the Cebotarev density theorem. Note first that R’(TT!)
is simply the sum of (the alternating sum of) ng (%), where 7°° runs over
Irr; (G(A®)) such that

o BC(yy7®) ~ 118,
b BC(L]]Tgﬂn) ~ Hgﬁn,
. ng,l (°°) # 0 for some k.

The set of such & doesn’t depend on & if & is chosen as described above this
proposition, so the Galois representation R/(Hl) is also independent of &. There-
fore, for any prime w; of F where IT! is unramified and which is above a prime w
of F’ which splits in F and above a prime p # [ of @ which splits in E, we can
choose a finite set of places G containing p such that we get from Equation (2.4)

[R/(HI)IWle] = Co[(R(M%)®? @recy, W)we,, ].

By the Cebotarev density theorem (which tells us the Frobenius elements of primes
w; are dense in Gal(F’/ F)) we conclude that

[R'(T1")] = C6[R(T1%)®? ®recy ,, (V)]

in Groth(Gal(F / F")).

It remains to see that eg = 1 and that H* (X, 5.85)[1'[1’6] =0 unless k =2n—2.
In fact, it suffices to show the latter, since then H (X, §£g)[l'[1’6] will have to be an
actual representation, so that would force eg = 1. The fact that H k (X, SBS)[HLG] =
0 for k # 2n — 2 can be seen, as in the proof of Corollary 7.3 of [Caraiani 2012],
by choosing a prime p # [ to work with and applying the spectral sequences in
Proposition 7.2 of [ibid.], and noting that the terms of those spectral sequence are 0
outside the diagonal corresponding to k = 2n — 2. O
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Corollary 2.2. By Lemmas 1.4 and 1.7 of [Taylor and Yoshida 2007] and by the
same argument as in the proof of Theorem 1.4 of [Caraiani 2012], in order to show
that

0 F-ss
WD(RI(HF')|Ga1(7,;/F.§))

is pure, it suffices to show that

_ F-ss
WD(BC(H?" 2(X,5135)[116])|Gal(?p,/Fp,)) ;

is pure, where S is chosen such that it contains [.

At this point, we’ve reduced the question of proving the local-global compatibility
of monodromy operators when [/ = p to proving that the IT®-part of the cohomology
of a system of proper, smooth Shimura varieties over F’ gives rise to a pure Weil—
Deligne representation. In the rest of this section, we shall describe integral models
of these Shimura varieties which are no longer smooth but are log smooth and of
Cartier type. We shall relate their log crystalline cohomology to the Weil-Deligne
representation we are interested in. The upshot is that we reduce the question of
local-global compatibility to proving the purity of (the IT®-part of) certain log
crystalline cohomology groups. This statement is made precise in Corollary 2.3
below.

Recall that p is a place of F’ above [ such that p = p;p>. From now on, set
K := F,, ~ F,,, where the isomorphism is via 0. Let Ok be the ring of integers in
K with uniformizer @ and residue field k. For i = 1,2 let Iwy p, be the subgroup
of matrices in GL, (Og) which reduce modulo p; to the Borel subgroup By (k).
Now we set

Upw = Ul x Ulm,pz(m) X Iwp p, X Iwy p, C G(A™),

for some U! € G(A™) compact open and U lp"pz a congruence subgroup at / away
from p; and p,. In Section 2.2 of [Caraiani 2012], an integral model for Xy, /O
is defined. This is a proper scheme of dimension 27 — 1 with smooth generic fiber.
The special fiber Yy, has a stratification by closed Newton polygon strata Yy, 5.1
with S, T C {1,...,n} nonempty subsets. These strata are proper, smooth schemes
over k of dimension 2n —#S — #7T . In fact,

Yu,,.s.,T = (ﬂ Yl,i) N (ﬂ Yz,j),

ieS jeT
where each ¥; ; fori =1,2and j = 1,...,n is cut out by one local equation. We
can also define
(l1,12) _
YUIW - |_| YUIW:SaT'
S, Tc{1,...,n}
#S=I

#T =l
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By Proposition 2.8 of [Caraiani 2012], the completed local rings of Xy, at closed
geometric points s of Xy, are isomorphic to

@5} >~ W(K)[[Xl,...,Xn,Y1,...,Yn]]/(Xl'l ~-Xl'r—ZD',le Yj

s

Uty »S - w)’

where {i1,....ir} S{1,....n}, {j1,.... jr} ©{1,...,n} and Wk, is the ring of
integers in the completion of the maximal unramified extension of K. The closed
subscheme Y ;, is cut out in @’\ - s by Xi; =0and Y3 j, is cut out by Y, = 0.

The action of G(A°?) extends to the inverse system Xy, /Ok. There is a
universal abelian variety s4y,, /O and the actions of G(A®) and a¢ extend to it.
We can define a stratification of the special fiber of Ay, by

Au,,s,1 = Av,, Xxy,, XU,,S,T-

Moreover, dy,, satisfies the same geometric properties as Xy, with respect to the
above stratification of its special fiber and the analogous statement holds for &i’{}i.
In particular, we shall see in the next section (or it follows from Section 3 of
[Caraiani 2012]) that &d'gli can be endowed with a vertical logarithmic structure M
such that

(sdy;E . M) — (Spec O, N)

is log smooth, where (Spec Og,N) is the canonical log structure associated to
the closed point. Also, we will see that its special fiber is of Cartier type. This
means that we can define the log crystalline cohomology of (ﬂm[i, M). Indeed, if
W = W(k) is the ring of Witt vectors of k, then we let

s (SAp /W)

cr1s

be the log crystalline cohomology of (5& | Xog k, M) (here we suppress M from
the notation). This also has an action of ag as an idempotent and of G(A®).
From the isomorphism

H2n—2 (X, EBS) ~ aEHZn—Z-i-mg (&qmg , @l (IE))
and Corollary 2.2, we see that it is enough to show that

aEWD(Hzn_2+mS (5&’"8 s @l (t’g’) |G31(E/K))[H 1’6])

is pure. Let 79 : W < @; be an embedding over Z;. By the semistable comparison
theorem of [Niziot 2008], we have

limag (Hyy " (A Xox K/ W) ®w,z Qulte)) 1]
UIw
~ limag WD(H "~ (™ o, K, Qi (1) gac ) [TC))
UIW
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where the crystalline cohomology on the left-hand side as constructed in [Hyodo
and Kato 1994] has a priori the structure of a (¢, N)-module over W, but which
gives rise to a Weil-Deligne representation (r, N) of Wk by setting r (o) := ¢"[k:Fr]
whenever o € Wk is a lift of Frobj . Therefore, it suffices to understand the (direct
limit of the) log crystalline cohomology of the special fiber of <, E . Note that
the semistable comparison theorem was first proved by Kato [1994a] and Tsuji
[1999] for proper, vertical log schemes with semistable reduction; the reason for
citing Niziol’s work is that her main theorem applies to a general fine and saturated,
log-smooth, proper, vertical (Spec Ok, N)-scheme with special fiber of Cartier type.
The fact that (&dmli, M) satisfies all these properties follows immediately from the
explicit description of the log structure M in Section 3.
We summarize the above discussion in the following corollary:

Corollary 2.3. The Weil-Deligne representation
0 o F-ss
WD(RI(H ’)|Gal(Fg/FFf))
is pure if

limag (Hyy * " (A Xox k)W) @w,a Q1)) 1]

Cris
UIW

is pure, where S is chosen such that it contains [.

3. Log crystalline cohomology

3A. Log structures. Let Ok be the ring of integers in a finite extension K of Q,,
with uniformizer w and residue field k. (Here, p is some prime number, which
will be taken to equal / for our applications to local-global compatibility.) Let
W = W(k) be the ring of Witt vectors of k, with W;,, = W}, (k) referring to the Witt
vectors of length n over k. Let W) be the ring of integers in the completion of
the maximal unramified extension of K.

Let X/Og be a scheme locally of finite type such that the completions of the
strict henselizations @;}, ¢ at closed geometric points s of X are isomorphic to

Wl X1, . Xn Y1 Y, Z, oo 2]/ (X - X, — @0, Yy -+ Y

s_w)

for some indices iy,...,ir, j1,...,js €{l,...,n} and some 1 < r,s <n. Also
assume that the special fiber Y is a union of closed subschemes Y1 ; with j €
{1, ...,n} which are cut out by one local equation in Oy, such that if s is a closed
geometric point of Y ;, then j € {i1,...,i;} and Y1 ; is cut out in @f(’s by the
equation X; = 0. Similarly, assume that Y is a union of closed subschemes Y, ;
with j € {1, ..., n}, which are cut out by one local equation in Oy such that if s is a
closed geometric point of Y5 _; then j € {j1,..., jr} and Y5 ; is cut out in @A,’s by
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the equation Y; = 0. Then, by Lemma 2.9 of [Caraiani 2012], X is Zariski-locally
étale over

Xr,s,m=Spec@K[X1,...,Xn,Y1,...,Yn,Zl,...,Zm]/(Xl---w,Yl--~Ys—w).

The closed subschemes Y; ; fori = 1,2 and j = 1,...,n are Cartier divisors,
which in the local model X, s, correspond to the divisors X; =0 or ¥; =0.

Let Y/ k be the special fiber of X. For 1 <i, j <n we define Y ©-/) to be the
disjoint union of the closed subschemes of Y

Y, NN Y1) (\F2imy NN Yo,

as{ly,...,l;} (resp. {my,...,m;}) range over subsets of {1, ..., n} of cardinality i
(resp. j). Each Y @-J )isa proper smooth scheme over k of dimension 2n —i — ;.

Remark 3.1. Even though this section is general, we will only apply the results
of this section in the case when X is sy, for some compact open subgroup
Urw C G(A®®) with Iwahori-level structure at p; and p,. Xy, (and therefore sy,
as well) satisfies the above conditions by Proposition 2.8 of [Caraiani 2012]. The
prime p is meant to be identified with /.

Let (Spec Ok, N) be the log scheme corresponding to Spec O endowed with
the canonical log structure associated to the special fiber. This is given by the map
1 e N+ w € Og. We endow X with the log structure M associated to the special
fiber Y. Let j : Xy — X be the open immersion and i : ¥ — X be the closed
immersion. This log structure is defined by

M = j«(0},)NOx — Ox.

We have a map of log schemes (X, M) — (Spec Ok, N), given by sending 1 € N
to w € M. Locally, we have a chart for this map, given by

N—N &N /1,...,1,0,...,0)=(0,...,0,1,....,1),
1~>(,....,1,0,...,0)=(0,...,0,1,....1).

It is easy to see from this that (X, M)/(Spec Ok, N) is log smooth and that the
log structure M on X is fine, saturated and vertical. We can pull back M to a log
structure on Y, which we still denote M and then we get a log-smooth map of log
schemes

(Y, M) — (Speck,N).

(Here we have the canonical log structure on k associated to 1 € N+ 0 € k, which
is the same as the pullback of the canonical log structure on Spec Og.) Note that,
since (X, M) is saturated over (Spec Ok, N), its special fiber is of Cartier type
(see [Tsuji 1997]).
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We can also endow X with log structures 1\21, 1\22 and M. Let Ui,j be the
complement of ¥; ; in X fori =1,2and j =1,...,n. Let

Jij 2 Uij > X

denote the open immersion. We define M 1, ]\22 and M as follows

n

o= (@05,

j=1

it = (@15, ) n0x)) / ~
j=1

M= (@(jl,j*(@a!j) ﬂ@x) 69@(].25/'*(662,/) ﬂ@X))/ ~,
Jj=1 j=1

where ~ signifies that we have identified the image of Oy in all the terms of the
direct sums (in other words, we are taking an amalgamated sum of the log structures
associated to each of the Y; ;). We have a map M — M given by inclusion on each

X
Ui ;-
Lemma 3.2. Locally on X, we have a chart for M given by
X — SpecOr[X1,....Xn. Y1,.... Y0, Z1,.... Zp]/ (X1 - Xp—w, Y1+ Y, —0)
— Spec Z|[N" ®N?],
where (0,...,0,1,0,...,0) — X; if the 1 is in the i-th position and 1 <i <r and
0,...,0,1,0,...,0) = Y;_, ifthe 1 is in the i -th position andr +1 <i <r +s.

Proof. We shall make use of Kato and Niziol’s results on log smoothness and log
regularity, namely:

e If f:T — § is alog smooth morphism of fs log schemes with S log regular
then T is log regular (see 8.2 of [Kato 1994b]).

o If T is log regular, then M7 = j.0p; NOx, where j : U < T is the inclusion
of the open subset of triviality of T (see 8.6 of [Niziot 2006]).

Let us define the following log schemes over (Spec Ok, triv):

U:= Spec Ok [X1, ..., Xpn,0]/(X1--- Xy —0),
V :=SpecOk[Y1,..., Yy, 7]/ (Y1 -+ Y5 — 1),

W :=SpecOk[Z1,..., Zm],
VA

=U X(Spec O ,triv) 4 X (Spec O ,triv) w.
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Then Z, equipped with the product log structure L, is smooth over Og and
log smooth over (Spec Ok [o, t], triv). Therefore, Z is regular. The log structure L
is given by the simple normal crossings divisor

D= (U(X, —o0)u (Q(Y,- ~0).

Since Z is regular, the log structure L is the same as the amalgamation of the log
structures defined by the smooth divisors (X; = 0), (¥; = 0). Locally on X, we
have a commutative diagram of schemes with a cartesian square

X — Xrsom Z

T e

SpecOg —— Spec Ok|[t, 0]

where the inverse image of (X; = 0) in X is Y1 and the inverse image of (¥; = 0)
in X is Y2 Therefore, the log structure on X 1nduced by that of Z coincides with
the log structure M defined as the amalgamated sum of the log structures induced
by the Y' and Y?. O

If we endow Spec Og with the log structure N? associated to (a,b) € N?
7%tP € Ok, then we claim that we have a log-smooth map of log schemes

(X, M) — (Spec Og, N?) (3A.2)
whose chart is given locally by
(a.b) eN?* > (a,...,a,b,...b) e N" @N°.

By definition, M is the amalgamated sum of M 1 and Mz as log structures on
X (or, in other words, M is the log structure associated to the prelog structure
M, & M, — Oy). Therefore, it suffices to prove the following lemma:

Lemma 3.3. We can define a global map of log schemes (X, M1) — (Spec O, N)
which locally admits the chart given by the diagonal embedding N — N,

Proof. 1t suffices to show that w is a global section of My, since then we can simply
map 1 eNto w € Mj. For this, note that we have a natural map of log structures
on X

M 1 —> M ,

since the open subset of triviality of M; is the generic fiber of X and M is the
log structure defined by the inclusion of the generic fiber. Moreover, we can
check locally that this map is injective, since it can be described by the chart
N — N &N — (N @& N%)/N for r,s > 1, where the first map is the identity on
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the first factor. Now, locally on X we have the equation X --- X, = @w, where X;
are local equations deﬁmng the closed subschemes Y; 1 of X. By definition, the X;
are local sections of M 1, SO w 1is a local section of M 1. But @ is also a global
section of M and M 1 <> M, so w is a global section of M 1. O

Lemma 3.4. We have a cartesian diagram of maps of log schemes

(X, M) (X, M)

| |

(Spec @K’ N) - (Spec @K’ Nz)

where the bottom horizontal arrow is the identity on the underlying schemes and
maps (a,b) eN?> toa +b e N.
Proof. We go back to the notation used in the proof of Lemma 3.2. Locally on X,

we have the following commutative diagram of log schemes

(X, M) A

U XSpec 0 [u] I7 x W

|

(Spec Ok, N) —— (Spec O g [u], N) —— (Spec Og|[z, o], N?)

where in the bottom row both t and o are mapped to u, which is in turn mapped
to 0. The second square is cartesian and the horizontal maps in it are closed, but
not exact, immersions. The first bottom map is an exact closed immersion, while
the first top map is the composition of an étale morphism with an exact closed
immersion. The lemma follows from the commutative diagram (3A.1) and the
above diagram. O

3B. Variations on the logarithmic de Rham—Witt complex. Define the prelog
structure N2 — W, [, o] given by (a, b) — t%c?. By abuse of notation, we write
(Spec Wy [t, o], N?) for the log scheme endowed with the associated log structure.
We have the composite map of log schemes

(Y, M) — (Spec k, N?) — (Spec Wy [z, 0], N?),

where N2 — N2 is the obvious isomorphism. We shall call (Z, N) a lifting
for this morphism if (Z, N ) is a fine log scheme such that the composite map
(Y, M) — (Spec Wy [t, o], N?) factors through f : (Y, M) — (Z, f\7) which is a
closed immersion, and a map (Z, N ) = (Spec Wy, [, o], N?) which is log smooth.
Such liftings always exists locally on Y and give rise to embedding systems as de-
fined in Paragraph 2.18 of [Hyodo and Kato 1994]. If (U, My)— (Y, M) is a cover-
ingand (Z, N)isa lifting for (U, My)— (Spec Wy [t, 0]),N?), then we may define
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an embedding system (U’ 1\2(’]), (Z', N')) for (Y, M) — (Spec W, [t, o], N?) by
taking the fiber product of i + 1 copies of U over Y and of i + 1 copies of (Z, N)
over (Spec Wy, [z, o], N?). Since (Y, M) is an fs log scheme, we may assume the
same for the local lifting (Z, N ).

Let C(.Y,JVI) J (W) be the crystalline~complex associated to the embedding
system obtained from local liftings (Z°, N°®), and define

Cy = Cly.irys )W, uiv) EWalz,0) Wa.

Let Spec W, [u] be endowed with the log structure associated to 1 e N+ u €
W, [u]. Consider the map of log schemes G : (Spec Wy, [u],N) — (Spec Wy, [, 0], N?)
given by 7,0 > u and (a,b) € N? — a +b € N. The pullback of (Y, M) along G is
just (Y, M). Let (Z', N') be the pullback of (Z, N) along G, equipped with a map
f':(Y',M")— (Z', N') which is the pullback of f. Then (Z’, N’) is a (local)
lifting for (Y, M') — (Spec Wy [u], N), and gives rise to an embedding system for
this morphism. Indeed, what we need to check is that (Z’, N’) — (Spec W, [u], N)
is log smooth and that f’ is a closed immersion of log schemes. For the first we
note that log-smoothness is preserved under base change in the category of log
schemes, and that

sat

(Z',N') = ((Z, N) xg (Spec Wy [u], N))™)™ — (Z, N) xg (Spec W [u], N)

is log smooth. We also note that g : ¥ — (Z Xgpec W, [z,0] SPEC Wi [u]) is a closed
immersion, since ¥ — Z is a closed immersion. The morphism of schemes
Z' = (Z Xspec Wy 1,01 SPec Wy [u]) is a composition of a finite morpklism with a
closed immersion, so ¥ — Z’ is a closed immersion as well. Also, g*(N @y2N) —
M is surjective and factors through (f/)*(N’) — M, so (f)*(N') — M is
surjective as well.

We now follow the constructions in Section 3.6 of [Hyodo and Kato 1994] using
the embedding system obtained from the liftings (Z’, N’). Let C Y. M)/ (W, ariv) D€
the crystalline complex associated to the composite (Z’, N') — (W, triv). Define

Cy = C.an) /W, ariv) ®Wolu) Wa-

On the other hand, let Z” = Z’ Xgpec w;, [u] Spec Wy (1) be endowed with N the
inverse image of the log structure N'. Let & be the log structure on Spec W, (u)
obtained by taking the inverse image of (the log structure associated to) N on
Spec Wy, [u]. Then (Z”, N"') gives rise to an embedding system for

(Y, M) — (Spec Wy, (u), &),

with crystalline complex C (.Y, M)/ (Spec Wy ( Define

C;’ = C(.Y,M)/(Spec W, (u),%) ®Wn(“) Wh.
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Note that Cy is the crystalline complex C (.Y, MY/ (W N) with respect to the embed-
ding system obtained from (Z’ Xgpec w;,[u] Spec Wy, N'”). As in Section 3.6 of
[Hyodo and Kato 1994], we have an exact sequence of complexes

0— Cp[-1]— Cy — Cy =0, (3B.1)

where the second arrow is A (du/u) and the third arrow is the canonical projection.
The monodromy operator on the crystalline cohomology of (Y, M) is induced by
the connecting homomorphism of this exact sequence.

Lemma 3.5. Let C be one of the complexes ¢ ;, 5{, or Cy obtained with respect
to a lifting (Z, N ) of some cover U — Y. In the derived category, C is independent
of the choice of lifting (Z, ]V)

Proof. We may work étale locally on Y, in which case we have to show that for
any two liftings (Z, N 1) and (Z», ﬁz) we have a canonical quasi-isomorphism
between the corresponding complexes and moreover, that these quasi-isomorphisms
satisfy the obvious cocycle condition for three different liftings

First, we show that the complexes corresponding to (Z4, N1) and (Z,, Nz) are
quasi-isomorphic. We may assume that i; : (¥, M ) — (Z;, Nl) is an exact closed
immersion for i = 1,2. Let i1 : (Y, 1\7}) — (Z1 xw, Zz, lez) be the diagonal
immersion of (Y, M) into the fiber product of (Z1, Nl) and (Z,, N2) as fs log
schemes over (W, triv). Let (Z 12,N12) be a log scheme such that étale locally on

Y we have a factorization of i1,

~ f ~ g ~
(Y, M) — (Z12,N12) = (Z1 x Z3, N1x2),

with g log étale and f an exact closed immersion. This factorization is possible
by Lemma 4.10 of [Kato 1989]. Let D; be the PD-envelope of Y in Z; (again,
fori = 1,2 or 12). (Since we have exact closed immersions, the logarithmic PD-
envelope coincides with the usual PD-envelope in these cases.) It suffices to show
that the canonical map

~ - N
w(Zl,N1)/ W, ,triv ®CZ] ©D1 o

(.212,1712)/ Wy triv ®oz,, Op1» (3B.2)
is a quasi-isomorphism. This follows from Paragraph 2.21 of [Hyodo and Kato
1994]. For completeness, we sketch the proof here. Let p1 : (Z12, N12) — (Z1, N1)
be the log-smooth map induced by projection onto the first factor. For any geo-
metric point y of Y, the stalks at y of Ni2 and p} N coincide, so by replac-
ing (Z12, N12) with an étale neighborhood of y — Z;,, we may assume that
Nip = prl. Then the map p; : Z12 — Z; is smooth in the usual sense. Since
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the problem is étale local on Y, we may assume that Z1, >~ Z1 ®@w, Wylt1,....t]
for some positive integer r such that Y is contained in the closed subscheme
of Z1, defined by t; = --- = ¢, = 0. As in Proposition 6.5 of [Kato 1989],
we also have Op,, >~ Op,(f1,....t ), the PD-polynomial ring over Op, in r
variables. The quasi-isomorphism (3B.2) is reduced then to the standard quasi-
isomorphism

Wa = Qw,t1,0t0] @Waltrseontr] Walt1, - 1),

The quasi-isomorphism (3B.2) commutes with ®yy,, (r,5) Wy, so it induces a
quasi-isomorphism

Now consider the morphism Z], — Z obtained by pulling back Zi, — Z;
along G. We claim that the canonical morphisms 5 > Zn C 2 and CZ, > =
C 2 are qua81 isomorphisms as well. This is proved in the same way as 1n the
case of C (for C; L C7 . this amounts to proving that the logarithmic de
Rham—Witt complex is 1ndependent of the choice of embedding system) The
quasi-isomorphisms are also compatible with the canonical maps C 7z = C —
C.

Note that the above result also implies that in the derived category, C* commutes
with étale base change. Indeed, if Y»/Y; is étale and (Z1, ]Vl) is a lifting for
(Y1, M) — (Spec Wy, [z, ], N?), then by [Grothendieck 1967, 18.1.1] we can find,
Zariski locally on Y5, an étale morphism Z, — Z; such that the following diagram
is cartesian

Yo — 27>

]

Yi—= 74

We take ]Vz on Z, to be the inverse image of N 1. Then (Z,, ]Vz) is a lifting for
(Yo, M) — (Spec Wy [z, 0],N2) and, since log differentials commute with étale
base change [Kato 1989, Proposition 3.12], C(Z ) on Y5 is just the pullback of
C(Zz) on Yj.

We are left with verifying the cocycle condition. The canonical quasi-isomor-
phism y12 : C 21 =5 Ce¢Z>"* factors through C élx Zy since by construction Z1,
is log étale over Z; x Z, and so we have a quasi-isomorphism Cél XZ> =~ Célz

Let (Z3, N3) be another lifting. Then we have the following commutative diagram
of complexes:
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°
CZ] XZzXZ3

P N

. . °
CZ]XZZ CZI><Z3 CZzXZ3

BN

. Y12 . ¥23 .
Cz, Cz, C7,

where all the maps are quasi-isomorphisms. This proves the cocycle condition.
O

Corollary 3.6. The following sheaves on Y are well-defined and commute with
étale base change:

Wadh = 9(Cy). Wads§ :=9(C}) and Wao§ :=959(C}).

The sheaves Wna)lq, make up the q-th terms of the log de Rham—Witt complex
associated to (Y, M'). We have canonical morphisms of sheaves on Y :

Waoy — Wpa} — Whoi.

In order to understand the monodromy N, we will study the short exact sequence

of complexes
0 — Whoy 1] = Wpdy — Wyoy — 0,

which we obtain below from the short exact sequence (3B.1). In Section 4 we will
construct a resolution of this short exact sequence in terms of some subquotients of
Wn(l:);f. For now, since these complexes are independent of the choice of lifting, we
will fix some specific kinds of liftings of (Y, M) over (W |z, o], N?), which we call

admissible liftings, following the terminology used in [Hyodo 1991] and [Mokrane
1993]. Since Y is locally étale over

Yr’s’m :SpeCk[Xl,...,Xn,Yl,...,Yn,Zl,...Zm]/(Xl"'Xr,Yl"'Ys),
we consider the lifting

Zr,s,m

= SpeCW[Xl,...,Xn,Yl,...,Yn,Zl,...Zm,‘L',O']/(Xl-HX,«—‘L',Yl-'-YS—U)

of (Yr.s.ms N @ N%)/(W(t,0],N?). The log structure on Z, s, is also induced
from N” @ N* (with the obvious structure map sending N to products of the X;
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and N* to products of the Y;). We let Z/Z, ; » be étale and such that the diagram

(Y, M) (Z,N)

| |

(Yrsms NT ONS) —— (Zp 5.m, NT & N)

is cartesian, with the log structures on top obtained by pullback from the ones
on the bottom. Then, locally on Y, the complexes W,,Z)}, Wnd); and Wna); are
just pullbacks of the corresponding complexes on Y; s ;, with respect to the lifting
(Zr,s,m,N" @ N*). Note that admissible liftings exist locally onY.

Now we will explain the relationships between Cy, C and Cy. First, note
that we have the functoriality map G* D28y Wy i) — QZ' N/ (W tiv) which
induces a canonical map

C(.Y M)/ (W triv) W, (z,0) Wn{ut) — C(.Y M) /(W triv)
which i in turn induces a canonical map C y — C >. By cornpos1t10n we also get a
map CY — Cy. We claim that We can identify C' with CY/(dt/r —do/o)A CY
and Cy with Cy/((d‘[/f) A CY + (do/o) A CY). We explain this in the case of
Cy:

Lemma 3.7. We have an isomorphism

AN

Proof. Let (Z, N) be an admissible lifting of (Y, M) over (Spec W[z, 0], N?). Let
(D, Mp) be the divided power envelope of (Y, M) in (Z, N). Note that the kernel
of the map Op — Oy is generated by t["] and o] The divided power envelope
(D', Mp,) of (Y, M) in (Z', N') satisfies the property

Op’ >~ Op Qw,, (z,0) Wn(u),

where the map Wy (t, o) — W, (u) is given by ™, ¢["] > u["]. The complexes
&, y and C are defined by

Cy =0 Ry my iy B2 09) By 01 Walt) @, W

(07 50 OVt o) B0, O S W
and

Cy = (@% n1ywy i) ®02 0D ®w, () W

Note that since we have chosen an admissible lifting, (Z’, N') has Z X, (1,51 Wa 1]
as its underlying scheme because N @2 N is already fine and saturated. It is enough
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to show that the sequence

0—1

.0/ W) D Wale Wnll] = O 5y, iy EWateo W]
= Oz Ny Wy iv) 0 (3B.3)

is exact, where the first map is A(dt/t —do /o) and the second map is induced by
functoriality. We denote by G* the pullback along Spec W, [u] — Spec Wy, [, o] or
along Z’ — Z. By Proposition 3.12 of [Kato 1989], we have the following diagram
of (vertical) exact sequences of sheaves on Z:

1 1
G*”(Spec W [r.0 T N2) ) (W tsiv) Wil OZ —— Ospec 1] ) / (W i) @ Wa 11 027

* 1 1

G w(z,ﬁ)/(Wn,mv) O(Z' \N") | (W triv)
G*ol - wl

(Z,N)/(Spec Wy [7,6]1,N2) (Z7,N")/(Spec W [u].N)

0 0

The bottom horizontal arrow is an isomorphism, since (Z’, N') was obtained by
pullback from (Z, N ). In order to show that the middle horizontal arrow is a
surjection, it is enough to check that du /u is in its image, but both do/o and dt/t
map to du/u. We also see similarly that the kernel of the middle horizontal arrow
is generated by dt/t — do/o. The exactness of (3B.3) follows. d

Corollary 3.8. We have an isomorphism

SN T3

Cy / (— ACy + = AnCy
Proof. This follows from the exact sequence (3B.1) and Lemma 3.7. O

Lemma 3.9. The sections dt/t,do/o € Wy ; are global sections, independent
of the choice of admissible lifting. The same holds for du/u € Wn(Z)II,

Proof. We will explain the proof only for d t/t since the same proof also works for
do/o and du/u. We use basically the same argument as for part 3 of Lemma 3.4
of [Mokrane 1993]. We consider two admissible liftings of (Y, M), (Z1, N1) and
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(Z, Nz), and we let (Z12, ]Vlz) be defined as in Lemma 3.5. It is enough to show
that locally on Y

dt 1

T < w(Zlaﬁl)/(WnstriV) Boz, Op,
and /

dl’ 1

7 € P2y o)) Wi iv) B072 OD2
have the same image in #!(w® ®0,,, Opis)-

(Z12, le)/(Wn ,riv) _
Note that dt/7 € Ny and d7’/d7’ € N, have the same image in M. This is
because locally on Y we have commutative diagrams

(Y, M) (Zi, Ni)

| |

(k’ N2) I (Wn [T’ O]’ NZ)

fori = 1,2, soboth d /7 and dt’/7’ map to the image of (1,0) € N2 in M. By the
construction of (Z15, N 12) (see the proof of Proposition 4.10 of [Kato 1989]), we
know that dt/t —dt'/t' =m € N1s. Moreover, if CIvR Ni2 — Oz, is the map
defining the log structure of Z15 then m maps to 0 € M sov =aja(m) € @le
maps to 1 € Oy. Therefore,

dt dtv _dv

T T/ v

for some v € Op,, for which W, (v —1) € Op,,. But then we see that dv/v €
d(W,{v —1)), using the fact that the power series expansion of log(v) around 1
belongs to Wy, (v—1). Therefore, dt/t—d 1’ /7’ is exact and the lemma follows. [

As in the classical case [Illusie and Raynaud 1983; Hyodo and Kato 1994],
we can define operators F : Wy, 1107 — W,0%, V : Wp&d? — W, 1167 and the
differential d : W,&7 — W, 71", which satisfy

d>=0, FV=VF=p, dF=pFd, Vd=pdV and FdV =d.

Indeed, fix local hftmgs (Zy, Nn) of (Y, M) — (Spec W, [t, 0], N?) and denote the

crystalline complex &’ z, by C . We can see that C is flat over W, in the same
way as in Lemma 2.22 of [Hyodo and Kato 1994] (usmg an admissible lifting), and
we have

6n ®Z/p"l Z/me = ém

form <n. Welet F : Wy, 116" — W,®" be the map induced by 5;“ — 5; and
V : Wyd® — Wy410° be the map induced by p : 5; — 5;+1. We define d to
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be the connecting homomorphism in the exact sequence of cohomology sheaves
associated to the exact sequence of crystalline complexes

0—>5.———>6;n—>C — 0.

The same operators can be defined for We@y and Wewy,.

Lemma 3.10. Let n = 1. Locally, fix an admissible lifting (Z, N ) as above. Let Fr
be the relative Frobenius of Y | k. We have Cartier isomorphisms

c! i = 964 (Fry wy),
~—1. 4 ~ .
C™ 0z Nk riv) BkTul K = HT (Fra(@(z: vy ke guiv Okl K))

~—1

.4 ~ q .
¢ PO W) vy Dklts] k=3 (Fr*(w(z,ﬁ)/k,triv ®klr.s51K))-

Proof. Note that (Y, M)/(Speck,N) is log smooth of Cartier type. The Cartier
isomorphism for Wla)Y is then defined in Section 2.12 of [Hyodo and Kato 1994].
Similarly, (Z’, N)/(Spec k, triv) and (Z N) / (ISpeck triv) areqlog smooth and of
Cartier type. Thus, the morphisms ClandC for C and Cy are induced from
the Cartier isomorphisms for these schemes.

Since we are working locally on Y, we may assume that Y = Y7 X Y» and that
the lifting Z = Z1 x Z,, where Z1, Z, are smooth over k and Y; is a reduced
normal crossings divisor in Z;. Let $; be the ideal defining ¥; X Z3—; in Z for

i =1, 2. Define “)1,2 (Z,N)/k QX9 D a)(Z Mk ® $, To check that C is an
isomorphism, we use the following commutative diagram of exact sequences:
w0l - 919, a)i{2 wl 5?; 0

(Z,N)/k (Z,N)/k

| . |

%4 (Fry * ®9192) — 0l , — ¥4(Fry 0° ) — %4 (FyCy) — 0

(Z,N)/k (Z,N)/k

The complex w? is the same as QZ /k(log Y1) ® Q2% /k(log Y5), so it

(Z,M)] k,triv
does satisfy a Cartier 1s0m0rphlsm by [Deligne and Illusie 1987, 4.2.1.1]. Sim-
ilarly, the complexes on its left are (sums of) products of complexes of the form
Q.Z,- Jk (£1logY;) fori =1, 2, which also satisfy a Cartier isomorphism, by [Deligne
and Illusie 1987, 4.2.1.3]. Therefore, the first three vertical arrows are isomorphisms.
Once we know the exactness of the top and bottom sequence we can also deduce
that the rightmost vertical arrow is an isomorphism. The exactness of the top row
follows from the definition of ¢ ;]/.

The exactness of the bottom row follows from the cohomology long exact
sequence associated to the short exact sequences obtained from the top row combined
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with the Cartier isomorphisms for the first three vertical arrows, which tell us that
the coboundary morphisms of these long exact sequences are all 0. Indeed, if we

let J)(’Z M be the complex obtained by completing the inclusion of complexes
Oz ik ®I192 =0 5 ®I180G 5y © 92

to a distinguished triangle, then we get a long exact sequence
. d(w® -~ d(n® -~ d(n®
— % (w(Z,N)/k ® $192) = K (w(Z,N)/k ® %) B K (w(Z,N)/k ® $7)

9 (n®
— 9 (w(z’ﬁ))—> .

From the Cartier isomorphisms for @ (Z.F)/k ® 919, and w7 5, We deduce that

q . q ° q °

so the coboundaries of the long exact sequence are all 0. By continuing this
zggl%ment, we deduce the exactness of the entire bottom row, and this proves that
C  is an isomorphism.

Now we prove that C~'isan isomorphism. We will show that C~'isan
isomorphism in degree g as well. From the short exact sequence (3B.1), we get the
following commutative diagram with exact rows:

cy! Ce c 0

| |

0 — %9~ (Fry Cp) — %4 (Fry Cy) — %4 (Fr, Cy) — 0

0

To see that the bottom row is exact, we have to check that in the long exact
cohomology sequence associated to the top row the coboundaries are all 0, which
is equivalent to showing surjectivity of #7 (Frs 5;,) — #4(Fr« Cy). However, by
the top row and the Cartier isomorphism C ™!, the composite

(,N*IZ — Cy — %1 (Fry Cy)

is surjective, so the desired map is surjective as well. Now we have a map of short
exact sequences, where the left and right vertical maps are isomorphisms, so the
middle one must be as well. O

We can define canonical projections 7 : Wy, 110y — W,®} using the Cartier
isomorphisms. The construction works in the same way for W, @y, . The definition
of r for Wna); can be found in Section 1 of [Hyodo 1991] in the semistable case
and in Section 4 of [Hyodo and Kato 1994] in general. The constructions in [Hyodo
1991] and in [Hyodo and Kato 1994] are the same, although they are formulated
slightly differently. Our construction follows that in Section 1 of [Hyodo 1991],
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by first defining a map p : Wna:)} — Wn+15);, and then showing that p is injective
and its image coincides with the image of multiplication by p on Wj,+1®}. The
projection & will then be the unique map which makes the following diagram
commute:

=~ @
Wht10y

=@
WnC()Y

~ @
Wn-i—le

The map p : W&y — W18 is induced from p~i+! Fr* : 5; — 5;, where
Fr:(Z,N)— (Z,N) is a lifting of the Frobenius endomorphism of (Z, N) xw k
such that Fr* (W [z, o]) C W|z, o]. The injectivity of p and the fact that its image
coincides with that of multiplication by p are deduced as in Section 2 of [Hyodo
1991] (or as in Lemma 6.8 of [Nakkajima 2005]) from the Cartler isomorphism and
from the fact that C'y y is W-torsion-free (when we take o y to be the crystalline
complex associated to an embedding system for (Y, M) over W).

Now we will consider a different interpretation of the monodromy operator N .
Taking the cohomology sheaves of the short exact sequence

0— Cy[—1] —>5} —Cy =0,
we get a long exact sequence of sheaves on Y
o Waol T Wedl - Wyol —

whose coboundaries are actually all 0. This can be checked as in Lemma 1.4.3 of
[Hyodo 1991], since it suffices to see that the induced map on cocycles Z4¢ (éy) —
Z49(Cy) modulo p" is surjective, and we can use the Cartier isomorphisms in
Lemma 3.10 to give an explicit formula for cocycles modulo p". So we have a
short exact sequence of sheaves on Y

0= Wpol ™' = Wpdl — Wyl —0, (3B.4)

which is compatible with operators 7, F, V' and d. We have a morphism of distin-
guished triangles in the derived category D(Yg, W) of sheaves of W-modules on

Cyl-1] Cy Cy Cy
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The left and right vertical maps are defined in the proof of Theorem 4.19 of [Hyodo
and Kato 1994], and the middle one can be defined in exactly the same way. Note
that the definition of the maps in Theorem 4.19 has a gap which is corrected in
Lemma 7.18 of [Nakkajima 2005], namely, checking that they commute with
the transition morphisms 7 : Wn+1a))‘, — an;. The fact that the middle map
commutes with the transition morphisms 7 : Wy, +1&y — W, @y, can be checked
in the same way as in Lemma 7.18 of [Nakkajima 2005], using the corresponding
Cartier isomorphism to check that the complexes W,y give rise to formal de Rham—
Witt complexes as in Definition 6.1 of [ibid.] and thus applying Corollary 6.28(8).
We also need to check that l(ln Wnd))l, is torsion-free, but we can use the fact that this
is known for 1(21 anil, and the exact sequence (3B.4). The first and third vertical
maps are quasi-isomorphisms by Theorem 4.19 of [Hyodo and Kato 1994], so we
get an isomorphism of distinguished triangles. Thus, the exact sequence (3B.4)
induces the monodromy operator N on cohomology.

Assume that Y has an admissible lifting Z over (W{t,s],N?), and set Z =
Z Qw k. We consider a few more variations on the de Rham-Witt complex, which
we will only define locally on Z. Let W, 2%, be the de Rham-Witt complex of Z.
Let

Y!=Speck[X1,....Xn. Y1, .. Yu. Z1, ... Zm]/ X1+ X
and
Y2 =Speck[X1,....Xn. Y1, .. Yn.Z1,.... Zm]/ Y1+ Ys.

Each Y/ is a normal crossings divisor in Z, s xw k. Let @ be the structure
sheaf of the divided power envelope of Y in Z, s, and 9@2 = ker(@!, — Oyi).
Fori =1,2, let W, Q% (—log Y?) be the (pullback to Z) of the “compact support”
version of the de Rham-Witt complex of Z; s , with respect to Y?. This complex
was introduced by Hyodo [1991, Section 1] and is defined by

a2l (—log¥') = HI(R,y, (og¥') 0, 99)).

Let W, Q% (—logY! —log Y?) be the pullback from Z, s to Z of the complex
defined by

WaQY  (~log¥!—log¥?) =910} e/, ®os ID19D2).

This third complex is meant to approximate a product of complexes of the form
W,z (—logY). Whenn =1, consider Z! =Speck[X1,...,Xn.t]/ (X1 Xr—1),
Z? =Speck[Y1,..., Yy, u]/(Y1---Ys—u) and Z3 = Speck[Z1, ..., Zn]. Then

Wiy (—logY'—log¥?)
~ QY (~log YhH e Q%5 ), (—log Y?) ®p Q%5 (3B.S)
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All these also are endowed with operators F, V, differential d and projection 7,
and they also satisfy a Cartier isomorphism.

Let R be Raynaud’s ring, introduced in [Illusie and Raynaud 1983], i.e., the
graded W -algebra generated by F, V in degree 0 and d in degree 1, subject to the
usual relations

d>=0, FV=VF=p, dF=pFd, Vd=pdV and FdV =d.
Let R, be the right R-module R/(V"R 4+ d V" R).

Lemma 3.11. Let W, 2° be one of the complexes Wy, 25, W, 2%, (—log YY) for
i =1,20r WyQ2%(—logY! —logY?). Let

WQ* =1im W, Q°.
<—
Then W Q* Q& R, = W,Q°.
Proof. For n =1, and W, Q2%, and W, Q% (—log Y'?), we have Cartier isomorphisms
WiQ' = % (FL W Q°),
by [Deligne and Illusie 1987, Result 4.2.1.3]. For W, Q2°%,(—log Y! —logY?) the
Cartier isomorphism follows from the product formula (3B.5) and from the Cartier

isomorphisms above. Let %, = Z xw W,. By abuse of notation, we write Q’Zn
for the complex of sheaves of W,,-modules such that

W Q' =% (Q5, ).

In fact, we have complexes Q:, Q’Z(— log Y) or Q.Z(_ log Y! —log Y ?) which
give the corresponding complexes 5 , 25 (—log¥’) or Q5 (—log¥!—log¥?)
when reduced modulo p”. We also denote any of the initial complexes over W as
Q% . Then there is an explicit description of cocycles modulo p” given by

n n—1
d_l(aniZ+1) — Z pkfn—leZ + Z fdei_l,
k=0 k=0
where f : Q’Z — Q’Z is defined by f = Fr/p’. This is the same as Formula A
from Editorial Comment 11 in [Hyodo 1991] and is proven in the same way as in
that paper and in the same way as in the classical crystalline cohomology case (see
[Mlusie 1979, 0.2.3.13]).

As in the case of W,wy, We2® (and W 2°) is endowed with a differential d, oper-
ators F, V satisfying the usual relations and a canonical projection 7, : W, 4+1Q2°® —
W, Q2® such that p o 7, coincides with multiplication by p on W, 1Q°.

We claim that the lemma follows from the Cartier isomorphism, from the descrip-
tion of cocycles modulo p” in 2%, and from the formal properties of W, 2°. The
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proof is the same as for Lemma 1.3.3 of [Mokrane 1993]. We outline the argument
in order to show that it applies to our case as well. To prove the desired result, we
use the flat resolution of R, as an R-module given by

Fn —Fnd dvn4yn
0—R- L ReR- T R SR, 0.

and it suffices by Corollary 1.3.3 of [Illusie and Raynaud 1983] to prove that the
sequence

—F"d)

o, AV +yn
0—»>wQi! (—> Al AN

W lewq! W — W,QF -0

is exact. The last map is the canonical projection 7 : WQ' — W, Q'.

Exactness at the first term follows from the fact that multiplication by p (and
hence also F') is injective on W Q*®. Indeed, multiplication by p on W,,Q*® factors
as p o, and p is injective by definition, so if p(x,) = 0 for all n then m, (x,) =
Xn—1 =0 forall n, so x = (x,) =0.

Exactness at the last term is the statement that 7 is surjective, which follows by
construction, since p = pom, p is injective and the image of p: W,,Q* — W, 1, Q°
coincides with the image of multiplication by p.

Now we check thatkerm =d V"W Q*+ V"W Q*. Recall that 7, : Wy, 1 — Wy, is
the canonical projection. It is enough to show that kerw, =d V"W Q*+ V"W Q°.
First, if x = V"a + dV"b € W, +12, it suffices to check that px = 0 and indeed
px=FV" a4+ dFV*T1p =0. Now, let [x],+1 € ker 7, where x is an element
of 2% modulo p"*1. Then [px]n+1 = plx]n+1 = 0, so it must be the case that
px=p"tla4+db. Wegetdb=0 mod p, so by the description of cocycles mod p
we have b = pb’ + Fb" + db”, so that db = pdb’ + pFdb". Thus,

[Xlnt1 = [P alnt1 + [dD)ns1 + [FdD |nt1
= Valpss + d[p" FB st = V"[a] + dV"[FB"].

Now we check exactness at the second term. First, note that the sequence
1 F7" 1 d
Wan Q4! — W, Q471 — W, Q1

is exact, which is proved in the same way as Lemma 1.3.4 of [Mokrane 1993], by
taking the long exact sequence of cohomology sheaves of the short exact sequence

0— QY /p"Qy L QY /p¥"QYy — QY /p"QY — 0.

We note that the proof of the analogous statement in the classical case in [I1lusie 1979,
1(3.21)] is wrong and corrected in [Illusie and Raynaud 1983, 1I(1.3)]. Nakkajima
[2005, 6.28(6)] proves this statement for formal de Rham—Witt complexes, using
the same argument as Lemma 1.3.4 of [Mokrane 1993].
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We now claim that the projection
Wt/ p"WQ* - W, Q°
is a quasi-isomorphism. This implies that
d~Y(p"wQi) = FrwQit,

soif dV™x +V"y =0, then dx + p"y = 0, which in turn implies x = F"z and
y = —F"dz for some z € WQY~!. This checks exactness at the second term.
Moreover, the fact that

wQ*/p"WQ* - W,Q°

is a quasi-isomorphism follows in the same way as Corollary 3.17 of [Illusie
1979], boiling down to the Cartier isomorphism and to the description of ker 7 as
dvh+Vvn. O

Remark 3.12. One can use the Cartier isomorphisms to check Properties 6.0.1—
6.0.5 of [Nakkajima 2005] for 2%, 2% (—logY" ') and Q% (—logY! —logY?),
thus proving the analogue of Proposition 6.27 there for all three complexes. Then
Theorem 6.24 of [Nakkajima 2005] also implies Lemma 3.11.

3C. The weight filtration. The goal of this section is to define a double filtration
Py jon W &3, which will be an analogue of the weight filtration defined by Mokrane
on Wnd); in the semistable case (see [1993, Section 3]).

Let (Z, ]V) be an admissible lifting of (Y, M) over (W [z, o], N?). We know that
such liftings exist étale locally. Let %, = Z xw W,,. Let ]Vl be the log structure
on Z (or #,) obtained by pulling back the log structure on Z; 5 ,, associated to

Nr—>W[Xl,...,Xn,Yl,...,Yn,Zl,...,Zm],
,...,0,1,0,...,0) > X;,

where 1 is in the i-th position. Define N, analogously. The pullback of NitoY is
the same as M, Fori =1, 2, we have maps of sheaves of monoids N, — N.

We define the following filtration on w?
(%n 7N)/(WI’I :tﬂV)

a)q ~
b )/ (Wi i)

J q—i—j q
Im( (?n,Nl)/(Wn,mv) ® w(gn N2)/ (W triv) ® Q% [k w(zzin ﬁ)/(Wn,mv))

fori,j >0 and i+ ] < g. This filtration respects the differential and induces a
filtration P; ; &5 y on s y (which can be thought of as a quotient of w?

(g}’l sM)/(WI’l ,tl‘lV)
as in the proof of Lemma 3.10). Note that if we let

q _ k q—k q
Pr © N W iriv) (w(%n,ﬁ)/(Wn,triv) ®Qy, 1k w(iin,ﬁ)/(Wn,triv))’
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then Py is the weight filtration defined in [Mokrane 1993, 1.1.1], and

Fii®, 5y )iy © F147 P, ) Wi

Fori =1,...,r,let Dy, be the pullback to Z of the divisor of Z, s ;; obtained
by setting X; = 0. Similarly, fori =1,...,s, let Dy ; be the pullback to Z of the
divisor of Z, s », obtained by setting ¥; = 0. For 7, j > 0 let D7) be the disjoint
union of

Digy Xz "Xz Dyg; Xz Dajy Xz Xz Dy ;.

overallky,....k;e{l,...,r}andly,....[; €{l,... s} Andletri,j:D(i’j)—>Z
be the obvious morphism, with QDS,I’] ), 7;,; the pullbacks to %, Let

Gr; i w? -
BT @y N ) | (W triv)
q

Pij—10 5y, ,mv))'

. p. .4 4
R T U N
For i, j > 1, we will define a morphism of sheaves

q—i—j

Res: Gr; j w o ,
s QD;[Z-./)/VVH

a .
@ N Wy i) (7 j )2

which extends to a morphism of complexes. If

Xy, . dX
X, Xy,

1

an, - dY
Y, Y,

J

w =N

1

is a local section of P; j withky <---<k; and [} <--- <}, then

q
(%n,N)/(Wy,triv)
ReS(C()) = a|Dl,k1 XZ"'XZDl,ki XZD2,11 XZ"'XZD2![j .

This factors through P;—q ; + P; ;—1 and extends to a global map of sheaves.

Alternatively, we can follow the construction in Section 3 of Chapter II of
[Deligne 1970]. Let le,j be the disjoint union of intersections of k divisors D . with
j=1,2and k; €{1,...,n}. These intersections are in one-to-one correspondence
with images of injections

AL k= {1, UL, L n,

and so we denote one of these k intersections by QD,{ (even though it only really
depends on Im f). We have

k L _
ak= || 2/ =|]9].
i+j=k Im f

i,j=0
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Let 7y : QD,{ — %, be the closed immersion. In [Deligne 1970, 3.5.2], a morphism

. q—k
P = Pl 5w, i P
(and then a morphism p5, which depends on an ordering of {1, ..., n}U{l,...,n})is
associated to each such injection, and the sum of p, over all injections f determines
an isomorphism

. . ]~ q
p'(rk)*Q@f%/Wn[ k] = Pkw(gn,ﬁ)/(wn,triv)/Pk—l

by Proposition 3.6 of Chapter II of [Deligne 1970].

We are only interested in injections ¢; ; :{1,...,i+j}—{1,...,n}U{l,... n}
with image of cardinality 7 in the first {1, ..., n} term and cardinality j in the second
{1,...,n} term. We let Res™! be the sum of the morphisms p, over all injections
qi,j- When we have an injection of type ¢;, j, the image of the morphism p> defined
by Deligne falls in

P;

PN
”’w(ffn,ﬁ)/(wn,mv)/( i—1,j + Pi,j—1) C P;

+] (% N)/(Wn tnv)/Pi+j_1.

For k > 1, we have the direct sum decompositions

Pty 5y /W iy =1 = D or, D N/ W triv)’

i+j=k
.’j >0

—k
(Tr) %2 @m/W = EB (Tw)* @(z ])/W
i+j=k
i,j=0
It is easy to check that the isomorphism p matches up the (i, j) terms in each
decomposition. Putting this discussion together, we get the following:

Lemma 3.13. Fori, j > 1, the map

Res ! : (1, )«Q9 7 S Gr ol -
( l,])* g.b,(ql"/)/Wn L] (%, N)/ (W, triv)

is an isomorphism.
We also have the following analogue of Lemma 1.2 of [Mokrane 1993].

Lemma 3.14. We have an exact sequence of complexes

0— P 1,j— lw(g{n N)/(I/Vn,ter)

= Pi-1 fw(gn N) /(W triv) ® Pij- 1w(2‘£n N/ (W riv)

— P o — Grjj 0}

Fn,N) /(W triv) Fn,N)/ (W, ,tr1V)
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The long exact cohomology sequence(s) associated to this have all coboundaries 0,
so we get the exact sequence

0= I (Piz1,j=190, 5y Wp aiv))

— ¥ (Pi- 1’1“)(9’ Y/ (W triv)
— %4 (P,Jw

) ®HI(Prj-106, 5 1w wiv))

— 9 (Q° —jh —0.

(Ez N)/(Wn,trlv)) @(1 /)/W [

Proof. The first assertion is clear. In order to show that the second sequence is
exact, it suffices to show the following two statements about cocycles:

q—i—j
(1) ZPi,; “’(a’n N)/ (W, triv) > 7 Q@S’”/Wn'
. q
(2) ZPi- (%H,N)/(Wn aiv) @ EPLIS1D 0 S i)

oy o
= 2P0, By iy T DI, 5100, i)

The first statement is proved in the same way as the main step in Lemma 1.1.2 of
[Mokrane 1993]. If « is a local section of Z Qq(ll 1); W, assume that « is supported
on some

Dijy Xz Xz Dy g; Xz Dagy Xz -+ Xz D3y,

for some k1,....k;, I1,...,l; €{l,...,n}. Let
p:%p —> Dygy Xz Xz Dig; Xz Dajy Xz Xz Dy,
be the retraction associated to the immersion
Digy Xz Xz Dig; Xz Doy Xz -+ Xz Dy 1, > %p.
Then p*« lifts « to a section of Z Qq /W ' and the section

d Xk, dXy dY, all
X /\.../\X—/\Y_/\"'/\ Y EP’J (g{ N)/(W tI‘lV)
ki ki ! Lj " "

1 J

satisfies dw = 0 and Res(w) = «. From this, we know that the coboundaries of the
long exact sequence associated to

0— Pi_y,jo! + Pi i,

Zn sN)/(Wn ,triv)
— P,,Ja)

&, N)/(Wn Jtriv)

— Gr;,j 0

(gzn 7N)/(Wn ,ter) (gzn 7N)/(Wn ,ter)

are 0, so we also know that

q
W (Pim1,7O0, §y W vy I =190, 5y W siny) ™ O Pid O 5y 1o i)

foreveryi,j > 1.
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For the second statement, we have to prove that if o € P;_; ja)q ~ )
’ (gzl’l ’N)/(er ,tI‘lV)

q : _ ’
@ N (W i) satisfy d(« ;— B) = 0, then we can find o’ €
/ .. / !
and B’ € ZP”/_lw(zz,,,ﬁ)/(Wn,triv) such that o’ 4+ B’ =
then we are done, since we can just take

and B € P 1o

. .4
ZPi-1,79 0 Ry Woaiv)

R q
a+B. Ifae Pl—lgl—la)(gxn’]v)/(Wn,triV)’

o' =0, ' =a+ . The same holds for B. Otherwise, we have da € P;_;,j_1, so by
the injectivity proved in statement (1) for (i — 1, j), we know that do = da| + do,
for some a1 € Pj—1,j—1 and ap € P;—» ;. Thus, we’ve reduced our problem from
(i—1,j)to (i —2, ). Proceeding by induction, we may assume that i = 0. In that
case day; € Po j—1. By (the same argument as in the proof of) Lemma 1.1.2 of
[Mokrane 1993], we have an injection

%q(Po,j_la) —> %q(Po,ja).

(gjn 5[\7)/(W)’l ,triv)) (gjn ’ﬁ)/(Wn ,tl'iV)),
which implies day; = dazi41 for some a2 1 € Po,j—1. Then

i

i
o =a— Z g1 €ZPi—1,;, Bi=p+ Z azi'+1 € ZPij—1

i’=0 i’=0
satisfy the desired relations. O
The double filtration P; ; on w? induces a double filtration P; ;

- @n,N) /(W tiv)
on Cy,, and, for i, j > 1, the residue morphism Res : P; ;o
q—i—j
ag | W

7 —
~ &n,N)/ Wy, triv)
factors through P; ;C,,.

Lemma 3.15. For any two admissible liftings (Z1, ]V) and (Z», N) of (Y, M), we
have a canonical isomorphism

@z, z, (P jCoyy ) = HI(P1jCo, )

satisfying the cocycle condition for any three admissible liftings.
Moreover, the residue morphism

Resz : %q(Pi’ijg,gn) — HI/ (Q;bg,i"i)/Wn) = WnQ%u’,n

induced on cohomology satisfies the compatibility
Resz, =Resz, oaz, z,.

Proof. The proof of the first part is basically the same as the proof of Lemma 3.5.
We take admissible lifts (Z1, N) and (Z,, N) (we denote the log structures on both
simply by N, as it will be understood from the context which is the underlying
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scheme). As in the proof of Lemma 3.5, we form (Z15, N ), which is smooth over
(Zi, N), even though it is not quite an admissible lift. However, Z1, is étale over

SpecWI[X1.....Xn Y1, .Y, X1, X0 Y] Y oo uE L uE
/(Xivi — X[.Yjv; = Y)).

So we can endow 5;{ 12, With a filtration P; ; C ; 1,.n defined as above, in terms of
log structures N1 and N5 (which come from formally “inverting” the X; and X/ or
the Y; and Yl.’ ). Then the same argument used in the proof of Lemma 3.5 gives us
quasi-isomorphisms

P; jCy;,, — Pi,jCays ,

for i = 1, 2, which satisfy the right compatibility condition for three admissible
lifts.

For the second part, we follow the argument in Lemma 3.4(2) of [Mokrane 1993].
We let

dX, dXy, dY, dy;,

W=aAN—L A A—L A Acer A ——

Xk] Xk,' Yll Yli

; -l
be a section of P; ; Dy /W) and

X}, dx; —dv/ dY;
o' =o' A LA A —E A A A

X; X, Y/ Y/

k1 ki I I

be a section of P; ;jw such that w = 0’ in P; jw

q q
(&2.1,N)/ (W triv) &12,0,N) ] (W riv)”

We have to check that ..y = o'|. ¢.j). But
gDlZ,n gZlZ.n

dXe . X dY, 4y,
Xz, X, Y

w—o' =(@—a)A
1

where ¥ € P; j_j0? + Py, jo This means that

(F2.10,N) /Wy triv)

Xy, . dXi
X, Xy,

7

q
F2.10,N) /(W riv)’

dy;, dy,,
AN — Aees A —-
Y, Y,

(a—a')A

is also a section of P; j_1w Pi,jo and so

q q
(#2.10,N) /(W triv) * F2.10,N) /Wy triv)’
(@ =g =0. O

Corollary 3.16. We can define the sheaves

Pl',j an)‘{/ = %q(Pi,jéy).
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The complexes P; j Wy, (7)} form an increasing double filtration of Wy, 5)} such that
the graded pieces fori, j > 1

Gr;,; Wn;);} =P an)}/Pi,j_l + P,

are canonically isomorphic to the de Rham—Witt complexes of the smooth sub-
schemes Y -7

Res : Gri j Wpdy <> WuQ5 ) [—i — j1(=i — ).

Lemma 3.17. The constructions in Section 3C are compatible with the transition
morphisms 1, in the following way:

(1) The following diagrams are commutative:

= 4 = ~ b =
Wn+1a)Y e Wna);l, Wn+1a)§1/ I Wna);],
dt dt do do
ATL l/\? and A?L lA?
~q T ~q =q T ~q

(2) The projection 1 : Wn+1c7)(1], — Wnﬁ)(f, preserves the weight filtration P; j on
Win@% form =n,n+ 1.

(3) The morphism 7 : P; ; Wn+1(7)31, — P Wncf)(f, is surjective.

Proof. The first part follows in the same way as Proposition 8.1 of [Nakkajima
2005], by using a local admissible lifting (Z, N) of (Y, M) together with a lift of
the Frobenius ®. Then ®*(7) = t?(1 + pu) for some

uely ®W[r,o] Wn(‘E,U)

and so ®*(d log 1) is equivalent to pd log T modulo an exact form. The same holds
foro.

The second part follows in the same way as Proposition 8.4 of [Nakkajima
2005]. The question is local, so we may assume that the admissible lift (Z, N )
is étale over Spec W[X1,..., Xu, Y1,...,Yu], N" & N*. First we see that, for a
lift @ of Frobenius we have that ®*(d log X;) is equivalent modulo an exact form
to pdlog X; for 1 <i <r and that ®*(d log Y;) is equivalent modulo an exact
form to pd log Y; for 1 < j <s. This implies that the map p : Wpo% — Wy110%
preserves the weight filtration P; ;.

In order to see that v : Wy, 4+ 5)‘11, — Wncf)gl, also preserves P; ; we use a descending
induction on (i, j) in lexicographic order. Note that P s Wncf);]/ = Wncf)‘f,, so there
is nothing to prove in this case. We can prove the result for (r, s — 1) in the same
way as Proposition 8.4(2) of [Nakkajima 2005], using the commutative diagrams
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P; jWn+1wY _> Wn+IQY(l )

~q Res q—i
P, jWhoy S-2)/(1 /)j
for (i, j) successively equal to (r,s), (r — 1,5),...,(1,s). At the last step we get a

commutative diagram of (vertical) exact sequences

0 0
Pr,s—l Wn+15)§lf + PO,sWn+15)(II/ Pr,s—IWnCT)C)II + PO,S an)gf

~d ~d ~d ~d
Pr,s—an-‘rla)Y + Pl,sWn—Ha)Y — Pr,s—ana)Y + Pl,sWna)Y

g—s—1 qg—s—1
Wn—HQYU,s) P WnQy(l,s)
0 0

which means there is an induced morphism 7 : Py 5 Wn+15)‘{, + Pog Wn+15)§, —
Prs 1 Wad% + PosWnid?.
At this stage, we note that we can define

y ) — |_| (ﬂyﬁ).

TcA1,.. ieT
#T = s

This will be a simple reduced normal crossings divisor over k, and we can endow it
with the pullback of the log structure M; so that (Y, M ) is a (k, N)-semistable log
scheme, in the terminology of Section 2.4 of [Mokrane 1993]. There is a surjective
residue morphism obtained via the restriction

Res

which respects the weight filtrations. Just as the commutative diagram 8.4.3 of

[Nakkajima 2005] is obtained, we can use the injectivity of p : W,®2 —

Y ©.5)

Wn+1a)Y(0,S) for Y (0:5) / k [Nakkajima 2005, Corollary 6.28(2)] to see that there is
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a commutative diagram
PosWni16% LN PoWn110Y

nl ln

Po s Wy, PoW,éd

Y(O s)

Y<0 5)
We therefore get a commutative diagram of (vertical) exact sequences:

0 0

~q ~dq
Pr,s—IWn-i-lC‘)Y Pr,s—IanY

Pr,s—IWn—i—le);]/ + PO,sWn—H(D‘)I/ Pr,s—IWn;)gf + PO,sWn(D%

~q—S ~q—S
P() WIH- Y(O ) p P() anY(OJ)

0 0

so there is an induced morphism 7 : Py 1 Wn+1c7)§1, — Prs—1 Wnﬁ)‘{,.

Finally, the third part follows in the same way as Corollary 8.6.4 of [Nakkajima
2005]. For an admissible lift (Z, N), let Z1 := Z xw k. We have surjective mor-
phisms W,,qu1 — Poo Wni)‘{,, which commute with the transition morphisms 7.
So 7 is surjective for Py . Using the exact sequences of the form

0— Po,j— 1Wna)Y—>PojanY—>PoWna) —0

Y(O J)
and the surjectivity of & on the third term, we prove by induction on j that r is
surjective for Py ;. The same statement holds for P; o. Then, we prove that 7 is
surjective for a general P; ; by induction on i + j, using the exact sequences of
the form

= = =~ q i
00— P,-_l,jWna);I, + P,-,j_ana)?, — P,-,jWna)‘{, — W”QYO /)J — 0. ]

4. Generalizing the Mokrane spectral sequence

In this section, we derive a generalization of the Mokrane spectral sequence which
will allow us to compute the log crystalline cohomology of the Shimura varieties
we are interested in terms of the crystalline cohomology of certain proper smooth



1636 Ana Caraiani

Newton polygon strata in the special fiber. Mokrane’s spectral sequence applies
to the case of semistable reduction. Here we treat the case of a scheme whose
singularities are locally those of a product of semistable schemes which is no longer
semistable.

We define a double complex W, A*® as follows. Its terms are

Wy AV —G}W,,N’MJr [(Pritjv2+ Piyjsa,j-k) fori,j=0,
k=0

and W, AY := 0 otherwise. The operators d, =, F, V of We®" induce oper-
ators d’, w, F, V of the procomplexes WeA®*/. For x in the direct summand
Wn~l+1+2/(Pkl+J+2 4+ Pitjta,j—k) of WyAY, d’x is the class of (—1)/d %,
where X is a lift of x in W, @ ”J” *2 We also have a differential d” : c W, A —
W, AU+ given by

x=(=1) (—/\ +0’270Ax)

where d /1 and do /o are the global sections of Wn(f); defined in Lemma 3.9. We
have d'd” = d"d’, so we indeed get a double procomplex (WeA®®,d’,d"). As
in Lemma 3.9 of [Mokrane 1993], we can use dévissage by weights to see that
the components of this procomplex are p-torsion-free. Let We A® be the simple
procomplex associated to the double procomplex We A®°.

We define now an endomorphism v of bidegree (—1, 1) of W, A*® which will
induce the monodromy operator on cohomology. For each k € {0, ..., j} we have
natural maps

- + +2
W't [(Prjivj+2+ Pitjt2,j—k)

Bori+2
— WodH [(Priyj42+ Pigjto,jr1-k)
= +
SWady T2 (Prsrivjvz+ Pisjaaj—k)-
which are sums of (—1)?*/%1 proj on each factor. Summing over k we get maps

v WyAY — W, A"=U+1 which induce an endomorphism v of bidegree (—1, 1).
The morphism of complexes Wncf)} — W, A*? given by

dt do
X —A—=AX
T o

factors through W,y . We get a morphism of complexes

O : Wyoy — W, A®.
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The following lemma is analogous to Theorem 9.9 of [Nakkajima 2005]. It
ensures that the resulting spectral sequence will be compatible with the Frobe-
nius endomorphism (defined as an endomorphism of W,-modules). We let &, :
Wywy — W, oy be the Frobenius endomorphism induced by the absolute Frobenius
endomorphism of (Y, M).

Lemma 4.1. Let n be a positive integer. Then the following hold:

(1) There exists a unique endomorphism 5;. of W, A®® of double complexes,
making the following diagram commutative:

qu\ lgzm

w,A9m 4y qam

(2) The endomorphism (%n induces an endomorphism (%n of the complex W, A®,
fitting in a commutative diagram

D,

@[ t@
3,

WnA. . WnA.

(3) Finally, the Poincaré residue isomorphism Res fits in the following commutative
diagrams fori, j > 1:

o =~ q Res q—i—j

\I/n‘ ‘pi-i-.iq)n

o ~q Res q—i—j
Gri,jWaoy WnQy(i,j)

where \V,, is an endomorphism of an)} which respects the weight filtration
P; j and which induces ®, on Wy, A®®.

Proof. The proof is essentially the same as that of Theorem 9.9 of [Nakkajima
2005]. We emphasize only the key points. We can define a morphism

q .y 24 ~q
U Wyoy — Whoy

via the composition
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j—1
Wn;);], i) Wn+1(xz);1, —ﬁ——> Wn+167)§1/ i) W”Z)(II/
The fact that these morphisms commute with the maps (dt/7)A and (do/o)A
follows from the proof of the first part of Lemma 3.17. This implies that the second
diagram is commutative. The fact that the W;*® respect the weight filtration follows
from the analogous statement for p, which is proved in Lemma 3.17 as well. This
" ot W, A74, at least
for j > 1. For j =0 we use the Frobenius endomorphism ®,, of Wy, (Oy (x+1./—k+1))

means that we can use \IJ] JH4F2 4 define endomorphisms

. . . . =0q .
together with the residue isomorphisms to define ®, . The commutativity of the
first diagram now follows from the definitions, from the commutative diagram

=gm kO

id

(which is deduced from pd = dp and dF = pFd) and from Diagram 9.2.2 of
[Nakkajima 2005] in the case of a smooth morphism. The fact that the first diagram
is commutative ensures the uniqueness of @Z’m. Finally, the third commutative dia-
gram follows from the surjectivity of & proved in Lemma 3.17, from Diagram 9.2.2
of [Nakkajima 2005] in the case of a smooth morphism and from the commutative
diagrams

—l—

Pi jWay10% —Re Wn-HQYu 7

o ~q Res q—i—j
Pi i Whoy WnQy(z P

fori,j > 1. O
Proposition 4.2. The sequence

R ® 0 d’ ol d’
0— Whoy — WA — W A" —

is exact.

Proof.  We follow the proof of Proposition 3.15 of [Mokrane 1993]. Let 6 :

Wt @ Wdh ' — W, be defined by

(x, y)r—)ﬂ/\x—l—d—o/\y



Monodromy and local-global compatibility for / = p 1639

It suffices to check that the sequence

cica (FALEN ~ie1 ~i—1 0 xi
Whoy = ———— Whoy ~ @ Whoy  — Wyoy
dt ,do
dr ,do

s WhdT?/(Poiga + Pit2,0)

d’ o o
— anllf+3/(P1,i+3 + Piy30) @ anl1/+3/(P0,i+3 + Piy31)

d//

A, ... 4.1)

is exact. We do this by using first a dévissage by weights, reducing to the case n =1
and then using the fact that the scheme Y is Zariski-locally étale over a product of
(the special fibers of) strictly semistable schemes.

We let
K_4=Wpdy 2,
K_3=W,dy '@ W,
K 5 =Wydy.

J
~ [ +2 .
Kj =@ Wady ' 2/ (Prigjua+ Piyjsaji) J=0.
k=0

For j > —4, j # —1 we define a double filtration of K; as follows:

~i—2
Pl,mK—4 = Pl—2,m—2anY s

Pl,mK—S = Pl—2,m—1 WnU)Y ® Pl—l,m—ZWnCUY s

=1
PrmK—:= Py m—1Whoy,

J
_ =itj+2 .
P K= @ Prikm+ j—kWaoy "7/ (Pritj+2+ Piyjya,j—k). J =0.
k=0

Here we set the convention Pj W,&' = 0 if either [ < 0 or m < 0. The sequence
(4.1) is a filtered sequence and to prove exactness it suffices to prove exactness for
each graded piece

Grym Kj := P Kj /(P -1 Kj + Pl_1 mKj).

For [, m > 0 we can rewrite the sequences of graded pieces as:

~[—2 ~i—1 ~i—1
Gri—2.m—2 Whoy = = Gr1—3 m—1 Waoy = @ Grj—y 1y Wahoy

— Gry_y 1 W@y — Grpp Wndy?

=i+3 ~i+3
_>Grl+1,mWn0)Y EBGrl,m—HWnCUY e,
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For [ < 0 or m < 0 the sequence is trivial.
It suffices to show that the sequence of complexes
Grl—z,m—z an);[_z] - Grl—z,m—l an);/[_l] S Grl—l,m—z anf);/[_l]
~ @ L ~ @
= Grj_y 1 Wy — Gry, Wyoy[2]
= Gr1p1,m Wa®y B]@ Grp iy Wady 3] — - (4.2)

is exact. Note that we can check this locally. When /,m > 1, we know by
Corollary 3.16 that

Grym Wady =~ Wn 25, .y [—1 — m] (=1 —m).

For [ =0 and m > 1 let Ypo.m be the normal crossing divisor of D%™ corresponding
to s = 0. In this case we have

Gty Wn@y = [WuQpom (—log Ypon) — Wy Qpom],
and for / = 0, m = 0 we have the quasi-isomorphism
Gty Waby = Wy Q% (—log Y —logY?)
— W Q% (—logY!) @ W, Q% (—log Y?) — W, Q%].
where Z = Z ®w k. In any case, Gr; , W,&° satisfies the property
(lim Gry,,, Wp®®) ®F Ry = Gry py Wyo®

by Lemma 1.3.3 of [Mokrane 1993] and Lemma 3.11. By Proposition 2.3.7 of
[[lusie 1983], it suffices to check exactness of the sequence (4.2) for n = 1.

For n = 1 and working locally with our admissible lifts, we know that the exact
sequence (4.2) is the pullback to Y of the corresponding exact sequence on Y7 Xy Y.
We can assume that Y =Y xi Yo and Z = Z1 x;. Z5. Each Y; fori =1,2is a
reduced normal crossings divisor in Z;, for which we know that

GI‘]I._Z Wld)}.'i [—1] — Grll._l W1a~)Yi — GI‘] Wld);i [1] — Grl+1 Wld);;i [2] —> e

is exact, by the proof of Proposition 3.15 of [Mokrane 1993]. In other words,
for i = 1,2 we have quasi-isomorphisms between the top row and the bottom
row. Multiplying the quasi-isomorphisms for i = 1, 2 gives us exactly the quasi-
isomorphism ¢ needed to prove the exactness of (4.2) in the case n = 1. Here, we
use the Cartier isomorphisms for W@y, and for W1&y and the fact that

@z, iy B0z 1) Bk (@7, 7)1 B0z, O02) = 07 ) B0z O

where the two complexes on the left determine W d);,i fori = 1,2 and the one on
the right determines W1®} . O



Monodromy and local-global compatibility for / = p 1641

Corollary 4.3. The morphism of complexes © : Wywy — Wy A® is a quasi-isomor-
phism. It induces a quasi-isomorphism © : Wy => WA®.

Proposition 4.4. The endomorphism v of We A*® induces the monodromy operator
N over H*. (Y,M)/(W,N)).

cris

Proof. We define the double complex B;*® as follows:
By =W, A"V @ WAV, i j >0,
d'(x1,x2) = (d'x1.d"x2),
d"(x1,x2) = (d"x1 +v(x2),d"x3).
We have a morphism of complexes ¥ : W,@y — B, defined as follows: for
x € Wyoy,
W(x)

do d dt d
= ((70—%>Ax (mod Po,i+1+ Pi+1,0), TT/\?U/\X (mod PO,i+2+Pi—I—2,0)>-

Thus we have a commutative diagram of exact sequences of complexes:

0 Whoy [—1] W@y Whoy 0
l@[—l] l\IJ l@
0 Wy A*[—1] B: W, A® 0

where the left and right downward arrows are quasi-isomorphisms. Thus, W is
also a quasi-isomorphism and the commutative diagram defines an isomorphism of
distinguished triangles. Thus the monodromy operator N on cohomology is induced
by the coboundary operator of the bottom exact sequence, which by construction
is v. O

We can compute the monodromy filtration of the nilpotent operator N on coho-
mology from the monodromy filtration of v on W, A®*. We will exhibit a filtration
Pr(WnA®) =D >0 P (W, AY)) which satisfies the following:

(1) v(Pr(WeA®)) C Pro(WeA*)(—1).
(2) For k > 0, the induced map v¥ : Gry(WeA®) — Gr_i(WaA®)(—k) is an
isomorphism.
A filtration satisfying these two properties must be the monodromy filtration of v.

Note 4.5. From now on, we will not work in the category € of complexes of sheaves
of W-modules but rather in Q ® &, which is the category with the same set of
objects as €, but with morphisms @ ® Homg (A, B). We will in fact identify the
monodromy filtration of v on @ ® W, A®, but for simplicity of notation we still
denote an object A of € as A when we regard it as an object of Q ® €.
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Define P;(W,A®®) := @ P;(W,AY) for [ > 0, where P;(W,A"Y) is 0 if
[ <2n—2—j and £,j20

J [—2n+24j

Giti+?
@( E Prymi1,2j—kti—2n—m+3Wahoy /(Pk,i+j+2+Pj—k,i+j+2))
k=0 m=0

if | >2n—2—j. Itis easy to check that v(P; (W, AY)) C Pj_, W, A1t/ =1 More-
over, we can also compute the graded pieces Gr; (W, A°*®) = EB;‘, >0 Gry (W, AY),
where

Gr; (WnAY)
0 ifl <2n—2—j,
@k -0 D 20 Gripmer1 2j—kti—an—mis Waly /T2 if 1 = 2n-2—.
For [ =2n—2+h, with h > 0, we claim that v induces an injection Gr; (W, A”) —

Gr;_1 (W, A7), This can be verified through a standard combinatorial argument.
We have

Jjoohtj
x 2
Gr;(WoA”) = D @B Grktm)+1.2)+h+1-k+m) Wad el
k=0 m=0
and
JH1h+j—1
+j+2
Gr;— 1(WnAJ)_@ @ G (k+m)+1,2) +h+1—(k+m) W@y
k=0 m=0

The map v sends the term corresponding to a pair (k,m) to the direct sum of
terms corresponding to (k,m) and to (k + 1,m — 1). Therefore, it is easy to
see that v restricted to the direct sum of terms for which k + m is constant is
injective, so v is injective. Moreover, we see that v induces an isomorphism
Gan_2+h(WnAij) ~ Gr2n_2_h(WnAi_h’j +h)_ since the terms on the right-hand
side are of the form
J o htj
P D Graxrmy 1.2 +h+1-c+m) Wad oyt
k=0 m=0
and the terms on the left-hand side are of the form
Joohtj

~z+/+2
P DB Graucrmy+1.2j+hr1-tctm) Wad :
m=0 k=0

so on either side we have the same number of terms corresponding to k + m.
Since the filtration P;(W, A®®) satisfies the two properties above, it must be the
monodromy filtration of v.
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Note that the differentials d” on Gr; (W, A®®) are always 0. Using the isomor-
phisms in Corollary 3.16 we can rewrite

Grap—a4n(WeA®)
J jth
= @ @ @(W'Q.Y(k-i-m-i-l.2_i+h+1—(k+m)))[_2j —hl(=j —h).

Jj>0,j>—h k=0 m=0

This leads to the main geometric result of the paper. Recall from Section 3.1
that Y/ k is the special fiber of X /Og, which is Zariski-locally étale over a product
of strictly semistable schemes. Recall also that Y is globally the union of certain
proper, smooth (2n — 2)-dimensional subschemes Y; ; withi =1,2, j =1,...,n.
Taking disjoint unions of intersections of these subschemes gives rise to schemes
Y& JZ)/k for 1 <1y, 1, <n, which cover closed strata in Y. Each Y (1:/2) ig proper,
smooth and has dimension 2n —[1 — /5.

Theorem 4.6. There is a spectral sequence
hl+h @ é él Hl 2j h(y(k+m+1,2j+h+l—(k+m))/W)(_j_h)
cris
j=0,j>—h k=0 m=0 iHl (Y/W)

cris

Remark 4.7. Note that the schemes Y (1-/2) are proper and smooth so the E —h.i+h
terms of the spectral sequence are strictly pure of weight i + /. If the above spectral
sequence degenerates at the first page, then H!. (Y/W) is pure of weight i.

cris

5. Proof of the main theorem

In this section we prove the main theorem. By Corollary 2.3, its proof reduces to
the following proposition.

Proposition 5.1. Let &ﬂrgfw be the universal abelian variety over X g’l i The direct
limit of log crystalline cohomologies

. 2n—2+ =
limag(Hyfy " (A7 o k/ W) ®w Q1)) [TT€]
UIW

is pure of a certain weight.

Proof. Recall that we have chosen
Uw = U x U"P2 (m) x Twp p, X Iwg p, C G(A).

. p1-p2 .
Pick m large enough such that (m)Ul 0m)xIWn.py XWnpy ig nonzero, where

m; € Irrp (G(Qy)) is such that BC(mr;) = LI_IH]. The results of Sections 3 and 4
apply to &ﬁZ{i. We have a stratification of its special fiber by closed Newton polygon
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strata sd’gfw g With S, T C {1,...,n} nonempty. For brevity, let K1 :=k +m + 1
and K, :=2j +h+1—(k +m). By Theorem 4.6, we have a spectral sequence

j j+h

EfM =D PP P H A s/ W) —h)

j=0 k=0m=0#S=K;
j>—h #T=K»
= H!.

cris

(&Q - Xog k/W).

We replace the cohomology degree i by i +mg, tensor with Q (t¢), apply ag (which

is obtained from a linear combination of étale morphisms); passing to a direct limit

over U! and taking the TT"®-isotypic components we get a spectral sequence

El—h,i+h
IS i +mg—2j—h

_ . i+mg—2j— .

- @ @ @ @ h_r)n(achris (( UIWST/W)(_] _h)

Jj=0 k=0m=0#S=K; U’ = 1,6
j>—h #T=K, ®W,ro@l(t§))[n ’ ])

= lim (a¢ H, A xog k)W) g, Q1)) O],

Cris
Ul

For any compact open subgroup U! € G(A!) and any prime p # [ with isomor-
phism ¢, : @, => C, set & := (1) 1€ and I := (1) 1IN
We have

dimg, (limag Hyt " 2 7 (A3 g 7/ W)(=) —h) @wz, Q) [0V
Ul
= dimg_ (limag H'*" =2/ o 0 @) (T )S1Y’
Ul
= dimg (lim H'~% 7" (Xy,, 5.7, 2 ) [(T1)S]V"
U/
The first equality is a consequence of the main theorem of [Gillet and Messing
1987] and of Theorem 2(2) of [Katz and Messing 1974]. The former proves that
crystalline cohomology is a Weil cohomology theory in the strong sense. The
latter is the statement that the characteristic polynomial on H'(X) of an integrally
algebraic cycle on X x X of codimension 7, for a projective smooth variety X/k
of dimension #, is independent of the Weil cohomology theory H.

The dimension in the third row is equal to O unless i = 2n —2 by Proposition 5.10
of [Caraiani 2012]. Therefore, E —hith _ =Ounless i =2n—2, so the £ page of the
spectral sequence is concentrated on a diagonal. The spectral sequence degenerates
at the £y page and the term corresponding to £” h2n=2+h i strictly pure of weight
h+2n —2+ mg — 2t¢, which shows that the abutment is pure. O
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Finite generation of the cohomology
of some skew group algebras

Van C. Nguyen and Sarah Witherspoon

We prove that some skew group algebras have Noetherian cohomology rings,
a property inherited from their component parts. The proof is an adaptation of
Evens’ proof of finite generation of group cohomology. We apply the result to a
series of examples of finite-dimensional Hopf algebras in positive characteristic.

1. Introduction

The cohomology ring of a Hopf algebra encodes potentially useful information about
its structure and representations. It is always graded commutative (see, for example,
[Suarez-Alvarez 2004]). For many classes of finite-dimensional Hopf algebras, it is
also known to be finitely generated: for example, cocommutative Hopf algebras
[Friedlander and Suslin 1997], small quantum groups [Ginzburg and Kumar 1993],
and small quantum function algebras [Gordon 2000]. Etingof and Ostrik [2004]
conjectured that it is always finitely generated, as a special case of a conjecture
about finite tensor categories. Snashall and Solberg [2004] made an analogous
conjecture for Hochschild cohomology of finite-dimensional algebras that was seen
to be false when Xu [2008] constructed a counterexample. In contrast, there is
neither a counterexample nor a proof of the Hopf algebra conjecture. Each finite
generation result so far has used, in crucial ways, known structure of a particular
class of Hopf algebras. Further progress will require new ideas.

In this article, we present one technique for handling some types of algebras
inductively. Many (Hopf) algebras of interest are skew group algebras (that is,
smash products with group algebras). Under some conditions on a skew group
algebra, we show that its cohomology is Noetherian if the same is true of the
underlying algebra on which the group acts.

This material is based upon work done while Nguyen was a Texas A&M graduate student. It was
supported by the National Science Foundation under grant No. 0932078000 while both Nguyen and
Witherspoon were in residence at the Mathematical Sciences Research Institute (MSRI) in Berkeley,
California, during the semester of Spring 2013. Both authors were also supported by NSF grant
DMS-1101399.
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Specifically, if A is a finite-dimensional augmented algebra over a field &k, with an
action of a finite group G by automorphisms, there is a spectral sequence relating the
cohomology of the smash product A #kG (definition in Section 2) as an augmented
algebra to that of each of A and G. (It is essentially the Lyndon—Hochschild—Serre
spectral sequence.) This allows us to use the framework of Evens’ classic proof
[1961] of finite generation of group cohomology to prove that the cohomology
rings of some smash products are Noetherian (Theorem 3.1). In order to do this,
we need a particularly nice set of permanent cycles in the cohomology of A. In the
finite group case, these cycles exist due to an application of Evens’ norm map. In
our setting, there may be no such norm map, and we instead hypothesize existence
of these permanent cycles.

We focus on a class of examples (in Section 5) found by Cibils, Lauve, and
the second author [Cibils et al. 2009] that satisfy our hypotheses. We prove finite
generation of the cohomology of these noncommutative, noncocommutative Hopf
algebras in positive characteristic. While our main theorem is tailored to suit these
examples, we state and prove it in the abstract setting, in order to add one more
tool to the collection of techniques available for proving finite generation. Our
restrictive hypotheses serve to highlight the difficulty in adapting methods designed
for the finite group setting, where serendipity reigns.

2. Definitions and notation

Throughout this article, let k be a field. All algebras will be associative algebras
over k, and all modules will be left modules, finite-dimensional over k. Let ® = ®y.

Let G be a finite group acting on a finite-dimensional augmented k-algebra A by
automorphisms. Let A#kG be the resulting smash product (or skew group algebra),
that is, A ® kG as a vector space, with multiplication (¢ ® g)(b ® h) = a(8b) ® gh,
for all a,b € A and g, h € G. (For simplicity, we will drop tensor symbols in this
notation from now on.) We assume the action of G preserves the augmentation of
A, so that A#kG is also augmented with augmentation map €, : A#kG — k
defined by €,,,;(ag) =¢,(a), forallac A, g € G.

We use the symbol k also to denote the one-dimensional A-module (respectively,
A #kG-module) on which A (respectively, A #kG) acts via its augmentation. Let

H*(A, k) :=Ext}(k, k) and H'(A#kG, k) :=Ext)u;k, k).

Both are algebras under Yoneda composition. The embedding of A into A#kG as
a subalgebra induces a restriction map

res yug.4 - H (A#KG, k) — H*(A, k)

on cohomology. There is an action of G on H*(A, k) that may be defined for
example via the diagonal action of G on the components of the bar resolution for A.
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There is a similar action of G on H* (A #kG, k) that is trivial since it comes from
inner automorphisms on A #kG.

3. Finite generation of cohomology

In this section, we prove our main theorem that under certain hypotheses, the
cohomology ring H*(A#kG, k) of A#kG is Noetherian:

Theorem 3.1. Let G be a finite group acting on a finite-dimensional augmented
algebra A, preserving the augmentation map. Assume that Im(res 44, ; 4) contains
a polynomial subalgebra over which H*(A, k) is Noetherian and free as a module,
with a free basis whose k-linear span is a kG-submodule of H*(A, k). Then,
H*(A#kG, k) is Noetherian.

Remarks 3.2. (a) The hypothesis that Im(res 44, ,) contains a polynomial sub-
algebra over which H*(A, k) is Noetherian, together with the left module version
of [Goodearl and Warfield 2004, Corollary 1.5], implies that H*(A, k) is (left)
Noetherian.

(b) We did not specify the characteristic of the base field k in the theorem. If the
characteristic of k does not divide the order of G, then kG is semisimple and its
cohomology is trivial except in degree zero. In this case, H* (A#k G, k) =H*(A, k)Y,
the invariant ring under the action of G. Here, one can use invariant ring theory in
the noncommutative setting to show that the conclusion of the theorem holds. (See,
for example, [Montgomery 1993, Corollary 4.3.5].) For the proof of Theorem 3.1,
we assume the characteristic of k divides the order of G.

Proof. We use the Lyndon—Hochschild—Serre spectral sequence (see, for example,
[Barnes 1985, Chapter VI] in a very general setting):

Ey? =E}(k)y=HP(G,HI(A, k)) = H’Y1(A#kG, k).

Let E, (k) denote the resulting r-th page, and note that for each ¢, HY(A, k) is a
finite-dimensional k-vector space.

Note that E%:* is a submodule of Eg'*, since no d, : EP'Y — EPTHIT T ends
on the vertical edge. It follows that the restriction map H*(A#kG, k) — E(z)’*(k) is
part of the following commuting diagram:

H* (A #KkG, k) ana HO(G, H* (A, k)) = H*(A, k)©
E%* (k) = EY* (k)

We can identify E2* with the image of the restriction map in Eg o,
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Let T = k[xy. .-, X,,] denote the polynomial subalgebra of Im(res 44, 4)
hypothesized in the statement of the theorem. The action of G on H*(A, k) restricts
to the trivial action on T since it is a subalgebra of Im(res ;4 ; 4). Therefore, by
the universal coefficients theorem, H*(G, T) = H*(G, k) ® T, an isomorphism of
graded algebras.

Let S := H*(G, k) = E;’O(k). Let R be the subring of E,(k) generated by S
and T. By the above observations, R = S[x,, ..., x,,], a polynomial ring over S
in m indeterminates (that we also denote by x,, ..., x,, for convenience). Since
d, vanishes on the horizontal edge, R C Ker(d,). So R projects onto a subring
of E3(k) =H(E»(k), d»). Similarly, R projects onto a subring of E, (k) for every
r > 0 including co. Therefore, we may consider E, (k) to be a module over R, for
every r > 0 including oo.

Claim 1. E, (k) is a Noetherian module over R.

Proof of Claim 1. By hypothesis, there are (homogeneous) elements p,, ..., p, €
H*(A, k) that form a free basis of H*(A, k) as a T-module, and for which

V = Spani{p;, ..., p;}
is a kG-submodule of H*(A, k). Let
L:=H*(G,V).

Note that L contains a copy of S = H"(G, k) as V must include an element in
degree O, that is, in HO(A, k) = k, which has trivial G-action. By hypothesis,
H*(A, k) =k[x,..., x,n]-V,and so

Ey(k) =H"(G, k[x;».... xul- V).
Further, k[x,, ..., x,,] has trivial G-action and the module H*(A, k) for this poly-
nomial ring is free with free basis p,, ..., p,. It follows that, as a kG-module,
kxtnl VE D i xm VE PV,
I1yeens imZO il,...,imZO

a direct sum of copies of the same kG-module, V. Therefore by the universal
coefficients theorem, E, (k) is the image of

HY(G, klxys - s X)) @H (G, V) Zk[Xys s X ® L,

under cup product. We thus identify E5*(k) with S[x,, ..., x,,] ®s L.

Since G is a finite group and V is a finite-dimensional vector space over k,
L =H*(G, V) is Noetherian over S = H*(G, k) [Evens 1961]. By the Hilbert basis
theorem for graded commutative rings (see, for example, [Goodearl and Warfield
2004, Theorem 2.6]), S[x;, ..., x,,] ®s L is Noetherian over R = S[x,, ..., x,,].
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Therefore, E;’*(k) is Noetherian over R. We have proven Claim 1.
Claim 2. The spectral sequence stops; i.e., E, = E for some r < 0.

Proof of Claim 2. Let Z; be the space of i-cocycles and B; be the space of i-
coboundaries in E; = E; (k). Recall that £y = Z| and E; = Z,/B,. Consider the
“pull back” B, in E; of d,(E,) as follows.

Each element of £, on which d; vanishes determines an element of E3. Suppose
d; vanishes on that element, so that it in turn determines an element of E4. Continue
placing such restrictions until we determine an element of E,, and suppose that
element is in the image of d,. We define:

B, :={teEy:teKer(d;) for2<i <r—1andrt e€lm(d,)}.

Note that B, is an R-submodule of E> since d; is a derivation for all j,2 < j <r,
and the image in each E; of R consists of universal cycles. Moreover, B, C B,
so we obtain an ascending chain of R-submodules of E»:

0=B CBC---

Since E» is Noetherian over R by Claim 1, this chain must stabilize by the ascending
chain condition. Thus there exists some ry finite such that B,, = By +1 = Byy42=""- -,
and so d, =0 for all » > ry. This implies E, = E, for r > rg, proving Claim 2.

We can put this together to finish the proof of the theorem: Each Z,, B, is a
submodule of E> over R = S[x,, ..., x,,]. Thus, each E,, which is a submodule
of a quotient module of E,_1, is Noetherian over R by Claim 1 and induction on
r. By Claim 2, E is Noetherian over R, and so by [Goodearl and Warfield 2004,
Corollary 1.5] it is a Noetherian ring.

Now, H*(A #kG, k) has a filtration whose filtered quotients are

FPHPYI(A#KG, k)
FPrIHPY(A#kG, k)’

Suppose that H*(A#kG, k) is not Noetherianand let T C T, C - - - CH*(A#kG, k)
be an infinite ascending chain of ideals of H*(A #kG, k). Let

EPA (k) =

FPT; :=T, N FP H*(A#kG, k)
and
Ur =D F'T:/F"*'T; € Exo(k).
p=0
If x € T4 \ T}, then for some p, x € FPTj. butx ¢ FPT; and x ¢ FPH!T,, so

x + Frtl T;41 is not in the image of the inclusion

FPT;/FPHT; s FPT /FPYI T,
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that is, x € U; 41 \ U;. So U;4 properly contains U;, for all i. Therefore, we have
an infinite ascending chain of ideals of E,(k):

UlgUz;Cé--'

This contradicts the result that E., (k) is Noetherian. Therefore, H*(A# kG, k) is
Noetherian. O

Remark 3.3. Theorem 3.1 parallels the main step in Evens’ proof of finite genera-
tion of group cohomology: Let H be a finite p-group (where k has characteristic p),
A =kZ is the group algebra of a central subgroup Z of H of order p,and G=H/Z.
(In case Z is complemented in H, we obtain k H = A#kG, whereas more generally,
kH is a crossed product of A with G.) In this case, Evens’ norm map is applied to
show that Im(res, Hiz) contains a polynomial subalgebra k[¢] (in one indetermi-
nate). One observes that H*(kZ, k) is a free module over k[¢], and that the k-linear
span of any free basis is a kG-submodule. This special case is somewhat simpler
than our more general context as it uses a polynomial ring in one indeterminate.

We are particularly interested in those actions of finite groups G on algebras A
for which A#kG is a Hopf algebra. We turn to a class of such examples in the
remainder of the paper.

4. Examples: Nichols algebras in positive characteristic

In this section, we first recall the Nichols algebras A from [Cibils et al. 2009,
Corollary 3.14] and the corresponding Hopf algebras A # kG from the same paper.
We will prove that these Hopf algebras have finitely generated cohomology. This
will follow from Theorem 3.1 and explicit calculation using Anick’s resolution
[1986]. In this section we explain these calculations for A, and in the next we
complete the proof of finite generation of cohomology of A #kG. The results of
this section were anticipated by @. Solberg (personal communication, 2012) as a
consequence of computer calculations (for small p) that gave the graded vector
space structure and generators of cohomology.

In the remainder of the paper, k£ will be a field of characteristic p > 2. (The case
p = 2 is included in [Cibils et al. 2009], but is different, and we will not consider
that case here.) Let A be the augmented k-algebra generated by a, b, with relations

a? =0, b’=0, ba=ab+1id

and augmentation ¢ : A — k given by e(a) = ¢(b) = 0. Let G be a cyclic group of
order p with generator g, acting on A by

gla)=a, gb)=b—a.
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Then A#kG is a Hopf algebra with comultiplication given by
A(Q)=g®g, Ala)=a®1+g®a, AbL)=b®1+gRb.
It is useful to consider A as a quotient of a larger algebra. Let
B :=k({a,b)/(ba —ab— 1a*), (4-1)

so that A = B/(a”, b?). We will show that B is a PBW algebra in the sense of
[Bueso et al. 2003] or [Shroff 2013, Section 2], although we will not need this fact
for our cohomology calculations.

Choose the lexicographic order on N? for which (0, 1) < (1, 0), and assign
deg(a) = (0, 1), deg(b) = (1,0). Then ba —ab — %az is a Grobner basis for the
ideal of the free algebra k(a, b) that it generates. It follows that {a’b’ | i, j >0} is a
vector space basis of B. The relation ab = ba — %az satisfies the required condition
in the definition of a PBW algebra since deg(az) < deg(ab), so B is a PBW algebra.
Moreover, B is a Koszul algebra by Theorem 5.3 in [Priddy 1970].

Applying [Cibils et al. 2009, (3.9)], one finds that the elements a”, b” are in
the center of B. We may thus apply Theorem 4.3 of [Shroff 2013] to the Nichols
algebra A to conclude that the cohomology ring H*(A, k) of A is Noetherian.

We will need some details about this cohomology of A for the next section.
For this, we will construct Anick’s resolution [1986] for A, and show that it is
minimal. We use the combinatorial description of the resolution given by Cojocaru
and Ufnarovski [1997], however we index differently, and use left modules instead
of right. This is a free resolution of the trivial A-module &, of the form

e —> AQkC) — AQRKC, — AR KkCy — k — 0,

for (finite) sets C,,, where kC,, denotes the vector space with basis C,. Let Cy := {1}
and C| :={a, b}. Then C, := {a?, bP, ba} is the set of “tips” or “obstructions.”
To define C,, in general, consider the graph

The elements of C,, correspond to paths of length » that start at 1. We label such
paths with the product of all elements through which the path passes (including the
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endpoint). In this way we obtain
C3={a?*!, bP* bPa, ba’},
Cy={a*, b, bPHa, bPal, ba?t'},
and in general
C2m71 — {bkpa(m—l—k)]?-i-l, bkp-‘rla(m—l—k)p ‘ k= 0, 1’ e m— 1},

Com = {b"F, b*Pa™ 0P prrtlgm=1=0rtl g =0, 1,...,m —1}.

For qualitative understanding of the differentials, give each of the generators
a, b of A the degree 1. We claim that the differentials preserve degree, where the
graded module structure of a tensor product A ® kC; is given by deg(a ® x) =
deg(a) + deg(x) if a, x are homogeneous. This claim results from the recursive
definition of the differential d in each homological degree: By construction, d
applied to elements of A ® kC; is multiplication, and to A ® kC, takes each tip to
the Grobner basis element to which it corresponds, suitably expressed as an element
of A ® kC;. The remaining differentials are defined iteratively, via splitting maps
in each homological degree that are also defined iteratively. Since the relations
are homogeneous and differentials in low homological degrees preserve degrees of
elements, the splitting maps and differentials in higher degrees may be chosen to
have the same property.

Now note that Cy,;,_1 consists of elements of degree (m — 1)p + 1, and Cy,,
consists of elements of degrees mp and (m — 1) p 4+ 2. Therefore elements of C,
and of C,,_; never have the same degree. As a consequence the differential takes
elements of C,, to elements of A, ® C,,_;, where A denotes all elements of A
of positive degree (and these are in the kernel of the augmentation map ¢). When
applying the functor Hom4 (—, k), then, the induced differentials all become O.
Therefore in this case, Anick’s resolution is minimal, and for each n, the dimension
of H*(A, k) isn+ 1.

5. Examples: pointed Hopf algebras in positive characteristic

We wish to apply Theorem 3.1 to the Hopf algebras A # kG introduced in the
previous section. In order to do this, we next give some of the details from [Shroff
2013, Section 4] as they apply to these examples in particular. Recall the PBW
algebra B defined in (4-1). Let &,, &, : B® B — k be the k-linear functions given by

§(r®s)=va, &I ®s)=yw,

where y, and Y}, are the scalar coefficients of a” and b?, respectively, in the product
rs in B. (Shroff writes these functions ¢y, ¢>.) Extending to left B-module homomor-
phisms in Hom g (B®3, k) under the isomorphism Homp (B%?, k) = Homy (B®?2, k),
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the functions &,, &, are coboundaries on the bar resolution of B, as shown in
[loc. cit.], and they factor through A = B/(a”, b”). The resulting functions (which
we will also denote &,, &, by abuse of notation) are no longer coboundaries. They
represent nonzero elements in the cohomology of A, corresponding to permanent
cycles in the May spectral sequence for A as a filtered algebra (see [May 1966,
Theorem 3] or [Weibel 1994, Theorem 5.4.1]). On page E of this spectral sequence,
their counterparts generate a polynomial ring over which E is finitely generated (by
the elements 1, n,, ns, n41», Where n,, n, have cohomological degree 1, functions
dual to @ and b in Homy(gr A, k) = Homg o (gr A ® gr A, k)). The cohomology
H*(A, k) is finitely generated over its subalgebra generated by &,, &, as a con-
sequence of the proof of [Shroff 2013, Theorem 4.3]. We will see below that
the subalgebra generated by &,, &, is in fact a polynomial ring in &,, &5, which is
Noetherian, so applying the left module version of [Goodearl and Warfield 2004,
Corollary 1.5], H*(A, k) is itself (left) Noetherian.

To verify the hypothesis of Theorem 3.1, we use the above information to define
2-cocycles representing elements in H*(A#kG, k): Note that a?, b? are G-invariant
by [Cibils et al. 2009, (3.10)]. Thus, by the construction of &,, &3, these functions are
also G-invariant, and so they in fact extend to 2-coboundaries on B # kG, factoring
through A#kG = B#kG/(a?, b?). This also shows that &, &, commute with each
other in H*(A, k), since H* (A #kG, k) is graded commutative and &,, &, each have
even degree, so they are commuting elements in Im(res 4 5 4)-

We next claim that &, &, generate a polynomial subalgebra k[&,, £,] of H*(A, k)
over which H*(A, k) is free with free basis {1, 14, 15, nanp}." This will follow
once we see that the set

EEnlgr i, j >0, Lm=0,1)

represents a basis of H*(A, k), since &,, £, commute with each other. Note that
the cohomology of S = gr A is well known, and has a basis precisely of this form.
Recall that Anick’s resolution for A is minimal, and a comparison shows that
in each degree, the dimensions of H*(A, k) and of H*(S, k) are the same. This
forces the May spectral sequence [1966] for A to collapse at E; = H*(S, k), and
so grH*(A, k) = H*(S, k), and H*(A, k) has basis as claimed. This implies that
., & generate a polynomial subring (we already know they commute). Therefore
H*(A, k) is free as a k[&,, £&,]-module, as claimed. Further, the k-linear span of
{1, na, Np, Nanp} is indeed a kG-submodule of H*(A, k): we compute

Ea =Na+Mb, *0p =1, $(Nab) = Nallb-
! Since B is a Koszul algebra, H*(B, k) = B!, the Koszul dual of B, which is generated by 74, np

(by abuse of notation) with relations dual to those of B, that is, n% = %na N ’I;% =0, NpNg = —NaNp-
These relations also hold in H* (A, k), however we do not need this fact.
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We have shown that the hypotheses of Theorem 3.1 are satisfied. Therefore,
H*(A#kG, k) is Noetherian.

Question 5.1. Are there more examples of Nichols algebras in positive characteris-
tic to which Theorem 3.1 applies?

Nichols algebras and their bosonizations, which are Hopf algebras, have only just
begun to be explored in positive characteristic. There is a vast (and recent) literature
on Nichols algebras in characteristic zero. See, for example, [Andruskiewitsch et al.
2011a; 2011b; Andruskiewitsch and Schneider 2010; Heckenberger 2006].
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On the supersingular locus
of the GU(2,2) Shimura variety

Benjamin Howard and Georgios Pappas

We describe the supersingular locus of a GU(2, 2) Shimura variety at a prime
inert in the corresponding quadratic imaginary field.

1. Introduction

This paper contributes to the theory of integral models of Shimura varieties, and, in
particular, to the problem of explicitly describing the basic locus in the reduction
modulo p of a canonical integral model. In many cases where this integral model
is a moduli space of abelian varieties with additional structures, the basic locus
coincides with the supersingular locus, i.e., with the subset of the moduli in positive
characteristic where the corresponding abelian variety is isogenous to a product
of supersingular elliptic curves. The first investigations of a higher-dimensional
supersingular locus were for the Siegel moduli space, and are due to Koblitz, Katsura
and Oort, and Li and Oort. See the introduction of [Vollaard 2010] for these and
other references. More recently, such explicit descriptions for certain unitary and
orthogonal Shimura varieties have found applications to Kudla’s program relating
arithmetic intersection numbers of special cycles on Shimura varieties to Eisenstein
series; this motivated further study, as in [Kudla and Rapoport 2009; 1999; 2000;
2011; Vollaard and Wedhorn 2011].

In this paper, we study the supersingular locus of the special fiber of a GU(2, 2)
Shimura variety at an odd prime inert in the corresponding imaginary quadratic field.
Our methods borrow liberally from [Vollaard 2010] and [Vollaard and Wedhorn
2011], which dealt with the GU(n, 1) Shimura varieties at inert primes, and from
[Rapoport et al. 2014], which considered them at ramified primes. If one attempts
to directly imitate the arguments in those papers to study the general GU(r, s)
Shimura variety, the method breaks down at a crucial point. The key new idea
for overcoming this obstacle is to exploit the linear algebra underlying a twisted
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version of the exceptional isomorphism SU(2,2) = Spin(4, 2) corresponding to
the Dynkin diagram identity A3 = D3. As such, we do not expect our methods to
extend to unitary groups of other signatures (although we do hope that our result
will eventually help to predict the shape of the answer in the general case). The
problem of understanding the supersingular locus of the GU(3, 2) Shimura variety,
for example, remains open.

However, our methods should extend to the family of GSpin(#n,2) Shimura
varieties. Work of Kisin [2010] and Madapusi Pera [2012] (see also [Vasiu 1999])
provides us with a good theory of integral models for these Shimura varieties, and
recent work of W. Kim [2013] gives a good theory of Rapoport—Zink spaces as well.
An extension of our results in this direction would have applications to Kudla’s
program, for example by allowing one to generalize the work of Kudla and Rapoport
[1999; 2000] from GSpin(2,2) and GSpin(3, 2) Shimura varieties to the general
GSpin(n, 2) case. Using the isomorphism between GSpin(6, 2) and the similitude
group of a 4-dimensional symplectic module over the Hamiltonian quaternions
[Freitag and Hermann 2000], one could also expect to generalize Biiltel’s results
[2012] on the supersingular locus of the moduli space of polarized abelian eightfolds
with an action of a definite quaternion algebra. More ambitiously, one could hope to
exploit the connection between polarized K3 surfaces and the GSpin(19, 2) Shimura
variety in order to study the moduli space of supersingular K3 surfaces. Some of
these topics will be pursued in subsequent papers.

As this paper was being prepared, Gortz and He were conducting a general
study of basic minuscule affine Deligne—Lusztig varieties for equicharacteristic
discrete valued fields. The preprint [Goertz and He 2013] provides a list of cases
where these affine Deligne—Lusztig varieties can be expressed as a union of usual
Deligne—Lusztig varieties, and that list contains an equicharacteristic analogue of
the GU(2, 2) Rapoport-Zink space considered here. These results of Gortz and He
in the equicharacteristic case are analogous to our mixed characteristic results.

1.1. The local result. Our main result concerns the structure of the Rapoport—
Zink space parametrizing quasi-isogenies between certain p-divisible groups with
extra structure. Fix an algebraically closed field k of characteristic p > 2, let W
be the ring of Witt vectors over k, and let £/Q, be an unramified degree-two
extension. Consider the family of triples (G, ¢, A), defined over W-schemes S on
which p is locally nilpotent, consisting of a supersingular p-divisible group G
with an action ¢ : O — End(G) and a principal polarization A : G — GY. We
require that the action ¢ and the polarization A be compatible in the sense of
(2-1), and that the action of O on Lie(G) satisfy the signature-(2, 2) determinant
condition of (2-2). A choice of one such triple (G,t, 1) over k as a basepoint
determines the Rapoport—Zink space, .# , parametrizing quadruples (G, (, A, o) in



On the supersingular locus of the GU(2,2) Shimura variety 1661

which ¢ : G xg So = G X Sp is an Og-linear quasi-isogeny under which A pulls
back to a Q7 -multiple c(0)A. Here, So = S Xy k. The Rapoport-Zink space .# is
a formal scheme over W, and admits a decomposition into open and closed formal
subschemes .# = |4, .29, where .#® is the locus where ord,(c(0)) = .
Here and elsewhere, we use the symbol |4 to denote disjoint union. The group p?
acts on .#, where the action of p sends (G,t, A, ) — (G,t, A, po). This action
has .#© w.# (") as a fundamental domain. In fact, the action of pZ extends to a
larger group J which acts transitively on the set {.#© : £ € Z}. Define

N =pi\A.

and let .4 and .#~ be the images of .# © and .zM, respectively, under the
quotient map .4 — .A.
In Section 2, we construct a 6-dimensional (Q,-vector space

LY CEnd(G)q

of special quasi-endomorphisms of G as the ®-fixed vectors in a slope-0 isocrystal
(Lg, ®). The vector space ng is endowed with a Q-valued quadratic form Q(x) =
x o x, and we define a vertex lattice in Lg to be a Zp-lattice A C Lg such that

pA C A CA.

The rype tp € {2,4,6} of A is the dimension of A/AY. To each point (G, ¢, A, 0)
of ./, the quasi-isogeny o allows us to view A as a lattice of quasi-endomorphisms
of G. Let #/p C . be the locus of points where A C End(G) (i.e., the locus
where these quasi-endomorphisms are integral). It is a closed formal subscheme
of .4, whose underlying reduced k-scheme we denote by .43 . We show that the
underlying reduced subscheme 474 of .4 is covered by these closed subschemes:

rea =,
A
and that
N if A1 N A, is a vertex lattice,
e/VAl me/VAZ — A1NA> 1 . 2
o) otherwise,

where the left-hand side is understood to mean the reduced subscheme underlying
the scheme-theoretic intersection (we suspect that the scheme-theoretic intersection
is already reduced, but are unable to provide a proof).

Section 3 is devoted to understanding the structure of ./, Ai = My N.A*E. Setting
da =tp/2, we prove that ./ Ai is a projective, smooth, and irreducible k-scheme
of dimension dp — 1. In fact:

(1) If dp =1, then JVA:E is a single point.
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(2) If dp =2, then ¥ is isomorphic to PL.
(3) If dp = 3, then ¥ Ai is isomorphic to the Fermat hypersurface

p+1 | _p+l

1 1
p+ + X3 + x5 +x§’+ =0.

The irreducible components of .#* are precisely the closed subschemes . Ai
indexed by the type-6 vertex lattices. From this we deduce the following theorem:

Theorem A. The underlying reduced scheme 4, © g of A © is connected. Every
irreducible component of M, (¢ ) is a smooth k- scheme of dimension 2, isomorphic
to the Fermat hypersurface

p+1+xp+l+xp+1+xp+1 —0.

If two irreducible components intersect nontrivially, the reduced scheme underlying
their scheme-theoretic intersection is either a point or a projective line.

See Sections 3.5 and 3.6 for a more detailed description of .#cq.

1.2. The global result. In Section 4, we consider the global situation. Let E be a
quadratic imaginary field, and let p > 2 be inert in E. Let O C E be the integral
closure of Z(,), and let V' be a free O-module of rank 4 endowed with a perfect
O-valued Hermitian form of signature (2,2). Let G = GU(V') be the group of
unitary similitudes of V', a reductive group over Z ). Fix a compact open subgroup
UP C G(A}{7 ), which we assume is sufficiently small, and define U, = G(Z,) and
U=U,UP CG(Ay).

Using this data we define a scheme My, smooth of relative dimension 4 over Z ),
as a moduli space of abelian fourfolds, up to prime-to-p-isogeny, with additional
structure, in such a way that the complex fiber of My is the Shimura variety

My (C) = G@\D xG(Af)/U).

Here, D is the Grassmannian of negative-definite planes in V ®o C.

Let k be an algebraically closed field of characteristic p, and denote by Mp;
the reduced supersingular locus of the geometric special fiber My Xz, k. The
uniformization theorem of Rapoport and Zink expresses M} as a disjoint union of
quotients of the scheme .4 described above. As a consequence we obtain the
following result:

Theorem B. The k-scheme My; has pure dimension 2. For U? sufficiently small,
all irreducible components of M; are isomorphic to the Fermat hypersurface

p+1 p+1

p+1+x1 + x5 —|—x§’+l =0.

If two irreducible components intersect nontrivially, the reduced scheme underlying
their scheme-theoretic intersection is either a point or a projective line.
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1.3. Notation. We use the following notation throughout Sections 2 and 3. Fix
an odd prime p and an unramified quadratic extension E of the field of p-adic
numbers Q,. The nontrivial Galois automorphism of E is denoted by o +— «.
Let k be an algebraically closed field of characteristic p. Its ring of Witt vectors
W = W(k) is a complete discrete valuation ring with residue field k = W/ pW and
fraction field Wg. Label the two embeddings of O into W as

WoiOE—>W, lﬁ'liOE—>W,

and denote by o both the absolute Frobenius x — x? on k and its unique lift to a
ring automorphism of W. Denote by €, €1 € O ® W the orthogonal idempotents
characterized by

eM={xeM:(a®1)-x=(01QVy;(x))-x foralla € O}

for any O ® W-module M. For any Z-module M, we abbreviate Mg = M ®7 Q.
In particular, Mg = M @w W|[1/p] for any W-module M.

2. Moduli spaces and lattices

In this section we recall the Rapoport—Zink space of a GU(2,2) Shimura variety,
and define a stratification of the underlying reduced scheme.

2.1. The Rapoport-Zink space. Let Nilpy, be the category of W-schemes on
which p is locally nilpotent. We wish to parametrize triples (G, ¢, A) over objects
S of Nilpy, in which

e G is a supersingular p-divisible group of dimension 4,
e 1 : O — End(G) is an action of O on G,
e 1:G — GV is a principal polarization.
We further require that every o € O satisfy both the O -linearity condition
Aou(@) =t(a) o 2-1)
and the signature-(2,2) condition
det(T — 1(@); Lie(G)) = (T — Yo (@)*(T — Y1 ())? (2-2)

as sections of Og[T]. The signature-(2, 2) condition is equivalent to each of the
Os-module direct summands in Lie(G) = €g Lie(G) @ €1 Lie(G) being locally
free of rank 2.

Fix one such triple (G, t, A) over k as a base point, and let .# be the functor on
Nilpyy sending S to the set of isomorphism classes of quadruples (G, A, 1, o) over S,
where (G, t, 1) is as above and ¢ : G5, — G5, is an Og-linear quasi-isogeny
such that 0*A = ¢(g)A for some c (o) € Q. Here, So is the k-scheme S ®w k.
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The functor .# is represented by a formal scheme locally of finite type over Spf(W)
by [Rapoport and Zink 1996]. There is a decomposition .# = 4, # © into
open and closed formal subschemes, where .# © s the locus of points where
ord,(c(0)) = 1.

Let J C End(G)g, denote the subgroup of E-linear elements such that g*A =
v(g)A for some v(g) € @;. The group J acts on .# in an obvious way:

g-(G,1,1,00=(G,1,A,g00).

As usual, the group J is the Q,-points of a reductive group over Q,. In fact,
by [Vollaard 2010, Remark 1.16], this reductive group is the group of unitary
similitudes of the split Hermitian space of dimension 4 over E. In particular, the
derived subgroup J 9 is isomorphic to the special unitary group, and the similitude
character v : J — @; is surjective. Note that the action of any g € J with
ord,(v(g)) = 1 defines an isomorphism MO = gD,

As a special case of this action, the group pZ acts on .# by

P (G,t,A,0) = (G,1,A, po),

and the quotient .4 = p?\.# has .« © 1y _#M as a fundamental domain. Let
Nt = O and 4~ = .4 be the open and closed formal subschemes of .4
on which ord, (¢ (o)) is even and odd, respectively. By the previous paragraph there
is an isomorphism .# 7 2 _#~, and we will see later in Theorem 3.12 that .4
and .+ are precisely the connected components of 4.

2.2. Special endomorphisms. In this subsection we will define a Q,-subspace
L® CEnd(G)q

of special quasi-endomorphisms of G in such a way that x > x o x defines a
Qp-valued quadratic form on Lg. The subspace Lg is not quite canonical; it will
depend on the auxiliary choice of a certain tensor @ in the top exterior power of
the Dieudonné module of G.

Denote by D the covariant Dieudonné module of G, with its induced action
of O and induced alternating form A : /\%VD — W satisfying A(Fx,y) =
A(x, Vy)?. Under the covariant conventions, Lie(G) = D/ VD as k-vector spaces
with O g -actions. Abbreviate /\% D= /\ZO ~ewD. Once we fix a § € OF satisfying
6% = —4, there is a unique Hermitian form

(+,-):DxD—>0gQW
satisfying
A(x.y)=Trgq, 87 (x.y). (2-3)
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which in turn induces a Hermitian form on every exterior power /\5;5 D by

¢
(XI A AXg, YIAAYg) = Z sgn(mr) H(xi,yn(i))-

mTeSy i=1

This Hermitian form identifies each lattice A% D with its dual lattice in (/\EE D),
In order to make explicit calculations, we now put coordinates on Dg.

Lemma 2.1. There are Wg-bases

e1,e2,e3,e4 € €gDq,

f1. /2. f3, fa € e1Dq,

such that o )
€ ifi =7,
e, fjy =0 TI=T (2-4)

0  otherwise,

and the o-semilinear operator F satisfies

Feir=fi, Feyx=f,, Fesz=pfs, Fes=pfa,
Ffi =pei, Ffa=pey, Ffs=e3, Ffs=ea.

Proof. Denote by Dy, the isocrystal with Wgp-basis {er....,eq, f1..... fa} and
by F the operator defined by the above relations. Endow Db with the E-action
/(a)e; = Yo(a)e; and i/ (@) f; = ¥1(«) f; and the unique Hermitian form satisfying
(2-4). This Hermitian form determines a polarization A’(x, y) = Trg q, §7Hx, y).
As DG/;D is isoclinic of slope 1/2, there is an isomorphism of isocrystals

QZD@%D&D.

Any two embeddings of E into End(D{l) are conjugate, by the Noether—Skolem
theorem, and so o may be modified to make it E-linear. Another application of
Noether—Skolem shows that ¢ may be further modified to ensure that the polariza-
tions on Dg and Dq’1 induce the same Rosati involution on

End(Dq) = End(Dy,).

This implies that o identifies the polarizations, and hence the Hermitian forms, on
Dgq and Dg, up to scaling by an element c(0) € Q.

Finally, for every ¢ € @; one can find an E-linear isocrystal automorphism g
of D¢, such that g rescales the polarization of Dy, by the factor c. For example, if
ord,(c) is even then write ¢ = ¢ with @ € E* and take g = ¢/(«). If ¢ = p then
take g to be

€1 —es3, € ey, e3> per, e4t—> pey,

firpfz. farpfa, fae f1. far fo.
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Thus ¢ may be further modified to ensure that c(g¢) = 1. O

Lemma 2.2. Thereis an O @ W -module generator o € /\‘}5 D such that (w, @) =1
and Fo = p?w. If o’ € /\4ED is another such element, there is an a € O, such
thatatt = 1 and @’ = aw.

Proof. The W-module decomposition D = €9 D @ €; D induces a corresponding
decomposition /\%D = /\4601) @ N*eD. Fixing a basis as in Lemma 2.1, we
must have

/\460D = W~pk0e1 Aey Aes ey,

NeD=W-pX fin o n 54 fa,

for some integers ko and k;. The self-duality of /\?ED under (-,-) implies
ko 4+ k1 = 0. The signature-(2, 2) condition on

Lie(G)=D/VD =¢yD/VeirD e D1/ VegD

implies that each of the summands on the right has dimension 2 over W/pW , and
hence the cokernels of

ViNeD - NeaD, V:NeD— NeD
are each of length 2 as W-modules. Using
VieyAeaAesAes) =p> fiA oA f3A fa,
V(i fan f3A fa) = pPer nes Aes Aey,
we deduce that k1 and k, are equal, and hence both are equal to 0. It follows that
w=ejNeaNesNes+ fin fanf3N fa (2-5)

generates /\‘,‘5 D as an O ® W-module. A simple calculation shows that (@, ) =1
and Fw = p?w, proving the existence part of the lemma. The uniqueness part of
the claim is obvious. O

Definition 2.3. For any @ as in the lemma, define the Hodge star operator x + x*
on A% D by the relation y A x* = (y,x)-w forall y € Az D.

The Hodge operator satisfies (ax)* = ax* for all « € O ® W. Denote by
L={xe/\%D:x*=x}

the W-submodule of Hodge fixed vectors. The Hermitian form (-,-) on D deter-
mines an injection /\125 D — Endw (D) by

(anb)(z)={a,z)b— (b, z)a,
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and we obtain inclusions L C /\%D C Endw (D). Note that both the Hodge star
operator and the submodule L depend on the choice of ®.

Proposition 2.4. For any choice of w, the induced Hodge star operator has the
following properties:

(1) Every x € /\2ED satisfies (x*)* = x.
(2) Every x € L, viewed as an endomorphism of D, satisfies

{x, x)
5,

In particular, Q(x) = x o x defines a W -valued quadratic form on L.

(3) The W -quadratic space L is self-dual of rank 6, and

(2-6)

XO0X = —

L={xeLqg:xD CD}.
(4) If C(L) denotes the Clifford algebra of L, the natural map
C(L) — Endw (D)

induced by the inclusion L C Endw (D) is an isomorphism. Under this
isomorphism, the even Clifford algebra is identified with the subalgebra of
OEg-linear endomorphisms in Endy (D).

Proof. Fix a basis of Dg as in Lemma 2.1, and suppose first that @ is given by
(2-5). An easy calculation shows that

(e1nex)" = f3A fa,
(e1ne3)" = fan fa,
(e1ned)" = fan f3,
(e2ne3)* = fiA fa,
(e2ned)” = f3 A f1,
(e3neq)” = fin fa,

(f3n fa)* =e1Nea,
(fan f2) =e1Nes,
(2N f3)" =e1 Nea,
(finfa)" =exnes,
(f3n f1)" =exnea,
(fin f2)" =e3nea,

27

from which (x*)* = x is obvious. Now set @’ = e with & € O of norm 1, and
denote by x > x*’ the Hodge star operator defined by w’. It is related to the Hodge
star operator for @ by x*’ = ax*, and hence

Y = ((@x™)* =aa(x*)* = x.

This proves the first claim in full generality.
Keep @ as in (2-5). For the second claim, one first checks that all x, y € /\%;D
satisfy the relation

xoy4ytoxt=—(x.y) (2-8)
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in Endy (D). Indeed, it suffices to prove this when x and y are pure tensors of
the form e; A e; and f; A f;, and this can be done by brute force. Of course
(2-8) immediately implies (2-6) for all x € L, proving the second claim for @. The
validity of (2-8) for any other @’ follows by the reasoning of the previous paragraph.

For the third claim, note that the quadratic form Q(x) =—(x, x)/2 on L extends
to a quadratic form on /\2E D by the same formula (using the standing hypothesis
that p is odd), with associated bilinear form

[x,y] =—3Trg/q, (x.y),
and that there is an orthogonal decomposition
/\%D =L®{x e/\ZED cx* = —x}.

The self-duality of A%;D under (-, -) implies its self-duality under [-, -], which
then implies the self-duality of the orthogonal summand L. The Hodge star operator
acts on the W-module

NeD = NeoD & Ne; D

of rank 12 by interchanging the two summands on the right, and hence its submodule
of fixed points, L, has rank 6. Finally, set L’ = {x € Lg : xD C D}. Certainly
L C L', and the quadratic form Q(x) = x o x restricted to L’ takes values in
W = Wg NEndw (D). Therefore (L')Y C LY =L C L' C (L")Y, and so equality
holds throughout.

For the fourth claim, the self-duality of L implies that L/pL is the unique
nondegenerate k-quadratic space of dimension 6, and so its Clifford algebra is
isomorphic to Mg (k). This means that the induced map

C(L/pL) = C(L)®w k — Endy (D) @w k

is a homomorphism between central simple k-algebras of the same dimension, and
hence an isomorphism. It follows from Nakayama’s lemma that C (L) — Endy (D)
is an isomorphism. Every x € L satisfies x o t(a) = ¢(@) o x, and hence the
composition of any two elements of L is Og-linear. This implies that the even
Clifford algebra is contained in Endp . gw (D), and equality holds because both
are W-module direct summands of C(L) = Endy (D) of the same rank. O

The operator
®(a Ab) = p Y (Fa) A (Fb)

makes /\% Dg into a slope-0 isocrystal. In terms of the inclusion /\% Dg C
Endw (D)q, this operator is just

d(anb)=Fo(anb)oF L.
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As © commutes with the Hodge star operator, it stabilizes the subspace Lg and
makes L g into a slope-0 isocrystal. In this way, we obtain inclusions of @,-vector
spaces

L2 c (A2Dg)® CEnd(G)q. (2-9)

where the ® superscripts denote the subspaces of ®-fixed vectors. Endow Lg with
the quadratic form Q(x) = x o x and the associated bilinear form

[x,y]=xo0oy+yox =—%-TrE/@p(x,y).

Remark 2.5. The 6-dimensional E-vector space (/\% Dg)? is characterized as the
space of all Rosati-fixed x € End(G)q satisfying x ot(a) = t(@) o x forall « € E.
On the other hand, the 6-dimensional Q,-vector space Lg depends on the choice
of @, and so does not have a similar interpretation in terms of A and ¢ alone.

While the subspace Lg C End(G)q depends on the choice of @, the following
proposition shows that its isomorphism class as a quadratic space does not. Denote
by H the hyperbolic Q-quadratic space of dimension 2.

Proposition 2.6. For any choice of , the quadratic space Lg has Hasse invariant
—1 and determinant det(Lg) = —A for any nonsquare A € Z;. Furthermore,
the special orthogonal group SO(Lg) is quasi-split and splits over Q,2, and the
space Lg with the rescaled quadratic form p~'Q is isomorphic to H*> @ Qp2,
where Q> is endowed with its norm form x Norm@p2 /@, (X)-

Proof. First suppose that @ is defined by (2-5). In this case the relations (2-7) show
that the vectors

X1 =eiAex+ f3A fa, xa=e3Aes+ f1 N f2,
x3=ej1Ae3+ fanfo, xa=esner+ fiA f3,

Xs=ej1Nes+ fonfz, xe=exAne3+ f1Af4

form a basis of Lg. In this basis the operator ® takes the block-diagonal form
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and the matrix of Q is

0 —1
-1 0
0 —1
([xi, xj]) = 1 0
0 —1
-1 0

Fix any nonsquare A € Z, and let u € W* be a square root of A. The vectors

Y1 =px1+x2, y2=u(pxi—x2),
y3=x3+Xx4, Y4 =u(x3—x4),

Vs =xs5+Xx6, Y6 =1u(xs—xe)

form an orthogonal basis of Lg with

4
PA

i, yil\ _ -1
( : _)_ , (2-10)

from which one computes the determinant —A and Hasse invariant (—p, pA) = —1
of Lg. As a nondegenerate quadratic space over Q, is determined by its rank,
determinant, and Hasse invariant, the remaining claims are easily checked for this
special choice of ®.

Now suppose @’ = aw for some o € OF of norm 1. Hilbert’s Theorem 90
implies that there is some n € OF satisfying ni~! = a. Denote by x — x*' the
Hodge star operator defined by w’, by L’ C /\%; D the submodule of Hodge fixed
vectors, and by Q’ the quadratic form x o x on L’. Using the relation x*' = ax*, it
is easy to see that the function x +— nx defines an isomorphism of quadratic spaces

(L. n7Q) = (L. 0.

In particular, there is a basis of L&D such that the quadratic form Q’ is given by n7
times the matrix of (2-10). The Hasse invariant and determinant (modulo squares)
of the matrix in (2-10) are unchanged if the matrix is multiplied by any element of
Z;j, and so LS’ has the same determinant and Hasse invariant as Lg. O

From now on we fix, once and for all, any @ as in Lemma 2.2.
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2.3. An exceptional isomorphism. Define the unitary similitude group
GU(Dg) = {g € Autegw (Dq) : g*A = v(g)A for some v(g) € W'},

and set
GU°(Dg) = {g € GU(Dq) : v(g)* = det(g)}.

The action ¢ of GU(Dg) on Endy (D)g defined by gex = gox og~! leaves
invariant the subspace /\% Dq, and satisfies

ge(anb)=v(g)""(ga) A (gh). (2-11)

Using this formula one checks that the action of the subgroup GU?(Dg) commutes
with the Hodge star operator on /\2E Dg, and so preserves the subspace Lg.

The canonical involution x — x’ on the Clifford algebra C(L) is the unique
W -linear endomorphism satisfying (xy ---xx) = xg ---xq forall x1,...,x; € L,
and the spinor similitude group of Lq is

GSpin(Lg) ={g € Co(L)y : gLag ' = Lo and g'g € WZ}.

Here, Co(L) is the even Clifford algebra. From [Bass 1974] or [Shimura 2010] we
have the exact sequence

1 — W3 —> GSpin(Lg) — SO(Lq) — 1.
Proposition 2.7. There is an isomorphism
GSpin(Lg) = GU%(Dq) (2-12)

compatible with the action of both groups on Lg. In particular, the action of
GU®(Dg) on Lg determines an exact sequence

x 0 grge
1 — Wg — GU"(Dg) —— SO(Lg) — 1.

Proof. By Proposition 2.4 the inclusion of L into Endy (D) induces an isomorphism
C(L) = Endw (D), under which Co(L) = Endp . gw (D). We will prove that the
induced isomorphism

Co(L)g = Autggw (Dq)

restricts to an isomorphism (2-12). Note that every element x € L, viewed as an
endomorphism of D, satisfies (xa,b) = —(a, xb) (indeed, this already holds for
every x € /\%D). Thus (ga,b) = (a, g’'b) for every g € Co(L) and a,b € D.
One inclusion of (2-12) is obvious: if g € GU%(Dg) then, as noted above, the
conjugation action of g on C(L)g = Endw (D)qg preserves the subspace Lg. The
relation (ga, gb) = (a, g’gb) implies that v(g) = ¢g’g, and so g € GSpin(Lg).
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For the other inclusion, start with a g € GSpin(Lg). The relation (ga, gb) =
(g’g){a,b) shows that g € GU(Dg). To show that v(g)? = det(g), fix any x € L
andany y € /\%D for which (y, x) #0. As gex = gxg~! lies in Lg by assumption,
the Hodge star operator fixes g ® x. Thus

(gey)n(gex)=(gey.gex)@ = (y. X)o,

where the second equality follows from (2-11). On the other hand, the Hodge star
operator fixes x, and so

(g2y) Algex) =v(g) 2 det(g)(y A x) = v(g) > det(g)(y, X)o.
This proves that g € GU%(Dg), and completes the proof of (2-12). O

The similitude character v: GU®(Dg) — W restricts to x > x2 on the subgroup
W, and so descends to the spinor norm

7:SO(Lq) — WZ /(W2
Remark 2.8. The group J defined in Section 2.1 is characterized by
J={geGU(Dg):goF =Fog},
and we define a subgroup
JO={geGU’Dg):goF =Fogl.

The isomorphism (2-12) restricts to an isomorphism GSpin(Lg; ) = JO, and hence
there is an exact sequence

1—>®;—>J0—>SO(L3)—>1,

which identifies J 9" with Spin(L 8). See [Knus et al. 1998, Proposition IV.15.27]
for similar exceptional isomorphisms.

2.4. Dieudonné lattices and special lattices. In this subsection we show that the
k-points of .4 can be identified with the set of homothety classes of certain lattices
in Dg, which we call Dieudonné lattices. We then use the inclusion

Lo C Endw (Dg)

to construct a bijection between the set of homothety classes of Dieudonné lattices
and a set of special lattices in the slope-0 isocrystal Lg. Thus the points of .4 (k)
are parametrized by these special lattices.

In fact, the proof of Theorem 3.9 below requires that we establish such a bijection
not just over k, but over any extension field &’ O k. Let W' be the Cohen ring
of k’. Thus W' is the unique, up to isomorphism, complete discrete valuation ring
of mixed characteristic with residue field W’/ pW’ =~ k’. The inclusion k — k'
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induces an injective ring homomorphism W — W’ and we set D' = D @y W’
and L’ = L @y W’. There is a continuous ring homomorphism o : W/ — W’
reducing to the Frobenius on k’, and the o-semilinear operators F and ® on Dg
and L g have o-semilinear extensions to Dc’L:u and Lf@. Similarly the symplectic and
Hermitian forms on Dg and the quadratic form on Lg have natural extensions to
D, and L,

Note that the operators F and ® are surjective on Dg and L g, respectively,
but this need not be true of their extensions to D¢, and L. If D C Dg, is a
W'-submodule then so is its preimage F~1(D), but its image F (D) need not be.
Denote by Fy(D) the W’-submodule generated by F(D). Similarly, denote by
@, (L) the W’'-submodule generated by ®(L) for a W'-submodule L C Ly,

For any W'-lattice D C D(, set D1 = F~'(pD).

Definition 2.9. A Dieudonné lattice in D, is an Of-stable W'-lattice D C D,
such that

(1) pD C D1 C D,
(2) DY = cD for some ¢ € Qy,
(3) D = Fx(F~1(D)).

Here, the superscript Vv denotes the dual lattice with respect to the symplectic form
A, or, equivalently, with respect to the Hermitian form (-, - ).

The volume of a lattice D C Dél is the W’-submodule
Vol(D) = N* D c \*D),,

By considering the slopes of the isocrystal Dg, one can show that Vol(Fx(D)) =
p*-Vol(D). However, taking preimages of lattices may change volumes in unex-
pected ways: a lattice D C Dy, satisfies

Vol(F~Y(D)) c p=*-Vol(D),

but equality holds if and only if Fx(F~!(D)) = D. In particular, the condition
D = F.(F~1(D)) in Definition 2.9 is equivalent to Vol(D;) = p* Vol(D), and so
one could replace (3) in the definition of a Dieudonné lattice by

(3") dimy/(D1/pD) = 4.

The volume of a lattice in L&D is defined in the analogous way, but in this case
Vol(®x(L)) = Vol(L) for any lattice L C L,

Proposition 2.10. Suppose D is a Dieudonné lattice. The O -stable k'-subspace
Di1/pD C D/pD is Lagrangian with respect to the nondegenerate symplectic
form cA, and every a € OF acts on D/ Dy with characteristic polynomial

det(T —t(er); D/D1) = (T — Yo(@))*(T — Y1 (). (2-13)
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Proof. For any a,b € D we have
cA(a,b)’ = p~lcA(Fa, Fb) € pA(cD, D) = pW.

This shows that D;/pD is isotropic. It is maximal isotropic, as Di/pD has
dimension 4. Lemma 2.1 implies that

A Fi(eoM) = p*- N'e M,

as submodules of /\461D4’;D, for any lattice M C Dg,. Applying this with M = D,
shows that €1 D /€1 D1 has dimension 2. The same argument shows that €9 D /g D
has dimension 2, and (2-13) follows. O

Corollary 2.11. There is a bijection .# (k') = {Dieudonné lattices in Dg,}.

Proof. If k = k'’ then this is immediate from the equivalence of categories between
Dieudonné modules and p-divisible groups: for any point (G, (¢, A, 0) € .# (k)
we let D be the Dieudonné module of G, viewed as a lattice in Dg using the
isomorphism of isocrystals ¢ : Dg = Dg. For general k' the argument is the same,
using Zink’s theory of windows [2001] in place of Dieudonné modules. O

Theorem 2.12. Given a Dieudonné lattice D, set
L={xeLy:xD;C Dy} and L*={xeLl:xDcCD)}.

The rule D — (L, L%) defines a bijection from pP\{Dieudonné lattices in D} to
the set of all pairs of self-dual lattices (L, L%) in Ly, such that

(1) @«(L) = L,
() (L + L%)/L has length 1.
Moreover, L + L = {x € Ly :xDy C D}.
The proof of Theorem 2.12 will be given in the next subsection.

Definition 2.13. A special lattice is a self-dual W'-lattice L C L, such that
length((L + <1>*(L))/L) =1.

Obviously any pair of self-dual lattices (L, L% appearing in Theorem 2.12 is
determined by its first element, and in fact the function L — (L, (L)) establishes
a bijection between the set of special lattices and the set of pairs of self-dual lattices
(L, L*) such that ®, (L) = L* and (L+L*)/L has length 1. The only thing to check
is the self-duality of ®, (L) for a special lattice L. The inclusion ®, (L) C ®«(L)Y
is clear from the self-duality of L and the relation [®x, ®y] = [x, y]°. Equality
holds because Vol(® (L)) = Vol(L) and L is self-dual. The following corollary is
now simply a restatement of Theorem 2.12:
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Corollary 2.14. The rule D — {x € Lg, : xD1 C D1} defines a bijection
pP\{Dieudonné lattices in D¢} = {special lattices in L}

2.5. Proof of Theorem 2.12. In this subsection we prove Theorem 2.12. Say that
a W'-lattice D C Dy, is nearly self-dual if DY = ¢D for some ¢ € Q.

Lemma 2.15. The construction D — {x € L, : xD C D} establishes a bijection
pP\{nearly self-dual lattices D C D} = {self-dual lattices L% c Ly}

Proof. Start with a nearly self-dual lattice D, and set L# = {x € Ly :xD CD}. The
condition DY = ¢D implies that there is some g € GU?(D(,) such that D = gD/,
and hence L# = ge L’. As ge respects the quadratic form Q, the self-duality of L’
implies the self-duality of L*, Conversely, if we start with a self-dual L% c L,
the Clifford algebra C(L*) is a maximal order in C (Ly) = Endy/(Dg), and so
there is, up to scaling, a unique lattice D C Dq’l satisfying

C(L*) = Endw (D). (2-14)

Choose any i € SO(Ly,) such that L¥=hL’, andlift h to an element g € GUO(Db).
By rescaling ¢ we may arrange to have D = g D’, and the self-duality of D’ implies
DY =v(g)"D. O
Lemma 2.16. Suppose D C Dy, is nearly self-dual, L% c Ly, is self-dual, and L*
and D are related by L¥ = {x € Ly :xDCD}. Ifxe L*/pL*% is any nonzero
isotropic vector, viewed as an endomorphism of D/ pD using (2-14), the kernel
of x is an Og-stable Lagrangian subspace with respect to cA. Conversely, if
91 C D/ pD is an O -stable Lagrangian subspace then {x € L¥/pL* : x2, = 0}
is an isotropic line in L* / pL#. This construction establishes a bijection

{isotropic lines in L¥ | pL#} =~ {OF -stable Lagrangian subspaces in D/ pD)}.
If £, C L¥/ pL* corresponds to 9y C D/ pD under this bijection, then
St ={xelf/pLt . x-9, c 7). (2-15)

Proof. Abbreviate ¥ = L¥/pL¥ and 2 = D/ pD, so that & is the unique simple
left module over the Clifford algebra C(.£) = Mg(k’). In particular C(.¢) =~ 28
as left C(%)-modules. If x € . is any nonzero isotropic vector, the kernel and
image of left multiplication by x on C(¢) are equal, and hence the kernel and
image of x € End(2) are also equal. In particular ker(x) has dimension 4. The
relation ax = x« for all @ € Of shows that ker(x) is O -stable, and the relation
(cA)(xs,t) = (cA)(s, xt) implies that ker(x) = x & is totally isotropic.

If x,y € & are nonzero isotropic vectors with ker(x) = ker(y) then, from
the discussion above, ker(x) = y2 and ker(y) = x2. In particular [x, y] =
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xoy+yox =0. If x and y are not colinear then (after possibly extending scalars)
we can find a z € ¢ such that k’x +k’y 4+ k’z is a maximal isotropic subspace of ..
The left ideal C(¥)xyz has dimension 8 as a k-vector space, and so we must have
2 = C(ZL)xyz as left C(£)-modules. But it is easy to see by direct calculation
that the kernels of left multiplication by x and y on C(¥)xyz are different. This
contradiction shows that x and y are colinear, and so x + ker(x) establishes an
injection . — 27 from the set of isotropic lines in .Z to the set of Og-stable
Lagrangian subspaces in 2.

Endow 2 with the O ®z,, k’-valued Hermitian form induced by ¢(-, - ). Exactly
as in Proposition 2.7, there is an isomorphism of k’-groups GSpin(.%) 2 GU°(2).
This isomorphism is compatible, in the obvious sense, with the map .#; — %1, and
so the image of the map is stable under the action of GU?(2). But GU%(2) acts
transitively on the set of O -stable Lagrangian subspaces in 2, proving surjectivity.

Finally, we verify (2-15). If . corresponds to 27 under our bijection, then
21 =ker(y) = yZ for any nonzero y € %], and an elementary argument (using
k' N yC(Z) = 0 for the middle <) shows that

xly = xy4+yx=0 <= xyC(¥)CyC(¥) < xy2Cyz,. O

Proof of Theorem 2.12. Suppose first that D is a Dieudonné lattice. Using the
relations D = Fyx(F~Y(D)) and (Fv, Fw) = p(v, w)°, one can show that the near
self-duality of D implies that Dy = F~!(pD) is also nearly self-dual. Lemma 2.15
then implies that the lattices

L={xeLy:xD;c Dy} and L¥={xelLy:xDcC D} (2-16)

are self-dual. The relation ®(x)o F = Fox for all x € Ly, implies that @« (L) C L,
and equality must hold as

Vol(@4(L)) = Vol(L) = Vol(L*).

By Proposition 2.10 the k-subspace D1/ pD C D/ pD is O -stable and Lagrangian,
and so it follows from Lemma 2.16 that

Z ={xeL¥/pL*: x(D1/pD) =0}

is an isotropic line in L* / pLﬁ with orthogonal complement
#it={xeL*/pL*: x(D1/pD) C D1/pD}.

On the other hand, LN L* ={x e L¥ : xD| C D1}, and so
(L+LY/L~LY)(LOL? ~ (L% pL%) ) 2t

has length 1.
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Now suppose we start with a pair of self-dual lattices (L, L¥) such that (L) =
L% and (L+ Lﬁ) /L has length 1. By Lemma 2.15 there are unique (up to scaling)
nearly self-dual lattices D1 and D in D, satisfying (2-16). Set Lo = L N L% so
that L* /Lo has length 1, and pick any nonzero y € L# /Lo. The Clifford algebra
C(L%) satisfies

C(L¥) = C(Lo) + yC(Lo),

where C(Lg) C C(L*) is the W -subalgebra generated by Lo, and so

C(L})Dy = C(Lo) D1 + yC(Lo) Dy = Dy + yDy.
This implies C(L¥)pD, € D; € C(L*)D,. The self-duality of L¥ implies that
C(L*%) is a maximal order in C(Lg) =Endy(Dg,), and so we must have C(L%) =
Endp (D). As the lattice C(L¥) D is obviously stabilized by C(L¥), it must have

the form C(L*) Dy = p¥ D for some integer k. Thus after rescaling D1 we may
assume that C(L¥)D; = D and

pD C D1 CD.
The relation ®(x) o F = F o x implies
C(L¥)Fu(D1) = C(®w(L))Fx(D1) = Fx(C(L)D1) = Fu(Dy),
and so Fy(D1) = pF D for some k. Combining
8% Vol(D) = Vol(Fx(D1)) = p*- Vol(D1)

and
p8-Vol(D) C Vol(D;) C Vol(D)

shows that in fact Fyx (D)= pD. Therelations D1 = F~1(pD) and Fx(F~1(D)) =
D follow easily from this, proving that D is a Dieudonné lattice.

It only remains to prove that L + L# = {x € L¢, : xDy C D}. The inclusion
L+LEC {x € L(@ : xD1 C D} is obvious from (2-16). On the other hand, each
side contains L# with quotient of length 1 (for the right-hand side this follows from
Proposition 2.10 and Lemma 2.16). Thus equality holds. O

2.6. Vertex lattices and the Bruhat-Tits stratification. 1If we start with a k-point
(G,A,i,0) € # (k) and let D be the covariant Dieudonné module of G, then
o(D) C Dg is a Dieudonné lattice. This construction is simply the k" = k case of
the bijection

A (k) = {Dieudonné lattices in Dqg}

of Corollary 2.11. Combining this with Corollary 2.14 yields a bijection
A (k) = {special lattices in Lg} 2-17)
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defined by
(G.A.i,0) = {x € Lg : x¢(D1) C e(D1)},

where D1 = VD. Moreover, Theorem 2.12 implies that the special lattice
L ={x¢€Lqg:xo(D1)Co(D1)}

satisfies
®(L) ={x € Lg : xo(D) Co(D)}.

The next step is to show that the special lattices come in natural families, indexed
by certain vertex lattices in the Qp-quadratic space L%. Using this and the bijection
(2-17), we will then express the reduced scheme underlying .4 as a union of closed
subvarieties indexed by vertex lattices.

Definition 2.17. A vertex lattice is a Z,-lattice A C Lg such that
pA C A CA.

The type of A is tp = dimg (A/AY).

Lemma 2.18. The type of a vertex lattice is either 2, 4, or 6.

Proof. Let A be a vertex lattice. Proposition 2.6 implies that ord, (det(A)) is even,
from which it follows that the type of A is also even. If A has type O then A
is self-dual, and hence admits a basis such that the matrix of Q is diagonal with
diagonal entries in Z;. But this implies that Lg has Hasse invariant 1, contradicting
Proposition 2.6. O

The proof of the following proposition is identical to that of Proposition 4.1 of
[Rapoport et al. 2014]. See also Lemma 2.1 of [Vollaard 2010].

Proposition 2.19. Let L C Lq be a special lattice, and define
LO =L+ ®(L)+--+ " (L).
There is an integer d € {1, 2, 3} such that
L =1© - LM . C L@ — [ @d+1)

For each L™ - LD with 0 < r < d, the quotient LTtV /L") is annihilated
by p and satisfies dimy (LT+VD /L)Y = 1. Moreover,

Ap ={x e L@ . d(x) = x}

is a vertex lattice of type 2d and satisfies Ay = {x € L : ®(x) = x}.
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By (2-9), each vertex lattice A determines a collection of quasi-endomorphisms
A C End(G)g. Define a closed formal subscheme .# 5 C .# as the locus of points
(G,t, A, Q) such that

o0 'ANo={0'oxop:xeA}CEndG).

In other words, the locus where the quasi-endomorphisms o~ ! A o of G are actually
integral. Set .#'A = p?\.# 5, and let .#; be the reduced k-scheme underlying
A 'A. The bijection (2-17) identifies

N (k) = {special lattices L such that A C ®(L)}
= {special lattices L such that A C L}
= {special lattices L such that A; C A}. (2-18)

The same proof used in [Rapoport et al. 2014, Proposition 4.3] shows that

N if A1 N A, is a vertex lattice,
e/VAl me/VAz — A1NA> 1 . 2

%] otherwise,
where the left-hand side is understood to mean the reduced subscheme underlying

the scheme-theoretic intersection.
Proposition 2.20. Each k-scheme ¥} is projective.

Proof. Let R be the W -subalgebra of Endy (Dg) generated by AY, and let R be
a maximal order in Endy (Dg) containing R . It follows from the isomorphism
C(Lg) = Endy (Dg) of Proposition 2.4 that Ry is a W-lattice in Endy (Dq),
and hence R A /R is killed by some power of p, say pM . Up to scaling by powers
of p, there is a unique W -lattice Dc Dg such that RAD =D.

Now suppose (G, t, A, ) is a k-point of .#4 . The quasi-isogeny ¢ determines
(up to scaling) a W-lattice D C Dgq satisfying Ry D = D. It follows from
RAD = D that

MDcbDcD,

after possibly rescaling D, and so there are integers a < b, independent of the point
(G,t,A,0),suchthat pD C D C pr. It follows from this bound and [Rapoport
and Zink 1996, Corollary 2.29] that .4 is a closed subscheme of a projective
scheme, hence is projective. O

An obvious corollary of Proposition 2.19 is that every special lattice L contains
some A (take A = Ap), and hence

rea =,
A
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where the subscript red indicates the underlying reduced scheme. This union is not
disjoint, as JVAf C A Aiz whenever A1 C Aj,. Define

Ay =m\ | 4
A'CA

so that (2-17) identifies
Ny (k) = {special lattices L such that Ay, = A}.

It follows easily that A3 = |45/ 4,7, and that

Srea = H) A7 (2-19)
A

Abbreviate .4, Ai =M NAT and JVA:EO =N NAN *+. By analogy with [Rapoport
et al. 2014; Vollaard 2010; Vollaard and Wedhorn 2011], we call the decomposition
(2-19) the Bruhat-Tits stratification of #;eq. This terminology should be taken with
a grain of salt: unlike the situation in those references, the strata in (2-19) are not
in bijection with the vertices in the Bruhat—Tits building of the group J9%'. See
Sections 2.7 and 3.6 below.

Remark 2.21. One could also define an E -vertex lattice to be an O g-lattice Ag C
(/\% Dg)® such that pA g C AY, C A, where the dual lattice is taken with respect
to (-,-). The rule A — OFf - A establishes a bijection between vertex lattices
and E-vertex lattices, with inverse Ag + {x € Ag : x* = x}. The action (2-11)
of GU(Dg) on /\% D restricts to an action of J on (/\% Dg)?, and induces an
action of J on the set of all E-vertex lattices. In particular, J acts on the set of
all vertex lattices. This action is compatible with the action of J on .4 defined in
Section 2.1, in the obvious sense: g4 = A#gea. The restriction of this action to
the subgroup J© of Remark 2.8 factors through the surjection J® — SO(LEE), and
agrees with the obvious action of SO(Lg) on the set of vertex lattices.

2.7. The Bruhat-Tits building. In [Garrett 1997, § 20.3] one finds a description
of the Bruhat-Tits building of SO(L%) in terms of lattices. See also [Tits 1979,
§1.16]. We will translate this description into the language of our vertex lattices.
Consider the set V2™ of all vertex lattices A of type 2 or 6. We call such vertex
lattices admissible, and define an adjacency relation ~ in V2™ as follows: distinct
admissible vertex lattices are adjacent (A ~ A’) if either:

(1) A'CAor A’ CA.

(2) A and A’ are both type-6 and

dimg,, (A/AN A) = dimg,, (A//A NA) =1,
dim[pp (A + A,/A) = dim[pp (A + A//A/) =1.
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If A and A’ are of type 6 and are adjacent, then A N A’ is a vertex lattice of type 4
(so is not admissible). We construct an abstract simplicial complex with set of
vertices V2™ as follows: An m-simplex (0 < m < 2) of V4™ is a subset of m + 1
admissible vertex lattices Ag, A1, ..., A, which are mutually adjacent. The group
SO(Lg) acts simplicially on V3™ by g € SO(Lg) taking A to g- A.

Now consider the Bruhat-Tits building B7 of SO(LS). We will use the same
symbol BT to denote the underlying simplicial complex.

Proposition 2.22. There is an SO(L% )-equivariant simplicial bijection BT =)™,
Furthermore, every vertex lattice of type 4 is contained in precisely two vertex
lattices of type 6, and is equal to their intersection.

Proof. Define a new quadratic space (Vy, Qo) = (L g, p~10), and note that, by
Proposition 2.6, Vo = H? @ Q2. The rule A — pA defines a bijection from the
set of vertex lattices in Lg to the set of lattices L C V) satisfying

LcL*cp 'L

Here L* is the dual lattice of L with respect to the quadratic form Qg. The
isomorphism B7 = V2™ now follows from the description and properties of the
affine building of SO(Lg) =~ SO(Vp) found in [Garrett 1997, Section 20.3].

If A is a type-4 vertex lattice, the lattice L = pA in Vj satisfies dim(L*/L) = 2.
Moreover, the k-quadratic space L*/L is a hyperbolic plane (choose a basis of
L for which the bilinear form has diagonal matrix, and use the fact that V has
Hasse invariant 1), and so contains exactly two isotropic lines. Those lines have
the form Ly/L and Ly/L, and p~ 'Ly and p~' L, are the unique type-6 vertex
lattices containing A. d

We can also construct a simplicial complex ) with vertices the set of all vertex
lattices as follows (compare to [Rapoport et al. 2014, §3]). We call two distinct
vertex lattices A and A’ neighbors if A C A’ or A’ C A. An m-simplex (m < 2)
in V is formed by vertex lattices Ag, A1, ..., Ay such that any two members of
this set are neighbors. The vertex lattices of type 4 are in bijection with pairs of
adjacent type-6 vertex lattices. Hence a vertex lattice of type 4 corresponds to
an edge in the Bruhat-Tits building between type-6 vertex lattices. From basic
properties of the Bruhat-Tits building, we deduce the following:

Corollary 2.23. The group SO(Lg) acts transitively on the set of vertex lattices of
a given type, and any two vertex lattices are connected by a sequence of adjacent
vertices in V. In particular, the group J , and even the subgroup J°, act transitively
on the set of vertex lattices of a given type (under the action of Remark 2.21).
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3. Deligne-Lusztig varieties and the Bruhat-Tits strata
In this section we show that for any vertex lattice A, the varieties
My =MW ANy and AR = HT WA

of Section 2.6 can be identified with varieties over k defined purely in terms of the
linear algebra of the k-quadratic space Q = (A/AY) ®,, k.

3.1. Deligne-Lusztig varieties. Let us recall the general definition of Deligne—
Lusztig varieties. Suppose that Gy is a connected reductive group over the finite
field Fp, and set G = Go ®¢, k. We will also use the symbol G to denote the
abstract group of k-valued points of Gog. Denote by ® : G — G the Frobenius
morphism. By Lang’s theorem, G is quasi-split, and so we may choose a maximal
torus 7 C G and a Borel subgroup containing 7", both defined over [,. The Weyl
group W that corresponds to the pair (7, B) is acted upon by ®, and the group W
with its ®-action does not depend on our choices. In fact, in [Deligne and Lusztig
1976] a Weyl group W with ®-action is defined as a projective limit over all choices
of pairs (7, B), without having to assume that these pairs are ®-stable.

Let A* = {ay,...,a,} be the set of simple roots corresponding to the pair
(T, B), and consider the corresponding simple reflections s; = s4; in the Weyl
group W. For I C A*, let W; be the subgroup of W generated by {s; : i € I'}, and
consider the corresponding parabolic subgroup Py = BWj B. The quotient G/ Py
parametrizes parabolic subgroups of G of type I. Suppose J C A* is another
subset with corresponding standard parabolic Py. Since

weW \W/ Wy
we have a bijection
PI\G/Py = WiI\W/Wj.

Composing this with G/Pr x G/P; — P;\G/Py given by (g1,82) > g7 g2
defines the relative position invariant

inv:G/Py xG/Py— WiI\W/Wj.
The Frobenius ® : G — G induces ® : G/ P — G/ Py(y).

Definition 3.1. For w € Wy \W/ W1y, the Deligne—Lusztig variety X p, (w) is the
locally closed reduced subscheme of G/ Py with k-points

Xp, (w) ={gPr € G/ Py : inv(g, D(g)) = w}.

The variety Xp, (w) is actually defined over the unique extension of degree r
of [, in k, where r is the smallest positive integer for which ®" (/) = 1.
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Proposition 3.2. The Deligne—Lusztig variety X p, (w) is smooth of pure dimension
dim Xp, (w) = £(w) + dim(G/ Prne(r)) —dim(G/ Py).

If I = ®(I) then dim Xp, (w) = {1 (w) —€(wy), where wy is the longest element
in Wi and L7 (w) is the maximal length of an element in WywWj. Taking 1 = O,
the variety X p(w) is irreducible of dimension dim Xpg(w) = £(w).

Proof. This is standard. See, e.g., [Vollaard and Wedhorn 2011, Section 3.4]. [

Remark 3.3. If w = 1, then Xp, (1) can be identified with the intersection of the
image of the closed immersion G/ Prnae(r) <> G/ Pr x G/ Pg(ry with the graph of
the Frobenius ® : G/ Py — G/ Pg(r). In particular Xp, (1) is projective. If

| o) =a*

r>0

then Xp, (1) is also irreducible, by [Bonnafé and Rouquier 2006].

3.2. An even orthogonal group. We now consider the case that Gy is a nonsplit
special orthogonal group in an even number of variables. Let €29 be an [,-vector
space of dimension 2d equipped with a nondegenerate nonsplit quadratic form.
There is a basis {e1,....eq, f1...., fq} of @ = Q¢ ®g, k such that (er,...,eq)
and (f1,..., fg) are isotropic, [e;, f;] = 6;;, and the Frobenius

P=id®o

acting on €2 fixes ¢; and f; for 1 <i <d — 1, and interchanges e; with f;. Note
that 2 contains no ®-invariant Lagrangian subspaces. Abbreviate Go = SO(R2¢)
and G = SO(R).

Denote by OGr(r) the scheme whose functor of points assigns to a k-scheme S
the set of all totally isotropic local Og-module direct summands £ C Q2 ®; Og
of rank r. In particular, OGr(d) is the moduli space of Lagrangian subspaces
of . Denote by OGr(d — 1, d) the scheme whose functor of points assigns to a k-
scheme S the set of all flags of totally isotropic local Og-module direct summands
Lg_1CLs CRARQ Og of rank d — 1 and d, respectively. The following lemma
is elementary:

Lemma 3.4. For each totally isotropic local Og-module direct summand
Lg1CQROs

of rank d — 1, there are exactly two totally isotropic local Og-module direct sum-
mands of rank d containing Lg_;.

In other words, the forgetful map OGr(d —1,d) — OGr(d — 1) is a two-to-one
cover. In fact, the Grassmannian OGr(d — 1, d) has two connected components,
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which are interchanged by the action of any orthogonal transformation of determi-
nant —1. Each of the two components maps isomorphically to OGr(d — 1) under
the forgetful map. Label the two components as

OGr(d —1,d) =0Gr(d —1,d)wOGr (d —1,d)
in such a way that the flags

{e1,....eq—1) Cle1,...,eq-1,€q) (3-1
and

(e1,....eq—1) Cle1,....eq—1, fa) (3-2)

define k-points of OGr*(d — 1, d) and OGr™ (d — 1, d), respectively.
Denote by 2 C OGr(d) the reduced closed subscheme with k-points

2 ={Le0GCr(d) : dim(L + (L)) =d + 1}.
There is a closed immersion 2~ — OGr(d — 1, d) sending
L—LNOL) CL,

and the open and closed subvariety 2+ = 2N OGr* (d —1,d) of 2 is identified
with

2F ={Ly_1 C Ly €OGrT(d—1,d): Lg_1 CDP(Ly)}. (3-3)
Remark 3.5. Although we have defined OGr(d — 1, d) and 2" as k-schemes, they
both have natural [Fj,-structures. The Frobenius morphism from OGr(d — 1,d)
to itself interchanges the flags (3-1) and (3-2), and hence interchanges the two

connected components. It follows that 2°F =~ ¢*2 T, and that the individual
components .2 1 and 2"~ have natural [ p2-structures.

Our choice of basis of €2 determines a maximal ®-stable torus 7' C G. Set
.7-"l-i=(e1,...,e,~) forl <i<d-1,
Fi=(er.....ea1.eq), (3-4)
Fi=(e1,....eq—1. fa)-
This gives two “standard” isotropic flags 7, and F in Q satisfying Ff = ®(FJ).
These flags have the same stabilizer B C G, which is a ®-stable Borel subgroup
containing 7. The corresponding set of simple reflections in the Weyl group is

{S1..... 842, tT 7}
where:

e 5; interchanges e; with e;+1, f; with f; 41, and fixes the other basis elements.
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o tT interchanges e;_; with ez, fz_; with fz, and fixes the other basis ele-
ments.
e ¢~ interchanges e;_q with f;, fz_1 with ey, and fixes the other basis elements.
Notice that ®(s;) = s; and ®(t*) =¢T, and so the products
+ t:F

are Coxeter elements: products of exactly one representative from each ®-orbit in
the set of simple reflections above. More generally, define wog = 1, wft =17, and

+_ F

Wy

.Sd_z...sd_r
for 2 <r <d — 1. In particular, wZit—l = w*. Define parabolic subgroups
B=P; CPs,C---CPycCP*

of G as follows: set Py_; = Pj_, = B, and for 0 <r <d —2let P, be the parabolic

corresponding to the set {s1, ..., S4_(r+2)}. Define P * to be the maximal parabolic
corresponding to {s1,...,54_2, t*}. One can easily check that Py is the stabilizer
in G of ]-';lt_l, and so

G/ Py = OGr(d —1). (3-5)

More generally, P; is the stabilizer of the standard isotropic flag ]:j_ -1C 0 C .7:;1':.
Similarly, P is the stabilizer of the Lagrangian subspace F+, and so

G/P* =~ 0OGr(d). (3-6)

Proposition 3.6. The isomorphism (3-6) identifies 2 * with the Deligne—Lusztig
variety Xp+(1). In particular, 2% is projective, irreducible, and smooth of
dimension d — 1.

Proof. Note that Py = Pt N P~, and that the Frobenius ® interchanges Pt
and P~. The two projections G/ Py — G/P* combine to give closed immersions

it:G/Py—G/PTxG/P~ and i~ :G/Py—G/P~xG/PT,
while the Frobenius induces morphisms ® : G/P* — G/P~ and ® : G/P~ —
G/P* with graphs Ty C G/P+ xG/P~ and 'y C G/P~ x G/ P, respectively.
The isomorphisms (3-5) and (3-6) identify the intersection of F% and the image
of i * with the set of flags Ly, C Ly € OGr¥(d —1,d) such that Lg_; C ®(Ly).

By (3-3), this intersection is isomorphic to 2" . All of the claims now follow from
Remark 3.3, together with the dimension formula

dim X p+ (1) = dim(G/ Py) —dim(G/PE) =d — 1

of Proposition 3.2. O
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It is also useful to view 2T as the closure of a Deligne—Lusztig variety in the
flag variety G/ Py.
Lemma 3.7. The isomorphism OGrT(d — 1,d) =~ OGr(d — 1) = G/ Py identi-
fies 2 F with the closure in G/ Py of the Deligne—Lusztig variety

Xp(t7) ={g € G/Po : inv(g, D(g)) =17 }.
Proof. Using (3-3), we may characterize the k-points of 2°* by
2E={Ly_1CLyeCrE(d~1,d):
D(Lyg—1) =La—1 of Lg—1+P(Lg—1) = P(La)}.

Recalling the standard isotropic flags of (3-4), the rule g — g]:j_1 C g]flt defines
an isomorphism

Xpy(1) ={Lg_1 C Ly €Gri(d—1,d): Li_1 = P(Lq_1)},
while the same rule defines an isomorphism
Xp,(tT) = {Lyy C Ly CGrE(d —1.d) : La—y + P (La—r) = P(Ly)}-

Thus 2 % is the disjoint union of X po(1) and Xp,(tT). Elementary properties of
the Bruhat order (see Section 8.5 of [Springer 1998], for example) imply that

Xp,(17) = Xpy (1) & Xp,y (17),
completing the proof. O

The following proof is essentially the same as [Rapoport et al. 2014, Proposi-
tion 5.5].

Proposition 3.8. There is a stratification

d—1
2% =4 Xp, (w7)

r=0

of ZF into a disjoint union of locally closed subvarieties. The stratum X P, (wri)
is smooth of pure dimension r, and has closure

Xp, (W) = Xpy(wy) W+ & Xp, ().

The highest-dimensional stratum Xp,_, (wZit—l) = Xp(w¥) is irreducible, open,
and dense.

Proof. Suppose L is a k-point of 2'* C Gr(d), and define
LO=rneL)yn---Nd(L).
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An inductive argument, using
LONo(LD) =0 noLt=D)yne? (L),

shows that £C*1) has codimension at most 1 in £7. Denote by 2;* ¢ 2'* the
reduced closed subscheme whose k-valued points are those £ satisfying £7+2) =
L0+D_ The complement %ji \ E‘Jrjﬁl is the locally closed subvariety of 2+
consisting of those £ for which

r+2) — pr+1) C--C £ c £O — . (3-7)

Recalling that the parabolic subgroup P; is the stabilizer of the standard isotropic flag
f}_r_l Cc---C f(}t of length r 4+ 2, we obtain a morphism 5&”,:': \ 5&”;51 — G/ P,
by sending £ to the flag (3-7). By similar reasoning as [Rapoport et al. 2014,
Proposition 5.5], this defines an isomorphism 5&”,* \ 3&”,{1 =~ Xp, (w;t) with inverse
g g]-'j. All claims now follow easily. O

3.3. A few special cases. We continue to let Gog = SO(¢), where Q¢ is the
nonsplit quadratic space over [, of dimension 2d, Q = Qo ®k, and G =SO(2). In
the applications we will only need to consider d < 3, and in these cases the structure
of the k-variety 2" (with its [ ,2-structure of Remark 3.5) can be made more explicit.

(a) First suppose d = 1. In this case 2~ * is a single point, defined over [ .
pp glep D

(b) Now suppose d = 2. In this case Py = Py = B, and the stratification of
Proposition 3.8 is
2% = Xp(1)W Xp(tT),

where Xpg(1) is a 0-dimensional closed subvariety and the open stratum Xpg(¢T)
has dimension 1. The Dynkin diagram identity D, = A; x A1 corresponds to an
exceptional isomorphism Spin(£2) =~ SL, x SL,. Indeed, the even Clifford algebra
Co(f20) is isomorphic to M>(F,2), and hence Co(2) = Mz (k) x Mz (k). This
isomorphism restricts to an isomorphism of algebraic groups

GSpin(R2) = {(x, y) € GL; x GL; : det(x) = det(y)}

over k, which in turn determines an isomorphism of k-varieties G/ Py = P! x P!
in such a way that the Frobenius morphism on the left corresponds to (x, y)
(®(y), ®(x)) on the right. The subvarieties 2+ C G/ Py are identified with

2T ={(P(x),x) : x e P},
27 ={(x,®(x)) : x e P}

Therefore, both 2"+ and 2"~ are isomorphic (over sz) to P1. The closed stratum
Xp(1) corresponds to the [ ,>-rational points of PL.
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(c) Finally, suppose d = 3. In this case
2E=Xp,(HWXp(tT) W Xp(t T s1). (3-8)

The open stratum X g (¢ T s1) has dimension 2, the stratum X g (¢T) is locally closed
of dimension 1, and the closed stratum Xp,(1) has dimension 0. To continue,
we will use the Dynkin diagram isomorphism D3 = A3, corresponding to an
isomorphism between the adjoint forms of G and a unitary group in 4 variables, as
in Proposition 2.7 and Remark 2.8.

Let Vo be the 4-dimensional [sz—vector space with basis ey, e, €3, e4, endowed
with the split [ ,> /F-Hermitian form defined by (e;, es—j) = §;;. Denote by Up
the unitary group of V), an algebraic group over [, so that U = U X, k acts on
V = Vo ®r, k. Recall the isomorphism Fp2 ®r, k ~k @k defined by x ® a —
(xa, x?a), and denote by €y and €; the idempotents that correspond to (1, 0) and
(0, 1), so that

€V =V ®F k. (3-9)

The action of U on €V defines an isomorphism U = GL4. The diagonal torus and
the standard Borel subgroup of upper-triangular matrices in GL4 give a maximal
torus and a Borel subgroup of U, both defined over [,. Given r,s > 0 withr +s =4,
the pair (r, s), viewed as an ordered partition of 4, defines a parabolic subgroup
P(;.5) containing B with Levi component GL, X GLs. The parabolic subgroup
Py is defined over F > and satisfies @(P(y5)) = Ps,r)-

Let Gr(r) be the Grassmanian of r-planes in €p). The above isomorphism
U = GL4 induces an isomorphism U/ P 5) = Gr(r) defined over [F 2, and the
Frobenius morphism & : U/ P, sy — U/ P(s ) corresponds to a morphism

@ : Gr(r) — Gr(s) (3-10)

which can be described, as in [Vollaard 2010], as follows. Consider the k-valued
form ((-,-)) on (3-9) defined by

(x®a.y®b)) = (x.y) ®@ab”.

It is k-linear in the first variable but Frobenius-semilinear in the second. For a
subspace U C €gV, denote by U" the perpendicular of I/ for the form {(-,-)). If U
is [ 2-rational then U = UL If dimg (U) = r then dimy (U-) = s, and, according
to [Vollaard 2010, Lemma 2.12], the morphism (3-10) is given by ®(/) = U"- on
k-valued points. Using this description of @, the unitary Deligne-Lusztig variety
Xp,., (1) C Gr(r) is seen to be

{UC eV dimpU)=r, UCU-} ifr<s,

X 1) =
P(r.s)( ) {UC eV dimU)=r, U-CU} ifs<r.
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By Remark 3.3 these Deligne-Lusztig varieties are projective and smooth.

By inspecting the Dynkin diagram identity D3 = A3 we can see that the excep-
tional isomorphism between the adjoint forms of G and U can be chosen so that
the parabolic subgroups P*, P~ and Py of G correspond to P@,3), P3,1) and
P@1,3) N P3,1) of U = GL4 respectively. Therefore, the Deligne-Lusztig variety
2 is isomorphic to the unitary Deligne—Lusztig variety

Xpy 5 (D) ={UCk* - dime@WU) =1, U CU-}.
Similarly 2"~ is isomorphic to the unitary Deligne—Lusztig variety
Xy, (1) = U Ck* : dimy @) = 3, U= CUj.

Therefore, both 2"+ and 2"~ are isomorphic over F,2 to the smooth hypersurface
in P3 given by the homogeneous equation

xle +x2x§’ +)C3Xé) +X4xf’ =0.

In fact, since all nondegenerate Hermitian forms on Vg = [F;‘2 are isomorphic we
can also determine equations for the unitary Deligne—Lusztig varieties using the
Hermitian form given by the identity matrix /4. This gives the Fermat hypersurface

p+1 p+1

p+1
Xq + X7

+ x5 +x§pJrl =0,

which is isomorphic to the surface above.

The stratification (3-8) of 2" T now corresponds to the stratification of the unitary
Deligne-Lusztig variety Xp, 5 (1) studied in [Vollaard 2010, Theorem 2.15]. The
Frobenius o : k — k defines an operator on V which interchanges the two summands
V = €9V @ €1 V. Thus we obtain an operator T = 02 on €g). Any k-subspace
U C €V satisfies t(U) = (U")-. The open 2-dimensional stratum of Xp, 5 (1)
has k-valued points corresponding to lines ¢/ such that

dimg U + t(U)) =2,
dimg U + t(U) + T2 U)) = 3.

The 1-dimensional stratum has k-valued points corresponding to lines ¢/ such that
dimy (U + t(U)) =2 and U + T(U) is T-invariant (i.e., F,2-rational). Finally, the
0-dimensional stratum consists of k-valued points corresponding to lines I/ which
are T-invariant. In other words, the 0-dimensional stratum of 2" is just the set
of Fj2-rational points. For a k-valued point ¢/ on the 1-dimensional stratum, set
U' =UHt(U). This is an F 2 -rational plane with "~ = UL =U. The irreducible
components of the 1-dimensional stratum are parametrized by such planes. Indeed,
conversely, given an [ ,2-rational plane U’ which is isotropic (U’ = U'+), we obtain
a closed subscheme of Xp, 5 (1) with points corresponding to all lines ¢ with
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U CU'. This subscheme is isomorphic to P! and gives the Zariski closure of the
corresponding irreducible component of the 1-dimensional stratum.
We can now also determine the number of components of the strata:

o The 0-dimensional stratum consists of (p3+1)(p?+1) points. Indeed, observe
that, as in [Vollaard and Wedhorn 2011, Example 5.6], we can calculate that
the number of [ ,2-valued points of the Fermat surface above is equal to
(p3 + 1)(p? +1). (Note that there is a typographical error in [loc. cit.]: the
summation for ¥; should start at j = 0.) This is equal to the number of

F2-rational lines U C [Fj;2 such that i/ C U+, where the orthogonal is with

respect to the (standard) Hermitian form (-,-) on [F;z. Therefore, we have

(p3 + 1)(p? + 1) components of the O-dimensional stratum.

e The 1-dimensional stratum has (p3 + 1)(p + 1) components. Note that by the
above, the Zariski closure of each component is isomorphic to a projective
line P! over F,2 and the corresponding component is the complement of all
[ ,2-rational points in this line. To determine the number of irreducible compo-

nents of the 1-dimensional stratum, we start by counting the number of such

components whose closure passes a given [ ,>-rational point, i.e., the number
of copies of P! in our configuration that cross at that point: By the above, this
count is given by the number of [F>-rational planes (4 " which are isotropic and
satisfy U C U’ C UL These are given by [ p2-rational lines in U~ /U which are
isotropic for the induced hermitian form. We can easily see that there are exactly

p 1 such lines. Since there are a total of (p3+1)(p?+1) F 2-rational points,

each belonging on p+ 1 projective lines which each have p?+1 points, we con-

clude that there are exactly (p3+1)(p+1) projective lines in our configuration.

The same discussion applies to 2 ™.

3.4. Deligne—Lusztig varieties and the Bruhat-Tits stratification. Now we relate
the varieties 2~ studied above to the varieties JVX C # of Section 2.6. Fix a
vertex lattice A of type 2d € {2, 4, 6}, and endow the 2d -dimensional [,-vector
space

Qo=A/N

with the nondegenerate [Fj,-valued quadratic form g(x) = pQ(x) induced by the
quadratic form Q on Lg. Set 2 = Qo ®f, k, and let G be the special orthogonal
group of Q. Note that ¢ is nonsplit: the existence of a d-dimensional totally
isotropic subspace in $2¢ would imply the existence of a self-dual lattice in L2,
contradicting the Hasse invariant calculation of Proposition 2.6.

Recall from Section 3.2 the reduced closed subscheme 2" = 2 C OGr(d)
whose k-points are the Lagrangian subspaces £ C Q2 with

dimg (£ + ®(L)) = d + 1. (3-11)
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The Lagrangian subspaces of €2 are in bijection with the W-lattices L C Lg
satisfying L = LY and A C L, and the condition (3-11) is equivalent to L being a
special lattice. Combining this with (2-18), we obtain bijections

2a (k) = {special lattices L C Lg such that AY C L} == .4 (k).

Theorem 3.9. There is an isomorphism of k-schemes Np = 2 inducing the above
bijection on k-points. After possibly relabeling the two connected components of
In=Z I W 2\, we may assume that this isomorphism identifies ./, Ai =7 f

Proof. Let R be a reduced k-algebra of finite type. Given an R-valued point
(G,t,A,0) € #7(R), there is an induced map of Z,-modules

A — End(G)

defined by x > 07! o x 0 0. Let D be the covariant Grothendieck—Messing crystal

of G, evaluated at the trivial divided power thickening Spec(R) — Spec(R), so
that D is a locally free R-module sitting in an exact sequence

0— D; — D —>Lie(G) — 0.

The formation of the pair D1 C D is functorial in G, so there are induced morphisms
of R-modules
¥ (A/pA) ®:, R — Endg(D)
and
¥1:(N/pA') ®g, R — Endg(Dy)

with ker(y) C ker(y/1). Given x € ker(y1) and y € (AY/pA”) ®f, R, the endo-
morphism

[x,y]=xo0oy+ yox € Endgr(Dy)
is trivial. Thus the kernel of 1 is contained in the radical of the quadratic space
(A/pA’) ®¢, R, which is (pA/pA’) ¢, R. Let L ¢ K be the images of
ker(y) C ker(y1) under the obvious isomorphism

(pA/pA) ®F, R= (A/A) ®F, R = Q ®; R.

When R = k, the point (G, (, A, o) corresponds to some Dieudonné lattice D
with D; = VD, and D; C D is canonically identified with D;/pD C D/pD.
Under these identifications,

ker(y) = {x € (pA/pA')®¢, k : xD C pD},

ker(y1) = {x € (pA/pA’) ®¢, k : xDy C pD},
and so
£f={xe(A/N)®k :xD C D},

K={xe(A/JN)®k :xD; CD}.
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If we identify a subspace of (A/AY) ® k with the lattice in Lg that it generates,
then £* corresponds to the lattice L* = {x € Lg : xD C D} of Theorem 2.12,
and K corresponds to L + L¥ = {x € Lg : xD; C D}. In particular, £* is totally
isotropic of dimension d and K has dimension d + 1. Moreover, the quadratic space
IC/K is a hyperbolic plane, and so has precisely two isotropic lines. One of them
is £¥, and the other is the subspace £ corresponding to L = {x € Lg : xD1 C D1}.

For a general reduced R of finite type, it follows from the previous paragraph
(use Exercise X.16 of [Lang 2002] and the fact that R is a Jacobson ring) that Lisa
totally isotropic rank-d local direct summand of Q®y, R and K is a rank-(d +1) local
direct summand. By Lemma 3.4 there is a unique totally isotropic rank-d local direct
summand £ # £¥ of Q ® R contained in K. As .#} is itself reduced and locally
of finite type, the construction (G, t, A, ) — L defines a morphism of k-schemes

N — OGr(d)

inducing the desired bijection A} (k) =~ 2'A (k) on k-valued points. As the argu-
ments of Section 2.4 were all done over an arbitrary extension of k, the above
morphism induces a bijection A4 (k") == 2o (k') for every field extension k’/k.
The morphism A, — £ is therefore birational, quasi-finite, and proper (by
Proposition 2.20). As Z7A is smooth (and therefore normal), Zariski’s main theorem
implies A7 = 2. The claim about connected components is obvious. O

3.5. The main results. Now we state our main results about the structure of the
underlying reduced subscheme A7q = Ji/rgg U4 of 4. Recall from Section 2.6

red
that .# % is covered by the closed subschemes JVA:E as A runs over the vertex

red
lattices of type 1A = 2dp € {2, 4, 6} in the 6-dimensional Q,-quadratic space L2,
and that their intersections are given by the simple rule
EApE = L/VAjinAz if A1 N A, is a vertex lattice,
A Az 1%} otherwise,

where, as before, the left-hand side is understood to mean the reduced scheme
underlying the scheme-theoretic intersection. In other words, the combinatorics of
the intersections are controlled by the combinatorics of the simplicial complex )
of Section 2.7.

Theorem 3.10. The k-variety /¥, Ai is projective, smooth, and irreducible of dimen-
sion dp — 1. Moreover:

(1) If dp =1, then JVAi is a single point.

(2) Ifdp =2, then NE is isomorphic to PL.

(3) If dp = 3, then ¥, Ai is isomorphic to the Fermat hypersurface

1 1 1
xéH_ +x{)+ p+

+ x5 +x§’+1=0.
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Proof. Combine Theorem 3.9 with the discussion of Section 3.3. O

Theorem 3.11. Under the isomorphism £ Ai =~ Ai, the stratification of Proposi-
tion 3.8 and the stratification

M= 5

A'CA
of Section 2.6 are related by
XpwH = |4 a5° (3-12)
A'CA
dA/=r+1

forall 0 <r <dpa — 1. In particular (by taking r = dp — 1), the dense open
subvariety N, Ai° is isomorphic to the Deligne—Lusztig variety X g(w¥) associated
with a Coxeter element.

Proof. For each special lattice L, we defined in Proposition 2.19 a sequence of
lattices
L=1LOcrMc...cp@_ @+

by LO) = L+ ®(L)+---+ ®"(L), and a type-2d vertex lattice
AL ={xeL@: o(x)=x

The bijection (2-18) identifies ./ Ai (k) with the set of special lattices L with Ay, C A,
and the k-points of the right-hand side of (3-12) correspond to those L for which
A1 has type 2r + 2; in other words, those L for which

L=1LOci M c...cpc+h)_0+2)
If we instead define L") = L N ®(L)N---N®"(L), this condition is equivalent to
LU+ — e+ .M cpO 1
In the proof of Proposition 3.8, this is the same as the condition defining the strata
Xp, (wy). O
Theorem 3.12. The reduced k-scheme Nieq is equidimensional of dimension two. It

J,— —_
has two connected components, A,y and N,

isomorphic. The irreducible components of N;eq are precisely the closed subschemes
N, Ai as A varies over the type-6 vertex lattices. Furthermore:

and these connected components are

(1) For each irreducible component N}y, there are exactly (p3 + 1)(p + 1) irre-
ducible components N+ such that Ny N N = P and (p3 + 1)(p? + 1)
irreducible components Ny such that /5 N Nps consists of a single point.

(2) For each type-4 vertex lattice A\, the closed subscheme N = P! is contained
in exactly two irreducible components, and is equal to their intersection.
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Proof. The isomorphism Jﬂ{:& = ;4 follows from the isomorphism .4 T of

Section 2.1. The connectedness of Ji{ej(:i follows from Corollary 2.23. The remaining

claims are clear from the theorems above and the discussion of Section 3.3. O

3.6. Hermitian vertex lattices. As in [Rapoport et al. 2014; Vollaard 2010; Vol-
laard and Wedhorn 2011], it is possible to describe the stratification of .4” in terms
of the Bruhat-Tits building of the special unitary group J ", although in our setting
the description in these terms is slightly convoluted. Recall from Remark 2.8 the
central isogeny J %" — SO(L%). Using [Bruhat and Tits 1984, § 4.2.15], we see
that this gives an identification of the building B7 of SO(Lg), which was described
in Section 2.7, with the building of J der - Therefore, using [Vollaard 2010] and
Jdr >~ SU(T), we can see that the underlying simplicial complex of the building
BT can also be described using Of -lattices in the split Hermitian space T of
dimension 4 over E.
We say that an Ofg-lattice & C T is a Hermitian vertex lattice if

1
.

ECEYCp

The type of E is dim[Fp2 (EVY/E); the type can be 0, 2 or 4. As in [Vollaard 2010],
these Hermitian vertex lattices correspond bijectively to the vertices of the Bruhat—
Tits building of SU(T"). The action of the group SU(T') preserves the vertex type
and is transitive on the set of vertices of a given type. The simplicial structure of
the building of SU(T) is generated, as above, using a notion of adjacency, in which
E and B’ are adjacent if either E C E' or B’ C E. Consider now the identification
of the buildings given by the central isogeny SU(T) — SO(Lg). We can see by
looking at the local Dynkin diagrams that Hermitian vertex lattices E of type 0
and 4 are sent to vertex lattices A of type 6, and Hermitian vertex lattices E of
type 2 are sent to vertex lattices A of type 2. Note that SO(L% ) acts transitively on
the set of vertex lattices of type 6, but the map SU(T") — SO(L%) is not surjective
on Q,-points: its image is the kernel of the spinor norm.

Consider the set S which is defined as the disjoint union of the set of Hermitian
vertex lattices E with the set of all pairs {E, B’} consisting of adjacent Hermitian
vertex lattices of types 0 and 4. Note that there is a natural bijection between the
set S and the set of all vertex lattices A. Hermitian vertex lattices of type 0 and 4
in S correspond to vertex lattices of type 6, Hermitian vertex lattices of type 2 in S
correspond to vertex lattices of type 2, and finally the pairs {E, E’} correspond to
vertex lattices of type 4.

We define a partial order on S as follows: For two Hermitian vertex lattices we
define E < B if either

ey
2

is of type 2, " is of type 0, and E C &/,

a1

is type 2, E’ is of type 4, and E' C &

]
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(so Hermitian vertex lattices of type 0 and 4 are not comparable). Two pairs
{21, 8/} and {85, E}} in S are not compared. If E is a Hermitian vertex lattice
then E < {E1, E,}if B, E1, and E, form a simplex in the building of J 4" (which
requires that E have type 2). Finally, {E;, E,} < B if E € {E1, E2}. Under the
bijection between S and the set of vertex lattices, this partial order corresponds to
inclusion of vertex lattices. Define an adjacency relation in S by x ~g y if either
X <y ory<Xx.We also define a dimension function d : S — {0, 1,2} by d(x) =
if x is a Hermitian vertex lattice of type 2, d(x) = 2 if x is a Hermitian vertex
lattice of type 0 or 4, and d(x) = 1 if x is a pair {E, E'}.

The following theorems are simply restatements in this new language of some
results of the previous subsection:

Theorem 3.13. Writing the reduced k-scheme as a union

4
Mroa =) 4
lez

gives the decomposition of Meq into its connected components ///r(e?. These con-
nected components are all isomorphic and are of pure dimension 2.

(1) There is a stratification of .M., (0) by locally closed smooth subschemes given by

A =\t .

red
XE€S

Each stratum 4y is isomorphic to A, A+°, where A is the vertex lattice that
corresponds to x, and is therefore isomorphic to a Deligne—Lusztig variety of
dimension d(x). The closure .#x of any Ay in /// d is

eﬂx = L‘i‘J <%y .
y=x
(2) We have .4, C .#x if and only if y < x. In particular, the irreducible
components of ///r(ed) are precisely the closed subschemes Az for 2 € S a
Hermitian vertex lattice of type 0 or 4.

(3) The schemes #y are as follows:
(@) If d(x) = 0, then .#y is a single point.
(b) Ifd(x) = 1, then .#y is isomorphic to P!,
(c) If d(x) = 2, then .#x is isomorphic to the Fermat hypersurface
I SR N T )

Theorem 3.14. The irreducible components of M4, © ) are parametrized by vertices
of type 0 and 4 in the Bruhat-Tits building of J der. Two irreducible components
Mg and Mg intersect if and only if E and E' are either adjacent, or are adjacent
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to a common element of S. If they are adjacent then one is type 0, the other of type 4,
and they intersect along a P1. If they are not adjacent but have a common adjacent
point 'y €S, then y is a Hermitian vertex lattice of type 2, and Mg N\ Mz = My is
a single point.

4. Applications to Shimura varieties

We now use our explicit description of the Rapoport—Zink space .4 = p?\.# to
describe the supersingular locus of a GU(2, 2)-Shimura variety. With the results of
Section 3.5 in hand, this is exactly as in the GU(n — 1, 1) cases studied in [Rapoport
et al. 2014; Vollaard and Wedhorn 2011]. Accordingly, our discussion will be brief.

4.1. The Shimura variety. Let E C C be a quadratic imaginary field, fix a prime
p > 2inertin E, and let O C E be the integral closure of Z(,) in E. Let V be a
free O-module of rank 4 endowed with a perfect O-valued Hermitian form (-, - ) of
signature (2, 2), and denote by G = GU(V) the group of unitary similitudes of V.
It is a reductive group over Z(,). Fix a compact open subgroup U? C G(A}7 ), and
define U, = G(Zp) and U = U,UP C G(Ay).

The Grassmannian D of negative-definite planes in V ®¢ C is a smooth complex
manifold of dimension 4, with an action of G(R). Define

My (C) = G@\D xG(Af)/U).

For sufficiently small U2, this is a smooth complex manifold parametrizing prime-
to-p isogeny classes of quadruples (4, ¢, A, [?]), in which A is an abelian variety
of dimension 4, ¢ : O — End(4)(,) is a ring homomorphism such that

det(T —t(a); Lie(A)) = (T —a)*(T —a)?
for all e € O, A € Hom(A, AY)(p) is a prime-to-p-quasi-polarization satisfying
Aou(@) =t(a)Y oA

for all @ € O, and [n?] is the U?-orbit of an O ® AJ’,’ -linear isomorphism

n? :Ta” (4) A2 >V @ AL

respecting the Hermitian forms up to scaling by (A}))X (the Hermitian form on the
source is determined by A, as in (2-3)). A prime-to-p-isogeny between two such pairs
(A,1,A,[n?]) and (A",/, X', [#P’]) is an O-linear quasi-isogeny in Hom(A4, A")(p)
of degree prime to p that respects the level structures, and such that A’ pulls back
to a Zz‘p)—multiple of A.

The parametrization is similar to the constructions found in [Kudla and Rapoport
2009], and can be described as follows. For each triple (4,1, A, [n]) above, the
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existence of n? implies that H1(A4, Q) and V ® Q are isomorphic, as Hermitian
spaces, locally at all places v  p. But this implies that they are also isomorphic
at p, and hence there is a global isomorphism

B:Hi(A,Q) >V

As Tap(A) ® Qp = V @ Qp, a result of Jacobowitz, stated in [Kudla and Rapoport
2009, Proposition 2.14], shows that there is a unique Uy-orbit of isomorphisms
Ta,(A) = V ® Z, compatible with the O-actions and Hermitian forms. Thus there
is a unique way to extend n? to a U-orbit of isomorphisms

n:Ta(A) @ Ar =V @A,

compatible with the O-actions and the symplectic forms, and identifying Ta, (A)
with V' ® Z,. The composition

-1
vea, T HiA.An L VoA,

defines an element g € G(Ay)/ U, and the Hodge structure on V' ® R induced by
the isomorphism S corresponds to a point of D, as in [Kudla and Rapoport 2009,
Section 3].

4.2. The uniformization theorem. Let k be an algebraic closure of the field of p
elements.

Extending the moduli problem of the previous subsection to Z,)-schemes in the
obvious way yields a scheme My, smooth of relative dimension 4 over Z (. Denote
by M{; the reduced supersingular locus of the geometric special fiber My xz,,, k. A
choice of geometric point (4, ¢, A, [n]) € M} (k) determines a base point (G, ¢, A)
with G = A[p®], and so defines a Rapoport-Zink space .# as in Section 2.1,
endowed with an action of the subgroup J C End(G)g. Denote by /(@) C End(A4)g
the subgroup of O-linear quasi-automorphisms that preserve the @*-span of A. It
is the group of Q-points of an algebraic group / over Q satisfying /(Q,) = J,
and the orbit [#] determines a right U ?-orbit of isomorphisms / (AP ) =~ G(AP ). In
particular, /(Q) acts on both .# and on G(Ap )/UP.

Theorem 4.1 (Rapoport—Zink). There is an isomorphism of k-schemes
M = L@\ (Ares x GAD)/UP).
As in [Vollaard 2010, Corollary 6.2], combining the above uniformization theo-
rem with the results of Section 3.5 yields the following corollary:

Corollary 4.2. The k-scheme M¢; has pure dimension 2. For U? sufficiently small,
all irreducible components of My; are isomorphic to the Fermat hypersurface

p+1 p+1

+1 +1
xg T AT T X =0,



1698 Benjamin Howard and Georgios Pappas

and any two irreducible components either intersect trivially, intersect at a single
point, or their intersection is isomorphic to P1. Here “intersection” is understood
to mean the reduced scheme underlying the scheme-theoretic intersection.
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Poincaré—Birkhoff—-Witt deformations
of smash product algebras
from Hopf actions on Koszul algebras

Chelsea Walton and Sarah Witherspoon

Let H be a Hopf algebra and let B be a Koszul H-module algebra. We provide
necessary and sufficient conditions for a filtered algebra to be a Poincaré—Birkhoff—
Witt (PBW) deformation of the smash product algebra B # H. Many examples of
these deformations are given.

A correction was posted on 3 May 2017 in an online supplement.

Introduction

Given a Hopf algebra (H-)action on a Koszul algebra B, the aim of this work is to
provide necessary and sufficient conditions for a certain filtered algebra, namely
9p. in Notation 0.3 below, to be a Poincaré—Birkhoff-Witt (PBW) deformation of
the smash product algebra B# H, i.e., gr9p , = B # H (Definition 0.1). One well-
studied case is that of group actions on polynomial rings, where many algebras of
interest arise as such deformations; see for example [Crawley-Boevey and Holland
1998; Drinfeld 1986; Etingof and Ginzburg 2002; Lusztig 1989; Ram and Shepler
2003; Shepler and Witherspoon 2012a]. For group actions on other Koszul algebras,
see [Levandovskyy and Shepler 2014; Naidu and Witherspoon 2014; Shepler and
Witherspoon 2012b; Shroff 2014]. There are some results involving Hopf algebra
actions, such as those of Khare [2007], when H is cocommutative and B is a
polynomial algebra. More specifically, the case when H = U (g), with g the Lie
algebra of a (not necessarily connected) reductive algebraic group, was studied
by Etingof, Gan, and Ginzburg [Etingof et al. 2005], and by Khare and Tikaradze
[2010] where g = sl,. Results for an action of the quantized enveloping algebra
H = U,(sly) on the quantum plane are provided by Gan and Khare [2007].

The goal of this paper is to provide a general theorem encompassing all of the
above known classes of examples from the literature. Specifically, Theorem 3.1
gives PBW deformation conditions for B # H, and it only requires the following

MSC2010: primary 16S80; secondary 16E40, 16S37, 16S40.
Keywords: Hopf algebra, Koszul algebra, PBW deformation, smash product algebra.
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of H and B: (1) the antipode of the Hopf algebra H is bijective, (2) the Koszul
H-module algebra B is connected (Bg = k), and (3) the H-action on B preserves
the grading of B. We then apply our theorem to several different choices of Hopf
algebras acting on Koszul algebras to obtain nontrivial PBW deformations, both
known and new. Our work indicates that such examples abound.

Many ring-theoretic properties are preserved under PBW deformation. To discuss
this, let us consider the following definition:

Definition 0.1. Let D = Ui>0 F; be a filtered algebra with {0} C Fy C F; C---C D.
We say that D is a Poincaré—_Birkhoﬁ—Witt (PBW) deformation of an N-graded alge-
bra A if A is isomorphic to the associated graded algebra grp D = ),. F;/Fi-1,
as N-graded algebras. -

Now if grp D is an integral domain, prime, or (right) noetherian, then so is D.
Moreover, if D is affine with the standard filtration F’, then the Gelfand—Kirillov
(GK) dimensions of D and of gry, D are equal; GKdim(gr, D) < GKdim(D) for
a general filtration F of D. The Krull dimension and global dimension of gr, D
serve as upper bounds for the corresponding dimensions of D. These ring-theoretic
results can all be found in [McConnell and Robson 2001]. Homological properties
preserved under PBW deformation have also been investigated; see [Berger and
Taillefer 2007] and [Wu and Zhu 2013] regarding the Calabi—Yau property, for
instance. The representation theory of some classes of PBW deformations of smash
product algebras has been thoroughly studied in the literature and still remains an
active area of research. Some examples of PBW deformations whose representation
theory is of interest include rational Cherednik algebras, symplectic reflection
algebras, and various types of Hecke algebras (see, for example, [Drinfeld 1986;
Etingof et al. 2005; Etingof and Ginzburg 2002; Lusztig 1989; Ram and Shepler
2003], and for more recent work, see [Ding and Tsymbaliuk 2013; Losev and
Tsymbaliuk 2014; Tikaradze 2010; Tsymbaliuk 2014]).

In order to state the main result, we need the following notation and terminology.
Let k be a field of arbitrary characteristic and let an unadorned ® mean ®y. Let
N denote the natural numbers, including 0. Recall that an N-graded algebra is
Koszul if its trivial module k admits a linear minimal graded free resolution; see
[Polishchuk and Positselski 2005, Chapter 2] for more details.

Notation 0.2 (H, B, I, k, €, k¥). Let V be a finite-dimensional vector space over k.
(i) Let H be a Hopf algebra with the standard structure notation (H, m, A, u, €, S).
Here, we assume that the antipode S of H is bijective.

(i) Let B = Tx(V)/(I) be an N-graded, Koszul, left H-module algebra B =
ey j=0 Bj with Bg=k and I C V®V. We assume that the action of H preserves
the grading and the subspace I of V ® V. So in this case, V is an H-module.
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(iii) Take k : I — H & (V ® H) to be a k-bilinear map, where « is the sum of its
constant and linear parts k€ : I — H and «* : I — V @ H, respectively.

Notation 0.3 (%5 ). Let 9p , be the filtered k-algebra given by
_ T(V)#H
S =k(M)rer

Here, we assign the elements of H degree 0.

gzjB,/c

Our main result is given as follows:

Theorem 3.1. The algebra D , is a PBW deformation of B # H if and only if the
following conditions hold:

(a) « is H-invariant (Definition 1.4); and

If dimy V > 3, then the following equations hold for the maps k€ ® id — id @« €
and k' @ id — id @« L, which are defined on the intersection (I @ V)N (V & I):

() Im(x% ®@id —id®«L) C I;
() kLo (k! ®id—id®@«L) = —(k€ @ id —id ®«©);
(d) k€ o (idexl —kL®id)=0.

In the case that H is cocommutative and B is the symmetric algebra S(V'), this
result was proven by Khare [2007, Theorem 2.1], via the diamond lemma. Our
proof is a generalization of that of [Braverman and Gaitsgory 1996, Lemma 0.4,
Theorem 0.5] (where H = k) and of [Shepler and Witherspoon 2012b, Theorem 5.4]
(where H is a group algebra).

Background information on Hopf algebra (co)actions, Hochschild cohomology,
and deformations of algebras are provided in Section 1. In Section 2, we produce
a free resolution of the smash product algebra B # H; see Construction 2.5 and
Theorem 2.10. This resolution is adapted from Guccione and Guccione [2002];
Negron [2014] independently constructed a similar resolution. Our resolution is
used in the proof of Theorem 3.1, which is given in Section 3. Many examples of
PBW deformations of B # H are provided in Section 4, including/involving:

o (Example 4.1) the Crawley-Boevey—Holland algebras:;

o (Examples 4.2 and 4.4) some actions of semisimple, noncommutative, nonco-
commutative Hopf algebras on skew polynomial rings;

o (Examples 4.13 and 4.16) actions of the Sweedler and the Taft algebras on the
polynomial ring k[u, v];

o (Example 4.18) the quantized symplectic oscillator algebras of rank 1.

All of the examples of B # H above have nontrivial PBW deformations.
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1. Background material

We begin by discussing Hopf (co)actions on algebras and (co)modules and end
with a discussion on deformations of algebras. For further background on these
topics, we refer the reader to [Montgomery 1993] and [Braverman and Gaitsgory
1996; Gerstenhaber 1964], respectively.

1A. Hopf algebra (co)actions.

Definition 1.1. (i) For a left H-module M, we denote the H-actionby - : HQ M —
M, thatis,byh-m e M forall h € H, m € M. Similarly forall s € H and m € M,
we denote the right s-action on m by m - h.

(i1) Given a Hopf algebra H and an algebra A, we say that H acts on A (from the
left, as a Hopf algebra) if A is a left H-module and

h-(ab) = Z(h] ca)(hy-b) and h-1g=¢€(h)l4

forall h € H,a, b € A, where the comultiplication is given by A(h) =) h; ® h;
(Sweedler’s notation). In this case, we say that A is a left H-module algebra.

(iii) For any left H-comodule M, we denote the left H-coaction by p(M) C HQ M,
where p(m) =Y m_y @ mo form_; € H and m, my € M. Likewise, the right H-
coaction on a right H-comodule M is given by p(m) =) moQ®m; form,moe M
and m; € H.

Note that H is naturally an H-bimodule via left and right multiplication. This
yields a left H-adjoint action on H given by

(1-2) ht:= ZhlﬁS(hz)

for h, £ € H. Moreover, if V is a left H-module, we give V ® H an H-bimodule
structure as follows: A(v® €) = > (h; - v) ® hpt and (v @ £)h = v ® £h for all
h,e H and v e V. A left H-adjoint action on V @ H arises by combining these:

(1-3) h-(v®{):= Z(hl V) @ hotS(h3).

The left H-adjoint actions in (1-2) and (1-3) extend to the standard left H-adjoint
actionon A = B#H (where B=T;(V)/(I) as in Notation 0.2(ii)), via Definition 1.1,
since the action of H preserves 1.

Now we discuss the H-invariance of the map « (Notation 0.2(iii)), which is one
of the necessary conditions for the filtered algebra %5 , (Notation 0.3) to be a PBW
deformation of B# H.

Definition 1.4. Recall Notation 0.2. We say that the map « is H-invariant if
h-(k(r))=«h-r)in H® (VQ H) for any relationr € [ and h € H.
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1B. Deformations of algebras and Hochschild cohomology. In this part, we re-
mind the reader of the notion of a deformation of a k-algebra A and how Hochschild
cohomology plays a role in its construction. This is seminal work of Gerstenhaber
[1964], adapted to our graded setting as in [Braverman and Gaitsgory 1996].

Definition 1.5 (A;, A(j)). Let A be an associative algebra and let 7 be an indeter-
minate. A deformation of A over k[¢] is an associative k[¢]-algebra A; over k|[t]
which is isomorphic to A[f] as k-vector spaces, with multiplication given by

a1 *ay = po(a) ® az) + i (a) @ ax)t + pa(ay @ ax)t* + - - -

for all a1, ap € A. Here, u; : A® A — A is a k-linear map, referred to as the i-th
multiplication map. Moreover, uo(a; ® a;) = ajay is the usual product in A.

Now assume that A is graded by N. A graded deformation of A over k[t] is an
algebra A, as above, which is itself graded by N, setting deg(¢) = 1. The map w; is
homogeneous of degree —i in this case. A j-th-level graded deformation of A is a
graded associative algebra Ay over k[t]/(tj+1) that is isomorphic to A[t]/(tj“)
as k-vector spaces, with multiplication given by

ar xap = po(ar @ az) + 1 (a1 ® @)t + -+ (@ @ a)t’.
The maps 1; : A® A — A are extended to be linear over k[¢]/(t/+1).

The associativity of * for the deformation A; imposes conditions on the maps ;.
Specifically, for each degree i, the following equation must hold for all a;, az, az € A:

1-6) Y G- (@ ®m)®a) =y (a1 ® i j(a®az)).
j=0 Jj=0

We use Hochschild cohomology to study these equations.

Definition 1.7 (B,(A)). Let A be a k-algebra and let M be an A-bimodule, or
equivalently, an A°-module. Here, A° := A ® A°P. The Hochschild cohomology
of M is HH" (A, M) := Ext’;. (A, M). Moreover, this cohomology may be derived
from the bar resolution B,(A) of the A°-module A:

3

B.(A): - AR4 2

81

A®3 AQA s A—>0,

where

n
(a0 ® - @ ant1) = Z(—l)iao ® - ®aidi+1 Q- Qant1
i=0
forall n >0 and ag, ..., a,+1 € A. When M = A, write HH"(A) for HH" (A, A).
Moreover, if A is (N-)graded, then HH" (A) inherits the grading of A: If A = @i Aj,
then HH"(A) = P, HH"/ (A).
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Note that Homy (A®”, A) = Homy (A®"+2) | A), since the A°-module A®"+2)
is induced from the k-module A®". We will identify these two Hom spaces often
without further comment. Now we make some remarks about the multiplication
maps [4;.

Remark 1.8. Using (1-6) for i = 1, we see that
(1-9) wi(ar @ az)az + pi(arax ® az) = ajpu(ax @ az) + pi(a; ® azaz)

for all aj, ar, a3 € A. In other words, w; is a Hochschild 2-cocycle on the bar
resolution of A; that is, 65 (1) := u1 o 83 vanishes. (Here we have identified the
input a; ® ay @ az with 1 @ a; ® a; ® az @ 1 to apply &3, under the identification of
Hom spaces described above.)

Next, using (1-6) for i =2, we see that

wa(ar ®az)az + i (pwi(ar ® az) @ az) + pa(arar ® as)
=apuz(az ®as) + wi(ar @ pi(az ® asz)) + p2(a) ® azas).

Therefore

(1-10)  85(u2) (a1 ®ax ®az) = pni(ni(ar @ az) @ az) — wi(a) @ pi(az ® az))

for all a;, ap, as € A. In other words, 14, is a cochain on the bar resolution of A
whose coboundary is given by the right-hand side of (1-10).
For all i > 1, (1-6) is equivalent to

i—1

(1-11) 85 (1) (@1®ax®a3) =Y j (i j(a10a2)®a3)— (@1 @i j(a:8a3)).
j=1

That is, u; is a cochain on the bar resolution of A whose coboundary is given by

the right-hand side of (1-11).

Definition 1.12. The right-hand side of (1-11) is the (i — 1)-th obstruction of the
deformation A, of A from Definition 1.5. An (i — 1)-th-level graded deformation
(defined by maps p1, ..., ui—1) lifts to an i-th-level graded deformation if there
exists a map u; for which uy, ..., ui—1, u; define an i-th-level graded deformation.

The next proposition makes clear the choice of terminology in the above definition.
Ultimately, one is interested in a deformation of A over k[¢] and its specializations at
particular values of ¢. The i-th-level graded deformations are steps in this direction.

Proposition 1.13 [Braverman and Gaitsgory 1996, Proposition 1.5]. All obstruc-
tions to lifting an (i — 1)-th-level graded deformation to the next level lie in
HH>~(A). An (i — 1)-th-level deformation lifts to the i-th-level if and only if
its (i — 1)-th obstruction cocycle is zero in cohomology, i.e., there is a map p; such
that (1-11) holds for all ay, a3, a3 in A.
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The connection between graded deformations and PBW deformations is well
known; the following statement is a consequence of the canonical embedding of A as
a k-linear direct summand of A[¢], with splitting map given by specialization at  =0.

Proposition 1.14 [Braverman and Gaitsgory 1996, Remark 1.4]. Given a graded
algebra A and a graded deformation A; of A, then A, specialized att =1 is a PBW
deformation of A. O

Now we explain that the two notions of deformation of B # H coincide; recall
Notations 0.2 and 0.3. The following result is well known in related contexts, but
we include some details for the reader’s convenience.

Proposition 1.15. The following statements are equivalent.
o The algebra Dp , = (Tx(V)#H)/(r —x(r)),e1 is a PBW deformation of B#H.

o The algebra 9p . := (Tr(V)# H)[t]/(r — kL)t —kC (Mt ,er isa graded
deformation of B# H over k[t].

Proof. Assume that % , is a PBW deformation of B # H. By its definition, 9 p ,
is an associative algebra, and so we need only see that it is isomorphic to B # H []
as a vector space. To this end, use the PBW property to define a k-linear map
w:B#H — T (V)# H whose composition with the quotient map onto % , is an
isomorphism of filtered vector spaces. Extend 7 to a k[¢]-linear map from B # H [t]
to Tx (V) # H|[t]. Its composition with the quotient map to U p ,; is an isomorphism
of k-vector spaces; one sees this by a degree argument.

Conversely, assume that @5 , ; is a graded deformation of B # H over k[t]. We
may specialize to t = 1 to obtain %p ,. Now apply Proposition 1.14 to conclude
that @ , is a PBW deformation of B# H. O

2. Resolutions for smash product algebras

In this section, let A denote the smash product B# H, which is an N-graded algebra:
A= @ij(Bj ® H). Thus Ag = H. The aim is to construct a free A°-resolution
X, of the A°-module A from resolutions of H and of B (denoted by C, and D,,
respectively). This construction simultaneously generalizes results of Guccione and
Guccione [2002] and of Shepler and Witherspoon [2012b, Section 4]. A similar
resolution was constructed independently by Negron [2014].

Definition 2.1 (C., C;, C}). Fori > 0, let C; denote the H¢-module H®(+?_ The
left H-comodule structure p : C; — H ® C; is given by

p(°@n' @ @h = "n) - At @n)®- - @ht e HRC

for all K°, ..., hit! € H. For h € H, the left and right h-actions on an element
x € C; are given respectively by left and right multiplication by /4 in the leftmost
and rightmost factors of x. Now, let
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c,: ---.—>C,—>Cyh—H—0

be the bar resolution B,(H) of H (Definition 1.7), which is an H°-free resolution
of H.

There is an isomorphism of free H¢-modules C; = HQ C l/ ® H, where le = H®!
if i > 1 and C, = k. We give each C; the H-comodule structure inducing that on
C; under the usual tensor product of comodules.

Remark 2.2. The resolution C, satisfies the following conditions:

(i) The right H-action and left H-coaction on C; commute in the sense that for
alxeCiand he H

D) @@ -ho=Y x 1hi ® (xo-ha).
That is, each C; is a Hopf module (for which the action is a left action and the
coaction is a right coaction).

(i1) The differentials are left H-comodule homomorphisms.
Definition 2.3 (D., D;, D;). Recall that B is a Koszul algebra. Let
-'-—>Dl—>D0—>B—>O
be the Koszul resolution of B as a B®-module: Do=B® B, Dj=BQ®V ® B,
D, =B®IQ® B, and for each n > 3, D; = B® D! ® B, where
i-2
Dl/ — m(v®j RI® V®(1_2_])),
j=0
Each D; is a subspace of B®(*2) and the differential on the Koszul resolution is

the one induced by the canonical embedding of the Koszul resolution into the bar
resolution of B.

Remark 2.4. The resolution D, satisfies the following conditions:

(1) Each B°-module D; is a left H-module and the differentials are H-module
homomorphisms.

(i1) The left actions of B and H on D; are compatible in the sense that they induce
a left action of A= B# H on D;.

(iii) In addition, the right B-action on D; is compatible with the left H-action on
D; in the sense that forall h € H, y = b°® y' ® b' € D; for y' € D} and
b, b', b e B,

he(vb) = (1) (hab) = | Y (1) @ (ha - ¥) ® (s -bY) |- (ha )
=Y (h-b")®(ha-y)® (h3-b"Yb = (h-y)-b.
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(iv) Each D; is considered to be a left H-comodule in a trivial way by requiring
that it be H-coinvariant; that is, the comodule structure is given by maps
pi : Di > H ® D;, where p;(y) =1®y for all y € D;. The maps p; are maps
of left H-modules, if we give H ® D; the tensor product H-module structure,
where the factor H has the adjoint H-module structure. See Section 1A.

Construction 2.5 (X,). We wish to combine the two resolutions, C, and D, from
Definitions 2.1 and 2.3, to form a resolution X, of A = B # H by A-bimodules, via
a tensor product. To that end, we first apply (A ® y —) to C,. Note that A is free
as a right H-module (under multiplication) and that A ® y H = A. The following
sequence of A ® H°P-modules is therefore exact:

e —> AQyC1 —> ARy Co— A — 0.

Similarly, we apply (— ®p A) to D,. Note that A is free as a left B-module, and
that B ®p A = A. The following sequence of B ® A°°-modules is therefore exact:

—)D1®BA—>DQ®BA—>A—>O

We will next extend the actions on the modules in each of these two sequences so

that they become A°-modules. Then, we will take their tensor product over A.
We extend the right H-module structure on A® g C, to a right A-module structure

by defining a right action of B on A®py C,: foralla € A, x € C;, b € B, we set

(2-6) (@a®pux)-b :=Za(x71 -b) ®u Xo.

This does indeed make A @y C; into a right B-module, and, by combining with
the right action of H, gives a right action of A on A ®y C;. Note that for
x=x"® - @xtl e C; (with x°, ... x't e H),

phx) =) (hx) 1 @ (hx)o=Y hix) - x| @hox) @ - @x5""
= Z/’llx_1 ® hoxg.
The action is well-defined: If & € H, then
(@h@yx)-b ="y ah(x D)@ xo= Y alhx_1-b)®uhrxo = @@y hx)-b.

Since the differentials on C, are H-comodule homomorphisms (Remark 2.2(ii)),
this action commutes with the differentials.

We extend the left B-module structure on D; @ A to a left A-module structure
by defining a left action of H by

2-7) h-(y®pa):=Y (h-y)®pha
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forallh e H,y € D;, a € A. It is well-defined, since for all h € H, b € B, we have
by the definitions in Section 1A that

h-(b®pa) Z Y (hi - (yb) ®p (haaS(hs) = Y (k1 - y)(ha - b) ®p h3aS(hs)

= Y (hi-y)®p (h2-b)h3aS(ha) =Y _(hi-y) ®p (ha - (ba))

D h(y®s ba).

The left H-action on D; is compatible with the right B-action on D; by Remark
2.4(iii). Again, this action commutes with the differentials, since the differentials
on D, are H-module homomorphisms (Remark 2.4(1)).

We may now consider A ®y C, and D, ®p A to be complexes of A°-modules
via the A-bimodule structure defined above. We take their tensor product over A,
letting X,,:= (A®y C.) ®4 (D, ®p A); that is, for all i, j > 0,

(2-8) Xij =(A®y Ci)®a(D;j®p A),
with horizontal and vertical differentials
di}fj:Xi,j_)Xifl,j and diljjIXi’j—>X,',j,1

givenby d!'; :=d* ®id and d ; := (—1)' id ®d "
Finally, let X, be the total complex of X,.:

(2-9) e — X — X1 — Xg—>A—0,

with X, = @i+j=n X,',j.

Theorem 2.10. We have the following statements:
(a) Foreachi, j,the A°-module X; j is isomorphic to A® C! ® D} ® A.
(b) The complex X, given in (2-9) is a free resolution of the A°-module A.
Proof. (a) Write C; = H®C;® H and D; = B® D} ® B for vector spaces C; and
D}, as in Definitions 2.1 and 2.3. Then
X;ij=(A®n HRC;®@ H)®4(B®D;® B®ps A)
Z(ARC®H)®4(BRD;®A).

We will show that this is isomorphic to A ® C; ® D; ® A as an A°-module. First,
define a map as follows:

(A®C/®H)x (B®D,®A) > ARC/®D)® A,
2-11)
(a®x®h,b®y®a/)._> Za(x—lhl'b)®xo®(h2-y)®h3a/
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forall a,a’ € A, x e C}, y € D;., h € H, b € B. This map is k-bilinear by
definition, and we will check that it is A-balanced. First, let b’ € B. We rewrite
(a®x®h)-b" as follows. First, using AQ C! ® H = A®p C;, identify this element
witha ®y (1®x ®h) € A®py Ci. By (2-6),

@®y (1®x®h)-b'=Y a(1®x®h)_1-b)®u (1®x ®h).
By Definition 2.1, and by identifying x € C; with x! ® x> ® - - - ® x’, we have that
p1@x®M) =Y (18x@h)_1®(1®x®h)
=Y (xf 2N R1 N O Q- X @ hy).

So, 1®@x®h)_1 =x_thyand 1®x®@h)g=x0®h>. Now C; = H®C;® H as
an H-comodule, so

(a®@x®h)-b,b®yRad) = Z(a(x_lhl bPYRx0@hy, hRyR®a')
= Y a(xshy-b)(xoihy-b) ®x0@ (h3-y) @ had.
On the other hand,
(aR@xQh,b - hRyRad)=@RxQh,bb®yRa)
> Y _ale_thy- (VD)) ®x0 ® (hy+y) ® hsa),

which is the same as the previous image since B is an H-module algebra. Now let
¢ € H. Then

(@®xQh) L,hRYRd)=@RxRhl,hbRyRad)
> Za(x_l}n@] b)) @ x0 ® (haly - y) @ hslza'.
On the other hand,
@®x®h, L-(b®y®a) =) (@®x®h, (£;-b)® (L) ®Ls3a)
— Za(x_lhlﬁl -b) @x0Q (halyr - y) ® h3lza',
which is the same as the previous image. Therefore, there is an induced map
(AQC/®@H)®4(BOD;®A) > ARC,®D;®A.
Now, we verify that the map below is an inverse map of (2-11):
(2-12) a®x®y®d > (aRxQ)®4(1®y®ad).

It is clear that first applying (2-12) and then (2-11) yields the identity map on
A®C/® D, ® A. On the other hand, the image of first applying (2-11) then (2-12)
t0o(@@xQh,bQyRa')is
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D @x_1hy b)) ®@x0®1) @4 (1® (hy - y) @ haa)
= (a(_1h1 -b)®x0® 1) ®4 (€(h2) ® (h3 - y) ® had)
=Y @x_1h1-b)@x0@ 1) @4 (hy- 1@y ®a'))
= (a(_ih -b)@x0®h) ®4 (1@ y @ d)

D((@@x®h)-b)Rs(1Qy®d)

=@Rx®h) R4 (bRyRd).

Therefore the two A°-modules X;; and A® C; ® D! ® A are isomorphic, as claimed.

(b) We wish to apply the Kiinneth theorem to show that the complex X, is a
free resolution of the A°-module A. To that end, we check that each term in the
complex D, ®p A is a free left A-module and that the image of each differential
in the complex is also projective as a left A-module. First, write each D; @ p A =
(BQD!®B)®pA=BQ®D.QA. Define a k-linearmap f: AQD;®B — BRD.QA
by

foh®y®b)=> r®(hi+y) ®hob

forhe H,y e D},and r,b € B. Give A® D; ® B the structure of a left A-module
by requiring A to act by left multiplication on the leftmost factor. Clearly this is
a free left A-module. The map f is an A-module homomorphism by the definition
of the left A-action on B ® D) ® A; see (2-7). We claim that the following map
is an inverse map, so that f is an isomorphism of A-modules: let S~! denote the
(composition) inverse of the antipode S of H. Let g : BQD/® A — A® D! ® B
be the k-linear map defined by

gr®y®hb) =) rha® (S (h)-y) ®b.

Since for each 1 € H we have Y hyS~'(h)) = e(h) = Y. S~ (ha)h; (see, e.g.,
[Radford 2012, Proposition 7.1.10]), the function g is indeed the inverse of f. Thus,
each term in the complex D, ®p A is a free left A-module.

That the image of each differential is projective as a left A-module may be proved
inductively, starting on one end of the complex

d®id do®id
—_—

o —> DI ®A———> DyQR@p A A— 0,

as follows. Since A is a projective left A-module and dy ® id is surjective, the map
splits, implying that Ker(dp ® id) = Im(d; ® id) is a direct summand of the free left
A-module Dy®p A. Therefore it is projective. Again, since Im(d; ®id) is projective,
the map d; ®id from D| ®p A to its image splits so that Ker(d; ® id) = Im(d> ®id)
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is a direct summand of the free left A-module D; ® 5 A. Continuing in this way,
we see that Im(d; ® id) is a free left A-module for each i.

The Kiinneth theorem [Weibel 1994, Theorem 3.6.3] then gives for each n an
exact sequence

0— P Hi(A®y C.) ®4H;(D.®5 A) —> H,(A®y C.) @4 (D, @5 A))

i+j=n N

— P Torf(Hi(A®y C.), Hj(D, ®p A)) — 0.
i+j=n-1

Now A®py C, and D, ® g A are exact except in degree 0, where their homologies
are each A; that is, Hy(A ®py C,) = A and Hyo(D, ® g A) = A. Therefore the only
potentially nonzero Tor term is wheni =0= j, or Tor’f‘ (A, A), yet this equals 0
since A is flat over A. So for each n, we have

H,(A®# C.) ®4 (D.®5 A)) = P H;j(A®p C.) @4 Hi(D. ®5 A).
i+j=n
Again the right side is only nonzero when i = 0 = j, so we have
Ho((A®n C.) ®4 (D.®p A)) =Ho(A®nH C.) @4 Ho(D.®p A) = A®1 A=A
and H,((A®py C.) ®4 (D, ®p A)) =0 for all n > 0. Thus we have proven that X,
is an A°-free resolution of A. ]

We next relate the resolution X, of A (from Construction 2.5) to the bar resolution
B.(A) of A:

Lemma 2.13. There exist degree-preserving chain maps between X, and the bar
resolution B,(A) of A,

¢.: X.—> B.(A) and Y.:B.(A) — X,,

such that Y, ¢y, is the identity map on the A°-submodule X, of X, for each n > Q.

Proof. Recall by Notation 0.2 that B is generated by the vector space V, with
quadratic relations / € V ® V. First we prove by induction on »n that there are
degree-preserving maps ¢, : X, — A®"*+2 and v, : A2+ 5 X, commuting
with the differentials. For clarity, we denote the differential on the bar resolution of
A by 6. We have the diagram

ds d> d; dy

X.: X3 X2 X1 XO A 0
Y ) o
N

B.(A): - A®S 2 q®4 2 A®3 T oA A2 3 A 0

where B,(A) = A®"*2 and X, = P
also Theorem 2.10(a).

it+j=n Xi,j» With X; ; defined in (2-8); see
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Define ¢9 = id ® id = g, the identity map from A ® A to itself. We wish to
define ¢, so that when restricted to X, it corresponds to the standard embedding
of the Koszul complex into the bar complex: for n = 1, this is the embedding of
ARV ® A into A® A ® A via the containment of V in A. We may define ¢; on
X1=X01PX10=(AQVRA)P(ARHRA)byp1(1®v®1)=1®v®]1 and
1 (1®h®1)=1h®1forallve V,he H. Note that for n > 2,

n—2
(2-14) Xon ZA® (ﬂ VO RI® v®<"—"—2>) ®A,
i=0

which is a free A¢-submodule of A®"*+2)_ For each i, j with i + j = n, choose a
basis of the vector space C; ® D} (whose elements are homogeneous of degree j, as
H is declared to have degree 0). By hypothesis, ¢,,—; is degree-preserving, and d,,
is degree-preserving by construction. So, applying ¢,_d, to these basis elements
of C/® D; produces elements of degree j in the kernel of §,_1, that is, the image
of §,. We define ¢, by choosing (arbitrary) corresponding elements in the inverse
image of Im(3,,). If we start with an element in X ,, we may choose its image in
A®(+2) ynder the canonical embedding of X, into A®"*2) (see (2-14)). Given
X;jand Xy withi+j=i'"+j =nandi #0, i’ #0, elements of X; ; have
degree j and elements of X;/ ; have degree j’. So their images under ¢, may be
chosen independently, and in particular, independently of those of X ,. Thus, we
have the maps ¢,,, as desired.

Now we show that 1/, may be chosen so that v,,¢, is the identity map on Xo ,.
In degree 1, we have summands Xo; = AQV®Aand X1 0= A® H® A. Note
that V @ H is a direct summand of A as a vector space. We may therefore define
1(1®ve1)=1Qvelin X foralveV,and Y1 (1®2®@1)=1®~h®1in
Xy o forall h e H. We also have that v is the identity map on elements of the form
1 ®z® 1, for z ranging over a basis of a chosen complement of V & H as a vector
subspace of A. This complement may be chosen arbitrarily, subject to the condition
that 11 (1®z®1) =v¥pd1 (1 ®z®1). Since Vo, di, §; all have degree 0 as maps,
one may also choose 11 to have degree 0. In particular, note that vr; ¢; is the identity
map on Xg 1. Now let n > 2 and assume that v,,_» and v,_; have been defined to
be degree-0 maps for which d,,_1¥,,—1 = ¥,—28,—1 and ¥, ¢, is the identity
map on X ,_1. To define v, first note that A®""*+2) contains the space X, as an
A¢-submodule (see (2-14)) and the image of each X; ; under ¢, (n =i+ j,i > 1).
By construction, their images intersect in O, the image of Xy , under ¢, is free and,
moreover, ¢, is injective on restriction to X ,. Choose a set of free generators of
¢, (Xo,n), and choose a set of free generators of its complement in A®(+2)  For
each chosen generator x of Xy ,, we define ¥, (¢, (x)) to be x. On the complement
of ¢,,(Xo.), define ¥, arbitrarily, subject to being a chain map of degree 0. Thus,
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Y@, is the identity map on X ,. Now for all x € Xg ,, since d,(x) € Xo -1,
we have that ¥, _1¢,_1d,(x) = d,(x), by induction. As §,¢,(x) = ¢,_1d,(x), it
follows that d, ¥, ¢, (x) = ¥,—18,¢n(x). So i, also extends the chain map from
degree n — 1 to degree n, as desired. U

3. Poincaré-Birkhoff-Witt theorem for Hopf algebra actions

Consider the algebra %p , from Notation 0.3. The goal of this section is to prove
our main result, Theorem 3.1. We provide necessary and sufficient conditions for
Dp  to be a PBW deformation of B # H (Definition 0.1) as follows:

Theorem 3.1. The algebra D , is a PBW deformation of B # H if and only if the
following conditions hold.:

(a) k is H-invariant (Definition 1.4);

If dimy V > 3, then the following equations hold for the maps k€ ® id — id @« €
and k* ®id — id ®« L, which are defined on the intersection (1 @ V)N (V Q I):

(b) Im(x* ®id —id ®«L) C I;
(©) kLo (k! ®id—id L) = - (k€ ®id —id ®«°);
(d) k€ o (id®kl — kL ®id) =0.

Recall Notation 0.2: B is generated by the k-vector space V with quadratic
relations I C V® V,so B =T, (V)/(I). Moreover, consider:

Notation 3.2 (U, Ty (U), R, P). Let U :=V ® H, which is an H-bimodule under
the actions defined in Section 1A. Set R =1 ® H, similarly an H-bimodule, and an
H-subbimodule of U @ y U. Let P ={r ® 1 —«(r) | r € I} be the relation space
of 9 ., generating an H-submodule of H @ U & (U ®y U) in the tensor algebra

ThiU)=HoU®UQrU)doUuUuU)®---.

Note that U®H = V®" @ H as k-vector spaces. We see that 7 (P) = R, where the
map 7 is the projection onto the homogeneous quadratic part of P.

Consider the following preliminary results:

Lemma 3.3. Since Ty (U) is canonically isomorphic to T, (V) # H, we have that
Th(U)/(P)=%p, and TyU)/(R)=(Ti(V)#H)/(I)=B#H,

where (1) is identified with the ideal of T;; (V) # H generated by 1.
Hence, 9 , is a PBW deformation of B# H if and only if Ty (U)/(P) is a PBW
deformation of Ty (U)/(R). O
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Lemma 3.4 [Shepler and Witherspoon 2012b, Lemma 5.2]. If Ty(U)/(P) is a
PBW deformation of Ty (U)/(R), then the following conditions hold for maps
o:R—Uandp:R— H forwhich P={x —a(x)—B(x)]|x € R}:

(1) Im(e ®yid—id®pya) C R.

(i) xo (@ ®@pid—i1d®pa) = —(BRyid—id®gyB).
(iii) Bo((d®ya —a @y id) =0.
Here, the maps a®@pyid — id @ gy and BR yid — id ® g B are defined on the subspace
(R®u U)N (U ®u R) of Tu (V). U
Remark 3.5. Given the maps «” : 1 — V ® H and ¢ : I — H as in Notation 0.2,
we see that @ = kL ® idy and B = k€ ®idy.
Lemma 3.6. Consider the algebra

Ty (U)[1]

(x —a ()t = B(X)12)er’

We have that (Ty(U)/(P)), is a PBW deformation of Ty (U)/(R) over k[t] if and
only if 9p . (of Proposition 1.15) is a PBW deformation of B # H over k|t].

(Tu(U)/(P)); :=

Proof. This follows from Lemma 3.3 and Remark 3.5. ([

Now we provide the proof of Theorem 3.1. A somewhat shorter proof would
suffice in case H is semisimple: The first proof of [Shepler and Witherspoon 2012a,
Theorem 3.1] may be generalized from semisimple group algebras to semisimple
Hopf algebras. In that context, one has on hand a much smaller resolution than that
which we will use below.

Proof of Theorem 3.1. Note that we will employ the identifications given in the
lemmas and remark above, sometimes without comment. Namely, results from
Section 2 will be used here where, for instance, / is identified so that R =1 H
and B # H is identified with Ty (U)/(R).

Necessity of conditions (a)—(d). Let us first show that conditions (a)—(d) are necessary.
Assume that 9 g , is a PBW deformation of B#H, and take Q to be the relation space
of @p . Then, forallh € H andr € I, we have that h-r —h - (k(r)) € Q. (Refer to
Section 1A for the definition of these actions.) We also have that h-r —x (h-7) € Q,
soh-(k(r))—«(h-r)e Q. This implies that - (k(r)) =k (h-r) in Dp , since Q
cannot contain nonzero elements in degree less than two. Thus, condition (a) holds.
Moreover, by Lemma 3.3, Ty (U)/(P) satisfies the PBW property.

Now by applying Lemma 3.4, we see that conditions (i), (ii), (iii) hold for
Ty (U)/(P). These conditions are equivalent to conditions (b), (c), (d) in Theorem
3.1 for the algebra 95 , by Notation 3.2 and Remark 3.5. Thus, if 9 , is a PBW
deformation of B # H, then conditions (a)—(d) of Theorem 3.1 must hold.
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Sufficiency of conditions (a)—(d). Conversely, let us assume that conditions (a)—(d) of
Theorem 3.1 hold for the algebra %5 . Equivalently, by Notation 3.2, Lemma 3.3,
and Remark 3.5, we assume the following for the algebra Ty (U)/(P):

e The maps « and B are H-invariant.

o Conditions (i), (ii), (iii) of Lemma 3.4 hold.
The goal is to show that 9 p , is a PBW deformation of B# H, which, by Proposition
1.15, is equivalent to showing that 9 ., (of Proposition 1.15) is a graded defor-
mation of B # H over k[t]. Hence, by Lemma 3.6, the goal is then equivalent to
verifying that the algebra (Ty (U)/(P)), is a graded deformation of Ty (U)/(R)
over k[¢]. We thus have the following strategy:

o Let A denote Ty (U)/(R).

o Construct multiplication maps, i; : A® A — A, as in Definition 1.5, subject
to the restraints listed in Remark 1.8.

o Form the graded deformation A; of A as in Definition 1.5.

Conclude that A" := Ty (U)/(P) = (A;)|;=1 is a PBW deformation of A by
Proposition 1.15.

We generalize the proof in [Shepler and Witherspoon 2012b] from group actions
to Hopf algebra actions. Namely, we use the free resolution X, of the A°-module A
in Construction 2.5 to define the maps u;. Recall that X, is constructed from
C.= B,(A), the bar resolution of H, and from D,, the Koszul resolution of B.

Extending o and B to be maps on X,. We first extend « and 8 to be maps on
X, as follows. In degree 2, X, contains as a direct summand X0, = AR I ® A;
see (2-14). As «, B are H-bilinear by H-invariance, we may extend them to
A¢-module maps from AQ Ry A= A® I ® A to A by composing with the
multiplication map. By abuse of notation, denote these extended maps by «, 8
as well. Extend « and 8 yet further by setting them equal to 0 on the summands
X520 and X1 of X, so that they become maps «, 8 : X — A. More precisely,
o, B € Homye (X3, A) = Homi (X}, A) for X, = A® X, ® A.

Construction of the multiplication map ;. To build u; € Homp(A ® A, A) =
Hom e (A%®*, A), recall that it must be a Hochschild 2-cocycle as in (1-9). We will
show that o : X5 — A is a Hochschild 2-cocycle on X,, that is, d5 (o) = 0. Recall
the chain maps of Lemma 2.13. We set 141 = ¥ (), which will be a Hochschild
2-cocycle on B,(A), that is, 85 (1) = 0.

To show that df () : X3 — A is the zero map, first note that X3 = X3 @
X128 X2,1 @ X3,0 from (2-9) and that the images of X» ; and X3 0 under ds lie in
X1,1® X2,0. Since a|x, ,px,, = 0 by the extension above, it suffices to show that
d3(a)|x,; and dj ()|, , are zero maps.
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Rewriting condition (i) of Lemma 3.4, we see that it implies that « is O on
the image of the differential on X 3 as follows: let ) . 1Qx; ® yi ®z; @1 €
ARUURV)N(VRI))®A = X3; see (2-14). Then

Ol(d3<zl®xi®y[®2i®l>)
=O{(in®yi®2i®1—z1®xiyi®zi®1
—I—Zl@xl®y121®1—21®)€z®y:®11)

= Z(m(yl ®21) — alxi ® yi)zi).

i

(To see this, note that applying the multiplication map of A to elements in [
yields 0.) Thus d5 (¢) =id ® @ —a ®id on X 3; here, we identify id® o —a ® id
with m o (id ® @ — @ ® id), where m is the multiplication map on A. We see that
condition (i) indeed implies (in fact, is equivalent to) d3 ()| x,; = 0.

Next, we claim that o being H -invariant implies that « is also 0 on the image of
the differential on X . Leta,be A,he H,andr € I, and consider a @ h @r ®@ b
as an element of X2, =A® H ® I ® A by Theorem 2.10(a). By the definition of
the differential on X »,

da@h@reb)=d(@@h1)Q(1Qr®b))

=d@®@h®)@(1Qr®b)—(a®h®)Q@d(1®rab).
The second term lies in X 1, but « is 0 on X 1 by definition. Therefore,
(3-7) a(d@a®h@r®b))=a((ah®1-a®@h)@(1Qr b))
=a(ah®r®b—2a®(h1.r)®h2b)
=aha(r)b— Z ac(hy-r)hyb.

Since « is H-invariant, we have that

ha(r)=>_hie(hp)a(r)=)Y_ ha(r)ethy)=>_ ha(r)Sth)hs=>) a(hi-r)h,

where the last equality used the fact that « is H-invariant. Thus, « is zero on the
image of d =d3 on X 5 by (3-7). It follows that « is a Hochschild 2-cocycle on X,.

Now, let w1 = ¥ (o), where ¥, is a chain map satisfying the conditions of
Lemma 2.13. We conclude that

83 (1) = 833 (@) = Y3 (d5 () =0,
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as desired. So, we have a first-level graded deformation Ay of A with first
multiplication map u;: AQ A — A.

As an aside, we also get that ¢5(141) = « as cochains. To see this, first note that
since « is homogeneous of degree —1 by its definition, so is @;. Let x € X 2. By
Lemma 2.13, ¥»¢>(x) = x, and thus

p1¢2(x) = ayngr(x) = a(x).

Now let y be a free generator of X | or of X, o, which may always be chosen to have
degree 1 or 0, respectively. Then ¢, (y) has degree 1 or O respectively, implying
that its component in X 2 is 0. It follows that p¢2(y) = ayad2(y) =0 =a(y);
the last equation follows from the extension of « to X,. Therefore ¢3 (1) = a.

Construction of the multiplication map 11>. Given 1 as above, note that the map
po must satisfy (1-10); that is, 85 (u2) = pq o (11 ® id —id ®u1) as cochains on
the bar resolution B,(A) of A. We will show that a modification of ] (8) is such
a map, as follows:

First, note that 8 = ¢ (¥ (B)) as cochains, by an argument similar to that above
for . Moreover, condition (ii) implies that d5(8) = o o (¢ ®y id —id®pya) as
cochains on Xy 3. Let

(3-8) Yy =83¥5(B) —p1o(u ®id—id®@uy).

Then ¢3 () is zero on Xo 3 $38593(B) =d5 (B) and ¢ (10111 ®id — id ®t1)) =
oo (¢ ®id—id® o) by Lemma 3.4(ii). To see the last statement, note that the
image of ¢3 on X 3 is contained in AQ (I Q@ V)N(VRI))® A with ¢p*(111) = .
We also see that ¢ () is 0 on X5 1 and X3 since it is a map of degree —2. We
claim it is also 0 on X > as follows. As an A°-module, the image of X » under ¢3
is generated by elements of degree 2. Since p| = ¥} (), it is zero on elements of
degree less than two, and so the map p o (@) ®id —id ®ut1) must be 0 on the image
of X, under ¢3. Since B is H-invariant, and thus g is a cocycle (see the argument
following (3-7)) and ¢35 (B) = B, we have that ¢385v5 (B) =d; 3¢5 (B) =d5 (B)
is 0 on X 5. Therefore ¢3(y) is 0 on X 5.

We have shown that ¢3(y) is 0 on all of X3, and so y must be a coboundary on
the bar resolution B,(A) of A. Thus there is a 2-cochain u of degree —2 on the bar
resolution with

(3-9) 55w =y.

Consider 5 (B) — u, yet note that ¢ (5 (B) — 1) may not agree with g on X».
We need such a statement for the next step of constructing 3. Now,

dids () = $385(w) = d5(y) =0,
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so the 2-cochain ¢3 (1) is a cocycle on the complex X,. Thus, ¢5 () lifts to a cocycle
w' of degree —2 on the bar complex B,(A). In other words, ¢ (V5 (B) — .+ ')
agrees with 8 on X».

Moreover, 85 (1) = 0, and by (3-8) and (3-9), we have that 85 (¥} () — u) =
nio(u ®id—id®u;). So,

(3-10) W5 (B)—pu+p)—pro(n ®id—id®u) =0

on the bar resolution B,(A) of A.
Thus, setting us equal to ¥ () — 4+ u', we have maps w1, (2 to obtain a
second-level graded deformation A of A extending A y).

Construction of the multiplication map 3. Recall the restraint on w3 given in (1-11):
W3 is a cochain on B, (A) whose coboundary is given by w0 (ur ®id —id ®uy) +
U0 (1 ®id —id ®u1). We construct 3 as follows.

By (3-10) and condition (iii) of Lemma 3.4, we have that py o () ®id —id ®pu1)
is 0 on the image of ¢. By degree considerations, 1o (uy®id —id @u»,) is always 0
on the image of ¢. Therefore, the obstruction

20 ®id —1d ®u1) + 1 o (U2 ®id —id ®u2)

is a coboundary. Thus there exists a 2-cochain w3, necessarily having degree —3,
satisfying the restraint given above, and the deformation lifts to the third level.

Construction of the multiplication maps p; for i > 4. The obstruction for a third-
level graded deformation A3, of A to lift to the fourth level lies in HH*»~#(A)
by Proposition 1.13. We apply ¢5 to this obstruction to obtain a cochain on X3.
Since there are no cochains of degree —4 on X3 by definition (as it is generated by
elements of degree 3 or less), ¢3 applied to the obstruction is automatically zero.
Therefore, the deformation may be continued to the fourth level. Similar arguments
show that it can be continued to the fifth level, and so on.

Construction of A,. Let A, be the graded deformation of A that we obtain in this

manner (Definition 1.5). Then, A, is the k-vector space A[¢] with multiplication
defined for all a;, a; € A by

a1 *ay = ajax + i (a) ® ax)t + po(a) ® at* + psa @ a)t® +- -,

where aja is the product in A and each pu; : AQ A — A is a k-linear map of
homogeneous degree —i. Now for any r in R, u;(r) = (Y5a)(r) and puy(r) =
(Y5 (B) — w+ 1) (r) by construction, and ; (r) = 0 for i > 3 since deg(r) = 2.

Conclusion that A’ := Ty (U)/(P) is a PBW deformation of A = Ty (U)/(R).
Now we show that A’ := Ty (U)/(P) is isomorphic, as a filtered algebra, to the
fiber of the deformation A; at t = 1 as follows. Let A” = (A;)|;=1. Then A” is
generated by V and H and one thus obtains a surjective algebra homomorphism
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Ty(U)ET(V)#H — A”. The elements of P lie in the kernel (by definition of A”),
and thus this map induces a surjective algebra homomorphism A" = Ty (U)/(P) —
A”. This map is in fact an isomorphism of filtered algebras by a dimension argu-
ment in each degree. Therefore A’ is a PBW deformation of A, since A” is one
(Proposition 1.14). ([l

4. Examples

For our examples, we restrict k to be an algebraically closed field of characteristic
zero. There are many interesting examples, both known and new, in this setting. Less
is known about Hopf actions on Koszul algebras and corresponding deformations
in positive characteristic.

As an application of Theorem 3.1, we provide various examples of PBW defor-
mations @ g , of smash products B # H; recall Notations 0.2 and 0.3. We do this by
describing deformation parameter(s) k = k¢ + «* below. In particular, Examples
4.1,4.2, and 4.4 involve semisimple Hopf actions, and Examples 4.13,4.16, and 4.18
involve nonsemisimple Hopf actions on (skew) polynomial rings. Recall that skew
polynomial rings are Koszul by [Polishchuk and Positselski 2005, Example 4.2.1
and Theorem 4.3.1].

4A. Semisimple Hopf actions. We begin by revisiting the well-known PBW de-
formations of Crawley-Boevey and Holland [1998].

Example 4.1. Take H = kT", for I" a finite subgroup of SL,(k), and B = k[u, v].
For g = () € T, let the action of g on B be given by g - u = au + cv and
g-v=bu+dv.

By [Crawley-Boevey and Holland 1998], the deformation parameter « of the
PBW deformation %5 , of B# H must be in the center of I", which we verify again
with Theorem 3.1. We assume here that ' = 0, as in that work.

Since dimy V =2, only condition (a) of Theorem 3.1 applies. So we have for all
gel that g- (k(uv —vu)) =k (g- (uv —vu)). Now since the determinant of g is 1,
g (k(uv —vu)) = k (uv — vu), and the image of « lies in the center of kI". That is,

_ k{u, v) #kT
N (uv —vu —A)
is a PBW deformation of k[u, v]#kT if and only if A € Z(kI').

@B,K

It is worth pointing out that there are analogues of Crawley-Boevey—Holland
algebras when working in positive characteristic; see the work of Emily Norton
[2013] for some examples that are quite different from those in characteristic zero.

The following two Hopf actions were produced by Walton in joint work with
Kenneth Chan, Ellen Kirkman, and James Zhang [Chan et al. 2012]. We thank
them for permitting us to use these results.
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Example 4.2. Let H := Hg be the unique noncommutative noncocommutative
semisimple §-dimensional Hopf algebra [Kac and Paljutkin 1966; Masuoka 1995],
and let B = k{(u, v)/(u? + v?) (which is isomorphic to the skew polynomial ring
k{u, v)/(uv+vu)). The Hopf algebra Hg is generated by x, y, z, and the relations are

X2:y2:1, Xy = yx, X =Yz, y =xz, Z2:%(1+x+y_xy)
The rest of the structure of Hg and the left Hg-action on B are given by

AX)=x®x, AM=yRy, AQR=3(11+1Qx+y®1—y®x)(z®2),
ex)=e(y)=e@=1, Sx)=x, SHy=y, S@=z

X-u=-u, X-v=v, y-u=u, y-v=—v, Z-U=V, Z-V=LU.
Let r := u? + v? and note that
X-r=r, Yy-r=r, Zz-r=r,

so the ideal of relations of B, I = (r), is H-stable.
Since dim; V = 2, only condition (a) of Theorem 3.1 applies. We begin by
computing k€. Let

KC(r) = yo+y1x +y2y + 3%y + yaz + ysxz + veyz + y1xyz

for some scalars y; € k. Since h-(k€ (r)) = > hy (k€ (r))S(h») (see Section 1A), both
x-(k€@r)=«€(r) and y- «C(r)=kC@r) imply that y7 = y4 and yg = y5. Moreover,

2- (M) = v+ X +ny+rxy +rz+ysxz+ysyz+vaxyz =« (),
which implies that y» = y;. Thus,
(4-3) K€ (r) =:g(V0, V1. V3 Var ¥5)
=+r(x+y)+yxy+yaz+xyz) +ys(xz+yz2).
On the other hand, let k*(r) =u ® f +v® f' € V® H with
f=080+81x+8y+83xy+8sz+85xz2+86yz + S7xyz,
fr=080+81x+8y+8xy + 85z +85xz+ 8gyz + 8xyz,
for some scalars §;,8; € k. Note that & - kE@r) =Y hy - u ® hy fS(hs) +
Y hi-v®haf'S(h3) (see Section 1A). Since x - (kL (r)) = kL (r), it follows that:
So=081=08,=08,=0, 84=—08, 85=—8 08,=68, and & =G4

By considering the coefficient of u in the equation y - (kX (r)) = «L(r), we now
find that f = 0. Similarly, by considering the coefficient of v in the equation
y - (kL (r)) = kL (r), we find that f' = 0. Hence, «~(r) = 0.
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Thus the deformation parameter k of 9 p ., equals its constant part , which
depends on five scalar parameters as described above. In short,
k{u,v)# Hg

9y =
BT 2 402 — e+ v?))

is a PBW deformation of (k{u, v)/(u2 + v?)) # Hg if and only if kW? +v?) =
2o, Y1, V3, V4, ¥s) as given in (4-3). This yields a five-parameter family of PBW
deformations of B # Hg.

Example 4.4. Let H be H,.1, one of the 16-dimensional semisimple Hopf algebras
classified in [Kashina 2000], and let B be the skew polynomial ring
k{t,u,v, w)

Ty :=1tu —ut, 1y =1v—0t, Tiw ;= tw + wt
Tup i= UV — VU, Tyy :=UW + WU, Tyy ;= VW — WV

B =

The Hopf algebra H,.| is generated by x, y, z, subject to the relations

xt=yr=72=1, yx=xy, zx=xyz, zy=yz.

The rest of the structure of H,.; and the left H,.;-action on B are given by

AW =x8x, AWM =y®y, A@=3;101+10x*+y®1-y®x*)(z®2),
c=eM=e@=1, S@W=x’, SM=y, S@=30+x>+y-x%y)yz,
x-t=it, y-t=—t, z-t=u, Xx-u=-—iu, y-u=-—u, z-u=t,
X-v=v, y-v=-v, Z-V=w, X-W=-w, Y- W=-wW, Z-W=1,

where i is a primitive fourth root of unity in k. Note that

X Tty = Ttu, X Ty =1Fpy, X Ty = —iln,
X Tyy = —ilyy, X Tyw =1, X Tyw=—Tyy,
YTty = Ftu, Y Ty =Ty, Y- Trw = Frw,s
Y Tuy = Tyy, Y Tuw = Tuw, Y- Tvw = Tvw,
2Tty =Ty, 2Ty =Tyw, 2Ty = Tyv,
2 Tyy = Frw, 2 Tyw = Tty, ZTyw = —Tyw-

So, the ideal of relations I = (ryy, r+y, Frw, Fuvs Fuw, Fow) Of B is H-stable.
Now we compute the possible values « € (r) € H for all r € I, under condition (a)
of Theorem 3.1. Take k€ (r) = g(Z) € H given by
g() = o+ y1x +12x” + 133 + yay + ysxy + vex’y + yax’y
82 + 107 + 110572+ ynX T+ y12y2 + yi3xyz + viax yz + nisxOyz,
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where y; € k. Note that 4 - g(Z) =) hlg(z)S(hz). With the assistance of Affine, a
subpackage of Maxima, we have the following computations:

4-5) x-g(y) =x8(1)x* = yo+y1x +y2x’ + 3>+ yay + y5xy
+ Y62y +y7°y + ¥8Y2 + yoxyz + yi0x7yz
+yux’yz4+yinz +yixz+yuux’z+yisx’z;

(4-6) y-g(y)=y8()y=281);

4-7) z-8(y) = 5(28(¥)S () +28(¥)S(x*2) + yz8 (1) S () — yz8 () S (x72))

= Yo+ y1xXy +y2x> +y3x°y + yay + ysx
+ Y67y +y75° + y37+ yoxyz+ 10X’z
+ XYz +y12yz + yi3xz + yuax’yz + yisxoz.

For ryy, let k€ (r1,) = g(y). We have that x -« (1) = k€ (ry,) and y - € (ryy) =
k€ (rry) imply that y5 = y12, Yo = Y13, Y10 = Y14, Y11 = ¥15. Moreover, z -k (ry,) =
k€ (rry) implies that 1 = ys, ¥3 = ¥7, Yo = ¥13, Y11 = ¥15. Therefore,

(4-8) kS (ru) = (Y0, V1. V2. V3. V4» Y6r V8. Y0, V105 V11)
= Yo+ (x+xy)+12x> + 73+ Y) +yay +yex’y
+y3(z+y2) +yo(xz+xy2) +y10(x*z+x7y2) + 1 (P z+x7yz2).

For ryy, let k€ (ryy) = g(y"). We have that x - k€ (ryw) = —kC(ryw) and
Y - k€ (ryw) = k€ (ryyy) implies that yg = -~ = y; =0, y3 = =y, W = =73
Yio = —Vi4- and y{; = —y|5. Moreover, we have that z - k€ (row) = —k€ (ryw). So

the conditions on y/ in (4-7) then imply that y/ =0 fori =0,...,7,8, 10, 12, 14
with y§ = —y/5, ¥/, = —7,5. Thus,
(4-9) K€ (row) = 8. Y1) = vo(xz2 — xy2) + ¥, (2 = x7yz2).

For r # ryy, 'vw, we have that x - k€ (r) = £ix€ () implies that «€ (r) = 0.

We compute « () under condition (a) of Theorem 3.1. Fix r € I and let

kKEr) =t fi+tu® fu+v® fo+w® f,e VR H

for some f;, fu, fv, fw € H. Since y is central in H and y-r =r for each relation r,
we have that
khr) =y -« ()
=y-1QyiSM+y-u®yfuS()+y - v@y,S()+y - wyfwSky)
=—1Qfi—u®f —v® fo—w® f, = —k"(r).

Thus, «&(r) = 0.
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To finish, we apply to k conditions (b)—(d) of Theorem 3.1. Since k% (r) =0
for all r € I, only condition (c) is pertinent. Namely, we only need to impose
k¢ ®id=1d ®« € as maps on (/ ® V)N(V ®I). This intersection is a 4-dimensional
k-vector space with basis

Sty = TUV — tvu — utv + uvt + vtu — vut,
Stuw = tuw +twu —utw —uwt + wtu — wut,
Styw = Tvw —ftwv — vtw + vwt + wiv — wut,

Sypw = UVW — UWV — VUW — VWU — WUV + WVU.
Since k€ (r;,) = k€ (r,y) = 0, we get that

4-10)  («© ®id—id @) (spup) =k (rup)t — K (rp)u 4k (r)v
- tKC(ruv) + MKC(rtv) - UKC(rtu)
= kS (ru)v — vk (1)
Identify b € V withb#1 € A and h € H with 1#h € A. Recall that in A we have
(1#h)(b#1) =) _(hy-b)#hy. Now by using (4-8) and by setting (4-10) equal to 0,
we get that
(4-11) K€ (ru) = (0, v2) = yo + yox°.

Moreover,

(€ @id —id @) (stuw) = =& (ruw)t + 1 (rrw)u + 6 (ryu)w
— tk € (ruw) + 1k (rr) — wi€ ()
=k ru)w —w (ry) = 0

imposes no new restrictions on k€ (r,,), nor do (k¢ ® id —id @« ) (s;p) = O,
(k€ ®id —id ®« ) (sypw) = 0. Therefore, k€ (ry,) is given by (4-11).

To compute k€ (ryw), consider the calculation
4-12)  (© ®@id—id @) (sruw) =k (ryw)t — k€ (re)v + 6 (rr)w

- tKC(rvw) + UKC(rzw) - WKC(rtv)
= k€ (row)t =t (ryw).

Now by using (4-9) and by setting (4-12) equal to 0, we get that k€ (r,,,) = 0.

Therefore, the filtered algebra 9 p , is a PBW deformation of B# H,.; if and only
if the deformation parameter k = k€ of & B.« is defined by (4-11) for the relation

riu, and k€ (r) = 0 for r # ry,. Hence, we have a two-parameter family of PBW
deformations of B# H,.|.
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4B. Nonsemisimple Hopf actions. Here, we consider nonsemisimple Hopf actions
to illustrate Theorem 3.1. We begin with an example of a Taft algebra action.

Example 4.13. Let H = T (n), the n>-dimensional nonsemisimple Taft algebra.
We take n > 3 here and we consider the (slightly different) case n =2 (the Sweedler
algebra) in Example 4.16 below. Let B = k[u, v]. The Hopf algebra T (n) is
generated by g, x and the relations are g" = 1, x" =0, and xg = ¢gx, for € k*
a primitive n-th root of unity. The rest of the structure of T (n) and the left T (n)-
action on B are given by

Alg)=g®g, AN =gRx+x®1, e(@ =1, ekx) =0,
S =g '=g"", Sx)=-g""x,

gu=u, g-v=_C'v, xu=0, x-v=u.

Let r := uv — vu and note that g - r = ¢ ~!r and x - » = 0. Hence, the ideal of
relations I = (r) of B is H-stable.

Since dimy V = 2, only condition (a) of Theorem 3.1 applies. Now, we compute
k€. LetkC(r)= Zj{;;o vijg'x/. Since h- (k€ (r)) =Y hi (k€ (r))S(hy) forh € H,
we have that the equality g - (k€ (r)) = ¢ '« (r) implies that all terms equal zero
except when j = 1; hence

k) =yox +yigx+- -+ 18" x

for y; € k. Also, the equality x - (k€ (r)) = 0 implies that all terms equal zero except
fori=n-—1,so

(4-14) /(C(r) = ygn_lx

for y e k.

On the other hand, let k() =u® f+v® f e VR H for f = Z” —0rij& ixJ
and f' =) _0,\' .g'x/. Notice that h - (kB (r)) = Y hy -u ® ha fS(h3) +
Yhi-v® hzf S(h3) (see Section 1A). Since g - (kL)) = ' LeL(r), all terms
equal zero except possibly those in the first sum for which j =1 and those in the
second sum for which j = 0. Therefore k“(r) =u ® f +v® f’ for

f=rox+rgx+-+r_1g"'x and f=rj+rMg+--+A_ ¢!
with A;, A; € k. Applying x, we obtain

O=x-kE(r) =(g-w)®@EfSX) +xfSM)+(x-u)® f
+(g V)@ @Ef' S +xf'SAN+(x-v)® f’
=u®(—gfg" "x+xf+ )+ v (—gf g x+xf).



PBW deformations of smash product algebras from Hopf actions 1727

It follows that
—gfg"’1x+xf—|—f’=0 and —gf’g”71x+xf’=0.

Since f’ is in the group algebra kG (T (n)) = kZ,, and g" = 1, the second equation
implies that x f' = f’x, and so f’ = A¢ is constant. The first equation further implies
that f/ = 0 and that all terms of f are equal to zero except for i =n — 1. Thus,

(4-15) kEry=urg" 'x

for A € k.

In summary,
k{u, v)#T )

- (uv —vu — k (uv — vu))

gbB,K

is a PBW deformation of k[u, v]#T (n) if and only if the deformation map « equals
k€ 4+« as given in (4-14) and (4-15). So, we have a two-parameter family of PBW
deformations of k[u, v]#T (n).

Example 4.16. Let H be Hg,, = T (2), the 4-dimensional nonsemisimple Sweedler
algebra, which is a Taft algebra with n = 2. Let B = k[u, v]. Retaining the notation
from Example 4.13, the Hopf algebra Hy,, is generated by g, x and acts on B by
g-u=u,g-v=—v, x-u=0, x-v=u. Similar to Example 4.13, let r := uv —vu
and note that g-r = —r and x - = 0. So, I = (r) is H-stable.

Let k€ (r) = yo+ y18 + v2x + y3gx. We have that g - (k€ (r)) = —« € (r) implies
that y9 = y1 =0. Moreover, x - («€ (r)) =0 does not yield new restrictions on x€(r).
Thus, for y,y’ € k, we get that k€(r) = yx + y’gx. In the same fashion as
Example 4.13, we also get that «©(r) = u ® (Ax + A/gx) for A, A’ € k.

In summary,

k{u,v)# Hg,,
@B,K =
(uv —vu — k (uv — vu))
is a PBW deformation of k[u, v]# Hg,, if and only if the deformation map « equals
«€ + kL, where

kCwv—vu)=yx—+y'gx and «Fuv—vu)=u® (lx+21'gx)

for y, y’, A, X" € k. Thus, we have a four-parameter family of PBW deformations
of k[u, vl# Hg,,.

Remark 4.17. The invariant ring resulting from the action of Hg,, on k[u, v] is
isomorphic to the polynomial ring k[u, v?], that is to say, k[u, v]s» is regular.
Recall that the Shephard—Todd—Chevalley theorem states that when given a finite
group (G-) action on a commutative polynomial ring R that is linear and faithful, R¢
is regular if and only if G is a reflection group. Our results would then suggest that
Hy,, is a “reflection Hopf algebra”. Ram and Shepler [2003] showed that there are
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no nontrivial PBW deformations of k[vy, ..., v,]#kG for many complex reflection
groups G; such deformations are referred to as graded Hecke algebras. Now by
broadening their setting to Hopf actions on (possibly noncommutative) regular
algebras, we consider new objects in representation theory: Hopf analogues of
graded Hecke algebras. Nontrivial examples of these objects exist as we showed in
the example above. Further examples and a general explanation of this phenomenon
are worthy of further investigation.

Now we consider the well-known Hopf action of U, (sl>) on k(u, v)/(uv —qvu),
where g € k* with g2 # 1. A PBW deformation of (k(u, v)/(uv — qvu)) # U, (sh)
was studied by Gan and Khare [2007]; we recover their result below. Such algebras
are known as quantized symplectic oscillator algebras of rank 1.

Example 4.18. Fix ¢ € k*, with g? # 1. Let H be the Hopf algebra U, (sl2), and
B = k(u, v)/(uv —qvu). As in [Brown and Goodearl 2002, 1.6.2], we take U, (sl>)
to be generated by E, F, K, K —1 with relations:

EF-FE=(q—-q¢ Y '"(k—-Kk"), KEK '=4%E,
KFK~'=¢7%F, KK'=K 'Kk =1.

So, U, (s1>) has a k-vector space basis {E'FJ K™}; jen:mez. The rest of the structure
of U, (slz) and the left U, (sl)-action on B is given by:

AE)=EQ1+KQE, AF)=F®K '+1QF,
AK)=K®K, AK H=K'®K
€(E)=0, €(F)=0, eK)=1, K H=1,
S(Ey=—K7'E, S(F)=-FK, SK)=K7' SKH=K,
E-u=0, F-u=v, K- -u=qu, K_l-uzq_lu,

E-v=u, F-v=0, K-v=q_1v, K_l-v=qv.

Let r := uv — gvu and note that E - r =F-r=0and K -r = K~!'-r =r. Hence,
the ideal of relations I = (r) of B is H-stable.

Since dimg V = 2, only condition (a) of Theorem 3.1 applies. Let us compute
k€ (r). Since K -k€(r) =«€(K -r) =« (r), we have that K«€ (r)S(K) =« (r)
(see Section 1A). Hence, K« € (r) = k€ (r) K. Moreover,

0=kCE-rN=E -«“(r)=ExC(r)S(1) + K« (r)S(E),

so Ex€(r) =«C€(r)E. Likewise, F -x€ (r) =0 implies that Fx€ (r) =« (r)F. So,
«€ (r) is in the center of U, (slz). For g not a root of unity, the center of U, (sl>) is
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generated by the quantum Casimir element [Kassel 1995, Theorem V1.4.8],

€ gyt KAAK L aK g K
(g—q71? (g—q71?
whereas for ¢ a root of unity, the elements E¢, F¢, K¢ also belong to the center of
U, (shy), where e = ord(¢?).
To compute k“(r), let k“(r) =u ® Y yijmE'F/ K" +v® Y. yi;mEiFij for
Yijms ¥ijm € k. Then,

KBy =kl (K 1)
= Z K-u®ymK(E F K™K +Z K- v®y/,K(EF K"K
_ ZqZ(i—j)-Hu Q yiijiFij + ZqZ(i—j)—lv ® yl_/ijiFij‘
Thus, given m € Z/nZ, define the subspace V,, C U, (sl) to be the k-span of
all monomials E‘F/K* such that j —i = m mod n. Then kX (uv — quu) €
u®V,-1+v®V_, 1 if g is a primitive root of unity of odd order, and « * (uv—qvu) =

0 otherwise.

Therefore,
k(u, v)#U,(slp)
QDB,K -
(uv — quu — k(uv — qou))

is a PBW deformation of (k(u, v)/(uv —qvu))#U,(sl,) if and only if k =« € +« L,
where « € (uv — gvu) is in the center of U,(sl>) and kL (uv —qou) is given as above.

More generally, there is a standard U, (s[,)-action on a g-polynomial ring B in
n variables.

Question 4.19. Are there nontrivial PBW deformations of the resulting smash
product algebra B# U, (sl,)?

These would be quantized symplectic oscillator algebras of rank n — 1, and merit
further investigation.
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Highly biased prime number races

Daniel Fiorilli

Chebyshev observed in a letter to Fuss that there tends to be more primes of the
form 4n + 3 than of the form 47 4 1. The general phenomenon, which is referred
to as Chebyshev’s bias, is that primes tend to be biased in their distribution among
the different residue classes mod ¢. It is known that this phenomenon has a strong
relation with the low-lying zeros of the associated L-functions, that is, if these
L-functions have zeros close to the real line, then it will result in a lower bias.
According to this principle one might believe that the most biased prime number
race we will ever find is the Li(x) versus 7 (x) race, since the Riemann zeta
function is the L-function of rank one having the highest first zero. This race has
density 0.99999973 ..., and we study the question of whether this is the highest
possible density. We will show that it is not the case; in fact, there exist prime
number races whose density can be arbitrarily close to 1. An example of a race
whose density exceeds the above number is the race between quadratic residues
and nonresidues modulo 4849845, for which the density is 0.999999928 .... We
also give fairly general criteria to decide whether a prime number race is highly
biased or not. Our main result depends on the generalized Riemann hypothesis and
a hypothesis on the multiplicity of the zeros of a certain Dedekind zeta function.
We also derive more precise results under a linear independence hypothesis.

1. Introduction and statement of results

The study of prime number races started in 1853, when Chebyshev noted in a letter
to Fuss that there seemed to be more primes of the form 47 4 3 than of the form
4n + 1. More precisely, Chebyshev claimed without proof that as ¢ — 0, we have

—4 _ _ _ _ _ _
_Z(_ D¢ = o3¢ _ 7S¢ 4 p7Te | plle _ =13 L
>\ P

However, as Hardy and Littlewood [1916] and Landau [1918a; 1918b] have shown,
this statement is equivalent to the Riemann hypothesis for L(s, x—4), where x_4
denotes the primitive character modulo 4.

MSC2010: primary 11N13; secondary 11M26.
Keywords: prime number races, primes in arithmetic progressions.
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Chebyshev’s observation created a new area of research which goes under the
names of either comparative prime number theory, Chebyshev’s bias or, more
colloquially, prime number races. This rich research area has a long history, en-
compassing authors such as Chebyshev, Littlewood, Wintner, Shanks, Knapowski,
Turan and Kaczorowski, to name a few, and more recently Rubinstein, Sarnak,
Schlage-Puchta, Ng, Martin, Ford, Konyagin and Lamzouri. For a good account of
the history of the subject as well as recent developments, the reader is encouraged
to consult the great expository paper [Granville and Martin 2006].

The modern way to study Chebyshev’s observation is to look at the set of
integers n for which m(n;4,3) > m(n;4,1), which we denote by Py4.3 1. One
would like to understand the size of this set; however, it is known that its natural
density does not exist [Kaczorowski 1995]. To remedy this problem we define the
logarithmic density of a set P C N by

1 1
8 P = 1. )
(P) Nl—l;noo log N n<ZN n

nepP

if the limit exists. In general we define §(P) and §(P) to be the lim inf and lim sup
of this sequence. If P = P4.3 1, then this last limit exists under the assumption of
the generalized Riemann hypothesis (GRH) and the linear independence hypothesis
(LI), and equals 0.9959. .. (see [Rubinstein and Sarnak 1994]).

The generalized Riemann hypothesis states that for every primitive character
x mod g, all nontrivial zeros of L(s, x) lie on the line N (s) = %

The linear independence hypothesis states that for every fixed modulus ¢, the set

U {SG00) - Llpg, ) =0, 0 < %i(py) < 1, I(py) = 0}
X mod g
X primitive
is linearly independent over Q.

Rubinstein and Sarnak developed a framework to study this question and more
general prime number races. Assuming GRH and LI, they have shown that for any
r-tuple (ay,...,a,) of admissible residue classes mod ¢ (that is, (a;, q) = 1), the
logarithmic density of the set

Pyay,a, ={n:m(n;q,a1) >nn;q,az) >--->nn;q,ar)},

which we denote by 8(g;ay,...,a,), exists and is not equal to 0 or 1 (we call this
an r-way prime number race). Moreover, they have shown that if r is fixed, then as
q — 0,

1
max 8(q;ay,...,ar)——|—0.
1<ag,..., ar=<q r!
(ai,g)=1
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In other words, the bias dissolves as ¢ — oco. For r = 2, this phenomenon can be
readily seen in [Fiorilli and Martin 2013], where the authors exhibited the list of
the 117 densities which are greater than or equal to 5. By the trivial inclusion

ar C Pgayas,

.....

we see that the most biased r-way prime number race is the two-way race appearing
on top of the list in that article, that is,

§(24;5,1) = 0.999988 . ...

Only one race is known to be more biased: it is the race between Li(x) and 7 (x),
for which the density is

8(1) :=6(¢n:Li(n) > w(n)}) = 0.99999973 . ...

One can also combine different residue classes mod ¢ to make prime number
races. For two subsets A, B C (Z/qZ)*, we consider the inequality

|A|Zn(nqa)>—2n(nqb) (1)

acA |B| beB

and denote by §(g; A, B) the logarithmic density of the set of n for which it is
satisfied, if the density exists. An example of such race was given by Rubinstein
and Sarnak, who studied the race between

w(x;q, NR) =#{p < x : p is not a quadratic residue mod ¢}
and
w(x;q, R) =#{p < x : p is a quadratic residue mod ¢},

for moduli ¢ having a primitive root. This race appears naturally in their work,
since, as they have shown, it is the property of the competitors being a quadratic
residue or not which determines whether a two-way prime number race is biased or
not. These are good candidates for biased races, however, it can be shown that as
g — 00,68(q; NR, R) — % (but at a much slower rate than two-way races [Fiorilli
and Martin 2013]).

It is known [Bays et al. 2001; Fiorilli and Martin 2013] that under GRH and LI,
low-lying zeros of L(s, x) have a significant effect on decreasing the bias, which
explains why races of high moduli are very moderately biased. Odlyzko [1990]
has shown that the Dedekind zeta function (g (s) having the highest first zero in
the critical strip is the Riemann zeta function, which is pg = % +1i-14.134725....
Subsequently, Miller [2002] generalized this result by showing that each member
of a very large class of cuspidal GL,, L-functions of real archimedean type has the
property of either having a zero in the interval [% —14.134721, % + 14. 13472i], or
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having a zero whose real part is strictly larger than % (violating GRH). In particular,
this class contains all Dirichlet, rational elliptic curve and modular form L-functions,
and possibly also contains all Artin and rational abelian variety L-functions.! By
these considerations, one might conjecture that the highest density one will ever
find by doing prime number races with L-functions of real archimedean type is
8(1) =0.99999973.....

As it turns out, this is false, and we can find races which are arbitrarily biased.
This is achieved by considering races between linear combinations of prime counting
functions, and we will see in Section 5 that the key to finding such biased races is
to take a very large number of residue classes.

The first (and most extreme) example we give is a quadratic residue versus
quadratic nonresidue race as in [Rubinstein and Sarnak 1994], but for a general
modulus g. We take A = NR:={a € (Z/qZ)* :a# O modg} and B = R :=
{b€(Z/qZ)* :b =0 modgq} in (1). An elementary argument using the Chinese
remainder theorem shows that |B| = ¢(g)/0(q) and |A| = ¢ (q)(1—1/p(q)), where
for G = (Z/q2)*,

20@)  if2}gq,
oy 2@ if2 g butd fg,
Plg):=1G:G7] = 20() if4|qbut8}gq,
0@+ if 8| ¢,
and w(q) denotes the number of distinct prime factors of g.

Theorem 1.1. Assume GRH and LI. Then for any € > 0 there exists q such that
l1—e<é8(g; NR,R) < 1. 2)
Moreover, for any fixed % <n =<1 there exists a sequence of moduli {q, } such that
Jim 8(gn; NR, R) = . 3)

In concise form,

{8(¢: NR, R)} = [1,1].

To prove the existence of highly biased races we do not need the full strength
of LI; in fact, we only need a much weaker hypothesis on the multiplicity of the
elements of the multiset of all nontrivial zeros of quadratic Dirichlet L-functions
modulo ¢, which we will denote by Z(g). Note that LI implies that the elements
of this set have multiplicity one.

I The restriction to L-functions of real archimedean type is crucial here, since Bober et al. [2014]
have given an example of an L-function having a first zero whose imaginary part is 7y &~ 14.496. They
have also shown that under certain conditions, all L-functions have a zero in the interval (—¢,, t,),
with #p &~ 22.661.
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Theorem 1.2. Assume GRH, and assume that there exists an increasing sequence
of moduli q such that logq = 0(p(q)) and such that each element of Z(q) has
multiplicity o(p(q)/ log q). Then for any € > 0 there exists q such that

1—e <8(q; NR,R)<38(q: NR, R) < 1. 4)
Remark 1.3. The difference between (2) and (4) is explained by the fact that it is
not known whether §(¢; NR, R) exists under GRH alone.
Remark 1.4. For a fixed modulus ¢ > 2, write

q=2el_[pel’ and £ := Hp.

pla rla

P#2 p#2
One can show t_hat under GRH,?2 (5((1; NR,R) = 5(2mi“(3’e)€; NR, R). Therefore,
when studying §(g; NR, R) one can assume without loss of generality that ¢ is of
the form 2¢, where £ is an odd squarefree integer and m < 3.

Remark 1.5. We will see that what controls the bias in these races is the number
of prime factors of ¢ and the size of g. More precisely, under GRH and LI the two
following statements are equivalent:

Zlogp =0(2°D), (5)
pla
8(qg; NR, R) =1—o0(1). (6)

Using this, we can show that the set of moduli ¢ < x suchthat§(¢; NR, R)=1—0(1)
has density (log x)™*+°(1) where A = 1 — (1 + loglog2)/log2 = 0.086071 .. ..
It is an interesting coincidence that the integers satisfying (5) also appear in the
Erdos multiplication table (see Ford’s work [2008a; 2008b] on integers having a
divisor in a given interval).

In terms of random variables, Theorem 1.2 can be explained by saying that the
extreme examples we are considering correspond to random variables whose mean
is much larger than their standard deviation. The easy way to show that this implies
a very large bias is to use Chebyshev’s inequality; however this approach is quite
imprecise when the ratio E[X] /,/Var[ X] is large. Instead, one should study the large
deviations of X — E[X]. The theory of large deviations of remainder terms arising
from prime counting functions was initiated by Montgomery [1980], and has since

2First note that there are no real primitive characters modulo p€ with p % 2 and e > 2, and there
are no real primitive characters modulo 2¢ for e > 4. That is, the conductor of any real character
modulo ¢ divides 2min(3,€) ¢ The claimed equality follows from Lemma 2.1, since L(s, x*) and
L(s, x) have the same nontrivial zeros, and thus Eg(x) = Epmin(.e)¢(x) + o(1).
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q | ©(q) | plq)/logq" | 8(¢; NR, R)
3 1 1.82 | 0.999063
15 2 1.47 | 0.999907
105 3 1.71 | 0.999928
1155 4 2.26 | 0.999877
15015 5 3.33 | 0.999950
255255 6 5.14 | 0.9999946
4849845 7 8.31 | 0.999999928
111546435 8 13.81 | 0.999999999954

Table 1. First few values of §(¢; NR, R) for half-primorial moduli.

then been developed by Monach [1980], Montgomery and Odlyzko [1988], Rubin-
stein and Sarnak [1994], and more recently Ng [2004] and Lamzouri [2012]. Exploit-
ing the results of Montgomery and Odlyzko we are able to be more precise in (2).

Theorem 1.6. Assume GRH and LI, and define q' := [] p. If p(q)/logq’ is large
enough, then we have plg

exp(—a1 lﬁéqq)/) <1-—46(q; NR, R) <exp (—azlﬁ;qq),),

where ay and a, are positive absolute constants.

This last theorem shows that the convergence in (2) can be quite fast. It is
actually possible to explicitly compute a density which exceeds (1), namely
5(4849845; NR, R) = 0.999999928.... In Table 1 we list the first few values
of §(¢; NR, R) for half-primorial moduli (that is, for ¢ the product of the first k
primes excluding p = 2). These values were computed using Myerscough’s method
[2013] and Rubinstein’s 1calc package.

Remark 1.7. As remarked in [Rubinstein and Sarnak 1994], these densities can
theoretically be computed to any given level of accuracy under GRH alone. Indeed,
using the B2 almost-periodicity of these races, this amounts to computing a finite
number of zeros of Dirichlet L-functions to a certain level of accuracy.

Remark 1.8. One can summarize Remark 1.5, Theorem 1.1 and Theorem 1.6 by
the statement

8(q: NR, R) ~ 7 dx.

1 00
J— e
V2m /;«/Zw(Q)l/logq’
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Remark 1.9. Using our analysis, one can show under GRH and LI that for almost
all squarefree integers ¢,

8(q: NR, R) — } = (logq) *>~ +oV),
That is to say, most such races have a very moderate bias.

It is possible to analyze highly biased races in a more general setting, and to
determine which features are needed for this bias to appear. To do this we take @ =
(ai,...,ay) avector of invertible reduced residues modulo ¢ and @ = (1, ..., o)
a nonzero vector of real numbers such that Z{F:l a; = 0. We will be interested in
the race between positive and negative entries of @; that is, we define

8(g:a.a) :=8({n:a1m(n:q.ar) + -+~ +agm(niq,ax) > 0}).

Moreover, we define
1 ifa; =0 modg,
€ =
“T10 ifa; £0 modg,

and we assume without loss of generality that

k
Z eia; <0.

i=1

(By LemmaS 1, this will force §(g; a, &) > 4 5. If Zl_le,(x, =0, thend(q;a,a) = —.
If Zl —1€i2; >0, then we multiply & by —1 and study the complementary probablhty
8(q;a,—a)=1-68(g;a,a).)

There are many choices of vectors a and @ which yield highly biased races.
We give some examples with constant coefficients, which we believe are the most
natural.

Theorem 1.10. Assume GRH and LI, and let

#(q) ( )
k RS 74 d k _
R= @) an N=|1 Q) (q)

be two positive integers. Take ay, . .., ay,, to be any distinct quadratic nonresidues
mod g, with coefficients oty = -+ = o, = kg, and agy 41, . ...k +kg t0 be any
distinct quadratic residues mod g, with oy 41 = **+ = U4k = —kn. There
exists an absolute constant ¢ > 0 such that if for some 0 < € < 1/(2¢) we have
2
1 4+ — 1 M’ (7)
kv " kr  “@(q)logq
then
8(g;a,a) > 1—ce.
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Remark 1.11. Fix 0 < € < 1/(2¢) and define N¢(g) to be the number of positive
integers k. kg for which ky < (1—1/p(¢))¢(q), kr < $(q)/p(q) and

1 1 2

kn kg ¢(q)logg
Then, for values of ¢ for which p(g) > € ?logq, we have that N¢(g) tends to
infinity as ¢ — oco. Hence, for values of ¢ for which logg = 0(p(gq)), (7) has a
large number of solutions.

Remark 1.12. Theorem 1.10 shows the existence of highly biased races with the
same number of residue classes on each side of the inequality. Indeed, for moduli ¢
with log ¢ = 0(p(q)), taking k g =k with ¢(q) log g/ p(q)*> = o(k g) and choosing
any residue classes a1, ..., dxy +k, gives arace with 8(g;a,a) = 1—o(1).

Remark 1.13. In Theorem 1.1, we have

(b _¢@
kN_(l p(q))d)@ and Kz p(q)’

which explains why we obtained a highly biased race when p(g) was large compared
to logg.

Here is our most general class of highly biased races.

Theorem 1.14. Assume GRH and LI. There exists an absolute constant ¢ > 0 such
that if for some 0 < € < 1/(2¢) we have

k

2
a2
(iw')z ¢(g)logg

i=1

®)

then
8(q;a,a) > 1—ce.

Remark 1.15. Trivially, one has

k

PCH
=t S L

k 2~ kg’
(£ )
. i=1
where kg := ) _ ¢;. Hence, for (8) to be satisfied, one needs kg to be larger than

i=1

! ¢(q)logq
p(q)?
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Since kg < ¢(q)/p(q), this imposes the condition on ¢

p(q) = € 'logg.

Remark 1.16. The goal of Theorem 1.14 is to give a large class of biased races,
without necessarily being precise on the value of §(¢;d,&). One can use the
Montgomery—Odlyzko bounds [1988] to obtain more precise estimates in some
particular cases.

The previous examples of highly biased races all have the property that the number
of residue classes involved is very large in terms of ¢ (it is at least ¢! ~°(1)). In the
next theorem we show that this condition is necessary, and that moreover highly
biased races are very particular, in the sense that they must satisfy precise conditions.

Theorem 1.17. Assume GRH and LI. There exist absolute positive constants K, K»
and 0 < n < % such that if k < K1¢(q) and

k 2
o 3
(Zeo) s
K ©)
3 aiz pY

i=1

then
8(g;a,a) <1—n. (10)

(Hence this race cannot be too biased.)

Remark 1.18. Applying the Cauchy—Schwarz inequality and using that kg :=
Z{;lei <¢(q)/p(q), one sees that if p(q) < K, log(3¢(q)/ k), then whatever a
and & are, (9) holds. Moreover, in the range p(q) > K, log(3¢(¢)/ k) we have that
if kg < K2¢(q)/p(q)?, then (9) holds. We conclude that a necessary condition to
obtain a highly biased race is that kg > ¢(q)/p(q)>.

An interesting feature of prime number races is Skewes’ number. It is by
definition the smallest x¢ for which

7 (xg) > Li(xgp).
This number has been extensively studied since Skewes’ paper [1933] in which he
showed under the Riemann hypothesis that

34
Xo < 1010]0 .
The Riemann hypothesis has since then been removed and the upper bound greatly
reduced; we refer the reader to [Bays and Hudson 2000] for the list of such im-
provements. The current record is due to the authors of that work, who showed that
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X0 < 1.3983 x 10316, and moreover this bound is believed to be close to the true
size of xg.
One could also study the generalized Skewes’ number

Xgiab = inf{x 1 w(x;q,a) <m(x:q,b)}.

However, two-way prime number races become less and less biased as g grows;
that is, §(¢;a, b) — % uniformly in @ and b coprime to ¢. Hence, for large g we
expect this generalized Skewes number to be small and uninteresting.

The situation is quite different with the highly biased race we constructed; in fact,
we expect the Skewes number

xg = inf{x :7w(x;q, NR) < (p(q) = D7(x:q, R);

to tend to infinity as p(q)/logg’ tends to infinity (¢’ is the radical of ¢). Using
similar arguments to those of [Montgomery 1980; Ng 2000], we can speculate on
the exact growth rate of x,.

Conjecture 1.19. As p(q)/logq’ tends to infinity we have

p(q)
logq’

loglog x4 =<

2. Results without the linear independence hypothesis

The goal of this section is to prove Theorem 1.2 (from which the first part of
Theorem 1.1 clearly follows). We first note that if A = NR and B = R, then (1) is
equivalent to

m(x;q, NR) > (p(q) = D7 (x; ¢, R).
Lemma 2.1. Fix g > 3. Assuming GRH, we have that

m(x;q, NR) —(p(q) — D7m(x;q, R)
J/x/logx

LYx
=p@)—1+ Y pr +0x—o0(1).
X

xmodg Vx
x>=xo0
X #Xo

E (x): =

Proof. Let b be an invertible reduced residue mod ¢. We will use the orthogonality

relation
—1 if =0 modg,
2 x(b)= {I(:(lq) if b2 D modq b
Xx mod g -
x2=x0

X #Xo



Highly biased prime number races 1743

The explicit formula gives

pr
Y ow== > Y =+ 04(ogx), (12)
x mod q xmodg Py Px
x2=xo x2=xo
X F#Xo0 X F#Xo

where p, runs over the nontrivial zeros of L(s, x). The left side of (12) is equal to

S S alogp+ Y Y x(p)Plog p+ Og(xF)

xmodg p=x xmodq p2<x
x>=xo0 x>=xo
X #Xo X F#Xo
=(@)—1) > logp— Y logp+(p(q)—1)VX+04(v/x),
DP=x P=x
p=0modg p#0Omod g

by (11) and the prime number theorem. Combining this with a standard summation
by parts we get that

m(x;q. NR) — (p(q) — Dr(x:q, R) x'Vx
T/ logx =p@)=1+ D D = —Foxseo(l). O
g xmodg Vx 'OX
x*>=xo0
X #Xo

Lemma 2.2. Assuming GRH, the quantity E4(x) defined in Lemma 2.1 has a
limiting logarithmic distribution; that is, there exists a Borel measure |1g on R such
that for any bounded Lipschitz continuous function f : R — R we have

1 Y
Jim & [ ey = [ o dugo

Proof. This follows from analysis in [Rubinstein and Sarnak 1994; Akbary et al.
2013]. O

Remark 2.3. By the Portmanteau theorem, the Lipschitz assumption in the last
lemma can be removed.

Remark 2.4. As Schlage-Puchta has pointed out to me, it is possible to show under
GRH that for all but a countable set of values of ¢, the density

1
Fy(c):= Yli_r)noo % meas{y <Y : Eg(e”) < c}
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exists. Moreover, one can show that in the domain where F' is defined,

1
sup Fy(x) <liminf — meas{y <Y : E4(e”) < ¢}
x<c Y >0 Y

1
<limsup— meas{y <Y : Eg(e”) <c} < inf Fy(x),
Y >00 xX>c

and so in particular if F;(x) is continuous at x =c, thenthe set {y <Y : E4(e”) <c}
has a density.

Let X, be the random variable associated to j14. We will show that X; can be very
biased, in the sense that Prob[X;; > 0] can be very close to 1. To do so we will com-
pute the first two moments of E,(e”), which we relate to the random variable X .

Lemma 2.5. Under GRH, we have that
1 Y
lim —/ Eq (e”)dy =/ tdpg(t),
2 R

1 Y
lim —/ Eq(ey)zdyzftzduq(t).
Y ), R

Y >0

Proof. We will only prove the second statement, as the first follows along the same
lines. Similarly as in [Schlage-Puchta 2000], we can compute that

1 Y 1
lim —/ |E4(e”)|* dy = Z — <00,
Y
0 P1+p2+p3+p1=0 P1P203P4

where the last sum runs over quadruples of nontrivial zeros of quadratic Dirichlet
L-functions modulo ¢g. This implies that as M — oo,

1
lim sup — / |Eg(e”)* dy — 0. (13)
Y —>o0 Y
0<y<Y
|[Eq(e”)|>M

Indeed, if this was not the case then we would have that for all M > M,

1
lim sup — / |Eq(e”)|?dy =1 >0,
Y >0 Y
0<y<Y
[Eq(e”)|>M

and so
1
lim sup — / |Eq(e”)|*dy = nM?,
Y —»>o0 Y

0<y<Y
|Eq(e”)|>M
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which would contradict the fact that the fourth moment is finite. We now define the
bounded Lipschitz function

1? if [t] < M,
Hy ()= s M?>(M +1—t|) if M <|t|<M+1,
0 if 1| > M + 1.
We then have
1Y 2
7 | B a
1 1
—5 [ HuEE@a-y [ HE@)a
2<y<Y 2<y<Y

M<|Eq4(e”)|<M+1

1
+ 7 / Eq(ey)2 dy;
2<y<Y
|Eq(e¥)|>M

therefore by (13) and Lemma 2.2 we get that
1Y 5
timsup - [ Ey(e”)dy = [ (0 dug(®) +enr.
Y —>o0 2 R

where €7 tends to zero as M — oo. Using the bound
tg((—00, —M]U[M, 00)) KL exp(—c2v M)

(see [Rubinstein and Sarnak 1994, Theorem 1.2]), we get by taking M — oo that

1 Y
lim Sup — Eq(e?)*dy = /th dpg(t).

Y —>o00 2
The same reasoning applies to the liminf, and thus the proof is finished. O
The following calculation is similar to that of Schlage-Puchta [2000], who
computed the moments of e /2y (e’; x).

Lemma 2.6. Assume GRH. Then,

I’I’l2

E[X,] = p(q)—1+2(q) and Var[Xg]=Y 7
ql=plq)— z(q) an ar[X,]| = ,
y;éO%_H,z

where the last sum runs over the imaginary parts of the nontrivial zeros of

Zy(s):= [] L. %),

x>=xo0
X F#Xo
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m,y, denotes the multiplicity of the zero % + iy, the star means that we count the
zeros without multiplicity, and z(q) denotes the multiplicity of the (possible) real
zeroy = 0.

Proof. By Lemma 2.1 we have that

Y
f2 Eq(e)dy = (p(@) — 1 + (@)Y —2)

1
I
xmodq y,#0 2 Yx
x>=xo0
X F#Xo

= (p(q) =1+ 2(g)(Y =2) + O4(1) + 0¥y >0 (Y).

Y
/ ¢ dy + 0y oo(Y)
2

by absolute convergence. Taking ¥ — oo and applying Lemma 2.5 gives that

1 Y
LX) = Jim [ Ege)dy = p@) =1+ 2(0).

The calculation of the variance follows from Lemma 2.1 and from Parseval’s
identity for B? almost-periodic functions [Besicovitch 1926]. (An alternative way
to compute the variance is to argue as in [Schlage-Puchta 2000].) ([l

Remark 2.7. It is a general fact that Besicovitch almost-periodic functions [1955]
always have a mean value. Moreover, Parseval’s identity [Besicovitch 1955; 1926]
shows that Besicovitch B? almost-periodic functions f(y) have a second moment,
given by

. 1 Y 2 2
Jim & [y =3 43

n=1
where the A4, are the Fourier coefficients of f.

Lemma 2.8. Let x mod q be a Dirichlet character. We have for k > 1 that

1
bi(x) := Z 1.k =k logq™,
Yx (Z + VX)
where the sum is counted with multiplicity.

Remark 2.9. One has an exact formula for by (), in terms of the values of the
derivatives of log L (s, x) evaluated at s = 1 [Fiorilli and Martin 2013, Lemma 3.15].
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Proof. This follows from applying the Riemann—von Mangoldt formula and sum-
mation by parts:

©d
b (x) = Z ;4_/1 AN X)

1 k 1 k
o<1 (3 +7%) (G+1%)
®tN(t,
=k N(l,x)+2k/ %dt =y logg®. O
to(3+0)
Lemma 2.10. Assume GRH. If
E[Xq]
B(q) i= ——=2
V/ Var[X,]
is large enough, then
Var[X,]

8(g:NR,R)>1-2

ELXg )

Proof. 1t is clear from Lemmas 2.6 and 2.8 that Var[X,] > log¢’, and therefore
our assumption that B(g) is large enough implies that E[X,] is also large enough,
say at least 4. Now let

0 ifx<0 0 ifx<0,

if x <0, _ :

H(x).:{1 x>0, f(x):= )lc %£Oi);<l,
if x> 1.

Clearly, f(x) is bounded Lipschitz continuous and f(x) < H(x). Therefore,

1Y I
§(q; NR, R) :liminf—/ H(E4(€?))dy Zliminf—/ f(Eq(e”))dy,
Y—oo Y J5 Y—oo Y J5

which by Lemma 2.2 is equal to
| 5@ dugo =1 [ a= r@n dugto
R R

1
=1 —/ (I=f@)dug)=1—pg(—o0,1].
—0oQ
We now apply Chebyshev’s inequality:
pg(—00, 1] = Prob[ X, < 1] = Prob[X,; —E[X,] =1 —E[X,]]

Var[X,] - 2Var[Xq]

< Prob[| Xy — E[X4]| = E[Xg] - 1] < (E[X,]— 12 ~ " E[X,]2°
g q

since E[Xy4] > 4, and therefore

Var[X]
E[Xg)>

3(¢g; NR,R)=1-2
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Proof of Theorem 1.2. By Lemma 2.6, our hypothesis implies that for the sequence
of moduli ¢ under consideration,

r(q)
VarlXg) < max(my) 3T = (1 p(g)log q) — o(p@)?).
" 4 + Yx 0gq
by Lemma 2.8. Lemma 2.6 also implies that E[X,] > p(g), and hence Lemma 2.10
implies that
8(¢: NR,R) = 1—o(1).

The last inequality to show, that is, §(¢; NR, R) < 1, follows from a lower bound on
W (—00, —1] similar to that in [Rubinstein and Sarnak 1994, Theorem 1.2], which
holds in greater generality [Akbary et al. 2013]. Using this lower bound, one does an
analysis similar to that in the proof of Lemma 2.10, replacing the function f(x) with

1 if x < —1,

gx):=¢—x if —1<x<0,
0 if x>0,
in order to obtain a lower bound for
_ 1 [
1—-6(q; NR, R) =limsup? (1—H(E4(e”))) dy. O
Y >0 2

3. A central limit theorem

The goal of this section is to show a central limit theorem under GRH and LI, from
which the second part of Theorem 1.1 will follow. We first translate our problem
to questions on sums of independent random variables, which can be done thanks
to LI. Recall that we are interested in the set of n such that

m(n;q, NR) > (p(q) — D (n;q, R).

Lemma 3.1. Assume GRH and LI. Then the logarithmic density of the set of n for
which w(n;q, NR) > (p(q) — V) (n; q, R) exists and is equal to

Prob[X, > 0],

where X is the random variable defined in Section 2. Moreover, we have

2N(Z
Xg~p@—1+ Y . v (14)
xmodq y,>0 1/ 7 4 +)/X
x2=xo
X F#Xo

where the £, are independent identically distributed random variables following
a uniform distribution on the unit circle in C.
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Proof. By Lemma 2.1, we have that

:q, NR) — -1 iq, R
T RN DT -1+ Y Z—+o(1)

x modg VYx

xX*=Xxo

X FXo

since LI implies that there are no real zeros. It follows by the work of Rubinstein
and Sarnak that §(¢; NR, R) exists and equals Prob[X, > 0] (their analysis shows
that the distribution function of X is continuous). Moreover, an argument similar
to the proof of [Fiorilli and Martin 2013, Proposition 2.3] shows that (14) holds. [

One can show that the random variables in (14) have variance Var[R(Z,,)] = 1

2
and have mean E[Z,, | = 0. Using this and the fact that they are mutually indepen-
dent, we recover Lemma 2.6:

EXg) = plg) =1, VarlXl= D ) 5 (15)

xmodq Yx 4
X =Xo
X FXo

since the zeros come in conjugate pairs () is real). We will see in the following
lemma that Var[Xy] < p(q) logq’ (recall that ¢’ := [] p), and this is a crucial fact
in our analysis. prla

Lemma 3.2. Assume GRH and LI, and let X, be the random variable defined
in (14). We have that

logl !
Var[X,] = 20(@)~1=€q o0 q’[l + 0(—0g 84 )],
log g’

where e, = 1 if 2 | q, and €4 = 0 otherwise. In particular,
Var[Xq] < p(q) logq'.
Proof. By Remark 1.4, we have that
Var[X,] = Var[X;e/],

where e < 3, 2¢ || g and £ :=[],, ,-» P- Therefore we assume from now on
(without loss of generality) that ¢ = 2¢¢, with e < 3 and £ an odd squarefree integer.
Lemma 3.5 of [Fiorilli and Martin 2013] gives that

1

L/
=logg* —logm —y —(1+ x(=1))log2 + 2R —(1, ™)
Yx 4 +v L

=logq™ + O(loglogq™), (16)
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by Littlewood’s GRH bound on (L’/L)(1, x). Plugging this into (15), we get

Var[X,] = Z logq™ + 0(2"’(q) loglogq).

X mod g
x2=xo0

If ¢ is odd, then there is exactly one primitive real character mod d for every d | g,
hence

Y logg*=D) logd =" logp= (logp)2®@" =20@ " logg.

xzmodq dlg d|q pld plg
X"=Xo

If 2 || ¢, then there are no primitive characters modulo even divisors of ¢, so

Z logg™ = Z logd = 2°@~210g %

X mod g d|4
2 2
X“=Xo

If 4 || ¢, then there is exactly one primitive real character modulo divisors which
are multiples of 4, so

Z logg™* = Zlogd + Z logd = 2°@D210g(2g).

X mod g dl4 4ld|q
x2=xo0

If 8 || ¢, then there are exactly two primitive real characters modulo divisors which
are multiples of 8, so

Z logg™ = Zlogd—l— Z logd +2 Z logd =2°@~21og(8g). O
xmodgq dlg 4|dlg 8ldlq
x*=xo 8+d

Let X, be the random variable defined in (14), and define
E[Xq]
,/Var[Xq]'

It is B(g) which dictates the behavior of the race we are considering: if B(g) is
small, then the race will not be very biased, whereas if B(q) is large, then the race
will have a significant bias. By Lemma 3.2, we have under GRH and LI the estimate

rw(g)+1+e log1 /
B(g) = i +0[27°@ 4 1081089 ) | (17)
logq’ log g’

B(q) :=

To prove the second part of Theorem 1.1 we will need a sequence of moduli for
which B(q) is very regular.
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Lemma 3.3. For any fixed 0 < ¢ < 00, there exists an increasing sequence of
squarefree odd integers {qn} such that

20@)*+ = (¢ 4 0(1)) log gy.

Proof. Fix 0 < ¢ < 00, and define e, := min{e > 1 : 27%c < 2/log4} and ¢; :=
27¢%c < 2/log4. Define for £ =1, 2,... the intervals
I := (exp(cl_lzz), 26Xp(c1_12€)), Jp = (2 exp(cl_12e), 4exp(c1_12€)).
Since ¢; < 2/log4, we have that for all £ > 1,
4exp(cl_12e) < exp(cl_12£+1);

hence our intervals are all disjoint. We define py to be any prime in the interval Iy,
and similarly for pé € J,. The existence of such primes is granted by Bertrand’s pos-
tulate (note that exp (cl_1 21) > 4). Now, the sequence of moduli we are looking for is

4= [] ri T] pe

1<l=<e. 1<{=n
since
2a)(qn)+1 2n+ec+1 2n+ec+1
loggn — 0.()+ Y (728 +0(1)  ¢7'2" ! + Oc(n)
1<¢=n
= 2% (1 + O, (2”—’1)) =c(14+o0(1)),
by definition of c;. O

Before proving the second part of Theorem 1.1, we give some information
about the characteristic function of the random variables we are interested in. The
following lemma implies a central limit theorem.

Lemma 3.4. Assume GRH and LI. Let X be the random variable defined in (14),
and define

Y, = Xq_[E[Xq] = : Z w
Var[Xq] Var[Xq] xmod g y,>0 \/%Ty)%

x>=x

X #xg

The characteristic function of Yy satisfies, for |§| < %\/ Var[X,],

. 2 %—4
Y@ ==75+ O(p(q) logq’)'
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Moreover, in the same range, we have

2
ACER (s)

Proof. The proof is very similar to that of [Fiorilli and Martin 2013, Theorem 3.22].
Using the additivity of the cumulant-generating function of X, one can show that

. . 26
log X4 (6) = iE[X 6+ ) Zlog(fo(—)), (19)
xmod g y,>0 \/%-F)/)%

x>=xo0
X #Xo

where Jg(x) is the Bessel function of the first kind:

N (—1)"(x/2)2"
=L

n=0

We will use the following Taylor expansion, which is valid for |§| < % (see [Fiorilli
and Martin 2013, Section 2.2]):

2
log Jo(6) =~ + O(&*). 20)

. . . . 3
Plugging this estimate into (19), we get that for |§] <

+O(E 2 me)

log X, (8) = iE[XJE—£> Y Y

1
xmodq Vx>0 i

xmodq ¥Yx>0
x2=xo x2=xo
X F#Xo X #Xo

Applying Lemma 2.8 gives

> ) 3 < p(g)logq’.

xmodq y,>0 ( + VX

x*=xo

X #Xo
Moreover, by Lemma 3.2 we have Var[X,] < p(q) logq’. Putting these together
and using (15), we get that

Y £ _ 8 (&
long(é)—loqu(—\/m) Z[E[X‘I]\/qu]_ 2 +0(p(q)10g61’)’
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showing the first assertion. For the second we use the same argument, but we
replace the estimate (20) with the following inequality, valid in the range |£| < %:

log Jo(§) S—i. O

4
Lemma 3.5 (Berry—Esseen inequality). Assume GRH and LI. Denote by F, the
distribution function of

_ Xq —E[Xy]

Y, = —F(—,
! y/ Var[Xg]

and by F that of the Gaussian distribution. We have that

sup | Fyg(x) = F(x)| € ———.
xeR p(q)logq’

Remark 3.6. One could get a more precise estimate using the Feuerverger—Martin
formula [2000]. However, the estimate of Lemma 3.5 is sufficient for our purposes.

Proof. Since the statement is trivial if p(¢) log ¢’ is bounded, we can assume without
loss of generality that Var[X,] > 1 (by Lemma 3.2).

The Berry—Esseen inequality in the form of [Esseen 1945, Theorem 2a] gives
that for any 7" > 0,

NS

T Y,(6)—e 1
sup |y ()~ Fo)| < /_TTdHT. @1

We take 7" := Var[Xy]. By Lemma 3.4, the part of the integral with |£] < % Var[Xq]%
is at most

2

1 g4
/gVar[Xq]4 e—T(QO(W) -1

d§

1 g2 1
L — / e T df €« ———.
p(q)logq’ Jr p(q)logq’

We now bound the remaining part of the integral using an argument analogous to
[Fiorilli and Martin 2013, Proposition 2.14]. Fix 0 <A < %. By the properties of
the Bessel function Jy(x), we have that if |§] > A/2, then whatever y, € R is,

1
%Var[Xq]Z g

o\ —F— =J0\ ~—YF7/—/—— |-
Vit Vitn
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By (19), this shows that in the range |&| > %Var[Xq]i we have |A?q($)| <
|)?q(% Var[Xq]%)| (since Var[Xy] > 1), and so

= _g
Yy(§) —e” 2

vt g
5 Var[Xy]4 <|§|<Var[X4]

£2

e 2

& Yy (5 Var[X,]#) log Var[X,] + / dE

§1> 2 varlxg 14 &

1 L
< exp(—% Var[X,]2) + exp(—% Var[X,]2),
by (18). Applying Lemma 3.2, we conclude that the right-hand side of (21) is at
most a constant times (p(g)logq’)~!. O

Proof of Theorem 1.1, second part. Fix n € [%, 1]. We wish to find a sequence of
moduli {g,} such that §(¢,, NR, R) — 1. The case n = | was already covered
in part (1), and the case n = % follows from taking prime values of ¢, by the
central limit theorem [Rubinstein and Sarnak 1994]. Therefore we can assume that
F<n<l

Let k > 0 be the unique real solution of the equation

1 o t2d
—_— e 2dt=n.
VZJT —K

Moreover, let {¢,} be the sequence of squarefree odd integers from Lemma 3.3 for
which

2000 = log g, (ke +o(1)).

By (17), this gives that as n — oo,

Blgy) = — el
Vv Var[an]
Define
_ an B [E[an] an

= — B(qn).

Y T N, Vali]

We will use the central limit theorem of Lemma 3.4, as well as the Berry—Esseen
inequality (21). Denoting by Fy, the distribution function of Y,, and by F' that of
the Gaussian distribution, we have that
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8(qn, NR, R) — 1| = [ Prob[Xg, > 0] —n| = | Prob[Xy, = 0]—(1—n)|
= |Fg,(=B(qn)) — F(—«)|
< |Fg, (=B(4qn)) — F(=B(qn))| + | F(=B(¢n)) — F(—«)|
1

L ———— + |k — B(gn)|,
p(qn) log g}, "

by Lemma 3.5 and by the fact that the probability density function of the Gaussian
is bounded on R. Looking at the proof of Lemma 3.3, we see that p(g,) — oo,
hence this last quantity tends to zero as n — oo, concluding the proof. O

4. A more precise estimation of the bias using the theory of large deviations

To give a more precise estimate for the bias we are interested in under LI, we use
the theory of large deviations of independent random variables. The fundamental
estimate of this section is given in the following theorem.

Theorem 4.1 [Montgomery and Odlyzko 1988, Theorem 2]. Forn = 1,2,...,
let Yy be independent real-valued random variables such that E[Y,] = 0 and
|Yu| < 1. Suppose that there is a constant ¢ > 0 such that E[Y,?] > ¢ for all n. Put
Y =Y rpY, where Y r2 < cc.

If > |rn|<V/2then

|rn|2(x 1 —1
2 2
Prob[Y > V] fexp(—EV ( Z rn) )
70| <a
If Y |ru| =2V then
lrn|za -1
Prob[Y > V] > a; exp(—anz( Z r,f) )
[rn|<a
Here ay > 0 and ay > 0 depend only on c.

To make use of these bounds we need to give estimates on sums over zeros.

Lemma 4.2. For T > 1, we have

1 1
> ——== log(q*vT)log T + O(log(¢*T)).
vel<T V3 T V5
Proof. We start from the Riemann—von Mangoldt formula,
T
2me

T
N(T, ) = P log + O(logq™*T).
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With a summation by parts we get

5 |
va<T /5 + V3

= O(logq )—I—/

dt + O(loggq™)

_NTo /T rN( x)
b

Vi+T? +12)
t? *
T — log 9
=/ ”—mdt—l-O(log(q 7))
!
1
= log(q*ﬁ) log T + O(logq™*T). O

Lemma 4.3. Assume LI, and let F(q) be a subset of the group of Dirichlet charac-
ters mod g such that x € F(q) = X € F(q). Define the random variable

-y y e
XEF(@) ¥x>0 4 + v}

where the £, are i.i.d. uniformly distributed on the unit circle. Then, we have for q
large enough that

aq exp (—a2 @(Q)l) <Prob[Y > |F(q)|] < exp (—a

I@(CI)I)
L(q) ’

3
L(g)
where the a; are absolute constants and
2 yea(q l0gq™ _ log2
|F(q) -2

Proof. This is a direct application of Theorem 4.1. Taking the sequence {r;} to be

the 2/,/1+y2 ordered by size, and denoting by C the constant /4 /a2 —1/4, we
have for 0 < o < 4 that

Z lrn| = Z Z
[rn|=a XE€F(q) 0<yy,=C V 4 +yX
D Il =20 2

P> T reC i TR

L(q) :=

For the upper bound we take « = 4, then we trivially have > |ry| <|%(q)|/2, so

|rnl=o

-1
Prob[Y > |F(q)|] Sexp(—ll—6 of(q)lz(cl > 10g61*) )

XEF(q)
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for some absolute constant ¢;. For the lower bound we take o = 2/,/1+72, where
To > 1 is a fixed large real number (independent of ¢ and %(g)) such that

1
> > LS L@@ = 25

“lo
XEF@) lve|<To \/ 5 + V3

whose existence is granted by Lemma 4.2 (we grouped together conjugate charac-
ters). Then Theorem 4.1 gives the bound

-1
Prob[YZI@(Q)HZczexp(—cﬂ@(‘mz( > > 14 ) )

1 2
X€F(q) vx>To 4 TYx

-1
> cen(-ala@l (¥ o) )

XE€F(q)

for g large enough and some absolute constants c¢;, c3 and ¢4, since if we choose
T1 > Ty independent of y and large enough such that N(277, ) — N(T1, x) >
log g™ (this is possible by the Riemann—von Mangoldt formula), then we have

DI DI S

1 2 1 2
X€F(q) yx>To 4 T Vx X€F(q) Ti<yx<2T: 4 Trx

4
> ——(NQT1.x)— N(T1. x))
1
e (g) & T (2T1)

> Y logg*. O
XEF(q)

Proof of Theorem 1.6. Let X; be the random variable in (14) and define the
symmetric random variable

Y, = X —E[Xy].
By Lemma 3.1,
3(q: NR, R) = Prob[X, > 0] = Prob[Y,; > —E[X,]]
= Prob[Y,; < E[Xy]] = 1 —Prob[Y,; > E[X,]].

The proof follows by taking F(q) := {x mod ¢ : x> = xo0. X # Xo} in Lemma 4.3
and by estimating L(g) as in the proof of Lemma 3.2. O

5. A more general analysis

In this section we do a more general analysis by studying arbitrary linear combina-
tions of prime counting functions.
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Throughout the section, d = (ay, ..., ay) will be a vector of invertible reduced
residues mod ¢ and @ = («q, . .., o) will be a nonzero vector of real numbers such
that Zf;l a; = 0. Recall that

o 1 ifa; =0 modg,
"o if ¢; # 0 mod ¢,

and we assume without loss of generality that
k
Z €io; <O0.
i=1
To prove Theorems 1.10, 1.14 and 1.17, we need a few lemmas.
Lemma 5.1. Assume GRH and LI. Then the quantity

ay(e?s g, ap) +---+agm(e’; g, ar)
e??/y

E(y;q.a;a) :=¢(q)

has the same distribution as the random variable

29t
Xy ——p(q)Ze,a,JrZ o x(@1) ++ -+ x(a)| Y M) o9

i=1 XF#X0 Vx>0 4/ 4 + v}

where the Z,, are independent random variables following a uniform distribution
on the unit circle in C.

Remark 5.2. If we take ay,...,dgg)1—p(q)-1) t0 be the set of all quadratic

nonresidues mod ¢ with a; = -+ = ) (1-p(g)-1) = 1/P(q), and we take
Ap()(1—p(g)—1)+1+ - - » Ag(g) 1O be the set of all quadratic residues mod ¢ with
%y () (1—p(g)-V)+1 = " = g(q) = (1 —p(q))/¢(q), then we recover formula (14).

Proof. In the same way as in the proof of Lemma 3.1, we get by the explicit formula
and by applying GRH that

ary(ersg.ar) +---+ogy (e q. ax)
eJ’/2

= = Y (@xla) + -+ ax@) Y=

X#X0 ve Px

F(y:q.a.a):=¢(q)

l]’y

+ Oq(l)

(the main terms are canceled since Z?:l o; = 0). By [Rubinstein and Sarnak 1994],

F(y;q,a,a) has the same distribution as X,.; 5 —E[X,.; 51, since LI implies that

there are no real zeros. The second step is to use summation by parts and to remove
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squares and other prime powers; this gives that

k
E(yiq.d.@) +p(q) Y _ €ici +0(1) = F(yiq.d.d),

i=1
completing the proof. O

Before we give a bound on the variance of this distribution, we prove a lemma
about conductors.

Lemma 5.3. Let 1 < L < ¢(q). Then,

#{x mod ¢ :¢* < L} <min{Lz(q), L?}.

Proof. Denoting by ¢*(d) the number of primitive characters modulo d, we have
Zqﬁ*(d)fmin{z d,LZl}. O
dlq d<L d|q
d<L

Lemma 5.4. Assume LI Let V(q;a, &) := Var[X,,.; 5], where X ,.; 5 is the random
variable defined in (22). Then,

3¢9(q)

L <V(g:a.0) < ¢(q)lall3 logg. (23)

¢(q)]dl3 log

where

k
>n2 . 2
la)3 =) af.

i=1

Remark 5.5. The upper bound in (23) is attained when ¢ is prime by Lemma 5.8. As
for the lower bound, if we take moduli ¢ with a fixed set of distinct prime factors (for
instance powers of a fixed prime) and consider the race between residues and non-
residues with the weights of Remark 5.2, we obtain by Lemma 3.2 that V(q; d, @) =
O(1), and this is of the same order of magnitude as the lower bound in (23).

Proof. Since the Z,, in (22) are independent and have variance %, we have that

1
Var[Xgaal = Y leix(an) +-- +axx@)l’ Y +—— (24)
XFX0 vx 477X
(LI implies there are no real zeros). Combining this with Lemma 2.8 gives
Vig:a,@) = Y lagx(ay) +---+ e x(ar)|* logg*. (25)

XFX0



1760 Daniel Fiorilli

Now, a1 xo(ay) +---+axxolar) =0, so

D @)+ ax@lF = Y lenx(ar) +- + e x(ag))?

XFX0 X mod g
> ey Y xlaiaih)
1<i,j<k X mod g
k
=p(q) ) o (26)

i=1

Using this and (25), the upper bound follows from the fact that log ¢* <logg.
This also gives the lower bound V(g:;a,a) > (log3)¢(q)|||2, which proves
the claim for bounded values of ¢(q)/k. Hence we assume from now on that

¢(q)/k = 576. We fix a parameter | < L < ¢(¢) and discard the characters of
conductor at most L:

Vig:a,a)>logL Y leyx(ay) +- +axx(a)|

X mod q:
q*>L
-1
=logL Z o) Z x(aia;™)
1<i,j<k X mod q:
q*>L
k
2 -1
—og2|Ya? X1+ Y ey X gaa)|
i=1 X mod g 1<i#j<k X mod gq:
q*>L q*>L

which by Lemma 5.3 and the orthogonality relations is

k
> log L [Zaf«z»(q) Cmin{Le(@). L)~ Y lesos| min{Le(g). LZ}}

i=1 1<i#j<k
> log L|&||3[¢(q) — (k + 1) min{Lz(q), L*}]

by the Cauchy—Schwarz inequality. Taking L := (3¢ (q)/ k)% gives the result, since
then ¢(gq)/k > 576 implies that (k + 1)L? < ¢(q)/2. O

Remark 5.6. In the last proof, we did not lose a lot by discarding the characters of
conductor at most (3¢(q)/ k) %, since by (26) their contribution is

<p@lal310g 20,
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Proof of Theorem 1.14. We have by Lemma 5.4 that there exists an absolute constant
¢ > 0 such that

E[X;.5.5] - P(Q)}Zg;leiai‘
Vv Var[ X, 5] \/ cp(q)logg Zle o}

B(q:a,a) =

a quantity which is greater or equal to (ce)_% by the condition of the theorem. We
conclude that 1 —§(g; a, @) < ce by using Chebyshev’s bound in the same way as
in the proof of Theorem 1.1. O

Proof of Theorem 1.10. 1t is a particular case of Theorem 1.14. O

We now prove our negative results. To do so, we need to provide a central limit
theorem, analogous to Lemma 3.4.

Lemma 5.7. Assume LI, and let

v .o Xaaa —El¥qaa]

q;a,& *
\% Var[Xq;Zi,&]

The characteristic function of Y ,.; 5 satisfies

. £ ( £ . { k2logg })
log¥,-a()=—>+0( —> 1,
°2Yeaa®) = =5+ O\ gt/ ™" 6@ 108G @)/ 0
in the range £| < 3/ (||| 1), where [l@l|; 1= Y1 |eil.

Proof. As in Lemma 3.4, we compute

log X,.7.5(6) - o
. 2ayx(ay) + -+ oy x(ag
=iE[X, a5+ > Y. 1og(J0< A : :
XF#X0 Vx>0 VaTt v

We now use the Taylor expansion (20), which is valid as soon as |€| < 3/(5||&||1),
since under this condition we have

2y x(ar) -+ x(allEl _ 2ally 3 12

i, .2 = 1 slal; 5

Applying Lemma 2.8, we obtain that
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’—_§+0<g4 D x#x0 |051X(611)+--~+ozkx(ak)|4logq*) o7
(X g I x(@n) + -+ g x(ap)|? log g*)°

If ¢(g)/k is bounded, then the statement trivially follows from the bound

ia? < (Zl aiz)z. Therefore we assume from now on that ¢(g)/k > 576.

We now use two different approaches to bound the error term. The first idea is
to “factor out /log¢*” before applying the trivial inequality Zia? < (Ziaiz)z.
We have seen in Remark 5.6 that the main contribution to the variance is that of
the characters with ¢* > L := (3¢(q)/ k)%. We use the same idea here. Setting
Oy := oy x(ar) + -+ ag x(ag)|?, we have

Y Oylogg*= ) Oylogg*

XFX0 XFX0
q*>L
> /log L Z Oy +v/logg*
XF X0
q*>L
> \/logL( > ®X,/1ogq*—kLZ,/logLH&II%) (28)
XFX0

by Lemma 5.3 and the Cauchy—Schwarz inequality. Now, by our choice of L,
the fact that ¢ (¢)/k > 576 and the equality Zx#xo®x = ¢(q)||o7||§ (see (26)),
we have

- 1 - >
kL2 log Lal3 = 5 Viog L[p (@)@l —kL2a)2]
I I
=3 > OxVlogg* =5 Y Oxylogg*,
XFX0 XFX0
g =L

hence (28) gives that
Z Oy logg™ > log L Z Oy +/logg*.
XFXo0 XFXo

Plugging this into (27) and using the trivial bound

Z @i logg™ < ( Z Oy \/logq*)

XFX0 XFX0

2
)

we get that the error term is < £4/log L.
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For the second upper bound we use Lemma 5.4 and the Cauchy—Schwarz in-
equality:
Dyt 01 x(@1) + -+ ax x(ag)|* log g*
2
(2 oo 1 x(@r) 4+ - 4 e x(ag)|* log ¢¥)
logg D txo ot x(ar) + - + g x(ap)|*

log(3¢(q)/ k)? @@lal3)?
Do DI T
_ logq ajajr=ajaj mod q
log(3¢(q)/ k)? P (@)llall;

logg (\/Zf’czlaiz\/Zle 1)4

~ log(3¢(q)/ k)? o (@)l

which gives the claimed bound. O

Proof of Theorem 1.17. Let K > 1 and define ¢ > 0 to be the constant implied in
the lower bound in Lemma 5.4. Assume that k < e™¢" ¢(q) and that (9) holds
with K, = ¢K. Define the vector ,5 = (e K/||oz||1)a so that ||,3||1 = ¢~ X, which
will allow us to apply Lemma 5.7. Clearly,

8(g:a.a) =d(q:a.p).
since multiplying & by a positive constant does not affect the inequality
ar(n;q,ar) +---+agmn;q,ar) > 0.

We have by Lemma 5.4 and by the definition of ¢ that

B(q;a B) — [E[Xq;aué] < P(Q)‘Zi;l fiﬂi‘
VVarlX a3l e (@) 108G @)/ ) Y, B2
— -} p(q)| S5 €ici]

k 9
V8@ 10236 (q)/ k) Th_, o2
a quantity which is at most v K by (9). Defining

X o 5—ELX,

Y c— q; aaﬂ 5ﬂ]

@B \/Var[X -]

q.a,
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we have by Lemma 5.7 and by our condition on k that in the range || < 2 eK

2 4
logY aﬂ(é) —5——1—0(;—1().

Combining this with the Berry—Esseen inequality (21) and taking W to be a standard
Gaussian random variable with mean 0 and variance 1, we get

Prob[Yq.a 5> —B(q:a, B)]— Prob[W > —B(q:a. B)]

A £2
3,K — 5
sef Y - a(§)—e 2
<</ a:a.p dt+3e K
—%eK 3
ek

< e K (29)

However, since B(q;a, B) < +/ K, we have that

_K
2

Prob[W < —B(q:d, )] = ¢1 eK

for some absolute constant c¢. Therefore, applying (29) gives
8(¢:d. B) = ProblY, ; 5> —B(g: . p)]
— Prob[W > —B(¢:d, f)] + O(e~¥)
<1 —cle_g/K—i—cze_K,

a quantity which is less than the right-hand side of (10) for K large enough. The
proof is finished since 8(¢: a, &) = §(¢: a. B). O

To end this section we give an estimate for the variance V(g; a, ). While we
have not explicitly made use of this expression, we include it for its intrinsic interest,
and for its ability to give a precise evaluation of the variance V(q; d, &) for values
of ¢ having prescribed prime factors.

Lemma 5.8. Assuming GRH and LI, we have that
V(g:a,a)

_ A((q,aiaq»_l—l))
= ¢(9)]d]2(logg + O(loglog q)) — () ) jeviej —————

. (30)
i#] ¢(m)
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Proof. Using [Fiorilli and Martin 2013, Proposition 3.3], we obtain that

> lerxl@y) + -+ agx(ag)|* logg*

X mod g
= > aaj Y xlaia;")logg*
1<i,j<k X mod g

k A #)
log p ((q,aia-_l—l)
=¢(q)(10gq—zp_l)za?—ﬂq)zaiaj—q’-
pla i=1 i#J (W,‘l—l))

We have

log p (@) log p;
D=2 Klogloga.
rlg P i=1 P

where p; denotes the 7-th prime. The claimed estimate then follows by combining
this with the formula

V(gia,a)= Y leix(a) +-+eax(@)? Y +——
X mod g Yx 4 X

(see (24)) and with (16). Note that by the Littlewood bound (L'/L)(1, x) <
loglog ¢*, the implied error term is

1

< Y lanx(an) +---+agx(ag)* loglogg = ¢(g)|@[2 loglogg. O
x mod g
It might seem like the second term of (30) is an error term; however, this is not
necessarily true for large values of k (see Lemma 3.2). Nevertheless, we expect
many cancellations to occur since

k 2 k k
Saey = (L) - YaF ==Y ot
i#j i=1 i=1 i=1
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Bounded gaps between primes
with a given primitive root
Paul Pollack

Fix an integer g # —1 that is not a perfect square. In 1927, Artin conjectured that
there are infinitely many primes for which g is a primitive root. Forty years later,
Hooley showed that Artin’s conjecture follows from the generalized Riemann
hypothesis (GRH). We inject Hooley’s analysis into the Maynard—Tao work on
bounded gaps between primes. This leads to the following GRH-conditional
result: Fix an integer m > 2. If q1 < q» < q3 < -- - is the sequence of primes
possessing g as a primitive root, then liminf,_, o (gn+m—1) — qn) < Cpn, where
C,, is a finite constant that depends on m but not on g. We also show that the
primes gy, ¢u+1, - - - » @n+m—1 in this result may be taken to be consecutive.

1. Introduction

The following conjecture was proposed by Emil Artin in the course of a September
1927 conversation with Helmut Hasse:

Artin’s primitive root conjecture. Fix an integer g = —1 that is not a square.
There are infinitely many primes p for which g is a primitive root modulo p. In fact,
the number of such p < x is (as x — 00) asymptotically cy7 (x) for a certain cg > 0.

While there is a substantial literature surrounding Artin’s conjecture (lovingly
catalogued in the survey [Moree 2012]), we still know infuriatingly little. In
particular, there is no specific value of g which is known to occur as a primitive
root for infinitely many primes. However, thanks to work of Heath-Brown [1986]
(refining earlier results of Gupta and Murty [1984]), we know that at least one of
2, 3, and 5 has this property. In fact, one can replace “2, 3, and 5” with any three
multiplicatively independent integers satisfying mild conditions.

In a seminal paper, Hooley [1967] (see also his exposition in [Hooley 1976,
Chapter 3]) showed that the Chebotarev density theorem with a sufficiently sharp
error term would imply the quantitative form of Artin’s conjecture. Moreover, he
showed that such a variant of Chebotarev’s density theorem — at least for the cases
relevant for this application — follows from the generalized Riemann hypothesis

MSC2010: primary 11A07; secondary 11NOS.
Keywords: primitive root, Artin’s conjecture, bounded gaps, Maynard—Tao theorem.
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(GRH) for Dedekind zeta functions. Thus, under GRH, we have a complete proof
of Artin’s conjecture.

In this paper, we combine Hooley’s work on Artin’s conjecture with recent
methods used to study gaps between primes. In sensational work of Maynard
[2013] and Tao, it is shown that lim inf,—, oo (Pr4+m—1 — Pn) < 00 for every m. Here
p1 < p2 < p3 < --- is the sequence of all primes, in the usual order. Our main
theorem is an analogous bounded gaps result for primes possessing a prescribed
primitive root.

Theorem 1.1 (conditional on GRH). Fix an integer g # —1 and not a square. Let
g1 < q2 < q3 < --- denote the sequence of primes for which g is a primitive root.
Then, for each m,

liminf (gn4+m—1 — qn) < Cpi,

n—oo

where C,, is a finite constant depending on m but not on g.

In the last section of the paper, we show how to modify the proof of Theorem 1.1
to impose the additional restriction that the m primes g, gn+1, - - - » Gn+m—1 are in
fact consecutive (Theorem 4.1).

We remark that other recent work producing bounded gaps between primes in
special sets has been done by Thorner [2014], who handles primes restricted by
Chebotarev conditions, and by Li and Pan [2014], who work with primes p for
which p + 2 is an “almost prime”.

Notation. The letters p and g always denote primes. We use the Bachmann-Landau
O and o notations, as well as the associated Vinogradov symbols < and >, with
their usual meanings.

2. Technical preparation

Configurations of quadratic residues and nonresidues. We will use that certain
configurations of residues and nonresidues are guaranteed to appear for all large
enough primes. This is a fairly standard consequence of the Riemann Hypothesis
for curves, as proved by Weil, but we give the argument for completeness. The
following lemma is a special case of [Wan 1997, Corollary 2.3].

Lemma 2.1. Let p be a prime. Suppose that f(T) is a monic polynomial in [ ,[T ]
of degree d and that f(T) is not a square in [ ,[T]. Then

5 (%)

a mod p

<(d—1)p.

Lemma 2.2. Let p be a prime, and let k be a positive integer. Suppose that
hi, ..., hy are integers, no two of which are congruent modulo p. Suppose
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€1, ..., € € {xX1}. The number of mod p solutions n to the system of equations

hi
(”+ ):ei forall 1<i <k (-1)
p

is at least p/2* — (k — 1) /p — k.

Proof. For each n, let t(n) = (1/29 15—, (1 + e,(";h )). If we suppose that
n#—hy,...,—h; (mod p), then t(n) equals 1 when (2-1) holds, and 0 otherwise.
Since |¢(n)| <1 for all n, the number of solutions to (2-1) is at least —k+ _, . » t(n).
For each subset S C {1, 2,3, ...,k}, put fs(T) = ]_[,-GS(T +h;) € F,[T]. Then

o=z T () X (57)

n mod p Sc{1,2,....k n mod p p

If S = @, then fg = 1, and we get a contribution of p/2*. In all other cases,
fs is a nonsquare polynomial of degree at most k. By Lemma 2.1, the total

contribution from all nonempty subsets of {1, 2, ..., k} is bounded in absolute value
by (2= 1)/25 (k= 1) /P < (k= 1)/P. Thus, Y, 10q , L(n) = p/25 = (k= 1) /7.
and the lemma follows. |

Effective Chebotarev. The next result is due in essence to Lagarias and Odlyzko
[1977], although the precise formulation we give is due to Serre [1981, §2.4]:

Theorem 2.3 (conditional on GRH). Let L be a finite Galois extension of Q with
Galois group G, and let C be a conjugacy class of G. The number of unramified
primes p < x whose Frobenius conjugacy class (p, L/Q) is C is given by

#C 12

—L( )+0( log | ALl +[L : @]logx)>

forall x >?2. Here A denotes the discriminant of L and the O-constant is absolute.

To apply Theorem 2.3, we require an upper bound for the term log |A|. The
following result, which is contained in [Serre 1981, Proposition 6], suffices for our
applications.

Lemma 2.4. For every Galois extension L/Q, we have

log|AL| < ([L:Q]—1) > logp+I[L:Qllog[L : Q.
plAL

3. Proof of Theorem 1.1

The Maynard-Tao strategy. We begin by recalling the strategy of [Maynard 2013]
for producing bounded gaps between primes. Let k > 2 be a fixed positive integer,
and let % = {h| < hy < --- < hy} denote a fixed admissible k-tuple, i.e., a set of
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k distinct integers that does not occupy all of the residue classes modulo p for
any prime p. With N a large positive integer, we seek values of n belonging to
the dyadic interval [N, 2N) for which the shifted tuple n + hy, n+ ho, ..., n+ hy
contains several primes.

Let W =[] ,<jogl0g10g v P- Choose an integer v so that ged(v +h;, W) = 1 for
all 1 <i < k; the existence of such a v is implied by the admissibility of 7. We
restrict attention to integers n = v (mod W). This has the effect of pre-sieving the
values of n to ensure that none of the n + h; have any small prime factors. Let
w(n) denote nonnegative weights (to be chosen momentarily), and let x s denote
the characteristic function of the set & of prime numbers. One studies the sums

k
Sii= Y w@m and S:= > (Zx,ap(n—i-hi))w(n).

N<n<2N N<n<2N i=l1
n=v (mod W) n=v (mod W)
The ratio S,/S; is a weighted average of the number of primes among n + A1, .. .,
n + hg, as n ranges over [N, 2N). Consequently, if S, > (m — 1)S; for the positive
integer m, then at least m of the numbers n + k1, ..., n + hj are primes. So, if the
inequality S, > (m — 1)S; is achieved for a sequence of n tending to infinity, then
liminf(py4m—1— pn) < he —hy < 00.

As we have described it so far, this strategy goes back to Goldston, Pintz, and
Yildirim. The key innovation in the approach of Maynard and Tao is the choice of
congenial weights w(n). The following result, which is a restatement of [Maynard
2013, Proposition 4.1], is crucial.

Proposition 3.1. Let 6 be a real number, ) <6 < 7. Let F be a pwcewzse differen-
tiable function supported on the simplex {(xy, .. xk) each x; > 0, Zl 1Xi <1}
With R := N?, put

k ko2
:(Hu(d')d') s i) F<l°g” 1°grk>
i=1 Tlyeens T H?:] 90(”1') IOgR’ ’ IOgR

d;|r; Vi
(ri, W)=1Vi

.....

2
w(n)IZ( Z Adi...., dk>~

di|n+h; Vi

k
whenever gcd( [1d:. W) =1, and let Ay, ... 4, = 0 otherwise. Let
i=1

Then, as N — 00,

k

5 ~ ¢ £ N(log R\ IL(F) and
W

Wk N

S~ W Jog

o (log B! Z I (F),

m=1
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provided that I (F) # 0 and Jk(m)(F) #£ 0 for each m, where

Ik(F)Z:/~--/ kF(l],...,l‘k)Zdl‘ldtz"-dlk,
[0,1]

1 2
J,j"%F)::/---/ / F(t1, ..., 0 dty ) dty - dtyy_y diyyy - - - dig.
[0,1]%-1 0

From our interpretation of S,/S; as a weighted average, we know that there is
an n € [N, 2N) for which at least S;/S| of the numbers n + hy, ..., n + h; are
prime. Proposition 3.1 shows that S,/S; — (Q/IIC(F))Z],;:1 Jk(m)(F) as N — oo.
For each F satisfying the conditions of Proposition 3.1, put

k

1
My(F):=——Y JU"(F), andset My :=sup My(F).  (3-1)
I (F) = F

Upon choosing 8 close to % and F so that M (F) is close to My, we find that,
infinitely often, at least HM;J of the numbers n + Ay, ..., n+ hi are prime. The
following lower bound on M is due to Maynard [2013, Proposition 4.3].

Proposition 3.2. M; — oo as k — oo. In fact, for all sufficiently large values of k,
My > logk —2loglogk — 2.

Consequently, once k is a little larger than ¢*", we have [ 1My ] > m — 1. From
the above discussion, lim inf,,—, oo (Pr+m—1— Pn) <hyr—h < oo for every admissible
k-tuple 3. Choosing ¥ carefully, this argument gives liminf,, _, oo (Py4m—1— pn) <K
m3e*™; see the proof of [Maynard 2013, Theorem 1.1] for details.

Modifying Maynard-Tao. For the rest of the paper, we fix an integer g = —1 that
is not a square. Let & denote the set of primes having g as a primitive root. Fix an
integer k > 2, and let

K :=9k* . 4k,
We fix 7 as the admissible k-tuple having #; = (i — 1)K! for all 1 <i < k; that is,
#:={0,K!,2K!, ..., (k—1)K!}. (3-2)

We work below with a fixed function F satisfying the conditions of Proposition 3.1.
For the rest of the argument, implied constants may depend on g, k, and F' without
further mention.

In what follows, we think of N as very large, in particular much larger than g.
We use the Maynard—Tao strategy to detect integers n € [N, 2N) for which the
list n 4+ hy, ..., n+ hi contains several primes belonging to P. Let go denote the
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discriminant of the quadratic field Q(,/g). Set
W .= lcm[go, 1_[ p].
p=<logloglog N

Once again, we pre-sieve values of n by putting n in an appropriate residue class
v mod W. Whereas Maynard could choose any v with gcd(v + h;, W) =1 for all
1 <i <k, we must tread more carefully. We choose v so that the primes detected
by the sieve are heavily biased towards having g as a primitive root.

Lemma 3.3. We can choose an integer v with all of the following properties:
(1) v+ h; is coprime to W forall 1 <i <k.

(ii) v+ h; — 1 is coprime to l_[2<p§logloglogN pforalll <i<k.

(iii) The Kronecker symbol (vf—o}r) equals —1 forall 1 <i <k.

Proof. Factor gg as a product D1 D, ... D, of coprime prime discriminants, where
the prime discriminants are the numbers —4, —8, 8, and (—1)(”_])/2p for odd
primes p. Reordering the factorization if necessary, we can assume all of the
following:

o If all |D;| < K and gy is even, then D; € {—4, —8, 8}.

o Ifall |D;| < K, goisodd, and £ > 1, then |D;| > 5.

e If some |D;| > K, then |D;| > K.
We start by choosing any odd integer v, that avoids the residue classes —hy, ..., —hy,
1—hy,...,1—h; modulo p for each odd prime p <logloglog N not dividing D;.
Note that when p < K the only requirement on vy is that it avoids the residue classes
0 and 1 mod p, while when p > K we are to avoid at most 2k of the p > K > 2k

residue classes modulo p. So such a choice of v; certainly exists by the Chinese
remainder theorem. We choose v to satisfy

v =v; (mod [W/Dy,2]).
To ensure (i), (ii), and (iii), it suffices to impose a further condition on v guaranteeing
(i) v+ h; is coprime to all odd p dividing D, forall 1 <i <k,
(ii") v+ h; — 1 is coprime to all odd p dividing D; for all 1 <i <k,

- D )__(Dz---Dg) .
(>iii") <—v+hi = —V1+hi forall 1 <i <k.
Dy--- Dy

Notice that for all 1 <i < k we have ( o ) # 0, by the choice of v;.
1+n;
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Case I: all |D;| < K. In this case, (i') and (ii’) are satisfied as long as v # 0 or 1
(mod p) for any odd p dividing Dy, while (iii’) is satisfied as long as

() =-(=57)
v/ Vi '
Assume first that go is even. Then D € {—4, —8, 8} and (i’) and (ii") hold

vacuously. Choose v, so that (%) = —(Dz;);l'Df). We ensure (iii’) by selecting v as

any solution to the simultaneous congruences
v=v; (mod [W/Di,2]) and v =v; (mod Dy). (3-3)

While the moduli here share a factor of 2, it is clear that these congruences still
admit a simultaneous solution, since the only 2-adic information encoded by the
first congruence is that v is odd, which is certainly compatible with the second!

Now assume instead that gg is odd, so that | D] is an odd prime. Either |D;| =3
and ¢ = 1, or | Dy| > 5. If the former, then (i’), (ii’), and (iii") hold upon selecting
v = 2 and choosing v to satisfy (3-3). If the latter, choose v, % 1 (mod D;) with
(13—2‘) = —(Dzl');l'D‘) (possible since that equality of Kronecker symbols holds for a
total of %(lDll — 1) > 1 residue classes v; mod D;). Once again, choosing v to
satisfy (3-3) completes the proof.

Case II: some |D;| > K. In this case, |D;| > K. Since K > 8, we see that | D|
is an odd prime. To satisfy (i), (ii’), and (iii’), it suffices to show that there is an
integer vy £ 1 —hy, ..., 1 —hx (mod D) with

h: Dr.--D
(V” ’):—(#) forall 1<i <k, (3-4)

| D] v + h;
for then we can choose as v any solution to (3-3). (We used here that (%}h) = (‘f;?f )2
The integers hy, ..., hi are incongruent modulo D;, as each nonzero difference

h;—h; = (j—i)K! has only prime factors smaller than K. So Lemma 2.2 gives that
the number of v, mod D; satisfying (3-4) is at least | Dy|/2% — (k — 1)/[D;] — k.
Since |D;| > K = 9k? - 4%, this count of solutions exceeds k. In particular, we can
satisfy (3-4) with vo £ 1 —hy, ..., 1 —h (mod Dy). |

Assume that v has been chosen to satisfy the conditions of Lemma 3.3. We
let R = N, with 6 to be specified momentarily, and we define the weights w(n)
exactly as in the statement of Proposition 3.1. We let

k
S = Z w(n) and S = Z <ZX§,(n+hi)>w(n).
N<n<2N N<n<2N i=1
n=v (mod W) n=v (mod W)

Theorem 1.1 is a consequence of the following result, established in the next section.
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Proposition 3.4 (assuming GRH). Fix a positive real number 0 < }f. As N — o0,

we have the same asymptotic estimates for S\ and S, as those for S and S given
in Proposition 3.1.

Once Proposition 3.4 has been established, the earlier analysis we applied to
Maynard’s Proposition 3.1 applies, and we immediately obtain Theorem 1.1.

Proof of Proposition 3.4. The S| estimate is established in precisely the same
way as Maynard’s S estimate in Proposition 3.1; see the proofs of Lemmas 5.1
and 6.2 in [Maynard 2013]. So we describe only the estimation of S,. We write
S =Yk _, S‘ém), where
S i= Y xzpn+hnwn).
N<n<2N
n=v (mod W)

This is precisely analogous to Maynard’s decomposition of S, as an:l Sém), where

"= Y xotthyw).
N<n<2N
n=v (mod W)
Maynard’s proof of Proposition 3.1 gives that each

p(W)* N k1 0m)
Wk+1 @(log R) . Jk (F)

(m)
S2 ~

So, to prove Proposition 3.4, it suffices to show that for each m we have

m o(m (W)k
s 3§ >:o(‘0Wk+l N(logN)k> (3-5)

as N — oo. From now on, we think of m as fixed, and we focus our energies on
proving (3-5).

To prepare for the proof of (3-5), for each prime g we let 33,;0) denote the set of
all primes p satisfying

p=1(modg) and g» V4 =1 (mod p). (3-6)
Let
2,:=2\ | 29.
q'<q
Provided that the argument is not a prime divisor of g,
0<x2—x5 <) X2, (3-7)
q

Indeed, if p is a prime not dividing g, then either g is a primitive root mod p or g
is a g-th power residue mod p for some prime g dividing p — 1. From (3-7), it
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follows immediately that

0=y =8 <> > o0+ h)wn). (3-8)
q N<n<2N
n=v (mod W)

We claim that the primes ¢ < logloglog N make no contribution to the right-
hand side of (3-8). Indeed, suppose p :=n + h,, is prime with N <n < 2N and
n=v (mod W). By Lemma 3.3(ii), the number p — 1 has no odd prime factors up
to loglog log N; it follows trivially that x % (p) =0 for odd g <logloglog N. By
Lemma 3.3(iii), x2,(p) = 0, since, modulo p,

= (8)= ()= () =
p n—+h,, n+h,

Thus, the right-hand side of (3-8) can be rewritten as X + ¥, + X3 + X4, where
each X; represents a partial sum of (3-8) over values of ¢ in the following ranges:

%1 logloglog N < g < (log N)'00%,

%y (log N)'% < g < N'/2(log N)~100%,

Y30 NY2(log N)719% < g < N'/2(log N0,
Y4 q > Nl/z(log N) 100k

We treat these ranges of g separately.

Estimation of ¥, and 4. We need the following lemma, which facilitates later
applications of Cauchy—Schwarz.

N
Lemma 3.5. 2 « —(log R)",
E w(n)” K W(og )
N<n<2N
n=v (mod W)

Pl‘OOf. Letd:(d1, .. .,dk),e=(e1, .. .,ek), f=(f1, ey fk),andgz(gl, .. .,gk)
represent k-tuples of positive integers. Expanding the sum using the definition of
w(n) gives

> D dadehphg= > hakehplg Y.L
N<n<2N de,f.g de,f.g N<n<2N
n=v (mod W) [d;,e;, f;, g,]\n+h, Vi n=v (mod W)

[di.ei, fi.gilln+h; Vi

Remembering that A4, 4 vanishes unless dj - - - di is prime to W, we see that
a quadruple d, e, f, g makes no contribution to the right-hand side unless the
numbers [d;, e;, fi, gi], for 1 <i <k, are pairwise coprime and all coprime to W.
In that case, the conditions on z in the inner sum put 7 in a uniquely determined
congruence class modulo W ]_[ [di, e;, fi, gi]- It follows that our sum is bounded
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above by
> lahersh |( x " 1)
d/elfhg % .
de.f.g W Tz ldi. i, fi. gi
Let
k
ri= H[di9ei7 ﬁ’ gl] (3_9)
i=1
Since Ag4, .. 4, vanishes unless d - - - di is a squarefree integer smaller than R, we

may restrict attention to squarefree r < R*. Given r, there are 7;5¢(r) choices of
d,e, f,and g giving (3-9). Hence, writing Amax = maxg, .4, |Aq,....q.|, We find
that

d/e 1
f & W

k
de.f.g Hizl[diveiafiygi]

2
< M Z Mz(")ﬁSk(")<%+1> < Aﬁlax<%+R4>ZM, (3-10)

r<R4 r<R4

.....

The remaining sum on r is bounded above by ]_[p<R4(1 +15k/p) < (log R)'*.
Since R = N? with 6 < le fixed, we get that R* < N/W. Finally, we note that
Amax < (log R)¥ (see [Maynard 2013, equations (5.9) and (6.3)], and recall that our
implied constants may depend on F). Inserting these estimates into (3-10) gives
the lemma. U

Proof that ¥, = 0((<p(W)k/Wk+1)N(log N)k). Let 2 be the union of the sets &,
for (log N)!0% < g < N'/2(log N)~'1%%  Then

Ta= Y, xem+hp)wn).
N<n<2N
n=v (mod W)

Applying Cauchy—Schwarz and Lemma 3.5, we see that

1/2
T <« WTAN 2 (log R)9~5k( Y. xe +hm)) .G
N<n<2N
n=v (mod W)

The remaining sum on # is certainly bounded above by the total number of
primes p € [N, 3N] belonging to 2. For each such p, we may select a g with
(log N)'9% < 4 < N1/2(log N)~10% for which (3-6) holds. Given ¢, we count the
number of corresponding p using effective Chebotarev.

Since g is fixed and ¢ is large, we see that g ¢ (Q2*)?. So, by a theorem of Capelli
on irreducible binomials, the extension Q(¢/g)/Q has degree g. For later use, we
note that the discriminant of Q(.¢/g) divides (gq)? — so the only ramified primes
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divide gg. By a theorem of Dedekind and Kummer, a prime p € [N, 3N] satisfies
(3-6) precisely when p splits completely in L := Q(¢,, ¢/g). To continue, we need
to know the degree of L/Q. Now ¢/g is not contained in Q(¢,) — otherwise, ¢/g
would generate a Galois extension of Q, contradicting that Q(.¢/g) contains only a
single g-th root of unity (since it can be viewed as a subfield of R). So, by another
application of Capelli’s theorem,

[L:Q]=[L:Q)] [Q) : QI =g(g — D).

Moreover, since ¢ is the only ramified prime in Q(¢,)/Q, the only primes that may
ramify in L/Q all divide gg. By Lemma 2.4, log |A7| < ¢*log (|glg) < ¢*log N.
We plug this estimate into Theorem 2.3, taking C as the conjugacy class of the
identity. We find that the number of p € [N, 3N] for which (3-6) holds for a given ¢
is

3N
1 dt 1/2
+ O(N'/“logN).
q(q—l)/N logr 9 )

Summing this upper bound over primes ¢ with (log N)!'%% < g < N1/2(log N)~100%,
we get that the total number of these p is O (N (log N )~ 100k,

Now, referring back to (3-11), we see that ¥» <« W~/2N (log N)~*%, But this
is o(N), and so certainly also o(((W)* /W) N (log N)¥). O

Proof that ¥4 = 0(((p(W)k/Wk+1)N(log N)k). We proceed as above, but now
with 2 equal to the union of the sets &, for ¢ > N'/?(log N)!%%. We will
show that #2 N[N, 3N] <« N(log N)~2%% By the previous Cauchy—Schwarz
argument, this is (more than) enough. If p € 2 N[N, 3N], then the order of g
modulo p, call it £, divides (p — 1)/q for some ¢ > N'/?(log N)'%% . In particular,
¢ <3N'"2(log N)~'%% Since g — 1 has only O(£) prime factors, summing on
{ < 3N1/2(log N)~10% shows there are O(N (log N)~200ky possibilities for p. [J

Estimation of ¥3. For each prime g, we let 27, denote the set of natural numbers
n=1 (mod g). We estimate X3 using the trivial bound x», < x.,. To save space,
write $ := (Nl/z(log N)~ 100k, Nl/z(log N)'10%] Then

B3 Y Xenthawin).

ge$ N<n<2N
n=v (mod W)

Expanding out the right-hand side yields

S Mydireree Y Xyt ). (3-12)

qed dy,....dy N<n<2N
el,....ex n=v (mod W)
[di,ei]ln+h; Vi

We can assume d - - - di is a squarefree integer coprime to W and not exceeding R,
since otherwise A4, ... 4, =0. A similar assumption can be made for e; - - - ex. Since



1780 Paul Pollack

g € 9, it follows that g is coprime to each d; and each e;, and W. Now the innermost
sum in (3-12) vanishes unless [d], e1], [d2, e2], ..., [dk, ex], and W are pairwise
coprime. Using a’ to denote this restriction on the d; and ¢;, we get that

Z Z Ady....di ey, ....e Z me,,(n-i-hm)

qed dy,..., dy N<n<2N
€ls-nesCk n=v (mod W)
[d;,ei]lln+h; Vi
/
=Y Mydirerer , +om).
qedd,..., dy qWHi:][di9ei]
el,....ex

The error here is

2 2
<<(Zl)( 2, V. dk') < Nl/z(lo%N)mo"kfnax(Zuz(r)rk(r)).

qey dy,...,dy r<R

Recalling that Amax < (log R)* and that }°, _, 7 (r) < R(log R)*~!, our final O
error term is O (N '/?R? - (log N)10%) Since R = N? with 6 < ‘l‘, this error is o(NV)
and so is negligible for us.

We now turn to the main term, which has the form

k
qeg’ q Wd[ ,,,,, dy 1_[1:] [dlv ei]

The first factor here is O (loglog N /log N), and so in particular is o(1). Maynard’s
analysis (see the proofs of [Maynard 2013, Lemmas 5.1, 6.2]) shows that the second
factor here satisfies the asymptotic formula asserted for S in Proposition 3.1. Hence,
23 = o((e(W)*/W 1) N (log N)¥), as desired.

Estimation of ¥. For this case, let $ := (logloglog N, (log N)'%%]. Using the
bound x», < x50, we get that
<4

2152 Z X%m(n—i—hm)w(n).

qe$ N<n<2N

Expanding out the right-hand side gives

Z Z Ady,...diher,....e Z X%O)(nﬁ—hm). (3-13)

qed dy,....dx N<n<2N

€1,..0s€k n=v (mod W)

[d;,eilln+h; Vi
The inner sum can be written as a sum over a single residue class modulo
f=Ww ]_[le[di, e;], provided that W, [dy, e1], . . ., [dk, ex] are pairwise coprime;
otherwise we get no contribution. We also need that n + h,, lies in a residue class
coprime to f, which happens precisely when d,, = e,, = 1. Also, x 20 (1 + hy)

q
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vanishes unless g | n+ A, — 1, and this implies that the inner sum in (3-13) vanishes
unless ¢ is coprime to each d; and ¢;. Indeed, if g divides d; or e; without the inner
sum vanishing, then ¢q | h,, — h; — 1. But that divisibility cannot hold for g € ¢,
since 0 < |h, —h; — 1| <k-K!.

Thus, we only see a contribution to (3-13) if [d, e1], [d>, e2], ..., [dk, ex], W,
and ¢ are pairwise coprime. Under these conditions, we claim that

> X0 (1 +hw)

N<n<2N
n=v (mod W)
[d;,e;illn+h; Vi 1 IN-+h,, dt
= g f —— + O(N'?logN). (3-14)
q(q —DeW) [Tie, (di, ei]) IN+n, logt

To see this, let p := n + h,,. Then the prime p € [N + hy,, 2N + h,,) makes a
contribution to the left-hand sum precisely when Frob, is a certain element of
Gal(Q(¢r)/Q) — determined by the congruence conditions modulo the [d;, e;] and
W—and when p splits completely in Q(g,, ¢/g). Now Q(¢/g) Z Q(&,r), since
Q(¢/g) is not a Galois extension of Q. Thus, letting L := Q(¢,y, ¢/g), we find that

k
[L:Q]=[L: QIR Q=g 9(qf) =q(q— DeW) [ ] ed:, &)

i=1

Hence, Q(¢y) and Q(g,, ¢/g) are linearly disjoint extensions of @ with com-
positum L. Our conditions on p amount to placing Frob,, in a certain uniquely
determined conjugacy class of size 1 in Gal(L/Q). Since the only primes that
ramify in L divide ¢fg, Lemma 2.4 gives that

log |AL| < [L:Q](log (gfg)+1log[L : Q]) < [L: Q]log N.

Inserting this estimate into Theorem 2.3 yields (3-14).
Returning now to (3-13), we see that the error term in (3-14) yields a total error
of size

2
< N1/2 logN(Z ])( Z |)»d1,..,,dk|>

q69 d1 ,,,,, dk

2

r<R

This is o(N) and so is again negligible for us. Letting

2N+h,, dt
XN i=/ —,
N+h”1 IOgt
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the main term has the shape

1 X A )
L D Ly R
ges Q(q_l) (p(W) dy,..., di 1_[1':1 (p([di9ei])

€k

el,...,
dn=en=1

Here the ' on the sum indicates that W, [d;, e1], ..., [dk, ex], and g are pairwise
coprime. Owing to the support of the A’s, this restriction on the sum has the same
effect as requiring that (d;, e;) = 1 for all i # j and that (d;, q) = (e;, q) =1 for
all 1 <i, j < k. We incorporate the restrictions that (d;, e;) = 1 by multiplying
through by in.jl die; u(s; ;) fori # j. Similarly, we incorporate the restrictions that
(di, q) = (ej, ) = 1 by multiplying through by » 5, #(5;) and Ze_j\e_/,q w(ej),
for all pairs of i and ;.

Let g be the completely multiplicative function defined by g(p) = p — 2 for all
primes p, and note that

! 1
Ted = pdyptey 2 8

uild;,e;

for squarefree d; and ¢;. This allows us to rewrite the parenthesized portion of
(3-15) as

2 5 (A 2 (o) %

Uy, .oty N i=1 S1.25e08k k=1 ~ 1<i, j<k 8155 8klq N i=
i#] €1, €klq

A A
X Z il ,,,,, dk €1,...,6k ’ (3—16)
ar—a licied)e(e)

k

k
1(57) Hu(ep)
1 j=1

sijldiej Vi#£j
5,’|d,‘,€j‘€j Vi,j
dy=en=1

where the * on the sum indicates that s; ; is restricted to be coprime to u;, u;, s; 4,
and s, ; for all @ # j and b # i. (The other values of s; ; make no contribution.)
Introducing the new variables

k
Ady,...d,
A :=(1_[u<ri>g(ri>) Yo el

k b
i=1 dy .ol [Tizi v(@)

we may rewrite (3-16) as
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wW) (ﬂgmﬁ Zf( I1 maﬁ 2}(ﬂp®ﬂ1m@9

..... Skk—-1 S 1<i,j<k 81,..,0klg
i#j €1, €k|q

k k
/L(ai))( M(bj)) m
) (E g(a;) jl:[1 g(by) ) e b

where a; =lem [u; [];4; si j, 8] and bj =lem [u; [,.; i j, €;]. Define §; € {1, ¢}
and €} € {1, ¢} by the equations

a,-:(u,-l_[s;,j>8£, bj=(ujl_[S,"j>€;.

J# i#]

Exploiting coprimality, we can write p(a;) = (M(u i) ]_[j#i u(s;, j))u(éf ), and simi-
larly for u(b;), g(a;), and g(b;). This transforms (3-16) into

% (1) (11,2

2
UL, Ul g(u;) Skker N <i, j<k g(sl,j)
i#]
k k
IR o mEm(E)) -
X Z (l_[ (8{)l 1_[ (6) L(zm?..,akyb’ﬁ...,hk'
----- Sklg ~i=1 810 j=1 8

61 ,,,,, €lg

(m )

Let ym"f& =max, . .n ‘y T ’ From [Maynard 2013, equation (6.10)], we have

yl(ﬁi <L (p(W)/W)log R. Inserting these bounds into the previous display, we find

that (3-16) is

XN M(”)2>k_l< M(S)2>k(k_l) m)2
<<wwv( L ) (X))

U<R

ged(u, W)=1
X 1174 k+1 W k

We used here that there are only O(1) possibilities for the §; and €, and that for
each of these, [ [,(1/g(5})) ]_[j(l/g(e;)) < 1. Referring back to (3-15), we see that
our original main term contributes

p(W)k 1 (W)
< <W>N(Iog N ST 0( eV dlog N)k),

qe9

as desired.
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Remark. The truth of Theorem 1.1 could also have been predicted on heuristic
grounds. Indeed, there are well-known heuristics for Artin’s primitive root con-
jecture, suggesting even the “correct” value of ¢, (see [Moree 2012, §§2-5]), as
well as heuristics for the prime k-tuples conjecture (see, for instance, [Crandall and
Pomerance 2005, pp. 14-15]), and these can be fitted together. As an example, this
combined heuristic suggests that the count of twin prime pairs p, p +2 with p <x
and with 2 a primitive root of both p and p + 2 should be approximately

Yoo dt
6/2 (lognz” “here ©:= 41_[( <p—1>2>

Quantitative conjectures of this kind, but in the context of primes represented by a
single irreducible polynomial rather than primes produced by linear forms, appear
in recent work of Moree [2007] and of Akbary and Scholten [2013].

4. Concluding remarks

We conclude with a proof of the following result, which seems of independent
interest:

Theorem 4.1 (conditional on GRH). Fix an integer g % —1 and not a square. For
every positive integer m, there are m consecutive primes all of which possess g as a
primitive root.

Theorem 4.1 might be compared with Shiu’s celebrated result [2000] that each
coprime residue class a mod ¢ contains arbitrarily long runs of consecutive primes.
Our proof of Theorem 4.1 is similar in spirit to a short proof of Shiu’s theorem
recently given by Banks, Freiberg, and Turnage-Butterbaugh [Banks et al. 2013].

It will be useful to first translate the proof of Theorem 1.1 into probabilistic
terms. Let k be a fixed positive integer, and let &y, ..., h; be given by (3-2). We
view the set of n € [N, 2N) with n =v (mod W) as a finite probability space where
the probability mass at each ng is given by

w(no)/ Z w(n).

N<n<2N
n=v (mod W)

Here the weights w(n) are assumed to be of the form specified in Proposition 3.1.
Introduce the random variables
k k

X = Z Xzm+h;) and Y := Z Xg\gé(n +hi).
i=1 i=1

Then E[X] = S»/S;. Given suitable parameters F' and 6, Proposition 3.1 gives us
the limiting value of E[X] as N — oco. Combining Propositions 3.1 and 3.2, we see
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that for k large enough in terms of m, we can choose parameters so this limiting
value exceeds m — 1. On the other hand, it was shown in Section 3 that (with the
same choice of parameters) E[Y] = o(1) as N — oco. Thus, E[X — Y] >m — 1
for all large N. But X —Y =Y "'_, x5(n + h;). Hence, for some n € [N, 2N),
the list n + hy, ..., n+ hy contains at least m primes having g as a primitive root.
Theorem 1.1 follows, with C,,, = hy — hy.

We now present the minor variation of this argument needed to establish
Theorem 4.1.

Proof of Theorem 4.1. Given m, we fix a large enough value of k (and parameters
F and 0) so that the limiting value of E[X] exceeds m — 1. Then, for all large N,

M] — l([E[X] —(m—=1)> 1.
k k

Note that Pr(Y > 0) < E[Y]=0(1), as N — o0. So, for large N, there is a positive
probability that both X > m and Y = 0. This allows us to select n € [N, 2N) with

n=v (mod W) satisfying

Pr(X > m) > [E[

(i) atleastm of n+hy, ..., n+ hy are prime,
(ii) all of the primes among n + A1, ..., n + hj possess g as a primitive root.
We will argue momentarily that we can also assume

(iii) the only primes in the interval [n + hj, n 4 hi] are the primes in the list
n+hy,...,n+hg.

From (i), (ii), and (iii), we see that the set of primes in [n 4 &, n + h;] contains at
least m elements, all of which have g as a primitive root. Theorem 4.1 follows.

In order to show we may assume (iii), we tweak the choice of the residue class
v mod W from which n is sampled. In the proof of Lemma 3.3, we chose v; as
any odd integer avoiding —h1, ..., —hg, 1 —hy, ..., 1 —hx modulo p, for all odd
p <logloglog N not dividing D;. We now add an extra condition on v;. Choose
distinct primes p™ € [§ logloglog N, logloglog N) for all even /1 € [hy, h] \ %.
We add the requirement that v = —h (mod p™) for each such 4. This is con-
sistent with our earlier restrictions, since / is not congruent modulo p® to any
of hy,..., hy (since h & ¥) or to any of h; — 1, ..., hy — 1 (since h and the h;
are all even). Using the resulting value of v from Lemma 3.3, we see that for
even h € [hy, hi] \ #, we have p; | n + h whenever n = v (mod W). For all odd
h € [hy, h], we have trivially that 2 | n + h whenever n = v (mod W). Thus, n+h
is composite if & € [hy, k] \ %, and so (iii) holds. O
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